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Abstract

Vector Balancing and Integer Programming

Victor Reis

Chair of the Supervisory Committee:
Associate Professor Thomas Rothvoss
Mathematics and Computer Science & Engineering

A set of 2n pennies can be easily balanced into two groups of equal weight, yet doing so by
tossing each coin would incur a standard deviation of ©(/n) as an imbalance in the weight
of the two groups. More realistically, when running randomized controlled trials for vac-
cines and deciding who will receive a vaccine and who will receive a placebo, it is desirable
to design robust experiments which are also balanced [71]. This is because significant im-
balances, say in the average age of each group or in any other relevant attribute, reduce
the value of the experiment. Balancing has found other applications in fair resource allo-
cation [[05], differential privacy [[26], bin packing [74], and scheduling [26].

We start by motivating the study of vector balancing with five fascinating open prob-
lems (Chapter 0). We show improved vector balancing bounds for several classes of con-
vex bodies, such as /,, balls, zonotopes and Schatten balls (Chapters 2, 3and 7). We explore
connections to sparsification of convex combinations (Chapter 4) and graphs (Chapter 6).
We investigate the tightness of approximations to a robust notion of balancing (Chapter
5), prefix balancing problems (Chapter 8) and online settings (Chapter 9).

Finally, we give a faster algorithm for integer programming (Chapter 10), a fundamen-
tal problem in discrete optimization, by providing a constructive answer to a question of

Kannan and Lovész [83] and Dadush [b8] on the subspace flatness of convex bodies.
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Chapter 0
FIVE OPEN PROBLEMS IN VECTOR BALANCING

0.1 Introduction

The vector balancing constant for two symmetric convex bodies P, ) C R?, first considered

by Dvoretzky in 1963 [b0], is defined as

vb(P, Q) = sup{ min

xze{-1,1}"

Q

n
E XU
=1

The signs « € {—1, 1}" are often referred to as a (full) coloring of the vectors vy, . .., v,.

We also define

n

E Z;U;

i=1

vb, (P, Q) = sup{ min

ze{-1,1}"

Q]vl,...,vnEP}

as the vector balancing constant restricted to n vectors?, so vb(P, Q) = sup,,cy Vb, (P, Q).
We will see in Chapter 1 that this makes sense as vb(P, Q) < 2 - vby(P, Q). The simplest
example of a vector balancing constant is vb([—1, 1], [—1, 1]) < 1 which can be verified by
a simple greedy approach, picking signs one by one so as to make the current sum closer
to zero.

While the study of vector balancing problems does have several applications, a fun-
damental motivation in studying them is the simplicity of the statement of the hardest
problems in the field, which remained elusive for several decades and spurred the devel-
opment of several technical tools in convex geometry [[13, [46], probability [16, 03], linear

algebra [8, 19], Fourier analysis [75, b5] and polynomials [[107].

'We should note that this is the same as asking for at most n vectors as 0 € P.



0.2 Five Open Problems

e The Komlés conjecture. The simplest case of the vector balancing problem in high
dimensions is without a doubt the Euclidean setting, whereby taking random signs
shows vby(BY, Bf) < v/d; a lower bound of v/d also follows from any orthonormal
basis. In a seminal work, Spencer showed in 1985 that a similar bound holds for
the cube, namely? vb,(B%, B ) < 6v/d [157], and Walsh-Hadamard matrices show
that this bound is tight up to constants. The problem of Komlés, communicated by

Spencer in the same work, asks for a common generalization of these two results:

Conjecture 1. Does there exist a universal constant C' > 0 so that vb(Bg, B4) < C?

A simple construction due to Kunisky shows that C' > 1 + /2 [91] and the best
known bound for n vectors is vb, (BY, BL) < +/log min(n, d) [13, B0, T9]. In Chapter
2, we explore related vector balancing constants of the form vb(B¢, BY). In Chapter

9, we provide an online algorithm that achieves the best known bound.

e The Steinitz problem and signed series. Perhaps the oldest problem in the vector
balancing literature is the Steinitz problem. We define the Steinitz constant St,,(P, @)

as
k

Z Un (i)

i=1

St (P, Q) := sup { min max

mESh k‘e[n]

n
Q\vl,...,vnEP,vai:O}.
i=1

This is in fact a stronger notion of vector balancing;:
Lemma 1. [[4] Foranyn € N, vb, (P, Q) < 2 - Sty,11(P, Q).
Proof. Givenwy,...,v, € P, construct an instance of the Steinitz problem by adding

M := 2[n/2] copies of the vector u := — """  v;/M € P. The prefix sum which
includes exactly M /2 copies of u corresponds to (half) signs « € {—1/2,1/2}". O

2A conjecture of Spielman is that a bound of 2v/d should also hold. In the lower bound side, an 8 x 8
Walsh-Hadamard matrix with the first column replaced by zeros shows that the factor of 6 cannot be
replaced by a number smaller than 5//8 > 1.76.



Steinitz showed in 1913 [I59] that St(/K, K) < 2d for any symmetric convex X, and
this was improved to d by Grinberg and Sevastyanov [b9]. Yet even for the simplest

of high-dimensional convex bodies, the value of the Steinitz constant is not known:

Conjecture 2. Let K € {B¢, BL ). Is it true that St(K, K) < v/d?

A lower bound of Q(+/d) may be derived from Lemma 0. The best known bounds
depending on the number of vectors are due to Banaszczyk [14] who showed that
St,(BY, BY) < Vd++/lognand St,(B%, B) < \/dlogn. Another interesting connec-
tion to vector balancing was shown by Chobanyan [46], namely the relation St,, (P, Q) <

ss,(P, Q) for any n € N, where ss is the signed series constant

k
E Z;v;
i=1

Barany and Grinberg showed a bound of ss, (K, K) < 2d — 1 for any symmetric

ssp(P, Q) :=su { min  ma
( Q) P we{—l,l}nke[rf}(

| v1,...,0, € P}.
Q
convex K [41, 28] and a bound of O(v/d) is also conjectured as in Conjecture D. In

Chapter 2, we explore bounds on ss,, (B¢, BY).

Another interesting quantity that allows for better bounds independent of the num-

ber of vectors is the signed rearrangements constant

k

Y wive)

i=1

sr, (P, Q) :=su {min min  ma
(P.Q) P TreSn:ce{—Ll}nke[i](

| v1,...,0, EP}.
Q
By taking & = n in the above definition we see vb, (P, Q) < sr,(P,Q), and 7 = id
reveals sr, (P, Q) < ss, (P, Q). In fact, the signed rearrangements constant may also

be related to the Steinitz constant:

Lemma 2. [I4] For any n € N, sr,(P, Q) < vb,(P, Q) + Sta, (P, Q).

Proof. Givenwy,...,v,, lete € {—1,1}"besignssothat) .  x;v; € vb,(P,Q)-Q. Let
u:=—>Y . z;v;/n € Pand consider the permutation 7’ of the set {zv1, ..., z,v,,
u,...,u} (n copies of u) with prefix sums in Sty, (P, Q) - Q. Then 7’ induces a per-

mutation 7 € S,, so that Zle Tr(i)Vr(s) € (Voo (P, Q) + St (P, Q)) - Q. O



Banaszczyk showed sr,, (P, Q) < 2 - ss|gqi0gq) (P, @) for any n € N and any d > 2, and
in particular that sr,, (B¢, BY) < V/d for all n € N. On the other hand, it remains an

open problem to determine sr(B%, B%) := sup,,cy sru(BL, BL):

Conjecture 3. Is it true that sr(B%, BL) < Vd?

In Chapter 2 we show sr(BZ, B) < Vdloglogd, improving upon the O(/dlog d)

bound of Banaszczyk [14].

The vector balancing constant for zonotopes. As mentioned previously, a semi-
nal result of Spencer [157] is that vb(B%, B%) < v/d. In Chapter 2 we will see that
indeed vb(BY, BY) < V/dfor 2 < p < co. A fundamental question raised by Schecht-

man [152] is whether the same holds for any zonotope, the linear image of a cube:

Conjecture 4. Let K = AB™ C R?, where A € R>™, Is it true that vb(K, K) < v/d?

We refer to Chapter 3, where in particular we show vb(K, K') < Vdlogloglog d.

The matrix Spencer conjecture. Another extension of Spencer’s theorem was asked

by Zouzias [[I71] (see also [I13]):

Conjecture 5. Given matrices Ay, . .., Ay € R with bounded operator norm || A;||op < 1,

do there exist signs x € {—1,1}¢ so that || Z?:l i Aillop < Vd?

Here ||Al|,p, denotes the largest singular value of A. Note that when the matrices are
diagonal, this corresponds to the /., norm of the vector formed by the entries of the

diagonal. We refer to Chapter 7 for further discussion, where in particular we show

a bound of \/nlog(2d?/n) for n matrices.



Chapter 1
VECTOR BALANCING TOOLBOX

This chapter is based on useful tools from joint papers with Thomas Rothvoss [140],
Rainie Bozzai and Thomas Rothvoss [38], Daniel Dadush and Haotian Jiang [62] and Arun
Jambulapati and Kevin Tian [[/7].

On a first read, most of this chapter should be skipped, and referred to as tools prove

necessary later on.
1.1 Introduction

We start by justifying the bound from the previous chapter on the number of vectors

needed for the vector balancing constant:
Theorem 3. For any symmetric convex bodies P, C R%, vb(P, Q) < 2 - vby(P, Q).

Proof. Letw,,...,v, € Pwithn > dand consider a basic solution x* to the linear program
v wv; =0,—-1<uz; <1forie€ [n]. Let] :={i € [n]: —1 < 2} < 1} denote the fractional
indices and note that || < d. A theorem of Lovész, Spencer and Vesztergombi [[102] allows
one to round fractional solutions while incurring an error of at most 2 - vb;( P, (). Namely,

there exists an x € {—1,1} so that

H Z(f’?i — ;)

Then we may extend « into a full coloring in {—1,1}" by setting z; := z} € {—1,1} for

i ¢ I,sothat || 370, mivillo = | X, (v — 27)villq < 2 vba(P, Q). 0

0 S 2Vbd(P,Q)

We have therefore reduced the vector balancing problem to d many vectors. The main

technique we will use throughout this dissertation to achieve upper bounds for this case



is that of partial coloring: it turns out to be easier to find a vector x € [—1, 1] with Q(n)
coordinates in {—1,1} and iterate to get a full coloring. When = ¢ {—1,0,1}", such a
partial coloring is called fractional.

A result of Giannopoulos [67] shows that for a small enough constant o > 0, a sym-
metric convex body K with Gaussian measure at least e™*" contains a partial coloring
x € {—1,0,1}" with a linear number of entries in £1. In this chapter, we will show an
algorithmic version of this result. First, we define Gaussian measure and mention some
key properties.

Gaussian Measure. We use 7,(-) to denote the standard Gaussian measure on R".
Gaussian measure is log-concave, i.e. 7,(AA+(1—\)B) > 7, (4)*y,(B)'~ for any compact
subsets A, B C R". In particular, by taking A = —2 + K and B = z + K for any x € R"

and symmetric convex body K, and A = 1/2, we have the following lemma.

Lemma 4 (Translation Decreases Gaussian Measure). Given any symmetric convex body K C

R™ and x € R™, we have ~,,(K) > ~v,(z + K).
A well-known correlation inequality is the following:

Lemma 5 (Sidak [155] and Kathri [86]). For any symmetric convex set K C R™ and strip
S={xecR":|(a,x)| <1}, onehasv,(KNS)> v, (K)-v.(S5).

It is worth noting that a recent result of Royen [[47] extends this to any two arbitrary

symmetric sets. We refer to the exposition of Latata and Matlak [93]:

Theorem 6 (Gaussian Correlation Inequality). Given any symmetric convex sets K,T" C R",

we have v,(K N'T) > 7, (K) - v, (T).

The main tool we use to find partial colorings is a constructive version of Giannopoulos’
result which shows that for fractional colorings any constant o > 0 suffices. Our argument

even works for intersections with a large enough subspace.



Theorem 7. Forall o, 3,7 > 0, there is a constant C' := C(«, 3,7y) > 0 so that the following
holds: There is a randomized polynomial time algorithm which for a symmetric convex set K C R"
with v,(K) > e=*", a shift y € [—1,1]" and a subspace H C R™ with dim(H) > (n, finds an
x e (C-KNH)withe +y € [-1,1]"and |{i € [n]: (x +y); € {£1}}| > (B —v)n.

We give a proof in Section 3. We have the following corollary for full colorings. Here

Kes=Kn{zeR":2;,=0,Vi ¢ S}.

Corollary 8. Let K C R" be a symmetric convex set. Given a function f : [n] — Rso with
v5(f(1S]) - Kg) > 27°USD for every S C [n), there exists a randomized polynomial time algorithm
to find a full coloring x € {£1}" so that x € AK, where A < Z}i’(%w f(n/2Y). In particular, when

f(n) S nf for some 8 <1, we have X\ < 5n”.

Proof. Indeed, repeated iterations of Theorem [ with y, := 0 and subsequent shifts y;,
being the coordinates not reaching {—1,1} find x := x¢+- - - + 27 € {£1}" for T := |logn |
with z; € O(f(n/2')) - K. When f(n) < n¥, the summation is upper bounded by

o0

> /2y =(1-27)"nf g

=0

o

==

and this proves the statement. O

We also show that a weaker hereditary volume lower bound suffices to provide Gaussian
measure lower bounds for arbitrary convex bodies. Previously such an implication was

known only for the Gaussian measure of intersections with subspaces [B3]:

Theorem 9. Let K C R" be a symmetric convex body. Given S C [n|, denote by K g the intersec-
tion with the coordinate subspace: Kg := K N{x : x; = 0Vi ¢ S} C R”. Then

(K) > min vol g (Kg) - 279™
Yo ( )_gél[glvmsw( s) ,

with the convention that voly({0}) = 1. More generally, for any ¢ € (0, 1],

> : 1/6 9-0(n/6)
() 2 Schlisi<n vols) (Ks)™* - 2



We prove this in Section 4. In Chapter 6, we will need the following measure lower

bound, which we prove in Section [C5.

Theorem 10. Suppose K C R™ is symmetric and convex, and that for a constant C,

Y (%K + a\/ﬁBg‘) > %for all € (0,1).
Then there is a constant C' such that ~,,(K) > exp(—Cm).

We will also occasionally need to use vector balancing theorems of Banaszczyk related

to Gaussian measure, which we cite without proof:

Theorem 11 (Banaszczyk [[13]). There exists a constant™ § > + so that for any convex body
K C R™ with v,(K) > § and vector u € R™ with ||ul|, < 3, there is a convex body (K  u) C
(K +u) U (K —u) with v,(K * u) > 7,(K).

Theorem 12 (Banaszczyk [I3]). There is a constant o < 5, so that for any vy, ..., vp € R”
with ||v;|ls < 1fori = 1,...,T and any convex body K C R" with ~,(K) > %, there are signs
x1,...,x7 € {—1,1} so that

t
Z x;v; € al.
i=1

Theorem 13 (Banaszczyk [[[4]). There is a constant ov < 5, so that for any v, . .., vp € R with

villa < 1fori=1,...,T and any convex body K C R™ with ,,(K) > 1 — 5, there are signs

x1,...,x7 € {—1,1} so that

t
inviea[{ vVi=1,...,T.
i=1

1.2 Facts about Gaussian measure

We also need one-dimensional Gaussian measure estimates, which we prove in Section [.

!Banaszczyk’s proof works as long as ffﬁ e~ 12dt < [ e ¥/2dt; for example take /3 := 0.2001.



Lemma 14. Forastrip S = {x € R" : | (a, x) | < 1}, one has
W(8) =n({z R |z[ <lall;'}) > 1 —exp(—|lall;*/2).
Lemma 15. For any a € R with ||a|ly < 1 and t > 1 one has

P <t > _ 7t2/2 . 2 .
CPr (e | <42 exp(—e2 - al})

We use the following scaling lemma to deal with constant factors, see [163]:

Lemma 16. Let K C R™ be a measurable set and B be a closed Euclidean ball such that ~, (K) =
Yo (B). Then v, (tK) > ~v,(tB) for all t € [0,1]. In particular, if v,(C - K) > 2790 for some
constant C' > 1 then also 7, (K) > 270™),

For teh next result, see [I66].

Theorem 17. If I : RY - Ris 1-Lipschitz, then for t > 0 one has

Pr [F(y) > E[F(y)] +t] <e ¥/
ot [F@) > EF(@)] +]

The classical Urysohn Inequality states that among all convex bodies of identical volume,

the Euclidean ball minimizes the width:

Theorem 18 (Urysohn Inequality I). For any convex body K C R" one has

Vol,,(K) )1/71‘

w(k) 22 (Voln(Bg)

We will need a variant that is phrased in terms of the Gaussian measure rather than

volume. For a proof, see Eldan and Singh [b1].

Theorem 19 (Gaussian Variant of Urysohn’s Inequality). Let K C R"™ be a convex body and
let r > 0 be so that v, (K) = 7, (rBY). Then w(K) > w(rBj) = r.

For a symmetric convex body K and a subspace H, the Gaussian measure of the section

K N (x + H) is maximized when x = 0 by log-concavity. Thus we have the following;:
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Lemma 20 (Gaussian measure of sections). Let K C R" be a symmetric convex body and

H C R™a subspace. Then vy (K N H) > ~,(K).
The following comparison inequality [95] will also be useful:
Lemma 21. Let K be a symmetric convex body and let 0 < A < B. Then

p cK|> P € K.
yNN(E,A)[?/ ] > yNN(g7B)[y ]

1.3 Partial coloring via measure lower bound

In this section, we want to show the existence of partial fractional colorings for bodies K
with v, (K) > e~*" as promised in Theorem 4. The main innovation of this work compared
to e.g. [[46] is to handle an arbitrarily small constant @ > 0. We will show how to find
a partial coloring that colors a small constant fraction of coordinates; then iterating the
argument will color the promised 3 — ~ fraction. Also, instead of working with a shift
y and a scaling of K, it will be notationally easier to work with a shifted and scaled box.
Hence, for vectors L, R € R%, we write [-L, R| := [~L;, R)] X ... X [~L,, R,] as the
box defined by constraints —L; < x; < R; fori = 1,...,n. We use N(0, H) to denote the
Gaussian distribution restricted to a subspace H C R". Then the main technical result for

this section will be:

Theorem 22. For all constants «, 3 > 0 there are ¢ := e(«, 8) > 0and § := 6(«, B) > 0 so that
the following holds: Let K C R™ be a symmetric convex body with K C H for a subspace H C R"
with dim(H) > fn and yg(K) > e *"; also let L, R € [0,¢]|". Assuming a weak separation
oracle for K, there is a randomized polynomial time algorithm which finds an x € K N[—L, R| so

that |{i € [n] : 7; € {—Li, R;}}| > dn with probability at least 1 — e=©=»().

Note that the considered box satisfies [-L, R] C [—¢,¢]”. We would like to point out
that applying the standard nonconstructive proof by Gluskin [b8] and Giannopoulos [67]

to a find a partial coloring x € {—¢,0,e}" with support Q2(n) will require either a small
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enough constant & > 0, or € needs to be exponentially small in n. In fact, it is not hard to
construct a thin strip K with ~,(K) > e~4") so that K does not intersect {—1,0,1}"\ {0}
(even after a subexponential scaling). We show the construction in Section [’A.

For our proof we make use of the mean width w(Q) := Egegr—1[sup,cq (0, )] of a
body. We should point out that the connection between partial coloring arguments and
mean width is due to Eldan and Singh [61]. Several of the claims require that n is chosen

large enough.

Lemma 23. Let ) C R" be a symmetric convex body with ~,(Q) > e " for a« > 0. Then

w(@) > ke

Proof. Let r > 0 be the radius so that 7, (rB}) = 7,(Q). By Urysohn’s Inequality (Theo-
rem [9) one has w(Q) > w(rBYy) = r so it suffices to give a lower bound on the radius r.

A simple but useful estimate is that 2" < Vol,(y/nBY) < 5" for any n > 1. Moreover, the

Gaussian density is maximized at 7,,(0) = ( \/21?)”. Then for g := 2e“ > 2 we have

(5 35) < Vo (45 8) o < (5) <¢217r>n <3< e
Vvn _ Vn -

andSO'I"ZW—@.

The key modification of our work in contrast to [146] is a finer upper bound on the

distance of a Gaussian to K:

Lemma 24. Let K C R" be a symmetric convex set with ~,(K) > e~*" where o > 1 and n is

large enough. Then
1
E [da K)] < v (1= =)

x~N(0,I,) ~ 512aete
Proof. Note that by Theorem [7 we have Pr,no,r,)[[|Z]2 > 4v/an] < e ?*", hence the

restriction Q := K N 4y/anBy still has ,,(Q) > 7,(K) — e 2" > e~2*" for n large enough.
NG

2e2a *

Then by the previous Lemma we know that w(Q) > For a vector z, let z(x) :=
argmax{(z,x) : z € Q}. As we just showed, EwNN(O,In)[<z(:B), mﬁ > 26@ Let A € [0,1]

be a parameter that we determine later. Note that the point A - z(x) lies in Q).
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This point can be used to bound

E [lz—Az(z)|2] = Ell=[3] — 2AE[(=, 2)] + E[X*|| (7]

x~N(0,I,)

E [(6,2(0))]+E[\ |=]3]

= Elllz|l2] —2AEll|z]2]
~—— ~—— fcSn—1 ~—~—~

=n om0 ~~ <16an
Zave >v/n/(2e2)
1 A= 12(1 1
<n— e 2+ 2216 T (1 - )
<n 26 n + an n 25 6elo

Then

AzeQ Jensen
Eld@,Q) < Elle-Aslh < Elle-Az3? < Vi1 - oo <

using\/l—ygl—%for()gygl. O

Lemma P4 can be extended to the case that K is included in a not too small subspace

H.

Lemma 25. Let « > 1,0 < 8 < 1 be constants. Let H C R" be a subspace with dim(H) > pn

and let K C H be a symmetric convex body with vy (K) > e~ *". For n large enough, one has

B[l K)) < v (1- )

x~N(0,I,,)  512acte

Proof. Note that one can generate a Gaussian  ~ N(0,1,,) as * = x; + x2 where x; ~

N(0,H*) and 5 ~ N(0, H) independently. Then d(z, K)? = d(x, H)*> + d(x2, K)? by
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Pythagoras. Hence

E [d(m7 K)2] S E [d(wh H)2j| + E [d(w27 K)2j|
x~N(0,I,) x1~N(0,HL) x2~N(0,H)
“2® dim(HY) + dim(H) - (1
- im(H) + dim(H) - ( B 25604640‘)
dim(H)>pBn
T )
256ee

As in the proof of Lemma P4, the claim follows after applying Jensen inequality with the

fact that /1 —y <1—-4for0 <y <1 O

Next, we show the average distance of a Gaussian to the cube [—¢, ¢]" is /n- (1 —O(¢)).

Lemma 26. Let € > 0. Then for n large enough one has
2

£
— Yy > — >1— -
mNZ\l;Z(rJ,In) d(zx,[—¢,e]") > (1 55)\/5] >1 exp( 5 n)

Proof. Lety := y(x) := argmin{||x — yl|> : y € [—¢,¢]"} be the closest point in the cube to

. For an individual coordinate i € [n] the expected contribution to the distance is

2
E [d(x;, [=¢.e])’] = E [loi — 4il"] = El27] 2 Elwiy] +Ely;] > 1 = 2\ﬁ e 1-2e
N—— N—— = ™
=1 <eE[lzl] 20

Then by linearity E[d(z, [—¢,c]")2Y? > /n-(1—2¢) > /n- (1 — 2¢). Recall that the
distance function F'(z) := d(x, [—¢, £]") is 1-Lipschitz and for such functions the difference
|E[F(z)] — E[F(z)?"/?| is bounded by an absolute constant. Then E[F(x)] > v/n - (1 — 4e)
for n large enough. Finally by Theorem [7 one has Pr[F(x) < E[F(x)] — ey/n] < e~/
for  ~ N(0, I,,) which then gives the claim as E[F(xz)] — e\/n > (1 — 5e)y/n. O

We will now prove Theorem 2. Let H C R” be a subspace with dim(H) > fn and let
K C H C R” be a symmetric convex body with v (K) > e~*". Moreover, let L;, R; € [0, €]
be given parameters where the choice of ¢ := ¢(a, ) > 0 will be made in the upcoming

proof of Lemma 7. We will use the following algorithm:
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(1) Pick * ~ N(0, I,,) at random.

(2) Compute y* := argmin{||z* — y|l»: y € KN [-L, R]"}.
[_LaR]

O\y*

Note that the step (2) is a convex program which can be solved in polynomial time, see

[70]. Now we can finish the proof of Theorem P2.

Lemma 27. If £,§ > 0 are chosen small enough (depending on «), then with probability 1 —
e~ %) one has |{i € [n] : yF € {—L;, Ri}}| > on.

Proof. For a set of indices I C [n] we abbreviate the subspace H(I) :={x € H | z; =0Vi €
I'}. Moreover we abbreviate K (/) := {x € K | —L; < z; < R; Vi € I} as the intersection

of K with the slabs corresponding to coordinates in /. Consider the two events

& = “dx*, KN[-L,R]) > (1 —5¢)-v/n"
&y = “forall I C [n] with |I| < dn one has d(z*, K N H(I)) < (1 — 10e)y/n”

We will see that both events £; and &, happen with overwhelming probability.

Claim I. One has Pr[&] > 1 — exp(—%n).

Proof of Claim I. Follows from Lemma P8 as d(z*, K N [-L, R]) > d(z*, K N [—¢,e]") >
d(x*,[—e,e]").

Claim IL. If ¢, 6 > O are small enough, then Pr[€5] > 1 — 9™,

Proof of Claim II. For any index set / one can lower bound the measure as vy (/& N
H(I)) > yu(K) > e *" by Lemma P0. Let us abbreviate Z := {I C [n] : |I| < dn} as the
family of small index sets. For I € 7 we have dim(H (1)) > dim(H) —|I| > gn, if we choose
§ < g Then by Lemma P5 we know that a fixed I € Z has Ezn(o,1,)[d(z, K N H(I))] <
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Vi (1— 220 < (1 - 20e)y/n, if we choose £ < 5222 Then by concentration one

has Pryn(o,1,)[d(x, K N H(I)) > (1 — 10e)/n] < exp(—50en), see Theorem 4. A useful

bound is |Z| < 20 logs(3)n < e’ if we choose § small enough compared to . Then

Prgy) TS ST Pr[d(at, K 0 H(D) > (1 - 102) 7]

1€

< e exp(—50e?n) < exp ( - 405271). O

Now we have everything to finish the proof. Fix an outcome of the vector x* so that the
events £ and &, are both true, and abbreviate [* := {i € [n] : y} € {—L;, R;}}. Suppose
for the sake of contradiction that |/*| < dn. Then

Eo true & I*€T

(1—10e)v/n > d(z", K N H(I"))

KﬁH(I;gK(I*)
> d(z”, K(I7))
® d(z*, K N[-L, R))
&1 true

(1 =52)v/n

which is a contradiction. Here the crucial argument for (x) is that d(z*, K N [-L, R]) =
min{||z* —yl|l: y € Kand — L; <y; < R; Vi € [n]} is a convex minimization problem and
the optimum value will not change if linear constraints are discarded that are not tight for

the optimum y*, and the box constraints for coordinates /* \ [n] are indeed not tight. [
We stated such a result earlier in Theorem . Now we are ready to prove it:

Proof of Theorem [4. The basic idea is to simply apply Theorem 22 a constant number of
times until the desired number of elements is colored. We assume 3 > v since otherwise
there is nothing to prove. Let ¢ := ¢(a,7),0 := d(¢,7) > 0 be the constants from Theo-
rem 2 that work for the given aand 5’ := v > 0.

We set y(©) := y and for t > 0 we set F'V) := {i € [n] : ygt) € {—1,1}} as the variables
that are frozen. Suppose for some ¢ we have constructed a sequence y(©, ..., y® and still

|IFO| < (B—7)n.Set HY := {x € H | v; = 0 Vi € F®} be the subspace of H where we fix
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frozen coordinates to be 0. Note that dim(H®) > dim(H)—|F®| > yn. Moreover ) (KN
H®) > y4(K) > e°" by Lemma P0. We set R; := £ (1 —yMand L; := £. (" — (1)) for
i € [n)]\FYand R; := L; := efori € F¥) and apply Theorem 2. With high probability, the
algorithm succeeds and provides a vector ¢¥. We update y+1 := y® 4 220 ¢ [—-1 1]
where [y | < ||lyY| x + 2 by the triangle inequality. Moreover, the number of frozen
coordinates increases® to |F("tV| > |F(®)| 4 §n. We will terminate after at most } iterations

and if T is the final iteration, then y'™) € [~1,1]" N 2 K as desired. O

We would like to mention that Theorem 4 may also be deduced, after some work, from
the Gaussian measure amplification techniques derived in [b3] with the use of a-regular
M-ellipsoids. We believe the analysis presented here is simpler, since the existence of such

regular M-ellipsoids is a deep result in convex geometry:.

1.4 From hereditary volume bounds to Gaussian measure

This section is devoted to the proof of Theorem B, which provides a connection between
hereditary volume and Gaussian measure. For a brief motivation, note that for any convex
body K C R™ and any S C [n] one has voljs/(Ks) > v5/(Kgs) > vn(K). It is therefore
a natural question whether a converse holds, and Theorem B shows that this is indeed
the case. As a corollary, we settle up to an exponential factor a conjecture of [B0] that
coordinate sections minimize the Gaussian measure among all sections of scaled ¢, balls.

We would also like to mention that we cannot hope for a refinement of the right side
to only sections of dimension én. For example when K = ¢ - BY"™' x R" "+ all jn-
dimensional sections have infinite volume yet v(X) — 0 as e — 0.

While relatively short, our proof does use several auxilliary results. The key ingredient
is the following formula which expresses the volume of the Minkowski sum of a convex
body and an Euclidean ball as a weighted sum of quermassintegrals W;(K') which are aver-

age volumes of projections. Recall that given A, B CR", A+ B:={a+b:ac A bc B}.

2For frozen coordinates i we did set L; = R; = ¢ so that z(® will indeed contain én “fresh” coordinates
that become tight, rather than rediscovering the coordinates in F/(*).
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Lemma 28 (Kubota’s Integral Formula [I33]). For any convex body K C R™, we have

vol, (K 4+ AB}) = ZAZ<)

with

Voln(Bg)/

VolnlZs) vol; (. (K)) dL.
voli(B3) Jami (m.(K)

where the integral is over the uniform measure over G(n, i), which is the set of i-dimensional linear

Wn_Z(K) =

subspaces L C R" and 71, (K) denotes the orthogonal projection of K onto L.

In order to relate projections to slices, we use polarity. Given a symmetric convex set
K C R", its polar is K° := {y € span(K) | (x,y) < 1Vx € K}. The following lemma

elucidates the reason polars are helpful to transform projections into slices:

Lemma 29. Given a symmetric convex body K C R™ and any subspace H C R", we have (K N
H)° =my(K°).

KnH
///_\\\
/ \
PR
A1 | ° s
\ 7
\_ o

It is also well-known that polarity transforms intersections into convex hulls:
Lemma 30. Given symmetric convex bodies K, L C R™, we have (K N L)° = conv(K°, L°).

For a detailed introduction to polarity we refer to Rockefellar [142]. Finally, we need

the Blaschke-Santal6 Inequality and its deep converse due to Bourgain-Milman [Z]:

vola(K)v0la(K°) 5 9-0(n),

Lemma 31. Given a symmetric convex body K C R", we have 20(n) > VLo (BL 2
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The starting point of the proof, which connects the Gaussian measure to the Minkowski

sum with an Euclidean ball, is given by the following bound:
-1
Lemma 32. Given a symmetric convex body K C R",~,(K) > vol, (K o4 \FB”> .p .20,

Proof. We start by noting that we can lower bound the Gaussian measure upon restriction

to a y/n-radius ball:

1 2 1
_ | =i . n
oK) = G /K e da > e} Vol (K N vnBy),

and since (K N /nBY)° = conv(K°, 5= BY) by Lemma B0, we conclude

v
Y(K) > vol,(KN+/nBy) 2790

Lem BT

1 -1
> vol, (conv (KO, %B§> > .p~ .90
> vol, (K°+ ! B;) T 20m)

vol,, — n " ,
= \/ﬁ 2

Bn) C Ko Bn D

since conv(K°
( + L

'V
In order to connect slices to coordinate slices, we apply a result of [53] for ellipsoids.

Thus we will need to use the existence of M-ellipsoids [/Z]:

Lemma 33. For any symmetric convex body K C R" there exists an ellipsoid E C R™ for which
there exist collections of centers Sg, Sk C R™ with |Sg|, |Sk| < 290 so that K C |J g, (¢ + E)
and E C U, g, (¢ + K).

Proof of the first inequality in Theorem 8. Kubota’s integral formula (Lemma [8) applied to

K° yields
vol,(B3)

1; K°))dL.
W) Ly D

By Lemma P9 and Santalé’s inequality (Lemma BT) we know that for any subspace L,

W,_i(K°) =

vol; (7, (K°)) < vol;(BY)? -vol;( K N L) < M~1.i7%.200),

where we choose to denote M := B nL1£I1< vol;(K N L). We conclude
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Wn—i(Ko) S M—l . n—n/? . Z-—i/2 X 20(71,)7
so that
n—(n—i)/? . Wn—i(Ko) S M—l . n—n . 20(77,)’

by using (n/i) < 2°® for i € [n]. Taking A\ := 1/,/n and summing over i € [n] in

Lemma P8 gives

1
NG

so that by Lemma B2 we obtain ~,,(K) > M - 279 It remains to show that the minimal

vol, (K° n B’;) < M. 200,

coordinate sections are not much larger than the minimal sections. With this purpose in
mind, let £ be an M-ellipsoid of K. By Lemma B3, there exist collections Sg, Sk with
Ssl, [Sk| < 290 so that K C |J,cq, (c+ E) and E C U, g, (¢ + K). Note that for any

i-dimensional subspace L we have
vol;( KN L)< Y voli((c+ E)N L) <2°M -vol,(EN L)
ceSE
and similarly
vol,(ENL) < > vol((¢ + K)n L) <2°M .vol;(K N L),
ceSK
where by Brunn’s concavity principle the sections with largest volume are those through

the origin. Thus it suffices to show that

min voly(ENL)> min vol;(Eg)-27°M,
dim L=: SClnl],|S|=

Indeed this follows a form of restricted invertibility in the work of Dadush, Nikolov, Talwar

and Tomczak-Jaegermann, who showed in [b3] (see p. 8) an improved bound of

-1
min vol;(ENL)> min volj(Eg)- (n) . O

dim L=: SCln],|S|=i 1
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We now prove the second part of Theorem B which restricts our attention to sections of
dimension < dn. For this we need the following inequality for quermassintegrals which

can be seen as a strenghtening of the isoperimetric inequality:

Theorem 34 (Alexandrov Inequality [133]). Given i > j we have
<Wm(K))1/i < (anK))l/{
vol;(B3) vol,(B3)
Proof of the second inequality in Theorem 8. We proceed as in the proof of the first inequality.
Setting \ := 1/1/n we still have, for j < on,
AW, (K°) < max  vol, (KN L)-n™. 200
dim L=i<dn
< max Volzl/a(K NL)-n". 200

dim L=i<dn

as the maximum is at least one (for i = 0). For j > dn we use Theorem B4 to see that
N"IW, i (K°) < X" (W g (KC°))7/ ) - voly (BY) - vols, (BS") ~/°"

and proceed as in the first half of the proof:

AW, (K°) < XV (W _sn (K)ol ( B) - vols, (B3™)~7/°"

. j/(6m) .
< AV (d. max vol, (K NL)-n~"2. (5n)’5”/2)] - (0n /)% . 20/0)

dim L=i<dn
= 2. 20, (n/j)j/2 max Voli_l/é(K NL)- 20(n/9)
N— o dim L=1<4n
<20(n)

<n™". max voli_l/é(K NL).200/9),
dim L=:<én

The statement follows as before: by summing over j € [n] in Lemma P8 we obtain

K) > ' 19K AL .20
Yl )_dimlili?§6nvol (KNL) ’

and we can pass to coordinate sections via M-ellipsoids. O
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Remark 1. Barthe, Guédon, Mendelson, and Naor conjectured that coordinate slices maximize the
Gaussian volume among all slices of a (scaled) (,, ball [BU] (see the remark in p. 28). We can use

the above result to give an affirmative answer up to 2°M);

Corollary 35. Let p > 2,7 > 0and H C R? an n-dimensional subspace. Then
Vi (rBINH) > 3, (rBr) - 2700,

Proof. If r > n'/?, the right side is already 2-°(") so we may assume that r < n'/?. A well-
known result of Meyer-Pajor asserts that coordinate sections minimize the volume among

all sections of the ¢, ball [IT4]. Applying Theorem B and using Meyer-Pajor we get

’YH(TB;[ NH)> LQHI,IéiiE . VOIZ’(TB;[ NL)> rf%? VOL;(?“B;) > 7, (rBr) - 9-0(n) O

Remark 2. We mention another application of Theorem 8. For a symmetric convex K C R", denote
the hereditary discrepancy hd(K) as the minimum t > 0 so that t K g intersects {—1,1}% x {0} "\
forall S C [n]. In [B3] it is shown that we have a lower bound hd(K) > maxgc, inf{t :
volig|(tKg) > 1}, where the left side is known as the volume lower bound volLB(K). In fact an
analogous argument also shows the lower bound hd(K) > maxgcp, inf{t : v/ (tKs) > 27°51}
for a universal constant C' > 0. Since the volume of a convex body is always lower bounded by
its Gaussian measure, this lower bound is at least volLB(K) up to a factor of 2€. Theorem B

immediately implies that it is also at most volLB(K') up to a constant.
1.5 Gaussian measure lower bounds from expansion

In this section, we show Theorem [0. We will need several facts about covering numbers.

We start with the definition:

Definition 36 (Covering Numbers). For two convex bodies K,T C R", we define the covering
number N'(K,T) as the minimum number N such that there exist centers xy, ...,y € R" with

K CUY (x; +1T),ie K can be covered by N translates of T.

We need the following few standard facts about covering numbers (see [[]).
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Lemma 37 (Volume Bounds for Covering Numbers). Given convex bodies K, T C R". If T

is symmetric, we have *2> ((K <N(K,T)<2"- —VOIVO(EI((TJF)T)-

Lemma 38 (Symmetrization). Let K C R" be a convex body. Then N'(K — K, K) < 200,

The main technical tool we use is the existence of 1-reqular M-ellipsoids. We state a
variant of [[33], which gives a result for p-regular M-ellipsoids for all p € (0, 2); we only

use p = 1.

Proposition 39 (Corollary 7.16, [(33]). There is a constant Cy such that for any symmetric

convex K C R™, there is an ellipsoid £ so that for all t > 0,
max{N (K, tE), N(E,tK)} < exp(Cymt ™).

For the following standard facts, see Theorem 4.1.13 and Facts 4.1.7, 4.1.8 and 4.1.9

in [Z].
Fact 40. For any convex sets A, B,C' C R™, we have N(A, B) < N(A,C)N(C, B).

Fact 41. For any convex sets A, B,C' C R™, we have N(A+ C,B + C) < N(A, B).

Fact 42. For any convex sets A, B C R™, we have N(A, B) > "Olm(A) Similarly, N(A, B) >
ym (A)
ym(B)"

Fact 43. For any convex sets A, B C R™ with B symmetric, N(A, B) < %.

Fact 44. For any convex sets A, B C R™ with A symmetric, N(A,2(AN B)) < N(A, B).

Theorem 45 (Duality of Covering Numbers, [89]). Given symmetric convex bodies K,T C

R"™, we have
279 N(T°, K°) < N(K,T) < 2°W . N(T°, K°).

We show that a 279 Gaussian measure lower bound is equivalent to a 2°(") upper

bound for certain covering numbers.
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Lemma 46. The following conditions are equivalent for a symmetric convex body D C R"™:
1. (D) > 2700,
2. N(v/nBy,D) <200,
3. N(nB}, D) <20,
4 N(D°,LBy) <200,
5. N(D°,LBr) <20,

Proof. We start by proving that condition (1) implies (2). Suppose v, (D) > 279, then
Theorem B implies 7, (D) > 2-°("), where we define D’ := D N y/nBy. We thus also have
vol,(D') > 7,(D') > 279", Then by Lemma BZ, we have

n / n
N(/aB. D) < N(vaBy, D) < 2. LV IBEE D) o YOMZVIDE) o0
vol, (D') vol,(D")

We next show that condition (2) implies (1). Since ,,(v/nBjy) = (1), we have v, (x+ D) >
279 for some z € R™. Lemma @ then gives 7, (D) > 7, (z + D) > 2790,
The implication (3) = (2) immediately follows from /nBj C nBj. To prove the re-

verse implication (2) = (3), we use Lemma B7 to obtain

b= vol,(BY) - vol,(BY) —

It thus follows that N'(nB}, D) < N (nBy, v/nBg) - N (y/nBy, D) < 20,
The last two equivalences follow from the duality of covering numbers in Theorem &35.

]

As a corollary of Fact B3 we also have the following.

Lemma 47. For symmetric convex sets A, B C R™, N(A, B) < 3™ . V(\);((’%‘])B).
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Proof. Since A N B is also symmetric, by Fact B3 we have

N(A.B) < N(AAnB) < YA+ ANB)) . VolB34) _ ., Vol(d)

Vol(ANB)  ~ Vol(AN B) "Vol(ANB)’

We will also need a more specific result about covering numbers of slices by subspaces.

Lemma 48. For any symmetric convex A, B C R™ and any d-dimensional subspace U C R™,
NANUBNU) < 6d-N(A,B).
Proof. By Lemma B7, we have

Vol(ANU)
Vol(ANBNU)

NANUBNU)< NANUANBNU) < 3.

It remains to note that by Fact B4, we can cover A with N (A, B) copies of 2(AN B), so that
Fact B2 yields Vol(ANT) < N(A, B)-Vol(2(ANB)NU) = 2¢- N(A, B) - Vol(ANBNU). O

We are now ready to state and prove our main technical lemma.

Lemma 49. Let K C R™ be a symmetric convex set such that ~,,(2K + a/mBy") >  for all
a > 0and let € be a 1-reqular M-ellipsoid for K. Then there is a universal constant C' such that

for every > 0, the number of axes of £ of length at most r is at most C'\/ - m.

Proof. Let U denote the span of directions corresponding to the axes of £ of length at most
r with d := dim(U). To simplify notation, let K (a) := 2K + a\/mBy", so that we still have
YW(K(a)NU) > (K () > 3, where yy is the d-dimensional Gaussian measure in U. In
particular, letting BY denote the unit Euclidean ball restricted to U, N (vdBY, K (a)NU) <
exp(Cqd) by Fact B6.

Further, note that for any o > 0 we have

N(K(a) nu, (% : % + am)fgf) < N(K(a) nu, (% : %S + amB;") N U)
< 6d-N(K(a),% : %5+amB;ﬂ>

<67 N(K, %5) < 67 exp(Cid),
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where in the second inequality we use Lemma &8, in the third we use Fact &1 and in the
fourth we use Proposition BY. Setting o := /Co" - m~i, we have % ST+ aym =
VCo5 - m%, so by Fact &0,

N(\@Béjﬂ C§Tm4BU> SN(@BQ,K(@)HU)-N(K( )mUz,/Cc‘zr iBg)

< exp(Chad) - 6% - exp(C1d).

On the other hand, by Fact B2,
U d d
N (V&Bg, 2 Cdorm BU> Vola(VdBy)  _ (—> .
)

, 3
Vol,(2 %m%Bg Corms

Combining the above two displays yields the claim. O

Proof of Theorem [[0. First we show a Gaussian measure lower bound for a 1-regular M-
ellipsoid £ of K with axes of lengths {\; };c sorted in increasing order. Let k£ denote the
maximum index with A\, < /m and let £ denote the ellipsoid with the same eigenvectors

as £ and compressed axes of length min{);, y/m}, so that in particular £’ C £. Note that

Tm(E) Z 1m(E")

1 2
> // @my2 exp(—3 ||z(3) dz
> exp(—C'm) ~Vol(5’)

> exp(—C"m H

N |—=

\/_

i€[k]
for some constants C’, C"” > 0. Denote I, := {i € [k] : \; € [§,7]}. We apply Lemma B9 as
follows: ,
N r \C'vrmi
Doz I Gg) = I Gg)
i \/_ e s 2y/m = 2y/m

Denoting = = 27¢, the product becomes, for a constant Cs,
& 2/m p

H\/— <ﬁ _a>2_%) = exp(—Cm).

1€[k]
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Finally, we use Fact B2 and Proposition BY to lower bound the Gaussian measure of K:

Tm(K) = % > exp(—(C" + Cy + C3)m). O

1.6 One-dimensional Gaussian measure bounds

Proof of Lemma [5. We make use of the following tail inequality due to Szarek and Werner [161]
which holds for ¢t > —1:

b 1 4et*/2
>t < .
mwéJg | V2m 3t + (12 + 8)1/2

In particular, for ¢ > 1 the right side is upper bounded by —- 46_;)2/2. Thus

4 2
<tl>1- e V2,
gNN(m [lg| <] W

—2z/3

Since the function z — e is convex, we have 1 — - rz > e 2/ forall z € [0,e /2]

as it holds for the endpoints of the interval. Therefore for ¢ > 1,

2
_Pr gl < ]2 exp(~3e7).

We conclude that for any a € R" with ||a||; < 1and ¢ > 1 one has

p ) <t = [
yNN(an)H (a,y)| < 1] o

< ] 2 el D) > expl—e= - ).
a

Indeed, the last inequality follows because

2 t? t? 2 1 1 2 2
z L \V\<Z <___><_.1/?._. 2 < 2
3o (3 2||a||g> =530\ gp) =30 o el = llalk

where the second to last inequality follows from e* > ez for z := 1/(2]|al[3). O

Proof of Lemma 1. Draw another random variable z ~ N(0, B — A) and note that by log-

concavity we have

Pr [yeK]> Pr [ Pr [y+zeK]|= Pr [yeK] O
y~N(0,A) y~N(0,A) Lz~N(0,B—A) y~N(0,B)
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1.7 Large convex sets without partial colorings

We have mentioned earlier that a symmetric convex set K with measure 7, (K) > ™"

contains a partial coloring € {—1,0, 1}" with a linear number of nonzero coordinates if
the constant ¢ is small enough — but this is false for constants beyond a certain thresh-
old, even if one is allowed to rescale the body by some parameter dependent on ¢. The

construction for such a set is a thin strip that avoids any pointin {—1,0,1}"\ {0}.

Lemma 50. For any C > 1, there exists a 6 > 0 so that the following holds: for any n € N large
enough there is a symmetric convex body K C R" so that (i) (C"K) N ({—1,0,1}*\ {0}) =0
and (i) y,(K) > e™o",

Proof. The construction is probabilistic. We sample a Gaussian g ~ N(0, I,,) and for a tiny
parameter s > 0 that we determine later, we consider the strip K := {x € R" : | (g, x) | <
s}. Consider the set of nontrivial partial colorings X := {—1,0,1}" \ {0} and recall that
|X| < 3" For any = € X, the distribution of (g, z) is Gaussian with variance ||z|3 > 1
and hence the density of this 1-dimensional Gaussian is at most \/%760 < 1 everywhere. In
particular for a fixed € X, one can obtain the simple estimate of Pr[| (g, z) | < ] < 4t for

any ¢ > 0. Then choosing s := 1 - C~"3™" we obtain

Pr(C"K)N X #0] < ZPr x)| > C"s] <

xreX

S X]-37 < (%)

MH
Ny

Moreover using Markov’s Inequality we obtain the (rather weak) estimate

(%)

N

Pr [Hg“% > 4n] <

Then with probability at least 1/2 none of the events (x) and (**) happen. We fix such an

outcome of g and estimate that the measure of our strip is

s/llgll2
1 e dg > 1 e’lﬂﬁ > 7o

—s/llgll2 V2T - V2r no

for a suitable choice of 0 using - < 1. O

’Vn<K) =
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Chapter 2
VECTOR BALANCING IN LEBESGUE SPACES

This chapter is based on a joint paper with Thomas Rothvoss [140].

2.1 Introduction

The celebrated Spencer’s Theorem in discrepancy theory [157] shows that "six standard de-
viations suffice" for balancing vectors in the /,,-norm: for any a,, ..., a, € [—1,1]", there
exist signs € {—1,1}" such that || }°! | z;a;||~ < 64/n. More generally, Spencer showed
that for vectors in [—1, 1]¢ with n < d one can achieve a bound of O(y/nlog(2d/n)). While
his proof used a nonconstructive form of the partial coloring lemma based on the pigeonhole
principle, in the past decade several approaches starting with the breakthrough work of
Bansal [[I6] did succeed in computing such signs in polynomial time [[103, 146, 100, 6T].
As for balancing vectors of bounded /;-norm, the situation has been more delicate.
In the same paper, Spencer [[157] showed a nonconstructive bound of O(logn) for the ¢,
discrepancy of vectors a1, . .., a, € BY and also stated a discrete version of a conjecture of
Koml6s that this may be improved to O(1). This was improved to O(v/log n) by Banaszczyk
[I3] who showed that in fact for any set of n vectors of /;-norm at most 1 and any convex
body K C R? of Gaussian measure at least 1 /2, some +1 combination of such vectors lies
in 5- K. For the general setting of ¢, discrepancy, Matousek [I10] gave an upper bound of
O(q) - d*/? for balancing vectors from ¢, to {,. More recently, the work of Barthe, Guédon,
Mendelson and Naor [30] (see Prop. 25) shows that, for ¢ > 2, n-dimensional slices of
the £, ball in R? scaled by a factor of O(,/7) - n'/¢ do have Gaussian measure at least 1/2,
thus improving the bound to O(,/q) - n'/%. For ¢ = log n, this matches the ¢, to (s, bound

of O(v/logn). Banaszczyk’s proof was nonconstructive and the first polynomial time algo-
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rithm in the general convex body setting was found only recently by Bansal, Dadush, Garg
and Lovett [19], while the Koml6s conjecture remains an open problem. The work of [1Y]
actually shows that for any vectors ay, ..., a, € BJ there exists an efficiently computable
distribution over signs « € {—1,1}" so that the sum X := >""" | x;a, is O(1)-subgaussian,
meaning that E[e/®X)] < 2D for every 8 € R?, and will be in O(1) - K with good
probability. Interestingly, this means their algorithm is oblivious to the body K, which is a

©) where any algorithm needs to be de-

striking difference to the regime of v, (K) = e~
pendent on K. The connection between Banaszczyk’s theorem and subgaussianity is due
to Dadush et al. [51].

For the general setting of balancing vectors from /¢, to ¢,, where we are given vectors
a,...,a, € Bg and wish to find signs z, ..., z, that minimize the ¢, norm of " | z;a;
(also called ¢, discrepancy), not much was known beyond Spencer’s theorem (p = o) or
what can be deduced from Banaszczyk’s theorem as above: any vector in B also belongs
to @max(0:1/2-1/p) . B4, thus implying a discrepancy bound of O(,/g) - d™<(®:1/2=1/p) . pl/a,
Even in the square case d = n, in spite of tight partial coloring bounds [[[57], it has been an
open problem to remove the dependency on ,/q [b3]. The goal of this paper is to provide
a unified approach for balancing from /¢, to ¢, via optimal constructive fractional partial
colorings, which yield optimal bounds for most of the range 1 < p < ¢ < co. We obtain
such fractional partial colorings by proving a new measure lower bound on the relevant
linear preimages of ¢, balls (Section 3) and an improved algorithm for sets of Gaussian
measure e °" for any § > 0 (Section 4), as opposed to previous work ([T46, bT]) which
required measure e~°" for sufficiently small § > 0. Finally, we show that a hereditary volume

lower bound is sufficient to imply such Gaussian measure bound (Section 5).

As an application, we show a slight improvement to the bounds for the well-known
Beck-Fiala conjecture [B3], a discrete version of Komlés. It asks for a O(+v/t) bound on the
l« discrepancy of any a4, ...,a, € {0, 1}¢, each with at most t ones. We establish the
conjecture for ¢ > n and show slightly improved bounds when ¢ is close to n (Corollary

B3).
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Notation. Let B! := {x € R’ : ||z||, < 1} denote the unit ball in the /,-norm. The
Gaussian measure of a measurable set X' C R" is given by 7,,(K) := Prgn(0.1,) [T € K]. We
denote the mean width of a convex set as w(K) := Egegn-1[sup,e (0, x)]. The Euclidean
distance to a set S C R" is denoted by d(z,S) := min{||lz — y|l» : y € S}. A function
[ RY = Ris a-Lipschitz if |f(z) — f(y)] < a- |z — y|s for z,y € RL If A € R>"
is a matrix, we denote its rows by A,,..., A; € R" and its columns by a,,...,a, € R4,
Naturally, a matrix can also be interpreted as a (not necessarily invertible) linear map.
Then for any set K C R? we use the notation A™'(K) := {x € R" : Az € K}. The

C-scaling of a symmetric convex body K is the body C' - K = {cx : ¢ € K}.

2.1.1 Owur contribution

Our main contribution is a tight bound on partial colorings for balancing from ¢, to ¢,:

Theorem 51. Let n < dand 2 < p < q < oo Then for any as, ..., a, € By, there exists a

polynomial-time computable partial coloring x € [—1,1]" with |{i : 22 = 1}| > n/2 so that

|S a5 yfmin (pdog (22)) - vz
X q n
=1

By Theorem B, the condition n < d does not weaken the theorem: in fact for n > d

the upper bound can only be larger than that of n = d by a factor of two. On the other
hand, the condition p < ¢ is natural, for otherwise if p > ¢ we would need a polynomial
dependence on the dimension d, even for n = 1. By iteratively applying Theorem BT we

can obtain a full coloring at the expense of another factor of with the caveat

1
1/2=1/p+1/q’

that p > 2 whenever ¢ = oc:

Theorem 52. Let n < dand 2 < p < q < oo with {p,q} # {2,00}. Then for any a,,...,a, €

'When p < 2, uniformly random signs achieve a tight bound of ©(n'/?) (see Theorem B3), so we focus
on the more interesting case p > 2.
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B¢, there exist polynomial-time computable signs @ € {—1,1}" so that

\/min (p, log (%))
< . /2=1/p+1/q

« ™~ 1/2-1/p+1/q

n
| X wa,
i=1

This significantly improves upon the general | /g-d"/?~!/?.n!/?bound from Banaszczyk’s
theorem in [b3] when p = 2 + ¢ for (not too small) ¢ > 0 and ¢ > 1. It is also worth noting
that we may always assume ¢ < log d as larger norms are equivalent up to a constant by
Lemma BA. When p = ¢ and d = n, we get the following corollary which matches, up to a

constant, the lower bound €2(y/n) of [I1] known to hold for any norm:

Corollary 53 (¢, version of Spencer’s theorem). Let 2 < p < oo and n € N. Then for any

a,...,a, € By, there exist polynomial-time computable signs x € {—1,1}" so that

n
| X ra,
i=1

The following corollary shows the Beck-Fiala conjecture holds for ¢ > n and slightly

S Vn.
p

improves upon the best known bound of O(v/tlog n) [[3] when t is close to n:

Corollary 54 (Bound for Beck-Fiala). Let n < d and a,...,a, € {0,1}%, each with at most

t € [d] ones. Then there exist polynomial-time computable signs « € {—1,1}" so that

w§\/¥log(2ma};(n’t)>.

H Z Li;
i=1
We show the partial coloring bound in Theorem BT is tight at least when d = n:

Theorem 55. Let 1 < p < q < oo. There exist infinitely many positive integers n for which we

can find ay, ..., a, € B} such that for any « € [—1,1]" with |{i : 7 = 1}| > n/2 one has

n
H Z Z;Q;
i=1

> ymax(0,1/2-1/p)+1/q
q
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2.2 Preliminaries

We will use two elementary inequalities dealing with ¢,-norms. The first one estimates

the ratio between different norms:
Lemma 56. Forany z € RYand 1 < p < q < oo, we have || 2|, < ||z]l, < mYP~Y4| 2],

It is instructive to note that this bound implies || z||oc < [|2|l10g,(d) < 2[|2]|o- If one has an
upper bound on the largest entry in a vector — say ||z||.c < 1 — then one can strengthen

the first inequality to ||z[|? < ||z[|>. More generally:
Lemma 57. Forany z € R and 1 < p < q < oo, we have ||z||2 < ||z||? - ||z[|47.

We will also need the following version of Khintchine’s inequality, see e.g. the excellent

textbook of Artstein-Avidan, Giannopoulos and Milman [7].

Lemma 58 (Khintchine’s inequality). Givenp > 0, a4, ..., a, € Rand  ~ N(0, I,,), we have

o[ Sl s v (L)

1=1
This fact can be derived from a standard Chernov bound which guarantees that for a

vector with ||all, = 1 one has Pr[| (a, )| > A] < 2¢7*’/%; then one can analyze that the
regime of A = O(,/p) dominates the contribution to E[| (a, z) |?]. We use it to show the

following standard estimate on the type constants of ¢, spaces (see Section "7):

Lemma 59. Given p > land a4, ..., a, € B;l and x ~ N(0, I,,), we have

o] S
i=1

< . ,max(1/2,1/p)
p] \/_

2.3 Main technical result

In this section we show our measure lower bound for balancing vectors from ¢, to ¢,:
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Theorem 60. Let n < dand 1 < p < q < oo. Then forany a,,...,a, € B;f,

%({m e R™: H inai < \/min (p, log (Q—d>> -nmax(o’lm_l/le/q}) > 9-0(n)
i=1 q n

In order to show Theorem B0, roughly speaking it will suffice to show the correspond-

ing bounds for the two special cases of ¢ € {p, oo}, which can be bootstrapped into a gen-
eral bound. First we address the simpler case p = ¢ which at heart is based on Khintchine’s

inequality:
Lemma 61. Let n < dand p > 1. Then for any a, ..., a, € BY,
7n<{a: e R": H zn:xiai
i=1
Proof. By Lemma b9 we know that, for some constant C' > 0,
By Markov’s inequality it follows that
%({az e R": H imiai
i=1

so that the result follows by Lemma 8. O

< \/]—j.nmax(l/Q,l/p)}> > 9-0(n).
p

:| S O\/ﬁ_nmax(l/ll/p).
p

< 20\/5 ) nn1ax(1/2,1/p)}) > 1/27
p

Next, we deal with the crucial case ¢ = oo:

Lemma 62. Let n < dand p > 1. Then for any A € R™" with columns a, ..., a, € B and
rows Ay, ..., Aqg € R", thebody K := {x € R" : | Y1, 25|00 < /p-n™>O1/271/P)} satisfies
W(K) = [[ m{z € R™: |(@, Aj)| < " O1/271P1Y) > 2700,

Jj€ld]
Proof. The main idea in the proof is that we can convert the bound on the /,-norm of the
columns a; into information about the ¢,-norm of the rows A;. Namely,

1 1 1/p
- AP max(0,1/2—1/p) | (_ A p) < max(0,1/2—l/p). 21
(=>4 n S lAly) T <n (2.1)

j€ld] Jj€ld]

1/p LemBA
)

<n
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We rescale the row vectors to V; := (,/pn™#(0:1/2=1/p))=1 A, and abbreviate y; := || V;|3, so
that Eq. (21 simplifies to 2?21 y?? < n-p~P/2. We may then apply Sidak’s Lemma B and

bound the one-dimensional measure:

(K) =m({z eR": [{x, V)| <1 Vj€[d]})

LemB8
> [[w({zer @V <1})
JEld]
Lem @
> ] (1= exp(—y;'/2)
JEld]
T e (=) —exp (= O304 = exp(—C'n)
j€ld] Jj€ld]

Here we have used an estimate that remains to be proven:
Claim 1. Forany p > Land y > 0 one has 1 — exp(—5.) > exp(—C'p?/*y?/?) where C" > 0 is a
universal constant.

Proof of Claim I. It will suffice to show for any y > 0:
—log(1 — exp(—y~"/2)) < O(p"*y""?).
To see this, let z = /2y and note that it suffices to show
—log(1 — exp(—272)) - 27 < O((p/2)"'2).

First, by convexity of z — —log(1 — x), we have —log(1 — z) < O(z) for x € [0,1/¢]. It

follows that for z < 1, we have
—log(1 — exp(—272)) < O(exp(—272)) < O([p/2]!/=~2P/21),

and therefore — log(1 — exp(—272)) - 27 < O([p/2]!) < O((p/2)"?).
Next, we claim that —log(1 — exp(—272)) < 4z for all z > 0. Indeed, both sides tend to

0 as z — 0 and the derivative of the left side is
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where we used e” > 1+ z +2?/2 for z = 55 and (2z — 1) > 0. It follows that when z > 1,
—log(1 —exp(—2z72)) - 277 < 42177 < 4 < O((p/2)"/?). O
Remark 3. This arqument is largely motivated by the result of Ball and Pajor 0] which bounds

volume instead of Gaussian measure. More specifically, [I0] prove that for 1 < p < oo and any

matrix A € R*", the set

K={eecr:|(4, |<\/'(ZHAII) "vjeld}

satisfies vol,,(K') > 1. In contrast, our Lemma B2 provzdes a simpler proof of a stronger result (up
to a constant scaling), since the volume of a convex body is always at least its Gaussian measure.
On the other hand, it is also possible to recover Lemma B2 directly from this result together with

Theorem Q.

We are now ready to show Theorem bU:

Proof of Theorem B0. Let 1 < p < ¢ < oo and let A € R¥" denote the matrix with columns
ai,...,a, € BY. By LemmaBZwe know that forany z € R? with ||z[|, < n'/?and ||z < 1
one has ||z[|, < (||z]|2 - ||z]|%?)"/4 < n'/9. Phrased in geometric terms this means n'/7B4 D
n'/? BN B, We would like to point out that this is a crucial point to obtain a dependence
solely on n rather than the larger parameter d. Next, note the fact that A='(SNT) =
A~1(S)N A~Y(T) for any sets S and T which we use together with the inequality of Sidak

and Kathri (Lemma B) to obtain the estimate

-1 max(0,1/2—1 1 d
%<A (/B - nm=xl/ /p>+/qu)>

> (Afl (\/]3 ) nmax(O,l/Qfl/p)(nl/pB;l A Bi;)))

> fyn(A (\/Z_) pax (1/2,1/p) Bd > H Y {.’II cR" - CC AJ>‘ < \/I—?nmax((],l/271/p)})

> 9-0(n) . 9=0(n) _ 9-0(n)

Y

where we have used the measure lower bounds from Lemmas b1 and B2. This shows the
claimed bound whenever p < O(log(24)), where the hidden constant can be removed by

scaling the corresponding convex body, see Lemma [8.
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It remains to prove that we can bootstrap the existing bound for the regime of large p. So
let us assume that p > 2-max{1,log(d/n)}. Let py € |2, p] be a parameter to be determined
and remark that Lemma BA gives ||a;||,, < d"/P~1/7 .| a,||, < d/»~Y/P. Applying the above

measure lower bound for p, implies

fyn({w e R": H ixiai
i=1

We can rewrite the above upper bound on /,-norm as

< Po- nt/2=1/pot+1/a dl/pO*l/p}) > 9-0(n)
q

d\-1/p d\1/p
B0 - nME Ve qUp1 e — 121/ a (ﬁ) /P (ﬁ) °
<1

Taking py := 2 - max{1,log(d/n)} gives the desired result as then (d/n)'/? < /e and

Lemma [A can again deal with such constant scaling. O
Now our main result on existence of partial colorings easily follows:
Proof of Theorem B1. Apply Theorem [ to the set
- : 2d 1/2-1/p+1/
K = {:BG]R”: Hinai < mm(p,log (—))n P q},
i=1 7 "

which by Theorem B0 indeed has a Gaussian measure of ~,,(K) > 279, O]

Next, we show how to obtain a full coloring by iteratively finding partial colorings.

Proof of Theorem B2. Let again 2 < p < ¢ < oo and let a4,...,a, € Bf. We begin with
(®)

z® = 0 and given 2@, ... z® we set S® = {i € [n] : -1 < z;” < 1} as the ac-
tive variables. Then combining Theorem 4 and Theorem Bl we can find a partial coloring
21 € [~1,1]" in polynomial time so that | S(+1| < |S®]/2and || Y7, (2 —2)a,|, <

C, \/min(p, log(w%')) - |S@/2=1r+l/a - Let (T) be the first iterate with (¥ € {—1,1}".
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Clearly |S®| < n2~* and T < log,(n). Using the triangle inequality we get

~ () H (D) (0)y
T, "a; a'z
|3 e, < X3 q
2d —t 1/2—-1 1
gclz min (p, —)) - (@7 m) s
t=
C1Cs \/min (p, log <%>>
< . n1/2_1/p+1/q

- 1/2—1/p+1/q

The intuition behind the extra factor for obtaining a full coloring is as follows: abbre-

]

viate the exponent as 3 := 1/2 — 1/p + 1/q. Then it takes ; iterations until the term |S®|
decreases by a factor of 1/2 which dominates the miniscule growth of the logarithmic
term. Then indeed the overall discrepancy is dominated by the discrepancy from the first
5 iterations.

We can now demonstrate how a nontrivial choice of /,-norms can be beneficial in clas-

sical discrepancy settings:

Proof of Corollary b4. Consider columns ay, ..., a, € {0,1}? with at most ¢ nonzero entries
per a;. First let us study the case t > n/10. Since for each column ||a;||; < */4, Theorem
provides a coloring x € {—1,1}" with || Y1, z:a:]| < O(nY/*Y4) = O(V/1). ©

Now if t < n/10, we take p € [2,16) with 1/2—1/p = 1/log(n/t). Then ||a,||, < t'/? and
Theorem B2 gives € {—1,1}" with

We conclude this section by showing that the term n™*(0:1/2=1/P)+1/4 in our bounds is

C -nlt/2=1/p . ¢l/p

1/2—1/p

= CV/tlog(n/t) - (n/t)Y/1s(/t) O
>
necessary:

Proof of Theorem BA. Consider the case p > 2. Consider an n x n Hadamard matrix, which

is a matrix H € {—1,1}"*" so that all rows and columns are orthogonal. Such matrices

In fact for t > n a more careful choice of p = log(2t/n) gives a better ¢, discrepancy bound of
O(y/nlog(2t/n)), even though the Beck-Fiala conjecture asks only for O(+/#).
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are known to exist at least whenever n is a power of 2. The columns satisfy ||h;|, = n'/?
and for any x € [—1,1]" with [{i : 27 = 1}| > n/2 we know that ||z|, > Q(y/n) and
|Hx||2 > ©(n), so that by Lemma B we have

|Hz|, > |Hzl|; - n"/772 = Q(n'/2+1/9),

For p € [1,2], take an identity matrix I,,. For every & € [—1,1]" with [{i : 2? = 1}| > n/2

we have || L,z||, = [|z[; > Q(n'/?), and the columns of I, are certainly in B". O

2.4 Signed series in Lebesgue spaces

In this section, we generalize Theorem BTl for all prefixes:

Theorem 63. Let n < 2dand 2 < p < q < oo. Then for any a4, ..., a, € Bg, there exists a

polynomial-time computable partial coloring « € [—1,1]" with |{i : 27 = 1}| > n/2 so that

k
Z Tiai|| < \/min (p, log <4_d>> .pl/2=1/p+1/q
i=1 q "

While it is known that the vector balancing constant is largest when n = d up to a factor

max
ke[n]

of two, the same is not known for all prefixes. On the other hand, for partial colorings, we
can indeed reduce it to the case where n < 2d. This is because if n > 2d, we can split the
vectors into |n/2d] intervals I of size 2d (and at most one leftover block of size at most 2d)
and set d - |n/2d] linear constraints of the form ) ,_; x;a;; = 0 for all j € [d]. This induces
a subspace of linear dimension so that by Theorem [ it suffices to show a measure lower
bound for this section of the corresponding discrepancy body.

By iteratively applying Theorem B3 we can obtain a full coloring at the expense of an-

other factor of or log(n/d) if n > 2d:

1
1/2-1/p+1/q’
Theorem 64. Let 2 < p < g < oo with {p,q} # {2,00}. Then for any a4, ..., a, € Bg, there

exist polynomial-time computable signs « € {—1,1}" so that, if n < 2d,

\/min (p, log <47d>>
.pl/2=1/ptl/a

1 <
« 7 12-1/p+1/q
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If instead n > 2d, the signs satisfy

E T;a;

This improves upon the constructive bound of log(n)*® [72] to log(n) when p = 2 and

1
1/2—1/p+1/q

< (log(n/d) +

max

) /21 ta
ke[n]

q¢ = oo (this is equivalent to taking ¢ = log(d)). When p = ¢ and m = n, we get the

following corollary:

Corollary 65 (¢, prefix version of Spencer’s theorem). Let 2 < p < oo and n € N. Then for

any ay, ..., a, € B}, there exist polynomial-time computable signs © € {—1,1}" so that

By applying a theorem of Banaszczyk which relates signed series to the signed rear-

rangement problem, we obtain the following:

Corollary 66. Let 2 < p < oo and n € N. Then for any a1, . . ., a,, € B, there exist polynomial-

time computable signs « € {—1,1}" and a permutation = € S, so that

Z LiQr(5)

As before, Theorem B3 follows from a measure lower bound:

< Vdloglogd.

max
ke(n]

Theorem 67. Let n < 2dand 1 < p < q < oo. Then for any a4, ..., a, € B;f,

leal < \/mln (p’ log <4d>) . nmax(ﬂ,l/Q*l/p)*Fl/q}) 2 zfo(n).
; n

In order to show Theorem b7, we once again show the two special cases of ¢ € {p, oo}

”yn<{zc € R" : max

ke(n]

and bootstrap them into a general bound. First we address the simpler case p = ¢:

Lemma 68. Let p > 1. Then for any a4, ..., a, € BY,

E T

’yn<{zc € R" : max

ke(n]

< 5 - pax(1/2, 1/]))}) > 9-0(m)
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Proof. By Lemma B9 we know that, for some constant C' > 0,

x~N(0,I,) [ ; i

for every k € [n]. By Markov’s inequality it follows that
k

7n<{az e R": H Zmiai
i=1

and Sidak’s Lemma B gives

k
’Vn< ﬂ {wER" : H;xlaz

€[n]

:| S C\/z—)_nmax(l/Q,l/p)’
p

< 20\/5 nmaX(1/2,1/p)}> > 1/27
p

<20 . nmax(l/2,1/p)}) > 2711’
P VP o
so that the result follows by Lemma [I8. O

Before we deal with the case ¢ = 0o, we need a crucial lemma for a single row:

Lemma 69. Let a € R" so that ||a||? < 1. Then v,,(K,) > exp(—C' - exp(—5r+r)), where

2[la|l3
k
K, ::{wER”:maX T;a; <C},
“ ke[n}|; il < Co

for some universal constants C, Cyy > 0.

Proof. We may assume n = 2‘ is a power of two (otherwise we may append zeros). Let
y := |lal|3, and for aset I C [n]let s(1) := >",.; a7 so that y = s([n]). We also define m(I)
as the first index for which s(IN{i € [n] : i < m(I)}) > 3s(I). Denote also L(I) := IN{i €
[n]:i <m(I)}and R(I) :=IN{i € [n]:i>m(I)} so thatboth s(L(1)), s(R(I)) < 3s(I).
We define ¢+ 1 families of intervals of [n] as follows. The first family is Z, := [n], m([n]).

Fori € [{], we define Z; as (J; 7, | {L([), R(I),{m(L(1))}, {m(R(I))}} The key properties
of these families are:

1 |T) =2 47" < 4

2. Forany I € Z; one has s(I) < y/27;
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3. Any interval I C [n] can be greedily expressed as a disjoint union of several sub-

intervals in such a way that there are at most 2 sub-intervals from each Z, i € [/].

We claim for some constant Cy > 0 it holds that

1+ 44
CoKa DHH{:BG]R"‘ ar, )| < _{—Qizy}::Ké.
1=0I€Z;

Indeed, by the third property, for any € K, and any & € [n] one has

k ¢ .
‘inai §2'Z\/ 1+2ny S
i—1 =0

where we have also used that y < 1 by assumption.

By Sidak’s Lemma B, Lemma [H and the second property we then have
, ¢ ] . L 1 Zel
(k) 2 [J oo (= exp(—(1+diy)/2'/(2 - y/27))

= Hexp =7 exp(— ))‘I"|

Finally, by the first property we get

14

(L) > exp (= 3 (5) - exp(—1) ) > exp(~C - exp(—k)),

=0

50 that 7,(CoKa) > exp(~C - exp(—3)). -

Lemma 70. Let n < 2d and p > 2. Then for any A € R>™ with columns ay, ..., a, € B;l and
rows Ay, ..., Ay € R, thebody K = {x € R" : maxgep | o0, miailoo < /P - 0277}
satisfies v,(K N H) > 279" for some subspace H C R™ with dim(H) 2 n.

Proof. Asbefore, we rescale the row vectorsto V; := (,/pn™**(0:1/2-1/p))=1 A - and abbreviate
= || V;||3, so that by Eq. (21) we have Z; L y]/ < n-p P2 If any row satisfies y; > 1,
we may split it into maximal intervals of squared ¢, norm at most 1, and impose a linear

constraint in H that each maximal interval be orthogonal to the coloring; note that there
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are at most n - p~P/2 such constraints. We are left with dealing the case where all y; < 1.

Here we may apply Lemma B9 to conclude that the Gaussian measure of K N H is at least

d d
exp(—C - Zexp(—ziyj)) > exp(—C - Zyﬁﬂppﬂ) > exp(—Chn). O

j=1 j=1
Proof of Theorem bA. Now follows directly from bootstrapping Lemmas B8 and [0 as in the
proof of Theorem B0. O

Proof of Theorem b4. We similarly iterate the partial colorings while observing that after
each iteration we once again obtain a signed series problem. The only difference from
Theorem B2 is that for n > 2d, we pay the extra factor of log(n/d) to bring the number of

vectors down to the dimension. O]
Proof of Corollary BA. Follows directly from Theorem B4. O

Proof of Corollary BA. Follows directly from Theorem b4 and a theorem of Banaszczyk [[14]
that the signed rearrangement constant is at most twice the signed series constant with

8dlog d many vectors. [
2.5 Lower bounds

Finally, we show that the bound in Theorem B2 is tight up to a factor of  —  + ¢

1
p

Theorem 71. Let2 <p < g < ocandn < d < 2" Then

2d
vbn(Bg, Bj) 2 \/min {p, log (_)} . pl/2=1/p+1/q.
n

For the lower bound we will use the following reverse Chernoff bound from [88]:

Lemma 72. Given independent random variables x, ..., x, ~ {—1,1} and X € [3,/n/2],
Przy + -+ + 2, > A\/n] > exp(—9A?/2).
In this section we show that the vector balancing bounds in Theorem B2 are tight up to

11, 1.
the factor of 5=yt
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Proof of Theorem [Z1l. First, let us focus on the case when d < 2Pn so that log(2d/n) < p. We
will also assume that d > 8n, since otherwise we can use instead »n’ := |n/8] and add
n — n' columns of zeros. Let B denote an d x n random matrix with i.i.d 1 entries. For
any fixed ¢ € {—1,1}", let N, denote the number of rows i € [d] with (B;,x) > \y/n for
A=, /2log (%) Since A < /n/2, by Lemma 2 we have

Pr[(B, ) > awn| > 2,

so that E[N,] > 2n. The standard Chernoff bound then gives Pr[N, < (1—-0.9)-2n] < 27",
so that by the union bound there exists a matrix B € {—1,1}%*" for which N, > n/5 for
all x € {—1,1}". Thus for any such «,

Bz, > (|Na| - (AV/n)9)Y1 > nl/2H1/1]0g <i>1/2 > pV/2Ha o <2_d>1/2’
" ~ 2n ~ n

where in the last step we used d > 8n. The matrix A := d~'/? B has columns in Bj‘j and

d n1/2+1/q d
> _ ). - > ) 1/2-1/p+1/q
| Azl 2 V log <2n> di/e ™ log <2n> "

forallz € {—1,1}", as claimed.
For the case when d > 2”n we may use the same construction for ' := |2Pn| with d —d’

additional rows of zeros. [

2.6 Open problems

We conjecture that Theorem B2 can be improved to match Theorem BT:

Conjecture 6 (¢, — {, version of Koml6s conjecture). Given n < d,2 < p < q < oo and

ai,...,a, € BY, do there always exist signs « € {—1,1}" so that

H E riag|| S \/min <p, log (2_d)> . pl/2=1/p+1/q
- q n
=1

Since Conjecture B is at least as hard as the Komlés conjecture, a more realistic goal

would be to improve the full coloring of Theorem B2 by a factor of (1/2—1/p+1/q)~*/? so
as to match the best known bound of O(+/log n) for Komlés.
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Recall that for a matrix A € R™" and 1 < p < oo, the Schatten-p norm is defined as
|Allse == i, 0i(A)P)Y? where 0;(A) > 0 is the ith singular value of the matrix. In
particular ||Al/s() is the maximum singular value and || A||sq) is known as Trace norm
or Nuclear norm. One might wonder whether Theorem B1 could be extended for matrices
instead of vectors in the corresponding Schatten norms. In fact this is not possible: even
for p = 2 and ¢ = oo, there exist n rank-one matrices A; := v;v; € R™" with unit v; for
which any fractional coloring has discrepancy €2(/n) in the operator norm ([169], Section

3). It is still possible nevertheless that Corollary B3 extends in the following way:

Conjecture 7 (¢, version of Matrix Spencer). Given 2 < p < oo and symmetric A, ..., A, €

R"™ ™ with Schatten-p norm at most 1, can we always find signs € {—1,1}" so that

S vn.

S(p)

n
H inAi
i=1

This is a more general form of the Matrix Spencer conjecture [I71], and one can show
a weaker bound of O(,/pn) with random signs similar to Lemma BY. In fact, it is an open
problem to show even a partial coloring for Conjecture 2. This would be implied by the

following, which at least holds for diagonal matrices by the proof of Lemma B2:

Conjecture 8. Given 1 < p < oo and symmetric A4, ..., A, € R™", can we show that

=1

S(p) = H <zn1: AZ?)l/QHS(p)}

1=

satisfies y, (K) > 279?
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2.7 Proof of Lemma

Proof of Lemma BY. By convexity of z — |z|?, Jensen’s inequality in (x) and Khintchine’s

inequality in (x*) (Lemma B8) we have

S >RA N o
(ST

]1/19

n"

J€[d] 1€[n]
(%) p/2\1/p
<ovp (X (Xa) )™
JE[d] i€[n]

If p € [1,2], write A; € R" as (A;); := a;;. Then by Lemma B,
p/2\ 1/p 1/p 1/p 1/
(X (X)) "= (X 1am) " < () " = (3 llais)
jeldl  i€ln] jeld] Jjeld i€[n]
Now suppose that p > 2. Define (a;)*> € R? to be the vector with jth coordinate a7;. Since

|| - ||p/2 is @ norm, we can use the triangle inequality to get

(X (X U)p”)”p—HZaz L= (@) = (S lalz) <

jE[d] i€[n] i€[n] i€[n]

Either way, we conclude that E[|| >_;_, z;a;|,] < O(/p - n™#x(1/21/P) as desired. O

Remark 4. A similar approach gives an alternate proof of Prop. 25 in [BU], which states that a
r = O(y/p - n'/?) scaling of an n-dimensional section H of B has Gaussian measure ~y(H N
rBY) > 1/2 for p > 2. Indeed, by Markov's inequality, it suffices to note that given an orthonormal

basis a,, . .., a, of H we have

o[| Sre
i=1

where the last inequality follows from convexity of z — zP/? and from the fact that the m terms

J=ovi (2 (X)) <ovpa

i€[n]

D icpn) @3 Sum to n and are at most 1 by orthonormality.



46

Chapter 3
THE VECTOR BALANCING CONSTANT OF ZONOTOPES

This chapter is based on a joint paper with Rainie Bozzai and Thomas Rothvoss [140].
3.1 Introduction

Discrepancy theory is a subfield of combinatorics where one is given a set system (X, F)
with a ground set X and a family of sets F C 2%, and the goal is to find the coloring that
minimizes the maximum imbalance, i.e.

disc(F) = min max ’ ij :

€{—11}X SeF
ve{-1.1} jes

A slightly more general linear-algebraic view is that one is given a matrix A € [—1, 1]%*"
and its discrepancy is defined as min,c{_11}n || A2 ||. The best known result in this area
is certainly Spencer’s Theorem [[I57] which states that for any n < d one has disc(A) <
O(y/nlog(2%)). The challenging aspect of that Theorem is that — say for n = d —a uniform
random coloring = ~ {—1,1}" will only give a ©(y/nlogn) bound. Instead, Spencer [157]
applied the partial coloring method which had been first used by Beck [32].

The original proofs of the partial coloring method are based on the pigeonhole prin-
ciple and are non-constructive. The first polynomial time algorithm to actually find the
coloring guaranteed by Spencer [[57] is due to Bansal [16], followed by a sequence of
algorithms [[03, 146, 100, 6T] that either work in more general settings or are simpler.

Discrepancy theory is an extensively studied topic with many applications in mathe-
matics and computer science. To give two concrete examples, Nikolov, Talwar and Zhang [126]
showed a connection between differential privacy and hereditary discrepancy, and the best

known approximation algorithm for Bin Packing uses a discrepancy-based rounding [74].
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Other applications can be found in data structure lower bounds, communication com-
plexity and pseudorandomness; we refer to the book of Chazelle [45] for a more detailed
account. The seminal result of Batson, Spielman and Srivastava [B1] on the existence of
linear-size spectral sparsifiers for graphs can also be interpreted as a discrepancy-theoretic
result, see [[[38] for details.

Spencer’s Theorem [[I57] can be rephrased as vb(B% , B ) = ©(v/d) and asvb, (B%, B)
O(y/nlog(2)) for n < d. Here we denote B¢ as the d-dimensional unit ball of the norm
| - ||,- Moreover for a Euclidean ball one can easily prove that vb(B{, BY) = ©(+/d) and for
the /;-ball we have vb(B{, B{) = ©(d).

While Spencer’s Theorem itself is tight, at least three candidate generalizations have

been suggested in the literature — all three are unsolved so far.

The Beck-Fiala Conjecture. Suppose we have a set system (X, F) in which every element
isin atmost ¢ sets. Beck and Fiala [33] proved using a linear-algebraic argument that in this
case the discrepancy is bounded by 2¢ and they state the conjecture that the correct depen-
dence should be O(v/t). The same proof of [33] also shows that vb(B{, B%) < 2. However,
the Beck-Fiala Conjecture is wide open and the best known bounds are O(v/tlogn) [13, 19]
and 2t —log*(¢) [80]. In fact, Komlés Conjecture of vb(BY, BL) < O(1) is even more general;

here the best known bound is vb(B¢, BL) < O(+/log(d)) [13].

The Matrix Spencer Conjecture. A conjecture popularized by Zouzias [I71] and Meka
[I13] claims that for any symmetric matrices A4,,..., 4, € R™" with all eigenvalues in
[—1,1], there are signs = € {—1,1}" so that the maximum singular value of )" | z;4; is
at most O(y/n). Using standard matrix concentration bounds, one can prove that a ran-
dom coloring attains a value of at most O(y/nlogn). Moreover, one can prove the con-
jectured upper bound of O(y/n) under the additional assumption that the matrices are
block-diagonal with constant size blocks [bZ], or have rank O(y/n) [Z6]. Based on recent

progress on matrix concentration, it is possible to obtain the same under the weaker con-



48

dition that they have rank at most ﬁ [2T].

The vector balancing constant of zonotopes. A zonotope is defined as the linear image
of a cube. If A € R™*¢ is a matrix with m > d, we can write a d-dimensional zonotope
in the form K = {3, y;4; | y € [-1,1]"} = ATB” C R Note that m is the number
of segments of the zonotope. The cube BZ is trivially a zonotope, and it is known that
for every p > 2, the ball B is the limit of a sequence of zonotopes, called a zonoid [36].
Schechtman [152] raised the question whether it is true that for any zonotope K C R? one
has vb(K, K) < v/d where we write A < Bif A < C'- B for a universal constant C' > 0. The
best known bound of vb(K, K') < v/dloglog d is a direct consequence of Spencer’s theorem
and the fact that zonotopes can be sparsified up to a constant factor with only O(dlog d)
segments [[[62]. An affirmative answer to Schechtman’s question would follow from an
O(d) bound, or equivalently whether an ¢;-analogue of [31] is true. We defer to Section BA

for details.

3.1.1 Our contributions

Our main result is an almost-proof of Schechtman’s conjecture (falling short only by a

logloglog d term).

Theorem 73. For any zonotope K C R? one has vb(K,K) < Vdlogloglog d. Moreover, for
any vy, ...,v, € K one can find in randomized polynomial time a coloring v € {—1,1}" with

|30, 2wl e < Vdlogloglog d.

The claim is invariant under linear transformations to K and so it will be useful to place

K in a normalized position. For this sake, we make the following definition:

Definition 74. A matrix A € R™*“ is called approximately regular if the following holds:

(i) The columns A, ..., A% are orthonormal.

(ii) The rows satisfy || A;]|2 < 2\/gfor alli=1,...,m.
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Then we call a zonotope K C R? normalized if there exists a matrix A € R™*? that is
approximately regular so that K = \/%ATBO";;. We choose the scaling so that any cube BL
is indeed normalized and zonotopes with any number of segments are comparable to BL
in terms of volume and radius.

Our main technical contribution is a tight lower bound for the Gaussian measure of

sections of any normalized zonotope.

Theorem 75. For any normalized zonotope K C R¢, any subspace H C R? with n := dim(H)

and any t > 1, one has vy (t-C-KNH) > exp(—e‘tQ/2 -n) where C' > 0 is a universal constant.

In order to prove Theorem [75, we show that a normalized zonotope can be decomposed
into ©("}) many smaller zonotopes with ©(d) many segments each. This decomposition
requires an iterative application of the Kadison-Singer theorem by Marcus, Spielman and
Srivastava [[l06]. Then we prove the statement of Theorem 73 for such simpler zonotopes
and derive the lower bound on vy (¢t - C'- K N H) by using log-concavity of the Gaussian
measure.

We can also use Theorem I3 to show how to balance vectors between different normal-

ized zonotopes:

Theorem 76. For any normalized zonotopes K, Q) C R one has vb(K, Q) < +/dlog d. Moreover,

forany vy, ..., v, € K one can find in randomized polynomial time a coloring x € {—1,1}" such

that | Y7 zvillo < v/d - logmin{d,n} .

3.2 Preliminaries

We review a few facts that we rely on later.

Probability. By 7, we denote the (standard) Gaussian density - e I#13/2, For the cor-

responding distribution we will write N (0, 1,,). For a subspace F' C R™ we write [ € R™*"

as the identity on the subspace; in particular I = Z?i:“f(F) wiu] whereuy, ..., Ugim(r) is any

orthonormal basis of F.
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Discrepancy theory. First we give a full statement of Spencer’s theorem that we men-

tioned earlier:

Theorem 77 (Spencer’s Theorem [[157, 103]). For any A € [—1,1]™*™ with m > n there are
polynomial time computable signs x € {—1,1}" so that ||Az||« < y/nlog(22). More generally,

for any shift xy € [—1, 1]", there is a polynomial time computable v € R" so that x+xo € {—1,1}"

and ||A(z + z9)[|o S 1/nlog(22).

To be exact, the first algorithm giving a bound of O(y/nlog(#2)) is due to Bansal [[16]
and the tight algorithmic bound is due to Lovett and Meka [103].

We say that a vector = € R" is a good partial coloring if x € [—1,1]" with |[{j € [n] : z; €
{—1,1}}| > n/2. We will need a connection between good partial colorings and Gaussian

measure lower bounds.

Theorem 78 (special case of Theorem [). For any o > 0, there is a constant ¢ := c(a) > 0
and a randomized polynomial time algorithm that for a symmetric convex body K C R", a 2n/3-
dimensional subspace F' C R™ with yp(KNF) > e~ *"and ashifty € (—1,1)", findsx € ¢c-KNF

so that x + y is a good partial coloring.

For many decades, the Kadison-Singer problem was an open question in operator theory.

It was finally resolved in 2015:

Theorem 79 (Marcus, Spielman, Srivastava [I06]). Let vy, ..., v, € R¥so that ;" v =
Iy and let € > 0 so that ||v;||3 < e for all i € [m]. Then there is a partition [m] = S;US, so that for
both j € {1,2} one has

DIRES

i€S;

< 3y/e
op

In the definition of vb(K, @), there is no upper bound on the number of vectors to be
balanced. But it is well-known that up to a constant factor, the worst-case is attained for d

many vectors. Let
vb, (K, Q) := inf {r > 0| Yuy,...,up, € K :3z e {-1,1}": ijvj € TQ}
j=1

be the vector balancing variant with n vectors, so that vb(X, Q)) := sup,,cy Vb, (K, Q).
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Zonotopes. A substantial amount of work in the literature has been done on the question
of how one can sparsify an arbitrary zonotope with another zonotope that has fewer seg-
ments, while losing only a constant factor approximation. The first bound of O(d?) [151]

was improved to O(d log® d) [B6]. We highlight the current best known bound:

Theorem 80 (Talagrand [162]). For any zonotope K C Réiand 0 < e < %, there is a zonotope
Q with at most O(% log d) segments so that Q C K C (1 +€)Q.

We refer to the approach of Cohen and Peng [27] for an elementary exposition of the
O(dlog d) bound.

Finally, we justify why it suffices to consider normalized zonotopes:

Lemma 81. For any full-dimensional zonotope K = A" B™ C RY, there is a normalized zono-
tope K and an invertible linear map T so that %f( C T(K) C K. In particular, %vb(f(, K) <
vb(K, K) < gvb(f(,f().

We show the argument in Section BZ.
Lemma 82. Any normalized zonotope K C R? satisfies K C /dBg.

Proof. We write K = \/EATBO"Z where A € R™*?. Note that AT A = I, by orthonormality
of the columns of A and so || Ao, = HATAH}){f = 1. By definition, for any x € K thereis a
y € B™ withz = \/%ATy, so that

d d
2 = \/ = 1A yll2 < /=14 llop - lyll2 < V. O
m m

3.3 Sections of normalized zonotopes

In this section we prove Theorem [75, showing that all sections of normalized zonotopes are
large. In the most basic form where K = BZ is a cube and ¢ = 1, the statement is similar
to a result of Vaaler [I65] who proved that Voly (K N H) > 2" for any n-dimensional
subspace H C R though the geometry of a zonotope is more complex and the proof

strategy is rather different.
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3.3.1 A first direct lower bound

We begin with a simple estimate on the Gaussian measure of the section of a zonotope
where we drop the scalar of \/% . Hence this bound will be tight if the number of segments
is close to d but rather loose otherwise. We denote 11 as the orthogonal projection into a

subspace H.

Lemma 83. Let K := A" B" C R be a zonotope where A € R™*? is a matrix with orthonormal
columns. Then for any subspace H C R withn := dim(H ) and any t > 1 one has vy (t- KNH) >

exp(—e /2. p).

Proof. LetU € R™"be a matrix with orthonormal columns U, ..., U" spanning H. Then if
wedraw y ~ N(0, I,,), Uy isindeed a standard Gaussian in the subspace H. By assumption,

S A Al = 1, and this can be used to write any outcome of the random process as

Uy=> ylad? = Ay (A U7) =) Ai{y,UTA4;). (3.1)
i=1 j=1 i=1

J=1

Here one should think of UT 4; € R" as the coordinates of I1(A;) in terms of the basis U
of H. From the expression in (B1) we can draw the following conclusion:

Claim 1. For any y € R" and s > 0 one has (| (y,U" A;) | < s Vi € [m]) = Uy € sK.

Then Claim I gives a simple sufficient (but in general not necessary) condition for Uy to

lie in the zonotope K. Next, we can see that
SONUTAS =Y Tr[UUTAA]] =Te[UU ] =n
i=1 i=1

Then we can use Claim I and the inequality of Sidak-Khatri to lower bound the Gaussian
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measure by

yu(t-KNH) = yN]\Egln)[UyEﬁK]
T
- yNN(OI)U<U Avy) | St Vi€ m]
LemB
> UTA;,y)| <t
> 1yN(M)[I< y) | <t
S Hexp e PUT A3)

= exp (e 3 JUTAiJ) = exp (— /2n)
=1

Here we have used that |[UT A; |2 < ||Ai]]2 < 1 which follows by the orthonormality of the

columns of A. ]

It is somewhat unfortunate that Claim I shown above requires that Y " | A4; A/ is ex-
actly the identity and an approximation is not enough. But we can fix this by a rescaling

argument:

Lemma84. Let K = A" BT C R bea zonotope where A € R™ % isamatrixsothaty ;- A;Al =
aly for some o > 0. Then for any n-dimensional subspace H C R and any t > 1 one has

fyH(\/La -KNH)>exp(— e‘t2/2~n).

Proof. Scaling K by - is equivalent to scaling 37i", A;A] by _, hence we may assume
that indeed o = 1. Abbreviate M := " A;A] = I, which is a symmetric positive def-
inite matrix. Consider the matrix A € R™*? with rescaled rows A; := M~Y/2A,, so that
S AA =1 Let K := ATB? = M~Y?(K) and H := M~'/?(H) be the rescaled zono-
tope and subspace. Let U, ..., U" be an orthonormal basis of /. Then with U = M~'/2U,
U',...,U" will be the basis of H, but it will not be orthogonal in general. However, for
y ~ N(0,1I,) one has Cov(Uy) = UU" = M~Y2UUTM~/? < ;. Then

~ . LemD . LemE3 _42/9
Pr [UyetK|= Pr [UyetK] > Pr [yetK] > exp(—e'/n). O
y~N(0,14) y~N(0,14) y~N(0,15)
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3.3.2  Decomposition of normalized zonotopes

The next step in our proof strategy is to decompose the rows of an approximately regular
matrix A € R™*? into ©(2) many blocks J C [m] so that °,_; A;AT = Q(£) - I,. For this

purpose, we formulate a slight variant of Theorem /9.

Lemma 85. Let vy, ..., v, € R be vectors with Y ;" vv, = L - I, for some L > 0 and let

)

m ||Vil|3. Then there is a partition [m] = S;US5 so that

L
S o] = (5 - 3\/L5>Id vj e {1,2}
iGSj
Proof. Abbreviate M := Y v;v] which is a PSD matrix with M > L - I,. Define v} :=
M~2v;. Then 37" vj(v)T = M~V2(Y0 v, )M Y2 = I, Weset &' := £ and verify

that for all i one has [|v}[|3 = v, M ~'v; <o/ ($15)v; = [o EHQ < ¢’. Then we apply Theorem /9

to the vectors {v/};c[, and obtain a partition [m]| = S;US; so that for j € {1, 2} one has
Thmea /1]
M’1/2< i T) ~1/2 _ T e <__ >
ZUUZ M Zvl(vl) = (3 3ve/L )1y,
1€S; 1€S;
and using the fact that A = B = MY2AMY? = M'/2BM"/?, we conclude
T 1/2 1/2 L
Y v = (- —3y/e/L )M LMY2 - (5 - 3\/L5>Id. O
iESj
Now to the main lemma of this section where we decompose an approximately regular

matrix by iteratively applying Lemma B3.

Lemma 86. There is a universal constant C' > 0 so that the following holds. Let A € R™*% be an
approximately regular matrix. Then there are disjoint subsets J,U - --UJ, C [m] with k > Z and

| Jo| < Cdand Y-, ; AiA] = gplaforall £ € [k].

Proof. If % < C we may set k = 1 and J; = [m], so assume m > Cd. Set e := 4% so that
|A;||3 < eforalli € [m]. Let ¢t € N be a parameter that we choose later. For s € {0,...,t}

we will obtain partitions P; of the row indices starting with P, := {[m|} so that P,y is a
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refinement of P; and moreover |P,| = 2°. More precisely, in each iteration s € {0,...,t—1}
and for each S € P,, we apply Lemma B3 to the vectors {4, };cs; if S = S1US, is the ob-
tained partition, then we add {51, S2} to P,1. We first analyze the corresponding eigen-
value lower bound. Define L, := 275 — 15v/2—¢.

Claim. If 2' < ZL for a large enough constant C' > 0, then for all s € {0,...,t} one has
>ies AiAl = Ly, forall S € P.

Proof of Claim. Clearly L, < 27° all s > 0. We will prove the claim by induction on s.
For s = 0 one has Py = {[m]} and the claim is true as L, < 1. Now consider an itera-
tion s € {0,...,t — 1} and suppose S € P; is split into S = S;US,. Then > ies,; AA =
(& — 3V/Le)1, for both j € {1,2}. This is at least L, as:

Ls Ls<27° Ls — 15 _
> - 3v/Le > > - 3v/2-sg > 27(F) ?\/2785 —3V275¢ > 27T _ 15v/2-(s+1)¢,

Here we use 15/2 + 3 < 15v/2~1. This shows the claim.

For a large enough constant C', we pick t € N so that seq <20 < & Then L, >

Gd_15,/%4 .44 = 4 .(C'—15/8C) > £ - L for C large enough. Moreover we know that
Es~7.[|S]] = 5% < 2Cd. Then by Markov’s inequality at least half the sets S € P, have at

most 4Cd indices. Those sets will satisfy the statement. O

3.3.3  Proof of Theorem [/3

Next we prove our main technical result, Theorem 5. Recall that a measure p on R? is

called log-concave if for all compact subsets S,7 C R? and 0 < A < 1 one has
pOAS + (1= NT) > p(S)* - u(T)

By induction one can verify that for any compact subsets Sy, ..., Sy C Réand Ay,..., A\ > 0
with 3% \; = 1wehave (A St +- - -+ M\eSk) > [Th_, 1(Se). Also recall that the Gaussian
measure v, is indeed log-concave, see e.g. [7]. For a matrix A € R™*¢ and indices J C [m)]

we denote A ; € R7I*4 a5 the submatrix of A with rows in J.
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Proof of Theorem 3. Let K C R? be a normalized zonotope and let H C R? be a subspace
with dimension n. Then we can write K = \/%AT B™ where A € R™*4 is approximately
regular. We use Lemma B8 to obtain disjoint subsets J,U- - - UJ;, C [m] with k > ZL so that
> ies, AiAl = L1, where C' > 0 is a constant. Consider the zonotope K, := \/%A}e B
generated by the rows with indices in .J,. Then we have K; +...+ K;; C K and (K; N H) +
...+ (Ky N H) C KN H. Note that for each ¢ € [k] we have kK, D \/gA}ZBL;?l, so that
Zieje(\/gAi)(\/gAi)T = £ .41, = &I, Then applying Lemma B3 with o := Z; we
have

’yH(tC’g/Qk:Kg N H) > exp ( — /2. n)
for all t > 1. Finally, using log-concavity of the Gaussian measure we obtain

k
> [T (e kK n H) = exp (=72 m). O
/=1

3.4 The vector balancing constant vb(K, K)

Next, we show how to translate measure lower bounds for sections into an improved

bounds on the vector balancing constant.

3.4.1 Tight partial colorings for zonotopes

First we prove a generalization of the constant discrepancy partial coloring for the Komlés

setting:

Lemma 87. Let vy, ..., v, € B and let K C R be a symmetric convex body with vy (K N H) >
e~ " for some o« > 0 where H = span{vy, ..., v,}. Then there is a randomized polynomial time
algorithm that given a shift y € (—1,1)" finds a good partial coloring x +y € [—1,1]" with

-1 Tjvj € cK where ¢ := c(«) is a constant.

Proof. LetZ ~ 37", zjv;wherez ~ N(0,1) areii.d. GaussianssothatE[ZZ "] = 3" | v;v]

=1 YY
has trace Tr[E[ZZT]] = Y7, |lv;ll3 < n. Let uy,...,u, be an orthonormal basis of H
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i ite S vl = SV ouwul. Si noaT
with r < n, and write } '_, vju; = > . ojuju;. Since Y 1 vv; =

0, we have o; > 0
for all j. Then after reindexing we may assume that 0 < 0y < gy < --- < g,. Since
D105 = D |vjll3 < n we know by Markov’s Inequality that os,/3 < 3/2, denot-
ing 0; = 0 for j > r. Thus restricting to the subspaces F' := span{u,...,us,/3} and

Vi={geR"| Y gjv; € F} with dim(V) > 2n, we may lower bound

n 2n/3
O jzlg] <9 g~N(0,Tz05) ; 95 ogts; €3/
(*) 2n/3
> Pr [ "32'U'UTE32‘K:|
9N (0,13, 3) ; 9; - 3/2 - uju; /
= ’)/F(K N F)
Lem O

>  yu(KNH)
Z e—om

9

where (x) follows by Lemma PT. Then by Theorem 78, the symmetric convex body @ :=
{z e R": 377 xjv; € K} contains a good partial coloring in @ N F. O

Then Lemma BZ implies the existence of a partial coloring with optimal bounds as long

as n is of the order of d:

Corollary 88. Let K C R? be a normalized zonotope and let vy,...,v, € K. Then there is

a randomized polynomial time algorithm to find a good partial coloring x € [—1,1|" so that

170 05l S V.

Proof. By Theorem [/5, denoting H := span{vy,...,v,}, we have y5(C - KN H) > e ". By
Lemma [6, there exists some constant o > 0 such that y5 (K N H) > e *". By Lemma B2,

v; € \/EBg, so that the statement follows directly from Lemma B2. ]

3.4.2  Proof of the main Theorem

Now we have all the ingredients to prove our main result, Theorem [73.
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Proof of Theorem /3. By Theorem B, we may assume that K is generated by only m

AN

dlog d segments, and by Lemma BT, we may assume that K is a normalized zonotope K :=
\/%ATBO’Z for some approximately regular A € R™*?. By Theorem B, since vb(K, K) <
2 - vby(K, K), we may assume that n = d, though for clarity we only use this in the final
bound. As before we set Q := {z € R" : 377 | z;v; € K}. We iteratively apply Lemma BZ
for ¢ rounds to obtain a partial coloring 2’ € @ N [—1,1]", so that the set I := {i : |z]| < 1}
of partially colored indices satisfies |I| < n/2', and by the triangle inequality over the ¢
rounds || 77, 25vj ke S V-t

For each j € I, we may write v; = \/gATui for some u; € BY}. By Theorem [74, we can
find7 € R"sothatz := 7+ 2’ € {-1,1}"and )., %;u; € \/m - ¢ - BT where we
set ; = 0 for i ¢ I. Therefore, setting ¢ := log log(%2),

| o], < |Xao, [ X
j=1 j=1 jeI
n 2m
< d-t — .1 ( )
< Vd-t+ \/Zt og o2

- v () + ity e (e ()

N J/

A\

K

SVn<vd
2
< Vdloglog (_m)
n
1
< Vdloglog (d (;gd)
We conclude that vb(K, K) < vby(K, K) < v/dlogloglog d. O

3.5 The vector balancing constant vb(K, Q)

In this section we prove Theorem [/, stating that vb(/K, Q) < v/dlogd where K and () are
normalized zonotopes. First note that Cor B8 indeed generalizes and for any vy, ..., v, € K
there is a good partial coloring = € [—1,1]" with || 377, z;v;llq < V/d. On the other hand,

in the proof of Theorem 73 we have also relied on Spencer’s Theorem which implies that
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vb, (K, K) < {/nlog(%2). In particular this gives a bound that improves as n decreases.
However in our setting with different zonotopes K and () such a bound does not hold!
To see this, let H € {—1,1}%*¢ be a Hadamard matrix, meaning that all rows and
columns are orthogonal. Then one can verify that X' := —=H "B is a normalized zono-
tope; in fact, K is a rotated cube. Fix any n < d and consider the points vy,...,v, € K
with v; = = H"H' = \/d - ¢;, We choose Q) := B% as the second normalized zonotope.

Vd
Any good partial coloring z € [—1,1]" must have a coordinate ¢ with |z;| > 1 and so

1325 zivill = Vil > %
Hence instead of applying Cor B8 iteratively and obtaining a bound of vb(/X, Q) <
Vdlog d, we use Banaszczyk’s Theorem together with Theorem [Z3:

Proof of Theorem 8. Let K, C RY be normalized zonotopes, and let vy, ..., v, € K be the
vectors to be balanced. Define H := span{vy,...,v,} and let r := dim(H) < min{d,n}. By
applying Theorem 73 to the zonotope (), subspace H, and ¢ := /2log 2r, we find that

vu (v21og2rC'Q N H) > e >

N —

By Lemma B2 we know that v; € VdB§ for each i € [n], hence by Theorem 2, signs

x € {—1,1}" can be computed in polynomial time such that

Z zv; € VdC" (\/ 2log 2rC’'Q N H) C C+/dlogmin{d,n}Q,
j=1
as desired. In particular, vb(K, Q) < v/dlogd. O

3.6 Open problems

The main open question about zonotopes is whether a d-dimensional zonotope can be

approximated up to a constant factor using only a linear number of segments:

Conjecture 9 ([[52]). For any zonotope K C R* and 0 < & < 1, does there exist a zonotope Q

with O(<%) segments so that Q C K C (1+¢)Q?
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Equivalently, since the polar body of a zonotope AT B C R?is the preimage A~(B}") :=

{x € R?: ||Ax||; < 1}, we can restate the question as follows:

Conjecture 10. Does there exist a universal constant C' > 0 such that given any matrix A € R™*¢
withm > dand 0 < e < 3, one can always find another matrix A e ROUxd with || Az, <

|Az||, < (1 + &)||Az||, for all z € Ré?

We remark that if one replaces the /; norm by the ¢, norm, an analogue of Conjecture [0
holds as a direct corollary of a linear-size spectral sparsifier [31]. In that setting, each row
of A is a scalar multiple of a row of A, and there is hope that another rescaling of the
rows of A may suffice for the /; norm. Just as a spectral sparsifier can be found via spectral
partial colorings [[138], we also state the stronger conjecture of the existence of good partial

colorings in the ¢, setting:

Conjecture 11. Given any matrix A € R™*¢, does the set

K= {x cR™: ‘zm:xiKAi,z)]‘ < \/gnAzul = Rd}
i=1

have large Gaussian measure ,,(K) > e~™ where C' > 0 is a universal constant?

Finally, we restate Schechtman’s question, which would also follow from the above

conjectures:

Conjecture 12 ([I52]). Is it true that for any zonotope K C R%, vb(K, K) < /d?
3.7 Normalizing zonotopes

In this section, we show that for any full-dimensional zonotope K C R? there is a linear
transformation 7 : R? — R? and a normalized zonotope K so that K C T(K) C K. For

this result we will need the existence of Lewis weights [A7]:

Theorem 89. Given a matrix A € R™*, there exists a unique vector w € R™ so that for all
i € [m) one has

T 2AT (ATW A A, = 1,
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where W := diag(w). Moreover, Tr[W| < d, with equality for full rank A.
Now to the proof of Lemma Bl

Proof of Lemma B1. Consider a full-dimensional zonotope K = A" B™ with A € R™*“. Let
W be the diagonal matrix corresponding to the Lewis weights of A and let W := DW
where D > 0 is large enough so that w; := W;; > 1 for all i. Define a matrix B :=
A(ATW-14)~1/2 € R™*4 and define a second matrix A where each row B; is replaced by
[w;] many rows so that the first |w;| rows are all copies of w; ' B;, and (if {w;} # 0) the
last row is {w;}?w; ' B;, for a total of m’ := Y_" [w;] many rows. We will show that the

conditions of Lemma BT hold with

T:R'5RY T(K)=,/L(A"TWA) VK = /% . B"BY

First we show that K is normalized, or equivalently that A is approximately regular.

Note that
(ATA); iflmfli,k = iwiz(LwZ-J + {w;}) By = wal B; jBik,
i=1 i=1
so that by definition of B,
ATA=B"W™'B = (ATW A V2ZATW T AATW LA Y2 = [,

Moreover, by the definition of Lewis weights, for each row ¢’ € [m/] corresponding to

a copy of B; one has

2

U

1Au|l3 < w 2B By = w AT (ATW1A) 1A = © <

1)

1
D

3

where the last inequality follows since

i=1 i=1

i=1

Thus A is approximately regular, and K is normalized.
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To see that %f( C T(K) C K, take an arbitrary

Lw;

m J
Vi Z(waw 'Bi + @i fu {wi} 2wy Bz>€§\/%flTB§’;':§f(,

and rewrite it as

(SIS

|w; |

/4 Z( (szpﬂ:,[wz]{wz})+xWM>B €/ -LBTB" = T(K).

d J

<

€l—

Bl
N

e[r1,1]

Now taking an arbitrary y := /-2 3" #;B; € B' BZ = T(K), we may write

m|wi
=AY (B rfwu B € \[£ATBY = K.
i=1  p=1

completing the proof of the lemma. Finally, note that this result immediately implies that

%vb(f(,f()§vb(K,K)§§vb([~(,f(). O
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Chapter 4
APPROXIMATE CARATHEODORY AND VECTOR BALANCING

This chapter is based on a joint paper with Thomas Rothvoss [139].

4.1 Introduction

The (exact) Carathéodory Theorem is part of most introductory courses on the theory of
linear programming: given any vector z € conv(X) where X C R™, there is a subset
of points X’ C X with |X'| < m + 1 so that already z € conv(X’). More recently, the
approximate version gained interest, where only k vectors from X may be selected with
uniform weights and the goal is to minimize the error in a given norm.

Barman [?9] used an approximate Carathéodory bound for algorithms to compute ap-
proximate Nash equilibria for bimatrix games as well as for finding k-densest subgraphs.
The core argument of [29] is as follows: if one has two players with n strategies each and
some payoff matrix A € [—1, 1]"*", then for any mixed strategy y of the column player (i.e.
y € R%; and [|y|; = 1) one can apply the approximate Carathéodory Theorem for norm
| -l (or rather equivalently for | - ||iog()) and find & := @(log(”)) columns ay,...,a; of A
so that || Ay — 1 S | @il < . In other words, any mixed strategy can be e-approximated
by the unweighted average of only ©(~25~ le(n)y many pure strategies which then allows for an
efficient enumeration. The approximate Carathéodory Theorem has also been useful in
algebraic settings. For example Deligkas et al [69] use it to find approximate solutions
to systems of polynomial (in)equalities and Bhargava, Saraf and Volkovich [34] use ap-
proximate Carathéodory to prove that sparse polynomials have only sparse factors which
then allows efficient deterministic factorization of sparse polynomials; both applications

use the variant with respect to the || - ||-norm.
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To make the statements formal, for symmetric convex bodies P, () C R™ and k € N, we

denote

k
) 1
acy(P,Q) = sup inf Hz — = E v;
XCP, V10k€X k 1
zeconv(X) =

Q

as the best error bound with respect to the || - ||o-norm for approximating a point z in the
convex hull of some points in P. We would like to point out that the vectors vy, .. ., v, may
be taken with repetition. Here, || - ||¢ is the norm with || = min{s > 0 | z € sQ}. A
folklore result is that for the Euclidean norm one has ac,(B3*, BY") < \/LE forany k > 1,
which gives a dimension free bound. More generally, for p > 1, itis true thatac,(B}", B]') <
O(\/%) where B" := {x € R™ | ||z||, < 1} is the || - [|,-unit ball. This bound is derived
from Maurey’s Lemma from functional analysis (which was reported by Pisier [132]; for
an English version, see the appendix of Bourgain and Nelson [37]). Algorithmically, the
result is simple: write z = >, \ju; where \,..., Ay > 0and . \; = 1. Then sample
v1,...,0; € {u,...,uy} independently according to the probabilities \; (possibly with
repetition).

Another approach in the literature by Mirrokni et al [IT8] is based on the desire to
avoid the computation of z = SV, \u,. Instead they use the Mirror Descent algorithm
from convex optimization to compute the sequence vy, . . . , v, directly. In fact they reprove
the bound of ac,(B)", B') < O(,/%) using their framework. More recently, Combettes
and Pokutta [48] show that the Frank-Wolfe algorithm can also be used to recover the
same bounds. From the current state of the literature, there are two directions that appear

natural to follow:

o Approximate Carathéodory for general pairs of norms. The existing bounds are for the
case where P and () are the same || - ||,-ball. Is there a convenient framework that

can handle general symmetric convex bodies or at least P = B;" and Q = B;"?

e Tight bounds for approximate Carathéodory. Generally, it is stated that for example the
bound acy(By, Bi') < O(4/7) is tight (see e.g. [[18]). But that is only true if one
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aims for a dimension independent bound. So for which regimes of m vs. k and p is

it possible to improve the bound?

A classical area within combinatorics that appears related to these questions is discrep-
ancy theory. Let Si,...,S,, C {1,...,n} be a set system over n elements. Then the goal
minimized. A seminal result of Spencer [[57] says that for m > n, the discrepancy is
bounded by O(y/nlog(22)). If no element is in more than ¢ sets, then one can also prove a
bound of 2t, see Beck and Fiala [B3]. A convex geometry based method by Banaszczyk [[3]
shows that for any A € R™*" with column length ||A7|; < 1forall j = 1,...,n and
any symmetric convex body KX C R™ with Gaussian measure at least 1/2 (for example
K = ©(y/log(m)) - BZ or K = O(y/m) - By" work), there is a coloring « € {—1,1}" with
Az € 5K. Interestingly, neither of these cited results of [57, B3, [3] can be obtained by
merely taking a uniform random coloring «. But for example, the result by Spencer allows

for elegant algorithmic proofs [16] [T03].

4.1.1 Our contribution

The connection between the approximate Carathéodory problem and vector balancing was
already discovered by Dadush et al [63] who proved that for any symmetric convex bod-
ies P,Q C R™ one has acy(P,Q) < w. But for example for P = () = B3 one has
vb (B, By*) = ©(y/m) and so the obtained bound is O(‘/—f), which is suboptimal if £ < m.

Instead, we prove the following:

Theorem 90. For any symmetric convex bodies P, Q) C R™ and any k € N one has

1

acy(P,Q) < 42 /5l

£>1

Vb (P, Q)

The vectors vy, ..., vy can be found in time O(logm) times the time to find a coloring behind
vb (P, (Q)) where t < m + 1, assuming we are given z as convex combination of at most m + 1

vectors from X.
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For most bodies the quantity vb, (P, Q) grows sublinear in k£ and the sum is dominated
by the first term, in which case one has ac,(P, Q) < % -vby (P, Q). For example if P = Q =
By one then has vb,(By, By*) = ©(v/k) and so one recovers the O(\/LE) bound mentioned
earlier”. Also note thatby [[02], for any symmetric convex bodies P, C R™and anyt € N
one has vb;(P, Q) < 2vb,,(P, ), meaning that the worst case is basically attained for m
many vectors. Then the infinite sum in Theorem B0 is dominated by the first log(2m/k)
terms if k¥ < m and the first term if &k > m.

Combining Theorem B0 above with Theorem B2 then gives:

Theorem 91. Let 2 < p < g < ocoand k € N. Then

oo 1 y/min{plos()}
acy(By', BY') S 17— 1T 21/
2 p g
The vectors vy, . . . , vy, can be found in time O(log® m)-T (m, m-+1) < O(m'** log®(m)) assuming

we are given z as a convex combination of at most m + 1 vectors in X.

To the best of our knowledge this is the first approximate Carathéodory bound for pairs
of different || - ||,-norms. In particular, when p = ¢ this improves upon the O(,/%) bound

in [18] whenever p < log(#2):

Corollary 92. Let 2 < p < oo and k € N. Then

min{p, log(%*)}

ack(B;”, B;") < \/ k:

The vectors vy, . . ., vy, can be found in polynomial time assuming we are given z as a convex com-

bination of at most m + 1 vectors in X.

1Though not all bodies allow for such a sublinear dependence. For example fix 1 < k < m/2. Then one
has vb(B", Bf") = ©(k) and so Theorem Bl provides a suboptimal bound of acy (B, B*) < O(log 7).
On the other hand, indeed it is true that acy (B]", B]*) > (1) meaning that the approximate Carathéodory

bound does not even improve with k (at least as long as k < m/2). To see this, consider X := {e1,..., e}

and a target of z := (-,..., L), Then for any vi,...,v), € X onehas ||z — L 3% v;|; > Q(1) since any

coordinate whose unit vector is not included will contribute % to the norm.
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4.2 Preliminaries

In this section we review a few facts that we later rely on. Let S™ ! := {& € R™ | ||z|s = 1}

be the sphere.

Convex functions. Recall the following well known fact:

Lemma 93 (Jensen Inequality for convave functions). Let X be any R-valued random variable

and let F' : R — R be a concave function, then F(E[X]) > E[F(X)].

Estimates on || - ||, norms. It will be useful to understand how the norm ||z||, of a vector

can change depending on p € [1, o¢].

Lemma 94. Forany z € R™and 1 < p < q < oo one has || z||, < ||z|, < mYP~Y4| 2],
Lemma 95. Forany z € R™and 1 < p < q < oo, we have ||z < |||} - ||z]|%7.

4.3 Reduction from Approximate Carathéodory to Vector Balancing

In this section, we prove the reduction of the approximate Carathéodory problem to vector
balancing as stated in Theorem B0. The idea is to follow the classical approach of [102]:
begin with an arbitrary convex combination and round the coefficients bit-by-bit. The
same basic approach was also followed by Dadush et al [53]. We prove an auxiliary lemma

that bounds the error when “doubling the fractionality”.

Lemma 96. Let P, () C R™ be symmetric convex bodies and let § > 0. Let z = ), \;v; where
V1,...,V, € Pand X € 0Z%. Then there is a vector 2’ = 3" | Njv; where X' € 20Z%, so that
lz—2'llg < -0b,(P,Q)and Y " N, <> i

1=1""

Proof. Write \; = 2da; + 0b; with b; € {0,1} and a; € Z>(. Let I := {i € [n] | b; = 1}. Now,
let z € {—1,1}! be the coloring so that || Y, ; zv:llo < vbi; (P, Q) < vb,(P, Q). We may

el

assume that ) ., z; < 0 — otherwise replace  with —x. We may extend the vector to

iel
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x € {—1,0,1}™ by setting z; := 0 for i ¢ I. We update X, := 26a; + 6(1 + x;)b; € 20Z>, for
i € [n]. Next, we define 2’ := """ | Njv;. Then

lz - 2'|lg = 5” > aw <3 vbu(P.Q)
el
Note that ), , z; < 0implies that " A} < >"" | \;. This gives the claim. O

Next, we iteratively apply Lemma 58 to an initial convex combination until the convex
coefficients are multiples of ;. We almost obtain the desired claim, just that the number

of vectors might be less than k.

Lemma 97. Let P, () C R™ be symmetric convex bodies. Then for any z € conv(X) with X C P
and k € N thereare s € {0,... , k}and vy, ..., vs € X so that

Hz—%zvi ngljgé bt (P, Q)

=1
The vectors can be found in time O(log m) times the time to find the colorings in vb,(P, Q) where

t<m-+1.

Proof. Fix a point z € conv(X) where X C P. Then we can write z = ) "' | A\;u; where

n<m+1,v,...,v,€ X, \;, >0foralli =1,...,mand >." | \; = 1. Without loss of

generality we may assume that A € 272, for some L € N. We abbreviate z(*) := z.

Now suppose for ¢ € {0,..., L} the current iterate is 2(¥) so that 2 = Y7 | /\(e)vl and

-y n
AO e 2=7n .

Then we apply Lemma B8 to obtain a vector -1 = " | )\Ez_l)'v,» with A1 e 2= (Z =l

2%,
and Y7 M"Y < 1. Using that [supp(A©)| < k2¢, the approximation error satisfies

=0 -

1 1
HQ— ng Vb|supp(/\(€) (P Q) k’ kaQZ(P Q)

Note that the final iterate is of the form z(® = 37" A%, with \” € Z2 and 7, A¥ < 1,

Then for s := k> " DY {0,...,k}, let uy, ..., u,s be a list of vectors that contains v;

111

exactly kA € 7, times. Using the triangle inequality we obtain

== 23w,

L
_ 1
< Z Hz(e) _ 1>||Q < ZW - Vb (P, Q)
(=1 >1
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Now let us discuss the running time. First, we can choose L < O(logm) while possibly
making a rounding error of max{||y|o : y € P} < vby(P, Q), which we absorb by paying
an extra factor of 2. Then the running time is dominated by the time to find the colorings.

Note that we call vb,(P, Q) only L times for parameters ¢t with ¢t <m + 1. O

Now we will use the same trick as Dadush et al [53] in order to obtain exactly % vectors,

at the expense of a factor 2 in the approximation error:

Proof of Theorem B0. Let z € conv(X) where X C P. Fix a vector uy, € X and write X' :=

{u —uy | v € X}. Note that in particular 0 € X’ and z — uy € conv(X’). We apply

Lemma B2 and obtain vectors v, ..., v, € X' with s < k so that
H( )1 S <22 Vb (2P, Q)
zZ—uy) — — v|| < — i
0 L . 0 ]{724 k2t
i=1 >1
using that X’ C 2P. Since 0 € X', we can extend this sequence to a list vq,...,v; of k
vectors. Each v; € X’ can be written as v; = u; — ug with wy,...,u;, € X. Then
1< 1 1
B ;ukHQ = ||z —uo) - ¢ > (e = uO)HQ < 4; VP (PQ). O

4.4 Approximate Carathéodory bounds for {, norms

Next, we prove the bound on ac, (B, B}") claimed in Theorem HT:

Proof of Theorem F1. Let 2 < p < ¢ < co. We apply the reduction to the vector balancing

constant from Theorem B0 and combine this with the bound from Theorem B2:

m m Thm B0 1 m m
ack(By By') = )i Vbi(ByL By
>1

\/min{p, log (22}

k20)1/2+1/p=1/a

Thm B2

1
1 1 1
st
\/min{p, log(22)}

K1/2+1/p—1/q

N
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Note that the exponent o := 1/2 4+ 1/p — 1/q satisfies & > 1/2 and so the sum is already
dominated by the very first term. The running time to find the vectors vy, ..., v is dom-
inated by O(log m) calls to find the coloring behind vb,(B;", B;") where t < m + 1 which

results in a total running time of O(log®m) - T(m, m + 1) < O(m'*“log®(m)) asw > 2. O

Remark 5. In the case where p = 2 and q = oo, we can apply Theorem U1 with ¢' := log, m to
obtain acy(BY', BY) < 1‘”% by noting that Lemma Q4 implies |x||oc < [|][10g,m < 2|2/ for
any x € R™. But for P = BY* and (Q = B one has vby (B3, B!) < +/logm by the result of
Banaszczyk [[13], so that Theorem B0 yields the improved bound

Viogm

ack(By', B) <

It remains an interesting open question whether this may be improved to O(3).
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Chapter 5
HEREDITARY NOTIONS OF DISCREPANCY

This chapter is based on a joint paper with Haotian Jiang [79].

5.1 Introduction

Given a matrix A € R™*", the discrepancy of A is disc(A) := mingeq_1,11}n ||[A%||. The
hereditary discrepancy of A is defined as herdisc(A) := maxgcp, disc(Ag), where Ag denotes
the restriction of the matrix A to columns in S. For a set system F, disc(F) and herdisc(F)
are defined to be disc(Ar) and herdisc(Ar), where Ar is the incidence matrix of F.

In seminal work, Lovasz, Spencer, and Vesztergombi [[102] introduced a powerful tool,

known as the determinant lower bound, for bounding hereditary discrepancy:

detLB(A) := det(As;r)['*
HBA) =R (e A AT
IS|=IT|=k

where Ag; denotes the restriction of A to rows in S and columns in 7. In particular,
they showed that herdisc(4) > 1detLB(A) for any matrix A. A reverse relation was estab-
lished by Matousék [108], who showed that herdisc(A) < O(log(mn)+/log(n)) - detLB(A).
However, Matousék’s bound does not match the largest known gap of ©(log(n)) between
herdisc(A) and detLB(A), given by a construction of Palvolgyi [128] or the counter-example
to Beck’s three permutation conjecture [123].

Our main result is the following improvement over Matousék’s bound in [T08].

Theorem 98. Given a matrix A € R™*", one can efficiently find x € {+1,—1}" such that
|Az|| < O(y/log(m) - log(n) - detLB(A)).

Restricting to an arbitrary subset of the columns of A, one immediately obtains the

following;:
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Corollary 99. For any matrix A € R™", herdisc(A) < O(y/log(m) - log(n) - detLB(A)).

Inlight of the examples in [128, 123] where herdisc(A) > Q(log n)-detLB(A), Theorem
is tight up to constants whenever m = poly(n). For the case where m > poly(n), one
cannot hope to improve the +/log(m) dependence on m in Theorem B8. In particular, the set
system F = 2"l has herdisc(F) = n, detLB(F) = /n and therefore herdisc(F) > \/log(m) -
detLB(F). Very recently, Li and Nikolov [101] showed that the upper bound is tight for

almost all parameters m, n.

Hereditary discrepancy of union of set systems. A question of V. S6s (see [I02]) asks
whether herdisc(F; U F3) can be estimated in terms of herdisc(F;) and herdisc(F3), for any
set systems JF; and F, over [n]. This is, however, not possible without any dependence
onm = |F; U F;,| or n, as first shown by an example of Hoffman (Proposition 4.11 in
[IT1]). This can also be seen from the examples in [128, [23]. In [87], it was shown
that herdisc(F; U F3) < O(log(n)) - herdisc(F;) when F, contains a single set. For more
general set systems, Matousék [I08] proved that herdisc(F) < O(v/tlog(mn)y/log(n)) -
max;cp (herdisc(F;)), where F = F, U --- U F, and m = | F|.

Theorem B8 together with Lemma 4 in [108] immediately imply the following improve-
ment of this result, whose proof is the same as in [I08]. For t = 2 and m = poly(n), this

bound is tight up to constants.

Theorem 100. Let F be a system of m sets on [n] such that F = Fy U Fy U --- U Fy. Then,

herdisc(F) < O <\/t log(m) log(n)) - max (herdisc(F;)).

1E[t]

Approximating hereditary discrepancy. It was shown in [44] that disc(A) cannot be ap-
proximated in polynomial time for an arbitrary matrix A € {0,1}"*". The more robust
notion of hereditary discrepancy, however, can be approximated within a polylog factor.
The best-known result in this direction is a O(log(min(m,n)) - 1/log(m))-approximation
to hereditary discrepancy via the y,-norm [I09]. When m = poly(n), this approximation

factor is O(log®?(n)).
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Our result in Theorem B8 suggests a potential approach of approximating hereditary
discrepancy by approximating the determinant lower bound. There has been a recent line
of work in approximating the maximum k x k subdeterminant for a given matrix A. For k =
min(m,n), Nikolov [174] gave a 2°(")-approximation; for general values of k, Anari and
Vuong [A] showed a k°®)-approximation algorithm. If these results can be strengthened
to a 20M)-approximation algorithm for general values of k, then together with Theorem B8,
one would obtain the first O(log(n))-approximation algorithm for hereditary discrepancy

when m = poly(n).

Overview of proof of Theorem B8. We follow the approaches in [16] and [T08]. The key
notion to prove Theorem B8 is that of hereditary partial vector discrepancy, which is defined
as follows. Given a matrix A € R™*" with entries a;; for ¢ € [m| and j € [n], we consider
the following SDP for a subset S C [n] and a parameter A > 0:

j€S
n
D llwills > 1s1/2,
j=1

lvjll; < 1 Vjies

2
) < A Vi€ m),

lvjll; = 0 Vje€n]\S.

Define the partial vector discrepancy of A, denoted as pvdisc(A), to be the smallest value
of A such that the above SDP is feasible, and hereditary partial vector discrepancy herpvdisc(A)
to be the smallest A such that SDP(A, S, \) is feasible for any subset S C [n].

Using the above definition, we show in Lemma [02 of Section 5271 that the above SDP
can be rounded efficiently to obtain a coloring with discrepancy at most O(4/log(m) log(n)-
herpvdisc(A)). We then prove in Lemma 04 of Section that herpvdisc(A4) < O(detLB(A)),
from which Theorem B8 immediately follows. We conjecture that herpvdisc(A) is the same

as detLB(A) up to constants (Conjecture [3).

Notations and preliminaries. Given a matrix A € R™*", its rows will be denoted by
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ai,...,a, € R" Define Ag to be the matrix with rows restricted to some subset S C [m)]

and columns restricted to some 7" C [n], and Ag := A}y 5.

Theorem 101 (Freedman’s Inequality, Theorem 1.6 in [66]). Consider a real-valued martin-
gale sequence { X, }1>o such that Xy = 0, and E[X,41|F:] = 0 for all t, where {F;}+>¢ is the fil-
tration defined by the martingale. Assume that the sequence is uniformly bounded, i.e., | X;| < M
almost surely for all t. Now define the predictable quadratic variation process of the martingale to
be Wy = > B[X?|F;_y] forall t > 1. Then for all { > 0 and o > 0 and any stopping time 7,
we have
2%
=0

J=

?/2 )

Pr[ o2+ Mt/3

> ( NW, < o*for some stopping time 7':| < 2exp ( —

5.2 Proof of Theorem

5.2.1 The Algorithm

The main result of this subsection is the following lemma.

Lemma 102. Given a matrix A € R™*", there exists a randomized algorithm that w.h.p. con-
structs a coloring © € {+1, —1}" such that || Az||« < O(y/log(m)log(n) - herpvdisc(A)). This
implies that herdisc(A) < O(y/log(m)log(n) - herpvdisc(A)).

The algorithm in Lemma is given in Algorithm [. This algorithm is a variant of the
random walk in [16], using the SDP for hereditary partial vector discrepancy.

Since Lemma M2 is invariant under rescaling of the matrix A, we may assume without
loss of generality that that max; ; |a; ;| = 1. Givena coloring « € [—1, 1], we say an element
i € [n]is alive if |z(i)| < 1 — 1/n. The following lemma from [[I6] states that the number

of alive elements halves after O(1/s?) steps.

Lemma 103 (Lemma 4.1 of [16]). Let y € [—1,+1]" be an arbitrary fractional coloring with
at most k alive variables. Let z be the fractional coloring obtained by running algorithm 0 with
xy =y for T' = 16/s* steps. Then the probability that z has at least k/2 alive variables is at most
1/4.
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Algorithm 1 HErpvDISCROUNDING(A)

1: A < herpvdisc(A) > The value of A can be approximated with a binary search
2: &y < 0 € R", Sy < [n], s + 1/m?n?, T + 200log(n)/s>

3: fort=1,2,--- ,Tdo

4: vy, -+, 0, < SDP(A, S;_1,\)

5: Sample r € {—1,+1}" uniformly at random

6: fori € [n] do x4(i) < z¢—1(2) + s+ (r,v;)

7: end for

8: Si <= S

9: fori € [n]\ S;_; do

10: if |z,(i)] > 1 — 1/n then
11: St — St \ {Z}
12: end if

13: end for
14: end for
15: Round 7 to a vector € {—1,+1}"

16: Return x
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Proof of Lemma [[II2. We first argue that after 7 = 400log(n)/s* steps, no element is alive
with high probability. Divide the time horizon into epochs of size 16/s*. For each epoch,
Lemma states that regardless of the past, the number of alive elements decreases by
at least half with probability at least 3/4. It follows that no element is alive with high
probability after 25log(n) epochs. Note that when no element is alive for the coloring 7,
one can round it to a full coloring without changing the discrepancy of each set by more

than 1.

Next we prove that with high probability, the discrepancy of each row of A is at most
O(y/log(m)log(n)) - A\. We consider any j € [m/], and denote disc;(j) = (a;, ;) the discrep-
ancy of row j at the end of time step ¢ € [T']. Note that E[disc;(j) — disc;—1(j)|disc;—1(j)] =0
and E[(disc,(j) — disc;1(5))?|disc;_1(j)] < M?s%. It follows from Freedman’s inequality
(Theorem [I0T) that

Pr ||discr(j)| > 104/log(m) log(n) - A} <1/m?

So by the union bound, the discrepancy of the obtained coloring is at most O(/log(m) log(n)-
herpvdisc(A)) with high probability. This completes the proof of Lemma [02. O

5.2.2  Bounding Partial Vector Discrepancy

In this subsection, we prove the following lemma which upper bounds partial vector dis-
crepancy in terms of the determinant lower bound. The proof can be seen as a simplifica-
tion of Lemma 8 in [T08], which gives a corresponding upper bound for vector discrepancy

that is weaker by a factor of /logn due to a bucketing argument that is not needed here.

Lemma 104. For any A € R™*™, we have herpvdisc(A) < O(detLB(A)).
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Proof. Recall that pvdisc(A)? is the optimal value of the SDP given by

min ¢

n
j=1

n
D llvsls = n/2
j=1

lojllz < 1 Vje€ln.

2
< t Yie[m]
2

By denoting X;; := (v;, v;), we may rewrite this SDP as follows:

min ¢

<a’ia’iT? X>

IA

t Vie[m]|

v

(I, X) n/2

<eje;7 X>

IN

1 Vjé€[n]

X

1Y

0,

where e; denotes the vector with 1 on the j-th coordinate and 0 elsewhere. The dual

formulation of the above SDP is given by the following;:
max ny — Z 2
j=1
Z wiaiaiT + Z zjejejT
i=1 j=1
S -
i=1

w,z > 0.

Y
[\
=)

&

Denote A := pvdisc(A). By Slater’s condition, there exists a feasible dual solution

(w, z,7) such that w,z > 0 and ny — > "

"_1 2 = A% Indeed, the dual has a feasible in-

terior point (for example, w; = 1/m,z; = 1 and v = 0) and is bounded, since we may

rewrite the first constraint as

ZwiaiaiT i Z<2’7 — Zj) : ejejT, (51)
i=1 j=1
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which implies
ny — szgny—lz,z]_ Tr[Zaa}

Let A be the matrix obtained from A by multiplying the i-th row by ,/w; and J C [n] be the
set of columns for which z; < 2v. Note that |.7| > in, for otherwise }_"_| z; > 3n- 3y = ny.
Since for each j € J we have 2y — z; > %’y, for any vector € R’ it follows by (B):

2T AT 1 N
AjAgx > oy zl3 > 5 -l

This implies that all eigenvalues of A} A, are at least A2/2n, so that det(A} A;) > (A2/2n)lI,

In the other direction, the Cauchy-Binet formula also gives

det ATAJ Z det AIJ

IC[m]

[|=[J]

Z det(ALJ)2 H w;

IC[m)] iel

[|=[]

< detlB(A)*/ - >~ ] wi

IC[m] i€l
[|=[J]

< detLB(A)2V . W(im)u

=1

|71
where the last inequality follows as each term [[,_, w; appears |J|! times in (Z;L wi> .

Since )", w; = 1, we conclude

detLB(A4)%7I . |;’ > det(ATA)) > (A2 /2n)V,
from which detLB(A) > QA - +/|J|/n) Q(pvdisc(A)). Applying this result to all
subsets S C [n] of the columns of A proves the lemma. O

We conjecture that the above Lemma [[4 is tight up to constants.

Conjecture 13. For any matrix A € R™*", we have detLB(A) = ©(herpvdisc(A)).
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Chapter 6
MATRIX BALANCING I: GRAPH SPARSIFICATION

This chapter is based on joint work with Thomas Rothvoss [138] and with Arun Jam-

bulapati and Kevin Tian [77].

6.1 Introduction

Discrepancy theory is a subfield of combinatorics with several applications to theoretical
computer science, see for example the books [I11, 45]. In the classical setting one is given
a family of sets S = {5,...,S5,,} with S; C {1,...,n} and the goal is to find a coloring
X : [n] = {—1,+1} so that the maximum imbalance maxses | > _ ;g X(7)| is minimized. This
minimum value is called the discrepancy of the family, denoted by disc(S). A seminal result
of Spencer [157] says that for any set family one has disc(S) < O(y/nlog(2m/n)), assum-
ing that m > n. It is instructive to observe that for m = n, Spencer’s result gives the bound
of O(y/n), while a uniform random coloring will have a discrepancy of O(y/nlog(n)).
Moreover, one can show that for some set systems, only an exponentially small fraction
of all colorings will indeed have a discrepancy of O(y/n). This demonstrates that in fact,
Spencer’s result provides the existence of a rather rare object.

The cleanest approach to prove Spencer’s result is due to Giannopoulos [67], which we
sketch for m = n: Consider the set K = {x € R" : | 3,5 ;| < V/n Vi € [n]} =, @i a
symmetric convex body which denotes the set of good-enough fractional colorings. Here
Qi is the strip of colorings that are good for set S;. The Lemma of Sidak-Khatri [86, 155]
allows us to lower bound the Gaussian measure of K as ~,,(K) > [/, 7.(Qi) > e " for
some constant ¢ > 0 using that each strip ); has a constant width. This rather weak

bound on the measure is sufficient to use a pigeonhole principle argument and conclude
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that ¢’ K must contain a partial coloring * € {—1,0,1}" with [supp(x)| > 5. Then one
can color the elements in supp(x) accordingly and repeat the argument for the remaining
uncolored elements. The overall O(y/n) bound follows from the fact that the discrepancy
of the partial colorings decreases geometrically as the number of elements in the set system

decreases.

While the pigeonhole principle based argument above is non-constructive in nature,
Bansal [16] designed a polynomial time algorithm for finding the coloring guaranteed by
Spencer’s Theorem. Here, [16] exploits that it suffices to obtain a good enough fractional
partial coloring * € [—1,1|" with a constant fraction of entries in {—1,1} to make the
argument work. Later, Lovett and Meka [T03] found a Brownian motion-type algorithm
that — despite being a lot simpler — works for more general polyhedral settings. Finally,
the random projection algorithm of Rothvoss [146] works for arbitrary symmetric convex
bodies that satisfy the measure lower bound. Another remarkable result is due to Bansal,
Dadush, Garg and Lovett [T9]: for any symmetric body K with v, (K) > 3 and any vectors
vi,...,0, € R" of length ||v;]2 < 1, one can find signs « € {—1,1}" in randomized
polynomial time so that >~ | ;v; € O(1)- K. This was known before by a non-constructive

convex geometric argument due to Banaszczyk [13].

There are two possible strengthenings of Spencer’s Theorem that are both open at
the time of this writing: suppose that the set system is sparse in the sense that every
element is in at most ¢ sets. It is known that disc(S) < 2t [B3] as well as disc(S) <
O(y/tlog(n)) [13, 19], while the Beck-Fiala Conjecture suggests that disc(S) < O(v/?) is
the right bound. For the second generalization — the one that we are following in this
paper — it is helpful to define A; as the m x m diagonal matrix with (j,j) entry 1 if
i € S; and 0 otherwise. If || - ||o, denotes the maximum singular value of a matrix, then
Spencer’s result can be interpreted as the existence of a coloring € {—1,1}" so that

| >0, 2 Aillop < O(y/nlog(2m/n)). A conjecture raised by Meka" is whether for m = n,

1See the blog posthttps://windowsontheory.org/2014/02/07/discrepancy-and-beating-the-union-bound/


https://windowsontheory.org/2014/02/07/discrepancy-and-beating-the-union-bound/
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this bound is also possible for arbitrary symmetric matrices A4, ..., A, € R"*" that satisfy
| Aillop < 1. One can prove using matrix concentration inequalities that a random coloring x
willlead to || > ; 2;4;[|op < O(y/nlog(n)), and the same bound can also be achieved de-
terministically using a matrix multiplicative weight update argument [I71]. An excellent
overview of matrix concentration can be found in the monograph of Tropp [164].

To understand the difficulty of proving Meka’s conjecture, assume m = n and revisit

the approach of Giannopoulos for Spencer’s Theorem. We can again define a set

K = {33 e R": H ixiAi
i=1

of good enough fractional colorings. Since || - [|op is @ norm, K will indeed be symmetric

<vi}={aerR Y r(AuyyT) < Vi Yy e Ryl =1}
=1

op

and convex. It would hence suffice to prove that v, (/K) > 27" for some constant ¢ > 0.
However, it is open whether this inequality holds. The issue is that K is non-polyhedral
and applying Sidak-Khatri’s bound over infinitely? many vectors y is way too inefficient.
While matrix concentration inequalities are fantastic at proving that likely events are in-
deed likely, they seem to be unable to prove that unlikely events are not too unlikely. With
a scaling argument, they can still be used to prove that +,,(K) > (log(n))~ " for some con-
stant ¢ > 0, assuming m = n, though better bounds seem out of reach.

In terms of discrepancy in spectral settings, a different line of techniques has been ar-
guably more successful. A beautiful and influential paper by Batson, Spielman and Sri-
vastava [B1] proves that for any undirected graph on n nodes one can take a weighted sub-

graph with just a linear number of edges that approximates every cut within a constant fac-

tor. Translated into linear algebra terms, [31] show that given any vectors vy, ..., v, € R"
that are in isotropic position, i.e. ) ;" v;v] = I, one can find weights s € RZ, with

Isupp(s)| < O(n/e?)sothat (1—¢)-I, < >, s;v;v) < (1+¢)-I,, and indeed Lee and Sun
showed this can be done in nearly linear time [96]. In a more recent celebrated paper, Mar-

cus, Spielman and Srivastava [[106] resolved the Kadison-Singer Conjecture, a problem that

2One can use an e-net of 2°(™) many vectors y but the bound is still too weak.
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has appeared independently in different forms in many areas of mathematics. In a simple-

to-state version, their result says that for any vectors vy, ..., v, € R* with Y| vv! =1,

and ||v;||» < e for all i € [m], there are signs @ € {—1,1}™ so that || Y_I" | 2,00, [|op < O(€).
On a very high level view, both methods of [B1] and [106] control a carefully chosen po-
tential function, though we note there is still no known polynomial time algorithm for the

latter.

The goal of this paper will be to connect the classical discrepancy theory and the spec-
tral discrepancy theory of [BT, T06] and develop arguments that prove largeness of non-
polyhedral bodies. We remark that we made no attempt at optimizing constants but rather

prefer to keep the exposition simple.

Notation. For a (not necessarily symmetric) matrix M € R™"*" the operator norm can be
formally defined as || M ||op := max{||Mz||, : € R" with ||z||; = 1}. For a symmetric ma-
trix A € R™" with eigendecomposition A = "' | \v;v,, we write |[A] := > [\i|vv)
as the matrix where all eigenvalues have been replaced by their absolute values. In this
notation, [|Allp := max{|\;| : ¢ € [n]} is the maximum singular value. We abbreviate
By :={xz e R" | ||z|2 <1} and S" ' := {x € R" | ||z|]2 = 1}. Given symmetric matrices

A B c R, wewrite A < Bifx' Ax < ' Bx for all z € R".

A convex body is a closed convex set K C R" with nonempty interior. We denote
d(y, K) := mingcg || —yl| as the distance from y to K. Let K5 = {x € R" | d(x, K) < {} be
the set of points that have distance at most ¢ to K (in particular, K’ C K;). The Minkowski
sum of sets Aand B is defined as A+ B := {a+b| a € A,b € B}. A halfspace is a set of the
form H := {x € R"|(v,x) < A} for some v € R" and A € R. The Gaussian measure of K
is defined as 7, (K) := Pry.n(o,1,)[y € K]. Here N(0, I,,) is the distribution of a standard

Gaussian in R".
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6.1.1 Our contribution

A possible way to approach the setting of Batson, Spielman, Srivastava [B1] from a classical
discrepancy perspective is to take vectors vy, . . ., v,, in isotropic position and consider the
body K = {z € R™ | | 1", 20,0 ||op < \/n/m}. If we could prove that ~,,(K) > 27,
then the algorithm of [146] would be able to find a partial coloring. We first prove an

expansion measure lower bound in a slightly more general setting:

Theorem 105. Let A, ..., A, € R™" be m > max{200, 6 logn} symmetric matrices and let
S :=>""|A;| satisfy S < I,,. Denote T := Tr[S] and ¢ := \/7/m. Suppose that T > 1. Then

forany 0 < o < 1, the set

< 6}
op

satisfies 7m<Z—OK + aﬁB?) > L. That is, Pry.n(o,1,,) [d(y, %K) < a\/ﬁ] > 1.

i=1

Note that in particular the rank-1 matrices A; = v,v} with " v;v] < I, satisfy the

premise of Theorem MM5. By Theorem [0 we get the desired measure lower bound on K:

Theorem 106. Let Ay, ..., A, € R™™ be m > max{200, 6 logn} symmetric matrices and let
S =", |A;l satisfy S < I,,. Denote T := Tr[S] and € := \/7/m. Suppose that T > 1. Then

forany 0 < o < 1, the set

< 6}
op

i=1
satisfies v, (K) > 27" for some universal constant ¢ > 0.

A rather immediate consequence of this insight is that the following sampling algo-

rithm will work with very high probability:
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SPECTRAL SPARSIFICATION ALGORITHM
e Input: PSD matrices A;,..., A, e R"™"with} " A, =I,and e > 0

e Output: s € RY : [supp(s)| < & and (1 — O(e)) I, X 3", 5:4; = (14 0(e)) 1,
(1) Sets; :=1fori € [m]
(2) WHILE |supp(s)| > % DO

(3) Let K := {x € Rs"P() : |} o Ti8iAilop < 10008} with [supp(s)| = %.

i€supp( €
(4) Draw a Gaussian y* ~ N (0, Isypp(s))-

(5) Compute x* := argmin{ |z — y*||» : & € [-1, 1]*"PP) 0N K}

(6) If #(i:af =—1) < #(i: z; = 1) then replace * by —x*.

(7) Update s; :==s; - (1 + z}).

In fact we will prove:

Theorem 107. With probability at least 1 — 27" g run of the SPECTRAL SPARSIFICATION AL-
GORITHM satisfies all of the following properties: (a) the algorithm runs in polynomial time; (D)
the while loop is iterated at most O(logm) times; (c) at the end one has |supp(s)| < % and

(1 - OEDIL, 2 X0, 514 < (1+O(E),.

Note that our algorithm produces sparse vector s by iteratively finding low discrepancy
colorings. This technique has appeared before in the literature. For example for a set
system with bounded VC dimension, one can prove the existence of small e-nets in this

manner. We refer to Chapter 4 of Chazelle’s book [45] for details.
6.2 Preliminaries

In this section, we discuss several tools from probability and linear algebra that we will be

using in the proofs.

Concentration. We need two concentration inequalities. For the first one, see [[66].

Theorem 108. If F' : R™ — R is 1-Lipschitz, then for t > 0 one has
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Pr [F F < e t/2,
ponp @) > E[F@)] +1] < e

For the proof of the following Corollary, see Section B3.

Corollary 109. For m > 7 we have

Prlyle>m| <27 and B [l lyl<m]=0-27")-m.
y~N(0,In,) y~N(0,I,,)

N(am

We also need Azuma’s inequality for Martingales with bounded increments, see [4].

Theorem 110 (Azuma’s Inequality). Let 0 = Xy, ..., X7 bea Martingale with | X,—X;_1| < a
forallt =1,...,T. Then for any A > 0 we have

Pr[X; > MWT) < e /2%

Gaussians. In order to increase the measure from 1 to 1 — 27%™) we use the following

key theorem, see [95].

Theorem 111 (Gaussian Isoperimetric Inequality). Let K C R" be a measurable set and H

be a halfspace such that ~,,(K) = ~,,(H). Then ~,,(Ks) > ~vn(Hs) forall § > 0.
The following simple result is useful for dealing with dilations, see [163].

Theorem 112. Let K C R" be a measurable set and B be a closed Euclidean ball such that ~,(K) =
Yn(B). Then ~,,(tK) > ~,(tB) forall t € [0,1].

For (not neccesarily symmetric) matrices A, B € R"*" we define the Frobenius inner
product (A, B), := Tr[A"B] = 3", >°" | A;; B;; and the corresponding Frobenius norm
JA|lF = /(A A)p = (31, Y7, A%)'/2. Generalizing earlier notation, for a PSD matrix
X € R™™, we define N(0, X) as the distribution of a centered Gaussian with covari-
ance matrix X. Note that there is a canonical way to generate such a distribution: let
Xij = (v;,v;) be the factorization of that matrix for some vectors v; € R". Then draw a

standard Gaussian y ~ N(0, I,), so that ((g,v1),...,(g,vn)) ~ N(0,X). In particular
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we will be interested in drawing a standard Gaussian restricted to a subspace H C R™.

dim(H)

The distribution of such a Gaussian is exactly N(0, X) where X = > """ wu, and

U1, ..., Udim(m) 1S an orthonormal basis of H. The following properties are well known:

Lemma 113. Let H C R™ be a subspace and let N (0, X') be the distribution of a standard Gaussian
restricted to that subspace. Then for y ~ N(0,X) one has (i) y € H always; (ii) E[||ly||3] =
Tr[X) = dim(H); (iif) Ely?] < 1forall i € [m]; (iv) Var[(y,b)] = El(y. 5] < ] for all
b € R™; (v) for any matrices W, ..., W™ € R one has E[|| Yi", yiW'||%] < >0, W5

The only property that is non-standard is (v). But note that we can use (iv) to justify
that for each entry (k, ¢) of the matrices one has E[(}_", v:iW},)*] < >, (W},)?% the claim

then follows by linearity of expectation and summing over all entries (k, () € [n]*.

Linear Algebra. For the analysis, we need an estimate on the trace of the product of
symmetric matrices. The proof takes some care due to the non-commuting matrices. To
get some intuition, consider the case when A,, A,, B are all diagonal matrices. In this case
one can write A1 B = diag(a,) and A, B = diag(a.) for some vectors a;, a; € R" and the
inequality simplifies to Tr[A1 BA;B| = (a1,a2) < |lal - ||az|li = Tr[A1|B|] - Tr[A;|B]]
which is obviously true. Note that in the setting of [31] we would apply Lemma [T4 with
rank(B) = 2, in which case the inequality can be tight up to constant factors. But in a
different application with higher-rank matrices one could imagine a Cauchy-Schwarz or

Holder-type inequality yielding improved bounds.

Lemma 114. Let A;, Ay, B € R™*" be symmetric matrices with A,, Ay > 0. Then

Ti[A,BA,B] < Tt[A,|B|] - Tt[A,|B]).
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Proof. Write the spectral decomposition B =, Aiv;v [. Then

i€[n] ¢

TI'[AlBAQB] = Z )\z/\] . (’UiTAl'Uj) (’U;FAQ’UJ‘)
1,J€[n]
S N4, A
1,5€[n]

1
S Il Il 5 (A0l - 143 %0, 12 + AT 2,13 - 143 i 3)
i,j€[n]

1
= Z |)\1H)\]| . 5((’0:141’01) . (’UJTAQ’U]'> + (’UZ-TAQ’UZ') . (’UIA{Uj))

i,j€[n]

= %(Tr[Al\BH - Tr[Aq| B[] + Tr[A;|B]] ~TF[A1’B|])

= Tr[A,|B]] - Tr[A,|B],

IA

A - Ay,

(B

IN

where the first inequality is Cauchy-Schwarz and the second is AM-GM. O

We also need a Taylor approximation for the trace of the inverse of a matrix. Again, it

takes some care to handle the non-commutativity:

Lemma 115. Let A, B, S € R™ " be symmetric matrices with A, S = 0 and ||[JA™* B[y, < 3.
Then there is a value ¢ :== ¢(A, B, S,0) € |0, 2] so that

Tr[(A — 6B)'S] = Tr[A'S] + 6Tx[A ' BA'S] + cs*Tr[A'BA'BA'S).

Proof. We abbreviate M := §A™'B. As | M|, < 3, the matrix I,, — M is non-singular.
We obtain

(A—0B) ' =(A(I, - M) =TI, - M)A Z MFA~
so that

Tr[(A - 6B)"'S] = i Tr[M*A'S] = i Tr[M*A~'S] + i Tr[M*A'S).
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Forany £ > 3,

ITe[MFA~LS)| = 6 -

Tr[(AT/2BATY) 2 AP BATISAT BA Y|

<o|(AT2BATYE) 2, AP BATISA BAT
< |M|E?-Te[A'BAT'BA™'S].
We conclude
‘iTr[M’fA—ls]‘ < iQ‘jTr[ “BA'BA"'S] = Ti{A"'BA"'BA"'S],
k= =
so that the statement follows. N

6.3 Main technical result

We now show our main result, Theorem [05. Fix symmetric matrices A, ..., A,, € R™*"
with § := >"" |A;| satisfying S < I, and Tr[S] = 7 > 1 and set ¢ > 0 so that m = 5.
Let K be the body as defined in Theorem I35 and fix a parameter o > 0. Ideally, the goal
would be to prove that a random Gaussian from N (0, I,,,) is on average close to K. Instead,
we prove that there is a random variable x that is close to a Gaussian and ends up in K
with high probability. The strategy is to generate such a near-Gaussian random variable x
by performing a Brownian motion that adds up independent Gaussians y) with a tiny step
size 0. The key ingredient is that in each iteration ¢ we walk inside a subspace of dimension
at least (1 — a?)m, meaning that we draw y® ~ N (0, X®) with tr[X®] > (1 — a?)m. This
can be understood as blocking the movement in a*m dimensions that are “dangerous”.
Then the expected Euclidean distance of the outcome = 43", / 51 y® to an unrestricted

Gaussian is at most ay/m. It remains to argue that the subspace can be chosen so that at

the end of the Brownian motion,  ends up in K. For this sake we define a potential function
2 “ 1 T _1
Acp(@) = (C+Dle|3)-I,—_wA; and @cp(a):= Tr [(s + In) - Ac.p(z) ]
i=1

We initialize the random walk with  := 0 so that Ac p(x) > 0. If the update steps are

small and we keep the potential function ®¢ p(x) bounded, we can infer that > " | 2;4; <
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(C + D|z|3) - I, at any given time. More precisely we show that, for a particular choice
of parameters C, D > 0 (later we will choose C' = ©(£) and D = O(:%;)), an update
of ' = z + ¢y in expectation does not increase the value of the potential function —
assuming that the current value of the potential function is small enough and y* is taken
from the aforementioned subspace.

There is the technical issue that the potential function goes up to oo as the minimal
eigenvalue of A¢ p(x) approaches 0. We solve this problem by defining another distri-
bution N<,,(0, X) that draws y ~ N(0, X), but if ||y|2» > m, then y is replaced with 0.
Recall that by Corollary 5 one has Pry (0, x)[||y]|2 > m] < 27" forany X < I,,. A second
problem is that keeping the potential function low in expectation is not sufficient — if the

potential function ever crosses a certain threshold, the analysis stops working. However,

a single step in the Brownian motion can be analyzed as follows:

Lemma 116. Fix 0 < o < 1land m > max{200,910gn,%}. Let x € R™ and suppose

Acp(x) =0, P p(x) < D"f;“Q as well as 0 := z%—. Define F'(y) as the unique value for which

5m3n°
®C+62F(y)’D<w + (5y) = (I)C’D<a}).

Then there is a covariance matrix X € R™™ with 0 < X <X I, and Tr[X]| > (1 — a?) - m so

that Byn.,,(0.x)[F (y)] < 0 while always |F(y)| < 4Dm*. Further, Acspey).p(x + 0y) > 0.

We postpone the proof of this lemma to Section 4. First, we show how we can use it to

obtain the main theorem:

Proof of Theorem 3. Let Ay, ..., A,, € R"*" be symmetric matrices with >""  |A;| < I,
so that m = 5 > 200. Fix a parameter 0 < o < 1 and keep in mind that the goal is to prove
that ~,, (%K + a\/EB’;) > 1. First we justify that we may assume 7 > 1. If the result
holds for 7 = 1, then for any 7 < 1 we may consider instead the matrices A} := A; /7 which
still satisfy > ", |Al| < I, and )", Tr[|A}|] = 1. Then in order to show a measure lower

bound for the discrepancy body associated with A;, it suffices to do so for the (smaller)
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body associated with A;. Hence we may assume 7 > 1 from now on. Assume at first
m > 3.

Note that the potential function ®¢ p(x) is one-sided in the sense that it only controls

the maximum eigenvalue of >"" | x; A;. For this sake we abbreviate

A‘ L c R2n><2n
1 T

Note that this allows us to rewrite K = {m eR™|Y", ;A < sIgn}. In wise foresight

we choose D := 2 and define C' so that 2 = D”}—(?"Q which results in C' = 1. We define

a small enough step size of § := =% and choose T := 3; as the number of iterations.

Note that by definition ®¢ p(0) = % = 2 m o Consider the following (hypothetical)

algorithm:

(1) Setx® :=0
(2) Fort =1TO T do

(3) Apply Lemma T8 for z(*~Y and let X *) be the obtained covariance matrix.
(4) Sample y® ~ N(0, X®)and 2 ~ N(0, I, — X®).

If Hy“)Hz < m then (y%),,y%)) = (¥, 0), otherwise (y),, 1)) := (0,y®).
(5) Update z®) := (=1 + 5y ¢) .

Attheend,letY := ™ =63  y®and Z := 53, 2¥. Note that Y + Z ~ N(0, I,,.).
Claim. The following events all hold simultaneously with probability at least :

(a) Onehasy(;)n =0forallt=1,...,T
(b) Onehas 63/, (y<2n) <%
(c) Onehas || Z||3 < 5a*m

(d) Omnehas ||Y||3 < 5m

Proof of claim. By Corollary 5, the failure probability for (a) is bounded by

1 1
T-27m=_.27"< —
52 = 25’
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which follows as

m>200
GO o _Vi9m S 5.0

45m3n2 — 45ms3 - 2m/3

(®)

For (b), note that for every step ¢, the conditional expectation of F'(y.,,) is nonpositive,

and |F (y< )| < 7Dm*n. Then using Azuma’s inequality and £ = 5m, one has

P [52§T F( (t))>0]< ( 1 (%9 ) ( 1 >< (3)<

1 € ——r—- ] =€ - exp(— L
r =1 Yeml 0] = TP (62 - TDm*n)? *P\ 730052602 ) = P < 597
since 6% < fyg e

For (c), note that E[|| Z|)2] = Y/, Tr[6% - (I,, — X )] < a®m, so by Markov’s inequality
Pr[||Z||3 > 5a*m] < 1. Similarly, E[[|Y||3] < m, so HYH% > 5m with probability at most :.
The total failure probability is therefore at most 5 + 5 + + + 7 = 0.49 < 1 o

If the events in the claim hold, we have || Z||; < a\/_m, Ai10p(Y) = 0and

= 10e 10 21
> ViAi 2 (LICH DY) - By % (11 4 =) = =5 by,
i1 « (0% 0%

It remains to finish the arguments behind the proof strategy. By a slight abuse of nota-

tion, let v, (x) := =—L5e~1712/2 be the density of the Gaussian at a point 2. We define p(zx)

(27r)7rL

as the conditional probability that the properties (a)-(d) are satisfied, conditioned on the

event that Y + Z = . Then our reasoning above has proven that [, ym () - p(x)de >

N= N

Now define the set Q := {x € R™ | p(x) > 0}. As 0 < p(x) < 1 we must have ~,,(Q) >
By construction, for every « € @), there is at least one witness outcome Y + Z = x so that
Y € 22K and || Z||] < av/bm. Then a slight reparametrization of o/ := /5a gives the
claim as 21v/5 < 50.

One final detail is that in Lemma [TH we assume m > 23. Assume now that o < Jm- As
Eznn(0.1,) | 2oy i A, Hop < Eenn(oan) | 2oy wiAill % = Zi:l Tr[A7] < 3L, Th[A z} =T,
by Markov’s inequality it follows that || ", xz-Angp < 27 with probability at least 1/2.
Thus we get a measure lower bound 7,,(v2mK) > 1/2.

In particular, for a < L, 3 (3K + ay/mBg) 2 4 (P K) > 7 (V2mEK) > 3. O
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6.4 Analysis of a single step
In this section, we prove Lemma [T68 and some variants that will be needed later.

Proof of Lemma [[18. To simplify notation, we abbreviate matrices

A:=Acp(x), B:=> y;A;,B:=B-4D|yl}+ Fy)I,

i=1
S::Zm:|Ai\ and §:= %<S+%-In).

=1

Next, we define an index set
. _ 1.1 ~
7= {z € [m]: Tr[A71A;] < P Tr[SA 1}}

Here [m] \ 7 are the “dangerous” indices in the sense that updating « in these coordinates
might disproportionally change the potential function. Note that by Markov’s inequality,

we have |Z| > (1 — f‘—i)m Consider the subspace
H = {y ER™:y,=0Vi¢ I (x,y) =0, Zyz -Tr[A'A;A7IS] =0,
i=1
> i Tr[ATA;ATS] =0,
i=1
Sy TH{A2A,A7S) = o}
=1

so that dim(H) > |Z| — 4 > (1 — o®)m for m > 23. Further, dim(H) > |Z| — 4 > 0.47m for
m > 100. We choose X so that N (0, X) is the standard Gaussian restricted to H.

The remaining proof is organized in 4 claims, where Claim I-III justify that the Taylor
approximation is well behaved while Claim IV contains a very crucial upper bound. We
begin by showing a rather crude upper bound on |F(y)| for ||y|]> < m.

Claim 1. For y with ||y|s < m, one has |F(y)| < 2%, || B|lop < 4mand |[JA™B||q, < 3.

Proof of Claim I. Note that in order for the potential functions ®¢ 52y p(x + dy) and
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@ p(x) to be identical, we know that the difference matrix

Acisrw).p(x +0y) — Ao p(x) = 8*(Dlyl3 + F(y)) - I, — 0 Z yiA

= 0*(Dm® + F(y)) - I + 8]l yll Z | A
=1

=I,

= (0Dm* + 6F(y) +m) -6 - I,

must have one eigenvalue at least 0 and one eigenvalue at most 0. There would be no
positive eigenvalues if 6 F(y) < —2m < —dDm? —m, and similarly no negative eigenvalues

if 6F(y) > 2m. Hence we conclude |F(y)| < 2*. This bound is good enough to show that

1Bllop < || >
i=1

<m
Since |SA ™ ||op < ®e,p(x) < 22 and [|S~|lop < 2 < 2n, it follows we may also bound
A op < HSA_1H0p ' HS_1||0p < Dm #, so that HéA_lBHoP < 3A7Ylopl| Bllop < 3 since
1,1
6:457::3n2<§'m'Dm2 aSD_am\/_< ©

Now we can apply the matrix Taylor approximation from Lemma 135 and use that for

2
Al +o(Dllyl3+ =2) < 3m+6Dm? < 4m.
op )

every y € H with |lylla < m, there exists some |c¢| < 2 such that the difference in the
potential function is

o DfEW

Peys2py),p(T +0y) — Pop(x)
- Tr|A- 53)-19] T [A-ls]
b 5 Ty [A'"BA 'S + c6* Tt[A'BA'BA'S]

= =0(D|yll3+ F(y) - Tr[A>S] +6 Y yTr[AA;,A7' S| +co” - Tr[A"'BA'BA™' S

=1

J/

=0

0*( ~ (Dllyl} + F(y)) - THA28] + ¢- T{A'BA™'BA™'S)). ()

yeH

Observe that in the last equation we have conveniently used that due to the linear con-

straints defining H, we have Tr[A~'BA~'S] = 0 for all y € H. Now we can show that the
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quantity F'(y) is a lot smaller than we have proven so far — in fact its maximum length is
independent of the step size ¢:

Claim IL For every y € H with ||yl||o < m one has |F(y)| < TDm*n.

Proof of Claim II. We rearrange (**) for F'(y) and obtain

lc| - Tr[A'BA'BA'S]|
F(y)| < 5 +D
[F(y)| < THA2S) lyll

<m?

N N

<2 [|A 7 |op - | B2, + Dm* < TDm’*n,

using the estimates || Bllop < 4m and A lop < |SA  lop - IS [lop < 22 < Pmin o
Next, we justify that TrfA"'BA'BA~'S] ~ Tr[A"'BA'BA~'S] up to lower order
terms.

Claim III. For any y € H with ||y||2 < m one has
(Tr[A—lBA—lBA—lé] - Tr[A‘léA‘IBA‘IS]‘ < 6% 12D%m!%? . Tr[A28).
Proof of Claim IIL Since B = B — I, for \ := §(D||y||3 + F(y)), the difference equals

] — ATr[A"'BA™28] + Tr[A2BA'S)) + )\2Tr[A*3S']’ < S*Tr[A*S] - 60(Dm'n)2.

=0 =0

Here we use \? = §%(D||y||3 + F(y))*> < §*(7.7Dm?*n)%. We have also made use of the
linear constraints in the choice of the subspace H. It remains to use that Tr[A—3S] <

|A~Ylop - Tr[A~28] with the bound |4, < 222 o

Now we prove the central core of this theorem: in expectation for a Gaussian y from
the subspace H, the quadratic term Tr[SA-'BA'BA"!] is bounded by a term that we
can offset in the potential function by the length increase of x.

Claim IV. One has Eyn., (0,x) [TI[SAT'BAT'BA™]| < AL Ty[SA7] - Tr[SA72.
Proof of Claim IV. The argument for this claim needs some care, as we have in general

Elysy;] # 0 since we draw y from a subspace H. We abbreviate W, := S1/2A-124,A! €
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R"™*™ (note that these matrices will in general not be symmetric). Then

E |T[SA'BA'BA™ © E S yym [SA—lA,.A—lAjA—l} ]
Yy~N<m (0,X) Y~Nem (0.X) 527 jez
= E - viy; (Wi, W) }
yNN§7rL(07X) - ZGZI ]GZI ’ e
- 2
= E ‘ yi Wi }
yNNgm(va) - ; F

S Wi = Tr[SATAATAAT

€L €T
YT ST m[A1SA A T [A A
i€l
(iid) 11 _—
< TrSA Y Tr[AT'SATY A
1€
1.1 A
= S-msATr [ A'SA 1-Z|Ai|]
i€
=In

A-1SA >0 1.1
<

Tr[SA™Y - Tr[SA~2.

a’m
In (i), we use that y; = 0 for i ¢ Z. In (ii) we use Lemma [T3 with the subtlety that
replacing y ~ N(0, X)) by the capped sample y ~ N,,(0, X ) can only decrease the length
| > ez iWil|%. In (iii) we use that we have selected the indices Z so that Tr[A~!|A;]] <
SETr[SA ! forany i € 7. o

Now we have everything to finish the analysis. Taking expectation over y ~ N,,(0, X)

on both sides of (xx) gives

0 (2) —(DE[lyl3] + E[F(y)]) - Tr[SA™?] + ¢ E[Tt[SA'BA'BA™]]
Claims<HI &IV 2.2

asm

2.2 -1 S -2
~—Ti[SA ])-Tr[SA ]

( — 0.49Dm — E[F(y)] +

Te[SA™Y] + 6% - 24D3m 1 3) Ti[SA™?

< ( — 0.44Dm — E[F(y)] +

In the first inequality we have used Claim III, and in the last inequality we used the fact

2 _ 1 _ 1 _ 2
that 6 = W < 0.05Dm - 55,103 = Imopmoes = Toaomes- Here we also use that by
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Corollary 5 one has E[||y||3] > dim(H) - (1 — 2=4™)) > 0.49m as dim(H) > 0.47m and

m > 200. Combining the two above inequalities, we conclude

2.2 2.2 4.4
Tr[SA™1—0.44Dm < Tr[SA™1—0.44Dm <
a’m a’m a?m

E[F(y)] < Tr[SA™]—0.44Dm < 0,

making use of § < 25 and of the assumed bound on ®¢ p(x) = Tr[SA~!] < Lma”,

It remains to argue A= Acis2py),p = 0. Recall from the proof of Claim I we have

A—A=D|yl3+F@)) I, -0y 4:A; = (5F(y) —m)-5- I, = =3m -5 - I,
=1
where we have used §F(y) > —2m. Recall that the least eigenvalue of A is at least 25—

It follows the least eigenvalue of A is at least -2~ — & -3m > 0asd = O

n2<

45m3 0. 6Dm3

Finally, we can prove Theorem 07 and give an analysis of the full algorithm from
Section BT1. The basic intuition is that we start with a weight vector s := (1,...,1) so that
>, s;A; = I,. Then in each iteration we find a partial coloring and use it to update the

weights so that at least a constant fraction of the weights drop to 0.

Proof of Theorem [lI4. Consider one iteration of the algorithm where the current weights
are s € R%). The body defined in step (3) is K := {x € R®P(®) | || D icsupp(s) TiSiAillop <

1000¢}. Hence, by Theorem M8 and Theorem [, we have a point * € [—1, 1]5PP(*) with
>0 2fsiAillop < /m) and at least Q(|supp(s)|) coordinates equal to —1. Thus,
atline (7), |[supp(s)| is reduced by a factor of x < 1. It follows that the algorithm terminates

after O(log(ssz)) O(log m) loop iterations. Further, at each iteration, weadd > " | z}s; A;

to the matrix > " | s;A;, which is originally I,,. So by triangle inequality, at the end of the

algorithm we have an additive error of at most

Cg;\/%:o(\/%) — 0(e),

thatis, (1 — O(e))I,, < > ir; s;A; = (14 O(e))I,. The error probability is dominated by

279(mo) where mg > n is the support in the last iteration. O
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6.5 Missing Proofs for Preliminaries

Proof of Cor. M. Since E[||y|2] < E[||y||3]/? = /m, we apply Theorem 4 to get, for m > 7,

Pr [Hsz > m} < emmmVm2 < g,
y~N(0,I,)

Since the functiony — — y—; +1log(y?) is concave, we can upper bound it with any tangent

line; in particular,

2 2
Y 2 ( 2 > m 2
Y <(Z-m)-y+ ™ _9
5 Tlog(y”) < (- —m) -y + = +log(m®) — 2,
so that using the standard estimate P,.n(o.1)[y > m] > - - #e‘”ﬁ/ 2 we have

N ((2 ) 2 log(m? 2>d

. e (G )yt lesm) =2)dy ey s
E [y ly>m]< < C—
y~N(0,1) V2w Ply > m] m m? — 2

and therefore, for m > 7,

Ellyl3 | lylle>m] <m- E [y |y>m]<2m’
yNN(Ovl)

Now, since

m=E |lyl3] = Pr{llyle > m| & |lyl3 | llyle > m] +Pr [yl < m]|-E [lyl3 | lyll. <m)].

Y\ /

~~ -~

<exp(—(m—y/im)2/2) <oms <1

it follows that E [Hyug |yl < m] >(1—2) - mform>T. O
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Chapter 7

MATRIX BALANCING II: PARTIAL COLORING BOUNDS VIA
MIRROR DESCENT

This chapter is based on a joint paper with Daniel Dadush and Haotian Jiang [52].

7.1 Introduction

Discrepancy minimization has been a well-studied area of research both in mathematics
and computer science [45, ['TT]. We start with a classical setting: given vectors ay, ..., a, €
R? each satisfying ||a;||. < 1, the goal is to find a coloring z € {+1}" that minimizes the
discrepancy, defined as || Y}, z;a;||o. A seminal result of Spencer [[57] improves upon

the O(y/nlogd) bound of a random coloring via Chernoff and union bound:

Theorem 117 (Spencer [I57]). Let d > n. Given vectors ay, .. .,a, € R? with |a;|l < 1,
there exists x € {£1}" such that || > | z;6;||l S /nlog(2d/n).

In particular, when d = n, Theorem [17 states that the discrepancy is at most O(y/n),
as opposed to the O(y/nlog n) bound for a random coloring. Spencer’s theorem is known

to be tight up to constants for all d > n [45, I11].

The Partial Coloring Method. All known proofs of Spencer’s theorem are essentially
based on the partial coloring method, one of the most important and widely applied tech-
niques in discrepancy theory. The method states that to obtain the type of discrepancy
bound in Theorem 17, it suffices to prove the same bound for a partial coloring « € [-1, 1]"
with at least 2(n) coordinates in {+1}. This process is then iterated over the set of coordi-
nates {i : |z;| < 1} to obtain a full coloring. For Spencer-type problems, the discrepancy of
the full coloring is at most a constant factor off from the discrepancy of the partial coloring

(see Corollary B).
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The partial coloring method was developed in the early 80s by Beck and refined by
Spencer using the entropy method [32, 157]. A convex geometry view of partial coloring
was developed independently by Gluskin [68]. While these original arguments used the
pigeonhole principle and were non-algorithmic, a breakthrough result of Bansal 6], fol-
lowed by a rich line of work [T03, 146, 100, b1, T40], gave various algorithmic versions.
These recent developments also led to new results in approximation algorithms and dif-

ferential privacy [I45, 126, 7, P5].

Matrix Spencer Setting. A natural generalization of Spencer’s setting to matrices is the
following. Given matrices A, ..., A, € R™9, each satisfying || 4;|lo, < 1, the goal is to
find a coloring = € {£1}" that minimizes || Y . , z;A4;||op. In particular, Spencer’s setting
corresponds to the case where all matrices A; are diagonal.

In the matrix Spencer setting, the non-commutative Khintchine inequality of Lust-
Piquard and Pisier [104, 134] shows that a random coloring = € {£1}" has expected dis-
crepancy E[|| >0, 2;A;|lop] S v/nlogr, where each matrix A; has rank at most r < d. Itis

conjectured that the discrepancy bound in Theorem [[T7 can be generalized as follows:

Conjecture 14 (Matrix Spencer Conjecture [[13,171]). Let d > \/n. Given matrices Ay, ..., A, €
R with || A;llop < 1, there exists x € {£1}" such that

H Z oA,

In particular, when /n < d < n, the conjectured discrepancy bound is O(y/n). Despite

< /n-max(1,log(d/n)).

op

significant effort, Conjecture [4 has remained largely open, with partial progress for block
diagonal matrices [100]. A subsequent work showed that Conjecture [4 holds for matrices
of rank at most n/ log®(n), and that in general a bound of O(n'/4d"/*1log d) holds [21].

We also note that the condition n < d? is justified by Theorem B, since for n > d? the

bound is only worse by a factor of two.

Matrix Discrepancy for Schatten Norms. More generally, let? 2 < p < ¢ < 00, we consider

!We make the assumption that p < ¢ to avoid a polynomial dependence on d in the discrepancy bound.
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the following matrix discrepancy setting for Schatten norms. Given matrices A;,..., 4, €
R%4, each satisfying [|A;]|s, < 1, where || - ||s, denotes the Schatten-p norm. The goal
is to find a coloring € {£1}" to minimize || > " | x;A;|/s,, the S, — S, discrepancy. In

particular, the matrix Spencer setting corresponds to the case where p = ¢ = oo.

The diagonal case of S, — S, discrepancy, i.e. ¢, — {, discrepancy for vectors, is
well studied (see [b3, 140] and the references therein). In fact, the well-known Komlés
conjecture asserts that the /o, — /., discrepancy can be upper bounded by a universal

constant. For general ¢, — {, discrepancy, Reis and Rothvoss [T40] proves an optimal

partial coloring bound of O(y/min(p, log(d/n)) - n'/2=1/#+1/4) ‘agsuming d > nand 2 < p <

q < oo. Itis a natural question whether these bounds generalize to S, — S, discrepancy.

The Challenge in Using Partial Coloring Method for Matrix Discrepancy. Central to the
partial coloring method is to show that the discrepancy body D := {z € R" : || >, z;4;|| <
t},i.e. the set of fractional colorings with discrepancy at most ¢t under norm || - ||, is “large”
in some sense. A natural notion of largeness, due to Gluskin [68], is that the body D has
Gaussian measure at least 2~ . This measure of largeness has been adopted (sometimes

implicitly) in essentially all work on partial coloring [[16, 103, 46, 100, b1, T40].

For the setting in Theorem T4, the discrepancy body D is a polytope defined by the
intersection of strips of the form |(r;, x)| < ¢, where r; € R™ are the rows of the d x n matix
whose columns are a, . . ., a,,. Therefore, Sid4dk’s lemma [155] can be readily used to give

a Gaussian measure lower bound of the form v, (D) > [, v.({z € R™ : |(r;, z)| < t}).

In the setting of matrix discrepancy, however, the discrepancy body D has an infinite
number of facets. This prevents the use of Gaussian correlation inequalities to lower bound
(D). To get around this barrier and use the partial coloring method for matrix discrep-

ancy, one needs a different approach for proving Gaussian measure lower bounds.

If ¢ < p, then even a single matrix (i.e. n = 1) can have discrepancy d'/¢~1/P.
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7.1.1 Our Results

We lower bound the Gaussian measure of the discrepancy body D via covering numbers
for its polar D° with respect to the ¢..-ball (see Section [Z3T). We then prove the desired
covering number estimates using mirror descent, the powerful convex optimization prim-
itive of Nemirovski and Yudin [I21] (see Sections 732 to [Z34). Our method yields the

following applications.

Matrix Spencer for Low-Rank Matrices. Our first result is the following improvement

over the O(y/nlogr) bound for random coloring in the matrix Spencer setting.

Theorem 118 (Matrix Spencer for Low-Rank Matrices). Let d > +/n. Given symmetric ma-
trices Ay, ..., A, € R with || A;|lop < 1and rank(A;) < r forall i € [n], one can efficiently

find a coloring x € {£1}" such that

[5e
1=1

When the input matrices have rank » < n/d, the discrepancy bound in Theorem IT8

< v/n-max(1,log(r - min(1,d/n))).

op

is O(y/n) and this proves Conjecture [ for low rank matrices in the regime where d < n.

Recall that this is subsumed by the main result of [2T].

Matrix Spencer for Block Diagonal Matrices. Our second application is the following
improved matrix Spencer bound for block diagonal matrices. Unlike the theorem above,

this is not implied by [21].

Theorem 119 (Matrix Spencer for Block Diagonal Matrices). Let d > \/n and h < d. Given
block diagonal symmetric matrices Ay, ..., A, € R™>* with || A;|lop < 1 and block size h x h, one

can efficiently find a coloring x € {£1}" with

In particular, Theorem 19 proves Conjecture [4 whenever i < n/d. This bound was

< /n - max(1,log(hd/n)).

op

previously proved in [100] under the assumption i < /n, which we remove here.
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We also obtain the following reduction of Conjecture [4 to the construction of a better

quantum relative entropy net for the spectraplex S; := {X € R : X = 0, Tr(X) = 1}.

Corollary 120 (Better Entropy Net Implies Matrix Spencer). Let d > +/n. If we can find
T C S, with |T| < 2°0) such that for each X € S, there exists Y € T with S(X||Y) <
max(1,log(d/n)), where S(X||Y) is the quantum relative entropy between X and Y, then the

matrix Spencer conjecture is true.

In particular, in the proof of Theorem [T9, we construct a O(max(1,log(hd/n)))-relative
entropy net for the set of block diagonal matrices on S; with block size h x h (see Sec-
tion [Z34). Our construction of such relative entropy nets might be of independent inter-

est.

Matrix Discrepancy for Schatten Norms. Theorem [18 is a special case of the following

general matrix discrepancy bound for Schatten norms.

Theorem 121 (Matrix Discrepancy for Schatten Norms). Letd > /nand 2 < p < g < 0.
Given symmetric matrices Ay, ..., A, € R™® with ||A;||s, < 1 and rank(A;) < r forall i € [n],
one can efficiently find v € [—1,1]" so that |{i : |z;| = 1}| > n/2 and

n
H Z ;i A;
i=1

where we denote k := min(1, d/n). Moreover, we can find a full coloring v € {£1}" at the expense

of a factor of (1/2+1/q — 1/p)~".

S \/n - min(p, max(1,log(rk))) - =1/,
Sq

Our partial coloring result in Theorem I7T is tight when either d = ©(y/n) (for which
we give an alternative proof using Banaszczyk’s result [[13] in Section [Z7), or when r =1
and d > n. We provide matching lower bounds for both cases in Sections 76T and Z62. In
particular, our lower bound examples imply a tight Q(/n) lower bound for rank-1 matrix

Spencer when d = n.

Corollary 122 (Rank-1 Matrix Spencer Lower Bound). There exist rank-1 symmetric matrices

Ar, o Ay € R with || Ag|lop < 1such that any x € {£1}" has || Y00, 2;Ai]|op 2 V1
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Another immediate consequence of our lower bounds is an optimal Q(,/min(d,n))
lower bound for S; — S, discrepancy. This is in stark contrast to the well-known Komlé6s
conjecture for vectors, which asserts that the /, — ¢, discrepancy is O(1). Corollary

states that such a conjecture is far from being true for matrices.

Corollary 123 (Lower Bound for Matrix Koml6s). For any d and n, there exist symmetric

matrices Ay, ..., A, € R>* with ||Aj||r < 1 such that any x € {£1}" has || Y1, ©iAillop 2

v/ min(d, n).
Finally, we propose the following generalization of Conjecture [I4:

Conjecture 15 (S, — S, Matrix Discrepancy). Let d > /nand 2 < p < ¢ < oco. Given

matrices Ay, ..., A, € R™ with || A;||s, <1, there exists x € {£1}" such that

I3

When d = n, the right hand side is O(y/n), and for diagonal matrices the conjecture is

< \/n - min(p, max(1,log(d/n))) - min(1, d/n)l/pfl/q_

Sq

known to be true for any 2 < p < g. When p = ¢, the conjecture is also known to be true

for diagonal matrices for all d and n [140].

7.1.2  Owerview of Our Approach

We give a brief overview of our partial coloring framework in this subsection, and leave a

more detailed discussion to Section IZ3.

Partial Coloring via Covering Numbers. Let K := {z € R" : ||} ;A < 1} be
the unit discrepancy body” and ¢ be the target discrepancy bound. A recent refinement by
Reis and Rothvoss [140] of Gluskin’s convex geometry approach [b68] shows that whenever
Yn(tK) > 2790 for any constant in the exponent, one can efficiently find a partial coloring

xr € O(tK)N[—1,1]" with at least n/2 coordinates in {—1, 1} (see Theorem [). For settings

2To avoid confusion when talking about discrepancy bodies, K denotes the unit discrepancy body, and
D denotes a scaling of K by the target discrepancy bound.
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where the target discrepancy bound is n*(!), we may iterate the partial coloring to find a
tull coloring with the same discrepancy bound up to constants (see Corollary 8).

Our new approach for proving a Gaussian measure lower bound 7, (tK) > 279" is
via the covering numbers (Definition BA) of K or K° with respect to the Euclidean ball BY
or the (, ball B”. In particular, since 7, (v/nBY) has constant Gaussian measure, as long
as N(vnBy,tK) < 290, we get v, (tK) > 2790, Using the duality of covering numbers
and connections with volume, we obtain several equivalent conditions for ~,, (tK) > 2-0()
in terms of covering (Lemma &8). The condition that we will work with is N'(K°, LB%.) <

20 where K° = {({4,U),...,{A,,U)) : ||U||. < 1} is the polar discrepancy body.

Covering via Mirror Descent. We prove the covering number bound N (K°, L B2 ) < 20()
using mirror descent, a powerful convex optimization primitive of Nemirovski and Yudin
[I27] (see Section for an overview). In particular, denote the linear map A(U) :=
((A1,U),...,(A,,U)). We shall assume that each ||A4;|| < 1. This is true for the matrix
Spencer setting with || - || being the operator norm. In the more general setting of matrix
discrepancy for Schatten norms, we have || 4;[|s, < 1 while the norm for measuring dis-
crepancy is || - ||s,. One can get around this issue by leveraging known covering number
estimates between Schatten classes (Theorem [23).

For any matrix ||U||. < 1, consider minimizing the function fy(X) := ||A(X — U)|«
over the dual unit ball B, := {U : |U||« < 1}. The function has minimum value f;;(U) = 0
and since it has subgradients in {£A,,...,+A,} with ||A;]] < 1, the function fy(X) is 1-
Lipschitz with respect to the dual norm || - ||... So as long as there exists a 1-strongly convex
mirror map ¢ on B,, we can minimize f;(X) by starting from some matrix Uy = Uy(U) €
B, and running mirror descent for n steps. Denoting by U, the matrix in the s-th step,

standard guarantees for mirror descent (Theorem [77) yield

min [y (Us) = min fy(Us) — fu(U) < M, (7.1)

s€[n] s€[n] n
where Dy (U, Uy) = ®(U) — ®(Uy) — (V®(Uy), U — Uy) is the Bregman divergence. We let T’

be the set of all matrices encountered when running mirror descent for all possible U € B,,
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ie. T:={Us:s € [n|,U € B,},and Ty := {Up : U € B, } be the set of all starting matrices.
The net A(7") will be our covering for K°.
To see that this indeed gives a good covering, we denote Dg®* := supycp, Do (U||Up).

By the definition of the function f;;, we have from (IZ) that

Y

2Dy (U, Up) _ \/ 2 Dipax

n n

iAW) ~ AW <

and so the dual body admits the covering K° C A(T) + /2D3**/n - B%. Thus as long as
our target discrepancy bound ¢t < /2nD§*, we have N'(K°, LB ) < |T|, which we need
to show to be at most 20(".

The key observation we make here is that for our choices of the mirror maps in Sec-
tions 74 and 75, U, only depends® on the sum of the subgradients, but not on their or-
der. Since there are only 2n choices of subgradients {£A;};c,) and we run mirror de-
scent for n steps, a counting argument reveals that there are at most 29 possible sums
of gradients (Lemma I78). So long as the starting matrices satisfy |7p| < 2°™, we have

IT| < [Tyl -200) < 20(m),

A View of Mirror Descent as Refining the Net. In the diagonal case, i.e. Spencer’s setting,
we can directly build the net 7' by repeatedly sampling the ith diagonal coordinate e;e;
proportional to its weight in the target matrix. Since the set of diagonal matrices on the
Schatten-1 ball has only 2d vertices {ieie;}ie[d], the approximate Carathéodory theorem
(see [I67], Theorem 0.0.2) implies that the image of the net A(T") already gives a good
covering for K°, and mirror descent is not necessary in this case.

However, this argument fails beyond diagonal matrices, as the number of vertices be-
comes infinite. In these more general cases, we use mirror descent to boost a coarse net 7
to a finer net 7" which has a better covering guarantee in the image space, at the expense

of increasing the size of the net by a factor of 20,

3In general, mirror descent projects back onto the feasible set according to the Bregman divergence in
each iteration, and therefore might not satisfy this property.
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Relative Entropy Nets for the Spectraplex. For our application in Section [Z35 to low-rank
matrices, it suffices to take 7, = {0}. For the application in Section [Z4 to block diago-
nal matrix Spencer, we run mirror descent on the spectraplex S; := {X € R™? : X »
0, Tr(X) = 1} and carefully construct a set | Ty| < 29 with small D2, Since Dg(X|Y) is
the quantum relative entropy between X and Y in the spectraplex setup, we refer to such
Ty as a (quantum) relative entropy net (Definition 179).

We use an operator norm net for the Schatten-1 ball from [73] to construct a relative
entropy net with error O(log(d?/n)) for the spectraplex S, (Lemma [30). When restricted
to block diagonal matrices with block size h x h, we use a hybrid of this argument and the
earlier approximate Caratheodory argument to find a refined relative entropy net with
error O(log(hd/n)) (Theorem I3T). Taking 7; to be this net in our mirror descent frame-
work gives Theorem IT9. This also allows us to reduce the matrix Spencer conjecture to
the existence of a better relative entropy net with error O(log(d/n)) for the spectraplex

(Corollary [20).

7.1.3 Further Related Work

Banaszczyk’s Approach. While the partial coloring method has been extensively applied
in discrepancy and obtains the optimal bound for many problems, for several applications
where the target discrepancy bound is n° (e.g. the Koml6s problem or Tusnady’s prob-
lem), partial coloring is potentially sub-optimal by a logarithmic factor. In breakthrough
work, Banaszczyk [[3] obtained an improvement over the partial coloring method for
these applications using deep techniques from convex geometry. While Banaszczyk’s orig-
inal proof is non-constructive, a fascinating recent line of work has obtained algorithmic

versions of Banaszczyk’s result [51, I8, 20, 100, 19].

Matrix Spencer Conjecture and Non-commutative Random Matrix Theory. The typical
value of || Y7 | x;A;||op for a random coloring has attracted significant attention in ran-

dom matrix theory. For commutative matrices, the bound E[|| >\, z;A;|lop] < VR logd by
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matrix Khintchine [104, 134] or matrix Chernoff bound [[I] is in general tight. It is also
known to be tight for Toeplitz matrices [TT2]. For matrices with certain non-commutative
structures (e.g. random Gaussian matrices), improved bounds of O(/n) are known (see
[167]). In the context of Conjecture [3, these results imply that a random coloring already
achieves the conjectured bound when the input matrices have certain non-commutative
structures. On the other hand, by Theorem [T7, Conjecture [4 is known when all the ma-

trices commute.

Concurrent and Independent Work. In concurrent and independent work, Hopkins,

Raghavendra and Shetty [76] proved a bound of /n log (Tr(> ", A?)/n!?) for matrix Spencer
using quantum communication complexity. Their bound coincides with ours for full rank
matrices, and is slightly stronger for low-rank matrices. However, our approach is com-
pletely different and can also be used to show matrix discrepancy bounds for block diago-
nal matrices and general Schatten norms. We believe both approaches are interesting and

may lead to further progress in resolving the matrix Spencer conjecture.

7.2 Preliminaries

Norms and Convex Bodies. A convex body is a compact convex set with non-empty

interior. We say a convex set K is symmetric if + € K implies —z € K. We use || - ||, to
denote the /,-norm and || - ||s, to denote the Schatten-p norm. In particular, the operator
norm || - [lop = || - |s.. and the Frobenius norm || - [z = || - ||s,- We use B} to denote

the unit /,-ball in R" and By := {A € R™" : ||A|s, < 1} to denote the unit Schatten-p
ball in R™*", with Bf, := Bg_. Let R’} denote the set of non-negative vectors in R" and
denote the simplex A, := {z € R} : ||z[; = 1}. Let S} (resp. S, ) denote the set of
positive semidefinite (resp. positive definite) n x n matrices, and define the spectraplex
S, = {X € 81 : Tr(X) = 1}. Foranorm || - || in R", we define the dual norm as ||z, :=

sup{(y,z) : y € R",||y|| < 1}. Dual norms are similarly defined for matrix norms.

Convex Functions. A convex function f : X — R is said to be L-Lipschitz with respect to
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anorm || - || if ||g||« < L for all subgradients g € 0f(z). We say that f is a-strongly convex
with respect to anorm || - || if f(y) > f(z) + ¢ (y — ) + §|lz — y|? forall 2,y € X and all
subgradients g € 0f(x).

Polar. Given a convex set K C R" with 0 € K, we define the polar of K tobe K° := {y €
R™ : sup,cx(z,y) < 1}. It is immediate from the definition that for any constant ¢ > 0,

(tK)° = 1K°. When K is closed, the polarity theorem states that (K°)° = K.

Lemma 124 (Polar of Discrepancy Set). Given matrices Ay, ..., A, € R and a norm || - ||
in R4, we define the unit discrepancy set as K := {x € R" : ||Y " x4 < 1}. Then
K':={((A1,U),..., (A, U)) : ||U||« < 1} is the polar body K' = K°.

Proof. By the definition of polar body, we may write

(K')° = {x cR": ixi<Ai7U> <1, VUsdt U], < 1}

=1

=1

{x cR": <Zn:xiA,~,U> <1,VUst ||U]], < 1}
K,

by the definition of dual norm. It then follows from the polarity theorem that X' = K°. [

We will also need the following upper bound on the covering numbers of Schatten

balls?.

Theorem 125 ([73], Theorem 1.1). Let d,n € Nand 1 < p < q < co. Then we have

d\1/p—1/
N(Bg , min (1, —) "B ) < 20,
3 n q

*We note that [73] claims the bound only up to a constant depending on p and ¢, but their argument
readily gives a universal constant in the regime of p,¢ > 1.
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7.3  Our Framework for Partial Coloring

7.3.1 Partial Coloring via Covering Numbers

Given symmetric matrices A;,..., A4, € R™¢, anorm | - || on R™“ for measuring the
discrepancy, and a target discrepancy bound ¢, let D := {zx € R™ : || }_" | 2;4;]| < t} be the

associated discrepancy body. For our mirror descent framework, we use the following:

Corollary 126. Given matrices Ay, ..., A, € R4, let K2 = {((A1,U),..., (A, U)) : U €
B§,U = 0}. If we have N' (K¢, , tBL) < 200 then we can efficiently find a partial coloring
v € [~L A with [{i : |oi] = 1} > n/2and | S, 2,Adls, < .

Proof. Since tD° C K, — K., by Lemma B8 we have N/ (D°, £ Br) = 29" The equiv-
alence (1) < (5) in Lemma B8 implies 7, (D) > 279, and Theorem @ gives the corol-

lary. O

7.3.2  Mirror Descent: An Overview

The mirror descent method was introduced by Nemirovski and Yudin [121]. Here, we
follow the presentation in [B9]. Let D be an open subset of R? and X’ a subset of its closure.
We fix a convex function f : X — R assumed to be L-Lipschitz with respect to anorm || - ||,
and a differentiable function ¢ : D — R that is p-strongly convex with respect to || - || and
has a surjective gradient V& : D — R?. The mirror descent algorithm, given a starting

point zy € X N D, consists of the iterations
V& (yer1) = VO(x;) — gy,
Ty41 1= argminge yop Do (2, Yet1),

where g, € 0f(z;) and Dg(z,y) := ®(x) —®(y) —VP(y) " (x —y) is the Bregman divergence.

Note thaty; € Dand x, € XND forallt > 0. We use the following convergence guarantee:

Theorem 127 ([3Y], Theorem 4.2). Let f be L-Lipschitz and ® be p-strongly convex with respect

to || - ||, and Dg* > Dg(x*,x0) be any upper bound. Then the mirror descent algorithm with
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1 2pDg* .
n = 1\ —7— satisfies

2Dmax
i = flz) <L L
gel[l;l}f(x )= f(z") < T

The Spectraplex Setup. Here we take X' := S; = {X € S? : Tr(X) = 1}. The mirror map
is ®(X) = Tr(X log X), defined on D = S? |, which is 1-strongly convex with respect to the
Schatten-1 norm by the quantum Pinsker inequality [42]. Then the convergence bound in

Theorem I274 becomes 2L w, where S(X||Y) := Tr(X(log X —logY)) is the quan-

tum relative entropy between matrices X,Y € S;. The projection step corresponds to a

d

trace normalization, so given a starting point X, € S, NSY ,

we may write in closed form

_ exp(log Xo—n ZLO gi)
Tr(exp(log Xo — 7 ZE:O gi)) ’

(7.2)

Xt

for subgradients g; € Jf(X;).

The Schatten Norm Setup. Here we take X = D = R4, 5o that X; = Y; for all . The
mirror map is ¢(X) := m | X |2, which is known to be 1-strongly convex for all p € (1,2]
[9]. Thus given a starting point X, € R™*?, we may write in closed form

t
Xpo1 = VO (VO(X0) = 1> g1)) (7.3)
=0

for subgradients g; € Jf(X;).

7.3.3  Covering via Mirror Descent

Given symmetric matrices Ay, ..., A, with ||4;|| < 1 for all i € [n], where the dual norm

|| - ||« is either the Schatten-1 norm or the Schatten-p norm for some p € (1, 2], we apply

mirror descent on functions of the form fy(X) = mﬁ( |(A;, X — U)| to cover the polar
1€[n

discrepancy body

K° = {AU) : |U|l. <1}, where A(U) := ((A1,U), ..., (A, U)).
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Note that fi;(X) = || A(X) — A(U)|l and that f is 1-Lipschitz with respect to || - ||.. The
key property of such functions is that we may always choose subgradients from the set
of 2n matrices {+A; : i € [n|}, which allows us to upper bound the number of different

matrices encountered during the mirror descent process.

Lemma 128. Let || - ||, be either || - ||, as in the Spectraplex Setup, or || - ||s, with p € (1,2] as
in the Schatten Norm Setup, and X, D be defined accordingly. Let T, C X N D be a set with size
T < 20(m) gnd K° O K' = A(T") the convex body to be covered, where T" C X N D. If for
every U € T’ there exists a starting point Uy := Uy(U) € Ty with De(U,Uy) < D>, then we
can bound

max

N(K/, D(I) BgQ) S 20(71)‘
n

Proof. The key observation is that in either setup of mirror descent, the point X; in (IZ2)
or (IZ3) depends only on the starting point U, and on the sum of gradients gy, . .., g;:—1, but
not on their order. Moreover, we can always choose from the set of 2n gradients {£A4; : i €
[n]} at each step. Thus applying mirror descent to the function f;; for all possible U with
the same starting point Uy, the total number N (U,) of points visited in 7' := n iterations
satisfies

N(Uy) < (Hz” N 1) <(n+1)- (3”) < 2000,
n
t=0

Since |Ty| < 29, we obtain a set of 2°(™ points U such that for every Y = A(U)
K, there exists some U € U so that || A(U) — A(U)|lee = fu(U) = fu(U) — fu(U)

In the Schatten Norm Setup, we shall pick K’ = K° and T = {0}, i.e. U, is always 0.

(1 A m

For the Spectraplex Setup, we carefully choose a set of starting points |T| < 29 which
has small D§** with respect to K’ = {A(U) : U € S;}. Since Dg(X||Y) is the quantum
relative entropy between X and Y in the Spectraplex Setup, we shall refer to the set of

starting points 7j as a (quantum) relative entropy net for S,,,.
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Definition 129 (Quantum Relative Entropy Net). Given subsets T, M C Sy, T is a relative
entropy net of M with error ¢ if for any X € M, we can find Y € T such that S(X||Y) <e.

7.3.4 Initialization for Spectraplex Setup: Relative Entropy Net

We start with the following lemma which constructs a relative entropy net on S, from an

operator norm net.

Lemma 130 (Relative Entropy Net from Operator Norm Net). Let X, Y € S, satisfies || X —
Y |lop < € for some e > 1/d. Then S(X||Y’) < log(2de), where Y' := (Y + 1) € S,.

Proof. Recall that log(-) is operator monotone and note that X <Y + ¢I,. We then have

S(X[Y") = Tr(X - (log X —logY"))

< Tr(X - (log(Y 4 €ly) —logY"))

< Tr(X) - || log(Y 4+ ely) — log Y'||op

Y—|—€[d
I
Y+ L4

<log|2- < log(2de),

op
where the first inequality follows from the operator monotonicity of log(-), the second

follows from matrix Holder, and the last follows because ¢ > 1/d and ||Y[|,, < 1. O

Using the lemma above, we give the following construction for relative entropy nets

on S,.

Theorem 131 (Entropy Net for Spectraplex). Given positive integers h,d and n such that d/h
is an integer, let St C S, be the set of d x d block diagonal matrices on the spectraplex with block
size h x h. Then we can find a relative entropy net T for S} with error at most max(1,log(2hd/n))

and size |T| < 200,

Proof. By merging blocks as needed, we may assume hd > n. By Lemma [30, it suffices

max{h,log(d/hn)}

to find an operator norm net 7" with size |T'| < 2° and distance ¢ =
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Let ¢ := d/h be the number of blocks, X1,..., X, € R"*" denote the blocks of matrix
X € 8 and N := 2/ = 2n/max{h,log(¢/n)} (we assume that N is an integer). Let
Z:={2€Z,: Y z =N} and for each » € Z, we define

T.:={X € 8" . Tr(X;) = /N, Vi € [(]}.

It follows from a standard rounding argument that for any matrix X € S”, one can find a
matrix Y € U,ezT, with | X — Y|, < 1/N =¢/2.
We first show that |Z| < 29", When ¢ < 2n, we have

2n
= ()2 (13) < () e
n n

When ¢ > 2n > N, we can bound

2n
o (6/m)
7] < <N—|—€) < (26) < ( gf ) < (eélog(ﬁ/n))lg’v’ < 90,
N N B (/) n

It therefore suffices to construct an ¢/2-operator norm net for each 7.
Fix an arbitrary z € Z. Note that the ith block of the matrices in 7, comes from - Sh,.

Pick n; := z;h, we have from Theorem 23 that

Zi Zi h h h h O(n;
N(Z80 n—iBOp> =N (8, n—iBop) < 900,

We denote this net as iz It follows from the above that for any X; € %Sh, there exists
Y; € Ty with | X; = Villop < 2 - £ = /2. Define T := {diag(V1,...,Yy) : V; € T; Vi € [(]}.

Then for any X € T., there exists Y € T. such that | X — Y., < £/2, and thus T, is indeed

an ¢ /2-operator norm net for 7,. Furthermore, the size of T », can be upper bounded as

1€[{]

since N < 2n/h. This proves that T .= U.e ZT; is an e-operator norm net for S and has size

w. Finally, invoking Lemma [30,

at most |T| < 20, where we recall that ¢ =
T can be transformed into a relative entropy net 7 with size |T| < 29" and error at most

log(2de) < log(2hd/n). This finishes the proof of the theorem. O
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7.4 Applications of the Spectraplex Setup
In this section, we prove our matrix Spencer bound for block diagonal matrices in Theo-
rem 19, which we restate below.

Theorem 119 (Matrix Spencer for Block Diagonal Matrices). Let d > \/n and h < d. Given
block diagonal symmetric matrices Ay, ..., A, € R with || A;||lop < 1 and block size h x h, one

can efficiently find a coloring x € {£1}" with

Proof of Theorem I[T9. By Theorem [31, we can find a relative entropy net T of S} with

< /n - max(1,log(hd/n)).

op

error D := max(1,log(2hd/n)) and size |Ty| < 2°™. Then using Lemma I28 with the

Spectraplex Setup for K’ := A(S%) and T, being the relative entropy net, we obtain

N(K’, EBgo) < 90(m)
n

where ¢t = y/nmax(1,log(2hd/n)). Let S% be the set of d x d symmetric block diagonal
matrices with block size i x h. Define convex body K” := A(BZ N 'S; N S%). We first
prove that N'(K”,LB%) < 290, Since N (K’,LB%) < 29 by Theorem I3, we also
have N (L K', LB ) < 290 for each integer j € [n?]. We let H; be the set of centers for
the minimum covering of - K’ by translates of LB” and define H = U2/ H;. Since
|H;| <290, it follows that |H| < 200, For each X € B¢ that satisfies X = 0, we let -1 be

the multiple of 2 that is closest to Tr(X), and set X' := - X. Then we have

J
n? n2Tr(X)

[ACX) = AX) e < 25 Ao < -

n
As Tr(X') = 4, we canaalso find Y € H; with | A(X') — Y|« < £. Therefore, || A(X) —
Y|eo < %, and it follows that K” C H + 2 B" . This implies N (K", L B%) < 20",
Next note that the dual discrepancy body K° := A(Bf ) = A(BE NS} since each
A; € Sh. We have K° = K" — K", so using Lemma B8 we get N/ (K°, K”) < 29" Thus

¢ ¢
N(K°, —Bgo) < N(K°, K" -N(K”, —Bgo) < 20(m)
n n
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and 7, (tK) > 279™ by using Lemma #8. Corollary B then gives a full coloring = €
{£1}" with discrepancy || >_r; z;A4:|lop < O(t). This finishes the proof of the theorem. [J

The analysis above also shows that if we can improve the bound in Theorem 31 to

O(log(d/n)) for any block size h, then the matrix Spencer conjecture is true.

Corollary 120 (Better Entropy Net Implies Matrix Spencer). Let d > +/n. If we can find
T C S, with |T| < 2°0) such that for each X € S, there exists Y € T with S(X||Y) <
max(1,log(d/n)), where S(X||Y) is the quantum relative entropy between X and Y, then the

matrix Spencer conjecture is true.

7.5 Matrix Discrepancy for Schatten Norms

In this section, we prove the following generalization of Theorem [T8 for arbitrary Schatten

norms by using a different regularizer for mirror descent.

Theorem 121 (Matrix Discrepancy for Schatten Norms). Let d > /nand 2 < p < q < oo.
Given symmetric matrices Ay, ..., A, € R™? with ||A;||s, < 1 and rank(A;) < r forall i € [n],
one can efficiently find x € [—1,1|" so that |{i : |x;| = 1}| > n/2 and

n
H Z xz‘Az’
i=1

where we denote k := min(1,d/n). Moreover, we can find a full coloring x € {£1}" at the expense

of a factor of (1/2+1/q —1/p)~".

5 S \/n - min(p, max(1,log(rk))) - =1/,

We first use mirror descent to prove the following covering lemma.

Lemma 132. Let d > /n, 2 < p < ¢ < 00, k := min(1,d/n), t := \/(p — 1)n - kY/P~Y9 and

q* == q/(q — 1). Given symmetric matrices Ai,. .., A, € R with || A;||s, < 1, we have

N (A(ng*), %Bgo) < 20
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Proof. Denote p* := p/(p—1). Theorem I23 implies N (A(B¢ ), K"/ "7 A(B§ ) < 20,

s0 it suffices to show

N (A(ng*), EBQO) < 20

n

This is a direct consequence of Lemma withnorm || - [[s ., as the Bregman divergence
is Do (U, 0) = ®(U) < iy = 25 for |Us,. < 1. O

Lemma [32 together with Lemma B8 immediately gives the following weaker measure
bound, which we then bootstrap to prove the stronger bound in Theorem IZT.

Corollary 133. Let d > \/n, 2 < p < q < oo and k := min(1,d/n). Given symmetric matrices
Ai, .. Ay € R with || Ay|s, < 1, define the convex body

K = {xER”: Hix,flZ ; < 1}.
i=1 ?

Then v, (\/(p — 1)n - k/P=Ya1. ) > 270,

Proof of Theorem I71. Let py := max(2,log(2rk)). For p < p, the result follows directly from

Corollary [33, so we may assume p > po. Also note that we may assume rk > 1 since we
can increase smaller values of r without changing the bound on the right side. Remark that
| 44|s,, < rl/Po=t/P||Ayl|s, < r'/Po=1/P since the matrices have rank at most r. Corollary

then implies that the convex body
NIE El/po—1/a  p1/po=1/p | [~

has Gaussian measure 2-°". Since ,/pon - k'/Po~1/a.pt/ro=1/p < /pop. k1/P=1/4 by the choice

of py, it follows that

’)/n(\/n max(l, 10g(7~k)) . kl/p—l/q . K) Z 2—O(n)’

so that Theorem [ and Corollary Byield the partial coloring and full coloring, respectively.
The factor (1/2 + 1/p — 1/q)~! comes from the contribution of the exponent of n in the

geometric sum, analogous to the second part of Corollary B. O
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7.6 Lower Bound Examples for Matrix Discrepancy

In this section, we give a few examples to illustrate the tightness of our results in Theo-

rem [[ZT for various regimes of the dimension d and rank r of the input matrices.

7.6.1 Low Dimension Regime of d = ©(y/n)

In the regime of d = O(y/n), we have k = min(1,d/n) = ©(1/y/n) and r < O(y/n) and our
partial coloring bound in Theorem 2T is thus O(n!/>t1/2¢-1/2?), This bound is tight up to

constants due to the following example®.

Lemma 134 (Example: d = \/n). Let d = \/n be a power of 2, and 2 < p < q < oo. There exist
matrices® Ay, ..., A, € R™with | A;||s, < 1such that | Y"1 x;A;||s, 2 n'/?1/27Y2 for any
partial coloring x € {£1}" with |{i : |z;| = 1}| > n/2.

Proof. The idea is to construct an orthogonal basis on R**¢ with || 4;||% = d. Let H €
R%*4 be the Walsh-Hadamard matrix, and D;, ..., D, be diagonal matrices with (D;); ; :=
H;;. Let Py, ..., P; be disjoint permutation matrices, i.e. each P; permutes the standard
orthonormal basis {ej,...,eq} and each pair P, P; have disjoint non-zero entries. For
instance, we may take (P;);; := 1if j — k =4 mod d and 0 otherwise. We then define the

n matrices A;.4 = D,;P; for i,j € [d]. Note that these matrices form an orthogonal basis

of R¥4, g0 for any partial coloring = € {+1}" with |{i : |z;| = 1}| > n/2, we have

n n 2 N
HZIzAz 1 ="Tr (leAz) :d.zx? > dn/2.
=1 =1 i=1

By Holder’s inequality, this implies that

n
H Z ;A
i=1

Also note that each matrix A; has all singular values equal to 1, and therefore || 4;[|s, =

n
> dl/q_1/2 . H ZI'ZAZH > n1/2+1/2q‘
Sq — F~

d'/P = nl/?, Scaling the matrices A; down by a factor of n'/? proves the lemma. O

>Thanks to Aleksandar Nikolov for suggesting this construction.

®These matrices can easily be made symmetric in R24*24,
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7.6.2 Rank-1 Matrices and d > n

In the regime of » = 1 and d > n, we may assume that p = 2. Then the discrepancy bound

in Theorem M8 is O(y/n). This bound is again tight up to a constant factor.

Lemma 135 (Example: » = 1 and d = n). Let 2 < ¢ < oo. There exist symmetric rank-1
matrices Ay, ..., A, € RV with ||A;||r < 1 such that any partial coloring x € [—1, 1] with
{7 : |x;| = 1}| > n/2 satisfies

n n
H ;%Az 5 > H ;%Az

Proof. Foreachi € [n—1], we define the rank-1 matrices 4; := 3(e;+e,)(e;+e,) " fori € [n],

2 V.

op

where ¢; € R" is the unit vector with a single 1 in the ith coordinate and 0 elsewhere, and
A,, = 0. Note that each || A;||r = 1 by definition. For any partial coloring = € [—1, 1]* with

{i:|z;| = 1}| > n/2, we have

z; 0 --- 0 T
0 x4 0 T

S ndi =

i=1
0 0 Tn-1 Tn-1
T T Tl Doy A

It then follows that
|E el 2 |, 2 v
This completes the proof of the lemma. O]

As an immediate corollary of Lemma I35, we obtain an §2(/n) lower bound for matrix

Spencer when d = n and all matrices are rank-1.

Corollary 122 (Rank-1 Matrix Spencer Lower Bound). There exist rank-1 symmetric matrices

Ar, o Ay € R with || Ag|lop < 1such that any x € {£1}" has || Y00, 2;Ai]|op 2 V1
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Another immediate consequence of Lemma [35 is a lower bound of Q(y/min(d,n))
for Schatten-2 to operator norm discrepancy, which is the generalization of the Komlés
problem to matrices. This shows that the Komlés conjecture, which states that the ¢ to /.,

vector discrepancy is upper bounded by a universal constant, cannot be true for matrices.

Corollary 123 (Lower Bound for Matrix Koml6s). For any d and n, there exist symmetric

matrices Ai, ..., A, € R>* with ||Aj||r < 1 such that any x € {£1}" has || > i, ©iAillop 2

v/ min(d, n).
7.7 An Application of Banaszczyk’s Theorem

We give an alternative simpler proof of the O(d**1/9=/?) bound for S, to S, matrix discrep-

ancy when d = O(+/n) applying Theorem [2 to a suitable scaling of the operator norm ball:

Corollary 136. Let 2 < p < g < co. Given matrices Ay, ..., A, € R with | Aills, <1, there
exists x € {£1}" such that || Y7, x;Als, S d'HY/e1/p,

Proof. Note that [|4;]|s, < 1implies ||A;||s, < d'/?>7'/7. Itis well-known that v,4(4d"/*- B ) >
1/2 (see Theorem 7.3.1 of [167]). Thus, Theorem [ yields some = € {£1}" such that
Sor o wi Ay € O(dP) - BL Tt follows that || Y7 | 24,5, < O(d*/771/P), O

Corollary 137 (Matrix Koml6s). Given matrices Ay, ..., A, € R with ||A|r < 1, there
exists v € {£1}" such that || 3" | x;A||s, S v/min(d, n), matching the lower bound in Corol-
lary I23.

Proof. Itsuffices to take the best between a random coloring, which has discrepancy O(y/n),
and that of Corollary [38. O
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Chapter 8
PREFIX AND WEIGHTED DISCREPANCY

This chapter is motivated by discussions with Sander Borst, Daniel Dadush, Haotian

Jiang and Lars Rohwedder in 2022.

8.1 Weighted discrepancy

Given a matrix A € R™*", its discrepancy is a measure of how much balance is achievable

when dividing its columns into two groups, defined as disc(A) := r?ji:n} | Az||, Where
xze{£l}m

| 2]|oo := max;cpy |2 is the £, norm. A more robust notion of discrepancy is the hereditary

discrepancy, given by

herdisc(A) :=  max  disc(AW) = maxdisc(Ag),

W ediag{0,1}" SCln]

where Ag € R™*® is the matrix A restricted to columns from S.

In this note, we explore the relationship between herdisc(A) and a weighted notion,
which we denotewdisc(A) := max  disc(AW). Certainly we have wdisc(A) > herdisc(A).

W ediag[0,1]"
A plausible conjecture is the following;:

Conjecture 16. For any matrix A € R™*" we have wdisc(A) < 2 - herdisc(A).

One application of this conjecture is that it would imply that the standard linear pro-
gramming relaxation of the restricted assignment variant of the max flow time scheduling
problem has constant integrality gap [?6]. We try to get some intuition of why this con-
jecture might hold.

We will focus on the case of totally unimodular (TU) matrices.

Definition 138. A matrix A € {—1,0,1}™*" is TU if it satisfies any of the following equivalent

properties:
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1. herdisc(A) =10or A=0.
2. |det(Arxy)| < 1forall I C |m],J C [n]with|I|=|J|

3. Forall a,b € Z™ and c¢,m € Z", the polyhedron {x ¢ R" : ¢ < x < m,a < Ax < b}

has only integral vertices.

TU matrices are ubiquitous in combinatorial optimization, and proving Conjecture 1
holds for them is already enough for the applications.

Conjecture [d is essentially tight even for TU matrices:
Claim 139. There exists a TU matrix A € {0,1}"*" so that wdisc(A) = 2 — 25 for all odd n.

Proof. Take A € R +Dx(2k+1) oo that A, ; = 1ifi = j, i = 2k + 1 or j = i + 1. For example

for k = 2 we have the following:

00110

00011

11111

Take weights w; = 1 for odd i and w; = 1 — kLH for even i. Then either two adjacent

columns have the same sign and we have weighted discrepancy at least 2 — 5 = 2 — ==

or the signs alternate and the last row gives discrepancy k+1 — k(1 — =7) =2 - 2. O

We can confirm the conjecture for two classes of TU matrices: formed by consecutive

ones and incidence matrices of graphs.
Claim 140. If A € {0, 1}"™*™ has rows with consecutive ones, then wdisc(A) < 2.

Proof. Greedily balance all prefixes and write intervals as a difference of two prefixes. [
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Theorem 141. Given an undirected graph G = (|n|, E') with m := |E| consider the incidence
matrix A € R where A, = lifu € e = {u,v} withu < v, A, = —1ifu € e = {u,v}

with v > v and 0 otherwise. Then wdisc(A) < 1.

Proof. Letw : E — [0, 1] and note that it’s equivalent to find an orientationy : £ — V' so
that y(e) € eforall e € F and ‘ Z w(e) — Z w(e)

vEe,y(e)=v vEe,y(e)#v
We show the result in fact holds even if the edges e = {u, v} are allowed to have dif-

<lforallveV.

ferent weights on the endpoints (w(e, u), w(e,v)), self-loops are allowed and we can have
multiple edges between each pair of vertices. First note that self-loops can be dealt with
in the end as it amounts to independently balancing numbers in [—1, 1] at each vertex. We
proceed by induction on |V|. For |[V| = 1 there can only be self-loops. For |V| > 1 con-
sider a vertex v and sort its edges e1, . . ., ¢; according to their weights w(e;, v) > w(eq, v) >
.-+ > w(eq,v) with neighbors u,, ..., us. Thensince 1 > 3% (—1)"lw(e;,v) > 0 in fact
any orientation with vy(es;) # 7(e2—1) will satisfy the discrepancy bound at v. There-
fore we may replace the edges ey;, €2,_1 by an edge e’ between uy; and uy;_; with weights
(w(eg;, ug;), w(esi—1, uzi—1)), along with possibly one additional self-loop if d is odd. So by

induction we can indeed satisfy the discrepancy bound at all vertices. O

A more difficult class of matrices is that of permutation prefix incidence matrices of
graphs. Here instead of a single row for each vertex v € V, we have d(v) many rows,
each corresponding to a prefix of the edges incident to v according to some permutation
7, o {e v € e} — [d(v)]. Assuch, A € R@wevd@)xm — R2mxm [t can be seen that
herdisc(A) < 1 so A is still TU. We highlight two cases:

e When |V| = 2, this is the two permutations problem where given m,m € S,, we have
2m rows corresponding to the prefixes of each permutation;

e When 7, = 7 is independent of v, this is the 2-sparse prefix Beck-Fiala problem.

We show in both of these special cases the conjectured bound of 2 is essentially tight:

Theorem 142. For m = 2k + 1, there exists a matrix A € R*™*™ whose rows are prefixes of two

2k+2

permutations so that wdisc(A) = 775
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Proof. The construction consists of the identity permutation together with the permutation
T € Sopy1 givenby w(2k+1) = 1, (i) = 2k+3—iif iisevenand 7 (i) = 2k+1—1 otherwise.

For example, for k£ = 3 we have the following two permutations:
1234567

6745231

Let A denote the associated two permutations matrix and consider the weights given by
w(i) = t+1foroddiand w(i) = ¢ for even i with associated diagonal matrix W. Eventually
we will choose ¢t := k + 1. If the signs are alternating z(i) = (—1)" we get discrepancy
(k+1)(t+1) — kt = t+ k+ 1 whichis 2k + 2 for ¢t = k + 1. So it suffices to show the

following:
Claim 143. Ift > k+1 > 2and x € {+1}*" satisfies x; = x;,1 for some i then || AW x|, > 2t.

For example, the following non-alternating signs yield weighted discrepancy 2t at the

fourth prefix of each permutation:

+1 -2 -3 -4 +5
-4 4+5 -2 -3 +1

We proceed by induction on k£ with base cases k£ € {1,2}, which are easy to check.
Suppose that there indeed exist signs « € {+1}*"! so that | AW z||, < 2t.

First we show by contradiction that there cannot exist four consecutive indices starting
at some even index 2i with xo;ws; + 91 1Wai11 + Toj1oWaits + e 3we;r3 = 0. For otherwise
removing such four indices either leads to an instance of the claim for £ —2, in case their re-

moval leads to non-alternating signs, or else it leads to alternating signs, say starting with

x1 = +1. Then 23:11 r;w; = t 41, so that zo; = —1 in order to maintain weighted discrep-
ancy less than 2¢. Since the sum is zero, this implies x5;,» = +1. Further, ng@l g Tjw; >0

by alternation. This is a prefix of the second permutation, and its following terms are
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Toi+2Waito and Xo; 1 3w9; 13, which cannot both be positive to maintain weighted discrepancy

below 2t, therefore x5;,3 = —1 and x4;, 1 = +1. But then ijjf rjw; = t+i—t+t+14t > 2,
a contradiction.
Thus we may assume no four consecutive indices starting at an even index have weighted

signed sum zero. Consider the maximal index i so that x; = 7,4, and assume without loss

2k+1

of generality that 1 = +1. If ¢ is even, we have z; = 2,41 = +1 and Zj=i+2 zjw; > 0by

maximality. But then there is a prefix of the second permutation ending at x;w;; with

total sum Z?iﬁz Tjw; + Tw; + Tip1wiyq > 2, so in fact « must be odd and z; = x;; = —1.
If : = 1 the prefix z1w; + 29w, already violates the discrepancy; if i = 3 then either 21 = x5
and zwy + zow, is large, or x1 # x, and the first four indices have discrepancy at least 2t.
Otherwise, i > 5. By the assumption that no four indices sum to zero, since z;,, = +1, we
must have z;_; = —1. Remark that no four consecutive indices can have the same sign, so
that z;_, = +1. Again by the assumption that no four sum to zero, x;_3 = —1. But then the
second permutation has a prefix of value ZfiﬁQ rjw;—(4t+2) = M%MH—H— (4t+2) <
k—3—3t—1 < —2t, a contradiction. O

This also yields a construction for 2-sparse prefix Beck-Fiala:

Theorem 144. There exists an instance A of 2-sparse prefix Beck-Fiala with 2k + 3 vertices and

4k + 2 edges with wdisc(A) > 242,

Proof. The construction is a complete bipartite graph K5 2,11 where the two vertices on
the left side correspond to each of the two permutations on 2k + 1 elements from Theorem
42 with the same alternating weights of k£ + 1 and k + 2. We construct a single global
permutation where the edges are listed in the order of the first permutation followed by
the second. The only observation needed is that for each vertex on the right side, if both
edges are oriented the same way then the discrepancy is already at least 2(k + 1) = 2k +
2. Otherwise, all pairs of edges connected to vertices in the right side are in opposite
orientations, so that a lower bound for the two permutations translates to a lower bound

for the prefix discrepancy in the incidence matrix of the graph. O
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Chapter 9
OPTIMAL ONLINE DISCREPANCY MINIMIZATION

This chapter is based on joint work with Janardhan Kulkarni and Thomas Rothvoss [90].

9.1 Introduction

We study online vector balancing problems, first considered by Spencer in late 70’s [[I56].
We receive vectors vy, ...,vr € R", which are bounded in some norm, one at a time, and
we have to decide the sign z; € {—1, 1} irrevocably after learning the vector v;. The goal is to
keep the signed sum "7 z;v; small in some norm; a natural variant asks that all prefixes
S, a;v;aresmall forallt € [T). This vector balancing formulation captures several classic
problems in discrepancy theory, where the norm to be balanced is the maximum absolute
value of any coordinate, also known as the /., norm.

If ||vi]|oo < 1, uniformly random signs achieve a O(v/T log n) ¢, bound, and there are
several methods to make this a deterministic online algorithm, see for example the excel-
lent book of Chazelle [45]. Unfortunately, the random coloring is tight in its dependency
on VT for n > 2 [156, 158]. Indeed, an adaptive adversary can simply choose a vector
v € [—1,1]" that is orthogonal to the current position 3| z;v; and satisfies ||v[|3 > n —1,
then || 30, z,0i]]» > 1/(n — 1)T and, in particular, the discrepancy is Q(v/T).

Much of the focus of subsequent efforts has been to improve the dependence on the
VT term by restricting the power of the adversary. One natural choice is to consider the
stochastic setting. Here vectors v; are sampled independently from a distribution p that is
known to the online algorithm. When p is a uniform distribution on all {—1, 1}" vectors,
Bansal and Spencer [?7] showed that one can get O(y/n) discrepancy for the /.,-norm,

or O(y/nlogT) for all prefixes up to time 7. Motivated by the applications of online dis-
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crepancy minimization techniques to online envy minimization problems [78], Bansal,
Jiang, Singla and Sinha [?4] considered general distributions p supported on [—1, 1]"*. For
this problem, they achieved an /., -discrepancy of O(n?log(nT)), and this was improved
by Bansal, Jiang, Meka, Singla, and Sinha [22] who showed a bound of O(y/nlog*(nT)).
The work of Aru, Narayanan, Scott and Venkatesan [8] achieved a bound of O,,(y/logT),
where the dependence on 7 is super exponential. One important point to note in all of
these results is that they substantially improve the dependence on Q(+/T) to logarithmic
factors.

Despite these impressive results, until very recently, little progress was made on the
online vector balancing problem against oblivious adversaries — the most common setting
considered in the online algorithms literature. Here the adversary fixes an arbitrary set of
vectors vy, ...,vr € R" in advance, and the online algorithm can use randomized strate-
gies. For the special case of edge orientation, where the vectors correspond to columns of
the incidence matrix of a graph, a simple random labeling argument due to Kalai [120]
achieves a discrepancy bound of O(log T") with high probability.

In an elegant result, Alweiss, Liu and Sawhney [&] showed that a very simple self-
balancing random walk can find random signs so that with high probability all prefixes
S, v are O(+/log(nT))-subgaussian. Here arandom vector X € R” is called c-subgaussian
if forany w € S"~' one has E[exp((X, w)* /c?)] < 2. In particular, all prefix sums || 3'_, 2,0i

are O(log(nT’)) with high probability against any oblivious adversary.

9.1.1 Our contributions

Our main contribution is:

Theorem 145. There is an online algorithm that against any oblivious adversary and for any
sequence of vectors vy, ..., vp € R™ with ||v;||2 < 1, arriving one at a time, decides random signs

T1,..., w7 € {—1,1} so that for every t € [T, the prefix sum >_'_, x;v; is 10-subgaussian.

The algorithm does not depend on 7" so one may also take an infinite sequence of vec-
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tors.
By using the machinery of Talagrand’s majorizing measures theorem, we may recover

Banaszczyk’s theorem in the online setting.

Theorem 146. Given a symmetric convex body K C R", there is an online algorithm that against
any oblivious adversary and for any sequence of vectors vy, ..., vp € R™ with ||v;||s < 1, arriving
one at a time, decides random signs x1,...,xr € {—1,1} so that each of the following hold with

probability at least 1/2:

(a) Zszl zv; € O(1) - K under the assumption ~,(K) > 1.
(b) St xv; € O(1) - K forall t € [T) under the assumption v,(K) > 1 — 55

2T

For /,, discrepancy minimization, we obtain the following corollary:

Corollary 147. There is an online algorithm that against any oblivious adversary and for any
sequence of vectors vy, ..., vr € R" with ||v;||s < 1, arriving one at a time, decides random signs
x1,...,xp € {—1,1} so that each of the following hold with probability at least 1 — ¢ for any
6 € (0,3] and any p > 2:

(@) | iy zovilly S /pmin(n, T)V7 + \/log(1/5);
(b) maxepr || Y, zovilly S /pmin(n, T)Y? + log T + /log(1/9).

Furthermore,

() 11251 wvillse S V/logmin(n, T) + /log(1/0);
(d) maxieqn || i, zivilloo < V1og T + /log(1/6).

Our bounds match the best known upper bounds in the offline setting where all the
vectors are known in advance. We show Corollary IZ74(d) is tight in the oblivious setting

even when n = 2:

Theorem 148. Foranyn > 2, there is a strategy for an oblivious adversary that yields a sequence of
B 2—T“(1)

4

unit vectors vy, ..., vy € R™ so that for any online algorithm, with probability at least 1

one has maxcr || Zle TiVi||oo 2 V10gT.
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logT
loglog T

This improves upon the Q( ) lower bound of [?4]. For the ¢, norm, Corol-

lary T47(a) is tight for any n, 7', since an orthonormal basis followed by zeros does achieve
a lower bound of y/min(n, T). If the orthonormal basis is instead followed by the con-
struction in 48, we get a matching lower bound construction for Corollary IZ4(b). On
the other hand, it is not known whether there exists a lower bound better than constant
for Corollary [27(c).

Finally, our framework also provides improved bounds for the edge orientation prob-

lem.

Corollary 149 (Online edge orientation). There exists an online algorithm that for any set
of n vertices and any sequence of edges, arriving one at a time, decides orientations so that at

every vertex, the absolute difference between indegree and outdegree always remains bounded by

O(+/log T') with high probability.

9.1.2  An Ouverview of our Techniques

Suppose we play against an oblivious adversary that has a predetermined sequence of
vectors vy, ...,vpr € R" with ||v;]|s < 1 for all i € [T] that are revealed to us one vector at
a time and we need to determine random signs z; € {—1,1}. After some discretization
one may think of this game as a balancing problem on a rooted tree 7 = (V, E') where
edges e € E are labelled with vectors v, of length at most one. The adversary chooses a
path from the root to a leaf which is revealed one edge at a time. After learning the next
edge on the path we must give it a random sign z. € {—1,1} to keep the sum ) _, z.v.
subgaussian where P is the path chosen so far by the adversary. Here the tree 7 has depth
T but each interior node will have an outgoing edge for each vector in a fine enough e-net
and so degrees in 7 are exponential in n and 7.

The next observation is that rather than only drawing signs for the selected path we

can draw all signs = € {—1, 1} with the goal of keeping > __p z.v. O(1)-subgaussian for

ecP

all root-node paths P. This is not actually a restriction since the adversary could pick any
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such path anyway. Note that indeed this argument assumes an oblivious adversary. In
order to find the distribution we want to make use of Banaszczyk’s Theorem [T.
Banaszczyk’s construction for the body K * u is quite intuitive: call a line « + Ru long
if its intersection with K has length at least 2||u||>. Then intersect (K + u) U (K — u) with
all long lines. However, the proof of the inequality ~,, (/K *u) > 7, (K) is quite skillful. The
main application in Banaszczyk [14] was to prove that for any vectors vy, ..., vr € R” with
lvilla < 1 and any convex body K C R™ with ~,,(K) > 1/2, there are signs z € {—1,1}7
with Y7 z;v; € 5K. In a later work, Banaszczyk applied his Theorem [T also to the
prefix setting (Theorem [3). One can think of this result as balancing all root-node paths
on a path graph into a body K. It is also interesting to note that the construction behind
Theorem [3 is inherently non-online — the sign for v; may depend on all other vectors

V1, ..., Vi1 and v, ..., vp. Our first step is to generalize Theorem I3 to trees 7 = (V. E)

_L

o wecan find signs - € {—1,1}*

and prove that for any convex body K with ~,(K) > 1—
so that . _p x.v. € aK for any root-node path P. However, there are two problems with

that approach:

(i) the tree 7 obtained in the reduction has exponential size and K would need to be

huge to satisfy v, (K) > 1 — ﬁ?

(i) a straightforward application of Banaszczyk’s framework will only produce a single

vector of signs « € {—1, 1}* rather than a distribution.

Interestingly, both problems can be solved with the same cloning trick: we replace each

edge e with a sequence of NV edges labelled with orthogonal copies of v., say o, e,

Then the signs 2P e {—1, 1} for the blown-up tree can be turned into a distribution over
signs () ee s for the original tree by drawing ¢ ~ {1, ..., N} uniformly. This solves issue
(ii). Considering (i), our trick makes the tree even larger by a factor /N, worsening the

issue! However, choosing

K ={(y) cer e | (4:)eer is O(1)-subgaussian when ¢ ~ [N]}
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we can prove that the Gaussian measure of K increases fast enough as N grows to com-

pensate for the blowup of the tree.

9.2 Preliminaries

First, we review a few facts for later.

9.2.1 Geometry

A convex body is a set K C R" that is convex, compact (closed and bounded) and full-
dimensional. Let By := {z € R™ | ||z||2 < 1} be the Euclidean ball and let S"~! := {z €
R™ | ||z||2 = 1} be the sphere. A set W C S™~ ! is called an e-net if for all z € S" !, there is a
y € Wwith ||z — y||2 <e.

Lemma 150. For any 0 < ¢ < 1, there is an e-net W C S" ! of size |W| < (g)".

Proof. Pick any maximal set of points W C S"~! that have || - ||o-distance at least ¢ to each
other. Then W is an e-net. Moreover the balls = + § By are disjoint for € W and contained
in (14 5)By. Hence

L,((1+%) - BY 14+ E\" "
|W|§von(( +2) 2): +2 < § ' 0
Vol,,(5 - BY) £ 3

2

Lemma 151. Let W C S"! be an e-net for 0 < ¢ < 1. Then for any wy € S"* there is a

coefficient vector A € RYy with wy = -, oy Aww and Y-, - A < 7.

Proof. Consider L(u) := min{||All; : v = Y} cpwdwwand X, > 0 Vw € W}. It is not
entirely obvious, but L(u) is well-defined for each v € S"~!. To see this, note that L(u) is
the value of a linear program and if that program was infeasible then by Farkas Lemma
(see e.g. Schrijver [154]) thereisa c € S" ! with ¢’u > 0 and ¢"w < 0 forallw € W. Then
lc — w2 > 1 for all w € W which is a contradiction. Now, fix a w* € S"~! maximizing the

value L(w*); such a point must exist by compactness of S"!. Let w € W with [Jw* — w|z <
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e. Then writing w* = w + (w* — w) we have

L") < L(w) + [w* = w] L ) < 1+ 2L(w").
Mt vl

Rearranging gives L(wg) < L(w*) < 1+ O

9.2.2 Probability

We need to formalize what we mean that a random variable has Gaussian-type tails. There
are several equivalent ways to do so. We recommend the excellent textbook by Vershynin [167]

for background.

Proposition 152 ([l67]). Let X be a random variable. The following properties are equivalent;
the parameters C; > 0 appearing in these properties differ from each other by at most an absolute

constant factor.
(i) One has Pr[|X| > t] < 2exp(—t*/C}) forall t > 0.
(ii) One has Elexp(X?/C3)] < 2.
If additionally E[X] = 0, then (i) + (i4) are also equivalent to
(iii) One has exp(AX) < exp(C3)\?) forall X\ € R.

While Dadush et al [61] and Bansal et al [19] made use of (iii), for our purpose, it will
be most useful to work with (ii). Hence for a real-valued random variable X, we define

the subgaussian norm as
| X ||, := inf {t >0: ]E[exp(X2/t2)] < 2}.

It can be proven that || - ||, is a norm on the space of jointly distributed random variables;
indeed it is the Orlicz norm associated with the (convex and nondecreasing) function z
¢ — 1. In particular || X + Y|y, < || Xy, + |Y ||y, for any random variables X, Y — even

if they are not independent.
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For the sake of completeness and in order to be able to give explicit constants, we show
the directions (i7) = (¢)+(4i7) in Proposition I52. For example, the following lemma shows
that any 10-subgaussian random variable X satisfies E[exp(AX)] < exp(20A?). Therefore

Theorem 25 also yields the subgaussianity bound given in the main result of [19].

Lemma 153. If || X ||y, < 1 then Pr[|X| > t] < 2¢7" forall t > 0. If moreover E[X] = 0, then
also E[exp(AX)] < exp(0.4)\?) forall X € R.

Proof. The claim that Pr[|X| > ] < 2¢~* follows directly from Markov’s inequality. For
the second claim, if 0.56\> < 1 we can use the inequality ¢* < z+4¢%%%*" (valid forall z € R)
to obtain

concavity

Elexp(AX)] < Elexp(X2)°%F] < Elexp(X?)] " < exp(0.412).

<2 as || Xy, <1

Else, \* > -+ and we will show that ¢* < z + 1 exp(0.4\? + i—i) for all z € R to obtain
Elexp(AX)] < 1 exp(0.4)%) E[exp(X?)] < exp(0.4)%).

For \2 = -1 the claim follows from ¢* < z + ¢%562*: the only other possible minimizer \,
0.56 y P

of the right side occurs when 0.4)\2 = %, s0 A* = 22/0.4 > —L-. And indeed, we do have

X 0562
the inequality e* < z + L exp(21/0.4|z|) for all |2| > Y21, —

Next, we extend the concept of a subgaussian norm from random variables to random
vectors. For a random vector X taking values in R”, we denote
[ X |z 00 := sup (X, w) s,
wesn—1
Again, || - ||, 00 is @ norm on the space of random vectors in R". For simplicity of notation,
we sometimes write that X is t-subgaussian if || X || 4, . < t. Of course, a standard Gaussian

g ~ N(0,1,) is also O(1)-subgaussian, but curiously not with constant 1.

Lemma 154. For A < 3 one has Egono,nlexp() - ¢°)] = —==. In particular, the standard

1-2A
Gaussian N (0, I,,) is \/g—subgaussian.
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We will also need the following upper bound on moments of sums of independent

random variables:

Lemma 155 (Rosenthal’s inequality [144]). Let p > 2 and let X1, ..., Xy be mean zero inde-

pendent random variables with finite p-th moment E[| X;|?]. Then

E[|X:+ -+ XN|p]1/p < 2P . max {(ﬁ:E[\Xi’p])l/p7 (ﬁ:E[XE])Im}

We also mention that the constant 2” can be improved to ©(p/ log p) [92], though it will
not be needed in our application.
Finally, we will use the tail bound form of Talagrand’s comparison inequality. See once

again the textbook of Vershynin [[67] (Chapter 8.6).

Lemma 156. Let K C R" be a symmetric convex body and X € R" a random vector that is

O(1)-subgaussian. Then with probability at least 1 — & for any & € (0, 5],

1
Xl < Viog(1/d) - —————
Xl S B gl + viog(1/9) - s

g~ ) n)

where inradius(K) is the largest r > 0 so that r B} C K.
9.3 Generalizing Banaszczyk’s prefix balancing argument to trees

We begin by generalizing Banaszczyk’s Theorem [[3 to trees. A similar statement may also

be found (with vectors assigned to vertices) as Theorem 4.1. in [23].

Theorem 157. There exists a constant oc < 5 such that the following holds. Let T = (V, E) be
a tree with a distinguished root r € V and |E| > 1, where each edge e € E is assigned a vector

ve € R™ with ||ve|]a < 1. Let K C R™ be a convex body with ~,(K) > 1 — ﬁ Then there are

signs x € {—1,1}¥ so that
erve cakK YieV
ecP;

where P; C E are the edges on the path from the root to i.
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Proof. Let 8 > 1/5 be the constant from Theorem 1. We write C; C V' as all the children of
i where C; = () for leaves and we write D; C V as the descendants of i (including i itself).
In particular {i} U C; C D;. We construct a sequence of target bodies by setting
Ky = ( (VK # Brgy) ) N K.
JEC;
Then for any leaf ¢ € V' one simply has K; = K. We prove that the constructed bodies are
still large:

Claim I. For all i € V one has ~,(K;) > D]

2|l

Proof of Claim I. We prove the claim by induction. The claim is true for any leaf i € V'

because in that case |D;| = 1 and 7,,(K;) = 7,(K) > 1 — Now consider any interior

2\E|

node ¢ and assume the claim is true for all its children. In particular for each j € C; we

have v,(K;) > 1 — L?E: > 1 by induction and the fact for any non-root node |D;| < |E|.
Hence
Thm [ induction | D]’
Then
W) = %(( (M (&; *5U{z‘,j})) ﬂK)
JEC;

union bound n n
> 1= R\ (K * Bugy)) = (R K)

jeC;

\D | < L

7|
| D;|
- (1 )_ .
o T Z' 21E]
—\Dz\

Claim IL There are signs x € {—1,1}" so that 3, xcv. € %Kifor all i € V\ {r}.

v

Proof of Claim II. We construct the signs in increasing distance to the root. If i is a child
of the root itself, then the claim is true as 7, (K;) > % and |[vg il < 1. Suppose for some
node i € V'\ {r} we have determined all the signs z. € {—1, 1} withe € P, and in particular
a:= Y .cp Tcve € K;. Consider any child j € C;. Then

Def K; Thm I
a€K; C KjxPBuujy S (Kj+ Buugy) U (K — Boggy)



135

Then we may pick a sign zy; ;3 € {—1,1} so that a + Sz v, € K. O
Then the overall claim follows from the fact that K; C K foralli € V' \ {r} and for the

root itself one trivially has 0 € K. O
9.4 The body of subgaussian distributions

In this section, we introduce the target body K that we will use and we will prove that its
Gaussian measure is close enough to 1 to make the argument work. For n, N € Nand a

small 4 > 0, we define
K = {(y(l), ey ™) € RV [ [|Y oo < 2+ 0 where Y ~ {yD, .. ,y<N>}}. (9.1)

Intuitively, the vectors in K consist of N many blocks of dimension n with the property
that a uniform random block generates a subgaussian random vector. Since || - ||, is a
norm, K is a symmetric convex body. The main result for this section will be that K has a

large Gaussian measure if N is large enough.

Proposition 158. For any 6 > 0, there is a constant C5 > 0 so that for all n, N € N one has
ey

’YNn(K ) >1- NITs-

We first show how to control the deviation in a single direction w. Note that random
variables for the form X := exp(g?) with g ~ N(0,0?) and ¢ > 0 have heavy tails, which
means they do not possess finite exponential moments (i.e. E[e**] = oo for all A > 0).
That implies in particular that standard Chernoff bounds cannot be used to derive con-

centration.

Lemma 159. For any C > 4 and §' € (O, ¢ - 1), there is a C" > 0 so that for any unit vector

4
w € S™71, the set

Ko {00 € B B e (6 (u))] £2)

satisfies Yy, (Ky) > 1 — Nc?ﬂ
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Proof. Since y¥) ~ N(0, 1)), the inner product satisfies (w,y?)) ~ N(0,1). We define Y; :=
exp (% <w, y(€)>2) with peo == E[Y,] = (1 — %)_
variable X, := Y, — ¢, so that for any p > 2 we have by Markov

/2
by Lemma (55 and the centered random

PriYi4+---+Yy>2N]=Pr[X;+ -+ Xy >(2—puc) - N]

SPr[Xy 4+ Xyl > (2 - pe) - N7)

< EllXa+ -+ Xy l]
= (2—pe)pNr

Since X, are mean zero independent random variables with p-th moment
E[|Xel") = ElIYe = nel’] <EN/] + pe = pep + 1o,
which is a finite constant M, for p < C//2, we may apply Lemma to obtain

E[|X; + -+ Xy|] < (zp -max{M, - N7, M, - N1/2})p < C,N?2.

For p := C/2 — 20’, we conclude Pr[Y; +---+ Yy > 2N]| < (2_#3;]\“,/2 = Nc%ﬂ;, for

some constant C’ depending only on C and ¢'. O

Remark 6. Lemma is tight in the sense that one cannot hope for a lower bound vy, (K,,) >
1— O(1/N) for any C < 4. Indeed, for Y; := exp (& (w,y©)?), one has

Pr[Y1+...—|—YN>2N]ZPr[maxYQ>2N]:1_< Pr [QS\/W(QN)DN,

(e[N] g~N(0,1)

which is ) (W) forany C' > 2 by using standard Gaussian tail bounds.

Remark 7. In fact, the lower bound above is tight up to constants for C' > 8/3 (which ensures
2 > pc). This is a consequence of Theorem 3.1.6 in [B5] (see Equation 2.1.6 for context). The
proof follows from a truncation of the random variables and a careful estimation of the resulting
moment generating function. Thus there is a stronger version of Lemma which also works for

C = 4, although it does not seem to lead to an improvement of Proposition [[A8.
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Obviously one cannot combine Lemma with a union bound over the infinitely
many vectors w € S™!, but it is a standard argument that in such cases it suffices to
control the deviation in directions of an e-net, see again the textbook of Artstein-Avidan,

Giannopoulos and Milman [Z].

Lemma 160. Let W C S™ ! be an e-net for0 < e < landlet X € R" be a random vector so that

| (X, w) [lg, < 1forallw e W. Then || X||y,00 < 7.

Proof. Fix w € S"~'. By Lemma 51 there are coefficients A € RYj with w = Y ;- Au

and ||Al; < . Thenas || - ||y, is a norm we have
1
X, :H X, 5", ‘ < ST (X, < . 0
T [CS W I D SN eI
ueW ueW <1

Now we are ready to prove Proposition [58:

Proof of Prop.[58. Set C' := (24 0)? — §?/2, e := 1 — g and let W be an e-net of S"~! of
size at most (2)" (see Lemma 050). Applying Lemma with C and ¢’ := §?/8 (chosen
so that C'//4 — ¢ = 1+ §) and taking the union bound over all w € W, it follows that for

Yy ~ N(0,I,)and Y ~ {yM, ... 4™} one has

3\n
Pl e, < VOV e W) 21— (2)"
for some C’ > 0. If this event happens, then by Lemma also ||V [y.00 < 2+ 0. n

9.5 Subgaussianity over trees

Recall that in Theorem we have proven that we can find a single coloring so that all
vectors on any path in a tree are balanced into a (large enough) convex set K. We can use

the same argument to find a distribution that keeps all those vector sums subgaussian.

Theorem 161. There exists a constant -y < 10 such that the following holds. Let T = (V, E) be a
tree with a distinguished root, where each edge e € E is assigned a vector v, € R" with ||v||2 < 1.

Then there is a distribution D over {—1,1}" so that for x ~ D, Y- p v, is 7-subgaussian for

every i € V where P; C 'V are the edges on the path from the root to i.
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Proof. Let N € N be a large enough parameter that we determine later. We replace each

edge e € E by a path consisting of NV many edges where the vectors assigned to edges are

v :=(0,...,0,0.,0,...,0) e R W/ =1,... N

e

Note that still [|v{”||]» < 1. We call the new tree T’ = (V’, E') and note that |E'| = N - |E].
We define K as in (21) and by Proposition 58 we have

cr 1

— >1
N1t =T B

’YNn(K) > 1

choosing N := (2|E|- C?)Y/%. We apply Theorem 7 to the tree 7" in order to obtain signs

(28)cem vy € {—1,1}FN so that

N
Z m(ﬁ)vg) € ak

e
/=1 BEP,L'

for all i € V where o < 5. If we draw an index ¢ ~ [N] uniformly and set X :=

=9, :p‘(]?'), then by construction of K one has
HZXeve <a-(2+8)<10VieV
eep; ¢27OO
if we choose 6 > 0 small enough. O

Note that the produced distribution D is indeed the uniform distribution over a mul-
tiset of (2|E| - C%)'/% sign vectors. We remark that even if 7 is a path with the n vectors
e, ..., e, any O(1)-subgaussian distribution over sign vectors needs to have support at
least 29",

We should also point out that our proof strategy is related to an argument by Raghu
Meka to use Banaszczyk’s Theorem [T to prove the existence of a good SDP solution. This
was reported in the work of [26] in the context of an SDP solution with small discrep-
ancy for all prefixes. After completing a preliminary draft, we learned the existence of
an unpublished manuscript [[25] proving Theorem I&T for the special case where 7 is a

path.
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9.6 Existence of an online algorithm

Finally, we use the tree subgaussianity from Theorem [&1 to show the existence of an online

algorithm which maintains subgaussian prefixes.

Theorem 162. For every T' € N, there exists a randomized online algorithm which, upon receiving
a vector v; € R™ with ||v;||2 < 1 for each i € [T, outputs a random sign x; € {—1, 1} so that the
prefix sum Z;Zl x;v; is 10-subgaussian. The algorithm runs in time exp(T°") for some universal

constant C > 0.

Proof. We write the constant from Theorem I&T as 10 — ¢ for some § > 0. Let W be an
e-net of 5"~ of size (3/¢)" where ¢ := >-. We consider a rooted tree 7 = (V,E) of
depth T so that all non-leaf nodes have |I¥| children, labeled with each of the vectors in
. By Theorem &1, there exists a distribution D over signs z € {—1,1}¥ that is (10 — 0)-
subgaussian.

We now describe the randomized online algorithm. First, we sample random signs
x ~ D and keep track of a position p € V in the tree, initially set to be the root. Now for
each incoming vector v; € R", we output the sign corresponding to an edge (p, p’) labelled

with v} that satisfies ||v; — v}||o < ¢ and set p := p/. It remains to argue that the resulting

prefix sums are indeed 10-subgaussian. Indeed, for any i one has

i i
2 : 2 : !
H .lej’Uj ‘ .ij’Uj
Jj=1 Jj=1

<10—6

7
<10-6+3 sw [l — 0] ol
= WES™ ™I N et N —

<

12,00

i
+H zj(v; —
2,00 ; J( J ]) W00

N J/

<e <2

<10—-0+T-2e < 10.

Next, we discuss the running time of this procedure. The total number of edges in
T equals |E| = [W|+ -+ [W|T < 2[W))T < O(T/§)"". Reinspecting the proof of

Theorem I&T we recall that the (10 — )-subgaussian distribution D is constructed from
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a proper sign vector for the tree 7' = (V’, E’) that has |E’'| = N - |E| many edges where
N := (2|E| - C7)}/?. The number of candidate sign vectors to be tried out is then 2/#'l <
exp((T/6)°™T)), and we can verify the subgaussianity of each by computing the subgaus-
sian norm of each root-vertex path sum over inner products with all vectors from W in

time exp(7°""); then Proposition [A0 guarantees that if all such inner products are (10—§)-

10—6 10—9
1—e < 1-4/10

subgaussian, then the root-vertex path sums are also = 10-subgaussian. [

9.7 An online algorithm independent of the input length

In the previous section we argued that for every number T of vectors, there is an online
algorithm that balances 7" vectors. In this section, we prove that in fact, there has to be a
single online algorithm that balances any sequence of vectors without knowing the number
vectors beforehand. Note that just using Theorem [62 as a black box, the online algorithm
to balance T" vectors could be very different from the algorithm to balance 7" < T vectors.
But of course one could have used the algorithm that worked for 7" vectors also to balance
just 7" vectors. By using a compactness argument we will argue that there is indeed a
single algorithm.

We fix some ¢ > 0 and set¢; := €2 " foralli > 1. Let W; C S" ! be an ¢;-net. Let
T. = (Vi, E;) be a tree of height ¢ with a distinguished root » where for all j € {1,...,i},
each node at depth j — 1 has |IW;| many outgoing edges, one labelled with each vector
from W;. In other words, any root-leaf path in 7; corresponds to a sequence (v1,...,v;)
withv; € W, forj =1,...,i. Wewrite 7* = (V*, E*) as the infinite tree constructed in the
same manner, i.e. forall j > 1, nodes at distance j —1 to the root have |I¥;| children. We say
that a distribution D; over signs Q; := {—1, 1} is c-subgaussian for T; if || > p Teve|ly, < ¢
for x ~ D; and every path P in 7; starting at the root. First we prove that the distributions

for different height trees can be chosen in a consistent way:

Lemma 163. There is a constant v < 10 so that for every € > 0 there is a family of distributions

{D; }i>1 where each D; is a distribution over Q; that is y-subgaussian for T; and D} = llg, (D}, )
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forall i > 1.
Here Ilo, (D}, ) denotes the projection (or the marginals) of Dy, on 2.

Proof. Consider the sequence of y-subgaussian distributions D; for 7; (which depend on
¢) given by Theorem 61 as points in the metric space A; := {z € Rgg . Jz|ly = 1}. Since
A, is closed and bounded, it is compact. For every ¢ < i, since 7; C 7T, it follows that
Io, (D;) is also y-subgaussian.

We construct D inductively. First consider the infinite sequence of distributions Ilg, (D;),
all of which are y-subgaussian for 7;. Since A; is compact, there exists a subsequence
of indices {k;1};>1 so that D} := lim;_,. I, (Dy,,) exists. By continuity, Dj is also -
subgaussian over 7.

Now assume that we have constructed distributions D; for 1 < ¢ < i that are ~-
subgaussian for 7, with D; = Ilq,(D;,,) for 1 < ¢ < i, as well as an infinite sequence of in-
dices {k;;};>1 which again satisfy D; = lim;_, Ilg,(Dy,,) for £ < i. We may drop a prefix if
needed so thatk;; > ¢+1forall j > 1. By compactness of A, ;, there exists a subsequence

D,

of indices {k;;41};>1 so that D}, := lim; . Il ..1) exists; the previous limits re-

i+1(

*

main the same. Again by continuity of the subgaussian norm, D} is y-subgaussian over

7;_,_1, and also I_IQ1 (Dz*—‘rl) = HQl (limj_>oo HQi+1 (ij’i_,_l)) = hIIlj_,oo I_IQ1 (ij,i-H) = Dz* ]

Theorem 164. There exists an online algorithm which, upon receiving a vector v; € R" with

llvill2 < 1, outputs a random sign x; € {—1, 1} so that the prefix sum 23:1 x;v; is 10-subgaussian.

Proof. Fix a small enough ¢ > 0 so that Lemma [63 works with constant 10 — . Let D; be
(10 — &)-subgaussian distributions provided by Lemma 63 where we choose ¢ := 2. We
keep track of a position p € V in the tree, initially set to be the root. For each incoming
vector v; € R", we sample a random sign x; from D} conditioned on the previous signs
r1,...,%,—1 on edges already visited, corresponding to an edge (p, p’) labeled with a vector
v} that satisfies ||v; — v}||2 < ¢;, and set p := p'. It remains to argue that the resulting prefix

sums are 10-subgaussian. Indeed, since D} = Ilq,(D;) for all j < i, the distribution of the
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[\ S/

signs (z1, ..., ;) is equivalent to drawing all of them from D}. Then, as in Theorem [&2,
T, < ‘ T} —i—H zj(v; — )
H jzl T g 00 ]ZI 7 g0 ]Zl ]( ! I lpa,00

<10-¢6
<106+ sup [(o = v, w)|- |12l

jZl ’LUGSm_l

S&j <2

<10 -6+ 2 < 10. [
9.8 Applications

In this section, we show a few direct consequences of our main Theorem [435.

Proof of Theorem [[4d. Both items will follow from Lemma [56. For the first item, note that
by Lemmas 26 and 27 in [b1], it follows that any symmetric convex body K with v, (K) >
1/2 satisfies Eyon(o,1,)[|l9llx] < 1 and inradius(K) 2 1, so it suffices to apply Lemma
with 6 := 1.

For the second item, any symmetric convex body K with v,(K) > 1 — 5 once again
satisfies Egun(o.1,)[[|9]lx] < 1, and moreover K must contain a (+/log T')-radius ball, for
otherwise it would be contained in a strip of Gaussian measure less than 1 — 5. Therefore
maxgexe |[z]2 S 1/v/1ogT and we may apply Lemma [58 with § := - together with the

union bound over the T" prefixes. O

Proof of Corollary T44. Let d < min(n,T’) denote the dimension of the linear span U of

v1, ..., vr. By Corollary 19 in [B0],

E (olors] < E ol < E  (lolb]Y? < /- d
g~N(0,1n) g UnBy _gNN(OJd) g Bg = GN(0.1) g Bg RV Y .
Here we also used that E,y(0,1)[¢g"] < p*/?. By Lemma 586,

1 X1, = [ X lonsy S E. )[”9||UmBg] + /log(1/6) - 1/inradius(B})

g~

=1

< /pmin(n, T)"? 4 \/log(1/6)
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with probability at least 1 — §, as claimed. The second item follows from a union bound
over T such events and that \/log(7'/§) < v/logT + /log(1/9).
For the ¢, bounds, we instead apply Theorem 9 in [BU] which together with Lemma 26

in [B1] gives Egn(0,1,)l|9]lvnBz] S v/logmin(n, T'), so that Lemma analogously yields
both claims. N

Proof of Corollary TZ3. Tt suffices to construct a vector v, := e, — e, € RVl for every edge
e = {u,v}; then signs correspond to an orientation. Since such vectors have constant ¢,

norm, the claim follows directly from Corollary IZ4(d). O
9.9 Online discrepancy lower bound

We show that the bound in Corollary [47(d) is tight up to a constant:

Proof of Theorem [48. We may also assume that n = 2 as otherwise we may pad the con-
struction with zeros. By Yao’s minimax principle [170], it suffices to show a strategy for
the adversary against deterministic online algorithms.

Split the time horizon into T'/k blocks of length k := [1logT]. In each block, the
adversary samples signs y ~ {—1,1}" uniformly at random, and outputs unit vectors
v1,...,v € R? so that for each i € [k], v; is orthogonal to . _; y;u;. The online algo-
rithm then outputs deterministic signs € {—1, 1}* where z; only depends on y;,v; for
J < 4. Since the sign y; is independent of the sign x; given by the online algorithm, the
sign vectors x and y will be equal with probability 2-*. In this case, || S35, z;vills = V&.
The probability that this happens in at least one block is 1 — (1 —27%)7/k = 1 —2-T"" Then
one of the two prefixes induced by that block will have ¢, norm at least vk and {, norm

at least % - 2VEk 2 logT. O
9.10 Open problems

We mention two other settings for which the optimal discrepancy bound against oblivious

adversaries remains open:
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Conjecture 17. Does there exist an online algorithm that for any sequence of vectors vy, . .., v, €
R™ with ||vi||sc < 1, arriving one at a time, decides random signs w1, ...z, € {—1,1} so that

| >0 zivillso < O(y/n) with high probability?

Corollary T37(c) gives a bound of O(y/nlogn). Bansal and Spencer have settled the
case where the vectors are chosen uniformly at random from {—1,1}" [27]. Note that
there is a ©2(y/n) lower bound even in the offline setting and a Q(y/log7T) lower bound

from Theorem 48 (thus we restrict to 7' = n).

Conjecture 18. Does there exist an online algorithm that for any sequence of vectors vy, ..., vr €
R", each with two nonzero coordinates (one equal to 1 and the other -1) and arriving one at a time,
decides random signs x,...,xp € {—1,1} so that | 3I_, 2:villee < O(VogT) forall t € [T]
with high probability?

Corollary 49 gives an upper bound of O(+/log T') and there is a ©2(+/log T') lower bound
[, B2].

Finally, we ask for a polynomial time algorithm for Theorem [435.
Conjecture 19. Does there exist a polynomial time online algorithm that against any oblivious

adversary, for any sequence of vectors vy, ...,vr € R" with ||v;||a < 1, decides random signs

Ty, ..., w7 € {—1,1} so that for every t € [T, the prefix sum >_._, v;v; is O(1)-subgaussian?
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Chapter 10

THE SUBSPACE FLATNESS CONJECTURE AND FASTER INTEGER
PROGRAMMING

This chapter is based on joint work with Thomas Rothvoss [141]; the improved bound

improved bound in Theorem 7T is due to Daniel Dadush.

10.1 Introduction

Lattices are fundamental objects studied in various areas of mathematics and computer
science. Here, a lattice A is a discrete subgroup of R™. If B € R™** is a matrix with lin-
early independent columns b, ..., b, then we may write a lattice in the form A(B) :=
{Zle y:ibi + y; € Z}. In mathematics, lattices are the central object of study in the geom-
etry of numbers with many applications for example to number theory, see e.g. [83]. On
the computer science side, lattices found applications for example in lattice-based cryp-
tography [I36] and cryptanalysis [127]. One of the most important algorithms at least in
this area is the LLL-algorithm by Lenstra, Lenstra and Lovész [98] which finds an approx-
imately orthogonal basis for a given lattice in polynomial time. One of the consequences
of the LLL-reduction is a polynomial time 2"/2-approximation algorithm for the problem
of finding a (nonzero) shortest vector in a lattice. We should also mention that the problem
of finding a shortest vector in any norm can be solved in time 2°" using a variation of the
sieving algorithm [3] while in the Euclidean norm, even the closest vector to any given
target vector can be found in time 2°(™ [17]. A more general problem with tremendous
applications in combinatorial optimization and operations research is the one of finding
an integer point in an arbitrary convex body or polytope. Lenstra [99] used the then-

recent lattice basis reduction algorithm to solve any n-variable integer program in time
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20("*), This was later improved by Kannan [82] to n°” and then by Dadush [568] and by
Dadush, Eisenbrand and Rothvoss [50] to 2°™n",

A parameter appearing in the geometry of numbers is the covering radius
p(A,K) :=min{r > 0| A+ rK = span(A)}

of alattice A C R” with respect to a compact convex set X' C R” with span(A) = affine.hull(X).
This quantity seems to be substantially harder computationally, in the sense that the ques-
tion whether ;(A, K) is at least/at most a given threshold seems to be neither in NP nor in

coNP. In terms of approximating (A, K), one can quickly observe that one has the lower

bound of p(A, K) > (s57%5)"/", simply because for r < (\232((/2)

Vol (K) )1/m, the average density of

the translates A+r K is less than 1. However, this lower bound may be arbitrarily far off the

real covering radius, for example if A = Z? and K = [—4;, +7] X [-M, M] with M — co. On
the other hand, for any subspace W C R" one trivially has (A, K) > p(ILy (A), Iy (K)),
where Iy is the orthogonal projection into V. Hence, following Kannan and Lovasz [83],

one might instead consider the best volume based lower bound for any projection, i.e.

det(Ily (A)) \V/d
AK) = Vol (TTw (K))
prr(A, K) Wgspar{?/%}gubSpace <V01d(HW(K))>
d::dim(W)

Kannan and Lovész [83] indeed provide an upper bound of
/LKL(Av K) < M(Aa K) <n- ,UKL(Aa K)

On the other hand, they also construct a simplex X C R" for which p(Z", K') > Q(log(2n))-
prr(Z", K) holds. Dadush [b8] states the following conjecture, attributing it to Kannan

and Lovasz [B3]:

Conjecture 20 (Subspace Flatness Conjecture). For any full rank lattice A C R™ and any

convex body K C R"™ one has

prr(A, K) < p(A, K) < O(log(2n)) - prr(A, K)
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Dadush also realized the tremendous implications of this conjecture to optimization
and showed that it would imply a O(log(2n))"-time algorithm to solve n-variable integer
programs, assuming that the subspace W attaining px (A, K) could also be found in the
same time. Later, Dadush and Regev [b5] conjectured a Reverse Minkowski-type Inequality,
which intuitively says that any lattice without dense sublattices should contain only few
short vectors. Among other applications, they proved that this conjecture would imply
Conjecture 20 (with some logarithmic loss) at least for the case that K is an ellipsoid.
The conjecture of [b5] was then resolved by Regev and Stephens-Davidowitz [[137] with a

rather ingenious proof. More precisely, they prove the following;:

Theorem 165 (Reverse Minkowski Theorem [137]). Let A C R™ be a lattice that satisfies
det(A") > 1 for all sublattices A C A. Then for a large enough constant C' > 0 and s = C'log(2n)

one has p1s(A) < 3.

Here, one has p;(z) := exp(—m||z/t||3) where t > 0 and for a discrete set S C R”
we abbreviate p(S5) := >, ¢ pi(z). To understand the power of this result compared to
classical arguments, note that from det(A’) > 1 for all A’ C A one can derive that each
vector x € A\ {0} has length ||z||2 > 1 and so by a standard packing argument we know
that for any » > 1 one has |A N rBY| < (3r)", which is exponential in n. On the other
hand, again under the assumption that det(A’) > 1 for all A’ C A, the Reverse Minkowski
Theorem implies that |A N rBY| < exp(©(log*(2n)) - r?) which is quasi-polynomial in n.
Also, [I37] tighten the reduction to the Subspace Flatness Conjecture and show that it
holds for any ellipsoid with a factor of O(log®?(2n)). While for any convex body K, there
is an ellipsoid £ and a center ¢ so that c + & C K C ¢+ n€ [80], this factor of n is the best
possible, and hence there does not seem to be a blackbox reduction from the general case

of Conjecture 20 to the one of ellipsoids.

10.1.1 Owur contribution

Our main result is as follows:
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Theorem 166. For any full rank lattice A C R™ and any convex body K C R" one has
picp (A, K) < p(A, K) < O(log?(2n)) - i, (A, K).

We will break the proof into two parts that can be found in Section II4. Our result is

constructive in the following sense:

Theorem 167. Given a full rank lattice A := A(B) and a convex body K C R™ with ¢ + roBj C
K C ryBY, there is a randomized algorithm to find a subspace W C R™ with d := dim(W) so that

det(HW (A)) > 1/d

(A, K) < O(log(2n)) - <Vold(HW(K)

The running time of that algorithm is 2°™) times a polynomial in log(X), log(r1) and in the en-

1
0
coding length of B.
Here, a separation oracle suffices for K. See Section I3 for a proof. Following the

framework layed out by Dadush [b8], this implies a faster algorithm to find a lattice point

in a convex body:

Theorem 168. Given a convex body K C rBj represented by a separation oracle and a lattice
A = A(B), there is a randomized algorithm that with high probability finds a point in K N A or

O(n)

correctly decides that there is none. The running time is (log(2n))“" times a polynomial in log(r)

and the encoding length of B.

The proof can be found in Section L. Applying Theorem [68 to integer programming

we obtain the following:

Theorem 169. Given A € Q™", b € Q™ and ¢ € Q", the integer linear program max{c’z |

Az < b,z € Z"} can be solved in time (log(2n))°™ times a polynomial in the encoding length of
A, band c.

An immediate consequence of our main result (Theorem [68) is that K can be replaced

by a larger symmetric body without decreasing the covering radius significantly:
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Theorem 170. For any full rank lattice A C R™ and any convex body K C R" one has

Another consequence is that the flatness constant in dimension n is bounded by O(n log®(2n)),
which is an improvement from the previously known bound of O(n*31og®"(2n)) ob-

tained by combining the result of Rudelson [148] with [I5].
Theorem 171. For any convex body K C R™ and any full rank lattice A C R™ one has
u(A K) - M (A", (K — K)°) < O(nlog*(2n)).

It is well known that Theorem 71 can also be rephrased in the following convenient

form:

Corollary 172. Let K C R" by a convex body with KNZ" = (). Then there is a vector c € Z™\ {0}
so that at most O(nlog®(2n)) many hyperplanes of the form (c, ) = § with 6 € Z intersect K.

We will prove Theorem 700, Theorem I'Z1l and Corollary 72 in Section M7
10.2 Preliminaries

In this section, we introduce the tools that we rely on later. We write A < B if there is a
universal constant C' > 0 so that A < C - B holds. We write A < B if both A < B and
B < Ahold.

10.2.1 Lattices

For a lattice A = A(B) given by a matrix B € R™* with linearly independent columns,
we define the rank as rank(A) := k£ = dim(span(A)) and the determinant as det(A) =
V/dety(BTB). A lattice A C R" with rank(A) = n has full rank. For a lattice A C R",
we define the dual lattice as A* = {x € span(A) | (r,y) € Z Yy € A}. Recall that

det(A) - det(A*) = 1. A consequence of the Poisson Summation Formula is as follows:
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Lemma 173. For any full rank lattice A C R", vector u € R" and any s > 0 one has
|ps(A 4+ u) — 5™ det(A™)| < 5" det(A") - p1/s(A™\ {0}).

A set K C R™is called a convex body if it is convex, compact (i.e. bounded and closed)
and has a non-empty interior int(K). A set () is called symmetric if —Q) = (). For a sym-
metric convex set (), the norm ||z || is defined as the least scaling » > 0 so that z € Q. For
a lattice A and a symmetric convex body () we denote the length of the shortest vector by

M(A, Q) = in z]lq

Later we will also need a classical bound on short vectors in a lattice:

Theorem 174 (Minkowski’s First Theorem). Let A C R™ be a full rank lattice and ) C R™ be

det(A) ) 1/m
Von(@) ) -

a symmetric convex body. Then A (A, Q) < 2(

We recommend the excellent notes of Regev [135] for background.

10.2.2  Stable lattices and the canonical filtration

A subspace W C R™ is a lattice subspace of a lattice A C R" if span(W N A) = W. Similarly,
a sublattice A’ C A is called primitive if there is a subspace W with ANW = A’. For a lattice
A and a primitive sublattice A’ C A, we define the quotient lattice as A/A" := Tgpan(aryr (A).
In many ways one can imagine that the quotient operation factors A into two lattices A’
and A/A’. In particular A’ and A/A’ are orthogonal and det(A) = det(A’) - det(A/A").

A lattice A C R" is called stable if det(A) = 1 and det(A’) > 1 for all sublattices A" C A.
That means a stable lattice does not contain any sublattice that is denser than the lattice it-
self. One can easily verify that for example Z" is stable. We denote nd(A) := det(A)/mnk®)
as the normalized determinant. One can prove that the extreme points of the 2-dimensional
convex hull of the points {(rank(A’),In(det(A’))) | sublattice A’ C A} correspond to a
unique chain of nested sublattices {0} = Ag C A; C ... C A, = A. That chain is called the

canonical filtration. It is useful to observe that each A; in this sequence is the unique densest
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sublattice of A with given dimension rank(A;). Moreover, the quotient lattices A;/A;_; are
all scalars of a stable lattice and one can prove that nd(A;/A;_,) are strictly increasing in 1.
We refer to the thesis of [I60] for details.

A ln(det(A))

Ao = {0}

It will be useful to replace the canonical filtration by an approximate filtration where the

normalized determinants grow exponentially. We make the following definition:

Definition 175. We call a lattice A C R™ t-stable with t > 1 if the following holds:

(I) For any sublattice A C A one has nd(A) > t~1,
(IT) For any sublattice A C A* one has nd(A) >t~

Note that a lattice is 1-stable if and only if it is stable. We can similarly define ¢-stable

filtrations:

Definition 176. Given a lattice A C R", we call a sequence {0} = Ay C ... C Ay = Aat-stable
filtration of A if the following holds:

(a) The normalized determinants r; :== nd(A;/A\;_1) satisfy ri < ... <.
(b) The lattices .-(Ai/Ai_1) are t-stable forall i = 1,..., k.

We call a t-stable filtration well-separated if additionally the following holds:

(c) Onehasr; < Srysforalli=1,... k—2.
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For example, the canonical filtration is 1-stable. It turns out we can make any ¢-stable

filtration well-separated:

Theorem 177. Given a lattice A C R™ and a t-stable filtration {0} = Ao C ... C A, = A, in
-

polynomial time we can compute a 2t-stable well-separated filtration {0} = Ay C ...

We defer the proof to Appendix MMI8. Using the canonical filtration as input to Theo-
rem [772 yields:

Corollary 178. For any lattice A C R™, there exists a 2-stable well-separated filtration {0} =
AN C...CA=A

We collect a few more properties of t-stable lattices:

Lemma 179. There is a universal constant C' > 0 so that the following holds: Let A be a t-stable
lattice for t > 1. Then for s = C'log(2n) one has

(a) A*is t-stable.

(b) p1ysny(A) < 3.

n pst(A+U)
(c) For any u € R" one has o) 2

1
3
Proof. (a) is immediate from the definition of ¢-stability. Next, let s = C'log(2n) be the
parameter from Theorem [I63. For (b), we can see that for any A’ C ¢A one has det(A’) > 1
and so the Reverse Minkowski Theorem (Theorem [63) applies to the lattice tA. Then

p1yst)(A) = p1/s(tA) < 2 which gives (b). For (c), applying Lemma 73 twice gives

> (St)n det(A*) . (1 — P1/(st) (A* \ {O})) (a);(b) 1-— _

(5t det(A7) - (L+ pryop(A\{O)) = T+

N[ =

Pst (A + u)
pst(A)

1
3

o=

10.2.3 The l-value and volume estimates

We review a few results from convex geometry that can all be found in the textbook by

Artstein-Avidan, Giannopoulos and Milman [7]. We denote B} := {z € R" | ||z|» < 1}
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and S"! := {z € R" | ||z|]ls = 1} as the Euclidean ball and sphere, resp. Let v, :=
Vol,,(BY). The relative interior of K is relint(K) := {x € K | 3¢ > 0 : (x +¢- Bjy) N
affine.hull(K) C K}.

We define the mean width of a convex body K as w(K) = Eg.gn—1[max{(d,z —y) :
xz,y € K}|. For a compact convex K C R"™ with 0 € relint(X) we denote its polar by
K¢ :={y espan(K) : (z,y) < 1Vz € K}. Recall the following basic facts.

Lemma 180 (Properties of polarity). For two convex bodies K, () C R" with 0 € int(K) and
0 € int(Q) the following holds:

(a) Onehas (K°)° =K.

(b) For any subspace F' C R™ one has l1p(K)° = K° N F.
(c) Onehas (K NQ)° = conv(K°UQ°).

(d) Onehas (—K)° = —K°.

We write N(0, I,,) as the standard Gaussian distribution on R". The ¢-value of a sym-

metric convex () C R" is defined as

0 — E Zl1211/2
o= _E_[ll3]

One may think of /¢ as the “average thinness” of (). It turns out that the ¢-value is also

related to the mean width. To see this, note that || - ||g- is the dual norm to || - ||, i.e. for all

x € R" one has ||z||g- = max{(z,y) : y € Q}. Then

1/2

loo= E (lely]?= E  [max{(z,y)":y € Q}]

x~N(0,I,) xz~N(0,I)

(10.1)

We can see that the right hand side of (1) almost matches the definition of w(Q). In

fact, one can prove:

Lemma 181. For any symmetric convex body (Q C R™ one has {go =< /n - w(Q).
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For a positive semidefinite matrix ¥ we write N(0,X) as the Gaussian with mean 0
and covariance matrix ¥ and for a subspace U C R™ we write [; as the identity matrix on
that subspace. Occasionally we will need to refer to the ¢-value of a compact symmetric
convex set () that is not necessarily full-dimensional. In that case we extend the definition
(1115172,

We say that a symmetric convex body () is in (-position if g - (g S nlog(2n). One of the

tO éQ = EﬁNN(O’Ispan(Q))
most powerful tools in convex geometry is that every symmetric convex body can indeed

be brought into ¢-position:

Theorem 182 (Figiel, Tomczak-Jaegerman, Pisier). For any symmetric convex body () C R",

there is an invertible linear map T : R™ — R" so that 1) - Lir(qye S nlog(2n).

By Lemma I8, the conclusion of Theorem is equivalent to w(7T'(Q)) - w(T(Q)°) <
log(2n). Moreover one can prove that for any symmetric convex body ) one has w(Q) -
w(Q°) 2 w(BYy)? Z 1. Then one can interpret Theorem [82 that every symmetric convex
body can be linearly transformed so that in terms of mean width and average thinness it is
within a O(log(2n))-factor of the Euclidean ball. For the sake of comparison, we note that
the bound that could be obtained via the more classical John’s Theorem [80] would be of
the order of \/n. We would like to point out that Theorem [82is only known for symmetric
convex bodies, and it is open to what extent it generalizes to the non-symmetric case.

We state two estimates concerning monotonicity of the ¢-value that will be crucial for

our later arguments:

Lemma 183. Let (Q C R" be a symmetric convex body. Then for any subspace U C R", one has
loru < Lg.
Proof. Indeed, one has
05 = Benio.10) [Eyono,r, )12 + 9l15]] = Eeonionn [[|2 + Eyanior, )l H ] = v
h\,_/
=0
where the inequality follows from Jensen’s inequality and the convexity of y — ||z + y||3,.

]
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Lemma 184. Let () C R" be a symmetric convex body. For any subspaces VC W C R", one has

b,y @rw) < Lo

Proof. We have (1, (orw) < lonwnve < {q using that Iy . (Q N W) 2 QN W N V1 and

using Lemma [E3. H
A slight variant of Urysohn’s Inequality (Theorem [8) will be handy for us:

Corollary 185 (Urysohn Inequality II). For any symmetric convex body () C R™ one has
Vol (@)™ < 2.

Proof. Applying Urysohn’s Inequality I we obtain

1 Thm 3 Lem X1 gQO
Vol,(@Y" S w(Q) - Vol (By)" S
D e n
<1/vn
Here we use in particular that Vol,,(B%) < (\2/—%)” O

The following can be found e.g. in [[], Chapter 8:

Theorem 186 (Blaschke-Santal6-Bourgain-Milman). Forany symmetric convex body K C R"
one has

C1'v2 < Vol,(K) - Vol,,(K°) < Civ?
where Cy, Cy > 0 are constants.

Letb(K) := #(K) [5 © dx denote the barycenter or centroid of a convex body K. We will
run into the issue that we need to control the volume of a non-symmetric convex body kK,
but Theorem [82 only holds for symmetric ones. A popular strategy in convex geometry
is to translate K so that b(K) = 0 and then consider the inner symmetrizer K N —K which
by construction is a symmetric convex body contained in K which captures much of the
geometry of K. For example a classical result by Milman and Pajor says that Vol,,(K N
—K) > 27"Vol,(K). However, in our case we need a more powerful estimate that was

proven by Vritsiou [[168] in the context of showing the existence of regular M-ellipsoids

for non-symmetric convex bodies.
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Proposition 187 ([168], Corollary 11). Let K C R™ be a convex body so that b(K) = 0 and let
F C R" be a d-dimensional subspace. Then

Volg(Ip (K )V S (%)5 +log <%>2 - Vola(Ilp (K N —K))"/.

On a previous preprint, we had shown an inequality with better exponent when the
body is centered so that b(K°) = 0, i.e. the origin is the Santalé point of K. However,
algorithmically the barycenter is much easier to compute and the exponent only affects
the implicit universal constant in our main result, hence we choose to work with Vritsiou’s
estimate. For the interested reader, the bound with the Santal6 point as center can be
found in v2 on arXiv and also independently in [T68].

We prove a custom-tailored inequality for later:

Lemma 188. Let K C R" be a convex body with b(K) = 0 and let F C R" be a d-dimensional

subspace. Then
n

(Voly(I1 () < (2" Aot

Proof. We abbreviate Ky, := K N —K. Using the volume estimate from Proposition [82

with the assumption that the barycenter of K lies at the origin, we obtain

1d Prop X2 n\ 6 1
(Volu(ILe(FONM* 5 (%) - (Vola(IL (Keym)))

Cor<lIXB <2>6 . E(HF(Ksym))o
~ d d

Lem [0 (n) 6 gK;’ymmF
N d d

LemIxd ,n\6 (ko
< —_) .=
= @)

Here we also used the fact that (Ilp(Ksym))® = Kgn N F. O

10.2.4  Properties of the covering radius

While the set K may not be symmetric, the sets A and R" are symmetric, which implies

the following:
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Lemma 189 (Properties of the covering radius). Consider a lattice A C R" and a compact

convex set K C R™ with span(A) = affine.hull(K). Then
(a) p(A, K) = p(A, K +u) forall u € span(A).
(b) p(A,K)=min{r >0 | (z+rK)NA # 0 Va € span(A)}.

We need a triangle inequality for the covering radius:

Lemma 190. Let A C R" be a lattice and let A" C A be a primitive sublattice. Then for any

compact convex set K C R" with 0 € rel.int(K) and span(A) = span(K') one has
UM, K) < (N, K VW) + (A /A Ty (),
where W := span(/’).

Proof. W.l.o.g. we may assume that A has full rank, so 0 € int(X). Following the charac-
terization in Lemma I89.(b), we fix an x € R". For r := pu(Ilyy (A), 1 (K)) we know
that Iy, (z +r K) NIy o (A) # 0. That means thereis a u; € r K and a lattice pointy € A
so that [Ty 1 (z+u1) = o (y). Next, for ro := u(ANW, K NW) we know that (x4 u; —y +
ro- (KNW))N(ANW) # ( which is equivalent to (z +uy +ro- (KNW))N(y+ (ANW)) # 0.
Let uy € 75 - (K N W) be the vector so that z + u; + uy € A. Then u; + uy € (11 + 72) K by
convexity, so (z + (r1 +12) - K) N A # 0.
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The natural extension of Lemma to a filtration is as follows:

Lemma 191. Let A C R" be a lattice with any sequence of sublattices {0} = Ay C Ay C ... C
Ay = A. Then for any compact convex set K C R™ with 0 € rel.int(K) and span(A) = span(K),

one has
k

ILL(A, K) < Z 7] (Ai/Aifla Hspun(Ai,l)J—(K N SPEITI(AJ)) .

=1
Proof. We can use the previous lemma to show by induction over iy = k,k — 1,...,1 that

k
/J(A, K) < N(Aio—l’ KnN span(AiO_l)) + Z M (Ai/Ai—ly Hspan(Ai_l)J-(K N span(AZ))) .

=10

Indeed, for iy = k this is exactly Lemma [90. If it holds for some iy > 1, then

p(Agy—1, K Nspan(Ay,—1)) < pu(Aiy—2, K Nspan(A;,—2)) +

M <Ai071/Ai0727 l_Ispan(AiO,g)l (K N Span(AiO*l))> )

since span(A;,—2) C span(A;,_1). So the claim follows by induction, and taking iy := 1

yields the statement. O

10.2.5 Properties of jux 1,

We also need the following fact:

Lemma 192. For any lattice A C R™, compact convex set K with span(A) = affine.hull( K') and
subspace V' C span(A) one has g, (Iy (A), Iy (K)) < pxr(A, K).

Proof. Let W C V be the subspace attaining the left side with dim W = d. Then

pen (I (A), Ty (K)) = < det(HW(HV(A)))))l/d _ < det(HW(A))))l/d < pen(A K)

Vol (ITy (11 (K)) Vol (TTy (K)

using that Iy (Il (z)) = Iy (z) forallz € R*as W C V. O
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10.2.6  Approximate stable lattices and the covering radius

Using the Reverse Minkowski Theorem it would not be hard to prove that for any stable
lattice A C R” one has u(A, BY) < O(y/nlog(2n)). In this section, we show how to gen-
eralize this to ¢-stable lattices and to general symmetric convex bodies. For a symmetric

convex body @), we consider the following quantity

50— wp sup 2LEENNQ)

ACR™ lattice u€R"™ P1 (A)

Note that always 0 < (Q) < 1. Intuitively, a body @ with 5(Q)) < 1 is large enough that
for any lattice a substantial fraction of the discrete Gaussian weight has to fall in (). As part
of the celebrated Transference Theorem, Banaszczyk showed how to relate the ¢-value of

a body to its -value:

Lemma 193 (Banaszczyk [12]). For any ¢ > 0, there is a § > 0 so that the following holds: for

any symmetric convex body () C R"™ with (o < 0 one has (Q) < e.
Next, we can get a fairly tight upper bound on the covering radius of a ¢-stable lattice:

Proposition 194. Let A C R" be a full rank lattice that is the r-scaling of a t-stable lattice and let
Q) C R™ be a symmetric convex body. Then (A, Q) < O(log(2n)) -t -1 - Lg.

Proof. Let € > 0 be a small enough constant that we determine later. Let § be the constant
so that Lemma [93 applies (w.r.t. €). The claim is invariant under scaling (), hence we may
scale () so that /; < § and consequently 5(Q)) < . We may also scale the lattice so that
A is t-stable (i.e. r = 1). It suffices to prove that under these assumptions, (A, Q) < s -t
where s := Clog(2n) is the parameter from Lemma [79. Now suppose for the sake of

contradiction that there is a translate « € R™ so that (u + A) N st@Q = . Since 5(Q) < ¢, we

(G5 = (g)

Multiplying the sets and parameters by st gives

know that

pst((u+ A\ s1Q) < epa(A). (%)
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Using that A is t-stable, we get

1 Lem @ wtA)NstO=0 (*)
gre() S pulut ) IR (w2 \ 51Q) < 2pu(h).

Then choosing ¢ € (0, §) gives a contradiction. O
10.3 Overview

Goal of this section is to provide the reader with an overview and some intuition concern-
ing the proof of our main result, Theorem [I68. First, we want to prove the inequality from
Theorem (with an even better exponent) in the special case that both the lattice and
the body K are well-scaled. We will not actually use Prop [95 later in this form, but it will

provide us with the idea for a general proof strategy.

Proposition 195. Let A C R" be a full rank 2-stable lattice and let K be a convex body with
b(K) = 0o that K N —K is in (-position. Then u(A, K) < O(log®(2n)) - uxr (A, K).

Proof. We denote the inner symmetrizer by Ky, := K N —K. Then applying the estimate

for stable lattices from Prop we can upper bound the covering radius:
KQKsym PI‘Op

M(A7 K) S IU/(A, Ksym) S 10g(2n) ’ ngym

Next, we lower bound k1. (A, K) by simply choosing the subspace W := R" as witness.
Then

det(A) 1/n (*) 1 Cor®3 4  f-position ..
A, K > <—> > - > > sym
el )= Vol,,(K) ~ Vol (Ksym)V/™ ™ Agg, ~ log(2n)

where we use in () that det(A) > 27" and Vol,,(Ksm) > 27"Vol,(K). Combining both

inequalities gives the claim. O

Next, we want to develop a proof strategy that works for general A and K. Translating
K and applying a linear transformation to both A and K does not affect the claim, hence

we may assume that K has the barycenter at 0 and the symmetrizer Ky, := K N —K is
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in (-position. But in general, A will not be a 2-stable lattice and we cannot expect that one
can always choose the subspace W = R" as witness like in Prop [935.

But we know by Cor 78 that the lattice A admits a 2-stable well-separated filtration
{0} = Ay C ... C A, = A. Let us abbreviate d; := rank(A;/A;_1) and r; := det(A;/A;_1)Y/%.
Then each quotient lattice %AZ/ A,_; is a 2-stable lattice of dimension d; and hence an ar-
gument similar to Prop [93 becomes feasible.

We can use the triangle inequality that we developed in Lemma 9T to obtain

K2 Ksym Lemran Prop k
pAK) < p(A Kam) <0 ) p(A/Ai, K S log(2n) Y rilk, < log(2n) -l
=1

=1
where K; := pan(a,_, ) (KsymNspan(A;)). Here we have used that the sequencer; < ... <
), is geometrically increasing. This provides a convenient upper bound on the covering
radius in terms of the relative determinant of the last quotient lattice in the filtration (which
is the sparsest one). However we cannot avoid wondering whether we gave up too much
by bounding /k, < (k.

Next, we want to lower bound ik (A, K). The only natural choices for a witness sub-
space seem to come from the filtration. Hence for some index i € {1,...,k} we want to
understand what can be obtained by choosing IV := span(A;_1)*, meaning we project out
the densest i — 1 of the quotient lattices. Then abbreviating d := dim(W) = d; + ... + dy

we have

~Y

det(ITy (A)) >1/d (;) . (d)G J {-position

R G i) < recton) - ()

n) G
In () we use that ITy(A) = A/A;_; and so det(Ily (A))Y/¢ is a geometric mean of factors
that are all at least ;. Here we also use Lemma to bound Vol,(ITyy (K)). It seems the
only direct comparison can be obtained when letting i := k in which case we have

p(A, K Sog?em) - (5) - naen(4 )

Hence, we can conclude Theorem if dj, is close n, i.e. the last quotient subspace is large.

But of course this is not necessarily true. In fact, the issue is more substantial. If Ky, is



162

in (-position with (, ,, and lxg  known and W is a d-dimensional subspace, then this de-
termines Vol (Il (K))"/¢ only up to a polynomial factor in 2. Hence the information that
we considered so far is simply too weak to approximate (A, K) up to a polylogarithmic
factor. But fortunately there is a fix: instead of upper bounding the whole covering radius
p(A, K), we only estimate the covering radius corresponding to the less important half of
the filtration. This means we will need to iterate the argument, which comes at the expense

of a another logarithmic factor, but it will work!

10.4 Proof of the main theorem

We will spend the next two subsections proving our main Theorem [I&6 by induction over
n. At each step, we split the lattice A and the convex body K into a subspace section of
dimension at least n/2 and a projection where most of the work will go into analyzing the

subspace section.

10.4.1  The inductive step

First, we give a self-contained description of the inductive step, then later in Section

we describe the main part of the induction.

Proposition 196. There is a universal constant Cy > 0 so that the following holds: For any full
rank lattice A C R" and any convex body K C R™ with b(K) = 0, there exists a primitive
sublattice \' C A with rank(A’") > n/2 so that

p(N, (KN =K)nspan(A)) < Colog?(2n) - pxcr (A, K).
Proof. Set K¢ym := KN(—K). The claim is invariant under applying a linear transformation
to K and A. Hence we may assume that K,y is in (-position, i.e. lx,,, (g, < O(nlog(2n)).
Consider a well-separated 2-stable filtration {0} = Ay C ... C Ay = A which exists by

Cor [[78. We will later choose the lattice A’ from one of the lattices A; in the filtration, but

we postpone the choice for now. We define

di = rank(Ai/Ai_l) and T i= Ild(Ai/Ai_l) = det(Ai/Ai_l)l/di,
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which are the rank and normalized determinants of the quotient lattices in the filtration.
Recall that ry < ry < ... <1y withr; < 21y, foralli.
Claim L Forany i € {1,...,k} one has (A, Ky O span(A;)) < log(2n) - 7 - Uk,
Proof of Claim 1. We abbreviate K;; := Ilgpan(a, ;)1 (Ksym N span(4;)). Then K is convex
and symmetric and - (A /A,_1) is a 2-stable lattice. Hence we can bound the covering radii
of the individual quotlent lattices by

Prop Lem

FL(Aj/Aj—la KJ) S log(?n) “Ty EK]. S 10g(2n) “ryc ngym' (102)

Then using the triangle inequality for the covering radius we bound

Lem[]BZl] ‘

11(As, Ksym N span(A Zu (Aj/Aj-1, K)

(2)
2 os20)
j=1
S log(2n) - Ly - Ty
using in the last step thatr; < ... <r;and r; < 17, forall j. O

In the following we abbreviate d>; := Zf_l d;.

Claim IL Forany i € {1,..., k} one has (A, K) 2 1555~ ( 2T ke
Proof of Claim II. We choose the subspace W := span(A;_;)* as witness and note that

Iy (A) = A/A;_;. Abbreviating d := dim(W) = rank(A/A,;_1) = d>; we have
135 d
det(A/A;_1) Y4 = <Hr ) > 7 (10.3)

where the middle expression denotes a geometric average of values r; < r;11 < ... < 1.

Then lower bounding the covering radius proxy with the witness W gives

det (I (A)) \1/d
prr(MK) > (WVVVV(K»>
) ri

— Voly(IIy (K))V

L 6 £-position . 7
T () LT (T,
n/ kg, log(2n) \n Y
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using (r,,, - Ukg,, < nlog(2n) in the last step. O

Combining Claim I and Claim II with the same index i gives

n\7
(A, Koym N span(A;)) S log?(2n) - (=) e (A, K).
>i

Now, let i* € {1,...,k} be the minimal index so that rank(A;-) > . Then d>~ > 7 by

[\

minimality. Hence A’ := A;- satisfies the claim. ]

10.4.2 Completing the main proof

Using Proposition T98 we can finish the proof of our main theorem.

Proof of Theorem [[6A. Consider a full rank lattice A C R™ and a convex body K C R". We

will prove by induction over n that
p(A, K) < Colog®(2n) - e (A, K),

where Cy > 1 is the constant from Proposition [9A. The claim is true for n = 1, hence
assume n > 2 from now on. The claim is invariant under translations of K, hence we

may assume that b(K) = 0. Let A’ C A be the primitive sublattice from Prop and set
W := span(A’). Then

Lem 90
WK S (AN, K OW) 4 (T (A), Ty (K))

K2 Ksym
< AN, K W) + (T (A), Ty ()

Prop 98

+ind.
< Golog®(2n) - prr(A, K) + Cy logg(QSIim(WLZ) - prp (e (A), Iy (K))
S:;/2 SNK;,(AvK)
Lem [92

< Cylog®(2n) - (1 + log(2n)> urr(AK). O

v

=log®(2n)

We should point out that Regev and Stevens-Davidowitz [[37] prove that in the Eu-
clidean case one has (A, BY) < O(log**(2n)) - (A, By). Our proof could be seen as a
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generalization of their argument in the sense that [[137] also relate both notions of covering

radii to the quantities ; and d; as defined in Prop by proving that

k
> dir? < 0(log®*(2n)) - (A, BY)

=1

(A, By) < O(log(2n)) -

On the other hand, for them the “standard” canonical filtration suffices and they do not
require an inductive step. Implicitly, our induction causes O(log(2n)) many re-centering
and rescaling operations using the result of Figiel, Tomczak-Jaegerman and Pisier (The-
orem [82). This circumvents the issue that the covering radius might be dominated by
a subspace of dimension d with d <« n, which may not affect the /-position of the body
sufficiently. Then implicitly the induction will contain an iteration where d is relatively
large compared to the current ambient dimension. It may also be instructive to recon-
sider the proof of Prop in the case that X' = B}. Then in (IMI2), we would obtain the
inequality p(A;/Aj_1, K;) < log(2n) - r; - /n while actually the much stronger bound of
1(A;/Aj_1, K;) S log(2n) - rj - 1 /d; holds. The trick is that using a well-separated filtration

the arising loss can be efficiently bounded.

10.5 Finding the subspace W in single-exponential time

In this section, we prove Theorem [67, which guarantees that a suitable subspace sub-
space W can be found in time 29 at the expense of an additional logarithmic factor in
the approximation guarantee. It will be convenient to first apply a linear transformation
to well-scale K. This can be done in polynomial time and is a standard argument, see

Lemma P03 for details. Hence, for us it suffices to prove the following:

Theorem 197. Given a full rank lattice A C R™ and a convex body K C R"™ such that B} C K C
(n+1)%2By, there exists a randomized 2°)-time algorithm to compute a subspace W C R™ with

d = dim(W) so that

(A, K) < log*(2n) - (M)W-

VOld<HW (K)
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The main technical tool will be the following result of Dadush, which is the only step

in the algorithm which takes exponential time:

Theorem 198 (Theorem 6.4. in [49]). Given a lattice A C R" one can compute an O(log(2n))-
stable filtration of A in 20 time with probability at least 1 — 275,

The following algorithm mimics the proof in Section 4:

FiNnD-SuBspace
Input: Convexbody K C R"sothat By C K C (n+1)*2B%, fullrank A C R
Output: Subspace W C R" satisfying Theorem 97
(1) Compute an approximate barycenter z such that ||b(K) — z|[; < 1
(2) Shift K’ := K —

z
(3) Set Ky := K'N(—K') and compute an invertible linear map 7 so that

Ur(Koym) = LT (Koym))e < C' - nlog(2n)

(4) Set K’ + T(K)and A’ « T(A)

(5) Compute an O(log(2n))-stable filtration {0} = Ay C ... C Ay = A

(6) Compute a well-separated O(log(2n))-stable filtration {0} = A C

L CA =N

(7) Seti* as the minimal index with rank(Aj.) > 7

(8) Set W;- := span(A}.)*.

(9) Recursively call Wiy := Finp-SusspACE (I pan(ar, ) (K7)), Hepan(ar, )+ (A'))
(10) Return W := T—'W’ where

! 1/ dim(W)
W' := argmin {( det (Il (A7) p > }
weW wir} N Volgimw) (I (K7))

We will need several volume computations in the algorithm, for which we use the

following theorem:
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Theorem 199 ([85]). Given a convex body K C R withr - By C K C R - BY, there exists a
randomized algorithm which outputs a positive number ¢ with Vol,,(K)/¢ € [1 —e,1 4+ ¢€|. The
runtime is polynomial in n, 1/¢, log(1/r) and log(R).

In fact, [85] also computes an approximation to the barycenter of K:

Theorem 200 ([85]). Given a convex body K C R" with By C K C (n+1)%?. By and § > 0,
there exists a randomized algorithm with running time polynomial in n and 5, which returns an

approximate barycenter T such that ||b(K) — Z||2 < 6.
Now, we can prove the main result for this section:

Proof of Theorem T94. First we justify the running time of 2°(", later we discuss the approx-
imation guarantee. We first apply Theorem to compute an approximate barycenter =
and shift K’ := K — z. Theorem yields a filtration for step (5), which can be refined
into a well-separated filtration by Theorem [ZZ. Step (10) requires computation of deter-
minants, which can be done in polynomial time via Gaussian elimination, and the volume
of a convex body, which can also be done in randomized polynomial time using Theo-
rem [99. The runtime 7T'(n) of FIND-SussPAcE satisfies the recursion 7'(n) < 2°™ 4+ T(n/2),
which can be resolved to T'(n) < 20™,

Next, we justify the approximation guarantee. From the same argument in Section 3

and 4 one can see that the returned subspace satisfies

u(A, K) S log*(2n) - ( det<HW(A)>))1/d7

Voly(Iy (K)

where we have taken into account that we pay an additional log(2n) factor from Proposi-
tion [94 as our filtration is only guaranteed to be O(log(2n))-stable. Another subtle point is
that we are using only an approximate barycenter. Hence it remains to generalize Propo-
sition [87 and show that the approximation costs us at most another constant factor:
Claim. Let K C R" be a convex body so that BY C K and ||b(K)||2 < 1. Let F C R" bea
d-dimensional subspace. Then denoting Ky, :== K N (—K),
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n\° en\ 2
Vola (I (K))M* 5 (%) log () - Vola(TLi(Keym))

Proof of Claim. By Proposition [82, we know that denoting Ky, := (K — b(K)) N (=K +
b(K)), we have

n

Vol (T1p ()4 < ( -

5 eny? -
)'bg(5>'VdAHﬂKQMVM
Since —b(K) C B} C K, it follows that K — b(K) C K + K = 2K, so that f(sym C 2Kgym
and Voly(TT (Kuym))/® < 2 - Volg(Ip(Kogm)) /7. =

10.6 Integer programming in time (log(2n))°™

Next, we show that integer programming can be solved in time (log(2n))°®. In fact, this
is a known consequence of Theorem [67. We do not claim any original contribution for
this section, but we reproduce the arguments of Dadush [b8] to be self-contained. As
it is common in the literature, we only state the dependence of running times on n; all
running times that involve a convex set X' C rBj and a lattice A = A(B) also contain a not

mentioned factor that is polynomial in log(r) and in the encoding length of B.

First, we describe the intuition behind Dadush’s algorithm. Consider a convex body
K C R™ and a lattice A C R"; the goal is to find a point in K N A. We compute a subspace
W C R in time 290 that certifies the covering radius (A, K) up to a factor p(n) :=
O(log"(2n)). Consider the points X := Iy (K) N Iy (A) in the projection on . For each
x € KN A, we also have Iy (z) € X. Note that the reverse may not be true in the sense
that it is entirely possible that K N A = () while X # (. However, we are guaranteed that

all lattice points in &’ must be in one of the (n — d)-dimensional fibers of the projection, i.e.

KEnAC | (KNI y) nA).

yeX
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The algorithm enumerates X and then recurses on all the fibers. In order for this algorithm
to be efficient we need to (i) bound the cardinality |X| and (ii) be able to enumerate X.
For (ii), note that it is possible that W = R"™ and hence we would not gain anything by
treating Il (K) NIl (A) as a general integer programming problem.

For convex bodies A, B C R", the covering number N(A, B) := min{N | 3xq,...,z2x €
R": A C Y, (x; + B)} is the minimum number of translates of B needed to cover A. For
a convex body K C R™ and a full rank lattice A C R" we define

G(AK) :=max |(K + x) N Al

z€R™

In words, G(A, K') denotes the maximum number of lattice points that any shift of & con-
tains. Note that even if K N A = 0, G(A, K) might still be arbitrarily large. However,
algorithmically the quantity G(A, K) is useful:

Theorem 201 ([b4, 57]). Given a convex body K C R" and a full rank lattice A C R", one can

enumerate all points in K N A in deterministic time 2° - G(A, K).

We briefly sketch the algorithm behind Theorem PUI: We use the method of Dadush
and Vempala [b7] to compute an M-ellipsoid £ of KK which has the property that N(K, &), N(€, K) <

20(). Their deterministic algorithm takes time 2°("). In particular this means that 279 <
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% < 29, Next, we compute” the translates zy,...,zy with N < 200 g0 that K C

U, (z; + &). Then we can use the following argument by Dadush, Peikert and Vem-
pala [b4] to enumerate all lattice points in (z; + £) N A. After applying a linear transfor-
mation, it suffices to compute all points in (¢ + B}) N A fort € R". Let R C A\ {0} be
the Voronoi-relevant vectors, which are all the vectors that define a facet of the Voronoi cell
of A. Tt is known that |R| < 2"*! and moreover the set R can be computed in time 20
by the algorithm of [I17]. Next, consider the graph H = (A, F) with edges £ = {{z,y} :
z,y € A and z —y € R}. Then it follows from the work of [IT7] that the subgraph induced
by A N (t + BY) is connected. Hence, one can compute the closest lattice point to ¢ (again
using [I17]) and then traverse the subgraph.

Next, we require an upper bound on G(A, K) in terms of the volume of K and density of

A. Surprisingly, such an upper bound exists if we additionally control the covering radius.

We reproduce Dadush’s proof as the argument is key to understanding the algorithm:

Lemma 202. For any full rank lattice A C R™ and any convex body K C R™ one has

~Vol,,(K)

G\, K) < 2"max{u(A, K)", 1} “Tot(h)

Proof. After alinear transformation and scaling by max{x(A, K), 1}, the statement is equiv-
alent to the following simpler claim:

Claim. For any convex body K C R" with u(Z", K) < land any x € R" one has |KN(z+Z")| <
2"Vol, (K).

Proof of Claim. The claim is invariant under translating /', hence we may assume that
0 € K. Let = be the equivalence relation on pairs =,y € K that is defined by z = y &
r —y € Z". We define a set VV C K by selecting one element from each equivalence class

w.r.t. =. It would not matter much which element was selected, but let us make the canon-

1At least in the case that £ is an M-ellipsoid for K, one may find those translates with N < 20" N (K, £)
with ease. After applying a linear transformation, we may assume that £ = /nB%. Then take all translates
x + & with z € Z" that intersect K.
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ical choice of choosing the lexicographically minimal one. In other words, we choose
V={seK|r<y Vyc(@+Z")NK}

where <y, is the standard lexicographical ordering.

As we select at most one element from each equivalence class, we certainly have Vol,, (V') <
1. On the other hand, 1(Z", K) < 1 implies that for all z € R" one has (z + Z") N K # 0.
That in turn means that every equivalence class has a member in K and so Vol (V') > 1.
Together this gives Vol, (V') = 1. Next, we note that by construction all translates x + V'
with x € Z" are disjoint. Moreover, for v € K NZ" one has thatz +V C K + K = 2K.
Then

KNz = Y Vol(e+ V)= Voln< U @+ V)) < Vol, (2K),
zeKNZ" ] z€KNZn
which gives the claim. O

One technicality we have to deal with is that Theorem 67 requires a lower bound on
the inradius of K. Hence we run a preprocessing step: if there is no suitable lower bound

for the inradius, then the lattice points of K are all contained in an easy-to-find hyperplane.

Lemma 203. Given a compact convex set K C rBY and a lattice A = A(B). Then in time
polynomial in n, times a polynomial in log(r) and the encoding length of B one can find at least

one of the following:

(a) Anellipsoid £ and center c so that ¢ + mé’ CKCc+E€.

(b) Awvectora € R"\ {0}and 5 € Rsothat KNAC {x € R"| (a,z) = }.
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Proof. We may assume that rank(A) = n, otherwise any «a orthogonal to span(A) will sat-
isfy (b). Next, we use a variant of the ellipsoid method from [70] (see also Lemma 2.5.10 in
[68]) to find a pair (c, £) in time polynomial in n, log(r) and log(%) so that either (a) holds,
or K C ¢+ & and Vol,,(£) < e. Suppose the latter happens. Then using Minkowski’s The-
orem (Theorem [74) in (x) and the Blaschke-Santal6-Bourgain-Milman Theorem (Theo-

rem [8A) in (xx) we obtain

() 7 det(A*) \U/n &5 o Vol (E) \1/n e \Un 1
A gey < (GeUA ) N VOI(E) N < 1. gnp
MALED 5 (Voln(c‘,'o)) ~ <det(A) : V%) ~ T (det(A)) — 2
for a suitable choice of ¢ > 0. Then the LLL-algorithm [98] can find a dual lattice vector
a € A%\ {0} with ||a|go < 272 X (A%, E°) < 1. That vector a with 3 := [(a, c)] will satisfy

(b). O

We are now ready to state the complete algorithm. As mentioned earlier, we denote

p(n) := O(log*(2n)) as the approximation factor from Theorem [&Z.

DADUSH’S ALGORITHM
Input: Compact convex set K C R", lattice A C R"”
Output: Point z € K N A or decision that there is none
(1) Use Lemma P03. If case (b) happens, obtain hyperplane H with K N

A C H. Recurse on DapusH(K N H,A N H) and return the answer.

(2) Compute a subspace W C R" with d := dim(W) and R =
(Seridiis) s that R < (A, K) < p(n) - R.

(3) Set K := min{p(n)- R,1} - (K — ¢) + ¢ for some ¢ € K.

(4) Compute an M-ellipsoid & C W for Il (K)
(5) Compute N < 204 points z1,...,zy € W so Iy (K) C U, (z; + &).
(6) Compute X := Iy (K) NIy (A) = (UY, (2 + &) NIy (A))) NIy (K)

(7) Recursively call Dabusu(K N I} (), A N I} (z)) for all z € X and

return any found lattice point (if there is any)

Here, to be more informative, we have expanded the blackbox from Theorem into lines

(4)-(6). The reader may also note a subtlety here that we have not discussed so far: if K
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is very large so that u(A, K) < 1, then we may shrink K to a smaller body K C K as long

as we ensure that still (A, K ) < 1. We can now finish the analysis:
Theorem 204. Dadush’s algorithm finds a point in K N A in time (log(2n))°™ if there is one.

Proof. If the algorithm recurses in (1), the claim is clear by induction. So assume other-
wise. First we argue correctness of the algorithm. Let s := min{p(n) - R,1} € [0,1] and
recall that X' C K is a scaling of K by a factor of s. After step (3), the algorithm searches
for a lattice point in K rather than in the original body K. If s < 1, then the covering
radius of the shrunk body is u(A, K) = m (A, K) < 1. In other words, even though we
continue the search in the strictly smaller body K, we are still guaranteed that X N A # (.

Next, we discuss the running time of the algorithm. We estimate that

~ Lem E02 d SN\ d VOld<H (f()>
Gty (). T (8)) 2 2w Ty (4), T ()1} - 2 L)
’ PR |\ Volu(Iw (K))
< wac{(57 ) b ST
>1 —R—d

= 2% (p(m)R)"- R~ = (2p(n))".

Here we use that (Il (A), Iy (K)) < p(AK) = Lop(NK) < ”("S)'R. Then |X| <
Gy (A), Ty (K)) < 2¢p(n)* and by Lemma 202, the computation of X in (4)-(6) takes
time 2°@p(n)?. Now, let T(n) be the maximum running time of the algorithm on n-
dimensional instances. Then we have the recursion

T(n) < max {20<">+(0(1)-p(n))d.T(n—d>} and T(1)=0©(1)

de{l,...,n}

which indeed resolves to 7'(n) < O(p(n))". N

We also explain how Dadush’s algorithm can be used to solve integer linear programs

O(n

in time (log(2n))°™. Again, the arguments used are standard. Details on the estimates

can be found in the book of Schrijver [154].
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Proof of Theorem [[6Y. Consider an arbitrary integer linear program max{c’z | Az < b,z €
Z™}. One can compute a number A in time polynomial in » and the encoding length of
A and b so that if the IP is bounded and feasible, then the optimum value is the same as
max{c’z | Az < b, ||z]|c < M,z € Z"}. Next, by applying binary search, it suffices to find
an integer point in the compact convex set K = {x € R" | ¢’z > 6, Az < b, ||z]|o < M} for

which Theorem applies. O

10.7 Implications of Theorem

Here we derive a few implications of our main result. The following classical inequality

will be useful here:
Lemma 205 ([143]). For any convex set K C R™ we have Vol,,(K — K) < (*") - Vol,,(K).

We restate Theorem [70], which yields a nearly tight relationship between the covering
radii of K and K — K. We remark that it remains an open question whether the two

quantities are equal up to a constant.

Theorem (Theorem [70). For any full rank lattice A C R™ and any convex body K C R", one
has

WA K — K) < p(A, K) < O(log*(2n)) - u(A, K — K).

Proof. Let W denote the subspace attaining jux. (A, K) with dim W = d. We can use The-

orem to upper bound

p(A, K) S log?(2n) - (A, K) = log’(2n) - <%)Ud
emBE g det(Ily (A)) /e
S log’(2n) - 4- (Vold(HW(V;( - K)))

AN

log®(2n) - pgr(A, K — K)

AN

log®(2n) - u(A, K — K). [

This in turn implies that the flatness constant in dimension n is bounded by O(n log®(2n)):
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Theorem (Theorem [[ZT). For any convex body K C R™ and any full rank lattice A C R™, one
has

H(A K) - M (A, (K — K)°) < O(nlog*(2n)).

Proof. First we show a slightly worse bound of O(n log*(2n)). Banaszczyk [12] proved that
for any symmetric convex body ¢Q C R™ one has p(A, Q)- A (A*, Q°) < O(nlog(2n)). Setting
@ := K — K (which is a symmetric convex body) one then has by Theorem [Z0

pA, K) - M(A", Q%) < O(log?(2n)) - (A, Q) - M(A7,Q°) < O(nlog* (2n)).

Now we give the argument of the stronger bound of O(nlog®(2n)) which is due to

Dadush. Let W denote the subspace attaining jix (A, K) with dimW = d. By Theo-

rem [[66,
(A ) Slog ) (M E) = o' en) - (Gt )
Le%mna log(2n) - 4 - (\?SFd((?[V:V((Qg);))W
TR log(2n) - (ZZi(é(AQmﬂvgv) | )"
Thm 73 9

< nlog*(2n) -

MA NV, Q°NW)’
Here, we have used that Il (A)* = A* N W. Since A\ (A", Q°) < M(A*NW,Q° N W), the

theorem follows. O
We also explain the proof of Corollary IZ2 which again is standard:

Corollary (Cor I72). Let K C R"™ by a convex body with K N Z™ = (. Then there is a vector
c € Z"\ {0} so that at most O(nlog®(2n)) many hyperplanes of the form {(c,z) = 6 with § € 7Z

intersect K.

Proof. We apply Theorem I71 for the lattice A := Z" so that A* = Z". Then K N Z" =
implies that ;(Z", K) > 1 and so A (Z", (K — K)°) < nlog®(2n). Let ¢ € Z" \ {0} be the

vector attaining this bound. Then revisiting the definition of the dual norm (Sec I'2Z3) we
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have max{(c,z —y) : z,y € K} = ||¢||(x—x)e- That means atmost ||c||(x—_x)+1 < nlog®(2n)

hyperplanes of the form (c, z) = § with § € Z intersect K. O
10.8 The approximate canonical filtration

In this chapter, we prove Theorem [772. The proof idea is rather simple: given a ¢-stable
filtration {0} = Ay C ... C Ay, = A, we select one index from every density class in order to
make the filtration well-separated. But before we come to the main argument, we require

two lemmas.

Lemma 206 (Grayson’s parallelogram rule [#3]). For any two lattices A, A" C R",
det(A) - det(A") > det(A + A') - det(A N A).

A proof may also be found in Chapter 2 of [I60]. The ¢-stable filtration can be used to

obtain lower bounds on the determinant of any sublattice:

Lemma 207. Let A C R" be any lattice and let {0} = Ay C Ay C ... C Ay = A be a t-stable
filtration. Then for any sublattice A C A we have the inequality

nd(A) > ¢t~ nd(A,).

Proof. Let r; := nd(A;/A;_1) = det(A;/A;_;)'/rnkAi/Ai-1) be the normalized determinant.
We prove by induction on i € {1,...,k} that the result holds for all lattices A C A;. The
base case follows as Ay = A;/Ay is a scalar of the ¢-stable lattice mAL Now suppose
that A C A, for some ¢ > 1. Note that A, := A + A;_; satisfies A; ; C A, C A;, so that
Ay/A 1 CA/Ayand nd(A /A, 1) >t -r; > ¢! - ry. By Lemma PU8,

det(A) - det(A;_y) > det(A + A;_y) - det(A N Ay_y).
Factoring out A,_; gives

det(A) > det(Ay/A;_y) - det(A N A;_y).
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Hence
nd(A) > nd(A /A,y )enke/Ai 1)/rank(A Vond(AN A, )rank(AﬂAz 1)/rank(R) > 41

where we used the inductive hypothesis on A N A, ; C A;_; together with the fact that
rank(Ay /A1) + rank([\ NA_1) = rank([\). O

Now, we come to the main argument:

Proof of Theorem [[ZA. Let r; := nd(A;/A;—1) and d; := rank(A;/A;_;). For ¢ € Z denote I, :=
{i € [k]: 2¢ < r; < 2-2}. We define a sequence of indices 0 = £(0) < £(1) < ... < {(k) =k
that contains precisely the largest index i in each I, with I, # () plus the index ¢(0) = 0.
We set A; := Ay and 7 := nd(A;/A;_;). First, consider an index ¢ with I, # 0. Let

Tmin, Imax € Iy be the minimal and maximal indices in I,. Then

KB V) = [T act(a/any) A

1=%min

det(A;

Tmax

/A

Tmin —

Tmax 1/ sz'?;;m d
= T. 7‘
11 -

Note that this value is a weighted geometric average of r;-values for ¢ € I,. From this it
immediately follows that7; < ... < 7 and 7; < %fjJrg forall j,i.e. (a”) holds. It remains to
show that the quotient lattices are scalars of 2t-stable lattices. Fix some index j € [k] and
let A" := Fij(]\j /A;_,). First note that by assumption, the filtration {0} = A) C --- C A}, :=
A’ given by A} := %(Ag(j_1)+i/Ag(j_1)) with &' := 4(j) — ¢(j — 1) is also t-stable because
Nt /NG = 5 (Aggovyrien /Deg-1y+i)-

We will prove the following two statements.
(I) For any sublattice A C A’ one has nd(A) > (2t)*

(II) For any sublattice A C (A’)* one has nd(A) > (2t)~"
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First we show (I). We apply Lemma 207 on A’ to obtain
nd(A) > ¢~ nd(A}) > ¢t DT S (gL

since both numerator and denominator belong to the same interval [2¢, 2-2) for some ¢ € Z.
Next, we prove (II). Given the filtration {0} = A[, C --- C A}, = A’ with U; := span(A}),
the dual filtration is given by {0} = (A')5 € --- C (A)}, = (A)* with (A); := A*NU_, and
determinant det((A")}) = det((A')*) - det(A},_;) = det(A},_,), see for example [49]. Since
quotients of the dual filtration are duals of the quotients of the original filtration, the dual

filtration is also ¢-stable. We then apply Lemma P02 on (A')*:

ad(R) 2 £ nd((A)) = £ () =1 (T2

—1 o) S27;
) =
Ty

(2t)7 1. O
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