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Associated to each simplicial complex ∆ and each field k is the Stanley–Reisner ring k[∆].

The answers to a multitude of questions related to simplicial complexes have historically

been found through a thorough examination of the algebraic structure of k[∆]. There is a

rich pre-existing body of literature equating combinatorial and topological statements about

the structure of a simplicial complex with statements about k[∆]; this dissertation expands

upon the dictionary translating such statements by examining algebraic structures derived

from k[∆]. In particular, we mainly focus on the local cohomology modules H i
m(k[∆]) and

the Ext modules Ext i(k,k[∆]).

Roughly speaking, a simplicial complex is called Buchsbaum if its geometric realization

is similar to a manifold. In Chapter 2, we study the homological structure of k[∆] and

some of its quotients by linear forms when ∆ fails to be Buchsbaum in a way that may be

considered “minimal.” We obtain a large family of rings with interesting combinations of the

(ring-theoretic) properties of Buchsbaumness and quasi-Buchsbaumness, while developing a

geometric interpretation of their presence.

In Chapter 3, we turn our attention to complexes that exhibit some degree of symmetry

via group actions. Here it is shown that the induced action on H i
m(k[∆]) can be described in

a similar manner to the one induced on the simplicial cohomology modules of ∆ and some

of its subcomplexes. Some applications to the study of face numbers are provided.



If the definition of a simplicial complex is slightly relaxed, then one arrives at the notion

of a simplicial poset. Chapter 4 is devoted to the study of these objects and their associated

face rings. We provide extensions of well-known results describing the structure of the Ext

and local cohomology modules of simplicial complexes to this larger class and further examine

the Buchsbaum property.

In Chapter 5, we study the class of balanced triangulations of manifolds and obtain lower

bounds on entries in the h-vector phrased in terms of topological invariants. This proves a

conjecture of Klee and Novik.
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Chapter 1

INTRODUCTION

Given a simplicial complex ∆ on vertex set V , one can view the Stanley–Reisner ring

k[∆] as the collection of all monomials in the polynomial ring k[xv : v ∈ V ] whose support

corresponds to a face of ∆. In principle, every property imaginable of a simplicial complex

∆ can be rephrased as an algebraic property of k[∆]; indeed, two simplicial complexes are

isomorphic if and only if their Stanley–Reisner rings are isomorphic k-algebras [14]. The

main question that this dissertation aims to answer is the following: to what extent can

algebraic methods applied to k[∆] be used to examine the topological structure of ∆? As

it turns out, a range of derived functors that may appear on the surface to have no direct

geometric meaning provide a deep connection between homological properties of k[∆] and

the topology of ∆.

In one way or another, the bulk of results presented here (Chapters 2 through 4) may be

traced back to two small but powerful collections of previous work. In [23], Gräbe provides

a beautiful decomposition of the local cohomology modules of k[∆] into a direct sum of the

simplicial cohomology modules of ∆ and of the links of its faces. Additionally, the module

structure is described in terms of obvious simplicial maps. Meanwhile, in [42] and [41],

Miyazaki similarly lays out the structures of a wide range of Ext modules involving k[∆]

along with their canonical maps to local cohomology modules. Both of these results have

played some part in all of the chapters that follow, and a core theme to all of the chapters

is attempting to leverage or extend these astounding theorems.

A natural class of complexes to restrict one’s attention to is that of triangulations of

manifolds or, more generally, Buchsbaum complexes (those in which the link of each non-

empty face has potentially non-trivial reduced homology only in the top dimension). In this
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case, many properties of the local cohomology modules of generic Artinian reductions may

be described simply and succinctly. These descriptions have proved to be a powerful tool in

the study of the f - and h-vectors of triangulations of manifolds. Unfortunately, without the

Buchsbaum assumption, this approach tends to break down completely. Chapter 2 aims to

remedy this situation through a careful examination of the local cohomology modules of a

Stanley–Reisner ring’s quotient by a partial linear system of parameters. In particular, the

foundational results due to Gräbe mentioned above are traced through successive quotients

and we examine to what extent the geometric interpretation remains intact. This extends

some results due to Miller, Novik, and Swartz in [38] and Novik and Swartz in [55].

In [65] and [1], Stanley and Adin (respectively) showed that a group action on a simplicial

complex ∆ naturally extends to a group action on k[∆] and that a refinement of standard

Hilbert series arguments provides much stronger bounds on the h-vector when ∆ is Cohen–

Macaulay (e.g., a triangulation of a sphere). In Chapter 3, we consider to what degree a

group action on ∆ can be translated to representation-theoretic statements when the action

is carried through to the local cohomology modules of k[∆]. In particular, it is shown that

the isotypic components of local cohomology modules are in direct correspondence with their

topological counterparts. Once this connection has been established, we extend Stanley and

Adin’s results on h-vectors to Buchsbaum complexes admitting free group actions.

Simplicial complexes themselves are an example of a wider class of objects known as

simplicial posets. The definition is simple: a poset is simplicial if it has a zero element and

if every interval is a boolean lattice. Geometrically, a simplicial poset is formed by gluing

together simplices with the restriction that the intersection of any two simplices is a union of

simplices (in the case of a simplicial complex, this intersection is required to be a simplex).

Associated to each simplicial poset is a face ring, which is once again formed as a certain

quotient of a polynomial ring. In the case of a simplicial complex, the resulting ring is

isomorphic to the standard Stanley–Reisner ring. For more general posets, the structure and

properties of this ring are not only much less intuitive, but much less well-studied. Duval

proved in [15] the k-vector space isomorphism part of Gräbe’s theorem for face rings of
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simplicial posets, but the module structure along with an analog of Miyazaki’s results have

not previously been considered. In Chapter 4 we extend both of these structural descriptions

to face rings, allowing also for a quick characterization of Buchsbaumness of a poset.

Finally, a dissertation in this field would feel incomplete without an investigation of

some depth into the growth properties of the h-vector of a simplicial complex. To this

end, in Chapter 5 we examine the h-vectors of balanced homology manifolds; a (d − 1)-

dimensional simplicial complex is called balanced if its underlying graph may be properly

colored with d colors. Such complexes arise naturally in many situations (for example, the

barycentric subdivision of any simplicial poset is always balanced), and statements about

more general complexes can often be greatly strengthened when restricting attention to the

balanced case. As it turns out, the balanced condition allows for a rich graded structure to

be placed on k[∆] that provides a direct link to the notion of the flag h-vector of a simplicial

complex. By relating the flag h-vector of ∆ to the standard h-vectors of various rank-selected

subcomplexes, preexisting generalized lower bound theorems can be improved upon for the

class of balanced manifolds. This chapter is based on the article [31] written with Martina

Juhnke-Kubitzke, Satoshi Murai, and Isabella Novik.

Each chapter after the first is representative of an individual paper, all of which have

been accepted for publication. Notation will be re-introduced in each chapter to suit the

needs of its results, and each may be read independently.
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Chapter 2

ALMOST BUCHSBAUMNESS

2.1 Introduction

Many combinatorial, algebraic, and topological statements about polytopes and triangula-

tions of spheres or manifolds have been proven through the study of their Stanley–Reisner

rings. These rings are well-understood, and the translation of their algebraic properties into

combinatorial and topological invariants has a storied and celebrated past. The usefulness of

this approach is made apparent by its presence in decades of continued progressive research

(excellent surveys may be found in [67] and [33]).

In contrast, the main objects considered in this chapter are simplicial complexes with

isolated singularities. A simplicial complex ∆ has isolated singularities if it is pure and the

link in ∆ of every face of dimension at least 1 is Cohen-Macaulay (more precise definitions

will be provided later). Common examples are provided by triangulations of a pinched

torus, the suspension of a manifold, or more generally by pseudomanifolds that fail to be

manifolds at finitely many points (see [18] for an in-depth discussion). The gap between

pseudomanifolds and manifolds is well understood from a topological viewpoint, but there

are powerful tools available to the Stanley–Reisner rings of triangulations of manifolds that

presently lack any meaningful extension to the world of pseudomanifolds. For instance,

unlike results due to Stanley ([62]) and Schenzel ([60]), we do not know the Hilbert series

of a generic Artinian reduction of the Stanley–Reisner ring of such a complex, even when

considering a triangulation of the suspension of a manifold that is not a homology sphere.

The central obstruction in extending the preexisting knowledge of triangulations of mani-

folds to the singular case is the Stanley–Reisner ring failing to be Buchsbaum. This roadblock

may sometimes by circumvented by instead considering k[∆]/(θ1)k[∆], the Stanley–Reisner
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ring modulo one generic linear form. This ring has some very nice properties when ∆

has isolated singularities; for instance, Miller, Novik, and Swartz have shown that the lo-

cal cohomology modules H i
m(k[∆]/(θ1)k[∆]) have a simple geometric interpretation. It is

rather immediate from their calculations that k[∆]/(θ1)k[∆] is Buchsbaum if and only if

m ·H i
m(k[∆]/(θ1)k[∆]) = 0, and it is shown in [38] that this condition is satisfied in the case

that the singularities of ∆ are homologically isolated (we will effectively show in Proposition

2.4.5 that the converse is true as well). Having established the Buchsbaum property, Novik

and Swartz were able to calculate the Hilbert series of generic Artinian reductions of the

Stanley–Reisner rings of complexes with homologically isolated singularities as well as prove

singular analogs of the Dehn-Sommerville relations in [55].

Many natural questions arise following these pre-existing results, and principal among

them is the following: If the singularities of ∆ are not homologically isolated, then what nice

properties may appear when the Stanley–Reisner ring is reduced by an additional generic

linear form? Most optimistically, one may hope that k[∆]/(θ1, θ2)k[∆] is always Buchsbaum

in this situation. To this end, our primary motivation lies in examining this possibility

through a precise investigation of how the topological properties of singular vertices manifest

in the algebraic setting of Stanley–Reisner rings. This study leads to the notion of generically

isolated singularities, defined in Section 2.2. This property plays a crucial role in our main

results, and will allow us to characterize the degree to which k[∆]/(θ1, θ2)k[∆] may fail to

be Buchsbaum as follows.

Theorem 2.1.1. Let ∆ be a connected simplicial complex with isolated singularities on vertex

set V , let k be an infinite field, and denote by A the polynomial ring k[xv : v ∈ V ] and by m

the irrelevant ideal of A. If θ1, θ2 is a generic regular sequence for the Stanley-Reisner ring

k[∆], then:

(i) The local cohomology modules H i
m(k[∆]/(θ1, θ2)k[∆]) satisfy

m ·H i
m(k[∆]/(θ1, θ2)k[∆]) = 0

for all i if and only if the singularities of ∆ are generically isolated.
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(ii) The canonical maps of graded modules

ϕi : Ext iA(k,k[∆]/(θ1, θ2)k[∆])→ H i
m(k[∆]/(θ1, θ2)k[∆])

are surjective in all degrees except (possibly) 0 if and only if the singularities of ∆ are

generically isolated.

A few notes on why the properties of Theorem 2.1.1 hold some degree of importance are

in order. The condition m ·H i
m(k[∆]/(θ1, θ2)k[∆]) = 0 establishes a strong necessary condi-

tion for a ring to be Buchsbaum (see [21, Corollary 1.5]), known as quasi-Buchsbaumness.

These rings were first introduced by Goto and Suzuki ([21]). As with Buchsbaum rings, the

properties and various characterizations of quasi-Buchsbaum rings have long been of some

interest (see, e.g., [69] and [75]). The usefulness of the property is evidenced, for exam-

ple, by its equivalence to Buchsbaumness in some special cases ([68, Corollary 3.6]). On

the other hand, the surjectivity of the maps ϕi is incredibly near to one characterization of

Buchsbaumness (see Theorem 2.4.1).

As we will see in Corollary 2.4.7, if Γ is a Buchsbaum (but not Cohen-Macaulay) complex

and ∆ is an arbitrary triangulation of the geometric realization of the suspension of Γ, then

k[∆]/(θ1, θ2)k[∆] is often not Buchsbaum. Though Vogel ([72]) and Goto ([20]) provided

initial examples of quasi-Buchsbaum but not Buchsbaum rings, here we exhibit an infinite

family of quasi-Buchsbaum rings of arbitrary dimensions and varying depths which fail in a

geometrically tangible way to be fully Buchsbaum in only the slightest sense.

The structure of this chapter is as follows. In Section 2.2 we provide definitions and

foundational results, allowing for some initial computations in Section 2.3. We prove our

main results in Section 2.4. Section 2.5 is devoted to applications: we will provide a wide

range of examples, then use some properties of quasi-Buchsbaum rings to calculate the

Hilbert series of a certain Artinian reduction of the Stanley–Reisner ring of a complex with

generically isolated singularities. We will close with comments and open problems in Section

2.6.



7

2.2 Preliminaries

This chapter has been largely influenced by the works of Miller, Novik, and Swartz in [38]

and Novik and Swartz in [55]. In order to retain consistency with these references, much of

their notation will be adopted for our uses as well.

2.2.1 Combinatorics and topology

A simplicial complex ∆ with vertex set V is a collection of subsets of V that is closed

under inclusion. The elements of ∆ are called faces, and the dimension of a face F is

dimF := |F | − 1. The 0-dimensional faces in ∆ are called vertices, and the maximal

faces under inclusion are called facets. We say that ∆ is pure if all facets have the same

dimension. The dimension of the complex ∆ is dim ∆ := max{dimF : F ∈ ∆}. For the

remainder of this chapter, unless stated otherwise we will assume that a simplicial complex

∆ is pure of dimension d− 1 with vertex set V .

The link of a face F is the subcomplex of ∆ defined by

lk∆ F = {G ∈ ∆ : F ∪G ∈ ∆, F ∩G = ∅},

and the contrastar of a face F is defined by

cost∆ F = {G ∈ ∆ : F 6⊂ G}.

In the case that F = {v} is a vertex, we write lk∆ v and cost∆ v instead of lk∆{v} and

cost∆{v}, respectively. If W ⊂ V , then the induced subcomplex ∆W is the simplicial

complex {F ∈ ∆ : F ⊂ W}. For 0 ≤ i ≤ d − 1, the complex ∆(i) := {F ∈ ∆ : |F | ≤ i + 1}

is the i-skeleton of ∆.

Given a field k, denote by Hi(∆) and H i(∆) the ith (simplicial) homology and cohomol-

ogy groups of ∆ computed over k, respectively (definitions and further resources may be

found in [26]). If F is a face of ∆, we denote by H i
F (∆) the relative (simplicial) cohomol-

ogy group H i(∆, cost∆ F ) (in line with other conventions, we write H i
v(∆) for H i

{v}(∆)). It
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will often be helpful to identify H i
F (∆) with H̃ i−|F |(lk∆ F ) (see, e.g., [23, Section 1.3]); in

particular, note that H i
∅(∆) = H̃ i(∆), the reduced cohomology group of ∆. Finally, let

ιiF : H i
F (∆)→ H i

∅(∆)

be the map induced by the inclusion (∆, ∅)→ (∆, costF ).

If H0
∅ (∆) = 0, then we call ∆ connected. We say that a face F of ∆ is singular if

H i
F (∆) 6= 0 for some i < d − 1. Conversely, if H i

F (∆) = 0 for all i < d − 1, we call F a

nonsingular face. We call ∆ Cohen-Macaulay over k if every face of ∆ (including ∅) is

nonsingular, and we call ∆ Buchsbaum over k if it is pure and every face aside from ∅ is

nonsingular.

If ∆ contains a singular face, then we define the singularity dimension of ∆ to be

max{dimF : F ∈ ∆ and F is singular}. If the singularity dimension of ∆ is 0, then we

say that ∆ has isolated singularities. Such complexes will be our main objects of study.

As a special case, if the images of the maps ιiv : H i
v(∆) → H i

∅(∆) are linearly independent

as vector subspaces of H i
∅(∆), then we call the singularities of ∆ homologically isolated.

Equivalently, the singularities of ∆ are homologically isolated if the kernel of the sum of

maps (∑
v∈V

ιiv

)
:
⊕
v∈V

H i
v(∆)→ H i

∅(∆)

decomposes as the direct sum⊕
v∈V

(
Kerιiv : H i

v(∆)→ H i
∅(∆)

)
.

Lastly, we call the singularities of ∆ generically isolated if for sufficiently generic choices

of coefficients {αv : v ∈ V } and {γv : v ∈ V }, the two maps θα and θγ defined by(∑
v∈V

αvι
i
v

)
:
⊕
v∈V

H i
v(∆)→ H i

∅(∆) and

(∑
v∈V

γvι
i
v

)
:
⊕
v∈V

H i
v(∆)→ H i

∅(∆),

respectively, satisfy

(Kerθα) ∩ (Kerθγ) =
⊕
v∈V

(
Kerιiv : H i

v(∆)→ H i
∅(∆)

)
for all i.
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2.2.2 The connection to algebra

For the remainder of the chapter, let k be a fixed infinite field. Define A := k[xv : v ∈ V ]

and let m = (xv : v ∈ V ) be the irrelevant ideal of A. If F ⊂ V , let

xF =
∏
v∈F

xv

and define the Stanley-Reisner ideal I∆ by

I∆ = (xF : F 6∈ ∆).

The ring k[∆] := A/I∆ is the Stanley-Reisner ring of ∆. We will usually consider k[∆]

as an A-module that is graded with respect to Z by degree.

Given any Z-graded A-module M of Krull dimension d, we denote by Mj the collection

of homogeneous elements of M of degree j. A sequence Θ = (θ1, θ2, . . . , θd) of homogeneous

elements of A is called a homogeneous system of parameters (or h.s.o.p.) for M if

M/ΘM is a finite-dimensional vector space over k. In the case that each θi is linear, we call

Θ a linear system of parameters (or l.s.o.p.) for M . If

(θ1, . . . , θi−1)M :M θi = (θ1, . . . , θi−1)M :M m

for 1 ≤ i ≤ d for any choice of l.s.o.p. Θ, then we call M Buchsbaum. The reasoning

behind the geometric definition of a Buchsbaum simplicial complex is made apparent in the

following theorem due to Schenzel ([60]):

Theorem 2.2.1. A pure simplicial complex ∆ is Buchsbaum over k if and only if k[∆] is a

Buchsbaum A-module.

Two collections of objects that are most vital to our results are the A-modules

Ext iA(k,k[∆]) and H i
m(k[∆]). An excellent resource for their construction and basic proper-

ties is [29]. In the case of Stanley-Reisner rings, the Z-graded structure of Ext iA(k,k[∆]) is

provided by [42, Theorem 1]:
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Theorem 2.2.2 (Miyazaki). Let ∆ be a simplicial complex. Then as vector spaces over k,

Ext iA(k,k[∆])j ∼=


0 j < −1 or j > 0

H i−1
∅ (∆) j = 0⊕

v∈V

H i−2
∅ (cost∆ v) j = −1.

The local cohomology modules H i
m(k[∆]) may be computed as the direct limit of the

Ext iA(A/ml,k[∆]) modules (see [42, Corollary 1]), where ml = (xl1, x
l
2, . . . , x

l
n). However, we

will also need a thorough understanding of the A-module structure of the local cohomology

modules of k[∆]. The necessary details are provided by the following special case of [23,

Theorem 2]:

Theorem 2.2.3 (Gräbe). Let ∆ be a (d − 1)-dimensional simplicial complex with isolated

singularities and let 0 ≤ i ≤ d. Then

H i
m(k[∆])j ∼=


0 j > 0

H i−1
∅ (∆) j = 0⊕

v∈V

H i−1
v (∆) j < 0

as k-vector spaces. If αv ∈ H i−1
v (∆), then the A-module structure on H i

m(k[∆]) is given by

·xu : H i
m(k[∆])j−1 −−−−→ H i

m(k[∆])j

αv 7−−−−→


αv j < 0 and u = v

ιi−1
v (αv) j = 0 and u = v

0 otherwise.

The full statement of Theorem 2.2.3 shows that a pure simplicial complex ∆ is Buchsbaum

if and only if it is pure and H i
m(k[∆]) is concentrated in degree 0 for all i 6= d. We note

at this point that an A-module M is called quasi-Buchsbaum if m ·H i
m(M) = 0 for all i.

Additionally, the full statement implies that k[∆] is Buchsbaum if and only if it is quasi-

Buchsbaum; this is certainly not the case for general modules, as we will see!
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Elements and homomorphisms related to H i
m(k[∆]) will usually be represented and ref-

erenced according to the topological identifications above; these identifications will also be

expanded as we progress. As a motivating example, consider the k-vector space

Ki :=
⊕
v∈V

(
Kerιi−1

v : H i−1
v (∆)→ H i−1

∅ (∆)
)
.

This space is central to the definition of homological isolation of singularities. Sometimes,

it will be easier to identify Ki with its counterpart in local cohomology. If we denote by

H i
m(k[∆])v the direct summand of H i

m(k[∆])−1 corresponding to H i−1
v (∆) in Theorem 2.2.3,

then Ki is identified with the submodule⊕
v∈V

Ker
(
·xv : H i

m(k[∆])v → H i
m(k[∆])0

)
of H i

m(k[∆]). In light of how intertwined these two objects are, we will use the notation Ki

interchangeably between the two settings. In local cohomology, the equality

Ki = Ker

(∑
v∈V

·xv :
⊕
v∈V

H i
m(k[∆])v → H i

m(k[∆])0

)
is equivalent to the singularities of ∆ being homologically isolated. In the same way, if θ1 and

θ2 are generic linear forms, then the generic isolation of the singularities of ∆ is equivalent

to the equality

Ker

(
·θ1 :

⊕
v∈V

H i
m(k[∆])v → H i

m(k[∆])0

)
∩Ker

(
·θ2 :

⊕
v∈V

H i
m(k[∆])v → H i

m(k[∆])0

)
= Ki

holding for all i.

Remark 2.2.4. In their original statements, the above structure theorems are written with

respect to a Z|V |-grading and are proved by examining the chain complex HomA(Kl·,k[∆]),

where Kl· is the Koszul complex of A with respect to ml. When coarsening to a Z-grading,

this chain complex becomes much larger. However, an argument similar to Reisner’s original

proof that H i
m(k[∆])0

∼= H i−1
∅ (∆) (see [57], pp. 41-42) shows that the only potentially

non-acyclic components of HomA(Kl·,M) under a Z-grading are those also appearing in the

Z|V |-graded complex.
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2.3 Auxiliary calculations

Unless stated otherwise, we will always assume that ∆ is a connected (d − 1)-dimensional

simplicial complex with isolated singularities. Let V be the vertex set of ∆ and set A :=

k[xv : v ∈ V ]. We will always consider R := k[∆] as an A-module. If θ1, . . . , θd is a

homogeneous system of parameters for ∆, we denote Ri := k[∆]/(θ1, . . . , θi)k[∆].

Since ∆ is connected, the 1-skeleton ∆(1) of ∆ is Cohen-Macaulay and the depth of R is

at least 2 (see [28, Corollary 2.6]). Hence, there exists a homogeneous system of parameters

θ1, . . . , θd for ∆ in which θ1, θ2 are linear and form the beginning of a regular sequence for

R, i.e., θ1 is a non-zero-divisor on R and θ2 is a non-zero-divisor on R1. Generically, we may

assume that θ1 and θ2 both have non-zero coefficients on all xv’s. Unless stated otherwise,

we will always work with such a system of parameters for ∆.

Our results primarily depend upon an understanding of the A-modules H i
m(Rj). We begin

by computing their dimensions over k when j = 1 or 2 and discussing some connections to

the topology of ∆.

2.3.1 Local cohomology

Consider the exact sequence of A-modules

0→ R
·θ1−→ R

π−→ R1 → 0.

By looking at graded pieces of this sequence, there are exact sequences of vector spaces over

k of the form

0→ Rj−1
·θ1−→ Rj

π−→ R1
j → 0. (2.1)

These sequences induce the following long exact sequence in local cohomology, where θi,j1 :

H i
m(R)j−1 → H i

m(R)j is the map induced by multiplication, π is the map induced by the

projection R→ R1, and δ is the connecting homomorphism:

H i
m(R)j−1

θi,j1−−→ H i
m(R)j

π−→ H i
m(R1)j

δ−→ H i+1
m (R)j−1

θi+1,j
1−−−→ H i+1

m (R)j.
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In light of Theorem 2.2.3, we make the following conclusions. When j > 1, all terms are

zero. When j = 1, δ is an isomorphism. When j ≤ −1, each θi,j1 is an isomorphism (all

coefficients of θ1 are non-zero). When j = 0, we obtain the short exact sequence

0→ Coker θi,01 → H i
m(R1)0 → Kerθi+1,0

1 → 0. (2.2)

Hence, as k-vector spaces,

H i
m(R1)j ∼=


H i
∅(∆) j = 1

Coker θi,01 ⊕Kerθi+1,0
1 j = 0

0 otherwise.

(2.3)

It will be useful to keep in mind that Coker θi,01 is identified with a quotient of H i−1
∅ (∆)

and that Kerθi+1,0
1 is identified with a submodule of ⊕v∈VH i

v(∆). In Section 2.4, we will

leverage the “geometric” A-module structures of Coker θi,01 and Kerθi+1,0
1 along with (2.2) to

further analyze H i
m(R1).

Now we repeat this argument; consider the short exact sequence

0→ R1
j−1

·θ2−→ R1
j
π−→ R2

j → 0 (2.4)

of vector spaces over k, giving rise to the long exact sequence

H i
m(R1)j−1

θi,j2−−→ H i
m(R1)j

π−→ H i
m(R2)j

δ−→ H i+1
m (R1)j−1

θi+1,j
2−−−→ H i+1

m (R1)j.

As in the previous computation, all terms are zero when j < 0 or j > 2, π is an

isomorphism when j = 0, and δ is an isomorphism when j = 2. When j = 1, we have the

exact sequence

0→ Coker θi,12 → H i
m(R2)1 → Kerθi+1,1

2 → 0. (2.5)

Hence, as vector spaces over k,

H i
m(R2)j ∼=



H i+1
∅ (∆) j = 2

Coker θi,12 ⊕Kerθi+1,1
2 j = 1

Coker θi,01 ⊕Kerθi+1,0
1 j = 0

0 otherwise.

(2.6)
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2.3.2 Local cohomology: suspensions

We will now briefly consider the special case of suspensions. Suppose ∆ is an arbitrary

triangulation of the suspension of a (d−2)-dimensional manifold that is not Cohen-Macaulay,

with suspension points a and b (so that a and b are isolated singularities of ∆). In this context,

the maps ιia and ιib from Section 2.2 are isomorphisms. If gi is a generator for H i
∅(∆), denote

gia := (ιia)
−1(g) ∈ H i

a(∆) and gib := (ιib)
−1(g) ∈ H i

b(∆). As usual, we will consider these

generators to be interchangeable with their corresponding elements in H i+1
m (R).

Examining the sequence in (2.2) for this special case, suppose θ1 =
∑

v∈V xv and θ2 =∑
v∈V cvxv with ca 6= cb and ca, cb 6= 0. Given gi−1 a generator of H i−1

∅ (∆), the map θi,01 acts

via θi,01 (gi−1
a ) = θi,01 (gi−1

b ) = gi−1. Hence, θi,01 is a surjection whose kernel is generated as a

direct sum by elements of the form (gi−1
a − gi−1

b ). In particular, H i
m(R1)0

∼= Ker(θi+1,0
1 ) ∼=

H i
∅(∆). In summary,

H i
m(R1)j ∼=


H i
∅(∆) j = 1

H i
∅(∆) j = 0

0 otherwise,

under the aforementioned isomorphisms.

Now repeat the process above using the sequence in (2.5). If gi is a generator of H i
∅(∆),

then θi+1,0
2 acts on H i+1

m (R)−1 via θi+1,0
2 (gia) = cag

i and θi+1,0
2 (gib) = cbg

i. In particular,

identifying H i+1
m (R1)0 with the subspace Ker(θi+1,0

1 ) of H i+1
m (R)1, the induced action of θi+1,1

2

is given by θi+1,1
2 (gia−gib) = (ca−cb)gi ∈ H i

∅(∆) ∼= H i+1
m (R1)1. That is, θi+1,1

2 is an isomorphism

as long as ca 6= cb (note also that the singularities of ∆ are generically isolated); this means

that H i
m(R2)1 = 0. In summary:

H i
m(R2)j ∼=


H i+1
∅ (∆) j = 2

H i
∅(∆) j = 0

0 otherwise.

(2.7)

Since H i
m(R2)1 = 0, is is immediate that H i

m(R2) is quasi-Buchsbaum for all i. The specific

choice of θ1 was made for the ease of calculation. For sufficiently generic choices of θ1 and
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θ2, the same isomorphisms hold. In particular, it is evident that the singularities of ∆ are

generically isolated.

2.4 Results

2.4.1 Buchsbaumness

We now move on to showing whether or not certain modules are Buchsbaum. For this, the

following theorem ([68, Theorem I.3.7]) is vital.

Theorem 2.4.1. Let k be an infinite field, with M a noetherian graded A-module and

d := dimM > 0. Then M is a Buchsbaum module if and only if the natural maps ϕiM :

Ext iA(k,M)→ H i
m(M) are surjective for i < d.

Thus far we know some limited information about Ext iA(k, Rj) and H i
m(Rj) in terms of

the simplicial cohomology of subcomplexes of ∆. Thankfully, Miyazaki has furthered this

correspondence with an explicit description of ϕiR in [41, Corollary 4.5].

Theorem 2.4.2. The canonical map ϕiR : Ext iA(k, R)→ H i
m(R) corresponds to the identity

map on H i−1
∅ (∆) in degree zero and to the direct sum of maps⊕

v∈V

(
ϕiv : H i−2

∅ (cost∆ v)→ H i−2
∅ (lk∆ v)

)
induced by the inclusions in degree −1.

For our purposes, an alternate expression for ϕiR turns out to be even more powerful than

the one above. For some fixed v, consider the long exact sequence in simplicial cohomology

for the triple (∆, cost∆ v, ∅). In our notation, it is written as

· · · → H i−2
∅ (∆)→ H i−2

∅ (cost∆ v)
δ−→ H i−1

v (∆)
ιi−1
v−−→ H i−1

∅ (∆)→ · · · . (2.8)

Under the isomorphism H i−1
v (∆) ∼= H i−2

∅ (lk∆ v), a quick check shows that the connecting

homomorphism δ in this sequence is equivalent to ϕiv in the theorem above (this is also made

apparent in examining its proof). On the other hand, if we consider the cohomology modules
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above as components of H i
m(R) as in Theorem 2.2.3, then the ιi−1

v map in this sequence is

the same as the “multiplication by xv” map on H i
m(R)v. These equivalences along with the

exactness of (2.8) allow us to deduce the following proposition.

Proposition 2.4.3. The image of the H i−2
∅ (cost∆ v) component of Ext iA(k, R)−1 under the

canonical map ϕiR : Ext iA(k, R) → H i
m(R) is precisely the kernel of ιi−1

v : H i−1
v (∆) →

H i−1
∅ (∆). In particular,

(ImϕiR)−1 = Ki

through the identifications

(
ImϕiR

)
−1

=
⊕
v∈V

(
Imϕiv

)
=
⊕
v∈V

(
Kerιi−1

v

)
= Ki.

Note that if θ is any linear form then the proposition immediately implies that

(ImϕiR)−1 ⊆ Kerθi,0. Examining this containment more closely provides a characteriza-

tion of the Buchsbaumness of R1. Before stating this characterization, we note that one

commutative diagram in particular will be used repeatedly in proving many of our results.

Here we explain its origin.

Construction 2.4.4. The short exact sequence (2.1) induces the following commutative

diagram of vector spaces with exact rows:

Ext iA(k, R)j−1 Ext iA(k, R)j Ext iA(k, R1)j Ext i+1
A (k, R)j−1 Ext i+1

A (k, R)j

H i
m(R)j−1 H i

m(R)j H i
m(R1)j H i+1

m (R)j−1 H i
m(R)j.

θi,j1

ϕiR

π

ϕiR

δ

ϕi
R1

θi+1,j
1

ϕi+1
R ϕi+1

R

θi,j1 π δ θi+1,j
1

Since θ1 is the beginning of a regular sequence for R, it acts trivially on Ext iA(A/m, R)j

for all i and j (see, e.g., [27, p. 272]). By the commutativity of the rightmost square, the

image of Ext i+1
A (k, R)j−1 under ϕi+1

R must lie in Kerθi+1,j
1 . On the other hand, the exactness

of the bottom row tells us that π : H i
m(R)j → H i

m(R1)j factors through the projection

H i
m(R)j → Coker θi,j1 . As this does not alter the commutativity of the diagram, we can now
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alter it so that the top and bottom rows are both short exact sequences as follows

0 Ext iA(k, R)j Ext iA(k, R1)j Ext i+1
A (k, R)j−1 0

0 Coker θi,j1 H i
m(R1)j Kerθi+1,j

1 0,

ϕi
R1 ϕi+1

R

where the left vertical map is the composition of ϕiR with the projection H i
m(R)j → Coker θi,j1 .

We can repeat this construction starting with the short exact sequence (2.4), yielding the

same diagram as above with R, R1, and θ1 replaced by R1, R2, and θ2, respectively.

Our first use of this construction will be in proving the following proposition (an alternate

proof of the “if” direction also appears in [55, Lemma 4.3(2)]).

Proposition 2.4.5. If ∆ has isolated singularities, then R1 is Buchsbaum if and only if the

singularities of ∆ are homologically isolated.

Proof. Construction 2.4.4 provides the following diagram:

0 Ext iA(k, R)0 Ext iA(k, R1)0 Ext i+1
A (k, R)−1 0

0 Coker θi,01 H i
m(R1)0 Kerθi+1,0

1 0.

ϕi
R1 ϕi+1

R

By definition, if ∆ contains singularities that are not homologically isolated then there exists

some i such that Ki+1 ( Kerθi+1,0
1 . By Proposition 2.4.3, this implies that the ϕi+1

R map

appearing in the diagram above is not a surjection. Since ϕiR : Ext iA(k, R)0 → H i
m(R)0 is an

isomorphism, the left vertical map is always a surjection. Then the snake lemma applied to

this diagram shows that ϕiR1 is not a surjection, so R1 is not Buchsbaum by Theorem 2.4.1.

Conversely, if the singularities of ∆ are homologically isolated, then Kerθi+1,0
1 = Ki+1

for all i, so that the ϕi+1
R map in the diagram is always a surjection. The snake lemma now

shows that ϕiR1 is a surjection in degree 0. In degree 1, we only need to raise the degrees in

the previous diagram by one. The diagram simplifies to

0 Ext iA(k, R1)1 Ext i+1
A (k, R)0 0

0 H i
m(R1)1 H i+1

m (R)0 0,

ϕi
R1 ϕi+1

R
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because Ext iA(k, R)1 and Coker θi,11 are both zero. Since ϕi+1
R is an isomorphism in degree 0,

this completes the proof.

We have now seen that complexes with homologically isolated singularities are “close”

to being Buchsbaum in that R1 is Buchsbaum. It is natural to ask whether descending to

R2 could always provide a Buchsbaum module, even in the non-homologically-isolated case.

This is not necessarily true, as exhibited by the following proposition.

Proposition 2.4.6. Suppose ∆ has non-homologically-isolated singularities and that there

exists i < d − 2 such that H i−1
∅ (∆) = 0, while Kerθi+1,0

1 6= 0 and ιiv is injective for all v.

Then R2 is not Buchsbaum.

Proof. The hypotheses combined with the exact sequence in (2.8) show thatH i−1
∅ (cost v) = 0,

so that Ext i+1
A (k, R)−1 = 0. Also, Coker θi,01 = 0 because H i−1

∅ (∆) = 0. Then the diagram of

Construction 2.4.4 can be filled in as follows

0 Ext iA(k, R)0 Ext iA(k, R1)0 0 0

0 0 H i
m(R1)0 Kerθi+1,0

1 0.

ϕi
R1

This demonstrates that ϕiR1 is the zero map in degree 0. Now repeat this argument using R1

and R2 instead of R and R1. In this case, Ext i+1
A (k, R1)−1 = 0 because Ext i+1

A (k, R)−1 = 0.

Since H i
m(R1)−1 = 0, the diagram provided is

Ext iA(k, R1)0 Ext iA(k, R2)0

H i
m(R1)0 H i

m(R2)0,

∼

ϕi
R1 ϕi

R2

∼

showing that ϕiR2 is the zero map in degree 0 as well. Since H i
m(R2)0 6= 0 while i is strictly

less than the dimension of R2, Theorem 2.4.1 now completes the proof.

The hypotheses of this proposition may seem fairly restrictive, but that is not necessarily

the case. In fact, choosing i to be the least i such that H i
∅(∆) 6= 0 when ∆ is a triangulation
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of the suspension of a certain type of manifold will always do the trick, yielding the following

Corollary:

Corollary 2.4.7. If ∆ is the suspension of a Buchsbaum complex that satisfies H i
∅(∆) 6= 0

for some i < d− 2, then R2 is not Buchsbaum.

2.4.2 Almost Buchsbaumness

Although these R2 modules are not guaranteed to be Buchsbaum when ∆ has

non-homologically-isolated singularities, they are “close” to being Buchsbaum in some inter-

esting ways and share some of the same properties. The examples above in which R2 is not

Buchsbaum fail the criterion of Theorem 2.4.1 in the degree 0 piece of H i
m(R2). The second

part of Theorem 2.1.1 asserts that (in the generically isolated case) this is the only possible

obstruction to R2 satisfying Theorem 2.4.1, and we now present its proof.

Proof of Theorem 2.1.1.(ii). By the calculations in Section 2.3, we only need to classify

surjectivity in degrees 1 and 2. The last diagram in the proof of Proposition 2.4.5 holds

regardless of whether or not the singularities of ∆ are homologically isolated. Hence, ϕiR1 is

an isomorphism in degree 1. Construction 2.4.4 then induces the diagram

0 Ext iA(k, R2)2 Ext i+1
A (k, R1)1 0

0 H i
m(R2)2 H i+1

m (R1)1 0,

ϕi
R2 ϕi+1

R1

so that ϕiR2 is always an isomorphism in degree 2.

It remains to show that ϕiR2 is a surjection in degree 1. As usual, we have the following

diagram.

0 Ext i−1
A (k, R1)1 Ext i−1

A (k, R2)1 Ext iA(k, R1)0 0

0 Coker θi−1,1
2 H i−1

m (R2)1 Kerθi,12 0.

ϕi−1

R2
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According to the previous paragraph, the left vertical map must be a surjection. To complete

the proof, we must show that the right vertical map is surjective if and only if the singularities

of ∆ are generically isolated. The right map is obtained by restricting the range of ϕiR1 to the

subspace Kerθi,12 of H i
m(R1)0. Note that the failure of ϕiR1 to be a surjection in this degree

is precisely what made R1 fail to be Buchsbaum in the non-homologically-isolated case.

Now consider a larger commutative diagram, all of whose rows are exact. All vertical

maps are those induced by the action of θ2, and all maps from the back “panel” to the front

are induced by the canonical maps ϕiRj .

0 Ext iA(k, R)0 Ext iA(k, R1)0 Ext i+1
A (k, R)−1 0

0 Coker θi,01 H i
m(R1)0 Kerθi+1,0

1 0

0 Ext iA(k, R)1 Ext iA(k, R1)1 Ext i+1
A (k, R)0 0

0 0 H i
m(R1)1 H i+1

m (R)0 0.

Now consider applying the snake lemma to both the front panel and the back panel. Note

that the vertical maps on the back panel are all identically zero, since θ2 acts trivially on

all of the modules there. Denote by τ the restriction of θi+1,0
2 to Kerθi+1,0

1 , appearing as

the right vertical map in the front panel of the diagram. By the naturality of the sequence

induced by the snake lemma, we obtain maps from the “top” panel as follows:

0 Ext iA(k, R)0 Ext iA(k, R1)0 Ext i+1
A (k, R)−1 0

0 Coker θi,01 Kerθi,02 Kerτ 0.

Since the left vertical map is a surjection, we will be done if we can show that the right

vertical map is a surjection precisely when the singularities of ∆ are generically isolated.

However, Kerτ is simply

(Kerθi+1,0
1 ) ∩ (Kerθi+1,2

2 ) := Li+1.

Note that the singularities of ∆ are generically isolated if and only if Li+1 = Ki+1. On the

other hand, Ki+1 is precisely the image of Ext iA(k, R)−1 under ϕiR, completing the proof.
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The intersection Li+1 above is also central to the proof of Theorem 2.1.1.(i), which we

now present as well.

Proof of Theorem 2.1.1.(i). Once more, since H i
m(R2) may only have non-zero components

in the graded degrees 0, 1, and 2, we only need to check that m acts trivially on the degree

0 and degree 1 parts. We begin in degree 1. Let αv, βv, and γv all denote the map induced

by multiplication by xv in the diagram below.

0 Coker θi,12 H i
m(R2)1 Kerθi+1,1

2 0

0 0 H i
m(R2)2 H i+1

m (R1)1 0.

αv βv γv

The snake lemma provides the exact sequence

0→ Coker θi,12 → Kerβv → Kerγv → 0.

Comparing this to the top row of the previous diagram, Kerγv is all of Kerθi+1,1
2 precisely

when Kerβv is all of H i
m(R2)1. Note that Kerθi+1,1

2 is a submodule of H i+1
m (R1)0; to study

this submodule, consider the following diagram with exact rows.

0 Coker θi+1,0
1 H i+1

m (R1)0 Kerθi+2,0
1 0

0 0 H i+1
m (R1)1 H i+2

m (R)0 0.

θi+1,1
2

θi+1,1
2

τ

As in the previous proof, the rightmost vertical map τ is the restriction of θi+2,0
2 to Kerθi+2,0

1 .

Once more, note that

Kerτ = (Kerθi+2,0
1 ) ∩ (Kerθi+2,2

2 ) := Li+2.

Through another application of the snake lemma, we get a short exact sequence fitting

into the top row of the following diagram

0 Coker θi+1,0
1 Kerθi+1,1

2 Li+2 0

0 0 H i+1
m (R1)1 H i+2

m (R)0 0.

·xv ·xv ·xv
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So, it now remains to show that the rightmost map is zero if and only if the singularities of

∆ are generically isolated. But xv acts trivially on Li+2 for all i and for all v if and only if

Li+2 = Ki+2,

i.e., if and only if the singularities of ∆ are generically isolated.

Now we show that m·H i
m(R2)0 = 0, independent of the type of isolation of the singularities

of ∆. Consider the diagram below:

0 H i
m(R1)0 H i

m(R2)0 0

H i
m(R1)0 H i

m(R1)1 H i
m(R2)1 H i+1

m (R1)0.

·xv ·xv

θi,12

From the exactness of the rows of this diagram, we can conclude that xv ·H i
m(R2)0 = 0 if

xv ·H i
m(R1)0 ⊆ θ2 ·H i

m(R1)0.

Generically, all coefficients of θ2 are non-zero. Combining this with the structure of H i
m(R)

outlined in Theorem 2.2.3, it is immediate that

xv ·H i
m(R)−1 ⊆ θ2 ·H i

m(R)−1.

The following diagram now completes the proof.

0 H i
m(R1)1 H i+1

m (R)0 0

H i
m(R)0 H i

m(R1)0 H i+1
m (R)−1 H i+1

m (R)0

0 H i
m(R1)1 H i+1

m (R)0 0

δ

δ

·xv

·θ2

·xv

·θ2

δ

2.4.3 Another surjection

By [68, Proposition I.3.4], the quasi-Buchsbaum property of some R2 is equivalent to the

fact that every homogeneous system of parameters of R2 contained in m2 is a weakly regular
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sequence. In light of the typical definition of the Buchsbaum property in terms of l.s.o.p.’s

being weakly regular sequences (see [68]) along with the characterization appearing in The-

orem 2.4.1 by surjectivity of the maps ϕiM : Ext iA(k,M)→ H i
m(M), what happens when we

consider the natural maps Ext iA(A/m2, R
2) instead, where m2 = (x2

1, . . . , x
2
n)? Our next re-

sult establishes another measure of the gap between the structure of R2 and the Buchsbaum

property:

Proposition 2.4.8. Suppose ∆ has isolated singularities. Then the canonical maps ψiR2 :

Ext iA(A/m2, R
2)→ H i

m(R2) are surjective.

Proof. Once more, surjectivity needs only to be demonstrated in degrees 0, 1, and 2. We

will begin with the degree 2 piece. The exact sequence (2.1) with j = 1 and l = 2 gives rise

to the commutative diagram below, where the horizontal maps are isomorphisms.

Ext iA(A/m2, R
1)1 Ext i+1

A (A/m2, R)0

H i
m(R1)1 H i+1

m (R)0

δ

ψi
R1 ψi+1

R

δ

By [41, Corollary 4.5], the map ψi+1
R : Ext i+1

A (A/m2, R)0 → H i+1
m (R)0 is equivalent to the

identity map on H i
∅(∆). Hence, ψi+1

R1 is an isomorphism in degree 1. By the same ar-

gument, the exact sequence (2.4) and the corresponding commutative diagram show that

ψiR2 : Ext iA(A/m2, R
2)2 → H i

m(R2)2 is an isomorphism.

The arguments for further graded pieces are similar. First consider the following diagram

with exact rows again induced by (2.1).

0 Ext iA(A/m2, R)0 Ext iA(A/m2, R
1)0 Ext i+1

A (A/m2, R)−1 0

H i
m(R)0 H i

m(R1)0 H i+1
m (R)−1

ψiR ψi
R1 ψi+1

R

By [42, Corollary 2], the left and right vertical maps are isomorphisms. Exactness then

implies that the middle vertical map is surjective. So, ψiR1 is an isomorphism in degree 1
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and a surjection in degree 0. For the surjectivity of ψiR2 in degree 1, consider the following

commutative diagram induced by (2.4) with exact rows.

0 Ext iA(A/m2, R
1)1 Ext iA(A/m2, R

2)1 Ext i+1
A (A/m2, R

1)0 0

H i
m(R1)1 H i

m(R2)1 H i+1
m (R1)0

ψi
R1 ψi

R2 ψi+1

R1

We have just demonstrated that the left and right vertical maps are at least surjections.

Again by exactness, we now have that ψiR2 is a surjection in degree 1. Now consider one final

commutative diagram.

Ext iA(A/m2, R
1)0 Ext iA(A/m2, R

2)0

H i
m(R1)0 H i

m(R2)0

ψi
R1 ψi

R2

From Section 2.3, we know that the bottom map is an isomorphism. Since ψiR1 is a surjection

in degree zero, ψiR2 must be as well.

2.5 Applications

2.5.1 Examples

Up until now there has been no discussion of when R2 may be a Buchsbaum ring. Our first

family of examples shows that it is in fact possible for R2 to be Buchsbaum even when the

singularities of ∆ are not homologically isolated.

Example 2.5.1. Let ∆ be a 2-dimensional complex with generically isolated singularities.

Since the Krull dimension of R2 is one, we have H i
m(R2) = 0 for i 6= 0, 1. Furthermore,

the depth of R2 must be zero (otherwise R would be Cohen-Macaulay). In this case, quasi-

Buchsbaumness is equivalent to Buchsbaumness by [68, Corollary I.3.6]. By Theorem 2.1.1,

R2 must then be Buchsbaum. For a concrete example in which R1 is not Buchsbaum,

consider the suspension of the disjoint union of two cycles.
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On the other hand, combining Theorem 2.1.1 with Corollary 2.4.7 provides an infinite

family of interesting examples of rings with some prescribed properties.

Example 2.5.2. Let M be a d-dimensional manifold with d > 0 satisfying H i
∅(M) 6= 0 for

some i < d− 1 and let Γ be an arbitrary triangulation of M . Suppose further that

max{i : Γ(i) is Cohen-Macaulay} = r + 1.

Equivalently, the depth of k[Γ] is r + 1. If we set Γ′ to be the join of Γ with two points,

then Γ′ is a triangulation of the suspension of M and the depth of k[Γ′] is r + 2. Since the

depth of the Stanley–Reisner ring is a topological invariant ([43, Theorem 3.1]), if ∆ is an

arbitrary triangulation of the suspension of M then R2 has depth r. Since the singularities of

∆ are generically isolated, R2 is a quasi-Buchsbaum ring (Theorem 2.1.1) of Krull dimension

d and depth r that is not Buchsbaum (Corollary 2.4.7); furthermore, the canonical maps

ϕiR2 : Ext iA(k, R2)→ H i
m(R2) are surjections in all degrees except 0.

Example 2.5.3. Suppose in the previous example that H i
∅(M) = k, and let Γ′ instead be

the join of Γ with three points. In this case, Ki+2 is trivial (recall its definition from Section

2.2.2) while each of Kerθi+2,0
1 and Kerθi+2,0

2 are two-dimensional subspaces of the three-

dimensional space H i+2
m (R)−1. Hence, their intersection is non-trivial and the singularities

of ∆ are not generically isolated. Then R2 is not even quasi-Buchsbaum, by Theorem 2.1.1.

2.5.2 An enumerative theorem

Although R2 is not Buchsbaum, the quasi-Buchsbaum property does allow for a computation

of the Hilbert series of the generic Artinian reduction of R by a h.s.o.p. of a particular type.

Let ∆ have generically isolated singularities and say Θ = θ1, . . . , θd is a homogeneous system

of parameters for ∆ such that θ1, θ2 is a linear regular sequence, while θ3, . . . , θd are quadratic

forms. For 2 ≤ i ≤ d− 1, there are exact sequences

0→ (0 :Ri θi+1)j−2 → Ri
j−2

·θi+1−−−→ Ri
j → Ri+1 → 0.
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Since R2 is quasi-Buchsbaum, the sequence θ3, . . . , θd is a weakly regular sequence by [68,

Proposition I.2.1(ii)]. Furthermore, the proof of the proposition shows that (0 :R2 θ3) =

H0
m(R2). On the other hand, [69, Theorem 3.6] states that Ri is quasi-Buchsbaum for

2 ≤ i ≤ d− 1. Hence, the sequence above can be re-written as

0→ H0
m(Ri)j−2 → Ri

j−2 → Ri
j → Ri+1 → 0.

for 2 ≤ i ≤ d− 1. If Hilb(M ; t) denotes the Hilbert series of a Z-graded A-module M , then

these exact sequences imply

Hilb(Ri+1; t) = (1− t2) Hilb(Ri; t) + t2 Hilb(H0
m(Ri); t).

A standard calculation then shows

Hilb(Rd; t) = (1 + t)d−2(1− t)d Hilb(R; t) +
d−1∑
i=2

[
t2(1− t2)d−1−i Hilb(H0

m(Ri); t)
]
. (2.9)

The first term reduces to (1 + t)d−2
∑d

i=0 hi(∆)ti, following [62]. To analyze the sum, [69,

Lemma 3.5] provides the exact sequence

0→ Hj
m(Ri)k → Hj

m(Ri+1)k → Hj+1
m (Ri)k−2 → 0

for 2 ≤ i ≤ d− 2 and 0 ≤ j ≤ d− i− 2. So, as vectors spaces over k, for 2 ≤ i ≤ d− 1 there

are isomorphisms

H0
m(Ri)j ∼=

i−2⊕
j=0

⊕
(i−2
j )

Hj
m(R2)−2j

 .

That is,

Hilb(H0
m(Ri); t) =

i−2∑
j=0

(
i− 2

j

)
t2j Hilb(Hj

m(R2); t). (2.10)

Now define

µi = dimkH
i
m(R2)0 = dimk

(
Coker θi,01 ⊕Kerθi+1,0

1

)
,

νi = dimkH
i
m(R2)1 = dimk

(
Coker θi,12 ⊕Kerθi+1,1

2

)
,
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and

βi∅(∆) = dimkH
i
∅(∆),

so

Hilb(H i
m(R2); t) = µi + νit+ βi+1

∅ (∆)t2.

Combining this equality with equations (2.9) and (2.10) implies the following theorem de-

scribing Hilb(Rd; t).

Theorem 2.5.4. If q = 2p is even, then

dimk(Rd
q) =

q∑
i=0

(
d− 2

q − i

)
hi(∆) + (−1)p−1

(
d− 2

p

) p−1∑
k=0

[
(−1)k

(
µk +

pβk∅ (∆)

d− 1− p

)]
.

If q = 2p+ 1 is odd, then

dimk(Rd
q) =

q∑
i=0

(
d− 2

q − i

)
hi(∆) + (−1)p−1

(
d− 2

p

) p−1∑
k=0

(−1)kνk.

Remark 2.5.5. Note that µi is actually a topological invariant of ∆. If ‖∆‖ is the geometric

realization of ∆ and Σ is the set of isolated singularities of ∆, then µi = dimkH
i−1
∅ (‖∆‖rΣ)

(see [55, Theorem 4.7]). At present there is no similar description for νi, as it is not clear

how to trace the geometry of ∆ all the way through to H i
m(R2)1 in such a precise manner.

2.6 Comments

There are many possible abstractions of the results that have been presented. Perhaps the

most immediate consideration is in introducing singularities of dimension greater than 0. In

this case, the structure of H i
m(k[∆]) outlined in Theorem 2.2.3 becomes more involved and

hinders the calculations of Section 2.3. For instance, if ∆ contains singular faces even of

dimension 1, then θi,j1 will not, in general, be an isomorphism in degrees j < 0. This implies

that there is some i such that H i
m(k[∆]/θ1k[∆])j is non-zero for infinitely many values of j,

i.e., k[∆]/θ1k[∆] does not have finite local cohomology. In fact, Miller, Novik, and Swartz

classified when this is the case for quotients of k[∆] by arbitrarily many generic linear forms

([38, Theorem 2.4]):
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Theorem 2.6.1. A simplicial complex ∆ is of singularity dimension at most m − 1 if and

only if k[∆]/(θ1, . . . , θm)k[∆] has finite local cohomology.

In the case that m = 1, we know that k[∆]/θ1k[∆] not only has finite local cohomology,

but it is also Buchsbaum if and only if the singularities of ∆ are homologically isolated. So,

one may pose the following question.

Question 2.6.2. If ∆ is of singularity dimension m−1, is there an analog of the homological

isolation property for singularities of arbitrary dimension classifying when

k[∆]/(θ1, . . . , θm)k[∆] is Buchsbaum?

A possible property could be that all pairs of images of maps of the form H i(∆, cost∆(F ∪

{u}))→ H i(∆, cost∆ F ) and H i(∆, cost∆(F ∪{v}))→ H i(∆, cost∆ F ) occupy linearly inde-

pendent subspaces of H i(∆, cost∆ F ) for all faces F and all vertices u and v in the appropriate

dimensions.

On the other hand, when m = 1 we know that k[∆]/θ1k[∆] has finite local cohomol-

ogy and that k[∆]/(θ1, θ2)k[∆] is quasi-Buchsbaum if and only if the singularities of ∆ are

generically isolated. The leads to our next question.

Question 2.6.3. If ∆ is a simplicial complex of singularity dimension m− 2 and k[∆] is of

depth at least m with θ1, . . . , θm a regular sequence on k[∆], is there an analog of the generic

isolation property classifying when k[∆]/(θ1, . . . , θm)k[∆] is quasi-Buchsbaum?

Again, one candidate property would be that given m+1 generic linear forms, the pairwise

intersections

Kerθl,0i ∩Kerθl,0j

are all trivially equal to K l.

Lastly, the initial purpose of our investigation was to examine the possibility of

k[∆]/(θ1, θ2)k[∆] being Buchsbaum. For now, this question remains open:

Question 2.6.4. If ∆ has generically isolated singularities, what additional properties guar-

antee that k[∆]/(θ1, θ2)k[∆] is Buchsbaum?
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Chapter 3

GROUP ACTIONS

3.1 Introduction

Since the 1970’s, an extensive dictionary translating the topological and combinatorial prop-

erties of a simplicial complex ∆ into algebraic properties of the associated Stanley–Reisner

ring k[∆] has been constructed. For instance, the local cohomology modules H i
m(k[∆]) of

k[∆] have a beautiful interpretation due to Hochster (and later Gräbe) as topological invari-

ants of ∆ (see [23, Theorem 2], [57], or [67, Section II.4]). The following formulation of their

results is the starting point of this chapter (here cost∆ σ denotes the contrastar of a face σ

of ∆, while H i−1(∆, cost∆ σ) is the relative simplicial cohomology of the pair (∆, cost∆ σ)

computed with coefficients in k and H i
m(k[∆]) is the local cohomology module of k[∆]):

Theorem 3.1.1. Let ∆ be a simplicial complex on vertex set {1, . . . , n} and let k be a field.

Then

H i
m(k[∆])−j ∼=

⊕
U∈T (∆)j

H i−1(∆, cost∆ s(U))

as vector spaces over k, where T (∆)j = {U ∈ Nn : s(U) ∈ ∆ and |U | = j}, and for

U = (u1, . . . , un) ∈ Nn, s(U) = {k : uk > 0} and |U | =
∑n

k=1 uk.

On the other hand, the effect on the Stanley–Reisner ring of a simplicial complex being

endowed with a group action has also been studied in some depth (see [67, Section III.8]

and [1]). Our primary goal is to bring these two topics together by studying the additional

structure on H i
m(k[∆]) that appears when ∆ admits a group action. As it turns out, the

topological invariants introduced by the group action dictate a more detailed description of

H i
m(k[∆]), providing our main result.
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Our secondary goal is to apply this new decomposition of H i
m(k[∆]) to extend two sepa-

rate classes of previously-existing results describing the h-vectors (perhaps the most widely-

recognized and studied combinatorial invariants) of certain simplicial complexes. One of

these classes of results examines Buchsbaum simplicial complexes: using Theorem 3.1.1,

Schenzel was able to calculate the Hilbert series of the quotient of k[∆] by a linear system of

parameters in the case that ∆ is Buchsbaum. The culmination of this line of study was the

following theorem appearing in [60], providing an algebraic interpretation of the h-vector of

∆.

Theorem 3.1.2 (Schenzel). Let ∆ be a (d− 1)-dimensional Buchsbaum simplicial complex,

and let Θ be a linear system of parameters for ∆. Then

dimk (k[∆]/Θk[∆])i = hi(∆) +

(
d

i

) i−1∑
j=0

(−1)i−j−1βj−1(∆),

where βj−1(∆) denotes the reduced simplicial Betti number of ∆ computed over k.

Since any dimension must be non-negative, the theorem provides lower bounds for the

entries of h(∆) in terms of some topological invariants of ∆. More recently, these bounds have

been further lowered by the use of socles ([54]) and the sigma module Σ(Θ;k[∆]) (originally

introduced by Goto in [19], and whose definition is provided in Section 3.2).

Theorem 3.1.3 (Murai–Novik–Yoshida). Let ∆ be a (d− 1)-dimensional Buchsbaum sim-

plicial complex and let Θ be a linear system of parameters for ∆. Then

dimk (k[∆]/Σ(Θ;k[∆]))i = hi(∆) +

(
d

i

) i∑
j=0

(−1)i−j−1βj−1(∆).

Furthermore, the symmetry appearing in the h-vector described by Gräbe in [24] was

reformulated by Novik and Murai in [48, Proposition 1.1], and using Theorem 3.1.3 it may

be described as follows:

Theorem 3.1.4 (Murai–Novik–Yoshida). Let ∆ be a (d− 1)-dimensional Buchsbaum sim-

plicial complex and let Θ be a linear system of parameters for ∆. Then

dimk (k[∆]/Σ(Θ;k[∆]))i = dimk (k[∆]/Σ(Θ;k[∆]))d−i
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for i = 0, . . . , d.

The second class of results that we will enlarge deals with the h-vectors of complexes

admitting specific group actions by Z/pZ in the Cohen–Macaulay case. In particular, the

following two theorems ([65, Theorem 3.2] and [1, Theorem 3.3], respectively) provide im-

pressive bounds on the h-vector of such a complex and are ripe for extensions to more general

complexes:

Theorem 3.1.5 (Stanley). Let ∆ be a (d− 1)-dimensional Cohen-Macaulay (over C) sim-

plicial complex admitting a very free action by Z/pZ with p a prime. Then hi(∆) ≥
(
d
i

)
if i

is even and hi(∆) ≥ (p− 1)
(
d
i

)
if i is odd.

Theorem 3.1.6 (Adin). Let ∆ be a (d−1)-dimensional Cohen-Macaulay (over C) simplicial

complex with a free action of Z/pZ with p a prime such that d is divisible by p− 1. Then

d∑
i=0

hi(∆)λi ≥ (1 + λ+ · · ·+ λp−1)d/(p−1),

where the inequality holds coefficient-wise.

In summary, our new results are the following (as much notation must be introduced

before explicit statements may be provided, we present here a brief overview):

• A new version of Hochster and Gräbe’s theorem: We examine how a group action leads

to a special decomposition of H i
m(k[∆]), and we demonstrate how the isomorphism of

Theorem 3.1.1 respects this decomposition (Theorem 3.3.1). Later, for the G = Z/pZ

case, we encounter a piece of the local cohomology of k[∆] that corresponds to the

singular cohomology of the quotient |∆|/G.

• Applications to h-vectors: The dimension calculations of Theorems 3.1.2 and 3.1.3 are

refined and specialized to the case of a Buchsbaum complex admitting a free action

by a cyclic group of prime order (Theorems 3.4.2 and 3.4.8). Using this refinement,

Theorems 3.1.5 and 3.1.6 are generalized to the setting of Buchsbaum complexes; in
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some cases, the expressions are identical (Section 3.4.3). Lastly, in Theorems 3.4.12

and 3.4.15, we exhibit a symmetry in the dimensions of finely graded pieces of some

Artinian reductions of Stanley–Reisner rings of certain orientable homology manifolds

without boundary admitting a free group action by a cyclic group of prime order in

the flavor of Theorem 3.1.4.

The chapter is organized as follows. In Section 3.2, we introduce notation, review classical

results, and discuss in some depth the theory of graded rings and modules. In Section 3.3

we study the local cohomology modules H i
m(k[∆]) and provide our main new result. Section

3.4 is devoted to calculating a finely-graded Hilbert series of an Artinian reduction of the

Stanley–Reisner ring k[∆], providing many applications of our main theorem. We close with

comments and questions in Section 3.5.

3.2 Preliminaries

3.2.1 Combinatorics and topology

A simplicial complex ∆ on a finite vertex set V is a collection of subsets of V that is closed

under inclusion. The elements of ∆ are called faces, and the maximal faces (with respect

to inclusion) are facets. The dimension of a face σ is defined by dimσ := |σ| − 1, and the

dimension of ∆ is defined by dim ∆ := max{dimσ : σ ∈ ∆}. The faces of dimension zero

are called vertices. If all facets of ∆ have the same dimension, then we say that ∆ is pure.

Given a face σ of ∆, we define the contrastar of σ in ∆ by

cost∆ σ := {τ ∈ ∆ : σ 6⊂ τ}.

Similarly, the link of σ in ∆ is

lk∆ σ := {τ ∈ ∆ : σ ∪ τ ∈ ∆, σ ∩ τ = ∅}.

We define the f -vector f(∆) of a (d− 1)-dimensional simplicial complex ∆ by

f(∆) = (f−1(∆), f0(∆), . . . , fd−1(∆)),
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where fi(∆) is the number of i-dimensional faces of ∆. The h-vector h(∆) is then defined

by h(∆) = (h0(∆), h1(∆), . . . , hd(∆)), where

hi(∆) =
i∑

j=0

(−1)i−j
(
d− j
i− j

)
fj−1(∆).

Let k be a field, and let H̃ i(∆) be the i-th reduced simplicial cohomology group of ∆ with

coefficients in k. If Γ is a subcomplex of ∆, then H i(∆,Γ) is the i-th relative cohomology

group of the pair (∆,Γ) with coefficients in k. In the case that Γ = {∅}, this is the same

as the reduced cohomology group H̃ i(∆). Denote the i-th (reduced) Betti number of ∆

over k by

βi(∆) := dimk H̃
i(∆).

We call a complex ∆ Cohen-Macaulay if βi(lk∆ σ) = 0 for all faces σ and all i <

dim lk∆ σ. Similarly, we call a complex Buchsbaum if ∆ is pure and βi(lk∆ σ) = 0 for all

faces σ 6= ∅ and all i < dim lk∆ σ. If ∆ is (d−1)-dimensional and the link of each non-empty

face σ of ∆ has the homology of a (d−|σ|− 1)-sphere, then we say that ∆ is a k-homology

manifold; furthermore, if βdim ∆(∆) is equal to the number of connected components of ∆,

then we say that ∆ is orientable.

Now let G be a finite group and suppose G acts on a simplicial complex ∆ (in particular,

each g ∈ G acts as a simplicial isomorphism on ∆). We say that G acts freely if g · σ 6= σ

for all faces σ 6= ∅ and all non-identity elements g ∈ G (we will always take our actions to

be defined on the left). If G acts freely on ∆ and, additionally, (g · {v})∪ {v} is not an edge

of ∆ for every vertex v ∈ V and every non-identity element g ∈ G, then we say that G acts

very freely.

In the case that G = Z/2Z, free and very free actions are equivalent and we call ∆

centrally-symmetric when such an action by G on ∆ exists. When extending a free group

action by G to the geometric realization |∆| of ∆, the action obtained is a covering space

action (see [26, Section 1.3]).

If ∆ admits a group action by G, then this extends to to an action on the reduced

(simplicial) chain complex C̃·(∆) by permuting its basis elements in accordance with the
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group action. This extends further to the cochain complex C̃ ·(∆) := Homk(C̃·(∆),k) in the

usual way: if σ̂ ∈ C̃i(∆) is the basis element defined by σ̂(τ) = 0 for σ 6= τ and σ̂(σ) = 1,

then

(g · σ̂)(τ) = σ̂(g−1 · τ),

and hence g · σ̂ = (̂g · σ).

Lastly, given a vector U = (u1, . . . , un) ∈ Nn, let s(U) = {i : ui > 0} be the support of U

and let |U | =
∑n

i=1 uj be the L1-norm of U . If ∆ is a simplicial complex on vertex set [n],

then denote

T (∆)j = {U ∈ Nn : s(U) ∈ ∆ and |U | = j}.

3.2.2 Modules and group actions

Assume from now on that the field k is an extension of C. If G is a finite abelian group and

M is a k[G]-module, then M admits a decomposition into isotypic components according to

the action of G. That is,

M =
⊕
χ∈Ĝ

Nχ

where Ĝ is the group of irreducible characters χ of G and

Mχ := {m ∈M : g ·m = χ(g)m for all g ∈ G}.

Of vital importance will be the consideration of direct sums of simplicial cohomology modules

of the form ⊕
U∈T (∆)j

H i−1(∆, cost∆ s(U)),

which inherit a G-action from ∆ as in the previous section. In particular, Theorem 3.3.1 will

consider the isotypic components of modules of this form. In the j = 0 case, we set

βi(∆)χ := dimk H̃
i(∆)χ. (3.1)

These refined Betti numbers will be one of the main invariants considered in Sections 4 and

5 of this chapter.
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Now let A be the polynomial ring k[x1, . . . , xn], graded by degree, and let M be a finitely-

generated Z-graded A-module, written as an abelian group by M =
⊕

iMi. If G acts on M

and each Mi is G-invariant (i.e. G ·Mi ⊆ Mi), then each Mi can itself be thought of as a

k[G]-module. As above,

Mi =
⊕
χ∈Ĝ

Mχ
i (3.2)

where

Mχ
i = {m ∈Mi : g ·m = χ(g)m for all g ∈ G}.

Suppose A is endowed with a degree-preserving action of G. Then decomposition in (3.2)

makes A into a (Z× Ĝ)-graded ring, since a1 ∈ Aχ1

i1
and a2 ∈ Aχ2

i2
implies that a1a2 ∈ Ai1+i2

and that

g · (a1a2) = (g · a1)(g · a2) = χ1(g)a1χ2(g)a2 = (χ1χ2)(g)a1a2

for all g ∈ G. If, additionally,

g · (am) = (g · a)(g ·m) (3.3)

for all a ∈ A, g ∈ G, and m ∈M , then the decomposition in (3.2) allows for a (Z×Ĝ)-grading

for M , where Mχ
i is the component of M consisting of all elements of degree (i, χ).

If N is another (Z × Ĝ)-graded A-module satisfying the same conditions as M , then G

acts on HomA(M,N) by defining

(g · f)(m) := g · f(g−1 ·m)

for all g ∈ G, f ∈ HomA(M,N), and m ∈M . If m ∈Mχ1

j and f ∈ HomA(M,N)χ2

i , then for

all g ∈ G,

χ2(g)f(m) = (g · f)(m) = g · f(g−1 ·m) = g · f(χ−1
1 (g)m) = χ−1

1 (g)g · f(m),

so g · f(m) = (χ1χ2)(g)f(m) and f(m) ∈ Nχ1χ2

i+j . On the other hand, if f ∈ HomA(M,N) is

such that f(m) ∈ Nχ1χ2

i+j for all choices of i, χ1, and m ∈ Mχ1

i , then g · f = χ2(g)f for all

g ∈ G. Hence,

HomA(M,N)χ1

i = {f ∈ HomA(M,N) : f(Mχ2

j ) ⊆ Nχ1χ2

i+j for all (j, χ2) ∈ Z× Ĝ}.
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That is, the standard (Z × Ĝ)-grading on HomA(M,N) is consistent with the induced one

above. In general, the set of graded A-module homomorphisms from M to N is a submodule

of HomA(M,N). However, in our case of M being finitely generated, the two submodules are

equal (see [8, Section II.11.6]). Unless stated otherwise, a (Z× Ĝ)-graded map of A-modules

will refer to a homomorphism of degree 0.

Let m = (x1, . . . , xn) denote the irrelevant ideal of A, let H i
m(M) denote the i-th local

cohomology module of M with support in m (see [29] for some basic properties of these

modules), and denote mj = (xj1, . . . , x
j
n) (not to be confused with Mj, the j-th graded piece

of M as a Z-graded A-module). We can trace the extra grading of Hom modules through to

some standard local cohomology results using the following proposition.

Proposition 3.2.1. Let G be a finite abelian group, and let M be a (Z×Ĝ)-graded A-module

with an action of G satisfying (3.3). Then:

(a) Ext iA(A/mj,M) and H i
m(M) are (Z× Ĝ)-graded A-modules for all i and all j ≥ 1.

(b) The canonical maps ψMi,j : Ext iA(A/mj,M)→ H i
m(M) are (Z× Ĝ)-graded.

(c) If N satisfies the same conditions as M and f : M → N is a map of (Z × Ĝ)-graded

A-modules, then the induced map f ∗ : H i
m(M)→ H i

m(N) is also (Z× Ĝ)-graded.

(d) If 0→ L→M → N → 0 is a short exact sequence of (Z× Ĝ)-graded A-modules, then

there is a long exact sequence

· · · → H i−1
m (N)

δ−→ H i
m(L)→ H i

m(M)→ H i
m(N)

δ−→ H i+1
m (L)→ · · ·

of (Z× Ĝ)-graded A-modules.

Remark 3.2.2. While these statements are to be expected and follow the typical construc-

tions, we could not find any all-encompassing reference for them. Since many of the modules

and maps involved are vital to the proof of Theorems 3.3.1 and 3.4.2, the proofs have been

included both for the sake of completeness and for a preview of what is to come.
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Proof. Let Kj
• denote the Koszul complex of A with respect to the sequence xj1, . . . , x

j
n. We

view each term Kt of Kj
• as

Kt =
⊕

1≤i1<i2<···<it≤n

A(xji1 ∧ x
j
i2
∧ · · · ∧ xjit),

and we can naturally extend the action of G on A to an action of G on Kj
• by defining

g ·
(
fxji1 ∧ · · · ∧ x

j
it

)
= (g · f)((g · xi1)j ∧ · · · ∧ (g · xit)j).

Then equation (3.3) holds for each Kt, making them (Z× Ĝ)-graded A-modules. The differ-

ential map on Kj
• preserves the G action, so HomA(Kj

• ,M) is a cochain complex of (Z× Ĝ)-

graded A-modules. Furthermore, the cohomology modules obtained from this cochain com-

plex are also (Z× Ĝ)-graded A-modules (see [8, Proposition II.11.3.3]).

Since Kj
• provides a projective resolution of A/mj,

H i(HomA(Kj
• ,M)) = Ext iA(A/mj,M).

The maps ϕj : Kj+1
• → Kj

• defined by ϕj(x
j+1
i1
∧ · · · ∧ xj+1

it
) = (xi1 · · ·xit)x

j
i1
∧ · · · ∧ xjit also

preserve the action of G, so the pullbacks

ϕ∗j : Ext iA(A/mj,M)→ Ext iA(A/mj+1,M)

do as well. These maps provide a direct system of (Z× Ĝ)-graded A-modules in which

H i
m(M) := lim−→Ext iA(A/mj,M).

By [8, Remark II.11.3.3], H i
m(M) is a (Z × Ĝ)-graded A-module and the canonical maps

ψMi,j : Ext iA(A/mj,M) → H i
m(M) also preserve the action of G. This proves (a) and (b),

from which (c) follows almost immediately; if m ∈ H i
m(M), choose j and mj such that

m = ψMi,j(mj), and let

fj : Ext iA(A/mj,M)→ Ext iA(A/mj, N)

be the map induced in Ext modules. It follows from the definitions that fj is a (Z×Ĝ)-graded

map, while f ∗(m) = (f ◦ψMi,j)(mj) = (ψNi,j ◦ fj)(mj). Since all maps here are (Z× Ĝ)-graded,

f ∗ is as well.
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For part (d), all that remains to be checked is that the connecting homomorphism δ is

(Z×Ĝ)-graded. This follows from its standard construction, as it is defined as a composition

of certain (Z× Ĝ)-graded maps.

For any integer a, denote by M [a] the shifted Z-graded A-module defined by M [a]i =

Mi+a. If we are also given χ1 ∈ Ĝ, then we can define a new G-action ∗ on M [a] by setting

g ∗m = χ−1
1 (g)(g ·m).

for all g ∈ G. Denote by M [a, χ1] the module M [a] endowed with this new action of G.

Then for all g ∈ G,

{m ∈Mi+a : g ·m = (χ1χ2)(g)m} = {m ∈M [a]i : g ∗m = χ2(g)m},

hence M [a, χ1]χ2

i = Mχ1χ2

i+a , and this makes M [a, χ1] into a (Z×Ĝ)-graded A-module. Indeed,

if m ∈M [a, χ1]χ2

i and f ∈ Aχ3

j , then

g ∗ (fm) = χ−1
1 (g)(g · fm) = χ−1

1 (g)(χ1χ2χ3)(g)fm = (χ2χ3)(g)fm,

so that fm ∈ M [a, χ1]χ2χ3

i+j . Moreover, if f ∈ Aχ2

j then the multiplication map

·f : M [−j, χ−1
2 ] → M is a map of (Z × G)-graded A modules (of degree 0), since if

m ∈M [−j, χ−1
2 ]χ1

i , then

f(g ∗m) = fχ2(g)(g ·m) = (g · f)(g ·m) = g · (fm).

For the rest of this section, we will only be considering groups G of the form Z/pZ for a

prime p. In this case, G ∼= Ĝ. Once we have fixed a generator g for G and a primitive p-th

root of unity ζ, there is a group isomorphism mapping χ ∈ Ĝ to j ∈ Z/pZ such that

Mχ = {m ∈M : g ·m = ζjm}.

Hence, we write

M =

p−1⊕
j=0

M j
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where

M j := {m ∈M : g ·m = ζjm}.

With this identification, we view all of the modules constructed above as (Z × G)-graded

modules, where M j
i is the component of M in degree (i, j). As in our Definition (3.1), we

set

βi(∆)j := dimk H̃
i(∆)j. (3.4)

Thinking now of M as a (Z × G)-graded vector space over k, we can define the Hilbert

series Hilb(M,λ, t) of M by

Hilb(M,λ, t) =
∑

(i,j)∈(Z×G)

(dimkM
j
i )λitj

where λ and t are indeterminates with tp = 1.

If M is of Krull dimension d > 0, we call a system Θ = θ1, θ2, . . . , θd of homogeneous

elements in A a homogeneous system of parameters (or an h.s.o.p.) for M if M/ΘM is

a finite-dimensional vector space over k. If each θi ∈ A1, then we call Θ a linear system

of parameters (or an l.s.o.p.) for M . We say that M is Cohen-Macaulay if every l.s.o.p.

is a regular sequence on M , and M is Buchsbaum if every l.s.o.p. satisfies

(θ1, . . . , θi−1)M :M θi = (θ1, . . . , θi−1)M :M m

for i = 1, . . . , d. Given any h.s.o.p. Θ for M , we also have the notion of the sigma module

Σ(Θ;M), defined by

Σ(Θ;M) := ΘM +
d∑
i=1

(
(θ1, . . . , θ̂i, . . . , θd)M :M θi

)
.

3.2.3 Stanley–Reisner rings

Let ∆ be a (d − 1)-dimensional simplicial complex with vertex set [n] := {1, . . . , n}. Given

σ ⊂ [n], write xσ =
∏

i∈σ xi. The Stanley–Reisner ideal of ∆ is the ideal I∆ of A defined

by

I∆ = (xσ : σ ⊂ [n], σ 6∈ ∆).
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The Stanley–Reisner ring of ∆ (over k) is

k[∆] := A/I∆.

We will always consider k[∆] as a module over A. The geometric notion of Buchsbaumness

is tied algebraically to the Stanley–Reisner ring through the following vital result (found in

[60]).

Theorem 3.2.3 (Schenzel). A pure simplicial complex ∆ is Buchsbaum over k if and only

if k[∆] is a Buchsbaum A-module.

If ∆ admits an action by the group G = Z/pZ, then this extends to an action on k[∆]

and induces a (Z×G)-grading as detailed in the previous section. If this action is free, then

for any j and i ≥ 1 we have

dimk k[∆]ji =
1

p
dimk k[∆]i.

Also, dimk k[∆]00 = 1 and dimk k[∆]j0 = 0 for 0 < j < p. As in [65, Section 3], this implies

the following expression for the (Z×G)-graded Hilbert series of k[∆].

Theorem 3.2.4. Let ∆ be a (d− 1)-dimensional simplicial complex admitting a free action

by the group Z/pZ. Then

Hilb(k[∆], λ, t) = 1 +
1

p

[∑d
i=1 hi(∆)λi

(1− λ)d
− 1

]
(1 + t+ · · ·+ tp−1).

In fact, if ∆ is centrally-symmetric (so p = 2) and Cohen-Macaulay, then a certain Hilbert

series provides a strong inequality bounding the h-vector of ∆; see [67, Theorem III.8.1]. If

Θ is an l.s.o.p. for ∆, then we denote by k(∆; Θ) the quotient k[∆]/Θk[∆].

Theorem 3.2.5 (Stanley). Let ∆ be a (d − 1)-dimensional centrally-symmetric Cohen-

Macaulay simplicial complex, and suppose Θ = (θ1, . . . , θd) is a l.s.o.p. for k[∆] in which

θi ∈ k[∆]11 for i = 1, . . . , d. Then

Hilb(k(∆; Θ), λ, t) =
1

2

[
(1− t)(1 + λ)d + (1 + t)

d∑
i=0

hi(∆)λi

]
.
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3.3 The main theorem: a refinement of Hochster

For the rest of the chapter, fix ∆ to be a (d − 1)-dimensional simplicial complex on vertex

set [n]. Let k be an extension of C, and let A be the polynomial ring k[x1, . . . , xn]. Recall

that T (∆)j is the set {U ∈ Nn : s(U) ∈ ∆ and |U | = j}.

Theorem 3.3.1. Let ∆ be a simplicial complex with a (not necessarily free) action by a

finite abelian group G. Then the isomorphisms

H i
m(k[∆])−j ∼=

⊕
U∈T (∆)j

H i−1(∆, cost∆ s(U))

of Theorem 3.1.1 induce vector space isomorphisms

H i
m(k[∆])χ−j

∼=

 ⊕
U∈T (∆)j

H i−1(∆, cost∆ s(U))

χ

for each irreducible character χ of G.

Remark 3.3.2. There are a multitude of proofs of Theorem 3.1.1, such as [23, Theorem 1]

or [41, Corollary 4.4]. Our proof of the refinement above will be a modification of that which

appears in [42].

Proof. As in Section 3.2.2, let mj+1 denote the ideal (xj+1
1 , . . . , xj+1

n ) and let Kj+1
• denote the

Koszul complex of A with respect to the sequence (xj+1
1 , . . . , xj+1

n ). If C•(∆,Γ) denotes the

relative simplicial cochain complex of the pair (∆,Γ) with coefficients in k, then we know

from the proofs of Proposition 3.2.1 and [42, Theorem 1] that

H i(HomA(Kj+1
• ,k[∆])−j) = Ext iA(A/mj+1,k[∆])−j ∼=

⊕
U∈T (∆)j

H i−1(C•(∆, cost∆ s(U))) (3.5)

as vector spaces over k. Note that while [42, Theorem 1] is stated with respect to a Zn-

grading, Reisner’s proof in [57, Theorem 2] shows that the only non-acyclic components of

the cochain complex HomA(Kj+1
• ,k[∆]) of Z-graded A-modules also occur in the Zn-graded

case.
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Our first goal is to show that this isomorphism inverts isotypic components in the sense

that it induces isomorphisms of the form

Ext iA(A/mj+1,k[∆])χ−j
∼=

 ⊕
U∈T (∆)j

H i−1(C•(∆, cost∆ s(U)))

χ (3.6)

for each irreducible character χ of G.

Given some set σ = {i1, . . . , it} ⊂ [n] with i1 < i2 < · · · < it, define xσ := xj+1
i1
∧· · ·∧xj+1

it

in Kj+1
t and recall that xσ := xi1 · · ·xit in k[∆]. Likewise, if U = (i1, . . . , in) ∈ Nn, define

xU := xi11 · · ·xinn in k[∆]. If σ ⊂ [n] is such that |σ| = t and U ∈ Nn is such that s(U) ⊂ σ

and |U | = j, define

fUσ (xτ ) =

 (xσ)j+1/xU if τ = σ

0 if τ 6= σ.

Then HomA(Kj+1
t ,k[∆])−j has a vector subspace with basis given by

Dt = {fUσ : |σ| = t, σ ∈ ∆, |U | = j and s(U) ⊂ σ}.

For the right side of (3.5), given σ ∈ ∆ with |σ| = t, as in Section 3.2.1 let σ̂ : Ct−1(∆)→

k be the homomorphism defined by σ̂(τ) = 1 if τ = σ and σ̂(τ) = 0 otherwise and define

〈σ, U〉 := σ̂ + Ct−1(cost∆ s(U)).

Then a basis for ⊕
U∈T (∆)j

Ct−1(∆, cost∆ s(U))

is given by

B = {〈σ, U〉 : σ ∈ ∆, |σ| = t, U ∈ T (∆)j, and s(U) ⊆ σ},

and Miyazaki’s proof of Theorem 3.1.1 shows that the direct sum of maps

ψ :
⊕

U∈T (∆)j

Ct−1(∆, cost∆ s(U))→ HomA(Kj+1
t ,k[∆])−j

defined componentwise by

ψ(〈σ, U〉) = fUσ
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is the chain map inducing the isomorphism in cohomology in (3.5).

Now consider how G acts on each of these cochain complexes. First, g · fUσ = f g·Ug·σ from

the definition of the action on HomA(Kj+1
• ,k[∆]). On the other hand,

g · 〈σ, U〉 = 〈g · σ, g · U〉,

where G acts on U ∈ Nn by permuting indices in accordance with the action of G on the

vertex set [n]. Hence, ψ is a G-equivariant isomorphism and (3.6) is established.

Finally, again referring to the proof of [42, Theorem 1], the canonical maps

Ext iA(A/mj+1,k[∆])→ H i
m(k[∆])

induce isomorphisms in Z-graded components of degree at least −j. Since these are also

maps of (Z× Ĝ)-graded A-modules by Proposition 3.2.1, we obtain the desired isomorphism

in the statement of the theorem.

3.4 Applications

3.4.1 Hilbert series of Artinian reductions and an analog of Schenzel’s formula

From now on, ∆ is fixed to be Buchsbaum and G = Z/pZ for some prime p with a fixed

generator g. We consider A to be (Z×G)-graded and k[∆] to be a (Z×G)-graded A-module

as in Section 3.2. In a way similar to [67, Section 8], if the action of G is very free and

0 ≤ δi ≤ p− 1 for i = 1, . . . , d, then we can easily construct a l.s.o.p. Θ = θ1, . . . , θd for k[∆]

in which θi ∈ Aδi1 for 1 ≤ i ≤ d as follows.

First, choose one face from each G-orbit of ∆ and collect them into the set ∆G. Let W

be the set of vertices of ∆ that are in ∆G, and choose functions t1, . . . , td : W → k such that

their restrictions to any subset of W of size d are linearly independent. Now extend ti to all

of [n] by setting

ti(g
k · v) = ζ−kδiti(v)

for all i and k, and let

θi =
∑
v∈[n]

ti(v)xv.
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Then

g · θi =
∑
v∈[n]

ti(v)xg·v =
∑
v∈[n]

ti(g
−1 · v)xv =

∑
v∈[n]

ζδiti(v)xv,

so θi ∈ Aδi1 for i = 1, . . . , d. Furthermore, since no facet of ∆ contains {gi · v, gj · v} for any

v with i 6≡ j mod p, the system Θ = (θ1, . . . , θd) forms an l.s.o.p. that is homogeneous with

respect to the (Z×G)-grading by [67, Lemma III.2.4(a)].

Remark 3.4.1. The construction above is included purely for the sake of concreteness in

the case of a very free action. In fact, as Adin shows in his thesis ([1]), it is possible to

construct an l.s.o.p. with the prescribed properties above even in the case of a free action.

The construction involves changing the field k to a particular extension of C. However,

as we are now turning our focus to certain Hilbert series (which are invariant under field

extensions), all of the results that follow hold for any extension of C and are stated with this

understanding in mind.

Now that the existence of l.s.o.p.’s of the form above has been established, we may use

them to prove the following theorem (recall the refined Betti number notation of definition

(3.4) and that k(∆; Θ) = k[∆]/Θk[∆] for an l.s.o.p. Θ).

Theorem 3.4.2. Let ∆ be a (d − 1)-dimensional Buchsbaum simplicial complex admitting

a free group action by G = Z/pZ, let 0 ≤ m ≤ p − 1 be some fixed degree, and let Θ be a

G-homogeneous l.s.o.p. for k[∆] such that θi ∈ Am1 for all i. Then the (Z×G)-graded Hilbert

series of k(∆; Θ) is given by

Hilb(k(∆; Θ), λ, t) =
d∑
i=0

[
(−1)i

(
d

i

)
tmi +

(
1

p

p−1∑
k=0

tk

)(
hi(∆) + (−1)i+1

(
d

i

))]
λi

+
d∑
i=0

(
d

i

)
λi

i−1∑
j=0

(−1)i−j−1

(
p−1∑
k=0

tkβj−1(∆)k−im

)
.

Remark 3.4.3. Recall that tp = 1 in this Hilbert series, and note that by setting t = 1,

we can recover Schenzel’s Theorem 3.1.2. Furthermore, we conclude that hi(∆) ≡ (−1)i
(
d
i

)
(mod p) for all i.
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Proof. Suppose that Θ is an arbitrary l.s.o.p. with θi ∈ Aδi1 for i = 1, . . . , d. For s = 1, . . . , d,

denote

ks[∆] := k[∆]/(θ1, . . . , θs)k[∆].

Then (recall the shifted module discussion from Section 3.2.2) we have exact sequences of

(Z×G)-graded A-modules with degree-preserving maps of the form

0→ Q(s)[−1,−δs]→ ks−1[∆][−1,−δs]
·θs−→ ks−1[∆]→ ks[∆]→ 0,

where

Q(s) = 0 :ks−1[∆] θs = 0 :ks−1[∆] m = H0
m(ks−1[∆]).

The second equality above follows from the definition of Buchsbaumness, and the third

follows from the proof of [68, Proposition I.2.1]. On the level of Hilbert series, a standard

argument yields the following equation:

Hilb(k(∆; Θ), λ, t) = Hilb(k[∆], λ, t)
d∏
i=1

(1− λtδi)

+
d∑
s=1

λtδi Hilb(H0
m(ks−1[∆]), λ, t)

d∏
j=s+1

(1− λtδj).

In the case θs ∈ Am1 for s = 1, . . . , d, the equation above simplifies to

Hilb(k(∆; Θ), λ, t) = (1− λtm)d Hilb(k[∆], λ, t)

+
d∑
s=1

λtm(1− λtm)d−s Hilb(H0
m(ks−1[∆]), λ, t).

Analyzing the first term yields the following, using Theorem 3.2.4:

(1− λtm)d Hilb(k[∆], λ, t)

= (1− λtm)d

[
1 +

1

p

(∑d
i=0 hi(∆)λi

(1− λ)d
− 1

)
(1 + t+ · · ·+ tp−1)

]

= (1− λtm)d +
(1 + t+ · · ·+ tp−1)

p

[
d∑
i=0

hi(∆)λi − (1− λtm)d

]

=
d∑
i=0

[
(−1)i

(
d

i

)
tmi +

1

p

p−1∑
k=0

tk
(
hi(∆) + (−1)i+1

(
d

i

))]
λi.
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For the second term,

H0
m(ks−1[∆]) ∼=

s−1⊕
i=0

⊕
(s−1
i )

H i
m(k[∆])[−i,−im]


by [68, Proposition II.4.14’] (though the stated result is for Z-graded A-modules, the exact

same proof works in the (Z×G)-graded case using Proposition 3.2.1). By our Theorem 3.3.1,

H i
m(k[∆])[−i,−im] is concentrated in Z-degree i and has dimension βi−1(∆)k−im in degree

(i, k). Hence,

Hilb(H0
m(ks−1[∆]), λ, t) =

s−1∑
i=0

(
s− 1

i

)
λi

(
p−1∑
k=0

tkβi−1(∆)k−im

)
,

and so the λitk coefficient of λtm Hilb(H0
m(ks−1[∆]), λ, t) is

(
s−1
i−1

)
βi−2(∆)k−im. Then the λitk

coefficient of (1− λtm)d−sλtm Hilb(H0
m(ks−1[∆]), λ, t) is given by

i∑
r=0

(−1)r
(
d− s
r

)(
s− 1

i− r − 1

)
βi−r−2(∆)k−im.

Now we sum over all values of s, setting f(s) =
(
d−s
r

)(
s−1
i−r−1

)
:

d∑
s=1

i∑
r=0

(−1)rf(s)βi−r−2(∆)k−im =
i∑

r=0

[
(−1)rβi−r−2(∆)k−im

d∑
s=1

f(s)

]

=

(
d

i

) i∑
r=0

(−1)rβi−r−2(∆)k−im

=

(
d

i

) i−1∑
j=0

(−1)i−j−1βj−1(∆)k−im.

Here the second equality follows from the identity
∑d

s=1

(
d−s
r

)(
s−1
i−r−1

)
=
(
d
i

)
and the third

follows from setting j = i− r − 1.

Of particular interest is the G = Z/2Z case, in which many simplifications can be made

to the expression in Theorem 3.4.2. This results in the following corollary.
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Corollary 3.4.4. Let ∆ be a centrally-symmetric Buchsbaum complex with Θ = (θ1, . . . , θd)

an l.s.o.p. for ∆ such that θi ∈ Am1 for all i and some fixed m. Then

dimk k(∆; Θ)ki =
1

2

(
hi(∆) + (−1)i+k+mi

(
d

i

))
+

(
d

i

) i−1∑
j=0

(−1)i−j−1βj−1(∆)k−im.

3.4.2 The sigma module

When only considering a Z-grading on k[∆], it is possible to mod k(∆; Θ) out by an addi-

tional submodule in order to get an even tighter bound on the h-vector of ∆. In particular,

the sigma module can be used to great effect as follows ([49, Theorem 1.2]).

Theorem 3.4.5 (Murai–Novik–Yoshida). Let ∆ be a Buchsbaum simplicial complex of di-

mension d− 1 and let Θ be an l.s.o.p. for ∆. Then

dimk (k[∆]/Σ(Θ;k[∆]))i = hi(∆) +

(
d

i

) i∑
j=0

(−1)i−j−1βj−1(∆).

Of course, we would like for analogous statements to hold for the (Z×G)-graded Hilbert

series of k[∆]/Σ(Θ;k[∆]). In order to even consider this series, we must first verify that

this module is in fact (Z×G)-graded by establishing that the sigma module is G-invariant.

This is accomplished by the following lemma, whose proof is nearly immediate and has been

omitted.

Lemma 3.4.6. Let ∆ be a Buchsbaum simplicial complex with a free action by G. If Θ =

(θ1, . . . , θd) is an l.s.o.p. for ∆ and each θi is homogeneous with respect to the (Z×G)-grading

of A, then the sigma module Σ(Θ;k[∆]) is G-invariant.

Fortunately, the proof of our needed aspects of [49, Theorem 2.3] goes through essentially

verbatim in the (Z×G)-graded case using Proposition 3.2.1. One aspect not covered directly

by the proposition (though it is considered in the proof) is that images and kernels of maps

of (Z×Ĝ)-graded A-modules are themselves (Z×Ĝ)-graded; this follows from [8, Proposition

II.11.3.3]. Hence, we obtain the following proposition.



49

Proposition 3.4.7. Let ∆ be a (d−1)-dimensional Buchsbaum simplicial complex admitting

a free action by G and let Θ = (θ1, . . . , θd) be an l.s.o.p. for ∆ with θi ∈ Am1 for all i. Then

Σ(Θ;k[∆])/Θk[∆] ∼=
d−1⊕
i=0

⊕
(di)

H i
m(k[∆])[−i,−im]


as (Z×G)-graded A-modules. In particular,

dimk (Σ(Θ;k[∆])/Θk[∆])ki =

(
d

i

)
βi−1(∆)k−im.

This immediately establishes the following extension of Theorem 3.4.2:

Theorem 3.4.8. Let ∆ be a (d − 1)-dimensional Buchsbaum simplicial complex admitting

a free action by G and let Θ be a G-homogeneous l.s.o.p. for k[∆] such that θi ∈ Am1 for all

i. Then

Hilb(k[∆]/Σ(Θ;k[∆]), λ, t) =

d∑
i=0

[
(−1)i

(
d

i

)
tmi +

(
1

p

p−1∑
k=0

tk

)(
hi(∆) + (−1)i+1

(
d

i

))]
λi

+
d∑
i=0

(
d

i

)
λi

i∑
j=0

(−1)i−j−1

(
p−1∑
k=0

tkβj−1(∆)k−im

)
.

3.4.3 Inequalities

Theorem 3.4.5 implies the following inequality bounding the h-vector of any Buchsbaum

simplicial complex ∆:

hi(∆) ≥
(
d

i

) i∑
j=0

(−1)i−jβj−1(∆). (3.7)

For Cohen-Macaulay complexes admitting a very free action by G, bounds on the h-vector

may be obtained through Theorem 3.1.5. In this section we present some similar inequalities

by exploiting the (Z×G)-graded Hilbert series of Buchsbaum complexes admitting free group

actions by G. To begin, setting m = 0 and examining the λitk coefficients in Theorem 3.4.8
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immediately allows us to bound the h-vector of ∆ by

hi(∆) ≥ (p− 1)(−1)i+1

(
d

i

)
+ p

(
d

i

) i∑
j=0

(−1)i−jβj−1(∆)0 (3.8)

and

hi(∆) ≥ (−1)i
(
d

i

)
+ p

(
d

i

) i∑
j=0

(−1)i−jβj−1(∆)k (3.9)

for k 6≡ 0 mod p.

The inequalities above provide an immediate “permutable” version of (3.7) that is worth

recognizing.

Corollary 3.4.9. Let ∆ be a (d− 1)-dimensional Buchsbaum simplicial complex admitting

a free action by the group Z/pZ. If M is a multiset of size p− 1 on {1, . . . , p− 1}, then

hi(∆) ≥
(
d

i

) i∑
j=0

(−1)i−jβj−1(∆)0 +

(
d

i

) ∑
m∈M

i∑
j=0

(−1)i−jβj−1(∆)m.

Proof. For each m ∈M, consider the corresponding inequality (3.9). Add all of the inequal-

ities together along with (3.8), then divide by p.

Note that by takingM = [p−1], we obtain the original bound (3.7). On the other hand,

by considering the degrees of the group representations produced by G acting on H i(∆), we

can also obtain some extensions of Theorem 3.1.5.

Corollary 3.4.10. Let ∆ be a (d− 1)-dimensional Buchsbaum simplicial complex admitting

a free action by G. Then:

(a) If βi(∆) = 0 for i ≤ j, then hi(∆) ≥
(
d
i

)
for i ≤ j + 2.

(b) If βi(∆) < (p− 1) for i ≤ j, then hi(∆) ≥ (−1)i
(
d
i

)
for i ≤ j + 2.

Proof. The statement in (a) is an immediate consequence of the inequalities in (3.8) and

(3.9). For (b), consider the reduced cohomology group H̃ i(∆;Q) with coefficients in Q,

which satisfies

βi(∆) = dimQ H̃
i(∆;Q).
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Furthermore,

H̃ i(∆;k) ∼= H̃ i(∆;Q)⊗Q k

as representations of G by taking k to have a trivial action.

There are only two irreducible representations of G over Q: the 1-dimensional trivial rep-

resentation and a (p− 1)-dimensional non-trivial representation. Hence, if dimQ H̃
i(∆;Q) <

p − 1 then G acts trivially on H̃ i(∆;Q). From the above isomorphism, G acts trivially on

H̃ i(∆;k) as well. That is, βi(∆)r = 0 for 1 ≤ r ≤ p − 1 and i ≤ j, and the result follows

from inequality (3.9).

It is also worth examining the properties of the quotient ∆/G. This quotient has elements

corresponding to orbits of the faces of ∆ under the action of G, and it can always be made

into a poset with zero element {∅} (assuming ∆ 6= ∅) under the ordering defined by setting

x � y if σ ⊆ τ for some σ ∈ x and τ ∈ y. This poset is ranked by setting the rank of an

orbit to be the cardinality of any of its members.

In some cases, ∆/G is itself isomorphic to the face poset of a simplicial complex (for

instance, when Z/2Z acts by rotation on the boundary of a hexagon, the quotient is isomor-

phic to the face poset of the boundary of a triangle). When this happens, we naturally view

∆/G as the corresponding simplicial complex. Less optimistically, ∆/G may have the prop-

erty that every interval [{∅}, x] is isomorphic to a boolean lattice. In this case, we say that

∆/G is a simplicial poset. Many invariants of simplicial complexes have natural extensions

to simplicial posets (see [66] for a nice overview). In particular, the h-vector of a simplicial

poset is a well-studied object that our next proposition examines.

Proposition 3.4.11. Let ∆ be a Buchsbaum simplicial complex admitting a free group action

by G. If ∆/G is a simplicial poset, then

hi(∆/G) ≥ (−1)i
(
d

i

)
+

(
d

i

) i∑
j=0

(−1)i−jβj−1(∆)k

for k 6≡ 0 mod p.
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Proof. A straightforward calculation shows that

hi(∆) = (p− 1)(−1)i+1

(
d

i

)
+ phi(∆/G). (3.10)

Now combine (3.9) with (3.10) and divide by p.

As examples, ∆/G is always a simplicial poset when ∆ is the order complex of a poset ([17,

Section 6]), or, more generally, when ∆ is balanced and the action of G is color-preserving

([56]). Note that this proposition provides a “Buchsbaum-like” bound on the h-vector of

∆/G in the style of equation (3.9) without any direct consideration of whether or not ∆/G

is itself Buchsbaum.

3.4.4 Dehn-Sommerville relations

Here we present a new results akin to Theorem 1.4, relating the symmetric values of the

dimensions dimk (k[∆]/Σ(Θ;k[∆]))ji . First, let χ̃(∆) denote the reduced Euler characteristic

of a simplicial complex ∆, defined by

χ̃(∆) =
d−1∑
j=−1

(−1)jβj(∆),

where d−1 is the dimension of ∆. We will also denote by χ(∆) := χ̃(∆)+1 the (unreduced)

Euler characteristic of ∆. If ∆ is an orientable homology manifold without boundary, then

Klee’s formula

hd−i(∆)− hi(∆) = (−1)i
(
d

i

)
((−1)d−1χ̃(∆)− 1) (3.11)

(found in [34]) provides a relation between the symmetric entries in the h-vector of ∆ in

terms of χ̃(∆), abstracting the Dehn-Sommerville relations for simplicial polytopes. We will

first examine the symmetric values of the dimensions of dimk (k[∆]/Σ(Θ;k[∆]))0
i , in the case

that Θ ⊂ A0
1.

Theorem 3.4.12. Let ∆ be a (d − 1)-dimensional triangulation of a connected orientable

manifold without boundary admitting a free group action by G. If Θ ⊂ A0
1 and H̃d−1(∆) =
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H̃d−1(∆)0, then

dimk (k[∆]/Σ(Θ;k[∆]))0
i = dimk (k[∆]/Σ(Θ;k[∆]))0

d−i .

Proof. If ∆ = {∅}, then the result is immediate. Assume that ∆ 6= {∅}. Applying Theorem

3.4.8, we can write

dimk (k[∆]/Σ(Θ;k[∆]))0
i =

hi(∆)

p
+

(−1)i(p− 1)

p

(
d

i

)
+

(
d

i

) i∑
j=0

(−1)i−j−1βj−1(∆)0.

Using (3.11),

hi(∆)

p
− hd−i(∆)

p
=

(−1)i+1

p

(
d

i

)
((−1)d−1χ̃(∆)− 1)

=
(−1)d−i

p

(
d

i

)
χ̃(∆) +

(−1)i

p

(
d

i

)
=

(−1)d−i

p

(
d

i

)
χ(∆) +

(−1)d−i−1

p

(
d

i

)
+

(−1)i

p

(
d

i

)
.

Hence, [
hi(∆)

p
+

(−1)i(p− 1)

p

(
d

i

)]
−
[
hd−i(∆)

p
+

(−1)d−i(p− 1)

p

(
d

i

)]
=

(−1)d−i

p

(
d

i

)
χ(∆) + (−1)i

(
d

i

)
+ (−1)d−i−1

(
d

i

)
. (3.12)

Identify ∆ with its geometric realization |∆|, and set Γ = |∆|/G. Since G acts freely on

∆, the projection π : |∆| → Γ is a covering space map. By [26, Proposition 3G.1],

H i(|∆|)0 = H i(|∆|)G ∼= H i(Γ).

Since H̃d−1(∆) = H̃d−1(∆)0 by assumption, Γ is itself an orientable manifold. Hence,

Poincaré duality applies and βj−1(∆)0 = βd−j(∆)0 for j > 1 while β0(∆)0 = βd−1(∆)0 − 1.

Furthermore, β−1(∆)0 = 0 since ∆ 6= {∅}. Then(
d

i

) i∑
j=0

(−1)i−j−1βj−1(∆)0 = (−1)i+1

(
d

i

)
+

(
d

i

) i∑
j=1

(−1)i−j−1βd−j(∆)0

= (−1)i+1

(
d

i

)
+

(
d

i

) d∑
`=i+1

(−1)d−i−`β`−1(∆)0.
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Thus, (
d

i

) i∑
j=0

(−1)i−j−1βj−1(∆)0 −
(
d

i

) d−i∑
j=0

(−1)d−i−j−1βj−1(∆)0

= (−1)i+1

(
d

i

)
+

(
d

i

) d∑
j=0

(−1)d−i−jβj−1(∆)0

= (−1)i+1

(
d

i

)
+ (−1)d−i−1

(
d

i

)
χ̃(Γ).

Now note that ∆ is a p-sheeted covering space for Γ. This implies that χ(∆) = pχ(Γ) (see

[26, Section 2.2]). Hence, we can re-write the difference as

(−1)i+1

(
d

i

)
+(−1)d−i−1

(
d

i

)
χ̃(Γ)

= (−1)i+1

(
d

i

)
+ (−1)d−i−1

(
d

i

)
χ(Γ) + (−1)d−i

(
d

i

)
= (−1)i+1

(
d

i

)
+

(−1)d−i−1

p

(
d

i

)
χ(∆) + (−1)d−i

(
d

i

)
.

Adding this difference to (3.12) completes the proof.

Remark 3.4.13. In the case that G = Z/pZ with p odd, the hypothesis H̃d−1(∆) =

H̃d−1(∆)0 of Theorem 3.4.12 is always true. Indeed, the fundamental class of ∆ generating

H̃d−1(∆) is of the form

z =
∑

σ̂∈Cd−1(∆)

aσσ̂

with aσ = ±1 for all σ. If h ∈ G acts on this class, then it can only flip the sign of some

coefficients; it cannot introduce a factor of ζ i across all coefficients for some non-trivial i.

In fact, the theorem above can be greatly strengthened by appealing to algebraic prop-

erties of k[∆]/Σ(Θ;k[∆]). First, we will need the following theorem (see [53, Theorem 1.4]

or [49, Remark 3.8]).

Theorem 3.4.14. Let ∆ be a triangulation of a (d − 1)-dimensional connected manifold

without boundary that is orientable over k, and let Θ be a linear system of parameters for

k[∆]. Then k[∆]/Σ(Θ;k[∆]) is an Artinian Gorenstein k-algebra.
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With this fact, our next theorem quickly follows.

Theorem 3.4.15. Let ∆ be a triangulation of a (d − 1)-dimensional connected manifold

without boundary that is orientable over k and admits a free group action by G, and let Θ be a

(Z×G)-homogeneous linear system of parameters for k[∆]. If s is such that k[∆]/Σ(Θ;k[∆])d

in concentrated in (Z×G)-degree (d, s), then

dimk (k[∆]/Σ(Θ;k[∆]))ji = dimk (k[∆]/Σ(Θ;k[∆]))s−jd−i

for i = 0, . . . , d and any j, where we interpret s− j modulo p.

Before starting the proof of this theorem, note that dimk k[∆]/Σ(Θ;k[∆])d = 1 because

k[∆]/Σ(Θ;k[∆]) is Gorenstein and hence such an s always exists.

Proof. Since k[∆]/Σ(Θ;k[∆]) is Gorenstein, the product map

k[∆]/Σ(Θ;k[∆])i × k[∆]/Σ(Θ;k[∆])d−i → k[∆]/Σ(Θ;k[∆])d

is a perfect pairing (see [25, Theorem 2.79]). Furthermore, the finely-graded product maps

k[∆]/Σ(Θ;k[∆])ji × k[∆]/Σ(Θ;k[∆])kd−i → k[∆]/Σ(Θ;k[∆])j+kd

only land in a non-zero component of k[∆]/Σ(Θ;k[∆])d when j + k ≡ s (mod p). That is,

k[∆]/Σ(Θ;k[∆])ji × k[∆]/Σ(Θ;k[∆])s−jd−i → k[∆]/Σ(Θ;k[∆])sd

is a perfect pairing for each i, j and hence

k[∆]/Σ(Θ;k[∆])ji
∼= k[∆]/Σ(Θ;k[∆])s−jd−i

as vector spaces over k.

By comparing 3.4.12 with 3.4.15, we obtain the following corollary.

Corollary 3.4.16. Let ∆ be a (d − 1)-dimensional triangulation of a connected orientable

manifold without boundary admitting a free group action by G. If Θ ⊂ A0
1 and H̃d−1(∆) =

H̃d−1(∆)0, then k[∆]/Σ(Θ;k[∆])d in concentrated in (Z×G)-degree (d, 0) and

dimk (k[∆]/Σ(Θ;k[∆]))ji = dimk (k[∆]/Σ(Θ;k[∆]))p−jd−i

for i = 0, . . . , d and j = 0, . . . , p− 1.
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3.5 Comments

It was shown by Duval in [15] that a version of of Theorem 3.1.1 also holds when considering

the face ring of a simplicial poset. Our main result then begs the following question.

Question 3.5.1. Does Theorem 3.3.1 extend to simplicial posets admitting free group ac-

tions?

An answer to this question will likely require a careful examination of a (Z×G)-grading

imposed on the face ring of a simplicial poset, an object that at times is considerably more

complicated than the Stanley–Reisner ring.

Stanley was able to examine some implications of equality being attained in his inequal-

ities of Theorem 3.1.5 for the G = Z/2Z case (see [67, Proposition III.8.2]). In light of these

results, our next question naturally arises.

Question 3.5.2. If equality is attained in either inequality (3.8) or (3.9), what can be said

about the other entries in the h-vector of ∆?

Lastly, this chapter would feel incomplete without some mention of the g-conjecture. To

this end, let ∆ be a (d− 1)-dimensional orientable k-homology manifold and denote

h′′i (∆) = dimk (k[∆]/Σ(Θ;k[∆]))i = hi(∆) +

(
d

i

) i∑
j=0

(−1)i−j−1βj−1(∆).

Kalai’s manifold g-conjecture asserts in part that h′′0(∆) ≤ h′′1(∆) ≤ · · · ≤ h′′bd/2c(∆) (in the

case that ∆ is a sphere, this is the same as the corresponding part of the usual g-conjecture).

There is much evidence in favor of this statement, and it has been shown to be true in

some special cases (see [47, Theorem 5.3], [48, Theorem 1.5], and [53, Theorem 1.6]). The

inequality is sometimes demonstrated by exhibiting a Lefschetz element ω ∈ A1 such that

the multiplication map

·ω : k[∆]/Σ(Θ;k[∆])i−1 → k[∆]/Σ(Θ;k[∆])i
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is an injection for 1 ≤ i ≤ bd/2c. As has been our theme, we would like to show that similar

inequalities hold under the finer grading. Indeed, if such an ω can in fact be chosen to be an

element of Am1 for some m, then we immediately have the inequalities

dimk (k[∆]/Σ(Θ;k[∆]))ji−1 ≤ dimk (k[∆]/Σ(Θ;k[∆]))j+mi

for any choice of j. Although the Lefschetz elements that have been found thus far cannot

be specified to reside in some fixed homogeneous (Z × G)-degree of A1, the strength of the

finer grading on k[∆]/Σ(Θ;k[∆]) prompts the following conjecture.

Conjecture 3.5.3. Let ∆ be an orientable k-homology manifold admitting a free group

action by Z/pZ. Then there exists m such that

dimk (k[∆]/Σ(Θ;k[∆]))ji−1 ≤ dimk (k[∆]/Σ(Θ;k[∆]))j+mi

for 1 ≤ i ≤ bd/2c and 0 ≤ j ≤ p− 1.
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Chapter 4

SIMPLICIAL POSETS

4.1 Introduction

The Stanley–Reisner ring of a simplicial complex has been one of the most useful tools in

the study of combinatorial properties of simplicial polytopes, spheres, and manifolds for

decades. From the upper bound theorem to the g-theorem, this algebraic construction has

played a central role in many of the main results in this area of research. Its structure is well-

understood, and the translation of geometric properties of a simplicial complex into algebraic

statements about the associated ring is often clear and elegant. For an excellent overview of

the historical advances allowed by these rings, the reader is referred to [67, Sections II and

III].

When shifting from simplicial complexes to simplicial posets, the situation changes rather

dramatically. Stanley defined the face ring of a simplicial poset as a generalization of the

Stanley–Reisner ring ([66]); in the case that the poset in question is the face lattice of a

simplicial complex, the two rings are isomorphic. Unfortunately, in this broader scope the

structure of the face ring becomes much less tangible. Though many classification theorems

for simplicial complexes have analogs in the world of simplicial posets (see [66, Theorem

3.10] for an analog of the g-theorem, or [10], [36], and [46] for further abstractions), many

algebraic statements about Stanley–Reisner rings do not have generalizations to face rings

of simplicial posets.

The purpose of this chapter is to provide such generalizations. In particular, we wish to

extend the homological properties of Stanley–Reisner rings established by Gräbe, Hochster,

Miyazaki, Reisner, and Schenzel to the world of simplicial posets and their face rings, in the

combinatorial spirit of the work begun by Duval in [15]. It is worth noting that these face



59

rings are also squarefree modules; these objects have been studied from a various viewpoints

by Yanagawa (see, e.g., [77] and [76]). Furthermore, similar topics have been investigated

from a sheaf-theoretic viewpoint by Brun and Römer in [13] and by Brun, Bruns, and Römer

in [12].

Before stating our main results, we will fix some notation. Let P be a simplicial poset

with vertex set V = {x1, . . . , xn} and let supp(z) = {i : xi � z} denote the support of an

element z ∈ P . Define A = k[x1, . . . , xn], let m be the irrelevant ideal (x1, . . . , xn), and let m`

be the ideal (x`1, . . . , x
`
n). Lastly, let AP be the face ring of P ; we consider AP as a Zn-graded

A-module (we defer all definitions until the next section). Our first new result is an extension

of Miyazaki’s calculation of the graded pieces of the Ext-modules of a Stanley–Reisner ring

([42, Theorem 1]):

Theorem 4.3.1. Let P be a simplicial poset with vertex set V , and let α ∈ Zn. Set B =

{i : −` < αi < 0}, C = {i : αi = −`}, and D = {i : αi > 0}. If −` ≤ αi for all i, then

Ext iA(A/m`, AP )α ∼=
⊕

supp(z)=B∪D

H̃ i−|B|−|C|−1
(
[0̂, zD]× lkP (z)V rC

)
and Ext iA(A/m`, AP )α = 0 otherwise. In particular, if D 6= ∅ then Ext iA(A/m`, AP )α = 0.

By considering H i
m(AP ) as the direct limit of the Ext iA(A/m`, AP ) modules, we will re-

prove the result of Duval ([15, Theorem 5.9]) that calculates the dimensions of the graded

pieces of H i
m(AP ). By tracing the A-module structure of Ext iA(A/m`, AP ) through this

direct limit, we will further be able to establish an extension of Gräbe’s result detailing

the corresponding structure of H i
m(AP ) ([23, Theorem 2]). More precisely, our second main

contribution is:

Theorem 4.4.4. Let α = (α1, . . . , αn) ∈ Zn. Then

H i
m(AP )α ∼=

⊕
supp(w)={j:αj 6=0}

H i−1(P, costP (w))

if α ∈ Zn≤0 and H i
m(AP )α = 0 otherwise. Under these isomorphisms, the A-module structure

of H i
m(AP ) is given as follows. Let γ = α + deg(xj). If αj < −1, then ·xj : H i

m(AP )α →
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H i
m(AP )γ corresponds to the direct sum of identity maps⊕

supp(w)={j:αj 6=0}

H i−1(P, costP (w))→
⊕

supp(w)={j:αj 6=0}

H i−1(P, costP (w)).

If αj = −1, then ·xj corresponds to the direct sum of maps⊕
supp(w)={j:αj 6=0}

H i−1(P, costP (w))→
⊕

supp(z)={j:γj 6=0}

H i−1(P, costP (z))

induced by the inclusions of pairs (P, costP (w r {xj}))→ (P, costP (w)). If αj ≥ 0, then ·xj
is the zero map.

The structure of this chapter is as follows. In Section 4.2 we will review notation and some

foundational results, then examine the structure of AP in preparation for later computations.

In Section 4.3 and Section 4.4 we will prove Theorems 4.3.1 and 4.4.4, respectively. In Section

4.5 we will apply these results in a discussion of Cohen-Macaulay and Buchsbaum properties.

Finally, we will close with some additional comments in Section 4.6.

4.2 Preliminaries

4.2.1 Combinatorics and topology

A simplicial poset is a partially ordered finite set (P,�) satisfying the following two prop-

erties:

i There exists an element 0̂ ∈ P satisfying 0̂ � y for all y ∈ P .

ii For every element y ∈ P , the interval [0̂, y] is a Boolean lattice.

The rank of an element y of P is the maximal length among chains from 0̂ to y in P and

is denoted rkP (y). When the poset P is understood, we sometimes abbreviate this to rk(y).

The atoms of P are the elements of rank 1.

If R is a subset of P such that x ∈ R whenever y ∈ R and x � y in P , then we call R an

order ideal of P and view it as a poset under the partial order inherited from P . If y is an
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element of a poset P , then we define the link of y in P by

lkP (y) := {w ∈ P : y � w}.

Note that y plays the role of 0̂ in lkP (y), and, more generally, if w ∈ lkP (y) then rklkP (y)(w) =

rkP (w)− rkP (y). Similarly, we define the contrastar of y in P by

costP (y) := {w ∈ P : y � w}.

If the atoms of P are labeled x1, . . . , xn, then we define the support of an element y ∈ P

to be the set

supp(y) := {i : xi � y}.

Given B ⊆ supp(y), we denote by yB the unique face of P satisfying yB � y and supp(yB) =

B (the existence and uniqueness of yB follows from the fact that [0̂, y] is a Boolean lattice).

Similarly, if W ⊆ {1, . . . , n}, then define

PW := {y ∈ P : supp(y) ⊆ W}.

If w and y are two elements in P , then we define

M(w, y) := {z ∈ P : z is a minimal upper bound for w and y}.

Note that if P is a simplicial poset andM(w, y) 6= ∅, then for any z ∈M(w, y) the interval

[0̂, z] is a boolean lattice containing both w and y. Hence, w and y have a unique greatest

lower bound; we call this the meet of w and y and denote it by w ∧ y.

The properties defining simplicial posets are preserved under some important operations

and constructions, as outlined in the following proposition ([7, Proposition 2.6]). Recall that

if P and Q are posets, then a partial order may be placed on the product P ×Q by defining

(p1, q1) � (p2, q2) if p1 � p2 in P and q1 � q2 in Q.

Proposition 4.2.1. Let P and Q be simplicial posets, and let y ∈ P . Then P × Q and

lkP (y) are both simplicial posets. If R is an order ideal of P , then R is a simplicial poset as

well; in particular, costP (y) is a simplicial poset.
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There is a wealth of geometric meaning behind simplicial posets. In particular, every

simplicial poset may be realized as the face poset of a regular CW complex ([7, Section 3]).

Such a complex is much like a simplicial complex in that the cells are simplices. However,

these more general objects may differ from simplicial complexes in that the intersection of

two faces needs only to be a (possibly empty) subcomplex of each of the two faces, instead

of a single simplex. For example, the following figure depicts the face poset of a cone formed

by two triangles with two pairs of edges identified and vertices labeled 1, 2, and 3, with the

apex of the cone being the vertex 1. The elements of the poset have been labeled according

to their support.

∅

{1} {2} {3}

{1, 2} {1, 3} {2, 3} {2, 3}

{1, 2, 3} {1, 2, 3}

From this geometric viewpoint, we refer to the atoms of P as vertices and to all elements

of P as faces. The dimension of a face y ∈ P is dim(y) := rk(y)− 1, and the dimension of

P is dim(P ) := max{dim(y) : y ∈ P}. If all maximal faces of P have the same dimension,

then we say that P is pure. We denote the regular CW complex associated to the poset P

by |P |, and we call it the geometric realization of P .

In addition to the geometric realization of P , there is another associated geometric object

known as the order complex. First, let P denote the poset P r {0̂}. The order complex

of P is the simplicial complex ∆(P ) whose elements are the chains of P . In fact, ∆(P )

can be realized as the face poset of the barycentric subdivision of |P | ([35, Theorem 2.1.7]).

Furthermore, ∆(P ×Q) isomorphic as a simplicial complex to the join ∆(P ) ∗∆(Q).
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Let P be a simplicial poset with vertices {x1, . . . , xn}, and let k be a field. Denote by

C̃i(P ) the vector space over k whose basis elements correspond to elements of rank i+ 1 in

P . Next let O be a partial ordering of the indices {1, . . . , n} of the vertices of P such that

the restriction of O to the support of any one face is a total order; we call such an ordering

an orientation. Define a coboundary operator δ : C̃i(P )→ C̃i+1(P ) by

δ(y) =
n∑
i=1

(−1)ui
∑

z∈M(xi,y)

z

where ui = |{j ∈ supp(y) : i <O j}|. We define the reduced cohomology groups H̃ i(P )

of P with coefficients in k to be the homology of the chain complex C̃•(P ) with respect

to the coboundary δ. If Q is a non-empty order ideal in P , then we define the relative

cohomology groups H i(P,Q) of the pair (P,Q) with coefficients in k to be the homology

of the chain complex C•(P,Q) := C̃•(P )/C̃•(Q) with respect to the coboundary induced by

δ. This definition of cohomology is identical to the cellular cohomology of the CW complex

|P | (see, e.g., [26, Sections 2.2 and 3.1]). From this fact (along with its relative analog), the

equivalence of cellular, singular, and simplicial (co)homology imply the following theorem.

Theorem 4.2.2. Let P be a simplicial poset, and let Q be a non-empty order ideal of P .

If H̃ i(|P |) (resp. H i(|P |, |Q|)) denotes the singular cohomology of |P | (resp. (|P |, |Q|))

and H̃ i(∆(P )) (resp. H i(∆(P ),∆(Q)))denotes the simplicial cohomology of ∆(P ) (resp.

(∆(P ),∆(Q)), then

H̃ i(P ) ∼= H̃ i(|P |) ∼= H̃ i(∆(P ))

and

H i(P,Q) ∼= H i(|P |, |Q|) ∼= H i(∆(P ),∆(Q)).

4.2.2 Algebra

Let P be a simplicial poset with atoms (or vertices) x1, . . . , xn. Fix k to be a field and define

A to be the polynomial ring over k whose variables are the atoms of P :

A := k[x1, . . . , xn].
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Next, define k[P ] to be the polynomial ring whose variables are the elements of P :

k[P ] := k[y : y ∈ P ].

Let IP be the ideal of k[P ] defined as follows. For each pair of elements w and y in P , if

M(w, y) = ∅ then add wy as a generator of IP . If M(w, y) 6= ∅, then add

wy − (w ∧ y)
∑

z∈M(w,y)

z

as a generator of IP (as noted above, ifM(w, y) 6= ∅ then w ∧ y always exists). Finally, add

0̂− 1 to IP . Define the face ring AP to be the quotient k[P ]/IP .

Given some elements y1, . . . , yk in P and positive integers p1, . . . , pk, let m be the mono-

mial
∏k

i=1 y
pi
i in AP . We define the support of m to be the set

supp(m) := {i : xi � yj for some j}.

We say that the monomial m is standard if y1 � y2 � · · · � yk. In this case, we call y1 the

leading variable of m. Of vital importance for our arguments will be the following fact

([66, Lemma 3.4]).

Lemma 4.2.3. If P is a simplicial poset, then AP is an algebra with straightening law (ASL)

on P . In particular, the standard monomials form a basis for AP as a vector space over k.

Note that A is naturally Zn-graded by setting deg(xi) = ei, the i-th standard basis vector

of Zn. We may extend this grading to k[P ] by defining the degree of a variable y to be

deg(y) :=
∑

i∈supp(y)

ei.

Since IP is homogeneous with respect to this grading, the quotient AP is Zn-graded as well.

We will usually view AP as a Zn-graded A-module.

Given some degree α = (α1, . . . , αn) in Zn, we will also speak of its support, defined by

supp(α) := {i : αi 6= 0}.
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At times it will be necessary to focus only on the “negative” part of α. This negative part

is the degree α− ∈ Zn defined by

α−i :=

 αi αi < 0

0 αi ≥ 0.

4.2.3 The structure of AP

Although the face ring of a simplicial poset has many subtleties and does not generally

behave as well as the Stanley–Reisner ring of a simplicial complex, it does still have some

nice properties. We will now highlight two of these properties with the following lemmas

that will be critical to later computations.

Lemma 4.2.4. Let P be a simplicial poset, let w, y ∈ P , and let q be a positive integer.

Then in AP ,

(wy)q = (w ∧ y)q
∑

z∈M(w,y)

zq.

Proof. Set M(w, y) = {z1, . . . , zk}. If q = 1 or k ≤ 1, then the statement is immediate. If

k > 1 and q > 1, then write

(wy)q = (w ∧ y)q

(
k∑
i=1

zi

)q

= (w ∧ y)q
k∑
i=1

zqi + (w ∧ y)q
∑
`

f`

for some monomials f`, where each f` contains at least one product zizj with zi 6= zj.

Suppose that zi and zj have some upper bound b in P . Then [0̂, b] would be a Boolean

lattice containing w and y, in which w and y have at least two distinct minimal upper

bounds. This is a contradiction, so zizj = 0 in AP and each f` = 0 as well.

Our next lemma shows that the product of a standard monomial and a variable corre-

sponding to a single vertex in AP may be expressed as a sum of “nice” standard monomials.
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Lemma 4.2.5. If m =
∏k

i=1 y
pi
i is a standard monomial in Ap with y1 � y2 � · · · � yk and

` is a positive integer, then (xj)
`m can be written in Ap as

(xj)
`m =

∑
z∈M(xj ,y1)

mz

where mz is a standard monomial with leading variable z.

Proof. Write qr =
∑r

i=1 pi for 0 ≤ r ≤ k. We have three cases.

Case 1: j 6∈ supp(y1) and ` ≥ qk. We can re-write x`jm as

x`jm =

(
k∏
i=1

(xjyi)
pi

)
x`−qkj . (4.1)

By the definition of AP ,

xjy1 = (xj ∧ y1)
∑

z∈M(xj ,y1)

z =
∑

z∈M(xj ,y1)

z,

since j 6∈ supp(y1). If M(xj, y1) = ∅, then the entire expression (4.1) is zero in AP . If

M(xj, y1) 6= ∅, then for each z ∈M(xj, y1) let zi be the unique element of [0̂, z] with vertices

consisting of those in yi along with xj (note z = z1). By Lemma 4.2.4, we have

x`jm =
∑

z∈M(xj ,y1)

(
x`−qkj

k∏
i=1

zpii

)
+
∑

z∈M(xj ,y1)

zp1x`−qkj

k∏
i=2

 ∑
wi∈M(xj ,yi)

wi 6=zi

wpii


 .

However, all terms in the second summand on the right are zero in AP . Indeed, if z and

some wi 6= zi were to have some upper bound z′, then both zi and wi would be a minimal

upper bound for xj and yi in the boolean lattice [0̂, z′], a contradiction.

Writing mz for the standard monomial zp1

(∏k
i=2 z

pi
i

)
x`−qkj , we see that

(xj)
`m =

∑
z∈M(xj ,y1)

mz

as desired.

Case 2: j 6∈ supp(y1) and ` < qk. Let r be such that qr ≤ ` while qr+1 > `. Now re-write

x`jm as

x`jm =

(
r∏
i=1

(xjyi)
pi

)
(xjyr+1)`−qry

pr+1−(l−qr)
r+1

(
k∏

i=r+2

ypii

)
.
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After replacing the products xjyi using the definition of AP and using the notation of Case

1, our “cross terms” cancel again and this simplifies to

x`jm =
∑

z∈M(xj ,y)

((
r∏
i=1

zpii

)
z`−qrr+1 y

pr+1−(`−qr)
r+1

(
k∏

i=r+2

ypii

))

Now if

mz = zp1

(
r∏
i=2

zpii

)
z`−qrr+1 y

pr+1−(`−qr)
r+1

(
k∏

i=r+2

ypii

)
then again we have

(xj)
`m =

∑
z∈M(xj ,y1)

mz.

Case 3: j ∈ supp(y1). If j ∈ supp(yi) for all i, then m(xj)
` is already a standard

monomial and we are done. So, suppose that j ∈ supp(yi) for 1 ≤ i ≤ r while j 6∈ supp(yi)

for i > r. Then by Cases 1 and 2,

(x`j)
k∏

i=r+1

ypii =
∑

z∈M(xj ,yr+1)

mz

for some standard monomials mz with leading coefficient z. Note that there is one unique

z ∈M(xj, yr+1) such that z ≺ yr. Now write

(x`j)m =

(
r∏
i=1

ypii

)
mz +

(
r∏
i=1

ypii

) ∑
z′∈M(xj ,yr+1)

z′ 6=z

mz′

 .

The first term is a standard monomial with leading coefficient y1, the unique element of

M(xj, y), while all other terms are zero as in Case 1.

4.3 Ext modules

4.3.1 Koszul complexes and an important basis

All of our results will crucially depend upon calculating the A-modules Ext iA(A/m`, AP ),

where m` is the ideal (x`1, . . . , x
`
n). Let K`

• denote the Koszul complex of A with respect to
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the sequence (x`1, . . . , x
`
n) (for the construction of K`

• and some of its associated properties,

the reader is referred to [27, Section A.3]). We will view each K`
t as the direct sum

K`
t =

⊕
1≤i1<i2<···<it≤n

A(x`i1 ∧ x
`
i2
∧ · · · ∧ x`it),

where ∧ denotes the exterior product. Though this notation conflicts with that for the meet

in a poset, we will rarely refer to exterior products directly and the meaning should be

apparent from context. Through the above decomposition, a free A-module basis for K`
t is

indexed by sets F = {i1, . . . , it} with 1 ≤ i1 < i2 < · · · < it ≤ n. Given such an F , define

x̂`F to be the corresponding basis element x`i1 ∧ x
`
i2
∧ · · · ∧ x`it .

Since K`
• provides a projective resolution for A/m`, we can calculate Ext iA(A/m`, AP )

as the homology of the chain complex HomA(K`
•, AP ). Using the Zn-grading of A and AP ,

this complex splits into a direct sum of chain complexes of the form HomA(K`
•, AP )α, where

α ∈ Zn (it is easily verified that the differential preserves the graded pieces). Recall (Lemma

4.2.3) that the standard monomials form a basis for AP as a vector space over k. Then

HomA(K`
t , AP )α has a basis consisting of homomorphisms fF,m defined by

fF,m(x̂`G) =

 m, if G = F,

0, if G 6= F,

where m is a standard monomial that satisfies

deg(m) = deg(x̂`F ) + α.

4.3.2 The main theorem

Having examined the structure of AP as well as that of HomA(K`
•, AP ), we are now prepared

to prove the first of our main results: a topological description of the graded pieces of the

A-modules Ext iA(A/m`, AP ).

Theorem 4.3.1. Let P be a simplicial poset with vertex set V and let α ∈ Zn. Set B = {i :

−` < αi < 0}, C = {i : αi = −`}, and D = {i : αi > 0}. If −` ≤ αi for all i, then

Ext iA(A/m`, AP )α ∼=
⊕

supp(z)=B∪D

H̃ i−| supp(α−)|−1
(
[0̂, zD]× lkP (z)V rC

)
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and Ext iA(A/m`, AP )α = 0 otherwise. In particular, if D 6= ∅ then Ext iA(A/m`, AP )α = 0.

Proof. Fix α, and without loss of generality assume that

D = {1, . . . , r} and C = {s, . . . , n} (4.2)

for some r and s. Let K`
• denote the Koszul complex of A with respect to the sequence

(x`1, . . . , x
`
n). As in Section 4.3.1, we will compute Ext iA(A/m`, AP )α by computing the ho-

mology of the chain complex HomA(K`
•, AP )α.

Suppose first that αi < −` for some i. Then there cannot exist F = {i1, . . . , it} and a

standard monomial m satisfying

deg(m) = deg(x̂`F ) + α.

That is, HomA(K`
t , AP )α = 0 and hence Ext tA(A/m`, AP )α = 0. Assume from now on that

αi ≥ −` for all i.

If fF,m is a basis element of HomA(K`
t , AP )α, let y be the leading variable of m and set

w = yD∩F . Then we can consider fF,m as an element of the poset

[0̂, yD]× lkP (yB∪D)V rC

where fF,m corresponds to the element (w, y), since B ∪D ⊂ supp(y) and supp(y) ∩ C = ∅.

Note that the rank of (w, y) in this poset is given by

rk(w, y) = rk[0̂,yD](w) + rklkP (yB∪D)(y)

= | supp(w)|+ | supp(y)| − |B| − |D|

= |D ∩ F |+ |F r C|+ |D r F | − |B| − |D|

= |D ∩ F |+ t− | supp(α−)| − |D ∩ F |

= t− | supp(α−)|,

where the fourth line follows because |F r C| − |B| = t − | supp(α−)| (recall that |F | = t)

and |D r F | − |D| = −|D ∩ F |. So, we can define a map

ϕ : HomA(K`
t , AP )α →

⊕
supp(z)=B∪D

C̃t−| supp(α−)|−1
([

0̂, zD
]
× lkP (z)V rC

)
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by ϕ(fF,m) = (w, y) under the correspondence above.

To prove that ϕ is actually an isomorphism of vector spaces, we would like to construct

an inverse. Given some fixed z with supp(z) = B ∪D, let (w, y) be an element of [0, zD] ×

lkP (z)V rC of rank t− supp(α−). First, set

F = C ∪ (supp(y)r (D r supp(w))) .

Then it is immediate that

yF∩D = ysupp(w) = w.

Furthermore, since rk(w, y) = t− | supp(α−)| = t− |B| − |C|, we have

rk(w, y) = rk[0̂,yD](w) + rklkP (yB∪D)(y)

t− |B| − |C| = | supp(w)|+ | supp(y)| − |B| − |D|

t = |C|+ | supp(y)| − (|D| − | supp(w)|),

from which it follows that |F | = t. So, if we can construct a monomial m such that the

leading variable of m is y while deg(m) = deg(x̂`F ) + α, then we will have constructed the

desired inverse.

Let deg(x̂`F ) + α = δ = (δ1, . . . , δn), and define p0 = min{δi : δi > 0} and S0 = {i : δi ≥

p0}. If j > 0 and pj−1 6= max{δi : 1 ≤ i ≤ n}, then define

pj = min{δi : δi > pj−1} and Sj = {i : δi ≥ pj}.

Eventually, this process terminates at some point and p` = max{δi : 1 ≤ i ≤ n} for some

` ≥ 0. Now define

m = yp0

∏̀
i=1

y
pi−pi−1

Si
.

We will verify that deg(m) = δ. Fix i. Then δi = pj for some j, which means that i ∈ Sk
for k ≤ j and i 6∈ Sk for k > j. Then xi � ySk for k ≤ j, while xi 6� ySk for k > j, so

deg(ySk)i = 1 for k ≤ j and deg(ySk) = 0 for k > j. Hence,

deg(m)i = p0 deg(y)i +
∑̀
m=1

(pm − pm−1) deg(ySm)i = p0 +

j∑
m=1

(pm − pm−1) = pj.
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We have now shown that fF,m ∈ HomA(K`
t , AP )α, and it is clear by construction that

ϕ(fF,m) = (w, y). Hence, ϕ is a vector space isomorphism.

It remains to show that ϕ provides an isomorphism of chain complexes by verifying

that the differentials in each complex are preserved under ϕ. Let fF,m be a basis element

in HomA(K`
•, AP )α with m = yp

∏k
i=1 y

pi
i . The differential on HomA(K`

•, AP )α sends the

homomorphism fF,m to a homomorphism dfF,m that maps x̂F∪{j} ∈ K`
t+1 to (−1)ujx`jm ∈ AP

for any j 6∈ F , where uj = |{i ∈ F : i < j}|. By Lemma 4.2.5, we can write each (−1)ujx`jm

as

(−1)ujx`jm = (−1)uj
∑

z∈M(xj ,y)

mz,

where mz is a standard monomial with leading variable z. Hence, each value of j contributes

to dfF,m a term of the form (−1)uj
∑

z∈M(xj ,y)

fF∪{j},mz

 ,

where mz is a standard monomial with leading variable z. Then we may write d(fF,m) as

d(fF,m) =
∑
j 6∈F

(−1)uj
∑

z∈M(xj ,y)

fF∪{j},mz


=

∑
j∈(DrF )

(−1)uj
∑

z∈M(xj ,y)

fF∪{j},mz

+
∑

j 6∈(D∪F )

(−1)uj
∑

z∈M(xj ,y)

fF∪{j},mz

 .

Choose z ∈ M(xj, y). If j ∈ D, then xj � y already because D ⊂ supp(y) and thus z = y.

Furthermore, zD∩F = yD∩F regardless of the value of j and z(D∩F )∪{j} = y(D∩F )∪{j} if j ∈ D.

Hence, applying ϕ to this expression allows for the following simplifications:

(ϕ ◦ d)(fF,m) =
∑

j∈(DrF )

(−1)uj
∑

z∈M(xj ,y)

(z(D∩F )∪{j}, z)

+
∑

j 6∈(D∪F )

(−1)uj
∑

z∈M(xj ,y)

(zD∩F , z)


=

∑
j∈(DrF )

(−1)uj(y(D∩F )∪{j}, y) +
∑

j 6∈(D∪F )

(−1)uj
∑

z∈M(xj ,y)

(yD∩F , z)

 . (4.3)
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Our final step is to show that the differential on (yD∩F , y) in C̃•([0̂, yD]× lkP (yB∪D)V rC)

acts the same way. First note that if w is an atom of lkP (yB∪D)V rC , then w is an ele-

ment of M(xj, yB∪D) for some j 6∈ C. Arbitrarily label the elements of M(xj, yB∪D) by

xj1 , xj2 , . . . , xj|M(xj,yB∪D)| for each j. Then by definition, we can write

(d ◦ ϕ)(fF,m) =
∑

j∈(DrF )

(−1)vj(y(D∩F )∪{j}, y) +
∑

j 6∈supp(y)
j 6∈C

|M(xj ,yB∪D)|∑
k=1

(−1)wjk
∑

z∈M(x
jk
,y)

(yD∩F , z)

 , (4.4)

where vj and wji depend upon some choice of orientations for [0̂, yD] and lkP (yB∪D)V rC ,

respectively. Since supp(y) ∪ C = D ∪ F , the right-hand sums in (4.3) and (4.4) run over

the same values of j. On the other hand,

n⋃
j=1

M(xj, y) =
n⋃
j=1

|M(xj ,y)|⋃
k=1

M(xjk , y)

 ,

so if the characteristic of k is 2 then we are done. The construction of consistent orientations

for fields of other characteristics is tedious, but unavoidable. If O1 is an ordering of the

vertices in [0̂, yD] and O2 is an ordering of the vertices in lkP (yB∪D)V rC , then

vj = |{i ∈ supp(yD∩F ) : i <O1 j}|

and

wjk = |{i ∈ supp(y) : i <O2 j
k}|.

In [0̂, yD] we will choose O1 to be the natural ordering of the vertices. To show that uj = vj

in the left sums of (4.3) and (4.4), first choose j ∈ D r F . If i ∈ D ∩ F satisfies i <O1 j,

then i < j in the natural order and i ∈ F . On the other hand, if i ∈ F satisfies i < j, then

i ∈ D by our assumption (4.2) because j ∈ D. Hence, uj = vj as desired.

We now wish to construct an ordering of the ji’s such that wji = wjk for any pair i, k

and such that uj = wji for all j 6∈ (D ∪ F ). Once this is done, we will have that

∑
j 6∈supp(y)
j 6∈C

|M(xj ,y)|∑
i=1

(−1)wji
∑

z∈M(xji ,y)

(yD∩F , z)

 =
∑

j 6∈supp(y)
j 6∈C

(−1)uj
∑

z∈M(xj ,y)

(yD∩F , z)


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as desired. We choose the partial ordering O2 of the vertices of lkP (yB∪D)V rC as follows.

First, order the indices of the vertices of V r C as

r + 1 < r + 2 < · · · < s− 1 < 1 < 2 < · · · < n,

and call this orderO3. Next order the vertices of lkP y such that (j1)i1 < (j2)i2 if j1 < j2 under

the order O3. In P , we have supp(y) = {j1, j2, . . . , j| supp(y)|} for some ji’s with ji ∈ (V rC).

Then in lkP (yB∪D), we have supp(y) = {ji11 , j
i2
2 , . . . , j

i| supp(y)|
| supp(y)|} for some jikk ’s with jk ∈ (V rC).

In particular, no pair j
ik1
k1
, j
ik2
k2
∈ supp(y) has k1 = k2. Hence, the restriction of O2 to any

face of lkP (yB∪D)V rC is a linear order and O2 provides a valid orientation for lkP (yB∪D)V rC .

Under this orientation,

wji = |{km ∈ supp(y) : km <O2 j
i}| = |{km ∈ supp(y) : k <O3 j}|.

Now choose j 6∈ D ∪ F . If i ∈ F is such that i < j, then i cannot be in C on account

of our assumption (4.2) and thus i ∈ supp(y) in P . Then in lkP (yB∪D)V rC , ik ∈ supp(y) for

some single value k. Furthermore, i <O3 j, so ik <O2 j
m for all m. That is, uj ≤ wjm for all

m.

On the other hand, if ik ∈ supp(y) (in lkP (yB∪D)V rC) is such that ik <O2 j
m, then i <O3 j

and hence i cannot be in D. Then i ∈ F , and i < j in the natural order. Hence, wmj ≤ uj

for all m, so wmj = uj for all j and m and ϕ provides an isomorphism of chain complexes.

Lastly, if D 6= ∅, then the CW complex corresponding to [0̂, zD]× lkP (z)V rC is the join of

a simplex with the CW complex corresponding to lkP (z)V rC ([7, Section 3]). In particular,

it is contractible; hence, Ext iA(A/m`, AP )α = 0.

4.4 Local cohomology modules

4.4.1 Reproving Duval’s result

Let m = (x1, . . . , xn) denote the irrelevant ideal of A. From Theorem 4.3.1 we can quickly

obtain the dimensions of the graded pieces of the local cohomology modules H i
m(AP ), a

calculation originally completed by Duval in [15, Theorem 5.9]. Here we will reprove the
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result using the techniques employed by Miyazaki in the simplicial complex case in [42],

allowing for an important corollary.

Theorem 4.4.1. If P is a simplicial poset and α ∈ Zn is such that αi ≤ 0 for all i then

H i
m(AP )α ∼=

⊕
supp(w)=supp(α)

H̃ i−| supp(α)|−1 (lkP (w)) ,

and H i
m(AP )α = 0 otherwise.

Proof. Since the chain of ideals m,m2,m3, . . . is cofinal with the chain m,m2,m3, . . . (that

is, for all p, there exists q and r such that mr ⊆ mp and ms ⊆ mp), we can compute

H i
m(AP )α as the direct limit of the modules Ext iA(A/m`, AP )α (see [29, Chapter 7]). Since

Ext iA(A/m`, AP )α = 0 for all ` if αi > 0 for some i, it follows that H i
m(AP )α = 0 if αi > 0

for some i.

Suppose now that αi ≤ 0 for all i, and choose ` such that 1 − ` ≤ αi for all i. Then it

suffices to show that the following diagram commutes, in which the diagonal maps are the

isomorphisms of Theorem 4.3.1 and π̃ is induced by the canonical projection π : A/m`+1 →

A/m`:

Ext iA(A/m`, AP )α Ext iA(A/m`+1, AP )α

⊕
supp(w)=supp(α)

H̃ i−| supp(α)|−1 (lkP (w)) .

π̃

To begin, define a map π̂ : K`+1
• → K`

• by

π̂(x`+1
i1
∧ · · · ∧ x`+1

it
) = (xi1 · · · xit)(x`i1 ∧ · · · ∧ x

`
it).

Then the following diagram of projective resolutions commutes

K`+1
• A/m`+1 0

K`
• A/m` 0,

π̂ π
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so dualizing produces another commutative diagram:

HomA(K`+1
• , AP )α HomA(A/m`+1, AP )α 0

HomA(K`
•, AP )α HomA(A/m`, AP )α 0.

π̂∗ π∗

When taking homology to compute Ext iA(A/m`, AP )α and Ext iA(A/m`+1, AP )α, the map π̂∗

may be used to compute π̃. That is, we only need to check that the following diagram

commutes:

HomA(K`
t , AP )α HomA(K`+1

t , AP )α

⊕
supp(w)=supp(α)

C̃t−| supp(α)|−1 (lkP (w)) .

π̂∗

(4.5)

Let fF,m be a basis element for HomA(K`
t , AP )α, where F = {i1, . . . , it} and m = yp

∏k
i=1 y

pi
i

with y � y1 � y2 � · · · � yk. Then fF,m corresponds to y in C̃t−| supp(α)|−1(lkP (ysupp(α)))

under the map ϕ of Theorem 4.3.1.

On the other hand, fF,m ◦ π̂ is the homomorphism that sends x̂`+1
F to (xi1 · · ·xit)m and

all other basis elements of K`+1
t to zero. Note that xij ∈ supp(y) for 1 ≤ j ≤ t because

1− ` ≤ αi ≤ 0 for all i. By iterating Lemma 4.2.5 t times, we have (xi1 · · ·xit)m = m′ where

m′ is a standard monomial in AP with leading variable y. Hence, ϕ(fF,m) = (ϕ ◦ π̂∗)(fF,m)

and Diagram (4.5) commutes.

The proof of Theorem 4.4.1 immediately provides the following corollary, which we will

use in Section 4.5 to characterize Buchsbaum simplicial posets.

Corollary 4.4.2. If α ∈ Zn is such that 1− ` ≤ αi for all i, then the canonical map

Ext iA(A/m`, AP )α → H i
m(AP )α

is an isomorphism for all i.
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4.4.2 The A-module structure of H i
m(AP )

The simplicial complex analog of Theorem 4.4.1 counting the dimensions of the local coho-

mology modules H i
m(k[∆]) of a Stanley–Reisner ring k[∆] was proved first by Hochster ([67,

Section II.4]). Later, Gräbe ([23, Theorem 2]) examined the graded module structure of

H i
m(k[∆]). Here we will prove a similar result for H i

m(AP ). First, we will need the following

simplicial poset analog of [23, Lemma, p.273].

Lemma 4.4.3. Let P be a simplicial poset and let y ∈ P . Then

H̃ i−| supp(y)|−1(lkP (y)) ∼= H i−1(P, costP (y)).

Proof. We clearly have an isomorphism of vector spaces C̃i−| supp(y)|(lkP (y)) ∼= Ci(P, costP (y))

under the map ϕ : w 7→ w. To show that this is an isomorphism of chain complexes, we

must proceed as in the proof of Theorem 4.3.1.

Label the vertices of P by x1, . . . , xn, and let O1 be any ordering of the vertices of P in

which the vertices contained in supp(y) come last. If w is a vertex of lkP (y), then w is an

element ofM(xj, y) for some j with j 6∈ supp(y). Arbitrarily label the elements ofM(xj, y)

by xj1 , xj2 , . . . , xj|M(xj,y)| . Let O2 be the partial ordering of the vertices of lkP (y) given by

setting jk1
1 < jk2

2 if j1 <O1 j2.

If w ∈ (P, costP (y)), then write supp(w) = {j1, . . . , jt}. In lkP (y), we have supp(w) =

{jk1
1 , . . . , j

kt
t } for some ki’s. That is, O2 is a total order when restricted to supp(w) for any

w ∈ lkP (y), so O2 provides a valid orientation for lkP (y).

In Ct(P, costP (y)),

δ(w) =
∑

j 6∈supp(w)

(−1)uj
∑

z∈M(xj ,w)

z


where

uj = |{i ∈ supp(w) : i <O1 j}|.

On the other hand, in C̃t−| supp(y)|(lkP (y)),

δ(w) =
∑

j 6∈supp(w)

|M(xj ,w)|∑
k=1

(−1)vjk
∑

z∈M(x
jk
,w)

z


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where

vjk = |{i ∈ supp(w) : i <O2 j
k}|.

Note that ⋃
j 6∈supp(w)

M(xj, w) =
⋃

j 6∈supp(w)

|M(x
jk
,w)|⋃

k=1

M(xjk , w)


and that uj = vjk for fixed j and arbitrary k under our choice of ordering for O1. The result

now follows.

With this lemma in hand, we are now prepared to prove our second main result.

Theorem 4.4.4. Let α ∈ Zn. Then

H i
m(AP )α ∼=

⊕
supp(w)=supp(α)

H i−1(P, costP (w))

if α ∈ Zn≤0 and H i
m(AP )α = 0 otherwise. Under these isomorphisms, the A-module structure

of H i
m(AP ) is given as follows. Let γ = α + deg(xj). If αj < −1, then ·xj : H i

m(AP )α →

H i
m(AP )γ corresponds to the direct sum of identity maps⊕

supp(w)=supp(α)

H i−1(P, costP (w))→
⊕

supp(w)=supp(γ)

H i−1(P, costP (w)).

If αj = −1, then ·xj corresponds to the direct sum of maps⊕
supp(w)=supp(α)

H i−1(P, costP (w))→
⊕

supp(z)=supp(γ)

H i−1(P, costP (z))

induced by the inclusions of pairs (P, costP (w r {xj})) → (P, costP (w)). If xj 6∈ supp(α),

then ·xj is the zero map.

Proof. The first statement is immediate, as it is a reformulation of Theorem 4.4.1 using the

isomorphisms of Lemma 4.4.3. Let ` be such that 1−` ≤ αi ≤ 0 for all i. By Corollary 4.4.2,

we only need to show that the multiplication maps above are valid for Ext tA(A/m`, AP )α, as

the following diagram commutes:

Ext tA(A/m`, AP )α H t
m(AP )α

Ext tA(A/m`, AP )γ H t
m(AP )γ.

∼

·xj ·xj

∼
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First note that if xj 6∈ supp(α), then γj = 1 so that Ext tA(A/m`, AP )γ = H t
m(AP )γ = 0.

Assume now that xj ∈ supp(α) and let fF,m be a basis element for Hom t
A(A/m`, AP )α in

which m = yp
∏k

i=1 y
pi
i with y � y1 � y2 � · · · � yk.

By the proof of Theorem 4.3.1, fF,m corresponds to y in C̃t−| supp(α)|−1(lkP (ysupp(α))). On

the other hand, xj · fF,m = fF,xjm and xj ≺ y, so by Lemma 4.2.5 we can write xjm as a

standard monomial m′ in which the leading variable of m′ is still y. Then fF,m′ corresponds

to the face y of C̃t−1(P, costP (ysupp(γ))).

Suppose first that γj < 0. Then supp(α) = supp(γ), so

C̃t−1(P, costP (ysupp(α))) = C̃t−1(P, costP (ysupp(γ)))

and ·xv corresponds to the identity map, as desired.

If γj = 0, then we have a map

C̃t−1(P, costP (ysupp(α)))
·xv−→ C̃t−1(P, costP (ysupp(α)r{xj}))

taking y to y, which is identical to the map induced by the inclusion of pairs

(P, costP (ysupp(α)r{xj}))→ (P, costP (ysupp(α))).

4.5 Characterizing Buchsbaumness

Central to the historical study of simplicial complexes have been the notions of a complex

being Cohen-Macaulay or Buchsbaum. In analogy to the results of Reisner ([57]) and

Schenzel ([60]) for simplicial complexes, we will say that a poset P is Cohen-Macaulay (over

k) if its order complex is Cohen-Macaulay (over k) in the topological sense; that is,

H̃ i(lk∆(P )(F )) = 0

for all faces F ∈ ∆(P ) and all i < dim(lk∆(P )(F )). We say that P is Buchsbaum (over k) if

it is pure and the link of every vertex of ∆(P ) is Cohen-Macaulay (over k).

There are also algebraic notions of Cohen-Macaulayness and Buchsbaumness. Let R be

a ring with maximal ideal m and let M be a noetherian R-module of dimension d > 0. We
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call a sequence of elements θ1, . . . , θd ∈ m a system of parameters if M/(θ1, . . . , θd)M is

a finite-dimensional vector space over k. If

(θ1, . . . , θi−1)M :M θi = (θ1, . . . , θi−1)M

for i = 1, . . . , d, then we say that θ1, . . . , θd is an M-sequence. If every system of parameters

for M is an M -sequence, then we say that M is a Cohen-Macaulay R-module. If

(θ1, . . . , θi−1)M : θi = (θ1, . . . , θi−1)M : m

for i = 1, . . . , d, then we say that θ1, . . . , θd is a weak M-sequence. If every system of

parameters for M is a weak M -sequence, then we call M a Buchsbaum R-module. In

the case that M is a graded A-module, we say that M is (graded) Buchsbaum if the

localization Mm is a Buchsbaum module over Rm.

We say that the ring R is Cohen-Macaulay (resp. Buchsbaum) if it is Cohen-Macaulay

(resp. Buchsbaum) as a module over itself. Stanley showed ([6, Theorem 3.4, p. 314]) that

the topological notion of Cohen-Macaulayness is tied to this algebraic property (proofs of

the forward direction appear frequently in the literature, but we have had trouble finding a

proof of the reverse; however, it does follow quickly from Duval’s results, e.g., [15, Corollary

6.1]):

Theorem 4.5.1. Let P be a simplicial poset. Then P is Cohen-Macaulay as a poset over k

if and only if AP is a Cohen-Macaulay ring.

In fact, an additional characterization is that AP is a Cohen-Macaulay A-module. Our

next goal is obtaining an analogous characterization for the Buchsbaum property. To prove

our result, we will need the following homological characterization of Buchsbaumness ([68,

Theorem I.3.5]):

Theorem 4.5.2. Let M be a graded A-module with dim(M) > 0. Then M is a (graded)

Buchsbaum A-module if and only if the canonical maps

Ext iA(k,M)→ H i
m(M)
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are surjective for i < dim(M).

Along with Theorem 4.4.4 and Corollary 4.4.2, this result will provide a quick proof of

the following generalization of [68, Theorem II.2.4], the forward direction of which appeared

first as [54, Proposition 6.2]:

Theorem 4.5.3. Let P be a simplicial poset with dim(P ) ≥ 0. Then P is Buchsbaum over

k as a poset if and only if AP is a (graded) Buchsbaum A-module.

Proof. Suppose first that P is a Buchsbaum poset. Under the isomorphisms

H̃ i(lk∆(P )(F )) ∼= H̃ i(∆(lkP (w))) ∼= H̃ i(lkP (w)) (4.6)

for F a saturated chain in (0̂, w], by Theorem 4.4.1 along with the purity of P , H i
m(AP )

is concentrated in degree zero for i < dim(AP ). By Corollary 4.4.2, the canonical map

Ext iA(k, AP )0 → H i
m(AP )0 is always an isomorphism. Hence, AP satisfies the conditions of

Theorem 4.5.2 and AP is a (graded) Buchsbaum A-module.

Now suppose that AP is a (graded) Buchsbaum A-module, and for the moment assume

that P is pure. This condition ensures that every homogeneous system of parameters for AP

is a weak AP -sequence (see [68, Definition I.3.1] and the surrounding discussion). Then by

[68, Proposition I.3.4], m · H i
m(AP ) = 0 for all i 6= dimAP . By Theorem 4.4.4 and purity,

this is only possible if

H̃ i(lkP (y)) = 0

for all y 6= ∅ in P and all i < dim(lkP (y)). Then once more, the isomorphisms in (4.6) imply

that H̃ i(lk∆(P )(F )) = 0 for all faces F 6= ∅ of ∆(P ) and all i < dim(lk∆(P )(F )). In particular,

lk∆(P )(v) is Cohen-Macaulay for each vertex v of ∆(P ).

It remains to show that P is pure. Suppose to the contrary that there exists some

maximal face y ∈ P with dim(y) = k, while dim(P ) = d− 1 and k < d− 1. Note first that

H̃−1(lkP (y)) 6= 0.

Let α ∈ Zn be such that supp(α) = supp(α) + ei = supp(y) for some ei. By Theorem

4.4.1, H̃−1(lkP (y)) is a submodule of Hk+1
m (AP )α. Furthermore, the multiplication map
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·xi : Hk+1
m (AP )α → Hk+1

m (AP )α+ei is the identity map on this summand by Theorem 4.4.4.

Then m ·Hk+1
m (AP ) 6= 0 and k+1 < dim(AP ), which contradicts [68, Corollary I.2.4]. Hence,

P must be pure.

Remark 4.5.4. As noted in this proof, if AP is (graded) Buchsbaum then every linear system

of parameters for AP is a weak AP -sequence. In the case that k is infinite, a linear system

of parameters can always be found. As in [54, Proposition 6.3], combining this fact with the

characterization in Theorem 4.5.3 allows for some analysis of the well-studied h-vector of a

Buchsbaum poset P using the Hilbert functions of AP and its local cohomology modules.

4.6 Comments and further applications

Our Theorem 4.4.4 detailing the A-module structure of H i
m(AP ) has the potential to extend

many results about simplicial complexes relying upon Gräbe’s theorem to the simplicial poset

case. For example, many of the theorems for face rings of simplicial complexes with isolated

singularities found in [38], [55], and [58] appear likely to be true in this greater generality.

On the other hand, Theorems 4.3.1 and 4.4.4 may be worth further specializing in their

own right. Simplicial posets come about frequently as quotients of simplicial complexes by

free group actions (see [17, Section 6]). It has been shown in [59] that the Ext- and local

cohomology modules of a simplicial complex admitting a free action by an abelian group

inherit some nice symmetry properties. It would be interesting to see to what extent these

results continue to hold in the simplicial poset case.
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Chapter 5

LOWER BOUND FOR BALANCED MANIFOLDS

5.1 Introduction

At the intersection of geometry, algebra, and combinatorics is the study of the face num-

bers of simplicial complexes. If fi(∆) denotes the number of i-dimensional faces of a

(d− 1)-dimensional simplicial complex ∆, then the h-numbers hi(∆) are defined by hi(∆) =∑i
j=0(−1)i−j

(
d−i
j−i

)
fj−1(∆). Of the most important results in the study of face numbers of

simplicial complexes, many have been elegantly phrased in the language of the h-numbers.

Principal among these are the Dehn–Sommerville relations, the lower and upper bound theo-

rems, and their culmination – the g-theorem. Our starting point is the following generalized

lower bound theorem (or GLBT) conjectured by McMullen and Walkup [37] and proved by

Stanley [64], and Murai and Nevo [44]:

Theorem 5.1.1. Let P be a d-dimensional simplicial polytope. Then

h0(P ) ≤ h1(P ) ≤ · · · ≤ hb d
2
c(P );

also the equality hi−1(P ) = hi(P ) occurs for a certain i ≤ bd
2
c if and only if P is (i − 1)-

stacked.

It is natural to ask to what extent these inequalities can be specialized. In particular,

are there classes of simplicial polytopes whose successive h-numbers satisfy more drastic

inequalities? Of recent interest have been balanced simplicial complexes (those complexes

whose underlying graphs have a “minimal” coloring), introduced by Stanley in [63]. Examples

of balanced simplicial complexes include barycentric subdivisions of regular CW complexes,

Coxeter complexes, and Tits buildings. The following strengthening of Theorem 5.1.1 for
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balanced simplicial polytopes was conjectured in [32] and proved by Juhnke-Kubitzke and

Murai in [30].

Theorem 5.1.2. Let P be a d-dimensional balanced simplicial polytope. Then

h0(P )(
d
0

) ≤ h1(P )(
d
1

) ≤ · · · ≤ hi(P )(
d
i

) ≤ · · · ≤ hbd/2c(P )(
d
bd/2c

) .

Our goal is to examine extensions of this result to more general complexes. In par-

ticular, the complexes considered in this chapter are balanced F-homology manifolds with

and without boundary, where F is a field. (We defer most of the definitions until the fol-

lowing sections.) When confining our attention to this class of simplicial complexes, the

natural analog of the h-numbers turns out to be the h′′-numbers (for polytopes, these are

one and the same): for a (d − 1)-dimensional complex ∆ and i < d, h′′i (∆) is defined by

hi(∆)−
(
d
i

)∑i
j=1(−1)i−jβ̃j−1(∆), where β̃j−1(∆), 1 ≤ j ≤ d, are the reduced Betti numbers

computed over F. Specifically, the manifold GLBT asserts that if ∆ is a (d− 1)-dimensional

F-homology manifold with or without boundary whose vertex links have the weak Lefschetz

property, then h′′i (∆, ∂∆) ≥ h′′i−1(∆, ∂∆)+
(
d
i−1

)
β̃i−1(∆, ∂∆) for all i ≤ bd/2c; see [52, eq. (9)]

and [48, Theorem 1.5]. In view of this result, it seems plausible that the statement of The-

orem 5.1.2 can be appropriately extended to balanced F-homology manifolds. Indeed, the

following is one of our main results.

Theorem 5.1.3. Let ∆ be a (d − 1)-dimensional balanced F-homology manifold with or

without boundary and let 1 ≤ ` ≤ bd/2c be an integer. Assume further that the link of each

codimension-(2`− 1) face of ∆ has the weak Lefschetz property.

(i) If ∆ has no boundary, then
h′′` (∆)(

d
`

) ≥
h′′`−1(∆)(

d
`−1

) + β̃`−1(∆).

(ii) If ∆ is an orientable F-homology manifold with non-empty boundary, then
h′′` (∆, ∂∆)(

d
`

) ≥
h′′`−1(∆, ∂∆)(

d
`−1

) + β̃`−1(∆, ∂∆).

Recall that by [64], the boundary complexes of all simplicial polytopes even have the

strong Lefschetz property overQ. Thus Theorem 5.1.3(i) holds for all balanced triangulations
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of Q-homology manifolds with polytopal vertex links and all `. Moreover, according to [40,

Corollary 3.5] and [74], triangulations of 2-spheres have the weak Lefschetz property over

any field F. Hence, the case ` = 2 of Theorem 5.1.3(i) is valid for any balanced F-homology

manifold without boundary. We prove the following stronger result.

Theorem 5.1.4. Let ∆ be a (d − 1)-dimensional balanced simplicial complex. If ∆ is an

F-homology manifold without boundary and d ≥ 4, then

h′′2(∆)(
d
2

) ≥ h′′1(∆)(
d
1

) + β̃1(∆).

Equivalently, 2h2(∆)−(d−1)h1(∆) ≥ 4
(
d
2

)
(β̃1(∆)− β̃0(∆)). Furthermore, if d ≥ 5, then this

inequality holds as equality if and only if each connected component of ∆ is in the balanced

Walkup class.

This result provides a balanced analog of [54, Theorem 5.2] (see also [47, Theorem 5.3])

and settles Conjecture 4.14 of [32] (see also [32, Remark 3.8]). It is worth mentioning that

for d−1 ≥ 4, the condition that ∆ is in the balanced Walkup class is equivalent to all vertex

links of ∆ being stacked cross-polytopal spheres (see [32, Corollary 4.12]).

We also extend Theorem 5.1.4 to the class of Buchsbaum* simplicial complexes introduced

by Athanasiadis and Welker [4] as well as discuss extensions of Theorem 5.1.3(i) to this

generality, under an additional assumption that proper links of the Buchsbaum* complex in

question satisfy a certain conjecture of Björner and Swartz.

Our proofs combine techniques from [30] along with recent results on Buchsbaum com-

plexes, most notably those from [49]. In particular, we extend the exploitation of Nm-gradings

(rather than the usual N-grading) to (certain quotients of) the canonical modules of Stanley–

Reisner rings of balanced Buchsbaum complexes. For most of the proofs we need to work

in the generality of a-balanced simplicial complexes with a ∈ Nm. (As m varies, this class

of complexes interpolates between the class of balanced simplicial complexes and that of

all simplicial complexes.) We introduce the notions of flag h′- and flag h′′-vectors for a-

balanced simplicial complexes as flag analogs of the usual h′- and h′′-vectors, and develop

basic properties of these vectors from the viewpoint of the Stanley–Reisner ring theory.
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The layout of the rest of the chapter is as follows. In Section 2 we recall several notions

pertaining to balanced simplicial complexes and their Stanley–Reisner rings. In Section 3 we

introduce flag h′- and h′′-vectors and develop their basic properties. Section 4 is devoted to

the proof of both parts of Theorem 5.1.3 for the case of orientable homology manifolds with

and without boundary. In Section 5, we review some known results on canonical modules as

well as develop new techniques for studying Stanley–Reisner rings via the canonical modules

of the links. In Section 6 we provide a proof of Theorem 5.1.3(i), and hence also of the

inequality part of Theorem 5.1.4 for all (closed) homology manifolds. Section 7 settles the

equality part of Theorem 5.1.4. We finish with some remarks and open problems in Section

8.

Initially, the main result of this paper was proved by the team of Juhnke-Kubitzke and

Murai, and by the team of Novik and Sawaske. We decided to combine our efforts in a joint

paper.

5.2 Algebraic properties and combinatorics of simplicial complexes

Here we review several notions and results that are used in the rest of the paper.

5.2.1 Combinatorics of simplicial complexes

We start with several definitions. An excellent reference to this material is Stanley’s book

[67]. Let V be a finite set. An (abstract) simplicial complex ∆ on the vertex set V is a

collection of subsets of V that is closed under inclusion and contains all singletons {v} with

v ∈ V . Throughout this paper, we assume that all simplicial complexes are finite. Elements

of ∆ are called faces of ∆ and maximal faces (with respect to inclusion) are called facets

of ∆. The dimension of a face σ ∈ ∆ is its cardinality minus one, and the dimension of

∆ is the maximal dimension of its faces. The 0-dimensional faces are called vertices, and

we denote by V (∆) the set of vertices of ∆. We say that a simplicial complex ∆ is pure if

all facets of ∆ have the same dimension.

If dim ∆ = d − 1, then the f-vector of ∆ is f(∆) = (f−1(∆), f0(∆), . . . , fd−1(∆)),
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where fi(∆) denotes the number of i-dimensional faces of ∆, and the h-vector of ∆ is

h(∆) = (h0(∆), h1(∆), . . . , hd(∆)), where hi(∆) is defined by

hi(∆) =
i∑

j=0

(−1)i−j
(
d− j
i− j

)
fj−1(∆).

When P is a d-dimensional simplicial polytope, f(P ) and h(P ) refer to the f -vector and the

h-vector of the boundary complex of P , respectively.

Given a fixed field F, denote by β̃i(∆) = dimF H̃i(∆;F) the ith reduced Betti number of

∆ computed over F. We define the h′′-numbers of ∆ by

h′′i (∆) =

 hi(∆)−
(
d
i

)∑i
j=1(−1)i−jβ̃j−1(∆), for 0 ≤ i ≤ d− 1,

β̃d−1(∆), for i = d.

The Betti numbers and the h′′-numbers depend on F, but F is usually understood from the

context and is omitted from our notation.

A (d− 1)-dimensional simplicial complex ∆ is called balanced if its underlying graph is

d-colorable, that is, there exists a map π : V (∆) → [d] = {1, . . . , d} such that π(v) 6= π(w)

if {v, w} ∈ ∆. As an example, consider the d-dimensional cross-polytope, i.e., the convex

hull of the set {e1, . . . , ed,−e1, . . . ,−ed}, where {e1, . . . , ed} is the standard basis of Rd.

Assigning vertices ei and −ei color i for all 1 ≤ i ≤ d, makes the boundary complex of this

polytope into a balanced sphere, denoted C∗d .

As a generalization of balanced simplicial complexes, we now recall the definition of a-

balanced simplicial complexes. Let N denote the set of non-negative integers, and as above let

e1, . . . , em denote the standard basis for Zm. For b = (b1, . . . , bm) ∈ Nm, let |b| = b1+· · ·+bm.

When b = (b1, . . . , bm), c = (c1, . . . , cm) ∈ Nm, we say that b ≤ c if bi ≤ ci for all i; in such

a case, we define (
c

b

)
:=

m∏
i=1

(
ci
bi

)
.

Let a = (a1, . . . , am) ∈ Nm. An a-balanced simplicial complex is a tuple (∆, π), where

(i) ∆ is a simplicial complex of dimension |a| − 1; and
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(ii) π is a map from V (∆) to {e1, . . . , em} such that for every face σ ∈ ∆, π(σ) =∑
v∈σ π(v) ≤ a.

For convenience, we also say that ∆ is a-balanced if (∆, π) is a-balanced for some π. In

this paper, π will often be referred to as a coloring of ∆. Note that a (d− 1)-dimensional

simplicial complex ∆ is (1, 1, . . . , 1)-balanced, if and only if its 1-skeleton is d-colorable, which

happens if and only if ∆ is balanced. Also, any (d− 1)-dimensional simplicial complex can

be seen as a monochromatic balanced simplicial complex (that is, a (d)-balanced simplicial

complex).

For an a-balanced simplicial complex (∆, π) and b ∈ Nm, we denote by fb(∆, π) the

number of faces σ ∈ ∆ with π(σ) = b, and we define

hb(∆, π) =
∑
c≤b

(−1)|b|−|c|
(

a− c

b− c

)
fc(∆, π).

The vectors (fb(∆, π) : b ≤ a) and (hb(∆, π) : b ≤ a) are called the flag f-vector and the

flag h-vector of (∆, π), respectively. These vectors refine the usual f - and h-vectors, as it

is easily seen that fi−1(∆) =
∑

b≤a, |b|=i fb(∆, π) and hi(∆) =
∑

b≤a, |b|=i hb(∆, π) for all

0 ≤ i ≤ d.

5.2.2 Stanley–Reisner rings of balanced simplicial complexes

In this subsection, we recall some basic properties of Stanley–Reisner rings of a-balanced

simplicial complexes, originally proved by Stanley in [63]. In the following, let F be an

infinite field and let ∆ be a simplicial complex on vertex set V = V (∆). Let A be the

polynomial ring F[xv : v ∈ V ] and let m = (xv : v ∈ V ) be the graded maximal ideal of A.

For σ ⊆ V , we write xσ =
∏

v∈σ xv.

The Stanley–Reisner ideal I∆ of ∆ is the ideal of A defined by

I∆ = (xσ : σ ⊆ V, σ 6∈ ∆).

The Stanley–Reisner ring F[∆] of ∆ (over F) is the quotient ring

F[∆] = A/I∆.
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If (∆, π) is an a-balanced simplicial complex (where a ∈ Nm), the rings A and F[∆] have the

following Nm-graded structure induced by the coloring π:

deg xv = π(v) ∈ Nm for v ∈ V.

For an Nm-graded A-module M and b ∈ Nm, we denote by Mb the submodule of M

consisting of all homogeneous elements of degree b, and we write M(−b) for the module M

with the grading defined by M(−b)a = Ma−b, where a ∈ Nm. We will also make use of the

submodules

M≥a :=
⊕
b≥a

Mb.

The (Nm-graded) Hilbert series of M is the formal power series in variables t1, . . . , tm

defined by

Hilb(M ; t1, . . . , tm) :=
∑
b∈Nm

(dimFMb)tb, where tb = tb11 · · · tbmm .

Theorem 5.2.1 (Stanley [63, Section 3]). If (∆, π) is an a-balanced simplicial complex, then

Hilb(F[∆]; t1, . . . , tm) =

∑
b≤a hb(∆, π)tb

(1− t1)a1 · · · (1− tm)am
.

For a finitely generated graded A-module M of Krull dimension d, a homogeneous

system of parameters for M is a sequence Θ = θ1, . . . , θd of d homogeneous elements in m

such that dimFM/ΘM <∞. Such a system is called a linear system of parameters (or

l.s.o.p. for short) if it consists of linear forms. By the Noether normalization lemma, if F is

infinite, then an l.s.o.p. always exists. A system of parameters Θ for M is Nm-graded if each

θi is homogeneous w.r.t. the Nm-grading of A. In this case, each θi is a linear combination

of variables xv of the same color (i.e., π(v) = π(w) for any xv and xw that occur in θi with

non-zero coefficients).

Theorem 5.2.2 (Stanley [63, Theorem 4.1]). Let (∆, π) be an a-balanced simplicial complex.

Then F[∆] admits an Nm-graded l.s.o.p. Θ. Moreover, (F[∆]/ΘF[∆])b = 0 for any b ∈ Nm

with b 6≤ a.
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We note that if Θ = θ1, . . . , θ|a| is an Nm-graded l.s.o.p. for the Stanley–Reisner ring of

an a-balanced simplicial complex, then Θ contains exactly ai linear forms of degree ei for

each i (this follows, for instance, from [67, Lemma III.2.4]).

5.2.3 Buchsbaum and Cohen–Macaulay simplicial complexes

For a simplicial complex ∆ and a face σ ∈ ∆, the simplicial complexes

st∆(σ) = {τ ∈ ∆ : τ ∪ σ ∈ ∆} and lk∆(σ) = {τ ∈ ∆ : τ ∪ σ ∈ ∆, τ ∩ σ = ∅}

are called the star and the link of σ in ∆, respectively. We say that the link of σ, lk∆(σ),

is proper if σ 6= ∅. If (∆, π) is a pure a-balanced simplicial complex, then so is (st∆(σ), π);

furthermore, (lk∆(σ), π) is an (a− π(σ))-balanced simplicial complex. (Here, π is identified

with its restriction to the vertex sets of st∆(σ) and lk∆(σ), respectively.)

Recall that a finitely generated graded A-module M of Krull dimension d is Buchsbaum

if for every homogeneous system of parameters Θ = θ1, . . . , θd of M ,

(θ1, . . . , θi−1)M :M θi = (θ1, . . . , θi−1)M :M m for all 1 ≤ i ≤ d.

If, additionally, the above colon module is zero for all 1 ≤ i ≤ d, then M is said to be

Cohen–Macaulay.

We call a simplicial complex ∆ Buchsbaum or Cohen–Macaulay (over F) if F[∆] is

Buchsbaum or Cohen–Macaulay considered as an A-module. It is known that a simplicial

complex ∆ of dimension d− 1 is Cohen–Macaulay over F if and only if, for every face σ ∈ ∆

(including the empty face), β̃i(lk∆(σ)) = 0 for all i 6= d− 1− |σ| (see [67, Corollary II.4.2]).

Similarly, a simplicial complex is Buchsbaum over F if and only if it is pure and all of its

vertex links are Cohen–Macaulay over F (see [67, Theorem II.8.1]).

A pure (d − 1)-dimensional simplicial complex is an F-homology manifold without

boundary (or a closed F-homology manifold) if every proper link of ∆, lk∆(σ), has the

homology of a (d−1−|σ|)-dimensional sphere (over F). Similarly, a pure (d−1)-dimensional

simplicial complex ∆ is an F-homology manifold with boundary if (i) every proper link



90

of ∆, lk∆(σ), has the homology of a (d− 1− |σ|)-dimensional ball or a sphere (over F), and

(ii) the boundary complex of ∆, i.e.,

∂(∆) = {σ ∈ ∆ : H̃∗(lk∆(σ);F) = 0} ∪ {∅},

is a (d− 2)-dimensional F-homology manifold without boundary. An F-homology (d− 1)-

sphere is an F-homology manifold without boundary that has the same homology as the

(d − 1)-dimensional sphere, and an F-homology (d − 1)-ball is an F-homology manifold

with boundary whose homology is trivial and whose boundary complex is an F-homology

(d−2)-sphere. Thus, every proper link of an F-homology manifold with or without boundary

is either an F-homology sphere or an F-homology ball. In particular, if ∆ is an F-homology

manifold with or without boundary, then ∆ is Buchsbaum over F.

We will often say that (∆, π) is Cohen–Macaulay or Buchsbaum or an F-homology man-

ifold if ∆ has that property.

5.2.4 Weak Lefschetz property

Let ∆ be a (d− 1)-dimensional Cohen–Macaulay simplicial complex. We say that ∆ has the

weak Lefschetz Property (or WLP) over F if there is an l.s.o.p. Θ for F[∆] and a linear

form ω such that the multiplication map

·ω : (F[∆]/ΘF[∆])b d
2
c → (F[∆]/ΘF[∆])b d

2
c+1

is surjective. Similarly, we say that ∆ has the dual WLP if there is an l.s.o.p. Θ for F[∆]

and a linear form ω such that the multiplication map

·ω : (F[∆]/ΘF[∆])b d+1
2
c−1 → (F[∆]/ΘF[∆])b d+1

2
c

is injective. While, in general, the above definitions differ from the usual definitions of the

weak Lefschetz property (see [25]), for homology spheres, our WLP coincides with the usual

definition of the WLP; furthermore, in this case the WLP and the dual WLP are equivalent

to each other (see Remark 5.5.4).
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The boundary complex of any simplicial d-polytope has the WLP over Q, and so does

any triangulated (d − 1)-ball that is a subcomplex of the boundary complex of a simplicial

d-polytope ([64] and [61, Lemma 2.2]). It was repeatedly conjectured that all homology

spheres and balls have the WLP. While this conjecture is wide open at present, the following

special case is well-known to be true.

Lemma 5.2.3. All F-homology 2-spheres and all F-homology 2-balls have the WLP over F.

Indeed, in dimension 2, the class of F-homology spheres coincides with the class of trian-

gulations of the (topological) 2-sphere. The fact that triangulated 2-spheres have the WLP

over any field follows from [40, Corollary 3.5] and [74]. For F-homology 2-balls, the lemma

is then derived exactly as in [61, Lemma 2.2].

5.3 Flag h′- and h′′-vectors

Over the last few decades, several refinements and modifications of h-vectors of simplicial

complexes have been introduced and studied. On one hand, already in 1979, Stanley [63]

introduced a-balanced simplicial complexes together with their flag h-vectors as a refinement

of the classical h-vectors. Subsequently, these vectors have played an important role in the

study of f -vectors of simplicial polytopes and simplicial complexes. On the other hand, in

order to study face numbers of homology manifolds, one often considers their h′- and h′′-

vectors as certain modifications of the classical h-vector (cf. Section 5.2.1; also see [33, 70]

for various applications of these combinatorial invariants). Here we (i) combine these two

approaches — this results in the notions of flag h′- and flag h′′-vectors of balanced simplicial

complexes, and (ii) initiate the study of basic properties of these vectors. Most results in

this section are natural extensions of known results on h′-, h′′- and flag h-vectors, and so

some details of proofs are omitted.

Let (∆, π) be an a-balanced simplicial complex. We define the flag h′-vector h′(∆, π) =
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(h′b(∆, π) : b ≤ a) of (∆, π) by

h′b(∆, π) = hb(∆, π)−
(

a

b

)|b|−1∑
j=1

(−1)|b|−jβ̃j−1(∆)

 .

Schenzel [60] proved that for a (d − 1)-dimensional Buchsbaum complex ∆ and an integer

0 ≤ j ≤ d, dimF(F[∆]/ΘF[∆])j = hj(∆) −
(
d
j

)∑j−1
i=1 (−1)j−iβ̃i−1(∆) (see also [67, Theorem

II.8.2]). The following theorem establishes a flag analog of Schenzel’s formula.

Theorem 5.3.1. Let (∆, π) be an a-balanced simplicial complex and let Θ = θ1, . . . , θ|a| be

an Nm-graded l.s.o.p. for F[∆]. If ∆ is Buchsbaum, then

Hilb(F[∆]/ΘF[∆]; t1, . . . , tm) =
∑
b≤a

h′b(∆, π)tb.

Proof. We only sketch the proof since it is essentially the same as the proof of [60, Theo-

rem 4.3]. For a finitely generated graded A-module M , we denote by H i
m(M) the ith local

cohomology module of M . Let R = F[∆] and, for S ⊆ {1, 2, . . . , |a|}, let δS :=
∑

i∈S deg θi.

Since R is a Buchsbaum ring, we have the following exact sequences

0 −→ H0
m(R/(θ1, . . . , θj−1)R)(− deg θj) −→ (R/(θ1, . . . , θj−1)R)(− deg θj)

×θj−→ R/(θ1, . . . , θj−1)R −→ R/(θ1, . . . , θj) −→ 0
(5.1)

for 1 ≤ j ≤ |a|. Moreover, it follows from [68, Lemma II.4.14′(i′)] that

H0
m(R/(θ1, . . . , θj−1)R) ∼=

⊕
S⊆[j−1]

H |S|m (R)(−δS). (5.2)

(While the statement given in [68] assumes the Z-grading, the proof carries verbatim to the

Nm-graded setting.) Finally, since R = F[∆] is Buchsbaum,

H i
m(R) = (H i

m(R))0
∼= H̃i−1(∆;F) for i ≤ dim ∆ (5.3)

(see [68, Corollary II.4.13 and Lemma II.2.5(ii)]). Combining Theorem 5.2.1 with (5.1), (5.2),

and (5.3), we inductively obtain that

Hilb(R/(θ1, . . . , θj)R; t1, . . . , tm) =∑
b≤a hb(∆, π)tb∏|a|
i=j+1(1− tdeg θi)

−
∑
b≤δ[j]

(
δ[j]

b

)|b|−1∑
k=1

(−1)|b|−kβ̃k−1(∆)

 tb
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for 1 ≤ j ≤ |a|. This proves the desired equation.

We define the flag h′′-vector h′′(∆, π) = (h′′b(∆, π) : b ≤ a) of an a-balanced simplicial

complex (∆, π) by

h′′b(∆, π) =

 hb(∆, π)−
(
a
b

)(∑|b|
j=1(−1)|b|−jβ̃j−1(∆)

)
, if b 6= a,

β̃|a|−1(∆), if b = a.

We will see that the flag h′′-vector is intimately related to the following ideal defined by Goto

[19]. This ideal plays a crucial role in the paper. For a finitely generated graded A-module

M of Krull dimension d and an l.s.o.p. Θ = θ1, . . . , θd for M , let

Σ(Θ;M) := ΘM +
d∑
i=1

(
(θ1, . . . , θ̂i, . . . , θd)M :M θi

)
.

Here, θ̂i indicates that θi is omitted from Θ. Note that if M and Θ are Nm-graded, then so

are M/ΘM and M/Σ(Θ;M).

The following property was essentially proved by Goto in the setting of local rings. The

proof for the N-graded case can be found in [49, Theorem 2.3] and it extends easily to the

Nm-graded setting.

Theorem 5.3.2 (Essentially Goto [19]). Let M be a finitely generated Nm-graded Buchsbaum

A-module of Krull dimension d and let Θ = θ1, . . . , θd be an Nm-graded l.s.o.p. for M . Then

there is an isomorphism of A-modules

Σ(Θ;M)/ΘM ∼=
⊕
S([d]

H |S|m (M)(−
∑

k∈S deg θk).

In particular, Σ(Θ;M)/ΘM is contained in the socle of M/ΘM . In other words, m ·

(Σ(Θ;M)/ΘM) = 0.

Note that the latter statement of the previous theorem follows from the fact that m ·

H i
m(M) = 0 holds for any Buchsbaum A-module M and i < dimM (see [68, Proposition I.2.1

(iii)]). Since H i
m(F[∆]) = (H i

m(F[∆]))0
∼= H̃i−1(∆;F) for i ≤ dim ∆ when ∆ is Buchsbaum,

Theorem 5.3.2 implies the following result.



94

Corollary 5.3.3. Let (∆, π) be an a-balanced simplicial complex and let Θ be an Nm-graded

l.s.o.p. for F[∆]. If ∆ is Buchsbaum over F, then

dimF
(
Σ(Θ;F[∆])/ΘF[∆]

)
b

=

(
a

b

)
β̃|b|−1(∆) for any b � a.

Observe that for b 6= a, h′′b(∆, π) = h′b(∆, π) −
(
a
b

)
β̃|b|−1(∆) and that h′′a(∆) = h′a(∆).

Since F[∆]/ΘF[∆] and F[∆]/Σ(Θ;F[∆])⊕Σ(Θ;F[∆])/ΘF[∆] are isomorphic as graded vector

spaces, Theorem 5.3.1 and Corollary 5.3.3 lead to the following algebraic interpretation of

flag h′′-vectors.

Theorem 5.3.4. Let (∆, π) be an a-balanced simplicial complex and let Θ be an Nm-graded

l.s.o.p. for F[∆]. If ∆ is Buchsbaum over F, then

Hilb(F[∆]/Σ(Θ;F[∆]); t1, . . . , tm) =
∑
b≤a

h′′b(∆, π)tb.

Remark 5.3.5. The flag h′- and h′′-numbers refine the usual h′- and h′′-numbers:

h′i(∆) =
∑

b≤a,|b|=i

h′b(∆, π) and h′′i (∆) =
∑

b≤a,|b|=i

h′′b(∆, π).

Remark 5.3.6. All results on flag h′- and h′′-vectors in this section are natural extensions

of known results on the usual h′- and h′′-vectors. In the N-graded setting, the formula for

h′-vectors in Theorem 5.3.1 was proved in [60], and the formula for h′′-vectors in Theorem

5.3.4 was given in [49]. When ∆ is a Cohen–Macaulay simplicial complex, the flag h′- and

h′′-vectors coincide with the usual flag h-vectors. In this case the formula for the Hilbert

series in Theorem 5.3.1 is due to Stanley [63].

The results in this section continue to hold in the generality of Stanley–Reisner modules

of relative simplicial complexes. Here we quickly review some relevant notions.

For a simplicial complex ∆ with the vertex set V and a subcomplex Γ of ∆, the A-module

F[∆,Γ] = IΓ/I∆
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is called the Stanley–Reisner module of the pair (∆,Γ), where we consider IΓ = (xσ : σ ⊆

V, σ 6∈ Γ) as an ideal of A. The faces of (∆,Γ) are the elements of ∆\Γ. With this convention

in hand, we define the f -, h-, h′- and h′′-vector of the pair (∆,Γ) as well as the flag f -, h-,

h′- and h′′-vectors in the same way as for a single simplicial complex. In particular, for an

a-balanced simplicial complex (∆, π) and its subcomplex Γ, fb(∆,Γ, π) is the number of

faces σ ∈ ∆ \ Γ with π(σ) = b and

h′′b(∆,Γ, π) =

 hb(∆,Γ, π)−
(
a
b

)(∑|b|
j=1(−1)|b|−jβ̃j−1(∆,Γ)

)
, if b 6= a,

β̃|a|−1(∆,Γ), if b = a,

where β̃i(∆,Γ) := dimF H̃i(∆,Γ;F).

Theorem 5.3.1, Corollary 5.3.3, and Theorem 5.3.4, in fact, hold for all Buchsbaum

Stanley–Reisner modules. (We omit the proofs since they are identical to the proofs above,

except that the notation becomes somewhat more cumbersome). Specifically, if ∆ is an F-

homology manifold with boundary, then F[∆, ∂∆] is Buchsbaum, and hence the statements

of Theorem 5.3.1, Corollary 5.3.3, and Theorem 5.3.4 continue to hold in this setting but

with ∆ replaced throughout by (∆, ∂∆).

5.4 Proofs in the orientable case

The purpose of this section is to prove Theorem 5.1.3 for orientable homology manifolds with

and without boundary, see Theorem 5.4.4. If ∆ is a homology manifold without boundary,

we will often identify ∆ with the pair (∆, ∂∆) where we let ∂∆ = ∅. We say that an F-

homology manifold ∆ with or without boundary is orientable if the top Betti number of

(∆, ∂∆) computed over F is equal to the number of connected components of ∆.

Let (∆, π) be a balanced (d−1)-dimensional F-homology manifold. If ∆ has no boundary,

then the link of each codimension-1 face of ∆ consists of two vertices. Thus, for each

color i, in each connected component there exist at least two vertices of color i, so that

f0(∆) ≥ 2d(1+ β̃0(∆)). Hence h′′1(∆) = f0(∆)−d−dβ̃0(∆) ≥ d(1+ β̃0(∆)). Since h′′0(∆) = 1,

the inequality
h′′1 (∆)

d
≥ h′′0 (∆)

1
+ β̃0(∆) follows. Similarly, if ∆ has non-empty boundary, then



96

h′′0(∆, ∂∆) = 0, β̃0(∆, ∂∆) equals the number of connected components of ∆ that have

no boundary, and each component with non-empty boundary has at least d vertices. The

same computation as above then shows that h′′1(∆, ∂∆) ≥ dβ̃0(∆, ∂∆). We conclude that

Theorem 5.1.3 holds for ` = 1, and from now on, assume that 1 < ` ≤ bd/2c.

Moreover, it suffices to prove Theorem 5.1.3 for connected F-homology manifolds. Indeed,

a straightforward computation shows that if ∆ is disconnected with connected components

∆1, . . . ,∆s, then h′′j (∆, ∂∆) =
∑s

k=1 h
′′
j (∆

k, ∂∆k) for all j ≥ 1; in addition, β̃j(∆, ∂∆) =∑s
k=1 β̃j(∆

k, ∂∆k) for j ≥ 1. (Furthermore, if ∆ is orientable, then so is each connected

component of ∆.) Therefore, if each connected component of ∆ satisfies the inequality in

Theorem 5.1.3, then so does ∆.

For a graded A-module N , let N∨ denote the Matlis dual of N . One crucial ingredient in

the proof of Theorem 5.1.3 is the following result established in [49, Corollary 1.4]. Although,

in [49], only the N-graded case is treated, the same proof works in the Nm-graded setting.

Theorem 5.4.1 (Murai–Novik–Yoshida). Let a = (a1, . . . , am) ∈ Nm, let (∆, π) be an a-

balanced, connected, orientable F-homology manifold with or without boundary, and let Θ be

an Nm-graded l.s.o.p. for F[∆]. Then

(
F[∆, ∂∆]/Σ(Θ;F[∆, ∂∆])

) ∼= (F[∆]/Σ(Θ;F[∆])
)∨

(−a).

In particular, h′′b(∆, ∂∆, π) = h′′a−b(∆, π) for all b ∈ Nm with b ≤ a.

The proof of Theorem 5.1.3 will essentially follow from the next proposition.

Proposition 5.4.2. Let 1 < ` ≤ bd/2c, a = (2` − 1, 1, . . . , 1) ∈ Nd−2`+2, and b = a −

(2` − 1)e1. Let (∆, π) be an a-balanced, connected, orientable F-homology manifold with or

without boundary and suppose that for every face σ ∈ ∆ with π(σ) = b, the link of σ in ∆

has the WLP. Then

h′′`e1
(∆, ∂∆, π)− h′′(`−1)e1

(∆, ∂∆, π) ≥
(

2`− 1

`

)
β̃`−1(∆, ∂∆).
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Proof. Let Θ = θ1, . . . , θd be an Nd−2`+2-graded l.s.o.p. for F[∆] and let Θ′ := {θi : deg θi =

e1}. Consider the following modules:

L =
⊕

σ∈∆,π(σ)=b

F[lk∆(σ)]/Θ′F[lk∆(σ)] and M = (F[∆]/ΘF[∆])≥b.

In analogy to [30, Lemma 2.3 (i)], there exists a surjection ψ : L→M(b). Thus for any

linear form ω ∈ F[∆] with degω = e1, there is the following commutative diagram:

L`e1

ψ−→ M(b)`e1 = (F[∆]/ΘF[∆])`e1+b

·ω ↑ ↑ ·ω

L(`−1)e1

ψ−→ M(b)(`−1)e1 = (F[∆]/ΘF[∆])(`−1)e1+b .

Note that all links, lk∆(σ), in the above diagram are monochromatic (indeed they are (2`−1)-

balanced). Since lk∆(σ) has the WLP for all σ ∈ ∆ with π(σ) = b by assumption, it follows

that the left multiplication map ·ω is surjective for a generic choice of Θ and ω. This fact

and the surjectivity of the horizontal maps ψ implies that the multiplication map ·ω on the

right is also surjective. Furthermore, since Σ(Θ;F[∆])/ΘF[∆] is contained in the socle of

F[∆]/ΘF[∆] (see Theorem 5.3.2), we infer that the map

·ω : (F[∆]/Σ(Θ;F[∆]))(`−1)e1+b → (F[∆]/ΘF[∆])`e1+b

is well-defined and surjective. Consequently,

dimF (F[∆]/Σ(Θ;F[∆]))(`−1)e1+b ≥ dimF (F[∆]/ΘF[∆])`e1+b . (5.4)

To finish the proof, we compute both sides of (5.4). Theorems 5.3.4 and 5.4.1 imply

dimF (F[∆]/Σ(Θ;F[∆]))(`−1)e1+b = h′′(`−1)e1+b(∆, π) = h′′`e1
(∆, ∂∆, π), (5.5)

while by Theorem 5.3.1,

dimF (F[∆]/ΘF[∆])`e1+b =h′`e1+b(∆, π)

=h′′`e1+b(∆, π) +

(
2`− 1

`− 1

)
β̃d−`(∆)

=h′′(`−1)e1
(∆, ∂∆, π) +

(
2`− 1

`− 1

)
β̃`−1(∆, ∂∆). (5.6)
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Here the last step follows from Theorem 5.4.1 and Poincaré–Lefschetz duality asserting that

β̃`−1(∆, ∂∆) = β̃d−`(∆). Substituting (5.5) and (5.6) in (5.4) yields the result.

For a balanced simplicial complex (∆, π) of dimension d− 1, a subcomplex Γ of ∆, and

S ⊆ [d], define

hS(∆,Γ, π) = heS(∆,Γ, π) and h′′S(∆,Γ, π) = h′′eS(∆,Γ, π).

We also define the normalized h′′i -number of the pair (∆,Γ), h
′′
i (∆,Γ), by

h
′′
i (∆,Γ) =

h′′i (∆,Γ)(
d
i

) =

∑
S⊆[d],|S|=i h

′′
S(∆,Γ, π)(

d
i

) .

The following lemma is an easy consequence of [30, Lemma 3.6]; we omit the proof.

Lemma 5.4.3. Let (∆, π) be a (d − 1)-dimensional balanced simplicial complex and Γ a

subcomplex of ∆. Then for any 1 ≤ ` ≤ d/2,

h
′′
` (∆,Γ)− h′′`−1(∆,Γ) =

1(
2`−1
`

)(
d

2`−1

)
 ∑
S⊆[d],|S|=2`−1

 ∑
T⊆S,|T |=`

h′′T (∆,Γ, π)−
∑

T⊆S,|T |=`−1

h′′T (∆,Γ, π)

 .

We are now in a position to prove the main result of this section.

Theorem 5.4.4. Let 1 < ` ≤ bd/2c. Let (∆, π) be a balanced orientable F-homology manifold

with or without boundary of dimension d−1. Suppose that for all faces σ ∈ ∆ of codimension-

(2`− 1), the link of σ has the WLP. Then

(i) for any S ⊆ [d] with |S| = 2`− 1,

∑
T⊆S,|T |=`

h′′T (∆, ∂∆, π)−
∑

T⊆S,|T |=`−1

h′′T (∆, ∂∆, π) ≥
(

2`− 1

`

)
β̃`−1(∆, ∂∆).

(ii) Consequently, h
′′
` (∆, ∂∆)− h′′`−1(∆, ∂∆) ≥ β̃`−1(∆, ∂∆).
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Proof. First note that part (ii) of the statement is an immediate consequence of part (i) and

Lemma 5.4.3. To prove part (i), we may assume that ∆ is connected since for T 6= ∅, the

number h′′T (∆, ∂∆, π) is the sum of the corresponding statistics of connected components of

∆. Furthermore, by relabeling the vertices, we may assume that S = {1, d− 2`+ 3, d− 2`+

4, . . . , d}. Define π̃ : V (∆) → {e1, . . . , ed−2`+1} by π̃(v) = π(v) if π(v) /∈ {ei : i ∈ S} and

π̃(v) = e1 if π(v) ∈ {ei : i ∈ S}. Then (∆, π̃) is (2`− 1, 1, . . . , 1)-balanced. As

h′′`e1
(∆, ∂∆, π̃) =

∑
T⊆S,|T |=`

h′′T (∆, ∂∆, π)

and

h′′(`−1)e1
(∆, ∂∆, π̃) =

∑
T⊆S,|T |=`−1

h′′T (∆, ∂∆, π),

the claim follows from Proposition 5.4.2.

Since all proper links of a homology manifold with or without boundary are homology

spheres or homology balls, we infer from Lemma 5.2.3 the following result.

Corollary 5.4.5. Let ∆ be a balanced orientable F-homology manifold with non-empty

boundary. If ∆ has dimension ≥ 3, then h
′′
2(∆, ∂∆)− h′′1(∆, ∂∆) ≥ β̃1(∆, ∂∆).

5.5 Canonical modules

Our proof of Theorem 5.1.3(i) for non-orientable homology manifolds relies on canonical

modules. This requires a few auxiliary results on canonical modules, some of which are

discussed in this section.

Recall that if M is a finitely generated graded A-module of Krull dimension d, then the

canonical module of M is the module

Ω(M) := Hd
m(M)∨.

In particular, for an a-balanced simplicial complex (∆, π) with a ∈ Nm, the canonical module

of F[∆] is Nm-graded.
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We start by reviewing some dualities that are exhibited by canonical modules of Buchs-

baum rings. The following is an algebraic generalization of Theorem 5.4.1 above, proved in

[49, Theorem 1.3].

Theorem 5.5.1 (Murai–Novik–Yoshida). Let (∆, π) be an a-balanced Buchsbaum simplicial

complex with |a| ≥ 2. Let Θ = θ1, . . . , θ|a| ∈ F[∆] be an Nm-graded l.s.o.p. for F[∆]. If ∆ is

connected, then

Ω(F[∆])/Σ(Θ; Ω(F[∆])) ∼=
(
F[∆]/Σ(Θ;F[∆])

)∨
(−a).

We note that, in the above statement, Θ is automatically also an l.s.o.p. for Ω(F[∆]).

Remark 5.5.2. If M is a Cohen–Macaulay A-module and Θ is an l.s.o.p. for M , then

Σ(Θ;M) = ΘM by definition of the Cohen–Macaulay property. Thus, if ∆ is Cohen–

Macaulay, then Theorem 5.5.1 gives an isomorphism

Ω(F[∆])/ΘΩ(F[∆]) ∼=
(
F[∆]/ΘF[∆]

)∨
(−a),

a fact that is well-known in commutative algebra.

The above duality (for the monochromatic case) implies the following equivalent formu-

lation of the dual WLP; we will use it in the next section.

Lemma 5.5.3. Let ∆ be a Cohen–Macaulay simplicial complex of dimension d − 1. Then

∆ has the dual WLP if and only if there is an l.s.o.p. Θ for F[∆] and a linear form ω such

that the multiplication map

·ω : (Ω(F[∆])/ΘΩ(F[∆]))bd/2c → (Ω(F[∆])/ΘΩ(F[∆]))bd/2c+1

is surjective.

Remark 5.5.4. If ∆ is an F-homology sphere, then Ω(F[∆]) ∼= F[∆]. Hence, in the case of

F-homology spheres, having the WLP is equivalent to having the dual WLP.

We will also use the following duality result due to Schenzel [68, Theorem II.4.9].
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Theorem 5.5.5 (Schenzel). Let R be a finitely generated graded F-algebra of Krull dimension

d > 0. If R is Buchsbaum, then Ω(R) is also Buchsbaum and

H i
m(Ω(R)) ∼= (Hd−i+1

m (R))∨ for all 2 ≤ i ≤ d− 1.

One of the key properties used in the proof of Theorem 5.4.4 (see the proof of Proposition

5.4.2) was the existence of a surjection from L to M(b). The goal of the rest of this section

is to establish an analogous surjection for canonical modules.

In the rest of this section, we assume that (∆, π) is an a-balanced simplicial complex

on the vertex set [n], and we consider F[∆], F[st∆(σ)] and F[lk∆(σ)] as modules over the

polynomial ring A = F[x1, . . . , xn]. We utilize two different fine gradings of A: the Nm-

grading induced by the coloring π and the Nn-grading defined by deg xi = ei, where e1, . . . , en

is the standard basis for Zn. To avoid confusion, we use bold letters for elements in Nm

whereas we use letters in Fraktur for elements in Nn. For σ ⊆ [n], we set eσ =
∑

i∈σ ei.

Lemma 5.5.6. Let a,b ∈ Nm with b ≤ a. Let (∆, π) be an a-balanced simplicial complex

and let Θ = θ1, . . . , θ|a| be an Nm-graded l.s.o.p. for F[∆]. Then, there is a surjection⊕
σ∈∆,π(σ)=b

Ω(F[st∆(σ)])→ Ω(F[∆])≥b.

Proof. Let |a| = d and let σ ∈ ∆ be any face. The long exact sequence of local cohomology

modules induced by the natural surjection F[∆]→ F[st∆(σ)] provides us with a surjection

Hd
m(F[∆])→ Hd

m(F[st∆(σ)]).

By taking the Matlis dual of both sides, we obtain an injection

Ω(F[st∆(σ)])→ Ω(F[∆]) for all σ ∈ ∆. (5.7)

When u = (u1, . . . , un) ∈ Nn, we let s(u) = {i : ui 6= 0} be the support of u. If s(u) ⊇ σ,

then Hochster’s formula for the Hilbert series of local cohomology modules [67, Theorem

II.4.1] shows that

Ω(F[∆])u ∼= H̃d−1−|s(u)|
(

lk∆(s(u));F
)

= H̃d−1−|s(u)|
(

lkst∆(σ)(s(u));F
) ∼= Ω(F[st∆(σ)])u.
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If s(u) 6⊇ σ, then lkst∆(σ)(s(u)) is a cone over σ r s(u), and hence has trivial homology. It

hence follows from Hochster’s formula that Ω(F[st∆(σ)]) is equal to Ω(F[st∆(σ)])≥eσ . Thus,

for any σ ∈ ∆, the injection in (5.7) induces an isomorphism

Ω(F[st∆(σ)]) = Ω(F[st∆(σ)])≥eσ → Ω(F[∆])≥eσ . (5.8)

Let

Lb = {u ∈ Nn : u ≥ eσ for some σ ∈ ∆ with π(σ) = b}.

Taking the following sum of the maps in (5.8) yields the desired surjection

⊕
σ∈∆,π(σ)=b

Ω(F[st∆(σ)])→
⊕
u∈Lb

Ω(F[∆])u = Ω(F[∆])≥b.

The following modification of Lemma 5.5.6 provides an appropriate analog of a surjection

from L to M(b) on the level of canonical modules.

Lemma 5.5.7. Let 0 ≤ ` ≤ m, a = (a1, . . . , am) ∈ Nm, and b = (a1, . . . , a`, 0, . . . , 0) ∈ Nm.

Let (∆, π) be an a-balanced simplicial complex, Θ = θ1, . . . , θ|a| an Nm-graded l.s.o.p. for

F[∆], and Θ′ = (θi : deg θi 6∈ {e1, . . . , e`}). Then there is a surjection

⊕
σ∈∆,π(σ)=b

(
Ω(F[lk∆(σ)])/Θ′Ω(F[lk∆(σ)])

)
(−b)→

(
Ω(F[∆])/ΘΩ(F[∆])

)
≥b.

Proof. By Lemma 5.5.6 there exists a surjection

⊕
σ∈∆,π(σ)=b

Ω(F[st∆(σ)])/ΘΩ(F[st∆(σ)])→ (Ω(F[∆])/ΘΩ(F[∆]))≥b.

Thus, in order to prove the claim, it is enough to show that for any σ ∈ ∆ with π(σ) = b,

there is an isomorphism

Ω(F[st∆(σ)])/ΘΩ(F[st∆(σ)]) ∼=
(
Ω(F[lk∆(σ)])/Θ′Ω(F[lk∆(σ)])

)
(−b). (5.9)
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Fix a face σ ∈ ∆ with π(σ) = b. Since the variables xv with v ∈ σ form a regular

sequence of F[st∆(σ)] and since F[st∆(σ)]/(xv : v ∈ σ)F[st∆(σ)] ∼= F[lk∆(σ)], it follows from

[11, Theorem 3.3.5] that

Ω(F[st∆(σ)])/(xv : v ∈ σ)Ω(F[st∆(σ)]) ∼= Ω(F[lk∆(σ)])(−b). (5.10)

Also, since Θ contains exactly ai linear forms of color ei ∈ Nm for all i and since st∆(σ)

contains exactly ai vertices of color ei ∈ Nm for all i ≤ `, we obtain that

ΘF[st∆(σ)] =
(
(Θ′) + (xv : v ∈ σ)

)
F[st∆(σ)].

Then, since Ω(F[st∆(σ)]) is an F[st∆(σ)]-module, we conclude that

ΘΩ(F[st∆(σ)]) = Θ′Ω(F[st∆(σ)]) + (xv : v ∈ σ)Ω(F[st∆(σ)]). (5.11)

Combining (5.10) and (5.11) yields the desired isomorphism (5.9).

5.6 Proofs for non-orientable manifolds

In this section we prove Theorem 5.1.3(i) for non-orientable homology manifolds, see Theo-

rem 5.6.2. As in Section 4, we may assume that ` > 1 and that ∆ is connected. We start

with the following result (cf. Proposition 5.4.2).

Proposition 5.6.1. Let 1 < ` ≤ bd/2c, a = (2`− 1, 1, . . . , 1) ∈ Nd−2`+2, and b = a− (2`−

1)e1. Let (∆, π) be an a-balanced, connected, Buchsbaum simplicial complex and suppose

that for every face σ ∈ ∆ with π(σ) = b, the link of σ in ∆ has the dual WLP. Then

h′′`e1
(∆, π)− h′′(`−1)e1

(∆, π) ≥
(

2`− 1

`

)
β̃`−1(∆).

Proof. The proof is similar to that of Proposition 5.4.2. For any Nm-graded l.s.o.p. Θ =

θ1, . . . , θ|a| for F[∆] and for any linear form ω with degω = e1, there is the following com-
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mutative diagram:⊕
σ∈∆,π(σ)=b

(
Ω(F[lk∆(σ)])/Θ′Ω(F[lk∆(σ)])

)
`e1

ϕ−→
(
Ω(F[∆])/ΘΩ(F[∆])

)
`e1+b

·ω ↑ ↑ ·ω⊕
σ∈∆,π(σ)=b

(
Ω(F[lk∆(σ)])/Θ′Ω(F[lk∆(σ)])

)
(`−1)e1

ϕ−→
(
Ω(F[∆])/ΘΩ(F[∆])

)
(`−1)e1+b

,

where Θ′ = (θi : deg θi = e1) and ϕ is the surjection guaranteed by Lemma 5.5.7.

Since lk∆(σ) has the dual WLP over F for all σ ∈ ∆ with π(σ) = b, we conclude from

Lemma 5.5.3 that for a generic choice of Θ′ and a generic linear form ω with degω = e1, the

left vertical map is surjective. Hence, the multiplication map

·ω :
(
Ω(F[∆])/ΘΩ(F[∆])

)
(`−1)e1+b

→
(
Ω(F[∆])/ΘΩ(F[∆])

)
`e1+b

is also surjective. Furthermore, since m ·Σ(Θ; Ω(F[∆]))/ΘΩ(F[∆])) is zero by Theorem 5.3.2,

the above surjection gives rise to a surjection

·ω :
(
Ω(F[∆])/Σ(Θ; Ω(F[∆]))

)
(`−1)e1+b

→
(
Ω(F[∆])/ΘΩ(F[∆])

)
`e1+b

. (5.12)

Therefore,

dimF
(
Ω(F[∆])/Σ(Θ; Ω(F[∆]))

)
(`−1)e1+b

≥ dimF
(
Ω(F[∆])/ΘΩ(F[∆])

)
`e1+b

. (5.13)

The right-hand-side of (5.13) can be rewritten as

dimF
(
Ω(F[∆])/ΘΩ(F[∆])

)
`e1+b

= dimF
(
Ω(F[∆])/Σ(Θ; Ω(F[∆]))

)
`e1+b

+ dimF
(
Σ(Θ; Ω(F[∆]))/ΘΩ(F[∆])

)
`e1+b

= dimF
(
Ω(F[∆])/Σ(Θ; Ω(F[∆]))

)
`e1+b

+

(
2`− 1

`

)
β̃`−1(∆),

where the last equality follows from Theorems 5.3.2 and 5.5.5. In addition, it follows from

Theorems 5.3.4 and 5.5.1 that for all b ≤ a,

dimF
(
Ω(F[∆])/Σ(Θ; Ω(F[∆]))

)
a−b = dimF

(
F[∆]/Σ(Θ;F[∆])

)
b

= h′′b(∆, π).
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Substituting these formulas in (5.13), we infer that

h′′`e1
(∆, π) ≥ h′′(`−1)e1

(∆, π) +

(
2`− 1

`

)
β̃`−1(∆),

as desired.

Proposition 5.6.1 implies the following theorem exactly in the same way as Proposi-

tion 5.4.2 implied Theorem 5.4.4.

Theorem 5.6.2. Let 1 < ` ≤ bd/2c. Let (∆, π) be a balanced Buchsbaum simplicial complex

of dimension d− 1. Suppose that for all faces σ ∈ ∆ of codimension 2`− 1, the link of σ has

the dual WLP. Then

(i) for any S ⊆ [d] with |S| = 2`− 1,

∑
T⊆S,|T |=`

h′′T (∆, π)−
∑

T⊆S,|T |=`−1

h′′T (∆, π) ≥
(

2`− 1

`

)
β̃`−1(∆).

(ii) Consequently, h
′′
` (∆)− h′′`−1(∆) ≥ β̃`−1(∆).

Remark 5.6.3. The inequality in part (ii) of Theorem 5.6.2 (Theorem 5.4.4, resp.) holds

as equality if and only if the inequality in part (i) holds as equality for all S ⊆ [d] with

|S| = 2`− 1.

Since all proper links of a closed F-homology manifold are F-homology spheres, the above

theorem implies our Theorem 5.1.3(i). Moreover, since all homology 2-spheres have the (dual)

WLP, the inequality part of Theorem 5.1.4 also follows:

Corollary 5.6.4. Let ∆ be a balanced F-homology manifold without boundary. If ∆ has

dimension ≥ 3, then h
′′
2(∆)− h′′1(∆) ≥ β̃1(∆).
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5.7 The equality part of Theorem 5.1.4

In this section, we complete the proof of Theorem 5.1.4, see Theorem 5.7.4. We first recall

some results on stacked cross-polytopal spheres verified in [32].

Let ∆ and Γ be pure simplicial complexes of the same dimension with disjoint vertex

sets. Let σ ∈ ∆ and τ ∈ Γ be facets and let ϕ : σ → τ be a bijection. The connected

sum ∆#ϕΓ of ∆ and Γ is the simplicial complex obtained from (∆ \ {σ}) ∪ (Γ \ {τ}) by

identifying v with ϕ(v) for all v ∈ σ. If ∆ and Γ are balanced, then so is ∆#ϕΓ. A stacked

cross-polytopal sphere of dimension d − 1 is the connected sum of several copies of the

boundary complex of the d-dimensional cross-polytope.

The following result was established in [32, Theorem 4.1 and Lemma 4.2]. Below, hi(∆) :=

hi(∆)

(di)
denotes the normalized hi-number of ∆.

Theorem 5.7.1 (Klee–Novik). Let (∆, π) be a balanced F-homology manifold of dimension

d− 1 ≥ 3. Then the following conditions are equivalent:

(i) ∆ is a stacked cross-polytopal sphere.

(ii) h2(∆)− h1(∆) = 0.

(iii) For any S ⊆ [d] with |S| = 3,
∑

T⊆S,|T |=2 hT (∆, π) =
∑

T⊆S,|T |=1 hT (∆, π).

Let (∆, π) be a pure balanced simplicial complex. Let σ and τ be facets of ∆ and

let ϕ : σ → τ be a bijection with π(v) = π(ϕ(v)) for all v ∈ σ. Such a bijection ϕ is

called admissible if lk∆(v) ∩ lk∆(ϕ(v)) = {∅} for all v ∈ σ. For an admissible bijection

ϕ, define ∆ϕ as the simplicial complex obtained from ∆ \ {σ, τ} by identifying v with ϕ(v)

for all v ∈ σ. We say that ∆ϕ is obtained from ∆ by a balanced handle addition.

The balanced Walkup class BHd is the set of all balanced simplicial complexes obtained

from the boundary complexes of d-dimensional cross-polytopes by successively applying the

operations of connected sums and balanced handle additions.

The following result is [32, Corollary 4.12].
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Theorem 5.7.2 (Klee–Novik). Let ∆ be a balanced F-homology manifold of dimension d−

1 ≥ 4. Then ∆ ∈ BHd if and only if all vertex links of ∆ are stacked cross-polytopal spheres.

Our proof of the equality part of Theorem 5.1.4 relies on the following lemma.

Lemma 5.7.3. Let ∆ be a (d − 1)-dimensional connected F-homology manifold without

boundary and let Θ be an l.s.o.p. for F[∆]. If d ≥ 2, then for any vertex v of ∆ with

xv 6∈ (Θ), there is an injection

ϕ : Ω(F[st∆(v)])/ΘΩ(F[st∆(v)])→ Ω(F[∆])/ΘΩ(F[∆])

such that its composition with the natural surjection from Ω(F[∆])/ΘΩ(F[∆]) to

Ω(F[∆])/Σ(Θ; Ω(F[∆])) is also an injection.

Proof. We assume that V (∆) = {1, 2, . . . , n} and A = F[x1, . . . , xn]. As shown in the proof

of Lemma 5.5.6 (see (5.7)), there is an injection

Ω(F[st∆(v)])→ Ω(F[∆]). (5.14)

This injection gives rise to an A-homomorphism

ϕ : Ω(F[st∆(v)])/ΘΩ(F[st∆(v)])→ Ω(F[∆])/ΘΩ(F[∆]).

Composing this A-homomorphism with the natural surjection

Ω(F[∆])/ΘΩ(F[∆])→ Ω(F[∆])/Σ(Θ; Ω(F[∆])),

leads to an A-homomorphism

ϕ′ : Ω(F[st∆(v)])/ΘΩ(F[st∆(v)])→ Ω(F[∆])/Σ(Θ; Ω(F[∆])). (5.15)

Thus to prove the desired statement, it suffices to show that the map ϕ′ is injective.

Note that Θ is an l.s.o.p. for F[st∆(v)] since st∆(v) is a full-dimensional subcomplex

of ∆. Taking the Matlis dual of modules in (5.15) and using Theorem 5.5.1, leads to an

A-homomorphism

F[∆]/Σ(Θ;F[∆])→ F[st∆(v)]/ΘF[st∆(v)].
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Since for all graded ideals I and J of A, any A-homomorphism from A/I to A/J of degree

0 must be either zero or surjective, the map ϕ′ is either zero or injective. We prove that ϕ′

is non-zero.

Since st∆(v) is a cone over an F-homology sphere lk∆(v), it follows that F[st∆(v)] is a

Gorenstein ring that is isomorphic to Ω(F[st∆(v)])(+ev); in particular,

F[st∆(v)]0 ∼= Ω(F[st∆(v)])ev . Let α be a non-zero element of Ω(F[st∆(v)])ev . We claim

that ϕ′(α) is non-zero. Since H i
m(Ω(F[∆])) = 0 for i ≤ 1 (see [3, Lemma 1]), Theorems 5.3.2

and 5.5.5 imply that(
Ω(F[∆])/Σ(Θ; Ω(F[∆]))

)
1

=
(
Ω(F[∆])/ΘΩ(F[∆])

)
1
.

Thus, to prove that ϕ′(α) 6= 0, it is enough to show that ϕ(α) 6= 0.

If ∆ is orientable, then F[∆] is isomorphic to Ω(F[∆]) by a result of Gräbe [22]. Since

the map in (5.14) preserves the Nn-grading and α has degree ev, ϕ(α) ∈ Ω(F[∆])/ΘΩ(F[∆])

can be identified with a non-zero scalar multiple of xv in F[∆]/ΘF[∆], which is a non-

zero element by our assumption that xv 6∈ (Θ). Suppose that ∆ is non-orientable. Then

Ω(F[∆])0
∼= H̃d−1(∆;F) is zero by Hochster’s formula, and so(

Ω(F[∆])/ΘΩ(F[∆])
)

1
= Ω(F[∆])1.

In this case, the fact that ϕ(α) is non-zero follows from the injectivity of (5.14).

We now turn to the proof of the main result of this section which completes the proof of

Theorem 5.1.4.

Theorem 5.7.4. Let (∆, π) be a balanced, connected, F-homology manifold without boundary

of dimension d− 1 ≥ 4. Then h
′′
2(∆)− h′′1(∆) = β̃1(∆) if and only if ∆ ∈ BHd.

Proof. As noted at the end of Section 4 in [32], the “if”-part is easy. We prove the “only

if”-part. Let S ⊆ [d] with |S| = 3 and let v be a vertex of ∆ with π(v) 6∈ {ei : i ∈ S}. By

Theorems 5.7.1 and 5.7.2, it suffices to check that∑
T⊆S, |T |=2

hT (lk∆(v), π) =
∑

T⊆S, |T |=1

hT (lk∆(v), π). (5.16)
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We may assume that S = {1, d − 1, d}. Let a = (3, 1, . . . , 1) ∈ Nd−2. Define π̃ :

V (∆) → {e1, . . . , ed−2} by π̃(u) = π(u) if π(u) 6∈ {ei : i ∈ S} and π̃(u) = e1 if π(u) ∈

{ei : i ∈ S}. Then (∆, π̃) is a-balanced, h′′e1
(∆, π̃) =

∑
T⊆S,|S|=1 h

′′
T (∆, π), and h′′2e1

(∆, π̃) =∑
T⊆S,|S|=2 h

′′
T (∆, π). The proof of Proposition 5.6.1 (see (5.12)) shows that there is an Nm-

graded l.s.o.p. Θ for F[∆] and a linear form ω with degω = e1 such that

·ω :
(
Ω(F[∆])/Σ(Θ; Ω(F[∆]))

)
a−2e1

→
(
Ω(F[∆])/ΘΩ(F[∆])

)
a−e1

is surjective. Since, by our assumption, h
′′
2(∆)−h′′1(∆) = β̃1(∆), it follows from Remark 5.6.3

that h′′2e1
(∆, π̃)− h′′e1

(∆, π̃) = 3β̃1(∆). The proof of Proposition 5.6.1 then implies that the

above map is, in fact, an isomorphism.

We have the following commutative diagram(
Ω(F[st∆(v)])/ΘΩ(F[st∆(v)])

)
a−e1

ϕ′−→
(
Ω(F[∆])/ΘΩ(F[∆])

)
a−e1

↑ ·ω ↑ ·ω(
Ω(F[st∆(v)])/ΘΩ(F[st∆(v)])

)
a−2e1

ϕ−→
(
Ω(F[∆])/Σ(Θ; Ω(F[∆]))

)
a−2e1

,

where ϕ and ϕ′ are injections given in Lemma 5.7.3. Since the right vertical map and the

lower horizontal map are injective, we conclude that the left vertical map is injective. This

implies that

dimF(Ω(F[st∆(v)])/ΘΩ(F[st∆(v)]))a−e1 ≥ dimF(Ω(F[st∆(v)])/ΘΩ(F[st∆(v)]))a−2e1 ,

and, since the star, st∆(v), is Cohen–Macaulay, we infer from Remark 5.5.2 that

dimF
(
F[st∆(v)]/ΘF[st∆(v)]

)
e1
≥ dimF

(
F[st∆(v)]/ΘF[st∆(v)]

)
2e1
.

As the flag h-vectors of st∆(v) and lk∆(v) coincide, the above inequality shows that

he1(lk∆(v), π̃) ≥ h2e1(lk∆(v), π̃). On the other hand, since π̃(v) 6= e1 and d − 1 ≥ 4, it

follows that the link, lk∆(v), satisfies the assumptions of Proposition 5.6.1 for ` = 2. Hence,

by this proposition, he1(lk∆(v), π̃) ≤ h2e1(lk∆(v), π̃). We conclude that he1(lk∆(v), π̃) =

h2e1(lk∆(v), π̃). The result follows, since according to the definition of π̃, this equality is

equivalent to the desired statement (5.16).



110

Remark 5.7.5. Let ` ≤ b(d − 1)/2c and let ∆ be a balanced (d − 1)-dimensional Q-

homology manifold such that all vertex links of ∆ are polytopal. In the same way as in the

proof of Theorem 5.7.4, one can show that if h
′′
` (∆)− h′′`−1(∆) = β̃`−1(∆), then h`(lk∆(v)) =

h`−1(lk∆(v)) for all v ∈ V (∆). Along with a recent result of Adiprasito [2, Section 9], this,

in turn, implies that all vertex links of ∆ have the balanced (` − 1)-stacked property. (A

balanced analog of the (` − 1)-stacked property for homology spheres and manifolds was

defined in [32, Definition 5.3].)

5.8 Closing remarks and open problems

We close with several remarks as well as some problems related to this paper that we left

unsolved.

5.8.1 Buchsbaum* simplicial complexes

Our proof for the non-orientable case (see Theorem 5.6.2) applies not only to homology

manifolds but also to Buchsbaum* complexes. A simplicial complex ∆ of dimension d − 1

is Buchsbaum* (over F) if it is Buchsbaum (over F) and, in addition, H̃d−2(|∆| − p;F) ∼=

H̃d−2(|∆|;F) for every point p in the geometric realization |∆| of ∆. A simplicial complex ∆

of dimension d − 1 is called doubly Cohen–Macaulay (over F) if it is Cohen–Macaulay,

and, in addition, ∆ \ v = {F ∈ ∆ : v /∈ F} is Cohen–Macaulay of dimension d− 1 for every

vertex v ∈ V (∆).

It was shown in [73, Theorem 9.8] that being doubly Cohen–Macaulay is equivalent to

being both Buchsbaum* and Cohen–Macaulay, while according to [4, Corollary 2.12], every

proper link of a Buchsbaum* simplicial complex is doubly Cohen–Macaulay. Furthermore,

Björner and Swartz suggested the following conjecture, see [71, Problem 4.2].

Conjecture 5.8.1 (Björner–Swartz). All doubly Cohen–Macaulay simplicial complexes have

the dual WLP.

Thus, if true, Conjecture 5.8.1 would imply that the conclusions of Theorem 5.6.2 hold for
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all Buchsbaum* simplicial complexes. Recall that Conjecture 5.8.1 does hold in dimension

two. (Indeed, since by [51] all 2-dimensional doubly Cohen–Macaulay complexes are minimal

cycles in the sense of [16], the statement in characteristic zero follows from the main result of

[16]. For nonzero characteristic, see the discussion and references in [52, Section 5].) Hence

we obtain the following result that strengthens the result of Browder and Klee [9, Theorem

4.1].

Theorem 5.8.2. Let ∆ be a balanced Buchsbaum* simplicial complex of dimension ≥ 3,

then h
′′
2(∆)− h′′1(∆) ≥ β̃1(∆).

In [4, Question 5.7(ii)], Athanasiadis and Welker asked whether for a (d− 1)-dimensional

Buchsbaum* simplicial complex, the vector given by the successive differences of the first

half of the h′′-vector is an M -sequence (that is, the Hilbert function of some standard graded

F-algebra). Our next result shows that the validity of Conjecture 5.8.1 would provide an

affirmative answer to this question.

Proposition 5.8.3. Let ∆ be a connected Buchsbaum* simplicial complex of dimension d−1.

If all vertex links of ∆ have the dual WLP, then the vector

(h′′0(∆), h′′1(∆)− h′′0(∆), . . . , h′′bd/2c(∆)− h′′bd/2c−1(∆)) (5.17)

is an M-sequence.

Proof. (Sketch) We start with two observations. First, by Lemma 5.5.6, there is a surjection

N :=
⊕

v∈V (∆)

Ω(F[st∆(v)])/ΘΩ(F[st∆(v)])→
⊕
k≥1

(
Ω(F[∆])/Σ(Θ; Ω(F[∆])

)
k
,

where Θ is a generic l.s.o.p. Second, since xv is a non-zero divisor on F[st∆(v)] and

F[st∆(v)]/(xv)F[st∆(v)] ∼= F[lk∆(v)] while lk∆(v) is a (d−2)-dimensional complex that has the

dual WLP, it follows that for a generic linear form ω, the multiplication map ·ω : Nk → Nk+1

is surjective for k = b(d− 1)/2c. These two observations imply that multiplication by ω on

Ω(F[∆])/Σ(Θ; Ω(F[∆])) from degree b(d− 1)/2c to degree b(d− 1)/2c+ 1 is also surjective.
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Thus, by Theorem 5.5.1, multiplication by ω on F[∆]/Σ(Θ;F[∆]) from degree bd/2c−1 to de-

gree bd/2c is injective. Then, since F[∆]/Σ(Θ;F[∆]) is a level algebra by [50], it follows from

Proposition 2.1(b) in [39] that the map ·ω : (F[∆]/Σ(Θ;F[∆]))k → (F[∆]/Σ(Θ;F[∆]))k+1

is injective for all k ≤ bd/2c − 1, and so the vector in (5.17) is the Hilbert function of

F[∆]/(Σ(Θ;F[∆]) + ωF[∆]).

5.8.2 Open problems

Theorem 5.1.4 is stated for the class of F-homology manifolds. However, an analogous “non-

balanced” result is known to hold in a larger generality: the inequality h′′2(∆) ≥ h′′1(∆) +

dβ̃1(∆) (for d ≥ 4) is proved in [47, Theorem 5.3] for all normal pseudomanifolds. Thus, it

is tempting to conjecture that the statement of Theorem 5.1.4 remains valid for all balanced

normal pseudomanifolds.

Bagchi and Datta [5] introduced the notion of µ-numbers. These numbers satisfy the

following Morse-type inequalities: for any simplicial complex ∆,

j∑
k=0

(−1)j−kµk(∆) ≥
j∑

k=0

(−1)j−kβ̃k(∆) + (−1)j for all j ≥ 0.

In light of [48, Theorem 6.5] and [48, Theorem 7.3], we conjecture that the statements of

Theorem 5.1.3 and Corollary 5.1.4 can be strengthened by replacing the Betti numbers with

the µ-numbers. Furthermore, we conjecture that the resulting inequality in fact holds for all

(not necessary orientable) homology manifolds with boundary if we replace ∆ with the pair

(∆, ∂∆).

We now turn our discussion towards characterizing the cases of equality in

Theorem 5.1.3(i) and Theorem 5.1.4. Theorem 5.1.4 provides such a characterization when

d ≥ 5 but leaves the case of d = 4 open. However, in view of [47, Theorem 5.3], it is plausible

that the same characterization continues to hold in the d = 4 case. As for Theorem 5.1.3(i),

Remark 5.7.5 along with [45, Theorem 4.6 & Corollary 5.8] leads us to conjecture that if ∆

satisfies the assumptions of Theorem 5.1.3(i) and ` < d/2, then

h
′′
` (∆) = h

′′
`−1(∆) + β̃`−1(∆)
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if and only if ∆ has the balanced (`− 1)-stacked property.

Finally, it would be very interesting to find out if Theorems 5.1.2–5.1.4 have analogs for

a-balanced complexes for an arbitrary a.
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