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Incorporating Relativistic Effects in the Calculation of Core and Valence Excitations in
Metal Complexes and Molecular Clusters

Joseph M. Kasper

Chair of the Supervisory Committee:
Professor Xiaosong Li

Department of Chemistry

Spectroscopy is one of the most powerful tools humanity has to probe the structure of matter.

By seeing how light interacts with the atoms or molecules in a sample, intricate details of

the quantum mechanical structure is revealed. Calculations of the quantum mechanical

description of the electronic structure allows for both the prediction of observed phenomena,

as well as an explanation of the physical processes underlying those observations. Although

calculations that ignore corrections from special relativity are often sufficient, the inclusion

of relativistic effects can be of great importance. Systems with heavy nuclei are especially

well-known for strong corrections from relativity that are essential for even a qualitatively

correct prediction. The work here focuses on including relativistic effects from first principles

in electronic structure calculations to predict spectra of both core and valence excitations. In

the first half, developments using the real-time approach of TDDFT with the X2C method are

recounted, including the prediction of L-edge X-ray absorption spectra for transition metal

complexes. The second half details developments using the frequency-based approach of

TDDFT. This also entailed the development of new eigensolvers to more efficiently converge

states in the high-energy region, as well as extensions of natural transition orbitals and

visualization techniques for complex, two-component orbitals. Investigation of the Rashba

effect in the valence excitations in ZnO semiconducting quantum dots conclude the work.
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PREFACE

In writing one inevitably has to choose what to include and what to leave out. Most of the

work here assumes a working knowledge of quantum mechanics and matrix algebra. Chapter

1 provides an overview to basic electronic structure theory, with particular attention to two-

component methods and a treatment of spin. The subsequent chapters detail development

and applications of new methods to include relativistic effects and calculate spectra.

Chapter 2 describes work on the development and implementation of a real-time X2C

method. The software implementation of X2C in Gaussian [5] was mostly complete when

I joined the group and only minor changes were needed to make sure the different parts

of the code interfaced properly. Although not used for the calculations in this paper, I

added X2C to the ChronusQuantum [6] package so that the same functionality is available

there. Additionally, the data were processed using the recently reported Padé transformation

instead of a standard Fourier transformation, which allowed the required time propagation

to be reduced.

The work in Chapter 3 uses the same code from the previous work to calculate core

excitations at the L-edge for seveal metal complexes. I also made additional modifications to

the real-time code in Gaussian that allowed for separation of the time-evolving density matrix

into orbital pairs for parsing. This has the advantage that the contribution of particular

orbitals to the intensity can be resolved and allow an interpretation similar to what would

be obtained in a linear-response (TDDFT) calculation. Due to the short time-steps required

for X-ray calculations, the use of Padé transformations to reduce the need for long time

simulations was also critical.

Chapter 4 describes work on a new hybrid eigensolver that combines the Davidson and

xii



newly introduced generalized preconditioned locally harmonic residual (GPLHR) methods

for iterative diagonalization in the interior of the eigenspectrum. For molecular systems with

a large number of nearly degenerate states (such as in nanocrystals) the convergence of the

excitations in the X-ray region can be very slow using only a Davidson-type eigensolver. By

contrast, the GPLHR method is robust in convergence, but can be expensive. By implement-

ing the GPLHR method in Gaussian and allowing on-the-fly switching with the standard

Davidson approach, improved computational behavior was observed.

In Chapter 5, small extensions of code in Gaussian allowed for the calculation of natural

transition orbitals (NTOs) in two-component calculations. The explicit inclusion of spin in

the orbitals also necessitates additional functionality to visualize them. Mapped isosurfaces

as well as the spinor magnetization density show the transition between collinear orbitals

and non-collinear orbitals when spin-orbit coupling is included.

Chapter 6 details the application of X2C-TDDFT to calculate the fine structure of the

excition manifold in ZnO quantum dots of varying sizes. By analyzing the exciton structure,

the impact of quantum confinement on the Rashba effect is observed. In particular, the

“upper” and “lower” excitons can mix and even overlap in small, highly-confined quantum

dots. The ab initio approach will also allow future studies of the influence of dopants, surface

ligands, or other defects of interest.

Finally, additional discussion of the Dirac equation and the X2C transformation are given

in the appendix.

xiii



1

Chapter 1

INTRODUCTION AND PRELIMINARIES

The goal of electronic structure theory is to describe the electrons in a system (such as

a molecule) in an accurate way for making predictions of observed properties. Quantum

mechanics postulates that this can be done by using appropriate mathematical functions

and operators to represent the system of interest. The wavefunction Ψ describes the state

of the system, and in general is a function of the coordinates of all the particles in the

system. Since the nuclei are much heavier than electrons, their motion is often much slower

and it is possible to treat them as fixed. This is the commonly-invoked Born–Oppenheimer

approximation, in which the electronic and nuclear degrees of freedom are separated. That

is, the total wavefunction is separated so that

Ψ(~ri, ~Rj) = Ψelec(~ri; ~Rj)Ψnuc( ~Rj) (1.1)

where ~ri and ~Rj are the electronic and nuclear coordinates. In particular, the electronic wave-

function is assumed to depend only parametrically on the nuclear coordinates. The electronic

wavefunction is then governed by either the non-relativistic time-independent Schrödinger

equation or the relativistic Dirac equation and can be written in the form

ĤΨelec = EΨelec (1.2)

where Ĥ is the appropriate Hamiltonian and E is the energy. As the nuclear wavefunction

Ψnuc will not be discussed further, Ψ will be assumed to be the electronic wavefunction.

The Hamiltonian for the non-relativistic Schrödinger equation for N electrons in an M -
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nuclei system is

Ĥ = −1

2

N∑
i=1

52
i −

N∑
i=1

M∑
A=1

ZA
riA

+
N−1∑
i=1

N∑
j>i

1

rij
+

M−1∑
A=1

M∑
B>A

ZAZB
rAB

(1.3)

Within the context of the Born–Oppenheimer approximation the last term, nuclear-

nuclear repulsion, is constant. The first two terms are often grouped together and known

as the core Hamiltonian, while the third is the electron–electron repulsion. Although there

are relativistic corrections to the electron-electron repulsion, the most common corrections

concern the core Hamiltonian. These corrections from the Dirac equation will be discussed

later.

For one-electron systems Eq. (1.2) is fairly easily solved and has a closed-form solution for

both the Schrödinger and Dirac equations. For many-electron systems, the electron-electron

repulsion term prevents this and so the wavefunction Ψ is often expanded in a basis. While

it is possible to represent any Ψ with a complete, infinite basis, a finite basis is limited such

that exact solution of Eq. (1.2) in that basis may not. The error associated with using an

incomplete basis is known as basis set error. The following section outlines the basics of

Hartree–Fock theory, while more detailed information can be found in classic references such

as Szabo and Ostlund [7].

1.1 Basis Sets and Hartree–Fock Theory

Many different basis functions can be used; however, the most common basis functions to

use are atomic orbitals (AOs). These functions are centered on the nuclei of the molecule

and are a natural choice since they describe the regions where electrons are likely to be.

Within a given basis, how does one construct an appropriate wavefunction? Since electrons

are fermions, any valid wavefunction must be antisymmetric to exchange. That is,

Ψ(x1, x2, ..., xN) = −Ψ(x2, x1, ..., xN) (1.4)

This requirement, also known as the Pauli exclusion principle, implies that the wavefunction

vanishes if x1 = x2. Equivalently, two or more electrons cannot occupy the same quantum
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state. To ensure that this requirement is fulfilled, a form of wavefunction known as the Slater

determinant is commonly used. The Slater determinant is an antisymmetrized product of

single-electron wavefunctions (or orbitals):

Ψ =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣

ψ1(x1) ψ2(x1) · · · ψN(x1)

ψ1(x2) ψ2(x2) · · · ψN(x2)
...

...
. . .

...

ψ1(xN) ψ2(xN) · · · ψN(xN)

∣∣∣∣∣∣∣∣∣∣∣∣
(1.5)

These molecular orbitals (MOs) are formed from the basis functions using the linear

combination of atomic orbitals (LCAO) ansatz:

ψi =
∑
j

cijχj (1.6)

In Hartree-Fock theory, the orbitals are optimized according to the variational principle.

That is, since any trial wavefunction Ψ̃ has an energy that is greater than or equal to that

of the true ground state wavefunction Ψ, a good approximation to the ground state can be

obtained by minimizing the energy. In particular, the variation of the Lagrangian is set to

zero:

0 = L = 〈Ψ| Ĥ |Ψ〉 −
∑
ij

εij(〈ψi|ψj〉 − δij) (1.7)

This reduces to solving the generalized eigenvalue problem:

FC = SCε (1.8)

where F is the Fock matrix, C are the MO coefficients, and S is the overlap matrix of basis

functions (Sµν = 〈µ|ν〉). The Fock operator is the effective Hamiltonian for each of the one

particle wavefunctions:

f̂(xi)ψi(xi) = εiψi(xi) (1.9)

In relation to the Hamiltonian, the Fock operator is a sum of the core-Hamiltonian and

the effective one-electron potential that corresponds to the average (mean-field) effect of the

other electrons.
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Alhtough originally derived for closed-shell molecules in restricted Hartree–Fock (RHF),

generalized Hartree–Fock (GHF) theory puts no constraints on spin. Instead each orbital is

expressed as a two-component spinor

ψk(x) =

φαk (r)

φβk(r)

 (1.10)

The functions {φαk (r)} and {φβk(r)} are expanded in the same set of AO basis functions

{χµ(r)}:

φαk (r) =
∑
µ

Cα
µkχmu(r) (1.11)

φβk(r) =
∑
µ

Cβ
µkχmu(r) (1.12)

Using this spin-blocked structure, the Fock matrix has the form

F =

F αα F αβ

F βα F ββ

 (1.13)

The blocks F στ are given by

F στ = hστ + δστ
[
Jαα + Jββ

]
−Kστ (1.14)

where hστ is the core-Hamiltonian matrix, Jστ is the Coulomb matrix, and Kστ is the

exchange matrix.

The Coulomb and exchange matrices are readily calculated from the AO basis functions

as

Jσσµν = 〈µ| Ĵσσ |ν〉 =
N∑
i=1

∑
λκ

Cσ
λiC

σ∗
κi

∫
dr1dr2χ

∗
µ(r1)χ

∗
κ(r2)

1

r12
χλ(r2)χν(r1) (1.15)

Kστ
µν = 〈µ| K̂στ |ν〉 =

N∑
i=1

∑
λκ

Cσ
λiC

τ∗
κi

∫
dr1dr2χ

∗
µ(r1)χ

∗
κ(r2)

1

r12
χν(r2)χλ(r1) (1.16)

The first term is known as the one-particle density operator:

P στ
λκ =

N∑
i=1

∑
λκ

Cσ
λiC

τ∗
κi (1.17)
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It too can be wrriten with the same spin-blocked structure as the Fock matrix.

P =

P αα P αβ

P βα P ββ

 (1.18)

Due to the non-linear nature of the differential equations and the need to calculate the

mean-field potential, the solution to the Hatree–Fock eigenvalue equation must be done

iteratively until the Fock matrix generated by the current orbitals yields the same orbitals

when diagonalized. This procedure is known as the self-consistent field (SCF) method.

1.2 Density Functional Theory

Unfortunately, the independent-particle ansatz of the single Slater determinant neglects sig-

nificant contributions to the wavefunction and energy due to correlation between electrons.

While there are many wavefunction-based approaches to treat correlation, they are often

plagued by high computational scaling with the number of electrons N and so are not cur-

rently practical for systems with large numbers of electrons. Instead, an alternative approach

to treat the missing correlation energy is through the use of density functional theory (DFT).

DFT rests upon the proofs of Hohenberg and Kohn that the energy of the ground state is

completely determined by the electron density [8]. In theory, it is able to provide an exact

solution for significantly less computational cost. However, since the form of the true density

functional is unknown, only approximations to the functional can be used.

The most common form of density functional theory is known as Kohn–Sham DFT.

Although it is possible to formulate DFT without orbitals, in KS DFT the density is still

determined by orbitals from a single Slater determinant. The energy expression, however,

now includes an exchange-correlation term, which attempts to account for the errors:

EDFT [ρ] = h [ρ] + J [ρ] + Exc [ρ] (1.19)

The core Hamiltonian h and Coulomb J contributions are the same as before in HF theory.

However, the exchange term (which is a type of correlation) is replaced by the functional
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Exc to account for all the electron correlation and exchange effects. Many approximate

functionals have been developed that yield good results for certain types of molecular systems,

however the choice of functional has a large impact on the quality of results from DFT. In

many cases, a variety of functionals are used to calibrate and benchmark the results of a

study, as was done in Chapter 3.

The Kohn–Sham operator has a similar form to the Fock operator:

F στ = hστ + δστ
[
Jαα + Jββ

]
− V στ

xc (1.20)

where the potential of the exchange correlation functional is given as

V στ
xc (x) =

∂Exc [ρστ ]

∂ρ(x)
(1.21)

DFT in the generalized Kohn–Sham (GKS) framework requires a change of variables and is

discussed further in Chapter 3.

1.3 Time-Dependent Theory and Excited States

In order to simulate spectroscopy, not only the ground state wavefunction must be calculated,

but also the relevant excited states and the transition matrix elements that connect them.

This requires time-dependent quantum mechanics. As the Hamiltonian is the generator of

time translations, either the Schrödinger or Dirac equations can be formulated in a similar

manner. That is the time-dependent equation has the form

i
∂

∂t
Ψ(x, t) = ĤΨ(x, t) (1.22)

Wavefunction-based approaches such as configuration interaction can often directly calcu-

late excited states. However, with DFT the primary approach is to assume the exchange-

correlation functional is the same for excited states and use perturbation theory. One rather

straightforward approach is to perturb the ground state system with a potential (such as

an electric field) and propogate in time by numerical integration. Equation (1.22) can be
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rewritten to use the density matrix in an equation known as the Liouville–von Neumann

form:

i
∂

∂t
P (t) = [F (t),P (t)] (1.23)

At each time t, the density matrix P (t) can be used to calculate given properties of interest,

such as the electric dipole moment. The nature of the initial perturbation and the properties

to monitor under the time evolution must be chosen to match the experiment. This approach

is discussed further in Chapters 2 and 3.

On the other hand, it is possible to transform the perturbed equations to the frequency

domain to avoid the cost of explicit time propagation. That is, the perturbation λ is expanded

in a series for both the density and Fock matrices:

P (t, λ) = P (0) + λ
∂P

∂λ
|λ=0 +

λ2

2

∂P

∂2λ
|λ=0 + · · · (1.24)

F (t, λ) = F (0) + λ
∂F

∂λ
|λ=0 +

λ2

2

∂F

∂2λ
|λ=0 + · · · (1.25)

Collecting terms and retaining those to first order leads to the linear-response equations. At

zeroth-order is the commutator relation for the ground state SCF solution:

0 = [F (0),P (0)] (1.26)

And at first order:

ωλP
(λ) = [F (0),P (λ)] + [F (λ),P (0)] (1.27)

where ωλ corresponds to the frequency of the perturbation. These equations are able to be

recast as a generalized eigenvalue problem of the form

Hv = ωMv (1.28)

where H is the orbital Hessian and M is a metric. Iterative diagonalization is then used to

obtain transition vectors v and the excitation energies ω. The transition vectors v determine

the transition densities T , from which one can then evaluate the related properties such as

the transition dipole moment This approach to compute excited states and spectra will be

discussed in more detail in Chapters 4, 5, and 6.
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Chapter 2

REAL-TIME PROPAGATION OF THE EXACT
TWO-COMPONENT TIME-DEPENDENT DENSITY

FUNCTIONAL THEORY

We report the development of a real-time propagation method for solving the time-

dependent relativistic exact two-component density functional theory equations (RT-X2C-

TDDFT). The method is fundamentally non-perturbative and may be employed to study

nonlinear responses for heavy elements, which require a relativistic Hamiltonian. We ap-

ply the method to several group-12 atoms as well as heavy-element hydrides, comparing

with the extensive theoretical and experimental studies on this system, which demonstrates

the correctness of our approach. Because the exact two-component Hamiltonian contains

spin-orbit operators, the method is able to describe the non-zero transition moment of oth-

erwise spin-forbidden processes in non-relativistic theory. Furthermore, the two-component

approach is more cost effective than the full four-component approach, with similar accuracy.

The RT-X2C-TDDFT will be useful in future studies of systems containing heavy elements

interacting with strong external fields. The work in this section is adapted with permission

from Joshua J. Goings, Joseph M. Kasper, Franco Egidi, Shichao Sun, and Xiaosong Li, J.

Chem. Phys, 2016, 145 (10), 104107. Copyright 2016 American Institute of Physics. For

this work I was involved in the development and testing of the two-component real-time code

as well as running the calculations for the heavy-element hydrides.

2.1 Introduction

Relativistic effects are known to be important for the description of heavy elements. For

example, the yellow color of gold and the fact that mercury is liquid at room temperature
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cannot be explained by the Schrödinger equation, but are predicted using the Dirac equation

[9, 10, 11]. The proper starting point for the description of molecular relativistic effects is the

Dirac–Hartree–Fock/Dirac–Kohn–Sham four-component Hamiltonian. However, because of

its four-component nature, the Dirac–Hartree–Fock/Dirac–Kohn–Sham Hamiltonian quickly

becomes an expensive Hamiltonian to use in realistic calculations involving heavy elements.

Furthermore, there is additional work in the full four-component calculations in that the

Dirac equation also contains negative energy solutions corresponding to positronic solutions

[9, 10]. These are often of little interest to chemical applications. Therefore, much effort

has been spent to decouple the four-component equations into two-component electronic and

positronic equations, which retain the physical relativistic effects of the full four-component

equations, but at reduced cost [9, 10].

One of the most promising two-component methods in recent times has been the introduc-

tion of the exact two-component transformation (X2C) [12, 13, 14, 15, 16, 17, 18, 19, 20, 21].

X2C approximately decouples the parent four-component Hamiltonian into a reduced di-

mension electronic two-component Hamiltonian. For one-electron systems, X2C will recover

the exact four-component eigenspectrum of the underlying four-component Dirac equation.

Other two-component methods of note are the normalized elimination of the small compo-

nent (NESC) [22, 23, 24, 25, 26], the Douglas–Kroll–Hess transformation [27, 28, 29, 30], and

the zeroth-order regular approximation (ZORA) [19, 31, 32, 33]. Relations between these

methods have been detailed in Ref. 20.

Given the success of such relativistic Hamiltonians for ground state properties, it is natu-

ral to consider the effectiveness of their extension to excited state properties, such as optical

absorption spectra. In particular, relativistic effects are necessary to qualitatively describe

excited states split by spin-orbit and spin-spin interactions. Both four-component and two-

component relativistic Hamiltonians have been successfully applied to the description of

excited states using the linear-response (LR) formalism [34, 35, 36, 37, 38, 39, 40, 41, 42, 43,

44, 45]. However, the linear-response formalism is fundamentally limited to system response

of small, perturbative fields. If one desires to compute nonlinear response properties and the
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response of systems containing heavy elements in strong fields, it may be necessary to employ

a real-time propagation approach [46, 47, 48] to the time-dependent relativistic equations.

Recently, a real-time (RT) propagation approach for the four-component Dirac-Kohn-

Sham equations was presented [49]. The method was able to describe the response of strong

fields to systems within a fully relativistic theory, and was able to describe spin-forbidden

transitions and other unique relativistic aspects of optical absorption spectra. Unfortunately,

because of the underlying four-component Hamiltonian, the solution of the equations is

rather expensive. Here, we present a real-time propagation approach utilizing the time-

dependent two-component X2C Hamiltonian. The solution of these equations provides an

economical approach to describing the response of systems containing heavy elements. We

briefly describe the two component transformation and our real-time propagation scheme

for two component Hamiltonians, based off our previous work propagating non-relativistic

two-component equations [48, 50]. We demonstrate the correctness of our approach by

comparing these calculations with linear response two-component time-dependent density

functional theory (TDDFT), as well as the four-component RT-TDDFT results. Finally, we

look forward to the potential of real-time time-dependent X2C for strong fields and spin-

dependent dynamics.

2.2 Theory

Here we briefly outline the exact two-component transformation, using atomic units. We

follow the notation of Peng, et al., as our implementation closely follows the X2C implemen-

tation outlined in their paper [17]. Bold formatting M indicates matrices in two-component

(2c) space and for matrix representation of four-component operators we use the split nota-

tion for large (L) and small (S) components. In some cases, four-component (4c) matrices

will be indicated by blackboard bold M. Finally, sans-serif matrices M correspond to com-

plex matrices in a basis set of spin-free functions. We refer interested readers to Ref. 17

for more details. The goal of X2C, as with most two-component methods, is to exactly

decouple the large and small components of the four-component one-electron modified Dirac
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equation. X2C accomplishes this goal by exactly decoupling the one-electron Dirac equation

represented in a restricted kinetically balanced basis, given as V T

T ( 1
4c2
W − T )

 C+
L C−L

C+
S C−S

 =

 S 0

0 1
2c2
T

 C+
L C−L

C+
S C−S

 ε+ 0

0 ε−

 (2.1)

Here V , T , and S are the non-relativistic matrix representations of the one-electron potential

energy operator (V), the kinetic energy operator, and the overlap, respectively. W , however,

is the relativistic potential energy operator, represented as

Wij = 〈χi| ~σ · ~p V ~σ · ~p |χj〉 (2.2)

where ~p is the linear momentum vector and ~σ is the vector containing the Pauli spin operators.

All the matrices are represented over two-component spinor functions, {χi}. Finally, c is

the speed of light and C and ε collect the wavefunction coefficients and orbital energies,

respectively.

To decouple Eq. (2.1), we seek a unitary transformation U that block diagonalizes the

4c Dirac Hamiltonian into two, two-component equations. The decoupled equations will

correspond to positive and negative energy states, and we seek solutions only to the positive

energy solutions, which correspond to electronic solutions. Mathematically, we seek to find

U such that H̃+ 02

02 H̃−

 = H̃ = U†HU (2.3)

In the X2C method, the matrix representation of U is given by

U =

 ULL ULS

USL USS

 =

 I√
I+X′†X′

−X ′† I√
I+X′X′†

X ′ I√
I+X′†X′

I
I+X′X′†

 (2.4)

which only holds in an orthonormal basis, denoted by the primes. The X2C method extracts

a matrix representation of X ′ by diagonalizing the one-electron modified Dirac Hamiltonian

in an orthonormal basis.

H′
 C+

L′

C+
S′

 =

 C+
L′

C+
S′

 ε+ (2.5)
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From the solution of Eq. (2.5), the explicit matrix expression for X ′ can be obtained from

the wavefunction coefficients

X ′ = C+
S′ ·
(
C+
L′

)−1
(2.6)

Plugging Eq. (2.6) into Eq. (2.4) the X2C Hamiltonian is then given by

H̃+ =
(
ULL,† USL,†) V T

T ( 1
4c2
W − T )

 ULL

USL

 (2.7)

The extension to many-electron systems corresponds to the same transformation in

Eq. (2.7) but for the modified four-component Dirac–Hartree–Fock equation. In our im-

plementation, we do not transform the matrix representation of the two-electron operator.

This is equivalent to the Dirac–Coulomb approximation for the two-electron operator. We

do however, include an empirical correction in the one-electron terms to account for the

screening due to the two-electron terms [51]. Furthermore, the two-electron interactions de-

pend on the X2C density, which generates some relativistic dependence to the two electron

interaction.

Fσσ
′
= hσσ

′
+ δσσ′J

(
Pαα + Pββ

)
− θK

(
Pσσ

′
)
− (1− θ)VDFT

x

(
Pσσ

′
)

+ VDFT
c

(
Pσσ

′
)

(2.8)

Here h contains the transformed one-electron integrals, J contains the Coulomb integrals,

and K contains the exchange integrals. σ denotes a spin-projection component, spin-up

(α) or spin-down (β). VDFT
x and VDFT

c are the DFT exchange and correlation functionals,

respectively. θ denotes a mixing parameter that mixes in a certain amount of Hartree-Fock

exchange. For pure DFT θ is zero and for pure Hartree-Fock θ = 1. (For pure Hartree-Fock

we omit VDFT
c as well.)

Density functionals commonly developed for quantum chemical calculations are only for-

mulated for systems with a collinear density for which the spin magnetization is oriented

along the z axis at every point in space. Common exchange-correlation kernels only depend

on Pαα and Pββ therefore, in order to use such functionals to describe systems with a non-

collinear spin magnetization, the functional dependence must be reformulated to account for
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the presence of a non-zero magnetization oriented along the x and y directions, as well as

their gradients (in the case of GGA functionals) in Eq. (2.8). The non-collinear XC kernel for

4c methods has been explored by Liu, et al. [34, 40, 41, 52] We employ a recently reported

formalism [53, 54, 55, 56] that defines a set of auxiliary variables, detailed in Ref. 55, that

take all magnetization components into account. This form has the advantage of exerting a

non-zero local torque acting on the magnetization, while yielding a vanishing total torque,

as expected from the exact functional [57].

To propagate the X2C equations in time, we must consider the time-dependent version

of the X2C Hamiltonian.

i
∂

∂t

 Pαα(t) Pαβ(t)

Pβα(t) Pββ(t)

 =

 Fαα(t) Fαβ(t)

Fβα(t) Fββ(t)

 ,

 Pαα(t) Pαβ(t)

Pβα(t) Pββ(t)

 (2.9)

We integrate Eq. (2.9) with a modified midpoint and unitary transformation (MMUT)

algorithm[46, 58, 59]. In the MMUT method, the time-evolution operator is a unitary trans-

formation matrix Q(tn) that is constructed from the eigenvectors C(tn) and eigenvalues ε(tn)

of the X2C Hamiltonian matrix at time tn:

C†(tn) · F (tn) ·C(tn) = ε(tn) (2.10)

and

Q(tn) = exp [−i · 2∆t · F (tn)]

= C(tn) · exp [−i · 2∆t · ε(tn)] ·C†(tn) (2.11)

where ∆t is the time step. Then, the density matrix is propagated from time tn−1 to tn+1

using the time-evolution operator Q(tn):

P (tn+1) = Q(tn) · P (tn−1) ·Q†(tn) (2.12)

The MMUT method accounts for linear changes in the density matrix during the time step

because it computes the X2C Hamiltonian matrix at the midpoint. MMUT is a symplectic
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integration scheme which allows for a large step size, while simultaneously controlling for

numerical noise and integration errors [46].

To excite all dipole-allowed electronic transitions, it is necessary to perturb Eq. (2.8)

with an electric field along each real-space coordinate (e.g. x, y, z). This modifies the X2C

Hamiltonian matrix such that

FE(t) = F (t) +
∑

q=x,y,z

κq(t)〈rq〉 (2.13)

where FE(t) is the time-dependent X2C Hamiltonian matrix containing the external electric

field, κq(t) is the field strength at time t along direction q, and 〈rq〉 are the atomic-orbital

based length-gauge dipole integrals along component q. The electric dipole operator matrix

〈rq〉 used in the propagation is subject to the X2C picture-change transformation. In the

electric-dipole approximation in the length gauge, the electric field does not couple different

spin components [60, 48]. As a result, the X2C transformation matrix is invariant with

respect to an external electric field perturbation. Therefore, the same X2C transformation

matrix is used to transform the electric dipole operator matrix that goes into Eq. (2.13).

Because time is discretized, the perturbation corresponds to a step function lineshape

lasting for only the initial time-step of width ∆t, e.g.

κq(t) =

κmax, 0 ≤ t < ∆t,

0, else

(2.14)

where κmax is the field strength. One important caveat for including the electric dipole

field in the X2C equations is that the atomic orbital electric dipole integrals must also be

transformed using the transformation matrix in Eq. (2.4). This corrects for the so-called

“picture-change” error in two-component methods that originates from transforming the

four-component picture to the two-component picture [61].

2.3 Results and Discussion

The real-time propagation of the X2C Hamiltonian was implemented in a locally modified

copy of the developer’s version of the Gaussian electronic structure program [5]. All calcula-
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tions were performed using the SVWN5 [62, 63] density functional with the Sapporo-DKH3-

DZP-2012 gaussian basis set including diffuse-sp functions [64]. The density functional and

basis set were chosen in order to be able to compare with existing relativistic response theory

implementations, which will be discussed below. After a ground state density optimization,

each system was perturbed with an electric dipole delta pulse corresponding to a κmax of

0.0001 atomic units along each unique Cartesian axis. Each real-time calculation was prop-

agated using a maximum time step of 0.0012 fs for at least 50 fs. Energy was conserved to

at least 10−8 Hartree. To accelerate the convergence of the Fourier transform, a Padé trans-

formation scheme was utilized [65]. The electric dipole response was exponentially damped

so as to give each peak a Lorentzian line shape with full-width half-maximum of 0.01 eV.

To obtain the optical absorption spectra, we take the Fourier transform of the time-

dependent electric dipole moment µ(ω) parallel to the polarization of the electric field per-

turbation κ. This corresponds to the frequency-dependent polarizability. The isotropic

dipole strength function S(ω) is proportional to the imaginary component of the trace of the

frequency dependent polarizability. That is to say,

S(ω) ∝
∑

α=x,y,z

Tr

[
ω · Imµα (ω)

κα

]
(2.15)

In order to test our implementation, we follow the pioneering four-component RT-TDDFT

work of Repisky, et al. [49] and choose to study the excitation energies of three group-12

atoms and two heavy-element hydrides. This allows us to compare not only with a four-

component RT-TDDFT implementation, but also to compare with several four-component

and two-component relativistic LR-TDDFT implementations [34, 35, 36, 37, 38]. Further-

more, there exist robust experimental data for these systems, which allows us to compare

directly with experiment. For the heavy-element hydrides, TlH and AuH, experimental equi-

librium geometries were used (rT l−H = 1.8702 Å, rAu−H = 1.52385 Å) in accordance with

previous investigations [66, 67].

We begin by investigating the group-12 atoms, which have been throughly investigated

both experimentally and theoretically. The states that we investigate correspond to s to
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p type transitions. Because our RT-TDDFT method can only detect electronically allowed

transitions, the only reason we are able to detect the singlet-to-triplet transitions (the 3P1

states) is because the two-component X2C Hamiltonian includes spin-orbit couplings which

allow the otherwise spin-forbidden transitions to become weakly allowed by mixing with

the 1P1 state. The spectra are given in Fig. 2.1. For Zn (and to some extent Cd), the spin-

forbidden transition appears almost non-existent. Despite this, the two-component X2C RT-

TDDFT method can still predict a slight optical transition, which is observed experimentally.

By the time we get to Hg, the singlet to triplet transition is relatively bright. A comparison

of our results with both four-component RT-TDDFT and four- and two-component LR-

TDDFT is given in Tab. 2.1. In general we find excellent agreement with both four- and

two-component methods for RT-TDDFT and LR-TDDFT, as well as the experimental values

obtained from Ref. 66. The relatively slight differences between methods likely corresponds

to differences in the choice of basis set.

Finally, we compare our results for two diatomic heavy-element hydrides, TlH and AuH.

These too have been the subject of much experimental and theoretical studies. Plots of the

computed absorption spectrum are given in Figs. 2.2 and 2.3 and comparison of selected low

energy states with existing theoretical methods are given in Tab. 2.2. For TlH, we examine

the two lowest-energy states, corresponding to 3Π and 1Π states. Our results for TlH agree

very closely with the two-component ZORA with Slater-type functions obtained by Wang,

et al.. We observe a non-zero transition moment to the 3Π state, which is possible only

because our two-component X2C Hamiltonian contains spin-orbit interactions to allow this

otherwise spin-forbidden transition. We observe a similar behavior with AuH, and our results

are only a few hundredths of an eV different from both four- and two- component results.

We also note that our results, along with the other literature results, agree strongly with the

experimental data, taken from Ref. 67.
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2.4 Conclusion

Here we have implemented a real-time propagation method for solving the relativistic two-

component time-dependent X2C equations within the context of density functional theory.

We have compared our results for a variety of simple benchmark systems that have been thor-

oughly investigated by four- and two-component relativistic methods based on both real-time

and linear-response approaches. Our results show very good agreement with previous stud-

ies. We show that the accuracy of our method is comparable to the full four-component

relativistic equations, yet with reduced cost because we work within the two-component

space. This is the clearest advantage over the previously reported real-time four-component

TDDFT method. Because the real-time approach is fundamentally non-perturbative, this

method is easily extended to study non-linear responses and molecules in strong fields, which

is not possible within the linear-response formalism. Additionally, because the two compo-

nent X2C includes spin-orbit operators, this method will be suitable for the description of

otherwise spin-forbidden transitions as well as for the description of spin-orbit corrections to

high-energy excited states, such as those found in X-ray spectroscopy.

Table 2.1: Calculated ns2 → ns1np1 Excitation Energies of group-12 Atoms (n = 4 − 6 for

Zn, Cd, Hg)

Excitation Energy (eV)

RT-TDDFT LR-TDDFT

atom state this work Repisky[49] Gao[34] Bast[35] Wang[36] Nakata[38] Kühn[37] exp[66]

Zn 1P1 5.90 5.84 6.07 5.76 5.76 6.20 — 5.80

3P1 4.30 4.30 4.40 4.35 4.35 4.41 — 4.03

Cd 1P1 5.31 5.44 5.50 5.34 5.35 5.74 5.47 5.42

3P1 3.82 4.02 4.04 4.02 4.02 4.11 4.12 3.80

Hg 1P1 6.99 6.56 6.66 6.53 6.53 6.85 6.57 6.70

3P1 5.24 5.06 5.12 5.08 5.09 5.26 5.12 4.89
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Table 2.2: Vertical Excitation Energies of Low-Lying Electronic States of TlH and AuH

Excitation Energy (eV)

RT-TDDFT LR-TDDFT

molecule state this work Repisky[49] Wang[36] Gao[34] Kühn[37] exp[67]

TlH 3Π 2.10 2.07 2.08 — 2.09 2.20

1Π 2.88 2.96 2.88 — 2.64 3.00

AuH 1Σ+ 3.48 3.31 3.42 3.39 — 3.43

3Π 4.65 4.52 4.70 4.66 — 4.78

1Π 4.98 5.21 5.01 4.96 — 5.32
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Figure 2.1: Computed optical absorption spectra of (a) Zn, (b) Cd, and (c) Hg using RT-X2C-

TDDFT within the SVWN5/Sapporo-DKH3-2012 level of theory with diffuse-sp functions.
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Figure 2.2: Computed optical absorption spectra of TlH using RT-X2C-TDDFT within the

SVWN5/Sapporo-DKH3-2012 level of theory with diffuse-sp functions. The TlH bond length

corresponds to an experimental equilibrium length of 1.8702 Å.
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Figure 2.3: Computed optical absorption spectra of AuH using RT-X2C-TDDFT within

the SVWN5/Sapporo-DKH3-2012 level of theory with diffuse-sp functions. The AuH bond

length corresponds to an experimental equilibrium length of 1.52385 Å.
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Chapter 3

MODELING L2,3-EDGE XAS WITH REAL-TIME EXACT
TWO-COMPONENT RELATIVISTIC TIME-DEPENDENT

DENSITY FUNCTIONAL THEORY

X-ray absorption spectroscopy is a powerful technique to probe local electronic and nu-

clear structure. There has been extensive theoretical work modeling K-edge spectra from

first principles. However, modeling L-edge spectra directly with density functional theory

poses a unique challenge requiring further study. Spin-orbit coupling must be included in the

model and a non-collinear density functional theory is required. Using the real-time exact

two-component method, we are able to variationally include one-electron spin-orbit coupling

terms when calculating the absorption spectrum. The abilities of different basis sets and

density functionals to model spectra for both closed- and open-shell systems are investigated

using SiCl4 and three transition metal complexes: TiCl4, CrO2Cl2, and [FeCl6]
3−. Although

we are working in the real-time framework, individual molecular orbital transitions can still

be recovered by projecting the density onto the ground state molecular orbital space and

separating contributions to the time-evolving dipole moment. The work in this section is

adapted with permission from Joseph M. Kasper, Patrick J. Lestrange, Torin F. Stetina, and

Xiaosong Li. J. Chem. Theor. Comput.,2018,14 (4),1998–2006. Copyright 2018 American

Chemical Society.

3.1 Introduction

X-ray absorption spectroscopy (XAS) is an element-specific probe that has been used to

understand the local electronic and binding environment around metal centers. It has been

useful in describing the oxidation states of metal complexes [68], differential orbital covalency
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[4], and local site symmetry [69]. In recent years, it has become a more routine experimental

technique as advanced synchrotron and benchtop radiation sources are now able to provide

highly tuned beams in the soft and hard X-ray regimes [70, 71, 72, 73, 74]. Electronic

structure theory is often an important aid in interpreting and characterizing X-ray absorption

spectra. The abilities of many non-relativistic techniques have been thoroughly characterized,

but more recently developed relativistic methods have not yet been analyzed in great detail.

Relativistic effects are important considerations when picking a method to describe XAS.

K-edge spectra are generated from excitations out of 1s orbitals, and L-edge spectra from

excitations out of orbitals with principal quantum number 2. These core electrons move

at an appreciable percentage of the speed of light, so non-relativistic approximations are

not able to describe them accurately. For K-edge spectra, including relativistic effects lead

to a contraction of the 1s orbital, which shifts it to lower energy and causes the entire

XAS spectrum to be blue shifted relative to a spectrum calculated with a non-relativistic

Hamiltonian. Since the valence orbitals are not strongly effected by relativistic effects, K-edge

spectra modeled with a non-relativistic Hamiltonian are often uniformly shifted to higher

energies to match experimental spectra [75, 76, 77, 78, 79]. Accurate L-edge spectra, on the

other hand, cannot be obtained from non-relativistic Hamiltonians so easily.

In addition to contraction of the 2s and 2p orbitals, spin-orbit coupling splits the de-

generate 2p orbitals into two sets, 2p1/2 and 2p3/2 from which to generate a core-hole state.

Excitations out of these orbitals are therefore separated into two absorption edges, L2 and

L3. An approach that includes spin-orbit coupling is necessary to accurately describe these

spectra correctly. L-edge spectra are of great interest because like K-edge spectra they are

element specific probes, but they have a much finer intrinsic linewidth than K-edge spectra

due to longer core-hole lifetimes [80]. The spectral features are also much more intense than

many K-edge features, which are often only quadrupole-allowed. This means that transition

probabilities are significantly easier to model for L-edge spectra because they are dipole-

allowed, so issues with origin-dependence need not be considered [76, 81, 82, 83, 84].

There have been many ab initio approaches to model core excitation spectra in the
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past. K-edge spectra have been obtained with linear response time-dependent density func-

tional theory (LR-TDDFT)[77, 79, 85, 86, 87, 88, 89], real-time TDDFT (RT-TDDFT)[90],

algebraic-diagramatic construction [91, 92, 93] and coupled cluster theory using the complex

polarization propagator [94, 95] and the equation-of-motion formalisms [79]. Multiconfigura-

tional methods like the restricted active space (RAS) approach have been applied to model

both K- and L-edge spectra by including the relevant core orbitals in the active space. In this

approach spin-orbit coupling is included in a perturbative scheme coupling non-relativistic

wave functions of varying spin [96, 97]. This perturbative scheme has also been used to

model L-edge spectra with an approach combining restricted open-shell configuration inter-

action singles (ROCIS) and density functional theory (DFT) [98, 99]. Recently, a real-time

four-component relativistic TDDFT method has been developed to model the L-edge spectra

including spin-orbit coupling variationally [100].

Two-component variational relativistic TDDFT methods are an attractive alternative to

its four-component equivalent due to its excellent balance between the computational cost

and theoretical accuracy (see the Theory section for references and detailed discussion on the

two-component DFT and TDDFT methods). In addition, existing eigensolvers and prop-

agation methods developed for single-component TDDFT for modeling XAS can be easily

modified and applied to two-component variational relativistic TDDFT methods provided

with a non-collinear extension of the DFT kernels. In this work, we investigate the ability

and characteristics of two-component relativistic TDDFT using a non-collinear implementa-

tion of standard density functionals to model L-edge spectra of first-row transition metals.

One-electron spin-coupling is variationally included in the non-collinear formalism of rela-

tivistic DFT and real-time exact two-component time-dependent density functional theory

(RT-X2C-TDDFT)[101, 102] that is used to model the L2,3-edge spectra. Although both

linear response and the real-time method used here should produce identical results, as has

been noted elsewhere[103], the number of states required to build a spectrum in the X-ray

region is quite high, while real-time affords the entire spectrum at once.
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3.2 Theory

3.2.1 Exact Two-component Transformation

The four-component (4c) relativistic Dirac Hamiltonian is expressed as

Ĥ4c =

 V I cσ · p

cσ · p (V − 2mc2)I

 (3.1)

where V is the scalar potential, σ is the vector of Pauli matrices, p is the linear momentum

operator, and I is the rank-two identity matrix. The speed of light and mass of the electron

are c and m. Eigenstates of this Hamiltonian can be separated into large (L) and small (S)

components

Ψ4c =

ΨL

ΨS

 (3.2)

which are themselves separated into spin-up and spin-down components. Both positive- and

negative-energy solutions to the 4c Dirac equation can be obtained, pertaining to electron and

positron states respectively. Positron solutions have little relevance to chemical problems, so

methods that decouple them from the electronic solutions via a unitary transformation have

been developed

U †Ĥ4cU =

Ĥ+ 02

02 Ĥ−

 ; U

ΨL

ΨS

 =

Ψ2c

0

 (3.3)

The Hamiltonians Ĥ+ and Ĥ− have two-component (2c) eigenstates Ψ2c and describe positive-

and negative-energy states respectively. In practice, the transformation matrix U cannot be

formed exactly, so approximate transformations must be used. There are many different tech-

niques to form the transformation matrix U , such as the normalized elimination of the small

component [22, 23, 24, 25, 26], the Douglas-Kroll-Hess transformation [27, 28, 29, 30], and

the zeroth-order regular approximation [19, 31, 32, 33]. The exact two-component (X2C)

method is a popular method that exactly separates the one-electron 4c Hamiltonian, but
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only approximately decouples the large and small components in the many-electron case

[12, 13, 14, 15, 16, 17, 39, 42, 43, 44, 101, 104, 105]. In practice, the two-electron operator

is not transformed as this can become very computationally expensive. An empirical cor-

rection to the one-electron terms is instead included to account for this [51]. In this work,

we use a direct atomic-orbital based X2C transformation as described in Refs. 39, 105. The

following discussion assumes that an appropriate 4c→2c transformation has been achieved

and all matrix quantities are in the transformed two-component framework.

3.2.2 Two-component Relativistic Non-collinear Density Functional Theory

For two-component methods, the density can be represented in spin-blocked form or as a

sum of the total density n and the vector magnetization density m

P =

Pαα Pαβ

Pβα Pββ

 (3.4)

=
1

2
n(r)σ0 +

1

2
m(r) ◦ σ (3.5)

where the circle ‘◦’ is used to denote a scalar product over the magnetization spin labels

of any two quantities (a ◦ b =
∑

k=x,y,z akbk). The diagonal blocks in Eq. (3.4) are the

collinear densities oriented along the z axis and the off-diagonal blocks represent the non-

collinear parts of the density in the x and y directions. Commonly used density functional

approximations that only depend on the collinear densities must be modified to be compatible

with 2c Hamiltonians. This is a nontrivial extension of existing DFT functionals and has

led to many unique formalisms [12, 13, 34, 35, 36, 37, 40, 45, 52, 53, 54, 55, 56, 57, 105, 106,

107, 108, 109, 110, 111, 112].

The non-collinear DFT framework used in this work redefines the functionals (in the

similar spirit of spin-polarized DFT) to depend on a set of auxiliary generalized variables

which take the full magnetization vector density into account,[54, 55, 56, 105]

Exc =

∫
f(n+, n−, γ++, γ−−, γ+−, τ+, τ−)dr (3.6)
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where the generalized variables are defined as follows

n± =
1

2
n± 1

2

√
m ◦m

γ±± =
1

4
∇n ·∇n+

1

4
∇m · ◦∇m± f∇

2

√
∇n ·∇m ◦∇m ·∇n

γ+− =
1

4
∇n ·∇n− 1

4
∇m · ◦∇m

τ± =
1

2
τ ± fu

2

√
u ◦ u

f∇ = sgn(∇n ·∇m ◦m)

fu = sgn(u ◦m)

(3.7)

In the expression above, τ and u are the total and magnetization vector kinetic energy densi-

ties, while ‘sgn’ indicates the sign function. The dot ‘·’ and circle ‘◦’ operators are defined so

that the former only contracts indices of the gradient operator ∇, while the latter contracts

indices of m and u. In the terms 1
4
∇m · ◦∇m, both contractions are performed. For meta-

GGA, additional Laplacians of the densities are needed. This approach achieves an expected

property of the exact functional, namely producing a vanishing global torque while allowing

for non-zero local torque. We do not expect computational results to depend strongly on

the formalism of non-collinear DFT, but we do note that without proper treatment of the

magnetization m it would be impossible to treat open-shell systems. As this approach has

been developed and calibrated, we refer readers to Ref. 105 for mathematical derivations

and implementations and Ref.113 for a recent review of non-collinear DFT methods.

The X2C Hamiltonian including non-collinear DFT is expressed as

Fσσ′
= hσσ

′
+ δσσ′J(Pαα + Pββ)− θK(Pσσ′

)

− (1− θ)Vx(P
σσ′

) + Vc(P
σσ′

) (3.8)

where σ represents a spin-projection component. The transformed one-electron integrals are

contained in h, J and K are the Coulomb and exchange integrals, and Vx and Vc are the

DFT exchange and correlation functionals respectively. The parameter θ is zero for pure

DFT and is one for pure HF, with hybrid functionals falling in-between.
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3.2.3 Real-time Time-dependent Density Functional Theory

Equation (3.8) gives rise to a spin-blocked Kohn-Sham matrix that enters the Liouville-

von Neumann form of the time-dependent Schrödinger equation with a spin-blocked density

matrix in an orthonormal basis (the tilde notation refers to quantities in the orthonormal

basis) and X2C transformed “picture frame”.

i
∂

∂t

 P̃αα(t) P̃αβ(t)

P̃βα(t) P̃ββ(t)

 =

 F̃αα(t) F̃αβ(t)

F̃βα(t) F̃ββ(t)

 ,

 P̃αα(t) P̃αβ(t)

P̃βα(t) P̃ββ(t)

 (3.9)

In this work, Eq. (3.9) is directly integrated in the time domain and resolve the spectrum of

L2,3-edges of XAS by tracking the oscillatory behavior of physical properties.[101, 102] This

is the real-time relativistic electronic dynamics approach and it is advantageous for many

systems (see Ref. 114 for a recent review).

Equation (3.9) can be integrated using the modified mid-point and unitary transformation

(MMUT) method.[46, 58, 59, 115] This propagates the density matrix from time tn−1 to tn+1

by the time evolution operator Ũ at time tn:

P̃(tn+1) = Ũ(tn) · P̃(tn−1) · Ũ†(tn) (3.10)

The time evolution operator Ũ(t) is given by

Ũ(tn) = exp[−i · 2∆t · F̃(tn)] (3.11)

Using the eigenvalues ε(tn) and eigenvectors C̃(tn) of the Hamiltonian at a specified time tn,

the matrix Ũ is formed using Eq. (3.12) and Eq. (3.13)

C̃†(tn) · F̃(tn) · C̃(tn) = ε(tn) (3.12)

Ũ(tn) = C̃(tn) · exp[−i · 2∆t · ε] · C̃†(tn) (3.13)

The real-time approach can be used to obtain an absorption spectrum by exciting all

dipole-allowed electronic transitions with a delta pulse along some direction q. The X2C
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Hamiltonian in the AO basis is modified to be

F(t) = F0(t) +
∑

q=x,y,z

κq(t)〈rq〉 (3.14)

where F0 is the field-free Hamiltonian, κq(t) is the field strength and 〈rq〉 denotes the dipole

integrals along direction q.

Because time is discretized, the perturbation corresponds to a step function lineshape

lasting for only the initial time-step of width ∆t, e.g.

κq(t) =

κmax, 0 ≤ t < ∆t,

0, else

(3.15)

where κmax is the field strength. The electric dipole field in the X2C equations also requires

that the atomic orbital electric dipole integrals be transformed from the four-component

framework using the transformation matrix in Eq. (3.3). Failure to do so results in the

so-called “picture-change” error [61].

Following this external perturbation, the molecular dipole will evolve in time. The ab-

sorption spectrum can then be determined by a Fourier transform of the time-evolving dipole

moment. Padé approximants can also be used and have been shown to produce comparable

spectra with far shorter simulation time [65]. The transformed dipole moments can then be

used to construct the isotropic dipole strength function

S(ω) ∝
∑

q=x,y,z

Tr

[
ω · Imµq(ω)

κq

]
(3.16)

to form the absorption spectrum.

Using a technique developed by Bruner et al. [65], we can project the time-evolving

density onto the ground state MOs, C(0). The contributions of different MO pairs can be

separated from the time-evolving dipole moment.

µia(t) =
∑
µν

C∗iµ(0)dµνPµν(t)Caν +
∑
µν

C∗aµ(0)dµνPµν(t)Ciν (3.17)
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where d is the dipole matrix in AO basis. With these different quantities, we can determine

which orbitals are involved in transitions at a particular frequency. The information is similar

to what is contained in the transition vectors obtained from linear response, although the

contributions are weighted by the dipole strength for that MO pair, so relative intensities

will differ slightly from response theory.

3.3 Computational Details

All molecules used in this study were optimized with unrestricted B3LYP [116, 117] and

the cc-pVDZ basis set [118, 119, 120, 121]. Several common functionals and basis sets were

then used to resolve L-edge spectra. The B3LYP, BHandHLYP [122], and PBE0 [123, 124]

functionals and the aug-cc-pVTZ, def2-TZVPD [125, 126, 127, 128], and Sapporo double-ζ

[64] basis sets were used. All real-time simulations were performed in a locally modified copy

of the development version of Gaussian [5] and used a time-step of 0.48 as and an initial

kick κmax of 0.0001 atomic units. Each propagation was run for at least 10 fs or until the

spectrum converged. The dipole signal was transformed with Padé approximants using ex-

ponential damping to give a Lorenztian lineshape with a FWHM of 0.75 eV. Inhomogeneous

broadenings [129, 50, 130] were not included in this work. The time-evolving dipole was

broken down into contributions from the ground-state 2p orbitals to simplify the analysis.

There are a number of sources of error in the calculated L-edge spectra. First, the

absolute positions of core transition energies are often offset from experimental values. This

is commonly attributed to self-interaction errors in DFT [131] and is corrected by shifting

the entire core excitation spectrum to match the experimental one. Additionally, there is

possible error in using empirical factors for treating two-electron spin-orbit coupling [51].

While the uniform shift will correct the position of one of the edges, if the 2p splitting

induced by spin-orbit coupling is not correct, then the other edge will still be offset from

the experiment. Another approach would be to further shift the L2 edge to correct for the

error in spin-orbit splitting so that each matches with its experimental counterpart. In order

to separate errors in relative peak positions from those due to incorrect spin-orbit coupling,
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both approaches will be used to analyze the ability of different model chemistries to describe

L-edge spectra.

3.4 Results and Discussion

By separating the time-evolving dipole into different MO pairs, contributions from 2p1/2 and

2p3/2 orbital sets can be identified. Taking the example of TiCl4, there are two strong features

in the spectrum corresponding to the L3 and L2 edges (Fig. 3.1). The canonical MOs show

a doubly and a quadruply degenerate set of 2p orbitals, which we identify as the 2p1/2 and

2p3/2 sets. Both p1/2- and p3/2-dominant orbitals contribute to both L2 and L3 peaks due to

mixing through ligands. Separating excitations from those two sets shows their respective

contributions to the L-edge features. The lower-energy L3 transitions are dominated by the

2p3/2 orbitals as expected, but there is also some negative intensity from the 2p1/2 orbitals

as well. Note that this decomposition into MO pairs is a mathematical approach to extract

dominant MO contributions to L-edge peaks. In other words, it is a partial trace of the

transition dipole moment. Therefore, negative intensities resulted from MO pair transitions

that do not correspond to spectroscopic observables. The sum of all MO paired dipoles from

the 2p orbitals is consistently positive as expected from a genuine observable obtained by

using the full density matrix.

The different model chemistries produce very similar results for TiCl4. Figure 3.2 shows

that there are two L3 features around 457 eV and two L2 features around 462 eV. The

splitting between the L3 and L2 features is comparable to that of the experiment, which

shows that the two-electron spin-orbit coupling correction is performing as intended. In the

experiment, the L3 edge appears more intense than the L2 edge, but in these calculations

the reverse is true. However, the integrated peak areas in both experimental and computed

spectra show that the L2 edge is indeed slightly more intense than L3, with an L3:L2 ratio

close to 1:1 [132, 133, 134]. Comparison with other calculations [103, 135] suggesta that there

are additional higher-energy quasi-continuum electronic levels that are not fully described.

Little variation is seen between the different basis sets for each density functional, except in
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Figure 3.1: L2,3 absorption edges for TiCl4 modeled with B3LYP and the aug-cc-pVTZ basis

set. The time-evolving dipole was split into different MO pairs and only contributions from

the 2p orbitals are included.

the higher-energy region of the spectrum. The high-energy peaks correspond to transitions

to quasi-continuum states, which are not well described by Gaussian basis sets.

The two features seen for each edge are transitions to the e and t2 d-orbital sets. The

t2 set is further split due to spin-orbit coupling, but this effect is rather small for such a

light transition metal (< 3× 10−3 eV for TiCl4) [136]. The standard point group labels will

be used for simplicity. The relative contributions of transitions to these sets of orbitals are

shown in Fig. 3.3. The e set contributes to the lower-energy feature of the L2 and L3 edges

making up 80.9% and 76.0% of the d-orbital contribution, respectively. Likewise, the higher

energy feature is primarily composed of transitions to the t2 set, with 70.3% and 76.4% of the

d-orbital contribution to L2 and L3, respectively. Crystal field splitting is highly dependent

on the amount of HF exchange in the hybrid functional with larger amounts tending to

overestimate d-orbital splitting [137]. B3LYP has 20%, PBE0 has 25%, and BHandHLYP

has 50% HF exchange. Consistently in this study, BHandHLYP overestimates the d-orbital
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Figure 3.2: Experimental [1] and modeled L2,3 absorption edges for TiCl4.

splitting, while the other functionals describe this splitting more accurately.

Despite being a similar molecule with tetrahedral symmetry, the spectrum of SiCl4 con-

tains many more features than TiCl4, as shown in Fig. 3.4. One reason for this is that the

core 2p orbitals of Si are considerably less localized than Ti in the chloride complex, but

instead experience more mixing with the ligand environment. The L2,3 spectrum of SiCl4 is

complicated by the very small p3/2 and p1/2 splitting of about 0.5 eV, which leads to both

sets of features lying on top of each other, as noted by Bozek et al. [2]. Again we see that

the high amount of HF exchange in BHandHLYP leads to a worse overall prediction by

overestimating d orbital splitting that pushes the second broad feature too high in energy.

Additionally, it is clear that the def2-TZVPD basis set performs qualitatively and quanti-

tatively worse than cc-pVTZ and Sapporo (DZ). The contamination from quasi-continuum

excitations is much worse for this basis since it contains fewer total functions.

The L-edge absorption spectrum of CrO2Cl2 is similar to that of TiCl4 (Fig. 3.5) but also

more complex. There are still two separated L3 and L2 segments and the B3LYP and PBE0
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Figure 3.3: Modeled absorption spectrum of TiCl4 split into transitions to the e and t2 sets

of d-orbitals. Modeled with the B3LYP and BHandHLYP functionals using aug-cc-pVTZ

basis set.

spectra again look similar except in the very-high-energy region of the spectrum. The 2p3/2

ionization limit sits right at the end of the L2 segment, so excitations to quasi-continuum

states overlap with the high L2 transitions and cause the variation seen between the different

basis sets. The BHandHLYP spectra are significantly different than the other functions again

due to the greater d-orbital splitting caused by the large percentage of HF exchange. This

can be confirmed by again separating the contributions from transitions to different sets

of d-orbitals. The lower-symmetry C2v environment produces five distinct sets of orbitals

responsible for the peaks and shoulders seen in the aggregate spectrum.

The B3LYP and PBE0 spectra of [FeCl6]
3− are very similar as is seen with the other

systems and there is also little variation between each basis set. For BHandHLYP, the L3

feature is split into two peaks unlike the other functionals. It also seems that the relative

intensity of these two peaks is reversed for BHandHLYP, with the lower-energy peak having
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Figure 3.4: Experimental [2] and modeled L2,3 absorption edges for SiCl4.

greater intensity than the higher-energy one. This is due to a combination of increased

splitting in both the d and p orbitals from the larger percentage of Hartree-Fock exchange

in this high spin, open-shell system. The splitting of L3 makes it difficult to assign an

appropriate shift value based on this feature. We have instead assigned the shifts based on

the first L3 peak instead of the dominant feature as was done with the other molecules.

Again the splitting between many of the features is greater for BHandHLYP than for the

other functionals. Uniquely, there are additional features in the experimental spectrum be-

tween L3 and L2 that are not reproduced in the modeled spectra. These have been attributed

to shake-up transitions [4] not well described by single-determinant or single-reference meth-

ods [99]. Multiconfigurational approaches have been able to describe them in the past [97].

Spin-orbit coupling splitting is slightly overestimated for TiCl4 and is underestimated

for CrO2Cl2 and [FeCl6]
3−. The error is fairly small (5.7–7.1% for these systems) and is in

line with the expected ∼6% error using Boettger’s empirical correction [51]. The error in

predicted spin-orbit splitting for SiCl4 is much smaller, with less than 2% relative error. For



35

Figure 3.5: Experimental [3] and modeled L2,3 absorption edges for CrO2Cl2.

heavier elements, the spin-orbit coupling splittings should be much larger, so that 6% error

will be several eV. To correct for this error arising from the empirical Boettger’s factor, one

can apply an additional shift to the L2-L3 splitting to match experimental values. Errors

using both of these scenarios (with and without spin-orbit-corrected shift) are presented

in Tab. 3.1. The mean absolute errors (MAE) for different features for the four molecules

presented herein and the overall spread of the errors are reported.

The errors seen for the different model chemistries are most strongly dependent upon

the choice of density functional as evident in the spectra above. Using the additional spin-

orbit-corrected shift results in lower mean absolute error for the model chemistries using

B3LYP and PBE0. The range of the errors is also significantly reduced for B3LYP and

PBE0. This is not true for BHandHLYP, indicating that it does a poorer job describing the

orbitals involved in these L-edge transitions. We also note that there is a large dependence

on the basis set with the BHandHLYP functional, while B3LYP and PBE0 are much less

sensitive. For these reasons, BHandHLYP is not an appropriate functional to use for any of
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Self-interaction-corrected Shift Self-interaction-corrected

and spin-orbit-corrected Shift

MAE Range MAE Range

B3LYP aug-cc-pVTZ 0.38 0.98 0.26 0.56

def2-TZVPD 0.38 0.94 0.23 0.56

Sapporo(DZ) 0.35 0.96 0.21 0.46

BHandHLYP aug-cc-pVTZ 0.47 1.88 0.51 1.88

def2-TZVPD 0.42 1.12 0.44 1.08

Sapporo(DZ) 0.32 0.76 0.32 0.76

PBE0 aug-cc-pVTZ 0.39 0.82 0.25 0.57

def2-TZVPD 0.37 0.89 0.24 0.40

Sapporo(DZ) 0.36 0.87 0.24 0.45

Table 3.1: Mean absolute errors (MAE) and the range of errors in eV for several different

functional and basis set combinations. Errors for the L3 and L2 edges shifted with and

without the additional spin-orbit-corrected shift are reported.
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Figure 3.6: Experimental [4] and modeled L2,3 absorption edges for [FeCl6]
3−.

these systems, but both PBE0 and B3LYP performed equally well.

3.5 Conclusions

In this work we have demonstrated calculations of L2,3-edge absorption spectra using the two-

component RT-X2C-TDDFT method. The method is general for both closed- and open-shell

systems and allows the entire absorption spectrum to be computed at once. One-electron

spin-orbit coupling is variationally included in the Hamiltonian along with a correction term

to account for the neglect of two-electron spin-orbit terms. This leads to ∼6% error in the

splitting of the 2p1/2 and 2p3/2 orbitals and an error in the spacing between the L2 and L3

edges. Core excitation spectra are typically shifted to match with the experimental spectrum

and an additional shift can be applied to account for the error arising from the the empirical

Boettger’s treatment of one-electron spin-orbit coupling.

Spectra modeled with B3LYP and PBE0 agree well with experiment, but spectra from

BHandHLYP tend to overestimate d-orbital splitting. This is due to the comparable amounts
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of HF exchange in B3LYP and PBE0 and the large amount in BHandHLYP. Results from a

particular functional are relatively insensitive to the choice of basis set, except in the quasi-

continuum regime, although we note that smaller basis sets such as def2-TZVPD may not

be sufficient. Using the time-dependent MO pair contributions to the density, an analysis

of the molecular orbitals involved in the transitions can also be obtained, yielding valuable

theoretical information that can be used to connect the local electronic structure with the

experimental observables.



39

Chapter 4

A WELL-TEMPERED HYBRID METHOD OF DAVIDSON
AND GPLHR FOR SOLVING CHALLENGING TDDFT

SYSTEMS

The time-dependent Hartree-Fock (TDHF) and time-dependent density functional theory

(TDDFT) equations allow one to probe electronic resonances of a system quickly and cheaply.

However, the iterative solution of the eigenvalue problem can be challenging or impossible

to converge with standard methods such as the Davidson algorithm for spectrally dense

regions in the interior of the spectrum as are common in X-ray absorption spectroscopy

(XAS). More robust solvers such as the generalized preconditioned locally harmonic residual

(GPLHR) [138] method can alleviate this problem, but at the expense of higher average

computational cost. A hybrid method is proposed which adapts to the problem in order to

maximize computational performance while providing the superior convergence of GPLHR.

Additionally, a modification to the GPLHR algorithm is proposed to adaptively choose the

shift parameter to enforce convergence of states above a predefined energy threshold. The

work in this section is adapted with permission from Joseph M. Kasper, David B. Williams-

Young, Eugene Vecharynski, Chao Yang, and Xiaosong Li, J. Chem. Theory Comput.,

(2018), 14 (4), 2034-2041. Copyright 2018 American Chemical Society.

4.1 Introduction

The computation of electronic excited states plays a very important role in understanding the

response of molecular and material systems to external electromagnetic perturbations. The

linear-response time-dependent density functional theory (LR-TDDFT) [139, 140, 141] is one

of the most popular methods for this purpose due to its excellent balance between accuracy



40

and computational cost. Although LR-TDDFT is among the most tractable methods for

excited-state calculations, it still leverages a large computational demand for large molecular

systems such as those of photochemical interest. The computational cost of solving the

TDDFT equations using iterative techniques, such as the Davidson algorithm [142, 143,

144], formally scales as O(MN4), where N is the total number of basis functions and M

is the number of excited states sought. With the development of efficient linear-scaling

methods for direct formation of Fock/Kohn-Sham-like operators, the scaling of conventional

implementations of LR-TDDFT may be reduced to O(MN2) − O(MN3) in complexity

[145]. While efficient implementations of LR-TDDFT [146, 147, 148] are routinely used to to

obtain characteristics of lowest-lying molecular excited states, modifications to the Davidson

algorithm such as restricted excitation windowing [86, 88, 149] or energy-specific windowing

[79, 87] have also been used to resolve the spectral interior of the LR-TDDFT equation,

which is crucial to modeling K-edge X-ray absorption spectroscopy (XAS).

However, for systems that exhibit a dense manifold of excited states in the spectral

region of interest, e.g. carbon K-edge XAS of a nano-graphene or a nano-diamond, solving

the LR-TDDFT equations by iterative diagonalization is still very expensive and subject

to nontrivial convergence problems. While alternatives to diagonalization have also been

explored, including frequency-dependent response [94, 95, 150, 151, 152, 153, 154, 155] and

model order reduction [89, 156], the eigenvector approach provides easy interpretation in the

context of electronic adiabats [157] Recently, more robust methods have been proposed for

non-Hermitian eigenvalue problems such as the generalized preconditioned locally harmonic

residual (GPLHR) algorithm [138]. This solver can reliably converge the closest N roots to

a specified spectral shift for arbitrary complex matrices. Its use in chemistry has proven to

be effective for EOM-CCSD calculations, although an increased average computational cost

over the Davidson algorithm is traded for improved convergence characteristics [158].

In this work, we introduce a modified energy-specific GPLHR method and a well-tempered

hybrid method of Davidson and GPLHR methods for solving challenging TDDFT systems.

This method takes advantage of the benefits of different iterative diagonalizers, using a
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hybrid scheme incorporating an adaptive switching between both energy-specific Davidson

and GPLHR. We report the results on a variety of test systems in the very challenging

high-energy X-ray region with dense manifolds of excited states. In addition to providing

additional robustness of convergence for systems for which Davidson fails, we find that there

are systems where a hybrid approach is able to computationally beat either method alone.

4.2 Theory

As the formalism of the linear-response TDHF/TDDFT is a well-established method, we

only present a brief review herein. For a detailed discussion, we refer the interested reader to

Ref. 148. The linear response of a molecular system subject to perturbation by an external

electromagnetic field is given by the TDHF or TDDFT equationsA B

B∗ A∗

X

Y

 = E

1 0

0 −1

X

Y

 (4.1)

where the matrices A and B for TDHF are defined as

Aai,bj = δabδij(εa − εi) + (ia|jb)− (ib|ja) (4.2)

Bai,bj = (ia|bj)− (ij|ba) (4.3)

and for TDDFT as

Aai,bj = δabδij(εa − εi) + (ia|jb)− α(ib|ja) + (ia|fxc|jb) (4.4)

Bai,bj = (ia|bj)− α(ij|ba) + (ia|fxc|bj) (4.5)

The two-electron integrals have been expressed in the canonical molecular orbital (MO) basis

in Mulliken notation where i and j indices are used for occupied MOs and a and b indices

for virtual MOs, εp is the orbital energy of the Kohn–Sham operator for MO p, and α is

a real scaling parameter such that, for pure DFT kernels α = 0, while for hybrid DFT

the scaling factor α determines the fraction of Hartree-Fock exchange to be included. The

eigensystem of Eq. (4.1) describes the electronic adiabatic states of the molecular system



42

with the eigenvalues corresponding to the electronic resonances (excitation energies) of the

system, while the corresponding eigenvectors describe the orbital excitation and de-excitation

amplitudes for the adiabat. In the case of real-valued matrices, A∗ = A and B∗ = B, so one

can also solve the equivalent problem of half the dimension [143, 146, 159]:

(A−B)(A + B)|X + Y〉 = ω2|X + Y〉 (4.6)

4.2.1 Davidson-like methods

For many systems of chemical interest, the dimension of the matrices is far too large to store

in memory for full diagonalization and must be partially diagonalized by iterative methods.

One of the most well-known methods for iterative diagonalization of the CIS equations was

proposed by Davidson in 1975 [142]. Modifications have allowed it to be extended to the

RPA equations [143, 144, 146, 160], as well as providing restricted excitation [86, 88, 149]

or energy specific windowing [79, 87] to obtain higher-energy roots. The following is a basic

overview of the energy-specific algorithm used here, but for a detailed implementation of the

Davidson algorithm for solving the RPA equations, we invite the reader to see Refs. 87 or

161.

The basic idea of the Davidson algorithm is to work in a much smaller reduced dimensional

search space and find the best approximate (right) eigenvectors for Eq. (4.6) as a linear

combination of basis vectors |bi〉:

|Xj + Yj〉 =
m∑
i=1

cij|bi〉 (4.7)

where the coefficients cij are found by diagonalization of the subspace problem. To do this

the action of the (A + B) and (A − B) matrices on the bi vectors is calculated directly.

Stratmann et al. [146] then noted that in the limit of convergence 〈bi|(A−B)(A + B)|bj〉

will have the same solutions as

M̃ij =
∑
k

〈bi|A−B|bk〉〈bk|A + B|bj〉 (4.8)
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This non-Hermitian matrix product is diagonalized to determine the best approximate right

and left eigenvectors |R̃〉, |L̃〉, and the corresponding eigenvalues ω̃ in the subspace. The

eigenvectors contain the coefficients to transform |R̃〉 and |L̃〉 from the reduced space to the

full MO space (|R〉, |L〉). In the energy-specific case, we choose to transform the first n

eigenvectors with ω̃i ≥ ω0, where ω0 is the energy threshold. Otherwise, one can take ω0 = 0

and transform the n lowest-energy roots.

To determine if the approximation is good enough, the left and right components of the

residual vectors |Wn〉 are given by

|WL
n〉 = (A + B)|Rn〉 − ω̃n|Ln〉 (4.9)

and

|WR
n 〉 = (A−B)|Ln〉 − ω̃n|Rn〉 (4.10)

If the residuals are non-zero, new vectors are constructed and added to the subspace. While

the residual vectors could be added to the set of |bi〉 without further modification, it is

more efficient to use a preconditioner to achieve quasi second-order information. Since the

left-hand side of Eq. (4.1) is diagonally dominant with the orbital energy differences, the

preconditioned residual vectors are given by

Qin = (ω̃n −∆ε)−1Win (4.11)

Here, the ∆ε are the orbital energy differences along the diagonal of A. These Q vectors

are added to the set of existing b and the entire process is repeated until the norm of

the residuals falls below a specified threshold (or equivalently that ω̃i stop changing) and

convergence is achieved. As the number of basis vectors bi approaches the full dimension of

the matrix, the approximation much approach the exact solution. However, it is also possible

that the number of bi grows very large before convergence, in which case the algorithm can

be restarted by collapsing the subspace down to a small number of vectors using the best

|R〉 and |L〉.
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4.2.2 The GPLHR Method for Obtaining High-Energy Excited States

The GPLHR algorithm is a recently proposed method [138] to iteratively solve the generalized

eigenvalue problem for arbitrary non-Hermitian square matrices H and M:

H|x〉 = ωM|x〉 (4.12)

Note that in the context of Eq. (4.1), H and M are represented here in the full-dimension

and not the half-dimension problem in Eq. (4.6), as are all other quantities in calligraphic

script.

In particular, GPLHR aims to improve the convergence and performance of iterative

diagonalization for a targeted region in the interior of the spectrum. That is, given some

target shift σ, GPLHR attempts to find the n eigenvalues ωi closest to σ along with the

associated eigenvectors |xi〉. We also note here that, unlike the strict lower-bound ω0 used

in energy-specific Davidson, we obtain the closest values to σ both above and below.

An excellent technical report of the GPLHR algorithm is published elsewhere [138], to

which we refer interested readers. Here we provide an overview of the salient points to

facilitate comparison with the Davidson and the Lanczos family of algorithms as well as

how these two methods can complement each other in an adaptive hybrid scheme for the

TDHF/TDDFT problem.

First, given some set of orthonormalized initial guess (right) vectors V , we form the set

of vectors Q in the σ-shifted space according to

Q = (H− σM)V (4.13)

followed by orthonormalization. The generalized eigenproblem for the pair

(Q†HV ,Q†MV) (4.14)

is given by

Q†HV |xi〉 = ω̃iQ†MV |xi〉 (4.15)
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and can then be solved to obtain initial approximations for ω̃i. Since Q is in the σ-shifted

space we obtain better approximate ω̃i near σ through the harmonic Rayleigh-Ritz procedure.

Although Eq. (4.14) can be solved by diagonalization based methods, we instead use

generalized Schur decomposition (also known as QZ factorization), which has the advantage

of being well-defined for any two matrices. From the Schur decomposition of Eq. (4.14) we

obtain the triangular factors R1, R2, as well as Schur bases YL, YR such that

Q†HV = YLR1YR (4.16)

and

Q†MV = YLR2YR (4.17)

The eigenvalues are given by the ratio of the diagonal elements of the triangular factors:

ωj = R1(j, j)/R2(j, j) (4.18)

The Schur vectors YL and YR can be used to update V and Q, with V → VYR and

Q → QYL. More importantly, we can use the information in the triangular factors in the

process of generating new vectors to form a new test subspace and generalized eigenproblem.

In contrast to the Davidson algorithm, in which the subspace grows at each iteration,

GPLHR generates a subspace of fixed size based on an integer parameter m. This is used

to update the current solution V , but is discarded and not reused on subsequent iterations.

This trial subspace Z = [V ,W ,S1, ...,Sm,P ] corresponds to the Krylov-Arnoldi sequence

generated by the preconditioned residuals and is constructed as shown in Algorithm 1.

P is an additional block of saved vectors and is not used on the first iteration. The

matrices G1 and G2 are diagonal and constructed from the triangular factors R1 and R2 as

follows:

G1(j, j) =

0, |R1(j, j)| < |R2(j, j)|
1−R2(j,j)
R1(j,j)

, otherwise

(4.19)
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Algorithm 1: Generation of Trial Subspace

Input : Vectors V , Schur factors R1, R2, preconditioner T , and approximate

eigenvalues ω̃

Output: Krylov-Arnoldi sequence [W ,S1, ...,Sm]

1 Form diagonal matrices G1 and G2 by Eq. (4.19) and Eq. (4.20)

2 G ← R1G1 +R2G2
3 B1 ← G2G−1R1;B2 ← I − G1G−1R1

4 W ← (I − VV†)T (I − QQ†)(HVB2 −MVB1)

5 Set S0 ←W

for l =, 1, . . . ,m do

6 Sl ← (I − VV†)T (I − QQ†)(HSl−1B2 −MSl−1B1)

end

G2(j, j) =


1

R2(j,j)
, |R1(j, j)| < |R2(j, j)|

1, otherwise

(4.20)

For the preconditioner T we use the inverse of the difference between the approximate eigen-

value ω̃ and the diagonal elements of H, which are given by the orbital energy differences.

From the trial space Z the analogous set of vectors in the σ-shifted test space is formed:

U = (H− σM)Z (4.21)

Again we can solve the reduced-dimensional generalized eigenvalue problem of the pair

(U †HZ,U †MZ),

U †HZ |xi〉 = ω̃iU †MZ |xi〉 (4.22)

by generalized Schur decomposition, noting that the obtained ω̃i are significantly improved

in the region of the eigenspectrum near σ. This yields new factors R̃1, R̃2, as well as Schur

bases ỸL, ỸR. Since the dimension of the eigenproblem in Eq. (4.21) is larger than the
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number of roots we seek, the eigenvalue-eigenvector pairs are ordered by closeness to the

shift value σ using the standard norm of a complex number given by

|(a+ bi)| = a2 + b2 (4.23)

At this step it is important to note that the sorting procedure also requires recomputing the

factors R̃1, R̃2, ỸL, and ỸR. The matrices R̃1 and R̃2 are then truncated to the first n

columns and n rows to form a new R1 and R2. Now we can construct new V , Q from the

left and right Schur bases as

V = ZỸR with ỸR truncated to the first n vectors (4.24)

Q = UỸL with ỸL truncated to the first n vectors (4.25)

Additionally we can store the second set of n vectors Eq. (4.24) in P , to be used on subsequent

iterations:

P = ZỸR with ỸR truncated to vectors n+ 1 to 2n (4.26)

We evaluate convergence of eigenvectors and continue iterations if necessary. Note that the

residual of a trial eigenvector Vi is given by

HVi − ω̃iMVi (4.27)

These residuals are exactly the vectors calculated in the W block before preconditioning. In

addition to evaluating the norm of the residual vector, we also consider a root converged if

the change in the eigenvalue is below some (generally lower) threshold.

One interesting property of the Davidson algorithm with energy-specific windowing that is

not present in GPLHR, however, is the ability to set a hard energy-cutoff for converged roots.

This is often useful to build up a spectrum from multiple calculations on smaller numbers of

roots. While basis deflation can also be used to augment the number of vectors[138], instead

of obtaining solutions with energy greater than the specified value σ, the solutions could, in

principle, all be less than σ. Instead one can also adaptively choose σ such that the n closest

vectors are all above the cutoff.
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More concretely, if the hard threshold is d, then suppose we start with σ = d and let

ω1, ..., ωn be the first n Ritz values with ωi > d and ω0 be the Ritz value closest to σ such

that ω0 < d. Ideally one should keep σ as close to d as possible to prevent missing any roots.

Intuitively we move σ just far enough to exclude the first Ritz value that is below our chosen

threshold as depicted in Fig. 4.1. That is, calculate the midpoint m of ωn and ω0 and use

this m as the new σ′ if m > d, otherwise let σ′ = d. Note that σ is never less than d.

!’

!0

Figure 4.1: Scheme for adaptive choice of shift value σ. Given some set of Ritz values, we

may choose a new σ′ to maximize convergence for the first n vectors above a threshold d.

4.2.3 An Adaptive Davidson/GPLHR Hybrid Algorithm

The motivation for an adaptive diagonalization algorithm may be best described in analogy

to similar techniques used for the SCF procedure and geometry optimization. Quadrati-

cally convergent SCF is often too expensive to be used as a method of first choice, but may

be employed as a complement to first-order SCF methods on an as–needed basis. Like-

wise, previous work has found that using a combination of methods for molecular geometry

optimization can lead to superior performance [162]. In this work, the development of a

hybrid Davidson/GPLHR algorithm is motivated by two considerations: performance and

robustness. As mentioned previously, on average the computational cost of Davidson-like

algorithms are less than GPLHR [158]. While the Davidson method provides symmetrized
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trial vectors that lead to optimal performance in in exploring the selected subspace, in the

non-Hermitian case it is possible for the generalized eigenvalue problem to have complex

eigenvalues which leads to a loss of monotonic convergence [161]. Poor approximations in

the ω̃i also leads to the generation of new vectors that have little overlap with the true

solutions. Without reasonable approximations to the correct eigenvalues, the new vectors

generated to augment the subspace are of little value. This is especially common for dense

manifolds of states, such as those appear in the higher energy X-ray of condensed matter.

On the other hand, GPLHR uses a harmonic Rayleigh-Ritz procedure to locate the

eigenvectors with eigenvalues closest to a specified value σ. More stable convergence is also

achieved by transferring additional information about subspace search directions from a block

of extra Schur vectors, in contrast to the search direction employed by other methods such as

LOBPCG [163]. Despite the algorithmic similarities, GPLHR changes the subspace vectors

at each iteration and evaluates their quality systematically by solving the problem in the

σ-shifted space. This is in contrast to the Davidson-like procedure where poor information

is not discarded.

In order to switch between the half-dimensional space of Eq. (4.6) being used for Davidson

and the full space in Eq. (4.1) one can take linear combinations of the left |L〉 = |X−Y〉 and

right |R〉 = |X + Y〉 eigenvectors to obtain the X and the Y components for some vector

V . These vectors are used as the initial “guess” for the GPLHR method. From Eq. (4.1) we

compute the matrix-vector product for a given trial vector

Xi

Yi

 as

AXi + BYi

BXi + AYi

 (4.28)

where we have assumed real orbitals so that A∗ = A and B∗ = B. It is easy to show that

AXi + BYi = 1/2[(A + B)(Xi + Yi) + (A−B)(Xi −Yi)] (4.29)

and

BXi + AYi = 1/2[(A + B)(Xi + Yi)− (A−B)(Xi −Yi)] (4.30)
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Construction of the matrix-vector products (A + B)(X + Y) and (A−B)(X−Y) is accom-

plished by direct contraction using the same algorithms as have been used for the Davidson

method.

The key question for the adaptive scheme is deciding when to switch from Davidson

to GPLHR. One option is to let Davidson run for a set number of iterations and switch

if not converged. Similarly, we could switch when the subspace becomes too large and

Davidson is forced to restart. These are simple to implement and account for at least

some situations where convergence was hard. A more systematic option is to analyze the

convergence behavior itself to decide when subsequent iterations and generated vectors are

unlikely to be useful. To do this we can consider several error metrics. For eigenvalues, we

expect the difference in consecutive iterations to go to zero and calculate the norm of the

difference vector at iteration i:

δi =

∥∥∥∥∥∥∥∥∥


∆ω1

...

∆ωn


∥∥∥∥∥∥∥∥∥ (4.31)

The sequence of {δi} should be decreasing as we get closer to convergence and provides an

overall measure of how close all n roots are to convergence. Note that this also depends on

the quality of the mapping of roots from one iteration to the next. Likewise, for eigenvectors,

we expect the residuals under the action of the RPA matrix to go to zero.

ri = ‖(H−ΩM)V‖ (4.32)

This sequence of {ri} should also approach zero at convergence. In order to decide when to

switch, we can examine the sequences of the δi and the ri. If the difference in eigenvalues in

consecutive iterations is not decreasing, or equivalently, that enlarging the subspace is not

useful, it could be indicative of oscillation or other problems in convergence. While it would

be tempting to switch immediately if either δi or ri increase, we have found that even in the

case of rather well-behaved systems the convergence of {δi} and {ri} to zero might not be

monotonic. To allow for this, we recommend counting the number of iterations in which δi

or ri increase and only switch after a set limit is reached.
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4.3 Results and Discussion

The GPLHR and associated hybrid methods were implemented in a locally modified version

of the development version of the Gaussian software package [5], which includes the energy-

specific Davidson method [78, 79, 87, 146]. All calculations were run using spin-unrestricted

Hartree-Fock with the B3LYP density functional unless stated otherwise and molecular ge-

ometries were optimized at the same level of theory [116, 117]. Convergence was determined

when either (1) the norm of all the residuals was below a set threshold, ||r|| < 10−5, or (2)

the change in eigenvalues is less than 10−7 Hartrees. All calculations were run on a single

compute node with dual Intel Xeon E5-2680 v4 processors for a total of 28 cores and 256

GB DDR3 RAM.

In this first test we show the agreement of the eigenvalues and associated eigenvectors

found by our GPLHR-based approaches match those given by energy-specific Davidson. In

Tab. 4.1 the first 3 states of the nitrogen K-edge above 380 eV in NO were computed with

the 6-311+G(d) basis set [164, 165]. The GPLHR calculation used a subspace expansion

parameter of m = 1. Note also that since each GPLHR iteration is roughly 4 times more

expensive than a single Davidson iteration, it is performing almost twice as much work in

this test case. Although there are very slight differences in excitation energies and oscillator

strengths due to numerical differences in convergence, the results of Davidson and GPLHR

algorithms are considered essentially identical. Interestingly, at the standard threshold used

here, we find GPLHR gives a better solution than obtained in the Davidson algorithm, as it

matches the solution obtained at stricter convergence criteria.

In general, for well-behaved RPA problems, such as those for small- to moderately-sized

molecular systems, we found that Davidson consistently outperforms GPLHR. This itself

is not surprising as GPLHR is designed for much more challenging problems, so that it

often does more work than necessary. However, for systems that exhibit a dense manifold

of excited states we find that using GPLHR for some or all iterations is preferred. Two

illustrative examples of this, a graphene sheet and a nanodiamond, are explored here.
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Table 4.1: Nitrogen K-edge of NO (σ = 380 eV)

ES-Davidson (13 iterations) GPLHR (7 iterations)

Excitation Oscillator 〈S2〉 Excitation Oscillator 〈S2〉

Energy (eV) Strength (a.u.) Energy (eV) Strength (a.u.)

385.5845 0.0000 2.752 385.5844 0.0000 2.752

386.8976 0.0697 0.753 386.8974 0.0701 0.753

387.3633 0.0341 0.760 387.3632 0.0342 0.760

For a small cluster of graphene sheet, the first 8 states of the carbon K-edge were cal-

culated at the unrestricted B3LYP/6-31G(d) [116, 117, 166, 167] level of theory using a

combination of Davidson and GPLHR iterations. For each calculation at set number of

Davidson iterations were performed first, followed by GPLHR iterations until convergence.

In Fig. 4.2 we plot the cumulative number of matrix-vector products, since this is the com-

putational bottleneck. The hybrid(n) methods denote a calculation which started using the

Davidson algorithm and switched to GPLHR after n iterations. Despite all algorithms con-

verging to the correct roots, the computational cost was least for the hybrid methods. This

indicates that there was little benefit of GPLHR over Davidson in the first few iterations,

and resulted in extra work being done. From an algorithmic perspective this is not too

surprising, as the beginning iterations have relatively little information and so do not need

to be very accurate in extrapolation to provide usable information. Conversely, one of the

key reasons why the Davidson type of algorithm struggles here is that it will often include

approximate eigenvectors with energies largely dominated by the residual term. This results

in new trial vectors being generated that do not aid in capturing the desired region of the

spectrum and leads to stagnation. The question that remains is what is a sensible strategy

for switching to GPLHR from a Davidson calculation when we don’t know a priori how the

Davidson algorithm will perform.
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Figure 4.2: (Left) Cumulative number of matrix vector products performed at each iteration

for the energy-specific Davidson, GPLHR, and hybrid methods. Here Hybrid(n) indicates

that n Davidson iterations are performed before switching to GPLHR. The steeper slope of

GPLHR indicates a single iteration is more expensive than a Davidson iteration. (Right)

Eigenvalue convergence profiles for the 5th root above the threshold, with a vertical excitation

energy of 273.468 eV. Iterations before the states could be mapped between iterations are

not shown.

The determination of the K-edge spectrum of carbon in a nanodiamond cluster was used

to test the power of the algorithm on an even larger system. The C121 structure is H-capped

with 104 H and has C3v symmetry as shown in Fig. 4.3 [168]. The 6-31G(d) basis set

[166, 167] and B3LYP [116, 117] density functional were used for optimization and TDDFT

calculations. With 2023 contracted basis functions and 830 total electrons, the dimension

of the full RPA matrix is 2,669,280. The computational bottleneck is, of course, the direct

formation of the matrix-vector products. The energy-specific Davidson used with a threshold

of 260 eV was unable to converge the first 10 roots after almost 70 iterations, as shown in

Fig. 4.3. However, all GPLHR-based hybrid algorithms with σ = 260 eV were able to

converge with relative ease. Although the Davidson algorithm is unable to converge this

system, forcing the switch to GPLHR on-the-fly also allowed the calculation to successfully
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complete. It is worth noting that using GPLHR from the beginning would have been optimal

for this case, however the sequences of the error in both the eigenvalues and the residuals

show clear signs of problems converging by around iteration 5 or 6 using the Davidson method

(see Tab. 4.2). While it would be impossible to make an optimal general switching rule for all

systems, the sequences of error seem to indicate two or three poor iterations is a reasonable,

albeit crude decision metric for detecting breakdown or stagnation. At the heart of this

problem is the failure to identify the best approximate eigenvectors. Despite the inability of

the hybrid method to outperform the GPLHR algorithm alone on this system, the adaptive

hybrid method was nevertheless successful in minimizing the wasted computational effort in

the Davidson iterations.

Figure 4.3: (Left) Cumulative number of matrix-vector products for the C121H104 nanodi-

amond at the 6-31G(d)/UB3LYP level of theory. Hybrid(n) indicates that n Davidson

iterations are performed before switching to GPLHR. (Right) Eigenvalue convergence profile

for the 1st root above the 260 eV threshold, with a vertical excitation energy of 276.681 eV.

Iterations before the states could be mapped between iterations are not shown. Note that

the Davidson calculation did not converge within the 70 iterations.
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Table 4.2: Norms of errors in eigenvalues and residuals at each Davidson iteration for the

C121H104 nanodiamond at the 6-31G(d)/UB3LYP level of theory. The two sequences of {δi}

and {ri} can be used to determine failure of the Davidson algorithm.

Iteration Eigenvalue Error (a.u.) {δi} Residual Error (a.u.) {ri}

1 64.4953 0.00625

2 0.01464 0.00616

3 0.00608 0.00516

4 0.00139 0.00523

5 0.00823 0.11783

6 0.52223 0.08276

7 0.30772 0.27291

8 0.21657 0.00600

9 0.04076 0.08877

10 0.00648 0.09303
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4.4 Conclusion

This paper presents an implementation of a hybrid Davidson–GPLHR algorithm for the

solution of the non-Hermitian TDHF/TDDFT equations and explores several modifications.

First, since the standard energy-specific Davidson algorithm often performs well, we include

the ability to switch to the GPLHR solver on the fly. The additional cost GPLHR suffers

by doing more work than is often necessary for the RPA problem makes it less desirable to

use on its own, but can provide additional robustness for hard to converge problems with

dense sets of states in the interior of the spectrum. Second, we also include the ability to

have the shift value σ adaptively change so that only the first n states above a predefined

energy threshold. This feature is crucial to avoid reconvergence of states when predicting

the absorption spectrum over a broader energy range.

It should be noted that if the matrix can be stored in memory, standard diagonaliza-

tion routines should always be used. However this is often not practical for many systems

of interest and one must resort to using iterative direct methods where the matrix-vector

products are performed on the fly. Adaptive switching between diagonalization methods

has the potential to provide superior performance in hard-to-converge eigenvalue problems,

including those that are common in X-ray spectroscopy of molecular systems. However, even

in cases where using either algorithm alone would be optimal, the adaptive hybrid method

provides a reasonable compromise without knowing which one is best a priori.
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Chapter 5

NATURAL TRANSITION ORBITALS FOR COMPLEX
TWO-COMPONENT EXCITED STATE CALCULATIONS

The time-dependent Hartree–Fock (TDHF) and time-dependent density functional the-

ory (TDDFT) equations are widely used as a first approximation to understanding electronic

excited states. While the natural transition orbital method has allowed electronic excita-

tions from time-dependent Hartree–Fock (TDHF) and density functional theory (TDDFT)

to be viewed in a traditional orbital picture, the extension to multicomponent molecular

orbitals such as those used in relativistic two-component methods or generalized Hartree–

Fock (GHF) or generalized Kohn–Sham (GKS) is less straightforward due to mixing of

spin-components and the inherent inclusion of spin-flip transitions in TDGHF/TDGKS. An

extension of single-component natural transition orbitals to the two-component framework

is presented, in addition to a brief discussion of the practical aspects of visualizing two-

component complex orbitals. Unlike the single-component analog, the method explicitly

describes the spin and frequently obtains solutions with several significant orbital pairs. The

method is presented using calculations on a mercury atom and a CrO2Cl2 complex. The

work in this section is adapted with permission from Joseph M. Kasper and Xiaosong Li. J.

Comp. Chem., 2020, 41 (16), 1557-1563. Copyright 2020 Wiley Periodicals.

5.1 Introduction

Complex, multicomponent electronic structure methods are the natural framework for cal-

culations that explicitly include relativistic effects from an ab initio approach based on the

four-component Dirac Hamiltonian [9, 10, 169]. Phenomena such as spin-orbit coupling can

then be included variationally. Although one can work directly with the four-component
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Dirac Hamiltonian, much effort has gone into the development of a large variety of meth-

ods that transform the four-component Dirac Hamiltonian into a two-component form to

reduce computational cost [12, 13, 15, 14, 16, 17, 26, 27, 28, 29, 39, 42, 43, 44, 61, 101, 102,

104, 105, 170, 171, 172, 173]. For excited state calculations, linear response time-dependent

density functional theory (LR-TDDFT) [139, 140, 141] has become the method of choice for

molecules that are too large to be studied by more accurate wavefunction-based methods due

its balance of reasonable accuracy and much decreased cost. While efficient implementations

of LR-TDDFT [87, 146, 147, 148] have been consistently employed for both the restricted

and unrestricted Kohn–Sham frameworks, more recently the development of linear response

methods for two-component references have been used to study spectroscopic properties of

small molecules and clusters [105, 174, 175, 176].

Beyond the goal of obtaining reasonable quantitative agreement to experimental spectra,

the ability to gain a qualitative understanding of the underlying physics in excited state

processes is of central importance to improved design and control of molecular structure and

function. On their own, the linear response methods of TDHF and TDDFT provide an effi-

cient way to calculate electronic excited states, but can be hard to interpret since transitions

will in general involve many occupied and virtual canonical orbitals. Schemes such as natural

transition orbitals (NTOs) [177] or natural ionization orbitals [178] that localize transitions

to a small number of single particle-hole pairs have been developed to aid in physical insight.

Despite the success of this work for single-component methods, there has been little work

done to apply this method to two-component theories within the generalized Hartree–Fock

(GHF) or Kohn–Sham (GKS) frameworks. Krause and Klopper plotted difference densi-

ties for two-component RI-CC2 calculations [179], and recent work using two-component

Green’s functions (GW) and Bethe-Salpeter have used similar techniques to visualize excita-

tions [180]. In Martin’s original paper on NTOs, the extension to spin-unrestricted theory is

suggested to transform the spin indices separately, so that the αα and ββ blocks are individ-

ually diagonal. For two-component TDHF/TDDFT, however, the orbitals explicitly contain

information about spin, in addition to having complex coefficients.
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In this paper we explore the extension of NTOs to two-component GHF/GKS linear

response theory and some of the ways they differ from those of standard single-component

calculations. A discussion of how to effectively visualize the resulting two-component orbitals

is also included.

5.2 Complex Two-Component Natural Transition Orbitals

The two-component C-TDHF and C-TDDFT equations are based on the spinor molecular

orbital ansatz,

ψk(r, t) =

φαk (r, t)

φβk(r, t)

 (5.1)

where the spatial functions {φαk (r, t)}, {φβk(r, t)} are expanded in terms of a common set of

basis functions {χµ(r)}

φαk (r, t) =
∑
µ

cαµk(t)χµ(r) (5.2)

φβk(r, t) =
∑
µ

cβµk(t)χµ(r) (5.3)

Note that expansion coefficients {cµ} are complex valued. Methods that use such spinor

orbitals can be further modified to include relativistic effects, such as spin-orbit coupling,

which mixes spin states internally on account of the spin-orbit operators.

The linear response formalism of the two-component TDHF or TDDFT equations can

be written as, A B

B∗ A∗

X

Y

 = ω

1 0

0 −1

X

Y

 (5.4)

where the matrix elements are defined as

Aai,bj = δabδij(εa − εi) + (ia|jb)− α(ib|ja) + (1− α)(ia|fxc|jb) (5.5)

Bai,bj = (ia|bj)− α(ij|ba) + (1− α)(ia|fxc|bj) (5.6)
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Here the two-electron repulsion integrals (ERIs) are expressed in the spinor molecular orbital

basis in Mulliken notation, with the usual i and j indices used for occupied MOs and a and

b indices for virtual MOs. The orbital energy of MO p is given by εp, and α is a real scaling

factor that determines the fraction of Hartree–Fock exchange to be included with the density

exchange-correlation functional fxc. In the case of TDHF, α = 1. The coefficients contained

in the eigenvector |X Y〉 describe the amplitudes of orbital transitions. In practice, instead

of forming and diagonalizing the entire response matrix on the left-hand side of Eq. (5.4),

the matrix is iteratively diagonalized for a subset of states through Davidson-like algorithms

[79, 87, 142, 181]. Trial vectors |Xi Yi〉 are used to compute a transition density that is

transformed to the AO basis for direct contraction with the ERIs and/or DFT kernel second

derivatives. The transition density matrix for a vector |Xi Yi〉 in the MO basis has the form

Ti =

 0 −Yi

Xi 0

 (5.7)

However, as there is no clear physical meaning of the “deexcitation” amplitudes in the Y

block [148], analysis has usually centered on the excitation amplitudes in the X block. From

the configuration interaction point of view, these coefficients correspond to the weights of the

singly excited determinants. That is, the excited-state wavefunction Ψ can be approximated

by

Ψ =
∑
i,a

CiaΦia (5.8)

where Φia is the singly excited configuration generated by creating a hole in orbital i and an

electron in orbital a. In second quantization this is

Φia = â†aâi |Φ0〉 (5.9)

In the following analysis the transition density corresponding to the excitation from the

ground state Ψ0 = Φ0 to an excited state Ψn is then given by

Tia = 〈Ψn|C†iCa |Ψ0〉 (5.10)
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Note that this is the X block in Eq. (5.7) only. Also, in contrast to conventional one-

component method where α and β spin components are treated separately, transition densi-

ties in the complex two-component framework include all possible spin contributions. As a

result, the summation over spin coordinates is no longer needed, in contrast to the definition

presented in the work of Martin [177].

While it is possible to work directly with densities, the NTO analysis still tries to preserve

the single particle orbital picture through which many chemists have an intuitive understand-

ing of chemical activity. The NTO analysis relies on an orbital transformation of Amos and

Hall[182] in which the orbitals are rotated so that the transition amplitudes of the particle

and hole are localized in as few orbitals as possible. Essentially both the hole and electron

parts of the transition vector, T, are biorthogonalized via the singular value decomposition

(SVD) to maximize the single particle character of the transition. More specifically, let {φi}

and {ψa} be the sets of occupied and virtual canonical orbitals, respectively, and we deter-

mine two transformation matrices U and V to obtain rotated sets of natural orbitals {φ′
i}

and {ψ′
a} for a given electronic transition. These can be determined by diagonalizing the

matrices TT† and T†T, respectively, in the following eigenvalue equations:

TT†ui = λiui (5.11)

T†Tvi = λivi (5.12)

The eigenvalues (or singular values) determine the relative importance of each orbital to

the description of the transition. Neglect of the Y block in Eq. (5.10) results in transition

vectors that are no longer perfectly normalized to one, so the sum of the λi of all NTOs may

differ from exactly one. We make note that the natural orbitals here contain multiple spin

components, and thus also implicitly include any transitions that have “spin-flip” character.
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5.3 Visualizing Excitation Properties in Complex, Two-Component Frame-
work

The two-component generalized natural transition orbitals was implemented in a locally-

modified version of the development version of Gaussian [5] and applied to some small molec-

ular clusters using the X2C-TDDFT method [105, 183, 184]. Once orbitals are obtained, a

further complication associated with the two-component, complex orbitals encountered in

both relativistic and non-relativistic two-component theories is the need to reduce the di-

mensionality for visualization since the orbitals may include both α and β spin components.

Several options for this include (1) rotating the quantization axis if possible, (2) plotting the

total magnitude and spin mixing angle, and (3) plotting the spinor magnetization density.

Before considering the general case, it is instructive to consider how to plot a single-

component complex orbital. Then at any point r in space the wavefunction Ψ is given by

a complex amplitude Ψ(r) = z = a + ib. This can be transformed to the polar form |z|eiθ,

according to

|z| =
√
a2 + b2 (5.13)

θ = atan2(b, a) (5.14)

where atan2 is the two-argument arctangent function. In contrast to the real-valued case in

which it is customary to plot magnitude and sign, the complex orbital has magnitude |z| and

phase θ. The sign or phase is most useful to allow one to quickly see the nodal structure.

Since the phase is a continuous degree of freedom, it can be plotted as a color map on an

isosurface defined by the magnitude.

To demonstrate this, we use the lowest-energy singlet state of the O2 molecule, which has

a real to complex instability at the RHF level of theory [185]. This instability is the result

of a degenerate set of π∗ antibonding orbitals, which span the Πg irreducible representation

in D∞h. A qualitative energy diagram of the frontier orbitals is given in Fig. 5.1. The

lowest-energy singlet is doubly-degenerate and given by the term 1∆g. This corresponds to a

linear combination of the two possible real RHF configurations, which result in an artificial
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Figure 5.1: A qualitative orbital energy diagram for 1∆ O2. The two possible singlet config-

urations that result from R-RHF are given.

symmetry breaking. In particular, we obtain the linear combination (π∗xπ
∗
x−π∗yπ∗y)+ i(π∗xπ

∗
y+

π∗yπ
∗
x).

These different configurations can be seen in Fig. 5.2, which plots the HOMO for both the

R-RHF and C-RHF wavefunctions. Note that there is a modification of the nodal structure

due to the continuous change of the phase with rotation about the bond for the complex

case. The reduction in nodal planes in the complex orbital is consistent with the lowered

energy of the C-RHF solution. We will not further discuss the O2 system or the utility of

C-RHF, but instead refer the interested reader to the work in Ref. 185.

The mapped isosurface technique works reasonably well for the complex single-component

case where there are only two continuous degrees of freedom. For complex two-component

wavefunctions with four continuous degrees of freedom there is no easy way to convey all the

information at once. Typically molecular orbitals are plotted without any spin information,

since in one-component calculations the α and β spin manifolds are separated. However,

for two-component calculations the molecular orbitals contain additional information about

the spin. In this case, several techniques may be used to emphasize either the spin or phase

information.
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Figure 5.2: The HOMO for the real RHF (left) and complex RHF (right) wavefunctions of

1∆ O2. An isovalue of 0.02 a
−3/2
0 for the magnitude was used.

5.3.1 Visualizing Complex, Two-Component Natural Transition Orbitals

Recent work by Al-Saadon and coworkers has explored some aspects of plotting complex-

valued orbitals [186]. To illustrate how to plot complex, two-component orbitals we first

show the natural transition orbitals for excitations in an atomic system using a relativistic

X2C-TDHF calculation on a mercury atom using the SARC-DKH2 basis [187, 188]. The

results here obtain the correct degeneracies of the 6s → 6p transitions, where the lowest

lying excited states correspond to the 3P0,
3P1, and 3P2 levels. Table 5.1 lists the computed

energies and oscillator strengths associated with these excitations with only 1S0 → 3P1

being weakly allowed. Although the energies are too low due to a lack of correlation, the

spacing between the different J levels compares well with experiment [189]. The two largest

eigenvalues from the NTO analysis are given as λ1 and λ2. The 1P1 term also arising from

an s → p transition is higher in energy and not shown. As the calculation is over spin-

orbitals, due to the presence of a degenerate hole state the transitions are split into two

main components, λ1 and λ2. For the J-conserving excitation (1S0 → 3P0), equal weights of

the two NTO transitions are observed, while states of higher multiplicity may have varying
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Table 5.1: X2C-TDHF results for the low-lying excited states of Hg atom.

Excited State Experiment [189] ∆E (eV) f λ1 λ2

3P0 4.667 2.523 0.000 0.559 0.559

3P1 4.886 2.881 0.003 0.588 0.497

3P1 4.886 2.881 0.003 0.588 0.497

3P1 4.886 2.881 0.003 0.562 0.524

3P2 5.461 3.685 0.000 0.866 0.161

3P2 5.461 3.685 0.000 0.641 0.385

3P2 5.461 3.685 0.000 0.626 0.402

3P2 5.461 3.685 0.000 0.738 0.289

3P2 5.461 3.685 0.000 0.857 0.171

components as the degenerate eigenvectors are free to mix.

Although splitting up spin components and treating them separately can be a useful

approach, it can also obscure some features as spin is no longer a good quantum number.

Instead, one can compute the total magnitude and plot the angle of spin mixing. This allows

one to easily see the total shape, but still retain some information about the phase and spin

character. That is, at a given point r, the wavefunction Ψ is given as a vector in C2 with

Ψ(r) =

a+ bi

c+ di

 (5.15)

Then we can compute the magnitude |Ψ| =
√
a2 + b2 + c2 + d2 and a spin mixing angle

θ = atan2
(√

a2 + b2,
√
c2 + d2

)
that correspond to the total amplitude and the relative spin

direction, respectively. A mixing angle of zero, corresponds to a completely α-aligned spinor,

while an angle of π/2 corresponds to a completely β-aligned spinor. We plot the α and β

components separately as well as the total magnitude for the Hg excited states in Fig. 5.3.
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Only the most significant NTO pair is shown, however we remark that in this atomic system

the second NTO pair are the Kramers’-paired orbitals of the first, so no information is lost.

The overall wavefunction magnitude is spherically symmetric for the electron NTO in the

1S0 → 3P0 excitation. However for the 1S0 → 3P1 excitations, the electron NTO forms

torus-like rings, consistent with a state that has non-zero expectation value for L̂2.

5.3.2 Visualizing Magnetization Vectors

For molecular complexes with non-zero magnetic momentum, it is often advantageous to

visualize the spin structure. Since an individual electron in an orbital has some nonzero spin

angular momenta this is always an option, and techniques for visualizing the magnetization

density can obviously be employed for individual spinor orbitals. Although two-component

density matrices can be written in a spin-block form, it is more physically intuitive to write

them in the Pauli matrix representation by defining the scalar density n(r) and magnetization

density m(r):[105, 183]

P =

Pαα Pαβ

Pβα Pββ

 =
1

2
n(r)σ0 +

1

2
m(r) ◦ σ (5.16)

where σ0 is the identity in spin coordinates and σ is the vector of the Pauli spin matrices.

We use an open circle to emphasize that the summation is over spin and not spatial compo-

nents. The spinor formalism accomplishes this same task, and provides a convenient way to

determine the local spin vector. At a given point r, the wavefunction is given as a vector in

C2 as in Eq. (5.15). This vector s can be re-expressed as

s = se−iα/2

cos(θ/2)e−iφ/2

sin(θ/2)eiφ/2

 (5.17)

where the four real parameters are the magnitude s, two angles θ and φ corresponding to

the polar and azimuthal angles that determine the spin axis, and a phase α. These spherical

coordinates can be directly converted to cartesian coordinates, or equivalently the Cartesian
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State Hole NTO Electron NTO

α β Total α β Total

Figure 5.3: Mapped isosurfaces showing the hole and electron wavefunctions for the most

significant NTO pair of the first four excited states in Hg. An isovalue of 0.02 a
−3/2
0 is used

for the magnitude.
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components of the spinor s are given by taking expectation values with the corresponding

Pauli matrices:

sk = 〈s|σk |s〉 , k ∈ {x, y, z} (5.18)

In cases where s is still a good quantum number, there is a global quantization axis for

a given orbital. That is, the expectation value of the spin is constant for all points in space,

and we could easily choose to align our spin quantization axis with this (not necessarily z-

aligned) axis. However, in cases where s is not a good quantum number, such as when there is

significant spin-orbit coupling, then it is no longer possible to find such unique axis. Instead,

the spinor direction rotates between points in space, since it is collinear with j and not with

s. An example of these cases are shown in Fig. 5.4 where the first four excitations of the Hg

atom are shown. The hole state is of essentially s character and has no angular momentum

to couple with, resulting in a collinear spin. Thus the magnetization vectors are aligned at

all points in space. By contrast, the electron in the excited state is in the p manifold and

forms states that are collinear with respect to j rather than s. As a result, magnetization

densities of the electron NTO clearly exhibit vortical structures, showing non-collinear spin

and non-zero magnetic moment in the excited states.

5.3.3 CrO2Cl2 L2,3-edge X-ray Absorption

The construction and visualization of NTOs is most useful in molecular species, where more

complicated combinations of orbitals are present. One practical example of the use of two-

component relativistic TDDFT is in the calculation of L-edge X-ray spectra [184, 190]. Due

to the presence of spin-orbit coupling in the 2p manifold, the main features in the X-ray

absorption near-edge structure (XANES) region are split into two groups known as L2 and

L3. These correspond to the 2p1/2 and 2p3/2 core-levels. In Fig. 5.5 we plot the NTOs

associated with one of the bright transitions from each of the L2 and L3 regions in the

XANES spectrum of a CrO2Cl2 complex calculated using X2C-TDDFT [39] at the B3LYP

[116, 191]/aug-cc-pVTZ [118, 119, 120, 121] level of theory. The total magnitude is used to
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(1) (2)

(3) (4)

Figure 5.4: The spinor representations of the transition orbitals for the first four excitation

in Hg. (1) 1S0 → 3P0; (2), (3), and (4) comprising the 3P1 manifold. The colors of the arrows

indicate the magnitude of the wavefunction in a
−3/2
0 .

generate an isosurface and the phase angle of the mixing between the α and β components

is mapped onto it, as described previously. For both pairs of NTOs the core hole is clearly

composed of the Cr 2p orbitals due to the presence of a radial nodal plane between spin

angles of 0 and π, while the electron orbitals show that the excitation includes not only Cr

d orbitals, but is also significantly delocalized into the p orbitals of the O and Cl atoms.

One can also see that these dipole-allowed transitions between the L2 and L3-edges involve

different d-orbitals on the Cr center, in order to fulfill the dipole selection rule due to the

difference in angular momenta between the p1/2 and p3/2 manifolds.
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(b)

(a)

Figure 5.5: Mapped isosurfaces showing the most significant NTOs for two excited states in

the L2,3 XANES of a CrO2Cl2 complex computed with X2C-TDDFT. (a) is a transition at

575.373 eV from the L2 region and (b) is a transition at 566.369 eV from the L3 region. The

surfaces are plotted with isovalues of 0.002 a
−3/2
0 and 0.06 a

−3/2
0 for the total magnitude of

the hole and electron NTOs, respectively, while the phase shows the angle between the α

and β components.

5.4 Conclusion

This paper presents a generalization and implementation of natural transition orbitals for the

complex two-component time-dependent generalized Hartree–Fock and generalized Kohn–

Sham theories. Unlike one-component theories that separate spin components, there is no

rigorous separation available in a two-component framework. A straightforward use of the

singular value decomposition procedure tends to produce multiple important orbitals due to

the spin orthogonality of the basis functions. These orbitals can sometimes be well described

by a single (non z-aligned) spin component, however this is not true in general, such as

when spin-orbit coupling is included. The orbitals can still be plotted using techniques

such as mapped isosurfaces, though for cases in which spin is non-collinear other techniques
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such as plotting expectation value of the spinor at each point may be more appropriate to

see the magnetization structure. The use of two-component TDDFT, including all-electron

relativistic methods, will be enhanced by the use of the NTO orbital analysis as well as

improved visualization of complex orbitals. A qualitative picture of how both charge and

spin change under excitation is important to elucidate chemical and physical insight into the

properties of molecules.
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Chapter 6

THEORETICAL INVESTIGATION OF QUANTUM
CONFINEMENT ON THE RASHBA EFFECT IN ZnO

SEMICONDUCTOR NANOCRYSTALS

Semiconducting nanocrystals have been the subject of intense research due to the ability

to modulate the electronic and magnetic properties by controlling the size of the crystal,

introducing dopants, and surface modification. While relatively simple models such as a

particle in a sphere can work well to describe moderately sized quantum dots, this approx-

imation becomes less accurate for very small nanocrystals that are strongly confined. In

this work, we report all-electron, relativistic ab initio electronic structure calculations for

a series of ZnO quantum dots in order to study the modulation of the Rashba effect. The

impact and magnitude of spin-orbit coupling and crystalline anisotropy on the fine structure

of the band-edge excitonic manifold are discussed. The work in this section is adapted with

permission from Joseph M. Kasper, Daniel R. Gamelin, and Xiaosong Li, J. Chem. Phys.

(2020), 152 (1), 014308. Copyright 2020 American Institute of Physics.

6.1 Introduction

The fine control of electronic and magnetic phenomena in nanomaterials is integral to new

technologies in computing and data storage. Small colloidal nanocrystals, or quantum dots,

have shown great promise in this regard, by allowing properties to be easily tuned through

size, dopants, and surface ligands [192, 193]. One of the most important adjustable prop-

erties of nanocrystals is the band structure, including the relative ordering of bright and

dark excitonic states [194]. The precise arrangement of states and their thermal population

determines properties such as photoluminescence lifetimes.



73

Studying quantum dots from the viewpoint of molecular electronic structure theory is

extremely powerful to understand the role of localized defects, and size-dependent quan-

tum confinement effects [195, 196, 197, 198]. The electronic structure of several types of

nanocrystals has been shown to mimic that of a large atom [197] so that it can be reasonably

well-described and understood by a simple particle is in a sphere model [199]. In this case,

excitonic structure is determined by a combination of spin-orbit and symmetry effects that

split ‘P’- and ‘D’-like superorbitals. In fact, the superatom concept has previously been

applied to study nanoclusters of gold thiolate [174, 200, 201] and show that in these systems

spin-orbit coupling was essential to their theoretical treatment and understanding of visible

absorption spectra [174].

Much work has been done to understand the role of spin-orbit coupling in bulk-like

structures using k ·p band theory and perturbative spin-orbit corrections [202, 203, 204]. For

example, in a recent work by Sercel and Efros[204] a general model for exciton fine structure

of II-VI and III-V spherical semiconductor nanocrystals was presented. While these models

provide a useful starting point to study band features of moderately-sized nanocrystals, they

are less amenable to smaller nanocrystals and the impact of localized structural features such

as dopants. To our knowledge there has been no study into how the spin-orbit interaction is

manifested in small quantum dots using relativistic ab initio molecular electronic structure

methods.

Additionally, we note that for studies that have been carried out using band theory, the

spin-orbit interaction is usually incorporated perturbatively by a model Hamiltonian (e.g.,

Pauli) rather than variationally from first principles. In this work, we calculate the elec-

tronic structure of semiconducting quantum dots using two-component Kohn-Sham density

functional theory that variationally incorporates relativistic effects and spin-orbit coupling.

Using excited-state calculations, the fine structure of the exciton manifold and the impact

of Rashba spin-orbit coupling under strong quantum confinement is uncovered.
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6.2 Relativistic Treatment of the Rashba Effect

For crystals without inversion symmetry, it is well-known that the electronic structure is

modified by spin-orbit coupling to split low-energy excitons as shown in Fig. 6.1 for a wurtzite

lattice that has hexagonal C3v symmetry. The lowest-energy exciton manifold is known in

the literature as the 1S3/21Se state. This results from treating the electron and hole particles

using the particle in a sphere model and dressing the solutions with appropriate angular

momentum functions. That is, the 1S3/2 valence band hole level corresponds to the product

of a 1S Bessel function with the J = 3/2 Bloch functions and the 1Se conduction band

electron level corresponds to the product of a 1S Bessel function with the J = 1/2 Bloch

functions [204].

The breaking of degeneracy of low-energy excitons is described within k · p theory as a

momentum-dependent perturbation. Rashba spin-orbit coupling in the bulk is given by [205]

ĤR = (αR/~)(z× p) · σ (6.1)

where αR is the Rashba coefficient, and z is the direction of crystal anisotropy. From a

molecular orbital point of view, the Rashba effect arises from both spin-orbit coupling and

crystal field or symmetry-lowering effects. In principle these could be viewed as two successive

perturbations, as is given schematically in Fig. 6.1. However, since spin-orbit coupling is

known to be quenched by reduced symmetry [206], one of the two effects may dominate

depending on their relative strengths, being either closer to the right or left of the diagram

in Fig. 6.1. Quantum confinement affects both z and p in Eq. (6.1) depending on the

nanocrystal size R. In large nanocrsytals that can be well-described by the particle in a

sphere model [207, 208, 199], because 〈p2〉 ∼ E ∼ R−2 so that p scales as R−1 and z ∝ R, the

overall effect of spin-orbit coupling is independent of the nanocrystal size. For much smaller

nanocrystals however, as the particle in a sphere model breaks down with increasing Coulomb

and exchange interaction, there can be larger values of p for a given confinement R. As a

result, the overall strength of the Rashba spin-orbit coupling can thus be expected to increase

for small nanocrystals that are heavily quantum confined, compared with larger nanocrystals
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Figure 6.1: Schematic diagrams of the valence band structure (left) and valence orbitals

(right) for systems with both symmetry-lowering and spin-orbit coupling. Excitations from

these orbitals or bands to the lowest unoccupied levels give rise to the lowest energy excitons,

known as the 1S3/21Se and 1S1/21Se.

or those in the bulk. In particular, the exchange interaction has been implicated in providing

enhancement of spin-orbit coupling in quantum confined systems.[209] Theoretical work on

quantum wires has suggested that there exists an optimal value of the potential barrier to

the confinement well where the spin-orbit coupling will be maximized [210].

While the Schrödinger equation is commonly employed to solve the electronic structure of

molecular systems, the natural starting point for including a full description of spin, including

spin-orbit coupling and other relativistic effects, is to start with the Dirac equation for an

electron. Within the kinetic-balance condition, the Dirac Hamiltonian for a single electron

can be written as [9, 10]

H =

V T̂

T̂ pV ·p
4m2c2

− T̂

+

02 02

02
iσ·pV×p
4m2c2

 (6.2)

where V is the scalar potential, c the speed of light, and m the electron mass. Spin and

orbital angular momenta are coupled through the σ · pV × p term: the vector σ contains

the Pauli spin matrices, and p is the linear momentum operator. Variational solutions to

this Hamiltonian will no longer have a well-defined spin multiplicity, and the eigenstates
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will have four components. The first term in Eq. (6.2) is the spin-free portion of the Dirac

Hamiltonian, which contains all scalar relativistic effects, while the second term gives rise to

spin-couplings. To isolate the effect of spin-orbit coupling, we can compare the results using

the full Dirac Hamiltonian with those using only the spin-free part.

Relativistic electronic structure methods based on the Dirac equation employ a four-

component wavefunction ansatz [9, 10]. For most chemically relevant studies, approximate

two-component methods are usually of sufficient accuracy. In this work we utilize the exact

two-component (X2C) method [12, 13, 14, 15, 16, 17, 18, 19, 39, 101, 102, 105, 211] that

decouples the four-component Hamiltonian and yields a reduced-dimension electronic two-

component Hamiltonian. It is of particular note that, unlike effective spin-orbit operators

such as Breit–Pauli, the X2C transformed Hamiltonian is bounded from below and does not

suffer from variational collapse [9, 10]. Consequently, this two-component method allows for

the variational inclusion of relativistic effects at each stage of the calculation.

In this work, we use a direct atomic-orbital based X2C transformation with the torque-

free density functional theory (DFT) approach [54, 55, 56, 39, 105, 183]. Although X2C can

be made formally exact to the 4-component solution, in practice, the two-electron operator

is not transformed as this is very computationally expensive. Instead, in this work we use

an empirical correction to the one-electron spin-orbit terms to account for the neglected

two-electron contribution [51].

6.3 Computational Details

Cluster models of ZnO quantum dots ranging in size from a diameter of 0.62 to 1.87 nm were

prepared in accordance with previous studies [196, 197, 212, 213, 214, 215, 216] and are shown

in Fig. 6.2. A pseudo-hydrogen capping scheme is used to passivate the dangling bonds on

the surface [212]. The clusters use the experimental lattice parameters of a = 3.249 Å and

c = 5.204 Å for ZnO. All are approximately spherical, but formally have reduced symmetry

in the C3v point group. All-electron calculations were performed in a locally modified version

of the development version of the Gaussian suite of programs [5] using the X2C method as
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Figure 6.2: The ZnO cluster models used: (ZnO)6, (ZnO)17, (ZnO)33, (ZnO)84.

Table 6.1: The anisotropy ratio between the length of nanocrystals along the C3 (z) axis and

the (x, y) axes.

Size 6 17 33 84

ZnO 0.845 1.301 0.913 0.916

described previously, and PBE0 exchange-correlation functional [124]. The 6-31G(d) basis

set [164, 165] was used for all atoms.

To quantify the degree of anisotropy in these model quantum dot systems, the ratio

between the length of the nanocrystal along the C3 axis and perpendicular to it are given in

Tab. 6.1. In all nanocrystals except those of size (ZnO)17, the hexagonal C3 axis is shorter

than those perpendicular to it. For the nanocrystals of size (ZnO)17, the C3 axis is longer.

6.4 Results and Discussion

6.4.1 Rashba Effects on Frontier Orbitals

The computed densities of states using molecular orbitals are plotted in Fig. 6.3, and show

the smoothing out of discrete states of orbitals into bands as the nanocrystal size is increased.
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Figure 6.3: Computed total densities of states for ZnO quantum dots of increasing size,

shifted so the HOMO lies at 0 eV.

The bandgap decreases with increasing nanocrystal size, as expected. The molecular orbitals

at the band edges are shown in Fig. 6.4. In the absence of spin-orbit coupling (Rashba

effect), both the HOMO and HOMO-1 spinor orbitals are degenerate with an E symmetry

in the C3v point group, while the HOMO-2 having the A1 symmetry. The orbitals at the

conduction band edge appear to be large atomic-like super-orbitals arising from the spherical

potential model [197]. The LUMO at the conduction band edge is S-type and LUMO+1 to

LUMO+3 are P -type orbitals. If the QDs were perfectly centrosymmetric, we would observe

three-fold degenerate P -type orbitals. However, these QDs have a non-centrosymmetric C3v

symmetry. A a result, we see a low-symmetry splitting of the P -band into two sublevels,

where the higher-energy feature consists of two degenerate (Px, Py) orbitals and the lower-

energy feature corresponds to Pz orbital.

With the inclusion of spin-orbit coupling we see the symmetry is further reduced because

of mixing between frontier spinor orbitals, which now include both α and β spin-components
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Figure 6.4: The molecular orbital diagram of the valence and conduction band edge levels.

Due to Kramers degeneracy, all levels are doubly degenerate so only one of the pair of orbitals

is shown. MOs from the (ZnO)33 are plotted at an isovalue of 0.007 a
−3/2
0 for the magnitude

and mapped with the angle between α and β spin-components as shown in the color bar.

Values of 0 and π are pure α, while values of ±π/2 are pure β.

as s is no longer a good quantum number. HOMO and HOMO-1 spinors now belong to

the 1S3/2 manifold with J = 3/2, where as HOMO-2 spinors are in the 1S1/2 level with

J = 1/2. These variational relativistic calculations show that the inclusion of spin-orbit

coupling along with the crystal field and quantum dot anisotropy splits the degenerate E

orbitals into two subgroups of 1S3/2 with different magnetic projections, MJ = ±3/2 and

MJ = ±1/2, respectively. These correspond to the “heavy” and “light” hole levels in band

theory, due to their different effective masses.

A quantitative energy level diagram for the ZnO nanocrystals is given in Fig. 6.5. Of
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Figure 6.5: Energy level diagram for the main states involved in the band-edge excitons of

ZnO nanocrystals. Dashed lines connect the 1S3/2 levels in the valence band as well as the

1Se levels in the conduction band. In the smallest cluster the 1S1/2 manifold is deeper in the

valence band edge so the level below the 1S3/2 is the 1P3/2.

particular note is the different orderings between levels comprising the J = 3/2 and J = 1/2

manifolds. It is well-known that the energetic ordering of different J manifolds is very

sensitive to the shape of the confining potential [217]. For the ZnO quantum dots, spin-orbit

coupling is relatively small, so crystal field effects and crystal anisotropy play an outsized role

compared to other types of II-VI nanocrystals where spin-orbit effects would be larger. In

the bulk-like systems, the highest-lying valence band levels are the 1S3/2 and 1S1/2 manifolds,

respectively. This is the structure seen in the larger (ZnO)33 and (ZnO)84 nanocrystals, in

which the 1S3/2 is above the 1S1/2. For the smaller dots, deviations from this usual pattern

are observed. In the (ZnO)17 cluster, a reversed level structure is seen in which the 1S1/2

level actually moves above the 1S3/2 because the crystal field acts with the opposite sign

due to the C3 axis being elongated rather than shortened. For the smallest cluster, (ZnO)6,

the 1S1/2 manifold is further inside from the valence band edge so that the 1P3/2 level is

immediately below the 1S3/2. Since the splitting between the distinct angular-momentum
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Table 6.2: The magnitude of Rashba-induced splitting in valence band states in undoped

ZnO quantum dots, both within the S3/2 manifold and between the S3/2 and S1/2 manifolds

(in units of eV).

Size Within S3/2 Between S3/2 and S1/2

6 0.017 0.134

17 0.022 0.115

33 0.008 0.153

84 0.007 0.266

manifolds in the valence band is most important to understanding the band-edge excitonic

features, we focus on the magnitude of the splitting in the valence band and tabulate these

values in Tab. 6.2. The splitting within the 1S3/2 manifold is the difference between “light”

and “heavy” holes. Although there is no clear trend in the data, the ZnO results suggest the

magnitude of shape anisotropy and the strength of the crystal field strongly influence the

Rashba effect within the S3/2 manifold.

6.4.2 Rashba Effects on Effective Mass

k · p theory and the effective mass model have been useful for describing the energetics and

spin-orbit coupling of nanocrystals that are more bulk-like [203, 218]. The effective masses

of the electrons and holes can be calculated from the ab initio band structure by fitting them

to an appropriate model. In the case of nanocrystals that are confined in all directions, the

particle in a sphere model has been used [197, 199]. In this model the energy levels depend

on quantum numbers n and l and are given by

En,l =
β2
n,l~2

2m∗eR
2

(6.3)

where R is the radius of the nanocrystal, m∗e is the effective mass, and βn,l is the nth zero of

the lth spherical Bessel function. The first four levels, 1S, 1P , 1D, and 2S, were used to fit
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Table 6.3: The calculated effective masses of electrons and holes, Bohr radii, and binding

energies Eb for ZnO quantum dots.

Without spin-orbit With spin-orbit

Molecule m∗h m∗e Bohr radius Eb (eV) m∗h m∗e Bohr radius Eb (eV)

(ZnO)6 5.972 3.814 3.65 0.877 5.932 3.814 3.66 0.874

(ZnO)18 4.597 1.878 6.37 0.502 4.589 1.877 6.38 0.502

(ZnO)33 3.396 1.286 9.11 0.351 3.372 1.285 9.13 0.350

(ZnO)84 1.631 0.813 15.66 0.204 1.621 0.813 15.70 0.204

the effective masses for both the valence band maximum and conduction band minimum.

The effective masses are also related to the size of the exciton. Assuming a dielectric

constant ε = 8.5 for ZnO [219], the Bohr radius rB for the exciton can be estimated as [220]

rB = ε

(
1

m∗h
+

1

m∗e

)
(6.4)

Additionally, the exciton binding energies Eb can be estimated from the model and are given

by

Eb =
e2

εrB
=
m∗

ε2
(6.5)

where e is the electron charge (1 in atomic units) and m∗ the effective reduced mass.

The estimated values for the ZnO nanocrystals are given in Tab. 6.3. As a broad trend, the

effective mass of the both the hole and electron sharply decrease with increasing nanocrystal

size. The spin-orbit interaction has a larger effect on the valence band than conduction band,

consistent with previous studies that show the effective field due to spin-orbit coupling is

different for electrons and holes [202]. These data also suggest that the spin-orbit interaction

lowers the average effective mass for the hole states. As expected from the decreased effective

mass of the holes, the spin-orbit interaction slightly increases the size of exciton.
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6.4.3 Optical Transitions and Exciton Splitting

Quantum confinement and the Rashba effect are also manifested in the linear absorption

spectrum. While the quantum confinement effect is known to blue-shift the first bright

excitation with decreasing nanocrystal size, it also affects spin-orbit coupling and causes a

mixing of the excitonic levels.[217, 221] Rashba effect and crystalline anisotropy split the first

exciton, denoted as 1S3/21Se, into sublevels that are sensitive to the quantum confinement.

Spin-orbit coupling associated with the 1S3/2 → 1Se excitation gives rise to two manifolds

of the 1S3/21Se excitons, J = 2, 1 with 5- and 3-fold degeneracy, respectively. Crystalline

anisotropy further splits states that have different magnetic quantum numbers, e.g. MJ =

±2,±1, 0 for the J = 2 manifold and MJ = ±1, 0 for the J = 1 manifold. States that are

split from the J = 2 (or J = 1) manifold are denoted as “L” (or “U”) for “Lower” and

“Upper” energy groups.

The computed exciton fine structure for the (ZnO)33 quantum dot is assigned as given

in Tab. 6.4. According to the selection rule in k · p theory for bulk materials [204], only the

±1U , ±1L, and 0U sublevels are optically allowed transitions, and ±2L and 0L sublevels are

forbidden. The computed results for quantum dots suggest that optical transition selection

rules for period bulk system are also maintained in finite, quantum confined structures.

The strongest allowed excitonic transition is to the ±1U states that are above 6 lower-lying

forbidden or weakly allowed transitions.

The ordering of 1S3/21Se sublevels strongly depends on the relative strength of crystalline

anisotropy and Rashba effect. In quantum confined systems, strong crystalline anisotropy

can lead to large splittings. Of particular note for the (ZnO)33 quantum dot, the 0U level is

split enough from the “Upper” group that it overlaps with the states from the lower manifold.

For the smaller (ZnO)17 nanocrystal (Tab. 6.5), the higher degree of anisotropy leads to

a much stronger crystal field relative to the strength of spin-orbit coupling. As a result,

the 0U level actually drops below the 0L sublevel, so that the lowest-energy exciton is now

optically active. In the smallest (ZnO)6 crystal, the magnitude of crystal field anisotropy is
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Table 6.4: The exciton fine structure for (ZnO)33 quantum dots.

Sublevel Excitation energy (eV) Oscillator Strength

0L 3.677 0.0000

0U 3.677 0.0001

±1L 3.681 0.0003

±2L 3.686 0.0000

±1U 3.738 0.0384

Table 6.5: The exciton fine structure for (ZnO)17 quantum dots.

Sublevel Excitation energy (eV) Oscillator Strength

0U 4.938 0.0007

0L 4.941 0.0000

±1L 4.951 0.0003

±2L 4.962 0.0000

±1U 5.191 0.1484

lower again, so that the 0L dark exciton is the lowest energy, as given in Tab. 6.6.

These results are shown graphically in Fig. 6.6. The oscillator strength is almost com-

pletely localized in the ±1U transitions, with lowered transition strength in the other opti-

cally active modes. This agrees with other work in the literature, which shows the oscillator

strength of the ±1L transitions decaying to zero for small nanocrystal radius and being

redistributed into the ±1U manifold [222].

In Tab. 6.7, the splittings within and between the different angular-momentum manifolds

are given. While the splitting between sublevels with different MJ projections in the lower

manifold ∆L has a strong dependence on the crystal field, the splitting in the upper manifold
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Table 6.6: The exciton fine structure for (ZnO)6 quantum dots.

Sublevel Excitation energy (eV) Oscillator Strength

0L 6.116 0.0000

0U 6.117 0.0001

±1L 6.124 0.0001

±2L 6.133 0.0000

±1U 6.464 0.1057

Table 6.7: Computed fine structure splittings in ZnO quantum dots (in eV). ∆L is the

splitting in the lower manifold, ∆U is the splitting in the upper manifold, and ∆U−L is the

splitting between the mean energy of the two manifolds.

Nanocrystal ∆L ∆U ∆U−L

(ZnO)6 0.008 0.347 0.1662

(ZnO)17 0.010 0.253 0.1132

(ZnO)33 0.005 0.061 0.0262

∆U and between the mean energies of the two manifolds ∆U−L has a strong dependence on

the nanocrystal size. One reason for this difference in exciton manifolds is that the heavy

holes with MJ = ±3/2 feel both “short”- and “long”-range exchange, while the light holes

with MJ = ±1/2 only feel “short”-range exchange [204]. This difference is enhanced as the

nanocrystals are more confined.

In Fig. 6.7 the computed absorption spectra are plotted, both with and without the

inclusion of spin-orbit coupling. All peaks are broadened with a Lorenztian lineshape with a

FWHM of 0.005 eV. Analysis of the transition amplitudes shows that the band-edge excitons

are indeed well-described by a hole in the 1S3/2 manifold and an electron in the 1Se level,
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Figure 6.6: The exciton fine structure levels for ZnO quantum dots. The lowest energy state

is set to zero.

though this analysis also shows some mixing with deeper valence band states than those

depicted in the diagram given in Fig. 6.4. In the case of the (ZnO)17 cluster, the transition

amplitudes and resulting NTO eigenvalues given in Tab. 6.8 show about 4% contribution

from lower-lying bands, however the simple picture of a single-particle excitation from the

1S3/2 levels in the valence band is still largely true, with nearly 96% recovered in the dominant

NTOs. The NTOs for the first bright excited state are plotted in Fig. 6.8. Transition from

O 2p orbitals goes into an s-like superorbital delocalized over the entire cluster, consistent

with the previous model.

6.5 Conclusions

In this work, we have performed ab initio electronic structure calculations that incorporate

relativistic effects to demonstrate the effect of quantum confinement on spin-orbit coupling
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Figure 6.7: The optical absorption spectra of ZnO quantum dots calculated by TDDFT.

The dashed lines indicate spin-orbit free calculations, while the solid traces include spin-

orbit coupling. The inset shows a zoom-in on the (ZnO)33 features, where dark states gain

intensity under spin-orbit coupling by singlet-triplet mixing.

that affects the band-edge excitonic manifold in ZnO quantum dots. This allows for the

study of the Rashba effect in small, highly quantum-confined systems where the band model

used in k · p theory can break down. In particular, we have found that the “Upper” and

“Lower” exciton manifolds can mix and overlap in small ZnO nanocrystals, where already

small spin-orbit coupling is further reduced by symmetry-lowering crystal field effects. The

cluster models used here can easily be adapted to explore the role of surface and ligand

modifications, dopants, and other defects on the ground state electronic structure and fine

structure of the excitonic manifold.
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Table 6.8: MO transition amplitudes for the first bright excited state in undoped (ZnO)17.

MOs Amplitude (%)

HOMO-17 → LUMO+1 1.99

HOMO-16 → LUMO 1.99

HOMO-1 → LUMO 18.82

HOMO-1 → LUMO+1 25.92

HOMO → LUMO 25.92

HOMO → LUMO+1 18.92

NTO 1: λ = 0.481

NTO 2: λ = 0.481



89

Hole Electron

Figure 6.8: The NTOs of the first bright excited state in (ZnO)17. There are two sets of

orbitals (top and bottom), corresponding to the α and β spins.
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C. Kmety, K. Stevenson, and D. Ederer. Electronic Structure of the Molecule-Based

Magnet Mn[N(CN)2]2 from Theory and Experiment. Phys. Rev. B, 66(1):014446, 2002.



106
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[174] D.-e. Jiang, M. Kühn, Q. Tang, and F. Weigend. Superatomic Orbitals Under Spin–

Orbit Coupling. J. Phys. Chem. Lett., 5(19):3286–3289, 2014.

[175] J. J. Goings, F. Ding, E. R. Davidson, and X. Li. Approximate Singly Excited States

from a Two-Component Hartree Fock Reference. J. Chem. Phys., 143:144106, 2015.

[176] W. Liu and Y. Xiao. Relativistic Time-Dependent Density Functional Theories. Chem.

Soc. Rev., 47:4481–4509, 2018.

[177] R. L. Martin. Natural Transition Orbitals. J. Chem. Phys., 118(11):4775–4777, 2003.

[178] L. M. Thompson, H. Harb, and H. P. Hratchian. Natural Ionization Orbitals for

Interpreting Electron Detachment Processes. J. Chem. Phys., 144(20):204117, 2016.

[179] K. Krause and W. Klopper. Description of Spin-Orbit Coupling in Excited States with

Two-Component Methods Based on Approximate Coupled-Cluster Theory. J. Chem.

Phys., 142(10):104109, 2015.



111

[180] C. Holzer and W. Klopper. Ionized, Electron-Attached, and Excited States of Molec-

ular Systems with Spin-Orbit Coupling: Two-Component GW and Bethe-Salpeter

Implementations. J. Chem. Phys., 150(20):204116, 2019.

[181] J. M. Kasper, D. B. Williams-Young, E. Vecharynski, C. Yang, and X. Li. A Well-

Tempered Hybrid Method for Solving Challenging Time-Dependent Density Functional

Theory (TDDFT) Systems. J. Chem. Theory Comput., 14(4):2034–2041, 2018.

[182] A. Amos and G. Hall. Single Determinant Wave Functions. Proc. R. Soc. London,

Ser. A, 263(1315):483–493, 1961.

[183] A. Petrone, D. B. Williams-Young, S. Sun, T. F. Stetina, and X. Li. An Efficient Im-

plementation of Two-Component Relativistic Density Functional Theory with Torque-

Free Auxiliary Variables. Euro. Phys. J. B, 91(7):169, 2018.

[184] T. F. Stetina, J. M. Kasper, and X. Li. Modeling L2,3-Edge X-ray Absorption Spec-

troscopy with Linear Response Exact Two-Component Relativistic Time-Dependent

Density Functional Theory. J. Chem. Phys., 150:234103, 2019.

[185] D. W. Small, E. J. Sundstrom, and M. Head-Gordon. Restricted Hartree Fock using

Complex-Valued Orbitals: A Long-Known but Neglected Tool in Electronic Structure

Theory. J. Chem. Phys., 142(2):024104, 2015.

[186] R. Al-Saadon, T. Shiozaki, and G. Knizia. Visualizing Complex-Valued Molecular

Orbitals. J. Phys. Chem. A, 123(14):3223–3228, 2019.

[187] D. A. Pantazis, X.-Y. Chen, C. R. Landis, and F. Neese. All-Electron Scalar Rela-

tivistic Basis Sets for Third-Row Transition Metal Rtoms. J. Chem. Theory Comput.,

4(6):908–919, 2008.

[188] B. P. Pritchard, D. Altarawy, B. Didier, T. D. Gibson, and T. L. Windus. New Basis

Set Exchange: An Open, Up-to-Date Resource for the Molecular Sciences Community.

J. Chem. Inf. Model., 59(11):4814–4820, 2019.



112

[189] E. B. Saloman. Wavelengths, Energy Level Classifications, and Energy Levels for the

Spectrum of Neutral Mercury. J. Phys. Chem. Ref. Data, 35(4):1519–1548, 2006.

[190] J. M. Kasper, P. J. Lestrange, T. F. Stetina, and X. Li. Modeling L2,3-Edge X-ray

Absorption Spectroscopy with Real-Time Exact Two-Component Relativistic Time-

Dependent Density Functional Theory. J. Chem. Theory Comput., 14(4):1998–2006,

2018.

[191] P. Stephens, F. Devlin, C. Chabalowski, and M. Frisch. Ab Initio Calculation of

Vibrational Absorption and Circular Dichroism Spectra Using SCF, MP2, and Density

Functional Theory Force Fields. J. Phys. Chem., 98:11623, 1994.

[192] R. Beaulac, S. T. Ochsenbein, and D. R. Gamelin. Colloidal Transition-Metal-Doped

Quantum Dots. In Nanocrystal Quantum Dots, pages 397–454. CRC Press, 2017.
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Appendix A

RELATIVITY AND THE DIRAC EQUATION

Both quantum mechanics and the theory of special relativity were developed in the early

twentieth century. However, the Schrödinger equation, the fundamental equation of what

is now known as non-relativistic quantum mechanics, did not obey special relativity. The

need to reconcile these two topics of physics led to the development of relativistic quantum

mechanics and quantum field theory. For the purposes of this work the focus will be on the

Dirac equation, which is the relativistic analogue of the Schrödinger equation for electrons.

What follows is a derivation of the four-component to two-component transformation of the

Dirac quation and the exact two-component (X2C) method.

A.1 Dirac Equation

Our point of departure is the four-component Dirac equation for a free-electron:

i~
∂

∂t
Ψ =

[
c~α · ~p+ βmc2

]
Ψ = ĥDΨ (A.1)

where the matrices ~α and β are defined as:

αw=x,y,z =

 0 σw

−σw 0

 (A.2)

and

β =

1 0

0 −1

 (A.3)

The Pauli spin matrices are given as

σx =

0 1

1 0

 ;σy =

0 −i

i 0

 ;σz =

1 0

0 −1

 (A.4)
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Due to the block diagonal structure of ~α and β it is customary to split Ψ into “large” and

“small” components denoted ψL and ψS, respectively. 0 c~σ · ~p

c~σ · ~p 0

+

mc2 0

0 −mc2

ψL
ψS

 = E

ψL
ψS

 (A.5)

Additionally we shift the energy scale by subtracting the rest energy of the electron (mc2)

so that our energies will match the non-relativistic Schrödinger equation in the appropriate

limit. In the presence of an external potential V that is assumed to be diagonal (such as the

nuclear potential) this yields 0 c~σ · ~p

c~σ · ~p 0

+

V 0

0 V − 2mc2

ψL
ψS

 = E

ψL
ψS

 (A.6)

A.1.1 X-Operator

To reduce the cost of the calculation, a relationship between the small and large components

can be established. Our goal here is to fold the effect of the small component into the

large component since it is the large component that contributes significantly to electronic

solutions. To start, we examine the relation

ψS = XψL (A.7)

where X is an operator to be determined. From the Eq. (A.6) we find that

X =
c~σ · ~p

ε− V + 2mc2
(A.8)

Grouping the term (ε − V ), we see that when (ε − V ) � 2mc2 (the non-relativistic limit

when kinetic energy is small compared to rest energy) then the expression simplifies to

X ≈ c~σ · ~p
2mc2

=
~σ · ~p
2mc

(A.9)

The condition

ψS =
~σ · ~p
2mc

ψL (A.10)
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is the well-known kinetic balance condition, which ensures that the solutions agree with the

non-relativistic limit. In particular,

lim
c→∞

~σ · ~p
2mc

ψL = 0 = ψS (A.11)

which is to say that the positronic component is zero outside the framework of special

relativity.

A.1.2 Unitary Transformation of the Dirac Hamiltonian

With this in mind, consider the possiblity of block-diagonalizing the four-component Fock

matrix f with some unitary transformation U so that

fbd = UfU † =

f+ 0

0 f−

 (A.12)

In this case, we also use U to transform the two-spinor components according to

φ̃ = Uφ =

ψ̃L
ψ̃S

 (A.13)

As the transformation is unitary, all eigenvalues and eigenstates of the block-diagonalized

matrix will match those of the original. In this way we may solve for just the electronic

solutions given by the f+ matrix. Writing the unitary transformation as

U =

ULL ULS
USL USS

 (A.14)

and using our condition that ψ̃S = 0 we find that[
USL + USSX

]
ψL = 0 (A.15)

using the ‘X’ operator from before. Enforcing the unitary condition that UU † = 1, the

unitary matrix takes the form:

(1 +X†X)−1/2

 1 X†

−X 1

 (A.16)



119

A.2 Modifed Dirac Equation and X2C

In practical calculations with a basis, we can enforce the kinetic balance condition by requir-

ing φSµ ∈ {(~σ · ~p)φLν }. This restriction can be done via a unitary transformation UKB:

UKB =

1 0

0 s

 (A.17)

where

s =
(~σ · ~p)
p

(A.18)

The kinetic-balanced Fock operator is given by

f̃ = UKBfU †KB =

V cp

cp (σ·p)V (σ·p))
p2

− 2mc2

 (A.19)

This form of the Dirac equation is known as the modified Dirac equation. The two-component

spinors are formed by approriate linear combinations:

ψLi (r) =
∑
µ

cLiµφµ(r)ψSi (r) =
∑
µ

cSiµφµ(r) (A.20)

and are solved in the matrix equationV T

T 1
4mc2

W − T

cL+ cL−

cS+ cS−

 =

S 0

0 1
2mc2

T

cL+ cL−

cS+ cS−

ε+ 0

0 ε−

 (A.21)

where W = (σ · p)V (σ · p) and S, T , and V are the standard two-component matrices

S =

S 0

0 S

 ,T =

T 0

0 T

 ,V =

V 0

0 V

 , (A.22)

Now one can solve for the X operator as X = cS+ · (cL+)−1. Although the full potential V

including the effects of other electrons would be required to solve Eq. (A.21) for X exactly,

the coupling is dominated by the one-electron nuclear attraction potential so that frequently

this is ignored. In this case, the transformed Dirac equation is used as the new effective

core Hamiltonian, including all single electron interactions. The two-electron interactions

are treated the same as in the non-relativistic case.
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