AN ANNIHILATING -BRANCHING PARTICLE MODEL
FOR THE HEAT EQUATION WITH AVERAGE TEMPERATURE ZERO

Krzysztof Burdzy and Jeremy Quastel

Abstract. We consider two species of particles performing random walks in a
domain in R? with reflecting boundary conditions, which annihilate on contact.
In addition there is a conservation law so that the total number of particles of
each type is preserved: When the two particles of different species annihilate
each other, particles of each species, chosen at random, give birth. We assume
initially equal numbers of each species and show that the system has a diffusive
scaling limit in which the densities of the two species are well approximated by
the positive and negative parts of the solution of the heat equation normalized to
have constant L! norm. In particular, the higher Neumann eigenfunctions appear

as asymptotically stable states at the diffusive time scale.

1. Introduction.

A branching particle system representation for the heat equation solution with positive
temperature was introduced in [BHIM] and later studied in [BHM] (see also [GK1] and
[GK2]). Here is an informal description of that model and one of the main results, proved in
[BHM]. Suppose that D is an open set in R and N Brownian particles move independently
inside D. Whenever one of these particles hits the boundary of D, it is killed and one of
the other particles, randomly chosen, splits into two particles, so that the number N of
particles remains constant. When the number of particles goes to infinity and the initial

(normalized) distribution of particles converges to a measure on D then the particle density
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converges to the solution of the heat equation for every time ¢ > 0, with the appropriate
initial condition, normalized so that it has a constant total mass for all times ¢ > 0.

The main purpose of this article is to study a related model that involves two different
types of particles. We call them + and — particles. The two types of particles perform
independent symmetric random walks with reflection on the boundary, and annihilate
each other on contact. When two particles of different signs annihilate each other then
two other particles are chosen randomly, one 4 particle and one — particle, and each one
of these particles splits into two particles of the same type as the parent particle, so that
the numbers of + and — particles are conserved.

The reader might have noticed that we have changed the Brownian particles to sym-
metric random walks. This is because except in dimension 1, the Brownian particles would
not meet, so one would have to have them annihilate when they came within some € > 0
of each other. So we might as well just put the particles on a discrete lattice. Hence,
particles in our new model will be represented by random walks on the lattice eZ? N D
with e ¢ comparable to the number of particles. We will assume that particles reflect from
the boundary of D in a way to be described precisely later.

Our main result says that when the numbers of 4+ and — particles are equal, say N,
and N — oo, then the densities of the two types of particles converge to the positive and
negative parts of the solution of the heat equation normalized to have the correct total
masses.

We consider here only the case when the numbers of + and — particles are equal. When
the numbers of the two types of particles are not equal there should still be a hydrodynamic
limit, but the expected limiting equation is far less simple. The same holds when there
are more than two species of particles. See [BHIM]|, [CBH] and [CMBH] for details. The
last two articles contain a large number of non-rigorous results based on simulations and
informal calculations. They are a rich source of conjectures for mathematicians. These
problems are quite difficult because unlike most problems in hydrodynamic limits, the
invariant measures of these systems are unknown. Of course, well inside the regions where
each individual species resides one expects a product of Poisson distributions. However, it
is not apriori clear that such regions exist, and anyway, all the interesting behavior in the

system is at the boundaries between the species.

2. Preliminaries.
We collect in this section a few results that may be known but we could not find a

ready reference for them.



We start with a discussion of a single particle model—reflected random walk on a
lattice region approximating a region D C R?. Let D be a bounded connected open set
in RY, d > 2, and let D, = eZ%N D for ¢ > 0. We want to construct a nearest-neighbor
continuous time random walk Wy on D.. Moreover, we want Wy to converge to reflecting
Brownian motion in D as € — 0. A natural choice for W; would be a process that jumps
to one of its neighbors with equal probabilities, after a suitable time delay. In the main
part of our project, such a process is somewhat inconvenient to deal with. We will use a
different model for a “reflecting random walk” on D., described below.

The process W is a finite state continuous time Markov process so it is fully described
by the jump distribution and holding time at each state. We start by describing its jump
distribution. Let 0D, be the set of x € D, which have fewer than 2d neighbors in D.. If
x € D\ 0D, then the random walk W§ will jump from z to any of its neighbors with
equal probabilities.

We will assume from now on that D has an analytic boundary. This is used later to get
some easy estimates on the lattice Laplacian of eigenfunctions of the true Laplacian. One
expects the results of this article to hold with much weaker assumptions on the boundary,
but we have not pursued this here.

If € is very small and z € 0D, has fewer than d neighbors in D, then this implies that
the normal vector to the boundary close to x is almost parallel to one of the axes. It is
not hard to see that by removing from D, all z € 0D, with fewer than d neighbors in D,
we obtain a set D. with the property that all € 0D have at least d neighbors in DV..
By abuse of notation, we will refer to this set as D.. Note that every point in 0D, lies at
a distance from 0D not exceeding 2¢

For x € 0D, let ' € D be the closest point to z on dD and let n(z’) be the inward
unit normal vector at z’. Let {e1 (') & n(z'),ex(x’),...,eq4(x')} be an orthonormal basis,
depending on x. Let p,, denote the probability that W¢ makes the next jump from z to

y (assuming it is at = now) and note that, by assumption,

> pay=1 (2.1)

yeDE,|m—y|:€

We want to find p,, for x € dD. so that for some ¢; > 0,

S pely—2) = an(@). (2.2)

y€D€,|x—y|:€

Note that equations (2.2) impose only d — 1 constraints because ¢; > 0 is arbitrary. Hence,
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(2.1) and (2.2) effectively form a set of only d equations, and we have at least d unknowns
Pzy- It is not hard to see that (2.1)-(2.2) have a solution.

Next we choose the holding times. For z € D. \ 0D, we let the holding time at x
have the mean h.(z) = 2. This corresponds to the usual space-time scaling for Brownian

motion. For x € dD,, the mean h.(z) of the holding time at x is chosen so that

. 1 I3 £ £
lim = D7 B((Wi, = W) ey(@))’ | Wy =) = 1. (2.3)
1<j<d

The discrete Laplacian A., i.e., the generator of the process W¢ is given by

Acf@)=h'(z) Y pey(fly) - f@). (2.4)

y€D5,|y—LE|=€

The following lemma is not used later in the paper but we state it with an informal

proof to provide an intuitive basis for the interpretation of our main results.

Lemma 2.1. Suppose that . € D, and ©. — 9 € D ase¢ — 0. If W§ = z., then
{W§,t >0} converge weakly to the reflecting Brownian motion on D starting from zg, as

e —0.

Proof (Sketch). Let {V,?,n > 0} be the skeletal discrete time random walk on D,, corre-
sponding to W . It is easy to see that it will suffice to show that ved V[i /e2] converge to
reflecting Brownian motion. Consider a small ¢; > 0 and choose r > 0 so small that for
any z’, 2" € 0D with |z’ — 2’| < 2r, we have [n(z’) —n(z’)| < ¢;. Let 74 denote the hitting
time of a set A. If B(zg,r) C D then obviously {Vs, ¢ < TB(wo,r)c} converge weakly to
Brownian motion starting from xg, stopped at the hitting time B(zg,r).

Suppose that B(xg,r) N 0D # (). Let

V,rf?l — Z (‘/j€+1 _ ‘/}E)]_V'jagal)s,

Jj<n—1

Vit = Z (Vi — ng)lerﬁDs-

jsn—1

2

The process Vjs’1 will make on the order of ¢ =2 steps before exiting B(xg,r). Since V.22 has

a non-vanishing drift in one direction (when its increment is not identically zero), it can

make only on the order of e~ steps before exiting B(xg, ). Hence, ‘7;’1 & V[ZIEQ] converges

. . e,2 df 2 . . C .
to a Brownian motion and V;”* = V[i}@] converges to a process with finite variation. The
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direction of increase of the limit of V2 is within ¢; of n(z)), as long as the process
stays within B(zg,r). We can cover D with a finite number of balls such that the
normal vectors to 0D are within arbitrarily small constant ¢; > 0 inside each of the balls.
Splitting the random walk path into pieces so that every piece is contained in one of these
balls, we can prove that the limit of 17;5 is the sum of a Brownian motion and a process
with finite variation which increases only when the process is on the boundary of D, and
the direction of increase is always perpendicular to 0D. This characterizes the reflecting

Brownian motion in D. O

We have assumed that D has has an analytic boundary. This implies that D has a
discrete spectrum for the Laplacian with Neumann boundary conditions. In the Dirichlet
case, the spectrum is discrete for any bounded open connected set D. In the Neumann
case, the spectrum is not necessarily discrete if D is bounded but has a non-smooth bound-
ary, see, e.g., [HSS]. It is quite easy to see that the spectrum is discrete for the Neumann
Laplacian when 0D can be represented locally by a Lipschitz function (see, e.g., Section
2 of [BB]). This condition on the boundary can be substantially relaxed—it is enough to
suppose that the boundary is locally represented by a function which is Hélder continu-
ous with sufficiently small exponent, see, e.g., [NS]. As we said, our assumptions on the
smoothness of 0D are much stronger than that, for technical reasons.

Let —\,, n=0,1,2,... be the eigenvalues of the Laplacian on D with the Neumann
boundary conditions, and let ¢, be the corresponding eigenfunctions. We list the same
eigenvalue more than once, if it has a multiplicity greater than 1. For a measure y on D,
we let [i, = [F dndp.

The following review of random measures is based on Section 3 of [D]. A sequence
of finite measures ™ on a space A converges weakly to p if for any bounded continuous
function f we have [, f(x)du™(z) — [, f(x)du(z) as n — co. Let Mp(A) denote the space
of all finite measures on A equipped with the topology of weak convergence, let Mj(A)
be the subspace of Mp(A) consisting of probability measures, and let Mp .(A) denote the
subspace of Mp(A) consisting of measures with total variation less than or equal to c.
Let B(D) denote the family of Borel subsets of D. Suppose that for some probability
space (9, F, P), the function p : B(D) x © — R has the following two properties, (i) for
a fixed w, u(-,w) is a finite measure on D, and (ii) for a fixed A € B(D), u(A, -) is a

random variable. Then the distribution of y is an element of M;(Mp(D)). We will refer

4

to u as a “random measure.” The space of right-continuous functions with left limits, f :
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(0,00) — A, equipped with the Skorohod topology (see Section 3.6 of [D]) will be denoted
by S((0,00),A). In this article, we will be concerned with the convergence of processes on
the open half-line (0, 00), not the usual semi-closed half-line [0,00). The convergence in
the Skorohod topology on (0, 00) is defined as the convergence in the Skorohod topology

on every compact subset of (0, 00).

Lemma 2.2. Suppose that f : D — R is a continuous (and hence bounded) function and
let a, = |5 f(z)¢n(z)dx. Suppose that ¢; < oo and p*, k > 1, are random measures
(possibly defined on different probability spaces), with distributions in My(Mp. ., (D)).
Assume that for every fixed n, limy_. ,&ﬁ = a,, In distribution. Then the distributions of

p¥ converge weakly in My(Mp(D)) to §,, where u(dx) = f(x)dw.

Proof. Let dv¥(x) = du*(z) — f(z)dz and note that #¥ — 0 in distribution as k — oo, for
every n. It will suffice to show that the distributions of v* converge weakly in My (Mp (D))
to &g, where 0 is the measure identically equal to 0. Since D is compact, so is M F.e1 (D)
and it follows that the sequence v* is tight and contains a convergent subsequence. Let v
be the weak limit of a subsequence of v*i. It will be enough to show that v = dq.

Let Gy, : Mp(D) — R be defined by Gy,(0) = | [5 ¢n(x)do(x)| A1. The functionals G,
are continuous and bounded, and distributions of ¥ converge weakly to v in M;(Mpg(D)),
so for every fixed n, EG, (V%) — EG, (v) as j — oo. By assumption, #¥ — 0 in distribu-
tion for every n, so EG,,(v) = lim;_o, EG,(v*i) = 0 for every n. Hence, v is supported
on measures ¢ € Mp(D) with the property that &,, = 0 for all n. It will suffice to show
that every measure with this property and finite total variation is identically equal to O.

Fix a non-random measure ¢ on D with a finite total variation and such that 6, = 0
for all n. Fix any Borel set A C D. It will be enough to show that [514(z)do(z) = 0.

According to the Weyl formula, \,, ~ n?/? (see [NS] for a recent strong version of this
theorem). By Theorem 1 of [G], |¢n]lco < c2AY™ 7% 50 || ]loc < cgnld—1/2d,

Let P, be the transition semigroup for the reflected Brownian motion in D and for
some fixed t > 0, let g(z) = P1a(z). Then g(x) =3, (1a)n¢n(x)e !, where (14), =

J51a(@)6n(@)de. 1f we write g(x) = 3, Gnén(@), then
19n] < |D||¢nllcce "t < canld=1)/2dg=csn® "t

Without loss of generality assume that the total variation of o is not greater than 1

and note that,
/5’¢n<x>|d\0<fv>l < |D|l|¢nllo < conld=D/24.
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This and other estimates obtained so far imply that,
Z/_|§ln||¢n(l’)|d|a(x)| < ZC4n(d—1)/2de_05n2/dt06n(d—1)/2d < oo.
n D n

Hence, we can change the order of integration and summation in the following formula,

[ otardota) = [ S ntn(a)lo ) = 3 o [ ontayiota) =o.

We have proved that [5 Pi14(x)do(x) = 0 for every ¢t > 0. Clearly, |P;14(x)| < 1 for all
x, and P;14(z) — 14(x) for almost every x € D, so by the dominated convergence,

/ 1a(@)do(z) = Jim | P1a(@)do(@) = 0. 0

D t—0

The following result is completely elementary so we leave its proof to the reader.

Lemma 2.3. Suppose that for every € > 0, we have a real valued process {R°(t),t > 0}
which is equal to R (t)+ R5(t) + R5(t), and these processes satisfy the following conditions.
(i) For every € > 0, t — Rj(t) is right-continuous and non-decreasing a.s.
(ii) For every fixed t > 0, the family {Rj(t),e > 0} is tight.
(iii) For every fixed t > 0, supg<s<, |R5(s)| converges to 0 in distribution, as ¢ — 0.

(iv) For every t > 0,

lim sup lim sup P ( sup |R5(t2) — R5(t1)| > (52> =0.

61,62—0 e—0 0<ty,t2<t,[t1 —t2|<0y

Then the family {R¢,e > 0} is tight in M;(S((0,00),R)).

3. Main results.

We will now describe the main object of our study, a particle system. Our description
will be partly informal because this will make it more accessible without loss of rigor.

The state of the particle system at time ¢t > 0 will be encoded as an integer-valued
random function 7(t) = n,(t) on D.. We will often suppress ¢ in the notation and write 7,
with the convention that if n(z) = n, > 0 then there are 1, particles of type + at xz € D,
and 7, < 0 signifies the presence of 7, particles of type — at x. Obviously, 7, = 0 means
that there are no particles at . Since + and — particles annihilate each other, we do not
have to have a notation representing both types of particles at the same site of D.. We

assume that there are N particles of type + and N particles of type — for every t.
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The easiest way to describe the evolution of 7 is to use the particle picture. Each
particle performs continuous time symmetric simple random walk (defined in Section 2),
independent of other particles, until one of the particles hits a particle of the other type.
When a particle jumps to a site occupied by at least one particle of the different sign, two
particles of opposite signs annihilate each other. At the same time, one particle is chosen
uniformly from the family of + particles and one — particle is chosen uniformly as well.
Each of the two particles splits into two offspring of the same type as the parent, so that the
number of particles of each type remains constant. The particles move independently until
the next annihilation and birth event, and the evolution continues in the same manner.
From the point of view of the mathematical description of the model, it is more convenient
to represent the “annihilation and birth” event as a jump of the annihilated + particle to
a randomly chosen + particle, and the same for the annihilated — particle.

In the above description of the dynamics of the system, when we say that a particle
is chosen “uniformly,” it means that we choose one of the N particles with the same
probability 1/N; in other words, a particle that is annihilated may be the one that splits
into two offspring. In such a case, the offspring are born at the site where the annihilated
particle resided just before the jump that lead to its annihilation. This is a different
convention than in [BHM] but this convention will simplify some formulas and, of course,
it makes little difference when N is large.

The informal description given above can be rigorously expressed in terms of the
generator L = L. for the process. Let a™ = max(a,0) and ¢~ = max(—a,0). The
configuration 7 such that 7, = 1 and 7, = 0 for y # z will be denoted 6. The formula for

the generator L of the process 7 is

Lim = Y b @pe{ni 1,20 (f01 - 8. +6,) — f()

w,yeDE,|x—y|=€

+ Uil{nySO}(f(ﬁ + 0 — 52}) - f(77))
0 L, <oy N2 ) mlny (F(n = 00 + 6y + 6 — 6u) — f(n))

u,VED,

0 Loy N2 D mnd (F(n+ 60 = 8y = 8u+0,) = () |-

u, €D,

The normalized particle density u(z,t) = u™N'¢(x,t) is defined by u(z,t) = N~te~n,
for z € D,. Typically, we will be interested in the population size of order N ~ ¢?. Let P,
denote the heat semigroup on D, corresponding to the reflecting Brownian motion, and for

a measure p on D, let Py denote the measure with the density [ Pi(z, - )du(x). When
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=72 cp. eduN#(x,0)8, and 6, denotes the probability measure with the unit mass at
x (by abuse of notation), then we will write Piu’*(0) to denote Piyu. In other words,
PuN<(0)dy = > weD. uVe(x,0) Py (z, y)dy.
For a measure p on D, we define Ji to be ciu where ¢ = ¢(p) is a normalizing constant
chosen so that the total variation of 7z is equal to 2. For definiteness, we let @ = 0 if p = 0.
For the meaning of M;(S((0,00), Mr(D))), see Section 2.

Theorem 3.1. Suppose that ¢ — 0 and N — oo in such a way that c;e~% < N < coe™¢

for some constants 0 < ¢; < ¢y < 0o. Assume that D has an analytic boundary, u™¥¢(z,0)
are non-random, and for some signed measure j1 on D which does not vanish identically,
> wep. EMuNe(2,0)8, — p in Mp(D) as e — 0. Then, as e — 0,

Z e e (x, )6, — P — do, in My (S((0,00), Mp(D))).

The symbol dg in the last formula refers to the process identically equal to the null
measure.

Note that we have not assumed that the total variation of u is equal to 2. The total
variation of p cannot be larger than 2 but it can be smaller than 2 when the particles are
tightly interspersed at time 0. If the total variation of y is less than 2, then for small €, the
particle configuration has an almost instantaneous jump at time 0 to a configuration that
approximates fi. For this reason, we obtain convergence only in M;(S((0,00), Mr(D))),
not in M (S([0,00), Mp(D))).

The assumption that u”¢(x, 0) are non-random measures is easy to remove—we added
it for technical convenience only.

Theorem 3.1 is a special case of Theorem 3.2 below. We need some more notation to
present this more general result.

Recall from Section 2 that —\,,, n = 0,1, 2,... are the eigenvalues of the Laplacian on
D with the Neumann boundary conditions, and ¢,, are the corresponding eigenfunctions.
For a measure pu on D, we write fi, = f5¢ndu. For a function f : D, — R we let
(f,g) = & > wep. f(x)g(x). The Fourier coefficients for the “density” wu(z,t) will be
denoted u,, = U, (t) = (u(t), ¢n,). In other words, 1, is the n-th Fourier coefficient for the
measure » eduN# (2,1)6,.

Note that if > p edulN(2,0)6, — p in Mp(D) as ¢ — 0, where p is a signed
measure that is not identically equal to 0, then for some n there exists a > 0 such that

|4, (0)] > a for sufficiently small € > 0 (see Lemma 2.2 and its proof).
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Theorem 3.2. Suppose that ¢ — 0 and N — oo in such a way that c;e=% < N < ¢coe ¢

for some constants 0 < ¢; < cg < 00. Assume that D has an analytic boundary and for

some n there exists a > 0 such that infy . |4, (0)| = a. Then, as e — 0,

Z euN e (x, - )6, — PulN=(0) — o, in My (S((0,00), Mp(D))).

Proof. The proof will be divided into several steps.

Step 1. In this step, we will show that for z € D, and f(n) = n.,
Lef(n) = An: + Vi, (3.1)

where V = V.(n) is the (normalized, instantaneous) jump intensity for the particle system

in state 7, defined by

V=2N""! Z hgl(x)pmy(nil{ny<0} + 77;1{77?,>0})7

$7y€D57|x_y|:E

and

Atf(x)= Y (W Wy f(y) = (@)pay f ().

YEDe,|ly—x|=¢

This operator is the adjoint of the discrete Laplacian A, given by

Acf@)y=ht=) Y. puy(fy) = fl2).

y€D€,|y—IE|:€

Fix some z € D, and let f(n) =n,. Then

Lf(n) = Z ha_l(x)pxy{n;_]-{nyzo}(l{y:z} - l{x:z}) (3‘2)

z,yED.,|lz—y|=¢
+ 1z 1, <0y (Ma=z) — 1{y=2})

+ 77;_1{7734<0}N_2 Z n:n;(l{y:z} + 1{u:z} - 1{:1::2} - 1{1}:2})
u,vED,

+17 Ly, >0y N 72 Z Mo My (Lamzy + Lpomzy — Lyy—sy — l{u:z})}'
u, €D,
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The sum of the terms in (3.2) with the indicators 1;,—.) is equal to

> b (2)psy [ =1 1,201 + 12 L, <o) (3:3)
yED,,|z—y|=¢

3 1, <o) N2 D mdny i1, N2 mjnﬂ

u,vED, u, V€D,
= Z he_l(z)pzy [ - ﬂjl{nyzo} + 1. L{n, <0
yeDE7|Z_y|:€
~ 1 L, <) N TEN? 0T L, 50 NN
== Z he ' (2)payns.
yGDE,|zfy|=€
A similar calculation shows that the sum of the terms in (3.2) with the indicators 1y,—.)

is equal to

Z h;l(x)pwznm. (3.4)

€D, |z—x|=¢

The sum of the terms in (3.2) with the indicators 1y,—.3 is equal to

> b @)pay [nil{nyw}N*Q S ning =l s N2 Y 77;773](35)

z,yED.,|lz—y|=¢ veD, veD,

= > ho ' (2)pay [n;ﬁl{ny@}N‘anN — N, l{ny>0}N‘2n;N}

m:yEDa:W—y‘:E

= (1/2)Ven..

Similarly, the sum of the terms in (3.2) with the indicators 1y,—.y is equal to (1/2)V.n..
Combining this and (3.2)-(3.5), we obtain (3.1).

Step 2. We will now derive estimates for the Fourier coefficients of u. Note that 7 is a finite
state continuous time Markov process. Hence, it is elementary to check that the Fourier

coefficient u,, satisfies the following stochastic differential equation
dt, = Lu,dt + dM,, (3.6)

where M, (t) is a martingale. Since ¢,, is the n-th eigenfunction, A¢,, = —\,¢,, where
A is the Laplacian on D with the Neumann boundary conditions. Recall that we have
assumed that D has an analytic boundary. It was pointed out in [BP] that in view of
Theorem 5.7.1° on page 169 of [M], if the coefficients of a second order elliptic equation are

real analytic on a bounded analytic domain D up to the boundary, then for every point z
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on 0D there exists a ball B centered at z such that solutions of the elliptic equation can be
extended to be real analytic functions on B. This and (2.1)-(2.4) imply that there exists

a series expansion for ¢,, that yields

Actn(@) = Apn(2) + Ve () = =Andn (@) + P (),

where Y. (z)| < ¢(n)e. We have Ln, = A¥n, + Vn, and

= (U, ¢n) = Y N7'e Mnugn(x) = N7' Y nadn(

rED, rED,

SO

Li, = Nt Z (Lnx)(bn(x) (37)

rzED,

=N"" Z Ne)Pn(x +N_1 Z (Vnz)dn()

zeD. zED,.

=N > ( > (b W)pyany — b 1(x>pccy77w)) Pn ()

€D: \y€D:,|y—z|=¢

+ NV ()

x€D,

=N~ Z ( Z (hs_l(l')pwyﬁbn(y) - hel(x)pwy¢n($))) Tz

z€D: \y€D.,|y—x|=¢

+ N~V Z nx(bn(x)

€D,
=N n(Actn(@) + VNS nudnla)
z€D, €D,
=N Y (= Audn(@) + e (@) + VN7 Y ()
z€D. zeD,.

— (V - )\n)an + \I'e,na

where |V, ,| < c¢(n)e. Note that

E(M,(t+5) — M,(t))?

M Bt 4 5) — )~
because

i [E (1, (t + 5) — 0, (t))]? _ 0

s=0 Bl(tn(t +s) — 0n(t)?]



It follows that .
EMA0) = [ ElA,(o)ds (3:5)
0
where A,, = A, (t,n) is given by the following formula,
Ap = 1im B[(tn (t + 5) — in(t))?]

=N R @1, 20160 (y) — 6n(@))?

z,y€D,,|lr—y|=¢
+ n;l{ny§0}(¢n($) - ¢n(y))2

+ 77;1{711,<0}N_2 Z 771—1_771;_ (n(y) — Pn(z) + dn(u) — ¢n(v))2

u,vED,

0 L) N2 0 (6 (@) = du(y) = 6nlu) + 6 (v) ],

u, €D,

This implies the following bound for A,,, for small ¢,
Ay SaNTW(E Va5 + lonllZ) < BNV, (3.9)

where 3, < oo depends on ¢,, and V stands for the usual gradient acting on functions
defined on RY. Tt follows from (3.6) and (3.7) that

t t s t s
i (1) = edo (VOI7An)ar (an(0)+ / ¢ Jo VO gy / e Jo (V(T)_A")dr\llan(s)ds>
0 0

t t t ¢ ¢
:an(o)efo (V(r)—An)dr+/ o) (V(T)—An)drdMS+/ o). (VOI-Mnddrg (94
0 0

9 G (0)edo VAN LB (1) 4 R (0), (3.10)

In view of (3.8) and (3.9), we have

E[R2 (1)) = E [ / = fﬁ(v(”‘“)”An(s)ds}

0

t t
<B.N'E [/ V(s)e” J (V(T)_A”)drds} .

0

We have
/t V(S)e2 f:(V(r)—)\n)drdS
0
t + t
_ )\n/ 2SO g 9 <62 Jo Vo =xayar 1)
0
< 0262 fot V(T’)dr7
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where ¢ depends on ¢ and n. Thus, for some ¢3 that depends on ¢t and n,
Lo [tV
E[R} ()] < csB,N'E [/ 2 v ’”ds} :
0
For the second remainder, we have the following estimate,

BIRE (0] < (sup w2, o) | [ = Jrvinaeyy

s<t 0

t t
< C(n)252E [/ les (V(T)’\”)drds} .

0
Hence,
E[(Rp1(t) + Rpo(t)?] < (e3BuN~! + ¢(n)%?)E [62 Js V@”)d’"} . (3.11)
Recall that for some n there exists a > 0 such that infy . |4, (0)] = a. Let ng be the

smallest n satisfying this condition. It follows from (3.10) and (3.11) that

E

Suppose that N is large enough (and, consequently, ¢ is small) so that
2(c3fBny N~ + c(ng)?e?) < (1/2)ae? ot

Since || ¢, [loo < 00 and €2 |u(x,t)| = 2, we obtain

[ing (1)] =

13 ule, )by ()

xeD,

§ Cq.

By (3.12), (3.13) and (3.14),

a26—2)\nOtE |:€2 fo V(T)dT:| < E

. 2
(ﬁno (O)Bfo (V(T)A"O)dr> ]

t 2
<2k (ano (t) - fLno (O)Gfo (V(T)_)‘no)dr)

< 2(e3Bng N7 + c(ng)?e?E |:62 Jo V(T)dT] +2¢2
< (1/2)a%e P nolE [62 Js V“")drl +2¢2,

14

. 2 .
(ano (t) - ano (O)efo (V(T)—An())dr) ] < (CSBnON_l —|—C(7L0)2€2)E |:€2 fO V(r)dr:| . (3.12)

(3.13)

(3.14)

+ 2B (tin, (1))



SO

E [62 Jo vmﬂ < 4cda" 2 ot (3.15)
Note that Pt/uTO) = e !0, (0) and let v(z,t) = efo VN,E(T)dT(PtuN’E(O))(x). We
combine (3.10), (3.11) and (3.15) to see that if N — oo (and, therefore, ¢ — 0), then for
every fixed n and ¢t > 0, 4, (t) — 0,(t) — 0 in distribution. Then Lemma 2.2 shows that
S et (2, 1)d, el V@A N (0) S Se, in My (Mp(D)). (3.16)
z€D,

Step 3. It is not obvious that the normalization of Pu®¢(0) in (3.16) is the same as
in the statement of Theorem 3.2. It is conceivable that a sizeable proportion of positive
and negative particles are tightly interspersed so that their masses cancel each other in
the limit. We will show that this is not the case—intuitively, the two populations occupy
disjoint parts of D.

Let Bs(x) denote a hypercube in D, centered at z, with side length §. We will
consider only § > . We set

As(t,x) = min Z ny, Z Ny
yEB;s(x) yEBs(x)

Note that if ¢ < §/2 and & € D; then Bs(x) contains at least (6/2¢)? sites y € D,. Fix an
arbitrarily small ¢y > 0. Suppose that for some Bs(x), we have As(t, ) > co(6/2¢)?. Given
this assumption, we will show that the number of (+ and —) particles that are located
in Bs(x) at time ¢ and collide with a particle of the opposite sign before time ¢ + 62 has
expectation greater than c¢;As(¢, z). Suppose without loss of generality that there are fewer
+ than — particles in Bs(z) at time ¢, i.e., As(t,2) =>°, cp; () n;-. Consider independent
continuous time reflecting random walks Yy, 1 < k < As(t,z), starting from the same
points as the locations of the 4 particles at time ¢ in Bs(z). The distribution of a process
{Yi(s),s >t} is the same as for a single particle in our process 7, except that Y;’s do not
interact with other particles. For k < (1/2)(5/2¢)¢ A As(t, z),

P(Yy(t+06%) # Yi(t +6%),1 <j <k —1)>p >0,

where p; depends only on the dimension d. This implies that with probability ps, the
number of different sites occupied by Y3 (t+62), 1 < k < As(t, x), is greater than co(6/),

where po, co > 0 depend only on d and cg.
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Choose As(t,x) locations of the — particles at time ¢ in Bs(x). From each of these
points, start a continuous time reflecting random walk Zj. Assume that Zx’s, 1 < k <
As(t, ), are independent, and they are independent of Yj’s. Suppose that the number of
different sites occupied by Yz (t + 62), 1 < k < As(t, ), is greater than c3(5/¢)? and call
the set of these sites I'. Then it is easy to see that with probability greater than ps > 0,
the number of distinct sites in I' occupied by Zy(t + 62), 1 < k < (c2/2)(8/¢)¢, is greater
than c3(6/e)e.

Suppose that there are at least co(5/€)? sites in I and the number of distinct sites in T
occupied by Zj(t +62), 1 < k < (c2/2)(6/€)?, is greater than c3(6/¢)?. Find the first time
t1 > t when some Y}, and Z; occupy the same site and call these particles “eliminated.”
Then, by induction, find the smallest ¢,, > t,,—1 when some non-eliminated Y} and Z;
occupy the same site and eliminate this pair of particles. Note that the total number of
eliminated pairs by the time t + §2 cannot be smaller than (c3/2)(5/¢).

Now we return to our original model, with interactions between particles. Consider
the set of + and — particles in 7 that reside at the same locations as Yj;’s and Z;’s at time
t in Bs(x). Choose from this set a pair (Q4,Q—) consisting of a + and a — particle and
suppose that it would have been “eliminated” in the scheme described above, i.e., if these
two particles had been Yj and Z; for some k and j. If 4 and )— do not meet before
time ¢ 4 62, it means that one of these particles must have met a particle of the opposite
sign (different from @, and Q_) before time t + 62, and hence at least one of particles
Q4 and Q_ has a jump before time ¢ + §2. Thus, with probability greater than paps > 0,
there will be at least (c3/4)(6/¢)? jumps between times ¢ and ¢ + 62, by particles that are
located in Bs(x) at time ¢, assuming that As(t,z) > co(d/2¢)9.

Let K(t) be the number of collisions before t. Then EK(t) = (N/2)E fg V(s)ds. Let
Hs(t) = {x € Ds : As(t,z) > co(6/2¢)?}. We see that for some ¢; depending on co,

[t/6%]-1
EK({t)> > E >  alAs(ké® )]
k=0 :L‘GH(;(]C52)
For the same reason, for s € [0, §2],
[(t—s)/5%]-1
EK({t)> > E Y  afAs(kd® +s,2)]
k=0 weHy (k8?)
Hence,
t—26°
EK(t) > / 52E Y ealhs(s,2)]ds. (3.17)
62
z€Hs(s)
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For a function f on D. let E(2,0, f) = > cp; () f(y). Recall that u, = u(z,t) =
N—1e=dp,. We have

2(x, 0, [ug|) — |E(z, 6,u)| = 2N ~Le~4A5(t, ). (3.18)
If © ¢ Hs(s) then either

Z Ny < co(6/2¢)? or Z Ny < co(0/2¢)°.
yEBs(x) yEBs(x)
Hence,
> (Bl d |ud) =B, 0 u))) < Y co(6/2) < > eo(8/26) < coeas™?, (3.19)

¢ Hs(s) ¢ Hs(s) z€Ds

where ¢4 is a constant depending only on D. Recall that N > cze~¢. In view of (3.15),
(3.17), (3.18) and (3.19),

t—262
E / (2— Z ]E(z,&,adus)]> ds]
52 xEDs
t—262
_E/ S B, 8, |etus]) — |2, 6, %)) ]
xEDs
t—262
=c¢'E / Z (E(x, 6, Jus|) — |= (:U,(S,us)|)ds]
z€Ds
t—262
iy / S (B 6, [ual) — 12z, 6,us)])ds
z¢Hs(s)
t—262
+¢lE / > (El, 6, |u]) = |E(2, 6, us)])ds
x€Hs(s)

t—262
< coeat + 26°F / Z N~teAs(s,z)ds
x€Hs(s)

< coeat + 2c6 N 1P EK ()

t
= cocat + 2¢66°E {/ V(s)ds]
0

< coeat + 762, (3.20)

where ¢7 depends on ¢y. For a fixed t > 0 and n > 0, we can find ¢y > 0 and J,, € (0,27")
so small that the right hand side of (3.20) is less than 27". Let 7,, be the set of s € [0, ]
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such that for € < 9,,

E|2- Z 1Z(x, 6, e%uy)|| > n?27".
xED(;n
Then, by (3.20), |7,,| < n~2. Choose arbitrarily small ¢, > 0 and let ng be so large that
> nsng [Tnl < e Let T = (0,8] \ U,y5p,, Zn- For s € 7, and € < 4y,

Pl2- Y |E(z6e%u) >n*27" | <n . (3.21)

$€D§n

dyN-¢(x, )5, con-

By passing to a subsequence, if necessary, we may assume that ) D.€
verge in My(Mp(D)). It follows from (3.21) that any limit of Y- ., e®u™*(x,5)d, is
supported on measures with the total variation 2, for every s € 7. Since ¢, > 0 in the def-
inition of 7, is arbitrarily small, we obtain the same conclusion for almost every s € [0, t].

This and (3.16) imply that for almost every s > 0,

> euN=(x, 5)5, — PaulN<(0) — o, in M;(Mg(D)). (3.22)
xED,

Step 4. Next we will show that the convergence holds not only for every fixed ¢ > 0 but
also in the Skorohod topology on Mi(S((0,00), Mz(D))). Fix a smooth function ¢ on D
and let wf = wy = (u¢, ). We will show that the family of processes {w®, e > 0} is tight in
M;(S((0,00),R)). In order to prove that, we will first derive some estimates for w; similar

to the estimates for u,,. We have
dwt = Lwtdt + dM(p, (323)

where M (t) is a martingale. Since ¢ is smooth, there exists a series expansion for ¢ that
yields
Acp(z) = Ap + Pe(x),

where ¢ (2)| < coe. We have Ln, = Aln, + Vn, and

we = (u,0) = Y N'e"Inp(@) = N7 nap(
zeD, xeD,
SO

Lw=N""%" (Ln)p(x) (3.24)

reD,
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=N"'> (A @)+ N7 (Via)e(x)

zeD, z€D,.

=N"1 Z Z (h;l(y)pyzny — hg_l(x)pzynm) <p(x)
z€De \y€D:,|y—z|=¢
NV Y npe(x)
€D,
=N (T @peey) — b @)y (@) | e

z€De \y€D.,|y—a|=¢

+ N7V Z Nz ()
xeD,

=N D) ne(Acp(2) + VN> naip(a)
rzED, rzED,

=N a(Ap(@) +ve(@) + VN LS ()

rED, €D,
= (u, Ap) + V. + Vuw,

where |U.| < c,e. Note that

_ /0 " BlAL (5)]ds, (3.25)

where A, = A, (t,n) is given by the following formula,
Ay = lim El(w(t + 5) — w(t))’

=N Y @ {20 (0) — ¢ (@)

m,y€D€,|:c—y|=E
+ 1, L, <ot (0(@) — (1))

+d L, <y N2 Y mdny (0(y) — () + o(u) — ¢(v)”
u,vED,

+ 15, Ly, >0p N2 Z M 1 ( —o(y) — p(u) + w(v))2}~
u, €D

We obtain the following bound for A, for small e,
Ay SaNTV(EEVells + llell) < ANV, (3.26)

where 3 < oo depends on ¢.
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It follows from (3.23) and (3.24) that
“V(r))d ! “V(r)d ! “V(r)d
w(t) = eJo VT (w(O) + / e Jo VOl g 4 / e Jo VOl (14 Ay (s) + \Ils(s))ds)
0 0
t t t t t
:w(o)efo V(r)dr+/ o). V(r)drdMS+/ o). Vg (s)ds
0 0
t t d
—|—/ efs vir) "(u, Ap)(s)ds
0
9 (0)edo VU L R (1) + Ro(t) + Rs(t). (3.27)

In view of (3.25), (3.26) and (3.15), we have

E[R(t)] = E [ / el V“"“’“An(s)dsl

0

- )
< BN'E /V(s)ezfs V(r)drds]
LJo

= 8N "'E _(1/2) <62 Javar 1)}

< CgﬁN_lE 62 fo V(r)dr‘|

This implies that

E[ sup R%(s)] < 4E[R3(t)] < dcge®* ol N7L
0<s<t

A similar calculation and (3.15) show that

t t
Bl sup B0 < (sup w2eDE | [ SOV a] < e
0

0<s<t 0<s<t

Hence,

B[ sup (Ra(s) + Ry(s))?] < (N1 + &%), (3.28)

where cg depends on ¢ and .
For the last term on the right hand side of (3.27), we observe that for 0 < ¢, < t5 <t,

Ra(tz) — Ra(t)| = | [ el2 VO, Ag)(s)ds

t1
t to
SprUW”/|mA@@m
0<s<t t
t
d
< ereds VO Aoty — ).
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In view of (3.15),

lim sup lim sup P ( sup |R3(t2) — R3(t1)| > 52) = 0.

61,02—0 €—0 0<t1,t2<t,[t1 —t2|<d1

This, (3.27), (3.28) and Lemma 2.3 show that {w®,e > 0} is a tight family of processes
in M;(S((0,00),R)). Since smooth functions are dense in the set of continuous functions
on D and the sum of two smooth functions is smooth, Theorem 3.7.1 of [D] shows that
the family of processes {ZmeDg eluN=(z, - )d,,e > 0} is tight in M;(S((0,00), Mp(D))).
Since {Pyu™N¢(0),e > 0} are tight and the process t — P,uN:¢(0) is a continuous function

with values in My (D), completely determined by Pyu™¢(0), we conclude that

{ Z euMNe(x, )0, — PulNe(0),e > 0}

rED,

is tight in M1 (S((0,00), Mp(D))). By (2.13), any convergent subsequence of this family
must be identically equal to dg, by the right continuity. O
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