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Origami has recently received significant interest from the scientific and engineering commu-

nities as a method for designing building blocks of engineered structures to enhance their

mechanical properties. However, the primary focus has been placed on their kinematic ap-

plications by leveraging the compactness and auxeticity of planar origami platforms. In this

thesis, we study two different types of volumetric origami structures, Tachi-Miura Polyhe-

dron (TMP) and Triangulated Cylindrical Origami (TCO), hierarchically from a single unit

cell level to an assembly of multi-origami cells. We strategically assemble these origami

cells into mechanical metamaterials and demonstrate their unique static/dynamic mechan-

ical responses. In particular, these origami structures exhibit tailorable stiffness and strain

softening/hardening behaviors, which leads to rich wave dynamics in origami-based architec-

tures such as tunable frequency bands and new types of nonlinear wave propagations. One

of the novel waveforms investigated in this thesis is the rarefaction solitary wave arising from

strain-softening nature of origami unit cell. This unique wave dynamic mechanism is ana-

lyzed in numerical, analytical, and experimental approaches. By leveraging their tailorable

folding mechanisms, the origami-based mechanical metamaterials can be used for designing

new types of engineering devices and structures, not only for deployable space and disaster

relief applications, but also for vibration filtering, impact mitigation, and energy harvesting.
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Chapter 1

INTRODUCTION

Origami is the traditional Japanese art of paper folding. By introducing crease lines in

surface materials, we can fold the flat configuration into various 3D shapes. Recently, origami

has attracted a significant amount of attention from researchers due to its unique mechanical

properties. One of the advantages of using origami design principle is its drastic shape

change, which leads to compactness and deployability enabling various types of expandable

engineering structures, e.g., deployable solor panels in space [1], space solar sails [2], and

solar arrays [3]. Also, in nature, one can find such compact origami patterns, such as

foldable tree leaves [4, 5] and insect wings [6–8]. Based on the recent studies on origami

structures, the design principles for origami have been extensively studied, which enable

us to create complicated 3D shapes from sheet materials. For example, Tachi developed a

software, called “origamizer”, which creates flat craese patters from a given 3D shape [9].

Another useful aspect of origami-based structures is that origami patterns can enhance static

mechanical properties of structures. For instance, structural bending rigidity for thin-walled

cylindrical structures can be significantly improved by imposing origami-patterns [10]. These

origami patterns are used not only for space structures, but also in commercial products

(e.g., beverage cans to reduce the thickness of thin-walled structures without sacrificing

their buckling strength).

Recently, the concept of origami has been stretched to to a wider range of design princi-

ples, such as robotics [11], reconfigurable structures [12], and self-folding actuated by living-

cells [13]. In particular, origami has great potential to serve as a versatile platform for

mechanical metamaterials which are another newly emerging research topic. Mechanical

metamaterials offer a new dimension in achieving nonconventional and tailored mechanical
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properties through architectures instead of their chemical compositions [14–18]. The previous

studies have shown the potential of origami to design building blocks for constructing me-

chanical metamaterials [19–23]. In particular, a quadrangular mesh origami, e.g., Miura-ori

pattern [1], has been studied extensively, because it offers a single degree of freedom (DOF)

mechanism of folding without relying on the elasticity of materials. This structure is called

rigid (foldable) origami, and its 1-DOF motion can be beneficial for the control of deployable

planar structures, such as solar panels and sails [2, 3] and sandwich core materials [24].

In contrast to the rigid planar origami, three dimensional volumetric origami has been

relatively unexplored [25]. This is because the kinematics of volumetric origami is more com-

plicated than planar ones, often deviating from rigid foldability. In the context of designing

practical engineering applications, such as deployable space structures, space habitat, and

foldable archtectures for disaster-relief activities, the volumetric structures have great ad-

vantage over the planer structures. In this thesis, we adopt two different origami structures

as a building block of mechanical metamaterials to achieve enhanced mechanical properties

such as tunable stiffness, wave filtering, and effective impact mitigation. One of the origami

structures to investigate is the Tachi-Miura Polyhedron (TMP), which is a bellows-like 3D

origami structure based on Miura-ori cells [26, 27] (see Fig. 1.1A for the folding motion of

the TMP unit cell). Lateral assembly of Miura-ori cells in the form of Miura-ori sheets has

been previously explored for the construction of metamaterials [19]. However, there have

been limited efforts to study the cylindrical derivative of Miura-ori in the form of TMP [28].

In contrast to 2D origami structures such as Miura-ori sheets and waterbomb [29], the TMP

holds a volume that changes continuously from zero to a certain value, and then it returns to

zero again at the ends of the folding motion (see Fig. 1.1A). This implies that we can obtain

a very large stroke from its folding motion, which is useful in designing actuators and impact

absorbers. Also, compared to other origami-based cylindrical structures [30–34], the TMP

has a unique feature of rigid foldability. That is, the deformation takes place only along

crease lines instead of relying on the elasticity of materials. Therefore, the structure can

consist of only rigid panels and hinges without incurring bending of planar origami surfaces.
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A

B

Figure 1.1: Volumetric origami structures. (a) Tachi-Miura Polyhedron (TMP), and (b)
Triangulated Cylindrical Origami (TCO).

The other volumetric origami structure that we investigate is the triangulated cylindrical

origami (TCO) [10,30,31,34–37], which can develop coupled dynamics of axial and rotational

motions during folding (Fig. 1.1B). What makes this volumetric origami structures more ap-

pealing is this coupled behavior of folding and deformation, which can result in versatile

kinematic and dynamic motions. For example, the wave-mode switching via wave mixing

effects has been reported based on a similar 2-DOF system [38]. Also, isolation of stress wave

in a coupled system has been investigated in a helicoidal setting of phononic crystals [39].

These studies have demonstrated unique wave manipulation based on the coupled behav-

ior numerically. However, the experimental realization of such unique wave dynamics has

been relatively unexplored due to the difficulty in building the wave medium with coupled

dynamic motions. Therefore, building such a versatile platform will be of immense signifi-
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cance, potentially providing the breakthrough in the research field of stress wave control and

management. In addition, unlike the TMP, the conventional bellows-like structures (e.g.,

accordion) generally inherit a highly nonlinear elastic behavior, making the aforementioned

rigid foldability observed in TMP no longer valid. While this multi-DOF behavior with

deformable surfaces poses formidable challenges in the analysis of volumetric origami, the

TCO architecture can also offer a rich playground for forming and validating a variety of

nonlinear wave dynamics.

In this thesis, by studying the two volumetric origami structures: the TMP and TCO,

we design and analyze the origami-based mechanical systems in terms of their static and

dynamic mechanical responses. For the static response, we first examine the kinematics of

the TMP unit cell, specifically the Poisson’s ratio, and we find that the TMP can exhibit

negative Poisson’s ratio, which can be utilized to manipulate wave propagation [40]. Then,

we investigate the relationshp between axial force and displacement. Interestingly, by con-

trolling geometrical parameters such as height and angle between the crease lines, the TMP

structure shows negative stiffness as well as tunable stiffness. Previous studies reported that

structural instability can be used to achieve tailored damping characteristics in mechanical

metamaterials [41,42]. Therefore, this finding can lead to engineering devices dealing with vi-

brations and impact. Also, this tunable response can be further exploited to design foldable,

yet highly stiff structures depending on the initial configuration of the structure. In addition

to the TMP, we also study the static response of the TCO unit cells. We investigate the

mechanics of volumetric origami, specifically demonstrating that the behavior of this TCO

can be predicted analytically by modeling its deformable surfaces into the network of truss

elements and by applying the minimum potential energy principle. We find a rich tunability

in this TCO structure, which enables the design of monostable/bistable, zero-stiffness, and

bifurcation structures from one-parameter family of the initial geometry.

Next, based on the static analysis of the TMP and TCO unit cells, we design a periodi-

cally arranged one dimensional chain composed of the TMP or TCO unit cells, and analyze

linear/nonlinear wave propagation in this origami-based system. Although the dynamic
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analysis on origami-based structure is the natural next step to investigate, the connection

between the origami crease pattern and the dynamic folding/unfolding behavior of origami

itself has been relatively unexplored [24, 33]. In particular, very few experimental studies

have been reported [2, 43]. One of the reasons is that the primary focus has been placed on

the static or quasi-static properties of origami, and limited work has been reported on the

dynamic response of origami-based structures [24]. Another reason is the intrinsic character-

istic of typical origami structures, which exhibit limited DOF during their folding/unfolding

motions. This is particularly true for rigid origami, in which the deformation takes place

only along crease lines, while origami facets remain rigid in dynamic conditions. The rigid

origami features single-DOF motions ideally, and thus, the studies on their wave dynamics

have been more or less absent under this rigid foldability assumption. In this study, we

use the TMP/TCO unit cell as a building block to assemble multi-DOF mechanical meta-

materials, and we analyze their frequency band structure in the first place. The numerical

and analytical results show the formation of frequency band gap, which forbids a certain

frequency components propagating in the structure, when the chain is composed of two dif-

ferent configurations of the origami unit cell. In addition to this frequency band gap, for the

TCO-based system, we observe the wave mixing behavior due to the coupling of axial and

rotational motions of each TCO unit cell.

Finally, we study nonlinear wave dynamics in the origami-based system, specifically im-

pact response of the system. The reason why the impact response is chosen is that one of the

common issues for engineering structures is external impact which can induce catastrophic

damage to the structures. Therefore, the effective impact mitigation is the important as-

pect of practical applications. We first consider the chain consisting of simplified TMP unit

cell for preliminary investigation because the TMP is a single DOF structure which pro-

vides a simple theoretical and numerical handling. By applying compressive impact to the

TMP-based system, we conduct the theoretical and numerical analysis, and we observe the

formation of the rarefaction solitary wave, tsunami-like nonlinear wave with tensile strain,

propagating in the chain. Interestingly, this rarefaction solitary wave propagating ahead of
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the initial compressive strain wave despite the application of compressive impact. Also, this

compressive strain wave is attenuated significantly.

While the TMP architecture offers this rich wave dynamics, the experimental fabrication

of rugged TMP systems requires highly sophisticated procedures. Thus, for the the exper-

imental verification of this unique wave propagation, we use the TCO unit cell because of

the ease of prototype fabrication. We develop both software (non-contact digital image cor-

relation technique based on Python and OpenCV [44]) and hardware (customized laser-cut

crease lines for paper sheets), and experimentally capture the rarefaction solitary wave with

overtaking behavior. As a result, we successfully verify the formation of rarefaction solitary

waves in the chain of the TCO cells. To the best of our knowledge, this is the first work to

report the existence of rarefaction solitary waves in the mechanical setting.

This thesis is structured as follows: In Chapter 2, we describe the static analysis on the

TMP and discuss negative Poisson’s ratio and tunable stiffness. In Chapter 3, we investigate

the static response of the TCO analytically and experimentally. We find the four distinctive

different behaviors: mono-/bistable behaviors, zero-stiffness mode, and bifurcation behavior.

Then, in Chapter 4 we design the chain of the TMP unit cells and analyze the frequency

band structure. Similarly, in Chapter 5, we study the wave mixing effect is studied as

well as tunable frequency band structure. In Chapter 6, the nonlinear wave propagation,

specifically the rarefaction solitary wave, is discussed numerically, and then, in Chapter 7,

we demonstrate the rarefaction solitary wave not only in numerical approach but also in

experimental approach. Lastly, concluding remarks and future work are given in Chapter 8.
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Chapter 2

STATIC MECHANICAL RESPONSE OF THE TMP

In this Chapter, we first examine the kinematics of the TMP (see Fig. 2.1(a) for the

folding motion of the TMP unit cell) to show the tunable characteristics of its Poisson’s

ratio. We verify analytically and experimentally the auxetic effect of volumetric 3D TMP

prototypes in bilateral directions, which is an improvement over the conventional 2D origami

structures with a single-directional negative Poisson’s effect [19, 20, 45]. Second, we inves-

tigate the force-displacement relationship in the longitudinal axis of the TMP structure to

show that it exhibits unique force-displacement curves with local minima under the re-entrant

configurations. Then, a cellular structure consisting of the TMP cells is explored to form

origami-based metamaterials with a view toward potential engineering applications. Lastly,

we examine the force-displacement relationship in other directions, and show that the TMP

unit cell can exhibit a flat-foldble, yet highly stiff configuration.

2.1 Modeling of the TMP structure

We begin with characterizing the geometry of the TMP. Figures 2.1(b) and (c) show the

folded TMP cell in slanted and top views, respectively. This unit cell consists of two flat

sheets, whose geometry can be characterized by length parameters (l, m, d) and an inner

angle of parallelogram (α) (Fig. 2.1(d)). The point Q is defined by the two crossing edges

of the front and rear surfaces as shown in Fig. 2.1(c), which passes through the quarter

line of the sheets (dash-dot line in Fig. 2.1(d)). Accordingly, the half breadth (B/2) of the

TMP cell corresponds to the distance between points O and Q along the y-axis, and the half

width (W/2) is the distance between points O and R along the x-axis (Figs. 2.1(c)). The

The texts and figures in this Chapter have been partly taken from the author’s publication [46].
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half height (H/2) of the TMP cell is also illustrated in Fig. 2.1(b). Note that the TMP cell

exhibits a re-entrant shape when the given geometrical angle α is above 45◦.

To calculate W , B, and H under various folding configurations, we consider a quarter

model of the TMP (Fig. 2.1(e)), which corresponds to the dark colored area in Figs. 2.1(b)-

(d). Here, the folding angles, θM and θS, are functions of α (determined by the given

geometry) and θG (varies by the degree of folding). It should be noted that while θM ∈ [0, 90◦]

and θS ∈ [0, 90◦], the range of α is limited to satisfy 2l − d cotα + 2m cos 2α > 0. This is to

avoid the collision between points P and P ′ during folding. Accordingly, θG ∈ [0, 2α]. The

building block for the TMP is the Miura-ori unit (Fig. 2.2). In Fig. 2.2, we define the three

different folding angles; θM , θS, and θG. There are relationships among these three angles as

Figure 2.2: (a) Tachi-Miura Polyhedron. (b) Miura-ori unit cell which is folded into (c).

CD

O0C
=

A0C

O0C

CD

A0C
⇔ tan

θG
2

= tanα cos θM , (2.1)

B1E

B1B2

=
B1F

B1B2

B1E

B1F
⇔ sin

θG
2

= sinα cos θS. (2.2)

Taking a derivative of above two equations, we obtain

dθG =

(
−2 tanαcos2 θG

2
sin θM

)
dθM , (2.3)

1

2
cos

θG
2
dθG = − sinα sin θSdθS. (2.4)
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Therefore,

dθS = −1

2

cos θG
2

sinα sin θS
dθG =

cos3 θG
2

sin θM

cosα sin θS
dθM . (2.5)

Also, the geometry described in Fig. 2.1, W , B, and H are obtained as follows:

B = 2m sin θG + d cos θM (2.6)

W = 2l + d
tanα

+ 2m cos θG (2.7)

H = 2d sin θM . (2.8)

Taking a derivative of these equations, we obtain

dB = (2m cos θG) dθG − (d sin θM) dθM (2.9)

dW = (−2m sin θG) dθG (2.10)

dH = (Nd cos θM) dθM . (2.11)

Here, we investigate the Poisson’s ratios of the TMP by defining them as

νHB = − (dB/B )

(dH/H )
and νHW = −(dW/W )

(dH/H )
. (2.12)

Differentiating Eq. (2.6) with respect to the folding angles and plugging them into Eq. (2.12),

we obtain the Poisson’s ratios as follows:

νHB =
4m tanα cos θG cos2 (θG/2) + d

2m sin θG + d cos θM
sin θM tan θM

νHW = − 4m tanα sin θG cos2 (θG/2)

2l + (d/ tanα) + 2m cos θG
sin θM tan θM .

(2.13)

To verify this analytical expression, we fabricate three prototypes of the TMP (α = 30◦,

45◦, and 75◦) by using paper. The number of Miura-ori layers used in each configuration

is N = 7, and the characteristic lengths of the prototypes are identical (l = m = 50 mm

and d = 30 mm). We conduct three measurements of B and W at each H, as we gradually

change the folding angle. We compare the measured Poisson’s ratios with the analytical

results from Eq. (2.13).
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2.2 Measurement of Poisson’s ratio and cross-sectional area

In order to verify analytical expression of the Poissons ratio, we fabricate three prototypes

of the TMP (α = 30◦, 45◦, and 75◦) by using paper (Strathmore 500 Bristol, 2-Ply, Plate

Surface, 23572). Length parameters (l, m, d) = (50 mm, 50 mm, 30 mm) are chosen.

Figure 2.3: (a) Experimental setup. (b) Digital image taken from a camera mounted on top
of a TMP prototype.

Figure 2.3 shows the experimental setup to measure the cross-sectional area of the TMP.

A glass plate is placed on the top surface of the TMP to control the height of the TMP, and

a camera captures a digital image of the cross-sectional area of the TMP from above. Based

on the digital images from a camera, we measure the breadth (B), width (W ), and cross-

sectional area of the TMP with different height (H). To measure B and W , we use Image

J software [47]. The measurement was conducted three times on each TMP prototype. In

order to obtain the Poissons ratio from the experiment, we modify Eq. (2.13). Substituting
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Eqs. (2.9) into Eq. (2.13), we obtain

νHB =
H (4m cos 2θG tanαcos2θG sin θM + d sin θM)

B (Nd cos θM)
, (2.14)

νHW = −4mH sin 2θG tanαcos2θG sin θM
W (Nd cos θM)

. (2.15)

Where θM is calculated from Eq. (2.1), and θS and θG are calculated from Eq. (2.6).

(d) l = m = 50, d = 60

�HB < 0
�HB > 0

(a) l = m = 50, d = 30 (b) l = m = 50, d = 30

(c) l = m = 50, d = 30

�HB < 0

�HB > 0

Top views

B

Figure 2.4: Poisson’s ratio change of TMP. (a) νHW and (b) νHB as a function of the
folding ratio. Insets show folded configurations of re-entrant TMP under α = 70◦ and
l = m = 50, d = 30 mm. Errorbars indicate standard deviations. Contour plot of νHB as
a function of α and the folding ratio if (c) d = 30 and (d) d = 60. The white dashed line
indicates the boundary between positive and negative νHB.

Figure 2.4 shows the Poisson’s ratios as a function of a folding ratio defined as (90◦ −

θM)/90◦. The Poisson’s ratio νHW in the case of α = 45◦, 30◦, and 70◦ are plotted in
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Fig. 2.4(a), while the insets show the folded configurations under α = 70◦. We find νHW

is always negative regardless of the folding ratio and α. On the other hand, the Poisson’s

ratio νHB related to width B is positive in the initial folding stage, and it approaches zero.

It is notable that in the re-entrant case (e.g., α = 70◦), νHB becomes negative as shown in

Fig. 2.4(b). As seen in the inset, we evidently observe that B increases and then decreases

as the folding ratio of the re-entrant TMP increases. We find excellent agreement between

the experimental and analytical results. The areal change of the TMP is also measured and

compared with the analytical predictions in the supplemental document.

The analytical contour plot of νHB as a function of continuous α and the folding ratio

is shown in Fig. 2.4(c). If α is above approximately 55◦, νHB becomes negative during the

folding motion. Fig. 2.4(d) also shows the contour plot of νHB but d = 60 mm. By choosing

a certain α angle (e.g. α = 70◦ as shown in the inset of Fig. 2.4(d)), we observe νHB changes

from positive to negative in the initial folding stage, and then it becomes positive again

around 62 %. The sign of νHB changes multiple times in one folding motion. This is a

unique feature of the TMP compared to the conventional 2D Miura-ori, in which negative

Poisson’s effect has been reported, but multiple sign flips of the Poisson’s ratio has not been

discovered [19,20,45]. Solving dB = 0, we obtain the analytical expression for the transition

between positive and negative νHB:

cos2θM =
2m tanα− d± 2

√
m tanα (m tanα− 2d)

dtan2α
. (2.16)

This boundary is plotted in a dashed curve in Fig. 2.4(c,d).

In addition to the measurement on B and H, we also measure the cross-sectional area

of the TMP. Figure 2.5 shows the cross-sectional area change as a function of the folding

ratio defined. Since both νHB and νHW approach to zero in the final stage of the folding

ratio, the change of the cross-sectional area becomes relatively small, which indicates that

the structure can be folded with small cross-section change. This feature can be exploited

for designing an actuator with small cross-section change.
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Figure 2.5: Cross-sectional area change of the TMP. Error bars indicate standard deviations.

2.3 Force-folding ratio relationship

Now we investigate force and folding ratio relationship to validate the unique force-displacement

curves of the TMP. We model the TMP by rigid plates connected by torsional spring along

the crease lines (see supplemental document for details). We consider the folding behavior

of the TMP under a uniaxial force (F ) in the z-direction. By applying virtual displacement

(δu) to the TMP and using the principle of virtual work, we obtain the following equation:

Fδu = 2nMMMδθM + 2nSMSδθS, (2.17)

where nM = 8(N − 1) and nS = 8N are the number of horizontal and inclined crease lines

related to θM and θS respectively, and MM (MS) is the bending moment along horizontal

(inclined) crease lines. Let the torsional spring constant be kθ, assuming that the torsion

spring is linear and identical throughout all crease lines. Mathematically, this can be ex-

pressed as M = 2kθ
(
θ − θ(0)

)
where θ(0) is the initial folding angle (i.e., natural angle with

no potential energy). Based on the geometry of the TMP and Eq. (2.25), the compressive
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force can be expressed as (see supplemental document for details):

F3

(kθ/d )
= − 32

cos θM

{
N − 1

N

(
θM − θ(0)

M

)
+
(
θS − θ(0)

S

) cos3 θG
2

sin θM

cosα sin θS

}
(2.18)

where the subscript, 3, indicates z-axis (see Fig. 2.1). Note that we use a normalized force

to remove the effect of spring coefficient and the dimension of the TMP.(a) θ(0) = 45o
M (b) θ(0) = 80o

M (c)
Figure 2.6: Force-folding ratio relationship. The number of layers N is 7, and initial folding
angle is (a) θ

(0)
M = 45◦ and (b) θ

(0)
M = 80◦. Illustrations indicate the folded shape of the TMP

with α = 70◦. (c) Folding ratio at local minimum point under different initial angles θ
(0)
M .

Figure 2.6 shows the force-folding ratio relationship of the TMP under different initial

conditions. When the natural folding angle θ
(0)
M is 45◦ and the number of layers N is 7,

the normalized force increases monotonically regardless of α values as shown in Fig. 2.6(a).

However, in the case of θ
(0)
M = 80◦ (i.e., a more upward initial posture than θ

(0)
M = 45◦), we

observe the TMP with α = 70◦ exhibits a local minimum point in the force-folding relation-

ship (see the solid curve in Fig. 2.6(b)). Then we investigate numerically the local minimum

points under various combinations of α and θ
(0)
M values (Fig. 2.6(c)). We observe that the

local minimum points arises when the TMP exhibits re-entrant shapes and appropriate ini-

tial folding angles are applied (minimal θ
(0)
M is 73◦ given the geometry), implying that by

changing θ
(0)
M , one can manipulate the stiffness of the TMP, particularly transform between

positive and negative stiffness regimes.
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2.4 Multi-TMP cellular structures

In this section, we explore the design of a cellular structure consisting of multiple TMP cells

(Fig. 2.7). Similar to its unit cell, this TMP cellular structure transforms from a 2D state

to another 2D configuration, while filling 3D space in the transition stage. Therefore, by

taking advantage of the unique kinematics of the TMP unit cell discussed above, we can

design a new type of 3D structures which exhibit tunable Poisson’s ratio. Figure 2.7(a)

shows the TMP cellular structure with α = 30◦, where we observe the structure stretches

in the y-direction while being contracted in the x-direction monotonically (i.e., positive νHB

and negative νHW ). If α = 70◦, it expands in the y-direction at first behaving similar to the

previous case, but past a certain threshold, it starts to shrink in all directions as shown in

Fig. 2.7(b) due to the negative Poisson’s ratios in bilateral directions. These TMP cellular

structures are also one degree-of-freedom system. Therefore all TMP cells fold and unfold

simultaneously by manipulating one parameter, folding angle θM in this study.



172 % 17 % 39 % 89 %2 % 17 % 39 % 89 %(a) α = 30o(b) α = 70ox
y
z

x
y
z

Figure 2.7: Folding motions of TMP cellular structures. The numbers show folding ratios,
and l = m = 50 mm, d = 30 mm. (a) α = 30◦. (b) α = 70◦.
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2.5 Flat-foldable, yet highly stiff configuration

In the previous section, we discuss the force-folding relationship in the axial direction. Here,

we examine the static mechanical response in the other two directions, and show that the

TMP subjected to external force in the breadth direction exhibits flat-foldable, yet highly

stiff configuration by controlling the initial shape of the structure (the conceptual illustration

is shown in Fig. 2.8).

A

B Compression

Control
    force

High stiff

Flat-foldable

3

1
2

Figure 2.8: Conceptual illustration of flat-foldable, yet high stiff origami. (a) Sequence of
unfolding behavior of the TMP unit cell. (b) Concept of flat-foldable yet high stiff multi-
TMP cellular structure is shown.

Let 1,2,3-axis be the horizontal, vertical, and depth direction as shown in Fig. 2.9A, we

first analyze the kinematic behavior by focusing on the the cross-section change. Defining

an extension ratio as

γ = θM/90◦, (2.19)
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we show the change of the width and breadth of the TMP unit cell with three different α

angles;α = 30◦, 45◦, and 70◦ (see Fig. 2.9C and D).

A B

C

Mountain

Valley

αα

1
2

3

Upper

Lower

l m

d

d
1

2
W

B

H

θM

D

Figure 2.9: Geometry of the TMP uni cell and its folding kinematics. (a) The 3D view (Left)
and cross-sectional view (Right) of the TMP unit cell. The TMP unit cell is composed of
two sheets with mountain (red line) and valley (blue line) crease lines as shown in (b). The
change of (c) Width and (d) Breadth of the TMP unit cell with l = m = 40 mm, d = 30
mm, and N = 7. The width and breadth are normalized by those values for γ = 1.

In Fig. 2.9C, the width of the TMP unit cell increases monotonically as the TMP trans-

forms from the folded configuration in the 3-axis to the flat state unfolded in the 2-axis for

all three α cases. On the other hand, for the breadth direction, the TMP with α = 70◦ shows

non-monotonic change. Let γC and θ
(c)
G be the critical extension ratio (γ) and θG angle in

which the structure takes its local maximum breadth, we obtain the critical state by solving
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dB/dθM = 0, which leads to

4 tanα cos θ
(c)
G cos2

(
θ

(c)
G

2

)
+
d

m
= 0. (2.20)

Then,

cos2θ
(c)
G + cos θ

(c)
G +

(d/m )

2 tanα
= 0. (2.21)

Please note that we can obtain the critical extension ratio (γC) by using Eqs. 2.21, 2.1,

and 2.19.

Next, similarly to the previous section, we examine the relationship between force and

displacement in 1-/2-direction. By using Eq. 2.6, we obtain

δu1 = 2m sin θGδθG (2.22)

Therefore,

F1 = − 8kθ
m sin θG

 (N − 1)
(
θM − θ(0)

M

)
tanαcos2 (θG/2 ) sin θM

+
N
(
θS − θ(0)

S

)
cos (θG/2 )

sinαsinθS

 (2.23)

Normalizing this equation, we have

F1

(kθ/d )
= − 8

(m/d ) sin θG

 (N − 1)
(
θM − θ(0)

M

)
tanαcos2 (θG/2 ) sin θM

+
N
(
θS − θ(0)

S

)
cos (θG/2 )

sinαsinθS

 (2.24)

Also, for 2-direction (i.e., breadth direction),

δu2 = − (2m cos θG) δθG + (d sin θM) δθM

= − (2m cos θG)

(
−2 tanαcos2 θG

2
sin θM

)
δθM + (d sin θM) δθM

= sin θM

(
4m cos θG tanαcos2 θG

2
+ d

)
δθM . (2.25)

Therefore,

F2 =
4kθ

sin θM {4m cos θG tanαcos2 (θG/2 ) + d}

×
{

8 (N − 1)
(
θM − θ(0)

M

)
+ 8N

(
θS − θ(0)

S

) sin θMcos3 (θG/2 )

cosα sin θS

}
(2.26)
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Normalizing this equation, we obtain

F2

(kθ/d )
=

32

sin θM {4 (m/d ) cos θG tanαcos2 (θG/2 ) + 1}

×
{

(N − 1))
(
θM − θ(0)

M

)
+N

(
θS − θ(0)

S

) sin θMcos3 (θG/2 )

cosα sin θS

}
(2.27)

Based on the analysis, we calculate the force-displacement relationship for the unit cell.

Figure 2.10A shows the force-extension ratio relationship for 2-direction for two different

initial extension ratios (γ0 = 0.71 and 0.73). Two cases show distinctive behaviors; γ = 0.73

case shows foldable behavior with relatively small force (F2), whereas γ = 0.71 case indicates

that force increases exponentially, i.e., stiffness becoming higher as we compress, which means

that it is extremely difficult to fold the structure in a practical sense. These distinctively

different behaviors are determined by the critical extension ratio (γC) obtained by Eq. 2.20.

Therefore, if we apply force (or displacement) to the TMP only in its 2-direction, the TMP

is foldable in both 1- and 2-directions (i.e., bi-directionally flat-foldable structure) if γ0 < γC ,

whereas, it becomes foldable in 1-direction yet high-stiff in 2-direction (i.e., one-directional

foldable structure) if γ0 > γC .

To examine this unique behavior for various configurations, we consider Eq. 2.21. If

the TMP shows foldable in 1-direction and increasing stiffness in 2-direction, the structure

satisfies the following conditions obtained from Eq. 2.21;

1− 2 (d/m )

tanα
> 0 (2.28)

−1 +

√
1− 2 (d/m )

tanα
> 2 cos 2α. (2.29)

Please note that θG ∈ [0, 2α]. Using these equation, we numerically examine the transition

between the two distinctive behaviors under compression in 2-direction as shown in Fig. 2.10B

where the blue region indicates that the TMP is bi-directionally flat-foldable, whereas the red

region shows the flat-foldable in 1-direction yet increasing stiff configuration in 2-direction.
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A B

Only flat-foldable 
configuration

 High stiff 
 configuration exits

Foldable
Increasing
stiffness

Figure 2.10: Analytical predictions of the folding behavior of the TMP. (a) Force-extension
ratio relationship for the two different configurations of the TMP: The initial extension ratio
of 0.71 and 0.73. The inset illustration shows the shape of the the TMP for each extension
ratio. (b) We numerically examine whether the TMP exhibits the increasing stiffness by
changing the angle (α) and the length ratio (d/m). The numerical results are plotted as the
phase diagram where the blue region indicates the bi-directional foldable states, whereas,
the red is the high stiff configuration.

2.6 Conclusion

In conclusion of this Chapter, we investigated unique kinematics of origami-based 3D struc-

tures based on the Tachi-Miura Polyhedron (TMP). We found that the Poisson’s ratio of

the re-entrant TMP can be tuned to exhibit negative values in bilateral directions under the

strains along the stacking direction. Also, the re-entrant TMP can exhibit force-displacement

relationships in contrast to normal TMP configurations. The findings in this study can form

a foundation in designing and constructing a new type of mechanical metamaterials, which

feature controllable auxeticity and structural stiffness. These 3D cellular structures offer

an enhanced degree of freedom in structural responses, showing great potentials for various

engineering applications such as space structures and impact absorbers.
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Chapter 3

STATIC MECHANICAL RESPONSE OF THE TCO

In this Chapter, we investigate the mechanics of volumetric origami, specifically triangu-

lated cylindrical origami (TCO), which can develop coupled dynamics of axial and rotational

motions during folding (Fig. 3.1a). Despite its simplicity, we find a rich tunability and ex-

pandability it offers for the construction of mechanical computing units. The tunability of

the TCO can be achieved in two different ways, 1) altering its initial geometry and 2) ap-

plying pre-compression, and we demonstrate the tunable behavior from single unit cell level

to multi-cell level.

3.1 Modeling of the TCO structure

The TCO consists of repeating triangular arrays, which are characterized by valley crease

lines (length a) and mountain crease lines (length b) as shown in Fig 3.1b. Top and bot-

tom surfaces of the TCO unit cell are n-sided polygons (e.g., n = 5 in Fig. 3.1) with side

length c. Since the TCO is not a rigid foldable origami, folding/unfolding motions cause

the warping of each facet, which may result in surface fatigue and damage under repeated

usage. To overcome this issue while preserving the key characteristics of the TCO, we re-

place its surfaces with purely elastic truss members, which support tension/compression by

using linear springs (Fig. 3.1c). If we assume that the top and bottom surfaces are always

parallel during folding/unfolding, we can characterize the shape of the unit cell by defining

its height (h), relative angle between the top and bottom polygons (θ), and radius of the

circle circumscribing the polygon (R). Note that for the sake of mathematical simplicity, θ

is defined as an angle between OB and the perpendicular bisector of AaAb as shown in the

The texts and figures in this Chapter have been partly taken from the author’s publication [48].
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top view of Fig 3.1c. Letting h0 and θ0 be the initial height and relative angle respectively,

we can express deformations of the structure by axial displacement u = −(h − h0) where

compression is defined to be positive, and rotational angle ϕ = θ − θ0.

a

b Mountain

Valley

b
a

d

 
Bottom

Top

y

x

Ab Aa

B

O

R�0

�
φ

Top view3D viewc 3D view

Figure 3.1: Geometry of triangulated cylindrical origami. (a) Folding motion of the TCO.
(b) The flat sheet with crease patterns consisting of mountain crease lines (a shown as blue
solid lines) and valley crease lines (b shown as red dashed lines). (c) Truss version of the
TCO, where all facets are removed and crease lines are replaced by linear springs with a
spring constant of k. (d) Modified truss structure for the fabrication of physical prototypes.
(e-h) Graphical illustrations of four different TCO configurations (upper row) and digital
images of their physical prototypes (lower row). Their initial configurations are (h0, θ0) =
(90 mm, 46◦), (150 mm, 40◦), (140 mm, 92◦), and (119 mm, 0◦) from left to right.
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In this truss model, two crease lines a and b are intersecting at a vertex of the polygon

(e.g., B in Fig. 3.1c). For the fabrication of this truss model, we need to secure space for

mechanical joints. Thus, we modify the geometry of the TCO model, such that the two

crease lines avoid intersecting (Fig. 3.1d). The difference between the original (Fig. 3.1c)

and modified (Fig. 3.1d) models is characterized by the correction of the relative angle (θcal

in Fig. 3.1d).

By using this modified model, we fabricate, test, and analyze four different types of the

TCO structures by changing h0 and θ0. Figure 3.1e-h show the graphical illustration of these

four original models (top row) and the digital images of their modified physical prototypes

(bottom row): (h0, θ0) = (90 mm, 46◦), (150 mm, 40◦), (140 mm, 92◦), and (119 mm, 0◦).

In these models, we use R = 90 mm and θcal = 9.7◦.

3.2 Potential energy analysis

To analyze the static mechanical response of the TCO unit cell, we derive the expressions

for axial force and torque as a function of u and ϕ by employing the principle of minimum

potential energy. First we consider the TCO model without the modification for the sake of

simplicity, and then, we implement the correction angle θcal in our analysis tool. Our analysis

is based on the potential energy, and to calculate the energy, we derive the expressions of

the length change of crease lines a and b, as the TCO cell experiences axial and angular

deformations. By examining the geometry of the modified TCO as shown in Fig. 3.2, the

distance between vertex Aa (Ab) and D are expressed by

La = 2R sin

(
θ

2
− π

2n

)
Lb = 2R sin

(
θ

2
+

π

2n

)
.

(3.1)

Also, from the geometry of the TCO (see Fig. 3.2b), we obtain

L2
a + h2 = a2

L2
b + h2 = b2,

(3.2)
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Substituting Eq. (B.1) into Eq. (3.2), we can calculate the length of each crease lines as

follows:

a =

√
(h0 − u)2 + 4R2sin2

(
ϕ

2
+
θ0

2
− π

2n

)
,

b =

√
(h0 − u)2 + 4R2sin2

(
ϕ

2
+
θ0

2
+

π

2n

)
.

(3.3)

Here, it is noted that the maximum limit of the rotational angle (ϕmax) is determined by

ϕmax =
(
π − π

n

)
− θ0. (3.4)

If ϕ = ϕmax, the crease lines intersect each other, limiting the maximum axial and angular

deformation of the TCO cell.

Based on Eq. (3.3), the total elastic energy is calculated as

U =
1

2
nk(a− a0)2 +

1

2
nk(b− b0)2, (3.5)

where a0 and b0 are initial length of a and b, and k is a spring constant of the truss members.

Here we assume that all truss members exhibit identical axial stiffness. Also, the work done

on this system is

W = Fu+ Tϕ, (3.6)

where F and T are the external force and torque respectively. Then, by using the expressions

of the elastic energy and work in Eq. (3.5) and Eq. (3.6), the total potential energy (Π) can

be expressed as:

Π(u, ϕ) = U −W =
1

2
nk(a− a0)2 +

1

2
nk(b− b0)2 − Fu− Tϕ. (3.7)

We apply the principle of minimum total potential energy (i.e., δΠ = 0) to Eq. (3.7) as

follows:

∂Π/∂u = 0 and ∂Π/∂ϕ = 0. (3.8)
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As a result, we obtain expressions of F and T in terms of u and ϕ as follows:

F (u, ϕ) = nk (u− h0)

(
2− a0

a
− b0

b

)
,

T (u, ϕ) = nkR2

{(
1− a0

a

)
sin
(
ϕ+ θ0 −

π

n

)
+

(
1− b0

b

)
sin
(
ϕ+ θ0 +

π

n

)}
.

(3.9)

Next, we modify this TCO model according to the necessity of the modification from

fabrication aspect. In the original TCO model, axial truss members a and b intersect at

vertices that are positioned on the surface of interfacial polygons (see Fig. 3.2a). Such

intersecting joints are not easy to fabricate, when we build a prototype with mechanical

joints. Thus, to secure enough space for mechanical joints that connect axial members to

the interfacial polygons, we modify the original TCO model. Specifically, we separate a

single vertex (e.g., B in Fig. 3.2a) into a pair of vertices (e.g., Ba and Bb in Fig. 3.2b).

The difference between the original model and the modified model can be characterized by a

shifted angle of the vertices (θcal in the 3D view of Fig. 3.2b) and a modified radius of these

vertices (R′ in the top view of Fig. 3.2b).

We can reflect these modifications in Eq. (3.3) as follows:

a =

√
(h0 − u)2 + 4R′2sin2

(
ϕ

2
+
θ0

2
− π

2n
+ θcal

)

b =

√
(h0 − u)2 + 4R′2sin2

(
ϕ

2
+
θ0

2
+

π

2n
− θcal

) (3.10)

where

R′ =
R cos

(
π
n

)
cos
(
π
n
− θcal

) . (3.11)

Then, Eq. (3.9) also needs to be modified accordingly as follows:

F (u, ϕ) = nk (u− h0)

(
2− a0

a
− b0

b

)
T (u, ϕ) = nk(R′)

2

{(
1− a0

a

)
sin
(
ϕ+ θ0 −

π

n
+ 2θcal

)
+

(
1− b0

b

)
sin
(
ϕ+ θ0 +

π

n
− 2θcal

)}
.

(3.12)
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Note that a and b in Eq. (3.12) are based on the expressions in Eq. (3.10), which include the

modification parameters θcal and R′. In this Chapter, the computation results of the TCO’s

folding behavior are based on this modified model.

Figure 3.2: Original and modified TCO model. (a) 3D (left) and top (right) views of the
original TCO unit cell are shown. (b) We modify the geometry of the TCO by separating
a single vertex (e.g., B in (a)) into two vertices (e.g., Ba and Bb in (b)). The differences
between the original TCO model and modified TCO model are characterized by θcal and R′.
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3.3 Compression test on single unit cells

3.3.1 Force-displacement relationship

In this study, we conduct a series of compression tests on the fabricated TCO prototypes.

Figure 3.3a shows a unit-cell prototype placed horizontally on the load frame. In this setup,

the right end of the prototype is fixed in both translational and rotational directions. The

polygon on the left side is supported by a stainless steel shaft. We use a ball bearing to grab

the shaft at the tip, so that the left polygon can rotate freely with minimal friction. The

other end of the shaft is connected to the motor-driven linear stage (BiSlider, Velmex). We

control the axial compression of the prototype by translating the shaft along the horizontal

direction (see the arrow in Fig. 3.3a). Note that by using this shaft system, we apply a

desired compression to the system, while allowing free rotational motions and restricting

any bending motions of the prototype. The axial force transmitted through the shaft is

measured by a force sensor located between the right tip of the shaft and the linear stage

(LUX-B-50N-ID, Kyowa).

By using the compression test setup, we obtain force-displacement data. Figure 3.3b

shows the measured force-displacement curves (dashed curves) for (h0, θ0) = (90 mm, 46◦)

denoted as red color, (150 mm, 40◦) denoted as green color, and (140 mm, 92◦) denoted as

blue color. The corresponding analytical results are also shown in solid curves. As noted in

the main text, these curves show remarkably different behaviors, depending on the choice

of the TCO’s geometry in terms of h0 and θ0. The model with (h0 = 90 mm, θ0 = 46◦)

shows a maximum peak around u/kh0 of 0.16, and after this maximum peak, the slope of the

force-displacement curve becomes negative, i.e., negative stiffness (red curves in Fig. 3.3b).

The model with (h0 = 150 mm, θ0 = 40◦) indicates the transition from compressive force to

tensile force during folding (green curves in Fig. 3.3b).
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Figure 3.3: Compression test setup and experimental/analytical data. (a) The photograph
of the compression test setup is shown. The fabricated prototype of the TCO-based truss
structure is placed horizontally. The right end of the prototype is fixed, while its left end
is attached to a stainless steel shaft via a ball bearing. This allows the left plate to rotate
freely with minimal friction. Axial force is measured by a force sensor attached the shaft. (b)
Dashed curves show measurements of the axial force (normalized by kh0) as a function of axial
compression (normalized by h0) for three different prototypes, which represent monostable,
bistable, and zero-stiffness configurations. Shaded areas represent standard deviations of the
measured data. Solid curves show predictions from the potential energy analysis.
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Lastly, for the zero-stiffness model, the measurement indicates that the slope of the force-

displacement is nearly zero at the initial stage (blue curves in Fig. 3.3b). This zero-stiffness

effect is more evident if we zoom up the region near u/h0 = 0 (Fig. 3.4). By applying the

linear approximation to the measurements between u/h0 = 0.01 and 0.03, we can compare the

slope of the force-displacement curves among the different prototypes (see the solid lines in

Fig. 3.4 for the linearization). The reason that we apply the linearization not from u/h0 = 0

is due to the static friction in the mechanical joints (see the initial force required to overcome

this friction in all curves in Fig. 3.4). The slope of these non-dimensionalized graphs are 0.326,

0.479, and 0.000861 for monostable, bistable, and zero-stiffness cases, respectively. The slope

of this zero-stiffness case corresponds to mere 0.26% and 0.18% compared to the monostable

and bistable cases. This successfully verifies the feasibility of zero-stiffness structure using

this TCO architecture, making it potentially applicable for impact mitigation purposes.
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Figure 3.4: Force-displacement curves for the comparison of stiffness. We zoom up the force-
displacement measurements from the three prototypes near u/h0 = 0. The solid lines are
based on the linear approximation of the experimental data in the range between u/h0 =
0.01 and 0.03. It is evident that the zero-stiffness case exhibits a significantly smaller slope
(i.e., stiffness) compared to the other cases.
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We also conduct the compression test on the model (h0 = 119 mm, θ0 = 0◦). We consider

two experimental setups. The first one is with the constraints on the rotational motion of

the prototype (Fig. 3.5a), and the other one is without any constraints (Fig. 3.5b). For

application of the constraints on the rotational motion of the prototype, we use a pair of

stainless steel shafts and linear bearings, which allow the prototype to translate in the axial

direction without any rotational motions (Fig. 3.5a). The setup without any constraints is

identical to the test configuration for the other TCO unit cells.

Figure 3.5c shows the experimental results (dashed curves) and analytical predictions

(solid curves). In the unstable case (red curves indicated by arrow 4), the axial force increases

monotonically from u/h0 = 0 to 0.1. As shown in the inset, the TCO cell compresses without

twisting motions. This unstable mode is possible only if there exist constraints that prevent

any onset of rotational motions. On the other hand, if the constrains are removed, the

measurement shows a kink point where the slope of the force-displacement curve changes to

negative (blue curves indicated by arrow 5 in Fig. 3.5c). Note that the TCO cell experiences

a twisting motion in one or the other direction after the bifurcation point, as illustrated

by the inset. We observe noticeable discrepancies between the experimental and analytical

results, particularly in terms of the bifurcation point. Again, this is probably due to the

friction existing in the prototypical systems.

Overall, the force-displacement curves obtained from the compression tests are in qual-

itative agreement with the analytical predictions (Fig. 3.3b). The discrepancy between the

experimental and analytical data may be attributed to the friction in the mechanical joints

of the prototypes. In fact, the application of grease to these joints significantly improved the

quality of the experimental data, particularly in the earlier part of the compression tests.

3.3.2 Energy analysis

To understand the folding behavior of the TCO-based structure from the view point of energy

analysis, we calculate the total elastic energy (U) stored in the TCO cell as a function of u and

ϕ. We numerically integrated the force-displacement curves obtained from the experiment
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Linear bearingsStainless steel shafts

Figure 3.5: Bifurcation test setup and experimental/analytical data. (a) The photograph
shows the compression test setup with constraints on the rotational motion of the left plate
of the prototype. Two stainless steel shafts and linear bearings are used to allow the trans-
lational motion without triggering the rotational motion. (b) The test setup without con-
straints on the rotational motion is shown. (c) Force-displacement measurements for the
two cases show a bifurcation behavior. Here, dashed and solid curves indicate the measured
experimental results and the predictions from the energy analysis, respectively. The arrows
4 and 5 indicate the unstable and stable cases respectively.



34

and presented the total energy profiles. The insets of Fig. 3.6a-d show the surface maps

of U for the four models, where dark colored region indicates the valley of the minimum

energy level. Simultaneously compressive and rotational motions of the TCO will follow

this trajectory to satisfy the minimum potential energy principle. We can also identify

the change of the normalized energy (U/kh2
0 where k is the elastic constant of the linear

truss element) under non-dimensionalized axial compression (u/h0) by imposing ∂U/∂ϕ = 0.

Figure 3.6a-d shows the energy plots, where solid curves denote analytical results predicted

by the minimum potential energy trajectory in the inset surface maps. The experimental

measurements (dashed curves) corroborate these analytical results. Comparing the four plots

in Fig. 3.6a-d, we observe remarkably different trends: monostable, bistable, zero-stiffness,

and bifurcation behaviors, respectively. If (h0, θ0) = (90 mm, 46◦), the structure possesses

only one minimum energy state at u = 0 (Fig. 3.6a). Therefore, the total energy increases

monotonically as the TCO cell is compressed, implying a monostable property. If (h0, θ0)

= (150 mm, 40◦), there exist two local minimum states along the energy valley as shown in

Fig. 3.6b, indicating bistability.

The TCO-based structure can also exhibit an infinitesimally small stiffness, so called

zero-stiffness mode, in which the application of axial compression does not create significant

axial force or torque at the initial stage. Therefore, the total energy increases at an extremely

low rate around u = 0 (Fig. 3.6c). The discrepancy between the analytical and experimental

results attributes to the friction of the mechanical joints in the truss elements. Nonetheless,

we observe much smaller stiffness in this model compared to the previous two cases.

Here we mathematically derive how to meet the zero-stiffness condition using the truss-

based TCO architecture. We first linearize Eq. (3.3) around the undeformed, initial state

(u = ϕ = 0):

a ≈ a0 + αuu+ αϕϕ

b ≈ b0 + βuu+ βϕϕ,
(3.13)
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Figure 3.6: Folding motions of the TCO cells. (a-d) The energy analysis for the TCO-based
truss structures shows remarkably different behaviors: (a) Monostability at (h0, θ0) = (90
mm, 46◦); (b) bistability at (150 mm, 40◦); (c) zero-stiffness mode at (140 mm, 92◦); and (d)
bifurcation at (119 mm, 0◦). The displacement is normalized by h0, and energy is normalized
by kh2

0. Experimental results (mean value is shown as dashed curves, and standard deviation
is represented by colored areas) show qualitative agreements with the analytical predictions
(solid curves). The inset plots show the equi-potential plots of U/kh2

0 as a function of u/h0

and ϕ, in which highlighted trajectories indicate the valley of minimum potential energy.
In the experimental curves, the range of u/h0 is restricted by the folding motions of the
TCO-based truss prototypes. For example, the highly twisted shape of the zero-stiffness
TCO prototype (Fig. 3.1g) causes the truss elements overlap in the early stage of folding,
allowing only ∼15% of u/h0 as shown in the panel (c). The moderately twisted geometry
of the monostable and bistable cases (Figs. 3.1e and f) permit more compression, allowing
approximately 50% folding of the truss structure in terms of u/h0 as shown in the panels (a)
and (b).
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where a0 and b0 are initial length of a and b respectively, and

αu = −h0

a0

αϕ =
R2 sin (θ0 − π/n )

a0

βu = −h0

b0

βϕ =
R2 sin (θ0 + π/n )

b0

.

(3.14)

After the linearization, Eq. (3.13) can be expressed in a matrix form as

e ≈ Aξ (3.15)

where

A =

αu αϕ

βu βϕ

 ,
e =

a− a0

b− b0

 ,
ξ =

u
ϕ

 .
Here, e represents the length change of the crease lines, a and b. To fulfill the zero-stiffness

condition, the length change of the crease lines (i.e., e) need to be infinitesimal given external

excitations (i.e., ξ). Mathematically, this implies detA = αuβϕ − αϕβu = 0. By using the

definitions of the coefficients in Eq. (3.14), we obtain

sin
(π
n

)
cos (θ0) = 0 (3.16)

This means, if the initial angle (θ0) is π/2, detA becomes zero, which leads to the zero-

stiffness mode. Note that this condition can be also met by having n → ∞. Thus, a TCO

cell with a large number of truss members that connect the top and bottom polygons (i.e.,

polygons with numerous vertices) will also exhibit a small stiffness under compression. It
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should be noted that Eq. (3.16) contains only θ0 and n. Therefore, the zero-stiffness mode

is not affected by the spring constant of the truss members (k) or the initial height of the

TCO cell (h0).

Lastly, we observe that the TCO-based truss can experience bifurcation if θ0 = 0 (Fig. 3.6d).

That is, in the initial stage of the folding, the TCO-based structure is axially compressed

without rotation. However, if it reaches a bifurcation point, there are three branches: one

unstable branch (continuing pure compression without rotation as indicated by arrow 1 in

Fig. 3.6d) and two stable branches (starting to develop twisting motions in one or the other

direction as pointed by arrow 2 in Fig. 3.6d). The two different trends in the uni-axial testing

verify this bifurcation behavior (Fig. 3.6d).

Overall, we observe versatile nature of the TCO-based truss structure as we alter its

geometry. Particularly, the stability of the system can be manipulated by changing its two

geometrical parameters: initial twist angle (θ0) and height (h0). To examine such tunable

stability of the TCO-based unit cell, we numerically analyze its stability for various initial

configurations. The process is as follows. We first calculate the elastic energy (U) as a

function of axial compression (u) by following the trajectory of the minimum energy valley

(e.g., see Fig. 3.6). Then, the slope of this energy curve is numerically obtained by using

(Ui+1 − Ui)/(ui+1 − ui), where i represents a step for numerical calculations. If the TCO-

based structure exhibits the bistable behavior, there exists a transition from a positive to

negative slope. Thus, we can judge whether the unit cell shows monostable or bistable

behavior.

The results are shown in Fig. 3.7. We evidently observe monostable and bistable regions.

We also mark lines that represent zero-stiffness (θ0 = 90◦) and bifurcation (θ0 = 0◦) modes

in the investigation range. Note that the zero-stiffness mode is located at the boundary

between the monostable and bistable regions. In the bistable regions, there exist two stable

states, and these two stable states merge at this boundary as the initial angle (θ0) increases.

The four prototypes that we fabricate are also marked as circles in the figure.
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Figure 3.7: Tunable behavior of the TCO. Tunable behavior of the TCO-based unit cell
is examined numerically in various combinations of initial configurations (i.e., h0 and θ0).
We use θcal = 9.7◦ for all calculations. Red and green regions indicate monostable and
bistable behaviors respectively. If θ0 = 90◦ (blue solid line), the unit cell shows the zero-
stiffness mode. The black solid line (θ0 = 0◦) indicates that the system shows the bifurcation
behavior in the investigation range of the height ratio.
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3.4 In-situ potential energy map

In the previous section, we manipulate the static mechanical response of the TCO unit cell

by controlling the initial geometrical parameters. Here, we show that the stability of the unit

cell, i.e., elastic energy map, can be tuned even after those initial geometrical parameters

are determined. Using the TCO-based truss structure as a unit cell, we further investigate

the folding mechanism of multi-cell structures composed of stacked TCO cells. We study a

two-cell structure that consists of identical monostable TCO units with (h0, θ0) = (90 mm,

46◦). They are linked together by sharing the interfacial polygon (Fig. 3.9a). Note that

the chirality of the TCO cells is important in the multi-cell architectures. In this two-cell

level, we arrange the cells in the opposite chirality, i.e., (h0, θ0) = (90 mm, ±46◦), such

that they collectively show an interesting coupling motion. To test the dynamics of the

combined structure, we fix the right end of the stacked prototype to the wall and impose

precompression uC = 45 mm to the left end of the system (Fig 3.8).

Then, the total elastic energy of the system will differ depending on the rotational angles

of the two unit cells, characterized by ϕ1 and ϕ2. Note that these angles are measured with

respect to the initial positions of the left and central polygons, respectively. The inset of

Fig. 3.9b shows the analytical values of U as a function of ϕ1 and ϕ2, where the highlighted

zone represents the valley of the minimum potential energy. We find that the pair of TCO

cells collectively possess two local minimum states: one with the right cell folded and the

other with the left cell folded (see the graphical illustrations in the inset of Fig. 3.9b). The

normalized elastic energy can be re-plotted as a function of ϕ1 by imposing ∂U/∂ϕ2 = 0.

Figure 3.9b evidently shows a symmetric double-well potential. This demonstrates that a

pair of monostable TCO cells can successfully form a bistable system, requiring energy to

overcome the potential barrier for the transition between the two stable states. Please note

that this potential barrier can be manipulated by controlling precompression, i.e., tunable

potential barrier.
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1st unit 2nd unit

Fixed distance

After compression

Inital configuration

Compression

b

uc

φ2
φ1

Set screw

Figure 3.8: Application of precompression to a two-cell structure. (a) Two monostable
TCO-based unit cells (h0 = 90 mm, θ0 = ±46◦) are connected horizontally as shown in
the schematic illustration. The upper panel illustrates the initial configurations under no
external force and torque. We apply pre-compression to this system (denoted by uC), and
we fix the distance between leftmost and rightmost plates as shown in the lower panel.
The rotation of the leftmost surface of the system is ϕ1 measured with respect to its initial
configuration. (b) Photographs show the preparation of the system with pre-compression by
tightening a set screw of the bearing which is attached to the cross-section of the TCO-based
unit cell.
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Figure 3.9: A pair of TCO cells’ capability to demonstrate in-situ double well potential.
(a) Two monostable TCO-based unit cells are connected horizontally. We fix the distance
between leftmost and rightmost polygons by imposing a constant distance between them.
Photograph of the corresponding configuration is shown in the right panel. (b) The nor-
malized elastic energy as a function of ϕ1 shows the double-well potential numerically. The
inset shows the surface map of the elastic energy as a function of both ϕ1 and ϕ2, where the
highlighted region denotes the valley of the map corresponding to the minimum potential
energy trajectory. There exist two minimum states, and the illustrations show the schematic
shapes of the pair of TCO cells at these points.
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One of the potential applications of this in-situ double well potential is a mechanical

memory device. Let ‘1’ be the state where the first unit cell is folded, and ‘0’ be the state

where the second unit cell is folded. Then we can use this system as a non-volatile mechanical

memory device, which can store bit information (‘1’ or ‘0’) by exploiting the double-well

potential. One advantage of this mechanical memory is that it can store bit information

stably without the necessity of external residual force. To change the states from ‘0’ to ‘1’

or vice versa, we control only ϕ1 so that the two-unit cell system can switch its state.

For the operation of the single bit, we control the rotation of the leftmost polygon (de-

noted by ϕ1) by applying torque to the polygon (Fig. 3.10a). For the accurate control of

the imposed rotational angle, we use a crank system attached to the leftmost polygon of the

prototype (Fig. 3.10b). We measure the exact amount of the translational motion (δ) by

using a non-contact laser Doppler vibrometer (OFV-505, Polytec), and covert the measure-

ment values to the rotational motion (ϕ1). A force sensor (LUX-B-50N-ID, Kyowa) is also

attached at the end of the crank arm to calculate the torque applied.

Figure 3.10c shows the experimental measurements (red curve) of the torque and the

rotational angle, in comparison to the analytical results (black curve) predicted by the energy

analysis. We observe that as we rotate the leftmost polygon (i.e., ϕ1 increases), the system

changes its state from ‘0’ (i.e., the initial configuration that the right cell is folded) to ‘1’

(i.e., the final configuration that the left cell is folded). This experimental trend agrees well

with the prediction from the energy analysis.
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Figure 3.10: Single bit operation for memory storage. (a) Photograph shows the test setup
for measuring the relationship between torque and ϕ1. We obtain the torque information by
using the force sensor attached to the crank system, which is operated by the linear stage.
(b) The crank system is used to convert the translational motion (δ) into the rotational
motion. We measure/control δ to impose an accurate amount of the rotation of the system.
(c) Measurements of the torque as a function of the rotational angle (red curve) show a good
agreement with the prediction from the energy analysis (black curve). The insets show the
graphical illustrations of the ‘0’ and ‘1’ states.
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3.5 Conclusion

We showed the versatile nature and potential of the TCO elements hierarchically from

a single-cell to double-cell level. We envision that it can be further extended to multi-

dimensions, e.g., honey-comb like 3D clusters. This will function as a layer of mechanical

memory storage and computing structures, which can also provide multi-functional features,

such as rugged protective layers. Moreover, origami can be scaled to miniaturized dimen-

sions. Therefore, the versatile nature of the TCO together with nanoelectromechanical sys-

tems (NEMS) has great potential to develop robust NEMS actuators and sensing devices.

Also, the intrinsic nature of the TCO cells that interweave axial and torsional motions can

be further exploited for dynamic purposes. Conclusively, the volumetric origami cells can

pave a new way for designing novel engineering systems for mechanical computing and other

purposes relying on their rich constitutive mechanics in a single-cell level and strong cohesion

in a multi-cell level.
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Chapter 4

LINEAR WAVE PROPAGATION IN TMP

In this Chapter, we investigate unique wave dynamics in origami-based mechanical meta-

materials composed of the Tachi-Miura Polyhedron (TMP) [26,27] as shown in Fig. 4.1(a).

The TMP is known as a rigid foldable origami, which means that it can be made of rigid

plates and hinges in order to exhibit unique mechanical properties as we discuss in the Chap-

ter 2. First, we simplify the TMP structure maintaining its rigid foldable feature and derive

the equation of motion and force-displacement relationship. By focusing on the axial motion,

we linearize the force-displacement relation of the TMP structure. This linear model is also

used and compared with the simplified TMP model for the subsequent dynamic analysis.(a) (b) y1
L

L

k
�(z1, y1) (z1, y1)

m, J z

1

F

u

h0

h

L L R R

u

h
h0 (c)0 0

Figure 4.1: (a) Folding motion of the TMP unit cell. (b) Simplified TMP model representing
the folding motions of the two facets as marked in red lines in (a). (c) Force-displacement
relationship of a single unit cell. Blue solid line is calculated based on the simplified TMP
model (Eq. (A.7)), and black dashed line is obtained from the linearized model (Eq. (4.3)).
The inset in (c) shows the magnified view of the relationship around the equilibrium state.

Based on the simplified TMP model, we conduct dynamic analysis via theoretical and

The texts and figures in this Chapter have been partly taken from the author’s publication [49].
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computational approaches. Specifically, we first apply harmonic excitations to the single

unit cell and analyze its frequency response by using the shooting method [50]. Numerical

results show that the dynamic responses of the TMP unit cell can be tuned by altering its

initial geometrical configurations. Also, depending on the amplitude of the excitation, the

system transits from linear to nonlinear regimes or vice versa.

Next, we consider an origami-based mechanical metamaterial composed of a chain of the

simplified TMP unit cells. We analyze the dispersion relationship (i.e., frequency and wave

number relationship) of mechanical waves propagating through the system. We examine the

effect of geometrical parameters on the wave propagation in the 1D chain structure. We find

numerically that our 1D chain structure can exhibit versatile wave dynamics by forming tun-

able frequency band structures. The computational results corroborate analytical dispersion

relationship characterized by distinctive cutoff frequencies. This origami-based mechani-

cal system has great potentials to be used as novel engineering devices that are capable of

handling vibrations and impact efficiently by leveraging their unique wave dynamics.

4.1 Modeling of TMP Unit Cells and TMP-based Lattices

To analyze dynamical folding/unfolding behavior of the TMP, we simplify it as a bar-linkage

model as shown in Fig. 4.1(b). The unit cell of this bar-linkage model consists of two rigid

bars connected by a linear torsional spring, whose spring constant is kθ. In order to maintain

the rigid foldability of the TMP, we use a pin joint at the right end of the cell and a roller

joint at the left end of the cell. This results in a single degree-of-freedom (DOF) motion

along the z-axis, which is consistent with the aforementioned rigid foldability of the TMP.

Thus, this linkage model – despite its simplicity – well captures the rigid foldability of the

TMP cell, while accounting for its translational and rotational motions simultaneously. It

should be also noted that this linkage model can be used in other types of foldable structures

(e.g., accordion-like structures), provided that they are rigid origami.

The displacement (u) along z-axis is obtained by u = 4L (sin θ1,0 − sin θ1), where θ1 is

the folding angle of the linkage structure and θ1,0 is its initial folding angle. Please note that
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for the sake of simplicity, the folding angle is defined as an angle between a center line of

the bar and vertical line (see Fig. 4.1(b)), which decreases as the model is folded (i.e., as u

increases). Let mass, length, and moment of inertia of each bar be m, 2L, and J = mL2

3
,

respectively. The equation of motion of this unit cell can be expressed by (see Appendix A

for the derivation): (
2mL2 + 2J + 8mL2cos2θ1

)
θ̈1 − 4mL2θ̇2

1 sin 2θ1

= −4FL cos θ1 − 4kθ (θ1 − θ1,0) .
(4.1)

Here, the principle of virtual power [51] is used to derive the above equation of motion. Also,

the force-displacement relationship can be expressed as:

F = −kθ (θ1 − θ1,0)

L cos θ1

, (4.2)

where kθ is the coefficient of the torsional spring at the hinge.

Assuming the displacement (u) is small, we can linearize Eq. (A.7) around equilibrium

position (u = 0) as follows:

F = F |u=0 +
dF

du

∣∣∣∣
u=0

u+ · · · ≈ K (θ1,0)u, (4.3)

where

K (θ1,0) =
kθ

4L2cos2θ1,0

. (4.4)

Therefore, the stiffness of the simplified TMP structure varies depending on the initial folding

angle (θ1,0). Figure 4.1(c) shows the comparison between the original TMP model (Eq. (A.7))

and the linearized model (Eq. (4.3)) in the force-displacement relationship along the z-

direction. L = 25 mm, kθ = 1 Nm/rad, and θ1,0 = 45◦ are used for this calculation. Around

u = 0, the linearized model agrees well with the simplified TMP model.

By using the simplified TMP model as a building block, we design a 1D chain of the

origami-based metamaterial, which is composed of 2N -simplified TMP unit cells, as shown

in Fig. 4.2(a). Please note that the original TMP is a 1 DOF structure. Therefore, we use

multiple TMP unit cells and separators between them to construct a multi-DOF structure
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(please see Appendix A). Similarly to the single unit cell, we use pin joints to connect the

ends of adjacent unit cells, which are allowed to move along the z -axis. Since each unit

cell shows a 1-DOF folding motion, we use θj, the folding angle of the j-th unit cell, as the

general coordinate q =
[
θ1 · · · θj · · · θ2N

]T
to derive the equation of motion for the

system (see Appendix A for the detail):

GTM̂Gq̈ +GTM̂Ġq̇ = GTf (4.5)

where

M̂ = diag
[
M̂1 · · · M̂2N

]
,

M̂j = diag
[
m m J m m J

]
,

GT =



GT
1 O1×6 O1×6 · · · · · · · · · O1×6

gT2 GT
2 O1×6 · · · · · · · · · O1×6

...
...

...
...

...
...

...

gTj gTj · · · GT
j O1×6 · · · O1×6

...
...

...
...

...
...

...

gTN gTN gTN · · · · · · · · · GT
N


,

GT
j =

[
−3L cos θj −L sin θj 1 −L cos θj −L sin θj −1

]
,

gTj =
[
−4L cos θj 0 0 −4L cos θj 0 0

]
,

O1×6 =
[
0 0 0 0 0 0

]
.

Also, f is a force vector defined as follows

f =
[
f1 · · · fj · · · f2N

]T
(4.6)

where

fj =



[F, 0, −2kθ (θ1 − θ1,0)− FL cos θ1,

0, 0, −2kθ (θ1,0 − θ1)] if j = 1

[0, 0, −2kθ (θj − θj,0) ,

0, 0, −2kθ (θj,0 − θj)] if j = 2. . .2N
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Figure 4.2: (a) 1D chain composed of the simplified TMP unit cells. (b) Lumped mass
model.

By using the linearized model expressed by Eq. (4.3), we also consider a 1D chain model

consisting of lumped masses and linear springs (see Fig. 4.2(b)). Each lumped mass (M =

2m) is connected by a linear spring whose spring constant is calculated by Eq. (4.4). If the

identical initial folding angle (θj,0) is used for all unit cells, the stiffness is also the same at

each particle’s interface. The equation of motion of the j-th particle is

Müj = K (uj+1 + uj−1 − 2uj) . (4.7)

By using the ansatz uj = uei(kjh0−ωt) where ω and k are angular frequency and wave number,

we obtain the dispersion relationship for the linearized 1D chain model as

ω =

√
4
K

M
sin2

(
kh0

2

)
(4.8)

where h0 is the initial distance between two adjacent particles.

If the initial folding angles vary from unit cell to unit cell, the inter-particle stiffness

should be also modified accordingly. Here, we consider two different types of unit cells
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F0 = 0.01 N
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Figure 4.3: Frequency responses of a TMP unit cell. (a-c) Excitation with F0 = 0.01 N
is applied to the simplified TMP unit cell with θj,0 = 30◦, 45◦, and 60◦, respectively, and

(d-f) F0 = 1.0 N. The frequencies are normalized by ω0 =
√
K/M . Blue circles represent

solutions obtained numerically by searching from low to high frequency, and green circles are
obtained from high to low frequency. Red lines are calculated by Eq. (4.12).
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by changing their initial folding angles. These two unit cells are connected in alternating

arrangement in the same 1D chain where we have n sets of these two unit cells. Let the initial

folding angle for odd-numbered (j = 2n− 1) and even-numbered (j = 2n) unit cells be θ
(1)
j,0

and θ
(2)
j,0 respectively, there are two different stiffness; K1

(
θ

(1)
j,0

)
and K2

(
θ

(2)
j,0

)
. Therefore,

the equations of motion for the linearized 1D chain model are written as

Mü(1)
n = K2

(
u

(2)
n−1 − u(1)

n

)
−K1

(
u(1)
n − u(2)

n

)
Mü(2)

n = K1

(
u(1)
n − u(2)

n

)
−K2

(
u(2)
n − u

(1)
n+1

)
where superscripts (1) and (2) represent odd (j = 2n− 1) and even (j = 2n) numbered unit

cells, respectively. By using ansatz u
(1)
n = u(1)ei(2knh̄0−ωt) and u

(2)
n = u(2)ei(2knh̄0−ωt) where

h̄0 =
(
h

(1)
0 + h

(2)
0

)
/2 , the equations of motion become the following form;

ω2

 u(1)

u(2)

 =
1

M

 K1 +K2 −K1 −K2e
−2ikh̄0

−K1 −K2e
2ikh̄0 K1 +K2

 u(1)

u(2)

 (4.9)

Solving this equation as an eigenvalue problem, we obtain the dispersion relationship as

ω2 =
K1 +K2

M
±

√(
K1 +K2

M

)2

− 4
K1K2

M2
sin2

(
kh̄0

)
(4.10)

where the solutions with the ± sign represent the acoustic(−) and optical (+) branches based

on the classical frequency band theory [52]. We conduct numerical simulations to study

dispersion relationship by using the 1D chain of the simplified TMP model, and simulation

results are compared with Eq. (4.8) or Eq. (4.10) in the following section.

Numerical Simulations

To analyze dynamic behavior of the simplified TMP model, two different types of numerical

computations are performed. One is on the frequency response of a single TMP unit cell, and

the other is on the dispersion relationship of a 1D chain of TMP unit cells. The numerical

constants used in the simulations are L = 25 mm, m = 19.7 g, kθ = 1 Nm/rad.
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4.1.1 Frequency response of a unit cell

By applying harmonic excitation to a unit cell, we examine it dynamic behavior under various

frequencies. Specifically, the harmonic excitation expressed by F = F0 sin (ωt) is applied to

the tip of the single unit cell as shown in Fig. 4.1(b). We solve Eq. (A.6) by using the shoot-

ing method to find the steady-state periodic solutions [50]. From the numerical calculation

results, we determine the maximum tip displacement defined by the difference between max-

imum and minimum height of the unit cell (hmax − hmin). We choose three different initial

folding angles (θj,0 = 30◦, 45◦, and 60◦) to examine the effect of the geometrical parameters,

and we apply two different excitation amplitude (F0 = 0.01 N and 1.0 N) to consider the

effect of the external excitation.

Simulation results are shown in Fig. 4.3 where blue circles represent solutions obtained

numerically by searching from low to high frequency, and green circles are obtained from

high to low frequency. In Fig. 4.3, frequencies are normalized by

ω0 =

√
K

M
=

√
kθ

8mL2cos2θ1,0

(4.11)

and red lines are calculated by

ωθ =

√
4kθ

2mL2 + 2J + 8mL2cos2θ1,0

(4.12)

which is obtained from Eq. (A.6) by ignoring the velocity term. Figures 4.3(a-c) illustrate the

cases of θj,0 = 30◦, 45◦, and 60◦, respectively, under F0 = 0.01 N. Each plot shows a resonant

peak, which deviates from ω0 representing the linearized model. The resonance peak can be

predicted well by Eq. (4.12) in which the moment of inertia is considered. Figures 4.3(d-f)

depict the condition of F0 = 1.0 N under θj,0 = 30◦, 45◦, and 60◦, respectively. All cases show

two peaks at least, which occur due to the bifurcations induced by the nonlinearity. Another

interesting behavior is that resonance peaks are inclined to the higher frequency region if

θj,0 = 30◦ and 45◦, and to the lower frequency region if θj,0 = 60◦. This indicates dynamic

behavior of strain-hardening and strain-softening springs, respectively [53]. Therefore, by
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altering the initial folding angle, we can control the frequency response of the TMP unit cell

under harmonic excitations, as well as shifting its dynamics from linear to nonlinear regime.

4.1.2 Dispersion relationship of a 1D TMP chain(a) j,0 = 45° (b) j,0 = 60°
Figure 4.4: Dispersion relationship in a 1D homogeneous chain with (a) θj,0 = 45◦ and (b)
θj,0 = 60◦. Power spectrum is based on numerical simulations, while solid black curves are
from analytical predictions based on Eq. (4.8). The frequencies are normalized by ω0 =√
K/M .

To examine wave propagation in a 1D chain of TMP cells as shown in Fig. 4.2, we

numerically solve Eq. (4.5) by using the Runge-Kutta method. We analyze wave number

and frequency relationship by using 2D FFT. In the simulations, the 1D chain is composed

of 80 unit cells, and the right end of the last (80-th) unit cell is fixed by a pin joint as shown

in Fig. 4.2(a). Compressive impact of 0.1 N is applied to the first unit cell only for the first

1 ms, and the strain waves propagating in the lattice structure are obtained by defining the

strain as ξj = (hj,0 − hj)/hj,0 where hj,0 is an initial height of j-th unit cell. Based on the

strain field, we apply 2D FFT and then calculate power spectrum to show the wave modes

in the frequency and wave number domain.

Figure 4.4 shows the numerically calculated power spectrum, compared with the analyti-

cal predictions based on Eq. (4.8) (black solid curves) for θj,0 = 45◦ and θj,0 = 60◦. Analytical

dispersion curves obtained from the lumped mass model agree well with the numerical results

in small k region. However, the discrepancy between the numerical and analytical results
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increases as k approaches the edge of the first Brillouin zone. It should be noted that such

discrepancy is smaller when θj,0 = 60◦ compared to θj,0 = 45◦ (compare Figs. 4.4(a) and (b)).

This is consistent with the result from the unit cell as depicted in Figs. 4.3(b) and (c). That

is, from the unit cell response in Fig 4.3, we observe the gap between ωθ (the actual resonant

peak) and ω0 (which represents the linear model) is smaller when θj,0 = 60◦ compared to

θj,0 = 45◦. The discrepancy between these two peaks stem from the over-simplification of the

inertia effect in the lumped mass model, in which the distributed effect of mass (e.g., angular

momentum) is neglected. Despite the quantitative disagreement between the numerical and

analytical results, the overall shapes of the dispersion curves are in qualitative agreement,

showing a single branch (i.e., mode) of wave dispersion.

Now we move to the case of employing heterogeneous unit cells by imposing different

initial angles to the TMP cells. Figure 4.5 shows the dispersion curve for the alternating

arrangement of initial angles;
(
θ

(1)
j,0 , θ

(2)
j,0

)
= (60◦, 45◦) shown in Fig. 4.5(a) and (45◦, 60◦)

shown in Fig. 4.5(b). Note that we use the same set of two initial folding angles, but the

sequence is different between these two lattices. Thus, the first and second chains will have

distinctive ω0 values based on 60◦ and 45◦ folding angles, respectively. We will also show later

that this difference results in the formation of a localized mode. The ratio of the stiffness of

odd and even number unit cells is K2/K1 = 0.5 for (60◦, 45◦) and K2/K1 = 2.0 for (45◦, 60◦).

In Fig. 4.5, solid black curves are obtained from Eq. (4.10), and there is a band gap between

acoustic and optical branches which is not observed in Fig. 4.4. In the inset of Fig. 4.5(b),

red and blue circles represent the modal displacements of odd and even numbered unit cells,

obtained by plotting eigen-vectors of the corresponding modes. From these mode shapes, it

is evident that the lower and upper dispersion curves represent the acoustic (i.e., in-phase

between two neighboring cells) and optical (out-of-phase) modes, respectively.

Interestingly, another mode appears between acoustic and optical branches if
(
θ

(1)
j,0 , θ

(2)
j,0

)
=

(45◦, 60◦) (see the highlighted horizontal line in Fig. 4.5(b)). This is due to the waves lo-

calized around the first unit cell. Figures 4.5(c-d) show space-time contour plots of strain

wave propagation where the strain is normalized by its maximum value. Comparing the
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Figure 4.5: Dispersion relationship in a 1D heterogeneous chain with (a) θ

(1)
j,0 = 60◦ and

θ
(2)
j,0 = 45◦ (Stiffness ratio is K2/K1 = 0.5), and (b) θ

(1)
j,0 = 45◦ and θ

(2)
j,0 = 60◦ (Stiffness

ratio is K2/K1 = 2.0). Two insets show the modal displacements for (lower) acoustic and
(upper) optical modes. Black solid curves are analytical predictions based on Eq. (4.10).
The frequencies are normalized by ω0 =

√
K1/M . (c-d) Space-time contour plots of strain

wave propagation for (a) θ
(1)
j,0 = 60◦/θ

(2)
j,0 = 45◦, and (b) θ

(1)
j,0 = 45◦/θ

(2)
j,0 = 60◦.
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two types of unit cell arrangements, we observe waves tend to be localized around the first

unit cell if θ
(1)
j,0 = 45◦/θ

(2)
j,0 = 60◦ as shown in Fig. 4.5(d). Such trend is not observed in

θ
(1)
j,0 = 60◦/θ

(2)
j,0 = 45◦ case (see Fig. 4.5(c)). This is due to the onset of the edge mode. The

conditions and properties of such edge modes in origami-based metamaterials will be further

studied and will be reported in the authors’ future publication.

4.2 Conclusion

We examined dynamic behaviors of origami-based structures consisting of the simplified

Tachi-Miura polyhedron (TMP) cells. We analyzed the frequency response of the single unit

cell, and by changing the initial folding angle, we were able to control the strain soften-

ing/hardening behavior under harmonic excitations. Also, depending on the amplitude of

the excitation, the structure exhibits multiple resonance peaks, signaling bifurcation phe-

nomena. Based on this single cell mechanism, we studied a 1D lattice of TMP cells, in which

we arranged not only a homogenous chain, but also a heterogenous one with alternating two

types of unit cells with different initial folding angles. Our analysis results show the versatile

behavior of the frequency band structure, exhibiting both single and double dispersion curves

with acoustic/optical modes. By leveraging their tunable wave dynamics, the origami-based

mechanical metamaterials can be highly useful to handle vibrations and impact efficiently.



57

Chapter 5

LINEAR WAVE PROPAGATION IN TCO

In this Chapter, we first approximate the TCO structures into a network of elastic spring

elements to suppress the effect of the planar deformation of their facets, while preserving

the key features of the TCO cells as we discuss in Chapter 3. For dynamic analysis, we

start with modeling a unit cell of the TCO into a two degree-of-freedom (DOF) structure

that feature axial and torsional motions under perturbations. Next, we connect these unit

TCO cells in series to form a 1D system of origami-based mechanical metamaterial. By

using theoretical and computational approaches, we verify that this mechanical metamaterial

system can exhibit interesting phenomena of wave dynamics, such as wave mixing effect and

the formation of frequency bandgap. See Fig. 7.1(b), e.g., for the selective transmission and

rejection of specific frequency components as an outcome of the frequency bandgap. First,

we discuss the equation of motion for a 1D chain of the TCO unit cells. Then, we conduct

numerical simulations of wave propagation and analyze wave mixing effects and tunable

frequency band structure.

5.1 Modeling of the chain of the TCO unit cells

To obtain the dynamic folding motion of the TCO unit cell, we introduce a truss-like structure

(see Fig. 5.2), which we introduce in Chapter 3. Figure 5.2(a) shows the original TCO model

which has regular polygon cross-sections with n sides (n = 5 case is shown in Fig. 5.2(a)).

To determine the initial shape of the TCO, we use the three parameters: initial height (h0),

relative angle (θ0), and circumradius of the cross-section (R) (see Fig. 5.2(b-c)). Let u and ϕ

be the axial displacement from the initial height (h0) and the rotational angle (ϕ) measured

The texts and figures in this Chapter have been partly taken from the author’s publication [54].
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(b)

Input

...

×
(a)

Output

Figure 5.1: (a) Folding motion of the Triangulated Cylindrical Origami (TCO). (b)
Schematic illustration of TCO-based mechanical metamaterials with allowable and forbidden
frequency bands.

from the initial relative angle (θ0), respectively. We can obtain height (h) and relative angle

(θ) of the TCO unit cell for a deformed shape as follows:

h = h0 − u, θ = θ0 + ϕ. (5.1)

Based on the equation of motion for the single TCO unit cell, we design a 1D chain of

multiple TCO cells stacked vertically as shown in Fig. 5.3(a). The equations of motion for

j-th unit cell in this system is expressed by

Mj
d2uj
dt2

= F (uj−1 − uj, ϕj−1 − ϕj)− F (uj − uj+1, ϕj − ϕj+1)

Jj
d2ϕj
dt2

= T (uj−1 − uj, ϕj−1 − ϕj)− T (uj − uj+1, ϕj − ϕj+1). (5.2)

For the first unit cell, equations are expressed by

M1
d2u1

dt2
= −F (u1 − u2, ϕ1 − ϕ2) + Fin

J1
d2ϕ1

dt2
= −T (u1 − u2, ϕ1 − ϕ2) + Tin. (5.3)
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In our dynamic analysis, we apply input excitation, force (Fin) and torque (Tin), to the

first unit cell. We solve the nonlinear equations of motion numerically by using the Runge-

Kutta method. In addition to nonlinear equations, we also consider the following linearized

equations of motion:

Mj
d2uj
dt2

= αuu (uj−1 + uj+1 − 2uj) + αuϕ (ϕj−1 + ϕj+1 − 2ϕj)

Jj
d2ϕj
dt2

= αuϕ (uj−1 + uj+1 − 2uj) + αϕϕ (ϕj−1 + ϕj+1 − 2ϕj) . (5.4)

where

αuu =
∂F

∂u
= nKh2

0

(
1

a2
0

+
1

b2
0

)
(5.5)

αuϕ =
∂F

∂ϕ
=
∂T

∂u
= −

nKR2h0 sin
(
θ0 − π

n

)
a2

0

−
nKR2h0 sin

(
θ0 + π

n

)
b2

0

(5.6)

αϕϕ =
∂T

∂ϕ
=
nKR4sin2

(
θ0 − π

n

)
a2

0

+
nKR4sin2

(
θ0 + π

n

)
b2

0

. (5.7)

Please note that these coefficients are governed by the initial configurations, i.e., the initial

height (h0) and angle (θ0). To conduct Eigenvalue analysis, we use the following ansatz;

uj = uei(kjh0−ωt), ϕj = ϕei(kjh0−ωt) (5.8)

where k and ω are wave number and angular frequency respectively. Then we can rewrite

Eq. (5.4) as

−ω2

u
ϕ

 =

αuu

Mj

(
e−ikh0 + eikh0 − 2

) αuϕ

Mj

(
e−ikh0 + eikh0 − 2

)
αuϕ

Jj

(
e−ikh0 + eikh0 − 2

) αϕϕ

Jj

(
e−ikh0 + eikh0 − 2

)
u

ϕ

 (5.9)

Therefore, by solving this equation as an eigenvalue problem, we can calculate the relation-

ship between wave number (k) and frequency (ω), namely dispersion relation.

5.2 Wave mixing behavior

To investigate wave propagation in the 1D chain system composed of TCO unit cells, we

conduct numerical simulations as well as eigenvalue analysis. In this study, we examine the
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Figure 5.2: (a) Original TCO model. Deformed shape of the TCO. Axial displacement (u)
and rotational angle (ϕ) are show in (b) and (c).

strain waves which are calculated by defining the strain as ξj = (hj,0hj)/hj,0 where hj,0 is

an initial height of j-th unit cell. Based on the strain field, we apply 2D FFT and calculate

power spectrum to analyze the wave modes in the frequency and wave number domain. For

the numerical simulation, we use 80 unit cells, and the bottom (80-th) unit cell is fixed on a

rigid wall as shown in Fig. 5.3(a). Compressive impact (Fin) of 110 N is applied to the first

unit cell only for the first 1 ms. The numerical parameters used in the dynamic analysis are

M = 310 g and J = 6.37× 104 kg-m2. The initial height (h0) of the unit cell is 90 mm, and

initial angle (θ0) is 45◦.

Figure 5.3(b) shows the space-time contour plot of strain waves, and we observe two

different wave modes with different group velocities (see arrows in Fig. 5.3(b)). The wave

form at t = 0.15 s is shown in Fig. 5.3(c), and the smaller amplitude wave denoted by the

black arrow in the figure propagates faster than the larger amplitude wave denoted by the

red arrow. Figure 5.3(d) shows the 2D FFT analysis result (surface map, obtained directly

by solving Eq. (5.4)) overlapped with eigenvalue analysis (dotted curves, obtained from

Eq. (5.9)), and there is a good agreement between these two results. Here, we also confirm

the two branches; one corresponding to the lower mode and the other for the higher mode

denoted by black and red arrows in Fig. 5.3(d), respectively.
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(a) Homogeneous system (b) Spatio-temporal plot

(c) Wave form at t = 0.15 s

u1

u2

θ0 = 45°

1st cell
2nd cell

N-th cell

Impact

Lumped mass

h0 = 90 mm

(d) Dispersion relationship

Higher
mode

Lower
mode

Higher
mode

Lower
mode

Lower mode

Higher
mode

Figure 5.3: (a) Illustration of the homogeneous chain of the TCO. All of the unit cells are
identical. (b) Spatio-temporal surface plot of strain wave propagation showing two distinctive
group velocities. (c) Wave form at t = 0.15 s. (d) Dispersion relationship obtained from 2D
FFT applied to (b). Black dashed curves are obtained from the eigenvalue analysis.
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These lower and higher modes are formed due to the coupling behavior between axial and

rotational motions of the TCO. The modes in a coupled system, where wave dynamics of two

channels is coupled, can be manipulated by applying two different inputs to the system [38].

For example, if we use sinusoidal excitation of force and torque as input, we can select a

specific mode from the TCO-based structure (see conceptual illustration in Fig. 5.4(a)). Let

Fin and Tin be force and torque input excitation respectively, we apply

Fin = Famp sin (ωint)

Tin = Tamp sin (ωint) (5.10)

where ωin = 200 Hz is selected for both force and torque inputs and Famp = 5 N is used

for numerical simulations. Here, we introduce the amplitude ratio defined by Fin/Tin to

manipulate coupled wave dynamics. Figure 5.4(b) shows the strain wave propagation if

Fin/Tin = +20, and we observe only the lower mode in this case, which is also confirmed

by the 2D FFT analysis as shown in Fig. 5.4(c). On the other hand, if Fin/Tin = −20, we

obtain the higher mode (see Fig. 5.4(d,e)). Therefore, by controlling the input excitations,

we can manipulate the coupled wave dynamics of the TCO-based structure.

5.3 Tunable frequency band structure

Next, we consider a 1D chain which consists of two different configurations of TCO unit cells

and analyze its wave dynamics. We connect two different unit cells (Unit 1 and Unit 2 in

Fig. 5.5(a)) in an alternating way to construct a dimer system as shown in Fig. 5.5(a). For

the eigenvalue analysis similar to what we have conducted in the homogenous system, we

assume the following ansatz

u
(1)
j = u(1)ei(2kjh0−ωt), ϕ

(1)
j = ϕ(1)ei(2kjh0−ωt)

u
(2)
j = u(2)ei(2kjh0−ωt), ϕ

(2)
j = ϕ(2)ei(2kjh0−ωt) (5.11)
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Force Input
Fin = Fampsin(ωint)

Torque Input
Tin = Tampsin(ωint)

(b) Fin/Tin = + 20 

Higher
mode

Lower
mode

(c) Fin/Tin
= + 20 

(d) Fin/Tin =  −20 (e) Fin/Tin =  −20 

Lower
mode

(a) Concept of selecting mode

t = 0.2 st = 0.2 s

Lower mode Higher
mode

Higher mode

Famp =5 N
ωin = 200 Hz

Figure 5.4: (a) Conceptual illustration of selecting mode (b) Spatio-temporal surface plot
and (c) dispersion relation for Fin/Tin = +20. In this case, the lower mode with slower group
velocity is selected. (d,e) shows the case of Fin/Tin = −20, which triggers only the higher
mode with faster group velocity.
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and then we derive the matrix form as follows (see Apendix B):

−ω2


u(1)

ϕ(1)

u(2)

ϕ(2)

 =


−α

(1)
uu+α

(2)
uu

Mj
−α

(1)
uϕ+α

(2)
uϕ

Mj

α
(1)
uu+α

(2)
uue

−2ikh0

Mj

α
(1)
uϕ+α

(2)
uϕe

−2ikh0

Mj

−α
(1)
uϕ+α

(2)
uϕ

Jj
−α

(1)
ϕϕ+α

(2)
ϕϕ

Jj

α
(1)
uϕ+α

(2)
uϕe

−2ikh0

Jj

α
(1)
ϕϕ+α

(2)
ϕϕe

−2ikh0

Jj

α
(1)
uu+α

(2)
uue

2ikh0

Mj

α
(1)
uϕ+α

(2)
uϕe

2ikh0

Mj
−α

(1)
uu+α

(2)
uu

Mj
−α

(1)
uϕ+α

(2)
uϕ

Mj

α
(1)
uϕ+α

(2)
uϕe

2ikh0

Jj

α
(1)
ϕϕ+α

(2)
ϕϕe

2ikh0

Jj
−α

(1)
uϕ+α

(2)
uϕ

Jj
−α

(1)
ϕϕ+α

(2)
ϕϕ

Jj




u(1)

ϕ(1)

u(2)

ϕ(2)

 (5.12)

where superscript (1) and (2) denote Unit 1 and Unit 2, respectively. From this equation,

we calculate the dispersion relation for the dimer system. For numerical parameters, we

use the initial angle (θ0) of 60◦/ − 60◦ for Unit 1/Unit 2 and the other parameters are the

same as those in the previous section. Figure5.5(b) shows the dispersion relation. Here,

interestingly, we observe a frequency band gap (i.e., a band of forbidden frequencies), which

is created just by changing the direction of the initial angle (θ0) for even-numbered unit cells

compared to the homogeneous system. In addition, if we select different initial angles, we

can manipulate this frequency band structure as shown in Fig. 5.5(c). This implies that

the frequency band gap formed in the TCO-based origami structure is highly tunable by

altering the initial geometry of the TCO cells. Another notable feature is that the frequency

band gap can start from an extremely low frequency. For example, when 0 = 90 (i.e.,

zero-stiffness mode according as we discuss in Chapter 3), we can completely suppress the

formation of the low pass band (see the right inset of Fig. 5.5(c)). On the other hand, if

we employ the Yoshimura pattern (θ0 = 0◦), we observe no frequency band gaps. Such a

tunable frequency band structure can be highly useful for engineering devices for adaptive,

anti-vibration applications.

5.4 Conclusion

We studied unique wave dynamics of the triangulated cylindrical origami (TCO) structures

with the focus on the formation of frequency band structures. For this, we modeled the

TCO cells into a network of spring elements, which significantly reduces the complexity

of the TCOs kinematics while preserving their key features. Based on this model, we de-

signed and investigated two different types of TCO-based mechanical metamaterial systems:



65

(a) Dimer system (b) Frequency band structure (c) Tunable band gap

Impact

1st Supercell

h0 = 90 mm
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u1
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N/2-th Supercell

Unit 1

Unit 2
θ0

(2)= ‒ 60°

θ0
(1)= 60°

Band gap
Band gap

Figure 5.5: (a) Schematic illustration of the system for a dimer system composed of two
different types of the TCO unit cells. (b) Dispersion relationship for the dimer system. The
gray shaded area indicates the band gap. (c) Tunable frequency band gap altered by the
different initial angles of the Unit 1 and 2.

homogenous and heterogeneous (specifically dimer) configurations. For the homogeneous

system, we observe two modes with different group velocities, corresponding to axial and

torsional wave modes in the TCO-based metamaterial system. We also find that the appli-

cation of two different input excitations enables the selection of a specific wave mode. For the

dimer system, the system creates a tunable frequency band structure, which can be altered

by the initial geometrical configurations of the TCO. By leveraging these unique properties,

the TCO-based mechanical metamaterials have great potential to form novel engineering

devices, such as deployable space structures and efficient vibration absorbing systems.
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Chapter 6

NONLINEAR WAVE PROPAGATION IN TMP

In this Chapter, we investigate the nonlinear wave dynamics of origami-based systems

analytically and numerically by using a single-DOF rigid origami structure as a building

block to assemble multi-DOF mechanical metamaterials. Specifically, we employ the Tachi-

Miura polyhedron (TMP) [26,27] as a unit cell of the metamaterial as shown in Fig. 6.1. The

TMP cell is made of two adjoined sheets (Fig. 6.1(a)), and changes its shape from a vertically

standing planar body to a horizontally flattened one while taking up a finite volume between

the two phases (Fig. 6.1(b)). This volumetric behavior is in contrast to conventional origami-

patterns that feature planar architectures and in-plane motions (e.g., Miura-ori sheets [1]).

In this study, we first characterize the kinematics of the TMP cell, showing that it exhibits

controllable strain-softening behavior. By cross-linking these TMP unit cells in a horizontal

layer (e.g., see [46]) and stacking them up vertically with separators, we form a multi-DOF

metamaterial as shown in Fig. 6.1(c). We then conduct analytical and numerical studies to

verify that these multi-DOF origami structures can support a nonlinear stress wave in the

form of a so-called rarefaction wave, owing to the strain softening nature of the assembled

structure.

The rarefaction wave, which can be viewed as a variant of a depression wave [56], has

been studied in various settings, including systems of conservation laws [57]. Recently,

it was proposed in the context of discrete systems with strain-softening behavior [58, 59].

Interestingly, these rarefaction waves feature tensile wavefronts despite the application of

compressive stresses upon external impact (see the conceptual illustrations in Fig. 6.1(c)).

In that light, they are fundamentally different from the commonly encountered dynamical

The texts and figures in this Chapter have been partly taken from the author’s publication [55].



67

TMP-based 
    metamaterials

Separator

Impact force

Front Rear

Mountain
Valley

(a)

(b)

(c)

Incident
compression
wave

Leading
tensile
component

Rarefaction
wave

Unit cell

Figure 6.1: (a) Flat front and rear sheets of the TMP with mountain (solid lines) and valley
(dashed lines) crease lines. (b) Folding motion of the TMP unit cell. Shaded area is a
unit cell of the TMP, which consists of the front and rear sheets shown in (a). (c) System
consisting of TMP-based metamaterials and rigid separators stacked vertically. Each layer
consists of nine inter-linked TMP unit cells (see [46] for details of such horizontal clustering).
Conceptual illustrations of incident compressive waves and transmitted rarefaction waves are
also shown.
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response of nonlinear elastic chains which support weakly or even strongly nonlinear traveling

compression waves [59–61]. More recently, strain-softening behavior was shown to be possible

in tensegrity structures [62], where rarefaction waves were identified computationally in the

elastic softening regime.

In this study, we will study the formation and propagation of rarefaction waves in origami-

based metamaterials via two simplified models: a multi-bar linkage model and a lumped mass

model. In both cases, we confirm that the origami structure disintegrates strong impact

excitations by forming rarefaction waves, followed by other dispersive wave patterns to be

discussed in more detail below. We also validate the nonlinear nature of the stress waves by

calculating the variations of wave speed as a function of external force amplitude. Notably,

we observe the reduction of wave speed as the excitation amplitude increases, which is in

sharp contrast to conventional nonlinear waves seen in nature or engineered systems [59].

The findings in this study provide a foundation for building a new type of impact mitigating

structure with tunable characteristics, which does not rely on material damping or plastic

deformation. This study also offers a platform for exciting the rarefaction pulse – a far less

explored type of traveling wave – and examining its characteristics.

6.1 Modeling of Origami-based Structures

We begin by modeling a single TMP cell as shown in Fig. 6.2. For the sake of simplicity, we

focus on the folding motion of two adjacent facets along the horizontal crease line as marked

by the red line in Fig. 6.2(a).

Preserving the key features of the TMP, such as rigid foldability and single-DOF mobility,

we can model the folding/unfolding motion of the origami facets into a simple 1D linkage

model as shown in Fig. 6.2(b). Here, the unit cell consists of two rigid bars (mass m and

length 2L), and the center-of-mass coordinates of those two bars are (zL1 , yL1 , θ1) and (zR1 ,

yR1 , π − θ1), where superscripts L and R denote left and right linkages, respectively. The

hinge that connects the two bars is equipped with a linear torsional spring with the torsion

coefficient kθ. The left end of the linkage structure is supported by a roller joint, which
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Figure 6.2: (a) TMP unit cell. (b) Two-bar linkage model representing the folding motion of
the two facets as marked in red lines in (a). (c) Force-displacement relationship of the TMP
unit cell with L = 5 mm, kθ = 1.0 Nm/rad, and different initial folding angles: θ1,0 = 30◦,
45◦, and 60◦. Dotted line indicates a power law approximation of θ1,0 = 45◦ case.

is allowed to move only along the z -axis up on the application of external force F ex. The

right end is fixed by a pin joint. Therefore, the inclined angle of the linkage, θ1, is the only

parameter required to describe the motion of this unit-cell system. This corresponds to the

single-DOF nature of the TMP cell.

Introducing the general coordinate

q =
[
θ1 · · · θj · · · θN

]T
,

we can obtain the equation of motion as follows (please see Appendix A for the derivation):

GTM̂Gq̈ +GTM̂Ġq̇ = GTf . (6.1)

where G is a Jacobian matrix (see Apendix A for the detail), and M̂j is a mass matrix

expressed as

M̂j = diag
[
m m J m m J

]
,

and J is the bar’s moment of inertia (J = mL2/3). Also, fj is a force vector defined as
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follows

fj =



[F ex, 0, −2kθ (θ1 − θ1,0)− F exL cos θ1,

0, 0, −2kθ (θ1,0 − θ1)] if j = 1

[0, 0, −2kθ (θj − θj,0) ,

0, 0, −2kθ (θj,0 − θj)] if j = 2. . .N

where θj,0 is the initial folding angle of the j-th unit cell (i.e., no torque applied at the hinge

in this initial angle), and F ex is the external force applied to the first unit cell as shown

in Fig. 6.3(a). The advantage of the principle of virtual power is that we can apply it to

a system with both motion and geometrical constraints, and we can derive the equation of

motion without considering force constraints. Plugging these expressions into Eq. (A.5), we

finally obtain the equation of motion of the single unit cell as(
mL2/2 + J/2 + 2mL2cos2θ1

)
θ̈1 −mL2θ̇2

1 sin 2θ1

+kθ (θ1 − θ1,0) = −F exL cos θ1.
(6.2)

Here, we consider the quasi-static case (i.e., acceleration and velocity terms are much

smaller compared to the external excitation and spring force terms), and the force-displacement

relationship can be derived as follows:

F ex = −kθ (θ1 − θ1,0)

L cos θ1

. (6.3)

Note that F ex is the external force applied to the roller joint as shown in Fig. 6.2(b). Using

Eq. (6.3) and the axial displacement expression u = 4L(sin θ1,0 − sin θ1), we can calculate

the force-displacement response as shown in Fig. 6.2(c). We observe that the system ex-

hibits strain softening behavior in the compressive region, whereas the system shows strain

hardening response in the tensile domain. Also, it is interesting to find that this strain

softening/hardening behavior can be tuned by controlling the initial folding angle, θ1,0.

In this section, we introduce a lumped mass model, in which a chain of origami cells

is modeled as lumped masses connected by nonlinear springs (see Fig. 6.3(b)). The strain

softening behavior of the TMP unit cell considered herein leads to the following power-law
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Figure 6.3: Schematic illustrations of (a) Multi-bar linkage model and (b) Lumped mass
model.
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relationship:

F ex = Aδn (6.4)

where δ is the compressive displacement, and the coefficient A and the exponent n are the

constant values determined by curve fitting of Eq. (6.3).

Since the power-law relationship in Eq. (6.4) assumes only a positive displacement as

an argument, we need to apply a displacement offset (denoted by d0) towards the tension

side, so that the lumped mass model can approximate the force-displacement curve of the

multi-bar linkage model not only in the compressive region, but also in the tensile domain.

In Fig. 6.2(c), the dashed curve shows the fitted power-law relationship for the multi-bar

linkage model, where the black circle represents (along the horizontal axis) the displacement

offset d0.

By using this simple force-displacement relationship, we can derive a general expression

of the equation of motion as follows:

Müj = A [d0 + δj−1,j]
n
+ − A [d0 + δj,j+1]n+ (6.5)

where M is the lumped mass corresponding to 2m, n ∈ R, and the bracket is defined by

[·]+ = max(0, ·). Note that this form of equation has been used widely for analyzing nonlinear

waves propagating in discrete systems in the case of strain-hardening interactions (i.e., n > 1

in Eq. (6.5), e.g., granular crystals). Therein, the formation and propagation of nonlinear

wave structures, such as solitary waves [59, 60] and discrete breathers [61], have been well

studied. The interpretation of origami dynamics via this nonlinear lumped mass system

opens up a broad, novel potential vein of studies. Indeed, one advantage of modeling the

origami lattice in this way is that many tools and results obtained in the context of granular

crystals and more generally Fermi-Pasta-Ulam-type settings [63, 64] can be applied in our

system. For example, the recent work of [58] examined a one-dimensional discrete system

under the power-law relationship of strain-softening springs (i.e., n < 1 in Eq. (6.5)). This

study reported the propagation of rarefaction waves through dynamic simulations and a

long wavelength approximation, where it was shown that the width of the rarefaction wave
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is independent of the wave speed. In the work of [62], a lattice of tensegrity structures were

shown to be described by Eq. (6.5) with n < 1. In this setting rarefaction waves were also

studied. The analysis of nonlinear waves in post-buckled structures has been also attempted

using a similar discrete system [65].

6.2 Numerical Simulations

To examine the dynamic characteristics of the origami-based structure and compare the

results from the two reduced models, we conduct numerical computations of wave propaga-

tion under a compressive impact. Also, we apply various amplitudes of impact force to the

multi-bar linkage model in order to examine the speed of both compressive and tensile strain

waves, especially focusing on the dominant traveling wave.

We perform numerical computations where a compressive impact is applied to the first

unit cell with the right end of the N -th unit cell kept fixed as shown in Fig. 6.3(a). The

strain waves propagating in a uniform chain of N = 400 unit cells are examined numerically.

In the case of the multi-bar linkage model, the relative strain is defined as

ηj =
hj,0 − hj
hj,0

(6.6)

where hj = 4L sin θj and hj,0 = 4L sin θj,0 (see Fig. 6.2(b)). The numerical constants used in

the calculation are the following: L = 5 mm, m = 0.39 g, kθ = 1.0 Nm/rad, and θj,0 = 45◦.

To apply impact excitation, we impose F ex = 100 N for the first 1 ms and F ex = 0 N after the

first 1 ms in our simulations. From the force-displacement curve based on these constants,

we obtain n = 0.64 and A = 2, 938 N/mn, given an initial displacement offset of d0 = 2.1 mm

for the power-law approximation. In the case of the lumped mass model, the relative strain

is defined as

ηj =
uj+1 − uj

d0

. (6.7)

Figures 6.4(a) and (b) show space-time contour plots of strain wave propagation under

compressive impact, while Figs. 6.4(c) and (d) show the strain waveforms corresponding to

t = 3, 40, and 70 ms. Note that in Figs. 6.4(c) and (d), the strain curves at t = 3 and 40
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Figure 6.4: Space-time contour plots of strain wave propagation based on (a) the Multi-bar
linkage model and (b) the Lumped mass model. Temporal plots of strain waves using (c)
the Multi-bar linkage model and (d) the Lumped mass model. Strain curves at t = 3 ms and
40 ms are offset by 1.0 and 0.5, respectively, to ease visualization. The inset in (c) shows
the magnified view of the leading edge. The arrows (1) and (2) point to the rarefaction wave
present in the dynamics.
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ms are shifted vertically by 0.5 and 1, respectively, to ease visualization. After the impact

force is applied to the system, the first compressive impact attenuates quickly as the strain

waves propagate through the system, and then a rarefaction wave appears in front of the

first compressive wave (see the insets as well as the arrows (1) and (2) in Fig. 6.4). It should

be also noted that due to the strain-softening behavior, the amplitude of the compressive

force is reduced drastically as the wave propagates along the chain. Since both the multi-bar

linkage model and the lumped mass model have this strain-softening nature, the analogous

type of rarefaction waves is observed.

In addition, the inset of Fig. 6.4(c) shows the magnified view of the leading edge of the

propagating strain wave. This leading wave is created due to the effect of inertia in the multi-

bar linkage model. That is, when the first unit cell folds right after the compressive impact,

the second unit cell is pulled by the first unit cell before the compressive force propagates

to the next unit cell. Therefore, the tensile strain appears in front of the first compressive

wave in the multi-bar linkage model. Comparing the numerical results of the two models,

the lumped mass model captures the multi-bar linkage model dynamics even quantitatively

at short times.

Let us also note in passing that in the wake of this primary rarefaction pulse, we observe

radiative dispersive wavepackets both in the multi-bar linkage model and in the lumped

mass model. These wavepackets apparently travel maximally with the speed of sound in

the medium, while the rarefaction pulse outrunning them is apparently supersonic. We will

return to this point to corroborate it further by our numerical bifurcation analysis in the next

section. Additionally, it should be noted that in the lumped mass model, highly localized

structures with a clear envelope can be discerned (see e.g., the vicinity of unit number 150

of the 70 ms panel of Fig. 6.4(d)), which seem to have the form of excitations, which are

exponentially localized in space and periodic in time [66,67]. A closer inspection of Fig. 6.4(b)

also seems to suggest that such coherent wavepackets travel more slowly than the dispersive

radiation. The multi-bar linkage model also exhibits such time-periodic patterns, but there

is no clear signature of spatial localization. The fundamental difference of wave propagation
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between these two models stems from the fact that the lumped mass model neglects rotational

motions of origami components, while the multi-bar linkage model accounts for coupled

motions of both translational and rotational dynamics of origami. While these nonlinear

wave structures are worth investigating, this topic is beyond the scope of this study, and we

do not explore them further here.

6.3 Conclusions

In this Chapter, we investigated nonlinear wave dynamics in origami-based metamaterials

consisting of building blocks based on Tachi-Miura polyhedron (TMP) cells. We analyzed

the kinematics of the TMP unit cell using a simple multi-bar linkage model and found that

it exhibits tunable strain-softening behavior under compression due to its geometric nonlin-

earity. We observed that upon impact, this origami-based structure supports the formation

and propagation of rarefaction waves. The resulting evolution features a tensile wavefront

despite the application of compressive impact. A further reduction was also offered based on

the fitted force-displacement formula for a single cell, in the form of a lumped mass model.

The dynamical features observed herein may constitute a highly useful feature towards the

efficient mitigation of impact by converting compressive waves into rarefaction waves and

disintegrating high-amplitude impulses into small-amplitude oscillatory wave patterns. We

also demonstrated the potential tunability of the wave speed by altering initial folding con-

ditions of the origami-based structure, which naturally opens up the feasibility of controlling

stress wave propagation in an efficient manner.

The rather unique nonlinear wave dynamics of origami structures can lead to a wide

range of applications, such as tunable wave transmission channels and deployable impact

mitigating layers for space and other engineering systems. These applications will leverage

intrinsic versatility of origami structures, e.g., the formation of not only rarefaction waves,

but also other types of nonlinear waves and tunable frequency band structures. On the

theoretical/computational side, there is also a large number of intriguing questions that are

emerging. For example, a more detailed comparison of the coherent wave structures propa-
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gating in the multi-bar linkage model vs. the lumped-mass model would be an interesting

topic for further consideration. This would help uncover the dynamical features leading to

the apparent weak amplitude decay in the former, in contrast to the robust wave propaga-

tion in the latter. At the single wave level, an exploration of the delicate issues of spectral

stability by means of different numerical methods and of the corresponding dynamical im-

plications would be of particular interest. Subsequently, understanding the dynamics and

interactions of multiple rarefaction wave patterns would also be a relevant theme for future

investigations.
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Chapter 7

NONLINEAR WAVE PROPAGATION IN TCO

While the TMP structure described in Chapter 6 shows novel nonlinear wave dynamics,

the experimental verification of such dynamics (e.g., rarefaction wave formation) is highly

challenging. This is because of (i) the difficulty in fabricating rugged, multi-DOF waveguide

using the TMP unit cells; and (ii) the necessity of assembling a long chain (e.g., 300 elements

in Fig. 6.4 in Chapter 6) to form rarefaction waves. In this Chapter, we investigate the

nonlinear wave propagation in the chain of the TCO unit cells, specifically the rarefaction

solitary wave (see Fig. 7.1). We fabricate the TCO unit cell by using paper sheet (Fig. 7.1B),

and conduct compression test on fabricated prototypes. Unlike the TMP, this TCO offers

unique advantages, such as the intrinsic multi-DOF characteristic and the efficacy in forming

rarefaction waves even using a dozen unit cells. As a first step, by leveraging the simplified

truss-like model that we discuss in Chapter 3, we approximate the static/dynamic folding

behavior of the paper prototype, which provides simple yet powerful numerical and analytical

tools to analyze the unique wave propagation in the system. Then, we conduct dynamic

analysis by applying compressive impact to the end of the chain (see Fig. 7.1C and D). We

observe the rarefaction solitary wave experimentally, and examine the shape and wave speed

of this solitary wave experimentally, numerically, and analytically. Interestingly, although

the compressive impact is applied to the system, the tensile solitary wave propagates ahead

of the initial compressive strain, which is a counter intuitive phenomena. In addition, the

amplitude of the incident compressive strain is attenuated significantly, therefore, this strong

attenuation for compressive impact, togethered with the formation of rarefaction solitary

wave, can be used for designing a new type of impact mitigation systems.
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Figure 7.1: Schematics and digital images of the triangulated cylindrical origami prototypes.
(a) Folding motion of the TCO is shown in sequence. (b) The flat sheet with crease patterns
(upper left) is composed of mountain crease lines (red), valley crease lines (blue), and the
adhesive area (shaded area). The photograph shows corresponding laser-cut paper sheets
(lower right). (c) The origami-based metamaterial generates the rarefaction solitary wave
despite the application of compressive impact. The system is composed of the TCO unit cells
(lower right). To connect the neighboring unit cells, the interfacial polygonal cross-section is
used (lower left). (d) The actual prototype of the system and its unit cell (lower right inset).
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7.1 Static mechanical response of paper prototype

We start by examining the geometry of the TCO unit cell. The TCO structure shows axial

and rotational motions coupled to each other, and we characterize this folding motion by

using the axial displacement (u) and rotational angle (ϕ), which are defined with respect

to the initial height (h0) and angle (θ0) (Fig. 7.6 A and B). To analyze the kinematics of

the origami, we construct a simplified mathematical model which approximates the folding

behavior of the TCO into linear spring motions along the crease lines [48]. In this model, we

use two different spring constants (Ka and Kb) for the shorter (AaB in Fig. 7.6 A) and longer

crease lines (AbB), respectively. Also, the bending motion between the triangular facet and

the edge of the Np-sided polygon (denoted by the shaded area in Figs. 7.6 A and B with the

radius R of the circle circumscribing the polygon) is modeled as a torsional spring with the

spring constant Kψ. These three spring constants are determined empirically by conducting

compression tests on the fabricated TCO cell.
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Figure 7.2: Geometry of the TCO and experimental data of force-displacement relationship
with strain softening behavior. (a) The axial displacement (u) is defined with respect to the
initial height of the TCO (h0). (b) Top-down view shows the rotational angle (ϕ) defined
with respect to the initial angle (θ0).



81

7.1.1 Prototype fabrication

We use construction paper sheets (Strathmore 500 Series 3-PLY BRISTOL, thickness of the

paper is 0.5 mm) for the origami part (see Fig.1B), and extruded acrylic sheets with the

thickness of 1.6 mm for the interfacial polygon as shown in the inset of Fig.1C. These two

materials are tailored by a laser cutting machine (VLS 4.6, Universal Laser Systems) as

shown in Fig. 7.3A. For the crease of the TCO unit cell, we design a customized crease lines

based on the compliant mechanisms (Fig. 7.3B). By using this crease pattern, each crease line

shows enhanced repeatable and consistent folding behavior and fatigue property, compared

with crease lines made from purely flat sheet configurations. It should be also noted that this

crease pattern (e.g., length, width, and distance of cut slits) affects the compressive force-

displacement behavior of the TCO cell significantly. In this study, we prototype twenty

identical TCO unit cells by choosing h0 = 35 mm, θ0 = 70◦, and R = 36 mm. After the unit

cell prototype is assembled by hand, we apply the preconditioning process, which we discuss

in the next section, to minimize the errors among fabricated prototypes.

10 mm

A B

Figure 7.3: Fabrication of the TCO unit cell. (a) Laser cutting the crease pattern of the
TCO unit cell. (b) Customized crease line based on compliant mechanisms.
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7.1.2 Preconditioning process

To obtain the consistent folding behavior from all TCO unit cells, we design a recipe for

preconditioning each fabricated prototype. Each prototype is assembled by hand, therefore

the folding behavior, specifically force-displacement relationship, varies among the samples.

Any inclusion of abnormal cells into the chain of the origami system will cause disruption of

wave propagation in the system, causing unwanted reflection and/or localization of waves in

the spot of these ‘impurity’ cells. Similarly, the repeatability of folding/unfolding behavior

of each unit cell is also a critical factor to ensure reliable performance of the whole origami

system.

To address this issue, we conduct fatigue tests on all unit cells by using the customized

load frame as shown in Fig. 7.4. The unit-cell prototype is placed vertically on the load

frame (Fig. 7.4) where the bottom part of the unit cell is fixed. The top end of the unit cell

is connected to the load cell (LUX-B-50N-ID, Kyowa) through a sleeve bearing (PTFE) so

that the top polygon is constrained in the axial direction but it can rotate freely around the

longitudinal axis. The top part holding the load cell is actuated by the motor-driven linear

stage (BiSlider, Velmex). Note that by using this system, we apply a desired compression to

the system, while allowing free rotational motions and restricting any bending motions of the

prototype (see the sequence of the compresion test as shown in Fig. 7.4. The displacement is

measured by the non-contact laser sensor (CMOS Multi-Function Analog Laser Sensor IL-

065, Keyence). By using this load frame, we apply 200 cycles of controlled displacement from

−3 mm (tension) to 15 mm (compression) at 6 mm/s, and we measure the corresponding

force-displacement relationship.

Figure 7.5A shows the loading and unloading curves from the first cycle (i.e., newly

fabricated state without experiencing axial force) to the 200th cycle. One of the noticeable

feature is that the first cycle shows the significant maximum force peak during loading

(denoted by the black curve in Fig. 7.5A). Then, as the number of cycles increases, each curve

traces a similar path. To analyze this fatigue behavior, we consider the area bounded by the
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Load cell Sleeve bearing

Figure 7.4: Compression test on the TCO unit cell. The top polygon of the TCO unit cell is
attached to the load cell through the sleeve bearing so that the top surface is constrained in
the axial direction, but it can freely rotate. The sequence of the compression is shown from
the left to right photographs.

loading and unloading curves for each hysteresis loop, and we plot the area as a function of the

number of cycles as shown in Fig. 7.5B. The area enclosed by the hysteresis loop is associated

with energy dissipation, and in Fig. 7.5B, we normalize this area by that of the first cycle.

For the initial fifty cycles, the energy dissipation decreases significantly, and then the slope

of the energy dissipation curve becomes relatively small value. Therefore, if the fabricated

prototypes that experienced only a few loading/unloading cycles are used for both static

and dynamic experiments, the performance of the unit cell depends highly on the history of

the loading/unloading. On the other hand, if we apply enough number of loading/unloading

cycles to the prototypes, each unit cell shows the consistent and repeatable folding behavior

with less effect of the cycle history. Hence, we apply this cyclic preconditioning process (200

cycles, displacement of −3 ∼ 15 mm) to all unit cells in advance of the static compression

test and the dynamic test.
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Figure 7.5: Fatigue property of the TCO single unit cell. (a) Force-displacement curves for
200 loading/unloading cycles. The color gradient indicates the number of cycles. (b) The
area enclosed by each hysteresis loop (i.e., energy dissipation) is plotted as a function of
cycles. The energy dissipation is normalized by that of the first hysteresis loop. We use
twenty of the TCO prototypes, and the mean value is shown as the dashed line, and the
standard deviation is represented by the colored area.
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7.1.3 Compression test on a single unit cell

Figure 7.6 shows the experimental result (solid curve), along with the analytical prediction

(dashed curve) obtained from the simplified model. We observe the analytical model corrob-

orates the experimental result. Also, we validate the strain softening behavior of the TCO

under compression, i.e., the stiffness of the structure decreases as it is compressed. In addi-

tion, by using the simplified model, we can analyze the elastic potential energy change as a

function of u/h0 and ϕ (see the inset of Fig. 7.6, where the dark color indicates a minimal

energy regime). This near-curve trajectory indicates how the deformation of the TCO cell

takes place by coupling axial and rotational motions (see Chapter 3).

1st eigenmode

Simplified model

Figure 7.6: Compression test result. Experimentally measured axial force normalized by
the spring constant (Ka) and h0 (the mean value is shown as dashed curves, and s.d. is
represented by colored areas) is compared with the simplified linear spring model (blue).
The inset shows the surface plot of the elastic potential energy. The darker color indicates
the lower energy level. The dashed line shows the folding behavior of the reduced 1D model
obtained from the first eigen mode.
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7.2 Experimental verification of rarefaction solitary wave

Based on the unit cell analysis, we investigate the wave dynamics in a chain of TCO cells

(Fig. 7.7 A). The left end of the chain (unit number n = 1) is connected to the shaker (LDS

V406 M4-CE, Brüel & Kjær) through the customized attachment with a sleeve bearing,

which transfers shaker impact to the cell while allowing its free rotational motion. The TCO

cell positioned in the right end of the chain (n = 20) is fixed to the rigid wall. The shaker

is excited by a single step voltage to inject compressive impact to the system. To obtain the

dynamic folding/unfolding motion of each unit cell, we use six action cameras (GoPro HERO

4 BLACK) whose maximum frame rate is mere 240 fps (see the lower inset of Fig. 7.7 A,

and also Appendix C for the detail information). By using three pairs of the GoPro cameras,

we split the field of view of the entire origami system by three and capture the axial and

rotational motions of the TCO cells based on the stereo vision. To facilitate detection of the

motions, we attach fluorescent green spherical markers to each interfacial polygon (see the

inset in Fig. 7.1 C). The weight and moment of inertia of the interfacial polygon including

a sleeve bearing and markers are 49.4 g and 5.32 ×10−5 kg m2, respectively. The weight

of the triangulated facets made of paper is 3.6 g, therefore the inertia of the side facets are

negligible compared to the polygon.

The digital images in Fig. 7.7 B show the snapshots of the first eight TCO unit cells at

four different time frames captured by the first pair of the action cameras. In this figure,

the length of the arrows represents the velocity of the polygon in the axial direction, and

red (blue) color denotes the rightward (leftward) direction. For the sake of visualization, the

3D images are reconstructed based on the experiment data as shown in the right column in

Fig. 7.7 B, where red (blue) color indicates compressive (tensile) strain. Here, the strain value

of the nth cell is defined by (un − un+1)/h0 where un (un+1) is the axial displacement of its

left (right) polygon, such that compressive (tensile) strains take positive (negative) signs for

convenience. Also, the deformed shapes are scaled 2.5 time larger than original deformation

for visual clarity. From the experimental results, we observe that initially, the first unit
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Figure 7.7: Experimental setup and digital image correlation (DIC) analysis results. (a) The
shaker is attached to the left-most unit cell through the sleeve bearing (upper right inset).
The folding motion of each unit cell is captured by six action cameras (lower inset). For DIC
analysis, the fluorescent green markers are used. (b) Snapshots of the experiment at t = 0,
0.06, 0.11, 0.14 s. Images from the camera are shown in the left column where the arrow
represents the velocity vector of the polygon in the axial direction. 3D reconstruction of
the TCO chain (right column). The deformation is scaled 2.5 times larger than the original
deformation for visual clarity. Arrows indicate the propagation of the rarefaction solitary
wave.

shows the large-amplitude compression due to the excitation by the shaker. However, this

compressive motion decays quickly without being robustly transmitted to the right, whereas

the noticeable tensile motion is evolved instead (see the arrows in Fig. 7.7 B).

To better understand this interesting wave dynamics, we plot the measured strains in time

and space domains (Fig. 7.8 A). We observe that after the compressive impact is applied to

the front end of the system, this origami system creates two different types of mechanical

waves: small-amplitude and fast-traveling oscillatory waves (see small ripples in t < 0.2 s

in Fig. 7.8 A), and large-amplitude and slow-traveling, tsunami-like waves (high spikes and
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dips). The separation of waves into such two groups arises from the two degree-of-freedom

nature of the TCO cells with coupled dynamics between axial and rotational motions (see

the reference [38] for wave mixing effects in such settings). While the former wave group

is interesting on its own right, in this study, we focus on the slower but larger-amplitude

mechanical waves from a perspective of designing effective impact mitigation system. If we

limit our scope to this, we find interestingly in Fig. 7.7 A that the primary wave that the

last TCO cell (n = 20) experiences is a tensile wave despite the application of compressive

impact to the system.

For computational investigation, we formulate the equations of motions for the entire

chain based on the simplified model of the TCO cells (see Appendix B for details) and solve

them numerically by using the Runge-Kutta method. The simulation results are shown in

Fig. 7.8 B, which show an excellent agreement with the experimental results. These equations

of motions can be further reduced to a 1D model by considering the first eigen-mode of the

single TCO unit cell (see the dashed line in the inset of Fig. 7.6 C). We take the continuum

limit of the equations given the infinite TCO chain, and then, we reach the mathematical

expression that shows this TCO-based system can be approximated into the well-known

KdV equation (see Appendix D for details). This equation supports solitary wave solutions,

thereby analytically confirming the existence of the rarefaction solitary waves propagating

in the origami-based system.

To take into account damping effects in the system (e.g., material dissipation and fric-

tion), we consider the leading-order solitary wave solution for the damped KdV equation, in

which we introduce an exponential damping factor ν [68,69] (see Appendix D). We determine

ν by conducting curve-fitting to the experimental amplitude of the rarefaction solitary wave

in space (red dots in Fig. 7.8 C). As a result, the black solid curve is obtained from the

damped KdV solution (ν = 13.8 s−1). Note that the numerical results in Fig. 7.8 B adopted

this damping factor for accounting for damping in simulations. We find that this results in

the reasonably close trend of the strain attenuation in numerics compared to experiments

and analysis. If we analyze the attenuation trend of the leading compressive wave, how-
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Figure 7.8: Wave form analysis. (a) The space-time contour plot of the experimentally
measure strain wave propagation in the origami-based system. The black arrow indicates
the rarefaction solitary wave, and the green shows the direction of the propagation. (b)
Numerical simulation results show a qualitative agreement with the experimental data. The
black arrow indicates the leading compresive wave in front of the rarefaction wave. (c) The
amplitude change of the rarefaction solitary wave. The experimental data is fitted by the
KdV solution (black curve) to obtain the damping coefficient for numerical and analytical
analysis. The errorbar is s.d. calculated from five measurements. (d) The amplitude of the
leading compression is analyzed. The dashed curves are obtained from the exponential fit to
the experimental and numerical data. The shape of the rarefaction solitary wave (e) at t =
0.10 s and (f) t = 0.15 s are shown.
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ever, we find that the numerical simulation yields better agreement with the experimental

observation as shown in Fig. 7.8 D. Comparing the attenuation trends of the leading tensile

and compressive waves (Figs. 7.8 C and D), we observe the compressive component decays

more drastically than the tensile counterpart. The compressive waves show an order-of-

magnitude reduction in its amplitude within 10 TCO cells. This manifests the efficacy of

the origami-based metamaterial for efficient mitigation of compressive impact.

In Figs. 7.8 E and F, we show the temporal plots of the strain waves at t = 0.10 and 0.15

s. In these plots, the compressive waves are attenuated significantly, while the tensile ones

are propagating more dominantly and robustly. Although the analytical expression predicts

the rarefaction solitary wave with a wider width, we observe a qualitative agreement among

analytical, numerical, and experimental results. One interesting finding here is that the

maximum compressive strain is ahead of the rarefaction solitary wave at t = 0.10 s, but the

peak is shifted to the rear part of the solitary wave at t = 0.15 s. This indicates that the

rarefaction solitary wave propagates faster than the other compressive wave packets, and

eventually overtakes the initial compressive strain wave. While such overtaking behavior

has been previously studied numerically [55,58], this is the first experimental observation in

mechanical platforms.

We further investigate the overtaking behavior by calculating the wave speeds of both

tensile and compressive components. To this end, we conduct numerical simulations for a

longer chain composed of 50 unit cells (see Fig. 7.9 A and its inset for the magnified view).

We evidently observe the overtaking phenomenon around the fifth cell location, verifying the

larger speed of the rarefaction solitary wave than that of the compressive one. To quantify

the speeds, we extract the time and location of the maximum peak of the rarefaction solitary

and compressive strain waves as shown in Fig. 7.9 B. As marked by the circle in the figure,

we detect the overtaking moment around t = 0.11 s, when the trajectories of solitary wave

and maximum compression peak are crossing. The slope of each curve represents the wave

speed, therefore the wave speed of the rarefaction solitary wave can be calculated from the

experimental and numerical results. Figure 7.9 C shows the wave speed calculated from
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the experiment (20 units) and simulation (50 units), and the result is compared with the

prediction from the KdV solution. In addition, the speed of the sound of the system is

calculated from the linear analysis (see Appendix D). We observe that the experimental and

numerical results corroborate the analytical prediction. Also, our analysis reveals that the

wave speed of the rarefaction solitary wave is larger than the speed of sound, therefore this

rarefaction solitary wave is evidently supersonic.

7.3 Conclusion

In conclusion, we have studied experimentally, numerically, and analytically unique non-

linear wave propagation in mechanical metamaterials made of the Triangulated Cylindrical

Origami (TCO) cells. We found that the TCO-based metamaterials exhibit the rarefaction

solitary wave propagating ahead of the initial compressive strain despite the application of

compressive impact. Also, the initial compressive strain is attenuated significantly, which can

be highly beneficial for impact mitigation application. While we focused on the monoatomic

TCO unit cells with strain-softening behavior in this study, the origami-based system has

great potential for supporting rich wave dynamics by introducing heterogeneous elements

(e.g., hardening, multi-stable, and impurity components) in the chain. Also, the findings in

this 1D setting can be further extended to multi-dimensions in a modular way. We believe

that this versatile platform composed of volumetric origami structures can be used for a

wide range of applications such as impact/shock mitigation, vibration filtering, and energy

harvesting.
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Figure 7.9: Wave speed analysis. (a) Space-time contour plot of the strain wave for the nu-
merical simulation conducted on the longer chain composed of 50 TCO unit cells. Magnified
view of the overtaking moment is shown in the right inset. (b) Trajectory of the rarefaction
solitary wave (denoted by the blue markers) and the maximum compressive strain wave (red
markers) shows the overtaking behavior of the rarefaction solitary wave. The green line
indicates the analytical prediction from the KdV equation. (c) Wave speed of the rarefac-
tion solitary wave is larger than the speed of sound of the medium, which means supersonic
behavior.
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Chapter 8

FUTURE EXPLORATION OF ORIGAMI-BASED
STRUCTURES

We have studied numerically, analytically, and experimentally unique static/dynamic

response of origami-based mechanical metamaterials made of the Tachi-Miura Polyhedron

(TMP) and Triangulated Cylindrical Origami (TCO) cells. From the static analysis, we have

found the following unique mechanical properties:

• The TMP structure exhibits tunable positive/negative Poisson’s ratio depending on

the geometrical parameters and initial shape of the unit cell. This transition between

positive and negative Poisson’s ratio has been predicted analytically and measured

experimentally.

• For the application of lateral loading to the TMP structure, we observe the transition

between flat-foaldable in two directions to increasing stiff configurations which means

that the structure becomes extremely difficult to fold in a practical sense. We found

this behavior analytically.

• The TCO unit cell possesses tailorable four distinctively different behaviors: mono-

/bistable behavior, zero-stiffness mode, and bifurcation configurations. These four

configurations have been verified experimentally.

Based on these unconventional static behaviors, we have designed the two different types

of the discrete chain composed of the TMP or TCO unit cells. We have conducted dynamic

analysis on these two chains and the important findings are summarized as follows:



94

• Both TMP-/TCO-based system show frequency band structure if the system consists

of two different configurations of the origami unit cells. This frequency band gap has

been investigated numerically and analytically.

• TCO-based chain exhibits wave mixing behavior due to the coupling of axial and rota-

tional motions of the TCO unit cell. This wave mixing has been analyzed numerically.

• Both TMP-/TCO-based chain support the rarefaction solitary wave, tsunami-like non-

linear wave propagation, arising from strain-softening nature of each unit cell. We have

confirmed this unique wave propagation numerically.

• The rarefaction solitary wave with overtaking behavior, i.e., the tensile solitary wave

overtakes the initially leading compressive strain waev, has been verified analytically,

numerically, and experimentally.

While we focused on one dimensional chain of the TMP/TCO sturcutres in this the-

sis, the origami-based system has great potential for constructing two or three dimensional

metamaterials with rich wave dynamics by stacking the unit cells in vertical/horizontal di-

rections. One of the feasible extension of the TMP is the multi-TMP cellular structure as

we discuss in Chapter 2. Figure 8.1 shows the preliminary prototype made of acrylic plates

and stainless steel shafts. The next step should be experimental evaluation of the prototype

in static compression tests and dynamic analysis such as vibration test and impact response.

To extend the TCO-based mechanical metamaterial concept to multi-dimensions, one of

the possible idea would be arranging the TCO unit cells in a planer direction and connecting

the polygon of neighboring unit cells by linear spring elements as shown in Fig. 8.2A. In this

way, the rotational motion of each polygon is transmitted to other neighboring unit cells. One

of the interesting research direction is to examine the different types of interactions between

adjacent unit cells. For example, depending on the installation point of the linear spring,

the direction of the rotational motion transmitted to neighboring cells would be different.
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A

B Folding ratio: 60 %

Folding ratio: 10 %

Figure 8.1: Prototype of 2× 2 multi-TMP cellular structure. The illustration of 2× 2 multi-
TMP unit cells (Left column) and photograph of the corresponding configuration (Right) for
folding ratio of (a) 10 % and (b) 60% are shown. The inset photograph shows the enlarged
image of the laser-cut acrylic hinge and a strain steel shaft.

It would be interesting to explore wave dynamics in this extended 2D TCO system with

different interaction behaviors.

Another interesting extension of this research is the use of different materials and di-

mensions for prototype fabrication. Currently, origami-based structure has been fabricated

mostly by paper sheets. To develop practical engineering applications, new prototype fab-

rication techniques need to be investigated by preserving the unique mechanical responses

of origami. Since the TMP is a single-DOF structure, it can be constructed by using metal

sheets (see Fig. 8.3). However, the thickness of actual materials causes the discrepancy be-

tween rigid origami assumption and physical prototypes, which prohibits smooth implemen-

tation of origami design principles into real engineering applications. Therefore, the origami

design principle based on thick materials could drastically enhance the use of origami in

engineering.
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A

C

B

Figure 8.2: Conceptual illustration of the extension of the TCO-based mechanical metama-
terials. (a) Planer extension of the TCO mematerials in which the top surfaces are connected
by linear springs. (b) Different interactions between neighboring unit cells. The top polygons
of two neighboring units are connected by a linear spring. If we apply clock-wise torque to
the left unit cell, the right cell also rotates in a clock-wise direction. (c) If we connect two
adjacent unit cells in a diagonal direction and apply the same torque to the left unit cell,
the right rotates in a counter clock-wise manner.
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50 mm

Figure 8.3: Prototype of the TMP single unit cells. (Left) Paper prototype of the TMP
structure with α = 45◦). (Right) The prototype made of aluminum plates and hinges.

Based on the research finding in this thesis, this versatile platform composed of volumetric

origami structures, together with new fabrication technique dealing with these challenges,

can be used a wide range of applications such as impact/shock mitigation, vibration filtering,

and energy harvesting.
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Appendix A

EQUATION OF MOTION FOR THE TMP-BASED
METAMATERIALS

We model a chain of N -TMP cells based on the simplified bar-linkage model described

in Chapter 4. In this model, each unit cell is connected by pin joints, which are allowed to

move along the z -axis. The center-of-mass coordinates of the two bars and the orientation

angles for the j-th unit cell are (zLj , yLj , θj) and (zRj , yRj , π− θj), respectively. Let us regroup

this set of coordinates in a vector form as follows:

rj =
[
zLj yLj θj zRj yRj π − θj

]T
.

Then, the coordinate of the origami chain can be expressed as:

r =
[
rT1 · · · rTj · · · rTN

]T
.

Introducing the general coordinate

q =
[
θ1 · · · θj · · · θN

]T
,

the velocity vector v and the corresponding acceleration v̇ can be expressed as

v = ṙ = Gq̇, v̇ = r̈ = Ġq̇ +Gq̈ (A.1)
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where

G =



G1 g2 · · · gj · · · gN

O6×1 G2
... gj

... gN
... O6×1

. . .
...

...
...

...
...

. . . Gj
...

...
...

...
...

. . . . . .
...

O6×1 O6×1 · · · · · · · · · GN


,

Gj = [−3L cos θj −L sin θj 1

−L cos θj −L sin θj −1]T ,

gj =
[
−4L cos θj 0 0 −4L cos θj 0 0

]T
,

O6×1 =
[
0 0 0 0 0 0

]T
.

If we fix the time and displacement under virtual velocity (i.e., δq = 0 and δt = 0) [51],

the variation of the velocity vector becomes

δvj =
N∑
k=1

∂vj
∂q̇k

δq̇k. (A.2)

Then the principle of virtual power is expressed by

N∑
j=1

(
M̂jv̇j − fj

)
δvj = 0 (A.3)

where M̂j is a mass matrix expressed as

M̂j = diag
[
m m J m m J

]
,

and J is the bar’s moment of inertia (J = mL2/3). Also, fj is a force vector defined as

follows

fj =



[F ex, 0, −2kθ (θ1 − θ1,0)− F exL cos θ1,

0, 0, −2kθ (θ1,0 − θ1)] if j = 1

[0, 0, −2kθ (θj − θj,0) ,

0, 0, −2kθ (θj,0 − θj)] if j = 2. . .N
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where θj,0 is the initial folding angle of the j-th unit cell (i.e., no torque applied at the hinge

in this initial angle), and F ex is the external force applied to the first unit cell as shown

in Fig.4.1(b). The advantage of the principle of virtual power is that we can apply it to

a system with both motion and geometrical constraints, and we can derive the equation of

motion without considering force constraints.

Substituting Eq. (A.2) into Eq. (A.3), we obtain

N∑
k=1

[
N∑
j=1

(
M̂jv̇j − fj

) ∂vj
∂q̇k

]
δq̇k = 0.

Therefore
N∑
j=1

(
M̂jv̇j − fj

) ∂vj
∂q̇k

= 0

where k = 1, . . . , N . Then

GTM̂v̇ = GTf . (A.4)

where

M̂ = diag
[
M̂1 · · · M̂N

]
,

f =
[
f1 · · · fj · · · fN

]T
Substituting Eq. (A.1) into Eq. (A.4), we obtain the equation of motion as follows:

GTM̂Gq̈ +GTM̂Ġq̇ = GTf . (A.5)

To obtain the equation of motion of a unit cell, let us consider a simple case of N = 1.

The position and velocity vectors of the two rigid bars in the unit cell (see Fig.4.1(b)) are

(z1, y1) = (−3L sin θ1, L cos θ1)

(z2, y2) = (−L sin θ1, L cos θ1)

(ż1, ẏ1) = (−3Lθ̇1 cos θ1,−Lθ̇1 sin θ1)

(ż2, ẏ2) = (−Lθ̇1 cos θ1,−Lθ̇1 sin θ1).
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Note that the origin of z -axis is located at the fixed wall. Then, we obtain

G = [−3L cos θ1 −L sin θ1 1

−L cos θ1 −L sin θ1 −1]T ,

Ġ = [3Lθ̇1 sin θ1 −Lθ̇1 cos θ1 0

Lθ̇1 sin θ1 −Lθ̇1 cos θ1 0]T .

Also, the force vector is expressed as:

f =[F ex, 0, −2kθ (θ1 − θ1,0)− F exL cos θ1,

0, 0, −2kθ (θ1,0 − θ1)]
T .

Plugging these expressions into Eq. (A.5), we finally obtain the equation of motion of the

single unit cell as (
mL2/2 + J/2 + 2mL2cos2θ1

)
θ̈1 −mL2θ̇2

1 sin 2θ1

+kθ (θ1 − θ1,0) = −F exL cos θ1.
(A.6)

Here, we consider the quasi-static case (i.e., acceleration and velocity terms are much

smaller compared to the external excitation and spring force terms), and the force-

displacement relationship can be derived as follows:

F ex = −kθ (θ1 − θ1,0)

L cos θ1

. (A.7)

Note that F ex is the external force applied to the roller joint as shown in Fig.4.1(b).
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Appendix B

EQUATION OF MOTION FOR THE TCO-BASED
METAMATERIALS

B.1 Equation of motion for the TCO-based 1D chain

To conduct analytical and numerical analysis, we derive the equation of motion by using

the Hamiltonian based on the simplified TCO model. The TCO cell typically undergoes the

planar deformation of its facets during folding/unfolding motions, so-called non-rigid origami

motions. Thus, the analysis of the folding/unfolding motions of the TCO cell is extremely

challenging. However, if we simplify this TCO cell into a truss structure, the derivation of

analytical model is possible (see [Nature Comm] for more details). In this section, we briefly

introduce this simplified model of the TCO unit cell, while the main focus will be placed on

the dynamic equations of the TCO chain.

The first step in the simplified TCO model is to approximate the crease lines into linear

springs. That is, we model the shorter (AaB in Fig.2A) and longer crease lines (AbB in

Fig.2A) as linear springs whose spring constants are Ka and Kb, respectively. For the crease

line along the Np-sided interfacial polygons with the radius R of its circle circumscribing,

we consider the bending motion between the triangular facet and the edge of the polygon.

This bending behavior is modeled as a torsional spring with the spring constant, Kψ. Let

the length of the shorter and longer crease lines be an and bn where n is the unit index, we

obtain the following expressions:

an =

√√√√(h(0)
n −∆un

)2

+ 4R2sin2

(
∆ϕn

2
+
θ

(0)
n

2
− π

2Np

)
, (B.1)

bn =

√√√√(h(0)
n −∆un

)2

+ 4R2sin2

(
∆ϕn

2
+
θ

(0)
n

2
+

π

2Np

)
. (B.2)
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where h
(0)
n and θ

(0)
n are the initial height and rotational angle of the n-th TCO unit cell,

respectively, and ∆un = un − un+1 and ∆ϕn = ϕn − ϕn+1. Also, let the bending angle for

the edge crease line be ψn, it is expressed by

ψn = tan−1

(
h0 −∆un

R {cos (π/Np )− cos (∆ϕn + θ0)}

)
. (B.3)

Then, the elastic potential energy is

Un (∆un,∆ϕn) =
1

2
NpKa

(
an − a(0)

n

)2
+

1

2
NpKb

(
bn − b(0)

n

)2
+NpKψ

(
ψn − ψ(0)

n

)2
(B.4)

where the superscript (0) denotes the initial states. The kinetic energy is

Tn =
1

2
Mu̇2

n +
1

2
Jϕ̇2

n (B.5)

where M and J are the mass and moment of inertia, respectively. The dot indicates the

time derivative. Therefore, Hamiltonian is

H =
∑
n

(Tn + Un) =
∑
n

{
1

2Mn

p2
n +

1

2Jn
q2
n + Un (∆un,∆ϕn)

}
(B.6)

where we define the following variables:

pn = Mu̇n, qn = Jϕ̇n, . (B.7)

Thus, the Hamilton’s equations are

u̇n =
∂H

∂pn
=

1

M
pn, (B.8)

ϕ̇n =
∂H

∂qn
=

1

J
qn, (B.9)

ṗn = − ∂H
∂un

=
∂Un−1

∂un
− ∂Un
∂un

, (B.10)

q̇n = − ∂H
∂ϕn

=
∂Un−1

∂ϕn
− ∂Un
∂ϕn

. (B.11)
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Then,

∂Un
∂un

= F (∆un,∆ϕn) (B.12)

= −NpKa (h0 −∆un)
(

1− a0

a

)
−NpKb (h0 −∆un)

(
1− b0

b

)
(B.13)

−
2NpKψ

(
ψn − ψ(0)

n

)
R {cos (π/Np )− cos (∆ϕn + θ0)}

[
(h0−∆un)2

R2{cos(π/Np )−cos(∆ϕn+θ0)}2 + 1
] . (B.14)

and

∂Un
∂ϕn

= T (∆un,∆ϕn) (B.15)

= NpKaR
2
(

1− a0

a

)
sin

(
∆ϕn + θ(0)

n −
π

Np

)
(B.16)

+ NpKbR
2

(
1− b0

b

)
sin

(
∆ϕn + θ(0)

n +
π

Np

)
(B.17)

−
2NpKψ

(
ψn − ψ(0)

n

)
(h0 −∆un) sin (∆ϕn + θ0)

R{cos (π/Np )− cos (∆ϕn + θ0)}2
[

(h0−∆un)2

R2{cos(π/Np )−cos(∆ϕn+θ0)}2 + 1
] . (B.18)

By using Eq. (B.8), the equations of motion are

Mün = F (∆un−1,∆ϕn−1)− F (∆un,∆ϕn) (B.19)

Jϕ̈n = T (∆un−1,∆ϕn−1)− T (∆un,∆ϕn) . (B.20)

Here F and T are the expressions of the axial force and torque as a function of displacement

and rotational angle.

Please note that for linear wave analysis in Chapter 5, the spring constant Kψ is not

included in the analysis for the sake of simplicity. For the nonlinear wave anlysis in Chapter

7, by using this force expression, we apply the numerical optimization method (Least square

method) to the experimental data of the force-displacement relationship, and determine the

spring constants. Since we use the identical design of the crease to the shorter and longer

crease lines, we assume the same material properties (Young’s modulus) so that there is a

relationship between Ka and Kb as Kb = a(0)/b(0)Ka. Thus, from the numerical optimization,

we determine Ka and Kψ, and then we calculate Kb.
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Appendix C

DYNAMIC TEST ON THE CHAIN OF THE TCO UNIT CELLS

We conduct the dynamic test on the chain of the TCO unit cells by applying compressive

impact to the system. For the chain of the TCO unit cells (Fig.1C), neighboring unit cells are

connected mechanically by using M3 stainless steel screws and hex nuts. Also, a flanged sleeve

bearing made of Polytetrafluoroethylene (PTFE) is embedded in the interfacial polygon, and

the stainless steel shaft with diameter of 4.76 mm is inserted to align each TCO unit cell and

constrain the unit cell motion to axial and rotational motions only. The left end of the chain

(1st unit cell) is connected to the shaker (LDS V406 M4-CE, Brüel & Kjær) through the

customized attachment with a sleeve bearing (PTFE), which attaches the left-most polygon

of the cell to the shaker, but allows free rotational motions. The right end of the chain

(20th unit cell) is fixed to the rigid wall. Note that by using this attachment with the sleeve

bearing, we apply a desired compressive impact to the system, while allowing free rotational

motions and restricting any bending motions of the unit cell. The shaker is excited by a

single step voltage to inject compressive impact to the system.

To capture the dynamic folding/unfolding motion of each unit cell, we use six action

cameras (GoPro HERO 4 BLACK), whose maximum frame rate is 240 fps (see the lower

inset of Fig. 7.7 A). For extracting the TCO cells’ displacement information from the recorded

still shot images, we develope a customized non-contact digital image correlation technique

by using Python and OpenCV [44]. To track the motion of each interfacial polygon, we use

the color and shape as the features of a target marker. We attach a spherical markers to each

corner of the polygons. For the color of the marker, fluorescent green is used to distinguish

the marker of the polygons from the other objects. Figure C.1A is the original image from

the GoPro camera, and then, with the mask based on the fluorescent green, we extracted
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the marker color area from the raw digital image (see the lower inset of Fig. C.1A). Lastly,

we identify the marker from this filtered image by examining the shape of the extracted

area and determine the 3D coordinate of each marker based on the triangulation method

implemented in OpenCV [44]. By using three pairs of the action cameras, we split the field

of view horizontally by three, and capture the axial and rotational motion of the polygons

along the longitudinal axis based on the stereo vision. The all six cameras are calibrated

by using OpenCV built-in function, and our in-house code processes the rectified images to

obtain the 3D coordinate information. Figure C.1B shows the axial displacement change of

the first interfacial polygon attached to the shaker attachment. For numerical simulations,

we feed this experimentally-obtained displacement data into the equation of the first TCO

element’s motion.

A B

Figure C.1: Digital image correlation (DIC) technique to measure the axial displacement and
the rotational angle of each polygon. (a) The upper photograph shows the image obtained
by the action camera. The lower image shows the extracted marker based on the color of
the marker. (b) DIC analysis result showing the axial displacement of the left-most polygon
attached to the shaker attachment.
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Appendix D

DERIVATION OF KDV EQUATION FROM THE TCO CHAIN

First, we derive the reduced equation of motion for the TCO chain by considering the first

eigen-mode. Then, we implement the damping effect in the equation of motion. Based on

the reduced model with damping, we take the continuum limit to obtain the KdV equation

and discuss 1-soliton solution to analyze the rarefaction solitary wave.

D.1 Reduced 1D model

To investigate the wave propagation in the TCO-based system analytically, we reduce the

two degree-of-freedom (DOF) model to a 1D model by linearizing the equation of motion

obtained in the previous section, and we obtain a relationship between u and φ, which can

eliminate one DOF from the equation of motion, by considering the eigenmode from the

modal analysis.

First, we linearize the equation of motion. By applying the Taylor expansion to Eqs. (B.1)

and (B.3), we obtain

an(∆un,∆ϕn) = a(0)
n +

∂an
∂∆un

∆un +
∂an
∂∆ϕn

∆ϕn

+
1

2

{
∂2an

∂(∆un)2 (∆un)2 + 2
∂2an

∂∆un∂∆ϕn
∆un∆ϕn +

∂2an

∂(∆ϕn)2 (∆ϕn)2

}
+H.O.T., (D.1)

bn(∆un,∆ϕn) = b(0)
n +

∂bn
∂∆un

∆un +
∂bn
∂∆ϕn

∆ϕn

+
1

2

{
∂2bn

∂(∆un)2 (∆un)2 + 2
∂2bn

∂∆un∂∆ϕn
∆un∆ϕn +

∂2bn

∂(∆ϕn)2 (∆ϕn)2

}
+H.O.T. (D.2)
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where

αu =

[
∂an
∂∆un

]
∆un=0,∆ϕn=0

= − h0√
h2

0 + 4R2sin2
(
θ0
2
− π

2Np

) = − h0

a
(0)
n

, (D.3)

αϕ =

[
∂an
∂∆ϕn

]
∆un=0,∆ϕn=0

=
R2 sin

(
θ0 − π

NP

)
a

(0)
n

. (D.4)

Also,

ψn = ψ(0)
n +

∂ψn
∂∆un

∆un +
∂ψn
∂∆ϕn

∆ϕn + · · · (D.5)

where

∂ψn
∂∆un

= − 1

R {cos (π/Np )− cos θ0}
[
1 +

h20
R2{cos(π/Np )−cos θ0}2

] , (D.6)

∂ψn
∂∆ϕn

= − h0 sin θ0

R{cos (π/Np )− cos θ0}2
[
1 +

h20
R2{cos(π/Np )−cos θ0}2

] . (D.7)

The force and torque are linearized as follows:

∂Un
∂un

= F (∆un,∆ϕn) ≈ Fu1∆un + Fϕ1∆ϕn, (D.8)

∂Un
∂ϕn

= T (∆un,∆ϕn) ≈ Tu1∆un + Tϕ1∆ϕn. (D.9)

where

Fu1 = Np

{
Ka(αu)

2 +Kb(βu)
2 + 2Kψ(γu)

2} , (D.10)

Tu1 = Np {Kaαuαϕ +Kbβuβϕ + 2Kψγuγϕ} , (D.11)

Tϕ1 =
{
Ka(αϕ)2 +Kb(βϕ)2 + 2Kψ(γϕ)2} . (D.12)

If we only consider a single unit cell, the equations of motion can be linearized as follows:

d2u1

dt
= −F (∆un,∆ϕn) = −

(
Fu1

M
u1 +

Fϕ1

M
ϕ1

)
, (D.13)

d2ϕ1

dt2
= −T (∆un,∆ϕn) = −

(
Tu1

J
u1 +

Tϕ1

J
ϕ1

)
. (D.14)
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The matrix form in

d2

dt2

u1

ϕ1

 =

Fu1/Mn Fϕ1/Mn

Tu1/Jn Tϕ1/Jn

u1

ϕ1

 (D.15)

Next, we conduct the modal analysis and find the eigenmode to approximate the folding

motion of the TCO Let

u1 = u exp (−iωt) ,

ϕ1 = ϕ exp (−iωt) .

we solve the eigenvalue problem as follows:

−ω2

u
ϕ

 =

Fu1/Mn Fϕ1/Mn

Tu1/Jn Tϕ1/Jn

u
ϕ

 (D.16)

Thus,

det
(
A− ω2I

)
= O (D.17)

where

A =

Fu1/Mn − ω2 Fϕ1/Mn

Tu1/Jn Tϕ1/Jn − ω2

 (D.18)

Hence,

ω2 =
1

2

(
Fu1

M
+
Tϕ1

J

)
± 1

2

√(
Fu1

M
+
Tϕ1

J

)2

− 4

(
Fu1Tϕ1

MJ
− Fϕ1Tu1

MJ

)
(D.19)

Then, the eigenvectors are calculated as follows: Fϕ1/M

ω2 − Fu1/M

 (D.20)

Then, by selecting the lower eigenmode, we get the 1D approximation of the relationship

between axial displacement and rotational angle as follows:

ϕ = αu (D.21)
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where

α =
ω2 − Fu1

Fϕ1

(D.22)

For analytical and numerical analysis, we choose the lowest eigenmode which is plotted as

the gray dashed line in the inset figure of Fig.2C.

By using this relationship, we can reduce the original equation of motion as follows: Here,

let

M̃ = M + α2J, (D.23)

we approximate the length of each crease line as follows:

an ≈

√√√√(h(0)
n −∆un

)2

+ 4R2sin2

(
α

2
∆un +

θ
(0)
n

2
− π

2Np

)
,

bn ≈

√√√√(h(0)
n −∆un

)2

+ 4R2sin2

(
α

2
∆un +

θ
(0)
n

2
+

π

2Np

)
,

ψn ≈ tan−1

(
h0 −∆un

R {cos (π/Np )− cos (α∆un + θ0)}

)
.

Then, we apply the Taylor expansion to these expressions as follows:

an ≈ a(0)
n + A1∆un + A2(∆un)2 +O(3),

bn ≈ b(0)
n +B1∆un +B2(∆un)2 +O(3),

ψn ≈ ψ(0)
n + C1∆un + C2(∆un)2 +O(3).
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where

A1 =

[
dan

d(∆un)

]
∆un=∆ϕn=0

= − h0

a
(0)
n

+
αR2 sin (θ0 − π/N )

a
(0)
n

,

A2 =
1

2

[
d2an

d(∆un)2

]
∆un=∆ϕn=0

=
1

2a
(0)
n

+
α2R2 cos (θ0 − π/N )

2a
(0)
n

− {h0 − αR2 sin (θ0 − π/N )}2

2
{
a

(0)
n

}3 ,

B1 =

[
dbn

d(∆un)

]
∆un=∆ϕn=0

= − h0

b
(0)
n

+
αR2 sin (θ0 + π/N )

b
(0)
n

,

B2 =
1

2

[
d2bn

d(∆un)2

]
∆un=∆ϕn=0

=
1

2b
(0)
n

+
α2R2 cos (θ0 + π/N )

2b
(0)
n

− {h0 − αR2 sin (θ0 + π/N )}2

2
{
b

(0)
n

}3 ,

C1 =

[
dψn

d(∆un)

]
∆un=∆ϕn=0

= − 1

Rη

[
1

cos (π/N )− cos (θ0)
+

αh0 sin θ0

{cos (π/N )− cos (θ0)}2

]
,

C2 =
1

2

[
d2ψn

d(∆un)2

]
∆un=∆ϕn=0

=
1

2Rη2{cos (π/N )− cos (θ0)}2[
2αη sin θ0 − α2ηh0 cos (θ0) +

2α2ηh0 sin θ0

cos (π/N )− cos (θ0)

−
{

1 +
αh0 sin θ0

cos (π/N )− cos (θ0)

}{
2h0

R2 {cos (π/N )− cos (θ0)}
+

2αh2
0 sin θ0

R2{cos (π/N )− cos (θ0)}3

}]
.

where

η = 1 +
h2

0

R2{cos (π/N )− cos (θ0)}2 (D.24)

Substituting these into the force, we get

∂Un
∂un

≈ Np

(
KaA

2
1 +KbB

2
1 + 2KψC

2
1

)
∆un+2Np {KaA1A2 +KbB1B2 + 2KψC1C2} (∆un)2+O(3)

(D.25)

Therefore, the reduced 1D equation of motion is

M̃ün = F (∆un−1)− F (∆un)

= Np

(
KaA

2
1 +KbB

2
1 + 2KψC

2
1

)
(∆un−1 −∆un)

+2Np {KaA1A2 +KbB1B2 + 2KψC1C2}
{

(∆un−1)2 − (∆un)2}+O(3)
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D.2 Equation of motion with damping effect

To account for damping effect, we modify the Hamiltonian and derive the equations of

motion in which the damping effect is considered. By introducing a damping coefficient (ν),

we modify the Hamiltonian as follows:

H =
∑
n

(Tn + Un) eνt =
∑
n

{
1

2Mn

p2
ne
−νt +

1

2Jn
q2
ne
−νt + eνtUn (∆un,∆ϕn)

}
(D.26)

where

pn = Mu̇ne
νt,

qn = Jϕ̇ne
νt.

Then, similarly to the previous section, the Hamilton’s equations of motion are

u̇n =
∂H

∂pn
=

1

M
pne

−νt,

ϕ̇n =
∂H

∂qn
=

1

J
qne
−νt,

ṗn = − ∂H
∂un

=

(
∂Un−1

∂un
− ∂Un
∂un

)
eνt,

q̇n = − ∂H
∂ϕn

=

(
∂Un−1

∂ϕn
− ∂Un
∂ϕn

)
eνt.

Therefore the equations of motion are

Mün + νuu̇n = F (∆un−1,∆ϕn−1)− F (∆un,∆ϕn) , (D.27)

Jϕ̈n + νϕϕ̇n = T (∆un−1,∆ϕn−1)− T (∆un,∆ϕn) . (D.28)

where νu = Mν and νϕ = Jν. For the numerical simulations, we use Eq. (D.27).

Also, the 1D approximated equation of motion is

M̃ün + νu̇n = F (∆un−1)− F (∆un) (D.29)
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D.3 Continuum limit

To analyze the rarefaction solitary wave propagating in the TCO-based system, we take

continuum limit, and derive 1-soliton solution. First, we apply the Taylor expansion

un±1 = un ± h0
∂un
∂x

+
h2

0

2!

∂2u

∂x2
± h3

0

3!

∂3u

∂x3
+
h4

0

4!

∂4u

∂x4
± · · · , (D.30)

ϕn±1 = ϕn ± h0
∂ϕn
∂x

+
h2

0

2!

∂2ϕ

∂x2
± h3

0

3!

∂3ϕ

∂x3
+
h4

0

4!

∂4ϕ

∂x4
± · · · . (D.31)

Then, the relative displacement and angle are expressed by

∆un = un − un+1 = −h0
∂u

∂x
− h2

0

2!

∂2u

∂x2
− h3

0

3!

∂3u

∂x3
− h4

0

4!

∂4u

∂x4
, (D.32)

∆un−1 = un−1 − un = −h0
∂u

∂x
+
h2

0

2!

∂2u

∂x2
− h3

0

3!

∂3u

∂x3
+
h4

0

4!

∂4u

∂x4
, (D.33)

∆ϕn = ϕn − ϕn+1 = −h0
∂ϕ

∂x
− h2

0

2!

∂2ϕ

∂x2
− h3

0

3!

∂3ϕ

∂x3
− h4

0

4!

∂4ϕ

∂x4
, (D.34)

∆ϕn−1 = ϕn−1 − ϕn = −h0
∂ϕ

∂x
+
h2

0

2!

∂2ϕ

∂x2
− h3

0

3!

∂3ϕ

∂x3
+
h4

0

4!

∂4ϕ

∂x4
. (D.35)

Substituting these equations into the reduced 1D model, we obtain

∂2u

∂t2
=

Np (KaA
2
1 +KbB

2
1 + 2KψC

2
1)

M̃

(
h2

0

∂2u

∂x2
+
h4

0

12

∂4u

∂x4

)
, (D.36)

+
2Np {KaA1A2 +KbB1B2 + 2KψC1C2}

M̃

(
−2h3

0

∂u

∂x

∂2u

∂x2
+ ·
)

(D.37)

By ignoring the higher order terms (O(3)), we obtain

utt +
νc0

M̃
ut = c2

0uxx +
c2

0h
2
0

12
uxxxx −Buxuxx (D.38)

where

c0 = h0

√
Np (KaA2

1 +KbB2
1 + 2KψC2

1)

M̃
, (D.39)

B =
4h3

0Np {KaA1A2 +KbB1B2 + 2KψC1C2}
M̃

. (D.40)

Here, c0 is the speed of the sound of the medium, and we compare this sound speed with the

wave speed of the solitary wave.
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By introducing the traveling coordinate X = x − c0t, ξ = −∂u/∂X, and slower time

τ = (1/2 ) εc0t, we obtain

c2
0

{
−ξX + εξτ −

1

4
ε2uττ

}
+
νc0

M̃

(
ξ +

1

2
εuτ

)
= −c2

0ξX −
c2

0h
2
0

12
ξXXX −BξξX (D.41)

If we assume that ν and ε are in the same order, and we neglect O(ε2) and we get

ξτ +
h2

0

12ε
ξXXX +

B

εc2
0

ξξX + γξ = 0 (D.42)

where γ = ν/εc0M̃ . The leading-order 1-soliton solution for this damped KdV equation has

been studied [68,69], and we utilize their result which is expressed by

ξ(X, τ) = ξamp(τ)sech2
[
Λ−1 {X − V (τ)τ}

]
(D.43)

where

ξamp(τ) = ξamp(0) exp

(
−4γ

3
τ

)
,

V (τ) =
Bξamp(0)

3εc2
0

exp

(
−4γ

3
τ

)
,

Λ2 =
c2

0h
2
0

Bξamp(0)
exp

(
4γ

3
τ

)
.
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