©Copyright 2024

Nicolas Castriotta



Modeling and Analyzing MHD Waves in a Sheared-Flow Z-Pinch
Plasma

Nicolas Castriotta

A thesis
submitted in partial fulfillment of the

requirements for the degree of
Master of Science

University of Washington

2024

Reading Committee:

Uri Shumlak

Justin Little

Program Authorized to Offer Degree:

Aeronautics and Astronautics



University of Washington

Abstract

Modeling and Analyzing MHD Waves in a Sheared-Flow Z-Pinch Plasma

Nicolas Castriotta

Chair of the Supervisory Committee:

Uri Shumlak

Aeronautics and Astronautics

The ZaP-HD Z-Pinch device is a modification of the Z-Pinch nuclear fusion device using
a sheared plasma flow to promote stability and reduce the traditional downfalls of the highly
unstable Z-Pinch design. Z-Pinches are confined by generating their own magnetic field that
manifests tangentially around an axial “Z”-facing current. The plasma is then compressed to
high densities and temperatures where it would ultimately lead to fusion in a commercial de-
vice. Inherent to plasma are waveforms that are created from the microscopic perturbations
of particles and electromagnetic fields within its medium. Unlike simpler electrostatic envi-
ronments both theoretical or in real-world cases like grid-acceleration ion thrusters, however,
magnetic fields create vast anisotropies that cause a “zoo” of waves to appear within the
plasma. These waves can cause nonlinear/higher order effects when coupled with particle
energy exchanges that can lead to significant instabilities. Despite this, wave phenomena
and their resonant interactions with the plasma are helpful for applications like heating to
fusion temperature or understanding radiation transmission. To best take advantage of these
useful properties, it is best to get an accurate picture of the wave behavior within ZaP-HD

that is tailored to its specific geometry, plasma energy, and field strength. The problem is



that when analyzing the wide spectrum of possible wave modes, the “zoo” is vast. Even
with just oscillatory modes this is an issue and it gets even more complicated to accurately
predict and experimentally analyze when the above mentioned instabilities are introduced.
Therefore, a baseline model that starts from and approximates a subsection of the whole
plasma wave spectrum without these instabilities is useful. It can serve as a spring-board for
further spectral sub-regions and higher-order effects while ensuring accuracy for the many
interwoven components of the whole spectrum. This baseline model uses observable data
(like magnetic field, density, and flow velocity) within ZaP-HD’s cylindrical fusion plasma
environment and predicts the low frequency magnetohydrodynamic (MHD) range. The it-
eration process then begins with with frequency analysis methods such as cross-correlation
and Fourier analysis to compare with the model and check for differences in results. All
experimental data is retrieved using probes positioned within the main assembly region of

ZaP-HD where the fusion process occurs.



TABLE OF CONTENTS

Page

[List of Figures| . . . . . . . . . iii
[List of Tables| . . . . . . . . . . viii
[Chapter 1: Introduction| . . . . . . ... 1
(1.1 Nuclear Fusion History and Basics|. . . . . . . . ... ... ... ... .... 1
(1.2 The Z-Pinch Configuration|. . . . . . . . . .. ... ... ... ... ..... 3
(1.3 Instabilities in a Static Z-pinch| . . . . . . .. .. ... ... ... .. 4
(L4 Sheared-Flow Stabilizationl . . . . . . . . .. . ... ... ... ... ... .. 6
(1.5  Motivation and Applications for Analyzing Plasma Waves . . . . . . .. .. 7
[Chapter 2: The ZaP-HD Flow Z-Pinch Experiment|, . . . . . .. .. ... ... .. 9
2.1 ZaP-HD Device Parameters and Sheared-Flow Pinch Formationl . . . . . .. 9
[2.2  Magnetic Field Diagnostic Setup and Data Collection| . . . . . . . . . . . .. 12
[2.3  Magnetic Field Probe Theory and ZaP-HD Stability|. . . . . ... ... ... 13
2.4  ZaP-HD Applications| . . . . . . .. ... ... ... 17
[Chapter 3: Predictive Model for Wavetorms|. . . . . . . ... ... ... ... ... 20
[3.1 Goals and Methodology| . . . . . . .. .. ... ... .. 20
3.2 MHD Plasma Wave Basicsl . . . . . . . ... ... 00000 20
[3.3 Hain-Lust Equation| . . . . . . ... ... .. ... o 23
[3.4 Singularities and Plasma Profile Assumptions| . . . . . ... ... ... ... 26
[3.5  Doppler Shitt Correction| . . . . . . . . . . ... ... 27
3.6 Alfven Wave Behavior and Predicted Resultsl . . . .. . ... .. ... .. .. 30
[3.7  Magnetosonic Wave Behavior and Predicted Results|. . . . . . ... ... .. 31
[3.8 Turning Point Frequencies| . . . . . . . .. ... oo 35




[3.9 Prediction Model Analysis Summaryl . . . . . ... .. ... ... ... ... 35

[Chapter 4: Frequency Analysis of Magnetic Field Probeg . . . . . . ... ... .. 39
4.1  Motivation for Analysis and Correlation Basics|. . . . . . . ... .. ... .. 39
4.2 Using Cross-Correlation Analysis with ZaP-HD Probe Limitations| . . . . . . 40
4.3 Azimuthal Cross-Correlation Analysis Results and Prediction Comparison|. . 41
4.4 Axial Cross-Correlation Analysis Results and Prediction Comparison| . . . . 46

[Chapter 5: Investigating Adjustments to the Model| . . . . . . ... ... ... .. 49
[>.1 Overview and Non-Quantified Adjustments|. . . . . . . . ... ... ... .. 49
(5.2  Ampere’s Law Approximation Adjustment| . . . . . . . ... ..o 49
[5.3  Pressure and Density Profile Adjustment| . . . . . . ... ... ... ... .. 50
[>.4  Doppler Shitt and Velocity Profile Adjustment| . . . . . . . . ... ... ... 50
[>.5  Adjustment Summary and Best Solution Suggestion|. . . . . . . . . ... .. 53

[Chapter 6: Conclusion| . . . . . . . . . . . 56
6.1 Research Summary| . . . . . . ... .. .. 56

i



LIST OF FIGURES

Figure Number

Page

In

This is a simple representation of a static z-pinch’s confinement mechanism. It

shows how a self-generated magnetic field holds and compresses the current it

surrounds using the Lorentz force. This compression will allow the plasma to

reach thermonuclear temperatures needed for adequate tusion to be possible.
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The left image illustrates the typical behavior in the m = 0 sausage mode

while the right image shows the typical behavior of the m = 1 kink mode.

It 1s shown how the magnetic field can distort in the instability region to

reinforce the effect and lead to a feedback loop until confinement fails. [2] . .
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This image is a diagram of the ZaP-HD device. It illustrates the two-segment

design with the approximately 41 inch accelerator region leading to the ap-

proximately 21 inch assembly/compression region. The accelerator region

contains three electrodes: outer, middle, and inner. The plasma “snowplow

——

traverses between the middle and mner electrode before 1t hits the nosecone

In the assembly region, the plasma connects between the outer electrode and

the mner electrode nosecone. The magnetic probes within the assembly region

are installed at 5 cm intervals. [3]| . . . . . ... ... ... L.

P2

This image demonstrates a simplified version of the formation of the sheared-

flow z-pinch plasma. Image (a) shows the initial introduction of hydrogen gas

into the acceleration region of the axial chamber. After this, the gas begins

to expand and fill the chamber as depicted in image (b). The capacitors are

then charged and engaged, establishing a high potential across the electrodes

that ionizes the gas between them (c). The plasma will then generate its

own magnetic field as the electric field creates a current facing towards the

mnner electrode, causing the Lorentz force to push it down the length ot the

chamber (d). Once the acceleration terminus is reached, the plasma detaches

and begins re-combining in a “zipper” fashion in the assembly region (e). A

z-pinch is then formed with the sheared flow plasma along the length of the

assembly region (f). [l . . . . . . ...
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Digitized magnetic field readings from the P;, probe array. Note the 8 az-

imuthal readings at 45 degrees equally spaced from each other. As stated

earlier, there are 4 positions at 15 cm intervals where the 8-probe array is

utilized. Due to the higher amount of azimuthal probes affording a higher

number of data points, these locations were chosen for the analysis for radial-

propagating wave behavior.| . . . . . ... ... L.

B4

Digitized magnetic field readings from the P, probe array. Note the 4 az-

imuthal readings at 90 degrees equally spaced from each other. Every remain-

ing probe array not at the 15 cm intervals contain this 4-probe array. This

difference between the probe counts contributes to a limit on the analysis for

axial-propagating wave behavior that will be discussed in more detail later.| .

B5

[lTustration of the normalized m = 1 mode for positions F»s and P;y within

the assembly region. This gives an idea of the length of time known as the

“quiescent” period lasting from around 40 us to 80 wus where there is low

incidence of the MHD modes that lead to z-pinch failure. Once this period

passes around 100 us, however, these modes start to reappear and cause the

stability of the pinch to fail and the pulse toend.| . . . . . .. ... ... ..

26

A simplified representation of how a specifically sheared-tlow z-pinch tusion

thruster would operate. Unlike the reactor design, however, it has a diffus-

ing outer electrode for improved performance. A direct energy converter is

also shown that greatly benefits the efficiency of the thruster. This direct

energy converter modifies the closed nosecone design present within ZaP-HD

| currently. [B]l. . . . . ...

B

Depiction of a diffuse cylindrical plasma of radius a where both an azimuthal

and radial component magnetic fields are present. However, for this analysis,

the radial magnetic field component will be redundant to the final result. The

symbol w 1s representative of the ratio between the azimuthal and radial fields.| 24
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[llustration of the parabolic density profile with the 7 discrete radial locations

of 0.1 mm, 0.5 mm, 1 mm, 1.5 mm, 2.0 mm, 2.5 mm, and 2.9 mm. The mass

density begins at its peak of 1.67 x 10~*kg/m ™" at the center of the plasma

and tapers off to 0 at the edge. 0 mm and 3 mm away from the plasma center

were not chosen to avoid singularities in the model.| . . . . . . . .. ... ..

13.3

[llustration of the parabolic pressure profile with an identical appearance to

the density profile and at the same 7 radial locations. Again, 0 mm and 3 mm

away from the center are avoided to stop singularities from appearing. Peak

pressure was related to density by the state function P =nk, | . . . . . ..
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[3.4 A visual for helping show the direction of travel of Altvén waves relative to |
[ other plasma parameters. These parameters are: the equilibrium magnetic |
field (B) which is parallel to propagation, the perturbed magnetic field (B”)
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equilibrium magnetic field (B) is now shown perpendicular to magnetosonic |

propagation. [O][7] . . . . . ... ... 33
13.7  Results the following results of the slow mangetosonic sub-spectra (ws(r)?) |
tions mentioned earlier. As mentioned previously, the frequency range is less
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and Alfvén sub-spectra. The fast turning point tfrequency does the same for
the Altvén and fast magnetosonic sub-spectra. However, as stated earlier, the
fast magnetosonic domain is entirely at infinity within this model based on
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[3.10 Contrasting with the slow turning point trequency, the fast turning point fre-

quency (wyo(r)?) shows a quickly increasing asymptotic progression to infinity

as 1t approaches lower radii with r = 0.1 mm being significantly higher than

other locations further out. This matches it with the constantly infinity fast

magnetosonic sub-spectra. The drastically different appearance between the

slow and fast turning point frequencies can be explained by viewing Eq. 3.39

an seeing the plus or minus sign differentiating the two. Just changing the

minus sign to a plus sign for the fast turning point trequency leads to this

behaviorl. . . . . ..
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This 1s a test correlation analysis demonstrating the method. The top plot

was acquired from delaying a non-noisy signal (sinc(x) function) with the same

signal by a distance of ““T” and correlating it with the original unaltered signal

with a spike at 0. It is shown that the analysis has a correlation spike right

at the delay amount. The lower plot was acquired from applying a random

noise on top of the two clean superimposed sinc(x) signals to prove the cross-

correlation function’s effectiveness in noisier circumstances. . . . . . . . . . .
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Shows the averaged data at P25 using the smoothdata function on the lowess

setting. It is subsequently subtracted from the raw dataset. The function

setting lowess creates a smoothed version of the raw data through a linear

regression over the time window. 'This method creates less discontinuities

than with a moving average. This probe average represents the low frequency

[ behavior that the cross-correlation will detect and skew the results downward.|

43

3

Shows the averaged data at P30 using the smoothdata tunction on the lowess

setting. It i1s then subtracted from the raw output. This same method was

done at this location to avoid discontinuities from a moving average smoothing

method. 'This represents the same low frequency behavior but with an 8

azimuthal probe array.| . . . . . . ... ...
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Illustrates the correlation between the magnetic field probes located at az-

imuthal positions in P30 are shown. The maximum in the graphs were found

and the times (period) were inverted to find a frequency. Some of the cross-

correlations (between 135 and 180 degrees) revealed maximums that were not

close to zero that skewed the average. Despite that, the same takeaway still

applies whether these are included or not in the average Alfven frequency:

there 1s a noticeable difference in predicted results from model and results

taken from the frequency analysis.|. . . . . . . ... ... 000
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In this figure, the correlation between the magnetic field probes located at axial

positions between P25 and P30 at zero degrees is shown. As in the Altvén

case, the maximum 1n the graph was found and the period was inverted to

find a frequency. Despite the analysis being performed at only a single radial

location, 1t shows a similar result from the Alfvén frequency results: that the

axially propagating slow magnetosonic wave frequency does not match with

that found in the predictive model.| . . . . . . . ... .. .. ...

47
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In this figure, the magnetic field data at P30 and 0 degrees is inputted into

the FFT" tast Fourier transform function in MATLAB to output a frequency

range at this probe location. This result was then compared with the cross-

correlation result to corroborate the findings tound that showed the discrep-

ancy with the predictive model for slow mangetosonic waves.| . . . . . . . ..
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In this figure, the Alfvén sub-spectra is modified from the initial Ampere’s Law

profile approximation to the deviated faster scaling relation ship of B oc r°.

This change to the radial magnetic field behavior causes a sizable shift from

the original predicted results and lowers them by a factor of about 100.| . . .
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done on the slow magnetosonic sub-spectra. The change 1s not easily noticed

with the frequencies appearing in the same range as the original predictions.
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In this figure, the velocity profile 1s modified from its original linear profile

to a square root relationship. This was performed on the slow magnetosonic
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Chapter 1

INTRODUCTION

1.1 Nuclear Fusion History and Basics

Within the nucleus of an atom, there exists energetically bound protons and neutrons.

By using the mass defect established by

Mdefect = [(Zmproton + Nmneutron) - matom] (11)

and Einstein’s well known equation for mass-energy equivalence, you come to the remarkable
conclusion that nuclei weigh less than the sum of their parts and will release this mass as
converted energy. This result is by itself quite tremendous but the full implications of such
a phenomenon would not be seized upon until after the discovery of the nuclear fission
of uranium by Otto Hahn and Lise Meitner in 1938 [9]. This new energy source could
be unlocked through two distinct paths: the splitting of heavy elements known as fission,
and the combining of light elements known as fusion. To briefly mention fission, the first
functioning reactor prototype, called Chicago Pile-1, was completed by Enrico Fermi and
his team of scientists in 1942 which began the modern nuclear energy epoch we have today.
Fusion, on the other hand, has had a longer and more arduous history. While originally
researched in secret during the early Cold War, it was revealed to the public in 1958 at an
atomic energy conference in Geneva [10]. This kick-started the current journey of finding a

way to achieve a net-energy gain from the process that powers the Sun.

There are many upsides to choosing fusion over fission with notable examples being:
renewable fuel and a higher energy output density. However, due to the incredibly high

energy requirements for getting fusion to occur as described by the Coulomb barrier where



7, and Z, are particle charge state and r,, is interaction radius,

ZlZQe_2

4dmeg Ty,

Epear = (1.2)

a collection of nuclei need to be heated to millions of degrees in order to actually overcome
the Coulomb barrier and fuse consistently enough for above negligible power output. This
heating causes the atoms to ionize and form a plasma that must be contained for fusion
to occur effectively. In order to access the energy of fusion with the least resistance from
confining an astronomically hot plasma, the deuterium-tritium fusion reaction has been

explored as the most likely candidate to reach this goal. As shown below,
D+T—n+a+17.6 MeV (1.3)

this reaction has the highest cross section (“probability”) for fusion to occur at comparatively
low temperatures around 10-20 keV. Even with this reaction being the easiest to catalyze,
there are many difficulties with achieving such a result and thus many strategies have been
tried. Most man-made reactor concepts fall under two main categories: inertial confinement

and magnetic confinement.

Magnetic confinement, the focus of this paper, is achieved through the use of the Lorentz
jxB force trapping charged particles of the plasma near magnetic field lines to counteract the
pressure. If the various radiation losses, transport losses, and instabilities can be minimized
by a magnetic system while simultaneously maintaining thermonuclear temperatures (in this
example 20 keV), the Lawson Criterion shown as

S
> 10— 1.4
nr > p— (1.4)

can be reached to achieve a self-sustaining net-positive reaction [II]. While the most well
known magnetic confinement reactors include the geometrically and architecturally complex
tokamak and stellarator, a simple and effective alternative for fusion known as the z-pinch

will be the focus of this report.



1.2 The Z-Pinch Configuration

The z-pinch was one of the first attempts at thermonuclear fusion with notable early tests
dating back to the 1950s [12]. Unlike other reactors’ reliance on large electromagnets to
generate the confining magnetic field, the z-pinch magnetic field is self-generated. As the
name suggests, z-pinches involve sending a current along the “z” axis which generally means
in a linear path along the length of the reactor. Since currents generate magnetic fields

inherently, this relationship interacts to create the confining and compressing Lorentz force

as described by the 1D radial MHD relationship

dp
—=—-J.B 1.5
dr o (1.5)

with an axial-only current (described by J,) generating an orthogonal magnetic field (de-
scribed by By) in the theta-only direction. When combined with Ampere’s Law in a 1D

radial geometry

1d
= (rB) = o (1.6)

you acquire the z-pinch confinement relationship between plasma pressure (described by p)
d B2 B2
—(p+r2L)=—"2 (1.7)
dr 2410 HoT

The physical representation of this relationship is depicted above in Figure 1.1. Plasma

and magnetic force.

pressure in most cases can be reasonably approximated using an ideal gas state equation.
However, since ion and electron temperatures have the potential to exist outside an equi-
librium with each other, they're unique contributions should be considered additive. The

density of z-pinch devices is also notably high compared to other reactor configurations [5].

Another useful benefit of the z-pinch is the fact it confines plasma at a unity beta.
This term represents the ratio of the average plasma pressure to magnetic pressure at the

conducting wall radius as shown here:

<p>

<= Bar) @)

=1 (1.8)
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Figure 1.1: This is a simple representation of a static z-pinch’s confinement mechanism. It
shows how a self-generated magnetic field holds and compresses the current it surrounds
using the Lorentz force. This compression will allow the plasma to reach thermonuclear

temperatures needed for adequate fusion to be possible. [I]

It is a useful term for showcasing the ideal confinement capabilities of a z-pinch compared
to a the lower beta values in a tokamak or a stellarator. However, despite the z-pinch’s
theoretical advantages over other confinement mechanisms, there are issues with the stability

of the simple/static z-pinch that cause confinement to fail quickly.

1.3 Instabilities in a Static Z-pinch

The static z-pinch is highly susceptible to catastrophic macroscopic instabilities known as
“sausage” and “kink” instabilities. These correspond to the azimuthal mode numbers m = 0
and m = 1 respectively [I3]. This will destabilize the plasma’s coherency and cause a collapse
in confinement. As stated by their informal titles, the plasma’s behavior follows the shape of
a sausage end and a kink. Both of these circumstances are detailed above in Figure 1.2. These
instabilities are cascading and will continue to worsen until the plasma confinement fails due
to the self-generating magnetic field becoming de-stabilized and strengthening the instability.
In the sausage case a simple shrinkage in the plasma radius will cause the magnetic field to

locally strengthen and continue the shrinkage. In the kink case, any jostling outside of



Figure 1.2: The left image illustrates the typical behavior in the m = 0 sausage mode while
the right image shows the typical behavior of the m = 1 kink mode. It is shown how
the magnetic field can distort in the instability region to reinforce the effect and lead to a

feedback loop until confinement fails. [2]

the linear axis by wave modes or otherwise will cause the magnetic field to weaken in the
direction of the kink and strengthen on the bent edge [I1]. There have been many attempts
to alleviate these devastating instability modes from occurring as they are they are more or

less causing all the problems.

One such method has been the usage of an axial magnetic field B, in order to create
a shear that reduces the instabilities. However, it creates open ends to the magnetic field
lines that leads to losses and requires the expensive addition of EM coils for generating
the field [14]. Another possible method involves using conducting walls close the plasma
that encourages “image” currents to form that oppose the creation of the m = 0 and m =
1 modes [I4]. This method, however, is also fraught with issues mostly involving the high
energy fluxes from a fusion temperature plasma causing a critical failure in material integrity.
If we look at the m = 0 mode specifically, there is an effective method for reducing instability
through the control of the radial pressure profile. If you can ensure the slope of the radial

profile is gradual enough, you can avoid the growth of a sausage instability. The profile can



be shown as

d(lnp) _ 4y
d(lnr) = 2448

(1.9)

where beta represents the same ratio stated earlier and gamma represents the ratio of specific

heats v = g—f [15][16]. This method, however, will not mitigate the kink instability [17].

1.4 Sheared-Flow Stabilization

Despite the shortcomings of the axial magnetic field and conducting wall methods, all
hope is not lost. There is a third method that can be used to effectively reduce the buildup of
these instabilities without sacrificing cost or complexity and without having to work around
the high energies of a fusion plasma. This method, known as sheared-flow stabilization, will
be discussed as it is the foundational innovation used for ZaP-HD and therefore the work in
this paper. It has been determined that the m = 1 kink mode can be stabilized by having
an axial (non-uniform) sheared-flow of plasma simultaneous to the formation of the z-pinch.
This axially coherent pinch will last through many more plasma timescales (like a radial
acoustic wave propagation time) than a static environment. However, in order to find a
threshold where the sheared flow reduces the kink mode, the lack of axisymmetry of the kink
mode precludes use of analytical derivations. Therefore, numerical analysis is done starting
from a linearized MHD equation set. At the conclusion of this method on a z-pinch, the

relationship

dv,
> 0.1kV, 1.10
dr — A ( )

where k is the axial instability wave-number and V, is the Alfvén speed shows the necessary
threshold [I5]. What complements this advantage is how the axial flow does not disrupt
the unity beta relationship of a z-pinch [I4]. On top of that, the necessity of radial profile
control may be reduced by the use of a sheared flow as it seems capable of diminishing the

sausage mode simultaneously to the kink mode [15].



1.5 DMotivation and Applications for Analyzing Plasma Waves

Plasma waves provide insight into the fundamental inner workings of a plasma’s behavior.
For example, local perturbations of charge carriers (like electrons) result in a fundamental

oscillation frequency commonly known as the “plasma” frequency. This property, shown as

nee?

(1.11)

Wpe =
P Mme€o

where n, represents electron density, e represents elementary charge, m,. electron mass, and
€o the free space permittivity, can be tied to the Debye length. This measurement, which

can be calculated as
Ve

V2uwpe

where v, represents thermal electron speed in a Maxwellian particle distribution, is partly in-

Ape = (1.12)

fluenced by this fundamental plasma frequency and plays an important role in understanding
how the electric fields of plasma particles behave in the presence of other particles. However,
despite the insight gained from just including electrostatic behavior, these represent a small
part of the vast “zoo” that arises when a magnetic field is present. This results from the large
inhomogeneities that result from the field gradients guiding the manifestation of waveforms.

I1s].

To briefly describe the applications for the study of waveforms, it has usefulness in a
variety of fields ranging from ionospheric physics, astrophysics, fusion plasmas, and laser-
produced plasmas. The ionosphere represents an obstacle for things like radio transmission
with whistler waves being a notable discovery in the 20th century during the early uses
of radio communication. In the case of astrophysics, plasma waves are important for un-
derstanding energy and momentum propagation throughout the universe through wave in-
teractions with particle distributions. Laser produced plasmas will arise in the process of
inertial confinement fusion where extreme nonlinearity can result in rampant sideband and
shock waves. Despite not always being magnetized, these plasmas have steep gradients that

encourage highly complex behavior outside the scope of this paper [18].



More related to the topic of this paper, magnetized fusion plasmas can be affected and
manipulated by the presence of these waves. As discussed earlier with z-pinch shortcomings,
plasma waves influence the behavior of macro scale MHD instabilities while also catalyz-
ing microscopic mode growth. Wave-particle interactions have been taken advantage of to
develop the concept of wave heating for a plasma to achieve thermonuclear and eventually
ignition temperatures; it involves using the inherit capabilities of waves to transfer energy

back and forth between the plasmas particles and the various wave modes [18].



Chapter 2

THE ZAP-HD FLOW Z-PINCH EXPERIMENT

2.1 ZaP-HD Device Parameters and Sheared-Flow Pinch Formation

ZaP-HD, as shown in Figure 2.1, creates its sheared flow through a two-segment process
known as an acceleration region upstream and an assembly region downstream [19][20][14]. In
the coaxial accelerator region, neutral hydrogen gas is pumped into the chamber to be ionized
by gas breakdown between two capacitor-charged electrodes typically carrying a potential of
about 7-9 kV (though these values can differ depending on experimental parameters). Once
this initial plasma formation experiences the Lorentz force, it will begin accelerating between
the middle and inner electrodes in a “snowplow” configuration until it reaches the end of
the inner electrode (a nosecone is placed at this terminus) [I9][14][20]. Once the plasma
reaches the end of the accelerator region, it will detach itself from the middle electrode and
re-connect along the central axis of the chamber from the outer electrode to the nosecone
[T9][20][14]. Adiabatic compression will commence as the pinch is formed from the j x B

force shown by the relationship

Ty _ (a0 (N (2.1)
Tl aq Nl .

where T represents plasma temperature, a the plasma radius, v the ratio of specific heats,
and N ion density[17][I4][13]. Once thermonuclear temperatures are achieved, the fusion
process (occurring at low intensity in this device) then carries forward as it would in a static
environment but now with the added benefit of the sheared flow. This whole process takes
about 100 microseconds before the pinch dissipates. Table 2.1 lists general performance

capabilities of ZaP-HD with regards to metrics like current and density [L1][21]. For specifics
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Figure 2.1: This image is a diagram of the ZaP-HD device. It illustrates the two-segment
design with the approximately 41 inch accelerator region leading to the approximately 21
inch assembly/compression region. The accelerator region contains three electrodes: outer,
middle, and inner. The plasma “snowplow” traverses between the middle and inner electrode
before it hits the nosecone. In the assembly region, the plasma connects between the outer
electrode and the inner electrode nosecone. The magnetic probes within the assembly region

are installed at 5 cm intervals. [3]
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(a) Gas injection ¢t = &, {b) Gas expansion ¢ =t

{d) Plasma acceleration t = £

181®@ @ @ ® ® @
® 2 ® @

2 2 & @
‘ele @ @ @ @ @

(e) Z-pinch formation t = t (f) Z-pinch sustainment ¢ = tg

Figure 2.2: This image demonstrates a simplified version of the formation of the sheared-flow
z-pinch plasma. Image (a) shows the initial introduction of hydrogen gas into the acceleration
region of the axial chamber. After this, the gas begins to expand and fill the chamber as
depicted in image (b). The capacitors are then charged and engaged, establishing a high
potential across the electrodes that ionizes the gas between them (c). The plasma will then
generate its own magnetic field as the electric field creates a current facing towards the inner
electrode, causing the Lorentz force to push it down the length of the chamber (d). Once the
acceleration terminus is reached, the plasma detaches and begins re-combining in a “zipper”
fashion in the assembly region (e). A z-pinch is then formed with the sheared flow plasma

along the length of the assembly region (f). [4]
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on component sizes, Figure 2.1 provides this information.

Plasma Current (kA) 300
Pinch Current (kA) 150
Pinch Radius (cm) 0.3
Electron Density (m™2) 10%2 —10%
Electron Temperature (keV) 1
Peak Total Mass Density (kg/m?) | 1.67 x 1074
Peak Total Pressure (MPa) 32

Table 2.1: ZaP-HD plasma parameters

2.2 DMagnetic Field Diagnostic Setup and Data Collection

The magnetic field data used in the analysis of ZaP-HD’s wave spectrum is recorded using
field probes positioned within the assembly region depicted in Figure 2.1. As previously
stated, they are positioned 5 cm apart from each other from the beginning of the assembly
region to the end wall. At every 15 cm interval, the probes are laid out in an azimuthal
array of 8. Every other probe position 5 cm apart has 4 probes. These are marked internally
using the letter P with the number of centimeters they are into the assembly region chamber
starting from the nosecone and ending at the endwall of the device. For example, P25 would
mean 25 cm into the chamber and P30 would mean 30 cm into the chamber. These values
will be used for the sake of succinctness. This totals to 56 probes within the entirety of the
assembly region. On a brief note, there are also 15 field probes in the acceleration region
but since the research in this paper is limited to the “quiescent” period of operation with
highest stability, the transient acceleration period is not being considered [19]. Structurally,
the probes consist of 32-gauge wire wrapped around a Kel-F form. This form is connected

to a boron nitride shield with Torr-Seal, allowing for better protection against contact with
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the plasma [I7]. These probes are inserted into machined holes in the electrodes at the wall
of the assembly region and secured with silver-plated screws [22]. The data pulled from the
probes is then digitized at a 40 MHz rate through Joerger TR1612 12-bit digitizers [I7]. The
digitized data is then accessed through readout programs like jscope or MATLAB plugins
of MDSPlus as depicted in Figures 2.3, 2.4, and 2.5. In terms of time resolution of the
probes, there is gap of 25 ns between each output value. This creates a maximum limit on

the frequency of waves that can be studied.

2.3 Magnetic Field Probe Theory and ZaP-HD Stability

Due to the fact that the magnetic field in ZaP-HD is time varying, a voltage is produced
across the field probes following Faraday’s Law where V' = —% =-N A‘fi—]f. To calculate the
axial current and current centroid from the raw azimuthal field data, a Fourier decomposition

of the form

By(0;) = Z a;j cos(j6;) + Z b; sin(j6;) (2.2)

7=0,m j=1lm

where 6; is the azimuthal location of the prob[19][20][22]. In order to find the Fourier mode

amplitudes for each sinusoidal contribution, the coefficients a; and b; in the series can be

mj = 1\/ an + ij (23)

¢; = tan~! <b—J) (2.4)

aj

used in the equations

after using a matrix inverse to extract the coefficients [19][20][22]. In order to fully resolve
the mode m;, a probe array of 2m; + 1 is required. The m = 1 “kink” mode and the
m = 0 “sausage” mode are, as stated earlier, respectively related to to the linearity /radial
displacement from the geometric center of the pinch and the mean amplitude of the magnetic
field. The m = 1 mode is also useful for its ability to predict the quiescent period of highest
stability. The ratio of these two modes can relate to the radial current displacement as shown
by
my Ar

— =2
mo Twall

(2.5)
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Figure 2.3: Digitized magnetic field readings from the P3q probe array. Note the 8 azimuthal
readings at 45 degrees equally spaced from each other. As stated earlier, there are 4 positions
at 15 cm intervals where the 8-probe array is utilized. Due to the higher amount of azimuthal
probes affording a higher number of data points, these locations were chosen for the analysis

for radial-propagating wave behavior.
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Figure 2.4: Digitized magnetic field readings from the Py5 probe array. Note the 4 azimuthal

readings at 90 degrees equally spaced from each other. Every remaining probe array not

at the 15 cm intervals contain this 4-probe array. This difference between the probe counts

contributes to a limit on the analysis for axial-propagating wave behavior that will be dis-

cussed in more detail later.
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Figure 2.5: Illustration of the normalized m = 1 mode for positions Py; and P3y within the
assembly region. This gives an idea of the length of time known as the “quiescent” period
lasting from around 40 us to 80 us where there is low incidence of the MHD modes that
lead to z-pinch failure. Once this period passes around 100 us, however, these modes start

to reappear and cause the stability of the pinch to fail and the pulse to end.
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with the assumption that uniform axial current perturbations are present and the ratio TA—T

wall
equates to less than 0.5 [22]. If the mode ratio is less than 0.2 and my > 0 for an extended
period of time, ZaP-HD is considered to be in a stable regime [I7][23]. This stability can
be seen in Figures 2.3 and 2.4 where the m = 1 mode hits a minimum during the quiescent
period between roughly 40 and 80 microseconds. This corresponds to the peak in both
current and magnetic field recorded by the probes. In Figure 2.5, the ratio of the two modes

is graphed to visually illustrate the relationship between the stability of the pinch and the

radial displacement away from the central axis.

2.4 ZaP-HD Applications

There are many applications that ZaP-HD could be successfully adapted for due to its
unique sheared flow design beyond being just a z-pinch. With its simplistic geometry and
hardware from lack of components like external coils, it can outpace other classical z-pinch
concepts in stability performance for the push to a net positive reactor [13]. If the fusion
reactor concept is unsuccessful, however, there is a potential use for acting as a neutron
source that applies to a wide variety of situations [24]. Another potential future use for this
design is as a spacecraft thruster. Nuclear fusion thrusters have been shown to be highly
efficient and energy-intensive propulsion systems that will be one of the most powerful tools
for exploring the outer solar system and potentially near-interstellar space. With a specific
impulse numbering in the potentially thousands of seconds while matching the thrust output

capabilities of a chemical system, it shows great promise [25].

However, there are several important considerations when implementing a fusion system
as a spacecraft thruster. A significant hurdle is the mass and volume limitations a spacecraft
presents for any type of power plant or engine. Notably, fusion reactors are heavy and large
objects and this scales with the higher power requirements for a system with higher specific
impulse. This movement towards more powerful and heavier reactors can result from the

need to overcome bremsstrahlung radiation losses at high plasma temperatures [25]. ZaP-HD
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Direct Energy
Converter

Exhaust
Fuel

Figure 2.6: A simplified representation of how a specifically sheared-flow z-pinch fusion
thruster would operate. Unlike the reactor design, however, it has a diffusing outer electrode
for improved performance. A direct energy converter is also shown that greatly benefits the
efficiency of the thruster. This direct energy converter modifies the closed nosecone design

present within ZaP-HD currently. [5]

as a z-pinch might be able to mitigate some of these weight issues as a thruster the same way
it does for terrestrial power: with the above mentioned benefits of compactness. Also, due
to ZaP-HD’s high plasma density (around 10**m™2), aneutronic fuel sources that reduce the
need for additional neutron shielding can be utilized more easily [5]. This is on top of the

benefits aneutronic fuel provides for direct energy conversion and thrust (discussed shortly).

There are several ways a device like this can be used within a spacecraft: the thermal
method which requires many extra components for energy conversion and is limited by ther-
modynamic efficiency, the electric propulsion power plant method which has similar issues
but for conversion to electrical power, and the method of direct energy conversion. Unlike
the other two methods, DEC takes the reactor charged product particles and electronically
redirects them for power while leaving the rest to be magnetically directed into forward
thrust using components like a magnetic nozzle. It is both energy efficient and heavily

reduces the requirement for hefty components like radiators, working fluids, turbines, and
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generators [26]. By its nature DEC also encourages aneutronic fuel to maximize charged
products, which z-pinch’s themselves also encourage. Together, z-pinches like ZaP-HD using
DEC can combine their mass and volume-saving benefits to great effect to create a smaller
and stronger thruster. Looking at the individual performance parameters of ZaP-HD as a
thruster that can directly exhaust its fusion products compared to other traditional designs,
the exhaust velocity reaches 100 km/s which equates to a specific impulse of about 10,000
seconds [27].
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Chapter 3

PREDICTIVE MODEL FOR WAVEFORMS

3.1 Goals and Methodology

The purpose for this work is to establish a full predictive spectral model for the plasma
waves both oscillatory and unstable with its inputs tailored to the parameters of ZaP-HD.
Beyond that, it will be used as a tool to explore previously discussed wave phenomena like
reactor heating for ZaP-HD. This represents a small section of that work by focusing on the
MHD sub-region oscillatory modes in a cylindrical geometry. As will be shown, there is plenty
of information that can be gathered from just analyzing the MHD spectrum. The predictive
analysis will be inputted with observed data like the magnetic field, density, pressure, and
flow velocity in radially defined mathematical profiles and compared with frequency analysis
work later on to either corroborate the initial model or illuminate issues that can be resolved
with modifications. This whole process is iterative and the research presented is the first few

iterations towards the full model.
3.2 MHD Plasma Wave Basics

Before getting into the analysis of plasma waves, it would be best to describe the MHD
regime itself. MHD models describe a single fluid model of a plasma containing both ions

and electrons. As shown below in its ideal form

p(%—Z—FV-VV):—Vp—i-jXB (3.1)
i=VxB (3.2)

dp
—=—-Vv-Vp—ypV-v (3.3)

ot
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0B
Esz(va) (3.4)
V-B=0 (3.5)
P (v (3.6)

where v is the velocity field, B the magnetic field, p the single fluid density, and p the
single fluid pressure, the MHD equation set combines inertial fluid mechanics with Maxwell’s
equations to generate a full model. When it comes to how to separate MHD phenomena

from others within the plasma, it can be simply described by the following:
Avap =~ a >> R; (3.7)
TMHD & @)y >> Q7 (3.8)
where v, is the Alfvén speed, R; is the cyclotron radius, €2; is the cyclotron frequency, and a
is the plasma radius. This contextualizes the model as depicting processes of low frequency,

large size, and lower energy. Considering only MHD waves, as a result, removes the necessity

of understanding statistical particle behavior or high temperature effects.

When analyzing the waveforms present in a plasma, it is best to start with a linear
perturbation analysis of the various particle vector fields. To begin with, a static non-
flowing plasma will be the basis for the model but this is corrected later. This can be shown

with an additive perturbed vector field on top of the zero order stable state

V(7 ) = vi(F 1) (3.9)
p(7,t) = po(r) + p1(7, 1) (3.10)
B(7,t) = Bo(7) + By, t) (3.11)
p(7,t) = po(7) + p1(7',t) (3.12)

where fy represents the stable state of the particle system and f; represents a linear pertur-
bation on top of this state usually taking the form of a Fourier mode. The Fourier mode, as
shown by

Ay = Agexp(i(k - 7+ mb — wt)) (3.13)
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where £ is the spatial wavenumber inversely associated with wavelength, m is the azimuthal
mode number, and w represents angular frequency related to frequency by a factor of 2.

From the £ and w quantities you can calculate two basic waveform properties known as the

_ow
Ok

w

phase and group velocities. These two quantities, shown respectively as v, = ¢

and v,
where phase velocity represents the velocity of a wave phase and the group velocity represents
the velocity of wave packets. Group velocity signifies the direction and amplitude of wave
energy propagation. Another useful metric of depicting these quantities and wave properties
in general is known as the index of refraction. This quantity, known for its inclusion in Snell’s
Law and signified by the letter n, can help shorten the various wave dispersion relations for
a plasma. As a measurement metric, it can help describe wave speed in comparison to the
speed of light. For example, if the index is larger than 1, the phase speed of a wave is
slower than the speed of light while an index less than 1 would mean the opposite. With

the fundamental assumption of low-amplitude and linear perturbations on top of the static

medium and fields, it is possible to linearize the MHD equations as follows

ov . .
poa—tl = —Vp1 +J; X BO + Jo X B, (314)
j, =V x B, (3.15)
0

% = —Vyp- Vpo - vpoV V1 (316)

B
B _ gy (vi x By) (3.17)

ot
V-B, =0 (3.18)

0
90 () (3.19)

In order to further simplify this model, a Lagrangian displacement vector field &(r,t) of a
plasma element away from the equilibrium state is used [§]. Lagrangian operators involve
moving the reference frame to be in line with the fluid in motion and lead to the conversion

of
_De_og

V== +v- V¢ (3.20)
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But due to linearization, this can be just reduced to v &~ v; = %. This converts portions of

the linearized MHD model into the following forms:

p1=—& Vpo—7poV - & (3.21)
B, =V x (£ x By) (3.22)
pr=—V - (po§) (3.23)

With these converted terms introduced into the linearized MHD model, the MHD equation

of motion can be derived such that

F(g):—w—Bx(VXQ)+(VxB)xQ:pa;T§ (3.24)
T=—pV-£—-§-Vp (3.25)
Q=Vx({xB) (3.26)

This equation of motion will be the starting point for the derivation MHD cylindrical wave

equation also known as the Hain-Liist equation [§].
3.3 Hain-Liist Equation

In order to arrive at the final result, it would be best to start with the type of geometry
being used for this scenario. Z-pinches, like ZaP-HD, are cylindrical plasmas that contain
an azimuthal magnetic field. This predictive MHD model based on the Hain-Liist equation
includes magnetic field orientations other than azimuthal so is generally applicable to many
types of field geometries [8]. As shown in Figure 3.1, the model revolves around this “diffuse”
plasma geometry. On top of this, the model uses a 1D radial inhomogeneity where there
is a profile of p(r), B(r), and p(r) [§]. The exact form of these profiles will be discussed
later. With the initial equation set up, it is important to include a vector basis within this
radial geometry to build from. Three unit vectors containing magnetic field projections: e,,

e = (0,B.,—By)/B, and e = (0, By, B.)/B can be introduced into the gradient operator
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u—l

Figure 3.1: Depiction of a diffuse cylindrical plasma of radius a where both an azimuthal and
radial component magnetic fields are present. However, for this analysis, the radial magnetic
field component will be redundant to the final result. The symbol p is representative of the

ratio between the azimuthal and radial fields.
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as a perturbed quantity such that V = e,0, +ie g+ie| f [8]. The parallel and perpendicular

operators now become algebraic multipliers of the form:

g = S(mB.jr —kBy) = (3.27)
f= %(mBe/r +kB.) = g (3.28)

which can now be reintroduced into the vector basis and Lagrangian displacement field [g].

This creates three projections:

5 =€ 5 = é-r (329)
n=riey & =1i(B.& — ByS:) (3.30)
C = Ze|| ’ E = 2(8059 - Bzfz) (331)

which will be integrated into the original MHD equation of motion and then reduced to

create the final Hain-Liist radial geometry wave equation:

d [ Ndy][1 B3\  4k*B} 2kByG ) '
LA Ly (Po) P )b [y =0, (332
dr LD dr] { ( ) ap K+ e (p+ BYH) | x =0 (332

r r2
K = B*pw?* — ypF? (3.33)
H = pw? — F? (3.34)
N = (pw* — F?) ((vp + B*)pw® — F?) (3.35)
D = p’w* — (m*/r* + E*)(yp + B?)pw® + (m* /r* + k*)ypF* (3.36)

This introduced a new variable (xy = r€) that exists as a radial variable within the whole Hain-
Liist model. Now, this equation can be fully solved through either numerical or analytical
methods through reduction to a first order PDE from its starting second order [§]. However,

there is insightful information that can be gained by analyzing the singularities within the

N

equation provided by the term P = -

. This will specify regions of continuous sub-spectra

within the grand MHD discrete spectrum.
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3.4 Singularities and Plasma Profile Assumptions
From the P term inside the generalized PDE, the N and D terms can take the form of
N(r;w?) = p*(p + B)[w? — wi(n)][w? — wi(r)] (3.37)

D(riw*) = plw® — wip(r)]w? — who(r)] (3.38)

where w4 (r)? is the Alfvén sub-spectra frequency, wg(r)? represents the slow magnetosonic

2 represent something called a turning point fre-

sub-spectra frequency, and wso(r)?/wyo(r)
quency that represents a transitional frequency between the regions only containing sub-
spectra frequencies. It will be discussed in more detail later [§]. A sub-spectra frequency
represents regions within the entire MHD spectral regime dominated by and clustered around

a certain type of propagating waveform (like the Alfvén wave for example) [§]. These four

singularities can be separated out into their own forms such that:

wa(r)? = F?/p (3.39)
2 _ P 2
ws(r)” = WF /p (3.40)

W+ B?

o) = %(m2/r2 + ) 14/ - \/1 - b (3.41)

m?/r?2 4+ k?)(yp + B?)?

These sub-spectra frequency singularities will be the beginning point from which the predic-

tive model of ZaP-HD MHD phenomena will come from.

In order to complete this model setup, however, an approximation had to be made for
both the magnetic field strength as well the plasma pressure and density. An extrapolation
from the experimentally observed output is done to estimate magnitude at the plasma’s
surface and interior. To do this, Ampere’s Law with an assumption of uniform current
density and no current beyond the plasma radius is used giving the form Bs/B; = r1 /1y for
the exterior working inwards from the wall and By/By = r9/r; for the interior of the plasma

[21]. This will strengthen the field from the 10 cm wall to the 3 mm radius and weaken it
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as it passes into the plasma. For the density and pressure, a parabolic profile was utilized of

forms
2
P = Po (1 - —2) (3.42)
a
2
P = Do (1 - @) (3.43)

where 7 discrete radial locations were chosen (not including 0 and 3 mm) to measure the
sub-spectra on as shown by Figures 3.2 and 3.3 [21I]. The peak mass density and pressure
are, as shown in Table 2.1, 1.67 x 107*kg/m™ and 32 MPa respectively. The quadratic
mathematical profile takes these peak values and decreases them to 0 at the surface edge
of the plasma. The peak pressure was calculated by the state equation P = nk,T. This

analysis will also be performed along the 8 azimuthal probe locations.
3.5 Doppler Shift Correction

The basis of the model used in this research begins with the assumption of a static
plasma within the z-pinch and with motion only in the linear perturbations applied to the
equilibrium state. Within the context of ZaP-HD, this assumption cannot be used as there
is a velocity profile present by its nature as a sheared-flow z-pinch. What this results in
is a Doppler shift modification to all possible magnetic field signals that follow the form
wy = wp+ / — kvg where wy is the base frequency calculated from the ideal plasma Hain-Liist
derivation, k is the Doppler shift wavenumber, v, is the velocity of the moving plasma, and
wy is the final modified frequency of the wave [3]. In this research, an assumption was made
that the plasma would always be traveling away from the probes towards the end wall and
would thus cause the Doppler shift to elongate wave signals and decrease the final frequency.
On top of this, the velocity of the flowing plasma was not assumed to be spatially uniform. It
is known that the top speed of the plasma is about 100 km/s at its surface but this decreases
to 0 km/s at the center where the static plasma model holds [2§]. In order to achieve this
gradient, a linear profile starting from 0 km/s at the 7 discrete radial locations is subtracted

from the static frequency at said radius until 100 km/s is achieved on the surface of the
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Figure 3.2: Illustration of the parabolic density profile with the 7 discrete radial locations of
0.1 mm, 0.5 mm, 1 mm, 1.5 mm, 2.0 mm, 2.5 mm, and 2.9 mm. The mass density begins at
its peak of 1.67 x 107%kg/m ™2 at the center of the plasma and tapers off to 0 at the edge.
0 mm and 3 mm away from the plasma center were not chosen to avoid singularities in the

model.
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Figure 3.3: Hlustration of the parabolic pressure profile with an identical appearance to the
density profile and at the same 7 radial locations. Again, 0 mm and 3 mm away from the
center are avoided to stop singularities from appearing. Peak pressure was related to density

by the state function P = nk,T.
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Figure 3.4: A visual for helping show the direction of travel of Alfvén waves relative to other
plasma parameters. These parameters are: the equilibrium magnetic field (B) which is paral-
lel to propagation, the perturbed magnetic field (B’) which is perpendicular to propagation,
and the perturbed velocity (v’) which is perpendicular to propagation. [6][7]

plasma.
3.6 Alfvén Wave Behavior and Predicted Results

Alfvén waves are a type of MHD wave that is incompressible and propagates along the
magnetic field lines. The linear perturbations assumed to generate the Alfvén run perpen-
dicular to the direction of travel of the wave. In the context of a z-pinch, an Alfvén should
travel azimuthally alongside the direction of the magnetic field. Figure 3.4 gives a useful
graphic that helps visualize this process. With context established, the predictive model
that starts with the Hain-Liist Alfvén singularity is inputted with the profiles utilizing the

previously discussed experimentally observed data like the magnetic field to yield the results



31

shown in Figure 3.5. These same inputs will be used for the magnetosonic singularity and
turning point frequency singularities. The focus for all studied wave phenomena is centered
around the assembly region probe P30 for its higher radial probe count and to avoid issues
with redundant results and mismatched digitized output array sizes making some frequency
analysis methods impossible. As shown in the figure, the Alfvén sub-spectra frequency is
between 107 and 108 rad/s. As the radius increases from the center of the plasma to the

edge, the frequency jumps significantly.

3.7 Magnetosonic Wave Behavior and Predicted Results

In contrast to Alfvén waves, magnetosonic waves are compressible and propagate across
magnetic field lines. This makes them run perpendicular to the equilibrium magnetic field
vector alongside the perturbed magnetic field and velocity. Within the context of a 3-D en-
vironment like a z-pinch, this can include both axial or radial propagation. However, due to
the absence of probes at multiple radii for the comparative frequency analysis, axial propaga-
tion will be considered only. Figure 3.6 should help visualize the motion of a magnetosonic
wave. There is also a distinction between the fast and slow magnetosonic waves. Both
have different propagation patterns and different frequency ranges. However, in the context
of the Hain-Liist model, the fast magnetosonic sub-spectra exists at infinity and therefore
does not meaningfully apply for this research. Therefore, the analysis was conducted on the
slow magnetosonic sub-spectra producing the results shown in Figure 3.7. Compared to the
predicted frequency results given by the Alfvén sub-spectra, the magnetosonic frequencies
appear within roughly the same range of 107 and 10® rad/s though in general less than the
Alfvén frequencies at the same radial location. This validates the prediction of slow magne-

tosonic frequencies as they are generally lower than Alfvén waves as depicted in Figure 3.8

8-
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Figure 3.5: This predicted behavior of the Alfvén sub-spectra (wa(r)?) yields the follow-
ing results for the 8 azimuthal locations within ZaP-HD at the 7 discrete radial locations
mentioned earlier. It shows a strong correlation between frequency and radius owing to the

strengthening magnetic field and shrinking density at higher radii shown an Eq. 3.37.
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Figure 3.6: This visualizes the perpendicular propagation of a magnetosonic wave relative to
other plasma parameters. Compared to Alfvén wave propagation, the equilibrium magnetic

field (B) is now shown perpendicular to magnetosonic propagation. [6][7]
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Figure 3.7: Results the following results of the slow mangetosonic sub-spectra (wg(r)?) for
the 8 azimuthal locations within ZaP-HD at the 7 discrete radial locations mentioned earlier.
As mentioned previously, the frequency range is less than but close to the Alfvén range which
is expected. However, the radial correlation between radius and frequency is not as strong
for slow magnetosonic waves due to its more complex dependence on the magnetic field and

density /pressure profiles.
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3.8 Turning Point Frequencies

Although the Hain-Liist model has two “true” singularities that represent the continuous
sub-spectra of the Alfvén and slow magnetosonic frequency regimes. Beyond these cluster
points exists two “apparent” frequencies known as turning point frequencies [8]. In compari-
son to the Alfvén and magnetosonic regimes, these turning point frequencies do not dominate
their own continuous region of the MHD spectrum like true sub-spectra (or “true” singulari-
ties) but act more as discrete gateways between each regime (hence the name) [§]. They also
exist as a transition between wave propagation and evanescence (non-propagating oscillation)
[8]. Once each turning point frequency is crossed, the frequency regimes start to gravitate
towards the cluster points of the main continuous spectra like the slow or fast magnetosonic
waves. As stated earlier, however, the fast magnetosonic regime doesn’t exist at a finite value
in an inhomogeneous cylindrical plasma and is situated at infinity [8]. Nonetheless, the fast
turning point frequency shows when this monotonic increase starts to take hold. A caveat
exists, though, when having any kind of inhomogeneity in a cylindrical plasma. Overlap will
start to occur the stronger the inhomogeneity becomes relative to other plasma processes
and may cause wave interference that could lead to errors in predicted results [§]. Figure 3.8
can help with visualizing the ideal separation points amongst the full discrete spectrum into
the sub-spectral regions. The turning points contain geometrical singularities and show a
convergence to their continuous counterparts at the center of the plasma. For example, the
slow turning point frequency behaves exactly like the slow continuous sub-spectra would at
the center of the plasma while the fast turning point converges to infinity at the center in
accordance with the fast sub-spectra. Figures 3.9 and 3.10 give the results of the model for

the two turning point frequencies.

3.9 Prediction Model Analysis Summary

With the results outputted, there now exists an expected baseline from the assumptions

established earlier going into the Hain-Liist model and the profiles generated from the exper-



36

2 4 2 2. 2
0 (DS (DSO (DA (DfO (Dono
—x o % ® x—> ©2

Figure 3.8: A visual for helping understand where the turning point frequencies are situated
between the other other continuous essential sub-spectra. The slow turning point frequency
exists between the domains of the slow magnetosonic and Alfvén sub-spectra. The fast
turning point frequency does the same for the Alfvén and fast magnetosonic sub-spectra.
However, as stated earlier, the fast magnetosonic domain is entirely at infinity within this

model based on Hain-Liist. [§]

imentally observed data like the magnetic field, velocity, density, and pressure. What this
anticipates is that the whole spectral set exists between about 107 and 10® rad/s with Alfvén
being higher than the slow magnetosonic region and the two turning points as midway be-
tween all the continuous areas. The model will now be compared with frequency analysis of
ZaP-HD for possible future adjustment of said assumptions. There should be expectations
about how the waves behave as they move within the z-pinch and how to read the probes.
Alfvén waves should be detected by azimuthal probe locations due to it being parallel with
the magnetic field and magnetosonic waves should be picked up by axial probe locations due
to its behavior of propagating perpendicular to the magnetic field lines. Since magnetosonic
waves move across field lines, it is possible in a three-dimensional space for there to be radial
propagation. However, this can’t be accounted for since only azimuthal and axial probes are

present.
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Figure 3.9: The results for the slow turning point frequency (wso(r)?) illustrate how the
frequency values look similar to the slow magnetosonic sub-spectra center-of-plasma behavior
as it approaches r = 0 mm. There exists some saturation artifact at the 0 degrees location

of unknown origin that does not appear in any of the other azimuthal readings.
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Figure 3.10: Contrasting with the slow turning point frequency, the fast turning point fre-
quency (wyso(r)?) shows a quickly increasing asymptotic progression to infinity as it ap-
proaches lower radii with r = 0.1 mm being significantly higher than other locations fur-
ther out. This matches it with the constantly infinity fast magnetosonic sub-spectra. The
drastically different appearance between the slow and fast turning point frequencies can be
explained by viewing Eq. 3.39 an seeing the plus or minus sign differentiating the two. Just
changing the minus sign to a plus sign for the fast turning point frequency leads to this

behavior.
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Chapter 4

FREQUENCY ANALYSIS OF MAGNETIC FIELD PROBES

4.1 DMotivation for Analysis and Correlation Basics

With the model giving a predicted behavior of the MHD spectrum, it needs to be checked
with extracted frequencies from the magnetic field’s periodic behavior. The model used the
magnetic field data as well, but as a magnitude to be entered into the Hain-Liist singularities.
The basis of the frequency analysis will involve finding the periodicity within that data.
Correlation, or for this research, cross-correlation is accomplished by the comparison of two
arrays/sequences that are either deterministic or random. One signal is usually shifted with
respect to the other to help find repeating behavior. In cases where the two arrays are fully

random, the true cross-correlation sequence can be defined as

ny(m) = E{anrmy:L} = E{mny;;—m} (4'1)

where n is from negative to positive infinity, the asterisk denotes complex conjugation, x and y
are the stationary random sequences or arrays and E is the expected value [29][30]. However,
the function used in MATLAB, zcorr, can only estimate the cross-correlation sequence,
since only a finite segment of the infinite-length truly random processes are available. Raw

correlations are calculated without normalization through

N—m—1

N

Ryy(m) = Z Tpim¥p, m>0 (4.2)
n=0

A A

Ryy(m) = R, (—m), m <0 (4.3)

A hat is used to indicate the estimate provided by the mathematical function zcorr in

comparison to a fully randomized and infinite sequence. In most cases, the correlation
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function requires there to be a normalization process to produce an accurate estimate [29] [30].

This can be accomplished by a biased estimate where

A 1 A
Ra:y,biased(m) = Nny(m) (44)

an unbiased estimate where

1

N_—|m|ny(m) (4.5)

A
Rzy,unbiascd (m) =

or normalized at zero where the correlation at zero lag between the two signals is equal to 1

A 1 A
ny,coeff (m) = ~ n ny (m) (46)

R (0) Ry (0)

It is only possible to perform these normalizations if the sequence is of equal length, however.
In that instance of unequal length sequences, a correlation without a normalization will
suffice [30][29]. For this research, however, an unbiased normalization shown in Eq. 4.5 is

performed.
4.2 Using Cross-Correlation Analysis with ZaP-HD Probe Limitations

This correlation analysis is demonstrated in Figure 4.1 where a test dataset is correlated
with a delayed version of the same set. This was done to help aide in understanding the
basic aspects of utilizing the method. Cross-correlation has many uses beyond those just
discussed in this paper that rely on understanding trends and periodicity. For the context of
this research, there are some caveats to where the cross-correlation analysis was performed.
Due to the fact that the probes only output at a given radius (the wall), there is no radial
distinction of the magnetic field and any previous extrapolations were magnitude estimations
for the predictive model. This will mean only a single data point per angle was tested. As
shown, the previous analysis and the frequency analysis after this are limited to the P25
and P30 locations within the assembly region. This is due to the fact that wave behavior
over several axial locations proved redundant with similar results to the two chosen locations.

Therefore, the findings of the research can be seen with just P25 and P30. Also, the magnetic
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field probes do not always output digitized data in equal array sizes. This becomes a problem
specifically for axial probes motion and therefore only the 0 degrees location was able to be

analyzed.

Before performing the cross-correlation, an initial correction had to be made to the
magnetic field data from its raw form. Due to ZaP-HD having a rise and fall of its magnetic
field during a pulse, this creates one easily detectable and low frequency period that needs
to be removed to avoid the cross-correlation function tripping on it and producing a lowered
extracted frequency. Figures 4.2 and 4.3 show the averaged results for both P25 and P30 that
were subsequently subtracted from the raw output to leave only higher frequency behavior
behind. With this averaging step completed, the correlation was performed between the
azimuthal probes for the Alfvén waves and the axial probes for the magnetosonic waves.
The max function was used to pull an index from the correlated data set and linked to a lag
between the two original sets. This was then multiplied by the resolution rate of 25 ns to

give the periodicity of an extracted signal.

4.3 Azimuthal Cross-Correlation Analysis Results and Prediction Compari-
son

With all the cross-correlation analysis completed on the azimuthal locations at P30, the
output shown in Figure 4.4 gives a hint of what kind of periodic signal is getting picked
up. The maximums found at each locations starting from 0 and ending at 315 degrees are
as follows: 0 s (between 0 and 45 degrees), 0 s (45 and 90), 9.75 x 107" s (90 and 135),
3.58 x 107 s (135 and 180), 7.5 x 107® s (180 and 225), 7.5 X 107® s again (225 and 270), and

2
T

7.5 x 1078 again (270 and 315). When put into the period/frequency relationship w =
this outputs frequency in rad/s. When comparing to the values given by the model of around
107 to 10® rad/s, the frequency analysis outputs around 10° to 107 rad/s for an Alfvén-like
wave which lowers even more below 10° rad/s if the outlier frequencies are included. Possible

model corrections for this discrepancy will be discussed later.
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Figure 4.1: This is a test correlation analysis demonstrating the method. The top plot
was acquired from delaying a non-noisy signal (sinc(x) function) with the same signal by a
distance of 337“ and correlating it with the original unaltered signal with a spike at 0. It is
shown that the analysis has a correlation spike right at the delay amount. The lower plot
was acquired from applying a random noise on top of the two clean superimposed sinc(x)

signals to prove the cross-correlation function’s effectiveness in noisier circumstances.
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Figure 4.2: Shows the averaged data at P25 using the smoothdata function on the lowess
setting. It is subsequently subtracted from the raw dataset. The function setting lowess
creates a smoothed version of the raw data through a linear regression over the time window.
This method creates less discontinuities than with a moving average. This probe average
represents the low frequency behavior that the cross-correlation will detect and skew the

results downward.
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Figure 4.3: Shows the averaged data at P30 using the smoothdata function on the lowess
setting. It is then subtracted from the raw output. This same method was done at this
location to avoid discontinuities from a moving average smoothing method. This represents

the same low frequency behavior but with an 8 azimuthal probe array.
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Figure 4.4: Tllustrates the correlation between the magnetic field probes located at azimuthal

positions in P30 are shown. The maximum in the graphs were found and the times (period)

were inverted to find a frequency. Some of the cross-correlations (between 135 and 180

degrees) revealed maximums that were not close to zero that skewed the average. Despite

that, the same takeaway still applies whether these are included or not in the average Alfvén

frequency: there is a noticeable difference in predicted results from model and results taken

from the frequency analysis.
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4.4 Axial Cross-Correlation Analysis Results and Prediction Comparison

When analyzing the behavior from the axial probes, the earlier stated limitations apply
and therefore only the zero degrees was looked at. This generates an cross-correlation analysis
result as shown in Figure 4.5 with a similar issue present in the azimuthal result. The
maximum found corresponds to a lag/period time of 2.75 x 1077 s. This fits in that range
of values somewhat separated from the predicted result like the aziumthal case and sits it
around 10° rad/s for a magnetosonic-like wave. In order to corroborate this single data
point on the axial analysis, a Fourier transform on the magnetic field data was done at
P30/0 degrees and gives a result that seems in line with the Cross-correlation as shown in
Figure 4.6. As mentioned previously in the Alfvén analysis, possible model corrections will

be discussed to remedy this discrepancy found with the slow magnetosonic wave analysis.
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Figure 4.5: In this figure, the correlation between the magnetic field probes located at axial
positions between P25 and P30 at zero degrees is shown. As in the Alfvén case, the maximum
in the graph was found and the period was inverted to find a frequency. Despite the analysis
being performed at only a single radial location, it shows a similar result from the Alfvén

frequency results: that the axially propagating slow magnetosonic wave frequency does not

match with that found in the predictive model.
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Figure 4.6: In this figure, the magnetic field data at P30 and 0 degrees is inputted into the
FFT fast Fourier transform function in MATLAB to output a frequency range at this probe
location. This result was then compared with the cross-correlation result to corroborate the

findings found that showed the discrepancy with the predictive model for slow mangetosonic

waves.
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Chapter 5

INVESTIGATING ADJUSTMENTS TO THE MODEL

5.1 Overview and Non-Quantified Adjustments

With the discrepancy between the foundational predictive work and the frequency analysis
work done afterwards, it is important to look at possible remedies that will strengthen the
accuracy of the model and bring it in line with the frequency analysis. There are a few
solutions explored with quantified results in this chapter but the first suggestion will be purely
explanatory: that being the sub-spectral overlap caused by strong radial inhomogeneities
mentioned prior. In this circumstance, the main continuous sub-spectral regions (like for
the Alfvén and slow magnetosonic waves) will start to cross over each other leading to
wave interference that may suppress higher frequencies or strengthen lower frequencies [8].
Another potential issue is related to effects from resonant wave interactions that are hard
to encapsulate with just the Hain-Liist model used in this research. Some of these types of

interactions are discussed within the future work section.
5.2 Ampere’s Law Approximation Adjustment

The first solution suggestion with a quantified result of the adjustment is the case of
the magnetic field profile. With the approximation of Ampere’s Law for the inside of the
plasma (By/B; = 13/11), the choice of a linear gradient and uniform current density may
have oversimplified the radial behavior of the magnetic field and caused this prediction error.
To test the effect of a deviation from the linear approximation, an arbitrary adjustment was
made so that the field strength would decrease at a proportional rate of r°. It was found

that the magnetic profile approximation did not need to be changed significantly from a
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linear scaling to cause noticeable alterations to the way the Alfvén frequency would appear
compared to the original model as shown in Figure 5.1. This adjusted Alfvén frequency set

is closer to the results from the frequency analysis.
5.3 Pressure and Density Profile Adjustment

The density and pressure profiles was also adjusted to find a potential solution. The
original profiles followed a quadratic scaling as shown by Eq. 3.40 and 3.41. To try and
emphasize a shift as much as possible, an arbitrary profile proportional to 1/7% was chosen.
Despite this much faster profile scaling, deviations from the original quadratic approxima-
tions appeared to have a less noticeable effect on the outcome of the predictive model. In
the case of the Alfvén sub-spectra frequencies, this can be explained partially by a weaker
proportionality density has with the output as shown in Eq. 3.37. Also, the center and
edge values for both the density and pressure remain unchanged which may have stopped
the adjustment from having a more pronounced effect. The results of this adjustment are

displayed for reference in Figure 5.2.
5.4 Doppler Shift and Velocity Profile Adjustment

Going into the effects of the Doppler shift caused by bulk plasma behavior, a change
was first attempted through altering the wavenumber attached to the velocity profile. To
emphasize this Doppler shift, the wavenumber was arbitrarily increased from k = 1 to k =
1000 and the effects can be shown in Figure 5.3. As with the density and pressure profile
adjustments, despite the large shift of the wavenumber, the change is not noticeable with
the outputted slow magnetosonic frequencies staying close to their original predictions of
around 107 and 10® rad/s. Another issue arises from the fact that the Doppler shift is a
linear transformation of the frequency. This can lead to shifted frequencies appearing below
zero which is not a valid measurement for a temporal angular frequency. It is technically
possible to just strengthen the wavenumber until the Doppler shift pushes the model and

frequency analysis results into alignment but this would cause many frequencies to output
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Figure 5.1: In this figure, the Alfvén sub-spectra is modified from the initial Ampere’s Law
profile approximation to the deviated faster scaling relation ship of B o< r1>. This change to
the radial magnetic field behavior causes a sizable shift from the original predicted results

and lowers them by a factor of about 100.
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Figure 5.2: In this figure, the density profile was increased to as high as a p o 1/r% drop-off in

order to emphasize the effect it would have on the model. Ultimately, it was a small change

when comparing it to the effect of the magnetic field profile adjustment with the outputted

frequencies being in the same 107 and 10® rad/s range as the original prediction. This was

performed on the Alfvén sub-spectra.
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negative. The other modification of the Doppler shift that was attempted is a change to the
velocity profile itself. As stated before, the original velocity profile was linear moving at a
gradient from 0 km/s at the center to 100 km/s at the surface of the plasma. Instead of this
original profile, a velocity gradient more proportional to the shape v o< /7 was arbitrarily
chosen. This was done to accentuate Doppler shifts at some of the radial points within the
plasma by using a much slower scaling velocity. The results of this modification are shown
in Figure 5.4. What is shown is yet again a change with limited results as the altered slow
magnetosonic frequency appear in the original range of between 107 an 10% rad/s. This
outcome is partially explained by the same issue that came from the density and pressure
adjustments. As in those cases, the velocity at the center and surface of the plasma were
unchanged which can limit how strongly this shift can impact the actual magnitude of the

velocity profile and therefore Doppler shift.
5.5 Adjustment Summary and Best Solution Suggestion

Based off of the work done to find solutions for the error between the predictive model and
the frequency analysis, there only exists one adjustment that had a pronounced effect. With
the density profile, pressure profile, Doppler shift wavenumber, and plasma velocity profile
all having minor effects when shifted, only the Ampere’s Law approximation adjustment
appeared to make the model approach the results of the frequency analysis. However, despite
this proving to be the closest finding to a solution for the error, it can’t be taken with full
certainty yet. The adjustment done for this research was arbitrary in order to emphasize how
far the model would shift and lacked precision to find a final conclusion. Also, the current
density profile within the plasma was assumed to be uniform and not actually known during
this research. It would need to be included to get a more accurate picture of the magnetic

field behavior within ZaP-HD for making a better approximation.



54

—~ 108 230726004-P30/0 Degrees (kd =1000) r=01mm| o8 230726004-P30/45 Degrees (kd =1000 r=0.1 mm
2 . . : - : r=05mm| 2 " " T T T r=0.5mm
3r el
© r=1mm © r=1mm
32’ r=15mm z r=15mm
s T v AR r=2mm < r=2mm
% 0k A (WTWM A r=25mm % . r=25mm
o 4 ; ; ) r=2.9mm @ — . ) . r=29mm
L0 0.2 0.4 0.6 0.8 1 1.2 L0 0.2 0.4 0.6 0.8 1 1.2
time (s) <1074 time (s) 10
. s 230726004-P30/90 Degrees (k , = 1000 r=01mm| s 230726004-P30/135 Degrees (k , = 1000) r=0.1 mm
7, x10° = . ‘ d , r=05mm| 84100 7 . ‘ — r=05mm
el - el :
© r=1mm © r=1mm
;2 r=15mm :2. r=15mm
2 r=2mm 2 r=2mm
%0 r=25mm %0 R r=25mm
g - r=29mm 5 Hﬂ . L i i r=29mm
= . 1.2 Lo 0.2 0.4 0.6 0.8 1 1.2
time (s) %104 time (s) %107
— 230726004-P30/180 Degrees (kd =1000) r=0dmmi o8 230726004-P30/225 Degrees (kd =1000 r=0.1mm
%6 T T T T T r=0.5mm %4 T T T T T r=0.5mm
© r=1mm © r=1mm
= r=15mm| ol r=15mm
2 2 r=2mm 2 r=2mm
g r=25mm %0,, r=2.5mm
go': r=2.9mm g r=29mm
1 1.2 . 1.2
time (s) <107 time (s) <104
— 108 230726004-P30/270 Degrees (kd =1000) r=04mm| 08 230726004-P30/315 Degrees (kd =1000) r=0.1 mm
£47 T T T T T r=0.5mm %4_ T T T T T r=0.5mm
g r=1mm g r=1mm
=) r=1.5mm >ol r=15mm
2 ] r=2mm | 2 r=2mm
% oL AR N r=25mm % 0 r=25mm
8 E = i i i i r=29mm| g = r=29mm
Lo 0.2 0.4 0.6 0.8 1 1.2 Lo 0.2 0.4 0.6 0.8 1 1.2
time (s) %107 time (s) <104

Figure 5.3: In this figure, wavenumber multiplied by the velocity profile at the given radial

location within the plasma is amplified from k = 1 to k = 1000. This change is done on

the slow magnetosonic sub-spectra. The change is not easily noticed with the frequencies

appearing in the same range as the original predictions. There is also the issue of having

negative frequency values that don’t make sense physically.
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Figure 5.4: In this figure, the velocity profile is modified from its original linear profile to
a square root relationship. This was performed on the slow magnetosonic sub-spectra. The
effects of this alteration to the shape of the velocity gradient are small with the original 107
to 10® rad/s range of frequencies appearing. This can be explained partially by the limit of

a shift in the velocity profile that doesn’t change the magnitudes of center or surface values.
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Chapter 6

CONCLUSION

6.1 Research Summary

The results of this research have proven that more work needs to be done to improve
the accuracy of the MHD prediction model beyond the Hain-Liist singularities combined
with the radial profiles based off experimental data like the magnetic field, density, pressure,
and flow velocity. The initial prediction that the Alfvén and slow magnetosonic frequencies
were between 107 and 10® rad/s within ZaP-HD did not match the cross-correlation and
Fourier transfrom results of the magnetic field periodicity data. These frequency analysis
results, around 10° rad/s and potentially lower depending on the inclusion of outliers in
the averaged range, illuminates a noticeable error that must be resolved in order for the
model to have validity going forward to other frequency ranges outside of the MHD region.
There are possible paths forward to align the two methods with the linear Ampere’s Law
approximation seeing the biggest change when deviated to a faster scaling profile, but it

cannot be decided for certain and requires more research to refine fully.
6.2 Future Work

In order to fully finish this iteration of the MHD predictive model, the discrepancies
between the frequency analysis and predictive model based off Hain-Liist singularities need
to be closed. This will involve taking the progress reached so far with the adjustments and
then push further beyond the arbitrary suggestions made so far. To do this, more accurate
measurements of other physical parameters for ZaP-HD like current density, plasma sheared

flow velocity profile, pressure, and density need to be acquired and used alongside the mag-
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netic field probe data used so far in this iteration. It will allow more robust physicalized
profiles to be developed that more accurately depict plasma behavior than the idealized
mathematical forms used for this research so far. Once this alignment between the model
and the frequency analysis is achieved, the next iterations will involve moving beyond the
MHD range and introducing instabilities. For example, other regions of the spectrum will
be looked at and incorporated that specifically approach the higher frequencies and ener-
gies where particle involvement and statistical mechanics are important. Interactions that
plasma particles have with the wave spectrum build from fundamental relationships shown

mathematically by the Boltzmann equation,

of q _(9f
E"‘V'Vf"i_a(E_l_vxB)'va_(E>CO” (61)

where f represents the particle distribution, E the electric field vector, B the magnetic field
vector, q the electric charge, m the species mass, and v the particle velocity vector. This
synergy between particles and waves can lead to circumstances like Landau damping that
funnel energy into a wave mode and that can eventually lead to instabilities. It will be
important to include behavior like this to make the model as well-rounded as possible. A
much further goal after the complete realization of the full plasma wave spectral model would
involve the application towards practical use within a device like ZaP-HD or other fusion
devices for studying phenomena like Alfvén heating and radiation transmission mentioned

at the beginning of this work.
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