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Professor Miguel F. Morales

Physics

Epoch of Reionization observations have the potential to be transformative in the field

of cosmology, but this is impossible without unprecedented levels of precision in calibration.

We enhance EoR upper limits from the Murchison Widefield Array through the improvement

of instrumental calibration with in situ simulations. The reduced limit is a direct result of

development in our pipeline, consisting of FHD and εppsilon, and highlights the precision

and accuracy that we must achieve in calibration.

We describe our pipeline in detail, including analysis of instrumental effects like pointings,

cables, and polyphase filter banks. We perform experimental assessment of various sky-

calibration approaches to the bandpass, and we characterize bit errors, phase response, and

new techniques. An in situ calibration simulation verifies our experimental findings, and

identifies the fundamental limits of sky-based calibration. We set a precedent for required

bandpass accuracy to one part in 105. Various improvements also contribute to our final

limit, including beam kernel corrections and anti-aliasing filters found through signal loss

simulations using our in situ framework.

Our improved EoR upper limit is 6.75×103 mK2 at k = 0.2 h Mpc−1 for z = 7, an

improvement of a factor of 4.0 over a previous analysis using the exact same data set.

Techniques and infrastructure created in this work will influence future pipeline advances.
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GLOSSARY

BASELINE: the distance between measuring elements, usually measured in wavelengths.

BEAM: the measurement collecting area of the instrument.

CALIBRATION DELAY SPACE: spectra of calibration modes, or the Fourier transform of
each bandpass calibration solution along frequency.

COARSE CHANNELS: a group of frequency channels totaling 1.28 MHz that are created
during the first stage of the polyphase filter banks.

COHERENCY DOMAIN: a domain that describes the instrumental polarization between
two dipoles in XX, XY , Y X, Y Y .

COPLANAR: the assumption that all of the antennas effectively lie in the same 2D plane,
allowing for averaging in image space.

DIPOLES: combinations of the arms of the MWA antenna, where the N and S arms
constitute the Y dipole and the W and E arms constitute the X dipole.

DIGITAL GAIN JUMP: data multiplication to maintain proper bit selection in the digital
system.

EOR: the Epoch of Reionization, or the period of time in the history of the universe where
radiation ionized neutral hydrogen.

EOR WINDOW: foreground-free region in 2D power spectrum space outside of the fore-
ground wedge.

FOREGROUND WEDGE: chromatic instrumental response that couples intrinsic foregrounds
to k|| and k⊥ modes within the horizon in 2D power spectrum space.

GLOBAL BANDPASS: the normalized amplitude average over all antennas as a function of
frequency for XX and Y Y .

vii



GRID/GRIDDING: the process of de-integrating a visibility by convolving with the beam
in uv-space at the baseline location.

INTRINSIC FOREGROUNDS: spectrally smooth foregrounds restricted to low k|| modes in
2D power spectrum space.

JONES MATRIX: matrix operators which represent the projection of light onto the instru-
ment’s measuring elements.

LEAKAGE: artificially coupling power to other modes after performing a Fourier transform
on finite data.

MAXIMUM LIKELIHOOD ESTIMATES: estimates of distribution parameters which maxi-
mizes the likelihood function of the data given knowledge of the type of underlying
distribution.

MODEL VISIBILITIES: visibilities generated with a direct Fourier transform from a sky
catalog and integrated with the beam in the uv-plane.

MURCHISON WIDEFIELD ARRAY (MWA): an interferometer located in Australia.

POINTING: a discrete set of instrument delay lines that point the antenna to measure a
certain area of the sky.

POINT SPREAD FUNCTION (PSF): the response of the instrument, given its layout, to a
point source on the sky.

POLYPHASE FILTER BANK (PFB): an array of bandpass filters which transforms a time
series into a frequency series with reduced spectral leakage.

RFI: radio frequency interference, usually in the form of unwanted FM, AM, or TV
signals.

SAMPLING MAP: map of how much of each measurement went into each pixel, created
by gridding visibilities of value 1 with the beam gridding kernel.

SEASON 1: MWA observing season from August 2013 through December 2013 for the
EoR0 field.
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SIGNAL LOSS: accidental removal of signal due to processing techniques which could lead
to a false lower limit.

TILE: a beamformed element of the MWA, composed of 16 antennas in a 4×4 grid.

UV -PLANE/SPACE: the measurement plane of visibilities, where u = {u, v, w} is the spa-
tial Fourier dual of the sky coordinates θ = {θx, θy, θz}.

VARIANCE MAP: map of how much variance of each measurement went into each pixel,
created by gridding visibilities of value 1 with the square of the beam gridding kernel.

VISIBILITY: the Fourier transform of a measurement correlation between two elements of
an interferometer.

WINDOW FUNCTION: a multiplicative function that reduces leakage caused by taking a
Fourier transform, at the cost of effective bandwidth.
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Chapter 1

INTRODUCTION

The birth of the universe was hot, dense, and sudden. In the first fractions of a second,

the four fundamental forces of physics separated, causing exponential inflation. Over the

course of twenty minutes, simple nuclei in the form of hydrogen, helium, and lithium were

forged through nuclear fusion as the universe continued to cool and expand.

If the birth of the universe was sudden, then the following life stages were extremely

slow. The simple, electron-less nuclei were coupled to photons, and this dense, opaque soup

dominated the universe for hundreds of thousands of years. Finally, as the universe cooled to

about the temperature of the surface of the sun, the simple nuclei captured electrons. This

allowed the photons to flow freely, creating what is now the Cosmic Microwave Background.

The universe then went dark for hundreds of millions of years. In contrast to the exciting

beginning, this epoch was cold, sparse, and long-lasting. There were no regular sources of

light; no stars or galaxies. However, gravitation started to pull the neutral hydrogen, helium,

and lithium into regions of dark matter over-densities. Stars and galaxies began to form.

Ionizing radiation from the first stars and galaxies streamed outward, encountering neu-

tral nuclei. Electrons were once again stripped from nearby hydrogen and other nuclei in a

period called the Epoch of Reionization (EoR). The ionized regions around stars and galax-

ies grew as more and more sources of ionizing light formed, and the regions began to overlap

until there were only islands of neutral hydrogen. As these regions were ionized, the Epoch

of Reionization came to a close, nearly one billion years into the lifetime of the universe.

The bulk universe after this point resembles what we see today: free-flowing radiation,

stars and galaxies, and an ionized intergalactic medium. Therefore, studying the early stages

is crucial to our understanding of the universe. The numerous phase changes in the first
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Figure 1.1: Timeline of the universe. Rapid inflation and cooling led to the decoupling of

photons, creating the Cosmic Microwave Background (CMB). The Dark Ages then dominated

with abundant amounts of neutral hydrogen, until the first galaxies formed. Thus began

the Epoch of Reionization, where neutral hydrogen was ionized by radiation from the first

galaxies in the universe. When there were enough galaxies to ionize all the hydrogen in the

surrounding medium, the Epoch of Reionization ended.
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billion years can tell us a great deal about the underlying physics.

The earliest stages of the universe before the Cosmic Microwave Background cannot be

probed with electromagnetic radiation because photons were not decoupled, and hence the

time period was opaque. The Cosmic Microwave Background itself has been studied in detail

since the 1960s [84]. The Dark Ages and the Epoch of Reionization, while observable, have

not been measured directly. It is no surprise that the Dark Ages are hard to observe since

there is little to see, but the Epoch of Reionization is both accessible and a mystery.

In fact, the Epoch of Reionization can be directly measured. The ionizing light from

some early sources can be observed, which can help to probe the medium between the light’s

emission and our measurements [19]. However, there is an even more powerful observation.

Neutral hydrogen emits light [26]. A spontaneous transition can occur in the properties

of the bound electron, where the intrinsic magnetic dipole moment of the electron flips from

symmetric to anti-symmetric compared to the proton’s intrinsic magnetic dipole moment.

This is called the hyperfine transition, in part because the difference in the energy states

is very small. A photon is emitted to account for this change in energy at a wavelength of

approximately 21 cm.

However, this occurs rarely. The rate of this spontaneous transition is close to once every

10 million years. This would mean there would be very few 21 cm photons, except for the

fact that about 75% of baryonic matter is neutral hydrogen and that collisions speed up the

Figure 1.2: The hyperfine transition of hydrogen, engraved on the Pioneer plaque and Voy-

ager Golden Record as a standard unit of measure (credit: NASA). Light is emitted of

wavelength 21 cm when the electron of neutral hydrogen experiences a spin-flip.
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rate. Therefore, there is a nontrivial glow coming from regions of neutral hydrogen. This

creates a negative image of the formation of sources within the universe; 21 cm light will

highlight the regions between ionizing sources.

Why would we look for this faint glow, rather than the first stars and galaxies themselves?

The reason is due to the properties of the emitted light. Higher energy light, or light with

smaller wavelengths, is easily absorbed by interstellar gas and galaxies; for example, if the

light has enough energy, a neutral hydrogen atom will absorb the photon and release its

electron. The 21 cm glow is very low in energy, and thus not readily absorbed.

In addition, the universe is expanding over time [89]. As the universe expands, so does

the light within it. The 21 cm photons emitted during the first billion years of the universe

will then be redshifted, or expand in wavelength, by about a factor of 10 by the time they

reach Earth 13 billion years later. This light flows relatively unimpeded and unabsorbed.

The emitted 21 cm light is redshifted into low-frequency radio wavelengths by the time it

reaches Earth. Logistically, this is difficult to measure, given that we have been emitting our

own radio wavelengths in the form of AM radio, FM radio, and TV broadcasting since the

1920s. Even more problematic, though, is the fact that there are other sources on the sky

that emit in radio wavelengths. Synchrotron emission from electrons traveling at relativistic

speeds around galaxies is a huge radio source. Not only does our own galaxy emit this, but

large amounts of radio light is seen from giant radio galaxies. In total, this signal is about 5

orders of magnitude brighter than the signal we are trying to measure [60].

Luckily, the glow from neutral hydrogen is separable from other sources. Each snapshot

in time during the Epoch of Reionization was different, as ionized regions grew and morphed

over time. Therefore the intensity of the glow, or the power, changes rapidly as a function of

time. We can determine the time the light was emitted by using the measured wavelength,

since the expansion rate of the universe and the emitted wavelength are known. Therefore,

the power of the Epoch of Reionization varies rapidly as a function of measured wavelength.

In contrast, the power from synchrotron emission varies smoothly over wavelength.

The Epoch of Reionization signal will stand out if we look at the measurement in a space
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that highlights the change as a function of wavelength. Attempts at a first measurement are

therefore done with the power spectrum in Fourier space. Rather than try to image the sky

to see regions of neutral hydrogen, we try to measure how much power there is in Fourier

modes. In other words, how much does the brightness of the Epoch of Reionization signal

change, both spatially and in time, as a function of wavelength?

The power spectrum is a statistical measurement. While we won’t be able to see the

neutral hydrogen directly, we can still extract the underlying physics. Knowing the sizes of

neutral hydrogen regions throughout time will help us to constrain cosmological models and

understand our universe.

We try to measure this signal with a very specialized instrument. Typical radio astronomy

instruments come in the form of dishes, but these instruments usually look at specific objects

on the sky, and thus have small measurement areas. In contrast, to measure the Epoch of

Reionization signal, we need as much measurement area as possible. Integrating the faint

neutral hydrogen regions will make their power spectrum brighter, and hopefully easier to

see. One way to have a wide field of view with the required sensitivity and resolution is to

build an interferometer.

An interferometer consists of multiple elements that are spatially separated. An electric

field is measured at each element from incoming plane waves, and the electric fields are

combined together between each pair of elements. There will be points where the waves

add to zero or where they add to be large since the electric fields propagate as waves. The

resulting pattern is called a fringe. It contains information about the direction on the sky

where the plane wave originated, the brightness of the plane wave, and the distance between

the elements, or baseline.

Mathematically, this means that an interferometer contains the same information as a

dish with holes: the more baselines of varying length, the more filled the dish. Logistically,

spreading elements of an interferometer out many kilometers is much easier and less expensive

than building an entire dish of the same size.

A collaboration of over 15 universities from across the world came together to build such
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Figure 1.3: Schematic of interferometry between a pair of elements and the resulting fringe

pattern. The direction of incoming light (Ê) is delayed by time τ depending on the distance

between elements |~b|. The two voltage signals are cross-correlated and time-averaged to get

a visibility, which adds constructively and destructively as the source moves across the sky.

an interferometer to search for the Epoch of Reionization. The Murchison Widefield Array

(MWA) is located in the Australian outback, and has 128 elements with over 8000 baselines.

While it is used for a wide variety of science goals, its main mission is to look for Epoch of

Reionization signals [9].

One drawback in using interferometers is that they are computationally intensive. The

interference between two antennas creates a fringe. A time-averaged complex fringe, or

visibility, is created between each pair of antennas for each frequency channel and for each

time integration. For a typical night of observing with the MWA, over ten billion visibilities

are generated. This poses a huge undertaking for real-time computation hardware, disk

storage, and analysis pipelines.
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Figure 1.4: The MWA, a radio interferometer in the Australian outback.

The theme of this dissertation is that of software, and the challenges and progress made

towards measuring the Epoch of Reionization. We will describe current constraints in the

following section to provide a solid background on the subject. Then, we will explain the

measurement theory and the instrument itself in fine detail to finish out §2, which will lay

necessary groundwork for later chapters. In §3, we will outline our data analysis pipeline.

Modifications to the calibration and the resulting improvements are discussed in §4. To

prove the importance of calibration and how it can affect the power spectrum, we built a

calibration simulation pipeline, outlined in §5. §6 presents the results from the simulation.

Given these outcomes, we delve into more advanced calibration techniques in §7. We describe

other improvements in §8 as well as our newest limit using all of our advancements in §9.
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Chapter 2

MOTIVATION, INSTRUMENT, AND FOURIER SPACE

Searching for the EoR signal is a promising field of study. Before we can proceed further,

there remains two unanswered questions: why should we measure the EoR directly, and how

do we accomplish that?

There exists a multitude of indirect limits using a variety of methods. However, the

current state of the field is rather inconclusive, which motivates a direct model-independent

measurement. This can be accomplished with radio interferometers, and greater detail will

be provided on the MWA and its basic measurement theory in this chapter.

2.1 Cosmological importance and current constraints

Little is known about the EoR. It was the epoch of the first stars and galaxies, the phase

change from neutral to ionized, and the beginning of the bulk universe as we see it today.

However, we don’t know to any certainty when it happened or what made it happen.

If we could measure the EoR directly, we would be able to constrain galaxy formation

models. There are many unanswered questions about the sources that contributed to the

EoR. The population statistics (e.g. mass, heavy element production, formation rate, and

interaction and feedback) are relatively unknown. These astrophysical questions contribute

directly to simulation models of the universe [53].

If we could measure the EoR across time, we would be able to understand the rate of

reionization. We know approximately when reionization ended, but we don’t understand

how fast reionization happened or how the rate changed throughout time. These particular

questions hold cosmological importance; they hold physical understandings of the formation

of the universe [28].
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Experimental constraints from various collaborations and studies have helped place esti-

mates on reionization. The multitude of experiments have provided context—but they also

have created confusion. Some constraints appear almost contradictory to others, while other

constraints have changed over time beyond significant confidence levels. Most of these issues

arise from results being model-dependent in some fashion. A measure of the ionization frac-

tion is possible, though usually only indirectly, and thus depends on the model parameters

used in the estimate.

A few of the experiments that have contributed to estimations of the ionization fraction

are listed here for reference. Recent results are compiled into Figure 2.1 (from [72]).

CMB: The Cosmic Microwave Background has constrained many cosmological parameters

from the power spectra of the temperature anisotropies embedded into the surface of

last scattering [6, 36, 86]. Measuring the optical depth τ gives estimates on the history

of reionization through the use of simulation and models. Calculations of this parameter

have varied greatly since it was first measured. It relies heavily on an accurate dust

model and on faint, large modes in the power spectrum [85].

Lyman α forest: Neutral hydrogen is very effective at absorbing light from quasars. As

the universe expands, the quasar’s light will redshift, causing different portions of the

spectrum to be absorbed from neutral gas clouds, whether dense or sparse.

Gunn-Peterson troughs: Absorption features will be present in a quasar’s spec-

trum from neutral hydrogen, and as the quasar’s light redshifts, these absorption

features will populate different regions of the spectrum. The distribution and

depths of these absorption features give limits to the neutral hydrogen along that

line of sight. Considering population statistics from multiple quasars give esti-

mates of bulk limits, yet so far has been limited to lower redshifts due to available

quasars [27].

Dark pixels: Lower limits on the timing of reionization can be made by consider-
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ing the fraction of completely absorbed pixels in the spectrum to pixels which

have some unabsorbed light [52]. This cannot measure the density of neutral

hydrogen—trace amounts will quickly absorb the light to levels below measure.

However, this is less model-dependent than other measures since no models are

used to separate absorption features [55].

Near zone: If the medium was sufficiently neutral around a quasar, a damping wing

in the spectrum can occur. This is caused by multiple-scattering absorption in

wavelengths redder than the Lyman α line. While rarely seen in spectra, models

can be fit to the damping wing to gain estimates on the medium around the

quasar, and thus estimates for reionization timing [7].

Lyman α emitter: Some young, low mass galaxies emit significant Lyman α light. This

is a specific wavelength, so their distance can be estimated given the redshifted light

measured.

Luminosity function : A luminosity function, or number of emitters versus bright-

ness of emitters, can be made for a variety of redshifts. The evolution of the

function over time can tell us how much neutral hydrogen obscured the emitters,

and thus is a probe of reionization history [50].

Clustering : It is theorized that Lyman α emitters will be measured to be more clus-

tered during the EoR [29]. The spectra can be redshifted by the time it leaves

the ionized bubble, and thus is not readily absorbed by neutral hydrogen. Only

if the bubble is large enough will this occur, and hence multiple emitters must be

nearby to make a bubble large enough for this to happen.

Lyman break galaxies: Young galaxies will emit a range of wavelengths, and if surrounded

by neutral gas, most wavelengths shorter than Lyman α will be absorbed. However, the

longer wavelengths will flow relatively unimpeded and redshift on the way to Earth.
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Figure 2.1: Experimental constraints on the history of the EoR (figure from [72]). Dark

pixel constraints from quasars (dark red squares) are from [52]. Gamma-ray burst damping

wing absorption (green square, circle, and triangle) are from [107], [108], and [32]. Near zone

constraints from quasars (yellow square and circle) are from [94] and [7]. Lyman α emitter

luminosity functions (pink square, circle, triangle, and pentagon) are from [50], [42], [73],

and [43]. Clustering of these sources (pink open diamond) was also investigated by [73]. The

Lyman α luminosity function constraint (red circle) from the work that generated this figure

[72] is highlighted. Lyman break galaxies (orange square and circle) are a joint constraint

from [96], [82], [83], [93], [92], [69], [109], [13], [14], and [30] at redshift 7 and [92] at redshift

8. Lyman α forest transmission spectra (blue triangles) are from [27]. The blue and light

blue regions are constraints from the Planck collaboration [85] with 68% confidence and 95%

confidence, respectively.
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Population statistics on these galaxies put lower-limit constraints on the timing of

reionization [96].

Gamma-ray burst damping: Gamma-ray bursts can probe reionization if their progen-

itors exist at high redshift. They are extremely bright, and much easier to see than

most Lyman α emitters or quasar spectra. In addition, they have a simple power-law

burst spectrum that can experience deviations (e.g. absorption features or damping) in

the reddened tail due to the intergalactic medium [108]. However, the results depend

greatly on the fitting techniques [107].

Given the variety of constraints, we have a rough estimate for when reionization happened.

The epoch was essentially finished by a redshift of 5, and was active after about a redshift of

6. When reionization began is a mystery, and is only constrained by the Planck collaboration

to have happened after a redshift of about 10 [85]. However, the first CMB results presented

reionization as having ended by redshift 11 [95]. Their results are dependent on foreground

models, which makes them difficult to constrain.

A direct measurement of the EoR is needed in order to constrain when it happened. Many

of the current estimates are model-dependent, which has caused some conflicting results. In

order to study this period of time, we need to measure the hyperfine transition of hydrogen,

and this predicament has motivated the construction of radio interferometers.

2.2 Instrument description

The Murchison Widefield Array, or MWA, is a radio interferometer in the Shire of Murchison,

Australia [105]. At any given time, only about 100 people live in the shire, which is larger

in size than the Netherlands. The area is extremely flat, punctuated by small mesas that

are sacred to the Wajarri Yamatji people, the traditional owners of the land. Nearby is the

Australian Square Kilometre Array Pathfinder (ASKAP) telescope, and together the MWA

and ASKAP share a double-Faraday-cage correlator building.
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Figure 2.2: Configuration of the MWA. There is a dense core of tiles, and a sparse, long

baseline spread. The dense core provides sensitivity of EoR modes, and the long baselines

provide high angular resolution. Credit for the background: Google.

The MWA is composed of 128 tiles spread in a non-redundant formation. The core of the

MWA is dense, and tapers off after about 50λ, or approximately 100 m. The longest baseline

is about 3 km. This layout helps to generate images that are extremely sensitive to bright,

large EoR modes due to the dense core, yet also have angular resolution of approximately an

arcminute from the long baselines [4]. Figure 2.2 shows a birds-eye view of the configuration.

Upgrades of the array in 2016, which changed the layout, are discussed in §2.2.4.

The beginning of the hardware signal chain, illustrated in Figure 2.3, starts with the

tiles. Each tile is comprised of a set of 16 dual-polarization dipoles in a square. These

dipoles are placed on top of a square metal mesh, which allows a firm clip-in for the dipoles
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Figure 2.3: The hardware signal chain of the MWA. From left to right: a tile of dipoles,

a LNA, a beamformer box, a receiver, the correlator building, a set of PFBs (and storage

disks), and the correlator GPUs.

and provides extra signal from electric field reflection. Each dipole has aluminum arms that

extend outward from a small, central hub that contains low-noise amplifiers (LNA). The arms

are perpendicular to each other, and thus are sensitive to perpendicular linear polarizations

for a source at zenith. We call these two polarizations X and Y for the E–W and N–S

dipole, respectively. Two cables, one each for X and Y polarization, connect each LNA to

the beamformer box.

The analog beamformer box adds together the signals from the 16 dipoles to create

a unified element with roughly one square meter collecting area at 150 MHz [105]. The

beamformer can also add extra physical path lengths to the dipoles, which effectively point

the tile in a different direction. By adding path length, the sky directly above will decorrelate,

but the sky pointed off-center will add coherently. We can create a series of coarse pointing

adjustments in the beamformer throughout the night to roughly track one spot on the sky

(see §2.2.2).

Cables run from the beamformers to the receivers (see §2.2.1 for detailed cable informa-
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tion). Each receiver can manage 8 tiles, and thus for MWA’s 128 tiles, there are 16 receivers.

The receivers perform a series of operations, starting with a large bandpass filter with a

range of 80 MHz to 300 MHz. The analog signal is then converted to a digital signal using

an 8-bit A/D converter. Then the signal is digitally filtered, or split, into 1.24 MHz portions

called coarse channels [88]. Only 24 coarse channels are selected for a total of 30.72 MHz

bandwidth in analysis. All of these operations must be done quickly to keep up with the

data stream. In turn, this causes a lot of heat dissipation, so each receiver is equipped with

an air conditioning system inside a double-Faraday-cage box.

Optical fiber transports the digital signal from the receivers to the correlator building

shared with ASKAP. Inside the correlator building is the correlator infrastructure, including

racks of water-cooled, dedicated hardware for each task. More filters take the digital sig-

nal and create even smaller frequency channels of 10 kHz in each coarse band (see §2.2.3).

Specialized GPU nodes then perform the correlation by multiplying and averaging.

The data then begins its final journey along optical cable to Geraldton, about 300 km

away. There, it joins up with the AARNet network from Geraldton to Perth, which is another

350 km. It finally reaches the Pawsey High Performance Computing Centre for SKA Science,

where the data is stored and further analyzed. Further MWA instrumental details can be

found in [105].

2.2.1 Cable specifics

While not usually thought of as a prominent part of the instrument, cable specifics are

critically important to our analysis. There are many different types and lengths of cables

used at the MWA. They fall into three categories depending on their function: LNA-to-

beamformer, beamformer-to-receiver, and receiver-to-correlator.

The LNA-to-beamformer cables carry one polarization per dipole, so there are 32 cables

of this type per tile. They are all 7 m LMR-100 coaxial cables. Uniformity is crucial in these

cables because the pointing of the tile depends on the timing delay.

The beamformer-to-receiver cables carry both polarizations in the same shielding per
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beamformer, and thus there are 256 cables in 128 sheaths. However, these are made in

a variety of lengths. There are 16 receivers in the field, located at various points along

the trenching shown in Figure 2.2 (lighter color lines radiating from the center). Each

beamformer has a different length requirement needed to reach a receiver, and receivers are

placed in such a way that minimize the total cable used. There are five cable lengths among

the tiles: 90 m, 150 m, 230 m, 320 m, 400 m, and 524 m. The 90 m, 150 m, and 230 m cables

are RG-6 coaxial cables, and the 320 m, 400 m, and 524 m cables are LMR-400-75 coaxial

cables.

In addition, all of the beamformer-to-receiver cables longer than 90 m are fitted with

whitening filters at the receiver. Higher frequencies attenuate faster in coaxial cables than

lower frequencies, causing a reddening effect in the data. A whitening filter boosts signals

with higher frequencies to counteract this.

The receiver-to-correlator cables are fiber optic. Each receiver has three fibers which

transmit one third of the total bandwidth for both polarizations. The digital signal is 5+5

bit complex, and the total amount transferred across the system exceeds 80 Gb s−1 [105].

2.2.2 Pointing specifics

Observations are naturally divided up into pointing groups, and thus analysis techniques

have formed around their variation. Understanding how these pointings differ is crucial in

calibration techniques.

A pointing is created by the physical addition of delay lines for each dipole in the beam-

former, as shown in Figure 2.4. This allows the instrument to be steered in hardware, rather

than with physical moving parts as is typical in dish telescopes. The pointings are quantized;

there are five different additional lengths that are commonly used in EoR measurements. This

allows for rough tracking of the sky as it moves across the night.

The beam remains fixed—the radiation pattern of the dipoles do not move. Therefore,

as the tiles are pointed off-center, the beam pattern will change from that perspective. As

a result, pointings experience different gains and modeling errors that are unique to the
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Figure 2.4: The delay line board in the beamformer. Extra physical path length is added to

certain dipoles in the tile to point to a different spot on the sky.

pointing.

EoR observations are taken with many different pointings. However, our beam modeling

techniques are less accurate further away from zenith. For that reason, the limits presented

in §9 are only calculated from a subset of pointings near zenith.

2.2.3 PFB specifics

The polyphase filter banks, or PFBs, create coarse and fine resolution frequency channels.

The first stage of PFBs is in the receiver hub, and they create the coarse channelization

every 1.28 MHz. Not only does this take time-series data and create frequency-series data,

it suppresses out-of-band RFI (radio frequency interference, e.g. FM, AM, and TV) which

could potentially obscure real data in our band. However, this introduces a characteristic

band shape to our data every 1.28 MHz and aliasing effects in the edge channels which must

be accounted for in the analysis.

Data is then transported through three optical fibers from each receiver, and re-sorted into

the full bandwidth at the second PFB channelization stage in the correlator building. The
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data itself is in the form of Fourier transform coefficients from the first-stage channelization

at the receiver.

Fine-resolution channelization is performed to generate 10 kHz samples through the use

of another Fourier transform. Data is then reduced from 5-bit to 4-bit at the end of the PFBs

to counteract data growth in the Fourier transform steps. This process is usually called a

cascaded Fourier transform, and is similar in concept to the FFT algorithm.

Fine channels are sensitive to signal in channels on either side, but to a very small degree.

Issues arise, however, when the aliasing occurs in the channels that are close to the coarse

channel edge. These channels are very sensitive to signal exactly 1.28 MHz away due to the

first-stage PFB channelization. This is a fundamental ringing of exactly one coarse channel,

and is inherent to the design [70]. While it can be expected that aliasing occurs in all

channels, it is most influential on the edges.

The final result of this aliasing is the necessary flagging of the fine frequency channels on

the edge of the coarse bands. Unfortunately, this causes a regular ringing contamination in

the power spectrum. In addition, the channels on the edge which are unflagged experience

a characteristic bandpass shape to them, which if not modeled correctly, will cause further

contamination in the power spectrum due to their regularity.

2.2.4 Phase II configuration

The MWA is going through a few upgrade and redesign stages, namely Phase II and Phase III.

Phase II was successfully deployed during 2016–2017, with Phase III set for the future at

the time of this writing. Commissioning efforts for Phase II are currently ongoing, and will

advise the upgrades for Phase III.

For Phase II, we built a new set of 128 tiles. A subset of 72 tiles were built in two compact

arrays, and a subset of 56 tiles were built in an extended array. These two designs address

two different problems: EoR sensitivity/calibration, and resolution for other scientific goals.

The MWA is an observatory; while its main observing program has been for EoR science,

a significant portion of its program is for heliospheric science, ionospheric science, cluster
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Figure 2.5: The locations of tiles for the compact configuration of the MWA, Phase II. Short,

redundant baselines will increase sensitivity on EoR modes and will allow for redundant

calibration. Credit for the background: Google.

statistics, and transients [9]. These goals would benefit from increased resolution on the sky.

For the purposes of measuring the EoR, however, the two compact arrays are of the

most interest. These arrays are configured into hexagons of closely packed tiles, as shown in

Figure 2.5. Many of the baselines within and between the two hexagons are repeated, and

thus will measure the same mode on the sky many times. There are two main benefits from

this configuration: 1) there will be increased sensitivity on the repeated, short baselines which

are best for EoR science and 2) the ability to test redundant calibration, which needs repeated

baselines in order to create a solvable system of equations on instrumental parameters [114].

This dissertation will focus heavily on sky calibration in later chapters and the resulting

systematics which could make the EoR undetectable. Calibration has been a topic of great
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interest in recent years due to the realization that the precision of the calibration must be

unprecedented in the realm of astronomy. Redundant calibration may provide the neces-

sary precision, but has thus far been untested on a system that can perform both sky and

redundant calibration. Phase II commissioning will pursue this.

Phase II is a simple upgrade; we have only increased the number of tiles on the ground.

The correlator can still only correlate 128 tiles at a time. As such, only 128 tiles are used

during an observation at any one time, even though there are a total of 256 tiles. Phase III

will explore options for correlating all tiles at one time.

2.3 Visibility space

Radio interferometers generate visibilities, the cross-correlation between a pair of voltage

signals as a function of frequency and time, as their data product. However, visibilities are

neither in image space nor in Fourier space, but rather an intermediate mix between the two.

Therefore, it is important to discuss the space of the measurement and the various spaces of

the analysis.

The visibility can be mathematically defined as 〈VA(f, t) V ∗B(f, t)〉, as mentioned in Fig-

ure 1.3. For each AB antenna pair, the resulting time and frequency voltage responses

V (f, t) are correlated and averaged in time. In addition to this definition, we can also

mathematically describe the visibility as

vAB(f) =

∫
S

C(θ, f)I(θ, f)e−2πifb·θ/cdθ2, (2.1)

where C(θ, f) is the normalized beam response of the two antennas, I(θ, f) is the intensity

of the source on the sky, S is the full sky to be integrated over, b is the baseline vector

between antenna A and antenna B, f is frequency, and θ are the spatial coordinates on

the sky [102]. In this case, we have expanded the visibility in terms of its contributions:

the instrument, the sky intensity, and the complex nature of the incoming waves. If we

can ignore the contribution of the beam, and substitute c/f for λ, then the measurement
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equation becomes

vAB(f) =

∫
S

I(θ, f)e−2πi b
λ
·θdθ2. (2.2)

This is a Fourier transform between b
λ

and θ—the distance between antennas measured

in wavelengths and the sky coordinates. While many assumptions were used in writing

Equation 2.1 and Equation 2.2, this brief exercise has demonstrated the space in which

visibilities live. They are in the Fourier-dual space of the spatial coordinates of the sky as a

function of frequency.

A commonly used notation is to describe the wavelength-dependent baseline vector,

{ bx
λ
, by
λ
, bz
λ
}, as u = {u, v, w}. This is usually referred to as uv-space. The visibility mea-

surements are therefore in {u, f} space. This poses a slight problem; they are neither in

the proper space for imaging ({θ, f}) nor for power spectrum (coordinate transformations

of {u, η} where η is the Fourier dual of f [58]). We must use Fourier transforms or similar

periodograms to utilize either analysis space.

Figure 2.6 illustrates the various transforms needed to go from one space to another. For

example, a frequency Fourier transform is required to go from visibility space to full Fourier

space. A coordinate transformation can then be used to generate wavenumber space, the

space of our power spectrum measurement. In contrast, we can take a Fourier transform

of the spatial dimensions in visibility space to go to image space. A further coordinate

transform can generate a comoving distance space from this image space. In the upcoming

chapters, both analysis spaces are utilized for different purposes. However, this requires large

computational overhead due to the various Fourier transforms. This affects our choices of

analysis variables, window functions, and resolution.
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Figure 2.6: The various transformations needed to switch between image, visibility, and

Fourier space. The full Fourier space {u, v, η} and sky/frequency coordinates {θx, θy, f} are

related by Fourier transforms. The comoving distance space {rx, ry, rx} and wavenumber

space {kx, ky, kz} are related to image space and Fourier space by coordinates transforma-

tions, respectively.
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Chapter 3

DATA ANALYSIS PIPELINE

The MWA measures various modes on the sky given interference between pairs of anten-

nas. A visibility is generated for every antenna pair and frequency channel and integration

time and polarization, which amounts to over 347 million data points per typical observation

in a space which is neither an image nor a power spectrum. As such, radio interferometers

are often referred to as software arrays due to the sheer amount of data to be processed and

Fourier-transformed even for the most basic of analyses.

Data analysis pipelines therefore must be very sophisticated, especially for a precision

measurement like the search for the EoR. Improving this critical element is the main focus

of the research performed at UW, and is core to this thesis. This chapter outlines the

main pipeline components to build the infrastructure needed for future context, focusing on

particular subjects like calibration.

In addition, we detail our final power spectrum products extensively. We perform many

diagnostics with various types of power spectra, which provide justifications and confirma-

tions for our improvements to the pipeline.

3.1 Fast Holographic Deconvolution

Fast Holographic Deconvolution, or FHD1, is an interferometric radio analysis package that

produces calibrated sky maps from measured visibilities [97]. Built by Ian Sullivan and the

UW team in the early development of the MWA, it serves as a quick testing sandbox for

EoR science. Its twin pipeline, the Real Time System (RTS), is optimized differently and less

flexible [56]. Therefore, FHD has been the ongoing prototype for the past 6 years, fine-tuning

1https://github.com/EoRImaging/FHD

https://github.com/EoRImaging/FHD
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analysis techniques for implementation in other pipelines.

FHD is a learning tool in how to analyze radio interferometric data. It has a series of

main functions at its core: 1) creating model visibilities from sky catalogs for calibration

and subtraction, 2) gridding calibrated data and transforming into sky space, and 3) making

images for analysis and integration. In order to understand each of these stages, we will

describe the signal path and the measurement equation in detail. Using that framework,

we will then describe the steps in building a gridding kernel, forming model visibilities,

calibrating data visibilities, gridding all data products, and making images.

3.1.1 The signal path framework

The sky signal is modified during the journey from when it was emitted to when it was

recorded. There are three main types of signal modification: those that occur before, during,

and after interaction with the antenna elements, as shown in Figure 3.1. We adhere to

notation from [33] whenever possible in our brief catalog of interactions.

1. I: Before antenna

• Faraday rotation from interaction with the ionosphere, F.

• Source position offsets O due to variation in ionospheric thickness.

• Time correlations caused by unchecked RFI, U.

2. S: At antenna

• Parallactic rotation P between the rotating basis of the sky and the basis of the

antenna elements.

• Antenna correlations from cross-talk between antennas, X.

• Nominal configuration of the antenna elements and the interferometer as a whole,

C, usually referred to as the beam.
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• Errors in the expected nominal configuration, D2.

3. E: After antenna

• Electronic gain amplitude and phase R from a typical response of each antenna.

• Gain amplitude changes from temperature effects T on amplifiers.

• Gain amplitude and phase oscillations K due to cable reflections, both at the end

of the cables and at locations where the cable is kinked.

• Frequency correlations A caused by aliasing in polyphase filter banks.

Each contribution can be modeled as a matrix which depends on [f, t, PP ′, AB]: fre-

quency, time, antenna polarization products, and antenna cross-correlations. The expected

contributions along the signal path are thus I = UOF, S = DCXP, and E = AKTR. The

measurement equation takes the form

vmeas ∼ E S I vtrue + noise, (3.1)

where vmeas are the measured visibilities, vtrue are the emitted visibilities, I are contributions

that occur between emission and the ground, S are contributions from the antenna configura-

tion, and E are contributions from the electronic response. The visibilities can be condensed

into vectors since the measurements are naturally independent over the [f, t, PP ′, AB] dimen-

sions. We have included all known contributions and modifications to the signal. However,

there are most likely contributions that we did not include, hence we describe Equation 3.1

as an approximation.

One of FHD’s goals is to reconstruct the true sky visibilities, vtrue, given the measured

sky visibilities, vmeas. We will use our generalized framework described in this subsection to

detail the assumptions and methodology for the FHD pipeline.

2We deviate somewhat from [33] here. Any polarization correlation from [33] was counted as an error in
the nominal configuration, whereas we expect and model polarization correlation in the Jones matrices.
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Figure 3.1: The signal path through the instrument. There are three categories of signal

modification: before antenna, at antenna (colored light blue), and after antenna. Each

modification matrix (green) is detailed in the text and Table 3.1.
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Type Variables Definition

I

F Faraday rotation

O Source position offsets

U RFI time correlations

S

P Parallactic rotation

X Cross-talk antenna correlations

C Nominal configuration

D Errors in the nominal configuration

E

R Electronic gain amplitude and phase

T Temperature amplitude changes

K Cable reflections

A Frequency correlations

v

vtrue Emitted visibilities

vmeas Measured visibilities

noise Independent thermal noise

Table 3.1: Brief definitions of the variables used within the signal path framework, organized

by type. There are four types, I) interactions that occur before the antenna elements, S)

interactions that occur at the antenna elements, E) interactions that occur after the antenna

elements, and v) visibility-related variables.

3.1.2 Pre-pipeline flagging

Before any analysis can begin, the data must be RFI-flagged, averaged, and formatted. Radio

frequency interference (RFI) in our data is an issue due to the popularity of FM radio and

digital TV. However, RFI has characteristic signatures in time and frequency which allow it

to be systematically removed by trained packages.

We use the package aoflagger3 to RFI-flag the data [68]. This removes bright line-

like emission, but has difficulty removing faint, broad emission like TV. Luckily, the radio

3https://sourceforge.net/p/aoflagger/wiki/Home/

https://sourceforge.net/p/aoflagger/wiki/Home/
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environment at the Murchison Widefield Array is extremely quiet [68], especially in compar-

ison to other low-frequency arrays [66]. We completely remove any observations that have

signatures of TV, which does not occur often. Therefore, we remove contributions from U.

3.1.3 Generating the beam

The measurement collecting area of the instrument, C(θ, φ, f), is commonly referred to as the

beam. A deep knowledge of the beam is critical for precision measurements of faint astro-

physical signals, especially with widefield interferometers. Since our visibility measurements

are correlations of the voltage response between tiles, we must understand the footprint of

each tile’s voltage response to reconstruct images [59].

A lot of research has gone into the generation of image beam models for the MWA,

including both experimentally determined beam shapes [61] and theoretical modeling [100,

99]. We input a theoretical dipole beam image as a function of RA/DEC and frequency,

and smoothly interpolate to a fine spatial resolution. We then build a tile beam with this

fine dipole beam. This happens in the instrument’s coherency domain, or instrumental

polarization. Each dipole inherently has an X or Y response due to its design (see §2.2).

Therefore, each correlation will have either have an XX, XY , Y X, or Y Y response in the

coherency domain [33]. We build these by calculating the dot product between the two tiles’

response patterns,

CXX(i, j, f) = CX1X2(i, j, f) = JX1→iJ
∗
X2→i + JX1→jJ

∗
X2→j, (3.2)

where CXX(i, j, f) is the beam in the XX instrumental polarization as a function of the

coordinate system (i, j) and frequency, J is the vector field for a tile of dipoles (also known

as the Jones matrix), and the subscript X1 → i is the contribution for the first tile of X

dipoles in the coordinate i (and likewise for the other subscripts)4 [99]. The Jones matrices

4We have described CXX as a function of generalized coordinates (i, j). At this point, we have discretized
square pixels which we describe in (x, y), but it is confusing to have X and x in the same equation where
X refers to a particular object and x refers to the coordinate.
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describe the transformation needed to account for P, or parallactic rotation, and known inter-

dipole mutual coupling. We generate CXX(i, j, f), CXY (i, j, f), CY X(i, j, f) and CY Y (i, j, f)

for a pair of tiles, which can be applied to all other tile pairs.

FHD has the flexibility to generate personalized beams for each tile. At this point, more

complex beams can be made by modifying the overall intensity of dipole beams within the tile

to match known metadata and on-site testing. This corrects for one form of D, or tile errors

due to dead or ineffective dipoles. New beams are generated for each new tile pair possibility,

which greatly increases memory usage. We have found that this has not significantly changed

results thus far, but the infrastructure is in place for future testing. We have also found that

cross-talk X, or potential inter-tile reflections, has not been an issue. Therefore, only one

beam template is needed for all tile pairs at this time.

We then take the various beams and Fourier transform them along the spatial dimensions

to get beams in uv-space, or CXX(u, v, f), CXY (u, v, f), CY X(u, v, f) and CY Y (u, v, f). Even

though a fine resolution dipole beam with a wide field-of-view was used in forming the image,

we would like to have even finer uv-beams. Since we plan on using the beam as a gridding

kernel later on, it is very important that the beam varies as smoothly as possible. This is

achievable by hyperresolving even more, down to typically 1
7000

λ.

The beams we have made will be used during our gridding process to take visibilities and

make an image, and vice versa. Our hyperresolved approach is critical to maintaining smooth

contributions to minimize spectral contamination from performing Fourier transforms.

3.1.4 Creating model visibilities

We must calibrate our input visibilities. Due to our wide field-of-view and accuracy require-

ments, this must be done in ways that deviate from traditional radio astronomy methods

[102]. FHD achieves this by simulating all reliable sources that the instrument can see,

and comparing the data visibilities to these model visibilities. This type of analysis is

referred to as sky calibration, and from this, we can estimate the instrument’s contribution

to the data visibilities. In addition, model visibilities can be used in subtracting known sky
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contributions.

Generating accurate model visibilities is an important step in calibration. Therefore,

the estimate of the sky, including source positions, morphology, and brightness, must be as

complete as possible. Cataloging these features from all reliable sources in the field EoR0

has been the work of [11, 12], and is the main catalog (KGS) used in all analyses in this

thesis. KGS is very reliable in the primary beam, but we must resort to other catalogs

in the sidelobes. Therefore, we use GLEAM [39], a catalog with large coverage and high

completeness, in the sidelobes to model more sources reliably.

We take the RA/DEC floating-point locations and Stokes I brightness of unresolved

point sources and perform a discrete Fourier transform to the uv-plane. A discrete Fourier

transform must be used due to the nonregularity of the locations of the sources. This

significantly impacts efficiency of the code because of the sheer number of reliable sources;

over 11,000 known sources exist in the field EoR0 with our catalogs! However, we must

include as many sources as possible to create an accurate model5.

Not all sources are only bright in Stokes I, or in other words, are unpolarized. There are

cases where a source can be bright in Stokes Q (horizontally or vertically polarized), Stokes U

(diagonally polarized), or Stokes V (circularly polarized). Only five out of the thousands of

sources seen in the EoR0 field are known to be reliably polarized [44]. Therefore, we assume

there are no polarized sources and only make model visibilities from Stokes I sources. With

this assumption, we avoid complications from F, or Faraday rotation in the polarization

components due to the ionosphere.

Not all sources are unresolved. We also can optionally include extended sources by

modeling their contribution as a series of unresolved point sources [11]. This can also be

done for creating models of diffuse synchrotron emission [2]. However, the diffuse emission

is significantly polarized [44] and difficult to include.

Once a model uv-plane is created with all source contributions, we simulate what the

5Why this level of accuracy is needed is discussed in §6.
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instrument actually measured. The hyperresolved uv-beam from §3.1.3 is the sensitivity

of the cross-correlation of two tiles. We calculate the uv-locations of each cross-correlated

visibility, and multiply the model uv-plane with the uv-beam sampling function. The sum

of the sensitivity multiplied by the model at the sampled points is the estimated measured

value for that cross-correlated visibility.

These visibilities represent our best estimate for what the instrument should have mea-

sured, disregarding any source position offsets O from varying thicknesses in the ionosphere.

Any deviations from these model visibilities (whether instrumental or not) will be captured

during the comparison between the data and model during calibration.

3.1.5 Calibration

We are left with one type of modification to the signal that has not been accounted for by

the model visibilities or beam: E, the electronic response. This is what we classify as our

calibration, and here we go into more mathematical detail for this process.

At this point in the analysis, we are left with a measurement equation that looks like

vmeas ∼ Em + noise, where m are the estimated model visibilities, which capture effects

that occur before the antenna and at the antenna. The electronic response E varies slowly

with time, and thus does not change significantly over a two-minute observation. Due to

our model-based assumptions, we do not have any time correlations, antenna correlations, or

unknown polarization correlations. The electronic response is thus simply a time-independent

gain G per observation which is independent per antenna and polarization.

We begin by rewriting Equation 3.1 using these assumptions. The measured cross-

correlated visibilities are a function of frequency, time, and polarization. The sets of antennas

A = {a0, a1, a2, . . . , a127} and B = {a0, a1, a2, . . . , a127} are iterated through independently

to calculate these cross-correlations. A visibility is measured for each linear polarization P =

{X, Y } and P ′ = {X, Y }, creating the polarization product, PP ′ = {XX,XY, Y X, Y Y }.
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The resulting relation between the measured visibilities and the model visibilities is

vAB,PP ′([fo, t]) ∼ GA,P (fo, fi)G
∗
B,P ′(fo, fi)mAB,PP ′([fi, t]) + nAB,PP ′([fo, t]), (3.3)

where vAB,PP ′([fo, t]) are the measured visibilities and mAB,PP ′([fi, t]) are the model visibil-

ities. Both are frequency and time vectors [f, t] of the visibilities over all A and B antenna

pairs and over all P and P ′ polarization products. GA,P (fo, fi) is a frequency matrix of

gains given input frequencies fi which affect multiple output frequencies fo for instrumental

polarization P for antenna A (and likewise for B). Thermal noise n is independent for each

visibility.

Our notation has been specifically chosen. Naturally discrete variables, antenna pairs

and polarization products, are described in the subscripts. Naturally continuous variables,

frequency and time, are function arguments. We group frequency and time into a set [f, t]

for the visibilities to create vectors. Since frequency and time are independent, this notation

is more compact. In contrast, the gain matrices G are not independent in frequency. A full

matrix must be used to accurately capture correlation due to aliasing in the polyphase filter

banks (see §2.2.3 for more information on PFBs and their effects).

However, we make the assumption that the frequencies are independent (contribution

A→ I) to reduce Equation 3.3 significantly,

GA,P (fo, fi)→ diag(gA,P (f)). (3.4)

The instrumental gains g are now an independent vector of frequencies for antenna A (and

likewise for B) per instrumental polarization P . We flag frequency channels which are

most affected by aliasing to make this assumption viable. However, this does introduce

contamination in confined areas in the power spectrum due to the regularity of the flagging.

We can fully vectorize the variables in Equation 3.3:

vAB,PP ′([f, t]) ∼ diag(gA,P (f)) diag(g∗B,P ′(f))mAB,PP ′([f, t]) + nAB,PP ′([f, t]). (3.5)

The gains in Equation 3.3 and Equation 3.5 will encode systematics between the model

visibilities and the true visibilities due to the imperfection of the model. This is not instru-
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Type Variables Definition

Observation

Parameters

f Measured frequencies of the observation.

P Instrumental polarizations {X, Y }. Also a set.

a Antennas in the array.

t Time steps within an observation.

Sets

A = {a0, . . . , a127} All antennas of the array. A and B can be iterated

separately to form cross-correlated antenna pairs.B = {a0, . . . , a127}

C =

{c2, c1, c0, φ1, φ0}

Coefficients of a 2nd order amplitude polynomial

and a linear phase fit across the frequency band.

[f, t] A combined set of all frequencies and times.

Groups,

Matrices,

& Vectors

αL
An antenna grouping, where parameters are per

antenna group rather than per antenna.

GA,P (fo, fi)
The full gain matrix for each antenna in group A

per P . Input and output frequencies are correlated.

gA,P (f)
A vectorized approximation of the gains G for each

antenna in the group A per P over frequency.

mAB,PP ′([f, t])
Vector of simulated model visibilities for each antenna

pair AB and polarization product PP ′ over [f, t].

nAB,PP ′([f, t])
Thermal noise vector for each antenna pair AB and

polarization product PP ′ over [f, t].

vAB,PP ′([f, t])
Uncalibrated visibilities vector for each antenna pair

AB and polarization product PP ′ over [f, t].

Table 3.2: Definitions of all variables used to describe our calibration procedure in this

subsection.
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mental, thus the calibration solutions will be contaminated. In later chapters, we describe

our attempts to remove some of this effect, based on work done in [1]. Our model currently

does not include large-scale diffuse emission, so we constrain our calibration to be calculated

only from visibilities from baselines longer than 50λ to reduce overfitting effects [76].

Equation 3.5 can be used to solve for the instrumental gains for all frequencies and

polarizations independently. This allows the use of Alternating Direction Implicit (ADI)

methods for fast and efficient solving of O(N2) [90]. Due to this independence, parallelization

can also be applied. Noise is ignored during the ADI for simplicity; true thermal noise is

Gaussian and will average out during the ADI. However, if any noise has a non-Gaussian

distribution, it will contribute to the instrumental gains.

We begin solving Equation 3.5 by estimating an initial solution for g∗B,P ′(f). This choice

must force the gains into a region with a local minimum for the ADI method. A good choice

is the average gain expected across all antennas, and in practice a set of 1’s has been sufficient

for the MWA. For a more complicated method, scaled auto-correlations have also been used.

With an input for g∗B,P ′(f), Equation 3.5 can then become a linear least-squares problem.

χ2
A,P ([f, t]) =

∑
B

∣∣∣vAB,PP ′([f, t])− diag(gA,P (f)) diag(g∗B,P ′(f)) mAB,PP ′([f, t])
∣∣∣2, (3.6)

where gA,P (f) is found given a minimization of χ2
A,P ([f, t]) for each antenna A and instru-

mental polarization P . All time steps are used to find the temporally constant gains over the

two-minute observation. We have also assumed PP ′ → PP (resulting in {XX, Y Y } only)

for computation efficiency since these contributions are most significant. A full polarization

treatment is being developed.

The current estimation of g∗B,P (f) is then updated with knowledge from gA,P (f) by adding

together the current and new estimation and dividing by 2. By updating in partial steps,

a smooth convergence is ensured. The linear least-squares process is then repeated with an

updated g∗B,P (f) until convergence is reached6.

6We have found that allowing the first 10 iterations to only update the phase of g∗
B,P (f) helps to converge

faster.
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Figure 3.2: The global bandpass for the zenith observation of August 23, 2013 for instru-

mental XX (blue) and Y Y (red). All the per-frequency solutions that went into the global

bandpass average are shown in the background (grey). This historical approach greatly

decreased expected noise on the solutions.

The resulting gains from the least-squares iteration process are completely independent

in frequency, antenna, time, and polarization. This is not entirely correct. We also did

not account for noise contributions during the per-frequency ADI fit; this adds spurious

deviations from the gain’s true value with mean of zero. Historically, we accounted for these

effects by creating a global bandpass,

|gP (f ;α)| =
〈∣∣gA,P (f)

∣∣〉
α
, (3.7)

where the normalized amplitude average is taken over all antennas α as a function of fre-

quency to create a global bandpass |gP (f ;α)| independent of antennas. Figure 3.2 shows

an example of the global bandpass alongside the noisy per-frequency inputs. We did not

account for cable reflection effects K with this methodology. For updated methods, see §4.
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An overall amplitude still must be accounted for within the gains. These vary slowly

per antenna and differ from day to day, therefore they cannot be included in the average

bandpass. We have found that temperature is the main cause in the amplitude variations

due to the temperature dependence of the amplifiers, which we have described as T in our

signal path framework. This dependence varies slightly as a function of frequency, and is

easily characterized with a low-order polynomial.

In addition to fitting polynomials to the amplitude as a function of frequency, we also

fit the phase. The phase is extremely linear for the MWA. We have found that using a

per-antenna linear fit as the calibration phase solution has been a good estimate.

For the amplitude, we fit

c2f
2 + c1f + c0 = P

( |gA,P (f)|
|gP (f ;α)|

)
, (3.8)

where the global bandpass contribution, |gP (f ;α)|, is removed before the fit and c2, c1, and

c0 are the resulting coefficients. For the phase, we fit

φ1f + φ0 = P
(

arg
gA,P (f)

|gP (f ;α)|

)
, (3.9)

where the polynomial fit is done over the phase of the residual and φ1 and φ0 are the

resulting coefficients. Due to phase jumps between −π and π, special care is taken to ensure

the function is continuous across the π boundary7. We can create a set of these coefficients,

C = {c2, c1, c0, φ1, φ0}, for easy reference.

Our final calibration solution is

gA,P (f ;α, [C]) = |gP (f ;α)|︸ ︷︷ ︸
global bandpass

(c2f
2 + c1f + c0) ei(φ1f+φ0)︸ ︷︷ ︸

per antenna gain and phase

. (3.10)

Improvements have been made on this historical solution, which will be described in §4 &

§7.

7We “unwrap” the phase to account for this, where we take the Riemann sheets and create a new
continuous plane. We then solve, and “rewrap.” There can be ambiguity in which Riemann sheet to place
the phase if the phase varies quickly, but this is not an issue with the MWA.
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3.1.6 Imaging

The final goal of FHD is to take calibrated data visibilities and transform them into a space

where they can be combined across observations. We have already described the reverse

algorithm we need in §3.1.4. Instead of taking a sky and making visibilities, we would like

to take visibilities and make a sky. We do this through a process called gridding.

We convolve the visibility value by the beam sensitivity calculated in §3.1.3. Essentially,

we take an integrated value and de-integrate it given our knowledge of the beam in uv-space.

This will make an estimate of the instrument voltage response for that location in uv-space.

We continue to grid the uv-plane with every voltage response estimate from every visibility

for a set of regular gridding points.

We perform gridding to the uv-plane for calibrated raw visibilities, model visibilities,

and the residual visibilities generated from their difference. By gridding each separate data

product, we can make diagnostic images of all of them. Images generated from residual

visibilities help to ascertain the quality of foreground removal in image space, and are thus

an important aspect in quality assurance.

This final uv-plane generated from our visibilities is not completely filled; there are modes

we did not measure because there wasn’t an antenna pair with that spacing. Even more, some

modes are measured many times and some modes are measured once or twice. Therefore,

we need to weight our generated uv-plane.

There are choices on particular weighting schemes: some have high resolution but have

high noise, and others have low noise but have low resolution. We choose high-resolution,

high-noise weightings (i.e. uniform weighting) if images are the goal, and we choose low-

resolution, low-noise weightings (i.e. natural weighting) if EoR science is the goal.

In addition to gridding the data visibilities, we grid visibilities of value 1 with the beam

gridding kernel to generate natural uv-space weights. This effectively gives us a sampling

map which describes how much of a measurement went into each pixel. We also create a

map where we grid with the beam-squared kernel. This is called a variance map and will
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be used in error propagation in later packages.

We then have three types of uv-plane products: the sampling map, the variance map,

and the data-generated uv-planes. In addition, we create weighted-data uv-planes using the

sampling map and data-generated uv-planes. All these products are transformed via 2D

FFTs (Fast Fourier Transforms) to image space in slant orthographic projection, which is

a flat projection of the sky that is slanted to be parallel with the measurement plane (see

§3.2.1 for more discussion on what this entails).

At this point, the various images are made for two different purposes. The sampling map,

variance map, and data-generated image planes are for future packages. The weighted-data

image plane is for diagnostic images per two-minute observation. We divide by the average

beam in image space and combine instrumental polarizations to generate the true sky in

Stokes parameters for the diagnostics. The result of calibrated data and residual snapshot

images is shown in Figure 3.3.

However, our slant orthographic images are in a basis that changes with LST8. Therefore,

we interpolate to HEALPix pixel centers, or the Hierarchical Equal Area isoLatitude Pix-

elization of a sphere [31], which is the same for all LSTs. We interpolate all data products—

calibrated data, model, sampling map, and variance map—to HEALPix pixel centers sepa-

rately for use in future packages. If we want to combine multiple observations, we will need

to do a weighted average. Therefore, we keep the numerator (data) separate from the de-

nominator (sampling map) for this purpose. FHD outputs all of these data products, which

we can then analyze with other packages.

3.2 Integration

In order to reduce noise, we must now integrate. Since our signal is very small, we must

integrate for long periods of time. The MWA can theoretically detect the EoR with a signal-

to-noise of 7.1 on the amplitude with an integration of 450 hours [3], or about half of an

8Local Sidereal Time: a basis that fixes Earth rotation time to celestial objects.
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Figure 3.3: The calibrated data (top) and residual (bottom) images for the zenith observation

of August 23, 2013 in apparent brightness, in uniform weighting, and in zero-mean. There

is significant reduction of sources and point spread functions.
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observing season. This requires integration of thousands of observations.

FHD outputs a variety of cubes that we must now integrate together before we input the

cubes into our next package, εppsilon (described in §3.3). These cubes are numerators and

denominators which create meaningful maps in uv-space; they have no well-defined meaning

in image space. The various cubes are:

Calibrated data cubes: HEALPix images for each frequency of the unweighted calibrated

data in units of [Jy2

str
].

Model data cubes: HEALPix images for each frequency of the unweighted generated

model in units of [Jy2

str
].

Sampling map cubes: HEALPix images for each frequency of the sampling map, or the

estimate of how well-sampled each mode is by the instrument, in units of [ Jy
str

].

Variance map cubes: HEALPix images for each frequency of the variance map, or the

estimate of the squared sampling of each mode, in units of [Jy4

str
].

These cube types are split by instrumental polarization and by an interleaved time sampling

set of even and odd time indices. Each of the cubes are added together, pixel by pixel, using

the HEALPix coordinate system. The choices of separating even and odd time sampling

sets, keeping the data and the weighting maps separate, and performing this integration in

image space rather than uv-space are all very deliberate.

3.2.1 Averaging in image space

Averaging in image space, rather than in uv-space, is a crucial aspect of the analysis. Either

approach can theoretically be used, but the computational requirements vary greatly.

The measurement uv-plane appears non-parallel to the tangent plane of the observed sky

for measurements that are not at zenith. For example, a plane wave from near the horizon

will be measured at one end of the array sooner than the opposing side. The instrument’s

measurement plane appears tilted compared to the wave’s propagation direction; this tilt
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causes a measurement delay. Depending on the tilt angle, a source’s plane wave will be

measured at different phases in its wave propagation across the array. This uv-plane cannot

be added to a uv-plane pointing in a different direction since each measurement appears

tilted in a different way. This is a classic decoherence problem, except that it is in Fourier

space.

There are two methodologies to fix this geometry problem. The first is to project the

measurement uv-plane to be parallel to the tangent plane of the observed sky. This is called

w-projection [15] since it projects {u, v, w} space to {u, v, w = 0} space. Unfortunately, the

projection requires the propagation of a Fresnel pattern to reconstruct precisely what the

wave looked like on the w = 0 plane. This must be done for every observation and visibility!

This requires intense computational overhead, but has been successfully implemented by

other packages [110].

The second methodology is to fix the geometry problem in image space. Instead of adding

uv-planes, we add image planes. We create an image for each observation by performing a

2D spatial FFT of the uv-plane, which results in a slant orthographic projection of the sky

[10]. This projection is parallel to the uv-plane due to the fact that no w-terms were used.

This inherently assumes the array is coplanar; the integration time must be small enough

such that the measurement plane does not vary much over the course of the observation and

altitude deviations must be accounted for with accurate calibration phases.

We can then easily interpolate from the slant orthographic projection to the HEALPix

projection [71], which is a constant basis. We do not need to propagate waves in image space,

thus it is computationally efficient in comparison. The HEALPix maps of each observation

are now projected the same and are in the same space, allowing for an integration method

that is manageable.

3.2.2 Interleaved cubes

The integration cubes are split up by interleaved time steps. We group these into time steps

that have an even index and time steps that have an odd index for the observation’s two-
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second cadence over 112 seconds. The even–odd distinction is arbitrary; what really matters

is that they are interleaved. While this doubles the number of Fourier transforms to perform,

it allows for crucial error analysis.

The sky does not vary in any substantial way over two seconds. Any significant variation

can be attributed to either RFI (which has been accounted for in §3.1.2) or thermal noise on

the observation. By subtracting the even–odd groupings and enforcing consistent flagging,

we should be left with thermal noise contribution to the observation.

We carry even–odd interleaved cubes throughout the power spectrum analysis and check

at various stages against the noise calculation. It is a robust way to ensure that error

propagation and normalization has occurred correctly. In addition, a calculation of the

thermal noise allows us to generate a cross power spectrum.

3.3 Error Propagated Power Spectrum with Interleaved Observed Noise

Error Propagated Power Spectrum with Interleaved Observed Noise, or εppsilon9, is a power

spectrum analysis package designed to take integrated images and create various types of

diagnostic and limit power spectra. It was created by Bryna Hazelton as a way to propagate

errors into power spectrum space, rather than have estimated error bars. Other image-based

power spectrum analyses exist for radio interferometric data [22, 79, 110], but εppsilon is

unique in this respect.

The main functions of εppsilon are to 1) transform integrated images into {u, v, f} space,

2) calculate observed noise using even–odd interleaving, 3) transform frequency to k-space,

and 4) average k-space voxels together for diagnostic and limit power spectra. We will focus

on these main points in the following subsections, which will help to build the groundwork

needed to describe 2D power spectra, 1D power spectra, and their respective error bars.

9https://github.com/EoRImaging/eppsilon

https://github.com/EoRImaging/eppsilon
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3.3.1 From integrated images to uv-space

The input products of εppsilon are image cubes that have been integrated over many ob-

servations, and are a function of RA, DEC, and frequency. While this space was useful

and well-defined for integration, it is not useful nor well-defined in creating error-propagated

power spectra. Our measurements were inherently taken in uv-space, and that is where

our error bars on the measurement are easy to understand. The error bars in image space,

however, are a mix of all mode errors, which is difficult to propagate. Therefore uv-space is

the natural space in which to propagate errors.

In going back to uv-space, we are faced with a complication: not all image pixels on

the sky have contributions from every observation. The observations within a pointing

measure slightly different portions of the sky. We keep a square portion of the sky where

all observations contribute and with an extent that provides the necessary resolution in

uv-space10. See §8.3 for an update to this procedure.

We then Fourier transform the integrated image back into uv-space using a direct Fourier

transform between the curved sky and the flat, regularly spaced uv-plane. This differs from

the methodology described in §3.1.6. Instead of an interpolation to a regular grid in image

space and performing a FFT, we DFT a non-regular grid directly to the uv-plane. Since

this happens once per observation integration set, rather than once per observation, we can

perform the slower process of a DFT without too much overhead.

After transforming into uv-space, we calculate the resulting {kx, ky} values for each pixel.

The uv-space is related to the wavenumber space by the simple transforms [58]

kx =
u2π

DM(z)
ky =

v2π

DM(z)
, (3.11)

where DM(z) is the transverse comoving distance dependent on redshift [37], calculated from

the cosmological parameters of the universe.

In addition, we also perform the 3D pixel-by-pixel subtraction of the integrated model

from the integrated data to create residual cubes. We could perform this at the end of the

10We actually apply this stipulation in FHD during the image-making process to reduce computation.
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analysis after we have transformed f → kz to save on computation time, but it is helpful to

make diagnostic plots of the residual cube in {u, v, f} space.

3.3.2 Mean and noise calculation

We have twenty various uv-products: calibrated, model, residual, sampling map, and vari-

ance map data, for each polarization product XX or Y Y , and for each interleaved even–odd

time sample set. Each of these cubes are a function of two spatial dimensions in units of

wavelengths and one frequency dimension in units of Hz. The actual measurements are not

in meaningful units; they are numerators and denominators which form meaningful units

when combined.

We have kept the numerators and denominators (data and weights) separate up until

this point so that we can perform variance-weighted sums and differences. First, we weight

the calibrated data, model, and residual by the sampling map, thereby upweighting strongly

measured modes and downweighting weakly measured modes. Second, we weight the variance

map by the square of the sampling map to scale our error bars with our choice of weighting

scheme. We then perform sums and differences using our sampling-map-weighted error bars

as the weights,

µ̂ =

∑
n=e,o

xn
σ2
n∑

n=e,o

1
σ2
n

n̂ =

∑
n=e,o

(−1)n xn
σ2
n∑

n=e,o

1
σ2
n

, (3.12)

where µ̂ is the mean, n̂ is the noise, {e, o} are the interleaved even–odd sets, xn is the

sampling-map-weighted data (calibrated data, model, or residual) for a given even–odd set,

and σ2
n is the sampling-map-weighted variance map for a given even–odd set. The calcu-

lated mean and noise are the maximum likelihood estimates for a weighted Gaussian

probability distribution, hence using the variables µ̂ and n̂ instead of µ and n.

We also perform the same weighting and maximum likelihood estimation for simulated

cubes. We randomly generate a real distribution and an imaginary distribution of numbers

given the sampling-map-weighted standard deviation and zero mean for each of the even–odd

sets. Sum and difference cubes are then made the same way as in Equation 3.12; inverse-
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weighted sums and differences to make maximum likelihood estimates of the signal and noise.

In all of our subsequent data analysis steps, we will perform the same transformations,

averages, and estimations to the simulations as we do to the data. By modifying pure

simulation in the same way as the data and comparing at each step, we can be sure that we

are not removing signal accidentally to lead to artificially optimistic limits. This will provide

important justification for claiming no signal loss on our limits.

Finally, we also calculate our error bars using the maximum likelihood estimation:

ε̂2 =
1∑

n=e,o

1
σ2
n

, (3.13)

where {e, o} are the interleaved even–odd sets and σ2
n is the sampling-map-weighted variance

map for a given even–odd set. Due to the propagation of errors, this maximum likelihood

error is the same for all of our previously generated estimates regardless of addition or

subtraction.

3.3.3 Transforming frequency to k-space

We now have a variety of cubes in {u, v, f}11 space. In order to go to power spectrum space,

we must perform a spectral analysis in the frequency direction to go from f to kz. Due to

the nature of the data, this includes several steps.

Fourier-transforming a relatively small, finite set of data will cause leakage. Finite data

can be thought of as a top-hat function of the length of the set multiplied by the data—and

a Fourier transform of two multiplied functions is the convolution of the Fourier transform

of each function. The Fourier transform of a top-hat function is a sinc function. When

convolved with the spectrum of the data, leakage occurs in other modes. We mitigate this

by multiplying the data by a Blackman-Harris window function [34]. This will decrease

the leakage from about –15 dB to about –90 dB at the first sidelobe, but at the cost of about

half the effective bandwidth. To reduce leakage even more, we artificially force the data to be

11Related to {kx, ky, f} through simple conversions, see §3.3.1 and §2.3.
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close to zero mean by removing the mean of the data before applying the window function.

We save this value to be added back in later.

The data is also not regularly spaced in frequency. We have deliberately flagged channels

due to polyphase filter bank aliasing in §3.1.5, and we also have flagged RFI in §3.1.2. The

array also does not regularly sample as a function of frequency due to baseline length evolving

with frequency. As a result, the sin and cos basis functions of the Fourier transform are not

orthogonal to the noise distribution on our sampling; the noise is not independent in the sin

and cos basis. However, we can find a basis which is orthogonal. We use the Lomb-Scargle

periodogram to find this basis [49, 91],

PXj(η) ∝

(∑
j

Xj cos(η(fj − τ))

)2

∑
j

cos2(η(fj − τ))
+

(∑
j

Xj sin(η(fj − τ))

)2

∑
j

sin2(η(fj − τ))
, (3.14)

where Xj is the data in the jth channel, η is the periodogram dual of frequency f , PXj(η) is

the power at that channel as a function of η, and τ is the basis rotation phase that creates

orthogonality, which can be found with

tan (2ητ) =

∑
j

sin (2ηfj)∑
j

cos (2ηfj)
. (3.15)

PXj(η) effectively loses the phase of the data, which is not an issue in our situation because

our final goal is to create a power spectrum (a naturally phase-less product). We then add

the mean value of the data removed during application of the window function to the zeroth

mode of the cos-like eigenfunction. To calculate 3D power cubes, we add each squared

eigenfunction together, weighting by the variance of their respective Rayleigh distributions.

The noise on the k-space voxels follows an Erlang distribution [118], which has a well-defined

variance depending on the summed distributions.

The periodogram dual, η, is related to wavenumber space through [37]

kz ≈
2πH0f21E(z)

c(1 + z)2
η, (3.16)
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where c is the speed of light, z is redshift, H0 is the Hubble constant in the present epoch,

f21 is the frequency of the 21 cm emission line, E(z) describes how H0 evolves as a function

of redshift (E(z) =
√

ΩM(1 + z)3 + Ωk(1 + z)2 + ΩΛ [80]), and kz is the wavenumber along

redshift.

3.3.4 Various power spectrum products

We now have the maximum likelihood estimate for the mean, the noise, simulations of the

mean, simulations of the noise, and the error bars as a function of {u, v, η}, or through simple

conversion, as a function of {kx, ky, kz}. These estimates are for the power, since we squared

each pixel during the Lomb-Scargle transformation. Specifically, this is the power of the

combination of the even and odd data sets. We actually prefer the cross power, or the power

generated from the even multiplied by the odd data set, which will have even less correlated

thermal noise. This can be constructed by subtracting the power of the even–odd difference

from the power of the even–odd summation, and dividing by 4. Since we have been carrying

around the even–odd difference, or the noise, throughout all of our analysis, it is simple to

construct the cross power.

We would like to perform averages over these cubes to generate the best possible limits

and to generate diagnostics. To do so, we must assume that the EoR is spatially homoge-

neous and isotropic [58]. There is no spatial preference for the EoR signal in any particular

direction, and all of the EoR signal within a small enough redshift measurement is from the

same statistical ensemble. Averaging in spherical shells in {kx, ky, kz} space or averaging in

cylindrical shells in {kx, ky} space is valid and will average down the noise.

Much like the creation of even–odd sum and difference cubes, we perform the weighted

average of pixels given their error bars. However, the value of the pixels are not complex

Gaussian-distributed anymore since we took the square, so we are not directly performing a

maximum likelihood estimate. However, we perform averages with large sample sets. The

central limit theorem states that averaging independent values that are distributed with their

own well-defined set of parameters will tend towards a Gaussian distribution as the sample
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set becomes large [16]. Therefore, we can continue to use the maximum likelihood estimate

for the mean in Equation 3.12 to average together many pixels and the maximum likelihood

estimate for the error in Equation 3.13 to estimate the error bars. The only difference is

that the variances σ2 are no longer Gaussian, but rather Erlang variances which can be

propagated from the original variances.

We can now create various power spectrum products in 2D and 1D with our 3D power

spectrum cube. Error bars, measured noise contributions, and expectation values that we

have generated in εppsilon will also be used in our diagnostics.

3.4 Power spectrum diagnostics

We create a variety of power spectrum plots with various averaging regions to make diagnos-

tics along the way to publishing a limit. These are essential to understanding contributions

to the power spectrum, which will be vital to following chapters.

3.4.1 2D

The most used diagnostic we have is the 2D power spectrum. We average our {kx, ky, kz}

power measurements along only the angular wavenumbers {kx, ky} in cylindrical shells. This

creates the power spectrum as a function of modes perpendicular to the line-of-sight (k⊥)

and modes parallel to the line-of-sight (k||) shown in Figure 3.4. Axes are displayed in units

of Hubble constant (h) times inverse megaparsec (Mpc−1). The {k||, k⊥} axes have been

converted into {τ, λ} on the right and top axes—delay in nanoseconds and baseline length

in wavelengths, respectively.

Wavenumber space is crucial for statistical measurements due to the spectral charac-

teristics of the foregrounds. Diffuse synchrotron emission and bright radio sources, while

distributed across the sky, vary smoothly in frequency (e.g. [51, 81]). Only small k|| values

are theoretically contaminated by bright, spectrally smooth astrophysical foregrounds. Since

the foreground power is restricted to only a few low k|| modes, larger k|| values tend to be

free of these intrinsic foregrounds in wavenumber space.
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Figure 3.4: A schematic representation of a 2D power spectrum. Intrinsic foregrounds dom-

inate low k|| (modes along the line-of-sight) for all k⊥ (modes perpendicular to the line-

of-sight) due to their relatively smooth spectral structure. Chromaticity of the instrument

mixes foreground modes up into the foreground wedge. The primary-field-of-view line and

the horizon line are contamination limits dependent on how far off-axis sources are on the

sky. Foreground-free measurement modes are expected to be in the EoR window.

However, interferometers are naturally chromatic. This chromaticity distributes fore-

ground power into a distinctive foreground wedge due to the mode-mixing of power from

small k|| values into larger k|| values as demonstrated in Figure 3.4 [18, 57, 113, 75, 112,

35, 104, 87, 46]. The primary field-of-view line and the horizon line are the expected con-

tamination limits caused by measured sources in the primary field of view and the sidelobes,

respectively. The remaining region, called the EoR window, is expected to be contaminant-

free. Because the power of the EoR signal decreases with increasing |k|, the most sensitive
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measurements are expected to be in the lower, left-hand corner of the EoR window.

The intrinsic foregrounds, the foreground wedge, the primary field-of-view line, the hori-

zon line, and the resulting EoR window all have characteristic shapes in 2D power spectrum

space. Thus, it is a very useful diagnostic space for identifying contamination in real data.

We generate a 2D power spectrum as a function of k⊥ and k|| for each of the calibrated

data, model, and residual data sets in instrumental XX and Y Y . Shown in Figure 3.5 is an

example 2D power spectrum panel of one night’s worth of integrated data from August 23,

2013.

We use this 2D power spectrum panel to help determine if expected contamination oc-

curred in expected regions, and if there is any deviation from the norm. There are some

additional shapes and features which are expected, but were not shown in Figure 3.4. First,

there is contamination at high k⊥ due to a lack of complete uv-coverage by the instrument.

The MWA measures all small modes less than 100λ very well, but becomes sparse for longer

wavelength modes. Second, there is harmonic k|| contamination in the EoR window which is

constant in k⊥. This is caused from regular flagging of aliased frequency channels due to the

polyphase filter banks, which creates harmonics in k-space. More information about these

instrumental effects are detailed in §2.2 and §3.1.5.

In order to provide reliable results, we also report the 2D noise power spectra. We

regularly generate expected noise, observed noise, error, and the noise ratio 2D power spectra,

shown in Figure 3.6. The expected noise and the error are related; for a Gaussian distribution,

these two quantities are the same. However, these quantities diverge when we square and

sum our measurements to create power spectra. We can propagate variances to calculate

how these two power spectra depend on the original Gaussian variances,

Var[N ] =
1

n∑
i=0

1
4σ4
i

E[N ] =

n∑
i=0

1
2σ2
i

n∑
i=0

1
4σ4
i

, (3.17)

where Var[N ] is the variance on the noise, E[N ] is the expected noise, n is the number

of pixels in the average, and σ2 is the original Gaussian variance. We also calculate the
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Figure 3.5: The 2D power spectra for the calibrated data, model, and residual (each for

instrumental XX and Y Y ) of an integration of 64 observations from August 23, 2013. The

characteristic locations of contamination are very similar to Figure 3.4, with the addition of

contamination at high k⊥ due to the lack of uv-coverage at longer baselines and k|| harmonics

due to flagging aliased frequency channels. Regions consistent with noise are dark purple-

blue.
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Figure 3.6: The 2D power spectra for expected noise, observed noise, error bars, and noise

ratio of an integration of 64 observations from August 23, 2013 in instrumental XX. The

expected noise is the calculated noise propagation, and the observed noise is the actual

observed noise. Their ratio is near 1, indicating proper treatment. The error bars are related

to the observed noise via Equation 3.17.
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observed noise, which is the propagation of the maximum likelihood noise in Equation 3.12

throughout the power spectrum analysis. To ensure that our estimations are correct, we

compare the observed noise to the expected noise in a ratio plot. There will be fluctuations

given different noise realizations, but the ratio should fluctuate around one.

3.4.2 1D

Averaging to 1D harnesses as much as possible of the data, making the most robust limits.

However, the 1D power spectrum space also has the ability to be a secondary diagnostic

after the 2D power spectrum. While characteristic locations of contamination are easier to

distinguish on 2D plots, the 1D diagnostics are more able to distinguish subtleties.

The most basic 1D secondary diagnostic is a 1D power spectrum, averaged in spherical

shells, of the entire 3D power spectrum cube. This includes all areas of contamination

explored in §3.4.1, which will block out nearly all nuanced signal and contamination areas.

Therefore, a typical secondary diagnostic is a 1D power spectrum generated only from pixels

which fall within 10 and 50 wavelengths in k⊥, shown in Figure 3.7. This will include intrinsic

foregrounds and the foreground wedge, but will avoid contamination from lack of coverage.

A few characteristic contamination shapes are present in this secondary diagnostic plot,

much like those in the 2D power spectrum. Intrinsic foregrounds contaminate the lowest k

bin, and the foreground wedge contaminates up through about 0.2 h Mpc−1. The contam-

ination of the foreground wedge decreases in k because fewer and fewer pixels include the

foreground wedge in the spherical averaging. In a true limit, the entire foreground wedge

is completely excluded from the averaging. There is also a series of harmonic contaminates

at about 0.43 h Mpc−1, 0.83 h Mpc−1, and 1.3 h Mpc−1 due to the aliased channels that were

flagged, which can also easily be seen in the 2D power spectra in Figure 3.5.

All those characteristics are expected given the 2D power spectra. However, there is

now an obvious contamination seen in Figure 3.7 that was relatively hidden before. An

extra contamination feature occurs between the first and second coarse band harmonics at

about 0.7 h Mpc−1. This is contamination from a cable reflection in the tiles with 150 m



54

calibrated data xx
model xx
residual xx
1 sigma thermal noise
EoR signal

1D Diagnostic Power Spectrum

Figure 3.7: 1D power spectra as a function of k for calibrated data, model, residual, theo-

retical EoR, and the accompanying thermal noise contribution of an integration of 64 ob-

servations from August 23, 2013 for instrumental XX. The 2D power spectrum highlights

the bins that went into the 1D averaging, which we can modify to exclude the foreground

wedge when making limits. A cable-reflection contamination feature at 0.7 h Mpc−1 is more

obvious in this 1D power spectrum, which highlights the importance of using 1D space as a

secondary diagnostic.
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cables between the beamformer and low-noise amplifier. The reflection coefficients of a cable

reflection are a function of frequency, and thus constructive and destructive interference

modulates as a function of frequency. Much like with the aliased channel flagging, spectrally

repetitive signals will appear as a bright contamination along k⊥, translating to a near-

constant 1D contribution if high in k||.

This highlights the potential of utilizing multiple types of power spectra. The 2D power

spectrum is a powerful diagnostic due to characteristic locations of contamination. How-

ever, it is useful to also use 1D diagnostic power spectra to more quantitatively measure

contamination, which helps in discerning smaller contributions.

The cable reflections and flagged aliased channels lead to bright contamination due to

their modulation as a function of frequency. This is an important revelation; we must

minimize all forms of spectrally repetitive signals during power spectrum analysis. If a

spectral mode is introduced in the instrument or in the processing, that mode cannot be

used to detect the EoR. This topic will be revisited many times in the following chapters,

with diagnostics and confirmations occurring in the 2D and 1D power spectra.

3.4.3 2D difference

Often, we would like to compare a new data analysis technique to a standard to assess

potential improvements. We can do this with a side-by-side comparison of 2D power spectra,

but are limited by the large dynamic range of the color bar and our eyes’ ability to distinguish

color. Alternatively, we can compare the 1D power spectra side by side, but lose information

about characteristic locations of contamination. We mitigate these issues by creating 2D

difference power spectra.

We take a bin-by-bin difference between two power spectra to generate a 2D difference

power spectrum. The reference or standard is subtracted from the new run, and the 2D

difference power spectrum varies positive and negative depending on power levels. We choose

a red-blue color bar to indicate sign, where red indicates an increase in power relative to the

reference and blue indicates a decrease in power.
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Figure 3.8: The subtraction of a residual 2D power spectrum (left) and a reference residual

2D power spectrum (middle) to create a difference 2D power spectrum (right). Red indicates

a relative excess of power, and blue indicates a relative depression of power.

Figure 3.8 shows an example of a 2D difference power spectra. The new data analysis

run is the left panel, the reference is the middle panel, and the 2D difference is the right

panel. For this example, we have chosen a new data analysis run that had excess power in

the window, and a decrease in power in the foreground wedge, compared to the reference.

In general, we make 2D difference power spectra for dirty, model, and residual, for both XX

and Y Y polarizations to match the six-panel plot in Figure 3.5.

Whenever we make changes to the pipeline, we make 2D difference power spectra com-

pared to a reference. This ensures that all changes we implement are actually beneficial.

This will be heavily used in much of the following chapters to prove validity of our changes

to the pipeline.

3.5 Overview

We have built an analysis framework that takes large quantities of measured visibilities

and generates images, power spectra, and other diagnostics. Four modularized components

exist: pre-analysis flagging and averaging, calibration and imaging, integration, and error-
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propagated power spectrum calculations. The accuracy of each component is crucial due to

the level of precision needed in an EoR experiment. In particular, the analysis handled by

FHD and εppsilon is complicated and multifaceted, necessitating constant refinement and

development to ensure accuracy, precision, and reproducibility.

The previous subsections have covered the computational tasks of FHD and εppsilon in

detail, which can be summarized in the following list.

FHD: Fast Holographic Deconvolution

1. Calculate the image space beam between tile pairs and transform into {u, v, f}

space.

2. Generate the uv-plane of all known and reliable sources using a direct Fourier

transform from a sky catalog’s floating-point locations.

3. Sample the model uv-plane with the uv-beam to generate model visibilities, or

estimates of the measurement.

4. Calibrate by performing an iterative least-squares analysis between raw and model

visibilities, accounting for temperature and bandpass effects in the amplitude and

ramps in the phase.

5. Grid calibrated visibilities and model visibilities onto the uv-plane using the beam

sensitivity as the gridding kernel.

6. Grid visibilities of value 1 with the beam to make a sampling map, and with the

square of the beam to make a variance map.

7. Weight the gridded uv-data with the sampling map and Fourier transform the

spatial dimensions to generate diagnostic images in slant orthographic projection.

8. Fourier transform the spatial dimensions of the uv-sampling map, variance map,

and unweighted data products to slant orthographic projection and interpolate to

HEALPix for even–odd time samples and instrumental polarizations.
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εppsilon: Error Propagated Power Spectrum with Interleaved Observed Noise

1. Input the interpolated HEALPix data products from FHD, or integrate several

HEALPix data products from multiple observations.

2. Cut the image plane to an appropriate extent that is fully covered by all obser-

vations, and direct Fourier transform the spatial dimensions to uv-space.

3. Weight the data products by the sampling map and weight the variance map by

the square of the sampling map.

4. Perform weighted sums and differences between even–odd interleaved cubes, using

calculated error bars as the weights to generate maximum likelihood estimates.

5. Apply a window function and use a Lomb-Scargle periodogram to transform fre-

quency to k-space.

6. Calculate cross power from even–odd sums and differences.

7. Calculate weighted averages to generate 1D power spectra, 2D power spectra, and

their respective error bars.

Many data products are produced with our analysis pipeline. We make instrumental polar-

ization images for each two-minute observation for calibrated data, model data, and residual

data. The resulting 2D and 1D power spectra from the integrated cubes are made for the

same set with various k-space cuts. Noise power spectra, both simulated and propagated,

are generated along with the power spectrum error bars. All of these diagnostic images and

plots are essential to creating our final figure, the EoR limit in 1D power spectrum space.

FHD and εppsilon form the core of our analysis, and have been used to make EoR power

spectrum limits in the past [2]. In the following chapters, we will introduce new analysis

techniques which utilize this framework. However, lessons learned from improving our data

analysis pipeline are not exclusive; the underlying importance of the calibration precision is

vital to power spectrum analyses in general. Nevertheless, FHD and εppsilon were essential

to their discovery, both due to their flexibility and efficiency.
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Chapter 4

BANDPASS CALIBRATION

The bandpass is a significant source of contamination in our measurements of the EoR

through power spectra, and has the potential to completely obscure any detection [1]. How-

ever, it is necessary; there are many instrumental effects which must be captured in calibra-

tion that are not easily describable without many degrees of freedom. This chapter will focus

on experimentally determined best methods for generating a bandpass calibration solution,

and the variety of instrumental parameters we would like to represent.

The bandpass calibration solution is the amplitude of the instrumental response per fine

frequency—the result of the linear least-squares solution between the data and the model

visibilities as a function of frequency described in §3.1.5. It captures all fine detail and

amplitude changes, whether inherent to the instrument or not. For example, any thermal

noise that is captured in the linear least-squares method will propagate into the bandpass

calibration solution. This is applied to the data, and the frequency modulations present in

the bandpass show up in the power spectra. Therefore, reducing noise contributions and

false features due to our linear least-squares assumptions is crucial.

In this chapter, the subtleties and consequences of creating bandpasses to reduce potential

contamination effects will be explored. Motivated by power spectrum differences, we have

developed various averaging techniques in the search for low-amplitude instrumental effects.

All of these methods are experimentally determined—theoretical reasoning is described in

§6.
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4.1 Typical features

We must accurately portray instrumental effects in the bandpass, and there are several.

The main contributors can be seen by calculating our historical calibration solution, the

global bandpass. We average together all tiles’ separate bandpass solutions to reduce noise,

generating |gP (f ;α)| in Equation 3.7, which we illustrate in Figure 4.1 for one of the polar-

izations. The major instrumental characteristics of our bandpass calculation are described

in the following list.

Coarse bandpass shape: The first stage PFB introduces a bandpass shape per coarse

band, highlighted in green in Figure 4.1. In this global bandpass, we have already

divided out a theoretically calculated coarse band shape—any residual shape deviates

from expected values. This shape appears to change over the full band; the first coarse

bandpass shape is very different from the last coarse bandpass shape.

Large-scale ripple and attenuation: There is an overall shape to the bandpass, shown

in purple in Figure 4.1. It decreases over the full band, and has a large-scale ripple

feature. If this feature were a cable reflection, it would correspond to a cable roughly

7 m in length. For this reason, we suspect this feature originates from the LNA-to-

beamformer cable, which is about 7 m long. There is also an overall attenuation over

the band.

Digital gain jump: At higher frequencies, the gain decreases enough for there to be under-

saturation. Our bits are selected such that they are most accurate within a certain am-

plitude range. We maintain this range by applying digital gain jumps—multiplying

the data by integer values at certain frequency ranges, and then correcting in post-

processing once the data has past any potential bit selection effects [88]. A digital gain

jump effect can be seen in orange in Figure 4.1.

Regular flagging: There is a systematic aliasing that occurs every 1.28 MHz due to the first
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Figure 4.1: Schematic of instrumental features in the bandpass. Green highlights the change

in polyphase filter bank shape over the bandwidth. Purple emphasizes an overall decrease

in amplitude and a large-scale ripple over the bandwidth. The digital gain jump effect,

a prominent feature in 2013 data, is highlighted in orange. Blue emphasizes the regular

flagging to avoid polyphase filter bank aliasing.

stage in the PFBs (see §2.2.3 for more details). We flag the fine frequency channels that

are most affected in order to avoid this aliasing in the final power spectrum. However,

this regular flagging, highlighted in blue in Figure 4.1, will propagate to the final power

spectrum.

Cable reflections: Not shown in Figure 4.1 are the ripples caused by cable reflections

from the beamformer to the receiver. This figure is the average over all the bandpass

calibration solutions from all the tiles, which effectively erases any cable reflection

features. The reflection’s amplitude and phase are dependent on the cable material

and length, as well as environmental factors like temperature, and thus averaging

solutions can artificially remove them.
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Cable Length Cable Type Tile Amount

90 m RG-6 19

150 m RG-6 31

230 m RG-6 23

320 m LMR-400-75 8

400 m LMR-400-75 17

524 m LMR-400-75 30

Table 4.1: Summary of the cable groups, dependent on length and type.

Some of the typical features are characterized well with a global average, while others

are not. By taking the average over all tiles to calculate the bandpass, we have artificially

removed any contributions that happen on a per-tile or per-cable level. These instrumental

dependencies must be accounted for in the calibration, or they will contribute directly to

power spectrum contamination. We have experimentally explored ways to include these

effects and reduce contamination, detailed in the following sections.

4.2 Cable reflections

Back in 2014, the very first hints of cable reflection contamination were seen in the power

spectra [24, 5]. It is a faint and variable effect; cable reflections can vary between being

nonexistent and being about 15% of the gain amplitude depending on cable type and tile,

even though the cables meet engineering specifications. The various types of cable materials

and lengths allow for various modes of cable reflections, and are quantized into five different

groups. The groups are summarized in §2.2.1 and Table 4.1.

One way to see the cable reflections easily in the calibration solutions is to look at the

auto-correlation solutions. Auto-correlations are the visibilities of a tile correlated with itself,

literally vAA,PP ([f, t]) in our framework (see §3.1.5). The baseline is of zero length, and thus

should not measure any structure from the sky. Therefore, any structure seen in the auto-

correlation was a contribution by the instrument. The auto-correlations are better able to
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Figure 4.2: The auto-correlation bandpass (black) for a specific tile and observation compared

to the cross-correlation bandpass solution (grey). It is much easier to see the 150 m cable

reflection ripple in the auto-correlation.

pick up amplitude instrumental systematics, apparent in Figure 4.21.

The cable reflection creates an amplitude modulation and a phase modulation as a func-

tion of frequency, due to a mismatched impedance between cables (contribution K in the

signal path framework). Auto-correlations have been used in the past to model the particu-

lar 150 m cable reflection, but correlated noise prevented any significant improvement. The

standard method, then, is to implement a hyperresolved cable-reflection fit on the cross-

correlations.

Averaging the gains across antennas and/or time effectively removes cable reflections from

the solutions, thus we must specifically incorporate them. We only fit the cable reflection for

the l150
2 antennas because of its prime location within the EoR window in power spectrum

1See §4.5 for more information on using the auto-correlations in the bandpass.

2We can group antennas into sets based on their beamformer-to-receiver cable lengths:
L = {l90, l150, l230, l320, l400, l524}.
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space. Some cable lengths in the window are difficult to model due to other contamination

in the mode (l90 is degenerate with the PFB width) or due to low signal-to-noise for the

reflection amplitude (l320).

We find the theoretical location of the potential mode using the nominal cable length

and the specified light travel time of the cable. We then perform a hyperfine DFT of the

gain for each observation around the theoretical mode

gA,P (τκ) =
N−1∑
n=0

(
gA,P (fn)

|gP (f ;α)|
− (c2f

2
n + c1fn + c0) ei(φ1fn+φ0)

)
e−2πiκ n

N , (4.1)

where τκ is the delay, [n,N ] ∈ Z, and κ is the hyperfine index component. Typically, we

set the range of κ to be [kτo − 1
20
k, kτo + 1

20
k], where kτo is the index of the theoretical

mode and k is the normal DFT index in the range of [0, N − 1] [2]. The cable reflection fit

depends on how well other sources of contamination are removed, especially from the mode

in question. Therefore, Equation 4.1 is updated with bandpass and polynomial fit calculation

improvements whenever they are made.

The maximum |gA,P (τκ)| around kτo is chosen as the experimental cable reflection. The

associated amplitude c, phase φ, and mode τ are then calculated to generate the experimental

cable reflection contribution ce−2πiτf+iφ to the gain for each observation. We can create a

set of these coefficients, D = {c, τ, φ}, for easy reference.

The updated calibration solution for l150 tiles is then

gA,P (f ;α, [C], [D]) = |gP (f ;α)|︸ ︷︷ ︸
global bandpass

(
(c2f

2 + c1f + c0) ei(φ1f+φ0)︸ ︷︷ ︸
per antenna gain and phase

+

per antenna cable reflection︷ ︸︸ ︷
ce−2πiτf+iφ

)
. (4.2)

We experimentally tested this new addition to the calibration solutions using our standard

set of data—64 of the least-contaminated observations from the night of August 23, 2013.

We can compare these new power spectra with cable-fitting procedures (Equation 4.2) to the

power spectra with no cable-fitting procedures (Equation 3.10) using a 2D power spectrum

difference, shown in Figure 4.3.
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Figure 4.3: 2D power spectrum differences (see §3.4.3) comparing an integration of 64 ob-

servations from August 23, 2013, where one test has cable fitting in the calibration for l150

tiles and one does not. Blue indicates a decrease in power for the cable-fitting test compared

to the reference, and red indicates an increase in power. There is a significant decrease in

power at the mode associated with the 150 m cable reflection at constant k⊥.
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Since the only difference between the two tests was the calibration, there is a noticeable

change in the calibrated data and residual, with only noise fluctuations in the model. The

largest difference is a reduction in power in the cable-fitted power spectrum (blue) at constant

k⊥ for a delay of about 1235 ns, which is the light travel time of the 150 m cable reflection.

We have successfully removed contamination at the mode in question.

4.3 Temperature dependence

The bandpass only describes fine frequency structure; it does not describe overall amplitude

fluctuations. We use polynomial fitting to capture this critical component in calibration. As

described in Equation 3.8, a low-order polynomial is fit to the full band once fine frequency

structure from the bandpass is removed.

When we began to look at data quantities that spanned many months, it became apparent

that the overall amplitude was changing with time. This tile amplitude variation is correlated

with the temperature at the beamformer, which is very close to ambient temperature. As

the season went from Winter to Summer, the amplitude decreased, consistent with amplifiers

being more efficient at lower temperatures.

This could lead to estimable quantities, and a predetermined polynomial amplitude in

the calibration solutions. However, there are complications. Every LNA-receiver chain has

a slightly different dependence on temperature. In addition, there can be shifts in total am-

plitude, as shown in Figure 4.4. Two separate tiles have different temperature dependencies,

with Tile 2 (right panel) experiencing a drastic shift. This particular instance was traced

back to an air conditioning service trip on-site on October 10, 2013, which highlights the dif-

ficulty in using the temperature dependence in the amplitude estimation. We continue to use

polynomial fitting per observation to capture overall amplitude changes with temperature.

The temperature can affect more than just the overall amplitude as well. The digital

gain jump and its corresponding bit selection is affected by temperature. This means that

the amplitude of the digital gain jump appears to change, usually in a non-linear way due to

efficiency of the bit range (see §7.1.2 for details). We have therefore implemented a change
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Figure 4.4: The average overall gain at zenith over days in 2013 for Tile 3 (left) and Tile 2

(right) as a function of beamformer temperature. There is a strong negative correlation.

Any change to the system (e.g. an air conditioning service trip on October 10 for Tile 2) can

dramatically change the parameters.

to the amplitude polynomial fitting (c2f
2 + c1f + c0, Equation 3.8) based on this non-linear

temperature dependence:

{c2, c1, c0} =

{c2′ , c1′ , c0′}, if f ≤ fD

{c2′′ , c1′′ , c0′′}, if f > fD

(4.3)

A separate set of coefficients are calculated for the frequency ranges on either side of fD, the

frequency of the digital gain jump. While this increases the number of degrees of freedom in

the calibration solutions, it does attempt to model a true instrumental effect which should

be included in the bandpass.

Again, we have experimentally tested this new calibration with the least-contaminated

observations of the night of August 23, 2013. We compare the addition of Equation 4.3 to a

calibration standard (Equation 4.2); Figure 4.5 shows the 2D power spectrum difference. In

the lower portion of the EoR window and throughout most of the foreground wedge, there
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Figure 4.5: 2D power spectrum differences comparing an integration of 64 observations from

August 23, 2013, where one test has an independent fit to the digital gain jump in the

calibration and one does not. Blue indicates a decrease in power relative to the reference,

and red indicates an increase in power. There is a significant decrease in power near the

lower portion of the EoR window and throughout most of the foreground wedge, which are

the highest signal-to-noise regions.
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is a significant reduction of power (blue) for the power spectrum when we fit the digital

gain jump (Equation 4.3). A miscalibrated digital gain jump creates a step function, and a

Fourier transform over a step function causes leakage on all modes. By accounting for the

digital gain jump directly, we have reduced the amount of contamination from this effect,

especially in higher signal-to-noise regions of the power spectrum.

4.4 Averaging

When we averaged all of the tiles’ responses to generate a global bandpass, we were motivated

to reduce noise on the calibration solutions (see §3.1.5). However, we lose something inherent

to the bandpass in this average: a cable- or tile-dependent instrumental term. For the MWA,

sets of antennas experience the same attenuation as a function of frequency due to cable types,

cable lengths, and whitening filters. Individual tiles may also have particular characteristics,

either due to environment or hardware variation. Instead of averaging over all tiles and

potentially removing these effects, we explore other averaging sets.

4.4.1 By cable

We group antennas into the set L = {l90, l150, l230, l320, l400, l524} where the subscript denotes

the length of the cable type. Noise and spectral structure from unmodeled sources and their

point spread functions will differ from one antenna to another, and thus the average will

decrease these unwanted effects, while capturing cable-dependent terms. We use

∣∣gL,P (f ;αL)
∣∣ = R

〈 ∣∣gA∈L,P (f)
∣∣ , 2σ 〉 , (4.4)

where R is the resistant mean function that calculates the distribution of the amplitudes of

a similar antenna set αL for each frequency and polarization, excludes Gaussian 2σ outliers,

and computes the resulting mean. We choose the resistant mean because outlier contributions

are more reliably reduced than in median calculations. The variable changeα→ αL indicates

one parameter per cable grouping of antennas.
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There is a compromise in generating bandpasses per cable type, as opposed to one global

bandpass. While modeling of cable-dependent parameters is correctly being taken into ac-

count, there are less contributions to the mean. The resulting bandpass is noisier, highlighted

in Figure 4.6. More cable-specific features have been modeled (e.g. slopes due to differing

attenuations, a low-order fluctuation in the 400 m cable tiles, various digital gain jump effects

that are tied to attenuations, etc.), but the increase in noise is unmistakable.

We investigated this new calibration scheme in the space of the measurement by com-

paring 2D difference power spectra from the least-contaminated observations of August 23,

2013. We generate new power spectra using Equation 4.4 to create the bandpass, and then

compare with multiple other standards. Figure 4.7 shows three different comparisons for the

calibrated data in instrumental XX and Y Y using the cable-averaged calibration.

The first column of Figure 4.7 is referenced against the global bandpass and cable-

reflection fit calibration (Equation 4.2). There is power reduction in the EoR window with

the cable-averaged calibration. However, this is mostly due to a better handling of the digital

gain jump. Tiles of a specific cable group have similar attenuation, and thus the amplitude

change of the digital gain jump is similar. This is apparent in the second column, where

the reference calibration scheme is comprised of the global bandpass and fits to the cable

reflection and the independent digital gain jump (Equation 4.2 with Equation 4.3). Most

of the beneficial reduction in EoR window power is gone, and the difference is noise-like.

Thus, the benefits of the cable-averaged calibration and the independent fit to the digital

gain jump are degenerate.

We can investigate even further by comparing only the low part of the frequency band

before the digital gain jump. Power spectra can be generated for subsets of the frequency

band, allowing us to highlight certain regions of interest. The last column of Figure 4.7

is the same comparison as the middle column, but only using data before the digital gain

jump to remove any of its contribution. We can see that modes within the EoR window

are contaminated—this is due to the significant increase in noise on the calibration solutions

compared to the reference.
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Figure 4.6: The bandpass-per-cable grouping for the zenith observation of August 23, 2013.

The top plot is the resulting amplitude for each of the five LNA-to-beamformer cable lengths,

and the bottom plot is the percent difference of the cable bandpasses compared to the global

bandpass.
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Figure 4.7: 2D power spectrum differences comparing three different references of 64 obser-

vations from August 23, 2013, each with a different calibration scheme. The cable-averaged

calibration scheme is referenced against: (left column) the global bandpass and fitted ca-

ble reflection; (middle column) the global bandpass, fitted cable reflection, and independent

digital gain jump; and (right column) the global bandpass, fitted cable reflection, and in-

dependent digital gain jump, but only for a subset of the frequency band before the digital

gain jump. Blue indicates a decrease in power for the cable-averaged calibration compared

to the reference, and red indicates an increase in power. The cable-averaged calibration is

degenerate with fitting for an independent digital gain jump, and is noisier than the global

bandpass.
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4.4.2 By cable and time

If more observations are available, we can follow a similar averaging process over time to

reduce the noise. Disregarding temperature-dependent effects, the MWA is very stable in

time. A normalized bandpass per antenna should be nearly identical from one moment to

the next, excluding potential bit and noise contributions. The thermal noise has a mean of

zero, and thus will average away.

Different pointings have different beams and resulting beam errors, and thus make a

natural instrumental grouping. We create a time set of T = {ρ−2, ρ−1, ρ0, ρ+1, ρ+2} where

times are grouped by how many pointings they are away from zenith. Whenever possible,

we use ∣∣gL,P (f ;αL, θT )
∣∣ = R

〈 ∣∣gA∈L,P (f)
∣∣ , 2σ, θT 〉 , (4.5)

where θT includes observations within a single pointing and as many days as possible. The

variable change t→ θ indicates one parameter per timing group.

Figure 4.8 shows the result of averaging over many reliable days in Season 1 for the

zenith pointing by cable type. There is a significant decrease in noise, while still capturing

cable-dependent effects. Clearer coarse band PFB shapes emerge after the digital gain jump,

as seen in the percent-difference panel. Small wavelength ripples are also apparent: some

due to specific PFB shapes, some due to cable reflections.

We experimentally tested this calibration scheme using 2D difference power spectra and

various references, shown in Figure 4.9. The first column is referenced against a calibration

with the global bandpass and a fitted cable reflection (Equation 4.2), where again we see a re-

duction in power in the EoR window consistent with better handling of the digital gain jump.

The middle column is referenced against a calibration with the global bandpass, fitted cable

reflection, and independent fit of the digital gain jump (Equation 4.2 with Equation 4.3),

and the EoR window is now relatively noise-like. The last column is the same as the middle

column, except that it only compares frequencies below the digital gain jump. There is less

power contamination in the EoR window compared to Figure 4.7, and it is relatively noise-
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Figure 4.8: The bandpass-per-cable grouping for the zenith pointing of Season 1. The top

plot is the resulting amplitude for each of the five LNA-to-beamformer cable lengths, and

the bottom plot is the percent difference of the time-averaged cable bandpasses compared to

the global bandpass.
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Figure 4.9: 2D power spectrum differences comparing three different references of 64 ob-

servations from August 23, 2013, each with a different calibration scheme. The cable- and

time-averaged calibration scheme is referenced against: (left column) the global bandpass

and fitted cable reflection; (middle column) the global bandpass, fitted cable reflection, and

independent digital gain jump; and (right column) the global bandpass, fitted cable reflec-

tion, and independent digital gain jump, but only for a subset of the frequency band before

the digital gain jump. Blue indicates a decrease in power for the cable- and time-averaged

calibration compared to the reference, and red indicates an increase in power. The cable- and

time-averaged calibration is degenerate with the fit to the digital gain jump, and it is unclear

whether this calibration improves the regions of interest when the degeneracy is removed.



76

like for Y Y with perhaps some k⊥-banded structure in XX. Additional averaging in time

by pointing has improved the cable-averaging calibration, but has not significantly improved

the power spectra compared to previous methods. However, longer integrations would be

necessary in order to make definitive conclusions.

4.4.3 By tile and time

When we average over many tiles for the bandpass solution, we are making the assumption

that there are no tile-dependent effects in the fine frequency structure. However, this is

not a valid assumption. Individual instrumental or hardware variations on each signal chain

will influence the bandpass in a unique way. Bandpasses calculated from individual tiles are

noisy, hence the justification for the averaged historical bandpass.

This can be mitigated. Disregarding temperature-dependent effects, the MWA is ex-

tremely stable in time, and the per-tile instrumental effects will be consistent from one

moment to the next. We can average in a similar fashion to §4.4.2 by grouping the obser-

vations into a time set T = {ρ−2, ρ−1, ρ0, ρ+1, ρ+2}, where times are grouped by number of

pointings away from zenith. We then use the equation

∣∣gA,P (f ; θT )
∣∣ = R

〈 ∣∣gA,P (f)
∣∣ , 2σ, θT 〉 , (4.6)

where each tile has a separate bandpass calculation over as much time as possible within

a pointing group, excluding outliers. This increases the degrees of freedom compared to

Equation 4.5, but attempts to capture per-tile discrepancies. With this new formalization,

we no longer need to fit cable reflections.

Figure 4.10 illustrates the result of Equation 4.6 for six representative tiles with separate

LNA-to-beamformer cable lengths. The individuality of the tiles is apparent. Cable reflection

features are being captured without any additional procedures, even for l90 and l320 cable

types. There are particular deviations near the beginning of the band and near the digital

gain jump, especially for the 150 m and 524 m tiles chosen. The coarse band shapes are

also very different across frequency. In addition, it should be noted that the noise level is
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approximately constant across the tiles, compared to the cable- and time-averaged bandpass,

which is particularly noisy for cable types with few contributing tiles.

As with all the other previous bandpass formalisms, we can test the validity of the new

calibration in power spectrum space. We integrate over the least-contaminated observations

of the night of August 23, 2013 and compare to a series of previous calibrations. The first

column of Figure 4.11 is referenced against a calibration with the global bandpass and a fitted

150 m cable reflection (Equation 4.2). The middle column is referenced against a calibration

with the global bandpass, fitted cable reflection, and independent fit of the digital gain jump

(Equation 4.2 with Equation 4.3). The last column is the same as the middle column, except

that it only compares frequencies below the digital gain jump.

Analyzing the 2D power spectrum difference is more difficult in this particular case. The

immediately apparent characteristic of Figure 4.11 is a scale change that causes a reduction of

power in Y Y and an increase of power in XX. All modes that are coupled to the foreground

wedge will reflect the scale change, which can obscure subtleties. Nevertheless, a similar

story emerges.

The EoR window experiences a reduction of power compared to the reference (blue) in

the left column of Figure 4.11, indicating a benefit compared to the historical bandpass.

However, the EoR window increases in power compared to the reference (red) in the middle

column, revealing that the majority of the benefit was from a better handling of the digital

gain jump. The final column attempts to ascertain if the new calibration performs better for

frequencies below the digital gain jump. With the tile- and time-averaged scheme, noisier

bandpasses are yet again the dominant feature; the EoR window experiences a slight increase

in power compared to a bandpass with fewer degrees of freedom per observation.

4.5 Auto-correlations

In our search for an experimentally determined bandpass, we try to mitigate thermal, spec-

tral, and bit noise while still maintaining instrumental parameters. However, some noise

contributions are more important than others. Using the auto-correlations, or the visibili-
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Figure 4.10: The time-averaged bandpass for a variety of tiles representing each cable type

(Tile 0 (90 m), Tile 2 (150 m), Tile 37 (230 m), Tile 35 (320 m), Tile 33 (400 m), and

Tile 36 (524 m)) for the zenith pointing of Season 1. The top plot is the resulting am-

plitude, and the bottom plot is the percent difference of the time-averaged tile bandpasses

compared to the global bandpass.
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Figure 4.11: 2D power spectrum differences comparing three different references of 64 ob-

servations from August 23, 2013, each with a different calibration scheme. The tile- and

time-averaged calibration scheme is referenced against: (left column) the global bandpass

and fitted cable reflection; (middle column) the global bandpass, fitted cable reflection, and

independent digital gain jump; and (right column) the global bandpass, fitted cable reflec-

tion, and independent digital gain jump, but only for a subset of the frequency band before

the digital gain jump. Blue indicates a decrease in power for the tile- and time-averaged

calibration compared to the reference, and red indicates an increase in power. The tile- and

time-averaged calibration captures per-tile variation, but is still too noisy to be of benefit in

the EoR window.
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ties of a tile correlated with itself, as the bandpass solution investigates this balance. The

auto-correlations do well to reduce some noise inputs, but enhance others. Whether or not

the auto-correlation bandpass has advantages over the averaging techniques depends on the

relative importance of the noise contributions.

The auto-correlation bandpass is determined from the same least-squares fitting between

raw and model visibilities used for the cross-correlations in §3.1.5. There are fewer equations

used to calculate the χ2 since there is only one baseline pair that creates the auto-correlation.

However, all of the time steps are included and thus there is some reduction in the thermal

noise, which varies for each time step.

The resulting bandpass is thus
∣∣gAA,P (f)

∣∣. No extra averaging in time, tile, or cable

grouping is done. Figure 4.12 illustrates the auto-correlation bandpass for the same six rep-

resentative tiles as in §4.4.3 with separate LNA-to-beamformer cable lengths. The bandpasses

exhibit similar features as those averaged by tile and time in Figure 4.10: cable reflection

features are being captured for many of the various lengths, individualized deviations are

present near the beginning of the band and near the digital gain jump, and per-coarse-band

features are apparent.

However, the bandpass is much smoother. The noise due to the incorrectly modeled

foregrounds is essentially absent in the auto-correlation bandpass; the auto-correlations are

not affected by structure on the sky. While the thermal noise is expected to be higher in the

auto-correlation bandpass, it is 1) reduced by including the time steps in the χ2 calculation

and 2) must not be an important contributor to the smoothness of the bandpass.

Nevertheless, there is one major setback. The bit noise is correlated in the auto-correlation

bandpass. The edges of each coarse band are subject to an increased contribution from bit

noise (see §7.1.1), and the digital gain jump is also subject to the same effect. This will

contaminate certain modes in the power spectrum.

We analyzed the auto-correlation bandpass in Figure 4.13 by comparing 2D difference

power spectra with the same calibration references as in §4.4. First, we reference against

a power spectrum with a global bandpass and cable-reflection fit (Equation 4.2) in the
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Figure 4.12: The auto-correlation bandpass for a variety of tiles representing each cable

type (Tile 0 (90 m), Tile 2 (150 m), Tile 37 (230 m), Tile 35 (320 m), Tile 33 (400 m), and

Tile 36 (524 m)) for the zenith observation of August 23, 2013. The top plot is the re-

sulting amplitude, and the bottom plot is the percent difference of the auto-correlation tile

bandpasses compared to the global bandpass.
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Figure 4.13: 2D power spectrum difference comparing three different references of 64 obser-

vations from August 23, 2013, each with a different calibration scheme. The auto-correlation

calibration scheme is referenced against: (left column) the global bandpass and fitted ca-

ble reflection; (middle column) the global bandpass, fitted cable reflection, and independent

digital gain jump; and (right column) the global bandpass, fitted cable reflection, and in-

dependent digital gain jump, but only for a subset of the frequency band before the digital

gain jump. Blue indicates a decrease in power for the auto-correlation calibration compared

to the reference, and red indicates an increase in power. The auto-correlation calibration

captures per-tile variation and is less noisy overall, but suffers on the coarse band edges due

to bit noise correlation.
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left column. There is a reduction of power everywhere except the coarse band harmonics,

consistent with an improved bandpass apart from the coarse band edges. Second, we compare

to a power spectrum that also includes an independent digital gain jump in the middle

column. This result contrasts with all of §4.4; the benefits of the auto-correlation bandpass

are not fully degenerate with an independent fit to the digital gain jump. Finally, in the

right column, we reference with the same calibration scheme as the middle column, but only

for frequencies below the digital gain jump. There is still a large benefit in the regions of

interest.

4.6 Overview

The bandpass calibration solution captures instrumental parameters which are too compli-

cated to model, and thus it requires many degrees of freedom. As a result, it can be a large

source of contamination in our final measurements; it is difficult to constrain and easy to get

wrong.

The coarse bandpass shapes, large-scale ripples, band attenuations, digital gain jump,

flagged frequency channels, cable reflections, and bit statistics all contribute to features in

the bandpass. Most of these effects are variable across tiles, times, and temperatures. We can

model these instrumental effects as global contributions, but there will be some error asso-

ciated with the assumption of stability. In contrast, we can model these contributions along

each axis that they vary, but there will be increased thermal and spectral noise associated

with the increase in degrees of freedom and fewer averaging components.

We’ve experimentally tested a variety of different averaging schemes on one night’s worth

of data. In general, we’ve found that the largest improvement on the historical, global

bandpass comes from improved modeling of the digital gain jump. Thus, all averaging

schemes share some degeneracy with a separate, independent fit to the digital gain jump.

Incorrect modeling of the foregrounds causes significant noise on the solutions, and thus

there is less contamination in the power spectrum as more is averaged. Once the degeneracy

regarding the digital gain jump is removed, it is hard to make improvements on the power
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spectrum. Accounting for more instrumental parameters usually results in reducing the

number of averaged components.

We also experimentally tested a calibration scheme using the auto-correlations as the

bandpass. There are benefits to this method: the auto-correlations are not affected by

incorrectly modeling structure on the sky, correlated thermal noise is not a concern due to

many time steps, and cable reflections are accounted for without extra fitting. However, the

bit noise is correlated and is an issue in the coarse band edges and digital gain jump (see

§7.1).

Given all of these experimental results, what is the best bandpass calibration method? All

of our investigations demonstrate benefits as well as drawbacks. The choice purely depends

on the regions of interest in a particular EoR power spectrum study. Since we desire to make

a measurement as low as possible in the EoR window to maximize signal-to-noise, we will

use the auto-correlation method for longer integrations in §9.
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Chapter 5

FRAMEWORK OF THE IN SITU CALIBRATION
SIMULATION

Calibration is inherently an instrumental aspect, and thus the solutions chosen are found

experimentally. However, we are still left asking a vital question with our calibration exper-

iments: what is the price of getting the calibration wrong? One potentially incriminating

result is signal loss through calibration errors. Does the calibration incorporate the EoR

signal itself, model it as an instrumental effect, and essentially remove it from the data? We

needed a full pipeline simulation in order to address these concerns.

This motivated a theoretical calibration simulation, a sandbox from which to explore

calibration effects in a hypothetical space. In this chapter, we will explore the calibration

simulation framework in order to test the consequences of miscalibration. The setup of the

simulation framework is vital; the usefulness and flexibility of the pipeline depends on the

inclusion of realistic errors.

While made for the testing of calibration schemes and signal loss, our simulation frame-

work has since grown to be a sensitive test for all new instrumental and precision analysis

techniques. Therefore, we highlight the methodologies which allowed for its crucial contri-

butions to the analysis pipeline. This chapter is drawn from our published work in [1].

5.1 Simulation setup and rationale

The calibration simulation retools the FHD package, using its existing infrastructure to add

functionality. It is an in situ simulation, testing the code’s ability to process real data. There

are four main steps to the in situ calibration simulation: 1) input simulated data, 2) generate

a model sky based on a subset of the input data, 3) calibrate, and 4) investigate the result
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in the space of the measurement.

The process to generate step 1 is easy: the sky model made for calibration and subtrac-

tion is already a full pipeline simulation. There is no need to bring in outside instrument

simulators as FHD is already an instrument simulator. From brightness and sky locations in

a catalog, FHD grids with the hyperresolved beam as the kernel to build model visibilities

for the MWA layout. These model visibilities are a simulation of reliable point sources on the

sky as seen by the MWA. Regularly, we simulate over 11,000 point sources spread throughout

the primary lobe, the first sidelobes, and the second sidelobes.

However, there are a few key aspects missing from our typical sky model visibilities. A

reliable diffuse emission catalog is not available at this time, and thus the visibilities are

inaccurate at the largest modes. Ionospheric effects have not been included. The EoR signal

is also missing from the model visibilities; we do not know its exact distribution.

We then input these model visibilities as the input data visibilities into FHD, and run the

pipeline again. Thus, we can use FHD end-to-end for the in situ simulation, thereby testing

the validity of the pipeline itself. We can optionally add (in visibility space) simulated EoR

and/or thermal noise to the input to make the simulated data more realistic.

If the calibration and subtraction model visibilities are the same as the input visibilities,

there is not much story to tell. There will be perfect calibration and perfect subtraction,

given a converging nature to the pipeline and no signal loss. One of the most important

aspects to the in situ calibration simulation is an imperfect calibration and subtraction

model. There will always be unmodeled faint sources in real data, either due to confusion

limits or the inability to resolve morphology, and catalogs will always include small errors in

flux, position, or compactness of sources. These imperfections in the sky model will affect

calibration, and subsequently the power spectrum. A true test of a calibration scheme must

include realistic errors in the model.

Once a calibration scheme has been tested, the in situ simulation continues along the

pipeline to generate power spectrum with εppsilon. This is a relatively unique concept; only

a few studies have investigated calibration effects on the power spectrum (e.g. [111, 101]).
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Historically, calibration effects have been tested primarily on their ability to converge. Vari-

ance and convergence statistics of calibration in image space have been studied in detail,

including the application of ionospheric changes [106, 56, 115, 17], variation of diffuse struc-

ture scales [56], addition of polarized components [56], inclusion of small source position

offsets [64, 115, 17], and the imperfection of source models [17, 18]. However, the EoR

measurement is to occur in power spectrum space, so the standard of the effectiveness for

calibration should also be established in power spectrum space. While variance statistics

can assess the precision of a calibration procedure, the power spectrum in a calibration

simulation can assess the accuracy.

5.2 Signal loss

The original motivation for creating the in situ calibration simulation was to investigate

signal loss. It is imperative to provide evidence that the EoR signal is not being subtracted

in an EoR analysis. Removing signal can create false limits. Therefore, we set up an in situ

simulation with a typical calibration scheme to validate our pipeline.

5.2.1 Gaussian EoR

For this test, a model of over 11,000 compact sources seen by the MWA and compiled in the

KGS catalog [12] were used as simulated input data, along with the addition of a simulated

Gaussian EoR signal in the visibilities. This approach is completely noiseless, and contains

no information about ionospheric effects or diffuse galactic emission.

In addition to the simulated input data, a model of the sky is generated for sky-based

calibration. Antenna gain solutions that minimize the differences in visibilities between

the input data and the calibration model are calculated through an iterative, least-squares

approach using all cross-correlated visibilities [90] (see §3.1.5). The final result constitutes our

calibration solutions, which captures maximal per-frequency spectral structure. In essence,

this is the worst case scenario, a concept that is explored in depth in §6.

When we allow the simulation to use all of the input catalog sources as a model from
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Figure 5.1: Result of the calibration simulation pipeline using a Gaussian EoR with a perfect

sky model. Modeling, calibrating, and subtracting all of the 11,000+ KGS sources using FHD

and εppsilon recovers the added simulated EoR signal. The EoR signal that we recover does

not experience signal loss, regardless of calibration technique used. The color scale has been

fixed throughout this chapter and the next to provide order-of-magnitude reference.

which to calibrate and subtract, all foreground sources are removed perfectly. This reveals

the simulated EoR signal in the residual power spectrum with no foregrounds or chromaticity

effects, as seen in Figure 5.1 for one snapshot. The color scale has been fixed to highlight

the order of magnitude difference between the EoR signal peaked at 106 mK2 h−3 Mpc3 and

the intrinsic and mode-mixed foregrounds peaked at 1014 mK2 h−3 Mpc3.

We compare the residual signal to the power that was used to generate the Gaussian

EoR (along with image-based EoR, §5.2.2) in Figure 5.3 for a more quantitative estimate.

The binning of the input Gaussian EoR power is coarser, but otherwise there is very little

difference.

Retrieving the EoR power spectrum demonstrates consistency within the simulation,

and will provide a magnitude scale for simulation outputs with unmodeled, faint sources.

This also demonstrates that the pipeline effectively recovers the EoR signal with very lit-
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tle contamination or signal loss if the foreground model is perfect, regardless of additional

calibration techniques from §4.

5.2.2 Image-based EoR

The same tests can be run with a more realistic EoR simulation. A Gaussian EoR simulation

is convenient and correct in the power spectrum space, but is not accurate in image space.

We can incorporate EoR bubble simulations to improve the validity of the simulation.

We use a simulation generated from [45], made specifically in the regions of interest

for the MWA. It’s a large N-body simulation (130 Mpc h−1 comoving) in image space at

a high resolution (10243 underlying dark matter simulation, with a 5123 radiative transfer

simulation from [53]). However, this is not large enough for our widefield requirements in

the data pipeline. We tile the simulation, satisfying boundary conditions, until it fills our

field of view. The value at each image pixel is Fourier-transformed to the uv-plane, where

we estimate the instrumental measurement by convolving each baseline with the beam to

make visibilities.

The resulting bubble visibilities have some inherent assumptions. Of course, there were

assumptions made during the simulation that generated them in [45], but the process to turn

them into visibilities introduced more assumptions. First, our tiling operation inhibits any

meaningful structure at modes larger than the input simulation (130 Mpc h−1 comoving).

Second, the finite gridding resolution erases meaningful structure smaller than the gridding

size. Third, the gridding may introduce biases dependent on the gridding selection. However,

we are not interested in modes that are not in the EoR window, and thus the consequences

of these assumptions are minor.

Using the same setup as §5.2, we can investigate signal loss with image-based EoR struc-

ture. This arguably has more chance of potential signal loss, since real image-based structure

could be absorbed into point sources through calibration. The 2D residual power spectrum

from calibrating and subtracting all point sources with an image-based EoR is shown in

Figure 5.2.
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Figure 5.2: Result of the calibration simulation pipeline using an image-based EoR with a

perfect sky model. Modeling, calibrating, and subtracting all of the 11,000+ KGS sources

using FHD and εppsilon recovers the added image-based EoR signal. Neither Gaussian EoR

signal nor image-based bubble EoR simulations experience signal loss in our pipeline.

For this case, we need to create a reference EoR power spectrum. We input the image-

based EoR visibilities without foregrounds and without calibration in our pipeline and gener-

ate a power spectrum. This will provide comparison for a signal loss simulation that focuses

specifically on loss through foreground calibration and removal. It is significantly lower at

higher k|| than the Gaussian EoR signal in §5.2.1, as presented in a 1D power spectrum in

Figure 5.3.

When we compare the reference to the recovered image-based EoR in Figure 5.3, we see

that there is no signal loss. While there is some difference at large k, there is no obvious

structural differences that indicate systematic signal loss. We have recovered the EoR signal.
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Figure 5.3: 1D power spectra for the signal loss simulations. The input Gaussian EoR

signal (purple) uses a different bin size, in part because it is fully independent from our

pipeline. We recover the Gaussian EoR signal after foreground calibration and removal

(green). The image-based EoR signal is generated from [45], and the power is calculated

without foregrounds or calibration (black). Again, we recover the image-based EoR signal

after foreground calibration and removal (blue). There are differences at high k, but they

are not indicative of systematic signal loss.
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5.2.3 Phase II configuration

The MWA has undergone improvements and upgrades which have changed the configura-

tion, described in §2.2.4. Therefore, the sensitive modes in the MWA have changed. The

relatively smooth point spread function from Phase I is now coarse, a consequence of redun-

dant measuring of EoR sensitive modes. We would like to validate these new changes in our

pipeline using the same signal loss tests as in §5.2.1.

We repeat the test in §5.2.1: input over 11,000 point sources as the foregrounds, add

a Gaussian EoR signal, and calibrate and subtract the input point sources. Figure 5.4

shows our full 2D power spectra diagnostic of the calibrated raw, model, and residual for

instrumental XX.

There is a significant difference between the resulting power spectra from Phase I in Fig-

Figure 5.4: Result of the calibration simulation pipeline using a Gaussian EoR with a perfect

sky model and the Phase II configuration of the MWA. Modeling, calibrating, and subtracting

all of the 11,000+ KGS sources using FHD and εppsilon recovers the added Gaussian EoR

signal, even though the uv-coverage of the Phase II configuration is concentrated on only

a few modes. Our pipeline is flexible enough to handle multiple configurations and EoR

theories.
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ure 5.1 and Phase II in Figure 5.4. Notably, there are more regions of incomplete uv-coverage

in our typical plots, which manifests as vertical streaks of foreground-coupled regions. How-

ever, we still recover the underlying Gaussian EoR signal when all point sources are used in

calibration and subtraction. The residual 2D power spectrum is essentially the same as the

input EoR signal. Potential aliasing effects may be more prominent in analyzed data from

Phase II, resulting in contaminated vertical streaks (see §8.3 for treatment).

Given the evidence presented in this section, our pipeline does not experience signal loss.

It is flexible enough to handle different EoR theories and MWA configurations while still

providing robust output. While this is no indication of how favorable our limits will be, it

gives us confidence in our ability to quote reliable upper limits.
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Chapter 6

IN SITU CALIBRATION SIMULATION RESULTS

Traditional radio astronomy calibration techniques involve calculating the gain at every

frequency for every antenna from the visibilities using an iterative least-squares solver (see

§3.1.5). Historically, this approach was an extension from single-frequency radio astronomy

to small-bandwidth multi-frequency instrumentation [102, 98]. While this method involves

solving for many variables, the number of degrees of freedom in the data from the MWA

is orders of magnitude larger than the number of parameters used and thus theoretically

constrained. This calibration method has remained a stalwart in the community as the field

has advanced.

Our calibration simulations first examine the traditional radio astronomy calibration

technique and how it affects the EoR power spectrum measurement. We then investigate

mitigation techniques and create recommendations for future instruments. This chapter is

drawn from our published work in [1].

6.1 Calibration errors due to faint, unmodeled sources

We simulate the sky as 6,950 sources and add a Gaussian EoR simulation to the visibilities.

To capture realistic differences between the true sky and the calibration catalog, we only use

the brightest 4,000 to predict the visibilities for use in calibration. This introduces small

differences between the sky and calibration visibilities that can affect the per-frequency

antenna calibration solutions. We apply the antenna calibration solutions to the input sky

visibilities, and then subtract the brightest 4,000 sources used in the calibration model for

one observation. Reasoning and methodology is discussed in §5.

The residual 2D power spectrum is shown as the left plot of Figure 6.1. The 2,950
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Figure 6.1: The subtraction of a residual 2D power spectrum with traditional per-frequency

antenna calibration methods (left) and a reference residual 2D power spectrum without sim-

ulated calibration effects (middle) to create a difference 2D power spectrum (right). Red

indicates a relative excess of power, and blue indicates a relative depression of power. Spec-

tral contamination power at all modes in the EoR window is evident. The most sensitive,

theoretically contaminant-free EoR modes have excess power on levels of 107 mK2 h−3 Mpc3,

making the measurement impossible with reasonable calibration catalog errors and tradi-

tional per-frequency antenna calibration.

unmodeled faint sources populate the foreground wedge as expected. We can also calculate

a residual 2D power spectrum with a perfect calibration and with the same 4,000 source

foreground subtraction to provide a reference for the observation. This is shown in the

middle panel of Figure 6.1. Unmodeled faint sources also populate the foreground wedge;

however, it is apparent that the 2D power spectrum using traditional per-frequency antenna

calibration has relatively high amounts of power in the EoR window.

The calibration simulation can be used to quantify the shape and amount of excess power

in power spectrum space. Direct subtraction between the traditional calibration simulation

2D power spectrum (left plot of Figure 6.1) and the reference 2D power spectrum (middle

plot of Figure 6.1) provides this information. The result is a difference 2D power spectrum,
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where red indicates relative excess power and blue indicates relative depressed power (right

plot of Figure 6.1). More information about 2D difference power spectra can be found in

§3.4.3.

Evident in the difference 2D power spectrum is the excess power contamination of the

entire EoR window by as much as 107 mK2 h−3 Mpc3. It is important to note that this level

of calibration error would make EoR power spectrum measurements impossible. Using tra-

ditional per-frequency antenna calibration in a power spectrum measurement would require

a calibration catalog with near perfect accuracy.

Qualitatively, allowing independent calibration parameters for each frequency channel

and antenna allows small deviations from the true solutions on small spectral scales. These

amplitude and phase deviations are caused by the point spread functions (PSF) of unmodeled

sources, which modify the observed fluxes of true sources, as seen in real data by [67]. This

effect is frequency dependent and its magnitude depends on the completeness of the sky

model and the natural PSF of the array. The resulting calibration errors are only on the

order of 1 part in 103 in this simulation. However, this varied spectral structure in the

calibration solutions is enough to couple power from the bright, intrinsic foregrounds to the

Fourier modes in the EoR window. This fills every possible EoR measurement mode with

foreground power.

Not only are sensitive regions of the EoR window dominated by coupled power from

intrinsic foregrounds, but there is a corresponding depression of power in the foreground

wedge as well. This is also the result of small spectral deviations captured in the calibration

solutions. The measured fluxes of modeled sources do not accurately reflect the true fluxes

due to the residual PSF of unmodeled sources. Allowing calibration solutions to be modified

by this residual structure results in overfitting and over-subtraction.

Using the modulation theorem, we can quantitatively associate the level of contamination

seen in the power spectrum with the observed calibration errors. Data that is modified by

spectrally varied calibration solutions is Fourier-transformed into power spectrum space, and

the modulation theorem of Fourier transforms results in mode-mixing between the modes
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of the unmodeled spectral structure and the bright foreground wedge. This couples the

response of foregrounds with calibration deviations along the frequency axis.

Excess power can be estimated given a modulated signal

h(ν) = f(ν) (1 + ∆g cos η0ν) , (6.1)

where h(ν) is the modulated instrumental response as a function of frequency, f(ν) is the

original instrumental response as a function of frequency, η0 is the Fourier dual of a mode in

the amplitude deviations of the calibration gain, and ∆g is the amplitude deviation associated

with the frequency mode η0. The modulation theorem results in the Fourier transform

H(η) =
∆g

2
F (η − η0) +

∆g

2
F (η + η0) + F (η). (6.2)

Fourier transforms of the original signal f construct signal at η, η − η0, and η + η0. Equa-

tion 6.2 is squared to obtain the power spectrum, and cross-terms between F (η) and F (η±η0)

can be neglected since overlap is small for an η0 in the EoR window. An order of magnitude

estimate of the positive power spectrum of this modified signal is

O(|H(η)|2) ≈ O(|F (η)|2) +O

(∣∣∣∣∆g2 F (η ± η0)

∣∣∣∣2
)
. (6.3)

As a result, the modulated power response O(|H(η)|2) has power contributions as a function

of η and, to a lesser extent, η ± η0. When all η and η0 values are considered, the result is

equivalent to the convolution of the foregrounds with the Fourier transform of the calibration

deviations.

For small η values, intrinsic foregrounds dominate. Power will be modulated from these

intrinsic foregrounds into any frequency mode η0 captured in the amplitude deviations in cal-

ibration. Given simulation values of the intrinsic foregrounds (O(P ) ≈ 1014 mK2 h−3 Mpc3)

and the amplitude deviations (O(|∆g
2
|2) ≈ 10−7, or a ∆g of order 1 part in 103), the excess

contamination in frequency mode η0 of the power spectrum is estimated to be 107 mK2 h−3 Mpc3.

This agrees with the level of contaminated power in Figure 6.1 generated by calibration sim-

ulations.
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The satisfactory performance of traditional per-frequency antenna calibration depends

on a highly accurate calibration catalog. When we use the same sources to generate the

sky and calibration models—even with an added EoR signal—the resulting calibration and

foreground suppression in the power spectrum is excellent, as seen in Figure 5.1. However,

this is not a realistic situation for current and planned EoR observatories. When the calibra-

tion catalog is not perfect, traditional per-frequency antenna calibration distributes spectral

power and overwhelms the faint cosmological signal as seen in Figure 6.1. This sets very

strong constraints on the accuracy of the calibration catalog if the traditional calibration

approach is to be used for EoR measurements.

6.2 Mitigation by smooth calibration solutions

Spectral contamination in the EoR window from traditional calibration techniques necessi-

tates mitigation. If the instrument is spectrally smooth across the frequency band, we can

use this as a prior that must be met in our calibration solutions. We explore the effects of

constraining the spectral variation of the calibration to be smooth, relative to the band size,

to avoid contamination of the EoR window. However, non-smooth spectral features of the

instrument must be incorporated into the calibration, and therefore we also investigate the

consequences of fitting specific instrumental features.

6.2.1 Constraining smooth instrumental response

If an antenna has a naturally smooth bandpass, its response can be modeled with low-order

polynomials or other slowly varying functions. With this restriction, we avoid the fine-scale

spectral structure in the calibration solutions that causes the contamination of the EoR

window seen in §6.1. Perfect calibration solutions are flat in our simulation, so polynomials

applied to the frequency band would only model the level of error expected with polynomial

fitting.

We calculate best-fit polynomials over the whole frequency band from the traditional

calibration solutions generated in §6.1 with a calibration catalog of the brightest 4,000 of
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the 6,950 input sources. Five calibration parameters for the frequency band are allowed and

are chosen to represent typical instrumental variation: three amplitude parameters create a

second-order bandpass-like polynomial, and two phase parameters create a smooth ramp in

frequency.

Figure 6.2 shows the difference 2D power spectrum between the smooth calibration so-

lution power spectrum and the reference power spectrum for one observation. The EoR

window from the smooth mitigation technique and the reference are strikingly similar, lead-

ing to very little difference. The level of the difference is also noise-like and far below the

EoR signal. This will neither affect an EoR measurement to a significant degree nor bias the

result.

Power from intrinsic foregrounds is not coupled to the EoR window due to the restriction

of smoothness relative to EoR spectral modes. Spectral contamination on the scale of the

polynomials still occurs; however, this contamination only occurs within the foreground

wedge and will not hinder the EoR measurement. The bold line in Figure 6.2 highlights the

highest k|| with significant contamination caused by the low-order polynomial fitting, which

is below the EoR window.

Differences in power in the region of high k⊥ and high k|| in Figure 6.2 are also apparent.

Poor baseline coverage couples the foreground wedge to this region, as described in §3.4.11.

Since spectral contamination did occur in the foreground wedge, power changes occur in the

region affected by poor baseline coverage. EoR measurements will not be made in k-space

areas with poor baseline coverage, so power changes in this area are not a large concern.

The vertical dashed line in Figure 6.2 indicates the largest k⊥ with high baseline coverage.

A significant foreground-free EoR window to the upper left remains.

By restricting the instrumental response to be smooth with respect to EoR spectral

modes, we significantly reduced the excess power in the EoR window caused by spectral

contamination. Now, the EoR window has no power bias and what little contamination

1This coupling has since been reduced. See §8.3 for treatment.
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Figure 6.2: The difference 2D power spectrum between a reference 2D power spectrum and a

2D power spectrum where calibration solutions were modeled with a second-order polynomial

in amplitude and a linear fit in phase. Red indicates an excess of power, and blue indicates

a depression of power. The bold line indicates the largest k|| affected by power spectral

contamination from low-order polynomial fitting. The vertical dashed line indicates the

largest k⊥ not affected by the coupling of poor baseline coverage to the foreground wedge.

The EoR window is noise-like and unbiased, since smooth mitigation techniques did not

capture fine-scale spectral structure caused by unmodeled sources.
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there is appears noise-like. Measuring the EoR signal in a 2D power spectrum that utilizes

the smooth mitigation technique in the calibration solutions will be essentially unaffected

by an imperfect catalog. Instrumentation that is spectrally smooth can avoid contaminating

the EoR window using this technique.

6.2.2 Calibration parameters in spectral modes

Instrumental responses are not always smooth across the frequency band. Any spectral

features in the instrument need to be fit so that the calibration is physically true. We

simulate the effect of calibrating cable reflections as an example of the consequences of

fitting for instrumental structure on a per-antenna basis.

Receiver-to-beamformer cable reflections with amplitudes of ∼1% of the signal are ap-

parent in MWA data, creating a characteristic frequency ripple in the antenna gain at the

corresponding light travel time [22, 2, 24, 40]. Cable reflections can vary dramatically from

antenna to antenna, and must be fit individually (see §4.2 for more details). Our calibration

simulation uses three parameters—mode, amplitude, and phase—to describe the spectral

ripple from a hypothetical 150 m cable reflection in a subset of the antennas. The 150 m

cable reflection does not actually exist in the simulated data, thus the fit responds to only

unmodeled spectral structure from faint sources. For clarity, no other calibration parameters

are included. The observed error in the reflection calibration parameters is less than 1 part

in 103.

The effect of coupling the intrinsic foregrounds and the imperfect fitted mode is shown in

Figure 6.3. The difference 2D power spectrum between the reference and the power spectrum

with fitted cable reflections in calibration shows a clear excess of power at k|| ∼ 0.7 h Mpc−1,

or the k|| associated with a 150 m spectral ripple.

The amount of excess power, about 106 mK2h−3 Mpc3, is not a coincidence. The accuracy

levels of the fit and the amplitude deviations in traditional per-frequency calibration in §6.1

were similar. Whether the calibration is described per-frequency (§6.1) or per-spectral-mode

(∝ k||), the same number of calibration terms are required to cover the bandwidth and the
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Figure 6.3: The difference 2D power spectrum between the reference 2D power spectrum and

a 2D power spectrum where a 150 m cable reflection is fit to within 1 part in 103. Red indi-

cates an excess of power, and blue indicates a depression of power. Spectral contamination

occurs when there is error in the fit, and mode-mixing occurs between bright, intrinsic fore-

grounds and the mode associated with the fit error. Excess power at k|| ∼ 0.7 h Mpc−1 is over

106 mK2 h−3 Mpc3. This essentially removes that mode from potential EoR measurements.
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same level of contamination results.

Fitting for instrumental spectral structure necessarily removes those modes from potential

measurement of the EoR. If the number of instrumental spectral features that must be

calibrated fills much of the EoR window, measurement of the signal will be infeasible. This

necessitates a smooth instrumental response in the modes associated with the EoR window.

As an example of how this affects instrument design, the MWA has chosen to only have

a few different cable lengths in the array. This limits the regions of contamination within

the the EoR window—having many different cable lengths would contaminate the entire

measurement region. This has also led to a hard limit of all analog signal paths being <35 m

in HERA.

6.3 Mitigation by averaging calibration solutions

Calibrating fine-scale instrumental frequency structure requires accurately modeling the an-

tenna response while avoiding spurious spectral structure from unmodeled sources. This

faint, unmodeled structure can be largely incoherent between antennas and can change

quickly with Local Sidereal Time (LST) (due to an effect known as uv-rotation). We ex-

plore calibration techniques that average over antenna responses and over LST to reduce the

spectral contamination identified in this chapter.

Each antenna calibration solution is calculated from the subset of visibilities which in-

clude that antenna. The associated “antenna PSF” captures the effect of unmodeled sources

on that specific calibration solution. Since each antenna’s baseline coverage is largely inde-

pendent for non-redundant arrays, the spurious spectral structure from unmodeled sources

varies from antenna to antenna. If the antennas are identical in manufacture, then averaging

their calibration solutions to form a common bandpass can reduce the calibration amplitude

and phase deviations that cause spectral contamination. This may not be true for arrays

with redundant layouts or layouts with strong symmetries, where the antenna PSFs can be

very similar.

Additionally, if the antenna calibrations are very stable in time, subsequent calibration
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solutions can be averaged effectively. This relies on rotation of the antenna PSFs with LST

to provide semi-independent contamination from unmodeled sources.

We simulate a hypothetical array with the MWA layout (very random distribution,

[4, 3, 105]) with mechanically identical and stable antennas. Using traditional calibration

techniques, we calculate solutions per frequency channel for each of the 128 antennas in the

MWA, every 2 minutes, for a 30-minute pointing traversing zenith. Following Equation 4.5,

the resulting 1,920 solutions per frequency (128× 15) are then averaged, excluding outliers

beyond a 2σ cut. The final averaged per-frequency calibration solution is then applied to

all antennas for only one observation, allowing direct comparison to the other simulations in

this chapter.

Figure 6.4 presents the difference 2D power spectrum between a reference and the power

spectrum with the averaged calibration solution. The amount of excess power in the EoR win-

dow has decreased by over three orders of magnitude compared to Figure 6.1 with traditional

per-frequency and per-antenna calibration. However, relative excess power still remains and

lines of constant k|| contaminate the EoR window, indicating that spectral structure from

unmodeled faint sources is still present in the average bandpass solution. The excess power

level is similar to the expected power of the EoR. Whether or not an EoR measurement is

feasible with this fully averaged calibration scheme will depend on the completeness of the

sky model, similarity of the antennas across elements and time, and the instrument’s design.

Figure 6.5 compares all difference power spectra presented in this chapter to the expected

level of the EoR. We average k⊥ from 10 to 20λ to generate a 1D power spectrum as a function

of k|| in the EoR window. The level of contamination should be significantly below the EoR

in order to realistically detect it, as there are no other sources of errors included. We find that

the contamination from the maximally averaged calibration solution over all possible LSTs

and antennas is at the level of the EoR, using a 4,000-source sky model. Therefore, this is not

a practical solution for the MWA. In contrast, we find that using low-order polynomials, as

described in §6.2, is our best calibration method; contamination is lower than the expected

EoR signal by up to two orders of magnitude. Current efforts to calibrate MWA EoR data use
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Figure 6.4: The difference 2D power spectrum between a reference 2D power spectrum and

a 2D power spectrum with an averaged calibration. Red indicates an excess of power, and

blue indicates a depression of power. Calibration parameters per frequency were averaged

across all antennas and over 30 minutes of observations for maximal LST coverage, excluding

outliers beyond 2σ. Excess power levels are much lower in the EoR window than with

traditional calibration in Figure 6.1, but still higher than with smooth mitigation calibration

techniques in Figure 6.2.
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antenna and time averaging, in conjunction with the smooth characteristics of the antenna,

to reduce the level of calibration contamination [2]. Other instruments may be able to achieve

practical levels of spectral contamination with only averaged calibration solutions if more

LST or antenna samples can be used.

In practice, thermal noise will also affect the power spectrum and the calibration solu-

tions. An additional set of simulations explored the effect of thermal noise on the calibration

solutions, and showed the expected additional spectral contamination in the EoR window.

The thermal noise contribution is uncorrelated in time, and averaging calibration solutions

night to night proves effective in removing this contribution (see [111] for detailed analysis).

However, spectral contamination from faint, unmodeled sources still remains as a systematic

error due to the limited number of antennas and observing LSTs. The systematic contribu-

tion of the calibration due to an imperfect calibration catalog has more potential than the

thermal noise contribution in hindering long integrations in the search for the EoR signal.

6.4 Discussion

We explored the impact of instrumental calibration on EoR power spectrum measurements

using a precision end-to-end simulation. Our simulation framework includes a precise frequency-

dependent instrument model, a foreground model based on the observed compact sources

in the MWA EoR0 field, and the full FHD and εppsilon calibration, imaging, and power

spectrum estimation pipeline used in EoR analysis [2, 40]. We found that it was crucial to

include a calibration catalog that does not exactly match the simulated sky and to propa-

gate all of the calibration effects to the power spectrum where the EoR measurement will be

performed.

In Figure 5.1, we showed that the EoR is perfectly recovered if the calibration model

is identical to the foreground sources in the sky model. However, it is impossible to have

a perfect calibration model—any catalog will miss faint sources and have small errors in

the flux, position, and spatial morphology of the included sources. In §6.1, we simulated

the effect of an imperfect calibration catalog by using only the brightest 4,000 sources for
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Figure 6.5: A 1D comparison of all power spectrum difference plots using the various cali-

bration techniques detailed in this chapter (Figures 6.1–6.4) in the EoR window. We select

the same k|| and k⊥ region for all power spectrum difference plots, shown for illustration on

a copy of Figure 6.2 as a grey box. We then average k⊥ within the box from 10 to 20λ to

generate 1D comparisons as a function of k||. The plot on the right is the resultant 1D power

spectra as a function of k||, comparing the traditional per-frequency and per-antenna calibra-

tion (black, Fig. 6.1), the 150 m cable reflection fit (blue, Fig. 6.3), the low-order polynomial

fit calibration (red, Fig. 6.2), and the maximally averaged calibration, in both LST and an-

tennas (green, Fig. 6.4). The power spectrum of the estimated EoR signal (purple, Fig. 5.1)

is also plotted to show where contamination will surpass the desired detection. A maximally

averaged calibration at the current level of precision for the MWA is not a practical solution,

given that we only explored one of many possible contamination sources, and contamination

is already approximately at the level of the EoR signal. The low-order polynomial fit is by

far the best solution if the instrument varies smoothly across the entire frequency band.
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calibrating out of a total of 6,950 sources in the foreground sky simulation. Using a tradi-

tional per-frequency antenna calibration, we showed that the resulting power spectrum has

contamination throughout the EoR window—precluding EoR observations.

In §6.1, we explored the source of this contamination, identifying the PSFs of the faint,

unmodeled sources as the root cause. The chromatic PSFs of the unmodeled sources lead to

small calibration errors on the order of 10−3 that couple to the bright foregrounds and dis-

tribute spectral contamination throughout the EoR window (Figure 6.1). In §6.2 & §6.3, we

then explored more advanced calibration techniques that could mitigate this contamination.

The lesson for SKA, HERA, the MWA upgrade, the LOFAR upgrade, and other future

EoR instruments is that any spectral features of the antennas that are calibrated will lead to

contamination at the corresponding location in the EoR window. This is most clearly seen in

Figure 6.3. This source of contamination via calibration errors places strong constraints on

the instruments and planned observational programs. To avoid the contamination identified

here, we identify four potential solutions:

(1). Create a nearly perfect calibration catalog. As the quality of the calibration catalog

improves, the amplitude of the associated calibration errors and modulated power

spectrum contamination both decrease. The necessary precision of the catalog depends

on the details of the array (in particular the PSF over the calibration period), and can

be simulated using the techniques in this chapter. This solution requires that a high

fidelity foreground catalog be created before EoR analysis can begin, and for some

arrays creating a catalog to the necessary precision may not be possible.

(2). Use antennas with very smooth spectral responses. It is possible to design an analog

and digital system that is naturally very spectrally smooth, which would not require

calibration of features within the EoR window. The power spectrum of such a hypo-

thetical antenna is shown in Figure 6.2. In practice, this means there can be no spectral

features larger than ∼10−5 in the antenna or receiver system with spectral scales faster

than ∼8 MHz (125 ns). This thinking is driving the spectrally smooth antenna and
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receiver designs of HERA and the MWA upgrade [62, 25, 103, 78].

(3). Manufacture physically identical and stable antennas. If all the antennas have the

same spectral features and their response is very stable in time, then the antenna–time

averaging explored in §6.3 can be used to reduce the spectral smoothness and catalog

precision requirements. While these techniques focus on sky-based calibration, redun-

dant calibration methods explicitly depend on the antenna responses being identical

[114, 48, 74, 65, 117].

(4). Develop an external calibration system. The coupling to an incomplete sky catalog can

be entirely avoided by using an external calibrator such as a drone, satellite, pulsar, or

pulse injection system. It is still a challenge to reach the ∼10−5 calibration precision

needed, but several groups have been pursuing this path [63, 77, 61].

Which combinations of these four approaches will work the best is jointly dependent on the

instrument-specific antenna PSFs and the precision and depth of the calibration catalog.

Calibration simulations following the techniques developed in §5 & §6 must be explored for

each instrument to calculate the necessary instrument specifications.

In our opinion, building antennas with a naturally smooth spectral response (2) is the

lowest risk and most cost-effective approach. Basing analysis plans on the development of

a nearly perfect calibration catalog (1) is risky because it is hard to predict the achievable

precision and depth of a catalog made with a new instrument. Manufacturing physically

identical antennas (3) is expensive, particularly factoring in the logistics of maintaining

identical performance in the field. Similarly, developing external calibration systems of the

requisite precision (4) is expected to be expensive.

Spectrally smooth antennas described in approach (2) are the practical solution to avoid-

ing spectral contamination of the EoR window. Figure 6.5 shows that it is the least contam-

inated calibration method in the sensitive EoR modes explored in this work. We recommend

that EoR instruments aim to have no spectral features larger than ∼10−5 on scales faster
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than ∼8 MHz (125 ns).

It has long been recognized that precision calibration is necessary to perform EoR power

spectrum observations. We have identified that traditional per-frequency calibration tech-

niques with an imperfect calibration catalog can lead to significant contamination of the

EoR power spectrum window. This insight and the associated simulation techniques can

help guide the design of the SKA and other future EoR instruments.



111

Chapter 7

SPECIALIZED CALIBRATION DEVELOPMENT

We must calibrate to unprecedented levels of precision for an EoR power spectrum mea-

surement. Our goal is to reach the equivalent of 1 part in 105 in the calibration solutions,

a requirement to detect the EoR with our current instrument [1]. In §4 & §6, we explored

both experimentally and theoretically how to manage this, focusing on averaging many vari-

ables and axes in the bandpass. However, bandpass averaging may or may not achieve the

necessary precision, as discussed in §6.

Now, we focus on more advanced and creative solutions. If we are to detect the EoR, every

aspect of the instrument must be investigated—and understood. We explore the non-linearity

of the instrument, and the effects that has on our solutions, mitigation techniques, and future

improvements. In addition, we study the impact of improvements on the calibration phases

through floating references and averaging. We also attempt to augment our understanding

of the bandpass in an alternative space, examining potential avenues for the future.

7.1 Bit noise

The data from the MWA is digitized. It is converted into a limited number of bits, and there

are specific amplitude regions where those bits can accurately capture the varying signal.

The MWA attempts to handle oversaturation and undersaturation by applying digital gain

jumps: multiplying data by integer values during conversion, and subsequently dividing out

the quantized steps after processing.

In §4, experimentally determined bandpasses had errors that did not scale with the

overall structure of the bandpass, in both the digital gain jump and in the edge channels.

This nonlinearity indicated a bit noise, otherwise known as a quantization error. For the
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digital gain jump, it caused contamination throughout sensitive EoR measurement regions.

Whether or not a bandpass solution was successful depended heavily on the modeling of the

digital gain jump. In contrast, bit noise on edge channels was not a drastic contribution,

since it only contaminated the coarse band harmonic lines. Understanding how bit errors

affect the instrument will help to constrain calibration methodologies and techniques.

7.1.1 Coarse band edges

The two-stage PFB creates characteristic coarse band shapes every 1.28 MHz in the MWA

(see §2.2.3). We regularly flag, or remove, 80 kHz at each coarse band edge to avoid contam-

ination due to aliasing created during fine channelization. This contributes to our typical

bandpass features in §4.1. All bandpass solutions shown throughout this work already have

a theoretical coarse band shape removed by pre-pipeline packages. However, simulations of

the particular coarse band shape do not accurately reflect the actual gain, and thus it still

affects all our bandpass solutions.

There may be missing components to the theoretical coarse band shape that could account

for the difference. Nevertheless, there is also a unique effect after the digital gain jump that

cannot be captured by simple additions to the coarse band simulation. The coarse band

shape changes, especially near the edge channels.

Figure 7.1 shows cable-averaged cross-correlation and auto-correlation calibration solu-

tions for the zenith pointing of August 23, 2013. Each coarse band has a separate normal-

ization to remove large-scale bandpass effects, but some smaller-scale ripples remain, such as

cable reflections. The coarse bands at frequencies below the digital gain jump all appear to

be consistent; they all seem to follow a typical shape. However, the coarse band edges above

the digital gain jump vary across cable types.

Above the digital gain jump, the cross-correlation calibration solutions have a flatter

coarse band shape that appears to depend weakly on cable type. In contrast, the auto-

correlation calibration solutions have heightened coarse band edges in that region. This

indicates that there is an increase in correlated noise in the coarse band edges. The auto-
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Figure 7.1: Cable-averaged calibration solutions from the cross-correlations (black) and the

auto-correlations (blue) for August 23, 2013. Each coarse channel has been normalized

individually. The coarse channels at frequencies above the digital gain jump (at about

187.5 MHz) have a different shape that appears to be weakly correlated with cable type.

This shape is different between the auto-correlation and the cross-correlation solutions, and

is indicative of a change in the bit statistics after the digital gain jump.
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correlations square the noise, whereas cross-correlations will have zero contribution from

uncorrelated noise. A change in the bit statistics might force a Gaussian data set into a

truncated Gaussian, which may be correlated across the array.

In investigating this effect, we found that it evolved over Season 1. The gain in the

coarse channel edges at frequencies above the digital gain jump fluctuated. This negatively

affects our time-averaging schemes. Upon further inspection, it appeared correlated with the

seasonal weather.

We plotted the average edge channel gain in the cross-correlation solutions against the

average temperature recorded by the beamformer (essentially a measure of ambient temper-

ature at the beamformer’s location). Figure 7.2 shows this relation for each of the cable

types and for a variety of days in Season 1. There is a strong correlation with edge depth

after the digital gain jump and the temperature at the time of the observation, where lower

edge depths happened on hotter days.

The amplifiers in the beamformer are more efficient at lower temperatures, and thus will

yield higher gains. The hardware at the receiver then applies a digital gain jump to avoid

undersaturation. However, there appears to be some bit truncation. The more gain that

originates from the beamformer, the more unlike the rest of the band the edge depth is,

indicative of bit error. This suggests that the digital gain jump overcompensates, causing

oversaturation. This is especially evident on the coarse band edges—we divide by our gains,

so a low calibration edge depth is correcting for high raw amplitude.

Temperature-dependent bit errors only seem to occur in 2013 data, at frequencies above

the digital gain jump. Unfortunately, none of our bandpass calibration schemes can account

for this behavior. An attempt can be made to fit the temperature-dependence and create

an estimated edge depth. However, due to this error and difficulty in fitting the digital

gain jump, we choose to avoid using this data in calculating EoR limits. This is a drastic

limitation—we reduce our 2013 data by one third. Initial processing of 2014 data indicates

that this issue may have been largely mitigated in later years by fine-tuning of the digital

gain jump, which bodes well for longer integrations.
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Figure 7.2: Temperature correlation of the average edge channel gain for a subset of the band

for Season 1. Hotter days have lower edge channel gain, which aligns with the rest of the

coarse band shapes in Figure 7.1. Colder days have higher bit noise, indicating oversaturation

caused by the digital gain jump.
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7.1.2 Digital gain jump

The digital gain jump was responsible for oversaturation of the top one third of the frequency

band for cold, high-gain days in 2013 data. Given how strongly the edge depth correlated

with temperature, it was apparent that we needed to investigate the digital gain jump itself

for the same effect.

In addition, inaccurately accounting for the digital gain jump is one of the largest sources

of contamination in the bandpass, as seen in §4. Averaging the calibration solutions by cable

type lowered the contamination, but our best solution was to allow for independent fitting of

the digital gain jump. This is consistent with the behavior of the coarse band edges: weakly

dependent on cable type, but mostly independent of the averaging schemes.

Figure 7.3 shows the cable-averaged digital gain jump as a function of temperature for a

variety of days in Season 1. There is a strong correlation, and it is extremely similar to the

dependence for the edge channels in Figure 7.2. This is not surprising; the digital gain jump

happens between the edges of the 16th and 17th coarse bands, and therefore is subject to the

same effects that dominate the edge channels.

Temperature dependence of the digital gain jump is another reason to exclude the high-

frequency portion of the band from EoR power spectrum limits. While we try to account

for the variation by using an independent fit in §4, using a free parameter for the correction

is almost certainly not at the precision level needed to detect the EoR. Again, fine-tuning of

the digital gain jump in later years might have alleviated this issue.

7.2 Improving phases

We sought to reduce spectral structure from unmodeled sources in the gains by averaging the

calibration amplitudes, detailed in §4 & §6. That naturally leads to another potential area

of improvement: the phases of the calibration solutions. Up until now, we have essentially

ignored the possible contamination from the phases.

In Equation 3.9, we fit the phases with a linear function across frequency. This is a decent
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Figure 7.3: Temperature correlation of the average digital gain jump for a variety of days

in Season 1 in the zenith pointing. Hotter days have a smaller gain jump, while colder days

have a higher gain jump. The same bit errors that affect the edge channels are affecting the

digital gain jump.
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approximation; the phases are very linear. However, can we improve the power spectrum

by averaging together the phases to reduce both noise and spectral contamination, while

capturing real structure?

In order to average the phases, we must find a stable reference. There is a degeneracy

in the phase calculations that depends on the definition of the initial time of an incoming

wave’s interaction with the instrument. Normally, we reference all phases to a particular

well-behaved tile’s phase. If the phase of the reference tile changes, so do all the other

phases across the array. While the phases are very linear, they do change from day to day.

A changing reference makes averaging impractical.

To counteract this, we allowed the reference to float. We didn’t reference the tiles when we

calculated their phases. All phases floated in unison, and there was an apparent background

reference that could be extracted. This varies drastically day-to-day, and has no physical

meaning. We averaged all tiles and observations within a day, and referenced all tiles to that

average.

We are left with only fine-scale structure from the phase, usually close to zero mean. This

is repeated for many days in Season 1, and all fine-scale structure is then averaged across

time for each tile. The fine-scale structure can then be added onto linear function fits of the

phases from any reference.

An example of the result is shown in Figure 7.4. Regular unfit phases are plotted in

grey with their respective averaged phases in color. Immediately, it is obvious that not much

structure is present, neither in the unfit nor the averaged phases. Small ripples can be seen in

the averaged phases which may be attributable to cable reflection features. Overall, however,

there is not much structure in the phases to extract via an averaging scheme.

We test the average calibration phases in power spectrum space to investigate their

contribution in Figure 7.5. Following §4, we integrate over 64 observations from August 23,

2013 and compare to reference power spectra. We keep the calibration amplitude schemes

the same between all power spectra, so the only differences should result from changes in the

phase calibration.
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Figure 7.4: An example of the phases for a subset of tiles. The unfit, raw phases are plotted

in grey, and the fine-scale-averaged phases are plotted in color.

First, we examine the contributions from the floating reference. The left column of

Figure 7.5 is the difference between power spectra from two calibration schemes: one with

a floating phase reference and the other with a constrained phase reference. The colors are

generally light; the differences are below 108 mK2 h−3 Mpc3. However, there does appear to

be a small amount of structure resulting from a floating reference.

Second, we examine the contributions from the addition of fine-scale averages. The

right column of Figure 7.5 is the difference between adding fine-scale structure and no extra

additions, both with a linear fit with typical phase reference. There is significant benefit

in the mode associated with the 90 m cable, which indicates that the reflection is better

accounted for than with the linear fit. There is also similar benefit in the 230 m and 320 m

reflection modes, but only at high k⊥. In fact, the transition occurs at approximately 50λ—
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Figure 7.5: 2D power spectrum differences comparing two integrations of 64 observa-

tions from August 23, 2013. The floating-phase reference is compared against the typi-

cal constrained-phase reference (left column) and the fine-scale phase average is compared

against a linear fit (right column). Fine-scale averaging of the phases improves the cable re-

flections where the calibration is constrained (shown in blue), but this improvement is small

and in a high-contamination region.
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the smallest baseline used in calibration. These modes are unconstrained and thus have

higher noise [76], which highlights the need for a calibration model on all scales.

Unfortunately, phase averaging has very little practical benefit at this time. The improve-

ments in the power spectrum are in regions of low interest or high contamination. When

reliable diffuse catalogs become available, more of the EoR window at higher k|| will become

usable with phase averaging.

7.3 Calibration delay space

In §4, we extensively explored reducing contamination and noise on the bandpass by aver-

aging in various ways. The more contributions to the average, the smoother the resulting

bandpass. In general, this led to better power spectra. While averaging is a reliable way

to lessen noise, it requires stability and large quantities of data. Therefore, we attempt to

smooth the bandpass through alternative means.

We Fourier transform each bandpass calibration solution along frequency, creating so-

lutions as a function of time. This is essentially a spectra of modes, and thus we call it

calibration delay space. If we are going to work within this space, we have to understand

the typical bandpass features described in §4.1:

Regular flagging: A set of flagged channels at regular spacing creates a Dirac comb, and

the Fourier transform of a Dirac comb, is, in fact, a Dirac comb. Therefore, we have

regular spikes in calibration delay space whose height depends on the DC mode of the

bandpass.

Coarse bandpass shape: The characteristic shape of the coarse bandpass repeats on the

same frequency scale as the flagging; thus, it broadens the regular flagging modes.

Large-scale ripple and attenuation: Large frequency modes will result in short delay

modes. There will be strong response on short delays since there are many large-scale

ripples in the bandpass.
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Digital gain jump: A sharp feature in one space will be a wide feature in the other. This

poses a problem for delay space; there will be contamination on all scales if the digital

gain jump is not removed beforehand.

Cable reflections: Since reflections generate an oscillation dependent on the travel time

within the cable, there will be a strong mode at the associated delay.

In addition, these features are no longer independent. When we take the Fourier trans-

form, each of these features are convolved with one another. For example, the cable reflection

is no longer an isolated mode; convolution with the regular flagging creates signal on the

cadence of the comb, away from the original reflection mode. This is particularly harsh for

the digital gain jump since signal is expected to spread everywhere during its transform.

We can remove certain features that do not need to be investigated further. First of all,

we can remove the higher portion of the band after digital gain jump before transforming to

delay space. This will remove its ringing response (see §4). Next, we can remove the overall

amplitude to create bandpasses which are zero mean. This reduces extra signal from the

convolution of the DC mode, as well as reduces the effect of the regular flagging. Lastly, we

can remove large-scale ripples through low-order polynomial fits, which will not affect the

EoR window and are thus of little concern.

Figure 7.6 shows this result in calibration delay space for all Season 1 bandpasses for

a particular tile as a color histogram. The real and imaginary components have been split

(top left and top right panels). Large-scale modes in frequency space are at small delays,

and while most of the comb has been removed, there still remains a residual effect. A cable

reflection can be seen at about 1025 ns since the example tile has a 150 m beamformer-to-

receiver cable. The histogram shows strong stability across Season 1 since the distribution

is Gaussian-like for each delay.

The by-tile time average calculated in §4.4.3 for the zenith pointing is overlayed on the

histogram in black. The notable features in the histogram are also present in the mean.

However, it should be noted that there doesn’t appear to be any particular detections of
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Figure 7.6: Calibration delay space for bandpasses in Season 1 for Tile 4. Histograms (top

row) of all Season 1 bandpasses have had their digital gain jump and mean removed before

being Fourier-transformed. Large-scale frequency structure is at low delay (labeled as time)

and fine-scale structure is at high delay. The by-tile time average from §4.4.3 is overlayed in

black. The square root of the variance (sigma) as a function of mode for Season 1 bandpasses

(bottom row) show little variation at fine-scale frequency modes, and increased variance at

large-scale frequency modes. Real and imaginary components of the transform have been

split left and right, respectively.
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fine-scale structure modes, other than residual regular flagging peaks.

We can also generate statistics of calibration delay space for Season 1. Again, the real and

imaginary components have been split (bottom left and bottom right panels). In general, the

large-scale frequency ripples have high variance, while fine-scale frequency structures have

low variance. The cable reflection mode is only slightly higher variance compared to the

surrounding modes in the imaginary component. A lack of structure indicates that all the

fine-scale frequency modes are dominated by noise in the calibration solutions.

Given the lack of definite fine-scale frequency modes, we can attempt to smooth out the

bandpass by zeroing those modes. However, we must retain the convolved components in

the fine-scale structure. Otherwise, there will be false structure when we inverse Fourier

transform back into frequency space.

We keep all structure below the first coarse band in the average bandpass, thereby labeling

it as true. We then remove all structure above the first coarse band while retaining modes

associated with the regular flagging and cable reflections. We calculate all convolutions that

occur due to the remaining modes, and add those back to our zeroed fine-scale modes. This

solution is then inverse Fourier-transformed back into frequency space as our new by-tile

time-average bandpass, and the result is much smoother.

Sadly, this does not translate well into power spectrum space. Figure 7.7 shows the 2D

power spectrum differences between implementing this new bandpass and the global bandpass

with a fit to the digital gain jump and the cable reflection (Equation 4.2 with Equation 4.3).

The left column compares the full band while the right column compares the frequency band

below the digital gain jump. Both differences show a large amount of excess contamination

(red) in the EoR window. This may indicate that there are true modes in the noise beyond

the first coarse band harmonic, and that zeroing them has a detrimental effect. In addition,

it could also be the case that the convolved components calculated from the large-scale

modes were wrong; if the modes themselves were inaccurate, this would propagate with the

convolution. In either case, we do not know enough about our instrument at this point to

artificially remove modes from the bandpass.
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Figure 7.7: 2D power spectrum difference comparing two integrations of 64 observations

from August 23, 2013. The bandpass smoothed via calibration delay is compared against

the global bandpass with fits to the digital gain jump and the cable reflection. Both the

full band (left column) and band before the digital gain jump (right column) are shown.

Artificially removing modes from the bandpass has a detrimental effect.
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Chapter 8

SIGNIFICANT PROGRESS ON PRECISION TECHNIQUES

In the previous chapters, we have almost exclusively focused on calibration effects on

the EoR power spectrum measurement. By understanding the causes and consequences of

calibration contamination, we now understand a variety of unrelated errors with similar

repercussions.

In order to reduce contamination in the EoR window, we examine issues related to the

beam kernel. There are two particular problems that we have found—both are negligible

effects until the Fourier transform is taken. We present some solutions to mitigate the prob-

lems, but there are indications that a new degridding approach may need to be implemented

in the future.

Application of anti-aliasing filters in key transformations has also been vital in efforts to

reduce contamination. Significant reduction of aliased effects will not only reduce contami-

nation for EoR power spectrum measurements, but will increase scientific output for future

studies in uv-space.

We revisit a common and well-studied problem in EoR science: quality assurance of

data. Our new method to determine data condition will be used to explore faint, abnormal

signals from the sky and from the instrument. All of the new lines of inquiry examined in

this chapter have been important in moving towards an updated limit, and opening up new

opportunities for future science.

8.1 Quality statistics via visibility differences

A crucial part of precision measurements is the quality of the data. In the case of the EoR,

one poor observation can be the dominant source of systematic error for an integration of
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over one thousand observations. Improving our ability to choose only the best observations

for creating limits is a constant area of research.

We currently have in place all of the quality assurance selections that were used to create

previous limits from the FHD+εppsilon pipeline [5]. This includes:

Pointing cuts: Retaining observations only from pointings near zenith (two pointings

before zenith to two pointings after zenith) due to a decrease in beam modeling quality

far from zenith (see §2.2.2) and an increase in foreground contamination from the

galactic plane in our sidelobes.

Delay spectrum window power: Removing outliers that have excess integrated window

power, calculated from an uncalibrated delay spectrum.

Delay spectrum instrumental power ratio: Removing outliers with nonstandard ratios

between the instrumental polarizations of the integrated window powers, calculated

from an uncalibrated delay spectrum.

High flux density RMS: Discarding snapshots that have a high residual image RMS at

sources greater than 0.5 Jy.

Calibration bandpass: Visual inspection of remaining observations’ bandpass solutions

to remove irregularities.

In addition to this list, we can also include selection cuts on ionospheric activity metrics to

remove nights where our foreground removal is expected to be less successful [41].

We have a wide variety of metrics which help to construct a clean data set. However, we

continue to pursue new ways to visualize data and data quality in order to create the best

data set possible, as well as to learn more about the ways our data can fail.

We introduce a novel way to look for non-thermal signatures, inspired by work detailed in

[38]. We generate residual visibilities for all frequencies, baselines, and observations within

our Season 1 data set, and bin them in a histogram as a function of amplitude in Figure 8.1.
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Figure 8.1: Histogram of residual visibilities for Season 1 with an associated Rayleigh fit

in blue, plotted in linear-linear space on the left and semi-log space on the right. There is

significant deviation at large amplitude in our Season 1 data set.

If a sufficient number of the point sources have been removed, a thermal signature should

remain. The expected distribution for the amplitude of complex Gaussian errors is a Rayleigh

distribution.

The left panel is the Season 1 histogram in linear-linear space, compared to a Rayleigh fit

in blue. There is an extremely large sample of data points: over 150 billion! A large portion

of the data is well-fit by the Rayleigh distribution. The right panel is the same data and fit,

but plotted in semi-log space. Now, it is evident there is a significant deviation from the fit

at large amplitude.

This is most likely not entirely an indication of abnormal data. We do not model diffuse

structure, and that may have a significant contribution. In addition, the expected noise

variance changes as a function of frequency, which requires that a rigorous best-fit be a

superposition of separate Rayleigh distributions.

We can further examine the data with this new visualization. The sky signal can be ef-

fectively removed by performing differences of sequential two-second time steps. Time steps
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that are odd in the observations are subtracted from time steps which are even, following pre-

vious methods to remove the sky to probe the underlying noise signature in power spectrum

space (see §3.3.2). This helps to remove unsubtracted foregrounds from our distribution.

Figure 8.2 shows the residual visibilities for instrumental XX where the sky has been

removed though interleaved time-step differences, as a function of pointing. Zenith and the

two pointings after zenith appear well-behaved, especially since the associated Rayleigh fits

do not account for a frequency-varying noise signature. However, the pointings before zenith

have high-amplitude outliers which do not follow a Rayleigh distribution.

In order to investigate this potential contamination, we can decompose the histograms

in Figure 8.2 to reveal their functionality. We take all outliers beyond 300 Jy from each

pointing, and histogram them as a function of frequency in Figure 8.3. Large spikes that

occur at regular intervals are due to the DC channel of the polyphase filter banks—we flag

the DC channel before frequency averaging because it does not contain meaningful data [88].

Thus, the center frequency of each coarse band has only half the data compared to all other

frequencies, and is therefore noisier. This is a significant contributor to the outlier tails in

all pointings. Interestingly, this is the only outlier feature in most analyzed pointings.

The first pointing of the night that is included in our clean data set has another significant

feature towards higher frequencies. It is conceivable that this feature could be a response

from the galactic plane increasing the noise threshold of our observations as a function

of frequency. Indeed, this contamination seems to become more prevalent in even earlier

pointings in power spectrum space [5], confirming a possible connection to the setting of the

galactic plane.

In previous limits created using our pipeline, the earliest pointing (two pointings before

zenith) was determined to be high-quality data. However, it is evident with our visibility

statistics visualization that this pointing is noisier and thus lower quality compared to other

included pointings. In the future, we may need to remove this pointing from our clean

data integration, in order to lower systematics. We have not reached this level of required

precision yet; we are dominated by other systematics.
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Figure 8.2: Histograms of residual vis-

ibilities over Season 1, where the even

and odd time samples have been sub-

tracted to remove sky signal. A χ2

best-fit Rayleigh distribution has been

added to each distribution in blue. Sig-

nificant deviations occur in the point-

ings before zenith (8.2a and 8.2b).
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Figure 8.3: Histograms of residual vis-

ibility outliers as a function of fre-

quency over Season 1, where the even

and odd time samples have been sub-

tracted to remove sky signal. The out-

lier cut was made at 300 Jy, or at the

beginning of significant deviation from

the best-fit Rayleigh distribution.
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Figure 8.4: Histogram of residual visibility outliers as a function of frequency for observation

1061313128 (GPS time), where the even and odd time samples have been subtracted to

remove sky signal. There is a large increase in noise from about 181 MHz to 188 MHz.

Visibility statistics can be used to reveal low-signal effects that otherwise would not be

seen. This may illuminate failure modes within our instrument or pipeline. One interesting

case is an observation from August 23, 2013 which was deemed low-quality by our usual

quality statistics measurements. Its frequency distribution of outliers is shown in Figure 8.4

for instrumental XX. This observation occurs two pointings before zenith, and therefore

has a characteristic increase in noise at higher frequencies. However, there is also a large

increase in noise in the frequency range 181 MHz to 188 MHz.

A potential candidate for this increase in noise is digital TV. Channel 7 broadcasts

with center frequency 184.5 MHz for a width of 6 MHz, which fits nicely into our frequency

range of significant outliers. However, this only occurred for two minutes, the length of one

observation. While ionospheric weather may allow transmission and can fluctuate often, the

signal is more likely a reflection of digital TV off of a passing satellite or airplane.
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Investigating anomalies in the visibility statistics is ongoing research. For now, we use

this metric to help cut contaminated data that is not caught by other quality assurance

strategies.

8.2 Small window power effects

Reducing contamination and systematics in the EoR window is one of the main goals of an

EoR analysis. This takes considerable time; some small effects may require long integrations

in order to observe, but still be orders of magnitude greater than the EoR signal itself.

However, our in situ simulation in §5 can be used to quickly characterize a wide variety of

effects.

We have found and mitigated important window power contaminants regarding the beam,

or gridding kernel. These issues highlight the extreme precision we need to achieve. It would

have taken many seasons’ worth of integration in order to reveal them, and thus lowering our

window contamination through the in situ simulation saves countless hours. We investigate

systematics caused by our pipeline, and solve them to make our analysis more robust.

8.2.1 Beam clipping

We generate the beam from in-depth theoretical modeling [100, 99] and hyperresolve to

extreme levels (typically to 1
7000

λ), as discussed in §3.1.3. There is, however, some inherent

error to the input model, and improving it is an area of continual research. Most of the beam

is well defined to a high precision; within the half-power range, the beam has been proven

to do well for precision catalog science [39, 12].

The beam edges in the uv-plane are the source of the most significant errors. The

theoretical modeling cannot characterize this, and generates fluctuating error out in the

nulls. We account for this by clipping the beam—we only form the beam out to a certain

percentage. This percentage is extremely small, usually only at about the 1% level. We then

use this beam as a gridding kernel for our sources, and thus it is overlaid onto the uv-plane

over 10,000 times.
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Figure 8.5: 2D difference power spectrum between a reference and an edge-subtracted, renor-

malized beam. Blue indicates a decrease in power, and red indicates an increase in power

relative to the reference. The beam correction lowers window contamination.

A very small edge was made when we clipped the beam this way. A Fourier transform

of an edge creates a wide-scale ringing in the Fourier dual space. Our small clip that was

gridded over 10,000 times creates a series of small contamination ripples when the uv-space

is Fourier-transformed into image space. This happens on all scales, which unfortunately

includes the modes in the EoR window.

We tested a wide variety of solutions to the beam clip. The most smooth solution in

Fourier space, and thus the best solution for EoR science, was to subtract off the clip edge

from the entire beam and renormalize. Figure 8.5 compares a reference to the correction for

one observation, where blue indicates a decrease in power and red indicates an increase in

power relative to the reference. We have successfully lowered the EoR window with our beam-
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clip correction. The subsequent rise in the wedge is not surprising; we are moving power

from the point sources’ ringing contamination back to where it belongs in the foreground

wedge.

8.2.2 Cyclic beam errors

One very important aspect in errors that dominate our EoR measurements is their depen-

dence on frequency. Often, it is not the fact that the error exists that makes it significant,

but rather that it varies as a function of frequency in such a way that it contaminates the

modes of interest. This concept was explored heavily in the context of calibration errors in

§6.

Another form of frequency-dependent errors was discovered in the degridding method-

ology. A uv-plane is generated by Fourier-transforming a catalog of the sky. Then, we

integrate within a beam kernel at the baseline location on the uv-plane to estimate a model

visibility—a process we call degridding. This is done for every frequency since baselines move

as a function of frequency.

The uv-plane is pixelated, and the process of degridding is effectively a discrete sum at

specified points. There is error associated with approximating an integral this way. Even

though we have tried to mitigate beam sampling errors with the hyperresolution of the beam

kernel, we still have an integral with sample points determined by the resolution of the

uv-plane.

The gridding resolution of the uv-plane determines when the errors repeat. While we have

taken steps to reduce the error, its cyclic nature is the real issue. This creates characteristic

harmonics in power spectrum space. These harmonics are quite small, only on the 1%

level. However, there are many harmonics, dependent on all the contributions to the model

visibilities. Harmonics can be pushed up past the EoR window by changing the gridding

resolution to be finer, but at this time the computational costs are not feasible.

Instead, we have mitigated this issue by applying a delay filter. We transform model visi-

bilities to delay space (Fourier-transforming along frequency) and filter out all structure that
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Figure 8.6: 2D difference power spectrum comparing a reference to a power spectrum that

was generated from delay-filtered model visibilities. There is a decrease in the EoR window

compared to the reference. While this removed the cyclic beam error contamination from

the EoR window, the error still remains in the foreground wedge.

occurs beyond the calculated horizon. Then, we reform frequency visibilities by performing

an inverse Fourier transform, while using appropriate window functions. This effectively re-

moves all effects, including cyclic beam errors, from the EoR window. We do not expect any

real contributions to the EoR window in the model visibilities; if there are any unknown real

contributions, we will artificially remove them. At this time, we do not attempt to remove

these errors from the foreground wedge.

Figure 8.6 shows the effect of our model delay filter. The 2D difference power spectrum

compares a reference power spectrum to a power spectrum generated from delay-filtered

visibilities, where blue indicates a decrease in power relative to the reference. We have
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successfully removed power from the EoR window. In order to remove the contamination

from all regions in power spectrum, we may have to investigate alternatives to degridding

itself.

8.3 Anti-aliasing filters

As described in §3.1.6 & §3.2, we choose to integrate observations in HEALPix coordinates

to avoid w-projection issues. This requires a multitude of steps, including FFTs, DFTs, and

interpolations. In order to find ways to lower our systematics, we investigate the potential

errors that may arise from our choice of integration space.

The HEALPix integration procedure can be summarized into four steps:

1. Fast Fourier Transform the uv-plane into the slant orthographic projection of the sky.

2. Interpolate the slant orthographic projection into the specified HEALPix pixels. Pixel

area between slant orthographic and HEALPix projections is constrained to be com-

parable to avoid interpolation effects.

3. Integrate across all observations.

4. Direct Fourier Transform the HEALPix pixels to a uv-plane. Data is not regularly

gridded in the HEALPix frame so fast Fourier methods cannot be used.

For step 2, we explicitly calculate our desired HEALPix pixel indices beforehand. We choose

a specific subset of pixels that are covered well by observations to avoid excess computation

time in step 4. In the past, this has amounted to a square patch on the sky in the center

of the beam. The extent of the chosen region must correspond to the pixel size in uv-space

to avoid aliasing, and thus we constrain the resolution in εppsilon by choosing the extent in

image space.

However, we accidentally introduced a systematic with this method. Our chosen HEALPix

set is a square on the sky, with well-defined, hard edges. When a Fourier transform is taken
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Figure 8.7: Residual uv-plane, integrated over Season 1, from a square selection of the

HEALPix image plane in the center of the beam. Aliasing lines of high signal can be seen

near kx = 0 for all ky, and ky = 0 for all kx.

over data with a hard edge, there is subsequent ringing. This ringing is not inherent to the

data and will contaminate our power spectrum.

This systematic can be seen in uv-space. Figure 8.7 shows the residual uv-plane in units

of Jy over a Season 1 integration. It is the result of a DFT for every HEALPix pixel to

the uv-plane. While most of the structure is true, like the uv-rotation of baselines creating

circular bands of high signal, there is false signal as well. This manifests as vertical and

horizontal lines of high signal near kx = 0 for all ky, and ky = 0 for all kx. True uv-data

should not be coupled to our choice of axes; thus, we can be certain that linear features of

this nature are false.

In order to remove this systematic, we need to apply an anti-aliasing filter to the HEALPix

image plane before the DFT. We expand our HEALPix selection set have a larger extent,
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Figure 8.8: Residual uv-plane, integrated over Season 1, from a Tukey-filtered HEALPix

image plane. The resolution has increased due to an increase in image extent. The aliasing

lines from Figure 8.7 have been mitigated by our Tukey filter.

which will subsequently reduce the size of our uv-pixels. We then apply a Tukey filter1, with

a flat region comparable to our original square selection and curved cosine slopes reaching

zero on all sides. In total, our new selection is triple in extent both in RA and DEC. The

anti-aliasing window is applied once for all calibrated data, model data, and sampling map

cubes, and is applied as the square for all variance map cubes.

The result of a Tukey-filtered residual uv-plane integrated over Season 1 is illustrated in

Figure 8.8. Other than the filter and the decrease in pixel size, this uv-plane is comparable

to Figure 8.7. Now, the vertical and horizontal aliasing is gone, indicating that the Tukey

window function removed the aliasing from the hard image cut significantly. Not only is this

beneficial for EoR science, it will also increase our scientific output for future cross-correlation

1Also known as a tapered cosine window.
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studies in the uv-plane.

However, not much improvement was seen in the EoR window in the power spectrum.

After further investigation, we found that other image filters perform better. The Tukey

filter significantly improves the uv-plane, but residual contamination continues to harm the

EoR window.

We examined this predicament in uv-space by reducing the amount of gridded baselines

for clarity. In this test case, we only simulated gridded baselines which fell between 40 and

50λ, creating an annulus of signal in the uv-plane. We then applied a variety of different

image filters to investigate if there was any residual contamination due to the choice of filter.

In Figure 8.9, we show three instances of uv-plane weights in units of visibility contributions

to each pixel, where visibilities have been spread out by the gridding kernel.

The top uv-plane in Figure 8.9 is the weights for the unfiltered, large HEALPix set. It

has the same resolution as the other panels, but has obvious signs of aliasing that we reduced

previously in Figure 8.8. In this case, the vertical and horizontal lines fill the entire space,

which is particularly noticeable where their shouldn’t be any signal at all! There doesn’t

appear to be significantly higher aliasing along the zeros of the axes like in Figure 8.7, but

those were particularly strong due to coupling with the high-signal foregrounds at low k

(which are not present in our annulus test). The top panel indicates that there is lower-level

aliasing everywhere that is proportional to the signal that it intersects.

The middle uv-plane in Figure 8.9 is the weights for an annulus with applied Tukey image

filter, like in Figure 8.8. The reduction of aliasing is quite large, but not complete. There

still remains some local aliasing near the annulus itself. We attempt to alleviate the residual

aliasing by applying a Blackman-Harris window function in the image space instead. This is

a much harsher filter. The result is the bottom uv-plane, where the residual aliasing has been

dramatically reduced everywhere. Small sidelobes remain, an unavoidable fact in window

function application.

As with all other changes to the analysis, we compare the final result in the power

spectrum to confirm in the space of the measurement. We perform simulations similar to
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Figure 8.9: uv-weights of simulations with baselines in the 40 to 50λ range for three image

filters. The unfiltered set (top) has significant aliasing. The Tukey-filtered set (middle)

reduced this aliasing, but still suffers from local bleed near the annulus. The Blackman-

Harris window filter (bottom) performs the best, reducing aliasing everywhere. Units are in

visibility weight, or the sum of visibilities spread out by the gridding kernel in each pixel.
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the process in §5, holding the calibration to be perfect. The only change between the various

simulations is the image window function applied.

We compare the three different image filters (square, Tukey, and Blackman-Harris) in

Figure 8.10. The 1D space is very similar to a typical limit cut, and thus does not include

the wedge or low-coverage regions at large k⊥. In addition, the input Gaussian EoR and

the recovered Gaussian EoR are plotted to give context to the level reached by the various

image filter tests. The only image filter test that reveals the underlying EoR signal is the test

with the Blackman-Harris window function. All k-modes are lower, and there is significant

improvement.

While applying a smooth image window function decreases contamination, we are not

completely removing it all. As seen in Figure 8.9, we still experience sidelobes, even with the

Blackman-Harris image filter. This propagates to the power spectrum, as seen in Figure 8.10

at lower k-modes.

Oddly enough, we can actually reduce this contamination by including less data. The uv-

plane for the MWA is essentially filled out to approximately 60λ, and is sparse beyond that.

When we make final limits, we exclude contaminated regions and regions that have poor uv-

coverage. Besides diagnostic potential, there is no reason to include baselines out to 300λ

like is shown in all 2D power spectra in this work up until this point. If we exclude longer

baselines during the transformation from uv-space to HEALPix space, their contributing

aliasing effect, showcased in Figure 8.9, will be excluded. This has a significant impact on

the EoR window contamination.

Therefore, we only grid out to 100λ when creating the final uv-plane in FHD. Now, the

pixel sizes for the slant orthographic and HEALPix projections are no longer matched; we

may need to investigate the consequences of this in the future. The result of the smaller

gridding extent is compared to the other power spectrum metrics in Figure 8.10. There is a

drastic decrease in contamination when we only grid to 100λ while using a Blackman-Harris

filter in image space. We now recover a significant portion of the EoR for most modes in the

diagram.
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Figure 8.10: 1D power spectrum residuals for various image filter tests, with simulation setup

similar to §5, and with no contributing wedge or low-coverage regions at large k⊥. Input

Gaussian EoR (purple) and recovered Gaussian EoR (dark green) are provided for context.

Applying no image filter (blue) results in the highest level of contamination in general, with

the Tukey filter (red) not far below it. We see significant improvement with the Blackman-

Harris image filter (orange). If we also limit the uv-gridding extent to 100λ (teal), than we

fully recover the EoR for a majority of modes.
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We have successfully reduced contamination in the EoR window with the use of anti-

aliasing filters and corrections to various beam effects. This decrease has been significant

enough for us to recover the underlying signal in most EoR window modes, even with realistic

residual foregrounds. The in situ simulations have been vital in finding these systematics,

highlighting their importance in removing contamination in our real-data pipeline.
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Chapter 9

NEW UPPER LIMIT ON THE EOR SIGNAL

We present upper limits on the EoR as a culmination of our improvements. Incorporating

strategies and methodologies from §4 through §8 into a new analysis of a long integration gives

a metric on how much we have progressed. In addition to limits on the 1D power spectrum,

we provide 2D diagnostic power spectra in order to study locations of contamination and our

propagated errors. This motivates our choice of binning scheme for the final calculations.

For this limit, we’ve decided not to present any new data. Instead, we are showcasing

the vast improvements made since the previous MWA limit created with the US pipeline

[5]. We use 1,029 high-quality observations from Season 1, chosen by quality assurance cuts

summarized in §8.1. Since this data set is the exact same as that used in [5], we can make

direct comparisons.

9.1 Analysis pipeline

The analysis methodology is core to the limit, and the main focus of this work has been

to make the pipeline more robust and with fewer resulting systematics. We have gone into

great detail on all the major adjustments in previous chapters, and we will summarize them

here for clarity.

We start with describing our general analysis packages: FHD (§3.1) and εppsilon (§3.3).

In FHD, we generate a beam gridding kernel (§3.1.3), create model visibilities from a sky

catalog (§3.1.4), calibrate (§3.1.5), and image each observation (§3.1.6). HEALPix images

of the calibrated data cubes, model data cubes, sampling map cubes, and variance map

cubes are integrated across all observations for each polarization and by each even–odd time

sampling set (§3.2). These integrations are imported into εppsilon, where images are trans-
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formed into uv-space (§3.3.1), observed noise is calculated (§3.3.2), frequency is transformed

into k-space (§3.3.3), and averages of k-space are performed for power spectra (§3.4). Noise

is propagated, allowing for calculated error bars rather than estimated error bars. There

have been adjustments to many analysis steps since our previous US limits [5], so we will list

the major contributors sequentially where they occur in our pipeline.

Beam gridding kernel: We generate a hyperresolved ( 1
7000

λ) beam from a theoretical sim-

ulation [100, 99] to an extent determined by numerical limitations of the theory. This

left a small uv-clip, which contaminated the EoR window. We now remove this small

clip from the entirety of the beam and renormalize (§8.2.1).

Model and calibration catalog: We use KGS [11, 12] as the main catalog in the primary

lobe, and use GLEAM [39] in the sidelobes with a brightness factor to match the scale

of KGS. Over 11,000 sources are included out to the second sidelobe.

Model delay filter: A cyclic beam error occurs during the degridding process. The error

associated with approximating an integral as a finite sum during degridding is small—

only about 1%—but it fluctuates as a function of frequency, contaminating the EoR

window. When we generate model visibilities, we now remove any signal that extends

beyond the horizon in delay space (§8.2.2).

Calibration scheme: We have thoroughly investigated the effects of calibration experi-

mentally (§4) and theoretically (§6), which highlights the importance of smooth cal-

ibrations. At this time, we model the amplitude with scaled auto-correlations (§4.5)

and independent fits to the digital gain jump (§4.3), and we model the phase as linear

ramps with fits to the 150 m cable reflection.

uv-gridding extent: We limit the gridding extent to 100λ in the uv-plane before trans-

forming to slant orthographic projection. Every baseline contributes a small aliasing
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feature due to our choice of integration space that varies as a function of frequency

(§8.3). By excluding baselines that are purely diagnostic, we remove their aliasing.

HEALPix image filter: When we interpolate to HEALPix pixels, we previously chose a

set of pixels well within the primary beam, where all observations contributed. This

had a hard edge, and thus contaminated our EoR window. We now triple the extent

of the image and apply a Blackman-Harris image filter to remove this aliasing (§8.3).

All of our changes have been implemented in the calculation of our limit, and they

constitute the majority of the direct improvements. By analyzing the same Season 1 data

from previous limits, we can directly compare our new methodologies, and we can attribute

any movement in the limit as direct consequences of updates to our analysis.

9.2 2D diagnostics

Before we calculate limits and binning strategies, we investigate our long integration in 2D

power spectra. This builds confidence in the validity of our final result, and highlights

potential areas of improvement for the future. By default, we exclude frequencies above the

digital gain jump since we know our current calibration schemes cannot capture nonlinear

effects (§7.1). In addition, since our analysis only grids out to 100λ, our 2D power spectra

are limited in k⊥ compared to previous sections.

The 2D power spectra for our long integration are shown in Figure 9.1, where each row

is instrumental polarization XX or Y Y and each column is calibrated data, model data, or

residual data. Compared to our single-day integration example in Figure 3.5, there are some

notable differences. Most importantly, the region below the first coarse band harmonic and

above the foreground wedge at low k⊥ has a detection (yellow). In other words, there are

no noise-like pixels in this region. The EoR signal is orders of magnitude smaller, so the

detection is that of a systematic. This is our most sensitive region in the EoR window, and

thus will give the best upper limit.
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Figure 9.1: The 2D power spectra for the calibrated data, model, and residual for Season 1

(each for instrumental XX and Y Y ) for frequencies smaller than the digital gain jump. We

have detected a systematic below the first coarse band harmonic and above the foreground

wedge at low k⊥.
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However, there are numerous noise-like pixels (dark purple-blue), especially above the

first coarse band harmonic. This indicates that there are no dominant systematics that have

been detected in those specific regions. Longer integrations will lower the calculated limits

for those k bins.

Other notable features in Figure 9.1 include areas of increased contamination. This is

expected in the coarse band harmonics; §4.5 & §7.1 show that using a scaled auto-correlation

for calibration amplitude does not capture coarse channel edges correctly. However, there is

an increase in the model power spectra in the EoR window for Y Y compared to XX. This

is caused by a small beam kernel clip error on the order of 0.1% in off-zenith pointings, and

will be corrected in future long integrations.

In addition to 2D data power spectra, we can also analyze our 2D noise power spectra.

Figure 9.2 shows the expected noise, the observed noise, the noise ratio, and the calculated

error for instrumental XX. If our propagated noise (top left) is the same as the difference

between even and odd data sets (top right), then the noise ratio should be flat and equal

to 1.

However, the propagated noise is higher than the observed noise. While it is completely

necessary to reduce aliasing, the Blackman-Harris image filter caused large-mode correlations.

Since we assume that there are no significant correlations, this leads to a discrepancy between

what is expected and what is calculated. As a result, our error bars will be unnecessarily

large in our final limit calculations. There are plans to account for this in future work.

9.3 Binning

Limits are calculated from large integrations of the data. When we create 1D power spectra

for this purpose, we integrate in spherical shells in 3D k-space. However, we do not want to

include all voxels. Some regions are contaminated with foregrounds, which would completely

dominate our signal.

We need to make choices on which regions to exclude. To remain unbiased, we only

exclude ranges of voxels; we do not pick and choose from one voxel to the next. These
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Figure 9.2: The 2D power spectra of expected noise, observed noise, error bars, and noise

ratio for Season 1 in instrumental XX for frequencies below the digital gain jump. The

expected noise is larger than the observed noise due to the Blackman-Harris window function.

As a result, our error bars on calculated limits will be slightly exaggerated.
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Figure 9.3: 1D power spectrum slices in k|| (blue) and k⊥ (red) for specific ranges chosen

from the residual 2D power spectrum for instrumental Y Y . Low k|| modes are contaminated

by the foreground wedge (and for a few extra modes beyond the horizon), as is also the case

for high k⊥ modes. Low k⊥ modes are likely contaminated due to calibration leverage [76].

ranges can have a significant impact on the final result.

To demonstrate how the characteristic regions of contamination affect the 1D power

spectra, we show 1D power slices as a function of k|| and of k⊥ in Figure 9.3. The slice

ranges are shown on the 2D power spectrum—the vertical, blue range corresponds to the

power slice as a function of k|| (top right) and the horizontal, red range corresponds to the

power slice as a function of k⊥ (bottom right).

The foreground wedge dominates low modes in the k|| slice, which couples to the coarse

band harmonics at higher modes. In addition, the foreground wedge smoothly decreases

after the horizon line, contaminating some extra modes. As for the k⊥ slice, both high and
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low modes are contaminated. High modes are contaminated due to the foreground wedge for

this particular slice, and the noise has increased by an order of magnitude due to a decrease

in uv-coverage. Low modes are likely contaminated due to calibration leverage since we do

not have any reliable calibration models at low modes (see §7.2 and [76]). Fortunately, this

only seems apparent below 20λ, but could theoretically contaminate out to 50λ.

Given our knowledge of where the affected contamination regions are from the 2D power

spectra and the 1D slices, we can choose our integration region. We preclude k⊥ modes

greater than 80λ and less than 20λ, which removes regions with increased noise and con-

tamination, respectively. As for the wedge, we exclude bins below the horizon line. The

remaining voxels are spherically averaged directly from 3D space.

In addition to removing contamination, we must also shorten our frequency band. We

cover redshifts from about 6 to 7.5 in our frequency range. The EoR signal could change

significantly in that large time period, which would confuse our measurements and interpreta-

tion [116]. Therefore, we choose a smaller range to create limits that are more representative

of their mean redshift. Our instrument response also forces us to shorten our frequency band;

the digital gain jump can cause power contamination (see §4) and thus better limits can be

made if it is avoided.

We choose a frequency band from 168.7 MHz to 187.4 MHz, corresponding to a mean red-

shift of 7. While the frequency band is nominally 18.7 MHz, the application of a Blackman-

Harris spectral window (see §3.3.3) effectively reduces the range to only 9.4 MHz. This

frequency range excludes the first coarse band, which seems to have higher variance across

the tiles of the array.

All of our regional cuts for our chosen frequency range are shown in a 2D power spectrum

in Figure 9.4. We are left with a region of low contamination (highlighted) in which to make

our 1D limits. Future work will focus heavily on reducing contamination at low k⊥ in order

to increase contributing regions.
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Figure 9.4: 2D region of interest for our 1D limit binning scheme. The power spectrum was

made with frequencies 168.7 MHz to 187.4 MHz, corresponding to a mean redshift of 7. The

highlighted area has been specifically chosen to exclude contamination.

9.4 Limit calculation

With our improvements to the pipeline and our chosen binning scheme, we are now in a

position to calculate upper limits on the EoR. In generating the final results, we must be

careful to incorporate errors, include confidence intervals, and manage pixels that fluctuate

around zero. Therefore, the 1D power spectrum is not the final result; we must calculate the

upper limit on the 1D power spectrum.

We employ Bayesian statistics to calculate the upper limit [2]1. To begin, we describe

1[2] covers the same derivation.
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the probability of the true data x given the measured data x′ as

Pr(x|x′) = NPr(x′|x)Pr(x), (9.1)

where N is a normalization constant, Pr(x′|x) is the probability of the measured data given

the true data, and Pr(x) is the prior distribution for the true data.

By using this formalism, we will be able to correctly describe pixels that fluctuate around

zero. When the power is near the thermal noise levels of the integration, there is some

chance that it will become negative. This is purely due to the thermal noise; we expect the

underlying power signal to be positive. Therefore, our prior on the data is

Pr(x) =

0, if x < 0

1, if x ≥ 1

. (9.2)

The probability of the measured data given the true data, Pr(x′|x), is the distribution

of what we measure. In §3.3, we averaged Erlang-distributed data to generate 1D power,

where we assumed that the Central Limit Theorem produced averages that were Gaussian

distributed. Thus, we can write

Pr(x′|x) =
1

σ
√

2π
e
−(x′−x)2

2σ2 . (9.3)

Now, we would like to normalize Equation 9.1 such that the integral of Pr(x|x′) is 1.

Given Equation 9.2 & Equation 9.3, we can solve for N :

N =

√
2/(πσ2)

1 + erf
(
x/
√

2σ
) , (9.4)

where erf is the error function.

Equation 9.1 is now fully known. In order the calculate an upper limit, we need to

integrate Pr(x|x′) until we have accounted for 97.7% of the distribution, which corresponds

to a 2σ detection: ∫ xUL

−∞
dxPr(x|x′) = 0.977. (9.5)
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Solving for xUL, we get

xUL =
√

2σ2 erf−1
(

0.977− (1− 0.977) erf
(
x′/
√

2σ2
))

. (9.6)

The only inputs needed to calculate the upper limits are the data and their variances. We

inherently assume that the foregrounds and resulting contamination are not coherent with

the EoR signal, and thus an upper limit on the data is an upper limit on the EoR signal.

Figure 9.5 is our calculated upper limit on the 1D measured power spectrum using the

binning techniques described in §9.3. We describe the final limits in units of mK2 since the

EoR signal is roughly flat in that space. Our thermal noise (dashed black) rises in mK2 from

low k to high k—measurements low k are the most sensitive to the EoR signal.

Our measured power (solid black) is sometimes negative due to thermal noise fluctuations.

The 2σ error bars (grey) reach zero when the signal is consistent with zero. However, low-k

modes do have detections on systematics. Integrating more observations will decrease the

error bars on those modes, but will not lower the systematic floor. Therefore, we must reduce

contamination before we integrate further.

There are some distinctions between instrumental XX (top panel) and instrumental Y Y

(bottom panel). Our best limits come from instrumental Y Y , mostly due to some low-level

contamination below the first coarse band harmonic that is present in XX but not Y Y . This

has been seen in past work using our pipeline [5], and may be an indication of sky-related

contamination. In addition, a clear detection of the 320 m cable can be seen in Y Y (near

1 h Mpc−1) but not in XX. We will explore these discrepancies in future work.

Our best upper limit is 6.75×103 mK2 at k = 0.2 h Mpc−1 for z = 7 in instrumental Y Y .

Slightly higher yet comparable upper limits exist from k = 0.2 h Mpc−1 to k = 0.3 h Mpc−1.

As for instrumental XX, the best upper limit is 7.44×103 mK2 at k = 0.2 h Mpc−1 for z = 7,

and is by far the lowest upper limit for all modes in that polarization.
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Figure 9.5: Upper limits on the measured 1D power for Season 1. We present upper limits

(purple) on the measured power (solid black), with associated 2σ error bars (grey) and ther-

mal noise (dashed black). Instrumental Y Y (bottom panel) is generally less contaminated

than instrumental XX (top panel).
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9.5 Comparisons and conclusions

By comparing to other limits, we can put our progress into context for our final conclusions.

Fortunately, we can compare to the exact same data set of 1,029 observations from previous

work using our pipeline. This will provide the best metric of development, with improvements

coming directly from reducing systematics within the analysis, rather than differences in the

actual observations.

We take the best limit from [5] for our direct comparison. Their binning scheme is slightly

different, using frequencies from the lower third of the band and including more low k⊥ bins

for the average. Their resulting limits are calculated for a mean redshift of 7.1. This is not

an exact comparison to our binning techniques, but is close enough to draw conclusions. The

best limits from this work and from [5] are both from instrumental Y Y .

The comparison is shown in Figure 9.6. The significant reduction in systematic power on

all k modes is the culminating effort of this work2. Our resulting final limit is 6.75×103 mK2

at k = 0.2 h Mpc−1 for z = 7, an improvement of a factor of 4.0 from [5]. All measured

modes see comparable systematic reduction, except for modes associated with the 320 m

cable reflection.

The thermal noise level has also lowered, which is the outcome of an increased image plane

extent, a catalog change, and a binning scheme with more frequencies. Noise-like pixels are

coupled to this thermal noise reduction and decrease proportionally. Systematic-dominated

pixels, like those of low k, are not affected by a change in the thermal noise.

We have significantly reduced our systematic floor, yet some still remains at low k. Before

further integration can be beneficial, we must continue to investigate causes and solutions to

this contamination. The newly analyzed data set will be explored in depth to evaluate the

origin of these systematics, and whether they are related to our analysis or to our data. In

particular, we will focus on the conversion from the uv-plane to integrated HEALPix cubes

for input into εppsilon, as well as calibration techniques which correct for the coarse channel

2Improvements in sky catalogs also contributed to contamination reduction [11, 39].
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Figure 9.6: EoR upper limits on the measured 1D power for Season 1 compared to previous

results from [5]. Both our analysis (purple) and the analysis from [5] (green) are for instru-

mental Y Y . We see a reduction of the systematic floor at low k of over 2×104 mK2. The

thermal noise floor has also been reduced due to different binning and image plane extents,

but this has no effect on low k detections at this time.
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edges and are better constrained for low-k modes.

It is a long process to analyze enough data to see this systematic floor. Unfortunately, we

do not have the infrastructure to handle multiple iterations of this long integration. However,

with the successful implementation of our end-to-end simulation pipeline, we can quickly

analyze a variety of effects. Adding flexibility and improving the scope of the simulation will

be essential to reducing our systematic floor.

Going forward, we will continue to study causes of contamination in our analysis, both

in real data and in simulation. Creating 2D and 1D diagnostic power spectra, including

calibrated data, model data, residual data, errors, expected noise, and observed noise, will

be vital to understanding how changes to the analysis propagate to our final measurements.

As our pipeline matures, we will continue to provide evidence that our analysis does not

experience signal loss. These strategies for improvement will ensure that we continue to be

reliable in future EoR measurements.

With these new limits, we are now closer to noise-dominated low k. We will continue

to search for potential pipeline systematics through in situ simulations. In addition, we

will investigate this new long-integration data set thoroughly to understand data-based and

instrumental effects. Given the importance of calibration effects, we will also scrutinize our

choice of calibration scheme, and find better ways to achieve highly accurate and smooth

calibration solutions.

The scientific merit of this work focuses on the strategies and framework for reducing

contamination in precision measurements of the EoR signal in power spectrum space. By

providing our methodology, similar simulations and experiments can be reproduced for other

instruments and pipelines. Further, our simulations contribute to reliability and robustness

in our limits.

We have provided the groundwork for the next analysis stage in the search for the EoR

signal, and we will continue to improve our upper limit, pipeline, and calibration.
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Appendix A

INVERSE COVARIANCE WEIGHTING

Inverse covariance weighting along the frequency transform has the potential to remove

contamination due to flagged frequency channels. Harmonic coarse band lines in the power

spectrum become a dominant systematic for lower frequency bands [24], and thus we aim

to incorporate inverse covariance weighting into εppsilon. The formalism we follow was

developed from an analysis of the CMB; it is a quadratic estimator method which estimates

the maximum likelihood [8]. This estimator was applied to the EoR interferometer problem

in a variety of publications [47, 20, 46, 23], and has been used before to analyze MWA data

[21, 22, 110].

We reproduce the basics of this method, both for reference and for clarity. In later

publications, many of the assumptions are understated, so we explicitly list all known. We

also link multiple papers together, where key interconnecting mathematical steps have been

omitted previously.

We provide the mathematical setup for incorporating this analysis into εppsilon. By

making the correct assumptions, we can reduce the estimator into a simple and efficient

iterator problem. This will help to provide quick testing of inverse covariance weighting

along the frequency dimension for future implementation.

A.1 The power estimation equation

Following Bond, Jaffe, and Knox [8], hereafter known as BJK, we require the signal and

noise to be independent and zero mean. The data can be described as (Eq. 2.1 of BJK)

∆i = si + ni, (A.1)
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where ∆ are the data pixels, s is the signal, n is the noise, and i iterates through every pixel.

Our assumption dictates the variance should be (Eq. 2.3 of BJK)

〈∆i∆i′〉 = CT ii′ + Cnii′ (A.2)

where 〈. . .〉 is the ensemble average, and (Eq. 2.2 of BJK)

CT ii′ = 〈sisi′〉 Cnii′ = 〈nini′〉. (A.3)

Since the theoretical covariance matrix (CT ii′) depends on the sky signal, it is also related to

the power spectrum. We can decompose the power spectrum to depend on general parameters

ap
1, and with the assumption of Gaussianity, they constitute a full statistical description.

With our assumptions, the likelihood function for the parameters ap is equal to the

probability of the data for given ap, and can be written as (Eq. 2.9 of BJK)

L∆(ap) = P (∆|ap) ∝ exp

(
−1

2
∆T (CT (ap) + CN)−1 ∆

)
. (A.4)

In this case, CN is the more general noise covariance. Equation A.4 can be maximized with

proper choice of ap. By maximizing the likelihood, the parameters ap can then be described

as the most probable parameters that build the power spectrum, and this is what we would

like to do. However, solving for the parameters this way is not computationally feasible.

Instead, we can apply a Gaussian approximation to the log of the likelihood function.

This allows us to treat the peak of the log-likelihood function as a Gaussian, which can then

be expanded simply as a Taylor expansion about each parameter. We then have (Eq. 2.13

of BJK)

lnL(a+ δa) = lnL(a) +
∑
p

∂ lnL(a)

∂ap
δap +

1

2

∑
pp′

∂2 lnL(a)

∂ap∂ap′
δapδap′ , (A.5)

and by maximizing this function and solving for the variation in the ap parameter, we get

(Eq. 2.14 of BJK)

δap = −
∑
p′

(
∂2 lnL(a)

∂ap∂ap′

)−1
∂ lnL(a)

∂ap′
. (A.6)

1For the CMB, the ap parameters would be the cosmological model, like the baryon density, optical depth,
Hubble constant, etc.
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Once the variation δap is solved for, we modify the original parameter by this amount and

Equation A.6 is solved for again with the update. This is iterated until convergence is

reached. This methodology is the same as Newton’s method, and is much faster than solving

for Equation A.4 explicitly.

The single derivative term can be described as (Eq. 2.15 of BJK)

∂ lnL(a)

∂ap′
=

1

2
Tr[
(
∆∆T −C

) (
C−1CT,p′C

−1
)
], (A.7)

where C = CT +CN and CT,p′ is shorthand for ∂CT/∂ap′ . The second derivative term, called

the curvature matrix, is much longer and much more computationally expensive (Eq. 2.16

of BJK):

− ∂2 lnL(a)

∂ap∂ap′
= Tr[

(
∆∆T −C

) (
C−1CT,pC

−1CT,p′C
−1 − 1

2
C−1CT,pp′C

−1
)
]+

1

2
Tr[C−1CT,pC

−1CT,p′ ]. (A.8)

Here is where the quadratic estimator intersects with the maximum likelihood method; we

estimate the curvature matrix with the ensemble average of the curvature matrix. This

significantly reduces the terms in the calculation of the curvature (Eq. 2.17 of BJK):

F̂
(a)
pp′ =

1

2
Tr[C−1CT,pC

−1CT,p′ ]. (A.9)

This new quantity, called the Fisher matrix2 F̂
(a)
pp′ , explicitly assumes that 〈∆∆T 〉 = C. In

other words, it assumes that the theory describing the data is correct and complete. Our

final estimate for the variation is thus (Eq. 2.18 of BJK)

δap =
1

2

∑
p′

(F̂(a))−1
pp′Tr[

(
∆∆T −C

) (
C−1CT,p′C

−1
)
]. (A.10)

This estimate is called a quadratic estimator because it is quadratic in the data. While this is

an estimate, BJK proves that this formulation will reach the exact location of the likelihood

2The notation F̂
(a)
pp′ has been specifically chosen. The circumflex is introduced to distinguish from a

Fourier transform, and a Fisher matrix is calculated for each (a).
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peak. The maximum likelihood parameters can be obtained directly, however the errors will

incorporate our assumptions and differ from their true value. BJK notes that after the value

of the maximum likelihood is obtained through iteration, the full curvature matrix formalism

can be used to obtain correct errors.

This equation is the starting point for much of the work regarding inverse covariance

weighting with the MWA. The assumptions that we have made thus far are:

• Signal and noise are independent with zero mean.

• The data are Gaussian.

• The log-likelihood function is Gaussian near its maximum and the starting point is

near the maximum.

• The curvature matrix can be approximated by its ensemble average.

• Our theory is correct and complete, or fairly close.

• Equation A.10 will be iterated over until convergence is reached.

A.1.1 Linking to other implementations

We can rewrite Equation A.10 by expanding the trace:

δap =
1

2

∑
p′

(F̂(a))−1
pp′

(
Tr[∆∆TC−1CT,p′C

−1]− Tr[CC−1CT,p′C
−1]
)
. (A.11)

The first term can then be written as

Tr[∆∆TC−1CT,p′C
−1] = ∆TC−1CT,p′C

−1∆, (A.12)

using the cyclic properties of the trace. A similar trick can be imposed on the second term,

Tr[CC−1CT,p′C
−1] = Tr[C−1CT,p′ ]. (A.13)
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Now, the quadratic power estimator is

δap =
1

2

∑
p′

(F̂(a))−1
pp′

(
∆TC−1CT,p′C

−1∆− Tr[C−1CT,p′ ]
)
, (A.14)

which is similar to an implementation used in [54].

The last term can further be reduced if the theory is simple enough. If the signal theory

covariance is a series of independent parameters along the diagonal, the derivative with

respect to a particular ap′ is simple; it is a matrix with one non-zero value along the diagonal,

∂

∂a1



a0 . . . . . . . . . 0
... a1

...
... a2

...
...

. . .
...

0 . . . . . . . . . an


=



0 . . . . . . . . . 0
... 1

...
... 0

...
...

. . .
...

0 . . . . . . . . . 0


. (A.15)

Therefore, the last term simplifies into a constant, giving

δap =
1

2

∑
p′

(F̂(a))−1
pp′

(
∆TC−1CT,p′C

−1∆− bp′
)
. (A.16)

This implementation is similar to many recent publications, including [47, 20, 46, 22, 23, 110],

among others. In some cases, this last term is emitted altogether.

In many of these implementations, the power estimator is only iterated once. Technically,

if all of our assumptions are truly correct, then it will converge in one step. However, the

ability to iterate allows us to relax our assumptions. We expect our data to need more than

one iteration, and thus will continue to treat it as an iterative problem.

A.1.2 Choice of normalization

There can be a choice in the weighting and normalization of the quadratic estimator through

a window function. This determines the properties of the error bars, which have some

flexibility.
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In εppsilon, we have previously made the assumption that errors are uncorrelated in our

error propagation (see §3.3), thus we will choose a window function that gives us uncorrelated

errors. [20] states this to be (their Eq. 19)

Mαβ =

(
F̂−1/2

)αβ
∑

γ

(
F̂1/2

)αγ . (A.17)

The equation M replaces the inverse Fisher matrix in the quadratic power estimator to create

a weighted quadratic power estimator:

δâp ∝
1

2
Mpp′

(
∆TC−1CT,p′C

−1∆− bp′
)
. (A.18)

A.2 Implementation

We attempt to apply this power estimation to our pipeline for the first time. As such, we

will be very explicit about our chosen starting point in the power estimation iterator. We

start by constructing our covariance matrices. Due to spectral smoothness of the foregrounds

and ease in its calculation, the foreground covariance matrix is constructed in η-space. We

estimate the value of the foregrounds as the maximum of the calculated σ2:

CT (η, η) =



max(σ2) . . . . . . . . . 0
... 0

...
...

. . .
...

...
. . .

...

0 . . . . . . . . . 0


. (A.19)

This matrix is the initial guess in our iterator; CT (η, η) will be modified by δâp to generate

better estimates for each iteration.

In order to take CT (η, η) into a space that can be applied to data, we will need Fourier
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transform matrices. An FFT is taken along every column of an identity matrix,

F(kz, z) = Nf∆z



FFT(1 0 . . . . . . 0)

FFT(0 1 . . . . . . 0)

FFT(0
...

. . .
...

FFT(0
...

. . .
...

FFT(0 0 . . . . . . 1)



T

, (A.20)

where Nf is the number of frequencies (to normalize an IDL3 forward Fourier transform)

and ∆z is the redshift channel width. The same is done for the inverse Fourier transform

matrix,

F−1(z, kz) = ∆kz



FFT−1(1 0 . . . . . . 0)

FFT−1(0 1 . . . . . . 0)

FFT−1(0
...

. . .
...

FFT−1(0
...

. . .
...

FFT−1(0 0 . . . . . . 1)



T

, (A.21)

where ∆kz is the kz channel width. The foreground covariance matrix in redshift space can

now be constructed with the Fourier transform matrices,

CT (z, z) = F−1(z, η)CT (η, η)F−1†(η, z). (A.22)

The Fourier transform is unitary: F† = F−1, thus the use of F−1† appears redundant.

While they are in theory unitary, in practice the units break the unitary nature by a factor.

Therefore, it is important to be explicit and pass around units in the Fourier transform

matrices.

In contrast to the foreground covariance matrix, we construct the instrument covariance

matrix in frequency space. A frequency vector of calculated σ2 is formed into a diagonal

3Interactive Data Language, the native code for εppsilon.
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matrix:

CI(z, z) =



σ2
0 . . . . . . . . . 0
... σ2

1

...
... σ2

2

...
...

. . .
...

0 . . . . . . . . . σ2
n


. (A.23)

Any missing data is filled with a large σ2 in order to minimize its contribution. Each pixel

has its own associated CI(z, z) matrix. The full covariance matrix in redshift space is

C(z, z) = CT (z, z) + CI(z, z), (A.24)

where each pixel has its own associated covariance matrix.

The inverse of the covariance matrix is made using pre-defined inverse functions. The

inverse covariance matrix for {kz, kz}-space is made through Fourier transforms:

C−1(kz, kz) = F(kz, z)C
−1(z, z)F†(z, kz). (A.25)

Now with estimates for the covariance matrix and inverse covariance matrix in kz-space, we

have all the tools necessary to start calculating various components of the power estimator.

A.2.1 Fisher and M matrices

In Equation A.9, we describe the general Fisher matrix, F̂
(a)
pp′ = 1

2
Tr[C−1CT,pC

−1CT,p′ ]. If

we choose to construct the Fisher matrix in η-space, it is a straightforward calculation.

As shown in Equation A.15, CT,p is a matrix of one non-zero value. Thus, when we

calculate C−1CT,pC
−1CT,p′ , we get a matrix which is squared along the diagonal. Non-

diagonal elements for indices pp′ are equal to elements in p′p. Using the symmetric nature

of the covariance matrix, this can be simplified to the square of each element.

We condense the Fisher matrix to

F̂(a)(kz, kz) =
1

2
|C−1(kz, kz)|2. (A.26)
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In Equation A.17, we described the weighted Fisher matrix, or the M matrix, that we

would like to use. It involves both the matrix square root and the inverse of the Fisher

matrix, which we use pre-defined code libraries to obtain.

A.2.2 Condensing the power estimator

We would like to calculate the power estimator for the cross power spectrum, or the power

generated from the even set crossed with the odd set (see §3.3.4). Equation A.18 thus changes

to

δâ(kz) ∝
1

2
M(kz, kz)

(
eT (kz)C

−1(kz, kz)CT,p′(kz, kz)C
−1(kz, kz)o(kz)− b(kz)

)
, (A.27)

where o is the vector of the odd data set and e is the vector of the even data set. We

have removed mention of pp′ indices wherever possible and have replaced them with explicit

function arguments. We can further reduce this equation if we construct weighted data

ê(kz) = C−1(kz, kz)e(kz) ô(kz) = C−1(kz, kz)o(kz). (A.28)

We can then describe CT,p′C
−1o as ôp′ . Further, if we use the fact that C−1 is symmetric

(equal to its transpose) and that ATBT = (BA)T , we can reduce even more:

eTC−1ôp′ = ôTp′ ê. (A.29)

This notation is understandably confusing. We have two vectors in a multiplication, where

in one we have chosen a particular element. However, this does come naturally out of our

reductions. Fortunately, we can rewrite Equation A.29 as the particular element of the

Hadamard product: ôTp′ ê = (ô ◦ ê)p′ . Our final notation is thus

δâ(kz) ∝
1

2
M(kz, kz)

(
ô(kz) ◦ ê(kz)− b(kz)

)
. (A.30)

In practice, we replace the direct even–odd cross power with the even–odd sums and differ-

ences, as done in §3.3.4.

The quadratic power estimator can be a daunting task to implement. However, if the

theory is simple enough, the final estimator can actually be relatively concise. We plan to

test this in full with simulation and real data in the future.
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