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Part 1. Introduction

Discrete probabilistic models and methods have continuously grown in their usefulness and ubiq-
uity since the early 20th century. Today we are lucky to have a plethora of questions, coming from
classical results and problems, from other fields — notably in my own research, statistical mechanics
— and from natural variants on well studied processes. In a nutshell, I study the limiting behav-
ior of systems that obey simple (stochastic) rules. The areas of particular interest to me include:
interacting particle systems, random walks, percolation, random graphs, and poisson processes.

Working in this field involves a satisfying mix of inventing and polishing. Answering some open
questions requires creative re-thinking of old probabilistic models: re-inventing the wheel, with a
twist. Recent work on activated random walk (ARW) — a stochastic particle system — is an example
where this approach has been successful: a sequence of papers tightening the phase transition for
ARW rely on viewing the underlying particle dynamics in new and insightful ways. Asking new
questions about old models can lead to deeper understanding, and if you’re lucky, to valuable
results! These new techniques for studying ARW are a roadmap for how particle systems with long
range interactions (both in time and space) can be analyzed rigorously. See section 2 for results
related to ARW on the cycle.

The big probabilistic models of interest are never really ‘solved:” we understand them over time by
attacking from many different angles, like polishing a stone until it gleams. In my work on random
matrix theory, we found new evidence for a universality phenomenon — a phase transition common
to an ensemble of random graphs — by showing that it holds for random intersection graphs. This
came as a surprise, since there is no obvious connection between these graphs and the matrices
originally shown to have a similar phase transition, namely Wishart matrices. Unifying these
approaches and models is an interesting open problem, with applications to detecting geometry in
large random graphs, and for applications of random matrices. See section 3 for a result related to
the behavior at criticality.

Much of my work is motivated by what is interesting and natural. (A ‘natural’ question or
problem is one that fits the model, in that the associated calculations are easy, or that it is the first
question someone learning about the model might ask.) My project on intersections of random sets
is such an example: we considered a new random set model, the Boolean intersection model, which
is easy to define and relatively easy to calculate with. We proved that it shares a scaling limit with

a class of well-studied models, namely the Boolean model and tessellation models. (See section 4.)



5

In the process, we scratched the surface of the underlying geometric and combinatorial structure
of the intersection model, which deserves further study. The intersection model is connected to the
theory of coverage processes.

My work on rumor source detection is also motivated by a simple question: can the source of a
diffusion be found easily? Our attempts to find a satisfying answer led to a more nuanced statistical
understanding of the performance of rumor spreading algorithms. (See section 5.) Although our
results apply to the theoretical situation where the underlying network is a regular tree, recent
work has shown that properties of these algorithms also hold on randomly generated (preferential

attachment) trees, and it seems likely that our results are also valid on these real-world networks.
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Part 2. Activated random walk on a cycle

Consider the following interacting particle system on a one dimensional lattice. Given a config-
uration of particles, initially all active, the dynamics, which conserves the particles, proceeds as
follows. Each active particle independently does a simple symmetric random walk at rate one in
continuous time and falls asleep at rate A > 0. Each sleepy particle is awakened when an active
particle occupies the same site. This model, known as Activated Random Walk (ARW), has at-
tracted interest in non-equilibrium statistical mechanics as well as probability literature in recent
years in connection with studying fixed energy sandpile models [14, 57, 58, 12, 59, 15, 42]. The
motivation of studying this model is two-fold. ARW can be regarded as a special case of driven
diffusive epidemic process introduced by Spitzer in 1970s, and studied later in [30, 31, 32, 33]. ARW
was also introduced in the physics literature as a more mathematically tractable approximation of
the Stochastic Sandpile Model (SSM), and is one of the paradigm examples of the widely studied
phenomenon of self-organized ciriticality (SOC) [10, 41, 13, 11].

ARW is believed to manifest self-organized criticality when run in a finite volume with carefully
controlled driven diffusive dynamics. However, the rigorous study of ARW has so far been mostly
restricted to the case of infinite volume limit where the counterpart of SOC is known as Absorbing
state Phase Transition (APT) (although some recent results have called into question the exact re-
lationship between these two notions [24, 36, 25]). Absorbing state Phase Transition was rigorously
established for ARW on Z a few years ago in the fundamental work of Rolla and Sidoravicius [12].
Let us briefly explain their result. Consider ARW started with initial configuration of particles
coming from a product measure with density p; denote this process by ARW(u, ). One would
expect that for a fixed A, if p is very small, then all the particles will eventually fall asleep, whereas
for large p the activity would go on forever. Indeed, in [12] it was shown that for each A > 0, there
exists p.(\) € [%-‘rl’ 1] such that for p < p. the process ARW(u, ) on Z fixates (i.e., the total
number of jumps at origin is finite) almost surely, and for p > p. the process remains almost surely
active forever. Observe that it is easy to understand heuristically why u. < 1. If g > 1, there
are “more particles than sites” and hence not all particles can eventually fall asleep [17, 1, 12].
Complementing the results of [12], the first three authors showed in [1] that for any fixed p > 0, the
process almost surely does not fixate if A is sufficiently small; thus showing u. — 0 as A — 0, and
answering a question from [15, 12]. Subsequently, a statement similar to the latter was proven for

transient Euclidean lattices in [53], which also analyzed ARW dynamics on transitive graphs where
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the random walk is ballistic. However, to rigorously establish the critical or near-critical behaviour
in these models seems far out of reach of the current mathematical techniques.

The results in [12, 1] are in the setting of ARW on the inifinite lattice Z. Indeed, there has
been a flurry of recent mathematically rigorous results on ARW following the breakthrough work
[12], but most of them have been in the context of Euclidean lattices or other infinite graphs
[47, 1, 48, 54, 55, 53]. From the point of view of understanding self-organized criticality, it is
interesting to study this model on a finite lattice, with say a periodic boundary condition. On a
finite graph, if the total number of particles is more than the number of vertices, then the process
will continue for ever. If the total number of particles is at most the number of vertices, this is an
absorbing Markov chain, so all the particles will almost surely fall asleep after a finite time. One
would expect the Absorbing state Phase Transition to be manifested in the finite process as a phase
transition for the absorption time. For many finite systems of these type, it is generally believed
that absorption time has three different scalings with the system size, polynomial (with different
exponents) for the sub-critical and critical systems, and exponential for the super-critical system.
Indeed a version of the above statement in the set up of [12] and [1] respectively are the main
results of this paper. In physics literature there are many non-rigorous and numerical results about
the critical and near-critical scaling of this and related quantities for SSM and its many variants
(see e.g. [38] and references therein). However, as with the infinite system, rigorous analysis of the

critical scaling behaviour remains a challenging problem.

0.1. Main Results. Consider an n-cycle Z /nZ with nearest neighbour edges. Fix A > 0 and
i € (0,1). Consider the initial configuration with independent Ber(x) many particles at each
site. (We will denote the product Bernoulli measure by P#). Consider ARW started with this
configuration with sleep rate A; denote this process by ARW (i, A). As mentioned before, this is an
absorbing Markov chain and hence the process reaches the absorbing state of all sleepy particles
(the set of all such configuration will be henceforth called the cemetery set and written A) after a
finite time almost surely. Let T, (i, A) denote the total number of attempts by any active particle
to either jump or to try to sleep. Note that the continuous time ARW dynamics can be coupled
naturally to the following discrete time dynamics: at every positive integer time, pick an active
particle uniformly at random. With probability 2(171“\) each, the particle jumps to one of the

neighbouring sites, and with probability 1%\ it tries to fall asleep. It is easy to see that under the

natural coupling, T,,(p, ) is the absorption time of the latter dynamics.



Our first result shows that if the particle density p is sufficiently small compared to A then

T, (1, A) is linear up to poly-logarithmic correction factors.

Theorem 1. Consider ARW(u,\) on Z /nZ. For any A > 0 and p < HLA’ there exist positive

constants Cy, b depending on p and A\, such that for all large enough n,

P(T;, (1, \) > Conlog®n) < %.

Observe that pu < %H is precisely the regime in which [12] showed fixation on Z. It is also easy
to observe that the bound is tight up to the polylogarithmic factor. To see this, observe that the
expected total number of jumps a particle takes before trying to fall asleep is % Thus, if the
number of particles is linear in n, the total number of jumps is also at least linear in n.

In the heavily super-critical regime, i.e., when A is sufficiently small compared to u, we have the

following complementary result (This result should be compared to [1, Theorem 1]. ).

Theorem 2. For any 0 < u < 1, there exists Ao > 0 and ¢ > 0 such that for any A < Ao, and all

large enough n,

P(To(p, A) < ) < e .

Theorem 1 relies heavily on the uniformity of the locations of the particles in the initial configu-
ration (note however, that the arguments in this paper do not depend on the specific nature of the
Bernoulli distribution of the initial configuration). In fact, it can be shown that T),(p, A) is at least
of order n® when all the particles start at the origin. An exponential upper bound for T},(u, A) is
also relatively easy to establish. See Remarks 2.13 and 3.6 for further elaboration.

We list below the new contributions in this paper and relations to existing results: Although
the linear to exponential phase transition for absorption time is widely expected in the statistical
physics literature, to the best of our knowledge this is the first rigorous result establishing such a
transition for some variant of fixed energy sandpile models. We rely crucially on the recent progress
[12, 1] in understanding ARW on the infinite line. However one needs certain new ideas to deal with
the finite case. Following the argument of [12], the main obstacle in showing fast fixation for low
particle density is the wrapping around issue, that is to make sure the particles do not wrap around
the cycle, and wake up already settled particles. We get around this by a block argument and a
two-sided variant of the stabilizing algorithm in [12]. In the process of attaining the quantitatively

optimal result Theorem 1, we encounter a particle system similar to internal erosion (see [30]).
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For the slow fixation part i.e., Theorem 2, we first recall that the argument from [] essentially
tells us that when we stabilize a certain density of particles on Z /nZ until they hit 0, for small
enough sleep rate only a small fraction of the particles fall asleep. The key observation in this
paper is that the above step can be applied iteratively for exponentially many rounds. A naive
application of the iteration scheme only allows the number of steps to be logarithmic in n since a
constant fraction of particles fall asleep in every round. However the finiteness of the environment
allows us to recycle particles which fell asleep in earlier rounds once they get woken up in later
rounds. To this end we strengthen the argument in [1] by showing that with exponentially small
failure probability all the particles that were asleep at the start of the round get woken before
the end of the round and not too many particles fall asleep. Thus we can sustain the process for
exponentially many steps.

In the next section we elaborate on the above ideas further.

0.2. Sketch of the proofs. A crucial property of many interacting particle systems that serve as
models of distributed networks is the Abelian Property. Informally it means that the final outcome
of a certain probabilistic experiment does not depend on the order in which operations at different
sites are performed.

In the context of ARW, one exploits the Abelian Property via the Diaconis-Fulton representation,
which is roughly the following (see Section 1.1 for a more formal description). At every site in Z /nZ,
we have a sequence of i.i.d. instructions (referred to as the “stack of instructions”) to either jump
to one of the two neighbours, with probability ﬁ each, or to fall asleep, with probability 1%\
Given these stacks, one way to run the process is: as long as there is some active particle, pick
an arbitrary site x € Z /nZ with at least one active particle, and use the first unused instruction
from the stack to topple the site. That is, if the instruction is a jump instruction, then the particle
jumps to a neighbouring site accordingly, and otherwise tries to fall asleep.

The Abelian Property then states that the final configuration of particles after every particle has
fallen asleep does not depend on the order in which the sites were toppled. Thus in this language
T, (1, A) is the total number of instructions across all the stacks used until the end of the toppling
process.

We also rely on the following monotonicity property of the ARW dynamics: given a set of stacks

of instructions, while toppling sites, if we ignore any sleep instruction, then the total number of

topplings required to reach A can only increase. Here ‘ignoring a sleep instruction’ means the
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configuration does not turn an active particle to a sleepy particle, even though the instruction is a
sleep instruction. This monotonicity is certainly heuristically plausible and, indeed, is a well-known
consequence of the Abelian Property. (See Lemma 1.3 and the discussion preceding it for formal

definitions.)

0.2.1. Sketch of the proof of Theorem 1. Given the above two properties, to prove Theorem 1 we
will provide a toppling scheme which will end with a configuration in the cemetery set A. Our
toppling procedure will ignore certain sleep instructions and hence by the monotonicity property,
the total number of instructions used in the actual process in the Diaconis-Fulton representation is
upper bounded by the number of instructions used in our scheme. The basic idea is to break the
cycle Z /nZ in to sub-intervals I3, I, . .. of size ¢ylogn for some constant c¢g. Our toppling scheme

is then a combination of toppling schemes, one for each of the sub-intervals. The toppling scheme

for I; is designed to stabilize particles inside I; for i = 1,2, ..., %. The toppling scheme in each
of the intervals is a variant of the trap-setting procedure appearing in [12]. We prove that with

very small failure probability (exponential in the size of the interval) the toppling procedure in the
interval succeeds to stabilize everything. A union bound over all the intervals show that with high
probability the procedure succeeds simultaneously for all the intervals, and hence stabilizes the
system. Recall that the failure probability for each interval is exponential in the size of the interval
which forces us to choose the size of the intervals to be logarithmic (in n) as otherwise the union
bound over polynomially (in n) many such intervals will fail; this also explains the logarithmic
correction term in the statement of Theorem 1.

We now briefly describe our toppling scheme. It consists of broadly two parts.

(1) Phase 1: Given the initial configuration, the first step is to gather particles which are
initially located uniformly over Z /nZ, to a set of points we call Sources. We will take
this set to be {§ logn, 3% logn, ...} for some carefully chosen value of ¢y, depending on the
parameters p and A. Thus we first ignore all the sleep instructions and allow the particles to
do independent random walks till they hit an element of Sources. Large deviation estimates
imply that with high probability the number of particles at each Source at the end of this
process is roughly coplogn. Recall that we are using the monotonicity property mentioned
above, and hence we can ignore certain sleep instructions.

(2) Phase 2: The intervals I, Io. ... inside which we run our toppling scheme are of size ¢ logn,

and centred at the sources. The proof proceeds by showing that there is a toppling procedure
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which carefully ignores certain sleep instructions allowing the particles to fall asleep only at
certain well chosen ‘traps’ which prevents interaction with other particles. The remainder

of the proof then shows that the above scheme succeeds with high probability.

@
Source vertex
Source verter g
L
([ J o
[} 3 2 [}
cologn
@

FIGURE 1. (a) The toppling scheme for fixation in the sub-critical regime: in
the first step of the stabilization scheme, we ignore sleep instructions to get every
particle to a nearby source vertex. Particles at a particular source are then stabilized
inside an interval of length c¢glogn using a trap-setting procedure. (b) The toppling
scheme for non-fixation in the supercritical regime: 0 and n/2 are the north and
south ‘poles’ of the cycle. We run several rounds of the following stabilization loop
where we first try to topple all particles located away from 0 or n/2 until they fall
asleep or hit {0,7/2}. Then we try to topple particles starting from 0 until they hit
n/2 or fall asleep, and afterwards do the same at n/2, namely topple all particles
starting from n/2 until they hit 0 or fall asleep. These three actions are repeated
until all particles are asleep: our proof shows that this loop can be sustained for
exponentially many steps (in n) with high probability.

Even though the trap setting scheme is inspired from [12], the argument in the latter was par-
ticularly tailored to the ARW process on the infinite line and does not directly work on the cycle:
this is because on the cycle, each particle has a chance of order % to wrap around the cycle before
falling into the trap and thereby waking up the already asleep particles. To circumvent this we
introduce a two sided version, which, relying on estimates for random walk on the interval, can be

shown to work in our setting.

0.2.2. Sketch of the proof of Theorem 2. For the proof of Theorem 2 we rely on the non-fixation
result from [1]. The technical core of that paper (see the proof of [1, Lemma 18]) was to establish
the following non-fixation phenomenon. Consider a sufficiently large interval [0, 7] with at least ur
many active particles, and stabilize the particle system inside the interior of the interval [0, 7], i.e.,

the particles are stopped upon hitting {0, 7}. Then, given ¢ > 0, for any mass density p, and for all
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small enough A\, at the end of the stabilization procedure, the number of particles accumulating at
{0,7} is at least (1 —¢) fraction of the total number, with failure probability exponentially small in
r. This was used in [1] to show infinite activity on the line, by considering a growing sequence of r
and then using the above statement to show that particles from arbitrary far away would hit the
origin, thus implying non-fixation. For a finite system, we cannot rely on an argument which uses
particles arbitrarily far away. Instead we use the following ‘recycling particles’ approach: represent
the cycle Z /nZ as the interval [—n/2,n/2] with endpoints identified. We run the following rounds

of particle stabilization:

(1) We first treat the ‘poles’ 0 and n/2 as boundary points, and topple particles not at those
sites until they fall asleep or land at one of the sites 0 or n/2. By the arguments in [4],
a constant fraction of all particles will make it to either 0 or n/2 with exponentially high
probability.

(2) We topple particles that ended up at 0 in the previous stage until they fall asleep or hit n/2.
The particles that did not start at 0 do not move, but they can be woken up by other active
particles during this stage. Using ideas from [/, Lemma 18], we show that most particles
will make it to the boundary before falling asleep with exponentially high probability.

(3) Just as the previous step, we only topple particles that started at n/2 at the end of the

previous stage, running the dynamics until all such particles are asleep or at 0.

Since all these steps keep most particles awake with exponentially high probability, we can run the
loop exponentially many times. Moreover, since each loop takes at least one stack instruction to

run, the Abelian Property implies that T;,(u, A) is at least exponential in n.
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1. ABELIAN PROPERTY FOR ACTIVATED RANDOM WALK

For brevity, we will denote Z /nZ by C,. We follow [12] in formally describing the set up of

ARW. To avoid unnecessary notational overhead we describe the bare minimum of the formalism
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necessary. We always work with ARW on C,, for some fixed but large n, and the notation is
adapted accordingly. In particular, for the remainder of this section, addition and subtraction will
be considered modulo n whenever appropriate and we shall not mention that explicitly every time.

For any time ¢ > 0 and location x € C,, n.(z) denotes the state of the system at location = at
time t. We write n.(z) = p if there is one sleepy particle at z € C, at time ¢. If there is not a
sleepy particle present we let 7,(x) € N denote the number of particles at = € C,, at time t. Then
e = {m(x) }zec, denotes the state of the system at time t.

We shall use two operations (called topplings) on the space of configurations. For x € Z and
y=x+1, let 7,,(n) denote the configuration obtained by moving one of the active particles from
x to y. This operation will be called illegal (for the configuration) if there are no active particles
at x and the system remains unchanged. Let 7, ,(7) denote the configuration obtained from 7 by
making the solitary particle at x fall asleep. Moreover if x has more than one active particle, the
sleep instruction has no effect, so 7, ,(1) = 1. Again if there are no particles at x, this instruction
is called illegal and the system is not changed.

Now we can formally define ARW as a finite state space continuous time Markov chain with
transitions 7 — 7., at rate A(n(z))31,—p41, and n — 7, ,m at rate AA(n(z)) where A(n(z))
denote the number of active particles at site x in configuration 7. Let P” denote the law of the

process started from an initial configuration distributed according to v.

1.1. Diaconis-Fulton representation. We will now describe the Diaconis-Fulton representation
of the ARW dynamics which will be convenient for our purposes. For an extensive discussion of
the Diaconis-Fulton representation of ARW dynamics, the Abelian Property and its consequences,
see [12]. For completeness we recall the relevant results from [12], suitably adapted to the setting
of a finite cycle.

The Diaconis-Fulton representation [10, 19] maps the ARW process to sequence of instructions
attached to the sites. The advantage of this representation is the Abelian Property, which allows
one to disregard the order in which different steps were performed in certain settings. We start by

introducing a series of notations. Recall the operations 7, , and 7, , from above. Now consider the
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following array of random variables:

§21) S11) o1 Sy e
I = .. §—22) &-12) So2) Sa2) @2 --- (1.1)

where £, ;) are independent for any = € C,, and j € N and moreover,

Tzx—1 With probability m
§(z,j) =\ Tew+1 with probability ﬁ (1.2)
Tz,p with probability )%H
We will now show that using these instructions one can define a discrete time version of the ARW
process. In fact we can define many such versions. But they will all have the same configuration
when it is finally stabilized and the same set of instructions that have been implemented.
We call the £, ;y’s instructions at the site x and the underlying product measure &.
Given a configuration 7 at each discrete time step ¢, one can choose (arbitrarily) an unstable
site x and use the first unused element from the stack ¢, .) and use it to perform the transition
to a configuration 7' at time step (¢ + 1). As mentioned in Section 0.2, we call such an operation

“toppling” at site z. We keep track of the number of topplings at every site. Let n be the

configuration after applying h(z) many topplings at each site x € C,,. Let us denote
h:=(h(z):z €Z/nZ) (1.3)

which we will call the odometer function. Let ®,(n) denote the configuration obtained by toppling
the site z next, i.e., we apply the instruction &, j,(;)+1, and also increase h at x by one (h at other sites
does not change). We say ®,, is legal for n if x is unstable in 7. For any sequence o = (21, z2, ..., Tk)
we define the sequence of topplings at z1, followed by x2 and so on through until x; by ®., i.e.
O, =P, ... P,,. We now say that a is a legal sequence for initial configuration 7 if ®,, is legal
for @, , ... P45 (n) for all « = 1,...k. We abuse notation a little to denote by h, the odometer

function after performing the sequence of toppling given by «, i.e. for any = € C,,

he () 221(% = ). (1.4)
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Given the above preparation we can now formally state the Abelian Property, which says that
given two sequence of legal topplings that result in the same odometer function (see (1.4)), the final
configuration is the same in both the cases, i.e. the order in which topplings are performed does

not matter.

Lemma 1.1. (Abelian Property, [12, Lemma 2]) Given any two legal sequence of topplings « and

o such that hy = hy, then

Do(n) = Por(n).

The next lemma is a consequence of the Abelian Property. It shows that any legal sequence of
topplings must occur in any stabilizing sequence (i.e., a legal sequence which leads to all stable

sites).

Lemma 1.2. (Least Action Principle, [12, Lemma 1]) Let o, & be two legal sequences of topplings

such a stabilizes 1, then ho < hg, i.e. all the topplings in o' are also needed in c.

Observe that Lemma 1.2 immediately implies that any two stabilizing sequence must lead to the
same odometer function, and in turn by Lemma 1.1 this implies that the final configuration after
stabilization is also independent of the stabilizing sequence. This will imply that for any stabilizing

sequence «, for an initial configuration of product Ber(u) many particles, we have

To(, A) = D halx).

x€Cn
This will be the fundamental tool used in our proofs. Finally we need another lemma to compare the
stabilizing sequences which formalizes the intuitively plausible statement: for a stabilizing sequence
where we ignore some of the sleep instructions, the total number of jumps is larger than if we hadn’t
ignored those sleep instructions. Formally we need to introduce a new notation to define precisely
the meaning of ignoring a sleep instruction. Recall the stack of instructions .# from (1.1) and the
action of the instructions 7, , and 7, ,+1 on the particle configuration 7. Let us introduce a null
instruction n which acts on a configuration to create no change, i.e., ny = n for all . Now given a
stack of instructions, % = {{(.y}, as in (1.1), let " = {56’.)}, be another stack, with the property
that for each (z,j) either , {, ;) = §Ex7j), or &(3.j) = Ta,p, and 52%].) = n. Thus informally .#’ is any

set of toppling instructions obtained from .# by ignoring certain sleep instructions.
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Lemma 1.3. [12, Lemma 5] Given any %, %" as above, and any initial configuration n, let o and
o’ be two legal toppling sequences stabilizing n, using instructions from % and ', respectively. Let

ha(+) and has(+) be the respective odometer functions. Then ho (x) > ho(x) for every x € C,.

Often our argument will be based on running the ARW dynamics on certain sub-intervals of C,,,
and hence to be completely formal one needs to introduce stacks corresponding to such intervals.
However to avoid introducing additional notation, we will identify the latter in the natural way

with the corresponding subset of stacks of .#.

2. FAST FIXATION UNDER LOW DENSITY

We prove Theorem 1 in this section. By the discussion at the end of last section and Lemma
1.3, we shall provide an algorithm for toppling which will ignore some sleep instruction and which
stabilizes all sites in C, within O(nlog?n) many topplings with high probability. (Note that the
probability here is over both the random initial configuration and also the random stack of instruc-
tions.) We shall formalize the sketch provided in Section 0.2 to build the toppling procedure.

Let n be a initial configuration of particles on C, distributed according to law P*. Also fix a
realization .# of the stack of instructions. For the remainder of this section, we shall always talk

about toppling the configuration 1 sequentially using instructions from ..

2.1. Random Walk estimates. As explained before, the first phase will be to topple any unstable
site that is not a Source and ignore any sleep instructions encountered in the process. So at the
end of this phase of the toppling all the particles will be herded at the Source vertices. Let 77(1)
denote the configuration at the end of this phase, which is supported on Source vertices. Because
we ignore the sleep instructions, this procedure is the same as letting all the particles in 1 be
independent simple symmetric random walks stopped at hitting one of the sources. Thus we shall
need a couple of basic random walk estimates to estimate the distribution 71, as well as the total
number of jumps to reach that configuration.

Recall that the i*" source is located at the vertex z; := (i — %)co logn. Let ni(l) denote the

number of particles 7(!) has in this vertex. Also recall that to reduce notation we assumed that n

n

wlogn be the number of

is an integer multiple of cglogn, which itself is an even integer. Let K =
sources. In the general case we can take all the intervals to be |cologn] except possibly one which
has length between |cplogn| and 2[clogn].

The following lemma is our first random walk estimate.
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Lemma 2.1. For each € > 0, there exists a > 0 such that for all large enough co and n,

P sup |77,L(1) — pcologn| > ecylogn | < e~ acolosn,
1<i<K

Proof. For this proof we shall forget about .# and the toppling procedure, and treat n(!) as the
configuration obtained from letting all the particles of 17 perform independent simple symmetric
random walks stopped at hitting any of the source vertices (thus particles initially located at
source vertices do not move at all). We first recall a standard concentration inequality for sums of
independent but not necessarily identically distributed Bernoulli variables that we will use later in

the proof. Let Xi,..., X be independent Bernoulli variables with means p1, ..., pr respectively.

g

Let us consider the first source z1. Clearly, any particle that ended up at z; in 77(1) must have

Let v=p1 + ...+ pr. Then

k

ZXZ‘—V
7

52,2
>ov | <e k- (2.1)

been located at some j € V1 = (—% logn, 3% logn). Let Z; denote the indicator of the event that
there was a particle at j in 7 and that ended up at z, in n"). Clearly
n _
n, = Z Zj.
jeEWVN

Observe that a standard Gambler’s ruin calculation yields that the probability that a random walk

i~ logn|
cologn

started at j € V7 would reach z; before reaching either zg or 2o is g(j) =1 — . It follows

that Z;’s are independent Bernoulli variables with mean pg(j). Observe that
Z 9(j) —cologn| <1,
JEVI

and hence using (2.1) we get that for each € > 0, and for all n sufficiently large
P (\ngl) — pico log n| > ecolog n) < e 2acologn (2.2)

for some a depending on pu,e (but not on ¢y). By the rotational symmetry of C,, and of the law of

the initial configuration P¥, we have the same bound for all nz(l) for all 1 <¢ < K. Now since the

number of source vertices is less than n, using (2.2) and a union bound over all source vertices, we
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get

P sup |77§1) — pco logn[ > ecplogn | < ne—Qaco logn < gm0 logn
1<i<K

where we have chosen ¢y sufficiently large (depending on p,e) so that the last inequality holds.

This completes the proof of the lemma. ([l

Recall the basic setting of toppling sites using instructions from stack .#. The next lemma will
prove that the total number of instructions explored until the end of phase one is at most order

nlog? n with high probability.

Lemma 2.2. Let TW (u, \) denote the total number of instructions that have been explored until

the end of phase one. Then there exists Co,0 > 0 such that
P (T(l)(,u, A) > Cynlog? n) <n7?.

For this step we shall need a concentration result for sums of geometric random variables. Al-
though the result we need at this step is pretty standard, we shall need a more complicated variant
later on, and we also need a concentration for some of exponential random variables for a later part
of the argument. For convenience we quote, at this point, the following result from [26] which shall

cover all our needs (see theorems 2.1 and 5.1 there).

Lemma 2.3. The following concentration results hold:

(i) Fixp € (0,1), and let Y1,Ys,... be i.i.d. geometric random variables with parameter p, so

EY: = 1/p. Then for any 6 > 0 and any M € N,

]P’(‘ éYZ — M/p‘ > 5]\;[> < 2exp(— (0 —log(1 —1—5)))]\;)

(ii) Suppose Z1, Za, ... are independent exponential random variables with means a1, az, ..., and
set a, = inf; a;, kK = ZlgigM a;. Then for any § >0 and M € N,
M
IP(’ Z Zi — /f‘ > 5%) < 2exp ( — axk(0 — log(1 + 5)))
i=1
For the proof of Lemma 2.2 we need the following result.

Lemma 2.4. Let n be an integer multiple of r and consider fized locations at distance r on Cy

(without loss of generality take them to be multiples of r). Let k independent identically distributed
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lazy symmetric random walks started from arbitrary locations on C, and stopped on hitting the
nearest integer multiple of r. Let T; be the total number of steps taken by the i*" walk (including

the lazy steps). Then there exists C' > 0 such that

k
P (Zﬂ > Cr2k> < e*Ck,

i=1

where C' depends on the laziness parameter, (i.e., the probability of not jumping).

Proof. Standard simple random walk estimates show that if 7 is the hitting time of {0,r} for a
lazy simple random walk on Z (with laziness p), then for each € [0,7], we have P, (7 < Cr?) > %
where P, denotes the probability measure for the random walk started at  and C depends only
on the laziness parameter. It follows then that for any arbitrary location of the k particles, each
T; is stochastically dominated by 72G where G is a geometric random variable with mean 2. The

statement now follows from part (i) of Lemma 2.3. O
We are now ready to prove Lemma 2.2.

Proof of Lemma 2.2. First notice that the total number of instructions used by the particles ig-
noring the sleep instructions is the same as the total number of steps taken when the particles do
independent lazy symmetric random walks on C,,, where the laziness (probability of not jumping) is
HAA (exactly the probability that an instruction is a sleep instruction). Now as an easy consequence
of (2.1), for any £ > 0, the total number of particles in 7 is in (& — &, 4 + £)n with probability at
least 1 —e™" for some ¢ = c(g, ) > 0. We can therefore condition on the number of particles being

m € (u—e,u+e)n. Let T* denote the total number of steps taken by these particles until the end

of phase one. Using Lemma 2.4 with r = ¢ologn,we get that P(T* > Cnlogn) < e~°". O

2.2. Phase two: Stabilizing from the sources. We describe the second phase of our toppling
scheme now. Recall that we start with the configuration n") that is supported on the Source
vertices. Throughout the section we shall assume that n(!) satisfies the high probability event
described in Lemma 2.1, where € will be chosen sufficiently small depending on g and A later.
Recall the intervals I; = [(i — 1)cologn,icglogn] for 1 < i < K. Observe that the i*" source z; is
the midpoint of the interval I;.

As mentioned before, for each 1 < i < K, we start stabilizing particles at z; sequentially, in any

arbitrary manner of toppling, until one of the particles hit the boundary of I;, in which case we
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(1)

term the process a failure. On the contrary, we denote by S; the event that all the n,”” particles all
fall asleep before hitting the boundary of I;: call this event Success at source z;. Clearly on the
event that S; occurs for all 7, the system stabilizes. The main step is to show that S; occurs with
high enough probability so that one can take a union bound over all intervals I;. Because of the
underlying symmetry, we state the following result for a generic interval [, 5], where we assume

r is even to avoid rounding issues.

Proposition 2.5. Consider ARW, with sleep rate \, on [—3, 5], started with m particles at the
oritgin. Let € > 0 be such that p+ 2¢ < HLA’ and let m < (u+¢e)r. Let S denote the event that all
the particles fall asleep before any particle hits {—%5,%}. Then there exists ¢ > 0, such that for all

r sufficiently large we have P(S€) < e~ “".

Proposition 2.5 is the most technically complicated result that goes into the proof of Theorem
1, and the proof will be spread over the next two subsections. Before delving into this proof, we
want to complete the remaining steps in the argument proving Theorem 1. First we need to prove

the following easy lemma.

Lemma 2.6. Consider ARW with sleep rate \, started from 0. Let T?) = T (u, \) denote the
total number of steps taken by all the particles until stabilization. Then there exists C3 > 0, and

0 > 0, such that on the event NS;, we have
P (T(z) > (C3nlog? n) <n?

for all n sufficiently large.

Proof. Observe that arguing as in the proof of Lemma 2.4, taking r = ¢glogn, on &;, the number
of steps taken by each particle started from z; is dominated by CC% log? nG where G is a geometric
random variable with mean 2 and C' depends on A. The rest of the proof is identical to that of

Lemma 2.4 and its application in the proof of Lemma 2.2. We skip the details. [l
We can now complete the proof of Theorem 1.

Proof of Theorem 1. Fix u < 1%\ and recall our two phase stabilization procedure. Recall T()
from Lemma 2.2 and T® from Lemma 2.6, and the stack of instructions .# from (1.1). Note
that our toppling scheme produces a stack of instructions .#* obtained from ., where the sleep

instructions which are ignored by our toppling scheme are replaced by n instructions (see the
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definitions before Lemma 1.3). Moreover, given the stack .#*, by the Abelian Property (Lemma
1.1), on the event NS;, the total number of instructions needed to stabilize is T + 7@ since our
toppling scheme uses exactly those many instructions from .#*. Finally, using Lemma 1.3, the total
number of instructions used to stabilize, for the stack .#, is upper bounded by T + 7@ Thus it
will suffice to show that

P(TM +T7® > Cynlog?n) < n’. (2.3)
We first fix € > 0 so that the hypothesis of Proposition 2.5 is satisfied. Then fix cg, Cs, a so that
the conclusions of Lemma 2.1 (with the same ¢) and Lemma 2.2 hold. Thus, the event

A= { sup |17§1) — pcglogn| < ecy logn} N {T(l)(p, \) < Cynlog? n}
1<i<K

occurs with probability at least 1 — n~? for some 6 > 0.
On A, by definition, for each 1 < i < K, 77(1) satisfies the hypothesis of Proposition 2.5, and

%

hence applying the latter with r = ¢glogn and a union bound we get
P(NS;) > 1 — ne heoloen > 1 _ =0

for some h > 0, and by choosing ¢ sufficiently large the final inequality holds for some 6 > 0.
We can now infer (2.3) for all sufficiently large n, from Lemma 2.6, choosing Cy sufficiently large

compared to Cy and C'5 and choosing b sufficiently small. O

2.3. Setting the Traps. It remains to prove Proposition 2.5. For this proof we shall work with the
Diaconis-Fulton representation of ARW on [—3, 5] using the stack of instructions .# as explained
at the end of Section 1.

For the remainder of this section, we shall be in the set-up of Proposition 2.5. Also without
loss of generality we shall assume that the total number of particles at the origin is m = pr, and
we run ARW with sleep rate A where p < H% Using Abelian Property (Lemma 1.1), our goal
will be to provide a toppling procedure (with some possibly ignored sleep instructions) that, when
it succeeds, will lead to a stable configuration before any of the particles reach {—%,5}. Our job
will be finished once we show that the algorithm succeeds with high probability. Next we describe
in detail the steps of our algorithm, which employs a variant of the algorithm in [12, Section 5],
along with a more complicated trap setting procedure in the finite setting. We elaborate on the

differences from [12] and their necessity later, but first we describe the procedure.
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2.3.1. Ezploration, and locating the traps. Recall that the number of particles at the origin is m. Let
us enumerate the particles y1,y2, ..., ym. The algorithm consists of applying a settling procedure
to each particle. This procedure explores .# until it identifies a suitable trap for the particle.
The exploration follows the path that the particle would perform if we always toppled the site it
occupies, and stops when the trap has been chosen. In the absence of a suitable trap, we declare
the algorithm to have failed. We set two initial barriers ag = —5,bp = 5. We will recursively define
barrier processes ag < a1 < ... and by > by > ... that are functions of .¢. Having defined a; and

b;, we define a;11 and b; 11 as follows:

Xj 1
FIGURE 2. This figure is similar to the one appearing in [12]. The blue, red and
green paths are the exploration trajectories for three consecutive particles labelled
Tk, Tkt1, Thro Tespectively, starting at the origin. The <, — denote jump instruc-
tions whereas X denotes a sleep instruction. The first particle is stopped on hitting
the barrier ai_; and hence it advances to a; which is the closest site where the
second last instruction was a sleep instruction ignored. The particle now falls asleep
at ay, instead of exploring the path beyond ai. As shown in Lemma 2.9, ap —ap_1 is
dominated by a Geometric variable of mean % However the barrier b1 stays as
it is and is renamed bg. The second particle hits barrier by which now advances to
br1+1 where the particle uses the previously ignored sleep instruction to fall asleep,
whereas ay, is renamed agy1. Thus the trap setting scheme proceeds to find traps
for each individual particle to fall asleep.

Topple the particle y;+1 using the previously unexplored instructions in .# until it hits either a;
or b;: that is, we always topple the site where this particle is currently located. At this stage we
ignore all the sleep instructions. Eventually the particle hits either a; or b;, call the site hit ¢;. Let
us suppose ¢; = a; and the exploration process hits ¢; at step 7. We set b;1.1 = b; and explore the

accessed sites backwards from a;, until we reach zero. If we reach a site v where the second to last
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instruction accessed was a sleep instruction (notice that the last instruction must have been a step
towards a;) that was ignored, then we set a;41 = v, and call a;41 = Trap,, . If no such site exists
we declare the procedure to have failed. Observe that provided we can successfully set the barriers
then they are moving towards the origin from both sides. We declare the trap setting scheme a
success if a,, < 0 < b,,. Note that this is a sufficient condition for us to be able to set barriers for
all the m particles.

In [12], the argument is based on considering the infinite half line and hence in that setting, it
suffices to only consider a single barrier process ag < a; < ... In contrast, in our setting, we want
the particles to not exit the interval [—3, 5], and hence do not want the situation where a certain
random walk hits the barrier process ag < a1 < ...,, after a long excursion outside the interval of
our interest. This creates the necessity to have another barrier process, ... < by < by, which the

particle would hit instead on such a journey, preventing its exit from the interval.

2.3.2. Running the dynamics. Let us suppose that the realization of .# is such that the trap setting
procedure is a success. On this event, let us give a toppling scheme which will utilize the traps to
stabilize all the particles before they hit ag or by. We topple the particles sequentially. Assuming
the particles up to y;_1 have been settled, we start the toppling of the particle y;, ignoring all the
sleep instructions until the particle hits Trap, for the last time before hitting a;_; or b;—1. Observe
that because the instructions used were never used in the in exploration process of the previous
particles, the path of this particle is the same as the exploration path, up until it hits Trap, for
the last time. We let the sleep instruction that was the second to last one accessed at Trap, be
executed and this settles the particle y; at Trap,. The key thing to notice here is that all the
subsequent instructions accessed by the exploration process (but not in the actual dynamics) are
located outside (a;,b;), hence the future exploration processes will never try to access them by
definition. This implies that the procedure can be continued with all the particles settled at their
respective traps if the trap setting procedure succeeds, and additionally the consecutive exploration
paths are independent of each other. This fact will be crucial for us when we try to estimate the
growth of the barrier processes.

We summarize the upshot of the toppling procedure and the discussion above in the following

lemma.
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Lemma 2.7. In the set-up of Proposition 2.5, suppose the trap setting procedure described above

succeeds. Then S occurs.

Proof. The proof is a straightforward consequence of Lemmas 1.3 and 1.1. U

Using Lemma 2.7, the proof of Proposition 2.5 will now be complete, if we show that the prob-
ability that the trap setting procedure fails is exponentially small in r. As mentioned before, our
toppling scheme succeeds if a,, < 0 < by, where m is the total number of particles initially at 0.

The proof of Proposition 2.5 follows from the next lemma.

Lemma 2.8. Let m = Br be the total number of particles at the origin, and consider the trap setting
procedure described above. For f < IJ%A, there exists ¢ = ¢(8,\) > 0 such that for all sufficiently
large r we have

Plam <0 <bp)>1—e .

Let us first provide a brief outline of our argument. Observe that at each stage i, exactly one
of the barriers advances towards the origin. The probability of this being the left one or the right
one is equal by symmetry at step 1 and hence equal to % The proof now involves showing that it
remains close to % throughout. Also we show that the distance a barrier moves at each step has
1A

=

mean So the total distance covered by the barriers after Sr many moves is approximately

% /Br%, which is smaller than § because of the assumption on 5 and A. Since the initial location

[\l

of the barriers were at —5 and 7, the above implies that none of the barriers cross the origin.

,
29
We now make the above argument formal. The first lemma we need is the following. A similar

observation was already present in [12].

Lemma 2.9. At the it stage, the distance of Trap, from the barrier ¢;_y hit by the it" exploration
process is dominated by a geometric random variable with mean 1 + % independent of everything

else.

Proof. Without loss of generality we assume that ¢;—1 = a;—1. Recall from (1.2) that each instruction
§(z,j) In 7 is a sleep instruction with probability 1%\ and jump instruction otherwise, independent
of everything else. Thus, conditioning on the i*" exploration path, the number of sleep instructions
ignored at any site z € C,, between successive jumps at x are i.i.d. random variables distributed as
Geom(p%\) —1 (we adopt the standard notation of denote a Geometric random variable with mean

p~! by Geom(p)). In particular the number of sleep instructions between successive jumps is zero
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with probability —~. Thus at any site, the probability that there was a sleep instruction ignored
1+

before the last jump instruction is H—)\ Thus Trap; — a;—1 is dominated by Geom( 1?‘) variable,
independent of everything else. Note that this is not a distributional identity, as Trap; — a;— is

bounded above by r — a;_1. ([l

The next step is to show that roughly half of the particles hit the barriers on either side. For
i=1,2,...,m, let U; denote the indicator that the i-th particle exploration process hits the left

barrier first, i.e., ¢;_1 = a;. Also let V; =1 — U;. We have the following lemma.

Lemma 2.10. In the above set-up, for each § > 0, there exists ¢ = c¢(§) > 0 such that

m m
1 _ 1 _
v (ZUi - <2+5>m> =& P(Z‘”i - <2+5)m> e
i=1 i=1
The proof of Lemma 2.10 is involved and requires a somewhat complicated coupling to a different

process; we postpone it to the next subsection. Using this, however, the proof of Lemma 2.8 is

almost immediate and we complete that part of the argument now.

Proof of Lemma 2.8. Let X1, Xa,...and Y7, Ys,... be two independent sequences of i.i.d. Geom( 1+/\)
variables independent of the sequences {U;}!"; defined above. It follows from Lemma 2.9 that
am is stochastically dominated by —4§ + >t X;U;, and similarly by, stochastically dominates
—>, Y;V;. Now clearly, using Lemma 2.3 it follows that for all 6, 6’ > 0 there exists ¢ = (6,6") > 0

such that
(+§) a1
P X; > 1+ ) <e .
> Xz )G om ) <o

Choosing § and ¢’ sufficiently small so that (1 + ¢’ )%( +6)B < 3 (this is possible since 3 < 1%\
and m = fr) it follows using Lemma 2.10 that P(a,, < 0) > 1 — ™. By symmetry an identical

bound holds for P(0 < b,,) and we are done by taking a union bound. O

2.4. Coupling with an internal erosion process. It only remains to prove Lemma 2.10. As

alluded to before to this end we shall use a coupling to a process called internal erosion, (see [37]

for a nice exposition on the latter). Let X;, Xs,... and Y7, Ys,... be two independent sequences
of i.i.d. Geom(liA) variables. Let S; = Z;-:l Xjand T; = Z;Zl Y; denote the sequence of partial

sums. Let 71 (resp. 72) denote the largest positive integer 4 such that S; (resp. T;) is less than £.

Now let {Z;}1i<i<r, (resp. {W;}i<i<r,) be a sequence of independent exponential random variables

with means f(i) (resp. g(i)) where f(i) = § — S; (resp. g(i) = § — T;). Consider the two following
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continuous time counting processes:
NO@) =sup{n>0:) 7 <t}; N@(t)=sup{n>0:> W; <t}
i=1 =1
Set also N(t) = NW(t) + N@)(t). We shall crucially use the following connection of the above

process with the trap setting procedure described in the previous subsection.

Lemma 2.11. Consider the barrier processes {a;},{b;} and the internal erosion process described
above. There is a coupling between the two processes satisfying the following: for all t > 0 such
that NO(t) < 7 and N (t) < 1, one has an( 5+ ZN( @ Xi and by = 5 — Zf\i?(t) Y.
Moreover, N'(t) is the number of times the barrier ag < a; < ... is hit among the first N(t)

particles.

Proof. The proof is a consequence of the memoryless property of Exponential variables. Recall from
the proof of Lemma 2.9 that the consecutive non-zero increments of the process ag < a; < ...,
are distributed as X7, Xo, ..., truncated at certain values which are functions of both the barrier
processes. However note that while neither barrier process has reached zero, the issue of truncation
does not arise. And hence we can couple the increments of the {a;};>1 exactly to the process
{Xi}i>1 for the first 71 increments. Similarly the decrements of the process {b;}i>1 can be coupled
exactly to the process {Y;}i>1 for the first 7o decrements (see Figure 2 for an illustration.).

Thus to finish the proof of the lemma, we have to argue that the probability of the j** particle
hitting the barrier a;_; instead of b;_; is the same as the process N'(¢) increasing before N?(t)
when N (t) = j — 1 for any j such that both N'(t) < 71 and N%(t) < 7. Note that the probability

of the (N(t) + 1) particle hitting the barrier a N(t) as opposed to by ;) has probability

( .

bne —an@  FIND(#) + g(ND(#))
Note that given the filtration up to time ¢, N} increases before N?(t) if and only if
N (t)+1
Z Zi —t < Z W; —t.
Now given the filtration up to time ¢, using the memoryless property, it follows that

N(t)+1
Z Zi — t is distributed as Zn1 )41,
i=1
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N2(t)+1
=1

and similarly Wi — t is distributed as Wyz2(;)41. Thus using the fact that

g(N@ ()
IP)(ZNl(t)_;’_l < ZNQ(t)J,-l) = f(N(l)(t)) +g(N(2)(t))’

the proof is complete using (2.4). O

Using Lemma 2.11 to prove Lemma 2.10, it suffices to prove the following lemma. Recall that

m = (r is the total number of particles.

Lemma 2.12. Let 8 < H% and let 6 > 0 be fixed (and sufficiently small as a function ofp%\ —B).
Let My = (1 —8)Br, My = (3 +6)Br. Let & denote the event that there exists t such that
{ND () > My, NA(t) < My} or {N®(t) > My, NO(t) < My}. Then there exists ¢ > 0 such that
PE) <e .

Proof. First observe that, by Lemma 2.3, max(Sas,,Ty,) < § (since d is sufficiently small) with
exponentially small failure probability and hence we have min(7y,72) > My with exponentially
small failure probability. Thus we can safely restrict our analysis to the latter event. Observe next

that it suffices to prove that with exponentially (in r) small failure probability, we have

Mo My My M,
NZix> Wi Y Zi> > W (2.5)
i=1 i=1 i=1 i=1
Conditional on the sequences S; and T;, the concentration estimates in Lemma 2.3 imply that
the terms A; := Zf\ill Ziy Ag := Zf\ill W;, Ag = Zi]‘g Zi, Ay i= Zi]\g Z; are all concentrated near
their means p1, po, p3, p4, with exponentially small failure probability. The proof is then essentially
completed by comparing the means. Note that the means are themselves random (functions of S;
and T;) and hence the last detail is to show that the means themselves are concentrated.
Formally we first observe that p; = M5 — Zf\i Y 25, —i+1 and similar expressions holds for po, p3
2
and py4. Note that E(py) = M5 — %% + O(M). There are several ways to prove concentration
of p1 and below we sketch a way to use Lemma 2.3 to achieve this. Note that the latter only allows

for sums of geometric variables, whereas we have a linear combination of them. Since we can afford

to be rather crude with our estimates, we use the following decomposition

. M
P1 =M1§—ZZSJ'-

i=1 j=1
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Thus by union bound, after applying Lemma 2.3 to each of the terms of form Zé-:l S;, it follows

that: for all £; small enough, there exists ¢ depending on all the parameters except r, such that
P (Ip1 — E(p1)| > e1r?) <™.

Similar analysis allows us to conclude similar bounds as above for ps, ps, ps. By choice of M; and
My, note that there exists e, such that E(p3) — E(py) > 4e1r? and similarly E(py) — E(p2) > 4e172.

Thus we see that with probability at least 1 — e™“", the sequences S;, T; are such that
p3 —p1 > 2e17% and P4 — p2 > 2e172.

Moreover, conditioned on the above events, for j = 1,2,3,4, Lemma 2.3 implies the following

concentration estimates:
P (|Aj —pj| > %ﬂ) > e, (2.6)
Thus combining the above inequalities and union bound the lemma follows. O
We are now ready to complete the proof of Lemma 2.10.

Proof of Lemma 2.10. We shall use the coupling described in Lemma 2.11. Let M;, My be as in
Lemma 2.12. Now by the coupling discussed above and Lemma 2.12, it follows that with exponential
(in r) failure probability, M; particles hit both barriers before My particles hit any barrier.

Since the total number of of particles is m < M; + Ms it follows that, with exponentially high
probability neither > ", U; nor » ;*, V; can exceed M. Since f < HAA’ we can safely ignore the
exponentially (in 7) unlikely event that My > min(7y, 72) and hence assume that coupling in Lemma

2.11 does not fail. O

Remark 2.13. It can be shown that Ty, (jt, \) will be of order n3, if all the particles (approzimately
un) were initially located at the same site and hence Theorem 1 relies heavily on the location of the
particles in the initial configuration being uniform. To see this, note that by the above discussion
regarding topplings, when a linear in n, say an, number of particles start at the origin, then to
stabilize, due to lack of space, at least 5" particles must move outside an interval of size %5* centred
at the origin. Since a random walk path takes time ©(n?) on average to exit such an interval, the

observation follows.
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3. SLOW FIXATION FOR LOW SLEEP RATE

In this section we prove Theorem 2. That is, we prove that for any g > 0 and sufficiently small
sleep rate A\, ARW (u, \) on C,, takes at least exponentially many steps before reaching the absorbing

state with failure probability exponentially small in n.

3.1. The Stabilization Loop. We shall now describe the toppling scheme outlined in Section
0.2 in more detail. Let p € (0,1) be fixed and A be sufficiently small. By Lemma 1.1 it suffices
to exhibit a sequence of legal topplings with exponentially many steps. We shall show that our
procedure satisfies this property with exponentially high probability if A is sufficiently small.

While running this scheme, particles will switch between two different states, which we call states
X and Y. Particles in state X follow normal ARW dynamics among themselves as described in
Section 1.1, and can wake up sleeping Y -particles. Y -particles, on the other hand, do not move,
and have no effect on the states of any other particles. Thus a state of the system during this
toppling scheme consists of all the particles, each in state X or state Y, and each asleep or awake.
When a site is toppled, only X-particles at that site follow the corresponding stack instructions
from .# (see Section 1.1). So Y-particles only undergo the transition from sleepy to active when
an active X-particle reaches the same site.

As described in Section 0.2, our toppling procedure will run multiple rounds of what we call
stabilization loop. Formally, starting from a particle configuration n — i.e. the values n(x) for
x € C, — stabilizing the system in a subset D of sites in C,, means choosing some particles to be
in state X and the rest to be in state Y. Then running the particle dynamics described above,
only toppling sites inside D, until all X-particles are asleep in D or are outside D. Now the
obvious strong Markov property of the above dynamics makes the different stabilization rounds
conditionally independent which would be crucial in our calculations.

It will be convenient to identify C,, with the interval [—r, r] with —r and r identified, i.e., assume
n = 2r for integer r. We shall denote the origin by 0 and the identified vertex r = —r will
be denoted by r. The stabilization steps we run will alternate between taking D = C, \ {0,r},
D=C,\{0} and D=C, \ {r}.

1. Stabilization Step A: Stabilize all the particles in C,, \ {0,r}. That is, treat particles in
Cn \{0,r} as X-particles, stopped upon hitting {0, r}, and all other particles as Y -particles.

So at the end of this procedure all active particles will be at 0 or r.
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2. Stabilization Step B: Reset the X and Y labels: the particles initially at 0 become X-
particles, and all other particles become Y-particles. Then stabilize all X-particles with
particles stopped at r. With the identification of C,, with [—r,r], this step is the same as
stabilizing the ARW dynamics in the interior of [—r, 7] where the initial particle configura-
tion is supported at the center of the interval, a special case of the more general process
analyzed later in Lemma 3.5 using results from [4].

3. Stabilization Step C: This is identical to the Stabilization Step B above with the roles

of 0 and r interchanged.

The algorithm receives an initial particle configuration 1 on C,, drawn from P* as an input. Then
we perform the Stabilization Loop, which is Stabilization Step A, followed by Stabilization
Step B and Stabilization Step C. We repeat the Stabilization Loop until all of the particles

are asleep.

We now state the main lemma about the Stabilization Loop and use it to prove Theorem 2.

Lemma 3.1. Fiz p € (0,1), € € (0,2u/5) and any particle configuration n with at least (pu — €)n
particles, and suppose at least un/2 particles are active in n. Let 17 denote the configuration after
we have performed the Stabilization Loop. Then for A\ = A(u) > 0 sufficiently small, there exists
¢ > 0 such that

—Ccn

P(7 has less than un/2 active particles) < e

Using this lemma we now prove Theorem 2.

Proof of Theorem 2. By the Abelian Property it suffices to demonstrate that with high probability
there is a toppling algorithm that does not terminate before exponentially many steps are executed.
By a Chernoff bound for any p and e the probability that there are at least (u — £)n particles is
exponentially close to one. In the initial stage at least un/2 of the particles are awake. By Lemma
3.1, the number of consecutive rounds that the Stabilization Loop is performed is at least e2”
with probability at least 1 — e~ 2" before all the particles are asleep. Each time the Stabilization
Loop is performed, there must be at least one jump or sleep instruction occurring in it. As n = 2r

this completes the proof of Theorem 2. O
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To prove Lemma 3.1 we rely on two results that are proved by adapting the analysis in [4]. Our
first goal is to show that with exponentially high probability after performing Stabilization Step

A there are at least un/4 active particles. By definition these active particles are all at 0 or r.

Lemma 3.2. Fiz p € (0,1),e € (0,21/5) and any particle configuration n with at least (1 — €)n
particles of which at least un/2 are active.

Let 7 denote the configuration after we have performed the Stabilization Step A. Then for
A = Ap) > 0 sufficiently small, there exists ¢ > 0 such that

cn

P (ﬁA has less than un/4 active particles) <e”

Thus after performing Stabilization Step A there are likely to be either at least un/8 active
particles at 0 or at least un/8 active particles at r. Suppose there at least un/8 active particles at
0. Our next result says that with high probability after running Stabilization Step B at least
90% of active particles that were at 0 are now active particles at r. Also all Y particles are now

active.

Lemma 3.3. Fiz p > 0 and any particle configuration n with at least A > pn/8 active particles at
0.

Let 7B denote the configuration after we have performed Stabilization Step B. Then for \ =
A(p) > 0 sufficiently small, there exists ¢ > 0 such that

cn

P (ﬁB has all Y particles active and at least .9A active particles at r) >1—e"

We postpone the proofs of Lemma 3.2 and Lemma 3.3 for now and complete the proof of Lemma

3.1.

Proof of Lemma 3.1. After performing Stabilization Step A, by Lemma 3.2 there are at least
un/4 active particles at either 0 or r except exponentially small failure probability. On this high
probability event, after performing Stabilization Step B then except for exponentially small
failure probability there are at least un/8 active particles at r by Lemma 3.3. (Note that this is
true no matter how the active particles were split among 0 and r at the start of Stabilization
Step B). On the event that, the high probability event happens at both of these steps, when we

start Stabilization Step C there are at least un/8 active particles at r. Thus we can apply
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Lemma 3.3, and it follows that, again except for exponentially small failure probability, at the end
of Stabilization Step C all Y particles are active and at least 90% of the X particles are active.
Since, by hypothesis, the total number of particles is at least (u — e)n and € < 2u/5, easy algebra
shows that on the event that none of the three steps resulted in the failure events of exponentially
small probability, the loop results in a particle configuration with at least un/2 active particles.
The lemma now follows by taking a union bound over the three failure events. (Note that implicitly

we are using the obvious strong Markov property of the above dynamics.) O

3.2. Proving Lemmas 3.2 and 3.3. Now we show how to derive Lemmas 3.2 and 3.3 from [1].

The following lemma will be the key in both arguments.

Lemma 3.4. Fiz 6y € (0,1) and ¢y > 0. Consider ARW with sleep rate A on the interval [—r,r]
starting from an initial configuration n with at least dgr active particles. Let S denote the number
of sleepy particles in (—r,r) after stabilizing. There exists C = C(dp,co) and Ao = \o(dp,co) > 0
such that for all A < Ag

P(S > cor) < e .

for all v sufficiently large.

Proof. This lemma comes from calculations contained in [1]. Recall the odometer function from
(1.3) and let ~(0) denote the odometer at the origin at the end of the stabilization process and let
& = {h(0) < r%}. We break up {S > cor} in two parts

{S>cr}Cc({S>criné&)UE&-.

First we use random walk estimates to prove P(£¢) < e~¢". This is the same as the argument
presented in [1] (Lemma 32) but we provide the short proof for completeness. To start, note that

the probability that a lazy random walk started arbitrarily inside [—r,r| does not hit {—r,7} in

K7r? steps is at most e ¢, where ¢ depends on the laziness parameter. Now there are at most

2r particles, each of which moves along an independent, 1J%)\—lazy, random walk trajectory. So
the probability that any of these particles take more than 0.57° steps before hitting {—r,r} is
exponentially small. A union bound then implies that the sum of the number of steps taken by all

the particles before reaching {—r,7} is exponentially unlikely to be more than 7% and hence we get

P(&) = P(h(0) <76) > 1 — e C".
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Fix ¢; such that ¢p/4 > ¢; > 0. Equation (6.21) in [1] shows for A sufficiently small (and r
sufficiently large)
E ((eS1 + esz)lg) < e’

where S; and Sy denote the number of sleepy particles in (—r,0] and [0,r) respectively. Thus by

Markov’s inequality,

E ((es1 + 652)15) < 2ec1”

P{S >cor}né€) < = < —— < e Cr
e2" e2"
for some C' > 0, since S > cor implies either S1 or So is at least “G-. O

Proof of Lemma 3.2. If there are at most un/4 active particles after Stabilization Step A then

at least un/4 particles must have fallen asleep in this step. Thus either

(1) there were initially at least un/5 active particles on (0, 7) in 1 and there were at least pn/20
sleepy particles on (0,7) in 774 or
(2) there were initially at least at least un/5 active particles on (—r,0) in 7 and there were at

least pin/20 sleepy particles on (—r,0) in 7.

By Lemma 3.4 both of those events have exponentially small probability. Thus the lemma follows

from an union bound over the two cases. O

For the proof of Lemma 3.3 we shall use the following lemma which is immediate from Lemma

3.4 by taking c¢g sufficiently small and we omit the proof.

Lemma 3.5. For each d9 > 0, the following holds for \ sufficiently small. Consider stabilizing
any particle configuration n supported on [—r,r] i.e. particles hitting {—r,r} are ignored. Call the

stabilized system n'. If n has A many active particles with A > dor then

cr

P (the total number of particles supported on {—r,r} inn' is at least .9A) >1—e"

Proof of Lemma 3.3. For this lemma we have to show the two events have exponentially small
failure probability: (i) 7” has at least 0.9A4 active particles at r, and (ii) all Y particles are active.
The first part is immediate from Lemma 3.5. For (ii), observe the following.

Each X-particle, whenever it moves, follows an independent random walk trajectory that is

stopped at hitting {—7r, 7} (the number of steps in this trajectory that is realized has a complicated
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dependent structure). By symmetry each of these trajectories are equally likely to end at —r and
r. Since A > un/8 and using a standard Chernoff bound, it follows that with failure probability
exponentially small in n, no more than 0.6A4 of these trajectories end at r (also at —r). Since by
the first part, we know that at least 0.94 of these particles follows their trajectories to hit {—r,r},
this implies that except for exponentially small failure probability, both r and —r are hit by at
least .3A many X-particles i.e., r is hit from both positive and negative side. This implies that

every Y particle is hit by an X particle, and hence all Y particles are active in 7. ([l

We finish with a remark on lower bounding 7}, (p, A).

Remark 3.6. An exponential upper bound for T, (u,\) is relatively easy to establish. Note that
starting from any configuration, ignoring sleep instructions, one can get each particle to a different
location, using only polynomial in n many instructions with probability at least 1 — e~ ", since
for a random walk on C,, the hitting time for any point is a sub-exponential variable at scale n?.
Once the particles are all located at different sites, with probability at least (H%\)", all of their next
instructions are sleep instructions which causes the system to stabilize. Thus starting from any
configuration, the probability of stabilizing in polynomially many steps is at least (1%\)”, which

implies an exponential upper bound on the fixation time, by running independent trials of the above

argument until one trial does succeed to stabilize the system.
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Part 3. Phase transition for Wishart matrices

The Wishart distribution is a fundamental object appearing in many domains, such as statistics,
geometry, quantum physics, and wireless communications, among others. In statistics it arises as
the distribution of the sample covariance matrix of a sample from a multivariate normal distribution.
In geometry it is known as the Gram matrix of inner products of n points in R?, and it is also the

starting point for canonical models of random geometric graphs [9, 6, 13].

It is well known that an n x n Wishart matrix with d degrees of freedom is close to the ap-
propriately centered and scaled Gaussian Orthogonal Ensemble (GOE) if d is large enough (see,
e.g., [9]). Recent work [6, 27] shows that the transition happens when d = © (n®) and in this paper
we study this critical window. In Theorem 3.8 below we explicitly compute the total variation
distance between the Wishart and GOE matrices when d/n3 — ¢ € (0, 00), showing, in particular,

that the phase transition from Wishart to GOE is smooth.

3.3. Main result. Let X be an n x d matrix where the entries are i.i.d. standard normal random
variables, and let W = W(n,d) = X X7 be the corresponding n x n Wishart matrix with d degrees
of freedom.! Let M (n) be an n x n matrix drawn from the Gaussian Orthogonal Ensemble, i.e., a
symmetric n X n random matrix where the diagonal entries are i.i.d. normal random variables with
mean zero and variance 2, and the entries above the diagonal are i.i.d. standard normal random
variables, with the entries on and above the diagonal all independent. In order to match the
first moment and the scale of the Wishart matrix, we center and scale M (n) appropriately: let

M(n,d) := \/dM(n) + dI,, where I, is the n x n identity matrix.

If d is large enough compared to n, then the Wishart matrix becomes approximately like the
GOE. Recent work of Bubeck, Ding, Eldan, and Racz [(], and independently Jiang and Li [27],
shows that the transition happens when d = © (n3) Specifically, they proved the following theorem,

where we write TV for total variation distance.

Theorem 3.7. Define the random matriz ensembles W(n,d) and M(n,d) as above.

a) (Bubeck, Ding, Eldan, and Racz If d/n® = 0 then
(a) (

TV (W (n,d), M(n,d)) — 1.

n statistics the number of samples is usually denoted by n and the number of parameters is usually denoted by
p, resulting in a p X p Wishart matrix with n degrees of freedom. Here our notation is taken with the geometric
perspective in mind, following [9, 6, 7].
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(b) (Bubeck, Ding, Eldan, and Racz [0]; Jiang and Li [27]) If d/n3 — oo then
TV (W (n,d), M(n,d)) — 0.

Our focus is on the critical window and our main result is the explicit computation of the limiting

total variation distance between W (n,d) and M (n,d) when d/n3 — ¢ € (0, 00).

Theorem 3.8. Define the random matriz ensembles W (n,d) and M (n,d) as above and let d = d(n)

be such that d/n® — ¢ € (0,00). Then

Tim TV (W (n, d), M(n, d)) = Exf <4\/§§\/5> , (3.1)

where recall that the error function is defined as

2 €T
Erf (z) = ﬁ/o e dt.

From this result we can immediately read off that, as ¢ — 0 and ¢ — oo, the total variation
distance goes to 1 and 0, respectively, recovering the previous results described in Theorem 3.7.

Since Erf (z) = %x (I1+0(1)) as z — 0, the limiting total variation distance decays as

ot <4\/:1§ﬁ) ~ 2\/%\5

as ¢ — 0o0. The behavior of the limit when ¢ is small is plotted in Figure 3.

The limiting total variation distance
1 T T T T

0.8 -

0.6 -

n,d), M(n,d) )

limp, TV( W(

0.2 -

F1cURE 3. The limiting total variation distance as a function of ¢, when ¢ is close to 0.
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From the proof we shall see that the limit in (3.1) is the expected value of an explicit function
of a two-dimensional Gaussian, which comes from the central limit theorem for the first and third

moments of the empirical spectral distribution of a GOE matrix.

3.4. Further related work and open problems. Several recent works have explored extensions

of Theorem 3.7, and Theorem 3.8 raises further questions.

Robustness. Bubeck and Ganguly [7] showed that the critical dimension is universal in the
following sense: Theorem 3.7 holds (up to logarithmic factors) if the entries of X are i.i.d. from a
sufficiently smooth distribution. What can be said about the transition in the critical regime? Are
there other distributions for which the limiting total variation distance can be computed explicitly?

If not, can one prove similar qualitative behavior?

Anisotropy. Eldan and Mikulincer [18] studied the effect of anisotropy on the power of detecting
geometry in random geometric graphs. This is directly related to studying Wishart matrices where
each row of X is a multivariate normal with a diagonal covariance matrix. The authors introduce
new notions of dimensionality and prove a theorem similar to Theorem 3.7 with appropriate upper
and lower bounds on the “effective critical dimension”. While the primary open problem is to close
the gap between these bounds, one may also ask about the nature of the transition at the effective

critical dimension: can anisotropy cause qualitatively different behavior?

Other regimes. Theorems 3.7 and 3.8 state that as d/n® — oo, all statistics of the Wishart
W(n,d) and the GOE M (n,d) have asymptotically the same distribution, but this is not the case
if d/n? remains bounded. In the random matrix literature there has been lots of work showing that
particular statistics of these ensembles have asymptotically the same distribution even when d < n3.
For instance, when d = O (n), then the limiting empirical spectral distribution of the Wishart is
the Marchenko-Pastur law, which shows the difference between the Wishart and GOE, but the
largest eigenvalue of the Wishart already behaves like that of the GOE [29, 16, 17]. This naturally
raises the question of whether there are other regimes of d and n where there are interesting phase

transitions.

4. PROOF OF THEOREM 3.8

The main reason that allows for an explicit computation of the limiting total variation distance in

Theorem 3.8 is that both W (n,d) and M (n,d) have explicit densities. The proof of Theorem 3.8
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is similar to the case of d/n® — oo presented in [6] and proceeds by a Taylor expansion of the
ratio of the densities of the two random matrix ensembles. The difference compared to the case of
d/n3 — oo is that here the Taylor expansion has to be done to one degree higher. As we shall see,
taking the limit of the total variation distance as d/n® — ¢ € (0, 00) then requires using the central

limit theorem for the moments of the empirical spectral distribution of a GOE matrix.

eps o s . n(n+1)
Step 1: Writing out the total variation distance. Let P C R™ 2 denote the cone of

positive semidefinite matrices. It is well known (see, e.g., [62]) that when d > n, W(n,d) has the

following density with respect to the Lebesgue measure on P:

det (A))2(@" exp (— 1T (4))
AT T (3 (d 4 1-1))

—~

fn,d (A) =

N

2

where Tr (A) denotes the trace of the matrix A. The density of a GOE random matrix with respect

n(n+1) _1 n
to the Lebesgue measure on R 2 is A (27) n(ntl) 9-3 exp (—%Tr (A2)) and so the density

. n(n+1) .
of M (n,d) with respect to the Lebesgue measure on R~ 2 is

exp <—ﬁTr ((A - dIn)2))

nd(A) =
9n.a (4) (QWd)in(n+1) 9%

. . . n(n+1)
Denote the measure given by this density by p, 4, let A denote the Lebesgue measure on R™ 2

and write A = 0 if A is positive semidefinite. We can then write
TV (W(?’L, d)7 M (nv d)) = / n(n+1) (gn,d (A) - fn,d (A) 1{AEO})+ dA (A)
R— 2

_ fna (A) Liarop
T G KL (@

where z; := max {z,0}. Let Q denote the set of symmetric matrices for which all of the eigenvalues
are in the interval |d — 3v/dn,d + 3\/%} Since d/n® — ¢ > 0, we have that Q C P for all n large
enough. It is known (see, e.g., [2]) that, with probability 1 — o (1), all the eigenvalues of M (n)
are in the interval [—3y/n, 3/n|, which implies that M (n,d) € Q. Since the integrand in (4.1) is

bounded, we can then write

TV (W(n, d), M (n, d) :/Q

(1- st

and so we may restrict our attention to Q.



39

Define oy, 4 (A) = log (fn,d(A) /gna(A)). Denote the eigenvalues of an n x n matrix A by
A1 (A) < -+ < A\, (A); when the matrix is obvious from the context, we omit the dependence on

A. Recall that det (A) = [[;"; A\; and Tr (A) = >""" | Ai. We then have that

an,d(A) = 72 (d—n— 1)10g)\1>\1+21d()\1d)2}
i=1

n(n+3) dn n n(n+1) = 1 ,
+{4 2}10g2+210g7r+410gd ;bgr §(d+1 i) ).

By Stirling’s formula we know that logI' (2) = (z — %) logz — z + %log (2m) + O (%) as z — 00, SO

an,d(A):12{(d—n—1)log)\i—)\i+21d()\i—d)2}
i=1
n(n+1) l — , N . n
+4logd—zg(d—z)log(d—i-l—z)—i—2;(d+1—z)+0<d).

Now writing log (d + 1 — i) = logd + log (1 — %) =logd — % - (i;dlz)2 +0 <(i;§)3> we get that

“ n n3
Qp.d(A) = ;Z{(d—n—l)log)\i—)\ﬁ—21d()\¢—d)2} —5{(d—n—1)logd—d}— m+0(1).
i=1
Defining h (z) := 3 {(d— n—1)log (z/d) — (x —d) + 5 (z — d)2}, we have that
and (A) =Y h(\) = oo+ o(l) (43)

Step 2: Taylor expansion and taking the limit. The derivatives of h at d are h (d) = 0,

W (d) = =L 1 (d) = 2L ) (d) = &=t p®) (@) = —2nml) and also h®) (x) = 2l
Approximating h with its fourth order Taylor polynomial around d we get that

n+1 n+1 g d—n-—1 3 d—n-—1 g d—n—1 5
h(x) = — —d —d)f'+——(—d)——(r—d) " +——— (x — d

where ¢ is some real number between = and d. From 4.3 we see that to compute «,, 4 (4), we need

to compute the sum over the eigenvalues {\;};_; of each term in the expansion.
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First, we argue that the contribution from the remainder term is negligible. Recall that A € Q,

and hence \; € [d —3Vdn,d+ 3\/dn} for every i € [n]. If x € [d 3vVdn,d+ 3Vd } then

d—n—1 5(3\/%)5:()(7112)7

10 (d _ 3\/%)

‘d—n—l

1067 SaUHE

where we used that d = © (n*). Summing n such terms gives a term of order O(1/n), which is

negligible in the limit. Turning to the four terms that matter, defining

n—+1 " n—+1 "

Sy (n,d) == —— (N —d), Sy (n,d) = = (i —d)?,
i=1 =1
d—n—1¢ d—n—1g
S3 (n, d) ::TZ(M—CN, Sy (n,d) := —WZ(Ai—d)‘*,
i=1 i=1

and also letting Sy (n,d) := —n3/(12d), we thus have that

Qi d (A) = Sp (n,d) + S1 (n,d) + Sz (n,d) + S3 (n,d) + Sy (n,d) + o (1). (4.4)

For i € [n] define yu; := ﬁ (AN —d). If {\};, are the eigenvalues of M (n,d), then {yu;};, are
the eigenvalues of ﬁM (n). Recall that the empirical spectral distribution 1 =Y iy Oy, converges
weakly to the semicircle distribution with density pgc (z) = 5=v/4 — 121 51<9y (see, e.g., [2]). With

this notation we can rewrite the four quantities above as follows:

NACERVINE n+1
Si(nd) = === x> i, Sz (n,d) = Zul,
2\/& =1
d—n-1 nd o, d—n—-1 n® 1
Sy nsd) = =g X\ g X Su(nd) = ———g— X g % nZ;

Let U be a random variable distributed according to the semicircle law. We know that for any
fixed k € N, the £ moment of the empirical spectral distribution converges in probability to the
k™ moment of the semicircle law (see [2, Lemmas 2.1.6 and 2.1.7]), i.e

L~ ok k
— Z w; = E [U } .
n -
=1
Since E [U?] = 1 and E [U*] = 2, we have that, as d/n® — ¢ € (0,00), S2(n,d) — 1/(4c) and
Sy (n,d) — —1/(4c), so put together we have that Sy (n,d) + Sy (n,d) — 0.
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The central limit theorem for the moments of the empirical spectral distribution of a GOE matrix

(see [2, Theorem 2.1.31 and Exercise 2.1.35] and [3]) shows that

i=1 i=1

where (N7, N3) are jointly normal with mean zero and covariance matrix C' = ( % S, ). The entries
of the covariance matrix C' are special cases of the more general formulas found in [2, 3]. One can
verify these numbers by using the identity

n k n k

St = () =2 (o)),

i=1 i=1 050
for Kk = 1 and k£ = 3, and computing appropriate moments of normal random variables. Using
Chebyshev polynomials can simplify computations. Specifically, let T} denote the Chebyshev poly-
nomial of the first kind of degree k. That is, let Ty (z) = 1, let T} (x) = z, and for n > 1 let

Toy1 (z) = 22T, (z) — Th—1 (). Previous work [28, Corollary 2.8] shows that the random variables

{or (e ()]

converge weakly to independent normal random variables with mean zero and variances given by

{(2¢+1)/ 2}5:0. The result in (4.5) then immediately follows from this result for k = 1.

Putting everything together we see that, as d/n® — ¢ € (0,00), we have that

1 1 1 1 1
(So, S1, 52,53, 51) = (1267 *T\ﬁva 10 @N& 46) . (4.6)

Therefore, since the function (s, 51,52, 53,54) + (1 —exp (so + s1 + 82 + 53 + 54)) . is continuous
and bounded, we have by (4.2), (4.4), and (4.6) that

TV (W (n,d), M (n,d)) — E [(1 ~ exp (-1120 _ 2\151\11 + 6\1£N3>>J . (4.7)

Step 3: Evaluating the limit. What remains is to evaluate the expectation on the right hand
side of (4.7). Let Y and Z be independent normal random variables with mean zero and variances

2 and 6, respectively. Then (N1, N3) and (Y,3Y + Z) have the same distribution, since both are
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Gaussian with the same mean vector and covariance matrix. Notice that

1
2\[Y+7(3Y+Z)

and hence the right hand side of (4.7) is equal to

el ed) )

Since 1 —exp (—1/(12¢) + z/(6+/c)) > 0 if and only if z < 1/(24/c), we have that

fo

1
1 1 2v/c L4 1 1 _z°
Ef{fl-exp|——++—= —/ (1—6 12¢ 6ﬁ>' e 12dz
[( p( 12¢ = 6y/c )) ] —c0 V127
2/ _ 22 (2= 1/f)
= — e 12dz — dz
\/127‘(‘/_ \/1277/

r{oe i) ele<-oh) (k)

which concludes the proof.
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Part 4. Intersections of random sets
The Boolean model is a geometric model for random sets in space: for example, bullets being

fired at a tank, or antibodies attaching to a virus cell. One starts with a Poisson point process X

of intensity A on R%, and (for simplicity) some fixed set S. The Boolean model refers to the set

Bys= |J (X+9), (4.8)
Xex
where, for z € R?,
r+S={z+y:yes} (4.9)

Conditioning on the (positive probability) event {0 ¢ B) s}, one then studies, among other things,

the uncovered component of R? containing 0, known as the Crofton cell.

The Boolean model was first defined and studied in the 1960s by E.N. Gilbert, who investigated
both percolation [11] and coverage [12]. Gilbert’s results (from both papers) were improved by
Hall [14, 15], and Hall’s result on coverage [I1] was improved and generalized by Janson [l8].
The books by Meester and Roy [22] and Hall [10] are standard references for the percolation and
coverage processes respectively, and the more recent books by Haenggi [17] and Franceschetti and

Meester [10] cover applications to wireless networks (the motivating example from [11]).

There are a number of well-studied cousins of the Boolean model. One such class of models is
tessellations. For example, consider a hyperplane tessellation of intensity A on R Namely, let
R = {R, : n € N} denote a Poisson point process with intensity A — or, more generally, with
intensity measure v — on R, and let 0,,,n € N, be iid uniform over the d — 1 dimensional unit
sphere, independent of R. The corresponding Poisson field H refers to the set of hyperplanes H,,

given by

H,={zecR:2-0,=R,}, (4.10)

i.e., H, is the hyperplane passing through the point R,0,,, with normal vector parallel to 6,,. Note
that, on average, 2\ hyperplanes intersect the unit sphere in this model. The analogous object in

this context is the connected component of the tessellation containing 0, denoted D()\.
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Hyperplane tessellations have a history dating back to the 19th century. Crofton’s formula (1868)
expresses the length of a curve C' in terms of the expected number of times C meets a random

line, i.e., the expected number of times C' intersects a random line tessellation. Generalizations

of Crofton’s formula led to the development of Integral Geometry [25]. Meanwhile, inspired by a
question of Niels Bohr on cloud chamber tracks, Goudsmit in 1945 [13] computed the variance of
the cell size in a random line tessellation, and Miles in 1964 [24, 25] initiated the systematic study

of random line tessellations (with potential applications to papermaking in mind). We will make
use of Goudsmit’s result later. Calka’s recent survey article [0] gives an excellent overview of the

field.

We will also use a slightly different tessellation model: tessellation by spheres, rather than
hyperplanes. Let X' be a Poisson point process of intensity A on R?, and let S = 0B = {z € R? :

|[z|| = 1} denote the boundary of the unit ball B in R%. Then the set

U &x+s) (4.11)

XeXx

partitions R into a union of disjoint connected components. As before, it is common to study the
connected component of this tessellation containing the origin, denoted ES‘.

A result due to Michel and Paroux [23] (see also [7]) gives a common scaling limit for these sets:

Theorem 4.1. Let C3, D} and E} denote the Crofton cell in the boolean model (with S = B),
and the connected components in the hyperplane and sphere tessellation models, respectively. These

three models have a common scaling limit in distribution:

lim SyACY ~ lim 2AD} ~ lim 2S4\E} ~ 2C, (4.12)
A—00 A—00 A—00
where Sy is the Lebesgue measure of S = OB, C is the law of the normalized Crofton cell Dé, and

~ denotes equality in distribution.

The scaling in this theorem is nontrivial and deserves some comment. Consider first the tessel-
lation models. As A — oo, the expected volume of the connected component containing the origin
is inversely proportional to the expected number of connected components in B. = {z : ||z|| < €}.
This latter quantity is in turn proportional to the number of points of intersection (of spheres or

hyperplanes) in B.. The number of such intersection points scales as A%, since each intersection
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point is determined by d spheres (respectively hyperplanes), so the expected volume of the Crofton
cell scales as A%, leading to a linear scale factor of 1/\. Finally, the constants can be determined
by computing the expected number of spheres (respectively hyperplanes) meeting Be in each of the
three models: for C}, D} and Ej these are asymptotically Sy\e, 2)e and 2S3)\e respectively.

Our contribution is to introduce a new model to this group, which we term the boolean inter-
section model. Let B denote the closed unit ball in R?, and let Cy be a Poisson point process with
intensity A on B. (We will focus on the uniform intensity case, and discuss in Section 6 some ideas

that apply for general intensity measures). Let

*=Bn| () (C+B) (4.13)
CECy

be the intersection of copies of B shifted by C' € Cy. By definition, set I* = B if Cy = (. Note that
for each A, I* is a convex (connected) set contained in B, containing 0. Our goal will be to show
that I shares the same limit as the Boolean and Poisson hyperplane tessellation processes, up to

a constant.

Theorem 4.2. Let C' denote the law of the normalized Crofton cell D(l). The following distributional

convergence holds:

lim SyA* ~ 2C. (4.14)

A—00

Write || for the Lebesgue measure of a measurable set I C R%, and wq = vol(B) = 15,.

Proposition 4.3. The limiting volume of the intersection is given by

d!
lim AE[Y = S (4.15)
A—00 Wy_q

For example, when d = 2, limy_,o N2E|I*| = 5

One proof of this fact is via (4.14), and an appeal to classical results on the statistics of the
Crofton cell C' [13]; we outline the details in Section 9. We give an alternative proof based on
general results for the intersection model in Section 6. Similar formulas hold for a more general
class of boolean intersection models, namely where the underlying point process is not uniform, or

the balls are exchanged for other compact sets. For simplicity we focus on the case of balls of fixed
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radius, and comment on generalizations in Section 6.2. Additionally, one can formulate all these
results using ‘fixed count’ versions of these models: that is, instead of using an underlying Poisson
process, for each n define I, as the intersection of n iid copies of B. This model also shares the

Crofton cell D} as a scaling limit.

4.1. Random variables in the space of closed sets. Our main result, Theorem 4.2, refers to a
convergence of random sets. The usual modes of convergence — in law, in probability, and in LP —
are trickier to define for random sets. We follow the approach taken in [7] and most of the existing
literature, namely via the Hausdorff metric d on the space E of closed subsets of R?. In the most
general setting, one defines convergence in law by convergence of capacity functionals. Suppose X

is a random set taking values in E: the capacity functional of X is

Tx(K)=P(XNK #0), K acompact subset of R%. (4.16)

If X,, and X are random sets in E, convergence in law of X, to X, written X,, —4 X, refers to

convergence of their capacity functionals, i.e., for any fixed compact K C R%,

Tx,(K) — Tx(K) as n — oc. (4.17)

A stronger notion, which is used in [7], and that we rely on in the proof of Theorem 4.2, is
convergence in probability. If X, and X are defined on the same probability space, we say X,, — X

in probability if for every € > 0,

P(du(Xn, X) >€) =0 asn — oo. (4.18)

The authors of [7] implicitly use the fact that convergence in probability for random sets implies
the convergence in law defined above. Our proof of Theorem 4.2 gives an explicit coupling between

the intersection model and the Crofton cell, under which (4.18) holds.

5. OVERVIEW OF RESULTS

Although our main result is Theorem 4.2, we will present two different approaches to its corollary,
Proposition 4.3. The first is direct, and appears in Section 6. The second is via Theorem 4.2, and

occupies Sections 7, 8 and 9. Below, we summarize each approach in turn.
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In Section 6, we first consider a single ball B, whose center lies inside the unit ball B. A simple
volume calculation lets us estimate (in Proposition 6.1) the probability that B contains the line
segment [0,7] on the positive z-axis. Next, we consider the full model, in which unit balls are
centered at points of a Poisson process of intensity A inside B, forming an intersection I*. Write
R* for the radius of I* in the positive 2 direction (for instance). Proposition 6.1, together with
an approximation argument, allows us to show that the suitably scaled radius R* converges in
distribution to an exponential random variable of mean one. Finally, Proposition 6.4 relates the
expected volume of I* to the dth moment of R*, completing the calculation of E|I*| and proving
Proposition 4.3.

As part of this analysis, we also prove a parallel series of results for a related hyperplane model
K*, which approximates the ball model I* near the origin.

Section 7 contains some probabilistic and geometric lemmas that we will use in Section 8.

In Section 8, we prove Theorem 4.2. The main idea is to couple the intersection model with a
sphere tessellation model. With I* as above, and J* defined as the cell containing the origin in an
appropriately scaled sphere tessellation model, we show that, in our coupling, the scaled Hausdorff
distance between I* and J* converges to 0 almost surely as A — oo. To achieve this, we carry out

the following steps:

(1) Show that only points of the Poisson process close to the boundary — namely, within distance
Ex = % of OB — contribute to the shape of I* (asymptotically almost surely as A — 00).
We use a coupon-collector type process on 0B as a test: if there are points of Cy close to
OB that are “spread out enough” (in terms of angle), then I* must be contained within a
small ball at the origin.

(2) Match spheres close to 0B from the intersection model with spheres close to 0B from the
tessellation model. Since some of the sphere centers in the tessellation model land outside
B, while the sphere centers in the intersection model are confined to B, we must match them
by shifting. We accordingly identify each point RO of the underlying tessellation process
(with R € (1,1 +¢)) and § € 0B) with the point (R — 2)6 in the intersection process. The
spheres centered at these two points have almost the same effect on J*, except that one
makes a ‘concave’ boundary and the other a ‘convex’ boundary.

(3) Show that the error in carrying out Step 2, in terms of the Hausdorff distance between the

suitably scaled sets I* and J?, is negligible. This involves a careful coupling between the
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underlying point processes: since we scale everything by a factor of A, it is necessary to

have an error of order o(A~!), not just o(1).

Finally, in Section 9, we derive Proposition 4.3 from Theorem 4.2, using the d-dimensional version
of Goudsmit’s 1945 calculation [13] for the area of the Crofton cell. Although the relevant formulas

appear in the work of Matheron [21] (Chapter 6), our treatment is short and self contained.

6. STATISTICS FOR THE INTERSECTION MODEL

To warm up, consider the following generic intersection process on R. Let Cy be a Poisson process

with intensity A on [—1, 1], and define

U=Uy=[-11n| ] c+[-11] (6.1)
ceC'y
where ¢+ [—1,1] = [¢ — 1,c¢ + 1] for ¢ € R, with the convention that U = [-1,1] if Cy = 0. U is

always an interval, so it is determined by sup U and inf U. The distribution of the infimum can be
determined as follows. We have that inf U < —u if and only if maxCy < 1 —u, which in turn holds
if and only if each element of Cy is less than 1 —wu, i.e., if no point of Cy lies in the interval [1 — u, 1].
The latter event has probability e™*%, so —inf U ~ Exp(A™1).

Note that inf U is a function of Cy N[0, 1] and sup U is a function of Cy N [—1,0]; basic properties
of Poisson processes imply that inf U and sup U are independent. Thus, as A — oo, the left and

right endpoints of U shrink to 0 independently, so we have

Uy ~ Exp(A™!) + Exp(A™!) ~ Gamma(2, A71). (6.2)

6.1. Ball and hyperplane intersection models. We now explore some basic properties of two
intersection models: the ball intersection model I* (defined as in 4.13), and an analogous inter-
section model with hyperplanes. Let E; be a Poisson point process on B with intensity measure

A(v x o), where ¢ is surface-area measure on S and v is the measure supported on [0, 1] given by

V(0,r) = é (1-(—n). (6.3)

Define the hyperplane intersection model
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K*=Bn | () HO) |, (6.4)
CeCy

where H(é) is the half-space normal to the vector C' and containing 0, i.e.,

H(C)=C+{zeR?:2-C <0} (6.5)

By definition, K* = B if E; = (). The choice of v is special, because it makes K* asymptotically
identical to the Boolean intersection model I* with copies of B defined earlier — the difference is
that the copies of the unit disk have been exchanged for half spaces. Indeed, placing a single disk B
with center Z© is like placing the half space H((Z —1)0©); the difference is asymptotically negligible
as A — oo. The error is quantified precisely in terms of the Hausdorff distance in Section 7. In this
section we work with both K* and I* simultaneously: the same ideas can be used to analyze both
models, with slightly different details.

For any 6 € S, define the ‘radius in the 6 direction:’

RMB) =sup{t € (0,1):th € I'}, Q) =sup{t € (0,1):t0 € K*}. (6.6)

The collections {R*(#) : 0 € S} and {Q*(#) : @ € S} each consist of identically distributed but
not independent variables: R*(6) and R*(#') are not independent for 6 # 6’ (except for the special
case ' = —0). We simply write R = R* or Q = Q* for the distribution of any one of the R*(6) or

Q*(0), respectively. For r € (0,1), denote by F(r) and G(r) the probabilities

F(r)=P(re1 ¢ B), G(r)=P(re; ¢ H), (6.7)

where B is an independent copy of a randomly placed ball B + C for C € Cy, H is an independent
copy of one of the random hyperplanes H(é’), Ce E;, and & = (1,0,...,0) € R?. The functions

F and G are closely connected to the distributions of R and @ respectively, since for r € (0, 1),

R>r < rey € B+ C for every C € Cy, (6.8)

and similarly for Q. Let wy denote the volume of the unit ball B in RY. We have the following

formulas for I’ and G-

Proposition 6.1. Consider the intersection boolean models I* and K* in dimension d > 1.
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Wedge(r)\Lune(r)
Y

/
Wedge(r)\ Lune(r)

FIGURE 4. The left diagram shows F'(r) as the area of the teal set. Note that if
any disk center lies in the lune, then I* does not contain the point (r,0). The
error between the Lune and Wedge sets is shown in blue: its area is negligible, and
this gives a quick approximation of the area of the lune. The analogous set for the
hyperplane model is shown on the right: G(r) is the mass placed on the red set by
the probability measure Sidu x 0. The fact that the red set is a circle follows from
elementary geometry: the angle in a semicircle is a right angle.

i. Let F be as in 6.7. For any r € (0,1),

F(r) = wld B\ (réi + B)

— Y1, _ O(r®) asr — 0,
wd

where | -| denotes the volume (Lebesgue measure) in RY.

ii. Let G be as in 6.7. For any r € (0,1),

(6.11)

(6.12)

(6.13)
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S el YA O(r?) as r — 0. (6.14)
W

Note that F' and G have the same linear approximation near 0: this is a reflection of the fact

that the unit ball has smooth boundary, and hence locally is a hyperplane.

Proof. i. Write B = C' 4+ B where C' is uniform over B, and note that for r € (0,1),

réi ¢ B <= |C—réi]|>1 < CeB)\ (ré +B). (6.15)

The first equality follows immediately. The shape Lune(r) = B\ (réj + B) is very close

to the shape

Wedge(r) = {0 +tei : 0 € S™,t € (0,7)} (6.16)

obtained by shifting half of S by r along the €] axis, where S™ = {# € S: (0,¢é1) < 0}.
The volume of Wedge(r) is

|[Wedge(r)| = wg—17. (6.17)

Note that Lune(r) C Wedge(r), and Lune(r) = Wedge(r) N B. The error is contained a

region with rectangular cross sections: in dimension d = 2, it has the form

Wedge(r) \ Lune(r) = {(z}, 2?) e R? : 2t € (0,7), 2% € (v/1 — (21)2,1)}. (6.18)

In arbitrary dimension d, the error is contained in the region formed by rotating the same
rectangle about the e; axis, (i.e. through the copy of the (d — 2)-dimensional unit sphere
lying in the hyperplane ! = 0). Using the expansion v1 —r2 =1 — % + O(r?), it follows

immediately that

3
|Wedge(r) \ Lune(r)| < w17 + O(r°), (6.19)

as desired.
ii. Write C' = PO, where P € [0, 1] is distributed according to v, and © € S is distributed

according to o. The corresponding hyperplane, pinned at C, is given by
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H=H(C)={z:(z,0) < P}, (6.20)

and thus

P(ré, ¢ H) = P(P < (réy, ©)). (6.21)

The first equality follows immediately by integrating. Moreover,

<i <— C:P@er(elJrB)

”
periio) = ra-t: 612
< r(e,0) — C) 51 5 5

(6.22)

proving the second equality. To obtain the explicit sum formula, we can evaluate the

integral directly by expanding the measure v as

v(0,7) = % <1 —(1- r)d> = ;i(—nl*’f (Z) k. (6.23)
k=1

Thus for d > 2,

Glr) = > /S w0,7(61,0)) do(6) (6.24)

Wd

d
(d—1)wg—1 /”/2/ 1+k(d> koo ko oed—2
= /e -1 r® cos” asin® “ ad¢ da 6.25
de 0 §d—1 ;( ) k? ( )

_ d /2
= (ddlw)wdl Z(—I)Hk (Z) (/ cos® a sin? 2 ada) k. (6.26)
d 0

k=1
(This integral isn’t valid when d = 1: in that case, G(r) = F(r) = 2r.) The da integral

evaluates to

/2 T d—1 T k+1
/ cos® a sin?? avdav = (5 )k (d 2 ), (6.27)
0 2I'(%54)
: : 1) ie ([d=Dwa—1 MY wa
and the coefficient of the linear term (k = 1) is dog d- Ty = g
2
O

For example, in dimension d = 2, an explicit computation — namely, for the area of intersection

of two circles — yields
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1 2 3
F(r)=1-— (2 arccos(r/2) — ry/T — r2/4) - % - 127 TR (6.28)
Directly evaluating the integral (6.11) gives
1 [/ 2r 72
== 2rcos —r?cos® ) df = — — —. 2
G(r) - /0 (2r cos @ — r* cos” 0) — (6.29)

Recall that R and @) depend on d via the underlying dimension of the boolean intersection models

I* and K*. The distributions of R* and Q* converge to exponential distributions as A\ — oo:

Proposition 6.2. For any d > 1, as A\ = oo,

AwgF(RY) — Exp(1), (6.30)

and

AwgG(QY) — Exp(1). (6.31)

Proof. For any r € (0, 1), since I consists of Poisson(A\wy) many copies of B,

P(R >r)=P(re1 € I) = exp(—AwgF(r)). (6.32)

Similarly,

P(Q > r) = exp(—AwqsG(r)). (6.33)

Fix z € (0, \wg). Note that F' and G are strictly increasing on [0, 1], and hence invertible. Thus we

can write
P(A\wgF(R) > 2) = P(R > F~1(2/\wy)) (6.34)
= exp(—=M\wgF (F~ 2/ wq))) (6.35)
= eXp(—Z), (636)
and similarly for G(Q). Taking A — oo finishes the proof. O

Corollary 6.3. The ezact distributions of AwqF (R) and A\wsG(Q) are given by
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e ?, 0<2z< )y
PAwgF(R) > z) = P(AwsG(Q) > z) = (6.37)
0, zZ > Awyg.

The collections {A\F(R)}x and {\G(Q)}x are uniformly integrable.

Proposition 6.2 leads to a quick calculation for the expected area of I* and K* via the following

proposition, which we state for general random sets. For a continuous function f:S — [0,1], let

U(f)={r0:r €0, f(0)],0 € S} (6.38)

be the set with ‘radius’ f(#) in the direction #. Note that by definition, I* = U(R*) and K* =
U(Q"), where R* and Q* are viewed as random functions on S as in (6.6). In general, if A ¢ R?

is star-shaped, then the function f4 : S — [0, 1] given by

fa(0) =sup{t € (0,1) :th € A} (6.39)

satisfles A = U(fa).
A random closed set X is rotationally invariant if for any ® € SO(d), X has the same distribution
as P(X) ={P(z) :z € X}.

Proposition 6.4. Let X be any random closed set contained in B that is almost surely star-shaped
and rotationally invariant. Let S :' S — [0, 1] be the random function, defined on the same probability

space as X, satisfying X = U(S). Then
E|X| = wsE [S(eq)d} . (6.40)

Proof. The volume of any closed, star-shaped set A with A = U(f), for a continuous function

f:S—]0,1], is given by

1
|A| = d/f(a)d do(6). (6.41)
S
See Appendix 11.2 for a proof. Since X is rotationally invariant, E [S (G)d] does not depend on 6.
Thus,
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Bix| =2 |3 [ s0)a0(0)] (6.42)
- % /S E [S(Q)d] do(6) (6.43)
= ;/SIE [S(e_’)d} do(0) (6.44)
- %E [sg)d} /S 1do(6) (6.45)
= wiE [S(eq)d} . (6.46)

Since X C B, the expression inside the expectation is almost surely bounded by wq, and hence the

interchange of limit and expectation is valid by the dominated convergence theorem. O

Applying this proposition to I* and K* gives:

Corollary 6.5. For any d > 2 and A > 0,

E ’IA‘ = wE(RNY, E ‘KA‘ = waE(QM). (6.47)
We are now ready to compute E|I*].

Proposition 6.6. limy_,o AE[I*| = limy_o ME|K?| = Lt
d—1

Proof. Here we carry out the details only for I; the analysis for K is similar. Since R* — 0 almost
surely as A — oo, F'(R) is approximately equal to its linear term for A large. It will suffice to show
that, for any ¢ > 0,

|F(RY) — MR)‘\ < A7l as. for A sufficiently large. (6.48)

Wd

Assuming (6.48) holds, (and since almost sure convergence implies convergence in distribution),

Proposition 6.2 gives us that

Wd—1
)

Awy RN =4 Exp(1) as A — oo. (6.49)

By Corollary 6.3, the collection {\F(R*)}>¢ is uniformly integrable. By taking expectations in
(6.48), we have that
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wi-1 ARM = 0 a.s. as A — oo. (6.50)
Wq

E AF(RY) —
It follows that the collection {AR*},sq is also uniformly integrable. Together, convergence in
distribution and uniform integrability imply convergence of moments (see Theorem 25.12 of [3], for

example). Thus, as A — oo,

—d
_ d!
ME(RMY — <wd - ‘”C”) E[Exp(1)?] = ——. (6.51)
Wd Wa—1

Combining this with Proposition 6.4 yields the result. So it remains to prove (6.48). It is enough

to show that, for any ¢’ > 0,

RN < dX7Y2 as. for A sufficiently large, (6.52)

since by Proposition 6.1 this implies that for some constant C' > 0,

|F(RY) — cgRY < C(RM? < C - (¢)>A73/% aus. for A sufficiently large. (6.53)

By Proposition 6.2 and the definition of F,

P(R* > dA7V2) = P(dA 28 e 1) (6.54)
= exp(—AwgF(dA71/?)) (6.55)
< exp (—Awd(cdc’)\_l/Q - O(A‘3/2))) (6.56)
= exp(—O(V\)). (6.57)

To finish, we will apply the Borel Cantelli lemma to the process A/2R*. To that end, for n € N,

let A,, denote the event

A, = {A\2R* > ¢ for some A € [n,n+1)}. (6.58)

We may assume that the underlying point sets {C)} >0 are nested, i.e. Cy C Cys if A < X, so that

Ny =Gy (6.59)
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is a Poisson waiting-time process of intensity wg on R™. Let B,, denote the event

B, = {Ny= Ny forall \, N € [n,n+1),|A = \| <n~2}. (6.60)

For any z,6 > 0, the bound e~ > 1 — § implies

P(N, 5 — N, > 2) = P(Poi(wgd) >2) <1 — (1 —wgd)(1+ wgd) = wid>. (6.61)

Taking § = n~2, a union bound over the intervals [n + jn=2,n+ (j + 1)n"2],5 = 0,1,...,n% — 1
gives

P(BE) <n?-win™ = win™2 (6.62)

On the event B, A, does not occur if and only if \'/2R* < ¢ at each of the points A = n + jn~2,

j=0,1,...,n2 — 1. Thus

P(An) < P(BE) + P(4s 1 B,) < Y0~ 1w exp(—O(v/)). (6.63)

Note that these probabilities are summable over n. By the Borel Cantelli lemma, A,, occurs finitely

often almost surely, proving 6.52.

6.2. Formulas for general intensity measures. We now give a generalization of these ideas for
a wider class of intersection models, where the underlying Poisson process has arbitrary intensity
measure, and the sets comprising the intersection are arbitrary. There are many possible ways to
generalize this model: we chose a way that yields examples with the same flavor as I* and K*, but
with potentially different asymptotic behavior.

Consider a general Poisson point process C,, » on B =2 [0, 1] x S with intensity measure A(u x o),
where A > 0, o is surface-area measure on S, and p is a probability measure on [0,1]. For each
x €B,x #0, let SO,(d) denote the subgroup of SO(d) given by

T

SO, (d) = {cp € S0(d) : B(é7) = } . (6.64)

]

Let A C R? be a fixed closed set such that for any = € B\ {0}, and ® € SO,(d),
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0€ ®(A)+ . (6.65)

This assumption ensures that the intersection model is non-empty almost surely for every A > 0.
Note that SO, (d) is a compact group for each fixed z, and hence it has a unique Haar probability
measure k;. For each C € C,, 5, sample a random element ®¢ € SO¢(d) from k. The generalized

intersection model I Z’/\ is:

P =Bn| () ®c(4)+C|, (6.66)
CeCy n

In words, ®¢(A) is a copy of A that we give a random spin and pin at a random point; and I 2")‘
is the intersection of a Poisson number of such independent copies. Clearly I ffi’A is rotationally
invariant in distribution, and if 0 lies on the boundary of A, then the intersection shrinks to the
origin in Hausdorff distance almost surely as A — oo.

Let p and ¥ denote the probability measures p(0,7) = 7% and 7(0,7) = 1 — (1 — r)¢ for r € (0,1).
The boolean intersection models I* and K* are special cases of the general intersection model with

respect to these measures, i.e.,

N=1" K =12, (6.67)

where H = {z € R? : 2 - ¢j < 0}. Define the auxiliary function F'!! analogous to F' in (6.7): let
AF = & (A)+C be one of the randomly rotated and shifted copies of A comprising the intersection

model [ i’)‘ where C is drawn from the probability measure Wld wx o, and let

Fi(r) = P(ré; ¢ AM). (6.68)

There is a simple generic formula in terms of F'{ for the expected volume of the intersection.
Fact 6.7. For any A > 0,
1
E ’Ij”\‘ = dwd/ r L exp(—AwaFi (1)) dr. (6.69)
0

The proof of Fact 6.7 is a straightforward consequence of a well known formula for the volume of

a random set (see for example [20]).
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Proof. Write I =T ﬁ’)‘. By Tonelli’s theorem,
E|I| = IE/ Hzelldr (6.70)
B

:/]P(:L‘ el)dz (6.71)
B

- /E exp(—MwgFh(([z]])) da (6.72)
1

_ / exp(— Mg F(r))rd" dr do () (6.73)

0 S

1
— duyg / P4 exp(— AwgFY(r)) dr, (6.74)

0
as desired. O

For example, in dimension 2, using the exact equality (6.28) and Fact 6.7 gives the exact formula

1 2
E|I} = 271/ rexp (—A + A <2 arccos (i) — r\/j>> dr. (6.75)
0 n 2 4

Unfortunately, this integral doesn’t admit a simple asymptotic expansion in A. The methods of
Proposition 6.4, on the other hand, do allow an easy and explicit calculation.

Continuing with the ideas of the previous section, define the radius of the intersection as in (6.6):

R%N = sup{t € (0,1) : t € I"}. (6.76)

The analog of Proposition 6.2 holds in general:

Proposition 6.8. Let p be any probability measure on [0,1]. As A — oo,
Awg - FE(REM) =4 Exp(1). (6.77)

The proof is identical to that of Proposition 6.2. Combining Propositions 6.4 and 6.8 and mimicking
the ideas of Proposition 6.6 gives a general program to compute the asymptotic scaling of the volume
of I f{)\- Below are three examples of intersection models that can be analyzed using this program.
Example 1 Consider Iﬁ”\ in dimension d = 2, i.e., the hyperplane intersection model K*, but

where the underlying Poisson point process is uniform. In this case,

7T’I”2

w/2
Ffi(r) = /0 2 cos? 0 df = o (6.78)
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By Proposition 6.8,

2

%)\- (ROM? — Exp(1). (6.79)
Thus, by Proposition 6.4,
A A 4 4
AE|IE7 = TAR(QG™)? — - = (6.80)

Note the difference in scale: RH’fH’/\ is roughly A~/2, while Q* = R%)‘ is roughly A~'. This limit
scaling reflects the behavior of the densities of p and ¥ near 0.

Example 2 Fix g € (0,7), and define the cone set

Cone(éq, 8) = {x e R? : arccos (<T’;H1>> < B} . (6.81)
In dimension d = 2, one can show that
F?’ (ry=C(B)rasr—0 (6.82)

Cone(€1,8)

for some constant C'(3), and thus Propositions 6.8 and 6.4 suggest

2
DA ~ —2
Bl el ™ reg (6.83)

Unlike the ball and hyperplane models, however, the cone model does not have the Crofton cell Dé
as a scaling limit — see Section 10 for further discussion.

Example 3 Consider the L' ball in dimension d, scaled by a factor of v/d:

VdB{ = {(z,2%, ..., %) e R |2t + - + |29 = Vd}. (6.84)

This scaling ensures that 0 € ®,(v/dB{) 4 z for any = € B, and that the intersection model T %B 4
1

almost surely converges to 0 as A — oo.

7. SOME GEOMETRIC AND PROBABILISTIC LEMMAS

In this section, we state some basic lemmas needed to prove Theorem 4.2 via the coupling outlined

in Section 5. We begin with some notation. For any § € S, let Cone(¢,d) denote the cone set

Cone(6), §) = {a; € R? : arccos <<$’9>) < 5} . (7.1)

]
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Consider the spherical and planar ‘caps’
Cap(6,0) = Cone(6,6) N OB (7.2)

and

Hyp(60,0) = Cone(8,0) N{x : z-0 = 1}. (7.3)

Write dp for Hausdorff distance, defined by

dig(X,Y) = max< sup inf ||z — yl||,sup inf ||x — . 7.4
H(X.Y) {ze}'éyey” vl sup inf | yu} (74)

Our first fact is a simple consequence of the convexity of the unit ball B.

Fact 7.1. For ¢ sufficiently small,
dp(Cap(8,9),Hyp(6,6)) =1 — cos§ < §°. (7.5)
Write Sh™(g) for the (inner) spherical shell
Sh=(e) = {z e R?: ||z|]| € (1 —¢,1)}. (7.6)
Similarly, write Sh*(g) for the outer spherical shell
Sh(e) = {z e R?: ||z]| € (1,1 +¢)}, (7.7)
and set Sh(g) = Sh™ () UGB U Sh™ (e).

Fact 7.2. For anye > 0, there is a partition of Sh™ (¢) into K = K(d) sets A; = A;(e),i=1,..., K,
such that for any K points x; € A;, i = 1,..., K, the component of the origin in the Boolean
tessellation generated by copies of OB centered at the points x; is contained in B, = {x : ||z|| < 2¢},

where K does not depend on €.

For instance, when d = 2, we may take K (2) = 6, and make the A; consecutive thickened arcs
of length /3. To see this, assume for simplicity that all the points x; lie on the inner boundary
of Sh™(e), i.e., that ||z;|]| = 1 — e. Then, with K(2) = 6, the angle between two consecutive
xj, x;j is at most 2m/3, so that the circles C; = z; + 0B and C; = x; + OB are both tangent to
C. = 0B, = {z : ||z|| = €} at points p;, p; on C; separated by an angle of less than 27/3. Replacing

C;,C; by lines 1;,1; tangent to C. at p;,pj, we see that [; and [; make an angle of at least 7/3
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enclosing C¢, so that their intersection lies in Bo.; the same applies to the intersection of C; and
Cj.

In higher dimensions, a similar argument applies. Once again, we may assume that the points
x; all satisty ||z;|| = 1 —e. The A; will be thickened cap-like sets partitioning Sh™ () in such a way
that the angle x;0z] formed by two points z;,z; € A; and the origin O is small. Consequently,
the corresponding angle formed by points x;,z; in adjacent caps A;, A; is also small. The spheres
S; = x;+ 0B and S; = x; + OB are tangent to Sc = 0B, = {x : ||z|| = ¢} at points p;, p; as before;
we replace S;, S; by hyperplanes 1I;, IT;, tangent to S: at p;, pj, whose unit normal vectors n;, n;
are such that n; - n; is small. This applies to points in every pair of adjacent caps A;, A;, so that
the vertices of the polytope formed from the hyperplanes II; all lie inside Bo..

Upper bounds on K(d) can be obtained from classical results on covering the surface of a high-
dimensional unit ball with small spherical caps; see, for instance, Theorem 6.3.1 of [].

We will also need three standard statistical estimates: one regarding the coupon collector process,
and two related to Poisson random variables. The ‘coupon collector’ refers to the following discrete
time process. Given a finite collection of coupons, say {1,2,...,K} = [K], we generate an iid
sequence (X¢)i<r of [K]-valued random variables from any discrete distribution (not necessarily
uniform). The process concludes at the stopping time 7" when every coupon has been collected at

least once:

T =inf{t e N: [K] C {X1,Xs,..., X} }. (7.8)

Fact 7.3. Consider any coupon collector process on K coupons, for K = K(d) as in Fact 7.2. Let
T denote the time it takes to collect all K coupons, and let as denote the minimum probability of

selecting any of the coupons. Then for any A > 0,

P(T > log \) < K\o8(1=a+), (7.9)

Note that, since the sets A; appearing in Fact 7.2 do not necessarily have equal volume, the
coupon collector process considered in Fact 7.3 is not necessarily uniform. In any case, we can

construct the A; so that a, > 0, and thus the probability in (7.9) goes to 0 as A — oo.

Proof of Fact 7.3. Let ay,as,...,ax denote the probabilities of selecting the K coupons respec-

tively, and



a, = min{ay,az,...,ax}.
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(7.10)

Let V;(t) denote the indicator random variable of the event that coupon ¢ has not been collected

by time ¢, i.e.,

Vi(t) ={i ¢ {X1,Xo,..., Xs}}

Note that

By Markov’s inequality,
K

K K
P(T >t) =P (Z Vi(t) > 1) <Y EV() =) (1-a) <K(1—a).
=1 i=1

i=1
Setting t = log A yields the result.

Proposition 7.4. Fiz any pu,6 > 0, and let N ~ Poi(u), N’ ~ Poi(u + §). Then

TV(N,N') <4,
where TV denotes total variation distance between probability distributions.

See for instance [1].

Fact 7.5. Let Y ~ Poi(V.)\), where Ve is the volume of Sh(ey), and ey = A" log X. Then

P(Y <logA) < A7,
for sufficiently large A.

See [9], for example.

8. COUPLING THE INTERSECTION AND TESSELLATION MODELS

(7.11)

(7.12)

(7.13)

(7.14)

The goal of this section is to prove our main convergence result, Theorem 4.2. We carry out

the argument for the intersection model with balls, by coupling it to the tessellation model with
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spheres. Under this coupling, the Hausdorff distance between the two models tends to 0 as A — oo,
even after re-scaling both sets by A.
The coupling works as follows. Let X = X be a Poisson point process in R? of intensity %, and

consider the set

U (x4 0B). (8.1)

zeX

Let J* be the connected component of the origin in the resulting tessellation. Also, let I* denote
the ball intersection model on B, that is,
™= ) (C+B), (8.2)
cecy
where C) is a Poisson point process on B of intensity A\. The reason that I comes from a point
process of intensity twice that of J is that only points inside B contribute to I, while points both
inside and outside B will contribute to the shape of J. Recalling notation from the previous section,
define
X° = X NSh(e), (8.3)

and consider the ‘restricted’” model JQ, the connected component of the origin in the tessellation

induced by
U (= +0B). (8.4)

reXE

Also, let C§ = Cy\nNSh(e) =C\NSh™(e) = {C €Cy: ||C|| € (1 —¢,1)}, and define

}= () (Ci+B). (8.5)
Cecs

For e chosen appropriately, the restricted models are not far from the original models. Precisely:

Proposition 8.1. Set e =¢) = @. As A — o0,
P(J3. = J*) =1 and P(I3. = I*) — 1. (8.6)
Moreover, on the event J3. = J*, we have that J* C Bo.; and when I3 = I*, I C Bs..

This is essentially the statement that only points near 0B contribute to the component of the

origin.
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Proof. We will prove the assertion for J*; the proof for I is similar. The main ingredients are Fact
7.2 and Fact 7.3. Fix any A > 0, and let {A4;(e))}£ | denote the sets given by Fact 7.2. Consider
the stopping time

A =min{n: X, NA;(er) #0, fori=1,2,...,K}. (8.7)

We regard the Poisson point processes X' = X), as nested, i.e., they are coupled so as to form a

non-decreasing sequence of sets as n increases. This makes A“°V is a well-defined stopping time.
Fix n > A°V. By Fact 7.2, J" C By.,. It follows that any point y € X, N Sh(2e))¢ does not

contribute to J", i.e., y + OB does not lie on the boundary of J"7. Thus J;{EA = J" in this case.

To finish the proof, it suffices to show that

PA*Y < A) = 1as A — 0. (8.8)

For the above event to occur, the point process X\ must have at least one point in each set A;(gy).
It is enough to have log A points of &) in &§ — then by Fact 7.3, each A; will have at least one
point with high probability. The number of such points is Poisson with mean V; - A\. By Fact 7.5
and a union bound,

P(ACOV > )\) < K)\l()g(lfa*) + )\71 —0as A — oo. (89)

O

Additionally, the two restricted models are close to each other.

Proposition 8.2. As A — oo, with e =¢,/2 = logi’\ as in Proposition 8.1,

P(dy (M2 AJY) < CAe?) — 1, (8.10)

for some global constant C' > 0.

Proof. We will give an explicit coupling of the intersection and tessellation models on the same
probability space where the two models agree with high probability. The coupling works as follows.
We will build the intersection model from the Poisson point process X: so the random sets J* and

J2 are defined above (see (8.4)). Fix any A > 0, and partition X* = X§ into two sets

Xe={zeXx®: ||z >1}u{r e X% |z|| <1} :=Xx"TUXx"". (8.11)
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Enumerate these sets as
Xt ={X1, X0, ..., Xy}, X9 = {Xnri1,--., XN} (8.12)
Write X; = S;0; for i =1,2,..., N, where S; € [0,1] and ©; € S, and set
Cl=(S;—-2)0; fori=1,2,...,N/, (8.13)

while C} = X, for i = N" +1,..., N. Generate further points C},i = N +1,...,Z from a Poisson

process of intensity A in {x € B : ||z|| < 1 —¢}. Then we set

Z N
(I = (\(C}+B) and (1) = [)(C{ +B). (8.14)
=1 =1

Note that the set (1)’ doesn’t have exactly the same distribution as I2: because Sh™ (¢) has more
volume than Sh™(¢), (I2)’ has slightly more points than I2. Also, since the shift map sf — (s—2)0
is not an isometry, those points are no longer uniformly distributed over the inner shell. It remains
to show that error between these two point processes is small. The two distributions in question
can be described as follows:

(1) I2 is formed by sampling a Poisson variable N with mean p = Awq(1 — (1 — ¢)%), and placing

N points on Sh™ (g) with iid uniform angles in S and iid radii R distributed as

(1 - w)
1-(1-e)

(2) (I2) is formed by sampling a Poisson variable N’ with mean p' = Awg((1 + €)% — 1), and

€

P(R=1-w)=h(w)=(d+1) Jw € (0,2). (8.15)

placing N’ points on Sh™ (¢) with iid uniform angles in S and iid radii R’ distributed as

1+w)?
P(R =1-— =H =(d+1 (7 ) 1
(R'=1—w) = H(w) = (d+ 1) g [ w e (0.9) (5.16)
The difference between the means is

p— = dog((T+e)? + (1 —e)? —2) = hwgd(d — 1) 4+ O(e). (8.17)

By Proposition 7.4, TV(N, N’) < cAe? for some ¢ > 0. To couple the points of I} and (12,
first note that the random angles can be coupled directly, so it suffices to couple the radii. We rely

on an idea from optimal transport, namely the optimal coupling for the Wasserstein-1 distance,
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FIGURE 5. On the event that the intersection model is contained in B, the difference
between (1) and J* is that some of the copies of B in the former comprise a
concave piece of the boundary (red/dashed), while those in the latter form a convex
boundary piece (blue/solid). The difference is small in Hausdorff distance, because
the boundary of the ball is differentiable.

rather than total variation. Let H and H’ denote the CDFs of R and R/, respectively. The optimal
coupling with respect to the L' distance is given by the transport map H’ o H~!: that is, given
R, the random variable H'(H'(R)) on the same probability space is distributed as R’, and the

minimum expected L' distance between R and R’ is minimized for this coupling; see for instance

Section 2.1 of [27]. A straightforward computation shows that for u € (0,¢),
_ d(d—1)e
— H'oH 'u) = —~u+O(). 8.18
u o (u) d+0(€)u+ (€?) (8.18)

Since u— H' o H=(u) = O(e2) < A=3/2 for u € (0, ¢), for X sufficiently large there exists a coupling

between R and R’ such that

IR—R'| < A%? as. as A — 0. (8.19)

Thus, we see that I} and (I2)' can be coupled so that

P(dg (M2 AI2)) > A72) < ede? = 0 as A — oo. (8.20)

By Proposition 8.1, (I2)" = I* and J» = J* with high probability. The difference between (I2\)
and J2 is that the boundary of J} may be concave, on the boundary of X; +B for 1 < i < N/,
while the corresponding parts of the boundary of (12, i.e., points on the boundary of C! + B for

1 < i < N’, are convex. Note that these two sets meet at the point (R; — 1)6;, and on the event
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J>=J» R; —1¢€(0,¢). Applying Fact 7.1 twice — comparing both the concave and convex parts

with the hyperplane between them — shows that

P(di (A1), AJ2) > 18)e?) — 0. (8.21)

Combining the above results with the triangle inequality and a union bound yields the result. [
The final ingredient is a union bound.

Proof of Theorem 4.2. Combining Propositions 8.1 and 8.2 gives

P(dg (A AT > CAe?) < P(Jo. # JN) + P(I5 # IN) + P(dgr (V2 M) > CXe?) = 0. (8.22)
O

This method could likely be applied to a wider class of intersection models: namely, the ball
B could be replaced by another set satisfying some curvature condition. The difficulty in such a
generalization would lie in finding a canonical way to construct a coupling between the intersection

model and another model known to have the Crofton cell of a tessellation model as a scaling limit.

9. THE EXPECTED VOLUME OF [*

We first sketch Goudsmit’s classical calculation for the second moment of the area A of a typical
cell in a Poisson line tessellation T, when d = 2.

First we recall some basic facts about T, which can be defined as follows. Let P be a unit intensity
Poisson process on [0, 27) x RT. We associate the point (6, p) € P with the line z cos § +ysinf = p.
This yields a translation and rotation invariant measure on families of lines in the plane; T is a
random instance of this measure. It is not hard to show that the intersections of T and another
random line form a Poisson process of rate 2, and also that T has 7 intersections, and thus 7 cells,
per unit area.

Goudsmit in 1945 [13] considered tessellations on the surface of a sphere, but we can rephrase
his argument in terms of a realization of T over a large circular region R of area N. We choose two

points x,y € R uniformly at random and ask for the probability ¢n that they lie in the same cell
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of T. If f(¢) denotes the density function for the area A of a typical cell, then, as N — oo,

JERf0d B(42)

Nay = JZtf(tydt — E(A)”

since ¢ f(t) is the density function for the area of a cell containing a given point. On the other hand,
x and y lie in the same cell of T if and only if the line segment /., joining them does not intersect
T. As noted above, the number of intersections between [,, and T is Poisson with rate 2, so there

are no such intersections with probability e=2'. Consequently,
o T
Nqny — / omle 2 dl = =.

0 2

Combining these two expressions yields the formula E(A?) = ZE(A) = %, which we may rewrite as

Goudsmit’s argument generalizes to higher dimensions. Write V; for the volume of a typical cell
in a Poisson hyperplane tessellation T4 in R?. This time we will choose a different normalization
for the measure jg_1 on the space A(d,d — 1) of affine hyperplanes in R¢, in which the measure
of hyperplanes meeting the unit ball is 2, i.e., the diameter of the unit ball. Consequently, in the
corresponding tessellation T4, the expected number of hyperplanes H meeting the unit ball is 2.
With N now representing the volume of a large spherical region R, and gy as before, we once again
have

Lot dt  E(VE)

Nay = Ittt E(V)

as N — oo. The second part of the calculation requires a slight modification; we now wish to

estimate the number I; of intersections of a line L of length [ with T4. Once again, I; has a Poisson

distribution, with mean ¢4 given by Crofton’s formula [29] (page 172), namely

i/
- LN H|pg—1(dH) = = ¢y,
! A(d,d—l)‘ | (dH) dwy

where

/2

= a1
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is the volume of the unit ball. Continuing the argument as before, and recalling that S; = dwy is

the surface area of the unit ball, we have

% d!
Ngn — / Sal e dl = —wg.
0 Cd

As before, this yields

E(V?) d
= — W4,
E(Vy)

and, since (with this normalization) we have

E(Vy) = (i)d:d

(see [21], pages 156 and 179), we conclude that

E(VE) _ @ o
E(V,)? 247

in agreement with [21] (page 179).

9.1. Intersection model. In this section, we apply the above results to give an alternative proof of
Proposition 4.3. This is essentially contained in Theorem 4.2 and the formulas above; Theorem 4.2
relates the volumes of I* and D}, and the above analysis applies to D{. The scaling in Theorem
4.2 relies on the scaling in Theorem 4.1, which was briefly sketched in the introduction. For
completeness, we now explain the scaling in more detail, in the context of Theorem 4.2.

Suppose then that we know that the intersection I* = I C’l\ converges to the Crofton cell of a
suitably-scaled Poisson hyperplane process, and we wish to determine the scaling.

First, consider the Poisson hyperplane model normalized, as above, so that the expected number
of hyperplanes meeting the unit ball is 2. Write B. = {x : ||z|| < £}, so that the expected number
of hyperplanes meeting B, is 2. For this process, the expected volume E(VY) of the Crofton cell

Vdo is related to the volume of the typical cell V; as follows:

2 d, d+1
E(vd()) — E(Vd) — %wd — d'i ojld .
E(Va) 4 24w |

Second, let us choose € = €(\) — 0 so that the expected number of spheres in the intersection
model that meet B, tends to infinity. Then the intersection model inside B. is well-approximated
by a Poisson hyperplane tessellation. The number of intersecting spheres meeting B is the number

of points of the underlying Poisson process in the shell Sh™(¢) = {x € R?: ||z|| € (1 —,1)}. This
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number is asymptotically eAdwg, i.e., Addwg/2 times the “normalized” value above. Consequently,

as A — 00,
2 d dlwy
E(;|) = (1 )E(VY =(1 1
(113 = (14 oIEW) (- ) = -+ o) 75
so that
lim AE(]I7]) PR
Wi—1

in agreement with Proposition 4.3.

10. FURTHER QUESTIONS

We close with some questions related to intersection processes that arose in the course of our

research.

Question 10.1. What class of intersection models has the Crofton cell of the hyperplane tessellation

model D} as a scaling limit?

Some kind of curvature condition is likely necessary: for example, consider the cone intersection
model Ié’o)‘ne(a 8)" Just like the hyperplane model, the cone model is a polyhedron for any (3, with
vertices formed by intersections of pairs of cones. However, when 3 # 7, each cone whose apex lies
inside the intersection will contribute an additional vertex to the intersection. We conjecture that
these vertices remain with positive probability in the limit A — oo, which strongly suggests that
the cone model does not have Dé as a scaling limit.

The cone model fails because it has non-smooth boundary points. It seems likely that this is

the only obstruction: that is, any intersection model with underlying sets having differentiable

boundary should share the same scaling limit as the ball and hyperplane models.

Question 10.2. Fiz a closed set A and consider the intersection model Iﬁ”\. Proposition 6.8 shows
at the radius R'y" converges to an exponential distribution under some rescaling. How does the
that the radius R t tial distributi d ling. How does th

rescaling relate to the geometry of A? How does it relate to the behavior of 1 ?

This statistical question is a natural first step for general intersection models with distributional

rotational invariance.

Question 10.3. Let Sy denote the number of faces of the intersection model I*. Fact 7.2 suggests

that Sy is uniformly tight — i.e. that for any § > 0 and any A > 0, there exists t > 0 such that
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P(S\ > t) < & — and thus there is a limiting stationary distribution. Can the limiting distribution

and transition probabilities for the stochastic process (Sx)x=o be computed or approrimated?

A similar question has been answered for the typical Poisson-Voronoi cell and for the Crofton
cell of a hyperplane tessellation, in a different limiting context [5, 8]. The intersection construction
of the Crofton cell Dé seems ideal to study this question, because it has a natural renewal quality

as \ increases.
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11. APPENDIX

11.1. Appendix A. In this appendix we recall the definition and some basic properties of Poisson

point processes, which are used throughout this article.

Definition 11.1. Let Q C R be a Borel set, and j a finite Borel measure on Q. The Pois-
son point process (PPP) on Q with intensity p, denoted X, is the finite set consisting of

Poisson(p(£2)) many independent points sampled from the probability measure ﬁu.

This is a natural, intuitive definition; for a proper introduction to the theory of Poisson point

processes, see [20].
Fact 11.2. Suppose X is a PPP on a Borel set Q C R% with intensity meausre .

a. Let A C Q) be any Borel set. Then

|ANX| ~ Poisson(u(A)). (11.1)

b. If A, B C Q are disjoint Borel sets, then X N A and X N B are independent.

An important special case of Fact 8.2a is that the probability that a given region A contains no

points of X is given by:

P(ANX = 0) = exp(—pu(4)). (11.2)
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11.2. Appendix B. In this appendix we prove a formula for finding the volume of a star-shaped

domain in R™ by doing an integration over the (m — 1) dimensional sphere.

Theorem 11.3. Suppose f : S™~! — RT is continuous, and let A C R™ be the star-shaped open
set defined by
A=A{z e R™: [z < f(z/]x])}.

Then Vol(A) = L [o,._ f™dS, where dS is the (m — 1)-dimensional surface area form on S™~1.

T m
The following proof was generously provided by Jack Lee.

Proof. Since f is continuous, it can be approximated uniformly by a sequence of smooth functions
fi— f. Let A; = {x € R™ : |z| < fi(xz/|z|)}. It follows from the dominated convergence theorem
that Vol(A;) — Vol(A), so it suffices to prove the theorem under the assumption that f is smooth.

Now assuming f is smooth, extend it to a function on all of R™\{0}, still denoted by f, by
declaring it to be constant on rays from the origin. Define a map F' : B™ — A by F(z) = f(z)z
for z # 0 and F(0) = 0. Then F is a homeomorphism with inverse F'~1(y) = y/f(y) for y # 0, and
F is smooth away from the origin. It follows that

Vol(A4) = F*dV,
Bm

where dV = dz' A--- Adz™ is the Euclidean volume form of R?. We compute (ignoring the origin,

which has measure zero),
F*dV =d(f(z)z') A--- Ad(f(z)z™) = (f(x)dz’ + 2 df) A - A (f(2)da™ + 2™ df).

When expanded, this gives 2" terms. But note that if df appears in two or more of those terms,

the result is zero because df A df = 0. Thus the expression reduces to

FrdV = f()"da' A Ada™ Y dat A A (@Bdf) A Ada™
=1

In the sth term in the sum, when we expand df = Zj(ﬁf/aa:j)dfcj, only the term with 7 = ¢

survives; the others vanish because da’/ A dz/ = 0. Thus

F*dV = f(x)™dz* A - A da™ + <Zmi(8f/8xi)>d:z:l A---Ndx™.

i=1
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Because f is constant on rays and the vector field z°0/0z® points radially outward everywhere,
it follows that x°0f/dz' = 0, so the sum in parentheses above is identically zero. Thus F*dV =
flx)™dV.

Finally, in spherical coordinates, dV = p"™ 'dpdS, where p is the distance from the origin. Thus

because f is constant on radii,

1 1
Vol(4) = / frav = / / Fromldpds = / o ( / pm dp> ds =~ / fmds,
m sm—1 Jo §m—1 0 m Jgm-1

which was to be proved. ]
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Part 5. Rumor source obfuscation

Detecting the source of information diffusion on a network is an important problem in network
science, with applications such as finding the source of a virus epidemic or finding the source of
a rumor on Twitter. A prototypical graph on which source detection is studied is the infinite
d-regular tree Ty (with d > 3), which is our focus in this paper as well.

Rumor source detection. Perhaps the simplest and most natural model of information dif-
fusion on a network is the susceptible-infected (SI) model, where the rumor is spread along each
edge of the network at a constant rate, and once a node is infected it remains infected forever.
Shah and Zaman studied detecting the source in this model [14, 45]. Formally, at time ¢ = 0 a
vertex v* € Ty is “infected” and the information propagates on the network according to the SI
model; one then observes the subset V; of infected vertices at time ¢, which consists of Ny := |V
vertices. We assume that the underlying graph (in this case Ty) is known and hence the subgraph
G} induced by the vertices in V; is also known. The goal is to find the rumor source v*.

The maximum likelihood estimator (MLE) vy, := argmax,cy, P (G [v* = v) has particularly
nice properties in this setting [44, 15]. In particular, Shah and Zaman showed that it is computable
in linear time and that it detects the source with constant probability. More precisely, they show
(in [10]) that there exists a universal constant ag > 0 such that lim;_,oo P (Vamr, = v*) = ag (when
d > 3). Many results extend to more general settings such as random trees [1(].

Wang et al. [60] studied rumor source detection in the same setting but now with multiple

(1), e ,Vt(k) of k independent

independent observations; that is, observing the infected nodes V;
diffusions started from the same source v*. They show that the detection probability increases
with k& and that it goes to 1 exponentially as k — co.

Rumor source obfuscation. The results above show that if information propagates according
to the SI model, then the source can be found efficiently and with good probability (that is, with
at least constant probability). In certain applications, such as anonymous messaging apps?, this is
undesirable. Motivated by these applications, Fanti et al. [23] asked whether it is possible to devise
messaging protocols that can obfuscate the rumor source, while at the same time still spreading
information widely and quickly.

They devised a family of messaging protocols, termed adaptive diffusions, for this purpose; see

Section 11.3 for a detailed description. Their main result shows that a specific messaging protocol

2Examples include Whisper [61], Blind [5], and the now-defunct Yik Yak [63] and Secret [13].
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within this family achieves perfect obfuscation: under this spreading model a “snapshot adversary”
can do no better than randomly guessing the source node:

L+o(1)

P(ﬁML:U*’Nt:n): n

(11.3)

Many results extend to more general settings such as irregular trees [21, 22].

Our results. We study the source obfuscation guarantees that adaptive diffusion protocols
can provide, in a couple of settings. First, we do this in the context of the adversary having
multiple independent observations. We show that when an adversary has access to two independent
observations then a weak form of obfuscation is still possible. However, when it has access to three
or more independent snapshots, then source detection with constant probability is always possible,
regardless of the adaptive diffusion protocol.

We also do this in the context of spreading information locally around the source. We introduce
a natural quantitative measure of local spreading, and characterize the tradeoff between local
spreading and source obfuscation for adaptive diffusion protocols (under a single snapshot).

Put together, these results raise questions about the robustness of possible anonymity guarantees
when spreading information in social networks. In order to precisely state our results, we first
describe in Section 11.3 the setting of information diffusion processes in general and adaptive

diffusions in particular. We then state our results in Sections 11.4 and 11.5.

11.3. Information diffusion and adaptive diffusion. We define a (discrete time) information
diffusion process on a graph G = (V| F) as a (potentially random) increasing sequence of subgraphs
Go C Gy C Gy C ..., where Gy = (V4, Ey) is the subgraph induced by the vertices V; who have the
information at time ¢t. Throughout the paper we assume that G consists of a single vertex v* € G,
which we term the source. We also assume that the information spreads along the edges of the
graph and hence V41 C V; U 9Gy, where 0Gy :={v €V :v ¢ V;,Jw € V; : (v,w) € E} denotes the
(outer) vertex boundary of G, consisting of vertices that are not in G but which are connected to
a vertex in Gy.

A simple example is when every vertex who obtains the information spreads it to all its neighbors
in the next time step. In this case Gy = B; (v*) for every t > 0, where B, (v) := {u € V : dg (u,v) < r}

denotes the (closed) ball of radius r around vertex v € V' (here dg denotes graph distance in G).
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The SI model mentioned above® can be defined inductively as follows: given Gy, let vi41 be a
uniformly randomly chosen vertex from 0G; and let Vi1 := V; U {vi41}.

The source detection problem is the following: given the underlying graph G, the distribution
of the sequence {Gt}tz()v and a single observation G; at some time ¢ > 0, the goal is to estimate
the source v*. This is also known as the “snapshot adversary” model, since we get to observe Gy,
a single snapshot in time.

Adaptive diffusion, introduced by Fanti et al. [23], is a family of information diffusion processes
designed with source obfuscation in mind. We now introduce and define adaptive diffusion on
Ty =: G; we refer the reader to [22] for a comprehensive introduction more generally.

Adaptive diffusion is defined via an auxiliary process, the path {vst}tzo of a so-called wvirtual
source. This is a time-inhomogeneous Markov chain, which we now define. Initially, the virtual
source is the same as the true source: wvsg := v*. Next, it moves to a uniformly random neighbor
of v*:

P(vs; =w) = %1{(%@*)@5}.

For the remainder of the path, assuming that vs; is given, vss41 is defined as follows. If ¢ is odd,
then wvsy11 = wvsy; that is, the virtual source stays put. If ¢ is even, then the virtual source either
stays put or it moves to one of its d — 1 neighbors that it has not visited before; in the latter case,
it chooses the neighbor to move to uniformly at random. Note that if the virtual source moves
then it moves away from the source v*. The probability of choosing one action or the other is a
function of time ¢ and also the distance of vs; from v* (hence the name adaptive). Specifically, let
hi := 0 (vs, v*) denote the graph distance between vs; and v*. Then

e with probability a(t, h;) we have that vs;41 = vsy, that is, the virtual source stays put;

e and with probability 1 — «(t, h;) the virtual source moves to one of its d — 1 neighbors that it

has not visited before, chosen uniformly at random.
The probabilities a(t, h) € [0, 1], witht € {2,4,6,...} and h € {1,2,3,...,t/2}, are parameters that
fully describe the distribution of the path {vs¢},, of the virtual source. Each choice of parameters

defines a particular Markov chain and thus a particular adaptive diffusion protocol.

3Note that the SI model is often defined in continuous time. Viewing this continuous-time process at the times when
a new vertex obtains the information, we obtain the described discrete time information diffusion process.
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Having defined the path of the virtual source, we are now ready to define the associated adaptive

diffusion protocol, given {vs;},~,. When t is even, the set of infected nodes is defined as
Vi={veV:dg(v,us) <t/2}.
That is, V; is a ball of radius t/2—equivalently, a balanced tree of depth ¢/2—around the virtual

FIGURE 6. An example of an
adaptive diffusion spreading on
the infinite 3-regular tree Tj.
Here the virtual source moves
to a uniformly randomly cho-
sen neighbor of the source v*
at time 1, then it stays put for
several time steps, and moves
again at time 5. The shaded
regions show the infected sub-
graphs Gy for t € {2,4,6}; note
that they are all balanced trees
of depth t/2, centered at the
virtual source vs;.

source vs¢. For t odd, the set of infected nodes V; is chosen so that {Gt}tzo satisfies Vi1 C VUG
The resulting information diffusion process is called an adaptive diffusion; see Figure 6 for an
illustration. Note that by construction adaptive diffusion spreads the information to Ny < (d — 1)t/ 2
nodes at time ¢, which is only a factor of two slower than the fastest possible spread.

Fanti et al. [23] show that a particular adaptive diffusion protocol—specifically, the process with
a(t,h) = ((d— 1)t/2-h+l_ 1)/((d - l)t/2+1 —1)—perfectly obfuscates the source from an adversary
who sees a snapshot of a single diffusion. The key property of this construction is that, for ¢ even,
all vertices in V; \ {vs,} are equally likely to be the original source v* and hence an adversary can

do no better than randomly guess among them. A similar statement holds also for ¢ odd, showing

that the MLE satisfies (11.3).

11.4. Results: adaptive diffusion with multiple independent observations. In many ap-
plications it is common for individuals to send not just one but multiple messages over time, each
one spreading over the same underlying network. If an adversary has access to a snapshot of each

4Speciﬁcadly, we have the following. First, Vi := {wso, vs1}. Next, for ¢ > 3 such that ¢ is odd, we distinguish two
cases. If vsy = ws¢—1, then Vi := Vi_1; that is, if the virtual source stays put (instead of moving), then the set of
infected nodes is unchanged. If vs; # vsi—1, then V; := Vi1 U{w € 8Gi—1 : dg (w, vsy) = (t — 1)/2}; in other words,
if the virtual source moves, then the information is spread in the same direction.
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such diffusion, then they are in a much better position to find the source. Is it still possible to
obfuscate the source with some form of information diffusion? We investigate this question in the
context of adaptive diffusion protocols.

We show that when an adversary has access to two independent observations, a weak form of
obfuscation is still possible with adaptive diffusion. However, when three or more independent
observations are available, detection with constant probability is always possible, regardless of

which adaptive diffusion protocol is used. This is the content of Theorems 11.4 and 11.5.

Theorem 11.4 (Two independent observations). Suppose that information is spread according to

an adaptive diffusion protocol on Ty, d > 3, and that an adversary has two independent observations

of infected subgraphs, G%l and G%Q, started from a fized source v*.

(a) There exists a computationally efficient estimator v, which is agnostic to the adaptive diffusion
protocol, such that if t1,to > 2 then

d—1 2
d min{tl,tg}'

(b) There exists an adaptive diffusion protocol such that the mazimum likelihood estimator Uy,

satisfies for all t1,to > 1 that

d—1 7
d min{tl,tg}'

P (G, = v*) < (11.4)

A few comments are in order. First, the bounds in parts (a) and (b) above match up to a
small constant factor, hence this is best possible within the family of adaptive diffusions. Next,
the detection probability in (11.4) still vanishes as ¢ = min {¢;,t2} — oo, but only very slowly—
exponentially more slowly than in the case of one observation (see (11.3) and recall that N; =<
(d — 1)¥/? is exponential in ). We also note that the adaptive diffusion protocol in part (b) is
different from the one used by Fanti et al. [23] to achieve perfect obfuscation in the case of a single
observation; in fact, if this latter adaptive diffusion protocol is used to independently spread two
diffusions, then the estimator v in part (a) succeeds at finding the source with constant probability.
Finally, we mention that the estimator in part (a) is essentially the same as the MLE in part (b)
when ¢ and t9 are both even—see Section 13 for details.

Once the adversary has three independent observations, not even weak obfuscation is possible

with adaptive diffusion. In fact, the detection probability converges to one exponentially quickly
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in the number of observations (see (11.5) below), extending the results of Wang et al. [60] for the

SI model to the family of adaptive diffusions.

Theorem 11.5 (Three or more independent observations). Suppose that information is spread ac-
cording to an adaptive diffusion protocol on Ty, d > 3, and that an adversary has k > 3 independent
observations of infected subgraphs, Gii forie{l,...,k}, started from a fized source v*.

When k = 3, there is a computationally efficient estimator v, which is agnostic to the adaptive
diffusion protocol, satisfying

P (0 =0") > (d_lc)lgH

More generally, there exists a computationally efficient estimator w = w(k), which is agnostic to

the adaptive diffusion protocol, such that

P@ﬁ:w)z1_dxmpcigﬁ%). (11.5)

This result follows from basic symmetry properties of adaptive diffusion (see Section 12).

11.5. Results: local spreading vs. source obfuscation. It is often desirable to not only spread
information widely and quickly, but also to spread it locally around the source. Indeed, the local
neighborhood of the source typically consists of nodes that are closely related to the source, and
the information that the source is spreading is often most relevant to this local neighborhood.
In particular, this is true for scenarios where source obfuscation is relevant and important, for
instance, spreading information about a local protest. At the same time, local spreading is at
odds with source obfuscation. Here we introduce a natural way to quantify local spreading, and
characterize the tradeoff between local spreading and source obfuscation for adaptive diffusion
protocols (under a single snapshot).

Formally, define for an adaptive diffusion the quantity
Ry :=max{r >0: B, (v") C G¢}.

In words, R; is the radius of the largest ball of infected nodes centered at the rumor source at
time ¢t. Since Ry is (in general) a random quantity, we may use E [R;] as a deterministic measure
of local spreading of an adaptive diffusion protocol. Observe that 0 < R; < ¢/2 and hence also

0 < E[R)] < t/2.
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Ideally for local spreading we would like E [R;] to grow linearly with ¢; at the very least, local
spreading requires E [R;] — oo as t — oo. However, the adaptive diffusion protocol that achieves
perfect source obfuscation (see the end of Section 11.3) does not have local spreading: in fact,
E[R] <1 for all ¢t and, moreover, sup, R; is finite almost surely.

This shows that source obfuscation guarantees have to be relaxed in order to have local spreading.
It turns out that it is still possible to have reasonable source obfuscation guarantees—we refer to this
as “polynomial obfuscation”, see (11.6) below—and local spreading at the same time. The following
theorem characterizes this tradeoff for adaptive diffusion protocols (under a single snapshot). For

simplicity, we focus here on even times t.

Theorem 11.6 (Tradeoff between local spreading and source obfuscation). Suppose that infor-
mation is spread according to an adaptive diffusion protocol on Ty, d > 3, and that an adversary
observes, at an even time t, an infected subgraph, Gy, started from a fized source v*.

(a) Suppose that the adaptive diffusion protocol achieves “polynomial obfuscation”, that is, the

following holds:

. . C

for some v € (0,1) and C < oo, where recall that
N, = |Vi| = 7% ((d— 1)1/2 1) T 1= (d—1)12,

Then
t log (Ct)
2 log(d—1)

(b) For every v € (0,1) there exists an adaptive diffusion protocol that satisfies (11.6) with C' =
2(d —1) and also

ElR] <(1-7)

B[R] > (1-7);

for all even t > 2/~ (and for all even t < 2/vy we have B[R] =1t/2 —1).

In particular, we see from Theorem 11.6 that the power 7 in polynomial obfuscation (see (11.6))
and the speed (1 — ) /2 of local spreading are directly related. This precisely quantifies the tradeoff
between local spreading and source obfuscation guarantees: the faster local spreading is—that is,

the smaller v is—the weaker the source obfuscation guarantee.
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11.6. Organization. The rest of the paper is organized as follows. We first prove Theorem 11.5
in Section 12, since the proof relies only on a simple symmetry property of adaptive diffusion
protocols on T, and provides good intuition for the subsequent proofs. We then prove Theorem 11.4
in Section 13; the proof of part (a) is similar to the proof of Theorem 11.5 in Section 12, while
the proof of part (b) requires understanding the maximum likelihood estimator in the case of two
observations. (Some cases in the proof of part (b) of Theorem 11.4 are deferred to Appendix A.)
In Section 14 we turn to studying local spreading and prove Theorem 11.6. Finally, we conclude in
Section 15 by discussing some implications and limitations of our results, how they relate to other

works, as well as further questions for future research.

12. ADAPTIVE DIFFUSION WITH k > 3 INDEPENDENT OBSERVATIONS

In this section we prove Theorem 11.5. The main idea is simple and relies on a symmetry
property of adaptive diffusion protocols on T4: that they send the virtual source in a uniformly
random direction. First, note that if we remove the source v* from the tree T, then it breaks into d
subtrees. The main observation is that the virtual source of an adaptive diffusion is equally likely
to be in each subtree. This symmetry property alone guarantees a constant probability of detection
when there are at least three independent observations, as we now explain.

Assume for now that t1,...,t; are even; the proof is cleaner in this case, though not much
changes in the general case. Recall that for an adaptive diffusion protocol the infected tree G
is a ball with center vs; when t is even. Hence from the infected tree Gy we may determine the
virtual source vs;. We may thus assume that the adversary is given k independent virtual sources
vst vs?, ... vsk (the time stamps of the virtual sources are not relevant for what follows). The
main observation is that if vs!, vs?, and vs® are in different subtrees, then v* is the unique vertex
at the intersection of the three shortest paths connecting vs' and vs?, vs' and vs®, and vs? and vs>;
see Figure 7 for an illustration.

This immediately leads to a source detection algorithm: if the three shortest paths connecting
vs! and ws?, vs! and vs®, and vs® and vs® intersect at a single vertex, the algorithm outputs this
vertex; if not, pick a vertex from the intersection uniformly at random. Since each virtual source

is equally likely to be in each subtree, there is a constant probability that vs', vs?, and vs® are in

different subtrees and therefore the algorithm successfully detects the source.
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FiGUure 7. Detecting the source from three observations. If the three virtual
sources are in different subtrees, then the paths connecting them intersect in a single
node: the source v*.

The proof that follows makes this formal and also presents an improved algorithm when the
number of observations k is large, in order to show that the detection probability goes to 1 as

k — oo.

Proof of Theorem 11.5. We start with some notational preliminaries. For distinct nodes z,y € Ty,
let T denote the subtree of Ty away from y in the direction of z. In other words, if y were removed
from T, then the tree would break into a forest of d trees and Ty is the tree that contains x.

Formally, if nj is the neighbor of y that is closest to x, then
TV :={2€Ty:6(z,nY) <d(z,9)}.

We first assume, for simplicity, that ¢, ..., {; are all even; this simplifies the proof and we explain
at the end what changes if some of these times are odd. Then for every i € {1,...,k} we have
that G}, is a ball (of radius ¢;/2) with center vs} , the virtual source at time t;. Thus we may

L., vs® € Ty; as the

assume that the adversary observes £ > 3 independent virtual sources vs
time indices do not play a role in what follows, we drop them for notational convenience. We first
define an estimator v using only the first three samples (vs!, vs?, and vs3) and show that it detects
the source with constant probability. For i,j € {1,2,3} let P;; denote the set of vertices in the
unique path in Ty between vs’ and vs/. If the three paths Pjo, Pi3, and P»3 intersect in a single

vertex, let ¥ be this vertex. If the intersection of Pjo, P13, and Ps3 contains more than one vertex,

let v pick a vertex from this intersection uniformly at random.
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Consider the event A where the three virtual sources take different first steps away from the
source. By the construction of adaptive diffusion, this is the same as the virtual sources being in

different subtrees for all positive times; that is,

S vs2 vsl V82 vs3

A:{TgﬁmT”* :@}m{ ”*mT;J;:(Z)}m{ v NTY :(b}.

On the event A we have that P N Pi3 N Pg = {v*} and, hence, v = v*. That is, on the event A,
the estimator correctly detects the source of the diffusion. Since the direction of the first step of a
virtual source is uniformly random among the d choices and the different samples are independent,
we have that P (A) = %, which concludes this part of the proof.

We now explain how more samples can be used to achieve a detection probability that converges

to 1 exponentially in k as k — oco. For any vertex v € T4 and w a neighbor of v, define
Ny () =#{je[k]:vs’ €Ty}.

That is, Ny (v) counts the number of virtual sources in the subtree of Ty away from v in the
direction of w. Using these quantities we define the following estimator:
w:=argmin max Ny (v), (12.1)
veT, wi(ww)eE
provided that this is well-defined (i.e., the minimum is attained at a single vertex); if this is not
well-defined, let @ be an arbitrary vertex. Let wq,...,wq denote the neighbors of v* in Ty and
let Y := (N, (v*),..., Ny, (v*)). We now argue that if |Y||,, < k/2, then @ = v*, that is, the
estimator correctly detects the source of the diffusion.
First, observe that max,,.(yv+)ep Nw (v*) = ||Y|| o, which is less than k/2 under the assumption.
Second, if v # v*, then there must exist w’ a neighbor of v and i € [d] such that
o2 ) T
JeldN\{i}

This implies that

Ny (v) > Z Ny, (v°) =k — Ny, (v) 2 k= ||Vl > k/2,
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where we used that ||Y|; = k, as well as the assumption that ||V < k/2. Consequently,
Maxy,(yv)el Nw (V) = Ny (v) > k/2 and, hence, @ # v. We have thus shown that [|Y|| < k/2
implies that @ = v*.

To conclude, we estimate from below the probability that ||Y|| ., < k/2, or rather, we estimate
from above the complimentary event that ||Y||,, > k/2. First, by a union bound and symmetry we
have that P (||Y||,, > k/2) < d x P(Ny, (v*) > k/2). Now since Ny, (v*) ~ Bin(k,1/d), we have
by a Chernoff bound that

P (Nu, (v*) > k/2) = P (Nu, (v°) = E[Ny, (v)] > G£k)

IN

exp (— (d;d%)z k) .

Finally, we return to our simplifying assumption that the observation times t¢1,...,{; are all
even. If ¢; is odd, then there are two cases. If Gii is a ball, then it is a ball with center fus%i, so the
adversary can again determine the virtual source at time ¢; and everything is unchanged. If G%i
is not a ball, then it is symmetric about the edge connecting vs,’;i_l and vsii. Thus the adversary
can determine the set {vsii_l, vsf;i}. Picking either element of the set as the virtual source, the

remainder of the proof goes through unchanged. O

At first glance, it may appear that computing the estimator @ requires solving a minimization
problem over the entire infinite tree T4, but this is not the case. For every vertex v that is not on
a shortest path between two virtual sources we have that max,. () Nuw (v) = k and therefore w
must lie on a shortest path between two virtual sources. Moreover, the distance between any two

virtual sources is at most 2max;c[ ;. Thus the minimization problem in (12.1) is over a set of

size O(k® max;e( t;) and can be solved efficiently.

13. ADAPTIVE DIFFUSION WITH TWO INDEPENDENT OBSERVATIONS

In this section we prove Theorem 11.4. We start with the proof of part (a) in Section 13.1,
which builds on similar ideas as the proof of Theorem 11.5 in Section 12. Then, in order to prove
part (b) of Theorem 11.4, we need to understand the maximum likelihood estimator—this is done
in Section 13.2. Due to the nature of adaptive diffusion, we have to deal with even and odd times
separately. To focus on the key insights and computations, we first prove Theorem 11.4(b) when #;
and t9 are both even—this is in Section 13.3. The cases when one or both of ¢; and t9 are odd are
similar but more complicated, while not adding anything conceptually—hence we defer the proof

in these cases to Appendix A.
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13.1. Source detection. The proof of Theorem 11.4(a) builds on similar ideas as the proof of
Theorem 11.5 in Section 12. Recall the notation that we introduced in Section 12, which we use

here.

Proof of Theorem 11.4(a). Assume first that ¢; and ¢y are even; this simplifies the proof and we
explain at the end what changes if either time is odd. Then for i € {1,2} we have that G}, is a ball

of radius ¢;/2 with center vs] . The adversary can thus determine the two virtual sources vs' = vsj,

and vs? = 03?2.
By definition we always have that v* € V;! NV;2, that is, the source v* is contained in both sets of
infected nodes. Let Pj5 denote the set of vertices that are on the path in T, between vs' and vs?,

excluding vs' and vs?. Furthermore, define the set S := PN Vt{ N Vtg Let Ao denote the event

that vs! and vs? are in different subtrees away from v*; that is,
Ay = {18 N T = 0} (13.1)

Since the two diffusions are independent and the first step of the virtual source is to a uniformly
random neighbor of v*, we have that P(A;2) = (d — 1)/d. The main observation is that, on the
event Aj9, we have that v* € Pja; see Figure 8 for an illustration.® Consequently, on the event Aqs

we also have that v* € S.

FiGure 8. Detecting the source from two observations. If the two virtual
sources are in different subtrees, then the path connecting them contains the
source v*.

5The two virtual sources can indeed be excluded from Pi1o> and we still have that v* € Pi> on the event A;15. This is
because the virtual source can never be the true source, by construction. This assumes that t1,t2 > 1—which holds,
since we assume in the proof that ¢i,¢2 > 2. In any case, if min {¢t1,¢2} < 2, then one of the observed snapshots
contains at most two vertices, so a random guess succeeds in identifying the source with probability at least 1/2.
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This suggests a natural estimator: if S # (), let ¥ be a uniformly randomly chosen node from S
(note that S is a measurable function of G, and G%,); if S = @ (this occurs when 6(vs', vs?) < 1),
let ¥ be an arbitrary node. Then, given A and S, the conditional probability that v = v* is 1/|S5]

(note that Ajs implies that |S| > 1, as we argued above). We have thus shown that

~ « . " d—1
P(U:’U)ZP(U:’U ‘Alg)P(Alg):EH”SHAlQ] d .

To conclude, it suffices to show that |S| < min {¢;/2,%2/2} whenever Ajs holds. To see this, note
that the intersection PiaNV;! contains at most ¢1/2 nodes, since G}, is a (closed) ball of radius t;/2
centered at vs!, the path Pjs starts at the virtual source vs', and vs® is not included in Pj5. Thus
IS| < ’Plg N V}H < t1/2. Similarly, Pj2 N V}g contains at most t2/2 nodes, and the claim follows.
Finally, we explain what changes when ¢; is odd for i = 1 and/or ¢ = 2. If G, is a ball, then
its center is vsii, so the adversary can again determine the virtual source at time ¢; and everything
is unchanged. If Gf;i is not a ball, then it is symmetric about the edge connecting vs;, 1 and vsy,.
Thus the adversary can determine the set {vs;,_1,vs¢, }. Connecting both of these virtual sources
with the other virtual source(s), we again obtain a path, where now at both ends of the path we
have either one or two virtual sources. In any case, we can define Pjo analogously, where again the

known virtual sources are not considered as part of Pjs. The rest of the proof is unchanged. O

13.2. Maximum likelihood source estimation. In order to prove Theorem 11.4(b), we need
to understand maximum likelihood source estimation. Here we discuss this for adaptive diffusions
in general. Recall that an adaptive diffusion protocol is given by the probabilities a(t, h) € [0, 1],
with t € {2,4,6,...} and h € {1,2,3,...,t/2}, which determine the distribution of the path of the
virtual source {”St}tzo Let hy := 6 (vst, v*) denote the graph distance between vs; and v*, and let
p(t, h) ;=P (hy = h) denote the distribution of h;.

When determining the likelihood function L(v) = P (G¢|v* = v) we have to specify whether
the value of ¢ is known or not (since it is not always possible to infer the value of ¢ from the
observation G;). We assume in the following that ¢ is known. Note that knowing ¢ can only
help the adversary and hence any upper bounds on the success probability of the MLE under this
assumption still hold without this assumption. Furthermore, the rumor source detection results
(Theorem 11.4(a) and Theorem 11.5) hold regardless of whether we assume this or not. Finally,

note that this assumption is also what is used in previous works [23, 21, 22].
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We now determine the likelihood function L(v) = P (G¢ | v* = v) for even ¢; it is similar for odd ¢,
but we leave this for later. First, we always have that v* € V; \ {vs:}, so L(v) = 0if v ¢ V; \ {ws:}.
Next, since Gy is a ball of radius ¢/2 with center wvs;, it is fully determined by the position of
the virtual source, together with the time ¢. It is important to note a key symmetry property of
adaptive diffusion: all nodes at a particular distance from the virtual source are equally likely to
have been the source. This is because the virtual source always moves to a uniformly randomly
chosen neighbor away from the source. Thus the distribution of the virtual source is completely
determined by the distribution of hy. Altogether, since there are d(d — 1)"~! nodes at distance

h > 1 from a particular vertex, we obtain that

1
L(v) = a0 1)6(1}7%)71]) (t, 0 (v, v81)) Lipev\{vs:}}- (13.2)

Now assume that we have k independent observations of infected subgraphs, Gii = (Vti, Efl) for
i€ {l,...,k}, started from a fixed source v*. Assume also, for now, that all the times ¢1,...,t

are even. Then, by independence, the likelihood function is

L(v) = (ddl> [pt Xiw) - (@ =" 0 g )
i=1 ) 1 l

where we have introduced

Xi(v) :== 6 (v, vs})) (13.3)

for convenience (and recall that we can determine vs} , and thus also X;(v), from Gi,). By taking

logarithms, we obtain that the MLE satisfies

k
UML € arg max Z {logp (t;, Xi(v)) — Xi(v)log(d — 1)} . (13.4)
ven, (v fust, 1) 1
We now turn to determining the likelihood function L(v) = P(G;|v* = v) for odd ¢. This is
similar to the case of even ¢, but there are slight differences. Specifically, there are two cases to
distinguish: when ¢ is odd, the observed graph G, is either a ball or it is not (in which case it
consists of two balanced rooted trees of depth (¢ — 1)/2, whose roots are connected by an edge).
The former case occurs when the virtual source does not move at time ¢ — 1, that is, when
v$¢—1 = vS¢. In this case, we know that Gy—1 = G, we know the likelihood of G;—1 (which is given
by (13.2) with ¢ replaced by t—1), and in order to obtain the likelihood of G we have to multiply this
by the probability that vs;—1 = wsy, which is a(t — 1, X (v)), where X (v) = §(v, vs¢—1) = §(v, vsy).
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In the latter case, when G; is not a ball, we know that the virtual source moved at time ¢t — 1.
Furthermore, we can determine the set {wvs;_1,vs;}, as these two vertices are connected by the
central edge of G¢. In this case, we define X (v) := min {0(v, vs;—1), (v, vs¢)} (note that X (v) can
be determined from G;). In order to obtain the likelihood of G we have to multiply the expression
in (13.2) (with ¢ replaced by ¢ — 1 and (v, vs;) replaced with min {é(v, vs;_1),d(v, vs¢)}) with the
probability that vs;_1 # vsy, which is 1 — a(t — 1, X (v)).

Altogether, when ¢ is odd we have that the likelihood function is

L) danre TP (t— LX) alt — 1, X(0)1{vevi\fus.}} if Gy is a ball,
v) =

mp (t -1, X(U)) {1 - a(t -1, X(U))} 1{v6\/t\{vst,1,vst}} otherwise,
(13.5)

where X (v) := min {0(v, vs;—1), (v, vs¢)} (note that this definition of X (v) works for both cases;

when G is a ball then vs;—; = vs; and hence X (v) = (v, vs;—1) = (v, vsy)).

13.3. Source obfuscation — even times. We are now ready to prove Theorem 11.4(b). We
first prove this when both ¢; and to are even. This is done in order to highlight the key insights
and computations. The remaining cases (when one or both of ¢; and to are odd) are similar but

more complicated and hence are deferred to Appendix A.

Proof of Theorem 11.4(b) when t; and ta are both even. We may assume in the following that ¢1,to >
4, since when min {¢1,t2} = 2 then the right hand side of (11.4) is greater than 1 and thus the
statement is vacuously true.

Consider the adaptive diffusion protocol—which we term the uniform protocol U for reasons to
become clear—given by the probabilities

t—2h+2

ay(t,h) = )

(13.6)

fort € {2,4,6,...} and h € {1,2,...,t/2}. This is the same protocol introduced by Fanti et al. [23]
to achieve perfect obfuscation from a single snapshot on Z—the difference is that here we use this
protocol regardless of the degree d. The important property of this protocol is that the distance
hi = 0 (vsg, v*) between the virtual source vs; and the true source v* is uniformly distributed over

the set of possible values {1,2,...,t/2}, for all even ¢. That is, for all even ¢ we have that

2
pu(t,h) = 21{h€{1,2,‘..,t/2}}- (13.7)
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This can be shown by induction; we leave the details to the reader.

We now turn to analyzing the maximum likelihood estimator of the source, vy, given two
independent snapshots G%l and G%z. Recall that we assume now that ¢; and ¢2 are both even.
The adversary can thus determine the two virtual sources vs! = vstl1 and vs? = vs%z. By plugging
in (13.7) into (13.4), we obtain that the MLE satisfies

ML, € arg min (X1(v) + Xa(v)),
vEth1 ﬂVtQZ\{Usl,st}

where recall from (13.3) that X;(v) = (v, vs?) for i € {1,2}. In words, the maximum likelihood
estimator minimizes the sum of the distances to the two virtual sources, over all nodes that were
infected in both diffusions, excluding the two virtual sources.
To understand the MLE better we distinguish three cases, the last one being the most important:
(1) If s’ = vs?, then Dyr, chooses a neighbor of vs! = vs? uniformly at random.
(2) If 6(vs', vs?) = 1, then Dy, chooses a neighbor of the set {vs!, vs?} uniformly at random.°
(3) If 6(vst, vs?) > 2, then X;(v)+ X2(v) is minimized when v is on the shortest path between vs!
and vs?. Let Pj5 denote the set of vertices that are on the shortest path between vs' and vs?,
excluding vs! and vs?. Furthermore, define the set S := Pja N Vti N Vtg and note that when
§(vs!, vs?) > 2, then S is nonempty, because the vertex in Pjo that is closest to v* is always
in §. We have thus argued that the likelihood function is maximized at the nodes in S and
thus the maximum likelihood estimator vy, chooses a node from S uniformly at random.
Note that vy, is (essentially) the same as the estimator v introduced in the proof of part (a) of
Theorem 11.4.
Let Ajo denote the event that vs' and vs? are in different subtrees away from v* (see (13.1)), and
note that P (A2) = (d—1)/d. Observe that if the event Ajs holds, then necessarily 6(vs', vs?) > 2,
and hence the first two cases above imply that A;s does not hold. To compute the probability that

the MLE Ty, is correct, we may condition on whether or not Aqs holds:

P(@\ML = 1)*) = ]P)(@ML =v* ’Alg) P(Alg) +P (6ML =" ‘ A%) P (A%)

d—1

= P(E}\ML =" |A12) . T +P (@\ML =* ‘ A%) . (13.8)

&l

6Here we use that t1,t2 > 4, to ensure that all neighbors of the set {vsl, st} are in thl N Vti.
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Let us now turn to computing P (i)\ML =" | Alc2) There are two cases when the MLE can be
correct, given that Ajp does not hold. First, corresponding to Case (1) above: if vs! = vs? and
§(v*,vs') = 6(v*,vs?) = 1, then the MLE is correct with probability 1/d. Second, corresponding
to Case (2) above: if §(v*, vs') = §(vst, vs?) = 1 or if §(v*, vs?) = §(vst, vs?) = 1, then the MLE
is correct with probability 1/(2d — 2). If §(vs!, vs?) > 2 and Ajy does not hold, then Ty, # v*.

Putting these together and using (13.7) we obtain that

2 21 2 2 1 4 1 1
Pl(owr =0 A6y = 2. 2.2 419. 2.2, =—[=4+—]. 13.9
(UML v ‘ 12) t1 o djL t1 ta 2d—2 t1to <djL d—1> ( )

We now turn to computing P (vyg, = v* | Aj2). Given Ajz and S, the conditional probability that

vmr = v* is 1/]S|. We thus have that
P(vmr = v | A12) =E[1/]S]] A12] - (13.10)

On the event Aj9, we can express |S| as a function of X (v*) and Xa(v*) as follows. First, the set
S always contains v* when Ajy holds. Next, there are X;(v*) — 1 nodes on the path Pjo between
v* and vs'. However, only the t2/2 — X5(v*) nodes of these that are closest to v* are in Vg as well.
Similarly, there are X5(v*)—1 nodes on the path Pj3 between v* and vs?, but only the t1/2— X1 (v*)

nodes of these that are closest to v* are in Vt{ as well. Altogether, on the event Ao we have that
IS| =14 min {X;(v*) — 1,t2/2 — Xo(v™)} + min { Xa(v*) — 1,¢1/2 — X1 (v")}. (13.11)

Recall from (13.7) that X;(v*) is uniformly distributed on {1,2,...,t;/2}, for i € {1,2}. Moreover,
X1 (v*) and X5(v*) are independent. Both of these statements hold conditioned on Aj2. Therefore,

plugging in (13.11) into (13.10) and writing out the expectation we obtain that

1 o 1
P (omr, = v | A1g) = — 13.12
(Ovir, = v Arz) st;;l—l—min{j—1,t—€}+min{€—1,s—j}’ ( )
where we have introduced s := min {t1,t2} /2 and ¢ := max{t1,t2} /2 in order to abbreviate

notation. With this notation, we can write |S| from (13.11) more succintly by breaking things into
three cases, as follows:

o If X (v*) + Xa(v*) < s+1, then |S| = X1 (v*) + Xa(v*) — 1.

o If s+ 1< X1(v")+ Xo(v*) <t+1, then |S| = s.

o Ift+ 1< X1(v*) + Xo(v¥), then |S| =14 s+t — (X1(v*) + Xa(v¥)).
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Accordingly, we can break the sum in (13.12) into three parts. Let Z := {(j,¢) : 1 < j <s,1 < (<t}
denote the index set over which we take the sum in (13.12). We can write it as the disjoint union
I=T1UZyUZs, where I; :={(j,0) € Z: j+L<s+ 1}, To:={(j,0) €T :s+1<j+L<t+1},
and Zs ;= {(j,¢) € Z : t+ 1 < j + £}. We now consider the index sets Z;, Z5, and Z3 separately.

First, suppose that m € {2,3,...,s+ 1}. There are m — 1 pairs of indices (j,¢) € Z; such that
j + £ = m. For each such index pair, the fraction in (13.12) is equal to 1/(m — 1). Since there are
s different values of m, the sum over the index set Z7 is equal to s.

Next, observe that |Za| = s(t — s). For every (j, /) € Z, the fraction in (13.12) is 1/s. Therefore
the sum over the index set Z is equal to s(t —s)/s =t — s.

Finally, suppose that m € {t +2,...,t+ s}. There are 1 + s+ ¢t — m pairs of indices (j,¢) € Z3
such that j + ¢ = m. For each such index pair, the fraction in (13.12) is equal to 1/(1 + s+t —m).
Since there are s — 1 different values of m, the sum over the index set Z3 is equal to s — 1.

Putting together the previous three paragraphs, we thus have that

t

: 1
ZZ1+min{j—1,t—€}+min{€—1,s—j}

j=1t=1

=s+t—1.

Plugging this back into (13.12), and returning to the notation of ¢; and ty, we obtain that

s+t—1 242t —4

P (6ML = U* ’Alg) = o tth

(13.13)

Putting together (13.8), (13.9), and (13.13), we have obtained that

P (omr, = v*) =

d—1 2t1+ 2ty —4 4 <1 1 ) d—1 2t1+ 2t

1
d t1to d o \d d-1 d tty

where we used that 1/d+1/(d—1) < 1. Using that 2t; 4+ 2ty < 4max {t1, 2}, we obtain the bound

in (11.4), when ¢; and ¢2 are both even. O

14. LOCAL SPREADING VS. SOURCE OBFUSCATION

In this section we prove Theorem 11.6. Recall the notation we introduced in previous sections,
which we use here as well. In particular, h; := § (vs¢, v*) denotes the graph distance between wvsy

and v* and p(t,h) ;=P (hy = h). We will also use the elementary inequalities

(d—1)""?< N, < d;'ZQ (d—1)Y2. (14.1)
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Proof of Theorem 11.6. Our starting observation is that, due to the definition of adaptive diffusion

protocols, we have that

R — % . (14.2)

Thus in order to understand R; it is equivalent to understand h;.
We first turn to part (a) of the theorem. We described the likelihood function in Section 13.2,

see (13.2) in particular, from which it follows that

p(t,h) (14.3)

P (Bar, = v°) = L
= ) = T — 1)

The assumption (11.6) thus implies that
p(t,h) < < Cd(d—1)ht (14.4)

for all 1 < h <t/2, where in the second inequality we used (14.1). Now define

~yt log (Ct)

= Pl
T T log (d— 1)
We then have that
Lmt L)
_ _ d—1) -1
d 1 2
<cd d—1"“—“/t/2:7 <z
- ( ) d—1 t t
In particular, we thus have that P (h; > m;) > 1 — 2/t. Therefore
2 vt log (C)
E[hy] > mP (h > 1--)>=--———"7__1-
(e 2 meP( t>mt)—mt< t) =2 log(d—1)
Now using (14.2) we have that
t t log (Ct)
ER|==-Eh]<(1l=-7y)z+—F——+1

which concludes the proof of part (a) of the theorem.

We now turn to part (b) of the theorem. Consider the adaptive diffusion protocol defined as
follows:

o Fort <2/v,let a(t,h) =1forall 1 <h <t/2.

o Fort>2/v,let a(t,h) =1if |[yt/2] = |7 (t/241)] and let « (¢, h) = 0 otherwise.
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This construction guarantees that for all even t we have that hy = 1 if ¢ < 2/, while for even

t > 2/~ we have that
he = [7t/2]

deterministically. Thus by (14.2) we have, for all even ¢ satisfying ¢t > 2/~, that
Re=t/2—hy=t/2— [5t/2] > (1-2)1/2.

On the other hand, by (14.3) we have, for all even ¢ satisfying ¢t > 2/~, that

1 1
d(d— 1)/t = d(d—1)"*2

]P’(i)\ML = 1)*) =

From (14.1) it follows that (d — 1)_”2 <(d/(d—2))/N; and so

(d—1)2< d )” 1 <(d—1)2 1 _2(d-1

P (oM = 0v*) < S G S A i
=)= \7=3) S a2 NS N

where in the second inequality we used that v < 1 and in the third inequality we used that d > 3. 0O

15. DISCUSSION

The main message of this work is that while adaptive diffusion protocols can hide the source from
a snapshot adversary, they are ineffective when the adversary has access to multiple independent
snapshots. The main question raised by our work is whether there exist other diffusion protocols
that can obfuscate the source against such an adversary.

We make several simplifying assumptions in this work, which are important to discuss and study
further. First, we assume throughout that the underlying graph is the infinite d-regular tree Ty
(with d > 3), which is not a realistic model of real-world (social) networks. It is therefore important
to study the questions we consider here on other underlying graphs, for instance, on more realistic
models as well as on real-world social networks. We conjecture that our qualitative conclusions will
carry over to more realistic settings, which motivates studying such a simplified setting.

We also assume that the adversary observes multiple independent snapshots. Previous work has
considered multiple sequential snapshots (in time): Wang et al. [60] show that additional sequential
snapshots cannot improve detectability under the ST model, while Fanti et al. [22] show that they
can improve the detection probability at most logarithmically for adaptive diffusions. On the

other hand, Cai et al. [3] show that multiple sequential snapshots can help detection when the
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spreading rates are heterogeneous, both theoretically and on Twitter data. As mentioned before,
Wang et al. [60] show that multiple independent snapshots help significantly with detection under
the SI model, and our results extend this to the family of adaptive diffusions. An interesting
question is what happens in between, when the adversary observes multiple correlated snapshots
(that are not necessarily sequential observations of the same diffusion). In particular, can spreading
protocols take advantage of correlation in order to obfuscate the source against an adversary who
observes multiple snapshots?

This question is related to local spreading as follows. An adversary who observes multiple
snapshots can always use the following simple source estimator: pick a node uniformly at random
among those which are infected in each snapshot. The probability of success of this estimator is
the inverse of the size of the set of nodes which are infected in each snapshot. To minimize this, a
spreading protocol should aim to maximize the size of this set. This can be done by having highly
correlated snapshots, or by having a large amount of local spreading (which we have discussed
in Sections 11.5 and 14). In any case, we conjecture that if there is a reasonable amount of
independence among the observed snapshots, then the results will be qualitatively similar to those
which we have obtained.

There are also many natural variations on what information the adversary has access to. For
instance, Fanti et al. [20, 22] consider a spy-based model, where a fraction of nodes are corrupted and
continuously monitor metadata such as message timestamps; they also consider a mixed model using
both spies and a snapshot. Other information models include having a snapshot and additional
relative information about the infection times of a fraction of node pairs [35], having partial infection
timestamps [56], and having a noisy time series of observations [52, 51]. Understanding how our
results change under these different information models of adversaries is a natural question for
future work.

Further avenues to explore related to our work include game-theoretic formulations [39], optimal
sensor/spy placement [50], confidence sets for the source [34], and multiple rumor sources [19].

In conclusion, most results in this space—including ours in this work—are positive in terms of
rumor source detection, and thus highlight major difficulties with guaranteeing anonymity for the
source of a message in a social network. As surveillance techniques grow ever more prominent in
society, this emphasizes the need for further research, with the hope of ultimately providing robust

anonymity guarantees.
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APPENDIX A. PROOF OF THEOREM 11.4(B) WHEN ONE OR BOTH OF t; AND t3 ARE ODD

Here we prove Theorem 11.4(b) when one or both of ¢; and ¢y are odd. This is similar to the
proof presented in Section 13.3 when both t; and t5 are even, but there are more cases to consider
(especially when both ¢; and to are odd). To keep things clear, we also separate below the proof

when one of t; and t9 is even and the other is odd, from the proof when both ¢; and ¢ are odd.

A.1. When one of t; and ¢ is even and the other is odd.

Proof of Theorem 11.4(b) when one of t1 and ty is even and the other is odd. W.l.0.g. suppose that
t; is even and ty is odd. We may (and will) assume that ¢t; > 4 and that t3 > 5, since if
min {t1,%t2} < 3, then the right hand side of (11.4) is greater than 1 and thus the statement is
vacuously true.

Recall that we are analyzing the MLE for the uniform protocol given by the probabilities in (13.6)
and for which we have that (13.7) holds. We start with a few observations. First, G} is a
ball of radius t;/2 around vs' = vs%l and hence we can determine vs'. We may thus define
Xi1(v) =46 (v, vsl). Next, the observation G?Q is either a ball or it is not. If G?Q is a ball, then it is
a ball of radius (t2 —1)/2 around vs}, _; = vs7, and hence we can determine vs7, | = vs3,. If G, is
not a ball, then its central edge is {vs?,_;, vs},} and hence we can determine the set {vs?,_;, vs7, }.
In any case, we may thus define X2(v) := min {5 (v, vsfz_l) ,0 (v, vs%)} and note that the function
X9 :V = R is determined by the observation G%Q.

With this notation, using the expressions (13.2) and (13.5), the independence of the two observa-
tions, and substituting the expressions in (13.6) and (13.7), we obtain that the likelihood function

is the following:

d-1\2 2 2 —(X1(0)+X2(v)) | t2+1-2X5(v . :
(4=1) E g (d-1) (X1 (v)+X2(v)) | 2@74-12() . 1{1)6‘/;110%2\{115%1,%2 }} if G2, is a ball,

2 to

d
(d%dl)Z . % L2 (d _ 1)—(X1(’U)+X2(’U)) . 2X2(v)

-1 otherwise
= F 1AY2 1 02 ns2 :
ta—1 ta+1 {vevtlﬁth\{vstl,@stQ,vstzil}}

The first three factors in the expressions above do not depend on v and hence do not matter for

the MLE. By taking logarithms and pulling out a minus sign, we obtain that the MLE satisfies the
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following;:

ML, €

arg min [(X1(v) + Xa(v)) log(d — 1) — log (ta + 1 — 2X5(v))] if G%, is a ball,
'UEV;ll ﬂV'fQ\{vstll,vsz}

arg min [(X1(v) + Xa(v)) log(d — 1) — log X2 (v)] otherwise.
ve\/;ll ﬂVé\{vstll,vsfz,vs%il}

(A.1)

To understand the MLE in (A.1) better, we distinguish six cases. These are based on whether

Xy (vs') is 0, 1, or at least 2, and whether or not G, is a ball. Compared to the case when both

t1 and ty are even (see Section 13.3) we have twice as many cases to consider because G?Q can be

a ball or not. In all of the six cases there is a simple description of the MLE:

(1)

G3, is a ball and Xa(vs') = 0. In this case vs' = vs, = vs{,_; and both terms in (A.1)
((X1(v) + X2(v))log(d—1) and —log (t2 + 1 — 2X5(v))) are minimized by the neighbors of vs!.
Therefore Ty, chooses a neighbor of vs' uniformly at random.

G3, is not a ball and Xy(vs') = 0. In this case vs;,_; and vs}, are neighbors and vs' €
{vsi,_1,vs?,}. The function (Xi(v) + Xa(v))log(d — 1) is minimized (among vertices not in
{vsi,, vs?,, vs7,_1}) by the neighbors of vs® that are not in {vs7,,vs}, _;}. The expression
in (A.1) also contains another term, — log X2(v), which is not minimized among the neighbors
of vs'. However, this is a lower order term compared to the first term and it can be seen that
the full expression in (A.1) is minimized by the neighbors of vs! that are not in {1)332, 03%2_1}.
Therefore Dy, chooses a neighbor of vs' that is not in {vs?,, ”5%271} uniformly at random.
G?, is a ball and X5(vs') = 1. In this case 0532_1 = vs?, = vs%, and vs' and vs? are neighbors.
The first term in (A.1) ((Xi(v) + X2(v))log(d — 1)) is minimized by the neighbors of the set
{vs', vs?}. The second term in (A.1) (—log (t2 + 1 — 2X5(v))) is minimized by the neighbors
of vs? that are not vs'. Thus the whole expression is minimized by the neighbors of vs? that
are not vs'. Therefore Ty, chooses one of the d — 1 neighbors of vs? that is not vs!, uniformly
at random.”

G3, is not a ball and Xo(vs') = 1. This is similar to Case (2) above and we omit the details
for brevity. The MLE is the same: Ty, chooses one of the d — 1 neighbors of vs! that is not

in {vs?,, vs7,_; }, uniformly at random.

"Here we use that t, > 4, to ensure that all neighbors of vs® are in thl.
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(5) G3, is a ball and Xo(vs') > 2. In this case vsf,_; = vsj, = vs®. The expression in (A.1)

contains two terms. The first term ((X;(v) + X2(v))log(d — 1)) is minimized on the shortest

path between vs! and vs?. The second term (— log (3 + 1 — 2X5(v))) is minimized when Xs(v)

is minimized. We also have the constraint that v € V;% N Vtz \ {vsl, vs2}. Let Pj2 denote the set

of vertices that are on the shortest path between vs' and vs?, excluding vs' and vs?. Define v/

to be the vertex in P2 N Vﬁ N Vé that is closest to vs? (note that Pja N Vti N Vtg is nonempty,

due to the assumption that Xs(vs!) > 2). Given the constraints, v’ is the unique vertex that
minimizes both terms in the expression in (A.1). Therefore vy, = v'.

(6) G%, is not a ball and X5(vs') > 2. This is similar to Case (5) above, so we omit the details

for brevity and just state the conclusion. Let v” be the vertex in Pia N Vg N Vtg that is closest

to vs' (note again that P12 NV, NV;2 is nonempty, due to the assumption that X, (vs') > 2).

Then Ty, = 0.
Now that we understand the MLE, we can compute the probability that it is correct. We may

again condition on whether or not A2 holds (see (13.8)) to obtain that

1

S -1
P (omr, = v*) =P (0mr, = v*| 412) - —— + P (Ou, = v ‘A%)'g'

- (A.2)

Note that if A12 holds then we must be in Case (5) or in Case (6). Consequently, Cases (1), (2), (3),
and (4) imply that A2 does not hold.

Let us start by computing P (onr, = v* | A%,). Recall from Cases (5) and (6) above that if
Xo(vs') > 2 then Dy, € Pro, so if A%, also holds then Ty, # v*. Thus only Cases (1), (2), (3),
and (4) contribute to the probability P (%\ML =v* ‘ Alcz) In the following computations we use the
expressions (13.6) and (13.7).

First, corresponding to Case (1) above: if § (v*, vs{,) = 4 (v, 11532_1) =1and 1)532_1 = vs},, then

the MLE is correct with probability 1/d. This gives a contribution of % . t22—1 . ZH . é = tl(tfﬂ) . é.

Second, corresponding to Case (2) above: if § (v*, vs%l) =4 (v*, vs?rl) =1and (v*, vsé) =2,

then the MLE is correct with probability 1/(d—1). This gives a contribution of % . t22_1 . tﬁs—l =

_ 4 2 1
tl(t2+1) to—1 d—1°

Next, corresponding to Case (3) above: if § (v*,vs},_;) =1, 6 (vs,_1,vsi,) = 1, and vs},_| =

vs?,, then the MLE is correct with probability 1/(d — 1). This gives a contribution of % : t22_1 .

to—1 1 4 1

to¥l d—1 ~ ti(ta+1) d—1°
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Finally, corresponding to Case (4) above: if § (v*, vs{,) =1, § (v*, vsf,_1) = 2, & (v*, vs3,) = 3,

then the MLE is correct with probability 1/(d—1). This gives a contribution of % . t22_1 -t;ﬁ =

_ 4 .4 1
tl(t2+1) to—1 d—1°

Putting together these four contributions, we obtain that

4 11 6 1
P (omr, = v* | AD) = ——— = : : A3
(Ohar, = o7 | ATp) t (s + 1) <d+d—1+t2—1 d—1> (A.3)

We now turn to computing P (vy, = v*| A12). As mentioned before, if Ao holds, then we
must be in Case (5) or in Case (6) above. Accordingly, we have contributions to the probability

P (omr, = v* | Aj2) from these two cases and we can break this probability into two terms:

P(opmp =v* | Apg) =P (i)\ML =", 11332_1 = 115?2 ‘ A12) + P (UML =" vst2 1 # vst2 ‘ A12) (A.4)

Here the first term corresponds to Case (5) and the second corresponds to Case (6).
Recall that in Case (5) we have that Dy, = v/, where v is the vertex in P2 N ij N Vtg that is
closest to vs?. Given that A;o holds, we have that v* = v’ in exactly two situations: if 6 (v*, 1)32) =1
2

or if 0 (v*,vs') = t1/2. In addition, to be in Case (5) we have to have vs? _| = vs?, (the other

condition, Xo(vs') > 2, is guaranteed given A;3). By separating into these cases we can write:

P (mr, = v*, vs;,_; = vs, | A12)
=P (({o (v, vsy,) =13 U{0 (v", vsy,) =t1/2}) 0 {wsp, 1 = vsi, } | Ara)
=P (0 (v*, vsy,) = 1| A12) + P (0 (v*, vsf,) = t1/2,vs5,_1 = vs, | A12)  (A.5)
—P (5 (v*,vs) = 1,8 (v*, vsf) = t1/2 | A12)
We now compute all three of these probabilities. Before we do so, we first compute the probability
that vsf,_; = vs7,. We do this by conditioning on the value of 6 (v*, vs7,_;). Using (13.6) and (13.7)

we have that

tQ 1)/2

2
P(vs?21—vst2 Z vaml—vst,}‘é(z} vsz 1) = h)-t2_1
=1
7(t2_1)/2t2+1—2h 2 . 4 (t2§:)/2h1_11
B to+1  tp—1 (ta — 1)(ta + 1) 22

>
Il
—
Il
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Turning back to the three probabilities in (A.5), notice that in all three cases the events are

independent of Ajs. So first we have that

P (6 (v*,vs7,) = 1| A12) =P (6 (v*,vs},) =1) = P

Next, by independence we have that

P (5 (v*, vsy,) = t1/2, vsi,_y = vsy, | A12) =P (0 (v, vsy,) =t1/2,vs},_y = vsy,)

* 2 1 1
=P (5 (v*,vsf,) =t1/2) P (vsi,_, = vsy,) = Rt
Finally, by using independence again, we have that
P (8 (v*, vsi) =1,0 (v*, Usgl) =t1/2 ’ A1) =P (6 (v*, 03?2) =1,6 (v, 05%1) =11/2)
. . 2 2
=P (6 (v*,vs7,) = 1) P (6 (v, vs],) =t1/2) = Bl h
Plugging the previous three displays into (A.5), we have determined the first term in (A.4):
1 2 4
P (0mr, = v*, vs},_1 = vs, | Ag) = — + (A.6)

t ta+1 t (ta+1)

The analysis of the second term in (A.4) is analogous to what we have just done for the first

term, so we omit the details. In fact, it turns out that this second term is equal to the first term:

2 4

1
P (Our, = v, vs? 2| ApR) = — — : A7
(Bhan, = 0", vsty g # vty [ A12) = 54 52 = o (A1)
Putting together (A.4), (A.6), and (A.7), we obtain that
. N 2 4 8
P(omL = v* | A12) = — + (A.8)

t1 o+l ti(t2a+1)

Thus putting together (A.2), (A.3), and (A.8), we obtain that

Pl =)= doi(2, 4 8 1 4 1,16 1
MEZPI T 70\ e+l i+ D)) T d e+ )\d T d—1 " th—1 d—1)"

Separating the main terms and the lower order terms, we can write

N od—1/(2 4
IP’(UMLZU):—d (tl+t2—|—1>

AL S (Y DI S A
d tl(tg—i-l) d d-—1 ta—1 d—1 '
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Since d > 3 and ty > 5, the second term in the expression above is negative, so we have that

d—1 /(2 4 d—1 6
(omL = v*) < d (tl + to + 1> ~ d min{t,t2}

A.2. When both ¢; and ty are odd.

Proof of Theorem 11.4(b) when both t; and ta are odd. We may (and will) assume in the following
that t1,t2 > 5, since if min {¢1,¢2} < 3, then the right hand side of (11.4) is greater than 1 and
thus the statement is vacuously true.

Recall that we are analyzing the MLE for the uniform protocol given by the probabilities in (13.6)
and for which we have that (13.7) holds. We start with a few observations. For i € {1,2}, the
observation G, is either a ball or it is not. If G, is a ball, then it is a ball of radius (t; — 1)/2
around vsii_l = vs},, and hence we can determine vsii_l = vsj,. If G}, is not a ball, then its central
edge is {vsiﬁl, vs} }, and hence we can determine the set {%’iﬁp vsj }. In any case, we may thus
define X;(v) := min {6 (v, vsii_l) .0 (v, Usii)} and note that the function X; : V +— R is determined
by the observation G}, .

With this notation, using the expressions in (13.5), the independence of the two observations,
and substituting the expressions in (13.6) and (13.7), we can write down the likelihood function.
There are four cases, depending on whether or not G}, and G, are balls or not. Instead of detailing
all four cases of the likelihood function, we skip straight to writing down an expression for the MLE

in the four cases; this is analogous to (A.1). If G{, and G%, are both balls, then

UML € arg min [(X1(v) + X2(v))log(d — 1) —log (t1 + 1 — 2X1(v)) —log (t2 + 1 — 2X5(v))].
ve\/tllﬂ‘/%\{vs%l,vsfz}
(A.9)
If Gt11 is a ball and G%Z is not a ball, then
UML € arg min [(X1(v) + X2(v))log(d — 1) —log (t1 + 1 — 2X1(v)) — log Xa(v)].
vGthlﬂVtQQ\{vs%l,Usz,vs%271}
(A.10)

If G%l is not a ball and G% is a ball, then the MLE satisfies the display above with the indices 1

and 2 switched. Finally, if G%l is not a ball and G?Q is also not a ball, then

UML € arg min [(X1(v) + X2(v))log(d — 1) —log X1(v) — log X2(v)] .
vEthl mvté\{""s%l7”5%1—17”5%24’5?2—1}

(A.11)
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To understand the MLE better, we distinguish several cases. These are based on whether or not
G%l and G’t22 are balls, as well as the distance of the sets {vs%l_l, vstll} and {1)3?2_17 vs%} (and if
their distance is zero, what does their intersection look like). Compared to the case where one of
t1 and t5 is even and the other is odd, we have essentially twice as many cases to consider, because
both G%l and sz can be balls or not. In all cases there is a simple description of the MLE, which
we detail next.

We first consider the case when G%l and G?Q are both balls. In this case, to abbreviate notation,
we let vs! = vstllfl = vs{, and vs? = ”5?271 = vs7,. We distinguish three subcases based on whether
X (vsl) is 0, 1, or at least 2.

(1) Gf, and G}, are both balls, and Xo (vs') = 0. In this case vs' = vs® and all three terms

in (A.9) are minimized by the neighbors of vs! = vs?. Therefore Dy, chooses a neighbor of

vs! = vs? uniformly at random.

(2) G, and G}, are both balls, and X5 (vs') = 1. In this case vs' and vs® are neighbors. Let
us consider all three terms in (A.9). The function (X;(v) 4+ X2(v))log(d — 1) is minimized
(among vertices not in {’081,’082}) by the neighbors of the set {vsl,v.SQ}. The function
—log (t1 +1 —2X;(v)) is increasing in X;(v), while the function —log (t2 +1 — 2X5(v)) is
increasing in Xs(v). Consequently, the set of minimizers of their sum (among vertices not in
{vsl, st}) is contained within the neighbors of the set {vsl, 1)52}. The precise set of minimiz-
ers depends on the relationship between ¢; and to. If t; = to, then Dy, chooses a neighbor of
the set {vsl, 1152} uniformly at random. If ¢; > t5, then vy, chooses one of the d — 1 neighbors
of vs? that is not vs!, uniformly at random. If t; < t», then the indices are switched: D,
chooses one of the d — 1 neighbors of vs' that is not vs2, uniformly at random.

(3) G{, and G}, are both balls, and X, (vs') > 2. We again consider the three terms in (A.9). The
first term ((X;(v) + X2(v))log(d — 1)) is minimized on the shortest path between vs! and vs?.
The other two terms are increasing in Xj(v) and X3(v), respectively. This implies that the
minimizer of the whole expression in (A.9) lies on the shortest path between vs! and vs?. Let
Pj5 denote the set of vertices that are on the shortest path between vs' and vs?, excluding vs!

and vs?. We thus have that the MLE satisfies

oM € argmax  (t1 +1—2X;(v)) (f2 +1—2X5(v)).
vePLRNV NV
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Next, we consider the case when G,}l is a ball and Gi is not a ball. In this case we can again

1 1

write vs® = vsy g = vs{, to abbreviate notation. We again distinguish three subcases based on

whether X, (Usl) is 0, 1, or at least 2.

(4)

G%l s a ball, G?Q s not a ball, and Xa (vsl) = 0. In this case 7}3?271 and 1)332 are neigh-
bors and vs' € {vs? _;,vs7,}. Let us consider all three terms in (A.10). The first term,
(X1(v) + X2(v)) log(d — 1), is minimized (among vertices not in {uvs{ ,vs},_;, vs{,}) by the
neighbors of vs! that are not in {vstzz_l, vs%z)}. The second term, —log (t; + 1 — 2X7(v)), is an
increasing function of Xj(v), and hence it is also minimized (among possible vertices) by the
neighbors of vs! that are not in {11532_1, vs%Q}. The third term, — log X2(v), is not minimized
among the neighbors of vs'; however, this is a lower order term compared to the first term
and it can be seen that the full expression in (A.10) is minimized by the neighbors of vs! that
are not in {vsfz_l, vs?, }. Therefore Dy, chooses a neighbor of vs! that is not in {11532_1, vs?, }
uniformly at random.

G,}l s a ball, G§2 s not a ball, and Xo (usl) = 1. This is similar to Case (4) above and we
omit the details for brevity. The MLE is the same: Dy, chooses one of the d — 1 neighbors of
vs! that is not in {vs%_l, US%Q}, uniformly at random.

G,}l is a ball, Gi s not a ball, and Xo (vsl) > 2. Let us again consider the three terms
in (A.10), and let vs® denote the vertex in the set {vs7,_,,vs?,} that is closer to vs'. The
first term, (X1 (v) + X2(v))log(d — 1), is minimized on the shortest path between vs' and vs?.
The second term is increasing in X (v), while the third term is decreasing in Xz (v). We also
have the constraint that v € Vti N Vtg \ {vsl, vsfrl, vsé}. Let Pj2 denote the set of vertices
that are on the shortest path between vs! and wvs?, excluding vs' and vs?. Define v’ to be
the vertex in Pjg N V& N Vg that is closest to vs! (note that Pja N V& N Vtz is nonempty, due
to the assumption that Xo (vsl) > 2). Given the constraints, v" is the unique vertex that
minimizes both the first and the second terms in (A.10). Depending on the details, v" might
also minimize the third term in (A.10), but even if it does not, it turns out that v’ is always

the overall minimizer of the expression in (A.10). Therefore vy, = v'.

The case when G}, is not a ball and G%, is a ball is identical to the above, with the indices 1 and 2

switched. Finally, we consider the case when both G,}l and Gt22 are not balls. We now distinguish

four subcases; these are based on whether the distance between {vs;,_;, vsy, } and {vs},_, vs?, } is
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or at least 2, and when this distance is 0, we further distinguish between when the size of the

intersection of these two sets is 1 or 2.

(7)

Gi, is not a ball, G7, is not a ball, and {vs}, _;, st} = {vsi, 1, vs?,}. In this case for any
possible vertex v we have that ¢ := X;(v) = Xa(v) > 1. Thus, by (A.11), the function that
we need to minimize is ¢ — 2¢log(d — 1) — 2log ¢. There are now two cases to distinguish,
depending on the value of d.

When d > 4, this function is minimized when ¢ = 1. Therefore Uy, chooses one of the 2d — 2
neighbors of the set {vstllfl, vs{, }, uniformly at random.

When d = 3, this function is minimized when ¢ € {1,2}. Therefore vy, chooses one of the
2(d— 1+ (d—1)?) = 12 vertices at distance 1 or 2 from the set {vsj, _;, vs, }, uniformly at
random.

G}, is not a ball, G}, is not a ball, and ‘{vstll_l, vsi, N {1)532_1, 05%2}’ = 1. To abbreviate
notation, let H := {03%1_1, vstll} U {vs%Q_l, vst22} and v := {vs%l_l, vstll} N {1)5%2_1, vst22}. We
can categorize the vertices in V' \ H into three groups.

There are vertices v for which ¢ := X;(v) = Xs(v) — 1 > 1. For such vertices the quantity
in (A.11) is equal to (20 + 1)log(d — 1) — log¢ —log (¢ + 1).

There are vertices v for which ¢ := Xao(v) = Xi(v) — 1 > 1. For such vertices the quantity
in (A.11) is also equal to (2¢ + 1)log(d — 1) —log ¢ — log (¢ + 1).

Finally, there are vertices v for which ¢ := X;(v) = Xs(v) = § (v,v) > 1. For such vertices
the quantity in (A.11) is equal to 2¢log(d — 1) — 2log ¢ (which is the same expression as in
Case (7) above).

When minimizing these quantities, there are now two cases to distinguish, depending on the
value of d. When d > 4, vy, chooses one of the d — 2 neighbors of ¥ not in H, uniformly at
random. When d = 3, U, chooses one of (d —2) +d(d — 1) = 7 nodes that is at distance 1 or
2 from v and is not in H, uniformly at random.

G}, is not a ball, G3, is not a ball, and the distance between {vs{ _y, vs{, } and {vs?,_,, vs}, }
is equal to 1. To abbreviate notation, let H := {ws{ _;,vs{ } U {vsfrl, vsi, }, let o' denote
the vertex in {05%1_1, vs{, } that is closest to {vsé_h vs?, }, and define 92 analogously. We can
categorize the vertices in V'\ H into four groups.

There are vertices v for which ¢ := X;(v) = Xs(v) —2 > 1. For such vertices the quantity

in (A.11) is equal to (2¢ + 2)log(d — 1) —log ¢ — log (¢ + 2).
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There are vertices v for which ¢ := X;1(v) = 6 (v,0') > 1 and Xa(v) = 6 (v,0?) = £+ 1. For
such vertices the quantity in (A.11) is equal to (2¢ + 1)log(d — 1) —log ¢ — log (¢ + 1).

There are vertices v for which ¢ := X5(v) = 6 (v,0?) > 1 and X;(v) =6 (v,2') = £+ 1. For
such vertices the quantity in (A.11) is also equal to (2¢+ 1) log(d — 1) — log ¢ — log (¢ + 1).
Finally, there are vertices v for which ¢ := Xo(v) = Xi(v) —2 > 1. For such vertices the
quantity in (A.11) is equal to (2¢ + 2)log(d — 1) — log ¢ — log (£ + 2).

Now note that whenever d > 3 and ¢ > 1, we always have that (2¢ + 2)log(d — 1) — log¢ —
log (¢ +2) > (20 4 1)log(d — 1) — log?¢ — log (¢ +1). Furthermore, note that the function
0 (204 1)log(d—1)—log¢—log (¢ + 1) on the domain ¢ > 1 is minimized at ¢ = 1. Putting
these together we have that Ty, chooses one of the 2(d — 2) nodes that are a neighbor of o'
or ©2 and not in H, uniformly at random.

G%l s not a ball, G%z s not a ball, and the distance between {vs,}l_l, vs%l} and {11532_1, vs%z}
is at least 2. Again, let v denote the vertex in {Usil_l, vs%l} that is closest to {fus?z_l, vs%},
and define v? analogously. Let P denote the set of vertices that are on the shortest path
between ! and ¥2, excluding o' and v2.

The expression in (A.11) has three terms. The first term, (X;(v) + X2(v))log (d — 1), is the
main term, and it is minimized on Pjs, taking on the value § (’ﬁl,ffz) log (d —1). The other
two terms are decreasing in X;(v) and Xo(v), respectively. However, it turns out these are
lower order terms and that almost always the whole expression in (A.11) is minimized on Pja,
and thus the MLE satisfies

umr € argmax X (v) X2 (v).
U€P1zﬂ‘/;11ﬁvt22

There is only one exception to this: when d = 3 and § (51, ?fz) = 2. In this case let w be the
unique vertex that is at distance 1 from both v' and 2, and let w’ be the unique vertex that
is at distance 2 from both ' and ©2. In this case the expression in (A.11) is minimized at w

and w’, so Dy, chooses w or w’, uniformly at random.

Now that we have fully described the MLE, we can compute the probability that it is correct.

We may again condition on whether or not A;3 holds (see (13.8)) to obtain that

~ * -~ * d—1 ~ *
P(UML:’U ):P(UMLZU ’A12)'T+P(UML:U ‘Alcz)

1

1 (A.12)
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Note that if A;9 holds then we must be in Cases (3), (6), or (10). Consequently, Cases (1), (2), (4),
(5), (7), (8), and (9) imply that A2 does not hold.

Let us start by computing P (O, = v* | A%). Recall from above that in Cases (3) and (6) we
have that Dymg, € Pio, so if A% holds, then vy, # v*. In Case (10) we also have that vyg, € Pia,
with one exception (see above), but even then we have that Dy, is “in between” {wvs{ _;, vs} } and
{vs?,_i,vs},}, and so if A$, holds, then oyp, # v*. Thus only Cases (1), (2), (4), (5), (7), (8),
and (9) contribute to the probability P (Oyr, = v* | A%,). In the following computations we use the
expressions (13.6) and (13.7).

First, corresponding to Case (1) above: if § (v*, vs,}l) =0 (v*, vsé) =1, then the MLE is correct

=

with probability 1/d. This gives a contribution of t12—1 . EI_% . t22_1 : gﬁ . é = (t1+1f‘2t2+1) e

Second, corresponding to Case (2) above, we distinguish three subcases based on whether ¢; = g,
t1 < tg, or t; > to. If t; = to, then if § (U*,Ustll) =19 (v*,vsf2_1) = 2, and vsé_l = US%Q, or
if & (v*, vs%) =1, (U*, vs%l_l) = 2, and vs%l_l = vs%l, then the MLE is correct with probability

1/(2d — 2). This gives a contribution of

2 2 -3 2 2 -3 1 4(t-3) 1

ti+1 tp—1 to+1 t+1 -1 t+1)2(d-1) (t-1)(¢+1)* d=1
where t := t1 = t9. If t7 < 9, then if § (v*, vs,}l) =10 (v*, 1)5%2_1) = 2, and fusti_l = vs%, then
the MLE is correct with probability 1/(d — 1). This gives a contribution of

2 2 t—-3 1 4 (tg — 3) 1
t1+1 to—1 to+1 d—1 (ta—1)(t1+1)(ta+1) d—1

If ¢t1 > t9, then we have the same contribution as in the display above, with the indices 1 and 2

switched. Altogether we have obtained that the contribution in every subcase is

4 (max {tl, tg} — 3) ) 1 4 ) 1
(max {tn, b} — D)+ 1) (tat1) d—1  (h+D(at1) d—1'

Next, we turn to Case (4) above. We have that if § (v*,vs%l) =1,9 (v*,vs%_l) = 1, and

& (v*,vs3) = 2, then the MLE is correct with probability 1/(d — 1). This gives a contribution of

2 . 2 . 2 .
t1+1 to—1 to+1

ﬁ. There is an analogous term coming from when G,}l is not a ball and Gé isa

2 .2 2 1
+1 -1 tH+1 d-1°

ball, giving a contribution of % The combined contribution from the two terms

is

4 1 ( 2, 2 >< 4 1
(th+1)(ta+1) d—1\t;—1 to—1) = (t1+1)(ta+1) d—1
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where the inequality follows from the assumption that min {t1,t2} > 5.
Next, we turn to Case (5) above. We have that if (5(1}*,vst11) =1, 5(1}*,vst22_1) = 2, and

& (v*, vs3,) = 3, then the MLE is correct with probability 1/(d — 1). This gives a contribution of

2 2 . _4
t1+1 to—1 to+1

- 7=, There is an analogous term coming from when G7, is not a ball and G%, is a

2 4 1

i il e i The combined contribution from the two terms

ball, giving a contribution of tﬁrl .

is

4 1 4 4 4 2
(th+1)(t2+1) d—1 <t1—1+t2—1) = (ti+1)(t2+1) d—1
where the inequality follows from the assumption that min {t1,t2} > 5.
Next, we turn to Case (7) above, where we have to distinguish between d > 4 and d = 3. When
d > 4, then if § (U*, vs%l_l) =1,0 (U*, 05%1) =2,0 (v*, vst22_1) =1,9 (U*, vsé) = 2, and vs%l = vs%Q,

then the MLE is correct with probability 1/(2d — 2). This gives a contribution of

2 2 2 2 1 1 - 4 1 2
t1—1 t1+1 ta—1 ta+1 d-—1 Q(d—l)_(tl—i-l)(tg—l—l) (d—1)2 (tl—l)(tg—l)
(A.13)
<1 4 1
Sy DG @

where the inequality follows from the assumption that min {¢1,t2} > 5. When d = 3, there are now
two situations when the MLE has a chance of being correct:
o if§ (v*,vstll_l) =10 (U*, vs%l) =2, (v*, vsz_l) =1, (v*, vsi) =2, and vs%l = vsé,
e orifd (v*,vstllfl) = 2, (5(1}*,1}31}1) =3,9 (v*,vs?rl) =20 (v*,vs%z) =3, U5t1171 = ”3%2—1’
and vs{ = vs};

in both cases the MLE is correct with probability 1/12. This gives a contribution of

2 2 2 2 1 2 4 2 4 1 1)\ 1
(tl—l't1+1't2—1't2+1'2 t1—1't1+1't2—1't2+1'2'2>'12
2

G+ E+1) 0 —1)(t—1)

This is equal to the quantity in (A.13), when d = 3 is substituted. Thus no matter what d > 3 is,

the contribution is always at most

4 1

1
8 (h+1)(tat1) (d—1)%
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Next, we turn to Case (8) above, where we again distinguish between d > 4 and d = 3. When
d > 4, then if § (v*, vstll_l) =1,0 (v*, vstll) =20 (v*, 1151%2_1) =1,0 (v*7 vs?z) =2, and vstll % 03%2,

then the MLE is correct with probability 1/(d — 2). This gives a contribution of

2 2 2 2 d—2 1 4 1 4
. . . -2 1 _ R (A.14)
t1—1 t1+1 t9—1 to+1 d—1 d—2 (t1+1)(t2—|-1) d—1 (tl—l)(tg—l)
<1 4 1
! (t1+1)(t2—|—1) d—1’

where the inequality follows from the assumption that min {¢1,¢2} > 5. When d = 3, there are now

four situations when the MLE has a chance of being correct:
o if§ (v*, vs%l_l) =1, (v*, vsgl) =2,0 (v*, 05%2_1) =1,0 (v*, 05%2) =2, and vstll =+ 05?2;
eorifd (v*,vs%l_l) =2, (U*,vsgl) =3,6 (1}*,?}8,522_1) =2, (v*,vs%) =3, Usgl_l = vs%_l,

and vsy, # vs%;
e orifd (v*, Usgrl) =1,0 (v*, vs%l) =2, (v*, vs?rl) =2,0 (v*, vs%) =3, and vs%l = vs%rl;
e orifd (v*, vs%l_l) =2,0 (v*, vs%l) =3,0 (v*, vsé_l

in all four cases the MLE is correct with probability 1/7. This gives a contribution of

_ * 2\ _ 1 _ 2.
) =1, (U ,vst2) =2, and vs;, 1 = vsi,;

2 2 2 2 1 1 2 4 2 4 1 1 1

o1 il -1 o+l 27 61 ol fa-1 fatl1 227

2 2 2 4 1 1 2 4 2 2 1 1

+t1—1.t1+1.tg—l.tg—‘rl'5.?+t1—1'tl—i-l'tg—l'tg—i-l.g.?
8

(tl + 1) (tg -+ 1) (tl - 1) (tg — 1)
This is equal to the quantity in (A.14), when d = 3 is substituted. Thus no matter what d > 3 is,

the contribution is always at most

4 1

1
4 (t+1)(ta+1) d—1

Finally, we turn to Case (9) above. There are now two situations when the MLE has a chance

of being correct:
o if§ (v*, vs%l_l) =16 (v*, vs%l) =2,0 (v*, vsfg_l) =2, (v*, vs?z) =3, and vsgl =+ vsé_l;
e orif § (v*, Usgrl) =2, (v*, vs%l) =3, (v*, ”3?2—1) =1,9 (v*, vsfg) =2, and ”5%1—1 #+ ’US%Q;

in both cases the MLE is correct with probability 1/(2d — 4). This gives a contribution of

2 2 2 4 d-2 1 2 4 2 2 d—2 1
ti—1 t141 tg—1 to+1 d—1 2d—2)  t1—1 t14+1 tg—1 t9+1 d—1 2(d—2)




112

IR S BN Jlo4
(D)t +1) d—1 (h—1)(t2—1) ~ 2 (t1+D(ta+1) d—1

where the inequality follows from the assumption that min {¢1,t2} > 5.
In summary, putting the contributions from all these cases together we are now ready to bound

the probability P (Opp, = v* | AT). We have that

IP’(U v* ‘A) 4 1+L 1+1+2+#+1+1
ML Gt (bt \d d-1 R

< @ 1 11
- 24 (tl + 1) (tg + 1) (tl + 1) (tz + 1)7

(A.15)

where in the second inequality we used that d > 3.
We now turn to computing P (Ung, = v* | A12). To do this, we condition on the values of
5 (v*,vsy,_y) and 0 (v*, vs7,_;). To this end, define for 1 < hy < (t1 —1) /2and 1 < hy < (ta — 1) /2

the events
Dy () := {6 (v*, vs{, 1) =1},
Dy (hy) == {6 (v*,vs},_1) = ha} .

The events D; (h1) and Dy (hg) are independent and they are also independent of Ajg, so

2 2
t1 —1 t2—1‘

P (D1 (h1) N Dy (h2) | A12) = P (D1 (h1) N D2 (h2)) =P (D1 (h1)) P (D2 (h2)) =

Thus conditioning on the values of § (v*, vs{,_;) and & (v*, vsi,_;) we have that

(t1=1)/2 (t2—1)/2
Z Z UML =" ’Alg N Dy (hl) N Doy (hg)) .

hi1=1 ho=1

P (omr, = v* | A12) =

(tl — 1 tg — 1
(A.16)

So now what remains is to compute P (Opy, = v* | A12 N Dy (h1) N D2 (he)) and to sum this over

possible values of hy and hy. To do this we further define the events
1 1
By = {vsttl = vstl},
By = {vst2 1= vstQ}

In words, B; and Bs are the events that the virtual source stays in place at the last time step in the

first and the second sample, respectively. Note that By and By are independent, even conditioned
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on Ajo N Dy (h1) N Dy (hy). Therefore

t1+1—2h t2+1—2h2

P (B1 N Ba| A12 N Dy (h1) N Dz (h2)) =P (B1| D1 (h1)) P (Bz2| D2 (he)) = L+ 1 ty + 1

i

and similarly

2h t2—|—1—2h2

b+l a1

t1+1—2h 2ho
ti+1 g+ 1

2h 2ho

t1+1 t2+1

P (B N By| A12 N Dy (h1) N Dy (hy)) =

P (Bl N B2 ‘ A1aN Dy (hl) N Dy (h2))

P (BY N BS | A2 Dy (h1) N D2 (hs)) =

By conditioning on whether or not the events By and By hold, we may break up the probability

P (omr, = v* | A12 N Dy (h1) N Do (he)) into a sum with four terms:

P (/'JML = ’U* ’A12 N Dl (hl) N D2 (hQ))
B (tl +1- 2h1) (tQ +1 —2h2)

B (t1+1)(t2+1)
(2h1) (t + 1 — 2ho)

P ('UML = ‘ AN Dy (hl) N Dy (hg) NBiN Bg) (A.17)

P = A12N Dy (k1) N Dy (he)NBY N B A.18
CESCE) (Omr = v* | A12 N Dy (hy) N Dy (he) N By 2) ( )
(tl +1- 2h1) (2h2)
P = AiaNDy(h1)NDy(he)N By NB A.19
(t1+1) (t2+1) (UML v ‘ 12 1( 1) 2( 2) 1 2) ( )
4h1h2 ~ % C C
P (UML = ’ A1a N Dy (hl) N Do (hg) N By N By ) (A20)

(b1 +1)(t2+1)

We now compute each of these four conditional probabilities in turn.

We start with (A.18) and (A.19), as these are the simplest cases among the four. Given the
event Ao N Dy (h1) N Do (he) N B1 N BQC in (A.19), Case (6) describes the MLE. Specifically, if v’
denotes the vertex in Pjo N Vg N Vtz that is closest to vs!, then we have that Ty, = v'. Therefore

in this case Uy, = v* if and only if hy = 1 or hy = (t3 — 1) /2. Thus we have that

P (ﬁML =" ‘ A12 N Dy (h1) N Dy (hg) NBi N BQC) = 1{h1:1}U{h2:(t271)/2}
= Lm=1} + Lno=(t2-1)/2) = Hm=13n{ho=(t2-1)/2}-

Plugging this back into (A.19) and summing over h; and hy we obtain that

(t1 1)/2(t2 1/2

(t1 +1—2h1) (2h2) _ o
P =v*|A1xsN Dy (h1)NDy(hy)NB1NB
};1 Z (t1 + 1) (t2 + 1) (UML v | 12 1 (h1) 2 (h2) 1 2)
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(t1—1)/2 (t2—1)/2

:(t1+1 (ta + 1) Z > (

> holgp, =130 {ha=(t2—1)/2}

h1=1 ho=1
_ 4 _tl—l(t2£/2h N 4 ,t2—1(“£/2<t1+1h)
T DB+ 2 = T A+l 2 2 !
2= 1=1

- 4 ti—1 ty—1

(t+1)(ta+1) 2 2
=D -1) (-1 (—1) (@—-1)(F2—1)

4t +1) 4(ty +1) (t+1)(ta+1)

Multiplying this expression by 4/{(t1 — 1) (t2 — 1)} we thus see that the contribution to (A.16)

from (A.19) is
1 n 1 4
t1+1 ta+1 (tl—l-l)(tg—i-l).

(A.21)

Observe that (A.18) is analogous to (A.19) with the two samples switched. Since the expression
n (A.21) is symmetric with respect to t; and t2, this means that the contribution to (A.16)
from (A.18) is also equal to the expression in (A.21).

We now turn to the expression in (A.20). Given the event Ajo N Dy (h1) N Do (he) N Blc N BY,
Case (10) describes the MLE. In particular, note that on this event we have that X;(v) + Xa(v) =
hi + ho for every v € Pjo, and thus X;(v)Xa2(v) = Xi(v) (hy + ho — X1(v)). Letting d := X;(v)
to abbreviate notation, note that the function d — d (hy 4+ ha — d) is a quadratic function that is
maximized (among integers) at d = (hy + hg) /2 if hy + he is even, and at d = (h; + hg — 1) /2 and
d = (h1 + hg+1) /2 if hy 4+ hg is odd. This allows us to understand the MLE and the expression
n (A.20) as follows:

e If hy = hy = 1, then if d = 3 then the MLE is correct with probability 1/2, and if d > 4 then

the MLE is correct with probability 1. In either case we can bound this probability by 1.

o If 2 < hy+he <min{t;,ta} — 1 and hy + hg is even, then vy, is the unique vertex v such that
X1(v) = Xa(v) = (h1 + h2)/2. Thus in this case vy, = v* if and only if by = ha.

o If2 < hy+hy <min{t,ta} —1 and hy +ho is odd, then Dy, picks uniformly at random among
the two vertices for which {X;(v), X2(v)} = {(h1 + h2 —1)/2,(h1 + ha +1)/2}. Thus in this
case the MLE is correct with probability 1/2 if |h; — ha| = 1, and not correct otherwise.

o If hy + hy > min{t1,t2} (note that this can only occur if t; # t3), then if v € Py is
such that X1(v) € {[(h1 + h2)/2],[(h1+ h2)/2]}, then v ¢ V;! N V2. Therefore, since

d — d(hi+ hy —d) is a quadratic function, Ty, is the unique vertex v € Pig N VE N Vtg
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such that X (v) is closest to {|(h1 + h2)/2],[(h1 + h2)/2]}. To understand this better, as-
sume (without loss of generality) that t; < to. Then we have that vy, = v* if and only if
hi=(t1 —1)/2.

Altogether we have obtained, assuming ¢ < to, that

P (i]\ML =¥ ‘ AioN Dy (hl) N Dy (hg) N Blc N BQC)
< 1{h1=h2} + 51{\h1—h2|=17h1+h2§t1—1} + 1{h1=(t1—1)/27h1+h22t1}'

Multiplying the right hand side by h1hy and summing over h; and hg, we obtain that

(t1—1)/2 (t2—1)/2

1
Z Z hihs <1{h1—h2} + 51{|h1—h2\:1,h1+h2ﬁt1—1} + 1{h1—(t1—1)/2,h1+h22t1}>
hi1=1 ho=1

(t1—1)/2 (t1—3)/2 -1 (t2—1)/2
Z h? + Z h(h+ 1 > b
h2=(t1+1)/2
=Dt =3) (i +1)+3(a—1) (2 + 1)]
48 '

Multiplying this by 16/ {(t1 — 1) (t2 — 1) (t1 + 1) (t2 + 1)} we thus see that the contribution to (A.16)

from (A.20) is at most

(tl—3)(t1+1)+3(t2—1)(t2+1)7 1 t1—3 < 1 1/3
3(ta—1)(t1+1)(t2+1) St 4+l 3(ta—1D)(ta+1) T+l tp+ 1

Recall that here we assumed that ¢; < ta, so in general the contribution to (A.16) from (A.20) is

at most
1 n 1/3
min {t1,t2} +1  max{t1,ta} +1

(A.22)

The expression in (A.17) is similar to that in (A.20); in fact, it turns out that the contribution
o (A.16) from (A.17) is also at most the quantity in (A.22). Since the analysis of (A.17) is
analogous to that of (A.20) done above, we omit it for brevity.

Putting everything together, in particular (A.16), the cases (A.17)—(A.20), and the correspond-
ing contributions (A.21) and (A.22), and recalling that both of these contributions should be

counted twice, we obtain that

P A< 22 2 . 2/3 8
v =0 —
ML P+ T+ 1 min{ty o+ 1 max{ti,tat+1 (L 4+1)(t2+1)
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6+2/3 8
S minf{t,tot+1 (G +1) (2 +1)

(A.23)

Now finally putting together (A.12), (A.15), and (A.23), we obtain that

P —v*)<d_1( 6+2/3 8 )+1 11
MEZET =0 \min{t, o} +1 L+ 1) (ta+1)) " d (ti+1)(t2+1)
d—1 6+2/3 11—8(d—1)

d .min{tl,tg}—i—l d(tl—l-l) (tg—i—l).
Since d > 3, we have that 11 — 8(d — 1) < 0, so the second term above is negative. Therefore

d—1  6+2/3
d min {tl,tz} +1’

P (omr, = v*) <

which concludes the proof. ]
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