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Abstract
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Department of Biostatistics

In leveraging data from large-scale electronic medical record systems for research, an im-

portant step is the accurate identification of key clinical outcomes. Some outcomes must

be derived or predicted from both structured and unstructured data, for example using sta-

tistical machine-learning classification. Classification requires the collection of labeled data,

which is a sample where actual outcome statuses are manually coded by human clinical ex-

perts. For rare outcomes, simple random sampling (SRS) for labeled data collection results in

very few cases in the sample. Such outcome class imbalance results in insufficient information

for classifier modeling, yet additional abstraction is often expensive and time-consuming. In

this dissertation, we propose sampling designs for labeled data collection towards machine-

learning, targeting the rare outcome scenario. Our proposed designs are resource efficient,

requiring a smaller sample size for modeling goals compared to SRS, yet design impacts on

model development and validation can be statistically characterized to be “valid”. We first

introduce a stratified sampling procedure based on values of enrichment surrogates, which

are summaries of structured data related to the clinical outcome requiring abstraction. Next,

motivated by radiology reports with multiple co-occurring findings, we discuss extensions to

the multi-label setting. Finally, for scenarios where a previously developed “source” model is

to be externally transferred, we propose a framework for such “new” labeled data collection.
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GLOSSARY

ABSTRACTION: A process where trained clinicians read unstructured clinical text (e.g.
notes and radiology reports) and transcribe resulting information into codified vari-
ables.

CASE-ENRICHMENT: A sampling design with the case-enrichment property results in sam-
ples with higher case proportion compared to simple random sampling.

CLASSIFIER: A supervised machine-learning algorithm that categorizes input data into
two or more categories based on pre-defined labels. A commonly used classifier in
biomedical settings is logistic regression.

CLINICAL OUTCOME STATUS: The observable presentation of clinical condition status
(case or control) as identified from a patient’s medical record.

COHORT: The statistical population for which to draw inference from.

FEATURE: A generic term used to describe derived attributes that are used as inputs
(i.e. independent variables) for a machine-learning model. Features are approximately
equivalent to “predictors” in statistics, and are usually high-dimensional.

FEATURE ENGINEERING: The process of creating features, for example through counting
objects and auto-encoding.

LABEL: Tags (usually 1 or 0 indicating case or control) to indicate categories of a set
of documents based on human judgment. Labels are often used as the outcomes in
machine-learning.

LABELED DATA: A sample of documents that has been coded with labels, often obtained
through abstraction in biomedical settings. Labeled data is used to develop and validate
supervised machine-learning models.

MODEL DEVELOPMENT: Model development describes the training and tuning of machine-
learning model parameters; also called model training.

viii



MODEL VALIDATION: Model validation describes the evaluation of a previously developed
model in terms of its accuracy and generalizability to target settings. Examples of
accuracy measures are sensitivity and specificity; also called model testing.

OUTCOME CLASS IMBALANCE: A sample with outcome class imbalance has unequal case
and control proportions, usually describing outcome prevalences of 20% or lower. Out-
come class imbalance is thought to negatively affect classifier learning.

PREDICTORS: Inputs or independent variables in a regression model.

RESOURCE EFFICIENCY: A sampling design with the resource efficiency property results
in samples that are more informative for modeling goals compared to a simple random
sample of the same size. For classification, one measure of resource efficiency is case-
enrichment.

SAMPLE: A subset of data collected from the larger statistical population using a pre-
defined procedure. In machine-learning samples are used for model development and
model validation.

SAMPLING DESIGN: A pre-defined procedure to collect a sample from the larger statistical
population.

SAMPLING RATIO: In the context of stratified sampling on two strata, we use sampling
ratio to describe the ratio of sample stratum size to total sample size. Sampling ratio
is related to sampling fraction (ratio of sample size to stratum size) in sampling theory
through Bayes rule.

SURROGATES: Structured data elements in the electronic medical record (e.g. keywords,
ICD codes) related to the true clinical outcomes of interest; may be viewed as mis-
classified outcomes. In this dissertation we use surrogates as sampling variables rather
than to replace the true clinical outcome.
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Chapter 1

INTRODUCTION AND BACKGROUND

This dissertation concerns sampling designs for outcome label data collection and subsequent

machine-learning, with applications to data arising from electronic medical records (EMR)

databases. The focus is on valid and resource efficient designs, particularly when the out-

comes are expected to be rare. In this chapter, we synthesize background material relevant

to reading this thesis. We start by providing an overview of EMR databases and the Lum-

bar Imaging with Reporting of Epidemiology (LIRE) study [65] as motivation. Then, we

provide notation and set-up, describe the rare outcome problem in machine-learning, review

key concepts from epidemiology study designs, and summarize the scope of this dissertation.

1.1 Electronic medical records and scientific motivation

Electronic medical records (EMR) are large scale databases that have facilitated research

involving complex data, such as linking genetic and phenotype data in genome-wide asso-

ciation studies, and identifying adverse events in pharmacovigilance studies [82, 75]. EMR

databases contain structured elements, such as demographics, lab values, prescription medi-

cations, Current Procedural Terminology (CPT) and International Classification of Disease

(ICD) codes. These structured data types are generally easily accessible, for example using

techniques such as Structured Query Language (SQL) to search databases.

In addition to structured data, much of EMR data are so-called unstructured, natively stored

for example as free-text clinical notes and radiology reports. Unstructured data often contain

important information, such as subjects’ medical conditions, but are not explicitly coded
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in accessible forms. However, information from text data may be abstracted and labeled.

Clinical abstraction, also known as annotation, is the process of manual chart review to

transcribe selected patient information into codified variables. Typically involving highly

trained medical personnel, abstraction is time consuming and expensive, but abstracted

clinical outcomes provide substantial added value to EMR data. For example, these clinical

outcomes may be used in research studies utilizing EMR data to investigate treatment effects

or patterns of care.

1.1.1 Motivation from the Lumbar Imaging with Reporting of Epidemiology (LIRE) study

The Lumbar Imaging with Reporting of Epidemiology (LIRE) study was a pragmatic clinical

trial that studied the effect of radiology report content on subsequent treatment decisions

[65]. From four health systems across the United States (Kaiser Permanente of Washington,

Kaiser Permanente of Northern California, Henry Ford Health System, and Mayo Clinic

Health System), the LIRE study enrolled over a quarter million adult subjects whose Pri-

mary Care Provider (PCP) ordered a lumbar spine diagnostic imaging test between October

2013 and September 2016, but had not in the prior year. The included reports represent

various imaging modalities, such as x-ray and magnetic resonance imaging (MRI).

In the United States, a concern about health care spending is so called “over-utilization” of

radiographic imaging: most subsequent imaging do not meaningfully improve patient out-

comes [65]. A hypothesis in the LIRE study was that such unnecessary subsequent imaging

may be reduced through helping PCPs interpret radiology reports. To do that, the LIRE

“intervention” involved inserting text describing epidemiologic prevalences at the end of ra-

diology reports received by participating PCPs (Figure 1.1). These intervention text are

analogous to normalized values for lab tests, and served as benchmarks to aid interpreta-

tion of radiographic findings on radiology reports. Nine different versions were included,

depending on imaging modality and age categories. The main scientific question in LIRE

was whether inserting such epidemiologic benchmarks would reduce downstream health care
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utilization, such as subsequent imaging rates.

Figure 1.1: LIRE intervention text describing estimated prevalences of four radiographic
findings on the x-ray modality among patients above 60 years old.

In the LIRE study, it may be reasonable to expect different subsequent imaging rates in

various sub-groups. For example, among subjects whose radiology reports contain findings

specifically mentioned in the intervention text, subsequent imaging rates may be lower.

Additionally, among subjects with serious “red flag” conditions, subsequent imaging rates

may be high irrespective of intervention. To conduct such sub-group analyses requires reliable

methods to extract radiographic finding information from unstructured text reports. Instead

of traditional large-scale manual abstraction, one potential accurate and scalable approach

is through the use of machine-learning classification algorithms. Towards such machine-

learning model development and validation, an adequate sample of reports needs to be

assembled, and true clinical outcome statuses (for instance, presence/absence of a set of

radiographic findings) need to be abstracted by human clinical experts. The value of machine-

learning is that, instead of manual review of all EMR records, only a smaller sample of

subjects needs to be abstracted for true clinical outcome statuses. Yet, questions such

as “how many do we need” and “how to plan for sample selection” are currently relatively

unexplored. This dissertation is motivated by practical applications, such as the LIRE study,

that where abstraction of true clinical outcomes is required for machine-learning modeling

and downstream analyses.
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1.2 Notation and set-up

1.2.1 Notation

As this dissertation concerns sampling designs for the purpose of machine-learning model-

ing, we provide notation from the dual perspectives of modeling and sampling. We follow

statistical convention for notation, with X for random variables, x for values, X̃ for column

vectors, X for matrices, {X1, . . . ,XJ} for sets, and Xj as a (generic) element of a set.

Relevant elements for machine-learning modeling include input features, outcome labels, and

the classification model. Input features are multi-dimensional, where for feature matrix X,

Xij indicates the jth feature for subject i, X̃T
i ∈ Rp indicates all p features for subject i,

and X̃j ∈ Rn indicates the jth feature for all subjects. For univariate outcomes, Yi ∈ {0, 1}

denotes the label for subject i, while labels for all subjects are denoted with Y , with vector

notation suppressed by convention. For multi-variate outcomes Y, Yki ∈ {0, 1} is the kth

label of subject i, Ỹ T
i ∈ {0, 1}K is all K labels of subject i, and Ỹk ∈ {0, 1}n the kth label

for all subjects. The classification model is function h(.) that maps X to E[Y |X], where

the empirical estimate ĥ(.) is based on a observed data. For consistency of notation, we

denote the fitting of h(.) as model development (alternatively referred to as model training

or parameter tuning), and the evaluation of h(.) as model validation (alternatively referred

to as model testing or classifier evaluation). From the modeling perspective, classification

model development often implicitly assumes that a sample, typically representative of the

population, is already available for model development and validation.

When the sample is not representative of the population, we introduce additional notation

for the cohort (i.e. population), the sample, and the sampling design. The full cohort is

denoted as D = {X ,Y}. From D, we denote DS(n) as a sample of size n drawn using

sampling method S. The sampling method S may be random, by convenience, or based on

variables that are either observed or unobserved. Under settings that motivate this disser-
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tation, we assume that the purpose of collecting DS(n) for abstraction of outcome labels is

so that resulting subsets may be used for model development and model validation. The

distributions of cohort D, development sample Ddev, and validation sample Dval may all be

different from each other, either unintentionally (e.g. different snapshots from a database)

or by design (e.g. to improve prediction). It is well known in machine-learning that classifier

learning severely suffers when outcomes are rare in Ddev, a problem called the “outcome

class imbalance” [7, 138]. Therefore, the distribution of Ddev may be intentionally altered to

improve learning.

Figure 1.2 illustrates the described notation, where we had color-coded elements from the

modeling perspective in blue and elements from the sampling perspective in white. This

dissertation is primarily concerned with sampling designs to select samples of text reports

DS(n) from cohort D (green circle), therefore we do not provide extensive background on the

other necessary processes in individual chapters. However, to fully appreciate the complexity

of feature engineering, model development, and model validation methods, we next provide

a brief review of key concepts.

1.2.2 Feature engineering of unstructured text into numeric features

To fit model ĥ(.) using sample DS(n), both features X and outcomes Y need to be available.

Unstructured radiology report text may be converted into numeric feature matrices through

Natural Language Processing (NLP) methods. One of the classic NLP feature engineering

techniques is called bag-of-words (BOW). To understand BOW, we first define the following:

• Word: Word w is the basic unit of text data.

• Document: Document di = {wi,1, . . . , wi,ni
} is a sequence of ni words, for example a

single radiology report.

• Corpus: Corpus C = {d1, . . . , dN} is a collection of N documents, for example a
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Figure 1.2: Design and modeling of text data: elements from the machine-learning modeling
perspective (blue boxes) and sampling design perspective (white boxes), as well as processes
(circles) that connect the various elements.

Prediction model ĥ(.)

Model
Development

Model
Validation
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database of radiology reports.

For a corpus of N documents let T = {t1, . . . , tp} denote the set of p unique terms arising

from concatenating all documents, where terms tj may be single words or sequences of words,

also known as N-grams. Then, the binary Term Frequency TF binary(tj, di) is

TF binary(tj, di) = I(tj ∈ di) (1.1)

Often, the number of terms within each document may be more informative than simple

indicators, motivating the raw term frequency function. For tj in document di,

TF raw(tj, di) =

ni∑
k=1

I(wik = tj) (1.2)

is the number of times the jth term appears in document i. To account for a corpus with

varying document length, TF raw(tj, di) may be normalized by the total number of words in

the document, and then log transformed. The (log-normalized) Term Frequency is

TF (tj, di) = 1 + log

(
1 +

TF raw(tj, di)

ni

)
, (1.3)

and ranges between 1 (di does not contain tj) and 1 + log(2) (all the terms in di are tj).

In addition, terms that are frequent in only a few documents (e.g. “tumor”) may be more

important than terms that are frequent across many documents (e.g. “pain”). The Inverse

Document Frequency (IDF) captures such “between documents” term importance, and is
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IDF (tj) = log

 N
N∑
i=1

(
ni∑
k=1

I(wik = tj)) > 0

 . (1.4)

IDF (tj) is often log-transformed, and ranges between 0 (all documents contain tj) and ∞

(no documents contain tj). To simultaneously capture within and between document term

importance, the Term Frequency - Inverse Document Frequency (TF-IDF) multiplies TF

(1.3) and IDF (1.4), where

TF-IDF(tj, di) = TF (tj, di)× IDF (tj). (1.5)

Text data from document di can be represented with the feature vector X̃T
i , with elements

being any of (1.1),(1.2), (1.3) or (1.5). In comparing the various representations, TF-IDF

(1.5) is generally thought of as the most “sophisticated”, but the indicator function (1.1)

has also been observed to be adequate for simple classification tasks and may be a more

appropriate scale when models include additional non-text features, as often is the case for

classification models utilizing EMR data.

Even though the widely used BOW representation is intuitive, it has been criticized for not

accounting for contextual and linguistic information, such as word ordering. We briefly sum-

marize two recent developments which are alternatives to BOW: Latent Dirichlet Allocation

(LDA) [12] and Document Vectors [86]. LDA (not to be confused with the unrelated Lin-

ear Discriminant Analysis) takes the view that instead of representing individual words as

features, similar words should be grouped together as “topics”. For each document, the fea-

tures generated through the LDA representation are “topic vectors”, selected through fitting

a generative hierarchical Bayes model that includes the number of topics (typically 50-200)
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as a hyperparameter. Document Vectors can be thought of as an “autoencoder” of words

to numbers by using contextual information. For each document, every word is mapped

into a vector of numbers (“word vector”) based on hyperparameters such as the number

of surrounding words and the word vector length, where similar words have word vectors

that are closer to each other based on pre-specified distance metrics. For each document,

features may be obtained by averaging over all word vectors in the document. Of note, the

feature representation methods of BOW, LDA, and Document Vectors were compared to

each other for classifying radiology reports, and BOW was found to be as competitive as the

two other more sophisticated approaches [149]. The explanation was that radiology report

corpora contain fewer unique words compared to the general English language, therefore

simple BOW representations may be preferable to extensive parameter fine-tuning using the

other methods.

1.2.3 Classification models and evaluation metrics

To classify a single binary outcome Y , commonly used algorithms include logistic regression,

decision trees, k-nearest neighbors and support vector machines [46]. For logistic regression,

which is a Generalized Linear Model [88], high-dimensional features may result in model

over-fitting. Assuming sparsity in features, Lasso regression [127] is an elegant extension

that selects only a subset of features. Alternatively, Ridge regression [74] shrinks regres-

sion coefficients and accounts for multi-collinearity. The elastic-net [155] is a combination of

Lasso and Ridge regression, and allows for simultaneous shrinkage and selection.

After model development, it is necessary to assess model generalizability to new data [46].

Model performance may be empirically estimated using a validation sample that is separate

from the development sample. The modeling error may be represented using the expected

prediction error (EPE) framework [46], which relates the expected value of a loss function

L(ĥ(.), Y ) of predictions to actual labels, where
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Err = E[L(ĥ(.), Y )]

= EDdev ,Dval

[L(ĥ(.), Y )].
(1.6)

Note that in (1.6), prediction error is a function of not only classifier ĥ(.), but also devel-

opment sample Ddev. Therefore, classification evaluation measures can be used to compare

development samples obtained using various sampling methods. Model evaluation can be

based on predicted probabilities p̂ or predicted binary classes Ŷ , where Table 1.1 summarizes

common prediction accuracy metrics for evaluating binary classifiers.

Table 1.1: Commonly used evaluation metrics.

Metric name (alternative name) Empirical estimate
Proportion Correct (Simple Accuracy) TP+TN

TP+FP+TN+FN

Sensitivity (Recall) TP
TP+FN

Specificity (Negative recall) TN
FP+TN

Positive Predictive Value (Precision) TP
TP+FP

Negative Predictive Value FN
TN+FN

F-1 score 2
(
Recall×Precision
Recall+Precision

)
Area Under the ROC Curve (AUC) 1

n1n0

n∑
i=1

∑
j<i

I(ĥ(X̃T
i ) > ĥ(X̃T

j )|Yi = 1, Yj = 0)

For predicted classes Ŷ , evaluation metrics can be constructed based on functions of clas-

sification tables, also called confusion matrices (Table 1.2). For example, the Proportion

Correct is the sum of diagonals divided by the total validation sample size, and summarizes

average agreement of model predictions to true outcome labels with equal penalty on false

positives (FP) and false negatives (FN).

For predicted probabilities, a commonly used evaluation metric is the Area Under the Re-

ceiving Operating Characteristic Curve (AUC), which is a measure of discrimination with
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Table 1.2: Classification table/Confusion Matrix

True Y=1 True Y = 0

Predicted Ŷ = 1 TP FP

Predicted Ŷ = 0 FN TN

connections to the Mann-Whitney-Wilcoxon two-sample test statistic [53]. Predicted proba-

bilities may be plotted by subject case/control status (Figure 1.3; left panel), where discrim-

ination is higher when box plots are better separated. For a threshold k, model predicted

probabilities can be thresholded to obtain the empirical Sensitivity and Specificity. The de-

rived (Sensitivity(k), Specificity(k)) corresponds to a point on the [0, 1]2 space. Then, the

Receiving Operating Characteristic (ROC) curve (Figure 1.3; right panel) may be computed

by tracing the set of points (Sensitivity(k), Specificity(k)) for every k ∈ [0, 1]. The AUC is

widely used in both diagnostic testing and machine-learning to measure the ability of a test

or classification model in separating true cases and controls, and is particularly attractive

due to its invariance to outcome prevalence and the scale of predictions [97, 46].

Figure 1.3: Receiving Operating Characteristics (ROC) Curves.
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1.3 The effect of rare outcomes on classifier learning

For machine-learning classification, it is well accepted that model prediction accuracy is af-

fected by the proportion of cases (Y=1) in the developed sample. In particular, classifying

rare outcomes is more difficult than classifying outcomes with prevalences closer to 50%.

This issue, known as the “outcome class imbalance” problem, has been empirically demon-

strated for various classification models and evaluation metrics [7, 138]. Here, we provide

some intuition for why outcome class balance may affect classifier learning.

For certain prediction accuracy metrics, the effect of rare outcomes is obvious. For example,

for the Simple Accuracy metric, a trivial classifier that predicts Y = 0 deterministically

will be artificially highly accurate, yet many more sensible classification rules may have ar-

tificially low accuracy. However, the effect of outcome class imbalance problem on classifier

learning has been repeatedly noted even for prevalence-independent metrics such as the AUC

[138, 7, 135]. An intuition for such a phenomenon was discussed in [138], where the authors

asserted that prediction error may be decomposed by outcome class, and that the error for

predicting cases (Y=1) is higher than the error for predicting controls (Y=0) when outcome

classes are imbalance in training.

Why might the error for predicting cases be higher than that for predicting controls? For

logistic regression in particular, an explanation can be attributed to the distribution of

predicted probabilities. In particular, it was noted in [70] that comparing rare outcomes to

more prevalent outcomes, predicted probabilities p̂i are overall closer to 0 and true cases have

predictions closer to 0.50 rather than 1 (an example of this claim is reproduced in Figure

1.4). The explanation in [70] related the overall low predicted probabilities to high statistical

variance, but the link between variance and AUC has not been explicitly shown.
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Figure 1.4: Predicted probabilities for logistic regression of a prevalent (50%) and a rare
(10%) outcome.

1.4 Sample selection bias and missing data

Since outcome class imbalance is generally accepted to be a problem for classification learn-

ing, it is common practice to intentionally alter the sample case/control proportions for

machine-learning model development. However, if Ddev and D are distributed differently,

such associated “sample selection bias” [147] may compromise validity for model develop-

ment and/or validation.

To understand “bias” resulting from sample selection requires the characterization of dis-

tributional differences between the collected sample and the intended population for gener-

alizable inference. In epidemiology, a sample that is not representative of the population

is said to have “selection bias”. Selection bias can be due to reasons such as early study

termination, loss of follow up, and personal biases of the data collector. When selection bias

is due to sampling (either unintentional or by design), resulting biases are also known as

“ascertainment bias” or “sample selection bias”. To analyze data assumed to have sample

selection bias, one perspective is to view the sample as having “missing data” from the co-

hort, where resulting bias may be characterized by the missing data mechanism.
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The missing data mechanism comparing a sample to the population generally follows one

of three types: Missing Completely at Random (MCAR), Missing at Random (MAR), and

Missing Not at Random (MNAR) [78]. When data is assumed to follow a MCAR mechanism,

the sample is statistically a random sample from the cohort, therefore analysis based on

the available dataset generally results in unbiased estimates. On the other hand, samples

that are assumed to be MNAR from the cohort are difficult to analyze without additional

assumptions on the distribution of either the full data or the missing data. Finally, MAR

describes scenarios where any missing values only depends on other observed variables, for

example non-response in surveys may only depend on known subject demographics. For

samples that are MAR from the intended population, resulting bias may be corrected using

approaches broadly categorized as imputation to fill in missing values or weighting of the

collected sample.

1.5 Two phase sampling designs

A commonly used design that results in samples with ascertainment bias, specifically bias due

to MAR, is the two phase sampling design [89]. Two phase sampling was initially described

for census estimation of population means and proportions, where the desired true outcome

is expensive to ascertain, therefore data collection is based on values of a related cheaper

variable. In the first phase, values of the cheaper variable are obtained for all subjects in the

population. Then, in the second phase, subjects are drawn based on strata defined by values

of the cheaper variable, and only selected subjects have their expensive variable information

ascertained. The intended goal of most two phase sampling applications is to obtain efficient

estimation under practical resource constraint scenarios.

Among the large body of literature associated with two phase sampling, a common scenario

is when the exposure X is expensive to collect, but outcomes Y and/or related auxiliary

variables V are available. Then, data collection of expensive X is based on cheaper Y

and/or V . Efficiency is often described in terms of the asymptotic variance in estimating the



15

exposure effect using a pre-specified model (for example maximum likelihood). Even though

the classic two phase sampling setting is different than the scenario studied in this dissertation

(where Y is the expensive variable), certain results may be relevant to our conclusions.

1.5.1 Factors affecting two phase design efficiency

In particular, the question of “what factors affect two phase design efficiency” was described

in [84], where the authors considered using binary outcomes Y and auxiliary variables V for

sampling. The following three factors were identified in [84]: the true parameter values to

be estimated, the method of analysis, as well as how the cheaper variable is used to define

the phase 2 design also called the “design effect”. Design effect on estimation efficiency can

further be decomposed into the more specific questions of “what types of cheap variables

are preferable for sampling” and “how to allocate the phase 2 sample based on the phase 1

values”.

The effect of sampling variable characteristics on two phase design efficiency was studied

in [153], where the main result was that using highly correlated and informative variables

for sampling increased two phase design efficiency. In [153], analytical and empirical results

were demonstrated for data following a normal distribution and estimation with maximum

likelihood. The authors in [153] commented that their analytical results cannot be extended

to logistic regression, but efficiency gains for general scenarios may be shown through nu-

merical calculations.

The effect of phase 2 sample allocation was studied in [84], comparing “balanced” designs

where all strata frequencies are equal, “optimal” designs based on minimizing the asymptotic

variance of pre-specified models, to the baseline random sampling. The main conclusion in

[84] was that if the analytic model is known in advance, then the “optimal” sampling weights

are most efficient. However, their results also suggest that balanced designs are robust to

using various analytic models. Of note, the balance design recommendation has also noted
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in other investigations of two phase sampling [15, 105].

1.5.2 Estimating accuracy measures using samples from two phase designs

Thus far, we have described using two phase sampling in the context of efficient exposure

estimation. Alternatively, samples arising from two phase designs may be used to estimate

accuracy measures of “tests”. In diagnostic testing, a goal is to measure the accuracy of

a diagnostic test for the true clinical outcome. However if obtaining true outcomes is pro-

hibitive, often subjects who test positive are preferentially oversampled for verification. Such

“verification bias” is a special case of ascertainment bias; here we comment on bias-correction

frameworks developed for verification bias, and discuss connections to our work.

Bias corrected accuracy estimators can be based on either the sampling model or the outcome

model [2]. If the outcome model is known or can be accurately estimated, then imputation

methods based may be based imputing the true outcomes for all subjects (full imputation),

or only subjects with unobserved outcomes (mean score imputation). Alternatively, if the

sampling model is known, then correction can be based on inverse probability weighting

(IPW). In particular, empirical formulas for sensitivity, specificity, and AUC were derived

in [2] using for both imputation and weighting methods. In the classic verification bias

scenario, the test is the sampling variable, therefore sampling weights are computed based

on differences between sample and cohort test distributions. Extending to the general two

phase setting, the probabilities of subject inclusion may be computed based on observed

sampling variables (which are not necessary the test for which accuracy is to be assessed).

1.6 Scope of this dissertation

This dissertation concerns statistical sampling designs for outcome label collection and sub-

sequent machine-learning model development and validation, specifically for data arising

from electronic medical records (EMR). Our assumptions and methods are motivated by

results from machine-learning sampling and epidemiological study design. Our primary mo-
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tivation comes from the outcome class balance problem in machine-learning and the need

for more actual cases. However, in addition to improving empirical prediction accuracy, we

are also motivated by designs that are both amenable for valid analysis and attentive to

data collection costs. Therefore, it may be helpful for the reader with a general statistical

background to view our proposed methods as a special case of two phase sampling, where the

expensive variable to be collected is the outcome labels. This dissertation has following aims:

Aim 1: Surrogate-guided sampling designs. When Y is expected to be rare in D, we

motivate and describe a stratified sampling framework based on auxiliary variables in the

EMR, so that resulting samples are more informative compared to using simple random sam-

pling (SRS) for predictive model development. We demonstrate the resource efficiency for

this class of designs, as well as statistically characterize design impact on model development

and model validation.

Aim 2: Multi-label surrogate-guided sampling designs. We extend Aim 1 to handle

multivariate outcomes Y = (Ỹ1, . . . , ỸK), Yki ∈ {0, 1}, for K > 1. Radiology report process-

ing motivates this aim where multiple non-exclusive binary findings are desired.

Aim 3: Predictive Case Control designs. When prediction model ĥ(.) is developed in a

source cohort but is then also applied to a new setting, model recalibration and revision are

necessary steps for establishing external validity. For such modification learning to a new

setting, we motivate and describe a class of designs based on original model predicted scores

to collect “new” outcome labels.
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Chapter 2

SURROGATE-GUIDED SAMPLING DESIGNS FOR
CLASSIFICATION OF RARE OUTCOMES

2.1 Introduction

Electronic medical record (EMR) databases provide a potentially massive reservoir of infor-

mation to help researchers understand and treat both common and rare medical conditions.

Towards meaningful use of EMR data for research, an important first step is the accurate

identification of key clinical outcomes from the EMR. For example, accurately extracted clin-

ical outcomes can be used to investigate potential disease risk factors, compare treatment

effects, as well as identify inherited and environmental components affecting health outcomes.

To understand how clinical outcomes may be identified using EMR data, consider catego-

rizing data elements as either structured or unstructured [103]. Structured data is generally

easily queried and analyzed; examples include demographics, lab values, and International

Classification of Disease (ICD) and Current Procedure Terminology (CPT) codes. Unstruc-

tured data is usually generated at point of care and do not have fixed formatting; exam-

ples include free-text radiology reports, clinical notes, and raw image pixels. To establish

research-quality clinical outcomes, querying structured data alone is insufficient, due to rea-

sons such as over-coding for reimbursement and under-coding to protect patient privacy

[93, 136]. Alternatively, unstructured data elements may be manually reviewed by highly

trained clinical experts, who ascertain resulting true outcome statuses through a process

called clinical abstraction. Traditional abstraction provides highly accurate clinical outcome

statuses, but requires expensive clinician time and therefore is not feasible at scale for mas-

sive EMR databases.
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In recent years, machine-learning classification algorithms (also called “classifiers”) have

shown promise towards accurate and scalable clinical outcome identification procedures.

Such successes have been documented in domains ranging from radiology (natural language

classification of pneumonia from chest x-ray reports [20]), rheumatology (phenotyping of

rheumatoid arthritis from structured and unstructured data [18]), and dermatology (image

classification of skin cancer [44]). Modeling machine-learning classifiers requires a sample

that is labeled with actual case (outcome = 1) and control (outcome = 0) statuses. Such a

sample, also called “labeled data”, represents true clinical outcome statuses and in practice

often collected through abstraction. Compared to traditional abstraction, the value of using

machine-learning is that modeling requires manual review for a smaller sample instead of

for all subjects. Yet, accurate classification may still require large amounts of labeled data,

often in the thousands or larger. Alternatively, when available resources are constrained,

classification accuracy may be improved with targeted sampling procedures. Such targeted

sampling may be formulated as a study design task, where among the many currently unan-

swered questions include guidance for formal sampling methodologies, appropriate sampling

variables, criteria to measure sample information, as well as relevant sample size calculations.

This paper is motivated by the urging need for formal statistical frameworks to guide sam-

pling decisions for labeled data collection through abstraction towards accurate and scalable

machine-learning of clinical outcomes. We specifically focus on the rare outcome scenario,

where model accuracy is often rate limited by the number of cases. Our proposed framework

assumes that the collected sample may be used for both model development and validation,

therefore simultaneously requiring both improved outcome classification accuracy as well as

characterization of sampling impact on validity and generalizability. As with conventional

intuition, our proposed strategy targets sample case-enrichment of rare outcomes. The key

contribution of our work is the formalization of such heuristics using sampling methodologies

drawn from the fields of machine-learning and epidemiology, therefore filling a critical gap
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in EMR research methods.

2.2 Background

The development of a classification model requires an adequate sample where actual outcome

statuses Y ∈ {0, 1} are labeled, so that patterns relating features X to Y may be learned

from the sample for accurate prediction. Features X are typically high-dimensional predictors

where exact definitions are domain specific; for example in natural language processing (NLP)

applications feature engineering may be based on counts of individual words. When labeled

data is not already available, a subset of the available population is sampled, typically

through simple random sampling (SRS), and ascertained for their true outcome statuses.

However, when the outcome is rare, the resulting sample may not be sufficiently informative

for classifier learning, and alternative sampling procedures should be considered in order

to improve ultimate prediction accuracy. Note that we use the terminology “classification”

and “prediction” interchangeably referring to model outputs on yet unseen data, and do not

explicitly require or discourage temporal interpretations.

2.2.1 Sampling methods in machine-learning

Classifiers have been shown to perform best when trained on samples with approximate

outcome class balance, where the proportions of cases (Y = 1) and controls (Y = 0) are

nearly equal. Such results have been observed regardless of the naturally occurring outcome

distributions, both empirically [138, 7, 135] and to a lesser extent derived theoretically [142].

For rare outcomes, using SRS results in heavily imbalanced data sets: most individual out-

comes are controls (Y = 0). In machine-learning applications, sampling methods such as

random under-sampling (RUS) and over-sampling (ROS) are commonly used to re-balance

the outcome class distribution, in order to hopefully improve model development and re-

sulting prediction accuracy [59]. Under-sampling eliminates subjects from the majority class

(typically Y=0), and has been criticized for removing data that is both costly to obtain and

could be potentially informative. Over-sampling replicates subjects from the minority class
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(typically Y=1), and could risk model over-fitting to exact copies in the training set.

Extensions to these basic “re-balancing” methods attempt to address the limitations of ran-

dom sampling and the use of exact replicates. For example, a non-random under-sampling

algorithm was introduced, where only controls with different features than cases are re-

moved, since they do not provide additional information for learning [71]. Synthetic Minor-

ity Over-sampling Technique (SMOTE) combines random under-sampling with non-random

over-sampling to avoid the exact replicate problem, where artificial cases are created based

on interpolating features [24]. In addition, artificial cases can be generated adaptively, so

that the decision boundary is shifted towards outcomes that are more difficult to learn [58].

The reviewed under-sampling or over-sampling strategies are more appropriately described as

analysis-based re-sampling procedures after labeled data is collected, but prior to model de-

velopment. While re-balancing outcome class distributions may allow for increased learning

performance, the fundamental assumption is that an initial sample of labeled data is readily

available. In most real-world EMR settings, labeled data collection requires the expensive

and time-consuming process of clinical abstraction. Unfortunately, as noted in [138], most

machine-learning re-sampling methods do not directly address the cost of labeled data col-

lection, which often constrains the development of prediction models in biomedical research

[16].

2.2.2 Sampling designs in epidemiology

When data collection resources are scarce, targeted sampling methods in epidemiology have

offered alternative research designs that have facilitated investigation into causes of diseases.

For example, when the outcome is rare and collecting predictors is expensive, the case-control

sampling design [101] allows estimation of predictor effects using a logistic regression model,

and has the attractive advantage that estimation proceeds as if a simple random sample were

collected, although the regression intercept is biased.
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Several extensions of case-control designs have also been proposed. For example, efficient

estimation of predictor effects is still possible, even when the control sub-sample is replaced

by a simple random sample [100], or has misclassified outcomes [73]. Sampling can also be

based on variables other than the outcome. For example, the two-phase stratified sampling

design [90] collects observations according to mutually exclusive strata based on an auxiliary

variable, and reduces estimation variability if there is heterogeneity among the strata.

In contrast to machine-learning sampling methods, these epidemiological sampling designs

can also be thought of as design-based sampling procedures for data collection. However,

while epidemiological sampling designs provide resource-efficient alternatives to simple ran-

dom sampling, their benefits are usually discussed in the context of unbiased and efficient

inference for predictor effects, instead of model prediction accuracy. Furthermore, to our

knowledge, epidemiological study designs have not been formally adopted in labeled data

collection efforts in EMR settings.

To summarize the similar ideas that have been developed in parallel literatures, we present

a summary of sampling methods in machine-learning and epidemiology in Table 2.1.

2.2.3 Surrogates derived from EMR data elements for sampling

Assuming that clinical abstraction provides the most accurate ascertainment of true outcome

statuses, ideally clinical outcomes of all subjects would be abstracted, which unfortunately

is cost prohibitive for massive EMR databases. An imperfect alternative may be based on

readily and easily available related structured data elements, such as ICD codes and keyword

regular expressions. ICD codes are variables coding for diseases, symptoms, and abnormal

findings. Keyword regular expressions are sequences of characters that can be used to define

a search pattern, for example synonyms related to a medical outcome. In particular, sum-
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Table 2.1: Summary of sampling methods in machine-learning and epidemiology.

Epidemiology (Design) Machine learning (Analysis)
Study
Goal

Estimate effect of X on Y Predict Y from X

Sampling
Characteristics

Pre-specified design
before data collection

Re-sampling collected data set

Sampling
Goal

Efficient estimation Accurate prediction

Selected
Specific

Examples

Case-control
Case-cohort

Stratified random sampling

Under-sampling
Over-sampling

maries of ICD codes and keywords are often fairly specific for clinical outcomes that may

be extracted from free-text clinical reports [30, 11]. To define summaries of structured data

elements, querying is often based on counts restricted within pre-specified time frames, for

example the number of ICD codes related to a clinical outcome within 90 days of a subject

receiving a diagnostic imaging report.

In the medical informatics literature, summaries of relevant ICD codes and/or keywords have

been referred to as “surrogates” (of actual clinical outcomes) and used in machine-learning

modeling tasks. For example, surrogates defined using ICD and keyword counts were used as

misclassified outcomes to reduce the dimensionality of EMR-generated features [146]. The

approach in [146] was demonstrated to reduce the sample size requirements for labeled data

abstraction towards accurate and scalable machine-learning model development. In addition

to dimension reduction, surrogates have also been directly used as “noisy” imputed outcome

labels for classifier development [51, 1]. However, model development using such misclas-

sified outcomes may seriously compromise validity of using resulting model predictions for

downstream analyses [114], therefore using surrogates to replace abstracted clinical outcomes

as labels may not be fully justified.
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Alternatively, surrogates could help guide selection of subjects for abstraction of labeled

clinical outcomes. In fact, in developing classification models for rare clinical outcomes,

several papers have described the usage of ICD codes and keywords for subject selection.

For example, to develop a classifier for congestive heart failure from clinical notes, subjects

were selected based on coded diagnoses, as well as “term spotting”, which are keywords

likely to predict diagnosis [95]. Another application selected subjects based on one spe-

cific ICD code as well as non-negated keywords towards building a classification model for

angina [94]. Despite some usage of such sampling strategies, there remains little discussion of

corresponding statistical rationale. In particular, such heuristic decisions based on purpose-

ful biased sampling may not create generalizable predictions, or valid summaries of accuracy.

Our contribution is to formalize a sampling strategy to select subjects for true clinical out-

comes abstraction, based on using easily accessed summaries of structured data as enrichment

surrogates. Such true clinical outcome statuses, instead of surrogate statuses, will then be

used as labeled data for machine-learning. In Section 2.3.1, we frame the statistical problem,

and the describe the proposed framework in Section 2.3.2. We demonstrate the resource effi-

ciency of the proposed design for model development in Section 2.3.3, and discuss sampling

impact for both model development and validation in Section 2.3.4. We provide empirical

evidence through simulations in Section 2.4. Finally, in Section 2.5 we illustrate the method

on a data set of lumbar spine imaging reports that was obtained in a pragmatic trial of

radiology decision support [65], and provide a concluding discussion in Section 2.6.

2.3 Methods

2.3.1 Statistical motivation and notation

For subject i denote X̃i ∈ Rp as the feature vector and Yi ∈ {0, 1} as the binary outcome.

The general classification problem is to find function h(.) that maps from the features to

outcomes, where a commonly used model is penalized logistic regression
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β̂0,
ˆ̃βX = min

β0,β̃X

{−
n∑
i=1

Yi(β0 +

p∑
j=1

βXj
Xij) + log(1 + exp(β0 +

p∑
j=1

βXj
Xij)) + λ

p∑
j=1

||βj||L}. (2.1)

The development of classification models such as (2.1) requires a sample DS(n) of size n,

drawn from the EMR cohort D. In DS(n), features X̃T
i and outcome Yi need to be avail-

able for all subjects. We assume that feature engineering is relatively cheap, but obtaining

outcome statuses is time-consuming and costly due to necessary abstraction. Therefore, we

consider the statistical problem of drawing DS(n) from D, where subjects selected in DS(n)

will have their outcome status ascertained and labeled for subsequent machine-learning mod-

eling, specifically for scenarios when Y is expected to be rare.

For concreteness, consider the task of classifying radiology reports for subject vertebral frac-

ture status. In the rest of this paper, we discuss applications and illustrations specifically

for this sub-domain of biomedical Natural Language Processing (NLP); however, our sam-

pling framework may be generalized to machine-learning modeling tasks involving expensive

labeled data collection of rare outcomes. In NLP, a common feature engineering technique

involves converting unstructured free-text into numeric matrices using bag-of-words (BOW)

representations. For BOW, the set of p unique terms, denoted as T = {t1, . . . , tp} is first

obtained by concatenating all reports in D. Then, for subject i the BOW feature vector X̃i

has binary elements

Xij = I(tj ∈ reporti). (2.2)

For the outcome defined as
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Yi =

1, if the report of subject i indicates vertebral fracture

0, otherwise

, (2.3)

data processing is not as straight-forward. Realistically, simple keyword searches are in-

adequate as radiology reports often contain negated or uncertain findings. Therefore, the

definition of (2.3) often requires abstraction, where human clinical experts interpret report

text and label true outcome statuses.

Our main motivation is the burden of clinical abstraction for labeling rare outcomes. Due

to the expected low number of cases, using simple random sampling (SRS) to select reports

for abstraction is often inadequate. To artificially increase sample prevalence, a common

procedure is oversampling, where cases are randomly replicated at the analysis stage. How-

ever, oversampling does not generate new information, rather simply re-weighs existing data.

Alternatively, samples with higher prevalence can be collected by design. For subject i ad-

ditionally assume that we have access to an enrichment surrogate Zi, which is an auxiliary

variable that approximates the outcome better than random noise. In practice, surrogates

may created from summaries of relevant structured data elements, such as ICD and keyword

counts. In the motivating problem for vertebral fracture, practical examples include

Zi = I(report for subject i contains the keyword “fracture”)

and

Zi = I(subject i has a relevant ICD code in the EMR),
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where examples of relevant ICD codes for vertebral fracture include 809: Fracture of

bones of trunk, closed. Note that the constructed Z is not without error in predicting

Y : the keyword fracture could be negated, and ICD codes may be missed or over-utilized.

Therefore, while surrogates may not be appropriate as a substitute for true clinical outcomes,

they may be used as sampling variables to select subjects for clinical outcome abstraction,

where resulting labeled data is subsequently used for machine-learning classifier modeling.

2.3.2 Surrogate-guided sampling (SGS) designs

For sample selection based on surrogate values, we define the resulting class surrogate-guided

sampling (SGS) designs (Definition 1). Under the SGS design, all subjects in cohort D

are divided into two strata based on surrogate values: surrogate positives with Zi = 1,

and surrogate negatives with Zi = 0. The SGS sample DSGS(n) is assembled by over-

representing the surrogate positive stratum. Formally, let R = P (Z = 1|S = 1) be the

sample proportion of surrogate positives, then R ≥ 0.50 for SGS designs. The intended

benefit of SGS designs is that, for the same abstraction cost, resulting samples have higher

expected outcome prevalences compared to using SRS.

Definition 1 Surrogate-guided sampling (SGS) design class.

Denote the surrogate-guided sampling (SGS) design class as the class of stratified sampling

procedures based only on values of a binary enrichment surrogate Z ∈ {0, 1}.

For illustration, consider an outcome prevalence of 10%, and assume that in the EMR, there

exists a surrogate with 40% sensitivity and 95% specificity for the outcome of interest. For

an abstraction budget of collecting n = 500 labels, using an SGS design with three-times as

many surrogate positives as surrogate negatives (SGS 3:1) with R = 0.75 yields about 185

true cases in expectation. In contrast, an SRS design would have required abstraction of

almost 1850 subjects to yield 185 actual cases, a abstraction burden of close to four times.

Note that cases identified using SGS designs are true cases collected from the cohort, and
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not replicates or synthetic data as resulting from using analysis-based re-balancing methods.

Figure 2.1 illustrates the relative case-enrichment of SGS compared to SRS, where the area

of the shaded (blank) regions indicate expected case (control) proportions. As indicated by

the shaded regions on the left-most subplot, 10% of a sample collected with SRS are true

cases. However, the distribution of the cases are unequal across surrogate strata, where the

case proportion is much higher in the surrogate positive (Z = 1) stratum. Under the natu-

rally occurring proportions, as in the SRS scenario, surrogate positives only make up 8.5%

of the sample. By over-representing the surrogate positive stratum, SGS designs increase

the expected sample case proportion by construction.

Figure 2.1: Illustration of expected sample case proportions for simple random sampling
(SRS) and surrogate-guided sampling (SGS) designs. Illustrations are based on a scenario
with outcome prevalence 10%, and surrogate with sensitivity 40% and specificity 95% for
the outcome of interest.

(a) SRS, R = 0.085.

Z=0

Z=1

(b) SGS 1:1, R = 0.50.

Z=0

Z=1

(c) SGS 3:1, R = 0.75.

Z=0

Z=1

After selection into the sample, subjects are then ascertained and labeled for their true

outcome statuses, Y ∈ {0, 1}, through human clinical expert manual abstraction. In the

next subsections, we characterize the proposed SGS sampling design in terms of its resource

efficiency for machine-learning classification tasks, as well as sampling impact on model

development and model validation.
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2.3.3 Design resource efficiency for model development

We highlight a property of using SGS designs for classification model development, which we

formulate as “resource efficiency”. In general, design resource efficiency refers to requiring a

lower cost (i.e. abstraction sample size) in order to achieve modeling goals (i.e. prediction

accuracy) compared to a baseline design, typically simple random sampling (SRS). In order

to formally demonstrate the design resource efficiency of using SGS designs to procure devel-

opment samples, we first represent generalizable prediction accuracy in terms of development

sample composition.

Model discrimination in terms of estimation variance

For tractability we focus on a specific commonly used evaluation metric, the Area Under the

Receiver Operating Characteristic (ROC) Curve (AUC). Model validation AUC can be inter-

preted as how well resulting continuous predictions discriminate between randomly selected

pairs of case and control subjects [53] in yet unseen data. Consider resulting continuous

predictions as a “test” for true outcome statuses. Then, under a bi-normal assumption, the

AUC has been shown to be [97]

AUC = Φ(
√
RAUC) = Φ

(√
(µ1 − µ0)

2

σ2
1 + σ2

0

)
. (2.4)

In (2.4), µy and σ2
y are the means and variances of the “test” among the cases (y = 1) and

controls (y = 0). The bi-normal AUC formula (2.4) was developed in [97] for diagnostic

testing applications, but may be generalized to the classification modeling setting.

For classification model development, the continuous “test” is estimated using a development

sample, but generalizable performance usually evaluated on a separate validation sample.

Therefore, we introduce additional notation to express such differences between the classifi-
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cation modeling and diagnostic testing settings. Denote DS(n) as the development sample

collected using sampling design S and having sample size n, and assume that the validation

sample is a large sample obtained through SRS from D. Then, the validation AUC for model

developed with DS(n) may be represented using an indexing as shown in Definition 2.

Definition 2 AUC(Y |DS(n)).

Let AUC(Y |DS(n)) denote the validation AUC of a classification model for outcome Y de-

veloped using sample DS(n), which is generated with sampling design S and has sample size

n.

Using the indexing as in Definition 2, we may then represent validation AUC in terms of

development sample composition, assuming bi-normally distributed features ((X|Y = y) ∼

N(µx|y,Σx|y)). Theorem 1 (proof in Appendix A.0.1) shows that validation AUC is in-

versely proportional to the estimation variance and the data signal-to-noise ratio. Therefore,

conditioned on using the same modeling procedure, using a design with higher statistical

information as measured with lower estimation variance results in higher validation AUC.

To our knowledge, the results in Theorem 1 are the first to directly present an indexing of

validation AUC in terms of development sample composition.

Theorem 1 Assume that in D, for y ∈ {0, 1}, (X|Y = y) ∼ N(µTx|y,Σx|y), where µx|y=0 = 0

and Σx|y=1 = Σx|y=0 = Σx|y. Let η̂ = Xβ̂ be the estimated linear predictor, where model

coefficients β̂ are estimated by logistic regression using development sample DS(n). Then,

AUC(Y |DS(n)) ∝ 1

trace(σV (β̂S(n)) + µTV (β̂S(n))µ
, (2.5)

where V (β̂S(n)) = (XTWX)−1 is the approximate covariance matrix of estimating β̂ using

DS(n), and µ = µx|y1 and σ = Σx|y are parameters describing the data signal-to-noise ratio.
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The relationship between validation AUC and estimation variance as represented in Theorem

1 further allows application of existing results specifically for logistic regression models and

more generally for two-phase sampling designs. When modeling using logistic regression, it

has been noted that samples with rare outcomes tend to result in more highly variable coef-

ficient estimates compared to that of more prevalent outcomes [70], and may may provide an

explanation for the empirical observations in machine-learning that outcome class balance

affects classifier prediction performance.

We remark that while our argument in Theorem 1 is based on logistic regression model coef-

ficients β̂, modeling bi-normal features may also proceed with Linear Discriminant Analysis

(LDA) [46] where instead feature means µx|y and covariances Σx|y are directly estimated. Un-

der the LDA assumption, the relationship between outcome class balance and AUC has been

studied analytically [142]. However, our argument is slightly different than [142], as we were

more concerned with a general representation of validation AUC in terms of development

sample composition, rather than investigating specifically the “best” outcome class distri-

bution to maximize AUC. In fact, the results from Theorem 1 may be generalized beyond

bi-normal features and logistic regression. For example, the bi-normal features assumption

may be relaxed to allow for monotone transformations of normal distributions [97]. In addi-

tion, the results in Theorem 1 may be applied to penalized logistic regression, as long as the

estimation bias and variance of resulting coefficients can be well characterized.

Oratio as a measure of design effect on sample outcome prevalence

We demonstrated a relationship between development sample composition and model valida-

tion AUC through the estimation variance. Even though generalizable prediction accuracy

is the ultimate measure of resource efficiency for model development, the analytical rep-

resentation of the estimation variance in terms of sampling design still requires numeric

approximations. However, motivated by empirical results in machine-learning, we may use

sample outcome prevalence as another measure for design resource efficiency. Here, we char-
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acterize the design effect of SGS on sample outcome prevalence by using a summary measure

of design case enrichment that we call Oratio.

Consider measuring the “effect” of a sampling design on sample outcome prevalence. The

sample case/control odds, E[Y |S=1]
1−E[Y |S=1]

, compares the expected proportion of cases to controls

among sampled subjects (S = 1), where higher odds indicate higher sample prevalence. To

denote the sample case enrichment comparing SGS to SRS, we propose using the case/control

odds ratio, a metric we denote as Oratio and mathematically define in Definition 3.

Definition 3 Oratio.

Let Oratio denote the expected case/control odds ratio comparing surrogate-guided sampling

(SGS) to simple random sampling (SRS), where

Oratio =

EDSGS(n)[Y |S=1]

1−EDSGS(n)[Y |S=1]

EDSRS(n)[Y |S=1]

1−EDSRS(n)[Y |S=1]

=
Odds(cases|SGS)

Odds(cases|SRS)
. (2.6)

The denominator of (3) is the expected odds of cases for samples collected with SRS, and is

assumed to be less than 1 for rare outcomes. The numerator is the expected odds of cases

for samples collected with SGS designs. Therefore, Oratio can be interpreted as the expected

increase in cases comparing SGS to SRS, with higher values indicating that SGS provides

more case enrichment, and Oratio > 1 indicating improvement using SGS relative to SRS.

Oratio has similarities and differences to the term “odds ratio” which is often used in epi-

demiology. The epidemiological usage of “odds ratio” compares the case/control odds of a

sample drawn from the exposed group to a sample drawn from the unexposed group, and

provides a single estimate of exposure effect. Similar to the exposure odds ratio, Oratio also

compares the case/control odds of two samples drawn from the same population. However,
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since the samples are defined by sampling design instead of exposure statuses, the Oratio

provides a single estimate of design effect on case enrichment. Therefore, Oratio provides a

one-dimensional summary measure of the resource efficiency comparing SGS over SRS.

Properties of Oratio and the impact of surrogate specificity

An interesting property of Oratio is the connection to Likelihood Ratios (LRs) of the enrich-

ment surrogate. Of note, LRs of a diagnostic test can be interpreted as slopes of Receiving

Operating Characteristics (ROC) curves, are related to positive and negative predictive val-

ues (PPV & NPV), but are invariant to outcome prevalence [27]. Therefore, by framing

enrichment surrogates Z as “prior tests” of outcome Y , we may gain insight into what types

of variables are the best surrogates for sampling.

Proposition 1 (Equation (2.8)) shows that Oratio is approximately the sum of positive and

negative surrogate likelihood ratios (LR+ and LR−), weighted by the SGS sampling ratio

R. In general, a “good” test requires having high values of both LR+ and LR−. However,

since R may be set by design to approach 1, having a high LR+ alone is sufficient to achieve

a high Oratio, which is a measure of sample case enrichment. In other words, the properties

of an variable to be a good enrichment surrogate for sampling is weaker than what may be

required for a good diagnostic test.

Proposition 1 Properties of Oratio.

Let a surrogate-guided sampling (SGS) design of sample size n be defined with surrogate Z

and sampling ratio R, where Z has pZ := P (Z = 1) and operating characteristics: Zsens :=

P (Z = 1|Y = 1), Zspec = P (Z = 0|Y = 0). Then,

Oratio(n,R, Z) =
RZsens + pZ(1−R− Zsens)
R(1− Zspec) + pZ(Zspec −R)

. (2.7)

Additionally, if the outcome is rare (P (Y = 1) ≈ 0), then
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Oratio(n,R, Z) ≈ (R)(LR+) + (1−R)(LR−), (2.8)

where

(LR+) =
Zsens

1− Zspec
=

P (Y = 1|Z = 1)

P (Y = 0|Z = 1)

P (Y = 1)

P (Y = 0)

, (LR−) =
1− Zsens
Zspec

=

P (Y = 1|Z = 0)

P (Y = 0|Z = 0)

P (Y = 1)

P (Y = 0)

.

Corollary 1 For a given Z, Oratio ∝ R. Over the set of possible Z, Oratio ∝ Zsens and

Oratio ∝
1

1− Zspec
.

Corollary 1 follows directly from (2.8), and highlights the effect of surrogate operating char-

acteristics on sample case enrichment. While the rate of increase in Oratio is linear in Zsens,

it is inverse polynomial in 1−Zspec. Therefore, a small change in specificity can have a much

higher impact on Oratio compared to the same change in sensitivity. Therefore, in choosing

among multiple potential EMR data elements to be used as surrogates, variables with higher

specificities can generally provide more enrichment. In practice, this can be achieved by

setting higher thresholds when calculating summaries of structured data elements.

We provide two further illustrations to further emphasize the impact of surrogate specificity

on Oratio. Figure 2.2 shows Oratio on the y-axis as a function of sampling ratio R on the

x-axis for three different surrogates Z defined by their marginal operating characteristics,

where Oratio is approximately linear in R for this relatively rare outcome (prevalence =

10%). Here, notice that the surrogate with sensitivity of 0.40 and specificity of 0.65 results

in low Oratio for all values of R. With the same increase of 0.30, the more specific surrogate

had a greater effect on overall Oratio compared to the more sensitive surrogate. Figure
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2.3 shows values of Oratio indicated by different colors across possible ranges of surrogate

marginal sensitivities and specificities for an SGS design with fixed R = 0.50. The non-

gray regions of Figure 2.3 illustrates operating characteristics of surrogates that constitute

good candidates for stratified sampling variables. We excluded the presentation of surrogates

with specificities less than 0.50, as we may redefine these surrogates to obtain a more specific

variable. From Figure 2.3, note that when using surrogates with specificities of 0.80 or higher,

case-enrichment relative to SRS can be expected even with sensitivities as low as 0.20.

Figure 2.2: Oratio versus sampling ratioR when using SGS on surrogates of different operating
characteristics for an outcome with prevalence of 10%.

Our mathematical analyses convey two important practical implications. First, if there exists

a dichotomous variable in the EMR that predicts the outcome better than random noise,

stratified sampling based on such a variable can provide a development sample that is more

enriched for cases, for the same abstraction cost of a simple random sample. Second, to im-

prove on case enrichment, optimizing the enrichment surrogate for high specificity provides

much more value compared to optimizing for high sensitivity. By stratified sampling on the

values of an enrichment surrogate that is highly specific for the outcome of interest, SGS de-

signs result in development samples with higher outcome prevalence, which may correspond

to increased statistical information, lower estimation variance, and therefore improved sta-
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Figure 2.3: Oratio values for surrogates of different marginal sensitivity and specificity, based
on a fixed R = 0.50 and an outcome with prevalence of 10%.

tistical learning.

2.3.4 Design impact on model development and model validation

To improve the resource efficiency of resulting samples for machine-learning, SGS designs

intentionally over-represents surrogate positives. A concern, then, is if such introduced bias

may impact modeling. The impact of sample characteristics on machine-learning was first

formalized in [147], and can be formulated as a missing data problem [78]. Recall that

sampling in SGS only depends on surrogate values Z, which are assumed to be available for

all subjects in D. Therefore, for the SGS design, sampling is independent of outcome labels

conditional on surrogate values, equivalently

S ⊥ Y |Z. (2.9)

The assumption (2.9) is also called Missing At Random (MAR) [78]. Using the MAR as-

sumption, we now describe the impact of using SGS designs for both model development
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and model validation.

Design impact on model development

To characterize design impact on model development, we consider distributional differences

between the development sample and the cohort. For sample DS(n) obtained with sampling

design S, [147] suggested that S may be used for developing model ĥ(.) “validly” under the

asymptotic equivalence criteria,

lim
n→∞

ĥ(DS(n)) = h(D), (2.10)

where as the development sample size n grows, the ĥ(.) approaches the truth h(.) as if the full

cohort were available. In particular, S resulting in DS(n) having outcomes MAR from D are

“valid” for model development of classifiers based on conditional means in the asymptotic

“true model” sense [147]. Note that for logistic regression, (2.9) implies that

logit(E[Y |X, Z, S = 1]) = logit(E[Y |X, Z]). (2.11)

Therefore, machine-learning model development with logistic regression using SGS samples

results in validly estimated models under this interpretation.

Design impact on model validation

Now, consider the impact of using sample DS(n), where S is the SGS design, on model

validation. This practically relevant scenario may arise, for example, when a single sampling

design is used to select subjects for outcome abstraction, and then resulting sample split

into separate sub-samples for model development and model validation. On the validation

sample, the developed model may be assessed for its prediction accuracy, using metrics such
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as sensitivity, specificity, and AUC.

In general, unless the validation sample is drawn randomly from the cohort (i.e. SRS),

empirically estimated accuracy metrics are generally biased for the true values. However, for

validation samples collected using SGS, due to the MAR assumption bias-correction methods

are available. For example, the Inverse Probability Weighting (IPW) estimator [63] adjusts

empirical estimates according to sampling weights. To estimate generalizable AUC of the

model on this intentionally biased sample, for pairs of subjects i and j, outcome Y and

predicted probabilities p̂, the IPW-corrected empirical estimator is [3]

AUCIPW =

n∑
i=1

n∑
j=1

π−1i π−1j I(p̂i > p̂j)I(Yi > Yj)

n∑
i=1

n∑
j=1

π−1i π−1j I(Yi > Yj)
. (2.12)

In (2.12), πi = P (Si = 1) is the sampling weight for subject i, and may be estimated

from observed data for any MAR sample. For the SGS design, πi is additionally known by

construction to be

πi = P (Si = 1|Zi = z) =
P (Zi = z|Si = 1)P (Si = 1)

P (Zi = z)

=


R

pZ
× n

N
, Zi = 1

1−R
1− pZ

× n

N
, Zi = 0.

(2.13)

The known sampling weights (2.13) may be directly used in IPW-corrected accuracy metrics

such as (2.12). Note that the AUC indexing described in Section 2.3.3 is slightly different

than the AUC estimator in (2.12). In Section 2.3.3, we assumed that the validation sample

was large and representative of the cohort, and represented the effect of development sample
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composition on validation AUC. Here, in using (2.12), we considered the developed model to

be fixed, and studied the effect of validation sample composition towards unbiased estimation

of true model accuracy measures of this fixed model on the target cohort. Our theoretical ar-

guments demonstrate that any introduced bias from using SGS samples for model validation

may be corrected with IPW towards unbiased estimation of model accuracy measures.

Theoretical requirements for design validity

By framing the proposed sampling design as a missing data problem, we have characterized

sampling impact on modeling and outlined several analytic guidances for design validity. For

model development of classifiers based on conditional outcome distributions, the surrogate Z

needs to be included as a predictor. For model validation, empirical accuracy measures may

be corrected using IPW estimators, where required sampling weights are known exactly by

design. For both model development and model validation, subjects representing surrogate

positives (Z=1) and surrogate negatives are (Z=0) are required in the sample. For example,

if only surrogate positives are available, model coefficients in (2.11) is estimable only on

the Z = 1 stratum and πi in (2.13) is undefined for the Z = 0 stratum, without further

parametric assumptions.

2.4 Simulations

To illustrate the benefit of using SGS designs for statistical machine-learning model devel-

opment, we generated scenarios with features simulated according to a normal distribution

(Section 2.4.1) and a Bernoulli distribution (Section 2.4.2), as well as modeling using un-

penalized and penalized logistic regression. The sampling methods we compared included

simple random sampling (SRS) which we consider to be the “baseline”, surrogate-guided

sampling designs (SGS), as well as random over-sampling (ROS) which is a commonly used

analysis-based re-sampling procedure.

For all data generating mechanisms, we generated a cohort of size N = 100, 000 and three
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potential enrichment surrogates Z1, Z2 and Z3, defined with parameters so that they have

operating characteristics with respect to the actual outcome Y as described in Table 2.2.

Motivated by the illustrations in Figure 2.3, we defined three surrogates with expected Oratio

values of much greater than 2 (Z1), between 1 and 2 (Z2), and less than 1 (Z3). We

remark that surrogate Z1 has very similar operating characteristics to a real-world surrogate

(discussed in Section 2.5), while surrogates Z2 and Z3 may be viewed as “weaker” surrogates

for sampling.

Table 2.2: Sensitivity, specificity, AUC (calculated using trapezoidal rule), and expected
design Oratio for the three potential enrichment surrogates.

Surrogate Sensitivity Specificity AUC Oratio(SGS 1:1) Oratio(SGS 3:1)
Z1 0.40 0.95 0.67 3.30 5.27
Z2 0.67 0.66 0.67 1.75 1.89
Z3 0.60 0.30 0.45 0.88 0.86

For each simulated cohort, a large validation sample Dval with sample size nval = 10000

was set aside using SRS. From the remaining examples D\Dval, we simulated “abstraction

samples” DS(n) varying across a grid of sample sizes, and sampling methods of SRS, ROS,

SGS 1:1 (R = 0.50) or SGS 3:1 (R = 0.75), where SGS may be based on surrogate Z1, Z2,

or Z3. For the SRS and SGS sampling designs, the abstraction sample size is exactly the

development sample size. The ROS procedure replicates cases from an SRS sample of size

n until the number of cases and controls are equal. Therefore, even though both SRS and

ROS have the same “abstraction sample size”, ROS results in a higher development sample

size due to case replication. For a fair comparison, we used abstraction sample size rather

than development sample size as the unit of cost measurement.

For each parameter combination, B = 500 samples were drawn without replacement from

D\Dval based on the specified sampling scheme. On each iteration, we fitted a classification

model and applied resulting estimates to Dval, calculating the empirical validation AUC
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using the Wilcoxon-Mann-Whitney formula. Over all iterations, we calculated average vali-

dation AUCs and illustrated results in the form of learning curves. Briefly, a learning curve

is a type of plot in machine-learning to show the change in model prediction accuracy (here:

discrimination) when cost (here: abstraction sample size) increases [144]. In these experi-

ments, since we compared prediction accuracy across different sampling designs conditioned

on the same models and feature sets, the difference in model performance is due to differences

in the sampling design that gave rise to resulting samples.

2.4.1 Features with normal distribution

We first generated features according to a bi-normal distribution to empirically demonstrate

the analytical conclusions in Section 2.3.3, which is that, conditioned on the same data

generating mechanism and modeling approach, model development using SGS designs results

in higher validation AUC compared using an SRS sample of the same size.

Data generating mechanism

We generated two cohorts (A and B), with outcome Y having 5% and 10% prevalence

respectively. For each cohort we generated p = 50 predictors, of which 10 had non-zero

coefficients, where

(
Z1mvni , Z2mvni , Z3mvni , X̃i

)
| (Yi = 1) ∼ N

([
1.3, 0.9,−0.3, 0.5, . . . , 0.5, 0, . . . , 0

]T
, I3+p

)
(
Z1mvni , Z2mvni , Z3mvni , X̃i

)
| (Yi = 0) ∼ N

([
0, . . . , 0

]T
, I3+p

)
.

(2.14)

In (2.14), I3+p indicates the indicator matrix, and appropriate cut-offs were applied to Z1mvn,

Z2mvn, Z3mvn to obtain Z1, Z2, Z3 so that the binary enrichment surrogates had operating

characteristics as described in Table 2.2. The data generating mechanism described in (2.14)

implies the logistic regression model
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logit(E[Yi|XT
i ]) = −4.74 + 1.3Z1i + 0.9Z2i − 0.3Z3i

+ 0.5Xi1 + . . .+ 0.5Xi10 + 0Xi11 + . . .+ 0Xi50.

Using (2.4), we calculated the maximum theoretical AUC in this data set to be 0.94.

Learning Curves

Figure 2.4 shows the learning curves from data generated according to (2.14). Dashed lines

indicate the AUC of the individual surrogates in discriminating between cases and controls,

according to the trapezoidal rule. Dotted lines indicate the maximum AUC for the data set.

Each of the six panels shows that AUC increases with abstraction sample size, as expected.

However, the rate of increase depends on sampling design: we discuss three observations com-

paring learning curves within each individual panel, across rows, as well as across columns

in Figure 2.4. Individual panels demonstrate comparisons using different sampling designs

(SRS, ROS, SGS 1:1, SGS 3:1), rows demonstrate comparisons when using different enrich-

ment surrogates (Z1, Z2, or Z3) as sampling variables for the SGS designs, and columns

demonstrate comparisons for different outcome prevalences (5% or 10%).

For comparisons within individual sub-plots, consider the top-left sub-plot, where Z1 is used

as a surrogate for the SGS designs and the outcome has 5% prevalence. First, notice that

over-sampling has virtually no improvement over SRS. Such an observation is unsurprising,

since the correct mean model is fitted, exact replicates of observations do not provide ad-

ditional information and thus estimation variance was not reduced. In fact, over-sampling

results in some over-fitting at larger sample sizes. In contrast, SGS designs provided no-

ticeably improved AUC over SRS. For example, with an abstraction sample size of 250, the

average validation AUC using SRS samples was about 0.80 while the AUC using SGS sam-

ples based on Z1 was 0.84, when using a 1:1 ratio of sample surrogate positives to negatives.
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The AUC using SGS 3:1 configuration was 0.85, a minor increase over SGS 1:1. Therefore,

using an SGS design provided clear benefit over SRS. However, differences in AUC among

the various sampling proportions is small relative to the difference between using an SGS or

SRS design; drastically increasing the sampling ratio only provides diminishing returns.

For row comparisons, when the enrichment surrogate was Z1 (top rows), SGS designs pro-

vide noticeable benefit in terms of improved model discrimination at every sample size. Some

benefit is seen when Z2 was used as an enrichment surrogate, but there was virtually no

improvement over SRS samples when Z3 was used. This is because Oratio as a measure of

case enrichment is related to model discrimination. Even though Z1 and Z2 individually

provide the same discrimination for Y , the higher Oratio of using Z1 for SGS resulted in a

more case-enriched sample. In fact, since the Oratio of Z3 is less than one for all sampling

ratios, using Z3 as an enrichment surrogate did not provide any resource-efficiency over SRS

for model development.

For column comparisons, we see similar patterns for outcome prevalences of 5% and 10%,

illustrating the benefit of SGS designs for outcomes with prevalences in this range. Ad-

ditionally, we note that as abstraction sample size increases, the learning curves approach

the same theoretical maximum, demonstrating that samples created with SGS are valid for

model development under this special case of correct mean model specification.
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Figure 2.4: Logistic Regression learning curves for bi-normal features, comparing simple
random sampling (SRS), random over-sampling (ROS), and surrogate-guided sampling with
1:1 (SGS 1:1) or 3:1 (SGS 3:1) ratio of surrogate positives to negatives.
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2.4.2 Binary features

In practical settings, clinical outcomes abstracted from unstructured text data motivates two

main deviations from the scenarios presented in Section 2.4.1. First, text-derived features are

often not normally distributed. Additionally, modeling approaches might utilize penalization.

In this sub-section, we empirically demonstrate the effect of using SGS designs, when both

the the feature distribution and modeling approaches are more typical for the real-world

clinical text data setting.

Data generating mechanism

We generated two cohorts (A and B), each with outcomes Y having 5% and 10% prevalence.

As most EMR data-sets contain features of high dimensionality, we set the number of features

to be p = 250, of which only 30 were related to the outcome (non-zero coefficients). Text

features can often be described as following a long upper tail distribution (Zipf’s law), where

the most common features are present in almost all reports, but the majority of features

have very low frequencies [113]. Our simulated data set thus followed a logistic regression

assumption, where features are simulated according to a Bernoulli distribution with marginal

feature frequencies independently following an exponential distribution. Specifically, the data

generating mechanism was

Yi|
(
Z1i, Z2i, Z3i, X̃

T
i

)
∼ Bernoulli(P (Yi = 1))

logit(P (Yi = 1)) = β0 + βZ1Z1i + βZ2Z2i + βZ3Z3i +

p∑
j=1

βjXij, (2.15)

and the binary features X were generated as
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X̃j ∼ Bernoulli
(
px̃j
)

px̃j ∼ Exponential

(
mean =

1

6

)
.

(2.16)

The simulation parameters in (2.16) were selected so that resulting marginal feature dis-

tributions were comparable to the a real-world data set of radiology text reports from the

Lumbar Imaging with Reporting of Epidemiology (LIRE) study [65] (discussed in Section

2.5; see illustration in Figure 2.5).

Figure 2.5: Histograms of number of features with binned proportions of pX̃j
. Left plot

shows distributions from BOW (unigrams) representations of LIRE radiology reports, and

right plot shows simulated data using an Exponential

(
mean =

1

6

)
distribution.

In (2.15), βj = (−0.5, 0.25, . . . ,−0.5, 0.25) for the first 20 most frequent features, βj = 1

for the 10 features with frequencies closest to the outcome prevalence, and βj = 0 for the

remaining 220 features. Here, we used a simplifying assumption that the most predictive

text-based features tend to occur as often as the outcome prevalence, frequent features are

weakly predictive, but most features are irrelevant in predicting the outcome. Surrogates



47

Z1, Z2, and Z3 were generated as independent Bernoulli random variables with means

and coefficients resulting in the operating characteristics as described in Table 2.2. The

maximum AUC for this data set was about 0.90.

Learning Curves: Logistic regression

Figure 2.6 shows the learning curves from samples with features generated using (2.15).

Similar to the results in Figure 2.4, validation AUC increases with sample size, but for every

sample size we see differential performance depending on sampling design. Again, we see no

benefit of using over-sampling but a notable benefit of using SGS compared to using SRS

(comparing curves within a panel), that sampling using a design with high Oratio improves

discrimination (comparing rows), and that improved model performance is observed for both

outcome prevalences of 5% and 10% (comparing columns). Note that the logistic regression

model over-fitted for sample sizes of less than 250 due to high dimensionality. However, since

our goal for this simulation study was to show the effect of sampling design and not modeling

constraints, we were more concerned with model performance for development sample sizes

greater than 250 for the results illustrated in Figure 2.6.
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Figure 2.6: Logistic Regression learning curves for binary features, comparing simple random
sampling (SRS), random over-sampling (ROS), and surrogate-guided sampling with 1:1 (SGS
1:1) or 3:1 (SGS 3:1) ratio of surrogate positives to negatives.
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Learning Curves: Penalized logistic regression

Recognizing that regularization is almost always used in high-dimensional feature scenarios

(where p > n), we next demonstrate the same learning curves but with using penalized

regression models. We fitted both Lasso and Ridge regression [127, 74] using data generated

according to (2.15). These experiments were run to illustrate the real-world scenario with

text data, where regularization is also desired assuming feature sparsity. The regression

coefficients were estimated with

β̂0, β̂Z , β̂ = min
β0,βZ ,β

{−
n∑
i=1

Yi(β0 + βZZi +

p∑
j=1

βjXij)

+ log(1 + exp(β0 + βZZi +

p∑
j=1

βjXij))

+ λ

p∑
j=1

||βj||L},

(2.17)

where L was either 1 (Lasso) or 2 (Ridge). Note that in (2.17), coefficients for enrichment

surrogates were assigned a zero penalty, which is a modification to the usual likelihood so

that the surrogate is always included in the resulting model. For the procedure (2.17), we

estimated the regularization parameter λ based on values that maximized AUC using ten-

fold cross-validation on development samples.

Figure 2.7 shows learning curves for Ridge regression. From the top-left sub-plot, we ob-

served that SGS results in improved discrimination compared to SRS, but the increase is

smaller when compared to that in Figure 2.6. This is likely due to that, unlike in the un-

penalized regression setting, the estimation of Ridge regression coefficients introduced bias.

Note that ROS resulted in worse performance compared to SRS in all simulation scenarios.

By replicating cases, ROS may have artificially increased estimation bias without reducing

estimation variance in using Ridge regression, resulting in an overall worse discrimination.
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Such results are similar whether the outcome had a 5% or 10% prevalence.

Figure 2.8 shows learning curves for Lasso regression. Based on the top-left sub-plot (Sur-

rogate Z1 and 5% outcome prevalence), ROS slightly outperforms SRS, consistent with

empirical observations in the machine-learning literature [138, 135]. However, using SGS

substantially improves prediction compared to ROS. When comparing rows, sampling using

surrogates Z2 or Z3 did not provide much benefit when the outcome had a 5% prevalence,

while ROS provided some benefit. However, discrimination was overall low in these scenar-

ios, indicating that there may have been insufficient information in the data to derive any

meaningful comparisons across the sampling procedures.

In summary, these simulations verified our mathematical results from Sections 2.3.3-2.3.4

and demonstrate the broad potential benefit of SGS designs to develop machine-learning

predictions of clinical outcomes. Our results reinforce the value of surrogate specificity and

show the benefit of using design-based strategies over analysis based re-sampling methods

for resource efficient classifier learning. We now transition to an application of the proposed

SGS design on real-world text data.
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Figure 2.7: Logistic Ridge Regression learning curves for binary features, comparing simple
random sampling (SRS), random over-sampling (ROS), and surrogate-guided sampling with
1:1 (SGS 1:1) or 3:1 (SGS 3:1) ratio of surrogate positives to negatives.
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Figure 2.8: Logistic Lasso Regression learning curves for binary features, comparing simple
random sampling (SRS), random over-sampling (ROS), and surrogate-guided sampling with
1:1 (SGS 1:1) or 3:1 (SGS 3:1) ratio of surrogate positives to negatives.
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2.5 Illustration: Classification of vertebral fractures from radiology reports

2.5.1 Data set details

Vertebral fractures of the spine could lead to spinal deformity, loss of vertebral height, crowd-

ing of internal organs, and loss of muscles, resulting in acute back pain and potentially chronic

pain. Diagnosis is usually through radiographic imaging, such as plain x-ray or magnetic

resonance imaging (MRI). The prevalence of vertebral fractures is estimated to be about

3-20% among primary care subjects seeking care for all reasons [134]. Accurate and scalable

machine-learning identification of patient vertebral fracture statuses from EMR databases

may capture potentially actionable clinical cases as well as facilitate research about prognosis

and patterns of care.

The Lumbar Imaging with Reporting of Epidemiology (LIRE) study evaluated the effect

of radiology report content on subsequent treatment decisions among adult subjects [65].

Subjects were eligible for the LIRE study if they had a diagnostic imaging test ordered by

their Primary Care Physician (PCP), so all subjects in LIRE had at least one radiology

report available from the EMR database. Even though subjects from the LIRE study may

be different than from the broader primary care population, the prevalence of vertebral frac-

tures is still expected to be relatively rare. Definitive fracture status requires clinical expert

abstraction of associated radiology text reports. Therefore, sampling strategies alternative

to the usual SRS may be resource efficient for developing classification models for text detec-

tion algorithms in identifying vertebral fracture statuses. Using LIRE data as the “cohort”,

we evaluate the benefit of using SGS designs for outcome label abstraction and subsequent

classification model development.

2.5.2 Sampling design: Surrogate creation and application of SGS

Together with clinicians, we identified a set of 26 International Classification of Disease

(ICD) codes that if present, are highly likely to indicate that a subject was diagnosed with
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a vertebral fracture; details are in Appendix A.0.3. For each subject, we counted how many

ICD codes were noted in the EMR within 90 days of cohort entry. In the cohort of 178,333

subjects, 171592 (96%) did not have any relevant ICD codes, 3275 (1.83%) had one code,

1303 (0.73%) had two codes, 758 (0.42%) had three codes, and the remaining had more than

three codes. Since most subjects did not have any relevant ICD codes and a count of one

was the most common count, we defined the enrichment surrogate Z as in (2.18), where

Zi = I(count vertebral fracture ICD codes within 90 days for subject i > 1). (2.18)

Figure 2.9: Bar plot of the number of subjects for each count of relevant ICD codes for
vertebral fracture. Counts are only shown for subjects with at least one ICD code noted
within 90 days of report generation (96% did not).

This abstraction task was nested within a larger abstraction set-up in the LIRE study. The

radiology reports of each selected subject were abstracted by two independent clinicians

for the presence or absence of vertebral fractures. We selected 1000 reports that were ab-

stracted for fracture, where 500 were based on SRS and 500 were based on SGS with equal

values of Zi = 1 and Zi = 0; these abstracted reports form what we call the data marts.

The SRS data mart was used for model validation, while the SGS data mart was used for
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model development. Using the SRS data mart, we estimated marginal characteristics of the

surrogate defined in (2.18), including its sensitivity, specificity, and AUC for true vertebral

fracture status. We also estimated LR+, LR−, and Oratio of the resulting SGS design which

used a 1:1 sampling ratio. Sampling variability and corresponding confidence intervals were

estimated by bootstrapping the SRS data mart.

2.5.3 Modeling and analysis

Features were created by processing radiology report text data using the quanteda package

in R. A total of p = 310 features were created using bag-of-words (BOW), where the features

included unigrams (i.e. single words) occurring in more than 2.5% of reports and less than

90% of all reports as well as bigrams and trigrams that represent certain negation patterns

(e.g. “no fracture” and “no acute fracture”). Values in the feature matrix X were calculated

according to the term-frequency inverse-document frequency (TF-IDF) representation, which

incorporates information about the importance of terms both locally (within a single report)

as well as globally (across all reports). For a collection of N reports denoted d1, . . . , dN , the

set of p terms denoted T = {t1, . . . , tp} was obtained from concatenating unique words from

all reports. Then the TF-IDF feature matrix X contains elements

Xij = TF (di, tj)× IDF (tj)

TF (tj, di) = 1 + log(1 +
Count(tj ∈ di)

|di|
)

IDF (tj) = log

 N
N∑
i=1

I(tj ∈ di)

 .

(2.19)

The representation in (2.19) is common in natural language processing (NLP) applications

[106]. In addition to text-features, we also included the binary enrichment surrogate Z as a

predictor. Our modeling approach was logistic regression with elastic net penalization [155],
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equally penalizing the L1 and L2 norms, but imposing a zero penalty on Z:

β̂0, β̂Z , β̂ = min
β0,βZ ,β

{−
n∑
i=1

Yi(β0 + βZZi +

p∑
j=1

βjXij) + log(1 + exp(β0 + βZZi +

p∑
j=1

βjXij))

+ λ1

p∑
j=1

|βj|+ λ2

p∑
j=1

β2
j },

(2.20)

To investigate the design effect on model prediction accuracy, we drew B = 100 bootstrap

samples of sizes n = 100, 250, 500 from the SGS data mart. To simulate the SRS design, we

drew samples according to an “inverse SGS” design from the SGS data mart, where surrogate

positives were instead under-included with sampling weights (2.13). To simulate the SGS

design, we drew samples randomly from the SGS data mart. For each simulated sample,

we fitted (2.20) where the regularization parameter λ was selected based on minimizing the

average 10-fold cross-validated error using an AUC loss function. Resulting estimated model

parameters were then applied to the validation sample (SRS data mart) to obtain estimates

of the validation AUC. For each sampling design (SRS and SGS) and for each sample size,

we reported bootstrap mean validation AUC and 95% bootstrap confidence intervals.

2.5.4 Data analysis results

Estimated data set characteristics are shown in Table 2.3. Note that the defined surrogate

(2.18) was by itself not very discriminative for the outcome based on its AUC. In fact, its

operating characteristics were such that it was highly specific but only moderately sensitive

for the finding, an overall high Oratio for the resulting SGS design. Even though only a

weak predictor, the surrogate defined in (2.18) could be a good surrogate for sampling. In

fact, while the naturally occurring outcome prevalence of vertebral fracture in the LIRE co-

hort was estimated to be 12%, the SGS sample outcome prevalence was estimated to be 45%.
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Data analysis results are shown in Table 2.4. In general, in fitting an elastic-net logistic re-

gression, average validation AUC increases with sample size. However, for the same sample

size, using samples drawn with SGS resulted in higher average validation AUC. For example,

using the same sample size of n = 250, the AUC of SGS was 0.93 while that of SRS was only

0.80, a difference of 0.13, suggesting that allocating a sample size of 250 is more resource

efficient under SGS compared to SRS.

Table 2.3: Estimated data set characteristics for radiology reports drawn from the LIRE
data set: Sensitivity, specificity, AUC, and Likelihood Ratios of the defined surrogate, as
well as the Oratio of resulting surrogate-guided sampling (SGS) design.

Surrogate or design metric Estimate (95% C.I.)
Zsens 0.29 (0.17, 0.41)
Zspec 0.99 (0.98, 0.99)

AUC(Z) 0.64 (0.58, 0.70)
LR+ 29 (8.5, 41)
LR− 1.4 (1.2, 1.7)

Oratio(Z,R = 0.5) 6.5 (3.5, 8.9)

Table 2.4: Average validation AUC (95% C.I.) for various training sample sizes, based on
B=100 bootstrap resamples, for illustration of surrogate-guided sampling (SGS) designs on
radiology reports drawn from the LIRE data set.

Training sample size ˆAUC(DSRS(n)) ˆAUC(DSGS(n))
100 0.76 (0.50, 0.95) 0.87 (0.67, 0.94)
250 0.80 (0.50, 0.97) 0.93 (0.84, 0.98)
500 0.91 (0.50, 0.98) 0.94 (0.86, 0.98)



58

2.6 Discussion

Towards establishing research-quality clinical outcomes from massive EMR databases, machine-

learning may provide a potential accurate and scalable alternative to traditional large-scale

manual review. To that goal, we proposed surrogate-guided sampling (SGS) design, a formal

statistical sampling framework to guide sample selection for such machine-learning classifi-

cation of rare outcomes. SGS designs involve stratified sampling on values of enrichment

surrogates, which are structured data elements related to the true clinical outcomes of in-

terest. We demonstrated that using SGS designs may reduce sample size requirements for

accurate classification. In addition, we characterized design impact on modeling, as well as

provided analytic guidance for valid model development and unbiased estimation of predic-

tion accuracies. Here, we remark that the SGS design may be viewed as a special case of the

general two-phase sampling design [89].

In determining what constitutes a “good” surrogate for sampling, we have demonstrated

both analytically and in simulations that sample case-enrichment and subsequent classifi-

cation accuracy is most affected by surrogate specificity. A practical recommendation may

be based on Figure 2.3, where a specificity of 0.95 or higher is ideal, 0.80 is very good, and

0.50 is the absolute minimum specificity a surrogate needs to achieve. To create highly spe-

cific surrogates, regular expression keyword searches may be supplemented with off-the-shelf

negation tools [55], while related ICD codes may be defined with higher count thresholds

within a shorter period of time. Additionally, keywords and ICD codes may combined with

an “AND” query to further increase specificity. To estimate the specificity of a candidate

surrogate, a small initial sample may be collected using SGS, where we remark that appro-

priate estimators may be based on those described in the verification bias literature [3, 2].

Even though increasing surrogate specificity is expected to increase sample outcome preva-

lence and subsequently classification accuracy, in practice the trade-off with case representa-
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tiveness may require consideration. A concern is if the true cases obtained through stratified

random sampling on a highly specific surrogate are sufficiently representative of all possi-

ble subtypes. For example, in the vertebral fracture data application, requiring at least

two ICD codes (instead of one) may increase surrogate specificity, but could have resulted

in a sample with mostly chronic fractures. This may be a problem if acute fractures are

part of the true clinical outcome definition to be learned by the machine-learning algorithm.

A possible solution may implement a “tiered” surrogate, using sub-samples defined by vari-

ables to balance specificities and case representativeness (e.g. > 2, 1, 0 counts of ICD codes).

Another trade-off relates to statistical versus scientific validity for model development. To-

wards statistically “valid” model development, the SGS framework requires that the surro-

gate be included as a predictor. However, if the surrogate is defined using variables considered

“downstream” of the true clinical outcome, then including the surrogate as a predictor may

be scientifically invalid. One simple solution to this dilemma is to restrict surrogate creation

to be based only on variables that temporarily occur before, or at the same time, of the true

clinical outcome. If that is not possible, we recommend favoring scientific validity where the

surrogate may be excluded from the set of predictors: relevant statistical adjustments using

this approach warrant further investigation.

Anchored on the SGS design framework, future work invites a variety of methodological and

practical questions related to full study planning, for example questions such as “what types

of sampling variables”, “how to allocate sample”, as well as “how many to abstract”. To

address sampling variable types, we had discussed a trade-off of surrogate specificity and

case representativeness; other considerations may include statistical (e.g. data completeness

and distributions), scientific (e.g. data coverage, site heterogeneity), and technical (e.g. ease

of querying). In terms of sample allocation, increasing sampling ratio only slightly improved

classification accuracy, yet resulting inflated inverse weights may increase the variance of

IPW estimators of validation accuracy measures - it may be interesting to investigate this
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trade-off further. Once relevant trade-offs are formally defined, appropriate sample size cal-

culations may then proceed taking into account the need of both model development and

model validation. Other future work may include investigating the appropriateness of the

SGS framework outcomes much rarer than 5%, design effects on prediction accuracy measures

other than AUC, as well as best practices for sampling in the presence of site heterogeneity.

Finally, the contribution of our work is the formalization of a design framework for clinical

outcome abstraction and labeled data collection, towards accurate and scalable machine-

learning of research-quality clinical outcomes. We showed that many existing “ad-hoc” sam-

ple selection strategies using structured EMR data elements can be formalized as a stratified

sampling design, with statistical guarantees of improved classification accuracy as well as

generalizability. Ultimately, our hope is to encourage more careful statistical and study de-

sign thinking when assembling labeled data sets for machine-learning model development and

validation, especially considering the non-trivial abstraction cost in obtaining such labels.
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Chapter 3

MULTI-LABEL SURROGATE-GUIDED SAMPLING DESIGNS
FOR MULTI-LABEL CLASSIFICATION

3.1 Introduction

Radiology reports constitute the formal documentation and communication of imaging study

results by trained radiologists, and often describe the presence of multiple potentially co-

occurring radiographic findings. Radiographic findings are often captured in free text, yet

are important to be identified for research purposes, such as cohort definitions and subgroup

analyses of scientific studies. Our scientific motivation comes from the Lumbar Imaging with

Reporting of Epidemiology (LIRE) [65] pragmatic clinical trial, which captured over a quar-

ter million of lumbar spine imaging reports. From the LIRE database, we were interested

in identifying subjects with one or more of findings considered “red flag” on their radiology

reports. Towards such accurate and scalable clinical outcome identification, a promising

option may be based on machine-learning classification models.

In order to develop machine-learning classification models for the “red flag” findings iden-

tification task, we require the abstraction of an adequate sample of reports, which involves

human medical expert coding of findings to check boxes based on interpretation of report

text. In general, abstracted data can be notoriously expensive and time consuming to ob-

tain, but is even more challenging for “red flag” findings, as there are multiple outcomes

of interest requiring abstraction, many of which are rare. Such scarcity of abstracted data

have constrained the advancement of machine-learning algorithms for many biomedical out-

come classification tasks. For example, for the identification of critical findings on radiology

reports, current state-of-the-art methods are predominantly deterministic rule-based algo-
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rithms based on pre-specified search terms [72], in part due to the difficulty in obtaining

large samples required for machine-learning model development.

An alternative to simply collecting large samples is to use targeted sampling designs. In

particular, sampling designs targeting the rare outcome scenario have been proposed in the

fields of epidemiology and machine-learning [138, 7, 101]. When true outcomes are not yet

available and require abstraction, we have previously described a class of sampling designs

based on stratified sampling on enrichment surrogates, which are summaries of structured

data elements such as simple keyword searches and related International Classification of

Disease (ICD) codes. In this work, we extend the previously proposed surrogate-guided

sampling (SGS) design framework [125] to the multi-variate binary outcome setting that is

typical for clinical text abstraction.

Findings on radiology reports naturally motivate a multi-label framework, which is a type

of multi-variate binary outcome. We provide background for multi-label classification and

multi-label datasets in Section 3.2.1, and review relevant sampling designs for multi-variate

binary data from machine-learning and epidemiology in Section 3.2.2. We then describe

the proposed multi-label surrogate-guided sampling design (Section 3.3.1– 3.3.2), design

implementation (Section 3.3.3), as well as design impact on model development and model

validation (Section 3.3.4). We provide empirical simulations of design benefit for machine-

learning in Section 3.4. In Section 3.5 we illustrate the application of the design on a dataset

of lumbar spine imaging reports. We provide a concluding discussion in Section 3.6.

3.2 Background

3.2.1 Multiple rare findings from radiology reports and multi-label datasets

The classification of radiographic findings from radiology report text motivates a multi-

label dataset (MLD) framework, where the outcome of interest is a vector of mutually
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non-exclusive binary labels, such as “vertebral fracture” and “spinal malignancy”. The

terminology “multi-label dataset” was first described in the context of image categorization

[13], and can be viewed as a generalization from the binary outcome setting.

Multi-label classification models and classifier evaluation measures

Multi-label classification describes the class of machine-learning algorithms developed for

multi-label datasets, where modeling approaches are generally based on either algorithm

adaption or problem transformation [129]. Algorithm adaptation approaches re-weight the

loss functions of commonly used binary classification models, for example decision trees and

K-th nearest neighbors [28, 151], where weights are heuristically justified to accommodate

multi-label structure. Alternatively, problem transformation involves converting the outcome

vector into either individual binary or multinomial outcomes, and then applying existing al-

gorithms to such transformed datasets.

A simple approach for multi-label classification is called Binary Representation [13], where

each element of the outcome vector is modeled individually based on the same feature set.

To account for potential dependencies among the outcomes, individual predictions may be

cascaded along a chain as additional features to model subsequent outcomes [104]. Alter-

natively, multinomial classification methods can be applied to multi-label datasets, where

ensemble models on randomly select subsets of outcome cross-classifications [130] may reduce

computational intensity.

To evaluate multi-label classification algorithms, predictions and true classes of individual

outcomes may be summarized, where commonly used metrics include sensitivity, specificity,

and Area Under the Receiver Operating Characteristic Curve (AUC). Resulting vectors of

evaluation metrics may also be aggregated to obtain a single summary measure, for example

macro-averages or micro-averages [152]. Viewing accuracy metrics as a weighted sum of

loss functions over all outcomes and all subjects, then macro-averages can be interpreted
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as assigning equal weights on all outcomes while micro-averages summarize at the subject

level. To compute macro-averaged measures, accuracy metrics for each outcome label is

computed individually and then averaged. Obtaining micro-averaged measures is slightly

more nuanced and depends on the exact accuracy measure used. Specifically for the AUC

measure, while the macro-AUC is based on ROC curves of individual outcomes and can be

theoretically justified [52], the micro-AUC is a more heuristic measure based on a single

ROC curve with true positive and false positive rates averaged over all outcomes. For that

reason, the macro-AUC may be preferred as a summary evaluation measure for multi-label

classification.

Summaries of outcome “rareness” in multi-label datasets

To characterize the outcome “rareness” of multi-label data, several metrics for label spar-

sity and label imbalance, respectively describing the overall and relative rareness of outcome

labels in a sample, have been proposed [129, 152]. For example, the measure “Density” is

the average sample outcome prevalence, which is a measure of absolute outcome rareness

(label sparsity). Additionally, the measure “mean imbalance ratio” (meanIR) quantifies rel-

ative outcome rareness (label imbalance), and is calculated as the average sample prevalence

ratio comparing each outcome to the most common outcome. Other metrics of label spar-

sity and label imbalance for multi-label datasets are summarized in Table 3.1. For binary

classification, the negative effect of rare outcomes on classification performance has been

well documented [139, 7]. Similarly, there has been some work describing the effect of label

sparsity and label imbalance on multi-label classification [22].

3.2.2 Sampling methods for rare multi-label data

When a multi-variate binary outcome is expected to be naturally rare, targeted sampling

methods may provide alternatives to large random samples towards modeling goals; we

review relevant sampling methods from the complementary fields of machine-learning and

epidemiology.
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Table 3.1: Summary of commonly used metrics for multi-label dataset outcome “rareness”
in terms of label sparsity and label imbalance for outcome vector Ỹ ∈ {0, 1}K in a sample
of size n.

Metric name Formula Measure type

Cardinality 1
n

n∑
i=1

K∑
k=1

Yik Label sparsity

Density 1
K

1
n

n∑
i=1

K∑
k=1

Yik Label sparsity

IRLbl(Ỹk)
max

k

n∑
i=1

Yik

n∑
i=1

Yik

Label imbalance

meanIR 1
K

K∑
k=1

IRLbl(Ỹk) Label imbalance

IRLblσ

√
1

K−1

K∑
k=1

(IRLbl(Ỹk)−meanIR)2 Label imbalance

CVIR
IRLblσ

meanIR
Label imbalance

Sampling methods from machine-learning

In machine-learning, sampling methods for rare outcomes generally involve re-sampling an

existing dataset, and are based on over-sampling (replicating observations) or under-sampling

(deleting observations). The goal of re-sampling training samples is to increase sample case

proportions, which is believed to improve classifier learning. Such re-sampling can be gen-

eralized to the multi-label setting, where observations (rows) are replicated or deleted based

on the multi-labeled outcomes (columns), following either an Individual Label or Label Pow-

erset approach.

The Individual Label Random Over-Sampling (called ML-ROS by the authors, where ML

refers to “multi-label”) [21] augments the original training sample with replicates of subjects

selected from cases (outcome = 1) individually for each outcome. In ML-ROS, replicates

are iteratively drawn from cases for each individual outcome, preferentially over-representing

outcomes with low marginal sample prevalences. On the other hand, the Label Powerset Ran-



66

dom Over-Sampling (LP-ROS) [21] selects replicates based on multi-class cross-classification

instead of the marginal outcome distributions.

Random under-sampling approaches for multi-label datasets can also be based on individ-

ual label (IL-RUS) or label powerset (LP-RUS) approaches, where controls (outcome = 0)

are eliminated based on either marginal or multi-class outcome values. Another considered

under-sampling approach is called “inverse random under-sampling” (I-RUS) [121], which is

based on weighted bootstrap aggregation (bagging). In I-RUS, for each outcome separately,

large proportions of controls are deleted until individual outcome prevalences exceed 50%,

and then bagged classifiers are learned from the weighted re-samples. While the approach

in [121] was empirically demonstrated to simultaneously minimize both false positive and

false negative rates for classification, the use of different training samples for classifying each

outcome may induce additional variation and thus compromise generalizability.

In comparing the various re-sampling approaches for machine-learning multi-label classifica-

tion, Individual Label re-sampling approaches were empirically shown to outperform Label

Powerset approaches [21]. The heuristic rationale, described in [22], was due to that Individ-

ual Label re-sampling directly targets improving the multi-label sample outcome “rareness”

measures (shown in Table 3.1), and that such metrics represent the “information” required

for multi-label classification. Note that while the reviewed multi-label re-sampling methods

may improve classifier learning, it is unclear how to account for artificially introduced biases.

For example, due to subject replication or deletion, empirical accuracy estimators for model

validation require correction.

Sampling designs from epidemiology

Compared to the machine-learning re-sampling methods, targeted sampling for rare out-

comes from epidemiology are generally framed as study designs. The goal of study designs

for rare outcomes is to collect sufficient cases for statistical inference when data collection
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resources are scarce. Even though the exact multi-label data formulation as in machine-

learning is not common in epidemiology studies, we may consider sampling designs used for

the related survival and longitudinal data types.

For survival data, consider a discrete time parameterization, where the time-to-event variable

is partitioned into intervals and individual “outcomes” are defined by event indicators within

each time interval. For rare diseases, the case-cohort [100] is a resource efficient sampling

design for exposure estimation involving survival-motivated multiple outcomes. At baseline,

a random sub-cohort is selected from all available subjects, and acts as a common control

arm that is representative of the source cohort. Then, at each individual time interval, case

sub-samples are drawn from subjects who are true cases (outcome = 1). The resulting case-

cohort sample is the set consisting the random sub-sample and all case sub-samples. Under

the discrete time survival data formulation, for each subject the resulting outcome vector can

be viewed as a highly-structured multi-label outcome vector, where subjects who experienced

the event during an interval do not experience subsequent events. Therefore, perhaps more

similar to machine-learning multi-label data is the longitudinal binary data setting, where for

each subject every element of the outcome vector make take values of case (outcome = 1) or

control (outcome = 0) at individual time points. For repeated binary measures, the outcome

dependent sampling [110] is a resource-efficient data collection strategy that preferentially

over-samples subjects with variation in the outcome vector, and not those who are always

cases or always controls.

Much of the work related to epidemiology sampling designs have focused on the valid analysis

of resulting samples. For example with the case-cohort design, an issue with analysis is the

double counting of subjects, which may happen when the same subject is selected both into

the sub-cohort as well as into a case sub-sample. One strategy to derive appropriate statisti-

cal estimators for data arising from such epidemiology sampling designs is to frame them as

two-phase sampling designs [89]. Two-phase sampling was originally described as a survey
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sampling strategy to estimate population means and proportions of an expensive outcome,

for example in censuses, by stratified sampling on cheaper auxiliary variables. Designs that

follow the two-phase assumption may be analyzed with methods that involve imputation of

missing variables or weighting of existing data. For example, estimators based on Inverse

Probability Weighting (IPW) may be a reasonable analytic choice [63].

Therefore, contrary to machine-learning re-sampling approaches, valid and efficient analytic

approaches for epidemiology sampling designs such as the case-cohort have been well docu-

mented. However, the effects of using case-cohort designs for multi-label classifier develop-

ment have not been explored. Intuitively, since case-cohort designs intentionally over-include

cases, it is likely that resulting samples may help classifier learning. Such an intuition moti-

vates the idea that, in addition to re-sampling methods at the analysis stage, design-based

sampling methods to select observations for outcome label collections may also improve

classifier learning.

3.2.3 Surrogates in Electronic Medical Records (EMR) databases

Note that over-sampling, under-sampling, and case-cohort sampling approaches all assume

that the true outcome statuses are already known, and may be used as sampling variables.

Unfortunately, this assumption is not true for radiology reports derived from large Electronic

Medical Records (EMR) databases. For multi-label outcome abstraction and subsequent

machine-learning from radiology report text, true outcome statuses are generally unobserved

before abstraction. On the other hand, unstructured text reports are usually associated with

structured data elements belonging to the same subject in EMR databases, for example sim-

ple keyword searches on report text, as well as International Classification of Disease (ICD)

and Current Procedure Terminology (CPT) codes, all of which tend to be more accessible

for querying. Sampling based on summaries of such structured data elements, also called

“surrogates”, have recently been described in the univariate binary outcome scenario based

on a class of designs called surrogate-guided sampling (SGS) [125].
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The categorization of radiology report text with multiple labels and involving ICD codes has

been investigated as a shared task described in [98]. The key difference compared to our work

is that, while individual ICD codes were used as multi-label outcomes in [98], our work utilizes

summaries of ICD codes as sampling variables. Interestingly, the multi-label classification

shared task [98] found that while most of the top-performing Natural Language Processing

(NLP) systems utilized machine-learning algorithms, some of the best NLP algorithms were

purely rule-based. In [98], a possible explanation relates to the available sample size: with

only n = 978 documents for training, yet requiring classification of 45 outcome labels having

94 distinct combinations, the training sample of the shared task is an example of a multi-

label dataset with potential label sparsity and label imbalance. While it is possible that

machine-learning re-sampling methods [21] may improve classifier prediction accuracy, they

do not address the cost of large-scale abstracted label data collection, which was noted to be

a challenge in [98]. Therefore, especially for multi-label classification tasks involving EMR

data, targeted sampling at the design (data collection) stage may substantially reduce such

so called “abstraction burden” towards obtaining high information yet valid samples for

model development and validation.

3.3 Methods

3.3.1 Statistical notation and key assumptions

For subject i, denote X̃i ∈ Rp as the feature vector, Ỹi ∈ {0, 1}K as the multi-label outcome

label vector, and Z̃i ∈ {0, 1}K as the vector of surrogates related to Ỹi. From the large EMR

cohort D, a sample DS(n) of size n is drawn based on sampling mechanism S. The multi-

label classification model is a function H : Rp → {0, 1}K or H : Rp → [0, 1]K , where Ĥ is

estimated using from DS(n). For simplicity, we adopt the Binary Representation framework

for multi-label classification, and represent H as the set of K classifiers {h1, . . . , hK}. We

assume the following on the overall joint distribution of the data in D:
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• Rare outcomes: Some of the outcome labels are rare (i.e. low “label density”), and

potentially with varying prevalences (i.e. high “label imbalance”).

• Case-enriching surrogates: Surrogate Zk is case-enriching for outcome label Yk.

Mathematically, for the surrogate-outcome pair (Zk, Yk′) where k = k′:

Sensitivity: P (Zk = 1|Yk′ = 1) > 0

Specificity: P (Zk = 0|Yk′ = 0) ≈ 1, .
(3.1)

In (3.1), surrogate Zk has non-zero sensitivity and very high specificity for outcome

Yk′ when k = k′, but has unrestricted sensitivity and specificity for outcome Yk′ when

k 6= k′. Such high specificity translates into high positive predictive value (PPV),

which we define as “case-enriching” for sampling.

For multi-labeled datasets with rare outcomes and case-enriching surrogates, we can

leverage such assumptions for sampling designs targeted towards multi-label case-enrichment.

Specifically, sampling can be based on the surrogate vector, using a class of designs that we

define as multi-label surrogate sampling.

3.3.2 Multi-label surrogate-guided sampling (mlSGS) design

We consider the statistical problem of drawing a sample DS(n) from a large cohort D, where

DS(n) is to be used for multi-label outcome abstraction and subsequent machine-learning

model development. When sampling S is based only on functions of a pre-specified surrogate

vector Z̃, we call the resulting class of designs multi-label surrogate sampling. The goal of

using designs within the multi-label surrogate sampling class is primarily for multi-label

outcome case-enrichment. Then, an example of sampling is based on full stratification on all

2K − 1 distinct values of Z̃. Due to the potentially large number of strata, full stratification

is untargeted and therefore may not be ideal for case-enrichment.
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Definition 1 Multi-label surrogate sampling class.

For designs within the multi-label surrogate sampling class, sampling is based only on Z̃ ∈

{0, 1}K.

Alternatively, recall that due to the case-enriching surrogate specificity assumption (3.1),

subjects who are “surrogate positives” are highly likely to be cases. Therefore, we propose

using a design that we call multi-label surrogate-guided sampling (mlSGS) for multi-

label outcome abstraction and subsequent machine-learning. The mlSGS design consists of a

set of sub-samples, drawn based on surrogate positives and simple random sampling (SRS).

By sampling based on surrogate positives, mlSGS provides case-enrichment individually for

each outcome. Through including a sub-sample based on SRS, mlSGS provides a comparison

group with distributions similar to that of the cohort. We remark on this connection between

the mlSGS design and the case-cohort design [100]: if the surrogate vector Z̃ is exactly the

outcome vector Ỹ , then the mlSGS design is exactly the case-cohort design where predictors

are already known, and that outcome case/control statuses are available for all subjects.

Definition 2 Multi-label surrogate-guided sampling (mlSGS) design.

For sampling from cohort D based on surrogate vector Z̃, the mlSGS sampling design is the

set of sub-samples {S1, . . . ,SK ,SSRS}, where sub-sample Sk is drawn from surrogate-positive

units (Zk = 1), and SSRS is based on simple random sampling.

Figure 3.1 illustrates the mlSGS design and associated expected case-enrichment, where

rows indicatate sub-samples based on either surrogate positives (Z1 = 1, Z2 = 1) or SRS,

and columns indicate the expected case (shaded) and control (blank) proportions of in-

dividual outcomes. Figure 3.1a illustrates case-enrichment of two outcomes, each having

marginal prevalences of 10%, and sampling based on associated case-enriching surrogate.

Under mlSGS, sub-samples based on surrogate positives had about four times higher case

proportions due to surrogate case-enrichment, resulting in overall higher sample prevalences

compared to using SRS alone. Figure 3.1b illustrates a scenario where sampling is based
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only on two surrogates but three outcomes were abstracted for true case/control statuses,

since the more prevalent outcome Y 3 does not require additional case-enrichment. Therefore,

for a set of related findings with varying prevalences, assuming that the cost of abstracting

additional outcomes from the same set of documents is minimal, sampling can be based

on surrogates targeting case-enrichment of the rarer outcomes but all outcomes are simulta-

neously abstracted. We illustrate this scenario in the data application example (Section 3.5).

We identified four key characteristics of the data distribution and the sampling design that

may affect overall case-enrichment when using mlSGS:

• Surrogate operating characteristics: Using surrogates with higher specificity leads

to higher case-enrichment; analytical and empirical results were previously demon-

strated in the univariate scenario [125].

• Sub-sample weights: Assigning higher weights to surrogate positive sub-samples

(i.e. over-including surrogate positives) leads to higher case-enrichment; we provide

empirical results in Section 3.4.2.

• Number of sub-samples: Increasing the number of sub-samples leads to lower overall

case-enrichment; we provide empirical results in Section 3.4.3. As the number of sub-

samples increase, the expected sub-sample outcome prevalences remained the same,

but overall sample prevalences are expected to be lower due to pooling across multiple

sub-samples.

• Outcome correlations: Using mlSGS designs on datasets with positively correlated

outcomes leads to higher case-enrichment compared to another equivalent dataset but

with no correlation; we provide empirical results in Section 3.4.3.
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Figure 3.1: Expected sample case-enrichment under the multi-label surrogate-guided sam-
pling (mlSGS) design based on 2 case-enriching surrogates (individual sensitivities of 40%
and specificities of 95%). Outcomes Y 1 and Y 2 each had marginal prevalences of 10%, while
outcome Y 3 had marginal prevalence of 50%.

(a) Outcomes Y2, Y2 case-enrichment under a mlSGS design with K=2 surrogates.

(b) Outcomes Y2, Y2, Y 3 case-enrichment under a mlSGS design with K=2 surrogates.
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3.3.3 Design Implementation

To implement the mlSGS design (Definition 2), a concern may be due to the potential of

replicated subjects, for example the same subject may be selected for strata Sk and Sk′ on

the basis of being a surrogate positive for outcomes k and k′. Towards the collection of a

distinct sample, we propose the sequential sampling implementation (Algorithm 1). Under

sequential sampling, subjects are first drawn randomly from the cohort into the SRS sub-

sample. Then, remaining sub-samples are selected from subjects who are surrogate positives

(subject i such that Zki = 1), but excluding those who have already been selected. Finally,

the resulting mlSGS sample is the set of sub-samples, which consists of unique subjects.

Algorithm 1 Sequential sampling implementation for multi-label surrogate-guided sampling.

Input: Cohort D, Sub-sample sizes n1, . . . , nK , nSRS.

Do:

Select nSRS into SSRS from: D; calculate πSRS,i = P (i ∈ SSRS).

Select n1 into S1 from: (Z1 = 1) ∈ D\{SSRS}; calculate π1,i = P (i ∈ S1).

Select n2 into S2 from: (Z2 = 1) ∈ D\{S1 ∪ SSRS}; calculate π2,i = P (i ∈ S2).

...

Select nK into SK from: (ZK = 1) ∈ D\{S1 ∪ . . . ∪ SK ∪ SSRS}; calculate πK,i =

P (i ∈ SK).

Return: mlSGS sample DmlSGS(n) = {S1 ∪ . . . ∪ SK ∪ SSRS}, Sub-sample inclusion

probabilities {π1,i, . . . , πK,i, πSRS,i}.

In Algorithm 1, sub-sample inclusion probabilities π1,i, . . . , πK,i, πSRS,i may be returned to-

gether with the sample DmlSGS(n) during the design stage, and used to calculate overall

inclusion probabilities (analytical forms in Section 3.3.4).
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3.3.4 Design impact on model development and model validation

The multi-label surrogate-guided sampling (mlSGS) results in an intentionally case-enriched

sample to improve classification accuracy. To characterize design impact, we frame sampling

as a missing data problem, similar to the formalization in [147]. Briefly, design impact

on machine-learning can be characterized by distributional differences between sample and

cohort, where sampling schemes following the Missing At Random (MAR) assumption [78]

may still provide unbiased learning and validation.

Design impact on model development

To characterize design impact on model development, we show the asymptotic probabilistic

equivalence comparing outcome model conditioned on the mlSGS design to the uncondi-

tioned model (Lemma (1)). Intuitively, since sampling into each sub-sample is based only

on surrogate positives, the mlSGS sampling distribution is a function of the surrogate vector

Z̃ which is observed for the entire cohort - precisely an MAR assumption. The immediately

corollary is that any sampling function for assembling sub-samples results in probabilistically

equivalent outcome models. Therefore, using the sequential implementation (Algorithm 1),

even though excluding already selected subjects at every iteration, still results in valid sam-

ples for model development, as any exclusions only depend on observed data.

Lemma 1 Statistical validity of mlSGS for model development.

For the mlSGS design with sub-samples {S1, . . . ,SK ,SSRS}, let S̃ = (S1 . . . SK , SSRS) indi-

cate sampling into each sub-sample, and Z̃ ∈ {0, 1}K as the surrogate vector that sampling

is based on. Then,

S̃ ⊥ Ỹ |Z̃ (3.2)
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and for any function g(S̃), on supp(Z̃),

f(Ỹ |Z̃, g(S̃)) = f(Ỹ |Z̃). (3.3)

Corollary 1 The mlSGS design implemented with the sequential sampling results in valid

samples for model development, provided estimation is conditioned on the surrogate vector

Z̃.

In fact, Lemma (1) implies that not only the mlSGS design, but all designs within the multi-

label surrogate sampling class (Definition (1)) are conditionally valid for model development,

as sampling only depends on the observed surrogate vector Z̃. However, modeling requires

the inclusion of Z̃ for validity. Additionally, design validity for model development only exists

on the sample support of Z̃. This assumption may be violated in the following example: for

K = 2 and sampling based only on positive surrogates (Z1 = 1 or Z2 = 1), subjects with

(Z1, Z2) = (0, 0) are never selected, therefore compromising model generalizability to healthy

controls without further assumptions. To prevent the scenario where surrogate negatives are

never included, our proposed mlSGS design (Definition (2)) intentionally includes a sub-

sample based on SRS.

Design impact on model validation

Often in practical scenarios, it may be easier to collect abstracted outcome labels using a

single design, and then perform a “split sample” for model development and validation. Even

though mlSGS designs are valid for development (Lemma 1), resulting samples have outcome

distributions that are intentionally different from the cohort. Therefore, model validation is

based on a sample collected with mlSGS, resulting empirical estimates of model prediction

accuracy measures, such as sensitivity, specificity, and AUC, will be biased unless corrected.
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Fortunately, as the sampling model is known by design, bias correction can be based on

the Horvitz-Thompson estimator [63], also known as Inverse Probability Weighting (IPW).

The IPW correction weights apparent empirical estimates using subject sampling weights.

For subject i having true outcome values Yki, predictions p̂ki, and sampling weights πi, the

IPW-corrected estimates for the True Positive Rate (TPR) and False Positive Rate (FPR)

for cut-off c are [3]

TPRIPW (Yk; c) =

n∑
i=1

I(p̂ki ≥ c)Ykiπ
−1
i

n∑
i=1

Ykiπ
−1
i

FPRIPW (Yk; c) =

n∑
i=1

I(p̂ki ≥ c)(1− Yki)π−1i
n∑
i=1

(1− Yki)π−1i
,

and a closed form of the IPW-corrected AUC has been shown as [60]:

AUCIPW (Yk) =

n∑
i=1

n∑
j=1

π−1i π−1j I(p̂ki > p̂kj)I(Yki > Ykj)

n∑
i=1

n∑
j=1

π−1i π−1j I(Yki > Ykj)
. (3.4)

For multi-labeled outcomes, we further define the IPW-corrected macro-AUC as

Macro-AUCIPW =
1

K

K∑
k=1

AUCIPW (Yk) (3.5)

The IPW estimates (3.4) and (3.5) are unbiased for the true accuracy estimates, as long

as the sampling weights πi are either known or can be correctly estimated. For the mlSGS

design implemented with sequential sampling, exact analytical formulas for sub-sample and
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overall sampling weights are shown in Lemma 2. Equation (3.6) shows that sub-sample sam-

pling weights consist of two parts: the ratio of size of sub-sample Sk relative to the cohort

size (nk

N
) and the ratio of proportion of surrogate cross-classification values in sub-sample

Sk compared to the that in cohort (p
(k)

Z̃i
). Since a subject can only appear in at most one

sub-sample, overall sampling weights is the sum of sub-sample sampling weights, weighted

by subject surrogate statuses. (3.7) may be returned by the sampling algorithm at the de-

sign stage, or computed at the analysis stage as long as the sampling indicator vector S̃ is

available.

Lemma 2 Sampling weights of mlSGS.

Let the mlSGS design be implemented with sequential sampling. For subject i the sub-sample

sampling weights π.,i := P (i ∈ S.) are

πSRS,i =
nSRS
N

πk,i =


nk
N
× p(k)

Z̃i
, Zki = 1

0, Zki = 0

; k = 1, . . . , K,
(3.6)

where p
(k)

Z̃i
=
P (Z̃ = z̃|Sk = 1, Sk′<k = 0)

P (Z̃ = z̃)
. Assuming n << N , p

(k)

Z̃i
≈ P (Zk = 1)−1. Then

the sampling weights into the overall mlSGS sample are:

πi =
nSRS
N

+ Z1i
n1

N
p
(1)

Z̃i
+ . . .+ ZKi

nK
N
p
(K)

Z̃i
. (3.7)

Ultimately, Lemma 2 implies that, since πi is known by design, using (3.7) in IPW-estimators

such as (3.4) and (3.5), results in theoretically unbiased estimates for true AUC metrics; we

demonstrate this by simulation in Section 3.4.4. Note that to obtain unbiased estimates of
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model evaluation measures, using the sequential implementation is not necessary: as long as

induced sampling weights can be correctly estimated, any implementation of the multi-label

surrogate sampling class may be appropriately used for valid inference.

3.4 Simulations

Having established the multi-label design framework, implementation, and impact on model-

ing, we now present simulation results on design benefit for improved classification accuracy,

as well as demonstrate certain factors that affect design benefit.

3.4.1 Simulations set-up

We simulated a cohort of N = 100, 000 subjects, where the data consists of features X̃ ∈

{0, 1}p, surrogates Z̃ ∈ {0, 1}K , and outcomes Ỹ ∈ {0, 1}K , having joint distribution fac-

tored as f(X̃i, Z̃i, Ỹi) = f(Ỹi|Z̃i, X̃i)f(Z̃i, X̃i).

Surrogate and feature generation: The surrogate-feature joint distribution f(Z̃i, X̃i)

was generated by first simulating multi-variate normal variables [Z̃mvn, X̃mvn], where

[
Z̃mvn
i X̃mvn

i

]
∼MVN(µ̃ = 0̃,Σ),

Σ =

 ΣZ ΣX,Z

ΣZ,X ΣX

 . (3.8)

In (3.8), ΣX,Z , ΣZ,X , and ΣX are identity matrices, while for the K × K sub-matrix ΣZ

off-diagonals indicate correlation among surrogates. Then, binary random variables [Z̃i, X̃i]

were obtained by thresholding [Z̃mvn, X̃mvn] with appropriate cut-offs to control overall sur-

rogate and feature proportions.

Multi-label outcome generation: The conditional multi-label outcome distribution f(Ỹi|Z̃i, X̃i)
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was simulated with the Multivariate Bernoulli (MVB) model [32, 33], which is a log-linear

formulation with relationships between predictors [Z̃i, X̃i] and outcomes Ỹi specified through

the parameter matrix B having dimension 1 + K + p rows and 2K − 1 columns. Data was

generated as

[
Ỹi |Z̃i X̃i

]
∼MVB(p̃i)

g−1(p̃i) = [Z̃i, X̃i]
TB

B =


−−−− β̃0 −−−−

B
(1)
Z B

(2)
Z B

(H)
Z

B
(1)
X B

(2)
X B

(H)
X

 ,
(3.9)

with canonical link g−1 established in [33] under the Generalized Linear Model (GLM) frame-

work. For B in (3.9), β̃0 is the vector specifying outcome prevalences, while sub-matrices

BZ and BX indicate surrogate and feature effects respectively on first-order individual out-

comes ((1)), pairwise outcomes ((2)), or higher-order interactions ((H)). We set higher-order

interactions (B
(H)
Z and B

(H)
X ) to be zero while specifying individual and pairwise predictor

relationships through the other sub-matrices in B. Feature effects are chosen such that only

20% of elements in B
(.)
X are truly non-zero, while surrogate effects were set such that for

k = k′ surrogate Zk is case-enriching for outcome Yk′ .

Sampling designs: First, from the simulated cohort a large validation set of size nval =

10000 was set aside. Then from remaining subjects development samples of various sample

sizes were drawn using either SRS, or mlSGS implemented with sequential sampling (Algo-

rithm 1).

Machine-learning modeling: For data generated using (3.9), each outcome Yk is marginally

Bernoulli [33]. Therefore, for each of the K outcomes we fitted individual logistic Lasso [127]
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models following the Binary Representation framework [13], where for each Yk, k = 1, . . . , K,

β̂0,
ˆ̃βZ ,

ˆ̃βX = min
β0,β̃Z ,β̃X

{−
n∑
i=1

Yki(β0 +
K∑
k=1

βZk
Zki +

p∑
j=1

βXj
Xji)

+ log(1 + exp(β0 +
K∑
k=1

βZk
Zki +

p∑
j=1

βXj
Xji))

+ λ

p∑
j=1

||βj||1},

(3.10)

For B = 1000 draws of development samples of each considered sample size and sampling

design, model (3.10) was fitted for each outcome. The penalization parameter λ was selected

with 10-fold cross-validation on the development sample using an AUC loss function; surro-

gate vector Z̃ was always kept in the model by using a zero penalty.

Classifier evaluation: For models (3.10) fitted on each simulated development samples,

resulting estimated models were applied to the set-aside validation sample. The empirical

validation AUC in classifying each finding was calculated with (3.4), and the macro-AUC

over all models was computed with (3.7), where πi = 1 (no re-weighting) was used since the

validation sample was based on SRS.

3.4.2 Simulations: mlSGS design benefit for multi-label classification

To demonstrate the benefit of using mlSGS designs for multi-label outcome classification, we

first considered a scenario with features X̃i ∈ {0, 1}100, surrogates Z̃i ∈ {0, 1}2, and outcomes

Ỹi ∈ {0, 1}2. The data generating mechanism was

[
Y1i, Y2i |Z1i, Z2i X̃i

]
∼MVB(p̃i)

g−1(p̃i) = [Z1i, Z2i, X̃i]
TB,
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with [Z1i, Z2i, X̃i] generated from thresholding standard multi-variate normal distributed

variables having cut-offs of 1.5. The parameter matrix B had

β̃0 =
[
−3.7 −2.9 −0.35

]T
B

(1)
Z =

 2.4 −0.1

−0.1 1.8

 ,
and B

(1)
X such that for the first two columns, the 20 features with marginal prevalence

closest to 10% had values 0.70, and is zero otherwise. We did not impose any pair-wise or

higher-order interactions for this simulated scenario. The simulation parameters induced a

dataset where each outcome had a marginal prevalence of about 5% and that there were

no correlations in either the surrogates or outcomes. For each k = k′, surrogate Zk was

case-enriching for outcome Yk′ , with

Sensitivity: P (Zk = 1|Yk′ = 1) = 0.40

Specificity: P (Zk = 0|Yk′ = 0) = 0.95,
(3.11)

and for k 6= k′ surrogate sensitivities and specificities were 10% and 90% respectively. (3.11)

was defined based on previous results suggesting that surrogates with these operating char-

acteristics, even though weak predictors individually, are ideal as sampling variables for

case-enrichment [125].

In these simulations, we also compared the effect of using unequal sub-sample weights through

two mlSGS designs: mlSGS 1 and mlSGS 5. The difference between the mlSGS design is in

the ratio of surrogate positive sub-sample proportions to the SRS sub-sample proportions,

assuming equal proportions for all surrogate positive sub-samples. For mlSGS 1, sub-sample

weights were (w1, w2, wSRS) =
(
1
3
, 1
3
, 1
3

)
, while for mlSGS 5, (w1, w2, wSRS) =

(
5
11
, 5
11
, 1
11

)
.
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Figure 3.2: Learning curves of mean validation AUC versus development sample size for
multi-label classification of K = 2 outcomes, comparing the SRS, mlSGS 1 and mlSGS 5
sampling designs.

Figure 3.2 illustrates the learning curves of mean validation AUC as a measure of learning

benefit versus development sample size as a measure of cost. First, consider the learning

curves for outcome Y1, where at every considered sample size, model validation AUC was

higher when using mlSGS compared to using SRS. This can be attributed to the increased

sample case-enrichment induced through mlSGS: average sample prevalence was 14%, a

three-fold increase from the naturally occurring 5%. Note that the over-inclusion of surrogate

positives in mlSGS 5 as compared to mlSGS 1 resulted in some learning benefit, but only

very slightly. This is due to higher surrogate positive sub-sample weights only resulting in

modestly higher overall outcome prevalence (18% versus 14%). Similar conclusions were

also noted for outcome Y2, where the learning curves were overall higher due to the higher

theoretical maximum AUC (0.98 compared to 0.95 for Y1). The macro-AUC learning curves

were the average of the Y1 and Y2 learning curves, and therefore also exhibit similar design
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effects.

3.4.3 Simulations: Effect of increasing K and presence of correlations on mlSGS benefit.

We now consider the effects of increasing the number of sub-samples K as well as the presence

of correlations on mlSGS design benefit. Practically, it may be of interest to simultaneously

enrich for cases and abstract for multiple outcomes under a single mlSGS design. In deciding

which outcomes to include in a single sample, it may be important to also evaluate if design

benefit depends on correlation. For this set of simulations, we generated X ∈ {0, 1}90, Z̃ ∈

{0, 1}10, and Ỹ ∈ {0, 1}10 according to (3.8) and (3.9). From the “full” simulated dataset,

subsets of the first 2, 4, 6, 8, or all 10 elements of Ỹ , Z̃ were selected to illustrate the effects

of increasing K. We simulated multiple versions of the “full” synthetic dataset, inducing

varying levels of correlations among the surrogates and among the outcomes. Correlations

among surrogates Z̃ were induced through setting ΣZ in (3.8) to be

ΣZ = σsZ


1 . . . ρZ
... 1

...

ρZ . . . 1

 ,

with ρZ = 0, 0.30, 0.60 to simulate varying (equal) levels of correlations among the surrogates.

To induce correlation among outcomes Ỹ , the sub-matrix B
(2)
Z in (3.9) was set such that

B
(2)
Z = ρY , with ρY = 0, 0.30, 0.60. Simulation parameter values were selected to illustrate

general trends of correlation effects on design benefit. Similar to the K = 2 case, for each

k = k′, surrogate Zk was case-enriching for outcome Yk′ , with

Sensitivity: P (Zk = 1|Yk′ = 1) = 0.40

Specificity: P (Zk = 0|Yk′ = 0) = 0.95.
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Figure 3.3 illustrates the average validation macro-AUC versus the number of multi-label

outcomes, comparing development samples of size n = 500 collected using SRS or mlSGS

with equal sub-sample sizes (mlSGS 1), for scenarios where outcomes (Figure 3.3a) or sur-

rogates (Figure 3.3b) were correlated.

Figure 3.3a illustrates average macro-AUCs in the presence of no correlation among the

surrogates, but pairs of outcomes Yk and Yk′ having Cor(Yk, Yk′) = 0, 0.30, 0.60. When out-

comes were uncorrelated, the design benefit of mlSGS decreased with the increase of outcome

vector dimensionality, where using mlSGS to simultaneously enrich for K = 10 outcomes had

virtually the same performance as if SRS were used. When outcomes were slightly correlated

(Cor(Yk, Yk′) = 0.30 ∀ k 6= k′), the design benefit of mlSGS decreased with the increase in

K, however the decrease was less pronounced compared to the no correlation scenario. For

mlSGS design, case-enrichment for outcome Y1 is expected in sub-sample S1 due to sampling

on surrogate positives. When outcomes Y1 and Y2 are positively correlated, case-enrichment

for Y1 may also be found in S2, as cases for Y2 tend to co-occur with cases for Y1. Therefore,

positive correlations among the outcomes has a synergistic effect using mlSGS designs, with

case-enrichment for individual outcomes in multiple sub-samples. In fact, as demonstrated

in Figure 3.3a, for highly correlated outcomes (Cor(Yk, Yk′) = 0.60 ∀ k 6= k′), the design

benefit of mlSGS over SRS was maintained even when K increased.

Figure 3.3b illustrates average macro-AUCs in the presence of no correlation among the out-

comes, but pairs of surrogates Zk and Zk′ having Cor(Zk, Zk′) = 0, 0.30, 0.60. Positively

correlated surrogates also had a synergistic effect on mlSGS design benefit, but were less pro-

nounced compared to the correlated outcome scenario. For positively correlated surrogates

Z1 and Z2, even though the selection of sub-sample S2 is based only on Z2 = 1, surrogate

positives for Z1 may also co-occur. Assuming that Z1 is case-enriching for outcome Y1, then

sub-sample S2 may also be enriched for Y1 cases. However, except in the scenario of perfect

surrogate specificity, surrogate positives do not always result in true cases. Therefore, the
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synergistic effect of positively correlated surrogates on mlSGS design benefit can be described

as “indirect”. As illustrated, even when using highly correlated surrogates Cor(Zk, Zk′) =

0.60 ∀ k 6= k′), increasing the number of sub-samples eventually led to substantial decrease

in mlSGS design benefit.



87

Figure 3.3: Mean validation macro-AUC versus number of outcomes K comparing SRS to
mlSGS 1 drawn with a development sample size of n = 500.

(a) Effect of increasing K on mlSGS design benefit for model development, when correlations among
outcomes Ỹ was 0, 0.30, or 0.60, but when there were no induced correlations among the surrogates.

(b) Effect of increasing K on mlSGS design benefit for model development, when correlations
among surrogates Z̃ were 0, 0.30, or 0.60, but when there were no induced correlations among the
outcomes.
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3.4.4 Simulations: Using mlSGS for model validation

In this final set of simulations, we now demonstrate empirically the impact of using mlSGS

designs for model validation. Specifically, we demonstrate bias of empirical accuracy mea-

sures, verify that using the derived inclusion probabilities (3.7) for the IPW-corrected AUC

(3.4) and (3.5) results in unbiased estimates, and compare empirical variance of validation

AUC. Using the same data generating mechanism described in Section 3.4.2, we drew a single

development sample of size n = 5000 using mlSGS 3 and fitted (3.10). To obtain the “true”

validation AUC measures, we applied the fitted models which we considered “fixed” to the

remaining cohort to obtain predicted probabilities p̂ki, which we used to calculate individual

AUCs (AUC(Y1), AUC(Y2)) as well as the macro-AUC. These estimates, which are based

on the full dataset, then served as benchmarks for illustrating the effect of sampling design

for validation.

Validation samples were drawn over a grid of sample sizes from remaining subjects, using

either SRS, mlSGS 1, or mlSGS 5, and AUC estimates were fitted according to:

• SRS sampling design: Unweighted AUCs.

• mlSGS sampling designs: Unweighted AUCs (“naive”) as well as IPW-corrected AUCs.

Figure 3.4 illustrates the simulation results of means and variances of resulting validation

AUCs across B = 1000 iterations. When validation samples are collected with mlSGS,

empirically estimated AUC measures were biased for the true values. However, using IPW-

corrected estimates (3.4) and (3.5) based on the inclusion probabilities (3.7) results in un-

biased estimates for accuracy measures. In terms of variance, due to re-weighting, using

mlSGS appears to result in slightly more variable estimates compared to using SRS. In

particular, using unequal sub-sample weights (mlSGS 5) results in more variable estimates

compared to using equal sub-sample weights (mlSGS 1). This is due to over-inclusion of

surrogate positives results in very small inclusion probabilities for subjects selected into the
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SRS sub-samples: such “heterogeneity” results in increased variation of IPW estimators [63].

However, we note that the magnitude of difference is on the order of 1e − 3 for estimating

a “true” validation AUC of about 0.95, which is not a substantial difference for practical

purposes. In fact, for smaller sample sizes (e.g. n=200), using SRS may result in so few

or even no cases, therefore making validation impossible. On the other hand, even though

re-weighting introduces variation, using mlSGS is more likely to provide a reasonable number

of cases for estimation.

Through our simulations, we have demonstrated that using mlSGS can provide resource

efficiency over SRS for learning, where proper modeling requires the inclusion of the surrogate

vector for estimation. For model development, altering sub-sample design weights did not

meaningfully affect classifier learning. Increasing the number of sub-samples reduced mlSGS

design benefit, but having positively correlated outcomes reduced the impact of increasing

numbers of sub-samples. We have also shown that mlSGS designs may be used to obtain

unbiased measures of model validation accuracy measures, as long as inclusion probabilities

are accurately estimated. For model validation, using equal sub-sample weights results in

the least variable estimates.
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Figure 3.4: Estimated mean and validation AUC by sampling method and bias correction
type.
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3.5 Illustration: Multiple “red flag” findings on lumbar spine radiology re-
ports

3.5.1 “Red flag” findings on lumbar spine radiology reports

We now return to the motivating example of selecting radiology reports for outcome label

abstraction and subsequent machine-learning of multiple rare findings. The Lumbar Imaging

with Reporting of Epidemiology (LIRE) pragmatic clinical trial [65] included over a quarter

million patients whose primary care provider (PCP) ordered an x-ray or Magnetic Resonance

(MR) imaging test. An important clinical reason for ordering diagnostic imaging tests is to

identify underlying serious conditions, such as aortic aneurysms, infections, spinal malig-

nancies, spondyloarthropathies, and vertebral fractures. A survey of the literature revealed

that many of these conditions are also rare, having varying prevalences. The most common

among these findings is vertebral fractures (3-20% [134]), followed by spinal malignancies

(1-5% [61]). Metastasis to the spine can result in compression fracture, although fractures

can also be due to other reasons such as osteoporosis. The much rarer findings were aortic

aneurysm (2.2% [76]), an abnormal enlargement of the aorta where ruptures can be fatal,

spondyloarthropathy (0.2-2.5% [118]), a group of inflammatory rheumatic diseases that cause

arthritis, and spinal infection (< 1% [41]).

From radiology reports derived from the LIRE study, we were interested in accurate and

scalable identification of such “red flag” findings. In order to use machine-learning classifi-

cation towards this goal, the first step is to obtain an adequate sample of reports for model

development and validation. Due to the anticipated extreme rareness of these findings, SRS

for report selection is unlikely to provide sufficient cases, therefore motivating or development

of alternative sampling strategies. To select lumbar spine radiology reports from the LIRE

study, we had applied the proposed multi-label surrogate-guided sampling (mlSGS) design.

Here, we first describe the surrogate vector creation process and mlSGS design specifica-

tion. Then, we provide an analysis using the mlSGS sample, including model development
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and model validation. Finally, we compare the expected number of cases under SRS to

the observed number of cases under the implemented mlSGS design, and demonstrate the

infeasibility of using SRS for machine-learning model development.

3.5.2 Surrogate vector creation and implemented mlSGS design

We created the surrogate vector Z̃ for sampling based on International Classification of

Disease (ICD) codes. Surrogates were created as indicators of the presence of any related

ICD codes within 90 days of the baseline radiology report text. For subject i, surrogate Zki

for finding Yk was defined as

Zki = I(count ICDk for subject i ∈ [Day 0, Day 90] > 0)). (3.12)

for all subjects in the cohort. The sets of ICD codes ICDk (Table B.1 in Appendix B.0.3)

were elicited from clinicians based on expert judgment.

We used an mlSGS design to simultaneously target case-enrichment of four findings: aortic

aneurysm, infection, spinal malignancy, and spondyloarthropathy. We chose to not enrich

for fracture, as we expect this relatively common finding to co-occur with other surrogates

or findings. A total of n = 800 reports were selected for abstraction, where each report was

independently read by two clinical experts for the true status of the 5 findings (including

fracture). Figure 3.5 illustrates the sub-sample and overall sample prevalences for each

abstracted finding. Note that sub-samples based on surrogate positives results in direct

case-enrichment of associated findings: for example sampling surrogate positives for aortic

aneurysm resulted in a sub-sample finding prevalence of 59% and an overall sample prevalence

of 18%. Even though we did not over-sample surrogate positives for fracture, we found that

the resulting mlSGS sample had a higher case proportion compared to what was generally

expected. Such case enrichment is likely due to correlations between fracture and the other
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findings.

Figure 3.5: Multi-label surrogate-guided sampling (mlSGS) design specification applied to
the LIRE data set and resulting sub-sample and overall sample finding prevalences.

3.5.3 Classification model development and validation

We split the mlSGS sample of n = 800 into 70% development (ndev = 560) and 30% vali-

dation (nval = 240). Features were unigrams (single words) extracted from radiology report

text, excluding common English stop-words. From the 2732 available unigrams, we further

filtered out those that were too rare (in less than 10 documents) as well as too common (in

more than 80% of the documents), resulting in p = 629 unique binary features.

For model development, we used the “baseline” Binary Representation framework for multi-

label classification, fitting individual logistic Lasso classifiers (3.10) for each of the 5 findings,
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based on the glmnet implementation in R, imposing a zero penalty on the surrogate vector

Z̃ ∈ {0, 1}4. We selected the penalization parameter λ that resulted in the most parsimo-

nious model within 1 standard error of the minimum cross-validated error (lambda.1se),

using 5 fold cross-validation on the development sample and an AUC loss function.

For model validation, we first applied the developed models on the separate validation sam-

ple to obtain predicted probabilities. Then, model discrimination for classifying each finding

was summarized using the IPW-corrected validation AUC estimator AUCIPW (3.4), with in-

clusion probabilities calculated using (3.6). The IPW macro-AUC estimator macro-AUCIPW

was also computed using formula (3.5). To estimate variation of IPW statistics AUCIPW and

macro-AUCIPW under the implemented mlSGS design, we provided 95% confidence intervals

based on the stratified empirical bootstrap, summarized over 1000 re-samples implemented

with the boot function in R.

Table 3.2 shows analysis results, where we presented exponentiated surrogate coefficients

(interpreted as conditional uncorrected odds ratio) to provide insights into the models. As

expected, odds ratios of findings by surrogates are much greater than 1, indicating that these

surrogates were indeed case-enriching for associated findings. Additionally, the surrogate for

spinal malignancy was predictive for fracture cases, which is likely due to the positive corre-

lation between the spinal malignancy surrogate and fracture finding.

IPW-corrected AUCs demonstrate good discrimination for classifying aortic aneurysm, spondy-

loarthropathy, and fracture from radiology reports, although some variation was due to the

small validation sample size. Classification models for infection and spinal malignancy were

less accurate and more variable, partly due to the lower number of cases (see Figure 3.3).

The macro-AUC of 0.87 was the average AUC across all 5 models, and the variation of

this statistic summarized over re-samples of the implemented design indicated a reasonable

performance accuracy when using a simple analytic approach with unigram features and
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individual Lasso models.

Table 3.2: Estimated odds ratios of findings by surrogates, IPW-corrected estimates for
individual findings and macro-AUC, as well as 95% confidence intervals based on the stratified
empirical bootstrap. OR = Odds Ratio.

Model for finding: OR(Z AA) OR(Z Infec) OR(Z Mets) OR(Z Spondy) AUCIPW (95% C.I.)
Aortic Aneurysm (AA) 13.44 0.89 1.84 0.53 0.89 (0.78, 0.95)
Infection 0.03 42.28 2.22 0.28 0.75 (0.60, 0.84)
Spinal Malignancy (Mets) 0.28 0.80 3.51 0.12 0.78 (0.60, 0.96)
Spondyloarthropathy 0.48 0.13 0.65 13.37 0.95 (0.90, 0.98)
Fracture 1.09 0.47 7.16 0.39 0.92 (0.87, 0.98)
Macro-AUC - - - - 0.87 (0.81, 0.91)

Figure 3.6 illustrates the solution paths and word clouds of selected (estimated non-zero)

features for each model. Using the logistic Lasso procedure to classify each finding ultimately

selected between 7 to 20 features, including the 4 surrogates. Generally, the selected unigrams

seemed to meaningfully predict the findings. For example, terms such as infect, fluid,

osteomyelitis, and discitis, if present on lumbar spine radiology reports, almost certainly

imply the presence of spinal infection. We emphasize that these analyses were possible

because of sample selection using mlSGS instead of SRS. As we next demonstrate, using

SRS to select reports for outcome label abstraction results in samples that are infeasible for

machine-learning due to the expected low case counts.
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Figure 3.6: Solution paths and selected coefficients based on using a Logistic Lasso pro-
cedure to model the “red flag” findings. Vertical dotted lines indicate the penalization
parameter λ (log scale) that resulted in the most parsimonious model within 1 standard
error of cross-validated maximum AUC; labels indicate the names of unigram and surrogate
features selected at this λ.
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3.5.4 Comparison to expected sample prevalences under SRS

We now compare the expected number of cases under SRS to the observed number of cases

under mlSGS, based on an abstraction sample size budget of n = 800. We calculated the

expected number of cases under SRS using estimated sample prevalences from a literature

search and a data-driven approach. For the literature search, we summarized estimates

obtained from primary care in developed countries based on top review papers in relevant

medical epidemiology domains. For the estimation based on the collected mlSGS sample,

we used the IPW-corrected prevalence estimator, which is possible due to design validity de-

scribed in Section 3.3.4. For finding Yk the IPW-corrected prevalence estimator Prev(Yk)IPW

is

Prev(Yk)IPW =
1

n

n∑
i=1

Yki
π̂i

where π̂i are the estimated inclusion probabilities. We quantified the variation in estimating

Prev(Yk)IPW using the stratified empirical bootstrap with 1000 replicates.

Table 3.3 shows the estimated number of cases under SRS and observed number of cases under

mlSGS for each finding, where the estimated SRS cases were calculated by multiplying the

Prev(Yk)IPW estimator by the abstraction sample size budget of 800. Note that the IPW

prevalence estimates and 95% bootstrap confidence intervals were approximately within the

range of prevalence estimates reported in the literature. Using these prevalence estimates, we

calculated that the expected number of cases under SRS were substantially lower compared

to the observed number of cases under mlSGS. For example, infection, which is the rarest

finding, had an expected yield of 9 cases under SRS: model development is infeasible under

this scenario. In fact, to obtain the 118 cases collected through mlSGS would have required

over 10, 000 abstracted records through SRS, which is also impractical. Even for the most

common finding, fracture, implementing mlSGS instead of SRS results in double the number



99

of cases. Therefore, for real-world scenarios where the multi-labeled outcomes are expected to

be so rare that using SRS is unreasonable, mlSGS designs provide a practical alternative that

results in not only more cases for model development, but also samples that are amenable

to valid analysis.

Table 3.3: Number of cases estimated under SRS and observed under mlSGS for each finding.
Prev1 is based on a literature review; Prev2 is based on estimation using Inverse Probability
Weighting.

Finding Prev1 Prev2 (95% C.I.) ncase(SRS) ncase(mlSGS)
Aortic Aneurysm 2.2% [76] 1.54% (0.88%, 2.03%) 12.34 140
Infection <1% [41] 1.14% (0.38%, 1.77%) 9.12 118
Spinal Malignancy 1-5% [61] 3.51% (2.08%, 4.71%) 28.06 80
Spondyloarthropathy 0.2-2.5% [118] 1.53% (0.94%, 1.92%) 12.21 223
Fracture 3-20% [134] 10.77% (9.42%, 11.96%) 86.16 158

3.6 Discussion

We motivated and presented the multi-label surrogate sampling class for multi-label out-

come abstraction and subsequent machine-learning of rare multi-labeled outcomes from un-

structured biomedical text data. The proposed class of designs is based on sampling using

surrogates, which are related summaries of structured data elements, such as simple keyword

searches and ICD codes. When there exists surrogates with high specificity for the outcomes

of interest, which we called the case-enriching assumption, using the multi-label surrogate-

guided sampling design (mlSGS) results in higher average sample prevalence and therefore

improved classification model learning. The proposed mlSGS design may be implemented

with a sequential sampling algorithm, which results in distinct samples.

We demonstrated the resource efficiency of using mlSGS designs for machine-learning model

development, and characterized design impact on both model development and model valida-

tion. We showed that any design and any implementation of the general multi-label surrogate



100

sampling class, results in valid samples for model development, and may be used for model

validation with appropriate corrections such as the IPW. Using the mlSGS design under

the case-enrichment surrogate assumption further results in resource efficient samples, which

allows classification models to achieve higher generalizable performance compared to using

another SRS sample of the same size. Such resource efficiency decreases with the number

of sub-samples, where using mlSGS was ultimately no better than SRS when attempting to

simultaneously enrich for 10 outcomes. On the other hand, positively correlated outcomes

have a synergistic effect on mlSGS resource efficiency, where the negative effect on increasing

numbers of sub-samples can be substantially reduced. Such results indicate that mlSGS de-

signs may most benefit abstraction and machine-learning tasks targeting a moderate number

(around 2-8) of positively correlated multi-labeled outcomes.

The simplest alternative to mlSGS is to use SRS, which we demonstrated was infeasible

for real-world application with extremely low prevalences. Using the machine-learning re-

sampling methods such as Individual Label or Label Powerset sampling [21] may improve

classification learning. However, it is unclear how resulting replications directly benefits

learning, and how to account for any introduced bias for model validation. Another com-

monly used approach is so-called convenience or heuristic sampling, where reports for abstrac-

tion may be selected based on what “seems” likely to be a case, with the goal of increasing

the case yield for modeling [95, 94]. We have observed that many such sample selection are

implicitly based on auxiliary variables, which are very similar to the “surrogates” that we

have defined. Such heuristic selection can be formalized by explicitly stating the variables

and criteria for sampling - where we suggest using the multi-label surrogate sampling frame-

work - so that resulting samples may be amenable for valid analysis.

There are a few limitations to the proposed mlSGS design and the current work. The mlSGS

design assumes that a case-enriching surrogate is readily available. Although certain ICD

codes have been noted to be specific for the true clinical outcomes and are appropriate sur-
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rogates, curating an appropriate surrogate vector may take substantial clinical expertise.

Additionally, both asymptotic validity for model development as well as unbiased estimation

of accuracy are only theoretically guaranteed on the support of the surrogate vector in the

sample. To ensure generalizable inference to healthy controls (where Z̃ = 0̃), our proposed

mlSGS design intentionally includes an SRS sub-sample, but a sub-sample consisting of only

surrogate negatives would also be a reasonable alternative. In our work, we only investi-

gated using mlSGS on individual classification models, which is also known as the Binary

Representation in multi-label classification. Even though we did not explicitly demonstrate

other modeling approaches, it is likely that the mlSGS design benefit extends to many other

multi-label models, as was shown in the effect of using individual-label sampling on classifi-

cation across a variety of algorithms [21].

In summary, through extending ideas from the complementary fields of epidemiology and

machine-learning, we have developed a formal sampling framework for multi-label outcome

abstraction for machine-learning model development and validation. A potential next step of

this work is to investigate multi-label sampling methods that leverage surrogate correlations,

which we expect will further improve the resource efficiency of the surrogate-based sampling

methodologies. In addition, even though we focused on binary surrogates, certain scenarios

may have quantitative surrogates - associated designs for that setting warrants attention.

These further developments may allude relevant statistical trade-offs to guide formalization

of sample size calculations towards rigorous project planning in practical resource constrained

scenarios.
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Chapter 4

PREDICTIVE CASE CONTROL DESIGNS FOR
MODIFICATION LEARNING

4.1 Introduction

Clinical prediction models are often developed to help determine a specific diagnosis, to

inform prognosis, and to define subgroups relevant for various clinical outcomes. Often, a

clinical prediction model is developed based on data drawn from a source cohort, for example

a particular hospital or research network. To facilitate sharing of learned patterns from es-

tablished clinical data sources, a developed model may also be modified and applied to new

settings, for example different health systems, age groups, or time frames. Before adopt-

ing model predictions in the new setting, it is important to ask whether model predictions

provide an accurate representation of the true risks in the target population. For example,

is there sufficient agreement between observed outcomes and model predictions? Can the

predictions sufficiently distinguish between cases and controls? In an ideal situation, a model

would be perfectly generalizable to the new setting without any modification. Unfortunately,

a model can be valid in the source setting yet invalid when applied to new cohorts, due to

reasons such as case mix differences, model over-fitting, or true differences between the pop-

ulations [115]. Therefore, the developed model needs to be assessed for validity in the new

setting, and modified appropriately [115, 117].

Data driven model updating or modification requires the collection of an adequate sample

from the new setting. Outcome labels are often labor intensive to collect, as they require

abstraction from the medical record, yet substantial sample sizes are necessary for mod-

ification learning studies. For example, systematic recalibration adjustment requires 312
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observed events if predictions were 25% too extreme on the odds scale [131]. For rare out-

comes, such substantial sample size requirements may be difficult to obtain without larger

or targeted samples. In this paper, we motivate and describe a sampling strategy targeted

for the modification learning problem. The proposed approach leverages the original model

scores in order to design efficient data collection. Our proposed sampling design is motivated

by strategies from experimental design and machine-learning, and may reduce the sample

size requirements for model modification learning and assessment.

4.2 Background

4.2.1 Modification learning of clinical prediction models

When applying a previously developed model to a new setting, predictions based on the

original model may be invalid, due to reasons such as differences in case mix or differences

in regression coefficients [115]. Case mix is when the distribution of features or outcomes are

different between the source and new setting. Differences in regression coefficients may occur

from model over-fitting on small development datasets or from truly different populations

due to different cohort selection criteria. Updating or modification learning of a prediction

model to new settings should involve empirical procedures such as model recalibration, re-

vision, and extension [115, 117].

Model recalibration involves the systematic adjustment of potentially inaccurate predictions.

However, since unnecessary recalibration may introduce variation for model application,

whether the original model is sufficiently calibrated in the new setting may be first formally

tested. For example, testing can be based on the Hosmer-Lemeshow test [64], where esti-

mated and observed predictions are compared across strata of grouped averages. Since the

Hosmer-Lemeshow test involves variable or arbitrary binning choices, the logistic recalibra-

tion [31] test is potentially more powerful, where specific deviations from the null hypothesis

indicate if recalibration is required. If model recalibration is deemed necessary, the Cox
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logistic recalibration model [31] adjusts overall mean predictions as well as systematically

overestimated and underestimated predictions. To increase flexibility, the linear-logistic as-

sumption may be relaxed by modeling additional shape parameters in the sigmoid function

[119] or non-linear functions of the predicted scores [34].

Model revision is a step beyond recalibration that involves re-estimating individual feature

effects instead of overall systematic adjustments. Previously estimated coefficients can be

refitted in a stepwise manner [116] or through shrinkage and penalized models for larger

numbers of coefficients [87]. In addition, the original model may be extended to include

additional features. Model revision can be done without recalibration, where the model

is completely re-fitted to the new data [116]. Since complete revision may potentially be

unstable and ignores past knowledge, a more strategic approach combines both recalibration

and revision in the same model. If data is collected in batches from the new setting, models

may also be continuously modified, where model recalibration is suggested to take precedence

over model revision and/or extension [115].

4.2.2 Information criteria for modification learning

For modification learning, an adequate sample of actual outcome labels needs to be collected

from the new setting. Due to the potential substantial sample size requirements [131] under

simple random sampling (SRS), an alternative is to consider sampling designs specifically

targeted towards the modification learning problem. To evaluate the “information” of sam-

ples for modification learning, here we review relevant statistical criteria from the related

fields of information theory and optimal experimental design.

Information theoretic criteria

In information theory, objective criteria to measure information in a given sample is generally

based on maximizing uncertainty or information. For example, Binary Entropy [81] measures

the amount of uncertainty for a binary variable (see Figure 4.1 for an illustration). If subjects
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in the samples are either all cases or all controls, there is no variation in outcome labels and

thus no information for learning - the Binary Entropy is at its minimum of 0. On the

other hand, if the sample contains approximately equal cases and controls, then information

is maximized and Binary Entropy attains its maximum of 1. Maximizing sample Binary

Entropy may help classification, since samples with approximately outcome class balance

are generally accepted to improve classifier learning [138, 7, 142]. Another approach of

quantifying uncertainty is based on distance to the decision boundary. For example, subjects

with initial predicted probabilities close to the cut-off for binary decisions may be considered

to have “uncertain” predictions, therefore collecting their true outcome statuses may provide

more information.

Figure 4.1: Illustration of Binary Entropy as a function of sample outcome prevalence.

Statistical information criteria

The field of optimal experimental designs offers theoretical guidance for study design when

predictors can be chosen, outcomes need to be collected, and practical constraints limit the

number of experimental runs. For a given statistical model and associated parameters, in-

formation for parameter estimation can be maximized using one-dimensional summaries of

the information matrix (summarized in Table 4.1). Many such criteria are considered “true”

information functions, having the monotonicity, concavity, and homogeneity properties for

comparing matrices ordered in the Loewner sense [102]. This means that if the difference
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of two information matrices is positive semi-definite, then associated one-dimensional sum-

maries are similarly ordered. For a fixed sample size, subjects can be allocated based on

pre-specified criteria, where the unique predictor values are called “design points”, and the

proportions of subjects at each design point are called “design weights”. Optimal statisti-

cal designs provide convenient interpretations, for example a design targeting maximizing

D-optimality is one that minimizes the joint confidence region of model parameters [43].

Even though optimal design theory provides an intuitive framework for study planning, find-

ing the optimal design in practice can be a very challenging problem. Early work discussed

‘’‘exact” optimal designs, which is based on identifying combinations of subjects that result

in maximum sample information [4]. Alternatively, approximately optimal designs places

a probability distribution on the design space, thus allowing for non-discrete design points

[69]. For example, in stratified designs, the design space is decomposed into non-overlapping

partitions and non-zero weights are placed on each stratum. Even for approximately opti-

mal designs, there is not a single unique “best” design, motivating using Monte Carlo and

approximation-based algorithms [5]. In addition, within a class of designs, pre-specified sta-

tistical criteria can also be used to evaluate competing configurations, and higher information

designs are selected for data collection.

For logistic regression, since the information matrix depends on true parameters, optimal

designs need to be computed on true or assumed model parameters and therefore are only

locally optimal [68, 5]. For example, in estimating a one-parameter logistic regression model,

the locally D-optimal design places equal weight on two symmetric points, but design point

placement depends on true parameter values. To account for a range of possible parameter

values, approaches such as minimax, sequential, and Bayesian methods can be used [26, 68, 5].
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Table 4.1: Selected common statistical optimality criteria, mathematical formulae, and inter-
pretation. Im is the Fisher’s information matrix and H is the hat/projection matrix, where
for logistic regression Im = XTWX and H = W1/2XIm

−1XTW1/2, wii = pi(1− pi).

Criterion Mathematical Formula Interpretation of using criteria
A-optimality argmin

ζ
trace(Im

−1) Minimizes average variance of parameters.

C-optimality argmin
ζ

trace(cT Im
−1c) Minimizes variance of a best linear unbiased estimator.

D-optimality argmax
ζ

det(Im) Minimizes volume of parameter joint confidence region.

G-optimality argmin
ζ

argmax
ζ

Diag(H) Minimizes the maximum variance of predicted values.

4.2.3 Related problems and research gap

Modification learning of clinical prediction models is related to transfer learning and active

learning from machine-learning; here we summarize these related frameworks to motivate

our proposed statistical design approach.

Transfer learning

Transfer learning involves the partial modification of an original model to the new setting

using source data. Transfer learning strategies may be categorized as either transductive

or inductive [96], both of which have connections to modification learning. For transduc-

tive learning, similar to the case-mix assumption, feature distributions f(x) between source

and new scenarios are assumed to be different. Transductive learning approaches generally

assume that no outcome labels are available from the new setting, therefore distributional

differences are addressed by fitting a weighted model to source data. On the other hand,

inductive learning assumes that conditional outcome distributions f(y|x) are different be-

tween source and target, which is a generalization of the different coefficient assumption. For

inductive learning, some outcome labels from the new setting are available, but the sample

size is too small to generate reliable model predictions. Instead, assuming certain shared

parameters, the existing model only needs to be partially modified for transfer to the new
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setting. In the biomedical setting, transfer learning has been successfully applied to skin

cancer classification [44], but required over 1 million outcome labels for the original model

and over 100,000 labels for the partial modification to the new setting.

Active learning

Another related problem is active learning, which is the sequential modification of an original

model through querying new data. Several of the previously described information theoretic

and statistical information criteria have been incorporated into active learning strategies. For

example, pool-based active learning sequentially selects the most informative data points for

outcome labeling from a pre-specified cohort “pool”. In pool-based active learning, sample

selection may be based on heuristically the most uncertain predictions, for example using

the Binary Entropy criterion [112], or based on variance reduction, for example using the

A-optimality criterion [109]. Curiously, while some researchers advocate designs based on

statistical information criteria [109], others have demonstrated that heuristic information

criteria such as Binary Entropy perform well in empirical experiments [143].

Active learning has been applied to machine-learning phenotyping models [25], and for clas-

sification of cancer from radiology reports [91]. Such applications have noted some sample

size savings by using active learning over “passive” learning using a random or convenient

sample. However, active learning algorithms have been demonstrated to perform even worse

than SRS in some settings [109]. A common criticism is that sequential myopic selection of

subjects for outcome labeling without theoretical foundations may introduce unanticipated

variation [112]. Furthermore, implementing active learning often requires extensive engineer-

ing infrastructure and expertise. In fact, more than half of surveyed applied machine-learning

researchers revealed hesitated to use active learning strategies for annotation or abstraction

tasks [128]. A concern is due to the unknown introduced bias from resulting samples: even

if sampling with active learning may improve prediction accuracy, it is often difficult to use

such samples for statistical analysis such as formal inference and evaluation.
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Research gap and contribution

In transfer learning, an existing model is partially modified, but new outcome labels are

not necessarily collected. On the other hand, the active learning framework involves se-

quentially procuring of additional outcome labels based on pre-specified statistical criteria,

so to achieve learning goals in a resource efficient manner. However, as most active learn-

ing algorithms frame data collection as a learning rather than traditional design problem,

statistical inference is usually not a goal and therefore bias in resulting samples may not

be well-characterized. In the clinical prediction setting, both sample generalizability and

resource efficiency are important considerations. Furthermore, modification learning of clin-

ical prediction models are usually based on existing starting points, for example previously

published model coefficients and scoring rules. Therefore, this motivates a design-based

framework for new outcome label collection and subsequent modification learning, particu-

larly for practical settings where personnel and monetary resources constraint abstraction

label sample sizes.

4.3 Methods

4.3.1 Statistical notation and motivation

Denote the source cohort as D0 and the new cohort as D1. For subject i denote features as

X̃T
i ∈ Rp and binary outcome labels as Yi. We assume that the original clinical prediction

model denoted ĥ(.) was developed using a sample drawn from D0. Applying ĥ(.) to the data

in D1 will generate original model prediction scores in the new data denoted as

Si = ĥ(X̃T
i ). (4.1)

The original model ĥ(.) may need to be modified before ultimate reliable application to the

new setting. Predictions may be recalibrated and model parameters potentially revised. We
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consider simultaneous recalibration and revision models [116] of the form

logit(E[Yi|Si, X̃T
i ]) = α0 + α1Si + X̃T

i γ̃. (4.2)

In (4.2), α0, α1, and γ̃ are the model modification learning parameters to be estimated. The

recalibration parameters α0 and α1 re-adjust any systematic mis-estimation in predicted

scores, while the revision parameters γ̃ identify any new predictive features or refinement of

coefficients for original features. Assuming sparsity, (4.2) can be modeled using the Lasso

procedure [127],

(α̂0, α̂1, ˆ̃γ) = argmin
α0,α1,γ̃

{
n∑
i=1

−Yi(α0 + α1Si + X̃T
i γ̃ + log(1 + exp(α0 + α1Si + X̃T

i γ̃)) + λ||γ̃||1

}
,(4.3)

which uses penalization for estimation. Note that in (4.3), only revision parameters γ̃ are

penalized, so that original scores S are retained in the model. To fit model (4.2) requires

the collection of a sample drawn from the new setting D1, where features X̃T
i , scores Si,

and outcome labels Yi are available for all subjects. We assume that X̃T
i is easily available,

Si can be generated using (4.1), but outcome labels require expensive and time-consuming

abstraction. Motivated by information theoretic and statistical information criteria, we

describe a sampling design framework based on scores S, so to select subjects from the new

setting for outcome label abstraction and subsequent model modification learning.

4.3.2 Predictive Case Control (PCC) designs

For outcome label collection from the new setting, we define sampling strategies based on

original model scores S as the predictive score sampling class (Definition 1). The name “pre-

dictive” is due to that, arguably among all observed variables, scores S are most predictive

of unobserved true outcomes Y . Among possible ways to sample based on S, note that
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subjects with higher scores tend to be “cases” (Y = 1), while those with lower scores tend

to be “controls” (Y = 0).

Definition 1 Predictive score sampling class.

For new outcome label collection, denote the class where sampling is based only on original

model scores S ∈ [0, 1] as the predictive score sampling class.

Among the class of predictive score sampling deigns, we define a stratified sampling procedure

as the Predictive Case Control (PCC; Definition 2), which are indexed by design configura-

tions defined with score cut-off k and stratum weights w = P (S > k|sampled). For an inter-

pretation of PCC, assume that the score distribution f(S) is a mixture of marginal outcome

case/control proportions P (Y = y) and conditional score distributions f(S|Y = y). Then,

PCC design configurations w and k can be interpreted as intentionally altering P (Y = y)

and f(S|Y = y) in resulting samples, respectively.

Definition 2 Predictive case control (PCC) design.

The predictive case control design is a stratified sampling procedure based on original model

scores S ∈ [0, 1], where for a fixed abstraction sample size n and selected design configurations

defined with score cut-off k and stratum weights w = P (S > k|sampled), the procedure is

Select:

n× w subjects from those with scores S > k

n× (1− w) subjects from those with scores S ≤ k.

Figure 4.2 illustrates the effect of using PCC design on induced sample score distribution,

where sample scores may have different marginal outcome prevalence as well as conditional

score distributions compared to that in the cohort. The intended benefit of using PCC is to

reduce sample size requirements for modification learning and evaluation, through selecting

subjects with “high information” for modeling goals. In particular, information functions of
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Figure 4.2: Left: Score distribution by outcome classes of a simulated cohort with N =
10, 000; Right: Score distribution by outcome classes of a sample (n = 300) drawn from the
cohort using a Predictive Case Control design with configurations k = 2.5, w = 0.50.

scores motivated by the dual modification learning goals of recalibration and revision may

be used to select appropriate design configurations.

Recalibration goals: Statistical power and D-optimality

For recalibration, since unnecessary readjustments may introduce additional variation, a

first step is to test whether model recalibration is required. From the modification learning

model (4.2), recalibration parameters α0 and α1 that deviate from 0 and 1 indicate potential

mis-calibration in the new setting. For such recalibration testing, which may be based on

Likelihood Ratio Tests in Table 4.2, we consider maximizing statistical power as a relevant

modeling goal.

Maximizing the local power of likelihood ratio statistical tests has been noted to be statis-

tically equivalent to maximizing the determinant of the information matrix under the null

[132]. Therefore, under the assumption that

α0 = 0, α1 = 1, γ̃ = 0̃, (4.4)
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Table 4.2: Model recalibration hypothesis tests. LRT = Likelihood Ratio Test. α0, α1

respectively indicate the recalibration intercept and slope.

Recalibration
intercept

Recalibration
slope

Logistic recalibration

Null hypothesis, H0 α0|(α1 = 1) = 0 α1 = 1 (α0, α1) = (0, 1)
Alternative hypothesis, HA α0|(α1 = 1) 6= 0 α1 6= 1 (α0, α1) 6= (0, 1)
Degrees of freedom using LRT 1 1 2

we propose using the D-optimality criterion [69] as a function to summarize information in

sample scores. Define the score information function based on D-optimality criterion, φD(S),

as

φD(S) := log (det (Im(S))) . (4.5)

where in (4.5), Im(S) = 1
n

n∑
i=1

Imi(S) is the sample partial information matrix for recalibration

parameters (α0, α1), where for pi = expit(Si),

Imi(S) =

 pi(1− pi) Sipi(1− pi)

Sipi(1− pi) S2
i pi(1− pi)


Note that φD(S) is always defined, as Im(S) is by construction positive semi-definite. Designs

with higher values of φD(S) may be interpreted as having lower generalized variances and

smaller joint confidence regions of recalibration parameter estimates [43].

Revision goals: Support recovery and Binary Entropy

Also using the modification learning model (4.2), revision parameters γ̃ that are non-zero

indicate that model revision is necessary. Assuming sparsity for the revision parameters, an

evaluation criterion for model revision performance can be based on the support recovery of
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truly predictive features. Denote the true revision parameters γ∗j , j = 1, . . . , p, where each

γ∗j can be either truly predictive (γ∗j 6= 0) or non-predictive (γ∗j = 0), belonging to one of the

mutually exclusive sets γ∗
S or γ∗

Sc , defined as

γ∗
S = {γ∗j : γ∗j 6= 0}

γ∗Sc = {γ∗j : γ∗j = 0}.
(4.6)

Based on fitting Lasso procedure (4.3), denote the estimated revision parameters as γ̂j,

j = 1, . . . , p, where each estimate γ̂j is either predictive or non-predictive, with corresponding

sets defined as

γ̂S = {γ̂j : γ̂j 6= 0}

γ̂Sc = {γ̂j : γ̂j = 0}.
(4.7)

Then, a measure for how well γ̂j estimates true γ∗j can be represented using the False Dis-

covery Rate (FDR) and False Exclusion Rate (FER) measures, where:

FDR = 1− P (γ̂S ∈ γ∗
S)

FER = 1− P (γ̂Sc ∈ γ∗
Sc).

(4.8)

In (4.8), FDR can be interpreted as the false positive rate (Type I error), and FER the false

negative rate (Type II error), in identifying the set of truly predictive features for model

revision. Perfect support recovery is when both FDR and FER are zero. Under certain

assumptions on the data generating mechanism1, support recovery errors tend to decrease

with sample size.

1assumptions include that model dimensionality p and sparsity ratio f =
k

p
, k = |γ∗

S | do not vary with

sample size
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We take the view of improving support recovery for a fixed sample size. Note that the

modification learning model (4.2) may be framed as a classification model, where a key

factor that affects classifier “learning” is outcome class balance in the development sample.

Much research on outcome class balance on model prediction accuracy have focused on

metrics such as the proportion correct (simple accuracy) or the Area Under the Receiving

Operator Characteristic curve (AUC) [138, 7, 142]. However, outcome class balance may

additionally affect support recovery accuracy measures. Therefore, we propose using the

Binary Entropy criterion as another summary of information based on scores. Define the

information function based on Binary Entropy, φB(S), as

φB(S) = −p̄(S)log2(p̄(S))− (1− p̄(S))log2(1− p̄(S)), (4.9)

where p̄(S) = 1
n

n∑
i

pi with pi = expit(Si). Note that φB(S) attains its maximum of 1 if

the sample outcome prevalence is exactly 50%. Designs with higher values of φB(S) may be

interpreted as having more predicted outcome class balance and therefore better learning of

revision parameters.

4.3.3 A computational framework to evaluate PCC design configurations

We now describe a computational framework to evaluate and select configurations (k, w)

for PCC designs. The proposed empirical framework is based on Monte Carlo of expected

sample score information summarized with φD(S) and φB(S) under considered design config-

urations. Then, resulting estimated information response surfaces are visualized with pairs of

contour plots, which allows for convenient evaluation of information from competing design

configurations.

Details of the proposed computational framework are in Algorithm 1. First, two grids varying
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in cut-offs k and stratum weights w are specified. Then, for each considered configuration

as well as under SRS, expected values of sample information functions are computed using

Monte Carlo. Finally, resulting estimated information response surfaces are visualized with

pairs of contour plots, where we illustrate an example in Figure 4.3.

Algorithm 1 Computational framework for PCC design configuration evaluation.

Input Scores S; grid k ∈ supp(S); grid w ∈ [0, 1].

Do Over the grids of k ∈ supp(S), w ∈ [0, 1]:

1. Draw sample of S using configuration (k, w).

2. Calculate information functions φD(S|k, w) and φB(S|k, w) based on sample data.

3. Repeat 1. and 2. a total of B times.

Return Matrices of information response surface for φD(S) and φB(S).

To illustrate the information response surfaces computed from Algorithm 1, we simulated

scores with distribution S ∼ N(−1.5, 1). Figure 4.3 shows resulting sample information

response surfaces computed under the D-optimality (left) and Binary Entropy (right) infor-

mation functions, where warmer colors represent better designs. For the example in Figure

4.3, within the class of considered PCC design configurations, expected sample D-optimality

φD(S) ranged between −8 and −3 and expected sample Binary Entropy φB(S) ranged be-

tween 0.20 and 0.99. We indicated with arrows expected sample information surfaces un-

der SRS as well with a “selected” PCC design with configuration (k, w) = (1, 0.50), where

qualitatively the “selected” configuration results in higher information compared to SRS as

measured with D-optimality and Binary Entropy.

For a quantitative interpretation of information function comparisons, note that comparing

PCC∗ having (k, w) = (1, 0.50) to SRS
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Figure 4.3: Pairs of contour plots for expected sample information response surfaces calcu-
lated using D-optimality (left) and Binary Entropy (right) information functions, based on
simulated scores distributed as S ∼ N(−1.5, 1).

φD(S|PCC∗)
φD(S|SRS)

=
−3.12

−4.12
and

φB(S|PCC∗)
φB(S|SRS)

=
0.99

0.77
.

Then, by exponentiating φD(S) the ratio of determinant of information functions comparing

designs is

det(Im(S|PCC∗))
det(Im(S|SRS))

=
exp(−3.12)

exp(−4.12)
≈ 2.72,

and by reversing φB(S) the ratio of sample outcome prevalences is
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p̄(S|PCC∗)
p̄(S|SRS)

=
0.49

0.23
≈ 2.13.

Therefore, comparing PCC∗ to SRS, the expected recalibration parameter confidence region

is about 2.72 times smaller, indicating an effective sample size savings about three times. In

addition, the expected sample outcome prevalence comparing PCC∗ to SRS is about 2.13

higher towards outcome class balance. Selecting configurations resulting in increased infor-

mation as measured by φD(S) and φB(S) ultimately improves the dual modification learning

goals of recalibration power and revision support recovery, as we demonstrate through simu-

lation in Section 4.4. Next, we remark on the design impact of PCC designs on modification

learning.

4.3.4 Design impact on modification learning

To characterize design impact on modification learning, we focus on the criteria of design

validity and design resource efficiency. For a given sampling design, “validity” for modeling

refers to whether using resulting samples may provide valid inference, while “resource effi-

ciency” refers to whether using resulting samples can achieve modeling goals at a lower cost

compared to a “baseline” design (usually SRS). For the modification learning problem, we

describe the design validity of PCC designs and the design resource efficiency compared to

SRS.

Design validity

Design validity may be framed as a missing data problem [147], where distributional differ-

ences comparing resulting samples to the “complete” cohort determines whether the design

is valid. Since PCC designs is a member of the general predictive score sampling class (Def-

inition 1), sampling is based only on original model scores S. Denote ∆ as the indicator

of a subject being included in a sample. Then, for all designs within the predictive score
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sampling class

∆ ⊥ Y |(S,X), (4.10)

implying f(Y |S,X,∆) = f(Y |S,X), therefore establishing design validity. Due to (4.10),

fitting the modification learning model (4.2) using samples drawn with the PCC design re-

sults in asymptotically equivalent inference as if the entire cohort were available.

The condition (4.10) is also known as the (outcome) Missing At Random (MAR) property

from the missing data literature [78]. Samples that have outcome MAR are intentionally

biased from the cohort; mathematically this means that f(∆|S) 6= f(∆), but any differences

may be characterized. For the PCC design, sampling depends on a specific function of the

score, which is whether scores exceed threshold k with stratum frequency w. Therefore,

the sampling distribution under PCC is essentially a re-weighting of that under SRS, where

weights are specified within strata defined by the fixed threshold k (Lemma 1).

Lemma 1 Equivalence of SRS and strata frequency weighted PCC sampling distributions.

For the PCC design based on stratum frequency w for strata defined by scores S exceeding

cut-off k, then for fixed k ∈ supp(S) the sampling weights for subject i are

PPCC(∆i = 1) =


PSRS(∆i = 1)× w

P (Si > k)
, Si > k

PSRS(∆i = 1)× 1− w
P (Si ≤ k)

, Si ≤ k

, (4.11)

and when w = P (Si > k),

PPCC(∆i = 1) = PSRS(∆i = 1).
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Design resource efficiency

From Lemma 1, it is clear that PCC design over-represents subjects with higher scores in

resulting samples. A natural question then, is if such re-weighting provides higher sample

“information”. Intuitively, stratified sampling that up-weights the more informative strata

results in overall higher information. In particular, for the Binary Entropy information

function φB(S), we show a direct correspondence between stratum weights and sample in-

formation in Lemma 2. By over-representing subjects with scores S > k more than under

the SRS distribution, resulting samples have higher outcome class balance, assuming that

outcome probabilities pi are monotone increasing with scores Si.

Lemma 2 PCC design configurations for higher sample Binary Entropy.

For the PCC design with design configurations (k, w), assume that outcome probabilities pi

are monotone in scores S. Then, for fixed cut-off k ∈ supp(S), using stratum weights w such

that w > P (S > k) results in

φB(S|PCC) > φB(S|SRS).

It is also possible to show that the D-optimality function may be increased by re-weighting

sample scores. However, required PCC design configurations are more complicated than sim-

ple fixed cut-offs and higher stratum weights as shown for the Binary Entropy function. As

the information functions φD(S) and φB(S) are intermediaries of true modification learning

goals, we omit extensive discussion, and instead remark that ordering of the D-optimality in-

formation function may be shown through the monotonicity property [102]. To demonstrate

that design configuration evaluation and selection using the PCC framework may improve
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on the ultimate modification learning goals of recalibration parameter testing power and re-

vision parameter support recovery, we next provide empirical evidence through Monte Carlo

simulation.

4.4 Simulations

4.4.1 Data generating mechanism to simulate model modification learning

We generated synthetic data (n = 100, 000) to demonstrate the benefit of using PCC designs

for model modification learning to a new setting. True outcomes Y were generated using

model (4.2) across a range of scenarios, through specifying various modification learning

parameters α0, α1 and γ̃ ∈ R100. Features X̃ and scores S were considered “fixed” across the

various data scenarios, generated using the Linear Discriminant Analysis (LDA) assumption.

Conditioned on the original outcome prevalence π0, features were generated as

X̃T
i |(Y initial

i = y) ∼ N(µ̃y,Σy),

with µ̃y and Σy set such that

logit(E[Y initial
i |X̃T

i ]) = β0 + X̃T
i β̃

β̃j =


0.7 j = 1, . . . , 10

−0.7 j = 11, . . . , 20

0 j = 21, . . . , 100.

The original scores were defined as Si = β0 + X̃T
i β̃, and the true mean model was thus

simulated as
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logit(E[Yi|Si, X̃T
i ]) = α0 + α1Si + X̃T

i γ̃

From each simulated cohort, samples drawn using PCC and SRS were compared based on

metrics for recalibration (statistical power) and revision (support recovery). We used the

same design, PCCsim with (k, w) = (−1, 0.50) for consistency across the various simulated

scenarios.

4.4.2 Design benefit for recalibration

For all recalibration simulations, the power of recalibration tests was compared between using

samples drawn with SRS or PCCsim. The initial outcome prevalence was set as π0 = 0.10,

the true recalibration intercept α0 was set to be one of − log(2), − log(1.5), or 0, the true

recalibration slope α1 was set to be one of 0.6, 0.8, or 1, and the true revision parameters

were set to be γ̃ = 0̃ (no revision). Therefore, the synthetic data simulated scenarios where

the outcome is relatively rare, that outcome prevalence is expected to be even lower in the

new cohort, and that the model was over-fitted in the source cohort. For each scenario and

over a grid of sample sizes, the empirical power was calculated across B = 500 simulations.

These recalibration parameters were selected based on previous work illustrating the sample

size requirements for model external validation studies [131].

Figure 4.4 illustrates the simulation results for the logistic recalibration test; additional sim-

ulation results for testing the recalibration intercept and slope are shown in Appendix C.0.3.

Overall, Figure 4.4a shows that using PCCsim provided equivalent or higher power com-

pared to SRS across the range of investigated recalibration parameters. For scenario-specific

comparisons, we compare three power curves in Figure 4.4a with the true D-optimality in-

formation response surfaces in Figure 4.4b.
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First, consider the true data generating mechanism of α0 = − log(2) and α1 = 0.80 (left

column middle row), where using PCCsim resulted in a higher power curve compared to

using SRS. This observation may be explained by the D-optimality contour surfaces, where

the joint confidence region for estimating the recalibration parameters was about 1.5 times

smaller using PCCsim compared to SRS. For true α0 = − log(1.5) and α1 = 0.60 (middle

column top row), using PCCsim provided some improvement over SRS. However, the SRS

power curve was already sufficiently high, as shown by the overall high D-optimality values

across all PCC designs (including the SRS-equivalent configuration). For α0 = − log(1.5)

and α1 = 1 (middle column bottom row), PCCsim provided some improvement over SRS but

both power functions were low, again demonstrated by the overall low D-optimality values

for this set of recalibration parameters. Note that when no model recalibration is needed

(α0 = 0 and α1 = 1), using both SRS and PCCsim samples provided the correct size.

The power functions in Figure 4.4a may be used for sample size calculation and study

planning. For example, consider the scenario where true α0 = − log(1.5) and α1 = 0.80

(middle column middle row), to achieve 80% power for the logistic recalibration test requires

close to n = 1000 abstracted samples when using SRS. For an outcome with 10% prevalence

this corresponds to an effective sample size of abut 100, comparable to what was found in

[131]. However, to achieve this same power using PCCsim only requires the abstraction of

n = 200 samples, a cost savings of almost five-fold.
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Figure 4.4: Simulation results for model recalibration.

(a) Average empirical power of the Likelihood Ratio Test for logistic recalibration, comparing
PCCsim with (k,w) = (−1, 0.50) to SRS for a range of sample sizes under various recalibration
parameters, over B = 500 simulations.

(b) Contour plots of D-optimality (log transformed) information functions of sample scores com-
puted using true modification learning parameters for (α0, α1) = (− log(2), 0.80) (left), (α0, α1) =
(− log(1.5), 0.60) (middle), and (α0, α1) = (− log(1.5), 1) (right). Simulation averages were com-
puted based on a sample size of n = 100.
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4.4.3 Design benefit for revision

For all revision simulations, the average False Discovery Rate (FDR) and False Exclusion

Rate (FER) (4.8) in selecting truly predictive features were compared between using SRS

and PCC. The original outcome prevalence was set as either π0 = 0.10 or π0 = 0.25, the true

recalibration parameters as α0 = − log(3) and α1 = 0.90, and the true revision parameters

with effect size |γj| = 0.60 and sparsity ratio (proportion of non-zero revision parameters) of

f = 0.05. The simulated data compares the effect of using PCC designs on support recovery

measures for data with two different outcome prevalences. For each scenario and over a grid

of sample sizes, estimated revision parameters γ̂(λ) were fitted using (4.3) for the solution

path defined by λ ∈ [− log(8),− log(2)]. Resulting estimates were compared against true

revision parameters, and empirical FDR and FER calculated across B = 500 simulations.

Figure 4.5 illustrates the simulation results. Figure 4.5a illustrates the simulated average

1-False Exclusion Rate (1-FER) versus False Discovery Rate (FDR), where curves towards

the top-left corner of the plot indicate better designs. For each sample size (n = 250, 500,

750) and each sampling design (SRS or PCC), the point at (0, 0) indicates support recovery

of model coefficients estimated at a fixed high penalty, where both the false positives and

true positives are zero since all coefficients are excluded. As penalty decreases, coefficients

enter the solution path, increasing both false positives and true positives in estimating true

model coefficients. Finally, when all coefficients are included in the model both false positives

and true positives tend to 1.

For each sample size, we may compare resulting support recovery curves between PCCsim

and SRS. For an outcome prevalence of 10%, when n = 250, using SRS results in models

that exclude almost all predictive features, unless all features were selected, but PCCsim

may allow recovery of about 20% truly predictive features at FDR=0.40. Support recovery

improved with sample size, where the improvement was faster for PCCsim: at n = 500 for
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FDR=0.20 using PCCsim recovers 80% while SRS only recovers 10% of truly predictive fea-

tures, and at n = 750 using PCCsim results in almost perfect support recovery, but using

SRS may still result in false negatives and false positives. Similar patterns are observed for

the 25% outcome prevalence scenario, where for every sample size support recovery curves

using PCCsim were higher compared to SRS, although separation of PCCsim/SRS support

recovery curves were smaller compared to the 10% prevalence scenario.

To explain this observation, we turn to the sample Binary Entropy as illustrated in Figure

4.5b. For the 10% outcome prevalence, sample Binary Entropy values for SRS and PCCsim

were 0.43 (sample outcome prevalence = 9%) and 0.80 (sample outcome prevalence = 25%)

respectively. For the 25% outcome prevalence, sample Binary Entropy values for SRS and

PCCsim were 0.77 (sample outcome prevalence = 23%) and 0.85 (sample outcome prevalence

= 28%) respectively. Thus, while using the specified PCCsim design more than doubled sam-

ple outcome prevalence for the 10% prevalence scenario, it only slightly increased outcome

class balance for the 25% prevalence scenario. Such differences in sample Binary Entropy val-

ues corroborated the support recovery curves illustrated in Figure 4.5a. Therefore, through

selecting samples targeted towards higher Binary Entropy, PCCsim designs improved support

recovery of predictive features - such effect was more pronounced for rarer outcomes.
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Figure 4.5: Simulation results for model revision.

(a) Empirical average False Exclusion Rate (FER) versus False Discovery Rate (FDR) comparing
PCCsim with (k,w) = (−1, 0.50) to SRS for a range of sample sizes, over B = 500 simulations.

(b) Contour plots of Binary Entropy information functions of sample scores computed using true
modification learning parameters for outcome prevalence of π0 = 0.10 (left) and π0 = 0.25 (right).
Simulation averages were computed based on a sample size of n = 300.
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4.4.4 Design local robustness

Our simulations thus far demonstrated the benefit of using PCCsim for model recalibration

and revision, where design configurations were evaluated conditioned on true modification

learning parameters. Here, we investigate by simulation whether the local robustness to

parameter mis-specification but assuming model (4.2).

Figure 4.6 shows sample D-optimality contour surfaces, where configurations with warmest

colors (red) provide highest sample D-optimality values. Note that warmest color regions

coincide regardless of whether computations were based on the null assumption of α0 = 0,

α1 = 1, γ̃ = 0̃ (Figure 4.6a) or under the actual recalibration parameters (Figure 4.6b). When

true (α0, α1) deviates from (0, 1), systematic shifting of D-optimality values were observed,

where contour surfaces were shifted upwards when true α0 < 0, rotated counter-clockwise

when true α1 ∈ [0, 1], and rotated clockwise when true α1 > 1. However, conclusions based

on sample score information computed under any considered assumptions are comparable,

where for the illustration in Figure 4.6 designs to the right of the contour plots indicate high

information designs. Figure 4.7 shows a similar story for sample scores summarized with the

Binary Entropy information function, where contour plots were systematic shifted, rotated,

and/or scaled but overall conclusions are locally robust to slight parameter mis-specifications.

However, in contrast to mis-specification to parameter mis-specification, score distributions

may affect design evaluation conclusions. Figure 4.8 illustrates the effect of using different

score distributions (Figure 4.8a) on sample scores summarized with the D-optimality (Figure

4.8b) and Binary Entropy (Figure 4.8c) information functions. Depending on cohort score

distribution, high information designs as evaluated by D-optimality and Binary Entropy

differ. However, such conclusions are less concerning, as true score distributions are assumed

to be known for all subjects in the new cohort.
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Figure 4.6: Contour plots of sample scores summarized with the D-optimality (log) infor-
mation function, based on data generated based on model (4.2) using Linear Discriminant
Analysis (LDA) features with π0 = 0.10.

(a) D-optimality contour surfaces computed using the assumption α0 = 0, α1 = 1, γ̃ = 0̃.

(b) D-optimality contour surfaces computed using true (α0, α1) = (− log(2), 1) (left); (α0, α1) =
(0, 0.8) (middle); (α0, α1) = (0, 1.25) (right). The true revision parameters were γ̃ = 0̃ for all
scenarios.
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Figure 4.7: Contour plots of sample scores summarized with the Binary Entropy information
function, based on data generated based on model (4.2) using Linear Discriminant Analysis
(LDA) features with π0 = 0.10.

(a) Binary Entropy contour surfaces computed using the assumption α0 = 0, α1 = 1, γ̃ = 0̃.

(b) Binary Entropy contour surfaces computed using using true (α0, α1) = (0, 1), |γj | = 0.60 (left);
(α0, α1) = (− log(3), 0.90), γ̃, |γj | = 0.60 (middle); (α0, α1) = (0, 1), |γj | = 1.50 (right). f=5%
of the revision parameters are non-zero with effect size |γj |; remaining revision parameters are
non-predictive.
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Figure 4.8: Effect of score distribution on D-optimality and Binary Entropy information
functions of sample scores. Data generating mechanisms are: scores based on LDA features
with π0 = 0.10 (left); LDA features with π0 = 0.50 (middle); S ∼ N(1.5, 12) (right). All
contour surfaces are computed based on the assumption α0 = 0, α1 = 1, γ̃ = 0̃. LDA: Linear
Discriminant Analysis; π0: the original outcome prevalence assumed in the source cohort.

(a) Score distributions in the simulated cohort.

(b) D-optimality (log) contour surfaces.

(c) Binary Entropy contour surfaces.
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4.5 Illustration: Modification learning on radiology report modality

4.5.1 Radiology reports and modification learning across imaging modalities

To illustrate the proposed PCC design on reducing sample size requirements for modification

learning, we consider radiology reports arising from different imaging modalities. Radiology

reports constitute the formal communication of imaging study results by trained radiologists,

contain important information about radiographic findings, but often presented as unstruc-

tured data via free-text. Therefore, the collection of radiographic findings outcome labels

require abstraction by highly-trained human clinical experts, which is a labor intensive and

costly process. Such costs motivate using modification learning modeling and resource effi-

cient sampling approaches for data collection.

The application data set comes from radiology reports derived from the Lumbar Imaging

with Reporting of Epidemiology (LIRE) study [65]. The LIRE study was a randomized

pragmatic clinical trial that studied the effect of radiology report content on subsequent

treatment decisions. Adult subjects were considered for study inclusion if their primary care

provider (PCP) ordered either an x-ray or Magnetic Resonance (MR) imaging test of the

lumbar spine. A finding of interest was vertebral fracture, which is visible on both x-ray and

MR imaging modalities. To modify a “source” model for fracture previously developed using

x-ray reports for application to MR reports, a sample of “new” outcome labels needs to be

abstracted from MR reports. Towards the resource efficient collection of such a sample, we

illustrate the benefit of using PCC designs compared to SRS, as evaluated based on the dual

modification learning goals of model recalibration and model revision.

4.5.2 Illustration set-up

Our approach for illustration is through simulation on the full data, defining true source and

modification learning models based on all available data, and demonstrating design effects

through sub-sampling. Our illustrations require text processing and classification modeling,
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where we used existing routines from the quanteda and glmnet packages in R, respectively.

To reduce any potential between-site variation, we restricted analysis to the single largest

site from the LIRE study. For all subjects from this single site, we obtained a large number

of simulated abstracted outcomes using a rule-based natural language processing algorithm

[122]. A total of N0 = 158, 405 labels (prevalence = 10%) were obtained from source x-ray

reports, and N1 = 41418 labels (prevalence = 7%) were possible from MR reports. Full

details of the source and target model definition procedures are in Appendix C.0.4; here we

provide an overview of the feature engineering, source model definition, and target model

definition processes:

Feature engineering: Features X̃T
i were created for all x-ray and MR reports and included

the following for a total of p = 131 features:

• Text features: Bag-of-words stemmed unigrams indicators, excluding rare (occurring

in < 5% of documents) and common (occurring in > 80% of documents) terms.

• Demographic features: Gender (male or female) and age category (< 40, 40-60, > 60

years).

Source model definition: The source classification model was estimated using the Logis-

tic Lasso procedure with 10-fold cross-validation based on an empirical AUC loss function.

Model development was based on a random sample of n1 = 5000 drawn from N1, where 23

non-zero coefficients were selected.

Modification learning model definition: To define the modification learning model, first

scores were computed by applying the source model to features from the MR cohort. Then,

modification learning parameters were estimated as follows:

• Recalibration parameters α0 and α1: Estimated by fitting the modification learning

model (4.2) conditioned on no revision (γ̃ = 0̃).
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• Revision parameters γ̃: Estimated by fitting modification learning model (4.2) with the

Lasso procedure (4.3) to penalize features but not scores.

This results in a “true” modification learning model with parameters

logit(E[Y |S,X]) = −1.03 + 0.89S + Xγ̃

where 6 features in γ̃ were estimated to be non-zero: stemmed unigrams sublux = 1.42;

deform = 1.15; fractur = 0.78; scoliosi = 0.78; normal = -0.53; desicc = -0.57.

4.5.3 Evaluating and selecting a PCC design configuration

Using the proposed computational framework (Algorithm 1 in Section 4.3.3), we evaluate

and select, score cut-off k and stratum weights w that increase expected sample informa-

tion within PCC class design configurations. Using original scores computed for MR reports

based on the source x-ray model, we calculated resulting D-optimality (4.5) and Binary En-

tropy (4.9) information functions with Monte Carlo.

The pairs of contour plots of information functions are shown in Figure 4.9. As illustrated,

there were a range of PCC design configurations that may provide improved information for

model modification learning compared to using SRS. However, for this practical illustration

we were additionally constrained by the total available sample size. For example, while

using the configuration (k, w) = (2, 0.50) may be ideal based purely on values of information

functions, there were only 105 subjects with scores exceeding k = 2 resulting in a maximum

sample size of 202. Alternatively, as there are 461 subjects with scores exceeding k = 0.80,

the configuration of (k, w) = (0.80, 0.50) is potentially more reasonable as it allows up to

a maximum of 5526 subjects to be selected. Therefore, considering both potential design

enrichment as well as practical constraints, we selected PCCillus with (k, w) = (0.80, 0.50) to

illustrate the benefit of using PCC over SRS through sub-sampling.
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Figure 4.9: Pairs of contour plots for D-optimality and Binary Entropy information functions
of sample scores for LIRE data application example.

4.5.4 Benefit of PCC for modification learning

The selected PCCillus was then compared to SRS through sub-sampling, with statistical

power and support recovery as evaluation metrics for recalibration and revision, respec-

tively. Over a grid of sample sizes, sub-samples of MR reports were drawn with either SRS

or PCCillus. Recalibration comparisons were based on the empirical power of likelihood ratio

tests for the recalibration intercept, slope, and logistic recalibration computed over the sub-

samples, fitting the modification learning model (4.2) conditioned on no revision (γ̃ = 0̃).

Since the true recalibration parameters were estimated to be α0 = −1.03 and α1 = 0.89

we expected empirical power to approach 1 as sample size increases, but the rate of power

increase may differ depending on sampling design.

Revision comparisons were based on empirical support recovery curves. However, as some

estimated revision parameters had small coefficients, we used alternative definitions for FDR

and FER, where
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FDRalt = 1− P (γ̂S ∈ γ∗
H ∪ γ∗

L)

FERalt = 1− P (γ̂Sc ∈ γ∗
L ∪ γ∗

Sc).
(4.12)

In (4.12), estimated coefficients from the sub-samples γ̂S and γ̂Sc were defined similarly as

with convention. However, true coefficients estimated from the full cohort were divided into

high, low, and no signal categories γ∗
H , γ∗

L and γ∗
Sc , with

γ∗
H = {γ∗j : |γ∗j | > 0.50}

γ∗
L = {γ∗j : 0 < |γ∗j | ≤ 0.50}

γ∗
Sc = {γ∗j : |γ∗j | = 0}.

(4.13)

In (4.13), FDRalt is defined similar to the usual FDR: any feature that was selected but

had a truly non-zero coefficient was considered a false positive. However using FERalt allows

features with “low signal”(γ∗
L) to be excluded yet not count as a false negative, therefore

avoiding penalizing the non-selection of low signal features which could result in artificially

high FER. The threshold 0.50 in (4.13) was chosen to keep the feature sparsity ratio around

f = 5%.

Figure 4.10a shows the design effect on recalibration statistical power. As illustrated, the

power functions for all three recalibration tests were higher under PCCillus compared to

under SRS. For example, to detect mis-calibration of average predictions (recalibration in-

tercept test) with a 80% power controlling test size at 0.05, using SRS requires n = 500 but

using PCCillus only requires n = 250. Therefore, for this specific external validation study,

using PCCillus was about twice as cost efficient compared to using SRS.

Figure 4.10b shows the design effect on revision support recovery. For the three illustrated
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sample sizes, using PCCillus resulted in better support recovery compared to using SRS.

For a sample size of n = 250, support recovery was low regardless of sampling design. For

n = 1000, while using SRS did not provide any meaningful support recovery, using PCCillus

may recover 30% of truly predictive features for FDR=0.50. For n = 5000, using PCCillus

results in the recovery of 70% truly predictive features for FDR=0.10, however when using

SRS both FDR and FER remained very high. These illustrations demonstrate that, even

when the abstraction budget can be as high as n = 5000, data collection using SRS could

still lead to inaccurate model revision as measured by support recovery.
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Figure 4.10: Results from data example illustration.

(a) Empirical power of Likelihood Ratio Tests comparing PCCillus to SRS over B = 500 simulations,
where true recalibration and slope were respectively α0|(γ̃ = 0̃) = −1.03 and α1|(γ̃ = 0̃) = 0.89.

(b) Empirical support recovery curves comparing PCCillus to SRS over B = 500 simulations, using
the alternative definitions of False Discovery Rate (FDRalt) and False Exclusion Rate (FERalt).
The revision parameter vector length was p = 131, of which 6 features were truly non-zero.
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4.6 Discussion

We demonstrated that using design-based principles for new outcome label collection can

substantially reduce the sample size requirement for model modification learning. The pro-

posed class of designs is based on sampling using original model predicted scores, which we

showed to be amenable for valid analysis. By stratified sampling on strata defined by score

values and over-representing subjects with “high information” scores, the resulting Predic-

tive Case Control (PCC) design is additionally resource efficient for model recalibration and

model revision. We developed a computational framework to visualize and compare design

configurations within the PCC class.

The proposed PCC sampling design is easy to communicate and implement in practice. In-

tuitively, over-representing subjects with higher scores can be interpreted as over-including

“likely cases”, establishing an equivalence of the proposed method and the well-known case-

control study design. Implementing the stratified PCC design is straightforward, as it only

depends on two design configurations: score cut-off k and stratum weights w. Design con-

figuration selection is based on information functions of the scores which are directly related

to the dual modification learning goals. Our proposed framework worked well for scenarios

even with relatively small effect sizes for recalibration tests (α0 ≈ − log(1.5), α1 ≈ 0.80) and

relatively rare outcomes (5% - 10%).

The simple alternative to PCC is to use SRS, which while results in a representative sample

for external validation, may not provide sufficient effective sample sizes. More sophisticated

alternatives include active and transfer learning procedures. However, since such machine-

learning procedures are specifically developed towards resource efficient learning, resulting

labeled samples obtained through such procedures may not be amenable for valid analysis.

We remark that it is possible to view the described modification learning model as a special

formulation of transfer learning, and the proposed PCC design as a pre-specified sampling
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design for that transfer learning task.

There are a few limitations of the proposed PCC design. First, we assumed that initial

scores are easily computed in the new setting though applying the developed model to the

“new” features. However, in practice it is possible that the features used for the original

model development are missing in the new setting due to reasons such as incomplete data

capture in the EMR. The extent of the impact of missing features on our proposed method

is yet unexplored. Our simulation results showed that targeting samples for D-optimality

and Binary Entropy improves the true model updating goals of recalibration and revision.

While the relationship between D-optimality and statistical power is known in the statistical

literature [132], theoretical relationships between Binary Entropy and support recovery are

relatively unexplored.

Future work directions include the translation of PCC for use in study design planning, for

example sample size calculation through user-supplied parameter values. Towards that end,

we plan on integrating simulation calculations and graphical displays for information response

surfaces, power functions and support recovery curves into an interactive RShiny application:

this process is under development at time of this writing. In addition, it may be interesting

to explore using alternative information functions for PCC design configuration selection on

the resource efficiency of modification learning. For example, the D-optimality information

function may be replaced by other “true” information functions such as A-optimality or G-

optimality that are more focused on average and prediction variance reduction, and Binary

Entropy information function by other measures of outcome class balance. Ultimately, we

hope to inspire design-based thinking for “new” outcome label collection, especially when

using SRS dictates insurmountable sample size requirements.
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Chapter 5

FUTURE WORK

In this dissertation, we had described sampling frameworks for outcome label abstraction

and subsequent machine-learning of rare outcomes. We demonstrated sampling design frame-

works for labeled data collection and classification of univariate binary outcomes (Chapter 2),

multi-labeled outcomes (Chapter 3), as well as modification learning in a new setting (Chap-

ter 4). The general theme of our proposed methods is sampling based on strata defined by

“surrogates”, which are assumed to be cheaper to obtained than true clinical outcomes yet

highly informative of outcome statuses, for example related summaries of structured data

elements or original model predicted risk scores. For each of our proposed designs, we have

demonstrated both design resource efficiency for the relevant modeling applications as well

as formally characterized design impact on modeling. We note that since the proposed de-

signs are stratified sampling procedures on a cheaper variable to select subjects for a more

expensive variable, they may be viewed as special cases of two phase sampling [89].

The immediate next step is to implement the described sampling frameworks towards formal

study design planning for machine-learning of clinical outcome identification. For example,

certain questions of interest include sample size calculations and “optimal” design specifica-

tions for this task. Towards this goal, we plan on packaging empirical sample size calculations

in the form of learning curves, power functions, and support recovery curves into an interac-

tive RShiny application, which is work-in-progress at the time of this writing. In addition,

practical scenarios may require combining multiple surrogates for sampling, for example two

existing but potentially outdated phenotype definitions, or case type heterogeneity arising

from different structured data elements (e.g. different hospitals use a different set of codes).
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One option for combining designs may be to use a multi-label sampling framework even

for univariate outcomes, where factors affecting design benefit on machine-learning warrants

further investigation.

In terms of methodology development, future work include designs based on richer classes of

surrogates, designs for non-binary outcomes, and methods to synthesize data from sample

and cohort to improve machine-learning of clinical outcomes. For example, quantitative sur-

rogates may arise when the most informative variable for sampling is continuous, for example

relevant biomarker values. In such scenarios, it would be interesting to study sampling meth-

ods based on quantitative variables. Second, even though the proposed sampling designs are

described for binary outcomes, such designs may be extended for the resource efficient data

collection for machine-learning of other outcome types such as longitudinal and survival

data. Here, an important first step is to identify meaningful and easily calculated measures

of information that can help define sampling designs, similar to sample prevalences in the bi-

nary setting. Finally, abstracted true clinical outcomes may be combined with mis-classified

surrogate outcomes to obtain a larger labeled data set for machine-learning. Intuitively, our

pre-specified designs may allow statistical characterization of important information required

for data synthesis, such as relationships between surrogates and outcomes; formalization of

relevant models requires future work.

Lastly, even though we described applications to radiology reports, our method can be ap-

plied to broad machine-learning and Natural Language Processing (NLP) tasks arising from

EMR data. For example, towards monitoring of drug safety, a priority for the Federal Drug

and Administration (FDA) Sentinel is the accurate identification of relevant Health Outcome

of Interests (HOI). Many HOI, such as anaphylaxis (a serious allergic reaction that is rapid

in onset and may cause death) [133], even though considered medically “common” adverse

effects are statistically “rare”. Traditional clinical outcome definitions based on querying

structured data (e.g. ICD codes) alone is thought to be potentially inaccurate, but the ex-
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tent of mis-classification is often unknown. Alternative, a promising accurate and scalable

approach is to use machine-learning classification for such clinical outcome identification.

When selected subjects for true clinical outcome abstraction, ideally the collected sample

may be appropriately used for both goals: the evaluation of the traditional ICD-only def-

initions, and serve as reference-standard labels for contemporary machine-learning model

development and validation. Our proposed designs are ideally suited for these tasks, where

exact design implementations will be project specific.

Ultimately, we have demonstrated the potential of using design-based sampling methods

towards resource efficient outcome label abstraction and machine-learning modeling of rare

outcomes. With the formal framework established in this dissertation, we hope to guide

future development of relevant sampling designs that are statistically valid for analysis,

resource efficient for machine-learning, and easily communicable in practice.
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A.0.1 Proof of Theorem 1

Denote the cohort data as D = (X, Y ), consisting of features X (implicitly also including

the surrogate Z), and binary outcomes Y . From D, units (typically subjects) are selected to

form development and validation samples. The ideas in our proof are related to results from

[97] and [142].

Preliminaries

In D, let the features follow a bi-normal distribution, so that for y ∈ {0, 1}

(X|Y = y) ∼ N(µx|y,Σx|y) (A.1)

This is equivalent to a Linear Discriminant Analysis (LDA) setting [46], where

logit(E[Y |X]) = β0 + βTX

β0 = log

(
π1
π0

)
− 1

2
(µx|y1 + µx|y0)

TΣ−1x|y(µx|y1 − µx|y0)

βT = Σ−1x|y(µx|y1 − µx|y0).

(A.2)

The parameters in (A.2) are true parameters in D. To estimate regression coefficients, a

sample DS(n) needs to be drawn from D. Then, based on theory from generalized linear

models [88], the resulting estimate β̂ has the following first and second moments:

EDS(n)[β̂] = β +BiasD
S(n)(β̂)

V arD
S(n)(β̂) = (XsTWXs)−1.

(A.3)

In (A.3), W = Diag(pi(1 − pi)), where pi = P (Yi = 1|X, Si = 1; β) estimates the aver-
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age probabilities resulting from the sigmoidal transformation of development sample linear

predictions. The terms in (A.3) are accurate up to second order approximations [88]. In es-

timating the regression parameters, denote the bias BiasD
S(n)(β̂) as B(β̂S(n)) and variance

V arD
S(n)(β̂) as V (β̂S(n)), then both B(β̂S(n)) and V (β̂S(n)) depend on the development

sample DS(n) through sample size n and sampling design S. To evaluate the resulting clas-

sification model, we use a large validation sample, obtained using simple random sampling

from D. Denote the true linear predictions in the validation sample as η := Xvβ, with

distribution

Xvβ ∼ N(µy, σ
2
y)

µy = µTx|yβ; σ2
y = βTΣx|yβ

for y ∈ {0, 1}, where µx|y and Σx|y were defined in (A.1). Under the bi-normal ROC assump-

tion [97], the AUC is

AUC = Φ(
√
RAUC) = Φ

(√
(µ1 − µ0)

2

σ2
1 + σ2

0

)
.

In the classification setting, coefficients are estimated from the development sample DS(n),

where DS(n) is generated with sampling design S and with development sample size n. We

use AUC(Y |DS(n)) to denote an indexing of resulting validation AUC, where

AUC(Y |DS(n)) = Φ(
√
RAUC(DS(n)))

RAUC(DS(n)) =
(µ̂1 − µ̂0)

2

σ̂2
1 + σ̂2

0

.
(A.4)

In (A.5), the notation .̂ and DS(n) indicates that the estimation of β̂ is from DS(n). This

proof outlines AUC(DS(n)) in terms of development sample composition.
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Mean and variances of validation sample linear predictions

In the large and representative validation sample, for y ∈ {0, 1}, the mean of the estimated

linear predictions is

µ̂y = EDS(n),Xv

[Xvβ̂|Y v = y]

= EXv

EDS(n)|Xv

[Xvβ̂|Y v = y]

= EXv

[Xv(β +B(β̂S(n)))|Y v = y]

= µTx|y(β +B(β̂S(n))).

(A.5)

where the double expectation is due to the dependence on validation sample features Xv as

well as development sample estimated coefficients β̂. Similarly, the variance of the estimated

linear predictions is

σ̂2
y = V arD

S(n),Xv

(Xvβ̂|Y v = y)

= V arX
v

(EDS(n)|Xv

[Xvβ̂|Y v = y]) + EXv

[V arD
S(n)|Xv

(Xvβ̂|Y v = y)]
(A.6)

The first part of the right hand side of (A.6) is

V arX
v

(EDS(n)|Xv

[Xvβ̂|Y v = y]) = V arX
v

(Xv(β +B(β̂S(n)))|Y v = y)

= (β +B(β̂S(n)))TΣx|y(β +B(β̂S(n))),
(A.7)

and the second part of the right hand side of (A.6) is

EXv

[V arD
S(n)|Xv

(Xvβ̂|Y v = y)] = EXv

[XvTV (β̂S(n))Xv|Y v = y]

= trace(V (β̂S(n))Σx|y) + µTx|yV (β̂S(n))µx|y,
(A.8)
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where we have used properties of the expectation of a quadratic form: for ε ∼

(µ,Σ), E[εTΛε] = trace(ΛΣ) +µTΛµ. Therefore, combining (A.7) and (A.8), the variance of

η is

σ̂2
y = V arX

v

(EDS(n)|Xv

[Xvβ̂|Y v = y]) + EXv

[V arD
S(n)|Xv

(Xvβ̂|Y v = y)]

= (β +B(β̂S(n)))TΣx|y(β +B(β̂S(n))) + trace(V (β̂S(n))Σx|y) + µTx|yV (β̂S(n))µx|y.
(A.9)

Classifier validation AUC in terms of estimation variance

Now we plug in values for (A.4). WLOG assume that µx|y0 = 0 and that Σx|y=1 = Σx|y=0 =

Σx|y. Then, the means and variances of validation sample linear predictions among cases

(Y=1) and controls (Y=0) are respectively

µ̂1 = µTx|y1(β +B(β̂S(n)))

µ̂0 = 0

σ̂2
1 = (β +B(β̂S(n)))TΣx|y(β +B(β̂S(n))) + trace(cΣx|y) + µTx|y1V (β̂S(n))µx|y1

σ̂2
0 = (β +B(β̂S(n)))TΣx|y(β +B(β̂S(n))) + trace(V (β̂S(n))Σx|y).

(A.10)

Thus, the numerator in (A.4) is the square of

µ̂1 − µ̂0 = µx|y1(β +B(β̂S(n))), (A.11)

while the denominator in (A.4) is

σ̂2
1 + σ̂2

0 = 2{(β +B(β̂S(n)))TΣx|y(β +B(β̂S(n))) + trace(V (β̂S(n))Σx|y)}+ µTx|y1V (β̂S(n))µx|y1.(A.12)
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Thus, based on (A.4), (A.11), and (A.12), since Φ(.) and
√

(.) are monotone transformations,

AUC(Ds(n)) =
(µx|y1(β +B(β̂S(n))))2

2((β +B(β̂S(n)))TΣx|y(β +B(β̂S(n))) + trace(V (β̂S(n))Σx|y)) + µTx|y1V (β̂S(n))µx|y1
.

When B(β̂S(n)) ≈ 0, then since β, µx|y and Σx|y are assumed to be “fixed” quantities in a

large validation sample,

AUC(Ds(n)) ∝ 1

trace(V (β̂S(n))Σx|y)) + µTx|y1V (β̂S(n))µx|y1
.
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A.0.2 Derivations and approximations of Oratio

Derivation of Proposition 1

For Y ∈ {0, 1}, E[Y ] = P (Y = 1). Denote subjects where S = 1 as those included

in DSGS(n), the SGS sample selected from the cohort only based on values of Z. Thus,

S ⊥ Y |Z. The expected case odds in samples collected using SGS is

Odds(cases|SGS) =
EDSGS(n)[Y |S = 1]

1− EDSGS(n)[Y |S = 1]
=
P (Y = 1|S = 1)

P (Y = 0|S = 0)

=
P (Y = 1|S = 1, Z = 1)P (Z = 1|S = 1) + P (Y = 1|S = 1, Z = 0)P (Z = 0|S = 1)

P (Y = 0|S = 1, Z = 1)P (Z = 1|S = 1) + P (Y = 0|S = 1, Z = 0)P (Z = 0|S = 1)

=
P (Y = 1|Z = 1)P (Z = 1|S = 1) + P (Y = 1|Z = 0)P (Z = 0|S = 1)

P (Y = 0|Z = 1)P (Z = 1|S = 1) + P (Y = 0|Z = 0)P (Z = 0|S = 1)

=
P (Y = 1)

P (Y = 0)

R
P (Z = 1|Y = 1)

P (Z = 1)
+ (1−R)

P (Z = 0|Y = 1)

P (Z = 0)

R
P (Z = 1|Y = 0)

P (Z = 1)
+ (1−R)

P (Z = 0|Y = 0)

P (Z = 0)

=
P (Y = 1)

P (Y = 0)

R(1− P (Z = 1))Zsens + P (Z = 1)(1−R)(1− Zsens)
R(1− P (Z = 1))(1− Zspec) + P (Z = 1)(1−R)(Zspec)

=
P (Y = 1)

P (Y = 0)

RZsens + pZ(1−R− Zsens)
R(1− Zspec) + pZ(Zspec −R)

where

R = P (Z = 1|S = 1)

pZ = P (Z = 1)

Zsens = P (Z = 1|Y = 1)

Zspec = P (Z = 0|Y = 0).
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The expected case odds in samples collected using SRS is

Odds(cases|SRS) =
EDSRS(n)[Y |S = 1]

1− EDSRS(n)[Y |S = 1]

=
P (Y = 1)

P (Y = 0)
.

Then, the case/control odd ratio of samples obtained with SGS compared to that of SRS is:

Oratio =
EDSGS(n)[Y |S = 1]

1− EDSGS(n)[Y |S = 1]
/

EDSRS(n)[Y |S = 1]

1− EDSRS(n)[Y |S = 1]

=
EDSGS(n)[Y |S = 1]

1− EDSGS(n)[Y |S = 1]
/
P (Y = 1)

P (Y = 0)

=
RZsens + pZ(1−R− Zsens)
R(1− Zspec) + pZ(Zspec −R)

.

(A.1)

Assume that the outcome is rare, so P (Y = 1) ≈ 0. Then, a linear approximation of (A.1)

is

Oratio =
RZsens + pZ(1−R− Zsens)
R(1− Zspec) + pZ(Zspec −R)

=

R

1− P (Y = 1|Z = 1)
(LR+) +

1−R
P (Y = 0|Z = 0)

(LR−)

R

1− P (Y = 1|Z = 1)
+

1−R
P (Z = 0|Y = 0)

≈(R)(LR+) + (1−R)(LR−)

(A.2)

where
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LR+ =
P (Z = 1|Y = 1)

P (Z = 1|Y = 0)
=

Zsens
1− Zspec

=

P (Y = 1|Z = 1)

P (Y = 0|Z = 1)

P (Y = 1)

P (Y = 0)

LR− =
P (Z = 0|Y = 1)

P (Z = 0|Y = 0)
=

1− Zsens
Zspec

=

P (Y = 1|Z = 0)

P (Y = 0|Z = 0)

P (Y = 1)

P (Y = 0)

LR+ and LR− are the likelihood ratios of the surrogate Z in predicting the outcome Y

among surrogate positives and negatives, respectively.
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A.0.3 Details of enrichment surrogate for data application

Table A.1 shows details of the set of ICD codes used to construct an enrichment surrogate

which is used for collecting reports that are more likely to contain vertebral fracture. The

enrichment surrogate was defined as

Zi = I((count vertebral fracture ICD codes in Table A.1 within 90 days for subject i) > 1).
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Table A.1: Set of International Classification of Disease (ICD) codes used to define enrich-
ment surrogate

ICD code Long description
806.25 Closed fracture of T7-T12 level with unspecified spinal cord injury
806.26 Closed fracture of T7-T12 level with complete lesion of cord
806.27 Closed fracture of T7-T12 level with anterior cord syndrome
806.28 Closed fracture of T7-T12 level with central cord syndrome
806.29 Closed fracture of T7-T12 level with other specified spinal cord injury
806.35 Open fracture of T7-T12 level with unspecified spinal cord injury
806.39 Open fracture of T7-T12 level with other specified spinal cord injury
806.4 Closed fracture of lumbar spine with spinal cord injury
806.5 Open fracture of lumbar spine with spinal cord injury
806.6 Closed fracture of sacrum and coccyx with unspecified spinal cord injury
806.61 Closed fracture of sacrum and coccyx with complete cauda equina lesion
806.62 Closed fracture of sacrum and coccyx with other cauda equina injury
806.69 Closed fracture of sacrum and coccyx with other spinal cord injury
806.8 Closed fracture of unspecified vertebral column with spinal cord injury
806.9 Open fracture of unspecified vertebral column with spinal cord injury
733.13 Pathologic fracture of vertebrae
805.4 Closed fracture of lumbar vertebra without mention of spinal cord injury
805.5 Open fracture of lumbar vertebra without mention of spinal cord injury
805.6 Closed fracture of sacrum and coccyx without mention of spinal cord injury
805.7 Open fracture of sacrum and coccyx without mention of spinal cord injury
805.8 Closed fracture of unspecified vertebral column without mention of spinal cord injury
805.9 Open fracture of unspecified vertebral column without mention of spinal cord injury
809 Fracture of bones of trunk, closed

809.1 Fracture of bones of trunk, open
V54.17 Aftercare for healing traumatic fracture of vertebrae
V54.27 Aftercare for healing pathologic fracture of vertebrae



169

Appendix B

APPENDIX FOR CHAPTER 3



170

B.0.1 Proof of Lemma 1: Statistical validity of mlSGS for model development

For the multi-label surrogate-guided sampling (mlSGS) design consisting of sub-samples

{S1, . . . ,SK ,SSRS}, let Z̃ ∈ {0, 1}K indicate the binary surrogate vector and S̃ =

(S1 . . . SK , SSRS) denote the vector of sampling into each sub-sample. For each k = 1, . . . , K,

since sampling into the sub-samples only depends on surrogate positives, Sk ⊥ Zk|(Ỹ , Sk′).

Therefore, factoring the joint distribution to products of conditional distributions,

P (S̃|Z̃, Ỹ ) = P (S1, . . . , SK , SSRS|Z̃, Ỹ )

= P (SK |SSRS, S1, . . . , SK−1, Z̃, Ỹ )× . . .× P (S1|SSRS, Z̃, Ỹ )× P (SSRS|Z̃, Ỹ )

= P (SK |SSRS, S1, . . . , SK−1, Z̃)× . . .× P (S1|SSRS, Z̃)× P (SSRS|Z̃)

= P (S̃|Z̃),

where

P (S̃|Z̃, Ỹ ) = P (S̃|Z̃) =⇒ S̃ ⊥ Ỹ |Z̃.

Therefore, by definition

f(Ỹ |Z̃, S̃) = f(Ỹ |Z̃),

and for any function g(S̃),

f(Ỹ |Z̃, g(S̃)) = f(Ỹ |Z̃).
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B.0.2 Proof of Lemma 2: Sampling weights of mlSGS with sequential sampling implemen-

tation

For the multi-label surrogate-guided sampling (mlSGS) design consisting of sub-samples

{S1, . . . ,SK ,SSRS} each having size {n1 . . . nK , nSRS}, let S̃ = (S1 . . . SK , SSRS) denote the

vector of sampling into each sub-sample. Denote overall sampling weights under the mlSGS

design with sequential sampling implementation as

πi = P (S̃T 1̃ = 1|Z̃i = z̃)

= P (i ∈ {S1, . . . ,SK ,SSRS})

= P (i ∈ SSRS) ∪ P (i ∈ S1) ∪ . . . ∪ P (i ∈ SK).

For the SRS sub-sample SSRS: From the cohort of N subjects, nSRS are drawn randomly.

Therefore, the sub-sample sampling weights are:

πSRS,i := P (i ∈ SSRS)

= P (SSRS = 1|Z̃i = z̃)

=
nSRS
N

For the sub-sample S1: From the remaining N − nSRS subjects, n1 are drawn from those

with Z1 = 1. Therefore, the sub-sample sampling weights are:
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π1,i := P (i ∈ S1)

= P (S1 = 1|Z̃i = z̃)

=
∑

s∈{0,1}

P (S1 = 1|SSRS = s, Z̃i = z̃)P (SSRS = s|Z̃i = z̃)

= P (S1 = 1|SSRS = 0, Z̃i = z̃)P (SSRS = 0|Z̃i = z̃)

=
P (Z̃i = z̃|S1 = 1, SSRS = 0)

P (Z̃i = z̃|SSRS = 0)

P (Z̃i = z̃|SSRS = 0)

P (Z̃i = z̃)
× P (S1 = 1|SSRS = 0)P (SSRS = 0)

=
P (Z̃i = z̃|S1 = 1, SSRS = 0)

P (Z̃i = z̃)
×
(

n1

N − nSRS

)(
N − nSRS

N

)

=


P (Z̃i = z̃|S1 = 1)

P (Z̃i = z̃)
× n1

N
, Z1i = 1

0, Z1i = 0

since SSRS ⊥ Z̃, S1 = 1 only when SSRS = 0, and that S1 = 1 is based only on Z1 = 1.

For the sub-sample S2: From the remaining N − nSRS − n1 subjects, n2 are drawn from

those with Z2 = 1. Therefore, the sub-sample sampling weights are:
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π2,i := P (i ∈ S2)

= P (S2 = 1|S1 = 0, SSRS = 0, Z̃i = z̃)

= P (S2 = 1|S1 = 0, SSRS = 0, Z̃i = z̃)P (S1 = 0, SSRS = 0|Z̃i = z̃)

=
P (Z̃i = z̃|S2 = 1, S1 = 0, SSRS = 0)

P (Z̃i = z̃|S1 = 0, SSRS = 0)

P (Z̃i = z̃|S1 = 0, SSRS = 0)

P (Z̃i = z̃)

× P (S2 = 1|S1 = 0, SSRS = 0)P (S1 = 0, SSRS = 0)

=
P (Z̃i = z̃|S2 = 1, S1 = 0, SSRS = 0)

P (Z̃i = z̃)
×
(

n2

N − nSRS − n1

)(
N − nSRS − n1

N

)

=


P (Z̃i = z̃|S2 = 1, S1 = 0)

P (Z̃i = z̃)
× n2

N
, Z2i = 1

0, Z2i = 0

since SSRS ⊥ Z̃, S2 = 1 only when SSRS = 0, S1 = 0, and that S2 = 1 is based only on Z2 = 1.

Generalizing to the sub-sample Sk: From the remaining N − nSRS −
K∑
k′<k

nk subjects,

nk are drawn from those with Zk = 1. Therefore, the sub-sample sampling weights are:
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πk,i := P (i ∈ Sk)

= P (Sk = 1|Sk′<k = 0, SSRS = 0, Z̃i = z̃)P (Sk′<k = 0, SSRS = 0, Z̃i = z̃)

=
P (Z̃i = z̃|Sk = 1, Sk′<k = 0, SSRS = 0)

P (Z̃i = z̃|Sk′<k = 0, SSRS = 0)

P (Z̃i = z̃|Sk′<k = 0, SSRS = 0)

P (Z̃i = z̃)

× P (Sk = 1|Sk′<k = 0, SSRS = 0)P (Sk′<k = 0, SSRS = 0)

=
P (Z̃i = z̃|Sk = 1, Sk′<k = 0, SSRS = 0)

P (Z̃i = z̃)
×

 nk

N − nSRS −
K∑
k′<k

nk



N − nSRS −

K∑
k′<k

nk

N


=


p
(k)

Z̃i
× nk
N
, Zki = 1

0, Zki = 0

with p
(k)

Z̃i
:=

P (Z̃i = z̃|Sk = 1, Sk′<k = 0)

P (Z̃i = z̃)
, since SSRS ⊥ Z̃, Sk = 1 only when

SSRS = 0, Sk′<k = 0, and that Sk = 1 is based only on Zk = 1.

Computation and approximation of p
(k)

Z̃i
: The ratio of surrogate cross-classification val-

ues comparing subsample Sk to cohort D, p
(k)

Z̃i
, may be computed empirically. Alternatively,

assuming that the total mlSGS sample size n is much smaller than cohort size N such that

any perturbations in distributions when cascading down the subsample sequence is negligible,

we claim that

p
(k)

Z̃i
≈ P (Zk = 1)−1.

We demonstrate this claim for K = 2 and note that it generalizes with additional algebra.

For Z̃T
i ∈ {0, 1}K , K=2, let pZ1 and pZ2 denote the marginal proportions of Z1 = 1 and

Z2 = 1 respectively in the cohort. Since there are only 2K -1 = 3 degrees of freedom in the
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cross-classifications of Z̃T
i , then observe the following cross-classification proportions:

(Z1, Z2) pZ̃i
in D pZ̃i

in S1
P (Z̃i = z̃|S1 = 1)

P (Z̃i = z̃)
pZ̃i

in S2
P (Z̃i = z̃|S2 = 1)

P (Z̃i = z̃)

(1,1) pZ1,Z2
pZ1,Z2
pZ1

1

pZ1

pZ1,Z2
pZ2

1

pZ2

(1,0) pZ1 - pZ1,Z2
pZ1 − pZ1,Z2

pZ1

1

pZ1
0 0

(0,1) pZ2 - pZ1,Z2 0 0
pZ2 − pZ1,Z2

pZ2

1

pZ2
(0,0) 1-pZ1 - pZ2 + pZ1,Z2 0 0 0 0

Therefore, since

P (Z̃i = z̃|Sk = 1)

P (Z̃i = z̃)
=

1

P (Zk = 1)
,

assuming that n << N so that P (Z̃i = z̃|Sk = 1) ≈ P (Z̃i = z̃|Sk = 1, Sk′<k = 0) then

p
(k)

Z̃i
≈ 1

P (Zk = 1)
.

Overall sampling weights: Finally, the overall sampling weight for subject i is

πi =
nSRS
N

+ Z1i
n1

N
p
(1)

Z̃i
+ . . .+ ZKi

nK
N
p
(K)

Z̃i
.
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B.0.3 Details of surrogate creation in the data application example

Table B.1: International Classification of Disease (ICD) codes and long description of ICD
codes used to create surrogate variables for the multi-label surrogate-guided sampling design
(mlSGS) illustrated in the data application example.

(a) ICD codes used to create surrogate for aortic aneurysm

ICD code Long description
441.4 Abdominal aneurysm without mention of rupture
441.2 Thoracic aneurysm without mention of rupture
441.9 Aortic aneurysm of unspecified site without mention of rupture
447.72 Abdominal aortic ectasia
441.7 Thoracoabdominal aneurysm, without mention of rupture
441.01 Dissection of aorta, thoracic
441.1 Thoracic aneurysm, ruptured
441.02 Dissection of aorta, abdominal
441.03 Dissection of aorta, thoracoabdominal
441.3 Abdominal aneurysm, ruptured
441.5 Aortic aneurysm of unspecified site, ruptured

(b) ICD codes used to create surrogate for infection

ICD code Long description
730.28 Unspecified osteomyelitis, other specified sites
324.1 Intraspinal abscess
730.08 Acute osteomyelitis, other specified sites
324.9 Intracranial and intraspinal abscess of unspecified site
730.18 Chronic osteomyelitis, other specified sites
730.88 Other infections involving bone in diseases classified elsewhere, other specified sites
730.98 Unspecified infection of bone, other specified sites
39 Cutaneous actinomycotic infection
478.24 Retropharyngeal abscess
711.8 Arthropathy associated with other infectious and parasitic diseases, site unspecified
730.19 Chronic osteomyelitis, multiple sites
730.29 Unspecified osteomyelitis, multiple sites
730.89 Other infections involving bone in diseases classified elsewhere, multiple sites
730.9 Unspecified infection of bone, site unspecified
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(c) ICD codes used to create surrogate for spinal malignancy

ICD code Long description
733.13 Pathologic fracture of vertebrae
V54.27 Aftercare for healing pathologic fracture of vertebrae
239.2 Neoplasm of unspecified nature of bone, soft tissue, and skin
733.20 Cyst of bone (localized), unspecified
198.5 Secondary malignant neoplasm of bone and bone marrow
V54.29 Aftercare for healing pathologic fracture of other bone
225.2 Benign neoplasm of cerebral meninges
225.3 Benign neoplasm of spinal cord
731.0 Osteitis deformans without mention of bone tumor
225.4 Benign neoplasm of spinal meninges
238.0 Neoplasm of uncertain behavior of bone and articular cartilage
733.29 Other bone cyst
170.9 Malignant neoplasm of bone and articular cartilage, site unspecified
V10.81 Personal history of malignant neoplasm of bone
170.2 Malignant neoplasm of vertebral column, excluding sacrum and coccyx
192.2 Malignant neoplasm of spinal cord
170.6 Malignant neoplasm of pelvic bones, sacrum, and coccyx
213.9 Benign neoplasm of bone and articular cartilage, site unspecified
213.2 Benign neoplasm of vertebral column, excluding sacrum and coccyx
192.3 Malignant neoplasm of spinal meninges
213.6 Benign neoplasm of pelvic bones, sacrum, and coccyx
209.73 Secondary neuroendocrine tumor of bone
733.21 Solitary bone cyst
192.1 Malignant neoplasm of cerebral meninges
237.6 Neoplasm of uncertain behavior of meninges

(d) ICD codes used to create surrogate for spondyloarthropathy

ICD code Long description
720.2 Sacroiliitis, not elsewhere classified
720.0 Ankylosing spondylitis
720.9 Unspecified inflammatory spondylopathy
718.50 Ankylosis of joint, site unspecified
718.55 Ankylosis of joint, pelvic region and thigh
718.58 Ankylosis of joint, other specified sites
718.51 Ankylosis of joint, shoulder region
720.89 Other inflammatory spondylopathies
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APPENDIX FOR CHAPTER 4
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C.0.1 Proof of Lemma 1

For subject i let

∆i =

1, sampled

0, otherwise

Under the PCC design, for strata defined by scores S exceeding threshold k, sampling is

based on re-weighting strata frequencies. Thus by construction

P (Si > k|∆i = 1) = w

P (Si ≤ k|∆i = 1) = 1− w.

Therefore,

PPCC(∆i = 1) =

P (∆i = 1|Si > k), Si > k

P (∆i = 1|Si ≤ k), Si ≤ k

=


P (Si > k|∆i = 1)P (∆i = 1)

P (Si > k)
, Si > k

P (Si ≤ k|∆i = 1)P (∆i = 1)

P (Si ≤ k)
, Si ≤ k

=


P (∆i = 1)× w

P (Si > k)
, Si > k

P (∆i = 1)× 1− w
P (Si ≤ k)

, Si ≤ k

Let w = P (Si > k). Then,
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PPCC(∆i = 1) =


P (∆i = 1)× w

w
, Si > k

P (∆i = 1)× 1− w
1− w

, Si ≤ k

:= PSRS(∆i = 1)
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C.0.2 Proof of Lemma 2

Define pi = expit(Si) so p is monotone increasing in S. Since PCC is a stratified sampling

strategy,

EPCC [p] = E[p|I(S > k)]w + E[p|I(S ≤ k)](1− w)

and recall that for fixed k, ESRS[p] = EPCC [p] when w = P (S > k). For the Binary Entropy

criterion defined as φB(x) = −x log2(x)− (1− x) log2(1− x), φB(p(S)) = f(S) is a function

of the scores. For the same fixed k, consider the alternative PCC configurations of either

w > P (S > k) or w < P (S > k).

Case: w > P (S > k) Using w > P (S > k) implies that EPCC [p] > ESRS[p]. Therefore,

φB(p(S)|PCC) > φB(p(S)|SRS)) in the region of E[p] < 0.50 as H(x) is monotone

increasing in x when x < 0.50. Therefore for rare outcomes using higher stratum weights

results in higher sample Binary Entropy.

Case: w < P (S > k) Using w < P (S > k) implies that EPCC [p] < ESRS[p]. Therefore,

φB(p(S)|PCC) > φB(p(S)|SRS)) in the region of E[p] < 0.50 as φB(x) is monotone de-

creasing in x when x < 0.50. Therefore for very prevalent outcomes using lower stratum

weights results in higher sample Binary Entropy.
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C.0.3 Additional simulation results for model recalibration

Comments on results:

• The power function under the PCC design is generally higher than under the SRS

design.

• PCC benefit more pronounced for smaller effect size α0 = − log(1.5) compared to

− log(2).

• Both designs provide correct test size.
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Comments on results:

• The power function under the PCC design is generally higher than under the SRS

design.

• PCC benefit more pronounced for smaller effect size α1 = 0.80 compared to 0.60.

• Both designs provide correct test size.



184

C.0.4 Details of true model definitions for data application example

The source model was estimated with the Logistic Lasso procedure, with source model coef-

ficients ˆ̃β estimated using:

ˆ̃β = argmin
β̃

{
n∑
i=1

−Yi(β0 + X̃T
i β̃ + log(1 + exp(β0 + X̃T

i β̃)) + λ||β̃||1

}
.

The penalty parameter λ was selected with 10-fold cross-validation using the AUC loss

function, using value within 1 standard error (lambda.1se); cross-validation error plot:

From the selected 38 features, by thresholding to 0.25 we obtained a smaller subset of 23;

these coefficients together defined the “source model”, which were:

Features Estimate
Intercept -2.92
anterior 1.55
compress 1.45
deform 1.20
endplat 0.83
not 0.81
fractur 0.67

slight 0.50
none 0.42
age category60+ 0.41
bodi 0.40
bone 0.34
sever 0.33
desicc 0.31
later -0.26

spur -0.28
evid -0.29
miner -0.30
intact -0.31
sclerosi -0.32
degen -0.38
preserv -0.48
maintain -0.51
no -1.09

The scores were computed as Si = X̃T
i

ˆ̃β. Note that the AUC in discriminating cases (Y=1)

and controls (Y=0) by using S as the single test was 0.83. The score distribution by

case/control status was:
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The recalibration parameters were estimated to be α0 = −1.00, α1 = 0.89 us-

ing logit(E[Yi|Si]) = α0 + α1Si. The revision parameters were estimated with

logit(E[Yi|Si, X̃T
i ]) = α0 + α1Si + X̃T

i γ̃ with

(α̂0, α̂1, ˆ̃γ) = argmin
α0,α1,γ̃

{
n∑
i=1

−Yi(α0 + α1Si + X̃T
i γ̃ + log(1 + exp(α0 + α1Si + X̃T

i γ̃)) + λ||γ̃||1

}
,

From the selected 64 features, by thresholding to 0.50 we obtained a smaller subset of 6;

these coefficients together defined the “target model”, which were:

Feature Estimate
sublux 1.42
deform 1.15
fractur 0.78
scoliosi 0.78
normal -0.53
desicc -0.57


