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This dissertation addresses statistical methodology commonly used in human rights research

and child mortality estimation. We first consider two related problems, record linkage and

multiple-systems estimation, typically used to estimate the number of civilian casualties in

the wake of a conflict when probability surveys are not available, and then consider the

problem of estimating child mortality over time in a country that has experienced conflict.

In Chapter 2, we propose a novel Bayesian approach for record linkage in the general setting

where there may be any number of files, with arbitrary patterns of duplication across files. In

Chapter 3, we present a re-framing of multiple-systems estimation which places identifying

assumptions front and center in the multiple-systems estimation workflow, and examine

how common models fit into this framing. In Chapter 4, we develop spatial and temporal

smoothing models which incorporate knowledge of expected shocks in child mortality, such as

the timing of a conflict, leading to estimates of child mortality which are not oversmoothed.

Finally, we conclude with discussion of future work in Chapter 5.
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Chapter 1

INTRODUCTION

Assessing the extent of mortality in the wake of a conflict is an important task in human

rights research and demography. This dissertation addresses the statistical methodology

used in such settings. Chapters 2 and 3 address the methodology of two related problems,

record linkage and multiple-systems estimation. When probability surveys are not available

in the wake of a conflict, record linkage and multiple-systems estimation are typically used in

conjunction to estimate the number of civilian casualties from convenience samples. Chapter

4 addresses the methodology used to estimate child mortality from probability surveys over

time in a country that has experienced a conflict.

Merging datafiles containing information on overlapping sets of entities is a challenging

task in the absence of unique identifiers, and is further complicated when some entities are

duplicated in the datafiles. Most approaches to this problem have focused on linking two files

assumed to be free of duplicates, or on detecting which records in a single file are duplicates.

However, it is common in practice to encounter scenarios that fit somewhere in between or

beyond these two settings. In Chapter 2 we propose a Bayesian approach for the general

setting of what we refer to as multifile record linkage and duplicate detection.

The problem of estimating the size of a population based on a subset of individuals

observed across multiple data sources is often referred to as capture-recapture or multiple-

systems estimation (MSE). This is fundamentally a missing data problem, where the number

of unobserved individuals represents the missing data. As with any missing data problem,

MSE requires users to make an untestable identifying assumption in order to estimate the

population size from the observed data. In Chapter 3 we present a re-framing of the MSE

problem that leads to an approach which places the identifying assumption front and center
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in the MSE workflow, and examine how common MSE models fit into this approach.

The under-5 mortality rate (U5MR) is an important statistic in understanding the health

of a country. In lower and middle income countries, estimates of U5MR are typically based

on household surveys. Reliable estimation from such surveys at fine spatio-temporal scales

require the usage of smoothing models which borrow information across space and time. The

assumptions of these smoothing models may not be realistic when certain time periods or

regions are expected to have shocks in mortality relative to their neighbors, such as when

a conflict occurs. In such settings, these models can lead to oversmoothing of U5MR esti-

mates. In Chapter 4 we develop spatial and temporal smoothing models which incorporate

knowledge of these expected shocks in mortality, leading to estimates of U5MR which are

not oversmoothed.

We conclude with discussion of future work in Chapter 5.
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Chapter 2

MULTIFILE PARTITIONING FOR RECORD LINKAGE AND
DUPLICATE DETECTION

2.1 Introduction

When information on individuals is collected across multiple datafiles, it is natural to merge

these datafiles to harness all available information. This merging requires identifying coref-

erent records, i.e., records that refer to the same entity, which is not trivial in the absence

of unique identifiers. This problem arises in many fields, including public health [59], official

statistics [67], political science [36], and human rights [114, 115, 10].

Most approaches in this area have thus far focused on one of two settings. Record linkage

has traditionally referred to the setting where the goal is to find coreferent records across

two datafiles, where the files are assumed to be free of duplicates. Duplicate detection has

traditionally referred to the setting where the goal is to find coreferent records within a

single file. In practice, however, it is common to encounter problems that fit somewhere in

between or beyond these two settings. For example, we could have multiple datafiles that

are all assumed to be free of duplicates, or we might have duplicates in some files but not

in others. In these general settings, the data collection processes for the different datafiles

possibly introduce different patterns of duplication, measurement error, and missingness into

the records. Further, dependencies among these data collection processes determine which

specific subsets of files contain records of the same entity. We refer to this general setting as

multifile record linkage and duplicate detection.

Traditional approaches to record linkage and duplicate detection have mainly followed

the seminal work of [42], by modeling comparisons of fields between pairs of records in a

mixture model framework [141, 67, 75]. These approaches work under, and take advantage
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of, the intuitive assumption that coreferent records will look similar, and non-coreferent

records will look dissimilar. However, these approaches output independent decisions for the

coreference status of each pair of records, necessitating the use of ad hoc post-processing

steps to reconcile incompatible decisions that ignore the logical constraints of the problem.

Our approach to multifile record linkage and duplicate detection builds on previous

Bayesian approaches where the parameter of interest is defined as a partition of the records.

These Bayesian approaches have been carried out in two frameworks. In the direct-modeling

framework, one directly models the fields of information contained in the records [91, 131,

82, 125, 126, 132, 90, 37], which requires a custom model for each type of field. While this

framework can provide a plausible generative model for the records, it can be difficult to

develop custom models for complicated fields like strings, so most approaches are limited to

modeling categorical data, with some exceptions [82, 125]. In the comparison-based frame-

work, following the traditional approaches, one models comparisons of fields between pairs

of records [48, 74, 114, 115]. By modeling comparisons of fields, instead of the fields directly,

a generic modeling approach can be taken for any field type, as long as there is a meaningful

measure of similarity for that field type.

[117] generalized [42] by linking K > 2 files with no duplicates. However, in addition

to inheriting the issues of traditional approaches, their approach does not scale well in the

number of files or the file sizes encountered in practice. [126] presented a Bayesian approach in

the direct-modeling framework for the general setting of multifile record linkage and duplicate

detection, which has been extended by [125] and [90]. This approach uses a flat prior on

arbitrary labels of partitions, which incorporates unintended prior information.

In light of the shortcomings of existing approaches, we propose an extension of Bayesian

comparison-based models that explicitly handles the setting of multifile record linkage and

duplicate detection. We first present in Section 2.2 a parameterization of partitions specific

to the context of multifile record linkage and duplicate detection. Building on this parame-

terization, in Section 2.3 we construct a structured prior for partitions that can incorporate

prior information about the data collection processes of the files in a flexible manner. As
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a by-product, a family of priors for K-partite matchings is constructed. In Section 2.4 we

construct a likelihood function for comparisons of fields between pairs of records that accom-

modates possible differences in the datafile collection processes. In Section 2.5 we present

a family of loss functions that we use to derive Bayes estimates of partitions. These loss

functions have an abstain option which allow portions of the partition with large amounts

of uncertainty to be left unresolved. Finally, we explore the performance of our proposed

methodology through simulation studies in Section 2.6. In Appendix A we present an appli-

cation of our proposed approach to link three Colombian homicide record systems.

2.2 Multifile Partitioning

Consider K files X1, · · · ,XK , each containing information on possibly overlapping subsets

of a population of entities. The goal of multifile record linkage and duplicate detection is

to identify the sets of records in X1, · · · , XK that are coreferent, as illustrated in Figure

2.1. Identifying coreferent records across datafiles represents the goal of record linkage, and

identifying coreferent records within each file represents the goal of duplicate detection.

Name DOB …

John A. Smith 06/09/89 …

John B. Smith 07/10/89 …

Jane Doe 08/28/72 …

… … …

Name DOB …

John Smith NA/NA/89 …

Janet Dole NA/NA/72 …

Robert Kim NA/NA/92 …

… … …

Name DOB …

Jack Smith 06/NA/89 …

Bob Kim 04/NA/92 …

Rob Kim 04/NA/92 …

… … …

?
?

?

?

?

?

?

X3X2X1

?

?

Figure 2.1: A toy example of the multifile record linkage and duplicate detection problem.

We denote the number of records contained in datafile Xk as rk, and the total number of

records across all files as r =
∑K

k=1 rk. We label the records in all datafiles in a consecutive

order, that is, those in X1 as R1 = (1, · · · , r1), those in X2 as R2 = (r1 + 1, · · · , r1 + r2),

and so on, finally labeling the records in XK as RK = (
∑K−1

k=1 rk + 1, · · · , r). We denote
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[r] = (1, · · · , r), where it is clear that [r] = (R1, · · · , RK), which represents all the records

coming from all datafiles.

Formally, multifile record linkage and duplicate detection is a partitioning problem. A

partition of a set is a collection of disjoint subsets, called clusters, whose union is the original

set. In this context, the term coreference partition refers to a partition C of all the records in

X1, · · · , XK , or equivalently a partition C of [r], such that each cluster c ∈ C is exclusively

composed of all the records generated by a single entity [91, 114]. This implies that there

is a one-to-one correspondence between the clusters in C and the entities represented in at

least one of the datafiles. Estimating C is the goal of multifile record linkage and duplicate

detection.

2.2.1 Multifile Coreference Partitions

In the setting of multifile record linkage and duplicate detection, the datafiles are the product

of K data collection processes, which possibly introduce different patterns of duplication,

measurement error, and missingness. This indicates that records coming from different

datafiles should be treated differently. To take this into account, we introduce the concept

of a multifile coreference partition by endowing a coreference partition C with additional

structure to preserve the information on where records come from. Each cluster c ∈ C can

be decomposed as c = c1 ∪ · · · ∪ ck ∪ · · · ∪ cK , where ck is the subset of records in cluster c

that belong to datafile Xk, which leads us to the following definition.

Definition 2.1. The multifile coreference partition of datafiles X1, · · · ,XK is obtained from

the coreference partition C by expressing each cluster c ∈ C as a K-tuple (c1, · · · , cK), where

ck represents the records of c that come from datafile Xk.

For simplicity we will continue using the notation C to denote a multifile coreference

partition, although technically this new structure is richer and therefore different from a

coreference partition that does not preserve the datafile membership of the records. The

multifile representation of partitions is useful for decoupling the features that are important
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for within-file duplicate detection or for across-files record linkage.

For duplicate detection, the goal is to identify coreferent records within each datafile.

This can be phrased as estimating the within-file coreference partition Ck of each datafile

Xk. Clearly, these Ck can be obtained from the multifile partition C by extracting the kth

entry of each cluster c = (c1, . . . , cK) ∈ C. Two useful summaries of a given within-file

partition Ck are the number of within-file clusters nk = |Ck|, which is the number of unique

entities represented in datafile Xk, and the within-file cluster sizes dk = {|ck| : ck ∈ Ck},

which represent the number of records associated with each entity in datafile Xk.

On the other hand, in record linkage the goal is to identify coreferent records across

datafiles. Given the within-file partitions, C1, · · · , CK , the goal can be phrased as identify-

ing which clusters across these partitions represent the same entities. This across-datafiles

structure can be formally represented by a K-partite matching. Given K sets V1, · · · , VK ,

a K-partite matching M is a collection of subsets from ∪K
k=1Vk such that each m ∈ M

contains maximum one element from each Vk. If we think of each Vk as the set of clusters

Ck representing the entities in datafile Xk, then it is clear that the goal is to identify the

K-partite matching M that puts together the clusters that refer to the same entities across

datafiles. This structure can be extracted from a multifile coreference partition C, given that

each element c = (c1, . . . , cK) ∈ C contains the coreferent clusters across all within-file par-

titions. Indeed, a multifile coreference partition can be thought of as a K-partite matching

of within-file coreference partitions.

A useful summary of the across-datafile structure is the amount of entity-overlap between

datafiles, represented by the number of clusters c = (c1, . . . , cK) ∈ C with records in specific

subsets of the files. We can concisely summarize the entity-overlap of the datafiles through

a contingency table. In particular, consider a 2K contingency table with cells indexed by

h ∈ {0, 1}K and corresponding cell counts nh. Here, h represents a pattern of inclusion of

an entity in the datafiles, where a 1 indicates inclusion and a 0 exclusion. For instance, if

K = 3, n011 is the number of clusters c = (c1, c2, c3) ∈ C representing entities with records in

datafiles 2 and 3 but without records in datafile 1. We let H = {0, 1}K \{0}K and denote the
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(incomplete) contingency table of counts as n = {nh}h∈H, which we refer to as the overlap

table. We ignore the cell {0}K which would represent entities that are not recorded in any

of the K files. This cell is not of interest in this chapter, although it is the parameter of

interest in population size estimation [see e.g. 20].

Example. To illustrate the concept of a multifile partition, consider two files with five and

seven records respectively, so that X1 contains records 1 − 5 and X2 contains records 6 −

12. Suppose the coreference partition is {{1, 9}, {2}, {3, 8, 10, 11}, {4, 5, 7}, {6}, {12}}. The

corresponding multifile partition is C = {({1}, {9}), ({2}, ∅), ({3}, {8, 10, 11}), ({4, 5}, {7}),

(∅, {6}), (∅, {12})}. As illustrated in Figure 2.2, the within-file partitions can be extracted

as C1 = {{1}, {2}, {3}, {4, 5}} and C2 = {{6}, {7}, {9}, {8, 10, 11}, {12}}, and the within-file

cluster sizes are d1 = (1, 1, 1, 2) and d2 = (1, 1, 1, 3, 1). The overlap table in this case is

{n11, n10, n01}, indicating that n11 = 3 entities are represented in both datafiles, n10 = 1

entity is represented only in the first datafile, and n01 = 2 entities are represented only in the

second datafile. In total, there are n1 = |C1| = n11+n10 = 4 unique entities represented inX1,

n2 = |C2| = n11+n01 = 5 unique entities represented in X2, and n = |C| = n11+n10+n01 = 6

entities among both datafiles.

2.3 A Structured Prior for Multifile Partitions

Bayesian approaches to multifile record linkage and duplicate detection require prior dis-

tributions on multifile coreference partitions. We present a generative process for multifile

partitions, building on our representation introduced in Section 2.2.1. The idea is to generate

a multifile partition by first generating summaries that characterize it, as follows:

1. Generate the number of unique entities n represented in the datafiles, which also cor-

responds to the number of clusters of the multifile partition.

2. Given n, generate an overlap table n = {nh}h∈H so that n =
∑

h∈H nh, where H =

{0, 1}K \ {0}K . From n we can derive the number of entities in datafile Xk as nk =∑
h∈H hknh, where hk is the kth entry of h.
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# of Clusters:
n=6

Overlap Table:

# of Within File Clusters:
n1=4, n2=5

Within File Cluster Sizes:
d1=(1, 1, 1, 2),
d2=(1, 1, 1, 3, 1)

Files Within File 
Partitions Multifile Partition Multifile Partition 

Summaries

In X1 Out X1

In X2 n11=3 n01=2
Out X2 n10=1 -

6
7
8
9
10
11
12

1
2
3
4
5

X1: X2:
1
C1: C2:

2

3

4, 5

6

9

8, 10, 11

7

1
C:

2

3

4, 5

6

9

7

8, 10, 11

12 12

Figure 2.2: An illustration of a multifile partition of [12], where X1 contains records 1− 5

and X2 contains records 6− 12.

3. For each k = 1, · · · , K, given nk, independently generate a set of counts dk = {dki}nk
i=1,

representing the number of records associated with each entity in file Xk. From dk,

we can derive the number of records in file Xk as r′k =
∑nk

i=1 dki. Index the r′k records

as R′
k = (

∑k−1
l=1 r′l + 1, · · · ,

∑k
l=1 r

′
l).

4. For each k = 1, · · · , K, given dk, induce a within-file partition Ck by randomly allo-

cating R′
k into nk clusters of sizes dk1, · · · , dknk

.

5. Given the overlap table n and within-file partitions {C1, · · · , CK}, generate a K-partite

matching of the within-file partitions by selecting uniformly at random from the set of

all K-partite matchings with overlap table n. By definition, the result is a multifile

coreference partition.

By parameterizing each step of this generative process, we can construct a prior distribution

for multifile partitions, as we now show.
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2.3.1 Parameterizing the Generative Process

Prior for the Number of Entities or Clusters. In the absence of substantial prior information,

we follow a simple choice for the prior on the number of clusters, by taking a uniform distri-

bution over the integers less than some upper bound, U , i.e. P(n) = U−1I(n ∈ {1, · · · , U}).

In practice, we set U to be the actual number of records across all datafiles r, which is

observed. More informative specifications are discussed in Appendix A.

Prior for the Overlap Table. Conditional on n, we use a Dirichlet-multinomial distribution

as our prior on the overlap table n = {nh}h∈H. Given a collection of positive hyperparam-

eters for each cell of the overlap table, α = {αh}h∈H, and letting α0 =
∑

h∈H αh, the prior

for the overlap table under this choice is P(n | n) = [(n!)Γ(α0)/Γ(n + α0)]
∏

h∈H[Γ(nh +

αh)/(nh!)Γ(αh)]. Due to conjugacy, α can be interpreted as prior cell counts, which can be

used to incorporate prior information about the overlap between datafiles. In the absence of

substantial prior information, when the number of files is not too large and the overlap table

is not expected to be sparse, we recommend setting α = (1, · · · , 1). In Appendix A we dis-

cuss alternative specifications when the overlap table is expected to be sparse. Prior for the

Within-File Cluster Sizes. Given the number of entities in datafile Xk, nk =
∑

h∈H hknh, we

generate the within-file cluster sizes dk = {dki}nk
i=1 assuming that dk1, · · · , dknk

| nk
iid∼ pk(·).

Here pk(·) represents the probability mass function of a distribution on the positive integers,

so that P(dk | nk) =
∏nk

i=1 pk(dki). We do not expect a priori many duplicates per entity, and

therefore we expect the counts in dk to be mostly ones or to be very small [95, 144]. We there-

fore use a similar approach to [69], and use distributions truncated to the range {1, · · · , Uk},

where Uk is a file-specific upper bound on cluster sizes. We further use distributions where

prior mass is concentrated at small values. A default specification is to use a Poisson dis-

tribution with mean 1 truncated to {1, · · · , Uk}, i.e. pk(dki) ∝ (dki!)
−1I(dki ∈ {1, · · · , Uk}).

More informative options could be used for pk(·) by using any distribution on {1, · · · , Uk},

where this could vary from file to file if some files were known to have more or less duplication.

See Appendix A for more discussion.
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Prior for the Within-File Partitions. Given the within-file cluster sizes dk, the number of

ways of assigning dk1, · · · , dknk
records to clusters 1, · · · , nk, respectively, is given by the

multinomial coefficient r′k!/
∏nk

i=1 dki!, with r′k =
∑nk

i=1 dki. However, the ordering of the

clusters is irrelevant for constructing the within-file partition Ck of R′
k. There are nk! ways of

ordering the nk clusters of Ck, which leads to r′k!/(nk!
∏nk

i=1 dki!) partitions of R
′
k into clusters

of sizes dk1, · · · , dknk
. We then have P(Ck | dk) = (nk!/r

′
k!)
∏nk

i=1 dki!.

Prior for the K-Partite Matching. Given the overlap table n and the within-file partitions

{C1, · · · , CK}, our prior over K-partite matchings of the within-file partitions is uniform.

Thus we just need to count the number of K-partite matchings with overlap table n. This

is taken care of by Proposition 2.1, proven in Appendix A.

Proposition 2.1. The number of K-partite matchings that have the same overlap table,

n = {nh}h∈H, is
∏K

k=1 nk!/
∏

h∈H nh!. Thus P(C | {Ck}Kk=1,n) =
∏

h∈H nh!/
∏K

k=1 nk!.

The Structured Prior for Multifile Partitions. Letting quantities followed by (C) mean they

are computable from C, the density of our structured prior for multifile partitions is

P(C) = P(n)P(n | n)
K∏
k=1

[P(dk | nk)P(Ck | dk)]P(C | {Ck}Kk=1,n)

= P(n(C)) n(C)! Γ(α0)

Γ(n(C) + α0)

∏
h∈H

[
Γ(nh(C) + αh)

Γ(αh)

] K∏
k=1

[
1

r′k(C)!
∏
ck∈Ck

|ck|! pk(|ck|)

]
. (2.1)

2.3.2 Comments and Related Literature

The structured prior for multifile partitions allows us to incorporate prior information about

the total number of clusters, the overlap between files, and the amount of duplication in each

file. If we restrict the prior for the within-file cluster sizes to be pk(dki) = I(dki = 1) for a

given datafile Xk, then we enforce the assumption that there are no duplicates in that file.

Imposing this restriction for all datafiles leads to the special case of a prior for K-partite

matchings, which is of independent interest, as we are not aware of any such constructions

outside of the bipartite case [48, 74, 115].
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Our prior construction, where priors are first placed on interpretable summaries of a

partition and then a uniform prior is placed on partitions which have those summaries,

mimics the construction of the priors on bipartite matchings of [48, 74] and [115], and the

Kolchin and allelic partition priors of [144] and [15]. While the Kolchin and allelic partition

priors could both be used as priors for multifile partitions, these do not incorporate the

datafile membership of records. Using these priors in the multifile setting would imply that

the sizes of clusters containing records from only one file have the same prior distribution as

the sizes of clusters containing records from two files, which should not be true in general.

[95] and [144] proposed the microclustering property as a desirable requirement for par-

tition priors in the context of duplicate detection: denoting the size of the largest cluster

in a partition of [r] by Mr, a prior satisfies the microclustering property if Mr/r → 0 in

probability as r → ∞. A downside of priors with this property is that they can still allow

the size of the largest cluster to go to ∞ as r increases. For this reason [15] introduced the

stronger bounded microclustering property, which we believe is more practically important:

for any r, Mr is finite with probability 1. Our prior satisfies the bounded microclustering

property as Mr ≤
∑K

k=1 Uk.

While our parameter of interest is a partition C of r records, the prior developed in this

section is a prior for a partition of a random number of records. In practice we condition

on the file sizes, {rk}Kk=1, and use the prior P(C | {rk}Kk=1) ∝ P(C)I(r′k(C) = rk(C) for all k),

which alters the interpretation of the prior. A similar problem occurs for the Kolchin partition

priors of [144]. This motivated the exchangeable sequences of clusters priors of [16], which

are similar to Kolchin partition priors, but lead to a directly interpretable prior specification.

It would be interesting in future work to see if an analogous prior could be developed for

our structured prior for multifile partitions. Despite this limitation, we demonstrate in

simulations in Section 2.6 that incorporating strong prior information into our structured

prior for multifile partitions can lead to improved frequentist performance over a default

specification.



13

2.4 A Model for Comparison Data

We now introduce a comparison-based modeling approach to multifile record linkage and

duplicate detection, building on the work of [42, 67, 141, 75, 48, 74] and [114, 115]. Working

under the intuitive assumption that coreferent records will look similar, and non-coreferent

records will look dissimilar, these approaches construct statistical models for comparisons

computed between each pair of records.

There are two implications of the multifile setting described in Section 2.2 that are im-

portant to consider when constructing a model for the comparison data. First, models for

the comparison data should account for the fact that the distribution of the comparisons

between record pairs might potentially change across different pairs of files. For example, if

files Xk and Xk′ are not accurate, whereas files Xq and Xq′ are, then the distribution of

comparisons between Xk and Xk′ will look very different compared with the distribution

of comparisons between Xq and Xq′ . Second, the fields available for comparison will vary

across pairs of files. For example, files Xk and Xk′ may have collected information on a field

that file Xq did not. In this scenario, we would like a model that is able to utilize this extra

field when linking Xk and Xk′ , even though it is not available in Xq. In this section we

introduce a Bayesian comparison-based model that explicitly handles the multifile setting by

constructing a likelihood function that models comparisons of fields between different pairs

of files separately. The separate models are able to adapt to the level of noise of each file

pair, and the maximal number of fields are able to be compared for each file pair.

2.4.1 Comparison Data

We construct comparison vectors for pairs of records to provide evidence for whether they

correspond to the same entity. For k ≤ k′, let Pkk′ = {(i, j) : i < j, i ∈ Xk, j ∈ Xk′}

denote the set of all record pairs between files Xk and Xk′ , and let F be the total number

of different fields available from the K files. For each file pair (k, k′), k ≤ k′, and record

pair (i, j) ∈ Pkk′ , we compare each field f = 1, . . . , F using a similarity measure Sf (i, j),
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which will depend on the data type of field f . For unstructured categorical fields such as

race, Sf can be a binary comparison which checks for agreement. For more structured fields

containing strings or numbers, Sf should be able to capture partial agreements. For example,

string fields can be compared using a string metric like the Levenshtein edit distance [see

e.g. 17], and numeric fields can be compared using absolute differences. Comparison Sf (i, j)

will be missing if field f is not recorded in record i or record j, which includes the case where

field f is not recorded in datafiles Xk or Xk′ .

While we could directly model the similarity measures Sf (i, j), this would require a

custom model for each type of comparison, which inherits similar problems to the direct

modeling of the fields themselves. Instead, we follow [140] and [114, 115] in dividing the

range of Sf into Lf +1 intervals If0, If1, · · · , IfLf
that represent varying levels of agreement,

with If0 representing the highest level of agreement, and IfLf
representing the lowest level

of agreement. We then let γf
ij = l if Sf (i, j) ∈ Ifl, where larger values of γf

ij represent

larger disagreements between records i and j in field f . Finally, we form the comparison

vector γij = (γ1
ij, · · · , γF

ij ). Constructing the comparison data this way allows us to build a

generic modeling approach. In particular, extending [48, 74] and [114, 115], our model for

the comparison data is

γij | C(i) = C(j), (i, j) ∈ Pkk′
iid∼ Mkk′(mkk′),

γij | C(i) ̸= C(j), (i, j) ∈ Pkk′
iid∼ Ukk′(ukk′),

where C is a multifile partition, C(i) denotes record i’s cluster in C, C(i) = C(j) indicates

that records i and j are coreferent, Mkk′(mkk′) is a model for the comparison data among

coreferent record pairs from the file pairXk andXk′ , Ukk′(ukk′) is a model for the comparison

data among non-coreferent record pairs from datafile pair Xk and Xk′ , and mkk′ and ukk′

are vectors of parameters.

In the next section we make two further assumptions that simplify the model parame-

terization. Before doing so, we note a few limitations of our comparison-based model. First,

computing comparison vectors scales quadratically in the number of records. Second, com-
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parison vectors for different record pairs are not actually independent conditional on the

partition [see Section 2 of 131]. Third, modeling discretized comparisons of record fields

represents a loss of information. While the first limitation is computational and unavoidable

in the absence of blocking (see Appendix A), the other two limitations are inferential. De-

spite these limitations, we find in Section 2.6 that the combination of our structured prior

for multifile partitions and our comparison-based model can produce linkage estimates with

satisfactory frequentist performance.

2.4.2 Conditional Independence and Missing Data

Under the assumptions that the fields in the comparison vectors are conditionally indepen-

dent given the multifile partition of the records and that missing comparisons are ignorable

[114, 115], the likelihood of the observed comparison data, γobs, becomes

L(C,Φ | γobs) =
∏
k≤k′

F∏
f=1

Lf∏
l=0

(mfl
kk′)

afl
kk′ (C)(ufl

kk′)
bfl
kk′ (C). (2.2)

Here mfl
kk′ = P(γf

ij = l | C(i) = C(j), (i, j) ∈ Pkk′), u
fl
kk′ = P(γf

ij = l | C(i) ̸= C(j), (i, j) ∈

Pkk′), a
fl
kk′(C) =

∑
(i,j)∈Pkk′

Iobs(γ
f
ij)I(γ

f
ij = l)I(C(i) = C(j)), bflkk′(C) =

∑
(i,j)∈Pkk′

Iobs(γ
f
ij)I(γ

f
ij =

l)I(C(i) ̸= C(j)), Iobs(·) is an indicator of whether its argument was observed, and Φ =

(m,u) where m collects all of the mf
kk′ = (mf0

kk′ , · · · ,m
fLf

kk′ ) and u collects all of the

uf
kk′ = (uf0

kk′ , · · · , u
fLf

kk′ ). For a given multifile partition C, aflkk′(C) represents the number

of record pairs in Pkk′ that belong to the same cluster with observed agreement at level l in

field f , and bflkk′(C) represents the number of record pairs in Pkk′ that do not belong to the

same cluster with observed agreement at level l in field f .

2.5 Bayesian Estimation of Multifile Partitions

Bayesian estimation of the multifile coreference partition C is based on the posterior distribu-

tion p(C,Φ | γobs) ∝ P(C)p(Φ)L(C,Φ | γobs), where P(C) is our structured prior for multifile

partitions (2.1), L(C,Φ | γobs) is the likelihood from our model for comparison data (2.2),
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and p(Φ) represents a prior distribution for the Φ = (m,u) model parameters. We now

specify this prior p(Φ), outline a Gibbs sampler to sample from p(C,Φ | γobs), and present a

strategy to obtain point estimates of the multifile partition C.

2.5.1 Priors for m and u

We will use independent, conditionally conjugate priors for mf
kk′ and uf

kk′ , namely mf
kk′ ∼

Dirichlet(µf0
kk′ , · · · , µ

fLf

kk′ ) and uf
kk′ ∼ Dirichlet(νf0

kk′ , · · · , ν
fLf

kk′ ). In this chapter we will use

a default specification of (µf0
kk′ , · · · , µ

fLf

kk′ ) = (νf0
kk′ , · · · , ν

fLf

kk′ ) = (1, · · · , 1). We believe this

prior specification is sensible for the u parameters, following the discussion in Section 3.2 of

[114], as comparisons amongst non-coreferent records are likely to be highly variable and it

is more likely than not that eliciting meaningful priors for them is too difficult. For the m

parameters, it might be desirable in certain applications to introduce more information into

the prior. For example, one could set µf0
kk′ > · · · > µ

fLf

kk′ to incorporate the prior belief that

higher levels of agreement should have larger prior probability than lower levels of agreement.

Another route would be to use the sequential parameterization of the m parameters, and

the associated prior recommendations, described in [114].

2.5.2 Posterior Sampling

In Appendix A we outline a Gibbs sampler that produces a sequence of samples {C[t],Φ[t]}Tt=1

from the posterior distribution p(C,Φ | γobs), which we will use to obtain Monte Carlo

approximations of posterior expectations involved in the derivation of point estimates Ĉ, as

presented in the next section. In Appendix A, we discuss the computational complexity of

the Gibbs sampler, how computational performance can be improved through the usage of

indexing techniques, and the initialization of the Gibbs sampler.
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2.5.3 Point Estimation

In a Bayesian setting, one can obtain a point estimate Ĉ of the multifile partition using

the posterior P(C | γobs) =
∫
p(C,Φ | γobs)dΦ and a loss function L(C, Ĉ). The Bayes

estimate is the multifile partition Ĉ that minimizes the expected posterior loss E[L(C, Ĉ) |

γobs] =
∑

C L(C, Ĉ)P(C | γobs), although in practice such expectations are approximated using

posterior samples. Previous examples of loss functions for partitions included Binder’s loss

[18] and the variation of information [93], both recently surveyed in [137]. The quadratic and

absolute losses presented in [131] are special cases of Binder’s loss, and [126] drew connections

between their proposed maximal matching sets and the losses of [131].

In many applications there may be much uncertainty on the linkage decision for some

records in the datafiles. For example, in Figure 2.1 it is unclear which of the records with

last name “Smith” are coreferent. It is thus desirable to leave decisions for some records

unresolved, so that the records can be hand-checked during a clerical review, which is common

in practice [see e.g. 10]. In the classification literature, leaving some decisions unresolved is

done through a reject option [see e.g. 57], which here we will refer to as an abstain option.

We will refer to point estimates with and without an abstain option as partial estimates and

full estimates, respectively. We now present a family of loss functions for multifile partitions

which incorporate an abstain option, building upon the family of loss functions for bipartite

matchings presented in [115].

A Family of Loss Functions with an Abstain Option

For the purpose of this section we will represent a multifile partition C as a vector Z =

(Z1, · · · , Zr) of labels, where Zi ∈ {1, . . . , r}, such that Zi = Zj if C(i) = C(j). We represent

a Bayes estimate here as a vector Ẑ = (Ẑ1, . . . , Ẑr), where Ẑi ∈ {1, . . . , r, A}, with A

representing an abstain option intended for records whose linkage decisions are not clear and

need further review. We assign different losses to using the abstain option and to different

types of matching errors. We propose to compute the overall loss additively, as L(Z, Ẑ) =
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∑r
i=1 Li(Z, Ẑ). To introduce the expression for the ith-record-specific loss Li(Z, Ẑ), we use

the notation ∆ij = I(Zi = Zj), and likewise ∆̂ij = I(Ẑi = Ẑj).

The proposed individual loss for record i is

Li(Z, Ẑ) =



λA, if Ẑi = A,

0, if ∆ij = ∆̂ij for all j where Ẑj ̸= A,

λFNM, if Ẑi ̸= A,
∑

j ̸=i ∆̂ij = 0,
∑

j ̸=i ∆ij > 0,

λFM1, if Ẑi ̸= A,
∑

j ̸=i ∆̂ij > 0,
∑

j ̸=i ∆ij = 0,

λFM2, if Ẑi ̸= A,
∑

j ̸=i ∆̂ij > 0,
∑

j ̸=i(1− ∆̂ij)∆ij > 0.

(2.3)

That is, λA represents the loss from abstaining from making a decision; λFNM is the loss from

a false non-match (FNM) decision, that is, deciding that record i does not match any other

record (
∑

j ̸=i ∆̂ij = 0) when in fact it does (
∑

j ̸=i ∆ij > 0); λFM1 is the loss from a type 1 false

match (FM1) decision, that is, deciding that record i matches other records (
∑

j ̸=i ∆̂ij > 0)

when it does not actually match any other record (
∑

j ̸=i ∆ij = 0); and λFM2 is the loss from

a type 2 false match (FM2), that is, a false match decision when record i is matched to

other records (
∑

j ̸=i ∆̂ij > 0) but it does not match all of the records it should be matching

(
∑

j ̸=i(1− ∆̂ij)∆ij > 0).

The posterior expected loss is R(Ẑ) =
∑r

i=1 E[Li(Z, Ẑ) | γobs], where

E[Li(Z, Ẑ) | γobs] =



λA, if Ẑi = A,

λFNM P(
∑

j ̸=i ∆ij > 0 | γobs), if Ẑi ̸= A,
∑

j ̸=i ∆̂ij = 0,

λFM1 P(
∑

j ̸=i ∆ij = 0 | γobs) +

λFM2 P(
∑

j ̸=i(1− ∆̂ij)∆ij > 0 | γobs), if Ẑi ̸= A,
∑

j ̸=i ∆̂ij > 0,

(2.4)

and quantities computed with respect to the posterior distribution, P(Z | γobs), can all be

approximated using posterior samples. While this presentation is for general positive losses

λFNM, λFM1, λFM2 and λA, these only have to be specified up to a proportionality constant [115].

If we do not want to allow the abstain option, then we can set λA = ∞ and the derived full

estimate Ẑ will have a linkage decision for all records. Although we have been using partition

labelings Z, the expressions in (2.3) and (2.4) are invariant to different labelings of the same
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partition. In the two-file case, [115] provided guidance on how to specify the individual losses

λFNM, λFM1, λFM2 and λA in cases where there is a notion of false matches being worse than

false non-matches or vise versa. [115] also gave recommendations for default values of these

losses that lead to good frequentist performance in terms not over- or under-matching across

repeated samples. In Appendix A, we discuss how our proposed loss function differs from

the loss function of [115] and propose a strategy for approximating the Bayes estimate.

2.6 Simulation Studies

To explore the performance of our proposed approach for linking three duplicate-free files, as

in the application to the Colombian homicide record systems of Appendix A, we present two

simulation studies under varying scenarios of measurement error and datafile overlap. The

two studies correspond to scenarios with equal and unequal measurement error across files,

respectively. Both studies present results based on full estimates. In Appendix A we further

explore the performance of our proposed approach for linking three files with duplicates,

with results based on full and partial estimates.

2.6.1 General Setup

We start by describing the general characteristics of the simulations. For each of the sim-

ulation scenarios we conduct 100 replications, for each of which we generate three files as

follows. For each of n = 500 entities, h ∈ H is drawn from a categorical distribution with

probabilities {ph}h∈H, where h represents the subset of files the entity appears in, and so

we change the values of {ph}h∈H across simulation scenarios to represent varying amounts

of file overlap. Files are then created by generating the implied number of records for each

entity. In the additional simulations considered in Appendix A, the generated number of

records for each entity depends not only on h, but also on the duplication mechanism.

All records are generated using a synthetic data generator developed in [133], which al-

lows for the incorporation of different forms of measurement error in individual fields, along

with dependencies between fields we would expect in applications. The data generator first
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generates clean records before distorting them to create the observed records. In particu-

lar, each observed record will have a fixed number of erroneous fields, where errors selected

uniformly at random from a set of field dependent errors displayed in Table 3 of [114] (repro-

duced in Appendix A), with a maximum of two errors per field. We generate records with

seven fields of information: sex, given name, family name, age, occupation, postal code, and

phone number.

For each simulation replicate, we construct comparison vectors as given in Table 4 of [114]

(reproduced in Appendix A). We use the model for comparison data proposed in Section 2.4

with flat priors on m and u as discussed in Section 2.5.1, and the structured prior proposed

in Section 2.3 with a uniform prior on the number of clusters and α = (1, · · · , 1) as described

in Section 2.3.1. Using the Gibbs sampler presented in Appendix A we obtain 1, 000 samples

from the posterior distribution of multifile partitions, and discard the first 100 as burn-

in. In Appendix A we discuss convergence of the Gibbs sampler, present running times

of the proposed approach, and present an extra simulation exploring the running time of

the approach with a larger number of records. We then approximate the Bayes estimate

Ẑ for multifile partitions using the loss function described in Section 2.5.3 as described in

Appendix A. For full estimates, we use the default values of λFNM = λFM1 = 1 and λFM2 = 2

recommended by [115]. In Appendix A we explore alternative specifications of the loss

function.

We will assess the performance of the Bayes estimate using precision and recall with re-

spect to the true coreference partition Z. Let P be the set of all record pairs. Using notation

from Section 2.5.3, let TM(Z, Ẑ) =
∑

(i,j)∈P ∆ij∆̂ij be the number of true matches (record

pairs correctly declared coreferent), FM(Z, Ẑ) =
∑

(i,j)∈P(1−∆ij)∆̂ij be the number of false

matches (record pairs incorrectly declared coreferent), and FNM(Z, Ẑ) =
∑

(i,j)∈P ∆ij(1−

∆̂ij) the number of false non-matches (record pairs incorrectly declared non-coreferent). Then

precision is TM(Z, Ẑ)/[TM(Z, Ẑ)+FM(Z, Ẑ)], the proportion of record pairs declared as

coreferent that were truly coreferent, and recall is TM(Z, Ẑ)/[TM(Z, Ẑ) + FNM(Z, Ẑ)],

the proportion of record pairs that were truly coreferent that were correctly declared as
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coreferent. Perfect performance corresponds to precision and recall both being 1. In the

simulations, we computed the median, 2nd, and 98th percentiles of these measures over the

100 replicate data sets. Additionally, in Appendix A, we assess the performance of the Bayes

estimate when estimating the number of entities, n.

2.6.2 Duplicate-Free Files, Equal Errors Across Files

In this simulation study we explore the performance of our methodology by varying the

number of erroneous fields per record over {1, 2, 3, 5}, and also varying {ph}h∈H, which

determines the amount of overlap, over four scenarios:

• High Overlap: p001 = p010 = p100 = 0.4/3, p011 = p101 = p110 = 0.15, p111 = 0.15,

• Medium Overlap: p001 = p010 = p100 = 0.7/3, p011 = p101 = p110 = 0.05, p111 = 0.15,

• Low Overlap: p001 = p010 = p100 = 0.8/3, p011 = p101 = p110 = 0.05/3, p111 = 0.15,

• No-Three-File Overlap: p001 = p010 = p100 = 0.55/3, p011 = p101 = p110 = 0.15, p111 = 0.

These are intended to represent a range of scenarios that could occur in practice. In the high

overlap scenario 60% of the entities are expected to be in more than one datafile, in the low

overlap scenario 80% of the entities are expected to be represented in a single datafile, and

in the no-three-file overlap scenario no entities are represented in all datafiles.

To implement our methodology, in addition to the general set-up described in Section

2.6.1, we restrict the prior for the within-file cluster sizes so that they have size one with

probability one, incorporating the assumption of no-duplication within files (see Section

2.3.2). Imposing this restriction for all datafiles leads to a prior for tripartite matchings.

To illustrate the impact of using our structured prior, we compare with the results obtained

using our model for comparison data with a flat prior on tripartite matchings.

The results of the simulation are seen in Figure 2.3. We see that our proposed approach

performs consistently well across different settings, with the exception of the no-three-file

overlap setting under high measurement error, where the precision decreases dramatically.
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Figure 2.3: Performance comparison for simulation with equal measurement error across

files. Black lines refer to results under our structured prior, grey lines to results under

the flat prior, solid lines show medians, and dashed lines show 2nd and 98th percentiles.

The approach using a flat prior on tripartite matchings has poor precision in comparison, and

it is particularly low when the amount of overlap is low. This suggests that our structured

prior improves upon the flat prior by protecting against over-matching (declaring noncoref-

erent record pairs as coreferent). In Appendix A we demonstrate how the performance in

the no-three-file overlap setting can be improved through the incorporation of an informative

prior for the overlap table through α.

2.6.3 Duplicate-Free Files, Unequal Errors Across Files

In this simulation study we have different patterns of measurement error across the three

files. Rather than each field in each record having a chance of being erroneous according

to Table 3 of [114], we will use the following measurement error mechanism to generate the

data. For each record in the first file, age is missing, given name has up to seven errors,

and all other fields are error free. For each record in the second file, sex and occupation are
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missing, last name has up to seven errors, and all other fields are error free. For each record

in the third file, phone number and postal code have up to seven errors and all other fields

are error free. Under this measurement error mechanism, there is enough information in the

error free fields to inform pairwise linkage of the files. We further vary {ph}h∈H over the

no-three-file and high overlap settings from Section 2.6.2.

Our goal in this study is to demonstrate that having both the structured prior for par-

titions and the separate models for comparison data from each file-pair can lead to better

performance than not having these components. We will compare our model as described in

Section 2.6.2 to both our model for comparison data with a flat prior on tripartite matchings

(as in Section 2.6.2) and a simplification of our model for comparison data using a single

model for all file-pairs but with our structured prior for partitions.

The results of the simulation are given in Figure 2.4. We see that our proposed approach

outperforms both alternative approaches in both precision and recall in both overlap set-

tings. This suggests that both the structured prior for tripartite matchings and the separate

models for comparison data from each file-pair can help improve performance over alterna-

tive approaches. We note that in the no-three-file (high) overlap setting the precision of the

proposed approach is greater than or equal to the precision of the approach using a single

model for all file-pairs in 98 (100) of the 100 replications.

2.7 Discussion and Future Work

The methodology proposed in this chapter makes three contributions. First, the multifile

partition parameterization, specific to the context of multifile record linkage and duplicate

detection, allows for the construction of our structured prior for partitions, which provides

a flexible mechanism for incorporating prior information about the data collection processes

of the files. This prior is applicable to any Bayesian approach which requires a prior on

partitions, including direct-modeling approaches such as [126]. We are not aware of any

priors for K-partite matchings when K > 2, so we hope our construction will lead to more

development in this area. The second contribution is an extension of previous comparison-
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Figure 2.4: Performance comparison for simulation with unequal measurement error across

files. “Proposed” refers to our proposed approach, “Single Model” refers to the approach

using a single model for all file-pairs and our structured prior for partitions, and “Flat

Prior” refers to the approach using our model for comparison data with a flat prior on

tripartite matchings. Dots show medians, and bars show 2nd and 98th percentiles.

based models that explicitly handles the multifile setting. Allowing separate models for

comparison data from each file pair leads to higher quality linkage. The third is a novel

loss function for multifile partitions which can be used to derive Bayes estimates with good

frequentist properties. Importantly, the loss function allows for linkage decisions to be left

unresolved for records with large matching uncertainty. As with our structured prior on

partitions, the loss function is applicable to any Bayesian approach which requires point

estimates of partitions, including direct-modeling approaches.

There are a number of directions for future work. One direction is the modeling of

dependencies between the comparison fields [see e.g. 75], which should further improve the

quality of the linkage. Another direction is the development of approaches to jointly link

records and perform a downstream analysis, thereby propagating the uncertainty from the

linkage. See Section 7.2 of [19] for a recent review of such joint models. In this direction, a

natural task to consider next is population size estimation, where the linkage of the datafiles

plays a central role [131, 132].
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Chapter 3

THE CENTRAL ROLE OF THE IDENTIFYING
ASSUMPTION IN POPULATION SIZE ESTIMATION

3.1 Introduction

Estimating the size of a closed population is a common problem in many fields, including

ecology [101], epidemiology [62], official statistics [7], and human rights [9]. The available

data typically take the form of multiple lists which record information on a subset of indi-

viduals in a population. When there exists a mechanism to identify which individuals are

the same across lists, multiple-systems estimation (MSE), also known as capture-recapture,

provides an approach to estimating the population size based on the overlap of the lists [20].

MSE is at its heart a missing data problem, as we do not observe all individuals in the

population of interest [see e.g. 47, 87]. As in any missing data problem, MSE requires users

to make an untestable identifying assumption about how the observed individuals relate to

the unobserved individuals in order to estimate the population size from the observed data.

In practice, this means that models with different identifying assumptions can produce ar-

bitrarily different population size estimates, even when the models have identical fits to the

observed data. Thus, any identifying assumptions used in an analysis need to be appropri-

ately justified based on the context of the data. If an appropriate identifying assumption

can not be found for a data set, no estimate of the population size should be produced based

on that data set.

We believe that the central role of specifying the identifying assumption is not sufficiently

appreciated, as it is usually conflated with model specification, which involves both making

an identifying assumption and specifying a model for the observed data. See for example

[45] who wrote “... we are assuming that the model which describes the observed data
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also describes the count of the unobserved individuals. We have no way of checking this

assumption,” and [89] who wrote “The arguably most basic assumption in MSE is that the

noninclusion of the fully unobserved individuals ... can be represented by the same model

that represents the inclusion (and noninclusion) of those we can observe in at least one list.

This is a strong and untestable condition.”

This conflation of identifying assumption specification and model specification has led

practitioners to perform model evaluation by comparing a suite of model fits that are the

results of both fundamentally different identifying assumptions and different model speci-

fications for the observed data [see e.g. 116, 88, 119]. This makes it essentially impossible

to disentangle whether differences in inferences are due to differences in identifying assump-

tions, model specifications for the observed data, or some combination. More importantly,

it is rare in these instances for practitioners to provide justification for any of the identifying

assumptions being used.

In this chapter, we propose an approach for MSE that places the identifying assumption

front and center in the MSE workflow. We first revisit the framing of MSE as a missing data

problem and describe our approach in Section 3.2. Section 3.3 reviews two common MSE

models—log-linear and latent class models—through our missing data framing. In Section

3.4 we focus on the identifying assumption associated with log-linear models, and describe

how it can be used as a building block for alternative identifying assumptions and sensitivity

analyses that examine the impact of the identifying assumption. Finally, in Section 3.5 we

illustrate our approach in a case study of estimating the number of civilian casualties in the

Kosovo war.

3.2 Multiple-Systems Estimation as a Missing Data Problem

3.2.1 The Data

Suppose we have a closed population of N individuals, of which n < N are observed by

one or more of K lists. Let H = {0, 1}K denote the possible patterns of inclusion of the
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individuals in the lists, H∗ = H \ {0}K denote the possible subsets of lists in which each of

the n observed individuals could have been observed, and let xi ∈ H denote the subset of

lists in which individual i was included. For example, with K = 3, xi = (0, 1, 1) indicates

that individual i was observed in lists 2 and 3, but not list 1.

These data for the N individuals can be gathered into a 2K contingency table of list

overlap, where the cells of the table are indexed by h ∈ H, with counts nh =
∑N

i=1 I(xi = h).

We do not observe the count for cell {0}K , n0 := n(0,··· ,0) = N −n, which records the number

of individuals missing from all lists, so the observed contingency table is incomplete. Let

n = {nh}h∈H∗ denote the counts of the incomplete contingency table. The unobserved cell

count n0, or equivalently the population size N , is the target of inference.

3.2.2 The Complete-Data Distribution

Under independent and identically distributed (i.i.d.) sampling of individuals by the lists,

the 2K contingency table of counts is multinomially distributed, i.e.

n, n0 | N,π ∼ Multinomial(N,π), (3.1)

where π = {πh}h∈H ∈ S2K−1 is a set of cell probabilities, and Sd = {(a1, · · · , ad+1) ∈ Rd+1 |∑d+1
i=1 ai = 1, ai > 0 ∀i} denotes the d-dimensional probability simplex. We note that this

multinomial model, introduced as early as [29], is a possible simplification of reality, as it

does not allow for correlation of individuals’ inclusion patterns. We will refer to the model

in (3.1) as the complete-data distribution, for which the evaluation relies on knowing the

complete 2K contingency table of counts. In general, the parameter space for this model

will be some subset of Θ = {N,π | N ∈ N,π ∈ S2K−1}, which we will refer to as the

complete-data parameterization. As shown in Appendix B, when individuals are not i.i.d.

sampled, but are sampled independently with cell probabilities drawn i.i.d. from some mixing

distribution on S2K−1, we also arrive at the model in (3.1). This is the case for common

models for heterogeneity such as the Mh and Mth models of [101]. Because common models

for heterogeneity reduce to (3.1), in the rest of this chapter we will view the cell probabilities
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as being marginal of any possible heterogeneity mechanisms.

3.2.3 Decomposing the Complete-Data Distribution

It is instructive to decompose the complete-data distribution as

p(n, n0 | N,π) = N !
∏
h∈H

πnh
h

nh!
= L1(N, π0 | n)L2(π̃ | n), (3.2)

with L1(N, π0 | n) =
(
N
n

)
πN−n
0 (1 − π0)

n and L2(π̃ | n) = n!
∏

h∈H∗ π̃
nh
h /nh!, where π0 :=

π(0,··· ,0) = 1−
∑

h∈H∗ πh is the probability of being missing from every list, and π̃h = πh

1−π0
=

πh∑
h′∈H∗ πh′

is the probability of being observed in the subset of the lists h conditional on being

observed in at least one list. L1 is a binomial likelihood for n, which has been well studied in

the related binomial N problem literature [see e.g. 113]. L2 is a multinomial likelihood for

the observed data n conditional on their sum n, referred to as the conditional likelihood [45].

We will refer to π0 as the unobserved cell probability and to π̃ as the observed cell probabilities.

This decomposition hints at an alternative to the complete-data parameterization Θ, Θ∗ =

{N, π0, π̃ | N ∈ N, π0 ∈ (0, 1), π̃ ∈ S2K−2}, which we will refer to as the observed-data

parameterization. The two parameterizations are equivalent, so we will work with whichever

is more convenient for exposition.

3.2.4 Identifiability

Before performing inference in a statistical model, it is important to check that the model is

identifiable. For θ ∈ Θ∗, let Pθ denote the complete-data distribution at the set of parameters

θ. Consider the following standard definition of identifiability:

Definition 3.1. The statistical model PΩ = {Pθ | θ ∈ Ω ⊂ Θ∗} is identifiable if ∀θ1, θ2 ∈

Ω, Pθ1 = Pθ2 implies that θ1 = θ2. Equivalently, PΩ is identifiable if ∀θ1 = {N, π0, π̃}, θ2 =

{N ′, π′
0, π̃

′} ∈ Ω, L1(N, π0 | n)L2(π̃ | n) = L1(N
′, π′

0 | n)L2(π̃
′ | n) ∀n implies that θ1 = θ2.

One can show that the unrestricted model PΘ∗ is identifiable. Since the goal is to estimate

N , sufficiency might lead one to try to estimate N and π0 in the unrestricted model based
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solely on the binomial likelihood for n. Examining the likelihood surface for a given n, one

finds a maximum at N = n and π0 = 0, with a ridge centered along the set {N ∈ N, π0 ∈

(0, 1) | N(1 − π0) ≈ n} that monotonically decreases as N increases. In Figure 3.1 we plot

this surface when n = 100. There is a fundamental problem in that two parameters are

being estimated with one data point, which makes it impossible to construct an unbiased or

consistent estimator of either N or π0 [30, 38]. Thus the standard definition of identifiability

is misleading in this setting, as it does not necessarily imply that the parameters are estimable

in any traditional sense.
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Figure 3.1: Likelihood surface of L1 when n = 100.

We will instead use the following alternative definition of identifiability specific to MSE

[79, 61]:

Definition 3.2. The statistical model PΩ is conditionally identifiable if ∀θ1 = {N, π0, π̃},

θ2 = {N ′, π′
0, π̃

′} ∈ Ω, L2(π̃ | n) = L2(π̃
′ | n) ∀n implies that π0 = π′

0.

In a conditionally identifiable model, the conditional likelihood, L2, identifies the unob-

served cell probability, π0. Clearly the unrestricted model PΘ∗ is not conditionally identifi-
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able. Standard identifiability of the multinomial conditional likelihood tells us that we can

equivalently state Definition 3.2 as follows: the statistical model PΩ is conditionally identi-

fiable if ∀θ1 = {N, π0, π̃}, θ2 = {N ′, π′
0, π̃

′} ∈ Ω, π̃ = π̃′ implies that π0 = π′
0. Thus for a

conditionally identifiable model, there exists a function T : T̃ → (0, 1) that maps observed

cell probabilities, π̃, to unobserved cell probabilities, π0, where T̃ ⊂ S2K−2. When the do-

main T̃ of this function is not equal to S2K−2, this restricts the set of possible values for π̃ in

the model to T̃ . Any extra assumptions in the model involving π̃ can then further restrict

the set of possible values for π̃ in the model to a set S̃ ⊂ T̃ . Thus conditionally identifiable

models take the form PΩ, where Ω = {N, π0, π̃ | N ∈ N, π0 = T (π̃), π̃ ∈ S̃}. When a

model is not conditionally identifiable, we have no guarantees for when the parameters are

estimable in any traditional sense. In particular, non-identifiability precludes consistent esti-

mation as “there will be uncertainty in parameter estimates that is not washed out as more

data are collected” [78]. If a model PΩ is conditionally identifiable, all parameters of the

model can be consistently estimated [118]. However, we emphasize that the data needs to

have been generated by a distribution in the model PΩ for the parameters to be consistently

estimable. In other words, in order to estimate the population size N , we need to assume

a functional relationship, T , between the observed cell probabilities π̃ and the unobserved

cell probability π0. This is the main idea behind MSE.

3.2.5 Missing Data

The framing in the previous section is motivated by our treatment of MSE as a missing

data problem. The decomposition in (3.2) is related to the decomposition in the missing

data literature of the complete-data distribution into the extrapolation distribution and the

observed-data distribution [60]. The extrapolation distribution captures how to extrapolate

to the missing data given the observed data, which in our context corresponds to L1. The

observed-data distribution, as the name indicates, is the distribution of the observed data,

which in this context corresponds to L2. Following the analogy of the missing data literature,

by restricting ourselves to models of the form PΩ, where Ω = {N, π0, π̃ | N ∈ N, π0 =
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T (π̃), π̃ ∈ S̃}, one is making an identifying assumption, T , about how π̃ relates to π0 in

order to identify π0.

The observed-data distribution is restricted when the set of possible values for the ob-

served cell probabilities, S̃, is not equal to S2K−2. Based on standard properties of the multi-

nomial conditional likelihood, restrictions on the observed-data distribution are assumptions

that are testable from the data. As noted in the previous section, these restrictions could be

due to the domain, T̃ , of the identifying assumption (see Section 3.4.3 for an example), or

due to extra modeling assumptions for the observed cell probabilities, π̃ (see Section 3.3.1

for an example). This motivates the following definition [see Chapter 8 of 60]:

Definition 3.3. A model PΩ, where Ω = {N, π0, π̃ | N ∈ N, π0 = T (π̃), π̃ ∈ S̃}, is

nonparametric identified when S̃ = T̃ = S2K−2, i.e. the observed-data distribution is not

restricted by the model.

3.2.6 Our Approach to Multiple-Systems Estimation

In the MSE literature, previous work has been concerned with determining when certain

models are conditionally identified [see e.g. 79, 61]. Here we are concerned with determining

both when and how models are conditionally identified. Since the validity of our inferences

rests on the untestable identifying assumption and any restrictions on the observed-data

distribution being correct, we would like to know what identifying assumption we are actually

making so we can determine whether or not the assumption is plausible in a given context.

Thus, in this chapter our approach to MSE will be to use conditionally identified models

that are based on explicitly specified identifying assumptions. Additionally, to make as few

testable assumptions as possible, we will use models where the observed-data distribution is

only possibly restricted by the identifying assumption (i.e. S̃ = T̃ ).

Given such a conditionally identified model, our approach to MSE is agnostic to the

inferential framework used, so one can perform inference for N in a frequentist or Bayesian

framework. In Appendix B, we outline how computation, including sensitivity analyses
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probing the identifying assumption as we will describe in Section 3.4, can be carried out in

either framework using existing software.

In the rest of this chapter, we examine the identifying assumptions (and sometimes lack

thereof) associated with commonly used MSEmodels, and propose a new family of identifying

assumptions. While these identifying assumptions may be useful in some applications, there

is no one-size-fits-all solution. In practice, the use of identifying assumptions should be

accompanied by appropriate justification based on the context of the data. However, in some

applications none of the identifying assumptions discussed in this chapter will be appropriate

for the data at hand. There is no default identifying assumption that practitioners can fall

back on, and so in these scenarios no estimate of the population size should be produced based

on the data at hand. Such a scenario is clearly unsatisfactory, and thus it is an important task

for researchers in the field of MSE to develop new explicit identifying assumptions, so that

practitioners are able to select identifying assumptions appropriate for their applications.

3.3 Log-Linear and Latent Class Models

In this section we describe two commonly used models, which we use to demonstrate the

drawbacks of using models that either place unnecessary restrictions on the observed-data

distribution or that are not based on explicit identifying assumptions.

3.3.1 Log-Linear Models

For h ∈ H∗, let hk denote the kth element of h. Any set of cell probabilities, π ∈ S2K−1, can

be represented as πh = µh/
∑

h′∈H µh′ , where log(µh) =
∑

h′∈H∗ λh′
∏K

k=1 h
h′
k

k , for some set of

log-linear parameters λ = {λh}h∈H∗ ∈ R2K−1. This leads to the log-linear parameterization

ΘLL = {N,λ | N ∈ N,λ ∈ R2K−1}. Note that under this parameterization, there is no

λ(0,··· ,0), so that µ(0,··· ,0) = 1.

For cells in the incomplete table h ∈ H∗ such that
∑K

k=1 hk = 1 we refer to λh as a main

effect; for h ∈ H∗ such that
∑K

k=1 hk = ℓ > 1 we refer to λh as an ℓ-way interaction. The main

effects and interactions all have interpretations as log ratios of certain cross-product ratios
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[see e.g. Chapter 2 of 21]. Of particular interest is the K-way, or highest-order, interaction

λ1, where 1 := (1, · · · , 1), for which we have the relationship
∏

h∈H π
Iodd(h)
h /

∏
h∈H π

Ieven(h)
h =

exp{(−1)K+1λ1}, where Iodd(h) = I(
∑K

k=1 hk is odd) and Ieven(h) = I(
∑K

k=1 hk is even),

using the convention that 0 is even. This notation differs from [21] as we index the complete

table by H = {0, 1}K rather than {2, 1}K .

The model PΘLL
is equivalent to the unrestricted model PΘ, so we need to restrict ΘLL

to identify the unobserved cell probability π0. It is standard in this scenario to set λ1 =

0, so that there is no highest-order interaction in the model. Referring to the resulting

parameter space as ΩLL, we would like to understand the identifying assumption made

by the saturated model PΩLL
. In Appendix B, we show PΩLL

is nonparametric identified

and that this no-highest-order interaction (NHOI) assumption corresponds to the explicit

identifying assumption T (π̃) = (Π̃odd/Π̃even)/(1 + Π̃odd/Π̃even), where Π̃odd =
∏

h∈H∗ π̃
Iodd(h)
h

and Π̃even =
∏

h∈H∗ π̃
Ieven(h)
h , which we discuss in more detail in Section 3.4.

In practice there is an emphasis on achieving low variance estimates of the log-linear

parameters and, consequentially, N . To this end, rather than just setting the highest-order

interaction to zero and using the saturated model, it is common to further restrict the model

and set other interactions to zero. This is the case, for example, when restricting to decom-

posable graphical models [86], or when only including main effects and 2-way interactions

[119], which can be hard to justify in practice [see e.g. 32, 139]. This restricts the observed-

data distribution, so that we are making a testable assumption that, in addition to the

untestable identifying assumption, must be correct in order for inferences to be valid. The

hope is that by specifying a model with fewer parameters, the resulting estimates will have

lower variance if the chosen restricted model generated the data. However, if the chosen

restricted model did not generate the data, estimates of N can be arbitrarily biased, and

more generally can have arbitrarily poor frequentist properties [106, 139].

This is a classic bias-variance trade off, which has been acknowledged since the seminal

work of [45] (edited to match our notation): “In analyzing multiple recapture census data

our aim is to fit the incomplete 2K table by a log linear model with the fewest possible
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parameters, since the fewer parameters in an ‘appropriate’ model for estimating n0, the

smaller the variance of the estimate. Thus it is not a good practice simply to use the saturated

model. On the other hand, if we use a model with too few parameters, we introduce a bias

into our estimate of population size that can possibly render the variance formulae of the

next section meaningless.” Unlike [45], we believe there is a clear route to take if one is using

the NHOI assumption, in line with our approach described in Section 3.2.6: make as few

testable assumptions as possible (i.e. use the saturated model PΩLL
) in the hopes of not being

arbitrarily biased because of incorrect restrictions on the observed data distribution. If one

does wish to produce lower variance estimators, we discuss in Appendix B how regularization

can be used to reduce the variance of estimates, at the cost of increasing the bias of estimates,

and some difficulties associated with using regularized estimators.

3.3.2 Latent Class models

Latent class models (LCMs) are typically motivated as models of multivariate categorical

data that capture individual heterogeneity when the population can be stratified into J

classes, where lists sample individuals independently within each class [55, 87]. Thus they

are so-called Mth models as described in Appendix B [101]. Corollary 1 of [35] shows that

for any set of cell probabilities π ∈ S2K−1, there exists some J < ∞ such that π can be

represented as a J-class latent class model, i.e. πh =
∑J

j=1 νj
∏K

k=1 q
hk
jk (1 − qjk)

1−hk , where

ν = (ν1, · · · , νJ) are class membership probabilities, and q = {qjk}J,Kj=1,k=1 are class specific

observation probabilities for each list. This leads to the latent class model parameterization

ΘLCM = {N,ν, q, J | N ∈ N,ν ∈ SJ−1, q ∈ (0, 1)J×K , J ∈ N}. As PΘLCM
is equivalent to the

unrestricted model PΘ, we need to restrict ΘLCM to identify the unobserved cell probability

π0. It is common to fix the number of latent classes, J , in advance, to arrive at the the

restricted parameterization ΩLCM,J = {N,ν, q | N ∈ N,ν ∈ SJ−1, q ∈ (0, 1)J×K}.

In Appendix B we show that PΩLCM,J
is conditionally identified if and only if 2J ≤ K.

However, when PΩLCM,J
is conditionally identified we do not know what explicit identifying

assumption is being made or whether the model is nonparametric identified. A recent de-
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velopment in MSE is the use of LCMs with J large enough that 2J > K [87]. Such LCMs

with too many latent classes (i.e. 2J > K) suffer from the opposite problem of log-linear

models: rather than making too many assumptions, and hence restricting the observed-data

distribution, so few assumptions are being made that the model is not conditionally identi-

fied. In Appendix B we show through a variety simulations that this is a practically relevant

problem, as we have no guarantees for when estimates based on non-identified models are

going to be accurate.

3.4 Revisiting Log-Linear Models and Their Identifying Assumptions

In this section we revisit the NHOI identifying assumption associated with log-linear models

and discuss its role in our framing of MSE. We then describe how this assumption can be

used as a building block for alternative identifying assumptions.

3.4.1 The No-Highest-Order Interaction Assumption

The NHOI assumption introduced in Section 3.3.1 can be interpreted as follows: for any

given subset of K − 1 lists, appearing in all K − 1 lists is not associated with appearing

or not appearing in the Kth list. Here the meaning of “associated with” changes as the

number of lists K changes. When K = 2 we are assuming that the odds of appearing in list

1 conditional on appearing in list 2 is equal to the odds of appearing in list 1 conditional

on not appearing in list 2, and thus the lists are independent: π(1,0)/π(0,0) = π(1,1)/π(0,1).

When K = 3 we are assuming that the odds ratio for lists 1 and 2 conditional on appearing

in list 3 is equal to the odds ratio for lists 1 and 2 conditional on not appearing in list 3:

π(1,1,1)π(0,0,1)/(π(1,0,1)π(0,1,1)) = π(1,1,0)π(0,0,0)/(π(1,0,0)π(0,1,0)). When K = 4 we assume that

certain ratios of odds ratios are equal, and so on for larger K.

As discussed in Section 3.2.6, in order to use the NHOI assumption in a given application,

we need to be able to determine whether or not it is plausible. Odds and odds ratios are

commonly used in statistics [21], and thus the NHOI assumption may be of use when there

are K = 2 or K = 3 lists. However, higher order measures of association like ratios of odds
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ratio are more obscure and hard to interpret, which makes the NHOI assumption difficult

to use when there are more than K = 3 lists. This difficulty compounds when considering

sensitivity analyses as we explain in the next section.

3.4.2 Sensitivity Analyses for the No-Highest-Order Interaction Assumption

Sensitivity analyses aim to gauge how sensitive inferences are to untestable assumptions, and

are an important part of missing data workflows [see Chapter 9 of 60]. The NHOI assumption

facilitates sensitivity analyses based on varying the highest-order interaction across a range of

non-zero values. In particular, when fixing ξ = exp{(−1)K+1λ1} ∈ R+, we show in Appendix

B that we arrive at the explicit identifying assumption T (π̃) = (Π̃odd/Π̃even)/(ξ+Π̃odd/Π̃even).

This generalizes the two list sensitivity analyses of [85] and [51]. Under this identifying

assumption, rather than assuming certain measures of association are equal, we are assuming

one measure is ξ times another. For example, when K = 2 we are assuming that the odds

of appearing in list 1 conditional on not appearing in list 2 is ξ times the odds of appearing

in list 1 conditional on appearing in list 2: π(1,0)/π(0,0) = ξπ(1,1)/π(0,1).

In order to perform a meaningful sensitivity analysis, one needs to be able to specify a

range of values for the highest-order interaction that are plausible for a given application.

Due to our understanding of odds and odds ratios, performing this sort of sensitivity analysis

may be possible when there are K = 2 or K = 3 lists. When considering more than K = 3

lists, it can become difficult to even start thinking about whether it is plausible that ξ is less

than or greater than 1, let alone determine specific values of ξ that are plausible.

3.4.3 K ′-List Marginal No-Highest-Order Interaction Assumptions

The NHOI assumption can be used as a building block to generate other identifying as-

sumptions. Suppose we can assume that, without loss of generality, the NHOI assumption

holds for the first 1 < K ′ < K lists, marginal of the remaining K − K ′ lists. This leads

to a new identifying assumption which in general does not imply that there is no highest-

order interaction for all K lists. To introduce this assumption formally we need to introduce
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some notation. Let G = {0, 1}K′
index the marginal 2K

′
contingency table for the first

K ′ lists and G∗ = G \ {0}K′
. For a set of cell probabilities, π ∈ S2K−1, and a given

cell in the marginal table, g ∈ G, let πg+ =
∑

h∈H πhI{(h1, · · · , hK′) = g} denote the

probability of being observed in cell g of the marginal table implied by π. Similarly let

π̃g+ =
∑

h∈H∗ π̃hI{(h1, · · · , hK′) = g} and π̃0+ =
∑

h∈H∗ π̃hI{(h1, · · · , hK′) = (0, · · · , 0)}.

Assuming that the NHOI assumption holds for the first 1 < K ′ < K lists, marginal

of the remaining K − K ′ lists, is equivalent to assuming
∏

g∈G π
Iodd(g)
g+ /

∏
g∈G π

Ieven(g)
g+ = 1.

In Appendix B we show that this K ′-list marginal no-highest-order interaction assump-

tion corresponds to the explicit identifying assumption T (π̃) = (Π̃odd,+/Π̃even,+ − π̃0+)/(1 +

Π̃odd,+/Π̃even,+ − π̃0+), where Π̃odd,+ =
∏

g∈G∗ π̃
Iodd(g)
g+ and Π̃even,+ =

∏
g∈G∗ π̃

Ieven(g)
g+ . Further,

we can perform sensitivity analyses for this assumption by fixing
∏

g∈G π
Iodd(g)
g+ /

∏
g∈G π

Ieven(g)
g+ =

ξ ∈ R+. As we show in Appendix B, this leads to the explicit identifying assumption

T (π̃) =
Π̃odd,+/Π̃even,+ − ξπ̃0+

ξ + (Π̃odd,+/Π̃even,+ − ξπ̃0+)
. (3.3)

Models that use the assumption that
∏

g∈G π
Iodd(g)
g+ /

∏
g∈G π

Ieven(g)
g+ = ξ ∈ R+ are not non-

parametric identified, as the domain of the identifying assumption is T̃ = {π̃ ∈ S2K−2 |

Π̃odd,+/(Π̃even,+π̃0+) > ξ}.

A special case of this identifying assumption was originally suggested in [107] as an

alternative to the NHOI assumption. They considered a data set consisting of K = 3

lists recording cases of spina bifida in upstate New York, where they believed that the

assumption that two of the lists were marginally independent (i.e., using the 2-list marginal

NHOI assumption) was more plausible than the NHOI assumption. This illustrates that

there may be applications where one may be more willing to make marginal assumptions

about a subset ofK ′ lists, rather than an assumption involving allK lists. Additionally when

there are K > 3 lists and K ′ = 2 or K ′ = 3, the K ′-list marginal NHOI assumption and

its sensitivity analyses are much more straightforward to interpret than the highest-order

interaction and its sensitivity analyses, as discussed in Sections 3.4.1 and 3.4.2.

For these reasons, we believe that the K ′-list marginal NHOI assumption can be useful
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as an explicit identifying assumption in the toolbox of the MSE practitioner. However,

we emphasize here our message from Section 3.2.6: there are no one-size-fits-all identifying

assumptions. Specification of identifying assumptions in practice should be accompanied

with appropriate justification based on the context of the data. In Section 3.5.1 we attempt

to provide such a justification for our use of the 2-list marginal NHOI assumption in an

application estimating the number of civilian casualties in the Kosovo war.

3.5 Civilian Casualties in the Kosovo War

In this section we estimate the number of civilian casualties in the Kosovo war between March

20 and June 22, 1999, using data originally analyzed in [9]. The data consist of K = 4 lists

with n = 4400 observed casualties, and are presented in Table 3.1, reproduced from Section 6

of [9]. Three of the lists were constructed from refugee interviews conducted separately by the

American Bar Association Central and East European Law Initiative (ABA), Human Rights

Watch (HRW), and the Organization for Security and Cooperation in Europe (OSCE). The

fourth list was constructed from exhumation reports conducted on behalf of the International

Criminal Tribunal for the Former Yugoslavia (EXH). We refer the reader to Appendix 1 of

[9] for a detailed description of each list.

Table 3.1: Kosovo dataset, reproduced from Section 6 of [9].

ABA yes yes no no

EXH yes no yes no

HRW OSCE

yes yes 27 32 42 123

yes no 18 31 106 306

no yes 181 217 228 936

no no 177 845 1131 n0

The Kosovo data was originally analyzed in [9] under the NHOI assumption, but as
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we discuss in the next section, we believe the K ′-list marginal NHOI assumption is more

appropriate. We will analyze the Kosovo data under both assumptions, highlighting the

importance of careful specification of the identifying assumption.

3.5.1 Choice of Identifying Assumption

For our main analysis we will consider two identifying assumptions. The first assumption

is the 2-list marginal NHOI assumption described in Section 3.4.3, where we will assume

that the ABA and HRW lists are marginally independent. We believe this assumption is

plausible given that “there were no overt efforts by any of the researchers to exclude or

include witnesses who had participated in another data collection project” [1, p. 40] and

that the two lists had similarly extensive geographic reach in their interviews. In particular,

ABA conducted interviews in Albania, Macedonia, Kosovo, the United States, and Poland,

while HRW conducted interviews in Albania, Macedonia, Kosovo, and Montenegro. ABA

only conducted around 10% of its interviews in the United States and Poland, and HRW

only conducted 3% of its interviews in Montenegro. Further, within Kosovo, ABA and HRW

conducted interviews in similar geographic regions. For more information on where the lists

conducted interviews see Appendix 1 of [9].

The original analysis of the Kosovo data set in [9] used the NHOI assumption described

in Section 3.3.1. To justify this assumption for the Kosovo data, as we have K = 4 lists, we

would need to reason about certain ratios of odds ratios being equal, which can be difficult,

as discussed in Section 3.4.1 and further explained in Appendix B. Nevertheless, we will also

analyze the Kosovo data using the NHOI assumption to highlight the importance of careful

specification of the identifying assumption.

3.5.2 Inference

For each identifying assumption, our main analysis will present both a frequentist analysis

and a Bayesian analysis, using the methods discussed in Appendix B, to demonstrate how

our proposed approach to MSE is agnostic to the inferential framework used. The Bayesian
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analysis will use a negative-binomial prior for N and the prior induced for the observed cell

probabilities π̃ from using the Dirichlet process prior of [87] for the J class LCM ΩLCM,J ,

with J = 10 and default hyperparameters, as implemented in the R package LCMCR (see

Appendix B for further details). In Appendix B we perform a prior sensitivity analysis for

the Bayesian analyses, exploring the impact of the priors for N and π̃ on our estimates of

N .

To inform the negative-binomial prior for N , we will rely on two studies that attempted

to estimate the number of casualties in the Kosovo war using different data sources than [9].

[123] estimated there were 12000 casualties with a 95% confidence interval of [5500, 18300].

[65] estimated there were 8000 casualties with a 95% confidence interval of [5800, 10200].

Using the negative-binomial parameterization given in Table 1 of Appendix B, we will use

a specification with mean M = 10000 (the average of the estimates from the two studies)

and overdispersion parameter a = 1.6, which places 95% of the prior mass on [818, 30371].

This specification is meant to be weakly informative in the sense that the information it

incorporates is intentionally weaker than what is available to us, so as to provide a proper

alternative to the “noninformative” improper scale prior p(N) ∝ 1/N discussed in Appendix

B [see e.g. 50]. This prior places mass below the observed sample size of n = 4400, as we

are not attempting to use the observed data to inform our prior. Practically speaking this

does not make a difference, as the prior is effectively truncated to [n,∞) when performing

posterior inference.

3.5.3 Main Analysis

In Table 3.2 we present the results from our frequentist and Bayesian analyses under the 2-

list marginal NHOI assumption, i.e. assuming marginal independence of the ABA and HRW

lists. Assuming marginal independence of the ABA and HRW lists, under a frequentist

analysis we estimate there were 9691 civilian casualties, with a 95% confidence interval

of [8074, 11308], and under a Bayesian analysis with the chosen priors we estimate there

were 9359 civilian casualties, with a 95% credible interval of [7967, 11059]. These point
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estimates and uncertainty intervals from these two analyses are in close agreement. Both of

the uncertainty intervals include the point estimate from [65], but not from [123], and fall

within the confidence interval of [123]. Based on the results of the prior sensitivity analysis

in Appendix B, the Bayesian analysis is not sensitive to the prior choices for N and π̃.

Table 3.2: Point estimates and 95% uncertainty intervals for N under the 2-list marginal

NHOI assumption. For the Bayesian analysis the point estimate is the posterior mean.

Point Estimate Uncertainty Interval

Frequentist 9691 [8074, 11308]

Bayesian 9359 [7967, 11059]

In Table 3.3 we present the results from our frequentist and Bayesian analyses under the

NHOI assumption. Under the NHOI assumption, under a frequentist analysis we estimate

there were 16941 civilian casualties, with a 95% confidence interval of [5304, 28579], and under

a Bayesian analysis with the chosen priors we estimate there were 14071 civilian casualties,

with a 95% credible interval of [9321, 21604]. The point estimates and uncertainty intervals

from these two analyses are in relative agreement. Both of the uncertainty intervals include

the point estimate from [123], and the frequentist confidence interval includes the point

estimate. Based on the results of the prior sensitivity analysis in Appendix B, the Bayesian

analysis is fairly sensitive to the prior choices for N and π̃.

Table 3.3: Point estimates and 95% uncertainty intervals for N under the NHOI assumption.

For the Bayesian analysis the point estimate is the posterior mean.

Point Estimate Uncertainty Interval

Frequentist 16941 [5304, 28579]

Bayesian 14071 [9321, 21604]

Focusing on point estimates, we see a large difference between the analyses under the two
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identifying assumptions (besides the uncertainty interval widths being considerably larger

under the NHOI assumption). The point estimates under the NHOI assumption are 75%

larger for the frequentist analyses (50% larger for the Bayesian analyses) than the point esti-

mates under the 2-list marginal NHOI assumption. If the 2-list marginal NHOI assumption

truly holds, as we are inclined to believe based on the justification provided in Section 3.5.1,

an analysis based on using the NHOI assumption produces estimates with a large positive

bias for the Kosovo data. This should serve as an illustration of the dangers of using the

NHOI assumption (or any other identifying assumption) that can not be justified based on

the context of the data. If a practitioner can not find an identifying assumption that is

appropriate for their data, no estimate of the population size should be produced based

on their data, as there is no one-size-fits-all or default identifying assumption to fall back

on. There is a need for researchers to develop new explicit identifying assumptions, so that

practitioners do not find themselves in such a scenario.

3.5.4 A Sensitivity Analysis Probing the 2-List Marginal NHOI Assumption

While we believe that it is plausible that the ABA and HRW lists are marginally indepen-

dent, we would also like to understand how sensitive our resulting estimates are to realistic

violations of the assumption. If this marginal independence was violated, it would likely be

the case that the lists are positively dependent and thus population size estimates under

marginal independence are downward biased, as is common in human rights applications

[see e.g. the discussion in Section 5 of 85]. In particular, HRW selected regions in Kosovo

to conduct interviews based on reports of human rights violations from refugees and other

sources [1]. Thus it seems possible that a casualty appearing in HRW could be more likely

to appear in ABA than a casualty that did not appear in HRW.

We now perform a sensitivity analysis probing the 2-list marginal NHOI assumption. In

Appendix B, we provide a similar sensitivity analysis probing the NHOI assumption. We

will consider models with the identifying assumption (3.3), varying ξ over {0.7, 0.8, 0.9, 1}.

Thus in each case we are assuming that the odds of appearing in ABA conditional on not
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appearing in HRW is ξ times the odds of appearing in ABA conditional on appearing in

HRW, with ξ = 1 corresponding to the 2-list marginal NHOI assumption. For each value

of ξ, we will present both a frequentist analysis and a Bayesian analysis, with the Bayesian

analysis using the same priors from the main analysis as presented in Section 3.5.2. In Table

3.4 we present the results from our frequentist and Bayesian analyses under each identifying

assumption.

Table 3.4: Point estimates and 95% uncertainty intervals for sensitivity analysis probing

the 2-list marginal NHOI assumption. For the Bayesian analysis the point estimate is the

posterior mean. In this table ξ is a marginal odds ratio, as described in Section 3.4.3.

ξ = 1 ξ = 0.9 ξ = 0.8 ξ = 0.7

Frequentist 9691 [8074, 11308] 10534 [8738, 12330] 11588 [9568, 13607] 12942 [10636, 15249]

Bayesian 9359 [7967, 11059] 10155 [8607, 12038] 11147 [9419, 13258] 12419 [10451, 14816]

The estimates of the number of casualties N increase as the amount of assumed positive

dependence increases, i.e. as ξ decreases, as expected. When ξ = 0.9, the point estimates and

uncertainty intervals are still largely compatible with the point estimates and uncertainty

intervals under marginal independence. Thus our estimates under marginal independence

are not sensitive to this small amount of positive dependence. However, this is not still the

case under stronger positive dependence. When ξ = 0.7, the uncertainty intervals barely

overlap with the uncertainty intervals under marginal independence, and further they do not

contain the point estimates under marginal independence. While this may seem like cause

for concern, we note that these estimates under stronger positive dependence are still within

an order of magnitude of the estimates under independence, and all uncertainty intervals

in this sensitivity analysis fall within the confidence interval of [123]. We note that the

frequentist analysis requires a marginal odds ratio of ξ ≈ 0.51 to produce a point estimate as

large as the point estimate under the NHOI assumption. This is a large amount of positive

dependence which casts further doubt on the plausibility of the NHOI assumption.
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3.6 Discussion

In this chapter we revisited the framing of MSE as a missing data problem and proposed

an approach for MSE that places the identifying assumption front and center in the MSE

workflow. As we have emphasized throughout this chapter, a natural next step is to develop

new explicit identifying assumptions, for situations where the identifying assumptions de-

scribed in Section 3.4 can not be justified in the context of a given data set. We believe that

this is an extremely under-researched problem that will hopefully gain attention with the

re-framing of MSE we present in this chapter.

The presentation of MSE in this chapter was focused on estimating the size of a single

population. When the population can be stratified based on observed covariates, such as

location or time, it may be desirable to estimate the population sizes within each strata. In

theory, the methodology developed in this chapter could be applied independently to each

strata. However, stratification can lead to sparse contingency tables, which need significant

regularization when estimating π̃. In this case, it would be desirable to develop observed

data models that borrow strength across strata.
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Chapter 4

ADAPTIVE GAUSSIAN MARKOV RANDOM FIELDS FOR
CHILD MORTALITY ESTIMATION

4.1 Introduction

The under-5 mortality rate (U5MR) is an important statistic in understanding the health of

a country. This is highlighted by the United Nations (UN) Sustainable Development Goals

(SDGs) in SDG 3.2, which states “By 2030, end preventable deaths of newborns and children

under 5 years of age, with all countries aiming to reduce neonatal mortality to at least as

low as 12 per 1,000 live births and under-5 mortality to at least as low as 25 per 1,000 live

births” [134]. Due to a lack of vital registration systems in many lower and middle income

countries, U5MR is typically estimated from household surveys, like the Demographic and

Health Surveys (DHS). The reliable estimation of U5MR from such household surveys at

fine spatio-temporal scales require the usage of smoothing models which borrow information

across space and time.

The statistical methods for estimating U5MR over space and/or time typically accom-

plish spatio-temporal smoothing through the use of random effects based on Gaussian Markov

random fields (GMRFs) or closely related models. In particular, the United Nations Inter-

Agency Group for Child Mortality Estimation (UN IGME) produces national level estimates

of U5MR yearly using the Bayesian B-spline bias-reduction (B3) method [3, 4], which uses

smoothing splines that have well-known connections to GMRFs [see e.g. 143], and has sup-

ported and produced subnational estimates of U5MR using GMRFs [76, 136]. The assump-

tions underlying these GMRF-based smoothing models may not be realistic for estimating

U5MR when certain time periods or regions are expected to have shocks in mortality relative

to their neighbors. We are motivated in this paper by U5MR estimation in two contexts
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where such shocks in mortality could occur: 1) Rwanda, where a civil war and genocide took

place in the mid 1990’s, and 2) multi-country models, which have become more common

in the global health literature [24], where we simultaneously estimate U5MR subnationally

across multiple countries. In such scenarios, GMRF-based smoothing models may lead to

oversmoothing of U5MR estimates in certain time periods or regions.

In this chapter, we develop smoothing models which incorporate knowledge of expected

shocks in mortality, but still allow information to be borrowed across space and time. We first

discuss our motivating applications and review GMRFs and U5MR estimation in Section 4.2.

In Section 4.3, we extend commonly used GMRFs to allow the incorporation of knowledge

of expected shocks in mortality, which we call adaptive Gaussian Markov random fields

(AGMRFs). Section 4.4 provides details of implementing our AGMRFs in practice. Section

4.5 presents a simulation study assessing how AGMRFs can improve the performance of

a model used to estimate U5MR. Finally, we apply our AGMRFs to estimate U5MR in

Rwanda in Section 4.6 and in a multicountry setting in Section 4.7.

4.2 Background and Motivating Application

In this section we first review GMRFs and U5MR estimation using the smoothed direct

model of [94], and then provide two motivating applications involving U5MR.

4.2.1 Gaussian Markov Random Fields

Statistical models for child mortality estimation typically involve random effects in space

and/or time, as is the case for the smoothed direct model of [94] we review in the following

section. In most cases, these random effects are Gaussian Markov random fields (GMRFs),

Gaussian random vectors defined on labelled graphs where sparsity in the precision matrix

implies certain conditional independence properties [111]. Typically these spatial and tem-

poral random effects are improper GMRFs. In this section we review the random walk of

first order temporal random effect and the intrinsic conditional autoregression spatial ran-

dom effect. For a full review of GMRFs, improper GMRFs, and their various properties, we
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refer the reader to Chapters 2 and 3 of [111].

Random Walk of First Order

Suppose we have N time periods and we are specifying a structured temporal random effect

x = (x1, . . . , xN). Suppose for i = 1, . . . , N − 1 we specify

xi+1 | xi, τ ∼ Normal(xi, τ
−1)

where τ is the precision for each transition. This is referred to as a random walk of first

order or random walk 1 (RW1), which we denote as x ∼ RW1(τ) [see e.g. page 95 of 111].

This leads to a density for x of

p(x | τ) ∝ τ (N−1)/2 exp

{
−τ

2

N−1∑
i=1

(xi+1 − xi)
2

}
= τ (N−1)/2 exp

{
−1

2
xTQx

}
,

where Q = τR is a precision matrix determined by the structure matrix R with

Rij =



1, if i = j = 1 or i = j = N

2, if i = j = k and k /∈ {1, N}

−1, if j = i+ 1 or i = j + 1

0, if |i− j| > 1.

It can be verified that Q1 = 0, and so Q is rank N−1 and thus RW1s are improper GMRFs.

It follows that p(x | τ) is invariant to an addition of a constant vector to x, thus when a RW1

is included in a model with an intercept we enforce the sum-to-zero constraint
∑N

i=1 xi = 0.

Intrinsic Conditional Autoregression

Suppose we have N areal units and we are specifying a structured spatial random effect

x = (x1, . . . , xN). We will assume there are no islands, i.e. we assume the graph of the areal

units is connected, see [49] for more details when there are islands. Suppose for neighboring

regions i ∼ j we specify

xi − xj | τ ∼ Normal(0, τ−1)
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where τ is the precision for each difference. This is referred to as an intrinsic conditional

autoregression (ICAR), which we denote as x ∼ ICAR(τ) [see e.g. page 101 of 111]. This

leads to a density for x of

p(x | τ) ∝ τ (N−1)/2 exp

{
−1

2
xTQx

}
where Q = τR is a precision matrix determined by the structure matrix R with

Rij =


ni, if i = j

−1, if i ∼ j

0, otherwise,

where ni is the number of regions neighbouring i. It can be verified that Q1 = 0, and so Q

is rank N − 1 and thus ICARs are improper GMRFs. It follows that p(x | τ) is invariant

to an addition of a constant vector to x, thus when a ICAR is included in a model with an

intercept we enforce the sum-to-zero constraint
∑N

i=1 xi = 0. As time periods can be viewed

as areal units with a specific neighborhood structure, RW1s are special cases of ICARs.

4.2.2 The Smoothed Direct Model

In this section we will review the smoothed direct model of [94] for child mortality estimation,

a recent extension of the seminal Fay–Herriot model [41]. Suppose for a country of interest we

have S surveys of full birth histories, each of which can be used to produce direct estimates

of U5MR, i.e. survey weighted estimates of U5MR with associated design-based standard

errors which use the full birth histories of children [94]. For ease of exposition we will

focus on estimating U5MR either at the national level over multiple time periods, or at the

subnational level in one time period. While one could use these direct estimates as estimates

of U5MR, the temporal or spatial disaggregation of the data can lead to noisy estimates

with large standard errors. It is thus desirable to borrow information across time or space

to smooth these estimates.
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Let N denote either the number of time periods in a national level model or the number

of administrative regions in a subnational level model, which we will refer to generically

as subdivisions. For s ∈ [S] and i ∈ [N ], let p̂is denote the direct estimate of U5MR

in subdivision i from survey s. Let yis = logit (p̂is), and let V̂is denote the design-based

standard error associated with yis. [94] used the asymptotic distribution of yis as a working

likelihood:

yis | ηis ∼ Normal(ηis, V̂is).

Smoothing of the direct estimates over the subdivisions i is accomplished through a prior

model for ηis,

ηis = µ+ vi + xi + νs, (4.1)

where vi
iid∼ Normal(0, σ2

v) is an unstructured subdivision-level random effect, νs
iid∼ Normal(0, σ2

ν)

is a survey random effect (if S is small this can be replaced by a fixed effect with a sum-to-

zero constraint), and x is a structured subdivision-level random effect, either x ∼ RW1(τx)

if we are working with the national level model or x ∼ ICAR(τx) if we are working with

the subnational level model. Priors are then set on the intercept µ and all of the precision

parameters. Smoothed estimates of U5MR in subdivision i are then based on the posterior

p(pi | {yis}is), where

pi = expit(µ+ vi + xi).

The total subdivision-level random effect in the smoothed direct model, b = v+x, which

is the sum of an unstructured random effect and a structured random effect, is due to Besag,

York, and Mollié (BYM) [14]. We will reparameterize the total subdivision-level random

effect, b, as a so-called BYM2, following [110] and [120]. In this parameterization, rather

then representing the total subdivision-level random effect b as a a sum of an unstructured

random effect, v, and a structured random effect, x, with independent precision parameters,

we will represent the total subdivision-level random effect as b = 1√
τb
(
√
1− ϕv +

√
ϕx∗),

where vi
iid∼ Normal(0, 1) and x∗ ∼ Normal(0, R−

⋆ ). Here R⋆ is the structure matrix of the

RW1 or ICAR scaled as in [122], and R−
⋆ is the generalized inverse of R⋆. 1/τb can then be
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interpreted as the marginal variance of b, and ϕ (1−ϕ) can be interpreted as the fraction of

the variance explained by the structured (unstructured) random effect. Penalized complexity

priors [120] are then adopted for τb and ϕ.

The smoothed direct model is a latent Gaussian model, i.e. the data, yis, are conditionally

independent given a latent Gaussian vector, {ηis}is, with a small number of hyperparameters.

Thus, the smoothed direct model can be fit using the Integrated Nested Laplace Approx-

imation (INLA) [112], a deterministic alternative to Markov chain Monte Carlo (MCMC)

methods for fitting Bayesian hierarchical models, using the R package R-INLA. In the case

of latent Gaussian models, INLA is typically as fast or faster than MCMC for model fitting,

while also being essentially fully automated. It can difficult to fully automate MCMC do

to the need to diagnose convergence. Fast and automated computation is important in the

context of child mortality estimation, as it would be ideal for individuals in settings with

minimal computational resources to be able to fit the models being used. The R package

SUMMER [77] contains implementations of the smoothed direct model and has been used to

produce estimates of U5MR supported by the UN IGME [76].

4.2.3 Child Mortality Estimation: Two Motivating Examples

In this section we provide two motivating child mortality applications where the assumptions

underlying the RW1 and ICAR random effects used in the smoothed direct model are not

realistic.

A National Model for Rwanda

Suppose we would like to estimate U5MR at the national level in Rwanda from 1985 through

2015, the last year with a DHS survey, and predict U5MR from 2016 through 2021. Rwanda

experienced a civil war from 1990-1994, culminating in the Rwandan genocide in 1994 [31,

100]. The civil war, the genoicde, and their aftermath produced a shock in child mortality

in Rwanda in the 90s.
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In Figure 4.1, we plot the direct estimates of U5MR for Rwanda from the six DHS surveys

between 1992 and 2015, for the 15 years prior to each survey. The shock to child mortality in

the mid 90s is clear from this plot. Further, we plot the estimates of U5MR from UN IGME,

which are based on the B3 model, and overlay a “meta-analysis” estimator of U5MR based

on the direct estimates from the six DHS surveys, i.e., the precision-weighted average of each

survey’s estimate in each year. We note here that the B3 model uses an ad-hoc approach to

produce estimates for what it deems to be conflict years, which are 1993-1999 for Rwanda

[135]. Rather than fitting a model to all of the available data, it fits a model leaving out

data from conflict years. From the model, it predicts U5MR for the conflict years, and then

adds on a separate conflict-specific mortality rate to the estimate for conflict years. This

conflict-specific mortality rate may be based on the data used to fit the rest of the model,

or based on other outside sources, and does not include any uncertainty.

We would like to modify the national level smoothed direct model so that it does not

oversmooth U5MR during the years in which we expect shocks in mortality, which we will

refer to as conflict years. In more detail, when using a RW1 prior for the structured temporal

effect in the smoothed direct model, we do not believe it is likely that transitions not involving

conflict years will have the same variance as transitions involving conflict years. We expect

transitions not involving conflict years to have a smaller variance than transitions involving

conflict years. In other words, the transitions of the structured temporal effect should not

be exchangeable as is assumed in the RW1.

A Multi-country Subnational Model

Suppose we would like to simultaneously estimate U5MR subnationally at the Admin1 level

across multiple countries during the 2010-2014 time period. Specifically, we will consider

Burundi, Ethiopia, Kenya, Rwanda, Tanzania, and Uganda using DHS surveys from 2016,

2016, 2014, 2015, 2015, and 2016 respectively. Due to the country boundaries, Admin1

regions within the same country are likely to have more similar outcomes than Admin1

regions not within the same country. In Figure 4.2, we plot the direct estimates of U5MR
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Figure 4.1: Top Panel: Direct estimates of U5MR for Rwanda from six DHS surveys, for

the 15 years prior to each survey. Bottom Panel: U5MR estimates from IGME and a meta-

analysis estimator of U5MR based on the direct estimates in the top panel.
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at the Admin1 level for Burundi, Ethiopia, Kenya, Rwanda, Tanzania, and Uganda. We see

that along some borders, the Admin1 U5MR direct estimates are fairly similar (e.g. Uganda

and Tanzania), and along other borders there’s a large difference (e.g. Kenya and Ethiopia).

U5MR
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Figure 4.2: Left Panel: Direct estimates of U5MR for Burundi, Ethiopia, Kenya, Rwanda,

Tanzania, and Uganda. Right Panel: Zoomed in direct estimates of U5MR for Burundi and

Rwanda.

We would like to modify the subnational level smoothed direct model so that it does not

oversmooth U5MR over country boundaries. In more detail, when using an ICAR prior for

the structured spatial effect in the smoothed direct model, we do not believe it is likely that

differences involving neighboring Admin1 regions within the same country will have the same



54

variance as differences involving neighboring Admin1 regions not within the same country.

We expect differences involving neighboring Admin1 regions within the same country to

have a smaller variance than differences involving neighboring Admin1 regions not within

the same country. In other words, the differences of the structured temporal effect should

not be exchangeable as is assumed in the ICAR.

4.3 Adaptive Gaussian Markov Random Fields

Motivated by the child mortality examples described in the previous section, in this section

we will develop what we call adaptive Gaussian Markov random fields (AGMRFs). We will

first develop general first order adaptive Gaussian Markov random fields, before focusing

on two specific use cases for the Rwandan and Kenyan child mortality applications. We

conclude by considering possible extensions to higher order AGMRFs and connections to

previous work.

4.3.1 General First Order Adaptive Gaussian Markov Random Fields

Adaptive Random Walk of First Order

Suppose we have N time periods and we are specifying a structured temporal random effect

x = (x1, . . . , xN). Suppose for i = 1, . . . , N − 1 we specify

xi+1 | xi, τi ∼ Normal(xi, τ
−1
i ) (4.2)

where τi is the precision when moving from time i to time i+ 1. We will refer to this as an

adaptive random walk of first order or an adaptive random walk 1 (ARW1). This leads to a

density for x of

p(x | τ1, . . . , τN−1) ∝

[
N−1∏
i=1

τ
1/2
i

]
exp

{
−1

2

N−1∑
i=1

τi(xi+1 − xi)
2

}
=

[
N−1∏
i=1

τ
1/2
i

]
exp

{
−1

2
xTQx

}
,
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where Q is a precision matrix with the same sparsity structure as the precision matrix of a

RW1, such that

Qij =



τ1, if i = j = 1

τN−1, if i = j = N

τi−1 + τi, if i = j = k and k /∈ {1, N}

−τi, if j = i+ 1 or i = j + 1

0, if |i− j| > 1.

It can be verified that Q1 = 0, and so Q is rank N − 1 and thus ARW1s are improper

GMRFs. It follows that p(x | τ) is invariant to an addition of a constant vector to x,

thus when an ARW1 is included in a model with an intercept, we enforce the sum-to-zero

constraint
∑N

i=1 xi = 0.

Adaptive Intrinsic Conditional Autoregression

Suppose we have N areal units with no islands and we are specifying a spatial random effect

x = (x1, . . . , xN). Suppose for neighboring regions i ∼ j we specify

xi − xj | τij ∼ Normal(0, τ−1
ij ) (4.3)

where τij is the precision for the difference between units i and j. We will refer to this as an

adaptive intrinsic conditional autoregression (AICAR). This leads to a density for x of

p(x | {τij}i∼j) ∝ (|Q|∗)1/2 exp
{
−1

2
xTQx

}
where | · |∗ denotes the generalized determinant of a matrix, defined as the product of its

non-zero eigenvalues, and Q is a precision matrix with the same sparsity structure as the

precision matrix of an ICAR, such that

Qij =



∑
k|i∼k τik, if i = j

−τij, if i ∼ j

0, otherwise.
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It can be verified that Q1 = 0, and so Q is rank N − 1 and thus AICARs are improper

GMRFs. It follows that p(x | τ) is invariant to an addition of a constant vector to x,

thus when an AICAR is included in a model with an intercept, we enforce the sum-to-zero

constraint
∑N

i=1 xi = 0.

4.3.2 Two Specific First Order Adaptive Gaussian Markov Random Fields

The general AGMRFs introduced in the previous section have a large number of precision

parameters, which makes them very flexible. However, this flexibility can difficulties for prior

specification and computation. It is difficult in practice to specify substantive priors for a

large number of hyperparameters. Similarly, one needs a small number of hyperparameters if

INLA is to be used for computation. In this section, we will specialize these general AGMRFs

to our motivating child mortality applications from Section 4.2.3, drastically reducing the

number of precision parameters. This specialization sacrifices flexibility in our model so that

it is more amenable to substantive prior specification and fitting in INLA.

A Conflict Adaptive RW1

Suppose we are specifying a structured temporal random effect for N years, where for some

subset of the N years are conflict years. In the case of Rwanda, the UN IGME categorizes

1993-1999 as conflict years. Let C denote the subset of conflict years. Suppose for i =

1, . . . , N − 1 we specify

xi+1 | xi, τ1, τ2 ∼ Normal(xi, τ
−1
1 ) if {i, i+ 1} /∈ C,

xi+1 | xi, τ1, τ2 ∼ Normal(xi, τ
−1
2 ) if i ∈ C or i+ 1 ∈ C.

This is a simplified ARW1 with only two precisions: one precision for transitions not involving

conflict years, τ1, and one precision for transitions involving conflict years, τ2. As discussed

in Section 4.2.3, we expect that τ1 > τ2. It follows that x | τ1, τ2 ∼ Normal(0, Q−), where

Q is a special case of the general ARW1 precision matrix. We will refer to this as a conflict

adaptive random walk 1.
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For this conflict ARW1 we can simplify Q to Q =
∑2

l=1 τlRl, where for l ∈ {1, 2},

Rl = D1 −Wl where

Wl,ij =

I(|i− j| = 1 and {i, j} /∈ C), if l = 1

I(|i− j| = 1 and i ∈ C or j ∈ C), if l = 2,

and Dl = diag
(∑N

j=1 Wl,1j, . . . ,
∑N

j=1 Wl,Nj

)
. Note that when τ1 = τ2 this random effect

specification reduces to a RW1 as presented in Section 4.2.1. In particular we have in this

case that Q = τ1[R1 +R2] where R1 +R2 is the structure matrix of a random walk 1.

A Multi-Country Adaptive ICAR

Suppose we are specifying a structured spatial random effect for N regions at the Admin1

level with no islands, which are nested within M countries. For neighboring Admin1 regions

i ∼ j, let Aij be an indicator that i and j are nested within the same country. Suppose for

neighboring Admin1 regions i ∼ j we specify

xi − xj | τ1, τ2 ∼ Normal(0, τ−1
1 ) if Aij = 1,

xi − xj | τ1, τ2 ∼ Normal(0, τ−1
2 ) if Aij = 0.

This is a simplified AICAR with only two precisions: one precision for neighboring Admin1

regions within the same country, τ1, and one precision for neighboring Admin1 regions be-

tween different countries, τ2. As discussed in Section 4.2.3, we expect that τ1 > τ2. It follows

that x | τ1, τ2 ∼ Normal(0, Q−), where Q is a special case of the general AICAR precision

matrix. We will refer to this as a multi-country adaptive intrinsic conditional autoregression.

For this multi-country AICAR we can simplify Q to Q =
∑2

l=1 τlRl, where for l ∈ {1, 2},

Rl = D1 −Wl where

Wl,ij =

I(i ∼ j and Aij = 1), if l = 1

I(i ∼ j and Aij = 0), if l = 2,
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and Dl = diag
(∑N

j=1 Wl,1j, . . . ,
∑N

j=1 Wl,Nj

)
. Note that when τ1 = τ2 this random effect

specification reduces to an ICAR as presented in Section 4.2.1. In particular we have in this

case that Q = τ1[R1 +R2] where R1 +R2 is the structure matrix of an ICAR.

4.3.3 Higher Order Adaptive Gaussian Markov Random Fields

Extensions to higher order AGMRFs are straightforward mathematically, but not so much

conceptually, as we will now briefly illustrate with an adaptive random walk of second order.

Suppose we have N time periods and we are specifying a structured temporal random effect

x = (x1, . . . , xN). Suppose for i = 1, . . . , N − 2 we specify

xi+2 − xi+1 | xi+1, xi, τi ∼ Normal(xi+1 − xi, τ
−1
i )

where τi is the precision for the ith second order difference. This leads to an adaptive version

of the second-order random walk [see e.g. page 110 of 111].

As with the ARW1, as is this model has a large number of precision parameters, which

makes it too flexible and computationally difficult to fit. However, because the model is

defined using second order differences, rather than first order differences, it is not clear how

one should go about specializing the model as in Section 4.3.2. In particular, suppose we were

trying to specialize this adaptive second-order random walk to the Rwanda application as in

Section 4.3.2. In Section 4.3.2, we were able to use the interpretation of first order differences

to reduce the parameter space down to two precisions for differences involving conflicts and

not involving conflicts. It is not clear to the authors how to use the interpretation of second

order differences to reduce the parameter space. This difficulty compounds when moving to

even higher order GMRFs.

4.3.4 Connections to Previous Work

Variants of the general first order AGMRFs introduced in Section 4.3.1 have been used before,

typically for the purpose of constructing flexible and locally adaptive curve fitting methods in

applications where shocks in the curves being fit are unknown [73, 142, 111, 39, 40, 23, 108].
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We note that this is closely related to change point detection in the time series literature

[6] and wombling in the spatial statistics literature [11, 83, 84, 25, 56], where the goal is to

identify unknown shocks or regions of rapid change in curves. In the previous approaches,

the models in Equations 4.2 and 4.3 are used directly, with priors placed directly on all

of the precision parameters, with the exception of [23] and [108]. The works of [23] and

[108], restrict the AICAR in Equation 4.3 by reparameterizing the precision parameters as

τij = τiτj, where τi, τj are region-level precision parameters. While this parameterization

reduces the number of precision parameters in the AICAR down to N , this is still a large

number which requires the precision parameters to have smoothing priors of their own.

[73, 142] induce dependence between these precision parameters by letting them follow

GMRFs on the log scale. [111], [39], and [40] place priors on the precision parameters with

the intention of marginalizing them out to produce non-normal differences. In particular,

[39] and [40] focus on the case where differences marginally have horseshoe priors [27]. Due

to the large number of precision parameters, these models are in most cases not amenable

to fitting with INLA. Further, using MCMC to fit the models in [39] and [40] inherits the

difficulties of using MCMC to sample from models with horseshoe priors [104], although this

can be avoided by using priors with lighter tails.

In contrast, in this work, we restrict the general first order AGMRFs as we have a priori

knowledge of the location of the shocks in the curves we are fitting. This lets us work with a

small number of precision parameters, allowing us to specify more substantive priors and fit

the model in INLA, as we discuss in the following section. However, the prior information

available in some applications may not always be enough to restrict an AGMRF to a small

number of precision parameters. In such cases, MCMC or alternative deterministic Bayesian

approximations, such as Template Model Builder [71], would be necessarry for model fitting.

Another approach to developing adaptive random effects models would be to consider

adaptive generalizations of other spatial or temporal random effects. For areal spatial data,

another common spatial random effect is the simultaneous autoregressive (SAR) model [see

e.g. Chpater 4 of 11]. Compared to the adaptive generalizations of RWs and ICARs which
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have been proposed in the literature, there has been minimal work proposing adaptive gen-

eralizations of the SAR model [96].

In the Rwanda application, we have changed the smoothed direct model to account

for events that have caused a shock in child mortality. This is related to the problem of

incorporating information on feed-back interventions into forecasts in the dynamic linear

models literature [138]. The dynamic linear models literature is motivated by providing

more accurate forecasts in the future, whereas we are motivated by providing more accurate

retrospective estimates of U5MR in the Rwanda application.

In the multi-country application, we estimate U5MR at the subnational level, while lever-

aging the fact that subnational regions are nested within countries. However, it is sometimes

desirable to simultaneously provide smoothed estimates of U5MR at the subnational and

national level that are coherent to some extent. Methods from multiresolution modeling

could be used for this purpose [43]; in particular multiscale random field models [44] would

naturally fit into the smoothed direct modelling framework of [94].

4.4 Scaling, Reparameterizations, Prior Choice, and Computation

In this section, we describe various considerations for the use of our adaptive GMRFS in

practice, including: scaling as in [122], reparameterizations for interpretability, the choice of

priors for hyperparameters, and computation.

4.4.1 Scaling

Let Q =
∑2

l=1 τlRl denote the precision matrix of one of the AGMRFs described in Section

4.3.2. As these AGMRFs are improper, we need to worry about the interpretation of the

precision parameters, which are dependent on the structure matrix R1 + R2. In particular,

we will scale the precisions as in [122]. Let σ2(x) denote the geometric mean of the marginal

variances of the elements of x when setting τ1 = τ2 = 1 (i.e. so that Q = R1 + R2 is the

structure matrix of a RW1 or ICAR). We will work with the following scaled precision matrix

Q∗ =
∑2

l=1 τlR
∗
l , where for l ∈ {1, 2}, R∗

l = Rl/σ
2(x). It then follows that when τ1 = τ2,
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1/τ1 represents the approximate marginal variance of x, independent of the structure matrix

R1 +R2.

4.4.2 Reparameterizing for Interpretability

Reparameterization of AGMRFs

Let Q∗ = τ1R
∗
1 + τ2R

∗
2 denote the scaled precision matrix of one of the AGMRFs described

in Section 4.3.2. For both of the AGMRFs described in Section 4.3.2, there is one precision,

τ1, which we expect to be larger than the other, τ2: we expect the non-conflict precision to

be larger than the conflict precision, and we expect the within country precision to be larger

than the between country precision. We will reparameterize τ2 such that τ2 = τ1θ, where

θ ∈ (0, 1], so that Q∗ = τ1R
∗
1 + τ1θR

∗
2 = τ1[R

∗
1 + θR∗

2].

A BYM2-Like Parameterization

In the smoothed direct model introduced in Section 4.2.2, when the structured subdivision-

level random effect was a RW1 or an ICAR, we reparameterized the total subdivision-level

random effect, b, as a BYM2 following [110]. Suppose instead our total subdivision-level

random effect is given by b = v+x, where v is an unstructured random effect, and x is one

of the AGMRFs described in Section 4.3.2, scaled as described in Section 4.4.1. We will now

develop a BYM2-like parameterization of this total subdivision-level random effect. Let

b =
1

√
τb

[√
1− ϕv +

√
ϕx∗

]
where vi

iid∼ Normal(0, 1), x∗ ∼ Normal(0, [R∗
1 + θR∗

2]
−), and ϕ ∈ [0, 1]. Then 1/τb represents

the approximate marginal variance of the total subdivision-level random effect b, and ϕ rep-

resents the proportion of this approximate variance attributed to the structured component

when θ = 1.

For computational purposes, we will then reparameterize the b to preserve sparsity as

in [110]. Let w = (wT
1 wT

2 )
T , where w1 = b and w2 = x∗. Then it follows that w ∼
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Normal(0, S−) where

S =

 τ1
1−ϕ

I −
√
ϕτ1

1−ϕ
I

−
√
ϕτ1

1−ϕ
I R∗

1 + θR∗
2 +

ϕ
1−ϕ

I

 .

4.4.3 Prior Choice

When using the AGMRFs described in Section 4.3.2 in a BYM2 like parameterization as

outlined in Section 4.4.2, we must specify priors for the hyperparameters τb, θ, and ϕ. We

will use the penalized complexity (PC) prior framework of [120] to specify these priors.

PC Prior for τb

We will first consider the PC prior for τb, where we are shrinking to τb = ∞, i.e. no

subdivision-level random effect. Conditional on θ and ϕ, the PC prior for τb is the PC prior

for a normal precision as derived in [120]

p(τb | θ) =
λ

2
τ
−3/2
b exp(−λτ

−1/2
b ).

In this paper, we will specify the PC prior for τb such that P (1/
√
τb > 1) = 0.01.

PC Prior for ϕ

We will now consider the PC prior for ϕ, where we are shrinking to ϕ = 0, i.e. no structured

subdivision-level random effect. For ease of implementation, we will specify the PC prior for

ϕ conditional on θ = 1. Conditional on θ = 1, the PC prior for ϕ is derived in Appendix C

of [110], although it is not difficult to re-derive the PC prior for ϕ under a different value of

θ if desired. In this paper, we will specify the PC prior for ϕ such that P (ϕ < 0.5) = 2/3.

PC Prior for θ

We will now consider the PC prior for θ, where we are shrinking to θ = 1, i.e. τ1 = τ2 in the

original parameterization of the AGMRFs described in Section 4.3.2. We will now derive an

analytical formula for the PC prior for θ that shrinks to θ = 1. This involves: 1) deriving
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the KL divergence between our “flexible” model, where θ ∈ (0, 1], and our “base” model,

where θ = 1, 2) placing an exponential prior on a transformation of the KL divergence, and

3) transforming the prior on the KL divergence to a prior on θ.

We first need to derive the KL divergence between our flexible model and this base

model. As both the base and flexible models are intrinsic, we will instead calculate the

KL divergence in the n− 1 subspace where we have taken away the singular portion of the

Gaussians. In particular, let R̂∗
1 and R̂∗

2 denote R∗
1 and R∗

2 after removing the first row and

column, although we could remove in general the rth row and column and the result would

stay the same. Then we can now derive the KL divergence between our flexible model and

base model:

d(θ) =

√
2KL(Normal(0, (τ1[R̂∗

1 + θR̂∗
2])

−1)||Normal(0, (τ1[R̂∗
1 + R̂∗

2])
−1))

=

√√√√trace
(
[R̂∗

1 + R̂∗
2][R̂

∗
1 + θR̂∗

2]
−1
)
− (n− 1)− log

(
|R̂∗

1 + R̂∗
2|

|R̂∗
1 + θR̂∗

2|

)
.

Note that we can write R̂∗
1+θR̂∗

2 = R̂∗
1+R̂∗

2+R̂∗
2(θ−1) = [R̂∗

1+R̂∗
2][I+(R̂∗

1+R̂∗
2)

−1R̂∗
2(θ−1)].

Let ε1, . . . , εn−1 denote the n−1 eigenvalues of (R̂∗
1+R̂∗

2)
−1R̂∗

2. It follows that we can simplify

the calculation of d(θ) as follows:

d(θ) =

√√√√trace([R̂∗
1 + R̂∗

2][R̂
∗
1 + θR̂∗

2]
−1)− (n− 1)− log

(
|R̂∗

1 + R̂∗
2|

|R̂∗
1 + θR̂∗

2|

)

=

√
trace([I + (R̂∗

1 + R̂∗
2)

−1R̂∗
2(θ − 1)]−1)− (n− 1) + log

(
|I + (R̂∗

1 + R̂∗
2)

−1R̂∗
2(θ − 1)|

)
=

√√√√n−1∑
i=1

1

1 + (θ − 1)εi
− (n− 1) + log

(
n−1∏
i=1

1 + (θ − 1)εi

)

=

√√√√n−1∑
i=1

1

1 + (θ − 1)εi
− (n− 1) +

n−1∑
i=1

log (1 + (θ − 1)εi).

Placing an exponential prior on d(θ) and transforming to a prior on θ, we find that the

PC prior for θ is given by

p(θ) = λ exp{−λd(θ)}
∣∣∣∣∂d(θ)∂θ

∣∣∣∣ ,
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where we can calculate the Jacobian as

∂d(θ)

∂θ
=

∂

∂θ

√
d2(θ)

=
1

2
[d(θ)]−1 ∂d

2(θ)

∂θ

=
1

2
[d(θ)]−1

n−1∑
i=1

(θ − 1)ε2i
[1 + (θ − 1)εi]2

.

Thus the PC prior for θ can be written as

p(θ) =
λ(1− θ)

2d(θ)

[
n−1∑
i=1

ε2i
[1 + (θ − 1)εi]2

]
exp{−λd(θ)}.

The user can specify the parameter λ using a prior probability statement of the form

P (θ < U) = α. As P (θ < U) = P (d(θ) > d(U)) = exp{−λd(U)} = α, since d(θ) is a

decreasing function of θ on (0, 1], this corresponds to using λ = − log(α)/d(U). In this

paper, we will specify the PC prior for θ such that P (θ < 0.75) = 0.75.

4.4.4 Computation

As the AGMRFs described in Section 4.3.2 are Gaussian conditional on a small number of

hyperparameters, they can be used as random effects in models fit using INLA. In particular,

we implemented the AGMRFs through the rgeneric functionality in the R-INLA package.

Implementing our AGMRFs using INLA allows them to be readily be incorporated into the

R package SUMMER [77].

4.5 Simulations

Before applying our AGMRFs to the motivating applications, we will perform a simulation

study to assess whether the smoothed direct model using our AGMRFs can improve upon

the performance of the smoothed direct model described in Section 4.2.2. This simulation

study is designed to mimic the structure of the Rwanda data which we analyze in Section

4.6.
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We will simulate data from the model

yi | ηi ∼ Normal(ηi, V̂ )

where ηi = µi + bi and bi ∼ Normal(0, τ−1
i ). There will be N = 30 time points, with time

points 9− 15 designated as conflict time points, imitating the structure of the Rwanda data.

We will vary µi, τi, and V̂ :

• V̂ will take values in {1/75, 1/150, 1/300},

• τi will either be 20 for all time points, or 20 for non-conflict time points and 10 for

conflict time points,

• µi will take on one of three trends, as seen in Figure 4.3. We refer to the trends as

constant, level change, and triangle, based on their shapes.

We will simulate 100 data from this model for each parameter setting and fit two models

to the simulated data: the smoothed direct model with a RW1 for the structured temporal

random effect, which we will refer to as the smoothed direct model, and the smoothed direct

model with our proposed conflict ARW1 for the structured temporal random effect, which we

will refer to as the proposed model. Both models are mispecified except in the case where µi

is constant in time and the random effect precision is constant in time. We will evaluate the

two model fits with RMSE

(√
1
N

∑N
i=1(ηi − η̂i)2

)
, DIC [124], and average proper logarithmic

scoring rule (LS) [52]. For each metric, a lower value represents better model performance.

In Figures 4.4 and 4.5 we plot RMSE for the simulation settings where τi is the same for

all time points and where τi is not the same for all time points, respectively. The models

have nearly identical performance under RMSE. In Figures 4.6 and 4.7 we plot DIC for the

simulation settings where τi is the same for all time points and where τi is not the same for

all time points, respectively. The proposed model outperforms the smoothed direct model

under DIC when V̂ is larger, and the trend is non-constant. In Figures 4.8 and 4.9 we plot

LS for the simulation settings where τi is the same for all time points and where τi is not the
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Figure 4.3: The three trends used for µi to simulate data.

same for all time points, respectively. The proposed model outperforms the smoothed direct

model under LS when the trend is non-constant.

Across the different metrics, we see that the potential for the proposed model to provide

improvements over the smoothed direct model lies in the underlying curve having abrupt

shocks, as in the case of the level change and triangle trends, as desired.

4.6 Estimation of U5MR at the National Level in Rwanda

In this section we will estimate U5MR at the national level in Rwanda from 1985 through

2015, the last year with a DHS survey, and predict U5MR from 2016 through 2021. We will

use two models two estimate U5MR, as in the simulations: the smoothed direct model with

a RW1 for the structured temporal random effect, which we will refer to as the smoothed

direct model, and the smoothed direct model with our proposed conflict ARW1 for the

structured temporal random effect, which we will refer to as the proposed model. For the
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Figure 4.4: RMSE for simulation settings where τi is the same for all time points.

conflict ARW1, we will categorize 1993-1999 as conflict years following UN IGME. We will

limit the direct estimates for each survey to those from the 15 years prior to when the survey

was conducted. We note here that we explored fitting variants of both the smoothed direct

model and the proposed model with separate intercepts for conflict and non-conflict periods,

and the results did not substantively change.

In Table 4.1 we display summaries of the posterior for the various parameters in each

model. We see that the posterior summaries for µ and ϕ are comparable between models.

The posterior summaries for νs, the survey random effects, are also comparable between

models, and are all centered around 0 except for the effect for the 2008 survey. Looking at
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Figure 4.5: RMSE for simulation settings where τi is not the same for all time points.

figure 4.1, we see that the direct estimates in the 90s from the 2008 survey are a bit lower

than those from the 2000 and 2005 surveys, which explains the posterior for ν2008 being

negative across the two models.

The posterior summaries for τ are all larger under the proposed model. As ϕ/τ represents

the approximate marginal variance of the total temporal random effect attributed to the

structured component when θ = 1, a larger τ means that the marginal variance of the

structured component for non-conflict time periods in the proposed model is smaller than

the marginal variance of the structured component in the smoothed direct model.

Focusing on θ, in Figure 4.10 we plot the prior and posterior for θ from the proposed
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Figure 4.6: DIC for simulation settings where τi is the same for all time points.

model. We see that the prior is relatively flat from 0.2 to 1, with a mode at 0.35, and 95%

of the prior mass lying in [0.09, 0.97]. The posterior has a mode at 0.32, close to the mode

of the prior, and the 95% credible interval for θ is [0.13, 0.82]. The posterior places very

little mass close to 1, but is not heavily concentrated around the mode. We can interpret

this behavior as follows: the data has informed the posterior that θ is less than 1, i.e. that

τ1 > τ2, but the data is not informative enough to hone in on a specific value of θ.

In Figure 4.11 we plot U5MR estimates from the smoothed direct model and the proposed

model, in addition to the UN IGME and meta-analysis estimates discussed in Section 4.2.3

for reference. The estimates from the smoothed direct and proposed models differ the most
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Figure 4.7: DIC for simulation settings where τi is not the same for all time points.

at two time periods: 1994 and 2016-2019. 1994 was the peak of the Rwandan civil war, when

the Rwandan genocide occurred, which lead to a shock child mortality. The proposed model

is able to avoid oversmoothing this time period, compared to the smoothed direct model,

leading a higher estimate of U5MR that is closer to the meta analysis estimate.

The last year in which a survey was conducted was 2015, so we are predicting U5MR from

2016-2019. We see that the proposed model has much narrower prediction intervals over this

time period than the smoothed direct model. The smoothed direct model uses a RW1 for the

structured temporal random effect, which has a single variance for all temporal transitions.

Thus, if transitions not involving conflicts truly have a smaller variance than transitions
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Figure 4.8: LS for simulation settings where τi is the same for all time points.

involving conflicts, the single variance parameter in the smoothed direct model will have

to deal with this behavior by assuming a value somewhere in between the variance of the

two types of transitions. This means that transitions not involving conflicts, which includes

2016-2019, will have a larger variance than under the smoothed direct model than under the

proposed model, leading to narrower prediction intervals under the proposed model.

4.7 Estimation of U5MR across Multiple Countries

In this section we will simultaneously estimate U5MR subnationally at the Admin1 level

across multiple countries during the 2010-2014 time period. Specifically, we will consider
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Figure 4.9: LS for simulation settings where τi is not the same for all time points.

Burundi, Ethiopia, Kenya, Rwanda, Tanzania, and Uganda using DHS surveys from 2016,

2016, 2014, 2015, 2015, and 2016 respectively. First, to understand between-country vari-

ation, we will fit separate smoothed direct models to each country, with ICARs for the

structured spatial random effect. We will then consider two sets of models to compare:

1. The smoothed direct model with an ICAR for the structured spatial random effect,

which we will refer to as the smoothed direct model, and the smoothed direct model

with our proposed multi-country AICAR for the structured spatial random effect, which

we will refer to as the proposed model.
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Table 4.1: Comparison of parameter estimates for the smoothed direct and proposed models

in the Rwanda application.

Model Parameter Mean SD 2.5% Quantile Median 97.5% Quantile Mode

Smoothed Direct µ -2.08 0.05 -2.18 -2.08 -1.99 -2.08

Smoothed Direct τ 7.05 2.23 3.49 6.79 12.17 6.28

Smoothed Direct ϕ 0.96 0.04 0.85 0.98 1.00 1.00

Smoothed Direct ν1992 0.02 0.04 -0.05 0.02 0.11 0.01

Smoothed Direct ν2000 0.00 0.03 -0.06 0.00 0.07 0.00

Smoothed Direct ν2005 0.04 0.03 -0.02 0.04 0.12 0.04

Smoothed Direct ν2008 -0.07 0.04 -0.16 -0.07 -0.00 -0.06

Smoothed Direct ν2010 0.00 0.03 -0.07 0.00 0.07 0.00

Smoothed Direct ν2015 -0.00 0.04 -0.08 -0.00 0.07 0.00

Proposed µ -2.08 0.05 -2.17 -2.08 -1.99 -2.08

Proposed τ 9.62 3.27 4.55 9.18 17.24 8.32

Proposed ϕ 0.98 0.03 0.89 0.99 1.00 1.00

Proposed θ 0.43 0.19 0.13 0.41 0.82 0.32

Proposed ν1992 0.02 0.04 -0.05 0.02 0.12 0.02

Proposed ν2000 0.00 0.03 -0.06 0.00 0.07 -0.00

Proposed ν2005 0.05 0.03 -0.02 0.04 0.12 0.04

Proposed ν2008 -0.07 0.04 -0.16 -0.07 -0.00 -0.06

Proposed ν2010 0.00 0.03 -0.07 0.00 0.07 0.00

Proposed ν2015 -0.00 0.04 -0.08 -0.00 0.07 0.00

2. The smoothed direct model and proposed model, but replacing the intercept µ in (4.1)

with country-specific intercepts µc[i], where c[i] denotes the country in which region i

resides. We will refer to these models as the smoothed direct country-intercept model

and proposed country-intercept model.
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Figure 4.10: Comparison of prior and posterior density for θ in the Rwanda application.

4.7.1 Country-Specific Models

In Table 4.2 we display summaries of the posterior for the various parameters from fitting

the smoothed direct model to each country separately. The posterior summaries for the

intercepts for Kenya and Rwanda are smaller than intercepts for the rest of the countries,

indicating that U5MR is on average smaller in these countries across Admin1 regions. All

countries except Burundi have roughly comparable posterior summaries for ϕ: a posterior

mode close to 0 and a posterior median close to 0.3. This indicates for these countries that

there is not much weight being placed on the structured spatial random effect. Burundi has a

posterior mode at 0.23 and a posterior median of 0.43, so while again there is not much weight

being placed on the structured spatial random effect, there is still more spatial smoothing

occurring than in the other five countries. The parameter with the most heterogeneity across

countries is τ . Besides Uganda, the countries have posterior medians from around 10-30, with

varying posterior standard deviations from around 5 to 70. Uganda however has a very large

posterior summaries for precision, with posterior median of 457. This indicates that there is

a large amount of heterogeneity in how the smoothed direct models for each country weight

the total region-level random effect. Uganda in particular has such large posterior summaries



75

0.1

0.2

0.3

1990 2000 2010 2020
Year

U
5M

R

Model

Smoothed Direct

Proposed

IGME

Survey Meta

Figure 4.11: Comparison of U5MR estimates from the smoothed direct model, the proposed

model, IGME, and meta-analysis estimator of U5MR based on the direct estimates.

for τ that the Admin1 region estimates are heavily smoothed towards the country’s direct

estimate.

4.7.2 Smoothed Direct and Proposed Models

In Table 4.3 we display summaries of the posterior for the various parameters from fitting

the smoothed direct and proposed models. We see that the posterior summaries for µ is

comparable between models. However, the posterior summaries for τ and ϕ are all larger

under the proposed model. In particular, the larger posterior summaries of ϕ in the proposed

model indicate that it is placing more weight on the structured spatial random effect.

Focusing on θ, in Figure 4.12 we plot the prior and posterior for θ from the proposed

model. We see that the prior is relatively flat from 0.2 to 1, with a mode at 0.23, and 95%
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Table 4.2: Comparison of parameter estimates from fitting the smoothed direct model to

each country separately.

Country Parameter Mean SD 2.5% Quantile Median 97.5% Quantile Mode

Burundi µ -2.60 0.07 -2.74 -2.60 -2.46 -2.60

Burundi τ 11.58 5.36 4.37 10.53 24.96 8.69

Burundi ϕ 0.45 0.25 0.06 0.43 0.91 0.23

Ethiopia µ -2.49 0.08 -2.65 -2.48 -2.33 -2.48

Ethiopia τ 21.66 15.80 5.06 17.44 63.38 11.56

Ethiopia ϕ 0.31 0.25 0.02 0.24 0.86 0.03

Kenya µ -2.94 0.07 -3.09 -2.95 -2.79 -2.95

Kenya τ 47.57 47.91 7.16 33.45 173.17 17.61

Kenya ϕ 0.31 0.25 0.01 0.24 0.87 0.03

Rwanda µ -3.04 0.11 -3.28 -3.04 -2.83 -3.03

Rwanda τ 44.53 70.11 3.64 24.17 211.64 9.09

Rwanda ϕ 0.35 0.26 0.02 0.29 0.91 0.04

Tanzania µ -2.63 0.07 -2.77 -2.63 -2.50 -2.63

Tanzania τ 18.64 12.02 5.63 15.46 50.22 11.17

Tanzania ϕ 0.32 0.26 0.01 0.25 0.90 0.02

Uganda µ -2.61 0.05 -2.71 -2.61 -2.52 -2.61

Uganda τ 3783.69 37696.07 18.76 457.11 25111.91 34.55

Uganda ϕ 0.37 0.27 0.02 0.31 0.91 0.05

of the prior mass lying in [0.07, 0.97]. The posterior has a mode at 0.11, which it is heavily

concentrated around, and the 95% credible interval for θ is [0.04, 0.65]. Combining this with

the posterior summaries for ϕ, we find that the proposed model is performing more spatial

smoothing than the smoothed direct model, as ϕ is larger in the proposed model, but there

is not much spatial smoothing occurring on the borders of different countries, as θ is close
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Table 4.3: Comparison of parameter estimates for the smoothed direct and proposed models

in the multi-country application.

Model Parameter Mean SD 2.5% Quantile Median 97.5% Quantile Mode

Smoothed Direct µ -2.67 0.04 -2.75 -2.67 -2.59 -2.67

Smoothed Direct τ 10.23 2.39 6.33 9.96 15.67 9.45

Smoothed Direct ϕ 0.23 0.22 0.01 0.15 0.80 0.01

Proposed µ -2.67 0.03 -2.74 -2.67 -2.60 -2.67

Proposed τ 12.42 3.48 6.89 11.99 20.45 11.17

Proposed ϕ 0.49 0.23 0.09 0.49 0.90 0.49

Proposed θ 0.24 0.16 0.04 0.19 0.65 0.11

to 0 in the proposed model.

In Figure 4.13 we map U5MR estimates from the smoothed direct model and the proposed

model. To get a better grasp on how the estimates differ between the two models, in Figure

4.14 we plot U5MR estimates from the smoothed direct model and the proposed model, in

addition to the country-specific smoothed direct model fits, direct estimates for each Admin1

region, and direct estimates for each country. We also include whether each Admin1 region

borders a different country. The estimates from the smoothed direct and proposed models

differ the most among Admin1 regions that do not border a different country. In particular,

in these regions, the estimates from the proposed model are pulled towards their country

level direct estimate. This can be explained by the proposed model estimating larger values

of ϕ. This places more weight on the structured spatial random effect, leading to more spatial

smoothing within countries.

4.7.3 Smoothed Direct and Proposed Country-Intercept Models

In Table 4.4 we display summaries of the posterior for the various parameters from fitting

the smoothed direct and proposed country-intercept models. We see that the posterior esti-
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Figure 4.12: Comparison of prior and posterior density for θ the proposed model for the

multi-country application.

mates for the country-specific intercepts are comparable between models, whereas the pos-

terior standard deviations are larger in the proposed country-intercept model. The posterior

summaries for roughly comparable for τ and ϕ, with the smoothed direct country-intercept

model having slightly larger summaries for ϕ and the proposed country-intercept model

having slightly larger summaries for τ .

Focusing on θ, in Figure 4.15 we plot the prior and posterior for θ from the proposed

model. The posterior has a mode at 0.29, which it is not heavily concentrated around,

and the 95% credible interval for θ is [0.06, 0.95]. We see that the posterior is very close

to the prior, with the main difference being that the posterior does not place much mass

immediately around 1. Thus the data did not inform the posterior for θ beyond the fact that

it is not 1.

In Figure 4.16 we map U5MR estimates from the smoothed direct and proposed country-

intercept models. To get a better grasp on how the estimates differ between the two models,

in Figure 4.17 we plot U5MR estimates from the smoothed direct and proposed country-

intercept models, in addition to the country-specific smoothed direct model fits, direct es-
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Figure 4.13: Maps of U5MR estimates from the smoothed direct model and the proposed

model.

timates for each Admin1 region, and direct estimates for each country. We also include

whether each Admin1 region borders a different country. The smoothed direct and proposed

country-intercept models have close to identical estimates in nearly all regions.

In this multi-country application we have found that while our AICAR improves estimate

of U5MR when country-specific intercepts are not used, it does not provide benefit for esti-

mation of U5MR in the presence of country-specific intercepts. Country-specific intercepts

are not always used in such mutli-country settings [see e.g. 24], but we believe that they

are natural to consider. In contrast, in the temporal Rwanda application in the previous

Section, the results did not substantively change when conflict-period specific intercepts were
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Figure 4.14: Comparison of U5MR estimates from the smoothed direct model and the pro-

posed model, in addition to the country-specific smoothed direct model fits, direct estimates

for each Admin1 region in black, and direct estimates for each country in red.

introduced. Thus, it would seem that the benefit of our AGMRFs is application dependent.

We conjecture that our AICAR would improve estimation of U5MR, when country-specific

intercepts are used, in settings where some of the countries have much less data than other

countries. This data scarcity would make the structured spatial random effect more influen-
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Table 4.4: Comparison of parameter estimates for the smoothed direct and proposed country-

intercept models in the multi-country application.

Model Country Param. Mean SD 2.5% Quantile Median 97.5% Quantile Mode

Smoothed Direct C-Int. Burundi µ -2.56 0.13 -2.83 -2.56 -2.29 -2.57

Smoothed Direct C-Int. Ethiopia µ -2.36 0.21 -2.75 -2.37 -1.91 -2.41

Smoothed Direct C-Int. Kenya µ -2.93 0.14 -3.21 -2.93 -2.65 -2.93

Smoothed Direct C-Int. Rwanda µ -3.17 0.18 -3.54 -3.16 -2.82 -3.16

Smoothed Direct C-Int. Tanzania µ -2.69 0.11 -2.92 -2.68 -2.49 -2.67

Smoothed Direct C-Int. Uganda µ -2.67 0.18 -3.03 -2.67 -2.32 -2.66

Smoothed Direct C-Int. τ 12.80 3.96 6.78 12.21 22.19 11.12

Smoothed Direct C-Int. ϕ 0.57 0.26 0.08 0.60 0.96 0.86

Proposed C-Int. Burundi µ -2.57 0.18 -2.94 -2.57 -2.20 -2.57

Proposed C-Int. Ethiopia µ -2.36 0.30 -2.94 -2.38 -1.73 -2.41

Proposed C-Int. Kenya µ -2.93 0.19 -3.31 -2.93 -2.54 -2.93

Proposed C-Int. Rwanda µ -3.17 0.24 -3.68 -3.17 -2.71 -3.15

Proposed C-Int. Tanzania µ -2.68 0.14 -2.97 -2.68 -2.42 -2.67

Proposed C-Int. Uganda µ -2.67 0.26 -3.20 -2.67 -2.15 -2.66

Proposed C-Int. τ 13.50 3.97 7.39 12.92 22.86 11.84

Proposed C-Int. ϕ 0.53 0.25 0.08 0.54 0.94 0.71

Proposed C-Int. θ 0.51 0.27 0.06 0.50 0.95 0.29

tial, and it would be interesting to see in such a setting whether the AICAR would improve

over the performance of an ICAR for the structured spatial random effect.

4.8 Conclusions

In this chapter, we developed a class of adaptive GMRFs which can incorporate knowledge of

expected shocks in mortality, while still allowing information to be borrowed across space and

time. Methodologically, an important next step will be to develop spatio-temporal models

that incorporate our adaptive GMRFs. A natural first step would be to utilize the spatio-

temporal interaction framework of [70]. For example, if one wanted to estimate U5MR across

multiple countries over multiple time periods, one could use a type IV interaction from [70],
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Figure 4.15: Comparison of prior and posterior density for θ the proposed country-intercept

model for the multi-country application.

where the spatial component is a multi-country AICAR and the temporal component is a

non-adaptive GMRF, like a RW1.

In the Rwanda application, we focused in this chapter on developing a national model

for U5MR from 1985-2015 that did not oversmooth during conflict years. However, we

would ultimately like to develop a subnational model for U5MR from 1985-2015. This poses

challenges, as earlier surveys that provide the most information for conflict years do not

have GPS information available for sampled households, unlike later surveys. The only

geographic information these earlier surveys have for sampled households is administrative

region at the time of the survey, and the administrative division of Rwanda changed in

2006. Thus, future work will need to develop a spatial model that harmonizes these different

administrative divisions. This new spatial model could then be combined with the conflict

ARW1 to develop a subnational model for U5MR from 1985-2015.
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direct estimates for each Admin1 region in black, and direct estimates for each country in
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Chapter 5

DISCUSSION AND FUTURE WORK

In this dissertation, we have addressed three problems related to the statistical method-

ology used to assess the extent of mortality in the wake of a conflict. Chapter 2 proposed

a novel Bayesian approach to the general problem of multifile record linkage and duplicate

detection. However, there is much work that needs to be done to get modern Bayesian ap-

proaches used regularly in practice for record linkage. There is currently no guidance in the

literature for how practitioners are supposed to choose amongst the many competing methods

available for Bayesian record linkage. Comparison studies of competing methods need to be

undertaken to help practitioners understand the relative computational and statistical per-

formance of approaches in the direct-modeling and comparison-based frameworks. In order

to get practitioners to actually use some of the competing methods, general purpose software

needs to be developed for Bayesian approaches. The current software for Bayesian record

linkage is disjoint and bespoke, so a practitioner familiar with the software of one method

is not necessarily prepared to use the software of a different method. Developing general

purpose software capable of implementing a wide array of methods would allow for greater

usability, and would additionally help facilitate methodological work and comparison stud-

ies. Further, graphical user interfaces need to be built on top of general purpose software to

further expand the possible user base for Bayesian approaches outside of those comfortable

with coding in statistical programming languages like R. An important part of such general

purpose software would be standardized Markov chain Monte Carlo convergence diagnostics.

Essentially all Bayesian approaches to record linkage currently use Markov chain Monte Carlo

samplers to explore the posterior distribution over the space of partitions, a high-dimensional

discrete parameter space. However, there is no guidance in the literature for how to tune
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these samplers in practice. Good default settings are necessary for non-statistical experts to

reliably use these approaches.

Chapter 3 presented a re-framing of the MSE problem that leads to an approach which

places the identifying assumption front and center in the MSE workflow. It is important to

continue research in this vein to make MSE approaches that center the identifying assumption

common place in practice. For example, it may be the case in a given application that no

available identifying assumptions are appropriate based on the context of the data. Thus it is

important to develop new interpretable and explicitly specified identifying assumptions that

practitioners can choose from and interpretable sensitivity analyses that allow practitioners

to examine impact of these new identifying assumptions on population size estimates. It may

also be useful to develop explicit partial identifying assumptions that set identify, rather than

point identify, MSE models. The assumptions that a user is required to make to set identify

a model can be much weaker than the assumptions required to achieve point identification.

This can allow more leeway for users when attempting to justify an assumption in the context

of their data.

While we separately considered the problems of record linkage and MSE in this disser-

tation, they are closely related in practice. When record linkage is used to identify which

individuals are the same across data sources, it is desirable to propagate the uncertainty

from the linkage to the MSE method. It would be interesting in the future to combine the

techniques from Chapters 2 and 3 to provide a joint approach to record linkage and MSE

that allows the usage of modern Bayesian record linkage models with MSE approaches that

use explicitly specified identifying assumptions. Current joint approaches [82, 131, 132] do

not allow the usage of common MSE approaches, nor would they be amenable to MSE ap-

proaches that use explicitly specified identifying assumptions. However, the structured prior

for multifile partitions in Chapter 2 provides a natural route to incorporate arbitrary MSE

models into a Bayesian record linkage model, as it places a prior directly on the overlap table

which is viewed as data in MSE methods.

Chapter 4 developed spatial and temporal smoothing models which incorporate knowl-
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edge of expected shocks in mortality. The main motivation for this chapter was the develop-

ment of a subnational model for U5MR in Rwanda from 1985-2015 that does not oversmooth

during conflict years. Earlier surveys in Rwanda provide the most information for conflict

years, but do not have GPS information available for sampled households unlike later sur-

veys. Instead, these earlier surveys contain administrative region at the time of the survey

for sampled households, and the administrative division of Rwanda changed in 2006. While

it would be straightforward to produce U5MR estimates for these out of date administrative

regions, we unfortunately would like to produce U5MR estimates for the current adminis-

trative regions. We thus need to develop a spatial model that is able to harmonize the data

from these different administrative divisions. This is known as the spatial misalignment

problem [see e.g. Chapter 7 of 11]. This new spatial model that takes into account the

spatial misalignment could then be combined with the conflict ARW1 to form a type IV

spatio-temporal interaction [70] that can be used as the backbone of a subnational model for

U5MR in Rwanda from 1985-2015 that does not oversmooth during conflict years.
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Appendix A

APPENDIX FOR CHAPTER 1

A.1 Structured Prior Appendix

In this appendix, we prove Proposition 1 from Chapter 2 and provide additional guidance

for the specification of the structured prior for multifile partitions.

A.1.1 Proof of Proposition 1

In this section, we restate and prove Proposition 1 from Chapter 2.

Proposition A.1. The number of K-partite matchings that have the same overlap table,

n = {nh}h∈H, is
∏K

k=1 nk!/
∏

h∈H nh! , where nk =
∑

h∈H hknh is the number of entities in

datafile Xk. Thus P(C | {Ck}Kk=1,n) =
∏

h∈H nh!/
∏K

k=1 nk!.

Proof. Let us first count all of the ways that we can place the clusters in file Xk into

the overlap table cells that Xk is included in, Hk = {h ∈ H : hk = 1}. This is

just a multinomial coefficient, nk!/(
∏

h∈Hk
nh!). Thus the number of ways we can place

all of the clusters from all of the files into the cells in H is
∏K

k=1 nk!/(
∏

h∈Hk
nh!) =

(
∏K

k=1 nk!)/[
∏

h∈H(nh!)
∑K

k=1 hk ]. Given that there are nh clusters from each file with hk = 1

in cell h, now all we have to count is how many distinct complete matchings are possible

between them, which is just (nh!)
(
∑K

k=1 hk)−1. Thus the number of K-partite matchings is

[(
∏K

k=1 nk!)/(
∏

h∈H(nh!)
∑K

k=1 hk)][
∏

h∈H(nh!)
∑K

k=1 hk/nh!] =
∏K

k=1 nk!/
∏

h∈H nh!.

A.1.2 Prior Specification Guidance

In this section we provide additional guidance for the specification of the structured prior

for multifile partitions described in Section 3 of Chapter 2. In particular, we further discuss
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the priors for the number of clusters, the overlap tables, and the within-file cluster sizes.

Prior for the Number of Entities or Clusters. In Chapter 2 we recommended, in the absence

of substantial prior information, to use a uniform prior on {1, · · · , U} for the number of

clusters, for some upper bound U . Our default recommendation was to set U = r, i.e.

the total number of records. If one has substantive prior information about the number of

clusters, this could instead be incorporated using other distributions on the positive integers.

[95] and [144] both suggest to use a negative-binomial distribution with parameters a > 0

and q ∈ (0, 1) truncated to the positive integers, i.e. P(n) ∝ Γ(n+a)
(n!)Γ(a)

(1− q)aqnI(n ∈ N). [144]

further suggest a weakly informative specification for this Negative-binomial prior where a

and q are selected such that E[n] =
√

Var(n) = r/2. We follow [95] and [144] and suggest

a negative-binomial prior for the number of clusters n when incorporating substantive prior

information.

Prior for the Overlap Table. In Chapter 2 we recommended using a Dirichlet-multinomial

prior for the overlap table, specified by a collection of positive hyperparameters. In the

absence of substantial prior information we recommended setting α = (1, · · · , 1). Due to

conjugacy of the Dirichlet distribution with the multinomial, α can be interpreted as prior

cell counts, and thus our recommendation amounts to incorporating a prior count of 1 to

each cell and an overall prior sample size of 2K − 1.

In our simulations and application, we found across a variety of overlap settings that

this default prior performed satisfactorily. However, in the no-three-file-overlap setting,

our approach struggled when there was a large amount of measurement error. We find in

Appendix D.2 that we can improve performance in this setting by using informative prior

cell counts, rather than using our default specification. What sets this no-three-file-overlap

simulation setting apart from the other settings is that it is sparse, i.e. in this setting the

count for the three-file-overlap cell of the overlap table is truly 0.

When linking a large number of files K, the size of the overlap table, 2K − 1, becomes

large very quickly, which makes it likely that the true overlap table is sparse. Our default

prior specification may not be appropriate in these settings as using a prior cell count of
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1 for each cell may be incorporating prior information that is too strong, as illustrated in

Example 1.4 of [13]. One possible alternative as a default specification when the overlap table

is potentially sparse, would be to set α = [1/(2K − 1), · · · , 1/(2K − 1)] (see Section 3.2 of

[13] for justification). If one has prior information concerning which cells of the overlap table

are likely to be sparse, based on the results in Appendix D.2, we recommend attempting

to incorporate this information into the prior. For example, if it is believed that some

combination of files are likely not to have collected information on the same set of entities,

one can incorporate this information by making the corresponding prior cell counts close to

0.

Another route one could take would be to replace the Dirichlet-multinomial prior on n

with a multinomial prior on n, with a non-Dirichlet prior on the multinomial cell probabili-

ties. For example, one could use the tensor-factorization priors of [35] and [145], which have

been shown to have lead to estimates of cell probabilities with good performance in large

sparse contingency tables.

Prior for the Within-File Cluster Sizes. Given that in a multifile record linkage and duplicate

detection scenario we do not expect there to be many duplicates per entity in any given file,

in Chapter 2 we recommended specifying i.i.d. priors for the sizes of the within-file clusters,

i.e. dk1, · · · , dknk
| nk

iid∼ pk(·) for a given file Xk. Here pk(·) represents the probability mass

function of a distribution on {1, · · · , Uk}, where Uk is a file-specific upper bound on cluster

sizes.

When a given file Xk is assumed to have no duplicates, in Chapter 2 we recommended

enforcing this restriction that there are no duplicates in that file by setting Uk = 1 and

pk(dki) = I(dki = 1). When a given file Xk is assumed to have duplicates, in Chapter 2 we

recommended a Poisson distribution with parameter λ = 1, i.e. pk(dki) ∝ (dki!)
−1I(dki ∈

{1, · · · , Uk}). This prior places most of the prior mass close to 1, where various properties

such as prior mean and standard deviation can be computed numerically (e.g. when Uk = 10

the prior mean is 1.58). If one has information on the average amount of duplication in

file k, given a specified upper bound Uk, one could specify the parameter λ of the Poisson
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prior such that the prior mean is equal to the average amount of duplication. Alternatively,

one could place a hyperprior on λ. This is similar approach to [144], who used a negative-

binomial distribution with parameters r > 0 and p ∈ (0, 1) truncated to the positive integers,

with a gamma hyperprior for r and a beta hyperprior for p. Indeed, the negative-binomial

prior of [144] can be seen as a generalization of our Poisson prior, based on well-known

connections between the Poisson and negative-binomial, and could be used instead of our

Poisson recommendation if desired.

In the simulations presented in Appendix D.3 we explore using a Poisson prior with

parameter λ varying over {0.1, 1, 2}, when the within-file cluster sizes are generated from a

Poisson with parameter λ varying over {0.1, 1, 2}. We find in these simulations that when

there is medium or high duplication (i.e. the within-file cluster sizes are generated from a

Poisson with mean in {1, 2}), the results are not sensitive to λ, whereas when there is low

duplication (i.e. the within-file cluster sizes are generated from a Poisson with mean 0.1),

the results are sensitive to λ. This suggests that model performance is more sensitive to the

specification of the prior distribution for within-file cluster sizes when there is a low amount

of duplication, and that care should be taken when specifying the prior for the within-file

cluster sizes for files which are expected to have very little duplication.
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A.2 Posterior Inference Appendix

In this appendix, we first derive full conditional distributions of our structured prior for

partitions, and then use the full conditional distributions to derive a Gibbs sampler for

posterior inference in our model. We then discuss the computational complexity of our

approach to posterior inference, how computational performance can be improved through

the usage of indexing techniques, and the initialization of the Gibbs sampler.

A.2.1 Conditional Assignment Probabilities

In this section we use the form of the prior distribution in (2.1) to derive the conditional

probability for assigning a record j from file Xk to a given cluster of an existing multifile

partition C−j of the other records. Specifically, we derive P(j → c | C−j), where j → c

denotes adding record j to a cluster c ∈ C−j or to an empty cluster. Let a quantity followed

by (C−j) denote that it is derived from C−j analogously to in Section 3.1 of Chapter 2. Let

1k denote the inclusion pattern indicating inclusion only in file Xk, that is, 1k is a vector of

zeroes except for its kth entry which equals 1. Further, let 1c denote the inclusion pattern

of the cluster c ∈ C−j, that is, the lth entry of 1c is I(cl ̸= ∅). Finally, let 1c∪j denote the

inclusion pattern of the cluster c ∈ C−j after adding record j to it. Then the conditional

assignment probability is

P(j → c | C−j) ∝

[
P(n(C−j) + 1)

P(n(C−j))

] [
(n(C−j) + 1)(n1k

(C−j) + α1k
)

n(C−j) + α0

]
pk(1) , if c = (∅, · · · , ∅)[

n1c∪j
(C−j) + α1c∪j

n1c(C−j) + α1c − 1

]
pk(1) , if c ̸= (∅, · · · , ∅), |ck| = 0

(|ck|+ 1)

[
pk(|ck|+ 1)

pk(|ck|)

]
, if |ck| > 0.
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A.2.2 Gibbs Sampler

We will now derive a Gibbs sampler to explore the posterior of Φ and C. Suppose we are

at iteration t + 1 of the sampler, with current samples Φ[t] = (m[t],u[t]) and C[t]. Then we

obtain the samples for iteration t+ 1 through the following steps:

1. For k ≤ k′ and f ∈ {1, . . . , F}, sample

m
f [t+1]
kk′ | C[t],γobs ∼ Dirichlet(af0kk′(C

[t]) + µf0
kk′ , · · · , a

fLf

kk′ (C
[t]) + µ

fLf

kk′ )

and

u
f [t+1]
kk′ | C[t],γobs ∼ Dirichlet(bf0kk′(C

[t]) + νf0
kk′ , · · · , b

fLf

kk′ (C
[t]) + ν

fLf

kk′ ).

Call these samples Φ[t+1].

2. We now sample the cluster assignment for each record j ∈ [r] sequentially. Suppose

we have sampled the first j − 1 records, and are sampling the cluster assignment for

record j from file Xk. Let C[t]
−j denote the current partition of [r], without record j,

after sampling the first j−1 records. Then we sample the cluster assignment for record

j according to the following probabilities:

P(j → c | C[t]
−j,Φ

[t+1],γobs) ∝

[
P(n(C[t]

−j) + 1)

P(n(C[t]
−j))

][
(n(C[t]

−j) + 1)(n1k
(C[t]

−j) + α1k
)

n(C[t]
−j) + α0

]
pk(1) , if c = (∅, · · · , ∅)

[∏K
k′=1

∏
i∈ck′

L[t+1]
ij

] [ n1c∪j
(C[t]

−j) + α1c∪j

n1c(C
[t]
−j) + α1c − 1

]
pk(1) , if |ck| = 0, c ̸= (∅, · · · , ∅)[∏K

k′=1

∏
i∈ck′

L[t+1]
ij

]
(|ck|+ 1)

[
pk(|ck|+ 1)

pk(|ck|)

]
, if |ck| > 0,
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where, letting k′ denote the file that record i is in,

L[t+1]
ij =

F∏
f=1

 Lf∏
l=0

(
m

fl[t+1]
kk′

u
fl[t+1]
kk′

)I(γf
ij=l)

Iobs(γ
f
ij)

= exp

 F∑
f=1

Iobs(γ
f
ij)

Lf∑
l=0

log

(
m

fl[t+1]
kk′

u
fl[t+1]
kk′

)
I(γf

ij = l)

 .

A.2.3 Computational Complexity

The computational complexity of posterior inference in our proposed approach can be broken

up into the complexity of pre-computing comparison vectors, and the complexity of individual

steps of the Gibbs sampler presented in Appendix A.2.2.

• The computational complexity of pre-computing comparison vectors isO(rp∗F ), where

rp is the number of valid record pairs. To be more specific, when we assume there are

duplicates in every file, rp = r(r − 1)/2, and when we assume there are no duplicates

in each file, rp =
∑

k<k′ rkrk′ . For in between situations where we assume there are

no duplicates in some files and duplicates in the remaining files, it can be shown

that
∑

k<k′ rkrk′ < rp < r(r − 1)/2. Thus in the most general case, pre-computing

comparison vectors scales quadratically in the number of records. We discuss in the

following section how the cost of this step can be reduced through the usage of blocking.

• The computational complexity of step 1 of the Gibbs sampler presented in Appendix

A.2.2, i.e. sampling the m and u parameters, is O(rp ∗ fl+ fp ∗ fl), where fp is the

number of valid file pairs, and fl =
∑F

f=1(Lf + 1) is the total number of agreement

levels across all fields. We have that fp =
(
K
2

)
+Kd, where Kd is the number of files

that are assumed to have duplicates. This follows as the a and b summaries of the

partition can be calculated from a matrix multiplication of a fl × rp matrix and a

rp × 1 matrix, and given these a and b summaries the complexity of sampling the m

and u parameters from their full conditionals is O(fp ∗ fl).
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• The computational complexity of step 2 of the Gibbs sampler presented in Appendix

A.2.2, i.e. sampling the partition C, is difficult to analyze in general. In the most

general case, where we assume there are duplicates in each file, in the worst case

scenario, each record could be placed in its own cluster. The complexity of sampling

the cluster assignment for a single record would then be O(r), and the complexity of

sampling the cluster assignment for all records would then be O(r2). However, the

number of clusters potentially changes whenever a new cluster assignment is sampled,

which complicates this analysis. Further, once introduces constraints on the partition

space, either through assuming there are no duplicates in some files, or using indexing

as described in the next section, the number of clusters available for a specific record’s

cluster assignment step will depend on these constraints. In general the best we can

say is that this step will be faster when each record has on average (with respect to

the posterior) a small number of clusters to which it can be assigned, and slower when

each record has on average a large number of clusters to which it can be assigned.

In our current implementation of the proposed approach, we have found that even though

both steps of the Gibbs sampler scale quadratically in the number of records in the worst

case, the cost of sampling the partition generally dominates the cost of sampling the m and

u parameters, and is the main bottleneck of our approach. We note that the sampling of

the partition will essentially have the same computational complexity regardless of whether

one uses a comparison-based model for records, as we have proposed in Chapter 2, or one

uses a direct-modeling approach, as in [126].

A.2.4 Blocking, Indexing, and Scalability

As described in the previous section, there are two main bottlenecks to scalability in our

proposed approach: pre-computing the comparison vectors and sampling the partition from

its full conditional in the Gibbs sampler presented in Appendix A.2.2. Both of these bottle-

necks can be sped up through the use of indexing techniques, which declare certain pairs of
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records non-coreferent a priori based on comparisons of a small number of fields [28, 127, 97].

This both reduces the number of record pairs under consideration, and reduces on average

the number of clusters to which each record can be assigned in the Gibbs sampler presented

in Appendix A.2.2.

In particular, if P = ∪k≤k′Pkk′ is the set of all possible record pairs, indexing techniques

generate a set P∗ ⊂ P , such that |P∗| ≪ |P|, where record pairs in P∗ are candidate

coreferent pairs, and record pairs in P\P∗ are fixed as non-coreferent. Thus when performing

posterior inference, this truncates our prior on multifile partitions to the set {C : C(i) ̸=

C(j),∀(i, j) ∈ P \ P∗}.

We briefly review two common indexing techniques from [97], blocking and indexing by

disjunction. Blocking declares pairs of records to be non-coreferent when they disagree on a

set of error-free fields. The use of error-free fields guarantees that the candidate coreferent

pairs output from blocking are transitive, so that P∗ forms a partition of the records. In-

dexing by disjunction declares pairs of records to be non-coreferent when they disagree at

a certain threshold for each field in a given set of reliable fields. Candidate coreferent pairs

output from indexing by disjunction are not guaranteed to be transitive.

When a set of error-free fields are available, we recommend blocking. Blocking schemes

can be implemented without constructing comparison vectors for each record pair, thus

reducing the cost of pre-computing comparison vectors for all record pairs to just the cost of

pre-computing comparison vectors for record pairs within each block. Our proposed approach

can then be run independently in each block, drastically reducing on average the number of

clusters to which each record can be assigned in the Gibbs sampler presented in Appendix

A.2.2.

Within blocks, there is no further way to reduce cost of the pre-computing the comparison

vectors. However, it is still possible to reduce the cost of sampling the partition from its full

conditional in the Gibbs sampler presented in Appendix A.2.2 through the use of indexing by

disjunction. By fixing certain pairs of records to be non-coreferent, one reduces on average

the number of clusters to which each record can be assigned in the Gibbs sampler presented
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in Appendix A.2.2. Note that the comparisons for record pairs fixed as non-coreferent in

P \P∗ still contribute to the model through the bflkk′ term in the likelihood in (2.2), avoiding

many of the issues presented in [97].

However, the non-transitivity of P∗ output from indexing by disjunction can be problem-

atic, as it suggests that the thresholds used in indexing by disjunction are too stringent, and

that they may be excluding true coreferent pairs. Non-transitivity can also cause problems

for Markov chain Monte Carlo samplers (like our Gibbs sampler in Appendix A.2.2), as it

can make traversing the constrained space of multifile partitions difficult. To avoid the issue

of non-transitivity, we propose to use the transitive closure of the candidate coreferent pairs,

P∗, generated by indexing by disjunction, which we refer to as transitive indexing. Transi-

tive indexing has been used before in the post-hoc blocking methodology of [92] for two-file

record linkage.

A.2.5 Initialization

Due to the nature of the Gibbs sampler in Appendix A.2.2, we can initialize the multifile

partition C without needing to initialize Φ. A simple initialization for C is to let each record

belong to its own cluster, which works well when indexing is used. However, we observed

during some preliminary simulations that when sampling K-partite matchings without using

indexing, the sampler can take a large number of iterations to mix if we initialize C in this

way, where the number of iterations depends on the partition the data was simulated from.

This problem can not be avoided as in Appendix A.2.4, as the constraints on the space of

K-partite matchings cannot be relaxed. In this case, we constructed a simple alternative

initialization. The idea is to use an indexing scheme for initialization, even if indexing is

not being used to reduce the number of candidate coreferent pairs. In particular, we first

generate a set of record pairs P∗ ⊂ P through transitive indexing as described in Appendix

A.2.4. For each block of records in P∗, we sample a random K-way matching of records in

that block. We then initialize C such that each record belongs to its own cluster, except for

the sampled K-way matchings.
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A.3 Point Estimation Appendix

In this appendix we discuss how our proposed loss function differs from the loss function of

[115], and propose a strategy for approximating the Bayes estimate under our proposed loss

function.

A.3.1 Comparison to [115]

Unlike our loss function construction, in the two-file set-up [115] constructed the loss function

from individual losses for the records in the smaller datafile only. Such construction however

leads to an asymmetry in the loss function that is arbitrary. Consider an example of two

datafiles, where the first file has records a and b, and the second file has records c and d. In

that case the role of the datafiles can be arbitrarily interchanged. If the true matching has a

link between a and c but the matching estimate has a link between b and c, the loss will be

λFNM + λFM1 if file two is chosen not to contribute to the loss, but it will be λFM2 if file one is

chosen not to contribute to the loss. Our new construction presented in Chapter 2 does not

lead to such issues.

A.3.2 Approximating the Bayes Estimate

Finding a partition Ẑ such that R(Ẑ) is minimized corresponds to an optimization problem

closely related to graph partitioning problems [e.g., 22, 72, 99] or correlation clustering [e.g.,

12, 33], both of which are known to be NP-complete. Thus, unlike in [115], we cannot

minimize R(Ẑ) exactly in general. All approaches for graph partitioning problems or for

correlation clustering instead rely on heuristic algorithms whose performance is evaluated

empirically via simulation studies and benchmark datasets. We will follow a similar approach.

We take advantage of the fact that in practice a large number of record pairs will have zero

or close to zero posterior probability of matching P(∆ij = 1 | γobs). Based on this, we propose

to threshold P(∆ij = 1 | γobs) at a small value δ to create a graph where an edge represents

a non-negligible probability of matching between two records. We then break the records
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up into connected components of this graph, each component representing groups of records

that are more likely to be coreferent. We then find the Bayes estimate by minimizing R(Ẑ)

separately within each of these connected components. We can think of δ as a way of trading-

off between accuracy of the Bayes estimate and computational tractability: larger values of

δ decrease the size of the resulting connected components, making the minimization more

tractable within each component, while smaller δ make the resulting approximation more

accurate as using the threshold δ = 0 is no longer an approximation. We recommend setting

δ as the smallest probability such that the largest connected component is smaller than some

pre-specified upper bound that captures a computational budget. To minimize R(Ẑ) within

the connected components, we propose to do so over posterior samples, {Z [t]}Tt=1, and find

the sample which minimizes R(Z [t]). As this minimization is happening separately within

each connected component, the final Bayes estimate of the partition of all r records does not

itself have to be a posterior sample.

To minimize R(Ẑ) when searching for partial estimates, let Ω denote the power set

of [r], and let Z
[t]
ω denote the posterior draw Z [t] where the records in ω ∈ Ω are set to

abstain, A. Then in order to accommodate partial estimates, we can minimize R(Ẑ) over

{Z [t]
ω | t ∈ [T ], ω ∈ Ω}.

Unless stated otherwise, in all simulations and in the application, for full (partial) esti-

mates, we find the Bayes estimate separately within connected components of records with

posterior probability larger than δ of matching, where δ is the smallest probability such that

the largest connected component is smaller than 50 (12).
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A.4 Simulation Appendix

A.4.1 Tables 3 and 4 from [114]

Table 3 of [114] is reproduced in Table A.1. In this table, edit errors are insertions, deletions,

or substitutions of characters in a string, OCR errors are optical character recognition errors,

keyboard errors are typing errors that rely on a certain keyboard layout, and phonetic errors

are errors using a list of predefined phonetic rules. Table 4 of [114] is reproduced in Table

A.2.

Table A.1: Types of errors per field in the simulation studies.

Type of error

Field Missing values Edits OCR Keyboard Phonetic Misspelling

Given name ✓ ✓ ✓ ✓

Family name ✓ ✓ ✓ ✓ ✓

Age interval ✓

Sex ✓

Occupation ✓

Phone number ✓ ✓ ✓ ✓

Postal code ✓ ✓ ✓ ✓

A.4.2 Prior Sensitivity Analysis for Simulation with Duplicate-Free Files, Equal Errors

Across Files

In Section 6.2 of Chapter 2, we saw that our proposed approach struggled in the no-three-

file overlap setting when there was high measurement error. In practice, if we knew that no

entity is represented in all three datafiles we could enforce that restriction just like we enforce

that there are no duplicates in given files, which would likely lead to better performance.

While it is reasonable to assume in some applications that there are no duplicates in a given



117

Table A.2: Construction of levels of disagreement for the simulation studies.

Levels of disagreement

Field Similarity measure 0 1 2 3

Given name Levenshtein 0 (0, 0.25] (0.25, 0.5] (0.5, 1]

Family name Levenshtein 0 (0, 0.25] (0.25, 0.5] (0.5, 1]

Age interval Binary comparison Agree Disagree

Sex Binary comparison Agree Disagree

Occupation Binary comparison Agree Disagree

Phone number Levenshtein 0 (0, 0.25] (0.25, 0.5] (0.5, 1]

Postal code Levenshtein 0 (0, 0.25] (0.25, 0.5] (0.5, 1]

file (for example the application considered in Section 7 of Chapter 2), it is less reasonable

to assume with absolute certainty that there is no entity represented in all three datafiles.

Thus we want to instead incorporate the weaker information that there is a low amount of

three way overlap. We can achieve this through an informative specification of α.

In the no-three-file overlap setting, the overlap table was generated from a multinomial

distribution with probability vector p = (p001, p010, p011, p100, p101, p110, p111) where p001 =

p010 = p100 = 0.55/3, p011 = p101 = p110 = 0.15, p111 = 0. Note that our Dirichlet-multinomial

prior can be motivated as the result of first drawing {qh}h∈H from a Dirichlet distribution

with hyperparameters α, then drawing n from a multinomial distribution of size n with

probabilities {qh}h∈H. As discussed in Appendix A.1.2, α can be interpreted as prior cell

counts, which can be used to incorporate prior information about the amount of overlap

between datafiles. Thus when specifying an informative α, we want the Dirichlet prior

for {qh}h∈H to be centered roughly around p. We can accomplish this by setting α =

κ × (p001, p010, p011, p100, p101, p110, 1/κ). κ + 1 represents the sum of prior cell counts. As κ

increases, the Dirichlet prior for {qh}h∈H becomes more concentrated near p.

We repeated the no-three-file overlap setting simulation from Section 6.2 of Chapter 2



118

using this informative specification with κ ∈ {49, 99}. The results are presented in Figure

A.1. We see that when there is high measurement error, these more informative specifications

improve upon the performance of the default specification of α = (1, · · · , 1).
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Figure A.1: Performance comparison for no-three-file overlap simulation with more informa-

tive settings of α. Solid lines show medians, and dashed lines show 2nd and 98th percentiles.

“Flat” refers to a flat prior on tripartite matchings, “Proposed” refers to our structured prior

for partitions when α = (1, · · · , 1), and “kappa = 49” and “kappa = 99” refer to the more

informative specifications of α with κ ∈ {49, 99}.

A.4.3 Files with Duplicates, Full Estimates

This simulation study consists of linkage and duplicate detection for three datafiles, so that

the target of inference is a general multifile partition. We conduct this study with probabil-

ities fixed at p001 = p010 = p100 = 0.3, p011 = p101 = p110 = 0.025, p111 = 0.025, representing a

very low overlap setting, which can be challenging as seen in Section 6.2 of Chapter 2. For

each entity represented in the datafiles we generated a within-file cluster size from a Poisson

distribution with mean λ truncated to {1, · · · , 5}. In this study, in addition to varying the

number of erroneous fields per record over {1, 2, 3, 5} to explore different amounts of mea-

surement error, and we vary λ over {0.1, 1, 2} to explore low, medium, and high amounts of

duplication.
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Figure A.2: Performance comparison for simulation with datafiles with duplicates and full

estimates. Black lines refer to results under our structured prior, grey lines refer to the

approach of [114], solid lines show medians, and dashed lines show 2nd and 98th percentiles.

To implement our methodology, in addition to the general set-up described in Section 6.1

of Chapter 2, we use a Poisson prior with mean 1 truncated to {1, · · · , 10} on the within-file

cluster sizes. For comparison we use the comparison-based model of [114], which treats all of

the records as coming from one file and uses a flat prior on partitions. For both models we

use transitive indexing as in described Appendix A.2.4 to reduce the number of comparisons,

where the initial indexing scheme declares record pairs as non-coreferent if they disagree in

either given or family name at the highest level (according to Table 4 of [114]).

The results of the simulation are seen in Figure A.2. In the medium and high duplication

settings, the models have similarly good performance. We believe that the similar perfor-

mance between models in these settings is due to the use of the indexing, which significantly

reduces the size of the space of possible multifile partitions, so that the influence of the struc-

tured prior is minimized. However, in the low duplication setting we see that the precision of
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the proposed model is better across the varying measurement error settings than the model

of [114]. This suggests that in low duplication settings, our approach once again improves

upon an approach that uses flat priors for partitions by protecting against over-matching.

We now explore the sensitivity of our approach to changes in the prior for the number

within-file cluster sizes, and demonstrate how the performance in the low duplication setting

can be further improved through the incorporation of an informative prior for the within-

file cluster sizes. In the simulation that was just described, we used a Poisson prior with

mean λ = 1 truncated to {1, · · · , 10} for the within-file cluster sizes. In the simulation, the

within-file cluster sizes were generated from Poisson distributions with mean λ truncated

to {1, · · · , 5}, where λ varied over {0.1, 1, 2}. We now repeat the same simulation using

Poisson priors with mean λ truncated to {1, · · · , 10} for the within-file cluster sizes, where

λ ∈ {0.1, 1, 2}. The results are presented in Figure A.3. The results for the medium and

high duplication settings are very robust to the within-file cluster size prior specification.

In the low duplication setting we see that the performance among the different within-file

cluster size prior specifications is best when λ = 0.1, and worst when λ = 2 (but still better

than the approach of [114]). This behavior is expected as the within-file cluster size prior

with λ = 0.1 is informative in the low duplication setting.

A.4.4 Files with Duplicates, Partial Estimates

We now examine the performance of partial estimates in the low duplication setting of the

simulation presented in the previous section, where both the proposed approach and the

approach of [114] struggled the most. For partial estimates, we use λFNM = λFM1 = 1,

λFM2 = 2, and λA = 0.1, so that abstaining from making a linkage decision is 10% as costly

as making a false non-match. We will assess the performance of the Bayes estimate using

precision and the abstention rate,
∑r

i=1 I(Ẑi = A)/r, the proportion of records which the

Bayes estimate abstained from making a linkage decision. Recall is no longer useful when

using partial estimates, as we are not trying to find all true matches.

In Figure A.4 we see that, for both approaches, using partial estimates leads to improved
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Figure A.3: Performance comparison for simulation with datafiles with duplicates and full

estimates, with varying priors for the within-file cluster sizes. Solid lines show medians, and

dashed lines show 2nd and 98th percentiles.

precision in comparison with full estimates, while maintaining a relatively low abstention

rate. This result is expected, as the records to which our partial estimate assigns the abstain

option are the most ambiguous in terms of which records they should be linked to, and

therefore they are the most likely to lead to false matches which decrease the precision.

Using partial estimates with an abstain option is therefore a good way of compromising

between automated and manual linkage: records for which linkage decisions are difficult are

left to be handled via clerical review.

A.4.5 Results for an Alternative Metric

When evaluating the performance of the full estimates in the simulations thus far, we have

focused on the metrics of precision and recall, which are global measures of how well the true

partition is being estimated. One could also be interested in how well other summaries of
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Figure A.4: Performance comparison for simulation with datafiles with duplicates and partial

estimates. Black solid and dashed lines refer to precision for partial estimates, grey solid

and dashed lines refer to precision for full estimates, and dot-dashed and dotted lines refer

to the abstention rate for partial estimates. Solid and dot-dashed lines show medians, and

dashed and dotted lines show 2nd and 98th percentiles.

the partition are being estimated, e.g. the number of entities (i.e. the number of clusters),

the sizes of the clusters, the overlap table, etc. In this section we report the performance of

the full estimates in the previous simulations when estimating the number of entities.

For each replicate data set in each simulation scenario considered thus far, we obtained

a full estimate of the partition, which can be used to derive an estimate of the number of

entities. For a given simulation scenario, let n0 denote the true number of entities (in all

the scenarios considered thus far, n0 = 500), and let n̂s denote the estimate of the number

of entities based on the full estimate of the partition for replicate data set s ∈ {1, · · · , 100}.

For each simulation scenario, we can thus estimate the bias of these estimates,
∑100

s=1 n̂s−n0,

and the mean-squared error of these estimates,
∑100

s=1(n̂s − n0)
2.
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Duplicate-Free Files, Equal Errors Across Files

The results for estimating the number of latent entities in the simulations conducted in

Section 6.2 of Chapter 2 and Appendix A.4.2 are seen in Figures A.5 and A.6. We see that

that across the different simulation settings the proposed approach has a slight negative

bias, and the approach using a flat prior has a very large negative bias. In the no-three-file

overlap settings, we see that the more informative prior specifications are less biased than

the proposed approach when there are a larger number of erroneous fields, which mirrors

the results from Appendix A.4.2. Across all approaches, the bias increases as the number of

erroneous fields increases. The results for the mean-squared error estimates are very similar

to the results for the bias estimates.
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Figure A.5: Bias estimates for simulation with duplicate-free files and equal errors across

files. “Flat” refers to a flat prior on tripartite matchings, “Proposed” refers to our structured

prior for partitions when α = (1, · · · , 1), and “kappa = 49” and “kappa = 99” refer to the

more informative specifications of α discussed in Appendix A.4.2.

Duplicate-Free Files, Unequal Errors Across Files

The results for estimating the number of latent entities in the simulation conducted in Section

6.3 of Chapter 2 are seen in Figures A.5 and A.6. We see that that across the two simulation
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Figure A.6: Mean-squared error estimates for simulation with duplicate-free files and equal

errors across files. “Flat” refers to a flat prior on tripartite matchings, “Proposed” refers to

our structured prior for partitions when α = (1, · · · , 1), and “kappa = 49” and “kappa =

99” refer to the more informative specifications of α discussed in Appendix A.4.2.

settings all approaches have a negative bias, with the proposed approach having the smallest

bias and the approach using a flat prior having the largest bias in both scenarios. The results

for the mean-squared error estimates are very similar to the results for the bias estimates.

Files with Duplicates, Full Estimates

The results for estimating the number of latent entities in the simulation conducted in

Appendix A.4.3 are seen in Figures A.9 and A.10. In the low duplication setting, we see that

the proposed approach with λ = 0.1 has the smallest bias across error settings, followed by

the proposed approach with λ = 1, then the proposed approach with λ = 2, and then the

approach of [114] with the largest bias across error settings. This mirrors the results from

Appendix A.4.3. In the medium and high duplication settings we see that all approaches have

a slight negative bias when there are a small number of erroneous fields, and a slight positive

bias when there are a large number of erroneous fields. The different variants of the proposed

approach all have similar performance in these settings. The proposed approach performs

best when there are a small number of erroneous fields, and the approach of [114] performs
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files. “Proposed” refers to our proposed approach, “Single Model” refers to the approach

using a single model for all file-pairs and our structured prior for partitions, and “Flat Prior”

refers to the approach using our model for comparison data with a flat prior on tripartite

matchings.

best when there are a large number of erroneous fields. The results for the mean-squared

error estimates are very similar to the results for the bias estimates.

A.4.6 Simulation Running Times

In this section we present the average running time of our proposed Gibbs sampler across

the various simulations settings (i.e. the average time it takes to draw 1000 samples for each

simulation setting). The running times are based on the implementation in the R package

multilink provided in the supplementary materials, with the Gibbs sampler described in

Appendix A.2.2 written in C++, running on a laptop with a 3.1 GHz processor. We are

working on improving this implementation, and the current version can be downloaded on

GitHub at the following link: https://github.com/aleshing/multilink.

https://github.com/aleshing/multilink
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Figure A.9: Bias estimates for simulation with files with duplicates and equal errors across

files. “Sadinle (2014)” refers to the approach of [114] and “lambda=...” refers to the proposed

approach, varying the prior over within-file cluster sizes.

Duplicate-Free Files, Equal Errors Across Files

The average running times of our approach in the simulations conducted in Section 6.2

of Chapter 2 are presented in Table A.3. The average number of records was 725 in the
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Figure A.10: Mean-squared error estimates for simulation with files with duplicates and

equal errors across files. “Sadinle (2014)” refers to the approach of [114] and “lambda=...”

refers to the proposed approach, varying the prior over within-file cluster sizes.

settings with no-three-file overlap, 676 in the settings with low overlap, 725 in the settings

with medium overlap, and 875 in the settings with high overlap.

Table A.3: Average running time in seconds for proposed approach in simulations with

duplicate-free files and equal errors across files.

Number of Erroneous Fields No 3 File Overlap Low Overlap Medium Overlap High Overlap

1 111.0 77.6 83.7 108.6

2 112.9 77.7 83.7 109.2

3 111.8 77.4 83.0 109.4

5 95.7 73.8 77.3 101.1

Duplicate-Free Files, Unequal Errors Across Files

The average running time of our proposed approach in the simulations conducted in Section

6.3 of Chapter 2 was 121.8 seconds in the no-three-file overlap setting and 104.1 seconds

in the high overlap setting. The average number of records was 725 in the settings with
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no-three-file overlap and 875 in the settings with high overlap.

Files with Duplicates, Full Estimates

The average running times of our approach in the simulations conducted in Appendix A.4.3

are presented in Table A.4. The average number of records was 590 in the settings with low

duplication, and 889 in the settings with medium duplication, and 1260 in the settings with

high duplication. We note here that in this simulation, compared to the simulations with

duplicate-free files, we used indexing, which sped up the running time.

Table A.4: Average running time in seconds for proposed approach in with files with dupli-

cates and equal errors across files.

Number of Erroneous Fields Low Duplication Medium Duplication High Duplication

1 1.5 8.0 20.9

2 1.1 7.7 20.8

3 1.0 7.4 21.0

5 0.9 6.6 19.2

A.4.7 Larger Sample Size Simulation

All of the simulations thus far had fixed the true number of latent entities, n, to 500. To

explore the running time of our proposed approach further, we now present an additional

set of simulations where the number of latent entities varies over {100, 500, 1000, 2500}. For

concreteness we will focus on the simulation setting with duplicate-free files, equal errors

across files, medium overlap, and 1 erroneous field per record (i.e. one of the settings from

the simulation conducted in Section 6.2 of Chapter 2). For this chosen simulation setting, we

repeat the simulation as conducted in Section 6.2 of Chapter 2, varying the number of latent

entities over {100, 500, 1000, 2500}. For the n = 2500 setting we conduct 25, rather than
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Figure A.11: Average running time for simulation varying the number of latent entities.

100, replications (due to how long each replication takes). The average number of records

was 146 when n = 100, 725 when n = 500, 1452 when n = 1000, and 3629 when n = 2500.

In addition to fitting the proposed approach without indexing as in Section 6.2 of Chapter 2,

we additionally fit the proposed approach using the indexing scheme described in Appendix

A.4.3 to demonstrate the utility of indexing for improving the running time or our proposed

approach, as discussed in Appendix A.2.4.

The average running time for each setting of the number of entities, n, is presented in

Figure A.11. Our proposed approach without indexing runs relatively quickly in the settings

with n ∈ {100, 500, 1000}, for example it only takes around 10 minutes on average to draw

1000 samples when n = 1000. However, when n = 2500 our proposed approach without

indexing runs takes roughly an hour and a half on average to draw 1000 samples. While

this running time is manageable, it indicates that the running time in settings with more

records than this would prohibitively slow. When looking at the running time of our proposed

approach using indexing, we see that the average running is reduced drastically. For example,

when n = 2500, the average running time is only around 100 seconds.

These results suggest that our approach without indexing can be run in a manageable
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amount of time for thousands of records, but would be prohibitively slow when the number of

records is much larger than a few thousand. Our proposed approach with indexing however

can scale to larger file sizes, potentially in the tens of thousands. Using our approach, with

or without indexing, in conjunction with blocking, as suggested in Appendix A.2.4, can help

to further scale our approach to large file sizes.

We note that the precision and recall in these simulations, across the different settings of

the number of entities, were comparable to the results for the medium overlap, 1 erroneous

field per record setting from the simulation results in Section 6.2 of Chapter 2.

A.4.8 Alternative Loss Function Specifications

In this section explore the impact of varying the specification of the losses λFNM, λFM1, λFM2,

and λA on the performance of our proposed approach across the different simulation settings.

For full estimates, we follow [115] and consider the following specifications of the losses

λFNM, λFM1, and λFM2 (with λA = ∞).

A) λFNM = 1, λFM1 = 1, λFM2 = 2. This is the specification used in all of the simulations

thus far.

B) λFNM = λFM1 = λFM2 = 1. Compared to specification A, this specification does not

penalize type 2 false matches as heavily.

C) λFNM = 4, λFM1 = λFM2 = 1. This specification penalizes false non-matches more heavily

than false matches.

D) λFNM = 1, λFM1 = 3, λFM2 = 5. This specification penalizes false matches more heav-

ily than false non-matches, and type 2 false matches more heavily than type 1 false

matches.

E) λFNM = 1, λFM1 = 2, λFM2 = 3. Compared to specification E, this specification does not

penalizes false matches as heavily.
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F) λFNM = λFM1 = 1, λFM2 = 4. Compared to specification A, this specification penalizes

type 2 false matches more heavily.

For partial estimates, we consider combining λA ∈ {0.05, 0.1, 0.25} with the six specifications

of λFNM, λFM1, and λFM2 that we have just introduced.

Duplicate-Free Files, Equal Errors Across Files

The performance of our proposed approach in the simulations conducted in Section 6.2 of

Chapter 2, using the different loss function specifications, are seen in Figure A.12. So that

the figure is easier to scrutinize, we do not plot the results under specifications E and F, as

the results under specifications E are very similar to the results under specification D, and

the results under specifications F are very similar to the results under specifications A and

B.

We see that when there are a low number of erroneous fields, the results are fairly robust

to the loss function specification. When there are a high number of erroneous fields, we see

that specification D leads to the highest precision and the lowest recall, specification C leads

to the lowest precision and the highest recall, and specifications A and B are somewhere in

between. These results are expected, as specification C penalizes false non-matches much

more than false matches, and will thus decide to match records more often than the other

specifications, and specification D penalizes false matches much more than false non-matches,

and thus will decide to match records less often than the other specifications.

Duplicate-Free Files, Unequal Errors Across Files

The performance of our proposed approach in the simulations conducted in Section 6.3 of

Chapter 2, using the different loss function specifications, are seen in Figure A.13. Overall

the results are fairly robust to the loss function specification. The results under specifications

A, B and F are very similar and the results under specifications D and E are very similar.

Similar to the last section, specifications D and E lead to the highest precision and the lowest
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Figure A.12: Performance comparison across different loss function specifications for sim-

ulation with duplicate-free files and equal measurement error across files. Solid lines show

medians, and dashed lines show 2nd and 98th percentiles.

recall, specification C leads to the lowest precision and the highest recall, and specifications

A, B, and F are somewhere in between.

Files with Duplicates, Full Estimates

The performance of our proposed approach in the simulations conducted in Appendix A.4.3,

using the different loss function specifications, are seen in Figure A.12. So that the figure is

easier to scrutinize, we do not plot the results under specifications E and F, as the results

under specifications E are very similar to the results under specification D, and the results

under specifications F are very similar to the results under specifications A and B.

We see that when there is medium and high duplication, the results are fairly robust to the

loss function specification. When there is low duplication, we see that specification D leads

to the highest precision and the lowest recall, specification C leads to the lowest precision
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Figure A.13: Performance comparison across different loss function specifications for simu-

lation with duplicate-free files and unequal measurement error across files. Solid lines show

medians, and dashed lines show 2nd and 98th percentiles.

and the highest recall, and specifications A and B are somewhere in between. These results

are expected, as described in the previous sections.

Files with Duplicates, Partial Estimates

The performance of our proposed approach in the simulations conducted in Appendix A.4.4,

using the different loss function specifications, are seen in Figure A.15. So that the figure is

easier to scrutinize, we do not plot the results under specifications F, as the results under

specifications F are very similar to the results under specifications A and B.

We see that as we increase λA, the abstention rate decreases and the precision decreases

across the different specifications of λFNM, λFM1, and λFM2. Further, for each loss specification

the abstention rate increases as the number of erroneous fields increases, as there is more

uncertainty in the linkage. For a given setting of λA, the precision is fairly robust to the

different specifications of λFNM, λFM1, and λFM2, with specifications D and E having slightly

higher precision that specifications A, B and C. For a given setting of λA, the abstention

rate is highest under specifications D and E, lowest under specifications A and B, with

specification C somewhere in between.
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Figure A.14: Performance comparison across different loss function specifications for simu-

lation with files with duplicates and equal measurement error across files, when using full

estimates. Solid lines show medians, and dashed lines show 2nd and 98th percentiles.

A.4.9 Convergence Diagnostics

For all simulations we ran the Gibbs sampler described in Appendix A.2.2 for 1, 000 iterations,

discarding the first 100 samples as burn-in. We initially came up with these sampling and

burn-in lengths based on a small number of test runs for each simulation scenario. In

particular, for each simulation scenario we ran a small number of test runs and examined

the trace plots for the number of entities, n. As the chains for n appeared to converge

quickly based on these trace plots, we determined that a burn-in period of 100 samples was

appropriate. To illustrate this procedure, for each simulation scenario we now present trace

plots for the number of entities, n, for a small number of runs.
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Figure A.15: Performance comparison across different loss function specifications for simu-

lation with files with duplicates and equal measurement error across files, when using partial

estimates. Solid lines show medians, and dashed lines show 2nd and 98th percentiles.

Duplicate-Free Files, Equal Errors Across Files

For the simulations conducted in Section 6.2 of Chapter 2 with 3 erroneous fields per record,

for each overlap setting we present the trace plots for n for the last 5 of the 100 simulation

runs in Figure A.16. The chains for the other scenarios with 1, 2, and 5 erroneous fields per

record converged similarly quickly.

Duplicate-Free Files, Unequal Errors Across Files

For the simulations conducted in Section 6.3 of Chapter 2, for each overlap setting we present

the trace plots for n for the last 5 of the 100 simulation runs in Figure A.17.
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Figure A.16: Trace plots for n for the last 5 of 100 runs for the simulation with duplicate-free

files and equal measurement error across files. “Proposed” refers to the proposed approach

and “Flat” refers to the approach using a flat prior for tripartite matchings.

Files with Duplicates, Full Estimates

For the simulations conducted in Appendix A.4.3 with 3 erroneous fields per record, for each

overlap setting we present the trace plots for n for the last 5 of the 100 simulation runs in

Figure A.18. The chains for the other scenarios with 1, 2, and 5 erroneous fields per record

converged similarly quickly.
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Figure A.17: Trace plots for n for the last 5 of 100 runs for the simulation with duplicate-

free files and unequal measurement error across files. “Proposed” refers to our proposed

approach, “Single Model” refers to the approach using a single model for all file-pairs and

our structured prior for partitions, and “Flat Prior” refers to the approach using our model

for comparison data with a flat prior on tripartite matchings.
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Figure A.18: Trace plots for n for the last 5 of 100 runs for the simulation with files with

duplicates and equal measurement error across files, when using full estimates. “Proposed”

refers to the proposed approach and “Sadinle (2014)” refers to the approach of [114].
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A.5 Colombia Application

In this appendix we re-examine the three record systems containing information on homicides

from 2004 in the Quindio province of Colombia, previously studied in [117]. These record

systems, provided by the Conflict Analysis Resource Center (CERAC), were maintained by

the Colombian National Statistics Office (Departamento Administrativo Nacional de Estadis-

tica, DANE), the Colombian National Police (Policia Nacional de Colombia, PN), and the

Colombian Forensics Institute (Instituto Nacional de Medicina Legal y Ciencias Forenses,

ML). While the purpose of DANE is to record all homicides occurring in Colombia, PN and

ML only record homicides obtained from their daily activities [34, 109]. Linking DANE to

PN and ML is thus an important step in assessing the coverage of DANE and arriving at

better estimates of the number of homicides in Colombia. Previously the records were linked

by hand, which gives us a ground truth to assess the performance of our proposed approach.

The linkage methodology of [117] did not scale to a large number of records, so the authors

restricted their analysis to the 162 records from the last three months of 2004. We will now

use our proposed approach to link all the 769 records from 2004.

A.5.1 Implementation Details

The three record systems are believed to be free of duplicates, so the target of inference is

a tripartite matching. The fields available from all three record systems are municipality

and date of the homicide, whether the location of the homicide was urban or rural, and the

age, sex, and marital status of the victim. Additionally, educational status of the victim

is available in DANE and ML, which we are able to use despite it being missing in PN, as

explained in Section 4. Although we have seven fields available for the linkage, none of them

provide a large amount of discriminative information, which comparison-based approaches

rely on. Thus we expect there to be significant uncertainty in the linkage, making the

proposed approach particularly relevant.

There are r1 = 323 records in DANE, r2 = 157 records in ML, and r3 = 289 records in
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Table A.5: Construction of levels of disagreement for the Colombian homocide record sys-

tems.

Levels of disagreement

Field Similarity measure 0 1 2 3

Date Absolute Difference 0 1− 2 3− 7 8+

Age Absolute Difference 0 1− 2 3− 9 10+

Other Fields Binary comparison Agree Disagree

PN, so there are 189, 431 record pairs for which we construct comparison data, according to

Table A.5. We use transitive indexing as described in Appendix B, where the initial indexing

scheme declares record pairs as non-coreferent if they disagree in either municipality, sex,

date by more than 60 days, or age by more than 9 years. This reduces the number of

candidate coreferent record pairs down to 60, 324.

We present results from our approach under two prior specifications. The first is the

default specification used in the simulations in Sections 6.2 and 6.3. The second specification

differs from the default by placing a more informative prior on the overlap table through α.

In particular, based on characteristics of the record systems described in [109], we specify a

prior that captures the beliefs that: 1) if a homicide is recorded in PN or ML, it is highly

likely to also be recorded in DANE, and 2) DANE and PN are expected to have a high

coverage of homicides. This prior is described in more detail in the following section. We

used the same loss function specification as outlined in Section 6.1 and Appendix D. We ran

3, 000 iterations of the Gibbs sampler presented in Appendix B, discarding the first 1, 000 as

burn-in. In Section A.5.5 we discuss convergence of the Gibbs sampler for this application.

A.5.2 An Informative Prior Specification

We will guide our prior specification using the following two passages from [109] (translated

to English):
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• “According to DANE, ‘The differences in the Legal Medicine and DANE data are

mainly due to the fact that the latter organization receives, in addition to the death

certificates sent by Legal Medicine (which are sent to DANE after a technical exami-

nation), the homicide reports made by police inspectors, nurses or health promoters -

in places where there are no legal doctors - who arrive at the site where the body is

found and register the cases as homicide without a technical examination and accord-

ing to the picture that presents the corpse’. So we find here a reason for the increased

coverage of vital statistics” [109, p. 331].

• “The National Police assures to have coverage at the national level, making an institu-

tional presence in all the municipalities of the country: ‘We have a presence throughout

the country and we know all the cases; Legal Medicine does not have the same coverage

and thus their data is not exact’ ” [109, p. 330].

Note that our Dirichlet-Multinomial prior for the overlap table can be motivated as the

result of first drawing {qh}h∈H from a Dirichlet distribution with hyperparameters α, then

drawing n from a multinomial distribution of size n with probabilities {qh}h∈H. Based on

these passages we specify α as follows, referring in our notation to DANE as list 1, ML as

list 2, and PN as list 3:

• If a homicide is going to be recorded by one of the three record systems, it is very likely

that it will be known by DANE. Therefore, we choose α1++ = α100+α101+α110+α111

and α0++ = α001 +α010 +α011 such that mode(q1++) = 0.95 and P(q1++ > 0.9) = 0.95,

where q1++ = q100 + q101 + q110 + q111 ∼ Beta(α1++, α0++) is the prior probability of a

homicide being recorded in DANE given it is recorded in one of the three systems.

• If a homicide is recorded by PN, then it is very likely that it will be recorded by

DANE. Therefore, we choose α1+1 = α101 + α111 and α0+1 = α001 + α011 such that

mode(q1+1) = 0.95 and P (q1+1 > 0.9) = 0.9, where q1+1 = q101+q111 ∼ Beta(α1+1, α0+1)
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is the prior probability of a homicide being recorded in DANE given it is recorded in

PN.

• If a homicide is recorded by ML, then it is very likely that it will be known by DANE.

Therefore, we choose α11+ = α110+α111 and α01+ = α010+α011 such that mode(q11+) =

0.95 and P (q11+ > 0.9) = 0.9, where q11+ = q110 + q111 ∼ Beta(α11+, α01+) is the prior

probability of a homicide being recorded in DANE given it is recorded in ML.

• The above induce six constraints, which determine α011, α001, and α010, but we need

one extra constraint to determine the remaining α. We thus choose the configuration

of α100, α101, α110, and α111 that maximizes α101, which controls the prior probability

of a homicide being jointly recorded by DANE and PN, given that these systems that

are supposed to have the largest coverage of homicides.

Under this specification we arrive at the setting α001 = 1.63, α010 = 1.63, α011 = 2.94, α100 =

0, α101 = 30.96, α110 = 30.96, α111 = 37.78. For the sake of propriety, we set α100 = 0.1.

A.5.3 Results

Under the default prior specification the precision and recall of the full estimate are 0.90

and 0.93 respectively. Recall is no longer useful when using partial estimates, as we are not

trying to find all true matches. Thus we will assess the performance of the partial estimates

using precision and the abstention rate, the proportion of records which the Bayes estimate

abstained from making a linkage decision. The partial estimate has an abstention rate of 11%,

and improves the precision of the estimate to 0.93. Under the informative prior specification

the precision and recall of the full estimate are 0.93 and 0.96 respectively. The partial

estimate has an abstention rate of 11%, and improves the precision of the estimate to 0.95.

Due to the performance difference, we will focus on the results under the informative prior

specification for the rest of this section. Analogous results under the default specification

are provided in the next section.
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The total number of homicides based on the hand labelling is 383. Under the informative

prior specification a 95% credible interval for the number of unique homicides n is [372, 383],

with an estimate based on the full estimate of the tripartite matching of 376. In Table A.6 we

display the posterior distribution for the overlap table and the overlap table derived from the

full estimate, along with the overlap table derived from the ground truth hand labelling. We

can see that n111, the number of homicides recorded in all three files, and n100, the number of

homicides recorded in just DANE, are overestimated, and the remaining cells of the overlap

table (and n) are underestimated.

Table A.6: Posterior distribution of the overlap table for the Colombian record systems,

under the informative prior specification. Black lines indicate the ground truth, dotted lines

indicate quantities derived from the full estimate of the tripartite matching.

In PN Out PN

DANE In ML Out ML In ML Out ML

In

n111

98 106 114 122

n101

135 141 147 153

n110

9 13 17 21

n100

41 46 51 56 61

Out

n011

1 4 7 10

n001

18 24 30 36

n010

16 21 26 31

−

While the performance of the estimated matching is fairly good, with precision of both the

full and partial estimate (before clerical review) above 0.9, the overestimation of n111 and the

underestimation of n is indicative of over-matching. We believe this over-matching occurrs

due to the low amount of discriminative information provided by the fields. In particular,

the only fields we believe can be fully trusted are municipality of the homicide (of which
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there are 12) and sex of the victim (which is coded as binary), which can only partition

the records into 22 blocks of candidate coreferent records (there are no records of female

homicide victims in two municipalities). The remaining fields all have some amount of error

and do not provide highly discriminative information since they are either low dimensional

categorical fields (urban/rural location of the homicide has two categories, marital status

has five categories, and educational status has six categories) or numeric fields that are

essentially ordinal categorical (date of homicide and age of victim). Therefore, records of

different homicides may look similar based on the comparisons of these fields, causing them to

be mistakenly matched. In these low-information settings, clerical review becomes especially

important for the record linkage workflow, which our proposed approach of using partial

estimates incorporates by design.

A.5.4 Results Under Default Prior

Under the default prior specification a 95% credible interval for the number of unique homi-

cides n is [376, 389], with an estimate based on the full estimate of the tripartite matching

of 378. Thus we see that n is better estimated under the default prior compared to the

informative prior (though the point estimate is still an underestimate). In Table A.7 we

display the posterior distribution for the overlap table and the overlap table derived from

the full estimate, along with the overlap table derived from the ground truth hand labelling.

We can see that, as with the informative prior specification, n111 and n100 are overestimated,

and the remaining cells of the overlap table (and n) are underestimated.

A.5.5 Convergence Diagnostics

In the application, we ran the the Gibbs sampler described in Appendix A.2.2 for 3, 000

iterations, discarding the first 1, 000 samples as burn-in, under a default and an informative

prior specification. In Figure A.19 we present the the trace plots for the number of entities,

n, under each of these prior specifications. The chains for n appear to converge quickly

based on these trace plots. For each of these chains we computed Geweke’s convergence
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Table A.7: Posterior distribution of the overlap table for the Colombian record systems,

under the default prior specification. Black lines indicate the ground truth, dotted lines

indicate quantities derived from the full estimate of the tripartite matching.

In PN Out PN

DANE In ML Out ML In ML Out ML

In

n111

98 106 114 122

n101

129 137 145 153

n110

6 11 16 21

n100

41 49 57 65

Out

n011

1 4 7 10

n001

20 25 30 35 40

n010

18 22 26 30 34

−

diagnostic as implemented in the R package coda [105]. The Geweke’s Z-scores indicated it

was reasonable to treat these chains as drawn from their stationary distributions.
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Figure A.19: Trace plots for n in Colombia application.
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Appendix B

APPENDIX FOR CHAPTER 2

B.1 Conditional Identifiability in Models for Heterogeneity

The purpose of this appendix is to show how common models for heterogeneity fit into the

model described in Section 2.2 of Chapter 3, and to provide results regarding conditional

identifiability in a particular family of heterogeneous models.

B.1.1 Models for Heterogeneity

Consider the following heterogeneous model

πi i.i.d.∼ Q,

xi | πi ind.∼ Categorical(πi),
(B.1)

where πi = {πi
h}h∈H ∈ S2K−1 for i = 1, . . . , N . Under this model each individual has its

own set of cell probabilities, πi, drawn from some mixing distribution Q on S2K−1. Working

with the heterogeneous model in (B.1) is equivalent, after marginalizing out πi, to working

with the complete-data distribution in (3.1), where π := πQ = EQ(π
i) and EQ denotes the

expectation with respect to the mixing distribution Q. This is a consequence of the data

only providing information about the first moment of the mixing distribution. Suppose Q is

a family of mixing distributions on S2K−1. For Q ∈ Q, let πQ,0 denote the induced observed

cell probability and π̃Q denote the induced observed cell probabilities. The parameter space

induced by the family Q, as a subset of the observed-data parameterization, can then be

written as ΩQ = {N, π0, π̃ | N ∈ N, π0 = πQ,0 and π̃ = π̃Q for some Q ∈ Q}.

The general heterogeneous model in (B.1) captures common models for heterogeneity,

including the Mh and Mth models [101]. The Mth model assumes the individual cell prob-

abilities take the form πi
h =

∏K
k=1(q

i
k)

hk(1 − qik)
1−hk , where (qi1, · · · , qiK)

i.i.d.∼ Q and Q is a
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mixing distribution on (0, 1)K . Under this model, conditional on an individual’s sampling

probabilities, (qi1, · · · , qiK), each individual is independently sampled by each list. The Mh

model is a submodel of the Mth model that assumes that the individual sampling probabili-

ties, (qi1, · · · , qiK), are the same for each list, i.e. qi1 = · · · = qiK . Thus the Mh model assumes

individuals have the same probability of being sampled by each list. After marginalizing out

πi, this enforces a symmetry where the probability of appearing in k lists is the same for

each subset of k lists. We do not believe this is plausible in human population settings.

B.1.2 Conditional Identifiability in Mth Models

While there exists a literature characterizing identifiability in Mh models [64, 79, 61, 80], no

such results exist for Mth models. The purpose of this section is to provide a mechanism for

verifying whether the Mth model PΩQ is conditionally identifiable based on moments of the

mixing distributions Q ∈ Q, analogously to the results for Mh models presented in [61].

Before proving the main theorem of this section, we have the following lemma, which

tells us that for any mixing distribution Q on (0, 1)K , the induced cell probabilities, πQ, only

depend on Q through its mixed moments.

Lemma B.1. For any h ∈ H∗, πQ,h =
∑

h′∈H∗ ch,h′mQ,h′ where ch,h′ =

(−1)
∑K

k=1 h
′
k−hk

∏K
k=1 I(hk ≤ h′

k) and mQ,h′ = EQ(
∏K

k=1 q
h′
k

k ).

Proof. For all h ∈ H∗,
∏K

k=1 q
hk
k (1 − qk)

1−hk =
∑

h′∈H∗ ch,h′
∏K

k=1 q
h′
k

k by an application of

the multi-binomial theorem (a generalization of the binomial theorem). The result follows

from taking the expectation over both sides with respect to Q.

We can restate Lemma B.1 in matrix form. Letting π∗
Q = (πQ,h)h∈H∗ and mQ =

(mQ,h)h∈H∗ , we have that π∗
Q = CmQ, where C = (ch,h′)h∈H∗,h′∈H∗ . C is invertible as

it is upper triangular with non-zero diagonal entries. We are now ready to prove Theorem

B.1.

Theorem B.1. For any two distributions Q,R on (0, 1)K, π̃Q = π̃R is equivalent to mQ =

AmR for some A > 0.
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Proof. π̃Q = π̃R is equivalent to π∗
Q/(1− πQ,0) = π∗

R/(1− πR,0). Rearranging terms we have

that π∗
Q = π∗

R(1−πQ,0)/(1−πR,0), and thus π∗
Q = Aπ∗

R, where A = (1−πQ,0)/(1−πR,0) > 0.

Using Lemma B.1, this is equivalent to CmQ = ACmR, and thus mQ = AmR due to the

invertibility of C.

The immediate consequence of Theorem B.1 is that to verify conditional identifiability

of an Mth model PΩQ , one can demonstrate that if mQ = AmR for some Q,R ∈ Q, then

πQ,0 = πR,0. We use this mechanism in the next section to characterize when latent class

models (LCMs) are conditionally identifiable.

B.1.3 Conditional Identifiability of Latent Class Models

We denote the family of mixing distributions corresponding to LCMs with J classes by

QJ = {Q =
∑J

j=1 νQ,j

∏K
k=1 δqQ,jk

| νQ,j ≥ 0,
∑J

j=1 νQ,j = 1, qQ,jk ∈ (0, 1)K}, so that PΩQJ

is equivalent to PΩLCM,J
from Chapter 3. To provide necessary and sufficient conditions for

PΩQJ
to be conditionally identifiable, we restrict the family of mixing distributions to QJ =

{Q =
∑J

j=1 νQ,j

∏K
k=1 δqQ,jk

| νQ,j ≥ 0,
∑J

j=1 νQ,j = 1, qQ,jk ∈ (0, 1)K , qQ,jk ̸= qQ,j′k for j ̸=

j′}. This restriction makes the mild assumption that each class’ sampling probabilities are

distinct, which simplifies the proof of Theorem B.2. Loosening this restriction could only

make the conditions on J for QJ to be identifiable stricter, and thus the conclusions we reach

in Section B.1.6 would still stand for families where this restriction is violated.

There are J(K+1)−1 parameters in QJ , thus when PΩQJ
is conditionally identifiable, J

satisfies J(K+1)−1 ≤ 2K−2, as the observed cell probabilities, π̃Q, are 2
K−2 dimensional.

However, we now prove that J must satisfy a stricter condition for PΩQJ
to be conditionally

identifiable. In Section B.1.6 we discuss some limitations of this result.

Theorem B.2. PΩQJ
is conditionally identifiable iff 2J ≤ K.

Proof. We will first show that if 2J ≤ K, then PΩQJ
is conditionally identifiable. The proof

of this direction is similar in spirit to the proofs of Theorem 2 in [61] and Theorem 1 in

[103], which were both concerned with characterizing the identifiability of the Mh analogue
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of PΩQJ
. Assume 2J ≤ K, and let Q,R ∈ QJ such that mQ = AmR for some A > 0, so

that we have the following system of equations:

J∑
j=1

νQ,j

K∏
k=1

qhk
Q,jk − A

J∑
j=1

νR,j

K∏
k=1

qhk
R,jk = 0 (h ∈ H∗). (B.2)

Let IQ = {j | qQ,j ̸∈ (qR,1, . . . , qR,J)} and IR = {j | qR,j ̸∈ (qQ,1, . . . , qQ,J)}, where qQ,j =

(qQ,j1, . . . , qQ,jK) and qR,j = (qR,j1, . . . , qR,jK). We can then rewrite (B.2) as

J∑
j=1

yj

K∏
k=1

qhk
Q,jk − A

J∑
i∈IR

νR,j

K∏
k=1

qhk
R,jk = 0 (h ∈ H∗), (B.3)

where yj = νQ,j if j ∈ IQ and yj = νQ,j − AνR,j′ for some j′ ∈ {1, . . . , J} \ IR otherwise.

Letting m = |IR| = |IQ| and labelling the elements of IR as i1, . . . , im, the system of

equations in (B.3) can be written in matrix form as Λy = 0, where

Λ =



qQ,1K · · · qQ,JK qR,i1K · · · qR,imK

...
. . .

...
...

. . .
...∏K

k=1 q
hk
Q,1k · · ·

∏K
k=1 q

hk
Q,Jk

∏K
k=1 q

hk
R,i1k

· · ·
∏K

k=1 q
hk
R,imk

...
. . .

...
...

. . .
...∏K

k=1 qQ,1k · · ·
∏K

k=1 qQ,Jk

∏K
k=1 qR,i1k · · ·

∏K
k=1 qR,imk


, y =



y1
...

yJ

−AνR,i1

...

−AνR,im


,

and the rows of Λ are indexed by h ∈ H∗. In Section B.1.4, we prove that Λ is full rank,

and thus y = 0, for any m ∈ {0, . . . , J}. The proof of this direction concludes by examining

three possible cases.

Case 1. Suppose m = 0, i.e. for each j ∈ {1, . . . , J}, there exists some j′ ∈ {1, . . . , J} such

that qQ,j = qR,j′ and νQ,j = AνR,j′. As
∑J

j=1 νQ,j =
∑J

j=1 νR,j = 1, this implies that A = 1

and thus πQ,0 = πR,0.

Case 2. Suppose m ∈ {1, . . . , J − 1}, i.e. for each j ∈ {1, . . . , J} \ IQ, there exists some

j′ ∈ {1, . . . , J} \ IR such that qQ,j = qR,j′ and νQ,j = AνR,j′. Further, for each j ∈ IQ

and j′ ∈ IR νQ,j = νR,j′ = 0. We can thus ignore the classes j ∈ IQ and j′ ∈ IR. As∑J
j=1 νQ,j =

∑J
j=1 νR,j = 1, this implies that A = 1 and thus πQ,0 = πR,0.
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Case 3. Suppose m = J , i.e. for each j ∈ {1, . . . , J}, there exists no j′ ∈ {1, . . . , J} such

that qQ,j = qR,j′. Then νQ,j = νR,j = 0 for j ∈ {1, . . . , J}, which is a contradiction.

We will now show that if 2J > K, then PΩQJ
is not conditionally identifiable. To do

so we will provide explicit Q,R ∈ QJ such that πQ,0 ̸= πR,0, but mQ = AmR for A > 0.

This counterexample is modified from [129], who studied identifiability of families of LCMs

outside of the multiple-systems estimation context where n0 is observed. Choose J such

that 2J > K. For j ∈ {1, . . . , J}, let νQ,j =
(
2J
2j

)
/(22J−1 − 1) and νR,j =

(
2J

2j−1

)
/(22J−1).

For j ∈ {1, . . . , J} and k ∈ {1, . . . , K}, let qQ,jk = α(2j) and qR,jk = α(2j − 1) where

0 < α < 1/(2J). We thus have that Q,R ∈ QJ , where clearly Q ̸= R. In Section B.1.5

we prove that for these choices of Q,R, mQ = AmR for A > 0 such that A ̸= 1, and thus

πQ,0 ̸= πR,0.

B.1.4 Proof that Λ is Full Rank

We will prove that Λ is full rank for any m ∈ {0, . . . , J} by proving a stronger result. Recall

that K ≥ 2 and let xℓk ∈ (0, 1) for ℓ ∈ {1, . . . , K} and k ∈ {1, . . . , K}, such that xℓk ̸= xℓk′

for k ̸= k′. Let

XK =



x1K · · · xKK

...
. . .

...∏K
k=1 x

hk
1k · · ·

∏K
k=1 x

hk
Kk

...
. . .

...∏K
k=1 x1k · · ·

∏K
k=1 xKk


,

where the rows of XK are indexed by h ∈ H∗. We will show that XK is full rank by

induction on K. This implies that Λ is full rank, as J +m ≤ 2J ≤ K by assumption for any

m ∈ {0, . . . , J}.

For the base case when K = 2, verifying X2 is full rank is straightforward. Assume that

XK−1 is full rank. Let v ∈ RK×1 be such that XKv = 0. For each h ∈ {h′ ∈ H∗ | h′
K =

0} we have that vK
∏K−1

k=1 xhk
Kk = −

∑K−1
ℓ=1 vℓ

∏K−1
k=1 xhk

ℓk , which implies that
∑K−1

ℓ=1 vℓ(xℓK −
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xKK)
∏K−1

k=1 xhk
ℓk = 0. For ℓ ∈ {1, . . . , K− 1}, let v′ℓ = vℓ(xℓK −xKK) and v′ = (v′1, . . . , v

′
K−1).

This leads to the system of equations XK−1v′ = 0. By the inductive assumption, v′ = 0.

Since xℓK ̸= xKK for ℓ ∈ {1, . . . , K − 1}, we have that vℓ = 0 for ℓ ∈ {1, . . . , K − 1}, and

thus vK = 0.

B.1.5 Proof of Counterexample

We will now prove that mQ,h = AmR,h for all h ∈ H∗, where A = (22J−1)/(22J−1 − 1) ̸= 1.

Define the function h(x) = (1 − eαx)2J =
∑2J

i=0

(
2J
i

)
(−1)ieαix. For t ∈ {1, . . . , K}, we can

differentiate the series representation of h to find that h(t)(x) =
∑2J

i=0

(
2J
i

)
(−1)i(αi)teαix

and thus h(t)(x)|x=0 =
∑2J

i=0

(
2J
i

)
(−1)i(αi)t =

∑2J
i=1

(
2J
i

)
(−1)i(αi)t. We can alternatively

differentiate the non-series representation of h using the fact that t ≤ K < 2J and the chain

rule for higher order derivatives to find that h(t)(x)|x=0 = 0. Let h ∈ H∗ and t =
∑K

k=1 hk ∈

{1, . . . , K}. The desired result follows as

mQ,h − AmR,h =
J∑

j=1

νQ,j

K∏
k=1

qhk
Q,jk − A

J∑
j=1

νR,j

K∏
k=1

qhk
R,jk

=
J∑

j=1

(
2J

2j

)
(22J−1 − 1)−1

K∏
k=1

{α(2j)}hk − A
J∑

j=1

(
2J

2j − 1

)
(22J−1)−1

K∏
k=1

{α(2j − 1)}hk

= (22J−1 − 1)−1

2J∑
i=1

(
2J

i

)
(−1)i(αi)t = (22J−1 − 1)−1{h(t)(x)|x=0} = 0.

B.1.6 Limitations of Theorem B.2

Theorem B.2 shows that PΩQJ
is not conditionally identifiable if 2J > K by counterexample,

by demonstrating two mixing distributions Q,R ∈ QJ where π̃Q = π̃R but πQ,0 ̸= πR,0.

Within each latent class ofQ andR, the sampling probabilities were the same, meaningQ and

R can be seen as mixing distributions of an Mh model. It would be interesting in future work

to see whether further restrictions on ΩQJ
, for example restrictions not allowing the sampling

probabilities within latent classes to be equal, lead to different results concerning conditional

identifiability. Another interesting route would be to see whether results concerning generic
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identifiability of latent class models [5] could be applied to the multiple-systems estimation

setting.

However, this does not mean Theorem B.2 is not a practically useful result. Theorem B.2

provides assumptions under which which we have formal statistical guarantees for when we

can estimate the parameters in PΩQJ
: the parameters of PΩQJ

can be consistently estimated

if 2J ≤ K. When 2J > K we currently have no such guarantees. In Web Appendix B.4 we

demonstrate this reality across a variety of simulation studies.

B.2 Computation for Conditionally Identified Models

The purpose of this appendix is to provide details of how computation for conditionally

identified models can be carried out in both frequentist and Bayesian frameworks using

existing software. Recall from Sections 2.3 and 2.4 of Chapter 3 that the complete-data

distribution can be written as

p(n, n0 | N,π) = N !
∏
h∈H

πnh
h

nh!
= L1(N, π0 | n)L2(π̃ | n), (B.4)

with L1(N, π0 | n) =
(
N
n

)
πN−n
0 (1 − π0)

n and L2(π̃ | n) = n!
∏

h∈H∗ π̃
nh
h /nh!, and that

conditionally identified models have parameter spaces of the form Ω = {N, π0, π̃ | N ∈

N, π0 = T (π̃), π̃ ∈ S̃}.

B.2.1 Computation for Frequentist Multiple-Systems Estimation

In this section we will first describe an approach for frequentist inference in general condi-

tionally identified models, followed by the specific cases of models using the NHOI and the

K ′-list marginal NHOI identifying assumptions.

Conditionally Identified Models in General

Suppose that we are using a conditionally identified model with parameter space Ω =

{N, π0, π̃ | N ∈ N, π0 = T (π̃), π̃ ∈ S̃}. Frequentist inference for this general condition-
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ally identified model will follow from the conditional maximum likelihood approach outlined

in [118] and [45]. In particular, this approach can be summarized in two steps:

1. Estimate the observed cell probabilities π̃ by maximizing the conditional likelihood

over the set of possible observed cell probabilities S̃:

π̂ = argmax
π̃∈S̃

L2(π̃ | n).

2. Estimate the population size N by maximizing the binomial likelihood for n conditional

on the estimate of the observed cell probabilities, π̂:

N̂(π̂) = argmax
N∈N

L1(N, T (π̂) | n) =
⌊

n

1− T (π̂)

⌋
,

where ⌊·⌋ is the floor function. We will ignore the rounding and write the estimator of

N as N̂(π̂) = n/{1− T (π̂)}. This is well known as the Horvitz-Thompson estimator

[63].

We note here that π̂, and thus N̂(π̂), may not exist in general, depending on the set of

possible observed cell probabilities S̃. The sample proportions {nh/n}h∈H∗ maximize the

conditional likelihood over S2K−2, so if the sample proportions lie in S̃, then they maximize

the conditional likelihood over S̃. If the sample proportions do not lie in S̃, care must be

taken to make sure that π̂ exists.

For the rest of this section we will assume that the model is correctly specified, and

π̂ exists. Let π̃∗ denote the true observed cell probabilities. Suppose it is true, for

an estimator π̂ of π̃∗, that
√
n(π̂ − π̃∗) | n →d Normal(0,Σ(π̃∗)), where →d denotes

convergence in distribution and we are conditioning on n (i.e. ignoring binomial vari-

ation in n). For example, when the sample proportions {nh/n}h∈H∗ lie within S̃, we

have that π̂ = {nh/n}h∈H∗ and Σ(π̃∗) = diag(π̃∗) − π̃∗(π̃∗)T [see e.g. chapter 14 of

2]. For π̃ ∈ S̃, let f(π̃) = 1/(1 − T (π̃)). From the delta method, it follows that
√
n(f(π̂)− f(π̃∗)) | n →d Normal(0, (∇f(π̃∗))TΣ(π̃∗)∇f(π̃∗)). Thus for large n, nf(π̂) =

N̂(π̂) ≈ Normal(nf(π̃∗), n(∇f(π̃∗))TΣ(π̃∗)∇f(π̃∗)). We can then substitute our estimate
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π̂ of the observed cell probabilities for π̃∗, and use this large sample approximation to con-

struct 95% confidence intervals forN of the form N̂(π̂)±1.96∗
√

n(∇f(π̂))TΣ(π̂)∇f(π̂). The

term (∇f(π̂))TΣ(π̂)∇f(π̂) can be calculated automatically using e.g. the delta.method

function in the R package msm [66].

The confidence interval construction in the last paragraph conditions on n, and thus

does not incorporate the binomial variation of n. Let N∗ denote the true population size.

For π̃ ∈ S̃, let g(π̃) = T (π̃)/(1 − T (π̃)). Following [45], unconditional of n we have that

(N∗)−1/2(N̂(π̂)−N∗) →d Normal(0, g(π̃∗)+(1−T (π̃∗))(∇g(π̃∗))TΣ(π̃∗)∇g(π̃∗)). Thus for

large N∗, N̂(π̂) ≈ Normal(N∗, N∗g(π̃∗)+N∗(1−T (π̃∗))(∇g(π̃∗))TΣ(π̃∗)∇g(π̃∗)). We can

then substitute our estimate π̂ of the observed cell probabilities for π̃∗ and our estimate N̂(π̂)

of the population size forN∗, and use this large sample approximation to construct 95% confi-

dence intervals for N of the form N̂(π̂)±1.96∗
√

N̂(π̂)g(π̂) + n(∇g(π̂))TΣ(π̂)∇g(π̂). Again,

the term (∇g(π̂))TΣ(π̂)∇g(π̂) can be calculated automatically using e.g. the delta.method

function in the R package msm [66].

Computation for the NHOI and K ′-List Marginal NHOI Identifying Assumptions

In this section we will focus on frequentist inference in the specific cases of models using the

NHOI and the K ′-list marginal NHOI identifying assumptions. While one could construct

estimators and confidence intervals for N , under these assumptions, by hand using the results

from the previous section, software is already available which accomplishes these tasks.

NHOI Identifying Assumption

For the NHOI identifying assumption, there are many R packages which produce estimates

and confidence intervals for the population size under this assumption. For example, in our

Kosovo application we use the Rcapture package [8]. The function closedpMS.t produces

estimates and standard errors for the population size under all hierarchical log-linear mod-

els, including the saturated log-linear model PΩLL
. These can then be used to construct

confidence intervals for the population size.

K ′-List Marginal NHOI Identifying Assumption
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Recall from Section 4.3 of Chapter 3 that the K ′-list marginal NHOI identifying assumption

restricts the observed cell probabilities to lie in S̃ = {π̃ ∈ S2K−2 | Π̃odd,+/(Π̃even,+π̃0+) > 1}.

Thus there are two cases to consider when fitting a model in the frequentist framework using

the K ′-list marginal NHOI identifying assumption:

1. The sample proportions {nh/n}h∈H∗ lie within S̃ = {π̃ ∈ S2K−2 |

Π̃odd,+/(Π̃even,+π̃0+) > 1}.

2. The sample proportions {nh/n}h∈H∗ do not lie within S̃.

There is a simple way to verify for a given data set, which case one is in. Consider the

restricted data set from just the first K ′ lists. In particular, using notation from Section 4.3

of Chapter 3, {n†
g}g∈G∗ is the restricted data, where n†

g =
∑

h∈H∗ nhI{(h1, · · · , hK′) = g},

and the restricted sample size is n† =
∑

g∈G∗ n†
g. Using this restricted data set of K ′ lists,

one could compute the frequentist population size estimator under the NHOI assumption

(for K ′ lists), using standard software (e.g., the Rcapture package as just described). Call

this estimate N̂ †. Then the sample proportions {nh/n}h∈H∗ lie within S̃ as long as N̂ † > n.

Suppose we are in the second case, i.e. the sample proportions {nh/n}h∈H∗ do not lie in

S̃. In this case, π̂ may not exist. One needs to verify that π̂ exists, and if it does, compute

it and derive its asymptotic distribution to compute confidence intervals for N as described

in Appendix B.2.1. This could potentially be quite difficult technically, so we recommend if

one truly believes that the K ′-list marginal NHOI identifying assumption holds in this case,

that they use a Bayesian estimator as described in Appendix B.2.2.

Suppose now we are in the first case, i.e. the sample proportions {nh/n}h∈H∗ lie in S̃.

Then π̂ = {nh/n}h∈H∗ , and thus we could then follow the details at the end of Appendix

B.2.1 to arrive at a confidence interval for N . However, we want to take advantage of existing

software in order to compute estimates and confidence intervals for N . The following theorem

accomplishes this task:
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Theorem B.3. Let N̂ denote the population size estimator under the K ′-list marginal NHOI

identifying assumption using the full K list data set. Let N̂ † denote the population size

estimator when restricting to data from just the first K ′ lists and using the NHOI as-

sumption for K ′ lists. If the sample proportions {nh/n}h∈H∗ lie in S̃ = {π̃ ∈ S2K−2 |

Π̃odd,+/(Π̃even,+π̃0+) > 1}, then N̂ = N̂ †.

We prove Theorem B.3 in Appendix B.2.1. Theorem B.3 tells us that if we want to

calculate estimates and confidence intervals for the population size under theK ′-list marginal

NHOI identifying assumption, we can accomplish this by restricting the data set to K ′ lists,

and calculating estimates and confidence intervals for the population size estimate for just

these K ′ lists under the NHOI assumption for K ′ lists. This can be accomplished using the

function closedpMS.t in the Rcapture package.

Sensitivity Analyses

Rcapture does not support sensitivity analyses that examine the impact of the NHOI or K ′-

list marginal NHOI identifying assumptions, as described in Section 4.2 and 4.3 of Chapter 3.

However, it is straightforward to use the glm function in R to perform these sensitivity analy-

ses, which is what Rcapture uses under the hood. In the code accompanying this manuscript,

available at github.com/aleshing/central-role-of-identifying-assumptions, we pro-

vide a function which performs these sensitivity analyses.

Proof of Theorem B.3

Proof. Suppose we have data from K lists, {nh}h∈H∗ , with observed sample size n, and we

are using the K ′-list marginal NHOI assumption, for 1 < K ′ < K. For this proof, denote

the sample proportions by π̃ = {nh/n}h∈H∗ .

We start by restating some notation from Section 4.3 of the main paper. Let G = {0, 1}K′

index the marginal 2K
′
contingency table for the first K ′ lists and G∗ = G \ {0}K′

. Let

π̃g+ =
∑

h∈H∗ π̃hI{(h1, · · · , hK′) = g} and π̃0+ =
∑

h∈H∗ π̃hI{(h1, · · · , hK′) = (0, · · · , 0)}.

The K ′-lists marginal NHOI assumption corresponds to the explicit identifying assumption

https://github.com/aleshing/central-role-of-identifying-assumptions
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T (π̃) = (Π̃odd,+/Π̃even,+− π̃0+)/(1+Π̃odd,+/Π̃even,+− π̃0+), where Π̃odd,+ =
∏

g∈G∗ π̃
Iodd(g)
g+ and

Π̃even,+ =
∏

g∈G∗ π̃
Ieven(g)
g+ . T (π̃) ∈ (0, 1) since we assume that Π̃odd,+/(Π̃even,+π̃0+) > 1.

Now we introduce some new notation. Suppose we are restricted to just the data

from the first K ′ lists. Let {n†
g}g∈G∗ denote the restricted data, so that n†

g =∑
h∈H∗ nhI{(h1, · · · , hK′) = g}, and the restricted sample size is n†. Denote the re-

stricted sample proportions by π̃† = {n†
g/n

†}g∈G∗ . Using this restricted K ′ list data

set, the NHOI assumption corresponds to the explicit identifying assumption T †(π̃†) =

(Π̃†
odd/Π̃

†
even)/(1+Π̃†

odd/Π̃
†
even), where Π̃

†
odd =

∏
g∈G∗(π̃†

g)
Iodd(g) and Π̃†

even =
∏

g∈G∗(π̃†
g)

Ieven(g).

In a frequentist framework, the population size estimate using the K ′-list marginal NHOI

assumption when the estimated observed cell probabilities are π̃ is

N̂ =
n

1− Π̃odd,+/Π̃even,+−π̃0+

1+Π̃odd,+/Π̃even,+−π̃0+

= n
[
1 + Π̃odd,+/Π̃even,+ − π̃0+

]
.

Similarly, in a frequentist framework the population size estimate using the NHOI assumption

with the restricted K ′ list data set is

N̂ † =
n†

1− Π̃†
odd/Π̃

†
even

1+Π̃†
odd/Π̃

†
even

= n†
[
1 + Π̃†

odd/Π̃
†
even

]
.

Our task is to prove that N̂ = N̂ †.

We list here two useful facts that can be verified through simple algebra:

1. n† = n− nπ̃0+ = n[1− π̃0+].

2. π̃g = π̃†
g[1− π̃0+].

Using the first fact, we can rewrite N̂ †:

N̂ † = n†
[
1 + Π̃†

odd/Π̃
†
even

]
= n[1− π̃0+]

[
1 + Π̃†

odd/Π̃
†
even

]
= n

[
1 + (1− π̃0+)(Π̃

†
odd/Π̃

†
even)− π̃0+

]
.
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Thus if we can show that (1 − π̃0+)(Π̃
†
odd/Π̃

†
even) = Π̃odd,+/Π̃even,+, the proof is complete.

Using the second fact, we can rewrite (1− π̃0+)(Π̃
†
odd/Π̃

†
even):

(1− π̃0+)(Π̃
†
odd/Π̃

†
even) = (1− π̃0+)

[ ∏
g∈G∗(π̃†

g)
Iodd(g)∏

g∈G∗(π̃
†
g)Ieven(g)

]

= (1− π̃0+)

[
1− π̃0+

1− π̃0+

]2K′−1
[ ∏

g∈G∗(π̃†
g)

Iodd(g)∏
g∈G∗(π̃

†
g)Ieven(g)

]

=

[ ∏
g∈G∗ π̃

Iodd(g)
g+∏

g∈G∗ π̃
Ieven(g)
g+

]
= Π̃odd,+/Π̃even,+.

B.2.2 Computation for Bayesian Multiple-Systems Estimation

In this section we will describe a computational approach for Bayesian inference in general

conditionally identified models, that allows any prior for the population size, N , and any

prior for the observed cell probabilities, π̃. Various sensitivity analyses are facilitated from

this approach. We further give some guidance to specification of the prior for N .

Bayesian Multiple-Systems Estimation

Suppose that we are using a conditionally identified model with parameter space Ω =

{N, π0, π̃ | N ∈ N, π0 = T (π̃), π̃ ∈ S̃}, and we have specified independent prior distri-

butions for N and π̃, with densities p(N) and p(π̃). In this section, and the following two

sections, we will let p(·) denote a density of a given random variable. The joint posterior of

N and π̃ can be written as p(N, π̃ | n) ∝ L1(N, T (π̃) | n)L2(π̃ | n)p(N)p(π̃)I(π̃ ∈ S̃). The

marginal posteriors of π̃ and N can be written as

p(π̃ | n) ∝ p(n | T (π̃))L2(π̃ | n)p(π̃)I(π̃ ∈ S̃), (B.5)

and p(N | n) =
∫
p(N | n, T (π̃))p(π̃ | n)dπ̃, where p(n | π0) =

∑∞
N=n L1(N, π0 | n)p(N)

and p(N | n, π0) = L1(N, π0 | n)p(N)/p(n | π0), with π0 = T (π̃). As we discuss in Section

B.2.2, we can compute p(n | π0), and thus p(N | n, π0), analytically for common priors on N .
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If one has access to Markov chain Monte Carlo (MCMC) samples {π̃[t]}Tt=1 from p(π̃ | n),

one can then generate MCMC samples {N [t]}Tt=1 from p(N | n) via N [t] ∼ p(N | n, T (π̃[t])).

Summaries of the marginal posterior of N can then be calculated based on these samples.

Mixing and Matching Identifying Assumptions and Priors

While computation as described in the previous section may seem straightforward, the

marginal posterior for the observed cell probabilities, p(π̃ | n), depends on the specific com-

bination of priors for π̃ and N and identifying assumption T . Thus we need new MCMC

samples from p(π̃ | n) for each new combination of priors and identifying assumption, which

can be difficult both technically and computationally. Rather than develop new MCMC

samplers for each combination, we will rely on a combination of existing software and a

computationally cheap rejection sampler.

Let pC(π̃ | n) ∝ L2(π̃ | n)p(π̃) denote the marginal “posterior” for the observed

cell probabilities using just the conditional likelihood L2. We use the subscript C (for

“C”onditional) to denote that it is a special density that we are introducing for compu-

tational purposes. We can then rewrite the actual marginal posterior for the observed cell

probabilities (B.5) as p(π̃ | n) ∝ p(n | T (π̃))I(π̃ ∈ S̃)pC(π̃ | n). This suggests a compu-

tationally cheap rejection sampler to generate samples from p(π̃ | n), if we have access to

MCMC samples from pC(π̃ | n) [121]:

1. Generate U ∼ Unif(0, 1) and π̃ ∼ pC(π̃ | n) independently.

2. If U < p(n | T (π̃))I(π̃ ∈ S̃)/{maxπ0 p(n | π0)} accept π̃. Else go back to (1).

Thus, for a given prior p(π̃), if we want to perform prior sensitivity analyses for N and/or

sensitivity analyses probing the identifying assumption as discussed in Sections 4.2 and 4.3

of Chapter 3, we can take a one time sample from pC(π̃ | n), and then reuse this sample

to generate samples from p(π̃ | n) for each combination of prior for N and identifying

assumption. The approach just described is only useful if we have access to MCMC samples
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from pC(π̃ | n). The rest of this section will describe how we can generate samples from the

density pC(π̃ | n) using existing software.

Previous work in Bayesian MSE specifies priors for π̃ indirectly. In particular, most

work specifies priors on reparametrizations of the cell probabilities π, such as log-linear

models or LCMs, which induce priors for π, and thus for π̃. Let pw(π) denote what we

will call the “working” prior for π, which induces the prior p(π̃) we would like to use.

We use the superscript w (for “w”orking) to denote that it is a special density that we are

introducing for computational purposes. Consider the “working” posterior for π, pw(π | n) ∝∑∞
N=n p(n, n0 | N,π)pw(π)/N , obtained using the “working” prior for N of pw(N) ∝ 1/N .

The “posterior” for π̃ under this working prior combination is equal to pC(π̃ | n) ∝ L2(π̃ |

n)p(π̃), as p(n | π0) ∝ 1/n under the working prior for N (see Table B.1). Thus, given

MCMC samples, {π[t]}Tt=1, drawn from pw(π | n), letting π̃
[t]
h = π

[t]
h /(1 − π

[t]
0 ), {π̃[t]}Tt=1 are

MCMC samples drawn from pC(π̃ | n).

Thus if we want to use the prior p(π̃) induced by a working prior pw(π), we can rely on a

combination of existing software and a computationally cheap rejection sampler to generate

draws from the posterior p(N, π̃ | n) for any combination of prior for N and identifying

assumptions, as long as the software uses the prior pw(N) ∝ 1/N . Note that our prior

for N does not have to be pw(N). This is the case for most existing software, including

the R package conting [102], which implements a reversible-jump MCMC sampler to target

pw(π | n) under a working prior pw(π) induced by a prior that averages over all hierarchical

log-linear models [68], and the R package LCMCR, which implements a data augementation

Gibbs sampler to target pw(π | n) under a working prior pw(π) induced by a Dirichlet

process prior for LCMs [87]. The steps of the MCMC samplers used in these packages are

model specific and we would not be able to use them if we tried to create bespoke MCMC

samplers targeting the marginal posterior in (B.5). We note that this approach is closely

related to the working prior approach of [78], with some necessary modifications specific to

MSE.
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Recommended Priors for the Population Size, N

In Table B.1 we catalog p(n | π0) =
∑∞

N=n L1(N, π0 | n)p(N) and p(N | n, π0) = L1(N, π0 |

n)p(N)/p(n | π0) under Poisson, negative-binomial, and binomial priors for N , in addition

to the class of priors p(N) ∝ (N − ℓ)!/N !, where ℓ ∈ {0, 1, 2, · · · }, suggested by [46]. This

class of priors contains both the improper uniform prior, p(N) ∝ 1, when ℓ = 0, and the

improper scale prior, p(N) ∝ 1/N , when ℓ = 1. If p(n | π0) is not available analytically, for

example when p(N) is beta-binomial, we recommend truncating the prior for N to the range

{1, · · · , Nmax} where Nmax is an upper bound on the population size, in which case p(n | π0)

can be computed numerically.

Table B.1: Catalog of p(N | n, π0) and p(n | π0) under common priors for N .

Prior p(N) p(N | n, π0) p(n | π0)

Pois(M) (M)Ne−M/N ! n+Pois(π0M) Pois((1− π0)M)

NB
(
a, M

M+a

) (
N+a−1

N

)
( M
M+a

)N( a
M+a

)a n+NB
(
n+ a, Mπ0

M+a

)
NB

(
a, (1−π0)M

(1−π0)M+a

)
Bin(M, q)

(
M
N

)
qN(1− q)M−N n+Bin

(
M − n, π0q

π0q+1−q

)
Bin(M, (1− π0)q)

[46] ∝ (N − ℓ)!/N ! n+NB(n− ℓ+ 1, π0) ∝ (n−ℓ)!
n!

(1− π0)
ℓ−1

The improper scale prior, under which p(π̃ | n) ∝ pC(π̃ | n)I(π̃ ∈ S̃), is a common

“noninformative” prior for N and has the nice property that the posterior mean of N condi-

tional on π̃ is the Horvitz-Thompson estimator [63], n/{1−T (π̃)}, which is well understood

in the present context [see e.g. 113]. Recall that the Horvitz-Thompson estimator also arose

when considering frequentist inference in Appendix B.2.1. Following [81], we recommend

using this prior in the absence of substantive knowledge about N .

When incorporating substantive knowledge about N into an informative prior for N we

recommend using a negative-binomial or beta-binomial prior, as we have found Poisson and

binomial priors to be more informative than we would usually like to use. For concreteness

in Chapter 3 we focused on the negative-binomial prior. In Table B.1, we use a common
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parameterization for the negative-binomial distribution in terms of the mean M and overdis-

persion parameter a. This parameterization arises from a Poisson-gamma mixture, where

N | δ ∼ Poisson(Mδ), δ ∼ Gamma(a, a). As a → ∞ the prior approaches a Poisson prior

with mean M , and as a → 0 the prior approaches the improper scale prior.

B.2.3 Regularization and Data Sparsity

As discussed in Section 3.1 of Chapter 3, when one uses a model that places little to no

restrictions on the observed data distribution (as we advocate for in Section 2.6 of Chapter

3), this can lead to population size estimates with large variances associated with them. This

typically occurs when the data is sparse, i.e. when some cells of the observed contingency

table are small (or even 0). Data sparsity can be a problem when conducting frequentist

analyses, as the standard asymptotic arguments used in Appendix B.2.1 to derive standard

errors and confidence intervals are generally not valid. This issue is secondary to our main

focus of choosing the identifying assumption, in the sense that the amount of sparsity in the

data should not affect the choice of identifying assumption.

We discuss here two possible routes to reduce the variance of population size estimators.

The first route is to place restrictions on the observed data distribution, as advocated for

by the quote of [45] in Section 3.1 of Chapter 3. This would require the restricted model

to truly hold, otherwise the lower estimated variance would not be valid and the population

size estimate could be arbitrarily biased. We would generally prefer not to take this route,

as such restrictions are typically hard to justify in practice [see e.g. 32, 139]. Further, even

if one places correct restrictions on the observed data distribution, in a frequentist analysis

the standard errors and confidence intervals derived in Appendix B.2.1 can still be invalid

when the data are sparse.

The second route is to use some form of regularization when estimating the observed

cell probabilities within a model that places little to no restrictions on the observed data

distribution. Regularization reduces the variances of estimates, at the cost of increasing the

bias of estimates, by shrinking parameter estimates to a predetermined subset of parameter
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space. We now briefly discuss how regularization can be incorporated into frequentist or

Bayesian analyses:

• In a frequentist analysis, regularization can be incorporated through some form of

penalized likelihood [53], where instead of estimating the observed cell probabilities π̃

by maximizing the conditional likelihood as described in Appendix B.2.1, one would

maximize the sum of the conditional likelihood and a penalty term

π̂ = argmax
π̃∈S̃

L2(π̃ | n)− cJ(π̃). (B.6)

Here J is a penalty function and c > 0 is a regularization parameter. When c = 0

the estimate corresponds to the conditional maximum likelihood estimate, and as c

increases the estimate gets shrunk to some subset of S̃ defined by the penalty function

J . It will typically be feasible to obtain estimates by solving B.6. However, deriving

standard errors and confidence intervals for these estimates can be difficult, especially

when the data is sparse. Nonstandard asymptotic theory may be required [see e.g. 98].

• In a Bayesian analysis, regularization is inherent due to the prior distribution for π̃.

Here the prior serves a similar purpose to the penalty function J in a frequentist

analysis, defining the subset of S̃ to which estimates of π̃ are shrunk. Note that the

computational techniques in Appendix B.2.2 are still valid even when the data are

sparse.

We note that there is a common difficulty associated with regularizing estimates in a

frequentist or Bayesian analysis: choosing where to shrink estimates of the observed cell

probabilities, π̃; i.e. choosing the penalty function, J , in a frequentist analysis or the prior

in a Bayesian analysis. A fruitful direction for future research is to understand what are

choices of penalty functions or priors that produce population size estimates with desirable

properties when the data are sparse (e.g. good frequentist performance).
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B.3 Identifying Assumption Derivations

The purpose of this appendix is to derive the identifying assumptions associated with no-

highest-order interaction assumption and the K ′-list marginal no-highest-order interaction

assumption.

B.3.1 Derivation for No-Highest-Order Interaction Assumption

Recall from Section 3.1 of Chapter 3 that we have the following relationship between the

cell probabilities and the highest order interaction, λ1:
∏

h∈H π
Iodd(h)
h /

∏
h∈H π

Ieven(h)
h =

exp{(−1)K+1λ1}, where Iodd(h) = I(
∑K

k=1 hk is odd) and Ieven(h) = I(
∑K

k=1 hk is even).

Suppose we fix λ1 ∈ R, or equivalently ξ = exp{(−1)K+1λ1} ∈ R+. Under this assump-

tion we have that
∏

h∈H π
Iodd(h)
h /

∏
h∈H π

Ieven(h)
h = ξ. Multiplying the left-hand side by

1 =
(

1−π0

1−π0

)2K−1

, we find that Π̃odd/{[π0/(1 − π0)]Π̃even} = ξ, where Π̃odd =
∏

h∈H∗ π̃
Iodd(h)
h

and Π̃even =
∏

h∈H∗ π̃
Ieven(h)
h . Rearranging terms and solving for π0, we find that the assump-

tion that ξ is a fixed value corresponds to the explicit functional relationship

T (π̃) =
Π̃odd/Π̃even

ξ + Π̃odd/Π̃even

. (B.7)

The identifying assumption corresponding to the no-highest-order interaction assumption is

recovered by setting λ1 = 0, or equivalently ξ = 1: T (π̃) = (Π̃odd/Π̃even)/(1 + Π̃odd/Π̃even).

The observed-data distribution is not restricted by the assumption that the highest-order

interaction is fixed, and thus models that use this assumption without any extra assumptions

regarding the observed cell probabilities are nonparametric identified.

B.3.2 Derivation for K ′-list Marginal No-Highest-Order Interaction Assumption

Suppose we assume that
∏

g∈G π
Iodd(g)
g+ /

∏
g∈G π

Ieven(g)
g+ = ξ, where ξ ∈ R+ is fixed. Multiplying

the left-hand side by 1 =
(

1−π0

1−π0

)2K′−1

, we find that Π̃odd,+/{[π0/(1 − π0) + π̃0+]Π̃even,+} =

ξ, where Π̃odd,+ =
∏

g∈G∗ π̃
Iodd(g)
g+ and Π̃even,+ =

∏
g∈G∗ π̃

Ieven(g)
g+ . Rearranging terms and

solving for π0, we find that the assumption that ξ is a fixed value corresponds to the explicit
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functional relationship

T (π̃) =
Π̃odd,+/Π̃even,+ − ξπ̃0+

ξ + (Π̃odd,+/Π̃even,+ − ξπ̃0+)
. (B.8)

The identifying assumption corresponding to the K ′-list marginal no-highest-order inter-

action assumption is recovered by setting ξ = 1: T (π̃) = (Π̃odd,+/Π̃even,+ − π̃0+)/(1 +

Π̃odd,+/Π̃even,+ − π̃0+).

As noted in Section 4.3 of Chapter 3, the theK ′-list marginal no-highest-order interaction

assumption does not imply that there is no highest-order interaction for all K lists, as∏
h∈H π

Iodd(h)
h /

∏
h∈H π

Ieven(h)
h = (Π̃odd/Π̃even)× (Π̃odd,+/Π̃even,+ − π̃0+)

−1 ̸= 1 in general.

B.4 Latent Class Model Simulations

The purpose of this appendix is conduct simulation studies demonstrating the practical

implications of Theorem B.2. In particular, we present a variety of simulations exploring the

frequentist properties of the Bayesian LCM of [87]. In each example we generate 200 data

sets from the model in (B.1) for a given number of lists K and a fixed parameter setting

of θ ∈ ΩQJ
, i.e. a fixed population size N and a J-class LCM Q ∈ QJ . For all examples

we will use N ∈ {2000, 10000, 100000}. For each simulated data set, we fit the Bayesian

LCM of [87] as implemented in the R package LCMCR, using J latent classes (i.e. the same

number that generated the data) and the default prior for ν, by running the Gibbs sampler

implemented in LCMCR for 250, 000 iterations, with the first 50, 000 tossed for burn-in. We

note that LCMCR uses the improper scale prior for N , i.e. p(N) ∝ 1/N , and a flat prior for

q, i.e. qjk
i.i.d.∼ Unif(0, 1), which can not be changed. For each parameter setting of θ ∈ ΩQJ

we examine the frequentist performance of the posterior median, 95% credible interval, and

50% credible interval for estimating the unobserved cell probability, π0, through the sample

mean of the posterior medians, the sample coverage of the 95% credible intervals, the sample

mean of the 95% credible interval widths over the 200 replications, the sample coverage of

the 50% credible intervals, and the sample mean of the 50% credible interval widths over the

200 replications.
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B.4.1 Example 1

In this example we consider data fromK = 2 lists generated from the two-class LCMQ1a with

parameters given in Table B.2. Under Q1a, π̃Q1a,(0,1) = 0.276, π̃Q1a,(1,0) = 0.276, π̃Q1a,(1,1) =

0.448, and πQ1a,0 = 0.316. There exists another two-class LCM Q1b, with parameters given

in Table B.2, such that π̃Q1a = π̃Q1b
but πQ1b,0 = 0.219. Because PΩQ2

is not conditionally

identified when K = 2, if we try to perform estimation within PΩQ2
, which contains the true

data generating model, there is no guarantee that we can estimate well the cell probabilities

and population size which generated the data. This example was constructed using the

counterexample used to prove Theorem B.2.

Table B.2: Parameters of two latent class models, Q1a and Q1b (rounded for presentation)

ν1 ν2 q11 q12 q21 q22

Q1a 0.500 0.500 0.248 0.248 0.743 0.743

Q1b 0.857 0.143 0.495 0.495 0.990 0.990

The results of the simulation using data generated using the LCM Q1a are presented in

Table B.3. We see that the posterior median has a negative bias that does not vanish as

N increases. One may have thought that the posterior median might possibly be a good

estimator for πQ1b,0 = 0.219 since Q1a and Q1b induce the same observed-data distribution.

However, the posterior median is also negatively biased for estimating πQ1b,0, which suggests

there are other LCMs in Q2 that induce very similar observed-data distributions to Q1a and

Q1b but with different induced unobserved cell probabilities. While the 95% credible interval

has nominal coverage when N = 2000, as N increases, coverage decreases and is no longer

nominal. The 50% credible interval have essentially 0 coverage for settings of N , even for

N = 2000 where the 95% credible interval has nominal coverage. This suggests the 95%

credible interval only has nominal coverage at N = 2000 due to wide tails of the posterior

for N .
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Table B.3: Results of the simulation study where data was generated from the two-class

latent class model Q1a. Truth is πQ1a,0 = 0.316.

N
Mean

Posterior Median 95% CI Coverage
Mean

95% CI Width 50% CI Coverage
Mean

50% CI Width

2000 0.148 0.955 0.332 0.000 0.029

10000 0.146 0.730 0.316 0.000 0.023

100000 0.151 0.265 0.167 0.055 0.037

B.4.2 Example 2

One may object to the practicality of Example 1, as it examined a two class LCM constructed

using the counterexample from the proof of Theorem B.2, and is thus an Mh LCM. So we

now consider the following example. [87] presented a simulation study with K = 5 lists

where data was generated from a LCM with J = 2 classes, which we reproduce in Table

B.4. The parameters of this LCM were based on a hypothetical population where a small

proportion of people have a high probability of being observed, and a large proportion of

people have a small probability of being observed, which is plausible in some human rights

applications.

Table B.4: Parameters of latent class model which generated data in simulation of [87].

Sampling probabilities, q

Class ν List 1 List 2 List 3 List 4 List 5

1 0.900 0.033 0.033 0.099 0.132 0.033

2 0.100 0.660 0.825 0.759 0.990 0.693

Suppose we only observed lists three and four, so that we have data from K = 2 lists

generated from the two-class LCM Q2 with parameters given in Table B.5. Under Q2,
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πQ2,0 = 0.704. Just as in the previous example, because PΩQ2
is not conditionally identified

when K = 2, if we try to perform estimation within PΩQ2
, which contains the true data

generating model, there is no guarantee that we can estimate well the cell probabilities and

population size which generated the data. The results of the simulation using data generated

using the LCM Q2 are presented in Table B.6. We see that the posterior median has a large

negative bias that does not vanish as N increases, while the mean 95% and 50% credible

interval widths decrease as N increases. Further, the 95% and 50% credible intervals have

essentially 0 coverage across all N .

Table B.5: Parameters of latent class model Q2

ν1 ν2 q11 q12 q21 q22

0.900 0.100 0.099 0.132 0.759 0.990

Table B.6: Results of the simulation study where data was generated from the two-class

latent class model Q2. Truth is πQ2,0 = 0.704.

N
Mean

Posterior Median 95% CI Coverage
Mean

95% CI Width 50% CI Coverage
Mean

50% CI Width

2000 0.285 0.000 0.408 0.000 0.055

10000 0.283 0.010 0.401 0.000 0.036

100000 0.285 0.030 0.256 0.000 0.035

B.4.3 Example 3

In this example we present two more frequentist simulation studies based on only observing

a subset of the five lists from the simulation of [87].

First suppose that we only observe lists two, three, and four from the simulation of [87], so

that we have data from K = 3 lists generated from the two-class LCM Q3a with parameters
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given in Table B.7. Under Q3a, πQ3a,0 = 0.681. Because PΩQ2
is not conditionally identified

when K = 3, if we try to perform estimation within PΩQ2
, which contains the true data

generating model, there is no guarantee that we can estimate well the cell probabilities and

population size which generated the data. The results of the simulation using data generated

using the LCM Q3a are presented in Table B.8. We see that the posterior median has a slight

negative bias that becomes negligible as N increases. The 95% credible intervals have over-

coverage across the different settings of N . The 50% credible intervals have nominal coverage

when N = 2000, but have over-coverage as N increases.

Table B.7: Parameters of latent class model Q3a

Sampling probabilities, q

Class ν List 2 List 3 List 4

1 0.900 0.033 0.099 0.132

2 0.100 0.825 0.759 0.990

Table B.8: Results of the simulation study where data was generated from the two-class

latent class model Q3a. Truth is πQ3a,0 = 0.681.

N
Mean

Posterior Median 95% CI Coverage
Mean

95% CI Width 50% CI Coverage
Mean

50% CI Width

2000 0.622 1.000 0.339 0.510 0.120

10000 0.667 1.000 0.274 0.800 0.091

100000 0.682 1.000 0.209 0.965 0.074

Suppose now we only observe lists two, three, four, and five from the simulation of [87], so

that we have data from K = 4 lists generated from the two-class LCM Q3b with parameters

given in Table B.9. Under Q3b, πQ3b,0 = 0.658. Because PΩQ2
is conditionally identified when
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K = 4, we know that, since PΩQ2
contains the true data generating model, we can consistently

estimate the cell probabilities and population size which generated the data. The results of

the simulation using data generated using the LCM Q3a are presented in Table B.10. We

see that the posterior median has a negative bias that becomes negligible as N increases, as

expected. The 95% and 50% credible intervals have slight under-coverage when N = 2000,

which becomes nominal as N increases.

Table B.9: Parameters of latent class model Q3b

Sampling probabilities, q

Class ν List 2 List 3 List 4 List 5

1 0.900 0.033 0.099 0.132 0.033

2 0.100 0.825 0.759 0.990 0.693

Table B.10: Results of the simulation study where data was generated from the two-class

latent class model Q3b. Truth is πQ3b,0 = 0.658.

N
Mean

Posterior Median 95% CI Coverage
Mean

95% CI Width 50% CI Coverage
Mean

50% CI Width

2000 0.631 0.915 0.190 0.445 0.065

10000 0.653 0.940 0.089 0.505 0.031

100000 0.658 0.955 0.028 0.485 0.010

B.4.4 Example 4

In this example we present three more frequentist simulation studies based on adding a third

class to the LCM from the simulation study of [87], representing a small proportion of the

population having a probability of being observed somewhere between the other two classes.

The parameters of this new LCM are given in Table B.11.
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Table B.11: Parameters of latent class model which generated data in simulation of [87],

with a third class added.

Sampling probabilities, q

Class ν List 1 List 2 List 3 List 4 List 5

1 0.700 0.033 0.033 0.099 0.132 0.033

2 0.200 0.275 0.250 0.200 0.300 0.325

3 0.100 0.660 0.825 0.759 0.990 0.693

First suppose that we only observe lists two, three, and four from the LCM in Table

B.11, so that we have data from K = 3 lists generated from the three-class LCM Q4a with

parameters given in Table B.12. UnderQ4a, πQ4a,0 = 0.613. Because PΩQ3
is not conditionally

identified when K = 3, if we try to perform estimation within PΩQ3
, which contains the true

data generating model, there is no guarantee that we can estimate well the cell probabilities

and population size which generated the data. The results of the simulation using data

generated using the LCM Q4a are presented in Table B.13. We see that the posterior median

has a negative bias that does not vanish as N increases. The 95% credible intervals have

over-coverage across the different settings of N , while the 50% credible intervals have under-

coverage across the different settings of N . Similar to Example 1 in Section B.4.1, this

suggests the 95% credible interval only has over-coverage due to wide tails of the posterior

for N .

Next suppose that we only observe lists two, three, four, and five from the LCM in Table

B.11, so that we have data from K = 4 lists generated from the three-class LCM Q4b with

parameters given in Table B.10. UnderQ4b, πQ4b,0 = 0.569. Because PΩQ3
is not conditionally

identified when K = 4, if we try to perform estimation within PΩQ3
, which contains the true

data generating model, there is no guarantee that we can estimate well the cell probabilities

and population size which generated the data. The results of the simulation using data
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Table B.12: Parameters of latent class model Q4a

Sampling probabilities, q

Class ν List 1 List 2 List 3

1 0.700 0.033 0.099 0.132

2 0.200 0.250 0.200 0.300

3 0.100 0.825 0.759 0.990

Table B.13: Results of the simulation study where data was generated from the two-class

latent class model Q4a. Truth is πQ4a,0 = 0.613.

N
Mean

Posterior Median 95% CI Coverage
Mean

95% CI Width 50% CI Coverage
Mean

50% CI Width

2000 0.524 1.000 0.387 0.210 0.119

10000 0.537 1.000 0.364 0.150 0.102

100000 0.538 1.000 0.323 0.175 0.096

generated using the LCM Q4b are presented in Table B.15. We see that the posterior median

has a negative bias that decreases as N increases. While the 95% and 50% credible intervals

do not have nominal coverage, coverage improves as N increases (but is still far from nominal

even when N = 100000).

Next suppose that we observe all five lists from the LCM in Table B.11, so that we have

data from K = 5 lists generated from the three-class LCM which we will refer to as Q4c.

Under Q4c, πQ4c,0 = 0.536. Because PΩQ3
is not conditionally identified when K = 5, if we

try to perform estimation within PΩQ3
, which contains the true data generating model, there

is no guarantee that we can estimate well the cell probabilities and population size which

generated the data. The results of the simulation using data generated using the LCM Q4c

are presented in Table B.16. We see that the posterior median has a negative bias that
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Table B.14: Parameters of latent class model Q4b

Sampling probabilities, q

Class ν List 1 List 2 List 3 List 4

1 0.700 0.033 0.099 0.132 0.033

2 0.200 0.250 0.200 0.300 0.325

3 0.100 0.825 0.759 0.990 0.693

Table B.15: Results of the simulation study where data was generated from the two-class

latent class model Q4b. Truth is πQ4b,0 = 0.569.

N
Mean

Posterior Median 95% CI Coverage
Mean

95% CI Width 50% CI Coverage
Mean

50% CI Width

2000 0.469 0.525 0.199 0.090 0.065

10000 0.509 0.630 0.128 0.120 0.041

100000 0.519 0.695 0.066 0.290 0.023

decreases as N increases. While the 95% and 50% credible intervals do not have nominal

coverage, coverage improves as N increases.

B.4.5 Takeaways

When using the model PΩQJ
for multiple-systems estimation, one is relying on the assumption

that the data was generated from a distribution in PΩQJ
. If a practitioner is comfortable

with the assumption that 2J ≤ K, then we know the model is conditionally identified,

and thus this assumption is a combination of an explicit identifying assumption (which is

currently unknown) and possibly some restrictions on the observed-data distribution. Due

to conditional identification, the practitioners have guarantees under this assumption that

they can estimate the population size, and other parameters, well if their observed sample
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Table B.16: Results of the simulation study where data was generated from the two-class

latent class model Q4c. Truth is πQ4c,0 = 0.536.

N
Mean

Posterior Median 95% CI Coverage
Mean

95% CI Width 50% CI Coverage
Mean

50% CI Width

2000 0.435 0.415 0.169 0.050 0.055

10000 0.500 0.875 0.132 0.370 0.044

100000 0.523 0.895 0.053 0.490 0.018

size n is large enough. However, if a practitioner is not comfortable with this assumption,

and chooses to use J > K/2, they have no such guarantees as they are using a model that

is not conditionally identified.

Through the four example simulation studies in this appendix we saw examples where

models that were not conditionally identified had good frequentist performance (Q3a, Q4a)

and bad frequentist performance (Q1, Q2, Q4b, Q4c) according to some of our simulation

summary measures. The good and bad frequentist performances could have been due to

• where the prior of [87] places mass in the parameter space ΩQJ
(e.g. good frequentist

performance if it places enough prior mass around the true data generating parameters),

• whether there actually exists other LCMs in QJ that induce similar observed cell

probabilities to the true data generating parameters but a different unobserved cell

probability (e.g. good frequentist performance if other LCMs do not exist with these

properties),

• or some combination of the two previous factors.

We currently have no way to tease apart these factors and tell when a model that is not

conditionally identified will have good or bad performance. This is a problem for using these

models in practice, as we have no way to tell practitioners “under these assumptions the

model will perform well”.
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We believe there are two routes forward to combat this problem, if one wants to use

LCMs for multiple-systems estimation. The first option is to further study technical results

for conditional identification in LCMs. For example, as we discussed in Section B.1.6, suppose

we can prove under further (practically relevant) restrictions onQJ that PΩQJ
is conditionally

identified for some J > K/2. We would then be able to expand the range of models we could

fit under which we had guarantees that we could estimate well the parameters of the model.

The other option is to study LCMs through the framework of partial identification [130,

54], which was recently used in multiple-systems estimation by [128] for frequentist inference

for partially-identified log-linear models. This would require both: 1) a better technical

understanding of what parameters, or functions of parameters, of LCMs are not identified,

and 2) placing substantively meaningful priors on the non-identified parameters (i.e. priors

informed by substantive knowledge concerning the population of interest and how the data

was collected) if a Bayesian approach is taken. Without 1), the best we can do in a Bayesian

approach is to place substantively meaningful priors on all LCM parameters, i.e. on ΩQJ
.

The prior for ΩQJ
of [87] is based on the Dirichlet Process prior specification of [35], which

is a prior of technical convenience. Specifying a substantively meaningful prior for ΩQJ

would require being able to specify a prior for the class membership probabilities ν and for

the class specific observation probabilities q. It is difficult to imagine a scenario in which

a practicioner would have knowledge of the population of interest and how the data was

collected that could be incorporated into priors for all J(K + 1) − 1 of the parameters (ν

and q).

While we do not believe that latent class models cannot be used for multiple-systems

estimation (see our application in Section 5 of Chapter 3 where we use the LCM prior of [87]

to induce a prior for the observed cell probabilities π̃), we do believe that there needs to be

further research to understand under what assumptions LCMs do and do not perform well

in practice. We discuss one further area of research before concluding this section. The start

of this section began by assuming that a practitioner assumed their data was generated by

a distribution in PΩQJ
. It is not clear to the authors how in practice one would choose a
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specific value of J . In practice, how would a practitioner choose between PΩQJ
and PΩQJ′

for

J ̸= J ′? What characteristics of the population being studied and the data collection process

would allow one to differentiate between these two models? Research into understanding how

to elicit plausible values of J would help to justify the use of the model PΩQJ
in practice.

B.5 Kosovo Analysis Appendix

This appendix serves three purposes: 1) to describe the difficulty in justifying the NHOI

assumption for the Kosovo data, 2) to describe a prior sensitivity analysis for the Bayesian

analyses of the Kosovo data, and 3) to describe a sensitivity analysis for the Kosovo data

probing the NHOI assumption.

B.5.1 The No-Highest-Order Interaction Assumption

The Kosovo data set has K = 4 lists, which we will order (without loss of generality) so

that the American Bar Association Central and East European Law Initiative (ABA) list

is first, the Human Rights Watch (HRW) list is second, the Organization for Security and

Cooperation in Europe (OSCE) list is third, and the list constructed from exhumation reports

conducted on behalf of the International Criminal Tribunal for the Former Yugoslavia (EXH)

is fourth. Let Odds(h1 = 1 | h2 = 1, h3, h4) = π(1,1,h3,h4)/π(0,1,h3,h4) denote the odds that an

individual is observed in list 1, conditional on being observed in list 2 and the inclusion

patterns h3, h4 for lists 3 and 4. For example, if h3 = 0 and h4 = 1, Odds(h1 = 1 | h2 =

1, h3 = 0, h4 = 1) is the odds that an individual is observed in list 1, conditional on being

observed in lists 2 and 4 and not being observed in list 3. Similarly let Odds(h1 = 1 | h2 =

0, h3, h4) = π(1,0,h3,h4)/π(0,0,h3,h4) denote the odds that an individual is observed in list 1,

conditional on not being observed in list 2 and the inclusion patterns h3, h4 for lists 3 and 4.

We can then define OR(h3, h4) = Odds(h1 = 1 | h2 = 1, h3, h4)/Odds(h1 = 1 | h2 = 0, h3, h4)

as the odds ratio for lists 1 and 2, conditional on the inclusion patterns h3, h4 for lists 3 and

4. Following Section 4.1 of Chapter 3, the no-highest-order interaction assumption assumes

that OR(1, 0)/OR(0, 0) = OR(1, 1)/OR(0, 1), i.e. the highest-order interaction for the first
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three lists, conditional on not being observed in list 4, OR(1, 0)/OR(0, 0), is equal to the

highest-order interaction for the first three lists, conditional on being observed in list 4,

OR(1, 1)/OR(0, 1).

This assumption is obscure and hard to justify based on our knowledge of how the four

lists were generated. As the validity of our analysis rests on this assumption being correct,

we stress that we are not confident that this assumption holds, and thus we are not confident

in the validity of the analysis of the Kosovo data set using the NHOI assumption.

B.5.2 Prior Sensitivity Analyses

In this section we perform prior sensitivity analyses for the Bayesian analyses of the Kosovo

data from Chapter 3. For N , we will consider the negative-binomial prior specification

described in Chapter 3, in addition to the improper scale prior discussed in Appendix B.2.2.

For the observed cell probabilities π̃, we will consider four prior specifications : 1) the prior

induced from using the Dirichlet process prior of [87] for the J class LCM ΩLCM,J , with

J = 10 and default hyperparameters, as implemented in the R package LCMCR (i.e. the

prior used in the main analyses), 2) a flat Dirichlet prior, i.e. π̃ ∼ Dirichlet(1, · · · , 1),

3) the prior induced from using Normal(0, 52) priors for the log-linear parameters in the

saturated log-linear model ΩLL, fit using the Stan probabilistic programming language [26],

and 4) the prior induced from using the Bayesian model averaging prior of [68] for the log-

linear parameters in the saturated log-linear model ΩLL, with the unit information prior

on log-linear parameters, as implemented in the R package conting [102]. We note that

conting uses an alternative log-linear parameterization based on sum to zero constraints

rather than corner point constraints used in Section 3.1 of Chapter 3. For each combination

of identifying assumption and priors for N and π̃ we fit the corresponding model using the

computational approach described in Appendix B.2.2.

In Table B.17 we present posterior means and 95% credible intervals for N under each

prior combination under the 2-list marginal NHOI assumption, i.e. assuming marginal in-

dependence of the ABA and HRW lists. The posterior density for N under each prior
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combination under the 2-list marginal NHOI assumption is displayed in Figure B.1. For

each prior for π̃, the posterior for N does not appear to be sensitive to the prior for N , as

the point estimates and credible intervals are essentially the same between the two priors for

N . Across the different priors for π̃, the posterior summaries are fairly consistent, with the

posterior summaries under the LCM prior for π̃ being slightly lower than under the other

priors. We note that all of the credible intervals fall within the confidence interval of [123].

Table B.17: Posterior means and 95% credible intervals for N under each combination of

prior for N and π̃, under the 2-list marginal NHOI assumption.

Improper Scale Prior Negative-Binomial

Conting 9618 [8224, 11195] 9621 [8232, 11191]

Dirichlet 9536 [8113, 11252] 9540 [8123, 11247]

LCMCR 9353 [7959, 11063] 9359 [7967, 11059]

Log-Linear 9764 [8277, 11549] 9766 [8288, 11550]

In Table B.18 we present posterior means and 95% credible intervals for N under each

prior combination under the NHOI assumption. The posterior density for N under each

prior combination under the NHOI assumption is displayed in Figure B.2. For each prior

for π̃, the posterior for N is somewhat sensitive to the prior for N , as the posterior mean

and credible interval limits are always larger under the improper scale prior compared to

the negative-binomial prior for N . The posterior for N appears to be the most sensitive to

the prior for N under the Dirichlet and log-linear priors for π̃, where the posterior means

and upper credible interval limits increase by several thousand when using the improper

scale prior for N instead of the negative-binomial prior. Across the different priors for π̃,

the posteriors corresponding to the Dirichlet prior, the log-linear model prior, and the LCM

prior of [87] are in relative agreement. The posterior corresponding to the Dirichlet prior is

the most diffuse of the three, and the posterior corresponding to the LCM prior of [87] is the

most concentrated of the three. The posterior corresponding to the log-linear model prior
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Figure B.1: Posterior density of N under each combination of prior for N and π̃, under

the 2-list marginal NHOI assumption.

of [68], implemented in the conting package, is multimodal, which is not unexpected as it

is performing Bayesian model averaging [58] over all hierarchical log-linear models. Due to

this multimodality, point estimates (e.g. the posterior mean) may not be reliable summaries

of the posterior distribution. We note that all of the credible intervals contain the point

estimate of [123].

B.5.3 A Sensitivity Analysis Probing the NHOI Assumption

We now perform a sensitivity analysis probing the no-highest-order interaction assumption.

We will consider models with the identifying assumption in Section 4.2 of Chapter 3, varying ξ

over {1/2, 2/3, 1, 3/2, 2} [following 51]. For each value of ξ, we will present both a frequentist

analysis and a Bayesian analysis, with the Bayesian analysis using the same priors from the

main analysis as presented in Section 5.1 of Chapter 3. This sensitivity analysis is limited

in that we followed [51] and chose an arbitrary range of values for ξ around 1. Due to the
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Table B.18: Posterior means and 95% credible intervals for N under each combination of

prior for N and π̃, under the NHOI assumption.

Improper Scale Prior Negative-Binomial

Conting 13000 [9202, 19971] 12694 [9175, 19299]

Dirichlet 18500 [9402, 35908] 16051 [9098, 27679]

LCMCR 14695 [9423, 23675] 14071 [9321, 21604]

Log-Linear 16209 [8731, 30025] 14719 [8579, 24878]

difficulty in interpreting the highest-order interaction when there are K = 4 lists, we are not

able to say with confidence whether this range of values is meaningful or not. In Table B.19

we present the results from our frequentist and Bayesian analyses under each identifying

assumption.

Table B.19: Point estimates and 95% uncertainty intervals for sensitivity analysis probing

the NHOI assumption. For the Bayesian analysis the point estimate is the posterior mean.

In this table ξ is a ratio of ratios of odds ratios, as described in Section 4.2 of Chapter 3 and

Appendix B.5.1.

ξ = 1 / 2 ξ = 2 / 3 ξ = 1 ξ = 3 / 2 ξ = 2

Frequentist 29483 [6210, 52757] 23212 [5757, 40668] 16941 [5304, 28579] 12761 [5002, 20520] 10670 [4851, 16490]

Bayesian 21476 [13518, 33507] 17983 [11492, 27987] 14071 [9321, 21604] 11121 [7766, 16564] 9538 [6943, 13821]

The results are not very robust to misspecification of ξ in the chosen range. The un-

certainty intervals when ξ = 1/2 and ξ = 2 barely overlap. For the Bayesian analysis, the

posterior mean when ξ = 2 is 32% lower than the posterior mean when ξ = 1 (i.e. under the

no-highest-order interaction assumption), the posterior mean when ξ = 1/2 is 53% higher

than the posterior mean when ξ = 1, and the posterior mean ξ = 1/2 is more than twice

the posterior mean when ξ = 2. These differences are even more dramatic for the frequen-

tist analysis. This lack of robustness to misspecification of ξ would be a cause for concern



181

Conting Dirichlet LCMCR Log−Linear

0 10000 30000 50000 0 10000 30000 50000 0 10000 30000 50000 0 10000 30000 50000

0.00000

0.00005

0.00010

0.00015

N

D
en

si
ty

Prior for N Improper Scale Prior Negative−Binomial

Figure B.2: Posterior density of N under each combination of prior for N and π̃, under

the NHOI assumption.

if the no-highest-order interaction assumption was plausible, and the deviations from the

assumption in terms of ξ were also plausible, in the context of the Kosovo data set.
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