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Iteratively Re-weighted Least Squares (IRLS) has long been used to solve both convex op-

timization problems, including ℓ1 regression and compressed sensing, as well as non-convex

optimization problems, including ℓp regression for (0 < p < 1).

The thesis is organized as follows. Following the introduction in Chapter 1, in Chapter

2 we give a robust phase retrieval counterpart to the seminal paper by Candes and Tao on

compressed sensing (ℓ1 regression) [Decoding by linear programming. IEEE Transactions on

Information Theory, 51(12):42034215, 2005]. Chapter 3 answers a question raised in [Iter-

atively reweighted least squares minimization for sparse recovery, Communications on Pure

and Applied Mathematics, 63(2010) 1–38]. In particular, we find examples where IRLS al-

gorithm in the paper provably fails and provide a remedy. In Chapter 4 we show that

under the assumption that the entries of A are i.i.d. standard normal, locally linear conver-

gence rate is achieved for IRLS algorithm, when applied to robust phase retrieval problem

minx ‖|Ax|− b‖1. Furthermore, we provide several other IRLS variants which can be ap-

plied to phase retrieval problems. Both the noiseless case and the case with sparse noise are

considered. In Chapter 5 we talk about the application of IRLS in general cases.
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Chapter 1

INTRODUCTION

In the thesis we mainly consider the non-smooth problem

min
x

J(x) := ‖A0x− b‖2 +
ℓ!

i=1

dist(Aix|Ci) +
ℓ+h!

i=ℓ+1

dist(Aix|Ci)dist(Ai+hx|Ci+h), (1.0.1)

where x ∈ Rn, b ∈ Rn0 , Ai is a linear transformation from Rn to Rni and Ci’s are closed sets.

The norm ‖·‖ represents Euclidean norm and the distance function is induced by Euclidean

norm.

When A0 = 0n0×n, b = 0n0 and h = 0, for each 1 ≤ i ≤ ℓ, Ai ∈ R1×n and Ci = {bi} for

bi ∈ R, problem (1.0.1) is the ℓ1-regression problem

min
x

‖Ax− b‖1 , (1.0.2)

where A = (AT
1 , A

T
2 , ..., A

T
ℓ )

t and b := (b1, b2, ..., bℓ)
T . Here for v = (v1, v2, ..., vn)

T ∈ Rn,

|v| := (|v1|, |v2|, ..., |vn|)T . In a seminal paper of Candes and Tao [22], ℓ1-regression is used to

solve a classical error correction problem. In particular, one hopes to recover a vector from

b = Ax∗ + e ∈ Rℓ, where the measurement matrix A ∈ Rℓ×n and the error vector e ∈ Rℓ

is a sparse. The author of [22] proved that under certain condition of measurement matrix

A, if the size of the support of the error vector e is small, ‖e‖0 := |{i|ei ∕= 0}| ≤ sm for

some constant s, then the vector x∗ is the unique solution to problem (1.0.2). We say matrix

Φ ∈ R(ℓ−n)×ℓ, with full row rank, is an annihilator matrix of A if ΦA = 0. The condition used

in the proof of [22] is called Restricted Isometry Property (RIP) (See Section 2.2 of Chapter

2 for details). It is a property of the annihilator matrix Φ. In particular, they proved that if

matrix A with entries being independent and identically distributed random variables, then

it’s annihilator matrix Φ satisfies RIP with high probability.
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Two other interesting problems of form (1.0.1) are real robust phase retrieval problem.

min
x

""(Ax)2 − b
""
1
=

ℓ!

i=1

dist(biAix|{−b2i , b
2
i })+

ℓ!

i=1

dist(Aix|{0})dist(Aix|{−bi, bi}) (1.0.3)

and

min
x

‖|Ax|− b‖1 =
ℓ!

i=1

dist(Aix|{−bi, bi}) (1.0.4)

Likewise, the square and magnitude of a vector means component-wise square and magni-

tude, respectively. These two problems are non-convex. Problem (1.0.3) is weakly convex

[33, 41] and is widely studied in several literatures [33, 41, 24]. Problem is relatively harder

since it’s neither weakly convex nor subdifferentially regular [57]. Since the forms of (1.0.2),

(1.0.3) and (1.0.4) looks similarly, we raise a naturally question, despite the intrinsic non-

convexity of (1.0.3) and (1.0.4).

Question 1.0.1. Are there any robust phase retrieval counterparts to the result of Candes

and Tao [22]?

Chapter 2 gives a positive answer to Question 1.0.1. In particular, we prove that under the

assumption that the entries of measurement matrix A are of i.i.d. N(0, 1) random variables,

for p ∈ {1, 2}, there exists universal constants c0, c1, c2 > 0 and s ∈ (0, 1), if ℓ ≥ c0n and

x∗ ∈ Rn is such |{i||Aix∗|p ∕= bi}| ≤ sm, then x∗ is a global minimizer of the robust phase

retrieval problems; If it is further assumed that ℓ ≥ 2n − 1, then, x∗ is the unique global

minimizer of the robust phase retrieval problems, up to multiplication by −1. All the events

above hold with probability at least 1− c1 exp(−c2ℓ).

Next we come to the algorithmic aspects of problem (1.0.1). It is known that ℓ1-regression

problem is equivalent to compressed sensing (sparse recovery) problem

min
y

‖y‖1 such that Φy = c, (1.0.5)

where Φ ∈ R(ℓ−n)×ℓ and c ∈ Rℓ−n, Φb = −c and range(A) = Null(Φ). In [32], Iteratively

Re-weighted Least Squares (IRLS) algorithm is used to solve sparse recovery problem (1.0.5).
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It is called DDFG-IRLS in the thesis. Intuitively, IRLS algorithm solves a constrained re-

weighted least square problem and update weights afterwards in each sub-step. In [32], the

authors show that if the matrix Φ satisfies the the null space property of order K for 0 < γ < 1

(see Section 3.3 of Chapter 3 for details), then the DDFG-IRLS algorithm converges to the

unique k-sparse solution when k < K−2γ(1−γ)−1, and this k-sparse solution coincides with

the unique ℓ1 solution, where a vector is k-sparse if it has k nonzero components. In addition,

the authors also establish the local linear convergence of the DDFG-IRLS algorithm when

0 < γ < 1 − 2/(K + 2). On the other hand, it is known that for k ≤ K the k-sparse and

ℓ1 solutions are unique and coincide [49, 39, 32]. In [32, Remark 5.4], the authors note that

their proof method does not apply for K − 2γ(1− γ)−1 ≤ k ≤ K, and state that they were

unsuccessful in finding an example where the algorithm fails when k falls in this range. A

natural question is

Question 1.0.2. Is the failure of the analysis in [32] when K−2γ(1−γ)−1 ≤ k ≤ K due to

the theoretical analysis technique or the algorithm itself? More precisely, does there exist an

example where DDFG-IRLS fails when K − 2γ(1− γ)−1 ≤ k ≤ K? If yes, can one improve

the algorithm for all k ≤ K theoretically?

We answer Question 1.0.2 in Chapter 3. We construct a family of examples where the

DDFG-IRLS algorithm fails when k = K, and provide a modification to their algorithm

that provably converges to the unique k-sparse solution for k ≤ K. In addition, we show

that this modification is locally linearly convergent for all k ≤ K and γ ∈ (0, 1) which

increases the range of γ values for which linear convergence is assured. For our modification

of DDFG-IRLS, we change the ε updating strategy.

In Chapter 4 we consider the local linear convergence of IRLS for Problem (1.0.4), when

the measurement matrix A is i.i.d. standard normal. We show both in the noiseless case

and the in the case with sparse noise, with number of non-zero entries no larger than a

constant fraction of total number of measurements, IRLS converges locally linearly, with

high probability. Also we provide a wide variety of IRLS algorithm applicable to phase
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retrieval problems.

In Chapter 5 we discuss the applications of IRLS in the general setting (1.0.1). Histor-

ically the method of iteratively re-weighted least squares method (IRLS) is introduced to

solve lp (0 < p < ∞) regression. It becomes popular for solving compress sensing ([25, 32])

and matrix recover problem ([59, 44, 55, 51]) recently. In Chapter 5, we first show there

exist step size in each sub-step of IRLS. For each sub-step of IRLS, sub-step with a step size

of α for 0 < α < 2 will also lead to convergence of the algorithm (α = 1 corresponds to

the classical IRLS). A good choice of step size α can result in less number of iterations, less

running time in practice, and higher accuracy, though the theoretic time complexity remains

the same as the classical IRLS. Then we show that IRLS can be applied to non-convex set-

tings. Problems such as real robust phase retrieval and Nesterov’s Chebyshev-Rosenbrock

functions can be solved by IRLS. We give the iterates complexity in this case. we also discuss

the applications of IRLS in the matrix case.
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Chapter 2

ON THE GLOBAL MINIMIZERS OF REAL ROBUST PHASE
RETRIEVAL WITH SPARSE NOISE

Abstract

We study a class of real robust phase retrieval problems under a Gaussian assumption on the

coding matrix when the received signal is sparsely corrupted by noise. The goal is to establish

conditions on the sparsity under which the input vector can be exactly recovered. The recovery

problem is formulated as the minimization of the ℓ1 norm of the residual. The main contribution

is a robust phase retrieval counterpart to the seminal paper by Candes and Tao on compressed

sensing (ℓ1 regression) [Decoding by linear programming. IEEE Transactions on Information Theory,

51(12):42034215, 2005]. Our analysis depends on a key new property on the coding matrix which we

call the Absolute Range Property (ARP). This property is an analogue to the Null Space Property

(NSP) in compressed sensing. When the residuals are computed using squared magnitudes, we

show that ARP follows from a standard Restricted Isometry Property (RIP). However, when the

residuals are computed using absolute magnitudes, a new and very different kind of RIP or growth

property is required. We conclude by showing that the robust phase retrieval objectives are sharp

with respect to their minimizers with high probability.

2.1 Introduction

Phase retrieval has been widely studied in machine learning, signal processing and optimiza-

tion. The goal of phase retrieval is to recover a signal x provided the observations of the

amplitude of its linear measurements:

| 〈ai, x〉 | = bi, 1 ≤ i ≤ m (2.1.1)
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where ai ∈ Cn or Rn, bi ∈ R are observations, and x is an unknown variable we wish to

recover (e.g. see [57]). A well studied form of the phase retrieval problem is

| 〈ai, x〉 |2 = bi, 1 ≤ i ≤ m, (2.1.2)

where bi now represent the squared magnitudes of the observations. It is shown in [64]

that the phase retrieval problem is NP-hard. Recent work on the phase retrieval problem

[24, 41, 33, 20, 19] focuses on the real phase retrieval problem where it is assumed that

ai ∈ Rn for each i = 1, 2, ...,m. This is the line of inquiry we follow. In the following

discussion the m rows of the matrix A ∈ Rm×n are the vectors ai ∈ Rn.

The two most popular approaches to the real phase retrieval problem are through semidef-

inite programming relaxations [5, 19, 21, 28, 34, 53, 75] and convex-composite optimization

[10, 33, 41]. These approaches formulate real phase retrieval problem as an optimization

problem of the form

min
x

ρ(|Ax|2 − b), (2.1.3)

where ρ is chosen to be either the ℓ1 or the square of ℓ2 norm, and, for any vector z ∈ Rm,

|z| and z2 are vectors in Rm whose components are the absolute value and squares of those

in z. The objective in (2.1.3) is a composition of a convex and a smooth function, and is

called convex-composite. This structure plays a key role in both optimality conditions and

algorithm development for (2.1.3) [10].

In the noiseless case, when there exists a vector x∗ ∈ Rn such that |Ax∗|2 = b (or,

|Ax∗| = b), a gradient based method called Wirtinger Flow (WF) was introduced by [20] to

solve the smooth problem

min
x

""|Ax|2 − b
""2

2
.

WF admits a linear convergence rate when properly initialized. Further work along this

line includes the Truncated Wirtinger Flow (TWF), e.g., see [28]. Truncated Wirtinger

Flow requires m ≥ Cn measurements as opposed to the m ≥ Cn log n measurements in

WF to obtain a linear rate. A similar approach using sub-gradient is used to minimize

minx ‖|Ax|− b‖22 in [76] for the noiseless case.
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Contributions. In this paper we address two forms of the robust phase retrieval problem,

where the optimization objective takes the form

min
x

fp(x) := ‖|Ax|p − b‖1 for p = 1, 2, (2.1.4)

and it is assumed that the matrix A satisfies the following Gaussian assumption:

G : The entries of A are i.i.d. standard Gaussians N(0, 1).

Our goal is to establish a robust phase retrieval counterpart to the seminal paper by Candes

and Tao on compressed sensing (ℓ1 regression) [22].

Compressed sensing problems [36] take the form

min
y

‖y‖1 such that Φy = c, (2.1.5)

where Φ ∈ Rn×N , y ∈ RN , c ∈ Rn. This problem is known to be equivalent to the ℓ1 linear

regression problem

min
x

‖Ax− b‖1 , (2.1.6)

where Φb = −c and A ∈ RN×(N−n) (e.g., the columns of A form basis of Null(Φ)). In [22]

it is shown that there is a universal constant s ∈ (0, 1) such that, under suitable conditions

on A (e.g., Assumption G), if x∗ satisfies ‖Ax∗ − b‖0 ≤ sm, then x∗ is the unique solution

to (2.1.6), with high probability. We prove similar exact recovery results for the two robust

phase retrieval problems (2.1.4). In particular, we show that {x∗,−x∗} = argmin fp with

high probability, when m ≥ 2n − 1 (Theorem 4.8.2). In this situation, the solution set to

min fp and the ℓ0 phase retrieval problem coincide, that is,

{x∗,−x∗} = argmin
x

‖|Ax|p − b‖0 . (2.1.7)

Thus, the ℓ0 phase retrieval problem can be solved by the ℓ1 phase retrieval problem min fp,

when there exists an x∗ with sufficiently sparse noise.

A key underlying structural requirement used by [22] is the Restricted Isometry Property

(RIP). We also make use of an RIP property in the p = 2 case. However, in the p = 1 case a
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new property, which we call the p-Absolute Growth Property (p-AGP) (see Definition 2.2.3),

is required. When p = 2, RIP implies 2-AGP. The p-AGP holds under Assumption G, with

high probability (see Lemmas 2.4.1 and 2.4.7). A second key property, which mimics the so-

called Null Space Property (NSP) in compressed sensing [31, 32, 37, 48], is also introduced.

We call this the p-Absolute Range Property (p-ARP) (see Definition 2.2.1), and show that

p-AGP implies p-ARP under Assumption G with high probablility. In [18], it is shown that,

for problem (2.1.5), if Φ satisfies RIP with parameter δ2s <
√
2− 1, then Φ satisfies NSP of

order s. Correspondingly, we show that the p-AGP implies the p-ARP with high probability

under Assumption G. (see Lemmas 2.4.2 and 2.4.8).

There are separate classes of methods for solving (2.1.4) for p = 2 and p = 1. When p = 1,

one can apply a smoothing method to the absolute value function [3, 57], or use other relax-

ation techniques that preserve the nonsmooth objective but introduce auxiliary variables [81].

When p = 2, the solution methods typically exploit the convex-composite structure of the

objective f2. These methods rely on two key conditions on the function f2: weak convexity

(i.e., f + ρ
2
‖·‖2 is convex for some ρ > 0) and sharpness (i.e., f(x) −min f ≥ c · dist(x,X )

for some c > 0 where X is the set of minimizers of f). Under these two properties, Duchi

and Ruan [41], Drusvyatskiy, Davis and Paquette [33] and Charisopoulos, et al.[24] establish

convergence and iteration complexity results for prox-linear and subgradient algorithms. Re-

cently [78] and [26] considered gradient-based methods for the problem minx f2(x) when the

noise is sm sparse for some s < 1. To establish locally linear convergence of their algorithms

the authors of [78] require that the measurements satisfy m ≥ cn log n for c > 0, while the

authors of [26] require that s < c/ logm for some c > 0. The results in [41] and [24] require

m ≥ cn for some c > 0 and for some s ∈ [0, 1
2
) sufficiently small.

Conditions for the weak convexity of f2 follow from results in [41, 33] under assumptions

weaker than Assumption G. In the noiseless case, the sharpness of f2 also follows from results

in [41, 33]. In the noisy case, sharpness is established in [41, 33] under same assumptions on

the sparsity of the noise.

We establish sharpness for both f1 and f2 under Assumption G uniformly for all possible
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supports of the sparse noise. Our result for p = 2 case has a similar flavor to those in

[41, 24], but more closely parallels the result of Candes and Tao in the compressed sensing

case. When p = 1, our result has no precedence in the literature and requires a new approach.

The function f1 is not weakly convex since it is not even subdifferentially regular [57].

This paper is organized as follows. In section 2, we introduce the new properties p-ARP

and p-AGP and provide a detailed description of how our program of proof parallels the

program used in compressed sensing. In Section 3, we show that if A satisfies p-ARP and

the residual | |Ax∗|p − b| is sufficiently sparse, then {±x∗} ⊂ argmin fp with equality under

Assumption G. In section 4, we show that Assumption G implies that p-AGP implies p-ARP

with high probability. In the last section we show that fp is sharp with respect to argmin fp,

with high probability.

2.1.1 Notation

Lower case letters (i.e. x, y) denote vectors, while xi denotes the ith component of the x.

c0, c1, c2, c̃0, c̃1, C denote universal constants. ‖x‖, ‖x‖1 denote the Euclidean and ℓ1 norms

of vector x, while ‖x‖0 denotes the ℓ0 ‘norm’ |{i|xi ∕= 0}|. For a matrix X, ‖X‖F denotes

the Frobenius and ‖X‖ denotes the ℓ2 operator norm. When x = (xi)1≤i≤n is a vector,

|x| := (|xi|)1≤i≤n and xp := (xp
i )1≤i≤m. For a vector v ∈ Rm, and T ∈ [m] := {1, 2, ...,m},

vT is defined to be a vector in Rm where the ith entry is vi if i ∈ T and 0 else where.

supp(x) := {i|xi ∕= 0}. We say a vector x is L sparse if ‖x‖0 := |supp(x)| ≤ L.

2.2 The Roadmap

Recall from the compressed sensing literature [31, 32] that a matrix Φ ∈ Rm×n satisfies Null

Space Property (NSP) of order L at ψ ∈ (0, 1) if

‖yT‖1 ≤ ψ ‖yT c‖1 ∀ y ∈ Null(Φ) and |T | ≤ L. (2.2.1)

It is shown in [37, 48] that every L-sparse signal y∗ ∈ Rm is the unique minimizer of the

compressed sensing problem (2.1.5) with b = Φy∗ if and only if Φ ∈ Rp×m satisfies NSP of
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order L for some ψ ∈ (0, 1). NSP of order L is implied by the Restricted Isometry Property

(RIP) for a sufficiently small RIP parameter δ2L [18], where a matrix Φ ∈ Rp×m is said to

satisfy RIP with constant δL if [22]

(1− δL) ‖y‖22 ≤ ‖Φy‖22 ≤ (1 + δL) ‖y‖22 ∀L-sparse vectors y ∈ Rm. (2.2.2)

It is known that RIP is satisfied under many distributional hypothesis on the matrix Φ, for

example, random matrices Φ with entries i.i.d. Gaussian or Bernoulli random variables are

known to satisfies RIP with high probability for L ≤ Cm/ logm for constant C [6, 22, 23, 70].

Recapping, the general pattern of the proof for establishing that sufficiently sparse y∗ is the

unique minimizer of problem (2.1.5) using distributional assumptions on Φ is given in the

following program:

(CS)
Distributional

Assumptions
RIP NSP y∗ minimizes (2.1.5).

[22] [18] [37, 48]

We extend this program to the class of robust phase retrieval problems

min
x

fp(x) := ‖|Ax|p − b‖1 (2.2.3)

for p ∈ {1, 2}, to show that, under Assumption G, and when the residuals |Ax∗|p − b are

sufficiently sparse, the vectors ±x∗ are the global minimizers of the real robust phase retrieval

problems (2.2.3) with high probability. In our program, we substitute NSP and RIP with

new properties called the p-Absolute Range Property (p-ARP) and the p-Absolute Growth

Property (p-AGP), respectively.

Definition 2.2.1 (p-Absolute Range Property (p-ARP)). For p ∈ {1, 2}, we say A ∈ Rm×n

satisfies the p-Absolute Range Property of order Lp for ψp ∈ (0, 1) if, for any x, y ∈ Rn and

for any T ⊆ [m] with |T | ≤ Lp,

‖(|Ax|p − |Ay|p)T‖1≤ψp ‖(|Ax|p − |Ay|p)T c‖1 ∀ x, y ∈ Rn and T ⊆ [m] with |T |≤Lp.

(2.2.4)
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In order for Definition 2.2.1 to make sense, m must be significantly larger than n. This

is illustrated by the following example.

Example 2.2.2. For p ∈ {1, 2}, an example in which ARP does not hold for any order

L is A = In for any ψ ∈ (0, 1). An example in which ARP of order L = 1/3 holds is

A = (In, In, In)
T for any ψ ∈ [1

2
, 1).

The connection between p-ARP and NSP is seen by observing the parallels between

(2.2.4) the fact that Φ satisfies NSP of order L for ψ ∈ (0, 1) (2.2.1) if

‖(Ax− Ay)T‖1 ≤ ψ ‖(Ax− Ay)T c‖ ∀ x, y ∈ Rn and T ⊆ [m] with |T | ≤ L,

where the columns of A form a basis of Null(Φ).

Definition 2.2.3 (p-Absolute Growth Property (p-AGP)). For p ∈ {1, 2}, we say that

the matrix A ∈ Rm×n satisfies the p-Absolute Growth Property if there exists constants

0 < µ1 < µ2 < 2µ1 and a mapping φp : Rn × Rn → R+ such that

µ1φp(x, y) ≤
1

m
‖|Ax|p − |Ay|p|‖1 ≤ µ2φp(x, y) ∀ x, y ∈ Rn. (2.2.5)

The mapping φp is introduced to accommodate the fact that the robust phase retrieval

problem cannot have unique solutions since if x∗ solves (2.2.3) then so does −x∗. For this

reason, (2.2.5) implies that if x = ±y, then φp(x, y) = 0. In what follows, we take

φ2(x, y) :=
""xxT − yyT

""
F

and φ1(x, y) := min{‖x+ y‖ , ‖x− y‖} ∀ x, y ∈ Rn. (2.2.6)

The relationship between RIP and p-AGP is now seen by comparing (2.2.2) with (2.2.5).

A fundamental (and essential) difference is that RIP for compressed sensing applies to any

selection of L columns from Φ where L is considered to be small since it determines the

sparsity of the solution. On the other hand, our p-AGP applies to the rows of A corresponding

to the zero entries in the sparse residual vector |Ax∗|p − b.

We can now more precisely describe how our program of proof parallels the one used for

compressed sensing.



12

p = 2 : G RIP ⇒ 2-AGP 2-ARP
x∗minimizes

f2(x)

Lem 2.4.1 Lem 2.4.2 Thm 4.8.2

p = 1 : G 1-AGP 1-ARP
x∗minimizes

f1(x)

Lem 2.4.7 Lem 2.4.8 Thm 4.8.2

2.3 Global minimization under p-ARP

In this section we parallel the discussion given in [32] with NSP replaced by p-ARP. We

begin by introducing a measure of residual sparsity. For a vector y ∈ Rn, let T ⊆ [m] be

the set of indices corresponding to the L largest entries in the residual vector ||Ax|p− b| and

define

σp
L(x) := ‖(|Ax|p − b)T c‖1 .

Note that σp
L(x) = 0 if and only if ‖|Ax|p − b‖0 ≤ L.

Lemma 2.3.1. Let A ∈ Rm×n, p ∈ {1, 2} and L ∈ (0,m). If the matrix A satisfies p-ARP

of order L for ψ ∈ (0, 1), then

‖|Ax|p − |Ay|p‖1 ≤
1 + ψ

1− ψ
(‖|Ax|p − b‖1 − ‖|Ay|p − b‖1 + 2σp

L(y)) , (2.3.1)

for all x, y ∈ Rn.

Proof. In either case 1 or 2 above, let T be the set of indices of the L largest entries in

||Ay|p − b|. Then

‖(|Ax|p − |Ay|p)T c‖1 ≤ ‖(|Ax|p − b)T c‖1 + ‖(|Ay|p − b)T c‖1

= ‖|Ax|p − b‖1 − ‖(|Ax|p − b)T‖1 + σp
L(y)

= ‖(|Ay|p − b)T‖1 − ‖(|Ax|p − b)T‖1

+ ‖|Ax|p − b‖1 − ‖|Ay|p − b‖1 + 2σp
L(y)

≤ ‖(|Ax|p − |Ay|p)T‖1 + ‖|Ax|p − b‖1 − ‖|Ay|p − b‖1 + 2σp
L(y).

(2.3.2)
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By p-ARP,

‖(|Ax|p − |Ay|p)T‖1 ≤ ψ ‖(|Ax|p − |Ay|p)T c‖1 . (2.3.3)

Consequently, by (2.3.2) and (2.3.3),

‖(|Ax|p − |Ay|p)T c‖ ≤ 1

1− ψ
(‖|Ax|p − b‖1 − ‖|Ay|p − b‖1 + 2σp

L(y)). (2.3.4)

By (2.3.3), we know

‖|Ax|p − |Ay|p‖ = ‖(|Ax|p − |Ay|p)T‖1 + ‖(|Ax|p − |Ay|p)T c‖1

≤ (1 + ψ) ‖(|Ax|p − |Ay|p)T c‖1 .

By combining this with (2.3.4), we obtain (4.8.5) which holds true for all x, y ∈ Rn.

The main result of this section now follows.

Theorem 2.3.2. Let L ∈ (0,m), p ∈ {1, 2}, and suppose x∗ ∈ Rn is such that (|Ax∗|p − b)

is L sparse. Let the assumptions of Lemma 2.3.1 holds. Then x∗ is a global minimizer of

the robust phase retrieval problem (2.2.3). Moreover, for any x,

‖|Ax|p − |Ax∗|p‖1 ≤
2(1 + ψ)

1− ψ
σp
L(x).

If x̃ is another global minimizer, then |Ax̃| = |Ax∗|. If it is further assumed that the entries

of A are i.i.d. standard Gaussians and m ≥ 2n− 1, then, with probability 1, x∗ is the unique

solution of (2.2.3) up to multiplication by −1.

Proof. By lemma 2.3.1, since σp
L(x∗) = 0,

‖|Ax|p − |Ax∗|p‖1 ≤
1 + ψ

1− ψ
(‖|Ax|p − b‖1 − ‖|Ax∗|p − b‖1) ∀ x ∈ Rn, (2.3.5)

and so ‖|Ax|p − b‖1 ≥ ‖|Ax∗|p − b‖1 for all x, i.e., x∗ is a global minimizer. Again by Lemma

2.3.1,

‖|Ax|p − |Ax∗|p‖1 ≤
1 + ψ

1− ψ
(‖|Ax∗|p − b‖1 − ‖|Ax|p − b‖1 + 2σp

L(x)) (2.3.6)

≤ 2(1 + ψ)

1− ψ
σp
L(x) (2.3.7)

Inequality (2.3.5) also implies that if there is another minimizer x̃, then |Ax∗| = |Ax̃|. The

final statement on the uniqueness of x∗ is established in [5, Corollary 2.6].
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In the next section we show that under Assumption G, p-ARP of order L = sm holds

for a sufficiently small constant s, with high probability.

2.4 Assumption G =⇒ p-AGP =⇒ p-ARP

In this section we use of the Gaussian Assumption G on the matrix A to show that p-AGP

holds for A with high probability, and that p-AGP implies p-ARP of order L := sm with

high probability for a constant s ∈ (0, 1). The cases p = 2 and p = 1 are treated separately

since different techniques are required.

2.4.1 p = 2

We begin by re-stating [28, Lemma 1] in our notation, where the conclusion of [28, Lemma

1] is called RIP in [24].

Lemma 2.4.1 (Assumption G =⇒ 2-AGP(RIP)). [28, Lemma 1] Under Assumption G,

there exists universal constants c0, c1, C such that for ε ∈ (0, 1), if m > c0nε
−2 log 1

ε
, then

with probability at least 1− C exp(−c1ε
2m),

0.9(1− ε) ‖M‖F ≤ 1

m

m!

i=1

|AiMAT
i | ≤

√
2(1 + ε) ‖M‖F (2.4.1)

for all symmetric rank-2 matrices M which implies 2-AGP with M = xxT − yyT , µ1 =

0.9(1− ε) and µ2 =
√
2(1 + ε).

Lemma 2.4.2 (Assumption G =⇒ 2-AGP =⇒ 2-ARP). Under assumption G, there exist

universal constants c0, c1, C > 0, s ∈ (0, 1),ψ ∈ (0, 1) such that if m > c0n and A ∈ Rm×n

satisfies G, then

""(|Ax|2 − |Ay|2)T
""
1
≤ψ

""(|Ax|2 − |Ay|2)T c

""
1
∀ x, y ∈ Rn and T ⊆ [m] with |T |≤sm

with probability at least 1 − C exp(−c1m). Consequently, 2-ARP holds for m with high

probability for m sufficiently large.
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Proof. We first derive conditions on ε, s ∈ (0, 1) so that ψ ∈ (0, 1) exists. To this end

let ε, s ∈ (0, 1) be given. Let T ⊂ [m] be any subset of sm indices and denote by AT c

the (1 − s)m × n sub-matrix of A whose rows correspond to the indices in T c. With this

notation, we have |AT cx| = |Ax|T c . Also note that the entries of the matrix AT c satisfy G.

By Lemma 2.4.1, there exist universal constants c0, c1, C such that if m > c0nε
−2 log 1

ε
, then,

for M = xxT − yyT and each subset T ⊆ |m| with |T | = sm,

0.9(1−ε)
""xxT − yyT

""
F
≤ 1

(1− s)m

""(|Ax|2 − |Ay|2)T c

""
1
≤
√
2(1+ε)

""xxT − yyT
""
F

(2.4.2)

fails to hold with probability no greater than C exp(−c1ε
2(1 − s)m), that is, 2-AGP holds

for AT c . Since there are

#
m

(1− s)m

$
=

#
m

sm

$
≤

%
e
m

sm

&sm

=
%e
s

&sm

such T ’s, the event

B := {(2.4.2) holds for every T ⊆ [m] with |T | = sm} ∩ {(2.4.1) holds},

satisfies

P(B) ≥ 1− C(e/s)sm exp(−c1ε
2(1− s)m)− C exp(−c1ε

2m)

= 1− C exp((1 + c1ε
2)sm+ sm log(

1

s
)− c1ε

2m)− C exp(−c1ε
2m).

Choose ŝ > 0 so that (1 + c1ε
2)ŝ + ŝ log(1

ŝ
) < c1

2
ε2. Then, for all s ∈ (0, ŝ), P(B) ≥

1− 2C exp(−(c1/2)ε
2m). Thus, if event B occurs, we have

""(|Ax|2 − |Ay|2)T
""
1
=
""|Ax|2−|Ay|2

""
1
−
""(|Ax|2−|Ay|2)T c

""
1

≤
√
2(1 + ε)m

""xxT−yyT
""
F
−0.9(1− ε)(1− s)m

""xxT−yyT
""
F

≤
√
2(1 + ε)−0.9(1− ε)(1− s)

0.9(1− ε)(1− s)

""(|Ax|2−|Ay|2)T c

""
1
,

(2.4.3)

where the first inequality follows from (2.4.1) applied to the first term and (2.4.2) applied to

the second, and the second inequality follows by (2.4.2). Consequently, as long as s ∈ (0, ŝ) is
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chosen so that ψ :=
√
2(1+ε)−0.9(1−ε)(1−s)

0.9(1−ε)(1−s)
< 1, the conclusion follows. This can be accomplished

by choosing ε so that
√
2(1+ε)

1.8(1−ε)
< 1 (or equivalently, 0 < ε < 1.8−

√
2

1.8+
√
2
) and then choosing

s ∈ (0, min{ŝ, 1−
√
2(1+ε)

1.8(1−ε)
}).

2.4.2 p = 1

This case requires a series of four technical lemmas in order to establish the main results.

We list these lemmas below, and their proofs are in the appendix (Section 2.7).

Lemma 2.4.3. Under assumption G, there exist universal constants C0, C1, C2 such that

for ε̃ > 0 sufficiently small, if m > C0nε̃
−4 log ε̃−1, then with probability at least 1 −

C1 exp(−C2ε̃
4m),

(1− ε̃)

'
2

π
‖h‖ ≤ 1

m

m!

i=1

|Aih| ≤ (1 + ε̃)

'
2

π
‖h‖ ∀h ∈ Rn. (2.4.4)

Lemma 2.4.4. Under assumption G, there exists universal constants c̃0, c̃1, C̃ such that for

ε̃ sufficiently small, if m > c̃0nε̃
−2 log 1

ε̃
, then with probability at least 1− C̃ exp(−c̃1ε̃

2m),

1

m

m!

i=1

((|Aix|2 − |Aiy|2
(( 12 ≥ 0.77(1− ε̃)

""xxT − yyT
"" 1

2

F
∀ x, y ∈ Rn. (2.4.5)

Lemma 2.4.5. For x, y ∈ Rn, if xTy ≥ 0 (i.e. ‖x− y‖ ≤ ‖x+ y‖), then

‖x+ y‖+ (
√
2− 1) ‖x− y‖ ≥ ‖x‖+ ‖y‖ (2.4.6)

Lemma 2.4.6. For x, y ∈ Rn,

√
2
""xxT − yyT

""
F
≥ ‖x+ y‖ ‖x− y‖ (2.4.7)

We first show that if the matrix A satisfies Assumption G, then it satisfies 1−AGP with

high probability.

Lemma 2.4.7 (Assumption G =⇒ 1-AGP). Under assumption G, there exist universal

constants C̃0, C̃1, C̃2 > 0 such that for ε̃ > 0 sufficiently small, if m > C̃0nε̃
−4 log 1

ε̃
, then with

probability at least 1− C̃1 exp(−C̃2ε̃
4m),

µ1φ1(x, y) ≤
1

m
‖|Ax|− |Ay|‖1 ≤ µ2φ1(x, y) ∀ x, y ∈ Rn, (2.4.8)
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where φ1(x, y) is defined in (2.2.6), µ1 =
)

2
π
(2−

√
2− ε̃) and µ2 =

)
2
π
(1+ ε̃). Consequently,

1-AGP holds with high probability for m sufficiently large.

Proof. By Lemma 4.4.4 and Lemma 2.4.4, there exist universal constant c0, c1, c2 such that

for ε sufficiently small, if m > c0nε
−4 log 1

ε
, then with probability at least 1−c1 exp(−c2ε

4m),

(4.4.9) and (2.7.6) hold. Since we can substitute y by −y if necessary, without loss of

generality, we assume ‖x− y‖ ≤ ‖x+ y‖.

The right hand inequality in (4.4.10) easily follows by (4.4.9) and triangle inequality

‖|Ax|− |Ay|‖1 ≤ ‖A(x− y)‖1 .

For the left hand inequality of (4.4.10), we consider two cases: (1) ‖x− y‖ ≤ ‖x+ y‖ ≤

10 ‖x− y‖, and (2) ‖x+ y‖ ≥ 10 ‖x− y‖.

(1) Assume ‖x− y‖ ≤ ‖x+ y‖ ≤ 10 ‖x− y‖. By (4.4.9), we know

1

m
‖|Ax|− |Ay|‖1 =

1

m

m!

i=1

||Aix|− |Aiy||

=
1

m

m!

i=1

|Ai(x+ y)|+ 1

m

m!

i=1

|Ai(x− y)|− 1

m

m!

i=1

|Aix|−
1

m

m!

i=1

|Aiy|

≥
'

2

π
((1− ε) ‖x+ y‖+ (1− ε) ‖x− y‖ − (1 + ε) ‖x‖ − (1 + ε) ‖y‖)

≥
'

2

π
((2−

√
2−

√
2ε) ‖x− y‖ − 2ε ‖x+ y‖)

≥
'

2

π
(2−

√
2− (

√
2 + 20)ε) ‖x− y‖ ,

(2.4.9)

where the second equality is from ||a|−|b|| = |a+b|+|a−b|−|a|−|b| for a, b ∈ R(since if

ab ≥ 0, then ||a|−|b|| = |a−b| and |a+b| = |a|+|b| and if ab < 0, then ||a|−|b|| = |a+b|

and |a−b| = |a|+|b|), the first inequality is from Lemma 4.4.4 (with = h successively set

to x+y, x−y, x, and y), the second inequality uses Lemma 2.4.5 to replace ‖x‖+‖y‖,

and the last inequality follows from our assumption that ‖x+ y‖ ≤ 10 ‖x− y‖.
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(2) Assume ‖x+ y‖ ≥ 10 ‖x− y‖. We have

1

m
‖|Ax|− |Ay|‖1 =

1

m

m!

i=1

||Aix|− |Aiy||

≥
*

1

m

m!

i=1

||Aix|2 − |Aiy|2|
1
2

+2,*
1

m

m!

i=1

(|Aix|+ |Aiy|)
+

≥
'

π

2

0.772(1− ε)2
""xxT − yyT

""
F

(1 + ε)(‖x‖+ ‖y‖)

≥ 0.772
√
π(1− ε)2 ‖x+ y‖ ‖x− y‖
2(1 + ε)(‖x‖+ ‖y‖)

≥ 0.772
√
π(1− ε)2 ‖x+ y‖ ‖x− y‖

2(1 + ε)(‖x+ y‖+ (
√
2− 1) ‖x− y‖)

≥ 5 · 0.772
√
π(1− ε)2

(
√
2 + 9)(1 + ε)

‖x− y‖

(2.4.10)

where the first inequality is by Cauchy-Schwartz inequality applied to the vectors with

ui = ||Aix|− |Aiy||
1
2 and vi = ||Aix|+ |Aiy||

1
2 , the second inequality is by Lemma 2.4.4

and Lemma 4.4.4, the third inequality is by Lemma 2.4.6, the fourth inequality is by

Lemma (2.4.5) and the last inequality is by ‖x+ y‖ ≥ 10 ‖x− y‖. When 0 < ε < 0.01,

one can show by direct computation that

5 · 0.772
√
π(1− ε)2

(
√
2 + 9)(1 + ε)

> 0.02 +

'
2

π
(2−

√
2),

and so
1

m
‖|Ax|− |Ay|‖1 ≥

'
2

π
(2−

√
2) ‖x− y‖ (2.4.11)

Consequently,

1

m
‖|Ax|− |Ay|‖1 ≥

'
2

π

%
2−

√
2− (20 +

√
2)ε

&
) ‖x− y‖ .

By substituting ε with ε̃/(
√
2+20) and adjusting c0, c1, c2 we arrived at the desired result.

Lemma 2.4.8 (Assumption G =⇒ 1-AGP =⇒ 1-ARP). Under Assumption G, there

exist universal constants c0, c1, C > 0, s ∈ (0, 1),ψ ∈ (0, 1) such that if m > c0n, then

‖(|Ax|− |Ay|)T‖1≤ψ ‖(|Ax|− |Ay|)T c‖1 ∀ x, y ∈ Rn and T ⊆ [m] with |T |≤sm
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holds with probability at least 1− C exp(−c1m). Consequently, 1-ARP holds with high prob-

ability for m sufficiently large.

Proof. The proof strategy is similar to Lemma 2.4.2. Let φ1(x, y) be as defined in (2.2.6).

Again, we first derive conditions on ε, s ∈ (0, 1) so that ψ ∈ (0, 1) exists. To this end let

ε, s ∈ (0, 1) be given. By Lemma 2.4.7, there exist universal constants c0, c1, C such that

if m > c0nε
−4 log 1

ε
, then, for any x, y ∈ Rn and each subset T ⊆ |m| with |T | = sm, the

double sided inequality

'
2

π
(2−

√
2− ε)φ1(x, y) ≤

1

(1− s)m
‖(|Ax|− |Ay|)T c‖1 ≤

'
2

π
(1 + ε)φ1(x, y) (2.4.12)

fails to hold with probability no larger than C exp(−c1ε
2(1− s)m), that is, 1-AGP holds for

AT c . We know for the eventB := {(2.4.12) holds for every with |T | = sm}∩{(4.4.10) holds},

by taking s sufficient small, there exist positive constant constant c̃ and C̃ such that P(B) ≥

1− C̃ exp(−c̃ε4m). On the event B, we obtain

‖(|Ax|− |Ay|)T‖1 = ‖|Ax|− |Ay|‖1 − ‖(|Ax|− |Ay|)T c‖1

≤
'

2

π
(1 + ε)mφ1(x, y)−

'
2

π
(2−

√
2)(1− ε)(1− s)mφ1(x, y)

≤ (1 + ε)− (2−
√
2)(1− ε)(1− s)

(2−
√
2)(1− ε)(1− s)

‖(|Ax|− |Ay|)T c‖1

So as long as we choose s ∈ (0, 1) such that ψ := (1+ε)−(2−
√
2)(1−ε)(1−s)

(2−
√
2)(1−ε)(1−s)

< 1, the conclu-

sion follows. More precisely, 0 < s < 1 − 1+ε
2(2−

√
2)(1−ε)

(Note ε must be chosen such that

1+ε
2(2−

√
2)(1−ε)

< 1 in advance, which is possible since 2(2−
√
2) > 1).

By combining the results of this section with those of Section 2.3 we show under Assump-

tion G that the solutions to the ℓ0 optimization problem (2.1.7) and ℓ1 optimization problem

(2.2.3) coincide with high probability when the residuals are sufficiently sparse. Methods for

solving (2.2.3) often require that the objective function fp satisfies a sharpness condition. In

the next section, we consider this sharpness condition.
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2.5 Sharpness

In this section we show that, under assumption G, if |Ax∗|p − b is sufficiently sparse, then

the function

fp(x) :=
1

m
‖ |Ax|p − b‖1

is sharp with respect to the solution set {x∗,−x∗} with high probability, for p = 1, 2. Sharp-

ness is an extremely useful tool for analyzing the convergence and the rate of convergence of

optimization algorithms [9, 12, 13, 14, 24, 33, 41].

Definition 2.5.1. [14] Let f : Rn → R and set X := argmin f . Then f is said to be sharp

with respect to X if

f(x) ≥ min
x

f + µdist(x.X ) ∀x ∈ Rn,

where dist(x.X ) := infy∈X ‖x− y‖.

Theorem 2.5.2. Let Assumption G hold and let p ∈ {1, 2}. Then there exist constants

Cp, cp0, cp1 > 0 and sp ∈ (0, 1), such that if ‖|Ax∗|p − b‖0 ≤ spm, then, for m ≥ cp0n, fp is

sharp with probability at least 1− Cp exp(−cp1m).

Proof. Let Cp, cp0, cp1 > 0 and sp ∈ (0, 1) be as in Lemma 2.4.2 for p = 2 and as in Lemma

2.4.8 for p = 1. By either Lemma 2.4.2 (p = 2) or Lemma 2.4.8 (p = 1), A satisfies p-ARP of

order spm for ψp ∈ (0, 1) for p = 1, 2, where sp and ψp are constants depending on p. Hence,

by (2.3.5),

fp(x)− fp(x∗) ≥
1− ψp

m(1 + ψp)

""|Ax|2 − |Ax∗|2
""
1

(2.5.1)

For p = 2, Lemma 2.4.1 tells us that if m ≥ cp0ε
−2 log(1

ε
)n, then, with probability at least

1− Cp exp
-
cp1ε

−2 log 1
ε
m
.
,

1

m

""|Ax|2 − |Ax∗|2
""
1
≥ 0.9(1− ε)

""xxT − yyT
""
F

≥ 0.45
√
2(1− ε) ‖x+ x∗‖ ‖x− x∗‖

= 0.45
√
2(1− ε)φ1(x, x∗)max{‖x− x∗‖ , ‖x+ x∗‖}

≥ 0.45
√
2(1− ε) ‖x∗‖ dist(x, {x∗,−x∗}), (2.5.2)
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where φ1(x, x∗) is defined in (2.2.6). For p = 1, Lemma 2.4.7 tells us that, if m ≥

cp0ε
−4 log(1

ε
)n, then, with probability at least 1− Cp exp

-
cp1ε

−4 log 1
ε
m
.
,

1

m
‖|Ax|− |Ax∗|‖1 ≥

'
2

π
(2−

√
2− ε)dist(x, {x∗,−x∗}).

Thus, in either case, by taking an 0 < ε < 1 small enough and using (2.5.1), there is constant

µ > 0 such that

fp(x)− fp(x∗) ≥ µdist(x,X ),

where X is argmin fp.

It is shown in [24, 41] that if f2 is sharp and weakly convex at argmin f2, then prox-linear

method and subgradient descent method with geometrically decreasing stepsize converges

locally quadratically and locally linearly, respectively. Since weak convexity of f2 under

assumption G is already shown in [41, 24, 33], sharpness in this regime guarantees these

two algorithms converge with the specified rate. In both algorithms proper initialization is

needed (e.g., Section 5 of [78]).

2.6 Concluding Remarks

There are a number of recent results discussing the nature of the solution set to the robust

phase retrieval problem minx f2(x) with sparse noise under weaker distributional hypothesis

than employed here [24, 41, 78, 26]. The focus of these works are algorithmic. Their goal is

to show their methods are robust to outliers, and, in addition, some establish the sharpness

of f2 in order to prove rates of convergence [24, 41]. Although these works use weaker

distributional hypothesis, the probability of successful recovery is an average over all possible

subsets T ⊆ [m] with |T | = sm for some s ∈ (0, 1
2
). Consequently, the value of s in their

results is larger than ours. The reason for this difference is that, in our result, successful

recovery is valid for all possible subsets T ⊆ [m] with |T | = sm for some s ∈ (0, 1), with

uniformly high probability. A more precise description is this difference follows.
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In [24, 41], the random matrix A and the random index set T ⊆ [m], with |T | = sm

for s ∈ (0, 1
2
), are drawn independently of each other. Let w ∈ {0, 1}m denote the random

indicator vector of T , that is, wi = 1 if i ∈ T and wi = 0 otherwise. Let z ∈ Rm be an

arbitrary vector. The noisy model in [24, 41] has the form

min
x

f̃2(x) :=
"""|Ax|2 − (+1− w)⊙ b− w ⊙ z

"""
1
,

where b = |Ax∗|2, +1 represents the vector with 1 in each entry and ⊙ represents the ele-

mentwise product of vectors. The authors in [24, 41] prove sharpness of f̃2 with respect to

x∗ with high probability. Due to the independence of A and T , in fact, they show that the

probabillity

P(f̃2 is sharp) =
1-
m
sm

.
!

T0:|T0|=sm

P(f̃T0
2 is sharp)

is high, where f̃T0
2 (x) :=

"""|Ax|2 − (+1− w0)⊙ b− w0 ⊙ z
"""
1
and w0 is the indicator vector for

a fixed index set T0. On the other hand, we show that with high probability, f̃T0
2 is sharp

for all possible T0 with |T0| = sm. Our result is a stronger implication, however, it comes at

the expense of a smaller value for s. By design, this result closely parallels the result in [22]

for compressed sensing.

2.7 Appendix

In this appendix we provide the proofs for Lemmas 4.4.4, 2.4.4, 2.4.5, and 2.4.6. These proofs

make use of a Hoeffding-type inequality [74] explained below. A random variable X is said

to be sub-gaussian [74, Definition 5.7] if

‖X‖ψ2
:= sup

p≥1
p−1/2(E|X|p)1/p (2.7.1)

is finite, and is said to be centered if it has zero expectation. By [74, Proposition 5.10], there

is a universal constant c > 0 such that if X1, ..., XN are independent centered sub-gaussian

random variables, then, for every a = {a1, ..., aN} ∈ RN and t ≥ 0, we have

P

*
|

N!

i=1

aiXi| ≥ t

+
≤ e · exp(− ct2

K2 ‖a‖2
), (2.7.2)
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where K := maxi ‖Xi‖ψ2
.

Proof of Lemma 4.4.4: First observe that the inequality (4.4.9) is trivially true for h = 0.

Next, let h ∈ Rn \ {0} and 0 < ε <
√
2− 1. Observe that |Aih|

‖h‖ are independent sub-gaussian

random variables with mean
)

2
π
. Therefore, |Aih|

‖h‖ −
)

2
π
is a centered sub-gaussian random

variable. Hence, (2.7.2) tells us that there are universal constants C > 0 and c0 > 0 such

that

P

*(((((

m!

i=1

*
|Aih|
‖h‖ −

'
2

π

+((((( > m

'
2

π
ε

+
≤ C exp(−c0mε2). (2.7.3)

Therefore (4.4.9) holds for each fixed h ∈ Rn \ {0} with probability 1−C exp(−c0mε2). We

now show that there exist a universal event with large probability, in which (4.4.9) holds for

every h. On the unit sphere S := {x| ‖x‖ = 1} construct an ε-net Nε with |Nε| ≤ (1 + 2
ε
)n

[74, Lemma 5.2], i.e., for any h ∈ S, there exists h0 ∈ Nε ⊆ S such that ‖h− h0‖ ≤ ε. Taking

the probability of the union of the events in (2.7.3) for all the points h0 ∈ Nε, we obtain

the bound C(1 + 2
ε
)n exp(−c0mε2). Hence, (4.4.9) holds for each h0 ∈ Nε with probability

at least 1 − C(1 + 2
ε
)n exp(−c0mε2). On the intersection of these events and the event of

Lemma 2.4.1, we deduce, for any h with ‖h‖ = 1,

1

m
|

m!

i=1

|Aih|−
m!

i=1

|Aih0|| ≤
1

m

m!

i=1

||Aih|− |Aih0||

≤ 1

m

m!

i=1

||Aih|2 − |Aih0|2|
1
2

≤ (
1

m

m!

i=1

||Aih|2 − |Aih0|2|)
1
2

≤ 21/4(1 + ε)1/2
""hhT − h0h

T
0

"" 1
2

F

≤ 21/4(1 + ε)1/2(‖h− h0‖ ‖h‖+ ‖h− h0‖ ‖h0‖)
1
2

≤ 25/4ε1/2,

(2.7.4)

where the second inequality follows since ||a| − |b||2 ≤ (|a| + |b|)||a| − |b||), the third from

the concavity of (·)2, the fourth is by Lemma 2.4.1, the fifth is by triangle inequality and the
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last inequality is from ‖h‖ = ‖h0‖ = 1 and ‖h− h0‖ ≤ ε. Hence

(1− ε− 23/4
√
πε)

'
2

π
≤ 1

m

m!

i=1

|Aih| ≤ (1 + ε+ 23/4
√
πε)

'
2

π

holds for all ‖h‖ = 1 with probability at least 1 − (1 + 2
ε
)n exp(−c0mε2) − c2 exp(−c3mε2),

for m ≥ c1nε
−2 log(1

ε
). For c1 > 0 sufficiently large and ε small, the probability is at least

1− c2 exp(−c3mε2)− exp(−c0mε2 + 2n log(
1

ε
))

≥ 1− c2 exp(−c3mε2)− exp(−(c0 −
2

c1
)mε2)

≥ 1− c̃2 exp(−c̃3mε2),

(2.7.5)

for some c̃2, c̃3 > 0. By letting ε̃ = ε+ 23/4
√
πε < (1 + 23/4

√
π)
√
ε so that ε ≥ kε̃2 for k > 0,

we arrive at the desired result. □

Proof of Lemma 2.4.4: We only need to prove

1

m

m!

i=1

((AiMAT
i

(( 12 ≥ 0.77(1− ε) ‖M‖
1
2
F (2.7.6)

holds for all rank-2 matrix M with high probability. Clearly this inequality holds when

M = 0. Assume M ∕= 0. Furthermore, since we can divide (2.7.6) by ‖M‖
1
2 on both sides,

we can assume ‖M‖ = 1. Moreover, using the eigenvalue decomposition ofM , we can assume

that M = z1z
T
1 − sz2z

T
2 where zT1 z2 = 0, ‖z1‖ = ‖z2‖ = 1 and s ∈ [−1, 1]. Since for each i,

Aiz1 and Aiz2 are independent standard gaussians,

((AiMAT
i

(( 12 =
(((Aiz1)

2 − s(Aiz2)
2
(( 12 ≤

-
(Aiz1)

2 + (Aiz2)
2
. 1

2 ≤ |Aiz1|+ |Aiz2| (2.7.7)

are sub-gaussian. Set e(s) := E
((AiMAT

i

(( 12 = E |Z2
1 − sZ2

2 |
1
2 where Z1 and Z2 are in-

dependent standard gaussian scaler random variables. Notice ‖M‖F =
""z1zT1 − sz2z

T
2

""
F
=

√
1 + s2 and

e(s) = E
((Z2

1 − sZ2
2

(( 12 =
1

2π

/ ∞

0

r2e−
r2

2 dr

/ 2π

0

((cos2 θ − s sin2 θ
((− 1

2 dθ

=
1

2
√
2π

/ 2π

0

((cos2 θ − s sin2 θ
(( 12 dθ

(2.7.8)
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We draw a plot of e(s)
‖M‖F

=
0 2π

0

((cos2 θ − s sin2 θ
(( 12 dθ/(2

1
2π(1 + s2)) when s ∈ [−1, 1]

through a numerical experiment.

Figure 2.1: Values of e(s)
‖M‖F

when s ∈ [−1, 1].

Numerical experiment above shows that e(s)
‖M‖F

≥ 0.77 (hence e(s) ≥ 0.77) for all a ∈

[−1, 1]. Note that for each i, Yi :=
|AiMAT

i |
1
2

e(s)
− 1 is a centered sub-gaussian random variable.

Hence, by (2.7.1) and (2.7.7),

‖Yi‖ψ2
≤ sup

p≥1
p−

1
2 (
2(E|Z|p)

1
p

e(s)
+ 1) ≤ 2

0.77
‖Z‖ψ2

+ 1 < +∞.

where Z is a standard gaussian variable. Hence, (2.7.2) tells us that there exist universal

constants C > 0 and c0 > 0 such that

P

2

3

((((((

m!

i=1

2

3
((AiMAT

i

(( 12

e(s)
− 1

4

5

((((((
> mε

4

5 ≤ Ĉ exp(−ĉ0mε2) (2.7.9)
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Consequently, for fixed M ,

1

m

m!

i=1

((AiMAT
i

(( 12 ≥ (1− ε)e(s) ≥ 0.77(1− ε) ‖M‖F (2.7.10)

holds with probability at least 1− Ĉ exp(−ĉ0mε2).

Next we generalize (2.7.10) to all rank-2 matrices M . Again, by scale invariance, we

assume ‖M‖F = 1. Consequently, we only need to prove (2.4.4) holds with high probability

for all M ∈ M := {βuuT + γvvT | ‖u‖ = ‖v‖ = 1, uTv = 0 and β2 + γ2 = 1}. Set

Sε2 := Tε2 ×Nε2 ×Nε2 where Tε2 is an ε2-net of [−1, 1] and Nε2 is an ε2-net of the unit sphere

{x ∈ Rn| ‖x‖ = 1}. Since |Tε2 | ≤ 2
ε2

and |Nε2 | ≤
-

3
ε2

.n
, we know |Sε2 | ≤

-
3
ε

.4n+2
. Let E

denote the event that (2.7.10) holds for every (β0, u0.v0) ∈ Sε2 . Consequently,

P(E) ≥ 1− 2Ĉ
-
3
ε

.4n+2
exp(−ĉ0mε2).

For M ∈ M, we want to approximate M = βuuT + γvvT by an element M0 = β0u0u
T
0 +

γ0v0v
T
0 ∈ M with (β0, u0, v0) ∈ Sε2 . More precisely, let (β0, u0, v0) ∈ Sε2 and M0 =

β0u0u
T
0 + sgn(γ)

1
1− β2

0v0v
T
0 be such that |β − β0| ≤ ε2, ‖u− u0‖ ≤ ε2 and ‖v − v0‖ ≤ ε2.

Consequently, we have

|γ − sgn(γ)
1

1− β2
0 | = |

1
1− β2 −

1
1− β2

0 | ≤ |β2 − β2
0 |

1
2 ≤

√
2 |β − β0|

1
2 ≤

√
2ε.

Also note that

""βuuT − β0u0u
T
0

""
F
≤ |β − β0|

""uuT
""
F
+
""β0u(u− u0)

T
""
F
+
""β0(u− u0)u

T
0

""
F

= |β − β0| ‖u‖2 + |β0| ‖u− u0‖ (‖u‖+ ‖u0‖)

≤ 3ε2 < 4ε

(2.7.11)

Similarly we can prove
"""γvvT − sgn(γ)

1
1− β2

0v0v
T
0

""" ≤ 2ε2 + 2ε < 4ε. On the intersection
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of events where (2.4.1) holds and E, we have

(((((
1

m

m!

i=1

|AiMAT
i |

1
2 − 1

m

m!

i=1

|AiM0A
T
i |

1
2

((((( ≤
1

m

m!

i=1

(((
((AiMAT

i

(( 12 −
((AiM0A

T
i

(( 12
(((

≤ 1

m

m!

i=1

((((AiMAT
i

((−
((AiM0A

T
i

(((( 12

≤
*

1

m

m!

i=1

((((AiMAT
i

((−
((AiM0A

T
i

((((
+ 1

2

≤
*

1

m

m!

i=1

((Ai(M −M0)A
T
i

((
+ 1

2

≤
*

1

m

m!

i=1

((Ai(βuu
T − β0u0u

T
0 )A

T
i

((+
((Ai(γvv

T − γ0v0v
T
0 )A

T
i

((
+ 1

2

≤
*

1

m

m!

i=1

((Ai(βuu
T − β0u0u

T
0 )A

T
i

((
+ 1

2

+

*
1

m

m!

i=1

((Ai(γvv
T − γ0v0v

T
0 )A

T
i

((
+ 1

2

≤ 2
1
4 (1 + ε)

1
2

""βuuT − β0u0u
T
0

"" 1
2

F
+ 2

1
4 (1 + ε)

1
2

""γvvT − γ0v0v
T
0

"" 1
2

F

≤ 2
9
4 (1 + ε)

1
2 ε

1
2 ,

where the second inequality is by ||a|− |b||2 ≤ |a2 − b2| for any a, b ∈ R, the third inequality

is by concavity of (·)2, the fourth and the fifth inequalities are by triangle inequality, the

sixth inequality is by a2 + b2 ≤ (a+ b)2 for any a, b ∈ R and the seventh inequality is by the

right hand side of equation (2.4.1). Consequently, if m > c0nε
−2 log 1

ε

1

m

m!

i=1

((AiMAT
i

(( 12 ≥ 0.77(1− ε− 2
9
4 (1 + ε)

1
2 ε

1
2 ) (2.7.12)

holds with probability at least 1− 2Ĉ
-
3
ε

.4n+2
exp(−ĉ0mε2)−C exp(−c1ε

2m). As in (2.7.5),

by making c0 large, we are able to make the probability ≥ 1 − ˆ̂
C exp(−ˆ̂c0mε2) for some

constants
ˆ̂
C and ˆ̂c0. By letting ε̃ := ε+ 2

9
4 (1 + ε)

1
2 ε

1
2 and adjust constants

ˆ̂
C, ˆ̂c0, c0 we arrive

at the desired result. □
Proof of Lemma 2.4.5: If x = 0 or y = 0 or x = y, the inequality holds. Thus, in particular,

by the symmetry of (2.4.6) in x and y, we can assume that ‖x‖ ≥ ‖y‖ > 0. Dividing (2.4.6)
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by ‖x‖, tells us that we can assume ‖x‖ = 1 and ‖y‖ = t for t ∈ [0, 1]. Set ρ := xT y
‖y‖ ∈ [0, 1],

and define h(t, ρ) :=
1

t2 − 2ρt+ 1+
1

t2 + 2ρt+ 1−1− t = ‖x+ y‖+‖x− y‖−‖x‖−‖y‖.

If x = y, we are done; otherwise, set q(t, ρ) := h(t,ρ)√
t2−2ρt+1

= ‖x+y‖+‖x−y‖−‖x‖−‖y‖
‖x−y‖ , for each

(t, ρ) ∈ [0, 1]× [0, 1]. We now show that the minimum value of q over [0, 1]× [0, 1] is 2−
√
2.

For fixed t ∈ [0, 1],

∂q(t, ρ)

∂ρ
=

t(t2 + 1)

(t2 − 2ρt+ 1)
3
2

6
2

(t2 + 2ρt+ 1)
1
2

− t+ 1

t2 + 1

7

≥ t(t2 + 1)

(t2 − 2ρt+ 1)
3
2

8
2

t+ 1
− t+ 1

t2 + 1

9

≥ 0,

where the first inequality follows since t2 + 2ρt + 1 ≤ (1 + t)2 as ρ ∈ [0, 1], and the last

inequality follows since 2(t2 + 1) ≥ (t + 1)2. That is, q(t, ρ) is increasing with respect to ρ

when ρ ∈ [0, 1] for each fixed t ∈ [0, 1]. Also

dq(t, 0)

dt
= − 1− t

(1 + t2)
3
2

≤ 0.

Hence q(t, 0) is decreasing for t ∈ [0, 1]. We know for each t ∈ [0, 1], ρ ∈ [0, 1],

q(t, ρ) ≥ q(t, 0) ≥ q(1, 0) = 2−
√
2

Thus h(t, ρ) ≥ (2−
√
2) ‖x− y‖, which leads to the desired result. □

Proof of Lemma 2.4.6: If x = y = 0, we are done. Next assume at least one of x and

y is non-zero. We assume ‖x‖ = 1 and ‖y‖ = t ∈ [0, 1] since we can divide (2.4.7) by

max{‖x‖ , ‖y‖} on both sides. Set ρ := xT y
‖y‖ . We have
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√
2
""xxT − yyT

""
F
=
√
2

*
!

i,j

(xixj − yiyj)
2

+ 1
2

=
√
2

*
(
!

i

x2
i )(

!

j

x2
j)+(

!

i

y2i )(
!

j

y2j )−2(
!

i

xiyi)(
!

j

xjyj)

+ 1
2

=
-
2(1 + t4)− 4ρ2t2

. 1
2

≥
-
(1 + t2)2 − 4ρ2t2

. 1
2

=
1

1 + t2 + 2ρt
1

1 + t2 − 2ρt

=‖x+ y‖ ‖x− y‖ ,

where the inequality follows by the algebraic geometric mean inequality. □
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Chapter 3

IRLS FOR SPARSE RECOVERY REVISITED:
EXAMPLES OF FAILURE AND A REMEDY

Abstract

Compressed sensing is a central topic in signal processing with myriad applications, where the

goal is to recover a signal from as few observations as possible. Iterative re-weighting is one of

the fundamental tools to achieve this goal. This paper re-examines the iteratively reweighted

least squares (IRLS) algorithm for sparse recovery proposed by Daubechies, Devore, Fornasier, and

Güntürk in Iteratively reweighted least squares minimization for sparse recovery, Communications

on Pure and Applied Mathematics, 63(2010) 1–38. Under the null space property of order K, the

authors show that their algorithm converges to the unique k-sparse solution for k strictly bounded

above by a value strictly less than K, and this k-sparse solution coincides with the unique ℓ1

solution. On the other hand, it is known that, for k less than or equal to K, the k-sparse and ℓ1

solutions are unique and coincide. The authors emphasize that their proof method does not apply

for k sufficiently close to K, and remark that they were unsuccessful in finding an example where

the algorithm fails for these values of k.

In this note we construct a family of examples where the Daubechies-Devore-Fornasier-Güntürk

IRLS algorithm fails for k = K, and provide a modification to their algorithm that provably

converges to the unique k-sparse solution for k less than or equal to K while preserving the local

linear rate. The paper includes numerical studies of this family as well as the modified IRLS

algorithm, testing their robustness under perturbations and to parameter selection.

3.1 Introduction

The fundamental problem in compressed sensing is to recover the sparsest solution x∗ to

a linear equation of the form Φx = y for a given y, where Φ ∈ Rℓ×N is the measurement
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matrix and ℓ < N . We denote the set of solutions to the equation Φx = y by Φ−1(y) which

is assumed to be non-empty throughout. The problem of obtaining the sparsest solution can

be posed as the minimization of the so-called 0-norm, ‖x‖0, over Φ−1(y), where ‖x‖0 is the

number of non-zero components in the vector x. Since the 0-norm problem is NP hard, in

practice [27] one replaces this problem with the ℓ1 minimization (or basis pursuit) problem

min
x∈Φ−1(y)

‖x‖1 . (BP)

The relationship of BP to the 0-norm problem has been intensively studied over the past few

years [17, 22, 36, 35]. Compressed sensing has applications to a range of signal processing

areas, including image acquisition, sensor networks and image reconstruction [27, ?, 72].

Numerous algorithms have been proposed for solving BP and its various reformulations,

which include the basis pursuit denoising (BPDN) problem:

min
x

{‖x‖1 | ‖Φx− y‖2 ≤ σ},

the LASSO problem: minx ‖x‖1 +
µ
2
‖Φx− y‖22 , and the ℓ1-regression problem:

min
x

‖Az − b‖1 (ℓ1R)

under the correspondences rge (A) = Null(Φ) and Φb = y [22] (see Section 3.5 for details).

Algorithms designed to solve these problems include the iteratively reweighted least squares

(IRLS) algorithms [11] which apply to ℓ1R, the FISTA algorithm [7, 77] which applies to the

LASSO, and the homotopy algorithm [61], the alternating direction method of multipliers

(ADMM) [8, 45], and the level-set method described in [1] which all apply to BPDN. However,

the focus of this paper is the IRLS algorithm described in [32] which we refer to as the DDFG-

IRLS algorithm.

In [32], the authors show that if the matrix Φ satisfies the the null space property of order

K for 0 < γ < 1 (see Section 3.3 for details), then the DDFG-IRLS algorithm converges to

the unique k-sparse solution when k < K − 2γ(1− γ)−1, and this k-sparse solution coincides

with the unique ℓ1 solution, where a vector is k-sparse if it has k nonzero components. In
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addition, the authors also establish the local linear convergence of the DDFG-IRLS algorithm

when 0 < γ < 1 − 2/(K + 2). On the other hand, it is known that for k ≤ K the k-sparse

and ℓ1 solutions are unique and coincide [49, 39, 32]. In [32, Remark 5.4], the authors note

that their proof method does not apply for K − 2γ(1− γ)−1 ≤ k ≤ K, and state that they

were unsuccessful in finding an example where the algorithm fails when k falls in this range.

In this note we construct a family of examples where the DDFG-IRLS algorithm fails when

k = K, and provide a modification to their algorithm that provably converges to the unique

k-sparse solution for k ≤ K. In addition, we show that this modification is locally linearly

convergent for all k ≤ K and γ ∈ (0, 1) which increases the range of γ values for which linear

convergence is assured.

Iteratively re-weighted least squares algorithms (IRLS) for solving ℓp minimization prob-

lems for 1 ≤ p ≤ ∞ have been in the literature for many years beginning with the Ph.D.

thesis of Lawson [52]. For 0 < p ≤ 1, IRLS was used to solve sparse reconstruction in

[47], and a theory for solving ℓp minimization problems in general can be found in [62]. We

refer the reader to [63] for a survey on IRLS methods applied to robust regression. More

recently, cluster point convergence of IRLS smoothing methods for problems of the form

min f(x) + λ ‖x‖0, where f : Rn → R ∪ {+∞}, is given in [54]. In addition, an IRLS al-

gorithm has been developed for convex inclusions of the form Aix + bi ∈ Ci, i = 1, . . . , n

where the sets Ci are all assumed to be convex [16]. In this case, the authors establish the

iteration complexity of their method. However, all of these methods focus on general linear

systems and do not specifically address the problem of compressed sensing where the null

space properties play a key role. Daubechies, Devore, Fornasier, and Güntürk [32] focus on

the compressed sensing case where ‖x‖0 is approximated by a smoothing of the norms ‖x‖p
for 0 < p ≤ 1. We follow Daubechies, Devore, Fornasier, and Güntürk in the p = 1 case and

suggest a simple modification to their method for updating the smoothing parameter. This

modification allows us to obtain stronger convergence properties.

Our discussion proceeds as follows. In Section 2 we discuss the DDFG-IRLS algorithm

and our modification to the smoothing parameter update procedure. In Section 3 we prove
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the stronger convergence and rate of convergence properties for the modified algorithm. Our

proofs closely parallel those given in [32] but contain some simplifications. In Section 4, we

construct a family of examples where the DDFG-IRLS algorithm fails but our modifications

succeed. These results are illustrated numerically in Section 5 where we also provide a

few numerical experiments to illustrate the numerical stability of the modified algorithm.

In particular, we show that on randomly chosen problems the two methods have virtually

identical performance characteristics.

3.2 The Modified IRLS Algorithm

Our algorithm is similar to the IRLS algorithm given in [32]. The primary innovation is the

manner in which the smoothing parameter εk is is updated. In [32], εk is updated by the rule

εk+1 = min

:
εk,

rK+1(x
k+1)

N

;
,

where, for x = (x1, ..., xN)
T ∈ RN ,

ri(x) is the ith largest element of {|xj||1 ≤ j ≤ N}.

On the other hand, the algorithm below employs the update rule

εk+1 = min

:
εk,

η(1− γ)σK(x
k+1)

N

;
, (3.2.1)

where η ∈ (0, 1) is chosen and fixed at the beginning of the iteration, the parameters γ and

K come from A2, and

σj(z) :=
!

ν>j

rν(z), j = 1, . . . , N. (3.2.2)

As stated, the algorithm is an iteratively re-weighted least squares algorithm where the

weights at each iteration are given by

wk
i := ((xk

i )
2 + ε2k)

−1/2 i = 1, . . . , N. (3.2.3)

Moreover, given a positive weight vector w ∈ RN
++, we define the associated inner product

by

〈u, v〉w :=
N!

i=1

wiuivi ∀ u, v ∈ RN ,
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and the corresponding weighted 2-norm by ‖u‖w :=
1

〈u, u〉w. With this notation, our

algorithm can be stated as follows.

Algorithm 1: An IRLS algorithm for compressed sensing.

Input : x0 ∈ RN

Initialize ε0 = 1 and η ∈ (0, 1)

1 while not converge do

2 wk
i ← ((xk

i )
2 + ε2k)

−1/2 i = 1, . . . , N.

3 xk+1 ← argmin
<
‖x‖2wk | x ∈ Φ−1(y)

=
.

4 εk+1 ← min
>
εk,

η(1−γ)σK(xk+1)
N

?
.

5 If εk+1 = 0, stop.

6 k ← k + 1.

7 end

Output: xk+1

In general, the null space parameters K and γ are unknown, however, we show in Section

3.5.2 that the performance of both algorithms is robust with respect to their choice. In

particular, by taking K = N/2 and γ = .9, the algorithms DDFG-IRLS and Algorithm 1

perform essentially the same in successfully solving the BP problem.

3.3 Convergence

We follow the proof strategy given in [32] for establishing the convergence and rate of con-

vergence of Algorithm 1. Given ε > 0, consider the smoothed ℓ1 objective

J(x, ε) :=
n!

i=1

)
x2
i + ε2.

Since ε > 0, the function J(x, ε) is strictly convex in x. Hence, the minimizer in x over any

convex set is unique if it exists. For each ε ≥ 0, set

xε = argmin
x∈Φ−1(y)

J(x, ε).
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The smoothing function J(x, ε) is used to measure the progress of the iteratively re-weighted

iterates. For this we require that Φ satisfies the null space property NSP.

Assumption 3.3.1. [31, Section 3] Null Space Property (NSP) A matrix Φ ∈ Rℓ×N

satisfies NSP of order K for γ ∈ (0, 1) if and only if

‖zT‖1 ≤ γ ‖zT c‖1 ∀ z ∈ Null(Φ) (3.3.1)

and for all index sets T ⊂ {1, . . . , N} of cardinality not exceeding K.

Observe that since (3.3.1) holds for all index sets T ⊂ {1, . . . , N} of cardinality K, we must

have K < N/2. The null space property is intimately connected to the k-sparsity of solutions

to the basis pursuit problem BP.

Lemma 3.3.2 (NSP + K-sparsity imply uniqueness). [32, Lemma 4.3] Assume A2 holds

and Φ−1(y) contains an K-sparse vector x∗. Then x∗ is the unique ℓ1-minimizer in Φ−1(y)

and for all v ∈ Φ−1(y),

‖v − x∗‖1 ≤ 2
1 + γ

1− γ
σL(v).

We now show that the null space property guarantees the boundedness of any sequence

generated by Algorithm 1.

Lemma 3.3.3 (Boundness of {xn}). Let Assumption 3.3.1 hold, and suppose {xn} is a

sequence generated by Algorithm 1. Then the sequence {J(xn, εn)} is non-increasing, ‖xn‖1 ≤

J(x0, ε0), for all n ∈ N, and
@∞

i=1 ‖xn+1 − xn‖2wn < ∞.

Proof. By concavity of the square root function
√
b+ 1

2
√
b
(a− b) ≥

√
a for 0 ≤ a, b, and so

J(xn+1, εn)− J(xn, εn) ≤
1

2
(
""xn+1

""2

wn − ‖xn‖2wn). (3.3.2)

By completing the square and rearranging terms, we have

""xn+1
""2

wn − ‖xn‖2wn = −
""xn+1 − xn

""2

wn + 2
A
xn+1, xn+1 − xn

B
wn . (3.3.3)
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Since xn+1 = argminx∈Φ−1(y) ‖x‖wn , we know

A
xn+1, xn+1 − xn

B
wn = 0. (3.3.4)

By combining (3.3.2), (3.3.3) and (3.3.4) and using the fact that {εn} is non-increasing, we

have

J(xn+1, εn+1)− J(xn, εn) ≤ J(xn+1, εn)− J(xn, εn) ≤ −1

2

""xn+1 − xn
""2

wn .

Hence ‖xn‖1 ≤ J(xn, εn) ≤ J(x0, ε0). Moreover, by telescoping we know

∞!

n=1

""xn+1 − xn
""2

wn ≤ 2J(x0, ε0) < ∞.

Our convergence proof also relies on the following lemma.

Lemma 3.3.4. [32, Lemma 4.2] Let Assumption 3.3.1 hold. Then, for any z, z′ ∈ Φ−1(y),

we have

‖z − z′‖1 ≤
1− γ

1 + γ
[ ‖z′‖1 − ‖z‖1 + 2σK(z)] , (3.3.5)

where σK is defined in (3.2.2).

The main convergence result makes use of the following notation: for S ⊆ [N ] :=

{1, 2, 3, ..., N} and x ∈ RN , define xS ∈ RN componentwise by

(xS)i =

C
DE

DF

xi, i ∈ S,

0, otherwise.

Theorem 3.3.5 (Convergence of Algorithm 1). Let Assumption 3.3.1 hold, and let y ∈ Rm

and x0 ∈ RN be given. If {xk} is generated by Algorithm 1 initialized at x0, then there is an

x̄ ∈ RN such that xk → x̄. Moreover, the following hold.

(1) If ε := limn→∞ εn = 0, then x̄ is K-sparse in which case x̄ is the unique ℓ1 - minimizer.

(2) If there exists a K-sparse x∗ ∈ Φ−1(y) , then x̄ = x∗ is the unique ℓ1 - minimizer and

limn→∞ εn = 0.
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Proof. Part (1): The proof the part (1) is similar to the proof of [32, Theorem 5.3(i)]. First

observe that ε is well-defined since the sequence {εn}∞n=1 is non-increasing. Moreover, by

definition, σK(x) = 0 if and only if x is K-sparse. Consequently if for any iteration n0 we

have εn0+1 = 0, then Algorithm 1 terminates at xn0 with xn0 K-sparse, and so part (1)

follows from Lemma 3.3.2. Therefore, we assume that the algorithm does not terminate and

0 < εn → 0. In this case, there must be a subsequence N ⊂ N such that σK(x
n)

N→ 0.

Since Lemma 3.3.3 tells us that the sequnce {xn} is bounded, there is a further subsequence

N ′ ⊂ N and a point x̄ ∈ Φ−1(y) such that xn N ′
→ x̄ with σK(x̄) = 0. Hence, by Lemma 3.3.2,

x̄ is the unique K-sparse ℓ1-minimizer.

Next let J ⊂ N be any subsequence. Again, by Lemma 3.3.3, there is a further subse-

quence J ′ ⊂ J and a point x′ such that xn J ′
→ x′. Let i ∈ N ′ and j ∈ J ′ be such that i < j.

Then

""xi − xj
""
1
≤ 1− γ

1 + γ
(
""xj

""
1
−

""xi
""
1
+ 2σK(x

i)) (by (3.3.5))

≤ 1− γ

1 + γ
(J(xj, εj)− J(xi, εi) +Nεi + 2σK(x

i))

≤ 1− γ

1 + γ
(Nεi + 2σK(x

i)). (by Lemma 3.3.3)

Consequently, x̄ = x′. Hence the entire sequence {xn} must converge to x̄ since every

subsequence has a further subsequence convergent to x̄.

Part (2): First we assume ε = infn εn = limn→∞ εn > 0 and establish a contradiction. By

Lemma 3.3.3, every subsequence N ⊂ N has a further subsequence N ′ ⊂ N such that

xn N ′
→ x̃ for some x̃ ∈ Φ−1(y). For any x ∈ Φ−1(y) and i ∈ N ′, we have

J(x, εi)− J(xi, εi) ≥
A
xi, x− xi

B
wi (3.3.6)

=
A
xi+1, x− xi

B
wi +

A
xi − xi+1, x− xi

B
wi

≥
A
xi+1, x− xi

B
wi −

""xi − xi+1
""
wi

""x− xi
""
wi , (3.3.7)

where (3.3.6) follows from the convexity of
1

(·)2 + ε2i and (3.3.7) is the Cauchy-Schwartz

inequality. Since xi+1 = argminx∈Φ−1(y) ‖x‖
2
wi , we have 〈xi+1, x− xi〉wi = 0. In addition,
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since ε = infn εn, we have ‖x− xi‖wi ≤ ε−1 ‖x− xi‖. By combining these two statements

with (3.3.7), we obtain

J(x, εi)− J(xi, εi) ≥ −ε−1
""xi − xi+1

""
wi

""x− xi
"" .

Since, by Lemma 3.3.3, ‖xi − xi+1‖wi → 0, we find that J(x, ε) ≥ J(x̃, ε). Consequently,

x̃ = xε, that is, every subsequence of {xn} has a further subsequence convergent to xε which

implies that the entire sequence converges to xε.

Now set T := {i|x∗
i ∕= 0, 1 ≤ i ≤ N} so that |T | ≤ K, and observe that

‖xε‖1 ≤ J(xε, ε) ≤ J(x∗, ε) ≤ ‖x∗‖1 +Nε. (3.3.8)

In addition, we have

‖xε
T c‖1 = ‖xε‖1 − ‖xε

T‖1

≤ ‖x∗‖1 +Nε− (‖x∗
T‖1 − ‖x∗

T − xε
T‖1) (by (3.3.8) and ∆ inequality)

≤ Nε+ ‖x∗
T − xε

T‖1 (since ‖x∗‖1 = ‖x∗
T‖1)

≤ γ ‖xε
T c‖+Nε . (NSP) (3.3.9)

Next observe that

Nε = lim
n→∞

Nεn ≤ lim
n→∞

η(1− γ)σK(x
n) = η(1− γ)σK(x

ε) ≤ η(1− γ) ‖xε
T c‖1 .

Plugging this into (3.3.9) gives

‖xε
T c‖1 ≤ γ ‖xε

T c‖+ η(1− γ) ‖xε
T c‖1 . (3.3.10)

If ‖xε
T c‖1 = 0, then xε = x∗ and σK(x

ε) = 0. But then limn σK(x
n) = σK(x

ε) = 0 which

implies that εn → 0, a contradiction. Therefore, ‖xε
T c‖1 > 0. Dividing (3.3.10) by ‖xε

T c‖1
gives

1 ≤ γ + η(1− γ) < γ + (1− γ) = 1 (since η ∈ (0, 1))

a contradiction. Therefore, ε must equal zero which returns us to Part (1) and completes

the proof.
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We now establish the local linear convergence for Algorithm 1. Recall that a sequence

{zk} ⊂ RN converges locally linearly to z∗ ∈ RN if there are constants κ ≥ 0 and λ ∈ (0, 1)

and an iteration k0 ∈ N such that

""zk − z∗
"" ≤ κλk−k0

""zk0 − z∗
"" ∀ k ≥ k0.

In [32], the authors refer to linear convergence as exponential convergence.

Theorem 3.3.6 (The Local Linear Convergence of Algorithm 1). Let Assumption 3.3.1 hold,

and suppose that Φ−1(y) contains a K-sparse vector x∗. Set T := {i|x∗
i ∕= 0, 1 ≤ i ≤ N} and

choose ρ ∈ (0, 1− γ(1 + η(1− γ))), where γ is given in A2 and η ∈ (0, 1) is initialized in

Algorithm 1. Then there is a smallest n0 ∈ N such that

‖(xn0 − x∗)T c‖1 ≤ ρmin
i∈T

|x∗
i | . (3.3.11)

Moreover, for all n ≥ n0,

""(xn+1 − x∗)T c

""
1
≤ µ ‖(xn − x∗)T c‖1 and (3.3.12)

‖xn − x∗‖1 ≤ (1 + γ)µn−n0 ‖xn0 − x∗‖1 , (3.3.13)

where µ := γ(1+η(1−γ))
1−ρ

< 1.

Proof. By Theorem 3.3.5, xn → x∗ so that for every ρ ∈ (0, 1− γ(1 + η(1− γ))) there is a

smallest n0 ∈ N such that (3.3.11) holds. Consequently, n0 exists.

We follow the proof in [32, Theorem 6.1]. We prove (3.3.12) by induction. Let n̂ ≥ n0

be such that (3.3.11) holds with n0 replaced by n̂. Since xn̂+1 = argminx∈Φ−1(y) ‖x‖
2
wn̂ , the

optimality conditions for this problem tell us that

A
xn̂+1, xn̂+1 − x∗B

wn̂ = 0.

Consequently,

""xn̂+1−x∗""2

wn̂
=−

A
x∗, xn̂+1−x∗B

wn̂
=−

A
(x∗)T , x

n̂+1−x∗B
wn̂

≤
!

i∈T

|x∗
i (x

n̂+1
i − x∗

i )|1
(xn̂

i )
2 + ε2n̂

.
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Note, for i ∈ T , NSP tells us that

|xn̂
i − x∗

i | ≤
""(xn̂ − x∗)T

""
1
≤ γ

""(xn̂ − x∗)T c

"" ≤ ρmin
i∈T

|x∗
i |,

we have
|x∗

i |1
(xn̂

i )
2 + ε2n̂

≤ |x∗
i |

|xn̂
i |

≤ |x∗
i |

|x∗
i |− |xn̂

i − x∗
i |

≤ 1

1− ρ
.

Hence
""xn̂+1 − x∗""2

wn̂
≤ 1

1− ρ

""(xn̂+1 − x∗)T
""
1
≤ γ

1− ρ

""(xn̂+1 − x∗)T c

""
1
.

Consequently, by Cauchy-Schwartz Inequality,

""(xn̂+1 − x∗)T c

""2

1
=

*
!

i∈T c

|xn̂+1
i − x∗

i |
((xn̂

i )
2 + ε2n̂)

1/4
((xn̂

i )
2 + ε2n̂)

1/4

+2

=
""(xn̂+1 − x∗)T c

""2

wn̂

*
!

i∈T c

)
(xn̂

i )
2 + ε2n̂

+

≤
""xn̂+1 − x∗""2

wn̂

*
!

i∈T c

|xn̂
i |+ εn̂

+

≤ γ

1− ρ

""(xn̂+1 − x∗)T c

""
1
[
""(xn̂ − x∗)T c

""
1
+Nεn̂].

Therefore

""(xn̂+1 − x∗)T c

""
1
≤ γ

1− ρ
[
""(xn̂ − x∗)T c

""
1
+Nεn̂]

≤ γ

1− ρ
[
""(xn̂ − x∗)T c

""
1
+ η(1− γ)σK(x

n̂)]. (Step 4 in Algorithm 1)

Observe σK(x
n̂) ≤

""(xn̂)T c

""
1
=

""(xn̂ − x∗)T c

""
1
. Hence

""(xn̂+1 − x∗)T c

""
1
≤ γ(1 + η(1− γ))

1− ρ

""(xn̂ − x∗)T c

""
1
= µ

""(xn̂ − x∗)T c

""
1
. (3.3.14)

Since n0 satisfies (3.3.11), this shows that (3.3.12) is satisfied for n̂ = n0.

Now assume (3.3.12) holds for {n0, n0 + 1, ..., n− 1}. Then (3.3.12) tell us that

‖(xn − x∗)T c‖1 ≤ µ
""(xn−1 − x∗)T c

""
1
≤ ... ≤ µn−n0 ‖(xn0 − x∗)T c‖1 ≤ ρmin

i∈T
|x∗

i |, (3.3.15)
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where the last inequality is by (3.3.11) and µ < 1. In particular, we have (3.3.11) with n0

replaced by n, and so, by (3.3.14), (3.3.12) is satisfied at n which completes the induction.

Finally, the NSP for Φ tells us that

‖xn − x∗‖1 ≤ (1 + γ) ‖(xn − x∗)T c‖1

≤ (1 + γ)µn−n0 ‖(xn0 − x∗)T c‖1 ≤ (1 + γ)µn−n0 ‖xn0 − x∗‖1 .

3.4 Failure of DDFG-IRLS

We construct an example where the DDFG-IRLS algorithm provably fails forK−2γ/(1−γ) ≤

γ ≤ K. However, we emphasize that, in general, the failure of this inequality does not imply

the failure of the DDFG-IRLS algorithm.

The example is formulated in the context of the ℓ1 regression problem ℓ1R discussed in the

introduction. It is well-known that BP is equivalent to this ℓ1 regression problem under the

corresponces rge (A) = Null(Φ) and Φb = −y [22]. In addition, under these correspondences,

the NSP for Φ of order K for γ ∈ (0, 1) is equivalent to the following condition on the matrix

A:

‖(Az)T‖1 ≤ γ ‖(Az)T c‖1 for all z and all |T | ≤ K. (3.4.1)

In terms of the DDFG-IRLS algorithm, when the matrix A has full column rank, then

there is a 1-1 correspondence between the iterates of this algorithm and a corresponding

IRLS algorithm for solving the ℓ1R. If we denote the ith row of A by ai, for given ε0 and x0,

this correspondence is given by

xn = Azn − b ∀n = 0, 1, . . . ,
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where, for n = 0, 1, . . . ,

DDFG-IRLS

C
DDDE

DDDF

xn+1 := min
x∈Φ−1(y)

N!

i=1

x2
i1

(xn
i )

2 + ε2n

εn+1 := min

:
εn,

rK+1(x
n+1)

N

;

ℓ1R-IRLS

C
DDDE

DDDF

zn+1 := min
z

N!

i=1

(aTi z − bi)
2

1
(aTi z

n − bi)2 + ε2n

εn+1 := min

:
εn,

rK+1(Az
n+1 − b)

N

;
.

(3.4.2)

Therefore, by Lemma 3.3.2, whenever Φ satisfies the NSP of order K for γ, or equivalently,

A satisfies (3.4.1), if there exists z∗ for which Az∗ − b is K-sparse, then x∗ := Az∗ − b is the

unique solution to BP. If, in addition, A has full column rank, then z∗ is the unique solution

to ℓ1R.

We now construct our example. Given k ≥ 1, set Ã := (Ik, ..., Ik)
T ∈ R(2k2+k)×k with

2k + 1 blocks of the identity k × k matrix Ik. For any z ∈ Rk and any T ⊆ [2k2 + k] with

|T | = k, let i0 ∈ {i | |zi| ≥ |zj| ∀ 1 ≤ j ≤ k}. Then
"""(Ãz)T

"""
1
≤ k|zi0 | =

k

k + 1
(k + 1)|zi0 | ≤

k

k + 1

"""(Ãz)T c

"""
1
.

Thus, for K = k, Ã satisfies (3.4.1) with γ = k
k+1

, and this value for γ is sharp. We now

modify Ã to obtain an Aγ whose γ is any element of ( k
k+1

, 1). To this end, let γ ∈ ( k
k+1

, 1)

and define Aγ ∈ R(2k2+k)×k so that Aγ(ik+1, 1) := k+1
k
γ for all 0 ≤ i ≤ k− 1, while all other

components of Aγ coincide with those of Ã. That is, we only replace the (1, 1) entry in each

of the first k identity matrices Ik of Ã by k+1
k
γ. By applying the same argument to Aγ as

above for Ã, we find that Aγ satisfies (3.4.1) with K = k and γ = k
k+1

, and this γ is also

sharp.

Next choose z∗ ∈ Rk
++. Given δ ∈ R, set b := Aγz

∗ + δẽ, where ẽ :=
@k−1

j=0 e(jk+1) with

each e(jk+1) the (jk + 1)th standard unit coordinate vector. Observe that x∗ := Aγz
∗ − b

is k-sparse and Aγ has full column rank. Hence, by our previous discussion, Lemma 3.3.2

implies that z∗ is the unique solution to ℓ1R for this choice of A and b.
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Our goal is to show that there is an initialization for the ℓ1R-IRLS algorithm in (3.4.2)

such that the generated sequence {zn} satisfies zn ! z∗, and hence, the corresponding

DDFG-IRLS iterates xn := Aγz
n − b do not converge to the unique solution x∗ := Aγz

∗ − b

to BP.

Theorem 3.4.1. Let z∗ ∈ Rk, δ ∈ (0, k(2k + 1)], and γ ∈ [ν, 1), where

ν :=

GHHI1 + 1
4k2(2k+1)2

1 + 1
k2(2k+1)2

=

J
4k2(2k + 1)2 + 1

4k2(2k + 1)2 + 4
.

For these values of z∗, γ and δ, let Aγ and b be as given above and consider the problem ℓ1R

having unique solution z∗. Define

α := γ
k + 1

k
and ξ := γ

J

1 +
1

k2(2k + 1)2
.

Then

α > 1 , ξ ≥
1

1 + (4k2(2k + 1)2)−1 > 1 and γ/(k(2k + 1)
1

ξ2 − 1) > 1. (3.4.3)

Initialize ε0 := 1 and z0 ∈ Rk
++ componentwise by

z01 ∈
*
z∗1 +

δ

α + γ/(k(2k + 1)
1

ξ2 − 1)
, z∗1 +

δ

α + 1

+
and

z0i := z∗i , i = 2, . . . , k .

(3.4.4)

If {zn} is the sequence generated by the ℓ1R-IRLS algorithm in (3.4.2) with this initialization,

then zn ! z∗.

Proof. We first prove the inequalities in (3.4.3). The first inequality follows since

α > 1 ⇐= ν2 <

#
k

k + 1

$2

⇐⇒ (k + 1)2
#
1 +

1

4k2(2k + 1)2

$
> k2

#
1 +

1

k2(2k + 1)2

$

⇐⇒ 2k + 1 +
(k + 1)2

4k2(2k + 1)2
>

1

(2k + 1)2
.
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The second inequality in (3.4.3) follows directly from the fact that γ ≥ ν. The third inequality

in (3.4.3) follows since

γ/
%
k(2k + 1)

1
ξ2 − 1

&
> 1 ⇐⇒ ξ2 < 1 +

γ2

k2(2k + 1)2

⇐⇒ γ2 < 1.

Note that the third inequality in (3.4.3) implies that

δ[α + γ/(k(2k + 1)
1

ξ2 − 1)]−1 < δ(α + 1)−1

so that x0
1 is well defined.

We establish the result by showing that zn1 ! z∗1 . Observe that

bk2+1 = (Aγz
∗)k2+1 = z∗1 and b1 = αz∗1 + δ = αbk2+1 + δ. (3.4.5)

By the ℓ1R-IRLS algorithm, zn+1 solves the least-squares problem

min
z

k(αz1 − b1)
2

1
(b1 − αzn1 )

2 + ε2n
+

(k + 1)(z1 − bk2+1)
2

1
(zni − bk2+1)2 + ε2n

+ (2k + 1)
k!

i=2

(zi − bi)
2

1
(zni − bi)2 + ε2n

.

Due to the separability of the objective in the variables zi, i = 2, . . . , k, we have zni = bi =

z∗i , i = 2, . . . , k, for n ≥ 1. The optimality conditions for each subproblem tells us that

zn+1
1 =

αb1k√
(b1−αzn1 )

2+ε2n
+

(k+1)bk2+1√
(zn1 −bk2+1)

2+ε2n

kα2√
(b1−αzn1 )

2+ε2n
+ (k+1)√

(zn1 −bk2+1)
2+ε2n

. (3.4.6)

By (3.4.6), we have

zn+1
1 − bk2+1 =

αk(b1−αbk2+1)√
(b1−αzn1 )

2+ε2n

kα2√
(b1−αzn1 )

2+ε2n
+ (k+1)√

(zn1 −bk2+1)
2+ε2n

=

αkδ√
(b1−αzn1 )

2+ε2n

kα2√
(b1−αzn1 )

2+ε2n
+ (k+1)√

(zn1 −bk2+1)
2+ε2n

≥ 0

(3.4.7)
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and

b1 − αzn+1
1 =

(k+1)(b1−αbk2+1)√
(zn1 −bk2+1)

2+ε2n

kα2√
(b1−αzn1 )

2+ε2n
+ (k+1)√

(zn1 −bk2+1)
2+ε2n

=

(k+1)δ√
(zn1 −bk2+1)

2+ε2n

kα2√
(b1−αzn1 )

2+ε2n
+ (k+1)√

(zn1 −bk2+1)
2+ε2n

≥ 0 .

(3.4.8)

Hence,

zn+1
1 − bk2+1 ≥ 0, b1 − αzn+1

1 ≥ 0, and sn+1 = γ

J
(zn1 − bk2+1)2 + ε2n
(b1 − αzn1 )

2 + ε2n
, ∀n ≥ 0, (3.4.9)

where sn+1 := (zn+1
1 − bk2+1)/(b1 − αzn+1

1 ).

If we let εn := zn1 − bk2+1, then sn = εn/(δ − αεn) by (3.4.5). For n = 0, (3.4.4) tells us

that

s0 =
ε0

δ − αε0
=

1

(δ/ε0)− α
∈
*
k(2k + 1)

1
ξ2 − 1

γ
, 1

+
. (3.4.10)

We now show by induction that

sn > k(2k + 1)
1

ξ2 − 1 and εn = εn/(k(2k + 1)) ∀ n ≥ 1 . (3.4.11)

First consider n = 1. Since ε0 = 1, the definition of ε0 and s0 in conjunction with (3.4.5)

and (3.4.9) tell us that s1 = γ
)

ε20+1

(δ−αε0)2+1
and so, by (3.4.10)

s1 = γ

J
ε20 + 1

(δ − αε0)2 + 1
≤ γ < 1. (3.4.12)

Observe that

(Aγz
n − b)i =

C
DDDDDE

DDDDDF

αzn1 − b1, if i ∈ {jk + 1 | j ∈ {0, . . . , k − 1}} ,

zn1 − bk2+1, if i ∈ {jk + 1 | j ∈ {k, . . . , 2k}} ,

0, otherwise.

Hence, since (z11−bk2+1)/(b1−αz11) = s1 < 1, the (k+1)th largest magnitude of the entries of

Aγz
1− b is |z11 − bk2+1| with |z11 − bk2+1| = z11 − bk2+1 by (3.4.9). Thus ε1 = min

>
ε0,

z11−bk2+1

k(2k+1)

?
.
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The given definitions and the inequality s1 < 1, yield

z11 − bk2+1 = ε1 =
δs1

αs1 + 1
=

δ

α + (1/s1)
≤ δ

α + 1
≤ k(2k + 1).

Therefore, ε1 =
ε1

k(2k+1)
, since ε0 = 1, which proves the second part of (3.4.11) for n = 1. To

obtain the first part of (3.4.11) for n = 1, observe that

s21
k2(2k + 1)2

+ 1 =
γ2

k2(2k + 1)2
ε20 + 1

(δ − αε0)2 + 1
+ 1 (by (3.4.12))

≥ γ2

k2(2k + 1)2
ε20

(δ − αε0)2
+ 1 (since ε0 ≤ δ − αε0 by (3.4.10))

> ξ2 . (by lower bound in (3.4.10))

(3.4.13)

Thus, s1 > k(2k + 1)
1

ξ2 − 1.

Assume sn > k(2k+1)
1

ξ2 − 1 and εn = εn
k(2k+1)

. Plugging εn = εn
k(2k+1)

into (3.4.9) gives

sn+1 = γ

GHHI ε2n +
ε2n

k2(2k+1)2

(b1 − αzn1 )
2 + ε2n

k2(2k+1)2

= γ

J

1 +
1

k2(2k + 1)2

J
ε2n

(b1 − αzn1 )
2 + ε2n

k2(2k+1)2

= ξ
sn)

1 + s2n
k2(2k+1)2

.

(3.4.14)

Since the function f(x) := x√
1+x2(k2(2k+1)2)−1

is increasing on (0,∞), we know

sn+1 = ξf (sn) ≥ ξf
%
k(2k + 1)

1
ξ2 − 1

&
= k(2k + 1)

1
ξ2 − 1,

which established the first part of (3.4.11) for n + 1. To establish the second part, observe

that (3.4.14) and the induction hypothesis gives

sn+1 = ξ
sn1

1 + s2n(k
2(2k + 1)2)−1

≤ ξ
sn1

1 + ξ2 − 1
= sn,

Thus far, we have shown that sn+1 ≥ k(2k + 1)
1

ξ2 − 1 and sn+1 ≤ sn. By combining

these inequalities with the fact that sn = εn
δn−αεn

for each n ≥ 1, we have εn+1 ≤ εn for all n ≥
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1. Therefore, by the induction hypothesis, εn+1 = min{εn, εn+1

k(2k+1)
} = min{ εn

k(2k+1)
, εn+1

k(2k+1)
} =

εn+1

k(2k+1)
. This concludes the proof of (3.4.11).

Observe that our induction proof also shows that {sn} is a non-increasing sequence

bounded below by k(2k+1)
1

ξ2 − 1. Therefore, there is an s∗ ≥ k(2k+1)
1

ξ2 − 1 > 0 such

that sn ↓ s∗. In particular, by taking the limit in (3.4.14), we have s∗ = ξs∗/
)

1 + (s∗)2

k2(2k+1)2
,

or equivalently, s∗ = k(2k+1)
1

ξ2 − 1. The induction showed that sn = εn(δ−αεn) and so

εn = (δsn)/(1 + αsn) which tells us that

zn1 − z∗1 = zn1 − bk2+1 = εn = (δsn)/(1 + αsn)

→ (δs∗)/(1 + αs∗) =
k(2k + 1)

1
ξ2 − 1

1 + αk(2k + 1)
1

ξ2 − 1
> 0.

Consequently, zn1 ∕→ z∗1 , and we have arrive at the desired result.

3.5 Numerical Examples

3.5.1 Failure of the DDFG-IRLS Algorithm

We present three numerical experiments illustrating the failure of the DDFG-IRLS algorithm

for small perturbations of the example given in Theorem 3.4.1. Experiment 1 (see Figure 3.1)

simply illustrates the content of Theorem 3.4.1 for k = 5, γ =
1

(4k2(2k + 1)2 + 1)/(4k2(2k + 1)2 + 4) =

0.999876, δ = k(2k + 1) = 55. The true solution of problem ℓ1R, z
∗, is sampled from

N(0, Ik). In both algorithms, x0 is initialized as x0 := Aγz
0 − b where z0 satisfies (3.4.4),

i.e., z01 = z∗1 + (δ/(α + γ/(k(2k + 1)
1

ξ2 − 1)) + δ/(α + 1))/2. For Algorithm 1, η = 0.9.
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Figure 3.1: Experiment 1: The performance of DDFG-IRLS versus Algorithm 1 for the set-

up in Theorem 3.4.1. The left figure is εn versus the number of iterations n. The right figure

is ‖xn − x∗‖2 versus the number of iterations n.

In experiment 2 (see Figure 3.2), we examine the sensitivity of the success/failure of

the DDFG-IRLS algorithm to the selection of the parameter γ near the critical value γ0 :=
1

(4k2(2k + 1)2 + 1)/(4k2(2k + 1)2 + 4) ≈ 1− 10−3.9. Again, we let k = 5. To illustrate the

effect of the selection of γ, we run the DDFG-IRLS algorithm for γ ∈ {1−10−1, 1−10−2, 1−

10−3, 1− 10−3.3, 1− 10−3.6, 1− 10−γ0 , 1− 10−4, 1− 10−5}. Here, 20 instances of the random

variable N(0, 100 · I5) are chosen for the starting point z0. All other parameters are the same

as those of experiment 1. The iterations are terminated when either ‖xn − x∗‖ ≤ 10−3 or the

number of iterations exceeds 105. In the range 1− 10−3.6 ≤ γ < γ0, all the experiments fail

to achieve the termination criteria ‖xn − x∗‖2 ≤ 10−3. This illustrates the extremely slow

rate of convergence of the DDFG-IRLS algorithm when the critical value γ0 is approached

from below.

In experiment 3 (see Figure 3.2), we examine the robustness of the success/failure of

the DDFG-IRLS algorithm for small perturbations of the example given in Theorem 3.4.1

obtained by perturbing the matrix Aγ. Again, we let k = 5 and δ = k(2k + 1) = 55 and
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use DDFG-IRLS to solve perturbed versions of our basic example with Aγ,σ = Aγ + σR,

where R ∈ Rk(2k+1)×k is a random matrix with i.i.d. N(0, 1) entries and bσ := Aγ,σz
∗ + δẽ,

where ẽ :=
@k−1

j=0 e(jk+1) with each e(jk+1) the (jk + 1)th standard unit coordinate vector. As

in experiment 2, the entries of vector z∗ are realizations of i.i.d. N(0, 1) random variables.

For each σ ∈ [10−1, 10−2, 10−3, 10−4], construct 50 problems with the entries of R i.i.d.

N(0, 1). The DDFG-IRLS algorithm is run on all 50 problems with each run of the algorithm

initialized at a z0 with components selected i.i.d. N(0, 100). The algorithm is terminated

when either
""xk − x∗

""
2
< 10−3 or the number of iterations exceed 105. The results are

presented on the right hand side of Figure 3.2. Each point with coordinates (x, y) represents

the experiment with σ = 10−y terminated after x iterations. When σ = 10−4, the DDFG-

IRLS algorithm fails to recover the true x∗ within 105 steps for all the 50 problems. In other

words, the failure of DDFG-IRLS is robust to a small random normal perturbation of matrix

Aγ and when it does succeed for slightly large perturbations of Aγ the convergence is still

quite slow.
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Figure 3.2: Experiment 2 is presented in the left figure. The red points represents the

convergence result for γ =
1

(4k2(2k + 1)2 + 1)/(4k2(2k + 1)2 + 4) = 1−10−3.9. Experiment

3 is presented in the right figure. In each experiment, every point is a single trial with the

corresponding parameter (γ and σ respectively).

3.5.2 Comparison of DDFG-IRLS and Algorithm 1

In practice the DDFG-IRLS algorithm and Algorithm 1 have nearly identical performance on

randomly generated problems. We illustrate this with two additional numerical experiments.

In experiment 4, the entries of Φ ∈ R300×500 are chosen to be i.i.d. N(0, 1) with the

solution x∗ ∈ R500 chosen so that the first 100 entries are independent samples from N(0, 1)

and the remaining components are taken to be 0. Set y := Φx∗. In practice, the NSP

parameters K and γ are not known even though they appear explicitly in the updating

policy for the smoothing parameter εk. All that is known is that if the NSP holds, then

K < N/2 and γ ∈ (0, 1). In this regard, it may be that the DDFG-IRLS algorithm has

an edge over Algorithm 1 since the performance of Algorithm 1 may be sensitive to the

choice of γ. Consequently, in this experiment, we examine the robustness of the performance

of both algorithms to an ad hoc choice of the NSP parameters K and γ. For each K ∈

{99, 100, 150, 200, 250, 300} and γ ∈ {0.1, 0.5, 0.9}, we run Algorithm 1 one hundred times
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with a random initialization x0 ∼ N(0, 100 · I5) on each run. For each of these values of

K, we also run the DDFG-IRLS algorithm for 100 times with same random initializations

x0 ∼ N(0, 100 ·I5). The results are presented in Figure 3.3. The plot tells us that the success

of both algorithms is robust with respect to the choice of K. When K is strictly smaller than

the true number of the nonzero entries in the solution, both algorithms fail regardless of the

choice of γ. On the other hand, if we take K = 250 = N/2 or K = 300, both algorithms

succeed. In addition, the two algorithms have nearly identical performance regardless of

the choice of K when γ is chosen to be 0.9. Overall, a degradation in the performance of

Algorithm 1 for the smaller values of γ only occurs when K is poorly chosen. In practice,

we recommend choosing K be a half of the columns of the measurement matrix Φ and set

γ ≈ 0.9. In this case, our experiment indicates that the performance of the two algorithms

is essentially identical.

Figure 3.3: Experiment 4: Each box represent 100 times runs of the algorithm.

In the final numerical experiment 5, we briefly examine the efficiency of the DDFG-

IRLS algorithm and Algorithm 1 in solving problems with randomly generated data. In

this experiment we use the fixed parameter setting (K, γ, η) = (N/2, 0.9, 0.9) with (N,m) =

(500, 300). In all of these experiments, the entries of Φ are independent samples from N(0, 1).

In all experiments, the first k entries of x∗ are i.i.d. sampled from N(0, 100) with remaining
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entries set to zero. In the top row of Figure 3.4, k = 100 while in the bottom left k = 120

and in the bottom right k = 50. The experiment is repeated 50 times for each algorithm. On

the top-left side of Figure 3.4 we graph the percentage of problems solved versus the number

of iterations up to 120 iterations. On the right side of Figure 3.4 we graph the average error

(1/50)
@50

i=1 error
k
i where errorki is the value of

""xk − x∗
"" in the ith trial. On the bottom left

and right of Figure 3.4, we again graph the percentage of problems solved versus the number

of iterations up to 500 and 25 iterations, respectively.

Figure 3.4:

First observe that the DDFG-IRLS and Algorithm 1 perform essentially the same in

these random experiments. Next note that the number of iterations required depends on

the sparsity of the solution with the iteration count decreasing with the sparsity k. This

indicates that these algorithms are most useful when it is known that the sparsity is not too
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great. Finally, the graph in the upper right of Figure 3.4 demonstrates the linear rate of

convergence of these methods.

3.6 Discussion

In this contribution we provide a concrete example where the DDFG-IRLS fails when k = K,

and provide a remedy by changing the updating strategy for the smoothing parameter εn.

This remedy increases the range of values for both k and γ for which the algorithm provably

converges with a local linear rate to the largest possible intervals [1, K] and (0, 1) for k and

γ, respectively. We have also shown through our numerical experiments that on randomly

generated problems both algorithms are robust to the choice of K and γ and that their

performance is essentially identical. Therefore, if one is concerned about the possible failure

DDFG-IRLS, then Algorithm 1 should be considered with recommended parameter choices

(K, η, γ) = (N/2, 0.9.0.9), or equivalently, 0.05 ≤ η(1 − γ) ≤ 0.09 since knowledge of the

product η(1− γ) is all that is required for implementation.
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Chapter 4

ITERATIVELY RE-WEIGHTED LEAST SQUARES
ALGORITHM FOR ROBUST PHASE RETRIEVAL

4.1 Introduction

Consider the measurement matrix A := (a1, a2, ..., am)
T ∈ Rm×n, with each measurement

vector ai ∈ Rn, and the observation vector b ∈ Rm. The phase retrieval problem is to

recover the vector x∗ ∈ Rn, given the phase of each measurement, that is, | 〈ai, x∗〉 | = bi for

i = 1, 2, ...,m.

We consider two cases of this problem. The first is the noiseless case, namely for each

i = 1, ...,m, | 〈ai, x∗〉 | = bi, while in the second case we allow sparse corrupted measurements.

We know in advance that a constant fraction of the measurements are corrupted, but do not

know which these are. Denote by T the indices of the corrupted measurements with |T | ≤ sm

for some constant s ∈ (0, 1). We hope to recover x∗ given | 〈ai, x∗〉 | = bi + ui, where for the

noise vector u ∈ Rm, ui = 0 for i ∈ T and ui ∕= 0 otherwise. Our recovery should not depend

on the location of the corrupted components of u in [m].

Recently a two step procedure has been applied to solve the phase retrieval problem. First

a spectral method is used to get a constant error initial estimate of x∗. Second, iterative

algorithms are used to refine the estimate. Here we focus on the second step. In particular

we apply the Iteratively Re-weighted Least Squares Algorithm (IRLS) to the problem

min
x

J(x) := ‖|Ax|− b‖1 =
m!

i=1

dist(〈ai, x〉 |{±bi}). (4.1.1)

Throughout the paper we always assume that the measurements ai are taken indepen-

dently and ai ∼ N(0, In×n) for each i = 1, 2, ...,m, as formalized in Assumption 4.1.1.
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Assumption 4.1.1. The measurements ai are independent and ai ∼ N(0, In×n). Equiva-

lently the entries of A ∈ Rm×n are i.i.d. N(0, 1).

4.2 Notation

Let ‖·‖F denote the Frobenius norm of a matrix and let ‖·‖ and ‖·‖1 be the Euclidean

norm (ℓ2 norm) and the ℓ1 norm of a vector, respectively. Let ‖x‖0 := # {i | xi ∕= 0}. For

A ∈ Rm×n, ai represents the ith row vector of A. For b ∈ Rm
+ , Pi : R → R represents the

projection to {±bi}. Let P : Rm → Rm denote the map (P (z))i := Pi(zi) for z ∈ Rm. Let

wz
i denote ((〈ai, z〉 − Pi 〈ai, z〉)2 + γ2)

−1/2
. Denote the diagonal matrix diag{wz

1, ..., w
z
m} by

W z. For a, b ∈ Rm, let 〈a, b〉W z denote the weighted inner product
@m

i=1 w
z
i aibi. Denote the

norm induced by the inner product 〈·, ·〉W z by ‖·‖W z . We use W n and wn
i as short for W xn

and wxn

i where xn is the nth iterates of the algorithms.

4.3 Algorithms

We first discuss algorithms for the exact case, i.e. we assume that there exists a vector

x∗ ∈ Rn such that |Ax∗| = b. For x, y ∈ Rn and 0 < p ≤ 2, let

Gp(x, y, γ) :=
m!

i=1

(〈ai, x〉 − Pi 〈ai, y〉)2
((〈ai, y〉 − Pi 〈ai, y〉)2 + γ2)1−p/2

.

The Iteratively Re-weighted Least Squares Algorithms (IRLS) for general p ∈ (0, 2] uses the

update rule xk+1 := minx Gp(x, x
k, γk) for an iterate-specific γk at step k. The method is
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summarized in Algorithm 2.

Algorithm 2: IRLS algorithm for 0 < p ≤ 2.

Input : x0 ∈ Rn and p ∈ (0, 2].

1 while not converge do

2 xk+1 ← Gp(x, x
k, γk)

3 Update γk+1

4 k ← k + 1

5 end

Output: xk

Theoretically, it is unclear what the initialization and the update strategy for γk are for

Algorithm 2 for general p ∈ (0, 2]. Furthermore, there are no theoretical guarantees for the

convergence of Algorithm 2. However, when p = 1 and p = 2, we have analytical results

for this algorithm. When p = 2, since the weights of the least square sub-problem equal

1 regardless of γ, Algorithm 2 reduces to the Gerchberg-Saxton Algorithm, summarized in

Algorithm 3.

Algorithm 3: IRLS algorithm for p = 2 (Gerchberg-Saxton Algorithm)

Input : x0 such that ‖x0 − x∗‖ ≤ 1
50
‖x∗‖.

1 while not converge do

2 xk+1 ← argminx

""Ax− P (Axk)
""2

3 k ← k + 1

4 end

Output: xk

In the complex case, it is shown in [75] that under a weaker initialization (‖x0 − x∗‖ ≤
1
10
‖x∗‖), with high probability, the iterates of Algorithm 3 converge to x∗ locally linearly. In

Theorem 4.5.1, we provide a new proof of the locally linear convergence rate of Algorithm 3

in the real case. We also show that the problem we solve in this case is

min
x

‖|Ax|− b‖2 .
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When p = 1, For x, y ∈ Rn, let

G(x, y, γ) :=
m!

i=1

(〈ai, x〉 − Pi 〈ai, y〉)21
(〈ai, y〉 − Pi 〈ai, y〉)2 + γ2

= ‖Ax− P (Ay)‖2W y .

We discuss two methods about the updating of γk when p = 1. The first method is to keep

γk = γ fixed throughout all the iterates.

Algorithm 4: IRLS algorithm for p = 1 with fixed γ

Input : x0 such that ‖x0 − x∗‖ ≤ 1
56
‖x∗‖.

γ =
%

‖b‖2
m

& 1
2
.

1 while not converge do

2 xk+1 ← argminx G(x, xk, γ)

3 k ← k + 1

4 end

Output: xk

Since |Ax∗| = b, we see that x∗ ∈ argminx J(x, γ). We show in Theorem 4.6.3 that

Algorithm 9 solves the problem

min
x

J(x, γ) :=
m!

i=1

)
〈ai, x〉2 + γ2

with high probability, and xk converges to x∗ locally linearly, i.e.
""xk − x∗

"" ≤ cφk ‖x∗‖ for

some φ ∈ (0, 1) and c > 0.
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The second method is to update γk based to the iterates {xk}k≥0, detailed in Algorithm 5.

Algorithm 5: IRLS algorithm with reducing γk for noiseless case

Input : x0 such that ‖x0 − x∗‖ ≤ 1
28
‖x∗‖.

γ0 =
1
m
‖|Ax0|− b‖1.

1 while not converge do

2 xk+1 ← argminx G(x, xk, γk)

3 γk+1 ← 1
m

""|Axk+1|− b
""
1

4 k ← k + 1

5 end

Output: xk

We show in Theorem 4.7.1 that Algorithm 5 solves the problem

min
x

‖|Ax|− b‖1 ,

with high probability, and xk converges to x∗ locally linearly.

The second case we consider is the application of IRLS to phase retrieval with sparse

noise. In this case, a fraction of the measurements is corrupted. In particular, there exist

constants s > 0, such that for any noise vector u ∈ Rm satisfying ‖u‖0 := # {i | ui ∕= 0} ≤ sm

with |Ax∗| = b+u, the iterates of IRLS algorithm should also converge to x∗ locally linearly,

with high probability. For z ∈ Rn, let T be the indices of the sm largest elements among
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{|| 〈a1, z〉 |− b1|, || 〈a2, z〉 |− b2|, ..., || 〈am, z〉 |− bm|}. Set σsm(z) := ‖(|Az|− b)TC‖1.

Algorithm 6: IRLS algorithm with reducing γk for sparse noise

Input : Parameters: θ0, θ, s ∈ (0, 1).

x0 such that ‖x0 − x∗‖ ≤ θ0 ‖x∗‖.

γ0 =
θ
m
σsm(x

0).

1 while not converge do

2 xk+1 ← argminx G(x, xk, γk)

3 γk+1 ← θ
m
σsm(x

k+1)

4 k ← k + 1

5 end

Output: xk

Under Assumption 4.1.1, our argument in this paper can further prove the locally linear

convergence of the general IRLS algorithm for p ∈ [1, 2] detailed in Algorithm 7. However, the

convergence analysis and the convergence rates of the general IRLS algorithm for p ∈ (0, 1)

and p ∈ (2,∞) remain open problems.

Algorithm 7: IRLS algorithm for p > 0:

Input : x0 and p > 0

1 while not converge do

2 xk+1 ← argminx

@m
i=1

(〈ai, x〉−Pi〈ai, xk〉)
(〈ai, xk〉−Pi〈ai, xk〉)2+γ2

k)
1−p/2

3 γk+1 ← 1
m

""|Axk+1|− b
""
1

4 k ← k + 1

5 end

Output: xk

It is shown in [76] and [28] that truncation can help boost the algorithm for amplitude

flow and reduce the complexity of the number of measurements for Wirtinger flow. Hence we

expect the iterates of Algorithm 8 to still converge locally linearly for the truncated IRLS.

We use a similar truncation approach as in the amplitude flow setting [76]. However, the
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convergence analysis of the truncated IRLS remains an open problem.

Algorithm 8: Truncated IRLS algorithm for p > 0:

Input : x0, τ > 0 and p > 0

1 while not converge do

2 xk+1 ← argminx

@m
i=1

(〈ai, x〉−Pi〈ai, xk〉)
(〈ai, xk〉−Pi〈ai, xk〉)2+γ2

k)
1−p/2

· 1{i||〈ai, xk〉|≥ 1
1+τ

bi}

3 γk+1 ← 1
m

""|Axk+1|− b
""
1

4 k ← k + 1

5 end

Output: xk

We use the spectral algorithm in [76] to initialize x0. Before the formal discussion of the

convergence results, for x, y ∈ Rn, define

dist(x, y) := min{‖x+ y‖ , ‖x− y‖}. (4.3.1)

We say x ∈ B(y, r) for r > 0 if dist(x, y) < r.

4.4 Preliminaries

In this section we consider robust phase retrieval without noise, in particular, there exists a

vector x∗ such that |Ax∗| = b. We need the following lemma from [21].

Lemma 4.4.1 (Lemma 3.1 [21]). For any 1 < ε < 1, if m > c0nε
−2, then with probability at

least 1− 2 exp(−c1ε
2m),

(1− ε) ‖h‖2 ≤ 1

m

m!

i=1

〈ai, h〉2 ≤ (1 + ε) ‖h‖2 (4.4.1)

holds for all non-zero vectors h ∈ Rn. Here c0, c1 > 0 are some universal constants.

The following lemma is similar to Lemma 7 of [80], with a more careful selection of the

radius parameter θ0. The proof strategy is the same with [80].
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Lemma 4.4.2. For any ε > 0 and θ0 > 0, if m > c0nε
−2 log ε−1, then with probability at

least 1− C exp(−c1ε
2m),

1

m

m!

i=1

〈ai, h〉2 · 1{|〈ai, x〉|<|〈ai, h〉|} ≤ (1.9θ0 + ε) ‖h‖2 (4.4.2)

holds for all non-zero vectors h ∈ Rn satisfying ‖h‖ ≤ θ0 ‖x‖. Here co, c1, C > 0 are some

universal constants.

Proof. We follow the program and use notation of [80]. We must select a smaller θ := ‖h‖
‖x‖

and a smaller δ. Define γi by
|Aih|2
‖h‖2 · 1{(1−δ)|Aix|2<|Aih|2}. Let f(τ1, τ2) be the density of two

joint standard gaussian random variables with correlation ρ = hT x
‖h‖‖x‖ ∕= ±1. We deduce

E(ρ,θ)(γi) =

/ ∞

−∞

/ ∞

−∞
τ 22 · 1{√1−δ|τ1|<|τ2|θ}f(τ1, τ2)dτ1dτ2

=
1√
2π

/ ∞

0

τ 22 exp(−
τ 22
2
)(erf(

( θ√
1−δ

− ρ)τ2
1

1− ρ2
) + erf(

( θ√
1−δ

+ ρ)τ2
1

1− ρ2
))dτ2

where erf(z) = 2√
π

0 z

0
exp(−x2)dx. Denote erf

#!
θ√
1−δ

−ρ
"
t√

1−ρ2

$
+ erf

#!
θ√
1−δ

+ρ
"
t√

1−ρ2

$
by ft(ρ). We

claim that

ft(ρ) ≤ 2erf

#
θmax{t, 1}√

1− δ

$
. (4.4.3)

We begin the proof of the claim (4.4.3). By symmetry we only need to prove the claim (4.4.3)

for 0 ≤ ρ < 1. By changing variables, let r := ρ√
1−ρ2

∈ [0,∞), and denote gt(r) = ft(ρ) =

erf((a
√
1 + r2 + r)t) + erf((a

√
1 + r2 − r)t) where 0 ≤ a = θ√

1−δ
< 1(we will choose θ and δ

later to ensure a ∈ [0, 1)). When t ≥
√
2
2
,

gt(r) is a decreasing function for r ∈ [0,∞] ⇔
√
π

2
g′t(r) = t exp(−t2(a

√
1 + r2 + r)2)(

ar√
1 + r2

+ 1) + t exp(t2(a
√
1 + r2 − r)2)(

ar√
1 + r2

− 1) ≤ 0

⇔ ar√
1 + r2

− 1 + exp(−4t2ar
√
1 + r2)(

ar√
1 + r2

+ 1) ≤ 0 (4.4.4)

In order to prove (4.4.4), it suffices to prove

ar√
1 + r2

− 1 +
1

1 + 2ar
√
1 + r2 + 2a2r2(1 + r2)

(
ar√
1 + r2

+ 1) ≤ 0 (4.4.5)
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since t2 ≥ 1
2
and exp(x) ≥ 1 + x+ x2

2
for x ≥ 0. (4.4.5) is equivalent to

ar
√
1 + r2 − r2 + a2r2(1 + r2)− ar(1 + r2)

3
2 ≤ 0 (4.4.6)

We show (4.4.6) holds by considering two cases.

Case 1. If a
√
1 + r2− r ≤ 0, the left side of (4.4.6) can be rewritten as r(a

√
1 + r2− r)+

ar(1+r2)(ar−
√
1 + r2). But this implies (4.4.6) since a

√
1 + r2−r ≤ 0 and ar−

√
1 + r2 ≤

ar − r ≤ 0 (since a < 1).

Case 2. If a
√
1 + r2 − r ≥ 0, since a < 1, the following inequality implies (4.4.6).

ar
√
1 + r2 − r2 + r2(1 + r2)− ar(1 + r2)

3
2 = −r3(a

√
1 + r2 − r) ≤ 0

Therefore we have proved for t ≥
√
2
2
, gt(r) is a decreasing function for r ∈ [0,∞], which

implies ft(ρ) = gt(r) ≤ gt(0) = 2erf(at). Since erf(·) is a increasing function, ft(ρ) ≤

2erf(amax{t, 1}) = 2erf( θmax{t,1}√
1−δ

).

When 0 < t ≤
√
2
2
, since erf(·) is a increasing function on (−∞,∞),

gt(r) = erf((a
√
1 + r2 + r)t) + erf((a

√
1 + r2 − r)t)

= erf(a
1

t2 + (tr)2 + tr) + erf(a
1

t2 + (tr)2 − tr)

≤ erf(a
1

1 + (tr)2 + tr) + erf(a
1

1 + (tr)2 − tr) = g1(tr) (4.4.7)

By the proof of the first part we know g1(tr) ≤ 2erf(a), which concludes the proof of claim

(4.4.3).

By the claim (4.4.3), together with the fact that erf(x) = 2√
π

0 x

0
exp(−t2)dt ≤ 2x√

π
for

x ≥ 0, we deduce

E(ρ,θ)(γi) ≤
'

2

π
(

/ 1

0

τ 2 exp(−τ 2

2
)erf(a)dτ +

/ ∞

1

τ 2 exp(−τ 2

2
)erf(aτ)dτ)

≤ 2
√
2a

π
(

/ 1

0

τ 2 exp(−τ 2

2
)dτ +

/ ∞

1

τ 3 exp(−τ 2

2
)dτ)

≤ 2
√
2a

π
(

/ 1

0

τ 2 exp(−τ 3

2
)dτ +

/ ∞

1

τ 3 exp(−τ 2

2
)dτ) since τ 2 > τ 3 for τ ∈ (0, 1)

(4.4.8)

=
2
√
2a

π
(
2

3
(1− e−

1
2 ) + 3e−

1
2 ) ≤ 4.2×

√
2θ

π
√
1− δ
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Let δ = 0.005, for any θ < θ0, ρ ∈ [−1, 1] (for ρ = ±1, γi = 0), we know E(ρ,θ)(γi) < 1.9θ0.

The rest of the proof goes through analogously to [80].

Let’s recall Lemma 1 from [28].

Lemma 4.4.3 (Lemma 1 [28]). For ε ∈ (0, 1). If m > c1nε
−2 log(1

ε
) , then with probability

at least 1− c2 exp(−c3ε
2m),

0.9(1− ε)
""xxT − yyT

""
F
≤ 1

m

m!

i=1

| 〈ai, x〉2 − | 〈ai, y〉 |2| ≤
√
2(1− ε)

""xxT − yyT
""
F

holds for any a, b ∈ Rn. Here c1, c2, c3 > 0 are some universal constants.

The next lemma gives an estimation of 1
m

@m
i=1 |Aih|, as opposed to 1

m

@m
i=1(Aih)

2 of

lemma (4.4.1). A proof of it can be found in [2].

Lemma 4.4.4 (Lemma 4.3 [2]). Under assumption G, there exist universal constants C0, C1, C2

such that for ε > 0 sufficiently small, if m > C0nε
−4 log ε−1, then with probability at least

1− C1 exp(−C2ε
4m),

(1− ε̃)

'
2

π
‖h‖ ≤ 1

m

m!

i=1

| 〈ai, h〉 | ≤ (1 + ε̃)

'
2

π
‖h‖ ∀h ∈ Rn. (4.4.9)

Let’s recall Lemma 4.7 from [2].

Lemma 4.4.5 (Lemma 4.7 [2]). Under Assumption 4.1.1, there exist universal constants

C̃0, C̃1, C̃2 > 0 such that for ε > 0 sufficiently small, if m > C̃0ε
−4 log ε−1, then with proba-

bility at least 1− C̃1 exp(−C̃2ε
4m),

µ1dist(x, y) ≤
1

m
‖|Ax|− |Ay|‖1 ≤ µ2dist(x, y) ∀ x, y ∈ Rn, (4.4.10)

where dist(x, y) := min{‖x+ y‖ , ‖x− y‖}, µ1 =
)

2
π
(2−

√
2− ε) and µ2 =

)
2
π
(1 + ε).
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4.5 A Warm-up: Gerchberg-Saxton Algorithm

In this section we prove the locally linear convergence of the Gerchberg-Saxton Algorithm.

Theorem 4.5.1. If x0 ∈ B(x∗, θ0
2.3

‖x∗‖), we do the following updates, for k = 1, 2, 3, ...:

xk+1 := argmin
x

""Ax− P (Axk)
""2

Then there exist universal constants C0, C1 and C2, such that if m ≥ C0n, then with proba-

bility at least 1 − C1 exp(−C2m), the following statements hold: γk ↘ 0 as k → ∞ and for

all k = 0, 1, 2, ...,
""|Axk+1|− |Ax∗|

""2 ≤ φ
""|Axk|− |Ax∗|

""2
(4.5.1)

for φ := κ(θ0)
2

= π(1.9θ0+0.001)

(2−
√
2−0.001)2

< 1. Moreover, we have

dist(x0, x∗) ≤ θ0 · φk ‖x∗‖ (4.5.2)

An example of such parameter pair is θ0 =
1
20
. In this case x0 ∈ B(x∗, 1

50
‖x∗‖) is enough to

guarantee the convergence rate results (4.5.1) and (4.5.2).

Proof. Let ε = 0.001 in Lemma 4.4.5, Lemma 4.4.2 and Lemma 4.4.1. Let C0, C1 and C2

be the common universal constants such that if m ≥ C0n, then with probability at least

1 − C1 exp(−C2m), (4.4.1), (4.4.10) and (4.4.2) holds. The proof below is conditioned on

this event.

We prove the theorem by induction. We want to show for k = 0, 1, ...

""|Axk|− |Ax∗|
""2 ≤ φ

""|Axk−1|− |Ax∗|
""2

(4.5.3)

and

ρ1(x
k, x∗) ≤ θ0 ‖x∗‖ . (4.5.4)

When k = 0, (4.5.4) is trivial by the initialization of x0. Assume induction assumptions

(4.5.3) and (4.5.4) hold for all j = 0, ..., k where k ≥ 0. We consider the j = k + 1 case.

Since

xk+1 = argminx

""Ax− P (Axk)
""2

,
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by stationarity we know AT (Axk+1 − P (Axk)) = 0. Without loss of generality we assume

dist(xk, x∗) =
""xk − x∗

"". If not, we substitute x∗ with −x∗ in the following argument. Hence

A
Axk+1 − P (Axk), Axk+1 − Ax∗B =

A
AT (Axk+1 − P (Axk)), xk+1 − x∗B = 0. (4.5.5)

By completing squares of (4.5.5) we know

""Axk+1 − P (Axk)
""2

+
""Axk+1 − Ax∗""2 −

""Ax∗ − P (Axk)
""2

= 0. (4.5.6)

Let

Sk := {i|
A
ai, x

k
B
〈ai, x∗〉 ≤ 0} = {i| 〈ai, x∗〉2 ≤ −

A
ai, x

k − x∗B 〈ai, x∗〉}

⊆ {i||
A
ai, x

k − x∗B | ≥ | 〈ai, x∗〉 |}
(4.5.7)

By the Cauchy-Schwartz inequality and (4.4.10), we have

‖|Ax|− |Ay|‖2 ≥ 1

m
‖|Ax|− |Ay|‖21 ≥

2m

π
(2−

√
2− 0.001)2dist2(x, y) (4.5.8)

Hence
""Ax∗ − P (Axk)

""2
= 4

m!

i=1

〈ai, x∗〉2 · 1{i∈Sk}

≤
m!

i=1

〈ai, x∗〉2 · 1{i||〈ai, x∗〉|≤|〈ai, xk−x∗〉|}

≤ 4
m!

i=1

A
ai, h

k
B2 · 1{i||〈ai, x∗〉|≤|〈ai, xk−x∗〉|}

≤ 4m(1.9θ0 + 0.001)
""xk − x∗""2

(By (4.4.2))

≤ κ(θ0)
""|Axk|− |Ax∗|

""2
(By (4.5.8))

(4.5.9)

where κ(θ0) :=
2π(1.9θ0+0.001)

(2−
√
2−0.001)2

. Consequently,

""|Axk+1|− |Ax∗|
""2 ≤ 1

2

%""Axk+1 − P (Axk)
""2

+
""Axk+1 − Ax∗""2

&

=
1

2

""Ax∗ − P (Axk)
""2

(By (4.5.6))

≤ φ
""|Axk|− |Ax∗|

""2
(By (4.5.9))

(4.5.10)
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where φ := κ(θ0)
2

= π(1.9θ0+0.001)

(2−
√
2−0.001)2

< 1. Notice

ρ1(x
k+1, x∗)2 ≤

π
""|Axk+1|− |Ax∗|

""2

2m(2−
√
2− 0.001)2

(By (4.5.8))

≤ πφk+1 ‖|Ax0|− |Ax∗|‖2

2m(2−
√
2− 0.001)2

(By induction hypothesis and (4.5.10))

≤ πφk+1 ‖A(x0 − x∗)‖2

2m(2−
√
2− 0.001)2

(Triangle inequality)

≤ πφk+1(1 + 0.001)

2(2−
√
2− 0.001)2

""x0 − x∗""2
(By (4.4.1))

(4.5.11)

Since φ < 1, (4.5.11) tells us that

dist1(x
k+1, x∗) ≤

#
π(1 + 0.001)

2(2−
√
2− 0.001)2

$1/2 ""x0 − x∗"" < 2.3 ·
""x0 − x∗"" ≤ θ0 ‖x∗‖ .

The convergence rate inequality (4.5.2) follows from (4.5.11) in each step.

4.6 IRLS with Fixed γ for Noiseless Phase Retrieval

The following lemma is key in showing the geometric convergence of J(xn, γ)−mγ.

Lemma 4.6.1. Let γ > 0, 0 < ε < 1 and α = 2(1−ε)2

π
. Assume ‖z − x∗‖ ≤ θ0 ‖x∗‖ and there

exists constant C̃(ε, γ, θ0) depending on ε, γ, θ0, such that

g(‖z − x∗‖ , ε, γ, θ0) :=
(1.9θ0 + ε)(

)
α ‖z − x∗‖2 + γ2 + γ)

αγ
< C̃(ε, γ, θ0) <

1

4
.

For example, if θ0 =
1
28
, ‖z − x∗‖ ≤ γ, ε = 0.001. Then under the condition of Lemma 4.4.4,

if m > C0nε
−4logε−1, with probability at least 1− C1 exp(−C2ε

4m), we have

〈Az − Ax∗, (I − P )Az〉W z ≥ c ‖Az − Ax∗‖2W z ,

where c = 1− 2C̃(ε, γ, θ0) ∈
-
1
2
, 1
.
, and, C0, C1 and C2 are some universal constants.

Proof. Let h = z − x∗ and S := {1 ≤ i ≤ m : 〈ai, x∗〉 〈ai, z〉 < 0}. Recall that wz
i denotes

1√
(〈ai, z〉−Pi〈ai, z〉)2+γ2

and 〈·, ·〉W z is the weighted inner product withW z = diag{wz
1, w

z
2, ..., w

z
m}.
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Observe for i ∈ S, 〈ai, x∗〉 = −Pi 〈ai, z〉 and for i ∈ Sc, 〈ai, x∗〉 = Pi 〈ai, z〉. Then we know

〈Ah, (I − P )Az〉W z = ‖Ah‖2W z + 〈Ah, Ax∗ − PAz〉W z

= ‖Ah‖2W z + 2
!

i∈S

wz
i 〈ai, h〉 〈ai, x∗〉

≥ ‖Ah‖2W z − 2
!

i∈S

wz
i | 〈ai, h〉 〈ai, x∗〉 | (4.6.1)

Note

2
!

i∈S

wz
i | 〈ai, h〉 〈ai, x∗〉 | = 2

m!

i=1

wz
i | 〈ai, h〉 〈ai, x∗〉 | · 1{〈ai, x∗〉2<−〈ai, x∗〉〈ai, h〉}

≤ 2
m!

i=1

wz
i | 〈ai, h〉 〈ai, x∗〉 | · 1{|〈ai, x∗〉|<|〈ai, h〉|}

≤ 2
m!

i=1

wz
i 〈ai, h〉

2 · 1{|〈ai, x∗〉|<|〈ai, h〉|}

≤ 2

γ

m!

i=1

〈ai, h〉2 · 1{|〈ai, x∗〉|<|〈ai, h〉|}, (4.6.2)

where the last inequality is by wz
i ≤ 1

γ
for each i = 1, 2, ...,m. Let α = 2(1−ε)2

π
. Together
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with lemma (4.4.1) and (4.4.2), with large probability, (4.6.2) yields

γ
!

i∈S

wz
i | 〈ai, h〉 〈ai, x∗〉 | ≤ m(1.9θ0 + ε) ‖h‖2 = m(1.9θ0 + ε)

(
)

α ‖h‖2 + γ2 + γ) ‖h‖2
)

α ‖h‖2 + γ2 + γ

(4.6.3)

=
m(1.9θ0 + ε)(

)
α ‖h‖2 + γ2 + γ)

α
(

)
α ‖h‖2 + γ2 − γ)

≤
m(1.9θ0 + ε)(

)
α ‖h‖2 + γ2 + γ)

α
(

GHHI(
1

m

m!

i=1

| 〈ai, h〉 |)2 + γ2 − γ)

(4.6.4)

≤
(1.9θ0 + ε)(

)
α ‖h‖2 + γ2 + γ)

α

m!

i=1

(

)
〈ai, h〉2 + γ2 − γ) (4.6.5)

≤
(1.9θ0 + ε)(

)
α ‖h‖2 + γ2 + γ)

α
‖Ah‖2Wz

,

(4.6.6)

where (4.6.4) is by Lemma 4.4.4, (4.6.5) is by convexity of the function
1

(·)2 + γ2, and the

last inequality (4.6.6) is due to

)
〈ai, h〉2 + γ2 − γ =

〈ai, h〉2)
〈ai, h〉2 + γ2 + γ

≤ 〈ai, h〉21
(〈ai, z〉 − Pi 〈ai, z〉)2 + γ2

= wz
i 〈ai, h〉

2 .

(4.6.7)

From the way we choose ε, γ, θ0 (θ0 =
1
28
, ‖z − x∗‖ ≤ γ, ε = 0.001),

g(‖h‖ , ε, γ, θ0) =
(1.9θ0 + ε)(

)
α ‖h‖2 + γ2 + γ)

αγ
< C̃(ε, γ, θ0) = 0.247 <

1

4
.

By (4.6.1) and (4.6.6), we know

〈Ah, (I − P )Az〉W z ≥ (1− 2C̃(ε, γ, θ0)) ‖Ah‖2W z

Since 1− 2C(ε, γ, θ0) >
1
2
, letting c = 1− 2C̃(ε, γ, θ0), we have the desired result.
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Lemma 4.6.2. Under the assumptions of Lemma 4.6.1, let the constants be as in Lemma

4.6.1 and z′ := argminx G(x, z, γ). Then there exists universal constants C0, C1, C2, and

constant φ ∈
-
1
2
, 1
.
depending on β, γ and ε, if m > C0nε

−4 log ε−1, then with probability at

least 1− C1 exp(−C2ε
4m), when ‖z − x∗‖ ≤ θ0 ‖x∗‖,

J(z′, γ)−mγ ≤ φ(J(z, γ)−mγ) (4.6.8)

holds, where φ := 2C̃(ε, γ, θ0) +
1
2
.

Proof. First observe that

2 〈Ax∗ − Az, (I − P )Az〉W z

= ‖Ax∗ − PAz‖2W z − ‖Ax∗ − Az‖2W z − ‖(I − P )Az‖2W z

≥ ‖Az′ − PAz‖2W z − ‖Az − PAz‖2W z − ‖Ax∗ − Az‖2W z (4.6.9)

≥ 2
m!

i=1

(
1

(〈ai, z′〉 − Pi 〈ai, z〉)2 + γ2 −
1

(〈ai, z〉 − Pi 〈ai, z〉)2 + γ2)− ‖Az − Ax∗‖2W z

(4.6.10)

≥ 2(J(z′, γ)− J(z, γ))− ‖Az − Ax∗‖2W z , (4.6.11)

where (4.6.9) is by the definition of z′ and (4.6.10) is by the concavity of the square root

function. By Lemma 4.6.1 and (4.6.11) we know J(z, γ) has sufficient decrease in each

iteration. In particular,

2(J(z′, γ)− J(z, γ)) ≤ −(2c− 1) ‖Az − Ax∗‖2W z

≤ −(2c− 1)(
m!

i=1

1
(〈ai, z〉 − 〈ai, x∗〉)2 + γ2 −mγ) (4.6.12)

≤ −(2c− 1)(
m!

i=1

1
(〈ai, z〉 − Pi 〈ai, z〉)2 + γ2 −mγ) (4.6.13)

= −(2c− 1)(J(z, γ)−mγ),

where (4.6.12) is by (4.6.7) and (4.6.13) is by the definition of the projection operator Pi.

Hence

J(z′, γ)−mγ ≤ φ(J(z, γ)−mγ) (4.6.14)
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where φ := 3
2
− c. Observe 1

2
< φ < 1 since c > 1

2
by Lemma 4.6.1.

Therefore we prove the contraction inequality for the objective J(z, γ)−mγ. In order to

show the local convergence rate,z′ should also satisfy ‖z′ − x∗‖ ≤ θ0 ‖x∗‖ and g(‖z′ − h‖ , ε, γ, θ0).

Theorem 4.6.3. Under Assumption 4.1.1, suppose x0 ∈ B(x∗, 1
56
‖x∗‖). Let γ =

-
1
m
‖b‖2

.1/2

and let xk be the iterates of IRLS algorithm 9. Then there exist universal constants C0, C1

and C2, if m ≥ C1n, with probability at least 1−C1 exp(−C2m), for each k ≥ 0, the following

contraction inequality holds,

J(xk+1, γ)−mγ ≤ 0.984
-
J(xk, γ)−mγ

.
. (4.6.15)

Moreover, we have

dist(xk, x∗) ≤ 0.992k

25
‖x∗‖ . (4.6.16)

Proof. Let hk be xk − x∗ and θ0 = 1
25
. By Lemma 4.4.1, letting ε = 0.001, there exists

constants C0, C1 and C2, such that if m ≥ C0m, with probability at least 1−C1 exp(−C2m),

we have

γ =

#
1

m
‖b‖2

$1/2

=

*
1

m

m!

i=1

〈ai, x∗〉2
+1/2

≥
√
0.999 ‖x∗‖ . (4.6.17)

The event we consider in this lemma is the intersection of the event where (4.6.17) holds,

Lemma 4.4.5 and Lemma 4.6.2 holds with ε = 0.001. Next we want to show that xk ∈

B(x∗, 0.992
k

25
‖x∗‖) for k = 1, 2, ... by induction.

For the base case k = 1, we assume dist(x0, x∗) = ‖x0 − x∗‖. If not, we replace x∗ with

−x∗. Since x0 ∈ B(x∗, 1
56
‖x∗‖), by (4.6.17), we know

""h0
"" =

""x0 − x∗"" ≤ 1

25
‖x∗‖ ≤ γ

25 ·
√
0.999

. (4.6.18)
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For all z ∈ Rn,

J(z, γ)−mγ =
m!

i=1

(〈ai, z〉 − Pi 〈ai, z〉)21
(〈ai, z〉 − Pi 〈ai, z〉)2 + γ2 + γ

≤ 1

2γ

m!

i=1

(〈ai, z〉 − Pi 〈ai, z〉)2

≤ 1

2γ
min{

m!

i=1

〈ai, z − x∗〉2 ,
m!

i=1

〈ai, z + x∗〉2}

≤ 1.001m

2γ
dist(z, x∗)2 (by Lemma 4.4.1)

(4.6.19)

When ε = 0.001 and θ0 =
1
25
, we have

g(
""x0 − x∗"" , ε, γ, θ0) =

(1.9θ0 + 0.001)(
)

α ‖x0 − x∗‖2 + γ2 + γ)

αγ

< (1.9θ0 + 0.001)

*'
θ20

0.999α
+

1

α2
+

1

α

+
(By (4.6.18))

:= C̃(ε, γ, θ0) = 0.242 <
1

4
,

(4.6.20)

then by Lemma 4.6.2, and (4.6.19) with z = x0, since ‖x0 − x∗‖ ≤ 1
56
‖x∗‖,

J(x1, γ)−mγ ≤ J(x0, γ)−mγ ≤ 0.102 ·m
γ

θ20 ‖x∗‖2 , (4.6.21)

On the other hand, for all z ∈ Rn,

J(z, γ)−mγ =
m!

i=1

(〈ai, z〉 − Pi 〈ai, z〉)21
(〈ai, z〉 − Pi 〈ai, z〉)2 + γ2 + γ

≥ (
@m

i=1 | 〈ai, z〉 − Pi 〈ai, z〉 |)2
@m

i=1

%1
(〈ai, z〉 − Pi 〈ai, z〉)2 + γ2 + γ

& (By Cauchy-Schwartz)

≥ (
@m

i=1 | 〈ai, z〉 − Pi 〈ai, z〉 |)2@m
i=1 | 〈ai, z〉 − Pi 〈ai, z〉 |+ 2mγ

(By
√
a2 + b2 ≤ a+ b for a, b ≥ 0)

≥ ζ2mdist(z, x∗)2

ζdist(z, x∗) + 2γ
,

(4.6.22)

where ζ =
)

2
π
(2−

√
2− 0.001). Combining (4.6.21), and (4.6.22) with z = x1 we have

ζ2mdist(x1, x∗)2

ζdist(x1, x∗) + 2γ
≤ 0.102 ·m

γ
θ20 ‖x∗‖2 ,
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which implies

dist(x1, x∗) ≤ 1

ζ
·

0.102θ20‖x∗‖2

γ
+

'%
0.102θ20‖x∗‖2

γ

&2

+ 0.816θ20 ‖x∗‖2

2

≤ 1

ζ
·

0.102θ0√
0.999

+

)
0.1022θ20
0.999

+ 0.816

2
θ0 ‖x∗‖ (By (4.6.17))

≤ 0.98θ0 ‖x∗‖

(4.6.23)

We finish the proof for the base case x1 ∈ B(x∗, 0.992
25

‖x∗‖).

Next we assume xj ∈ B(x∗, 0.992
j

25
‖x∗‖) holds for j = 1, ..., k. The we consider the case

for xk+1. Same as (4.6.20), since by induction assumption, dist(xj, x∗) ≤ 1
25
‖x∗‖ ≤ γ

25·
√
0.999

,

for all j = 1, ..., k, we have

g(dist(xj, x∗), ε, γ, θ0) < C̃(ε, γ, θ0) = 0.242.

By Lemma 4.6.2 and (4.6.21),

J(xk+1, γ)−mγ ≤ 0.984k
-
J(x1, γ)−mγ

.
≤ 0.984k · 0.102m

γ
θ20 ‖x∗‖2

Combining this with (4.6.22) with z = xk+1,

ζ2mdist(xk+1, x∗)2

ζdist(xk+1, x∗) + 2γ
≤ 0.102 ·m

γ
0.984kθ20 ‖x∗‖2

Consequently,

dist(xk+1, x∗) ≤ 0.98 · 0.992kθ0 ‖x∗‖ ≤ 0.992k

25
‖x∗‖ .

This completes the inductive step. By Lemma 4.6.2, (4.6.15) holds for each k ≥ 0.

4.7 IRLS with reduced γ for Noiseless Phase Retrieval

In this section we derive the convergence rate of Algorithm 5, using an iterate-specific γk.

Intuitively, each time after we find xk+1, γk+1 should be updated so that xk+1 still lies in the

convergence region of J(x, γk+1)−mγk+1.
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Theorem 4.7.1. Let θ0, θ > 0 be conconstants such that

φ :=

J
π(1.9θ0 + 0.001)

(2−
√
2− 0.001)2

#
1 +

1

θ

$
∈ (0, 1).

If x0 ∈ B(x∗, θ0
1.72

‖x∗‖), let γ0 := θ
m
‖|Ax0|− b‖1. We do the following updates, for k ≥ 1:

1. xk+1 := argminxG(x, xk, γk).

2. γk+1 =
θ
m

""|Axk+1|− b
""
1

Then there exist universal constants C0, C1 and C2, such that if m ≥ C0n, then with proba-

bility at least 1 − C1 exp(−C2m), the following statements hold: γk ↘ 0 as k → ∞ and for

all k = 0, 1, 2, ...,
""|Axk+1|− |Ax∗|

""
1
≤ φ

""|Axk|− |Ax∗|
""
1
. (4.7.1)

Moreover, similar to Theorem (4.6.3), xk converges to x∗ geometrically, namely

dist(xk, x∗) ≤ θ0 · φk ‖x∗‖ (4.7.2)

An example of such a parameter pair is θ0 = 1
36

and θ ∈ (0.98,∞). In this case x0 ∈

B(x∗, 1
62
‖x∗‖) is enough to guarantee the convergence rate results (4.7.1) and (4.7.2).

Proof. Let ε = 0.001 in Lemma 4.4.5, Lemma 4.4.2 and Lemma 4.4.1. Let C0, C1 and C2

be the common universal constants such that if m ≥ C0n, then with probability at least

1−C1 exp(−C2m), (4.4.1), (4.4.10) and (4.4.2) hold. The proof below is conditioned on this

event.

We prove the theorem by induction. We want to show for k = 0, 1, ...

""|Axk|− |Ax∗|
""
1
≤ φ

""|Axk−1|− |Ax∗|
""
1

(4.7.3)

and
""xk − x∗"" ≤ θ0 ‖x∗‖ . (4.7.4)

When k = 0, (4.7.9) is trivial by the initialization of x0.

Assume that (4.7.3) and (4.7.4) hold for all j = 0, ..., k where k ≥ 0, and consider the

j = k + 1 case. Since

xk+1 = argmin
x

G(x, xk, γk) =
""〈ai, x〉 − Pi

A
ai, x

k
B""2

Wk ,
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xk+1 is a stationary point of G(x, xk, γk). Thus A
TW k(Axk+1 − P (Axk)) = 0. Without loss

of generality we assume dist(xk, x∗) =
""xk − x∗

"". If not, we substitute x∗ with −x∗ in the

following argument. Hence,

A
Axk+1 − P (Axk), Axk+1 − Ax∗B

Wk =
A
ATW k(Axk+1 − P (Axk)), xk+1 − x∗B

Wk = 0.

(4.7.5)

By completing squares of (4.7.5), we know

""Axk+1 − P (Axk)
""2

Wk +
""Axk+1 − Ax∗""2

Wk −
""Ax∗ − P (Axk)

""2

Wk = 0. (4.7.6)

Set βk =
""xk − x∗

"" = dist(xk, x∗). Let κ(θ0) be
4(1.9θ0+0.001)

2−
√
2−0.001

·
1

π
2
. Let

Sk := {i|
A
ai, x

k
B
〈ai, x∗〉 ≤ 0} = {i| 〈ai, x∗〉2 ≤ −

A
ai, h

k
B
〈ai, x∗〉}

⊆ {i||
A
ai, h

k
B
| ≥ | 〈ai, x∗〉 |}.

(4.7.7)

Hence

""Ax∗ − P (Axk)
""2

Wk = 4
m!

i=1

wk
i 〈ai, x∗〉2 · 1{i∈Sk}

≤ 4
m!

i=1

wk
i 〈ai, x∗〉2 · 1{i||〈ai, hk〉|≥|〈ai, x∗〉|}

≤ 4

γk

m!

i=1

A
ai, h

k
B2 · 1{i||〈ai, hk〉|≥|〈ai, x∗〉|}

≤ 4m(1.9θ0 + 0.001)

γk

""xk − x∗""2
(By Lemma 4.4.2)

=
4m(1.9θ0 + 0.001)

γk
dist(xk, x∗)2

≤ κ(θ0)βk

γk

""|Axk|− |Ax∗|
""
1

(By Lemma 4.4.5)

(4.7.8)

By (4.7.6) and (4.7.8), we have

""Axk+1 − P (Axk)
""2

Wk +
""Axk+1 − Ax∗""2

Wk ≤ κ(θ0)βk

γk

""|Axk|− |Ax∗|
""
1

(4.7.9)

Since for i = 1, 2, ...,m,

||
A
ai, x

k+1
B
|− | 〈ai, x∗〉 || = |

A
ai, x

k+1
B
− Pi

A
ai, x

k+1
B
| ≤ | 〈ai, xk+1〉 − Pi

A
ai, x

k
B
|,
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combining with (4.7.9) we know

""|Axk+1|− |Ax∗|
""2

Wk ≤ κ(θ0)βk

2γk

""|Axk|− |Ax∗|
""
1

(4.7.10)

For all k = 0, 1, 2, ...,

βk = dist(xk, x∗) ≤
""|Axk|− |Ax∗|

""
1

Cm
=

γk
Cθ

(4.7.11)

for C =
)

2
π
(2−

√
2− 0.001). By the Cauchy-Schwartz inequality, we have

(
""|Axk+1|− |Ax∗|

""
1
)2

≤ (
""|Axk+1|− |Ax∗|

""2

Wk)(
m!

i=1

)
(〈ai, xk〉 − Pi 〈ai, xk〉)2 + γ2

k)
(4.7.12)

On the other hand, since mγk := θ
""|Axk|− |Ax∗|

""
1
= θ

""Axk − P (Axk)
""
1
for k ≥ 0, we

have
m!

i=1

)
(〈ai, xk〉 − Pi 〈ai, xk〉)2 + γ2

k ≤
""Axk − P (Axk)

""
1
+mγk

= (1 + θ)
""|Axk|− |Ax∗|

""
1

(4.7.13)

By (4.7.10), (4.7.11), (4.7.12) and (4.7.13), we have

(
""|Axk+1|− |Ax∗|)

""
1
)2 ≤ (1 + θ)κ(θ0)

2Cθ
(
""|Axk|− |Ax∗|

""
1
)2 (4.7.14)

Therefore we have
""|Axk+1|− |Ax∗|

""
1
≤ φ(

""|Axk|− |Ax∗|
""
1
) (4.7.15)

where φ :=
)

κ(θ0)
2C

· 1+θ
θ

< 1 .

dist(xk+1, x∗) ≤
'

π

2

""|Axk+1|− |Ax∗|
""
1

1.999−
√
2

≤
'

π

2

φk+1 ‖|Ax0|− |Ax∗|‖1
1.990−

√
2

≤ 1.001 · φk+1

1.99−
√
2
dist(x0, x∗) ≤ 1.72 · φk+1

""x0 − x∗""

(4.7.16)

Therefore
""xk+1 − x∗

"" < 1.72 ·‖x0 − x∗‖ ≤ θ0 ‖x∗‖. We finish the proof of (4.7.3) and (4.7.4)

for xk+1. The convergence rate inequality (4.7.2) follows from (4.7.16) in each step.
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4.8 IRLS for Phase Retrieval with Sparse Noise

In this section we consider real robust phase retrieval with sparse noise. In particular, we

consider the problem

min
x

‖|Ax|− b‖1 (4.8.1)

for A ∈ Rm×n and b ∈ Rm, where the measurement matrix A satisfies Assumption 4.1.1.

We aim to recover a vector x∗ ∈ Rn where |Ax∗| = b + u where the noise vector u ∈ Rm is

a sparse vector. The following lemma and theorem from [2] tell us that under Assumption

4.1.1, if the noise vector is sufficiently sparse, in the sense that ‖u‖0 ≤ cm for some universal

constant c, then x∗ ∈ argminx ‖|Ax|− b‖1, with high probability.

Lemma 4.8.1 (1-ARP, Lemma 4.8 [2]). Under Assumption 4.1.1, there exist universal con-

stants C0, C1, C2 > 0, s ∈ (0, 0.04),ψ0 ∈ (0, 0.72) such that if m > c0n, then

‖(|Ax|− |Ay|)T‖1≤ψ0 ‖(|Ax|− |Ay|)T c‖1 ∀ x, y ∈ Rn and T ⊆ [m] with |T |≤sm

holds with probability at least 1− C1 exp(−C2m).

Proof. By taking ε = 0.001 and s = 0.001 in the proof of Lemma 4.8 of [2].

This is called the 1-Absolute Range Property of measurement matrix A by the authors

of [2].

Theorem 4.8.2 (Theorem 3.2 [2]). Let L ∈ (0,m). Suppose x∗ ∈ Rn is such that (|Ax∗|−

b) is L sparse. Assume the measurement matrix A satisfies 1-ARP. Then x∗ is a global

minimizer of the robust phase retrieval problem (4.8.1). If x̃ is another global minimizer,

then |Ax̃| = |Ax∗|. If we further assume that the entries of A satisfy Assumption 4.1.1 and

m ≥ 2n− 1, then, with probability 1, x∗ is the unique solution of (4.8.1) up to multiplication

by −1.

Consequently, recovering x∗ is equivalent to finding the global minimizer problem (4.8.1).

The following lemma is plays an important role in proving the convergence of IRLS for robust

phase retrieval with sparse noise.
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Lemma 4.8.3. Under Assumption 4.1.1, let p ∈ {1, 2}. For any ψ ∈ (0, 1), there exist

constants C0, C1, C2 > 0, s ∈ (0, 1) such that if m > C0n, then

‖(Ax)T‖p ≤ ψ ‖(Ax)T c‖p , ∀x ∈ Rn, p ∈ {1, 2}, and T ⊆ [m] with |T |≤sm

holds with probability at least 1− C1 exp(−C2m).

Proof. We first derive conditions on ε, s ∈ (0, 1) so that ψ ∈ (0, 1) exists. To this end let

ε, s ∈ (0, 1) be given. Let T ⊂ [m] be any subset of sm indices. By applying Lemma 4.4.1

and Lemma 4.4.4 to the rows of A with row indices in T c, we know there exist universal

constants c0, c1, C > 0 such that if (1− s)m ≥ c0ε
−4 log(ε−1),

(1− ε)c̃p ‖h‖p ≤
1

(1− s)m

!

i∈T c

|Aih|p ≤ (1 + ε) · c̃p ‖h‖p , ∀ h ∈ Rn (4.8.2)

holds with probability at least 1−C exp(−c1ε
4(1−s)m), where c̃p = 1 for p = 2 and c̃p =

)
2
π

for p = 1. We also know with probability at least 1− C exp(−c1ε
4m),

(1− ε) · c̃p ‖h‖p ≤
1

m

m!

i=1

|Aih|p ≤ (1 + ε) · c̃p ‖h‖p , ∀ h ∈ Rn (4.8.3)

Since the number of such T ′s is given by

#
m

(1− s)m

$
=

#
m

sm

$
≤

%
e
m

sm

&sm

=
%e
s

&sm

,

the event

B := {(4.8.2) holds for every T ⊆ [m] with |T | = sm} ∩ {(4.8.3) holds},

satisfies

P(B) ≥ 1− C(e/s)sm exp(−c1ε
4(1− s)m)− C exp(−c1ε

4m)

= 1− C exp((1 + c1ε
4)sm+ sm log(

1

s
)− c1ε

4m)− C exp(−c1ε
4m).
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Choose ŝ > 0 so that (1 + c1ε
4)ŝ + ŝ log(1

ŝ
) < c1

2
ε4. Then, for all s ∈ (0, ŝ), P(B) ≥

1− 2C exp(−c1ε
4m/2). Thus, if event B occurs, we have

!

i∈T

|Aih|p =
m!

i=1

|Aih|p −
!

i∈T c

|Aih|p

≤ c̃p(1 + ε)m ‖h‖p − c̃p(1− ε)(1− s)m ‖h‖p

≤ 2ε+ s− εs

(1− ε)(1− s)

!

i∈T c

|Aih|p,

(4.8.4)

where the first inequality follows from (4.8.3) applied to the first term and (4.8.2) applied to

the second, and the second inequality follows by (4.8.2). Consequently, as long as s ∈ (0, ŝ) is

chosen so that 2ε+s−εs
(1−ε)(1−s)

< ψ, the conclusion follows. This can be accomplished by choosing

ε so that ε < ψ
5
and then choosing s = min{ŝ, ψ

5
}, since in this case 2ε+s−εs

(1−ε)(1−s)
< 2ε+s

(1−ε)(1−s)
<

3ψ/5
16/25

= 15
16
ψ < ψ.

Before the proof of the convergence rate theorem of IRLS for robust phase retrieval with

sparse noise, let’s recall a lemma from [2]. Let σL(y) be the sum of the m − L smallest

elements from the set {||A1y|− b1|, ||A2y|− b2|, ..., ||Amy|− bm|}.

Lemma 4.8.4 (Lemma 3.1). Let A ∈ Rm×n, and L ∈ (0,m). If the matrix A satisfies

1-ARP of order L for ψ0 ∈ (0, 1), then

‖|Ax|− |Ay|‖1 ≤
1 + ψ0

1− ψ0

(‖|Ax|− b‖1 − ‖|Ay|− b‖1 + 2σL(y)) , (4.8.5)

for all x, y ∈ Rn.

Theorem 4.8.5. Under Assumption 4.1.1, there exist constants θ0, c, C0, C1, C2 > 0, s ∈

(0, 1) and φ ∈ (0, 1), such that the following statements hold. If x0 ∈ B(x∗,
θ0
2.18

‖x∗‖) and

m ≥ C0n, let γ0 :=
1
m
σsm(xk+1). We do the following updates, for k ≥ 1:

1. xk+1 := argminxG(x, xk, γk).

2. γk+1 =
1
m
σsm(xk+1)

Then with probability at least 1 − C1 exp(−C2m), we have γk ↘ 0 as k → ∞ and for all
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k = 0, 1, 2, ...,

""|Axk+1|− |Ax∗|
""
1
+
""Axk+1 − AQ∗xk+1

""
1

≤ φ(
""|Axk|− |Ax∗|

""
1
+
""Axk − AQ∗xk

""
1
),

where Q∗ : Rn → Rn represents the projection to {±x∗}. Moreover, similar to Theorem

4.7.1, we have

dist(xk, x∗) ≤ c · φk ‖x∗‖ . (4.8.6)

An example of the constants is θ0 = 1/400, s is the constant fraction in Lemma 4.8.1 holds

for ψ0 = 0.72 and Lemma 4.8.3 holds for ψ = 0.04.

Proof. Let Pi : R → R be the projection to {±bi} and P ∗
i : R → R be the projection to

{±|Aix∗|}. Similarly, let

P : Rm → Rm be the map P (x) := (P1(x1), P2(x2), ..., Pm(xm))

and

P ∗ : Rm → Rm be the map P ∗(x) := (P ∗
1 (x1), P

∗
2 (x2), ..., P

∗
m(xm)).

Let ε = 0.001 in Lemma 4.4.5, Lemma 4.4.2 and Lemma 4.4.1. Let C0, C1 and C2

be the common universal constants such that if m ≥ C0n, then with probability at least

1 − C1 exp(−C2m), (4.4.1), (4.4.10), (4.4.2) hold, Lemma 4.8.1 holds for ψ0 = 0.72 and

Lemma 4.8.3 holds for ψ = 0.04. The proof below is conditioned on this event.

We prove the theorem by induction. We want to show for k = 0, 1, ...

""|Axk|− |Ax∗|
""
1
+
""Axk − AQ∗xk

""
1

≤ φ(
""|Axk−1|− |Ax∗|

""
1
+
""Axk−1 − AQ∗xk−1

""
1
),

(4.8.7)

and
""xk − x∗"" ≤ θ0 ‖x∗‖ . (4.8.8)

When k = 0, (4.8.8) is trivial by the initialization of x0. Assume induction assumptions

(4.8.7) and (4.8.8) hold for all j = 0, ..., k where k ≥ 0, we consider the j = k + 1 case. Let
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hk denote xk − x∗. Without loss of generality we assume dist(xk, x∗) =
""xk − x∗

"". If not we

substitute x∗ with −x∗ in the following proof. Since xk+1 is a stationary point of G(x, xk, γk),

we have
m!

i=1

wk
i (
A
ai, x

k+1
B
− Pi

A
ai, x

k
B
)
A
ai, h

k+1
B
= 0

By rearranging terms, we kown

A :=
m!

i=1

wn
i (
A
ai, x

k+1
B
− P ∗

i

A
ai, x

k
B
)
A
ai, h

k+1
B

= −
m!

i=1

wn
i (P

∗
i

A
ai, x

k
B
− Pi

A
ai, x

k
B
)
A
ai, h

k+1
B

(4.8.9)

Let T := {i|| 〈ai, x∗〉 | ∕= bi, 1 ≤ i ≤ m}. For the right hand side of (4.8.9), we deduce that

A ≤
!

i∈T

wk
i |P ∗

i

A
ai, x

k
B
− Pi

A
ai, x

k
B
||
A
ai, h

k+1
B
|

≤
!

i∈T

wk
i |
A
ai, x

k
B
− Pi

A
ai, x

k
B
||
A
ai, h

k+1
B
|+

!

i∈T

wk
i |
A
ai, x

k
B
− P ∗

i

A
ai, x

k
B
||
A
ai, h

k+1
B
|

≤
""(Ahk+1)T

""
1
+
!

i∈T

wk
i |
A
ai, x

k
B
− P ∗

i

A
ai, x

k
B
||
A
ai, h

k+1
B
|

≤ ψ
""(Ahk+1)T c

""
1
+
!

i∈T

wk
i |
A
ai, h

k
B
||
A
ai, h

k+1
B
|

≤ ψ
""(Ahk+1)T c

""
1
+
""(Ahk)T

""
Wk

""(Ahk+1)T
""
Wk .

(4.8.10)

For the above computation, the second line follows by the triangle inequality,

|P ∗
i

A
ai, x

k
B
− Pi

A
ai, x

k
B
| ≤ |

A
ai, x

k
B
− Pi

A
ai, x

k
B
|+ |

A
ai, x

k
B
− P ∗

i

A
ai, x

k
B
|

for each i. The third line follows by

wk
i |
A
ai, x

k
B
− Pi

A
ai, x

k
B
| = |

A
ai, x

k
B
− Pi

A
ai, x

k
B
|/
)

(〈ai, xk〉 − Pi 〈ai, xk〉)2 + γ2
k ≤ 1

The fourth line is from Lemma 4.8.3 and |
A
ai, x

k
B
− P ∗

i

A
ai, x

k
B
| ≤ |

A
ai, x

k
B
− 〈ai, x∗〉 |.

The last line is by the Cauchy-Schwartz inequality

!

i∈T

wk
i |
A
ai, h

k
B
||
A
ai, h

k+1
B
| ≤

""(Ahk)T
""
Wk

""(Ahk+1)T
""
Wk .
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Let Tk be the indices of the sm largest elements among {||
A
a1, x

k
B
|− b1|, ||

A
a2, x

k
B
|−

b2|, ..., ||
A
am, x

k
B
|− bm|} and σsm(x

k) :=
"""(|Axk|− b)TC

k

"""
1
. By Lemma 4.8.4, we have

""|Axk|− |Ax∗|
""
1
≤ ‖|Ax∗|− b‖1 −

""|Axk|− b
""
1
+

2(1 + ψ0)

1− ψ0

σsm(x
k)

≤ 12.3σsm(x
k)

(4.8.11)

where the last inequality follows from x∗ ∈ argminx ‖|Ax|− b‖1 and ψ0 ∈ (0, 0.72). Therefore

γk =
1

m
σsm(x

k) ≥ 1

12.3m

""|Axk|− |Ax∗|
""
1

(By (4.8.11))

≥ C

12.3

""xk − x∗"" (By Lemma 4.4.5)

(4.8.12)

where C :=
)

2
π
(2 −

√
2 − 0.001). By Lemma 4.8.3, for p ∈ {1, 2}, (1 + ψ)

""(Ahk)T
""
p
≤

ψ
""(Ahk)T c

""
p
+ ψ

""(Ahk)T
""
p
= ψ

""Ahk
""
p
. Thus

""(Ahk)T
""
p
≤ ψ

1 + ψ

""Ahk
""
p
. (4.8.13)

Consequently, we know

""(Ahk)T
""2

Wk =
!

i∈T

|Ahk|21
(〈ai, xk〉 − Pi 〈ai, xk〉)2 + γ2

k

≤
!

i∈T

|Ahk|2
γk

=

""(Ahk)T
""2

γk

≤ 12.3

C
· ψ2

(1 + ψ)2

""Ahk
""2

‖hk‖ (By (4.8.12) and (4.8.13))

≤ 12.32

C
· mψ2

(1 + ψ)2
""hk

"" (By Lemma 4.4.1)

≤
'

π

2

12.34

C
· ψ2

(1 + ψ)2
""Ahk

""
1

(By Lemma 4.4.4)

≤ C1ψ
2

(1 + ψ)

""(Ahk)T c

""
1
, (By Lemma 4.8.3)

(4.8.14)

where C1 :=
1

π
2
12.34
C

= 12.34π
2(2−

√
2−0.001)

< 33.15. Hence by (4.8.10) and (4.8.14) , we have

A ≤ψ
""(Ahk+1)T c

""
1
+

#
C1ψ

2

1 + ψ

$ 1
2 ""(Ahk)T c

"" 1
2

1

""(Ahk+1)T
""
Wk

≤ ψ
""(Ahk+1)T c

""
1
+

C1ψ
2

2(1 + ψ)

""(Ahk)T c

""
1
+

1

2

""(Ahk+1)T
""2

Wk ,

(4.8.15)
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where the last inequality is by the average inequality ab ≤ 1
2
a2 + 1

2
b2 for a, b ≥ 0.

Let βk be
""xk − x∗

"" and l be 4
1−0.001

·
1

π
2
< 5.02. Let

Sk := {i|
A
ai, x

k
B
〈ai, x∗〉 < 0} = {i| 〈ai, x∗〉2 < −

A
ai, h

k
B
〈ai, x∗〉}

⊆ {i||
A
ai, h

k
B
| ≥ | 〈ai, x∗〉 |}

(4.8.16)

Hence

""Ax∗ − P (Axk)
""2

Wk = 4
m!

i=1

wk
i 〈ai, x∗〉2 · 1{i∈Sk}

≤ 4
m!

i=1

wk
i 〈ai, x∗〉2 · 1{i||〈ai, hk〉|≥|〈ai, x∗〉|}

≤ 4

γk

m!

i=1

A
ai, h

k
B2 · 1{i||〈ai, hk〉|≥|〈ai, x∗〉|}

≤ 4m(1.9θ0 + 0.001)

γk

""xk − x∗""2
(By Lemma 4.4.2)

≤ l(1.9θ0 + 0.001)βk

γk

""Axk − Ax∗""
1

(By Lemma 4.4.4)

≤ 12.3(1 + ψ)(1.9θ0 + 0.001)l

C

""(Axk − Ax∗)T c

""
1

(By Lemma 4.8.3)

≤ 132.34(1.9θ0 + 0.001)(1 + ψ)
""(Axk − Ax∗)T c

""
1

(4.8.17)

On the other hand, by completing the left hand side of (4.8.9), we have

2A =
""Axk+1 − P ∗(Axk)

""2

Wk +
""Axk+1 − Ax∗""2

Wk −
""Ax∗ − P ∗(Axk)

""2

Wk . (4.8.18)

By (4.8.15), (4.8.17) and (4.8.18), since C1 < 33.15, we obtain

""Axk+1 − P ∗(Axk)
""2

Wk +
""(Axk+1 − Ax∗)T c

""2

Wk ≤
#
132.34(1.9θ0+0.001)(1 + ψ)+

33.15ψ2

1 + ψ

$""(Axk−Ax∗)T c

""
1
+2ψ

""(Axk+1−Ax∗)T c

""
1
.

(4.8.19)

Let α(ψ, θ) := 132.34(1.9θ0 + 0.001)(1 + ψ) + 33.15ψ2

1+ψ
. By (4.8.19) and Cauchy-Schwartz
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inequality we know

-""(|Axk+1|− |Ax∗|)T c

""
1
+
""(Ahk+1)T c

""
1

.2

≤ (
""Axk+1 − P ∗(Axk)

""2

Wk +
""(Ahk+1)T c

""
Wk)(2

!

i∈T c

)
(〈ai, xk〉 − Pi 〈ai, xk〉)2 + γ2

k)

≤ 2(α
""(Ahk)T c

""
1
+ 2ψ

""(Ahk+1)T c

""
1
)(
""(|Axk|− |Ax∗|)T c

""
1
+mγk)

≤ 4(α
""(Ahk)T c

""
1
+ 2ψ

""(Ahk+1)T c

""
1
)
""(|Axk|− |Ax∗|)T c

""
1
,

(4.8.20)

where the last inequality is by

mγn = σsm(x
k) ≤

""(|Axk|− b)T c

""
1
=

""(|Axk|− |Ax∗|)T c

""
1
.

By the average inequality 4ab ≤ (a+ b)2 for a = α−1/2(α
""(Ahk)T c

""
1
+2ψ

""(Ahk+1)T c

""
1
) and

b = α1/2
""(|Axk|− |Ax∗|)T c

"", we know

""(|Axk+1|− |Ax∗|)T c

""
1
+
""(Ahk+1)T c

""

≤
√
α
""(Ahk)T c

""
1
+

2ψ√
α

""(Ahk+1)T c

""+
√
α
""(|Axk|− |Ax∗|)T c

""
1

(4.8.21)

If

1− 2ψ/α1/2 > α1/2, (4.8.22)

we have

""(|Axk+1|− |Ax∗|)T c

""
1
+
""(Ahk+1)T c

""
1
≤ φ

-""(|Axk|− |Ax∗|)T c

""
1
+
""(Ahk)T c

""
1

.
. (4.8.23)

for φ := α1/2/(1 − 2ψ/α1/2) < 1. We let θ0 = 1
400

and ψ = 0.04 to make (4.8.22) hold.

Consequently, (4.8.23) implies

""(|Axk+1|− |Ax∗|)T c

""
1
+
""(Axk+1 − AQ∗xk+1)T c

""
1

≤ φ
-""(|Axk|− |Ax∗|)T c

""
1
+
""(Axk − AQ∗xk)T c

""
1

. (4.8.24)
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and we have

dist(xk+1, x∗) ≤
'

π

2

""|Axk+1|− |Ax∗|
""
1
+
""Axk+1 − AQ∗xk+1

""
1

2.998−
√
2

≤ (1 + 0.72)

'
π

2

(
""|Axk+1|− |Ax∗|)T c

""
1
+
""(Axk+1 − AQ∗xk+1)T c

""
1

2.998−
√
2

≤ 1.72

'
π

2

φk+1 (‖(|Ax0|− |Ax∗|)T c‖1 + ‖(Ax0 − AQ∗x0)T c‖1)
2.998−

√
2

≤ 1.72

'
π

2

φk+1 (‖|Ax0|− |Ax∗|‖1 + ‖Ax0 − AQ∗x0‖1)
2.998−

√
2

≤ 1.72 · 2.002 · φk+1

2.998−
√
2

dist(x0, x∗) ≤ 2.18 · φk+1
""x0 − x∗"" ,

(4.8.25)

where the first inequality is from Lemma 4.4.4 and Lemma 4.4.5, the second inequality follows

from Lemma 4.8.1 for ψ0 = 0.72, Lemma 4.8.3 for ψ = 0.04 and 0.04 = ψ < ψ0 = 0.72,

the third inequality is due to the induction assumption and the fifth inequality follows from

Lemma 4.4.4 and Lemma 4.4.5.

Therefore
""xk+1 − x∗

"" < 2.18 · ‖x0 − x∗‖ ≤ θ0 ‖x∗‖. We finish the proof of (4.8.7)

and (4.8.8) for xk+1. The convergence rate inequality (4.8.6) follows from (4.8.25) in each

step.

4.9 Numerical Experiments

In all examples, we use the conjugate gradient method (with 30 iterations) to solve the least

square sub-problem. The initialization algorithm we use is from [76].
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Figure 4.1: Empirical recover rate for IRLS with p = 1, Gerchberg-Saxton, TAF with n = 200

for different m/n. Noiseless Gaussian model with ai ∼ N(0, In) and x∗ ∼ N(0, In).

In the first experiment we compare the empirical successful recovery rate of three algo-

rithms under Assumption 4.1.1 with n = 200 and m/n varying by 0.2 from 1.4 to 2.6 and

from 3.2 to 4.4, where a trial is defined as a success if the estimate has a relative error less

than 10−5, namely dist(xk, x∗) < 10−5 ‖x∗‖. For each ratio, we perform the IRLS with p = 1,

IRLS with p = 2 (Gerchberg-Saxton Algorithm) and TAF 100 times each, using random

data. The plot 4.1 shows the empirical recovery rate of the three algorithms out of 100

experiments for each m/n. We see that TAF obtains better rates of recovery than the IRLS

with p = 1 or p = 2.
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Figure 4.2: Empirical recover rate for truncated IRLS with p = 1, truncated IRLS with p = 8,

truncated Gerchberg-Saxton, TAF with n = 200 for differentm/n. Noiseless Gaussian model

with ai ∼ N(0, In) and x∗ ∼ N(0, In).

In the second experiment we compare the empirical recover rate of truncated IRLS for

p = 1, IRLS for p = 2 (Gerchberg-Saxton) with truncation, truncated IRLS for p = 8, and

TAF. The truncation parameter is take to be τ = 0.7. The range of the ratios m/n is from

1.6 to 2.7 varying by 0.1. We see that there is a boost of the recovery rate after we apply

the truncation to IRLS. IRLS with p = 8 outperforms TAF all the way from m/n = 1.6 to

m/n = 2.7. Even when m = 2n, which is almost the critical case1, IRLS with p = 8 reaches

an empirical recovery rate of approximately 0.8.

1m = 2n− 1 is the condition to guarantee unique recovery up to global sign change in the Gaussian case
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Figure 4.3: The convergence curve in the case with sparse noise. A ∈ R400×200 and the first

40 entries of the noise vector is non-zero.

In the third experiment we consider the convergence of IRLS with p = 1 for the case with

sparse noise. In this experiment A ∈ R400×200, with each entry independently sampled from

N(0, 1). The first 40 entries of the noise vector u ∈ R200 and all the entries of x∗ ∈ R200

are independently sampled from N(0, 1). The plot 4.3 shows the convergence of IRLS with

different s. Since 40/200 = 0.2, it is expected that s ≥ 0.2. However, we see even when

s = 0.15, IRLS still converges. IRlS fail to converge to x∗ when s = 0.1. When s is slightly

greater than 0.5, i.e.s = 0.53, IRLS is still able to recover x∗, while fails when s = 0.6. We

recommend to use s = 0.5 in practice.
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Chapter 5

ITERATIVELY RE-WEIGHTED LEAST SQUARES
ALGORITHM FOR DISTANCE FUNCTIONS TO

NON-CONVEX SETS

5.1 Introduction

The iteratively re-weighted least square method (IRLS) was first introduced to solve lp re-

gression problems for 1 ≤ p ≤ ∞ by solving a sequence of l2 problems [?]. Recently, this

methodology has been extended to lp regression problems for 0 ≤ p < 1 . Constrained l1 and

lp regression problems appearing in compressed sensing can also be solved by IRLS [25, 32].

In [32], it is shown that IRLS methods can recover sparse solutions and if the underlying

linear mapping admits the isometry property, then IRLS for l1 regression converges at a

local linear rate while that for lp regression is locally super-linearly convergent. However, the

isometry property does not hold in general. In [59, 44], an IRLS algorithm is shown to solve

the low-rank matrix recovery problem when the mapping matrix satisfies restricted isometry

and null space properties. In [55], IRLS is used to solve low rank and sparse matrix recovery

problem but no convergence rate result is provided. In [11] it is shown that IRLS can be

applied to the convex problems formalized as the sum of distance functions to convex sets

with an iteration complexity of O( 1
ε2
). The problem formalization studied here originates

from that considered in [11].

This chapter concerns the development of an IRLS algorithms (IRLS) designed to solve

problems of the form.

J(x) := min
x

‖A0x− b‖2 +
ℓ!

i=1

dist(Aix|Ci) +
ℓ+h!

i=ℓ+1

dist(Aix|Ci)dist(Ai+hx|Ci+h), (5.1.1)

where x ∈ Rn, b ∈ Rn0 , Ai is a linear transformation from Rn to Rni and Ci’s are non-empty
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closed sets that can be non-convex. Here the ‖·‖ is 2-norm and the distance function is

induced by this norm. A few examples of problems of this type are listed below.

Example 5.1.1. l1-regression. Let A ∈ Rm×n and b ∈ Rm. Let Ai be the ith row vector of

A and bi be the ith entry of b, then

min
x∈Rn

‖Ax− b‖1 =
m!

i=1

dist(Aix|Ci),

where Ci := {bi}.

Example 5.1.2. Real robust phase retrieval 1. Let A ∈ Rm×n and b ∈ Rm
++. Let Ai be

the ith row vector of A and bi be the ith entry of b, then

min
x∈Rn

‖|Ax|− b‖1 =
m!

i=1

dist(Aix|Ci)

where Ci := {bi,−bi}.

Example 5.1.3. Smoothed real robust phase retrieval. Let A ∈ Rm×n and b ∈ Rm
++.

Let Ai be the ith row vector of A and bi be the ith entry of b, then

min
x∈Rn

""|Ax|2 − b
""
1
=

m!

i=1

(|Aix|||Aix|−
1

bi|+
1

bi||Aix|−
1

bi|)

=
m!

i=1

dist((
1

bi)Aix|C1
i ) + dist(Aix|C2)dist(Aix|C3

i ),

(5.1.2)

where C1
i := {±bi}, C2 = {0} and C3

i := {±
√
bi}.

Example 5.1.4. Nesterov’s Chebyshev-Rosenbrock function 1. Nesterov considered

the following non-smooth function:

min
x∈Rn

f(x) =
1

4
|x1 − 1|+

n−1!

i=1

|xi+1 − 2|xi|+ 1|

=
1

4
dist(x1|C0) +

n−1!

i=1

[dist((
√
2xi+1, 2

√
2xi)|C1) + dist((2xi+1, 4xi)|C2)],

(5.1.3)
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where C0 := {1}, C1 = {(x, y)|
√
2x +

√
2y + 1 = 0 or

√
2x −

√
2y + 1 = 0} and C =

{(x, y)|x ≥ −1
2
or y = 0}. The second equality of (5.1.3) is by

|a− 2|b|+ 1| =

C
DE

DF

||a+ 1|− 2|b|| a ≥ −1

||a+ 1|− 2|b||+ 2min{|a+ 1|, 2|b|} a < −1

=
√
2dist((a, 2b)|C̃1) + 2dist((a, 2b)|C̃2)

where C̃1 = {(x, y)|x+ y + 1 = 0 or x− y + 1 = 0} and C̃2 = {(x, y)|x ≥ −1 or y = 0}.

Example 5.1.5. Nesterov’s Chebyshev-Rosenbrock function 2. A second non-smooth

variation of the Rosenbrock function proposed by Nesterov is

f̃(x) =
1

4
(x1 − 1)2 +

n−1!

i=1

|xi+1 − 2x2
i + 1|

=
1

4
(x1 − 1)2 +

m!

i=1

dist((2
√
2xi+1, 2

√
2xi, 2

√
2xi+1)|C3)dist((xi+1, xi)|{(−

7

8
, 0)})

+
m!

i=1

dist((2
√
2xi+1, 2

√
2xi, 2

√
2xi+1)|C3)dist(xi+1|{−

9

8
})

We know

|a− 2b2 + 1| = 2|b2 + (a+
7

8
)2 − (a+

9

8
)2|

= 2|
'

b2 + (a+
7

8
)2 + |a+ 9

8
|||
'

b2 + (a+
7

8
)2 − |a+ 9

8
||

= 2
√
2[dist((a, b)|{(−7

8
, 0)}) + dist(a|{−9

8
})]dist((a, b, a)|C3),

where the cone C3 = {(x, y, z)|(x + 7
8
)2 + y2 = (z + 9

8
)2}. The minimizers of both problems

are x̄ = (1, 1, ..., 1)T

5.2 Notation

Let E be a Euclidean space with Euclidean norm ‖·‖. For C ⊂ E, the distance function for

C is defined to be

dist (a |C ) := inf
b∈C

‖a− b‖ .
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In this chapter we assume that C ⊂ E is a closed subset of the Euclidean space E. In this

case the infimum defining the distance to C is a minimum. If C is also convex, the distance

function is convex. The projection mapping for is given by

PC(a) := argmin
b∈C

‖a− b‖ .

In general, PC : E ⇒ C is multivalued with PC being everywhere single valued if and only

if C is closed and convex. We define pC : E → C to be a selection from PC , that is,

pC(y) ∈ PC(y) for all y ∈ E. Hence dist(y|C) = ‖y − pC(y)‖ on E. The distance function is

Lipschitz continuous Lipschitz constant 1, i.e.,

|dist (a |C )− dist (b |C ) | ≤ ‖a− b‖ ∀ a, b ∈ E.

The set of proximal normals to C at a points ȳ ∈ C is given by

Np
C(ȳ) := {λ(y − ȳ) |λ ≥ 0, ȳ ∈ PC(y)}

= {v | ∃ τ̄ > 0 s.t. ȳ ∈ PC(ȳ + τv) ∀ τ ∈ [0, τ̄ ]} .

The next lemma speaks to the structure of the directional derivative of the distance function

to an arbitrary non-empty closed set. For this purpose, we define the multivalued mapping

G : E ⇒ E by

G(x) :=

C
DE

DF

clconv
%K

y∈PC(x) S ∩Np
C(y)

&
, x /∈ C,

B ∩NC(x) , x ∈ C,

where S := {v | ‖v‖ = 1} is the unit sphere in E and NC(x) is the normal cone to C at x.

Lemma 5.2.1. [46, Lemma 2.19] Let C be a closed set. if x /∈ C, then

dist (x+ h |C ) = dist (x |C ) + L(h; x) + o(‖h‖) as h → 0 (5.2.1)

where

L(h; x) := min

:L
h,

x− z

‖x− z‖

M
| z ∈ PC(x)

;
.

= −σG(x)(−h),

In particular, dist (· |C ) is differentiable at x if and only if there is a unique nearest point

from x in C.
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For a function f we introduce the Fretchet subdifferential.

∂̂f(x̄) = {v|f(x) ≥ f(x̄) + 〈v, x− x̄〉+ o(‖x− x̄‖) as x → x̄.}

The Fretchet subdifferential is extended to limiting subdifferential which is a substitute of

subdifferential in convex case. The limiting subdifferential is defined to be

∂f(x̄) := {v|∃ a sequence {xi, vi}∞i=1 such that xi → x, vi → v, f(xi) → f(x) and vi ∈ ∂̂f(xi)}

Obviously ∂̂f(x) ⊆ ∂f(x). The subdifferential of the distance function is given in the fol-

lowing theorem.

Theorem 5.2.2. [?, Example 8.53] Let C ⊂ E be non-empty and closed, and set f(y) :=

dist (y |C ). Then

∂f(x) =

C
DE

DF

NC(x) ∩ B , x ∈ C,

x−PC(x)
dist(x |C )

, x /∈ C.

5.3 Problem

Let x ∈ Rn, b ∈ Rn0 , Ai is a linear transformation from Rn to Rni and Ci’s are closed sets.

J(x) := min
x

‖A0x− b‖22 +
ℓ!

i=1

dist(Aix|Ci) +
ℓ+h!

i=ℓ+1

dist(Aix|Ci)dist(Ai+hx|Ci+h) (5.3.1)

where Ci is a closed set in Rni and b ∈ Rn0 . Note the above problem is not a convex problem

even when all the Ci’s are convex and H is positive semidefinite. For example |(x−1)(x−2)|

for x ∈ R is not convex.

Instead of minimizing the non-smooth problem (5.3.1), we solve the following approxi-

mation of (5.3.1).

J(x, ε) := ‖A0x− b‖2 +
ℓ!

i=1

)
dist2(Aix|Ci) + ε2 (5.3.2)

+
ℓ+h!

i=ℓ+1

)
dist2(Aix|Ci) + ε2

)
dist2(Ai+hx|Ci+h) + ε2



93

Set pi := pCi
∈ PCi

and Pi := PCi
. For a fixed ε, define the weight vector to be:

wi(x, ε) :=

C
DDDDDDDDDDDDDE

DDDDDDDDDDDDDF

1√
dist2(Aix|Ci)+ε2

1 ≤ i ≤ ℓ

√
dist2(Ai+hx|Ci+h)+ε2√

dist2(Aix|Ci)+ε2
ℓ+ 1 ≤ i ≤ ℓ+ h

√
dist2(Ai−hx|Ci−h)+ε2√

dist2(Ai|Ci)+ε2
ℓ+ h+ 1 ≤ i ≤ ℓ+ 2h.

Notice wi(x, ε)wi+h(x, ε) = 1 for ℓ+1 ≤ i ≤ ℓ+h. When Ci is convex for each 1 ≤ i ≤ ℓ+2h,

J(x, ε) is differentiable and∇J(x, ε) =
@ℓ+2h

i=1 wi(x, ε)A
T
i (Aix−pi(Aix)). For the general case,

we have the following characterization of the limiting subdifferential of J(x, ε).

Lemma 5.3.1. Consider the function J(x, ε) defined in (5.3.2) for some ε > 0. If Aix has

a unique nearest point in Ci for each 1 ≤ i ≤ ℓ+ 2h, then J(x, ε) is differentiable at x and

∇J(x, ε) = 2AT
0 (A0x− b) +

ℓ+2h!

i=1

wi(x, ε)A
T
i (Aix− pi(Aix)). (5.3.3)

Remark 5.3.2. In the case where all of the sets Ci are convex the projections are always

unique and so the function J(·, ε) is everywhere differentiable.

Proof. For (5.3.3), we only need to show that for a closed set C ⊂ Rn, if a ∈ Rn has a

unique nearest point in C, then f(x) :=
)

dist2(x|C) + ε2 is differentiable at a and ∇f(a) =

a−PC(a)√
dist2(a|C)+ε2

. If a /∈ C, Lemma 5.2.1 and the differentibility of the mapping y >→
1

(y)2 + ε2

yield the result. If a ∈ C,

|f(b)− f(a)| =
)

dist2(b|C) + ε2 − ε =
dist2(b)

ε+
)

dist2(b|C) + ε2
≤ 1

2ε
‖a− b‖2 = o(‖a− b‖).

Hence f(x) is differentiable and ∇f(a) = a−PC(a)√
dist2(a|C)+ε2

.

We also require knowledge of the subdifferential ∂xJ(x, ε) when the projections on to each

of the sets Ci is not unique. For this we make use of a simplified version of the subdifferential

product rule.
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Lemma 5.3.3. For i = 1, 2, let φi : Ei → R+ be locally Lipschitz on the Euclidean spaces

Ei, and define φ : E1×E2 → R+ by φ(y1, y2) = φ1(y1)φ2(y2). Then, for all (y1, y2) ∈ E1×E2,

∂φ(y1, y2) = φ2(y2)∂φ1(y1)× φ1(y1)∂φ2(y2).

Proof. By [60] page 168,

∂φ(y1, y2)|(y1,y2)=(ȳ1,ȳ2) = ∂(φ2(ȳ2)φ1(·) + φ1(ȳ1)φ2(·))(ȳ1, ȳ2).

By [68, Proposition 10.5] and the non-negativity and Lipschitz continuity of the functions

φ1,

∂(φ2(ȳ2)φ1(·) + φ1(ȳ1)φ2(·))(ȳ1, ȳ2) = φ2(ȳ2)∂φ1(ȳ1)× φ1(ȳ1)∂φ2(ȳ2).

Lemma 5.3.4. Consider the function J(x, ε) defined in (5.3.2) for some ε > 0. Then, for

every x ∈ Rn,

∂xJ(x, ε) ⊂ 2AT
0 (A0x− b) +

ℓ+2h!

i=1

wi(x, ε)A
T
i (Aix− Pi(Aix))

with equality holding if Aix has a unique nearest point in Ci for each 1 ≤ i ≤ ℓ+ 2h.

Proof. Define h : Rn0 × Rn1 × · · ·× Rnℓ+2h → R by

ψ(y) := ‖y0 − b‖2 +
ℓ!

i=1

)
dist2(yi|Ci) + ε2

+
ℓ+h!

i=ℓ+1

)
dist2(yi|Ci) + ε2

)
dist2(yi+h|Ci+h) + ε2.

By [?, Proposition 10.5] and Lemma 5.3.3,

∂ψ(y) = {2(y0 − b)}× w1(x, ε)(y1 − P1(y1))× · · ·× wℓ+2h(x, ε)(yℓ+2h − Pℓ+2h(yℓ+2h)).

The result now follows by [68, Theorem 10.6].
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Lemma 5.3.5. Let x∗ be the solution of (5.3.1), and let ε ∈ (0, 1) and ε > 0. Suppose xε

is a global solution to minx J(x, ε) and xε
ε is a ε-solution, i.e. J(xε

ε , ε)− J(xε, ε) < ε. When

h = 0 in (5.3.1), we have

J(xε
ε)− J(x∗) ≤ ℓε+ ε.

For the case when h ∕= 0 in (5.3.1), assume that Ci, Ci+h are compact, Ai = Ai+h for each

ℓ + 1 ≤ i ≤ ℓ + h, set Ki := max{‖a− b‖ |a ∈ Ci, b ∈ Ci+h} < ∞ and K :=
@ℓ+h

i=1 Ki, and

let x̃ be an arbitrary vector in Rn. Then

J(xε
ε)− J(x∗) ≤ ε+ (3ℓ+ h+K + J(x̃))ε.

Proof. When h = 0, the convexity of J(x, ε) in ε implies that

0 ≤ J(x∗, ε)− J(x∗) ≤ ∇εJ(x∗, ε)(ε− 0) =
ℓ!

i=1

ε2)
dist2(Aix∗)|Ci) + ε2

≤ ℓε

The definitions of xε
ε , xε and x∗ yield

J(xε
ε)− J(x∗) ≤ (J(xε

ε , ε)− J(xε, ε)) + (J(xε, ε)− J(x∗, ε)) + (J(x∗, ε)− J(x∗)) ≤ ε+ ℓε

(5.3.4)

When h ∕= 0 and Ci is compact for each ℓ + 1 ≤ i ≤ ℓ + h, by repeating the above

procedure, since for a, b ≥ 0,

√
a2 + ε2

√
b2 + ε2 − ab =

(a2 + b2)ε2 + ε41
(a2 + ε2)(b2 + ε2) + ab

≤
1

(a2 + b2)ε2 + ε4

= ε
√
a2 + b2 + ε2 ≤ (a+ b+ ε)ε

(5.3.5)

we have

0 ≤ J(x∗, ε)− J(x∗) ≤ (ℓ+ hε+
ℓ+2h!

i=ℓ+1

dist(Aix∗|Ci))ε. (5.3.6)

For ℓ + 1 ≤ i ≤ ℓ + h and z ∈ Rni , if either dist(z|Ci) ≤ 1 or dist(z|Ci+h) ≤ 1, by triangle

inequality, we have

dist(z|Ci) + dist(z|Ci+h) ≤ 2 + max{‖a− b‖ |a ∈ Ci, b ∈ Ci+h} = 2 +Ki. (5.3.7)
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Since dist(z|Ci)+dist(z|Ci+h) < 2dist(z|Ci)dist(z|Ci+h) when dist(z|Ci) > 1 and dist(z|Ci+h) >

1, combining with (5.3.7), we know

dist(z|Ci) + dist(z|Ci+h) ≤ 2 +Ki + 2dist(z|Ci)dist(z|Ci+h). (5.3.8)

With K :=
@ℓ+h

i=ℓ+1 Ki as defined above, we have

ℓ+2h!

i=ℓ+1

dist(Aix∗|Ci) ≤ 2h+K + 2
ℓ+h!

i=ℓ+1

dist(Aix∗|Ci)dist(Aix∗|Ci+h) (By (5.3.8))

≤ 2h+K + 2J(x∗)

≤ 2h+K + 2J(x̃). (x∗ minimize J(x))

(5.3.9)

Similar to (5.3.4), combining with (5.3.6) and (5.3.9), we have

J(xε
ε)− J(x∗) ≤ ε+ (3ℓ+ h+K + J(x̃))ε.

Hence when h = 0, in order to find an ε-optimal solution of (5.3.1), we only need to find

an ε
2
-optimal solution of J(x, ε

2ℓ
). When h ∕= 0, in order to find an ε-optimal solution of

(5.3.1), we only need to find an ε
2
-optimal solution of J(x, ε/2(3ℓ + h +K + J(x̃))), where

x̃ is some arbitrary vector we select beforehand. All the following algorithms are devoted to

solve (5.3.2).

5.4 Algorithms

Define

G(x, xk, ε) := α ‖A0x− b‖2 + 1

2

ℓ!

i=1

wi(xk, ε) ‖Aix− αPi(Aixk)− (1− α)Aixk‖2
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The first algorithm is as follows:

Algorithm 9: Iteratively re-weighted least square algorithm with fixed α

Input : x0

Initialize ε, 0 < α < 2.

1 while not converge do

2 xk+1 ← argminx G(x, xk, ε)

3 k ← k + 1

4 end

Output: xk

For the later discussion, without loss of generality, we always assume A is of full column

rank, since we can preprocess the problem so that this condition is satisfied.

Lemma 5.4.1. For fixed ε and 0 < α < 2. Suppose {xk}k≥0 be the sequence generated by

Algorithm 1. Then for every k ≥ 1,

J(xk+1, ε)− J(xk, ε) ≤ −‖A0xk+1 − A0xk‖2 −
2− α

2α

ℓ+2h!

i=1

wi(xk, ε) ‖Aixk+1 − Aixk‖2

Proof. By definition

2αAT
0 (A0xk+1 − b) +

ℓ+2h!

i=1

wi(xk, ε)[αA
T
i (Aixk+1 − Pi(Aixk)) (5.4.1)

+ (1− α)AT
i (Aixk+1 − Aixk)] = 0

By applying inner product 〈·, xk+1 − xk〉 on both sides,

2α 〈A0xk+1 − b, A0xk+1 − A0xk〉 (5.4.2)

+
ℓ+2h!

i=1

wi(xk, ε)[α 〈Aixk+1 − Pi(Aixk), Aixk+1 − Aixk〉+ (1− α) ‖Aixk+1 − Aixk‖2] = 0

By concavity of the square root function f(a) :=
√
a, a ≥ 0 for 1 ≤ i ≤ ℓ and the joint

concavity of f(a, b) :=
√
a · b, a, b ≥ 0 for ℓ+1 ≤ i ≤ ℓ+2h ( which follows from a1b2+a2b1

2
≥
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√
a1b1a2b2 for a1, a2, b1, b2 ∈ R+),

J(xk+1, ε)− J(xk, ε) ≤ ‖A0xk+1 − b‖2 − ‖A0xk − b‖2 (5.4.3)

+
1

2

ℓ+2h!

i=1

wi(xk, ε)(‖Aixk+1 − Pi(Aixk+1)‖2 − ‖Aixk − Pi(Aixk)‖2).

Observe that

ℓ+2h!

i=1

wi(xk, ε) 〈Aixk+1 − Pi(Aixk), Aixk+1 − Aixk〉 =
1

2

ℓ+2h!

i=1

wi(xk, ε) ‖Aixk+1 − Pi(Aixk)‖2

(5.4.4)

− 1

2

ℓ+2h!

i=1

wi(xk, ε) ‖Aixk − Pi(Aixk)‖2 +
1

2

ℓ+2h!

i=1

wi(xk, ε) ‖Aixk+1 − Aixk‖2 .

By (5.4.2), (5.4.3), (5.4.4) and ‖Aixk+1 − Pi(Aixk+1)‖ ≤ ‖Aixk+1 − Pi(Aixk)‖,

J(xk+1, ε)− J(xk, ε) ≤ −‖A0xk+1 − A0xk‖2 −
2− α

2α

ℓ+2h!

i=1

wi(xk, ε) ‖Aixk+1 − Aixk‖2 .

Convex setting

First we prove the complexity result of the convex case. In this subsection we assume h = 0

and all the sets Ci, i = 1, . . . , ℓ, are convex. For Y ∈ Rm, define the horizon cone to be

Y ∞ :=
<
z
(( ∃tk ↓ 0, {yk} ⊂ Y such that tkyk → z

=
.

A standard result on the horizon cone [69, Theorem 8.1] is that if Y ⊂ Rm is nonempty,

closed and convex, then

Y ∞ = {z |Y + z ⊂ Y } .

Set C := C1× ...×Cℓ which is a convex set in E1× ...×Eℓ. We make use of the following

theorem from [11].
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Theorem 5.4.2. [11, Theorem 2.8] Let α > 0 and ε > 0 be such that the set

L(α, ε) := {x|J(x, ε) ≤ α}

is nonempty. Then L(α, ε) is compact for all (α, ε) ∈ R2 if and only if

[x̄ ∈ ker(AT
0A0) ∩ A−1C∞] ⇔ x̄ = 0.

Hence if either C is compact or AT
0A0 is positive definite are satisfied, then the set

K := {x|J(x, ε) ≤ J(x0, ε)} is compact.

Assumption 1: The integer h = 0, all of the sets Ci, i = 1, . . . , ℓ, are non-empty, closed

and convex and either C := C1 × ... × Cℓ is compact or AT
0A0 is positive definite in which

case the diameter of the set K := {x|J(x, ε) ≤ J(x0, ε)} is finite, i.e.

+∞ > M := sup
x,y∈K

‖x− y‖ .

Theorem 5.4.3. Under Assumption 1, let ε ∈ (0, 1) and xε be the solution to minx J(x, ε).

Suppose {xk}k≥0 be the sequence generated by Algorithm 1. Then

J(xk, ε)− J(xε, ε) ≤
J(x0, ε)

kεα(2− α)J(x0, ε)/(σ2
1M

2(2ℓ+ 4)) + 1
,

where σ1 is great than the largest singular value of all Ai for 0 ≤ i ≤ ℓ+ 2h.

Proof. Set δk := J(xk, ε)− J(xε, ε). By (5.4.1),

∇xJ(xk, ε) = 2AT
0 (A0xk − b) +

ℓ!

i=1

wi(xk, ε)A
T
i (Aixk − Pi(Aixk)) (5.4.5)

= −2AT
0 (A0xk+1 − A0xk)−

1

α

ℓ!

i=1

wi(xk, ε)A
T
i (Aixk+1 − Aixk)

By (5.4.5), the convexity of J(·, ε) and the fact that ‖xk − xε‖ ≤ M ,

δk ≤ 〈∇xJ(xk, ε), xk − xε〉 ≤ M ‖∇xJ(xk, ε)‖

≤ σ1M

α

ℓ!

i=1

wi(xk, ε) ‖Aixk+1 − Aixk‖+ 2σ1M ‖A0xk+1 − A0xk‖ .
(5.4.6)
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Recall Cauchy-Schwartz inequality is

(
ℓ!

i=0

aibi)
2 ≤ (

ℓ!

i=0

a2i )(
ℓ!

i=0

b2i )

Letting a0 = 2, b0 = ‖A0xk+1 − A0xk‖, and for 1 ≤ i ≤ ℓ, ai :=
)

2wi(xk,ε)
α(2−α)

, bi :=
)

(2−α)wi(xk,ε)
2α

‖Aixk+1 − Aixk‖, we have

*
2 ‖A0xk+1 − A0xk‖+

1

α

ℓ!

i=1

wi(xk, ε) ‖Aixk+1 − Aixk‖
+2

≤
6
‖A0xk+1 − A0xk‖2 +

2− α

2α

ℓ!

i=1

wi(xk, ε) ‖Aixk+1 − Aixk‖2
76

4 +
2

α(2− α)

ℓ!

i=1

wi(xk, ε)

7

≤ (J(xk, ε)− J(xk+1, ε))

8
4 +

2ℓ

α(2− α)ε

9
,

(5.4.7)

where the last inequality follows from Lemma 5.4.1 and the observation that

ℓ!

i=1

wi(xk, ε) =
ℓ!

i=1

(dist2(Aixk|Ci) + ε2)−1/2 ≤ ℓ/ε .

By combining (5.4.6) and (5.4.7) we know

δ2k ≤ σ2
1M

2

#
4 +

2ℓ

α(2− α)ε

$
(J(xk, ε)− J(xk+1, ε)) = C(ε)(δk − δk+1) (5.4.8)

where C(ε) := σ2
1M

2
%
4 + 2ℓ

α(2−α)ε

&
for simplicity.

By Lemma 5.4.1, δk+1 ≤ δk, and so, by dividing (5.4.8) by δkδk+1, we find that

1

δk+1

− 1

δk
≥ δk

C(ε)δk+1

≥ 1

C(ε)
.

Summing this inequality over k and yields the inequality

1

δk
≥ k

C(ε)
+

1

δ0
. (5.4.9)

Since δ0 ≤ J(x0, ε), this gives the bound

δk ≤
C(ε)J(x0, ε)

kJ(x0, ε) + C(ε)
=

J(x0, ε)

kJ(x0, ε)/C(ε) + 1
.
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Finally, since α(2− α) ≤ 1 and ε ∈ (0, 1), we have C(ε) = σ2
1M

2
%
4 + 2ℓ

α(2−α)ε

&
≤ σ2

1M
2(2ℓ+4)

α(2−α)ε
.

Therefore

J(xk, ε)− J(xε, ε) = δk ≤
J(x0, ε)

kJ(x0, ε)/C(ε) + 1
≤ J(x0, ε)

kεα(2− α)J(x0, ε)/(σ2
1M

2(2ℓ+ 4)) + 1
.

Corollary 5.4.4. Under the assumptions of Theorem 5.4.3, if ε = ε
2ℓ
, Algorithm 1 requires

O( 1
ε2
) iterations k to attain ε-optimality for J(x).

Proof. This follows directly from Lemma (5.3.5) and Theorem (5.4.3).

Non-convex setting

Next we consider the non-convex setting, and consider the measure of proximity to optimality

given by

T (x) := dist22 (0 |R(x)) .

where

R(x) := 2AT
0 (A0x− b) +

ℓ+2h!

i=1

wi(x, ε)A
T
i (Aix− Pi(Aix)).

Recall from Lemma 5.3.4 that ∂xJ(x, ε) ⊂ R(x) with equality if Aix has a unique projection

onto Ci for all i = 1, . . . , ℓ + 2h. For this reason, the condition 0 ∈ R(x), or T (x) = 0, is a

weak form of first-order stationarity for the problem minx J(x, ε).

Theorem 5.4.5. Let ε ∈ (0, 1], xε be the solution to minx J(x, ε), {xk}k≥0 be a sequence

generated by Algorithm 1. Then

min
1≤j≤k

T (xj) ≤
σ1

k

#
4 +

2

α(2− α)

#
ℓ

ε
+

2J(x0, ε)

ε2

$$
J(x0, ε).

Proof. Set uk := 2AT
0 (A0xk−b)+

@ℓ+2h
i=1 wi(xk, ε)A

T
i (Aixk−pi(Aixk)). As in (5.4.5), we have

uk = 2AT
0 (A0xk − b) +

ℓ+2h!

i=1

wi(xk, ε)A
T
i (Aixk − pi(Aixk))

= −2AT
0 (A0xk+1 − A0xk)−

1

α

ℓ+2h!

i=1

wi(xk, ε)A
T
i (Aixk+1 − Aixk).

(5.4.10)
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Next, observe that

ℓ+2h!

i=1

wi(xk, ε) ≤
ℓ!

i=1

wi(xk, ε) +
ℓ+2h!

i=ℓ+1

wi(xk, ε) ≤
ℓ

ε
+

2J(x0, ε)

ε2
,

since, for 1 ≤ i ≤ ℓ, wi(xk, ε) ≤ 1
ε
and for ℓ+ 1 ≤ i ≤ ℓ+ h, one can show that

wi(xk, ε) + wi+h(xk, ε) ≤
2
)

dist2(Aixk|Ci) + ε2
)

dist2(Ai+hxk|Ci+h) + ε2

ε2
,

so that

ℓ+2h!

i=ℓ+1

wi(xk, ε) ≤
2

ε2

ℓ+h!

i=ℓ+1

)
dist2(Aixk|Ci) + ε2

)
dist2(Ai+hxk|Ci+h) + ε2

≤ 2

ε2
J(xk, ε)

≤ 2

ε2
J(x0, ε),

where the final inequality follows from Lemma 5.4.1 which shows that {J(xk, ε)} is a de-

creasing sequence. Then, as in (5.4.7), we use (5.4.10) to find that

‖uk‖2 ≤ σ2
1

*
4 +

2

α(2− α)

ℓ+2h!

i=1

wi(xk, ε)

+
(J(xk, ε)− J(xk+1, ε))

≤ σ2
1

#
4 +

2

α(2− α)

#
ℓ

ε
+

2J(x0, ε)

ε2

$$
(J(xk, ε)− J(xk+1, ε))

= C(ε)(J(xk, ε)− J(xk+1, ε))

(5.4.11)

where C(ε) := σ2
1

%
4 + 2

α(2−α)

%
ℓ
ε
+ 2J(x0,ε)

ε2

&&
for simplicity. By summing over k and telescop-

ing we see that
k!

j=1

‖uj‖2 ≤ C(ε)(J(x0, ε)− J(xε, ε)).

By Lemma 5.3.4, we arrive at the desired result.

Corollary 5.4.6. In Theorem (5.4.5), if h = 0, then

min
1≤j≤ℓ

T (xj) ≤
σ1

k

#
4 +

2ℓ

α(2− α)ε

$
J(x0, ε)
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Proof. When h = 0,
@ℓ

i=1 wi(xk, ε) ≤ ℓ
ε
. The result follows similarly.

Corollary 5.4.7. In theorem (5.4.5), if for ℓ + 1 ≤ i ≤ ℓ + h, Ai = Ai+h and Ci, Ci+h is

compact. Hence Ki := max{‖a− b‖ |a ∈ Ci, b ∈ Ci+h} < ∞. Let K :=
@m

i=1 Ki. Then

min
1≤j≤ℓ

T (xj) ≤
σ1

k

#
4 +

2ℓ+ 4h+K + 2J(x0, ε)

α(2− α)ε

$
J(x0, ε)

Proof. For ℓ+ 1 ≤ i ≤ ℓ+ h and any z ∈ Rni , we have

)
dist2(z|Ci) + ε2 +

)
dist2(z|Ci+h) + ε2 ≤ 2ε+ dist(z|Ci) + dist(z|Ci+h)

≤ 4 +Ki + 2dist(z|Ci)dist(z|Ci+h)
(5.4.12)

Then for k ≥ 0, letting z = Aixk in (5.4.12), we have

wi(xk, ε) + wi+h(xk, ε) ≤
1

ε

#)
dist2(Aixk|Ci) + ε2 +

)
dist2(Aixk|Ci+h) + ε2

$

≤ 1

ε
(4 +Ki + 2dist(Aixk|Ci)dist(Aixk|Ci+h))

≤ 1

ε

#
4 +Ki + 2

)
(dist2(Aixk|Ci) + ε2)(dist2(Aixk|Ci+h) + ε2)

$

Therefore

ℓ+h!

i=ℓ+1

wi(xk, ε) ≤
1

ε

*
4h+K+2

ℓ+h!

i=ℓ+1

)
(dist2(Aixk|Ci) + ε2)(dist2(Aixk|Ci+h) + ε2)

+

≤ 1

ε
(4h+K + 2J(xk, ε))

≤ 1

ε
(4h+K + 2J(x0, ε)),

(5.4.13)

where the last inequality is by decreasing of J(xk, ε). Repeat the same procedure as in

Theorem (5.4.5), we obtain the desired result. Follow the same procedure we can arrive at

the desired result.
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5.5 Interpretation of IRLS and an IRLS with line search

Next we give an interpretation of IRLS. Define the following function

G(x, s, w, p) := α ‖A0x− b‖2 + α

2

ℓ!

i=1

1

si
(‖Aix− pi‖2 + ε2) + si

+
α

2

ℓ+h!

i=ℓ+1

1

si
(‖Aix− pi‖2 + ε2) + si(‖Ai+hx− pi+h‖2 + ε2) +

1− α

2

ℓ+2h!

i=1

‖Aix− wi‖2

(5.5.1)

One can check this is a convex function. Consider the following optimization problem:

min
x,s,w,p

G(x, s, w, p) such that pi ∈ Ci and si > 0 for all 1 ≤ i ≤ ℓ

Note if x∗, s∗, w∗, p∗ ∈ argminx,s,w,p G(x, s, w, p), then p∗i = pi(Aix
∗), w∗

i = Aix∗, s
∗
i =)

‖Aix∗ − pi(Aix∗)‖2 + ε2 for 1 ≤ i ≤ ℓ, s∗i =

√
‖Aix∗−pi(Aix∗)‖2+ε2√

‖Ai+hx∗−Pi+h(Ai+hx∗)‖2+ε2
for ℓ+1 ≤ i ≤ ℓ+h.

Furthermore, G(x∗, s∗, w∗, p∗) = αJ(x∗, ε). Thus x∗ is also the minimizer of J(x, ε). For

0 < α ≤ 1, we have the following alternative direction block coordinate descent interpretation

of IRLS.

Algorithm 10: A block coordinate descent interpretation of iteratively re-weighted

least square algorithm with fixed 0 < α ≤ 1

Input : x0, s0, w0, p0

Initialize ε, 0 < α ≤ 1.

1 while not converge do

2 wk+1, pk+1 ← argminpi∈Ci,w
G(xk, sk, w, p)

3 sk+1 ← argmins>0 G(xk, s, wk+1, pk+1)

4 xk+1 ← argminx G(x, sk+1, wk+1, pk+1)

5 k ← k + 1

6 end

Output: xk

Step 2 gives the least square sub-problem in each sub-step of Algorithm 1. Let

W (α) = diag{w1(x(α), ε)In1 , ..., wℓ(x(α), ε)Inℓ
}
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and

W = diag{w1(x0, ε)In1 , ..., wnℓ
(x0, ε)Inℓ

}.

Let the operator

f(y) :=

N

OOOP

(I − P1)A1

...

(I − Pℓ)Aℓ

Q

RRRS
y

For a fixed x0, let

x(α) = argmin
x

ℓ!

i=1

wi(xk, ε) ‖Aix− αpi(Aix0)− (1− α)Aix0‖2

One can obtain x(α) = x0 + αv where v = −(ATWA)−1ATWf(x0). By Lemma (5.4.1) we

know v is a descent direction of J(x, ε) at x0. Ideally, to make function value decrease most,

we can let

αk = argmin
α>0

J(xk−1 + αvk−1, ε)

where vk−1 = −(ATWA)−1ATWf(xk−1). Note the above problem is a 1 dimensional convex

optimization problem since it’s the composition of a convex function and a linear func-

tion. This problem may still be costly to solve. In practice we may use a line search

method, i.e. we record a geometric sequence of length L on this line and pick the α mak-

ing the function value J(xk−1 + αvk−1, ε) decrease the most. The algorithm is as follows:
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Algorithm 11: Iteratively re-weighted least square algorithm with line search

Input : x0

Initialize ε > 0, L ∈ N, η > 1.

1 while not converge do

2 v = −(ATWA)−1ATWf(xk)

3 if J(xk + v, ε) > J(xk + ηv, ε) then

4 i ← 0

5 while i < L and J(xk + ηiv, ε) > J(xk + ηi+1v, ε) do

6 i ← i+ 1

7 end

8 α = ηi

9 else if J(xk + v, ε) > J(xk + v/η, ε) then

10 i ← 0

11 while i < L and J(xk + η−iv, ε) > J(xk + η−(i+1)v, ε) do

12 i ← i+ 1

13 end

14 α = η−i

15 else

16 α = 1

17 end

18 xk+1 ← xk + αv

19 k ← k + 1

20 end

Output: xk

For each sub-step, we select α in this way. Fix a constant η > 1 and L ∈ N. First let

α = 1. If the minimizer is greater than 1, we choose the smallest among {J(x(ηj), ε)|0 ≤ j ≤

L− 1}. If the minimizer is smaller than a, we choose the smallest among {J(x(η−j), ε)|0 ≤

j ≤ L− 1}.
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The IRLS with line search reduces the number of least square sub-problems, though it

will increase the time in each sub-step due to line search. However, in practice, line search

helps accelerate convergence a lot.

5.6 Practical considerations

In this section we discuss about the practical issues when we implement the algorithms. We

illustrate the numerical issues through a simple l1-regression example, i.e., J(x) = ‖Ax− b‖1.

A and b are randomly generated following independent normal distributions. For each entry

aij of A, aij ∼ N(1, 5) and for each bi of b, bi ∼ N(0, 0.1). The sizes of A and b vary due to

each different task.

5.6.1 numerical instability

The first question is which ε we should select. By lemma (5.3.5), in order to find an ε-optimal

solution of (5.3.1), we need to find an ε
2
-optimal solution of J(x, ε

2ℓ
). Thus we cannot choose

a large ε.

Left side of figure (5.1) shows how J(xk)− J(xmin) decreases with respect to different ε’s

using algorithm (12), where xmin is the true minimizer of J(·).
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Figure 5.1: A ∈ R500×100 and b ∈ R500. Left side is J(xk)− J(xmin) vs number of iterations

using algorithm (9) for different ε’s. Right side is J(xk) − J(xmin) vs number of iterations

using algorithm (12) for different ε’s, where M = 107. In both experiments α = 1.

IRLS converges fast for large ε, while for smaller ε it converges slowly. However, when

ε is very small, ε = 10−12 or ε = 10−14 in this case, the function value doesn’t decrease

as expected but oscillates around a certain value. When ε is too small, as the algorithm

proceed, it may generates xk with small |Aix− bi| for some i. In this case the reciprocal of a

small number would devote to numerical instability. One way out is to perform a modified

version of Algorithm (9) instead. We truncate the scaled weights if the scaled weights exceed
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some large number.

Algorithm 12: Modified iteratively re-weighted least square algorithm with fixed

α
Input : x0

Initialize ε > 0, 0 < α < 2, a large M .

1 while not converge do

2 w̃i(xk, ε) ← wi(xk, ε)/min{wi(xk, ε)|1 ≤ i ≤ ℓ}

3 w̃i(xk, ε) ← min{w̃i(xk, ε),M}

4 xk+1 ←

argminx α ‖A0x− b‖2 + 1
2

@ℓ
i=1 w̃i(xk, ε) ‖Aix− αPi(Aixk)− (1− α)Aixk‖2

5 k ← k + 1

6 end

Output: xk

On one hand algorithm (12) will stablize the convergence curve when ε is small (see left of

figure (5.1)); but one the other hand, the truncation will prevent the curve from converging

to the true optimal solution, especially when ε is small (see left side of figure (5.2)). The

reason is that the weights after truncation might not give a descent direction for J(·, ε) for

a fixed α. However, IRLS with line search (algorithm (11)) will make J(·, ε) increase less if

the direction is not a descent direction and will make J(·, ε) decease more if the direction is

indeed a descent direction. Algorithm (11) has the ability to break the stability issue for the

truncated IRLS with fixed α when ε is small. See the right side of figure (5.2).
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Figure 5.2: A ∈ R500×100 and b ∈ R500. Left side is J(xk, ε) − J(xmin, ε) vs number of

iterations using algorithm (12) for different ε’s where M = 107 and α = 1. Right side is

J(xk, ε)− J(xmin, ε) vs number of iterations using algorithm (11) with L = 10, η = 1.1.

5.6.2 different α’s

The second question is which α we should choose in practice. Recall that α can be interpreted

as the step size in the descent direction. Since our goal is to evaluate the optimization problem

(5.3.1), the objective value we take is J(x) − J(xmin) where xmin is true minimizer of J(·).

Let ε = 10−9 and M = 107. We perform algorithm (12).
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Figure 5.3: A ∈ R500×100, b ∈ R500 and ε = 10−9. Left side is J(xk) − J(xmin) vs number

of iterations using algorithm (12) for α ∈ [0.4, 0.6, 0.8, 1, 1.2, 1.6, 1.8] where M = 107. Right

side is ‖xk − xmin‖ / ‖xmin‖ vs different α’s using algorithm (11) with L = 10, η = 1.1. The

number of the iteration steps is 2000.

[?] considered only the case when α = 1. In figure (5.3), one can observe α = 1 might

not perform best among all 0 ≤ α ≤ 2. Empirically, when α is small, IRLS cannot obtain a

good accuracy and converges slowly; when α is large, IRLS can obtain a better accuracy and

converges faster. Also, a larger α provides with a closer solution to the true optimal point.

In practice α ∈ [1.5, 1.8] gives the fastest convergence rate and highest accuracy.

5.6.3 convergence speed and accuracy

We compare the convergence speed of IRLS with line search (algorithm (11)), IRLS with

fixed α and the l1 solver of CVXPY package in python when the size of A and b varies.

By default CVXPY uses a fast interior point method to solve l1 regression since it can be

transformed to a linear programming problem.
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Figure 5.4: A ∈ Rm×100, b ∈ Rm and ε = 10−9. m ∈

[500, 1000, 2000, 5000, 10000, 15000, 20000]. Left side is ‖Ax− b‖ /m vs m using

algorithm.M = 107. Right side is time vs different α’s. The stopping condition is

‖xk − xk−1‖ < τ for τ = 10−5. When algorithm (12) is used, M = 107. When algorithm

(11) is used, L = 30, η = 1.1.

CVXPY performs a little better for small scale problem. For large scale problems, the

running times of IRLS’s didn’t increase too much while the running time of CVXPY increases

drastically. For the accuracy, all the four algorithms gives approximately the same objective

value. IRLS with line search always outperforms IRLS with α = 1 or α = 1.5 in terms of

running time.

5.6.4 IRLS with line search

In non-convex optimization, IRLS with line search can help escape from local minima/saddle

point in practice, compared to IRLS with fixed step size. See more in the numerical experi-

ments section.
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5.7 Numerical Experiments

5.7.1 Robust Phase Retrieval 1

We consider the robust phase retrieval problem:

min
x∈Rn

J(x) := ‖|Ax|− b‖1 =
ℓ!

i=1

dist(Aix|{−bi, bi}) (5.7.1)

where A ∈ Rm×n, b ∈ Rm
+ and |Ax| means absolute value function apply to each component

of vector Ax. Denote the circle {a ∈ C| ‖a‖ = x} by Cx. In practice b is the observation

and x is the signal we hope to recover. We used IRLS algorithm to (5.7.1) as an application.

In this example we consider the image recover problem from MNIST data set. The size

of the image matrix is 28 × 28 = 784. We flatten the image matrix to a vector of size

n = 784. For the measurement matrix A, we make the each entry sampled independently

from N(0, 1). Let the number of the measurements, ℓ, be 4 times of the signal vector, namely

ℓ := 4× 28× 28 = 3136.

In the first experiment, we consider robust phase retrieval 1 without noise. We sample a

image matrix and flatten it. Let the vector be x∗ and b = |Ax∗|. We use the initialization

algorithm in [76]. First initialize ε0 = 0.1. For each sub-step, if ‖xk+1 − xk‖ < 10−5 and

ε > 10−12, let εk+1 = 0.9εk; and εk+1 = εk otherwise. We only do the reducing update for

ε > 10−12 since an extremely small ε will lead to instability of the experiments. We plot the

objective J(xk) versus the number of iterations.

In the second experiment, we consider robust phase retrieval 1 with sparse noise. we

also sample an image as the vector we want to recover. Instead of letting b = |Ax|, we let

b = ||Ax∗|+es|, where the error vector es ∈ R3136 is sparse. In particular, the first 100 entries

of es are sampled independently from N(0, 1) and the rest of entries are zeros. We keep the

same initialization algorithm and ε updating strategy as in the first experiment. Since in the

second chapter of the thesis, we show that when the measurement matrix is i.i.d. N(0, 1)

and the error is sparse, x∗ should still be the global minimizer. Therefore in this case we

plot the objective difference J(xk)− J(x∗) versus the number of iterations.



114

In the third experiment, we consider robust phase retrieval 1 with Gaussian noise. We

use the same image as in the first and second example. In this case, b = b = ||Ax| + 0.5eg|,

where eg ∈ R3136 are sampled independently from Gaussian distribution N(0, 1). The same

initialization algorithm is used. Meanwhile, we keep ε unchanged during the algorithm, in

order the track the change of the subdifferentials. We plot ‖u(xk)‖ versus the number of

iterations plot in this case. Note T (xk) ≤ ‖u(xk)‖2.

5.7.2 Robust Phase Retrieval 2

A more popular formalization of phase retrieval problem is to minimize

min
x∈Cn

J ′(x) :=
""|Ax|2 − b

""
1

(5.7.2)

We call this robust phase retrieval 2. For each row Ai of matrix A (1 ≤ i ≤ m), note

||Aix|2 − bi| =
1

bi||Aix|−
1

bi|+ |Aix|||Aix|− bi|

= dist(
1

biAix|{−
1

bi,
1

bi}) + dist(Aix|{0})dist(Aix|{bi,−bi})

Therefore Problem (5.7.2) fits the IRLS formalization (5.1.1). Similar as robust phase re-

trieval 1, we consider the noiseless case, the case where sparse noise presents and the case

with Gaussian noise. Instead of minimizing Problem (5.7.2), we minimize

min
x

J(x) :=
""(Ax)2 − b2

""
1

for convenience of illustration.

In experiment 4, vector x∗ is also sampled from MXNET dataset. Let b = |Ax∗|. The

ε updating strategy is the same as of experiment 1. We plot the objective J(xk) versus the

number of iterations.

In experiment 5, the observation b = ||Ax∗| + es| where the definition of es is the same

as experiment 2. We plot the objective J(xk)− J(x∗) versus the number of iterations.

In experiment 6, the observation b = ||Ax∗|+0.5eg| where eg is the i.i.d. standard normal

noise.
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For all the experiments from 4 to 6, we also do the initialization according to [76]. We

plot u(xk) versus the number of iterations. Note u(xk) belongs to the limiting subdifferential

of the approximation problem evaluating at xk.
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Figure 5.5: Experiments in the first row represents the noiseless case. Top left plot is

experiment 1, while top right is experiment 4. The second row denotes the case where sparse

noise presents. Middle left is experiment 2 and Middle right is experiment 5. The last row

are the experiments where Gaussian noise presents. Top left is experiment 1. Bottom left is

experiment 3 and bottom right is experiment 6 with ε = 10−3.
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Figure 5.6: The top left figure is the original image. The top right is the image of initial-

ization. The bottom left figure is the recovery image of IRLS with α = 1 for experiment 1.

The bottom is the recovery image of IRLS with α = 1 for experiment 4.
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5.7.3 Nesterov’s Chebyshev-Rosenbrock Functions

Nesterov considered the following non-smooth function:

min
x∈Rn

f(x) =
1

4
|x1 − 1|+

n−1!

i=1

|xi+1 − 2|xi|+ 1|

=
1

4
dist(x1|C0) +

n−1!

i=1

[dist((
√
2xi+1, 2

√
2xi)|C1) + dist((2xi+1, 4xi)|C2)],

(5.7.3)

where C0 := {1}, C1 = {(x, y)|
√
2x +

√
2y + 1 = 0 or

√
2x −

√
2y + 1 = 0} and C =

{(x, y)|x ≥ −1
2
or y = 0}. The second equality of (5.7.3) is by

|a− 2|b|+ 1| =

C
DE

DF

||a+ 1|− 2|b|| a ≥ −1

||a+ 1|− 2|b||+ 2min{|a+ 1|, 2|b|} a < −1

=
√
2dist((a, 2b)|C̃1) + 2dist((a, 2b)|C̃2)

where C̃1 = {(x, y)|x + y + 1 = 0 or x − y + 1 = 0} and C̃2 = {(x, y)|x ≥ −1 or y = 0}.

Another non-smooth variation, also raised by Nesterov, is:

f̃(x) =
1

4
(x1 − 1)2 +

n−1!

i=1

|xi+1 − 2x2
i + 1|

=
1

4
(x1 − 1)2 +

m!

i=1

dist((2
√
2xi+1, 2

√
2xi, 2

√
2xi+1)|C3)dist((xi+1, xi)|{(−

7

8
, 0)})

+
m!

i=1

dist((2
√
2xi+1, 2

√
2xi, 2

√
2xi+1)|C3)dist(xi+1|{−

9

8
})

We know

|a− 2b2 + 1| = 2|b2 + (a+
7

8
)2 − (a+

9

8
)2|

= 2|
'

b2 + (a+
7

8
)2 + |a+ 9

8
|||
'

b2 + (a+
7

8
)2 − |a+ 9

8
||

= 2
√
2[dist((a, b)|{(−7

8
, 0)}) + dist(a|{−9

8
})]dist((a, b, a)|C3),

where the cone C3 = {(x, y, z)|(x + 7
8
)2 + y2 = (z + 9

8
)2}. The minimizers of both problems

are x̄ = (1, 1, ..., 1)T . We follow the initialization in the doctoral thesis of A. Engle. We have
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two random initializations. We either sample each component uniformly on [−0.2, 0.2] or

sample each component uniformly on [0.5, 1.5]. The former initialization is relatively farther

form the global minimizer. We call the former one the hard initialization and the latter on

the easy initialization.

Figure 5.7: Let n = 5 for the first Nesterov’s function. The left side is objective value vs

iterations for easy initialization . The right side is objective value vs iterations for hard

initialization. In the IRLS algorithm, α = 1.6. We first initialization ε = 1. We then update

εk by εk+1 = 0.999εk if ‖xk+1 − xk‖ < 10−5, and εk+1 = εk otherwise.
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[49] Rémi Gribonval and Morten Nielsen. Sparse representations in unions of bases. IEEE
transactions on Information theory, 49(12):3320–3325, 2003.

[50] Trevor Hastie, Robert Tibshirani, Jerome Friedman, and James Franklin. The elements
of statistical learning: data mining, inference and prediction. The Mathematical Intel-
ligencer, 27(2):83–85, 2005.

[51] Ming-Jun Lai, Yangyang Xu, and Wotao Yin. Improved iteratively reweighted least
squares for unconstrained smoothed \ell q minimization. SIAM Journal on Numerical
Analysis, 51(2):927–957, 2013.

[52] Charles Lawrence Lawson. Contribution to the theory of linear least maximum approx-
imation. Ph. D. dissertation, Univ. Calif., 1961.

[53] Xiaodong Li and Vladislav Voroninski. Sparse signal recovery from quadratic measure-
ments via convex programming. SIAM Journal on Mathematical Analysis, 45(5):3019–
3033, 2013.

[54] Qiuying Lin. Sparsity and Nonconvex Nonsmooth Optimization. PhD thesis, University
of Washington, Seattle, WA, 2009.

[55] Canyi Lu, Zhouchen Lin, and Shuicheng Yan. Smoothed low rank and sparse matrix
recovery by iteratively reweighted least squares minimization. IEEE Transactions on
Image Processing, 24(2):646–654, 2014.

[56] Canyi Lu, Zhouchen Lin, and Shuicheng Yan. Smoothed low rank and sparse matrix
recovery by iteratively reweighted least squares minimization. IEEE Transactions on
Image Processing, 24(2):646–654, 2015.

[57] D Russell Luke, James V Burke, and Richard G Lyon. Optical wavefront reconstruction:
Theory and numerical methods. SIAM review, 44(2):169–224, 2002.

[58] Michael Lustig, Juan M Santos, Jin-Hyung Lee, David L Donoho, and John M Pauly.
Application of compressed sensing for rapid mr imaging. SPARS,(Rennes, France),
2005.

[59] Karthik Mohan and Maryam Fazel. Iterative reweighted algorithms for matrix rank
minimization. Journal of Machine Learning Research, 13(Nov):3441–3473, 2012.



125

[60] Boris S Mordukhovich. Variational Analysis and Applications. Springer, 2018.

[61] Michael R Osborne, Brett Presnell, and Berwin A Turlach. A new approach to variable
selection in least squares problems. IMA journal of numerical analysis, 20(3):389–403,
2000.

[62] Michael Robert Osborne. Finite algorithms in optimization and data analysis. Wiley
New York, 1985.

[63] Dianne P. OLeary. Robust regression computation using iteratively reweighted least
squares. SIAM Journal on Matrix Analysis and Applications, 11(3):466–480, 1990.

[64] Panos M Pardalos and Stephen A Vavasis. Quadratic programming with one negative
eigenvalue is np-hard. Journal of Global Optimization, 1(1):15–22, 1991.
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