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Department of Statistics

This dissertation discusses statistical methodologies for complex missing data problems with

a focus on multivariate and partially observed structures. Chapter 2 introduces a unified

framework for handling multiple missing covariates and partially observed responses us-

ing inverse probability weighting, regression adjustment, and a multiply-robust procedure.

Applications include the Cox model for survival analysis, missing responses, and binary

treatment in causal inference, along with supporting identification and asymptotic theory.

Chapter 3 focuses on modeling multivariate bounded discrete outcomes such as those from

neuropsychological tests in dementia studies. We propose a flexible modeling strategy based

on mixtures of experts and latent class models, extended to handle missing at random out-

comes via a nested EM algorithm. The joint model also allows for imputation and clustering.

Chapter 4 addresses nonmonotone missing data under missing not at random (MNAR) mech-

anisms, extending the work in Chapter 3. A tree graph is a directed acyclic graph on the

missing patterns, and each one represents a MNAR mechanism. Combining this with the

idea of a conjugate odds property, we are able to preserve distributional structure across

missing patterns and construct relatively straightforward models for the full data distribu-

tion. Throughout the dissertation, we also highlight practical relevance using an Alzheimer’s

disease data set.
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Chapter 1

INTRODUCTION

Missing data is a fundamental issue in statistics and data science, arising in nearly every

field of empirical research. Whether due to nonresponse in surveys, dropout in longitudinal

studies, or incomplete electronic health records, missingness introduces uncertainty that

can bias estimates, reduce efficiency, and complicate interpretation. As datasets become

increasingly large with complex structures, the challenge of appropriately handling missing

data has only grown more urgent. Addressing missing data is not merely a technical necessity;

it is critical for drawing valid conclusions from incomplete information. Naively ignoring

missingness or relying on ad hoc imputation methods can lead to misleading inferences,

particularly when data are missing in a systematic or informative way. To this end, the

development of principled, flexible, and computationally tractable methodologies remains a

central goal in statistical research.

This dissertation investigates several interrelated problems in modern missing data method-

ology with a focus on multivariate settings that arise frequently in biomedical and social

science applications. We develop and analyze new approaches tailored to the complexities of

real-world data such as multiple missing covariates, nonmonotone patterns of missingness,

bounded discrete outcomes, and missing at random and missing not at random mechanisms.

Many common methods that practitioners use to handle missing data can be unsatisfactory

for a number of reasons. For example, sometimes an imputation method is a naive determin-

istic single imputation or can even suffer from model uncongeniality problems (Meng, 1994).

Rubin (1976) outlined three different kinds of missingness mechanisms: missing completely
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at random (MCAR), missing at random (MAR), and missing not at random (MNAR). This

dissertation primarily focuses on the latter two.

In Chapter 2, we begin by proposing a general framework for estimation when covariates

are partially missing and the outcome may itself be unobserved or incomplete. Drawing on

techniques such as inverse probability weighting, regression adjustment, and multiply-robust

estimation, we present a suite of multistage estimators. This framework is applied to three

classical problems: Cox proportional hazards models in survival analysis, missing response,

and binary treatment effects in causal inference. Each of these problems presents unique

challenges when covariates are not fully observed. We derive identification theory as well as

associated estimation procedures and asymptotic properties. We demonstrate performance

through simulations and a real-world Alzheimer’s disease data set. This work builds on

the complete-case missing value assumption that has been used in the literature (Little,

1993; Tchetgen Tchetgen et al., 2018), but the methodology can be generalized to other

assumptions as well.

In Chapter 3, we consider modeling multivariate bounded discrete outcomes that can

be subject to missingness. This problem is very general, but we are primarily motivated

by neuropsychological test scores collected in dementia research. These outcomes are often

collected alongside covariates and may be partially missing. We propose a model that flex-

ibly captures the joint distribution conditional on covariates, motivated by the latent class

model and the mixture of experts (Goodman, 1974; Jacobs et al., 1991). We extend this

model to accommodate data missing at random using a nested EM algorithm, enabling both

imputation and clustering.

Lastly, in Chapter 4, we address the challenging setting of nonmonotone and nonignorable

(MNAR) missingness. Building on work from Chen (2022a), we introduce a class of missing

not at random assumptions called tree graphs. Tree graphs through a directed acyclic graph
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on missing patterns encode a nonparametric identifying restriction for the full data distribu-

tion. Within this framework, we consider a conjugate odds family of selection models that

preserve the data distributional form across patterns. This property allows us to model the

full data distribution elegantly and perform imputation. This work also builds off the work

of Chapter 3 and Suen and Chen (2023) by demonstrating how models in those works can

now be fit under a MNAR assumption.

Through theory, simulation studies, and real-data applications, we show that the pro-

posed methods offer improvements over existing techniques and provide new methods for

analyzing incomplete data. Collectively, the work in this dissertation advances missing data

methodology, offering practical solutions for real data settings.



4

Chapter 2

MULTISTAGE ESTIMATORS FOR MISSING COVARIATES
AND INCOMPLETE OUTCOMES

2.1 Introduction

Missing data occurs across many different fields, and as the size of datasets becomes ever

larger, it becomes increasingly unrealistic to expect fully observed datasets. In many sta-

tistical problems, we have outcome variables of interest and a set of associated covariates.

However, these outcome variables may not be completely observed. For example, in a sur-

vival problem, either the censoring time or the time-to-event are observed. In a missing

response problem, a response may be subject to missingness and only be observed for a sub-

set of the sample. In the binary treatment problem, only one of the two potential outcomes

will be observed. In a traditional setting, all the covariates are assumed to be completely

measured and there has been a vast amount of literature on how to estimate a parameter of

interest. However, little is known when the covariates could be missing.

Some early attempts to handle missing covariates rely on ignorability assumptions, utilize

estimation procedures in which the assumptions are not well-specified, or assume that there

is only one missing pattern (one covariate subject to missing). For example, many standard

assumptions to identify an effect of interest take the form of a conditional independence

statement, where the conditioning is done on the covariates X. In the case of missing covari-

ates, strong ignorability assumptions have been proposed by conditioning on the observed

covariates XR and the missing covariate pattern R and using generalized propensity scores

with propensity score matching (Rosenbaum and Rubin, 1984, 1985). Other approaches in-
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clude augmenting the support of the covariates with a new category for missing data {NA}

(Mayer et al., 2020, 2021). One downside to both of these methods is that in some situa-

tions, the interpretation of these missing data assumptions may not be so natural as there

are effectively different sets of covariates being conditioned on for different individuals. Var-

ious imputation methods have also been proposed in the Cox model such as those in Paik

(1997); White and Royston (2009); Beesley et al. (2016), but those proposed methods rely on

specific assumptions that may not extend to more general settings. The multiple imputation

approach discussed in Qu and Lipkovich (2009); Crowe et al. (2010) rely on missing data

assumptions that are not clearly stated, which can lead to difficulty in interpretation. Berg

and Yu (2021) also recently examined estimation under missing-not-at-random (MNAR) but

they only consider a single covariate that are subject to missingness.

In the case of multiple missing variables, the missing-at-random (MAR) assumption be-

comes hard to interpret (Robins and Gill, 1997), so a nonignorable/MNAR missing data

assumption may be preferred. There have been previous developments using nonignorable

missing data assumptions in the literature. For example, Robins and Gill (1997) proposed

the permutation missingness process as a generalization of MAR processes. Also, Tchet-

gen Tchetgen et al. (2018) used discrete-choice models as a way to generate a class of MNAR

assumptions. Shpitser (2016); Sadinle and Reiter (2017); Malinsky et al. (2020) considered

a “no self-censoring” or “itemwise conditionally independent nonresponse” assumption. ?

introduced the idea of a pattern graph to generate further MNAR assumptions. Other ap-

proaches include various graphical ones: Mohan et al. (2013); Mohan and Pearl (2014); Nabi

et al. (2020); Mohan and Pearl (2021).

In this chapter, we build on this previous work by introducing a general framework

for constructing a set of compatible assumptions on problems with missing covariates and

incomplete outcomes. This framework has several advantages. First, one can construct iden-
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tifying restrictions on the missing covariates that are compatible with common identifying

restrictions for the outcome variables. This ensures that the final outcome of interest is

nonparametrically identifiable (Robins et al., 2000). Also, because we start with a clear set

of assumptions and then develop an estimation method based on those assumptions, this

framework provides a principled approach for estimating the final outcome of interest. Pre-

vious work on MNAR mechanisms can be utilized in our estimation procedure. Lastly, our

framework can be applied to various settings including but not limited to: survival analysis

with censoring, binary treatment from causal inference, and missing response.

Outline. In Section 2.2, we introduce our framework and several problems of interest.

In Section 2.3, we outline how to construct a multistage estimator with the Cox model as

a motivating example. In Sections 6 and 2.5, we explore simulation results and include a

specific data analysis. As a matter of theoretical interest, we include details on a multistage

estimator for the missing response problem in Appendix A.1. We discuss the asymptotic

theory of our estimators and demonstrate the
√
n-consistency of our estimators in Appendix

A.2. Further simulations, data analysis results, and theoretical details such as sensitivity

analyses are provided in Appendices A.3, A.4, A.5, A.6, and B.8.

2.2 Background and Framework

In this section, we discuss the problem setup and introduce notation that will be helpful

in describing our framework. We also discuss the setting of three classical problems from

the statistics literature: the Cox model from survival analysis, missing response, and binary

treatment from causal inference.
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2.2.1 Problem Setup

In our problems, there are both covariate and outcome-related variables. Let Z = (X,R)

represent the covariate-related variables, where X ∈ Rd is a set of covariate variables. Since

X is multivariate, it can have an arbitrary missing pattern. We use the binary vector

R ∈ {0, 1}d to represent the missing response for X. If Rj = 1, then the variable Xj

is observed; otherwise, it is missing. Let 1d = (1, 1, . . . , 1)⊤ denote the case where Xj is

observed for all j. We denote r̄ = 1d − r as the flipped version of pattern r. Thus, the

notation Xr = (Xj : rj = 1) and Xr̄ = (Xj : rj = 0) refer to observed and missing covariate

variables, respectively.

Next, we define S = (W,A) as the outcome-related variables. Here W ∈ Rk is a set of

outcome variables, and A ∈ A is a random variable over a discrete support A that represents

the observed pattern of the outcome variables. Note that A has a more general interpretation

than the missing pattern R for X because A does not necessarily correspond to a missing

pattern for W in the traditional sense. This idea will be made more precise in the following

subsections. Similar to the previous case with the covariates, we will use the notation WA

to denote the set of outcome variables that are observed under the observed pattern A.

Therefore, with a slight abuse of notation, the observed dataset consists of n IID observa-

tions of the form {(Xi,Ri
, Ri,Wi,Ai

, Ai)}ni=1. Here Ri is the covariate missingness pattern for

the ith individual. As Xi consists of the covariates for the ith individual, some of its entries

may be subject to missingness; thus, we use Xi,Ri
to denote the observed covariates for the

ith individual. Similarly, the observed outcome variables may differ between individuals, so

we use Wi,Ai
to denote the observed outcome variables for the ith individual, where Ai is the

observed pattern of the outcome variables for the ith individual.

To further describe our problem formulation, we provide a brief description of each of the

three problems here (Cox model, missing response, and binary treatment).
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2.2.2 Cox model

In survival analysis, we typically wish to determine the effect of covariates on a time-to-event

variable. However, the event time is often not known for some individuals due to censoring.

For example, people participating in a medical trial may dropout prematurely, which may

mean that the event of interest is not observed for those individuals. Thus, the observed

data is of the form

(X1,R1 , R1, Y1,∆1), . . . , (Xn,Rn , Rn, Yn,∆n),

where Yi = min{Ti, Ci} ∈ R is the observed time, and ∆i = 1(Yi = Ti) = 1(Ci ≥ Ti)

is the status indicator for a time-to-event Ti and a censoring time Ci. Thus, the outcome

variables are W = (C, T ) and the observed outcome pattern corresponds to A = ∆. We see

that W0 = C and W1 = T , as the observed outcome pattern denotes whether or not the

time-to-event variable was censored. One can see that the observed outcome pattern A is

not associated with a missingness pattern. Importantly, the outcome variables W = (C, T )

are never completely observed for any individuals.

The Cox proportional hazards model assumes that the effect of the covariates is multi-

plicative on λ(t|x) through a baseline hazard function λ(t|x) = λ0(t) exp
(
β⊤x

)
. Under the

Cox model and an independent censoring assumption, the parameter of interest β∗ satisfies

the population estimating equation:

U(β) = E
ñ
∆

Ç
X − s(1)(Y ; β)

s(0)(Y ; β)

åô
= 0,

s(1)(t; β) = E[1(Y ≥ t) exp
(
β⊤X

)
X],

s(0)(t; β) = E[1(Y ≥ t) exp
(
β⊤X

)
].

(2.1)

Our goal is to estimate β∗ in this semiparametric setting. When the covariates X are fully

observed, under suitable regularity conditions, it is known that finding a near-solution β̂ to
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the estimating equation

Un(β) =
1

n

n∑

i=1

∆i

Ç
Xi −

ŝ(1)(Yi; β)

ŝ(0)(Yi; β)

å
= op(1/

√
n),

ŝ(1)(t; β) =
1

n

n∑

i=1

1(Yi ≥ t) exp
(
β⊤Xi

)
Xi,

ŝ(0)(t; β) =
1

n

n∑

i=1

1(Yi ≥ t) exp
(
β⊤Xi

)

provides a consistent and asymptotically normal estimator of β∗. Since X can now be subject

to missingness, we need a way to estimate these nuisance functions.

2.2.3 Missing response

In the missing response problem, we assume that we have a single outcome variable of

interest Y ∈ R that is possibly subject to missingness. We use the binary random variable

A ∈ {0, 1}, which is 1 if and only if Y is observed. The observed data is either in the form

of (Xi,Ri
, Ri, Yi, Ai = 1) or (Xi,Ri

, Ri, Ai = 0). In the second case (Yi is missing), we can

think of the data as (XRi
, Ri, NA, Ai = 0). Using our aforementioned notations, W0 = NA and

W1 = Y . Since Y can be subject to missingness, A takes a traditional interpretation as a

missing response pattern. Then, YAi
is the observed outcome variable for the ith individual.

In a typical case, the parameter of interest is the marginal mean E[Y ] and we often assume

Y ⊥ A|X to identify the marginal mean. Under this assumption, we have

E[Y ] = E
ï
Y A

πA(X)

ò
(2.2)

= E[m1(X)], (2.3)



10

where πA(X) = P (A = 1|X) is the propensity score and m1(X) = E[Y |A = 1, X] is

the outcome regression. The expressions (2.2) and (2.3) are associated with the inverse

probability weighting and regression adjustment estimators, respectively. When the covariates

X are always observed, these quantities can be easily estimated from the observed data, but

the situation becomes more complicated when the covariates are multivariate and subject to

nonmonotone missingness.

2.2.4 Binary treatment

Under the Neyman-Rubin causal model (Rubin, 1978; Splawa-Neyman et al., 1990), we

have a binary treatment A ∈ {0, 1} that corresponds to potential outcomes Y (0) and Y (1),

respectively. Here the outcome variables are W = (Y (0), Y (1)). Similar to the survival

analysis problem with censoring, only one of the outcome variables is observed for a given

individual. The observed outcome variables are W0 = Y (0) and W1 = Y (1).

A common parameter of interest is the average treatment effect (ATE) E[Y (1)]−E[Y (0)]

and under the classical assumptions (consistency, SUTVA, weak ignorability; (?Rubin, 1978))

the ATE admits the following expression

E[Y (1)]− E[Y (0)] = E
ï
Y A

πA(X)

ò
− E
ï
Y (1− A)
1− πA(X)

ò
= E[m1(X)]− E[m0(X)],

where πA(X) = P (A = 1|X) is the propensity score and ma(X) = E[Y |A = a,X] is

the outcome regression. Thus, this leads to the inverse probability weighting or regression

adjustment estimators for inferring the ATE.
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2.3 A Multistage Estimator

The intermediate quantities that we described in the previous section such as s(1)(t; β) and

πA(X) are calculated using the covariatesX and the outcome-related variables (W,A). Thus,

due to this shared property, before we construct our multistage estimator, we first consider a

general real-valued function h of the covariate-related variables X and the outcome-related

variables (W,A), as defined below.

Definition 2.1 (Observed-decomposable functions). Let h : Rd × Rj ×A 7→ R be a function

of interest. Call h an observed-decomposable function (ODF) if

h(X,W,A) =
∑

a∈A
fa(X,Wa)1(A = a),

where fa : Rd × Rdim(Wa) 7→ R is a fixed (non-random) real-valued function for all a ∈ A.

The interpretation of an ODF is that for each observed outcome pattern a, we have a

separate real-valued function fa that is dependent on all of the covariates X and the observed

outcome variables Wa under pattern a. Since h has this decomposition, it is computable in

the traditional setting with incomplete outcomes and completely observed covariates. As

we will see in the construction of a multistage estimator, many quantities of interest can

be written in this way, so this is a very natural decomposition. We will either typically

be interested in estimating θ = E[h(X,W,A)] or E[h(X,W,A)] = 0 will be an estimating

equation. We provide an illustrative example of h using the missing response problem.

Example 1 (Missing response). In the traditional missing response problem without missing

covariates where we commonly wish to estimate E[Y ], there are 3 traditional estimators:

regression adjustment on Y , inverse probability weighting on Y , and doubly robust on Y

estimators. Because our goal is to estimate E[Y ], the corresponding h, f0, and f1 functions
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take the following forms in these three situations. Note that in the case A = 0 (Y is missing),

we simplify notation such that f0(X,W0) = f0(X, NA) = f0(X) since W0 can only take one

possible outcome NA.

1. Regression adjustment on Y . We have h(X,W,A) = E[Y |A = 1, X], which implies

that f0(X) = f1(X, Y ) = E[Y |A = 1, X].

2. Inverse probability weighting on Y . We have h(X,W,A) = 1(A=1)Y
P (A=1|X)

, which implies

that f0(X) = 0 and f1(X, Y ) =
Y

P (A = 1|X)
.

3. Doubly-robust on Y . We have h(X,W,A) = 1(A=1)Y
P (A=1|X)

+E[Y |A = 1, X]
Ä
1− 1(A=1)

P (A=1|X)

ä
,

which implies that f0(X) = E[Y |A = 1, X] and f1(X, Y ) =
Y − E[Y |A = 1, X]

P (A = 1|X)
+

E[Y |A = 1, X].

Example 2 (Cox model). In the Cox model, ∆ = A and W0 = W1 = Y and there are three

key equations as described in equation (2.1): U(β), s(1)(t; β), s(0)(t; β).

1. U(β). For this quantity, U(β) = E[h(X,W,A)], so f0(X,W0) = 0 and f1(X,W1) =Ä
X − s(1)(Y ;β)

s(0)(Y ;β)

ä
.

2. s(1)(t; β). In this case, by setting s(1)(t; β) = E[h(X,W,A)], we obtain f0(X,W0) =

1(Y ≥ t) exp
(
βTX

)
X and f1(X,W1) = 1(Y ≥ t) exp

(
βTX

)
X.

3. s(0)(t; β). This case is similar to s(1)(t; β), so that f0(X,W0) = 1(Y ≥ t) exp
(
βTX

)

and f1(X,W1) = 1(Y ≥ t) exp
(
βTX

)
.

2.3.1 The IPW approach for missing covariates

To handle missing covariates, we start with an IPW procedure based on using the complete

odds as defined below.

Definition 2.2 (Complete odds). For all missingness patterns r and observed outcome pat-
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terns a, the complete odds is

Or,a(X,Wa) =
P (R = r|X,Wa, A = a)

P (R = 1d|X,Wa, A = a)
.

Thus, these complete odds Or,a(X,Wa) are a function of all of the outcome variables

completely observed under outcome pattern a and the covariates. With the complete odds,

E[fa(X,Wa)1(A = a)] can be decomposed via the following lemma.

Lemma 2.1 (Complete odds decomposition). The complete odds can be used to decompose

the following two expectations as follows

E[fa(X,Wa)1(A = a)1(R = r)] = E [fa(X,Wa)1(A = a)Or,a(X,Wa)1(R = 1d)] ,

E[fa(X,Wa)1(A = a)] =
∑

r

E [fa(X,Wa)1(A = a)Or,a(X,Wa)1(R = 1d)] . (2.4)

This lemma shows that the expectation can be estimated using the complete cases

since we have the indicator 1(R = 1d) in the expression on the RHS. Thus, we see that

E[fa(X,Wa)1(A = a)] is identifiable, provided that the complete odds Or,a(X,Wa) are iden-

tifiable for all r. So, it is clear what we need to show before estimation. Additionally, note

that

∑

r

Or,a(X,Wa) =
∑

r

P (R = r|X,Wa, A = a)

P (R = 1d|X,Wa, A = a)
=

1

P (R = 1d|X,Wa, A = a)
(2.5)

is the inverse propensity score, so we see that (2.4) recovers the form of the IPW estimator.

In light of this, one can view the complete odds as an alternate version of a propensity score.

In this situation, it is not required to use the complete odds approach since one may use the
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propensity score directly. However, modeling via complete odds has several nice properties;

we discuss this in Remark 1.

In the following proposition, we show that a set of identifiable complete odds is equivalent

to a set of identifiable selection probabilities. This connection offers one key insight: modeling

the covariate missingness mechanism through the complete odds is equivalent to modeling

the covariate missingness mechanism using the selection model (Little and Rubin, 2002).

Specific missing data assumptions may make the former approach easier than the latter, so

this can be a useful result.

Proposition 2.1 (Equivalence of complete odds and selection probabilities). Fix an observed

outcome pattern a. The complete odds Or,a(X,Wa) are identifiable for all r if and only if the

selection probabilities P (R = r|X,Wa, a) are identifiable for all r.

Furthermore, another consequence of this proposition is that a set of identifiable complete

odds implies that the distribution p(x, r, wa, a) is identifiable for all a. Marginalizing out r

implies that the distribution p(x,wa, a) is nonparametrically identified (Robins et al., 2000),

which is sufficient for showing the effect of interest is identifiable under the traditional as-

sumptions that assume fully observed covariates. This implies that with a set of identifiable

complete odds, we can use existing problem-specific assumptions to identify the parameter

of interest.

Remark 1 (Advantages to modeling the complete odds). A modeling approach using the

complete odds can be preferable to one using the selection probabilities directly. Suppose r

and a are fixed. Then, Or,a(X,Wa) is variation independent of any Or′,a(X,Wa) for r
′ ̸= r.

Indeed, Or,a(X,Wa) can take any value in [0,∞) and is not constrained by any other odds

function Or′,a(X,Wa). On the other hand, the selection probabilities P (R = r|x,wa, a) have

an explicit sum to 1 constraint, so the selection probabilities for all missing patterns r need

to be modeled at the same time. In principle, one can use different methods to model each
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odds Or,a(X,Wa), provided it is identifiable under a missing data assumption for X. These

allows for some flexibility because one can choose to have different binary classifiers for each

pattern r. Due to the variation independence, they can all be compatible with each other.

Because of Proposition 2.1, we only need to identify the complete odds. Here we consider

a (conditional) complete case missing value (CCMV) assumption (Little, 1993; Tchetgen Tch-

etgen et al., 2018).

Definition 2.3 (CCMV missing data assumption). Using a pattern mixture model factor-

ization, the complete case missing value (CCMV) assumption equates the following two

distributions

p(xr̄|xr, r, wa, a)
CCMV
= p(xr̄|xr, R = 1d, wa, a) (2.6)

for all covariate missingness patterns r and observed outcome patterns a.

Note that the above condition is a conditional CCMV in the sense that we are using

the CCMV for the missing X conditioned on the observed outcomes. We call it CCMV

for abbreviation. Under Proposition 2.2, this particular missing data assumption implies a

simple closed form expression Qr,a(Xr,Wa) for the odds.

Proposition 2.2 (Odds under CCMV). Under the CCMV assumption for the covariates X,

the odds Or,a(X,Wa) has the following simplified form in terms of observable quantities Xr

and Wa, namely

Or,a(X,Wa) :=
P (R = r|X,Wa, a)

P (R = 1d|X,Wa, a)
CCMV
=

P (R = r|Xr,Wa, a)

P (R = 1d|Xr,Wa, a)
=: Qr,a(Xr,Wa). (2.7)

Because each Qr,a(Xr,Wa) is identifiable from the data, Proposition 2.2 shows that the

CCMV assumption allows us to estimate the parameter of interest under missing covariates.

The modeling Qr,a(Xr,Wa) is easy because it is comparing the proportions between two

missing patterns.
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We provide some comments on generalizing the CCMV assumption to other assumptions

in Appendix A.3. Other missing data assumptions can yield other identifiable and estimable

expressions for the odds, but one would simply obtain a different equality than the one in

(2.7). For example, ? exploits a pattern graph identifying restriction to present a recursive

form for computing the odds.

Remark 2 (Relation to density ratio estimation). Wang and Kim (2021) have examined the

problem of estimating an inverse propensity score using a density ratio representation under

a missing at random assumption. Interestingly, because they assume the variables can be

partitioned into one set of always missing variables and one set of always observed variables,

the missing at random assumption is equivalent to CCMV. Additionally, our complete odds

can be expressed as a density ratio as well, so these problems are related. We elect to model

our complete odds directly rather than reexpress it as a ratio of densities, but note that one

can borrow methods from the density ratio literature to also tackle this problem. See Sugiyama

et al. (2012) for various approaches.

Theorem 2.1 (Nonparametric identification of CCMV). The CCMV assumption in Defini-

tion 2.3 nonparametrically identifies the full-covariate distribution p(x, r, wa, a).

With Theorem 2.1, we are able to identify the full-covariate distribution p(x, r, wa, a).

This implies that the problem reduces to scenarios where the covariates are observed. Thus,

we can estimate the parameter of interest as if all covariates are observed. In what follows,

we give an example of Cox model, and in Appendix A.1, we provide examples of missing

response problems.
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Example: Cox model and survival problems

Recall that in the survival analysis problem, ∆ = A and W0 = W1 = Y . In the case of

s(1)(t; β), we have

f0(X,W0) = f1(X,W1) = 1(Y ≥ t) exp
(
β⊤X

)
X. (2.8)

For any fixed time point t, a direct application of Lemma 2.1 yields

s(1)(t; β) = E[1(Y ≥ t) exp
(
β⊤X

)
X]

= E[1(Y ≥ t) exp
(
β⊤X

)
X1(∆ = 1)] + E[1(Y ≥ t) exp

(
β⊤X

)
X1(∆ = 0)]

=
∑

r

E[1(Y ≥ t) exp
(
β⊤X

)
X1(∆ = 1)Or,1(X, Y )1(R = 1d)]

+
∑

r

E[1(Y ≥ t) exp
(
β⊤X

)
X1(∆ = 0)Or,0(X, Y )1(R = 1d)]

=
∑

r,δ

E[1(Y ≥ t)Xeβ
⊤XOr,δ(X, Y )1(∆ = δ)1(R = 1d)],

where Or,δ(X, Y ) = P (R = r|X, Y, δ)/P (R = 1d|X, Y, δ) are the complete odds. A similar

expression can be obtained for s(0)(t; β). Next, we consider the estimating equation, which

rewrites as

U(β) = E
ñ
∆

Ç
X − s(1)(Y ; β)

s(0)(Y ; β)

åô
=
∑

r

E
ñ
∆

Ç
X − s(1)(Y ; β)

s(0)(Y ; β)

å
Or,1(X, Y )1(R = 1d)

ô
(2.9)

using Lemma 2.1.

With Proposition 2.2, Or,δ(X, Y ) = Qr,δ(Xr, Y ), which provides an elegant way of com-

puting the odds because the quantity Qr,δ(Xr, Y ) is a ratio of two conditional probabilities
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that no longer depend on all of the covariates but rather observed covariates Xr. We now

discuss the construction of a multistage estimator under CCMV using the complete odds.

Henceforth, we will use Qr,δ(Xr, Y ) rather than Or,δ(X, Y ) because they are equal by Propo-

sition 2.2. This choice of an identifying restriction allows for us to compute the inverse

propensity score in a fairly straightforward manner.

There are three steps to our multistage estimator, which we outline below.

1. Stage 1 (Modeling the missingness of X using the complete odds). We

start by modeling Qr,δ(Xr, Y ) for every r and δ. For example, we can impose a para-

metric model Qr,δ(Xr, Y ;αr,δ) such as a logistic regression. Because this essentially

becomes a binary classification problem (comparing the classes R = r and R = 1d

based on the observed data Xr and Y ), one may also appeal to various machine learn-

ing methods such as decision trees and support vector machines. Other parametric

binary classification tools are also available.

2. Stage 2 (Estimating intermediate quantities). Next, we estimate the inter-

mediate quantities of interest that are dependent on the potentially missing covariates

X. Because of the model described in Stage 1, this estimation becomes possible. For

example, assuming that the model for Qr,δ(Xr, Y ;αr,δ) is correctly specified and α̂r,δ is

a consistent estimator of α∗
r,δ, under the suitable regularity conditions, the following is

a consistent estimator for s(1)(t; β)

ŝ(1)(t; β) =
∑

r,δ

(
1

n

n∑

i=1

1(Yi ≥ t)Xie
β⊤XiQr,δ(Xi,r, Yi; α̂r,δ)1(∆i = δ)1(Ri = 1d)

)

=
1

n

n∑

i=1

Å
1(Yi ≥ t)Xie

β⊤Xi ·
ï∑

r,δ

Qr,δ(Xi,r, Yi; α̂r,δ)1(∆i = δ)1(Ri = 1d)

ò
︸ ︷︷ ︸

λi

ã
(2.10)
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=
1

n

n∑

i=1

λi · 1(Yi ≥ t)Xie
β⊤Xi ,

where λi is a weight for the ith individual, as defined in (2.10). Similarly, we can mimic

the same construction to estimate s(0)(t; β), yielding

ŝ(0)(t; β) =
1

n

n∑

i=1

λi · 1(Yi ≥ t)eβ
⊤Xi .

3. Stage 3 (Constructing the final estimator). Lastly, we assemble the inter-

mediate quantities of interest together to create the final estimator. Following the

decomposition in (2.9), we have

Un(β) =
∑

r,δ

(
1

n

n∑

i=1

∆i

Ç
Xi −

ŝ(1)(Yi; β)

ŝ(0)(Yi; β)

å
Qr,δ(Xi,r, Yi; α̂r,1)1(Ri = 1d)

)

=
1

n

n∑

i=1

Å
∆i

Ç
Xi −

ŝ(1)(Yi; β)

ŝ(0)(Yi; β)

å
·
∑

r

Qr,1(Xi,r, Yi; α̂r,1)1(∆i = 1)1(Ri = 1d)

︸ ︷︷ ︸
λi,1

ã
=

1

n

n∑

i=1

λi ·∆i

Ç
Xi −

ŝ(1)(Yi; β)

ŝ(0)(Yi; β)

å
,

where the second to last equality follows because ∆i ∈ {0, 1}. The last equality follows

because λi∆i = λi,1∆i. Thus, Un(β) = 0 is a reweighted estimating equation and can

be solved to provide a consistent estimator β̂ for β∗.

A nice property is that the weights λi and λi,1 need only to be computed from the data

once and can be reused thereafter. We summarize the implementation of this reweighted

Cox model in Algorithm 1.
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Algorithm 1 Fitting a weighted Cox model under CCMV for X

1. Input: {(Xi,Ri
, Ri, Yi,∆i)}ni=1

2. For each pair (r, δ), fit the parametric model Qr,δ(Xr, Y ;αr,δ).

3. For i = 1, . . . , n, do

3-1. Form the weights

λi =
∑

δ

∑

r

Qr,δ(Xi,r, Yi; α̂r,δ)1(∆i = δ)1(Ri = 1d).

4. Estimate the intermediate quantities

ŝ(0)(t; β) =
1

n

n∑

i=1

λi · 1(Yi ≥ t)eβ
⊤Xi ,

ŝ(1)(t; β) =
1

n

n∑

i=1

λi · 1(Yi ≥ t)Xie
β⊤Xi .

5. Find β̂ by finding a near-solution to the finite sample estimating equation

Un(β) =
1

n

n∑

i=1

λi ·∆i

Ç
Xi −

ŝ(1)(Yi; β)

ŝ(0)(Yi; β)

å
= 0.

6. Return: β̂.

2.3.2 Regression adjustment and imputation for missing covariates

In addition to the IPW approach for handling missing covariates, we can use a regression

adjustment approach as well. Moreover, this regression adjustment naturally leads to an

imputation procedure. The following lemma is a key step to the regression adjustment

(RA).

Lemma 2.2 (RA decomposition). Regression adjustment can be used to decompose the fol-

lowing two expectations

E[fa(X,Wa)1(A = a)1(R = r)] = E[mr,a(Xr,Wa)1(R = r)1(A = a)],
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E[fa(X,Wa)1(A = a)] =
∑

r

E[mr,a(Xr,Wa)1(R = r)1(A = a)],

where mr,a(Xr,Wa) = E[fa(X,Wa)|Xr, R = r,Wa, A = a] is a regression function.

Thus, in order to estimate the expectation, it suffices to model the regression function

mr,a(Xr,Wa), which is a conditional expectation.

In practice, placing a parametric model for each regression function via mr,a(xr, wa; βr,a)

may be problematic because naively fitting models can lead to incompatible regression func-

tions and uncongenial sources of input (Meng, 1994). Instead, we recommend placing models

on the extrapolation densities p(xr̄|xr, r, a, wa) for all r. This ensures that the modeled re-

gression functions will be compatible with each other.

Under the CCMV assumption (equation 2.6), we have

p(xr̄|xr, r, wa, a) = p(xr̄|xr, R = 1d, wa, a),

which further implies

mr,a(Xr,Wa) = E[fa(X,Wa)|Xr, R = r,Wa, A = a]
CCMV
= E[fa(X,Wa)|Xr, R = 1d,Wa, A = a].

The RHS is identifiable using observations with complete covariates. In this case, there are

two ways of estimating the regression function:

1. Method 1: Closed-form computation. In some good scenarios, we may be able

to derive the the closed-form of the expectation mr,a(Xr,Wa) = E[fa(X,Wa)|Xr, R =

r,Wa, A = a] from a parametric model of the extrapolation densities p(xr̄|xr, r, a, wa).

For instance, a multivariate Gaussian model implies that the conditional distributions

will be conditional Gaussians.
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2. Method 2: Imputation (Monte Carlo approximation). Alternatively, we can

approximate the conditional expectation by a Monte Carlo method. This is equivalent

to the frequentist multiple imputation. We generate from the extrapolation density

p(xr̄|xr, r, a, wa) and then evaluate the conditional expectation E[fa(X,Wa)|Xr, R =

r,Wa, A = a]. Under CCMV (2.6), the extrapolation density p(xr̄|xr, r, y, δ) is equated

to the identifiable distribution p(xr̄|xr, R = 1d, y, δ). The latter distribution can be

estimated using the complete cases.

Example: Cox model and survival problems

Using Lemma 2.2 with the functions defined in (2.8), we have

s(1)(t; β) = E[1(Y ≥ t) exp
(
β⊤X

)
X]

=
∑

r,δ

E[m(1)
r,δ (Xr, Y ; t, β)1(R = r)1(∆ = δ)].

Thus, to estimate s(1)(t; β), it suffices to modelm
(1)
r,δ (Xr, Y ; t, β) := E[1(Y ≥ t) exp

(
β⊤X

)
X|Xr, R =

r, Y,∆ = δ] for all (r, δ) pairs. We obtain a similar expression for s(0)(t; β) via

s(0)(t; β) =
∑

r,δ

E[m(0)
r,δ (Xr, Y ; t, β)1(R = r)1(∆ = δ)]

for m
(0)
r,δ (Xr, Y ; t, β) := E[1(Y ≥ t) exp

(
β⊤X

)
|Xr, R = r, Y,∆ = δ].

Applying Lemma 2.2 on the overall estimating equation, we obtain

U(β) =
∑

r

E
ñ
E
ñ
X − s(1)(Y ; β)

s(0)(Y ; β)

∣∣∣∣Xr, R, Y,∆

ô
· 1(R = r) · 1(∆ = 1)

ô
.

Therefore, the regression adjustment method is equivalent to finding a near-solution to the
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following finite sample estimating equation

Un(β) =
∑

r

[
1

n

n∑

i=1

Ç
Ê
ñ
X − ŝ(1)(Y ; β)

ŝ(0)(Y ; β)

∣∣∣∣Xi,r, Ri, Yi,∆i

ôå
· 1(Ri = r) · 1(∆i = 1)

]
= op(1/

√
n),

ŝ(1)(t; β) =
∑

r,δ

[
1

n

n∑

i=1

“m(1)
r,δ (Xi,r, Yi; t, β)1(Ri = r)1(∆i = δ)

]
,

ŝ(0)(t; β) =
∑

r,δ

[
1

n

n∑

i=1

“m(0)
r,δ (Xi,r, Yi; t, β)1(Ri = r)1(∆i = δ)

]
. (2.11)

This can be achieved using a Monte Carlo procedure. We describe the multistage process

below, and we summarize our sampling method in Algorithm 2. This algorithm is the same

as performing a frequentist (type B) multiple imputation approach described in Wang and

Robins (1998a) and Little and Rubin (2002).

1. Stage 1 (Modeling the missingness of X with extrapolation densities).

As previously discussed, instead of modeling the regression functions m
(1)
r,δ (Xr, Y ; t, β)

and m
(0)
r,δ (Xr, Y ; t, β) for all r and δ directly, we will instead focus on the extrapolation

densities. Under CCMV, we simply need to model the joint distribution p(x,R =

1d, y, δ). This will induce a model p(xr̄|xr, R = 1d, y, δ) for any covariate missing

pattern r. By CCMV, that conditional distribution equates exactly to the extrapolation

distribution for the missing data.

2. Stage 2 (Estimating intermediate quantities). Next, we again outline how

to estimate the nuisance functions s(1)(t; β) and s(0)(t; β) that are dependent on the

potentially missing covariates X. We estimate these using a Monte Carlo procedure

through iterative imputation of the missing covariates.

By estimating the regression functions using M draws from the extrapolation distri-



24

bution, the following is a consistent estimator for s(1)(t; β)

ŝ(1)(t; β) =
∑

r,δ

[
1

n

n∑

i=1

“m(1)
r,δ (Xi,r, Yi; t, β)1(Ri = r)1(∆i = δ)

]

=
1

n

n∑

i=1

(∑

r,δ

“m(1)
r,δ (Xi,r, Yi; t, β)1(Ri = r)1(∆i = δ)

)

=
1

n

n∑

i=1

(
1

M

M∑

j=1

1(Yi ≥ t)‹X(j)
i eβ

⊤ ‹X(j)
i

)
,

=
1

Mn

M∑

j=1

n∑

i=1

1(Yi ≥ t)‹X(j)
i eβ

⊤ ‹X(j)
i ,

where ‹X(j)
i =

Ä
Xi,Ri

, ‹X(j)

i,R̄i

ä
. Here ‹X(j)

i,R̄i
denotes the jth imputed tuple of missing

covariates for the ith observation, and ‹X(j)
i is the result of attaching the imputed

variables to the observed covariates Xi,Ri
. A similar construction applied to s(0)(t; β)

yields

ŝ(0)(t; β) =
1

Mn

M∑

j=1

n∑

i=1

1(Yi ≥ t)eβ
⊤ ‹X(j)

i .

3. Stage 3 (Constructing the final estimator). Lastly, we again merge every-

thing together in the final stage. Following the decomposition in (2.11), we have

Un(β) =
1

Mn

M∑

j=1

n∑

i=1

∆i

Ç‹X(j)
i −

ŝ(1)(Yi; β)

ŝ(0)(Yi; β)

å
.

We solve the above estimating equation to obtain the final estimate β̂.

The terms we have derived suggest a simple procedure for the estimation. These esti-

mators ŝ(1)(t; β), ŝ(0)(t; β), and Un(β) are all formed by merging the M imputed datasets

together to form one large completed dataset with Mn entries. Thus, this regression ad-

justment method with a Monte Carlo approximation is equivalent to a stacked multiple
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imputation approach utilized by Robins and Wang (2000); Beesley and Taylor (2020). Note

that this approach differs from a traditional imputation approach whereM imputed datasets

are generated separately, analysis is performed on each one, and each analysis is pooled to

form a final estimator. In contrast, in the stacked imputation approach, the pooling opera-

tion is done before the analysis such that M imputed datasets are pooled first and analysis

is performed on all Mn observations to form a final point estimator.

An advantage of the traditional imputation approach is that the separate M analyses

allows for parallelization. On the other hand, the stacked imputation does not exhibit this

nice property, but a single analysis yields a more straightforward implementation, which can

be helpful in situations where we perform the bootstrap.

Algorithm 2 Cox model using multiple imputation under CCMV for X

1. Input: {(Xi,Ri
, Ri, Yi,∆i)}ni=1

2. For δ = 0, 1, fit the parametric model p(x|R = 1d, y, δ).

3. For j = 1, . . . ,M , do

3-1. For i = 1, . . . , n, do

i. Impute the missing covariates ‹X(j)

i,R̄i
for observation (Xi,Ri

, Ri, Yi,∆i) using

the estimated extrapolation distribution p(xr̄|xr, R = 1d, y, a).

ii. Set the jth imputation for the ith observation to be (‹X(j)
i , Ri, Yi,∆i), where‹X(j)

i =
Ä
Xi,Ri

, ‹X(j)

i,R̄i

ä
.

3-2. Let ‹D(j) = {(‹X(j)
i , Ri, Yi,∆i)}ni=1 denote the jth imputed data set.

4. Pool all ‹D(j), j = 1, . . . ,M data sets together into a single large one Ď.

5. Fit a Cox model using the completed data set Ď to get an estimator β̂.

6. Return: β̂.

In a frequentist multiple imputation approach, we first use the observed data to estimate

the extrapolation densities and thereby, perform the imputation. Therefore, all further anal-

ysis is based on the estimated extrapolation densities, and it is important to incorporate this

uncertainty in the final variance calculation. Rubin’s estimator for the variance is commonly
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used in practice, but it will underestimate the variance in this situation. Specifically, there

will be an additional term in the asymptotic variance related to the estimator for the extrap-

olation distribution that will not be included. See Sections 14.4 and 14.5 of Tsiatis (2007)

for more details.

To avoid this issue in practice, we recommend using the nonparametric bootstrap to

estimate the variance. We bootstrap the data (including the missing values) many times

and repeat the same analysis on each bootstrapped sample to obtain many point estimates.

Each analysis on a bootstrapped sample will utilize a different estimated extrapolation dis-

tribution, so this uncertainty will be taken into account. Chen and Sadinle (2019) provide

additional related details in their work.

2.3.3 A multiply-robust estimator

In the previous two sections, we have described two approaches based on an inverse proba-

bility weighting and a regression adjustment. In the seminal paper by Robins et al. (1994),

the authors introduced a general framework of an augmented inverse probability weighted

(AIPW) estimating function under a MAR assumption for the covariates, and thus, the

selection probability did not depend on any missing covariates. Wang and Chen (2001)

discussed further details on constructing an AIPW estimator with augmented functions for

the Cox model under MAR. Additionally, in their paper, the covariates took the form of

(Xmiss, Xobs), where Xmiss was a covariate vector possibly missing for some individuals and

Xobs was a covariate vector that was always observed, thereby inducing only two possible

missingness patterns for the covariates. These AIPW methods rely on two parametric models

for the selection probabilities and the missing covariates. To relax this parametric assump-

tion, Qi et al. (2005) outlined a fully augmented weighted estimator using a kernel regression

approach for a one-dimensional covariate. However, it is unclear how to handle the case with
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multiple covariates that may all be missing.

We extend the previous work by describing a multiply-robust estimator that allows miss-

ing not at random (MNAR) for a multidimensional covariate and arbitrary missing patterns.

The following lemma shows that there exists an estimator that is robust to the misspecifica-

tion of at most one of Qr,a(Xr,Wa) or mr,a(Xr,Wa) for each r.

Lemma 2.3 (Doubly robust linear form under CCMV). Fix a missing pattern r and an

observed outcome pattern a. Define

gr(X,Wa) = fa(X,Wa)1(A = a)1(R = 1d)Qr,a(Xr,Wa) (2.12)

+mr,a(Xr,Wa)1(R = r)1(A = a) (2.13)

−mr,a(Xr,Wa)1(A = a)1(R = 1d)Qr,a(Xr,Wa). (2.14)

If Qr,a(Xr,Wa) or mr,a(Xr,Wa) is correctly specified, then under a CCMV assumption of

equation (2.6), we have

E[fa(X,Wa)1(A = a)] =
∑

r

E[gr(X,Wa)].

The expression of Lemma 2.3 shows an interesting connection to equation (10.95) of

Tsiatis (2007). In the case where the there is only two missing patterns of the covariates, i.e.,

the covariates can be expressed as (Xmiss, Xobs), where Xmiss are possibly missing covariates

and Xobs are completely observed covariates, the MAR and CCMV assumptions on the

covariates can be shown to be equivalent. Our expression and equation (10.95) in Tsiatis

(2007) will be the same.

Theorem 2.2 (Multiply-robust Cox model). Under CCMV, the estimator β̂mr that solves

the augmented estimating function is consistent provided either Qr,δ(Xr, Y ) or mr,δ(Xr, Y )
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is correctly specified for each r.

Thus, this implies that we can construct a multistage estimator based on Lemma 2.3

that is multiply-robust since we have doubly robustness for each covariate pattern r ̸= 1d.

However, this comes at a cost. We see that the doubly robust expression above contains the

terms from Lemmas 2.1 and 2.2 along with an additional term. Term (2.14) is of interest

because it shows that in order to compute it, we will have to perform imputation even for

cases with completely observed covariates. Therefore, we can see explicitly that this doubly

robust estimator is even more computationally intensive than the regression adjustment

estimator in Lemma 2.2.

2.4 Simulation

We examine two scenarios of the Cox model and the binary treatment problem to observe

the consistency of our proposed estimators as well as behavior of the estimators under per-

turbations of the assumed identifying restriction.

2.4.1 Cox model simulation

We consider a Cox model with two binary covariates X = (X1, X2) ∈ {0, 1}2 from the

following generative model:

1. SampleX = (X1, X2) such that P (X1 = 1) = 1/2, P (X2 = 1) = 3/10, and Corr(X1, X2) =

0.3.

2. For T and C (and Y and ∆), we do the following:

• Generate T |X from an Exponential distribution with rate exp
(
x⊤β

)
and β =

−0.5

2


. This is based on the baseline hazard λ0(t) = 1.

• Generate C|X from an distribution with rate 2.
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• Compute Y = min{T,C} and ∆ = 1(T ≤ C).

3. Generate the missing pattern of covariates based on CCMV:

P (R = 01|x, y, δ)
P (R = 11|x, y, δ) =

P (R = 01|x2, y, δ)
P (R = 11|x2, y, δ)

= exp(−0.5x2 + 0.75y + 0.5δ),

P (R = 10|x, y, δ)
P (R = 11|x, y, δ) =

P (R = 10|x1, y, δ)
P (R = 11|x1, y, δ)

= exp(−1 + 0.5x1 + y + δ),

and remove the covariates accordingly.

Roughly, we expect approximately 40%, 30%, and 30% of the observations to fall in

the classes R = 01, R = 10, and R = 11, respectively. This data generating mechanism

completely specifies the joint model, and we consider three different estimators. The first

estimator is the IPW estimator, which is based off the weighted Cox model from Section

2.3.1, and the complete odds are estimated using logistic regression under CCMV. The

second estimator is multiple imputation (MI) / regression adjustment estimator as discussed

in Section 2.3.2 with M = 50 imputations. Notably, the complete odds and the imputation

distribution are not variation independent in this problem (and will generally not be in most

problems of interest), so we have to fit the imputation distribution using knowledge of the

complete odds. The third estimator is called the transformed MLE estimator. The specific

parametric model assumed for pY,∆|X(y, δ|x) implies that we can recover the terms

ν1, ν1 exp(β1), ν1 exp(β2), and ν1 exp(β1 + β2)

via maximum likelihood through the EM algorithm (details provided in Appendix A.5.1).

Let γ̂i denote the estimator for the ith term above (i = 1, 2, 3, 4). Two naive estimators,
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which we term the transformed MLEs, are as follows:

β̂1,Transformed MLE =
1

2
log(γ̂2/γ̂1) +

1

2
[log(γ̂4/γ̂1)− log(γ̂3/γ̂1)],

β̂2,Transformed MLE =
1

2
log(γ̂3/γ̂1) +

1

2
[log(γ̂4/γ̂1)− log(γ̂2/γ̂1)].

We did not include the DR estimator in comparison because it has a very complex form (see

Lemma 2.3).
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Figure 2.1: Estimation of β in a simulated Cox model for varying sample sizes.

For each of the sample sizes (350, 500, 1000, 2000), we generate 1000 data sets and

construct the three estimators. The means and the standard errors are calculated across the

1000 replicates, and we show the 95% confidence interval. The results are summarized in

Figure 2.1. We first observe that all three estimators are consistent and have standard errors

that appear to roughly decline at the appropriate
√
n-rate. The IPW estimator (equivalent

to the reweighted Cox model) has the highest variance, which is to be expected because

it uses the least information and inverse probabilities are known to introduce instability.

The multiple imputation / regression adjustment (MI/RA) estimator uses slightly more

information than the IPW estimator by assuming a parametric model for pY,∆|X(y, δ|x). As
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the imputation distribution and the complete odds are typically not variation independent,

we are forced to fit them together. We see that the RA estimator appears to have similar

variance to the transformed MLE, which is to be expected for large enough M (number of

imputations).

2.4.2 Binary treatment problem

We perform another simulation under the binary treatment setting from causal inference

to show consistency under a new setting. The generating process is described in Appendix

A.5.2. For each of the samples sizes (1000, 2000, 5000, 10000), we generate 1000 data sets and

construct 6 estimators. We consider two methods for accounting for the missing covariates

(IPW-R and RA-R) and three methods for estimating the ATE (IPW-A, RA-A and DR-A).

So, there are 6 combinations of one method for missing covariates and one method for the

ATE. The left panel of Figure 2.2 displays the results of three estimators formed by using an

IPW approach for the missing covariates: (IPW-R, IPW-A), (IPW-R, RA-A), and (IPW-R,

DR-A). In this case, we use the bootstrap percentile method for computing the confidence

intervals. The right panel of Figure 2.2 provides the results of three estimators using a RA

(imputation) approach for the missing covariates: (RA-R, IPW-A), (RA-R, RA-A), and

(RA-R, DR-A). We use M = 50 imputations and report the 95% confidence intervals. We

simply construct the confidence intervals by computing the standard errors across all 1000

generated data sets. Again, we also report the means across the 1000 replicates.

In the left panel of Figure 2.2, we observe some surprising results. First, in finite samples,

the (IPW-R, IPW-A) estimator can lead to unstable estimates for some data sets due to

the fact that the complete odds are estimated using a density ratio. Although we expect

the doubly-robust estimator (IPW-R, DR-A) to have smaller variance than the (IPW-R,

IPW-A) estimator, we see that it has larger variance. This is because the unstable part of
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Figure 2.2: Estimation of the ATE in a simulated causal inference problem for varying sample
sizes.

IPW-R appears in each of the 3 terms of the DR-A estimator.

In the right panel of Figure 2.2, we see very similar performance across all 3 estimators.

These 3 estimators dominate the other 3 estimators in the right panel, which suggests that a

multiple imputation approach can provide more stable results in practice. We discuss further

sensitivity analysis for this simulation in Appendix A.4.2.

2.5 Data Analysis

We apply our methods on the data from the National Alzheimer’s Coordinating Center’s

(NACC) Uniform Data Set1. This data set contains longitudinal data collected at Alzheimer’s

Disease Research Centers, funded by the National Institutes of Health and starting from

the year 2005. Participating individuals have varying cognitive statuses from no cognitive

impairment to mild impairment to severe impairment, and data is collected on a yearly basis

with certain covariates measured at entry into the study.

We consider individuals who display mild cognitive impairment (MCI) and follow their

trajectory until they either display evidence of dementia (mild, moderate, severe) or are

1https://naccdata.org/

https://naccdata.org/
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censored. These individuals are binned into 5 age groups based on when they first display

MCI: 60-64, 65-69, 70-74, 75-79, and 80-84. In each age group, we fit a Cox model, regressing

on the binary variables: sex (female or not), race (white or not), education (have graduate

degree or not), depression within last 2 years (yes or no), and anxiety (yes or no). Tracking

the change in the β across the different age groups allows us to observe the age effect. The

first three covariates (sex, race, and education) are generally measured for all individuals at

the baseline. There are a few individuals for which the education status is unknown, but

because these represent less than 1% of the observations, we exclude this individuals from

the analysis for simplicity. The last two covariates (depression and anxiety) are subject to

missingness, yielding a total of 22 = 4 covariate missing patterns. There are about 16%

participants in our data with complete observations.

We consider three different estimators: complete case (CC) analysis, IPW and RA esti-

mators. The CC analysis is a common approach used by practitioners. In the CC analysis,

we remove any individuals with any missing covariates and fit a standard Cox model. For

the IPW estimator, we use the CCMV assumption using logistic models for the complete

odds. Since the variables are binary, the imputation distribution in the RA estimator is the

usual nonparametric model. Point estimates and the 95% confidence intervals (constructed

using the nonparametric bootstrap) are provided in Figure 2.3.

First, we observe that the results from a CC analysis are generally not significant. For

example, in the plot for β3 (education), the CC confidence intervals all strongly cover 0.

On the other hand, across the plots, the RA approach generally yields narrower confidence

intervals while the IPW approach sometimes yields narrower confidence intervals; this is

due to the instability introduced by the inverse probability weights. Specifically, for β3

(education), the RA provides clear significant results for several of the age groups. These

plots suggest that often, when applying a CC analysis, we suffer from such a loss in sample
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Figure 2.3: Point estimates and the 95% confidence intervals for each β parameter. The
total sample size and the number of complete cases is included on the x-axis for each age
group.

size that it becomes difficult to draw a significant conclusion.

Moreover, it is known that higher education provides a protection against cognitive im-

pairment (known as the cognitive reserve; Meng and D’Arcy 2012; Thow et al. 2018). The

point estimates for β3 from all three estimation procedures are negative, which is what we

would expect. As the RA approach allows one to attain significant negative point estimates,

it highlights the potential benefits of accounting for the missing data. We discuss further

details for the analysis in Appendix A.6.
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2.5.1 Sensitivity analysis

We conduct a sensitivity analysis to investigate the robustness of our conclusion under

CCMV. We perturb the complete odds using an exponential tilting parameter ρ such that

Or,a(X,Wa) = Qr,a(Xr,Wa)e
ρr̄Xr̄

and every element in the vector ρr̄ takes the same value ρ. When ρ = 0, there is no

perturbation, but as |ρ| → ∞, the scale of the perturbation increases. For the imputation

model, we use a sensitivity analysis parameter ζ ∈ [0, 1]. When ζ → 1, the imputation

probability moves towards 0, and when ζ → 0, the imputation probability moves towards 1.

If ζ = 1/2, then the imputation probability remains unchanged (i.e., the case of CCMV). We

provide additional discussion of these sensitivity parameters in Appendix A.4. The results

are displayed in Figures 2.4 and 2.5. The confidence intervals are shaded in gray. There is

some slight wiggles in the upper and lower bands because of the Monte Carlo errors from

the bootstrap (we construct each confidence interval using the nonparametric bootstrap).

In Figure 2.4, we display the result of the IPW estimator. The IPW estimator is robust

when we perturb the missing data assumption in the sense that only the education effect has

a stronger dependency with the sensitivity parameter. Across all ρ ∈ [−1, 1], the education

effect is still negative, which suggests that the cognitive reserve we obtain from the IPW

estimator is resilient.

In Figure 2.5, we observe that the RA estimator for β3 (education effect) is robust to

changes in the sensitivity parameter, which again reinforces our findings on the cognitive

reserve. On the other hand, we see that the confidence interval width of β4 (depression)

depends on the sensitivity parameter ζ. While the sign of the effect remains the same and

the effect (value of β4) is also stable, the width of confidence intervals do change drastically.
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Figure 2.4: Point estimates and the 95% confidence intervals for the IPW estimator (β3 and
β4) as we vary the sensitivity parameter ρ for the age groups 75− 79 and 80− 84.
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Figure 2.5: Point estimates and the 95% confidence intervals for the RA estimator (β3 and
β4) as we vary the sensitivity parameter ζ for the age groups 75− 79 and 80− 84.
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So, we have to be careful when making claims regarding β4.
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2.6 Discussion

In this chapter, we introduced a process for constructing a multistage estimator for problems

with missing not at random covariates and incomplete outcomes. We discussed our method

in the context of Cox regression from survival analysis and a missing response problem (in

Appendix A.1). Although we did not show the specific details, the missing response problem

provides a bridge to the binary treatment problem from causal inference and a more general

longitudinal study problem with dropout. So, the arguments we provide for the missing

response problem naturally extend to these two problems.

Figure 2.6 shows an interesting tradeoff between model complexity, computation, and

efficiency in the special case of the CCMV assumption for the covariates. The RA estimator

is the easiest to model since we only need to place a model on p(x|1d, wa, a) for all a. But

this comes at a cost of computation since we generally need to perform imputation to fill

in the missing data. Also, RA does not achieve the (semiparametric) efficiency bound.

The IPW estimator is easy to compute because it is a simple reweighting of the cases with

completely observed covariates. But we need to model every Qr,a(Xr,Wa), which would

require many models. Also, IPW does not achieve the (semiparametric) efficiency bound and

Model Complexity
(RA/Imputation)

Computation
(IPW)

Efficiency
(DR)

Figure 2.6: The tradeoff between model complexity, computation, and efficiency in the
CCMV setting.
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may be unstable if the weights are too large. The DR estimator achieves the semiparametric

efficiency bound by utilizing components from both the regression adjustment and inverse

probability weighted estimator. Due to the augmenting term, imputation must be performed

even for the complete cases, so the computational cost is high and we have to place models

for every Qr,a(Xr,Wa). Thus, efficiency comes at the cost of complexity in modeling and

high computation.

There are several possible areas for future work. One direction is to study the problem

of model compatibility issues between complete odds and regression functions. When the

assumption on missing covariates is not CCMV, the complete odds and regression function

may again not be variationally independent. Thus, extra caution has to be taken when

placing models on them. Another direction is to study the use of nonparametric models in

complete odds and regression functions. This would lead to a more flexible modeling strategy

and avoid the problem of model compatibility, but overcoming the slow convergence rate will

be a challenge.
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Appendix A: Chapter 2 Appendices

The appendix has several sections to provide additional theoretical results, proofs, details

on simulations and data analyses, and further generalizations of work in the main body. In

Appendix A.1, we construct a multistage estimator for the missing response problem. The

assumptions for the asymptotic theory are provided in Appendix A.2. Since we utilize CCMV

as the main missing data assumption in the main body, we generalize this assumption in Ap-

pendix A.3 and show how to attain identifiable complete odds and imputation distributions.

Further details on the sensitivity analyses and simulations are included in Appendices A.4

and A.5, respectively. We include more data analyses in Appendix A.6. The proofs for any

theoretical results are included in Appendix B.8.

The table of contents is provided below.

1. Appendix A.1: Missing response problem.

2. Appendix A.2: Technical assumptions for the asymptotic theory.

3. Appendix A.3: Beyond CCMV.

4. Appendix A.4: Procedure of sensitivity analysis.

5. Appendix A.5: Details of simulations.

6. Appendix A.6: Additional analysis of the NACC data.

7. Appendix B.8: Proofs of 1. identification theories (Appendix A.7.1), 2. efficiency

theories (Appendix A.7.2), 3. asymptotic theories (Appendix A.7.3)

A.1 A Multistage Estimator for the Missing Response Problem

We now turn our attention to the missing response problem and show how to construct a

multistage estimator in this setting. Note that this procedure can be easily generalized to the
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binary treatment effect in causal inference. The parameter of interest is the marginal mean

of the outcome variable E[Y ]. Let πA(X) = P (A = 1|X) and m1(X) denote the propensity

score and regression function for Y , respectively. We start with the classic DR estimator

assuming fully-observed covariates for the missing response problem. The efficient influence

function takes the form

1(A = 1)Y

πA(X)
+m1(X)− 1(A = 1)m1(X)

πA(X)
.

The expectation of the above quantity equals E[Y ] as long as at least one of πA(X) and

m1(X) is correctly specified. Using empirical average of the above quantity, we obtain the

DR estimator under the missing response problem.

A.1.1 Multiply-robust property

In this section, we highlight the multiply-robust property of the multistage estimator by

demonstrating the construction of one such multiply-robust estimator in the missing response

problem.

For this problem, we also define the following regression functions

Mm,r,0(Xr) = E[m1(X)|Xr, R = r, A = 0], (2.15)

Mm,r,1(Xr, Y ) = E[m1(X)|Xr, R = r, Y, A = 1], (2.16)

M1/πA,r,1(Xr, Y ) = E
ï

1

πA(X)

∣∣∣∣Xr, R = r, Y, A = 1

ò
, (2.17)

Mm/πA,r,1(Xr, Y ) = E
ï
m1(X)

πA(X)

∣∣∣∣Xr, R = r, Y, A = 1

ò
. (2.18)

Definition 2.4 (Semiparametric submodels). Define the following semiparametric submodels.

• MR(r): The semiparametric model such that the parametric model p(xr̄|xr, r, wa, a; ηr,a)
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is correctly specified.

• MO(r): The semiparametric model such that the parametric model Or,a(x,wa;αr,a) is

correctly specified.

It follows from the previous definition that under modelMR(r), the regression functions

(2.15)-(2.18) are correctly specified. We specify the semiparametric model in this manner to

avoid the model congeniality issue described in Section 2.3.2. Note that one could instead

define MR(r) to be the semiparametric model under which these regression functions are

correctly specified.

Theorem 2.3 (Double robustness for missing response under CCMV for given r). Let θr =
∫
y P (dx, r, dy, da) be the parameter of interest. Consider the uncentered influence function

qr(X,R, Y,A) = m1(X)1(A = 0)1(R = 1d)Qr,0(Xr)

+m1(X)1(A = 1)1(R = 1d)Qr,1(Xr, Y )

+Mm,r,0(Xr)1(A = 0)[1(R = r)− 1(R = 1d)Qr,0(Xr)]

+Mm,r,1(Xr, Y )1(A = 1)[1(R = r)− 1(R = 1d)Qr,1(Xr, Y )]

+
1(R = 1d)1(A = 1)Y

πA(X)
Qr,1(Xr, Y )

+M1/πA,r,1(Xr, Y )Y 1(A = 1)[1(R = r)− 1(R = 1d)Qr,1(Xr, Y )]

− 1(R = 1d)1(A = 1)m1(X)

πA(X)
Qr,1(Xr, Y )

−Mm/πA,r,1(Xr, Y )1(A = 1)[1(R = r)− 1(R = 1d)Qr,1(Xr, Y )].

Under the modelMR(r) ∪MO(r) (i.e., either the complete odds or the regression functions

are correct), E[qr(X,R, Y,A)] = θr.

Theorem 2.3 shows that the estimator for θr based on the provided influence function
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is doubly robust. One key takeaway is that for a fairly simple problem, the estimation

procedure for the doubly robust estimator is rather complex. In particular, there are 12

terms in total. With this in mind, we expect that this doubly robust estimator to be more

of a theoretical construct than one that will generally be implemented in practice.

We further develop the theory by considering a doubly robust estimator for θr for each

r. Merging this together, we are able to estimate

θ =

∫
y P (dx, dr, dy, da) =

∑

r

θr.

We see that in the following corollary, this yields a multiply-robust estimator for θ = E[Y ].

Corollary 2.1 (Multiply-robustness for missing response under CCMV). Define the param-

eter of interest

θ =
∑

r

θr =
∑

r

∫
y P (dx, r, dy, da) =

∫
y P (dx, dr, dy, da).

The uncentered influence function
∑

r qr(X,R, Y,A) yields a consistent estimator of θ =
∑

r θr under the model
⋂

r(MR(r) ∪MO(r)).

Corollary 2.1 provides a strong result in that the estimator is 2|R|−1-robust, where |R| is

the number of missing covariate patterns. As shown in Theorem 2.3, for an estimator of θr to

be consistent, it is sufficient for at least one of Or,a(X,Wa) or the distribution p(xr̄|xr, wa, a)

to be correctly specified. In other words, we have two chances to obtain a correct estimator

for each missing covariate pattern r ̸= 1d.

Since the missing response and binary treatment problems are related and well-studied

problems, we omit the construction of our multistage estimator for the binary treatment

problem. The included arguments can easily be extended to the binary treatment problem
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and the problem of longitudinal data with monotone missingness in the response.

A.1.2 Semiparametric efficiency

We now show that the multiply-robust estimator developed in Theorem 2.3 and Corollary

2.1 is the semiparametric efficient estimator that attains the minimum possible variance in

the model
⋂

r(MR(r) ∩MO(r)), where all the regression functions and complete odds are

correctly specified.

Theorem 2.4 (EIF for missing response under CCMV for X). For the mean statistical

functional

ψ(P ) =

∫
y P (dx, dr, dy, da),

the multiply-robust influence function in Corollary 2.1 is the efficient influence function

(EIF), and it achieves the semiparametric efficiency bound in the model
⋂

r(MR(r)∩MO(r)).

This theorem further shows that the multiply-robust estimator is also full semiparametric

efficient.

A.2 Asymptotic Theory

In this section, we discuss the asymptotic theory for our multistage estimators. We direct

our attention to estimating the population quantity

θ = E[h(X,W,A)] =
∑

a∈A
E[fa(X,Wa)1(A = a)],

where is an ODF as described in Definition 2.1. We will show that the estimation meth-

ods that we have previously outlined lead to consistent, asymptotically normal estimators

under appropriate conditions. This theory will be useful for constructing confidence intervals

for data analysis and demonstrating consistency. If h is an estimating equation, then the
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asymptotic normality of the solution to the finite-sample version of the estimating equation

follows under standard regularity conditions for Z-estimators.

A.2.1 Assumptions for estimating fa

Fix an observed outcome pattern a. These assumptions hold for estimating the function fa.

(A1) There exists τ ∗a in the interior of the parameter space Ta such that

fa(x,wa; τ
∗
a ) = fa(x,wa).

We assume that there exists τ̂a, which is a regular asymptotically linear estimator such

that

τ̂a − τ ∗a =
1

n

n∑

i=1

ϕr,a(Xi, Ri,Wi,Ai
, Ai) + op(1/

√
n),

and the following convergence in distribution holds

τ̂a − τ ∗a
d→ N(0, σ2

fa)

for some σ2
fa
> 0.

(A2) Assume that fa is uniformly bounded for all values of its parameter such that

sup
x,wa,τa

|fa(x,wa; τa)| < M

for some constant M > 0.

(A3) Let
∫
(fa(x,wa; τ̂a)− fa(x,wa; τ

∗
a ))

2 P (dx, dr, dwa, da) = op(1).
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(A4) Let fa(x, r, wa; τa) have a nonzero first derivative with respect to τa, and assume that

∫
|∇τafa(x,wa; τa)| P (dx, dr, dwa, da)

is finite in all of its entries.

The assumption (A1) says that the fa functions belong to a parametric class and can

be estimated at
√
n-consistency. We elect to use a parametric assumption to make the

analysis easier. Assumption (A2) is a bounded assumption, which is reasonable if the input

variables have a compact support. Assumption (A3) describes the L2(P ) convergence of

the estimated fa functions. Finally, Assumption (A4) is a technical assumption to ensure

that asymptotic normality can be achieved and allows for application of the Dominated

Convergence Theorem.

A.2.2 The IPW estimator

Assumptions

We now introduce the following 4 assumptions for the IPW theorem below. Each assumption

holds for each pair of fixed covariate pattern r and observed-outcome pattern a.

(B1) For all missing covariate patterns r and observed outcome patterns a, there exist con-

stants C1 and C2 such that

0 < C1 ≤ Or,a(x,wa;αr,a) ≤ C2 < 1.

(B2) There exists α∗
r,a in the interior of the parameter space Ar,a such that

Or,a(x,wa;α
∗
r,a) =

P (R = r|x, a, wa)

P (R = 1d|x, a, wa)
.
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We assume that there exists α̂r,a, which is a regular asymptotically linear estimator

α̂r,a − α∗
r,a

d→ N(0, σ2
odds,r,a)

for some σ2
odds,r,a > 0.

(B3) The following class of functions is Donsker:

{Or,a(x,wa;αr,a : αr,a ∈ Ar,a}.

(B4) Assume that Or,a(x,wa;αr,a) have a nonzero first derivative with respect to αr,a. Also,

let ∫
|∇αr,aOr,a(x,wa;αr,a)| P (dx, dr, dwa, da)

be finite in all of its entries, and assume that

∫
(Or,a(x,wa; α̂r,a)−Or,a(x,wa;α

∗
r,a))

2 P (dx, dr, dwa, da) = op(1).

Assumption (B1) is to ensure that the complete odds are sufficiently bounded away

from 0, which is true if the variables belong to a compact support. Assumption (B2) says

that the complete odds belong to a parametric model, and there exists an estimator that

is
√
n-consistent. This is reasonable for most common parametric models under consider-

ation. Assumption (B3) is a Donsker condition, which is also reasonable if the parametric

model is sufficiently smooth. Assumption (B4) ensures that the estimated regression function

Or,a(x,wa; α̂r,a) converges in the L2(P ) norm to the true regression function Or,a(x,wa;α
∗
r,a).

The finite first derivative ensures that we can apply the Dominated Convergence Theorem

to simplify the expression in the proof.
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Asymptotic theory

We continue our goal of estimating θ by using an inverse probability weighting approach.

First, using Lemma 2.1, the parameter of interest writes as

θ =
∑

a

∑

r

E[fa(X,Wa)Or,a(X,Wa)1(R = 1d)1(A = a)],

where Or,a(X,Wa) = P (R = r|X,Wa, A = a)/P (R = 1d|X,Wa, A = a) is a complete odds.

Theorem 2.5 (Inverse probability weighting). Suppose the assumptions (A1)-(A4) and

(B1)-(B4) hold. Then, the estimator

θ̂IPW =
∑

r

∑

a

θ̂IPW,r,a

=
∑

r

∑

a

(
1

n

n∑

i=1

fa(Xi,Wi,a)Or,a(Xi,Wi,a)1(Ri = 1d)1(Ai = a)

)

is consistent, and for some σ2
IPW > 0, we have the following convergence in distribution

√
n(θ̂IPW − θ) d→ N(0, σ2

IPW).

A.2.3 The RA estimator

Assumptions

We introduce the following 3 assumptions for the RA estimator.

(C1) For all covariate patterns r and observed-outcome patterns a, there exists η∗r,a in the

interior of the parameter space Hr,a such that

Pex(xr̄|xr, r, wa, a) = Pex(xr̄|xr, r, wa, a; η
∗
r,a).
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Let P̂ex(xr̄|xr, r, wa, a) ≡ Pex(xr̄|xr, r, wa, a; η̂r,a). We assume that η̂r,a is a regular

asymptotically linear (RAL) estimator satisfying

η̂r,a − η∗r,a =
1

n

n∑

i=1

ψr,a(Xi, Ri,Wi,Ai
, Ai) + op(1/

√
n).

Moreover,
√
n(η̂r,a − η∗r,a)

d→ N(0, σ2
RA,r,a) for some σ2

RA,r,a > 0.

(C2) For a fixed covariate pattern r and observed-outcome pattern a, define

mr,a(xr, wa; ηr,a) = E[fa(X,Wa)|Xr = xr, R = r,Wa = wa, A = a]

=

∫
fa(x,wa) Pex(dxr̄|xr, r, wa, a; ηr,a).

The following class of regression functions is Donsker:

{mr,a(xr, wa; ηr,a) : ηr,a ∈ Hr,a}.

(C3) For all covariate patterns r and observed-outcome patterns a, assume thatmr,a(xr, wa; ηr,a)

has a nonzero first derivative with respect to ηr,a. Also, let

∫
|∇ηr,amr,a(xr, wa; ηr,a)| Pobs(dxr, r, dwa, a)

be finite in all of its entries, and assume that

∫
(mr,a(xr, wa; η̂r,a)−mr,a(xr, wa; η

∗
r,a))

2 Pobs(dxr, r, dwa, a) = op(1).

These are fairly mild assumptions. Assumption (C1) says that the extrapolation distri-
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bution belongs to a parametric family and that the estimator η̂r,a admits an asymptotically

linear expansion. Provided the parametric model holds, the
√
n-consistency of β̂r,a is a rea-

sonable assumption since η∗r,a is often estimated using M -estimators. Assumptions (C2) and

(C3) are similar to assumptions (B3) and (B4) made in the IPW estimation theorem.

A.2.4 Asymptotic theory

We can estimate θ using a regression adjustment approach. Using Lemma 2.2, the parameter

writes as

θ = E[h(X,W,A)]

=
∑

a

E[fa(X,Wa)1(A = a)]

=
∑

a

∑

r

E[mr,a(Xr,Wa)1(R = r)1(A = a)]

=
∑

a

∑

r

θRA,r,a.

Thus, the main strategy will be to show asymptotic results for every fixed r and a pair.

Theorem 2.6 (Regression adjustment). Suppose the assumptions (A1)-(A4) and (C1)-(C3)

hold. Then, the estimator

θ̂RA =
∑

r

∑

a

θ̂RA,r,a

=
∑

r

∑

a

(
1

n

n∑

i=1

mr,a(Xr,Wa; η̂r,a)1(Ri = r)1(Ai = a)

)

is consistent, and for some σ2
RA, we have the following convergence in distribution

√
n(θ̂RA − θ) d→ N(0, σ2

RA).
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Theorem 2.6 establishes that a population quantity expressible in the form (A.2) can be

estimated via a regression adjustment approach. The asymptotic normality of the provided

estimator can be used to construct a confidence interval for inference. Although it is possible

to construct a sandwich estimator, we again recommend using the bootstrap to estimate the

variance because writing a closed form expression may not be so elegant.

A.3 Beyond CCMV

We extend the work in the main body of the paper to see the analysis under an identifying

restriction that is not CCMV. We consider the case with 2 covariate variables (X1, X2)

subject to missingness for a total of 22 = 4 possible patterns. For simplicity, let v = (wa, a).

The CCMV assumption (Definition 2.3) is equivalent to:

p(x1|x2, R = 01, v) = p(x1|x2, R = 11, v),

p(x2|x1, R = 10, v) = p(x2|x1, R = 11, v),

p(x1, x2|R = 00, v) = p(x1, x2|R = 11, v).

(2.19)

The last equality can be relaxed by other assumptions. Here we consider the following

identifying restriction:

p(x1|x2, R = 01, v) = p(x1|x2, R = 11, v),

p(x2|x1, R = 10, v) = p(x2|x1, R = 11, v),

p(x1, x2|R = 00, v) = κ1 · p(x1, x2|R = 01, v) + κ2 · p(x1, x2|R = 10, v) + κ3 · p(x1, x2|R = 11, v)

(2.20)

for nonnegative constants κ1, κ2, and κ3 satisfying κ1 + κ2 + κ3 = 1. When κ3 = 1, equation

(2.20) reduces to the CCMV in equation (2.19). If there exist variables that are always

observed, then the above identifying restrictions can be generalized to allow κ1, κ2, and κ3
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to be real-valued functions of the observed variables. Under suitable choice of κ1, κ2, κ3 (as

a function of observed variables), the last restriction in equation (2.20) becomes

p(x1, x2|R = 00, v) = p(x1, x2|R ∈ {01, 10, 11}, v),

which shows connections to the available-case missing value assumption in (Molenberghs

et al., 1998).

A.3.1 IPW estimators

We now show that the (complete) odds admits a nice identifiable representation. Let V =

(WA, A). The two odds

P (R = 10|X, V )

P (R = 11|X, V )
and

P (R = 01|X, V )

P (R = 11|X, V )

are identifiable via the same formulas under CCMV. We now decompose the odds P (R =

00|X, V )/P (R ∈ {01, 10, 11}|X, V ) via

κ1 ·
p(x1, x2|R = 01, v)P (R = 00|v)
p(x1, x2, R ∈ {01, 10, 11}|v)

+ κ2 ·
p(x1, x2|R = 10, v)P (R = 00|v)
p(x1, x2, R ∈ {01, 10, 11}|v)

+ κ3 ·
p(x1, x2|R = 11, v)P (R = 00|v)
p(x1, x2, R ∈ {01, 10, 11}|v)

.

The first term can be decomposed by

κ1 ·
p(x1, x2|R = 01, v)P (R = 00|v)
p(x1, x2, R ∈ {01, 10, 11}|v)

= κ1 ·
p(x1|x2, R = 01, v)p(x2|R = 01, v)P (R = 00|v)

p(x2|x1, R = 11, v)p(x1, R = 10|v) + p(x1|x2, R = 11|v)p(x2, R = 01|v) + p(x1, x2, R = 11|v)
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= κ1 ·
p(x2|R = 01, v)P (R = 00|v)

p(x2|x1, R = 11, v)p(x1, R = 10|v)
p(x1|x2, R = 01, v)

+ p(x2, R = 01|v) + p(x2, R = 11|v)

= κ1 ·
p(x2|R = 01, v)P (R = 00|v)

p(x1, x2, R = 11|v)p(x1, R = 10|v)p(x2, R = 01|v)
p(x1, x2, R = 01|v)p(x1, R = 11|v) + p(x2, R = 01|v) + p(x2, R = 11|v)

= κ1 ·
p(x2|R = 01, v)P (R = 00|v)

P (R = 11|x2, v)
P (R = 01|x2, v)

· P (R = 10|x1, v)
P (R = 11|x1, v)

· p(x2, R = 01|v) + p(x2, R = 01|v) + p(x2, R = 11|v)

= κ1 ·
P (R = 00|v)/P (R = 01|v)

P (R = 11|x2, v)
P (R = 01|x2, v)

· P (R = 10|x1, v)
P (R = 11|x1, v)

+
P (R = 11|x2, v)
P (R = 01|x2, v)

+ 1

,

which is identifiable.

A similar argument for the second term yields

κ2 ·
P (R = 00|v)/P (R = 10|v)

P (R = 11|x1, v)
P (R = 10|x1, v)

· P (R = 01|x2, v)
P (R = 11|x2, v)

+
P (R = 11|x1, v)
P (R = 10|x1, v)

+ 1

.

The third term yields

κ3 ·
p(x1, x2|R = 11, v)P (R = 00|v)
p(x1, x2, R ∈ {01, 10, 11}|v)

= κ3 ·
P (R = 00|v)/P (R = 11|v)

P (R = 10|x1, v)
P (R = 11|x1, v)

+
P (R = 01|x2, v)
P (R = 11|x2, v)

+ 1

,

which is identifiable.

Thus, this implies that P (R = 00|x, v)/P (R = 11|x, v) is identifiable. We can model the

odds P (R = r|xr, v)/P (R = 11|xr, v), and then, plug them into the formulas above to obtain
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an identifiable expression for P (R = 00|x, v)/P (R = 11|x, v).

A.3.2 RA estimator (imputation)

First, as the identifying restriction is expressed in terms of the extrapolation distribution,

the regression adjustment estimator is fairly straightforward. Since the extrapolation distri-

bution p(x1, x2|R = 00) is a mixture of three identifiable distributions, we can again utilize

a Monte Carlo approximation to construct the regression adjustment estimator. This ap-

proximation is essentially the same as under CCMV except we sample from this mixture

distribution for pattern R = 00.

A.4 Sensitivity Analysis

We present details on the sensitivity analyses utilized in the paper.

A.4.1 Sensitivity analysis for the odds under logistic regression

We have showed with Proposition 2.2 that under CCMV, the odds satisfies

Or,a(X,Wa) :=
P (R = r|X,Wa, a)

P (R = 1d|X,Wa, a)
CCMV
=

P (R = r|Xr,Wa, a)

P (R = 1d|Xr,Wa, a)
=: Qr,a(Xr,Wa).

Thus, the complete odds depend only on the variables observed under pattern R = r. We

can introduce a sensitivity parameter to perturb this CCMV assumption using an exponential

tilting method with logistic regression (Kim and Yu, 2011; Shao and Wang, 2016; Zhao et al.,

2017). This results in

Or,a(X,Wa) = Qr,a(Xr,Wa)e
ρr̄Xr̄ , (2.21)

where ρr̄ is a sensitivity parameter that consists of a vector of real numbers (one for each

missing covariate under pattern r). In practice, we often let every element of ρr̄ to be the
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same for simplicity.

We now consider the special case of logistic regression. Under CCMV with an assumed

logistic regression model, the complete odds satisfies

logOr,a(X,Wa;αr,a) = logQr,a(Xr,Wa;αr,a) = α⊤
r,aXr.

Under the sensitivity model (equation (2.21)), this becomes

logOr,a(X,Wa;αr,a, ρr̄) = α⊤
r,aXr + ρ⊤r̄ Xr̄.

Note that the first term on the RHS is the traditional term obtained by fitting a logistic re-

gression model, and the second term is the tilting factor to push the missing data assumption

away from CCMV.

Varying the elements of ρr̄ will modify the missing data assumption and change the

weights. This allows one to determine the robustness of the estimator to changes in this

sensitivity parameter. This sensitivity parameter has a nice interpretation because it is the

coefficient in a linear model, and the range can be specified based on one’s belief about

the relation of impact of the missing variables to the impact of the observed variables. For

example, if the coefficient of the X1 variable is 1 and if X2 is subject to missingness, then

the sensitivity parameter corresponding to X2 can be chosen to be within the interval [−1, 1]

by assuming that X2 has at most the same impact in magnitude as X1.

A.4.2 Sensitivity analysis for binary imputation via rejection sampling

We also present an approach for sensitivity analysis under imputation model. We first

consider the case where the variable to be imputed X is binary. Suppose that under an

identifying restriction (such as the CCMV), we will impute the variable X by drawing X ∼
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Binomial(p), where p is the probability parameter from a particular imputation model.

To perturb the imputation model, we consider the following procedure:

• Draw X ∼ Bernoulli(p).

• Consider a sensitivity parameter ζ ∈ [0, 1]. We iterate the following steps until a draw

is accepted:

– If X = 1, with probability ζ, redraw X ∼ Bernoulli(p). Otherwise, accept the

draw.

– If X = 0, with probability 1− ζ, redraw X ∼ Bernoulli(p). Otherwise, accept the

draw.

We denote this new random variable by Y . We can see when ζ = 1, we force Y to be

deterministically 0, and when ζ = 0, we force Y to be deterministically 1. When ζ = 1/2,

we resample exactly half of the time, so we obtain Y = X. Namely, when ζ = 1/2, we are

under the unperturbed model. Every other value of ζ interpolates between these extremes.

Thus, the parameter ζ can be viewed as a preference toward X = 0.

It turns out that the above procedure admits a simpler expression. Given that the final

output is a binary number, the accepted value Y follows from a Bernoulli random variable.

Since Y is binary, E[Y ] is the probability of success. On the initial iteration, we draw 1 and

accept it with probability p(1−ζ). Otherwise, we redraw with probability pζ+(1−p)(1−ζ)

and return to the same state. This yields the following equation

E[Y ] = p(1− ζ) + pζE[Y ] + (1− p)(1− ζ)E[Y ],

so we have E[Y ] =
p(1− ζ)

1− pζ − (1− p)(1− ζ) =
p(1− ζ)

p+ ζ − 2pζ
.

Thus, we actually do not need to perform the rejection sampling procedure. Instead, we can
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simply draw

Y ∼ Bernoulli

Å
p(1− ζ)

p+ ζ − 2pζ

ã
.

A.4.3 Sensitivity analysis for continuous imputation via Gaussian tilting

Now, we discuss the case of sensitivity analysis on imputing a continuous random variable.

Suppose that without perturbations, we impute a continuous random variable X from a PDF

p(x). We propose the following modified approach:

• Draw X ∼ p(x).

• Consider a sensitivity parameter ξ ∈ [0,∞). First, we sample X ∼ p(x). We iterate

the following steps until a draw is accepted:

– With probability exp(−ξX2), accept X ∼ p(x).

– Otherwise, redraw X.

First, note that as ξ → ∞, we almost always resample, and as ξ → 0, we almost never

resample. We denote this new random variable by Y . The distribution of Y is given by

P (Y ≤ y) = P (X ≤ y | accept X) = P (X ≤ y | U ≤ exp
(
−ξX2

)
)

for a random variable U ∼ Uniform(0, 1) independent of X. We see that

P (Y ≤ y) = P (X ≤ y | U ≤ exp
(
−ξX2

)
)

∝ P (X ≤ y, U ≤ exp
(
−ξX2

)
)

= P (U ≤ exp
(
−ξX2

)
| X ≤ y) · P (X ≤ y)

=

∫ y

−∞

P (U ≤ exp(−ξx2) | x)
P (X ≤ y)

· p(x) dx · P (X ≤ y)

=

∫ y

−∞
P (U ≤ exp

(
−ξx2

)
| x) · p(x) dx
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=

∫ y

−∞
exp
(
−ξx2

)
p(x) dx.

Therefore, we see that this resampling method is equivalent to multiplying the original

PDF p(x) by exp(−ξx2) and renormalizing. Since the multiplication factor exp(−ξx2) is an

exponential, this action can be considered a form of Gaussian tilting.

p(x) is Gaussian. Suppose that the original imputation distribution is Gaussian such

that X ∼ N(µ, σ2). A simple completing the square argument shows that

− 1

2σ2
(x− µ)2 − ξx2 = −

Å
1

2σ2
+ ξ

ãÅ
x− µ

2σ2ξ + 1

ã2

+

Å
µ2

2σ2 + 4σ4ξ
− µ2

2σ2

ã
.

Therefore, Gaussian tilting by exp(−ξx2) results in a random variable

Y ∼ N

Å
µ

2σ2ξ + 1
,

σ2

2σ2ξ + 1

ã
.

As ξ → ∞, the distribution for Y degenerates to a point mass of 1 at 0. As ξ → 0,

we approach the original distribution p(x), which is what we expect as we almost never

resample.

p(x) is Exponential. Suppose p(x) is Exponential(λ) such that p(x) = λ exp(−λx).

Then, Gaussian tilting by exp(−ξx2) results in a truncated Gaussian that is formed by

taking the PDF over the positive support of a Gaussian with mean −λ/(2ξ) and variance

1/ξ. As ξ →∞, again, the distribution for Y degenerates to a point mass of 1 at 0.

A.5 Details on Survival Analysis Simulation and additional simulation studies

A.5.1 Details on Cox model simulation

Here we provide details on the Cox model simulation. Note that the data generating process

is described in the main paper.
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Estimation of the imputation model

In our simulated Cox model problem, there are two covariates X = (X1, X2) ∈ {0, 1}2. In the

complete case, the observed-data distribution can be decomposed into the following terms:

p(x,R = 11, y, δ) = p(x,R = 11)︸ ︷︷ ︸
Empirical

·

Propensity score︷ ︸︸ ︷
P (R = 11|x, y, δ)
P (R = 11|x)︸ ︷︷ ︸

Integration

· p(y, δ|x)︸ ︷︷ ︸
EM

.

Each of the above four components in the RHS is estimated as follows:

• Empirical. This component can be directly estimated from the data using empirical

proportion.

• Propensity score. This is estimated by combining estimators of the complete odds

and use equation (2.5).

• Integration. The term P (R = 11|x) can be rewritten as follows

P (R = 11|x) =
1∑

δ=0

∫ ∞

0

P (R = 11|x, y, δ)p(y, δ|x) dy.

In practice, this integral does not have an analytic form, so we use numerical integration

in R to circumvent the problem.

• EM. The estimation of this component is more involved. We use an EM-like method to

estimate it. We assume a parametric model pY,∆|X(y, δ|x) = [ν1 exp
(
x⊤β

)
]δν1−δ

2 e−y(ν1 exp(x⊤β)+ν2);

this model is derived from our design of the simulation. Fitting p(y, δ|x) is a simple

maximum likelihood procedure when the covariates are fully observed. Consider a

specific x̃. The model becomes

pY,∆|X(y, δ|x̃) = [ν1 exp
(
x̃⊤β

)
]δν1−δ

2 e−y(ν1 exp(x̃⊤β)+ν2)
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= γδx̃ν
1−δ
2 e−y(γx̃+ν2)

for γx = ν1 exp
(
x⊤β

)
. The ML estimators are

γ̂x̃ =

∑n
i=1 δi1(xi = x̃)∑n
i=1 yi1(xi = x̃)

and ν̂2 =

∑n
i=1(1(xi = x̃)− δi1(xi = x̃))∑n

i=1 yi1(xi = x̃)
.

In practice, we do not know the covariates for all of the individuals. So, we fit the

models using an EM algorithm. We replace the indicators 1(xi = x̃) with weights wi.

Suppose x̃ = (1, 1). The weights are as follows:

wi =





1 if x1 = x2 = 1

0 if x1 = 0 or x2 = 0

P̂ (X2 = 1|X1 = 1, R = 11, y, δ) if x1 = 1 and x2 missing

P̂ (X1 = 1|X2 = 1, R = 11, y, δ) if x2 = 1 and x1 missing

.

The weights depend on the fitted parameters. For the EM algorithm, we iterate between

updating wi (E-step) and computing the MLEs (M-step).

With the above procedure, we are able to estimate the distribution p(x,R = 11, y, δ),

which describes all imputation models under the CCMV assumption.

Sensitivity analysis

We include the following sensitivity analysis as part of our simulations. We fix a sample size of

n = 1000 with M = 50 imputations. For the IPW approach, we vary the exponential tilting

sensitivity parameter ρ in the interval [−3, 3]. For the imputation/RA approach, we change

the binary sensitivity analysis parameter ζ in the interval [0, 1]. For each corresponding
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Figure 2.7: Sensitivity analysis for the Cox model simulation with both the IPW and RA
estimators.

value of the sensitivity parameter, we compute the IPW and RA estimators, respectively.

The true value of the parameter is indicated with the red line.

First, we observe that the IPW estimator appears to be fairly stable as we vary the

sensitivity parameter, and the size of the confidence interval does not change drastically.

Therefore, we conclude that the β1 parameter is significant even as we perturb the estimator.

On the other hand, the point estimates of the RA estimator do appear to change slightly as we

vary the imputation model. The β2 parameter is large enough that any of these perturbations

do not result in a change in conclusion. However, the β1 parameter is relatively close in

magnitude to 0, so for extreme values of the ζ parameter, the results are not significant. This

suggests that the choice of identifying restriction is critical, and a sensitivity analysis is crucial

for a sound data analysis. We note that the extreme values of the ζ parameter generally

imply near almost sure deterministic imputation for both covariates, which generally will be

unlikely to be true.
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A.5.2 Details on binary treatment simulation

Data generating process

We generate the data as follows:

1. We sample (R, Y,A) as discrete random variables as follows: 2

• P (R = 11, Y = 0, A = 0) = 1/16

• P (R = 11, Y = 0, A = 1) = 1/12

• P (R = 11, Y = 1, A = 0) = 1/16

• P (R = 11, Y = 1, A = 1) = 1/24

• P (R = 10, Y = 0, A = 0) = 1/12

• P (R = 10, Y = 0, A = 1) = 1/8

• P (R = 10, Y = 1, A = 0) = 1/24

• P (R = 10, Y = 1, A = 1) = 1/12

• P (R = 01, Y = 0, A = 0) = 1/16

• P (R = 01, Y = 0, A = 1) = 1/24

• P (R = 01, Y = 1, A = 0) = 1/16

• P (R = 01, Y = 1, A = 1) = 1/12

• P (R = 00, Y = 0, A = 0) = 1/36

• P (R = 00, Y = 0, A = 1) = 1/24

• P (R = 00, Y = 1, A = 0) = 1/24

• P (R = 00, Y = 1, A = 1) = 1/18

2. We sample (X1, X2)|R, Y,A via the following distributions:
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The generative model for (X1, X2)|R, Y,A is constructed in such a way to ensure that

the CCMV assumption holds.

Details on the estimation

Note that in the binary treatment problem, we have two estimators; one estimator to account

for the missing covariates (denoted as IPW-R or RA-R) and the other estimator for the ATE

(denoted as IPW-A, RA-A, DR-A).

Final estimators. For ease of simulation, we can consider the following 6 estimators

for E[Y (1)]. Note that here we describe the linear functional form of the estimator. We take

the empirical average of them to form the final estimate.
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1. IPW-R, IPW-A.

1(R = 11)1(A = 1)Y

P (A = 1|X)

∑

r

Qr,1(Xr, Y )

2. IPW-R, RA-A.

1(R = 11)m1(X)

P (A = 1|X)

∑

r

∑

a

1(A = a)Qr,a(Xr, Y )

3. IPW-R, DR-A.

1(R = 11)1(A = 1)(Y −m1(X))

P (A = 1|X)

∑

r

Qr,1(Xr, Y )

+
1(R = 11)m1(X)

P (A = 1|X)

∑

r

∑

a

1(A = a)Qr,a(Xr, Y )

4. RA-R, IPW-A.

1(A = 1)Y
∑

r

1(R = r)M1/πA,r,1(Xr, Y )

5. RA-R, RA-A.
∑

r

∑

a

1(R = r)1(A = a)Mm,r,a(Xr, Y )

6. RA-R, DR-A.

1(A = 1)Y
∑

r

1(R = r)Mm,r,1(Xr, Y )

+
∑

r

∑

a

1(R = r)1(A = a)Mm,r,a(Xr, Y )

− 1(A = 1)
∑

r

1(R = r)Mm/πA,r,1(Xr, Y )

As a reminder, the notation m1, Mm,r,0, Mm,r,1, M1/πA,r,1, and Mm/πA,r,1 refer to the
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following regression functions:

m1(X) = E[Y |A = 1, X],

Mm,r,0(Xr) = E[m1(X)|Xr, R = r, A = 0],

Mm,r,1(Xr, Y ) = E[m1(X)|Xr, R = r, Y, A = 1],

M1/πA,r,1(Xr, Y ) = E
ï

1

πA(X)

∣∣∣∣Xr, R = r, Y, A = 1

ò
,

Mm/πA,r,1(Xr, Y ) = E
ï
m1(X)

πA(X)

∣∣∣∣Xr, R = r, Y, A = 1

ò
.

Similar estimators can be constructed for E[Y (0)]. Merging estimators for E[Y (1)] and

E[Y (0)] together, we can obtain 6 estimators similar to the ones above for the ATE. We

choose not to construct the multiply-robust estimator for simplicity. As seen in Theorem 2.3,

there will be numerous terms, so the multiply-robust estimator will generally be considered

a theoretical construct.

Here we describe how to estimate the components in the above estimators.

IPW-R component. The above construction implies that the complete odds has the

following form:

Qr,a(Xr, Y ) =
P (R = r|Xr, Y, A)

P (R = 11|Xr, Y, A)

=
p(xr|r, y, a)p(r, y, a)
p(xr|11, y, a)p(11, y, a)

.

In the special case where covariances are assumed to be the same for a fixed y and a, one

may simplify the complete odds accordingly

Q10,a(x1, y) =
p(x1|10, y, a)p(r, y, a)
p(x1|11, y, a)p(11, y, a)
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=
exp(−(x1 − µ1,10)

2/(2σ2)) · p(10, y, a)
exp(−(x1 − µ1,11)2/(2σ2)) · p(11, y, a)

= exp

Ç
µ1,10 − µ1,11

σ2
x1 +

µ2
1,11 − µ2

1,10

2σ2

å
· p(10, y, a)
p(11, y, a)

,

Q01,a(x2, y) =
p(x2|01, y, a)p(r, y, a)
p(x2|11, y, a)p(11, y, a)

=
exp(−(x2 − µ2,01)

2/(2σ2)) · p(01, y, a)
exp(−(x2 − µ2,11)2/(2σ2)) · p(11, y, a)

= exp

Ç
µ2,01 − µ2,11

σ2
x1 +

µ2
2,11 − µ2

2,01

2σ2

å
· p(01, y, a)
p(11, y, a)

,

Q00,a(y) =
p(00, y, a)

p(11, y, a)
.

The probabilities p(r, y, a) can be estimated by the empirical frequencies, and the means and

variances are estimated using the sample versions. Finally, the propensity score of R = 11 is

πR(x, y, a) = P (R = 11|x, y, a) = 1

1 +Q10,a(x1, y) +Q01,a(x1, y) +Q00,a(y)
.

RA-R component. We estimate the regression functions Mm,r,0, Mm,r,1, M1/πA,r,1, and

Mm/πA,r,1 using a Monte Carlo approach, described in Section 2.3.2. Specifically, in the simu-

lation procedure, we make the assumption that the distribution p(x1, x2|r, y, a) is a multivari-

ate Gaussian and that the missing mechanism for the covariates satisfies the CCMV assump-

tion. This implies that the conditional distributions p(x1|x2, r, y, a) and p(x2|x1, r, y, a) are

conditional Gaussians. Therefore, we first can estimate the distributions p(x1|R = 10, r, y, a),

p(x2|R = 01, r, y, a), and p(x1, x2|R = 11, r, y, a) with a maximum likelihood procedure di-

rectly (plug in the sample means and variances/covariances as parameters). Then, under the

CCMV assumption, we can construct the estimates of the distribution p(x1, x2|r, y, a) in the
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following way:

p̂(x1, x2|R = 00, y, a) = p̂(x1, x2|R = 11, y, a),

p̂(x1, x2|R = 01, y, a) = p̂(x1|x2, R = 11, y, a)p̂(x2|R = 01, y, a),

p̂(x1, x2|R = 10, y, a) = p̂(x2|x1, R = 11, y, a)p̂(x1|R = 10, y, a).

This further implies that we can use the estimated distributions

p̂(x1, x2|R = 00, y, a) = p̂(x1, x2|R = 11, y, a),

p̂(x1|x2, R = 01, y, a) = p̂(x1|x2, R = 11, y, a),

p̂(x2|x1, R = 10, y, a) = p̂(x2|x1, R = 11, y, a)

to complete our data. We use the above extrapolation densities as an estimated imputation

model. We then sample the missing covariates M = 50 times to generate multiple complete

data sets ‹D(j) = {(‹X(j)
i , Ri, Yi, Ai)}ni=1, where ‹X(j)

i =
Ä
Xi,Ri

, ‹X(j)

i,R̄i

ä
refers to the jth imputed

missing covariates appended to the observed covariates corresponding to the ith observation.

We pool all ‹D(j) data sets together to form one large data set Ď. This enables us to take

the empirical average of the RA-R estimators directly using all of the completed data Ď.

For example, for the (RA-R, IPW-A) estimator, we have

1

n

n∑

i=1

[
1(Ai = 1)Yi

∑

r

1(Ri = r)M̂1/πA,r,1(XRi,i, Yi)

]

=
1

n

n∑

i=1

[
1(Ai = 1)Yi ·

1

M

M∑

j=1

1

π̂A(‹X(j)
i )

]

=
1

Mn

n∑

i=1

M∑

j=1

ñ
1(Ai = 1)Yi ·

1

π̂A(‹X(j)
i )

ô
.
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Similar logic implies that

1

n

n∑

i=1

[∑

r

∑

a

1(Ri = r)1(Ai = a)M̂m,r,a(XRi,i, Yi)

]

=
1

n

n∑

i=1

[∑

a

1(Ai = a)
1

M

M∑

j=1

“m1(‹X(j)
i )

]

=
1

Mn

n∑

i=1

M∑

j=1

“m1(‹X(j)
i ),

1

n

n∑

i=1

[
1(Ai = 1)

∑

r

1(Ri = r)M̂m/πA,r,a(XRi,i, Yi)

]

=
1

n

n∑

i=1

[
1(Ai = 1)

1

M

M∑

j=1

“m1(‹X(j)
i )

π̂A(‹X(j)
i )

]

=
1

Mn

n∑

i=1

M∑

j=1

1(Ai = 1)
“m1(‹X(j)

i )

π̂A(‹X(j)
i )

.

With these equations, we can construct the (RA-R, RA-A) and (RA-R, DR-A) estima-

tors.

IPW-A component. The propensity score can be calculated via

πA(x) = P (A = 1|x1, x2) =
∑

r

∑1
y=0 p(x1, x2|r, y, A = 1)p(r, y, A = 1)

∑
r

∑1
y=0

∑1
a=0 p(x1, x2|r, y, a)p(r, y, a)

.

We describe how to estimate the distribution p̂(x1, x2|r, y, a) in the previous discussion

on the RA-R component.

RA-A component. Since Y is binary, the regression function can be calculated via

ma(x) = E[Y |A = a, x1, x2] = P (Y = 1|A = a, x1, x2)

=

∑
r p(x1, x2|r, Y = 1, A = a)p(r, Y = 1, A = a)∑

r

∑1
y=0 p(x1, x2|r, y, a)p(r, y, a)

.
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We describe how to estimate the distribution p̂(x1, x2|r, y, a) in the previous discussion

on the RA-R component.

Sensitivity analysis

We perform a sensitivity analysis for this simulation by varying the sensitivity parameters

ρ ∈ [−2, 0.5] and ξ ∈ [0, 4] based on Appendices A.4.1 and A.4.3. For each sensitivity

parameter, we generate 1000 data sets with n = 1000 and perturb the 6 estimators. We use

M = 50 imputations for the RA estimator. In keeping with what was done in the primary

analysis, the confidence intervals for the IPW-R estimators are constructed by pooling the

results across all 1000 iterations and then taking the 0.025% and 97.5% quantiles. This was

done to reduce the effect of outliers (created by unstable inverse probability weights) on the

standard error estimate. The confidence intervals for the RA-R estimators are generated by

calculating the standard error across all 1000 iterations. The true ATE is plotted in red.

First, we observe that when ξ reaches 4, we are very close to deterministic imputation,

so often in most practical applications, ξ does not need to belong to a large interval. The

estimator where we use RA in both stages (RA-R, RA-A) performs the best and appears

fairly robust to changes in ξ. The (RA-R, IPW-A) estimator also appears to have minimal

bias as we vary ξ, but the variance increases. The IPW estimators are fairly sensitive to

changes in ρ, and in particular, the variance can severely increase for moderate changes in ρ.

This sensitivity analysis suggests that RA tends to provide the most stable estimates when

the assumptions are perturbed. Intuitively, this makes sense because a perturbation in the

missing data assumption changes the complete odds, and therefore, can drastically inflate

the inverse probability weights in some scenarios.
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Figure 2.8: Sensitivity analysis for the ATE simulation with both the IPW and RA estima-
tors.

A.6 Additional Analysis of the NACC Data

We performed sensitivity analysis under the IPW and RA settings by perturbing both the

IPW and RA estimators with sensitivity parameters ρ ∈ [−1, 1] and ζ ∈ [0, 1] (since the

covariates in the NACC data are binary). The details for sensitivity analysis are outlined

Appendices A.4.1 and A.4.2.

We include the results of all sensitivity analysis of the depression and anxiety in this

section. Figures 2.9 and 2.10 show that for three age groups (60− 64, 65− 69, and 70− 74),

the point estimates given by the IPW and RA estimators are generally fairly stable even as

we vary the sensitivity parameters. Moreover, the confidence intervals for the age groups
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Figure 2.9: Sensitivity analysis results for the IPW estimator for β4.

60− 64 and 70− 74 for both the IPW and RA estimators either exhibit significance or have

endpoints close to 0 across much of the sensitivity parameters’ ranges. This preliminary

analysis suggests that at least for some age groups, recent depression is associated with

shorter time to dementia. There is evidence in the literature to support this claim as well

(Kitching, 2015).

Figures 2.11 and 2.12 display the results for anxiety. We see across all age groups, as

we vary the respective sensitive parameters ρ and ζ, the point estimates for β5 are all close

to 0 with all of the confidence intervals covering 0. This suggests some evidence that the

self-reported anxiety is not associated with shorter time to dementia.
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Figure 2.10: Sensitivity analysis results for the RA estimator for β4.
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Figure 2.11: Sensitivity analysis results for the IPW estimator for β5.
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Figure 2.12: Sensitivity analysis results for the RA estimator for β5.
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A.7 Proofs

The proofs of the results in the paper are provided here. We separate the proofs into three

sections by topic: 1. estimator construction and identification, 2. multiple robustness and

efficiency theory, and 3. asymptotic theory.

A.7.1 Estimator construction and identification

This section contains proofs of Lemma 2.1, Proposition 2.1, Proposition 2.2, Theorem 2.1,

Lemma 2.2.

of Lemma 2.1. Let the observed outcome pattern a be fixed. We have

E[fa(X,Wa)1(A = a)1(R = r)]

=

∫
fa(x,wa)1(a

′ = a)1(r′ = r) p(x, r′, wa, a
′) dxdr′dwada

′

=

∫
fa(x,wa)1(a

′ = a) p(x, r, wa, a
′) dxdwada

′

=

∫
fa(x,wa)1(a

′ = a)
p(x, r, wa, a

′)

p(x, 1d, wa, a′)
p(x, 1d, wa, a

′) dxdwada
′

=

∫
fa(x,wa)1(a

′ = a)
P (R = r|x,wa, a

′)

P (R = 1d|x,wa, a′)

× 1(s = 1d) p(x, s, wa, a
′) dxdsdwada

′

= E[fa(X,Wa)1(A = a)Or,a(X,Wa)1(R = 1d)],

as desired.

Finally, note that summing over all patterns r yields the second decomposition

E[fa(X,Wa)1(A = a)] =
∑

r

E[fa(X,Wa)1(A = a)Or,a(X,Wa)1(R = 1d)].
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of Proposition 2.1. Fix an observed outcome pattern a. We start with the forward direction.

Suppose the complete odds Or,a(X,Wa) is identifiable for all r. Then,

∑

r

Or,a(X,Wa) =
∑

r

P (R = r|X,Wa, A = a)

P (R = 1d|X,Wa, A = a)
=

1

P (R = 1d|X,Wa, A = a)

is identifiable. The desired selection probabilities can be recovered because

P (R = r|X,Wa, A = a) = P (R = 1d|X,Wa, A = a) ·Or,a(X,Wa)

for any covariate missingness pattern r.

For the converse, an identifiable set of selection probabilities P (R = r|X,Wa, A = a) for

all r immediately implies that the complete odds can be formed and is identifiable since the

complete odds is the exactly the ratio of two selection probabilities.

of Proposition 2.2. This result is best seen by showing that the CCMV formulation in (2.6)

is equivalent to the CCMV formulation in (2.7), so we will proceed with a series of equiva-

lences. We have

p(xr̄|xr, r, wa, a) = p(xr̄|xr, R = 1d, wa, a)

⇐⇒ p(x, r, wa, a)

p(xr, r, wa, a)
=

p(x, 1d, wa, a)

p(xr, 1d, wa, a)

⇐⇒ p(x, r, wa, a)

p(x, 1d, wa, a)
=

p(xr, r, wa, )

p(xr, 1d, wa, a)

⇐⇒ P (R = r|X,Wa, a)

P (R = 1d|X,Wa, a)
=

P (R = r|Xr,Wa, a)

P (R = 1d|Xr,Wa, a)

⇐⇒ Or,a(X,Wa) = Qr,a(Xr,Wa).

Thus, the CCMVmissing data assumption on the covariates is equivalent through the pattern

mixture model and complete odds formulations.
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of Theorem 2.1. We wish to show that under the CCMV assumption, the full-covariate

distribution p(x, r, wa, a) is nonparametrically identified. First, we factorize the target dis-

tribution using a pattern mixture model approach

p(x, r, wa, a) = p(xr̄|xr, r, wa, a)p(xr, wa, a).

Note that the distribution p(xr, r, wa, a) is identifiable from the observed data, so the

only part we need to handle is the extrapolation density p(xr̄|xr, r, wa, a). By the CCMV

assumption, we have the equality

p(xr̄|xr, r, wa, a)
CCMV
= p(xr̄|xr, R = 1d, wa, a).

Since the distribution p(x,R = 1d, wa, a) is identifiable from the observed data (consider

only the observations with fully-observed covariates and observed outcome pattern A = a),

the conditional distribution p(xr̄|xr, R = 1d, wa, a) is identifiable. This means that the

extrapolation density is equated to an identifiable quantity.

The distribution p(x, r, wa, a) derived from the CCMV identifying restriction does not

conflict with the observed data because after marginalizing out the unobserved variable xr̄,

we obtain p(xr, wa, a), so we have nonparametric identification.

of Lemma 2.2. The expectation rewrites as

E[fa(X,Wa)1(A = a)1(R = r)] =

∫
fa(x,wa)1(a

′ = a)1(r′ = r) p(x, r, wa, a
′) dxdr′dwada

′

=

∫
fa(x,wa) p(x, r, wa, a) dxdwa

=

∫
fa(x,wa)p(xr̄|xr, r, wa, a) dxr̄ p(xr, r, wa, a) dxrdwa.
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Recall that mr,a(xr, wa) =
∫
fa(x,wa) p(xr̄|xr, r, wa, a) dxr̄ is the regression function. Sub-

stituting it into the previous expression yields

∫
mr,a(xr, wa) p(xr, r, wa, a) dxrdwa = E[mr,a(xr, wa)1(R = r)1(A = a)].

Finally, summing over all patterns r yields the second result

E[fa(X,Wa)1(A = a)] =
∑

r

E[mr,a(xr, wa)1(R = r)1(A = a)].

A.7.2 Multiple robustness and efficiency theory

This section contains proofs of Lemma 2.3, Theorem 2.2, Theorem 2.3, Corollary 2.1, Theo-

rem 2.4.

of Lemma 2.3. Fix the observed outcome pattern a, and suppose the CCMV assumption

holds for X. We will show that E[gr(X,Wa)] = E[fa(X,Wa)1(A = a)1(R = r)] provided

either Or,a(X,Wa) or mr,a(Xr,Wa) is correctly specified. By Lemmas 2.1 and 2.2, the terms

(2.12) and (2.13) are known to have expected value equal to E[fa(X,Wa)1(A = a)1(R = r)]

when the complete odds Or,a(X,Wa) and the regression functions mr,a(Xr,Wa) are correctly

specified, respectively.

Therefore, we focus our attention on term (2.14). There are two cases.

Case 1. In the first case, we will assume that the complete odds Or,a(X,Wa) is correctly

specified in that it equals P (R = r|X,Wa, A = a)/P (R = 1d|X,Wa, A = a). Since term

(2.12) has the desired expectation when the complete odds are correctly specified, it suffices
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to show that term (2.13) minus term (2.14) has mean 0. The difference of the terms is

mr,a(Xr,Wa)1(R = r)1(A = a)−mr,a(Xr,Wa)1(A = a)1(R = 1d)Or,a(X,Wa).

Taking the expectation yields

∫
mr,a(xr, wa)p(xr, r, wa, a) dxrdwa

−
∫
mr,a(xr, wa)1(a

′ = a)1(s = 1d)Or,a(x,wa) p(x, s, wa, a
′) dxdsdwada

′

=

∫
mr,a(xr, wa)p(xr, r, wa, a) dxrdwa

−
∫
mr,a(xr, wa)Or,a(x,wa) p(x, 1d, wa, a) dxdwa.

Since Or,a(X,Wa) is assumed to properly specified, this further simplifies to

∫
mr,a(xr, wa)p(xr, r, wa, a) dxrdwa −

∫
mr,a(xr, wa)p(x, r, wa, a) dxdwa

=

∫
mr,a(xr, wa)p(xr, r, wa, a) dxrdwa −

∫
mr,a(xr, wa)p(xr, r, wa, a) dxrdwa

= 0.

Therefore, E[g(X,Wa)] = E[fa(X,Wa)1(A = a)] when Or,a(X,Wa) is correctly specified.

Case 2. We now consider the second case. Suppose that the regression function

mr,a(Xr,Wa) is correctly specified. Since term (2.13) has the desired expectation under

this assumption, it suffices to show that term (2.12) minus term (2.14) has mean 0.

Consider the expectation of (2.12). Using the law of total expectation, we have

E[fa(X,Wa)1(A = a)1(R = 1d)Or,a(X,Wa)]



80

= E[E[fa(X,Wa)Or,a(X,Wa)|Xr, R = 1d,Wa, A = a]|R = 1d, A = a]

· P (R = 1d, A = a)

CCMV
= E[E[fa(X,Wa)Qr,a(Xr,Wa)|Xr, R = r,Wa, A = a]|R = 1d, A = a]

· P (R = 1d, A = a)

= E[E[fa(X,Wa)|Xr, R = r,Wa, A = a] ·Qr,a(Xr,Wa)|R = 1d, A = a]

· P (R = 1d, A = a).

Since the regression function mr,a(Xr,Wa) is assumed to be correctly specified, this further

simplifies as

E[mr,a(Xr,Wa) ·Qr,a(Xr,Wa)|R = 1d, A = a] · P (R = 1d, A = a)

= E[mr,a(Xr,Wa)Qr,a(Xr,Wa)1(A = a)1(R = 1d)]

CCMV
= E[mr,a(Xr,Wa)Or,a(X,Wa)1(A = a)1(R = 1d)].

This expression is exactly equal to the expected value of term (2.14), so it follows that term

(2.12) minus term (2.14) has mean 0.

Since we showed the expectation is correct in these two cases, we can conclude this form

is doubly robust.

of Theorem 2.2. The heart of the proof lies with Lemma 2.3. We will argue that the popu-

lation estimating equation has mean 0. Consider the multiple robust population estimating

equation with

Ur(β) = E
ñ
∆

Ç
X − s(1)(Y ; β)

s(0)(Y ; β)

å
Qr,1(Xr, Y )1(R = 1d)

ô
+ E
ñ
E
ñ
X − s(1)(Y ; β)

s(0)(Y ; β)

∣∣∣∣Xr, R, Y,∆

ô
· 1(R = r) · 1(∆ = 1)

ô
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− E
ñ
E
ñ
X − s(1)(Y ; β)

s(0)(Y ; β)

∣∣∣∣Xr, R, Y,∆

ô
· 1(∆ = 1) · 1(R = 1d) ·Qr,1(Xr, Y )

ô
,

s(1)r (β) =
∑

δ

E[1(Y ≥ t)Xeβ
⊤XQr,1(Xr, Y )1(∆ = δ)1(R = 1d)]

+
∑

δ

E[m(1)
r,δ (Xr, Y ; t, β)1(R = r)1(∆ = δ)]

−
∑

δ

E
î
m

(1)
r,δ (Xr, Y ; t, β) · 1(∆ = 1) · 1(R = 1d) ·Qr,1(Xr, Y )

ó
,

s(0)r (β) =
∑

δ

E[1(Y ≥ t)eβ
⊤XQr,1(Xr, Y )1(∆ = δ)1(R = 1d)]

+
∑

δ

E[m(0)
r,δ (Xr, Y ; t, β)1(R = r)1(∆ = δ)]

−
∑

δ

E
î
m

(0)
r,δ (Xr, Y ; t, β) · 1(∆ = 1) · 1(R = 1d) ·Qr,1(Xr, Y )

ó
.

From Lemma 2.3, the three above terms have expectation equivalent to

E
ñ
∆

Ç
X − s(1)(Y ; β)

s(0)(Y ; β)

å
1(R = r)

ô
,

E[1(Y ≥ t)Xeβ
⊤X1(R = r)],

E[1(Y ≥ t)eβ
⊤X1(R = r)],

respectively, provided at least one of the regression functions or the complete oddsQr,1(Xr, Y )

is correctly specified. Thus,
∑

r Ur(β) has mean 0, and the near-solution β̂mr to the finite-

sample estimating equation is consistent under standard regularity conditions.
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of Theorem 2.3. We will rewrite it in the following form to exploit the results from the

previous subsections

1(A = 1) ·
Å
Y −m1(X)

πA(X)
+m1(X)

ã
+ 1(A = 0) ·m1(X).

Since A = {0, 1}, we have two functions f0 and f1 to consider. The previous display suggests

taking

f0(X) = m1(X), (2.22)

f1(X, Y ) =
Y

πA(X)
− m1(X)

πA(X)
+m1(X). (2.23)

We now apply Lemma 2.3 to both functions. For each term of f0(X) and f1(X, Y ) that is a

function of X, Lemma 2.3 yields 3 terms. As such, we obtain a total of 12 terms. Applying

Lemma 2.3 to (2.22) yields

m1(X)1(A = 0)1(R = 1d)Qr,0(Xr) +Mm,r,0(Xr)1(R = r)1(A = 0)

−Mm,r,0(Xr)1(A = 0)1(R = 1d)Qr,0(Xr).

We obtain the following 9 terms from applying Lemma 2.3 to (2.23):

m1(X)1(A = 1)1(R = 1d)Qr,1(Xr, Y ) +Mm,r,1(Xr, Y )1(R = r)1(A = 1)

−Mm,r,1(Xr, Y )1(A = 1)1(R = 1d)Qr,1(Xr, Y )

+
Y

πA(X)
1(A = 1)1(R = 1d)Qr,1(Xr, Y ) + YM1/πA,r,1(Xr, Y )1(R = r)1(A = 1)

− YM1/πA,r,1(Xr, Y )1(A = 1)1(R = 1d)Qr,1(Xr, Y )

− m1(X)

πA(X)
1(A = 1)1(R = 1d)Qr,1(Xr, Y )−Mm/πA,r,1(Xr, Y )1(R = r)1(A = 1)
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+Mm/πA,r,1(Xr, Y )1(A = 1)1(R = 1d)Qr,1(Xr, Y ).

The double robustness follows from the proof of Lemma 2.3.

of Corollary 2.1. Compute the uncentered doubly robust influence function qr(X,R, Y,A)

for each missing pattern r using Theorem 2.3. By construction, each influence function is

consistent for θr provided either Qr,a(Xr,Wa) and p(xr̄|xr, wa, a) are correctly specified. Each

estimator for a given missing covariate pattern r is doubly robust from Theorem 2.3. The

doubly robustness for each pattern implies that the final estimator is 2|R|−1-robust.

of Theorem 2.4. Let P0 denotes the true distribution. We solve for efficient influence func-

tion using the semiparametric theory outlined in van der Vaart (1998). By Lemma 2.1 and

under CCMV, the parameter of interest ψ(P0) can be written as the following statistical

functional

θ(0) =

∫
y P0(dx, dr, dy, da)

=

∫
1(a = 1)y

P0(A = 1|x)
∑

r

Q
(0)
r,1(xr, y)1(r

′ = 1d) P0(dx, dr
′, dy, da),

where Q
(0)
r,1(xr, y) denotes the complete odds Qr,1(xr, y) under P0.

For ease of typesetting, in our abbreviations, we will adopt the convention that R comes

before A. In other words, the expression p(x, 1d, y, 1) should be taken to be equivalent to

p(x,R = 1d, y, A = 1).

Define p0(x, r
′, y, 1) and p0(x, r′, 0) to be the true model, and consider a first order per-

turbation of the model

pt(x, r
′, y, 1) = p0(x, r

′, y, 1)[1 + t · g1(x, r′, y, 1)],
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pt(x, r
′, 0) = p0(x, r

′, 0)[1 + t · g0(x, r′, 0)]

for functions g1 and g0 satisfying Ep0 [1(A = 1)g1(X,R
′, Y, A)] = Ep0 [1(A = 0)g0(X,R

′, A)] =

0. Then, the efficient influence function is the mean-zero function EIF(x, r′, y, a) = 1(A =

1)EIF1(x, r
′, y) + 1(A = 0)EIF0(x, r

′) satisfying

lim
t→0

θ(t) − θ(0)
t

=

∫
EIF1(x, r

′, y)p0(x, r
′, y, 1)g(x, r′, y, 1) dxdr′dy

+

∫
EIF0(x, r

′)p0(x, r
′, 0)g(x, r′, 0) dxdr′.

There are three terms to be perturbed: p(x, r′, y, 1), Qr,1(xr, y), and P (A = 1|x). It

suffices to perturb each one up to first order and hold the remaining two unchanged. Thus,

we divide our task into 3 parts and proceed as follows:

Part (I). From perturbing p(x, r′, y, 1), a direct calculation shows that

1(A = 1)Y

P (A = 1|X)

∑

r

Qr,1(Xr, Y )1(R = 1d) (2.24)

contributes to the EIF.

Part (II). We now perturb the odds Qr,1(xr, y). Up to first order, we have

Q
(t)
r,1(xr, y) =

pt(xr, r, y, a)

pt(xr, 1d, y, a)

=
p0(xr, r, y, a) + t

∫
p0(x

′
r̄, xr, r, y, a)g1(x

′
r̄, xr, r, y, a) dx

′
r̄

p0(xr, 1d, y, a) + t
∫
p0(x′r̄, xr, 1d, y, a)g1(x

′
r̄, xr, 1d, y, a) dx

′
r̄

+O(t2)

= Q
(0)
r,1(xr, y) + t

Å∫
p0(x

′
r̄, xr, r, y, a)g1(x

′
r̄, xr, r, y, a) dx

′
r̄

p0(xr, 1d, y, a)

− p0(xr, r, y, a)
∫
p0(x

′
r̄, xr, 1d, y, a)g1(x

′
r̄, xr, 1d, y, a) dx

′
r̄

p(xr, 1d, y, a)p(xr, 1d, y, a)

ã
+O(t2).

Thus, there are 2 additional terms that arise from this perturbation. The first term can
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be found by simplifying the following expression

∫
1(a = 1)y

P0(A = 1|x) ·
∑

r

∫
p0(x

′
r̄, xr, r, y, a)g1(x

′
r̄, xr, r, y, a) dx

′
r̄

p0(xr, 1d, y, a)
· 1(r′ = 1d) P0(dx, dr

′, dy, da)

=

∫
1(a = 1)y

P0(A = 1|x) ·
∑

r

1(s = r) · p0(xr̄|xr, 1d, y, a) dxr̄

p0(x
′
r̄, xr, s, y, a)g1(x

′
r̄, xr, s, y, a) dx

′
r̄dxrdsdyda.

So, the first term is

1(A = 1)Y
∑

r

1(R = r)M1/πA,r,1(Xr, Y ), (2.25)

where the notations Mf,r,a is defined in equations (2.15)-(2.18).

The second term can be found by simplifying

−
∫

1(a = 1)y

P0(A = 1|x) ·
∑

r

p0(xr, r, y, a)
∫
p0(x

′
r̄, xr, 1d, y, a)g1(x

′
r̄, xr, 1d, y, a) dx

′
r̄

p(xr, 1d, y, a)p(xr, 1d, y, a)

· 1(r′ = 1d) P0(dx, dr
′, dy, da)

= −
∫

1(a = 1)y

P0(A = 1|x) ·
∑

r

Q
(0)
r,1(xr, y)

∫
1(s = 1d)p0(x

′
r̄, xr, s, y, a)g1(x

′
r̄, xr, s, y, a) dx

′
r̄ds

p(xr, 1d, y, a)

· 1(r′ = 1d) P0(dx, dr
′, dy, da)

= −
∫

1(a = 1)y

P0(A = 1|x) ·
∑

r

Q
(0)
r,1(xr, y)

∫
1(s = 1d)p0(x

′
r̄, xr, s, y, a)g1(x

′
r̄, xr, s, y, a) dx

′
r̄ds

· p(xr̄|xr, 1d, y, a) dxr̄dxrdyda

= −
∫

1(a = 1)y

P0(A = 1|x) ·
∑

r

Q
(0)
r,1(xr, y) · 1(s = 1d) · p(xr̄|xr, 1d, y, a) dxr̄

· p0(x′r̄, xr, s, y, a)g1(x′r̄, xr, s, y, a) dx′r̄dxrdsdyda.
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So, the second term is

−1(A = 1)Y 1(R = 1d)
∑

r

Qr,1(Xr, Y )M1/πA,r,1(Xr, Y ). (2.26)

Part (III). This part requires the most tedious calculations. We start by rewriting

P (A = 1|x) as an identifiable expression under CCMV

1

P (A = 1|x)

=
p(x)

p(x,A = 1)

=

∑

s ̸=1d

ï∫ (i)︷ ︸︸ ︷
Qs,1(xs, y

′)

(ii)︷ ︸︸ ︷
p(x, 1d, y

′, 1) dy′ +

(iii)︷ ︸︸ ︷
Qs,0(xs)

(iv)︷ ︸︸ ︷
p(x, 1d, 0)

ò
+

(vi)︷ ︸︸ ︷
p(x, 1d)

∑

s ̸=1d

ï∫
Qs,1(xs, y

′)︸ ︷︷ ︸
(v)

p(x, 1d, y
′, 1) dy′

ò
+ p(x, 1d, 1)

.

(2.27)

Our goal is to perturb the above expression and find the first order approximation. We

consider each term in the above expression, and we expand up to first order:

(i) : Q
(t)
s,1(xs, y

′) =
pt(xs, s, y

′, 1)

pt(xs, 1d, y′, 1)

=
p0(xs, s, y

′, 1) + t
∫
p0(x

′
s̄, xs, s, y

′, 1)g1(x′s̄, xs, s, y
′, 1) dx′s̄

p0(xs, 1d, y′, 1) + t
∫
p0(x′s̄, xs, 1d, y′, 1)g1(x

′
s̄, xs, 1d, y′, 1) dx

′
s̄

+O(t2)

= Q
(0)
s,1(xs, y

′) + t

Å∫
p0(x

′
s̄, xs, s, y

′, 1)g1(x′s̄, xs, s, y
′, 1) dx′s̄

p0(xs, 1d, y′, 1)

− p0(xs, s, y
′, 1)

∫
p0(x

′
s̄, xs, 1d, y

′, 1)g1(x′s̄, xs, 1d, y
′, 1) dx′s̄

p(xs, 1d, y′, 1)p(xs, 1d, y′, 1)

ã
+O(t2).
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(ii) : pt(x, 1d, y
′, 1) = p0(x, 1d, y

′, 1) + tp0(x, 1d, y
′, 1)g1(x, 1d, y

′, 1) +O(t2).

(iii) : Q
(t)
s,0(xs) =

pt(xs, s, 0)

pt(xs, 1d, 0)

=
p0(xs, s, 0) + t

∫
p0(x

′
s̄, xs, s, 0)g0(x

′
s̄, xs, s, 0) dx

′
s̄

p0(xs, 1d, 0) + t
∫
p0(x′s̄, xs, 1d, 0)g0(x

′
s̄, xs, 1d, 0) dx

′
s̄

+O(t2)

= Q
(0)
s,0(xs) + t

Å∫
p0(x

′
s̄, xs, s, 0)g0(x

′
s̄, xs, s, 0) dx

′
s̄

p0(xs, 1d, 0)

− p0(xs, s, 0)
∫
p0(x

′
s̄, xs, 1d, 0)g0(x

′
s̄, xs, 1d, 0) dx

′
s̄

p(xs, 1d, 0)p(xs, 1d, 0)

ã
+O(t2).

(iv) : pt(x, 1d, 0) =

∫
pt(x, 1d, 0) dy

′

= p0(x, 1d, 0) + t

∫
p0(x, 1d, 0)g0(x, 1d, 0) dy

′ +O(t2).

(v) : pt(x, 1d, 1) =

∫
pt(x, 1d, y

′, 1) dy′

= p0(x, 1d, 1) + t

∫
p0(x, 1d, y

′, 1)g1(x, 1d, y
′, 1) dy′ +O(t2).

(vi) : pt(x, 1d) =

∫
pt(x, 1d, y

′, 1) dy′ + pt(x, 1d, 0)
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= p0(x, 1d) + t

∫
p0(x, 1d, y

′, 1)g1(x, 1d, y
′, 1) dy′da′ + tp0(x, 1d, 0)g0(x, 1d, 0) +O(t2).

Thus, the denominator of equation (2.27), p(x,A = 1), takes the following form (up to

first order):

A0 + A1t = p0(x, 1) + t

∫
p0(x, 1d, y

′, 1)g1(x, 1d, y
′, 1) dy′

+ t
∑

s ̸=1d

∫
Qs,1(xs, y

′)p0(x, 1d, y
′, 1)g1(x, 1d, y

′, 1) dy′

+ t
∑

s ̸=1d

∫
p0(x, 1d, y

′, 1)

p(xs, 1d, y′, 1)
p(x′s̄, xs, y

′, 1)g1(x
′
s̄, xs, s, y

′, 1) dx′s̄dy
′

− t
∑

s ̸=1d

∫
p0(x, 1d, y

′, 1)p0(xs, s, y′, 1)

p(xs, 1d, y′, 1)p(xs, 1d, y′, 1)
p(x′s̄, xs, y

′, 1)g1(x
′
s̄, xs, s, y

′, 1) dx′s̄dy
′

= p0(x, 1) + t

∫
p0(x, 1d, y

′, 1)g1(x, 1d, y
′, 1) dy′

︸ ︷︷ ︸
(a)

+ t
∑

s ̸=1d

∫
Qs,1(xs, y

′)p0(x, 1d, y
′, 1)g1(x, 1d, y

′, 1) dy′

︸ ︷︷ ︸
(b)

+ t
∑

s ̸=1d

∫
p0(xs̄|xs, 1d, y′, 1)p0(x′s̄, xs, s, y′, 1)g1(x′s̄, xs, s, y′, 1) dx′s̄dy′

︸ ︷︷ ︸
(c)

−t
∑

s ̸=1d

∫
p0(xs̄|xs, 1d, y′, 1)Q(0)

s,1(xs, y
′)p(x′s̄, xs, 1d, y

′, 1)g1(x
′
s̄, xs, 1d, y

′, 1) dx′s̄dy
′

︸ ︷︷ ︸
(d)

The numerator of equation (2.27), p(x), takes the following form (up to first order):

a0 + a1t = p0(x) + t

∫
p0(x, 1d, y

′, 1)g1(x, 1d, y
′, 1) dy′da′

+ tp0(x, 1d, 0)g0(x, 1d, 0)
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+ t
∑

s ̸=1d

∫
Qs,1(xs, y

′)p0(x, 1d, y
′, 1)g1(x, 1d, y

′, 1) dy′

+ t
∑

s ̸=1d

∫
p0(x, 1d, y

′, 1)

p(xs, 1d, y′, 1)
p(x′s̄, xs, y

′, 1)g1(x
′
s̄, xs, s, y

′, 1) dx′s̄dy
′

− t
∑

s ̸=1d

∫
p0(x, 1d, y

′, 1)p0(xs, s, y′, 1)

p0(xs, 1d, y′, 1)p0(xs, 1d, y′, 1)
p0(x

′
s̄, xs, y

′, 1)g1(x
′
s̄, xs, s, y

′, 1) dx′s̄dy
′

+ t
∑

s ̸=1d

Qs,0(xs)p0(x, 1d, 0)g0(x, 1d, 0)

+ t
∑

s ̸=1d

∫
p0(x, 1d, 0)

p0(xs, 1d, 0)
p0(x

′
s̄, xs, 0)g0(x

′
s̄, xs, s, 0) dx

′
s̄

− t
∑

s ̸=1d

∫
p0(x, 1d, 0)p0(xs, s, 0)

p0(xs, 1d, 0)p0(xs, 1d, 0)
p0(x

′
s̄, xs, 0)g0(x

′
s̄, xs, s, 0) dx

′
s̄

= p0(x) + t

∫
p0(x, 1d, y

′, 1)g1(x, 1d, y
′, 1) dy′

︸ ︷︷ ︸
(e)

+ tp0(x, 1d, 0)g0(x, 1d, 0)︸ ︷︷ ︸
(f)

+ t
∑

s ̸=1d

∫
Qs,1(xs, y

′)p0(x, 1d, y
′, 1)g1(x, 1d, y

′, 1) dy′

︸ ︷︷ ︸
(g)

+ t
∑

s ̸=1d

∫
p0(xs̄|xs, 1d, y′, 1)p0(x′s̄, xs, s, y′, 1)g1(x′s̄, xs, s, y′, 1) dx′s̄dy′

︸ ︷︷ ︸
(h)

−t
∑

s ̸=1d

∫
p0(xs̄|xs, 1d, y′, 1)Q(0)

s,1(xs, y
′)p(x′s̄, xs, 1d, y

′, 1)g1(x
′
s̄, xs, 1d, y

′, 1) dx′s̄dy
′

︸ ︷︷ ︸
(i)

+ t
∑

s ̸=1d

Qs,0(xs)p0(x, 1d, 0)g0(x, 1d, 0)

︸ ︷︷ ︸
(j)

+ t
∑

s ̸=1d

∫
p0(xs̄|xs, 1d, 0)p0(x′s̄, xs, 0)g0(x′s̄, xs, s, 0) dx′s̄

︸ ︷︷ ︸
(k)
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−t
∑

s ̸=1d

∫
p0(xs̄|xs, 1d, 0)Q(0)

s,0(xs)p0(x
′
s̄, xs, 1d, 0)g0(x

′
s̄, xs, 1d, 0) dx

′
s̄

︸ ︷︷ ︸
(l)

A fraction of the form
a0 + a1t+O(t2)

A0 + A1t+O(t2)
has the following first order expansion

a0
A0

+

Å
a1
A0

− a0A1

A2
0

ã
t+O(t2).

Thus, the perturbation of 1/P (A = 1|x) yields 12 terms, based on terms (a)-(l). We now

derive each individually.

Term (a). The contribution from (a) gives

− t
∫

1(r′ = 1d)1(a = 1)yp0(x, r
′, y, a)

∑
rQr,1(xr, y)

P0(A = 1|x)p0(x, 1)

× p0(x, 1d, y′, 1)g1(x, 1d, y′, 1) dy′ dxdr′dyda

= −t
∫

1(r′ = 1d)1(a = 1)yp0(x, 1d, y, 1)
∑

rQr,1(xr, y)

P0(A = 1|x)p0(x, 1)

× p0(x, r′, y′, a)g1(x, r′, y′, a) dy dxdr′dy′da

= −t
∫

1(r′ = 1d)1(a = 1)yp(y|x, 1)
P0(A = 1|x)

× p0(x, r′, y′, a)g1(x, r′, y′, a) dy dxdr′dy′da

= −t
∫

1(r′ = 1d)1(a = 1)m1(X)

P0(A = 1|x)

× p0(x, r′, y′, a)g1(x, r′, y′, a) dxdr′dy′da.

So, (a) contributes

−1(R = 1d)1(A = 1)
m1(X)

πA(X)
.
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Term (b). The contribution from (b) gives

− t
∫

1(r′ = 1d)1(a = 1)yp0(x, r
′, y, a)

∑
rQr,1(xr, y)

P0(A = 1|x)p0(x, 1)

×
∑

s ̸=1d

Qs,1(xs, y
′)p0(x, 1d, y

′, 1)g1(x, 1d, y
′, 1) dy′ dxdr′dyda

= −t
∫

1(r′ = 1d)1(a = 1)yp(y|x, 1)
P0(A = 1|x)

×
∑

s ̸=1d

Qs,1(xs, y
′)p0(x, r

′, y′, a)g1(x, r
′, y′, a) dy dxdr′dy′da

So, (b) contributes

−1(R = 1d)1(A = 1)
m1(X)

πA(X)

∑

r ̸=1d

Qr,1(Xr, Y ).

Term (c). The contribution from (c) gives

− t
∫

1(r′ = 1d)1(a = 1)yp0(x, r
′, y, a)

∑
rQr,1(xr, y)

P0(A = 1|x)p0(x, 1)

×
∑

s ̸=1d

p0(xs̄|xs, 1d, y′, 1)p0(x′s̄, xs, s, y′, 1)g1(x′s̄, xs, s, y′, 1) dx′s̄dy′ dxs̄dxsdr′dyda

= −t
∫

1(a = 1)m1(X)

P0(A = 1|x)

×
∑

s ̸=1d

p0(xs̄|xs, 1d, y′, 1)p0(x′s̄, xs, s, y′, a)g1(x′s̄, xs, s, y′, a) dxs̄ dx′s̄dxsdy′da

= −t
∫

1(a = 1)

×
∑

s ̸=1d

Mm/πA,s,1(xs, y
′)p0(x

′
s̄, xs, s, y

′, a)g1(x
′
s̄, xs, s, y

′, a) dxs̄ dx
′
s̄dxsdy

′da
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= −t
∫

1(a = 1)

×
∑

s ̸=1d

1(r′′ = s)Mm/πA,s,1(xs, y
′)p0(x

′
s̄, xs, r

′′, y′, a)g1(x
′
s̄, xs, r

′′, y′, a) dxs̄ dx
′
s̄dxsdr

′′dy′da

So, (c) contributes

−1(A = 1)
∑

r ̸=1d

1(R = r)Mm/πA,r,1(Xr, Y ).

Term (d). The contribution from (d) gives

t

∫
1(r′ = 1d)1(a = 1)yp0(x, r

′, y, a)
∑

rQr,1(xr, y)

P0(A = 1|x)p0(x, 1)

×
∑

s ̸=1d

Qs,1(xs, y
′)p0(xs̄|xs, 1d, y′, 1)p0(x′s̄, xs, 1d, y′, 1)g1(x′s̄, xs, 1d, y′, 1) dx′s̄dy′ dxs̄dxsdr′dyda

= t

∫
1(a = 1)m1(X)

P0(A = 1|x)

×
∑

s ̸=1d

Qs,1(xs, y
′)p0(xs̄|xs, 1d, y′, 1)p0(x′s̄, xs, 1d, y′, 1)g1(x′s̄, xs, 1d, y′, 1) dxs̄ dx′s̄dxsdy′da

= t

∫
1(a = 1)

×
∑

s ̸=1d

Qs,1(xs, y
′)Mm/πA,s,1(xs, y

′)p0(x
′
s̄, xs, 1d, y

′, 1)g1(x
′
s̄, xs, 1d, y

′, 1) dx′s̄dxsdy
′da

= t

∫
1(a = 1)

×
∑

s ̸=1d

1(r′′ = s)Qs,1(xs, y
′)Mm/πA,s,1(xs, y

′)p0(x
′
s̄, xs, r

′′, y′, 1)g1(x
′
s̄, xs, r

′′, y′, 1) dx′s̄dxsdr
′′dy′da

So, (d) contributes

1(A = 1)
∑

r ̸=1d

1(R = 1d)Mm/πA,r,1(Xr, Y )Qr,1(Xr, Y ).
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Term (e). The contribution from (e) gives

t

∫
1(r′ = 1d)1(a = 1)yp0(x, r

′, y, a)
∑

rQr,1(xr, y)

p0(x, 1)

× p0(x, 1d, y′, 1)g1(x, 1d, y′, 1) dy′ dxdr′dyda

= t

∫
1(r′ = 1d)1(a = 1)yp0(x, 1d, y, 1)

∑
rQr,1(xr, y)

p0(x, 1)

× p0(x, r′, y′, a)g1(x, r′, y′, a) dy dxdr′dy′da

= t

∫
1(r′ = 1d)1(a = 1)yp(y|x, 1)

× p0(x, r′, y′, a)g1(x, r′, y′, a) dy dxdr′dy′da

= t

∫
1(r′ = 1d)1(a = 1)m1(X)

× p0(x, r′, y′, a)g1(x, r′, y′, a) dxdr′dy′da.

So, (e) contributes

1(R = 1d)1(A = 1)m1(X).

Term (f). The contribution from (f) gives

t

∫
1(r′ = 1d)1(a = 1)yp0(x, r

′, y, a)
∑

rQr,1(xr, y)

p0(x, 1)

× p0(x, 1d, 0)g0(x, 1d, 0) dxdr′dyda

= t

∫
1(r′ = 1d)1(a = 1)1(a′ = 0)yp0(x, r

′, y, a)
∑

rQr,1(xr, y)

p0(x, 1)

× p0(x, r′, a′)g0(x, r′, a′) dady dxdr′da′

= t

∫
1(r′ = 1d)1(a = 1)1(a′ = 0)yp0(x, y, a)

p0(x, 1)

× p0(x, r′, a′)g0(x, r′, a′) dady dxdr′da′

= t

∫
1(r′ = 1d)1(a

′ = 0)m1(X)
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× p0(x, r′, a′)g0(x, r′, a′) dady dxdr′da′

So, (f) contributes

1(R = 1d)1(A = 0)m1(X).

Term (g). The contribution from (g) gives

t

∫
1(r′ = 1d)1(a = 1)yp0(x, r

′, y, a)
∑

rQr,1(xr, y) ·
∑

s ̸=1d
Qs,1(xs, y

′)

p0(x, 1)

× p0(x, 1d, y′, 1)g1(x, 1d, y′, 1) dy′ dxdr′dyda

= t

∫
1(r′ = 1d)1(a = 1)m1(X) ·

∑

s ̸=1d

Qs,1(xs, y
′)

× p0(x, r′, y′, a)g1(x, r′, y′, a) dxdr′dy′da

So, (g) contributes

1(R = 1d)1(A = 1)m1(X)
∑

r ̸=1d

Qr,1(Xr, Y ).

Term (h). The contribution from (h) gives

t

∫
1(r′ = 1d)1(a = 1)yp0(x, r

′, y, a)
∑

rQr,1(xr, y)

p0(x, 1)

×
∑

s ̸=1d

p0(xs̄|xs, 1d, y′, 1)p0(x′s̄, xs, s, y′, 1)g1(x′s̄, xs, s, y′, 1) dx′s̄dy′ dxs̄dxsdr′dyda

= t

∫
1(a = 1)m1(X)

×
∑

s ̸=1d

p0(xs̄|xs, 1d, y′, 1)p0(x′s̄, xs, s, y′, a)g1(x′s̄, xs, s, y′, a) dxs̄ dx′s̄dxsdy′da
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= t

∫
1(a = 1)

×
∑

s ̸=1d

Mm,s,1(xs, y
′)p0(x

′
s̄, xs, s, y

′, a)g1(x
′
s̄, xs, s, y

′, a) dxs̄ dx
′
s̄dxsdy

′da

= t

∫
1(a = 1)

×
∑

s ̸=1d

1(r′′ = s)Mm,s,1(xs, y
′)p0(x

′
s̄, xs, r

′′, y′, a)g1(x
′
s̄, xs, r

′′, y′, a) dxs̄ dx
′
s̄dxsdr

′′dy′da

So, (h) contributes

1(A = 1)
∑

r ̸=1d

1(R = r)Mm,r,1(Xr, Y ).

Term (i). The contribution from (i) gives

− t
∫

1(r′ = 1d)1(a = 1)yp0(x, r
′, y, a)

∑
rQr,1(xr, y)

p0(x, 1)

×
∑

s ̸=1d

Qs,1(xs, y
′)p0(xs̄|xs, 1d, y′, 1)p0(x′s̄, xs, 1d, y′, 1)g1(x′s̄, xs, 1d, y′, 1) dx′s̄dy′ dxs̄dxsdr′dyda

= −t
∫

1(a = 1)m1(X)

×
∑

s ̸=1d

Qs,1(xs, y
′)p0(xs̄|xs, 1d, y′, 1)p0(x′s̄, xs, 1d, y′, 1)g1(x′s̄, xs, 1d, y′, 1) dxs̄ dx′s̄dxsdy′da

= −t
∫

1(a = 1)

×
∑

s ̸=1d

Qs,1(xs, y
′)Mm,s,1(xs, y

′)p0(x
′
s̄, xs, 1d, y

′, 1)g1(x
′
s̄, xs, 1d, y

′, 1) dx′s̄dxsdy
′da

= −t
∫

1(a = 1)

×
∑

s ̸=1d

1(r′′ = s)Qs,1(xs, y
′)Mm,s,1(xs, y

′)p0(x
′
s̄, xs, r

′′, y′, 1)g1(x
′
s̄, xs, r

′′, y′, 1) dx′s̄dxsdr
′′dy′da
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So, (i) contributes

−1(A = 1)
∑

r ̸=1d

1(R = 1d)Mm,r,1(Xr, Y )Qr,1(Xr, Y ).

Term (j). The contribution from (j) gives

t

∫
1(r′ = 1d)1(a = 1)yp0(x, r

′, y, a)
∑

rQr,1(xr, y) ·
∑

s ̸=1d
Qs,0(xs)

p0(x, 1)

× p0(x, 1d, 0)g0(x, 1d, 0) dxdr′dyda

= t

∫
1(r′ = 1d)1(a

′ = 0)m1(X) ·
∑

s ̸=1d

Qs,0(xs)

× p0(x, r′, a′)g0(x, r′, a′) dxdr′da′

So, (j) contributes

1(R = 1d)1(A = 0)m1(X)
∑

r ̸=1d

Qr,0(Xr).

Term (k). The contribution from (k) gives

t

∫
1(r′ = 1d)1(a = 1)yp0(x, r

′, y, a)
∑

rQr,1(xr, y)

p0(x, 1)

×
∑

s ̸=1d

∫
p0(xs̄|xs, 1d, 0)p0(x′s̄, xs, 0)g0(x′s̄, xs, s, 0) dx′s̄ dxs̄dxsdr′dyda

= t

∫
1(a′ = −)m1(X)

×
∑

s ̸=1d

p0(xs̄|xs, 1d, a′)p0(x′s̄, xs, a′)g0(x′s̄, xs, s, a′) dxs̄ dx′s̄dxsda′

= t

∫
1(a′ = 0)
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×
∑

s ̸=1d

1(r′′ = s)Mm,s,0(xs)p0(x
′
s̄, xs, r

′′, a′)g0(x
′
s̄, xs, r

′′, a′) dx′s̄dxsdr
′′da′

So, (k) contributes

1(A = 0)
∑

r ̸=1d

1(R = r)Mm,r,0(Xr).

Term (l). The contribution from (l) gives

− t
∫

1(r′ = 1d)1(a = 1)yp0(x, r
′, y, a)

∑
rQr,1(xr, y)

p0(x, 1)

× t
∑

s ̸=1d

∫
p0(xs̄|xs, 1d, 0)Q(0)

s,0(xs)p0(x
′
s̄, xs, 1d, 0)g0(x

′
s̄, xs, 1d, 0) dx

′
s̄ dxs̄dxsdr

′dyda

− t
∫

1(a′ = 0)1(r′ = 1d)m1(X)

× t
∑

s ̸=1d

∫
p0(xs̄|xs, 1d, 0)Q(0)

s,0(xs)p0(x
′
s̄, xs, r

′, a′)g0(x
′
s̄, xs, r

′, a′) dx′s̄ dxs̄dxsdr
′da′

− t
∫

1(a′ = 0)1(r′ = 1d)

× t
∑

s ̸=1d

∫
Mm,s,0(xs)Q

(0)
s,0(xs)p0(x

′
s̄, xs, r

′, a′)g0(x
′
s̄, xs, r

′, a′) dx′s̄ dxs̄dxsdr
′da′

So, (l) contributes

−1(A = 0)
∑

r ̸=1d

1(R = 1d)Mm,r,0(Xr)Qr,0(Xr).

Merging Terms. Adding all of the terms together from all three parts yields the

following:

1(A = 1)Y

P (A = 1|X)

∑

r

Qr,1(Xr, Y )1(R = 1d) + 1(A = 1)Y
∑

r

1(R = r)M1/πA,r,1(Xr, Y )
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− 1(A = 1)Y 1(R = 1d)
∑

r

Qr,1(Xr, Y )M1/πA,r,1(Xr, Y )

− 1(R = 1d)1(A = 1)
m1(X)

πA(X)
− 1(R = 1d)1(A = 1)

m1(X)

πA(X)

∑

r ̸=1d

Qr,1(Xr, Y )

− 1(A = 1)
∑

r ̸=1d

1(R = r)Mm/πA,1(Xr, Y ) + 1(A = 1)
∑

r ̸=1d

1(R = 1d)Mm/πA,1(Xr, Y )Qr,1(Xr, Y )

+ 1(R = 1d)1(A = 1)m1(X) + 1(R = 1d)1(A = 0)m1(X)

+ 1(R = 1d)1(A = 1)m1(X)
∑

r ̸=1d

Qr,1(Xr, Y )

+ 1(A = 1)
∑

r ̸=1d

1(R = r)Mm,r,1(Xr, Y )− 1(A = 1)
∑

r ̸=1d

1(R = 1d)Mm,r,1(Xr, Y )Qr,1(Xr, Y )

+ 1(R = 1d)1(A = 0)m1(X)
∑

r ̸=1d

Qr,0(Xr)

+ 1(A = 0)
∑

r ̸=1d

1(R = r)Mm,r,0(Xr)− 1(A = 0)
∑

r ̸=1d

1(R = 1d)Mm,r,0(Xr)Qr,0(Xr)

=
1(A = 1)Y

P (A = 1|X)

∑

r

Qr,1(Xr, Y )1(R = 1d) + 1(A = 1)Y
∑

r

1(R = r)M1/πA,r,1(Xr, Y )

− 1(A = 1)Y 1(R = 1d)
∑

r

Qr,1(Xr, Y )M1/πA,r,1(Xr, Y )

− 1(R = 1d)1(A = 1)
m1(X)

πA(X)

∑

r

Qr,1(Xr, Y )

− 1(A = 1)
∑

r ̸=1d

1(R = r)Mm/πA,1(Xr, Y ) + 1(A = 1)
∑

r ̸=1d

1(R = 1d)Mm/πA,1(Xr, Y )Qr,1(Xr, Y )

+ 1(R = 1d)1(A = 0)m1(X)
∑

r

Qr,0(Xr) + 1(R = 1d)1(A = 1)m1(X)
∑

r

Qr,1(Xr, Y )

+ 1(A = 1)
∑

r ̸=1d

1(R = r)Mm,r,1(Xr, Y )− 1(A = 1)
∑

r ̸=1d

1(R = 1d)Mm,r,1(Xr, Y )Qr,1(Xr, Y )

+ 1(A = 0)
∑

r ̸=1d

1(R = r)Mm,r,0(Xr)− 1(A = 0)
∑

r ̸=1d

1(R = 1d)Mm,r,0(Xr)Qr,0(Xr)

= q(X,R, Y,A).
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This has mean equivalent to θ, so the efficient influence function is EIF(X,R, Y,A) =

q(X,R, Y,A) − θ. This shows that the multiply-robust estimator for the missing response

problem achieves the semiparametric efficiency bound.

A.7.3 Asymptotic theory

This section contains proof of Theorem 2.5 and Theorem 2.6. For the ease of derivation and

referencing the literature (e.g. Chapter 19 of van der Vaart 1998), we introduce notations

from the empirical process theory. We denote P as the true probability measure that gener-

ates our data and Pn be the empirical measure. Namely, in the case of observing IID random

elements Z1, · · · , Zn ∈ Z, P (z) is the underlying distribution that generates Z1, · · · , Zn and

Pn(z) = 1
n

∑n
i=1 I(Zi ≤ z) is the corresponding empirical distribution. For any function

f : Z → R, we denote

Pf =

∫
f(z)P (dz) = E(f(Z)), Pnf =

∫
f(z)Pn(dz) =

1

n

n∑

i=1

f(Zi).

of Theorem 2.5. Following Lemma 2.1, we rewrite the population quantity of interest as

θ = E[h(X,W,A)]

=
∑

a∈A
E[fa(X,Wa)1(A = a)]

=
∑

a∈A

∑

r

E[fa(X,Wa)1(A = a)Or,a(X,Wa)1(R = 1d)]

=
∑

a∈A

∑

r

θIPW,r,a.
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Since we need to estimate fa and Or,a, our estimator is

θ̂IPW =
∑

a∈A

∑

r

(
1

n

n∑

i=1

f̂a(Xi,Wi,a)1(Ai = a)Ôr,a(Xi,Wi,a)1(Ri = 1d)

)

=
∑

a∈A

∑

r

θ̂IPW,r,a.

We will show that θ̂IPW,r,a, as defined above, is an asymptotically linear estimator for θIPW,r,a.

For ease of typesetting, define

qr,a(X,R,Wa, A) := fa(X,Wa)1(A = a)Or,a(X,Wa)1(R = 1d),

q̂r,a(X,R,Wa, A) := f̂a(X,Wa)1(A = a)Ôr,a(X,Wa)1(R = 1d).

Using the empirical process notations, we have

θ̂IPW,r,a − θIPW,r,a = Pnq̂r,a − P0qr,a

= (Pn − P0)qr,a︸ ︷︷ ︸
(I)

+P0(q̂r,a − qr,a)︸ ︷︷ ︸
(II)

+(Pn − P0)(q̂r,a − qr,a)︸ ︷︷ ︸
(III)

.

Therefore, there are 3 terms we need to consider to show asymptotic normality.

Term (I). Expanding this term, we obtain

(Pn − P0)qr,a =
1

n

n∑

i=1

(q(X,R,Wa, A)− E[q(X,R,Wa, A)]),

which is immediately asymptotically linear.

Term (II). Collect the parameters τa and ηr,a into a single parameter κr,a for simplicity.

As the first derivative of qr,a(x, r, wa, a;κr,a) exists and is nonzero (assumptions (A4) and
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(B4)), Term (II) equals

P0(q̂r,a − qr,a) =
∫

[qr,a(x, r, wa, a; κ̂r,a)− qr,a(x, r, wa, a;κ
∗
r,a)] P (dx, dr, dwa, da)

= (κ̂r,a − κ∗r,a)⊤
Å∫
∇κr,aqr,a(x, r, wa, a;κr,a) P (dx, dr, dwa, da)

ã
+ op(1/

√
n).

The interchange of the derivative and the integral follows from the Dominated Convergence

Theorem. Since we assume the κ̂r,a admits an asymptotically linear expansion (assumptions

(A1) and (B2)), this further simplifies to

1

n

n∑

i=1

φr,a(Xi, Ri,Wi,a, Ai)
⊤
Å∫
∇κr,aqr,a(x, r, wa, a;κr,a) P (dx, dr, dwa, da)

ã
+ op(1/

√
n),

where φr,a is the influence function for κ̂r,a.

Term (III). For the last term, we show that is negligible up to first order. We apply

Lemma 19.24 from (van der Vaart, 1998). We verify the following two conditions:

1. Q := {qr,a(x, r, wa; τ, η) : τ, η} is a P -Donsker class:

Since {fa(x,wa; τ) : τ} and {Or,a(x,wa; η) : η} are uniformly bounded P -Donsker

classes, it follows that Q is also P -Donsker.

The class of functions formed by the pairwise products of functions from two uniformly

bounded P -Donsker classes is P -Donsker (this permanence property can be seen using

a Lipschitz transformation argument; see Example 2.10.8 from (van der Vaart and

Wellner, 1996)).

2. qr,a(x, r, wa, a; τ̂a, η̂r,a) converges to some qr,a(x, r, wa, a; τ
∗
a , η

∗
r,a) in L2(P ):
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We have

∫
[qr,a(x, s, wa, a

′; τ̂a, η̂r,a)− qr,a(x, s, wa, a
′; τ ∗a , η

∗
r,a)]

2 P (dx, ds, dwa, da
′)

=

∫
1(a′ = a)1(s = 1d)

ï
fa(x,wa; τ̂a)Or,a(x,wa; η̂r,a)

− fa(x,wa; τ
∗
a )Or,a(x,wa; η

∗
r,a)

ò2
P (dx, ds, dwa, da

′)

≤
∫

[fa(x,wa; τ̂a)Or,a(x,wa; η̂r,a)− fa(x,wa; τ
∗
a )Or,a(x,wa; η

∗
r,a)]

2

P (dx, ds, dwa, da
′).

We can upper bound the L2(P ) norm via

∥fa(x,wa; τ̂a)Or,a(x,wa; η̂r,a)− fa(x,wa; τ
∗
a )Or,a(x,wa; η

∗
r,a)∥2

≤ ∥fa(x,wa; τ̂a)[Or,a(x,wa; η̂r,a)−Or,a(x,wa; η
∗
r,a)]∥2

+ ∥[fa(x,wa; τ̂a)− fa(x,wa; τ
∗)]Or,a(x,wa; η

∗
r,a)∥2

≤ ∥fa(x,wa; τ̂a)∥∞ · ∥Or,a(x,wa; η̂r,a)−Or,a(x,wa; η
∗
r,a)∥2

+ ∥fa(x,wa; τ̂a)− fa(x,wa; τ
∗
a )∥2 · ∥Or,a(x,wa; η

∗
r,a)∥∞

by Minkowski’s and Holder’s inequalities. By assumptions (A2), (A3), (B1), and (B4),

we have L2(P ) convergence of fa(x,wa; τ̂a)Or,a(x,wa; η̂r,a) to the function fa(x,wa; τ
∗
a )Or,a(x,wa; η

∗
r,a).

Therefore, the sufficient conditions of the Lemma 19.24 of (van der Vaart, 1998) are satisfied,

and it follows that Term (III) is op(1/
√
n).

Merging terms. Finally, putting everything together, we have

√
n(θ̂r,a − θr,a)
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=
1√
n

n∑

i=1

(q(X,R,Wa, A)− E[q(X,R,Wa, A)])

+
1√
n

n∑

i=1

φr,a(Xi, Ri,Wi,a, Ai)
⊤
Å∫
∇κr,aqr,a(x, r, wa, a;κr,a) P (dx, dr, dwa, da)

ã
+ op(1)

for some influence function φr,a for κ̂r,a (this follows from the asymptotic linearity assump-

tions (A1) and (B2). Next, we note that θ̂IPW,r,a is generally correlated with this θ̂IPW,r′,a′

for some r ̸= r′ and a ̸= a′. Therefore, they do not typically converge jointly to a degenerate

distribution. As we have provided the asymptotic linear forms for each of the estimators

marginally, we have joint convergence of the {√n(θ̂IPW,r,a− θIPW,r,a)}r,a to a zero-mean mul-

tivariate Gaussian by the Central Limit Theorem. The asymptotic normality of θ̂IPW follows

from the Continuous Mapping Theorem. Consistency follows from asymptotic normality

since we have convergence at the standard
√
n-rate.

of Theorem 2.6. Using Lemma 2.2, we can decompose θ using a regression adjustment

method as follows

θ = E[h(X,W,A)]

=
∑

a

E[fa(X,Wa)1(A = a)]

=
∑

a

∑

r

E[mr,a(Xr,Wa)1(R = r)1(A = a)]

=
∑

a

∑

r

θRA,r,a,

where mr,a(Xr,Wa) = E[fa(X,Wa)|Xr, R = r,Wa, A = a] is a regression function. Here

θRA,r,a =
∫
E[fa(X,Wa)|Xr = xr, R = r,Wa = wa, A = a] Pobs(dxr, r, dwa, a).
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To start, we fix a covariate pattern r and an observed outcome pattern a. Define

θ̂RA,r,a =

∫
fa(x,wa; τ̂a) P̂ex(dxr̄|xr, r, wa, a) P̂obs(dxr, r, dwa, a),

θ̃RA,r,a =

∫
fa(x,wa; τ

∗
a ) P̂ex(dxr̄|xr, r, wa, a) P̂obs(dxr, r, dwa, a),

θRA,r,a =

∫
fa(x,wa; τ

∗
a ) Pex(dxr̄|xr, r, wa, a) Pobs(dxr, r, dwa, a).

Then, we can decompose the difference via

√
n(θ̂RA,r,a − θRA,r,a) =

√
n[θ̂RA,r,a − θ̃RA,r,a]︸ ︷︷ ︸

(I)

+
√
n[θ̃RA,r,a − θRA,r,a]︸ ︷︷ ︸

(II)

.

Term (I). First, we start with Term (I), which rewrites as

√
n

∫
[fa(x,wa; τ̂a)− fa(x,wa; τ

∗
a )] P̂ex(dxr̄|xr, wa, a) P̂obs(dxr, r, dwa, a)

=
√
n(τ̂a − τ ∗a )⊤

Å∫
∇τa fa(x,wa; τa) P̂ (dx, r, dwa, a)

ã
+ op(1)

=
1√
n

n∑

i=1

ϕa(Xi, Ri,Wi,Ai
, Ai)

Å∫
∇τa fa(x,wa; τa) P̂ (dx, r, dwa, a)

ã
+ op(1)

by the parametric assumption of (A1).

Term (II). Now, we consider Term (II), which requires slightly more work. Expanding

it and grouping terms, we obtain the following decomposition.

√
n(θ̃RA,r,a − θRA,r,a)

=
√
n

∫ ∫
fa(x,wa; τ

∗
a ) P̂ex(dxr̄|xr, r, wa, a)P̂obs(dxr, r, dwa, a)

−√n
∫ ∫

fa(x,wa; τ
∗
a ) Pex(dxr̄|xr, r, wa, a)Pobs(dxr, r, dwa, a)
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=
√
n

∫ ∫
fa(x,wa; τ

∗
a ) P̂ex(dxr̄|xr, r, wa, a)(P̂obs(dxr, r, dwa, a)− Pobs(dxr, r, dwa, a))

︸ ︷︷ ︸
(A)

−√n
∫ ∫

fa(x,wa; τ
∗
a ) (P̂ex(dxr̄|xr, r, wa, a)− Pex(dxr̄|xr, r, wa, a))Pobs(dxr, r, dwa, a)

︸ ︷︷ ︸
(B)

Term A of (I). Term A rewrites as

√
n

∫
mr,a(xr, wa; η̂r,a) (P̂obs(dxr, r, dwa, a)− Pobs(dxr, r, dwa, a)),

This is equal to

√
n

∫
(mr,a(xr, wa; η̂r,a)−mr,a(xr, wa; η

∗
r,a)) (P̂obs(dxr, r, dwa, a)− Pobs(dxr, r, dwa, a))

+
√
n

∫
mr,a(xr, wa; η

∗
r,a) (P̂obs(dxr, r, dwa, a)− Pobs(dxr, r, dwa, a)).

Observe that the conditions of Lemma 19.24 of (van der Vaart, 1998) are satisfied (namely,“mr,a belongs to a Donsker class by (C2) and we have L2(P ) convergence to the true regression

function by (C3)). Therefore, it follows that the first term in the previous display is op(1).

Thus, for asymptotic analysis, we can replace η̂r,a in Term A with the population version

η∗r,a. This means that Term A

√
n

∫
mr,a(xr, wa; η̂r,a) (P̂obs(dxr, r, dwa, a)− Pobs(dxr, r, dwa, a))

is asymptotically equivalent to (up to an op(1) term)

√
n

∫
mr,a(xr, wa; η

∗
r,a) (P̂obs(dxr, r, dwa, a)− Pobs(dxr, r, dwa, a)).
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Term B of (II). We now consider the term B. It rewrites as

√
n

∫
(mr,a(xr, wa; η̂r,a)−mr,a(xr, wa; η

∗
r,a)) Pobs(dxr, r, dwa, a)

=
√
n(η̂r,a − η∗r,a)⊤

Å∫
∇ηr,a mr,a(xr, wa; ηr,a) Pobs(dxr, r, dwa, a)

ã
+ op(1).

Since the first derivative of mr,a(xr, wa; ηr,a) is bounded, the interchange of the derivative

and the integral follows from the Dominated Convergence Theorem.

Collecting Terms (I) and (II). We combine Terms A and B of Term (II) and add

them to Term (I), and it follows that

√
n(θ̂RA,r,a − θRA,r,a)

=
1√
n

n∑

i=1

ϕa(Xi, Ri,Wi,Ai
, Ai)

Å∫
∇τa fa(x,wa; τa) P̂ (dx, r, dwa, a)

ã
+
√
n

∫
mr,a(xr, wa; η

∗
r,a) (P̂obs(dxr, r, dwa, a)− Pobs(dxr, r, dwa, a))

+
√
n(η̂r,a − η∗r,a)⊤

Å∫
∇ηr,a mr,a(xr, wa; ηr,a) Pobs(dxr, r, dwa, a)

ã
+ op(1)

=
1√
n

n∑

i=1

ϕa(Xi, Ri,Wi,Ai
, Ai)

Å∫
∇τa fa(x,wa; τa) P̂ (dx, r, dwa, a)

ã
+
√
n(η̂r,a − η∗r,a)⊤

Å∫
∇ηr,a mr,a(xr, wa; ηr,a) Pobs(dxr, r, dwa, a)

ã
+

1√
n

n∑

i=1

ï
mr,a(Xi,Ri

,Wi,Ai
; η∗r,a)

− E[1(R = r)1(A = a)mr,a(XR,WA; β
∗
r,a)]

ò
+ op(1).
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By Slutsky’s lemma and the WLLN, this is equivalent up to an op(1) term to

1√
n

n∑

i=1

ϕa(Xi, Ri,Wi,Ai
, Ai) · E[1(R = r)1(A = a)∇τa fa(X,Wa; τa)]

+
1√
n

n∑

i=1

ψr,a(Xi, Ri,Wi,Ai
, Ai) · E[1(R = r)1(A = a)∇βr,a mr,a(Xr,Wa; ηr,a)]

+
1√
n

n∑

i=1

ï
mr,a(Xi,Ri

, Ri,Wi,Ai
, Ai; β

∗
r,a)

− E[1(R = r)1(A = a)mr,a(XR, R,WA, A; β
∗
r,a)]

ò
,

where ψr,a is the influence function of η̂r,a since it is assumed to be an asymptotic linear

estimator by Assumption (C1).

Thus, we have showed that θ̂RA,r,a is an asymptotically linear estimator. Next, note that

in standard missing data problems, different subsets of the observed data set are used to

estimate the extrapolation distribution Pex(xr̄|xr, r, wa, a) for different values of r and a, as

this relies on the identifying restrictions used. Therefore, |(θ̂RA,r,a, θ̂RA,r′,a′)| ≠ 1 when r ̸= r′

or a ̸= a′, so the joint convergence of all the θ̂RA,r,as to a multivariate normal distribution

follows since marginally, they all admit an asymptotic linear expansion. Finally, applying

the Continuous Mapping Theorem yields the asymptotic normality of θ̂RA, and consistency

follows.



108

Chapter 3

MODELING MISSING AT RANDOM
NEUROPSYCHOLOGICAL TEST SCORES USING A
MIXTURE OF BINOMIAL PRODUCT EXPERTS

1 Introduction

Modeling multivariate discrete data is a common problem across many fields such as social

sciences, psychology, and ecology. For instance, in education research, discrete data arises

from students’ test scores (Maydeu-Olivares and Liu, 2015), and in ecology, discrete data

arises when the counts of a given animal population are measured over various areas and

time periods (Anderson et al., 2019; Maslen et al., 2023). As the size of data sets continues to

expand, missing data becomes increasingly prevalent (Kang, 2013), and it is common to have

access to a rich set of discrete variables that is subject to missingness. Both the multivariate

discreteness and the missingness alone can create modeling difficulties, but together, they

present a unique challenge for statistical inference.

1.1 The National Alzheimer’s Coordinating Center database

Although the general problem statement is widely important, our work is primarily motivated

by the analysis of neuropsychological test scores in the database of the National Alzheimer’s

Coordinating Center (NACC)1. The NACC is an NIH/NIA-funded center that maintains

the largest longitudinal database for Alzheimer’s disease in the United States. The NACC

coordinates 33 Alzheimer’s Disease and Research Centers (ADRC) in the United States.

1https://naccdata.org/
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In the NACC data, we have 41,181 individuals with data collected from 2005 to 2019.

In this study, we are particularly interested in information regarding the neuropsychological

tests. The neuropsychological tests are a set of examinations measuring an individual’s

cognitive ability in four different domains: language, attention, executive function, and

memory. The scores from these tests are important features for dementia research because

they are not based on a clinician’s judgment. Similar to a conventional exam, the outcome

of a neuropsychological test is a discrete number taking integer values and has a known

range. Note that different tests have a different ranges. In our study, we consider eight

neuropsychological test scores per individual.

A goal of this chapter is to introduce a simple and interpretable statistical model for

modeling the neuropsychological tests. The discrete and correlated nature of the neuropsy-

chological tests presents a challenge for modeling them. As far as we are aware, these is

no statistical model for handling these test scores directly, not to mention the additional

challenges from missingness of the test scores. To simplify the problem, we focus on a

static model that only considers the test scores from each individual’s initial visit. While

there are many covariates that could be incorporated in the analysis, we choose to include

only four demographic variables (age, education, sex, and race) to reduce the complexity of

the model. These variables are key demographic variables that are often included in any

dementia research.

1.2 Research questions

Because the ranges of exams are generally large (30 to 300), it is infeasible to nonparamet-

rically model the joint distribution of the eight test scores. Moreover, we have demographic

variables such as education, age, and sex. It is a nontrivial problem to study the relation

between these demographic variables and the test scores. Furthermore, the existence of miss-
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ing test scores among certain individuals further compounds the complexity of the overall

analysis. In this chapter, our primary focus centers on addressing the following research

questions:

1. Finding a feasible and interpretable model for multiple discrete outcomes

with missing values. As mentioned before, our data contains multiple dependent

discrete variables with missing values. We need to design a proper model to model

the dependency among discrete variables and deal with the missing data problem. We

also need an estimation and inference procedure that quantifies the uncertainty in the

model while properly accounting for the missing data in a statistically principled way.

2. Discovering latent groups of individuals using neuropsychological tests. Clin-

icians have developed a set of rules to categorize individuals into different clinical groups

(normal cognition, MCI, and dementia). However, this rule is based on clinical judg-

ments and does not involve any neuropsychological information. Clustering has been

of interest to the dementia research community (Alashwal et al., 2019). Thus, an ideal

model should be able to cluster individuals into groups using neuropsychological test

scores that represent multiple cognitive domains of interest.

3. Investigating the association between neuropsychological tests and other

variables. It is often of a lot of interest to study how neuropsychological tests are

associated with demographic variables or clinical judgments. For instance, there is a

hypothesis that people with a higher education are more resilient to cognitive decline

as a form of cognitive reserve (Meng and D’Arcy, 2012; Thow et al., 2018). We also

want to use the NACC data to test this hypothesis.
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1.3 Literature review

We provide some background on the current research in the Alzheimer’s disease and statistics

methodology literature.

Dementia-related research

Multiple outcome variables are common in dementia-related research, but there is no clear

widespread solution to the modeling problem. In some previous methods in the Alzheimer’s

disease literature, multiple test scores are standardized and averaged into a single holistic

score for an individual (Boyle et al., 2018). This turns the multiple outcome problem into a

single outcome problem and ignores the dependence structure. Mjørud et al. (2014) examined

variables associated with multiple quality-of-life related discrete outcomes and performed

univariate regression on each outcome. Dimension reduction is also commonly used to reduce

the number of outcome variables (Yesavage et al., 2016; Qiu et al., 2019), but this can lead

to loss of interpretability as any downstream analysis is not using the original variables.

Missing data is often ignored completely or when accounted for, single imputation methods

or an off-the-shelf imputation approach are typically used (Brenowitz et al., 2017; Qiu et al.,

2019).

Clustering has also become increasingly valuable in the dementia research community

(Alashwal et al., 2019). For example, Escudero et al. (2011) used the K-means algorithm

to divide subjects into pathologic and non-pathologic groups to study the early detection

of Alzheimer’s disease. Tosto et al. (2016) used K-means on a subset of NACC data to

identify subgroups within Alzheimer’s disease patients to understand the heterogeneity of

the disease. Several papers also described model-based clustering approaches. For example,

De Meyer et al. (2010) clustered biomarker data using a simple two-component Gaussian

mixture model for early detection of Alzheimer’s disease. Qiu et al. (2019) used neuropsy-
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chological test scores from a smaller data set than ours, imputing missing data using single

imputation methods and themice R package (van Buuren and Groothuis-Oudshoorn, 2011a).

Then, they applied principal components analysis before finally, using a Gaussian mixture

model for clustering. In our work, we choose to model the raw test scores to avoid loss of

information and preserve more interpretability. It is crucial to be cautious when employing

single imputation methods or off-the-shelf packages, as they can potentially lead to an under-

estimation of the uncertainty associated with missing data, and the underlying assumptions

regarding missing data may remain unclear.

Additionally, the cognitive reserve hypothesis emerged several decades ago when it was

observed that after autopsies, some individuals with no dementia symptoms had brains that

exhibited advanced Alzheimer’s pathology (Katzman et al., 1989). Researchers hypothesized

that some activities in life may provide individuals with a given resilience to cognitive de-

cline, which is known as the cognitive reserve hypothesis. As such, there is deep interest

in discovering the association between various covariates and dementia (Zhang et al., 1990;

Stern, 2012; Meng and D’Arcy, 2012; Thow et al., 2018).

Methodology research

this chapter sits at the intersection of multiple subfields of statistics including latent vari-

able modeling, missing data, and clustering. The latent class model was first proposed by

Goodman (1974) for the purpose of modeling multivariate discrete data. The basic form of

the latent class model is of a mixture of multivariate multinomials. When the number of

levels of the discrete random variable is large, this can lead to a large number of parameters

(Bouveyron et al., 2019). There has been much work studying many aspects of the latent

class model including the identifiability (Gyllenberg et al., 1994; Carreira-Perpinan and Re-

nals, 2000; Allman et al., 2009; Gu and Xu, 2020) and incorporation of covariates (Huang



113

and Bandeen-Roche, 2004; Vermunt, 2010; Ouyang and Xu, 2022). The traditional latent

class model has been extended in various forms such as a mixture of Rasch models (Rost,

1990) and a mixture of item response models (McParland and Gormley, 2013).

The mixture of experts models are closely related to the mixture model framework and

the latent class model (Jacobs et al., 1991). It generalizes the standard mixture model

by allowing the parameters to potentially depend on covariates (Gormley and Frühwirth-

Schnatter, 2018). The increased flexibility of the models is associated with a large increase

in number of parameters. Many estimation procedures have been explored including those

based on an EM approach (Jacobs et al., 1991; Jordan and Jacobs, 1993), an EMM ap-

proach (Gormley and Murphy, 2008), or a Bayesian framework (Bishop and Svenskn, 2002;

Fruhwirth-Schnatter and Kaufmann, 2008).

Clustering has previously been explored in combination with missing data. Lee and Harel

(2022) proposed a two stage clustering framework by first clustering multiply imputed data

sets individually and then, obtaining a final clustering by clustering the set of cluster centers

obtained over all imputed data sets. In previous research on model-based clustering with

missing data, Serafini et al. (2020) employed the EM algorithm and Monte Carlo methods

to estimate Gaussian mixture models in the presence of missing at random data. Sportisse

et al. (2023) addressed model-based clustering under missing-not-at-random assumptions,

employing a likelihood-based approach and EM algorithm. We include further comments

on these methods in Appendix B.4. These methods addressed the clustering problem but

did not use covariates or discuss quantifying the uncertainty of the parameters. Since our

method is motivated by the statistical analysis of Alzheimer’s disease, handling both of these

is critical to our work.
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1.4 Outline

This chapter is organized as follows. Section 2 presents a detailed description of our mixture

of binomial product experts model. The handling of missing data is discussed in Section

3, where we describe the fitting of the model under a nonmonotone missing at random as-

sumption. In Section 4, we delve into the process of inference, specifically in constructing

confidence intervals for the parameters of interest. We outline how to perform clustering in

Section 5. In Section 6, we provide simulations results to examine the consistency and the

coverage of our proposed estimator. In Section 9, we apply our method to an Alzheimer’s

disease data set, which motivates our model formulation. Finally, Section 8 concludes the

chapter with a discussion of the results. In the Appendix, we include further details on

derivations and proofs (Appendices B.1 and B.8), identification theory (Appendix B.2), code

implementation (Appendix B.3), remarks on related EM algorithms (Appendix B.4), simu-

lations (Appendix 8), comments on model selection (Appendix B.6), comments on clustering

(Appendix B.7), and more comments on the real data analysis (Appendix B.9). We provide

a code implementation of our method in an R package.

2 Mixture of Binomial Product Experts

2.1 A latent class model for neuropsychological test scores

Suppose we have n IID observations, indexed by i = 1, . . . , n. LetXi = (Xi,1, Xi,2, . . . , Xi,p)
⊤ ∈

X ⊂ Rp be the covariates and Yi = (Yi,1, Yi,2, . . . , Yi,d)
⊤ ∈ Y ⊂ Zd be the outcome variables

of interest, where Y is a bounded discrete set. In the present study, Yi represents the neu-

ropsychological test scores of individual i for a total of d total tests, but this framework can

be applied to other problems as well. In the chapter, for notational convenience, we may

elect to drop the index i to simplify notation and refer to the generic random variable that

is not associated with a specific individual. The j-th test score/outcome variable Yj belongs
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to the set {0, 1, 2, . . . , Nj}. We assume that the covariates are always observed and that only

the outcomes may be subject to missingness.

We start with a simpler scenario in which the data is completely observed (no absence

of any outcome variables). The more complicated setting with missing outcome variables is

addressed in Section 3. When we have multiple discrete outcome variables, the nonparametric

approach is not feasible due to the curse of dimensionality. To see this, suppose we have four

outcome variables, and each outcome variable has ten possible values. The joint distribution

has a dimension of 104, surpassing the order of magnitude of moderately sized samples. This

motivates to use a parametric model.

To model the dependency among discrete variables, we consider a mixture model, which

is based on the idea of the latent class model (LCM). Originally presented in its modern

form by Goodman (1974), the latent class model takes the form of the following mixture of

multivariate multinomials distribution

p(y; θ) =
K∑

k=1

wkpk(y; θk) =
K∑

k=1

wk

d∏

j=1

pk,j(yj; θk,j), (3.1)

where pk,j denotes a multinomial with θk,j being its the parameter and the wk’s are probability

weights for each component such that
∑

k wk = 1 and wk > 0 for all k. As pk,j is a multinomial

distribution, θk,j refers to vector of probabilities (one for each level of Yj) that sum to 1. There

is a popular implementation for fitting these models through the poLCA package (Linzer and

Lewis, 2011).

Let Z denote the component assignment such that Z = ℓ if and only if the associ-

ated observation is generated from mixture component ℓ. Namely, P (Y = y|Z = k; θ) =
∏d

j=1 pk,j(yj; θk,j). By construction, the latent class model implicitly assumes for j ̸= j′, the

variables Yj and Yj′ are conditionally independent given the latent class Z. This is known
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as the local independence assumption and is commonly used in the literature to model de-

pendence between discrete random variables. While they are conditionally independent, the

variables Yj and Yj′ are allowed to depend marginally for j ̸= j′. The local independence

assumption makes it convenient to calculate the conditional distributions, which are used

in Section 3 when we discuss imputation. Some effort has been made to relax the local

independence assumption such as mixtures of log-linear models (Bock, 1994) and hiearchical

latent class models (Zhang, 2004; Chen et al., 2012), but these are have not been as widely

adopted due to the increase in the number of parameters.

Throughout this chapter, we will refer to the data set containing tuples of the form

(X,Y) as the latent incomplete (LI) data and the data set containing tuples of the form

(X,Y, Z) as the latent complete (LC) data. In the setting of no missing data, the latent

incomplete data is what we typically have access to, but this is often insufficient for direct

model fitting due to the unobserved latent variable Z. We will show that one can estimate

the model parameters using an EM algorithm with the latent incomplete data. We use this

nomenclature to avoid confusion in Section 3 when we encounter the traditional type of

missingness with the outcome variables.

There has been previous work to incorporate covariates in the latent class model (Huang

and Bandeen-Roche, 2004; Vermunt, 2010). This is related to the mixture of experts models

that arose from the machine learning literature (Jacobs et al., 1991; Jordan and Jacobs,

1993; Yuksel et al., 2012). These models generalize the classical mixture model formulation

by allowing the model parameters wk and θk to depend on covariates. The simple mixture

of experts model (Gormley and Frühwirth-Schnatter, 2018) takes the following form

p(y|x;θ) =
K∑

k=1

wk(x; βk)pk(y; θk),
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where βk is introduced to allow the weights to depend on covariates. As written, the co-

variates only adjust the weights placed on each mixture component but do not affect the

parameters of the individual component distribution.

To apply these ideas to the neuropsychological data, we combine the mixture of experts

and LCM, leading to the following mixture of binomial product experts

p(y|x;β,θ) =
K∑

k=1

wk(x; βk)
d∏

j=1

Ç
Nj

yj

å
(θk,j)

yj(1− θk,j)Nj−yj

︸ ︷︷ ︸
pk,j(yj ;θk,j)︸ ︷︷ ︸
pk(y;θk)

, (3.2)

where wk(x; βk) = exp
(
β⊤
k · (1, x)

)
/(
∑

k′∈[K] exp
(
β⊤
k′ · (1, x)

)
) is from the multiple-class logis-

tic regression model. Like in the classical LCM, we utilize the local independence assumption

as each mixture decomposes as a product of binomials. However, there is a critical difference

between our model and the classical LCM. We use the binomial distribution instead of the

multinomial distribution, and this leads to large reduction in the number of parameters.

Since test scores are ordered variables, we expect the reduction to a binomial distribution to

be reasonable as scores further away from the mean score can be less likely. Similar to the

simple mixture of experts model, each mixture weight depends on covariates.

Here we will treat k = 1 as the reference group, so β1 is the vector of all 0 by assumption

and does not need to be estimated. For k ∈ {2, 3, . . . , K}, βk ∈ Rp+1, and for k ∈ [K],

θk ∈ Rd, we assume that the wk utilize the logistic function, but it is possible to use other

link functions such as the probit and other monotonic functions (Ouyang and Xu, 2022). In

our work, the outcome variables are neuropsychological test scores, and we treat the latent

groups as subgroups of the population of varying cognitive ability. The five levels of the

CDR score offer a natural choice for the number of mixture components.

In our model construction, we view each mixture component as representing a subgroup
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of the population, where the subgroups have varying cognitive ability that is summarized

by θ. Therefore, we interpret the θ’s as attributes of population-level groups and do not

allow them to depend on covariates. Since the weights wk(x; βk) depend on covariates,

every individual has their own weights associated with each population-level group. These

covariates can be interpreted as a way to construct weights on an individual level for each

of these population-level subgroups. A side product of this assumption is that this reduces

model complexity. If the θ’s depend on covariates, then the number of parameters increases

from O(K(d + p)) to O(Kdp), which is a dramatic change even for moderately sized d and

p and thus another reason we do not allow this as part of our model. Because the outcome

variables are test scores, we can also interpret the quantity Nj · θk,j as the mean of the j-th

test score of the k-th latent group, and this is useful as a summary statistic for a given latent

class.

Binomial product distributions have previously arisen in the literature. One such appli-

cation was for modeling test scores for spatial tasks in child development in Thomas et al.

(1993), but they considered a fairly limited setting with no covariates, two components,

and two outcome variables. Binomial product and Poisson product distributions have also

been used in the statistical ecology literature to model species abundance (Kéry et al., 2005;

Haines, 2016; Brintz et al., 2018). These settings differ from ours because they often treat

the total number counts Nj as a random quantity. In item response theory (IRT), the

Rasch model posits that the probability of answering each question correctly depends on

its difficulty and the individual’s ability, assuming a Bernoulli distribution for each question

(Rasch, 1960). However, in our data, only total test scores are available. Thus, assuming

uniform difficulty across test questions, we model the scores using Binomial distributions.

To our knowledge, this chapter is the first time binomial products has been used to analyze

neuropsychological test score data while incorporating covariates.
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Note that for the k-th component, βk ∈ Rp+1 and θk ∈ Rd, there are (K − 1)(p + 1)

parameters associated with the covariates β and Kd parameters associated with θ and a

total of K(p+ d+ 1)− p− 1 parameters for the whole model. Thus, for fixed covariate and

outcome dimensions, the number of parameters grows linearly in K.

2.2 Model fitting

We now describe our procedure of fitting the model. An intuitive approach is to estimate

the parameters via the maximum likelihood approach. However, computing the maximum

likelihood estimator (MLE) is a nontrivial task because the latent incomplete log-likelihood

is not concave (Lemma 3.1). As such, solving the first order conditions is no longer sufficient

for determining the global maximizer.

Due to Lemma 3.1 (stated formally in Appendix B.8.1), maximizing the latent incomplete

log-likelihood function directly is not straightforward. Here is an interesting insight from the

mixture model literature: if we had access to the latent class label, then the maximum

likelihood estimator would be easy to construct. This insight motivates us to develop an EM

algorithm (Dempster et al., 1977) by augmenting the observed data with the true component

label Z to calculate the MLE for (β,θ). For each i = 1, . . . , n, let Zi = ℓ if the i-th

observation comes from mixture component ℓ. Such data augmentation allows one to bypass

the problem of taking the logarithm of a sum. To see this, let X1:n = (X1, . . . ,Xn) and

Y1:n = (Y1, . . . ,Yn) be the covariates and outcome variables of all n individuals, respectively.

The latent complete (LC) log-likelihood function writes as

ℓLC,n(β, θ;X1:n,Y1:n,Z1:n) = log

(
n∏

i=1

K∏

k=1

(wk(Xi; βk)pk(Yi; θk))
1(Zi=k)

)

=
n∑

i=1

K∑

k=1

1(Zi = k) logwk(Xi; βk) +
n∑

i=1

K∑

k=1

1(Zi = k) log pk(Yi; θk). (3.3)
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In the EM algorithm, we start from an initial guess (β̂(0), θ̂(0)) and iterate between an

expectation step (E-step) and a maximization step (M-step) to update our guess until con-

vergence. Let t denote the t-th iteration of the EM algorithm. In the E-step, we compute the

expected value of the complete log-likelihood ℓLC(β,θ;X,Y,Z) conditional on the observed

data X and Y. The expected value of the latent complete log-likelihood given the observed

data forms the Q function in the EM algorithm

QLC(β,θ|X,Y; β̂(t), θ̂(t)) := E[ℓLC(β,θ;X,Y, Z)|X,Y; β̂(t), θ̂(t)].

In practice, we do not have access to the true expectation, so we work with the sample

analogue QLC,n. The sample analogue can be expressed as

QLC,n(β,θ|X1:n,Y1:n; β̂
(t), θ̂(t))

:=
1

n

n∑

i=1

K∑

k=1

π̂
(t)
k (Xi,Yi) logwk(Xi; βk) +

1

n

n∑

i=1

K∑

k=1

π̂
(t)
k (Xi,Yi) log pk(Yi; θk), (3.4)

where

π̂
(t)
k (Xi,Yi) := P (Z = k|Xi,Yi; β̂

(t), θ̂(t)) =
wk(Xi; β̂

(t)
k )pk(Yi; θ̂

(t)
k )

∑K
k′=1wk′(Xi; β̂

(t)
k′ )pk′(Yi; θ̂

(t)
k′ )

(3.5)

is the weight of observation (Xi,Yi) for the k-th mixture component.

Since the latent-complete log-likelihood function (3.3) decomposes as the sum of a func-

tion of β and a function of θ, the maximization step of the EM algorithm is separable. Note

that since wk and pk are logistic regression and binomial product models, respectively, one

can apply standard off-the-shelf model fitting procedures after reweighting each observation

i by π̂
(t)
k (Xi,Yi). In the maximization step, the new estimate for θ is updated as follows for
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each k ∈ [K] and j ∈ [d],

θ̂
(t+1)
k,j :=

∑n
i=1

Yi,j

Nj
π̂
(t)
k (Xi,Yi)

∑n
i=1 π̂

(t)
k (Xi,Yi)

, (3.6)

which is simply the standard MLE formed by the sample proportion, reweighted by π̂
(t)
k (Xi,Yi).

We update our estimate of βk by fitting a multi-class logistic regression by reweighting each

corresponding observation by π̂
(t)
k (Xi,Yi). This is equivalent to regressing the variable W (t)

on the covariates X, where W
(t)
i = (π̂

(t)
1 (Xi,Yi), . . . , π̂

(t)
K (Xi,Yi)) ∈ SK−1 for all i, where

SK−1 is the (K−1)-th probability simplex. Note that this is not the standard logistic regres-

sion because the outcome variable belongs to a probability simplex. This logistic regression

can still be fit using gradient descent in standard R packages.

Algorithm 3 Fitting the mixture model via EM

Require: {(Xi,Yi)}ni=1, (β̂
(0), θ̂(0))

1: Start with an initial guess (β̂(0), θ̂(0)).
2: Initialize the iteration step t = 0.
3: repeat
4: Compute the weights π̂

(t)
k (Xi,Yi) for all observations i and mixture components k

using (3.5).

5: Form the probability vector W
(t)
i = (π̂

(t)
1 (Xi,Yi), . . . , π̂

(t)
K (Xi,Yi)) for each i.

6: Update θ̂(t+1) using (3.6).

7: Update β̂(t+1) by fitting a logistic regression model of W (t) on X.
8: Update t← t+ 1.
9: until Convergence
10: Let β̂ = limt→∞ β̂(t) and θ̂ = limt→∞ θ̂(t).
11: return (β̂, θ̂)

Algorithm 3 describes the process of fitting the mixture of binomial products experts

model in the presence of completely observed covariate and outcome data. For a single

initialization point, the EM algorithm is not guaranteed to converge to the global maximizer.

In practice, we run Algorithm 3 many times with multiple random initial guesses to explore

the parameter space sufficiently and choose the parameter estimate from all of them that
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maximizes the log-likelihood.

2.3 Identifiability

We now make some brief comments on the identifiability of our model. Identifiability means

that each parameter value corresponds to a unique probability distribution. That is, the

mapping from the parameter space to the space of probability distributions is one-to-one.

If identifiability does not hold, estimation becomes problematic because a unique MLE may

not exist. However, this notion of identifiability may be too strong for many practical pur-

poses. For example, even the common problem of label swapping violates this identifiability

definition, so researchers often consider the idea of identifiability up to permutation of the

parameters. We now consider the notion of generic identifiability, which relaxes the defini-

tion of identifiability even further. Generic identifiability means identifiability holds almost

everywhere in the parameter space (Allman et al., 2009). More formally, this means that

the mapping from the parameter space to the space of probability distributions may fail

to be one-to-one only on a set of Lebesgue measure zero. Generic identifiability (holding

almost everywhere) can be viewed as an intermediate assumption between two common as-

sumptions: global identifiability (holding everywhere) and local identifiability (holding in a

neighborhood of the true parameter). In a practical sense, this means that any such model

fit on a given data set is unlikely to be unidentifiable, and we consider this notion to be

sufficient for our applied data setting.

Proposition 3.1 (Sufficient conditions for generic identifiability). Suppose the following

conditions hold.

A1 Each mixture is distinct such that θk ̸= θk′ when k ̸= k′.

A2 The number of outcome variables d and the number of mixtures K satisfies the bound

d ≥ 2⌈log1+minj Nj
K⌉+ 1.
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A3 The logistic regression model wk(x; βk) for all k ∈ [K] is identifiable.

Then, the mixture of binomial product experts is generically identifiable up to permutation

of the parameters.

We note that the sufficient conditions outlined in Proposition 3.1 are fairly mild. In-

tuitively, one would not want the number of parameters to be too large when the data

dimension d is small. The bound in Assumption A2 ensures that the number of mixture

components K remains appropriately controlled relative to d and Nj, as a large K increases

model complexity. When there are at least d = 3 outcome variables of moderate range, K

can still be fairly large. Assumption A3 is reasonable as long as the mixture components

are well-separated and the covariates are not collinear. We provide further comments on the

assumptions and the proof of this proposition in Appendix B.2.

3 Missingness in the Outcome Variables

Another challenge in the NACC’s neuropsychological data is the missingness in the outcomes.

To properly describe the missing data problem, we first introduce some additional notation.

Let Ri = (Ri,1, Ri,2, . . . , Ri,d)
⊤ ∈ R ⊆ {0, 1}d be the random binary vector that denotes

the missing pattern associated with individual i. Element Ri,j of the binary vector Ri is

1 if and only if Yi,j is observed. For a given pattern r ∈ R, let Yi,r = (Yi, j : ri,j = 1)

denote the observed variables and Yi,r̄ = (Yi,j : ri,j = 0) denote the missing variables. For

example, when d = 4 and r = 1001, then Yi,r = (Yi,1, Yi,4) and Yi,r̄ = (Yi,2, Yi,3). Similarly,

for observation i with random missing pattern Ri, denote Yi,Ri
and Yi,R̄i

as the observed

and missing outcome variables for the ith observation, respectively. We place no restrictions

on the set of possible patterns R, allowing the pattern to be nonmonotone. Since |R| ≤ 2d,

missingness can easily become an exponentially complex problem in the dimension of the

outcome variables.
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In contrast to the previous section, we will use the term fully complete (FC) to refer to

a data set containing IID tuples of the form (X,Y, Z,R). We call a data set containing IID

observations of the form (X,YR,R) as the observed data. Note that the observed data now

has two kinds of incompleteness/missingness: incompleteness in the latent class variable (due

to mixture models) and missingness in the outcomes. As the case with the latent complete

data, we also do not have access to the fully complete data. We collect all of the observed

outcome variables in one tuple Y1:n,R1:n = (Y1,R1 ,Y2,R2 , . . . ,Yn,Rn).

3.1 Missing at random and an imputation strategy

Rubin (1976) outlined three types of missingness mechanisms: missing completely at random

(MCAR), missing at random (MAR), and missing not at random (MNAR). Missing com-

pletely at random assumes that the missingness of the variable is independent of all variables

in the data. Missing at random assumes that the missingness of a variable can only depend

on observed variables. Missing not at random assumes that the missingness of a variable can

depend on the value of the variable subject to missingness.

In the MCAR data, model fitting is straightforward because one can run Algorithm 3 on

the complete cases, and the estimates of the parameters will be consistent. However, MCAR

assumes that the missingness is irrelevant to observed outcomes, which is clearly false in the

NACC data as a possible reason to miss some test scores is that the individual was too sick

to finish the test. Therefore, we consider the MAR assumption. Formally, the definition of

missing at random (MAR) is as follows.

Definition 3.1 (Missing at random). The outcome variables Y are missing at random (MAR)

if the probability of missingness is dependent only on the variables that are observed for the
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given pattern. This assumption writes as

P (R = r|X,Y)
MAR
= P (R = r|X,Yr) (3.7)

for all r ∈ R.

Notice that the left-hand side of (3.7) represents the selection probability P (R = r|X,Y).

This quantity is strictly unidentifiable because it depends on unobserved data, specifically

Yr̄. Thus, it cannot be estimated even given infinite observed data. The missing at random

assumption makes P (R = r|X,Y) identifiable because it equates it to a probability P (R =

r|X,Yr) that can be estimated from the observed data; the variables under the conditioning

are all of the variables strictly observed under pattern r. The definition of missing at random

implies that the probability of a given missing pattern does not depend on variables that

are unobserved under that pattern. A key advantage of this assumption is that we avoid

the challenge of modeling the joint distribution between Y and R since the missingness

mechanism P (R = r|X,Y) does not need to be modeled directly; this is known as the

ignorability property (see the discussion later). Thus, we do not have to deal with making

potentially unreasonable modeling assumptions on either the selection model P (R = r|x, y)

or the extrapolation distribution p(yr̄|yr, x,R = r).

The MAR assumption is untestable because its validity relies strictly on data that is un-

observed, and so it cannot be rejected by the observed data. Our primary reason for selecting

this assumption is for modeling. This may lead to easier interpretability for scientists and

practioners since we fit a global model p(y|x) across all missing patterns rather than a local

model p(y|x,R = r) for every pattern r. In the Alzheimer’s disease literature, having more

statistically sound work can be meaningful because of limitations in existing work that we

have described previously in Section 1.3. Since we believe that it may be plausible because
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these tests are correlated due to underlying cognitive ability, we can use it as a starting

point. This can be viewed as a baseline before proceeding with more complex MNAR as-

sumptions. We recognize that MNAR may be more reasonable since missing test scores may

be attributed to sickness. However, this is in itself a very open research question because

MNAR is a broad class of assumptions, and performing mixture modeling with MNAR is

not straightforward; we leave this for future work.

An additional feature of the MAR assumption is that this assumption offers a simple

approach to impute the data, which makes the computation of the MLE a lot easier. Before

describing the procedure of updating model parameters, we first introduce a multiple impu-

tation procedure in Algorithm 4 that can be used to fill in the missing data. In the algorithm,

for notational convenience, when we write a binary vector in the summation or product, this

means we iterate over all indices whose elements are nonzero. For instance, when we write

“For j in (1, 0, 0, 1),” this is equivalent to “For j = 1, 4.” Therefore, if Ri = (1, 0, 0, 1), then

“For j in Ri” corresponds to “For j = 1, 4” as well.

As stated, Algorithm 4 describes how to impute the outcome variables, assuming that

a good estimate (β̂, θ̂) is available. We discuss how to actually obtain such an estimate in

the Section 3.2. The multiple imputation algorithm exploits the fact that the conditional

distribution p(yr̄|yr, x) for any r ∈ R remains a mixture model. There are two steps to

performing multiple imputation: 1) for every observation i with missing observations, we

compute the weights of each component of the mixture distribution p(yR̄i
|Yi,Ri

,Xi), and

2) sample M times from the distribution p(yR̄i
|Yi,Ri

,Xi) for each observation i to form M

completed data sets. The derivation of this procedure is provided in Appendix B.1.2.
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Algorithm 4 Multiple imputation

Require: {(Xi,Yi,Ri
,Ri)}ni=1, (β̂, θ̂), M (the number of imputed data sets)

1: for i = 1, . . . , n do
2: if Ri ̸= 1d: then
3: for k = 1, . . . , K do
4: Form the weights ωi,k = wk(Xi; β̂k)pk,Ri

(Yi,Ri
; θ̂k)/

∑
k′ wk′(Xi; β̂k′)pk′,Ri

(Yi,Ri
; θ̂k′)

5: end for
6: end if
7: end for
8: for m = 1, . . . ,M do
9: for i = 1, . . . , n do

10: if Ri ̸= 1d then
11: Sample Z

(m)
i ∼ Categorical(K, p = (ωi,1, . . . , ωi,K))

12: for j ∈ R̄i do

13: Sample ‹Y (m)
i,j from Binomial

(
Nj, θ̂Z(m)

i ,j

)
.

14: end for

15: Assign ‹Y(m)

i := (Yi,Ri
,‹Y(m)

i,R̄i
).

16: end if
17: end for

18: Let ‹Dm = {(Xi,‹Y(m)

i ,Ri)}ni=1.
19: end for
20: return {‹Dm}Mm=1
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3.2 Model fitting under a missing at random assumption

For each r, we assume that the selection probability P (R = r|X,Yr; γr) belongs to a para-

metric family, indexed by γr. We collect these parameters into γ = (γr)r∈R. For simplicity,

we write the log-likelihood in terms of the probability model without the n samples. Under

the MAR assumption, we can write the observed log-likelihood as

ℓobs(γ,β,θ;x, yr, r) = logP (R = r|x, yr; γ) + log p(yr|x;β,θ)

= ℓ
(1)
obs(γ;x, yr, r) + ℓ

(2)
obs(β,θ; yr, x).

The missingness mechanism is said to be ignorable because estimation of (β,θ) is sep-

arated from the estimation of γ. Model fitting under a missing at random assumption

typically occurs using an EM algorithm approach. We can proceed with estimating (β,θ)

by conditioning on the observed data (X,YR) and using another EM algorithm approach.

The population QFC,r function writes as follows

QFC,r(β,θ|X,Yr; β̂
(t), θ̂(t)) := E[ℓLI(β,θ;X,Y)|X,Yr; β̂

(t), θ̂(t)]

=
∑

yr̄

ℓLI(β,θ;X, yr̄,Yr)p(yr̄|Yr,X; β̂(t), θ̂(t)) (3.8)

for every r ∈ R. One major observation is that the conditional expectation relies on be-

ing able to fit estimate p(yr̄|yr, x;β,θ). We can leverage the consequences of the local

independence assumption to obtain an easily computable form of the conditional distribu-

tion. Unfortunately, since the latent-incomplete log-likelihood function ℓLI is not linear in

the outcome variables, we are unable to reduce (3.8) to a more simple form. However, we

can approximate this expectation stochastically by imputing the missing data Yr̄ for every

missing pattern r using the distribution p(yr̄|yr, x; β̂(t), θ̂(t)).
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To overcome estimating the conditional expectation of factorial terms, we approximate

(3.8) stochastically with a Monte Carlo procedure. For large enough M , we expect that

QFC,r(β,θ|X,Yr; β̂
(t), θ̂(t)) ≈ Q

(M)
FC,r,n(β,θ|X1:n,Y1:n,R1:n ; β̂

(t), θ̂(t))

:=
1

Mn

M∑

m=1

n∑

i=1

log

(
K∑

k=1

wk(Xi; βk)pk(‹Y(m;t)

i ; θk)

)
· 1(Ri = r),

where ‹Y(m;t)

i = (Yi,Ri
,‹Y(m;t)

i,R̄i
) denotes the mth imputed data for the ith observation on

the iteration step t given the observed variables. The choice of number of imputations M is

important, and in practice, we use M = 20 to balance both computational time and good

estimation performance. We discuss this in more detail with our simulations in Section 6

and Appendix B.5.2.

In the maximization step, we compute the MLE of (β,θ) using the completed data after

the multiple imputation. Since we have completed data, the MLE can be found using the

original EM algorithm, outlined in Algorithm 3. We summarize the procedure in the following

algorithm. Throughout this chapter, we will use the notation β̂ and θ̂ (without superscripts

relating to t) to denote the point estimate obtained by Algorithm 5 after convergence is

achieved. In practice, we assume that convergence is achieved if the L2 norm of the difference

between the current and old parameter estimates falls within a prespecified tolerance level

(we choose ϵ = 10−4).

Algorithm 5 is a nested EM procedure because we have two types of missingness: miss-

ingness in the outcome variables and missingness in the latent class labels. We embed an

EM algorithm for the latent class model fitting (this serves as the M-step in the outer EM

algorithm) within an outer EM algorithm for handling the missing at random data. Because

we do not obtain a closed-form expression for the conditional expectations in the E-step

but rather perform a stochastic approximation, Algorithm 5 is a Monte Carlo EM algorithm
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Algorithm 5 Fitting the mixture model with MAR outcomes via a nested EM procedure

Require: {(Xi,Yi,Ri
,Ri)}ni=1, (β̂

(0), θ̂(0)),M

1: Start with an initial guess (β̂(0), θ̂(0)).
2: Initialize the iteration step t = 0.
3: repeat

4: Let ‹Dt =
{(

Xi,‹Y(m;t)

i

)}
i=1,...,n; m=1,...,M

be the stacked imputed data sets obtained

from Algorithm 4.
5: Obtain (β̂(t+1), θ̂(t+1)) using Algorithm 3 on the imputed data set ‹Dt and starting

point (β̂(t), θ̂(t)).
6: Update t← t+ 1.
7: until Convergence
8: Let β̂ = limt→∞ β̂(t) and θ̂ = limt→∞ θ̂(t).
9: return (β̂, θ̂)

(Levine and Casella, 2001). We use the notation ‹Y(m;t)

i to denote the mth imputed outcome

variables using the model parameterized by (β̂(t), θ̂(t)). When the parameter is understood,

we omit the t index. Note that when there is no missingness in the outcome variables, Al-

gorithm 5 reduces to Algorithm 3 because the multiple imputation step is bypassed. Again,

in practice, we run Algorithm 5 with multiple random initial points to ensure we explore

the parameter space and converge to the global maximizer. We pick the point estimate that

maximizes the observed log-likelihood, defined as

ℓobs,n := ℓobs,n(β,θ;X1:n,Y1:n,R1:n) :=
n∑

i=1

log

(
K∑

k=1

wk(Xi)pk,Ri
(Yi,Ri

)

)
, (3.9)

where pk,r(yr) =
∏

j∈r pk,j(yk) for any r ∈ R. Note that when there is no missing data, this

reduces to the latent incomplete log-likelihood function ℓLI,n. Since we are working under

a parametric model and estimating parameters using maximum likelihood, the estimators

converge at
√
n-rate and are asymptotically efficient. We provide theoretical justification for

these methods in Appendix B.1.
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4 Inference

In this section, we discuss how to perform inference on the parameters θ and β. There

has been some previous work in obtaining asymptotic variance estimators for multiple im-

putations estimators (Wang and Robins, 1998b; Robins and Wang, 2000), but this can be

analytically challenging in our setting. The bootstrap is a widely adopted procedure for

estimating the sampling distribution of an estimator and obtaining asymptotically valid con-

fidence intervals (Efron, 1979) and has been previously used with the EM algorithm (Celeux

and Diebolt, 1987). O’Hagan et al. (2019) have also explored the use of the bootstrap with a

Gaussian mixture model. We provide theoretical justification for the bootstrap in our setting

in Appendix B.8.3.

Bootstrapping works by resampling from the original data set (which is equivalent to

sampling from empirical distribution), and with large enough sample size and under sufficient

regularity conditions, this mimics drawing samples from the true generating distribution. We

bootstrap the data B times (where B is sufficiently large) including the missing data, and

the estimation procedure is run on each of the B bootstrapped data sets.

Since our EM algorithm requires many initialization points in practice to properly explore

the parameter space, there is a question of how to initialize the bootstrap procedure. We

follow the recommendation outlined in Chen (2022b) to initialize the bootstrap at the same

initial point on every iteration, using the point estimator (β̂, θ̂) returned from Algorithm

5. The primary goal of the bootstrap is to measure the stochastic variation of an estimator

around the parameter of interest. If we perform the bootstrap with random initialization,

we will capture additional uncertainty that arises from estimating different local modes

of the log-likelihood function. Initializing at the same point also avoids the label switching

identifiability problem, which occurs when the probability distribution remains identical after

some parameters are permuted. Additionally, this saves on computational time because we
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are also not performing many random initializations. Our bootstrap procedure is summarized

in the Algorithm 6.

Algorithm 6 Bootstrap procedure for obtaining confidence intervals

Require: {(Xi,Yi,Ri
,Ri)}ni=1, (β̂, θ̂), B (a large number, say 1,000)

1: for b ∈ 1, . . . , B do
2: Sample n draws uniformly with replacement from {1, 2, . . . , n}. Put these into index

set Ib.
3: Set the bth bootstrapped data set D∗

b = {Xi,Yi,Ri
,Ri}i∈Ib .

4: Obtain (β∗(b),θ∗(b)) using Algorithm 5 on data set D∗
b initialized with (β̂, θ̂).

5: end for
6: return {β∗(b)}Bb=1, {θ∗(b)}Bb=1

We now describe how to construct confidence intervals for a given parameter, using θ1,1

as an illustrating example. We first obtain a point estimate (β̂, θ̂) using Algorithm 5. Then,

we run Algorithm 6 using (β̂, θ̂) as the initialization point for a large number of iterations

B. We estimate the variance of θ1,1 using the bootstrap samples via the sample variance of

{θ∗(b)1,1 }Bb=1 “V =
1

B − 1

B∑

b=1

(
θ
∗(b)
1,1 −

1

B

B∑

b′=1

θ
∗(b′)
1,1

)2

.

We form a 95% confidence interval using a normal approximation

(θ̂1,1 − 1.96 ·
»“V , θ̂1,1 + 1.96 ·

»“V ).

Other approaches such as the percentile method described in Chen (2022b) will also be

equivalent asymptotically since the bootstrap distribution will be asymptotically normal.

The key advantage of this method is that it avoids the difficulty of obtaining a closed form

expression for the Fisher information matrix, which can be difficult for complex mixture

models. The process of the bootstrap is similar to that of attaining a point estimate because
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we run Algorithm 5 repeatedly many times. However, unlike obtaining a point estimate,

we use the same initialization point on many different data sets (bootstrap samples) rather

than many different initialization points on the same data set. White and Murphy (2014)

have also discussed how bootstrap methods can struggle when parameters are close to the

boundary, so we recommend that post-hoc visualizations are performed to ensure that label-

switching has not occurred. In our data analysis and simulations, the mixture components

are well-separated, and in practice, we order the groups based on the parameter estimates

to avoid the label switching problem.

5 Cluster Analysis

A feature of the mixture model that we propose is that we are able to cluster individuals

into different groups according to the predictive probability. This allows us to discover latent

groups inside our data. We assume that the mixture of binomial product experts model has

already been fit successfully using Algorithm 5, and we have an estimator (β̂, θ̂).

Each mixture component can be thought of as a cluster, so the method we propose can be

used to perform model-based clustering (Bouveyron et al., 2019). To simplify the problem,

we first consider the case where we do not have any missing outcome variables. That is, the

data we have is only latent incomplete. For each observation i, define the probabilities as

follows

π̂k(Xi,Yi) := P (Z = k|Xi,Yi; β̂, θ̂) =
wk(Xi; β̂k)pk(Yi; θ̂k)∑K

k′=1wk′(Xi; β̂k′)pk′(Yi; θ̂k′)
. (3.10)

The quantity π̂k(Xi,Yi) is the predictive probability that individual i is from component k.

We compute the probability of belonging to each class given the data X and Y, leading to

a probability vector π̂(Xi,Yi) = (π̂1(Xi,Yi), . . . , π̂K(Xi,Yi)) ∈ RK . It is straightforward to

create a cluster assignment of each individual by assigning each observation to the component
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with the maximum probability. Namely, we assign individual i to the cluster with

Ĉi = argmax
k

π̂k(Xi,Yi).

In the context of the neuropsychological test scores, we can interpret the latent class as a

measure of latent cognitive ability over multiple cognitive domains. An individual’s cognitive

ability is a complex summary of many different attributes that we hope to measure using

the neuropsychological test scores. The latent class can be predicted using the test scores

and the baseline covariates.

When the data is missing, we perform clustering using the observed data. For any r ∈ R,

note that there is a closed form expression for P (Z = k|X,Yr). Define the following quantity

π̂k,r(Xi,Yi,r) := P (Z = k|Xi,Yi,r; β̂, θ̂) =
wk(Xi; β̂k)pk,r(Yi,r; θ̂k)∑K

k′=1wk′(Xi; β̂k′)pk′,r(Yi,r; θ̂k′)
.

For observation i and every k ∈ [K], we compute π̂k,Ri
(Xi,Yi,Ri

). This quantity can be

interpreted as the estimated probability of arising from component k given the data Xi and

Yi,Ri
. When there are missing outcome variables, we compute these probabilities explicitly

and use them to perform clustering. We summarize our overall proposed methodology in

Figure 3.1. From the observed data, we run Algorithm 5 (which comprises Algorithms 3

and 4) to obtain a point estimate. We use the point estimate and the observed data in the

Algorithm 6 to construct confidence intervals using the bootstrap. Cluster assignments can

also be obtained using the point estimates.
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MIXTURE OF BINOMIAL PRODUCT EXPERTS 15

Observed data
{(Xi,Yi,Ri

,Ri)}n
i=1

Impute Yi,R̄i
M times

using Algorithm 2.
Update (�̂, ✓̂)
using Algorithm 1.

Algorithm 3.

Repeat until convergence.

Bootstrap using Algorithm 4.Clustering

FIG 1. This flowchart describes overall inference procedure.

TABLE 1
The first row contains results for the estimation of ✓. The second row contains results for the estimation of �.

MSE✓(⇥100)
Sample Size

n = 500 n = 1000 n = 2000

⌘ =1 0.203 0.099 0.05
⌘ = 2.5 0.192 0.093 0.047
⌘ = 2 0.203 0.104 0.054

Average Coverage of ✓s
Sample Size

n = 500 n = 1000 n = 2000

⌘ =1 0.946 0.948 0.950
⌘ = 2.5 0.943 0.943 0.945
⌘ = 2 0.939 0.939 0.932

MSE�(⇥100)

Sample Size
n = 500 n = 1000 n = 2000

⌘ =1 12.7 6.05 3.08
⌘ = 2.5 41.5 20.6 10.5
⌘ = 2 40.5 20.0 10.1

Average Coverage of �s
Sample Size

n = 500 n = 1000 n = 2000

⌘ =1 0.949 0.951 0.947
⌘ = 2.5 0.952 0.951 0.944
⌘ = 2 0.956 0.951 0.950

6. Simulations. We now examine the performance of our method in finite samples using
simulated data. We have p = 2 covariates, d = 4 outcome variables, and K = 3 mixtures.
Note that ⌘ = 2, ⌘ = 2.5, and ⌘ =1 correspond to approximately 75%, 85%, and 100%
complete cases. Each of the simulation studies is evaluated using the mean-squared error
MSE✓ = E[k✓̂ � ✓k2] and MSE� = E[k�̂ � �k2]. We estimate the mean-squared error by
simulating U = 1000 data sets in each scenario and average the L2 norm of the error over all
the data sets. The estimated MSEs are calculated as follows

(6.1) [MSE� =
1

U

UX

i=1

X

k 6=1

k�̂(i)
k � �kk2, [MSE✓ =

1

U

UX

i=1

X

k

k✓̂(i)
k � ✓kk2,

where the superscript (i) denotes the estimated parameter of the ith generated data set. We
also construct 95% confidence intervals for each parameter and report the coverage over all
the U = 1000 data sets. In the first column of Table 1, for a given ⌘, we observe that the
estimated MSE decreases at a roughly linear rate as we increase the sample size, which is
expected in the parametric setting. This demonstrates that the estimation procedures for both
the no missing data (Algorithm 1) and missing data cases (Algorithm 3) are consistent. The
MSE for � is higher when there is missingness than when there is no missingness, which
suggests that the estimating � becomes more difficult.

In the second column of Table 1, we generally observe nominal coverage as well. There
is slight undercoverage of ✓ when ⌘ = 2. We attribute this to the fact that we do not have a
closed-form expression for the MLE and there are many approximations in the algorithms.

Figure 3.1: This flowchart describes overall inference procedure.

6 Simulations

We now examine the performance of our method in finite samples using simulated data. We

have p = 2 covariates, d = 4 outcome variables, and K = 3 mixtures. Note that η = 2,

η = 2.5, and η = ∞ correspond to approximately 75%, 85%, and 100% complete cases.

We generate the data through a mixture of binomial product experts model p(y|x), and the

parameter η affects the strength of the missingness via the selection model P (R = r|x, y).

Further details on the data generating process and the role of η are described in Appendix

B.5.1. Each of the simulation studies is evaluated using the mean-squared error MSEθ =

E[∥θ̂ − θ∥2] and MSEβ = E[∥β̂ − β∥2]. For the simulations in Table 8, we estimate the

mean-squared error by simulating U = 1000 data sets in each scenario and average the L2

norm of the error over all the data sets. The estimated MSEs are calculated as follows

‘MSEβ =
1

U

U∑

i=1

∑

k ̸=1

∥β̂(i)
k − βk∥2, ‘MSEθ =

1

U

U∑

i=1

∑

k

∥θ̂(i)k − θk∥2, (3.11)

where the superscript (i) denotes the estimated parameter of the ith generated data set. We

also construct 95% confidence intervals for each parameter and report the coverage over all
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Table 3.1: These results are the estimated MSEs and estimated coverage after imputing
M = 20 times from our model and running Algorithms 5 and 6 for U = 1000 replicates. The
first row contains results for the estimation of θ. The second row contains results for the
estimation of β.

MSEθ(×100)
Sample Size

n = 500 n = 1000 n = 2000
η =∞ 0.203 0.099 0.05
η = 2.5 0.192 0.093 0.047
η = 2 0.203 0.104 0.054

Estimated Coverage of θs
Sample Size

n = 500 n = 1000 n = 2000
η =∞ 0.946 0.948 0.950
η = 2.5 0.943 0.943 0.945
η = 2 0.939 0.939 0.932

MSEβ(×100)
Sample Size

n = 500 n = 1000 n = 2000
η =∞ 12.7 6.05 3.08
η = 2.5 41.5 20.6 10.5
η = 2 40.5 20.0 10.1

Estimated Coverage of βs
Sample Size

n = 500 n = 1000 n = 2000
η =∞ 0.949 0.951 0.947
η = 2.5 0.952 0.951 0.944
η = 2 0.956 0.951 0.950

Table 3.2: These results are the estimated MSEs after imputing M = 20 times using mice
for U = 200 replicates. The left table contains results for the estimation of θ. The right
table contains results for the estimation of β.

MSEθ(×100)
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 0.183 0.096 0.045
η = 2 0.194 0.105 0.045

MSEβ(×100)
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 39.4 19.0 10.2
η = 2 46.0 19.6 11.6

the U = 1000 data sets. We check convergence of Algorithms 3 and 5 by calculating the

L2 norm of the difference between the current and old parameter estimates and comparing

against a set tolerance of ϵ = 10−4. In the first column of Table 8, for a given η, we

observe that the estimated MSE decreases at a roughly linear rate as we increase the sample

size, which is expected in the parametric setting. This demonstrates that the estimation

procedures for both the no missing data (Algorithm 3) and missing data cases (Algorithm

5) are consistent. The MSE for β is higher when there is missingness than when there is no

missingness, which suggests that the estimating β becomes more difficult.
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In the second column of Table 8, we generally observe nominal coverage as well. There

is slight undercoverage of θ when η = 2. We attribute this to the fact that we do not have a

closed-form expression for the MLE and there are many approximations in the algorithms.

For example, Algorithm 5 is a stochastic EM algorithm because it relies on a prespecified

number of imputations M . Increasing the number of imputations will decrease the Monte

Carlo error at the cost of computational time. It is possible that the gradient of the log-

likelihood surface can be fairly small in the neighborhood of the true MLE, leading to early

stopping of the algorithms and returning a near-solution but not the true MLE. Moreover,

when there is missing data, the effective sample size is lower than the number of observations

n, which can be another reason for the slight undercoverage in finite samples. For most cases,

the coverage is close to nominal, which suggests that the bootstrap procedure and the choice

of initializing it at the original estimate returned by Algorithm 5 works in practice.

For an additional comparison, we conduct a second simulation using the same data gen-

erating process. We first perform imputation using the mice R package (van Buuren and

Groothuis-Oudshoorn, 2011a), generating M = 20 imputed datasets. We then fit our model

using Algorithm 3 and compute the MSEs. The results are reported in Table 3.2.

All simulations in this section were run on a cluster with 48 cores and a parallelized

Table 3.3: For the simulations in Tables 8 and 3.2, we report the average computation
time in minutes and the standard deviation in parentheses across all the randomly
generated data sets. These were performed on a cluster using 48 cores. The first table
contains the times for obtaining both a point estimate and a confidence interval using
Algorithms 5 and 6. The second table contains the times for only obtaining a point estimate
with mice and Algorithm 3.

Algorithms 5 and 6 (Point Estimate and Bootstrap CI)
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 2.0 (2.1) 2.8 (0.5) 5.5 (1.1)
η = 2 2.4 (1.9) 3.9 (3.5) 6.2 (1.9)

mice and Algorithm 3 (Point Estimate)
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 8.1 (0.91) 14.2 (0.83) 28.2 (3.8)
η = 2 8.1 (0.76) 14.5 (0.89) 27.4 (2.1)
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implementation. Our first observation is that this two-step approach—imputing with mice

followed by Algorithm 3—is substantially slower than Algorithms 5 and 6. As a result,

we limit the mice experiment to 200 total repetitions for estimating the MSE and do not

report coverage results since bootstrap-based interval estimation would be prohibitively time-

consuming. For reference, obtaining both a point estimate and a bootstrapped confidence

interval with our method requires approximately 3 to 6 times less computation time than

obtaining only a point estimate after imputing with the mice method. This can be seen in

Table 3.3.

Interestingly, we observe that the MSEs from the mice imputation and Algorithm 3

pipeline are comparable to those from our method. However, we believe this is largely due

to the well-separated mixture components in the data generating process. In general, we do

not recommend using mice in this context, as its imputation model may not be compatible

with the mixture model being fit, and may not lead to asymptotically valid estimates in more

challenging settings. Model uncongeniality is a known problem in the imputation literature

(Meng, 1994). In contrast, our method imputes from the same model that is estimated and

fit, ensuring consistency.

Further simulations on the complete case data and the influence of the number of im-

putations are also included in Appendix B.5.2. When fitting the model on complete case

data, we observe that the MSE does not decrease at a linear rate due to bias, and that the

confidence intervals are not asymptotically valid. Moreover, the results appear fairly stable

as we vary the number of imputations M across 10, 20, and 50, suggesting that 10 impu-

tations are already sufficient. To ensure better accuracy of our estimates while maintaining

computational efficiency, we use M = 20 imputations in the real data analysis.
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7 Application to the NACC data

As mentioned earlier, the data set that motivates our model is from the National Alzheimer’s

Coordinating Center (NACC) Uniform Data Set, collected from the years 2005 to 2019. This

is a longitudinal data set that comprises individuals of varying cognitive status: cognitively

normal to mild cognitive impairment (MCI) to dementia. Neuropsychological test scores are

typically assessed annually with some baseline covariates collected upon entry to the study.

However, there is also some missingness present in the outcome variables. The missingness

can be due to various reasons. For example, some tests may no longer be administered after

a given time because they have been replaced with another one. On the other hand, some

individuals may have test scores missing because of a data recording error or they are too

sick to take more tests.

7.1 Description of outcome variables and covariates

Our primary goal is to measure the cognitive ability of the Alzheimer’s disease patients while

measuring its association with baseline covariates. Following similar analysis in Brenowitz

et al. (2017), we focus on four cognitive domains: long-term memory (episodic memory),

attention, language, and executive function. Specifically, we used the Logical Memory Story

A immediate and delayed recall to assess memory, Digit Span Forward and Backward tests

to evaluate attention, Animal listing test to measure language ability, and Trail Making

Tests Parts A and B to measure executive function. Additionally, we used the Mini-Mental

State Examination (MMSE) to assess overall cognitive impairment, resulting in a total of

eight outcome variables. The Trail A and B tests are assessed based on the time it takes

to complete a given task, so a higher score is considered worse. On the other hand, for the

other tests, higher scores are indicative of stronger cognitive ability.

We include four baseline covariates in this study: age, education, sex, and race. Age was
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kept on a yearly scale, and education was dichotomized based on whether an individual had

obtained a college degree. Of particular interest was the association between education and

cognitive decline. This analysis was motivated by the cognitive reserve hypothesis, which

suggests that some mechanisms can provide individuals more resilience to cognitive decline.

We would like to explore this hypothesis to see if individuals with higher levels of education

are more resistant to cognitive impairment (Meng and D’Arcy, 2012; Thow et al., 2018).

For each individual, we have a CDR (Clinical Dementia Rating) score, which is assigned

by a medical professional. The CDR score is based on a clinician’s judgment on an indi-

vidual’s cognitive ability and is the standard procedure to determine whether someone has

dementia or not. A CDR score 0 refers to cognitively normal, a score 0.5 refers to a mild

cognitive impairment (MCI) state, and a score of at least 1 refers to dementia. Note that

the CDR score is all based on a clinician’s judgment, which is very different from the neu-

ropsychological tests (exam-based). This score takes values in the set {0, 0.5, 1, 2, 3}. Here,

0 indicates normal cognitive ability, 0.5 is mild cognitive impairment (MCI), 1 is mild de-

mentia, 2 is moderate dementia, and 3 is severe dementia. Thus, we expect that a healthy

group would contain individuals with lower CDR scores than an unhealthier group. We will

use the CDR score to interpret some of our results, but we emphasize that we do not use

this variable in the model.

Since there are 8 outcome variables, there are up to 28 = 256 missing data patterns. In

this data set, we observe 93 missing data patterns with 7 patterns comprising over 95% of

the data. In particular, there are ncc = 25041 fully observed cases and n = 41181 total

observations, so that approximately only 60% of the individuals have completely observed

outcomes.

In Figure 3.2, we plot the CDR distribution for the complete cases, the individuals missing

at least one outcome variable, and the entire data set, respectively. If the data was missing
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Figure 3.2: The CDR score distributions for the complete cases, the individuals missing at
least one outcome variable, and the entire data set are provided in the left, middle, and right
panels, respectively.

completely at random, we would expect the CDR score distribution to be mostly constant

across all missing patterns of the data. However, we observe that for the complete cases, the

dementia group (CDR score of 1, 2, or 3) makes up less than 20%, but the dementia group

is close to 40% of the data that has at least one missing outcome variable. This suggests

that the dementia group is severely underrepresented when we only perform analysis on the

complete cases. Thus, from the plots, we can visually postulate the MCAR assumption to

be unreasonable.

We select the model using prior knowledge. Since the scientific community previously

determined that five levels for the CDR score was appropriate, we also choose the same

number. A similar number of groups will help with interpretability, and five is small enough

that the number of parameters is manageable.

7.2 Point estimates and confidence intervals

The data analysis was conducted on a 2022 Macbook Air with 8 cores, and it took about a

day to fit the model and complete the bootstrap with 1000 bootstrap samples. In Table 3.4,
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we report the point estimates of the test score means and the corresponding standard errors

in parentheses. There are a few takeaways. As reported, Classes 1 and 5 can be interpreted

as the most and least healthy individuals, respectively. Note that in 6 out of 8 tests (omitting

TRAIL A and TRAIL B), a higher score corresponds to better performance. On the other

hand, TRAIL A and TRAIL B are scored using time-to-completion in seconds, so a higher

score corresponds to a worse performance. For every test aside from TRAIL B, we observe

a clear monotonic behavior in the test score means from Class 1 to Class 5, which suggests

that the model is reasonable and fairly interpretable. For TRAIL B, Classes 4 and 5 have

very similar mean test scores that are close to the maximum possible test score of 300. Since

a test score of 300 indicates that the individual timed out and did not complete the test, this

suggests that individuals from Classes 4 and 5 have comparable performance on the TRAIL

B test.

Additionally, the results also suggests the different tests may have value at distinguishing

individuals from different latent cognitive classes. For example, TRAIL A and TRAIL B are

routinely used to measure executive function. Classes 4 and 5 represent the most unhealthy

individuals in the population, but individuals in both perform similarly on TRAIL B. On the

other hand, the mean test scores in Classes 4 and 5 for TRAIL A are very different, which

suggests that TRAIL A can be a good discriminator between very unhealthy and moderately

unhealthy individuals. As TRAIL B is a more complex task than TRAIL A, this seems to

agree with our intuition.

In Table 3.5, we report the point estimates of the coefficients in the logistic regressions.

One initial observation is that the coefficients of Age and Education are all positive and

negative at the α = 0.05 significance level, respectively, across all classes. This implies that

increasing age is associated with lower cognitive ability and higher education may provide

some protection against dementia. The latter is known as the cognitive reserve hypothesis in
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Table 3.4: These tables contain point estimates of the test score means for each latent
class. In the title of each column, we report the maximum possible score for a given test in
parentheses. In each cell, the standard errors are reported in parentheses.

Outcome Variables

MMSE (30) LOGIMEM (25) MEMUNITS (25) DIGIF (12)

C
la
ss

1 28.9 (0.01) 13.4 (0.04) 12.0 (0.05) 8.8 (0.02)
2 26.8 (0.03) 9.1 (0.05) 7.1 (0.06) 7.7 (0.02)
3 25.3 (0.06) 7.6 (0.08) 5.5 (0.08) 7.1 (0.03)
4 22.5 (0.06) 5.3 (0.05) 3.5 (0.05) 6.6 (0.03)
5 14.4 (0.12) 3.1 (0.05) 1.8 (0.04) 5.3 (0.04)

DIGIB (12) ANIMALS (77) TRAILA (150) TRAILB (300)

C
la
ss

1 7.2 (0.05) 20.9 (0.05) 28.4 (0.09) 65.9 (0.2)
2 5.7 (0.02) 15.9 (0.05) 44.2 (0.17) 117.9 (0.43)
3 4.9 (0.03) 13.5 (0.07) 57.2 (0.39) 209.7 (0.84)
4 4.2 (0.02) 11.0 (0.06) 66.7 (0.36) 298.5 (0.08)
5 2.7 (0.03) 6.9 (0.07) 145.3 (0.20) 295.2 (0.09)

Table 3.5: This table contains point estimates for the coefficients for each of the covariates
and each latent class. In each cell, the standard errors are reported in parentheses.

Covariates
Age Education Race Sex

C
la
ss

2 0.06 (0.001) -0.62 (0.028) -0.37 (0.026) 0.72 (0.037)
3 0.07 (0.002) -0.9 (0.039) 0.45 (0.034) 0.93 (0.043)
4 0.06 (0.002) -1.06 (0.035) 0.36 (0.032) 0.79 (0.04)
5 0.05 (0.002) -1.14 (0.0041) 0.41 (0.0035) 0.93 (0.0041)

the context of education (Meng and D’Arcy, 2012; Thow et al., 2018). We can compare the

magnitudes of the coefficient of Education to the coefficient of Age. For example, in Class

2, we observe 0.62/0.06 ≈ 10, and in Class 5, we observe 1.14/0.05 ≈ 23. This suggests that

having a college degree or higher education may be equivalent to being 10-20 years younger

in terms of cognitive ability.
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7.3 Latent classes and clustering

We report two clustering results using models fit on the complete cases (Figure 3.3) and

the entire data (Figure 3.4). For each set of clustering results, we visualize the clusters by

plotting the CDR score composition of each of the five clusters via barplots. Furthermore,

we report the mean of the CDR scores for each group, which gives a rough estimate on

the group-specific clinical cognitive ability. From the complete case results (CC) in Figure

3.3, we generally see that the first clusters are primarily composed of healthy individuals

as individuals with CDR scores of 0 take up larger proportions. As we progress to the

middle latent classes, healthier individuals take up fewer proportions and individuals with

mild cognitive impairment (CDR score of 0.5) take up larger proportions. Then, in Group

5, the majority of the individuals have some form of dementia.

For the clustering that used the entire data with the missing at random assumption

(Figure 3.4), we observe a similar trend with the healthier individuals, the MCI individuals,

and the dementia individuals being the dominant proportion in the earlier, middle, and

later latent classes. However, the results from clustering the entire data set are more stark.

In contrast with the complete clustering, Groups 4 and 5 contain a significantly higher

number of individuals. Moreover, our model is able to detect a group of individuals with

high dementia, as evidenced by Group 5’s mean CDR score of 1.55. Unlike the complete case

clustering, Group 5 has almost 75% of individuals with some form of dementia. Many of these

individuals would be omitted from the analysis if the missing data was not accounted for.

Thus, accounting for the missingness leads to a clustering result with a stronger correlation

with clinical assessments (CDR score).
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Figure 3.3: Clustering on complete data only. These barplots summarize the composition of
each of the five latent groups. We order the groups from most healthy to least healthy. This
is reflected in the mean CDR score of each group.
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Figure 3.4: Clustering on the entire data with MAR assumption. These barplots summarize
the composition of each of the five latent groups. We order the groups from most healthy to
least healthy. This is reflected in the mean CDR score of each group.
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8 Discussion

In this chapter, we have proposed a mixture of binomial experts model for modeling neu-

ropsychological test score data. This model builds on classical ideas from the latent variable

and mixture of experts literature. Through this model, we are able to construct a latent

representation of an individual’s cognitive ability using their test scores and relate it to base-

line covariates. Because the Alzheimer’s disease data set is both enriched with multivariate

information and plagued with missing data, we address both of these issues. We outline

how to perform estimation and inference under the MAR assumption. Further comments on

simulations are included in Appendix 8.

There are several avenues for extending this chapter. Our presented model has two key

components: the weights wk(x; βk) and the component probabilities pk(y; θk). Due to the

local independence assumption, the component probabilities pk(y; θk) reduce to a product of

marginal distributions, which is a binomial product in this chapter. One straightforward way

to generalize this work is modifying these two working models to other parametric families.

In our setting, the outcome data is discrete and bounded because we have neuropsycho-

logical test scores. However, often, outcome data can come in a variety of different forms

such continuous, discrete, and mixed, as well as bounded and unbounded. For instance,

in continuous and count data, respectively, the Gaussian and Poisson distributions may be

applicable. Access to individual question level data may allow us to leverage ideas from item

response theory and the Rasch model (Rasch, 1960). Additionally, since there is longitudi-

nal information in the data, there may be a way to incorporate time in the model, so that

model-based clustering can be performed on entire trajectories rather than individuals at

given a time point. There has been previous work on mixture of experts models applied to

time series and longitudinal data (Waterhouse et al., 1995; Huerta et al., 2003; Tang and Qu,

2016), and it would be interesting to extend these frameworks to a model for multivariate
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longitudinal discrete data. Model selection is also another avenue for future exploration as

we selected our model using prior knowledge. We included comments on AIC and BIC in

Appendix B.6. Also, since we have 33 ADRC centers collecting data, we may introduce a

random effect model in the weight to handle the effect from different centers.

The MAR assumption is fundamental to our analysis of the NACC data as well as the

inference procedure (Algorithm 5), but it is not the only option. Missing not at random

(MNAR) assumptions encompass a rich class of potentially plausible assumptions. It would

be interesting to explore MNAR assumptions in the context of latent variable modeling

using methods such as pattern graphs (Chen, 2022a; Cheng et al., 2022; Suen and Chen,

2021). Additionally, perturbing the MAR as a form a sensitivity analysis remains largely

an open question. We note that departures from missing at random would likely result in a

significant modification of the elegant estimation procedure outlined in this chapter because

the ignorability condition would no longer hold. Missing not random assumptions often

require stronger modeling assumptions because the relationship between Y and R needs to

be modeled directly. We leave this for future work.
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Appendix B: Chapter 3 Appendices

B.1 Detailed Derivation of the EM Algorithm Update Equations

There are two EM algorithms described in this paper. The inner EM algorithm (Algorithm

3) is used to estimate the mixture of binomial product experts model while the outer EM

algorithm (Algorithm 5) is used to fit the aforementioned model under a missing at random

assumption. When there is no missingness, Algorithm 5 reduces to Algorithm 3. We discuss

the details of both algorithms and the multiple imputation algorithm in the following three

subsections.

B.1.1 Latent Variable EM

The E-step is easily obtained by calculating the QLC,n function. Since the only variable that

is not conditioned on is Z, this is simply equivalent to changing all of the indicator variables

in ℓLC,n to conditional probabilities on X and Y.

Thus, the QLC,n function writes as

QLC,n(β,θ|X1:n,Y1:n; β̂
(t), θ̂(t))

:=
1

n

n∑

i=1

K∑

k=1

π̂
(t)
k (Xi,Yi) logwk(Xi; βk) +

1

n

n∑

i=1

K∑

k=1

π̂
(t)
k (Xi,Yi) log pk(Yi; θk), (3.12)

where

π̂
(t)
k (Xi,Yi) := P (Z = k|Xi,Yi; β̂

(t), θ̂(t)) =
wk(Xi; β̂

(t)
k )pk(Yi; θ̂

(t)
k )

∑K
k′=1wk′(Xi; β̂

(t)
k′ )pk′(Yi; θ̂

(t)
k′ )

.
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We now derive the update equations in the M-step. Note that we update (β,θ) via

(β̂(t+1), θ̂(t+1)) = argmax
β,θ

QLC,n(β,θ|X1:n,Y1:n; β̂
(t), θ̂(t)).

Taking a partial derivative of (3.12) with respect to θk,j, we obtain

∂

∂θk,j

1

n

n∑

i=1

π̂
(t)
k (Xi,Yi) log

ÇÇ
Nj

Yi,j

å
θ
Yi,j

k,j (1− θk,j)Nj−Yi,j

å
=

∂

∂θk,j

1

n

n∑

i=1

π̂
(t)
k (Xi,Yi) · (Yi,j log θk,j + (Nj − Yi,j) log(1− θk,j))

=
1

n

n∑

i=1

π̂
(t)
k (Xi,Yi) ·

Å
Yi,j
θk,j
− Nj − Yi,j

1− θk,j

ã
.

Setting this derivative equal to 0 yields the desired update equation for θ

θ̂
(t+1)
k,j =

∑n
i=1 π̂

(t)
k (Xi,Yi) · Yi,j

Nj∑n
i=1 π̂

(t)
k (Xi,Yi)

.

We now discuss the update procedure for β. We see that

1

n

n∑

i=1

K∑

k=1

π̂
(t)
k (Xi,Yi) log pk(Yi; θk)

is the log-likelihood function with weights π̂
(t)
k (Xi,Yi) rather than 1(Zi = k), so we can

apply a standard package that fits a logistic regression model using gradient ascent. However,

instead of treating the dependent variable as (1(Zi = 1), 1(Zi = 2), . . . , 1(Zi = K)), we use

the dependent variable Wi(Xi,Yi) ≡ (π̂
(t)
1 (Xi,Yi), π̂

(t)
2 (Xi,Yi), . . . , π̂

(t)
K (Xi,Yi)).

This completes the derivation of Algorithm 3.



150

B.1.2 Multiple Imputation under Missing at Random

The missing at random property equivalently can be written as

P (R = r|x, y) = P (R = r|x, yr) ⇐⇒ p(x, y, r) = p(x, yr, r) · p(yr̄|yr, x)

⇐⇒ p(yr̄|yr, x, r) = p(yr̄|yr, x)

for all r ∈ R.

Therefore, the imputation distribution p(yr̄|yr, x, r) ≡ p(yr̄|yr, x) is constructed using the

global model p(y|x) that is fit on all of the data regardless of the missing data pattern.

Algorithm 4 requires the estimation of the conditional distribution p(yr̄|yr, x;β,θ) for ev-

ery r ∈ R. In the following derivation of the imputation distribution, we drop the parameters

and reference to the iteration t for readability. For any r ∈ R, we have

p(yr̄|yr, x) =
p(y|x)
p(yr|x)

=
p(y|x)∑
yr̄
p(y|x)

=

∑K
k=1wk(x)

∏d
j=1 pk,j(yj)∑

yr̄

∑K
k=1wk(x)

∏d
j=1 pk,j(yj)

=

∑K
k=1wk(x)

∏d
j=1 pk,j(yj)∑K

k=1wk(x)
∑

yr̄

∏d
j=1 pk,j(yj)

=

∑K
k=1wk(x)

∏d
j=1 pk,j(yj)∑K

k=1wk(x)
∏

r pk,j(yj)

=
K∑

k=1

wk(x)
∏

j∈r pk,j(yj)∑K
k=1wk(x)

∏
j∈r pk,j(yj)︸ ︷︷ ︸

Wk,r(x,yr)

∏

j∈r̄
pk,j(yj)

=
K∑

k=1

Wk,r(x, yr)
∏

j∈r̄
pk,j(yj).
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Therefore, with a little algebra and the local independence assumption, we can show that

the conditional distribution (and imputation distribution) remains a (reweighted) mixture

of binomial products distribution, whose computation is fairly straightforward.

B.1.3 Missing at Random EM

Standard maximum likelihood inference can be viewed as constructing an M -estimator that

estimates the population MLE

(β0,θ0) = argmax
β,θ

E[log p(Y|X;β,θ)].

By the law of iterated expectation, observe that

E[log p(Y|X;β,θ)] =
∑

r

E[E log p(Y|X;β,θ)|X,Yr,R = r] · 1(R = r)]

MAR
=
∑

r

E[E log p(Y|X;β,θ)|X,Yr] · 1(R = r)]. (3.13)

= E

[∑

r∈R
E[log p(Y|X;β,θ)|X,Yr] · 1(R = r)

]
. (3.14)

By converting equation (3.13) to the sample form, we obtain

QFC,n(β,θ|X1:n,Y1:n; β̂
(t), θ̂(t)) =

1

n

n∑

i=1

∑

r∈R
QFC,r(β,θ|Xi,Yi,r; β̂

(t), θ̂(t)) · 1(Ri = r),

=
1

n

n∑

i=1

QFC,Ri
(β,θ|Xi,Yi,Ri

; β̂(t), θ̂(t)), (3.15)

where QFC,r(β,θ|X,Yr; β̂
(t), θ̂(t)) = E[log p(Y|X)|X,Yr; β̂

(t), θ̂(t)]. By construction, we ex-

pect that QFC,n(β,θ|X1:n,Y1:n; β̂
(t), θ̂(t)) has expectation equal to E[log p(Y|X;β,θ)]. Un-

fortunately, we are not able to compute (3.15) because we do not have an explicit closed form



152

expression for QFC,r(β,θ|X,Yr; β̂
(t), θ̂(t)). Thankfully, we can approximate it stochastically.

For large enough M , we expect

1

M

M∑

m=1

log p(‹Y(m;t)|X; β̂(t), θ̂(t)) ≈ QFC,r(β,θ|X,Yr; β̂
(t), θ̂(t)),

where ‹Y(m;t)
= (Yr,Y

(m;t)
r̄ ), and for each m, Y

(m;t)
r̄

iid∼ p(yr̄|Yr,X; β̂(t), θ̂(t)). Thus, to com-

plete the E-step, we replace the sample version above with a stochastic approximation

Q
(M)
FC,n(β,θ|X1:n,Y1:n; β̂

(t), θ̂(t)) =
1

M

M∑

m=1

1

n

n∑

i=1

log p(‹Y(m;t)

i |Xi; β̂
(t), θ̂(t)),

where ‹Y(m;t)

i = (Yi,Ri
,‹Y(m;t)

i,R̄i
). To actually perform this stochastic approximation in practice,

we simply multiply impute M times and stack the imputed data sets together.

The M-step is equivalent to maximizing the latent incomplete likelihood on the stacked

imputed data set ‹Dt = {(Xi,‹Y(m;t)

i )}i=1,...,n; m=1,...,M . Namely, we have

(β̂(t+1), θ̂(t+1)) = argmax
β,θ

1

n

∑

(Xi,‹Y(m;t)

i )∈‹Dt

ℓLI(β,θ;Xi,‹Y(m;t)

i ).

We showed in Section 2 that this can be maximized via an EM algorithm (Algorithm 3).

Thus, the M-step of the outer EM algorithm is performed by Algorithm 3. This completes

the derivation of Algorithm 5.

B.2 Identification Theory

We provide sufficient conditions for generic identifiability in our mixture of binomial product

experts model and restate the proposition here.
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[Sufficient conditions for generic identifiability] Suppose the following conditions hold.

A1 Each mixture is distinct such that θk ̸= θk′ when k ̸= k′.

A2 The number of outcome variables d and the number of mixtures K satisfies the bound

d ≥ 2⌈log1+minj Nj
K⌉+ 1.

A3 The logistic regression model wk(x; βk) for all k ∈ [K] is identifiable.

Then, the mixture of binomial product experts is generically identifiable up to permutation

of the parameters.

Note that the bound in Assumption A2 is likely to be able to be relaxed even further

because it was built off of a general latent class model, where each mixture is assumed to

be a product of multinomials rather than binomials. A mixture of binomial products is a

submodel within the mixture of multinomial products model. A similar bound is discussed

in Allman et al. (2009) when all of the outcome variables have the same dimension.

The sufficient conditions for the identifiability of mixtures of binomials in the one di-

mensional case has been examined in Teicher (1961). Identification of the logistic regression

model can be shown using standard assumptions such as the existence of an invertible design

matrix and lack of complete separation. More recently, Ouyang and Xu (2022) have estab-

lished sufficient and necessary conditions for the identifiability of latent class models with

covariates.

B.3 Comments on Code Implementation

B.3.1 Numerical Stability

We use the logsumexp trick, which is commonly used for numerical stability (McElreath,

2020). We are often interested in calculating probabilities of the form

(p1, . . . , pK),
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where
∑K

k=1 pk = 1. In our work, probabilities are often formed by the product of multiple

terms in the range [0, 1]. Naive implementations can result in underflow, so we work with

log-probabilities. Additionally, consider the scenario where

pk =
exp(tk)∑K

k′=1 exp(tk′)
.

Then, we have

pk = exp

(
tk −

[
c+ log

K∑

k′=1

exp(tk′ − c)
])

for any constant c. The form inside the brackets is known as the logsumexp trick. If we pick

c = maxk′ tk′ , then we can avoid most numerical underflows since each tk′ is shifted.

B.3.2 Random Initializations

We randomly initialize β and θ using draws from uniform distributions. The intercept of

each βk is drawn from U [−1, 1] while each slope term is drawn from U [−0.5, 0.5]. We draw

each θk,j from U [0.1, 0.9], so that it is initialized away from the boundary. All draws are

performed independently.

B.4 Remarks on Alternative EM Algorithms

Remark 3. For completeness, we provide some remarks on an alternative EM algorithm

for fitting the model. Our proposed method comprises an EM algorithm nested within

an outer EM algorithm. Alternatively, one can impute the missing outcome and latent

class variables simultaneously using the distributions P (Z = k|x, yr; β̂(t), θ̂(t)) and p(yr̄|Z =

k, yr, x; β̂
(t), θ̂(t)) and update (β̂(t+1), θ̂(t+1)) with the explicit MLE estimates. When there is

no missingness, this procedure mimics the Stochastic EM procedure described by Celeux and

Diebolt (1985) and Celeux and Diebolt (1987). A similar method has been explored in the
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missing at random setting under a Gaussian mixture model with no covariates by Serafini

et al. (2020). Alternating between these two steps until convergence provides a consistent

estimate. However, we do not recommend this method for our model in practice because

time to convergence is often longer than Algorithm 5 for the same number of imputationsM .

We anticipate this is due to the increased stochastic variation that is observed by imputing

Z on each iteration.

Remark 4. There has been previous work on model-based clustering with missing data.

Serafini et al. (2020) discussed how to estimate Gaussian mixture models in the presence of

missing at random data with the EM algorithm and Monte Carlo methods in the E-step. We

provide comments on how our approach compares to a similar approach in Remark 3. Our

approach differs because we utilize two EM algorithms, one nested within the other. Unlike

some of the previous work in the model-based clustering with missing data literature, we

take a more broad approach by incorporating covariates in our model as well as describing

an inference procedure that quantifies uncertainty. Sportisse et al. (2023) described model-

based clustering with missing not at random assumptions using a likelihood-based approach

and an EM algorithm. Although there has been rich literature on missing not at random

assumptions, there are still open problems with the missing at random assumption (such as

performing sensitivity analysis) and sometimes missing not at random assumptions are not

easily interpretable.



156

B.5 Simulations

B.5.1 Simulation Details

We describe the data generating process. We have p = 2 covariates and d = 4 outcome

variables. The model is described as follows:

p(x) = N

Ö
2

3


 ,


 1 0.2

0.2 1




è
, p(y|x) =

3∑

k=1

wk(x; βk)
4∏

j=1

Ç
Nj

yj

å
θ
yj
k,j(1− θk,j)Nj−yj ,

where β1 = (0, 0, 0), β2 = (−1.5, 0.3, 0.4), and β3 = (−2, 0.5, 0.25). The parameters for the

binomials are as follows

θ =




θ1

θ2

θ3



=




0.8 0.8 0.8 0.8

0.5 0.5 0.5 0.5

0.1 0.1 0.1 0.1



.

Thus, for a moderately sized model, we already have 18 parameters. To generate data for

the missing data simulations, we use the same generating process as above, but we specify

a selection model P (R = r|x, y) to make the missing data. For every missing data pattern

r ̸= 1111, we generate the probabilities P (R = r|x, y) = P (R = r|x, yr) under the following

scheme to ensure MAR holds. We have

log
P (R = 0001|x, y)
P (R ̸= 0001|x, y) = (−2− η)− 0.25x1 + 0.3x2 + 0.15y4,

log
P (R = 0110|x, y)
P (R ̸= 0110|x, y) = (−1− η) + 0.3x1 − 0.7x2 − 0.1y2 + 0.15y3,

log
P (R = 1010|x, y)
P (R ̸= 1010|x, y) = (−2− η) + 0.7x1 − 0.4x2 + 0.24y1 − 0.15y3,

log
P (R = 1110|x, y)
P (R ̸= 1110|x, y) = (−1− η) + 0.2x1 − 0.15x2 + 0.15y1 − 0.14y2 + 0.05y3,

P (R = 1111) = 1−
∑

r ̸=1111

P (R = r|x, y).
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Here we treat η ∈ [0,∞) as a a parameter that controls the amount of missingness. As

η →∞, P (R = r|x, y)→ 0 for every r ̸= 1111, thereby, leading towards P (R = 1111|x, y)→

1 and consequently, a data set with no missing outcome variables.

B.5.2 Additional Simulations

We provide additional simulations to examine the effect of the number of imputations on

the results of the Monte Carlo EM algorithm. We repeat the experiment for η = 2, 2.5 with

M = 10 and M = 50 imputations. We do not repeat it for η = ∞ because the latter has

no missing data and thus, requires no imputation. In this particular simulation, we actually

observe similar performance as we vary from M = 10, 20, 50 imputations, suggesting that

already at M = 10 imputations, the Monte Carlo error is sufficiently small. Additionally,

since we are able to know the true generating mixture component for each data point, we

compare the assigned clustering to the true generating mixture component. We report the

average adjusted Rand index forM = 10, 20, 50 in Tables 3.6, 3.7, and 3.8. We observe fairly

high and stable adjusted Rand indices across all sample sizes, amount of missingness η, and

number of imputations M . This agrees with our expectations of our estimation procedure

since the mixtures are well-separated in the generating process.

Furthermore, we run a set of simulations to determine the performance of a complete

case analysis. The results are summarized in Table 3.9. We observe that the MSE does not

decrease at a linear rate due to the bias associated with not accounting for the missing data

and simply performing a complete case analysis. Thus, the estimates are not consistent.

The adjusted Rand index is still mostly high with comparable performance to the estimation

procedure that takes into account missingness. This can likely be attributed to the fact

that the simulation problem has well-separated clusters. In our work, we are also interested

in statistical inference and confidence intervals for estimating parameters. As sample size
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Table 3.6: These are the results for M = 10 imputations. The first row contains results for
the estimation of θ. The second row contains results for the estimation of β. The third row
contains the average adjusted Rand index for each combination of η and sample size n.

MSEθ(×100)
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 0.190 0.094 0.049
η = 2 0.202 0.101 0.054

Estimated Coverage of θs
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 0.940 0.940 0.937
η = 2 0.939 0.938 0.931

MSEβ(×100)
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 45.5 21.3 10.3
η = 2 43.8 21.4 10.5

Estimated Coverage of βs
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 0.953 0.952 0.953
η = 2 0.956 0.950 0.949

Average Adjusted Rand Index
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 0.935 0.936 0.937
η = 2 0.935 0.936 0.936

increases, the Estimated Coverage for the parameters generally decreases, away from the

desired 95% coverage, implying that the procedure does not produce asymptotically valid

confidence intervals. Thus, this simulation highlights the necessity of taking into account

the missingness when constructing an estimation procedure and how complete case analysis

can yield statistically invalid results.
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Table 3.7: This table reports the average adjusted Rand index for each combination of η and
sample size n for M = 20 imputations over all 1000 generated data sets.

Average Adjusted Rand Index
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 0.936 0.936 0.937
η = 2 0.934 0.936 0.936

Table 3.8: These are the results for M = 50 imputations. The first row contains results for
the estimation of θ. The second row contains results for the estimation of β. The third row
contains the average adjusted Rand index for each combination of η and sample size n.

MSEθ(×100)
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 0.189 0.094 0.049
η = 2 0.204 0.104 0.054

Estimated Coverage of θs
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 0.942 0.941 0.940
η = 2 0.938 0.931 0.932

MSEβ(×100)
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 44.6 21.8 10.7
η = 2 47.1 22.0 10.4

Estimated Coverage of βs
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 0.956 0.947 0.951
η = 2 0.947 0.947 0.951

Average Adjusted Rand Index
Sample Size

n = 500 n = 1000 n = 2000
η = 2.5 0.935 0.936 0.937
η = 2 0.936 0.936 0.936
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Table 3.9: These are the results for complete case analysis. The first row contains results for
the estimation of θ. The second row contains results for the estimation of β.

MSEθ(×100)
Sample Size

n = 500 n = 1000 n = 2000 n = 4000 n = 8000
η = 2.5 0.196 0.101 0.050 0.028 0.015
η = 2 0.220 0.115 0.061 0.033 0.022

Estimated Coverage of θs
Sample Size

n = 500 n = 1000 n = 2000 n = 4000 n = 8000
η = 2.5 0.943 0.936 0.936 0.914 0.887
η = 2 0.938 0.939 0.913 0.887 0.843

MSEβ(×100)
Sample Size

n = 500 n = 1000 n = 2000 n = 4000 n = 8000
η = 2.5 49.6 25.1 13.4 7.66 4.80
η = 2 59.0 28.3 17.1 10.7 7.71

Estimated Coverage of βs
Sample Size

n = 500 n = 1000 n = 2000 n = 4000 n = 8000
η = 2.5 0.940 0.945 0.935 0.904 0.843
η = 2 0.947 0.939 0.908 0.871 0.789

Average Adjusted Rand Index
Sample Size

n = 500 n = 1000 n = 2000 n = 4000 n = 8000
η = 2.5 0.936 0.936 0.937 0.937 0.937
η = 2 0.936 0.936 0.936 0.937 0.937

B.6 Comments on Model Selection

B.6.1 Model selection

In a standard data analysis, one key question is choosing the number of mixture components.

In the case of no prior knowledge, we recommend using information criteria for model selec-

tion. The Akaike information criterion (AIC) Akaike (1973) and the Bayesian information

criterion (BIC) Schwarz (1978) are popular methods for choosing the number of mixture

components. Each of these information criteria works by adding a penalty term to the

observed log-likelihood, defined above in (3.9).

Let ν(K) be the number of free parameters of the mixture of binomial product experts

model with K mixtures. We showed earlier that ν(K) = K(p+ d+ 1)− p− 1. As functions

of K, the AIC and BIC write as

AIC(K) := 2ν(K)− 2ℓobs,n, BIC(K) := ν(K) log n− 2ℓobs,n,
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Table 3.10: These are the results of generating 100 data sets of size n = 500 with η = 2,∞
and computing the AIC and BIC for each. We record for each of the 100 generated sets,
which number of mixture of components the AIC and the BIC chose. The first table is for
η =∞, n = 500, and the second table is for η = 2, n = 500.

η =∞, n = 500 K = 2 K = 3 K = 4 K = 5 K = 6
AIC 0 22 51 14 13
BIC 0 100 0 0 0

η = 2, n = 500 K = 2 K = 3 K = 4 K = 5 K = 6
AIC 0 47 31 13 9
BIC 0 100 0 0 0

respectively. One can choose the model that minimizes the AIC or BIC.

In another simulation, we repeatedly generate a data set of size n = 500 with η =∞ and

η = 2 (details in Appendix 8). Then, we fit models of varying sizes with K = 2, 3, 4, 5, 6 and

create the AIC and BIC curves. For each data set, we find the numbers of mixtures that

corresponds to the minimum AIC and BIC. Figure 3.5 provides an example of AIC and BIC

curves for varying values of K for two specific data sets.

We generate 100 random data sets of size n = 500 with η = 2,∞, and determine the

number of mixture components selected by the AIC and BIC for each data set. The results

are summarized in Table 3.10. We see that in general, the AIC is not as reliable as the BIC.

The BIC has a higher penalty term than the AIC, and it chooses the recommended model

for all data sets in the simulations. Therefore, this simulation suggests using BIC over AIC

as an information criterion. We also encourage the use of prior scientific knowledge when

possible for selecting a model.
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Figure 3.5: This figure depicts the AIC and BIC curves as we vary K for a given simulated
data set of size n = 500 and η =∞, 2.

B.7 Additional Comments on Clustering

Interestingly, the clustering procedure in the presence of missing data that is outlined in

Section 5 can be related to a multiple imputation based approach as follows. Consider

imputing M data sets and computing the following mean

π̂
(M)
k,Ri

(Xi,Yi,Ri
) :=

1

M

M∑

m=1

π̂k(Xi,‹Y(m)

i )

for every observation i. This procedure can be thought of constructing M plausible com-

plete data sets and averaging the latent class probability vectors for each observation i over

all of the M imputed data sets. Then, one can perform clustering using the probability

π̂
(M)
k,Ri

(Xi,Yi,Ri
). As M →∞, we expect π̂

(M)
k,Ri

(Xi,Yi,Ri
)

p→ π̂k,Ri
(Xi,Yi,Ri

) because for any

r ∈ R,

E[P (Z = k|X,Y)|X,Yr] = P (Z = k|X,Yr).

Thus, for sufficiently largeM , the two procedures are equivalent because higherM results
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in more imputations, which reduces the Monte Carlo error that arises from the variability

of the imputation. However, since there is an explicit form for the probability π̂k,r(X,Y),

there is no need to do multiple imputation.

Remark 5. We use the notation π̂ to emphasize that these probabilities are based on an

estimated model from a sample. We estimate these probabilities by plugging our estimators

into our statistical model and solving for the desired probabilities with Bayes’ rule. In the-

ory, there exist oracle probabilities πk(X,Y) := P (Z = k|X,Y) and πk,r(X,Yr) := P (Z =

k|X,Yr) based on the population. One can analyze clustering based on these population

quantities, but in practice, we do not have access to these functions because they are param-

eterized by the true population parameters. Instead, we use π̂k(X,Y) and π̂k,r(X,Yr) as

approximations to the population quantities. More theoretical analysis can be performed to

compare the clustering of our sample to a population clustering, but this is out of the scope

of this paper.

B.8 Proofs

B.8.1 Nonconcavity of the Latent Incomplete Log-Likelihood (Lemma 3.1)

We first demonstrate that the latent incomplete log-likelihood function is nonconcave.

Lemma 3.1 (Nonconcavity of the LI log-likelihood function). The latent incomplete log-

likelihood function

ℓLI,n(β, θ;X1:n,Y1:n) = log

(
n∏

i=1

(
K∑

k=1

wk(Xi; βk)pk(Yi; θk)

))

=
n∑

i=1

log

(
K∑

k=1

wk(Xi; βk)pk(Yi; θk)

)
.

is not concave.
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Proof of Lemma 3.1. We consider a simple counterexample showing nonconcavity. Take n =

1, K = 2, p = 1, and d = 3. We further assume that N1 = N2 = N3 = 5. This is the log-

likelihood where there is exactly one data point with two clusters, a single covariate, and

three bounded discrete outcome variables. Suppose that X = 1 and Y = (3, 1, 4). We have

ℓLI,n(β,θ|X,Y) = log

(
2∑

k=1

wk(X; βk)
3∏

j=1

Ç
Nj

yj

å
θ
Nj

k,j(1− θk,j)Nj−yj

)
.

Consider two points (β1,θ1) and (β2,θ2), where the superscript indexes the data point.

Let β1 = (−1,−1), θ1 = (θ11, θ
1
2), θ

1
1 = (0.7, 0.6, 0.3), θ12 = (0.3, 0.5, 0.1), β2 = (1, 6),

θ2 = (θ21, θ
2
2), θ

2
1 = (0.6, 0.4, 0.8), and θ22 = (0.4, 0.3, 0.3). We now consider the line that

connects these two points and show that it sits above the function.

Observe that

ℓLI,n(tβ
1 + (1− t)β2, tθ1 + (1− t)θ2) ≈ −6.81 < −6.73 ≈ tℓLI,n(β

1,θ1) + (1− t)ℓLI,n(β2,θ2)

for t = 1/2. Thus, nonconcavity is achieved.

B.8.2 Identification Proposition (Proposition 3.1)

Before we present the proof of this proposition, We first introduce a result from Allman

et al. (2009) on generic identification. Then, we state two helpful lemmas and providing

their proofs.

Theorem 3.1 (Theorem 4 of Allman et al. (2009)). Let S1, . . . , Sd be d categorical variables

and Sj has Bj categories. Consider a K-mixture model:

P (S = s;λ) =
K∑

k=1

ωk

d∏

j=1

q(sk,j;λk,j),
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where q(sk,j;λk,j) is a multinomial distribution on the Bj categories. Suppose there exists a

partition C1, C2, C3 of the set {1, 2, · · · , d} such that bj =
∏

j∈Cj
Bj and

min{K, b1}+min{K, b2}+min{K, b3} ≥ 2K + 2.

Then, the model P (S = s;λ) is generically identifiable.

The first lemma describes the generic identifiability of the mixture of binomial products

model without covariates.

Lemma 3.2. Consider the model

K∑

k=1

wk

(
d∏

j=1

Ç
Nj

yj

å
(θk,j)

yj(1− θk,j)Nj−yj

)
.

If the dimension of the outcome variable Y and the number of components satisfy d ≥

2⌈log1+minj Nj
K⌉ + 1, then the model is generically identified up to permutation of the pa-

rameters.

Proof of Lemma 3.2. This result is a consequence of Theorem 4 from Allman et al. (2009)

(which is itself also a result following Kruskal’s theorem (Kruskal, 1976, 1977)), and the proof

follows a similar construction provided in Corollary 5 from the same paper.

We argue that the latent class model with K components and each Yj having dimension

Nj is generically identifiable under the aforementioned bound.

To simplify notation, let Mj = 1 +Nj and M∗ = minj Mj.

Let K be fixed. First, consider the case that d = 2⌈logM∗ K⌉+ 1. Observe that

M∗
⌈logM∗ K⌉−1 < K ≤M∗

⌈logM∗ K⌉.
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Partition the set {Mj}j∈[d] into a singleton P3 = {M∗} and two sets P1 and P2 of equal

size (each with cardinality ⌈logM∗ K⌉). Then, we have

κ1 :=
∏

j∈P1

Mj ≥M
⌈logM∗ K⌉
∗ ,

κ2 :=
∏

j∈P2

Mj ≥M
⌈logM∗ K⌉
∗ ,

κ3 :=
∏

j∈P3

Mj =M∗.

Then, it follows that min(K,κ1) = min(K,κ2) = K and min(K,κ3) ≥ 2. Thus, we have

min(K,κ1) + min(K,κ2) + min(K,κ3) ≥ 2K + 2.

When d > 2⌈log1+minj Nj
K⌉ + 1, one can partition {Mj}j∈[d] in a similar way such that κ1

and κ2 strictly increase. Therefore, the previous inequality will still hold.

Now, finally, note that a binomial model is a special case of a multinomial model and

each Yj having dimension Nj. So binomial product models are special cases of the latent

class model of multinomial in Theorem 3.1. Generic identifiability of the larger model implies

generic identifiability of the submodel.

The following lemma is used to show how the generic identifiability of the “no covari-

ates” model can imply the generic identifiability of the model with covariates under certain

assumptions.

Lemma 3.3. Suppose the logistic regression model is identifiable, and each mixture is dis-

tinct. Then, the generic identifiability of the no covariate binomial product model implies the

generic identifiability of the mixture of binomial product experts.
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Proof of Lemma 3.3. As each mixture is distinct, this implies that the model

K∑

k=1

wk(x; βk)pk(y; θk)

is constructed such that θa ̸= θb for a ̸= b. We organize the parameters into one α = (β,θ) =

(β1, . . . , βK , θ1, . . . , θK) and αk = (βk, θk). For σ ∈ SK , where SK is the permutation group

comprising all K! mappings from [K] to [K], we use the notation βσ and θσ to denote the

reordered tuples of β and θ, respectively, according to the permutation σ.

Now, consider a given covariate x ∈ X , and suppose that

p(y|x;α) =
K∑

k=1

wk(x; βk)pk(y; θk) =
K∑

k=1

wk(x; β
′
k)pk(y; θ

′
k) = p(y|x;α′).

By generic identification of the no covariate binomial product model up to permutation,

we have

θ = θ′
σx

for some permutation σx ∈ SK . This permutation is indexed by x because this permutation

may depend on the covariate x.

We now argue that this permutation is the same for any x, thereby implying that the

entire mixture of binomial products model is unique up to permutation. We proceed using

a proof by contradiction. Let x1 and x2 be the covariates of two distinct observations with

corresponding permutations σx1 and σx2 such that σx1 ̸≡ σx2 . Without loss of generality,

assume that σx1 is the identity permutation. So, for x = x1, we have

θk = θ′k ∀k ∈ [K] (3.16)
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by the identity permutation. For x = x2, we have

θk = θ′σx2 (k)
∀k ∈ [K].

Since σx2 is not the identity permutation, there exists g ∈ [K] such that σx2(g) ̸= g. Com-

bining this fact with equation (3.16) via transitivity, we have

θ′g = θg = θ′σx2 (g)
,

but this violates the distinct mixture assumption of θa ̸= θb for a ̸= b. Thus, we have a

contradiction, and the permutation σx must be invariant to the covariate x. Finally, since

the logistic regression model is identifiable, the mixture of binomial product experts model

is generically identified up to permutation.

We are now ready to present the proof of Proposition 3.1 (this proves the generic iden-

tifiability of our mixture of binomial product experts model), which is a synthesis of results

from the previous two lemmas.

Proof of Proposition 3.1. Since the inequality d ≥ 2⌈log1+minj Nj
K⌉ + 1 is satisfied by As-

sumption A2, we can invoke Lemma 3.2. This implies that the model without covariates is

generically identified.

Then, under Assumptions A1 and A3, we can invoke Lemma 3.3. Thus, the model with

covariates is also generically identified, thereby completing the proof.

B.8.3 Validity of the Bootstrap

In this subsection, we discuss the validity of the bootstrap for this MLE estimator. Before

we discuss the theoretical results for the bootstrap, we state the Berry-Esseen bound, which
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will be useful in the argument.

Lemma 3.4 (Berry-Esseen bound). Suppose Z1, Z2, . . . , Zn are i.i.d. random variables such

that E[Zi] = µ, E[Z2
i ] = σ2 > 0, and E[|Zi|3] <∞. Then, there exists a constant C > 0 such

that

sup
z
|P (√n(Z̄n − µ) ≤ z)− Φ(z)|) ≤ CE[|Zi|3]

σ3
√
n

.

To demonstrate the validity of the bootstrap, we want to argue that the bootstrap distri-

bution is asymptotically equivalent to the sampling distribution of the estimator. The main

idea of the proof is to exploit the fact that the estimator (β̂, θ̂) has an asymptotically linear

form (that is, the MLE behaves much like a sample mean asymptotically) and converges

jointly to a multivariate normal centered at (β,θ) at
√
n-rate.

Define the statistic T̂n := Tn(X1:n,Y1:n) =
√
n ·( 1

n

∑n
i=1 ℓ(β,θ;Xi,Yi)−E[ℓ(β,θ;X,Y)])

as the centered and rescaled log-likelihood function. Let P∗ denote the conditional law taking

the data X1:n,Y1:n fixed and P be the law under the true generating distribution.

More precisely, we wish to show the following uniform bound

sup
t
|P∗(T

∗
n ≤ t|X1:n,Y1:n)− P (T̂n ≤ t)| p→ 0.

We perform the following decomposition via the triangle inequality

sup
t
|P∗(T

∗
n ≤ t|X1:n,Y1:n)− P (T̂n ≤ t)| ≤

sup
t
|P∗(T

∗
n ≤ t|X1:n,Y1:n)− Φ(t; σ̂)|

︸ ︷︷ ︸
(A)

+sup
t
|Φ(t; σ̂)− Φ(t;σ)|

︸ ︷︷ ︸
(B)

+sup
t
|P (T̂n ≤ t)− Φ(t;σ)|

︸ ︷︷ ︸
(C)

.

Observe by smoothness of the normal CDF and the fact that σ̂
p→ σ, Term (B) is

Op(n
−1/2). Next, Term (C) is constructed as the difference between the sampling distribution
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of T̂n and the normal CDF. The sampling distribution is simply constructed via the MLE, so

there is no asymptotic bias. Therefore, by the Berry-Esseen bound, Term (C) is Op(n
−1/2).

The more challenging term to control is Term (A), which we will accomplish via another

application of the Berry-Esseen bound. Under the law P∗, the data X1:n,Y1:n are fixed, so

for some K ∈ R, we have

sup
t
|P∗(T

∗
n ≤ t|X1:n,Y1:n)− Φ(t; σ̂)| ≤ K 1

n

∑n
i=1 |ℓ(β,θ;Xi,Yi)|3

σ̂3
√
n

p→ KE[|ℓ(β,θ;Xi,Yi)|3]
σ3
√
n

= Op(n
−1/2).

where the last convergence follows from the convergence of 1
n

∑n
i=1 |ℓ(β,θ;Xi,Yi)|3 a.s.→

E[|ℓ(β,θ;Xi,Yi)|3] <∞ and σ̂
p→ σ.

Thus, we have

sup
t
|P∗(T

∗
n ≤ t|X1:n,Y1:n)− P (T̂n ≤ t)| = Op(n

−1/2).

Since we have shown the result for the centered and rescaled log-likelihood function, the

consistency of the bootstrap follows from standard M-estimation theory (as the MLE is an

M-estimator), as desired.

B.9 Further Comments on the Real Data Analysis

B.9.1 Reproducibility of the Real Data Analysis

We report the distribution of the maximum log-likelihood estimates in Figure 3.6. We

observe that most of the random initializations converge to a local maximum of the log-

likelihood function, as evidenced by the mode of the distribution. This distribution indicates
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how important it is to have a sufficiently large number of random initializations in order to

properly explore the parameter space. If the real data analysis was to repeated, we expect

to obtain a similar histogram of log-likelihood values.

Histogram of log−likelihood values

log−likelihood
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Figure 3.6: This figure is a histogram of the final log-likelihood values, reported over 100
random initializations, obtained using Algorithm 5 on the real data.
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Chapter 4

MODELING MULTIVARIATE MISSINGNESS WITH TREE
GRAPHS AND CONJUGATE ODDS

1 Introduction

Missing data is a pervasive issue across a wide range of disciplines, including healthcare,

social sciences, economics, and machine learning. The absence of data points can arise due

to various reasons, such as survey nonresponse, equipment failure, or privacy concerns, and

the manner in which data is missing greatly influences the validity of statistical analyses.

When data sets are large, there is a higher chance for missingness.

Rubin’s seminal framework classifies missing data mechanisms into three categories: miss-

ing completely at random (MCAR), missing at random (MAR), and missing not at random

(MNAR). Standard statistical techniques such as likelihood-based inference are often effec-

tive when the data are MCAR or MAR. However, MNAR data present a fundamentally

harder problem: the missingness mechanism is nonignorable, meaning that the probability

of missingness depends on the unobserved values themselves. This coupling between the

missingness process and the data-generating process renders conventional techniques inad-

equate or biased without strong, and often untestable, assumptions. Ignoring the missing

data can be problematic because it can bias the results if the missingness is informative, and

it leads to higher uncertainty due to the reduction in sample size. In this chapter, we focus

on a general class of missing not at random assumptions.

MNAR is notoriously difficult to model, as it requires explicit assumptions about the

underlying missingness process. Unlike MCAR and MAR, which allow for consistent param-
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eter estimation under appropriate modeling strategies, MNAR requires the incorporation of

an additional model to describe the missing data mechanism. However, this mechanism is

often unknown or difficult to justify based on observed data alone, making model specifi-

cation highly sensitive to assumptions. The problem is further exacerbated in the case of

nonmonotone missingness and multivariate data, where missing values do not follow a simple

cascading pattern but instead occur sporadically across multiple variables.

Common data analysis methods utilize complete data sets, so imputation can be vital for

downstream analysis. However, direct modeling of imputation distributions can be challeng-

ing due to the high dimensionality and interdependence among variables. Our objective is to

develop models that are not only statistically sound but also interpretable, computationally

efficient, and conducive to scalable imputation strategies.

Popular iterative imputation techniques such as multiple imputation by chained equations

(mice) and MissForest have been widely adopted due to their flexibility and ease of use (van

Buuren and Groothuis-Oudshoorn, 2011b; Stekhoven and Bühlmann, 2011). Nevertheless,

these methods often implicitly assume MAR or rely on potentially incompatible conditional

distributions. For instance, mice is constructed by specifying many conditional distributions,

but these distributions may conflict with one another, potentially resulting in an incoherent or

non-existent joint model. Additionally, MissForest is a deterministic single imputation based

on random forests, which can lead to difficulty in uncertainty quantification and consistent

estimates. Moreover, when the underlying missingness is MNAR or otherwise misspecified,

these techniques can produce biased or incoherent results.

A recently proposed class of nonparametric identifying restrictions is that of pattern

graphs (Chen, 2022a). While these graphs form a broad and flexible class, selecting an

appropriate structure for data analysis remains a challenge. In this chapter, we introduce a

smaller subclass, termed tree graphs, which offer reduced modeling complexity, connections
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to existing assumptions, and a bridge towards a closed-form modeling strategy. We discuss

related algebraic, modeling, and asymptotic theories.

This chapter centers around two key components: the tree graph and conjugate odds

property. As outlined in Section 2, the tree graph provides a structured approach to con-

structing interpretable missing data assumptions that ensure nonparametric identification.

In Section 3, the conjugate odds approach enables flexible and intuitive modeling of condi-

tional probability distributions. Together, these elements form the foundation of our frame-

work, which is designed to model missing data distributions.

More broadly, our main contributions are as follows:

1. Properties, enumeration, and construction of tree graphs. We introduce the

concept of the tree graph (Definition 4.2) and its algebraic properties (Proposition 4.1,

Proposition 4.2). Tree graphs are a directed graph between missing data patterns, and

each tree graph corresponds to a missing data assumption that can nonparametrically

identify the full data distribution. Additionally, we cast existing missing not at random

(MNAR) assumptions into the tree graph framework.

2. Modeling via conjugate odds. We describe a property of parametric odds models

to preserve the conditional data distribution within a given parametric family, thereby

introducing the concept of conjugacy (Definition 4.3). One critical example of conju-

gacy is through the logistic odds model and the exponential family (Proposition 4.5)

and mixture of exponential families (Corollary 4.2). We include further examples in

this chapter and Appendix C.2.

3. Modeling missing data distributions through conjugate odds and tree graphs.

We unify the ideas presented in Sections 2 and 3. We first demonstrate that by com-

bining the idea of conjugate odds and the tree graph, one can construct closed-form

solutions of the missing data distributions (Theorem 4.2).
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4. Strategies for tree graph selection. We provide practical guidance on tree graph

selection (Section 5). We also discuss generalizations of existing missing data assump-

tions that fall within the tree graph framework (Proposition 4.7).

5. Inference. We outline multiple inference procedures using explicit asymptotic statis-

tics theory and various bootstrap methods (Algorithm 11).

6. Sensitivity analysis. We describe how to perform sensitivity analysis to a tree graph

missing data assumption. We describe approaches that perturb a given tree graph

assumption within and outside the set of tree graphs (Section 7).

7. Simulations. In Section 8, we provide some simulations to show finite sample perfor-

mance of our methods. In our simulations, under correct model specification and the

correct tree graph assumption, we observe consistency and nominal coverage.

8. Real data. In Section 9, we analyze two types of data: multivariate bounded dis-

crete neuropsychological test data from the National Alzheimer’s Coordinating Center

and multivariate continuous data in which we are able to highlight the flexibility of

conjugate odds and the Gaussian kernel density estimator.

1.1 Related work

Missing data mechanisms that are missing not at random (MNAR) pose fundamental chal-

lenges because the distribution of interest is not identifiable without additional assumptions,

and this is an active area of research. Early frameworks introduced two broad modeling

strategies for MNAR data: selection models and pattern-mixture models. Selection models

specify a joint model for the data and missingness indicators (often via a model for the miss-

ingness probability conditional on the unseen data), as exemplified by the influential dropout

model from Diggle and Kenward (1994). These models directly incorporate the dependence



176

of missingness on underlying values, but require untestable parametric assumptions for iden-

tifiability. Little’s seminal 1993 work introduced pattern-mixture models (Little, 1993); these

stratify the population by missing data patterns and model the distribution within each pat-

tern. This approach offers transparency in how missingness affects the distribution, but it

still needs identifying restrictions to be estimable. Subsequent studies such as those from

Ibrahim et al. (2005) compared and refined these strategies for generalized linear models.

A variety of MNAR assumptions have been proposed to ensure identifiability of the

full-data distribution. One line of work assumes no self-censoring, meaning each variable’s

missingness does not depend on its own unobserved value (Shpitser, 2016; Sadinle and Reiter,

2017; Malinsky et al., 2020). Another class of identifying assumptions leverages auxiliary

information. For example, Miao and Tchetgen Tchetgen (2016) demonstrated that an ob-

served “shadow” variable (instrumental variable for missingness) can identify MNAR models

without specifying the full missingness mechanism. Others have imposed constraints like

complete-case missing value (CCMV) restrictions (Little, 1993; Tchetgen Tchetgen et al.,

2018) or other structured assumptions on monotone missingness (Molenberghs et al., 1998).

Graphical models have emerged as a powerful way to represent and reason about miss-

ing data mechanisms. In missing data DAGs or m-DAGs, one augments the usual directed

acyclic graph of variables with nodes for missingness indicators and edges capturing depen-

dencies (Mohan et al., 2013; Tian, 2015; Mohan and Pearl, 2021). Recent work from Phung

et al. (2025) uses a pattern directed acyclic graph along with an m-DAG to help with iden-

tification of the full-data distribution. These representations make explicit the conditional

independence assumptions underlying missingness.

An alternative graphical perspective is provided by pattern graphs (Chen, 2022a). We

emphasize that the pattern graph proposed by Chen (2022a) is separate from the pattern

directed acyclic graph from Phung et al. (2025) because the former object corresponds to a
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specific MNAR assumption while the latter object is used in combination with an m-DAG to

help with identification of the full-data distribution. Also, a pattern graph differs from the

aforementioned graph methods because a pattern graph is not a conventional graphical model

(where each node corresponds to a variable). More precisely, each pattern graph represents a

MNAR assumption where each node is a missingness pattern, and it yields inverse probability

weighted and regression adjustment approaches. Further work by Zamanian et al. (2023)

studied the sensitivity analysis within the pattern graph framework. The pattern graph set

is very large, and in Section 2, we introduce a subclass called tree graphs to simplify the

modeling procedure.

Within the last few years, Franks et al. (2020) discussed Tukey’s factorization as an

alternative way to model the full-data distribution. Tukey’s factorization is fairly general

and provides another option aside from the selection or pattern-mixture model approaches

to model the full-data distribution. Our work utilizes this clever factorization. Originally,

Franks et al. (2020) used Tukey’s factorization in the setting with a single variable that

could be missing, but we expand greatly on the idea by considering multivariate data with

multiple nonmonotone missing patterns that are MNAR. Towards this end, we extend the

idea of Tukey’s factorization to the multivariate setting (more details in Section 4).

1.2 Notation

We use a capital boldface variable to denote a vector-valued random variable. In this chapter,

we consider a general problem setup, where X = (X1, X2, . . . , Xd) ∈ Rd is a random vector

of variables. Each of the d variables can possibly be missing for a total of up to 2d missing

patterns. Let R ∈ R ⊆ {0, 1}d be the random binary vector that describes the missing

pattern associated with X.

We write Rj = 0 if and only if variable Xj is missing. For a fixed pattern r, let Xr =
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(Xj : rj = 1) denote the observed random variables and Xr̄ = (Xj : rj = 0) denote the

missing random variables. When we write “For j in r,” this refers to the indices that contain

1. For example, suppose X = (X1, X2, X3, X4) and r = 1001. We have Xr = (X1, X4) and

Xr̄ = (X2, X3). Then, the statement “For j in r,” corresponds to “For j in 1, 4.”

We assume that the complete data is generated by sampling i.i.d. from the joint distri-

bution p(x, r), and the resulting associated pattern r generates the observed data. In this

chapter, we will use the terminology full-data distribution and pattern-specific joint distribu-

tion to refer to p(x, r) and p(x|r), respectively.

2 Tree Graphs and Identification Theory

2.1 Pattern graphs

Chen (2022a) originally proposed pattern graphs as a way to model nonmonotone missing-

ness and nonparametrically identify the full-data distribution p(x, r). A pattern graph is a

directed graph of missing data patterns that encodes a missing data assumption capable of

nonparametrically identifying the full data distribution. In the paper, he proposed selection

odds and pattern-mixture model formulations with respect to a given graph and showed that

the two are equivalent. Estimation procedures using inverse probability weighting, regression

adjustment, and semiparametric efficiency theory were explored. Building on this work, we

focus on a strict subset of pattern graphs called tree graphs.

In this subsection, we first broadly summarize the previous work by introducing the

notion of a pattern graph. We impose a partial order on the patterns in R, where for any

distinct s, r ∈ R, we say s > r if and only if the observed variables in pattern r are also

observed in pattern s. From this partial order, we can construct a directed graph of all

patterns, which forms the aforementioned pattern graph.

Definition 4.1. A regular pattern graph is a directed graph of all patterns in R such that
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1. Single source node. Pattern 1d := (1, 1, 1, 1, . . . , 1︸ ︷︷ ︸
d times

) is the only source.

2. Regularity. If there is an arrow present in the graph T from pattern s to pattern r,

then s > r.

The second property refers to the regularity and ensures that the graph is directed in a

way that preserves the partial ordering of the patterns. Pattern graphs represent information

flow, which translates to a specific missing data assumption. Since we have a partial ordering

of the missing patterns, we assume that a pattern borrows information from its parents to

model its missing data. Denote PAT (r) as the set of parents for pattern r in graph T .

Formally, the pattern-mixture model of (X,R) factorizes with respect to T if, we have

p(xr̄|xr, R = r)
T
= p(xr̄|xr, R ∈ PAT (r)) ∀r ∈ R. (P1)

Equation (P1) represents the pattern mixture model factorization property, which states

that the extrapolation distribution under pattern r can be identified using information from

its parents. Additionally, the selection odds model of (X,R) factorizes with respect to the

graph if

P (R = r|x)
P (R ∈ PAT (r)|x)

T
=

P (R = r|xr)
P (R ∈ PAT (r)|xr)

∀r ∈ R. (P2)

Equation (P2) represents the selection odds factorization property, which states that the

conditional odds of a pattern r against its parents only depends on the commonly observed

variables. The pattern graph enjoys equivalence between the selection odds and pattern-

mixture model factorization, which is formalized in Theorem 4.1. The pattern-mixture model

formulation illuminates the kind of assumption imposed by pattern graph T . In particular,

T associates each pattern r with a set PAT (r) comprising closely related patterns whose

observed variables also include those of r.
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Theorem 4.1 (Selection odds and pattern-mixture model factorizations for pattern graphs,

Theorem 4 from Chen (2022a)). Consider a pattern graph T , and suppose that p(xr, r) > 0

for all xr ∈ Xr and r ∈ R. The selection odds and pattern-mixture model factorizations with

respect to T are equivalent; that is, (P1) and (P2) are equivalent.

Additionally, a pattern graph can be viewed as a local missing at random assumption.

For a given pattern graph, we have the following assumption

1(R = r) ⊥ Xr̄ | Xr, R ∈ {r,PA(r)}.

This means if we restrict our universe to the set comprising a given pattern and its parents,

then we arrive at a missing at random like assumption. The indicator of being in pattern r

is independent of the missing variables under pattern r given the observed variables under

pattern r and being restricted to the universe of r and PA(r).

2.2 Definition and algebraic properties

Chen (2022a) demonstrated that pattern graphs encompass an exceptionally broad class of

missing data assumptions. But there are some obvious shortcomings due to the flexibility of

the graph. We now focus on a particular subclass of pattern graphs known as tree graphs.

Tree graphs represent a rich subset of pattern graphs, exhibiting notable algebraic and sta-

tistical properties that facilitate simpler estimation procedures and graph construction. The

term tree graph is used to reflect its graphical structure, which resembles a tree with a single

root node. Moreover, several established missing data assumptions from the literature can

be incorporated into the pattern graph framework and reformulated as tree graphs.

Definition 4.2 (Tree graph). A tree graph is a regular pattern graph in which every pattern

r ̸= 1d has exactly one directed path originating from 1d.
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Proposition 4.1. Every tree graph corresponds to a unique missing not at random (MNAR)

assumption that nonparametrically identifies the full data distribution. Additionally, the

selection odds P (R = rℓ|X)/P (R = 1d|X) admits the following identification formula

P (R = rℓ|X)

P (R = 1d|X)

tree graph
=

ℓ∏

i=1

P (R = ri|Xri)

P (R = ri−1|Xri)
,

where 1d =: r0 → r1 → r2 → · · · → rℓ is the unique path in the tree graph from the source 1d

to pattern rℓ.

In this chapter, we denote the set of tree graphs formed from d variables as Td. For

brevity, we omit the subscript d and simply write T when the context makes it clear that

we are considering d variables. From the definition, we can see that a tree graph is a

directed graph of the patterns in which there is a unique single path from the source 1d to

a given pattern r. In classical graph theory, this structure is also known as an arborescence.

Proposition 4.1 highlights a key identification result for tree graphs. That is, a tree graph is a

MNAR assumption that automatically nonparametrically identifies the full data distribution.

MNAR assumptions are notably difficult to formulate. To make this graphical formulation

more concrete, we include two specific examples of common missing data assumptions that

can be reframed as tree graphs. In Example 3, we discuss the complete-case missing value

(CCMV) assumption (Little, 1993; Tchetgen Tchetgen et al., 2018).

Example 3 (Complete-case missing value (CCMV)). Our first example is the complete-case

missing value, which is equivalent to

p(xr̄|xr, R = r)
CCMV
= p(xr̄|xr, R = 1d)

for all r ∈ R (Little, 1993; Tchetgen Tchetgen et al., 2018). This can be viewed as a
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relaxation of a complete case analysis to an assumption that does not place constraints on

the observed data. In particular, the complete case distribution is only used to define the

extrapolation distributions.

In contrast, a complete case analysis makes the assumption that

p(x|R = r)
CCA
= p(x|R = 1d)

for any r ∈ R. The right-hand side of the equation is the complete-case distribution while

the left-hand side is the distribution of the data under a given pattern R = r. Since the LHS

decomposes as p(x|R = r) = p(xr̄|xr, R = r)p(xr, R = r), a complete-case analysis implictly

places an assumption on the observed data and thus, may not agree with the observed data.

The CCMV assumption bypasses this by only placing assumptions on the distribution of the

missing variables, conditional on the observed data, and can be viewed as a first step above

a naive CCA. For a visual example, we visualize the CCMV assumption in Figure 4.1 for

d = 3 variables.

From a graphical perspective, the CCMV assumption represents the most natural tree

graph, as it forms the shallowest structure. More broadly, tree graphs can be viewed as

generalizations of the CCMV assumption, allowing for more complex paths from 1d to the

remaining patterns. In Example 4, we discuss another tree graph assumption, nearest-case

missing value (NCMV) in the context of monotone missingness.

Example 4 (Nearest-case missing value under monotone missingness). In our second exam-

ple, we consider a setting of monotone missingness in which the missing patterns form an

ordered set. For simplicity, we assume that the missingness arises from dropout such that

if variable Xj is missing, then variable Xj′ is also missing for any j′ > j. For notational

convenience, we denote each pattern by a positive integer that denotes the index of the first
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Figure 4.1: (a) The CCMV tree graph for d = 3 variables. (b) The NCMV tree graph for
d = 3 variables.

0 in the missing pattern such that D = {0, 1, 2, 3, 4, 5, 6, . . . , d}. Then, the set D has a one-

to-one correspondence with R = {1d, 1d−10, 1d−200, . . . , 0d}, where the subscript denotes the

number of 1s and 0s. Letting D denote the random variable associated with D, the NCMV

assumption is equivalent to

p(x>d|x≤t, D = d) = p(x>d|x≤d, D = d+ 1),

P (D = d|x)
P (D = d+ 1|x) =

P (D = d|xt)
P (D = d+ 1|xt)

for all d ∈ D. We visualize the NCMV assumption in Figure 4.1 for d = 3 variables.

From Examples 3 and 4, we see that previously proposed assumptions from the litera-

ture can be cast in the tree graph framework. Through Proposition 4.2, we now introduce

equivalent definitions for tree graphs.

Proposition 4.2 (Equivalence definitions for tree graphs). Let T be a pattern graph. The

following statements are equivalent:

1. Unique directed path from 1d. The pattern graph T is a tree graph with d variables.

2. Single parent. Every pattern r ̸= 1d in T has exactly one parent.

3. Minimal. There are 2d − 1 edges in T . That is, T achieves the lower bound on the

number of edges that a pattern graph must have.
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Several key practical insights arise from these properties. First, since these formulations

are equivalent, the proposition provides multiple possible equivalent definitions of a tree

graph. Moreover, as each pattern has exactly one parent, this gives us a straightforward

method to both enumerate the class of tree graphs and construct a specific tree graph. The

construction process is further discussed in Section 5. Next, minimality is closely linked

to model complexity. Missing not at random assumptions can be notably exponentially

complex. As the existence of an edge requires fitting an additional selection odds model,

minimality ensures that the model complexity for the global model p(x, r) is minimized

within the space of pattern graphs and selection models.

2.3 Enumeration

Chen (2022a) demonstrated that the size of the pattern graph set is astronomical as a function

of the number of variables d. In contrast, tree graphs form a much smaller subset of pattern

graphs as each pattern r ̸= 1d has only one parent. However, despite this reduction, the

number of tree graphs still grows significantly with the dimension d. This is formalized with

a lower bound, which is presented in the following proposition.

Proposition 4.3 (Enumeration of tree graphs). The number of tree graphs is super-exponential

in the number of variables d. In particular, log |Td| ≳ d · 2d.

The size of the tree graph class grows rapidly. The exact form of our lower bound is

provided in the proof, but we note that when d = 5, we have |Td| ≥ 218, and when d = 6, we

have |Td| ≥ 266. Observe that the size of the class is largely due to the fact that the number

of missing patterns is 2d, exponential in the number of variables. However, in practice, many

of these patterns may not be observed in a given real data set. For example, when the

missingness is monotone, the number of missing data patterns is d. Through some careful

algebra, one can show that log |Td| under monotone missingness grows at least as fast as d2
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(up to constant factors), which is still substantial. Thus, the tree graph set remains a rich

class of missing not at random assumptions while having significant simplifications in the

resulting model complexity.

3 Conjugate Odds Families and Domain Adaptation

In the previous section, we established that tree graphs are a graphical representation for a

MNAR assumption that can identify the full data distribution. As tree graphs are a subset of

pattern graphs, one may apply any of the modeling strategies discussed in Chen (2022a) such

as the inverse probability weighting, regression adjustment, or multiply robust approaches.

However, we can see that there is another using the idea of Tukey’s factorization (Tukey,

1986).

Learning another distribution p(x|A = a′) given knowledge of the distribution p(x|A = a)

is a common problem in statistics and machine learning. This problem is commonly framed

within the context of domain adaptation and transfer learning, two highly related fields that

focus on transferring knowledge gained from a source domain to improve performance in a

target domain with different distributional properties.

In domain adaptation, the goal is to adapt a model that has been trained on data from

one domain (the source domain) to perform well on data from a related but different domain

(the target domain). This can happen, for example, when a model trained on a certain

type of data (such as synthetic data or data collected in one environment) is tested in a

different, real-world environment. Domain adaptation methods aim to mitigate the effects

of this distribution shift, often by learning shared representations or aligning distributions

to reduce discrepancies between source and target data. Transfer learning also involves

leveraging knowledge from one task or distribution to improve learning on a related task or

distribution, even when the tasks or domains differ. The central idea is that useful patterns
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learned from the source domain can be transferred to the target domain, where only limited

or no labeled data may be available. In transfer learning, common assumptions include

covariate shift, label shift, and concept shift (Sugiyama and Kawanabe, 2012).

We consider a broad view from a generative modeling perspective, in which it can be

useful to borrow a preexisting model and shift it to adapt to another domain. Domain

adaptation is also related to density ratio estimation, in which the ratio of a target density

to a source density is desired (Sugiyama et al., 2012). In the machine learning community,

domain adaptation has been shown to be particularly powerful for image and language tasks

and can be used to reduce time for model fitting (Kouw and Loog, 2021). In this chapter,

we apply the idea of domain adaptation to missing data by considering the complete cases

R = 1d as the source domain and another pattern R = r as the target domain.

Often, the sample size in the target population can be limited, so directly estimating the

target distribution may be infeasible or unrealistic. In the missing data context, this is very

plausible as it is common for multiple missing patterns to be observed with some being rare

and having limited observations.

3.1 Exponential tilting

A natural starting point of this discussion is the idea of exponential tilting (also known

as exponential change of measure). Exponential tilting is a fundamental transformation in

probability that modifies a base distribution by reweighting it with an exponential factor

(Esscher, 1932). We present the idea in the one dimensional case as a motivation. Given a

probability density distribution function p0(x) on X ⊆ R, the exponentially tilted version of

the distribution with respect to a parameter λ takes the form

p1(x) ∝ p0(x)e
λT (x) ⇐⇒ p1(x) =

p0(x)e
λT (x)

Ep0 [e
λT (X)]

,
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where T (x) is a chosen function of x, and the denominator Ep0 [e
λT (X)] denotes the normal-

ization constant. The interpretation is that parts of the support in which eλT (x) is small

will be downweighted, and parts of the support in which eλT (x) is large will be upweighted.

Typically, T (x) can be chosen flexibly to arbitrarily reweight the original distribution, but

specific choices can lead to simpler parametric models. In Figure 3.1, we observe the effect

of tilting a parabolic distribution via an exponential factor; the general unimodal shape is

preserved, but the tilting factor introduces a left skewness.

Often, T (x) is chosen to be a sufficient statistic in exponential family models, and the

denominator ensures normalization. This transformation effectively shifts the natural pa-

rameter of the underlying exponential family distribution, resulting in a new distribution

within the same family. Exponential tilting has applications in importance sampling, large

deviation theory, and Bayesian inference, where it facilitates likelihood ratio computations

and posterior updates.
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Figure 4.2: The left and right panels depict the original and target distribution (after tilting)
on the interval [0, 1]. The middle panel is the exponential tilting factor e2x, which corresponds
to the weight placed at each part of the original distribution.
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A key property of exponential tilting is that it preserves the exponential family structure.

If the base distribution belongs to an exponential family with natural parameter η0, then

the tilted distribution corresponds to a simple shift in the natural parameter, ηλ = η0 +

λ. This property enables efficient statistical computations, as it allows reweighting while

maintaining sufficient statistics and conjugate relationships. In importance sampling, for

instance, exponential tilting is used to construct alternative distributions that concentrate

probability mass in regions of interest, reducing variance in Monte Carlo estimates. Similarly,

in large deviation theory, it provides a means of characterizing rare event probabilities by

biasing the original distribution toward extreme outcomes.

Exponential tilting also plays a central role in logistic regression and generalized lin-

ear models (GLMs). In binary classification, logistic regression models the log-odds of an

outcome as a linear function of input covariates. This formulation implies that the class-

conditional densities belong to an exponential family and differ only by an exponential tilt

factor. More generally, GLMs express the conditional mean of a response variable in terms

of an exponential family distribution, where the tilting parameter is a function of the ex-

planatory variables. This connection underscores how exponential tilting facilitates flexible

modeling while maintaining analytical tractability.

3.2 Generalizations to a conjugate odds property

In this section, we discuss a general modeling strategy in which a parametric model is posited

for the source domain and under nice conditions, a simple parametric model can also be

obtained for the target domain.

A starting point is to first consider the factorization

p(x|A = a′) ∝ p(x|A = a) · P (A = a′|x)
P (A = a|x) . (4.1)
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From this factorization, we see that the source distribution can be perturbed towards the

target distribution by multiplying by an odds factors. In some situations, the odds and the

target distributions have nice forms. This leads to the following concept of a conjugate odds.

Definition 4.3 (Conjugate odds). Let A ∈ A be a categorical random variable that is auxiliary

to the primary data X. Suppose that p(x|A = a) and p(x|A = a′) belong to the same

probability model P . Then, we say the model formed by

O(P) := {Oa′,a(x) := P (A = a′|x)/P (A = a|x) : ∀a, a′ ∈ A}

is a conjugate odds for P .

In the definition for conjugate odds, we use the term conjugacy to relate it to the Bayesian

literature and the idea of conjugate priors. In Bayesian analysis, conjugate priors offer an

algebraic convenience in that it provides a closed-form expression for the posterior given a

specific likelihood function, thereby bypassing the need for numerical integration or compu-

tational methods. In this chapter, we say that a given odds family is conjugate to a given

family if it satisfies Definition 4.3.

Proposition 4.4 (Conjugate odds holds under mixtures). Suppose that O(P) is a conjugate

odds for probability model P. Then, O(P) is a conjugate odds for the probability K-mixture

model, where each component is an element of P,

MK(P) :=
{
p =

K∑

j=1

wjpj

∣∣∣∣ pj ∈ P ,
K∑

j=1

wj = 1, wj > 0 ∀j
}
.

We note that in general, a rejection sampling scheme is also possible. One can posit a

distribution for p(x|A = a), and fit any odds model for Oa′,a(x). This can be any binary

classifier, which extends this methodology to a suite of machine learning tools. Then, as long
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as the odds factor Oa′,a(x) is bounded, then we can do a rejection sampling scheme by using

p(x|A = a) as a proposal distribution to shift towards our desired p(x|A = a′). A bounded

odds factor is reasonable if the variables X belong to a bounded set. Although we no longer

have a closed-form expression for the target distribution, we are able to perform sampling.

This idea is further explored in Section 4.

3.3 Logistic odds

Now, we provide our first example of a conjugate odds family by demonstrating that logistic

regression is a conjugate odds for the exponential family.

Proposition 4.5 (Exponential family, vector-valued random variable). Suppose that p(x|A =

a) belongs to the exponential family parameterized by η ∈ H,

p(x|A = a; η) = h(x)g(η) exp
(
η⊤T (x)

)

Then, the associated odds model

Oa′(x;γ) := log
P (A = a′|x)
P (A = a|x) = γ0 + γ⊤T (x), γ0 := log

P (A = a′)

P (A = a)
+ log

g(η′)

g(η)

holds if and only if

p(x|A = a′; η′) = h(x)g(η′) exp
(
(η′)⊤T (x)

)
,

where η′ := η + γ ∈ H.

A natural corollary of Proposition 4.5 is the following result, which establishes a link

between a logistic regression model and an exponential tilting factor.

Corollary 4.1 (Exponential tilting and logistic regression). Imposing a logistic regression

model on the odds P (A = a′|x)/P (A = a|x) is equivalent to tilting a distribution p(x|A = a)
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by an exponential factor.

Proposition 4.5 has numerous applications, as the exponential family encompasses a broad

class of parametric distributions for both discrete and continuous random variables, including

the normal, exponential, binomial, Poisson, and negative binomial distributions. Since ex-

ponential tilting via logistic regression corresponds to a translation in the natural parameter

space, the range of possible values for the natural parameter is of fundamental importance.

This proposition further implies that when logistic regression is performed using the sufficient

statistics of an exponential family, the fitted coefficients of these statistics directly determine

the parameterization of the new distribution p(x|A = a′).

One key element of the proposition is the final condition η′ := η + γ ∈ H. Although any

pair of identically parameterized exponential family distributions permits a logistic regres-

sion representation of the odds, not all logistic regression and exponential family distribution

pairs yield an exponential family representation for the target distribution. Similarly, not

all exponential tiltings lead to an exponential family and may not even result in a valid

distribution. This discrepancy arises when the translation shifts the natural parameter be-

yond its valid domain. Generally, this issue is mitigated when the natural parameter belongs

to an unbounded space. For instance, in the case of the binomial distribution, the natural

parameter η := log p/(1− p) belongs to R, and any translation stays within the set.

Example 5 (One dimensional Gaussian). Suppose that X|A = a ∼ N(µ, σ2). The sufficient

statistic is T (x) = (x, x2) with natural parameter η = (µ/σ2,− 1
2σ2 ) and g(η1, η2) = exp

Ä
η21
4η22

ä
·

√−2η2. Suppose that

log
P (A = a′|x)
P (A = a|x) = γ0 + γ1x+ γ2x

2,
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where γ = (γ1, γ2). Then, X|A = a′ ∼ N(µ′, (σ2)′) such that

µ′ :=
µ/σ2 + γ1
1/σ2 − 2γ2

, (σ2)′ :=
1

1/σ2 − 2γ2
.

Remark 6. If the γ2 ≥ 1/(2σ2), then this suggests that there is model misfit because (σ2)′ ≤ 0,

violating the nonnegativity of the variance assumption.

Example 6 (Binomial). Suppose that X|A = a ∼ Binomial(N, p) with N known. The

sufficient statistic is T (x) = x with natural parameter η = log p/(1− p). Suppose that

log
P (A = a′|x)
P (A = a|x) = γ0 + γ1x

where γ = γ1. Then, X|A = a′ ∼ Binomial(N, p′) with

p′ :=
exp(logit(p) + γ1)

1 + exp(logit(p) + γ1)
.

The notion of conjugacy extends to a mixture model, where each component belongs to

the same parametric family. This is formalized in Corollary 4.2. There are a few illuminating

examples that fall under these specific conditions such as the Gaussian mixture model and

binomial product mixture model (Suen and Chen, 2023).

Corollary 4.2 (Mixture of exponential family). Suppose that

p(x|A = a) =
K∑

k=1

wk · h(x)g(ηk) exp
(
η⊤k T (x)

)
, log

P (A = a′|x)
P (A = a|x) = γ0 + γ⊤T (x).

Then, we have

p(x|A = a′) =
K∑

k=1

w̃k · h(x)g(ηk + γ) exp
(
(ηk + γ)⊤T (x)

)
,



193

where

w̃k :=
wk · g(ηk)
g(ηk + γ)

¡ K∑

k′=1

wk′ · g(ηk′)
g(ηk′ + γ)

.

Example 7 (Gaussian mixture model with isotropic variance). Since there are not many

convenient options for off-the-shelf modeling of multivariate continuous data, practitioners

often use a Gaussian mixture model for its flexibility and relatively easy associated estimation

procedure. Suppose that

p(x|A = a) =
K∑

k=1

wk ·
d∏

j=1

1

σ2
k,j

√
2π

exp

Ç
− 1

2σ2
k,j

(xj − µk,j)
2

å
,

log
P (A = a′|x)
P (A = a|x) = γ0 + γ⊤1 x+ γ⊤2 x

2.

Then,

p(x|A = a′) =
K∑

k=1

wk ·
d∏

j=1

1

σ′
k,j

2
√
2π

exp

Ç
− 1

2σ′
k,j

2 (xj − µ′
k,j)

2

å
,

where

µ′
k,j :=

µk,j/σ
2
k,j + γ1,j

1/σ2
k,j − 2γ2,j

, (σ2
k,j)

′ :=
1

1/σ2
k,j − 2γ2,j

, and w′
k = wk·

g(ηk)

g(ηk + γ)

¡ K∑

k=1

wk · g(ηk)
g(ηk + γ)

for g(η1, η2) =
∏d

j=1 g(ηj,1, ηj,2) =
∏d

j=1 exp
(

η2j,1
4η2j,2

)
·
√
−2ηj,2 and logit(z) := log(z/(1− z)).

Example 8 (Binomial product mixture model). Previously, Suen and Chen (2023) intro-

duced the binomial product mixture model to model multivariate discrete data. Suppose that

p(x|A = a;w, p) =
K∑

k=1

wk ·
d∏

j=1

Ç
Nj

xj

å
p
xj

k,j(1− pk,j)Nj−xj , log
P (A = a′|x)
P (A = a|x) = γ0 + γ⊤x.
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Then,

p(x|A = a′;w′, p′) =
K∑

k=1

w′
k ·

d∏

j=1

Ç
Nj

xj

å
p′k,j

xj(1− p′k,jxj)Nj−xj ,

where

p′k,j =
exp(logit(pk,j) + γj)

1 + exp(logit(pk,j) + γj)
and w′

k = wk ·
g(ηk)

g(ηk + γ)

¡ K∑

k=1

wk · g(ηk)
g(ηk + γ)

for g(ζ) =
∏d

j=1

1

(1 + exp(−ζj))Nj
.

Example 9 (Gaussian kernel density estimator). Suppose that p(x|A = a) is fit nonpara-

metrically using a kernel density estimator with a product Gaussian kernel as follows

p̂(x|A = a) =
1

nhd

n∑

i=1

d∏

j=1

K

Å
xj −Xi,j

h

ã
,

where K(t) = 1√
2π

exp
(
−1

2
t2
)
.

Thus, the KDE is a Gaussian mixture model with n components (equally weighted), each

being a multivariate Gaussian centered at each data point with covariance matrix diag(h2, h2, . . . , h2).

Then, from Example 7, it follows that p̂(x|A = a′) is a weighted Gaussian kernel density es-

timator.

3.4 Power law odds

We provide an additional family of examples through a power law family. When the odds can

be modeled using a power law family, we can expand the family of distributions that we have

conjugate odds for. Modeling the odds using a power function is a nontraditional method,

but it is similar to logistic regression in that it can be interpreted as a linear classifier with

a more gradual boundary.
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Proposition 4.6 (Power function family, Pareto distribution). Suppose that p(x|A = a) is

a Pareto distribution

p(x|A = a;α, β) =





αβα

xα+1
x ≥ β

0 o.w.

.

Then, the associated odds model

Oa′(x;γ) :=
P (A = a′|x)
P (A = a|x) = γ0x

γ, γ0 :=
P (A = a′)

P (A = a)
· α

′

α
· βα′−α

holds if and only if

p(x|A = a′;α′, β) =





α′βα′

xα′+1
x ≥ β

0 o.w.

,

where α′ = α− γ ∈ R+.

Remark 7. We can also consider an odds model of the form

P (A = 0|x)
P (A = 1|x) = β0 + β1x

β2 .

This shares similar properties with logistic regression in that the odds are always nonnegative

for x > 0.

If the odds model is generalized to a sum of K terms, then the resulting distribution

p(x|A = a′) will be a mixture of Pareto distributions with the same shape parameter β.

Since the original distribution p(x|A = a) has support in the positive reals, fitting the odds

model with a polynomial can be done, provided the polynomial is strictly nonnegative. We

provide further examples in Appendix C.2.
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4 Tree Graphs and Conjugate Odds

Our goal is now to describe an easy way to construct estimates of the imputation distribution

p(xr̄|xr, R = r) and the conditional distribution p(x|R = r). We demonstrate that both of

these tasks can be achieved in one shot by unifying the two frameworks (tree graph and

conjugate odds) through the idea of Tukey’s factorization.

Definition 4.4 (Tukey’s factorization, (Tukey, 1986)). Consider a univariate Y ∈ R that is

observed if R = 1 and not observed if R = 0. We have the following factorization

p(y|R = r) = p(y|R = 1) · P (R = r|y)
P (R = 1|y) ·

P (R = 1)

P (R = r)
.

Introduced by Tukey in a discussion (Tukey, 1986), the advantage of the above factor-

ization is that identifies the missing data distribution as a product of two terms (one of

which is p(y|R = 1) and can be estimated easily) and an odds term, which can be easier to

think about and can naturally arise in many applications. The key observation is that the

above equation is reminiscent of an aforementioned factorization for tilting a distribution

(Equation (4.1)). The term p(y|R = 1) is directly identifiable from the observed data. The

odds term P (R = r|y)/P (R = 1|y) depends on unobserved data, but can be identified using

the tree graph framework. From here, we can expect to borrow the tools from conjugate

odds framework to tilt the complete case distribution p(x|1d).

Franks et al. (2020) previously built on the idea of Tukey’s factorization as an alterna-

tive method from pattern-mixture models and selections models for modeling the full-data

distribution. In their work, they discuss this modeling strategy with a a single variable and

two possible missing patterns. We extend this work to handle the multivariate case. Tukey’s

original factorization can be naturally generalized to a multivariate setting, as seen in the

following definition that we propose.
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Definition 4.5 (Multivariate Tukey’s factorization). Consider a multivariate X ∈ X ⊆ Rd

with an associated missing pattern R. We have the following factorization

p(x|R = r) = p(x|R = 1d) ·
P (R = r|x)
P (R = 1|x) ·

P (R = 1d)

P (R = r)
.

As in the univariate case, the above factorization demonstrates that p(x|R = r) is pro-

portional to a product of two terms: the complete case distribution p(x|R = 1d) and an odds

term P (R = r|x)/P (R = 1d|x). That is, this is another factorization for tilting a distribution

as in Equation (4.1). Importantly, this selection odds term is not directly identifiable without

further assumptions. However, Proposition 4.1 shows that under a tree graph assumption,

these selection odds admits an elegant identification formula and can be estimated using the

observed data.

Assumption 1 (Absolute continuity with respect to the complete case distribution). The

distribution p(x|R = r) is absolutely continuous with respect to the complete case distribution

p(x|R = 1d) for any r ̸= 1d.

When utilizing Tukey’s factorization, one implicitly is making an assumption. Assump-

tion 1 arises from the nonnegativity of the selection odds nonnegative: if p(x|R = 1d) = 0,

then p(x|r) = 0 must hold. If the complete case distribution satisfies a positivity condition

where p(x|R = 1d) > 0 for all x ∈ X , then this assumption will be trivially satisfied. For

instance, the mixture models presented in Section 3 satisfy this positivity condition since

each mixture component has positive probability on all of X .

We now harmonize the two frameworks with the following theorem.

Theorem 4.2 (Modeling pattern-specific joint distributions using tree graphs and conjugate

odds). Suppose the following conditions hold:

1. The missingness mechanism is specified using a tree graph assumption.
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2. The odds model for the selection odds is conjugate to the p(x|R = 1d) model.

Then, the pattern-specific joint distributions p(x|R = r) for all r belong to the same family

as p(x|R = 1d).

Theorem 4.2 is very powerful because it combines a tree graph and the conjugate odds

property in the missing data context and demonstrates how that can lead to elegant modeling

of the pattern-specific joint distributions p(x|R = r).

Example 10 (Tree graph with logistic regression and Gaussian model). Suppose that a tree

graph assumption holds, and the selection odds can all be modeled using a logistic regression.

Then, if p(x|R = 1d) belongs to an exponential family, then p(x|R = r) for any r ∈ R is also

exponential family.

In particular, suppose that

• p(x|R = 1d) is a multivariate Gaussian

• all the selection odds can be modeled using logistic regression (log[P (R = r|x)/P (R ∈

PAT (r)|x)] = γ0,r + γ⊤r T (xr) with T (·) being a linear function)

then all the pattern-specific joint distributions p(x|R = r) for all r are multivariate Gaussian.

This idea generalizes to exponential family models and mixtures of exponential family models

due to Propositions 4.4 and 4.5.

A further consequence of Definition 4.5 is that imposing a tree graph assumption and

models for the odds leads to an explicit closed-form expression form p(x|R = r). Notably,

this distribution factorizes as p(xr̄|xr, r)p(xr|r), so the aforementioned procedure models

both the observed data distribution and the missing data distribution in one shot. This

is an advantage over other methods such as mice, which are able to generate Monte Carlo

estimates from the imputation distribution but do not specify a form for the density of the

observed or missing data distributions. Because we obtain a specific form for the pattern-
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specific joint distribution p(x|R = r) due to conjugacy, it is easier to interpret and also

perform imputation without having to refit anything.

4.1 Imputation via a conjugate odds approach

In some settings, estimating a joint model p(x, r) is not the end goal. For example, some

might want to complete the data using an imputation. As previously mentioned, we are able

to obtain a closed-form expression for the imputation distribution due to conjugacy. We

outline this in Algorithm 7.

Algorithm 7 Conjugate odds imputation under logistic regression and exponential family

Require: {(Xi,Ri
,Ri)}ni=1, a tree graph T

1: Fit the complete case model p(x|1d; θ) with natural parameter η.
2: for r ̸= 1d do
3: Fit the logistic regression model Or(xr; βr) := P (R = r|xr)/P (R ∈ PAT (r)|xr) under

the tree graph T
4: end for
5: for r ̸= 1d do
6: Compute the selection odds with respect to the source 1d via Or:1d(x;λr) :=∏

r′ Or′(xr′ ; βr′).
7: Form the parameter of the distribution p(x|R = r; θr) via θr := η−1(η + λr).
8: end for
9: for m = 1, 2, . . . ,M do
10: for i = 1, 2, . . . , n do
11: if Ri ̸= 1d then

12: Impute ‹X(m)

i,R̄i
using the distribution p(xr̄|xr, R = r).

13: Set the m-th imputed data to be ‹X(m)

i := (Xi,Ri
,‹X(m)

i,R̄i
).

14: end if
15: end for
16: end for

17: return
{‹X(m)

i

}
i=1,...,n

m=1,...,M
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4.2 Rejection sampling for imputation

When odds are not modeling using a conjugate odds, then there may be challenges in finding

a closed form expression for the imputation distribution. However, provided that the odds

terms are bounded away from infinity, it is possible to perform rejection sampling. The key

requirement is that there exists a constant Ur such that the target density f(x) satisfies

f(x) ≤ Ur · g(x) for all x, where g(x) is the proposal density. Here we would simply take the

proposal distribution to be the complete case distribution p(xr̄|xr, R = 1d) and the target

distribution to be p(xr̄|xr, R = r), our true imputation distribution. Since the odds terms

are bounded, this ensures that such an Ur exists, making the rejection sampling procedure

feasible. We outline this method in Algorithm 8. Although this approach may introduce

additional computational overhead, it offers a flexible alternative when traditional sampling

methods are not applicable due to the lack of a closed-form expression.
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Algorithm 8 Imputation via rejection sampling under logistic regression and exponential
family

Require: {(Xi,Ri
,Ri)}ni=1, Ur (an upper bound on the odds for pattern r), a tree graph T

1: Fit the complete case model p(x|1d; θ) with natural parameter η.
2: for r ̸= 1d do
3: Fit the logistic regression model Or(xr; βr) := P (R = r|xr)/P (R ∈ PAT (r)|xr) under

the tree graph T
4: end for
5: for r ̸= 1d do
6: Compute the selection odds with respect to the source 1d via Or:1d(x;λr) :=∏

r′ Or′(xr′ ; βr′).
7: Form the parameter of the distribution p(x|R = r; θr) via θr := η−1(η + λr).
8: end for
9: for m = 1, 2, . . . ,M do
10: for i = 1, 2, . . . , n do
11: if Ri ̸= 1d then
12: while Y (m) is not accepted do
13: Sample a proposal Y (m) ∼ p(xr̄|xr, R = 1d).

14: Accept Y (m) with probability p(Y (m)|xr,R=r)

Ur·p(Y (m)|xr,R=1d)
.

15: end while

16: Set the m-th imputed data to be ‹X(m)

i := (Xi,Ri
, Y (m)).

17: end if
18: end for
19: end for

20: return
{‹X(m)

i

}
i=1,...,n

m=1,...,M
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5 Strategies for Tree Graph Selection

We established in Section 2.3 that the set of tree graphs grows super-exponentially with the

number of variables. Consequently, selecting a plausible tree graph as a missing data assump-

tion for analysis can be a challenging task. We have previously established in Proposition 4.1

that each tree graph is a MNAR assumption that cannot be rejected by the observed data.

In practice, it is beneficial to have guiding principles that help narrow down the selection

process in a systematic and justifiable manner.

From the single-parent property of Proposition 4.2, we know that selecting a tree graph

is equivalent to assigning each pattern to a unique parent. This allows every tree graph G

to be represented by a function PAG : R 7→ R that satisfies the condition PAG(r) > r for

all r ∈ R. This functional representation provides a compact and computationally efficient

way to encode tree structures, making it particularly useful for computer implementation.

To construct a tree graph in a principled manner, we propose the following three guidelines.

Each principle serves to restrict the vast space of all possible tree graphs by introducing con-

straints that are based on domain knowledge, theoretical assumptions, or empirical evidence.

We present these principles in the order we recommend they be applied.
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Guiding Principles

1. Prior knowledge. Select a parent for each pattern that follows prior or scientific

knowledge.

2. Partial ordering. Select a parent for each pattern based on an existing partial

ordering principle (such as CCMV or NCMV). We discuss generalizations of the

NCMV assumption to nonmonotone data in a later subsection.

3. Data-driven method. Use the data to identify most relevant parents. We provide

two methods based on distributional distance and effective sample size.

The reasoning behind this order is to prioritize the most reliable sources of information.

We begin with prior knowledge, as it provides a strong, established foundation for selecting

patterns. Next, we consider partial orderings, which offer additional structure based on

existing theoretical frameworks. Finally, we apply data-driven methods, using empirical

evidence to inform our choices. This three-pronged approach ensures that a tree graph is

constructed using reasonable approaches.

5.1 Prior knowledge

The first and most fundamental principle is to leverage prior knowledge when selecting a

parent for each pattern. Scientific insights, domain expertise, or well-established theoretical

foundations can provide strong guidance in determining plausible parent-child relationships.

For instance, in a biological setting, hierarchical dependencies between genetic markers may

be informed by known pathways or functional interactions. Similarly, in causal inference, do-

main knowledge may suggest causal relationships between variables. By incorporating prior

knowledge into the selection process, we ensure that the tree graph aligns with meaningful,

interpretable structures that reflect real-world mechanisms.
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Example 11 (Longitudinal study with missingness due to dropout). Consider a longitudinal

study where the same test is measured with at regualar time intervals. Then, suppose there

is monotone missingness due to dropout. We might hypothesize that individuals with missing

pattern R = 1000 and R = 0000 are closely related because we might reason that individuals

that never showed up to the study are most similar to individuals who only showed up to the

first time point. Then, one can connect the patterns 1000→ 0000. NCMV

Example 12 (Hierarchical data collection processes). Suppose we have four collected vari-

ables: X1, which corresponds to a routine check-up measure such as blood pressure, X2,

representing a disease state like chronic kidney disease (CKD), X3, which measures swelling

(a common symptom of CKD), and X4, a clinical test result assessing kidney function. In

medical settings, it is common for X3 and X4 to be recorded only when X2 exceeds a certain

threshold, indicating a more severe condition. Consequently, missing data patterns such as

R = 1000, 0100, and 1100 may arise. Since individuals missing X3 and X4 are likely health-

ier, it is plausible to infer hierarchical relationships between these missing patterns, such as

1100 → 1000 and 1100 → 0100, where the presence of both symptom and test data informs

cases where only one or neither is recorded.

Example 13 (Group similarity). Suppose we have three variables: X1, a self-reported stress

level, X2, alcohol consumption (e.g., self-reported drinks per week), and X3 exercise habits

(e.g., frequency of physical activity per week). There may be a social stigma associated with

alcohol, which is related to underreporting and even missingness. We posit that the groups

R = 100 and 101 are similar in that they are more likely to suffer from such social stigma,

so we may suggest a relationship 101→ 100.
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5.2 Partial ordering

Some existing assumptions, such as the nearest case missing value (NCMV) assumption, are

based on a partial ordering of missing data patterns but can also carry additional scientific

interpretations. Chen and Sadinle (2019) introduced the concept of a donor-based identifi-

cation strategy, which falls within the pattern graph framework. When the set of parents is

restricted to a singleton, the donor-based identification restriction aligns with a tree graph

assumption. Additionally, Little (1993) previously introduced the complete case missing

value (CCMV) assumption.

As noted earlier, classical missing data assumptions apply in cases of monotone missing-

ness. The NCMV assumption can be interpreted as associating each missing data pattern

with a parent pattern that has exactly one additional observed variable. However, a major

limitation of the original NCMV assumption is that it is limited to monotone missing data.

Here, we present a generalization of the nearest case missing value (GNCMV) assumption.

In the classical NCMV case, we work in the monotone missing data setting, and each pattern

has a parent that is the unique pattern that contains exactly one more observed variable. In

the nonmonotone missing data setting, the possible parent is no longer unique because there

are multiple possible patterns that contain one more observed variable. For example, in

the monotone missing data situation 1000 would have parent 1100, but in the nonmonotone

missing data setting, it could have parent 1100, 1010, or 1001.

Definition 4.6 (Generalized nearest case missing value (GNCMV)). A tree graph is called a

generalized nearest case missing value assumption if every pattern in the graph has a parent

that contains exactly one more observed variable.

Suppose the data is longitudinal; in this case, missing data patterns can be systemati-

cally grouped based on a structured imputation approach. Specifically, each binary missing

pattern is associated with another pattern that contains exactly one additional observed
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Figure 4.3: The left panel corresponds to the tree graph for d = 3 variables and the leftmost-
first NCMV (LNCMV) assumption. The right panel corresponds to the tree graph for d = 3
variables and the rightmost-first NCMV (RNCMV) assumption.

variable (i.e., one more 1), where the leftmost 0 in the original pattern is replaced by a 1.

For example, the pattern 0101 is associated with 1101, and 1010 is associated with 1110.

This leftmost first approach extends the NCMV assumption to accommodate nonmonotone

missingness. For instance, the missing patterns 1000 and 0100 may be closely related to

1100, as they share the same missing structure from Years 3 to 4. By prioritizing the left-

most missing entry when imputing data, this method provides a more structured and flexible

framework for handling missing data across a broader range of scenarios. Additionally, this

construction can be extended to a rightmost first approach. We visualize both of these ideas

in Figure 4.3.

Proposition 4.7 (Generalized nearest-case missing value tree graphs). Denote the subset

of tree graphs that exhibit the GNCMV property as TGNCMV. We have log |TGNCMV| ≳ 2d.

Moreover, for any T ∈ TGNCMV, T exhibits the following properties:

1. It achieves the maximum possible depth of d.

2. Every pattern r in T is positioned at the maximum possible distance from the source

node 1d, thereby corresponding to the most information flow.

Observe that by pruning the nonmonotone patterns from each graph, we recover the
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tree structure that would exist under the NCMV assumption with monotone missingness.

Moreover, the k-th layer contains
(
n
k

)
patterns. This assumption stands in direct contrast

to the CCMV assumption, as each pattern is positioned at the maximum possible distance

from the source, representing the opposite structural arrangement.

We might expect that assuming CCMV and performing a statistical analysis will yield

estimators that remain relatively close to the complete case analysis’s point estimates. On

the other hand, if each observed distribution p(xr|r) differs significantly from the complete

case distribution, the GNCMV assumptions may lead to point estimates that deviate more

from the complete case analysis than those under CCMV.

5.3 Data-driven method

When attempting to infer the structure of a tree graph from data, a natural question is:

how should we identify the most plausible parent nodes for a given node? Our data-driven

method offers a principled way to rank candidate parents using observed distributions. The

data-driven method is an approach one can use to rank potential parents from the data,

thereby informing the tree graph structure from the existing data. By assumption, the tree

graph asserts the following equality for every pattern r

p(xr̄|xr, R = r)
T
= p(xr̄|xr, R = PAT (r)).

Implicitly, we also assume that there exists a tree graph for which the above assumption

holds. Thus, one natural idea is to only match extrapolation distributions if the observed

data distributions under both R = r and R ∈ PAT (r) are similar. More precisely, we

would desire d(p(xr|R = r), p(xr|R = PAT (r))) to be small for some probability metric or

divergence d. This motivates two possible modeling-based approaches here.



208

Parent-based modeling. In the first, suppose we obtain data X1,r, X2,r, . . . , Xnr,r ∼

p(xr|r) and attempt to determine which parent distribution p(xr|s) has the best fit, among

all possible parents s. In practice, for each s ∈ PPA(r), we fit a parametric model for p(xr|s)

and estimate the expected log-likelihood calculated on the data. This procedure can be

expressed in the population version as

argmaxs∈PPA(r)EXr∼p(xr|R=r)[log p(Xr|R = s)].

The KL divergence provides an alternate perspective. Through a series of equalities, we

have

argmins∈PPA(r) DKL(p(xr|R = r) || p(xr|R = s)) = argmins∈PPA(r)

∫ ∞

−∞
p(xr|r) log

p(xr|r)
p(xr|s)

dxr

= argmaxs∈PPA(r)

∫ ∞

−∞
p(xr|r) log p(xr|s) dxr

= argmaxs∈PPA(r)E[ℓ(Xr|s)].

This highlights the fact that the maximization procedure we propose is directly equivalent

to picking the pattern that minimizes the sample version of the KL divergence between

p(xr|R = r) and p(xr|R = s). Implementation of this procedure in practice can be most

efficiently done by first estimating each model p(xr|r) for all r ∈ R and then storing each

model. We present connections to the KL divergence, but we also note that one could

certainly extend this to other distances. More generally, other f -divergences or metrics such

as the Wasserstein distance could be explored, particularly when distributional smoothness

or support mismatch is a concern. For example, the Hellinger distance can also be utilized

and has the nice property that it is a bounded metric.

Child-based modeling. There is an alternative approach through a child-based model-
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ing approach. In contrast to the above, suppose we obtain dataX1,s, X2,s, . . . , Xns,s ∼ p(xs|s)

and attempt to determine which child distribution p(xr|r) has the best fit. We outline this

in further detail in the Appendix. Provided the fitted models are stored in memory, both

the parent-based and child-based approaches have similar computational complexity, but

the parent-based method has an illuminating theoretical interpretation. In simulation, we

demonstrate that both the parent-based and child-based modeling approaches are able to

learn the correct tree graph given enough sample size in some settings. This is discussed in

Section 8.

5.4 Random sampling and connections to model averaging

A tree graph can also be generated randomly from the set T . First, we present Algorithm

9, where we show how to sample a tree graph uniformly from T . We can randomly sample

from the distribution of parents for each pattern r ̸= 1d. By considering the set of possible

parents for each pattern r and choosing one uniformly at random, one can form a tree graph.

Every tree graph in T will be equally likely to be selected.

If one performs this sampling and constructs the corresponding point estimator many

times, the set of point estimators may be averaged to form a final estimate. We can view

this as a form of model averaging.

Algorithm 9 Sampling a tree graph uniformly at random

Require: A set of missing patterns R
1: for r ∈ R do
2: if r ̸= 1d then
3: Define PPAr := {s : s > r, s ∈ R} as the set of potential parents of pattern r.
4: Uniformly sample sr ∼ PPAr.
5: Form the parent set of pattern r for graph T as follows PAT (r) = {sr}.
6: end if
7: end for
8: return Tree graph T
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We can extend this algorithm to randomly sample from an arbitrary distribution by

combining Algorithm 9 with a rejection sampling scheme. We present Algorithm 10, which

serves as a minor modification to Algorithm 9 by introducing an acceptance criterion but

generalizes the sampling to arbitrary distributions over T .

Algorithm 10 Sampling a tree graph from an arbitrary PMF p(t)

Require: A set of missing patterns R and a distribution p(t) over T
1: AcceptFlag = 0
2: while AcceptFlag = 0 do
3: Sample T uniformly from the space of all tree graphs using Algorithm 9.
4: Accept T with probability p(T )/maxt p(t).
5: if Accepted then
6: AcceptFlag = 1
7: end if
8: end while
9: return Tree graph T

Remark 8 (Bayesian and frequentist perspective). Algorithms 9 and 10 allow a data analyst

to place a prior on the set of tree graphs and combine them into a single point estimate.

However, we emphasize that while this somewhat mimics a Bayesian approach, this is not a

fully Bayesian method because a prior is not place on the parameters but only on the missing

data assumptions.

6 Inference

In this section, we describe a procedure for constructing confidence intervals. Recall that in

the tree graph and conjugate odds framework, we fit two types of models: a complete case

model p(x|1d) and conjugate odds models Or(xr) := P (R = r|xr)/P (R ∈ PAT (r)|xr) for

every r ̸= 1d. This implicitly models the full-data distribution p(x, r), which thereby implies

specific forms for the distributions p(x|r). While constructing confidence intervals for the

parameters of p(x|1d) and Or(x) is fairly straightforward, it is more challenging to construct
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confidence intervals for p(x|R = r) for an arbitrary r. This is because such intervals require

accounting for the full joint sampling distribution of the parameters, incorporating joint

uncertainty across both model components. In the following subsection, we also describe an

empirical bootstrap approaches to quantify uncertainty.

Definition 4.7 (Primary model). In the tree graph and conjugate odds setting, we have two

types of models: a complete case model p(x|1d) and an odds model Or(xr). We use the

term primary model for pattern r to refer to the model that corresponds to the pattern r.

If r = 1d, then the primary model is the complete case model p(x|1d). Otherwise, it is the

odds model Or(xr).

Each of the primary models described above is fit using observed data from at most two

patterns. This suggests that certain MLE parameters for the complete case model p(x|1d)

and the odds models Or(xr) may be independent. We formalize that in Proposition 4.8.

Proposition 4.8 (Independence of certain MLE parameters). Let βr and βs be the param-

eters associated with the primary models for distinct patterns r and s. Suppose neither of

these conditions hold:

1. One pattern is the parent of the other.

2. The two patterns are siblings.

Then, the MLE estimators β̂r and β̂s are independent.

Based on the results in Proposition 4.8, we can specify exactly the form of the asymptotic

covariance matrix through an undirected graph. We describe the idea in Corollary 4.3 and

Example 14 describes how this can be applied.

Corollary 4.3 (Block structure of the asymptotic covariance matrix). In a tree graph T ,

convert each edge to an undirected edge, and add an undirected edge between every pair of

siblings. (This is similar to the idea of moralizing a directed graph except we connect the
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Figure 4.4: The left panel has the original tree graph, and the middle panel shows the
resulting undirected graph after connecting the siblings. Let Σr denote the asymptotic
covariance of the parameters associated with the primary model for pattern r. The block
structure of the asymptotic covariance matrix is depicted in the right panel, where the white
regions refer to blocks of 0s. All other regions are not guaranteed to be 0.

siblings rather than the parents.) Call the resulting undirected graph U . Then, the maximal

cliques of U exactly determine the block structure of the asymptotic covariance matrix.

Example 14 (L-NCMV for 3 variables and its asymptotic covariance structure). In this

example, we consider the L-NCMV tree graph for 3 variables. The results are recorded in

Figure 14. We obtain 4 maximal cliques: {111, 110, 101, 011}, {110, 100, 010}, {101, 001},

and {100, 000}.

An interesting observation follows from Corollary 4.3. Since under the CCMV assump-

tion, all models are fit using the complete case data, all MLEs will be correlated. In contrast,

under a GNCMV assumption, all models are fit with minimal data shared. This leads to the

idea of densest and sparsest asymptotic covariance matrices in Proposition 4.9.

Proposition 4.9. CCMV leads to densest asymptotic covariance matrix. Any tree graph

assumption belonging to TGNCMV leads to the sparsest asymptotic covariance matrix.
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6.1 Empirical bootstrap

In the bootstrap, we can overcome performing any analytic computation. We have access

to the joint bootstrap distribution, which mimics the joint sampling distribution. Our em-

pirical bootstrap approach utilizes resampling from the empirical distribution (Efron, 1979).

We describe the process of generating bootstrap samples and refitting the model to obtain

bootstrap estimates in Algorithm 11. Because we are operating under a smooth parametric

model, the bootstrap is asymptotically valid, and an argument similar to the one provided

in Chapter 3 that uses the Berry-Esseen bound can be followed.

Algorithm 11 Empirical bootstrap procedure for obtaining confidence intervals

Require: {(Xi,Ri
,Ri)}ni=1, θ̂, B (a large number, say 1,000)

1: for b ∈ 1, . . . , B do
2: Sample n draws uniformly with replacement from {1, 2, . . . , n}. Put these into index

set Ib.
3: Set the bth bootstrapped data set D∗

b = {(Xi,Ri
,Ri)}i∈Ib .

4: Fit the complete case distribution p(x|R = 1d;θ
∗(b)) on D∗

b [R = 1d].

5: Obtain the selection odds Or(x; β̂
∗(b)) := P (R = r|x)/P (R = PA(r)|x) for every

pattern r ∈ R on the data D∗
b [R = r] ∪D∗

b [R = PA(r)].
6: end for
7: return {β∗(b)}Bb=1, {θ∗(b)}Bb=1

Since we are under a parametric model, every statistical functional is a function of the

parameters β and θ. In the situation that the statistical functional does not have a simple

analytical form, we recommend computing a multiple imputation estimator, which serves as

a Monte Carlo approximation. For every bootstrap estimate (β∗(b),θ∗(b)), we can construct

the imputation distributions p(xr̄|xr, R = r) for every pattern r and multiply impute. After

obtaining a completed data set, then we can compute the statistical functional by computing

it on the multiply imputed data set. Then, afterwards, we may pool these estimates together

to construct a confidence interval. We summarize this procedure in Algorithm 12. This
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approach is generally computationally expensive because within each bootstrap iteration,

we have to perform a multiple imputation step, but it overcomes the difficulty of finding a

closed-form analytic expression for any general statistical functional we care about. We note

that another procedure could take an inverse probability weighting approach. In particular,

models for the odds will imply a closed form expression for the inverse propensity score

(1/P (R = 1d|X)), and this inverse propensity score can be used to reweight the complete

cases. In general, however, we recommend a multiple imputation approach because this will

be asymptotically more efficient than an IPW method.

Algorithm 12 Empirical bootstrap procedure with multiple imputation for obtaining con-
fidence intervals

Require: {(Xi,Ri
,Ri)}ni=1, θ̂, B (a large number, say 1,000), M , S(·) (statistical functional)

1: for b = 1, 2, . . . , B do
2: Sample n draws uniformly with replacement from {1, 2, . . . , n}. Put these into index

set Ib.
3: Set the bth bootstrapped data set D∗

b = {(Xi,Ri
,Ri)}i∈Ib .

4: Form the bootstrap empirical distribution P̂ ∗(b).
5: Fit the complete case distribution p(x|R = 1d;θ

∗(b)) on D∗
b [R = 1d].

6: Obtain the selection odds Or(x; β̂
∗(b)) := P (R = r|x)/P (R = PA(r)|x) for every

pattern r ∈ R on the data D∗
b [R = r] ∪D∗

b [R = PA(r)].
7: for r ̸= 1d do
8: Construct the imputation distribution p(xr̄|xr, R = r;β∗(b),θ∗(b)) by renormalizing

Or(x; β̂
∗(b)) · p(x|R = 1d;θ

∗(b)).
9: end for
10: for m = 1, 2, . . . ,M do
11: for i = 1, 2, . . . , n do
12: if Ri ̸= 1d then

13: Impute ‹X(b,m)

i,R̄i
.

14: end if
15: end for
16: end for
17: Form the bootstrap empirical distribution P̂ ∗(b),M .
18: Compute the statistical functional S(P̂ ∗(b),M) on the completed imputed data.
19: end for
20: return {S(P̂ ∗(b),M)}Bb=1
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7 Sensitivity Analysis

In practical data analysis, it is essential to evaluate the influence of missing data assumptions

on statistical estimators. Since such assumptions dictate the structure of the missing data

mechanism, any misspecification can lead to biased or misleading inferences. In this chapter,

we focus on the tree graph as the primary missing data assumption and consider a structured

sensitivity analysis framework to assess its impact.

Broadly, sensitivity analysis approaches can be categorized into deviations within the tree

graph set and deviations outside the tree graph set. The former considers alternative graph

structures that remain within the tree graph set while the latter relaxes the tree structure

entirely, allowing for more flexible relationships. Both types of deviations allow one to assess

the robustness of the estimator to different levels of structural perturbation. We generally

consider the former because that is most within the scope of this chapter. Regarding the

latter, there may also be situations in which there exists no specific tree graph that can

accurately describe the missingness mechanism. In these settings, incorrectly assuming a

tree graph could lead to estimates that deviate far from the truth. Thus, it is critical to

ensure that a tree graph assumption is plausible before blindly applying the method described

in this chapter.

In all of these settings, the complete case model remains unchanged. However, models

involving missing patterns (those dependent on assumptions about the missing data mech-

anism) are subject to perturbations. By systematically examining these perturbations, we

aim to quantify the sensitivity of inference to the assumed missing data structure. This

approach provides a principled way to assess the degree to which conclusions depend on a

given tree graph assumption.
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7.1 Deviation within the tree graph set

A natural approach to evaluating deviations in the tree graph framework is to consider a set

of plausible tree graphs, denoted as ‹T . These alternative graphs can be constructed by incor-

porating prior knowledge, existing partial orderings (such as the GNCMV framework) and

data-driven methods. Exploring multiple tree structures allows us to assess the sensitivity

of statistical inferences to different assumptions about the missing data mechanism.

Because the tree graph structure permits the use of conjugate odds imputation, as dis-

cussed earlier, we can perform statistical analyses for each tree in ‹T , obtaining |‹T | point
estimates of the target parameter. Comparing these estimates provides insight into the

impact of tree specification on inference, helping to determine whether certain structural

choices lead to significant variation in results.

7.2 Perturb selection odds models via exponential tilting

Alternatively, one may consider deviating from the tree graph set, and there are multiple

approaches one may take. We discuss a straightforward one here in terms of the exponential

tilting of the selection odds models.

A given selection odds model Or(xr) = P (R=r|xr)
P (R=s|xr)

can be commonly estimated using lo-

gistic regression, especially under our conjugate odds framework. To incorporate sensitivity

analysis and assess the robustness of inferences under potential deviations from the assumed

selection model, we introduce a perturbation mechanism via exponential tilting (Kim and Yu,

2011; Shao and Wang, 2016; Zhao et al., 2017). With many odds model and many variables,

there can be an exponential number of sensitivity parameters one can have. One approach

is to consider variable-wise sensitivity parameters, where we have a sensitivity parameter for

each of the d variables. The sensitivity parameter vector can be ρ := (ρ1, ρ2, . . . , ρd).

Specifically, we modify the selection odds model by multiplying it with an exponential
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adjustment term, leading to the perturbed selection odds model

O′
r(x) := Or(xr) · exp

(
ρ⊤r̄ xr̄

)
,

where ρr̄ consists of the sensitivity parameters (one for each missing covariate under pattern

r). The exponential tilting formulation allows for a flexible and interpretable perturbation

of the selection model. By appropriately choosing ρr̄, one can examine a range of plausible

missing data mechanisms, thereby assessing the sensitivity of the resulting inference. Each

element of ρr̄ represents a potential deviation from the originally estimated selection model,

effectively shifting the selection mechanism in a controlled manner.

Despite the introduction of the perturbation term, the new perturbed selection odds

model remains within a parametric logistic regression framework. The exponential tilting

approach does not alter the functional form of the selection odds model beyond a simple

multiplicative adjustment. As a result, the model retains its parametric interpretability.

When a given ρj = 0, this corresponds to no perturbation. Such a sensitivity parameter can

be viewed as a coefficient in a linear model, and one can specify its range based on one’s

belief of the relative impact of the missing variables to that of the observed variables.

Remark 9. This approach is equivalent to the approach by Franks et al. (2020). In that

approach, they consider a single variable Y that is subject to missingness and impose a

parametric assumption on selection probability P (R = 1|y) = logit(α+βy), where β is given

a prior distribution.

One can view their modeling approach as a special case of our framework with a Bayesian

perspective. In our framework, their technique can be viewed as a tree graph approach with

an exponential tilting sensitivity analysis. To see this, consider the simple tree 1 → 0 that
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provides the identification assumption

P (R = 0|y)/P (R = 1|y) 1→0
= P (R = 0)/P (R = 1) =: O0.

Then, β can be interpreted as a sensitivity parameter through which we can define a per-

turbed selection odds model that now depends on the variable y

O′
0(y) := O0 · exp(βy).

8 Simulations

In our simulation study, we consider a setting with d = 3 bounded discrete variables. The

data-generating process assumes that p(x|R = 1d) follows a mixture of binomial product

distributions, while the selection mechanism is modeled such that the selection odds P (R =

r|x)/P (R = 1d|x) follow a logistic regression model for all missing data patterns r. Under

correct specification of the true tree graph, we assess consistency and coverage using an

empirical bootstrap procedure.

For a given tree graph, the simulation procedure consists of the following steps:

• Data Generation: We specify p(x | R = 1d) as a mixture of binomial products,

set the probabilities P (R = r) for each missing data pattern, and specify the logistic

regression coefficients γr and intercepts γ0,r. This setup ensures that each conditional

distribution p(x | R = r) remains a mixture of binomial products.

Our data generating process is defined as follows:

R 111 110 101 100 010 001

P (R) 0.3 0.2 0.1 0.15 0.15 0.1
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p(x | R = 1d;wcc,θcc) with wcc =
[
0.3 0.5 0.2

]
, θcc =




0.70 0.75 0.70

0.50 0.50 0.40

0.20 0.30 0.10




The missingness mechanism is modeled using logistic regressions:

P (R = 110 | x)
P (R = 111 | x) ∝ exp(0.1x1 + 0.1x2),

P (R = 101 | x)
P (R = 111 | x) ∝ exp(0.3x1 + 0.1x3),

P (R = 100 | x)
P (R = 101 | x) ∝ exp(−0.1x1),

P (R = 010 | x)
P (R = 110 | x) ∝ exp(0.1x2),

P (R = 001 | x)
P (R = 101 | x) ∝ exp(0.1x3).

• Consistency Assessment: For each given sample size, we generate U = 200 random

data sets based on the data generating process. We estimate model parameters using

an expectation-maximization (EM) algorithm for p(x | R = 1d) and standard logistic

regression for the selection mechanism. Then, we report the estimated MSE over all

U = 200 point estimates.

• Coverage Evaluation: We report the estimated coverage for our bootstrap approach

over all U = 200 random data sets using Algorithm 11 and B = 500 bootstrap samples.

Confidence intervals are constructed by using estimating the standard errors with the

bootstrap estimates and then, adding and subtracting them from the point estimate.

In Table 8, we generally see that the estimated MSE decreases at a linear rate, indicating

that we have consistent performance. Since our estimator is the MLE, it is also asymp-

totically efficient under this correct model specification. We also see that the coverage is

roughly nominal and that the approach outlined in Algorithm 11 works well. For each data

set, we also learn a tree graph using the parent-based and child-based modeling approaches,

reporting the learned tree graphs in Figure 8 and their frequencies in Table 8. From here,



220

we can see that both data-driven methods generally select the correct tree graph with high

frequency given a large enough sample size.

Mean Squared Error (×100)
n = 500 n = 1000 n = 2000 n = 5000 n = 10000

θcc 0.036 0.020 0.0092 0.0036 0.0019
wcc 0.17 0.09 0.041 0.016 0.0073
β 0.29 0.14 0.07 0.026 0.013

Estimated Coverage
n = 500 n = 1000 n = 2000 n = 5000 n = 10000

θcc 0.94 0.94 0.94 0.95 0.94
wcc 0.93 0.94 0.93 0.95 0.95
β 0.98 0.98 0.98 0.97 0.98

Table 4.1: These results are the estimated MSEs and estimated coverage after fitting a
mixture model and running Algorithm 11 for U = 200 replicates.

Parent-Based Modeling
n = 500 n = 1000 n = 2000 n = 5000

Tree Graph 1 127 140 160 185
Tree Graph 2 73 60 40 15

Child-Based Modeling
n = 500 n = 1000 n = 2000 n = 5000

Tree Graph 1 183 194 198 200
Tree Graph 2 15 6 2 0
Tree Graph 3 2 0 0 0

Table 4.2: These results are of the data-driven methods over U = 200 random data sets.
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Figure 4.5: The left panel contains Tree Graph 1 (the tree graph used to generate the
missing data). The middle and right panels contain Tree Graphs 2 and 3, respectively, and
they correspond to graphs incorrectly learned by the parent-based and child-based modeling
approaches. The nodes in the middle and right panels that are highlighted red indicate which
ones were assigned to an incorrect parent.

9 Real Data Analysis

9.1 Mixture of binomial products

In our first example, we consider the analysis of neuropsychological test scores in the database

of the National Alzheimer’s Coordinating Center (NACC)1. The National Alzheimer’s Co-

ordinating Center (NACC), funded by the NIH and NIA, oversees the largest longitudinal

database on Alzheimer’s disease in the United States. It serves as a coordinating hub for

33 Alzheimer’s Disease Research Centers (ADRCs) across the country. This data set that

comprises individuals of varying cognitive status: cognitively normal to mild cognitive im-

pairment (MCI) to dementia. Each individual is assigned a CDR (clinical dementia rating)

from clinician with 0 corresponding to cognitively normal, 0.5 corresponding to mild cog-

nitive impairment, and 1, 2, and 3 corresponding to mild, moderate, and severe dementia,

respectively.

Neuropsychological test scores are typically assessed annually with some baseline covari-

ates collected upon entry to the study. However, there is also some missingness present in

1https://naccdata.org/
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the outcome variables. The missingness can be due to various reasons. For example, some

tests may no longer be administered after a given time because they have been replaced with

another one. On the other hand, some individuals may have test scores missing because of

a data recording error or they are too sick to take more tests.

9.2 Description of outcome variables and covariates

Our primary goal is to measure the cognitive ability of the Alzheimer’s disease patients. We

focus on the following variable UDSBENTD, which is the total score for ten to fifteen minute

delayed drawing of Benson figure. In the Benson figure test, a participant is presented with

a diagram of a complex figure and is asked to copy it. After a period of about ten to fifteen

minutes, they are asked to recopy it again from memory, and they are assigned a score from

0 to 17 based on how well it resembles the original figure. This test measures visuospatial,

visual memory, and executive abilities. We look at individuals who entered the study from

the years 2015 to 2019 and follow them for five years total, examining the repeated delayed

Benson figure test score each year. We do not use the CDR score in the model, but we use

it to help report and interpret the results.

We first plot the missing pattern distribution in Figure 4.6. We can initially observe that

the complete cases are very small with ncc = 271 individuals out of a possible n = 13440.

Additionally, every possible pattern of the 16 possible is observed, ranging from R = 10000

to R = 11111. The distribution is primarily dominated by the monotone missing patterns

10000, 11000, 11100, 11110, and 11111, likely due to dropout. Of primary interest, we will

examine the patterns 10000, 11000, 10100, and 10010 because they are some of the larger

patterns.

We next plot four different tree graphs of interest: LNCMV, RNCMV, parent-based

modeling, and child-based modeling. These four tree graphs are reported in Figure 4.7. In-
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Missing Pattern Distribution for UDSBENTD (n = 13440)
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Figure 4.6: This is the missing pattern distribution for the UDSBENTD variable over 5
years.

terestingly, they all share similar maximum depth. The parent-based modeling is generally

able to recover the LNCMV principle for many of the patterns, including most of the mono-

tone missing patterns. For example, in the parent-based modeling tree graph, we observe

the path 11100 → 11000 → 10000, which is exactly the LNCMV principle applied to these

patterns. On the other hand, the child-based modeling appears to incorporate a mix of both

LNCMV and RNCMV principles when assigning a pattern to a given parent. Because the

patterns 10000, 11000, 10100, and 10010 each share similar ancestors in both the LNCMV

and parent-based modeling tree graph, we would expect that the two tree graphs lead to

similar fitted distributions at the end.

In Figure 4.8, we plot the results of the fitted model p(x|R = 1d) using a mixture of
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Figure 4.7: These are the tree graphs used for the UDSBENTD data analysis.
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binomial products. We fit it using 5 clusters because of the recommendation from BIC. From

the first five panels, we can see that it is roughly able to capture the shape of the marginal

distributions. In the sixth panel, we include plots of the five clusters, each represented by a

latent trajectory over the five time points. Each cluster is represented by a curve with the

observed average CDR score reported at each dot. A given dot corresponds to the predicted

mean UDSBENTD score from the model for a given cluster and year. Because the average

CDR score is close to 0, the first two clusters represent cognitively normal people. There is

also some evidence of a practice effect between years 1 and 3 because the scores increase over

those years (Goldberg et al., 2015). The third clusters can be interpreted as mild cognitively

impaired people because the average CDR score is close to 0.5. The fourth cluster appears

to represent mild cognitively impaired people transitioning to dementia. The fifth cluster

appears to be mostly mildly cognitive impaired or demented individuals.

In Figure 4.9, we plot our fitted model using the conjugate odds method against the

observed marginal distributions as a diagnostic check. Because our method models both

the imputation distribution and observed data distribution in one shot, it is important to

perform this diagnostic check to have confidence in the imputation distribution results. The

parent and LNCMV graphs have similar results while the CCMV and RNCMV graphs have

similar results. So, we report results from RNCMV, parent-based modeling, and child-

based modeling. All resulting models for the observed-data distribution appear to fit the

data reasonably well in the majority of settings and the complete-case distribution (CCA)

generally fails to capture the peak at 0 for most of the observed data distributions.

For the observed marginal distributions for patterns 11000 and 10010, the fit from the

different tree graphs is comparable. From the marginal distributions p(x1|R = 10000) and

p(x1|R = 10100), we see that the parent-based modeling tree graph yields fitted models that

generally approximate the observed distributions better. Thus, for the following plots in
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Figure 4.10, we report the fitted result for p(x|R = r) using parent-based and contrast it

with imputing with mice and then fitting a mixture of binomial products model. We see

that the clusters across the different patterns 10000, 11000, 10100, and 10010 are generally
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complete case distribution.
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very similar for parent-based, but the weights change. For example, for R = 10000, there

is more weight towards the unhealthier clusters. We also note that mice yields relatively

similar clusters as well in terms of trends, but it may suffer from the model incompatibility

problem (Meng, 1994), is longer to fit, and cannot handle MNAR data.
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Figure 4.9: These are the results of the implied fitted distributions from different tree graphs
on the observed marginal distributions for patterns 10000, 11000, 10100, and 10010. The
parent and LNCMV graphs have similar results while CCMV and RNCMV graphs have
similar results.
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Figure 4.10: These are the results of the fitted trajectories. Each row corresponds to a
pattern with 10000, 11000, 10100, and 10010, respectively. Column 1 is the parent-based
modeling tree graph assumption, and column 2 is fitting the model after mice imputation.
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9.3 Kernel density estimation

We now consider data in the continuous setting. We consider white vinho verde wine sam-

ples from the north of Portugal. This data consists of 4898 observations and was originally

collected to model wine quality based on physicochemical tests. We select three continu-

ous variables to study the modeling effect: pH, sulphate, and alcohol levels. Initially, we

normalize the data such that it has a mean 0 and standard deviation 1.

We generate the missing data via a missing not at random mechanism 100 times through

a tree graph and a prespecified selections odds model. On each iteration, we consider four

density estimators for each conditional distribution p(x|R = r). The first is a multivariate

kernel density estimator using a Gaussian kernel on the complete-case data. Then, we

construct our tree graph KDE, where we exploit the conjugate odds property with the

Gaussian kernel. We also include an available case marginal Gaussian KDE estimator, where

we fit the distribution based on all data that is observed for that dimension. For example,

if we are considering dimension 3, then we pool the data from patterns 111, 101, and 001,

and fit a one-dimensional KDE p̂(x3|R ∈ {001, 101, 111}). One clear disadvantage of the

available case KDE is that we are unable to construct a joint KDE. Additionally, when there

is missingness, we also perform mice imputation 20 times and construct the multivariate

KDE on the mice imputed data.

In Figure 4.11, for each pattern–dimension pair, we plot the marginalized KDEs averaged

over all 100 iterations. Of primary interest, we plot the tree graph KDE obtained after

applying the conjugate odds property. For comparison, we also plot the complete case KDE,

the available case KDE, and when the data is missing, the mice KDE. Since we have access

to the true data and generate the missingness ourselves, we also can construct the oracle

KDE, based on the true data. Thus, we include the oracle KDE, which is the KDE fitted

using the true data. We expect the tree graph KDE to agree with the oracle KDE, and
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largely, we observe that the tree graph KDE is able to generally identify the same shape

as the oracle KDE. In contrast, the competing kernel density estimators generally do not

capture the correct shape of the distribution, and it is clear they have different means and

modes. We note that imputing with mice and fitting a KDE provides a similar result to the

available case KDE, but it is not similar to the oracle KDE. This provides further evidence

of the need to be careful when applying mice, especially when the data is missing not at

random.

As we mentioned before, our method can model the missing data distribution and the

observed data distribution in one shot, so we report both results. In the cases where we

modeling the missing data distribution, we outline the plot in magenta. In the cases where

we model the observed data distribution, we outline the plot in blue. Plots that are outlined

in blue can be viewed more as diagnostic plots.

Each row of Figure 4.11 corresponds to the marginal distributions for patterns 110, 101,

and 001, respectively. For pattern 110, the first and second plots correspond to marginal

observed data distributions, and the third plot corresponds to a marginal missing data dis-

tribution. For pattern 101, the first and third plots correspond to marginal observed data

distributions, and the second plot corresponds to a marginal missing data distribution. For

pattern 001, the third plot corresponds to a marginal observed data distribution, and the

first and second plots correspond to marginal missing data distributions, respectively.
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Figure 4.11: Each column corresponds to dimensions 1, 2, and 3, respectively. Rows 1, 2,
and 3 depicts the fitted KDEs for the pattern 110, 101, and 001, respectively. The last row
includes the plot of the tree graph used to generate the missignness.
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10 Discussion

In this chapter, we introduced a new strategy for modeling multivariate missing not at

random data. This strategy combines two frameworks: 1) the tree graph framework for

identifying the selection odds and 2) the conjugate odds property to ensure simple modeling.

We demonstrate that tree graphs form an incredibly rich subclass of the general pattern

graph. Each tree graph represents a missing not at random assumption and provides an

elegant form of the selection odds, thereby overcoming a shortcoming of a general pattern

graph approach. Moreover, the conjugate odds property is introduced and used to model all

distributions of the form p(x|r). We provide examples of the conjugate odds property with

applications to mixtures of exponential family models. Furthermore, we provide simulations

to demonstrate finite sample performance of our method, and we analyze two data sets

comprising multivariate discrete and multivariate continuous data.

There are several ways to extend the ideas in this chapter. As presented, our framework

works using mixture of exponential family models with logistic odds and mixture of Pareto

distributions with power law odds. Previous proposed models from the literature such as the

mixture of binomial products (Suen and Chen, 2023) and the Rasch model (Rasch, 1960)

could be utilized here. It would be interesting to explore other parametric families and

determine what others might fall under this framework. When fitting the p(x|1d) model

for the neuropsychological test score data, we used a mixture of binomial products model

to account for the dependence between test scores from different time points. However,

since the neuropsychological test score data is longitudinal by nature, there may be a more

sophisticated way to incorporate time in the p(x|1d) model.

Furthermore, while we discussed multiple methods for choosing a tree graph and per-

forming sensitivity analysis, this remains an active area of research. Since a tree graph is

a nonparametric identifying restriction that cannot be rejected by the observed data, it is
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critical to choose one that is plausible and aligns with our prior knowledge. We have outlined

a few different principles, but there may be more extensions. For example, when performing

a parent-based or child-based modeling approach, one could consider distributional distances

such as the Wasserstein or Hellinger metrics. A natural way to conduct sensitivity analysis

is through exponential tilting (Kim and Yu, 2011; Shao and Wang, 2016; Zhao et al., 2017),

but there may be more other methods that exploit the geometry of the pattern graph space

to interpolate between different tree graph assumptions. We leave this for future work.
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Appendix C: Chapter 3 Appendices

C.1 Proofs

C.1.1 Pattern graphs

Proof of Theorem 4.1. We start from the pattern-mixture model factorization of the pattern

graph and proceed with a series of equivalent statements to show the selection model factor-

ization holds as well. For every r ∈ R, we have by the pattern-mixture model factorization,

p(xr̄|xr, R = r) = p(xr̄|xr, R ∈ PA(r)).

Thus, it follows that for every r ∈ R,

p(xr̄|xr, R = r) = p(xr̄|xr, R ∈ PA(r)) ⇐⇒ p(x,R = r)

p(xr, R = r)
=

p(x,R ∈ PA(r))

p(xr, R ∈ PA(r))

⇐⇒ p(x,R = r)

p(x,R ∈ PA(r))
=

p(xr, R = r)

p(xr, R ∈ PA(r))

⇐⇒ P (R = r|x)
P (R ∈ PA(r)|x) =

P (R = r|xr)
P (R ∈ PA(r)|xr)

.

By positivity, division by p(xr, r) is valid. This is precisely the selection model factorization,

so they are equivalent.

C.1.2 Tree graphs and associated properties

Proof of Proposition 4.1. Any given tree graph is equivalent to a missing not at random

assumption. Pick any missing data pattern rℓ with associated path 1d → r1 → r2 → · · · → rℓ.

By Theorem 4.1, the selection odds factorizes with respect to the tree graph, so we have the
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following decomposition

P (R = rℓ|X)

P (R = r1d|X)
=

ℓ∏

i=1

P (R = ri|X)

P (R = ri−1|X)

=
ℓ∏

i=1

P (R = ri|Xri)

P (R = ri−1|Xri)

=
ℓ∏

i=1

fri(Xri)

for functions {fri}ri∈R. Multiplying both sides by P (R = 1d|X) implies that P (R = rℓ|X)

depends on Xrℓ , which implies it is MNAR assumption.

Additionally, from Theorem 4.1, we know that the pattern-mixture model factorization

holds. Factor the full data distribution as

p(x, r) = p(xr̄|xr, r) · p(xr|r) · p(r).

The extrapolation distributions {p(xr̄|xr, r)}r∈R are the only distributions not identified from

the observed data. However, the tree graph provides a way to identify each distribution

from the observed data. As above, pick any missing data pattern rℓ with associated path

1d → r1 → r2 → · · · → rℓ. Then, we have

p(xr̄ℓ |xrℓ , rℓ)
T
= p(xr̄ℓ |xrℓ , r ∈ PAT (rℓ))

= p(xr̄ℓ |xrℓ , r ∈ PAT (rℓ))

Thus, the full data distribution is nonparametrically identified.

Proof of Proposition 4.2. To prove equivalence of all three statements, we prove in a cycle.



237

(1⇒ 2) Definition 4.2 implies the single parent property. We prove the contrapositive. Suppose

there exists one pattern r with two parents, labeled s1 and s2. Then, the path from

1d → · · · → s1 → r and 1d → · · · → s2 → r both exist in the graph, which means that

there is more than one path to r from 1d.

(2⇒ 3) Next, suppose that every pattern r ̸= 1d in T has exactly one parent. There are exactly

2d patterns in T with 1d as the source, so there are 2d− 1 that require a parent. Thus,

T must contain at least 2d − 1 edges, and since every pattern r ̸= 1d has only parent,

there are no more 2d − 1 total edges.

(3⇒ 1) Lastly, we prove by contradiction. Suppose that instead of 2d − 1 edges, there are 2d

total edges in T . By the Pigeonhole Principle, there exists one pattern with at least

⌈2d/(2d − 1)⌉ = 2 parents. Denote this pattern by r. If r has at least 2 parents, then

there are at least two paths from 1d to r, which implies this is not a tree graph, thereby

resulting in a contradiction.

Lemma 4.1. The following combinatorial identities hold

d∑

m=0

Ç
d

m

å
= 2d,

d∑

m=0

m

Ç
d

m

å
= d · 2d−1.

Proof of Lemma 4.1. We will prove both equations using combinatorial arguments. We prove

the first equation first. Observe that the LHS counts the number of ways to form a committee

of size 0 to d from d individuals. Alternatively, one can count the number of committees by

noting that each of the d individuals has two choices: to be in the committee or not. We

then obtain 2d on the RHS. Thus, equality holds.

For the second equation, note that the LHS counts the number of ways to form a com-

mittee of any size with a leader. We can alternatively count this by selecting the leader first
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from d individuals and then forming a committee from the remaining d−1 individuals. This

precisely gives us d · 2d−1 on the RHS, and equality holds.

Proof of Proposition 4.3. In a regular pattern graph, the observed variables that a pattern

has is exactly a subset of its parents’ observed variables. Therefore, every missing pattern r

has 2m − 1 parents, where m is the number of 0s in r. There are
(
d
m

)
patterns with m 0s.

Thus, using Property 2 and since m ranges from 1 to d, we have

|Td| =
d∏

m=1

(2m − 1)(
d
m).

Since 2m−2 < 2m − 1 when m > log2(4/3) ≈ 0.415, we have the following lower bound

|Td| ≥
d∏

m=1

(2m−2)(
d
m)

= 2
∑d

m=1(m−2)( d
m).

Focusing on the term in the exponent, we have

d∑

m=1

(m− 2)

Ç
d

m

å
=

d∑

m=1

m

Ç
d

m

å
− 2

d∑

m=1

Ç
d

m

å
=

d∑

m=0

m

Ç
d

m

å
− 2

(
d∑

m=0

Ç
d

m

å
− 1

)

= d · 2d−1 − 2(2d − 1)

= (d/2− 2) · 2d + 2,

where the second to last inequality can be obtained via standard combinatorial arguments
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(see Lemma 4.1 for completeness). This implies that

|Td| ≥ 2(d/2−2)·2d+2 = 2Ω(d·2d),

which is precisely super-exponential.

Proof of Proposition 4.7. First, we bound the size of T ∈ TGNCMV. For every pattern with

m observed variables, there are a total of a
(
d
m

)
patterns. Thus, we have

|TGNCMV| =
d−1∏

m=0

Ç
d

m+ 1

å( d
m)

.

For sufficiently large d, we further obtain

log |TGNCMV| =
d−1∑

m=0

Ç
d

m

å
log

Ç
d

m+ 1

å
≥

d−1∑

m=0

Ç
d

m

å
= Ω(2d).

So, TGNCMV forms a large class. Next, for every T ∈ TGNCMV, we prove the following two

properties:

1. It achieves the maximum possible depth of d.

Since every pattern is the farthest it can be from 1d, this implies that the longest

chain in the graph is formed via the path from 1d to 0d. This chain has length d,

which implies that this NCMV graph has the maximum possible depth, in contrast to

CCMV.

2. Every pattern r in T is positioned at the maximum possible distance from the source

node 1d, thereby corresponding to the most information flow.

By construction, every pattern r ̸= 1d has a parent s such that s contains exactly one

more observed variable than r. Therefore, this implies that length of the path from
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the source node 1d to any pattern that contains k 0s is exactly k, which is also the

maximum distance away from the source node it can be.

C.1.3 Conjugate odds properties

Proof of Proposition 4.4. Suppose that p(x|A = a) belongs to the K-mixture model

MK(P) :=
{
p =

K∑

j=1

wjpj

∣∣∣∣ pj ∈ P ,
K∑

j=1

wj = 1, wj > 0 ∀j
}

such that every component is an element of P , and the odds O(P) is a conjugate odds for

P .

To be precise, suppose we can write p(x|A = a) as

p(x|A = a) =
K∑

j=1

wjpj(x|A = a)

for positive weights wj that sum to 1. Now, suppose that P (A = a′|x)/P (A = a|x) is

conjugate for pj(x|A = a) for all j. Then, we have

p(x|A = a′) ∝ p(x|A = a) · P (A = a′|x)
P (A = a|x)

=
K∑

j=1

wjpj(x|A = a) · P (A = a′|x)
P (A = a|x)

=
K∑

j=1

wj · ζj · pj(x|A = a′)

for some {ζj}j that are all positive due to the conjugacy of the odds model. Finally, this
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implies that

p(x|A = a′) =
K∑

j=1

w̃jpj(x|A = a′)

for some set of perturbed weights {w̃j}j. So, we have that p(x|A = a′) is also K-mixture

model with components belonging to P , and the result follows.

Proof of Proposition 4.5. We assume the p(x|A = a) has the following exponential family

parameterization

p(x|A = a) = h(x)g(η) exp
(
η⊤T (x)

)
.

We also further assume that the odds is a logistic regression and linear in the sufficient

statistic

log
P (A = a′|x)
P (A = a|x) = γ0 + γ⊤T (x).

We have the following equality

p(x|A = a′) =
P (A = a′|x)
P (A = a|x) · p(x|A = a)

¡ ∫ ∞

−∞

P (A = a′|x)
P (A = a|x) · p(x|A = a) dx.

Focusing on the unnormalized distribution, we have

P (A = a′|x)
P (A = a|x) · p(x|A = a) = exp

(
γ0 + γ⊤T (x)

)
· h(x)g(η) exp

(
η⊤T (x)

)

= exp(γ0)h(x)g(η) exp
(
(η + γ)⊤T (x)

)
. (4.2)

As h(x) exp
(
(η + γ)⊤T (x)

)
is an unnormalized exponential family distribution with natural

parameter η + γ, it follows that

∫ ∞

−∞
h(x) exp

(
(η + γ)⊤T (x)

)
dx =

1

g(η + γ)
.
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Returning to equation (4.2), we see that

p(x|A = a′) =
P (A = a′|x)
P (A = a|x) · p(x|A = a)

¡∫ ∞

−∞

P (A = a′|x)
P (A = a|x) · p(x|A = a) dx

=
exp(γ0) · h(x) · g(η) · exp

(
(η + γ)⊤T (x)

)

exp(γ0) · g(η) · 1/g(η + γ)

= h(x)g(η + γ) exp
(
(η + γ)⊤T (x)

)
,

= h(x)g(η′) exp
(
(η′)⊤T (x)

)

with η′ := η + γ. Finally, solving for γ0, we have

exp(γ0) :=
g(η′)

g(η)
· P (A = a′)

P (A = a)
⇐⇒ γ0 := log

P (A = a′)

P (A = a)
+ log

g(η′)

g(η)
,

as desired.

Proof of Corollary 4.1. Suppose that P (A = a′|x)/P (A = a|x) is modeled using a logistic

regression. That is, we model the log-odds like

log
P (A = a′|x)
P (A = a|x) = g(x)

for some function g. Then, we have

p(x|A = a′) ∝ p(x|A = a) · P (A = a′|x)
P (A = a|x) = p(x|A = a) · exp(g(x)),

and this is precisely an exponential tilting, as desired.

Proof of Corollary 4.2. By definition, we can write p(x|A = a′) as

p(x|A = a′) ∝ p(x|A = a) · P (A = a′|x)
P (A = a|x)
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= exp
(
γ0 + γ⊤T (x)

) K∑

k=1

wk · h(x)g(ηk) exp
(
η⊤k T (x)

)

=
K∑

k=1

wk · exp(γ0)h(x)g(ηk) exp
(
(ηk + γ)⊤T (x)

)
.

Then, simplifying with algebra and renormalizing yields

p(x|A = a′) =
K∑

k=1

w̃k · h(x)g(ηk + γ) exp
(
(ηk + γ)⊤T (x)

)
,

where

w̃k :=
wk · g(ηk)
g(ηk + γ)

¡ K∑

k′=1

wk′ · g(ηk′)
g(ηk′ + γ)

.

This concludes the proof. Additionally, we note that in this proof we assumed that each

mixture was the same distribution, but this argument generalizes to other distributions. For

example, instead of just a mixture of Gaussians, one could have a mixture of a Gaussian and

a Binomial.

Proof of Proposition 4.6. We assume the p(x|A = a) has the following Pareto distribution

parameterization

p(x|A = a;α, β) =





αβα

xα+1
x ≥ β

0 o.w.

.

We also further assume that the odds obeys the following parametric model

P (A = a′|x)
P (A = a|x) = γ0x

γ, γ0 :=
P (A = a′)

P (A = a)
· α

′

α
· βα′−α.

We have the following equality

p(x|A = a′) =
P (A = a′|x)
P (A = a|x) · p(x|A = a)

¡∫ ∞

β

P (A = a′|x)
P (A = a|x) · p(x|A = a) dx.
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Focusing on the unnormalized distribution, we have

P (A = a′|x)
P (A = a|x) · p(x|A = a) =

αβαγ0
xα−γ+1

.

The normalizing constant must be

∫ ∞

β

αβαγ0
xα−γ+1

dx =
αβαγ0

(α− γ)βα−γ
=
αβγγ0
α− γ .

Thus, we have

p(x|A = a′;α′, β) =





α′βα′

xα′+1
x ≥ β

0 o.w.

for α′ := α− γ. Finally, solving for γ0, we have

γ0 :=
P (A = a′)

P (A = a)
· α

′

α
· β

α′

βα
,

as desired.

Proof of Corollary 4.4. Suppose we have the decomposition X := (X1, X2), where X1 ⊥

X2 | A. Let p(x1|A = a) and p(x2|A = a) be two exponential family distributions such that

p(x1|A = a) = h1(x1)g1(η1) exp
(
η⊤1 T1(x1)

)
,

p(x2|A = a) = h2(x2)g2(η2) exp
(
η⊤2 T2(x2)

)
.

Then, we have

p(x|A = a) = p(x1|A = a) · p(x2|A = a)



245

= h1(x1)h2(x2)g1(η1)g2(η2) exp
(
η⊤1 T1(x1) + η⊤2 T2(x2)

)
.

Finally, it follows that

p(x|A = a′) ∝ p(x|A = a) · P (A = a′|x)/P (A = a|x)

= h1(x1)h2(x2)g1(η1)g2(η2) exp
(
(η1 + γ1)

⊤T1(x1) + (η2 + γ2)
⊤T2(x2)

)
.

Thus, the natural parameter is ζ := (η1 + γ1, η2 + γ2) and T (x) := (T1(x1), T2(x2)), as

desired.

C.1.4 Tree graphs and conjugate odds

Proof of Theorem 4.2. By assumption, the missigness mechanism can be specified using a

tree graph. Then, by Proposition 4.1, we obtain an identification formula for the selection

odds

P (R = rℓ|X)

P (R = 1d|X)

tree graph
=

ℓ∏

i=1

P (R = ri|Xri)

P (R = ri−1|Xri)
,

where 1d =: r0 → r1 → r2 → · · · → rℓ is the unique path in the tree graph from the source

1d to pattern rℓ.

We proceed with the proof inductively. First, partition the set of patterns R into

R0,R1,R2, . . . ,Rd, where Rk denotes the set of patterns in the tree graph that are exactly

k edges away from the source node 1d. Here, R0 is trivially the set {1d}.

For the base case, it is sufficient to consider the set R1, and note that for any r ∈ R1,

we have

p(x|R = r) ∝ p(x|R = 1d) ·
P (R = r|x)
P (R = 1d|x)

.
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Therefore, by conjugacy of the odds, p(x|R = r) is the same probability family as p(x|R = 1d)

for any r ∈ R1.

Next, fix k, and suppose that for all r ∈ Rk, p(x|R = r) is the same probability family as

p(x|R = 1d). Then, for any s ∈ Rk+1, there exists r
′ ∈ Rk such that r′ → s (r′ is the unique

parent of s). It follows that

p(x|R = s) ∝ p(x|R = r) · P (R = s|x)
P (R = r|x) .

Again, by the inductive hypothesis and conjugacy of the selection odds, it must follow

that p(x|R = s) also belongs to the same probability family as p(x|R = r) and thus, also

p(x|R = 1d) by transitivity.

C.1.5 Asymptotic theory

Proof of Proposition 4.8. We prove this directly. Suppose that the patterns do not have a

direct parent-child relationship.

Let Xr := {Xi,Ri
| Ri = r} be the observed data under pattern r, so by definition,

Xa ∩ Xa′ = ∅ for a ̸= a′. There are two types of models fit on the data. The first model is

the complete case model, which is only using data X1d . The pattern 1d contains no siblings.

Any odds based on the patterns with 1d.

The conjugate odds model Or(x) := P (R = r|x)/P (R = r′|x) is fit using the data

Xr ∪ Xr′ . If two conjugate odds models are fit using completely separate data, then their

resulting parameter estimates will be independent (this can be viewed as a form of sampling

splitting).

Now, consider two distinct patterns r and s such that r′ → r and s′ → s. Suppose we

fit two conjugate odds models Or(x) and Os(x) using the data Xr ∪Xr′ and Xs ∪Xs′ . Then,
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failing to satisfy the first property necessarily implies that s ̸= r′ and r ̸= s′. Failing to

satisfy the second property implies that r′ ̸= s′. All together, we have

(Xr ∪ Xr′) ∩ (Xs ∪ Xs′) = ((Xr ∪ Xr′) ∩ Xs) ∪ ((Xr ∪ Xr′) ∩ Xs′)

= ∅ ∪ ∅

= ∅.

So, the two models are fit on separate data sets. This implies that the estimated model

parameters are independent, and therefore, have covariance 0.

Proof of Corollary 4.3. Consider every maximal clique in the undirected graph. If there is a

path between two patterns in the undirected graph, then the estimated paramters for each

of the models are correlated.

Moreover, for every submatrix that is determined by the maximal clique, the submatrix

is full; that is, it contains only nonzero elements.

Proof of Proposition 4.9. We start by proving the first claim. In the CCMV case, the asso-

ciated undirected graph is a clique, and the complete case data is used to fit every conjugate

odds model Or(x) = Or(xr) := P (R = r|xr)/P (R = 1d|xr). Therefore, the estimated pa-

rameters for all the conjugate odds models and the complete case model are all dependent.

Thus, the correlation is nonzero, and CCMV provides the densest covariance matrix.

Now, we consider the second claim: any GNCMV assumption provides the sparsest

asymptotic covariance matrix. The undirected graph associated with any GNCMV tree graph

contains only maximal cliques of size 2, thereby leading to the sparsest possible matrix.
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C.1.6 Proofs of results in the appendix

Proof of Theorem 4.3. Let B = {j1, j2, . . . , jB} ⊆ [d] be a set of indices that correspond to

several variables, and RB := {s : sj = 0, j ∈ B}. Further, suppose that for any r ∈ RB,

AncG1(r) = AncG2(r). To prove sufficiency, it suffices to show that the implied distribution

p(xj1 , xj2 , . . . , xjB) is the same. We approach this from a pattern-mixture model standpoint.

Note that in a tree graph, a pattern’s set of ancestors determines exactly the path from

1d to that pattern. A given pattern’s set of ancestors has a total ordering, and this total

ordering uniquely determines the path from 1d, as there is only a single path (in a tree

graph). Therefore, since the patterns share the same ancestors in the two tree graphs, the

patterns all have the same implied distributions.

Proof of Proposition 4.12. To show both claims, it suffices to show that the set of tree graphs

is the smallest generating set for the set of pattern graphs. We do this by showing two facts:

every generating set must be a superset of the set of tree graphs, and the set of tree graphs

is a generating set.

First, note that any generating set must contain the set of tree graphs because every tree

graph is minimal (see Proposition 4.2). Next, the set of tree graphs is a generating set. For

any pattern graph G, construct an associated set of tree graphs TG, where each tree graph

T ∈ TG is made by choosing a single element in each parent set of G.

Then, note that performing this operation over all possible pattern graphs G and taking

a union forms a generating set. More precisely, if we let G to be the set of all pattern graphs,

we have
⋃

G∈G
TG ⊆ T .
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But also since
⋃

G∈G TG is a generating set, we have

⋃

G∈G
TG ⊇ T .

So, equality holds, and we are done.

C.2 Further Conjugate Odds Examples

C.2.1 Further logistic odds examples

Example 15 (Negative binomial). The negative binomial distribution is widely used in mod-

eling discrete data with overdispersion with one notable example in single cell RNA data.

Suppose that X|A = a ∼ NegBin(r, p) with r known. The sufficient statistic is T (x) = x

with natural parameter η = log p. Suppose that

log
P (A = a′|x)
P (A = a|x) = γ0 + γ1x

where γ = γ1. Then, via Proposition 4.5, X|A = a′ is negative binomially distributed with

natural parameter

η′ := η + γ1 = log p+ γ1.

Translating this back to the standard parameterization, we have

p′ := exp(log p+ γ1).

Fact 1 (Product distribution of exponential family is still exponential family). Let X1 and

X2 be two independent exponential family distributions, and let X = (X1, X2). This implies

the following form

p(x1) = h1(x1)g1(η1) exp
(
η⊤1 T1(x1)

)
,
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p(x2) = h2(x2)g2(η2) exp
(
η⊤2 T2(x2)

)
.

Then,

p(x) = h1(x1)h2(x2)︸ ︷︷ ︸
h(x)

g1(η1)g2(η2)︸ ︷︷ ︸
g(η)

exp
(
η⊤T (x)

)

is an exponential family distribution, where η := (η1, η2), g(η) :=
∏d

j=1 gj(ηj), and T (x) :=

(T1(x1), T2(x2)).

Corollary 4.4 (Product distribution). Suppose we have the decomposition X := (X1, X2),

where X1 ⊥ X2 | A. Let p(x1|A = a) and p(x2|A = a) be two exponential family distributions

such that

p(x1|A = a) = h1(x1)g1(η1) exp
(
η⊤1 T1(x1)

)
,

p(x2|A = a) = h2(x2)g2(η2) exp
(
η⊤2 T2(x2)

)
.

Suppose that

logP (A = a′|x)/P (A = a|x) = γ0 + γ⊤1 T1(x1) + γ⊤2 T2(x2).

It follows that

p(x|A = a′) = h1(x1)h2(x2)︸ ︷︷ ︸
h(x)

g1(η1 + γ1)g2(η2 + γ2)︸ ︷︷ ︸
g(ζ)

exp
(
(η1 + γ1)

⊤T1(x1) + (η2 + γ2)
⊤T2(x2)

)

= h(x)g(ζ) exp
(
ζ⊤T (x)

)

with natural parameter ζ := (η1 + γ1, η2 + γ2) and T (x) := (T1(x1), T2(x2)).
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C.2.2 Further power law odds examples

Proposition 4.10 (Power function family, Beta distribution). Suppose that p(x|A = a) is a

Beta distribution

p(x|A = a;α, β) =
xα−1(1− x)β−1

B(α, β)
.

Then, the associated odds model

Oa′(x;γ) :=
P (A = a′|x)
P (A = a|x) = γ0x

γ1(1− x)γ2 , γ0 :=
P (A = a′)

P (A = a)
· B(α + γ1, β + γ2)

B(α, β)

holds if and only if

p(x|A = a′;α′, β) =
xα

′−1(1− x)β′−1

B(α′, β′)
,

where α′ = α + γ1 ∈ R+ and β′ = β + γ2 ∈ R+.

Proposition 4.11 (Power function family, Dirichlet distribution). Suppose that X is a

random variable belonging to the K − 1 simplex such that

p(x|A = a;α) =
1

B(α)

K∏

j=1

x
αj−1
j

is a Dirichlet distribution. Then, the associated odds model

Oa′(x;γ) :=
P (A = a′|x)
P (A = a|x) = γ0

K∏

j=1

x
γj
j , γ0 :=

P (A = a′)

P (A = a)
· B(α+ γ)

B(α)

holds if and only if

p(x|A = a′;α′) =
1

B(α′)

K∏

j=1

x
α′
j−1

j ,

where α′
j = αj + γj ∈ R+ for j > 0.
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C.3 Additional Comments on Tree Graphs

C.3.1 Congruency

We now discuss the concept of congruency. When conducting real data analysis, we only

need to construct a tree graph using patterns that are observed in the data and can ignore

any pattern that is not observed in the real data. We formalize this notation in the following

section, utilizing the fact that patterns that are not observed in the real data have Lebesgue

measure 0.

Definition 4.8 (Congruency). Two tree graphs G1 and G2 are said to be congruent with

respect to the observed data if G1 and G2 are identical after removing any patterns that do

not appear in the observed data. We omit the phrase “with respect to the observed data”

when it is clear from context.

In essence, two tree graphs G1 and G2 being congruent with respect to the observed data

means that any statistical functional of the full-data distribution is the same regardless if

the assumption G1 or G2 was made. We now introduce the idea of a representor graph to

represent a set of congruent tree graphs.

Definition 4.9 (Representor). A representor of a set of tree graphs T is the tree graph that

comprises only the patterns observed in the data and is congruent to every tree graph in T .

The graph comprising of only the patterns that are observed in the real data implies

that the graph does not contain superfluous information that is ignored by the observed

data. Moreover, if the graph is congruent to every graph in T , it is the minimal graph that

represents all of the patterns.

Example 16. Suppose the observed data has d = 3 variables with only the following patterns:

111, 101, 011, and 001. Consider the following tree graphs in Figure 4.12, labeled from left to

right as G1, G2, and G3. We see that G1 and G2 are congruent with respect to the observed
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011
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000

011

010

001

Figure 4.12: We provide three examples of tree graphs for d = 3 variables.

data, but G3 is not congruent to G1 or G2. Moreover, the respective representor graphs of

{G1, G2} and {G3} are found in Figure 4.13.

Remark 10 (Selecting a threshold). In practice, choosing the patterns that should appear in

the representor can be done in various ways. A straightforward way would be to only consider

the patterns that are observed in the data. More generally, one can consider thresholding

based on the number of observations and only include missing patterns with a number of

observations at least the threshold.

111

101

001

011
111

101 011 001

Figure 4.13: We provide examples of representor graphs, corresponding to the graphs in
Figure 4.12.
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The threshold can be selected to be any constant C > 0. For example, if we only keep

patterns such that the number of observations is at least C = 1, this corresponds to selecting

the patterns that are observed in the data. On the other hand, we may choose to keep

patterns such that the number of observations is at least C = 100, which implies that we are

seeking a sufficiently large enough effective sample size. One advantage to choosing C > 1

is to avoid potential problems with model fitting.

C.3.2 Invariance for a specific statistical functional

One may hypothesize that for a given parameter of interest, certain tree graphs may lead

to the same identification formula for that parameter. More formally, we now consider

invariance for a specific statistical functional.

Theorem 4.3 (Sufficient conditions for marginal distribution invariance). Let B = {j1, j2, . . . , jB} ⊆

[d] be a set of indices that correspond to several variables. Define the set RB := {s : sj =

0, j ∈ B} to contain exactly the patterns that have a 0 in each index in B. Suppose that there

are two distinct tree graphs G1 and G2 such that for each r ∈ RB, r has the same ancestors

in G1 and G2. Then, any statistical functional of the distribution p(xj1 , xj2 , . . . , xjB) is the

same regardless of the graph G1 or G2.

A consequence of this theorem is that all tree graphs for d = 2 induce unique marginal

distributions.

Next, we now describe a way to combine tree graphs into a single pattern graph assump-

tion using a merge operation. Graphically, the merge operation is very simple. Consider

an example in Figure 4.14. We formalize the merge operation in mathematical notation as

follows.

Definition 4.10 (Merge operation). Consider the pattern graph G := G1 ∪ G2, where ∪

between two pattern graphs denotes the merge operation. The resulting graph G := G1∪G2
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111

110 101

100

011 010

111

110 101

100

011

010

111

110 101

100

011

010

Figure 4.14: Merge property. Label the graphs from left to right as G1, G2, and G3.

is constructed such that PAG(r) = PAG1(r) ∪ PAG2(r) for every pattern r. It satisfies the

following properties:

• G is a pattern graph.

• G has at least the same number of edges as G1 and G2.

Proposition 4.12 (Tree graphs generate pattern graphs). The closure of the set of tree

graphs under the merge operation is the set of pattern graphs. Moreover, the set of all tree

graphs is the smallest set that generates pattern graphs.
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