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Abstract

Discrete Approximations to Time-changed Brownian Motions

Yang Yu

Chair of the Supervisory Committee:
Zhen-Qing Chen
Department of Mathematics

We give a general discrete approximation scheme of time-changed Brownian motions on
R?. Our approximation scheme works for any smooth measure with full quasi-support on R%
with suitable initial distributions. Under some mild conditions on the smooth measure, the

discrete approximation scheme works for every starting point.
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Chapter 1

INTRODUCTION AND MAIN RESULTS

Time change is an important transformation for Markov processes and for Brownian
motion in particular. Let d > 1 be a positive integer and W be the standard Brownian
motion in R?. Given a positive Borel measurable function f on R? one can define the
integral of f along Brownian sample path up to time ¢t > 0 by A; = fot f(W,)ds. Let A~! be
the (time) inverse function of A (note that the inverse exists as A; is continuous and strictly
increasing in t). It defines a time-changed X; = WA;l. Then the process X is a random
time-changed process of Brownian motion with respect to the function f. One can not only
do time change of Brownian motion using a positive Borel measurable function f, but using a
large class of measures called smooth measures ([CF12, Definition 2.3.13]). Let p be a smooth
measure with full quasi-support. One can construct the time-changed Brownian motion with
respect to p. By [CF12, Theorem 4.1.1] there exists a positive continuous additive functional
(PCAF) A of the Brownian motion W whose Revuz measure is yi. Define X; = W -1 where
A;' = inf{s > 0 : F, > t} is the generalized inverse function of A. Then X is called
the time-changed Brownian motion with respect to p. When p(dz) = f(z)dx (dz is the
Lebesgue measure) for some positive f € C(RY), A, = fot f(W5)ds and the time-changed
process coincide with the previous definition. See Section 2.1 below for a brief introduction

of these concepts and refer to [FOT11, CF12] for detailed discussion.

We are interested in developing a scheme to simulate the time-changed Brownian motion
X that only uses p (no need for Brownian sample paths or inverses of PCAFs whatever) as
input so that it is easy to implement and do simulation. It is well known that Brownian
motion is the scaling limit of simple random walks. A natural idea is to change the holding

time or waiting time of random walk according to the mass of u at that place in a suitable



way. We show such scheme indeed works. In fact, a more general scheme can be developed.

For this purpose, for any » > 0, we consider a continuous time simple random walk process
wr approximating the standard Brownian motion W, and measure p, which approximates
w1 vaguely. Then we do time change on W™ to get a time-changed random walk process
X" and show that X" converges to the time-changed Brownian motion X as r | 0. We
construct X" as follows. Let o be a probability density function (with respect to the Lebesgue
measure) that has zero mean and covariance M,d;; for some constant M, > 0, where §;; is
the Kronecker delta. Let ¢ be a probability density function (with respect to the Lebesgue
measue). For each r > 0, set ¢,.(z) := r~9¢(x/r), p.(dz) = (¢ x p)(dz) = [¢r(y —
Dpldy)de, me(de) = mdr, A(r) = = (n) = (Mg? [ 6oy — 2)u(dy)) ', 0n(x) =
r~4o(z/r) and Q,(z,dy) := o,(y—x)dy. We construct a continuous-time random walk process
X" waits for an exponential distributed time with rate A\, and then jumps with transition
probability @,. For this purpose, let {£;}3°, be i.i.d. random variables with probability
density function o. Let {n;}2, be i.i.d. exponential distributed with parameter 1 and
independent of {&;}52,. Let & be a random variable in R? independent of {&;}22, and {n; }22,.
For each r > 0 let & := r&; (hence it has distribution g,) and set W) := & + > - | & for
neN (" & =0if n=0). Thus W/ is a random walk process with initial distribution &
and step distribution g,. Then define n}(x) := n;/A\.(z) (hence it is exponentially distributed
with parameter A,) and N/ = inf{n € N: 377 ;97 (W) > t}. Then the process X := W,
is the so-called regular step process with road map @, and speed function A, (see, e.g. [CF12,
2.2.1]). When p(dz) is the Lebesgue measure we denote the corresponding X" by W". Note
that W is simply the continuous time random walk with step distribution ¢ and jumping
rate M, 'r~ (or mean holding time M,r?).

It is natural to expect that the time-changed continuous time random walk X" converges
to the time-changed Brownian motion X as r | 0. Under some mild assumptions on o,
and ¢, we show that the answer is positive. When p(dz) is the Lebesgue measure we have

—1

M(z) = Nq[j—; for any z € R? and r > 0, X" converges to the standard Brownian motion

starting from &j. For general full quasi-support smooth measure p, X" will converge to



the corresponding time-changed Brownian motion with respect to the measure p. Here is a

diagram that illustrate our approximation scheme.

Donsker’s invarinace principle BM

Wy >

lt.c. by pr lt.c. by u

Our approximation scheme
Xi > t.c.BM

Throughout this paper we add some basic assumptions on the probability densities p and

the measure pu:

(a) /xg(x)dx =0, / z;x;0(z)dr = M,d;; and p is symmetric about the origin

(b) p has full quasi-support and does not charge polar sets.

Note that Assumption (a) implies ¢ has zero mean and wr converges to Brownain motion
by Donsker’s invarinace principle. The Assumption (b) allow us to contruct a continuous
time change of Brownian motion according to the measure pu. (Without full quasi-support,
time changes will not be continuous and the time-changed processes will have jumps.)

We now list some other assumptions on the probability densities g, ¢ and measure u:

(A.1) ¢ is bounded and has compact support and weak derivative (in the sense of Schwartz

distributions) such that |V¢| < Cp on R? for some constant C' > 0.

(A.2) pis bounded above by a constant H, > 0. Moreover there exists 6 > 0 such that o has
a finite max(2,d — 2 + §)-th absolute moment.

(A.3) For any R > 0, there exists Cp > 0 and §, = B,(R) > d — 2 such that for any
x € B(0,R) and r € (0,1) we have u(B(x,r)) < CrrP«. In addition,

i ([, T ) = Y




A sufficient condition for (A.1) is that there exists an open ball B, C R? on which g is
bounded below by a constant h, > 0, in which case we can easily find ¢ supported in B,

with bounded weak derivative. A typical example of g is the uniform distribution of the unit

ball o(x) = ﬂg?(’)l’)l()f), where B(x,r) := {y € R?: |y — x| < r} and |B(z,r)| is the volume.

1

In this case, we can calculate M, = 7.

A sufficient condition for (1.1) is that for any
R >0, there exists cg > 0 and 3}, > 0 such that for any z € B(0, R) and r € (0,1) we have
w(B(z,7)) > cprfe. A typical nontrivial example of y that satisfies (A.3) is the Liouville
measure from Liouville quantum gravity, which we will briefly introduce after Theorem 1.2.

We show that (o, ¢) satisfying (A.1) is enough to prove that X" converges in Skorokhod
topology to the time changed Brownian motion X with initial distribution absolutely con-
tinuous to the symmetrizing measure (Theorem 1.1). The additional conditions (A.2) and

(A.3) will allow us to establish point-wise starting distribution convergence in Skorokhod

topology (Theorem 1.2).

Remark. The moment condition in (A.2) can be dropped when d < 3 as we always assume o
have a finite second moment. Under (A.3) we can in fact show that p charge no polar sets and
is a smooth measure in strict sense (Proposition 4.18). See [FOT11, CF12]| for the definition
of smooth measures in strict sense. This allows us to define time-changed Brownian motion

starting point-wisely.

Let (92, A, {P,. },cra) be the probability space that {&;,7;}32, live on with P,{{, = =} = 1.
Set P, = [v(dz)P, for any measure v. Let D(]0, 00); R?) denote the space of right continuous
paths with left limits.

The following two theorems are the main results of this paper. Note that both theorems
are about time change of the standard Brownian motion, but the result can be easily extended

to Brownian motion with constant diffusion matrix through a linear transformation.

Theorem 1.1 (Approximation under symmetrizing measures). Under assumption (A.1),
for any fo >0 in C,(RY), set v, = fo -, and v = fo - u. Then the law of {X";t > 0} under
P, converges weakly in D([0,00); R?) in Skorokhod topology to the time-changed Brownian



motion X by p with initial distribution v.

Theorem 1.2 (Approximation for every starting point). Under assumptions (A.1), (A.2)
and (A.3), for any sequence x, € R? converges to o € R?, the law of {X";t > 0} under P,,
converges weakly in D([0,00); RY) in Skorokhod topology to the law of {X;t > 0} starting

from xqg as r ] 0.

Remark. We can also use continuous time random walk on rZ¢ to approximate time-changed

Brownian motion. Detailed discussion is given in Chapter 5.

Our results have some straightforward applications. For example, it can be applied to the
Liouville Brownian motion constructed and defined in [Berl5, GRV16], which is the time-
changed Brownian motion with respect to the Liouville meausure. For each v € (0,2) the
Liouville measure M, is the weak limit lim, e”hf(z)_gE(hg () dz where h, is the circle average
of a Gaussian free field. It is shown in [AK16, Theorem 3.1] (see also|GRV16, Theorem 2.2])
that almost surely (in Gaussian free fields), for any ¢ > 0 and R > 1 the Liouville measure

satisfies

Cyr® s < My(B(x,7)) < Cor®* ™%, Vz € B(0,R),r € (0,1)

where a; = £(7 +2)? and as = £(2 — )% This implies that the Liouville measure satisfies
the condition (A.3) as long as ¢ is chosen to be bounded below away from 0 on an open
ball. Furthermore, by [GRV16, Theorem 2.7] the PCAF with Revuz measure p is strictly
increasing for any starting point # € R%. This implies that the quasi support of p is R? (i.e.
has full quasi-support) by [CF12, Theorem 5.2.1 (i)]. Hence Theorem 1.2 gives the Liouville
Brownian motion a time-changed random walk approximation scheme. This is one of the

motivations of this paper.

Corollary 1.3. Let d =2 and fiz v € (0,2). Let u be the Liouville measure with parameter
v and X be the Liowville Brownian motion. Then for any sequence x, € R% converges to
1o € RY, the time-changed random walk {X";t > 0} starting from x, converges in distribution
in D([0,00); RY) in Skorokhod topology to the Liouville Brownian motion X starting from

Zo-



We use some notation convention throughout this paper. We will fix the dimension
d > 1. We use N and N* to denote nonegative integers and positive integers respectively.
The symbols ¢, C' with or without numerical subscripts stand for positive constants whose
value may change from place to place, and they may only depend on the dimension d and
values related to o, u or ¢, unless the dependency of other variables is explicitly specified.
By adding letter subscripts except numbers to the symbols ¢, C' we indicate their dependence
on those subscripts, and their values may also change from place to place. We use r > 0
as sup/sub-script on W, X, @ etc to denote the step size r in the approximation scheme.
Sometimes we will fix a sequence r, < 1 and r, | 0 and with a slight abuse of notation,
we will replace sup/sub-script on W, X, Q etc by n to denote the corresponding object when
r = r,. When r replaced by n, we assume a sequence 1, € (0, 1] tending to 0 (as n — oc0) is
fixed. We use o5(1) denotes values going to 0 as the subscript h approaches to some value
(usually 0 or co). We use L?(F; u) denote L*-space on E with measure y; when E = R? we
simply write L?(u1). Given a Dirichlet form (&, F), we denote £(u) = &(u,u) for u € F.



Chapter 2
PRELIMINARIES

In this chapter we introduce some necesary concepts and propositions that will be used

later.

2.1 Basics of Potential theory

We states basic concepts from potential theory. For detailed discussions, see [FOT11,
CF12].

Let E be a locally compact separable metric space, m is a positive Radon measure on
E. Let © be the sample space and (X, P,) a m-symmetric Hunt process taking (E, B(E)),
whose Dirichlet form is (£, F). For a closed subset F' of E, define

Fr={feF:f=0mae on E\ F}.

Let £&(-)=&() + || - ||%2(E;m). Denote by O the family of all open subsets of E. For A € O
we define

Li={ueF:u>1mae on A},

i ucl g u? )
C ( ) lIlf L 51( U) EA; @

0 ﬁA:

Y

and for any set A C E we let

Cap(A) = BG(IQI}EQB Cap(B).

We call this the capacity of A.

An increasing sequence {Fy, k > 1} of closed sets of E is an E-nest if UpFp, is £ -dense

in F.



A subset N of E is called E-polar if there is an E-nest {Fj,k > 1} such that N C
Ni>1(E\ Fy).

A measure p is called smooth if p charges no £-polar set and there exists a E-nest
{Fg, k > 1} such that p(Fy) < oo for every k > 1.

Let F; = 0{Xs;s < t} and 0 be the shift operator of paths (i.e. 0(w) = wie). A
numerical function A;(w) of two variables t > 0, w € Q is called an additive functional of X

if there exist A € F, and an m-inessential set N C E with
P,(A)=1forx € EAN and 6,ACAfort>0,
and the following conditions are satisfied:

e For each t > 0, A, is F;|,-measurable, where A,|, is the restriction of A4; to A and

Fi|, is the o-algebra of F; restricted to A.

e For any w € A, A (w) is right continuous on [0,00) has the left limits on (0, {(w)),
Ap(w) = 0,]Ax(w)| < oo for t < ((w), and Ay(w) = A¢y(w) for t > ((w).

e The additivity
Apis(w) = Ay(w) + Ag (Opw)  for every t,s >0,
is satisfied.
2.2 Convergences in different Hilbert spaces

Those concepts are mainly from Kuwae and Shioya’s paper [KS03]. One can also refer to

[Kol05] for a concise introduction about these concepts.

Definition 2.1. We say that a sequence of Hilbert spaces H,, converges to a Hilbert space H
if there exists a dense subspace C C H and a sequence of linear operators ®,, : C — H,, such

that im,, o ||Prull3, = ||u||3 for every u € C.



For the following discussion, we assume that the Hilbert space H,, converges to the Hilbert

space in the sense of Definition 2.1.

Definition 2.2. (Strong convergence) We say that a sequence u, € H, strongly converges

to u € H if there exists a sequence v, € C strongly converges to u in H such that

lim lim ||®,v,, — ||z, = 0.
m—0o00 N—r00

Definition 2.3. (Weak convergence) We say that a sequence of u, € H, weakly converges

to u € H if every sequence v, € H, strongly converges to v € H, we have

(U, Vp) g, — (U, )3

Proposition 2.4. For any sequence u, € H, that converges to uw € H in the sense of

Definition 2.3 we have

Sup [|unlls, <00 and  luflg < lim [Junl,-
n n

Proof. See [KS03, Lemma 2.3]. O

Proposition 2.5. Assume that u, € H, converges to uw € H and v, € H, converges to

v € H in the sense of Definition 2.2. Then u = v if and only if lim,,_ ||u, — va|ln, = 0.
Proof. See [Kol05, Lemma 7.1]. O

Proposition 2.6. The convergence of u,, to u in the sense of Definition 2.3 is equivalent to

the following: for every v € C we have (uy, ®,v)3, — (u,v)x.

Proof. Assume for every v € C we have (u,, ®,v)y, — (u,v)y, then for any w € H, w, € H,
converges strongly to w, and any € > 0 we can find w. € C such that ||w. — w|y < € and

lim, o0 || Prwe — wyl2, < €. Then by Cauchy-Schwarz inequality

lim | (U, Wi )30, — (U, Prwe ), | < esup |[un|u,
n—oo n
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and

lim |(u, )y — (u, we)u| < ellulln.
n—oo

By Proposition 2.4 we know sup,, ||[un||x, < 00. As we have (un, Ppw;)y, — (u,w.)y and
e > 0 is arbitrary, we get

lim | (U Wy )3g, — (u,w)3| =0

n—oo
hence the strong convergence of u,, to u follows.

The other direction is obvious. O

Proposition 2.7. If u, € C C H converges to u € H strongly in H, then there exists a
nondecreasing subsequence k,, T oo and v, = ug, such that ®,v, € H,, converges strongly to

u € H in the sense of Definition 2.2.

Proof. By definition we have for any m,n > 0
k—o0

and

lim sup ||, — u,lly = 0.
N—)oomJLZN

Hence for any n € N*, we can find N,, 1 oo such that for any m > N,

[t — un, 2 < 1/(2n)

and there exists k,,,, € N such that

SUp [ @ (i — un )l < [fim = v, [l +1/(20) < 1/n.
B2k m

Then we find a sequence {k; n,}52,. Define v,, = un, if k, n, <1 < kpy1n,,,. Then we have

for m € [kjn;, kji1n,,,) NN
nlL_HOlO ||(I)n(vn - Um)H'Hn S 1/]
hence

lim lim ||®,v, — ®,0,|%, = 0.
m—00 N—ro0
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As v, converges to u strongly in H, we have ®,v,, converges to u in the sense of Definition 2.2.

]

Definition 2.8 (Operator strong convergence). We say that a sequence of bounded operators
T, on H, strongly converges to an bounded operator T on H if for every sequence u,, strongly

tending to u € H, the sequence T, (u,) strongly tends to T'(u).

2.3 Mosco convergence

Mosco convergence is a convergence between Dirichlet forms which was first introduced
by Mosco in [Mos94]. It is extended to Dirichlet forms in varying spaces in [KS03]. See also
[Kim06, CKK13]. Let H, be Hilbert spaces which converges to the Hilbert space H in the

sense of Definition 2.1.

Definition 2.9 (Mosco Convergence). We say that a sequence of quadratic forms (E™, F™)

on H,, is Mosco convergent to a quadratic form (€, F) on H if the following conditions hold:

e For any sequence u, € F" weakly converges to uw € H with sup,, E™(u,) < 0o, we have

o For every u € F there exist a strong convergent sequence u, — u with u, € F" such

that €(u) = lim,, £™(u,).

Remark. For any Dirichlet form (F,€), if we make the convention that £(u) = oo for u €

H \ F. Then Definition 2.9 is equivalent to

e For any sequence u,, € H,, weakly converges to u € H we have £(u) < lim  E"(uy,).

e For every u € H there exist a strong convergent sequence u,, — v with u, € H,, such

that £(u) = lim,, £"(u,).

We now give the Dirichlet forms of X" and X. Because o(x) = o(—x) for any z € R?, it

-1
M,
72

is easy to check that m,(dx) =

dx is a symmetrizing measure of Q,.(z, dy) = o.(y — x)dy,
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ie.,
Q(z, dy)m,(dz) = Qr(y, dx)m,(dy).
By [CF12, Theorem 2.2.2] (with the discussion on the cases of unbounded speed measure on

page 55 of [CF12]), we know the Dirichlet form of X" on L*(R%; ) is

={f € LL.(RY) : £"(f) < oo} N L*(R% p,)

=5 [ [ @) - u0)?Qu (o dyym o)

By [CF12, Theorem 5.2.2] the Dirichlet form of the time-changed Brownian motion X on
L*(R% ) is

F* = BL(RY) N L*(R% 1)

—5 [ IVut@)az,

where EE(D) denotes the set of quasi-continuous versions of functions in the Beppo-Levi
space BL(D) = W,2*(D) in a domain D C RY. This identifies any sub-sequential limit of X"

loc

will have the same finite dimensional distributions as the time-changed Brownian motion X.

Besides the two Dirichlet forms (F7,E") on L*(R% u,) and (F*,E) on L*(R% ), we
introduce some other Dirichlet forms. Let E be an open set of R? and define Dirichlet forms

(FrF,E7F) on L*(E; pr|g) by

FE = {ue Lu(E): €(u) < 00} N LA(E: )
EVF(u) = %fExE(U(l‘) —u(y))*Q(x, dy)m,(dx) (2.1)
+fE 21 - Q. (x, E))m,(dz)

\
and (FwE gmE) on L?(E;u) by

———
FwbE o =Cx(E)" NL*E;
(E) (E;n) 2.2)

EWE(u) = 3 fE |Vu(x)|dz.
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w,E

where ng denotes the completement of C°(E) with respect to £ = EmF () 4 || -
”%Q(E;u)' Note that E"F(u) (resp. EF(u)) is the same as E"(u) (resp. E(u)) if we extend
the function u € L*(E; u,|g) to be 0 outside E. We also define &}'(u) = E(u) + (u,u), for
u € F* where (-,-), is the L?(x) inner product.

By [CF12, Theorem 3.3.8], the Dirichlet form (F"¥ E"F) on L?(E; u,|g) is associated to
X"E the killed process of X" upon leaving E. Similarly, the Dirichlet form (F*%, E#F) on
L?(E; ) is associated to X, the killed process of X upon leaving E.

We will establish the Mosco convergence of (F"F EmF) to (F»F E-F) and the Mosco
convergence of (F",E") to (F*, &) in Proposition 3.7. Then by [KS03, Theorem 2.4] we
have Mosco convergence of Dirichlet forms in the sense of Definition 2.9 is equivalent to
the L? convergence of the semigroups in the sense of Definition 2.8. It then implies the
finite dimensional distribution vague convergence. For a proof of this fact, one can refer the

discussion at the end of Chapter 6 of [Kol05].



Chapter 3
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APPROXIMATION UNDER SYMMETRIZING MEASURES

In this chapter we provide a proof for Theorem 1.1. The main idea is to establish tightness

and identify the limit using Dirichlet form theory. The convergence will be established first

on a weaker topology called pseudo-path topology (Proposition 3.9), then we can strengthen

the convergence to the Skorokhod topology.

3.1 Convergence in finite dimensional distributions

We start with some simple results.

Lemma 3.1. For any unit vector e € R? we have [(e,z)2,0(x)dx = M, < oo .

more, we have for any r > 0, =,z € R?

M,

/ o,y — 2) ey — 2)dy = |aP.

Proof. Let e = Zfl | Ci€i, then S = 1, hence by orthogonality

zlz

[te.neotoris Z 2 [tenafiete)ds =

Using the identity above we get

M;? _ r y—=z
o [kt — 2y = 23 [ D ket — 2y
_ xXr
= |z’ M, 1/<m,y>§d@(y)dy

- |£B|2,

Further
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which prove the second statement.

Recall that u,(dx) = (¢, * p)(dx) and Q,.(z,dy) = o,(y — x)dy.

Lemma 3.2. The following holds.

(1) Forp € [1,00) and f € L7(u,), 6, * f € L7(n).

(2) For any function f € L'(u,), we have pu.(f) = [ fdu, = [(¢r * f)(x)u(dx).
(3) For any continuous function f with compact support, im, o p-(f) = p(f).

(4) fr € L*(ur) converge weakly to f € L*(u) if and only if ¢, x f, converges weakly to f
in L?(u).

Proof. Notice that by Jensen’s inequality

[ sran< [orsQapan= [ \rpan.
Hence (1) holds. By Fubini’s Theorem

[ t@nntan) = [ @) [ 6.ty - an(ay)as
= / / f(@)¢r(y — x)dzp(dy)
— [ Dwntdy)

Then (2) and (3) holds. For (4), Let g € C?(R?). Since g is continuous and has compact
support, it is uniformly continuous, thus sup, ,..,—,<, |9(¥) — g(x)| = 0,(1) which goes to 0

as r | 0. By Fubini theorem,

/gfrd,ur - /¢r * (gfr)dﬂ
- / (6 % 1) (@)(9(2) + 0, (1)) u(dl)
= /(‘br * fT>ngU, + 0r<1)/¢r * frd:u
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Note that [ ¢, * frdu = [ frdp, which is uniformly bounded in r under either weak conver-

gence condition. Hence we see

T / b % 1.)gdp

provided that the limit exists, and the two weak convergences are equivalent by Proposi-

tion 2.6. OJ

Next we derive some basic properties of bilinear forms £ and £".

Lemma 3.3. For any probability density function ¢ (with respect to the Lebesque measure

on R?), we have E(¢ * u) < E(u) foru € F and E™(pxu) < E"(u) foru e Fr.

Proof. Since V(¢ *u) = ¢+ Vu (by definition of weak derivative), by Jensen’s inequality and

shifting invariance of the Lebesgue measure we have

£ ) = /\ng*u o)|2dx
—5 [ lox Vu)w)Pds

< % / / 6()| V(e — 2)[2d=dz
_ % / / Vu(z — 2)2deo(2)dz
_ % / Vu(z)Pdz

= E(u)
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Similarly
(6 u) = X 27~2 //gb*u — b+ u) 2oy — )dyda
- e / [ tuta =2~ uty = 290214200ty - )y
< o [ [ [t =)~ aty — 270 tz0,ty vy
_ Ajﬁf [ [ [wte =)~y = =)oty ~ wyivaascyic
SV [ [ ) - utw)enty - wydvaascyis
— £ (u) / 6(=)dz = E"(u).
where the forth equality uses the translation invariance of the Lebesgue measure. 0

Proposition 3.4. For any r > 0, u € L? (RY) such that E"(u) is finite, we have E"(u) <
E*(u) for any k € N*. Furthermore, if £(u) < oo and u, € WL (RY) such that limgyo £ (us—
u) = 0, then E(u) < lim,  E%(us) for any r > 0.

Proof. Recall by definition

ertw) = 55 [ [ule) —ul)ea — iy

For any z,y € R? set x; = x + %(y —x) fori=0,1,..,k. Then

S [ [ ot - s

B 27€2 //Z“ — u(zip1)) o, (y — x)dydze

- 2r2 // —u(w41)) %0 (y — x)dyd.

Note that dydx = k¥dx;dr;,, and |y — x| = k|z; — 2441| for any i = 0,...,k — 1. By change
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of variables and shifting invariance we have

E"(u) < ]\24;)_2 //de z:;(u(%) —u(zign)) o (k(2; = yir1))dwidzig.
=St [ K)o ko — )y
M )
= &% (u).

Finally, for any r > s > 0, we can find &k = k(s,r) € N* such that |r — ks| < s. Let
¢ = c(s) = ks/r. Then |c — 1] < s/r — 0 as s | 0. Denote u(-) = u(c -), then it is
straightforward to check £ (u) = ¢ 2E"(u¢). We will show that limg o E(ué — u) = 0. To

S

see this, first note that €(u¢) = ¢ 28 (u,) — E(u) and for any v € C*°(R?) we have
E(us,v) = cld/VuS(:c)Vv(x/C)dx — E(u,v)

as s | 0. A standard approximation argument of v to u in € shows £(u$, u) — £(u,u) and
hence

lim & (ug — u) = Um[€(ug) — 28 (ug, u) + E(u)] = 0.

Now by a property of BL functions (cf. [DL45]) there exist constants Cy such that u+ Cj is
L2

ioc-convergent to u. Taking a sequence of s such that £%(u,) — lim, , £%(us), and extracting

a further subsequence (say along I C (0, 1)) we have u + Cy converges a.e. to u along I. By

Fatou lemma,

£ () < lim & (u +C,)

sel,sl0

— h_Hl Cd—Qgcr(us)
sel,sl0

— lim &% (u,)
sel,sl0

< lim &°(us)
sel,sl0

— lim £ (u,).
s0
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This completes the proof.
O

Proposition 3.5. Suppose (A.1) holds. If lim, ,E(u) < oo, then we have u € Wh2(RY).

loc

In addition, for any u € W22 (R?), we have lim, o E"(u) ezists and & (u) = lim, o £ (u).

Proof. Since £"(u) < oo for some small 7 > 0, we have [(u(z) — u(y))?o,(y — z)dy < oo for
r € R? Lebesgue almost everywhere. By (A.1), u is integable on = + B, for x € R? a.e. and
hence u € L (dx).

Now we show u has weak derivative Vu € (L*(R?))?. For any ¢ > 0 let u. = ¢. *u where
@, is any smooth mollifier with compact support. For each R > 0, by Taylor approximation

we know

M1
e 2

i | ) @) ety — s
r lz|<R J |ly—z|<R

/ / (Vue(z),y — 2)ga0r(y — x)dydz + o.(1)
27“ le|<R J|y—a|<R
_ Z _/ Oytte () ML 0,0, ()
where M;-’R = M%: f|y‘<R viy;0-(y)dy and the Taylor error term is of o,(1) because |z| < R

and |y| < 2R. We claim MZ-TJ?R — M,6;; as r | 0. This is because

M, M 2, 2
5 / yiyjor(y)dy| < / (y; +y;j)or(y)dy
% Jyizr 2r2 Jyy>r
< M,! lyl?o(y)dy
lyI>R/r

Together with Lemma 3.1 the claim is proved. Hence

1
lim / / a(y) — (@) oy — 2)dydz = > / V. (2)Pde.
710 27‘ lz|<R J|z—y|<R 2 Jiz)<r

On the other hand,

hm
10 27’

/ [ ) = w@)Porly — 2)dyds < lim () < limé”(a)
|z|<R J|y—z|<R rl0 rl0
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where the last inequality we use Lemma 3.3. Hence we have

1
E(ue) = lim = |Vu.(z)|?dz < lim £ (u)
Rtoo 2 Jip1<r 10

holds for any ¢ > 0. Namely, |Vu,| is bounded in L*(R%). Then we can find a subsequence
en 4 0 such that for all coordinate i € {1,2,...,d} each derivate d;u., converges weakly in

L*(R?) to some function v; € L%(R?). Then for any f € C>°(R?) we have

(f,vi) L2 (rey = T}Lfgo(f, Oile,, ) 2 (Rd) = T}an}o(aif, Ue, ) r2rey = (Oif, u) L2(may

which shows dju = v; € L*(R%). Then u € W,2*(R%).

loc

Finally, by Taylor approximation again

1 2 . Mg_l 2 . T
5 V() de = lim — 5 u(y) — u(z)["or(y — x)dydz < lim £ (u)
|z|<R 0 21% J|z|<R Jja—y|<R 710

for any R > 0 hence £(u) < lim, o & (u). If furthermore u has compact support, then

u € L?(R%) and by Fourier transform we have

M—l
& =25 [ [ 18I = coslty, 2o ()
<2t [ [lGR 3 ee vz

1 ~ 2 2 _
=5 [l = .

For general function u € W2*(R%), we may choose a sequence of functions u, € C>°(R?)

such that £(us —u) — 0. Then by Proposition 3.4 we have for any r > 0

EM(u) < lm &% (us) < lim E(us) = E(u).
sd0 sJ0

Hence lim,.o &7 (u) < E(u) < lim, , €"(u), which shows lim, o &(u) = &(u) O
To prove Mosco convergence, we need the following lemma.

Lemma 3.6. Let ¢ be a probability density function as in (A.1). Set ¢.(x) = ¢(z/r)/re.

Let u, € F" and sup, £"(u,) < 0o. Then sup, E(P, * u,) < 00.
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Proof. For any u € L (R?) we have

loc

hence by (A.1)

V<)o) < 1 [ Vo) ute - r2) — u(o)ld:
< %/|u(x —rz) —u(x)|o(z)dz
C

= ZQuu - u(@) (@)

Then we have by Jensen inequality

sup () < sup [ (@1l = (o) o)
< sup % /QT(ur — u,(2))*(x)dx

= Csup &' (u,) < 0.
This finishes the proof. O

For domain E C R% we set set H,, = L*(E;u,), H = L*(E;u), C = C*(E) and &,
be the embedding map from C to H,. It is clear that H, converges to H in the sense
of Definition 2.1. Recall that (F"¥ E™F) and (F*F E-F) are defined in (2.1) and (2.2)
respectively in Section 2.3. The processes X™¥ and X¥ are the killed processes associated
to the Dirichlet forms. We are now ready to prove the Mosco convergence of the Dirichlet

forms.
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Proposition 3.7. The Dirichlet form (F"¥ E™E) on L*(E; u,|g) (resp. (F7,E) on L*(R%; p,))
is Mosco convergent to (F*F EWE) on L2(E;ulg) (resp. (F*,E) on L*(R% u)). In partic-
ular, X™F (resp. X" ) converges in finite dimensional distribution in vague topology to XF

(resp. X ).

Proof. The relation between Mosco convergence and finite dimensional distribution conver-
gence has been discussed at the end of Section 2.3. We will focus on establishing Mosco
convergences.

Take any sequence r, | 0. We only need to show the convergence holds along any such
sequence. With slight abuse of notation, replace the sub/sup-script r in F, ", Q,, i, etc
by n to denote the corresponding things when r = r,. Let u, € L*(u,) converge weakly
to u € L?*(u) in the sense of Definition 2.3 and sup,, £"(u,) < co. Set v, = ¢, * u,. By
Lemma 3.2 we get v, — u weakly in L*(u). By Lemma 3.3, Lemma 3.6 and choosing a
subsequence (still denote as u,,v,), we may assume that lim, £"(v,) < lim, E"(u,) < oo
and sup,, £(v,) < o0o. By weak convergence in L?(p) we know sup, ||v,12(,) < oo hence v,
is a bounded sequence in F* with respect to £'. Then by the Banach-Saks theorem, we can
find a subsequence of v, (still denote as v,,) such that w, := (>, v;)/n converge strongly
to a quasi-continuous function @ € F* in £'. As w, converges to u weakly in L*(u1), we know
u is a quasi-continuous p-version of u by the uniqueness of weak limits. By Proposition 3.4,
triangle inequalities and Lemma 3.3 we have for any k € N

EM@) < lim E"(w,) < lim ( Z vV E™M(v; > < lim £*(v,) < lim £"(u,).

n—00 n—oo n—0co n—oo
hence by Proposition 3.5 we know &(u) < lim, . E¥(w) < lim, .. E"(u,). This establishes
the first condition of Mosco convergence.

For the second condition of Mosco convergence, by [CF12, Theorem 5.1.6] we know
C>®(R?) is &'-dense in F*. For u € F" we can choose u, € C®(R?) &l'-converges to
u. By Proposition 2.7 we can find subsequence v, of u, that converges in the sense of
Definition 2.2. Note that v,, also £-converges to u. By Proposition 3.4 and Proposition 3.5

we have lim,, .o €™ (v,,) < 1My, o0 limy_no E™/F(v,) = limy, 00 E(v,) = E(u).
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For (F"¥ £7F) the proof is similar. For the first condition, just note that if u, €
L3(E; pn|g) converge weakly to u € L*(E; u|g), then by extending u,,,u to be 0 outside E
we still have v, := ¢, * u, € L*(u) converge weakly to u in L*(u) and in the same way as

the proof above we will be able to find the quasi-continuous version w of u in F*. Then

E4P() = £(@) < lim E"(v,) < lim "(u,) = lim £ (u,).

n—o0 n—o0 n—oo

For the second condition, C2°(E) is still £{'-dense in F* and by Proposition 2.7 we can find
a sequence u,, € C>°(F) C L*(E; u,) converges in the sense of Definition 2.2 to u € L*(E; 1)

and in £€. Hence

lim &% (u,) = lim £"(u,) < lim lim &%(u,) = lim &(u,) = E(u) = EMF(u).

n—00 n—00 n—00 k—00 n—o00

The proof is completed. O

3.2 Convergence in Skorokhod topology

In this chapter, we will improve convergence in finite dimensional distribution to con-
vergence in Skorokhod topology. We will use a localization argument and apply a result by

Aldous [Ald89, Proposition 1.2].

For a path I'. taking values in R timed by [0, c0) or N, denote 75(I") := inf{s > 0 : |T'y| >
R}. We first prepare a lemma that will be used in Proposition 3.10. Recall that v = fy - p

where f; € C.(R?) is given in Theorem 1.1.

Lemma 3.8. There exists a sequence of Ry T 0o as k — oo such that P,{Tg, (X) =1t} =0
for anyt € R,.

Proof. Let P; be the transition semigroup of X. Then P, is contractive on L*(R%; u) and

P {mr(X) =t} <P.{X, € 9B(0,R)} = /Rt]laB(o,R)fod,u < || followpt(0B(0, R)).



24

The existence of a sequence Ry, 1 oo that pu(0B(0, Ry)) follows from the countable additivity

of a sigma finite measure. ]

Take a sequence Ry 1T oo from Lemma 3.8. Let R € {Ry}x be large enough such that
fo = O outside B(0, R). Throughout the rest of this chapter, we fix this R and define notations
without emphasising the dependency on R. In particular, we denote 7(I') := 7x(I") for a

path I'.

We next show the tightness of the processes on a weak topology called pseudo-path
topology. The topology is also called Meyer-Zheng topology as it was first introduced in the
paper [MZ84]. Pseudo-path topology is the topology that paths are convergent in measure.
Namely, a path w™ converges in pseudo-path topology to w if fooo IA|wl — wle tdt — 0 as
n — oo.

Let X" (resp. X) denote the killed process of X" (resp. X) upon leaving B(0, R).

Proposition 3.9. The law of X" (resp. X") with initial distribution fo - . converges in
pseudo-path topology to the law of X (resp. X') with initial distribution fo - .

Proof. Take any sequence r, | 0, let P be the law of X" with initial distribution fy - p,, .
First we show tightness of {P"} in D(]0,00),R%) in pseudo-path topology, where RY =
R? U {0}, O being the cemetery point. By a corollary in page 358 of [MZ84], {P"} is tight
if and only if for any relatively compact disjoint open sets F and F', sup,, ]E"[N}E F] < 00,
where NEF(w) is the number of crossings from E to F by a path w over [0,7] and E" is

taking expectation using P". By the main theorem of [CFS01] we have estimate
ENFF] < 2T inf{€™(u,u) : u € F*,u=0on F,u=1 on E}| folle

Since C*® C F* N F and by Proposition 3.4 £(u) < E7%(u) — E(u) as r | 0 for any

u e C®

c )

we have sup, E*[NS"] < oo and hence {P"} is tight in D([0,00), R%) in pseudo-

path topology.
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By Proposition 3.7 we have finite dmiensional distribution vague convergence of the
processes. The tightness in pseudo-path topology together with the identification of limit
gives us the convergence in pseudo-path topology. Indeed, By tightness, for any subsequence
rn, — 0, there is a sub-subsequence 7, that X" converge in distribution to X (may depend
on the sequence) in pseudo-path topology. By [MZ84, Theorem 5] there exists a subsequence
of r,, and a Lebesgue null set ' C [0, 00) such that finite dimensional distribution of X"«
converges to X for time outside N By Mosco convergence we know X and X have the same
finite dimensional distribution outside A/. Since finite dimensional distribution on a dense
set of time indices completely determines the law of a cadlag process, Hence X" converges
in law in pseudo-path topology to the time-changed Brownian motion X.

The proof for X is simliar. O

Now we improve the convergence with respect to a stronger topology. For given fy; €
C.(RY), recall that v, = fo - p, and v = fo - u. Let Y7 (resp. Y) be the stopped processes of
X" (resp. X) upon leaving B(0, R). More precisely, define Y := Xy and Yoi= Xoar(x).

Proposition 3.10. The stopping time 7(X") under P,, converges in law to 7(X) under P,.
The stopped process Y™ under P, converges in law to Y under P, on D([0,00); RY) equiped
with Skorokhod topology.

Proof. By Mosco convergence Proposition 3.7 for any bounded function g on R4 := R4U {9}

we have
lgigl]Ew (9(X))) = E.(9(Xy))-

Taking g = f1g for any f € Cy(R?) we get

lin By, £(X7), 7(X7) > 1] = B, [£(X,), 7(X) > ).

In addition, we can take f = lga to see that P, (7(X") > t) — P,(7(X) > t). Hence 7(X™)
under P, converges in distribution to 7(X) under P,.
The main difficulty is to show Y converges to Y in finite dimensional distribution. Once

proved, noting that Y7 is an uniformly integrable martingale as sup, |Y;"| is stochastically
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dominated by R + r|& |, by [Ald89, Proposition 1.2] we know the convergence holds in
Skorokhod topology. Let r, be any sequence of real numbers that goes down to 0. For the
remaining of the proof, we denote any sub/sup script r,, by n for simplicity of notation (e.g.
denote X™ by X™ etc.) and let 7(X™) (resp. 7(X)) be the exit time of X" (resp. X) upon
leaving B(0, R). To show finite dimensional distribution of Y converging to that of Y, given
positive integer k, for 0 < t; <ty < --- < t;, we need to show that

k k

i=1 i=1

Notice that

%Hﬂw

|
m =

f’t T(X" Xn) < tl]

i=1
k—1 J
+Y B, [J] £(X7) H Fi(XT )ity < T(X7™) < tj] (3.1)
j=1 =1 i=j+1

+E,, [H JilXg) it < 7(X7)].

The last term E,, [T, fi(X7);ti < 7(X™)] converges to E,[[1-, Ji(X7); ty < 7(X)] because
of the finite dimensional distribution convergence of X" to X. To prove the first two terms

converges to

k k—1 J k
B[] ] fi(Xe))i 7(X) <] + ) B[ £i(X0) [T £iXe)ity < 7(X) <t
i=1 j=1 =1 i=j+1

we construct a probability space such that (X, X7y, 7(X")) — (X,X,7) almost surely and
show that (X, Y, 7) has the same distribution as (X, X:(x), T(X)). We divide the proof into
several steps.

Step 1: Construct probability spaces. Because X", X " 7(X™) converge in distribution
to X, X, 7(X) respectively and XT(xny 18 stochastically domainated by R+ |&] (if r, < 1),
the law of (X", X", 7(X™), XTxny) s tight. Let (Z, Z,7,X) be any of its subsequencial
limit. We want to show that (Z, Z,7,X) has the same law as (X, X, 7, X,). By applying
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Dudley’s extension of Skorokhod’s representation theorem, we may assume that along that
subsequence (X", X", 7(X™), X7 Xn)) converges to (Z, Z,7,Y) almost surely, where the first
two components are in pseudo-path topology whereas the last two components are in R and
R? respectively. Let P denote the probability measure for this almost-surely convergence.

Step 2: Identify Z. Note that

o] . . T(X™)— - o0 .
/ (AN X — Zy|)e tdt = / (LA |X] — Zy|)e tdt + / (1A |0 — Zi|)e tdt
0 0 (X™)
where we extend the Euclidian distance to the cemetery point by |0 — x| := oo if # # 0

else 0. Because almost surely the left hand side converges to 0 and 7(X") — 7, X" — Z in

pseudo-path, Z is right continuous, we get Z has the following representation

§ Zy ift<T
Zt - .
0 ift>7

Step 3: Identify 7 = 7(Z). To prove that, we need to show Z; € B(0, R) for any t < T
and Zz € 0B(0, R). Because Z being the limit of X™ has the same distribution as X, we
know Z € B(0, R) U {0}. Also note that Z, € R? for all ¢ and Z; = Z; for t < 7, hence we
get Z, € B(0, R) for any t < 7. Again from the representation of Z we see 7 is exactly the
exit time of Z upon leaving B(0, R), i.e., 7 = 7(Z). Together with the fact that Z, = Z, for

t <7 we have
P{Z:_ € 0B(0,R)} =P{Z, ;€ OB(0,R)} =P{X,x)_ € 9B(0,R)} = 1.

where the last equality follows from that fact that 7 = sup{t € Q, : Z, € B(0,R)} is a
measurable function of the path Z and Z has the same distribution as the killed time-changed
Brownian motion X. Then we get Zz_ € 0B(0, R) almost surely. By right-continuity of Z
we get Zz = Z=_ € 0B(0, R). We complete the proof of 7 = 7(Z). This also identifies that
Z is indeed the killed process of Z upon leaving B(0, R).

Step 4: Identify X = Z,(z). For any ¢ > 0 we introduce the weighted moving average

processes

S Y

t—a)V0 2 Jit—oyvo

. I . I
X7 = —/ Xle %ds X7 == Zse ds
(
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where ¥ = f(i—o—)vo e %ds. Note that by the pseudo-path convergence
_ _ 1 [t
X7 — X727 < —/ X" — ZJe*ds =250
2 Ji-ovo

uniformly in ¢ for which { X7, Z;},-; are bounded. Hence we see for any ¢,0 > 0, we have
lim P{ sup |X"7 — X7 <&, 7(X") <mr(Z2)}=1
N0 o<t<r(X ™)

where Tor(Z) is the first exit time of Z of B(0,2R). Note that lim, . 7(X") = 7(Z) <

Tor(Z) so the probability can be made convergent to 1. Next we set
T, =inf{t <7(X"): [X/"7] > R—e,|X] — X{"7| <¢e}.

Clearly T, are stopping times for the right continuous filtration generated by X" and we

claim for any € > 0

lim lim lim P{77, < L} =1. (3.2)

Ltoo o0 n—o0
To see that, first notice that lim, o lim, o X;* = lim, 0 X7 = Z; for any t < 7(Z) =
lim,, o 7(X™) and there exists t < 7(Z) such that |Z;] > R — ¢, hence
lim lim P{ sup [X;[>R—e}=1 (3.3)
ol0 n—oo t<r(X")

Next by contradiction assume

lim lim lim P{ inf |X - X"7|>¢} >0, (3.4)

Ltoco 0l0 n—oo t<T(X™)AL
then with an uniform strict positive probability that for any sufficient large L > 0 there
exists a sequence of ¢ = gy, } 0, lim,,_0 infycr(xmyar | X7 — X["?| > e. Then together on the

event

A(n,o,L,e) :={ sup |Zy— Zg| <e/3}n lim{ sup |X°7 — X;"7| <¢e/3}

5,5'€[0,L,Js—s'|<o n—00 " cper(xn)

we have |Z; — X;°%| < ¢/3 and

XP = Zy| > |X7 = X7 = X7 = X = 20— X0 > e f3
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for any t < 7(X™) A L, hence
(XML
lim XTI — Zyle7tdt > (1 — e "EM)e /3 > 0. (3.5)

n—oo 0
But for any Ly > 0, we may choose o; > 0 small enough such that P[A(n, oy, Li,€)] T 1.
Then we get with positive probability (3.5) holds, which contradicts to the fact that X™
pseudo-path converges to Z almost surely. Hence assumption (3.4) is false, i.e.

lim lim P{ inf |X/'—X"7|<e}=1

ol0 n—oo t<T(X™)

This together with (3.3) proves (3.2).
Now we can choose a sequence ¢, | 0,L; T oo,04 | 0,mp T oo such that P{T}, >

Ly} = ox(1) where Ty, := T2 and P[A;] = 1 — ox(1) where Ay = A(ng, ok, Lk, ). Let

€ks0k

dr = 0(ex) 4 0 be such that

inf  H,, (z,B(z,0)) =1—o0(1) (3.6)

R—ep<|z|<R

where H,(z,dy) = P,{W}, € dy} is the hitting distribution of the random walk W™

(W)

starting from x upon leaving B(0, R). The proof of (3.6) is postponed to Proposition 3.11.
Then by the strong Markov property

T(X"k)
> inf an<I, B(I, 5k)) : P{Tk < Lk}
R—ep<|z|<R
=1- Ok(l)

Moreover, on the event A, N {7}, < Ly} we have
| X gk = Zn | < |Zm, — X307 4+ | X7 = Xp 4 | Xpb™ — Xpb| < ep/3 + ex/3 +

hence | X ¥, — 21, | < 4ei/3+ 6, with probability 1 —o;(1). We finally claim Z7, converges

(X™k)

to Z(z) in probability, then we can conclude that X = limy_. X ) = = Zrz)- To see it,
just notice that on Ay N {Ty < Ly} we have |X;*°* — Z;| < 2¢4/3 hence Ty > T 2., (Z).
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Since Ty, < 7(X") = 7(Z) and Tr—9.,(Z) T 7(Z), we see T}, — 7(Z) and hence Zy, — Z;(z
by continuity.
Step 5: Identify the law. Combining that 7 = 7(Z), Y = Z,(z) and Z is the killed process

of Z upon leaving B(0, R), we see that along a subsequence

(X" X" 7(X"™), X xmy) = (2, 2,7(2), Zr(2))
almost surely. Since Z, 7(Z), Z,(z) are measurable functions of the path Z and Z has the same
distribution as X, we see that along any subsequence the tuple X" := (X", 7(X"), X7\ v.))
converges in law to the tuple X := (X, 7(X), X;(x)), where the first two components are in
pseudo-path topology whereas the last two components are in R and R? respectively. The
proof for X" converges in law to X is completed.

Finally, for any subsequence I C N, by [MZ84, Theorem 5] there exists a further subse-
quence I" C I and a dense subset 7' = T'(I) € R such that X7 := ({X}" her, 7(X"), X[ yn))
converges in law to Xy 1= ({X;}eer, 7(X), X7 (xn)). By Lemma 3.8 the discontinuity of func-
tion (1, ..., xx,5) — Ly (s) Hle fi(x;) for any b > a > 0 has zero probability under P,,
hence the last two terms in Equation (3.1) converges and we get E,,, [Hle fi(Y{")] converges
to E,[[T5, fi(Y,)] along I’. Because finite dimensional distribution on a dense set of time in-
dices completely determines the law of a cadlag process, by [Ald89, Proposition 1.2] we know

Y™ converges in law in Skorokhod topology to Y along I’. Because I and r, are arbitray, we

get the desired convergence of Y to Y. O

We now give the proof of (3.6) used in the proof of Proposition 3.10. Recall that W are
discrete-time simple random walks defined in Chapter 1 and 7(I') is the exit time of path T

leaving B(0, R).

Proposition 3.11. The hitting distribution H,(x,dy) = ]P’m{W:FWm) € dy} of random
walk W™ converges weakly to the hitting distribution of the Brownian motion H(z,dy) =
IP’x{WT(W) € dy}. Furthermore, for any ex | 0 we can find & | 0 and ng T oo such that

SUPR—¢, <|z|<R an (33, B(xa 5k>) =1- Ok(l)'
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Proof. We first show that for any starting point the random walk W" converges in distribu-
tion in Skorokhod topology (as the limit W is continuous, the topology is the same as the
uniform topology on any finite time interval) to the Brownian motion W. This is the classical
Donsker’s invariance principle in high dimensions, but we did not find existing references, so
we give the proof here. Without loss of generality we may assume the starting point is the
origin. Let W/ be the projection of W to the first coordinate. Namely W’# = (e;, W/ )ga.
By Lemma 3.1 we see Var(W,") = r2M,. Hence by the classical Donsker’s invariance prin-

ciple Sy Tty W["t’szl converges in distribution (in uniformly topology on any finite

)/r2]
time interval) to the siandard Brownian motion B’. Hence the law of (S™?, ..., S™?) is tight.
Assume (B!, ..., BY) is any of its sub-sequential limit. By Skorokhod’s representation the-
orem we may put {S™}¢, and {B}%, in the same probability space such that {S™"}4_,
converges to { B}, in probability. We want to show that {B}., are independent. For
two square-integrable martingales M' and M2, let (M, M?) be the covariation process of

MY, M? and (M') := (M*', M') be the predictable quadratic variation of M. First notice
that S+ S™7 is the inner product of W" and e; +e¢;. Then it is straightforward to calculate

(S™ 4+ 5M) = |lei + €|*r*M,| 557 (which increases to 2¢ as r | 0). Then note that for

any t >0

mE[((B' + BY) — (5™ + §)] = I B[((B; + BY) — (S} + 5))*) = 0,

This implies (S™ + S™7), converges to (B*+ B’), in L' (hence in probability) because of the

following inequality (see, e.g., [Kal97, Proposition 23.1])

E[(M")e — (M?),]] = E[(M" + M? M' = M?),[] < JE(M' + M?), - E(M* — M?),.

Passing to the limit as 7 | 0 we have (B’ + B?), = 2t. Similarly we can get (B' — B’), = 2t.
Then the covariation process (B’, B’); = 0 by the polarization identity. Hence by the
characterization of d-dimensional Brownian motion (see, e.g., [Kal97, Theorem 16.3]) we
get {B}%, is the d-dimensional Brownian motion and {S™"}¢_, converges in probability

(uniformly on any finite time interval) to the d-dimensional Brownian motion.
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As the hitting distributions of X" and S := (S™1, ..., S™%) are exactly the same by their

definition, we have H,(z,dy) = P, {S"

sy € dy}. We now show that P,{S7 s € dy}

converges weakly to H(x,dy) as r | 0 for each x € B(0, R). By shifting we only need to
show Po{S sr) € dy} converges weakly to H(x,dy) where 7, is the hitting time of B(—x, R).
First note that because almost surely S” converges uniformly on any bounded time interval,

7.(S™) converges to 7,(W) on
A={Ws;€ B(—x,R) Vs <1,} ={Ve >0, Is € [, 7w + ), |Ws+ 2| > R}

the event that W never touches 0B(—z, R) before exiting B(—z, R). Since every point on
0B(—x, R) is regular for the standard Brownian motion, the set A has probability 1 thus
almost surely 7,(S") converges to 7, (W). This together with the fact that S™ converges to
W in Skorokhod topology in probability gives us that S:x( sy = W, owy in probability by
the continuous mapping theorem. Hence H,(z,dy) converges weakly to H(z,dy) for each
r € RL In particular, for f € C.(RY) we have H,, f — H f point-wisely. In addition H,, f are
harmonic (with respect to X™) inside B(0, R) hence by Proposition 4.7 proved in the next

chapter, for all n sufficient small we have

sup |Hyf(x) — Hf(x)| < sup [Hof(y) — Hf(y)| + ox(1)

z€B(0,R) yEE)

where Ej is a (finite) 1/k-net of B(0, R). Letting n — oo and then k — oo we see H, f
uniformly converges to H f inside B(0, R).

Finally, as H(r - ey, dy) converges weakly to Dirac measure at R - e; as r — R, for each
g, > 0 we can choose [, | 0 and nonnegative functions f; € CC(JRd) with fr, = 1in B(R-ey, i)
and fr = 0 outside B(R - ey, ) such that H fi,((R —¢eg)-e1) T 1 as k 1 oco. Then for g, > 0

we can take 0y = 2lr_., + €;, and using rotation invariance to get

inf  H(z,B(z,0r)) > Hfi((R—¢€g)-e1) =1—o0k(1)

R—ep<|z|<R
In addition for each k we may choose ny such that supp_., < jz1<p [H fx(2) = Hn, fr(2)| = 0x(1).

Hence

inf  H,, (z,B(z,0)) > inf H(x,B(x,0)) —or(l) =1 —o0x(1).

R—ep<|z|<R R—ep<|z|<R
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We complete the proof. O
Finally we prove Theorem 1.1.

Proof of Theorem 1.1. We only need to show that for each fixed T' > 0 and each closed set
F in D[0,T] (with Skorokhod topology), we have

@P (X € F) <P (X € F).

For this propose, for any € > 0 choose R > 0 large enough that P (7z(X) <T) <e. Let Y"

be the stopped process of X" upon leaving B(0, R) and 7x(X") be the stopping time. Then
P (X[TO,T] € F) <P (Y[aT] € Frpr(X") > T) FP(rR(XT) < T)

<P ( o € FN{w e D[0,T]: sup [w] < R}) +P(rr(X") <T)

te[0,7)

By Proposition 3.10 we know 7z(X") converges in distribution to 75(X). Hence

@P (Xfor € F) <P (YM € FN{w e DI[0,T]: sup |wy| < R}) +P(rp(X) <T)

te[0,T]

=P <X[07T] € FN{weDI[0,T]: sup |wy| < R}) +€

te[0,7]

Finally let R — oo and then ¢ — 0 we get
lmP (X7 € F) <P (X € F).

This shows that X" converge to X in law on D([0, c0); R?) equiped with Skorokhod topology.
[l
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Chapter 4

APPROXIMATION UNDER INDIVIDUAL STARTING
POINTS

In this chapter we assume the measure p has full quasi-support on R¢ and satisfies the
condition (A.3). Namely, for any R > 0, there exists 3, = 8,(R) > d — 2 such that for any
x € B(0,R) and r € (0,1) we have u(B(x,r)) < CrrP». This condition ensures that the

measure /4 is a smooth measure (Proposition 4.18). In addition,

dx
im rﬁ“_d” 0 = 0. .
g tog (/B(O,m To((— y)/?“)u(dy)) ’ (4.1)

This condition is used in the proof of Proposition 4.16. We also assume p satisfies (A.1) and

(A.2).

For pointwise starting convergence, we need some regularities or estimates of the analytic
counterparts (Green’s function, harmonic functions, transition semigroup) of the continuous-

time random walk processes with or without time change.

Recall that W™ is the continuous time simple random walk (without time change) with
scaling r = r,. As under P, the process Wwr starting at the single point will have positive
probability staying at the starting point for some time, the transition group of Wn is not
absolutely continuous with respect to the Lebesgue measure, we need to work around this

diffiucty.

Let WP be the process Wn killed upon leaving D, and qZ’D(x, y) is the transition density
of W} killed upon leaving D. Note that qZ’D(w, y) is symmetric in z,y. When one of z is

the origin, we denote the density by qZ’D (v)

Let g™ (x,y) be the occupation time density of W™ from the second jump till leaving
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the domain D C R? i.e., for any f € Cy(RY) we have

/ F)g"™P (z, y)dy == E,

Tp(W™) (770 +nt) _—
/ FOVMdt W € D
),

o+t

—Z e ot e T B B OV < 7))

= MQTTQL f(y) b
kz:; / Y)4y

Hence

9P (@,y) = Mgr2 > g (2, y)

Note that g™P(x,y) is symmetric in z,y. When z is the origin, we denote the density by
g"P(y). In addition, it enjoys shifting property, i.e., for any # € R? we have ¢"P(z,-) =
g"P~%(- — x). When the underlying scaling 7,, = 1 we denote ¢g"? by g”. When D = R? we
denote g™ by g¢".

Proposition 4.1 and Proposition 4.7 at the beginnings of Section 4.1 and Section 4.2 are
the keys to prove the Holder regularity of the semigroup of the process X™?, the process
killed X™ upon leaving the domain D C R%.

4.1 Green’s function estimates

In this chapter we prove the following crude bound for Green’s function estimates.

Proposition 4.1. For R > 0 and D = B(0, R).

9" (2) < g(2)1p,r) (2)

p

o ifd=1

for all z € R%,0 < |z| < Rn € N, where g(z) ==} C, log(|z|™) 4+ Cy ifd=2

Cylz|*4 ifd>3
\
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Recall that W™ is the continuous time random walk when 1 = myg the Lebesgue measure
and W" is the discrete time random walk (without time change). Let p} denotes the density
of th o O,n where 0 is the shift operator. For k& > 1 let g;’ be the transition density of W}

When r, = 1 we omit the supscript of ¢q. then we can see that

pi(z) =Y P{N; =k — 1}q}(x)

—1,—24\k—1
M, )

= —1, -2 ( n

Recall that [ |z|[?o(x)de = M,d. Let p(z) = Wexp{—|z|2/(2Mgd)} be the normal

density with zero mean and variance M,d and py(2) = k~%*p(z/V'k)

Proposition 4.2. Under the condition ||o||. < oo we have

sup |gx(2) — pi(2)| = o(k~"?)
2€R4

as k — o0.

Proof. This is essentially due to the local central limit theorem. The result in [IL71, Theorem

4.3.1] can be generalized to d dimension. We have
sup [k%2q,(VEz) — p(2)| = ox(1).
2€R4
Plugging in p(z) = k%?p,(vV'kz) we get the desired result. ]
Corollary 4.3. There exists C > 0 such that for k > 1 we have
lglloe < CR™2
and for any L > 0 there exists cp, > 0 and K > 0 such that

ar(z) > cp k™42

for any k > K1 and all |2| < LVE.
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Proof. From Proposition 4.2 we see that
qk]loo < [[Pk]loe + o(k~%?) < C'K~/2

for any k sufficient large. Hence we may take C'= C’"V H,. On the other hand, we can find
K7, > 0 such that

inf  qu(z) > inf pp(z) — o(k~¥?) > e k™42
|I<LVE |I<LVE

for any k > K. We complete the proof. n
Proposition 4.4. There exists C > 0 such that

P} (loe < CE2
for allt >0, n € N; and for any L > 0 there exist ¢, K > 0 such that

pi(a) = =
foralln € N and t > 0 with t/(M,r2) > K} and for all |z| < L(2M,)~Y2/t.

Proof. Choosing ¢ = 1/2, standard exponential estimates shows that there exist ¢1,co > 0
such that P{|N; — s| > es} < cje7®® for any s > 0 where N is a Poisson process. In

particular we can choose ¢; < 1 if we require s be sufficiently large, say s > (. Setting

t
M,r2

pr(z) =Y P{N} =k — 1}q}(x)

< cyem @t Meri) pf pd Z P{N;" =k — 1}q; (x)

where here and for the remainder of this proof, we write just ) to denote the sum over all

intergers k with |k — M:TQ | < 5M§T2. Hence for these k we have (1 — &)t < M,r2k < (1+¢e)t
. Then
S PNy =k —1}g(x) <> PN =k — 1}Cr, k4
< SOB(NY = k- 1)C(/M,)

< C(t/M,)™ .
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For the first part we have

t
Cle—cgt/(Mgrg)HQr;d — f (M T2> Hg(t/Mg)_d/2

where f(2) = c;e7?2% is bounded for z > 0. Hence together we have pi' < C(t/M,)~%2.
For the lower bound, when W > (Cy we may choosing ¢; < 1. For any L > 0, let ¢, K|,

be as in Corollary 4.3 and let

(Alflt > Kp. Then k£ > K| under the summation set and
1) 2 Y P{N =k — 1}g(x)

> ZIF’{Nt” =k — 1}7";ch]<:_‘1/2
(1+ e)t) 472

> (1 —cre” ey, (

> (1= er)er (M, /2)"t 2

M

e

for all |z| < L “;igtr = L(2M )_1/2\/_ Hence we can set c’L = (1 — e1)en(M,)2)42.
w2z = CoV (2K1). Hence we
can set K; = Cy V (2K7). O

Combining the restriction 57—

Proposition 4.5. If [ |z|™p(z)dz < oo for some m > 2, then we have
av(w) < CH, (VE/|a])
for any k > 2.

Proof. The proof is inspired by [LL10, Proposition 2.4.6]. For k > 2, let k = k/2 if k is even
and k = (k + 1)/2 otherwise. We have

ar(7) = @i, * ()

= i@ — 2)qr(2)dz wi(T — 2)qi(2)dz
[ =i [ e ul)

|2]<|=[/2

< HPo(|Wg| > [2]/2) + HPo([Wi_z| = |2[/2)

We claim Po(|W5| > |z]/2) < C(VE/|2z])™. To sece this, we can apply BDG inequality (see,
e.g. [Kal97, Theorem 23.12]) to get Eo[|[Wz|™] < Ck™?2, and then by Chebyshev inequality

Eol[Wz|™]

Po(|Wil > [2]/2) < C——"— 2

< O(VE/lz)™.
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We have a similar bound for Po(|W,_z| > |z|/2). Hence we finish the proof. O

Proposition 4.6. Let R > 0 and D C B(0,R). For d = 1,2, there exists ¢(R) > 0 such
that for all k > 2 and r, sufficiently small that for any x € D/r,

ql?/Tn (iL‘) < Ckfd/ZefCT,%k'

Proof. Let k = k/2 if k is even and k = (k + 1)/2 otherwise. Then by the Chapman-

Kolmogorov equation and Corollary 4.3

g0 (x) < Ck? / 07" (y)dy.

On the other hand,
[ wiy < <max Wl < R/rn) .
i<k

where W' denotes W for r = 1 (i.e. the discrete time random walk without scaling). Let

jn be the smallest positive integer such that j, > k/|r,2]. Then by the strong Markov

property,
Po(max |W}| < R/r,) < sup P,(max [W}[ < R/r,)"
i<k |z|<R/7n i<1/r3

< Po( sup |r,W}| < 3R)"

i<|rn?)

< e—cr%k

The last inequality holds for sufficient small r, because by Donsker’s theorem

sup |7"nWi1|—> sup |Wy
i<|rn 2] 0<t<M,d

in distribution, where W is the stand Brownian motion. O
Recall that q,Z’D is the transition density of W} killed upon leaving domain D C R?

and ¢"P(y) = M2> 2, qZ’D(y). When the underlying scaling r,, = 1 we omit the first
supscript. When D = R? we omit the second supscript.



Proof of Proposition 4.1. By scaling we can see that

n D/ry
aP(2) = % (2 1)

This implies

= M, Z 2—d D/T” (z/ry).

First we show the case when d > 3. Using Equation (4.2) we write
"D (2) = Myl*” dz 2l fra) 2™ (/).

As qf/ " < qg, we only need to show that

Z 12> qr(2) < 00
k=2

For k < |z|? we apply Proposition 4.5 to get

> az) < Y CER(WVE/|)"

k<[22 k<|z[?

— C|Z|—m Z k,(m—d)/?

k<|z[?
When m > d — 2, the sum is integrable and bounded by C|z|™~%*2, hence
> alz) < ClaP
k<|z|?
For k > |z|> we apply Corollary 4.3 to see that
D alz) SC D K= 0(2).
k>|z|? k>|z|?
For d = 2, by Proposition 4.5

Yo WG/ < Y O]z =

k<|z/rn|? k<|z/rn|?

40
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On the other hand, by Proposition 4.6

1 2
D —crik,.2
Z G (2/10) < Z 26 " Tn

k>|z/rm|? k>|z/ra2 ™
(k+1)r3 4
<Y [ ey
r2k>|z|2 kry Y
|
< / —eYdy
212 Y
< Clog(|2|™).

For d = 1, by Proposition 4.6

o0 00
Zrnqu/rn(Z/Tn> < Zranflﬂefcr%k
k=1 k=1

= Z C(Tik)’l/ze’c’"ﬁkri
k=1

< C'/ YV 2em%dy < oo
0
This completes the proof of the proposition. n

4.2 Holder regularity of harmonic functions

We say a function h is harmonic in an bounded open set D C R? with respect to a process
Z if for any relatively compact subset Dy of D, h(z) = E,[h(Z,,, );7p, < oo] for all z € D;.

We prove the following Holder regularity of harmonic functions.

Proposition 4.7. There isy > 0,¢o > 0 and C > 0 such that if h is bounded and harmonic

with respect to X™ in a ball B(xo,2r) with r > cor,,, then

— g\
o) =l < ¢ (E22) il for sy € B

We use the standard approach to prove the Holder regularity of harmonic functions. But
since X" has positive probability to stay at the starting point, the transition semigroup is
not absolutely continuous with respect to the Lebesgue measure, we need to get around with

it.
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Lemma 4.8. For any € > 0, there exists 6 = §(¢) > 0 such that
Po{m5r) (W") < OR?} <
forallz € R4, n €N and R > 0.

Proof. Let ¢ be a rotation invariant C?(R?) function such that ¢(0) = 0 and ¢(r) = 1 for
r > 1. Define pgr(z) = p(z/R). Then @R(/Mv/t”) — fot ﬁ"wR(Wf)ds is a martingale, where
L" = A\p(Qn (-, dx) — id) is the infinitismal generator of W". By Taylor approximation error

bound we have for some L > 0 (depending only on the choice of ¢)

ol + ) — o) ~ Vepla) -] < 2ol

Using the fact that o has zero mean, we have

M1 ray + T
n _ e n — (=
£n(e)] = | 5= [ (") — el entudy
M1 Ty + T x T, TRy
= |2 ° — (=) = Vo(=) - =Don(y)d
[ = o) - Vo) St
M, [ Lrglyl
< e n
<=t [t
L
- 2R?
for any x € R? Hence ¢R(th) — 55t is a supmartingale. Then
Tn 2 Tn L n 2 Lo
Po{7p@r(W") < 0R°} < Euolpr(W7, | o asr2)] < Q_RQESC[TB(:C,R)<W JASRT] < -
Choosing § = 2¢/L finishes the proof. O

Lemma 4.9. There exist Cy,c; > 0 such that for any xo,x € R* n € N,r > ¢, we have

o [T5(aym (W™)] < Cyr2.
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Proof. By Proposition 4.4, taking t = cor? for ¢, to be determined later, we have

Po{ (o) (W) > 1} < Eu[Pup (W € Blao,r)}ing < /2] +Pu{ny > t/2}

< sup /( )p?(y — z)dy + P, {ny > t/2}
B(zg,r

sE[t/2,t]
t/2

< Ct™2|B(z,r)|+ e Merh

S CC;d/Q + 670(62/01)2.

By choosing ¢, large enough and then ¢; small enough, we can make the above less than 1/2.

By the Markov property, for m € N,

Py (b0 (W) > (m+ 1) < By [Py (70 (W) > 1) 700 (W) > mt

1 —~
< §Px (TB(xo,r)<Wn) > mt> .

By induction,

P, <TB(IO’T)(WTZ) > mt> <27 for all m € N.

which proves the lemma. O

Proposition 4.10. There exist constants c¢i,co > 0 and © > 1 such that for any x, € R,
n €N andt >0 witht > c; M2, D = B(xg,7) with r > OtY/2, 2 € B(xg, c1t'/?), and any
bounded integrable function f € L'(R?) N L>®°(R?) with support in B(xg,cit'/?/2) we have

—~ __t/4
E[f(Wi"7)] 2 cat™ | flli — 3¢ 7R || f .

Proof. For simplicity of notation we set Y = W" and T = TD(W"). By Proposition 4.4 there
exists ¢; > 0 such that p?(z) > cs~%2 for any n € N, s > 0 and |z| < 2¢;5'/2. For bounded

function f € L'(R?) with support in B(z¢, c;t'/%/2), we have

E[f(WP)] = Bo[f (V)] — Bu[f(Y2); T < 1.
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For E.[f(Y;)] we have

Eeo[f(Ye)] 2 Eo[Ewp [f (YVieap) g < /2] = [ fllocPafmg > £/2}

__t/2
> it F@PEy = 2)dy | F e 77
B(zo,c1t1/2/2)

x€B(z0,c1t1/2) sE€[L/2,1]
/2

> ot 2| fll = [ flloce Vet

For E,[f(Y;); T < t] we first estimate the exit probability P, {T" < t/2}. For any ¢ € (0, 1),
by Lemma 4.8 there exists 6 = (&) such that IP’I{TB(LS)(W") < s%0} < ¢ for any s > 0. If

t/2 < (r — |x — x0])?0, then we have

PAT < t/2} < Po{TB(or—faao) (W") < t/2}
< ]P)a;{TB(x,r—u—xo\)(Wn) < (T - |ZL' - I0|>25}

<e.

The above holds when 7 > (|z — xo| + (26)7/2)t!/2. So we set © = ¢;/2 + (26) /2. Backing
to E.[f(Y;); T < t] we have

E[f (Vi T < t] = B [f(Ya); T < /2] + B [f(Y2);¢/2 < T < ]
=: 51(z) + S2(x)

For Si(x), using the strong Markov property, Lemma 4.8 and Proposition 4.4 we have

Si(x) = Eo[f(Ye); T < 1/2] = Eu[Byy f(Yior); T < #/2]
<PAT <t/2}  sup  E.f(Y)

z€De,s€(t/2,t]

<e sup (E.[f(Yy);ny <t/4] +E.[f(Ys);ng > t/4])

z€De s€(t/2,t]

__t/4
<e (Ct‘d/2||f||1 e ) .



45

For S5(z), using the strong Markov property again we get

Sa(x) < BoByp[f(Viep);t/2 < T +ng < tlng < t/4] + [ fllooPa{ng > £/4}

< sup E.Ewplf(Ye)it/4 <T <s|+ | fllocPuing > t/4}
sE[3t/4,1]
t/4

< swp [B0)/<T < Sy + ] F e

s€[3t/4,1]
For any s € [3t/4,t] let T/ = sup{l < s : W* € D} be the last hitting time of D® before
time s. Then we have 77 > T and

E,[f(Y)it/4 < T < s] SE,[f(Y.);t/4 < T, < o

Let g € LY(R?) and t/4 =ty < t; < ... < t}, = s with each t; = t/4 + (i/k)(s — t/4). For any
0<j<k

k
[ oW (Y871 £ T2 < shdy < Byl ton () [[ Lo(¥0) £V
i=j
where mg is the Lebesgue measure. By time reversal (see e.g. [FOT11, Lemma 4.1.2]) we

have

k k
By [9(Y0) Lpe (V) [ [ Lo (Vi) f(Ye)] = Eumolg(Yo) Lpe(Yay,) H 1p(Yies) f(Y0)].

i=j
Summing over j = 0,1,...,,k and letting & — o0, the right hand side above tends to

B, [9(Ys) f(Y0); T < s —t/4]. Hence

[ B0 4 < T < slgla)de < B 9V FORRT <5~ 1/4

< En,lg(Ys) f(Yo); T < 3t/4].
By applying the same estimate for S; we can get

__t/4_
Eun,[9(Ye) f(Yo); T < 3t/4] < (Ct™ gl + [lgllce )1 £
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Note that the above inequality holds for any bounded g € L'(R?), hence we choose g = ¢
to get

t/4 t/4

Sa(z) < (Ot g7 s + lla loe ™o )| Fll1 + (| flloce e

¢ /2 4 o 77
<eCwt, () @)+ e

n

__t/4
<eCP2| flli+ If e e

where the last inequality we use that the function z — 2%2e=2/(4Me) is bounded for z > 0.

Finally we have

E.[f(W"P)] = E,[f(Y})] — Si(x) — Sa(z)

t/4

> (¢ = Ot || flly = 3]| flloce e
Letting ¢ be small enough such that ¢ —eC' > 0 yields the result. [

Corollary 4.11. There exists ¢ > 0 and = € (0,1) that can be chosen arbitrarily close to 1
such that for any k € (0,1], there exists ¢, > 0 such that for any n € N,r > c,r,, ¥ € R%,
and A C B(x,Zr) with |A|/|B(z,Zr)| > k and y € B(x,2=2r) we have

Pyfoa(W") < 7on (W)} > cr.

Proof. Applying Proposition 4.10 with » = ©t'/2 and f = 14 to get
Py {oa(W™) < Tpgm (W)} > P AW/ € At < 70 (W)}
__t/4_
> ot Y2 A| — 3¢ Mo

2

= 0% A| — 3¢ 1©7MeR
provided t > ¢; M2, y € B(z,citY/?) and A C B(x, ¢1t1/2/2), where ¢y, ¢, are from Propo-
sition 4.10. Hence r = OtY/2 > O(c;M,r2)'/? and A C B(x,c17/(20)). Set = = 6 =

257 Where § is from the proof of Proposition 4.10 and © = ¢1/2 + (26)~%/2, then

y € B(xz,2=r) and A C B(z,Zr). We next apply |A|/|B(z,Zr)| > k to get

0% YAl > ¢5(E0)k > ey
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Finally setting c, = (02%¢;M,)/? v (—40%2M,In(c4x/6))"/? we get

2
0% A| — 3e 19°MeR > 4k — cui )2 =y )2 = ck.

Finally, we note that ¢; from Proposition 4.10 is the coefficient L(QMQ)*I/2 in Proposition 4.4,
which can be chosen to be arbitrarily large. Hence = = W can be chosen arbitrarily
close to 1. We complete the proof. O

Lemma 4.12. For any k € (0, 1], there exists c.,c > 0 such that for any x € R, r > c.ry,

any compact set A C B(z,r) with |A|/|B(z,r)| > k and any y € B(x,r) we have
P, {oa(W") < Tpgn (W)} > ck.

Proof. Given k € (0, 1], there exists ' € (1/2,1) such that %ﬁ%"w < k/2. Hence A’ =
AN B(x,=Z'r) satisfies |A'|/|B(z,7)| > k/2. We choose = > Z' > 1/2 so that A" C B(z,=r)
and y € B(z,r) C B(x,2Zr), then apply Corollary 4.11 to get that there exists ¢ > 0 such
that for any r > c.r,

P,{oa (W) < Tan(W™)} > ck.

Note that A’ C A hence o4(W") < o4 (W™"), and then
Py{oa(W") < 7oy (W)} 2 Pyf{ow (W) < 7oy (W)} 2 on.

We complete the proof. O

Proof of Proposition 4.7. By Lemma 4.12, there exists ¢{,c; > 0 such that for any = €
R r > cyrp, A C B(x,r) with |A| > |B(z,r)|/3 and y € B(x,r) we have

P (04(W") < Tp@n(W™) > ar.

By Lévy system formula, we have for any bounded function ¢ and region D C R¢

—_ — ™ ML —
Bl (W ) W, 7 W0, 1= Eul | [ 25072 dpl)as]
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Taking ¢(z) = 1) and D = B(z,r) for ' > 2r and noticing that W™ € D before time

Tp we get

—~ TB(z,r)
P, (WTBM ¢ B / /B - oz - W) dzds|

M;?
< B [raen (7)) | g, (2)dz
B(0,r"—r)c T
__ 1 M (" —r)?
< Em x,r " . d :
= [TB( , )(W )] (7" — 7“)2 T% /B(O,"'T')C Q(Z) z

™

By Lemma 4.9 there exists ¢ > 0 such that E,[m5z» wr < ¢r? for any r > c/r,,. Because
Yy 0 (z,7) 0

o has finite second moment, we have

Mfl T/ —r 2
#/ - o(z)dz < Mg_l/ , |z|?0(2)dz < d.
r B(0,5=1)¢ B(0,5=1)¢

n

Also note that ) < - ,)2 as r’ > 2r. Hence we conclude there exists ¢y > 0 such that
1 T 2
P, (W5, & Bler)) <)
Let (=1-2,p=12A(5Y2A (%)1/2 and ¢y = ¢j A ¢j. Let h be E™-harmonic in B(x, 2r)

for zo € R% By scaling without loss of generality, assume 0 < h < 1. For any x € B(zo, 1),
k >0, set By, = B(x, pFr), ay = infp, h, by, = infp_h and 7, = 75, (W”) We use induction
to show by, — ap < (¥ for k > 0 and p*r > cyr,. Clearly b; —a; < 1 < ¢ for all i < 0.
Now suppose b; — a; < (' for all i < k, we are going to show that by, — apr; < 1. Set
A" ={z € Byy1 : h(2) < (ag + br)/2}. We may assume |A’| > |Byy1]/2 otherwise we can
replace h by 1 — h. Choose compact set A C A’ such that |A|/|Bg| > 1/3. For € > 0 choose
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21, 22 € Byyq such that h(z1) > by — € and h(z3) < agy1 — €. Then

bpr1 — gy — 26 < h(z1) — h(22)
=B, [h (W) = 1 (22)]
=E, [h (/T/IV/SLA> —h(z);04 < Tk+1]

—~
n

4 E, [h (W ) h(2) ;04 > Tear, WP € Bk]

Tk+1 Tk+1

+ ZEzl (W (Zry,,) — h(22) 504 > Thta, /WVT’?CH € Bkz—z‘\Bk—H—z}
=1

ap +b
< ( k2 b —ak> le (O’A<Tk+1) —i—(bk—ak)le (O‘A>Tk+1)

+ Z (br—i — ar—i) P, (W’Zﬁ—l ¢ Bk+1_i>

=1

S (bk - ak) (1 - IEDZl (UA2< Tk+1)) + ZCQQk (p2/C>Z

< ¢k <1 - %) + 2¢,CF 12

C1 Cl
< k(l__> Cl g—1,2
<¢t(1-5)+ G
:Ck+1-

Since € > 0 is arbitrary, we have b, — a < ¢* for all k& > 0.

Now for x,y € B(wg,r) choose k be the largest integer such that |z — y| V cor,, < pFr
Then log(%) > (k+1)logp and

|z —y| V cory,

)logC/ logp.
r

[h(x) = h(y)] < ¢* < s

4.3 Holder regularity of time-changed semigroups

We first prepare several lemmas. The main proposition is given in Proposition 4.16 and

Proposition 4.17.
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Lemma 4.13. Let g be the function given in Proposition 4.1. For R > 2, there exist § > 0
and Cr > 0 such that for any x € B(0, R) and r € (0,1)

(91Bo.r * p)(x) = / g(z —y)u(dy) < Crr’.

B(z,r)

Proof. The case when d = 1 is obvious as by Proposition 4.1 and assumption (A.3)
/ e () < OBl ) < Cor™
B(x,r

For d > 2 we can divide B(z,r) into a sequence of annulus A;, = {y € R?: 271y < |y—z| <

27%r}, then

927" r) Ak \ Aps1)

NE

/B( )g(ﬂf —y)u(dy) < B(0,r) <

i
o

‘(](2’}‘370)6’3(2”“7’)’3M )

NE

i
o

When d = 2, take R > 2 such that K C B(0,R — 1),

> 92 N Cr2 ) <3 Cu(—1og(27r) + log R)Cr(247)% < O
k=0 k=0

for some 8" € (0,3,). When d > 3,

> 9@ Cr(27Fr)h <3l R ) < Crr™”
k=0 k=0

or some = — (d —2) > 0. Hence the result 1s proved.
f p" =B, d—2 0. H h It i d O

Lemma 4.14. Given R > 2 and any bounded domain D C B(0,R) C RY, there exist
ci(R) > 0,8 > 0 such that for any r € (0,1), any xy € B(0,R/2) and © € B(xo,r) and
n € N we have

Ez[TB(zo,r) (Xn)] S Clrﬁ + Orn(l)'

In addition, for any r € (0,1)
Eo 750 (X)] < crr”.
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Proof. Let B = B(xo,r) C D. Note that by strong Markov property we have
Eolrp(X")] = Eu[r5(X")ing = 7p(X")] 4+ Eu[r5(X");mg < 75(X™)]
< Eolnf] + Eo[m(X");n6 + 1" < 75(X")]
< Eulng] + Eolng + 0 + 78(X™ 0 Oppip); W' € Bl
= Eq (205 (W) +m' (WD) WI' € Bl + Eq[rp(X"™ 0 Oypip ); WT' € BJ.
For the first part

E.[2ni (W5 + nt (W), Wi* € B] < 3sup
zEB)\ ( )

=3supriM, | ¢n(y — x)u(dy)

zeB

= 3H¢Hoosup7’2 "Mop(B(,70))

< 3CR||@lco Mpr2=4thr = o, (1).
The last equation is because 3, > d — 2, the above goes to 0 as 7, | 0. For the second part,
E.[rp(X" 0 Oypip); W' € B = /g”’B(ﬂf,y)Mn(dy)
< / " P (2, y) a (dy)
< / 9(x = y)Lpgon (Y)ia(dy)

(g]lB 0,2r) * (¢ * 1)) ()
On, * (g]lB om)*#))( )

= (
< (¢n * (Crr”))(w) = Crr”

where we use Lemma 4.13 and Proposition 4.1. For the process X we have
B.(ro(0) < [ 900~ ) Lncan (vl

= (91 Ba2r) * (P * 1)) ()
= (¢n * (91B2r) * 1)) (7)

< (¢ % (Crr?))(z) = Crr”.
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The proof is completed. O

Given bounded domain D C B(0,R) C R¢ with the convention that functions take
value 0 at the cemetery point, define the resolvent U™ f(z) := E, fo (X nD)dt and
the transition semigroup of PP f(x) := E, f(X["").

Lemma 4.15. There exist £ > 0,n9(R) > 0,Cg, > 0 such that for all n > ng and any
nonegative h € L?(Dj; uy,) with ||h]1, <1

1PPh13,, < Crax ((t = Onlog||hllzm) v 0) 71"
where O,, = O(rﬁ”_dH).
n, n,D
Proof. Let G™P f(x) :=E, fo f(X;"7)dt be the Green’s operator. Then
G"P1(z) = E [rp(X™)].

Like in the proof of Lemma 4.14, we can show that for any open set U C D C B(0, R) and
p>1

mw”wmsow&%”»+wq/¢ﬂwﬂmaw>

zeU

sow?%%+am/g@—wmww
U

zeU

1/p
<O + 1, (U)77  sup ( / g(x — y)”un(dy))
B(z,2R)

2€B(0,R)

— O ) 4 1, (U)7T sup (% (671 p(0.2m) * 1) () /7.
z€B(0,R)

By the same method as in Lemma 4.13 we can show (¢P1p(2r) * p)(z) < CrR’ for some
B €(0,8,) if d =2. In the case d > 3 we can choose p > 1 such that =3, —p(d—2) >0
and get (¢P1p02r) * 1) (z) < CrRP. Hence there is a constant Cr such that

y4

IG™ 1|0 < O(r="2) + Crpsn(U) 71
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By [GT12, Lemma 3.2] we know the smallest eigenvalue A, of the generator A™Y of £V
on L*(B(0, R); j1,,) satisfies

Amin<U) > ||Gn’U1H;o1 > (CR/M(U)H + On>_1‘ (4-3)

where O, = O(ri* ™) and « = -57. We then follow the proof of [GH14, Lemma 5.4, 5.5].
For any u € F»P NCy(U) and u > 0, The set U, := {x € U : u > s} is open for every s > 0.

By Markov property we have for any ¢ > 0,
E(u) = E((u—1t)4).

When t > s, (u —t); vanish outside Uy, hence E((u —t)4) > Awin(Us) [ (u — )3 ptn(di).
Let A = ||ul[n,1 and B = ||ul|? ,. Since u > 0, we can use the inequality (u — t)3 > u® — 2tu
to get

E((u—1)+) > Amin(Us) (B — 2tA). (4.4)

On the other hand, we have

Combining (4.3), (4.4) and (4.5), we get
1

E((u—t)y) > CrlAJs) + 0 (B —2tA). (4.6)
and letting t | s = == we get
2
8” U( ) 1 HUHQ,n (47)

2 Cr([|ullf n/ lull3,)" + On

Set u; = P/"Ph for h > 0 with ||hl|;,, < 1. and denote J(t) = [[ue]|3,,- Using the fact that
PP is contractive in L'(D; ) (because PP is symmetric in L2(D; p,) and PP1 < 1)

we have
dJ J
R — _25n7D < -
dt (w) < -z 5570,
or
dJ dJ
Chr + O0,,— < —dt.

JHJrl J
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Integrating from 0 to ¢ yields

C’R J
—(J " = HhH ")+ O, log ——— < —t.
K 2n 12113,

Rearranging to get

Cr

1
t = Oplog |[Allz, < —= (77" = [|All30%) + Onlog 5 < Cry "

where we use the fact that logz < ¢.2" for z > 0 in the last inequality and it holds for all

sufficient large n as O,, | 0. The proof is completed. O

Proposition 4.16. There is v > 0, ¢ > 0 and ng > 0 that for any R > 2,t > 0, > 0,
D C B(0,R), there are C1(R, ) > 0, Cy(R,t) > 0 such that for any n > ny and bounded
function f supported on D and x,y € B(0, R) with |x — y| > cory,

Ua? f ) = UarP fy)] < Calle = yl” + 0u(1)) | flloc
[P f(x) = B2 F(y)] < Collz =y + 0a(D)[1f ]l

where || flloo = sup,epa | f(x)] and ||f|3, = [ *(2)pn(dz).

Proof. To show the first inequality, we use a similar proof in [CCK15, Proposition 2.4]. We
need to check the following conditions: for R > 2 there exist ¢1(R), c2(R), 5,7 € (0, 00),
no € N such that for any zo € B(0, R), and r € [¢yrp, 1), the following two hold.

e For all z € B(xg,7/2),

Em[TB(mo,r) (Xn)] S Clrﬁ + OTn(l)'

e There is 7/ > 0 such that if h is bounded and harmonic with respect to X in a ball
B(xo,2r), then

|z — 9|

|h<x>—h<y>|§c2( )||h||oo for .y € Blao, 1)
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The first condition is satisfied by Lemma 4.14. Since continuous time change does not change
the harmonicity, harmonic functions with respect to X™ are the same as that with respect
to the continuous-time random walk W (without time change). Thus the second condition
is satisfied by Proposition 4.7.

Now we apply the above two conditions to show the resolvents are equi-Holder. For
r9g € B(0,R) and r € (0,1), set 7' = Tz, (X") < 7p(X™). By the strong Markov

property, for x € B(xq,r/2)

n

UﬁDf@0==Ex/n e f(X{P)dt + B2[(e™ — UMD f(XZ)] + EXUSP f(X5)]
0
=L+ L+ 1.
We have
I < | fllocERm < (err” + o, (D)1 f [l

and by ||UP fllee < a7 f]lee and |e™* — 1| < 2 for z > 0 we have

I < aB, 7| UZP flloo < (17 + 00, (1))]| floo-

Note that I3 as a function of z is bounded in R? and harmonic in B(zg,), hence for z,y €
B(xzg,r) with |x — y| > cor,, our second condition applies. Combining all parts together and

applying ||[U™P fleo < a7 f|leo again we get

J— ,Y/
|Ug’Df($) . U(;L7Df(y)| <c3 (7“6 + Orn<1) + CV_l (M) ) ||f||00

For any distinct 2,y € B(0, R) and |z —y| < 1/4, let g = x and r = |z —y["/2(> cyry), then

y € B(zo,r) and hence

U2 (@) = U2 £ )] < e (o = 97 + 0, (1) + a7 = 572) | e

= (Cilz = yI” + or, )|/l

for C) = c3(1+a™t) and v = (B AY)/2.
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To show the equi-Holder continuity of the semigroup, we follow the idea in [BKK10,
Proposition 3.4]. But since we do not have ultracontractivity of the semigroup, extra work is
needed. We note that the generator of the process X™P is AP = \,(Q, p—1I), where I is the
identity map and Q, pf = Qn(f1p)lp. From now, we may let o = 1 and won'’t emphrasis
the dependency of constants on . For any s > 0 denote F, := (al — A™P)P™P f. Because
the well-known relation between the resolvent and the generator that U™P (ol — A™P) =1,

and using the fact that A™? and P™P are commutable, we have

PP f = UpP(al = AMP)PP f
Un DPtv;ZD( .An D)Ptr;ZDf

t/2 Ft/2

We want to show || P/} P PF, /2|l is bounded in n, then we can apply Holder regularity of U2

to get the desired result. For x € D, we have

Pt/2 Fija(z) = EI[Ft/2<th/2 )it/2 = ng] +Eﬂc[Ft/2( t/2 ) t/2 <mg)
= By [Ewp [Ft/2<X757;2D77 W€ D, t/2 = ng] 4 Fipa(2)Pot/2 < ng]

=: 11+ I.
For I}, we have

| I5| = | Fipa(2) [Py [t/2 < 5]

— 6—>\n($)t/2|a1 — )\n(Qn,D )PtT;ZDfK )

< e @20 1 2| Flloc A (7)) = 0n(1)]1 floo-

For I] we have

I} = E,[Ewn [Ft/Q(X”

t/2—mp D W€ D,t/2 > g

/ Qnp P 1) sFt/Q( z)e M@EN (1)ds.
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We claim sup;e(g¢/9) [|@n, DPt%DSFt/QHOO is bounded in n, then I is also bounded in n. Using
spectrum representation theorem for self-adjoint operators, there exist projection operators

E; = E}""” on the space L*(D; u1,) such that

Fo= [t e ),

Given ty > 0, for any s > tg we have (o + [)e ™ < Cj,, we have

sup || Fy [z = /0 (o + 12 d(E(f), Ei(f))n < Ciollfllzn

s>tg

where (-, -),, denote the inner product in L?(D; pu,). We see Fy € L*(D; p,,). For a function
h € L?(D; ), we have

[(Fs, h)nl =

/0 (ot Detd(E(), B,

: (/OOO(O‘ + e d(Ey(f), f>n) " </0°°(a e d(E(R). h)ﬂ) 1/2

<C, ( / T dE ), f>n) " ( / " et g (h), h>n) "

= Ciollfll2ll )5 2|20

s/2

For z € D, by applying Lemma 4.15 with h,,.(y) = on(y — )%™

(Qu.pF) (@) = (Fs, hua)nl < CoollFllzall Py e l2.n

< O fll2n ((Crs/2 = Onlog | el5,0) v 0) /"

Note that

dm
Il = [ onty = dﬂ°<y>2un<dy>

/febnn = >y

/fcb /Tn()

dy.
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By (A.3) we have O, log ||y, 4|2 converges to 0 unifromly in € D. This shows there exists

no = no(to, R) such that for any n > ny

HQn,DF8”oo,D < Cto,R”fHZ,n'

Now take to = t/2, we have
sup ||Qn,DPZ}£SFt/2“oo = sup ||Qn,DE—sHoo S Ct,R||f||2,n~
s€(0,t/2) s€(0,t/2)
Hence

n,D
15,5 Fealle < Crrllfllan +on(D)][flle < Crrllfll

where in the second inequality we use || fll2.n < tn(D)]|flloc < Crl|f|lo. Finally, applying

Holder regularity of U™ to get

(P2 f () = PP £()| = (U2 P Fiya(w) = U P Fypoly)

n,D
<Ci(lr =yl + On(]-))HPt/Z Fijalloe

< Colz =y + 0p (1) flloo-
The proof is completed. O

We can similarly show locally Holder continuity of the resolvent {UZ;a > 0} and semi-
group {PP;t > 0} associated to the killed process X?, where B is any ball in R%. We state

the result and sketch the proof here. It will be used in Proposition 4.20.

Proposition 4.17. The resolvent {UB;a > 0} and semigroup { PE;t > 0} are locally Hélder
in B. More precisely, given any compact set K C B, a > 0 and t > 0, there exists C

(depending on K,«) and Cy (depending on K,t) such that for any x,y € K
UZ f(2) = U fF()] < Cilz =yl fll

PP f(z) = PPf(y)l < Colw =yl || fl2

and || |3 = [ f*(w)p(dx).

where || fllse = sup,era | f(7)
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Proof. For a stopping time 7 that is less than 75, by the strong Markov property we have
for any f € Cy(B)

UPf(x) = E, / P ety ()t
0
=F, o f(X,)dt + E, |E 7 omalt+n) X,)d
[ et rxans [X/ o) £ (X, )t

=E, /0 Lot F(X))dt +E, [(e7 = 1)REf(X,)] +E, [REF(X,)].

Let df be the distance between B¢ and K. For any distinct z,y € K with |z —y| < 6% A(1/4)
We set 7 = T, where r = |z —y|"/? (this guarantees that 7 < 75). Then using Lemma 4.14
we can apply the same estimate as in Proposition 4.16 to get the locally Holder property of
RE. To prove Hélder property of the semigroup PP, Let GP f(z) :=E, [;* f(XF)dt be the

Green’s operator.
|GVt < sup [ gl = y)u(dy)
zeU JD

2€B(0,R

1/p
< u(U)»=1 sup (/ g(z, y)pu(dy)>
) \JB(z,2R)

. 1
=p(U)7 7 sup (¢"1poz2r) * 1()) "
z€B(0,R)

By the same estimate method as in Lemma 4.13 we can show (¢”1p(ar) * 1)(z) < CR?
for some 5 € (0,«) if d = 2. In the case d > 3 we can choose p > 1 such that § =
o —p(d—2) > 0 and get (¢*Lp2r) * 1)(x) < CR’. Hence there is a constant C' = C(R)
such that [|G™U1||s < Cpun(U)7-1. By [GT12, Lemma 3.2] we know the smallest eigenvalue
Apin of the generator A™Y of E™Y on L*(B(0, R), u,,) satisfies

P

Ain0) 2 |1G™V1IL 2 Cpra(U) 75,

Then by [GH14, Lemma 5.5 we have ||PP||p1_r~ < Cp; hence the classical method in
[BKK10, Proposition 3.4] applies and we get the Holder continuity of PB. H
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4.4 Convergence in Skorokhod topology under individual starting points

We may first use Green’s function estimate Proposition 4.1 to prove that p is a smooth

measure.

Proposition 4.18. The measure p under the condition (A.3) is a smooth measure in strict

SeENSe.

Proof. One can mimic the proof of Lemma 4.13 to show that for any R > 0

Grplz) = / g, y)uldz) < oo

where gg(z,y) is the green kernel for the standard Brownian motion killed upon leaving
B(0,R). By [FOT11, Exercise 4.2.2] it shows for any compact set K C R¢ the measure
1k - p is of finite energy integrals. hence by [CF12, Theorem 2.3.7] charge no polar set. Thus

1 is a smooth measure in strict sense. O]

With the above proposition, by [CF12, Theorem A.3.9] one may construct a strong
Markov process (X, P,),cra called the time-changed Brownian motion by .

We first establish the finite dimensional distribution convergence, given below.

Proposition 4.19. For any sequence xz,, € R? converges to xo € R%, the law of {X™;t > 0}
under P, converges vaguely in finite dimensional distribution to the law of {X;t > 0} under
P,, as n — oco. In addition, for any R > 2, we have the law of Tr(X™) under P,, converges
weakly to the law of Tr(X) under P,,, where Tr(I") denotes the exit time of the path ' from
B(0, R).

Proof. Take R > 2 large enough such that z, € B(0,R/2) and let D = B(0,R). Let

fo, fi,---, fm be bounded functions with compact support and 0 = t; < t; < ... < t,,,, denote

G() = fol) Pyl (W PRE, (fe - - (e P2, ) - ) ()
= E.[fo(X3 ") (XE7) - fu(X00D))
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and G(z) = G 1= Eu[fo(X2) [1(XP) - - - fn(XP)]. We will show

lim |G () — G(z0)| = 0.

n—oo

Without loss of generality we assume ||fi]|l.oc < 1 for ¢ = 0,...,m. Note that ||Gglle <
[T 1 fillo < 1 for all k € NU{oo}. And by Mosco convergence Proposition 3.7 we know
for any f € C.(R?)

<f> Gn>,un - <f7 G)N

For 25 € R? and € > 0 let g. € C.(R?) be compactly supported in B(zg,¢) and [ g.du = 1.
Then

\Gn(xn) — G(.’Eo)| S Il + IQ + I3 + I4

where
I = |Gn(xn) — | 9-(2)Grlxn)dpn|
L= [ 0.@Gu@dnn ~ [ 000G (@
b= [ 0.0)Gu@)din ~ [ g.()G(a)du]
I, = /gg(x)G(x)d,u—G(xo) .
We have

T 7, < T ‘1_/95%
n—oo

n—oo

= lim '1—/gad,u‘:0.
n—oo
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For I3 by Proposition 3.7 we have lim,_,o Is = 0. For I, we use Proposition 4.16 to get

T o < T [ 0.(0)[Gu(o) — Gulo) n(d)

n—oo

< 1 2||gel|ootinf{ : |2 — x| < corn}
n—oo

+ lim 9¢()(Colw — za|" + 0p,, (1)) pin(dir)

n—0oo |x—xn|>corn

< T 20, Jotele |2 = 2] < (co+ 2rg)r} + Coe” [ g
= o.(1)

where 74 is the support radius of ¢ (i.e. supp(¢) C B(0,7,)) and Cy is from Proposition 4.16.

Similarly for I, we have

T 1, < T 209 oo s o = 2] < coma} + [ 0:(2)|G () — Glo)d

|z—xn|>corn

= o0.(1).
Since € > 0 is arbitrary, we get

lim G,(z,) = G(z0)

n—o0

or equivalently,
lim By, [fo(X5 ) fuXET) - - fun( XD = Eao[fo(X2) AKX - - fnl X)),
Taking m = 1 and fy = 1p, we get
Tim By, fo(X["") = Eay fo(X))

which is equivalent to lim,,_,o Py {7r(X™) > t} = P, {7r(X) > t}. Hence the law of 75(X")
under P, converges weakly to the law of 7z(X) under P,,. Next notice that for n = N*U{co}

we have

Eo, [fo(XI) AXD) -+ fun( X2 )] = B [fo(X0P) f1(XPP) - - frn(XTP)
4 B [fo(XIPYFUXDPY e fon(XPP)s b > TR(X)].
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Then
Tim (B, [fo(X5) f1(X7) -+ fn(X7,)] = B [fo(Xig) f1(Xe) -+ fin(Xe,)]|
< T [Ba, [fo(X0 PV AXEP) - fu(XEPY] = B o (XD)A(XE) -+ (X))

+ Im Py, {t; > T(X™)} + Py {tm > Tr(X)}
n—00
=2P, {tm > Tr(X)}.
Because R can be taken arbitrarily large, we see

nh_>_1£10Emn [fO(XZ(L])fl(XtTi) e fm(X?m)] - Emo[fO(Xto)f1<Xt1) e fm(Xtm)]7

which shows the vague convergence of finite dimensional distributions of X" under P, to X
under P, .

]

Finally we establish the tightness of the law X™ in Skorokhod topology. The following
proposition will be used to verify Aldous’ tightness condition in Skorokhod topology and
used in the proof of Proposition 4.21.

Proposition 4.20. For any ball B C R?, the killed process X P of the time-changed Brownian
motion upon leaving B is a Feller process on the space Co(B) of continuous functions on
B wanishing on the boundary OB. Hence its associated semigroup {PP,t > 0} satisfies
lim; o sup,ep |PEf(z) — f(z)] = 0 for any f € Co(B).

Proof. To show X% is a Feller process, we want to show that for any f € Cy(B) we have
PBf € Cy(B) and limyo PP f(z) = f(x) for any z € B. Then the uniform convergence
follows from [RY99, Proposition 3.2.3]. The continuity of PP f on B follows directly from
Proposition 4.17. For any a € 0B, a is a regular point for X (i.e. P,{op = 0} =1
where op = inf{s > 0 : X, ¢ B}). This is because a is regular for the standard Brownian
motion and X is the strictly increasing and continuous time-changed process of the standard

Brownian motion. Then we claim lim,_,, P, {7p >t} = 0 for any ¢ > 0. Indeed, for x € R?

P.{op >t} = lgglIP’x{Xs €B;i<s<t}= (isngEx[IP’Xé{Xs €B;0<s<t—d}]
>
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Set gs(z) = P.{Xs € B;0 < s <t — ¢}, then g5 is bounded function vanishing outside
B. Then Psgs is continuous by Hélder continuity of Ps (Proposition 4.16). In addition
g(x) := P {rp > t} = infs>0 Psgs(x) hence g is upper semicontinuous and lim,_,, P,{7p >
t} < g(a) = 0. Then we have PP f continuously vanish on the boundary as
lim PP f(z) = im E,[f(X,);75 > t] < ||f||oo@PZ{TB >t} =0.
TE

z€eB z€B
Tr—a Tr—a Tr—a

Finally, for any = € B, limy PP f(z) = f(x) by continuity of sample paths of X and the

bounded convergence theorem. Then {PF;¢ > 0} is a Feller semigroup on Cy(B). O

Proposition 4.21. For any bounded sequence x,, € R%, the law of {X™;t > 0} under P,,

are tight in the Skorokhod topology.

Proof. We apply the result of Aldous [Ald78] to prove tightness. For convenience of readers
we state Aldous’s result here. Let T' > 0. If a sequence of stochastic process X" taking

values in the Skorokhod space DJ0, T is tight if it satisfies

e The sequence X is tight on the real line.
e The sequence J(X") := maxycpo,r |X;* — X[ | is tight on the real line

e For any stopping time 7, < T with respect to the natural filtration of X", ¢,, | 0, we

have X (r-t S )AT — X7 converges in probability.

In our case, the first two conditions are clearly satisfied as the sequence {z,} is bounded and
the jump J(X™) is stochastically dominated by 7,|€1]|. We now show the third condition is

also true. For any € > 0, we need to show that
Tim P, {|X0 5, — X0 | >} =0

Let 7(X™) be the exit time of X™ upon leaving B(0, R). Choose R > 0 large enough such
that z, € B(0, R/2) for any n and P, {7(X) < 27"} < e. Then by Proposition 4.19 we have
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P, {7(X™) < 2T} < ¢ for any large enough n. By the strong Markov property

Po, {1X0 15, = X0 > €} = Bu, [Py {[X5, — X¢| > e} 7(X") > 27T + Py, {7(X") < 2T}

< sup P {|X§ —y|>e}+2e.
y€B(0,R)

Let y1,...,yn be a €/3-net of B(0, R), and for each k =1, ..., N choose f;, € C°(B(yx,2¢/3))
such that f(z) =1 for |z — yx| < e/3. Then for y € B(y,e/3)

Py {1 X5, —yl > e} <P {[X5, — vkl > 2¢/3}

<Py {7Byp2e/3) < On}

<1 PR g (y)

where 75 is the exit time of X" of B and P/ is the transition semigroup of X killed upon
leaving B.

Note that for any ball B, the transition semigroup P of killed process X upon leaving
B is a Feller semigroup by Proposition 4.20. Hence PP f converges uniformly to f ast | 0
for any f € C.(B). Since fi(x) =1 for any x € B(yx,£/3), we can choose dy > 0 such that
P;g(y’“’%/g)fk(y) >1—¢cforany k=1,.... N and y € B(yx,&/3).

(yk726/3

We claim Py’ Bn2e/3) £ converges uniformly to PP Jf. as n — oo for any k =

1,..,N and 6 > 0. This is because Pj Be2/3) ¢ converges pointwisely and Py Bluw2¢/3) ¢
is uniformly Hoélder in n (Proposition 4.16). Thus using a finite e-net trick as in the proof

(yk}72‘5/3

of Proposition 3.11 we can show there exists ny such that P;' B ) fx > 1 — 2¢ for any

n > ng. Then for y € B(0, R) such that y € B(yx,e/3) and for any 4,, € (0, o),

P {1X5, —yl > et <Py {75, 2c/3 < On}

< Py{Tg(yk,Zs/S) < do}

<1— PRt p(y) < 2e

hence P, {|X"

? s, — X0 | > e} <2+ 2¢ = 4e for any large enough n. This shows the third

condition of Aldous’s result holds, thus we have tightness on D[0,T]. As T' > 0 is arbitrary,
tightness holds on DJ0, 00). ]
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Proof of Theorem 1.2. By Proposition 4.21 we know for any subsequence of n there is a
further subsequence n; such that the law of X" under P,,, converges in Shorohod topology
to some process Z. By Proposition 4.19 we know Z must have the same finite dimensional
distribution as the time changed Brownian motion X starting from xy. This shows X" under

P,, converges to X under P,,. ]

Remark. As it is pointed out in [Ald89, Proposition 3.2], convergence in finite dimensional
distributions in fact implies convergence in pseudo path topology. Hence the convergence
of distribution in Skorokhod topology of the stopped processes of X™ under P, can be
established in the same way as in Proposition 3.10 and then the convergence can be extended
to the non-stopped processes X" by applying the same proof for Theorem 1.1 using the fact
that the law of 7(X™) under P converges weakly to the law of 7(X) under P,, given
in Proposition 4.19, and the Theorem 1.2 follows. By proving the tightness of the law of
X" in Skorokhod topology under P, using the result from [Ald78, Theorem 1] and Feller

properties, we provide an alternative proof of Theorem 1.2.
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Chapter 5
APPROXIMATION ON GRIDS

We can generalize the approximation results on grids. As the main idea is similar to the

case on R?, we will only sketch the proofs and point out the differences.
5.1 Setups and notations

Let ¢ be a probability distribution on Z? (a nonnegative function that > _,. 8(z) = 1)
satisfying o(z) = o(—z) for each z € Z%, 3" ;. 20(2) = 0 and > ;4 z12;0(2) = M;0;; where
M, > 0 and z;, z; are components of z € Z<.

Let € := [—~1/2,1/2]¢. For each 2z € (rZ)? and 7 > 0 denote €., = z + r&,. Let @1, be
the counting measure on (rZ)¢ (i.e. n,({z}) = 1 for every z € (rZ)?), m,(dz) = %—iﬁr(dz)

and ji,(dz) = p, (€, )0, (dx). For each function f: (rZ)? — R, define f : R? — R by

f=> [)lme.. (5.1)

2€(rz)4

where Int(€, ) is the interior of €, ,. We call f the lift-up of f (from (rZ)?). In particular,
we may map o to its lift-up ¢ (note that [, o(z)dz =1 as |€y| = 1) and choose a probability
density function ¢ such that (o, ¢) satisfies (A.1). It is straightforward to check that this
construction of p satisfies the basic assumptions of g in Chapter 1: p(x) = o(—z) for every
r e RY [oazo(x)de = 0 and [y, xzxj0(x)de = Myd;; where M, = ¢;M; 4 ¢, for some
constants ¢y, co > 0.

We construction X" like in Chapter 1 with jump distribution g(z/r)n,(dz) instead of o,
and jumping rate being ‘2% = (Mzr* %, (€,,))"" instead of Ccll—’;j:(x). Then X" is a random

walk living on the grid (rZ)?. We state similar results as Theorem 1.1 and Theorem 1.2.
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Theorem 5.1. For any fo > 0 in C.(RY), set v, = fo - ji, and v = fo - u. Then the law
of {X";t > 0} under P, converges weakly in D([0,00);RY) in Skorokhod topology to the

time-changed Brownian motion X by p with initial distribution v.

Theorem 5.2. Assume (A.3) and there exist 6 > 0 and m = max(2,d — 2+ ) such that
> eza|z|™0(z) < co. Then for any sequence x, € (rZ)* C R? converges to xg € RY, the law
of {X";t > 0} under P,, converges weakly in D([0,00); RY) in Skorokhod topology to the law
of {X;t >0} starting from xy as r | 0.

Remark. In the grid setting, conditions on g are weakened, because (A.1) will be only applied
through g in the proof and g is automatically bounded ((A.2) holds for p).

To prepare for the proofs, we introduce symbols on (7Z)?. The general principle is adding

)i (dy) for z,y € (rZ)%. Tt is

bars to turn objects on R? to (rZ)%. Let Q,(z,dy) := o(*==
clear that

M;' oy —x

Qr(x, dy)mr (dr) = —=5 0 )i (d)i, (dy) = Qy(y, d)im,(dy).

Note that for any bounded function f on (rZ)?, we have for z € Z?
f(rz) / fly

[ e = S e = [ )

2€(rz)

n,(dy) = / flry)o(y — rz)mo(dy)

and

We write down Dirichlet forms assoicated to X:

= {u € Li((r2)") : €' (@) < oo} N L*((rZ)*; i)

=5 [ [ - 1)@ . gy (o)

For R > 2 let E, = B(0, R) N (rZ). Define (F"% E"E) b

Frlt={u € L ((r2)") : € (w) < 00} 0 (B s,

1 - _ _

erta) = [ (ale) = ) Qu(o.dy)imy(dn) + [ (@)1= Qsla By, (da).

(o
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The above Dirichlet form is associated to X" killed upon exiting B(0, R). Note that for any
u € F" we have u € F". Moreover, for & € F"f we have u € FFr and E"F(u) = E"Fr (u),

where E, = Int(U,cz, €, ) and (F~Fr E7Fr) are defined in (2.1).
5.2 Approximation under symmetrizing measures with settings on grids

Let H, = L*((rZ)%; fi,), H := L*(R%p) and C := C®(RY). Define @, : C — H, by
O(u)(z) = u(z) for z € (rZ)?. We can check

1o, ), = 3 u(=Pu(@) = 30 / P (d) + 0,(1) = [lull

2€(rz)d 2€(rZ)d

which shows #, converges to H in the sense of Definition 2.1. In addition, @, € H, converges
to u € H in the sense of Definition 2.3 if and only if ¢, * u, converges to u in H. Indeed, for

any function f € C we have

U, D, ( f)dn, = w,(x) f(z)u,(dx
[, mene = [ et

2€(rZ)®

= | ¢ x (urf)(x)p(dr) + 0r(1)

which shows

1;{51(%7 .(f))m, = 1}%1<¢T * U, [)u

provided the limit of either side equal to (u, f).

We now show Mosco convergence of the form (F7,E") to (€, F*). For any functions
u, € H, with sup, £"(ii,) < oo and converges to u € H in the sense of Definition 2.3,
we want to show that there exists a p-version @ of u such that £(u) < lim, £"(@,). The
proof in Proposition 3.7 still applies. On the other hand, for the second condition of Mosco
convergence, by [CF12, Theorem 5.1.6] we know C>°(R?) is £f'-dense in F*. For u € F* we
can choose u,, € C°(R?) £f'-converges to u. By Proposition 2.7 we can find subsequence v,

of u, that converges in the sense of Definition 2.2. Note that v, also £-converges to u. By
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Proposition 3.4 and Proposition 3.5 we have lim,_,o €™ (v,,) < limy,_e0 limy_eo /% (v,) =
lim,, 00 £(v,) = E(u). Hence we find 7, := VUn|(r,z)¢ such that lim,, 00 £™(9,) < E(u). For
(FrB Erf) the proof is similar.

Next we can follow the proof of Proposition 3.10 to show the convergence of stopped
processes in Skorokhod topology. Then Theorem 1.1 can be extended to the approximation

on grids(Theorem 5.1).
5.3 Approximation under individual starting points and settings on grids

We outline the proof of Theorem 5.2.

For the results starting from individual points, we need the Holder regularity of the
semigroups after time change. For this purpose, we need the uniform Green’s function
estimates like Proposition 4.1 and the Holder regularity like Proposition 4.7 with setting on
Z4. For Proposition 4.1 the main ingredient is the local central limit theorem and BDG
inequality. These two are known to still hold in the setting on Z? (see, e.g. [LL10, Theorem
2.3.9]). For Proposition 4.7, the Hélder regularity of the semigroups (thus the harmonic
functions) of random walks without time change has been shown in [BK08, Theorem 4.9].

With Green’s function estimates, we can get similar exit time estimates as in Lemma 4.14
and semigroup contractive properties as in Lemma 4.15. Then together with the Holder
regularity of the harmonic functions, we can follow the proof of Proposition 4.16 to show
Holder regularity of the semigroups after time change. Then Theorem 1.2 can be extended

to the approximation on grids (Theorem 5.2).
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