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A rough collision law describes the limiting contact dynamics of a pair of rough rigid

bodies, as the scale of the rough features (asperities) on the surface of each body

goes to zero. The class of rough collision laws is quite large and includes random

elements. The main results of this work characterize the rough collision laws for a

freely moving rough disk and a fixed rough wall in dimension 2. Any collision law

which (i) is symmetric with respect to a certain well-known invariant measure from

billiards theory, and (ii) conserves the projection of the phase space velocity onto

the “rolling velocity” is a rough collision law. We provide a method for explicitly

constructing rough collision laws for a broad range of choices of microstructure on

the disk and wall. Having established the collision dynamics, we also investigate

the ergodic properties of the system consisting of a rough disk bouncing between

two parallel rough walls. For such a system, we describe necessary and sufficient

conditions for when Lambertian measure is ergodic. In our introduction, we review



past work in billiards, including characterizations of other rough billiard systems

due to Plakhov [31, 35] and Angel, Burdzy, and Sheffield [1], which our results build

upon.
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1 Introduction

1.1 Motivation and main results

1.1.1 Frictional collisions

Frictional forces between colliding physical bodies arise from a combination of elec-

trical forces and asperities (microscopic rough features) on the surface of each body.

Most mathematical models for friction are phenomenological, in the sense that they

do not reduce to more fundamental physical principles and typically contain basic

parameters (e.g. the coefficient of friction) depending on the physical materials in

play, which must be determined through empirical measurement. Models for fric-

tional collisions can lead to paradoxical results, and there is no single model which

describes friction well in all scenarios (see the review [5]). The statistical mechanical

point of view has been taken much more rarely, and the relationship between the

microscopic surface features on each body and the macroscopic contact dynamics is

only vaguely understood.

This monograph is a mathematical work concerned with an idealized statistical

model for frictional collisions. We derive dynamics under the following assumptions:

(1) the frictional forces arise only from rigid asperities on the surfaces of each body

(and not from electrical forces); and (2) the kinetic energy of the colliding bodies is

conserved.

These postulates allow us to frame our objective in the language of mathematical

billiards. Consider two rigid bodies whose surfaces are endowed with small geometric
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features – bumps, crevices, etc. Associated with the two bodies is a “collision law”

which governs the dynamics when the two bodies collide. The physical assumptions

of our model imply that a collision may be represented by a point particle undergoing

specular (mirror) reflection from the boundary of the configuration space. A rough

collision law will be defined as a limit of a sequence of collision laws as the scale of the

asperities on each body goes to zero. The limiting collision law may in general have

a random “noise” component, and thus an appropriate sense of convergence must

be defined to capture the full breadth of possible limiting behavior. Our goal is to

describe the kinds of collision laws which may arise from such a limiting procedure.

1.1.2 Rigid body collisions

The mathematical literature on rigid body interactions falls into two categories. On

the one hand, we find extensive literature on hard sphere models, where the particle-

to-particle interactions are simple to describe. On the other hand, the literature on

colliding rigid bodies of more general shape is much more restricted in scope, being

mainly concerned with foundational issues (well-posedness) and describing the local

(in space and time) contact dynamics.

Problems about interacting rigid bodies become an order of magnitude harder

when one passes from spherical to non-spherical bodies. In the latter case, the con-

figuration space can contain complicated singularities, and the dynamical evolution

may not be well-defined for a small set of initial conditions, even for smooth bodies.

This leads to paradoxes. The authors of [28], for example, construct convex non-

spherical rigid bodies which, for certain initial conditions, must either interpenetrate
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upon collision or violate the classical balance laws of rigid body mechanics. Cox,

Feres, and Ward have developed a theory of rigid body collisions from a differen-

tial geometric point of view [10]. To avoid issues with singularities, these authors

assume that the difference in the shape operators on the boundaries of the two bod-

ies, expressed in a certain common frame, are non-singular. One can also consider

weak solutions to the dynamical equations governing rigid body interactions. Bal-

lard has developed an existence theory along these lines [3]. Wilkinson shows that

typically such systems are underdetermined in the weak sense [41]. A rare case in

which a well-known hard sphere model has been extended to the non-spherical set-

ting is Saint-Raymond and Wilkinson’s study of the Boltzmann equation [36]. The

challenges described by these authors in their introduction exemplify the general

difficulty of working outside of the hard sphere paradigm.

Rough collisions have the potential to provide a kind of mean between well-

understood questions in the hard sphere setting, and their corresponding general-

izations to rigid bodies of more arbitrary shape. In the rough collisions setting, one

can choose the microscopic features to be quite complicated, even fractal-like, while

keeping the macroscopic shape of each body relatively simple (e.g. a sphere). In the

limit as the scale of the rough features goes to zero, the complicated singularities

in the configuration space become invisible, but some information about the rough

features is still preserved in the limiting rough collision law.

3



1.1.3 Model and main results: informal description

Our main results characterize collisions between a freely moving rough disk and a

fixed rough wall. This characterization provides a way to explicitly construct the

collision dynamics for various choices of microstructure on the disk and the wall. We

give a mathematically rigorous description of our model in §1.3, stating our main

results in §1.3.7. Here we limit ourselves to an informal description of our model and

results.

Consider a disk D with unit radius, moving freely in two-dimensional space and

colliding with a fixed wall W lying in the lower half-plane {(x1, x2) ∈ R2 ∶ x2 ≤ 0}.

The surfaces of the disk and the wall are covered in small asperities. We allow the

asperities on the wall to be fairly arbitrary in shape, while requiring the asperities of

the disk to be of a quite specific type, namely “geostationary satellites,” as illustrated

in Figure 1. The satellites should be spaced far enough apart that the event that

multiple satellites interact with the wall during a single collision is rare. During

a collision event, a single satellite may hit the wall multiple times however. The

limiting (possibly random) collision dynamics, obtained as the scale of the roughness

on D and W goes to zero, are governed by a rough collision law, which specifies the

post-collision linear and angular velocities of the disk after it leaves the wall.

The somewhat unrealistic surface structure on D is necessary to avoid some of the

difficulties encountered in rigid body mechanics, described above. If the satellites are

too close together, then the boundary of the configuration space will be too singular

to derive the kinds of estimates needed to prove our main results. The model is

nonetheless “universal,” in a sense to be described shortly.
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Figure 1: The collision dynamics are too complicated to describe when we put ar-
bitrarily shaped asperities on both D and W (left). The problem becomes more
tractable if we assume the asperities on D are well-spaced “geostationary satellites”
(right).

We represent the state of the system by a sextuple (x1, x2, α, v1, v2, ω), where

(x1, x2) is the center of mass of D in R2 and α its angular orientation, and (v1, v2) is

the linear velocity of the disk and ω its angular velocity. We assume in our analysis

that the mass density of the disk is rotationally symmetric, and that the kinetic

energy of the system is conserved.

There are three properties which we expect the disk and wall system with rough

collision dynamics to satisfy.

(I) Liouville measure on the phase space dx1dx2dαdv1dv2dω should be preserved.

(II) The collision dynamics should be “time-reversible,” in the sense that the evo-

lution of the system will look the same from a statistical point of view, whether

time is run forward or backward.

(III) The quantity

−mv1 + Jω, (1.1)

where m is the mass of the disk and J is the moment of inertia of the disk
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about its center of mass, should be conserved.

The basis for properties (I) and (II) comes from billiards theory. It is well-known

that the dynamics of classical billiard systems preserve Liouville measure and are

time-reversible. Consequently, the rough collision dynamics, obtained in the weak

limit, should also preserve Liouville measure and be time-reversible.

The intuition behind (III) is that the quantity (1.1) is the projection (with respect

to an inner product coming from kinetic energy) of the phase space velocity onto the

“rolling velocity” χ = (−1,0,1). If the disk comes into contact with the wall with

velocity (v1, v2, ω) ≈ (−1,0,1), then the disk will “roll” along the wall. The relative

velocity of the wall and the point of contact on the disk will be negligible. Conse-

quently the impact will be negligible, and the disk will continue rolling indefinitely

with approximately the same velocity as before. In other words, translation in the

direction χ should be a “symmetry” of the system.

Modulo some technical assumptions, our main results (Theorems 1.27, 1.28, and

1.31) say that a rough collision law not only satisfies properties (I)-(III), but these

properties characterize the class of rough collision laws for the disk and wall system

described above. That is, any collision law which produces dynamics satisfying (I)-

(III) may be approximated by a deterministic collision law obtained by equipping W

with small, appropriately shaped asperities.

Note that the heuristic justification for properties (I)-(III) does not depend on

the special surface structure imposed on D. Thus the range of dynamics manifested

in our model is much broader than the setup suggests.

Contained in our results is a way to construct rough collision laws. A rough
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collision law is described by a Markov kernel K(y1, y3, θ, ψ; dy′1dy′3dθ′dψ′), where

(y1, y3) are a certain choice of coordinates on the x1α-plane in the configuration

space, and (θ,ψ) are spherical coordinates on the velocity space. We will see that

rough collision laws always take the form

K(y1, y3, θ, ψ; dy′1dy′3dθ′dψ′) = δ(y1,y3)(dy′1dy′3)P̃(θ,dθ′)δπ−ψ(dψ′). (1.2)

The single non-trivial factor P̃ describes the way a point particle reflects from a rough

wall W̃ , obtained by foreshortening the original wall W in one direction by a factor

of (1 +m/J)1/2. In many cases, the Markov kernel P̃ can be computed explicitly.

The proof of our main results depends on a characterization of rough reflection

laws, discovered independently by Plakhov and by Angel, Burdzy, and Sheffield (see

§1.2.5. and §1.2.7). The main novelty in this work – as well as the main technical

challenge – is to prove rigorously that the quantity (1.1) is conserved.

The results of this book relate to the work of R. Feres and collaborators on two

separate fronts – first, in relation to rough reflections (see §1.2.6), and second, in

relation to no-slip collisions, a type of idealized, deterministic frictional collision

(see §2.3.4). Our results imply that no-slip collisions belong to the class of rough

collisions; thus the dynamics of a freely moving disk and fixed wall undergoing no-slip

collisions can be approximated by a pair of bodies undergoing classical non-frictional

collisions.
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1.1.4 Ergodicity

Having described the collision dynamics, we can next consider the long-term evolu-

tion of more complex billiard systems with rough collisions. For example, suppose

that a rough unit disk D moves freely in the strip {(x1, x2) ∶ −1 ≤ x2 ≤ 1 + r}, and

undergoes a rough collision when it hits either of the two walls. In this setting,

locally, collisions with each wall conserve a quantity of type (1.1). But the conserved

quantity associated with each wall is not the same, and thus no quantity of type

(1.1) is conserved globally.

Under relatively weak conditions on the Markov kernel P̃(θ,dθ′) appearing in

the product decomposition (1.2), we will see that the discrete velocity evolution

of the system tends to explore the entire constant-energy level set in the phase

space of the system. The conditions under which this occurs are that (1) the angle

γ ∶= arccos( 1
1+J/m) is not a rational multiple of π, and (2) the Markov kernel P̃(θ,dθ′)

is ergodic and is not singular with respect to Lebesgue measure. Ergodicity of P̃ is

also a necessary condition for this result to hold. The precise statement of these

ergodicity results is given in Theorems 7.1 and 7.2.

1.1.5 Organization

Rough collisions belong to a subbranch of stochastic billiards which we refer to as

rough billiards. An introduction to past work in this subject area may be found in

§1.2. A more rigorous description of our model and main results is given in §1.3.

The purpose of §2 is to apply our main results to construct a number of examples

of rough reflection laws and rough collision laws, for various choices of microstructure
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on the wall W .

A collision between two rigid bodies may be represented by a point mass reflecting

specularly from the boundary of the configuration space. This fact allows us to apply

techniques from billiards theory to analyze our model. In §3 we derive from physical

principles in rigid body mechanics the specular reflection law for our model.

§4 is devoted to preliminaries for the proof of our main results. First comes a

careful description of the elementary properties of the configuration space of the disk

and wall system. Subsequent sections provide a rigorous definition of the collision

law associated with the system, and introduce two auxiliary collision laws which play

a role in our proofs.

Our main results characterizing rough collision laws are proved in §5. For a

high-level summary of our arguments, see also §1.3.8.

§6 is concerned with the “abstract theory” of rough billiards. Both the rough

reflections described in §1.2 and the rough collision laws introduced in §1.3 are special

cases of the rough reflections defined in §6. We will refer to results proved in this

section a number of times throughout the book.

§7 investigates the ergodicity of a billiard system consisting of a rough disk bounc-

ing between two parallel rough walls. The main result of this section characterizes

when the Lambertian measure is an ergodic measure for the discrete velocity evolu-

tion of the system.
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1.2 Rough billiards

The following section serves two purposes: first, to introduce results concerning rough

billiards in the upper half-plane, upon which the main results of this work depend;

and second, to provide a general survey of past work in rough billiards. Consequently,

we are careful about giving technically accurate statements in §§1.2.2-1.2.5, whereas

the style of §§1.2.6-1.2.7 is a bit more informal.

1.2.1 Notation and other conventions

We will use the following notation throughout the book. If X is a topological space

and Y ⊂X, then IntY and Y denote, respectively, the topological interior and closure
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of Y relative to X. The notation BY ∶= Y ∩ Y c always refers to the topological

boundary of Y relative to X, and should not be confused with the boundary of a

manifold. Context will be sufficient to distinguish the ambient space X in most cases

(usually X = Rd for some d ≥ 1).

We let Cc(X) denote the space of compactly supported functions on X. If X

has the structure of a differentiable manifold and k ≥ 0, then Ck(X) denotes the

space of k-times continuously differentiable functions on X, and C∞(X) denotes the

space of infinitely differentiable functions on X. We let Ck
c (X) = Cc(X) ∩ Ck(X)

and C∞c (X) = Cc(X) ∩C∞(X).

If (X,µ) is a measure space and 1 ≤ p ≤ ∞, then Lpµ(X) denotes the space of

p-integrable functions on (X,µ). We denote the Lp-norm on this space by ∣∣ ⋅ ∣∣Lpµ(X).

We suppress X and µ from our notation if they are clear from the context.

If f, g ∶ R → R+ are real functions, we write f = O(g) if lim supt→0 f(t)/g(t) < ∞,

and we write f = o(g) if limt→0 f(t)/g(t) = 0.

If B is a subset of Rd, and v is a vector in Rd, then we denote the translate of B

by v as follows: B + v ∶= {p ∈ Rd ∶ p − v ∈ B}.

Here and throughout the book, the term billiard refers to any dynamical system

in which a point particle moves linearly in the complement of a closed subset W ⊂

Rd and reflects from the boundary of W (specularly or according to some other

rule). The subset W is called the wall, and is usually assumed to have a piecewise

smooth boundary (where the meaning of “piecewise smooth” is made precise in more

specific contexts). The complement of the interior of W is referred to as either the

billiard table or billiard domain. The piecewise linear curve traced out by the point
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particle for some choice of initial conditions is called the billiard trajectory. For more

background on mathematical billiards, we refer the reader to [6] and [39].

1.2.2 Rough billiards in the upper half-plane

We begin by describing the construction of rough billiards in the upper half-plane.

Our approach is essentially the same as that of [1], and similar to that of [13].

The billiard table we initially consider is the complement of a closed set W ⊂ R2

satisfying the following assumptions:

A1. W is the closure of its interior in R2.

A2. R2 ∖W is path-connected.

A3. The following inclusions hold: R × (−∞,−1] ⊂ W ⊂ R × (−∞,0]; thus BW ⊂

R × [−1,0].

A4. BW = ⋃∞i=1 Γi, where {Γi}i≥1 is some collection of compact curve segments sat-

isfying the following conditions:

(i) The collection {Γi}i≥1 is locally finite, in the sense that any bounded set

intersects only finitely many of the curve segments Γi;

(ii) each Γi is the image of an injective C2 map γi ∶ [0,1] → R2 with nonvan-

ishing left and right-hand derivatives (where C2 means that γi has a C2

extension to an open interval containing [0,1]);

(iii) the curves Γi are allowed to intersect each other only at their endpoints;

and
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(iv) for each i, if Γi intersects the line {(x1, x2) ∶ x2 = 0} at a point other than

one of its two endpoints, then Γi ⊂ {(x1, x2) ∶ x2 = 0}.

In condition A4, the decomposition of BW into curve segments Γi is not unique.

We shall refer more generally to a curve Γ with a decomposition Γ = ⋃i≥1 Γi such

that conditions (i)-(iii) are satisfied as a piecewise C2 curve. Condition (iv) lets us

avoid certain pathological situations when defining the macro-reflection law below

(we would like to avoid the situation where some Γi intersects the line x2 = 0 in a

“fat Cantor set” for example). In most typical situations, it will be easy to choose a

decomposition of BW such that (iv) holds.

Let R2
± = {(x1, x2) ∈ R2 ∶ ±x2 > 0}. Consider a point particle moving freely

in W c and reflecting specularly (angle of incidence equals angle of reflection) from

BW . When the point particle leaves the upper half-plane R2
+, the particle may hit

BW multiple times before returning to the upper half-plane, as illustrated in Figure

2. The limiting behavior of this interaction as ϵ → 0 will be described by a rough

reflection law.

The kinetic energy of a point particle with velocity v = (v1, v2) is the quantity

1
2v

2
1 + 1

2v
2
2. We assume that kinetic energy is conserved for all time. Without loss

generality we take the velocity of the point particle to be restricted to the Euclidean

unit circle S1 ⊂ R2 for all time. We identify points in S1 with angles θ in the interval

[0,2π), and we let S1
+ = S1 ∩R2

+ = (0, π) and S1
− = S1 ∩R2

− = (π,2π).

The macro-reflection law associated with W is the map PW ∶ R × S1
+ → R × S1

+

defined as follows. As shown in Figure 2, if initially the point particle starts on

the x1-axis with velocity pointing into the lower half-plane R2
−, its state may be
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Figure 2: The macro-reflection law maps the initial state (x, θ) to the state (x′, θ′).

represented by a pair (x, θ) ∈ R × S1
+, where x is first coordinate of the particle on

the x1-axis, and π + θ ∈ S1
− is its velocity. After reflecting from the boundary BW a

certain number of times, the particle returns to the x1-axis at a position x′ ∈ R and

with velocity θ′ ∈ S1
+. We define

PW (x, θ) = (x′, θ′). (1.3)

The term “macro-reflection law” should be understood in contradistinction to the

specular reflection law which describes the “micro” reflection of the trajectory from

BW at a single instant in time.

The map PW may fail to be defined at pairs (x, θ) such that the billiard trajectory

hits the boundary BW tangentially or at a “corner” or never returns to the x1-axis.

Thus we impose the following additional assumption.

A5. For almost every (x, θ) ∈ R × S1
+, the billiard trajectory starting from (x, θ) is

well-defined for all time, and returns to the x1-axis after only finitely many

collisions with W .

This condition is implied by conditions A1-A4 together with either one of the fol-
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lowing conditions:

A5a. There exists a countable collection {Rj}j≥1 of disjoint bounded open subsets of

R2 such that R2
− ∖W = ⋃∞j=1Rj.

A5b. The wall W is ϵ-periodic in the x1-coordinate, in the sense that

W = {(x1, x2) ∶ (x1 − ϵ, x2) ∈W} =W + ϵe1, where e1 = (1,0). (1.4)

The first condition means that the point particle will always become trapped in some

bounded region when it interacts with the wall. Both conditions allow us to apply the

Poincaré Recurrence Theorem to obtain A5. For more details, we refer the reader to

§6, where we define macro-reflection laws in a more general setting. See specifically

the discussion of upper half-space billiards in §6.2.4.

Define a measure Λ1 on R × S1
+ by

Λ1(dxdθ) = sin θdxdθ. (1.5)

The most important elementary properties of PW are summed up in the following

proposition.

Proposition 1.1. (i) The map PW is involutive in the sense that PW ○ PW (x, θ) =

(x, θ) whenever the left-hand side is defined.

(ii) The map PW preserves the measure Λ1 in the sense that, for any measurable

set A ⊂ R × S1
+,

Λ1((PW )−1(A)) = Λ1(A). (1.6)
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Figure 3: If (x1, x2, θ) is the state of the point particle, then x2 = t sin θ, where t is the
time to hit the x1-axis. Liouville measure in these new coordinates is sin θdx1dtdθ.

To understand (i), note that specular reflection is involutive; so “running the

evolution backward” from (x′, θ′) ∶= PW (x, θ), the trajectory is guaranteed to return

to the x1-axis in state (x, θ). Part (ii) is a corollary of a well-known theorem in

billiards theory (see Lemma 6.2). If we accept that the continuous billiard evolution

should preserve Liouville measure dx1dx2dθ on the phase space, then Figure 3 should

make property (ii) quite believable. A more general version of Proposition 1.1 is

proved in §6 (see Proposition 6.5).

The macro-reflection law PW is naturally associated with a deterministic Markov

kernel on R × S1
+, defined by

PW (x, θ; dx′dθ′) = δPW (x,θ)(dx′dθ′). (1.7)

In what follows, by “wall” we mean a subset W ⊂ R2 satisfying conditions A1-A5.

Definition 1.2. We call a Markov kernel P on R × S1
+ a rough reflection law in the

upper half-plane R2
+ if there exists a sequence of positive numbers ϵn → 0 and a
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sequence of walls Wn such that BWn ⊂ {(x1, x2) ∶ −ϵn ≤ x2 ≤ 0} and

PWn(x, θ; dx′dθ′)Λ1(dxdθ) → P(x, θ; dx′dθ′)Λ1(dxdθ) (1.8)

weakly in the space of measures on R × S2
+.

The two properties of macro-reflection laws PW described in Proposition 1.1 carry

over to rough reflection laws in the following sense.

Proposition 1.3. Let P(x, θ; dx′dθ′) be a rough reflection law. The Markov kernel

P is symmetric with respect to the measure Λ1, in the sense that, for any f ∈ Cc((R×

S1
+)2),

∫
(R×S1+)2

f(x, θ, x′, θ′)P(x, θ; dx′dθ′)Λ1(dxdθ)

= ∫
(R×S1+)2

f(x′, θ′, x, θ)P(x, θ; dx′dθ′)Λ1(dxdθ).
(1.9)

Symmetry generalizes time-reversibility in the sense that the left-hand side of

(1.9) is transformed into the right-hand side by interchanging the pre- and post-

reflection variables (x, θ) and (x′, θ′). Symmetry also implies that P preserves Λ1.

Indeed, by letting f(x, θ, x′, θ′) ↑ g(x′, θ′) ∈ Cc(R × S2
+) in (1.9), we obtain

∫
(R×S1+)2

g(x′, θ′)P(x, θ; dx′dθ′)Λ1(dxdθ) = ∫
R×S1+

g(x, θ)Λ1(dxdθ). (1.10)

Proposition 1.3 is a special case of Proposition 6.8, proved in §6.

Remark 1.4. In Definition 1.2, it is equivalent to replace Λ1 with any measure which

is mutually absolutely continuous with respect to Lebesgue measure on R × S1
+. The
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measure Λ1 happens to be a convenient choice, due to Proposition 1.3.

Remark 1.5. The convergence (1.8) means that, for any h(x, θ, x′, θ′) ∈ Cc((R ×

S1
+)2),

lim
n→∞∫(R×S1+)2

h(x, θ, x′, θ′)PWn(y,w; dy′dw′)Λ2(dxdθ)

= ∫
(R×S1+)2

h(x, θ, x′, θ′)P(y,w; dy′dw′)Λ2(dxdθ).
(1.11)

Since the tensor product C∞c (R × S1
+) ⊗ C∞c (R × S1

+) is dense in Cc((R × S1
+)2), it

is sufficient to verify (1.11) for functions for form h(y,w, y′,w′) = f(y,w)g(y′,w′),

where f, g ∈ C∞c (R × S1
+).

Remark 1.6. There is a sense in which PWn converges to P as a limit with respect

to a pseudometric topology on the space of Markov kernels on R×S1
+. This topology

is described in §6.2.3.

Some care must be taken when working with this sense of convergence, because

limits may not be unique. With respect to the pseudometric, the distance between

two Markov kernels P and P′ is zero if and only if P(⋅; dxdθ) and P′(⋅; dxdθ) agree

on a Λ1-full measure subset of R × S1
+. If we identify Markov kernels which agree on

a Λ1-full measure subset of R × S1
+, then limits will be unique and the pseudometric

will be a metric.

From this point on, we will write limi→∞ PWn = P to indicate that (1.8) holds.
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1.2.3 Simple example: the rectangular teeth microstructure

A simple example of a rough reflection law may be obtained by considering a sequence

of wallsWn with periodic boundary structure consisting of “rectangular teeth.” That

is, we first define real functions

tn(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 if 2kϵn ≤ x ≤ (2k + 1)ϵn,

−rϵn if (2k + 1)ϵn < x < (2k + 2)ϵn
for k ∈ Z. (1.12)

See Figure 6 in §2. The quantity r > 0 is a fixed parameter representing the ratio of

the height of the teeth to the width. We define

Wn = {(x1, x2) ∶ x2 ≤ tn(x1)}. (1.13)

If v− = (v−1 , v−2 ) is the incoming velocity of a point particle, then after hittingWn a

certain number of times, the particle will return to the upper half-plane with velocity

either v+ = (v−1 ,−v−2 ) or v+ = (−v−1 ,−v−2 ) = −v−. The first of these velocities corresponds

to a specular reflection, while the second corresponds to a retroreflection – i.e. a

reflection in which the outgoing trajectory of the point particle goes in the opposite

direction as the incoming trajectory. Thus, as ϵn → 0, we expect the limiting rough

reflection law to randomly select between specular reflection and retroreflection.

In §2, we derive explicit formulas for rough reflections from several different types

of microstructures, including the rectangular teeth microstructure described above.
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1.2.4 Periodic case

We now comment on the special case where the wall W satisfies the periodicity

condition A5b. In this setting, it is useful to abstract the shape of the wall from

the scale. In the limit, as the scale of the wall goes to zero, we expect at least some

information about the shape of the wall to be preserved, and we would like to be

able to talk about the shape of the wall independently of the scale.

To accomplish this, we observe that a periodic wall is determined uniquely by a

pair (Σ, ϵ), where Σ is a subset of S1 × (−∞,0] with BΣ ⊂ S1 × [−1,0], and ϵ > 0. In

particular, W is the unique wall satisfying periodicity condition (1.4) such that the

image of W under the covering map

(x1, x2) ↦ (e2πix1/ϵ, ϵ−1x2) ∶ R × [−ϵ,0] → S1 × [−1,0] (1.14)

is Σ. We denote the wall so determined by W (Σ, ϵ). Drawing on terminology from

Feres [13], we refer to Σ as the cell and we refer to ϵ > 0 as the roughness scale.

If the wallW =W (Σ, ϵ) arises from a cell and roughness scale, as described above,

then we will denote the corresponding macro-reflection law by PΣ,ϵ.

To illustrate the use of this concept, consider rough reflections from a “fractal

microstructure.” In general, fractals do not have well-defined normal vectors at most

boundary points, so we cannot define specular reflection on such a surface directly.

But sense can be made of this in the case of rough reflections. For example, we might

take Σn to be a sequence of sets generating a fractal whose boundary is a Koch curve

– see Figure 4. A rough reflection “from a Koch curve microstructure” can then be
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Figure 4: Reflections from a Koch curve.

defined as a rough reflection obtained as the limit (in the sense of (1.8)) of a sequence

of deterministic Markov kernels PΣn,ϵn , where ϵn is a sequence of positive numbers

converging to zero. The paper [22] carries out numerical experiments for a related

model.

Conditions on Σ which are sufficient to guarantee that the wall W = W (Σ, ϵ)

satisfies conditions A1-A5 are the following:

B1. Σ is the closure of its interior in S1 ×R.

B2. S1 ×R ∖Σ is connected.

B3. The following inclusions hold: S1 × (−∞,−1] ⊂ Σ ⊂ S1 × (−∞,0]; thus BΣ ⊂

S1 × [−1,0].

B4. There exists a finite collection of compact C2 curve segments {Γ̃i}mi=1 such that

BΣ = ⋃mi=1 Γ̃i. The curve segments Γ̃i satisfy conditions A4(i)-(iv), with the

obvious modifications.
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We of course get the periodicity condition A5b for free.

One condition which is sufficient to guarantee that A5a holds is:

B5. There exists a non-trivial loop γ ⊂ S1 × R, starting and ending at the point

(1,0), which lies entirely in Σ.

Here “non-trivial” means that γ cannot be contracted in S1 × R to a point. This

condition implies the points (ϵk,0) ∈ R2, where k ∈ Z, all lie in a single connected

component of W =W (Σ, ϵ). Condition B5 will always be satisfied if Σ is connected,

satisfies conditions B1-B4, and contains the point (1,0) ∈ S1 ×R.

The main reason we would want to impose the condition B5 is the following. Un-

der generic circumstances, we expect a rough collision law obtained from a sequence

of periodic walls to take the form

P(x, θ; dx′dθ′) = δx(dx′)P̃(θ,dθ′). (1.15)

The intuition behind this is that the point particle should leave a rough wall at

approximately the same spatial position that it hits. Moreover, if the microstructure

on the wall is periodic, then the distribution of the angle of reflection θ′ should only

depend on the angle of incidence θ, and not on the position where the particle hits

the wall. Lemma 2.1 from §2 implies that if P = limn→∞ PΣn,ϵn , where the cells Σn

satisfy B1-B5, then P takes the form (1.15). The assumption B5 guarantees that the

billiard trajectory will get trapped in small “hollow” within a single period of the

wall W , and consequently the distance between the points where the trajectory first

hits and returns to the x1-axis will be of order ϵ apart.
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Although we do not know of a specific counter-example, it is most likely not

possible to obtain (1.15) if we just assume conditions B1-B4. One can imagine

constructing a periodic wall with a large “asteroid field” of connected components,

such that the point particle will be forced to travel a great distance, reflecting from

the various components many times, before eventually leaving the wall. If each wall

Wn is constructed in this way, the limiting reflection law might not satisfy (1.15).

Remark 1.7. We can, however, weaken condition B5 as follows, and (1.15) will still

hold:

B5’. There exists a ∈ [−1,0] and u ∈ S1 such that

S1 × (−∞,−1] ⊂ Σ ⊂ S1 × (−∞, a], (1.16)

and there exists a nontrivial loop γ ⊂ S1 ×R starting and ending at the point

(u, a), which lies entirely in Σ.

Under this assumption, the proof of Lemma 2.1 in §2 goes through with only minor

modifications.

Remark 1.8. The factor P̃(θ,dθ′) is a Markov kernel on S1
+. When P takes the form

(1.15), the symmetry property (1.9) reduces to the following: for any f ∈ Cc(S1
+×S1

+),

∫
S1+×S1+

f(θ, θ′)P̃(θ,dθ′) sin θdθ = ∫
S1+×S1+

f(θ′, θ)P̃(θ,dθ′) sin θdθ. (1.17)

For more information on the situation when W is periodic, see §2.1.
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1.2.5 Characterization of rough reflections laws in upper half-plane

Rough reflections were originally characterized by Plakhov in the context of opti-

mization problems in aerodynamics. This author’s setting is quite general and at

least superficially different from the one above, considering the scattering law on a

bounded convex body in Rd, instead of the rough reflection law in the upper half-

plane. Angel, Burdzy, and Sheffield independently obtained a characterization of the

rough reflection laws as we have defined them above. We state this characterization

first, since it is the one most closely related to the main results obtained in this work.

In §1.2.7 we discuss Plakhov’s ideas and how they are related to the result which we

state presently.

Theorem 1.9 (1, Theorem 2.3). Suppose P(x, θ; dx′dθ′) = δx(dx′)P̃(x, θ; dθ′) and is

a symmetric with respect to the measure Λ1 in the sense of (1.9). Then there exists

a sequence of walls Wn with piecewise analytic boundaries BWn ⊂ {(x1, x2) ∶ −1/n <

x2 ≤ 0} such that

PWn(x, θ; dx′dθ′)Λ1(dxdθ) → P(x, θ; dx′dθ′)Λ1(dxdθ), (1.18)

weakly on the space of measures on R × S1
+.

Remark 1.10. The actual wallsWn constructed in [1, Theorem 2.3] have boundaries

BWn which satisfy the following conditions: (1) the boundary is composed of a

locally finite collection of compact, analytic curve segments (where analytic on a

compact interval means having an analytic extension to an open interval); (2) the

curve segments intersect only at their endpoints and do not form cusps at their
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intersection points (i.e. the angle between two intersecting curve segments at their

endpoints is not zero); (3) each curve segment either has non-vanishing curvature of

one sign or is a line segment; and (4) the condition A5a (see above) is satisfied. Thus

the walls satisfy the same hypotheses as those of [6, Chapter 2] for example.

To appreciate the significance of Theorem 1.9, consider the following two Markov

kernels which are easily shown to be symmetric with respect to the measure Λ1.

• retroreflection: P(x, θ; dx′dθ′) = δ(x,θ)(dx′dθ′).

• Lambertian reflection: P(x, θ; dx′dθ′) = 1
2δx(dx′) sin θ′dθ′.

The first of these reflection laws is deterministic. Examples of approximate retro-

reflectors in real life include cat’s eyes and street signs with reflective paint [43].

The second reflection law is random. It was introduced by Lambert in 1760 to

model light reflecting from a matte surface [19]. There are many other examples

of Markov kernels which preserve the measure Λ1 and have a trivial spatial factor

δx(dx′) (the collection of deterministic reflection laws alone is isomorphic to the

space of measure preserving transformations of (0,1) with Lebesgue measure – see

Remark 2.2). Theorem 1.9 says that each of these is a rough reflection law; that

is, each may be approximated by a deterministic reflection from a surface with a

geometric microstructure.

In the case where P(x, θ; dx′dθ′) = δx(dx′)P̃(θ,dθ′), the sequence of approximat-

ing reflectors may be taken to be periodic.

Corollary 1.11. Suppose P(x, θ; dx′dθ′) = δx(dx′)P̃(θ,dθ′), where P̃ is a Markov

kernel which is symmetric with respect to the measure sin θdθ in the sense of (1.17).
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Then there exists a sequence of cells {Σn}n≥1 (satisfying conditions B1-B5) and pos-

itive numbers ϵn → 0 such that

PΣn,ϵn(x, θ; dx′dθ′)Λ1(dxdθ) → P(x, θ; dx′dθ′)Λ1(dxdθ), (1.19)

weakly on the space of measures on R × S1
+.

Remark 1.12. We call this a “corollary” because it follows from the proof of Theo-

rem 2.3 in [1]. In this proof, the sequence of approximating reflectors Wn is obtained

by locally constructing reflectors beneath the intervals [k/n, (k+1)/n] in the x1-axis

for k ∈ Z, and then piecing the reflectors together. When P̃ does not depend on

x, these local reflectors can be taken to be of the same type on each interval, and

consequently Wn is periodic.

Remark 1.13. It will follow from Lemma 2.1 that the limit of PΣn,ϵn does not depend

on the choice of positive numbers ϵn → 0, but only on the sequence of cells {Σn}.

1.2.6 Operators on a Hilbert space

What information about the microgeometry of the rough surface can be recovered

from the rough reflection law P? In a series of papers, Feres and collaborators have

sought to address this and related questions.

These authors are motivated in part by a problem in gas kinematics. Suppose that

an inert gas at low pressure is released from a long but finite cylindrical chamber

with rough interior walls. How is the microgeometry of the interior walls related

to the time of escape of the gas particles? Questions of this nature go back to
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Knudsen’s studies of gas kinematics in 1907 (see [21], [12]). Knudsen assumed,

based on physical heuristics, that the angle of reflection of a gas particle from the

interior wall is independent of the angle of incidence, and hence the distribution of

the angle of reflection is 1
2 sin θdθ (the same distribution introduced by Lambert in

optical studies, as noted above). This is of course directly related to the fact that P̃

preserves the measure sin θdθ.

Consider the case of a periodic wall where the sequence of cells Σn = Σ is constant.

Recall that in this case, rough reflection laws take the form (1.15). It is proved in

[13] that P̃ is a bounded self-adjoint operator on the Hilbert space L2(S1
+, sin θdθ).

Self-adjointness is a direct consequence of the time-reversibility property mentioned

above. Moreover, under additional assumptions (more or less, the sides of Σ should

be dispersing or Sinai), P̃ becomes a Hilbert-Schmidt operator.

The time for a gas particle to exit an open-ended cylindrical chamber of length

L and radius r is related in [13] to the Markov kernel P̃ as follows. If the gas particle

repeatedly hits the interior boundary of the cylinder with angle of incidence θn and

angle of reflection θ′n, then we must have

θ′n ∼ P̃(θn,dθ′) and θn+1 = θ′n, n = 0,1,2, .... (1.20)

The sequence of random angles θ′n together with the constant speed v of the gas

particle determine a continuous, piecewise linear process Xt on the real line which is

the projection of the position of the gas particle at time t onto the cylindrical axis.
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The exit time for the gas particle from the cylinder is then

τL = inf{t ≥ 0 ∶Xt > L}. (1.21)

By a central limit theorem argument, under restrictive assumptions on the stationary

distribution of the angle process θ′n, the scaling limit of the process {ξXt/ξ, t ≥ 0} as

ξ → 0 is Brownian motion with variance depending on the spectrum of P̃. The

assumptions in [13] under which this is proved exclude the case where the process θ′n

is ergodic (i.e. the unique stationary distribution is sin θdθ). In the ergodic case, the

linear increments of the process Xt have infinite variance, and to obtain a Brownian

motion scaling limit, one must instead use the scaling {ξXt∣ log ξ∣/ξ, t ≥ 0}, ξ → 0. The

analysis of the latter case is carried out in [13] for one example.

With this motivation, the spectrum of P̃ is further analyzed in [14] and [15]. The

first of these papers examines P̃ for a special class of cells Σ whose sides consist of

dispersive circular arcs. By analyzing the moments of P̃, a relationship to spherical

harmonics emerges. Namely, for smooth functions u on S2 which are rotationally

invariant about the vertical axis,

P̃u − u = k2
6
∆S2u +O(K3), (1.22)

where K is a scale invariant curvature parameter depending on Σ, and ∆S2 is the

spherical Laplacian on S2. (The meaning of P̃u is as follows: If we give S2 spherical

coordinates (ϕ,ψ) where ψ ∈ S1
+ is the angle from vertical axis, then u(ϕ,ψ) = ũ(ψ)

for some ũ by rotational invariance, and P̃u ∶= P̃ũ.)
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The paper [15] examines the spectrum of P̃ for more general types of cells, and the

authors obtain explicit bounds on the spectral gap of P̃. These bounds depend on the

curvature of the “most exposed” parts of the boundary of the cell Σ. These results

are applied to estimate the rate of convergence of the Markov process determined by

P̃ to stationary distribution.

The paper [7] considers similar questions but in an even more general setting,

where the wall W is allowed to have moving parts and energy can be exchanged

between the wall and the point particle.

1.2.7 Rough scattering laws on bounded convex bodies

In the context of optimization problems in aerodynamics, Plakhov has considered

rough reflections on general bounded convex bodies. Here the main object of interest

is the scattering law, which describes the equilibrium distribution of the incoming

and outgoing particle velocities and the normal direction at the point of contact. The

scattering law does not contain precisely the same information as the rough reflection

law, but the important ideas are similar. The concepts and results summarized here

originally appeared in [31, 32, 33, 34] and were later assembled in a book [35, Chapter

4].

Given a bounded convex body C ⊂ Rd and a body B ⊂ C with piecewise smooth

boundary, define subspaces

(BC × Sd−1)± = {(x,u) ∈ BC × Sd−1 ∶ ±u ⋅ n(x) > 0}, (1.23)

where n(x) is the outward-pointing unit normal vector at x ∈ BC, and ⋅ is the Eu-
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clidean dot product. Define a measure ΛC on (BC × Sd−1)+ by

ΛC(dxdu) = (u ⋅ n(x))+dxdu, (1.24)

where dx and du are Lebesgue measure on BC and Sd−1 respectively. The macro-

reflection law PB,C is defined in the same way as before. That is, if (x,−u) ∈ (BC ×

Sd−1)+ is the initial state of a point particle, then the particle will enter the C and

hit the body B some number (possibly zero) times before returning to the boundary

BC in state (x′, u′) = (x′(x,u), u′(x,u)) ∈ (BC × Sd−1)+. The macro-reflection law

determined by B is the map PB,C ∶ (BC × Sd−1)+ → (BC × Sd−1)+ such that

PB,C(x,u) = (x′, u′). (1.25)

The map PB,C may not be defined on a measure zero subset of (BC × Sd−1)+. Like

in the case of the upper half-plane, PB,C is an involution and preserves the measure

ΛC .

Let νB,C be the measure on Sd−1 × Sd−1 × Sd−1 = (Sd−1)3 giving the equilibrium

joint distribution of the incoming velocity −u, the outgoing velocity u′, and the unit

normal vector n(x) at the point of contact x ∈ BC. That is, νB,C is defined by

∫
(Sd−1)3

f(u,u′, n)νB,C(dudu′dn) = ∫
(BC×Sd−1)+

f(u,u′(x,u), n(x))ΛC(dxdu). (1.26)

A measure ν on (Sd−1)3 is called a rough scattering law on C if there exists a

sequence of bodies Bn ⊂ C such that
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(i) Vol(C ∖Bn) → 0 as n→∞, and

(ii) the sequence of measures ν
Bn,C

converges weakly to the measure ν.

Remark 1.14. This terminology departs slightly from the terminology in [35, Chap-

ter 4]. Here one considers equivalence classes B of sequences of bodies Bn satisfying

(i) such that the sequences of measures {νBn,C} have the same weak limit νB. One

says that B is a rough body obtained by grooving C, and the measure νB is given no

special name.

Remark 1.15. Condition (i) looks different from the corresponding condition in the

definition of a rough reflection law, where the wall boundaries Γn approach the line

x2 = 0 uniformly. Nonetheless, an equivalent definition of a rough scattering law is

obtained by replacing (i) with the more restrictive condition:

(i)’ sup{dist(x, BC) ∶ x ∈ Bn} → 0 as n→∞.

This is not immediate, but it follows from the characterization of rough scattering

laws (Theorem 1.17 – below) and its proof. The sequence of bodies Bn constructed

in the proof of the characterization theorem [35, Thm 4.5] can in fact be taken to

satisfy (i)’.

Define a measure τC on (Sd−1)2 by

∫
(Sd−1)2

g(u,n)τC(dudn) = ∫
BC×Sd−1

g(u,n(x))ΛC(dxdu). (1.27)

Let πu,n ∶ (u,u′, n) ↦ (u,n) and πu′,n ∶ (u,u′, n) ↦ (u′, n) be the natural projections.

Let Adj(u,u′, n) = (u′, u, n). The most important elementary properties of a rough
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scattering law are summarized in the following proposition.

Proposition 1.16. A rough scattering law ν on C has the following properties:

(i) π#
u,nν = τC = π#

u′,nν.

(ii) Adj#ν = ν.

(Here if g ∶ X → Y is a map between measurable spaces, and µ is a measure on X,

then g#µ is the pushforward measure on Y defined by g#µ(A) = µ(g−1(A)).)

The proposition above follows from the fact that any measure νB,C must satisfy

(i) and (ii), and these properties are preserved in weak limits. For νB,C , property (i)

is a consequence of the fact that PB,C preserves the measure ΛC , while property (ii)

follows from involutivity of PB,C .

In fact, the properties (i) and (ii) completely characterize the rough scattering

laws.

Theorem 1.17 (35, Theorem 4.5). A measure ν on S3 is a rough scattering law on

C if and only if ν satisfies properties (i) and (ii).

The original motivation for considering the scattering law and its characterization

is its relationship to certain resistance functionals of the form

Rχ[PB,C] ∶= ∫
(BC×Sd−1)+

c(u,u′(x,u))(u ⋅ n(x))dxχ̃(du), (1.28)

where c is a “cost function” on (Sd−1)2, and χ is a Borel measure on Sd−1. When χ
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is Lebesgue measure, the above functional may be expressed as

R[PB,C] = ∫
(BC×Sd−1)+

c(u,u′(x,u))ΛC(dxdu)

= ∫
(Sd−1)3

c(u,u′)u ⋅ n νB,C(dudu′dn).
(1.29)

By taking weak limits, we can extend the definition of resistance functionals to rough

scattering laws:

R[ν] ∶= ∫
(Sd−1)3

c(u,u′)u ⋅ n ν(dudu′dn). (1.30)

With the characterization given by Theorem 1.17, one can thus reduce problems

of minimizing air resistance of rough convex bodies to problems in mass optimal

transport. This leads to some counterintuitive results. It is possible, for example, to

actually decrease the air resistance of a convex body by appropriately roughening its

surface. In fact, one can construct nonconvex bodies which have arbitrarily small air

resistance in one direction, as well as bodies which are invisible in one direction. By

contrast, the air resistance of a smooth convex body has long been known to have a

strictly positive lower bound [35, Chapters 5 and 8].

Let us now describe the connection between rough reflections and rough scattering

laws. Just as in the upper half-plane case, we can define deterministic Markov kernels

on (BC × Sd−1)+ by

PB,C(x,u; dx′du′) = δPB,C(x,u)dx′du′. (1.31)

We say that Markov kernel P is a rough reflection law on C if there exists a sequence
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of bodies Bn ⊂ C such that Vol(C ∖Bn) → 0, and

PBn,C(x,u; dx′du′)ΛC(dxdu) → P(x,u; dx′du′)ΛC(dxdu) (1.32)

weakly in the space of measures on (BC × Sd−1)+ × (BC × Sd−1)+. A measure ν is a

rough scattering law if and only if there exists a rough reflection law P such that

∫
(Sd−1)3

f(u,u′, n)ν(dudu′dn)

= ∫
((BC×Sd−1)+)2

f(u,u′, n(x))P(x,u; dx′du′)ΛC(dxdu).
(1.33)

Rough scattering laws and rough reflection laws are not in one-to-one correspon-

dence. One way to see this is to consider a convex body C with a flat side V ⊂ BC.

The rough scattering law will not distinguish pointwise variation in reflection from

V , because the unit normal vector at each point in V is the same.

As noted above, the characterization of rough scattering laws predates the charac-

terization of rough reflection laws. Although Theorem 1.17 does not imply Theorem

1.9, the proof of the former can almost certainly be modified to obtain the latter.

In fact, higher dimensional versions of Theorem 1.9 can probably be proved by an

appropriate modification of the arguments in [35, Chapter 4]. The proofs of both

theorems begin with a local construction of reflectors which redirect a point parti-

cle hitting the boundary in a prescribed way. It is then a matter of appropriately

assembling the local reflectors to produce the desired rough scattering law or rough

reflection law.
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1.3 Disk and wall model

1.3.1 Rigid body system

The model we study consists of a fixed wall in the lower half-plane of R2, together

with a disk which is given some rotationally symmetric mass density and allowed to

move freely in the complement of the wall. Each body is furnished with asperities

(microscopic structures) on its surface. Aside from a periodicity requirement, the

asperities on the surface of the wall are allowed to be fairly arbitrary in shape. On

the other hand, the asperities on the disk are of a specific type, namely “geostationary

satellites” spaced in such a way as to guarantee that non-local interactions between

the two bodies are rare.

The wall W will be built from a cell Σ and a roughness scale ϵ > 0, in the same

way as we have done in §1.2.2. The cell Σ is assumed to satisfy conditions B1-B5,

stated in §1.2.4. The definition of the wall W = W (Σ, ϵ) is slightly modified as

follows: W (Σ, ϵ) is the unique subset of R2 which is ϵ-periodic in the x1-direction,

and whose image under the covering map

(x1, x2) ↦ (e2πix1/ϵ, ϵ−1(x2 + 1)) (1.34)

is Σ. Such a wall will satisfy conditions A1-A4 and A5a and A5b, stated in §1.2.2,

except that condition A3 must be modified as follows:

A3’. The following inclusions hold: R × (−∞,−1 − ϵ] ⊂ W ⊂ R × (−∞,−1]; thus

BW ⊂ [−1 − ϵ,−1] ×R.
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The advantage of having W located below the line x2 = −1, instead of x2 = 0, will

become apparent later.

By assumption, the cell boundary BΣ decomposes into a finite collection of closed

C2 curve segments {Γ̃i}m−1i=0 . Such a decomposition determines a decomposition of

BW into a countable, locally finite collection {Γi}i∈Z of C2 curve segments such that

distinct pairs Γi and Γj can intersect only at their endpoints, and Γi maps to Γ̃i mod m

via the covering map (1.34) defined above.

Remark 1.18. Recall what it means for a closed curve segment Γi to be C2: There

an open interval I ⊃ [0,1] and a C2 map γi ∶ I → R2 such that γi([0,1]) = Γi.

Consequently, by compactness, each of the curve segments Γi has bounded curvature.

The decomposition of BΣ into C2 curve segments Γ̃i is not unique, and corre-

spondingly the decomposition of BW into C2 curve segments Γi is not unique. To

ensure that terms introduced below are well-defined, we assume from this point on

that some decomposition {Γ̃i}0≤i≤m−1 of BΣ and correspondingly {Γi}i∈Z of BW has

been fixed, and we shall refer to these as the given decompositions of BΣ and BW

respectively.

We denote the relative interior of a curve segment Γi by IntΓi. We call a point

p ∈ BΣ regular if there is some C2 curve segment Γ ⊂ BΣ (not necessarily coming from

the given decomposition) such that p ∈ IntΓ. We denote the set of regular points

in BΣ by BregΣ, and we denote the set of regular points in BW by BregW . We let

BsΣ = BΣ ∖ BregΣ, and we let BsW = BW ∖ BregW . We refer to points in BsΣ and BsW

as singular points of BΣ and BW respectively. The sets BsW and BsΣ are measure

zero subsets of BΣ and BW respectively.
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For p ∈ BregW , we let κ(p) denote the unsigned curvature of BW at p. We define

κmax = sup{κ(p) ∶ p ∈ BregW (Σ,1)}. (1.35)

The quantity above depends only on the cell Σ. Per Remark 1.18 and periodicity of

BW , κmax is finite.

We take ρ(ϵ) to be some positive, non-decreasing function of ϵ such that

ρ(ϵ) → 0 and
ϵ1/2

ρ(ϵ)
→ 0 as ϵ→ 0. (1.36)

In addition, we assume that 2π/ρ(ϵ) is an integer.

The freely moving body in our system is a “disk with satellites.” Namely, we first

define a reference body

D =D(ϵ) = (
N−1
⋃
k=0

Sk) ∪D0 ⊂ R2, (1.37)

where

N = 2π

ρ
, Sk = (sinkρ(ϵ),− coskρ(ϵ)), (1.38)

and

D0 ⊂ {(x1, x2) ∶ x21 + x22 ≤ (1 − 2ρ(ϵ)2)2}. (1.39)

See Figure 5. The quantity N is the number of satellites, and Sk is the position of

the k’th satellite in the reference body.

For x = (x1, x2) ∈ R2 and α ∈ R, we let D(x,α) denote the subset of the plane
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Figure 5: A freely moving disk with satellites, and a fixed wall.
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occupied by the reference body after rotating it counterclockwise about the origin by

an angle α and translating it by x from the reference configuration (1.37). We will

sometimes abuse terminology by using D to denote both the reference body (1.37)

(a fixed subset of the plane) and the freely moving physical body which it represents.

We assume thatD has some mass density λ which is rotationally symmetric about

the origin when D is in reference configuration (1.37), and we introduce parameters:

m = ∫
D
λ(dx), J = ∫

D
∣x∣2λ(dx) (1.40)

– the mass and moment of inertia, respectively, of the disk. We assume that λ does

not depend on the parameter ϵ > 0.

In the analysis of our model, we will see that there is no loss of generality in

assuming that m = J = 1; however, we will not introduce this simplification until

later.

Remark 1.19. Additional motivation for our choice of the body D can be gained

from the following remarks.

• The first member of the union (1.37) is a discrete set of points Sk (the “satel-

lites”) which are disconnected from the rest of the body and evenly spaced

at angles of ρ(ϵ) along the unit circle. We have stipulated that ρ(ϵ) should

converge to zero, but at a rate more slowly than ϵ1/2. This will guarantee that

interactions between multiple satellites during a single collision event are rare

as the roughness scale goes to zero.

• The subset D0 is of no mathematical significance in the analysis of the disk and
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wall model, but serves only to persuade the reader of the physical generality

of the model. One may imagine that D0 carries the mass of the body D. The

inclusion (1.39) guarantees that D0 can never come into contact with the wall

W . Only the satellites Sk can come into contact with W .

• Choosing the “roughness” on D, as we have above, so that only isolated points

can interact with the wall greatly simplifies the description of the configuration

space of the system. Unfortunately, the choice of a disconnected body is phys-

ically unrealistic. One way to reconcile this with our intuition is to think of D

as a “hockey puck” with additional features in the third (vertical) dimension.

In the same spirit as the analysis of polygonal chains in [11, §5.3], we obtain a

physical system which is equivalent to the one above by joining each satellite

to the inner body D0 by a curved rod which extends into the third dimension.

• Whether theorems analogous to the ones we state in §1.3.7 can be proved for

a connected body D is an open question. On the other hand, we expect the

range of possible dynamics for a system consisting of a freely moving rough

disk and fixed rough wall to be exhausted by our model. See the discussion of

our main results in §1.1.3.

1.3.2 Configuration space

The configuration space of the disk and wall system is the topological closure in R3

of the set of configurations y = (x1, x2, α) of the disk such that the disk and the wall

are disjoint, i.e.

M= {(x1, x2, α) ∶D(x1, x2, α) ∩W = ∅}. (1.41)

40



Note that points in M which differ only in their angular coordinates by multiples

of 2π represent the same physical configuration. It is in fact easy to see that M is

doubly periodic: Let

e1 = (1,0,0), e2 = (0,1,0), e3 = (0,0,1) (1.42)

be the standard basis for R3. Then

M+ ϵe1 = {(x1, x2, α) ∶ (x1 − ϵ, x2, α) ∈ M} =M, and

M+ ρe3 = {(x1, x2, α) ∶ (x1, x2, α − ρ) ∈ M} =M.

(1.43)

Indeed, M is ϵ-periodic in the x1-coordinate because W is ϵ-periodic in the x1-

coordinate, and M is ρ-periodic in the α-coordinate because, as noted above, only

the satellites of D can come into contact with the wall, and rotating the disk about

its center of mass by an angle of ρ(ϵ) maps the set of satellites onto itself.

We can alternatively study the configuration spaceM/ ∼, where ∼ is the equiva-

lence relation which identifies points y and y′ such that y′ = y + iϵe1 + jρe3, for some

i, j ∈ Z. The spaceM/ ∼ may be regarded as a subspace of S1 ×R×S1. This configu-

ration space will be useful for applying dynamical results which require compactness,

but otherwise we will mainly just work withM.

The topological boundary BM of the configuration space corresponds to the set

of collision configurations of the system, i.e. the set of configurations in which the
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rough disk and the wall are in contact. The boundary ofM lies just below the plane

P ∶= {(x1, x2, α) ∈ R3 ∶ x2 = 0}. (1.44)

The space M does not fit neatly into a well-studied class of manifolds. It is

probably not even a manifold with corners for many choices of the wallW . The space

M may loosely be described as a C2 manifold with boundary and “singularities.”

We will see that there exists a closed subset S ⊂ BM such that the 2-dimensional

Hausdorff measure of S is zero, andMreg ∶= M∖ S is an embedded C2 submanifold

of R3 with boundary. In particular, BregM ∶= BM∖S is a full-measure subset of the

boundary on which there exists a C1 field of inward-pointing unit normal vectors

n(q), q ∈ BregM.

A more detailed description of the configuration space M is given in §4.1. In

§6, we reprove a number of standard results from billiards for a very general class of

manifolds to whichM may be shown to belong.

1.3.3 Cylindrical approximation

Some additional understanding of the structure of M can be gained by imagining

the following physical situation. Suppose the configuration of the disk D is initially

y = (x1, x2,0). Then at most one satellite of D can be in contact with BW , and this

satellite is S0 (this follows from Proposition 4.2 for example). In this configuration,

the coordinates of S0 are (x1, x2−1). All other satellites must lie inW c. Consequently,

we may rotate the disk counterclockwise about the satellite S0 by a small angle ∆α,

and the resulting configuration y′ will still lie in M. Moreover, if y ∈ BM then
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y′ ∈ BM. We compute explicitly:

y′ = (x1 − sin∆α,x2 − 1 + cos∆α,∆α) ≈ (x1 −∆α,x2,∆α). (1.45)

Let

Q0 = {(x1, x2, α) ∶ α = 0}. (1.46)

We will see thatM∩Q0 =W c + e2. Thus (1.45) suggests that, in a neighborhood of

the plane Q0, the spaceM is well modeled by the cylinder

Mcyl ∶= {(x1, x2, α) ∶ (x1 + α,α) ∈W c + e2}. (1.47)

This is the cylinder with base

B̂ ∶=W c + e2 (1.48)

and axis

χ̃ ∶= (−1,0,1). (1.49)

The vector χ̃ is the “rolling velocity” described in the introduction.

More generally, we will see in §4.1 thatM may be decomposed into large “cylin-

drical regions” and small “gap regions.” The “gap regions” are difficult to describe

explicitly and correspond to configurations where multiple satellites can come into

contact with BW . Near any point in one of the “cylindrical regions” M is well

modeled by a cylinder whose base is an order ϵ translate of B̂ and whose axis is χ̃.

The main results of this work were originally derived informally by assuming that

we can replaceM withMcyl in our arguments.
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1.3.4 Phase space and dynamics

The dynamical state of the system is completely specified by a pair (y,w), where

y = (x,α) = (x1, x2, α) ∈ M and w = (v,ω) = (v1, v2, ω) ∈ R3. Here x = (x1, x2) is the

center of mass of the disk, and α is the angular orientation of the disk, as above;

v = (v1, v2) is the linear velocity of the center of mass of the disk, and ω is the angular

velocity.

The phase space is the set of all possible states (y,w) of the system:

TM≅M×R3. (1.50)

The notation TM refers to the fact that geometrically we regard the phase space

as the tangent space of the configuration space. For technical purposes, the phase

space can be taken simply as the Cartesian product of the configuration spaceM and

the “velocity space” R3; however it will occasionally be convenient to use the above

geometric language, for example when referring to the tangent space TyM⊂ TM at

a point y inM, which in this context is just the subset {y} ×R3.

We equip R3 with the inner product

⟨w,w′⟩ =mv1v′1 +mv2v′2 + Jωω′, for w = (v1, v2, ω), w′ = (v′1, v′2, ω′), (1.51)

and we denote the corresponding norm by ∣∣ ⋅ ∣∣. If the disk moves with velocity
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w = (v1, v2, ω), then the kinetic energy of the disk is

1

2
mv21 +

1

2
mv22 +

1

2
Jω2 = 1

2
∣∣w∣∣2. (1.52)

The sum of the first two terms is the kinetic energy arising from the linear motion of

the disk, while the third term is the kinetic energy arising from rotational motion.

For this reason we will often refer to the above inner product as the kinetic energy

inner product.

Unless specified otherwise, distances, angles, etc. in M are assumed to be with

respect to the inner product ⟨⋅, ⋅⟩ defined above.

The main physical assumptions which govern the dynamics of the model are:

P1. The bodies D and W do not interpenetrate.

P2. The system is subject to Euler’s laws of rigid body motion (see §3).

P3. When not in contact, the net force applied to each body is zero, and upon

contact, a single impulsive force is applied to the disk at the point of contact

and directed parallel to the unit normal vector on the wall.

P4. The kinetic energy of the disk is conserved for all time.

These assumptions are discussed in greater detail and given a more precise mathe-

matical form in §3.

Assumptions P1-P3 are standard for rigid body interactions. Assumption P4 is

the limiting case for a system of bodies of finite mass in which the total kinetic energy,

linear momentum, and angular momentum are conserved. After letting the mass and
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moment of inertia of one body diverge to infinity, the kinetic energy of the other body

is conserved in the limit. (Note that the wall W may be regarded as having infinite

mass and infinite moment of inertia.) For more details, see Proposition 3.3.

The dynamics of the disk and wall system may be represented by a moving point

mass in M, where the position and velocity of the point mass is given by the state

(y,w) of the disk and wall system. It follows from the assumptions P3 and P4 that

the point mass moves linearly with constant velocity in the interior ofM. When the

point mass comes into contact with the boundary at a point q ∈ BM, the velocity

should be redirected back into M by a mapping Rq ∶ TqM→ TqM. The dynamical

description of our system is completed by the following proposition.

Proposition 1.20. Let q ∈ BregM and let n(q) denote the inward-pointing unit nor-

mal vector at q. The unique map Rq ∶ TqM → TqM for which assumptions P1-P4

are satisfied is specular reflection with respect to the kinetic energy inner product:

Rq(w) = w − 2⟨w,n(q)⟩n(q), w ∈ TqM. (1.53)

Proposition 1.20 is proved in §3. The main takeaway is that the system under

consideration has the same dynamical evolution as a classical billiard: free motion

in the interior of the billiard domain and specular reflection on the boundary.

Remark 1.21. The inner product ⟨⋅, ⋅⟩ makes R3 into a geodesically complete Rie-

mannian manifold, and thus results proved in §6 for billiards in general Riemannian

manifolds will apply in this case. To avoid confusion, we will refer to ⟨⋅, ⋅⟩ as an

“inner product” in §§1-5, reserving the word “metric” to refer to either (a) the dis-
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tance functional on a metric space, or (b), in §6, a Riemannian metric on a general

geodesically complete Riemannian manifold. Context will be sufficient to distinguish

senses (a) and (b).

1.3.5 Collision laws

The configuration space M contains the plane P ∶= {(x1, x2, α) ∶ x2 = 0} ⊂ R3. The

boundary BM lies just below P within distance O(ρ(ϵ)2) from the plane (this is

proved in Proposition 4.1).

Let R3
± ∶= {(x1, x2, α) ∶ x2 ≥ 0}. Let S2 denote the unit sphere in R3 with respect

to the kinetic energy norm ∣∣ ⋅ ∣∣ defined above. By conservation of energy, the velocity

of a point particle representing the system may be taken to lie in the unit sphere S2

for all time. Let S2
± = S2 ∩R3

± = {(v1, v2, ω) ∈ S2 ∶ ±v2 > 0}.

Let (y,w) ∈ P × S2
+, and suppose the initial state of the point particle is (y,−w).

The velocity −w is directed toward the boundary BM. Therefore, the point particle

will reflect from BM specularly a certain number of times before eventually returning

to a point y′ in the plane P with some velocity w′ ∈ S2
+. The collision law is the map

P × S2
+ → P × S2

+, defined by

KΣ,ϵ(y,w) = (y′,w′). (1.54)

The set of inputs (y,w) such that the billiard trajectory starting from (y,−w) cannot

be continued for all time (say because it hits a singular point of BM) or never returns

to P constitutes a measure zero subset of P×S2
+, and thus KΣ,ϵ is well-defined up to

null sets. This fact is rigorously proved in §4.3.
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Remark 1.22. The reader should be careful not to confuse the terms “collision law”

and “reflection law.” In our usage, the latter expression is a generic term for any rule

whereby the particle trajectory is redirected into the billiard domain at the instant

in time when it hits the wall (e.g. the specular reflection law). The collision law,

by contrast, is an analogue of the macro-reflection law defined in §1.2.2. In fact, we

will see that the collision law is a special case of the general macro-reflection laws

defined in §6.2.1.

Just as in the random reflections case, the map KΣ,ϵ is naturally associated with

the deterministic Markov kernel on P × S2
+,

KΣ,ϵ(y,w; dy′dw′) ∶= δKΣ,ϵ(y,w)(y′,w′)dy′dw′, (1.55)

We equip P × S2
+ with the well-known measure from billiards theory,

Λ2(dydw) ∶= ⟨w, e2⟩dyσ(dw), (1.56)

where dy denotes Lebesgue measure on P and σ(dw) denotes surface measure on S2.

This is the 3-dimensional analogue of the Lambertian measure Λ1, defined by (1.5).

Definition 1.23. We call a Markov kernel K on P×S2
+ a rough collision law if there

exists a sequence of cells Σi (satisfying conditions B1-B5 of §1.2.4) and a sequence

of positive numbers ϵi → 0 such that,

KΣi,ϵi(y,w; dy′dw′)Λ2(dydw) → K(y,w; dy′dw′)Λ2(dydw) (1.57)
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weakly in the space of measures on P × S2
+.

Remark 1.24. Similar comments to Remarks 1.4 and 1.5 apply. In the above

definition, it is equivalent to replace Λ2 with any measure which is mutually ab-

solutely continuous with respect to surface measure on P × S2
+. The convergence

(1.57) is in duality to functions h(y,w, y′,w′) ∈ Cc((P × S2
+)2), but by a density

argument it is sufficient to verify the convergence in duality to functions of form

h(y,w, y′,w′) = f(y,w)g(y′,w′) where f, g ∈ C∞c (P × S2
+).

Remark 1.25. In (1.57), there is a sense in which KΣi,ϵi converges to K as a limit

with respect to a pseudometric topology on the space of Markov kernels on P × S2
+.

This topology is described in §6.2.3.

From this point on, we will write limi→∞KΣi,ϵi = K to indicate that (1.57) holds.

The most important elementary properties of collision laws are summarized in

the following proposition. (Compare with Propositions 1.1 and 1.3.)

Proposition 1.26. (i) There exists a full measure open set F ⊂ P × S2
+ such that

KΣ,ϵ ∶ F → F is a C2 diffeomorphism and KΣ,ϵ ○KΣ,ϵ = IdF on F .

Moreover, KΣ,ϵ preserves the measure Λ2, in the sense that for any set A ⊂ P×S2
+,

Λ2((KΣ,ϵ)−1(A)) = Λ2(A).

(ii) A rough collision law K is symmetric with respect to Λ2, in the sense that for

any f, g ∈ Cc(P × S2
+),

∫
(P×S2+)2

g(y′,w′)K(y,w; dy′dw′)f(y,w)Λ2(dydw)

= ∫
(P×S2+)2

f(y′,w′)K(y,w; dy′dw′)g(y,w)Λ2(dydw).
(1.58)
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Consequently, K preserves Λ2, in the sense that

∫
(P×S2+)2

g(y′,w′)K(y,w; dy′dw′)Λ2(dydw) = ∫
P×S2+

g(y,w)Λ2(dydw). (1.59)

This result is proved in §4.3.

1.3.6 Coordinates on P × S2
+

Recall the cylindrical axis χ̃, defined by (1.49). We equip R3 × S2 with coordinates

(y1, y2, y3, θ, ψ) defined as follows. Let

χ = ∣∣χ̃∣∣−1χ̃ = (m + J)−1/2(1,0,−1), χ⊥ = (m−1 + J−1)−1/2(m−1,0, J−1). (1.60)

Also let

ê2 =m−1/2e2 = (0,m−1/2,0). (1.61)

Then (χ⊥, ê2, χ) is an orthonormal basis for R3 (with respect to the inner product

⟨⋅, ⋅⟩). The two vectors χ and χ⊥ spanP. We define a coordinate mapG ∶ R3×(0, π)2 →

R3 × S2 by

G ∶ (y1, y2, y3, θ, ψ) ↦ (y,w), (1.62)

where

y = y1χ⊥ + y2ê2 + y3χ,

w = (cos θ sinψ)χ⊥ + (sin θ sinψ)ê2 + (cosψ)χ.
(1.63)
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In other words, the spatial coordinates (y1, y2, y3) are obtained by rotating (with

respect to the kinetic energy inner product) the original coordinates (x1, x2, α) so

that the vertical axis coincides with χ. The velocity coordinates (θ,ψ) are just

spherical coordinates with the “north pole” at χ.

In these coordinates, P = {(y1, y2, y3) ∶ y2 = 0}. The invariant measure Λ2 has the

following coordinate representation:

Λ2(dy1dy3dθdψ) = sin θ sin2ψdy1dy3dθdψ. (1.64)

To see this, note that ⟨w, e2⟩ = sin θ sinψ and the spherical volume form is sinψdθdψ.

1.3.7 Main results

The first of our main results concerns the case in which the rough collision law is

obtained through pure scaling. This means that the sequence of cells Σi = Σ is

constant.

Theorem 1.27. Consider a constant sequence of cells Σi = Σ for i ≥ 1. There exists

a Markov kernel K such that for any sequence of positive numbers ϵi → 0, the limit

limi→∞KΣi,ϵi exists and is equal to K. Moreover, K takes the form

K(y1, y3, θ, ψ; dy′1dy′3dθ′dψ′) = δ(y1,y3)(dy′1dy′3)P̃(θ,dθ′)δπ−ψ(dψ′), (1.65)

where P̃ is a Markov kernel on S1
+ satisfying the following properties:

i. P̃ is symmetric with respect to the measure sin θdθ, in the sense of (1.17)
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ii. Let

Σ̃ = {(x1, x2) ∈ S1 ×R ∶ (x1, (1 +mJ−1)−1/2x2) ∈ Σ},

ϵ̃i = (1 +mJ−1)−1/2ϵi,

P = δy(dy′)P̃(θ,dθ′).

(1.66)

Then

P = lim
i→∞

PΣ̃,̃ϵi . (1.67)

Consequently, K is symmetric with respect to the measure Λ2.

Our next two results concern more general rough collision laws. For an arbitrary

sequence of cells {Σi}i≥1, there is no guarantee that the limit of KΣi,ϵi exists or is

uniquely determined by the sequence of cells Σi. Nonetheless, if ϵi → 0 sufficiently

fast (where the rate depends on the sequence of cells Σi), a strict dichotomy holds.

Theorem 1.28. For any sequence of cells {Σi}i≥1, there exist numbers b1 ≥ b2 ≥ b3 ≥

⋯ > 0 such that exactly one of the following is true:

(A) There exists a unique Markov kernel K such that for any sequence of positive

numbers ϵi ≤ bi with ϵi → 0,

lim
i→∞

KΣi,ϵi = K. (1.68)

(B) For any sequence of positive numbers ϵi ≤ bi with ϵi → 0, limi→∞KΣi,ϵi does not

exist.

Remark 1.29. Both possibilities in the dichotomy are realized. In §2 we will con-

struct a few different examples of rough collision laws. Denote two of these by
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K = limKΣ,ϵi and K′ = limKΣ′,ϵi where Σ and Σ′ are fixed cells and K ≠ K′ (where in-

equality means that K(⋅; dy′dw′) and K′(⋅; dy′dw′) disagree on a non-null set). Note

that by Theorem 1.27, these limits always exist and do not depend on the sequence

ϵi → 0, and thus we may take bi = ∞ for example. Hence we see that (A) is realized.

Define a sequence of cells by Σ2i−1 = Σ and Σ2i = Σ′ for i ≥ 1. Then the sequence

KΣi,ϵi has two distinct limit points K and K′ for any sequence ϵi → 0, and thus (B)

is realized.

Remark 1.30. The proof of this theorem depends on the Poincaré Recurrence The-

orem. As such, it does not yield quantitative estimates for the numbers bi.

We let A0 denote the set of all Markov kernels K obtained as a limit of form

limi→∞KΣi,ϵi , where ϵi ≤ bi for all i, and the bi are chosen as in Theorem 1.28.

The following theorem says that the collision laws in A0 have essentially the same

properties as those stated in Theorem 1.27. Moreover, these properties completely

characterize the members of A0.

Theorem 1.31. Let K ∈ A0. In the coordinates (y1, y3, θ, ψ), K takes the form

K(y1, y3, θ, ψ; dy′1dy′3dθ′dψ′) = δ(y1,y3)(dy′1dy′3)P̃(θ,dθ′)δπ−ψ(dψ′), (1.69)

where P̃ is a Markov kernel on S1
+ satisfying the following properties:

i. P̃ is symmetric with respect to the measure sin θdθ on S1
+, in the sense of (1.17).

ii. Suppose {Σi} is a sequence of cells such that for any ϵi ≤ bi with ϵi → 0,
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KΣi,ϵi → K in the sense of Theorem 1.28(A). Let

Σ̃i = {(x1, x2) ∈ S1 ×R ∶ (x1, (1 +mJ−1)−1/2x2) ∈ Σi},

ϵ̃i = (1 +mJ−1)−1/2ϵi,

P = δy(dy′)P̃(θ,dθ′).

(1.70)

Then

P = lim
i→∞

PΣ̃i ,̃ϵi . (1.71)

Consequently, K is symmetric with respect to the measure Λ2.

Conversely, if K is a Markov kernel on P × S2
+ of form (1.69) such that P̃ is

symmetric with respect to the measure sin θdθ on S1
+, then K ∈ A0.

Theorems 1.27 and 1.31 establish a one-to-one correspondence between rough

collision laws and rough reflection laws in the upper half-plane {(x1, x2) ∶ x2 ≥ 0},

indicated schematically as follows:

{(Σi, ϵi)}i≥1 {(Σ̃i, ϵ̃i)}i≥1

K P

(1.72)

The correspondence at the top is between the sequences of cell-roughness scale pairs

giving rise to the wallsWi =W (Σi, ϵi) and foreshortened walls W̃i =W (Σ̃i, ϵ̃i) respec-

tively. The correspondence on the bottom is given by (1.69). The downward arrows

map the sequence {(Σi, ϵi)} (resp. {(Σ̃i, ϵ̃i)}) to limi→∞KΣi,ϵi (resp. limi→∞ PΣ̃i ,̃ϵi).

Provided ϵi → 0 sufficiently fast, the limit on the left exists if and only if the limit
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on the right exists. We will take advantage of this correspondence in §2 for building

examples of rough collision laws.

The reader may wish to compare the statement of Theorem 1.31, above, to the

informal description of our main results in §1.1.3. The fact that K preserves the

measure Λ2 is equivalent to the fact that the rough collision dynamics preserve the

Liouville measure on the phase space (one approach for proving this is suggested

by Figure 3), while symmetry with respect to Λ2 makes precise the notion of “time-

reversibility.” The product decomposition (1.69) implies that projection of the phase

space velocity onto χ is a conserved quantity.

1.3.8 Outline of proof of main results

The proofs of our main results are given in §5. Here we provide a high level synopsis

of our arguments.

Step 1. The first step will be to show that versions of Theorems 1.27, 1.28, 1.31

hold if we replace the configuration spaceM with its cylindrical approximationMcyl.

(More precisely, see Theorem 5.1.)

Consider a point particle moving freely in Mcyl and reflecting specularly from

BMcyl. The boundary of Mcyl lies just below the plane P, within ϵ distance from

the plane. In analogy to the collision law defined for the space M, we define the

cylindrical collision law KΣ,ϵ
cyl ∶ P × S2

+ → P × S2
+ by

KΣ,ϵ
cyl ∶ (y,w) ↦ (y

′,w,′ ), (1.73)

where (y′,w′) is the state of the freely moving point particle upon its first return
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to P, after reflecting from BMcyl some number of times. We then consider Markov

kernels K on P × S2
+ such that for some sequence of cells {Σi} and positive numbers

ϵi → 0,

δ
K

Σi,ϵi
cyl

(y,w)(dy
′dw′)Λ2(dydw) → K(y,w; dy′dw′)Λ2(dydw), (1.74)

weakly in the space of measures on (P × S2
+)2.

To prove that such a Markov kernel K takes the form (1.69), the key observation

is that the billiard trajectory y(t) in Mcyl decouples into two independent evolu-

tions: y(t) = (y1,2(t), y3(t)), where the evolution y3(t) is the projection of y(t) onto

the cylindrical axis χ, and the evolution y1,2(t) is the projection of y(t) onto the

orthogonal complement of χ, Q1 ∶= {y ∈ R3 ∶ ⟨y,χ⟩ = 0}. By virtue of the cylindrical

structure of Mcyl, y3(t) evolves linearly, with constant velocity for all time, while

y1,2(t) follows the trajectory of a point particle moving freely in Q1 ∖Mcyl and re-

flecting specularly from the boundary Q1∩BMcyl. After appropriately identifying Q1

with R2, this billiard domain in Q1 may be shown to coincide with the complement

of the foreshortened wall W̃i =W (Σ̃i, ϵ̃i). This accounts for the non-trivial factor P̃

in (1.69).

On the other hand, if K is a Markov kernel on P × S2
+ of form (1.69), then one

may show that for some sequence of cells {Σi} and positive numbers ϵi → 0, a limit

of form (1.74) holds. The idea is to apply the characterization of rough reflection

laws in the upper half-plane given by Theorem 1.9 to show that there exist Σi and

ϵi such that the limiting rough reflection law on W̃i =W (Σ̃i, ϵ̃i) is P̃ in (1.69).

For more details on the cylindrical configuration space and the cylindrical collision

law, see §4.2 and §4.3.2. The argument in this step is presented in §5.1.
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Step 2. Most of the work involved with proving our main results is concerned

with the case of pure scaling – that is, the case where the sequence of cells Σi = Σ is

constant. We will prove that, for any f, g ∈ C∞c (P × S2
+),

∫
P×S2+

g(y,w)[f ○KΣ,ϵ(y,w) − f ○KΣ,ϵ
cyl (y,w)]dΛ

2(dydw) → 0 as ϵ→ 0. (1.75)

This is the statement of Lemma 5.2. The above limit together with the previous step

can be used to prove Theorem 1.27.

To obtain (1.75), we introduce a modified collision law K̃Σ,ϵ to which we may

compare both KΣ,ϵ and KΣ,ϵ
cyl . The modified collision law is defined on a large (but

not full measure) open subset F̃ ⊂ P × S2
+, and satisfies

K̃Σ,ϵ = η−1 ○KΣ,ϵ ○ η, (1.76)

where η ∶ F̃ → F̃ is a smooth perturbation which “corrects” for the large-scale

spherical shape of the body D. The map η is defined in §4.3.3. We will see that η

converges to Id in C1(F̃) as ϵ → 0. The comparison between K̃Σ,ϵ and KΣ,ϵ will be

carried out in §5.2 by making estimates on the differential of η.

The comparison between K̃Σ,ϵ and KΣ,ϵ
cyl will be carried out in §5.3 via a “zooming

argument.” By double-periodicity of the configuration spaces M and Mcyl, it is

enough to compare the behavior of K̃Σ,ϵ and KΣ,ϵ
cyl on a single parallelogram

Rϵ = {(x1, α) ∈ P ∶ 0 ≤ x1 + α ≤ ϵ,−ρ/2 ≤ x2 ≤ ρ/2}. (1.77)
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We will see that there is a large subset Ω ⊂ P × S2
+ such that

sup{∣∣K̃Σ,ϵ(y,w) −KΣ,ϵ
cyl (y,w)∣∣ ∶ (y,w) ∈ Ω ∩ (Rϵ × S2

+)} → 0, as ϵ→ 0. (1.78)

This is the content of Lemma 5.3. The comparison is best carried out in “zoomed”

coordinates. That is, we let

σϵ−1(y,w) = (ϵ−1y,w), (y,w) ∈ P × S2
+, (1.79)

and we compare the two maps

K̃∗ ∶= σϵ−1 ○ K̃Σ,ϵ ○ σϵ, K∗cyl ∶= σϵ−1 ○K
Σ,ϵ
cyl ○ σϵ. (1.80)

The advantage of this point of view can be seen by observing that the scaled cylindri-

cal configuration spaceM∗
cyl ∶= ϵ−1Mcyl is simply the cylinder with baseW (Σ,1)c+e2

and axis χ. ThusM∗
cyl does not depend on ϵ. This will allow us to control the billiard

trajectories in the zoomed spaces M∗ ∶= ϵ−1M and M∗
cyl in terms of properties of

their “projections” onto the fixed cylindrical base W (Σ,1)c + e2. This idea is fleshed

out in Lemmas 5.7 and 5.8.

Step 3. Finally, to prove Theorems 1.28 and 1.31, we will apply the previous

two steps and take advantage of the fact that the convergence (1.57) comes from a

pseudometric dΛ
2

G on the space of Markov kernels on P × S2
+. (For the definition of
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this pseudometric, see §6.2.3.) For any Σi and ϵi, the triangle inequality gives us

dΛ
2

G (K,KΣi,ϵi) ≤ dΛ2

G (K,K
Σi,ϵi
cyl ) + d

Λ2

G (K
Σi,ϵi
cyl ,K

Σi,ϵi), (1.81)

where KΣi,ϵi
cyl (y,w; dy′dw′) ∶= δKΣi,ϵi

cyl
(y,w)(dy

′dw′). The convergence (1.75) implies that

there exist positive numbers b
(0)
i such that if ϵi ≤ b(0)i for all i, then the second term in

the right-hand side of (1.81) is negligible. Consequently, Theorems 1.28 and 1.31 will

follow by applying the corresponding results obtained for the cylindrical configuration

space in Step 1.
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2 Examples

Here we construct examples of rough reflection laws and rough collision laws. Most

of the work goes into building rough reflection laws. For each rough reflection law

we construct, the correspondence (1.72) gives us a rough collision law “for free.”

2.1 Lemma for constructing rough reflections

Throughout this section, we assume that the cells Σ satisfy conditions B1-B5 of

§1.2.4.

Fix a cell Σ and a positive number ϵ > 0. Suppose that (x, θ) ∈ R × S1
+, and let

(x′, θ′) be the random variable in R×S1
+ whose law is given by PΣ,ϵ(x, θ,dx′dθ′). We

define P̃Σ,ϵ(θ,dθ′) to be the law of θ′ as x varies uniformly in the period [0, ϵ] and θ

stays fixed. In other words, for any f ∈ Cc(S1
+),

∫
S1+
f(θ′)P̃Σ,ϵ(θ,dθ′) ∶= 1

ϵ ∫
ϵ

0
∫
R×S1+

f(θ′)PΣ,ϵ(x, θ,dx′dθ′)dx. (2.1)

The following lemma gives us a way to construct rough reflection laws from a

periodic microstructure.

Lemma 2.1. (i) If the limit

lim
i→∞

PΣi,ϵi(x, θ; dx′dθ′) (2.2)
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exists, then the limit

lim
i→∞

P̃Σi,ϵi(θ,dθ′) (2.3)

exists.

(ii) If the limit

P̃(θ,dθ′) ∶= lim
i→∞

P̃Σi,ϵi(θ,dθ′) (2.4)

exists, then the limit

lim
i→∞

PΣi,ϵi(x, θ; dx′dθ′) (2.5)

exists and is equal to δx(dx′)P̃(θ,dθ′), where “equal” means the two Markov kernels

belong to the same equivalence class (see Remark 1.6).

(iii) Suppose that Σi = Σ is constant. Then for any sequence ϵi → 0, the limit

limi→∞ PΣ,ϵi(x, θ,dx′dθ′) exists and is equal to δx(dx′)P̃(θ,dθ′), where

P̃(θ,dθ′) = P̃Σ,1(θ,dθ′). (2.6)

The lemma is proved in §2.4. The benefit of the lemma is that the law P̃Σi,ϵi(θ,dθ′)

is usually much easier to compute than PΣi,ϵi(x, θ; dx′dθ′), owing to the fact that in

the former case we do not have to worry about the spatial variable x′.
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2.2 Examples of rough reflection laws

2.2.1 Rectangular teeth

First we consider a microstructure of “rectangular teeth.” That is, we define real

functions

tn(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 if 2kϵn ≤ x ≤ (2k + 1)ϵn,

−rϵn if (2k + 1)ϵn < x < (2k + 2)ϵn
for k ∈ Z. (2.7)

The quantity r > 0 is a fixed parameter representing the ratio of the height of the

teeth to the width. Define ϵn-periodic walls

Wn =W (Σ, ϵn) = {(x1, x2) ∶ x2 ≤ tn(x1)}, (2.8)

To find the macro-reflection law, let X be uniform in [0,1], and let θ ∈ (0, π)

be fixed. Let (X ′θ,Θ′θ) = PΣ,1(X,θ). By Lemma 2.1(iii), the limiting reflection law

P̃(θ,dθ′) is the law of the random variable Θ′θ.

As illustrated in Figure 6, Θ′θ is equal to either π − θ (specular reflection) or θ

(retroreflection). With probability 1/2 the starting point X of the point particle is

on top of a tooth, in which case Θ′θ = π − θ. Otherwise, X will be in the interval

above the crevice between two teeth.

Conditioned on the latter event, the probability that Θ′θ = π−θ may be determined

by “unfolding” the rectangular billiard between the two teeth, as shown in Figure

7. By inspecting this figure, we see that if ⌊2r∣ cot θ∣⌋ is even, then the probability
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Figure 6: Reflection from rectangular teeth. The post-reflection angle will be either
θ′ = π − θ (specular reflection – green) or θ′ = θ (retroreflection – red).

of specular reflection is {2r∣ cot θ∣}. If on the other hand ⌊2r∣ cot θ∣⌋ is odd, then the

probability of specular reflection is 1 − {2r∣ cot θ∣}.

Putting these observations together, we conclude that

Θ′θ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

π − θ w.p. pr(θ),

θ w.p. 1 − pr(θ),
(2.9)

where

pr(θ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1
2 +

1
2{2r∣ cot θ∣} if ⌊2r∣ cot θ∣⌋ is even,

1 − 1
2{2r∣ cot θ∣} if ⌊2r∣ cot θ∣⌋ is odd.

(2.10)

Thus the limiting rough reflection law is P(x, θ,dx′dθ′) = δx(dx′)P̃(θ,dθ′), where

P̃(θ,dθ′) is the law of Θ′θ.
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Figure 7: If the end of the trajectory of the point particle in the unfolded rectangular
billiard falls in a gray region, then the reflection will be specular. Otherwise it will
be a retroreflection.

2.2.2 Triangular teeth

We can similarly construct reflections from triangular teeth. Let ψ ∈ (0, π). Define

a “tooth function”

tn(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

− cot(ψ2 )x ϵnk ≤ x < ϵn(2k+12 ),

cot(ψ2 )(x − 1) ϵn(2k+12 ) ≤ x < ϵn(k + 1)
for k ∈ Z. (2.11)

Then define ϵn-periodic walls

Wn =W (Σn, ϵn) = {(x1, x2) ∶ x2 ≤ tn(x1)}. (2.12)
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Figure 8: Triangular teeth

Each period of the wall is an isosceles triangle such that each peak and valley spans

an angle of ψ. See Figure 8.

As before, let X be uniform in [0,1], let θ ∈ (0, π) be fixed, and let (X ′θ,Θ′θ) =

PΣ,1(X,θ). The limiting reflection law P̃(θ,dθ′) is the law of Θ′θ.

Similarly to the case of rectangular teeth, we can deduce the distribution of Θ′θ

by considering the unfolding of the region between two triangular teeth. See Figure

9. In the figure, the number of triangles crossed by the top of the horizontal strip is

N = ⌈2θ
ψ
⌉ . (2.13)

The angle of the outgoing trajectory depends on whether N is even or odd and

whether the unfolded trajectory exits the unfolded billiard in a white region or a

gray region. The trajectory leaves in a white region with probability pψ(θ) and

leaves in gray region with probability 1 − pψ(θ).

It is tedious but elementary to compute the angle of exit in each case, and the
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Figure 9: Unfolding of the billiard between two teeth.

probability pψ(θ). One obtains that

if ⌈2θ
ψ
⌉ is even, Θ′θ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

π + θ − ψ⌈2θψ ⌉ w.p. pψ(θ),

ψ (⌈2θψ ⌉ + 1) − θ w.p. 1 − pψ(θ),

and if ⌈2θ
ψ
⌉ is odd, Θ′θ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ψ⌈2θψ ⌉ − θ w.p. pψ(θ),

π + θ − ψ (⌈2θψ ⌉ + 1) − θ w.p. 1 − pψ(θ),

(2.14)

where

pψ(θ) =
[cos(θ − ψ

2
) − cos(ψ2 ⌈

2θ
ψ ⌉)]+

cos(θ − ψ
2
) − cos(θ + ψ

2
)

. (2.15)

Here [x]+ = x if x ≥ 0 and zero otherwise. The limiting reflection law is

P(x, θ; dx′dθ′) = δx(dx′)P̃(θ,dθ′), where P̃(θ,dθ′) is the law of Θ′θ.
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2.2.3 Focusing circular arcs

The discrete distribution of both of the previous reflection laws is an artifact of the

polygonal boundary of the walls. When the boundary of the wall contains curve

segments with non-zero curvature, we expect the distribution to be non-singular in

general.

As an example of this, consider the wall whose periods consist of focusing (i.e.

concave-up) circular arcs. Let 0 < ξ ≤ π/2. We define

tn(x) =
ϵn
2
cot ξ −

√
ϵ2n
4
csc2 ξ − (x − ϵn

2
)
2

for x ∈ [0, ϵn], (2.16)

and extend tn to be ϵn-periodic on the line R. The wall is

Wn =W (Σ, ϵn) = {(x1, x2) ∶ x2 ≤ tn(x1)}. (2.17)

The arc forming one period of the wall spans an angle of 2ξ.

Consider the wall W (Σ,1), depicted in Figure 10. Let X be uniform in [0,1],

and let θ ∈ (0, π) be fixed. Let (X ′θ,Θ′θ) = PΣ,1(X,θ). Let C denote the center of

the circle whose arc forms the period of the wall below [0,1], and let R denote the

radius. In coordinates,

C = (1
2
,
1

2
cot ξ) , R = 1

2
csc ξ. (2.18)

Let P be the first point in the circular arc hit by the billiard trajectory starting from

(X,θ), and let γ be the signed angle measured counterclockwise from the vector −e2

67



Figure 10: A wall formed from circular arcs.

to the ray
Ð→
CP . (Thus if X = 0 then γ = −ξ and if X = 1 then γ = ξ.)

It turns out to be more convenient to express Θ′θ in terms of γ, rather than X.

Let N denote the number of times that the point particle hits the circular arc

before leaving the wall. Referring to Figure 11, let P0 = P , and suppose that the

point particle subsequently hits the wall at points P1, P2, . . . , PN−1. The sequence of

points Pi will progress along the arc in the counterclockwise direction if θ ≥ π
2 + γ,

and in the clockwise direction if θ < π
2 + γ (strictly speaking, the case where θ = π

2 + γ

is vacuous since the trajectory will hit the boundary only once). The signed angle

from Pi−1 to Pi is

∆γ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

2(π + γ − θ) if θ ≥ π
2 + γ,

2(γ − θ) if θ < π
2 + γ.

(2.19)
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Figure 11: Multiple reflections from a circular arc.

The number of times which the billiard trajectory hits the arc is

N =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⌈ ξ−γ∣∆γ∣⌉ if θ ≥ π
2 + γ,

⌈ ξ+γ∣∆γ∣⌉ if θ < π
2 + γ.

(2.20)

Each time the point particle hits the circular arc, the angle which the billiard tra-

jectory makes with the +x1-axis increments by ∆γ. Thus,

Θ′θ = θ +N∆γ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

θ + ⌈ ξ−γ
2∣π+γ−θ∣⌉2(π + γ − θ) if θ ≥ π

2 + γ,

θ + ⌈ ξ+γ2∣γ−θ∣⌉2(γ − θ) if θ < π
2 + γ.

(2.21)

We will now find an explicit formula for γ in terms of X and θ. This, together

with (2.21), will give us the distribution of Θ′θ.
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An elementary calculation shows that

X = cot θ cosγ

2 sin ξ
+ sinγ

2 sin ξ
+ 1

2
− 1

2
cot θ cot ξ

= cos(θ + γ) − cos(θ + ξ)
cos(θ − ξ) − cos(θ + ξ)

.

(2.22)

Geometrically, it is clear that X is uniquely determined by γ and θ and that X

should increase with γ. Note that −π/2 ≤ −ξ ≤ θ + γ < π + ξ ≤ 3π/2. On the interval

[−π/2,3π/2), the cosine function increases on the intervals [−π/2,0] and [π,3π/2).

Thus θ + γ ∈ [−π/2,0] ∪ [π,3π/2). Thus if we define

Arccos(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

2π − arccos(x) if − 1 ≤ x < 0,

−arccos(x) if 0 ≤ x ≤ 1,
(2.23)

then Arccos(cos(θ + γ)) = θ + γ. Hence, solving (2.22) gives us

γ = −θ +Arccos (X cos(θ − ξ) + (1 −X) cos(θ + ξ)) . (2.24)

2.2.4 Retroreflection

Consider the retroreflection law

P(x, θ; dx′dθ′) = δ(x,θ)(dx′dθ′). (2.25)

It follows from Theorem 1.9 that there is a sequence of walls Wi such that PWi → P

as i→∞.
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Figure 12: Retroreflection from a fractal of mushroom billiards.

We obtain a sequence of walls which generates retroreflection by considering the

fractal of mushroom billiards depicted in Figure 12. The “cap” of each mushroom is

a semicircular arc. The walls consist of partial iterations of the mushroom fractal.

To each Wi is added an additional row of “mushroom hallows,” while the scale of

the wall converges to zero as u→∞. The ratio of the width of the stem to the width

of the cap of each mushroom is taken to converge to zero as i → ∞, but at not too

fast a rate. The horizontal segments at the top the boundary of Wi form a partial

iteration of a Cantor set. Provided the width of the stems does not converge to zero

too quickly, this set will become negligible as i→∞.

For additional examples and discussion of walls which generate retroreflection,

see Chapter 9 of [35].
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2.3 Examples of rough collision laws

Given a sequence of periodic walls, Wi = W (Σ, ϵi), let W̃i = W (Σ̃, ϵ̃i) denote the

foreshortened wall (where Σ̃ and ϵ̃i are defined by (1.70)). Let X be uniform in

[0,1], and let

(X ′θ,Θ′θ) = P Σ̃,1(X,θ), (2.26)

The angle Θ′θ is the angle of exit of the trajectory hitting the foreshortened wall, as

X varies uniformly over one period. Theorem 1.31 tells us that the limiting collision

law for the disk and wall system K = limi→∞KWi is given by

K(y1, y3, θ, ψ; dy′1dy′3dθ′dξ′) = δ(y1,y3)(dy′1dy′3)P̃(θ,dθ′)δπ−ψ(dψ′), (2.27)

where P̃(θ,dθ′) is the law of the random angle of exit Θ′θ.

We obtain examples of rough collision laws by choosing walls Wi, such that the

limiting reflection law for the sequence of foreshortened walls W̃i is known.

2.3.1 Rectangular teeth

Consider walls Wi =W (Σ, ϵi) consisting of rectangular teeth with parameter r (the

ratio of the width of the teeth to the height). For this choice of walls, we denote the

angle of exit by Θ′θ(r) to indicate the dependence of Θ′θ on r in the formula (2.9).

The class of walls with rectangular teeth is invariant under foreshortening. After

foreshortening by a factor (1 +m/J)1/2, the new wall W̃i is composed of rectangular
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teeth with parameter

r̃ = (1 +m/J)−1/2r. (2.28)

Thus the rough collision law K = limi→∞KWi is given by (2.27), where P̃(θ,dθ′) is

the law of Θ′θ(r̃).

Using (1.63) to convert back to the original coordinates, we obtain that the col-

lision law K maps the incoming velocity w = (v1, v2, ω) to Asmoothw with probability

pr̃(θ) and to Ano-slipw with probability 1 − pr̃(θ), where Asmooth and Ano-slip are the

matrices defined as follows:

Asmooth =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0

0 −1 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Ano-slip =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m−J
m+J 0 −2J

m+J

0 −1 0

−2m
m+J 0 −m+J

m+J

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (2.29)

The significance of the notation Asmooth and Ano-slip is explained in §2.3.4.

2.3.2 Triangular teeth

Consider walls Wi = W (Σ, ϵi), consisting of triangular teeth with parameter ψ. We

denote the random angle or reflection by Θ′θ(ψ), to indicate the dependence of Θ′θ

on ψ in the formula (2.14)

For each i, the foreshortened wall W̃i consists of triangular teeth with parameter

ψ̃ = 2arctan((1 + m
J
)
−1/2

tan(ψ
2
)) . (2.30)

The rough collision law K = limi→∞KWi is given by (2.27), where P̃(θ,dθ′) is the law
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Figure 13: Focusing elliptical arcs

of Θ′θ(ψ̃).

In principle, one can use (1.63) to express K in the original coordinates

(x1, x2, α, v1, v2, θ), although the formula is not as simple as in the previous case.

2.3.3 Focusing elliptical arcs

Consider walls Wi = W (Σ, ϵi) constructed of focusing (concave-up) elliptical arcs,

where the ratio of the horizontal to vertical axes is (1+m/J)1/2. In other words, we

define

tn(x) =
ϵn
2
cot ξ − (1 +m/J)−1/2

√
ϵ2n
4
csc2 ξ − (x − ϵn

2
)
2

for x ∈ [0, ϵn], (2.31)

and extend tn to be periodic on R. We define

Wn =W (Σ, ϵn) = {(x1, x2) ∶ x2 ≤ tn(x1)}. (2.32)

See Figure 13

The foreshortened wall W̃i is precisely the wall of circular arcs with parameter

74



ξ, discussed in §2.2.3. Therefore, the rough collision law K = limi→∞KWi is given by

(2.27), where P̃(θ,dθ′) is the law of Θ′θ = Θ′θ(ξ), given by the formula (2.21).

2.3.4 Smooth and no-slip collisions

As we have seen, there are two basic examples of deterministic rough reflection laws:

specular reflection

Pspec(x, θ; dx′dθ′) ∶= δ(x,π−θ)(dx′dθ′) (2.33)

and retroreflection

Pretro(x, θ; dx′dθ′) ∶= δ(x,θ)(dx′dθ′). (2.34)

Trivially, Pspec is the limit of the reflection laws on the constant sequence of flat walls

Wi = {(x1, x2) ∶ x2 ≤ 0}. Under the correspondence (1.72), Pspec corresponds to

Ksmooth(y1, y3, θ, ψ; dy′1dy′3dθ′dψ′) = δ(y1,y3,π−θ,π−ψ)(dy′1,dy′3dθ′dψ′). (2.35)

This is just the classical collision law describing a frictionless collision between a hard

disk and fixed wall in the plane.

Under the correspondence (1.72), Pretro corresponds to

Kno-slip(y1, y3, θ, ψ; dy′1dy′3dθ′dψ′) = δ(y1,y3,θ,π−ψ)(dy′1,dy′3dθ′dψ′). (2.36)

This type of deterministic collision is known as a no-slip collision.

Using (1.63) to convert back to our original coordinates (x1, x2, α, v1, v2, β), one

may show that the collision law Ksmooth maps the velocity w = (v1, v2, ω) to Asmoothw,
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and the collision law Kno-slip maps w to Ano-slipw, where Asmooth and Ano-slip are the

matrices defined by (2.29).

LetWi be a sequence of walls such that Pspec = limi→∞ PWi (for example, the walls

of §2.2.4). Let Ŵi = {(x1, x2) ∶ (x1, (1 +m/J)−1/2x2) ∈Wi}. That is, we choose walls

Ŵi whose foreshortening is Wi. Theorem 1.31 tells us that Kno-slip = limi→∞KŴi .

No-slip collisions were first introduced by Broomhead and Gutkin in [4] and have

been further investigated Cox, Feres, and Ward [10, 9].

Remark 2.2. It turns out that Pspec and Pretro are the only two deterministic rough

reflection laws which act continuously on R×S1
+. Thus, by the correspondence (1.72),

Ksmooth and Kno-slip are the only two rough collision laws which act continuously on

P × S2
+. The latter statement is also closely related to Corollary 2.2 in [10], which

classifies deterministic collision laws for more general rigid bodies.

To see why the first statement is true, let µ(dθ) = sin θdθ, and let m denote

Lebesgue measure on the line. Recall that by Proposition 6.5, if P(x, θ; dx′dθ′) =

δx(dx′)P̃(θ,dθ′) is a rough reflection law, then P̃(θ,dθ′) preserves the measure

µ. The measure space ((0, π), µ) is isomorphic to ((−1,1),m), via the mapping

f(θ) = − cos θ. The only continuous transformations (−1,1) → (−1,1) which preserve

Lebesgue measure are T (x) = x and T (x) = −x, and these transformations pull back

via f to retroreflection and specular reflection respectively.

By considering transformations which are not continuous, one can obtain a much

larger class of deterministic reflection laws and collision laws. For example, any invo-

lutive interval exchange transformation of (−1,1) corresponds to some deterministic

reflection law and to some deterministic collision law.
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2.4 Proof of the lemma for constructing random reflections

Proof of Lemma 2.1. For (x, θ) ∈ R × S1
+, let (x′, θ′) = PΣi,ϵi(x, θ). By condition B5

on the cells Σi (see §1.2.4), the boundary of the wall W (Σi, ϵi) is periodic and has

maximums at integer multiples of ϵi along the line {(x1, x2) ∶ x2 = 0}. Moreover, if x ∈

[kϵi, (k+1)ϵi] for k ∈ Z, then the billiard trajectory will remain in the hollow bounded

between the two maximums and will return to line x2 = 0 at x′ ∈ [kϵi, (k + 1)ϵi].

Therefore,

∣x − x′∣ ≤ ϵi. (2.37)

We will use this estimate several times in the argument below.

Proof of (i) Suppose that P(x, θ; dx′dθ′) = limi→∞ PΣi,ϵi(x, θ; dx′dθ′) exists. Let

f, g ∈ Cc(S1
+). We have

∫
S1+
g(θ)∫

S1+
f(θ′)P̃Σi,ϵi(θ,dθ′) sin θdθ

= ∫
S1+
g(θ) 1

ϵi
∫

ϵi

0
∫
R×S1+

f(θ′)PΣi,ϵi(x, θ; dx′dθ′)dx sin θdθ

= ∫
S1+
g(θ) 1

ϵi⌈1/ϵi⌉ ∫
ϵi⌈1/ϵi⌉

0
∫
R×S1+

f(θ′)PΣi,ϵi(x, θ; dx′dθ′)dx sin θdθ,

(2.38)

where the last line uses the fact that x↦ ∫R×S1+ f(θ
′)PΣi,ϵi(x, θ; dx′dθ′) is ϵi-periodic.

Noting that PΣi,ϵi is a probability measure, we also have the following bound:

∫
R×S1+

f(θ′)PΣi,ϵi(x, θ; dx′dθ′) ≤ ∣∣f ∣∣L∞ . (2.39)
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Using this bound, we see that the last line in (2.38) is equal to

∫
S1+
g(θ)∫

1

0
∫
R×S1+

f(θ′)PΣi,ϵi(x, θ; dx′dθ′)dx sin θdθ +O(ϵi), (2.40)

where the error term may depend on f and g. Let ϕδ ∈ Cc(R) be chosen so that

0 ≤ ϕδ ≤ 1 and suppϕδ ⊂ [0,1] and ∫ ∣ϕδ − 1[0,1]∣dx < δ. Let ηδ ∈ Cc(R) be chosen so

that 0 ≤ ηδ ≤ 1 and ηδ = 1 on the interval [−δ−1,1 + δ−1]. We see that (2.40) is equal

to

∫
R×S1+

ϕδ(x)g(θ)∫
R×S1+

f(θ′)PΣi,ϵi(x, θ; dx′dθ′)Λ1(dxdθ) +O(δ + ϵi)

= ∫
R×S1+

ϕδ(x)g(θ)∫
R×S1+

ηδ(x′)f(θ′)PΣi,ϵi(x, θ; dx′dθ′)Λ1(dxdθ) +O(δ + ϵi),
(2.41)

noting that by the bound (2.37), x′ ∈ [−δ−1,1+δ−1] (for i sufficiently large) whenever

x ∈ [0,1]; thus ηδ(x′) = 1 whenever ϕδ(x) ≠ 0. Taking the limit as i → ∞, (2.41)

converges to

∫
R×S1+

ϕδ(x)g(θ)∫
R×S1+

ηδ(x′)f(θ′)P(x, θ; dx′dθ′)Λ1(dxdθ) +O(δ). (2.42)

Letting δ → 0, by boundedness and pointwise convergence of ϕδ and ηδ, dominated

convergence implies (2.42) converges to

∫
[0,1]×S1+

g(θ)∫
R×S1+

f(θ′)P(x, θ; dx′dθ′)dx sin θdθ

= ∫
S1+
g(θ)∫

S1+
f(θ′)P̃0(θ,dθ′) sin θdθ,

(2.43)
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where P̃0 is the Markov kernel on S1
+ defined by

∫
S1+
h(θ′)P̃0(θ,dθ′) = ∫

[0,1]
∫
R×S1+

h(θ′)P(x, θ; dx′dθ′). (2.44)

Putting all this together, we see that (2.38) converges to (2.43) as i→∞, as desired.

Proof of (ii). Conversely, suppose that P̃ = limi→∞ P̃Σi,ϵi exists. Given

h(x, θ, x′, θ′) = f(x, θ)g(x′, θ′), where f, g ∈ C∞c (R × S1
+), we want to show that a

limit of form (1.11) holds. Since the tensor product C∞c (R) ⊗ C∞c (S1
+) is dense in

C∞c (R×S1
+), we may assume without loss of generality that f(x, θ) = f1(x)f2(θ) and

g(x, θ) = g1(x)g2(θ) for some f1, g1 ∈ C∞c (R) and f2, g2 ∈ C∞c (S1
+). We have

∫
R×S1+

g1(x)g2(θ)∫
R×S1+

f1(x′)f2(θ′)PΣi,ϵi(x, θ; dx′dθ′)Λ1(dxdθ)

= ∫
R×S1+

g1(x)g2(θ)∫
R×S1+

f1(x)f2(θ′)PΣi,ϵi(x, θ; dx′dθ′)Λ1(dxdθ)

+ ∫
R×S2+

g1(x)g2(θ)∫
R×S1+
[f1(x′) − f1(x)]f2(θ′)PΣi,ϵi(x, θ; dx′dθ′)Λ1(dxdθ)

+O(δ2)

= ∫
R×S1+

g1(x)f1(x)g2(θ)∫
R×S1+

f2(θ′)PΣi,ϵi(x, θ; dx′dθ′)Λ1(dxdθ) +O(Ei),

(2.45)

where

Ei ∶= sup{∣f1(x′) − f1(x)∣ ∶ x ∈ R}. (2.46)

By the bound (2.37) and the fact that f1 is continuous and compactly supported, we

see that Ei converges to zero as i → ∞. By approximation by simple functions, we
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may write

g1(x)f1(x) = ∑
k∈Z

g1(ϵik)f1(ϵik)1[ϵik,ϵi(k+1)](x) + hi(x), (2.47)

where hi → 0 in L1(R). Also, observing that the function

x↦ ∫
R×S1+

f2(θ′)PΣi,ϵi(x, θ; dx′dθ′) (2.48)

is ϵi-periodic, we may write the last quantity in (2.45) as

∑
k∈Z

g1(ϵik)f1(ϵik)∫
k+ϵi

k
∫
S1+
g2(θ)∫

R×S1+
f2(θ′)PΣi,ϵi(x, θ; dx′dθ′) sin θdθdx

+O(∣∣hi∣∣L1 +Ei)

= (∑
k∈Z

g1(ϵik)f1(ϵik)ϵi)(∫
S1+
g2(θ)

1

ϵi
∫

ϵi

0
∫
R×S1+

f2(θ′)PΣi,ϵi(x, θ; dx′dθ′)dx sin θdθ)

+O(∣∣hi∣∣L1 +Ei).

= (∑
k∈Z

g1(ϵik)f1(ϵik)ϵi)(∫
S1+
g2(θ)∫

S1+
f2(θ′)P̃Σi,ϵi(θ; dθ′) sin θdθ)

+O(∣∣hi∣∣L1 +Ei).

(2.49)

Taking the limit first as i → ∞, and noting that the first factor is a Riemann sum,

the quantity above converges to

(∫
R
f1(x)g1(x)dx)(∫

S1+
g2(θ)∫

S1+
f2(θ′)P̃(θ; dθ′) sin θdθ)

= ∫
R×S1+

g1(x)g2(θ)∫
S1+
f1(x)f2(θ′)P̃(θ; dθ′)Λ1(dxdθ)

= ∫
R×S1+

g1(x)g2(θ)∫
R×S1+

f1(x′)f2(θ′)δx(dx′)P̃(θ; dθ′)Λ1(dxdθ).

(2.50)
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This proves that limi→∞ PΣi,ϵi exists and is equal to δx × P̃.

Proof of (iii). Take Σi = Σ to be constant. For all ϵi, the macro-reflection map

PΣ,ϵi is just the macro-reflection map PΣ,1 re-expressed after scaling the spatial

coordinates by ϵi, that is

PΣ,ϵi = σϵi ○ PΣ,1 ○ σ−1ϵi , where σϵi(x, θ) = (ϵix, θ). (2.51)

Consequently,

PΣ,ϵi(x, θ; dx′dθ′) = (σϵi)#PΣ,1(σ−1ϵi (x, θ); dx
′dθ′). (2.52)

Thus, for f, g ∈ Cc(S1
+),

∫
S1+
g(θ)∫

S1+
f(θ′)P̃Σ,ϵi(θ,dθ′) sin θdθ

= ∫
S1+
g(θ) 1

ϵi
∫

ϵi

0
∫
R×S1+

f(θ′)PΣ,ϵi(x, θ; dx′dθ′)dx sin θdθ

= ∫
S1+
g(θ) 1

ϵi
∫

ϵi

0
∫
R×S1+

f(θ′)(σϵi)#PΣ,1(σ−1ϵi (x, θ); dx
′dθ′)dx sin θdθ

= ∫
S1+
g(θ)∫

1

0
∫
R×S1+

f(θ′)PΣ,1(x, θ; dx′dθ′)dx sin θdθ

= ∫
S1+
g(θ)∫

S1+
f(θ′)P̃Σ,1(θ,dθ′) sin θdθ.

(2.53)

Here the second equality follows from (2.52) and the third equality follows by making

the changes of variables (x′, θ′) ↦ σϵi(x′, θ′) and (x, θ) ↦ σϵi(x, θ). This shows that

the sequence P̃Σ,ϵi is constant and equal to P̃Σ,1. Thus (iii) follows from (i) and

(ii).
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3 Specular Reflection Law

The dynamics of the disk and wall system are described by an evolution t ↦

(y(t),w(t)) in the phase space TM ≅ M× R3. This evolution should satisfy, and

ideally be uniquely determined by, accepted physical laws governing rigid body in-

teractions. We assume that:

P1. The bodies D and W do not interpenetrate.

P2. The system is subject to Euler’s laws of rigid body motion (see equations (3.1)

and (3.2)).

P3. When not in contact, the net force applied to each body is zero, and upon

contact, a single impulsive force is applied to the disk at the point of contact

and directed parallel to the unit normal vector on the wall.

P4. The kinetic energy of the disk is conserved for all time.

The first three assumptions are standard for rigid body interactions in which no

friction is present. The fourth is the limiting case for a system of bodies of finite

mass in which the total kinetic energy, linear momentum, and angular momentum

are conserved. After letting the mass and moment of inertia of one body diverge

to infinity, the kinetic energy of the other body is conserved in the limit (see in

Proposition 3.3).

The material in this section does not depend on results from the other sections,

with the exception of two results proved in §4, namely (i) that there is a full measure
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open subset BregM ⊂ BM on which a C1 field of unit normal vectors is defined, and

(ii) a formula for the unit normal vector to the surface. See Proposition 4.2 and

Remark 4.6. The material on the geometric properties of the configuration space

does not depend on this section, so there is no circularity.

Let us give a more precise mathematical formulation to the physical assumptions

P1-P4.

The assumption that the bodies do not interpenetrate means that the configura-

tion of the system y is confined to the set M ⊂ R3 for all time. The boundary BM

corresponds to collision configurations for the system. The collision dynamics cannot

be defined when multiple satellites simultaneously make contact with the wall W , or

when a satellite makes contact with a singular point of W . We therefore only derive

the collision law for when y lies in BregM, which is a full measure subset of BM (see

Proposition 4.2).

We use the following notation: for y ∈ BregM, we let σ(y) ∈ BW denote the

position in R2 of the unique satellite of D(y) which lies in BW . As usual, we write

y = (x,α) and w = (v,ω) where x is the center of mass of the disk, α is the angular

configuration, v is the linear velocity of the center of mass, and ω is the angular

velocity of the disk.

When y ∈ IntM, the net force on D is zero. Thus Euler’s equations of motion

say that

m
dv

dt
= 0, and J

dω

dt
= 0 whenever y ∈ IntM, (3.1)

here recalling that the total mass of the disk is m and the moment of inertia of the

disk about its center of mass is J . In other words, D moves freely in the complement
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of W .

Euler’s laws must be given an impulsive interpretation when the disk makes

contact with the wall. For p ∈ BregW , let k(p) denote the outward pointing unit

normal vector to the wall at the point p. Our assumptions say that the impulse when

the disk makes contact with the wall in configuration y ∈ BregM is λk(σ(y)) for some

λ ∈ R. Since each satellite lies at unit distance from the center of mass, the induced

impulsive torque at the point of contact is then λ sinβ where β = β(y) ∈ (−π/2, π/2)

is the signed angle measured counterclockwise from k(σ(y)) to x−σ(y). In impulsive

form, Euler’s laws say that

m(v+ − v−) = λk(σ(y)), J(ω+ − ω−) = λ sinβ(y) whenever y ∈ BregM, (3.2)

where

v±(t) ∶= lim
s→t±

v(t), and ω± ∶= lim
s→t±

ω(t). (3.3)

The kinetic energy of the disk in state (y,w) is

1

2
mv21 +

1

2
mv22 +

1

2
Jω2 = 1

2
∣∣w∣∣2. (3.4)

By conservation of the kinetic energy of the disk, up to a change of units, we may

assume that ∣∣w∣∣2 = 1 for all time.

Summarizing, we wish to solve the following initial value problem: for (y0,w0) ∈
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IntM, to find an evolution t↦ (y(t),w(t)) ∈ R3 ×R3 which satisfies

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

y ∈ M,

y ∈ IntM ⇒ dw
dt = 0,

y ∈ BregM ⇒ (∃λ ∈ R) ∶ w+ −w− =
⎛
⎜⎜⎜
⎝

m−1λk(σ(y))

J−1λ sinβ(y)

⎞
⎟⎟⎟
⎠
,

∣∣w∣∣ = 1,

(y(0),w(0)) = (y0,w0).

(3.5)

Contained in these conditions is the assumption that the derivative dw
dt exists when

y ∈ IntM and that the limits w− and w+ exist when y ∈ BregM.

Remark 3.1. Our approach to formulating the above problem aims to obtain a

precise mathematical statement quickly while keeping the amount of technical ma-

chinery to a minimum. One drawback to our approach is that it requires taking

the distinct forms of Euler’s laws for impulsive and non-impulsive interactions as

basic. The reader may wonder whether there is a unified framework in which to

handle these different types of interactions. In addition, while Proposition 3.2 shows

that the problem (3.5) is well-posed, it is not so clear how well the approach would

generalize to other rigid body settings.

Much work has been done in the last 40 years to put physical systems with

impulsive interactions within a rigorous and unified mathematical framework. One

such approach is based on differential inclusions. The idea is to solve a differential
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relation of form

F (q, t) − :q ∈ BIV (q), (3.6)

where q is the position in the configuration spaceM, F is the external force acting

on the system, V (q) is the tangent cone inM at the point q, IV (q)(r) = 0 if r ∈ V (q)

and IV (q)(r) = ∞ otherwise, and BIV (q) is the subdifferential of IV (q) in the convex

analysis sense. Some early work to formulate and solve rigid body problems within

this setting may be found in [24, 26, 27, 29, 30, 25, 23].

Another approach is to formulate impulse problems as variational problems in

Lagrangian mechanics. This leads to geometric integration algorithms for systems

with impacts, as detailed in [16].

We now solve the problem (3.5).

Recall that n denotes the field of inward-pointing unit normal vectors on BregM.

Define the subbundles of the tangent space

Vin = {(y,w) ∈ TM ∶ y ∈ BregM and ⟨w,n(y)⟩ > 0},

Vout = −Vin = {(y,w) ∈ TM ∶ y ∈ BregM and ⟨w,n(y)⟩ < 0}.
(3.7)

Given (y,w) ∈ M×R3, let

t(y,w) = inf{t > 0 ∶ y + tw ∈ BM}. (3.8)

If y ∈ IntM, or (y,w) ∈ Vin, then by compactness and continuity, if t(y,w) < ∞ then

it is a minimum.

86



Proposition 3.2. Let (y0,w0) ∈ IntM×R3, and assume that t1 ∶= t(y0,w0) < ∞. Let

y1 = y0 + t1w0, and assume that (y1,w0) ∈ Vout. There exists δ > 0 and a unique evo-

lution t↦ (y(t),w(t)), t ∈ [0, t1+δ) such that y is continuous, w is right-continuous,

and the conditions (3.5) hold. Explicitly, the evolution is given by linear motion in

the interior of M and specular reflection on the boundary:

(y(t),w(t)) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(y0 + tw0,w0) if 0 ≤ t < t1,

(y1,w0 − 2⟨w0, n(y1)⟩n(y1)) if t = t1,

(y1 + (t − t1)w(t1),w(t1)) if t1 < t < t1 + δ.

(3.9)

Proof of Proposition 3.2. Let w1 = w0 − 2⟨w0, n(y1)⟩n(y1). It follows from (y1,w0) ∈

Vout that (y1,w1) ∈ Vin, and consequently t2 ∶= t(y1,w1) > 0. We choose δ = t2.

Assume that t↦ (y(t),w(t)) is right-continuous and satisfies the conditions (3.5)

for 0 ≤ t ≤ t1 + δ. To prove uniqueness, it is enough to show that (3.9) holds. Since

the motion is free in the interior of M, it is clear that (y(t),w(t)) = (y0 + tw0,w0)

for 0 ≤ t < t1, and in particular y1 = y(t1). Write y1 = (x1, α1) ∈ BregM. We have

w− = (v−, ω−) = limt→t1−w(t) = w0, and w+ = (v−, ω−) = limt→t1+w(t) = w(t1), where

the last equality follows by right-continuity. By assumption, we have

w+ −w− = w(t1) −w0 =
⎛
⎜⎜
⎝

m−1λk(σ(y1))

J−1λ sinβ(y1)

⎞
⎟⎟
⎠
. (3.10)

Write k = k(σ(y1)) = (k1, k2) ∈ R2, and write y1 = (x1, α1). The vector x1 − σ(y1) is

equal to (− sinα1, cosα1), and consequently π
2 − β(y1) is the angle measured coun-
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terclockwise from the vector (cosα1, sinα1) to the normal k(y1). We therefore have

sinβ = cos(π
2
− β) = k ⋅ (cosα1, sinα1) = k1 cosα1 + k2 sinα1. (3.11)

Thus

w(t1) −w0 = λ

⎛
⎜⎜⎜⎜⎜⎜
⎝

m−1k1

m−1k2

J−1(k1 cosα + k2 sinα)

⎞
⎟⎟⎟⎟⎟⎟
⎠

= Rλn, (3.12)

where R = (m−1 + J−1(k1 cosα1 + k2 sinα1)2)1/2, here using the formula (4.39) for the

unit normal n in the configuration space given in Remark 4.6. By conservation of

energy and the above, we have

∣∣w0∣∣2 = ∣∣w(t1)∣∣2 = ∣∣w0 +Rλn∣∣2

= ∣∣w0∣∣2 + 2Rλ⟨w0, n⟩ + (Rλ)2

⇒ 0 = 2Rλ⟨w0, n⟩ + (Rλ)2

⇒ Rλ = −2⟨w0, n⟩ or Rλ = 0.

(3.13)

As (y1,w0) ∈ Vout, we see that ⟨w0, n⟩ ≠ 0. By (3.12) and (3.13) either w(t1) = w0 or

w(t1) = w0 − 2⟨w0, n⟩n. But we cannot have w(t1) = w0 since this would imply by

right-continuity that the point mass entersMc.

It remains to show that the motion is linear for t1 < t < δ. From the above,

(y1,w(t1)) ∈ Vin, and thus by continuity there exists a maximal (possibly infinite)

η > 0 such that y(t) ∈ IntM for t1 < t < t1 + η. By free motion in the interior ofM,
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it follows that

(y(t),w(t)) = (y1 + (t − t1)w(t1),w(t1)) for t1 < t < t1 + η. (3.14)

It is easy to see that η = δ. For (3.14) and the definition of η imply that η ≤ t2 = δ.

On the other hand, if η < t2, then y(t1 + η) ∈ IntM by continuity of the trajectory,

and thus there exists η′ > η such that y(t) ∈ IntM for t1 < t < t1 + η′, contradicting

maximality of η. We conclude uniqueness.

To prove existence, we take (y(t),w(t)) to be defined by (3.9) for 0 ≤ t < t1 + δ.

Then y(t) is continuous and w(t) is right-continuous. Further, the only condition

in (3.5) which is not trivial to verify is the third. For this, note that we may take

λ = −2R−1⟨w0, n⟩, where R is defined as above. It follows from the expression (4.39)

for the normal vector n that the third condition in (3.5) holds.

We close by providing some support for the assumption that the energy of the

disk is conserved for all time.

Proposition 3.3. Consider a physical system consisting of two bodies B1 and B2

in the plane, of mass M1 and M2 respectively and with moments of inertia J1 and

J2 respectively about their centers of mass. Assume that the kinetic energy, linear

momentum, and angular momentum of the system are conserved for all time. Let

t < t′, let vi, vi′ be the linear velocity of the center of mass of Bi at times t, t′

respectively, let ωi, ωi′ be the angular velocity of Bi at times t, t′ respectively, and

assume that v2 = ω2 = 0. Then, keeping M1, J1, v1, and ω1 fixed, the following limit
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holds:

lim
M2,J2→∞

M1∣∣v1
′∣∣2 + J1∣ω1′∣2 =M1∣∣v1∣∣2 + J1∣ω1∣2. (3.15)

Proof of Proposition 3.3. Since we assume v2 = 0 and ω2 = 0, conservation of linear

and angular momentum give us

M1v
1′ +M2v

2′ =M1v
1, (3.16)

and

J1ω
1′ + J2ω2′ = J1ω1. (3.17)

We obtain from these,

M2
2 ∣∣v2

′∣∣2 ≤ 2M2
1 ∣∣v1

′∣∣2 + 2M2
1 ∣∣v1∣∣2, J2

2 ∣ω2′∣2 ≤ 2J2
1 ∣ω1′∣2 + 2J2

1 ∣ω1∣2, (3.18)

and hence

M2∣∣v2
′∣∣2 + J2∣ω2′∣2 ≤ 2M2

1

M2

(∣∣v1′∣∣2 + ∣∣v1∣∣2) + 2J2
1

J2
(∣ω1′∣2 + ∣ω1∣2)

≤max{2M1

M2

,
2J1
J2
}(M1∣∣v1

′∣∣2 + J1∣ω1′∣2 +M1∣∣v1∣∣2 + J1∣ω1∣2).
(3.19)

By conservation of energy, we also have

M1∣∣v1
′∣∣2 + J1∣ω1′∣2 +M2∣∣v2

′∣∣2 + J2∣ω2′∣2 =M1∣∣v1∣∣2 + J1∣ω1∣2. (3.20)
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Therefore,

M1∣∣v1
′∣∣2 + J1∣ω1′∣2 ≤M1∣∣v1∣∣2 + J1∣ω1∣2. (3.21)

From (3.21) and (3.19) we obtain that

M2∣∣v2
′∣∣2 + J2∣ω2′∣2 ≤max{4M1

M2

,
4J1
J2
}(M1∣∣v1∣∣2 + J1∣ω1∣2). (3.22)

From this we see that

M2∣∣v2
′∣∣2 + J2∣ω2′∣2 → 0 as M2, J2 →∞. (3.23)

Hence, by conservation of energy (3.20), the limit (3.15) holds.
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4 Elementary Properties of the Billiard System

The goals for this section are first to describe the basic properties of the configu-

ration space M and its cylindrical approximation Mcyl, and second to provide a

rigorous definition for the collision law described in the introduction. §4.1 and 4.2

are concerned exclusively with the geometry of M and Mcyl, while §4.3 introduces

dynamics.

The collision law turns out to be a special case of the general macro-reflection

laws, described in §6. Results proved in §6 can be applied to show, for example, that

the collision law is symmetric with respect to the measure Λ2.

In addition to describing the collision law inM, we will also define two auxiliary

collision laws, the cylindrical collision law and the modified collision law, which will

play important roles in the proofs of our main results.

4.1 Properties of the configuration space

Throughout this subsection, the cell Σ – assumed to satisfy conditions B1-B5 of §1.2.4

– and the roughness scale ϵ > 0 are fixed. As described in §1.3, the cell and roughness

scale give rise to a fixed wall W = W (Σ, ϵ) and a freely moving disk with satellites

D =D(ϵ), where the satellites are spaced at angles ρ(ϵ) apart. This physical system

has a configuration spaceM=M(Σ, ϵ) ⊂ R3, defined by the expression (1.41).

We first describe some elementary properties of the configuration space M. In

what follows, H2 denotes 2-dimensional Hausdorff measure on R3.

Proposition 4.1. i. For all j, k ∈ Z, M+ jϵe1 + kρe3 =M.
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ii. {(x1, x2, α) ∶ x2 ≥ 0} ⊂M ⊂ {y ∈ R3 ∶D(y) ∩ IntW = ∅}.

iii. IntM= {y ∈ R3 ∶D(y) ∩W = ∅}; consequently, M= IntM.

iv. BM⊂ {y ∈ R3 ∶D(y) ∩ IntW = ∅, and for some 0 ≤ k ≤ N , Sk(y) ∈ BW}

v. BM⊂ {(x1, x2, α) ∶ −ϵ − 1
8ρ

2 ≤ x2 ≤ 0}.

vi. Assume ϵ is sufficiently small. For any y ∈ M, there are at most two satellites

of D(y) which lie on BW . If two satellites of D(y) lie in BW , then the satellites

are adjacent to each other on the disk.

vii. H2({(x1, x2, α) ∶ x2 ≥ 0} ∩Mc) = 0.

Next, we will describe the regularity properties ofM, and introduce a large subset

of M which has a simple parametrization. This requires some additional notation.

We define a disjoint union of open intervals in the line:

Z = Z(ϵ) = ⋃
k∈Z
(2k − 1

2
ρ(ϵ) + δ0(ϵ),

2k + 1

2
ρ(ϵ) − δ0(ϵ)) (4.1)

where

δ0 = δ0(ϵ) = arcsin(
ϵ

2 sin(ρ(ϵ)/2)
) . (4.2)

We also let

Ẑ = R2 × Z. (4.3)

One may easily check that, for any R > 0, the Lebesgue measure of [−R,R] ∖ Z is

of order O(δ0) = O(ϵ/ρ) = o(ϵ1/2). Thus Ẑ is a large subset of R3 in the sense that
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for any bounded subset B ⊂ R3, the Lebesgue measure of B ∖ Ẑ converges to zero as

ϵ→ 0. We define

Mroll =M∩ Ẑ, (4.4)

Γroll = BM∩ Ẑ. (4.5)

We have

Proposition 4.2. Assume ϵ is sufficiently small.

i. There exists a closed subset S ⊂ BM such that

i.1. H2(S) = 0; and

i.2. for every q ∈ BM∖ S, there exists a neighborhood U ⊂ R3 of q and a C2

diffeomorphism ϕ ∶ U → R3 such that ϕ(q) = 0 and ϕ(U ∩M) = H3 ∶=

{(x1, x2, x3) ∶ x3 ≥ 0}.

ii. For any y ∈ Mroll, D(y) ∩W has cardinality at most 1.

For any y ∈ Γroll, the set D(y) ∩W has cardinality 1, and consists of a single

satellite of D.

iii. Mroll is parametrized by the function F ∶W c × Z → R3 defined by

F (x1, x2, α) = (x1 − sinα,x2 + cosα,α), (4.6)

where α ∶= α − kρ and k ∶= argmin{∣α − kρ∣ ∶ k ∈ Z}.

Moreover, the restriction of F to BW × Z parametrizes Γroll.
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Remark 4.3. The quantity k is uniquely defined because Z does not contain points

of form (2j+12 )ρ, j ∈ Z.

Remark 4.4. The parametrization (4.6) explains the notationMroll and Γroll. Sup-

pose that the disk initially has the configuration (x1, x2, kρ) where k ∈ Z, and imagine

rotating the center of the disk counterclockwise about the satellite Sk by a small an-

gle ∆α = α−kρ, keeping the position of Sk fixed. After “rolling” the disk in this way,

the final configuration is given by F (x1, x2, α).

We call a point inM a regular point if it belongs to the set

Mreg ∶= M∖ S. (4.7)

To avoid ambiguity, we will assume that S is the minimal subset of BM (with respect

to inclusion) such that i.1 and i.2 in Proposition 4.2 hold.

In §6.1.1, we define the class of billiard domains CES2
0(R3). The class is suffi-

ciently large to encompass the kinds of spaces dealt with in this work, while narrow

enough that standard results from billiards theory still apply. The acronym CES

stands for “closed and embedded, with singularities.” The subscript 0 means that

the codimension in R3 of a submanifold in this class is zero, and the superscript 2

indicates that the submanifold is twice differentiable. An immediate consequence of

Proposition 4.2(i) is the following fact.

Corollary 4.5. M belongs to the class CES2
0(R3).

To prove the propositions, we introduce the following notation. Recall that N

denotes the number of satellites of the disk. For y = (x,α) ∈ R3 and 0 ≤ k ≤ N − 1,
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let Sk(y) denote the position of the satellite Sk after rotating the disk in reference

configuration (1.37) about its center of mass counterclockwise by an angle of α and

translating by x. Explicitly,

Sk(x1, x2, α) = (x1 + sin(α + kρ), x2 − cos(α + kρ)). (4.8)

The map y ↦ Sk(y) ∶ R3 → R2 is smooth, and for each fixed α, the map x↦ Sk(x,α)

is a translation in the plane R2.

As noted in Remark 1.19, the inner body D0 cannot come into contact with the

wall W . Thus, for the purposes of describing the geometry of M, there is no loss

of generality if we assume D0 = ∅. We use this fact without comment in the proofs

below.

Proof of Proposition 4.1. (i) We must show thatM is invariant under translation in

R3 by ϵe1 and by ρe3. The first of these follows because the wall W = W (Σ, ϵ) is

invariant under translation by ϵe1. The second follows by noting that a rotation of

the disk through an angle of ρ about its center of mass maps the disk onto itself.

(ii) Since the satellites of D lie at unit distance from the center, and W ⊂

{(x1, x2) ∶ x2 ≤ −1}, it follows that {(x1, x2, α) ∶ x2 > 0} ⊂ M. SinceM is closed, the

first inclusion follows.

By construction, D ∩ IntW = ∅ if and only if none of the satellites of D lie in

IntW . That is,

{y ∶D(y) ∩ IntW = ∅} = {y ∶ for 0 ≤ k ≤ N − 1, Sk(y) ∉ IntW}. (4.9)
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By continuity of the Sk’s, this set is closed. The second inclusion then follows by the

definition (1.41) ofM.

(iii) LetM0 = {y ∶D(y) ∩W = ∅}. Equivalently,

M0 = {y ∶ for 0 ≤ k ≤ N − 1, Sk(y) ∉W}. (4.10)

By continuity of the Sk’s, this is an open set, and it is also evident that M0 ⊂ M.

Thus M0 ⊂ IntM. For the reverse inclusion, suppose that y ∉ M0. Then for some

k, Sk(y) ∈ W . Let V ⊂ R3 be any neighborhood of y. Since W is the closure of its

interior by condition A1 in §1.2.2, it follows that V ∩ IntW ≠ ∅. Therefore, by (ii)

V intersectsMc. Hence y ∉ IntM, and this provesM0 ⊃ IntM.

(iv) It follows from (ii) and (iii) that

BM⊂ {y ∈ R3 ∶D(y) ∩ IntW = ∅ and D(y) ∩ BW ≠ ∅}. (4.11)

If D intersects W , then one of its satellites lies in W , so the result follows.

(v) By definition of W =W (Σ, ϵ),

{(x1, x2) ∶ x2 ≤ −1 − ϵ} ⊂W ⊂ {(x1, x2) ∶ x2 ≤ −1}. (4.12)

Consequently, since the satellites lie at unit distance from the center of mass of D,

if y = (x1, x2, α) ∈ BM, then x2 ≤ 0; otherwise D(y) could not intersect W . On the

other hand, a strict lower bound is obtained by putting D in a configuration such

that two adjacent satellites lie on the line x2 = −1 − ϵ. See Figure 14. Trigonometry
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Figure 14: Two satellites lying on the line x2 = −1 − ϵ.

yields that the x2-coordinate of the center of the disk in this configuration is

− 1 − ϵ + cos(ρ/2) ≥ −ϵ − 1

8
ρ2. (4.13)

(vi) Let y = (x1, x2, α) ∈ M, and without loss of generality, suppose that S0(y),

S1(y), and S2(y) all lie in W . An upper bound for x2 is attained in the case where

S0(y) and S2(y) both lie on the line x2 = −1. In this case, x2 = −1+cosρ ≤ −1
4ρ

2 for ρ

sufficiently small. Since ρ(ϵ) → 0 and ϵ/ρ(ϵ)2 → 0, this contradicts the bound (4.13)

if ϵ is sufficiently small.

(vii) Suppose y = (x1, x2, α) ∈ Mc = (IntMc), and x2 ≥ 0. Then at least one

satellite of D(y) lies in W . By (4.12) and the fact that each satellite lies at unit

distance from the center of mass of D, this implies that x2 = 0, and α = kρ for some
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k ∈ Z. That is,

{(x1, x2, α) ∶ x2 ≥ 0} ∩Mc ⊂ {(x1, x2, α) ∶ x2 = 0 and α = kρ for some k ∈ Z}, (4.14)

and the set on the right is H2-null.

Proof of Proposition 4.2. (i) We begin by introducing the mapping g ∶ R2 ×R → R3

defined by

g(p1, p2, α) = (p1 − sinα, p2 + cosα,α). (4.15)

This is the mapping which takes (p1, p2, α) to the unique configuration y such that

S0(y) = (p1, p2) and the angular orientation of the disk is α. One may easily check

that g is a diffeomorphism. Consequently, g takes H2-null sets to H2-null sets.

Consider the following subsets ofM:

A = {y ∈ M ∶D(y) ∩W contains a singular point of the boundary BW}, (4.16)

B = {y ∈ M ∶D(y) ∩W contains more than one satellite of D}. (4.17)

We define

S = A ∪B. (4.18)

By continuity and the fact thatW is closed, it is easy to see that A and B are closed;

therefore S is closed.

To prove (i.1) holds, we must show that A and B are H2-null. To show that

H2(A) = 0, by symmetry, it is enough to show that H2({y ∶ S0(y) ∈ BsW}) = 0. To
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prove this, it is enough to show that g−1{y ∶ S0(y) ∈ BsW} is an H2-null set. But this

set is equal to BsW ×R, and the result follows since BsW is a discrete set of points.

It takes more effort to show that H2(B) = 0. By Proposition 4.1(ii) and (vi) and

symmetry, it is enough to show that

{y ∈ R3 ∶ S0(y) ∈ BW and S1(y) ∈ BW} (4.19)

is H2-null. By pulling back with respect to g, it is equivalent to show that

K ∶= {(p,α) ∈ BW ×R ∶ S1(g(p,α)) ∈ BW} (4.20)

is H2-null. Furthermore, by periodicity, it is enough to show that

K1 ∶= {(p,α) ∈ BW1 × [0,2π) ∶ S1(g(p,α)) ∈ BW} (4.21)

is H2-null, where BW1 ∶= BW ∩[0, ϵ)×R is a single period of the boundary of the wall

W .

Note that the restriction of H2 to BW1 × [0,2π) is just the product measure

induced by Lebesgue measure on each factor. We denote Lebesgue measure on both

factors by m. For each p ∈ BW1, let

Fp = {α ∈ [0,2π) ∶ S1(g(p,α)) ∈ BW}, (4.22)

and let

E = {p ∈ BW1 ∶m(Fp) > 0}. (4.23)
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For r > 0 and p ∈ R2, let C(r, p) denote the circle of radius r centered at p. Trigonom-

etry shows that the distance between any two satellites is

2 sin(ρ/2). (4.24)

Therefore for each p ∈ BW1, the mapping α ↦ S1(g(p,α)) takes α to the point on

the circle C(2 sin(ρ/2), p) making an angle of α counterclockwise from the point

S1(g(p,0)) in the same circle. Therefore, for any U ⊂ [0,2π),

S1(g(p,U)) ⊂ C(2 sin(ρ/2), p), (4.25)

and

m(S1(g(p,U))) = 2 sin(ρ/2)m(U). (4.26)

For each p ∈ BW1, let Gp = S1(g(p,Fp)). If p ∈ E, then

Gp ⊂ BW2 (4.27)

where BW2 ∶= BW ∩ [−1, ϵ+ 1], a bounded set. Moreover, since each Gp is a subset of

a circle centered at p, if p ≠ p′, then Gp and Gp′ can intersect in at most two points.

In particular m(Gp ∩Gp′) = 0. Applying this and (4.26) and (4.27), we obtain

∑
p∈E

2 sin(ρ/2)m(Fp) = ∑
p∈E

m(Gp) =m(⋃
p∈E

Gp) ≤m(BW2) < ∞. (4.28)
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Since m(Fp) > 0 for each p ∈ E, it follows that E is countable. Therefore,

H2(K1) = ∫
E
m(Fp)m(dp) = 0, (4.29)

and this concludes the proof that H2(B) = 0.

It remains to show that (i.2) holds. Let q = (p1, p2, β) ∈ BM∖ S. Then exactly

one satellite of D(q) lies in BregW , and all the other satellites lie in W c. Without

loss of generality, we may suppose S0(q) ∈ BregW . Let V ⊂ R2 be a neighborhood of

S0(q) chosen small enough that there is some diffeomorphism ψ ∶ V → R3 such that

ψ(S0(q)) = 0, and ψ(V ∩W c) = {(x1, x2) ∶ x2 ≥ 0}. Let

Û = S−10 (V ) = g(V ×R), (4.30)

and let ϕ ∶ Û → R3 be defined by

ϕ(x1, x2, α) = (ψ(S0(x1, x2, α)), α − β). (4.31)

This is easily seen to be a diffeomorphism, with inverse given by ϕ−1(x1, x2, α) =

g(ψ−1(x1, x2), α + β) and with ϕ(q) = 0. We may find a neighborhood U ⊂ Û of q
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such that Sk(y) ∈W c for all y ∈ U and 1 ≤ k ≤ N − 1. Then

ϕ(U ∩M) = ϕ(U ∩ {y ∈ R3 ∶ S0(y) ∈W c})

= ϕ(U ∩ {y ∈ R3 ∶ S0(y) ∈W c})

= ϕ(U) ∩ ψ(V ∩W c) ×R

= ϕ(U) ∩ {(x1, x2, x3) ∶ x2 ≥ 0}.

(4.32)

Thus ϕ ∶ U → ϕ(U) gives us the desired map.

(ii) Since Γroll ⊂ BM, it is clear that for any y ∈ Γroll, at least one satellite of D(y)

lies in W . Since Γroll ⊂Mroll ⊂ R × [−ϵ,∞) ×Z, (ii) will follow from:

Claim 4.2.1. Suppose y = (x1, x2, α) ∈ R × [−ϵ,∞) × Z. Then at most one satellite

of D(y) lies in W .

To prove this, note that if y ∈ R × (0,∞) × Z, then none of the satellites can lie

in W . Thus, to prove the claim, we may suppose that y ∈ R × [−ϵ,0] × Z. It is then

enough to show that, for such a y, at most one satellite of D(y) lies in the strip

{(x1, x2) ∶ −1− ϵ < x2 ≤ −1}. Suppose for a contradiction that two satellites lie in the

strip. By (vi) the two satellites are adjacent. By symmetry, we may without loss of

generality take the adjacent pair to be S0 and S1. Up to symmetry, the situation

is as depicted in Figure 15. We let ϵ1 ≥ 0 be the magnitude of the difference in the

x2-coordinates of S0 and S1, and we let δ denote the unsigned angle between the ray

ÐÐ→
S0S1 and the horizontal line through S0. The center of D and the two satellites S0

103



Figure 15: Isosceles triangle formed by the center of the disk and two satellites.

and S1 form an isosceles triangle. Elementary triangle geometry shows that

δ = ρ
2
− ∣α∣, 2 sin(ρ

2
) sin δ = ϵ1. (4.33)

Therefore,

ρ

2
≥ ∣α∣ = ρ

2
− δ = ρ

2
− arcsin( ϵ1

2 sin(ρ/2)
)

≥ ρ
2
− arcsin( ϵ

2 sin(ρ/2)
) = ρ

2
− δ0,

(4.34)

here using the fact that ϵ1 ≤ ϵ. Hence α is not in Z, giving us the desired contradic-

tion.

(iii) Let

Z0 = (−1
2
ρ + δ0,

1

2
ρ − δ0) , Ẑ0 = R2 × Z0. (4.35)
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The set Z0 is the member of the union (4.1) corresponding to k = 0. Let F 0 denote

the restriction of F to W c × Z0; then

F 0(x1, x2, α) = (x1 − sinα,x2 + cosα,α), (x1, x2, α) ∈W c × Z0. (4.36)

LetM0
roll =M∩Ẑ0, and Γ0

roll = BM∩Ẑ0 ⊂ Γroll. AsM is invariant under translation by

ρe3, so isMroll and Γroll. Consequently, it is enough to show that F 0(W c×Z0) =M0
roll

and F 0(BW × Z0) = Γ0
roll.

We observe that F 0 is just the restriction of g toW c×Z0. In particular, F 0 maps a

point (p1, p2, α) ∈W c×Z0 to a configuration y = (x1, x2, α) such that S0(y) = (p1, p2).

It follows from Claim 4.2.1 in the proof of (ii) that at most one satellite of D(y) can

lie in the strip R×[−1− ϵ,−1] and all other satellites lie in R×(0,∞). If one satellite

lies in the strip, then as S0(y) has the minimal x2-coordinate of all the satellites of

D(y), it follows that this satellite must be S0(y). As S0(y) = (p1, p2) ∈W c, it follows

that y ∈ M. This proves F 0(W c × Z0) ⊂M0
roll.

Moreover, if we suppose that (p1, p2, α) ∈ BW ×Z0, then the same reasoning goes

through, but S0(y) ∈ BW . Hence y ∈ Γ0
roll, and this proves F 0(BW × Z0) ⊂ Γ0

roll.

For the reverse inclusions, note that if y = (x1, x2, α) ∈ M0
roll, then (p1, p2) ∶=

S0(y) ∈W c, so F 0(p1, p2, α) = y, and this proves F 0(W c × Z0) ⊃M0
roll.

Moreover, if we suppose that y ∈ Γ0
roll, then exactly one satellite must lie in BW ,

by (ii). Since α ∈ Z0, this satellite is S0. Thus if we take (p1, p2) ∶= S0(x1, x2, α),

then F 0(p1, p2, α) = (x1, x2, α), and this proves F 0(BW × Z0) ⊃ Γ0
roll.

Proof of Corollary 4.5. We verify the definition of the class CES2
0(R3), given in
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§6.1.1. Taking S = S as in Proposition 4.1(i), it is immediate that condition C1

of the definition holds. To see that condition C2 holds, let y ∈ M∖ S. If y ∈ IntM,

then trivially there exists a neighborhood of y which is C2-diffeomorphic to R3. On

the other hand, if y ∈ BM∖S, then we apply Proposition 4.1(i).

Remark 4.6. One can extract from the proof of Proposition 4.2 a formula for the

unit normal vector to the configuration space boundary at a point q = (p1, p2, α) ∈

BM∖ S. Indeed, for such a q, there exists a unique satellite of D(q) which lies in

BW . Suppose that S0(q) ∈ BW . The proof of (i) tells us that in a neighborhood of

q, for some δ > 0, the boundary BM is parametrized by

g̃(t, β) = g(p(t), β), (t, β) ∈ (−δ, δ) × (α − δ,α + δ), (4.37)

where p ∶ (−δ, δ) → BregW is a parametrization of an open subset of the regular part

of BW , chosen so that p(0) = p = (p1, p2). Let k = (k1, k2) denote the unit normal to

BW at the point p, with respect to the Euclidean inner product on R2. Let

n(q) = (m−1 + J−1(k1 cosα + k2 sinα)2)
−1/2

⎛
⎜⎜⎜⎜⎜⎜
⎝

m−1k1

m−1k2

J−1(k1 cosα + k2 sinα)

⎞
⎟⎟⎟⎟⎟⎟
⎠

. (4.38)

One may easily check that ∣∣n∣∣ = 1, and that ⟨Btg̃(0, α), n⟩ = ⟨Bαg̃(0, α), n⟩ = 0.

Consequently, n is the unit normal to BM at the point q.

By symmetry, if more generally q = (p1, p2, α) is a point in BM∖ S such that

Sj(q) ∈ BW and k = (k1, k2) is the unit normal to BW at the point Sj(q), then the
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unit normal to BM at q is given by the formula

n(q) = R−1

⎛
⎜⎜⎜⎜⎜⎜
⎝

m−1k1

m−1k2

J−1 (k1 cos(α − jρ) + k2 sin(α − jρ))

⎞
⎟⎟⎟⎟⎟⎟
⎠

, (4.39)

where R ∶= (m−1 + J−1(k1 cos(α − jρ) + k2 sin(α − jρ)2)
1/2

.

4.2 Cylindrical configuration space

For a fixed wall W =W (Σ, ϵ), the cylindrical configuration space is defined by

Mcyl = {(x1, x2, α) ∶ (x1 + α,x2 − 1) ∈W c}. (4.40)

This is the cylinder with base

B̂ ∶=W c + e2 =M∩ {(x1, x2, α) ∶ α = 0} (4.41)

and axis

χ ∶= (m + J)−1/2(1,0,−1) ∈ S2. (4.42)

The spaceMcyl is much simpler thanM. It is parametrized by

flin

⎛
⎜⎜⎜⎜⎜⎜
⎝

x1

x2

α

⎞
⎟⎟⎟⎟⎟⎟
⎠

=

⎛
⎜⎜⎜⎜⎜⎜
⎝

x1 − α

x2 + 1

α

⎞
⎟⎟⎟⎟⎟⎟
⎠

, (x1, x2, α) ∈W c ×R. (4.43)
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The restriction of Flin to W c × R is just the linearization about α = 0 of the

parametrization F forMroll, defined by (4.6).

Recall the definition of Z0 and Ẑ0 (4.35). The subset of the configuration space

M∩ Ẑ0 can be expressed as a smooth perturbation of Mcyl ∩ Ẑ0. To make this

statement precise, let H1 ∶ Ẑ → Ẑ be defined by

H1

⎛
⎜⎜⎜⎜⎜⎜
⎝

x1

x2

α

⎞
⎟⎟⎟⎟⎟⎟
⎠

=

⎛
⎜⎜⎜⎜⎜⎜
⎝

x1 + α − sin(α)

x2 − 1 + cos(α)

α

⎞
⎟⎟⎟⎟⎟⎟
⎠

, (4.44)

where α ∶= α − kρ and k ∶= argmin{∣α − kρ∣ ∶ k ∈ Z}. (Note that k is uniquely

determined since Z does not contain points of the form ρ/2 + kρ.) The map H1 is a

diffeomorphism with inverse given by

H−11

⎛
⎜⎜⎜⎜⎜⎜
⎝

x1

x2

α

⎞
⎟⎟⎟⎟⎟⎟
⎠

=

⎛
⎜⎜⎜⎜⎜⎜
⎝

x1 − α + sin(α)

x2 + 1 − cos(α)

α

⎞
⎟⎟⎟⎟⎟⎟
⎠

. (4.45)

The following identity holds:

H1 ○ flin = f on W c × Z0. (4.46)
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Consequently, by Proposition 4.2(iii),

H1(Mcyl ∩ Ẑ0) =M∩ Ẑ0, and

H1(BMcyl ∩ Ẑ0) = BM∩ Ẑ0.

(4.47)

Notice that ∣α∣ ≤ ρ(ϵ)/2 in Z0. Consequently

sup
Ẑ0

∣∣H1 − IdẐ0 ∣∣ ≤ ∣ sin(ρ/2) − ρ/2∣ + ∣ − 1 + cos(ρ/2)∣

= O(ρ2) = o(1).
(4.48)

To define the cylindrical collision law in the spaceMcyl, we will need the following

result.

Lemma 4.7. Mcyl belongs to the class CES2
0(R3).

Proof. Recall the given decomposition of BW into countably many compact C2 curve

segments: BW = ⋃i∈Z Γi. For each i ∈ Z, let Γ̂i = Γi + e2. For each i, let pi and p′i

denote the two endpoints of Γ̂i and let Int Γ̂i = Γ̂i ∖ {pi, p′i}. Let

Vi = {(x1, x2, α) ∶ (x1 + α,x2 − 1) ∈ Int Γ̂i}, (4.49)

S = {(x1, x2, α) ∶ (x1 + α,x2 − 1) ∈ ⋃
i∈Z
{pi, p′i}} . (4.50)

Then the boundary ofMcyl may be written as the disjoint union

BMcyl = S ∪⋃
i∈Z
Vi (4.51)
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The set S is a countable, locally finite union of parallel lines. Thus S is closed, and

the 2-dimensional Hausdorff measure of S is zero.

Suppose y = (x1, x2, α) ∈ Mcyl ∖ S. If y ∈ IntMcyl, then trivially there ex-

ists a neighborhood U of y which is entirely contained in Mcyl and which is C2-

diffeomorphic to R3. If y ∈ Vi for some i, then

p ∶= (x1 + α,x2 − 1) ∈ Int Γ̂i. (4.52)

It follows from the assumptions on the curve segments Γi that there exists a neigh-

borhood Ũ ⊂ R2 of p and a diffeomorphism ϕ̃ ∶ Ũ → R2 such that ϕ̃(p) = 0 and

ϕ̃(B̂ ∩ Ũ) = H2 ∶= R × [0,∞). Let

U = {(x1, x2, α) ∶ (x1 + α,x2 − 1) ∈ Ũ}, (4.53)

and define ϕ ∶ U → R3 by

ϕ(x1, x2, α) = (ϕ̃(x1 + α,x2 − 1), α). (4.54)

This is a diffeomorphism, and moreover ϕ(Mcyl ∩ U) = R × [0,∞) × R ≅ H3. This

completes the proof.
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4.3 Collision laws

4.3.1 Definition and basic properties

As before, let Σ be a fixed cell, and let ϵ > 0. Recall the plane P = {(x1, x2, α) ∶ x2 =

0}, and the hemispheres S2
± = S2 ∩ {(v1, v2, ω) ∶ ±v2 > 0}.

In the introduction, we defined the collision law KΣ,ϵ as follows: Let (y,w) ∈

P×S2
+, and consider the billiard trajectory starting in initial state (y,−w). Suppose

the trajectory hits the boundary BM and reflects specularly a certain number of

times before returning to the plane P in a state (y′,w′) ∈ P × S2
+. The collision law

(associated with the cell Σ and scale ϵ) is the mapping

KΣ,ϵ(y,w) = (y′,w′). (4.55)

The domain of this mapping consists of pairs (y,w) such that the billiard trajectory

starting from (y,−w) is well defined for all time and returns to the plane P after

only finitely many reflections at regular points of BM. For certain initial conditions,

the trajectory may not be well-defined for all time. In particular, the trajectory may

not in general be continued beyond a point where it hits a singular point of BM (i.e.

the set S defined above) or where it hits the boundary tangentially.

Useful facts about the collision are obtained by observing that the mapping KΣ,ϵ

is a special case of the general macro-reflection laws defined in §6, and applying the

results derived in that section.
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Recall the measure on P × S2
+,

Λ2(dydw) = ⟨w, e2⟩dyσ(dw), (4.56)

where dy is Lebesgue measure on P and σ(dw) is surface measure on S2. This is

just a special case of the measure Λ defined in §6.2.1.

Proposition 4.8. There exists a full measure open set F ⊂ P × S2 such that:

(i) KΣ,ϵ ∶ F → P × S2
+ is a well-defined C1 mapping.

(ii) KΣ,ϵ maps F into F and is an involution in the sense that KΣ,ϵ ○KΣ,ϵ = IdF .

Consequently, KΣ,ϵ ∶ F → F is a C1 diffeomorphism.

(iii) KΣ,ϵ preserves the measure Λ2.

Proof. We apply the results of §6.2.1 with R = R3,M1 =M,M0 = {(x1, x2, α) ∶ x2 ≥

0}, and N = M1 ∖M0. For these results to hold, we need to check that conditions

D1, D2, D3’, D4, and D5 from §6.2.1 hold (for the statement of D3’, see Remark

6.6). If they do, then in the notation of §6.2.1

KΣ,ϵ = PM,M0 , (4.57)

and Proposition 4.8 is just a special case of Proposition 6.5.

Condition D1 is obvious, and condition D2 follows from Corollary 4.5.

By Proposition 4.1(ii),M0 ⊂M. In the notation of Remark 6.6,

A2 ∶= P ∩ (M∖M0) ∖ IntM⊂ {(x1, x2, α) ∶ x2 ≥ 0} ∩M, (4.58)
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and by Proposition 4.1(vii), the two-dimensional Hausdorff measure of the set on the

right is zero. Therefore, H2(A2) = 0, and condition D3’ holds.

To verify condition D4, note that the boundary of N is contained in BM∪P. It

follows from Proposition 4.1(v) that N is bounded between the planes x2 = 0 and

x2 = −ϵ − 1
2ρ

2. Thus the only way for a billiard trajectory in N starting from a state

(y,w) to not return to the boundary is if the trajectory is parallel to the two planes.

Hence U+ ∖ Ufin ⊂ {(y,w) ∈ U+ ∶ ⟨w, e2⟩ = 0}, and this is a measure zero subset of U+.

To verify condition D5, we use the double periodicity ofM. Let Ñ be the space

obtained by identifying points in N which are translates of each other by iϵe1 + jρe3,

i, j ∈ Z. Since N is bounded between the planes x2 = 0 and x2 = −ϵ− 1
2ρ

2, the reduced

billiard domain Ñ is compact, and the induced invariant measure on Ñ is finite.

Thus the Poincaré Recurrence Theorem implies that, except on a null set of initial

conditions, the billiard trajectory will return to the plane P after only finitely many

collisions with BM.

For (j, k) ∈ Z2, define translations

τjk(y) = y + jϵe1 + kρe3, y ∈ P, (4.59)

and

τ jk(y,w) = (τjk(y),w), (y,w) ∈ P × S2
+. (4.60)

An elementary but important fact is that KΣ,ϵ commutes with these translations.

Proposition 4.9. For all (j, k) ∈ Z2, τ jk ○KΣ,ϵ =KΣ,ϵ ○ τ jk.
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Proof. This is immediate from Proposition 4.1(i), which tells us that the configura-

tion spaceM is invariant under the translations τ jk.

The collision law KΣ,ϵ is a associated with a Markov kernel on P × S2
+:

KΣ,ϵ(y,w; dy′dw′) ∶= δKΣ,ϵ(y,w)(dy′dw′). (4.61)

We say that a Markov kernel K(y,w; dy′dw′) is a rough collision law if there exist

a sequence of cells Σi (satisfying conditions B1-B5 of §1.2.4) and positive numbers

ϵi → 0 such that

KΣi,ϵi(y,w; dy′dw′)Λ2(dydw) → K(y,w; dy′dw′)Λ2(dydw) (4.62)

weakly in the space of measures on P × S2
+.

The most important basic property of the rough collision laws is the following:

Proposition 4.10. If K(y,w; dy′dw′) is a rough collision law, then it is symmetric

with respect to the measure Λ2 in the sense that for any h ∈ Cc((P × S2
+)2),

∫
(P×S2+)2

h(y,w, y′,w′)K(y,w; dy′dw′)Λ2(dydw)

∫
(P×S2+)2

h(y′,w′, y,w)K(y,w; dy′dw′)Λ2(dydw).
(4.63)

Proof. It follows from the proof of Proposition 4.8 that the collision law is a special

case of the macro-reflection law defined in §6.2.1. Therefore, the rough collision law

is a special case of the rough reflection law defined in §6.2.2. Thus the proposition

follows from Proposition 6.8.
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4.3.2 Cylindrical collision law

Recall the definition of the cylindrical configuration space. By condition A3’ of

§1.3.1, R × (−∞,−1 − ϵ] ⊂ W ⊂ R × (−∞,−1]. It thus follows from the definition of

Mcyl that

R × [0,∞) ×R ⊂Mcyl ⊂ R × [−ϵ,∞) ×R. (4.64)

Let (y,w) ∈ P × S2
+. Suppose a point particle starting from initial state (y,−w)

hits and reflects specularly from BMcyl a certain number of times before eventually

returning to P in a state (y′,w′) ∈ P×S2
+. By definition, the cylindrical collision law

(associated with cell Σ and scale ϵ) is the mapping

KΣ,ϵ
cyl (y,w) = (y

′,w′). (4.65)

In the notation of §6.2.1 withM0 = {(x1, x2, α) ∶ x2 ≥ 0},

KΣ,ϵ
cyl ∶= P

Mcyl,M0 . (4.66)

As in the previous case, KΣ,ϵ
cyl is well-defined on a full-measure subset of P × S2

+, and

the following proposition holds.

Proposition 4.11. There exists a full measure open set Fcyl ⊂ P × S2 such that:

(i) KΣ,ϵ
cyl ∶ Fcyl → P × S2

+ is a well-defined C1 mapping.

(ii) KΣ,ϵ
cyl maps Fcyl into Fcyl and is an involution in the sense that KΣ,ϵ ○KΣ,ϵ =

IdFcyl
. Consequently, KΣ,ϵ ∶ Fcyl → Fcyl is a C1 diffeomorphism.

(iii) KΣ,ϵ
cyl preserves the measure Λ2.
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Proof. The situation is similar to that of Proposition 4.8. TakingM1 =Mcyl,M0 =

{(x1, x2, α) ∶ x2 ≥ 0}, and N =M1 ∖M0, it is sufficient to check that conditions D1,

D2, D3’, D4, and D5 from §6.2.1 hold. The proposition then follows as a special case

of Proposition 6.5.

The verification of conditions D1, D2, D4, and D5 is almost identical to the

verification of the same conditions in the proof of Proposition 4.8, so we omit it.

To verify condition D3’, we must show that the 2-dimensional Hausdorff measure

of

A2 ∶= P ∩ (Mcyl ∖M0) ∖ IntMcyl (4.67)

is zero. Let G ∶ R3 → R2 be defined by

G(x1, x2, α) = (x1 + α,x2). (4.68)

Since Mcyl is the cylinder with base B̂ and axis χ, we have Mcyl = G−1(B̂). Let

L be the line {(x1, x2) ∶ x2 = 0} ⊂ R2. As the set A2 is cylindrical with axis χ, the

projection of A2 under G onto R2 is

Ã2 ∶= L ∩ {(x1, x2) ∈ B̂ ∶ x2 < 0} ∖ Int B̂. (4.69)

Since L is a subset of B̂, we have Ã2 ⊂ BB̂.

Fix any q ∈ Ã2, and let {Γ̂i, i ∈ Z}, be the collection of curve segments constituting

the boundary of B̂, as in the proof of Lemma 4.7. Evidently, q ∈ Γ̂i for some i. But

by our assumptions on the Γi, if the interior of Γ̂i intersects L, then Γ̂i ⊂ L. Thus
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either q is an endpoint of Γ̂i, or q ∈ Int Γ̂i ⊂ L. In the second case we may choose a

neighborhood U of q small enough that U ∩ B̂ = U ∩{(x1, x2) ∶ x2 ≥ 0}. But then q is

not in the closure of {(x1, x2) ∈ B̂ ∶ x2 < 0}, contrary to our assumption. We conclude

that q is an endpoint of Γ̂i.

Let E be the set of endpoints of the Γi’s. By the argument above, Ã2 ⊂ E, and

thus A2 ⊂ G−1(E) is a discrete collection of lines. Therefore H2(A2) = 0.

For (j, k) ∈ Z2 and s ∈ R, define translations

τ
(s)
jk (y) = y + jϵe1 + ksχ, y ∈ P, (4.70)

and

τ
(s)
jk (y,w) = (τ

(s)
jk (y),w), (y,w) ∈ P × S2

+. (4.71)

The cylindrical collision law KΣ,ϵ
cyl commutes with these translations.

Proposition 4.12. For all (j, k) ∈ Z2, τ
(s)
jk ○KΣ,ϵ

cyl =K
Σ,ϵ
cyl ○ τ

(s)
jk .

Proof. Since Mcyl is a cylinder with base B̂ and axis χ, and the base is ϵ-periodic

in the e1 direction, it follows thatMcyl is invariant under the translations τ
(s)
jk . This

implies that KΣ,ϵ
cyl commutes with the translations τ

(s)
jk .

4.3.3 Modified collision law

When we compare the mappings KΣ,ϵ and KΣ,ϵ
cyl , the modified collision law will serve

as a kind of intermediate mapping to which we may compare both. As the definition

of the modified collision law is somewhat technical, the reader may wish to refer to
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§5.2 before reading this section for better motivation.

The plane P forms the boundary of the two half-spaces R3
+ ∶= {(x1, x2, α) ∶ x2 > 0}

and R3
− ∶= {(x1, x2, α) ∶ x2 < 0}. Recall the mapping H1 ∶ Ẑ → Ẑ defined by (4.44).

We define subsets of Ẑ:

P̃ =H1(P ∩ Ẑ), (4.72)

O+ =H1(R3
+ ∩ Ẑ), (4.73)

O− =H1(R3
− ∩ Ẑ). (4.74)

Then O+ and O− are disconnected open subsets of Ẑ satisfying

O+ ∪O− = Ẑ and O+ ∩O− = P̃, (4.75)

where closure is taken in Ẑ.

As H1 fixes the α-coordinate, H1 maps R3
− ∩ Ẑ into itself. Since BMcyl ⊂ R3

−, and

P ⊂ R3
+, it follows from (4.47) that

BM∩ Ẑ ⊂ O− and P ∩ Ẑ ⊂ O+. (4.76)

The set P̃ is a smoothly embedded surface in Ẑ. For (x1, α) ∈ P ∩ Ẑ, we define

u(x1, α) = cosα − 1, (4.77)

where α = α − kρ and k = argmin{∣α − kρ∣ ∶ k ∈ Z}. One may verify directly from the
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definition of H1 that P̃ is the graph of u, i.e.

P̃ = {(x1, x2, α) ∈ Ẑ ∶ x2 = u(x1, α)}. (4.78)

Two useful observations about u are the following: First, for any k ∈ Z, the restriction

of u to P∩R2 ×(kρ−ρ/2+ δ0, kρ+ρ/2− δ0) is concave. Second, we have the estimate

on the gradient:

∣∣∇u(x1, α)∣∣ ≤ ∣ sinα∣ ≤ sin(ρ/2) = o(1), as ϵ→ 0. (4.79)

Thus P̃ is almost “flat” and almost parallel to P.

Let S2
+ρ/2 = {w ∈ S2 ∶ ⟨w, e2⟩ > sin(ρ/2)}, and define Ψ ∶ P̃ × S2

+ρ/2 → P × S2
+ρ/2 by

Ψ(y,w) = (y − ⟨y, e2⟩
⟨w, e2⟩

w,w) . (4.80)

That is, Ψ maps (y,w) to (y′,w), where y′ is the point of intersection of the ray

{y + tw ∶ t ≥ 0} with P. The fact that, for (y,w) ∈ P̃ × S2
+ρ/2, the ray makes an angle

of at most π/2− ρ/2 with e2 guarantees that the ray cannot intersect P̃ at any point

other than its initial point and thus Ψ is injective. In fact, the following is true:

Lemma 4.13. Ψ is a diffeomorphism onto an open subset of P × S2
+ρ/2.

Proof. By injectivity, it is enough to show that Ψ is a local diffeomorphism. Let

Ψ denote a function given by the formula (4.80) and defined on an open subset of
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R3 ×R3 containing P̃ × S2
+ρ/2. The differential of Ψ takes the form

dΨ(x1, x2, α, v1, v2, ω) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −v1v2 0

0 0 0 ∗

0 − ω
v2

1

03×3 I3×3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4.81)

where 03×3 and I3×3 are the 3 × 3 zero matrix and identity matrix respectively. The

null space of this matrix is

Span(w), where w = (v1, v2, ω,0,0,0) ∈ R6. (4.82)

A consequence of the estimate (4.79) is that if w = (v1, v2, ω) ∈ S2
+ρ/2, then w cannot

be tangent to P̃ at (x1, x2, α); otherwise v2 ≤ ∇g(x1, α) ≤ sin(ρ/2). Thus w is not

tangent to P̃×S2
+ ⊂ R3 ×R3. Since Ψ is the restriction of Ψ to P̃×S2

+ρ/2, we conclude

that the differential of Ψ has full rank, and the result follows by the inverse function

theorem.

Set

H1(y,w) = (H1(y,w),w) for (y,w) ∈ Ẑ × S2. (4.83)

This is a diffeomorphism of Ẑ × S2. Define η ∶ P ∩ Ẑ × S2
+ρ/2 → P ∩ Ẑ × S2

+ρ/2 by

η(y,w) = Ψ ○H1(y,w). (4.84)

120



This is a diffeomorphism onto its image because H1 and Ψ are.

Recall the full-measure subset open subset F ⊂ P × S2
+ on which the collision law

KΣ,ϵ ∶ F → F is a well-defined involutive C1 diffeomorphism, and let

F̃ = η−1(F ∩KΣ,ϵ(Im η))) ⊂ P × S2
+ρ/2. (4.85)

We define the modified collision law K̃Σ,ϵ ∶ F̃ → F̃ by

K̃Σ,ϵ = η−1 ○KΣ,ϵ ○ η. (4.86)

This is an involutive C1 diffeomorphism of F̃ because KΣ,ϵ is an involutive C1 dif-

feomorphism of F .

Note that F̃ is not a full-measure subset of P×S2. Nonetheless, we will see below

that Λ2(B ∖ F̃) → 0 as ϵ→ 0 for any set B of finite Λ2-measure (see Lemma 5.3 and

Remark 5.4).

Recall the translation maps τjk and τ jk defined by (4.59) and (4.60). It is easy to

show directly that η commutes with τ jk. This observation and Proposition 4.9 give

us

Proposition 4.14. For all (j, k) ∈ Z2, τ jk ○ K̃Σ,ϵ = K̃Σ,ϵ ○ τ jk.

We think of K̃Σ,ϵ as a collision law obtained by “modifying” KΣ,ϵ in the spatial

coordinates by η. Let us consider the perturbation η in more detail. We denote its

domain more succinctly by

G ∶= (P ∩ Ẑ) × S2
+ρ/2. (4.87)
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Let (y,w) ∈ G and let (y′,w′) = η(y,w) ∈ P × S2
+. Then w

′ = w, and

∣∣y′ − y∣∣ ≤ ∣∣y −H1(y)∣∣ + ∣
⟨H1(y), e2⟩
⟨w, e2⟩

∣

≤ ∣α − sinα∣ + ∣ − 1 + cosα∣ + ∣ − 1 + cosα∣
sin(ρ/2)

≤ Cρ
(4.88)

for some constant C, here using ∣α∣ < ρ/2. This shows that

∣∣η − IdG ∣∣L∞(G) ≤ Cρ = o(1) as ϵ→ 0. (4.89)

Since η ∶ G → η(G) is a diffeomorphism, we also have the following estimate:

∣∣Idη(G) − η−1∣∣L∞(η(G)) ≤ Cρ = o(1) as ϵ→ 0. (4.90)
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5 Proofs of Main Results

In this section we prove Theorems 1.27, 1.28, and 1.31. For a short summary of our

arguments, see §1.1.3.

5.1 Cylindrical configuration space

Our first task is to show that a version of Theorem 1.31 holds if we replaceM with

Mcyl.

Theorem 5.1. Given a sequence of cells Σi, there exists decreasing sequence of

positive numbers {bi} such that exactly one of the following is true:

(A) There exists a Markov kernel K such that, for any sequence ϵi ≤ bi with ϵi → 0,

the limit limi→∞KΣi,ϵi
cyl exists and is equal to K.

(B) For any sequence of positive numbers ϵi ≤ bi with ϵi → 0, the limit limi→∞KΣi,ϵi
cyl

does not exist.

If (A) holds, then K takes the following form

K(y1, y2, θ, ψ; dy′1dy′2dθ′dψ′) = δ(y1,y2)(y′1, y′2)dy′1dy′2 × P̃(θ,dθ′) × δπ−ψ(ψ′)dψ′, (5.1)

where P̃ is a Markov kernel on S1
+ satisfying the following properties:

i. P̃ is symmetric with respect to the measure sin θdθ on S1
+.
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ii. Let

Σ̃i = {(y1, y2) ∶ (y1, (1 +mJ−1)−1/2y2) ∈ Σi},

ϵ̃i = (1 +mJ−1)−1/2ϵi,

P = δy1(y′1)dy′1 × P̃(θ,dθ′).

(5.2)

Then

P = lim
i→∞

PΣ̃i ,̃ϵi . (5.3)

Consequently, K is symmetric with respect to the measure Λ2.

Moreover, if the sequence of cells Σi = Σ is constant, then we may take bi = ∞

and (A) always holds.

Conversely, if K is a Markov kernel on P×S2
+ of form (5.1) such that the measure

sin θdθ on S1
+ is invariant with respect to P̃, then there exist a sequence of cells

{Σi} and a decreasing sequence of positive numbers {bi} such that K = limi→∞KΣi,ϵi
cyl

whenever ϵi → 0 and 0 < ϵi ≤ bi.

Proof. First, we will define the sequence bi. Define the parallelogram

R1×1 = {(x1, α) ∈ P ∶ 0 ≤ x1 + α ≤ 1,0 ≤ α ≤ 1}. (5.4)

By Proposition 4.11, KΣi,1
cyl is well-defined and finite Λ2-almost everywhere. Since

Λ2(R1×1 × S2
+) < ∞, for each i there exists a constant Ci such that

Λ2({(y,w) ∈ R1×1 × S2
+ ∶ ∣∣K

Σi,1
cyl (y,w) − (y,w)∣∣ ≥ Ci}) ≤ i

−1. (5.5)
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By replacing each Ci with max{C1, . . . ,Ci}, we may suppose that the constants Ci

are increasing. We define

bi = C−1i i−1. (5.6)

We assume possibility (B) does not hold, i.e. we assume that K = limi→∞KΣi,ϵ
(0)
i

cyl

does exist for some sequence of positive numbers ϵ
(0)
i ≤ bi such that ϵ

(0)
i → 0. We will

argue that (A) holds and that K takes the form described above.

Fix any sequence of positive numbers ϵi ≤ bi with ϵi → 0, and consider the billiard

trajectory inMcyl =Mcyl(ϵi).

Step 1a. The key fact is that the billiard evolution decouples into two independent

evolutions. To describe this decoupling, first recall that a point particle in Mcyl

moves linearly in IntMcyl and reflects specularly from the boundary BMcyl. Note

that, for every p ∈ BMcyl, χ is tangent to the boundary BMcyl at p. Therefore,

specular reflection preserves the angle between the velocity of the point particle and

χ. Hence, the angle between the velocity and χ is conserved for all time.

In the coordinates (y1, y2, y3), the y3-axis is parallel to the cylindrical axis χ.

Consequently,Mcyl may be identified with the product spaceM1,2
cyl×R, whereM

1,2
cyl =

χ⊥ ∩Mcyl = {(y1, y2) ∶ (y1, y2,0) ∈ Mcyl}. The trajectory y(t) of the point particle

inMcyl decouples into a pair of independent trajectories (y1,2(t), y3(t)) ∈ M1,2
cyl ×R.

The trajectory y1,2(t) moves linearly in the interior of M1,2
cyl with velocity 9y1,2(t) =

9y(t) − ⟨ 9y(t), χ⟩χ, and reflects specularly from BM1,2
cyl. The trajectory y3(t) moves

freely in R with constant velocity 9y3 = ⟨ 9y(t), χ⟩ = ⟨ 9y(0), χ⟩ for all time.

Step 1b. Let us consider the two-dimensional billiard in M1,2
cyl in more detail.

Define planes Q0 = {(x1, x2, α) ∶ α = 0} and Q1 = χ⊥ = {(y1, y2, y3) ∶ y3 = 0}. The
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angle between these two planes (with respect to the kinetic energy inner product)

is γ = arccos(⟨e3, χ⟩) = arccos((1 +mJ−1)−1/2). Let π0 ∶ Q0 → Q1 denote orthogonal

projection from Q0 onto Q1. The base of the cylinderMcyl is B̂ ⊂Q0, and therefore

M1,2
cyl = π0(B̂). Identifying Q0 with R2 with coordinates (x1, x2) and Q1 with R2

with coordinates (y1, y2), π0 is just the “foreshortening map”

π0 ∶ (x1, x2) ↦ (y1, y2) = ((1 +mJ−1)−1/2x1, x2). (5.7)

Thus, the particle with position y1,2(t) moves freely in the complement of the “fore-

shortened” wall

W̃ ∶= {(y1, y2) ∈Q1 ∶ ((1 +mJ−1)1/2y1, y2) ∈W + e2}, (5.8)

and reflects specularly from BW̃ . The boundary BW̃ is piecewise C2 and bounded

between the lines y2 = −ϵ and y2 = 0, because BW is piecewise C2 and bounded

between the lines y2 = −1 − ϵ and y2 = −1. Letting L = {(y1, y2) ∶ y2 = 0}, we may

therefore define a macro-reflection law P Σ̃i ,̃ϵi ∶ L × (0, π) → L × (0, π), in the way

described in §1.2.2 (with L playing the role of R).

Step 1c. We now describe the marginals of the collision law. The relationship

between the macroscopic reflection law P Σ̃i ,̃ϵi and the collision lawKΣi,ϵi
cyl is as follows.

Note that L = P ∩ Q1. The macro-reflection law P Σ̃i ,̃ϵi describes the orthogonal

projection onto Q1 of the state of the point particle after returning to the plane P.

In more detail, letting π1,3 ∶ P × (0, π)2 → R × (0, π) be the mapping (y1, y3, θ, ψ) ↦
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(y1, ψ), we have

π1,3 ○KΣi,ϵi
cyl (y1, y3, θ, ψ) = P

Σ̃i ,̃ϵi(y1, θ). (5.9)

Note that the right-hand side only depends on y1 and θ.

We also consider the projections π2 ∶ P × (0, π)2 → R mapping (y1, y3, θ, ψ) ↦ y3,

and π4 ∶ P × (0, π)2 → (0, π) mapping (y1, y2, θ, ψ) ↦ ψ. We define

Q2(y1, y3, θ, ψ) = π2 ○KΣi,ϵi
cyl (y1, y3, θ, ψ), (5.10)

Q4(y1, y3, θ, ψ) = π4 ○KΣi,ϵi
cyl (y1, y3, θ, ψ). (5.11)

Suppose (y,w) ∈ P × S2
+ with coordinates (y1, y2, θ, ψ), and let (y′,w′) =KΣi,ϵi(y,w)

with coordinates (y′1, y′2, θ′, ψ′). Then, since the angle between the velocity and χ

is conserved for all time, cosψ′ = ⟨w′, χ⟩ = ⟨−w,χ⟩ = cos(π − ψ). Hence, ψ′ = π − ψ.

Therefore, Q4 only depends on ψ, and

Q4(ψ) = π − ψ. (5.12)

To describe Q2, let us write

Q2(y1, y3, θ, ψ) = y3 +E(y1, y3, θ, ψ). (5.13)

The definition of E makes sense for any choice of cell Σ and roughness scale ϵ. In

the argument below, we will indicate explicitly the dependence of E on Σ and ϵ by

writing E = Eϵ
Σ. We will prove
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Claim 5.1.1. For any bounded set B ⊂ P×S2
+, there exists a constant CB depending

only on B such that

Λ2(B ∩ {(y,w) ∶ ∣Eϵi
Σi
(y,w)∣ ≥ i−1}) ≤ CBi−1. (5.14)

Proof of Claim 5.1.1. The key observation is that the change of spatial coordinates

y ↦ ϵ−1i y maps Mcyl(ϵi) to Mcyl(1). Consequently KΣi,1
cyl and E1

Σi
may be viewed

respectively as KΣi,ϵi
cyl and Eϵi

Σi
re-expressed in “zoomed” coordinates. Let

Rϵi×ϵi = ϵiR1×1 = {(x1, α) ∈ P ∶ 0 ≤ x1 ≤ ϵi,0 ≤ x1 + α ≤ ϵi}. (5.15)

Making the change of coordinates y ↦ ϵiy, recalling that the spatial factor of Λ2 is

just Lebesgue measure on P, and using the observation above, we have

Λ2(Rϵi×ϵi × S2
+ ∩ {∣Eϵi

Σi
∣ ≥ i−1}) = ϵ2iΛ2(R1×1 × S2

+ ∩ {∣E1
Σi
∣ ≥ ϵ−1i i−1})

≤ ϵ2iΛ2(R1×1 × S2
+ ∩ {∣E1

Σi
∣ ≥ Ci})

≤ ϵ2iΛ2(R1×1 × S2
+ ∩ {∣∣K

Σi,1
cyl − IdP×S2+ ∣∣ ≥ Ci})

≤ ϵ2i i−1,

(5.16)

where the second line follows from (5.6) and ϵi ≤ bi, the third line follows because

∣∣KΣi,1
cyl − IdP×S2+ ∣∣ ≥ ∣E

ϵi
Σi
∣, and the fourth line follows from (5.5). For (j, k) ∈ Z2, define

translations,

τjk(y) = y + jϵie1 + (1 +mJ−1)1/2kϵiχ, y ∈ P. (5.17)
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The plane P is tessellated by the translates τjkRϵi×ϵi in the sense that

P = ⋃
(i,k)∈Z2

τjkRϵi×ϵi , (5.18)

and for (j, k) ≠ (j′, k′), the set τjkRϵi×ϵi ∩ τj′k′Rϵi×ϵi has measure zero. We also note

that the cylindrical setMcyl(ϵi) is invariant under the translates τjk. Consequently,

Eϵi
Σi

is invariant under the τjk in the sense that Eϵi
Σi
○ τjk = Eϵi

Σi
. Therefore, for any

(j, k) ∈ Z2,

Λ2(τjkRϵi×ϵi × S2
+ ∩ {∣Eϵi

Σi
∣ ≥ i−1}) = Λ2(Rϵi×ϵi × S2

+ ∩ {∣Eϵi
Σi
∣ ≥ i−1}) ≤ ϵ2i i−1. (5.19)

Fix a bounded set B ⊂ P× S2
+. Note that there exists a constant CB depending only

on B such that B may be covered by CBϵ−2i sets of form τjkPϵi×ϵi ×S2
+. Consequently,

by (5.19),

Λ2(B ∩ {∣Eϵi
Σi
∣ ≥ i−1}) ≤ CBi−1. (5.20)

This implies the claim. ∎

Step 1d. We now conclude the proof that limi→∞KΣi,ϵi
cyl exists and is of form (5.1).
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We write

∫
(P×S2+)2

g(y′,w′)KΣi,ϵi
cyl (y,w; dy

′dw′)f(y,w)Λ2(dydw)

= ∫
P×S2+

g(KΣi,ϵ
cyl (y,w))f(y,w)Λ

2(dydw)

= ∫
{E<i−1}

g(KΣi,ϵi
cyl (y,w))f(y,w)Λ

2(dydw)

+ ∫
{E≥i−1}

g(KΣi,ϵi
cyl (y,w))f(y,w)Λ

2(dydw).

(5.21)

Noting that g is bounded and f has compact support, we see that by Claim 5.1.1,

with B = supp f , the second term above converges to zero as i→∞.

To handle the first term in (5.21), we introduce the following notation: For

h ∈ Cc(P × S2
+), let ĥ(y1, θ, y3, ψ) = h(y1, y3, θ, ψ). Using (5.9), (5.12), and (5.13), the

first term in (5.21) is equal to

∫
{E<i−1}

g(KΣi,ϵi
cyl (y,w))f(y,w)Λ

2(dydw)

= ∫
{E<i−1}

ĝ(P Σ̃i ,̃ϵi(y1, θ), y3 +E,π − ψ)f(y1, y3, θ, ψ) sin θ sin2ψdy1dy2dθdψ

= ∫
{E<i−1}

ĝ(P Σ̃i ,̃ϵi(y1, θ), y3, π − ψ)f(y1, y3, θ, ψ) sin θ sin2ψdy1dy2dθdψ

+ ∫
{E<i−1}

(τ(0,0,E,0)ĝ − ĝ)(P Σ̃i ,̃ϵi(y1, θ), y3, π − ψ)f(y1, y3, θ, ψ)

× sin θ sin2ψdy1dy2dθdψ

= ∫
{E<i−1}

ĝ(P Σ̃i ,̃ϵi(y1, θ), y3, π − ψ)f(y1, y3, θ, ψ) sin θ sin2ψdy1dy2dθdψ

+ ∫
P Σ̃i,ϵ̃i({E<i−1})

(τ(0,0,E,0)ĝ − ĝ)(y1, θ, y3, π − ψ)f̂(P Σ̃i ,̃ϵi(y1, θ), y3, ψ)

× sin θ sin2ψdy1dy2dθdψ,

(5.22)
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using in the last line the fact that P Σ̃i ,̃ϵi(y1, θ) is an involution which preserves the

measure sin θdy1dθ by Proposition 1.1 in §1.2. The second term above is bounded in

absolute value by

sup
∣∣h∣∣≤i−1

∣∣τhĝ − ĝ∣∣L∞ ∫
P×S2+
∣f̂(P Σ̃i ,̃ϵi(y1, θ), y3, ψ)∣ sin θ sin2ψdy1dy2dθdψ

= sup
∣∣h∣∣≤i−1

∣∣τhĝ − ĝ∣∣L∞ ∣∣f ∣∣L1 → 0 as i→∞,
(5.23)

again using invariance of P Σ̃i ,̃ϵi with respect to sin θdθdy1 to obtain the equality. On

the other hand, by Claim 5.1.1 and the fact that f and g are bounded and f has

compact support, the first term in (5.22) is equal to

∫
P×S2+

ĝ(P Σ̃i ,̃ϵi(y1, θ), y3, π − ψ)f(y1, y3, θ, ψ) sin θ sin2ψdy1dy2dθdψ + oi→∞(1)

= ∫
P×S2+
(∫

P×S2+
g(y′1, y′3, θ′, ψ′)PΣ̃i ,̃ϵi(y1, θ; dy′1dθ′)δy3(dy′3)δπ−ψ(dψ′))

× f(y1, y3, θ, ψ) sin θ sin2ψdy1dy2dθdψ + oi→∞(1).

(5.24)

To summarize, we have shown that

∫
P×S2+
(∫

P×S2+
g(y′,w′)KΣi,ϵi

cyl (y,w; dy
′dw′)) f(y,w)Λ2(dydw)

= ∫
P×S2+
(∫

P×S2+
g(y′1, y′3, θ′, ψ′)PΣ̃i ,̃ϵi(y1, θ; dy′1dθ′)δy3(dy′3)δπ−ψ(dψ′))

× f(y1, y3, θ, ψ) sin θ sin2ψdy1dy2dθdψ + oi→∞(1).

(5.25)

Since by assumption K = limi→∞KΣi,ϵ
(0)
i

cyl exists, the equality above implies that
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the following limit exists:

P = lim
i→∞

PW (Σ̃i ,̃ϵ
(0)
i ), (5.26)

and K = P× δy3 × δπ−ψ. By Corollary 1.11 and Remark 1.13, P = limPγ(Σ̃i ,̃ϵi) does not

depend on the sequence ϵi → 0, and moreover P(y1, θ; dy′1dθ′) = δy1(dy′1)P̃(θ,dθ′), for

some Markov kernel P̃ on S1
+ which is symmetric with respect to the measure sin θdθ.

Thus by (5.25) we see that limi→∞KΣi,ϵi exists for any ϵi ≤ bi, and this limit is equal

to K = δy1 × P̃ × δy3 × δπ−ψ. This proves the first part of the theorem.

Step 2. Now let us assume that Σi = Σ is constant, let ϵi → 0 be arbitrary (not

necessarily bounded by bi) and consider how the proof above goes through in this

case. In steps 1a-1d, to obtain the equality (5.25) we did not use the assumption that

KΣi,ϵi
cyl converges. Thus (5.25) always holds. On the other hand, Σ̃i = Σ̃ is constant,

it follows from Lemma 2.1 that the limit P = limi→∞ PΣ̃,̃ϵi exists. This implies that

the limit limi→∞KΣ,ϵi
cyl exists. This proves the second statement in the theorem.

Step 3. Finally, the converse may be proved as follows. Suppose K takes the form

(5.1) where P̃ is a Markov kernel on S1
+ such that sin θdθ is invariant with respect to

P̃. By Corollary 1.11 in §1.2 there is a sequence Σ̃i of cells such that for any sequence

ϵ̃i → 0, δy1 × P̃ = limi→∞ PΣ̃i ,̃ϵi . Let

Σi = {(x1, x2) ∶ (x1, (1 +mJ−1)1/2x2) ∈ Σ̃i}, (5.27)

and let bi be chosen with respect to the Σi above as in the beginning of the proof.

Take a sequence of positive numbers ϵi → 0 with ϵi ≤ bi, and let ϵ̃i = (1 +mJ−1)1/2ϵi.

Let Wi = W (Σi, ϵi) and W̃i = W (Σ̃i, ϵ̃i), and observe that W̃i is just foreshortened
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version of Wi in the sense of (5.8). Consider the cylindrical configuration space

Mcyl(Σi, ϵi) and the cylindrical collision law KΣi,ϵi
cyl which the wall Wi gives rise to.

By Steps 1a-1d, the equality (5.25) holds. Since PΣ̃i ,̃ϵi → P = δy1 × P̃, it follows that

KΣi,ϵi
cyl → δy1 × P̃ × δy3 × δπ−ψ = K.

5.2 Cylindrical approximation in the pure scaling case

In this section we prove Theorem 1.27, delegating the proof of a key lemma to a

subsequent subsection.

Since the sequence of cells is constant, we take Σ to be fixed throughout this

section, and we denote the collision law inM=M(Σ, ϵ) by Kϵ, dropping the explicit

dependence on Σ from our notation. Similarly, we denote the collision law in the

cylindrical configuration spaceMcyl =Mcyl(Σ, ϵ) byKϵ
cyl, and we denote the modified

collision law by K̃ϵ.

The following lemma gives us the sense in which the collision laws Kϵ and Kϵ
cyl

approximate each other.

Lemma 5.2. For any f, g ∈ C∞c (P × S2
+),

∫
P×S2+

g[f ○Kϵ − f ○Kϵ
cyl]dΛ2 → 0 as ϵ→ 0. (5.28)

The proof of the lemma involves first throwing away a small set of “bad” inputs,

and then making two comparisons: (i) a comparison between the true collision law

Kϵ and the modified collision law K̃ϵ, and (ii) a comparison between the modified

collision law K̃ϵ and the cylindrical collision law Kϵ
cyl.
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Recall the definition (4.86) of K̃ϵ. The main idea for making the comparison (i) is

to use estimates for η and its differential to argue that K̃ϵ = η−1 ○Kϵ ○η approximates

Kϵ as ϵ→ 0 in the sense of (5.28).

Most of the work in this section is concerned with making the comparison (ii).

Consider the parallelogram

Rϵ = {(x1, α) ∈ P ∶ 0 ≤ x1 + α ≤ ϵ,−ρ(ϵ)/2 ≤ α ≤ ρ(ϵ)/2}. (5.29)

For (j, k) ∈ Z2, define translations

τjk(y) = y + jϵe1 + kρe3, y ∈ P. (5.30)

We also let

τ jk(y,w) = (τjk(y),w), (y,w) ∈ P × S2
+. (5.31)

The plane P may be tessellated by the parallelograms τjkRϵ in the sense that P =

⋃(j,k)∈Z2 τjkRϵ and τjkRϵ∩τj′k′Rϵ has Lebesgue measure zero whenever (j, k) ≠ (j′, k′).

Recall that K̃ϵ is defined on an open subset F̃ ⊂ P × S2
+.

Lemma 5.3. For ϵ > 0 sufficiently small, there exist sets Ω(ϵ) ⊂ F̃ such that

i. Ω(ϵ) is invariant under the translations τ jk;

ii. 1
ϵρ(ϵ)Λ

2(Rϵ × S2
+ ∖Ω(ϵ)) → 0 as ϵ→ 0; and
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iii. the following limit holds:

lim
ϵ→0

sup
(y,w)∈Rϵ∩Ω(ϵ)

∣∣K̃ϵ(y,w) −Kϵ
cyl(y,w)∣∣ = 0. (5.32)

Remark 5.4. Lemma 5.3(i) and (ii), together with Claim 5.2.1 from Step 1 of its

proof, below, imply that for any bounded set B ⊂ P×S2
+, Λ

2(B ∖Ω(ϵ)) → 0 as ϵ→ 0.

Consequently, Λ2(B ∖ F̃) → 0 as ϵ→ 0.

The proof of this lemma is given in §5.3. We will now prove Lemma 5.2 using

the lemma above.

Proof of Lemma 5.2. Let Ω(ϵ) ⊂ F̃ be as in Lemma 5.3. We split up the integral

∫ g[f ○Kϵ − f ○Kϵ
cyl]dΛ2 as follows:

∫
P×S2+

g[f ○Kϵ − f ○Kϵ
cyl]dΛ2

= ∫
P×S2+∖Ω

g[f ○Kϵ − f ○Kϵ
cyl]dΛ2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶ I1

+∫
Ω
g[f ○Kϵ − f ○ K̃ϵ]dΛ2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶ I2

+ ∫
Ω
g[f ○ K̃ϵ − f ○Kϵ

cyl]dΛ2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶ I3

.

(5.33)

Note that the modified collision law K̃ϵ is defined on Ω because Ω ⊂ F̃ . We will show

separately that each of I1, I2, and I3 converge to zero as ϵ→ 0.
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Step 1. To show I1 → 0, first we write

∣I1∣ ≤ ∫
P×S2+∖Ω

∣g∣ ⋅ ∣f ○Kϵ∣dΛ + ∫
P×S2+∖Ω

∣g∣ ⋅ ∣f ○Kϵ
cyl∣dΛ

≤ 2∣∣f ∣∣L∞Λ2(supp g ∖Ω).
(5.34)

Claim 5.2.1. Let B be a compact set. There exists a constant C = CB < ∞ depending

only on B such that, for ϵ sufficiently small, the set B can be covered by C
ϵρ(ϵ) sets of

form τjkRϵ × S2
+.

Proof of Claim 5.2.1. Since B is compact, there exist minimal a, b < ∞ such that

B ⊂ {(x1, α) ∈ P ∶ −a ≤ x1 + α ≤ a,−b ≤ α ≤ b} × S2
+. (5.35)

Note that parallelogram Rϵ has length ϵ and height ρ, so the parallelogram appearing

on the right-hand side above can be covered by 2a+1
ϵ ⋅ 2b+1ρ(ϵ) translates τjkRϵ. The claim

follows by taking C = (2a + 1)(2b + 1). ∎

Since Ω is invariant with respect to the translations τjk and supp g is compact, it

follows that

Λ2(supp g ∖Ω) ≤ C

ϵρ(ϵ)
Λ2(Rϵ ∖Ω), (5.36)

where C = Csupp g. The right-hand side converges to zero by Lemma 5.3.

Step 2. Next we show I2 → 0. Recall the definition (4.84) of the diffeomorphism

η ∶ G → η(G) ⊂ P × S2
+ρ/2. We may write η(y,w) = (φw(y),w), where for each
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w = (v1, v2, ω) ∈ S2
+ρ/2, φw ∶ P ∩ Ẑ → P is given by the formula

φw(x1, α) =
⎛
⎜⎜
⎝

x1 − α + sinα − (1 − cosα)v1v2
α − (1 − cosα) ωv2

⎞
⎟⎟
⎠
, (5.37)

where α = α − kρ and k = argmin{∣α − kρ∣ ∶ k ∈ Z}. The differential of φw is thus

given by the formula:

d(φw) (x1, α) =

⎡⎢⎢⎢⎢⎢⎢⎣

1 −1 + cosα − sin(α)v1v2
0 1 − sin(α) ωv2

⎤⎥⎥⎥⎥⎥⎥⎦

. (5.38)

For (y,w) ∈ G , we define

U(y,w) = ∣detd(φw) (x1, α)∣ = ∣1 − sin(α) ω
v2
∣ . (5.39)

Then for (y,w) ∈ η(G),

∣detd(φ−1w ) (x1, α)∣ =
1

U ○ η−1(y,w)
. (5.40)

Claim 5.2.2. If B is a compact subset of P × S2
+, then

sup
(y,w)∈B∩G

∣U(y,w) − 1∣ → 0 as ϵ→ 0. (5.41)

Proof of Claim 5.2.2. By compactness, for all (y,w) ∈ B, v2 = ⟨w, e2⟩ > c > 0 for some
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fixed constant c. Also note that ∣α∣ ≤ ρ(ϵ)/2→ 0 as ϵ→ 0. Therefore,

∣U(y,w) − 1∣ ≤ sin(ρ/2) ⋅ c−1 → 0 as ϵ→ 0, (5.42)

and the claim is proved. ∎

Recall also the definition (4.86) of the modified collision law K̃ϵ. Making the

change of variables (y,w) ↦ η−1(y,w) = (φ−1w (y),w) and noting that the first factor

of Λ2 is just Lebesgue measure on P, we have

∫
Ω
g[f ○ K̃ϵ]dΛ2 = ∫

η(Ω)
[g ○ η−1][f ○ η−1 ○Kϵ] 1

U ○ η−1
dΛ2. (5.43)

Using this, we have

∣∫
Ω
g[f ○Kϵ − f ○ K̃ϵ]dΛ2∣

= ∣∫
Ω
g[f ○Kϵ]dΛ2 − ∫

η(Ω)
[g ○ η−1][f ○ η−1 ○Kϵ] 1

U ○ η−1
dΛ2∣

≤ ∣∫
Ω∩η(Ω)

g[f ○Kϵ − f ○ η−1 ○Kϵ]dΛ2∣

+ ∣∫
Ω∩η(Ω)

[g − g ○ η−1][f ○ η−1 ○Kϵ]dΛ2∣

+ ∣∫
Ω∩η(Ω)

[g ○ η−1][f ○ η−1 ○Kϵ] [1 − 1

U ○ η−1
]dΛ2∣

+ ∣∫
Ω∖η(Ω)

g[f ○Kϵ]dΛ2∣ + ∣∫
η(Ω)∖Ω

[g ○ η−1][f ○Kϵ] 1

U ○ η−1
dΛ2∣ .

(5.44)

We will estimate separately each term appearing above. First, recall (4.89) and (4.90)

which say that η and η−1 converges uniformly to the identity on their respective

domains G and η(G) as ϵ → 0. This has two important consequences: First, since f
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and g are continuous and compactly supported,

∣∣f − f ○ η∣∣L∞(G) → 0 and ∣∣g − g ○ η∣∣L∞(G) → 0 as ϵ→ 0, (5.45)

and

∣∣f − f ○ η−1∣∣L∞(η(G)) → 0 and ∣∣g − g ○ η−1∣∣L∞(η(G)) → 0 as ϵ→ 0. (5.46)

Second, there exists a fixed compact set B ⊂ P×S2
+ such that, for ϵ sufficiently small,

G ∩ { supp f ∪ supp g ∪ supp(f ○ η) ∪ supp(g ○ η)} ⊂ B, and

η(G) ∩ { supp f ∪ supp g ∪ supp(f ○ η−1) ∪ supp(g ○ η−1)} ⊂ B.
(5.47)

We recall that by Lemma 5.3, Ω ⊂ F̃ ⊂ G, and hence

K̃ϵ(Ω) ⊂ K̃ϵ(F̃) = F̃ ⊂ G ⇒ Kϵ(η(Ω)) ⊂ η(G). (5.48)

By invariance of Λ2 with respect to Kϵ and (5.46),

∣∫
Ω∩η(Ω)

g[f ○Kϵ − f ○ η−1 ○Kϵ]dΛ2∣

= ∫
Kϵ(Ω∩η(Ω))

∣g ○Kϵ∣ ⋅ ∣f − f ○ η−1∣dΛ2

≤ ∣∣g ○Kϵ∣∣L1
Λ2(P×S

2
+)∣∣f − f ○ η

−1∣∣L∞(G)

= ∣∣g∣∣L1
Λ2(P×S

2
+)∣∣f − f ○ η

−1∣∣L∞(G) → 0 as ϵ→ 0.

(5.49)
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Also, by (5.46) and (5.47), we have

∣∫
Ω∩η(Ω)

[g − g ○ η−1][f ○ η−1 ○Kϵ]dΛ2∣

≤ ∣∣f ∣∣L∞ ∣∫
B∩Ω∩η(Ω)

[g − g ○ η−1]dΛ2∣ → 0 as ϵ→ 0.

(5.50)

In addition, note that supp g ⊂ η(B), and by Claim 5.2.2, 1
U → 1 uniformly on B ∩G;

thus

∣∫
Ω∩η(Ω)

[g ○ η−1][f ○ η−1 ○Kϵ] [1 − 1

U ○ η−1
]dΛ2∣

≤ ∣∣f ∣∣L∞ ∣∣g∣∣L∞ ∫
Ω∩η(B∩Ω)

∣1 − 1

U ○ η−1
∣dΛ2 → 0 as ϵ→ 0.

(5.51)

By Claim 5.2.2, there exists a constant d1 < ∞ such that U ≤ d1 on B ∩ G, for ϵ

sufficiently small. Thus

∣∫
Ω∖η(Ω)

g[f ○Kϵ]dΛ2∣ = ∣∫
η−1(Ω)∖Ω

(g ○ η)[f ○Kϵ ○ η]UdΛ2∣

= d1∣∣f ∣∣L∞ ∫
η−1(Ω)∖Ω

∣g ○ η∣dΛ2

≤ d1∣∣f ∣∣L∞ ∣∣g∣∣L∞Λ2(B ∖Ω)

≤ d1∣∣f ∣∣L∞ ∣∣g∣∣L∞
C

ϵρ(ϵ)
Λ2(Rϵ ∖Ω) → 0 as ϵ→ 0,

(5.52)

where C = CB as in Claim 5.2.1 from Step 1, and the convergence to zero follows by

Lemma 5.3.

Also by Claim 5.2.2 there exists d2 < ∞ such that 1
U ≤ d2 on B ∩ G. Noting that
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supp(g ○ η−1) ⊂ B ∩ η(B) by (5.47), we similarly have

∣∫
η(Ω)∖Ω

[g ○ η−1][f ○Kϵ] 1

U ○ η−1
dΛ2∣

= ∣∫
B∩η(Ω∩B)∖Ω

[g ○ η−1][f ○Kϵ] 1

U ○ η−1
dΛ2∣

≤ d2∣∣f ∣∣L∞ ∣∣g∣∣L∞Λ2(B ∖Ω)

≤ d2∣∣f ∣∣L∞ ∣∣g∣∣L∞
C

ϵρ(ϵ)
Λ2(Rϵ ∖Ω) → 0 as ϵ→ 0.

(5.53)

From (5.49), (5.50), (5.51), (5.52), and (5.53), we see that each term in the bound

(5.44) converges to zero. Thus I2 → 0.

Step 3. Finally, we show that I3 → 0. We must deal with the fact that K̃ϵ and

Kϵ
cyl have different periodicity (see Propositions 4.12 and 4.14). Let τjk be defined

as above, and for (j, k) ∈ Z2, let

τ ′jk(y) = y + (j + ⌈
j(1 +mJ−1)1/2ρ

ϵ
⌉) ϵe1 + k(1 +mJ−1)1/2ρχ, y ∈ P. (5.54)

In the lattice in P spanned by integer combinations of e1 and (1 +mJ−1)1/2ρχ, the

point τ ′jk(0) is the closest point in the lattice to the right of the point τjk(0) =

jϵe1 + kρe3. We also let

τ ′jk(y,w) = (τ ′jk(y),w), (y,w) ∈ P × S2
+. (5.55)

Then

Kϵ ○ τ jk = τ jk ○Kϵ, and Kϵ
cyl ○ τ ′jk = τ ′jk ○Kϵ

cyl. (5.56)
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Also, for k ∈ Z, define

Pk = {(x1, α) ∈ P ∶ kρ − ρ/2 ≤ α < kρ + ρ/2}, (5.57)

and define θ ∶ P × S2
+ → P × S2

+ by

θ(y,w) = (y − ϵ{k(1 +mJ
−1)1/2ρ

ϵ
} e1,w) , if (y,w) ∈ Pk × S2

+. (5.58)

Here {k(1+mJ
−1)1/2ρ
ϵ } is the fractional part of k(1+mJ−1)1/2ρ

ϵ . We see that θ is an order

ϵ shift which “corrects” for the difference of periods, in the sense that

θ ○ τ ′jk = τ jk on Pk × S2
+. (5.59)

We may write

∫
Ω
g[f ○ K̃ϵ − f ○Kϵ

cyl] = ∫
Ω
g[f ○ K̃ϵ − f ○ θ ○Kϵ

cyl ○ θ−1]dΛ2

+ ∫
Ω
g[f ○ θ ○Kϵ

cyl ○ θ−1 − f ○Kϵ
cyl ○ θ−1]dΛ2

+ ∫
Ω
g[f ○Kϵ

cyl ○ θ−1 − f ○Kϵ
cyl]dΛ2.

(5.60)

We show separately that each of the above terms converges to zero. If u is any

Lipschitz function on P × S2
+, we let

Lip(u) = sup
(y,w)≠(y′,w′)

∣u(y,w) − u(y′,w′)∣
∣∣(y,w) − (y′,w′)∣∣

. (5.61)

By Claim 5.2.1 from Step 1, there is an index set I ⊂ Z2 with ∣I ∣ ≤ C/ϵρ such that
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supp g is covered by the parallelograms τjkRϵ, (j, k) ∈ I. Using the fact that g is

bounded and f is Lipschitz (since it is in C∞c ), we have

∣∫
Ω
g[f ○ K̃ϵ − f ○ θ ○Kϵ

cyl ○ θ−1]dΛ2∣

≤ ∣∣g∣∣L∞ Lip(f)∫
Ω∩supp g

∣∣K̃ϵ − θ ○Kϵ
cyl ○ θ−1∣∣dΛ2

≤ ∣∣g∣∣L∞ Lip(f) ∑
(j,k)∈I

∫
τ jk(Rϵ×S2+)∩Ω

∣∣K̃ϵ − θ ○Kϵ
cyl ○ θ−1∣∣dΛ2

= ∣∣g∣∣L∞ Lip(f) ∑
(j,k)∈I

∫
(Rϵ×S2+)∩Ω

∣∣K̃ϵ ○ τ jk − θ ○Kϵ
cyl ○ τ ′jk∣∣dΛ2

= ∣∣g∣∣L∞ Lip(f) ∑
(j,k)∈I

∫
(Rϵ×S2+)∩Ω

∣∣τ jk ○ K̃ϵ − τ jk ○Kϵ
cyl∣∣dΛ2

= ∣∣g∣∣L∞ Lip(f)∣I ∣ ∫
(Rϵ×S2+)∩Ω

∣∣K̃ϵ −Kϵ
cyl∣∣dΛ2

≤ ∣∣g∣∣L∞ Lip(f)∣I ∣Λ2(Rϵ × S2
+) sup
(Rϵ×S2+)∩Ω

∣∣K̃ϵ −Kϵ∣∣

= 2πC ∣∣g∣∣L∞ Lip(f) sup
(Rϵ×S2+)∩Ω

∣∣K̃ϵ −Kϵ∣∣,

(5.62)

using in the last line the fact that ∣I ∣ = C/ϵρ and Λ2(Rϵ × S2
+) = 2πρϵ. The last

quantity converges to zero by Lemma 5.3. To show that the other two terms in

(5.60) converge to zero, observe that

∣∫
Ω
g[f ○ θ ○Kϵ

cyl ○ θ−1 − f ○Kϵ
cyl ○ θ−1]dΛ2∣

≤ ∫
P×S2+
∣g∣∣f ○ θ ○Kϵ

cyl ○ θ−1 − f ○Kϵ
cyl ○ θ−1∣dΛ2

= ∫
P×S2+
∣g∣∣f ○ θ − f ∣dΛ2,

(5.63)

where the last equality follows by invariance of Λ2 under translation and Kϵ
cyl. The
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quantity above converges to zero because θ → 0 uniformly as ϵ → 0. To handle the

last term in (5.60), we make the change of variables (y,w) ↦ θ(y,w) to obtain

∣∫
Ω
g[f ○Kϵ

cyl ○ θ−1 − f ○Kϵ
cyl]dΛ2∣

= ∣∫
θ−1(Ω)

[g ○ θ][f ○Kϵ
cyl]dΛ2 − ∫

Ω
g[f ○Kϵ

cyl]dΛ2∣

≤ ∫
P×S2+
∣g ○ θ − g∣∣f ○Kϵ

cyl∣dΛ2

+ ∣∣g∣∣L∞ ∣∣f ∣∣L∞ {Λ2(θ−1(supp g) ∖ θ−1(Ω)) +Λ2(supp g ∖Ω)}

≤ ∣∣g ○ θ − g∣∣L∞ ∣∣f ∣∣L1
Λ2
+ 2∣∣g∣∣L∞ ∣∣f ∣∣L∞Λ2(supp g ∖Ω),

(5.64)

using invariance of Λ2 with respect to Kϵ
cyl and θ to obtain the last line. The first

term in the line above converges to zero because θ → 0 uniformly, and the second

term converges to zero by the same argument as in Step 1. Thus all three terms on

the right-hand side of (5.60) converge to zero, so I3 → 0.

We now apply Lemma 5.2 and Theorem 5.1 to prove our main results.

Proof of Theorem 1.27. Fix a constant sequence of cells Σi = Σ and a sequence of

positive numbers ϵi → 0. By Theorem 5.1, there exists a Markov kernel K not

depending on the sequence ϵi such that the limit limi→∞KΣi,ϵi
cyl exists and is equal to

K. Moreover, K takes the form 1.65. We may write

∫
P×S2+

g(y,w) (∫
P×S2+

f(y,w)KΣi,ϵi(y,w; dy′dw′))dΛ2(dydw)

= ∫
P×S2+

g(y,w) (∫
P×S2+

f(y,w)KΣi,ϵi
cyl (y,w; dy

′dw′))dΛ2(dydw)

+ ∫
P×S2+

g(y,w)[f(KΣi,ϵi(y,w)) − f(KΣi,ϵi
cyl (y,w))]dΛ

2(dydw).

(5.65)
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The second term above converges to zero as ϵi → 0 by Lemma 5.2. It follows that

KΣi,ϵi → K, and the theorem is proved.

Proof of Theorem 1.28. Fix a sequence of cells {Σi}i≥1. Lemma 5.2 implies that, for

each fixed i ≥ 1,

dΛ
2

G (K
Σi,ϵ
cyl ,K

Σi,ϵ) → 0 as ϵ→ 0, (5.66)

where dΛ
2

G is the pseudometric introduced in 6.2.3. Thus we may choose a decreasing

sequence {b(1)i }i≥1 such that, for each i ≥ 1, if ϵ ≤ b(1)i , then

dΛ
2

G (K
Σi,ϵ
cyl ,K

Σi,ϵ) ≤ i−1. (5.67)

Let another decreasing sequence {b(2)i }i≥1 be chosen as in Theorem 5.1, and let bi =

min{b(1)i , b
(2)
i }.

To prove Theorem 1.28, we will show that ¬(B) ⇒ (A). Assume that there

exists a sequence ϵ
(0)
i → 0, ϵ

(0)
i ≤ bi such that K ∶= limi→∞KΣi,ϵ

(0)
i exists. Then by the

triangle inequality,

dΛ
2

G (K
Σi,ϵ

(0)
i

cyl ,K) ≤ dΛ2

G (K
Σi,ϵ

(0)
i

cyl ,KΣi,ϵ
(0)
i ) + dΛ2

G (KΣi,ϵ
(0)
i ,K)

→ 0 as i→∞.
(5.68)

By Theorem 5.1, it follows that, for any sequence ϵi → 0, ϵi ≤ bi, KΣi,ϵi
cyl → K as i→∞;

so by the triangle inequality again

dΛ
2

G (KΣi,ϵi ,K) ≤ dΛ2

G (K
Σi,ϵi
cyl ,K

Σi,ϵi) + dΛ2

G (K
Σi,ϵi
cyl ,K)

→ 0 as i→∞.
(5.69)
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This proves the theorem.

Remark 5.5. The pseudometric dΛ
2

G is an important ingredient in the proof. A

direct application of (5.28) to handle convergence would not allow for a choice of

{bi}i≥1 which is independent of f and g.

Proof of Theorem 1.31. Suppose that K ∈ A0. Then there exists a sequence of cells

{Σi}i≥1 and a decreasing sequence of positive numbers {bi}i≥1 such that (A) holds,

i.e. for any sequence ϵi → 0 with 0 < ϵi ≤ bi, limKΣi,ϵi = K. By the triangle inequality

argument giving us (5.68) in the proof of Theorem 1.28, if ϵi → 0 sufficiently fast

then we also have limKΣi,ϵi
cyl exists and is equal to K, and it follows from Theorem

5.1 that K must take the form (1.69). The proves the forward direction.

To prove the converse statement, suppose K is a Markov kernel on P × S2
+ which

takes the form (1.69) where P̃ preserves the measure sin θdθ. By Theorem 5.1, there

is a sequence of cells Σi and a decreasing sequence of positive numbers b
(1)
i such

that K = limi→∞KΣi,ϵi
cyl whenever 0 < ϵi ≤ b(1)i and ϵi → 0. By the triangle inequality

argument giving us (5.69) in the proof of Theorem 1.28, we have that KΣi,ϵi → K

provided that ϵi → 0 sufficiently fast. This implies that K ∈ A0.

5.3 Zooming argument

In this subsection, we will define the set Ω and prove Lemma 5.3. The important idea

from this section is to compare the billiard evolutions in the respective configuration

spacesM andMcyl after “zooming in” by a factor of ϵ−1.

Throughout this subsection, the cell Σ is fixed. The scale ϵ > 0 is also fixed,

except at the very end.
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5.3.1 Notation and elementary observations

For r > 0, we define

σr(y,w) = (ry,w), (y,w) ∈ R3 ×R3. (5.70)

Throughout this subsection, if A is a subset of R3 and B is a subset of R3 ×R3

we will denote

A∗ = ϵ−1A = {y ∈ R ∶ ϵy ∈ A},

B∗ = σϵ−1(B) = {(y,w) ∈ R3 ×R3 ∶ (ϵy,w) ∈ B}.
(5.71)

Thus, for example, we will considerM∗,M∗
cyl, Z∗, Ẑ∗, Γ∗roll ⊂ BM∗, and so forth.

As before, we let Q0 = {(x1, x2, α) ∶ α = 0}. We will often identify this plane with

R2.

One motivation for “zooming” is that the zoomed cylindrical configuration space

M∗
cyl does not depend on ϵ. In particular,M∗

cyl is the cylinder with base

B̂∗ ∶= ϵ−1B̂(ϵ) =W (Σ,1)c + e2 ⊂Q0 (5.72)

and axis χ. Neither the base nor the axis depend on ϵ. Another important observation

is that

M∗
cyl ∩Q0 = B̂∗ =M∗ ∩Q0. (5.73)

(The second equality follows from the parametrization of the configuration space

given by Proposition 4.2(iii).) Thus, while M∗ does depend on ϵ, its intersection
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with Q0 does not.

By Proposition 4.2(iii), the subset of the zoomed configuration spaceM∗ ∩ Ẑ∗ is

parametrized by f∗ ∶W (Σ,1)c × Z∗ → R3, defined by

f∗(x1, x2, α) = ϵ−1f(ϵx1, ϵx2, ϵα) =

⎛
⎜⎜⎜⎜⎜⎜
⎝

x1 − ϵ−1 sin(ϵα∗)

x2 + 1 + ϵ−1(−1 + cos(ϵα∗))

α

⎞
⎟⎟⎟⎟⎟⎟
⎠

, (5.74)

where α∗ = α − k∗ρ and k
∗ = argmin{∣α − kϵ−1ρ∣ ∶ k ∈ Z}. In particular, note that the

restriction of f∗ to BW (Σ,1) × Z∗ → R3 parametrizes Γ∗roll = BM∗ ∩ Ẑ∗.

Recall the diffeomorphism H1 ∶ Ẑ → Ẑ defined by (4.44). We define Hϵ ∶ Ẑ∗ → Ẑ∗

by

Hϵ(x1, x2, α) = ϵ−1H1(ϵx1, ϵx2, ϵα) =

⎛
⎜⎜⎜⎜⎜⎜
⎝

x1 + α∗ − ϵ−1 sin(ϵα∗)

x2 + ϵ−1(−1 + cos(ϵα∗))

α

⎞
⎟⎟⎟⎟⎟⎟
⎠

. (5.75)

(Arguably, we should denote this map instead by H∗. However, the parameter ϵ will

play an important role in our arguments.)

Corresponding to (4.47), we have

Hϵ(M∗
cyl ∩ Ẑ∗) =M∗ ∩ Ẑ∗, and

Hϵ(BM∗
cyl ∩ Ẑ∗) = BM∗ ∩ Ẑ∗.

(5.76)

The motivation behind “zooming” becomes clearer by observing that

Hϵ(y) = y +Error(y, ϵ), (5.77)
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where the error term and its first derivatives converge uniformly to zero as ϵ → 0.

Thus Hϵ maps straight chords inM∗
cyl to “almost straight” chords inM∗, and this

suggests that a billiard trajectory in M∗ will in some sense be closely tracked by a

billiard trajectory inM∗
cyl as ϵ→ 0.

5.3.2 Projection onto the cylindrical base

We will analyze separately the projection of the billiard trajectory onto the cylindrical

base and the cylindrical axis. Define a projection map G0 ∶ R3 →Q0 by

G0(x1, x2, α) = (x1 + α,x2). (5.78)

Note that G0(χ) = 0, and consequently, G0 projects the cylinderM∗
cyl onto its base

B̂∗ and the cylindrical boundary BM∗
cyl onto BB̂∗.

Therefore, by (5.76), the “perturbed” projection map

Gϵ ∶= G0 ○H−1ϵ ∶ Ẑ∗ →Q0 (5.79)

maps M∗ ∩ Ẑ∗ onto B̂∗ and BM∗ ∩ Ẑ∗ onto BB̂∗. Explicitly, Gϵ is given by the

formula

Gϵ(x1, x2, α) =
⎛
⎜⎜
⎝

x1 + ϵ−1 sin(ϵα∗)

x2 − ϵ−1(−1 + cos(ϵα∗))

⎞
⎟⎟
⎠
. (5.80)

The goal is to compare the projection under G0 of the billiard trajectory in

M∗
cyl to the projection under Gϵ of the billiard trajectory inM∗. The advantage of

considering the projection is that the image of Gϵ is B̂∗ which does not depend on ϵ.
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Towards our goal, we first provide estimates on the differential of Gϵ.

Lemma 5.6. Let ϵ ≥ 0, y = (x1, x2, α) ∈ R3 and w = (v1, v2, ω) ∈ S2. Set φ = ∠(w,χ).

Then

[1 − ((mJ)−1/2 + 1)∣ϵα∗∣] sinφ ≤ ∣∣d(Gϵ)y (w)∣∣

≤ (1 +mJ−1)1/2[1 + ((mJ)−1/2 + 1)∣ϵα∗∣] sinφ
(5.81)

Proof. One may easily prove the result if ϵ = 0, because then G0 is just the linear

map which projects vectors in the direction χ onto the plane Q0, and

d(G0)y (w) =
⎛
⎜⎜
⎝

v1 + ω

v2

⎞
⎟⎟
⎠
. (5.82)

Indeed, if θ is the angle between χ and the plane Q0, then d(G0)y (w) must lie on

the boundary of the ellipse with major and minor axes sinφ and sinφ
sin θ respectively;

hence

sinφ ≤ d(G0)y (w) ≤
sinφ

sin θ
. (5.83)

Noting that ê3 ∶= (0,0, J−1/2) is the unit normal to the plane Q0, we have

sin θ = ⟨χ,n0⟩ = (
J

m + J
)
1/2

(5.84)

Substituting this into the previous equality yields

sinφ ≤ d(G0)y (w) ≤ (1 +mJ−1)1/2 sinφ. (5.85)
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Now assume ϵ > 0. The differential of Gϵ is

d(Gϵ)y =

⎡⎢⎢⎢⎢⎢⎢⎣

1 0 cos(ϵα∗)

0 1 sin(ϵα∗)

⎤⎥⎥⎥⎥⎥⎥⎦

. (5.86)

Thus

∣∣d(Gϵ)y (w)∣∣2 = (v1 + ω)2 + (v2)2 +E(ϵ, y,w) = ∣∣d(G0)y (w)∣∣2 +E(ϵ, y,w), (5.87)

where

E(ϵ, y,w) = 2ω[−v1(1 − cos(ϵα∗)) + v2 sin(ϵα∗)] + ω2 sin2(ϵα∗). (5.88)

We estimate the middle term

2ω[−v1(1 − cos(ϵα∗)) + v2 sin(ϵα∗)]

≤ 2ω
√
(v1)2 + (v2)2

√
(1 − cos(ϵα∗))2 + sin2(ϵα∗) (Cauchy-Schwarz)

= 2ω
√
(v1)2 + (v2)2

√
2 − 2 cos(ϵα∗)

≤ 2ω
√
(v1)2 + (v2)2∣ϵα∗∣ (using 1 − cos(x) ≤ x2/2)

= 2(mJ)−1/2(J1/2ωm1/2
√
(v1)2 + (v2)2∣ϵα∗∣

≤ (mJ)−1/2[m(v1)2 +m(v2)2 + Jω2]∣ϵα∗∣

= (mJ)−1/2∣∣w∣∣2∣ϵα∗∣ = (mJ)−1/2∣ϵα∗∣,

(5.89)

where the second-to-last line above follows from the Arithmetic-Geometric Mean
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Inequality. Since ω2 ≤ ∣∣w∣∣2 = 1, we have

∣E(ϵ, y,w)∣ ≤ ((mJ)−1/2 + 1)∣ϵα∗∣. (5.90)

By (5.87), we obtain

∣∣d(G0)y (w)∣∣2 − ((mJ)−1/2 + 1)∣ϵα∗∣ ≤ ∣∣d(Gϵ)y (w)∣∣2

≤ ∣∣d(Gϵ)y (w)∣∣2 + ((mJ)−1/2 + 1)∣ϵα∗∣.
(5.91)

Taking the square root of each side, and using the fact that
√
x + h ≤

√
x(1 + h) for

h > 0 and
√
x + h ≥

√
x(1 + h) for h < 0, we conclude that

∣∣d(G0)y (w)∣∣(1 − ((mJ)−1/2 + 1)∣ϵα∗∣) ≤ ∣∣d(Gϵ)y (w)∣∣

≤ ∣∣d(G0)y (w)∣∣(1 + ((mJ)−1/2 + 1)∣ϵα∗∣).
(5.92)

By (5.85) and the above, we obtain (5.81).

5.3.3 Radius of transversality

To state our next result, we must introduce some additional terminology. Consider

a closed set D ⊂ R2. Assume that D is the closure of its interior and has a piecewise

C2 boundary (in the sense of §1.2.2). Assume that some decomposition BD = ⋃∞i=1 Ii

into closed C2 curve segments has been fixed.

We will call a line segment between two points p and p′ in BD such that the

interior of the line segment lies in IntD a chord of D.

Consider a chord C of the domain D with endpoints p, p′ ∈ BD, and let v = p′−p
∣∣p′−p∣∣ .
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(For example, C might be the segment of the billiard trajectory starting from the

initial state (p, v).)

Let I, I ′ ⊂ BD denote C2 curve segments from the fixed decomposition {Ii} con-

taining p, p′ respectively, and let L(p, p′) denote the line through points p and p′.

Let Z ⊂ I be the set of all points q ∈ Int I such that the ray starting from q with

direction v first returns to the boundary at a point q′ ∈ Int I ′ and such that the line

L(q, q′) is not tangent to the curve segments I, I ′ at the points q, q′ respectively.

We define the radius of transversality associated with C to be the number

rD(C) = rD(p, v) = sup{r ≥ 0 ∶ (∀q ∈ I) dist(q,L(p, p′)) ≤ r⇒ q ∈ Z}. (5.93)

This quantity is well-defined up to the choice of decomposition of BD into C2 curve

segments {Ii}. Indeed, if either p or p′ lies in at the endpoint of a curve segment in

the fixed decomposition of BD, then rD(p, v) = 0 for any choice of I and I ′. On the

other hand, if p and p′ both lie in the interiors of curve segments, then I and I ′ are

uniquely determined.

The concept is illustrated in Figure 16. The term “transversality” refers to the

fact that the lines L(q, q′) must cross the segments I, I ′ transversally. We will also

sometimes refer to this as the radius of transversality associated with state (p, v) if

C arises as a segment of a billiard trajectory.

5.3.4 Modulus of continuity lemmas

To state our next results, we need to refer to some aspects of the construction of the

cylindrical collision law Kϵ
cyl. According to the definition of Kϵ

cyl given in §4.3.2, the
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Figure 16: Radius of transversality

cylindrical collision law is a special case of the general macro-reflection laws defined

in §6.2.1 (taking M1 = Mcyl and M0 = {(x1, x2, α) ∶ x2 ≥ 0}). Adapting notation

from Remark 6.6 to this setting, we have

N = {(x1, x2, α) ∈ Mcyl ∶ x2 < 0}, (5.94)

and the plane P may be expressed as the disjoint union

P = A1 ∪A2 ∪A3, (5.95)

where

A1 = P ∩N ∩ IntMcyl, A2 = P ∩N ∖ IntMcyl, A3 = P ∖N . (5.96)
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The set A2 has Lebesgue measure zero, and consequently N belongs to the class

CES2
0(R3). (See the proof of Proposition 4.11.)

The billiard domain N plays a key role in the definition ofKϵ
cyl. If (y,w) ∈ A3×S2

+,

then the collision law maps (y,w) to R(y,−w), where R denotes specular reflection.

And if (y,w) ∈ A1 × S2
+, then (except on a null set) the billiard trajectory starting

from (y,−w) will enter N and reflect from BMcyl a finite number of times before

eventually returning to P in a state (y′,w′); in this case Kϵ
cyl(y,w) ∶= (y′,w′). The

details of the more general case are covered in §6.2.1 and Remark 6.6.

We would like to study the billiard trajectory in N after zooming. That is, we

introduce “zoomed” versions of the sets defined above:

N ∗ = ϵ−1N = {(x1, x2, α) ∈ M∗
cyl ∶ x2 < 0}, A∗i = ϵ−1Ai, i = 1,2,3. (5.97)

The set N ∗ is cylindrical, with axis χ and base

D∗ ∶= G0(N ∗) = {(x1, x2) ∈ B̂∗ ∶ x2 < 0} ⊂Q0, (5.98)

where we recall that B̂∗ is the base of the cylinderM∗
cyl in the plane Q0; see (5.72).

By our assumptions on the wall, the boundary BB̂∗ is piecewise C2; it decomposes as

a union of compact C2 curves BB̂∗ = ⋃i∈Z Γ̂∗i ; for each i, if the interior of Γ̂∗i intersects

the line L ∶= {(x1, x2) ∶ x2 = 0}, then Γ̂∗i ⊂ L. Consequently, D∗ also has a piecewise

C2 boundary, consisting of a union of some subcollection of the curve segments

{Γ̂∗i , i ∈ Z} and a collection of line segments in L. Fixing such a decomposition of

BD∗, we can unambiguously refer to the radius of transversality of a chord of D∗.

155



We will now very carefully study a single segment of the billiard trajectory in N ∗

and its projected image in D∗.

Let y0 ∈ BN ∗ and w0 ∈ S2. We assume that the billiard trajectory starting from

initial state (y0,w0) immediately enters the interior of N ∗ and first returns to BN ∗

at a point y1. We also assume that if yi ∈ BM∗
cyl then the unit normal vector at yi

exists, for i = 0,1. These assumptions will be satisfied for example if (y0,w0) is in

the domain of the billiard map for the billiard domain N ∗.

If y1 ∈ BM∗
cyl, let w1 denote the velocity of the point particle after reflecting

specularly at y1. Otherwise (if y1 ∈ P) let w1 = w0.

Recall the surface P̃ = H1(P ∩ Ẑ), which is the boundary of the open sets O± =

H1(R3
± ∩ Ẑ∗) (see §4.3.3). We have

P̃∗ ∶= ϵ−1P̃ =Hϵ(P ∩ Ẑ∗), O∗± ∶= ϵ−1O± =Hϵ(R3
± ∩ Ẑ∗). (5.99)

We want to compare the segment of the billiard trajectory running from (y0,w0)

to (y1,w1) to a segment of a billiard trajectory inM∗. However, rather than taking

as given that the segment of the trajectory inM∗ has nice properties, as we have for

the segment inM∗
cyl, we will state conditions in the lemmas below which guarantee

that this is the case. Our goal in Lemmas 5.7 and 5.8 is to be able to control the

billiard trajectory in M∗ in terms of properties of the billiard trajectory in M∗
cyl.

See Figure 17

Let ỹ0 ∈ (BM∗ ∩ Ẑ∗) ∪ P̃∗, and let w̃0 ∈ S2. We say that the pair (ỹ0, w̃0) is licit

if (i) the billiard trajectory starting from initial state (ỹ0, w̃0) immediately enters

IntM∗ ∩O− and first returns to (BM∗ ∩ Ẑ∗) ∪ P̃∗ at a point ỹ1; and (ii) if ỹi ∈ BM∗
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Figure 17: The line segment from y0 to y1 projects under G0 to the chord of the
cylindrical base D∗ from p0 to p1. The line segment from ỹ0 to ỹ1 projects under Gϵ

to a (slightly) curved segment from p̃0 to p̃1 whose interior lies in IntD∗.

then there is a well-defined inward-pointing unit normal vector at ỹi, i = 0,1. If

ỹ1 ∈ BM∗, let w̃1 denote the velocity of the point particle after reflecting at y1.

Otherwise (if ỹ1 ∈ P̃∗) let w̃1 = w̃0.

For i = 0,1, we use the following notation:

• αi denotes the angular coordinate of yi, and α̃i denotes the angular coordinate

of ỹi.

• ωi denotes the angular coordinate of wi, and ω̃i denotes the angular coordinate

of w̃i.

• (pi, ui) = dG0(yi,wi) and (p̃i, ũi) = dGϵ(ỹi, w̃i).

The quantities above whose definition depends on (ỹ0, w̃0) being licit are: ỹ1, w̃1,

α̃1, ω̃1, p̃1, and ũ1.

The projection G0 mapsN ∗ = R− ∩Mcyl onto D∗, mapping the boundary onto the

boundary and the interior onto the interior. Consequently, Gϵ maps Hϵ(R− ∩Mcyl) =
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M∗ ∩O∗− onto D∗, mapping the boundary onto the boundary and the interior onto

the interior. The line segment from p0 to p1 is therefore a chord of D∗. Similarly,

the image under Gϵ of the line segment from y0 to y1 is a closed (not necessarily

straight) curve segment whose interior lies in IntD∗.

We also use the following notation:

• L = ∣∣p1 − p0∣∣.

• θ0 is the angle between u0 and the inward pointing normal vector at p0 ∈ BD∗,

and θ1 is the angle between −u0 and the inward pointing normal at p1 ∈ BD∗.

• ν is the angle between w and the line spanned by χ.

• û0 = u0/∣∣u0∣∣.

• ξ is the unique unit vector such that (ξ, û0) is a positively oriented orthonormal

basis.

• r0 = rD∗(p, û0) is the radius of transversality associated with the chord from p0

to p1 in D∗.

All of these quantities depend only on the segment of the billiard trajectory in the

cylindrical configuration space. See Figure 18.

By the definition of the radius of transversality and the implicit function theorem,

there exist C2 functions f0, f1 ∶ (−r0, r0) → R such that for all h ∈ (−r0, r0), p0 + hξ +

f0(h)û0 lies in the C2 curve segment containing p0 and p0 + hξ + f1(h)û0 lies in the
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Figure 18: Projected segments of the billiard trajectories.

C2 curve segment containing p1. Moreover, the strip

{hξ + h′û0 ∶ −r0 < h < r0, f0(h) < h′ < f1(h)} ⊂ R2 (5.100)

does not intersect the wall W (Σ,1).

Recall that the maximum curvature κmax of the C2 curve segments constituting

BW (Σ,1) is finite (see Remark 1.18). Let Lmax denote the supremum of the lengths

of all chords of BW (Σ,1). Recall that by construction, W (Σ,1) satisfies conditions

A5a and A5b from §1.2.2. These conditions imply that Lmax is finite. Let

κ =max{κmax,1}, L =max{Lmax,1}. (5.101)

In our formulas below, we would like to consider the inverse of the function ρ, but

this is not possible since ρ is not strictly increasing (by assumption, it is increasing
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but its values are always some fraction of 2π). Therefore, we instead consider

qρ−1(s) ∶= sup{t ∈ (0,∞) ∶ ρ(t) < s}, s ∈ (0,∞). (5.102)

It follows from the assumptions on the growth of ρ(ϵ), stated in 1.3.1 that qρ−1(s)
s2 → 0

as s→ 0.

Lemma 5.7. Let 0 < s2, s3 ≤ 1 and

0 < s1 ≤min{r0,
5 cos θ1
2κ

,
5s2 sinν

12
,

s3

24
√
10κ
} , (5.103)

and assume that

ϵ ≤min{qρ−1 (s1 cos θ1 sinν
10(L + 1)

) , s1 cos θ1 sin
2 ν

10(L + 1)2
,
5s2 sinν

12
, qρ−1 ( s3

12
√
2
) ,} , (5.104)

and

∣α0∣ < ϵ−1 (ρ
2
− δ0) − (

L

sinν
+ 1) . (5.105)

Assume in addition that

∣∣p̃0 − p0∣∣ ≤ s1 cos θ1
20

,

∣α̃0 − α0∣ ≤ s2
3
, and

∣∣w̃0 −w0∣∣ ≤min{ s1 cos θ1 sinν

20(1 +mJ−1)1/2(2 + (mJ)−1/2)(L + 1)
,
s2 sinν

3L
,
s3
12
} .

(5.106)

Then the pair (ỹ0, w̃0) is licit, in the sense defined above. Moreover, the point p̃1 lies

on the same curve segment of BW (Σ,1) as p1 (with respect to the given decomposi-
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tion), and

∣∣p̃1 − p1∣∣ ≤ s1, ∣α̃1 − α1∣ ≤ s2, ∣∣w̃1 −w1∣∣ ≤ s3. (5.107)

A weaker but more convenient form of the lemma is as follows:

Lemma 5.8. Assume that

s ≤ 79min{r0, (κ)−1 cos θ1} , (5.108)

and

ϵ ≤min{qρ−1 (s cos θ1 sin
2 ν

800κ(L + 1)
) , s cos θ1 sin

3 ν

800κ(L + 1)2
} , (5.109)

and

∣α0∣ ≤ ϵ−1 (ρ
2
− δ0) − (

L

sinν
+ 1) . (5.110)

Assume in addition that

∣∣p̃0 − p0∣∣ + ∣α̃0 − α0∣ + ∣∣w̃0 −w0∣∣ ≤ s cos θ1 sin
2 ν

1600(1 +mJ−1)1/2(2 + (mJ)−1/2)κ(L + 1)
. (5.111)

Then the pair (ỹ0, w̃0) is licit. Moreover, p̃1 lies on the same curve segment of

BW (Σ,1) as p1, and

∣∣p̃1 − p1∣∣ + ∣α̃1 − α1∣ + ∣∣w̃1 −w1∣∣ ≤ s. (5.112)

We now prove the two lemmas.

Proof of Lemma 5.7. Step 1. Recall that if I ′ denotes the curve segment containing
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p1, and I1 denotes the connected component of the intersection of I ′ with the strip

{x ∈ R2 ∶ ∣⟨x − p0, ξ⟩∣ < r0}, then the transversality radius I1 may be represented as

the graph of the function f1 ∶ (−r0, r0) → R, in the sense that

I1 = {hξ + f1(h)û0 ∶ h ∈ (−r0, r0)}. (5.113)

The proof of the lemma depends on the following two claims.

Claim 5.7.1. Let p ∶ [a, b] → R2 be a unit speed parametrization of the curve segment

I1 containing p1, with a < 0 < b and p(0) = p1. Let 0 < c <min{∣a∣, ∣b∣} be such that

∣⟨p(c) − p(0), ξ⟩∣ <min{r0,
(κ)−1
2
} . (5.114)

Then the functional σ ↦ ∣∣p(σ) − p(0)∣∣ is monotone increasing on the interval [0, c]

and monotone decreasing on the interval [−c,0].

Claim 5.7.2. Consider the projected billiard trajectories γ(t) ∶= G0(y0 + tw0), and

γ̃(t) ∶= Gϵ(ỹ0 + tw̃0), where t ≥ 0. Let

t1 = inf{t > 0 ∶ γ(t) ∈ BD∗}, t̃1 = inf{t > 0 ∶ γ̃(t) ∈ BD∗} (5.115)

(defined equal to ∞ if the set over which we take the infimum is empty). Then t1 < ∞.

Moreover, if we assume that

∣∣γ̃(t) − γ(t)∣∣ ≤ s1 cos θ1/5 for all 0 ≤ t ≤ t1 +
4s1
5∣∣u0∣∣

, (5.116)
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then

(i) t1 − 4s1
5∣∣u0∣∣ ≤ t̃1 ≤ t1 +

4s1
5∣∣u0∣∣ , and

(ii) ∣∣p̃1 − p1∣∣ ≤ s1.

Proof of Claim 5.7.1. By symmetry it is enough to prove that the functional is in-

creasing on [0, c]. Let g1(σ) = ⟨p(σ) − p(0), ξ⟩ and g2(σ) = ⟨p(σ) − p(0), û0⟩ for

σ ∈ [0, c]. Since ∣⟨p(c) − p(0), ξ⟩∣ < r0, it follows that the part of the curve segment

between p(0) and p(c) lies on the graph of the function f1. Consequently, g1 is

nondecreasing on [0, c]. We may write

∣∣p(σ) − p(0)∣∣2 = g1(σ)2 + g2(σ)2.

If g2 does not attain an extreme value in (0, c), then the above functional is nonde-

creasing, and we are done. Suppose g2 does attain an extreme value at some point

σ∗ ∈ (0, c). Then g′2(σ∗) = ⟨p′(σ∗), û0⟩ = 0 and ⟨p′(σ∗), ξ⟩ = ±1. Taylor expanding

about σ∗ gives us

p(σ) − p(σ∗) = p′(σ∗)(σ − σ∗) +E(σ), ∣∣E(σ)∣∣ ≤ κ
2
∣σ − σ∗∣2. (5.117)

Since the curve segment between σ = 0 and σ = c lies on the graph of the function f1,
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for all σ ∈ [0, c], ∣⟨p(c) − p(0), ξ⟩∣ ≥ ∣⟨p(σ) − p(σ∗), ξ⟩∣, and hence using the hypothesis

(κ)−1
2
> ∣⟨p(c) − p(0), ξ⟩∣

≥ ∣⟨p(σ) − p(σ∗), ξ⟩∣

= ∣⟨p′(σ∗), ξ⟩(σ − σ∗) − ⟨E(σ), ξ⟩∣

≥ ∣σ − σ∗∣ − κ
2
∣σ − σ∗∣2.

(5.118)

The function f(s) = s− κ
2s

2 achieves a maximum value of (κ)
−1

2 at s = (κ)−1. It follows

that ∣σ − σ∗∣ < (κ)−1 for all σ ∈ [0, c]. Therefore, c < 2(κ)−1.

Set h(σ) = ∣∣p(σ) − p(0)∣∣2, σ ∈ [0, c]. Then

h′(σ) = 2⟨p(σ) − p(0), p′(σ)⟩

≥ σ − κ
2
σ2,

(5.119)

where we Taylor expand about σ to obtain the second line. Since 0 ≤ σ ≤ c < 2(κ)−1,

we see that the last quantity above is nonnegative, and h′(σ) ≥ 0 for σ ∈ [0, c]. This

proves the claim. ∎

Proof of Claim 5.7.2. Since G0 is linear, we have

γ(t) = p0 + tu0, (5.120)
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and t1 = L/∣∣u0∣∣ < ∞. We also have for 0 ≤ t ≤ t1 + 4s1
5∣∣u0∣∣ ,

∣⟨γ̃(t) − p0, ξ⟩∣ = ∣⟨γ̃(t) − γ(t), ξ⟩ + ⟨γ(t) − p0, ξ⟩∣

= ∣⟨γ̃(t) − γ(t), ξ⟩∣

≤ ∣∣⟨γ̃(t) − γ(t)∣∣ ≤ s1 cos θ1
5

< r0,

(5.121)

using (5.103) in the last line. Thus γ̃(t) lies in the strip {x ∶ ∣⟨x − p0⟩∣ < r0}, for all

times 0 ≤ t ≤ t1 + 4s1
5∣∣u0∣∣ .

As before, let p ∶ [a, b] → R2 be a unit speed parametrization of I1 with p(0) = p1.

Since the segment I1 coincides with the graph of the function f1 ∶ (−r0, r0) → R, as

described above, and s1 cos θ1/5 < r0 by (5.103), there is a maximal interval [c1, c2]

with c1 < 0 < c2 such that p(σ) lies in the strip {x ∶ ∣⟨x − p0⟩∣ ≤ s1 cos θ1/5} for all

σ ∈ [c1, c2]. Reversing the direction of the parametrization if necessary, we may

assume that σ ↦ ⟨p(σ) − p(0), ξ⟩ is increasing on [c1, c2]. By Taylor expansion, we

have

p(σ) = p(0) + p′(0)σ +E(σ), ∣∣E(σ)∣∣ ≤ κ
2
σ2. (5.122)

Thus for all σ ∈ [c1, c2],

s1 cos θ1
5

≥ ∣⟨p(σ) − p(0), ξ⟩∣

= ∣(cos θ1)σ + ⟨E(σ), ξ⟩∣

≥ cos θ1∣σ∣ −
κ

2
∣σ∣2.

(5.123)

The function f(s) = (cos θ1)s − κ
2s

2 is increasing on the interval [0, (κ)−1 cos θ1] and
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achieves a maximum of cos2 θ1
2κ at s = (κ)−1 cos θ1. By (5.103) s1 cos θ1

5 < cos2 θ1
2κ , and

therefore ∣σ∣ < (κ)−1 cos θ1. Thus by (5.123), for all σ ∈ [c1, c2]

s1 cos θ1
5

≥ cos θ1∣σ∣ −
κ

2
∣σ∣[(κ)−1 cos θ1] ≥

cos θ1∣σ∣
2

⇒ 2s1
5
≥ ∣σ∣.

(5.124)

We conclude that

max{∣c1∣, ∣c2∣} ≤
2s1
5
. (5.125)

Let t− = t1 − 4s1
5∣∣u0∣∣ , and let t+ = t1 + 4s1

5∣∣u0∣∣ . Fix t0 < t− and σ ∈ [c1, c2]. Let x̃ be a point

in the disk of radius s1 cos θ1/5 centered at γ(t0). We have

∣∣p(σ) − x̃∣∣ ≥ ∣∣γ(t0) − p(0)∣∣ − ∣∣γ(t0) − x̃∣∣ − ∣∣p(σ) − p(0)∣∣. (5.126)

Note that

∣∣γ(t0) − p(0)∣∣ = ∣∣γ(t0) − γ(t1)∣∣ = ∣t0 − t1∣ ⋅ ∣∣u0∣∣ ≥ ∣t− − t1∣ ⋅ ∣∣u0∣∣ =
4s1
5
. (5.127)

Also, by Taylor expansion,

∣∣p(σ) − p(0)∣∣ ≤ ∣σ∣ + κ
2
∣σ∣2 ≤ 3

2
∣σ∣ ≤ 3

5
s1, (5.128)

here using the fact proved above that ∣σ∣ ≤ (κ)−1 and ∣σ∣ ≤ 2s1/5. Substituting (5.127)
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and (5.128) as well as the hypothesized bound on ∣∣γ(t) − γ̃(t)∣∣ into (5.126) gives us

∣∣p(σ) − x̃∣∣ ≥ 4s1
5

− s1 cos θ1
5

− 3s1
5
> 0. (5.129)

Since γ(t0) lies below the graph of f1 in the center of the strip {x ∶ ∣⟨x − p0, ξ⟩∣ ≤

s1 cos θ1/5}, by connectedness this proves that the entire disk of radius s1 cos θ1/5

centered at γ(t0) lies below the graph of f1 in the strip {x ∶ ∣⟨x− p0, ξ⟩∣ ≤ s1 cos θ1/5}.

In particular, by the hypothesized bound on ∣∣γ(t) − γ̃(t)∣∣, we see that γ(t0) lies

below the graph of f1 in the strip {x ∶ ∣⟨x − p0, ξ⟩∣ ≤ s1 cos θ1/5}. This proves that

t̃1 > t−.

A symmetric argument shows that the disk of radius s1 cos θ1/5 and centered at

γ(t+) lies above the graph of f1 in the strip {x ∶ ∣⟨x − p0, ξ⟩∣ ≤ s1 cos θ1/5}. Conse-

quently, γ̃(t+) lies above the graph of f1 in the strip {x ∶ ∣⟨x−p0, ξ⟩∣ ≤ s1 cos θ1/5}. By

the intermediate value theorem, we conclude that t− < t̃1 < t+, and this proves part

(i) of the claim.

To prove part (ii), we make the following estimate using part (i):

∣∣p̃1 − p1∣∣ = ∣∣γ̃(t̃1) − γ(t1)∣∣

≤ ∣∣γ̃(t̃1) − γ(t̃1)∣∣ + ∣∣γ(t̃1) − γ(t1)∣∣

≤ s1 cos θ1
5

+ ∣̃t1 − t1∣ ⋅ ∣∣u0∣∣

≤ s1 cos θ1
5

+ 4s1
5
≤ s1.

(5.130)

The claim is proved. ∎

Step 2. We will now show that, under the hypotheses of the lemma, ∣∣p̃1−p1∣∣ ≤ s1.
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Let γ and γ̃ be as in Claim 5.7.2 above. By Taylor expansion,

γ̃(t) = p̃0 + tũ0 +E(t), where ∣∣E(t)∣∣ ≤ t
2

2
sup
u∈[0,t]

∣∣γ′′(u)∣∣. (5.131)

To compute γ̃′′(t), write ỹ0 = (x̃01, x̃02, α̃0) and w̃0 = (ṽ01, ṽ02, ω̃0), and note that by

(5.86)

γ̃′(t) = d(Gϵ)ỹ0+tw̃0 (w̃0) =
⎛
⎜⎜
⎝

ṽ01 + ω̃0 cos(ϵ(α̃0 + tω̃0))

ṽ02 + ω̃0 sin(ϵ(α̃0 + tω̃0))

⎞
⎟⎟
⎠
, (5.132)

and therefore

γ̃′′(t) =
⎛
⎜⎜
⎝

−ϵ(ω̃0)2 sin(ϵ(α̃0 + tω̃0))

ϵ(ω̃0)2 cos(ϵ(α̃0 + tω̃0))

⎞
⎟⎟
⎠
. (5.133)

Thus ∣∣γ̃′′(t)∣∣ = ϵ(ω̃0)2 and ∣∣E(t)∣∣ ≤ ϵt2(ω̃0)2/2. This, together with (5.120) and

(5.131), gives us

∣∣γ̃(t) − γ(t)∣∣ ≤ ∣∣p̃0 − p0∣∣ + ∣∣ũ0 − u0∣∣t + ϵt
2(ω̃0)2
2

. (5.134)

Using (5.86) and Lemma 5.6, we compute

∣∣ũ0 − u0∣∣ = ∣∣(dG0)y0(w̃0) − (dGϵ)ỹ0(w0)∣∣

≤ ∣∣(dG0)y0(w0) − (dGϵ)ỹ0(w0)∣∣ + ∣∣(dGϵ)ỹ0(w̃0 −w0)∣∣

≤ ∣ω0∣
√
(1 − cos(ϵα̃0))2 + sin2(ϵα̃0)

+ (1 +mJ−1)1/2(1 + ((mJ)−1/2 + 1)∣ϵα̃0∣)∣∣w̃0 −w0∣∣

≤ ∣ω0∣∣ϵα̃0∣ + (1 +mJ−1)1/2(1 + ((mJ)−1/2 + 1)∣ϵα̃0∣)∣∣w̃0 −w0∣∣.

(5.135)
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Using the hypotheses, we have

∣ϵα̃0∣ ≤ ϵ(∣α0∣ + ∣α̃0 − α0∣) ≤ ρ(ϵ)
2

− δ0 − ϵ(
L

sinν
+ 1) + ϵs2

3
≤ ρ(ϵ)

2
≤ 1. (5.136)

and ∣ω0∣ ≤ ∣∣w0∣∣ = 1. Hence from (5.135) we obtain

∣∣ũ0 − u0∣∣ ≤ ρ(ϵ)
2

+ (1 +mJ−1)1/2(2 + (mJ)−1/2)∣∣w̃0 −w0∣∣. (5.137)

Using the same notation as in the proof of Claim 5.7.2, we let

t+ = t1 +
4s1
5∣∣u0∣∣

= L + 4s1/5
∣∣u0∣∣

. (5.138)

By Lemma 5.6,

∣∣u0∣∣ = ∣∣dG0(w0)∣∣ ≥ sinν, (5.139)

and hence

t+ ≤ L + 4s1/5
sinν

≤ L + 1

sinν
(5.140)

(note that s1 ≤ 5/4 by the given bounds (5.103)). Substituting (5.137) into (5.134)

gives us, for 0 ≤ t ≤ t+,

∣∣γ̃(t) − γ(t)∣∣ ≤ ∣∣p̃0 − p0∣∣ + ρ(ϵ)
2
t+

+ (1 +mJ−1)1/2(2 + (mJ)−1/2)∣∣w̃0 −w0∣∣t+ + ϵ(t
+)2
2

.

(5.141)
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By the bounds in the hypothesis (5.106) and the bound (5.140) on t+, we obtain

∣∣γ̃(t) − γ(t)∣∣ ≤ s1 cos θ1
20

+ 1

2
(s1 cos θ1 sinν

10(L + 1)
)(L + 1

sinν
)

+ (1 +mJ−1)1/2(2 + (mJ)−1/2)

× ( s1 cos θ1 sinν

20(1 +mJ−1)1/2(2 + (mJ)−1/2)(L + 1)
)(L + 1

sinν
)

+ 1

2
(s1 cos θ1 sin

2 ν

10(L + 1)2
)(L + 1

sinν
)
2

= s1 cos θ1
5

.

(5.142)

By Claim 5.7.2, this implies ∣∣p̃1 − p1∣∣ ≤ s1.

Step 3. To bound the difference in the angle coordinates ∣α̃1 − α1∣, we proceed

as follows. Let t1, t̃1 > 0 be the times defined above at which the trajectory hits

the boundary in the cylindrical configuration space and the true configuration space

respectively. As we argued above ∣∣γ̃(t) − γ(t)∣∣ ≤ s1 cos θ1/5 for all 0 ≤ t ≤ (L +

4s1/5)/∣∣u0∣∣. By Claim 5.7.2, this implies that t1 − 4s1/5∣∣u0∣∣ ≤ t̃1 ≤ t1 + 4s1/5∣∣u0∣∣.

We want to bound ∣α̃(t̃1) − α(t1)∣. Since α̃(t) = α̃0 + tω̃0 is linear, the function

t ↦ α̃(t) − α(t1) is either increasing or decreasing. Consequently, by the bounds on

t̃1 here described,

∣α̃(t̃1) − α(t1)∣ ≤max{∣α̃(t1 +
4s1
5∣∣u0∣∣

) − α(t1)∣ , ∣α̃(t1 −
4s1
5∣∣u0∣∣

) − α(t1)∣} . (5.143)

Recall that t1 = L/∣∣u0∣∣. Substituting α(t) = α0 + tω0 and α̃(t) = α̃0 + tω̃0 into the
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above and applying the triangle inequality, we obtain

∣α̃(t̃1) − α(t1)∣ ≤ ∣α̃0 − α0∣ + ∣ω̃0 − ω0∣ ( L

∣∣u0∣∣
) + ∣ω̃0∣ ( 4s1

5∣∣u0∣∣
)

≤ ∣α̃0 − α0∣ + ∣∣w̃0 −w0∣∣ ( L

sinν
) + ( 4s1

5 sinν
) ,

(5.144)

using (5.139) in the last line. Substituting the hypothesized bounds (5.106) for the

quantities above, we obtain

∣α̃1 − α1∣ ≤ s2
3
+ s2 sinν

3L
( L

sinν
) + 4

5 sinν
(5s2 sinν

12
) = s2. (5.145)

Step 4. Finally, we bound the difference in velocities ∣∣w̃1 − w1∣∣. Let ñ1 be the

inward-pointing unit normal at ỹ1 ∈ BM∗ and let n1 be the unit normal at y1 ∈ BM∗
cyl.

Then by specular reflection

w̃1 = w̃0 − 2⟨w̃0, ñ1⟩ñ1 and w1 = w0 − 2⟨w0, n1⟩n1. (5.146)

Therefore, writing

⟨w̃0, ñ1⟩ñ1 − ⟨w0, n1⟩n1 = ⟨w̃0 −w0, ñ1⟩n1 + ⟨w0, ñ1 −n1⟩ñ1 + ⟨w0, n1⟩(ñ1 −n1), (5.147)

we obtain by (5.146) and Cauchy-Schwarz

∣∣w̃1 −w1∣∣ ≤ 3∣∣w̃0 −w0∣∣ + 4∣∣ñ1 − n1∣∣. (5.148)

To bound the difference in the unit normal vectors, first we obtain an expression
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for ñ1 in terms of n1. Suppose once again that p(σ), σ ∈ (a, b) is a unit speed

parametrization of the curve segment I1 with p(0) = p1. Note that by Step 2, p̃1 ∈ I1,

and we may assume without loss of generality that p(c) = p̃1 for some c ∈ (0, b).

We obtain a parametrization of a neighborhood of ỹ1 in BM∗ as follows. First,

from the hypothesis and the conclusion of Step 3, we have

∣α̃1∣ ≤ ∣α0∣ + ∣α1 − α0∣ + ∣α̃1 − α1∣

< ϵ
−1ρ

2
− ϵ−1δ0 − (

L

sinν
+ 1) + ∣t1∣∣ω0∣ + s2

≤ ϵ
−1ρ

2
− ϵ−1δ0 − (

L

sinν
+ 1) + L

∣∣u0∣∣
+ s2

≤ ϵ
−1ρ

2
− ϵ−1δ0,

(5.149)

using t1 = L/∣∣u0∣∣ and ∣ω0∣ ≤ 1 to obtain the second to last line, and (5.139) for

the last line. Consequently, ỹ1 ∈ Γ∗roll. Recall the map f∗ defined by (5.74) which

parametrizes the surface BM∗
roll, and observe that f∗(p̃1, α̃1) = ỹ1. Thus, the map

Q(σ,α) = f(p(σ), α), (σ,α) ∈ (a, b) × (−ϵ
−1ρ

2
+ ϵ−1δ0,

ϵ−1ρ

2
− ϵ−1δ0), (5.150)

parametrizes a neighborhood of ỹ1 in BM∗. Explicitly,

Q(σ,α) = p(σ) +

⎛
⎜⎜⎜⎜⎜⎜
⎝

ϵ−1 sin(ϵα)

1 + ϵ−1(−1 + cos(ϵα))

α

⎞
⎟⎟⎟⎟⎟⎟
⎠

, (5.151)

Observe that ỹ1 = Q(c, α̃1). The tangent space of BM∗ at ỹ1 is therefore spanned by
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the following unit vectors

BσQ(c, α̃1) = p′(c), (m + J)−1/2BαQ(c, α̃1) = (m + J)−1/2

⎛
⎜⎜⎜⎜⎜⎜
⎝

cos(ϵα̃1)

sin(ϵα̃1)

1

⎞
⎟⎟⎟⎟⎟⎟
⎠

=∶ χ̃. (5.152)

(These are linearly independent since the α-component of χ̃ is nonzero.) Let

χ̂ = χ̃ − ⟨p′(c), χ̃⟩p′(c)
∣∣χ̃ − ⟨p′(c), χ̃⟩p′(c)∣∣

. (5.153)

Then (p′(c), χ̂) is an orthonormal basis for the tangent space to Γroll at ỹ1. Conse-

quently, the unit normal at ỹ1 is given by the formula

ñ1 = n1 − ⟨n1, p′(c)⟩p′(c) − ⟨n1, χ̂⟩χ̂
∣∣n1 − ⟨n1, p′(c)⟩p′(c) − ⟨n1, χ̂⟩χ̂∣∣

= n
1 − ⟨n1, p′(c)⟩p′(c) − ⟨n1, χ̂⟩χ̂√

1 − ⟨n1, p′(c)⟩2 − ⟨n1, χ̂⟩2
.

(5.154)

Therefore,

⟨n1, ñ1⟩ = 1 − ⟨n1, p′(c)⟩2 − ⟨n1, χ̂⟩2√
1 − ⟨n1, p′(c)⟩2 − ⟨n1, χ̂⟩2

=
√
1 − ⟨n1, p′(c)⟩2 − ⟨n1, χ̂⟩2. (5.155)

It is even easier to specify a frame at y1 ∈ BM∗
cyl. Because of the cylindrical structure

of BM∗
cyl, both p

′(0) and χ = (m+J)−1/2(−1,0,1) are tangent to BM∗
cyl at y

1. Hence

⟨p′(0), n1⟩ = ⟨χ,n1⟩ = 0, and

∣⟨n1, p′(c)⟩∣ = ∣⟨n1, p′(c) − p′(0)⟩∣ ≤ ∣∣p′(c) − p′(0)∣∣. (5.156)
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To bound the quantity on the right, first note that

∣⟨p(c) − p(0), ξ⟩∣ ≤ ∣∣p(c) − p(0)∣∣ = ∣∣p̃1 − p1∣∣ ≤ s1 <min{r0,
1

2
(κ)−1}, (5.157)

by (5.103). Thus, by Claim 5.7.1, σ ↦ ∣∣p(σ)−p(0)∣∣ is monotone increasing on [0, c].

Consequently, for all σ ∈ [0, c],

s1 ≥ ∣∣p(σ) − p(0)∣∣ ≥ ∣σ∣ −
κ

2
∣σ∣2, (5.158)

using Taylor’s theorem for the last estimate. Since the function f(s) = s2 − κ
2s

2 is

monotone increasing on [0, (κ)−1] and achieves a maximum of (κ)
−1

2 > s1 at s = (κ)−1,

it follows that c < (κ)−1. Thus by (5.158)

s1 ≥ ∣c∣ −
κ

2
∣c∣(κ)−1 = 1

2
∣c∣. (5.159)

It follows that

∣∣p′(c) − p(0)∣∣ ≤ ∫
c

0
∣∣p′′(u)∣∣du ≤ κ∣c∣ ≤ 2κs1. (5.160)

Substitution into (5.156) yields

∣⟨n1, p′(c)⟩∣ ≤ 2κs1. (5.161)
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In addition, we have

∣⟨n1, χ̃⟩∣ = ∣⟨n1, χ̃ − χ⟩∣ ≤ ∣∣χ̃ − χ∣∣

=
√
(1 − cos(ϵα̃1))2 + sin2(ϵα̃1)

=
√
2 − 2 cos(ϵα̃1) ≤ ∣ϵα̃1∣.

(5.162)

Therefore, by (5.153)

∣⟨n1, χ̂⟩∣ = ∣⟨n
1, χ̃⟩ − ⟨p′(c), χ̃⟩⟨n1, p′(c)⟩∣√

1 − ⟨p′(c), χ̃⟩2

≤ ∣ϵα̃
1∣ + 2κs1√

1 − 4(κ)2s21
≤
√
2(∣ϵα̃1∣ + 2κs1),

(5.163)

where the last line follows by the assumption that s1 ≤ 1/(2
√
2κ) by (5.103). By

(5.155), (5.161), and (5.163), we conclude that

⟨ñ1, n1⟩2 ≥ 1 − 4(κ)2s21 − 2(∣ϵα̃1∣ + 2κs1)2

≥ 1 − 20(κ)2s21 − 4ϵ2∣α̃1∣2

≥ 1 − 20(κ)2s21 − ρ(ϵ)2,

(5.164)

noting that ∣α̃1∣ ≤ ϵ−1ρ/2 by (5.149). From this we obtain the estimate

∣∣ñ1 − n1∣∣ =
√
2 − 2⟨ñ1, n1⟩

≤
√
40(κ)2s21 + 2ρ(ϵ)2

≤ 2
√
10κs1 +

√
2ρ(ϵ).

(5.165)
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From (5.148) we obtain the following bound on the difference of velocities

∣∣w̃1 −w1∣∣ ≤ 3∣∣w̃0 −w0∣∣ + 8
√
10κs1 + 4

√
2ρ(ϵ). (5.166)

Substituting the bounds (5.103), (5.104), and (5.106) for the quantities above, we

obtain

∣∣w̃1 −w1∣∣ ≤ 3( s3
12
) + 8
√
10κ( s3

24
√
10κ
) + 4
√
2( s3

12
√
2
) = s3. (5.167)

This completes the proof.

Proof of Lemma 5.8. This lemma is corollary of the previous one. Take

s1 = (1 +
12

5 sinν
+ 24
√
10κ)

−1
s,

s2 =
12s1
5 sinν

,

s3 = 24
√
10κs1.

(5.168)

Since by the above and (5.120) and the assumption s ≤ 1, we have s2 ≤ 1 and s3 ≤ 1.

Since 0 < sinν ≤ 1 and κ ≥ 1, we have

79 ≤ 1 + 12

5 sinν
+ 24
√
10κ ≤ 80κ

sinν
. (5.169)

Thus by (5.108),

s1 ≤ 79−1s ≤min{r0, (κ)−1 cos θ1} ≤min{r0,
5 cos θ1
2κ

} . (5.170)
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Also, by definition of s2 and s3 above, we have

s1 =
5s2 sinν

12
= s3

24
√
10κ

(5.171)

Therefore the bound (5.103) is satisfied.

To see that (5.104) is satisfied, first observe that

s cos θ1 sin
2 ν

800κ(L + 1)
= (1 + 12

5 sinν
+ 24
√
10κ) s1 cos θ1 sin

2 ν

800κ(L + 1)

≤ s1 cos θ1 sinν
10(L + 1)

≤ s1 cos θ1 sinν
10(L + 1)

,

(5.172)

where the first inequality above follows from (5.169). Consequently, since qρ−1 is

increasing, by (5.109) we have

ϵ ≤ qρ−1 (s cos θ1 sin
2 ν

800κ(L + 1)
) ≤ qρ−1 (s1 cos θ1 sinν

10(L + 1)
) . (5.173)

By (5.109) and the estimate (5.172), we also have

ϵ ≤ s cos θ1 sin
3 ν

800κ(L + 1)2
≤ s1 cos θ1 sin

2 ν

10(L + 1)2
≤ s1 cos θ1 sin

2 ν

10(L + 1)2
. (5.174)

It also follows from (5.174) and the definition of s2 that

ϵ ≤ s1 =
5s2 sinν

12
, (5.175)
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and from (5.173) and the definition of s3 that

ϵ ≤ qρ−1(s1) ≤ qρ−1 (2
√
5s1) = qρ−1 ( s3

12
√
2
) . (5.176)

Combining (5.173), (5.174), (5.175), and (5.176), we obtain the desired bound (5.104)

on ϵ.

To see that (5.105) is satisfied, observe that by (5.110),

∣α0∣ ≤ ϵ−1 (ρ
2
− δ0) − (

L

sinν
+ 1) ≤ ϵ−1 (ρ

2
− δ0) − (

L

sinν
+ 1) . (5.177)

From (5.111) we get the following bounds on ∣∣p̃0 − p0∣∣, ∣α̃0 − α0∣, and ∣∣w̃0 −w0∣∣.

First, by definition of s1 and (5.111), we have

∣∣p̃0 − p0∣∣ + ∣α̃0 − α0∣ + ∣∣w̃0 −w0∣∣

≤ (1 + 12

5 sinν
+ 24
√
10κ)

× s1 cos θ1 sin
2 ν

1600(1 +mJ−1)1/2(2 + (mJ)−1/2)κ(L + 1)

≤ ( 80κ
sinν
) s1 cos θ1 sin

2 ν

1600(1 +mJ−1)1/2(2 + (mJ)−1/2)κ(L + 1)

= s1 cos θ1 sinν

20(1 +mJ−1)1/2(2 + (mJ)−1/2)(L + 1)
.

(5.178)

It follows from the above that

∣∣p̃0 − p0∣∣ ≤ s1 cos θ1
20

. (5.179)
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Since s1 = 5s2 sin ν
12 , we also obtain from (5.178)

∣α̃0 − α0∣ ≤ s2 cos θ1 sin
2 ν

48(1 +mJ−1)1/2(2 + (mJ)−1/2)(L + 1)
≤ s2

3
. (5.180)

In addition, (5.178) implies

∣∣w̃0 −w0∣∣ ≤ s1 cos θ1 sinν

20(1 +mJ−1)1/2(2 + (mJ)−1/2)(L + 1)
. (5.181)

Substituting s1 = 5s2 sin ν
12 into (5.178) gives us

∣∣w̃0 −w0∣∣ ≤ s2 cos θ1 sin
2 ν

48(1 +mJ−1)1/2(2 + (mJ)−1/2)(L + 1)
≤ s2 sinν

3L
, (5.182)

and substituting s1 = s3
24
√
10κ

gives us

∣∣w̃0 −w0∣∣ ≤ s3 cos θ1 sinν

48
√
10κ(1 +mJ−1)1/2(2 + (mJ)−1/2)(L + 1)

≤ s3
12
. (5.183)

We conclude from the last five displays that the bounds (5.106) are satisfied. There-

fore, the hypotheses of Lemma 5.7 hold, and we conclude that

∣∣p̃1 − p1∣∣ + ∣α̃1 − α1∣ + ∣∣w̃1 −w1∣∣ ≤ s1 + s2 + s3

= (1 + 12

5 sinν
+ 24
√
10κ) s1 = s,

(5.184)

here using the definitions (5.168).
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5.3.5 Definition of Ω and proof of Lemma 5.3

Recall the sets N ∗ and A∗1,A
∗
2,A

∗
3 defined by (5.97). The set A∗2 has Lebesgue

measure zero. (See the proof of Proposition 4.11.)

Recall that KΣ,ϵ
cyl is a well-defined C1 involutive diffeomorphism on a Λ2-full mea-

sure open subset Fcyl ⊂ P × S2
+. For any (y,w) ∈ Fcyl, the billiard trajectory inMcyl

starting from (y,−w) is well-defined for all time and hits BMcyl only finitely many

times before returning to P. (See Propositions 4.11 and 6.5.)

Let F∗cyl = σϵ−1(Fcyl) = {(y,w) ∈ P × S2
+ ∶ (ϵy,w) ∈ Fcyl}. For any (y,w) ∈ F∗cyl, the

billiard trajectory in M∗
cyl starting from initial state (y,−w) is defined for all time

and returns to P after only finitely many collisions with BM∗
cyl.

Fix (y,w) ∈ (A∗1 ×S2)∩F∗cyl, and let (y0,w0) = (y,−w). Let N denote the number

of times which the point particle hits BM∗
cyl before returning to the plane P. For

1 ≤ j ≤ N , let yj denote the point in BM∗
cyl where the billiard trajectory starting

from (yj−1,wj−1) first returns to the boundary, and let wj denote the velocity of the

point particle immediately after reflecting from the boundary at yj. Let (yN+1,wN+1)

denote the state of the point particle upon returning to the planeP (thus wN+1 = wN).

We will also use the following notation: For 0 ≤ j ≤ N + 1

• (pj, uj) = dG0(yj,wj).

• kj is the unit normal vector to BB̂∗ at pj if 1 ≤ j ≤ N . We also let k0 = kN+1 =

−e2. (Thus each kj is the inward-pointing unit normal at pj ∈ BD∗, where D∗

is the region defined by (5.98)).

• θj is the angle between kj and −uj−1 (i.e. cos θj = ⟨kj,−uj−1⟩) if 1 ≤ j ≤ N + 1.
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We let θ0 be the angle between w0 and k0 = −e2.

• rj = rD∗(pj, ûj) is the radius of transversality associated with the chord from

pj to pj+1 if 0 ≤ j ≤ N .

• ν is the angle between w0 and the line spanned by χ.

Recall that in the cylindrical configuration space the projection of the point

particle velocity onto χ is preserved. It follows that ν is the angle between wj and

the line spanned by χ for 0 ≤ j ≤ N + 1.

In the notation above, we let F = F (ϵ) denote the set of all states states (y,w) ∈

(A1 × S2) ∩ F∗cyl such that

F1. N ≤ log(1/ρ)
4 log log(1/ρ) ,

F2. rj ≥ 1
log(1/ρ) for 0 ≤ j ≤ N ,

F3. cos θj ≥ κ
log(1/ρ) for 0 ≤ j ≤ N + 1, and

F4. sinν ≥ 1
log(1/ρ) .

We also define Ξ = Ξ(ϵ) to be the set of all states (y,w) ∈ (A1 × S2) ∩ F∗cyl such that

if α is the angular coordinate of y, then the following holds:

for all j ∈ Z, if α ∈ (ϵ−1( − ρ
2
+ jρ), ϵ−1(ρ

2
+ jρ)],

then ∣α − jϵ−1ρ∣ ≤ ϵ−1 (ρ
2
− δ0 −

12(L + 1)
5 log(1/ρ)2

) − log(1/ρ)2L
4 log log(1/ρ)

.
(5.185)

181



Recall the parallelogram Rϵ, defined by (5.29). Let

R∗ϵ = ϵ−1Rϵ = {(x1, α) ∈ P ∶ 0 ≤ x1 + α ≤ 1 and − ϵ−1ρ(ϵ)/2 ≤ α ≤ ϵ−1ρ(ϵ)/2}. (5.186)

Also define translation maps

τ∗jk(y) = ϵ−1τjk(ϵy) = y + je1 + kϵ−1ρe3, y ∈ P, (5.187)

τ∗jk(y,w) = (τ∗jk(y),w), (y,w) ∈ P × S2
+. (5.188)

The translates τ∗jkR
∗
ϵ tessellate the plane P, in the sense that P = ⋃(j,k)∈Z2 τ∗jkR

∗
ϵ , and

τ∗jkR
∗
ϵ ∩ τ∗j′k′R∗ϵ has Lebesgue measure zero whenever (j, k) ≠ (j′, k′).

We let R̂∗ϵ denote the parallelogram R∗ϵ minus its upper and right boundary

segments, i.e.

R̂∗ϵ = {(x1, α) ∈ P ∶ 0 ≤ x1 + α < 1 and − ϵ−1ρ(ϵ) ≤ α < ϵ−1ρ(ϵ)/2}. (5.189)

Then the translates τ∗jkR̂
∗
ϵ form a collection of disjoint sets which tessellate the plane

P.

We define Ω∗ to be the subset of P×S2
+ which is invariant under the translations

τ∗jk, (j, k) ∈ Z2 and such that

Ω∗ ∩ (R̂∗ϵ × S2
+) = (F ∪Ξ ∪ (A∗3 × S2

+)) ∩ (R̂∗ϵ × S2
+). (5.190)
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We then define Ω ⊂ P × S2 by

Ω = σϵ(Ω∗) = {(y,w) ∈ P × S2
+ ∶ (ϵ−1y,w) ∈ Ω∗}. (5.191)

Proof of Lemma 5.3. (i) follows immediately from the definition of Ω.

(ii) Changing to zoomed coordinates, it is enough to show that ϵρ(ϵ)−1Λ2(P×S2∖

Ω∗) → 0 as ϵ → 0. Note that A∗1 ∪A∗3 is a full measure subset of P. Consequently, it

is enough to show that ϵρ(ϵ)−1Λ2((R∗ϵ ∩A∗1)×S2 ∖F ) → 0 and ϵρ(ϵ)−1Λ2((R∗ϵ ∩A∗1)×

S2 ∖Ξ) → 0 as ϵ→ 0.

First we deal with F . We let k = ⌈ϵ−1ρ(ϵ)/2⌉, and we chop Rϵ into 2k parts

R∗jϵ = R∗ϵ ∩ {(x1, α) ∶
(j − 1)ϵ−1ρ

2k
≤ α ≤ jϵ

−1ρ

2k
} , −k + 1 ≤ j ≤ k. (5.192)

By definition of the parallelogram R∗ϵ , we see that

R∗jϵ = R∗0ϵ + (1 +mJ
−1)−1/2ϵ−1ρj
k

χ. (5.193)

By observing that the sets F and A∗1 are invariant under any translation in the

direction χ, it follows that

Λ2((R∗jϵ ∩A∗1) × S2
+ ∖ F ) = Λ2((R∗0ϵ ∩A∗1) × S2

+ ∖ F ), for − k + 1 ≤ j ≤ k. (5.194)

Therefore,

Λ2((R∗0ϵ ∩A∗1) × S2
+ ∖ F ) = (2k)−1Λ2((R∗ϵ ∩A∗1) × S2

+ ∖ F ). (5.195)
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Noting that (2k)−1 ∼ ϵ
ρ , we see it is enough to show that Λ2((R∗0ϵ ∩A∗1)×S2

+ ∖F ) → 0

as ϵ → 0. To this end, note that R∗0ϵ × S2
+ lies in the fixed bounded set {(x1, α) ∶

0 ≤ x1 ≤ 1,−1 ≤ x1 + α ≤ 0} × S2
+ which has finite Λ2-measure. Also notice that

F (ϵ) ⊃ F (ϵ′) whenever ϵ < ϵ′. Consequently, by continuity from above, it is enough

to show that ⋃ϵ>0F (ϵ) has full Λ2 measure in A∗1 × S2
+. Now ⋃ϵ>0F (ϵ) is the set of

all (y,w) ∈ A∗1 × S2
+ such that

1. N < ∞,

2. rj > 0 for 1 ≤ j ≤ N − 1,

3. θj < π
2 for 0 ≤ j ≤ N + 1, and

4. ν > 0.

By construction of the cylindrical collision law, the set of initial states (y,w) such

that N = ∞ is a measure zero subset of A∗1 × S2
+ (see §4.3.2 and §6.2.1). If rj = 0,

this means that the billiard trajectory hits BMcyl at yj either tangentially or at a

singularity of BMcyl, and the set of initial states such that this happens has measure

zero (see Lemma 6.3). If θj = π/2, this means the billiard trajectory hits BMcyl

tangentially at yj, and again the set of initial states such that this happens has

measure zero. Finally, since ν is a conserved quantity, we see that ν = 0 if and only

if w = ±χ, and Λ2(A∗1 × {±χ}) = 0. This proves ⋃ϵ>0F (ϵ) is a full-measure subset of

A∗1 × S2
+, as desired.

To show that ϵ
ρ(ϵ)Λ

2(R∗ϵ × S2
+ ∖ Ξ(ϵ)) → 0, observe that R∗ϵ × S2

+ ∖ Ξ(ϵ)) = (R∗ϵ ∖
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R′ϵ) × S2
+, where R

′
ϵ is the parallelogram defined by

R′ϵ =
⎧⎪⎪⎨⎪⎪⎩
(x1, α) ∈ P ∶ 0 ≤ α + x1 ≤ 1,

and ∣α∣ ≤ ϵ−1 (ρ
2
− δ0) − (

L

sinν
+ 1) − log(1/ρ)2L

4 log log(1/ρ)

⎫⎪⎪⎬⎪⎪⎭
.

(5.196)

It is enough to show that ϵ
ρ(ϵ)m(Rϵ ∖R′ϵ) → 0, where m denotes Lebesgue measure

on P. Note that R′ϵ ⊂ Rϵ. Computing the area of each rectangle, we have

ϵ

ρ(ϵ)
m(Rϵ ∖R′ϵ) =

ϵ

ρ(ϵ)
[ϵ−1ρ − 2ϵ−1 (ρ

2
− δ0) + 2( L

sinν
+ 1) + 2 log(1/ρ)2L

4 log log(1/ρ)
]

= 2δ0
ρ

+ 2ϵ

ρ
( L

sinν
+ 1) + ϵ log(1/ρ)2L

2ρ log log(1/ρ)
.

(5.197)

Recalling that ϵ1/2

ρ = o(1), and δ0 = O( ϵρ) = o(ϵ1/2), we see that the above quantity

converges to zero as ϵ→ 0.

Part (iii) of Lemma 5.3 is proved by iterating the result of Lemma 5.8. Fix

(y,w) ∈ Ω and let N , (yj,wj), θj, and rj be defined as in the definition of Ω above.

Let ỹ0 = Hϵ(y0) and let w̃0 = w0. Let Φ∗ denote the billiard map in the zoomed

configuration spaceM∗. We will use Lemma 5.8 to prove that

(ỹj, w̃j) ∶= Φ∗(ỹj−1, w̃j−1), 1 ≤ j ≤ N. (5.198)

are well-defined, and that the trajectory starting from (ỹ0, w̃0) will return to the

surface P̃∗ in some state (ỹN+1, w̃N+1) after N collisions with the boundary. The

same lemma will also give us bounds on ∣∣(ỹN+1, w̃N+1) − (yN+1,wN+1)∣∣. Indeed, we
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define by backwards induction

sN+1 = 79 log(1/ρ)−1,

sj =
sj+1 cos θj+1 sin

2 ν

1600(1 +mJ−1)1/2(2 + (mJ)−1/2)κ(L + 1)
, 0 ≤ j ≤ N.

(5.199)

Then by definition of Ω∗, for 0 ≤ j ≤ N ,

sj ≤ sN+1 = 79 log(1/ρ)−1 ≤ 79min{rj, (κ)−1 cos θj+1}. (5.200)

Also observe that for 1 ≤ j ≤ N + 1,

sj ≥ s1 = sN+1
N

∏
j=1

cos θj+1 sin
2 ν

1600(1 +mJ−1)1/2(2 + (mJ)−1/2)κ(L + 1)
. (5.201)

Hence, using the bounds in the definition of Ω∗,

sj cos θj sin
2 ν

800κ(L + 1)

≥ (sN+1
N

∏
j=1

cos θj+1 sin
2 ν

1600(1 +mJ−1)1/2(2 + (mJ)−1/2)κ(L + 1)
)
cos θj sin

2 ν

800κ(L + 1)

≥ 79

log(1/ρ)
( log(1/ρ)−3

1600(1 +mJ−1)1/2(2 + (mJ)−1/2)(L + 1)
)
N
log(1/ρ)−3

800(L + 1)

= log(1/ρ)−4N ⋅ 79 log(1/ρ)N−4

[1600(1 + J−1)1/2(2 + J−1/2)(L + 1)]N800(L + 1)
.

(5.202)

Substituting in the given upper bound for N in the definition of Ω∗, and noting the

that the right factor above converges to infinity as ρ = ρ(ϵ) → 0, we obtain that for ϵ
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sufficiently small, the last line above is bounded below by

log(1/ρ)−
log(1/ρ)

log log(1/ρ) = ρ = ρ(ϵ). (5.203)

Thus

qρ−1 (
sj cos θj sin

2 ν

800κ(L + 1)
) ≥ ϵ. (5.204)

An almost identical calculation gives us, for ϵ sufficiently small,

sj cos θj sin
3 ν

800κ(L + 1)2
≥ log(1/ρ)−5N ≥ ρ(ϵ) 54 ≥ ϵ, (5.205)

here recalling that ϵ1/2/ρ = o(1). Assume α0 ∈ [−ϵ−1ρ/2 + kϵ−1ρ, ϵ−1ρ/2 + kϵ−1ρ). For

0 ≤ j ≤ N − 1,

∣αj+1 − αj ∣ ≤ ∣∣wj ∣∣tj = tj, (5.206)

where tj is the time for the billiard trajectory to go from yj to yj+1. We have

tj = ∣∣p
j+1−pj ∣∣
∣∣uj ∣∣ ≤ L

sin ν by Lemma 5.6, recalling that by definition uj = d(G0)yj(wj).

Hence, ∣αj+1 − αj ∣ ≤ L
sin ν . Thus, for 0 ≤ j ≤ N , applying the bound on ∣α0 − kϵ−1ρ∣

coming from the definition of Ω, we obtain

∣αj − kϵ−1ρ∣ ≤ ∣α0 − kϵ−1ρ∣ +
N−1
∑
j=0
∣αj+1 − αj ∣

≤ ϵ−1 (ρ
2
− δ0) − (

L

sinν
+ 1) − log(1/ρ)2L

4 log log(1/ρ)
+ NL

sinν

≤ ϵ−1 (ρ
2
− δ0) − (

L

sinν
+ 1) .

(5.207)
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By definition of y0 and ỹ0, and the fact that Hϵ fixes the α-coordinate, we have

p0 = G0(y0) = G0 ○H−1ϵ (Hϵ(y0)) = Gϵ(ỹ0) = p̃0. (5.208)

Also w̃0 = w0 by definition. Thus trivially

∣∣p̃0 − p0∣∣ + ∣α̃0 − α0∣ + ∣∣w̃0 −w0∣∣ ≤ s0. (5.209)

From (5.200), (5.204), (5.205), and (5.207) we see that the hypotheses of Lemma 5.8

are satisfied. Thus, by induction, for 1 ≤ j ≤ N + 1, p̃j, the pair (ỹj−1, w̃j−1) is licit,

in the sense of §5.3.4. Hence, α̃j, and w̃j are well-defined, pj and p̃j lie on the same

smooth curve segment in BD∗, and

∣∣p̃j − pj ∣∣ + ∣α̃j − αj ∣ + ∣∣w̃j −wj ∣∣ ≤ sj. (5.210)

In particular, pj and p̃j lie on BB̂∗ for 1 ≤ j ≤ N ; p0 and p̃N+1 both lie on the line

{(x1, x2) ∶ x2 = 0}, and

∣∣p̃N+1 − pN+1∣∣ + ∣α̃N+1 − αN+1∣ + ∣∣w̃N+1 −wN+1∣∣ ≤ sN+1 =
79

log(1/ρ)
. (5.211)

We will use this estimate shortly.

Recall the diffeomorphism Hϵ ∶ Ẑ∗ → Ẑ∗, and define a diffeomorphism Hϵ ∶ Ẑ∗ ×

S2 → Ẑ∗ × S2 by

Hϵ(y,w) = (Hϵ(y),w). (5.212)
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In other words, Hϵ = σϵ−1 ○H1 ○ σϵ, where H1 is defined as in (4.83). We also define

“zoomed versions” of Ψ, KΣ,ϵ, KΣ,ϵ
cyl , and K̃

Σ,ϵ as follows:

Ψ∗ = σϵ−1 ○Ψ ○ σϵ ∶ P̃∗ × S2
+ρ/2 → P∗ × S2

+ρ/2,

K∗ = σϵ−1 ○Kϵ ○ σϵ ∶ σϵ−1(F) → σϵ−1(F),

K∗cyl = σϵ−1 ○Kϵ
cyl ○ σϵ ∶ σϵ−1(Fcyl) → σϵ−1(Fcyl),

K̃∗ = σϵ−1 ○ K̃ϵ ○ σϵ ∶ σϵ−1(F̃) → σϵ−1(F̃).

(5.213)

Then from (4.86) we see that

K̃∗ = (Hϵ)−1 ○ (Ψ∗)−1 ○K∗ ○Ψ∗ ○Hϵ. (5.214)

For the rest of our argument to be valid, we need (ỹ0,−w̃0) and (ỹN+1, w̃N+1) to lie

in the domain of Ψ∗. This follows from:

Claim 5.3.1. For ϵ sufficiently small, (ỹ0,−w̃0) ∈ P̃∗ × S2
+ρ/2 and (ỹN+1, w̃N+1) ∈

P̃∗ × S2
+ρ/2.

Proof of Claim 5.3.1. As explained above ỹ0 and ỹN+1 lie in P̃∗. Let ψ0 = ∠(−w̃0, e2),

and let ψN+1 = ∠(w̃N+1, e2). We must show that ψ0 ≤ π
2 − ρ and ψN+1 ≤ π

2 − ρ. We
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have

cosψ0 = ⟨−w̃0, e2⟩ = ⟨d(Gϵ)ỹ0 (−w̃0), e2⟩ + ⟨d(G0)ỹ0 (−w̃0) − d(Gϵ)ỹ0 (−w̃0), e2⟩

+ ⟨−w̃0 − d(G0)ỹ0 (−w̃0), e2⟩

≥ ∣∣d(Gϵ) (−w̃0)∣∣ cos θ0 − ∣∣d(G0)ỹ0 (−w̃0) − d(Gϵ)ỹ0 (−w̃0)∣∣,

(5.215)

here using that ⟨−w̃0 − d(G0)ỹ0 (−w̃0), e2⟩ = 0. Let α̃0 denote the angular coordinate

of ỹ0. By Lemma 5.6,

∣∣d(Gϵ) (−w̃0)∣∣ ≥ [1 − ((mJ)−1/2 + 1)∣ϵα̃0∣] sinφ

≥ [1 − ((mJ)−1/2 + 1)ϵρ/2] sinφ.
(5.216)

Also, by (5.86) we deduce that

∣∣d(G0)ỹ0 (−w̃0) − d(Gϵ)ỹ0 (−w̃0)∣∣ ≤ ∣ϵα̃0∣ ≤ ϵρ
2
. (5.217)

Substituting these bounds into (5.215), we obtain

cosψ0 ≥ [1 − ((mJ)−1/2 + 1)ϵρ/2] sinφ cos θ0 −
ϵρ

2

≥ [1 − ((mJ)−1/2 + 1)ϵρ/2](sinφ) log(1/ρ)−1 − ϵρ
2
≥ sin(ρ),

(5.218)

for ϵ sufficiently small. Therefore, ψ0 ≤ π
2 − ρ(ϵ) for ϵ sufficiently small. We omit the

argument showing that ψN+1 ≤ π
2 − ρ(ϵ) since it is almost identical. ∎

By Claim 5.3.1, we may define (ŷ0, ŵ0) = Ψ∗(ỹ0,−w̃0), and (ŷN+1, ŵN+1) =
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Ψ∗(ỹN+1, w̃N+1). By definition of Ψ and Ψ∗, ŷ0 and ŷN+1 both lie in the plane P; the

interior of the line segment from ŷ0 to ỹ1 lies in IntM∗ and contains the point ỹ0;

and the interior of the line segment from ỹN to ŷN+1 lies in the interior of M∗ and

contains the point ỹN+1 in its interior. Thus the billiard trajectory inM∗ starting in

state (ŷ0,−ŵ0) hits the boundary N times before returning to the plane P in state

(yN+1,wN+1). Therefore,

K∗(ŷ0, ŵ0) = (ŷN+1, ŵN+1), and K∗cyl(y0,−w0) = (yN+1,wN+1). (5.219)

Consequently,

K̃∗(y0,−w0) = (Hϵ)−1 ○ (Ψ∗)−1 ○K∗ ○Ψ∗ ○Hϵ(y0,−w0)

= (Hϵ)−1 ○ (Ψ∗)−1 ○K∗ ○Ψ∗(ỹ0,−w̃0)

= (Hϵ)−1 ○ (Ψ∗)−1 ○K∗(ŷ0, ŵ0)

= (Hϵ)−1 ○ (Ψ∗)−1(ŷN+1, ŵN+1)

= (Hϵ)−1(ỹN+1, w̃N+1) = (H−1ϵ (ỹN+1),wN+1).

(5.220)

Therefore,

∣∣K̃∗(y0,−w0) −K∗cyl(y0,−w0)∣∣ ≤ ∣∣H−1ϵ (ỹN+1) − yN+1∣∣ + ∣∣w̃N+1 −wN+1∣∣

≤ ∣∣G0(H−1ϵ (ỹN+1) − yN+1)∣∣ + ∣α̃N+1 − αN+1∣ + ∣∣w̃N+1 −wN+1∣∣,
(5.221)

here using the definition of G0 and the fact that Hϵ fixes the angular coordinate.
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But by definition of Gϵ,

G0(H−1ϵ (ỹN+1)) = Gϵ(ỹN+1) = p̃N+1. (5.222)

Thus

∣∣G0(H−1ϵ (ỹN+1) − yN+1)∣∣ = ∣∣p̃N+1 − pN+1∣∣. (5.223)

Substituting the above into (5.221), and applying the bound (5.155), we obtain

∣∣K̃∗(y0,−w0) −K∗cyl(y0,−w0)∣∣

≤ ∣∣p̃N+1 − pN+1∣∣ + ∣α̃N+1 − αN+1∣ + ∣∣w̃N+1 −wN+1∣∣

≤ 80

log(1/ρ)3
.

(5.224)

Note that this bound does not depend on the choice of (y,w) = (y0,−w0) ∈ Ω∗. Thus

sup
Ω
∣∣K̃Σ,ϵ −KΣ,ϵ∣∣ ≤ sup

Ω
∣∣σϵ−1 ○ K̃Σ,ϵ − σϵ−1 ○KΣ,ϵ∣∣

= sup
Ω∗
∣∣K̃∗ −K∗cyl∣∣ ≤

80

log(1/ρ)3
,

(5.225)

and the right-hand side converges to zero as ϵ→ 0, as desired.
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6 Rough Reflections in General Billiard Domains

6.1 The billiard map and the invariant measure

The results stated in this section are well-known, but proofs under the weak regu-

larity conditions adopted in this work may not be found in standard references. We

therefore provide careful proofs here. More traditional treatments of billiards may

be found in [6] and [39]. For billiards in Riemannian manifolds, see [8, Chapter 5].

6.1.1 A billiard domain with singularities

Let R be a d-dimensional C2 Riemannian manifold with metric ⟨⋅, ⋅⟩. Assume that

R is geodesically complete.

Our billiard domain will be taken from a certain class of closed C2 submanifolds

of R with singularities. Namely, let N be a subset of R, and let BN and IntN

denote the topological boundary and interior of N . We say that N belongs to the

class CES2
0(R) if N is a closed subset of R, and there exists a closed subset S ⊂ BN

such that the following two conditions hold:

C1. The (d − 1)-dimensional Hausdorff measure of S is zero.

C2. For every point q ∈ N ∖ S, there exists a neighborhood U ⊂ R of q and a C2

diffeomorphism ϕ ∶ U → Rd such that ϕ(q) = 0 and the image of N ∩U is either

Rd or the upper half-space Hd ∶= {(x1, . . . , xd) ∶ xd ≥ 0}.

The second condition means that N ∖ S is a codimension 0, embedded, C2 sub-

manifold of R with boundary. We let Nreg = N ∖ S.
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We will refer to points in S as singular points of N , and to points in N ∖ S as

regular points of N . To avoid ambiguities, we will always assume that S is chosen

to be minimal. That is, S is a smallest subset of BN , with respect to inclusion, such

that condition C2 holds.

In condition C2, we will refer to points q with a neighborhood mapping to Rd

as interior points of N , and we will refer to points q with a neighborhood mapping

to Hd as regular boundary points of N . These notions do not depend on ϕ. The

set of regular boundary points coincides with BN ∖ S, and the set of interior points

coincides with IntN .

6.1.2 Billiard map

Let TR denote the tangent space over R, and let T 1R = {(q, p) ∈ TR ∶ ⟨p, p⟩q = 1}

denote the unit tangent bundle. We denote the geodesic flow on T 1R by Gt. That is,

for each (q, p), if γ(t) is the unique (unit speed) geodesic starting from state (q, p)

(defined for all time by completeness), then by definition Gt(q, p) = (γ(t), 9γ(t)) ∈

T 1R. In local coordinates (qi, pi) on the tangent space, the geodesics satisfy:

9qi = pi, 9pi = −
d

∑
i,k=1

Γijkp
jpk, (6.1)

where Γijk are the Christoffel symbols associated with the Riemannian metric, and

“dot” denotes the time derivative. The flow Gt is generated by the vector field on
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T 1R, expressed in local coordinates as

X =
d

∑
i=1
pi

B

Bqi
−

d

∑
j,k=1

Γijkp
jpk

B

Bpi
. (6.2)

It follows from this expression that

dπ(X(q, p)) =
d

∑
i=1
pi

B

Bqi
= (q, p), (6.3)

where

π ∶ TR→R (6.4)

is natural projection.

For each q ∈ BNreg, let n(q) ∈ T 1
pR denote the unit normal vector pointing into N .

We denote the restriction of the unit tangent bundle on R to the regular boundary

of N by

U = {(q, p) ∈ T 1R ∶ q ∈ BNreg}. (6.5)

We also denote the inward (+) and outward (−)-pointing unit tangent bundles on

the regular boundary by

U± = {(q, p) ∈ T 1R ∶ q ∈ BNreg and ± ⟨p, n(q)⟩q > 0}. (6.6)

An important observation is that the vector field X is nowhere tangent to U+.

Indeed, if f(q) is a local defining function for BN , then ∇f(q) = cn(q) for some c ≠ 0,
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and F (q, p) = f ○ π(q, p) is a local defining function for U . Thus, for (q, p) ∈ U+,

dF ○X(q, p) = df ○ dπ ○X(q, p) = df(q, p) = dfq(p) = c⟨p, n(q)⟩q ≠ 0, (6.7)

where the second equality follows by (6.3). This implies X(q, p) does not lie in

ker dF(q,p) = T(q,p)U . A consequence of this observation is that the flowout

G ∶ U+ ×R→ T 1R, G(q, p, t) ∶= Gt(q, p), (6.8)

is a local diffeomorphism.

A point particle starting from (q, p) ∈ U+ first returns to BM at time

t(q, p) ∶= inf{t > 0 ∶ π ○Gt(q, p) ∉ IntN}. (6.9)

(If π ○Gt(q, p) ∈ IntN for all t > 0, then by convention the above quantity is infinite.)

Since the geodesic starting from a point (q, p) ∈ U+ initially points into N , the time

t is strictly positive. In fact, if t(q, p) is finite, then since the complement of IntN

is closed, the infimum in (6.9) must be a minimum.

We introduce the following subbundles of U+:

U+fin = {(q, p) ∈ U+ ∶ t(q, p) < ∞},

U+1 = {(q, p) ∈ U+fin ∶ Gt(q,p)(q, p) ∈ U−}.
(6.10)

In applications, U+fin will be a full-measure subset of U+. The set U+1 is an open subset

of U (not just of U+fin). This may be proved by showing that t is finite and continuous
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on a neighborhood in U of a point (q, p) ∈ U+1 . (See the proof of Lemma 6.1).

The specular reflection map R ∶ U → U is defined by

R(q, p) = (q, p − 2⟨p, n(q)⟩qn(q)). (6.11)

Note that R maps U± onto U∓ and is involutive (that is, R ○R = Id).

The billiard map Φ ∶ U+1 → U+ is defined by

Φ(q, p) = R ○Gt(q,p)(q, p). (6.12)

Lemma 6.1. (i) Φ is injective, and its left-inverse is given by −R ○ Φ ○ −R, where

−R(q, p) ∶= R(q,−p).

(ii) Suppose (q1, p1) ∶= Φ(q0, p0) lies in U+1 . Then Φ restricts to a C1 diffeomor-

phism from a neighborhood of (q0, p0) to a neighborhood of (q1, p1).

Proof. (i) Consider the unit speed geodesic running from (q, p) ∈ U+1 to (q′, p′) ∶=

Gt(q,p)(q, p) ∈ U+. Noting that R is involutive, we have −R ○ Φ(q, p) = (q′,−p′).

The geodesic starting from (q′,−p′) retraces the original geodesic and returns to the

boundary in the state (q,−p). Thus by symmetry −R ○ Φ(q′,−p′) = (q, p). Hence

−R ○Φ ○ −R ○Φ(q, p) = (q, p).

(ii) Write Φ = R ○ Φ−, where Φ−(q, p) = Gt(q,p)(q, p). Let (q1, p−1) = Φ−(q0, p0).

Since BNreg is an C2 submanifold of R of codimension 1, it has a C2 local defining

function f defined in a neighborhood of q1. Then F (q, p) ∶= f(q) = f ○ π(q, p) is a
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local defining function for U . The function

K(q, p, t) ∶= F (Gt(q, p)) (6.13)

is defined in a neighborhood of (q0, p0, t(q0, p0)), and

BK

Bt
(q0, p0, t(q0, p0)) = dF (q1, p−1)X(q1, p−1) = df ○ dπ ○X(q1, p−1)

= dfq1(p−1) = c⟨n(q1), p−1⟩q1 ≠ 0,
(6.14)

for some c ≠ 0. The third equality above follows from (6.3), and the last equality

follows because the gradient of f is parallel to n(q1) at q1. By the Implicit Function

Theorem, there is a C2 function t̂ defined on a neighborhood U ⊂ U+1 of (q0, p0), and

a finite open interval I = (a, b) containing t(q0, p0) such that solutions to

K(q, p, t) = 0, (q, p, t) ∈ U × I (6.15)

take the form (q, p, t̂(q, p)).

We claim t = t̂ in a neighborhood of (q0, p0). To see this, let V ⊂⊂ U be a

precompact open set containing (q0, p0), and let

A = {(q, p, t) ∈ V × [0, a] ∶ π ○Gt(q, p) ∉ IntM}. (6.16)

For (q, p) ∈ V , it is evident that if t(q, p) ≠ t̂(q, p), then t(q, p) ≤ a, since otherwise

(q, p, t(q, p)) would solve (6.15). Therefore {(q, p) ∈ V ∶ t(q, p) ≠ t(q, p)} ⊂ πU(A),

where πU ∶ U ×R→ U is projection. Note that πU(A) is compact. Since t(q0, p0) > a,
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we have (q0, p0) ∉ πU(A), and t = t̂ on V ∖ πU(A).

Consequently, Φ− is C2 in a neighborhood of (q0, p0). The unit normal field n and

the specular reflection map R are C1. Therefore Φ = R ○Φ− is C1 in a neighborhood

of (q0, p0).

By the same reasoning, Φ is C1 in a neighborhood of (q1,−p−1). By (i), Φ has a

left inverse −R ○Φ ○ −R which is C1 in a neighborhood of (q1, p1). Thus Φ is a local

C1 diffeomorphism.

6.1.3 Invariant measure

At each point q ∈ R, the tangent space TqR inherits a Euclidean metric from the

metric on the manifold. Let σq denote surface measure on the unit sphere T 1
qR ⊂ TqR

with respect to this metric, and let τ denote the measure on R generated by the

Riemannian metric on the manifold. Define a measure µ on the unit tangent bundle

by

µ(dpdq) = σq(dp)τ(dq). (6.17)

In other words,

∫
T 1R

fdµ = ∫
R
∫
T 1
qR
f(q, p)σq(dp)τ(dq), for all f ∈ Cc(T 1R). (6.18)

It is well-known that the geodesic flow preserves the measure µ, in the sense that

∫T 1R f ○Gtdµ = ∫T 1R fdµ for any f and t ∈ R. This is Liouville’s Theorem, stated

for a Hamiltonian system with energy function H(q, p) = 1
2⟨p, p⟩q. See [2, §16], or [8,

Ch. 5].
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Let τ1 denote the surface measure on BNreg induced by the metric on the ambient

space R. We define a measure µ1 on U+ as follows:

µ1(dpdq) = ⟨q, n(p)⟩pσp(dq)τ1(dp). (6.19)

Lemma 6.2. The billiard map Φ preserves the measure µ1, in the sense that, for

any A ⊂ U+1 , µ1(Φ(A)) = µ1(A).

Proof. We equip TR with the Sasaki metric ⟨⋅, ⋅⟩S. This is the metric, first introduced

in [37], which restricts on R to the given Riemannian metric and on the fibers TqR

to the inherited Euclidean metric, and which makes R and TqR orthogonal. Given

ξ, ζ ∈ T(q,p)TR and curves γ = (α,U) and η = (β,V ) with 9γ(0) = ξ and 9η(0) = ζ, the

metric is defined by

⟨ξ, ζ⟩S = ⟨ 9α(0), 9β(0)⟩ + ⟨D 9αU(0),D 9βV (0)⟩, (6.20)

where D denotes covariant differentiation.

The metric ⟨⋅, ⋅⟩S induces a metric on the unit tangent bundle T 1R. The volume

measure on T 1R coming from this metric is just the measure µ defined above.

The following simple argument comes from [8, Chapter 6]. With respect to the

Sasaki metric, the unit normal vector field on the codimension 1 submanifold U+1 ⊂

T 1R is given by ι∗n, where ι ∶ R → TR is inclusion. Consequently, the flux of the

vector field X through any A ⊂ U+1 is

∫
A
⟨X(q, p), ι∗n(q, p)⟩Sµ(dqdp) = ∫

A
⟨p, n(q)⟩µ(dqdp) = µ1(A). (6.21)
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As above, write Φ = R ○ Φ−. Let A′ = Φ−(A). Since the flow Gt preserves µ, this

implies that the flux is preserved:

µ1(A) = µ1(A′). (6.22)

Thus Φ− preserves the measure µ1. Since specular reflection R is an isometry and

preserves the quantity ⟨p, n(q)⟩q, it too preserves the measure µ1.

Lemma 6.3. (i) µ1(U+fin ∖ U+1 ) = 0.

(ii) For each m ≥ 1, let U+m = Φ−1(U+m−1). Then µ1(U+fin ∖ U+m) = 0, and the iterate

Φm = Φ ○Φ ○ ⋯ ○Φ (m times) ∶ U+m → U+ is a C1 diffeomorphism onto its image.

Proof. (i) For (q, p) ∈ U+fin ∖ U+1 , set (q′, p′) = Φ−(q, p). Let A be the set of all such

points (q, p) such that q′ lies in the singular part of the boundary S. Let B be the

set of all such points (q, p) such that q′ ∈ BNreg and p′ is tangent to BNreg at q′. We

see that U+fin ∖ U+1 is the disjoint union of A and B. Thus it enough to show that A

and B have measure zero in U+.

Recall that the flowoutG defined by (6.8) is a local diffeomorphism. Let S̃ ⊂ U+×R

denote the preimage of S under the composition

U+ ×R GÐ→ T 1R πÐ→R, (6.23)

where π is natural projection. Then A ⊂ πU+(S̃), where πU+ is projection onto the

first factor of U+ ×R.

Let s denote the Hausdorff dimension of S. By assumption, s < d − 1. Since the

first map in (6.23) is a local C2 diffeomorphism, and the second is a C2 submersion
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from a (2d−1)-dimensional space to a d-dimensional space, we see that the Hausdorff

dimension of S̃ is s + d − 1. Thus the Hausdorff dimension of πU+(S̃) is at most

s + d − 1 < 2d − 2. Since U+ is a (2d − 2)-dimensional submanifold of R, we conclude

that A ⊂ πU+(S̃) has measure zero in U+.

To see that B also has measure zero in U+, let T ⊂ U+ ×R be the preimage under

G of T 1BNreg ⊂ T 1R. Observe that B ⊂ πU+(T ). The dimension of T 1BNreg is a

2d− 3, and therefore the dimension of T is 2d− 3, and the dimension of πU+(T ) is at

most 2d − 3. It follows that B ⊂ πU+(T ) has measure zero in U+.

(ii) Recall that U+1 is an open subset of U+ and Φ ∶ U+1 → Φ(U+1 ) is a C1 diffeo-

morphism. It clearly follows that each U+m is an open subset of U+ and each iterate

Φm is a C1 diffeomorphism from U+m onto its image. To see that µ1(U+fin ∖ U+1 ) = 0,

let F ⊂ U+1 be any measurable set with µ1(F ) < ∞. Using (i) and the fact that Φ

preserves µ1, we have

µ1(F ∖ U+2 ) = µ1(F ∖Φ−1(Φ(F ) ∩ U+1 ))

= µ1(F ) − µ1(Φ−1(Φ(F ) ∩ U+1 ))

= µ1(F ) − µ1(Φ(F ) ∩ U+1 )

= µ1(F ) − µ1(Φ(F )) = 0.

(6.24)

It follows that µ1(U+1 ∖U+2 ) = 0. Inductively, we similarly obtain that µ1(Um−1∖Um) = 0

for all m ≥ 1. As U+1 is a full measure subset of U+fin, the result follows.
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6.2 Rough Reflection Laws

The construction of rough reflections described here generalizes a construction ap-

pearing in [1]. It is also similar to constructions appearing in [13] and [35].

6.2.1 Macro-reflection laws

Consider two nested billiard domainsM0 ⊂M1 ⊂ R. The boundary ofM0 provides

an interface from which we can observe reflections from the boundary of M1. The

goal for this subsection is to describe precisely what it means to “observe” the re-

flections from BM1 from the interface BM0. In the next subsection, we will describe

what happens whenM1 approachesM0 uniformly.

We suppose thatM1,M0 are subsets of R which satisfy the following conditions:

D1. M0 is closed, embedded C2 submanifold of R of codimension 0, with boundary

(but no corners or singularities),

D2. M1 belongs to the class CES2
0(R), and

D3. IntM1 ⊃M0

We would also like to consider the case whereM0 is allowed to intersect the boundary

of M1, but this introduces some technicalities. We describe how to modify our

arguments to accommodate this situation in Remark 6.6.

Let

N =M1 ∖M0. (6.25)
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Here the closure is taken in the ambient space R. The fundamental fact in our

analysis is that:

Lemma 6.4. N belongs to the class CES2
0(R).

Proof. Let S be the set of singular points ofM1, and let S1 = S ∩N . It is enough to

show that N ∖S1 is a codimension 0, embedded C2 submanifold of R with boundary.

SinceM0 ⊂ IntM1, we may write

N ∖ S1 = (IntM1 ∖M0) ∪ BregM∪ BM0, (6.26)

and the above union is disjoint.

If q ∈ IntM1 ∖ M0, then there exists a neighborhood U1 ⊂ R of q which lies

entirely in IntM1 ∖M0 and which is C2-diffeomorphic to Rd.

If q ∈ BregM, then there exists a neighborhood U2 ⊂ R of q and a C2-

diffeomorphism ϕ2 ∶ U2 → Rd such that ϕ2(0) = 0 and ϕ2(M1 ∩ U2) = Hd. Shrinking

U if necessary, we may suppose that U2 ∩M0 = ∅, in which case ϕ2(N ∩U2) = Hd.

Finally, if q ∈ BM0, then there exists a neighborhood U3 ⊂ R of q and a C2-

diffeomorphism ϕ3 ∶ U3 → Rd such that ϕ3(0) = 0 and ϕ3(M0 ∩ U2) = Hd. Shrinking

U3 if necessary, we may suppose that U3 ⊂ IntM1, in which case

ϕ3(N ∩U3) = Φ3(U ∖ IntM0) = Hd
− ∶= {(x1, ..., xd) ∶ xd ≤ 0} ≅ Hd, (6.27)

and we are done.

Notation introduced in the previous subsection specializes to our choice N in
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(6.25). The boundary of N decomposes as the disjoint union BM1 ∪ BM0. We

denote restrictions of U± to BM0 by

V± = {(q, p) ∈ U∓ ∶ q ∈ BM0}. (6.28)

Note that our sign conventions are reversed with V± ⊂ U∓. This is because we want

to think of vectors in V+ as pointing into the billiard domainM0, even though they

point out of N .

For our definition of a macro-reflection law to make sense, two additional condi-

tions are needed:

D4. U+fin is a full-measure subset of U+, with respect to the measure µ1.

D5. Except on a set of µ1-measure zero, a point particle in N which starts with

initial state (q, p) ∈ V− ⊂ U+ eventually returns to V− after only finitely many

collisions with BM1.

For various special cases, there are straightforward conditions which guarantee that

conditions D4 and D5 hold. Typically these conditions will reduce our setting to the

finite measure case, and D5 will follow from the Poincaré Recurrence Theorem. See

§6.2.4, below.

As a consequence of Lemma 6.3, condition D4 implies that Φ and its iterates are

well-defined on U+, except on a null set.

For (q, p) ∈ U+, set M(q, p) = min{m ≥ 1 ∶ (q, p) ∈ U+m and Φm(q, p) ∈ U+
BC} (and

set M = ∞ if the minimum does not exist). The macro-reflection law associated with
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M0 and M1 is the mapping PM1,M0 = PM1 ∶ V+ → V+ ∪ {∆} defined by

PM1(q, p) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

R ○ΦM(q,−p)(q,−p) if M(q,−p) < ∞,

∆ otherwise,

(6.29)

where ∆ is a “cemetery state.” To understand this definition, consider a point

particle moving freely inM1 and reflecting specularly from BM1. If the point particle

starts in initial state (q,−p) ∈ V− and after hitting BM1 some number of times returns

to BM0 in state (q′, p′) ∈ V+, then by definition PM1(q, p) = (q′, p′). In (6.29), the

map Φ is defined for the billiard inN and notM1; thus the reason for post-composing

with R is that this “undoes” the reflection from BM0 of the point particle in N .

For q ∈ BM0, let k(q) = −n(q) denote the outward pointing normal vector field

on BM0, let τBM0 be surface measure on BM0, and define a measure on V+ by

Λ(dqdp) = ⟨p, k(q)⟩qσq(dp)τBM0(dq). (6.30)

Clearly the restriction of µ1 to V− pushes forward to Λ under negation (q, p) ↦ (q,−p).

It is also easy to see that reflection R pushes forward µ1 to Λ.

Proposition 6.5. (i) There exists a Λ-full measure, open subset V+1 ⊂ V+ such that

PM1 ∶ V+1 → V+1 is a C1 diffeomorphism, and PM1 ○ PM1 = IdV+1 .

(ii) PM1 preserves the measure Λ.

Proof. For m ≥ 1, let Vm = {(q, p) ∈ V+ ∶ M(q,−p) = m}. For each (q, p) ∈ Vm,

M(q, p) = m < ∞, and therefore by Lemma 6.3 there is a neighborhood N of (q, p)
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such that Φm ∶ N → Φ(N) is a diffeomorphism. Since V− is an open subset of U+,

Φ−m(N ∩ V−) is a neighborhood of (q, p) contained in −Vm. Thus Vm is open.

Let V+1 = ⋃m≥1 Vm = {(q, p) ∈ V+ ∶M(q,−p) < ∞}. By conditions D4 and D5, there

exists a full measure set F ⊂ V− such that

F ∩
∞
⋂
m=1
U+m ⊂ −V+1 . (6.31)

Since each of the sets in the intersection on the left has full µ1-measure in V− ⊂ U+

(see Lemma 6.3), it follows that V+1 has full Λ-measure in V+.

To see that PM1 is involutive, let 1 ≤ n ≤ m. By Lemma 6.1 and the fact that

R ○R = Id, we have

−R ○Φn ○ −R ○Φm = (−R ○Φ ○ −R)n ○Φm = Φm−n. (6.32)

Thus, on Vm,

R ○Φn ○ −PM1(q, p) = −Φm−n(q,−p), (6.33)

and the first n such that −Φm−n(q,−p) ∈ V+ is n = m. Thus PM1(q, p) ∈ Vm, and

taking n =m in (6.33), we obtain PW ○ PW (q, p) = (q, p).

Finally, since PM1 = R ○Φm ○ − on Vm, and negation and R−1 pushforward Λ to

µ1, and Φ preserves µ1 (see Lemma 6.2), we see that PM1 preserves Λ.

Remark 6.6. The definition (6.29) of PM1 can be extended to cases where BM1 is

allowed to intersect BM0. The only difficulty is that, if we are not careful, the space

N defined by (6.25) may no longer belong to the class CES2
0(R). Problems can occur
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if the intersection of BM1 and BM0 is a “fat Cantor set” for example. Nonetheless,

N will belong to the class CES2
0(R) if appropriate assumptions are introduced.

LetM⊃M0 and assume conditions D1 and D2 are satisfied. Then BM0 decom-

poses as the disjoint union A1 ∪A2 ∪A3, where

A1 = BM0 ∩N ∩ IntM, A2 = BM0 ∩N ∖ IntM, A3 = BM0 ∖N . (6.34)

We replace condition D3 with

D3’. M⊃M0, and the (d − 1)-dimensional Hausdorff measure of A2 is zero.

This of course reduces to condition D3 when IntM ⊃M0 (because A2 is the empty

set).

Under conditions D1, D2, and D3’, N will belong to the class CES2
0(R). To see

this, replace the set S1 in the proof of Lemma 6.4 with S2 ∶= S1∪A2. Then in analogy

to (6.26), we may write

N ∖ S2 = (IntM∖M0) ∪ (BregM∖M0) ∪A1. (6.35)

The rest of the argument proceeds as in the proof of the lemma, except that we

replace BregM with BregM∖M0 and BM0 with A1.

From the way that we have defined N in (6.25), we see that A1 ⊂ BNreg ∶= BN ∖S2

and A2 ⊂ BN , but A3 is not a subset of BN . In fact, A3 ⊂ BregM∩BM0. We extend the

definition of PM1 so that the point particle reflects specularly from BM0 whenever
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it hits A3. More precisely, we define PM1 ∶ V+ → V+ ∪ {∆} as follows:

PM1(q, p) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R ○ΦM(q,−p)(q,−p) if q ∈ A1 and M(q,−p) < ∞,

−p + 2⟨p, k(q)⟩qk(q) if q ∈ A3,

∆ otherwise.

(6.36)

This reduces to (6.29) when A1 = BM0 (in which case A3 = ∅).

Let

V±Ai = {(q, p) ∈ V
± ∶ q ∈ Ai}, i = 1,2,3. (6.37)

Under conditions D1, D2, D3’, D4, and D5, Proposition 6.5 still holds word for

word. The proof gets modified as follows: We let V+1 = V+A3
∪ ⋃∞m=1 Vm, where now

Vm ∶= {(q, p) ∈ V+A1
∶ M(q,−p) = m}. For essentially the same reason as before V+1 is

open, and ⋃∞m=1 Vm is a Λ-full measure subset of V+A1
, and by condition D3’, V+A1

∪V+A3

is a full measure subset of V+1 . Therefore V+ is a full measure subset of V+1 . The

rest of the proposition follows simply by noting that specular reflection from BM0 is

involutive and preserves Λ.

6.2.2 Rough reflections

From now on we assume that M1 satisfies conditions D1, D2, D3’, D4, and D5,

stated above.

The macro-reflection law PM1 is associated with the deterministic Markov kernel

on V+1 ,

PM(q, p; dq′dp′) ∶= δPM1(q,p)(dq′dp′). (6.38)
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We call a Markov kernel P(q, p; dq′dp′) on V+ a rough collision law if there exists

a sequence Mi ⊃ M0 (satisfying hypotheses 1’ and 2-5) and a sequence of positive

numbers ϵi → 0 such that

BMi ⊂ N ϵi(BM0) ∶= {q ∈ R ∶ dist(q, BM0) ≤ ϵi} (6.39)

and such that the following limit holds:

PMi(q, p; dq′dp′)Λ(dqdp) → P(q, p; dq′dp′)Λ(dqdp), (6.40)

weakly in the space of measures on V+ × V+.

The limit (6.40) means that for any function h ∈ Cc(V+ × V+),

lim
i→∞∫V+×V+

h(q, p; dq′dp′)PMi(q, p; dq′dp′)Λ(dqdp)

= ∫
V+×V+

h(q, p; dq′dp′)P(q, p; dq′dp′)Λ(dqdp).
(6.41)

Remark 6.7. Since with respect to the uniform norm C∞c (V+ × V+) is dense in

Cc(V+×V+), and the tensor product C∞c (V+)⊗C∞c (V+) is dense in C∞c (V+×V+), it is

sufficient to verify (6.41) for functions h of form f(q, p)g(q′, p′), where f, g ∈ C∞c (V+).

Proposition 6.8. A rough reflection law P(q, p; dq′dp′) is symmetric with respect to

the measure Λ, in the sense that, for any h ∈ Cc(V+ × V+),

∫
V+×V+

h(q, p, q′, p′)P(q, p; dq′dp′)Λ(dqdp)

= ∫
V+×V+

h(q′, p′, q, p)P(q, p; dq′dp′)Λ(dqdp).
(6.42)
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Proof. Suppose PMi → P, as in (6.40). We claim that an equality of form (6.42)

holds if we replace P with PMi . This is equivalent to showing that

∫
V+
h(PMi(q, p), q, p)Λ(dqdp) = ∫

V+
h(q, p,PMi(q, p))Λ(dqdp). (6.43)

But making the change of variables (q′, p′) = PWi(q, p), the above equality is a

consequence of the fact that PMi is an involution which preserves Λ. The result

follows by taking the weak limit as i→∞.

Corollary 6.9. A rough collision law P(q, p; dq′dp′) preserves the measure Λ in the

sense that, for all f ∈ Cc(V+),

∫
V+
f(q′, p′)P(q, p; dq′dp′)Λ(dqdp) = ∫

V+
f(q, p)Λ(dqdp). (6.44)

Proof. Let h(q, p, q′, p′) ↑ f(q, p) in (6.42).

6.2.3 Pseudometric topology

In (6.41), there is a sense in which PMi converges to P as a limit with respect to

a pseudometric topology. To describe this topology, let X = T 1R, let X denote the

Borel σ-algebra on X, and let G denote the set of all Markov kernels on (X,X), i.e.

the set of all functions G ∶X ×X → R satisfying: (i) for each x ∈X, A↦ G(x,A) is a

Borel probability measure on X, and (ii) for each A ∈ X , x↦ G(x,A) is a measurable

function.

Equip Cc(X × X) with the uniform topology. Since X × X is locally compact

and σ-compact, the space Cc(X ×X) is separable. Let {fi}i≥1 ⊂ Cc(X ×X) be a
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countable dense subset, and let N denote the space of all signed Borel measures on

X ×X which are finite on compact sets. (Since X ×X is a locally compact Hausdorff

space, this also implies that the measures in N are Radon – see [17, Theorem 7.8].)

Equip N with the metric

d(µ1, µ2) ∶=
∞
∑
i=1

2−i
∣∫ fi d(µ1 − µ2)∣

1 + ∣∫ fi d(µ1 − µ2)∣
, µ1, µ2 ∈ N . (6.45)

With respect to this metric, µk → µ in N if and only if for all i ≥ 1, limk→∞ ∫ fidµk =

∫ fidµ if and only if limk→∞ ∫ fdµk = ∫ fdµ for all f ∈ Cc(X ×X). In particular, d

restricted to the dual space Cc(X ×X)∗ induces the weak topology.

Given a Borel measure ν on X which is finite on compact sets and an ele-

ment G ∈ G, let Gν denote the Borel measure on X × X defined by ∫ f d(Gν) =

∫ (∫ f(x, y)G(y,dx))ν(dy), f ∈ Cc(X ×X). We observe that Gν ∈ N ; in particular

if K is any compact subset of X, then since G(x, ⋅) is a probability measure

Gν(K ×X) = ν(K) < ∞. (6.46)

The measure ν together with the metric d induce a pseudometric on G defined by

dνG(G1,G2) = d(G1ν,G2ν). (6.47)

With respect to the induced pseudometric topology, Gj → G if and only if Gjν → Gν

in duality to Cc(X ×X). Hence taking ν = Λ yields the desired sense of convergence.

Note that dνG fails to satisfy the non-degeneracy condition of a metric. If
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dνG(G1,G2) = 0, the Markov kernels G1(⋅,dx) and G2(⋅,dx) are still allowed to dis-

agree on a ν-null set.

6.2.4 Some special cases

Here we discuss how conditions D1, D2, D3 (or D3’), D4, and D5 are verified for

particular cases. In all of our examples, the ambient space is R = Rd or Td−1×R with

the Euclidean metric.

Example 1: Bounded, convex bodies. Let B0 be a closed, bounded, strictly convex

subset of Rd, and let B be some closed, connected subset of B0 such that B ⊂ IntB0.

Assume that both B0 and B have smooth or piecewise smooth boundary; the essential

conditions are thatM0 ∶= Rd ∖ IntB0 should be an embedded C2 submanifold of Rd

with boundary, and M1 ∶= Rd ∖ IntB should belong to the class CES2
0(Rd). Then

conditions D1-D3 of §6.2.1 are clearly satisfied.

Condition D4 holds because a linear trajectory of a point particle must eventually

leave the bounded region B0. Condition D5 holds because, by boundedness, the

invariant measure on U− (the set of pairs (y,w) ∈ BB0 × S2 such that w points out

of B0) is finite. Thus we may apply the Poincaré Recurrence Theorem to conclude

that the point particle returns almost surely.

Hence one can define rough reflection laws on B0 by taking weak limits, as in

§6.2.2. Plakhov’s work on scattering laws, reviewed in §1.2.7, falls within this setting.

Example 2: Half-space billiards. Consider the following subset of Rd:

W0 = {(x1, ..., xd) ∶ xd ≤ 0}. (6.48)
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Let W be a subset of W0 such that

{(x1, ..., xd) ∶ xd ≤ −1} ⊂W ⊂ {(x1, ..., xd) ∶ xd < 0}. (6.49)

Assume thatW has a piecewise smooth boundary; at minimumM1 ∶= Rd∖W should

belong to the class CES2
0(Rd). LetM0 = {(x1, ..., xd) ∶ xd ≥ 0}. Then conditions D1-

D3 are satisfied.

To verify condition D4, note that the only way for a billiard trajectory in N =

M1 ∖M0 to escape to infinity without returning to M0 or hitting BM1 is if the

trajectory is parallel to plane xd = 0. The set of states (y,w) such that w is parallel

to this plane is a Λ-null.

For condition D5 to hold, additional assumptions must be imposed. One condition

which implies D5 is the following:

D5a. There exist linearly independent vectors v1, . . . , vd−1 spanning the plane xd = 0

such that W is invariant under translation by the vectors vi, i.e. W + vi = W

for 1 ≤ i ≤ d − 1.

Indeed, in this case we may reduce to the quotient space obtained by identifying

points which are translates of each other by integer combinations of the vi. We can

thereby view the billiard domain as a subset of the ambient space Td−1 × R. The

space N is a compact subset of Td−1 ×R, since it is bounded in the direction of the

xd-axis. Consequently, the invariant measure is finite, and as in the previous case we

can use Poincaré’s Theorem to verify condition D5.

The reflections laws considered in §1.2.2 are rough reflections in an upper half-
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space billiard of dimension d = 2. The rough collision laws defined in this book are

examples of rough reflection laws in an upper half-space of dimension d = 3.

Extensions. We can generalize both of the above examples to allow BM1 to

intersect BM0 (thus B can intersect BB0 in Example 1, andW can intersect the plane

xd = 0 in Example 2). However, some assumption must be imposed to ensure that

condition D3’ holds. One simple condition is the following: The (d− 1)-dimensional

Hausdorff measure ofM1∩BM0 is zero. Since A2 ⊂M1∩BM0, this implies condition

D3’.

In this book, both the configuration space M and its cylindrical approximation

Mcyl satisfy condition D3’ (with M0 = {(x1, x2, α) ∶ x2 ≥ 0}). In the former case, it

is becauseM satisfies the condition stated in the previous paragraph. In the latter

case, the 2-dimensional Hausdorff measure of A2 is zero because it is a countable

union of lines. (See Propositions 4.8 and 4.11 respectively.)

In the upper half-space case, if we allow W to touch the plane xd = 0, then there

is another condition we can impose which implies condition D5.

D5b. There exists a countable collection {Rj}j≥1 of disjoint bounded open subsets of

Rd such that IntW0 ∖W = ⋃∞j=1Rj.

If this condition holds, then the point particle will get trapped in one of the regions

Rj when it enters N . By boundedness, the restriction of the invariant measure to any

one of the regions Rj is finite, and we can once again apply the Poincaré Recurrence

Theorem.
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7 Ergodicity of the two-wall system

7.1 Setup

7.1.1 Configuration space and dynamics

In this section, we consider a rough unit disk D which moves freely in the interior of

the strip

{(x1, x2) ∶ −1 ≤ x2 ≤ r + 1}, where r > 0, (7.1)

and collides with the two walls which bound the strip. Upon making contact with

either of the two walls, the trajectory of the disk is redirected back into the strip

according to rough collision dynamics. Locally, during a single collision event, the

projection of the phase space velocity onto the “rolling velocity” is conserved, as

discussed in the introduction. But since for each of the two walls there is a different

associated “rolling velocity,” no corresponding quantity is conserved globally. In

what follows, we aim to understand the ergodic behavior of this system.

The configuration space of the system is

M= {(x1, x2, α) ∈ R3 ∶ 0 ≤ x2 ≤ r}. (7.2)

This is the set of all physically realizable states (x1, x2, α), where (x1, x2) is the

center of mass of the disk and α is the counterclockwise angular orientation of the

disk. Note that x2 is bounded between 0 and r because the radius of the disk is 1.
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The phase space is

M× S2, (7.3)

where S2 is the unit sphere with respect to the kinetic energy inner product defined

in §1.3.4.

To be more precise about the dynamical evolution, let (y(t),w(t)) denote the

state of the disk at time t ∈ R, and let (y(t−),w(t−)) = lims↑t(y(s),w(s)) and

(y(t+),w(t+)) = lims↓t(y(s),w(s)). In the interior ofM, the trajectory y(t) evolves

linearly in time while the velocity w(t) stays constant. Let

P0 = {(x1, x2, α) ∶ x2 = 0} and P1 = {(x1, x2, α) ∶ x2 = r}, (7.4)

denote the two planes which form the boundary of M. Note that the plane P0

coincides with the plane P defined in the introduction in §1.3.5. Rough collision

dynamics means that there are Markov kernels K0(y,w; dy′dw′) and K1(y,w,dy′dw′)

on P0 × S2
+ which determine the collision dynamics as follows:

Assume t∗ is a collision time.

• If y(t∗) ∈ P0, then the post collision state is distributed as

(y(t∗+),w(t∗+)) ∼ K0(y(t∗−),−w(t∗−); dy′dw′). (7.5)

• When the point particle hits the plane P1, the post-collision state is given by

K1 conjugated with a 180 degree rotation taking P1 to P0. More precisely, let
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R ∶ P1 × S2
− → P0 × S2

+ be defined by

R(x1, x2, α, v1, v2, ω) = (x1,0, α,−v1,−v2, ω). (7.6)

If y(t∗) ∈ P1, then the post collision state is distributed as

(y(t∗+),w(t∗+)) ∼ R
−1
# K1(R(y(t∗−),−w(t∗−)); dy′dw′). (7.7)

Here R
−1
# K1(R(y(t∗−),−w(t∗−)); dy′dw′) denotes the pushforward under R

−1
of

K1(R(y(t∗−),−w(t∗−)); ⋅), viewed as a measure on P0 × S2
+.

We assume that K0 and K1 are rough collision laws, as defined in §1.3.5. In

particular, this means that, with respect to the coordinates (y1, y3, θ, ψ) defined in

§1.3.6, K0 and K1 have product decompositions of form expressed in Theorem 1.31.

That is,

K0(y1, y3, θ, ψ; dy′1dy′3dθ′dψ′) = δ(y1,y3)(dy′1dy′3)P̃0(θ,dθ′)δπ−ψ(dψ′), (7.8)

K1(y1, y3, θ, ψ; dy′1dy′3dθ′dψ′) = δ(y1,y3)(dy′1dy′3)P̃1(θ,dθ′)δπ−ψ(dψ′), (7.9)

where P̃0(θ, dθ′) and P̃1(θ, dθ′) are some Markov kernels on (0, π) which are sym-

metric with respect to the measure sin θdθ.

7.1.2 Spherical coordinates

In §1.3.6, we introduced the spherical coordinates (θ,ψ) = G ∶ [0,2π) × (0, π) →

S2 ∖ {±χ}. Since projection of velocity onto the vector χ was conserved by the
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collision dynamics, this was a natural choice of coordinates. In the case of a disk

bouncing between two walls, there is a different conserved quantity associated with

each wall. Namely, if we define vectors

χ0 = (m + J)−1/2(−1,0,1)T , χ1 = (m + J)−1/2(1,0,1)T , (7.10)

then collisions with the plane P0 conserve the quantity ⟨w,χ0⟩ while collisions with

the plane P1 conserve the quantity ⟨w,χ1⟩. This follows from the product decompo-

sitions (7.8) and (7.9). Note that χ0 = −χ as defined in section, while χ1 is obtained

by rotating χ0 by 180 degrees about the α-axis.

These considerations motivate introducing two systems of spherical coordinates,

one with north pole at χ0 and one with north pole at χ1. For i = 0,1, let

χ⊥i = (m−1 + J−1)−1/2(−m−1,0,−J−1). (7.11)

Also, recall that ê2 ∶= m−1/2e2 = (0,m−1/2,0) denotes the unit normal in the direc-

tion of the +x2-axis. For each i, the triple (χi, ê2, χ⊥i ) forms a positively oriented

orthonormal frame (as usual, with respect to the metric ⟨⋅, ⋅⟩), with the pair of vec-

tors (χi, χ⊥i ) spanning the x1α-plane. For i = 0,1, we define spherical coordinates

Gi ∶ [0,2π) × (0, π) → S2 ∖ {±χ0} by

Gi(θi, ψi) = (cos θi sinψi)χ⊥i + (sin θi sinψi)ê2 + (cosψi)χi. (7.12)

As a matter of bookkeeping, we always denote coordinates with respect to the map-
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ping G0 by (θ0, ψ0), (θ′0, ψ′0), (θ∗0 , ψ∗0), etc. Similarly, we denote coordinates with

respect to the mapping G1 by (θ1, ψ1), (θ′1, ψ′1), (θ∗1 , ψ∗1), etc.

The coordinate mapping G0 is the same as the mapping G defined in §1.3.6 re-

stricted to velocity coordinates, except that the roles of the north and south pole

have been swapped (this is slightly reduces the number of minus signs in the argu-

ments to follow). The mapping G1 is obtained by composing G0 with a 180 degree

rotation about the α-axis.

We introduce one additional system of spherical coordinates with north pole at

ê2, namely G̃ ∶ [0,2π) × (0, π) → S2, defined by

G̃(θ̃, ψ̃) = (cos θ̃ sin ψ̃)ê3 + (sin θ̃ sin ψ̃)ê1 + (cos ψ̃)ê2, (7.13)

where ê1 = m−1/2e1 = (m−1/2,0,0) and ê3 = J−1/2e3 = (0,0, J−1/2). This coordinate

system will be used in just one proof.

7.1.3 Markov kernel on the velocity space

Let 0 ≤ t0 < t1 < t2 < ⋯ be the sequence of times when the disk hits one of the two

walls. Since the collision laws K0 and K1 act trivially on spatial coordinates, the

evolution of the configuration {y(t), t ≥ 0} is completely determined by the discrete

velocity evolution wi ∶= w(ti−), i ≥ 0, in S2. Consider Markov kernels on S2
+ defined

by

Kvel
i (w; dw′) ∶= ∫

y′∈P0

Ki(y,w; dy′dw′), i = 0,1. (7.14)

220



(Note that the right-hand side does not depend on y. This follows from (7.8) and

(7.9).) Let R̂(v1, v2, ω) = (−v1,−v2, ω). The discrete velocity evolution {wi}i≥0 is a

Markov process on S2 whose transition kernel is

K̂(w,dw′) ∶=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Kvel
0 (−w; dw′) if w ∈ S2

−,

R̂−1# Kvel
1 (R̂(−w),dw′) if w ∈ S2

+.

(7.15)

We let K̂− and K̂+ denote the restrictions of K̂ to S2
− and S2

+, respectively. Thus, for

each w ∈ S2
±, K̂±(w,dw′) is a measure on S2

∓.

From the coordinate representations (7.8) and (7.9) we deduce that the restricted

kernels K̂− and K̂+ may be represented in the spherical coordinates (θ0, ψ0) and

(θ1, ψ1) respectively as follows:

K̂−(θ0, ψ0; dθ
′
0dψ

′
0) = P̃0(θ0 − π,dθ′0) × δψ0(dψ′0),

K̂+(θ1, ψ1; dθ
′
1dψ

′
1) = P̃1(θ1 − π,dθ′1) × δψ1(dψ′1).

(7.16)

It is not so simple to express K̂− in the coordinates (θ1, ψ1) or K̂+ in the coordinates

(θ0, ψ0) however.

7.1.4 Invariant measures

Recall from §1.2.2 and §1.3.5 the invariant measures Λ1(dxdθ) = sin θdxdθ on R ×

(0, π) and Λ2(dy,dw) = ⟨w, ê2⟩dyσ(dw) on P0×S2
+. Here we introduce the normalized

velocity marginals

Λ̂1(dθ) = 1

2
∣ sin θ∣dθ on (0,2π), (7.17)
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and

Λ̂2(dw) = 1

2π
∣⟨w, e2⟩∣σ(dw) on S2, (7.18)

where as before σ is surface measure on the unit sphere. A couple of remarks are in

order:

• Note that we have extended the domains of these measures to (0,2π) and S2

respectively. The reason is that K̂ has been defined to act on the whole sphere

S2. In the dynamics determined by K̂, the incoming and outgoing velocities

live in separate hemispheres (namely, S2
− and S2

+, respectively, in the case of

collisions with the plane P0, and S2
+ and S2

−, respectively, in the case of collisions

with the plane P1); whereas the Markov kernelK defined in 1.3.5 acts on P0×S2
+

by mapping the negative of the incoming velocity to the outgoing velocity.

• The normalizing factor in (7.18) guarantees that Λ̂2 is a probability measure

on S2. The normalizing factor in (7.17) guarantees that the restriction of Λ̂1

to (0, π) is a probability measure; thus the total mass of Λ̂1 is 2. The reason

for this choice of normalization is that the Markov kernels P̃i are still defined

on (0, π). The measure Λ̂1∣(0,π) is the stationary probability measure for the

Markov process determined P̃i. The reason we extend the definition of Λ̃1 to

(0,2π) is only because of the convenient identity (7.21), below.

By assumption P̃i(θi,dθ′i) is symmetric with respect to the measure Λ̂1∣(0,π) for

i = 0,1. It follows from Proposition 1.26 that the Markov kernels Kvel
i , i = 0,1, are

symmetric with respect to the restriction of the measure Λ̂2 to the hemisphere S2
+.

By observing that Λ̂2 is invariant under the mapping R̂, we conclude that the Markov
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kernel K̂ is symmetric with respect to the measure Λ̂2. That is, for any test functions

f and g,

∫
S2×S2

f(w′)K̂(w,dw′)g(w)Λ̂2(dw) = ∫
S2×S2

g(w′)K̂(w,dw′)f(w)Λ̂2(dw). (7.19)

For i = 0,1, the measure Λ̂2 has the following coordinate representation:

Λ̂2(dθidψi) =
1

2π
∣ sin θi∣ sin2ψidθidψi. (7.20)

To understand where this comes from, note that the spherical volume form on S2

has coordinate representation sinψidθidψi, while ⟨w, e2⟩ = v2 = sin θi sinψi.

We will make frequent use of the following identity:

Λ̂2(dθidψi) =
1

π
Λ̂1(dθi) sin2ψidψi. (7.21)

7.1.5 Ergodicity

The main result of this section describes conditions under which the measure Λ̂2 is

ergodic with respect to the Markov transition kernel K̂. Let

γ = 2arccos( 1

1 + J/m
) . (7.22)

This is twice the angle between χ0 and χ1, where, as usual, angles are with respect

to the kinetic energy metric ⟨⋅, ⋅⟩.

Theorem 7.1. Assume that γ/π is irrational. The measure Λ̂2 is ergodic with respect
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to K̂ if and only if the following two conditions hold:

(E1) there exists an ergodic measure µ on S2 which is not singular with respect to

Λ̂2, and

(E2) for i = 0,1, the measure Λ̂1∣(0,π)(dθ) = 1
2 sin θdθ is ergodic with respect to the

Markov transition kernel P̃i(θ,dθ′).

The characterization provided by this theorem is not completely satisfactory in

that condition (E1) may in general be difficult to verify. The following theorem

provides a condition which implies (E1).

Theorem 7.2. Assume that for Λ̂1-almost every θ ∈ (0, π), the measure P̃i(θ,dθ′)

on (0, π) is not singular with respect to Λ̂1, for i = 0,1. Then there exists an ergodic

measure µ on S2 which is absolutely continuous with respect to Λ̂2.

By way of illustration, recall the rough collisions from walls with microstructure

consisting of elliptical arcs (see 2.3.3). We saw in this case thatK = δ(y1,y2)×P̃(θ,dθ′)×

δπ−ψ, where P̃ describes point particle reflections from a microstructure consisting of

circular arcs. From the formulas (2.21) and (2.24), we see that the hypothesis of

Theorem 7.2 is satisfied.

We hope in a future project to provide more general conditions under which

condition (i) in Theorem 7.1 holds.

The linear and angular velocity marginals of Λ̂2 can be obtained by a straightfor-

ward calculation which we carry out in (7.2). Before proceeding with the proofs of

the two theorems above, we provide a brief review of relevant notions from ergodic
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theory in §7.3. We introduce in §7.4 the Abel transform, an integral transform which

plays an important role in our proofs. We prove Theorems 7.1 and 7.2 in §7.5.

7.2 Marginals

Theorems 7.1 and 7.2 establish a kind of universality for rough collisions. Regard-

less of the shape of the microscopic rough features on the walls with which the disk

collides, the unique non-singular ergodic measure associated with the system is Λ̂2,

under fairly general assumptions. Here we will see that the marginal of each compo-

nent of linear and angular velocity is given by either a semicircle law or an absolute

value function.

The marginals may be computed as follows. We use the spherical coordinates

(θ̃, ψ̃) given by (7.13). In these coordinates, σ(dθ̃dψ̃) = sin ψ̃dθ̃dψ̃ and ⟨w, ê2⟩ = cos ψ̃.

Thus

Λ̂2(dθ̃dψ̃) = 1

2π
∣ cos ψ̃∣ sin ψ̃dθ̃dψ̃. (7.23)

Let ŵ ∈ S2 be a random vector with distribution Λ̂2, and let v̂1 = ⟨ŵ, ê1⟩, v̂2 = ⟨ŵ, ê2⟩,

and ω̂ = ⟨ŵ, ê3⟩. In view of (7.13), we have

P(v̂1 ≤ u) =
1

2π ∫
π

0
∫
sin θ̃ sin ψ̃≤u

∣ cos ψ̃∣ sinψdθ̃dψ̃

= 1

2π ∫
π

0
F (u, ψ̃)∣ cos ψ̃∣ sinψdψ̃,

(7.24)
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where

F (u, ψ̃) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2π if u ≥ sin ψ̃,

2π − 2arccos( u
sin ψ̃
) if − sin ψ̃ < u < sin ψ̃,

0 if u ≤ − sin ψ̃.

(7.25)

We have

BF

Bu
=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 if ∣u∣ > sin ψ̃,

2√
sin2 ψ̃−u2

if ∣u∣ < sin ψ̃.
(7.26)

Differentiating (7.24), interchanging integration and differentiation, and using sym-

metry, we see that the density of v̂1 is given by

fv̂1(u) =
4

2π ∫
π/2

arcsin(∣u∣)

cos ψ̃ sin ψ̃dψ̃√
sin2 ψ̃ − u2

= 2

π

√
sin2 ψ̃ − u2∣

π/2

arcsin(∣u∣)

= 2

π

√
1 − u2, −1 ≤ u ≤ 1.

(7.27)

We repeat the procedure to obtain v̂2. We have

P(v̂2 ≤ u) =
1

2π ∫
π

arccosu
∫

2π

0
∣ cos ψ̃∣ sinψdθ̃dψ̃

= ∫
π

arccosu
∣ cos ψ̃∣ sin ψ̃dψ̃

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1
2 −

u2

2 if u ≤ 0,

1
2 +

u2

2 if u > 0.

(7.28)
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Differentiating, we obtain that the density of v̂2 is given by

fv̂2(u) = ∣u∣, −1 ≤ u ≤ 1. (7.29)

To obtain the angular marginal, note that the measure Λ̂2 is invariant under

rotations about the x2-axis. Thus by symmetry, the marginal densities of v̂1 and ω̂

are the same:

fω̂(u) =
2

π

√
1 − u2, −1 ≤ u ≤ 1. (7.30)

7.3 Results from ergodic theory

7.3.1 General dynamical systems

The results discussed here are well-known. For a good reference on ergodicity in

general, discrete-time Markov processes, see [20].

Let (Ω,F) be measurable space, where F is a σ-algebra on Ω. Suppose T ∶

(Ω,F) → (Ω,F) is a measurable map and p is a probability measure on (Ω,F) such

that, for all A ∈ F , p(T −1(A)) = p(A). Then the 4-tuple (Ω,F ,p, T ) is referred to

as a measure preserving system.

It is easy to see that I = {I ∈ F ∶ T −1(I) = I} is a σ-algebra. The following is a

well-known result from ergodic theory.

Theorem 7.3 (Birkhoff’s ergodic theorem). Let ξ ∶ Ω→ R be a random variable with

Ep∣ξ∣ < ∞. Then

lim
N→∞

1

N

N

∑
i=1
ξ(T i(ω)) = Ep[ξ ∣ I], (7.31)
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for p-a.e. ω ∈ Ω.

Here Ep denotes expectation with respect to the probability measure p, Ep[ξ ∣ I]

denotes the conditional expectation of ξ with respect to p and the σ-algebra I, and

T i = T ○T ○⋯○T (i times). For a proof of this theorem, see for example [20, Theorem

5.2].

The probability measure p is said to be ergodic if for every I ∈ I, p(I) ∈ {0,1}.

In this case, Theorem 7.3 implies that

1

N

N

∑
i=1
ξ(T i(ω)) → Ep[ξ], as N →∞ p-a.s. (7.32)

7.3.2 Markov processes

Let (X,X) be a measurable space, and let k(x,dx′) be a Markov transition kernel

on (X,X). Suppose that µ is a probability measure on (X,X) which is invariant in

the sense that, for any A ∈ X ,

∫
X
k(x,A)µ(dx) = µ(A). (7.33)

Let Ω =XZ be the space ofX-valued, bi-infinite sequences, and let F = σ(⊗i∈ZAi ∶

Ai ∈ X) be the product σ-algebra on Ω. The Markov transition kernel k and the

invariant probability measure µ give rise to a probability measure pµ on (Ω,F) whose

finite-dimensional distributions are given as follows: For integers M ≤ N and sets
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AM ,AM+1,AM+2, . . .AN ∈ X ,

pµ({(xi)i∈Z ∈ Ω ∶ xi ∈ Ai for M ≤ i ≤ N})

= ∫
AM

⋯∫
AN−1
∫
AN

k(xN−1,dxN)k(xN−2,dxN−1)

⋯ k(xM ,dxM+1)µ(dxM).

(7.34)

Define the shift map s ∶ Ω→ Ω by

s((xi)i∈Z) = (xi+1)i∈Z, for (xi)i∈Z ∈ Ω. (7.35)

Using invariance of µ, one may show that (Ω,F ,pµ, s) forms a measure preserv-

ing system. We say that the probability measure µ is ergodic if the corresponding

probability measure pµ is ergodic with respect to the action of the shift map.

The theorem we state next characterizes ergodicity of µ directly in terms of

properties of the measure space (X,X , µ) and the transition kernel k(x,dx′).

We say that a set A ∈ X is µ-invariant if for µ-a.e. x ∈ A, k(x,A) = 1. It is easy

to verify that the collection of µ-invariant subsets is a σ-algebra.

We say that A ∈ X is µ-ergodic if A is µ-invariant, and for every B ∈ X such that

B ⊂ A, if B is µ-invariant then µ(B) ∈ {0, µ(A)}.

Theorem 7.4. A probability measure µ on (X,X) is ergodic if and only if the set

X is µ-ergodic.

For a proof of this theorem, we refer the reader to [20, Corollary 5.11].
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7.4 The Abel Transform

A key ingredient in the proof of Theorem 7.1 is the Abel transform, a classic integral

transform first studied by Niels Henrik Abel in the context of problems in geometric

optics. This transform is defined as follows:

A[φ](x) = ∫
x

0

φ(t)dt√
x − t

, 0 < x < 1. (7.36)

This transform is well-defined for φ ∈ L1(0,1). This can be seen by integrating

the right-hand side of (7.36) and using Fubini’s theorem to interchange the order of

integration. More generally, one can apply Minkowski’s and Hölder’s inequalities to

(7.36) show that A[φ] is a bounded operator on Lp(0,1) for p ∈ [1,2), as follows.

(∫
1

0
∣∫

x

0

φ(t)dt√
x − t

dt∣
p

dt)
1/p

≤ ∫
1

0
(∫

1

t
(x − t)−p/2dx)

1/p
∣φ(t)∣dt

= (1 − p
2
)
−1/p

∫
1

0
(1 − t)

1
p
− 1

2 ∣φ(t)∣dt

≤ (1 − p
2
)
−1/p
(∫

1

0
(1 − t)

q
p
− q

2dt)
1/q
∣∣φ∣∣p

= (1 − p
2
)
−1/p
(2 − 2

p
)
1−1/p
∣∣φ∣∣p,

(7.37)

where 1
p +

1
q = 1.

While there exist explicit inversion formulae for this transform, describing a suf-

ficiently broad class of functions φ for which the inversion formulae are valid is a

non-trivial task, complicated by the singularity at t = x. The main fact we will need
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is that Abel’s integral equation

A[φ](x) = f(x), 0 < x < 1, (7.38)

has at most one solution in L1(0,1). That is,

Theorem 7.5. For every f ∈ L1(0,1), there is at most one φ ∈ L1(0,1) such that

equation (7.38) is satisfied.

We refer the reader to [18] for more information on the Abel transform. Theorem

7.5 was originally proved by Tonelli in [40].

7.5 Proofs of Theorems 7.1 and 7.2

All of the notions described in §7.3 specialize to our model, with X = S2, X =

the completion of the Borel σ-algebra on S2 with respect to surface measure, and

k = K̂. Most of the work in proving Theorem 7.1 is concerned with the implication

(⇐). The main strategy will be to argue that S2 is Λ̂2-ergodic and to apply Theorem

7.4.

First we introduce some new notation. Recall the two systems of spherical coordi-

nates (θ0, ψ0) and (θ1, ψ1). In what follows, we will frequently identify pairs (θ0, ψ0)

and (θ1, ψ1) with the points in S2 which they represent.

For p ∈ (0, π) let

Ap = {(θ0, ψ0) ∈ S2 ∶ ψ0 = p} (7.39)

Geometrically {Ap, p ∈ (0, π)} is the collection of circles in S2 which span planes

231



orthogonal to the vector χ0. We also define the semicircles

A±p ∶= Ap ∩ S2
±. (7.40)

Let N0 ∶ S2 → S2 be the map whose coordinate representation is given by

N0(θ0, ψ0) = (θ0 + π mod 2π,ψ0).

If we regard N0 as acting on points in S2, then N0 is simply reflection through the

line spanned by χ0. In particular, N0 maps A±p onto A∓p .

In a similar way, using the second system of spherical coordinates, for p ∈ (0, π)

we let

Bp = {(θ1, ψ1) ∈ S2 ∶ ψ1 = p}, B±p = Bm ∩ S2
±. (7.41)

We let N1 ∶ S2 → S2 be the map whose coordinate representation is given by

N1(θ1, ψ1) = (θ1 + π mod 2π,ψ1). (7.42)

This map acts on S2 by reflecting points through the line spanned by χ1. Note that

N1 maps B±p onto B∓p .

It is immediate from the coordinate representations (7.20) that the maps N0 and

N1 preserve the measure Λ̂2. Also, for p ∈ (0, π), the restriction of N0 to the circle

Ap (identified with (0,2π)) preserves the measure Λ̂1, and the restriction of N1 to

the circle Bp preserves the measure Λ̂1.

The coordinates (θ0, ψ0) introduce an identification of S2∖{±χ0} with the product
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space [0,2π) × (0, π) in which A+p corresponds to (0, π) × p and A−p corresponds to

(π,2π) × p. In virtue of the coordinate representations (7.16) for K− and (7.21) for

Λ̂2, it is natural to regard the Markov P̃0 as acting on the semicircles A+p and to

regard Λ̂1 as a measure on Ap. Thus, for example, if F ⊂ S2, one can ask whether

F ∩A+p is Λ̂1-invariant with respect to P̃0, Λ̂1-ergodic with respect to P̃0, etc.

Symmetrically, with respect to the coordinates (θ1, ψ1), the semicircle B−p corre-

sponds to set (0, π) × p and the semicircle B+p corresponds to the set (π,2π) × p. In

virtue of the coordinate representation for K+ (7.16), P̃1 acts on the semicircle B−p ,

and by (7.21), Λ̂1 may be viewed as a measure on Bp.

If (X,X , µ) is a measure space and A,B ∈ X , we write

A
µ= B if µ(A△B) = 0, (7.43)

where A△B = (A∖B)∪(B ∖A) denotes the symmetric difference of A and B. Thus

for example, A
µ= ∅ means that µ(A) = 0.

In this subsection, “almost everywhere” (abbreviated a.e.) means either with

respect to the measure Λ̂1 or the measure Λ̂2. This is equivalent to “almost every-

where” with respect to Lebesgue measure on the interval (0, π) and surface measure

on S2, respectively. If the measure is not clear from context, we will write “Λ̂1-a.e.”

or “Λ̂2-a.e.”

Lemma 7.6. Suppose E ⊂ S2 is Λ̂2-invariant. Then for almost every p ∈ (0, π),

P0(θ0,E ∩A+p) = 1, for Λ̂1-a.e. θ0 ∈ N0(E ∩A−p), and

P0(θ0,N0(E ∩A−p)) = 1 for Λ̂1-a.e. θ0 ∈ E ∩A+p .
(7.44)
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The same conclusion holds if we replace P̃0 with P̃1, A±p with B∓p , and N0 with N1.

Proof. Consider the following calculation.

∫
(0,π)

Λ̂1(N0(A−ψ0
∩E)) sin2ψ0dψ0 = Λ̂2(N0(E ∩ S2

−))

= ∫
N0(E∩S2−)

K̂(N0(w),E ∩ S2
+)Λ̂2(dw)

= ∫
(0,π)
∫
N0(A−ψ0∩E)

P̃0(θ0,E ∩A+ψ)
1

π
Λ̂1(dθ0) sin2ψ0dψ0.

(7.45)

Here the first line follows from the identity (7.21) and the fact that N0 fixes the

ψ0-coordinate. The second line follows because E is Λ̂2-invariant with respect to

K̂, N2
0 = Id, and for w ∈ S2

−, K̂(w,dw′) is supported in S2
+. The third line uses the

coordinate representation (7.16) for K̂. Since probabilities are bounded by 1, (7.45)

gives us that for almost every p ∈ (0, π),

P̃0(θ0,A+p ∩E) = 1 for a.e. θ0 ∈ N0(E ∩A−p), (7.46)

and this proves the first line in (7.44). As for the second line, we proceed as follows.

By (7.46) and reversibility of Λ̂1 with respect to P̃0,

∫
E∩A+p

P̃0(θ0,N0(E ∩A−p))Λ̂1(dθ0) = ∫
N0(E∩A−p)

P̃0(θ0,E ∩A+p)Λ̂1(dθ0)

= Λ̂1(N0(E ∩A−p)).
(7.47)

Again since probabilities are bounded by 1, we see that

Λ̂1(E ∩A+p) ≥ Λ̂1(N0(E ∩A−p)). (7.48)
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By (7.21), it follows that

Λ̂2(E ∩ S2
+) =

1

π ∫
π

0
Λ̂1(E ∩A+ψ0

) sin2ψ0dψ0 ≥
1

π ∫
π

0
Λ̂1(N0(E ∩A−ψ0

)) sin2ψ0dψ0

= Λ̂2(N0(E ∩ S2
−)) = Λ̂2(E ∩ S2

−),

(7.49)

with equality if and only if (7.48) is an equality for almost every p ∈ (0, π). But

since K̂ takes S2
± to S2

∓, we have K̂(w,E ∩ S2
±) = 1 for almost every w ∈ E ∩ S2

∓. By

reversibility with respect to Λ̂2, we have

Λ̂2(E ∩ S2
+) = ∫

E∩S2+
K̂(w,E ∩ S2

−)Λ̂2(dw)

= ∫
E∩S2−

K̂(w,E ∩ S2
+)Λ̂2(dw)

= Λ̂2(E ∩ S2
−).

(7.50)

Therefore, (7.49) is an equality. Thus (7.48) is an equality for almost every p, and

combining this observation with (7.47) we obtain

∫
E∩A+p

P̃0(θ0,N0(E ∩A−p))Λ̂1(dθ0) = Λ̂1(E ∩A+p) for a.e. p ∈ (0, π). (7.51)

Hence, almost every (p, θ0) ∈ (0, π)×(E∩A+p), P̃0(θ0,N0(E∩A−p)) = 1, and this proves

the second line in (7.44). The proof of the statement for P̃1, Bp, and N1 proceeds in

exactly the same way.

Lemma 7.7. Assume condition (E2) from Theorem 7.1 holds. If E is a Λ̂2-invariant

subset of S2, then N0(E) and N1(E) are also Λ̂2-invariant subsets of S2. Moreover,
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there exist measurable subsets L0, L1 ⊂ (0, π) such that

E ∪N0(E)
Λ̂2

= ⋃
p∈L0

Ap, and E ∪N1(E)
Λ̂2

= ⋃
p∈L1

Bp. (7.52)

Proof. If Λ̂2(E) = 0, the result is trivial, so assume this is not the case. We first need

to show that N0(E) is Λ̂2-invariant. Indeed, we compute

∫
N0(E)∩S2−

K̂(w,N0(E) ∩ S2
+)Λ̂2(dw)

= ∫
E∩S2+

K̂(N0(w),N0(E) ∩ S2
+)Λ̂2(dw) (N0 preserves the measure Λ̂2)

= 1

π ∫
π

0
∫
E∩A+

ψ0

P̃0(θ0,N0(E ∩A−ψ0
))Λ̂1(dθ0) sinψ0dψ0 (by (7.16) and (7.21))

= Λ̂2(E ∩ S2
+) (second implication in (7.44))

= Λ̂2(N0(E) ∩ S2
−) (N0 preserves the measure Λ̂2).

(7.53)

From the equality proved above, we see that K̂(w,N0(E) ∩ S2
+) = 1 for Λ̂2-a.e. w ∈
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N0(E) ∩ S2
−. On other hand, we also have

∫
N0(E)∩S2+

K̂(w,N0(E) ∩ S2
−)Λ̂2(dw)

= ∫
N0(E)∩S2−

K̂(w,N0(E) ∩ S2
+)Λ̂2(dw) (by reversibility)

= Λ̂2(N0(E) ∩ S2
−) (by (7.53))

= Λ̂2(E ∩ S2
+) (N0 preserves the measure Λ̂2)

= Λ̂2(E ∩ S2
−) (by (7.50))

= Λ̂2(N0(E) ∩ S2
+) (N0 preserves the measure Λ̂2),

(7.54)

so we similarly conclude that K̂(w,N0(E)∩S2
−) = 1 for Λ̂2-a.e. w ∈ N0(E)∩S2

+. Since

K̂ maps S2
− to S2

+ and S2
+ to S2

−, we conclude that N0(E) is Λ̂2-invariant.

We define

L0 = {p ∈ (0, π) ∶ Λ̂1((E ∪N0(E)) ∩A+p) > 0}. (7.55)

To see that L0 is measurable, let f = 1E∪N0(E) ∶ [0,2π)×(0, π) → R, where we use the

coordinates (θ0, ψ0) identify E∪N0(E) with a (measurable) subset of [0,2π)×(0, π).

For p ∈ (0, π), define the “slice” fp ∶ [0,2π) → R by fp(θ0) = f(θ0, p). It is well-

known that the mapping p ↦ ∫(0,π) fp(θ0)Λ̂1(θ0) is measurable (see a typical proof

the Fubini-Tonelli Theorem, e.g. [17, Chapter 2]), and this quantity is equal to

Λ̂1((E ∪N0(E)) ∩A+p), which implies L0 is measurable.

It follows from Lemma 7.6 that for almost every p ∈ L0,

P̃0(θ0, (E ∪N0(E)) ∩A+p) = 1 for Λ̂1-a.e. θ0 ∈ (E ∪N0(E)) ∩A+p . (7.56)
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Thus E ∪N0(E) is Λ̂1-invariant with respect to the Markov kernel P̃0. By condition

(E2), the measure Λ̂1 is ergodic with respect to P̃0, and thus by Theorem 7.4, (0, π)

is Λ̂1-ergodic. Hence, identifying A+p with (0, π) in the usual way,

Λ̂1((E ∪N0(E)) ∩A+p) = Λ̂1(A+p) for Λ̂1-a.e. p ∈ L0. (7.57)

Let U = ⋃p∈L0
Ap, and let U± = U ∩ S2

± = ⋃p∈L0
A±p . By (7.21) and (7.57), we have

Λ̂2((E ∪N0(E)) ∩U+) =
1

π ∫K
Λ̂1((E ∪N0(E)) ∩A+p) sin2(p)dp

= 1

π ∫K
Λ̂1(A+p) sin2(p)dp = Λ̂2(U+).

(7.58)

Recall that N0 maps A+p onto A−p , and preserves the measure Λ̂1. Also note that

N2
0 = Id. From these observations and (7.57) we obtain that

Λ̂1((N0(E) ∪E) ∩A−p) = Λ̂1(A−p) for Λ̂1-a.e. p ∈ L0. (7.59)

Thus, by a similar calculation to (7.58), we obtain that

Λ̂2((E ∪N0(E)) ∩U−) = Λ̂2(U−). (7.60)

Combined with (7.58), we see that Λ̂2((E ∪N0(E)) ∩U) = Λ̂2(U), or equivalently

Λ̂2(U ∖ (E ∪N0(E))) = 0. (7.61)

On the other hand, for p ∉ L0, Λ̂2((E∪N0(E))∩A+p) = 0, and by integrating over p in
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(0, π)∖L0 in a similar way to (7.58), we see that that Λ̂2((E∪N0(E))∩(S2
+∖U+)) = 0.

Again noting that N0 preserves Λ̂1, we obtain that for p ∉ L0, Λ̂2((E∪N0(E))∩A−p) =

0, and thus Λ̂2((E ∪N0(E)) ∩ (S2
− ∖U−)) = 0. Hence,

Λ̂2((E ∪N0(E)) ∖U) = 0. (7.62)

From (7.61) and (7.62), we conclude that E ∪N0(E)
Λ̂2

= U . The argument for E and

N1(E) proceeds in the same way.

Lemma 7.8. Assume condition (E2) from Theorem 7.1 holds. If E is Λ̂2-ergodic,

then N0(E) and N1(E) are also Λ̂2-ergodic.

Proof. We will just show that N0(E) is Λ̂2-ergodic, as the argument for N1(E) is

similar. Suppose that F ⊂ N0(E) is Λ̂2-invariant. We must show that Λ̂2(F ) ∈

{0, Λ̂2(E)}. By Lemma 7.7, we have that N0(F ) is Λ̂2-ergodic. But N0(F ) ⊂ E, so

by Λ̂2-ergodicity of E, Λ̂2(N0(F )) ∈ {0, Λ̂2(E)}. Since N0 preserves the measure Λ̂2,

the result follows.

Lemma 7.9. Assume that γ/π is irrational and condition (E2) from Theorem 7.1

holds. Suppose that E is Λ̂2-ergodic, and 0 < Λ̂2(E) < 1. Then E has the following

properties:

(A) There exists a measurable set K ⊂ (−1,1) such that

E
Λ̂2

= {w ∈ S2 ∶ ⟨w, ê2⟩ ∈K} (7.63)

(B) E ∪N0(E)
Λ̂2

= S2 and E ∩N0(E)
Λ̂2

= ∅.
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(C) Λ̂2(E) = Λ̂2(N0(E)) = 1
2 .

Proof. Let E be such a subset of S2. By Lemma 7.8, N0(E) is Λ̂2-ergodic, and

N1(N0(E)) is Λ̂2-ergodic. Now, if we regard N0 and N1 as acting on unit vectors in

S2, we may write N0 = Rχ0,2 ○ R13 = R13 ○ Rχ0,2 and N1 = Rχ1,2 ○ R13 = R13 ○ Rχ1,2,

where Rχi,2 denotes reflection in the plane spanned by χi and the x2-axis, and R13

denotes reflection in the x1x3-plane. Then,

N1 ○N0 = Rχ1,2 ○R13 ○R13 ○Rχ0,2 = Rχ1,2 ○Rχ0,2. (7.64)

The composition of reflections Rχ1,2 ○Rχ0,2 is rotation by an angle of

2∠(χ0, χ1) = 2arccos⟨χ0, χ1⟩ = 2arccos(
1

1 + J/m
) = γ. (7.65)

about the x2-axis. Denote this rotation by Tγ. We have proved that

E is Λ̂2-ergodic ⇒ Tγ(E) is Λ̂2-ergodic. (7.66)

Next, suppose for a contradiction that for all distinct positive integer pairs k0, k1 ∈ Z+,

Λ̂2(T k0γ (E)∩T k1γ (E)) = 0. Since Tγ = N1○N0 is a composition of maps which preserve

Λ̂2, and Λ̂2(E) > 0,

Λ̂2 (
M

⋃
k=0

T kγ (E)) =
M

∑
k=0

Λ̂2(T kγ (E)) = (M + 1)Λ̂2(E) → ∞ as M →∞, (7.67)

contradicting the fact that Λ̂2 is finite. We conclude that there exists k0 ≥ 1 such
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that Λ̂2(E ∩ T k0γ (E)) > 0. But E and T k0γ (E) are Λ̂2-ergodic, and so E
Λ̂2

= T k0γ (E);

otherwise E ∩ T k0γ (E) would be an invariant subset of E with measure strictly less

than Λ̂2(E).

Notice that T k0γ = Tk0γ (rotation about the y-axis by an angle of k0γ). By hy-

pothesis γ/π is an irrational number. Let T be any rotation about the x2-axis.

By well-known properties of irrational rotation, there exists a sequence of integers

pj →∞ such that T
pj
k0γ
→ T pointwise. Then

Λ̂2(E △ T (E)) = lim
j→∞

Λ̂2(T pjk0γ(E) △ T (E)) = 0. (7.68)

by bounded convergence. Thus (up to null sets) E is invariant under rotation about

the x2-axis.

To see why this implies (7.63), recall the spherical coordinates (θ̃, ψ̃) with “north

pole” at ê2, given by the formula (7.13). A rotation about the x2-axis is represented

in these coordinates by a mapping of form T̃ (θ̃, ψ̃) = (θ̃ + α mod 2π, ψ̃), for some

α ∈ R. To prove (A), it is enough to show that, with respect to these coordinates,

E
Λ̂2

= {(θ̃, ψ̃) ∶ ψ̃ ∈ K̃} for some measurable K̃ ⊂ (0, π). For ψ̃ ∈ (0, π), let Eψ̃ = {θ̃ ∈

[0,2π) ∶ (θ̃, ψ̃) ∈ E}. By invariance under rotations (7.68), we have

0 = ∫
R
∫

2π

0
∫

π

0
[1E(θ̃, ψ̃) − 1E∖T̃ (E)(θ̃, ψ̃)]dψ̃dθ̃dt

= ∫
π

0
∫

2π

0
∫
R
[1Eψ̃(θ̃) − 1Eψ̃∖(Eψ̃+α mod 2π)(θ̃)]dtdθ̃dψ̃,

(7.69)

where we use Fubini’s theorem in the second line. Since the integrand is nonnegative,
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we conclude that: For a.e. ψ̃ ∈ (0, π),

for a.e. θ̃ ∈ Eψ̃, 1Eψ̃(θ̃ − α mod 2π) = 1 for a.e. α ∈ R. (7.70)

In particular, if the Lebesgue measure of Eψ̃ is positive, then there exists θ̃ such that

1Eψ̃(θ̃ − α mod 2π) = 1 for almost every α ∈ R, which in turn implies that Eψ̃ is a

full-measure subset of [0,2π). Let K̃ = {ψ ∈ (0, π) ∶ L1(Eψ̃) > 0}, where L1 denotes

Lebesgue measure. Then K̃ is measurable, and, up to null sets, E = {(θ,ψ) ∶ ψ ∈ K̃},

as desired.

We next prove (B). Since Λ̂2(N0(E)) = Λ̂2(E) ∈ (0,1) and by Lemma 7.8, N0(E)

is Λ̂2-ergodic, the same conclusion (A) holds for N0(E). Thus, there exists K2 ⊂

(−1,1) such that

F ∶= E ∪N0(E)
Λ̂2

= {w ∈ S2 ∶ ⟨w, ê2⟩ ∈K2}. (7.71)

This implies that, up to null sets, F is invariant under rotations about the x2-axis.

But in addition, by Lemma 7.7, there exists L0 ⊂ (0, π) such that

F
Λ̂2

= ⋃
p∈L0

Ap, (7.72)

Recalling that each Ap is a circle contained in a plane orthogonal to χ0, this implies

that, up to null sets, F is invariant under rotations about the line spanned by χ0.

Let Tα,β ∶ S2 → S2 by the composition of a counterclockwise rotation by an angle of

α about the +x2-axis followed by a counterclockwise rotation by an angle of β about

χ0. Since χ0 is orthogonal to the x2-axis, it is easy to see that, for any w ∈ S2, the
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mapping Uw ∶ [0,2π) × [0,2π) → S2 defined by

Uw(α,β) = Tα,β(w) (7.73)

is a smooth, surjective map. By invariance of F and spherical surface measure σ

under rotations about the x2-axis and about χ0, we have

0 = ∫
2π

0
∫

2π

0
∫
S2
[1F (w) − 1F∖T−1

α,β
(F )(w)]σ(dw)dαdβ

= ∫
S2
∫

2π

0
∫

2π

0
[1F (w) − 1F∖T−1

α,β
(F )(w)]σ(dw)dαdβ,

(7.74)

where we use Fubini’s theorem in the second line. Since the integrand is non-negative,

the equality above implies that for σ-a.e. w ∈ F ,

Uw(α,β) = Tα,β(w) ∈ F for a.e. (α,β) ∈ [0,2π) × [0,2π). (7.75)

In particular, since F has strictly positive measure, there exists w such that, up to

null sets,

F ⊃ Uw([0,2π) × [0,2π)) = S2 (7.76)

as desired.

Next, let F ′ = E ∩ N0(E). Then F ′ is a subset of E and of N0(E), and F ′ is

Λ̂2-invariant since E and N0(E) are. By Λ̂2-ergodicity of E, Λ̂2(F ′) ∈ {0, Λ̂2(E)}. If

Λ̂2(F ′) = Λ̂2(E), then E
Λ̂2

= N0(E), and therefore E is a full measure subset of S2,

contrary to our hypothesis. Therefore, Λ̂2(F ′) = 0, and this completes the proof of

(B).
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Finally, note that (C) follows immediately from (B) because N0 preserves the

measure Λ̂2.

Proof of Theorem 7.1. For implication (⇐), suppose E is an Λ̂2-ergodic subset with

Λ̂2(E) > 0, and assume for a contradiction that Λ̂2(E) < Λ̂2(S2). By Lemma 7.6 and

reversibility of Λ̂1 with respect to P̃0, for almost every p ∈ (0, π),

Λ̂1(N0(E) ∩A+p) = ∫
N0(E)∩A+p

P̃0(θ0,E ∩A+p)Λ̂1(dθ0)

= ∫
E∩A+p

P̃0(θ0,N0(E) ∩A+p)Λ̂1(dθ0) = Λ̂1(E ∩A+p).
(7.77)

By Lemma 7.9 (B) E ∩N0(E)
Λ̂2

= ∅, and E ∪N0(E)
Λ̂2

= S2. Thus, by (7.21)

0 = 1

π ∫
π

0
Λ̂1((E ∩N0(E)) ∩Ap) sin2(p)dp, (7.78)

and this implies that for almost every p ∈ (0, π), Λ̂1((E ∩N0(E)) ∩Ap) = 0. As this

observation and (7.77) allows us to conclude that

Λ̂1(E ∩A+p) =
1

2
Λ̂1(A+p) =

1

2
for a.e. p ∈ (0, π). (7.79)

Fix p ∈ (0, π) such that the equality in (7.79) holds. Let πp ∶ A+p → (0, sinp) denote

orthogonal projection onto the x2-axis. In coordinates,

πp(θ0) = ⟨G0(θ0, p), ê2⟩ = sinp sin θ0. (7.80)

See (7.39) and (7.12). Taking K+ =K ∩ [0,1), where K is as in Lemma 7.9, we have
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E ∩A+p = π−1p (K+). Therefore, we obtain from (7.79),

1

2
= Λ̂1(π−1p (K+)) =

1

2 ∫π−1p (K+)
sin θ0dθ0 = ∫

π−1p (K+)∩(0,π/2)
sin θ0dθ0

= ∫
K+∩(0,sinp)

ydy

sinp
√
sin2 p − y2

.
(7.81)

The third equality in (7.81) follows by symmetry, observing in (7.80) that πp is

invariant under composition with θ0 ↦ π−θ0. The fourth equality in (7.81) is obtained

via the change of variables y = πp(θ0) = sinp sin θ0. Setting R = sinp, we obtain from

(7.81) that

1 = 2

R ∫
R

0
1K+(y)

ydy√
R2 − y2

= 2

R ∫
R2

0

1

2
1K+(t1/2)

dt√
R2 − t

(set y = t1/2)

= 1

R
A[φK](R2),

(7.82)

where A is the Abel transform defined in §7.4, and φK(t) = 1K+(t1/2). Since (7.79)

holds for almost every p ∈ (0, π), (7.82) holds for almost every R = sinp ∈ (0,1).

Substituting x = R2, we conclude that

A[φK](x) =
√
x for a.e. x ∈ (0,1). (7.83)

But one also easily verifies that A[1/2](x) =
√
x. Since the functions φK(x),1/2, and

√
x are all contained in L1(0,1), uniqueness of solutions to the Abel integral equation

(7.38) implies that φK = 1/2 on (0,1). This gives us the desired contradiction since
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φK only takes values in {0,1}.

The converse (⇒) proceeds as follows. Assume that Λ̂2 is ergodic. Then clearly

(E1) holds with µ = Λ̂2. To prove (E2) holds, suppose that F ⊂ (0, π) is Λ̂1-invariant

with respect to the Markov kernel P̃0, and assume that Λ̂1(F ) > 0. We will prove that

Λ̂1(F ) = 1. Under the usual identification of (0, π) with A+p , let Fp = G0(F × p) ⊂ A+p

be the subset corresponding to F . Let

E+ = ⋃
p∈(0,π)

Fp, E− = ⋃
p∈(0,π)

N0(Fp), E = E+ ∪E−. (7.84)

We will prove that E is Λ̂1-invariant. By (7.21), Λ̂1-invariance of Fψ0 , and (7.16)

Λ̂2(E+) =
1

π ∫
π

0
Λ̂1(Fψ0) sin2ψ0dψ0

= 1

π ∫
π

0
∫
Fψ0

P̃(θ0, Fψ0)Λ̂1(dθ0) sin2ψ0dψ0

= 1

π ∫
π

0
∫
N0(Fψ0)

P̃0(θ0 − π,Fψ0)Λ̂1(dθ0) sin2ψ0dψ0

= ∫
E−

K̂(w,E+)Λ̂2(dw)

= ∫
E+

K̂(w,E−)Λ̂2(dw),

(7.85)

where we use symmetry of Λ̂2 with respect to K̂ in the last line. Since probabilities

are bounded by 1, we see that

K̂(w,E−) = 1 for Λ̂2-a.e. w ∈ E+. (7.86)
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Noting that E− = N0(E+) and N0 preserves Λ̂2, it also follows from (7.85) that

Λ̂2(E−) = Λ̂2(E+) = ∫
E−

K̂(w,E+)Λ̂2(dw). (7.87)

Therefore

K̂(w,E+) = 1 for Λ̂2-a.e. w ∈ E−. (7.88)

We conclude from (7.86) and (7.88) that E = E+ ∪ E− is Λ̂2-invariant. Note that

Λ̂2(E) > 0 since by assumption Λ̂1(F ) > 0. By ergodicity of Λ̂2 and Theorem 7.4, it

follows that E is a full measure subset of S2. In particular, Λ̂2(E+) = Λ̂2(E−) = 1/2.

Thus, from the first equality in (7.85), we see that

1

π ∫
π

0
Λ̂1(Fψ0) sin2ψ0dψ0 =

1

2
= 1

π ∫
π

0
Λ̂1(A+ψ0

) sin2ψ0dψ0. (7.89)

Since Fψ0 ⊂ A+ψ0
, it follows that Fψ0 is a full measure subset of A+ψ0

for Λ̂1-a.e.

ψ0 ∈ (0, π). Therefore F is a Λ̂1-full measure subset of (0, π). This proves that

(0, π) is Λ̂1-ergodic with respect to P̂0. A symmetric argument shows that (0, π) is

Λ̂1-ergodic with respect to P̂1. Thus property (E2) follows by Theorem 7.4.

Before proving Theorem 7.2, we need one more lemma.

Lemma 7.10. Suppose that for every Λ̂2-ergodic subset E ⊂ S2, Λ̂2(E) = 0. Then

(i) For any Λ̂2-invariant subset F ⊂ S2, there exists an Λ̂2-invariant subset F ′ ⊂ F

with 4−1Λ̂2(F ) ≤ Λ̂2(F ′) ≤ 2−1Λ̂2(F ).

(ii) If F ⊂ S2 is Λ̂2-invariant and Λ̂2(F ) > 0, then there exists a partition
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{F1, F2, F3, F4} of F such that each Fj is Λ̂2-invariant and 0 < Λ̂2(Fj) <

2−1Λ̂2(F ).

(iii) For each k ≥ 1, there exists a partition of S2 into Λ̂2-invariant subsets

{F1, F2,⋯, F22k} such that 0 < Λ̂2(Fj) ≤ 2−k for 1 ≤ j ≤ 22k.

Proof. (i) The result is obvious if Λ̂2(F ) = 0, so assume this is not the case. Define

T (F ) = {F ′ ⊂ F ∶ F ′ is Λ̂2-invariant, and 0 < Λ̂2(F ′) ≤ 2−1Λ̂2(F )}. Since Λ̂2(F ) > 0,

F cannot be ergodic, and therefore there exists an Λ̂2-invariant F ′ ⊂ F with 0 <

Λ̂2(F ′) < Λ̂2(F ). By replacing F ′ with F ∖ F ′ if necessary, we will have Λ̂2(F ′) ≤

2−1Λ̂2(F ). Thus, T (F ) is nonempty, the following number

t∗ ∶= sup{Λ̂2(F ′) ∶ F ′ ∈ T (F )} (7.90)

exists, and 0 < t∗ ≤ 2−1Λ̂2(F ). Suppose for a contradiction that t∗ < 4−1Λ̂2(F ). For

each j ≥ 1, choose Fj ∈ T (F ) such that

t∗ − j−1 < Λ̂2(Fj) ≤ t∗. (7.91)

Let F̂ = ⋃∞j=1Fj, and consider the following two cases:

Case 1: Λ̂2(F̂ ) > t∗. Then

k∗ ∶=min{k ≥ 1 ∶ Λ̂2 (
K

⋃
j=1
Fj) > t∗} (7.92)

exists and is finite. Let F ′ = ⋃k
∗

j=1Fj. Then F ′ ⊆ F , and F ′ is Λ̂2-invariant, and we
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have

0 < Λ̂2(F ′) ≤ Λ̂2 (
k∗−1
⋃
j=1

Fj) + Λ̂2(Fk∗) ≤ t∗ + t∗ ≤ 2−1Λ̂2(F ). (7.93)

Hence F ′ ∈ T (F ). But Λ̂2(F ′) > t∗, a contradiction.

Case 2: Λ̂2(F̂ ) ≤ t∗. This is in fact an equality, because

Λ̂2(F̂ ) ≥ Λ̂2(Fj) → t∗ as j →∞. (7.94)

Since F̂ is Λ̂2-invariant and Λ̂2(F̂ ) = t∗ ≤ 2−1Λ̂2(F ), the set F ∖ F̂ is invariant, and

Λ̂2(F ∖ F̂ ) ≥ 2−1Λ̂2(F ) > 0. Since F ∖ F̂ cannot be ergodic, there exists a Λ̂2-invariant

G ⊂ F ∖ F̂ with 0 < Λ̂2(G) ≤ 2−1Λ̂2(F ∖ F̂ ) ≤ 2−1Λ̂2(F ). Hence, G ∈ T (F ). Define

F ′ = F̂ ∪G. Then F ′ is invariant, and since F̂ ,G ∈ T (F ),

0 < Λ̂2(F ′) = Λ̂2(F̂ ) + Λ̂2(G) ≤ 2t∗ ≤ 2−1Λ̂2(F ). (7.95)

Therefore F ′ ∈ T (F ). But Λ̂2(F ′) = t∗ + Λ̂2(G) > t∗, a contradiction.

This shows that t∗ ≥ 4−1Λ̂2(F ), and (i) follows.

(ii) Define inductively pairs of sets {(F 1
k , F

2
k )}k≥1 as follows: F 1

1 is a Λ̂2-invariant

subset of F such that 4−1Λ̂2(F ) ≤ Λ̂2(F 1
1 ) ≤ 2−1Λ̂2(F ), and F 2

1 = F ∖ F 1
1 . For k > 1,

define F 1
k to be a Λ̂2-invariant subset of F 2

k−1 such that 4−1Λ̂2(F 2
k−1) < Λ̂2(F 1

k ) ≤

2−1Λ̂2(F 2
k−1), and F 2

k = F 2
k−1 ∖ F 1

k . Clearly, for each k ≥ 1, the collection

{F 1
1 , F

1
2 , . . . , F

1
k , F

2
k } (7.96)

is a partition of F into Λ̂2-invariant subsets. We have Λ̂2(F 1
1 ) ≤ 2−1Λ̂2(F ), and for
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each j > 1, Λ̂2(F 1
j ) ≤ 2−1Λ̂2(F 2

j−1) ≤ 2−1Λ̂2(F ). Moreover, Λ̂2(F 2
k ) ≤ (3/4)Λ̂2(F 2

k−1),

and by induction Λ̂2(F 2
k ) ≤ (3/4)kΛ̂2(F ). By taking k = 3, we obtain that Λ̂2(F 2

k ) ≤

(27/64)Λ̂2(F ), and so {F 1
1 , F

1
2 , F

1
3 , F

2
3 } is a partition of F satisfying the desired

properties.

(iii) This result follows by iterating part (ii).

Proof of Theorem 7.2. We may assume without loss of generality that for every θ ∈

(0, π), P̃i(θ,dθ′) is not singular with respect to Λ̂1, for i = 0,1. In the case where

P̃i(θ,dθ′) is singular at points θ in a null set N ⊂ (0, π), we can modify the Markov

kernel so that P̃i(θ,dθ′) = sin θ′dθ′ for θ ∈ N . This modification does not effect the

property that P̃i is symmetric with respect to Λ̂1. It also only effects K̂ on a Λ̂2-null

set by virtue of the coordinate representation (7.16), and it does not affect the set

of invariant measures which are absolutely continuous with respect to Λ̂2.

Because of the product decompositions (7.16), the assumption that P̃i(θ,dθ′) is

not singular, for i = 0,1, is equivalent to the following two statements: For p, q ∈

(0, π),

for every w ∈ A−p and every M ⊂ A+p ,

Λ̂1(M) = 1 implies K(w,M) > 0,
(7.97)

and

for every w ∈ B+q and every M ⊂ B−q ,

Λ̂1(M) = 1 implies K(w,M) > 0.
(7.98)
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With these observations made, the proof proceeds in two steps.

Step 1. Let K̂2(w,dw′) be the Markov kernel on S2 defined by

K̂2(w,B) = ∫
S2
K̂(w′,B)K̂(w,dw′), (7.99)

for w ∈ S2 and measurable sets B ⊂ S2. Fix w∗ ∈ S2
−. Then w∗ ∈ A−p∗ for some

p∗ ∈ (0, π). In this step, we will prove that K̂2(w∗,dw′) is not singular with respect

to Λ̂2.

Define the mapping Π ∶ A+p∗ → (0, π) by

Π(w) = arccos(⟨w,χ1⟩). (7.100)

This mapping projects each w to its ψ1-coordinate with respect to the coordinates

(θ1, ψ1). Equivalently, for each w, q = Π(w) is the unique point in (0, π) such that

w lies in the circle Bq. We claim that Π is injective. To see this, note that for each

q ∈ (0, π), the circles Bq and Ap∗ can intersect in at most two points. If they intersect

in two points, then one point lies in S2
+ and one point lies in S2

−. Thus there is at

most one point w in A+p∗ such that w ∈ Bq.

By (7.12) the representation of Π in the coordinates (θ0, ψ0) is given by

Π(θ0) = arccos((cos θ0 sinp∗)⟨χ⊥0 , χ1⟩ + (cosp∗)⟨χ0, χ1⟩), θ0 ∈ (0, π). (7.101)
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The above map is smooth, with first derivative given by

Π′(θ0) =
sin θ0 sinp∗√
1 − ⟨w,χ0⟩

, (7.102)

which never vanishes for θ0 ∈ (0, π). Consequently, we see that Π ∶ A−p∗ → (0, π) is a

diffeomorphism onto its image.

Let Q be a subset of S2 such that Λ̂2(Q) = 1. We will be done with this step if

we can show that K̂2(w∗,Q) > 0. By (7.16), since w∗ ∈ A−p∗ , K̂(w∗,dw′) is supported

in A+p∗ , and for each w′ ∈ A+p∗ , K̂(w′,dw′′) is supported in B−
Π(w′). Let

Q′ = {w′ ∈ A+p∗ ∶ K̂(w′,Q) > 0}. (7.103)

Assume that Q is a Λ̂2-full measure subset of S2. Then by (7.21) with i = 1,

1 = Λ̂2(Q) = 1

π ∫
π

0
Λ̂1(Bq ∩Q) sin2 qdq, (7.104)

Hence, for almost every q ∈ (0, π), Bq ∩ Q is a Λ̂1-full measure subset of Bq, and

thus Λ̂1(B−q ∩ Q) = 1. Since Π is a diffeomorphism onto its image, it follows that

Λ̂1(B−
Π(w′)∩Q) = 1 for Λ̂1-a.e. w′ ∈ A+p∗ . But if Λ̂1(B−

Π(w′)∩Q) = 1, then K̂(w,B−
Π(w′)∩

Q) > 0 by (7.98). This proves that Q′ is a full measure subset of A−p∗ . Thus by (7.97),

K̂(w∗,Q′) > 0. We conclude that

K̂2(w∗,Q) = ∫
Q′
K̂(w′,Q)K̂(w∗,dw′) > 0, (7.105)

as desired.
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Step 2. We will prove that there exists a Λ̂2-ergodic subset E ⊂ S2 such that

Λ̂2(E) > 0. Given such a set exists, we can define

µE(dw) =
1E(w)Λ̂2(dw)

Λ̂2(E)
. (7.106)

Then µE is an invariant measure which is absolutely continuous with respect to Λ̂2.

Moreover, if F ⊂ S2 is µE-invariant and µE(F ) > 0, then F ∩ E is Λ̂2-invariant.

Consequently, F ∩E is a Λ̂2-full measure subset of E. Hence, F is a µE-full measure

subset of S2. This shows S2 is µE-ergodic, and µE is the desired ergodic measure by

Theorem 7.4.

To prove that such an E exists, suppose for a contradiction that every Λ̂2-ergodic

subset of S2 is Λ̂2-null. By the Radon-Nikodym theorem, for each w ∈ S2, we may

write K̂2(w,dw′) = fw(w′)Λ̂2(w′) + νw(dw′), where fw ∈ L1(Λ̂2) and νw is singular

with respect to Λ̂2. Let Pw = {w′ ∈ S2 ∶ fw(w′) > 0}. By step 1, Λ̂2(Pw) > 0. Also, note

that if F is any Λ̂2-invariant subset of S2, then for almost every w ∈ F , Λ̂2(F ∖Pw) = 0.

Fix k ≥ 1. By Lemma 7.10(iii), we can partition S2 into Λ̂2-invariant subsets

{F1, F2,⋯, F22k} such that 0 < Λ̂2(Fj) ≤ 2−k for 1 ≤ j ≤ 22k. For Λ̂2-a.e. w ∈ Fj,

K̂2(w,S2 ∖ Fj) = 0. This implies that for almost every w ∈ Fj, Λ̂2(Pw) ≤ Λ̂2(Fj) ≤

2−k. Since every point in S2 lies in some Fj this implies that Λ̂2(Pw) ≤ 2−k for a.e.

w ∈ S2. Since k is arbitrary, we conclude that Λ̂2(Pw) = 0 for almost every w ∈ S2, a

contradiction.
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8 Index of Notation

⟨⋅, ⋅⟩ – Kinetic energy inner product, §1.3.4

∣∣ ⋅ ∣∣ – Norm induced by the kinetic energy inner product, §1.3.4

∣∣ ⋅ ∣∣Lp = ∣∣ ⋅ ∣∣Lpµ(X) – Lp-norm on Lpµ(X), §1.2.1

Y ⊂⊂X – The closure of Y lies in X, §6.1.2

A0 – A special subclass of rough collision laws, §1.3.7

B̂ =W c + e2 – Base of the cylinderMcyl, §4.2

Cc(X) – Continuous, compactly supported functions, §1.2.1

Ck(X) – k-times continuously differentiable functions, §1.2.1

C∞(X) – Infinitely differentiable functions, §1.2.1

Ck
c (X) = Cc(X) ∩Ck(X), §1.2.1

C∞c (X) = Cc(X) ∩C∞(X), §1.2.1

CES2
0(R) – A special class of billiard domains with singularities, §6.1.1

χ̃ = (−1,0,1) – Rolling velocity, §1.3.3

χ = (m + J)−1/2(−1,0,1) – Normalized rolling velocity, §1.3.6

dνG – A pseudometric on a space of Markov kernels G, §6.2.3
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D – Disk with satellites, §1.3.1

D0 – Inner body of the disk D, §1.3.1

D(y) – Subset of R2 occupied by D in configuration y, §1.3.1

B – Topological boundary operator, §1.2.1

BregM – Set of regular points of BM, §1.3.2, §4.1

BregΣ – Set of regular points of BΣ, §1.3.1

BsΣ – Set of singular points BΣ, §1.3.1

BregW – Set of regular points of BW , §1.3.1

BsW – Set of singular points of BW , §1.3.1

δ0 = δ0(ϵ) – Radius of a “gap region” §4.1

ej – j’th member of the standard basis for R3, §1.3.2

êj = ej/∣∣ej ∣∣, §1.3.6

η – “Correction” diffeomorphism, §4.3.3

F – Full-measure open set on which KΣ,ϵ is defined, §1.3.5, §4.3.1

Fcyl – Full-measure open set on which KΣ,ϵ
cyl is defined, §4.3.2

F̃ – Open set on which K̃Σ,ϵ is defined, §4.3.3
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Gϵ – “Perturbed” projection onto Q0, §5.3.2

Γroll = BM∩ Ẑ, §4.1

H1 – Smooth perturbation of configuration space, §4.2

H1 – Smooth perturbation of phase space, §4.3.3

Hϵ – Zoomed version of H1, §5.3.1

Hϵ – Zoomed version of H1, (5.212)

Hd – d-dimensional Hausdorff measure, §4.1, §6.1.1

Int – Topological interior operator, §1.2.1

J – Moment of inertia of the disk D, §1.3.1

KΣ,ϵ – Collision law associated with the wall W (Σ, ϵ), §1.3.5, §4.3.1

KΣ,ϵ – Markov kernel representation of KΣ,ϵ, §1.3.5, §4.3.1

K – Rough reflection law, §1.3.5,§4.3.1

KΣ,ϵ
cyl – Cylindrical collision law associated with W (Σ, ϵ), §4.3.2

KΣ,ϵ
cyl – Markov kernel representation of KΣ,ϵ

cyl , §4.3.2

K̃Σ,ϵ – Modified collision law associated with W (Σ, ϵ), §4.3.3

κ(p) – Unsigned curvature of BW at point p, §1.3.1
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κmax = sup{κ(p) ∶ p ∈ BregW}, §1.3.1

κ – Max curvature with lower cutoff, (5.101)

L – Max chord length with lower cutoff, (5.101)

Lip(f) – Lipschitz constant of the function f , (5.61)

Lp = Lpµ(X) – Set of p-integrable real functions on measure space (X,µ), §1.2.1

Λ1 – Billiard invariant measure on R × S1
+, §1.2.2

Λ2 – Billiard invariant measure on P × S2
+, §1.3.5

m – Mass of disk D, §1.3.1

M – Configuration space of the disk and wall system, §1.3.2, §4.1

Mcyl – Cylindrical configuration space, §1.3.3 §4.2

Mreg =M∖S, §1.3.2, §4.1

Mroll =M∩ Ẑ, §4.1

N – Number of satellites of disk D, §1.3.1

O± =H1(R3
± ∩ Ẑ), §4.3.3

Ω = Ω(ϵ) – §5.2, §5.3.5

PW – Macro-reflection law associated with wall W , §1.2.2
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PΣ,ϵ = PW (Σ,ϵ), §1.2.4

PΣ,ϵ = PW (Σ,ϵ), §1.2.4

PW – Markov kernel representation of PW , §1.2.2

P – Rough reflection law, §1.2.2, §6.2.2

P̃ – Velocity component of rough reflection law, §1.2.4

P̃Σ,ϵ – Macro-reflection law averaged over one period, §2.1

P = {(x1, x2, α) ∶ x2 = 0}, §1.3.2

P̃ =H1(P ∩ Ẑ), §4.3.3

Q0 = {(x1, x2, α) ∶ α − 0}, §1.3.3

R,Rq – Specular reflection maps, §1.3.4, §6.1.2

Rϵ – Narrow parallelogram, §5.2

R2
± = {(x1, x2) ∈ R2 ∶ ±x2 > 0}, §1.2.2

R3
± = {(x1, x2, α) ∈ R3 ∶ ±x2 > 0}, §1.3.5

ρ = ρ(ϵ) – Angle between consecutive satellites in D, §1.3.1

qρ−1 – Generalized inverse of ρ, (5.102)

Sk – k’th satellite in D, §1.3.1
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Sk(y) – Point in R2 occupied by Sk in D(y), §4.1

S1 – Unit circle in R2, §1.2.2

S1
± = S1 ∩R2

±, §1.2.2

S2 – Unit sphere in R3 with respect to the norm ∣∣ ⋅ ∣∣, §1.3.5

S2
± = S2 ∩R3

±, §1.3.5

S – Set of singular points ofM, §4.1

σr – Scaling map, §5.3.1

Σ – Cell for building a periodic wall, §1.2.4

Σ̃ – Foreshortened cell, §1.3.7

τjk, τ jk – Translation maps, §4.3.1

τ
(s)
jk , τ

(s)
jk – Translation maps, §4.3.2

W – Wall of billiard table in R2, §1.2.2

W (Σ, ϵ) – Periodic wall determined by Σ and ϵ, §1.2.4, §1.3.1

W̃ =W (Σ̃, ϵ̃) – Foreshortened wall, §1.3.7

Z – Set of angular coordinates where cylindrical approximation is feasible, §4.1

Ẑ = R2 × Z, §4.1
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Z0 – Component of Z containing α = 0, (4.35)

Ẑ0 = R2 × Z0, (4.35)
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