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A rough collision law describes the limiting contact dynamics of a pair of rough rigid
bodies, as the scale of the rough features (asperities) on the surface of each body
goes to zero. The class of rough collision laws is quite large and includes random
elements. The main results of this work characterize the rough collision laws for a
freely moving rough disk and a fixed rough wall in dimension 2. Any collision law
which (i) is symmetric with respect to a certain well-known invariant measure from
billiards theory, and (ii) conserves the projection of the phase space velocity onto
the “rolling velocity” is a rough collision law. We provide a method for explicitly
constructing rough collision laws for a broad range of choices of microstructure on
the disk and wall. Having established the collision dynamics, we also investigate
the ergodic properties of the system consisting of a rough disk bouncing between
two parallel rough walls. For such a system, we describe necessary and sufficient

conditions for when Lambertian measure is ergodic. In our introduction, we review



past work in billiards, including characterizations of other rough billiard systems
due to Plakhov , and Angel, Burdzy, and Sheffield , which our results build

upon.
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1 Introduction

1.1 Motivation and main results

1.1.1 Frictional collisions

Frictional forces between colliding physical bodies arise from a combination of elec-
trical forces and asperities (microscopic rough features) on the surface of each body.
Most mathematical models for friction are phenomenological, in the sense that they
do not reduce to more fundamental physical principles and typically contain basic
parameters (e.g. the coefficient of friction) depending on the physical materials in
play, which must be determined through empirical measurement. Models for fric-
tional collisions can lead to paradoxical results, and there is no single model which
describes friction well in all scenarios (see the review [§]). The statistical mechanical
point of view has been taken much more rarely, and the relationship between the
microscopic surface features on each body and the macroscopic contact dynamics is
only vaguely understood.

This monograph is a mathematical work concerned with an idealized statistical
model for frictional collisions. We derive dynamics under the following assumptions:
(1) the frictional forces arise only from rigid asperities on the surfaces of each body
(and not from electrical forces); and (2) the kinetic energy of the colliding bodies is
conserved.

These postulates allow us to frame our objective in the language of mathematical

billiards. Consider two rigid bodies whose surfaces are endowed with small geometric



features — bumps, crevices, etc. Associated with the two bodies is a “collision law”
which governs the dynamics when the two bodies collide. The physical assumptions
of our model imply that a collision may be represented by a point particle undergoing
specular (mirror) reflection from the boundary of the configuration space. A rough
collision law will be defined as a limit of a sequence of collision laws as the scale of the
asperities on each body goes to zero. The limiting collision law may in general have
a random “noise” component, and thus an appropriate sense of convergence must
be defined to capture the full breadth of possible limiting behavior. Our goal is to

describe the kinds of collision laws which may arise from such a limiting procedure.

1.1.2 Rigid body collisions

The mathematical literature on rigid body interactions falls into two categories. On
the one hand, we find extensive literature on hard sphere models, where the particle-
to-particle interactions are simple to describe. On the other hand, the literature on
colliding rigid bodies of more general shape is much more restricted in scope, being
mainly concerned with foundational issues (well-posedness) and describing the local
(in space and time) contact dynamics.

Problems about interacting rigid bodies become an order of magnitude harder
when one passes from spherical to non-spherical bodies. In the latter case, the con-
figuration space can contain complicated singularities, and the dynamical evolution
may not be well-defined for a small set of initial conditions, even for smooth bodies.
This leads to paradoxes. The authors of , for example, construct convex non-

spherical rigid bodies which, for certain initial conditions, must either interpenetrate



upon collision or violate the classical balance laws of rigid body mechanics. Cox,
Feres, and Ward have developed a theory of rigid body collisions from a differen-
tial geometric point of view [10]. To avoid issues with singularities, these authors
assume that the difference in the shape operators on the boundaries of the two bod-
ies, expressed in a certain common frame, are non-singular. One can also consider
weak solutions to the dynamical equations governing rigid body interactions. Bal-
lard has developed an existence theory along these lines . Wilkinson shows that
typically such systems are underdetermined in the weak sense . A rare case in
which a well-known hard sphere model has been extended to the non-spherical set-
ting is Saint-Raymond and Wilkinson’s study of the Boltzmann equation [36]. The
challenges described by these authors in their introduction exemplify the general
difficulty of working outside of the hard sphere paradigm.

Rough collisions have the potential to provide a kind of mean between well-
understood questions in the hard sphere setting, and their corresponding general-
izations to rigid bodies of more arbitrary shape. In the rough collisions setting, one
can choose the microscopic features to be quite complicated, even fractal-like, while
keeping the macroscopic shape of each body relatively simple (e.g. a sphere). In the
limit as the scale of the rough features goes to zero, the complicated singularities
in the configuration space become invisible, but some information about the rough

features is still preserved in the limiting rough collision law.



1.1.3 Model and main results: informal description

Our main results characterize collisions between a freely moving rough disk and a
fixed rough wall. This characterization provides a way to explicitly construct the
collision dynamics for various choices of microstructure on the disk and the wall. We
give a mathematically rigorous description of our model in §1.3] stating our main
results in §1.3.7] Here we limit ourselves to an informal description of our model and
results.

Consider a disk D with unit radius, moving freely in two-dimensional space and
colliding with a fixed wall W lying in the lower half-plane {(z1,22) € R? : 25 < 0}.
The surfaces of the disk and the wall are covered in small asperities. We allow the
asperities on the wall to be fairly arbitrary in shape, while requiring the asperities of
the disk to be of a quite specific type, namely “geostationary satellites,” as illustrated
in Figure [ The satellites should be spaced far enough apart that the event that
multiple satellites interact with the wall during a single collision is rare. During
a collision event, a single satellite may hit the wall multiple times however. The
limiting (possibly random) collision dynamics, obtained as the scale of the roughness
on D and W goes to zero, are governed by a rough collision law, which specifies the
post-collision linear and angular velocities of the disk after it leaves the wall.

The somewhat unrealistic surface structure on D is necessary to avoid some of the
difficulties encountered in rigid body mechanics, described above. If the satellites are
too close together, then the boundary of the configuration space will be too singular
to derive the kinds of estimates needed to prove our main results. The model is

nonetheless “universal,” in a sense to be described shortly.
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Figure 1: The collision dynamics are too complicated to describe when we put ar-
bitrarily shaped asperities on both D and W (left). The problem becomes more
tractable if we assume the asperities on D are well-spaced “geostationary satellites”
(right).

We represent the state of the system by a sextuple (x1, s, @, vy, vy, w), where
(71,72) is the center of mass of D in R? and « its angular orientation, and (vy,v9) is
the linear velocity of the disk and w its angular velocity. We assume in our analysis
that the mass density of the disk is rotationally symmetric, and that the kinetic
energy of the system is conserved.

There are three properties which we expect the disk and wall system with rough

collision dynamics to satisfy.
(I) Liouville measure on the phase space dzjdzodadv;dvadw should be preserved.

(IT) The collision dynamics should be “time-reversible,” in the sense that the evo-
lution of the system will look the same from a statistical point of view, whether

time is run forward or backward.

(III) The quantity

-muy + Jw, (1.1)

where m is the mass of the disk and J is the moment of inertia of the disk



about its center of mass, should be conserved.

The basis for properties (I) and (II) comes from billiards theory. It is well-known
that the dynamics of classical billiard systems preserve Liouville measure and are
time-reversible. Consequently, the rough collision dynamics, obtained in the weak
limit, should also preserve Liouville measure and be time-reversible.

The intuition behind (I1T) is that the quantity is the projection (with respect
to an inner product coming from kinetic energy) of the phase space velocity onto the
“rolling velocity” x = (=1,0,1). If the disk comes into contact with the wall with
velocity (vy,vg,w) »~ (=1,0,1), then the disk will “roll” along the wall. The relative
velocity of the wall and the point of contact on the disk will be negligible. Conse-
quently the impact will be negligible, and the disk will continue rolling indefinitely
with approximately the same velocity as before. In other words, translation in the
direction y should be a “symmetry” of the system.

Modulo some technical assumptions, our main results (Theorems , , and
say that a rough collision law not only satisfies properties (I)-(III), but these
properties characterize the class of rough collision laws for the disk and wall system
described above. That is, any collision law which produces dynamics satisfying (I)-
(III) may be approximated by a deterministic collision law obtained by equipping W
with small, appropriately shaped asperities.

Note that the heuristic justification for properties (I)-(III) does not depend on
the special surface structure imposed on D. Thus the range of dynamics manifested
in our model is much broader than the setup suggests.

Contained in our results is a way to construct rough collision laws. A rough



collision law is described by a Markov kernel K(yi,ys,0,;dy;dyid6’dy’), where
(y1,y3) are a certain choice of coordinates on the zja-plane in the configuration
space, and (6,1) are spherical coordinates on the velocity space. We will see that

rough collision laws always take the form

K (y1. Y3, 0,93 dydysdf'de’) = 6y, ) (dyidys)B(8,d0) 0y (d0).  (1.2)

The single non-trivial factor P describes the way a point particle reflects from a rough
wall W, obtained by foreshortening the original wall W in one direction by a factor
of (1+m/J)Y2. In many cases, the Markov kernel P can be computed explicitly.

The proof of our main results depends on a characterization of rough reflection
laws, discovered independently by Plakhov and by Angel, Burdzy, and Sheffield (see
. and . The main novelty in this work — as well as the main technical
challenge — is to prove rigorously that the quantity is conserved.

The results of this book relate to the work of R. Feres and collaborators on two
separate fronts — first, in relation to rough reflections (see , and second, in
relation to no-slip collisions, a type of idealized, deterministic frictional collision
(see . Our results imply that no-slip collisions belong to the class of rough
collisions; thus the dynamics of a freely moving disk and fixed wall undergoing no-slip
collisions can be approximated by a pair of bodies undergoing classical non-frictional

collisions.



1.1.4 Ergodicity

Having described the collision dynamics, we can next consider the long-term evolu-
tion of more complex billiard systems with rough collisions. For example, suppose
that a rough unit disk D moves freely in the strip {(z1,22) : =1 < 29 < 1+ 71}, and
undergoes a rough collision when it hits either of the two walls. In this setting,
locally, collisions with each wall conserve a quantity of type . But the conserved
quantity associated with each wall is not the same, and thus no quantity of type
is conserved globally.

Under relatively weak conditions on the Markov kernel @(H,dH’ ) appearing in
the product decomposition , we will see that the discrete velocity evolution
of the system tends to explore the entire constant-energy level set in the phase
space of the system. The conditions under which this occurs are that (1) the angle

= arccos( ) is not a rational multiple of 7, and (2) the Markov kernel @(9, do’)

1
1+J/m
is ergodic and is not singular with respect to Lebesgue measure. Ergodicity of P is

also a necessary condition for this result to hold. The precise statement of these

ergodicity results is given in Theorems and

1.1.5 Organization

Rough collisions belong to a subbranch of stochastic billiards which we refer to as

rough billiards. An introduction to past work in this subject area may be found in

§1.21 A more rigorous description of our model and main results is given in §1.3]
The purpose of §2|is to apply our main results to construct a number of examples

of rough reflection laws and rough collision laws, for various choices of microstructure



on the wall W.

A collision between two rigid bodies may be represented by a point mass reflecting
specularly from the boundary of the configuration space. This fact allows us to apply
techniques from billiards theory to analyze our model. In §3] we derive from physical
principles in rigid body mechanics the specular reflection law for our model.

§4] is devoted to preliminaries for the proof of our main results. First comes a
careful description of the elementary properties of the configuration space of the disk
and wall system. Subsequent sections provide a rigorous definition of the collision
law associated with the system, and introduce two auxiliary collision laws which play
a role in our proofs.

Our main results characterizing rough collision laws are proved in For a
high-level summary of our arguments, see also §1.3.8

is concerned with the “abstract theory” of rough billiards. Both the rough
reflections described in and the rough collision laws introduced in are special
cases of the rough reflections defined in We will refer to results proved in this
section a number of times throughout the book.

{7 investigates the ergodicity of a billiard system consisting of a rough disk bounc-
ing between two parallel rough walls. The main result of this section characterizes
when the Lambertian measure is an ergodic measure for the discrete velocity evolu-

tion of the system.
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1.2 Rough billiards

The following section serves two purposes: first, to introduce results concerning rough
billiards in the upper half-plane, upon which the main results of this work depend;
and second, to provide a general survey of past work in rough billiards. Consequently,

we are careful about giving technically accurate statements in §§1.2.2H1.2.5] whereas
the style of §§1.2.6) is a bit more informal.

1.2.1 Notation and other conventions

We will use the following notation throughout the book. If X is a topological space

and Y c X, then IntY and Y denote, respectively, the topological interior and closure

10



of Y relative to X. The notation dY := Y nY* always refers to the topological
boundary of Y relative to X, and should not be confused with the boundary of a
manifold. Context will be sufficient to distinguish the ambient space X in most cases
(usually X = R? for some d > 1).

We let C.(X) denote the space of compactly supported functions on X. If X
has the structure of a differentiable manifold and k > 0, then C*(X) denotes the
space of k-times continuously differentiable functions on X, and C'*°(X') denotes the
space of infinitely differentiable functions on X. We let C*(X) = C.(X) n C*(X)
and C=(X) = C.(X)nC>(X).

If (X,u) is a measure space and 1 < p < oo, then L}, (X) denotes the space of
p-integrable functions on (X, ). We denote the LP-norm on this space by |-z x)-
We suppress X and g from our notation if they are clear from the context.

If f,g:R — R, are real functions, we write f = O(g) if limsup,_, f(t)/g(t) < oo,
and we write f = o(g) if lim;_q f(¢)/g(t) = 0.

If B is a subset of R%, and v is a vector in R?, then we denote the translate of B
by v as follows: B+v:={peR?:p-ve B}.

Here and throughout the book, the term billiard refers to any dynamical system
in which a point particle moves linearly in the complement of a closed subset W c
R4 and reflects from the boundary of W (specularly or according to some other
rule). The subset W is called the wall, and is usually assumed to have a piecewise
smooth boundary (where the meaning of “piecewise smooth” is made precise in more
specific contexts). The complement of the interior of W is referred to as either the

billiard table or billiard domain. The piecewise linear curve traced out by the point

11



particle for some choice of initial conditions is called the billiard trajectory. For more

background on mathematical billiards, we refer the reader to [E[] and .

1.2.2 Rough billiards in the upper half-plane

We begin by describing the construction of rough billiards in the upper half-plane.
Our approach is essentially the same as that of , and similar to that of .
The billiard table we initially consider is the complement of a closed set W c R?

satisfying the following assumptions:
Al. W is the closure of its interior in R2.
A2. R2\ W is path-connected.

A3. The following inclusions hold: R x (-o0,-1] ¢ W c R x (-00,0]; thus éW c
R x[-1,0].

Ad. oW = U Ty, where {I';};51 is some collection of compact curve segments sat-

isfying the following conditions:
(i) The collection {I';};»; is locally finite, in the sense that any bounded set
intersects only finitely many of the curve segments I';;

(ii) each I'; is the image of an injective C? map =; : [0,1] - R? with nonvan-
ishing left and right-hand derivatives (where C? means that +; has a C?

extension to an open interval containing [0,1]);

(iii) the curves I'; are allowed to intersect each other only at their endpoints;

and

12



(iv) for each i, if T'; intersects the line {(z1,22) : 22 = 0} at a point other than

one of its two endpoints, then I'; ¢ {(x1,x2) : 25 = 0}.

In condition A4, the decomposition of dW into curve segments I'; is not unique.
We shall refer more generally to a curve I' with a decomposition I' = U;5; I'; such
that conditions (i)-(iii) are satisfied as a piecewise C? curve. Condition (iv) lets us
avoid certain pathological situations when defining the macro-reflection law below
(we would like to avoid the situation where some I'; intersects the line x5 = 0 in a
“fat Cantor set” for example). In most typical situations, it will be easy to choose a
decomposition of dW such that (iv) holds.

Let R2 = {(x1,23) € R? : a9 > 0}. Consider a point particle moving freely
in We and reflecting specularly (angle of incidence equals angle of reflection) from
0W. When the point particle leaves the upper half-plane R2, the particle may hit
JW multiple times before returning to the upper half-plane, as illustrated in Figure
2l The limiting behavior of this interaction as e - 0 will be described by a rough
reflection law.

The kinetic energy of a point particle with velocity v = (vy,v9) is the quantity

1
2

1
2

vi + sv3. We assume that kinetic energy is conserved for all time. Without loss
generality we take the velocity of the point particle to be restricted to the Euclidean
unit circle St ¢ R? for all time. We identify points in S! with angles 6 in the interval
[0,27), and we let SI =S'nR2 = (0,7) and St =S nR? = (7, 27).

The macro-reflection law associated with W is the map PV : RxS! - R x S!
defined as follows. As shown in Figure [2] if initially the point particle starts on

the xi-axis with velocity pointing into the lower half-plane R2?, its state may be

13
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Figure 2: The macro-reflection law maps the initial state (z,0) to the state (x',6").

represented by a pair (z,6) € R x SL, where x is first coordinate of the particle on
the zi-axis, and 7 + 0 € S! is its velocity. After reflecting from the boundary oW a
certain number of times, the particle returns to the xj-axis at a position ' € R and

with velocity ¢’ € SL. We define

PV (x,0) = («/,0"). (1.3)

The term “macro-reflection law” should be understood in contradistinction to the
specular reflection law which describes the “micro” reflection of the trajectory from
OW at a single instant in time.

The map PV may fail to be defined at pairs (x,6) such that the billiard trajectory
hits the boundary dW tangentially or at a “corner” or never returns to the z;-axis.

Thus we impose the following additional assumption.

Ab. For almost every (x,0) € R x S!, the billiard trajectory starting from (z,6) is
well-defined for all time, and returns to the x;-axis after only finitely many

collisions with W.
This condition is implied by conditions A1-A4 together with either one of the fol-

14



lowing conditions:

Aba. There exists a countable collection {R;} ;51 of disjoint bounded open subsets of

R2 such that R2 \W = Uz R;.

A5b. The wall W is e-periodic in the xi-coordinate, in the sense that

W ={(z1,22) : (x1 —€,29) e W} =W +€e;, where e; =(1,0). (1.4)

The first condition means that the point particle will always become trapped in some
bounded region when it interacts with the wall. Both conditions allow us to apply the
Poincaré Recurrence Theorem to obtain A5. For more details, we refer the reader to
§0, where we define macro-reflection laws in a more general setting. See specifically
the discussion of upper half-space billiards in §6.2.4]

Define a measure A! on R x S! by

A (dzdf) = sin fdxde. (1.5)

The most important elementary properties of P are summed up in the following

proposition.

Proposition 1.1. (i) The map PV is involutive in the sense that P o PV (z,0) =
(z,0) whenever the left-hand side is defined.
(11) The map PV preserves the measure A' in the sense that, for any measurable
set Ac R xS,
AY(PT)TH(A)) = AN(A). (1.6)

15



dx1dxodf = sin Odxdtdb
($1, 5132)

0

Figure 3: If (x1, x2,0) is the state of the point particle, then xo = tsin, where ¢ is the
time to hit the z;-axis. Liouville measure in these new coordinates is sin 6dx,d¢dé.

To understand (i), note that specular reflection is involutive; so “running the
evolution backward” from (a',0") :== PW(x,0), the trajectory is guaranteed to return
to the xj-axis in state (z,0). Part (ii) is a corollary of a well-known theorem in
billiards theory (see Lemma . If we accept that the continuous billiard evolution
should preserve Liouville measure dx;dzsdf on the phase space, then Figure[3|should
make property (ii) quite believable. A more general version of Proposition is
proved in §6| (see Proposition .

The macro-reflection law P"W is naturally associated with a deterministic Markov

kernel on R x S!, defined by

PV (x,0;d2'dl") = 6pw (, 6y (dz’dl"). (1.7)

In what follows, by “wall” we mean a subset W c R? satisfying conditions A1-A5.

Definition 1.2. We call a Markov kernel P on R x St a rough reflection law in the

upper half-plane R? if there exists a sequence of positive numbers ¢, - 0 and a

16



sequence of walls W, such that 0W,, c {(x,x2) : —€, < 22 <0} and
P (z,0;dz'd0") A (dxdf) — P(z,0; dz’d0") A (dxdd) (1.8)

weakly in the space of measures on R x §2.

The two properties of macro-reflection laws PV described in Proposition carry

over to rough reflection laws in the following sense.

Proposition 1.3. Let P(x,0;dz'd6") be a rough reflection law. The Markov kernel

P is symmetric with respect to the measure A', in the sense that, for any f € C.((Rx

$1)%),

f f(a,6,2',0')B (2,0 da'd8) A (ded)
(o) (1.9)
=f( : f(2', 0", z,0)P(x,0;dx’'d0")A* (dzdb).

RxS1)2

Symmetry generalizes time-reversibility in the sense that the left-hand side of
(1.9) is transformed into the right-hand side by interchanging the pre- and post-
reflection variables (x,0) and (x',0"). Symmetry also implies that P preserves Al.

Indeed, by letting f(x,0,2',0") 1 g(z',0") € C.(R x S2) in (1.9)), we obtain

/( L 0(a". 0Bz, ;a0 )N (dad) = f g(z,0)A} (dzdd). (1.10)
RxSL)2 RxSL

Proposition [I.3]is a special case of Proposition [6.8, proved in §6]

Remark 1.4. In Definition it is equivalent to replace A! with any measure which

is mutually absolutely continuous with respect to Lebesgue measure on R x St. The
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measure A' happens to be a convenient choice, due to Proposition [1.3]

Remark 1.5. The convergence (1.8) means that, for any h(z,0,z',0") € C.((R x
S1)%),
lim sy h(z,0,2',0" PV (y,w; dy'dw’)A*(dzdd)
n—oo RXSi

‘/(\ S ) h(x’ ,SC/, /) (va;dy/dw,)/\ (dl’d@)
Rx 1y2

Since the tensor product C*(R x S!) ® C*(R x S!) is dense in C.((R x S1)?), it
is sufficient to verify (1.11]) for functions for form A(y,w,y’,w’) = f(y,w)g(y’',w'),

where f,g e C>(R xSL).

Remark 1.6. There is a sense in which P"» converges to P as a limit with respect
to a pseudometric topology on the space of Markov kernels on R xS!. This topology
is described in

Some care must be taken when working with this sense of convergence, because
limits may not be unique. With respect to the pseudometric, the distance between
two Markov kernels P and P’ is zero if and only if P(-;dzdf) and P'(:;dzdf) agree
on a A'-full measure subset of R x S!. If we identify Markov kernels which agree on
a Al-full measure subset of R x S, then limits will be unique and the pseudometric

will be a metric.

From this point on, we will write lim;_,., P"» =P to indicate that ([1.8]) holds.
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1.2.3 Simple example: the rectangular teeth microstructure

A simple example of a rough reflection law may be obtained by considering a sequence
of walls W,, with periodic boundary structure consisting of “rectangular teeth.” That

is, we first define real functions

0 if 2ke, <x < (2k +1)e,,
to(x) = for k e Z. (1.12)

-re, if (2k+1)e, <x < (2k +2)e,

See Figure [0]in §2] The quantity > 0 is a fixed parameter representing the ratio of
the height of the teeth to the width. We define

W, ={(x1,22) : g <t (1)} (1.13)

If v= = (vy,v3) is the incoming velocity of a point particle, then after hitting W, a
certain number of times, the particle will return to the upper half-plane with velocity
either v* = (v, -vy) or v+ = (—vy, -vy) = —v~. The first of these velocities corresponds
to a specular reflection, while the second corresponds to a retroreflection — i.e. a
reflection in which the outgoing trajectory of the point particle goes in the opposite
direction as the incoming trajectory. Thus, as €, — 0, we expect the limiting rough
reflection law to randomly select between specular reflection and retroreflection.

In §2] we derive explicit formulas for rough reflections from several different types

of microstructures, including the rectangular teeth microstructure described above.
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1.2.4 Periodic case

We now comment on the special case where the wall W satisfies the periodicity
condition Abb. In this setting, it is useful to abstract the shape of the wall from
the scale. In the limit, as the scale of the wall goes to zero, we expect at least some
information about the shape of the wall to be preserved, and we would like to be
able to talk about the shape of the wall independently of the scale.

To accomplish this, we observe that a periodic wall is determined uniquely by a
pair (X, €), where ¥ is a subset of S! x (—o00,0] with 0% c St x [-1,0], and € > 0. In
particular, W is the unique wall satisfying periodicity condition such that the

image of W under the covering map

(21, 29) = (2™ e lay) : R x [=¢,0] = S x [-1,0] (1.14)

is 3. We denote the wall so determined by W (X, ¢). Drawing on terminology from
Feres , we refer to X as the cell and we refer to € > 0 as the roughness scale.

If the wall W = W (X, €) arises from a cell and roughness scale, as described above,
then we will denote the corresponding macro-reflection law by P,

To illustrate the use of this concept, consider rough reflections from a “fractal
microstructure.” In general, fractals do not have well-defined normal vectors at most
boundary points, so we cannot define specular reflection on such a surface directly.
But sense can be made of this in the case of rough reflections. For example, we might
take 3, to be a sequence of sets generating a fractal whose boundary is a Koch curve

— see Figure [l A rough reflection “from a Koch curve microstructure” can then be
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Figure 4: Reflections from a Koch curve.

defined as a rough reflection obtained as the limit (in the sense of (1.8)) of a sequence
of deterministic Markov kernels P>~ where €, is a sequence of positive numbers
converging to zero. The paper carries out numerical experiments for a related
model.

Conditions on Y which are sufficient to guarantee that the wall W = W (X, ¢)

satisfies conditions A1-A5 are the following:
B1l. ¥ is the closure of its interior in S x R.
B2. S! xR\ X is connected.

B3. The following inclusions hold: S! x (-oo0,-1] ¢ 3 ¢ S! x (-00,0]; thus 0% c
St x [-1,0].

B4. There exists a finite collection of compact C? curve segments {I';}7, such that
0¥ = U™, T;. The curve segments I; satisfy conditions A4(i)-(iv), with the

obvious modifications.
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We of course get the periodicity condition A5b for free.

One condition which is sufficient to guarantee that Ab5a holds is:

B5. There exists a non-trivial loop v ¢ S! x R, starting and ending at the point

(1,0), which lies entirely in X.

Here “non-trivial” means that 7 cannot be contracted in S' x R to a point. This
condition implies the points (ek,0) € R2, where k € Z, all lie in a single connected
component of W =W (X, €). Condition B5 will always be satisfied if 3 is connected,
satisfies conditions B1-B4, and contains the point (1,0) € St x R.

The main reason we would want to impose the condition B5 is the following. Un-
der generic circumstances, we expect a rough collision law obtained from a sequence

of periodic walls to take the form

P(x,0;dz'dd") = 6,(dz")P(0,do"). (1.15)

The intuition behind this is that the point particle should leave a rough wall at
approximately the same spatial position that it hits. Moreover, if the microstructure
on the wall is periodic, then the distribution of the angle of reflection 6 should only
depend on the angle of incidence #, and not on the position where the particle hits
the wall. Lemma from §2| implies that if P = lim,, . P¥»¢, where the cells ¥,
satisfy B1-B5, then PP takes the form . The assumption B5 guarantees that the
billiard trajectory will get trapped in small “hollow” within a single period of the
wall W, and consequently the distance between the points where the trajectory first

hits and returns to the x;-axis will be of order e apart.
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Although we do not know of a specific counter-example, it is most likely not
possible to obtain if we just assume conditions B1-B4. One can imagine
constructing a periodic wall with a large “asteroid field” of connected components,
such that the point particle will be forced to travel a great distance, reflecting from
the various components many times, before eventually leaving the wall. If each wall

W, is constructed in this way, the limiting reflection law might not satisfy (|1.15]).

Remark 1.7. We can, however, weaken condition B5 as follows, and (|1.15)) will still
hold:

B5’. There exists a € [-1,0] and u € S' such that
St x (=o0,-1] c X c S x (~00,a], (1.16)
and there exists a nontrivial loop v ¢ S! x R starting and ending at the point

(u,a), which lies entirely in X.

Under this assumption, the proof of Lemma [2.1) in §2] goes through with only minor

modifications.

Remark 1.8. The factor P(0,d6") is a Markov kernel on St. When P takes the form
(1.15)), the symmetry property (1.9)) reduces to the following: for any f € C.(S! xS!),
fg L, J0.0)P(0,40)sinag - fS , JO.0)F(0,a0)sinbas. (1.17)

¥

For more information on the situation when W is periodic, see §2.1]
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1.2.5 Characterization of rough reflections laws in upper half-plane

Rough reflections were originally characterized by Plakhov in the context of opti-
mization problems in aerodynamics. This author’s setting is quite general and at
least superficially different from the one above, considering the scattering law on a
bounded convex body in R?, instead of the rough reflection law in the upper half-
plane. Angel, Burdzy, and Sheffield independently obtained a characterization of the
rough reflection laws as we have defined them above. We state this characterization
first, since it is the one most closely related to the main results obtained in this work.
In we discuss Plakhov’s ideas and how they are related to the result which we

state presently.

Theorem 1.9 (1| Theorem 2.3). Suppose P(z,6;dz'df’) = (L,(dx’)@(xﬁ;de’) and s
a symmetric with respect to the measure A in the sense of . Then there exists
a sequence of walls W, with piecewise analytic boundaries OW,, ¢ {(z1,22) : =1/n <

x9 <0} such that

PYo (x,0;d2’'dd" )AL (dzdh) — P(z, 0; dx’d0") A (dzdb), (1.18)

weakly on the space of measures on R x S!.

Remark 1.10. The actual walls W, constructed in I, Theorem 2.3] have boundaries
0W,, which satisfy the following conditions: (1) the boundary is composed of a
locally finite collection of compact, analytic curve segments (where analytic on a
compact interval means having an analytic extension to an open interval); (2) the

curve segments intersect only at their endpoints and do not form cusps at their

24



intersection points (i.e. the angle between two intersecting curve segments at their
endpoints is not zero); (3) each curve segment either has non-vanishing curvature of
one sign or is a line segment; and (4) the condition Aba (see above) is satisfied. Thus

the walls satisfy the same hypotheses as those of [@, Chapter 2] for example.

To appreciate the significance of Theorem [I.9] consider the following two Markov

kernels which are easily shown to be symmetric with respect to the measure A'.
e retroreflection: P(x,0;daz'd6") = 6,0y (dx’dd’).

e Lambertian reflection: P(z,0;da’dd") = £5,(dz’) sin'de".

-2

The first of these reflection laws is deterministic. Examples of approximate retro-
reflectors in real life include cat’s eyes and street signs with reflective paint .
The second reflection law is random. It was introduced by Lambert in 1760 to
model light reflecting from a matte surface [L9]. There are many other examples
of Markov kernels which preserve the measure A! and have a trivial spatial factor
0. (dx") (the collection of deterministic reflection laws alone is isomorphic to the
space of measure preserving transformations of (0,1) with Lebesgue measure — see
Remark . Theorem says that each of these is a rough reflection law; that
is, each may be approximated by a deterministic reflection from a surface with a
geometric microstructure.

In the case where P(z,6;dz'dd") = 5w(dx’)@(0, d#’), the sequence of approximat-

ing reflectors may be taken to be periodic.

Corollary 1.11. Suppose P(x,0;dz'dd") = 5,(dz")P(0,d0"), where P is a Markov

kernel which is symmetric with respect to the measure sin0d@ in the sense of .
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Then there exists a sequence of cells {3, }ns1 (satisfying conditions B1-B5) and pos-

itive numbers €, — 0 such that

P (2, 0; da’d0") A (dzdf) — P(x, 0; da’dd") A (dzdh), (1.19)

weakly on the space of measures on R x S!.

Remark 1.12. We call this a “corollary” because it follows from the proof of Theo-
rem 2.3 in . In this proof, the sequence of approximating reflectors W, is obtained
by locally constructing reflectors beneath the intervals [k/n, (k+1)/n] in the x;-axis
for k € Z, and then piecing the reflectors together. When P does not depend on
x, these local reflectors can be taken to be of the same type on each interval, and

consequently W, is periodic.

Remark 1.13. Tt will follow from Lemma[2.1]that the limit of P*»¢ does not depend

on the choice of positive numbers ¢, — 0, but only on the sequence of cells {¥,}.

1.2.6 Operators on a Hilbert space

What information about the microgeometry of the rough surface can be recovered
from the rough reflection law P? In a series of papers, Feres and collaborators have
sought to address this and related questions.

These authors are motivated in part by a problem in gas kinematics. Suppose that
an inert gas at low pressure is released from a long but finite cylindrical chamber
with rough interior walls. How is the microgeometry of the interior walls related

to the time of escape of the gas particles? Questions of this nature go back to
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Knudsen’s studies of gas kinematics in 1907 (see [21], [I2]). Knudsen assumed,
based on physical heuristics, that the angle of reflection of a gas particle from the
interior wall is independent of the angle of incidence, and hence the distribution of
the angle of reflection is %sin 0dé (the same distribution introduced by Lambert in
optical studies, as noted above). This is of course directly related to the fact that P
preserves the measure sin 6d6.

Consider the case of a periodic wall where the sequence of cells ¥, = ¥ is constant.
Recall that in this case, rough reflection laws take the form . It is proved in
that P is a bounded self-adjoint operator on the Hilbert space L2(S!,sin6df).
Self-adjointness is a direct consequence of the time-reversibility property mentioned
above. Moreover, under additional assumptions (more or less, the sides of ¥ should
be dispersing or Sinai), P becomes a Hilbert-Schmidt operator.

The time for a gas particle to exit an open-ended cylindrical chamber of length
L and radius r is related in to the Markov kernel P as follows. If the gas particle
repeatedly hits the interior boundary of the cylinder with angle of incidence 6,, and
angle of reflection 6/, then we must have

0! ~P(0,,d0") and Opi1 = 0"

n’

n=0,1,2,... (1.20)

The sequence of random angles 6/ together with the constant speed v of the gas
particle determine a continuous, piecewise linear process X; on the real line which is

the projection of the position of the gas particle at time ¢ onto the cylindrical axis.
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The exit time for the gas particle from the cylinder is then
7, =inf{t >0:X; > L}. (1.21)

By a central limit theorem argument, under restrictive assumptions on the stationary
distribution of the angle process 6}, the scaling limit of the process {{X/¢,t >0} as
¢ - 0 is Brownian motion with variance depending on the spectrum of P. The
assumptions in [13] under which this is proved exclude the case where the process 6/,
is ergodic (i.e. the unique stationary distribution is sin 8d#). In the ergodic case, the
linear increments of the process X; have infinite variance, and to obtain a Brownian
motion scaling limit, one must instead use the scaling {{Xyjiogeye,t >0}, & = 0. The
analysis of the latter case is carried out in for one example.

With this motivation, the spectrum of P is further analyzed in and . The
first of these papers examines P for a special class of cells ¥ whose sides consist of
dispersive circular arcs. By analyzing the moments of P, a relationship to spherical
harmonics emerges. Namely, for smooth functions u on S? which are rotationally

invariant about the vertical axis,
~ ko 3
Pu-u-= EASTU-FO(K )7 (122)

where K is a scale invariant curvature parameter depending on X, and Ag2 is the
spherical Laplacian on S%. (The meaning of Pu is as follows: If we give S? spherical
coordinates (¢, 1)) where ¢ € S! is the angle from vertical axis, then u(¢,) = u(v))

for some @ by rotational invariance, and Pu := @ﬁ)

28



The paper || examines the spectrum of P for more general types of cells, and the
authors obtain explicit bounds on the spectral gap of P. These bounds depend on the
curvature of the “most exposed” parts of the boundary of the cell . These results
are applied to estimate the rate of convergence of the Markov process determined by
P to stationary distribution.

The paper [7] considers similar questions but in an even more general setting,
where the wall W is allowed to have moving parts and energy can be exchanged

between the wall and the point particle.

1.2.7 Rough scattering laws on bounded convex bodies

In the context of optimization problems in aerodynamics, Plakhov has considered
rough reflections on general bounded convex bodies. Here the main object of interest
is the scattering law, which describes the equilibrium distribution of the incoming
and outgoing particle velocities and the normal direction at the point of contact. The
scattering law does not contain precisely the same information as the rough reflection
law, but the important ideas are similar. The concepts and results summarized here
originally appeared in , , and were later assembled in a book , Chapter
4].

Given a bounded convex body C c R? and a body B c C with piecewise smooth

boundary, define subspaces

(0C <S4, = {(x,u) € 0C x S* : xu-n(z) > 0}, (1.23)

where n(x) is the outward-pointing unit normal vector at x € dC, and - is the Eu-
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clidean dot product. Define a measure A¢ on (0C x S?-1), by
Ac(dzdu) = (u-n(x)),dzdu, (1.24)

where dz and du are Lebesgue measure on dC' and S¢! respectively. The macro-
reflection law PP:C is defined in the same way as before. That is, if (x,-u) € (0C x
S¢-1), is the initial state of a point particle, then the particle will enter the C' and
hit the body B some number (possibly zero) times before returning to the boundary
oC in state (z',u’) = (2/(z,u),u'(x,u)) € (0C x S*1),. The macro-reflection law

determined by B is the map PBC: (0C x S 1), —» (0C x S%1), such that
PBC(z,u) = (', ). (1.25)

The map P?¢ may not be defined on a measure zero subset of (0C x S¢1),. Like
in the case of the upper half-plane, P5:¢ is an involution and preserves the measure
Ac.

Let v be the measure on S41 x S4-1 x §4-1 = (§9°1)3 giving the equilibrium
joint distribution of the incoming velocity —u, the outgoing velocity «’, and the unit

normal vector n(z) at the point of contact x € dC. That is, vp ¢ is defined by

/(8d_1)3f(U,U',n)VB,o(dudu'dn)=f flu,u'(z,u),n(z))Ac(dzdu). (1.26)

(ACxSd-1),

A measure v on (ST1)3 is called a rough scattering law on C if there exists a

sequence of bodies B,, c C' such that
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(i) Vol(C'\ B,,) - 0 as n — oo, and

(ii) the sequence of measures v, . converges weakly to the measure v.

,C

Remark 1.14. This terminology departs slightly from the terminology in , Chap-
ter 4]. Here one considers equivalence classes B of sequences of bodies B, satisfying
(i) such that the sequences of measures {vp, ¢} have the same weak limit vz. One
says that B is a rough body obtained by grooving C', and the measure vz is given no

special name.

Remark 1.15. Condition (i) looks different from the corresponding condition in the
definition of a rough reflection law, where the wall boundaries I',, approach the line
29 = 0 uniformly. Nonetheless, an equivalent definition of a rough scattering law is

obtained by replacing (i) with the more restrictive condition:
()" sup{dist(z,0C):x € B,} - 0 as n - oo.

This is not immediate, but it follows from the characterization of rough scattering

laws (Theorem — below) and its proof. The sequence of bodies B,, constructed
in the proof of the characterization theorem , Thm 4.5] can in fact be taken to

satisfy (i)’

Define a measure 7¢ on (S%1)2 by

f(gd_l)z g(u,n)7c(dudn) = /;ngd_l g(u,n(x))Ac(dzdu). (1.27)

Let myp ¢ (u,u',n) = (u,n) and my ¢ (u,u’,n) ~ (u/,n) be the natural projections.

Let Adj(u,u’,n) = (u',u,n). The most important elementary properties of a rough
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scattering law are summarized in the following proposition.

Proposition 1.16. A rough scattering law v on C has the following properties:
(i) T =710 = Wi}ny.

(i) Adi*v = v.

(Here if g : X — Y is a map between measurable spaces, and p is a measure on X,
then ¢g#p is the pushforward measure on 'Y defined by g7 u(A) = u(g71(A)).)

The proposition above follows from the fact that any measure vp ¢ must satisty
(i) and (ii), and these properties are preserved in weak limits. For vp ¢, property (i)
is a consequence of the fact that PP:C preserves the measure Ac, while property (ii)
follows from involutivity of P5:C.

In fact, the properties (i) and (ii) completely characterize the rough scattering

laws.

Theorem 1.17 , Theorem 4.5). A measure v on S? is a rough scattering law on

C'if and only if v satisfies properties (i) and (ii).

The original motivation for considering the scattering law and its characterization

is its relationship to certain resistance functionals of the form

F[PPE] = f(acxsd1)+ c(u,u'(z,u))(u-n(x))drx(du), (1.28)

where ¢ is a “cost function” on (S1)2, and y is a Borel measure on S¢!. When y
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is Lebesgue measure, the above functional may be expressed as

RIPACY= [ e (@) Ac(dadu) -

= [Sle c(u, v )u-n vpe(dudu'dn).

By taking weak limits, we can extend the definition of resistance functionals to rough
scattering laws:

R[v]:= ,[(§d1)3 c(u,u")u-n v(dudu'dn). (1.30)

With the characterization given by Theorem [1.17] one can thus reduce problems
of minimizing air resistance of rough convex bodies to problems in mass optimal
transport. This leads to some counterintuitive results. It is possible, for example, to
actually decrease the air resistance of a convex body by appropriately roughening its
surface. In fact, one can construct nonconvex bodies which have arbitrarily small air
resistance in one direction, as well as bodies which are invisible in one direction. By
contrast, the air resistance of a smooth convex body has long been known to have a
strictly positive lower bound Chapters 5 and 8].

Let us now describe the connection between rough reflections and rough scattering
laws. Just as in the upper half-plane case, we can define deterministic Markov kernels
on (0C xS41), by

PPC (2, u;da'du’) = §pp.c(yyda’du. (1.31)

We say that Markov kernel P is a rough reflection law on C' if there exists a sequence
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of bodies B,, c C' such that Vol(C' \ B,,) — 0, and
PBnC (2, u; dz’du’) Ao (dodu) - P(x, u; dz'du’) Ao (dodu) (1.32)

weakly in the space of measures on (0C x S1), x (0C x ST1),. A measure v is a

rough scattering law if and only if there exists a rough reflection law P such that

f(u, v, n)v(dudu’dn)
f(S‘H)P’ (1.33)

— / . !/ /
- f((acxgd-1)+)2 flu, v’ ;n(x))P(x, u; dz’du’)Ac (dzdu).

Rough scattering laws and rough reflection laws are not in one-to-one correspon-
dence. One way to see this is to consider a convex body C' with a flat side V c dC.
The rough scattering law will not distinguish pointwise variation in reflection from
V', because the unit normal vector at each point in V' is the same.

As noted above, the characterization of rough scattering laws predates the charac-
terization of rough reflection laws. Although Theorem does not imply Theorem
[1.9] the proof of the former can almost certainly be modified to obtain the latter.
In fact, higher dimensional versions of Theorem [1.9] can probably be proved by an
appropriate modification of the arguments in , Chapter 4]. The proofs of both
theorems begin with a local construction of reflectors which redirect a point parti-
cle hitting the boundary in a prescribed way. It is then a matter of appropriately
assembling the local reflectors to produce the desired rough scattering law or rough

reflection law.
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1.3 Disk and wall model

1.3.1 Rigid body system

The model we study consists of a fixed wall in the lower half-plane of R?, together
with a disk which is given some rotationally symmetric mass density and allowed to
move freely in the complement of the wall. Each body is furnished with asperities
(microscopic structures) on its surface. Aside from a periodicity requirement, the
asperities on the surface of the wall are allowed to be fairly arbitrary in shape. On
the other hand, the asperities on the disk are of a specific type, namely “geostationary
satellites” spaced in such a way as to guarantee that non-local interactions between
the two bodies are rare.

The wall W will be built from a cell ¥ and a roughness scale € > 0, in the same
way as we have done in §1.2.2] The cell ¥ is assumed to satisfy conditions B1-B5,
stated in The definition of the wall W = W(3,¢) is slightly modified as
follows: W (X, €) is the unique subset of R? which is e-periodic in the z;-direction,

and whose image under the covering map

(21, 15) = (2™ L(xy + 1)) (1.34)

is . Such a wall will satisfy conditions A1-A4 and Aba and A5b, stated in §1.2.2]
except that condition A3 must be modified as follows:
A3’. The following inclusions hold: R x (-o0,-1 —¢] ¢ W c R x (-o0,-1]; thus

oW c[-1-¢,-1] xR.
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The advantage of having W located below the line x5 = -1, instead of x5 = 0, will
become apparent later.

By assumption, the cell boundary 0% decomposes into a finite collection of closed
C? curve segments {I;}75'. Such a decomposition determines a decomposition of
OW into a countable, locally finite collection {I';};z of C? curve segments such that

distinct pairs I'; and I'; can intersect only at their endpoints, and I'; maps to E mod m

via the covering map ((1.34]) defined above.

Remark 1.18. Recall what it means for a closed curve segment I'; to be C?: There
an open interval I > [0,1] and a C? map v; : I — R? such that ~;([0,1]) = T}.

Consequently, by compactness, each of the curve segments I'; has bounded curvature.

The decomposition of d¥ into C2 curve segments I; is not unique, and corre-
spondingly the decomposition of dW into C? curve segments I'; is not unique. To
ensure that terms introduced below are well-defined, we assume from this point on
that some decomposition {fi}ogsm,l of 03 and correspondingly {I';};cz of dW has
been fixed, and we shall refer to these as the given decompositions of 0% and W
respectively.

We denote the relative interior of a curve segment I'; by IntT';. We call a point
p € 0% regular if there is some C? curve segment I' ¢ 03 (not necessarily coming from
the given decomposition) such that p € IntT". We denote the set of regular points
in 0¥ by 0Oreg2, and we denote the set of regular points in 0W by 0O,W. We let
052 = 0% N\ Oreg 2, and we let ;W = OW \ O, W. We refer to points in d,2 and ;W
as singular points of 0% and 0W respectively. The sets 0,/ and 0,% are measure

zero subsets of 0% and W respectively.

36



For p € O,esW, we let k(p) denote the unsigned curvature of 0W at p. We define

Kmax = SUP{R(p) : p € CregW (2, 1) }. (1.35)

The quantity above depends only on the cell 3. Per Remark and periodicity of
OW, Kmax is finite.

We take p(e) to be some positive, non-decreasing function of € such that

1/2
p() >0 and —— >0 ase—0. (1.36)
p(e)

In addition, we assume that 27/p(€) is an integer.
The freely moving body in our system is a “disk with satellites.” Namely, we first

define a reference body

N-1
D:D(E): (U Sk)UD()CRQ, (137)
k=0
where
N=ZT g = (sinkp(e), - coskp(e)), (1.38)
p
and
Do c {(z1,22) s 23 + 23 < (1-2p(€)*)?}. (1.39)

See Figure [5 The quantity N is the number of satellites, and Sy, is the position of
the £’th satellite in the reference body.

For z = (x1,22) € R? and o € R, we let D(z,«) denote the subset of the plane

37



Figure 5: A freely moving disk with satellites, and a fixed wall.
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occupied by the reference body after rotating it counterclockwise about the origin by
an angle a and translating it by x from the reference configuration . We will
sometimes abuse terminology by using D to denote both the reference body
(a fixed subset of the plane) and the freely moving physical body which it represents.

We assume that D has some mass density A which is rotationally symmetric about

the origin when D is in reference configuration ([1.37)), and we introduce parameters:

m = /D ANdz),  J= fD le2A(dar) (1.40)

— the mass and moment of inertia, respectively, of the disk. We assume that A does
not depend on the parameter € > 0.

In the analysis of our model, we will see that there is no loss of generality in
assuming that m = J = 1; however, we will not introduce this simplification until

later.

Remark 1.19. Additional motivation for our choice of the body D can be gained

from the following remarks.

e The first member of the union is a discrete set of points Si (the “satel-
lites”) which are disconnected from the rest of the body and evenly spaced
at angles of p(e) along the unit circle. We have stipulated that p(e) should
converge to zero, but at a rate more slowly than €'/2. This will guarantee that
interactions between multiple satellites during a single collision event are rare

as the roughness scale goes to zero.

e The subset Dy is of no mathematical significance in the analysis of the disk and
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wall model, but serves only to persuade the reader of the physical generality
of the model. One may imagine that Dg carries the mass of the body D. The
inclusion ([1.39) guarantees that Dy can never come into contact with the wall

W. Only the satellites Si can come into contact with W.

e Choosing the “roughness” on D, as we have above, so that only isolated points
can interact with the wall greatly simplifies the description of the configuration
space of the system. Unfortunately, the choice of a disconnected body is phys-
ically unrealistic. One way to reconcile this with our intuition is to think of D
as a “hockey puck” with additional features in the third (vertical) dimension.
In the same spirit as the analysis of polygonal chains in , §5.3], we obtain a
physical system which is equivalent to the one above by joining each satellite

to the inner body Dy by a curved rod which extends into the third dimension.

e Whether theorems analogous to the ones we state in can be proved for
a connected body D is an open question. On the other hand, we expect the
range of possible dynamics for a system consisting of a freely moving rough

disk and fixed rough wall to be exhausted by our model. See the discussion of

our main results in §1.1.3|

1.3.2 Configuration space

The configuration space of the disk and wall system is the topological closure in R3
of the set of configurations y = (1, z2, &) of the disk such that the disk and the wall

are disjoint, i.e.

M ={(x1,29,) : D(x1,29,0) "W = &} (1.41)
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Note that points in M which differ only in their angular coordinates by multiples
of 27 represent the same physical configuration. It is in fact easy to see that M is

doubly periodic: Let

e1 =(1,0,0), ex=(0,1,0), e3=(0,0,1) (1.42)

be the standard basis for R3. Then

M +eey ={(11,22,0) : (¥ — €, 29,0) e M} = M, and
(1.43)

M +pes = {(Z’I,IQ,O() : (LL’l,LL’Q,Oé—p) € M} =M.

Indeed, M is e-periodic in the zi-coordinate because W is e-periodic in the -
coordinate, and M is p-periodic in the a-coordinate because, as noted above, only
the satellites of D can come into contact with the wall, and rotating the disk about
its center of mass by an angle of p(e) maps the set of satellites onto itself.

We can alternatively study the configuration space M/ ~, where ~ is the equiva-
lence relation which identifies points y and y’ such that y’ = y + iee; + jpes, for some
i,7 € Z. The space M/ ~ may be regarded as a subspace of St x R x S!. This configu-
ration space will be useful for applying dynamical results which require compactness,
but otherwise we will mainly just work with M.

The topological boundary dM of the configuration space corresponds to the set

of colliston configurations of the system, i.e. the set of configurations in which the
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rough disk and the wall are in contact. The boundary of M lies just below the plane

P := {(21,29,0) e R?: 25 = 0}. (1.44)

The space M does not fit neatly into a well-studied class of manifolds. It is
probably not even a manifold with corners for many choices of the wall W. The space
M may loosely be described as a C? manifold with boundary and “singularities.”
We will see that there exists a closed subset & ¢ dM such that the 2-dimensional
Hausdorff measure of S is zero, and M, := M\ S is an embedded C? submanifold
of R? with boundary. In particular, yeeM = OM N S is a full-measure subset of the
boundary on which there exists a C! field of inward-pointing unit normal vectors
n(q),q € OregM.

A more detailed description of the configuration space M is given in §4.1} In
§0, we reprove a number of standard results from billiards for a very general class of

manifolds to which M may be shown to belong.

1.3.3 Cylindrical approximation

Some additional understanding of the structure of M can be gained by imagining
the following physical situation. Suppose the configuration of the disk D is initially
y = (r1,72,0). Then at most one satellite of D can be in contact with dW/, and this
satellite is Sy (this follows from Proposition for example). In this configuration,
the coordinates of Sy are (x1,x2—1). All other satellites must lie in W¢. Consequently,
we may rotate the disk counterclockwise about the satellite Sy by a small angle Ac,

and the resulting configuration 3’ will still lie in M. Moreover, if y € 0M then
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y' € OM. We compute explicitly:
y' = (1 —sin Aa, o — 1+ cos Aa, Aar) » (21 — A, 29, Acr). (1.45)

Let

Qo = {(z1,29,) : . = 0}. (1.46)

We will see that M n Qg = W¢ +e,. Thus 1) suggests that, in a neighborhood of

the plane Qq, the space M is well modeled by the cylinder
My = {(1, 22, 0) : (21 + @, @) GWJreZ}' (1.47)

This is the cylinder with base

B:=W¢+ey (1.48)

and axis

¥:=(-1,0,1). (1.49)

The vector X is the “rolling velocity” described in the introduction.

More generally, we will see in that M may be decomposed into large “cylin-
drical regions” and small “gap regions.” The “gap regions” are difficult to describe
explicitly and correspond to configurations where multiple satellites can come into
contact with dW. Near any point in one of the “cylindrical regions” M is well
modeled by a cylinder whose base is an order ¢ translate of B and whose axis is X-

The main results of this work were originally derived informally by assuming that

we can replace M with My in our arguments.
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1.3.4 Phase space and dynamics

The dynamical state of the system is completely specified by a pair (y,w), where
y=(x,a) = (r1,19,a) e M and w = (v,w) = (v1,v2,w) € R3. Here x = (1, x2) is the
center of mass of the disk, and « is the angular orientation of the disk, as above;
v = (v1,vy) is the linear velocity of the center of mass of the disk, and w is the angular
velocity.

The phase space is the set of all possible states (y,w) of the system:

TM = M xR?, (1.50)

The notation T'M refers to the fact that geometrically we regard the phase space
as the tangent space of the configuration space. For technical purposes, the phase
space can be taken simply as the Cartesian product of the configuration space M and
the “velocity space” R?; however it will occasionally be convenient to use the above
geometric language, for example when referring to the tangent space T, M c T'M at
a point y in M, which in this context is just the subset {y} x R3.

We equip R? with the inner product

(w,w") =mvyv] + mugvy + Jww',  for  w=(vy,v9,w), w'=(v],vhw"), (1.51)

and we denote the corresponding norm by || -||. If the disk moves with velocity
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w = (v1,v9,w), then the kinetic energy of the disk is

1 1 1 1
§mv% + émvg + §Jw2 = §||w||2 (1.52)

The sum of the first two terms is the kinetic energy arising from the linear motion of
the disk, while the third term is the kinetic energy arising from rotational motion.
For this reason we will often refer to the above inner product as the kinetic energy
inner product.

Unless specified otherwise, distances, angles, etc. in M are assumed to be with
respect to the inner product (-,-) defined above.

The main physical assumptions which govern the dynamics of the model are:
P1. The bodies D and W do not interpenetrate.
P2. The system is subject to Euler’s laws of rigid body motion (see .

P3. When not in contact, the net force applied to each body is zero, and upon
contact, a single impulsive force is applied to the disk at the point of contact

and directed parallel to the unit normal vector on the wall.
P4. The kinetic energy of the disk is conserved for all time.

These assumptions are discussed in greater detail and given a more precise mathe-
matical form in

Assumptions P1-P3 are standard for rigid body interactions. Assumption P4 is
the limiting case for a system of bodies of finite mass in which the total kinetic energy,

linear momentum, and angular momentum are conserved. After letting the mass and
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moment of inertia of one body diverge to infinity, the kinetic energy of the other body
is conserved in the limit. (Note that the wall W may be regarded as having infinite
mass and infinite moment of inertia.) For more details, see Proposition (3.3

The dynamics of the disk and wall system may be represented by a moving point
mass in M, where the position and velocity of the point mass is given by the state
(y,w) of the disk and wall system. It follows from the assumptions P3 and P4 that
the point mass moves linearly with constant velocity in the interior of M. When the
point mass comes into contact with the boundary at a point ¢ € M, the velocity
should be redirected back into M by a mapping R, : T,M — T, M. The dynamical

description of our system is completed by the following proposition.

Proposition 1.20. Let g € O,ee M and let n(q) denote the inward-pointing unit nor-
mal vector at q. The unique map Ry : TuM — Ty M for which assumptions P1-Pj

are satisfied is specular reflection with respect to the kinetic energy inner product:

R,(w) =w-2(w,n(q))n(q), weT,M. (1.53)

Proposition [1.20] is proved in §3] The main takeaway is that the system under
consideration has the same dynamical evolution as a classical billiard: free motion

in the interior of the billiard domain and specular reflection on the boundary.

Remark 1.21. The inner product (-,-) makes R3 into a geodesically complete Rie-
mannian manifold, and thus results proved in §f] for billiards in general Riemannian
manifolds will apply in this case. To avoid confusion, we will refer to (-,-) as an

“inner product” in §§1H5, reserving the word “metric” to refer to either (a) the dis-
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tance functional on a metric space, or (b), in , a Riemannian metric on a general
geodesically complete Riemannian manifold. Context will be sufficient to distinguish

senses (a) and (b).

1.3.5 Collision laws

The configuration space M contains the plane P := {(x1, 72, ) : x5 = 0} c R3. The
boundary dM lies just below P within distance O(p(€)?) from the plane (this is
proved in Proposition [4.1)).

Let R3 := {(x1,29,) : 25 > 0}. Let S? denote the unit sphere in R? with respect
to the kinetic energy norm ||-|| defined above. By conservation of energy, the velocity
of a point particle representing the system may be taken to lie in the unit sphere S?
for all time. Let S2 = S?2nR3 = {(v1,v9,w) € S : +vy > 0}.

Let (y,w) € P xS2, and suppose the initial state of the point particle is (y, —w).
The velocity —w is directed toward the boundary 0 M. Therefore, the point particle
will reflect from 0 M specularly a certain number of times before eventually returning
to a point ¢’ in the plane P with some velocity w’ € S2. The collision law is the map

P xS? - P xS2, defined by

K> (y,w) = (y/,w'). (1.54)

The set of inputs (y,w) such that the billiard trajectory starting from (y, —w) cannot
be continued for all time (say because it hits a singular point of M) or never returns
to P constitutes a measure zero subset of P xS2, and thus K*¢ is well-defined up to

null sets. This fact is rigorously proved in §4.3]
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Remark 1.22. The reader should be careful not to confuse the terms “collision law”
and “reflection law.” In our usage, the latter expression is a generic term for any rule
whereby the particle trajectory is redirected into the billiard domain at the instant
in time when it hits the wall (e.g. the specular reflection law). The collision law,
by contrast, is an analogue of the macro-reflection law defined in §1.2.2] In fact, we

will see that the collision law is a special case of the general macro-reflection laws

defined in §6.2.1|

Just as in the random reflections case, the map K> is naturally associated with

the deterministic Markov kernel on P x 2,

sze(ya w; dy,dw,) = 5K27€(y,w) (3/7 w,)dyldwla (155)

We equip P x S2 with the well-known measure from billiards theory,

A?(dydw) = (w, e3)dyo(dw), (1.56)

where dy denotes Lebesgue measure on P and o(dw) denotes surface measure on S2.

This is the 3-dimensional analogue of the Lambertian measure A!, defined by (|L.5)).

Definition 1.23. We call a Markov kernel K on P xS§? a rough collision law if there
exists a sequence of cells ¥; (satisfying conditions B1-B5 of §1.2.4]) and a sequence

of positive numbers ¢; - 0 such that,

KZo€i (y7 w; dy’dw’)A2(dydw) - K(y, w; dy'dw’)A2(dydw) (1.57)
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weakly in the space of measures on P x S2.

Remark 1.24. Similar comments to Remarks and apply. In the above
definition, it is equivalent to replace A? with any measure which is mutually ab-
solutely continuous with respect to surface measure on P x S2. The convergence
is in duality to functions h(y,w,y’,w’) € C.((P x S?)2), but by a density

argument it is sufficient to verify the convergence in duality to functions of form

My, w,y',w') = f(y,w)g(y’,w’) where f,geCe (P x§2).

Remark 1.25. In ([1.57)), there is a sense in which K*#¢ converges to K as a limit

with respect to a pseudometric topology on the space of Markov kernels on P x §2.

This topology is described in §6.2.3

From this point on, we will write lim;_,., K*#¢% =K to indicate that (1.57)) holds.
The most important elementary properties of collision laws are summarized in

the following proposition. (Compare with Propositions and )

Proposition 1.26. (i) There exists a full measure open set F c P xS2 such that
K*¢:F > Fis a C? diffeomorphism and K*€o K*¢ = Idr on F.

Moreover, K*¢ preserves the measure A%, in the sense that for any set A c PxS2,
A2((K)71(A)) = A2(A).

(i1) A rough collision law K is symmetric with respect to A%, in the sense that for

any f,g€Ce(P x§2),

[ o w K (g ws dy'du’) £ (g, w) A% (dydw)
(P52 (1.58)

) f(sz2)2 f(y', w)K(y, w; dy'dw) g(y, w)A* (dydw).
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Consequently, K preserves A2, in the sense that

0Ky, w dy'dw’) A2 (dydw) = [ A%(dydw). (159
S 9w N ) = [ Ay, (150
This result is proved in §4.3

1.3.6 Coordinates on P x §?

Recall the cylindrical axis Y, defined by (1.49). We equip R3 x S? with coordinates

(y1, 2,93, 0,1) defined as follows. Let
x =K7Y = (m+ J)M2(1,0,-1),  xt=(m T+ ) 2(m 0, 7). (1.60)
Also let
& =m™?ey = (0,m™%,0). (1.61)

Then (', €,x) is an orthonormal basis for R? (with respect to the inner product
(-,)). The two vectors y and x* span P. We define a coordinate map G : R3x(0, )% —
R3 x S? by

G (y1,v2,¥3,0,¢) = (y,w), (1.62)

where

Y=yiX" + Y2l + YsX,
(1.63)

w = (cosfsiny)xy* + (sin@siny)é, + (cos)x.
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In other words, the spatial coordinates (y1,ys,y3) are obtained by rotating (with
respect to the kinetic energy inner product) the original coordinates (z1,xs,a) so
that the vertical axis coincides with y. The velocity coordinates (6,1) are just
spherical coordinates with the “north pole” at y.

In these coordinates, P = {(y1,¥2,y3) : y2 = 0}. The invariant measure A? has the

following coordinate representation:
A?(dy,dysdfdy) = sin @ sin? yhdy, dysdfdap. (1.64)
To see this, note that (w, es) = sinfsin ) and the spherical volume form is sin ¢)dfdz).

1.3.7 Main results

The first of our main results concerns the case in which the rough collision law is
obtained through pure scaling. This means that the sequence of cells ¥; = X is

constant.

Theorem 1.27. Consider a constant sequence of cells ¥; =X for i > 1. There exists
a Markov kernel K such that for any sequence of positive numbers ¢; - 0, the limit

lim;_, o, K¥¢ exists and is equal to K. Moreover, K takes the form

K (y1. 93, 0,93 dyidysd'de’) = 8y, ) (dyidy)B(8, d0") 8y (d9)), (1.65)

where P is a Markov kernel on St satisfying the following properties:

i. P is symmetric with respect to the measure sin0df, in the sense of
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11. Let

S = {(x1,22) €SP xR : (21, (1 +mJ 1) Way) e 0},
& =(L+mJ ) V¢, (1.66)

P =, (dy")P(6,de").

Then

P = lim PX%. (1.67)

71— 00

Consequently, K is symmetric with respect to the measure A2.

Our next two results concern more general rough collision laws. For an arbitrary
sequence of cells {¥;};51, there is no guarantee that the limit of K¥»¢ exists or is
uniquely determined by the sequence of cells 3;. Nonetheless, if ¢; — 0 sufficiently

fast (where the rate depends on the sequence of cells ¥3;), a strict dichotomy holds.

Theorem 1.28. For any sequence of cells {X;}is1, there exist numbers by > by > bz >

>0 such that exactly one of the following is true:

(A) There ezists a unique Markov kernel K such that for any sequence of positive
numbers €; < b; with €; - 0,

lim K=< = K. (1.68)

1—> 00

(B) For any sequence of positive numbers €; < b; with €; - 0, lim;_, ., K¥% does not

exist.

Remark 1.29. Both possibilities in the dichotomy are realized. In §2 we will con-

struct a few different examples of rough collision laws. Denote two of these by
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K =limK>¢ and K’ = lim K*¢ where 3 and Y’ are fixed cells and K # K’ (where in-
equality means that K(-;dy’dw’) and K'(+;dy’dw’) disagree on a non-null set). Note
that by Theorem [1.27] these limits always exist and do not depend on the sequence
¢; — 0, and thus we may take b; = oo for example. Hence we see that (A) is realized.
Define a sequence of cells by Yo, 1 = ¥ and Yy; = X/ for ¢ > 1. Then the sequence
K>#¢ has two distinct limit points K and K’ for any sequence ¢; - 0, and thus (B)

is realized.

Remark 1.30. The proof of this theorem depends on the Poincaré Recurrence The-

orem. As such, it does not yield quantitative estimates for the numbers b;.

We let Ay denote the set of all Markov kernels K obtained as a limit of form
lim;_, ., K¥¢, where ¢; < b; for all i, and the b; are chosen as in Theorem
The following theorem says that the collision laws in Ag have essentially the same
properties as those stated in Theorem [1.27] Moreover, these properties completely

characterize the members of Aj.

Theorem 1.31. Let K e Ay. In the coordinates (y1,ys,0,v), K takes the form

K(y1, s, 0,1; dy; dydd’dy’) = 8y, 4, (dyi dys) (6, d6") 65— (A1), (1.69)

where P is a Markov kernel on St satisfying the following properties:
i. P is symmetric with respect to the measure sin 0d6 on SL, in the sense of .

it. Suppose {¥;} is a sequence of cells such that for any €; < b; with ¢; — 0,

53



K> — K in the sense of Theorem[1.28(A). Let

ii = {(l‘l,.TQ) € Sl xR: (x17 (]- + mJ_l)_1/2{L’2) € EZ}?
&= (1+mJ ) Ve, (1.70)

P =6,(dy")P(6,de").

Then
P = lim P¥% (1.71)

1—> 00

Consequently, K is symmetric with respect to the measure A2.
Conversely, if K is a Markov kernel on P x S2 of form such that P is

symmetric with respect to the measure sinfdf on S!, then K e Ay.

Theorems [1.27] and [I.31] establish a one-to-one correspondence between rough

collision laws and rough reflection laws in the upper half-plane {(z1,z3) : 22 > 0},

indicated schematically as follows:

{(3i,€)}is1 — {(iz; &) }bist

| | (1.72)

K < > P

The correspondence at the top is between the sequences of cell-roughness scale pairs
giving rise to the walls W; = W (%;, ¢;) and foreshortened walls W; = W (3;,€) respec-
tively. The correspondence on the bottom is given by . The downward arrows
map the sequence {(;,¢)} (resp. {(;,&)}) to lim; e K=o (resp. lim;_, e, PEi).

Provided ¢; — 0 sufficiently fast, the limit on the left exists if and only if the limit
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on the right exists. We will take advantage of this correspondence in §2| for building
examples of rough collision laws.

The reader may wish to compare the statement of Theorem [I.31], above, to the
informal description of our main results in §1.1.3] The fact that K preserves the
measure A? is equivalent to the fact that the rough collision dynamics preserve the
Liouville measure on the phase space (one approach for proving this is suggested
by Figure [3]), while symmetry with respect to A? makes precise the notion of “time-
reversibility.” The product decomposition implies that projection of the phase

space velocity onto y is a conserved quantity.

1.3.8 Outline of proof of main results

The proofs of our main results are given in Here we provide a high level synopsis

of our arguments.

Step 1. The first step will be to show that versions of Theorems [1.27], [1.28] [1.31

hold if we replace the configuration space M with its cylindrical approximation M.y.
(More precisely, see Theorem [5.1])

Consider a point particle moving freely in M., and reflecting specularly from
OM.y1. The boundary of M.y lies just below the plane P, within € distance from
the plane. In analogy to the collision law defined for the space M, we define the
cylindrical collision law Kf;’f P xS2>Px8§? by

K25 (y,w) = (v, w,)), (1.73)

cyl

where (y’,w’) is the state of the freely moving point particle upon its first return
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to P, after reflecting from d M,y some number of times. We then consider Markov
kernels K on P x S2 such that for some sequence of cells {¥;} and positive numbers
€ — 0,

6K2i,ei(y ) (dy'dw’)A?(dydw) — K(y, w; dy'dw’)A?(dydw), (1.74)
cyl ’

weakly in the space of measures on (P x S2)2.

To prove that such a Markov kernel K takes the form , the key observation
is that the billiard trajectory y(t) in M.y decouples into two independent evolu-
tions: y(t) = (y1.2(¢),ys3(t)), where the evolution ys(¢) is the projection of y(¢) onto
the cylindrical axis x, and the evolution y;»(t) is the projection of y(t) onto the
orthogonal complement of y, Q; := {y € R?: (y, x) =0}. By virtue of the cylindrical
structure of M.y, y3(t) evolves linearly, with constant velocity for all time, while
y12(t) follows the trajectory of a point particle moving freely in Q; \ M.y and re-
flecting specularly from the boundary QndM.y. After appropriately identifying Q,
with R2, this billiard domain in Q; may be shown to coincide with the complement
of the foreshortened wall W"l = W(ii,'evi). This accounts for the non-trivial factor P
in (T.69).

On the other hand, if K is a Markov kernel on P x S2? of form (1.69), then one
may show that for some sequence of cells {¥;} and positive numbers ¢; - 0, a limit
of form holds. The idea is to apply the characterization of rough reflection
laws in the upper half-plane given by Theorem to show that there exist >; and
¢; such that the limiting rough reflection law on W; = W (5;,%) is P in (1.69).

For more details on the cylindrical configuration space and the cylindrical collision

law, see §4.2)and §4.3.2] The argument in this step is presented in §5.1]

56



Step 2. Most of the work involved with proving our main results is concerned
with the case of pure scaling — that is, the case where the sequence of cells >; = ¥ is

constant. We will prove that, for any f,ge C=(P x§2),

fpxgag(y,w)[foKEf(y,w) - fo K3 i (y,w)]dA*(dydw) >0 ase—0. (L75)

This is the statement of Lemma/5.2l The above limit together with the previous step
can be used to prove Theorem [1.27]

To obtain (|1.75)), we introduce a modified collision law K>¢ to which we may
compare both K> and Kfyf . The modified collision law is defined on a large (but

not full measure) open subset F ¢ P x S2, and satisfies
K> =nto K™ on, (1.76)

where 1 : F - F is a smooth perturbation which “corrects” for the large-scale
spherical shape of the body D. The map 7 is defined in §4.3.3] We will see that n
converges to Id in C1(F) as € - 0. The comparison between K¢ and K=< will be
carried out in by making estimates on the differential of 7.

The comparison between K¥¢ and K(i,f will be carried out in via a “zooming
argument.” By double-periodicity of the configuration spaces M and Mgy, it is

enough to compare the behavior of K¢ and Kczy’f on a single parallelogram

R.={(z1,a) e P:0<x; +a<e,—p/2< a9 < pf2}. (1.77)
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We will see that there is a large subset 2 ¢ P x S2 such that
sup {[|K™(y, w) - K (g, w)l| : (y,w) € 20 (RexS3)} >0, as e > 0. (L78)

This is the content of Lemma [5.3] The comparison is best carried out in “zoomed”

coordinates. That is, we let
o1 (y,w) = (e ty,w), (y,w) e PxS?, (1.79)

and we compare the two maps

* . _ 173,€ * . Ye
K*:=0-10K* o0, Ki=0010 K joo.. (1.80)

The advantage of this point of view can be seen by observing that the scaled cylindri-
cal configuration space M:yl i= € 1My is simply the cylinder with base m-i-(EQ
and axis x. Thus M7, does not depend on e. This will allow us to control the billiard
trajectories in the zoomed spaces M* := ¢! M and M, in terms of properties of
their “projections” onto the fixed cylindrical base m+ eo. This idea is fleshed
out in Lemmas (5.7 and (.8

Step 3. Finally, to prove Theorems [1.28] and [1.31] we will apply the previous

two steps and take advantage of the fact that the convergence (1.57) comes from a

pseudometric déQ on the space of Markov kernels on P x S2. (For the definition of
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this pseudometric, see §6.2.3\) For any ¥; and ¢;, the triangle inequality gives us

A5 (K K™04) < db” (KK + db (K255 K%, (1.81)

cyl cyl

where K= (y, w; dy'dw’) := § _s;.c; dy’dw’). The convergence (|1.75)) implies that
ol (Y widy K (g (AY g D
cyl ’

there exist positive numbers bgo) such that if ¢; < bgo) for all 7, then the second term in

the right-hand side of ([1.81]) is negligible. Consequently, Theorems and will
follow by applying the corresponding results obtained for the cylindrical configuration

space in Step 1.
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2 Examples

Here we construct examples of rough reflection laws and rough collision laws. Most
of the work goes into building rough reflection laws. For each rough reflection law

we construct, the correspondence ([1.72)) gives us a rough collision law “for free.”

2.1 Lemma for constructing rough reflections

Throughout this section, we assume that the cells ¥ satisfy conditions B1-B5 of

§L.2.4,
Fix a cell ¥ and a positive number € > 0. Suppose that (z,0) € R xS, and let

(2/,6") be the random variable in R x SI whose law is given by P*¢(z, 0, dx'dd"). We
define P=<(0,d#") to be the law of 6’ as z varies uniformly in the period [0, ] and 6

stays fixed. In other words, for any f e C.(Sl),

~ 1 €
fS SOV (0,00) = [0 fR o TOVE (0, (2.1)

The following lemma gives us a way to construct rough reflection laws from a

periodic microstructure.

Lemma 2.1. (i) If the limit

lim P*0< (x, 0; dz'de") (2.2)

1—> 00
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exists, then the limit

lim P> (0, d0") (2.3)
ex1sts.
(i) If the limit
P(0,de") := lim P¥< (0, d6") (2.4)
exists, then the limit
lim P> (z,0; dz'dd") (2.5)

exists and is equal to 6,(dz")P(0,d0"), where “equal” means the two Markov kernels
belong to the same equivalence class (see Remark [1.6)).

(i1i) Suppose that 3; = 3 is constant. Then for any sequence €; - 0, the limit
lim;_, 0o PE<i (2,0, d2’d6") exists and is equal to 6,(dz")P(0,d0"), where

P(0,de") = P>'(0,d0"). (2.6)

The lemma is proved in . The benefit of the lemma is that the law PEoci (0, d6")
is usually much easier to compute than P*i<(x,0; dx'dd"), owing to the fact that in

the former case we do not have to worry about the spatial variable z’.
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2.2 Examples of rough reflection laws

2.2.1 Rectangular teeth

First we consider a microstructure of “rectangular teeth.” That is, we define real

functions

0 if 2ke, <z < (2k+1)ep,
tn(z) = for k € Z. (2.7)

-re, if (2k+1)e, <x < (2k +2)¢,

The quantity r» > 0 is a fixed parameter representing the ratio of the height of the

teeth to the width. Define €,-periodic walls

W, =W(3,€e,) = {(x1,22) 1 3 <t (1)}, (2.8)

To find the macro-reflection law, let X be uniform in [0,1], and let 6 € (0,7)
be fixed. Let (X},0;) = P*1(X,0). By Lemma [2.1fiii), the limiting reflection law
P(0,d#") is the law of the random variable 6},

As illustrated in Figure [6] ©j is equal to either m -6 (specular reflection) or 6
(retroreflection). With probability 1/2 the starting point X of the point particle is
on top of a tooth, in which case ©) = 7 — 0. Otherwise, X will be in the interval
above the crevice between two teeth.

Conditioned on the latter event, the probability that ©; = 7—60 may be determined
by “unfolding” the rectangular billiard between the two teeth, as shown in Figure

[l By inspecting this figure, we see that if |2r|cot || is even, then the probability
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Figure 6: Reflection from rectangular teeth. The post-reflection angle will be either
0" = — 0 (specular reflection — green) or 0’ = 6 (retroreflection — red).

of specular reflection is {2r|cot|}. If on the other hand [2r|cot f|| is odd, then the
probability of specular reflection is 1 - {2r|cot §|}.

Putting these observations together, we conclude that

T—60 w.p. p(0),
0 w.p. 1-p.(0),

where

1 1 . .
Ly Lorfcot @)} if [2r]cotf]] is even,

pr(0) = (2.10)
1-1{2r|cot ]} if [2r|cot6]] is odd.

Thus the limiting rough reflection law is P(z,6,dz'dd") = 8,(dz’)P(6,d¢’), where
P(0,d#’) is the law of O}
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2r

— —_—
{2r cot 0} 1

Figure 7: If the end of the trajectory of the point particle in the unfolded rectangular
billiard falls in a gray region, then the reflection will be specular. Otherwise it will
be a retroreflection.

2.2.2 Triangular teeth

We can similarly construct reflections from triangular teeth. Let ¢ € (0,7). Define

a “tooth function”

—cot(¥L)z enk <o < €, (2,
to(x) = () ? for k € Z. (2.11)

cot(£)(z-1) e (EL)<a<e(b+1)

Then define ¢,-periodic walls

W, =W (2, €,) = {(x1,22) : 2 <t (1)} (2.12)
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Figure 8: Triangular teeth

Each period of the wall is an isosceles triangle such that each peak and valley spans
an angle of ¥. See Figure [§

As before, let X be uniform in [0,1], let 6 € (0,7) be fixed, and let (X},0}) =
P21(X,6). The limiting reflection law P(0,d#’) is the law of ©}).

Similarly to the case of rectangular teeth, we can deduce the distribution of ©)j,
by considering the unfolding of the region between two triangular teeth. See Figure

O In the figure, the number of triangles crossed by the top of the horizontal strip is

N = [%1 (2.13)

The angle of the outgoing trajectory depends on whether N is even or odd and
whether the unfolded trajectory exits the unfolded billiard in a white region or a
gray region. The trajectory leaves in a white region with probability py(6) and
leaves in gray region with probability 1 - p,(6).

It is tedious but elementary to compute the angle of exit in each case, and the
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Figure 9: Unfolding of the billiard between two teeth.

probability p,(#). One obtains that

-2 . pu(0),
if [2@/1_6] is even, O = r @Z)U’] w.p. py(0)
1/1([%91+1)—9 w.p. 1-py(6),
(2.14)
Z1-0 . pu(0),
and if [%} is odd, ©)= Iy w.p. py(6)
' 7T+9—w({fp—91+1)—9 w.p. 1-py(0),
where ( ¢) (w . )]
cos(f — 5 ) — cos 5[$] .
py(0) = COS(Q—%)—COS(Q—}-%) ' (2.15)

Here [z]; = x if © > 0 and zero otherwise. The limiting reflection law is

P(z,6;dz'd0") = 6,(dz’)P(0,d6"), where P(6,d6") is the law of ©)).
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2.2.3 Focusing circular arcs

The discrete distribution of both of the previous reflection laws is an artifact of the
polygonal boundary of the walls. When the boundary of the wall contains curve
segments with non-zero curvature, we expect the distribution to be non-singular in
general.

As an example of this, consider the wall whose periods consist of focusing (i.e.

concave-up) circular arcs. Let 0 < ¢ <7/2. We define

€

2 2
tn(x) :—ncotf—\/e—”CSCQS—(x—e—n) for z € [0,¢,], (2.16)
2 4 2
and extend t, to be ¢,-periodic on the line R. The wall is
W, =W (3, €e,) = {(x1,22) 1 w3 <t (1)} (2.17)

The arc forming one period of the wall spans an angle of 2¢.

Consider the wall W (X, 1), depicted in Figure Let X be uniform in [0, 1],
and let § € (0,7) be fixed. Let (X}, 0)) = P*!(X,0). Let C denote the center of
the circle whose arc forms the period of the wall below [0, 1], and let R denote the

radius. In coordinates,

11 1
C=(§,§cot£), Rzgcscﬁ. (2.18)

Let P be the first point in the circular arc hit by the billiard trajectory starting from

(X,0), and let v be the signed angle measured counterclockwise from the vector —es
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P

Figure 10: A wall formed from circular arcs.

to the ray CP. (Thus if X =0 then v = —¢ and if X =1 then v = £.)

It turns out to be more convenient to express © in terms of v, rather than X.

Let N denote the number of times that the point particle hits the circular arc
before leaving the wall. Referring to Figure let Py = P, and suppose that the
point particle subsequently hits the wall at points Py, P, ..., Py_1. The sequence of
points P; will progress along the arc in the counterclockwise direction if 6 > 5 + 1,
and in the clockwise direction if 6 < § +~ (strictly speaking, the case where 6 = 5+~
is vacuous since the trajectory will hit the boundary only once). The signed angle
from P;_; to P, is

2m+y-0) 0>+,
Ay = (2.19)

2(v-0) if 0<% +n.
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P,
Py

Figure 11: Multiple reflections from a circular arc.

The number of times which the billiard trajectory hits the arc is

[5_—7] it0>7Z+7,
. ? (2.20)

[yl i o0<g+7.

Each time the point particle hits the circular arc, the angle which the billiard tra-

jectory makes with the +x;-axis increments by A~. Thus,

9+[ﬁ]2(7r+’y—9) if 0273+,

O =0+ NAy= (2.21)

0+ (5 512(7 - 0) if0< T+,

We will now find an explicit formula for v in terms of X and 6. This, together

with ([2.21]), will give us the distribution of ©j,.
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An elementary calculation shows that

S OVTCOST ST L Z cotheote
2siné 2s8in§ 2 2
_ cos(f +7) —cos( +§)

~cos(f-€)—cos(0+&)

X

(2.22)

Geometrically, it is clear that X is uniquely determined by v and 6 and that X

should increase with 7. Note that —7/2 < -{ <0+~ <7+ & < 3w/2. On the interval

[-7/2,37/2), the cosine function increases on the intervals [-7/2,0] and [7,37/2).

Thus 0 + v € [-7/2,0] u [m,37/2). Thus if we define

27 —arccos(z) if —1<x <0,
Arccos(z) =

—arccos(x) if0<x <1,

then Arccos(cos(6 +7)) =0 +~. Hence, solving (2.22) gives us

v ==0+ Arccos (X cos(0 - &) + (1 - X)cos(0+&)).

2.2.4 Retroreflection

Consider the retroreflection law

P(z,0;d2’df’) = §(4.9)(da'd6").

(2.23)

(2.24)

(2.25)

It follows from Theorem that there is a sequence of walls W; such that PVi — P

as 1 — oo.
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Figure 12: Retroreflection from a fractal of mushroom billiards.

We obtain a sequence of walls which generates retroreflection by considering the
fractal of mushroom billiards depicted in Figure[I2] The “cap” of each mushroom is
a semicircular arc. The walls consist of partial iterations of the mushroom fractal.
To each W; is added an additional row of “mushroom hallows,” while the scale of
the wall converges to zero as u - oo. The ratio of the width of the stem to the width
of the cap of each mushroom is taken to converge to zero as ¢ - oo, but at not too
fast a rate. The horizontal segments at the top the boundary of W, form a partial
iteration of a Cantor set. Provided the width of the stems does not converge to zero
too quickly, this set will become negligible as i — oo.

For additional examples and discussion of walls which generate retroreflection,

see Chapter 9 of .
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2.3 Examples of rough collision laws

Given a sequence of periodic walls, W; = W(2,¢), let W; = W(Z,€) denote the
foreshortened wall (where & and & are defined by ) Let X be uniform in
[0,1], and let

(X5, 04) = P2(X,0), (2.26)

The angle ©j is the angle of exit of the trajectory hitting the foreshortened wall, as
X varies uniformly over one period. Theorem tells us that the limiting collision

law for the disk and wall system K = lim;_ ., K" is given by

K(y1: 3, 0,93 dyidydd'de’) = 8y, ) (dyidys)P (6, d8") by (dy), (2.27)

where P(6,d¢") is the law of the random angle of exit ©}.
We obtain examples of rough collision laws by choosing walls W;, such that the

limiting reflection law for the sequence of foreshortened walls W; is known.

2.3.1 Rectangular teeth

Consider walls W; = W (3, ¢;) consisting of rectangular teeth with parameter r (the

ratio of the width of the teeth to the height). For this choice of walls, we denote the

angle of exit by ©j(r) to indicate the dependence of ©} on r in the formula .
The class of walls with rectangular teeth is invariant under foreshortening. After

foreshortening by a factor (1 +m/J)Y/2, the new wall W; is composed of rectangular
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teeth with parameter

7= (1+m/J) . (2.28)

Thus the rough collision law K = lim;_ ., K" is given by , where P(0,d0") is
the law of ©)(7).

Using to convert back to the original coordinates, we obtain that the col-
lision law K maps the incoming velocity w = (v1,v2,w) t0 Asmootnw With probability
pr(6) and to A, sipw with probability 1 - p=(0), where Agmooth and Apoqip are the

matrices defined as follows:

m—J -2J
1 0 0 m+.J 0 m+.J
Asmooth =10 -1 0]}, Ano—slip = 0 -1 0 . (229)
—-2m -m+J
0 0 1 e BT

The significance of the notation Agmeotn and Apesiip is explained in §2.3.4

2.3.2 Triangular teeth

Consider walls W; = W(X,¢;), consisting of triangular teeth with parameter ¢. We

denote the random angle or reflection by ©j(¢), to indicate the dependence of ©j,

on ¥ in the formula (2.14))

For each 4, the foreshortened wall T; consists of triangular teeth with parameter

P = 2arctan((1+?)l/2tan(%)). (2.30)

The rough collision law K = lim;_,., K" is given by (2.27), where P(6,d#") is the law
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Figure 13: Focusing elliptical arcs

of 0y(7).
In principle, one can use ([1.63)) to express K in the original coordinates

(1,9, a, 01,09, 0), although the formula is not as simple as in the previous case.

2.3.3 Focusing elliptical arcs

Consider walls W; = W(X,¢;) constructed of focusing (concave-up) elliptical arcs,

where the ratio of the horizontal to vertical axes is (1 +m/J)2. In other words, we

define
€n 12 & en\?
tn(x)=§cot5—(1+m/J) 4 Cs¢ £- ) for x € [0,¢,], (2.31)
and extend t,, to be periodic on R. We define
Wn = W(Z, En) = {(513'1,33'2) X9 < tn(ilfl)} (232)

See Figure [I3]

The foreshortened wall W; is precisely the wall of circular arcs with parameter
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&, discussed in §2.2.3| Therefore, the rough collision law K = lim,_ ., K" is given by
(2.27), where P(6,d6") is the law of ©)) = ©}(€), given by the formula (2.21).
2.3.4 Smooth and no-slip collisions

As we have seen, there are two basic examples of deterministic rough reflection laws:
specular reflection

]P)spec(x7 0; d[L"d@’) = 5(:):,71'70) (dxldel) (233)

and retroreflection

Pretro (2,05 da’d0") := 64 0y (da'df’). (2.34)

Trivially, Pgpec is the limit of the reflection laws on the constant sequence of flat walls

W; = {(@1,22) : z2 < 0}. Under the correspondence (|1.72)), Pg,e. corresponds to

Ksmooth(yla Y3, 0,1; dyi dyédé"d1/)') = 5(y1,y3,7r—9,7r—w) (dyL dyédé"dl//). (2-35)

This is just the classical collision law describing a frictionless collision between a hard
disk and fixed wall in the plane.
Under the correspondence ([1.72)), Pyetro corresponds to

Kno—slip<y17 Y3, 07 ¢7 dy{dyédeldd},) = 5(y1,y3,€,7r77,l)) (dyiv dyéd@'dz/)') (236)

This type of deterministic collision is known as a no-slip collision.
Using ([1.63) to convert back to our original coordinates (x1,xs,, vy, vy, 3), one

may show that the collision law Koot maps the velocity w = (v1,v2,w) t0 Asmooth,
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and the collision law Kogip maps w to Apegipw, where Agpooth and Apegip are the
matrices defined by .

Let W; be a sequence of walls such that Pgpee = lim;,. PWi (for example, the walls
of . Let W, = {(z1,2) : (21, (1 +m/J)"Y2x,) € W;}. That is, we choose walls
m whose foreshortening is W;. Theorem tells us that Kglip = lim; e KW:.

No-slip collisions were first introduced by Broomhead and Gutkin in [4] and have
been further investigated Cox, Feres, and Ward , Eﬂ

Remark 2.2. It turns out that Pypec and Prero are the only two deterministic rough
reflection laws which act continuously on RxS!. Thus, by the correspondence ,
Ksmooth and Ko qip are the only two rough collision laws which act continuously on
P x S2. The latter statement is also closely related to Corollary 2.2 in , which
classifies deterministic collision laws for more general rigid bodies.

To see why the first statement is true, let pu(df) = sinfdf, and let m denote
Lebesgue measure on the line. Recall that by Proposition , if P(x,60;dz’do") =
6.(dz")P(0,d0") is a rough reflection law, then P(#,d#’) preserves the measure
p.  The measure space ((0,7), ) is isomorphic to ((-1,1),m), via the mapping
f(0) = =cosf. The only continuous transformations (-1,1) - (-1, 1) which preserve
Lebesgue measure are T'(x) = x and T'(z) = —x, and these transformations pull back
via f to retroreflection and specular reflection respectively.

By considering transformations which are not continuous, one can obtain a much
larger class of deterministic reflection laws and collision laws. For example, any invo-
lutive interval exchange transformation of (-1, 1) corresponds to some deterministic

reflection law and to some deterministic collision law.
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2.4 Proof of the lemma for constructing random reflections

Proof of Lemma[2.1. For (z,0) e RxS!, let (a’,0") = P¥#<i(x,0). By condition B5
on the cells X; (see §1.2.4), the boundary of the wall W (X, ¢;) is periodic and has
maximums at integer multiples of ¢; along the line {(z1,25) : 3 = 0}. Moreover, if z €
[ke;, (k+1)e;] for k € Z, then the billiard trajectory will remain in the hollow bounded
between the two maximums and will return to line x5 = 0 at o’ € [ke;, (K + 1)¢].

Therefore,

|z — 2’| < €. (2.37)

We will use this estimate several times in the argument below.
Proof of (i) Suppose that P(z,0;dx'd0") = lim;_. P¥<i(x,0;dz’dd") exists. Let
f,9€C.(S). We have

fS g(0) fS F(6)B(6,d6") singdf

_ [ g(0) = f RO, 0: A’ d6)dar sin 06 (2.38)
st €; Jo  JRrxst

1 €i[1/ei]
= ! Pzi,ei . / / .
[S1 q(0) a1/l [0 - f(0") (z,0;dz'd")dz sin 6d6,

where the last line uses the fact that = — fogi f(OPEici(z,0; d2z'dl") is e;-periodic.

Noting that P>#< is a probability measure, we also have the following bound:

f L F@PP (,0:42'd0") < | o (2.39)
Rx }r
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Using this bound, we see that the last line in (2.38) is equal to

1
f 9(0) / f F(OYPZ4i (2, 0; dz'd0)dzsin 0d0 + O(e;),  (2.40)
st 0 JRxSL

where the error term may depend on f and g. Let ¢s € C.(R) be chosen so that
0 < ¢s <1 and supp s c [0,1] and [ |¢p5 — 1jo13|dz < d. Let ns € Co(R) be chosen so
that 0 <75 <1 and 75 =1 on the interval [-0-1,1+ §~1]. We see that (2.40) is equal

to

[ b5(2)g(0) f F(OYPZ< (2, 6; Az’ d6") A (ddd) + O(6 + ;)
RxSL RxSL (241)

- f 5(2)9(0) [ 05 () ()PP (2, 6; da' A" )AL (dzdf) + O(6 + &),
RxSL RxSL

noting that by the bound (2.37), z’ € [-0-1, 1+ 7] (for ¢ sufficiently large) whenever
x € [0,1]; thus ns(z’) = 1 whenever ¢5(x) # 0. Taking the limit as ¢ — oo, ([2.41))

converges to

[ , s(@)g(0) [ (@) (OO, 0:d'd0)A (d2dd) + O().  (242)

Letting 0 — 0, by boundedness and pointwise convergence of ¢s and 75, dominated

convergence implies (2.42)) converges to

f 9(0) [ F(O)P(x, 0; dz'd0")da sin 06
[0,1]xS} RxSL

3 (2.43)
=fglg(9) fs F(0")Po (60, d6") sin 60,
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where Py is the Markov kernel on S! defined by

(6P (6, 40’ =f f h(0)P(x, 0: dz'de’). 2.44
S h@OBu@.a0) = [ [ BB, 0;da'dn) (2.44)

Putting all this together, we see that converges to ([2.43]) as ¢ - oo, as desired.

Proof of (ii). Conversely, suppose that P = lim,;,. PTo¢ exists. Given
hx,0,2',0") = f(x,0)g(x',0"), where f,g € C*(R x S!), we want to show that a
limit of form holds. Since the tensor product C'°(R) ® C°(SL) is dense in
C> (R xS!), we may assume without loss of generality that f(x,0) = fi(x)f2(0) and

9(x,0) = g1(2)g2(0) for some fi, g1 € C(R) and fo, g2 € C=(S)). We have

fﬂw 91(2)g2(0) fR o 1@ f2(6)P7 (2, 6;da’df) A’ (dwdf)
) fmi 91(2)92(9) fM1 fi(@) fo(0")PEo (2, 0; da’d0") AL (ded )
* fM3 91()92(9) [Rxgi[fl(fl)—fl(iv)]fz(@')PEi’”(x,9;dx’d0’)A1(dxd9) (2.45)
+0(62)
= fR . g1(x) f1(x)g2(0) fR - Fo(0)PZ (2, 0; dz’d6") AL (dzdf) + O(E;),
where
E;:=sup{|fi(2) - fi(z)]: v e R}. (2.46)

By the bound ([2.37) and the fact that f; is continuous and compactly supported, we

see that E; converges to zero as i — oo. By approximation by simple functions, we

79



may write

g1(x) fr(x) = Y gi(ek) fr(ek) L pe,wey) () + Ri(), (2.47)

keZ

where h; - 0 in L'(R). Also, observing that the function

T - f ) f2(0P¥ o< (2, 0; da’d0”) (2.48)
RxSy
is ¢;-periodic, we may write the last quantity in (2.45)) as

k‘+€i
Zgl(eik)fl(eik:)f f gz(e)f o8P (2, 0; da’d6) sin 06
k st RxS!

keZ

+O(||hillpr + Ex)

= (Z gl(eik)fl(ﬁikf)ﬁi) (/s{ 92(9)6% ‘/OEi ot f2(9’)IP’Z“Ei(x,9;dx'd@')dxsin@d@)

keZ
+ O([[hil|pr + E5).
= (g%gl(eik)fl(ﬁik)@) ([S1 92(0) [Si f2(0)PZ<(0;d6") sin@d@)

+ O(th“Ll + EZ)

(2.49)

Taking the limit first as ¢ — oo, and noting that the first factor is a Riemann sum,

the quantity above converges to

(/R]q(gg)gl(gc)dg;)([Si 92(0) fgi fg(e')@(e;de')smede))
= fooy 9 @02(0) [ @) fa(0)B(0:00)A! () (2.50)
_ [R o D@ (6) fR PACy £2(0))6,(de")B(0: d0’) A (ddh).
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This proves that lim;_,., P¥i< exists and is equal to 4, x P.
Proof of (iii). Take 3; = 3 to be constant. For all ¢;, the macro-reflection map
P>¢ is just the macro-reflection map P>! re-expressed after scaling the spatial

coordinates by ¢;, that is

P>% =g oP*' ool where o (z,0) = (e,0). (2.51)

Consequently,
PR, 0502700') = (7)4 P (0 (,0); 0’00, (2:52)
Thus, for f,ge C.(SL),

fS 9(0) fg F(0)F(6,d0")sin 00
1 ra
- 0 —f f 0)PE< (1, 0: da’'d6’)dar sin A6
S0 [ [ o FOP a 0:da'adydrsin
1 re
:/Slg(e)—f ] f(0) (o) x P> (o} (2,0); dz'd0")dz sin 66 (2.53)
1 €; JO RxSL ‘
1
- f 9(6) f f FOYP™ (2, 0: da'd0’)da sin 00
st 0 RxS1
=f1g(6’) f F(0)F>1(0, ") sin 6d0.
st st
Here the second equality follows from ([2.52)) and the third equality follows by making
the changes of variables (z/,0") = o, (2/,0") and (z,0) ~ o, (x,0). This shows that

the sequence P¥¢ is constant and equal to P™'. Thus (iii) follows from (i) and

(ii). O
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3 Specular Reflection Law

The dynamics of the disk and wall system are described by an evolution t ~
(y(t),w(t)) in the phase space TM = M x R3. This evolution should satisfy, and
ideally be uniquely determined by, accepted physical laws governing rigid body in-

teractions. We assume that:

P1. The bodies D and W do not interpenetrate.

P2. The system is subject to Euler’s laws of rigid body motion (see equations ((3.1])

and (32)).

P3. When not in contact, the net force applied to each body is zero, and upon
contact, a single impulsive force is applied to the disk at the point of contact

and directed parallel to the unit normal vector on the wall.

P4. The kinetic energy of the disk is conserved for all time.

The first three assumptions are standard for rigid body interactions in which no
friction is present. The fourth is the limiting case for a system of bodies of finite
mass in which the total kinetic energy, linear momentum, and angular momentum
are conserved. After letting the mass and moment of inertia of one body diverge
to infinity, the kinetic energy of the other body is conserved in the limit (see in
Proposition [3.3)).

The material in this section does not depend on results from the other sections,

with the exception of two results proved in §4] namely (i) that there is a full measure
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open subset dreeM c OM on which a C! field of unit normal vectors is defined, and
(ii) a formula for the unit normal vector to the surface. See Proposition and
Remark The material on the geometric properties of the configuration space
does not depend on this section, so there is no circularity.

Let us give a more precise mathematical formulation to the physical assumptions
P1-P4.

The assumption that the bodies do not interpenetrate means that the configura-
tion of the system y is confined to the set M c R3 for all time. The boundary oM
corresponds to collision configurations for the system. The collision dynamics cannot
be defined when multiple satellites simultaneously make contact with the wall W or
when a satellite makes contact with a singular point of W. We therefore only derive
the collision law for when y lies in 0y M, which is a full measure subset of OM (see
Proposition .

We use the following notation: for y € OyeeM, we let o(y) € dW denote the
position in R? of the unique satellite of D(y) which lies in dW. As usual, we write
y = (x,a) and w = (v,w) where x is the center of mass of the disk, « is the angular
configuration, v is the linear velocity of the center of mass, and w is the angular
velocity of the disk.

When y € Int M, the net force on D is zero. Thus Euler’s equations of motion
say that

dv dw

ma = 0, and JE =0  whenever y € Int M, (3.1)

here recalling that the total mass of the disk is m and the moment of inertia of the

disk about its center of mass is J. In other words, D moves freely in the complement
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of W.

Euler’s laws must be given an impulsive interpretation when the disk makes
contact with the wall. For p € OigW, let k(p) denote the outward pointing unit
normal vector to the wall at the point p. Our assumptions say that the impulse when
the disk makes contact with the wall in configuration y € 0,eg M is Ak(o(y)) for some
A € R. Since each satellite lies at unit distance from the center of mass, the induced
impulsive torque at the point of contact is then Asin 8 where 5 = (y) € (-7/2,7/2)
is the signed angle measured counterclockwise from k(o (y)) to x—o(y). In impulsive

form, Euler’s laws say that
m(vt—v7) = Me(o(y)), J(Wwr-w7)=Asinf(y) whenever y € dreeM, (3.2)

where

vE(t) = slgg v(t), and w*:=lim w(t). (3.3)

s—>1+

The kinetic energy of the disk in state (y,w) is

1 1 1 1
émvf + émvg + §Jw2 = §||w||2 (3.4)

By conservation of the kinetic energy of the disk, up to a change of units, we may
assume that ||w||? = 1 for all time.

Summarizing, we wish to solve the following initial value problem: for (y° w?) €
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Int M, to find an evolution ¢ — (y(t),w(t)) € R x R3 which satisfies

yeM,

yelnt M = %—It” =0,
m=Ak(o(y))

YE€legM = (INeR):w'-w = : (3.5)
J=1Asin B(y)

[wll =1,

(4(0),w(0)) = (°, w?).

dw

q¢ exists when

Contained in these conditions is the assumption that the derivative

y € Int M and that the limits w~ and w* exist when y € O,eg M.

Remark 3.1. Our approach to formulating the above problem aims to obtain a
precise mathematical statement quickly while keeping the amount of technical ma-
chinery to a minimum. One drawback to our approach is that it requires taking
the distinct forms of Euler’s laws for impulsive and non-impulsive interactions as
basic. The reader may wonder whether there is a unified framework in which to
handle these different types of interactions. In addition, while Proposition shows
that the problem is well-posed, it is not so clear how well the approach would
generalize to other rigid body settings.

Much work has been done in the last 40 years to put physical systems with
impulsive interactions within a rigorous and unified mathematical framework. One

such approach is based on differential inclusions. The idea is to solve a differential
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relation of form

F(Qa t) - q € aIV(q)a (36)

where ¢ is the position in the configuration space M, F' is the external force acting
on the system, V' (¢) is the tangent cone in M at the point ¢, Iy (r) =0 if 7 € V(q)
and Iy g (r) = oo otherwise, and dly (4 is the subdifferential of Iy/(4) in the convex

analysis sense. Some early work to formulate and solve rigid body problems within

this setting may be found in , , , , , .
Another approach is to formulate impulse problems as variational problems in

Lagrangian mechanics. This leads to geometric integration algorithms for systems

with impacts, as detailed in [16].

We now solve the problem ([3.5]).
Recall that n denotes the field of inward-pointing unit normal vectors on Oyeg M.

Define the subbundles of the tangent space

Vin = {(y,w) e TM :y € OregM and (w,n(y)) > 0},

Vout = =Vin = {(y,w) e TM: y € e M and (w,n(y)) < 0}.

Given (y,w) e M xR3 let

t(y,w) =inf{t>0:y+tweoM}. (3.8)

If y e Int M, or (y,w) € Vi, then by compactness and continuity, if #(y,w) < co then

1t 1S a minimum.
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Proposition 3.2. Let (3°,w°) € Int M xR3, and assume that t; := t(y°,w°) < co. Let
yt =0 + tw?, and assume that (y*,w®) € V. There exists 6 >0 and a unique evo-
lution t = (y(t),w(t)), t € [0,t; +0) such that y is continuous, w is right-continuous,
and the conditions hold. Ezplicitly, the evolution is given by linear motion in

the interior of M and specular reflection on the boundary:

(y° + tw, w?) if 0 <t <ty

(y(1),w(®)) =1 (', w0 = 2(u®, n(y ))n(y')) ift=1, (3.9)

(y' + (t—t1)w(ty), w(tr)) ifE <t<F +0.

Proof of Proposition[3.9. Let w' = w® - 2(w% n(y'))n(y'). It follows from (y*,wP) €
Vous that (y!,w') € Vi, and consequently #5 := t(y!,w') > 0. We choose 4 = fs.

Assume that ¢ = (y(t),w(t)) is right-continuous and satisfies the conditions
for 0 <t <t +d. To prove uniqueness, it is enough to show that holds. Since
the motion is free in the interior of M, it is clear that (y(t),w(t)) = (y° + tw®, w®)
for 0 < ¢ < #1, and in particular y' = y(¢;). Write y* = (2!, a') € OreeM. We have
w™ = (v7,w”) =lim,_; _w(t) = w, and w* = (v-,w") = lim,_z,, w(t) = w(t,), where
the last equality follows by right-continuity. By assumption, we have

wr—w =w(t) -w’ = Ao (1) (3.10)

J~1Asin 5(yt) ‘

Write k = k(o(y')) = (ki1, ko) € R?, and write y!' = (!, a!). The vector z! —o(y!) is

equal to (-sina!,cosal), and consequently 7 - #(y') is the angle measured coun-
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terclockwise from the vector (cosal,sinal) to the normal k(y'). We therefore have

sin 3 = Cos(g - 5) =k-(cosal,sina') = kj cosal + kysinal. (3.11)
Thus
m‘lkl
w(ty) —w’ =\ m1ky = R\n, (3.12)

J1(kycosa + ko sinar)

where R = (m™t + J 1(ky cosal + kysin a1)2)1/2, here using the formula 1) for the
unit normal n in the configuration space given in Remark 4.6 By conservation of

energy and the above, we have

[w]]? = [Jw(t1)|* = |[w® + RAn|
= ||w°|]* + 2RM(w®, n) + (R))?
(3.13)
= 0=2R\Nw"n)+ (R\)?

= R)=-2(uw"n) or RX=0.

As (y',w®) € Vou, we see that (w® n) 0. By and either w(t;) = w° or
w(ty) = w® = 2(w n)n. But we cannot have w(t;) = w® since this would imply by
right-continuity that the point mass enters M¢.

It remains to show that the motion is linear for ¢; < ¢t < §. From the above,
(y',w(ty)) € Vi, and thus by continuity there exists a maximal (possibly infinite)

n > 0 such that y(t) € Int M for t; <t <t; +7. By free motion in the interior of M,
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it follows that

(y(t),w(t)) = (y' + (t-t)w(ty),w(ty)) for t<t<t;+mn. (3.14)

It is easy to see that n = 9. For and the definition of 7 imply that n <ty = 4.
On the other hand, if 7 < f5, then y(#; +n) € Int M by continuity of the trajectory,
and thus there exists 1’ > such that y(t) € Int M for t; <t < t; + 17/, contradicting
maximality of n. We conclude uniqueness.

To prove existence, we take (y(t),w(t)) to be defined by for 0 <t <t +9.
Then y(t) is continuous and w(t) is right-continuous. Further, the only condition
in (3.5) which is not trivial to verify is the third. For this, note that we may take
A =—-2RYw° n), where R is defined as above. It follows from the expression
for the normal vector n that the third condition in holds. [

We close by providing some support for the assumption that the energy of the

disk is conserved for all time.

Proposition 3.3. Consider a physical system consisting of two bodies By and Bs
in the plane, of mass My and My respectively and with moments of inertia J, and
Jo respectively about their centers of mass. Assume that the kinetic energy, linear
momentum, and angular momentum of the system are conserved for all time. Let
t < t/, let vi, v’ be the linear velocity of the center of mass of B; at times t,t'
respectively, let wt,wi' be the angular velocity of B; at times t,t' respectively, and

assume that v = w? =0. Then, keeping My, J,, v, and w' fized, the following limit
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holds:

lim MoV |2 + Jiw' P = My|jol|]? + Ji|w' 2.
Mo, Jo—00

(3.15)

Proof of Proposition[3.3. Since we assume v? = 0 and w? = 0, conservation of linear

and angular momentum give us
!/ !/
Ml’l)l + MQ’U2 = Mlvl,

and

/ 1
lel + JQUJ2 = lel.

We obtain from these,
M3|[¥|? < 2ME||P + 20| B P < 207w + 20 WP

and hence

202
o,
< {2M1 2J1
< max ,—

My Jy

2.J2
VIt + J—;(\wl'l2 +w'l)

} (Mullo"|[P + ifw[? + Maf[o! P + Jifw' ).

M||o|? + Tyl <

By conservation of energy, we also have

Mu[oV'|IP + TP + Ml | + ol P = Mullo! [P + Jijw! .
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(3.20)



Therefore,

My |I? + Jifw[* < Myfo P + Jy | (3.21)

From (3.21) and (3.19) we obtain that

Myllo”'|P + TP < max{%l , 47‘21} OLoYP + LW'P).  (3:22)

From this we see that
My|[v?||? + Jo|w? P > 0 as My, Jy - oo. (3.23)
Hence, by conservation of energy , the limit holds. ]
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4 Elementary Properties of the Billiard System

The goals for this section are first to describe the basic properties of the configu-
ration space M and its cylindrical approximation M.y, and second to provide a
rigorous definition for the collision law described in the introduction. §4.1] and
are concerned exclusively with the geometry of M and M.y, while introduces
dynamics.

The collision law turns out to be a special case of the general macro-reflection
laws, described in §6] Results proved in §6]can be applied to show, for example, that
the collision law is symmetric with respect to the measure A2.

In addition to describing the collision law in M, we will also define two auxiliary
collision laws, the cylindrical collision law and the modified collision law, which will

play important roles in the proofs of our main results.

4.1 Properties of the configuration space

Throughout this subsection, the cell 3 — assumed to satisfy conditions B1-B5 of
—and the roughness scale € > 0 are fixed. As described in §1.3], the cell and roughness
scale give rise to a fixed wall W = W (X, €) and a freely moving disk with satellites
D = D(e), where the satellites are spaced at angles p(€) apart. This physical system
has a configuration space M = M(X,¢) c R3, defined by the expression ([1.41)).

We first describe some elementary properties of the configuration space M. In

what follows, H? denotes 2-dimensional Hausdorfl measure on R3.

Proposition 4.1. 1. Forall j,keZ, M+ jeey + kpes = M.
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ii. {(x1,09,0) 2920} c Mc{yeR3: D(y)nInt W = z}.

i, Int M = {y e R3: D(y) n W = @}; consequently, M =Int M.

iv. OMc{yeR3: D(y)nInt W =@, and for some 0< k<N, Sp(y) e W}
v. OM c{(x1,29,0) : —e— gp? <5 <0}

vi. Assume € is sufficiently small. For any y e M, there are at most two satellites
of D(y) which lie on OW . If two satellites of D(y) lie in OW | then the satellites

are adjacent to each other on the disk.
vit. H2({(z1,29,a) 129 >0} n M€) = 0.

Next, we will describe the regularity properties of M, and introduce a large subset
of M which has a simple parametrization. This requires some additional notation.

We define a disjoint union of open intervals in the line:

(Qk:—l 2k+1

2= 2() = U (Z50(0) +00(0), 2 () - () (4.1)

keZ

where

do = dp(€) = arcsin (W) : (4.2)

We also let
Z=R’xZ. (4.3)

One may easily check that, for any R > 0, the Lebesgue measure of [-R, R] \ Z is
of order O(d) = O(e/p) = 0(e/?). Thus Z is a large subset of R3 in the sense that
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for any bounded subset B c R3, the Lebesgue measure of B\ Z converges to zero as

e - 0. We define
Mroll = M N Z\, (44)

Tion = OMnN Z. (4.5)
We have
Proposition 4.2. Assume ¢ is sufficiently small.
i. There exists a closed subset S ¢ OM such that

i.1. H*(S)=0; and

i.2. for every q € OM N S, there exists a neighborhood U c R3 of q and a C?
diffeomorphism ¢ : U - R3 such that ¢(q) = 0 and ¢(U n M) = H3 :=

{(z1,72,73) : 23 2 0}.

ii. For any y € Myon, D(y) nW has cardinality at most 1.

For any y € Uyon, the set D(y) n W has cardinality 1, and consists of a single

satellite of D.

ii. Myon is parametrized by the function F:Wex Z - R3 defined by
F(zy,19,0) = (71 —sina, x9 + cos @, ), (4.6)

where @ = o — kp and k = argmin{|a - kp| : k € Z}.

Moreover, the restriction of F' to OW x Z parametrizes I qp.
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Remark 4.3. The quantity & is uniquely defined because Z does not contain points

2j+1

of form (=5=)p, j € Z.

Remark 4.4. The parametrization (4.6)) explains the notation M, and I',oy. Sup-
pose that the disk initially has the configuration (z1,x2, kp) where k € Z, and imagine
rotating the center of the disk counterclockwise about the satellite Si by a small an-
gle Aa = a—kp, keeping the position of Sy fixed. After “rolling” the disk in this way,

the final configuration is given by F'(x1,x2, @).

We call a point in M a regular point if it belongs to the set
Mieg = M\ S. (4.7)

To avoid ambiguity, we will assume that S is the minimal subset of dM (with respect
to inclusion) such that i.1 and 7.2 in Proposition hold.

In , we define the class of billiard domains CESZ(R3). The class is suffi-
ciently large to encompass the kinds of spaces dealt with in this work, while narrow
enough that standard results from billiards theory still apply. The acronym CES

Y

stands for “closed and embedded, with singularities.” The subscript 0 means that
the codimension in R3 of a submanifold in this class is zero, and the superscript 2
indicates that the submanifold is twice differentiable. An immediate consequence of

Proposition [4.2[i) is the following fact.
Corollary 4.5. M belongs to the class CESZ(R3).

To prove the propositions, we introduce the following notation. Recall that N

denotes the number of satellites of the disk. For y = (z,a) e R3 and 0 <k < N -1,
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let Sk(y) denote the position of the satellite Sy after rotating the disk in reference
configuration ([1.37)) about its center of mass counterclockwise by an angle of o and

translating by x. Explicitly,

Se(x1, 29, a) = (21 +sin(a + kp), x2 — cos(a + kp)). (4.8)

The map y — Si(y) : R? - R? is smooth, and for each fixed a, the map = — Si(z,«)
is a translation in the plane R2.

As noted in Remark [I.19] the inner body Dy cannot come into contact with the
wall W. Thus, for the purposes of describing the geometry of M, there is no loss
of generality if we assume Dy = @. We use this fact without comment in the proofs

below.

Proof of Proposition[{.1 (i) We must show that M is invariant under translation in
R3 by ee; and by pes. The first of these follows because the wall W = W (X, €) is
invariant under translation by ee;. The second follows by noting that a rotation of
the disk through an angle of p about its center of mass maps the disk onto itself.

(ii) Since the satellites of D lie at unit distance from the center, and W c
{(x1,22) : wy < =1}, it follows that {(z1,x2,) 1 x>0} c M. Since M is closed, the
first inclusion follows.

By construction, D nInt W = @ if and only if none of the satellites of D lie in

Int W. That is,

{y:D(y)nIntW =g} ={y:for 0<k<N-1,S,(y) ¢ Int W}. (4.9)
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By continuity of the Sy’s, this set is closed. The second inclusion then follows by the

definition (|1.41)) of M.
(iii) Let Mo ={y: D(y) nW = @}. Equivalently,

Mo={y:for 0<k<N-1,5(y) ¢ W}. (4.10)

By continuity of the S,’s, this is an open set, and it is also evident that My c M.
Thus M c Int M. For the reverse inclusion, suppose that y ¢ M. Then for some
k, Si(y) €e W. Let V c R3 be any neighborhood of y. Since W is the closure of its
interior by condition Al in §1.2.2] it follows that V nInt W # @. Therefore, by (ii)
V intersects M¢. Hence y ¢ Int M, and this proves Mg > Int M.

(iv) It follows from (ii) and (iii) that

oMc{yeR?: D(y)nIntW =@ and D(y) n oW = @}. (4.11)

If D intersects W, then one of its satellites lies in W, so the result follows.

(v) By definition of W = W (X, ¢),

{(x1,22) rxa < -1—€} c W c {(x1,22) : 22 < -1} (4.12)

Consequently, since the satellites lie at unit distance from the center of mass of D,
if y = (x1,x2,0) € OM, then x5 < 0; otherwise D(y) could not intersect W. On the
other hand, a strict lower bound is obtained by putting D in a configuration such

that two adjacent satellites lie on the line x5 = =1 — €. See Figure [I4] Trigonometry
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r9g = —1 — €+ cos(p/2)

/ \ ne
- To = —1—¢€

Sk Sk+1

Figure 14: Two satellites lying on the line x5 = -1 — €.

yields that the xo-coordinate of the center of the disk in this configuration is
Ly
—1—e+cos(,0/2)2—e—§p : (4.13)

(vi) Let y = (21,22, ) € M, and without loss of generality, suppose that Sy(y),
S1(y), and Sy(y) all lie in W. An upper bound for x, is attained in the case where
So(y) and S»(y) both lie on the line 5 = —1. In this case, 25 = -1+ cos p < —1p? for p
sufficiently small. Since p(€) — 0 and €/p(e)? — 0, this contradicts the bound
if € is sufficiently small.

(vii) Suppose y = (21, 72,a) € M¢ = (Int M), and x5 > 0. Then at least one
satellite of D(y) lies in W. By and the fact that each satellite lies at unit

distance from the center of mass of D, this implies that x5 =0, and « = kp for some
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k € Z. That is,

{(21,79,0) 03 20y N Me c {(21,29,0) : 5 =0 and « = kp for some ke Z}, (4.14)

and the set on the right is #2-null. O

Proof of Proposition[4.3. (i) We begin by introducing the mapping g : R? x R - R?
defined by

g(pl,pZ,Oé) = (pl - Sin&ap2 + cosa,a). (415)

This is the mapping which takes (p1,p2, ) to the unique configuration y such that
So(y) = (p1,p2) and the angular orientation of the disk is av. One may easily check
that ¢ is a diffeomorphism. Consequently, g takes H2-null sets to H2-null sets.

Consider the following subsets of M:

A={yeM:D(y)nW contains a singular point of the boundary 0W}, (4.16)

B ={yeM:D(y)nW contains more than one satellite of D}. (4.17)

We define
S=AuB. (4.18)

By continuity and the fact that W is closed, it is easy to see that A and B are closed;
therefore S is closed.
To prove (i.1) holds, we must show that A and B are H2-null. To show that

H2(A) =0, by symmetry, it is enough to show that H2({y : So(y) € d,W}) = 0. To
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prove this, it is enough to show that g='{y : So(y) € 0,W} is an H2-null set. But this
set is equal to d,WW x R, and the result follows since 0, is a discrete set of points.
It takes more effort to show that #2(B) = 0. By Proposition [£.1[ii) and (vi) and

symmetry, it is enough to show that

{yeR®: Sy(y) e OW and S;(y) € oW} (4.19)

is H?-null. By pulling back with respect to g, it is equivalent to show that

K:={(p,a) e W xR : S1(g(p,a)) e IW} (4.20)

is H?-null. Furthermore, by periodicity, it is enough to show that

Ky :={(p,a) € oWy x [0,27) : S1(g(p,x)) € OW'} (4.21)

is H2-null, where W7 := AW N[0, €) xR is a single period of the boundary of the wall
w.

Note that the restriction of H? to dW; x [0,27) is just the product measure
induced by Lebesgue measure on each factor. We denote Lebesgue measure on both

factors by m. For each p e 0W7, let

F,={ae[0,27): Si(g(p,a)) e oW}, (4.22)

and let

E ={pedW;:m(F,)>0}. (4.23)
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For r > 0 and p € R2, let C'(r,p) denote the circle of radius r centered at p. Trigonom-

etry shows that the distance between any two satellites is

2sin(p/2). (4.24)

Therefore for each p € dW;, the mapping o — S1(g(p,a)) takes a to the point on
the circle C'(2sin(p/2),p) making an angle of a counterclockwise from the point

S1(g(p,0)) in the same circle. Therefore, for any U c [0, 27),

Si(g(p,U)) c C(2sin(p/2),p), (4.25)

and

m(51(g(p,U))) = 2sin(p/2)m(U). (4.26)

For each p e oWy, let G, = S1(g(p, F},)). If p e E, then

G, c oW, (4.27)

where 0W; := 0W n[-1,e+1], a bounded set. Moreover, since each G,, is a subset of

a circle centered at p, if p # p’, then G, and G, can intersect in at most two points.

In particular m(G, n G,) = 0. Applying this and (4.26)) and (4.27)), we obtain

> 2sin(p/2)m(F,) = > m(G)) = m(U Gp) <m(0Ws) < oo. (4.28)

peE peEl peE
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Since m(F},) > 0 for each p € E, it follows that E is countable. Therefore,

H2(K,) = [E m(E,)m(dp) =0, (4.29)

and this concludes the proof that H2(B) = 0.

It remains to show that (i.2) holds. Let g = (p1,p2,3) € IM N S. Then exactly
one satellite of D(q) lies in 0,,,W, and all the other satellites lie in We¢. Without
loss of generality, we may suppose So(q) € GregW. Let V' c R? be a neighborhood of
So(q) chosen small enough that there is some diffeomorphism v : V' — R3 such that
¥(So(q)) =0, and (V nWe) = {(21,22) : 3 > 0}. Let

U=5;"(V)=g(VxR), (4.30)
and let ¢ : U — R3 be defined by
¢(1‘1,$2,Oé) = (¢(50(331,$2a04))>@—5)- (431)

This is easily seen to be a diffeomorphism, with inverse given by ¢~'(x1, 22, ) =

g(p~1(z1,22), o0 + ) and with ¢(¢q) = 0. We may find a neighborhood U c U of ¢
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such that Sy(y) e We for all ye U and 1 <k < N —1. Then

Pp(UnM)=¢(Un{yeR3:So(y) e We})
= p(Un{y eR*: So(y) e We})
(4.32)
=p(U)ny(VnWe) xR

=o(U) n{(x1,x2,73) : 12 > 0}.

Thus ¢ : U - ¢(U) gives us the desired map.
(ii) Since I'yon € OM, it is clear that for any y € I',o, at least one satellite of D(y)
lies in W. Since T'yop € Myop € R x [—€,00) x Z, (ii) will follow from:

Claim 4.2.1. Suppose y = (x1,22,) € Rx [—€,00) x Z. Then at most one satellite
of D(y) lies in W.

To prove this, note that if y € R x (0,00) x Z, then none of the satellites can lie
in W. Thus, to prove the claim, we may suppose that y € R x [—¢,0] x Z. It is then
enough to show that, for such a y, at most one satellite of D(y) lies in the strip
{(x1,29) : =1 —€ < x5 < =1}. Suppose for a contradiction that two satellites lie in the
strip. By (vi) the two satellites are adjacent. By symmetry, we may without loss of
generality take the adjacent pair to be Sy and S;. Up to symmetry, the situation
is as depicted in Figure [I5] We let ¢ > 0 be the magnitude of the difference in the
x9-coordinates of Sy and S, and we let & denote the unsigned angle between the ray

SpS7 and the horizontal line through Sy. The center of D and the two satellites Sy
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To=—1—¢€

Figure 15: Isosceles triangle formed by the center of the disk and two satellites.

and S form an isosceles triangle. Elementary triangle geometry shows that

Therefore,

5=B—|a|, QSin(B)sin(S:el. (4.33)
2 2
/—)2|a|=/—)—5=/—)—arcsin(,€—l)
2 2 2 2sin(p/2) (4.34)
p € p
>E - —°  )=E_y
2 3 ar051n(28m(p/2)) 5~ %,

here using the fact that €; <e. Hence « is not in Z, giving us the desired contradic-

tion.

(iii) Let

1 1
Zoz(_§p+507§p_5o)7 Z0_R2x 20, (4.35)
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The set Z° is the member of the union (4.1) corresponding to k£ =0. Let F° denote

the restriction of F' to W¢ x Z9; then

FO(x1, 29, ) = (21 —sina, 25 + cos a, @), (21,29, 00) e We x 20, (4.36)

Let M = MnZ0 and 0, = OMnZ0 c [',oy. As M is invariant under translation by

roll — roll —

pes, 50 is Mo and T'op. Consequently, it is enough to show that FO(Wex Z0) = MO

roll
and FO(OW x 29) =T9 .

We observe that FO is just the restriction of g to Wex 20, In particular, F° maps a
point (p1, pa, @) € Wex 20 to a configuration y = (21, 2o, ) such that So(y) = (p1,p2)-
It follows from Claim in the proof of (ii) that at most one satellite of D(y) can
lie in the strip Rx [-1-¢,-1] and all other satellites lie in Rx (0, c0). If one satellite
lies in the strip, then as Sy(y) has the minimal xo-coordinate of all the satellites of
D(y), it follows that this satellite must be So(y). As So(y) = (p1,p2) € W<, it follows
that y € M. This proves FO(W¢x 2°) c MY .

Moreover, if we suppose that (p1,p2, ) € W x Z° then the same reasoning goes

through, but Sy(y) € OW. Hence y € I, and this proves FO(0W x Z20) c T .

For the reverse inclusions, note that if y = (21, 22,a) € M, then (p1,ps) :=
So(y) € We, so FO(py,ps, ) =y, and this proves FO(Wex 20) 5 MO .
Moreover, if we suppose that y € I'Y . then exactly one satellite must lie in W,
by (ii). Since a € Z9 this satellite is Syp. Thus if we take (py,p2) = So(z1, 22, @),

then FO(py,p2,a) = (21,22, ), and this proves FO(OW x £20) o T9 . ]

Proof of Corollary[f.5. We verify the definition of the class CESj(R3), given in
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§6.1.1, Taking & = S as in Proposition {4.1{i), it is immediate that condition C1
of the definition holds. To see that condition C2 holds, let y e M\ S. If y € Int M,
then trivially there exists a neighborhood of y which is C?-diffeomorphic to R3. On
the other hand, if y € OM \ S, then we apply Proposition [4.1](i). ]

Remark 4.6. One can extract from the proof of Proposition a formula for the
unit normal vector to the configuration space boundary at a point ¢ = (p1,p2, ) €
OM N S. Indeed, for such a ¢, there exists a unique satellite of D(q) which lies in
OW. Suppose that Sy(q) € dW. The proof of (i) tells us that in a neighborhood of

q, for some ¢ > 0, the boundary d M is parametrized by

g(taﬂ):g(p(t)vﬁ)? (t,ﬁ)E(—5,5)X(Oé—(5,0é+5), (437)

where p: (-9,0) = 0 W is a parametrization of an open subset of the regular part
of OW, chosen so that p(0) =p = (p1,p2). Let k = (k1,k2) denote the unit normal to

OW at the point p, with respect to the Euclidean inner product on R2. Let

m‘lkl
n(q) = (m_l +J 1 (ky cosa + ky sin a)2)71/2 m 1k . (4.38)

J (K cosa + ko sin )

One may easily check that ||n|| = 1, and that (3,9(0,),n) = (0,G(0,a),n) = 0.
Consequently, n is the unit normal to dM at the point q.

By symmetry, if more generally ¢ = (p1,pa, ) is a point in M \ S such that
Sj(q) € OW and k = (k1,ks) is the unit normal to dW at the point S;(q), then the
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unit normal to OM at ¢ is given by the formula

m‘lk:l
n(q) = R™* m~ ks

J™1 (kycos(a—=jp) + kasin(a — jp))

where R := (M‘l + J7 (k1 cos(a = jp) + ko sin(o _jp)Q)l/z‘

4.2 Cylindrical configuration space

For a fixed wall W = W (X, ¢€), the cylindrical configuration space is defined by

My = {(21, 22, 00) : (21 + @, x2 - 1) GW}

This is the cylinder with base

B:=W¢+ey=Mn{(zy,75,a):a=0}

and axis

xi=(m+J)2(1,0,-1) e S2.

The space Mgy is much simpler than M. It is parametrized by

T ry —
finlzo | = za+ 11, (21,22, ) e We xR,
o o
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The restriction of Fj, to W¢e x R is just the linearization about a = 0 of the
parametrization I’ for M, defined by .

Recall the definition of Z° and Z° . The subset of the configuration space
M n 20 can be expressed as a smooth perturbation of My 0 Z9. To make this

statement precise, let H; : Z - Z be defined by

T r1+ a - sin(@)
Hilzy | =] 22-1+cos(a) | (4.44)
« «

where @ := a - kp and k = argmin{|a - kp| : k € Z}. (Note that k is uniquely
determined since Z does not contain points of the form p/2 + kp.) The map H; is a

diffeomorphism with inverse given by

T x1 — &+ sin(@)
Hi'lzo | =20+ 1-cos(a) |- (4.45)
o o
The following identity holds:
Hiofyn=f onWex 20 (4.46)
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Consequently, by Proposition |4.2(iii),

Hl(MCylﬂZ\O)=MﬁZ\O, and

(4.47)
Hy(0Mpn 2% =oMn Z°.
Notice that |o] < p(€)/2 in Z°. Consequently
sup [|[Hy - Idz|| <[sin(p/2) = p/2] +[ =1+ cos(p/2)]
20 (4.48)

=0(p?*) =o(1).

To define the cylindrical collision law in the space M.y, we will need the following

result.
Lemma 4.7. My, belongs to the class CESH(R3).

Proof. Recall the given decomposition of 01 into countably many compact C? curve
segments: 0W = U;ez ;. For each ¢ € Z, let T; =T +ey. For each i, let p; and p;

denote the two endpoints of f, and let Int i = E ~A{pi,pl}. Let
Vi = {(x1,20,0) : (1 + a, 25— 1) e Int T}, (4.49)

S:{(xl,xg,a) (ry+a,z9-1) eU{pi,pg}}. (4.50)

€7

Then the boundary of My may be written as the disjoint union

My =S UV (4.51)

i€Z
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The set S is a countable, locally finite union of parallel lines. Thus § is closed, and
the 2-dimensional Hausdorff measure of S is zero.

Suppose y = (21,22,a) € Mcygu NS, If y € Int My, then trivially there ex-
ists a neighborhood U of y which is entirely contained in M.y, and which is C?-

diffeomorphic to R3. If y € V; for some 7, then

pi=(x1+0o,22-1) e Int T, (4.52)

It follows from the assumptions on the curve segments I'; that there exists a neigh-
borhood U ¢ R? of p and a diffeomorphism ¢ : U — R? such that ¢(p) = 0 and
H(BnU)=H2:=Rx[0,00). Let

U={(x1,20,0): (1 + 0,25 -1) e U}, (4.53)

and define ¢ : U — R3 by

d(x1, 29, 0) = (a(xl +a, 19— 1),a). (4.54)

This is a diffeomorphism, and moreover ¢(Mey NU) = R x [0,00) x R = H?3. This

completes the proof. O
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4.3 Collision laws

4.3.1 Definition and basic properties

As before, let ¥ be a fixed cell, and let € > 0. Recall the plane P = {(z1, 29, ) : 29 =
0}, and the hemispheres S2 = S? n {(vy,v9,w) : £v9 > 0}.

In the introduction, we defined the collision law K>€ as follows: Let (y,w) €
P xS2, and consider the billiard trajectory starting in initial state (y,—w). Suppose
the trajectory hits the boundary dM and reflects specularly a certain number of
times before returning to the plane P in a state (y/,w’) € P x S2. The collision law

(associated with the cell ¥ and scale €) is the mapping

K (y,w) = (y/,w'). (4.55)

The domain of this mapping consists of pairs (y,w) such that the billiard trajectory
starting from (y,-w) is well defined for all time and returns to the plane P after
only finitely many reflections at regular points of 0 M. For certain initial conditions,
the trajectory may not be well-defined for all time. In particular, the trajectory may
not in general be continued beyond a point where it hits a singular point of M (i.e.
the set S defined above) or where it hits the boundary tangentially.

Useful facts about the collision are obtained by observing that the mapping K>+
is a special case of the general macro-reflection laws defined in §6 and applying the

results derived in that section.
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Recall the measure on P x S?,
A?(dydw) = (w, e9)dyo (dw), (4.56)

where dy is Lebesgue measure on P and o(dw) is surface measure on S?. This is

just a special case of the measure A defined in §6.2.1]

Proposition 4.8. There exists a full measure open set F c P x S? such that:

(i) K¥<:F - P xS2 is a well-defined C' mapping.

(1) K*€ maps F into F and is an involution in the sense that K><o K*¢ = [dg.
Consequently, K>¢: F — F is a C diffeomorphism.

(1i1) K> preserves the measure A2.

Proof. We apply the results of §6.2.1| with R = R3, M; = M, Mg = {(21, 22, ) : x5 >
0}, and N' = M; ~ My. For these results to hold, we need to check that conditions

D1, D2, D3’, D4, and D5 from §6.2.1| hold (for the statement of D3’ see Remark

[6.6). If they do, then in the notation of §6.2.1]

K€ = pMMo, (4.57)

and Proposition 4.8|is just a special case of Proposition [6.5]

Condition D1 is obvious, and condition D2 follows from Corollary
By Proposition [4.1f(ii), Mo c M. In the notation of Remark [6.6)

Ay =Pn (M~ Mo)NInt M c {(21,72,a) 122 20} n M, (4.58)
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and by Proposition [£.1|(vii), the two-dimensional Hausdorff measure of the set on the
right is zero. Therefore, H2(A3) = 0, and condition D3’ holds.

To verify condition D4, note that the boundary of A is contained in M uUP. It
follows from Proposition [£.1|v) that A is bounded between the planes x5 = 0 and
To = —€— % p?. Thus the only way for a billiard trajectory in A starting from a state
(y,w) to not return to the boundary is if the trajectory is parallel to the two planes.
Hence U* N\ Us, c {(y,w) e U : (w, e3) = 0}, and this is a measure zero subset of U*.

To verify condition D5, we use the double periodicity of M. Let A/ be the space
obtained by identifying points in N/ which are translates of each other by iee; + jpes,
i,7 € Z. Since N is bounded between the planes z, =0 and x5 = —€— %,02, the reduced
billiard domain A is compact, and the induced invariant measure on A is finite.
Thus the Poincaré Recurrence Theorem implies that, except on a null set of initial
conditions, the billiard trajectory will return to the plane P after only finitely many

collisions with oM. O

For (j,k) € Z?, define translations

Tie(y) =y + jeer + kpes, yeP, (4.59)

and

Ty, w) = (T(y),w),  (y,w) e P xS (4.60)

An elementary but important fact is that K> commutes with these translations.

Proposition 4.9. For all (j, k) € Z?, Tjp 0 K¥¢ = K*€0Ty.
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Proof. This is immediate from Proposition (i), which tells us that the configura-

tion space M is invariant under the translations 7. O

The collision law K> is a associated with a Markov kernel on P x S2:
K>y, w; dy'dw”) = 6 ps.e . (dy/dw’). (4.61)

We say that a Markov kernel K(y,w;dy’dw’) is a rough collision law if there exist
a sequence of cells 3J; (satisfying conditions B1-B5 of §1.2.4) and positive numbers

¢; = 0 such that
K> (y, w; dy’dw”) A? (dydw) - K(y, w; dy'dw’)A*(dydw) (4.62)

weakly in the space of measures on P x §2.

The most important basic property of the rough collision laws is the following:

Proposition 4.10. If K(y,w;dy'dw") is a rough collision law, then it is symmetric

with respect to the measure A? in the sense that for any h € C.((P x S2)?),

/;P 5292 h(y,w,y’, w)K(y, w;dy’dw’)A? (dydw)
- (4.63)

ooy PO, 0)K (g, y ! ) ()
PxS2)2

Proof. 1t follows from the proof of Proposition that the collision law is a special
case of the macro-reflection law defined in Therefore, the rough collision law
is a special case of the rough reflection law defined in §6.2.2 Thus the proposition
follows from Proposition [6.8] O]
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4.3.2 Cylindrical collision law

Recall the definition of the cylindrical configuration space. By condition A3’ of
§1.3.1, R x (—o0,-1-€] c W c R x (—0o,-1]. It thus follows from the definition of
My that

R x [0,00) x R € Mgy € R x [—€,00) x R. (4.64)

Let (y,w) € P x S2. Suppose a point particle starting from initial state (y,-w)
hits and reflects specularly from 0 M.y a certain number of times before eventually
returning to P in a state (y',w’) € P xS2. By definition, the cylindrical collision law
(associated with cell ¥ and scale €) is the mapping

Ko (y,w) = (v, w'). (4.65)

cy’l
In the notation of §6.2.1| with Mg = {(z1, 22, @) : x5 > 0},

K5€ .o pMey Mo (4.66)

cyl

As in the previous case, Kczy’f is well-defined on a full-measure subset of P x §2, and

the following proposition holds.

Proposition 4.11. There exists a full measure open set Fey ¢ P x S? such that:
(i) K(i’f : Fe1 > P x 82 is a well-defined C* mapping.
(i1) Kczy’f maps Fey1 into Fey and is an involution in the sense that K*<o K*¢ =

ldg, ,. Consequently, K*<: Fey — Feyr is a Ct diffeomorphism.

Y00 276 2
(i) Ky preserves the measure A*.
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Proof. The situation is similar to that of Proposition .8 Taking M; = My, Mg =
{(x1,29,0) : x5 >0}, and N = My \ My, it is sufficient to check that conditions D1,
D2, D3’, D4, and D5 from hold. The proposition then follows as a special case
of Proposition [6.5]

The verification of conditions D1, D2, D4, and D5 is almost identical to the
verification of the same conditions in the proof of Proposition so we omit it.

To verify condition D3’, we must show that the 2-dimensional Hausdorff measure
of

Ay =P n (Mo~ M) ~ Int My (4.67)

is zero. Let G : R3 —» R? be defined by
G(z1,m0,0) = (11 + i, T2). (4.68)

Since My is the cylinder with base B and axis y, we have My = Gfl(g). Let
L be the line {(z1,22) : 15 = 0} ¢ R2. As the set A, is cylindrical with axis x, the

projection of Ay under G onto R? is

A, ::Lm{(xl,xQ)eE:x2<0}\Int§. (4.69)

Since L is a subset of B, we have A, c 0B.
Fix any q € Ay, and let {fi,i € Z}, be the collection of curve segments constituting
the boundary of B, as in the proof of Lemma Evidently, q € T; for some 7. But

by our assumptions on the I';, if the interior of T; intersects L, then T; ¢ L. Thus
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either ¢ is an endpoint of T;, or ¢ € IntT; c L. In the second case we may choose a
neighborhood U of ¢ small enough that Un B =Un {(x1,29) : 2 > 0}. But then ¢ is
not in the closure of {(z1,x2) € B:ay< 0}, contrary to our assumption. We conclude
that ¢ is an endpoint of T};.

Let E be the set of endpoints of the I';’s. By the argument above, A, c E, and

thus A; c G71(F) is a discrete collection of lines. Therefore H?(Ay) = 0. O

For (j,k) € Z? and s € R, define translations
Tj(,j)(y) =y + jeey + ksx, yeP, (4.70)
and
T w) = (W) w). (yw) P xS (4.71)
The cylindrical collision law Kf;f commutes with these translations.
Proposition 4.12. For all (j,k) € Z? 7 o g5 = Ko 7
e ’ ’ gk cyl cyl jk -

Proof. Since M.y is a cylinder with base B and axis X, and the base is e-periodic
in the e; direction, it follows that M.y is invariant under the translations T;lf). This

implies that Kczy’f commutes with the translations F§.Z). O

4.3.3 Modified collision law

When we compare the mappings K> and Ki’f, the modified collision law will serve
as a kind of intermediate mapping to which we may compare both. As the definition

of the modified collision law is somewhat technical, the reader may wish to refer to
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before reading this section for better motivation.

The plane P forms the boundary of the two half-spaces R3 := {(z1, 22, ) : 25 > 0}
and R3 := {(z1,22,0) : 25 < 0}. Recall the mapping H, : Z - Z defined by .
We define subsets of Z:

P=H,(Pn2), (4.72)
O, = H(R?n 2), (4.73)
O_=H, (R’ n Z). (4.74)

Then O, and O_ are disconnected open subsets of Z satisfying

O,u0_.=Z and O,n0O_=P, (4.75)

where closure is taken in Z.
As H, fixes the a-coordinate, H; maps R3 n Z into itself. Since OMy € R3, and

P c R3, it follows from that
OMNZcO_andPnZcO,. (4.76)
The set P is a smoothly embedded surface in Z. For (z1,0) e P n Z, we define
u(ry, ) =cosa -1, (4.77)

where @ = a - kp and k = argmin{|a - kp| : k € Z}. One may verify directly from the
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definition of H; that P is the graph of u, i.e.

P = {(x1,20,0) € Z: 2y = u(x1,0)}. (4.78)

Two useful observations about u are the following: First, for any k € Z, the restriction
of uto PNR2x (kp—p/2+d0, kp+p/2-3do) is concave. Second, we have the estimate

on the gradient:

||[Vu(zy, )| < |sinal < sin(p/2) =o(1), ase—0. (4.79)

Thus P is almost “fat” and almost parallel to P.

Let Sipp = {weS?: (w,ey) >sin(p/2)}, and define W : P x S?Lp/Z - P x SEP/Q by
U(y,w) = (y— <y’62>w7w)- (4.80)
<w762>

That is, ¥ maps (y,w) to (y',w), where y’ is the point of intersection of the ray
{y+tw:t>0} with P. The fact that, for (y,w) € P x Sip/Q’ the ray makes an angle
of at most 7/2 - p/2 with e, guarantees that the ray cannot intersect P at any point

other than its initial point and thus V¥ is injective. In fact, the following is true:

2

Lemma 4.13. V is a diffeomorphism onto an open subset of P x S+p/2.

Proof. By injectivity, it is enough to show that W is a local diffeomorphism. Let
¥ denote a function given by the formula |D and defined on an open subset of
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R3 x R3 containing P x Sip /2 The differential of ¥ takes the form

— 0 -2 1
AW (1, z2, , 01, v2,w) = ” : (4.81)

O3x3 I3

where 03,3 and 3.3 are the 3 x 3 zero matrix and identity matrix respectively. The

null space of this matrix is
Span(w), where w = (v1,v2,w,0,0,0) € RS, (4.82)

A consequence of the estimate 1} is that if w = (vy,v9,w) € Sfp 12+ then w cannot
be tangent to P at (xy1,x,a); otherwise vy < Vg(z1,) < sin(p/2). Thus @ is not
tangent to P x S2 ¢ R3 x R3. Since ¥ is the restriction of ¥ to P x Szp 12> we conclude
that the differential of ¥ has full rank, and the result follows by the inverse function

theorem. O]

Set

Hy(y,w) = (Hi(y,w),w) for (y,w) € Z x $2. (4.83)

This is a diffeomorphism of Z x S2. Define n: P n Z x Sip Pt da Z x Sip 12 by

n(y,w) = Vo Hi(y,w). (4.84)

120



This is a diffeomorphism onto its image because H; and U are.
Recall the full-measure subset open subset F c P xS2? on which the collision law
K*¢: F - F is a well-defined involutive C! diffeomorphism, and let

F =y (Fn K> (Imp))) P S? (4.85)

+p/2°

We define the modified collision law K>¢:F - F by

K> =nto Ko, (4.86)

This is an involutive C! diffeomorphism of F because K¢ is an involutive C'! dif-
feomorphism of F.

Note that F is not a full-measure subset of P xS2. Nonetheless, we will see below
that A2(B~F) - 0 as € — 0 for any set B of finite A2-measure (see Lemma [5.3 and
Remark .

Recall the translation maps 7, and 7j; defined by (4.59) and (4.60). It is easy to

show directly that n commutes with 7;;. This observation and Proposition give

us
Proposition 4.14. For all (j,k) € Z?, Tj, o K¥e = K% 0T k-

We think of K¢ as a collision law obtained by “modifying” K*¢ in the spatial
coordinates by 7. Let us consider the perturbation 7 in more detail. We denote its

domain more succinctly by

G:=(Pn 2) X Szp/Q. (4.87)
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Let (y,w) € G and let (v/,w’) =n(y,w) e P xS2. Then w’ = w, and

/ <H1(y)a 62)
ly" =yl <lly = Hi(y)ll + Tw.e)

2 B (4.88)
< |+ -1+ _|+|—1+Cosa|<c
<|la-sina|+|-1+cosa|+ ———— <

sin(pf2) "
for some constant C', here using |@| < p/2. This shows that
In = Idg||r=(g) < Cp=0(1) ase—0. (4.89)
Since 17: G - 1(G) is a diffeomorphism, we also have the following estimate:
||Id,7(g) - 77_1||Loo(17(g)) <Cp= 0(1) as € > 0. (4.90)
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5 Proofs of Main Results

In this section we prove Theorems [1.27], [1.28], and [T.31] For a short summary of our
arguments, see §1.1.3|

5.1 Cylindrical configuration space

Our first task is to show that a version of Theorem [1.31] holds if we replace M with

M.

Theorem 5.1. Given a sequence of cells ¥;, there exists decreasing sequence of

positive numbers {b;} such that exactly one of the following is true:

(A) There exists a Markov kernel K such that, for any sequence €; < b; with €; - 0,

the limit lim,_, o Kczyil’” exists and is equal to K.

(B) For any sequence of positive numbers €; < b; with €; - 0, the limit lim;_, Kczy"l’“

does not exist.

If (A) holds, then K takes the following form
K (y1,y2,0,; dyidybdf’dis’) = 6y, 4o (uh, y5)dyidys x B(6,d0") x 07y (¢)dy, (5.1)

where P is a Markov kernel on St satisfying the following properties:

i. P is symmetric with respect to the measure sin0df on SL.
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11. Let

ii ={(y1,92) : (1, (1 + m‘]71)71/2y2) €},
&= (1+mJ )¢, (5.2)

P = 3, (yh)dy; x B(6,d6").

Then
P = lim P%, (5.3)

1—>00

Consequently, K is symmetric with respect to the measure A2.

Moreover, if the sequence of cells ¥; = X is constant, then we may take b; = oo
and (A) always holds.

Conversely, if K is a Markov kernel on P xS2 of form such that the measure
sinfdf on Sl is invariant with respect to P, then there exist a sequence of cells
{%;} and a decreasing sequence of positive numbers {b;} such that K =lim;_ Kfyf

whenever ¢, > 0 and 0 < ¢; < b;.

Proof. First, we will define the sequence b;. Define the parallelogram

Ry ={(z1,0) eP:0<z+a<1,0<a <1}, (5.4)

By Proposition 4.11} Kfy’i’l is well-defined and finite A%-almost everywhere. Since

A%(Ry.1 x S?) < oo, for each i there exists a constant C; such that

A*({(y,w) € Rua x ST |K3 (y,0) = (y,w)]| 2 G ) < i (5.5)

cyl
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By replacing each C; with max{C1,...,C;}, we may suppose that the constants C;
are increasing. We define

b= C it (5.6)

Ei,el(.o)

We assume possibility (B) does not hold, i.e. we assume that K = lim;_ e K

does exist for some sequence of positive numbers 650) < b; such that 650) - 0. We will
argue that (A) holds and that K takes the form described above.

Fix any sequence of positive numbers ¢; < b; with €; - 0, and consider the billiard
trajectory in My = Megpi(€;).

Step 1a. The key fact is that the billiard evolution decouples into two independent
evolutions. To describe this decoupling, first recall that a point particle in M.y
moves linearly in Int M.y and reflects specularly from the boundary dM.y. Note
that, for every p € M.y, x is tangent to the boundary dM.y at p. Therefore,
specular reflection preserves the angle between the velocity of the point particle and
x. Hence, the angle between the velocity and y is conserved for all time.

In the coordinates (y1,y2,3), the ys-axis is parallel to the cylindrical axis .

L2 _

Consequently, M.y may be identified with the product space M};y21 xR, where M 1) =

Xt N Mg = {(y1,92) + (Y1,92,0) € Mcyi}. The trajectory y(t) of the point particle
in M.y decouples into a pair of independent trajectories (y12(t),ys(t)) € MinI x R.
The trajectory y;2(t) moves linearly in the interior of Mi;l with velocity 91 2(t) =
y(t) = (y(t), x)x, and reflects specularly from 6Miy21 The trajectory ys(t) moves
freely in R with constant velocity ¢3 = (y(t), x) = (y(0), x) for all time.

Step 1b. Let us consider the two-dimensional billiard in /\/liy21 in more detail.

Define planes Qo = {(z1,72,a) : a = 0} and Q1 = x* = {(y1,¥2,93) : y3 = 0}. The
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angle between these two planes (with respect to the kinetic energy inner product)
is v = arccos({es3, x)) = arccos((1 +mJ~1)"1/2). Let my : Qy — Q denote orthogonal
projection from Qg onto Q;. The base of the cylinder M.y, is B c Qu, and therefore
Mifl = mo(B). Identifying Qo with R? with coordinates (z1,2;) and Q; with R2

with coordinates (y1,¥2), 7o is just the “foreshortening map”

7ot (21, 22) = (Y1, 12) = (L+mJ D)2y, 25). (5.7)

Thus, the particle with position y; 2(¢#) moves freely in the complement of the “fore-

shortened” wall

W= {(y1,92) € Qu: (1 +mJ ) Py, y0) € W + 65}, (5.8)

and reflects specularly from 0W. The boundary éW is piecewise C? and bounded
between the lines yo = —e and yo = 0, because dW is piecewise C? and bounded
between the lines y, = =1 — € and y, = —=1. Letting L = {(y1,¥2) : y2 = 0}, we may
therefore define a macro-reflection law P& : L x (0,7) — L x (0,7), in the way
described in (with L playing the role of R).

Step 1c. We now describe the marginals of the collision law. The relationship
between the macroscopic reflection law P and the collision law K Cz;il’q is as follows.
Note that L = P n Q;. The macro-reflection law PT& describes the orthogonal
projection onto Q; of the state of the point particle after returning to the plane P.

In more detail, letting ;3 : P x (0,7)?2 - R x (0,7) be the mapping (y1,ys,0,1) —

126



(ylad))a we have
1,30 Kczyifei(yhy?n 0, w) = Pii’a (yl, 9)- (5-9)

Note that the right-hand side only depends on y; and 6.
We also consider the projections my : P x (0,7)? - R mapping (y1,93,0,v%) = ys,
and 7y : P x (0,7)% - (0,7) mapping (y1, y2,0,1) — 1b. We define

Q?(ylv 9376', ¢) =Ty 0 Kci;lfq(ylv Ys, 9) ¢)7 (510)

Q4(y1ay379a,¢}) :7T4OK(§;Zi7€i(y17y3a9aw)' (511)

Suppose (y,w) € P x S2 with coordinates (yi,ys,60,v), and let (y/,w') = K¥%(y,w)
with coordinates (yi,y5,60’,1"). Then, since the angle between the velocity and x
is conserved for all time, cost)’ = (w’, x) = (-w, x) = cos(mw — ). Hence, ¢’ = 7 —1).

Therefore, (04 only depends on 1, and
Qu(¥) =7 - . (5.12)
To describe ()9, let us write

Q2(y173/379aw):3/3+E(y1a3/3a9,"¢)- (513)

The definition of £ makes sense for any choice of cell ¥ and roughness scale €. In
the argument below, we will indicate explicitly the dependence of E on ¥ and € by

writing F = Ef,. We will prove
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Claim 5.1.1. For any bounded set B c P xS2, there exists a constant C'g depending

only on B such that
A(Bn{(y.w): B (y,w)] 2i7'}) < Cpi". (5.14)

Proof of Claim|5.1.1. The key observation is that the change of spatial coordinates
y ~ €'y maps Meyi(e;) to Mey(1). Consequently Kczyil’1 and Ej, may be viewed

. > €; . . .
respectively as Kcy’l’62 and EY! re-expressed in “zoomed” coordinates. Let
k2

Reve, = €iR11 ={(z1,0) e P:0< 21 < 6,0 < + 0 < ) (5.15)

Making the change of coordinates y — €;y, recalling that the spatial factor of A? is

just Lebesgue measure on P, and using the observation above, we have

A?(Repxe, x ST0A{|EG | 207 }) = €A% (Rua x ST n{|Eg, | > 61i7'})

< A (Ria x 82 n{|Ey, | 2 Ci})
(5.16)

<EA*(Ryaq xS2n {||f(2"’1 - IdPXSE“ >Ci})

cyl

<€t

where the second line follows from (5.6) and ¢; < b;, the third line follows because
1" = Tdpuse || > | B

cyl

, and the fourth line follows from (5.5)). For (j, k) € Z2, define

translations,

Tiu(y) =y + jeier + (1+mJ 1) ke, yeP. (5.17)
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The plane P is tessellated by the translates 7, R« in the sense that

P= | 7rRee, (5.18)
(i,k)eZ2

and for (j,k) # (j', k"), the set 75 Re,xe; N Tjrir Re;xe, has measure zero. We also note
that the cylindrical set M.yi(€;) is invariant under the translates 7;;,. Consequently,
ES is invariant under the 7;; in the sense that B o7 = EY . Therefore, for any

(k) €22,

AQ(Tj/ﬂREiXQ‘ X Sz n {|E;Z 2 i_l}) < Egi_l. (519)

>i7'}) = A’ (Repee, x ST 0 {|ES

Fix a bounded set B c P x §2. Note that there exists a constant Cz depending only
on B such that B may be covered by C’Bei‘2 sets of form 7, P;,«; x S2. Consequently,

by (.19),

AN*(Bn{|ES | 2i7'}) < Cpi. (5.20)

This implies the claim. [ ]

Step 1d. We now conclude the proof that lim;_, ., Kfyf exists and is of form (|5.1)).
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We write

Jrpszys 000 0 VRS (s ) .0 ()
- fp L IO (1 w)) f (g, w) A% (dycuw)
h (5.21)
) -/{Eq'l} g(KCZyTEi(Mw))f(y,w)AQ(dydw)
i€ 9
’ ];Ezi—l}g(KCyl (y,w)) f(y, w)A*(dydw).
Noting that g is bounded and f has compact support, we see that by Claim [5.1.1]

with B =supp f, the second term above converges to zero as i — oo.
To handle the first term in (5.21)), we introduce the following notation: For
he Co(PxS2), let Ty, 0,y3,9) = h(yn, s, 0,). Using (5.9), (5.12), and (5.13), the

first term in ([5.21)) is equal to
i€ 2
S 9O (0 0)) (9, 0) A (dy)
= ‘/;E<._1}§(Pii’a(yl7 6)7 Ys + Ev ™= ¢)f(y17 Ys, ‘97 w) Sil’l@Sin2 ¢dy1dy2d9dd}
= /{E<"1} :‘J\(Pi’a(yl? 9)7 Y3, T — w)f(yb Y3, 97 d)) sin 0 Sin2 wdylddeedw
+[ ~ (700,207 ~ ) (P (y1,0), y. 7~ ) f (41, Y3, 0, %)
{E<i~1} (522)
x sin @ sin? ¢ dy; dy,dfdey
= [E<"1} ?(Pi“a(yh 9)7 Ys, T — w)f(yla Y3, 97 ¢) sin 0 Sin2 wdylddeedw
+[§,~_ _ (7'(070,E70)’§—Z]\)(y1,9,y3,7r—w)f(Pi"’a(yl,G),yg,w)
PS5 ({E<itt})

x sin 6 sin? 1dy; dy»d@dap,
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using in the last line the fact that Piiva(yl, 0) is an involution which preserves the
measure sin fdy;dé by Proposition [I.1)in §1.2] The second term above is bounded in

absolute value by

||s”up ||Th:q\—§1|L°°fP o IF(PZ% (y1,0), y3,¥)| sin O sin? ¢hdy; dysdfde)
h||<i-1 XSy

(5.23)

= sup |[mg-9lle=|lfllzr =0 asi— oo,
[IAll<i—t

again using invariance of P with respect to sin8dfdy, to obtain the equality. On

the other hand, by Claim and the fact that f and g are bounded and f has

compact support, the first term in (5.22)) is equal to

/P o ?\(Pii’a(yl,e),yg,ﬂ—L/J)f(yl,yg,@,w) sin @ sin® ¢dy; dyodfde) + 0,00 (1)
:[PXS2 (/PxSQ g(yiayéael,w’)]P’iifé(yhQ;dyid(g/)éy?)(dyé)éwd}(dw/))

x f(y1,y3,0,1)sind sin? ¥dy; dy.dfdey + Oioo(1).
(5.24)

To summarize, we have shown that

f (f g(y’,w’)Kzﬁ’”(y,w;dy’dw’))f(y7w)/\2(dydw)

PXSE PXS% ey

_ 1.0 0l ! ii,”e}- . ! 4 ! !

= o (s 00807 0P 0 20010, ()0 (d)) (529

x f(y1,y3,0,9) sin 0 sin® Ydyydyadfd) + 0,0 (1).

(0
Since by assumption K = lim;_, Kczyll’ei exists, the equality above implies that
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the following limit exists:

P = lim PV E:a”), (5.26)

and K =P x §,, x d,_y. By Corollary and Remark [1.13, P = lim PYE:&) does not
depend on the sequence ¢; - 0, and moreover P(y;,6;dy;d¢’) = 6,, (dy{)ﬁ(Q, dé"), for
some Markov kernel P on St which is symmetric with respect to the measure sin 6dé.
Thus by we see that lim,_ ., K¥#¢ exists for any ¢; < b;, and this limit is equal
to K =0, x P x 8, x 6,_y. This proves the first part of the theorem.

Step 2. Now let us assume that 3; = 3 is constant, let ¢, - 0 be arbitrary (not
necessarily bounded by b;) and consider how the proof above goes through in this

case. In steps la-1d, to obtain the equality ([5.25]) we did not use the assumption that

K?y"l’e" converges. Thus (5.25) always holds. On the other hand, ; = ¥ is constant,

it follows from Lemma that the limit P = lim;_ . P% exists. This implies that

the limit lim;_, . Kczyf * exists. This proves the second statement in the theorem.
Step 3. Finally, the converse may be proved as follows. Suppose K takes the form

(5.1) where P is a Markov kernel on S! such that sin 6d6 is invariant with respect to

P. By Corollary in there is a sequence %; of cells such that for any sequence

& = 0,0, xP=lim;. P%%. Let
S = {1, 22) : (21, (L+mJ ™) Pay) e 853, (5.27)

and let b; be chosen with respect to the ; above as in the beginning of the proof.
Take a sequence of positive numbers ¢; — 0 with ¢; < b;, and let € = (1 +mJ1)/2¢,.

Let W; = W(%;,¢;) and W, = W(ii,'e“,;), and observe that W, is just foreshortened
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version of W; in the sense of . Consider the cylindrical configuration space
M1(2;,€;) and the cylindrical collision law K'Czyle which the wall W; gives rise to.
By Steps la-1d, the equality 1) holds. Since PEi% — P = 0y, X P, it follows that
K2 - 5, x P x 6, x 6,y = K. O

cyl

5.2 Cylindrical approximation in the pure scaling case

In this section we prove Theorem delegating the proof of a key lemma to a
subsequent subsection.

Since the sequence of cells is constant, we take ¥ to be fixed throughout this
section, and we denote the collision law in M = M(X,€) by K¢, dropping the explicit
dependence on ¥ from our notation. Similarly, we denote the collision law in the

cylindrical configuration space My = Myi(Z, €) by K¢ ;, and we denote the modified

cyl?

collision law by Ke.

The following lemma gives us the sense in which the collision laws K¢ and K¢

cyl
approximate each other.
Lemma 5.2. For any f,g€ C*(P x$§?),
/ngz glfo K= foK:JdAA2 >0 ase—0. (5.28)

The proof of the lemma involves first throwing away a small set of “bad” inputs,
and then making two comparisons: (i) a comparison between the true collision law
K¢ and the modified collision law K¢, and (ii) a comparison between the modified

collision law K¢ and the cylindrical collision law K ol
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Recall the definition (4.86) of K¢. The main idea for making the comparison (i) is
to use estimates for 1 and its differential to argue that Ke= 1t o K€on approximates
K¢ as € > 0 in the sense of (5.28).

Most of the work in this section is concerned with making the comparison (ii).

Consider the parallelogram

R.={(z1,0) e P:0<z1+a<e —p(e)/2<a<p(e))2}. (5.29)

For (j, k) € Z?, define translations

Tik(y) =y + jees + kpes,  yeP. (5.30)

We also let

Ti(y,w) = (T (y),w),  (y,w) eP xS (5.31)

The plane P may be tessellated by the parallelograms 7;, R, in the sense that P =
Ugkyezz TjrRe and 7, Ren 70 R has Lebesgue measure zero whenever (7, k) # (j', k).

Recall that K¢ is defined on an open subset F c P x S2.
Lemma 5.3. For € >0 sufficiently small, there exist sets Q(e) ¢ F such that

i. Q(e) is invariant under the translations T jj;

. %6)_/\2(1136 xS2\Q(e)) >0 as € > 0; and

€p
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1. the following limit holds:

lim  sup [|K(y,w) - K(y, w)]| = 0. (5.32)
A (yzw)eRst(E)

Remark 5.4. Lemma [5.3(i) and (ii), together with Claim from Step 1 of its
proof, below, imply that for any bounded set B c P xS2, A2(B\Q(¢)) » 0 as € > 0.

Consequently, A2(BNF) - 0 as € - 0.

The proof of this lemma is given in §5.3] We will now prove Lemma using

the lemma above.

Proof of Lemma[5.3 Let Q(e) ¢ F be as in Lemma . We split up the integral
JglfoKe~ foK,]dA? as follows:

Jprep 01 0 K = o KggJan?

= [ alfe K = FoKgJan? s [ glfo K<~ fo ReIdA?
PxS2\Q Q

:_[1 =: IZ
v [ glroRe-foKglan%.

= _[3

-~

(5.33)

Note that the modified collision law K€ is defined on € because Q ¢ F. We will show

separately that each of I, I, and I3 converge to zero as € — 0.
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Step 1. To show [; — 0, first we write

Bl< f, o glol e Kda+ [ lgl- 17 o Kiylda

<2||flL=A*(supp g \ Q).

(5.34)

Claim 5.2.1. Let B be a compact set. There exists a constant C' = Cg < oo depending
only on B such that, for € sufficiently small, the set B can be covered by % sets of

form TR x S2.

Proof of Claim [5.2.1. Since B is compact, there exist minimal a,b < co such that
Bec{(r,a)eP:—a<r +a<a,~-b<a<byxS2 (5.35)

Note that parallelogram R, has length € and height p, so the parallelogram appearing
on the right-hand side above can be covered by @ . % translates 7;, .. The claim

follows by taking C' = (2a + 1)(2b+1). ]

Since €2 is invariant with respect to the translations 7;; and supp g is compact, it

follows that

A*(suppg~ Q) < A*(R.\Q), (5.36)

C
ep(€)
where C = Cgypp 4. The right-hand side converges to zero by Lemma .

Step 2. Next we show Iy - 0. Recall the definition (4.84) of the diffeomorphism

n:G - nG)cPx Sipm. We may write n(y,w) = (pw(y),w), where for each
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w = (v1,v9,w) € SEp/Z’ ww:Pn Z->Pis given by the formula

zy—a+sina - (1-cosa)t
(T, ) = : (5.37)

a-(1-cos@)Z

where @ = o — kp and k = argmin{|a — kp| : k € Z}. The differential of ,, is thus

given by the formula:

1 -1+cosa-sin(a)yt

d(pw) (z1,a) = (5.38)
0 1 -sin(@) 2
For (y,w) € G , we define
Uy, w) = | det d(pn) (21, 0)] = ‘1-sm(a)ﬁ . (5.39)
V2
Then for (y,w) € n(G),
|detd(py!) (21, )] = ; (5.40)
e Uon(y,w)
Claim 5.2.2. If B is a compact subset of P x S2, then
sup |[U(y,w)-1—-0 ase—0. (5.41)

(y,w)eBnG

Proof of Claim[5.2.3. By compactness, for all (y,w) € B, vy = (w, e3) > ¢ > 0 for some

137



fixed constant c. Also note that |[@| < p(€)/2 - 0 as € > 0. Therefore,

U(y,w) - 1| <sin(p/2) - ¢t >0 ase—0, (5.42)

and the claim is proved. [ ]

Recall also the definition (4.86) of the modified collision law K¢. Making the
change of variables (y,w) » 17 (y,w) = (¢;!(y),w) and noting that the first factor

of A? is just Lebesgue measure on P, we have

_ 1
o K¢ dAQ:f on [fontoK* dAZ. 5.43
JotreRganz= [ tgonion o Ko (5.43)
Using this, we have
| [ olf o ke - fo RJan®
1
= o K¢ dA2—f op! onto K€ dA?
‘fgg[f ] ol I en oo
< f glf o K~ fon™ o K]dA®
Qmn(Q)
(5.44)
+ —gon H[fonto KdA?
fmnm)[g gon 1[fen ]
1
erterai- o Jax
N pelrer e e K |1 s
1
o K¢]dA? f on [ fo K¢ A?|.
N S o KN | [ Tgen )l o Ky

We will estimate separately each term appearing above. First, recall (4.89) and (4.90)
which say that n and n=! converges uniformly to the identity on their respective

domains G and 7(G) as € — 0. This has two important consequences: First, since f
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and g are continuous and compactly supported,
If = fonllee) >0 and [g=gonli~g ~0 as €e-0, (5.45)
and
If=Ffon lleeme)y =0 and |lg=gon|lreme)y >0 as e-0. (5.46)
Second, there exists a fixed compact set B c P xS2 such that, for € sufficiently small,

G n {supp f usuppg usupp(fon)usupp(gen)}c B, and (5.47)

n(G) n{supp f usupp g usupp(fon™)usupp(gon™)} c B.

We recall that by Lemma , Qc F c @, and hence
R(Q)cK(F)=Fcg = KnQ)cn(G). (5.48)

By invariance of A% with respect to K¢ and ([5.46]),

f glf o K= fon ™o K°]dA?
Qn(Q)
-/ lgo K1 — f on”'[dA?
Ke(Qnn(2)) (5.49)
<llgo KGHLXQ(szz)Hf - fon =g

= ||9||L11\2(Px83)||f_f°7771||L°<>(g) -0 ase—0.
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Also, by (5.46|) and (5.47)), we have

_ -1 -1 K¢ dA2
fmn(m[g gon [fon oK ]
_ -1 dA2
Lmﬂmn(ﬂ) [g g ]

In addition, note that supp g ¢ n(B), and by Claim[5.2.2] & — 1 uniformly on Bng;

(5.50)

-0 ase—>0.

<]z

thus
[ tgorirente k- oo
o
<llellolm f, oo o |aa2 0 ases

By Claim [5.2.2] there exists a constant d; < oo such that U < d; on Bn @G, for €

sufficiently small. Thus

o K¢]dA? :‘/ ) o K¢on]UdA?
[2 \n(mg[f ] nfl(Q)\Q(g mLf 1]

~dillfl= [ lgenfd?
NG (5.52)

< dul|fll=lgllL=A*(B ~ Q)
C
ep(€)

<[ fllz=llgllL= A*(RNQ) > 0as e~ 0,

where C' = C'g as in Claim from Step 1, and the convergence to zero follows by
Lemma 5.3
Also by Claim there exists dy < 00 such that £ < dy on BnG. Noting that
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supp(gont) c Bnn(B) by (5.47), we similarly have

1
! K]———dA?
Joalo e 1 o K
1

-1 K dA?
[Brm(QnB)\Q[g onlfe ]U ont

< dy| fllLelgllL=A*(B \ Q)
C
ep(e)

(5.53)

< dal| f| Le=lgl| L= A*(R~Q) = 0ase—0.

From (5.49), (5.50), (5.51)), (5.52), and (5.53)), we see that each term in the bound
(5.44) converges to zero. Thus Iy — 0.

Step 3. Finally, we show that I3 — 0. We must deal with the fact that K¢ and
K¢, have different periodicity (see Propositions and (4.14). Let 7;; be defined
as above, and for (j,k) € Z2, let

J(1L+mJ2p
€

7i(y) :y+(j+[ ])661+k(1+mJ_1)1/2pX, yeP.  (5.54)

In the lattice in P spanned by integer combinations of e; and (1 +mJ~1)2py, the
point 7/, (0) is the closest point in the lattice to the right of the point 7;.(0) =

jeer + kpes. We also let

Ty w) = (7 (y),w),  (y,w) eP xS (5.55)

Then

€ = _ = € € = _ =l €
KoTj=TjoK and K 0T =T;0KS,. (5.56)
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Also, for k € Z, define

P, ={(x1,0) eP:kp-p/2<a<kp+p/2}, (5.57)

and define 6 : P xS? - P x S? by

“1Y1/2
O(y,w) = (y— e{k(l +mJ) p}el,w), if (y,w) e Py xS2. (5.58)

€

~1y1/ . -1y1/ .
Here {M} is the fractional part of kuemT D0 \We see that 6 is an order

€

e shift which “corrects” for the difference of periods, in the sense that
00T =Tk onPpxSi. (5.59)

We may write

ng[foffE—foKéyl]=fﬂg[fof?e—f°9<>K5y1<>0‘1]01/\2
+ [Qg[f 0o K00 - foKg, 00 ]dA? (5.60)

We show separately that each of the above terms converges to zero. If u is any

Lipschitz function on P x S2, we let

Llp(u) _ sup |u(y,w) _u(ylvw,)|

wany=(ya) [[(yw) = (' W)l

(5.61)

By Claim from Step 1, there is an index set I ¢ Z? with |I| < C/ep such that
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supp g is covered by the parallelograms 7;,R., (j,k) € I. Using the fact that g is

bounded and f is Lipschitz (since it is in C'°), we have

[ ol oRe-fogo Ky, 00 jan2

<lloli=Lin(F) [ B =60 Ky 007 dA?

<lgl=Lin(H) ¥ [

||[?E—90K§ 10971HdA2
(j.k)el Tk (RexS2)nQ y

= llgllz~ Lip(f)(%)}f( oy 10 Tik =00 Ky o 7 [[dA7
Jk)e o

~lgll=Lin() % [

(j,k’)é] (Resz)ﬁQ

N (5.62)
75 0 K =Ty 0 K¢y |dA

= o Li T K€ — K€ |ldA2
o= Tin(HI [ IR Kyl
< lgllz= Lip(f)[A* (R x§2)  sup || K< - K|
(RexS2)n9)

= 21Cl|gll.~ Lip(f) sup [|K°- K9,
(RexS2)nQ

using in the last line the fact that |I| = C'/ep and A?(R. x S2) = 2mwpe. The last
quantity converges to zero by Lemma [5.3] To show that the other two terms in

(5.60)) converge to zero, observe that

| [ o000 K007 - fo kg, 0 aA2
< f, o lolf 000 Kiyo0™ — fo Kiy 0 07aN? (5.63)

= [ lall o0~ flan?
PxS%
where the last equality follows by invariance of A% under translation and K¢,y The
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quantity above converges to zero because # - 0 uniformly as ¢ - 0. To handle the

last term in ((5.60), we make the change of variables (y,w) — 0(y,w) to obtain

‘_/Qg[ °K§y1°971—f°K§y1]dA2
Sy L9200 0 Kidt? = [ {70 Kelan?

< [ lgo0-gllf o e ldn? (5.64)
PxS?2

+[lgllze= [ fll= {A%(67 (supp g)  67(2)) + A*(suppg ~ Q) }

<llgo 0= glle=llfllc, + 2llgllz=llfllz~A*(suppg \ Q),

using invariance of A? with respect to K¢, and 6 to obtain the last line. The first
term in the line above converges to zero because 6§ — 0 uniformly, and the second
term converges to zero by the same argument as in Step 1. Thus all three terms on

the right-hand side of ((5.60]) converge to zero, so I3 — 0. O
We now apply Lemma [5.2] and Theorem [5.1] to prove our main results.

Proof of Theorem[1.27. Fix a constant sequence of cells ¥; = 3 and a sequence of
positive numbers ¢; — 0. By Theorem there exists a Markov kernel K not

depending on the sequence ¢; such that the limit lim;_, K?;l’ei exists and is equal to

K. Moreover, K takes the form [1.65 We may write

f 29(y7w)(f 2f(y,w)KEW(y,w;dy'dw'))dA2(dydw)

PxS? PxS2

_ 3,60 . / ’ 2

- [ (f o TO WKL sy au )) da*(dyde) (5.65)

+/ng2 gy, w)[f (K™ (y,w)) = FOEL (y,w))[dA* (dydw).
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The second term above converges to zero as ¢; - 0 by Lemma [5.2] It follows that

K¢ — K, and the theorem is proved. ]

Proof of Theorem [1.28, Fix a sequence of cells {3;};51. Lemma [5.2]implies that, for
each fixed i > 1,

A" (K24 K™€) -0 as e -0, (5.66)

cyl

where déQ is the pseudometric introduced in m Thus we may choose a decreasing
sequence {b§1)}i21 such that, for each i > 1, if € < bgl), then
2 i€ i€ .
dg (Ko K¥o) <. (5.67)
Let another decreasing sequence {b§2)}2-21 be chosen as in Theorem , and let b; =
min{bgl),bgz)}.
To prove Theorem [1.28 we will show that =(B) = (A). Assume that there
exists a sequence EEO) -0, e§°) < b; such that K := lim,_, K=" exists. Then by the

triangle inequality,

P ,620
cyl

Ei ,650)
cyl

)
ay (K5 K) < dd (G K5 vl (K5 K) (5.65)

-0 asi— oo.

By Theorem it follows that, for any sequence ¢; — 0, €; < b;, Kczyf - Kasi— oo;

so by the triangle inequality again

déQ(KZz‘,ei,K) < déQ(KEiﬁ KZi,q) +d/g\2(KEi,Ei K)

cyl cyl

(5.69)

-0 asi— oo.
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This proves the theorem. ]

Remark 5.5. The pseudometric déQ is an important ingredient in the proof. A
direct application of ((5.28) to handle convergence would not allow for a choice of

{b;}i»1 which is independent of f and g.

Proof of Theorem[1.31]. Suppose that K € A;. Then there exists a sequence of cells
{¥;}i>1 and a decreasing sequence of positive numbers {b;};»; such that (A) holds,
i.e. for any sequence ¢; — 0 with 0 < ¢; < b;, limK¥¢ = K. By the triangle inequality
argument giving us in the proof of Theorem , if ¢, - 0 sufficiently fast
then we also have lim Kfyle exists and is equal to K, and it follows from Theorem
that K must take the form ([1.69). The proves the forward direction.

To prove the converse statement, suppose K is a Markov kernel on P x S2 which
takes the form (1.69) where P preserves the measure sin#dd. By Theorem there
is a sequence of cells ¥; and a decreasing sequence of positive numbers bgl) such
that K = lim;_ Kczyle whenever 0 < ¢; < bl(l) and ¢; - 0. By the triangle inequality
argument giving us in the proof of Theorem we have that K¥»¢ — K

provided that €; — 0 sufficiently fast. This implies that K € A4,. ]

5.3 Zooming argument

In this subsection, we will define the set (2 and prove Lemma (5.3, The important idea
from this section is to compare the billiard evolutions in the respective configuration
spaces M and M.y after “zooming in” by a factor of eL.

Throughout this subsection, the cell ¥ is fixed. The scale € > 0 is also fixed,

except at the very end.
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5.3.1 Notation and elementary observations

For r > 0, we define
or(y,w) = (ry,w),  (y,w) eR* xR, (5.70)

Throughout this subsection, if A is a subset of R? and B is a subset of R3 x R3
we will denote
A =c'A={yeR:eyec A},

(5.71)
B*=0.1(B) ={(y,w) e R¥*xR3: (ey,w) € B}.

Thus, for example, we will consider M*, M7, Z*, Z, ['*, cdM*, and so forth.
As before, we let Qg = {(z1, 72, ) : a=0}. We will often identify this plane with
R2.

One motivation for “zooming” is that the zoomed cylindrical configuration space

M) does not depend on e. In particular, M7, is the cylinder with base
B :=¢'B(e) =W (X, 1)+ ey c Qg (5.72)

and axis y. Neither the base nor the axis depend on €. Another important observation
is that

MiynQo=B"=M*"nQu. (5.73)

(The second equality follows from the parametrization of the configuration space

given by Proposition [4.2(iii).) Thus, while M* does depend on €, its intersection
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with Qg does not.
By Proposition (iii), the subset of the zoomed configuration space M*n Z* is
parametrized by f*:W(3,1)¢x Z* - R3, defined by

x1 — e tsin(ea™)
(@, m9,0) = € fen, exg,€a) = | 2y + 1+ 1 (=1 + cos(ea*)) | (5.74)

(%

where @* =a -k p and k = argmin{|a - ke-1p|: k € Z}. In particular, note that the

restriction of f* to AW (X, 1) x Z* — R3 parametrizes T'* |, = IM* n Z*.
Recall the diffeomorphism H; : Z - Z defined by . We define H, : Z* —» Z*
by
r1+a —elsin(ea”)
H (21,29, c) = € "Hy(ex1, €xa,€0) = | 2y + e1(~1+cos(ea*)) |- (5.75)

o
(Arguably, we should denote this map instead by H*. However, the parameter € will

play an important role in our arguments.)

Corresponding to (4.47), we have

H(M:nZ") = M* 0 3, and

cyl

(5.76)
H.(OM;jnZ*)=0M"nZ".
The motivation behind “zooming” becomes clearer by observing that
H(y) = y + Error(y, e). (5.77)
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where the error term and its first derivatives converge uniformly to zero as € — 0.
Thus H. maps straight chords in M:yl to “almost straight” chords in M*, and this
suggests that a billiard trajectory in M* will in some sense be closely tracked by a

billiard trajectory in M7 as e > 0.

5.3.2 Projection onto the cylindrical base

We will analyze separately the projection of the billiard trajectory onto the cylindrical

base and the cylindrical axis. Define a projection map Gg: R3 - Qg by
Go(z1, 29, ) = (21 + @, x2). (5.78)

Note that Go(x) = 0, and consequently, G projects the cylinder szl onto its base
B* and the cylindrical boundary (9/\/l(fy1 onto 0B*.

Therefore, by (5.76)), the “perturbed” projection map
G.i=GooH': Z* - Qq (5.79)

maps M* n Z* onto B* and OM* n Z* onto 0B*. Explicitly, G, is given by the

formula

x1 + e Lsin(ea™)

Ge(z1,19,0) = (5.80)

xo — e 1(=1+ cos(ea™))
The goal is to compare the projection under Gy of the billiard trajectory in

M*

cyl

to the projection under G, of the billiard trajectory in M*. The advantage of

considering the projection is that the image of G, is B* which does not depend on e.
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Towards our goal, we first provide estimates on the differential of G..

Lemma 5.6. Let € >0, y = (x1,22,a) € R and w = (v1,v9,w) € S?. Set p = 2(w,x).
Then

[1-((mJ) 2+ Dea|]sing < [ d(Ge), (w)]]
(5.81)
< (1 +mJ YY1+ ((mJ) 2 +1)|ea”|] sin g

Proof. One may easily prove the result if € = 0, because then Gy is just the linear

map which projects vectors in the direction y onto the plane Qq, and

1+w

a(Go), )= 7. (5.82)

(%

Indeed, if 6 is the angle between x and the plane Qp, then d(Go), (w) must lie on

sin ¢ : i
o respectively;

S

the boundary of the ellipse with major and minor axes sin¢ and

hence

. sin ¢
sinp < d(Go), (w) < vy (5.83)

Noting that €3 := (0,0, .J-1/2) is the unit normal to the plane Qg, we have

J 1/2
sin® = (x,no) = (m+ J) (5.84)
Substituting this into the previous equality yields
sinp < d(Go),, (w) < (1+mJ )Y 2sinp. (5.85)
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Now assume € > 0. The differential of G, is

4G, - 1 0 cos(ea”) | (5.56)
0 1 sin(ea™)

Thus
1d(Ge), (W)IP = (v +w)? + (v2)* + E(e,y,w) =[|d(Go),, (w)|[* + E(e,y,w), (5.87)
where
E(e,y,w) = 2w[-v;(1 - cos(ea*)) + vy sin(ea*)] + w? sin?(ea™). (5.88)

We estimate the middle term

2w~y (1 - cos(ea*)) + vy sin(ea*)]
< 2u\/(01)2 + (12)2\/ (1 - cos(ea*))? +sin’(c@*)  (Cauchy-Schwarz)

= 2w\/(01)? + (02)%/2 = 2 cos(ea”)

< 2wy/(v1)? + (v2)?]ea| (using 1 - cos() < 2%/2) (5.89)
= 2(mJ) P (I Pwom! P/ (01)? + (vg)?]ea]

< (mJ) 2 m(v)? + m(vy)? + Jw?]|ea”|

= (mJ) " Pjw|Plea| = (mJ)"lea],

where the second-to-last line above follows from the Arithmetic-Geometric Mean

151



Inequality. Since w? < [Jw|? = 1, we have
|E(e,y,w)| < ((mJ)?+1)|ea”]|. (5.90)

By (5.87), we obtain

1d(Go),, (W) = ((mJ)™2 + V]ea| < [|d(G),, (w)]”
(5.91)
<[ d(Geo),, ()P + ((mJ) /2 + 1)|ea”].

Taking the square root of each side, and using the fact that Vo +h < \/x(1+h) for
h>0and vz +h>+\/r(1+h) for h <0, we conclude that

1d(Go),, (@)[[(1= ((mJ) + Dea|) <[|d(Ge), (w)]]
(5.92)
<[ d(Go), ()[I(1 + ((mJ)™ >+ 1)]ea*]).

By (5.85)) and the above, we obtain ([5.81)). O

5.3.3 Radius of transversality

To state our next result, we must introduce some additional terminology. Consider
a closed set D c R2. Assume that D is the closure of its interior and has a piecewise
C? boundary (in the sense of §1.2.2). Assume that some decomposition 0D = U3, I;
into closed C? curve segments has been fixed.

We will call a line segment between two points p and p’ in ¢D such that the

interior of the line segment lies in Int D a chord of D.

-p
-pll*

Consider a chord C' of the domain D with endpoints p,p’ € 0D, and let v = ”Z:
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(For example, C' might be the segment of the billiard trajectory starting from the
initial state (p,v).)
Let I,1' c 0D denote C? curve segments from the fixed decomposition {/;} con-
taining p, p’ respectively, and let L(p,p’) denote the line through points p and p'.
Let Z c I be the set of all points ¢ € Int I such that the ray starting from ¢ with
direction v first returns to the boundary at a point ¢’ € Int I’ and such that the line
L(q,q") is not tangent to the curve segments I, I’ at the points ¢, ¢’ respectively.

We define the radius of transversality associated with C' to be the number
rp(C) =rp(p,v) =sup{r > 0: (Vg e I) dist(q, L(p,p")) <7 =qe Z}. (5.93)

This quantity is well-defined up to the choice of decomposition of 0D into C? curve
segments {I;}. Indeed, if either p or p’ lies in at the endpoint of a curve segment in
the fixed decomposition of 0D, then rp(p,v) = 0 for any choice of I and I’. On the
other hand, if p and p’ both lie in the interiors of curve segments, then [ and I’ are
uniquely determined.

The concept is illustrated in Figure [I6] The term “transversality” refers to the
fact that the lines L(q,q’) must cross the segments I, I’ transversally. We will also
sometimes refer to this as the radius of transversality associated with state (p,v) if

C arises as a segment of a billiard trajectory.

5.3.4 Modulus of continuity lemmas

To state our next results, we need to refer to some aspects of the construction of the

cylindrical collision law K& According to the definition of K¢, given in , the
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Figure 16: Radius of transversality

cylindrical collision law is a special case of the general macro-reflection laws defined
in §6.2.1| (taking M; = My and My = {(21,22,) : 22 > 0}). Adapting notation
from Remark [6.6] to this setting, we have

N ={(21,22,0) € Mcy1 : x5 < 0}, (5.94)

and the plane P may be expressed as the disjoint union

P ZAl UAQUAg, (595)

where

AlzpﬂNﬂIHtMCyl, AQZPQN\IntMCyl, AgZP\N. (596)
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The set A, has Lebesgue measure zero, and consequently N belongs to the class
CES;(R3). (See the proof of Proposition M)

The billiard domain A plays a key role in the definition of K&, If (y,w) € A3xS§?,
then the collision law maps (y,w) to R(y,—w), where R denotes specular reflection.
And if (y,w) € A; x S2, then (except on a null set) the billiard trajectory starting
from (y,-w) will enter N and reflect from d M.y a finite number of times before
eventually returning to P in a state (y',w’); in this case K¢ ,(y,w) := (y,w’). The
details of the more general case are covered in and Remark [6.6]

We would like to study the billiard trajectory in N after zooming. That is, we

introduce “zoomed” versions of the sets defined above:

N* ='W = {(21,25,0) e M, 2y < 0}, Ar=etA;, i=1,2,3. (5.97)

The set N'* is cylindrical, with axis y and base

D* := Go(N*) = {(21,22) € B* 1 25 < 0} c Qo, (5.98)

where we recall that B* is the base of the cylinder szl in the plane Qg; see ((5.72)).

By our assumptions on the wall, the boundary 0B~ is piecewise C?; it decomposes as
a union of compact C? curves 0B* = Ujez ff, for each 1, if the interior of f: intersects
the line L := {(z1,25) : 22 = 0}, then ff c L. Consequently, D* also has a piecewise
C? boundary, consisting of a union of some subcollection of the curve segments
{Tr,i e Z} and a collection of line segments in L. Fixing such a decomposition of

0D*, we can unambiguously refer to the radius of transversality of a chord of D*.
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We will now very carefully study a single segment of the billiard trajectory in A'*
and its projected image in D*.

Let 3% € ON* and w® € S2. We assume that the billiard trajectory starting from
initial state (°,w") immediately enters the interior of N* and first returns to ON*
at a point y'. We also assume that if y* € 6szl then the unit normal vector at 3?
exists, for ¢ = 0,1. These assumptions will be satisfied for example if (y°,w?) is in
the domain of the billiard map for the billiard domain N*.

If y' e 6M:y1, let w! denote the velocity of the point particle after reflecting
specularly at y'. Otherwise (if y' € P) let w! = wO.

Recall the surface P = H;(P n Z), which is the boundary of the open sets O, =

Hy(R3 0 Z*) (see §4.3.3). We have
P =¢'P=H(PnZ), 0O :=¢'0,=H(R>nZ"). (5.99)

We want to compare the segment of the billiard trajectory running from (y°,w?)
to (y',w') to a segment of a billiard trajectory in M*. However, rather than taking
as given that the segment of the trajectory in M* has nice properties, as we have for
the segment in /\/l:yl, we will state conditions in the lemmas below which guarantee

that this is the case. Our goal in Lemmas [5.7] and [5.8] is to be able to control the

*

billiard trajectory in M* in terms of properties of the billiard trajectory in Mcyl'

See Figure
Let 30 € (OM*n Z*) uP*, and let @° € S2. We say that the pair (3°,@°) is licit
if (i) the billiard trajectory starting from initial state (7°,@°) immediately enters

Int M* N O_ and first returns to (OM*n Z*) uP* at a point 7'; and (ii) if 7 € IM*
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D*

Figure 17: The line segment from y° to y! projects under Gy to the chord of the
cylindrical base D* from p® to p!. The line segment from 7° to 7' projects under G,
to a (slightly) curved segment from p° to p' whose interior lies in Int D*.

then there is a well-defined inward-pointing unit normal vector at 7%, i = 0,1. If
Ut e OM*, let @' denote the velocity of the point particle after reflecting at y'.
Otherwise (if 7! € P*) let @' = @°.

For ¢ =0,1, we use the following notation:

e o' denotes the angular coordinate of 3, and @ denotes the angular coordinate

of 7.

e w' denotes the angular coordinate of w?, and @* denotes the angular coordinate

of .
e (p',u') =dGo(y',w') and (P',u") = dG (7', @").

The quantities above whose definition depends on (7%, @%) being licit are: 7', @',
al, @b 7, and @,
The projection Gy maps N* = R_ n M.y onto D*, mapping the boundary onto the

boundary and the interior onto the interior. Consequently, G, maps H.(R_n M) =
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M* 1 O* onto D*, mapping the boundary onto the boundary and the interior onto
the interior. The line segment from p° to p' is therefore a chord of D*. Similarly,
the image under G, of the line segment from y° to y' is a closed (not necessarily
straight) curve segment whose interior lies in Int D*.

We also use the following notation:

o L=[p'-pl

e 0 is the angle between 1" and the inward pointing normal vector at p® € 0D*,

and #; is the angle between —u® and the inward pointing normal at p' € 0D*.

e v is the angle between w and the line spanned by x.
o ¥ =ul/[[u’].

e ¢ is the unique unit vector such that (£,7°) is a positively oriented orthonormal

basis.

e 7o =rp«(p,u°) is the radius of transversality associated with the chord from p°

to p! in D*.

All of these quantities depend only on the segment of the billiard trajectory in the
cylindrical configuration space. See Figure |18

By the definition of the radius of transversality and the implicit function theorem,
there exist C? functions fy, f1: (=70,70) = R such that for all h € (-rg,79), p° + h& +

fo(h)@® lies in the C? curve segment containing p° and p° + h& + f1(h)u lies in the
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Figure 18: Projected segments of the billiard trajectories.

C? curve segment containing p'. Moreover, the strip

{heé + KT —rg < h <70, fo(h) < W' < fi(h)} c R? (5.100)

does not intersect the wall W (X, 1).

Recall that the maximum curvature k.. of the C? curve segments constituting
oW (%,1) is finite (see Remark [1.18)). Let Ly denote the supremum of the lengths
of all chords of 0W(X,1). Recall that by construction, W (X, 1) satisfies conditions
Aba and A5b from §1.2.2] These conditions imply that L.y is finite. Let

% = max{Kmax, 1}, L = max{ Lyay, 1}. (5.101)
In our formulas below, we would like to consider the inverse of the function p, but

this is not possible since p is not strictly increasing (by assumption, it is increasing
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but its values are always some fraction of 27). Therefore, we instead consider

p1(s) :=sup{t € (0,00) : p(t) < s}, s€(0,00). (5.102)

It follows from the assumptions on the growth of p(¢), stated in|1.3.1|that @ -0

as s — 0.

Lemma 5.7. Let 0< s9,53 <1 and

) 5cosf; bsysinv S3
0 < 51 < min 4 7o, ,

— ) 5.103
2K 12 " 24/10% ( )

and assume that

GSmm{ﬁ—l(SlCOSQISiHV),SICOSQISiHQV 5SQSiHV’\p,_1( S3 )7}7 (5.104)

10(L+1) 10(L+1)2 7 12 12v/2
and
0 ¢ ¢! 3—5)—( L 1) 5.105
0 <€ (2 )~ (5=+1). (5.105)
Assume in addition that
~0_ 0| < s1 cos
1P p”‘_EH_’
_ s
[a" -’ < 32, and (5.106)
1@ - ] < min s1cosfysiny Sasinv s
- 20(1+mJ-")12(2+ (mJ)"Y2)(L+1)" 3L 12|

Then the pair (3°,@°) is licit, in the sense defined above. Moreover, the point p* lies

on the same curve segment of OW(3,1) as p' (with respect to the given decomposi-
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tion), and

1P - ptl| < 51, [@' - alt| < s, | - w!|| < s3. (5.107)
A weaker but more convenient form of the lemma is as follows:

Lemma 5.8. Assume that

s < 79min {ro, (F) ' cos b}, (5.108)
and
GSmin{ﬁ‘l(SCOSHI_SiHQV), scos@l_sin?’z/}’ (5.109)
800r(L +1) ) 800r(L +1)2
and

0« 1P L
— =0 |- 1]. A1
o7 <e (2 60) (siny+ ) (5.110)

Assume in addition that

scosfy sin?v
1600(1 + mJ-1)2(2+ (mJ)~Y2)R(L + 1)

[B” = p°l +18° = o] + |3 - w’|| < - (5.111)

Then the pair (g°, @) is licit. Moreover, p* lies on the same curve segment of

oW (%,1) as p', and

I - 'l + @ = o+ [} - < 5 (5112

We now prove the two lemmas.

Proof of Lemmal[5.7. Step 1. Recall that if I" denotes the curve segment containing
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p', and I; denotes the connected component of the intersection of I’ with the strip

{x e R? : |(x — p° &)| < ro}, then the transversality radius I; may be represented as

the graph of the function f; : (-79,79) = R, in the sense that
I = {hé+ fL1(h)T° : he (=ro,m0)}. (5.113)

The proof of the lemma depends on the following two claims.

Claim 5.7.1. Let p:[a,b] = R? be a unit speed parametrization of the curve segment

I, containing pt, with a <0 <b and p(0) = p'. Let 0 < ¢ <min{|a|,|b|} be such that

)= (). &) < i {ro, D=}, (5.114)

Then the functional o — ||p(c) — p(0)|| is monotone increasing on the interval [0, c]

and monotone decreasing on the interval [—c,0].

Claim 5.7.2. Consider the projected billiard trajectories v(t) = Go(y° + tw?), and

F(t) :== G(P° + tw®), where t >0. Let
ty =inf{t >0:7(t) € dD*}, #, =inf{t>0:7(t) € 0D*} (5.115)

(defined equal to oo if the set over which we take the infimum is empty). Thenty < co.

Moreover, if we assume that

4
IF(t) = v(t)]| < s1cos01/5  for allO<t <ty + ﬁ, (5.116)
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then
(’L) tl—%ﬁﬁgtlﬁ‘%, and
(i) |[p* = p'|l < s1.

Proof of Claim[5.7.1. By symmetry it is enough to prove that the functional is in-
creasing on [0,c]. Let g1(0) = (p(c) - p(0),&) and g2(0) = (p(o) - p(0),a°) for
o €[0,¢]. Since [(p(c) —p(0),&)| < 1o, it follows that the part of the curve segment
between p(0) and p(c) lies on the graph of the function f;. Consequently, g; is

nondecreasing on [0, c]. We may write

Ip(o) = p(O)I* = g1(0)* + g2(0)*.

If go does not attain an extreme value in (0,c), then the above functional is nonde-
creasing, and we are done. Suppose g, does attain an extreme value at some point
0* € (0,¢). Then gh(c*) = (p'(c*),u% = 0 and (p'(c*),&) = £1. Taylor expanding

about o* gives us
4 * * E *
p(o)=p(o) =p/(0")(0 - 0") + E(0), [[E(0)]<Zlo-0o"" (5.117)

Since the curve segment between o = 0 and o = c lies on the graph of the function fi,
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for all o € [0,¢], |{p(c) —p(0),&)| > |(p(c) —p(c*),&)|, and hence using the hypothesis

B p(e) - p(0), )

2
2 [(p(o) - p(a7), &)
=[(p'(¢7),&) (0 = 07) = (E(0), &)

>|o—-o0"|- g|a— o* .

(5.118)

The function f(s) = s—5s? achieves a maximum value of @ at s = (r)~L. It follows
that |0 — o*| < (®)~! for all o € [0, c]. Therefore, ¢ < 2(%)!.

Set h() = |[p() - p(0)|I2, o € [0,¢]. Then

W(o) =2(p(a) - p(0),p'(9))

K
20— —=0",
2

(5.119)

where we Taylor expand about o to obtain the second line. Since 0 <o < c¢< 2(R)7!,
we see that the last quantity above is nonnegative, and h/(c) > 0 for o € [0, c]. This

proves the claim. [

Proof of Claim[5.7.2 Since Gy is linear, we have

V() = p° +tu’, (5.120)
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and t; = L/|[u®]| < co. We also have for 0 <t <ty + S

(F(t) - %, ) = {7 () = v(t), &) + (v(t) -, &)
= (7)) = (2), &)l (5.121)

<) - () < e

<To,

using in the last line. Thus (%) lies in the strip {z : [(z — p°)| < o}, for all
times 0St$t1+ﬁ.

As before, let p: [a,b] - R? be a unit speed parametrization of I; with p(0) = p!.
Since the segment [; coincides with the graph of the function f; : (-rg,7) = R, as
described above, and s; cosf;/5 < ro by , there is a maximal interval [¢q, ¢s]
with ¢; < 0 < ¢2 such that p(o) lies in the strip {x : |[(x — p°)| < sy cos6;/5} for all
o € [c1,¢2]. Reversing the direction of the parametrization if necessary, we may
assume that o — (p(0) - p(0),£) is increasing on [c1,c2]. By Taylor expansion, we

have

, I3
p(0) = (0) +/(0)0+ (). E(@)]|< 5o* (5.122)
Thus for all o € [¢q, ¢z,

$1 cos b

5

>[(p(o) = p(0),¢)]
=|(cosb)o + (E(0),&)] (5.123)

> cos fy|o] - g|a|2.

The function f(s) = (cosf)s — §s? is increasing on the interval [0, (F)~! cos ;] and
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achieves a maximum of % at s = (k)'cosf;. By (5.103) & Cgsel < co;;917 and
therefore |o| < (R)~! cosf;. Thus by (5.123)), for all o € [¢1, ¢o]

0 7 9
19801 oshlo] = Zlol(7) ! cosy] » <2011
2 2 (5.124)
= s
2> o],
We conclude that
2
max{|ca], o]} < % (5.125)

Let t~ =t; - %, and let t+ =¢; + %. Fix to <t~ and o € [c1,c2]. Let T be a point

in the disk of radius s; cos /5 centered at v(¢y). We have

lp(e) = Z[| > |l (t0) = p(O)| = [Iv (o) = Z[ = llp(e) = p(O)]]- (5.126)
Note that
I (to) = (O = (ko) = Y(t)I = It = tal -l > 7 = 1] [ = 222, (5.127)
Also, by Taylor expansion,
() - p(O)] < ol + o < Sl < 2, (5128)

here using the fact proved above that |o| < ()~! and |o| < 2s1/5. Substituting (5.127))
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and (5.128)) as well as the hypothesized bound on ||y(t) =7(¢)|| into (5.126)) gives us

Ip(o) -7 > — - Z—2 -2 > 0. (5.129)

Since v(to) lies below the graph of f; in the center of the strip {z : [{(x — p°,&)| <
spcosf1/5}, by connectedness this proves that the entire disk of radius s; cosf;/5
centered at y(to) lies below the graph of f; in the strip {z : |{(x —p°,£)| < 51 cos61/5}.
In particular, by the hypothesized bound on ||y(t) —F(t)||, we see that ~(to) lies
below the graph of f; in the strip {x : [(x — p° &)| < s1cosf;/5}. This proves that
t >t .

A symmetric argument shows that the disk of radius s; cos#;/5 and centered at
v(t*) lies above the graph of f; in the strip {z : [(x — p°,&)| < s1cos6;/5}. Conse-
quently, F(¢*) lies above the graph of f in the strip {x : [(x - p°,&)| < s1cos6,/5}. By
the intermediate value theorem, we conclude that ¢~ < #; < t*, and this proves part
(i) of the claim.

To prove part (ii), we make the following estimate using part (i):

15" -2l = IF(E) =~ (t)]]

<) = @I+ I(E) - (8l

5.130)
sjcosb; ~ (
< LR n) )
csreosth s
5 5
The claim is proved. u

Step 2. We will now show that, under the hypotheses of the lemma, |[p* -p!|| < s;.
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Let v and 7 be as in Claim above. By Taylor expansion,

2
F(t) =p° + i’ + E(t), where ||E(t)]] < J sup Iy (w)]]- (5.131)
uel0,t]
To compute 5(t), write g° = (79,79,a%) and @° = (¥9,29,@"), and note that by
(15.86))
9 + @ cos(e(@® + tw?))

F'(t) = A(Ge)go.yao (T°) = : (5.132)
09 + @0 sin(e(a® + tw°))

and therefore
—e(@9)2 sin(e(a® + two
(1) = (&) sin(e( Al (5.133)
€(@°)? cos(e(a® + tw?))
Thus |F7(t)|| = €(@°)? and ||E(t)|] < et?(@")2/2. This, together with (5.120) and

(5.131]), gives us

~ et2(wV)?
IF(2) =0l < 15 -7 + [ = + (5.134)
Using ([5.86]) and Lemma [5.6] we compute
[2° = u°l = [|(dGo)yo (@”) ~ (AG)go (w°)|
< [[(dGo)yo (W) = (dGe)go (w®)|| + [|[(AGe)go (@° ~ wP)|
< WO/ (1 - cos(ea?))? + sin® (a?) (5.135)

+(L+mJ Y21+ ((mJ) 2+ 1)]ea®))||a° - w||

< W]+ (1 + md YL+ ((md Y2 + D]ea]|® - w].
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Using the hypotheses, we have
L
led®] < e(|a®] + @ - %)) < %6) — 80— E(E +1)+ % < @ <1 (5.136)
and |w°| < ||wP|| = 1. Hence from ((5.135)) we obtain
~0 .0 p(e) 1 J-11/2(9 )Y\ G0 — 0° 137
[ -0 < 2804 (a2 () - )| (5.137)

Using the same notation as in the proof of Claim [5.7.2] we let

481 _ L+481/5

=ty + = (5.138)
Bllwlll [l
By Lemma [5.6]
[u%]] = [|[dGo(w®)]| > sinv, (5.139)
and hence
t+§L+481/5<L+1 (5140)

sinv  sinv
(note that s; < 5/4 by the given bounds (5.103))). Substituting ([5.137) into ((5.134))

gives us, for 0 <t <+,
~ p(e)
) -2l <1 - 7l + 2
(5.141)

+3)2
+(L+mJ Y22+ (mJ)V2)||a® - ||t + %
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By the bounds in the hypothesis (5.106)) and the bound (5.140)) on t*, we obtain

. sjcosf; 1 (sjcosfysinv/L+1
7))l < ( J(5:)

20 2\ 10(L+1)

sin v

+ (1+mJ Y22+ (mJ)™V?)

y $1cos b sinv (L+1) 5 149
20(1 +mJ)Y2(2+ (mJ)Y2)(L+1) )\ sinv (5.142)

1 { sy cosf;sin®v (L+ 1)2
+ —
2\ 10(L+1)? sinv
s cos bty
-

By Claim [5.7.2] this implies |[p* - p!|| < s;.

Step 3. To bound the difference in the angle coordinates |a' — '], we proceed
as follows. Let ¢;,7; > 0 be the times defined above at which the trajectory hits
the boundary in the cylindrical configuration space and the true configuration space
respectively. As we argued above |[F(t) — v(t)|| < sicosfy/5 for all 0 < ¢ < (L +
45,/5)/|[u]]. By Claim [5.7.2] this implies that ¢, — 4s,/5|uf|| < 71 < t; + 45, /5|[u”]).
We want to bound |&@(#;) — a(t;)]. Since @(t) = @ + t@ is linear, the function
t — @(t) — a(ty) is either increasing or decreasing. Consequently, by the bounds on

t; here described,

Y

[a(t) - a(t)] < max{

a(m+ 451 )—aug

il

~ 4s, )
alt - —— | -alt)
( Blu?

}. (5.143)

Recall that ¢, = L/|[u®||. Substituting a(t) = a® + tw® and @(t) = @ + twO into the
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above and applying the triangle inequality, we obtain

|a'<’t2>—a<t1>rs\&'ﬁ—aor+|w°—w°|(i)+|w°|( s, )

[[u?] il

S|&@—a0|+||ﬁio—w0||( ‘L )+(54,S1 ),
sin v sinv

(5.144)

using (5.139)) in the last line. Substituting the hypothesized bounds ((5.106|) for the

quantities above, we obtain

|&'1—a1|£ﬁ+82smy( ,L )+ 4 (BSQSIHV):SQ. (5.145)
3 3L sin v Hsinv 12

Step 4. Finally, we bound the difference in velocities ||@' — w?!||. Let 7' be the

*

inward-pointing unit normal at §* € OM* and let n! be the unit normal at y' € oM -

Then by specular reflection
@' =@ -2(@’, w7t and  w'=w’ - 2w’ n')n'. (5.146)
Therefore, writing
(@°, T = (w°, n'Ynt = (@° - w®, 7nt + (w°, nt —nt )it + (W, nt) (@ - n'), (5.147)
we obtain by and Cauchy-Schwarz
[ = w'] < 3[|@° - w’|| + 4f[7E" - n']. (5.148)

To bound the difference in the unit normal vectors, first we obtain an expression
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for @' in terms of n'. Suppose once again that p(c), o € (a,b) is a unit speed
parametrization of the curve segment I; with p(0) = p'. Note that by Step 2, p' € I,
and we may assume without loss of generality that p(c) =p* for some c € (0,b).

We obtain a parametrization of a neighborhood of 7' in dM* as follows. First,
from the hypothesis and the conclusion of Step 3, we have

@ <o’ +]a’ - ol + @ - o

-1 L
<%)—6-150-(,—+1)+|t1||w0|+32

4 - (5.149)
<SP gy L +1) + L
<—-¢€ —(— —

2 * Ysinv 0]

e'p 1
<—L 5,

g ¢

using t; = L/|[u°]| and |w° < 1 to obtain the second to last line, and (5.139)) for
the last line. Consequently, 7' € I'* ;. Recall the map f* defined by (5.74) which

parametrizes the surface M |, and observe that f*(p!,a') =y*. Thus, the map
clp . €l
Q(o,a) = f(p(o), ), (a,a)e(a,b)X(—T+e 5077—6 d0) (5.150)

parametrizes a neighborhood of 7' in OM*. Explicitly,

e tsin(ea)
Q(o,a) =p(0) +| 1+ e (-1 + cos(ea)) |+ (5.151)

Observe that ' = Q(c,a'). The tangent space of OM* at 7' is therefore spanned by
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the following unit vectors

cos(eal)
0,Q(c,a") =p'(¢), (m+J)20,Q(c,@") = (m+ J) /2 sin(ea!) | = X. (5.152)

1

(These are linearly independent since the a-component of X is nonzero.) Let

(5.153)

Then (p’(c),X) is an orthonormal basis for the tangent space to I',oy at 7*. Conse-

quently, the unit normal at 7' is given by the formula

=1 = {nlp(e))p'(e) - (!, X)X
[nt = (nt,p'(c))p(c) - (n! X)YII
LN

_n' =l p(9)p'(e) - (n (5.154)
V1-(nlp'(c))? - (n',X)?
Therefore,
(nl,ﬁl> 1- (nl,P (C)) nl,j(\ \/1 n17p (c) <n1,>’<‘)2_ (5.155)

V1= (nlp'(c))? - (nt

It is even easier to specify a frame at y! € OM,. Because of the cylindrical structure
of oM, both p’(0) and x = (m+ J)71/2(-1,0,1) are tangent to oM, at y'. Hence
(p'(0),n') = {x,n') = 0, and

[(nt, 0" ()] =[(n',p'(c) = (0))] < [Ip'(c) =/ (O)]. (5.156)
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To bound the quantity on the right, first note that
e . I,
[(p(e) = p(0), &)l <lp(e) = p(O) | = [IP" - P!l < 51 <minfro, 5(R)'},  (5.157)

by (5.103)). Thus, by Claim [5.7.1} o = |[p(c) — p(0)|| is monotone increasing on [0, c].
Consequently, for all o € [0, ],

R
512 [lp(o) = p(0)| 2 [o] - S0, (5.158)

using Taylor’s theorem for the last estimate. Since the function f(s) = s? — £s? is

-1
monotone increasing on [0, (£)!] and achieves a maximum of % > sy at s= (k)1

it follows that ¢ < (k)~!. Thus by (/5.158)

12 I - 21l (R) ™ = %|c|. (5.159)
It follows that
17 () - p(0)]| < fo 9" (w)||du < Rlc| < 2Rs,. (5.160)
Substitution into (5.156|) yields
[(n',p'(c))] < 2Ks;. (5.161)
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In addition, we have

[(n!, ) = ', X = x| < [IX = x|

= \/(1 —cos(ea!))? +sin®(ea!) (5.162)

=1/2 - 2cos(eal) < [ea!|.

Therefore, by ([5.153))
|<n17 ¥> B <p’(C), %)(nl,p’(c)ﬂ
1- (p/(C), %)2
51 4 9
 JBN 2R o] + 27sy),

~/1-4(R)2s?

where the last line follows by the assumption that s, < 1/(2v/2g) by (5.103). By
(5.155)), (5.161)), and (5.163)), we conclude that

(', X)] =
(5.163)

(mh,n')2 >1-4(r)*s? - 2(|ea’| + 2K s, )?
>1-20(r)%s? - 4e?|at? (5.164)

> 1-20(%)%sT - p(e)?,
noting that |@'| < e !p/2 by (5.149)). From this we obtain the estimate

[t = ntl| = 2 -2(7", n')

< \/40(R)2s2 + 2p(€)? (5.165)

< 2V/10Rs; +V2p(e).
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From (|5.148)) we obtain the following bound on the difference of velocities

@' - w']| < 3||@° - wP|| + 8V/10Fs1 + 4v/2p(e). (5.166)

Substituting the bounds (5.103]), (5.104)), and (5.106]) for the quantities above, we

obtain

' —w < 3(32) + 8VI0R(—2 ) + AV2(—B ) = g, 5.167
7wl £3(55) +8VIOR( ) +aVR( ) = 5 (5.167)

This completes the proof. O

Proof of Lemma[5.8 This lemma is corollary of the previous one. Take

12 \7!
S1 = (1 + — + 24V 10/{) s,

Hsinv

e (5.168)
9sin v

S3 = 24\/ 10%81.

Since by the above and ([5.120)) and the assumption s < 1, we have s, <1 and s3 < 1.

Since 0 <sinv <1 and K > 1, we have

12 5
T9<1+ +24v/T0% < 20 (5.169)

Hsinv sin v

Thus by (5.108),

5c0591} (5.170)

51 <797 s < min{ry, () ' cosf; } < min {ro, o
R
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Also, by definition of sy and s3 above, we have

D89 sin v S3
S, = = 5.171
12 u/10m (5.171)
Therefore the bound ([5.103)) is satisfied.
To see that ([5.104)) is satisfied, first observe that
$cos Hl_sin2 v _ ( 2, 24@%) 51 COS Gl_sin2 v
800k (L + 1) dsiny 800K (L +1)
. . (5.172)
sicosfysiny  sycosfysinv
10(L+1) ~ 10(L+1) °

where the first inequality above follows from (5.169). Consequently, since p~! is
increasing, by (9.109)) we have

1 [ scosf;sin?v w1 [ 81cos6;sinv
<p|————— | < | ——————. 5.173
g (800E(L+1)) P ( 10(L +1) (5.173)

By (5.109) and the estimate ((5.172)), we also have

scosfy sin® v . S1C08 O,sinv sy cosbysin® v

€< = < = < 5.174
800K (L +1)? 10(L+1)2 10(L +1)2 ( )
It also follows from (|5.174]) and the definition of s5 that
< 5s9 sin v (5.175)
€<s = .
= 9] 19 )
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and from ([5.173)) and the definition of s3 that

e<p(s1) < (2VBs1) = ! (1;3&) . (5.176)

Combining (5.173)), (5.174)), (5.175)), and (5.176]), we obtain the desired bound (5.104))

on e.

To see that (5.105|) is satisfied, observe that by (5.110)),

|a0|£el(g—(5o)—( ,L +1)361(E—(50)—( ,L +1). (5.177)
sin v 2 sin v

From (j5.111)) we get the following bounds on |[p° — p°||, [a° — a?|, and ||@° - wO|].
First, by definition of s; and (5.111)), we have

" = Pl + @ = a®| + [l - )|

12
§(1+ - +24\/10E)

Hsinv

5 $1 cos by sin? v
1600(1 +mJ-1)Y2(2 + (mJ)12)R(L + 1) (5.178)
80r 1 cos By sin® v

( )1600(1 +mJ D2(2+ (mJ)Y2)R(L + 1)

B $1cos 6y sinv

T 20(1+mJ )22+ (mJ) V) (T +1)

<

sin v

It follows from the above that

$1 cos b

5.179
50 (5.179)

" - p°ll <
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Since s1 = 5521%, we also obtain from ([5.178)

.92
S cos B sin“ v S9
0|< 2 1 S

@ TUS(L+mJ VY221 (m) 2T +1) 3

In addition, ([5.178)) implies

s1cosfysinv

=0 _, 0| <
I =l < A T @+ (L 1)

Substituting s; = 22250 into (5.178)) gives us
& 12

||ﬁ)'0—w0||g So cos By sin® v _ < sgs.inl/7
48(1 +mJ Y22+ (mJ)"Y2)(L+1) 3L

o o .
and substituting s; = 31./i5e gives us

“@ﬂ —w0|| < $3cosb;sinv _ < 2.
48V10R(1 + mJH)Y2(2+ (mJ) Y2) (L +1) 12

(5.180)

(5.181)

(5.182)

(5.183)

We conclude from the last five displays that the bounds ([5.106|) are satisfied. There-

fore, the hypotheses of Lemma hold, and we conclude that

1P = pH|| + @ - | + [|@* — w?|| < 51+ 52+ 83

12
:(1+ - +24\/10E)51:3,

Hsinv

here using the definitions (5.168)).
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5.3.5 Definition of (2 and proof of Lemma (5.3

Recall the sets N* and Aj, A3, A} defined by (5.97). The set A; has Lebesgue
measure zero. (See the proof of Proposition [4.11])

Recall that Kf;f is a well-defined C'! involutive diffeomorphism on a A2-full mea-
sure open subset Foy ¢ P x S2. For any (y,w) € Fey, the billiard trajectory in M.y
starting from (y,-w) is well-defined for all time and hits 0 My only finitely many
times before returning to P. (See Propositions and [6.5])

Let ) = 01 (Fep) = {(y,w) € P xS% : (ey,w) € Feyr}. For any (y,w) € FY,, the
billiard trajectory in /\/lzyl starting from initial state (y,—w) is defined for all time
and returns to P after only finitely many collisions with IM.

Fix (y,w) € (A} xS*)nF*

cyl’

and let (3%, w") = (y,—w). Let N denote the number
of times which the point particle hits 5M§y1 before returning to the plane P. For
1 <7< N, let y/ denote the point in @M:yl where the billiard trajectory starting
from (y7=1, wi=') first returns to the boundary, and let w’ denote the velocity of the
point particle immediately after reflecting from the boundary at y7. Let (yN+! wN+!)

denote the state of the point particle upon returning to the plane P (thus w™N+! = w!).

We will also use the following notation: For 0<j < N +1
hd (pj7uj) = dGO(yj7wj)‘

e k7 is the unit normal vector to dB* at pi if 1 <j < N. We also let k0 = kN+1 =

—es. (Thus each k7 is the inward-pointing unit normal at p? € 0D*, where D*

is the region defined by (/5.98))).
e 0; is the angle between k7 and —uw/~! (i.e. cosf; = (k/,-w/~1)) if 1 <j< N+ 1.
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We let 0y be the angle between w? and k° = —e,

e 1; = rp«(p;,U;) is the radius of transversality associated with the chord from

Dj tOpj+1 lfOSJSN
e v is the angle between w® and the line spanned by Y.

Recall that in the cylindrical configuration space the projection of the point
particle velocity onto x is preserved. It follows that v is the angle between w7 and
the line spanned by x for 0<j < N + 1.

In the notation above, we let F' = F'(¢) denote the set of all states states (y,w) €
(A1 x8%) nFZ, such that

log(1/p)
FL. N < fisgloa(1/7)°

F2. TjZWfOI‘OSjSN,

F3. cosf, >

]_log(l/p) for0<7<N+1, and

F4. SIHV_ m

We also define = = Z(¢) to be the set of all states (y,w) € (A x §*) n F, such that

if v is the angular coordinate of y, then the following holds:

forall jeZ, if ae (e‘l( - g +jp),e_1(g +jp)],
p . 12(L+1) )_ log(1/p)°L

then |o — je $61(——5 .
o =jep) 2 " 5log(1/p)?)  4loglog(1/p)

(5.185)
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Recall the parallelogram R., defined by . Let
R =¢'R.={(z1,0) eP:0<z;+a<l and —e'p(e)/2<a<ep(e)/2}. (5.186)
Also define translation maps
Tj?‘k(y) = e 'mi(ey) =y + jer + ke ' pes, yeP, (5.187)

Telyw) = () w),  (y,w) ePxS:. (5.188)

The translates T;kRg tessellate the plane P, in the sense that P = U x)ez2 T;kR:, and
TR 075, R has Lebesgue measure zero whenever (j,k) # (5, k).
We let Ee* denote the parallelogram R} minus its upper and right boundary

segments, i.e.
R*={(z1,a)eP:0<z +a<land —e'p(e) <a<e'p(e)/2}. (5.189)

Then the translates Tj*k]/%\; form a collection of disjoint sets which tessellate the plane
P.
We define Q* to be the subset of P xS2? which is invariant under the translations

Tir» (J,k) € Z? and such that

Q' (R xS?) = (FuZu (A5 xS?)) n (B xS2). (5.190)
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We then define Q2 c P x S? by

Q=0.(0)={(y,w) e PxS%: (ely,w) e Q*}. (5.191)

Proof of Lemmal[5.3. (i) follows immediately from the definition of Q.

(ii) Changing to zoomed coordinates, it is enough to show that ep(e)1A2(P xS?
2*) - 0 as e > 0. Note that A} u Aj is a full measure subset of P. Consequently, it
is enough to show that ep(e)TA2((R: N A7) xS2\ F) - 0 and ep(e)TA2((R; n A7) x
S2NE)>0ase—0.

First we deal with F'. We let k = [e71p(¢€)/2], and we chop R, into 2k parts

-1

| o
R = B o {(,0): UL cac 1L

S SasT } —k+1<j<k (5.192)

By definition of the parallelogram R?, we see that

(1+ mel)*l/Qeflij

R%j — R*O
€ € + k

(5.193)

By observing that the sets F' and Aj are invariant under any translation in the

direction Yy, it follows that

AN((REINAD)xSENF) = AN((RPP°n A xS2NF), for —k+1<j<k. (5.194)

Therefore,

A2((ROAAT) x S2NF) = (2k) TA2((R* n A7) x S2\ F). (5.195)
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Noting that (2k)~! ~ £, we see it is enough to show that A*((R%n A7) xS\ F) -0
as € > 0. To this end, note that R*® x S2 lies in the fixed bounded set {(x1,) :
0<x <1,-1 < +a <0} xS2 which has finite A?2-measure. Also notice that
F(€) o F(€¢') whenever € < €. Consequently, by continuity from above, it is enough
to show that Ueo F'(€) has full A2 measure in A} x S2. Now U F'(€) is the set of

all (y,w) € A7 x S2 such that
1. N < oo,
2.rj>0for 1<j<N -1,
3. 0j<5for0<j<N+1, and
4. v>0.

By construction of the cylindrical collision law, the set of initial states (y,w) such
that N = oo is a measure zero subset of A} x S2 (see and §6.2.1). If r; = 0,
this means that the billiard trajectory hits oM., at y/ either tangentially or at a
singularity of 0M.yi, and the set of initial states such that this happens has measure
zero (see Lemma [6.3). If 6; = 7/2, this means the billiard trajectory hits 0 M.y
tangentially at g/, and again the set of initial states such that this happens has
measure zero. Finally, since v is a conserved quantity, we see that v = 0 if and only
if w==xx, and A2(A} x {xx}) = 0. This proves Ue.q F(€) is a full-measure subset of
At x §2, as desired.

To show that -F5A*(R; x S7\E(¢)) — 0, observe that Ry x S% \ E(€)) = (R ~
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R!) xS2, where R! is the parallelogram defined by

R2={(x1,o¢)eP:0£a+x1£1,

_ — (5.196)
and |a| <€t (g —50) - ( L - 1) M}

sin v ~ 4loglog(1/p)

It is enough to show that ﬁm(RE N R!) - 0, where m denotes Lebesgue measure

on P. Note that R, c R.. Computing the area of each rectangle, we have

€ A R ) L
. - 2 (L s,)+2
p(e)m(& N RY) 00 [e p—2€ (2 50) + (siny

— g
250+%( L +1)+ elog(1/p)°L

p p \sinv 2ploglog(1/p)

)+ 2log(1/p)"L

4loglog(1/p) ] (5.197)

(1/2

Recalling that -

= 0(1), and dy = O(%) = o(€'/?), we see that the above quantity
converges to zero as € — 0.

Part (iii) of Lemma is proved by iterating the result of Lemma Fix
(y,w) e 2 and let N, (y?,w?), 0;, and r; be defined as in the definition of {2 above.
Let ° = H.(y") and let @° = w®. Let ®* denote the billiard map in the zoomed

configuration space M*. We will use Lemma [5.§| to prove that
(F, @) = & (F L @), 1<j<N. (5.198)

are well-defined, and that the trajectory starting from (7°,@°) will return to the
surface P* in some state (N1, @N+1) after N collisions with the boundary. The

same lemma will also give us bounds on ||(FV*1, @N*1) - (yN+1 wN+1)||. Indeed, we
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define by backwards induction

SN+1 =19 log(l/p)_l,
_ Sj+1 COS 0j+1 sin2 v
1600(1 + mJ-)12(2+ (mJ)"V2)R(L + 1)’

Sj
Then by definition of Q*, for 0 < j < N,
s; < sy = 79log(1/p) " < 79min{r;, (F) ' cos b1}

Also observe that for 1 <j< N +1,

N cos B, sin’ v

321 1600(1 + mJ-1)Y2(2 + (mJ)Y2)R(L +1)

S5 281 =SN+1

Hence, using the bounds in the definition of Q*,

2
sjcosB;sin” v

800%(L +1)

<j<N.

( N cos B, sin’ v ) cosf; sin®v
-\ 8007 (T + 1)

321 1600(1 + mJ-1)12(2+ (mJ)V2)R(L + 1)
79

* Toa(1/p) (1600(1 +mJ Y22+ (mJ)2) (L +1)
- tog(1/p) - e )

log(1/p)”" )N log(1/p)”"
800(L +1)

[1600(1 + J-1)1/2(2 + J-Y2)(L + 1)]¥800(L + 1)

(5.199)

(5.200)

(5.201)

(5.202)

Substituting in the given upper bound for N in the definition of 2*, and noting the

that the right factor above converges to infinity as p = p(e) — 0, we obtain that for e
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sufficiently small, the last line above is bounded below by

__log(1/p)
log(1/p) Teos) = p = p(e). (5.203)
Thus
1 [ 8jcos0;sin*v
—— | >e (5.204)
800r(L +1)

An almost identical calculation gives us, for e sufficiently small,

.3
s5jcosf;sin” v

R00R(L + 1) og(1/p) ™ 2 ple)i 2 ¢, (5.205)

here recalling that €'/2/p = 0(1). Assume a® € [-e1p/2 + ke 1p, e 1p/2 + ke 1p). For
0<j<N-1,

a7t — o] < ||w||t; =t (5.206)

where ¢; is the time for the billiard trajectory to go from y/ to yi*t. We have
_ e -p)
tj - [|ud]| < sinv

by Lemma , recalling that by definition w/ = d(Go)yi(w?).
Hence, |a?*! — ad| < % Thus, for 0 < j < N, applying the bound on |a® — ke~1p|

coming from the definition of {2, we obtain

o — ke lpl < Ja’ — ke lp| + Zloﬂ“ o|
— g —
ge‘l(g—éo)— Loyy)o el Lo N (5.207)
2 sin v 4loglog(1/p) sinv
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By definition of y° and 7°, and the fact that H, fixes the a-coordinate, we have

P’ =Go(y’) = Goo H'(He(y")) = Ge(7") = P (5.208)

Also @Y = w® by definition. Thus trivially

197 = POl + [@° = o] + [|@° — w”|| < s0. (5.209)

From ([5.200)), (5.204)), (5.205)), and (5.207]) we see that the hypotheses of Lemma

are satisfied. Thus, by induction, for 1 < j < N + 1, p7, the pair (71, @7-1) is licit,
in the sense of §5.3.4, Hence, a7, and @/ are well-defined, p/ and 77 lie on the same

smooth curve segment in 0D*, and
77 =PI+ & = o +[|@ -] < ;. (5.210)

In particular, p/ and 7 lie on 0B* for 1 < j < N; p° and pV*! both lie on the line

{(21,22) : 22 = 0}, and

79

||ﬁN+1 _pN+1|| + |&N+1 _ aN+1| + ||@«N+1 _wN+1|| <8Nyl = ————.
o log(1/p)

(5.211)

We will use this estimate shortly.
Recall the diffeomorphism H, : Z* - Z*, and define a diffeomorphism H, : Z* x
S? > Z* xS? by
H(y,w) = (He(y),w). (5.212)
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In other words, H, = 0.1 0 H; o 0., where H; is defined as in 1. We also define

. N =~
“zoomed versions” of U, K>, Kcy’f , and K>¢ as follows:

\IJ*:ae-lo\Ifoae:f)*XSEP/QAP*XSEMW

K*=010K0.:0-1(F) > 0-1(F),

(5.213)
:yl =010 K(fyl 00¢:0¢1 (fcyl) > O¢-1 (fcyl)a
K*=0c 10K 00 :001(F) = 01 (F).
Then from (4.86)) we see that
K*=(H) o (U)o K*o U o H,. (5.214)

For the rest of our argument to be valid, we need (7°,—@°) and (gV*+!, @N+!) to lie

in the domain of W*. This follows from:

Claim 5.3.1. For e sufficiently small, (3°,-@°) € P* x Sip/z and (gN+1 @wN+1) €

P* x S?

+p/2°

Proof of Claim[5.31 As explained above 7° and 7V+! lie in P*. Let 1)y = 2 (~@°, e5),

and let Yy = 2 (@WN, ey). We must show that ¢y < 5 - p and Yy <5 —p. We
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have

costhy = (=", e2) = {d(G)go (=0°), €2) + (d(Go)go (-@°) = d(G)go (-T°), €2)
+ (- - d(Go)yo (-1°), e3)
> ||d(Ge) (=@°)||cos o = | d(Go)go (-@°) = d(Ge)go (@),

(5.215)

here using that (- - d(Gp)ye (-@°),e2) = 0. Let @° denote the angular coordinate

of 7°. By Lemma [5.6],

[d(Go) (@) > [1 = ((mJ) 2 + 1)]edol I sinp

(5.216)
> [1-((mJ) ™%+ 1)ep/2] sin .
Also, by (5.86|) we deduce that
|d(Go)ga (=) = (G ()| < [ea”] < L. (5.217)
Substituting these bounds into ([5.215)), we obtain
costhy 2 [1 - ((mJ) %+ 1)ep/2] sin pcos By — L
2 (5.218)

> [L= ((mJ) ™2+ Dep/2](sin ) log(1/p) ™ - 7 = sin(p),

for e sufficiently small. Therefore, 1)y < § — p(e€) for e sufficiently small. We omit the

argument showing that 1y, <5 — p(€) since it is almost identical. ]

By Claim [5.3.1, we may define (g% @°) = U*(7°,-w), and (gN*1,aoN*) =
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U (gN+L @N+1). By definition of ¥ and ¥* 3% and 7V*! both lie in the plane P; the
interior of the line segment from 7° to F' lies in Int M* and contains the point 7?;
and the interior of the line segment from 7™V to 7V*! lies in the interior of M* and
contains the point 7V+! in its interior. Thus the billiard trajectory in M* starting in

state (7°, —@") hits the boundary N times before returning to the plane P in state

(yN+1 wN+1). Therefore,

K*(@O, wO) — (gN+1,@N+1), and Kgfw(yo’ _w()) — (yN+17wN+1)‘ (5‘219)

Consequently,
R (0 =) = () o (1) o K* 0 0 o F, (3, ~u)
=(H) o (U)o KM o W (3, -a")
= (H) o (U)o KX (5%, @) (5.220)
= () o (0 LGV, @)

— (Fe)—l(gNH’ ﬁ}fN+1) — (He—l(@'N+l)7wN+l).
Therefore,

17 (4, —w°) - Kgyl(yo’ —uwd)|| < ||H€—1(@«N+1) _ yN+1|| + ||ﬁ)fN+1 _ wN+1||
(5.221)
< ”GO(HE—l('gNH) _ yN+1)|| + |aN+1 _ aN+1| + Ha)fN+1 _ wN+1||7

here using the definition of GGy and the fact that H. fixes the angular coordinate.
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But by definition of G,
Go(H (")) = G(3™*) =™ (5.222)
Thus
||G0(HE—1(@«N+1) _ yN+1)|| — ||ﬁN+1 _pN+1||. (5‘223)
Substituting the above into ((5.221)), and applying the bound ([5.155)), we obtain

1K™ (%, ~w®) = K (y°, ~w”)]

< ||ﬁ'N+1 _pN+1|| + |a'N+1 _ OéN+1| + ||{EN+1 _ wN+1|| (5224)
80
< —.
log(1/p)

Note that this bound does not depend on the choice of (y,w) = (y°, —-w®) € Q*. Thus

sup [[K>€ = K¥¢|| < sup||oe1 0 K™ = g1 0 K|
Q Q

5.225)
~. . 80 (
:SupHK _Kcyl”S—ga
ok log(1/p)
and the right-hand side converges to zero as € — 0, as desired. O]
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6 Rough Reflections in General Billiard Domains

6.1 The billiard map and the invariant measure

The results stated in this section are well-known, but proofs under the weak regu-
larity conditions adopted in this work may not be found in standard references. We
therefore provide careful proofs here. More traditional treatments of billiards may

be found in [6] and [39]. For billiards in Riemannian manifolds, see [8 Chapter 5].

6.1.1 A billiard domain with singularities

Let R be a d-dimensional C? Riemannian manifold with metric (-,-). Assume that
R is geodesically complete.

Our billiard domain will be taken from a certain class of closed C? submanifolds
of R with singularities. Namely, let A/ be a subset of R, and let ON and Int N/
denote the topological boundary and interior of /. We say that N belongs to the
class CES;(R) if AV is a closed subset of R, and there exists a closed subset S ¢ N

such that the following two conditions hold:

C1. The (d - 1)-dimensional Hausdorff measure of S is zero.

C2. For every point ¢ € N\ S, there exists a neighborhood U ¢ R of ¢ and a C?
diffeomorphism ¢ : U - R such that ¢(¢) = 0 and the image of N'nU is either

R? or the upper half-space H? := {(x1,...,24) xq>0}.

The second condition means that A"\ § is a codimension 0, embedded, C? sub-

manifold of R with boundary. We let Meg =N\S.
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We will refer to points in S as singular points of N, and to points in N\ S as
reqular points of N'. To avoid ambiguities, we will always assume that S is chosen
to be minimal. That is, S is a smallest subset of 0N, with respect to inclusion, such
that condition C2 holds.

In condition C2, we will refer to points ¢ with a neighborhood mapping to R?
as interior points of N, and we will refer to points ¢ with a neighborhood mapping
to H¢ as regular boundary points of N'. These notions do not depend on ¢. The
set of regular boundary points coincides with dN \ S, and the set of interior points

coincides with Int \V.

6.1.2 Billiard map

Let TR denote the tangent space over R, and let T'R = {(¢q,p) € TR : (p,p), = 1}
denote the unit tangent bundle. We denote the geodesic flow on T'R by G*. That is,
for each (q,p), if y(¢) is the unique (unit speed) geodesic starting from state (¢, p)
(defined for all time by completeness), then by definition G'(q,p) = (v(t),7(t)) €
T'R. In local coordinates (g%, p’) on the tangent space, the geodesics satisfy:

d
q =p', pr==> Tiupp", (6.1)
i,k=1

where F;k are the Christoffel symbols associated with the Riemannian metric, and

“dot” denotes the time derivative. The flow G' is generated by the vector field on
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T'R, expressed in local coordinates as

d a d ) - a
X=)p—- e, pp"—. 6.2
; oq' 1%;1 I op' ( )
It follows from this expression that
d a
dr(X(g,p)) = 2 p' = = (a,p); (6.3)
-1 04i
where
mT:TR—->R (6.4)

is natural projection.

For each ¢ € ONieg, let n(q) € T)R denote the unit normal vector pointing into N.
We denote the restriction of the unit tangent bundle on R to the regular boundary
of N by

U={(q,p) eT'"R:q €Ny} (6.5)

We also denote the inward (+) and outward (-)-pointing unit tangent bundles on

the regular boundary by

U* ={(q,p) e T'R : q € ON,eg and = (p,n(q)), > 0}. (6.6)

An important observation is that the vector field X is nowhere tangent to U*.

Indeed, if f(q) is a local defining function for N, then V f(q) = cn(q) for some ¢ # 0,
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and F'(q,p) = fon(q,p) is a local defining function for Y. Thus, for (¢,p) e U™,

dF o X(q,p) =df odmo X(q,p)=df(q,p) =dfe(p) = c(p,n(q))e # 0, (6.7)

where the second equality follows by (6.3). This implies X (q,p) does not lie in

ker dF{qp) = T(qpU. A consequence of this observation is that the flowout

G:U"xR->T'R, G(q,p,t) = G'(q,p), (6.8)

is a local diffeomorphism.

A point particle starting from (q,p) € U* first returns to M at time

t(q,p) =inf{t >0: 710G (q,p) ¢ Nt N'}. (6.9)

(If ToG*(q,p) € Int N for all ¢ > 0, then by convention the above quantity is infinite.)
Since the geodesic starting from a point (q,p) € U* initially points into N, the time
t is strictly positive. In fact, if £(q,p) is finite, then since the complement of Int N
is closed, the infimum in must be a minimum.

We introduce the following subbundles of U*:

Ug, = {(q,p) eUU* : t(q,p) < oo},

Uy ={(q,p) eUg, : G'"%)(q,p) e}

(6.10)

In applications, U will be a full-measure subset of U4*. The set U is an open subset

of U (not just of U ). This may be proved by showing that ¢ is finite and continuous
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on a neighborhood in U of a point (g, p) e U;. (See the proof of Lemma |6.1)).

The specular reflection map R:U — U is defined by

R(q,p) = (¢,p—2(p,n(q))qn(q))- (6.11)

Note that R maps U* onto U™ and is involutive (that is, Ro R =1d).

The billiard map ® : U — U is defined by

®(q,p) = Ro GUP)(q,p). (6.12)

Lemma 6.1. (i) ® is injective, and its left-inverse is given by —R o ® o —R, where
—R(q.p) = R(q,-p).
(11) Suppose (q1,p1) = P(qo,po) lies in Uy. Then @ restricts to a C* diffeomor-

phism from a neighborhood of (qo,po) to a neighborhood of (qi,p1)-

Proof. (i) Consider the unit speed geodesic running from (q,p) € U to (¢'.p’) :=
G"aP)(q,p) € U*. Noting that R is involutive, we have —R o ®(q,p) = (¢',-p').
The geodesic starting from (¢’, —p') retraces the original geodesic and returns to the
boundary in the state (¢,—p). Thus by symmetry —R o ®(¢’,-p’) = (¢,p). Hence
~Ro®o-Ro®(q,p) = (¢,p)-

(ii) Write @ = Ro ®_, where ®_(q,p) = G"@P)(q,p). Let (q1,p7) = ®_(qo,po)-
Since ONeg is an C? submanifold of R of codimension 1, it has a C? local defining

function f defined in a neighborhood of ¢;. Then F(q,p) := f(q) = f ow(q,p) is a
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local defining function for &. The function

K(q,p,t) = F(G'(q,p)) (6.13)
is defined in a neighborhood of (qo, po, t(qo, po)), and

0K _
E(Qoapoat(%mo)) =dF(q1,p1)X(qr,py) =df odmo X(q1,p7)
(6.14)

=dfe, (p1) = c(n(q1), 1) # 0,

for some ¢ # 0. The third equality above follows from (6.3)), and the last equality
follows because the gradient of f is parallel to n(q;) at ¢;. By the Implicit Function
Theorem, there is a C2 function 7 defined on a neighborhood U c U; of (o, po), and

a finite open interval I = (a,b) containing (qo,po) such that solutions to
K(q,p,t)=0, (g,p,t)eUxI (6.15)

take the form (q,p,(q,p)).
We claim = % in a neighborhood of (go,po). To see this, let V cc U be a

precompact open set containing (qg,po), and let
A={(q,p,t) eV x[0,a]:70G"(q,p) ¢ Int M}. (6.16)

For (q,p) € V, it is evident that if #(q,p) # T(q, p), then #(q,p) < a, since otherwise

(¢,p,t(q,p)) would solve (6.15). Therefore {(q,p) € V : t(q,p) # t(¢,p)} ¢ mu(A),

where 7 : U x R - U is projection. Note that m,(A) is compact. Since #(qo,po) > a,
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we have (g, po) ¢ m(A), and £ =% on V \ my (A).

Consequently, ®_ is C? in a neighborhood of (qo, pp). The unit normal field n and
the specular reflection map R are C''. Therefore ® = Ro®_ is C'! in a neighborhood
of (qo,P0)-

By the same reasoning, ® is C! in a neighborhood of (¢;,-p7). By (i), ® has a
left inverse —R o ® o —R which is C! in a neighborhood of (¢1,p;). Thus ® is a local

C' diffeomorphism. ]

6.1.3 Invariant measure

At each point g € R, the tangent space TR inherits a Euclidean metric from the
metric on the manifold. Let o, denote surface measure on the unit sphere TR ¢ T,R
with respect to this metric, and let 7 denote the measure on R generated by the
Riemannian metric on the manifold. Define a measure p on the unit tangent bundle
by

p(dpdq) = o4(dp)7(dg). (6.17)

In other words,

fl fdu = / [1 f(q,p)o,(dp)T(dq), for all feC.(T'R). (6.18)
TR R JITIR

It is well-known that the geodesic flow preserves the measure p, in the sense that
Jrig foGtdp = [;up fdu for any f and t € R. This is Liouville’s Theorem, stated
for a Hamiltonian system with energy function H(g,p) = 3(p,p)s. See , §16], or
Ch. 5].
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Let 7; denote the surface measure on 8/\/reg induced by the metric on the ambient

space R. We define a measure p; on U, as follows:

pa(dpdq) = (q,n(p))po,(dg) T (dp). (6.19)

Lemma 6.2. The billiard map ® preserves the measure uy, in the sense that, for

any AcUy, pn(®(A)) = p(A).

Proof. We equip T'R with the Sasaki metric (-,-)s. This is the metric, first introduced
in [37], which restricts on R to the given Riemannian metric and on the fibers T, R
to the inherited Euclidean metric, and which makes R and 7, R orthogonal. Given
£, e€TymTR and curves v = (o,U) and 1 = (3,V) with (0) = £ and 7(0) = ¢, the

metric is defined by

(€,0)s = (&(0), B(0)) + (DU (0), DV (0)), (6.20)

where D denotes covariant differentiation.

The metric (-,-)s induces a metric on the unit tangent bundle T'R. The volume
measure on T'R coming from this metric is just the measure p defined above.

The following simple argument comes from , Chapter 6]. With respect to the
Sasaki metric, the unit normal vector field on the codimension 1 submanifold U] c
T'R is given by ¢*n, where ¢ : R - TR is inclusion. Consequently, the flux of the

vector field X through any A c U] is

fA<X(q7p)7 v'n(q,p))sp(dgdp) = fA(p,n(tJ))u(dqdp) = 1 (A). (6.21)
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As above, write ® = Ro ®_. Let A’ = ®_(A). Since the flow G preserves p, this

implies that the flux is preserved:

i (A) = (A, (6.22)

Thus ®_ preserves the measure py. Since specular reflection R is an isometry and

preserves the quantity (p,n(q)),, it too preserves the measure j;. ]

Lemma 6.3. (i) 1 (U ~NUT) = 0.
(it) For each m > 1, let U, = LU _,). Then (Ui, ~NU,) =0, and the iterate

O =PoPo--0d (m times): U}, - U is a C diffeomorphism onto its image.

Proof. (i) For (q,p) e U ~ U, set (¢',p") = P_(q,p). Let A be the set of all such
points (g, p) such that ¢’ lies in the singular part of the boundary S. Let B be the
set of all such points (g,p) such that ¢’ € ON,eg and p' is tangent to Mg at ¢'. We
see that U7 ~U{ is the disjoint union of A and B. Thus it enough to show that A
and B have measure zero in ™.

Recall that the flowout G defined by is a local diffeomorphism. Let S c U* xR

denote the preimage of S under the composition

U xRS T'R SR, (6.23)

where 7 is natural projection. Then A c my+(S), where my+ is projection onto the
first factor of U* x R.
Let s denote the Hausdorff dimension of §. By assumption, s < d — 1. Since the

first map in (6.23)) is a local C? diffeomorphism, and the second is a C? submersion
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from a (2d-1)-dimensional space to a d-dimensional space, we see that the Hausdorff
dimension of S is s+ d — 1. Thus the Hausdorff dimension of my:(S) is at most
s+d-1<2d-2. Since U* is a (2d - 2)-dimensional submanifold of R, we conclude
that A c m,+(S) has measure zero in U*.

To see that B also has measure zero in U*, let 7 cU* xR be the preimage under
G of T'ON,eg € T'R. Observe that B c my+(T). The dimension of T10N, is a
2d - 3, and therefore the dimension of T is 2d - 3, and the dimension of m,+(T) is at
most 2d — 3. It follows that B c my+(7) has measure zero in U*.

(ii) Recall that U] is an open subset of Y* and @ : U] — P(U;) is a C* diffeo-
morphism. It clearly follows that each U}, is an open subset of U* and each iterate
¢™ is a C'! diffeomorphism from U}, onto its image. To see that (U ~U;) =0,
let F' c U] be any measurable set with p;(F') < co. Using (i) and the fact that ®

preserves 1, we have

p(FNUS) = i (F N & H((F) nUfy))
= 11 (F) = i (7Y @(F) nUy))
= /Ll(F) —,ul(q)(F) ﬂUf)

=1 (F) = (®(F)) = 0.

(6.24)

It follows that py (U5 U3 ) = 0. Inductively, we similarly obtain that iy (Up,—1 \Up,) =0

for all m > 1. As U is a full measure subset of U , the result follows. H
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6.2 Rough Reflection Laws

The construction of rough reflections described here generalizes a construction ap-

pearing in . It is also similar to constructions appearing in and .

6.2.1 Macro-reflection laws

Consider two nested billiard domains My c M; ¢ R. The boundary of M, provides
an interface from which we can observe reflections from the boundary of M;. The
goal for this subsection is to describe precisely what it means to “observe” the re-
flections from dM; from the interface dMj. In the next subsection, we will describe
what happens when M approaches M uniformly.

We suppose that M7, My are subsets of R which satisfy the following conditions:

D1. My is closed, embedded C? submanifold of R of codimension 0, with boundary

(but no corners or singularities),
D2. M; belongs to the class CESZ(R), and
D3. Int/\/ll D MO

We would also like to consider the case where M, is allowed to intersect the boundary
of Mj, but this introduces some technicalities. We describe how to modify our
arguments to accommodate this situation in Remark [6.6]
Let
N = M\ M. (6.25)
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Here the closure is taken in the ambient space R. The fundamental fact in our

analysis is that:
Lemma 6.4. N belongs to the class CES5(R).

Proof. Let S be the set of singular points of My, and let S = SnN. It is enough to
show that N \ S is a codimension 0, embedded C? submanifold of R with boundary.

Since My c Int M;, we may write

N AN 51 = (Int M1 AN Mo) U é’regM U 5./\/10, (626)

and the above union is disjoint.

If ¢ € Int My \ My, then there exists a neighborhood U; ¢ R of ¢ which lies
entirely in Int M; \x Mg and which is C%-diffeomorphic to R¢.

If ¢ € OregM, then there exists a neighborhood U; ¢ R of ¢ and a C?-
diffeomorphism ¢ : Uy - R? such that ¢2(0) = 0 and ¢o(M; nUs) = HY. Shrinking
U if necessary, we may suppose that Uy n Mg = &, in which case ¢o(N nUy) = H.

Finally, if ¢ € 0M,, then there exists a neighborhood Us ¢ R of ¢ and a C?-
diffeomorphism ¢3 : U3 — R? such that ¢3(0) =0 and ¢3(Mon Us) = HY. Shrinking

Us; if necessary, we may suppose that Us c Int M, in which case

¢3(Nﬂ Ug) = (I)g(U A IHtMQ) = Hc_l = {(1’1, ...,:L‘d) g < O} = Hd, (627)

and we are done. n
Notation introduced in the previous subsection specializes to our choice AN in
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(6.25). The boundary of N decomposes as the disjoint union dM; U OM,. We

denote restrictions of U* to d Mg by

V*={(q,p) eU™ : g€ IM,}. (6.28)

Note that our sign conventions are reversed with V* c . This is because we want
to think of vectors in V* as pointing into the billiard domain My, even though they
point out of N.

For our definition of a macro-reflection law to make sense, two additional condi-

tions are needed:
D4. U is a full-measure subset of U*, with respect to the measure y;.

D5. Except on a set of pi-measure zero, a point particle in ANV which starts with
initial state (q,p) € V- c U* eventually returns to V- after only finitely many

collisions with dM;.

For various special cases, there are straightforward conditions which guarantee that
conditions D4 and D5 hold. Typically these conditions will reduce our setting to the
finite measure case, and D5 will follow from the Poincaré Recurrence Theorem. See
§6.2.4 below.

As a consequence of Lemma [6.3] condition D4 implies that ® and its iterates are
well-defined on U*, except on a null set.

For (q,p) e U, set M(q,p) = min{m > 1: (q,p) € U}, and ®™(q,p) € U3} (and

set M = oo if the minimum does not exist). The macro-reflection law associated with
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My and M; is the mapping PMiMo = pMi: Y+ — Y+ y {A} defined by

Ro @M(q,—p)(q’ _p) if M(qa _p) <00,
PMi(q,p) = (6.29)

A otherwise,

where A is a “cemetery state.” To understand this definition, consider a point
particle moving freely in M and reflecting specularly from 0 M;. If the point particle
starts in initial state (¢, —p) € V- and after hitting 0 M; some number of times returns
to OM, in state (¢',p") € V*, then by definition PM1(q,p) = (¢',p"). In (6.29), the
map @ is defined for the billiard in N and not M ; thus the reason for post-composing
with R is that this “undoes” the reflection from 0 M, of the point particle in N.
For q € My, let k(q) = -n(q) denote the outward pointing normal vector field

on oMy, let Topq, be surface measure on d My, and define a measure on V* by

A(dqdp) = {p, k(q))40,(dp)Torm,(dq). (6.30)

Clearly the restriction of y1; to V= pushes forward to A under negation (¢, p) ~ (¢, -p).

It is also easy to see that reflection R pushes forward p; to A.

Proposition 6.5. (i) There exists a A-full measure, open subset Vi c V* such that
PMiVE =V is a C diffeomorphism, and PMto PMy = [dy-.

(i1) PMv preserves the measure A.

Proof. For m > 1, let V,,, = {(¢q,p) € V* : M(q,-p) = m}. For each (q,p) € Vi,
M(q,p) = m < oo, and therefore by Lemma there is a neighborhood N of (q,p)
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such that @™ : N - ®(N) is a diffeomorphism. Since V- is an open subset of U™,
®-m(N nV7) is a neighborhood of (¢, p) contained in -V,,,. Thus V,, is open.
Let Vi =Ups1 Vin = {(q,p) € V¥ : M(q,—p) < oo}. By conditions D4 and D5, there

exists a full measure set F c V- such that

Fa U, c-Vi. (6.31)

m=1

Since each of the sets in the intersection on the left has full y;-measure in V- c U*
(see Lemma [6.3), it follows that V; has full A-measure in V*.
To see that PMt is involutive, let 1 < n < m. By Lemma and the fact that

Ro R =1d, we have
—Ro®"0-Ro®" =(-RoPo—-R)"od™ =", (6.32)

Thus, on V,,,

Rod"o-PMi(g,p) = ™ "(q,-p), (6.33)

and the first n such that —®™"(q,—p) € V* is n = m. Thus PMi(q,p) € V,,, and

taking n =m in (6.33]), we obtain P" o PW(q,p) = (¢, p).

Finally, since PMi = Ro ®™ o - on V,,, and negation and R~! pushforward A to

1, and @ preserves p; (see Lemma , we see that PM: preserves A. O

Remark 6.6. The definition (6.29) of PM1 can be extended to cases where 0M; is
allowed to intersect 0 Mg. The only difficulty is that, if we are not careful, the space
N defined by (6.25) may no longer belong to the class CES;(R). Problems can occur
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if the intersection of 0M; and dM, is a “fat Cantor set” for example. Nonetheless,
N will belong to the class CES3(R) if appropriate assumptions are introduced.
Let M o M, and assume conditions D1 and D2 are satisfied. Then 0. M, decom-

poses as the disjoint union A; U A U Az, where

Ay =oMon N nInt M, Ay = OMon N\ Int M, A3 =My~ N. (6.34)

We replace condition D3 with
D3’. M 2 M,, and the (d - 1)-dimensional Hausdorff measure of A, is zero.

This of course reduces to condition D3 when Int M > M, (because A, is the empty
set).

Under conditions D1, D2, and D3’, A/ will belong to the class CES}(R). To see
this, replace the set 8; in the proof of Lemma [6.4 with S := §; U A,. Then in analogy

to ((6.26), we may write

NSy = (Int M N Mg) U (GregM N M) U Ay (6.35)

The rest of the argument proceeds as in the proof of the lemma, except that we
replace OregM With Opeg M N My and M, with A;.

From the way that we have defined N in ([6.25)), we see that A; ¢ ONieg := ON' NSy
and Ay c N, but A3 is not a subset of IN. In fact, A ¢ dregMnIMy. We extend the

definition of PM1 so that the point particle reflects specularly from ¢ M, whenever
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it hits As. More precisely, we define PM1: Y+ - V* U {A} as follows:

R o ®M(2-p) (g, —p) if g€ Ay and M(q,-p) < oo,

PMi(q,p) = -p+2(p,k(q)).k(q) if g€ As, (6.36)

A otherwise.

This reduces to (6.29) when A; = M, (in which case Az = @).
Let

Vi, ={(¢,p) eV*:qe A}, i=1,23. (6.37)

Under conditions D1, D2, D3’, D4, and D5, Proposition still holds word for
word. The proof gets modified as follows: We let V| = V;;S u U, _; Vin, where now
Vi = {(q,p) € Vi, : M(q,—p) = m}. For essentially the same reason as before V is
open, and Uy_; V;, is a A-full measure subset of V} , and by condition D3’, V} vV}
is a full measure subset of Vy. Therefore V* is a full measure subset of V;. The
rest of the proposition follows simply by noting that specular reflection from dM, is

involutive and preserves A.

6.2.2 Rough reflections

From now on we assume that M, satisfies conditions D1, D2, D3’, D4, and D5,
stated above.

The macro-reflection law PM1 is associated with the deterministic Markov kernel
on Vf,

PM(q, p;dq'dp’) = 6 pmy () (dg'dp"). (6.38)
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We call a Markov kernel P(q,p;dg’dp’) on V* a rough collision law if there exists

a sequence M; > M, (satisfying hypotheses 1’ and 2-5) and a sequence of positive

numbers €; — 0 such that
OM;c N, (0My) := {qge R :dist(q,0M;) < ¢}
and such that the following limit holds:
PMi(q,p;dg'dp")A(dqdp) — (g, p; dg'dp")A(dgdp),

weakly in the space of measures on V*+ x V*.

The limit (6.40) means that for any function h € C.(V* x V*),

lim h(gq, p; dg'dp")PMi(q, p; dg'dp’)A(dgdp)

i—00 JP+xP+

= fvv h(q,p;dq'dp")P(q,p; dq’'dp’)A(dgdp).

(6.39)

(6.40)

(6.41)

Remark 6.7. Since with respect to the uniform norm C®(V* x V*) is dense in

C.(V*xV*), and the tensor product C*(V*) @ C*(V*) is dense in C(V* x V), it is

sufficient to verify (6.41]) for functions h of form f(q,p)g(q’,p"), where f, g e C=(V*).

Proposition 6.8. A rough reflection law P(q, p; dq¢’dp’) is symmetric with respect to

the measure A, in the sense that, for any h e C.(V* xV,),

/wxw h(a,p,d',p")P(q, p; dg'dp")A(dgdp)

o M DDPG A ()
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Proof. Suppose PMi — P as in (6.40). We claim that an equality of form (6.42))

holds if we replace P with PM:. This is equivalent to showing that

fw h(Pi(q,p),q,p)A(dgdp) = fv _h(a,p, P (g,p))A(dgdp). (6.43)

But making the change of variables (¢',p") = PWi(q,p), the above equality is a
consequence of the fact that PMi is an involution which preserves A. The result

follows by taking the weak limit as ¢ - oo. [

Corollary 6.9. A rough collision law P(q,p;dq¢’dp’) preserves the measure A in the
sense that, for all f e C.(V*),

| 1@ )Pa.pidgdp)A@adp) = [ flapAAadp).  (6.44)
Proof. Let h(q,p,q'.p") 1 f(g,p) in (6.42). O

6.2.3 Pseudometric topology

In , there is a sense in which PMi converges to P as a limit with respect to
a pseudometric topology. To describe this topology, let X = T'R, let X denote the
Borel g-algebra on X, and let G denote the set of all Markov kernels on (X, X)), i.e.
the set of all functions G : X x X - R satisfying: (i) for each x ¢ X, A~ G(z,A4) is a
Borel probability measure on X, and (ii) for each A € X', x » G(z, A) is a measurable
function.

Equip C.(X x X) with the uniform topology. Since X x X is locally compact
and o-compact, the space C.(X x X) is separable. Let {f;}i1 ¢ Co(X x X) be a
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countable dense subset, and let A denote the space of all signed Borel measures on
X x X which are finite on compact sets. (Since X x X is a locally compact Hausdorff
space, this also implies that the measures in N are Radon — see Theorem 7.8].)
Equip N with the metric

s 1 fid(pn = po)l

d =
(1, p2) ;2 L+[f fid(pn = p2)|

fi1, 2 €N (6.45)

With respect to this metric, ug — p in N if and only if for all ¢ > 1, limye [ fiduy =
[ fiduw if and only if limye [ fdpx = [ fdp for all f e Co(X x X). In particular, d
restricted to the dual space C.(X x X)* induces the weak topology.

Given a Borel measure v on X which is finite on compact sets and an ele-
ment G € G, let Gv denote the Borel measure on X x X defined by [ fd(Gv) =
[ ([ f(z,9)G(y,dx))v(dy), f € Co(X x X). We observe that Gv € N in particular

if K is any compact subset of X, then since G(x,-) is a probability measure

Gr(K x X) =v(K) < o0. (6.46)

The measure v together with the metric d induce a pseudometric on G defined by

dE(Gl,Gg) = d(G1V7 GQV). (647)

With respect to the induced pseudometric topology, G; - G if and only if G;» - Gv
in duality to C.(X x X). Hence taking v = A yields the desired sense of convergence.

Note that df fails to satisfy the non-degeneracy condition of a metric. If
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d5(G1,G2) = 0, the Markov kernels Gy (-,dz) and Ga(-,dz) are still allowed to dis-

agree on a v-null set.

6.2.4 Some special cases

Here we discuss how conditions D1, D2, D3 (or D3’), D4, and D5 are verified for
particular cases. In all of our examples, the ambient space is R = R% or T4 x R with
the Euclidean metric.

Example 1: Bounded, convez bodies. Let By be a closed, bounded, strictly convex
subset of R?, and let B be some closed, connected subset of By such that B c Int B,.
Assume that both By and B have smooth or piecewise smooth boundary; the essential
conditions are that M := R? \ Int B should be an embedded C? submanifold of R4
with boundary, and M; := R? \ Int B should belong to the class CES;(R?). Then
conditions D1-D3 of are clearly satisfied.

Condition D4 holds because a linear trajectory of a point particle must eventually
leave the bounded region By. Condition D5 holds because, by boundedness, the
invariant measure on U~ (the set of pairs (y,w) € 0By x S? such that w points out
of By) is finite. Thus we may apply the Poincaré Recurrence Theorem to conclude
that the point particle returns almost surely.

Hence one can define rough reflection laws on By by taking weak limits, as in
§6.2.21 Plakhov’s work on scattering laws, reviewed in §1.2.7] falls within this setting.

Ezxample 2: Half-space billiards. Consider the following subset of R¢:

Wo = {(21, ..., 2a) : 24 < O}. (6.48)
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Let W be a subset of W, such that

{(x1,..ymq) ixqg <=1} c W c {(x1,...,2q) 1 x4 < 0}. (6.49)

Assume that W has a piecewise smooth boundary; at minimum M, := R4\ W should
belong to the class CES}(R?). Let Mg = {(w1,...,74) : 274 > 0}. Then conditions D1-
D3 are satisfied.

To verify condition D4, note that the only way for a billiard trajectory in N =
Mi N\ M, to escape to infinity without returning to M, or hitting dM; is if the
trajectory is parallel to plane x4 = 0. The set of states (y,w) such that w is parallel
to this plane is a A-null.

For condition D5 to hold, additional assumptions must be imposed. One condition

which implies D5 is the following:

Dba. There exist linearly independent vectors vy, ...,v4_1 spanning the plane x4 =0
such that W is invariant under translation by the vectors v;, i.e. W +uv;, =W

for1<i<d-1.

Indeed, in this case we may reduce to the quotient space obtained by identifying
points which are translates of each other by integer combinations of the v;. We can
thereby view the billiard domain as a subset of the ambient space T4 ! x R. The
space N is a compact subset of T4! x R, since it is bounded in the direction of the
xrq-axis. Consequently, the invariant measure is finite, and as in the previous case we
can use Poincaré’s Theorem to verify condition D5.

The reflections laws considered in §1.2.2] are rough reflections in an upper half-
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space billiard of dimension d = 2. The rough collision laws defined in this book are
examples of rough reflection laws in an upper half-space of dimension d = 3.

Extensions. We can generalize both of the above examples to allow dM; to
intersect 0M, (thus B can intersect 0By in Example 1, and W can intersect the plane
zq = 0 in Example 2). However, some assumption must be imposed to ensure that
condition D3’ holds. One simple condition is the following: The (d - 1)-dimensional
Hausdorff measure of M1ndMy is zero. Since Ay ¢ M1ndMy, this implies condition
D3’.

In this book, both the configuration space M and its cylindrical approximation
My satisty condition D3’ (with My = {(x1, 22, ) : x5 > 0}). In the former case, it
is because M satisfies the condition stated in the previous paragraph. In the latter
case, the 2-dimensional Hausdorff measure of A, is zero because it is a countable
union of lines. (See Propositions 4.8 and respectively.)

In the upper half-space case, if we allow W to touch the plane x4 = 0, then there

is another condition we can impose which implies condition D5.

D5b. There exists a countable collection {R;} ;51 of disjoint bounded open subsets of

R¢ such that Int Wy ~ W = U532, R;.

If this condition holds, then the point particle will get trapped in one of the regions
R; when it enters N'. By boundedness, the restriction of the invariant measure to any
one of the regions R; is finite, and we can once again apply the Poincaré Recurrence

Theorem.
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7 Ergodicity of the two-wall system

7.1 Setup

7.1.1 Configuration space and dynamics

In this section, we consider a rough unit disk D which moves freely in the interior of
the strip

{(z1,29) : =1 <@g <1 + 1}, where r > 0, (7.1)

and collides with the two walls which bound the strip. Upon making contact with
either of the two walls, the trajectory of the disk is redirected back into the strip
according to rough collision dynamics. Locally, during a single collision event, the
projection of the phase space velocity onto the “rolling velocity” is conserved, as
discussed in the introduction. But since for each of the two walls there is a different
associated “rolling velocity,” no corresponding quantity is conserved globally. In
what follows, we aim to understand the ergodic behavior of this system.

The configuration space of the system is
M={(z1,29,0) eR*: 0 < a9 <7} (7.2)

This is the set of all physically realizable states (z1,xs2,«), where (x1,2z5) is the
center of mass of the disk and « is the counterclockwise angular orientation of the

disk. Note that x5 is bounded between 0 and r because the radius of the disk is 1.
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The phase space is
M xS, (7.3)

where S? is the unit sphere with respect to the kinetic energy inner product defined
in §1.3.4]

To be more precise about the dynamical evolution, let (y(t),w(t)) denote the
state of the disk at time ¢ € R, and let (y(t.),w(t-)) = limg(y(s),w(s)) and
(y(ts),w(ty)) = limg;(y(s),w(s)). In the interior of M, the trajectory y(t) evolves

linearly in time while the velocity w(t) stays constant. Let

Po={(x1,29,0) ;25 =0} and Py={(x1,22,00) :29=7}, (7.4)

denote the two planes which form the boundary of M. Note that the plane P,
coincides with the plane P defined in the introduction in §1.3.5] Rough collision
dynamics means that there are Markov kernels Ky (y, w; dy’dw’) and Ky (y, w, dy’dw’)
on Py x S§2 which determine the collision dynamics as follows:

Assume t* is a collision time.

o If y(t*) € Py, then the post collision state is distributed as

(y(t), w(ty)) ~ Ko(y(t:), —w(t:);dy'dw’). (7.5)

e When the point particle hits the plane Py, the post-collision state is given by

K; conjugated with a 180 degree rotation taking Py to Py. More precisely, let
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R:P; xS2 > Py xS? be defined by
R(xy, 19, 0,v1,09,w) = (21,0, o, =01, —3, W). (7.6)
If y(t*) € Py, then the post collision state is distributed as
(1) w(t)) ~ By Ko (Ry (1), ~w(t?)): dy/du). (7.7)

Here ﬁ;Kl (R(y(t*),—w(t*));dy’dw’) denotes the pushforward under R of

Ki(R(y(t*),—w(t*));-), viewed as a measure on Py x §2.

We assume that Ky and K; are rough collision laws, as defined in §1.3.5l In
particular, this means that, with respect to the coordinates (y1,ys,#,%) defined in

§1.3.6, Ky and K; have product decompositions of form expressed in Theorem [1.31

That is,
Ko(y1, s, 0,9; dy;dysd0’de’) = 8¢y, ;) (dyidys)Po (0, d6") 5y (dy), (7.8)
K1 (y1, ys, 0,95 dyidysd'dy’) = 8y, 4o (dyidys) P16, d6") b (A0, (7.9)

where Py(0,d6") and P;(6,d#") are some Markov kernels on (0,7) which are sym-

metric with respect to the measure sin 6d6f.

7.1.2 Spherical coordinates

In §1.3.6, we introduced the spherical coordinates (6,v) = G : [0,27) x (0,7) —

S? ~ {£x}. Since projection of velocity onto the vector x was conserved by the
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collision dynamics, this was a natural choice of coordinates. In the case of a disk
bouncing between two walls, there is a different conserved quantity associated with

each wall. Namely, if we define vectors

xo = (m+ J)2(-1,0,1)7, x1 = (m+J)2(1,0,1)7, (7.10)

then collisions with the plane Py conserve the quantity (w, yo) while collisions with
the plane Py conserve the quantity (w, x1). This follows from the product decompo-
sitions and . Note that yo = —x as defined in section, while y; is obtained
by rotating xo by 180 degrees about the a-axis.

These considerations motivate introducing two systems of spherical coordinates,

one with north pole at xo and one with north pole at x;. For ¢ =0, 1, let

xt=(mt+ JH V2 (=m0, -J7). (7.11)

Also, recall that & := m~1/2e; = (0,m /2,0) denotes the unit normal in the direc-
tion of the +zy-axis. For each i, the triple (x;, €, x;) forms a positively oriented
orthonormal frame (as usual, with respect to the metric (-,-)), with the pair of vec-
tors (xi, x;) spanning the zja-plane. For ¢ = 0,1, we define spherical coordinates

Gi:[0,2m) x (0,m) > S~ {xx0} by

Gi(0i,1;) = (cosb;sineh;)x; + (sinf; sin ;) e + (cos ;) xi- (7.12)

As a matter of bookkeeping, we always denote coordinates with respect to the map-
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ping Go by (6o, %0), (60,14), (05,15), etc. Similarly, we denote coordinates with
respect to the mapping Gy by (01,v¢1), (07, ¢7), (67,¢7), ete.

The coordinate mapping Gy is the same as the mapping G defined in re-
stricted to velocity coordinates, except that the roles of the north and south pole
have been swapped (this is slightly reduces the number of minus signs in the argu-
ments to follow). The mapping G is obtained by composing Gy with a 180 degree
rotation about the a-axis.

We introduce one additional system of spherical coordinates with north pole at

&, namely G : [0,27) x (0,7) » S2, defined by
G(0,1) = (cosGsin))ey + (sinOsin )&y + (cos )&, (7.13)

where & = m™2¢; = (m~12,0,0) and € = J-Y2e3 = (0,0,J-1/2). This coordinate

system will be used in just one proof.

7.1.3 Markov kernel on the velocity space

Let 0 <ty < t; <ty < -+ be the sequence of times when the disk hits one of the two
walls. Since the collision laws Kg and K; act trivially on spatial coordinates, the
evolution of the configuration {y(¢),t > 0} is completely determined by the discrete
velocity evolution w; := w(t;_), i > 0, in S?2. Consider Markov kernels on S? defined
by

Ky (w; dw') := f . K;(y, w;dy'dw"), i=0,1. (7.14)

y'e
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(Note that the right-hand side does not depend on y. This follows from (7.8)) and
(7.9).) Let R(v1,v9,w) = (~v1, —vs,w). The discrete velocity evolution {w;}iso is a

Markov process on S? whose transition kernel is
. Kyl (—w; dw’) if weS2,

K(w,dw") := (7.15)
RAKy (R(-w),dw’)  if weS?.

We let K_ and K. denote the restrictions of K to S? and S2, respectively. Thus, for
each w € S2, K, (w,dw’) is a measure on S2.

From the coordinate representations and we deduce that the restricted
kernels K_ and K. may be represented in the spherical coordinates (6y,1,) and

(61,v1) respectively as follows:

R_ (00, v0; d0yduy) = Po (b — m,d0h) x Sy, (i),

R, (61, 41;d0;dy) = Py (0; — m,d0)) x 8y, (daf}).

(7.16)

It is not so simple to express K_ in the coordinates (01,%1) or K+ in the coordinates

(6o,%0) however.

7.1.4 Invariant measures

Recall from §1.2.2] and §1.3.5| the invariant measures A'(dzdf) = sinfdzdf on R x
(0,7) and A%(dy, dw) = (w, & )dyo(dw) on PyxS2. Here we introduce the normalized
velocity marginals

R1(d6) = %| Gnfldd  on (0,2r). (7.17)
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and

R2(dw) %Kw, e)o(dw)  on S, (7.18)

where as before o is surface measure on the unit sphere. A couple of remarks are in

order:

e Note that we have extended the domains of these measures to (0,27) and S?
respectively. The reason is that K has been defined to act on the whole sphere
S2. In the dynamics determined by K, the incoming and outgoing velocities
live in separate hemispheres (namely, S? and S2, respectively, in the case of
collisions with the plane Py, and S2 and S?, respectively, in the case of collisions
with the plane P1); whereas the Markov kernel K defined in acts on PoxS§?

by mapping the negative of the incoming velocity to the outgoing velocity.

e The normalizing factor in guarantees that A2 is a probability measure
on S?2. The normalizing factor in guarantees that the restriction of A
to (0,7) is a probability measure; thus the total mass of Al is 2. The reason
for this choice of normalization is that the Markov kernels E are still defined
on (0,7). The measure K1|(077r) is the stationary probability measure for the
Markov process determined P;. The reason we extend the definition of A! to

(0,27) is only because of the convenient identity (7.21]), below.

By assumption E(ei,deg) is symmetric with respect to the measure K1|(077r) for
1 =0,1. It follows from Proposition that the Markov kernels K, ¢ = 0,1, are
symmetric with respect to the restriction of the measure A2 to the hemisphere S2.

By observing that A2 is invariant under the mapping R, we conclude that the Markov
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kernel K is symmetric with respect to the measure A2. That is, for any test functions

fand g,

[ )R du)g(w)R2(dw) = |

SQ

. g(w)R(w, dw) f(w)A?*(dw). (7.19)
For i = 0,1, the measure A2 has the following coordinate representation:
A%(d6;dyy;) = 2i| sin 6;] sin® ¢;d6;de);. (7.20)
7

To understand where this comes from, note that the spherical volume form on S?
has coordinate representation sin;df;dvy;, while (w, e5) = vy = sin 6; sin ;.

We will make frequent use of the following identity:
A%(d6;dyy;) = lxl(d@-) sin? 9);d);. (7.21)
™

7.1.5 Ergodicity

The main result of this section describes conditions under which the measure A2 is

ergodic with respect to the Markov transition kernel K. Let

1
7 = 2arccos ( T J/m) . (7.22)

This is twice the angle between y, and Y, where, as usual, angles are with respect

to the kinetic energy metric (-,-).

Theorem 7.1. Assume that v/7 is irrational. The measure A2 is ergodic with respect

223



to K if and only if the following two conditions hold:

E1) there exists an ergodic measure 1 on S? which is not singular with respect to
g % g D

A2, and

(E2) fori=0,1, the measure A|()(d0) = Lsin6d6 is ergodic with respect to the

Markov transition kernel P;(6,d6").

The characterization provided by this theorem is not completely satisfactory in
that condition (E1) may in general be difficult to verify. The following theorem

provides a condition which implies (E1).

Theorem 7.2. Assume that for A -almost every 0 € (0,7), the measure P;(0,d0")
on (0,7) is not singular with respect to A, fori=0,1. Then there exists an ergodic

measure . on S? which is absolutely continuous with respect to A2

By way of illustration, recall the rough collisions from walls with microstructure
consisting of elliptical arcs (see. We saw in this case that K = (y, 4.) x@(@, de’)x
Or—y, Where P describes point particle reflections from a microstructure consisting of
circular arcs. From the formulas and , we see that the hypothesis of
Theorem [7.2] is satisfied.

We hope in a future project to provide more general conditions under which
condition (i) in Theorem [7.1] holds.

The linear and angular velocity marginals of A2 can be obtained by a straightfor-
ward calculation which we carry out in . Before proceeding with the proofs of

the two theorems above, we provide a brief review of relevant notions from ergodic
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theory in §7.3] We introduce in §7.4 the Abel transform, an integral transform which
plays an important role in our proofs. We prove Theorems and [7.2] in

7.2 Marginals

Theorems [7.1] and establish a kind of universality for rough collisions. Regard-
less of the shape of the microscopic rough features on the walls with which the disk
collides, the unique non-singular ergodic measure associated with the system is A2,
under fairly general assumptions. Here we will see that the marginal of each compo-
nent of linear and angular velocity is given by either a semicircle law or an absolute
value function.

The marginals may be computed as follows. We use the spherical coordinates
(6,4) given by . In these coordinates, o(ddy)) = sindfdy and (w, @) = cos .
Thus

R2(dGAT) - %| cos 7| sin A7 (7.23)

)
I
5
D)

Let @ € S? be a random vector with distribution A2, and let 7y = (w,e1),

and @ = (w,€3). In view of (7.13)), we have

P(@\lﬁu):%'/oﬂ[ Feimi: |Cos7:[},|sin¢d'é’d{£ ( )
sin 6 sin Y<u 724

_ % /OﬂF(wJNCOSm sin e,
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where

2m if u> sin&,
F(u, @Z) =127 — 2arccos<ﬁ) if —siny <u<sind, (7.25)
0 if u < —sin{ﬁ.
We have
Z—I; _ 0 | Tf |u| > sTn@i, (7.26)
N if |u| < sin.

Differentiating ([7.24)), interchanging integration and differentiation, and using sym-

metry, we see that the density of 77 is given by

/”/2 cos ¢ sin pdep

resin(ful) sin2 {E_ u2
w/2
\/sin? ¢ — u?

1-u?, -1<u<l.

4
f'171 (U) = %

(7.27)

arcsin(|ul)

We repeat the procedure to obtain 7. We have

1 ™ 2T —~ ~ ~
P(7y <u) = - [ fo | cos 1| sin ypdfdy

/ﬂ | cos 1| sin Pde)
arccos u (7_28)
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Differentiating, we obtain that the density of 75 is given by
fo, (w) = |ul, -1<u<l. (7.29)

To obtain the angular marginal, note that the measure A? is invariant under
rotations about the xs-axis. Thus by symmetry, the marginal densities of 7; and @

are the same:

fo(u) = z\/1—u?, -1<u<l. (7.30)

™

7.3 Results from ergodic theory

7.3.1 General dynamical systems

The results discussed here are well-known. For a good reference on ergodicity in
general, discrete-time Markov processes, see .

Let (€, F) be measurable space, where F is a o-algebra on . Suppose T :
(2, F) - (92, F) is a measurable map and p is a probability measure on (2, ) such
that, for all Ae F, p(T-1(A)) = p(A). Then the 4-tuple (2, F,p,T) is referred to
as a measure preserving system.

It is easy to see that Z = {l € F: T-1(I) = I} is a o-algebra. The following is a

well-known result from ergodic theory.

Theorem 7.3 (Birkhoff’s ergodic theorem). Let £ : Q@ - R be a random variable with
Eplé| < 0o, Then

lim (@) = Ele | 7). (7.31)
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for p-a.e. we.

Here E,, denotes expectation with respect to the probability measure p, E,[£ | Z]
denotes the conditional expectation of & with respect to p and the o-algebra Z, and
T'=ToTo--oT (i times). For a proof of this theorem, see for example Theorem
5.2].

The probability measure p is said to be ergodic if for every I € Z, p(I) € {0,1}.
In this case, Theorem [7.3] implies that

%;f(Tl(w)) - E,[¢], as N —» o0 p-a.s. (7.32)

7.3.2 Markov processes

Let (X,X) be a measurable space, and let k(x,dz’) be a Markov transition kernel
on (X,X). Suppose that u is a probability measure on (X, X’) which is invariant in

the sense that, for any A € X,

ka(:E,A)u(dm) = u(A). (7.33)

Let €2 = X7 be the space of X-valued, bi-infinite sequences, and let F = 0(®;ez A; :
A; € X) be the product o-algebra on 2. The Markov transition kernel k and the
invariant probability measure y give rise to a probability measure p, on (€2, F) whose

finite-dimensional distributions are given as follows: For integers M < N and sets
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Anty Aprir, Anrao, - An € X,

pu({(z:)iez € Q: 2 € A; for M <i < N})

= k _ d k ) d i 4
/AM ./AN1 /AN (zn-1,dzy)k(zN-2,dzN-1) (7.34)

oo k($M,dxM+1)u(dxM)

Define the shift map s: €2 - ) by
s((xi)iez) = (@is1)iez,  for (2;)sez € 2. (7.35)

Using invariance of p, one may show that (€2, F,p,,s) forms a measure preserv-
ing system. We say that the probability measure u is ergodic if the corresponding
probability measure p,, is ergodic with respect to the action of the shift map.

The theorem we state next characterizes ergodicity of u directly in terms of
properties of the measure space (X, X, u) and the transition kernel k(z, dz’).

We say that a set A € X is p-invariant if for p-a.e. x € A, k(z, A) = 1. It is easy
to verify that the collection of u-invariant subsets is a o-algebra.

We say that A € X' is p-ergodic if A is p-invariant, and for every B € X such that
Bc A, if B is p-invariant then pu(B) € {0, u(A)}.

Theorem 7.4. A probability measure p on (X, X) is ergodic if and only if the set

X is p-ergodic.

For a proof of this theorem, we refer the reader to , Corollary 5.11].
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7.4 The Abel Transform

A key ingredient in the proof of Theorem is the Abel transform, a classic integral
transform first studied by Niels Henrik Abel in the context of problems in geometric

optics. This transform is defined as follows:
t dt
(z) = f ‘p() 0<r<l. (7.36)

This transform is well-defined for ¢ € L'(0,1). This can be seen by integrating
the right-hand side of (7.36]) and using Fubini’s theorem to interchange the order of
integration. More generally, one can apply Minkowski’s and Holder’s inequalities to

(7.36) show that A[¢] is a bounded operator on LP(0,1) for p € [1,2), as follows.

( dt)l/ps JA 1( [ 1(x—t)p/2dx)1/p|go(t)|dt

(1_-) 1/ [ (1-1)7 2|go<t>l|/dt man
) ([ a-nita) e,

) (22 e

= p(t)dt

\/_dt

where = + 2 = 1.

1
q

T =

While there exist explicit inversion formulae for this transform, describing a suf-
ficiently broad class of functions ¢ for which the inversion formulae are valid is a

non-trivial task, complicated by the singularity at ¢t = z. The main fact we will need
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is that Abel’s integral equation

Alpl(z) = f(z),  O<z<l, (7.38)

has at most one solution in L1(0,1). That is,

Theorem 7.5. For every f € L'(0,1), there is at most one ¢ € L'(0,1) such that
equation 15 satisfied.

We refer the reader to for more information on the Abel transform. Theorem

[7.5) was originally proved by Tonelli in [40].

7.5 Proofs of Theorems |7.1/ and (7.2

All of the notions described in specialize to our model, with X = §2, X =
the completion of the Borel o-algebra on S? with respect to surface measure, and
k = K. Most of the work in proving Theorem is concerned with the implication
(«<). The main strategy will be to argue that S? is A2-ergodic and to apply Theorem
(.4l

First we introduce some new notation. Recall the two systems of spherical coordi-
nates (0o, 1) and (61,11). In what follows, we will frequently identify pairs (g, 1)g)
and (61,1) with the points in S? which they represent.

For p e (0,7) let

Ap = {(00,00) € S* : o = p} (7.39)

Geometrically {A4,,p € (0,7)} is the collection of circles in S? which span planes
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orthogonal to the vector xo. We also define the semicircles
AZ = AN S2. (7.40)
Let Ny:S? - S? be the map whose coordinate representation is given by
No(bo,%0) = (6o +7 mod 27, 1)y).

If we regard N, as acting on points in S?, then Ny is simply reflection through the
line spanned by xo. In particular, Ny maps Ay onto A7.

In a similar way, using the second system of spherical coordinates, for p € (0,7)
we let

Bp:{(917¢1)€82:¢1=p}7 B;:Bmmsi (741)

We let N; : S? - S? be the map whose coordinate representation is given by

Nl(‘gl,'ébl) = (91 +7 mod 27'(', 77/)1) (742)

This map acts on S? by reflecting points through the line spanned by x;. Note that
Ny maps By onto Bj.

It is immediate from the coordinate representations that the maps Ny and
Nj preserve the measure A2. Also, for p € (0,7), the restriction of Ny to the circle
A, (identified with (0,27)) preserves the measure Al, and the restriction of Ny to
the circle B, preserves the measure Al

The coordinates (6y, 1) introduce an identification of S\ {+xo} with the product
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space [0,27) x (0,m) in which A} corresponds to (0,7) x p and A} corresponds to
(m,27) x p. In virtue of the coordinate representations for K_ and for
A2, it is natural to regard the Markov Py as acting on the semicircles Al and to
regard Al as a measure on A,. Thus, for example, if F' ¢ S?, one can ask whether
FnAlis Al-invariant with respect to @0, Kl—ergodic with respect to ﬁo, etc.

Symmetrically, with respect to the coordinates (61,1), the semicircle B, corre-
sponds to set (0,7) x p and the semicircle B} corresponds to the set (,27) x p. In
virtue of the coordinate representation for K, , P, acts on the semicircle By,
and by 1) A may be viewed as a measure on B,.

If (X, X, ) is a measure space and A, B € X', we write
AEB if u(AAaB)=0, (7.43)

where AA B =(ANB)u(B~ A) denotes the symmetric difference of A and B. Thus
for example, A £ @ means that p(A) = 0.

In this subsection, “almost everywhere” (abbreviated a.e.) means either with
respect to the measure A! or the measure A2. This is equivalent to “almost every-
where” with respect to Lebesgue measure on the interval (0, 7) and surface measure

on S2, respectively. If the measure is not clear from context, we will write “Al-a.e.”

or “A2-a.e.”

Lemma 7.6. Suppose E ¢ S? is N2-invariant. Then for almost every p € (0,7),

Po(0o, ENAy) =1, for A-a.e. 6y No(En Ar), and
(7.44)

Po(eo, N()(E n A;)) =1 fO’f’ Kl-a.e. 00 eEn A;
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The same conclusion holds if we replace Py with Py, A% with B}, and No with Ny.

p’

Proof. Consider the following calculation.

f(om)Kl(No(A;pO A ) sin? dodiy = R2(No(E nS?))

= K(No(w), EnS?)A%(d

ooy Vo), B 0 82)R2(dw) (7.45)
~ 1~
_ f / Po(00, B A3) =K' (dfy) sin? odi.

(0,m) No(A{poﬁE) T
Here the first line follows from the identity (7.21) and the fact that Ny fixes the
o-coordinate. The second line follows because E is A2-invariant with respect to
R, Ng =1d, and for w € S?, K(w,dw’) is supported in S2. The third line uses the

coordinate representation l} for K. Since probabilities are bounded by 1, (|7.45))

gives us that for almost every p € (0,7),
Py(0, A5 n E) =1 for a.e. fy € No(En Ay), (7.46)

and this proves the first line in (7.44]). As for the second line, we proceed as follows.
By 1) and reversibility of A with respect to Py,

Po (0o, No(E n A2))A(db,) = Po(0, E N AH)A (d6
Jpon Folo No(EO AR @) = [ Fol6h, B0 4R () -
= X(No(E n A)).

Again since probabilities are bounded by 1, we see that

A(EnA)) > K(No(En A))). (7.48)
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By ((7.21)), it follows that

N(EnS?) = lf7rK1(Eﬁf‘lio)sirl%odzbo > lfﬂKl(No(E”A;bo))SmQ%d%
m™JOo ™ Jo
= N2(No(EnS?)) = A2(EnS?),

(7.49)

with equality if and only if (7.48)) is an equality for almost every p € (0,7). But
since K takes S to S2, we have K(w, EnS?) =1 for almost every w e EnS2. By
reversibility with respect to A2, we have
RA(ENS?) = f R(w, EnS*)A2(dw)
EnS?
- f R(w, EnS?)A2(dw) (7.50)
EnS?
=N(EnS$?).

Therefore, ((7.49) is an equality. Thus ([7.48]) is an equality for almost every p, and
combining this observation with ((7.47)) we obtain

[  BoBo, No(En AR (d0) = KU (En A7) for aue. pe (0,7). (7.51)
En ;g

Hence, almost every (p,th) € (0,7)x(EnA;), ﬂﬁo(Qo, No(EnAj;)) =1, and this proves
the second line in (7.44). The proof of the statement for Py, B,, and N; proceeds in

exactly the same way. ]

Lemma 7.7. Assume condition (E2) from Theorem holds. If E is a N2-invariant

subset of S2, then No(E) and Ny(E) are also A2-invariant subsets of S2. Moreover,
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there exist measurable subsets Ly, Ly c (0,7) such that

EUNJ(E)Y (J 4, and EUN(E)Y | B, (7.52)

pelo pelq

Proof. If A2(E) = 0, the result is trivial, so assume this is not the case. We first need

to show that Ny(E) is A2-invariant. Indeed, we compute

K(w, No(E) n$?)R*(d
ooy E No(B) 0 82)R2(dw)

= / ) R(No(w), No(E) nS?)A?(dw) (Np preserves the measure A?)
EnS?

1 o . _
:_f [ By (6, No(E 0 A,)) R (d6) sinhgdesy  (by (7.16) and (7.21)))
™ Jo EnALO

= A(EnS?) (second implication in ([7.44))
= A2(Ny(E)n'S?) (Np preserves the measure A2).
(7.53)

From the equality proved above, we see that K(w, No(E) nS2) = 1 for A%-ae. we
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No(E)nS2. On other hand, we also have

f R(w, No(E) 0 S2)R2(dw)
No(E)OSE

B -/NO(E)msz K(w, No(E) n§?)A*(dw)  (by reversibility)

= A2(Ny(E)n'S?) (by (753)) (754
=A*(Ens?) (Ny preserves the measure A?)
=A%(EnS?) (by (7.50))

= A2 (No(E) n'S?) (Ny preserves the measure A?),

so we similarly conclude that K(w, No(E)nS?) =1 for A2-a.e. w e Ny(FE)nS2. Since
K maps S? to S and S? to S?, we conclude that No(E) is A-invariant.
We define

Lo={pe(0,7): A" ((EUNy(E))nA})>0}. (7.55)

To see that Ly is measurable, let f = 1,y r) ¢ [0,27) x (0,7) - R, where we use the
coordinates (6, 1) identify EuNy(FE) with a (measurable) subset of [0, 27) x (0, 7).
For p € (0,7), define the “slice” f, : [0,27) - R by f,(6p) = f(6o,p). It is well-
known that the mapping p — .[(0,7r) fp(é’O)Kl(Qo) is measurable (see a typical proof
the Fubini-Tonelli Theorem, e.g. [17, Chapter 2]), and this quantity is equal to
AL((EUNy(E))n A}), which implies L is measurable.

It follows from Lemma [7.6] that for almost every p € Ly,

Po(8o, (E U No(E)) nA%) =1 for Al-a.e. Oy e (EuNy(E))n A (7.56)
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Thus E U Ny(E) is Al-invariant with respect to the Markov kernel Py. By condition
(E2), the measure A! is ergodic with respect to Py, and thus by Theorem (0,7)

is Al-ergodic. Hence, identifying Ad with (0,7) in the usual way,
N((EUuN(E))nAs) =R (A}) for Al-ae. pe L. (7.57)

Let U = Uper, Ap, and let U* =U NS3 = Uper, Az By (7.21) and (7.57), we have

R((BUNo(B) %) = [ RH((BUNy(B)) n A7) sin® (p)dp
TIK (7.58)

1 -~ —
:—[ RI(A?)sin®(p)dp = R2(U*).
m™JK

Recall that Ny maps A; onto A, and preserves the measure A, Also note that

Ng =1d. From these observations and we obtain that
A ((No(E)uE)nA;) =X (4,) for A-a.e. pe L. (7.59)
Thus, by a similar calculation to ([7.58)), we obtain that
A2((EUNy(E))nU") =AX(U"). (7.60)
Combined with (7.58), we see that A2((E u No(E)) nU) = A2(U), or equivalently
A2(U~ (E U No(E))) = 0. (7.61)

On the other hand, for p ¢ Ly, A2((EuNy(E)) nA}) =0, and by integrating over p in
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(0, )N Ly in a similar way to (7.58)), we see that that A2((EUNy(E))n(S2\U*)) =0.
Again noting that N, preserves AL, we obtain that for p ¢ Lo, A2((EUNy(E)) nA;) =
0, and thus A2((F U No(E)) n(S2~U-)) = 0. Hence,

A2((EUNy(E)\U) =0. (7.62)

From (|7.61)) and (7.62]), we conclude that E'u Ny(E) YU, The argument for F and

Ni(F) proceeds in the same way. O

Lemma 7.8. Assume condition (E2) from Theorem holds. If E is A2-ergodic,
then No(E) and Ni(E) are also N2-ergodic.

Proof. We will just show that Ny(E) is A2-ergodic, as the argument for N;(E) is
similar. Suppose that F ¢ No(E) is A2-invariant. We must show that A2(F) e
{0,A%2(E)}. By Lemma [7.7, we have that No(F) is A2-ergodic. But No(F) c E, so
by A2-ergodicity of E, A2(Ny(F)) € {0,A2(E)}. Since N, preserves the measure A2,

the result follows. O]

Lemma 7.9. Assume that /7 is irrational and condition (E2) from Theorem
holds. Suppose that E is A2-ergodic, and 0 < A2(E) < 1. Then E has the following

properties:

(A) There exists a measurable set K c (-1,1) such that

EX (weS?: (0,3) ¢ K) (7.63)

(B) EUNy(E)Y §2 and En Ny(E) X o.
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(C) R(E) = R2(No(E)) = 5.

Proof. Let E be such a subset of S2. By Lemma , No(E) is A2-ergodic, and
N1(Ny(E)) is A2-ergodic. Now, if we regard Ny and N; as acting on unit vectors in
S?, we may write Ny = Ry 20 R13 = Rizo R, 2 and Ny = R, 20 Ry3 = Ri30 Ry, 2,
where R,, o denotes reflection in the plane spanned by x; and the z,-axis, and Ri3

denotes reflection in the x;x3-plane. Then,
N1 o No = RX1,2 o R13 o R13 o RXOQ = RX1,2 o RXO’Q. (764)

The composition of reflections R,, 2 o R, o is rotation by an angle of

1
22 (X0, x1) = 2arccos(xo, X1) = 2arccos ( T J/m) =. (7.65)

about the xo-axis. Denote this rotation by T',. We have proved that
E is A%ergodic = T.,(E) is A%-ergodic. (7.66)

Next, suppose for a contradiction that for all distinct positive integer pairs kg, k1 € Z.,
A2(TH(E)nTH (E)) = 0. Since T, = Ny o Nj is a composition of maps which preserve

A2 and A2(E) > 0,
A? (HT$(E)) = kZAz(Tf(E)) =(M+1)A*(E) - 00 as M — oo, (7.67)
= =0
contradicting the fact that A? is finite. We conclude that there exists ko > 1 such
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that A2(E nTX(E)) > 0. But F and T (F) are A%-ergodic, and so E v T (E);
otherwise £ nTF(E) would be an invariant subset of E with measure strictly less
than A2(E).

Notice that Téfo = T,y (rotation about the y-axis by an angle of kyy). By hy-
pothesis v/ is an irrational number. Let T be any rotation about the xs-axis.
By well-known properties of irrational rotation, there exists a sequence of integers

pj = oo such that T’ — T pointwise. Then
AN(EAT(E)) = lim N(T (E) 2 T(E)) = 0. (7.68)

by bounded convergence. Thus (up to null sets) E is invariant under rotation about
the xo-axis.

To see why this implies , recall the spherical coordinates (’9: ’(Z) with “north
pole” at €, given by the formula . A rotation about the xs-axis is represented
in these coordinates by a mapping of form T(g, {Z) = (§+ a mod QW,J), for some
a € R. To prove (A), it is enough to show that, with respect to these coordinates,
EY {(0,7) : 9 e K} for some measurable K c (0,7). For ¢ € (0,7), let Ej= {0 ¢
[0,27) : (6,7) € E}. By invariance under rotations , we have

27 T — ~ o~ ~ ~
0= [ [T [ 1160.0) - Loy @ D)ladadar

T ~ L (7.69)
:[0 fo fR[lEa(e)‘lEg\(E,;m mod 2r) (0)]dtdfde),

where we use Fubini’s theorem in the second line. Since the integrand is nonnegative,
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we conclude that: For a.e. ¢ € (0,7),
for a.e. e B, 1E$(§— a mod 27) =1 for a.e. veR. (7.70)

In particular, if the Lebesgue measure of Ej; is positive, then there exists 6 such that
1E$(f9v— a mod 27) =1 for almost every a € R, which in turn implies that E7 is a
full-measure subset of [0,27). Let K = {1 € (0,7) : LY(EF) > 0}, where £ denotes
Lebesgue measure. Then K is measurable, and, up to null sets, E = {(0,1): ¢ € K},
as desired.
We next prove (B). Since A2(Ny(E)) = A2(E) € (0,1) and by Lemma , No(E)
is A2-ergodic, the same conclusion (A) holds for Ny(F). Thus, there exists Ky c
(=1,1) such that
Fi=EUNy(E)Y {weS: (w,8) e K,). (7.71)

This implies that, up to null sets, F' is invariant under rotations about the x,-axis.

But in addition, by Lemma , there exists Loy c (0,7) such that

FY A, (7.72)

pelo

Recalling that each A, is a circle contained in a plane orthogonal to xp, this implies
that, up to null sets, F' is invariant under rotations about the line spanned by x.
Let T, 5 S? - S? by the composition of a counterclockwise rotation by an angle of
a about the +x,-axis followed by a counterclockwise rotation by an angle of 5 about

Xo. Since o is orthogonal to the zo-axis, it is easy to see that, for any w € S?, the
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mapping U, : [0,27) x [0,27) — S? defined by
Up(ar,B) =Ty (w) (7.73)

is a smooth, surjective map. By invariance of F' and spherical surface measure o

under rotations about the xs-axis and about y,, we have

0= [T [T L) - 1rg iy (0)]o(du)dads

o (7.74)
= [S2 fo fo [1r(w) _1F\T;}B(F)(w)]0(dw)d0‘dﬁ7

where we use Fubini’s theorem in the second line. Since the integrand is non-negative,

the equality above implies that for o-a.e. we F,
Up(a,8) =Tog(w) e ' for ae. (a,3) €[0,2m) x [0, 27). (7.75)

In particular, since F' has strictly positive measure, there exists w such that, up to
null sets,

F>U,([0,27) x [0,27)) = §? (7.76)

as desired.

Next, let F' = En No(FE). Then F' is a subset of E and of Ny(FE), and F”’ is
A2-invariant since E and No(E) are. By A2-ergodicity of E, A2(F") e {0,A2(E)}. If
A2(F") = A2(E), then E v No(FE), and therefore E is a full measure subset of S?,

contrary to our hypothesis. Therefore, A2(F’) = 0, and this completes the proof of

(B).
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Finally, note that (C) follows immediately from (B) because N, preserves the

measure A2. O

Proof of Theorem [7.1. For implication (<), suppose E is an KQ—ergodic subset with
A2(E) > 0, and assume for a contradiction that A2(E) < A2(S?). By Lemma [7.6/and

reversibility of A! with respect to Py, for almost every p € (0,7),

RI(No(E) n A2) = fN o, B0, B0 AR ()

(7.77)
_ f  Bo(B0, No(E) 0 A7)R' (dh) = K (B0 47).
En ;
By Lemma 7.9 (B) En No(E) X &, and Eu No(E) X 2. Thus, by (7.21
0- lfﬂﬁl((EmNo(E)) A A,)sin(p)dp. (7.78)
mwJO

and this implies that for almost every p e (0,7), AN((En No(E))n 4,) = 0. As this
observation and ([7.77)) allows us to conclude that

—~ 1 1
A(EnA)) = §A1(A;) =3 for a.e. pe (0,m). (7.79)

Fix p € (0,7) such that the equality in (7.79) holds. Let m,: A} — (0,sinp) denote

orthogonal projection onto the zs-axis. In coordinates,
7p(00) = (Go(6o, p), ) = sinpsin . (7.80)

See ([7.39) and (7.12)). Taking K* =K n[0,1), where K is as in Lemma [7.9] we have
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EnAf =71 (K*). Therefore, we obtain from ((7.79)),

1 - 1

_:Al —1K+ :—/ edﬂ:f ede

5 (7Tp ( )) 2 ﬂ]}l(KJr) SN GpAvg 7r;)1([(+)n(0,7r/2) SN Al
ydy

L*ﬂ(o,sinp) Sinp~ /Sin2p _ y2 ’

The third equality in (7.81]) follows by symmetry, observing in (7.80) that =, is
invariant under composition with 6y — m—6y. The fourth equality in ([7.81]) is obtained

(7.81)

via the change of variables y = 7,(6y) = sinpsinfy. Setting R = sinp, we obtain from

(7.81)) that

1:—] 1+ () —t
R Jo x+(y)

RQ_yQ
2 R 1 dt
_2 L ey At _ P (7.82)
Rfo L) 7= ety =17
1
=_ R2
RA[QOK]( )7

where A is the Abel transform defined in §7.4) and px () = 1g+(t/2). Since ([7.79)
holds for almost every p € (0,7), (7.82)) holds for almost every R = sinp € (0,1).

Substituting x = R?, we conclude that

Aler](z) = Vo for a.e. x € (0,1). (7.83)

But one also easily verifies that A[1/2](z) = /x. Since the functions ¢k (z),1/2, and
Vx are all contained in L'(0, 1), uniqueness of solutions to the Abel integral equation

(7.38) implies that ¢k =1/2 on (0,1). This gives us the desired contradiction since
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@ only takes values in {0,1}.

The converse (=) proceeds as follows. Assume that A2 is ergodic. Then clearly
(E1) holds with z = A2. To prove (E2) holds, suppose that F c (0,7) is Al-invariant
with respect to the Markov kernel Py, and assume that AL(F) > 0. We will prove that
AL(F) = 1. Under the usual identification of (0,7) with A let F = Go(F xp)c A}

be the subset corresponding to F. Let

E*= U F,, E.= |J No(F,), E=E,uE. (7.84)

pe(0,m) pe(0,7)
We will prove that E is Al-invariant. By (7.21), Al-invariance of F,, and (7.16)
R(E) =2 [(R(F,) sin*vuddy

mwJo

1 f f B(6o, F, )R (dfo) sin® odso
mJo JF,,
1 [ ~ -

- - f / By (6 -, Fyy )R (dby ) sin? iy (7.85)
T Jo JNo(Fy,)

- f R (w, E.)R2(dw)
E_

:[ R (w, E_)R2(dw),
E:

where we use symmetry of A2 with respect to K in the last line. Since probabilities

are bounded by 1, we see that

-

R(w,E_)=1 for A*a.e. weE,. (7.86)
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Noting that E_ = Ny(E,) and Ny preserves A2, it also follows from (7.85) that
R2(E)=R2(E,) - f R (w, E,)R2(dw). (7.87)
B

Therefore

-

R(w,E,)=1 for A*ae. weE_. (7.88)

We conclude from ([7.86) and 1) that E = F, u E_ is A%-invariant. Note that
A2(E) > 0 since by assumption A'(F) > 0. By ergodicity of A2 and Theorem [7.4] it
follows that E is a full measure subset of S2. In particular, A2(E,) = A2(E_) = 1/2.

Thus, from the first equality in ([7.85]), we see that

1

z fﬂxl(Fwo)Sinz Yodip = 5 = lfwxl(A:Zo)SmZ Yodbo. (7.89)
m Jo 2 mJo

Since Fy, c Aj . it follows that Fy, is a full measure subset of Aj = for AN-ae.
0 0

Yo € (0,7). Therefore F is a Al-full measure subset of (0,7). This proves that

(0,7) is Al-ergodic with respect to Py. A symmetric argument shows that (0,) is

A;-ergodic with respect to P,. Thus property (E2) follows by Theorem . ]
Before proving Theorem [7.2] we need one more lemma.
Lemma 7.10. Suppose that for every N2-ergodic subset E c S2, A2(E) =0. Then

(i) For any A2-invariant subset F c S, there exists an N2-invariant subset F' c F

with 4-1A2(F) < A2(F") < 2-1A%(F).
(ii) If F c $? is A2-invariant and N2(F) > 0, then there exists a partition
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(F\,Fy, F5, Fy} of F such that each Fj is N2-invariant and 0 < A2(F}) <
2-1A2(F).

(iii) For each k > 1, there exists a partition of S* into A2-invariant subsets

{Fy, Fy, -+, Fyai} such that 0 < A2(F;) <2°F for 1< j < 22k,

Proof. (i) The result is obvious if A2(F) = 0, so assume this is not the case. Define
T(F) ={F'c F:F"is A-invariant, and 0 < A2(F") < 2-1A2(F)}. Since A2(F) > 0,
F cannot be ergodic, and therefore there exists an A2-invariant F’ ¢ F with 0 <
A2(F") < A2(F). By replacing F’ with F \ F’ if necessary, we will have A2(F") <

2-1A2(F). Thus, T(F) is nonempty, the following number
t* = sup{A*(F"): F' e T(F)} (7.90)

exists, and 0 < t* < 2-VA2(F). Suppose for a contradiction that t* < 4-TA2(F). For

each j > 1, choose F; € T(F) such that
t =L < N2(Fy) <t (7.91)

Let F = Uj72, F)j, and consider the following two cases:

Case 1: A2(F) > t*. Then
(K
k* = min{kZl:A2(U Fj) >t*} (7.92)
=1

*

exists and is finite. Let F” = Ule F;. Then F" ¢ F', and F" is Kz—invariant, and we
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have

— — k*—l — —
0<A2(F") <R ( U Fj) +A2(Fp) <t + 1 < 271R%(F). (7.93)

=1
Hence F' € T(F). But A2(F') > t*, a contradiction.

Case 2: N2(F) < t*. This is in fact an equality, because
A2(F) > A2 (Fy) - t* as j - 0. (7.94)

Since F' is AZ-invariant and A2(F) = t* < 2-1A2(F), the set F'\ F is invariant, and
A2(FNF) > 2 1A2(F) > 0. Since F'\ F cannot be ergodic, there exists a A2-invariant
G c FNF with 0 < A2(G) < 27YA2(F \ F) < 27VA2(F). Hence, G € T(F). Define
F’'=FuUG. Then F’ is invariant, and since ', G € T(F),

0<A2(F") = A2(F) + N*(G) < 2t* < 27'A%(F). (7.95)

Therefore F' € T(F). But A2(F") = t* + A2(GQ) > t*, a contradiction.

This shows that t* > 4-1A2(F), and (i) follows.

(ii) Define inductively pairs of sets {(F}, F2)}4s1 as follows: F}' is a A2-invariant
subset of F such that 4-1A2(F) < A2(F}) < 2-1A2(F), and F2 = F\ F!. For k > 1,
define F}! to be a A2-invariant subset of F2, such that 47A2(F2,) < A2(F}) <

2‘1K2(F,3_1), and F? = F? |\ F. Clearly, for each k > 1, the collection
(FLE.....FL ) (7.96)

is a partition of F into A2-invariant subsets. We have A2(F}) < 2-1A2(F), and for
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each j > 1, KQ(FJ-l) < 2‘1K2(Fj2_1) < 27VA2(F). Moreover, A2(F2) < (3/4)A2(F2.,),
and by induction A2(F2) < (3/4)*A2(F). By taking k = 3, we obtain that A2(F2) <
(27/64)A2(F), and so {F}! F} F! F2} is a partition of F satisfying the desired
properties.

(iii) This result follows by iterating part (ii). O

Proof of Theorem[7.3. We may assume without loss of generality that for every 6 €
(0,m), @i(é’,dﬁ’) is not singular with respect to Al, for i = 0,1. In the case where
@(Q,dQ’) is singular at points 6 in a null set N c (0,7), we can modify the Markov
kernel so that P;(6,d¢’) = sin#’dé’ for # € N. This modification does not effect the
property that P; is symmetric with respect to Al. It also only effects K on a A2-null
set by virtue of the coordinate representation , and it does not affect the set
of invariant measures which are absolutely continuous with respect to A2.

Because of the product decompositions , the assumption that @1(6, de’) is

not singular, for ¢ = 0,1, is equivalent to the following two statements: For p,q €

(0’ ﬂ-)?

for every w e A} and every M c A7,
(7.97)

AY(M) =1 implies K(w, M) > 0,

and

for every w € B, and every M c B,

(7.98)
AY(M) =1 implies K(w, M) > 0.
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With these observations made, the proof proceeds in two steps.

Step 1. Let K2(w,dw’) be the Markov kernel on S? defined by
R2(w, B) = fs R, B)R(w, dw), (7.99)

for w € S* and measurable sets B c §?. Fix w* € S2. Then w* € A/, for some
p* € (0,7). In this step, we will prove that K2(w*,dw’) is not singular with respect
to A2.

Define the mapping IT: A¥. — (0,7) by
IT(w) = arccos({w, x1))- (7.100)

This mapping projects each w to its ¥;-coordinate with respect to the coordinates
(01,%1). Equivalently, for each w, ¢ = II(w) is the unique point in (0,7) such that
w lies in the circle B,. We claim that II is injective. To see this, note that for each
q € (0,), the circles B, and Ay« can intersect in at most two points. If they intersect
in two points, then one point lies in S? and one point lies in S?2. Thus there is at
most one point w in A;* such that w e B,.

By (7.12) the representation of I in the coordinates (6y, ) is given by

I1(6o) = arccos((cos b sinp™)(xg, x1) + (cosp*){xo, x1)), fo € (0,m).  (7.101)
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The above map is smooth, with first derivative given by

sin 6 sin p*

IT'(6o) = m, (7.102)

which never vanishes for 6 € (0,7). Consequently, we see that IT: A”. — (0,7) is a
diffeomorphism onto its image.

Let Q be a subset of S such that A2(Q) = 1. We will be done with this step if

we can show that KQ(w*,Q) >0. By (7.16), since w* € A_,, K (w*,dw’) is supported

in A7, and for each w' € A7, R(w’,dw") is supported in Bﬁ(w,). Let

Q' ={uw eA. K, Q) >0} (7.103)
Assume that @ is a A2-full measure subset of S2. Then by (7.21)) with i = 1,
— 1 T _
1=R2(Q) = - f R'(B, n Q)sin?qdg, (7.104)
7w Jo

Hence, for almost every ¢ € (0,7), B,n@Q is a Al-full measure subset of B,, and
thus Kl(B(; N Q) = 1. Since IT is a diffeomorphism onto its image, it follows that
AY(BpyNQ) = 1 for K-a.e. w’ e A, But if AY(By,, nQ) = 1, then K(w, B, N

@) >0 by (7.98). This proves that ' is a full measure subset of A_.. Thus by (7.97),
R(w*,Q’) >0. We conclude that

R2(w*,Q) = fQ R(w', Q)R (w*,dw') > 0, (7.105)

as desired.
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Step 2. We will prove that there exists a A2-ergodic subset E ¢ S? such that

A2(E) > 0. Given such a set exists, we can define

1 (w) R (dw)

() (7.106)

pp(dw) =

Then pp is an invariant measure which is absolutely continuous with respect to A2
Moreover, if F c S? is pg-invariant and pp(F) > 0, then F n E is A%-invariant.
Consequently, FnFE is a A2-full measure subset of E. Hence, F is a pp-full measure
subset of S2. This shows S? is ug-ergodic, and g is the desired ergodic measure by
Theorem [7.4]

To prove that such an F exists, suppose for a contradiction that every Kz—ergodic
subset of S? is A%-null. By the Radon-Nikodym theorem, for each w € S2, we may
write K2(w,dw’) = fo,(w)A2(w') + vy,(dw’), where f,, € L1(A2) and v, is singular
with respect to A2. Let P, = {w’ € S?: f,,(w') > 0}. By step 1, A2(P,) > 0. Also, note
that if " is any A2-invariant subset of S2, then for almost every w € F, A2(F\P,,) = 0.

Fix k > 1. By Lemma (iii), we can partition S? into AZ-invariant subsets
{F), Fy, -, Fyx} such that 0 < A2(F;) < 2°% for 1 < j < 22k For A%-ae. w € Fj,
K2(w,S? \ Fj) = 0. This implies that for almost every w € Fj, A2(P,) < A%(F}) <
2. Since every point in S? lies in some Fj this implies that A2(P,) < 27* for a.e.
w € S?. Since k is arbitrary, we conclude that A2(P,) = 0 for almost every w €S2, a

contradiction. O]
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8 Index of Notation

(-,-) — Kinetic energy inner product,

||| = Norm induced by the kinetic energy inner product,
I-llzs = -y - Z#-norm on TA(X),

Y cc X — The closure of Y lies in X, §6.1.2

Aoy — A special subclass of rough collision laws, §1.3.7

B=Wrc+ ea — Base of the cylinder My,

C.(X) — Continuous, compactly supported functions, §1.2.1]
C*(X) — k-times continuously differentiable functions,
C*(X) — Infinitely differentiable functions,

CE(X) = Co(X) nCH(X),

Ce=(X) = Cu(X) n C=(X),

CES3(R) — A special class of billiard domains with singularities, §6.1.1]
X = (-1,0,1) — Rolling velocity,

x = (m+J)2(~1,0,1) — Normalized rolling velocity,

dg — A pseudometric on a space of Markov kernels G, §6.2.3
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D — Disk with satellites,

Dy — Inner body of the disk D,

D(y) — Subset of R? occupied by D in configuration v,
0 — Topological boundary operator, §1.2.1]

OregM — Set of regular points of IM, §1.3.2]
Oreg2 — Set of regular points of 0%,

0s2 — Set of singular points 03,

OregW — Set of regular points of W,

0sW — Set of singular points of W,

do = do(€) — Radius of a “gap region”

e; — j'th member of the standard basis for R?,
;= ejf|lejll,

n — “Correction” diffeomorphism,

F — Full-measure open set on which K> is defined, §1.3.5, §4.3.1]

Feyt — Full-measure open set on which Kczy’f is defined, §4.3.2

F — Open set on which K> is defined, §4.3.3
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G — “Perturbed” projection onto Qq,
Froll=aMﬂg,

H; — Smooth perturbation of configuration space,

H, — Smooth perturbation of phase space, §4.3.3

H, — Zoomed version of Hj,

H, — Zoomed version of Hy, ((5.212)

H? — d-dimensional Hausdorff measure, §4.1],

Int — Topological interior operator,

J — Moment of inertia of the disk D,

K*>¢ — Collision law associated with the wall W (Z, ), §1.3.5
K*¢ — Markov kernel representation of K=<, §1.3.5]

K — Rough reflection law, §1.3.5]

K> — Cylindrical collision law associated with W (X, €), §4.3.2

cyl

Kfyf — Markov kernel representation of Ki’f, §4.3.2

K=< — Modified collision law associated with W (2, ¢), §4.3.3

k(p) — Unsigned curvature of 0WW at point p, §1.3.1]
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Kmax = SUP{K(P) : p € CregW },

k — Max curvature with lower cutoff,

L — Max chord length with lower cutoff,

Lip(f) — Lipschitz constant of the function f, ((5.61)

Lr = L}(X) — Set of p-integrable real functions on measure space (X, u),
A' - Billiard invariant measure on R x St §1.2.2)

A? — Billiard invariant measure on P x S2,

m — Mass of disk D, §1.3.1]

M — Configuration space of the disk and wall system, §1.3.2]
My — Cylindrical configuration space,

Mieg = M\ S,

Mion = M n Z )

N — Number of satellites of disk D,

O, = H,(R3 n 2),

0=0() -

PW — Macro-reflection law associated with wall W,
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Pe = pPW(Ee),

PZe = IEDW(E,e)’

PW — Markov kernel representation of PV,

P — Rough reflection law,

P — Velocity component of rough reflection law,
P> — Macro-reflection law averaged over one period,
P ={(z1,29,) : 25 = 0},

P=H,Pn2),

Qo = {(z1,22,0) : 0 = 0},

R, R, — Specular reflection maps, §1.3.4

R. — Narrow parallelogram, §5.2]

R2 = {(x1,22) e R?: x5 > 0},

R3 = {(x1,29,) € R3: 25 > 0},

p = p(€) — Angle between consecutive satellites in D,
p~t — Generalized inverse of p, ([5.102))

Sk — k’th satellite in D,
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Sk(y) — Point in R? occupied by Sy in D(y),
St — Unit circle in R2, §1.2.2

S:=S'nR%, §1.2.9

S? — Unit sphere in R? with respect to the norm || -||,
S2 =S?2nR3,

S — Set of singular points of M,

o, — Scaling map,

¥ — Cell for building a periodic wall,

3 — Foreshortened cell, §1.3.7

Tjk, T4k — Lranslation maps, §4.3.1]

T](Ij),?j.i) — Translation maps, §4.3.2

W — Wall of billiard table in R?, §1.2.2)

W (3, €) — Periodic wall determined by 3 and €, §1.2.4} §1.3.1

W =W (%, — Foreshortened wall,

Z — Set of angular coordinates where cylindrical approximation is feasible,
Z=R2x Z, {4.1
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ZY — Component of Z containing « = 0, (4.35))

50-R2x 20, (139)
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