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Abstract

The Role of Tides and Differential Rotation in the Angular Momentum Evolution of Low
Mass Stars

Jessica Birky

Chair of the Supervisory Committee:
Rory Barnes
Astronomy

Stellar rotation is a fundamental property that governs magnetic activity, angular momen-
tum evolution, and the dynamical interactions of stars with their companions. Despite
the transformative datasets provided by Kepler and TESS, extracting physical information
about stellar surfaces and tidal interactions from photometric time series remains challenging
due to model degeneracies, computational expense, and the lack of physically interpretable
statistical frameworks. This thesis develops novel statistical methods to address these chal-
lenges and applies them to advance our understanding of stellar rotation, tidal dissipation,
and starspot variability in low-mass stars and binary systems.

In the second chapter, I present alabi, an open-source framework for accelerating Bayesian
inference with computationally expensive forward models. By training Gaussian process
surrogates via active learning, alabi reduces the number of expensive model evaluations by
orders of magnitude while preserving posterior accuracy, achieving speedups of 10-1000 x
for problems with up to 64 dimensions.

In the third chapter, I apply alabi to investigate the prospects for constraining equilib-
rium tidal dissipation in low-mass binary stars. Using global sensitivity analysis and simu-
lated Bayesian inference with coupled tidal, stellar evolution, and magnetic braking models, I
show that constraining the tidal quality factor Q for individual systems is fundamentally lim-
ited by degeneracies with unknown initial conditions, even with ideal observational precision.

Moreover, I identify population-level approaches, particularly overdensities in the observed



distribution of orbital periods, rotation periods, and eccentricities, as a more promising path
forward.

In the fourth chapter, I derive a physically motivated Gaussian process kernel for stellar
photometric variability from first principles. Starting from an analytic starspot model, I
obtain a closed-form autocovariance function with hyperparameters (the equatorial rotation
period, differential rotation shear, stellar inclination, spot lifetime, and spot emergence/de-
cay timescale) that map directly onto measurable physical properties. I validate the kernel
against numerical simulations, demonstrate that it captures harmonic structure absent in
standard phenomenological kernels, and show that a banded Cholesky solver reduces the
computational scaling from O(N?) to O(Nb?), where b is the bandwidth of the covariance
matrix. Applied to Kepler-63, the kernel recovers rotation, differential rotation, and inclina-
tion consistent with independent transit and spectroscopic measurements. This result consti-
tutes the first demonstration that differential rotation can be inferred from one-dimensional

photometric lightcurves using a physically interpretable Gaussian process.
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Chapter 1. Introduction

1 Stellar Rotation

o2& tellar rotation is a fundamental property of stars that has profound implications for
(@“: the structure, evolution, activity, magnetic fields, mass loss, angular momentum

ﬁ;{é\ distribution within stars and stellar systems. Understanding stellar rotation is cru-
y-=+%) cial for interpreting a wide range of astrophysical phenomena, from the formation
of planetary systems to the end stages of stellar evolution.

Recent advances in large-scale surveys such as Kepler, K2, TESS, and Gaia have delivered
high-precision photometric timeseries and astrometric data, providing an unprecedented op-
portunity to study stellar rotation across a wide range of stellar types, evolutionary stages,
and Galactic environments for nearly a million stars (McQuillan et al., 2014; Boyle et al.,
2026). Concurrently with the influx of data, there has been significant progress in theoretical
modeling and computational techniques for studying stellar rotation. These advances have
enabled the development of more sophisticated models of stellar interiors, magnetic fields,
and angular momentum transport processes.

My thesis seeks to advance our understanding of two important processes related to stellar
rotation: (1) to understand how stellar rotation and tidal dissipation shape the long-term
spin-orbit dynamical evolution of binary stars, and (2) to understand rotational dynamics
and starspot properties on the surfaces of stars by developing novel methodology. Further-
more, | develop and apply novel statistical methods for bridging the gap between complex,
computationally expensive models and the large datasets that are now available.

In this section I discuss the scientific motivation for studying stellar rotation and differ-
ential rotation. I review the current state of the field, including the open problems that
motivate the work in this thesis. I also provide an overview of the statistical methods that
I develop and apply in this thesis, and I summarize the main results of each chapter.

1.1 Angular momentum evolution and gyrochronology

Over time stars lose angular momentum through magnetized stellar winds, causing them
to spin down as they age (Skumanich, 1972; Soderblom, 1983; Barnes, 2003a). The rate
of this spin-down depends on the star’s mass, age, metallicity, and magnetic field strength,
and is a key factor in the long-term evolution of stellar rotation. The change in angular
momentum is driven by the torque due to stellar wind, in which ions flow out from the star
along open magnetic field lines and cause the star to eventually lose angular momentum
from mass loss (known as magnetic braking). However, the rate at which stars lose mass is
poorly constrained and is not directly detectable for stars aside from our Sun.

Early work found that the rotation period scales according to age as Py oc /2 (Sku-
manich, 1972), opening up the field of gyrochronology for inferring stellar ages based on their
rotation period (Barnes, 2003b, 2007). More recent work (Matt et al., 2015; Breimann et al.,
2021; Gordon et al., 2021; Lu et al., 2024) has made use of modern surveys (e.g., Kepler)
and age-dated stars from open clusters to calibrate more flexible, precise gyrochronology
relations. Furthermore, recent studies such as van Saders et al. (2016) have discovered ev-
idence for weakened magnetic braking based on rapidly rotating old field stars, suggesting
that the magnetic braking process may be more complex than originally thought. Despite
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these developments with new observations, our understanding of stellar spin-down is still
empirical and lacks a solid theoretical understanding.

1.2 Starspots on convective envelopes

Much of our constraints on stellar rotation come from photometric variability driven by
starspots. In particular, low-mass stars (M < 1.5 M) possess outer convective envelopes in
which turbulent motions interact with rotation and magnetic fields to drive a stellar dynamo
(Brun & Browning, 2017). Where magnetic flux tubes emerge through the stellar surface,
intense local fields suppress convective energy transport, creating regions that are cooler
and darker than the surrounding photosphere, which are observed as starspots (Strassmeier,
2009a). As direct, observable tracers of the subsurface magnetic field, starspots provide a
window into the internal dynamo process and the geometry of magnetic flux emergence.

On the Sun, spots are confined to low latitudes (< 35°), emerge as bipolar pairs, and follow
the butterfly pattern of equatorward migration over the 11-year activity cycle (Hathaway,
2015). This activity cycle of the Sun has been well-established with observations dating
back centuries (Schwabe & Schwabe, 1844). Sunspots are relatively small, with sizes ranging
from ~ 10 — 1000 MSH (millionths of a solar hemisphere) and lifetimes ranging from days
to months (Forgacs-Dajka et al., 2021).

The spot properties for stars beyond our Sun can differ significantly. Doppler imaging
of other stars has revealed that starspot properties can differ dramatically from the solar
case. Starspots on active stars can be orders of magnitude larger than sunspots (covering
up to tens of percent of the stellar surface) and can appear at all latitudes, including the
rotational poles (Strassmeier, 2009a; Brun & Browning, 2017). These differences suggest that
activity cycles could operate in fundamentally different regimes as a function of rotation rate,
convective structure, and stellar mass, and that starspot distributions on other stars cannot
simply be understood as scaled-up versions of the solar pattern.

1.3 Differential Rotation and Stellar Dynamo Processes

Differential rotation (the latitudinal variation in angular velocity) plays a fundamental role
in the angular momentum evolution and activity cycles of a star. Figure 7?7 shows the
solar differential rotation profile as revealed by helioseismology (Schou et al., 1998) and
reproduced by recent numerical simulations (Kapyld et al., 2023). The Sun exhibits a solar-
like differential rotation pattern, with the equator rotating faster than the poles.

Numerical simulations of rotating convection in stellar envelopes have shown that the
magnitude and geometry of differential rotation depend on the stellar mass, rotation rate,
and convective structure (Ballot et al., 2007; Augustson et al., 2012; Guerrero et al., 2013a;
Brun et al., 2017a). These simulations predict a transition from solar-like differential rotation
(fast equator) to anti-solar differential rotation (fast poles) as the stars spin down with age
(Guerrero et al., 2013a). Furthermore, stronger differential rotation can reduce the angular
momentum loss of a star and may be a plausible explanation for weakened magnetic braking,
but further work is needed to observationally validate this hypothesis (Ireland et al., 2022;
Tokuno et al., 2023).
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Differential rotation also plays a fundamental role in the activity cycles of a star. In an
effect known as a dynamo process, the spot coverage and magnetic activity on the Sun varies
between maximum and minimum on a timescale of ~ 11 years as the polarity of the dipole
magnetic fields periodically reverses (Kapyla et al., 2023). This activity cycle on the Sun
arises due to the coupled effects of rotation, surface convection, and magnetic fields.
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Figure 1.1: A diagram from Noraz et al. (2022b) (Figure 9 of Noraz et al. (2022b), repro-
duced under the creative commons license) shows how three mechanisms can drive a stellar
dynamo. Q-effect: starting from an initial poloidal (latitudinally-oriented) magnetic field,
differential rotation twists field lines into a toroidal (longitudinally-oriented) configuration.
From there, polarity reversal can occur through either the a-effect, where turbulence along
the toroidal field creates small-scale poloidal fields, or the BL-effect, where bipolar magnetic
regions (starspots) generate poloidal fields. These « or BL poloidal fields in combination
with the sign of differential rotation (whether a star spins faster at the equator or poles)
cause magnetic flux to either cancel (resulting in a dynamo), or strengthen (no dynamo).

Figure 1.1 illustrates the key mechanisms driving a stellar dynamo, highlighting the roles
of differential rotation, the a-effect, and the BL-effect. The two rows starting from the left
side show two different initial configurations of the magnetic field (poloidal and toroidal), and
the three columns show how these fields can be transformed into each other through different
physical processes. The key mechanism is the (-effect, in which differential rotation shears
poloidal field lines into a toroidal configuration. Polarity reversal can then occur through
either the a-effect, where turbulence along the toroidal field creates small-scale poloidal
fields, or the BL-effect, where bipolar magnetic regions (starspots) generate poloidal fields.
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The combination of these processes determines whether a dynamo can be sustained or not.

In the Sun, helioseismology has revealed two regions of strong rotational shear: the
tachocline at the base of the convection zone and the near-surface shear layer (NSSL) in
the outer ~5-10% of the solar radius. For decades, the tachocline was considered the pri-
mary seat of the solar dynamo. However, Vasil et al. (2024) recently demonstrated that the
magneto-rotational instability (MRI), driven by the strongly inwardly increasing differential
rotation in the NSSL, can explain several key observational constraints that tachocline-based
models struggle to reproduce. In particular, the near-surface MRI naturally accounts for the
spatiotemporal structure of torsional oscillations, the observed hemispherical helicity sign
rule, and inferred subsurface magnetic field amplitudes.

These results from Vasil et al. (2024) suggest that the solar dynamo originates much closer
to the surface than traditionally assumed, with implications for understanding magnetic
cycles across stellar types — including fully convective stars that lack a tachocline entirely.
Observational constraints on surface differential rotation are therefore critical for testing
dynamo theories.

1.4 Rossby Regimes

The properties of starspot distributions encode information about several key physical pro-
cesses, and many of these properties are governed by the Rossby number Ro = Pt/ Tconys
the ratio of the rotation period to the convective turnover timescale. The Rossby number
determines the relative importance of rotational (Coriolis) forces to buoyancy-driven convec-
tion, and is the single most important dimensionless parameter for characterizing the stellar
dynamo regime.

Spot lifetimes are set by the turbulent magnetic diffusivity 7, at the stellar surface, with
Tdecay ™~ rgpot /m:. Since 1, is determined by the same convective motions that define 7.opy,
spot decay timescales are intrinsically linked to the Rossby number: stars with longer 7.ony
(lower Ro at fixed rotation) have lower surface diffusivities and correspondingly longer-lived
spots (Giles et al., 2017). The latitude distribution of spot emergence also depends on Ro,
as it reflects the geometry of magnetic flux generation and the trajectories of rising flux
tubes through the convection zone — processes that change qualitatively between the rapidly
rotating (Ro < 1) and slowly rotating (Ro > 1) dynamo regimes (Brun & Browning, 2017).

Perhaps most importantly, differential rotation itself is predicted to undergo a sharp
transition as a function of Rossby number (Figure ??7). Numerical simulations of rotating
convection (Gastine et al., 2013; Guerrero et al., 2013a; Kéapyld et al., 2023) consistently
find that rapidly rotating stars (Ro < 1) exhibit solar-like differential rotation (fast equator,
slow poles), driven by Reynolds stresses from rotationally organized convective columns. As
the Rossby number increases past Ro ~ 1, the Coriolis force weakens, convection becomes
less organized, and turbulent angular momentum mixing drives a transition to anti-solar
differential rotation (fast poles, slow equator).

However, this transition remains largely untested observationally, because measuring dif-
ferential rotation for large samples of stars has been extremely challenging. In particular,
the latitude distribution of starspots on stars other than the Sun remains poorly constrained
from disk-integrated photometry, which cannot uniquely determine the surface location of
individual spots (Strassmeier, 2009a; Basri & Shah, 2020). Furthermore, the relationship be-
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tween spot properties and fundamental stellar parameters (mass, age, rotation rate) is largely
empirical, with theoretical predictions from flux-transport dynamo models only beginning
to be tested against large photometric surveys (Brun & Browning, 2017).

Finally, fully convective M dwarfs, which lack a tachocline and were long predicted to be
unable to sustain large-scale magnetic fields, are in fact among the most magnetically active
stars, exhibiting strong fields and prominent starspot modulations, challenging traditional
dynamo paradigms (Brun & Browning, 2017). Developing physically motivated statistical
models that can extract spot and rotation properties from the vast photometric datasets
provided by Kepler and TESS is a central goal of this thesis.

1.5 Tidal Interactions in Binary and Planetary Systems

Stellar rotation can also become coupled with the orbital dynamics of binary and planetary
systems through tidal interactions. In any gravitationally bound system, the differential
gravitational field of a companion raises tidal deformations on the star, and the dissipation
of energy associated with these deformations drives a secular exchange of angular momentum
between the stellar spin and the orbit (Hut, 1981; Leconte et al., 2010; Ferraz-Mello et al.,
2008). The long-term outcome of this exchange depends critically on the star’s rotation state:
tides drive the system toward a minimum-energy configuration in which the orbit is circular,
the spin axis is aligned with the orbital axis, and the rotation period is synchronized with
the orbital period (Counselman, 1973; Hut, 1980). The timescale on which this equilibrium
is reached depends on the efficiency of tidal dissipation, parameterized by the tidal quality
factor Q.

These tidal processes produce a rich variety of observable dynamical outcomes. Tidal
circularization drives eccentric orbits toward e = 0, a trend clearly observed in binary pop-
ulations where short-period systems are preferentially circular (Zahn & Bouchet, 1989; Mei-
bom et al., 2006). Tidal synchronization locks the stellar rotation period to the orbital
period, as confirmed for the majority of close binaries with P, < 10days (Lurie et al.,
2017; Hobson-Ritz et al., 2025).

Beyond simple synchronization, tidal torques can capture bodies into higher-order spin-
orbit resonances — as exemplified by Mercury’s 3:2 resonance (Goldreich & Peale, 1966;
Correia & Laskar, 2004) — and can drive the spin axis into Cassini states, equilibrium config-
urations in which the spin axis, orbit normal, and invariable plane normal remain coplanar
while precessing together (Colombo & Shapiro, 1966; Peale, 1969). The obliquity evolu-
tion toward Cassini states has implications for the climate stability of terrestrial exoplanets
(Heller et al., 2011) and for interpreting the observed distribution of spin-orbit misalignments
in binary and exoplanetary systems (Albrecht et al., 2022).

Understanding stellar rotation is therefore essential for interpreting the dynamical states of
binary and planetary systems across a wide range of scales. The rotation period, differential
rotation profile, and obliquity of a star all influence how efficiently tidal energy is dissipated
and how angular momentum is redistributed.
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1.6 Open Problems in the Field

In summary, stellar rotation is a fundamental property that influences a wide range of as-
trophysical phenomena. Despite significant advances in observational capabilities and theo-
retical modeling, many open questions remain regarding the physical processes that govern
stellar rotation and its coupling to orbital dynamics. This thesis investigates two important
aspects of stellar rotation: the role of tidal interactions in binary systems and the develop-
ment of statistical methods for analyzing stellar variability.

In particular, I focus on the following open problems:

How do we perform inference with complex and computationally expensive models?

What do learn about tidal synchronization from eclipsing binaries in large scale
surveys and how can we constrain tidal Q7

How can we infer differential rotation and starspot properties from stellar
lightcurves?

In the next sections I review the motivation for the methods I use to answer these ques-
tions. I also discuss where the results of this thesis fit into the broader context of the field.

2 Statistical Methods

A recurring theme throughout this thesis is the challenge of performing rigorous statistical
inference with complex and computationally expensive astrophysical models. The physical
models described in the preceding sections involve solving coupled differential equations
or evaluating complex forward models that can require seconds to minutes per evaluation.
When combined with the need to explore high-dimensional parameter spaces, traditional
inference methods become prohibitively expensive. In this section, I provide an overview
of the statistical methods that I develop and apply in this thesis. These include global
sensitivity analysis for understanding model behavior, Bayesian inference and Markov chain
Monte Carlo (MCMC) for parameter estimation, and surrogate modeling with Gaussian
processes to accelerate inference.

2.1 Sensitivity Analysis

Before attempting full Bayesian inference on a complex model, it is often valuable to first
understand which input parameters most strongly influence the model outputs. Global
sensitivity analysis (Sobol, 2001; Saltelli et al., 2010) provides a systematic framework for
decomposing the variance of model outputs into contributions from individual input param-
eters and their interactions. Unlike local sensitivity methods that probe the response around
a single point, global sensitivity analysis explores the full range of the input parameter space
and captures nonlinear effects.

In the context of this thesis, sensitivity analysis is applied in Paper II (Chapter 3) to
characterize how observable properties of binary stars (orbital period, rotation period, and
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eccentricity) depend on the tidal quality factor Q, initial conditions, and other model inputs.
This analysis reveals which parameters are constrainable in principle, which are degenerate,
and where observational efforts should be focused — questions that must be answered before
investing computational resources in full posterior inference.

2.2 Bayesian Inference and MCMC

Bayesian inference provides the natural framework for constraining physical parameters from
observational data, combining prior knowledge with the likelihood of the data given a model
to obtain the posterior distribution (Gelman et al., 2013). Markov chain Monte Carlo
(MCMC) methods (Hogg et al., 2010; Speagle, 2020a) are the workhorse for sampling poste-
rior distributions, but they require evaluating the likelihood function at each proposed step
in the chain. Achieving convergence typically demands 10*-10° likelihood evaluations, which
becomes impractical when each evaluation involves running an expensive forward model.

This computational bottleneck is particularly severe for the problems addressed in this
thesis. In Paper II, for example, each likelihood evaluation requires integrating the coupled
tidal, stellar evolution, and magnetic braking equations over Gyr timescales — a calculation
that takes ~1-10s per evaluation. Naively running MCMC with 10° samples would require
days to weeks of wall-clock time for a single system, and the problem scales further when
considering populations of binaries or exploring the sensitivity of results to model assump-
tions.

2.3 Surrogate Models and Active Learning

To bridge the gap between expensive forward models and the demands of MCMC sampling,
a powerful approach is to replace the likelihood function with a fast surrogate model trained
to emulate the expensive model’s predictions (Cranmer et al., 2020). Gaussian process
(GP) regression is a natural choice for building such surrogates as it provides not only a
predictive mean but also a principled estimate of predictive uncertainty that can be exploited
through active learning: iteratively selecting new training points where the surrogate is most
uncertain and concentrating expensive model evaluations in the high-likelihood regions that
matter most for posterior inference.

In Paper I (Chapter 2), I develop alabi, an open-source framework that implements this
surrogate-accelerated inference pipeline. Once trained, the GP surrogate can be evaluated in
microseconds, enabling millions of MCMC samples at negligible cost. This approach reduces
the number of expensive model evaluations by factors of thousands while maintaining the
accuracy of the posterior, and is directly applied in Paper II to constrain tidal dissipation in
binary stars. The methodology is general and applicable to any problem where the likelihood
is expensive to evaluate but smooth in parameter space.

3 The Dynamical Evolution of Binary Systems

In the third chapter of my thesis, I investigate the long-term dynamical evolution of low-
mass binary stars under the influence of tidal interactions, magnetic braking, and stellar
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evolution. The goal is to understand how these processes shape the observed distribution of
orbital periods, rotation periods, and eccentricities in binary populations, and to constrain
the efficiency of tidal dissipation through comparison with observations.

In this section, I introduce the key physical processes that govern binary evolution, review
the current state of the field regarding tidal circularization and synchronization, and discuss
the open problem of subsynchronous rotation in short-period binaries.

3.1 Tidal Circularization and Synchronization

The long-term evolution of a binary system is governed by the interplay of several physical
processes (Figure 1.2). Tidal interactions between the two stars lead to an exchange of
angular momentum between the stellar spins and the orbit, driving the system toward a state
of minimum energy in which the orbit is circular, the spin axes are aligned with the orbital
axis, and the rotation periods are synchronized with the orbital period (Counselman, 1973;
Hut, 1980). The timescale on which this equilibrium is reached depends on the efficiency of
tidal dissipation, parameterized by the tidal quality factor Q.

The dynamical evolution of low-mass binary stars is governed by the interplay of several
physical processes, including tidal interactions, magnetic braking, and stellar evolution.

Tidal Dissipation Stellar evolution Magnetic braking
Prot L p
‘-\ ‘\Pmb —\\\\ /f/
@ * e

formation pre-main sequence main sequence / N
2N

(Equillibrium tide) Energy is dissipated by the tidal deformation  Stellar properties evolve over time (including radius and radius Stars lose angular momentum due to
of a star under the gravitational influence of a companion [1] of gyration) influencing rotational angular momentum [2] mass loss + magnetized stellar winds (3]

Figure 1.2: A schematic diagram of the various physical processes that govern the dynam-
ical evolution of a binary system, including stellar evolution (Baraffe et al., 2015), magnetic
braking (?), and equilibrium tides (Hut, 1981).

The gravitational interaction between components of a binary system raises tidal defor-
mations on each star, and the dissipation of tidal energy drives the system towards a state
of minimum energy (Counselman, 1973; Hut, 1980). Over long timescales (Myr—Gyr), this
process causes binary orbits to circularize (e — 0) and stellar rotation periods to synchro-
nize with the orbital period (Pt — Po), trends that are broadly confirmed by observations
(Meibom et al., 2006, 2015). Theories of tidal deformation fall into two broad categories:
equilibrium tide models (Hut, 1981), which assume a hydrostatic tidal bulge with a phase
lag parameterized by the tidal quality factor Q, and dynamical tide models (Zahn, 1975),
which consider the excitation of internal waves driven by the gravitational influence of the
companion. For low-mass stars with radiative cores and convective envelopes, the relevant
dissipation mechanisms include turbulent viscosity acting on the equilibrium tide in convec-
tive layers (Zahn, 2008) and the damping of internal gravity waves in radiative zones (Zahn,
1975; Ogilvie, 2013; Barker, 2020).

Observationally, the circularization of binary orbits as a function of orbital period and age
has long served as the primary diagnostic for constraining tidal efficiency. Early work intro-
duced the circularization cut-off period Py (the orbital period below which most binaries
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in a coeval population have circular orbits) as a metric for tidal dissipation strength (Mayor
& Mermilliod, 1984; Mathieu & Mazeh, 1988; Mathieu et al., 2004). Meibom & Mathieu
(2005) refined this approach with a functional fit to the period—eccentricity distribution.
However, recent studies have challenged the utility of circularization as a tidal constraint:
Bashi et al. (2023) found from Gaia spectroscopic binaries that the circularization period
depends more strongly on stellar effective temperature than on cluster age, and Mirouh et al.
(2023) used population synthesis to show that constraining tidal efficiency from circulariza-
tion alone is difficult due to the inefficiency of main-sequence tides and strong dependence
on initial orbital configurations. Importantly, Mirouh et al. (2023) demonstrated that tidal
synchronization (the fraction of binaries with P &~ P, at a given age) better captures
the age-dependent signature of tidal dissipation than circularization, motivating the use of
rotation period measurements from photometric surveys.

Despite decades of effort, published estimates of the tidal quality factor Q for solar-type
stars span orders of magnitude, from ~10° to 108 (Meibom et al., 2006; Jackson et al., 2009;
Hansen, 2010; Patel & Penev, 2022; Penev & Schussler, 2022). This discrepancy reflects
both the inherent difficulty of the inference problem (including degeneracies between Q and
unknown initial conditions) and ongoing debate over whether individual system-by-system
constraints (Barker, 2020) or population-level hierarchical approaches (Cameron & Jardine,
2018) are more appropriate. Motivated by these challenges, in Paper II (Chapter 3) I apply
statistical methods described in Section 2 to investigate the prospects for constraining tidal
dissipation parameters from binary populations, and to understand the degeneracies and
limitations of such inferences.

3.2 The Mysterious Population of Subsynchronous Binaries

While equilibrium tidal models can explain the general trends of circularization and syn-
chronization, they do not predict the existence of a population of short-period binaries with
rotation periods systematically longer than their orbital periods, or in other words, a state
of subsynchronous rotation. Lurie et al. (2017) conducted the first large-scale study of tidal
synchronization in Kepler eclipsing binaries by visually inspecting the lightcurves of 2,278
systems and measuring rotation periods for 816 with detectable starspot modulations. They
found that 79% of eclipsing binaries with orbital periods shorter than 10 days are tidally
synchronized, with a clear transition near P, &~ 10days from predominantly circular, syn-
chronized systems to eccentric, pseudosynchronized systems.

However, the most striking discovery was a population of short-period eclipsing binaries
with rotation periods ~13% slower than their orbital periods. Lurie et al. (2017) attributed
this subsynchronous population to differential rotation, arguing that if the stellar equator is
tidally locked but starspots preferentially emerge at higher latitudes where the rotation rate
is slower (for solar-like differential rotation), the photometrically measured rotation period
would appear systematically longer than the orbital period.

Following from the Lurie et al. (2017) discovery of subsynchronous binaries in the Kepler
survey, I mentored teams of undergraduates during my PhD to investigate whether these sys-
tems are also found in the TESS survey. Hobson-Ritz et al. (2025) classified 4,584 lightcurves
from the TESS eclipsing binary catalog according to out-of-eclipse variability type, identi-
fying 584 high-confidence eclipsing binaries with starspot modulations. As shown in Figure
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Figure 1.3: The distributions of orbital period (x-axis) and spin-orbit ratio (y-axis) for the
Kepler (red) and TESS (blue) eclipsing binary samples, showing the distinct synchronous
and subsynchronous populations. Equilibrium tides (gray) can explain the synchronized
population with 1:1 spin-orbit ratio, but not the existence of the subsynchronous population
with ~ 7 : 8 spin-orbit ratio (Fleming et al., 2019).

1.3, our analysis confirmed the existence of two distinct populations in the spin-orbit period
distribution: a synchronous population (P, &~ P,ot) and a subsynchronous population with
a characteristic ratio of 8 P,,, &~ 7 P.o, consistent with the ~13% period excess found by
Lurie et al. (2017).

Using Bayesian model comparison, Hobson-Ritz et al. (2025) demonstrated that a bimodal
distribution is a significantly better fit than a unimodal distribution for both the Kepler and
TESS samples individually, as well as the combined dataset. The subsynchronous systems
were found to have low eccentricities and showed no strong dependence on primary mass for
FGK-type stars, suggesting the mechanism responsible is common across a broad range of
low-mass binaries.

In summary, my paper Birky et al. (2025) shows that reliable constraints on tidal dis-
sipation parameters cannot reliably be obtained for individual binary systems, and that a
population approach is likely to be a more viable path forward. Furthermore, my work in
Hobson-Ritz et al. (2025) confirms the existence of a population of subsynchronous binaries
in the TESS survey, consistent with the earlier Kepler results, and demonstrates that this
population is statistically significant and not an artifact of data quality or selection effects.
The physical mechanism responsible for the subsynchronous population remains an open
question, but the leading hypothesis is that it arises from differential rotation combined
with preferential spot emergence at higher latitudes. Therefore, developing robust meth-
ods for measuring differential rotation from photometric time series is a critical step toward
understanding the origin of the subsynchronous population and its implications for tidal
interactions in binary systems. This motivates the development of the Gaussian Process
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kernel method for inferring differential rotation, which I present in Chapter 4.

An additional line of evidence connecting tidal interactions and stellar activity comes from
Wang et al. (2024), who analyzed starspot lifetimes on 311 detached eclipsing binaries from
Kepler. They found that the median starspot lifetime on tidally interacting binaries is longer
than on single stars at the same rotation period, and that the relative lifetime correlates
with orbital parameters. This analysis was performed using a Gaussian process with a
quasi-periodic kernel, which has limited interpretability, and does not include the effects of
differential rotation (Nicholson & Aigrain, 2022, ; Paper III). Despite these limitations, this
study suggests that tidal forces could influence the convective dynamics on the surface of
stars in close binaries, further motivating the need to develop physically motivated models
for starspot evolution and differential rotation.

4 Measuring Differential Rotation

While differential rotation is highly important to many fundamental processes in stellar evo-
lution, it is also notoriously difficult to measure. The main challenge is that the signatures
of differential rotation are often subtle and can be easily masked by other phenomena such
as spot evolution, activity cycles, or instrumental systematics. Additionally, many meth-
ods for measuring differential rotation rely on indirect proxies (e.g., period variations, line
profile shapes) that can be influenced by multiple factors, leading to degeneracies in the
interpretation.

In this section, I review the main methods that have been developed to measure stellar
differential rotation, including their underlying principles, advantages, and limitations. I also
discuss the key challenges that arise in interpreting these measurements and how they moti-
vate the development of new methodologies, such as the Gaussian Process kernel approach
presented in this thesis.

4.1 Parameterization of Differential Rotation

The most common parameterization of surface differential rotation is through the angular
rotation rate (2 as a function of latitude ®:

Q(P) = Qeq(1 — K sin® @), (1.1)

where ) is the angular rotation rate at the equator and x is a dimensionless parameter
that quantifies the degree of differential rotation. For x > 0, the star exhibits solar-like
differential rotation, with the equator rotating faster than the poles. For x < 0, the star
exhibits anti-solar differential rotation, with the poles rotating faster than the equator. The
magnitude of x indicates how strongly the rotation rate varies with latitude, with larger ||
corresponding to stronger differential rotation.

This parameterization captures the essential latitudinal dependence of rotation and is
widely used in both observational analyses and theoretical models of stellar rotation. Figure
18.16 of Gray (1976) illustrates this parameterization, showing how the angular velocity
varies with latitude for different values of x for the Sun.
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4.2 Challenges of Inferring Differential Rotation from Photometry

Extracting differential rotation from disk-integrated photometry has long been a challenging
problem, with recent studies concluding that it may be a hopeless endeavor. As Strassmeier
(2009a) summarizes:

Measurements of the rotational period of stars with spots also allow the de-
tection of differential surface rotation... Unfortunately, such measurements are
affected by complex spot distributions, active region growth and decay, local
migration due to, e.g. diffusion, spot cycles, etc., that all can either mask out
the differential-rotation signal or even introduce a spurious signal. Moreover,
any one-dimensional analysis, i.e. an analysis based on disk-integrated data like
time-series photometry, cannot resolve the ambiguity of whether the polar or the
equatorial regions rotate faster or slower.

The fundamental difficulty is that disk-integrated lightcurves collapse the two-dimensional
surface brightness distribution into a one-dimensional time series, creating severe degenera-
cies between spot properties. Furthermore, the signal of differential rotation (a small differ-
ence in rotation periods at different latitudes) must be disentangled from the much larger
effects of spot emergence, evolution, and decay, which operate on similar timescales and
produce similar signatures in periodogram analyses.

An alternative to period-tracking methods is to fit analytic spot models directly to the
lightcurve, attempting to recover individual spot parameters (latitude, longitude, size, and
contrast) and thereby infer differential rotation from the latitude-dependent rotation rates
of resolved spots. However, two systematic studies have demonstrated that this approach is
severely limited by intrinsic degeneracies. Walkowicz et al. (2013) used synthetic lightcurves
generated with the Cheetah starspot modeling code to investigate the information content of
broadband precision photometry. They showed that in the absence of additional constraints,
the stellar inclination and spot latitude are highly degenerate: different combinations of
inclination and latitude can produce nearly identical lightcurves, particularly for inclinations
within 10°-20° of one another. When differential rotation is included, the changing longitude
separation between spots breaks the symmetry of the hemispheres, but the dominant period
recovered via periodogram analysis is typically that of the largest spot—even when multiple
spots with periods representative of the star’s differential rotation exist. They concluded
that while spot modeling can provide valuable information on spot distributions, “given the
inherent degeneracies and uncertainty present in starspot models, caution should be exercised
in their interpretation.”

Basri & Shah (2020) extended this analysis to realistic multi-spot configurations with
varying spot numbers, lifetimes, differential rotation, and inclinations. Using an extensive
grid of 3,000 simulated lightcurves per parameter combination, they found that the single-
double dip ratio (SDR) — a metric characterizing whether the lightcurve exhibits one or two
dips per rotation — contains some statistical information about differential rotation when
measured over many rotations, but is much less meaningful within a few rotations. The
SDR is strongly correlated with the rotation period of the star but only weakly sensitive
to the differential rotation shear, and this sensitivity is further confounded by spot lifetime:
for short-lived spots, the SDR distributions with and without differential rotation are nearly
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indistinguishable. Only for long-lived spots (7 2 20 rotation periods) at sufficiently different
latitudes does the differential shear produce a detectable drift in the lightcurve morphology;,
and even then, independent knowledge of the spot lifetime is required to break the degener-
acy. They concluded that “differential rotation may be nearly impossible to accurately infer
from light curves alone unless spots live for many rotations,” and that the Sun and solar-type
stars (whose spots typically survive only one to a few rotations) represent the most difficult
case.

Aigrain et al. (2015) conducted a comprehensive blind “hare-and-hounds” exercise to test
the recoverability of stellar rotation and differential rotation from Kepler-like lightcurves.
They generated 1,000 simulated lightcurves with realistic spot evolution, activity cycles,
butterfly patterns, and differential rotation, injected them into actual quiescent Kepler
lightcurves, and challenged five teams to recover the input parameters using a variety of
methods (Lomb-Scargle periodograms, autocorrelation functions, wavelet analysis, and spot
modeling). While the overall rotation period was well recovered by most teams (with values
within 10% of the true value in 70% of cases) there was little correlation between the reported
and simulated values of the differential rotation shear. This result demonstrates that differ-
ential rotation studies based on photometric lightcurves alone must be treated with extreme
caution, at least for solar-type stars.

Morris et al. (2019b) reinforced this conclusion using the Sun itself as a benchmark.
They reconstructed a solar lightcurve from archival sunspot records spanning 1917-1985
and attempted to recover the solar differential rotation signal using quasi-periodic Gaussian
process regression. Despite having a noise-free lightcurve with known spot properties, they
found that the apparent rotation period remained roughly constant at ~26.3d throughout
all phases of the activity cycle, with no detectable variation due to differential rotation. Even
with “infinite” signal-to-noise, the stochastic nature of spot emergence at a broad range of
latitudes at all phases of the cycle causes the measured period to reflect an average over the
active latitudes rather than revealing the latitude-dependent rotation law. They concluded
that measuring differential rotation from rotational modulation alone is “a fraught exercise.”

A separate but related challenge concerns the physical interpretability of Gaussian pro-
cess models, which have become a common tool for modeling stellar variablity (Angus et al.,
2018a; Gordon et al., 2021; Morris et al., 2019b; Nicholson & Aigrain, 2022; Luger et al.,
2021b; Foreman-Mackey et al., 2017, 2023). The most widely used GP covariance function
for stellar rotation is the quasi-periodic (QP) kernel, which has four hyperparameters con-
trolling the period, amplitude, evolution timescale, and harmonic complexity of the signal.
Nicholson & Aigrain (2022) systematically tested the mapping between QP kernel hyperpa-
rameters and the physical parameters of a spot model by fitting GP models to simulated
lightcurves with known spot properties. They found that while the GP rotation period
and evolution timescale are reliably recovered, the harmonic complexity parameter I has no
intuitive physical interpretation — it correlates only weakly with any single spot property
and instead reflects a complex combination of spot number, size distribution, and lifetime.
Furthermore, the GP hyperparameters derived from photometric lightcurves can differ sig-
nificantly from those derived from radial velocity time series of the same star, indicating
that the kernel parameters are not uniquely determined by the underlying stellar physics.
Critically, the standard QP kernel contains no parameter that encodes differential rotation,
meaning that any differential rotation signal is absorbed into the other hyperparameters in
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an uncontrolled way.

These results collectively motivate the development of a physically grounded GP ker-
nel — one whose hyperparameters map directly to measurable stellar properties including
differential rotation — which is the subject of Paper III (Chapter 4) of this thesis.

4.3 Differential Rotation from Spectral Line Profiles

One approach to measuring stellar differential rotation comes from the analysis of spectral
absorption line profiles rather than photometric time series. The Fourier Transform Method
(FTM), developed and applied extensively by Reiners & Schmitt (2002a,b, 2003), exploits
the fact that differential rotation leaves characteristic signatures in the Fourier transform of
rotationally broadened spectral lines, as illustrated in Figure ?? from Gray (1976).

More specifically, the observed spectral line profile D(A) can be modeled as a convolution
of an intrinsic line profile F'(A) — which encodes thermal broadening, turbulence, damping,
and instrumental effects — with a rotational broadening function G(X) that captures the
Doppler shifts from the rotating stellar surface:

D(\) = F(\) xG()). (1.2)
In Fourier space, convolution becomes multiplication:

d(o) = f(o) - g(0), (1.3)

where o is the Fourier frequency conjugate to velocity (in units of skm™1), and d, f, g are
the Fourier transforms of D, F, GG, respectively.

For a rigidly rotating star with linear limb darkening I(6)/I(0) = 1 — € + ecos#@, the
Fourier transform of the rotational broadening function has an analytic form (Carroll, 1933;

Gray, 1977):
2 sinx cosx

(o) = ———— [(1 =€) J — , 14
g(o’) x(1—5/3) ( 6) 1<I>+€<[E2 . >:| ( )
where x = 2mwod, 6 = Nwvsini/c, and Jp is the first-order Bessel function. This function
consists of a central main lobe followed by a series of decaying sidelobes separated by zeros

(nodes) at positions oy, 09, ... in Fourier frequency.
Reiners & Schmitt (2002b) shows that the zeros of the function g,(¢) can be used as a
diagnostic for differential rotation for fast rotating stars. The zeros of g(o) are the roots of:

(1—¢) Ju(x) + € (Si” - CO”) 0. (1.5)

2 x

Since the intrinsic profile f(o) and turbulent broadening are smooth, non-zero functions
in Fourier space, they multiply g(o) without moving its zeros. The zeros of the observed
Fourier-transformed profile d(o) therefore coincide with the zeros of g(o), regardless of the
(unknown) intrinsic line profile, which can be found without deconvolution or atmospheric
modeling.
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The zero positions are parameterized as dimensionless quantities ¢, via:

Op = 4nc) (1.6)

vsini’

so the first zero oy directly yields vsini once € is assumed. Reiners & Schmitt (2002b) showed
that differential rotation systematically shifts the zero ratio ¢2/q1, and that measuring the
value of ¢2/¢; is a direct, model-independent indication that the star is not rotating rigidly.
This effect is shown in Figure 18.16 of Gray (1976), which illustrates how the line profile
of a rotating star is broadened by the Doppler effect, and how the presence of differential
rotation can alter the shape of the line profile.

The FTM is a powerful method for detecting differential rotation, but it has specific
requirements and limitations that must be considered when applying it to real data. In
particular, it requires sufficiently high projected rotational velocity (vsini 2> 12kms™!) so
that the Fourier zeros fall below the Nyquist frequency set by the spectral resolution R. It
also requires high signal-to-noise ratio to reliably locate the zeros above the noise floor in
Fourier space. However, this method is advantageous in that only a single epoch of high-
resolution spectrum is needed. Eiff & Reiners (2012) applied this method to ~180 A-F stars
and detected differential rotation in 56 stars, finding evidence for two distinct populations
of differential rotators separated at the granulation boundary.

4.4 Doppler Imaging

Another spectroscopic approach is Doppler imaging, which reconstructs the two-dimensional
surface temperature (or brightness) distribution of a rapidly rotating star from time-resolved
high-resolution spectroscopy (Vogt & Penrod, 1983; Rice, 2002; Piskunov & Rice, 1993). As
illustrated in Figure 18.31 from Gray (1976), cool spots cause reduced absorption at wave-
lengths corresponding to the Doppler velocity of their surface location, producing “bumps”
that migrate through the line profile as the star rotates. By inverting a time series of line
profiles covering at least one full rotation, the latitude and longitude of spot features can be
recovered.

If spots are detected at different latitudes, their apparent migration rates over successive
Doppler images directly reveal the latitude-dependent rotation law. This is the only method
(besides direct solar observations) that can unambiguously determine both the magnitude
and sign of differential rotation.

The principle underlying Doppler imaging is that a spot at latitude ® and longitude A
on a star with equatorial velocity v, and inclination I produces a Doppler shift proportional
to Av = v,cosPsin AsinI. As the star rotates, the spot’s longitude A changes linearly in
time, causing the bump to migrate through the line profile at a rate set by the local rotation
period. If the star rotates differentially, spots at different latitudes migrate at different rates,
directly revealing ().

Requirements and limitations: Doppler imaging is a viable method for systems with fast
rotation (vsini = 15-20kms™!) so that the rotational broadening dominates the intrinsic
line width and spot signatures are resolved in velocity space (Vogt & Penrod, 1983; Rice,
2002). It also requires high spectral resolution (R 2 40,000), high signal-to-noise (S/N 2
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200), and dense phase coverage (i.e., spectra must be obtained over at least one full rotation
period, with sufficient cadence to resolve spot features) (Strassmeier, 2009a). For differential
rotation measurements, at least two Doppler images at different epochs are needed to measure
differential migration (Collier Cameron et al., 2002).

These demanding requirements limit the technique to bright, rapidly rotating stars and
make it labor-intensive compared to photometric methods. Spot evolution between epochs
can also complicate the interpretation, since features may grow, decay, or merge between
successive maps (Strassmeier, 2009b). Despite these challenges, Doppler imaging remains
the gold standard for measuring stellar surface differential rotation, with results available for
~70 individual late-type stars as of 2009 (Strassmeier, 2009b). More recent Doppler imaging
studies have expanded this sample and revealed that single stars follow a clear trend of
increasing relative shear with rotation period, while tidally locked binary members show
significantly weaker differential rotation (Kévari et al., 2017; Xiang et al., 2020). Klein et al.
(2025) have recently demonstrated that Doppler imaging can be extended to slowly rotating
Sun-like stars using new-generation high-stability spectrographs, successfully recovering the
solar differential rotation from disk-integrated HARPS-N observations.

4.5 Photometric Period Variations

The most straightforward method for detecting stellar differential rotation from photometry
is to measure changes in the apparent rotation period over time (Hall, 1972; Baliunas &
Vaughan, 1985; Strassmeier & Bopp, 1992; Messina & Guinan, 1999; Walker et al., 2007).
If spots exist at different latitudes on a differentially rotating star, each spot modulates the
lightcurve at the local rotation period P(®). Over time, spots emerge and decay at different
latitudes, causing the dominant photometric period to shift.

The differential rotation parameter is estimated from the range of observed periods:

AP = Ppax — Puin, (1.7)

where P..« and P, are the longest and shortest rotation periods observed during the
monitoring baseline. The relative differential rotation is then:
AP AQ

a = 9
Pmax Qeq

(1.8)

where AQ = Q¢q — Q01 is the difference in angular velocity between equator and pole.
Donahue et al. (1996) searched for period variations in chromospheric Ca 11 H&K emission
and found the relation AP(P,) = 10713006, pl.3£001 "ye00sting that slower rotators have
larger absolute (but comparable relative) differential rotation. Hall (1991) found a similar
correlation from broadband photometry, reporting a(P,) = 10723+0:06 . pO-85=0.06 5 their

sample.

Limitations: This method has several important caveats: (1) it requires long monitoring
baselines (years) to sample spots at a range of latitudes, making it impractical for short
observing campaigns; (2) the latitude of each spot is unknown, so the measured AP provides
only a lower bound on the true differential rotation; if spots are confined to a narrow latitude
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band, AP underestimates «; (3) active region growth and decay, spot migration, and activity
cycles can all introduce spurious period changes that mimic differential rotation (Strassmeier,
2009b); (4) the method is inherently one-dimensional (disk-integrated photometry), so it
cannot resolve the sign of differential rotation (whether equatorial or polar regions rotate
faster).

4.6 Individual Spot Modeling

An alternative to periodogram-based approaches is to fit an analytic spot model directly to
the lightcurve, treating each spot as a circular region on the stellar surface parameterized
by its latitude, longitude, radius, and contrast relative to the photosphere. The analytic
framework of Kipping (2012) provides a computationally efficient forward model in which
the flux deficit from each spot depends on its projected area and limb-darkening-weighted
visibility as the star rotates. When combined with prescriptions for spot emergence and
decay (typically modeled as trapezoidal or exponential temporal profiles), this approach
can generate realistic synthetic lightcurves from a specified number of spots with known
properties, enabling direct comparison with observations.

The primary appeal of individual spot modeling is that the model parameters have clear
physical meaning: one can in principle recover spot latitudes, sizes, lifetimes, and—if spots
exist at different latitudes—the differential rotation rate. However, as discussed in the pre-
ceding section, this approach is severely limited by parameter degeneracies inherent to disk-
integrated photometry (Walkowicz et al., 2013; Basri & Shah, 2020). Additionally, the
number of spots on the stellar surface is itself unknown and must be determined through
model selection, adding a discrete combinatorial dimension to the inference problem.

Ikuta et al. (2020) developed a Bayesian framework for starspot mapping that addresses
several of these challenges. Their code uses the analytic spot model of Kipping (2012)
with circular spots whose radii evolve via trapezoidal temporal profiles, and includes dif-
ferential rotation as a free parameter through the standard solar-like rotation law Q(®) =
Qeq(1 — ksin® @). Each spot is parameterized by its latitude, initial longitude, maximum
radius, emergence duration, decay duration, stable duration, spot contrast, and reference
time, yielding ~8 parameters per spot plus global stellar parameters (inclination, equatorial
period, differential rotation, and spot contrast). To explore this high-dimensional, multi-
modal posterior, they employ an adaptive parallel tempering algorithm that runs multiple
MCMC chains at different “temperatures,” allowing chains to exchange states and thereby es-
cape local minima. They additionally use an importance sampling algorithm to compute the
Bayesian model evidence Z for models with different numbers of spots, enabling principled
model selection.

Testing on synthetic Kepler-like lightcurves with two and three spots, Ikuta et al. (2020)
demonstrated that the correct number of spots can be determined via model evidence com-
parison, with the true model preferred by Alog Z > 900 over alternatives. However, as
shown in Tkuta et al. (2020) the problem is highly degenerate with respect to spot lati-
tude, inclination, size, and contrast and that multiple combinations of these parameters can
produce nearly identical lightcurves.

These results illustrate a fundamental tension in individual spot modeling: the approach
is most informative when only a few large, long-lived spots dominate the lightcurve, but real
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stars (particularly solar-like stars) are expected to host many smaller, shorter-lived spots
whose individual contributions overlap and cannot be uniquely decomposed. This motivates
statistical approaches that model the ensemble properties of spots rather than individual
spot parameters, which is the philosophy underlying the GP kernel developed in Chapter 4
of this thesis.

4.7 Transit Spot-Crossing Events

For transiting exoplanet systems, the planet can serve as a spatial probe of the stellar
surface. When a planet transits across a starspot, it temporarily occults the dark region,
producing a brief brightening (bump) in the transit lightcurve. If the same spot is crossed
on successive transits, the change in the spot’s apparent longitude between transits reveals
the local rotation rate at the spot’s latitude.

This technique has been applied to a growing number of transiting exoplanet systems.
Sanchis-Ojeda et al. (2013a) characterized the polar orbit of Kepler-63b and used transit
spot-crossings to constrain the stellar obliquity and spot latitude distribution. Morris et al.
(2017) used spot occultations by HAT-P-11b to show that the K4 dwarf hosts a low-latitude
spot distribution strikingly similar to the Sun at activity maximum, providing evidence for a
solar-like a—2 dynamo. Netto & Valio (2020) constructed the first stellar butterfly diagram
for Kepler-63 from 297 transit-mapped spots, revealing a bimodal latitude distribution and
a short magnetic cycle. Most recently, Aratjo & Valio (2023) used transit spot mapping of
13 stars spanning M to F spectral types to measure the dependence of differential rotation
shear on effective temperature and rotation period, and Sagynbayeva & Farr (2026) applied
a hierarchical Bayesian surface mapping framework to recover non-equatorial active latitude
bands on Kepler-17 and Kepler-63.

The transit spot-crossing method is unique in that it provides spatially resolved infor-
mation about the stellar surface without requiring rapid rotation. For favorably aligned
systems, the transit chord can constrain the spot’s latitude (given the system geometry),
breaking the latitude ambiguity inherent in disk-integrated photometry. It can also be ap-
plied to slowly rotating, faint stars observed by space missions (Kepler, TESS, PLATO) that
are inaccessible to spectroscopic methods.

However, this method is limited in that it requires a transiting planet with a favorable
orbital geometry. Furthermore, spot lifetimes must exceed the interval between transits
for the same spot to be re-detected. The transit chord samples only a narrow strip of the
stellar surface; different spot latitudes are only accessible if the orbital inclination and stellar
obliquity provide a range of impact parameters, or if the spot latitude distribution extends
across the chord.

4.8 Asteroseismology

Stellar oscillation modes are sensitive to the internal rotation profile of the star. In the pres-
ence of rotation, non-radial oscillation modes with azimuthal order m are split in frequency
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by an amount proportional to the angular velocity:

R g
W im =m / / Ky im(r,0) Qr,0) rdrdf, (1.9)
o Jo

where K, ;,,(r,0) are the rotational kernels that weight the contribution of each region
to the frequency splitting. For solar-like oscillators, the rotational splitting of p-modes is
dominated by conditions in the outer convective envelope, making the splittings sensitive to
surface differential rotation.

Gizon & Solanki (2003) showed that differential rotation produces an asymmetry in the
rotational multiplets: the m = +1 and m = —1 components are no longer equally spaced
from the m = 0 central peak if the rotation rate varies with latitude. The magnitude of this
asymmetry scales with the differential rotation parameter «.

However, in order to get good constraints on differential rotation, asteroseismology re-
quires extremely high-precision, long-duration photometry to resolve individual oscillation
modes (Kepler-quality data over months to years). The rotational splitting is typically very
small (~ 0.1-1puHz for solar-like stars), requiring low-noise data and careful peak-fitting.
The sensitivity to latitudinal differential rotation (as opposed to radial rotation gradients) is
limited for low-degree modes (I < 3), which are the only modes observable in disk-integrated
light.

Despite these challenges, asteroseismology offers the unique advantage of probing inter-
nal differential rotation, complementing the surface-only constraints from photometric and
spectroscopic methods. Lund et al. (2014) demonstrated through forward modeling that as-
teroseismology can in principle distinguish between solar-like and anti-solar rotation profiles,
with optimal sensitivity at stellar inclinations of ~60°-70°. Nielsen et al. (2015) compared
asteroseismic and starspot rotation periods for five Sun-like stars, finding agreement within
~4%, consistent with weak differential rotation. Benomar et al. (2018) detected latitudi-
nal differential rotation in 13 of 40 Kepler Sun-like stars, all showing solar-like profiles but
with shear approximately five times greater than the solar value — a result that significantly
exceeds predictions from numerical simulations. Schunker et al. (2016) proposed ensemble
asteroseismic fitting as a path to detecting systematic variations in radial differential rotation
across stellar populations with future missions such as PLATO.

4.9 Summary and Comparison of Methods

Table 1.1 summarizes the key characteristics of each method.

Each method probes differential rotation through a different physical channel and carries
distinct systematic biases. Photometric period variations and the GP approach developed in
this work are the most widely applicable, requiring only time-series photometry of spotted
stars, but they differ fundamentally in how they extract the differential rotation signal:
period tracking measures AP over long baselines as spots appear at different latitudes, while
the GP kernel encodes the differential rotation parameter x directly in the shape of the
autocovariance function (through the latitude-dependent broadening of the PSD harmonic
peaks.
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Table 1.1: Comparison of observational methods for measuring stellar differential rotation.

Method Data Required Applicable To

Spectral Line F'T Single spectrum Fast rotators (vsini > 12kms™!)
Doppler imaging Multi-epoch spectroscopy Fast rotators

Transit spot-crossing Transit lightcurves Transiting systems
Asteroseismology Photometric time series Solar-like oscillators

GP kernel fitting (this work) Photometric time series Al spotted stars

4.10 Findings from the Literature

Several decades of observational work have established broad empirical trends in how dif-
ferential rotation varies with stellar properties, though significant tension remains between
different measurement techniques and between observations and theory.

Dependence on effective temperature: The most robust observational result is a strong
positive correlation between the absolute differential rotation shear A2 and stellar effective
temperature. From Doppler imaging of 10 late-type stars spanning G2 to M2, Barnes et al.
(2005) found a steep power-law dependence AQ o< T57*03 with M dwarfs showing surface
shear an order of magnitude weaker than early G stars. This temperature dependence is
broadly consistent with mean-field models of differential rotation (Kiiker & Riidiger, 2011), in
which the vigor of convective angular momentum transport (which scales with the depth and
velocity of the convective envelope) controls the resulting latitudinal shear. Eiff & Reiners
(2012) extended the Fourier transform method to ~180 A-F stars and found evidence for two
populations of differential rotators: rapidly rotating A stars near the granulation boundary
and moderately rotating mid- to late-F stars, with the frequency of detections decreasing for
hotter and faster-rotating stars. The Doppler imaging compilation of Kévari et al. (2017)
confirmed the temperature trend across a broader sample, finding A2 Tff'fﬂ'o from an
unweighted fit to all available measurements.

Dependence on rotation period: The dependence of differential rotation on the stellar
rotation rate is more subtle and method-dependent. Barnes et al. (2005) found that AQ
is nearly independent of rotation rate (AQ oc Q%154010) “implying that the relative shear
a = AQ/Q., increases strongly with rotation period (i.e., slowly rotating stars have larger
relative shear). This trend is confirmed by Kévari et al. (2017), who found a & P, [d]/200 for
single late-type stars. However, members of close binary systems show significantly weaker
differential rotation at the same rotation period, with a shallower slope a =~ (0.0049 +
0.0001) Pt [d], suggesting that tidal forces constrain the surface shear (Kévari et al., 2017).

From photometric period variations, Reinhold & Gizon (2015) found a o< P27 for ~12,300
active Kepler stars cooler than 6700 K, broadly consistent with the Doppler imaging results.
However, as Reinhold & Gizon (2015) acknowledge, the detected period differences can arise
from both differential rotation and spot evolution, and no method currently exists to reliably
separate these effects in disk-integrated photometry.

Transit spot mapping: Using starspot transit mapping of 13 slowly rotating stars (P >
4.5days) spanning M to F spectral types, Aratujo & Valio (2023) found a significant anti-
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correlation between AQ and the average rotation period (Pearson r = —0.77), but only
a weak correlation between A2 and effective temperature (r = 0.21). The transit map-
ping technique probes differential rotation at the specific latitudes sampled by the transit
chord, which may explain some of the quantitative differences with Doppler imaging and
photometric results that sample different latitude ranges.

Asteroseismology: Asteroseismic measurements have produced some of the most surpris-
ing results. Benomar et al. (2018) detected latitudinal differential rotation in 13 of 40
Kepler Sun-like stars, all showing solar-like profiles (equator faster than poles), but with a
median shear from equator to 45° latitude approximately five times greater than the solar
value. This unexpectedly large shear significantly exceeds predictions from 3D convection
simulations (Brun et al., 2017a) and poses a major challenge to theoretical models. In con-
trast, Nielsen et al. (2015) found no statistically significant difference between asteroseismic
(envelope-averaged) and starspot (surface) rotation periods for five Sun-like stars, consistent
with weak radial differential rotation.

Simulations: Three-dimensional magnetohydrodynamic simulations of rotating convection
predict that the transition between solar-like and anti-solar differential rotation depends on
the fluid Rossby number (Guerrero et al., 2013a; Brun et al., 2017a). Brun et al. (2017a)
found a scaling |AQ| oc (M, /Mg) 3R calibrated from 15 ASH simulations spanning 0.5—
1.1 My, and Augustson et al. (2012) reported AQ oc M5 7% for F-type stars. These simula-
tions generally predict weaker latitudinal shear than is observed asteroseismically (Benomar
et al., 2018), suggesting that important physics (potentially related to turbulent anisotropy,
magnetic feedback, or near-surface dynamics (Vasil et al., 2024)) is missing from current
models.

Summary of tensions: The observational picture is broadly consistent across methods: dif-
ferential rotation shear increases with effective temperature and decreases (in absolute terms)
for faster rotators. However, significant quantitative disagreements persist between tech-
niques, and the asteroseismic shear values substantially exceed both photometric/Doppler
estimates and theoretical predictions. These tensions motivate the development of new,
physically grounded methods — such as the GP kernel approach presented in this thesis —
that can provide independent constraints on differential rotation from the large photometric
datasets now available.

5 Thesis Work

5.1 Paper I: alabi

In Paper I (Chapter 2), I present alabi (Active Learning for Accelerated Bayesian Inference),
an open-source Python package for performing Bayesian inference with computationally ex-
pensive models. alabi trains a Gaussian process surrogate model to emulate the likelihood
function and employs active learning to iteratively improve predictive performance in high-
likelihood regions, enabling accurate posterior estimation while reducing the number of ex-
pensive model evaluations by factors of thousands. The package provides a uniform interface
to multiple MCMC and nested sampling backends, and I demonstrate speedups of 10-1000x
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on problems with up to 64 dimensions when the likelihood evaluation time exceeds 2 1s.

This work lays the methodological foundation for the subsequent chapters: the surrogate-
accelerated inference framework developed here is directly applied in Paper II to constrain
tidal dissipation in binary stars, where individual forward model evaluations require inte-
grating coupled differential equations over Gyr timescales.

alabi has wide-ranging applications, including Birky et al. (2025), which used alabi to
perform simulated inference of binary evolution, Birky et al. (2021a) to infer the XUV lu-
minosity history of exoplanet host, Trappist-1. I have also developed the package vplanet
_inference for performing statistical inference with vplanet and alabi, which has been
used in Gilbert-Janizek et al. (2026) to optimize a large parameter space and identify plane-
tary evolution models that can reproduce Earth-like habitable conditions, as well as Barnes
et al. (2026) to constrain the range of cumulative XUV flux on GJ 1132 b.

5.2 Paper II: Binary Tides

In Paper II (Chapter 3), I assess the prospects and limitations of constraining equilibrium
tidal dissipation in low-mass binary stars. Using global sensitivity analysis and simulated
Bayesian inference (accelerated with alabi), I systematically characterize how sensitive ob-
servable properties (orbital period, rotation period, and eccentricity) are to the tidal quality
factor Q and other model inputs, including initial conditions, stellar evolution, and magnetic
braking. My analysis reveals that constraining Q from individual systems is fundamentally
challenging due to strong degeneracies between Q and the unknown initial orbital and rota-
tional states, helping to explain the orders-of-magnitude scatter (Q ~ 10°-10%) reported in
the literature for solar-type stars.

I further examine the intriguing population of subsynchronous binaries discovered in the
Kepler eclipsing binary catalog, in which ~15% of systems exhibit rotation periods ~13%
slower than their orbital periods. This population has been hypothesized to arise from dif-
ferential rotation, in which starspots at high latitudes rotate more slowly than the tidally
synchronized equator, motivating the development of methods to measure differential rota-
tion from photometric lightcurves — the subject of Paper III.

5.3 Paper III: GP models for Stellar Variability

In Paper IIT (Chapter 4), I derive a physically motivated Gaussian process kernel for modeling
starspot variability from photometric lightcurves. Starting from an analytic starspot flux
model, I obtain a closed-form kernel function whose hyperparameters directly correspond
to physical quantities: equatorial rotation period, differential rotation, stellar inclination,
spot lifetimes, and spot emergence/decay timescales. I validate the analytic kernel against
numerical Monte Carlo simulations and show that it captures harmonic structure and non-
sinusoidal periodicity absent in standard quasi-periodic kernels, while providing significant
computational speedups through a sparse banded matrix solver that reduces GP inference
complexity from O(N3) to O(NbV?).

I apply this GP model to Kepler-63 and demonstrate that I can recover an inclination con-
sistent with spectroscopic v, sin I measurements and spot properties consistent with transit
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spot-crossing analysis, including differential rotation and spot lifetimes. This work repre-
sents the first demonstration that differential rotation can be inferred from one-dimensional
photometric lightcurves using a physically interpretable Gaussian process, opening the door
to measuring surface differential rotation across the large stellar samples observed by Kepler
and TESS.
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1 Introduction

7 o < % he exponential growth in data availability and model complexity across computa-
g‘v\@ tional sciences is transforming the landscape of scientific inference. Although this
(&@ data abundance offers unprecedented opportunities for discovery, it also presents

computational challenges that strain traditional analytical approaches. Simula-
tions, or forward models, that predict the outcomes of different conditions are highly useful
for gaining insight from datasets. Bayesian inference provides a natural framework for in-
corporating prior knowledge, quantifying uncertainty, and making robust decisions under
uncertainty (Gelman et al., 2013; Murphy, 2012). However, the computational demands of
Bayesian methods often render them impractical for complex, high-dimensional problems
that characterize modern scientific applications.

The computational bottleneck in Bayesian inference stems primarily from the need to eval-
uate complex likelihood functions to properly explore the parameter space. Traditional ap-
proaches, particularly Markov chain Monte Carlo (MCMC) methods (Hogg et al., 2010; Spea-
gle, 2020a), require extensive sampling to achieve convergence, making them prohibitively
expensive for models with costly likelihood evaluations. This limitation is especially pro-
nounced in applications that involve large-scale simulations, partial differential equations, or
models with intricate hierarchical structures, where each likelihood evaluation may require
substantial computational resources.

Recent advances in machine learning offer promising avenues for addressing these compu-
tational challenges (e.g. Cranmer et al., 2020). This paper introduces alabi': a comprehen-
sive framework for accelerated Bayesian inference that uses machine learning techniques to
overcome the computational limitations of traditional methods. Our approach addresses the
critical need for scalable inference tools in computationally expensive scientific models by
providing efficient posterior approximations while maintaining statistical rigor. We present
both the theoretical foundations and the practical implementation of alabi, demonstrating
its effectiveness in various benchmarks and providing guidance to practitioners facing similar
computational challenges.

Other similar packages for performing active learning with Gaussian processes include
APPROXPOSTERIOR (Fleming & VanderPlas, 2018), botorch (Balandat et al., 2020), Bayesian
Optimization (Nogueira, 2014), scikit-optimize (Head et al., 2020), GPry El Gammal
et al. (2023), BOBE Cohen et al. (2026), and MCMC-BO Yi et al. (2024). One common chal-
lenge between these types of framework is that they require many steps to train accurately.
These steps often involve choosing different algorithms and tuning many free parameters,
which can be a steep learning curve for new users and require many trials and experiments
to understand. Furthermore, there are a number of common failure modes in which the steps
of the process can easily become numerically unstable and fail (such as poorly conditioned
matrices, poor hyperparameter optimization, poor GP convergence, or poor MCMC conver-
gence). In practice, these challenges make it difficult to train surrogate models for Bayesian
problems, as it is often difficult to diagnose where an underlying problem is occurring and
identify the setting that will fix the issue.

If not conditioned well, GP models also suffer from the “curse of dimensionality” problem,

thttps://github.com /jbirky /alabi
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in which the number of training points needed to achieve convergence scales exponentially
with the number of dimensions. This effect is well documented in the GP literature (e.g., see
Binois & Wycoff 2022 for a detailed review). In this paper, we discuss how alabi improves
its training performance for high dimensions over a naively implemented GP.

The goal of this work is not to present novel algorithms or replacements for existing
codes, but rather to develop a “best practice” guide on how a user might choose different
configurations for their problem. alabi is designed to create a flexible, yet user-friendly
framework for easily testing between different GP surrogate models and /or MCMC samplers,
and includes comprehensive documentation on a variety of benchmark problems.

The remainder of this paper is structured as follows. Section 2 presents the theoreti-
cal framework underlying alabi, including the machine learning techniques employed for
posterior approximation. Section 3 details the software implementation, user interface, and
provides comprehensive examples in Python. Section 4 evaluates alabi’s performance across
multiple benchmark problems, comparing accuracy and computational efficiency against tra-
ditional methods. Finally, Section 5 discusses the practical implications of our results, iden-
tifies current limitations, and provides guidance for selecting appropriate inference strategies
for different problem cases.

2 Methods

The alabi Python package provides a user-friendly and efficient platform for performing
Bayesian inference with computationally expensive models. Given a likelihood function
defined by the user (usually constructed from a forward model and observational data),
alabi trains a Gaussian process (GP) surrogate model to emulate the likelihood function.
As described in this section, the GP is trained in an iterative process designed to minimize
the overall computational expense. This training process consists of two parts: the Gaussian
process and an active learning algorithm.

2.1 Bayesian Inference

In typical Bayesian inference problems, the goal is usually to sample the posterior distribu-
tion:

P(D[6) - P(6)

P(MD)
where P(D|0) is the likelihood probability of a model with parameters © given data D. P(O)
is known as the prior which incorporates previously known information, P(D) is known as
the evidence, and P(O|D) is the posterior.

The fundamental challenge in computing the posterior distribution lies in evaluating the
evidence term P (D), which requires integrating over the entire parameter space:

P(O|D) = (2.1)

P(D) = / P(D|©) - P(©)do. (2.2)
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This integral is analytically intractable for most realistic models, particularly for high-
dimensional parameter spaces. Direct numerical integration methods become computation-
ally prohibitive because the volume of the parameter space grows exponentially with each
additional dimension. MCMC methods circumvent this problem by generating samples from
the posterior distribution without explicitly computing the evidence term, since the normal-
ization constant cancels out in the acceptance ratios used by MCMC algorithms. However,
MCMC sampling remains computationally intensive because it requires evaluating the likeli-
hood function P(D|O) at each proposed step in the chain, and achieving adequate sampling
of the posterior often requires millions of likelihood evaluations to ensure proper convergence,
particularly when dealing with complex, multi-modal, or highly correlated parameter spaces.

For likelihood functions that are slow to evaluate, alabi is designed to speed up MCMC
computations by replacing the likelihood function with a surrogate model, which once trained,
can quickly be evaluated for millions of samples for robust MCMC sampling. As a conceptual
overview, Figure 2.1 shows the workflow for traditional MCMC inference, while Figure 2.2
shows the workflow for MCMC inference using alabi. In both cases the user input and
output are the same: the user defines the likelihood function and prior function for their
problem, and the framework returns the computed posterior samples. While under the
hood alabi requires more steps, alabi is modularized such that it remains easy to use
on any black-box likelihood function. This modularity allows the user a high degree of
flexibility to define their likelihood and prior functions as is appropriate for their problem,
while abstracting away the details of surrogate model training.

likelihood

function \
) / function
prior

function

posterior

Y

MCMC
sampler

posterior
samples

Figure 2.1: Schematic showing the steps involved in using a traditional MCMC sampler.

2.2 Gaussian Process

The key difference between alabi (Fig. 2.2) and standard MCMC (Fig. 2.1) is the use of GP
regression to emulate the likelihood function. GPs provide a flexible and powerful framework
for modeling and inference in various domains, including machine learning, statistics, and
computational science. A GP defines a distribution over functions, such that any finite
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Figure 2.2: Schematic of the alabi framework. The user defines their likelihood and prior
functions as inputs to alabi, and alabi returns samples of the posterior.
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set of function values follows a multivariate Gaussian distribution. This property makes
GPs particularly suitable for modeling complex and nonlinear relationships in data. In this
section we give a brief overview of GPs; for an in-depth review see Rasmussen & Williams
(2006).

A GP is defined by a mean function, denoted as m(x), and covariance function (or kernel),
denoted as k(x,x’). The mean function captures the overall trend of the underlying func-
tion, while the covariance function characterizes the dependency structure and smoothness
properties. Mathematically, a GP is defined by a multivariate Gaussian:

GP(x) ~ N (u(x), k(x,x)), (2.3)

where x € R™ is an input vector with m dimensions, u(x) is the mean function representing
the expected value of the function at each input point x, and k(x,x’) is the covariance
function modeling the correlation between function values at different input points x and x’.
This kernel function, chosen by the user, effectively quantifies the smoothness and spatial
properties of the GP.

An example of a commonly used kernel function that performs well on a wide range of
functions is the squared exponential kernel:

ksp(r) = A - exp (-%ﬂ) : (2.4)

where r is the scaled separation (r = |x — x'|/¢) between two given input points x and x’, ¢
is a kernel hyperparameter that defines the length scale of the correlation in each dimension,
and A is the hyperparameter that defines the amplitude.

Other options for kernels compatible with alabi include the Matern-3/2 kernel:
Faigjo(r) = A - (1 + \/37"2) exp(—\/ 37"2), (2.5)

or the Matern-5/2 kernel:
5r?
Faspe(r) = A- [ 1+ Vor2 + 5 exp(—v 5r2). (2.6)

Figure 2.3 compares the exponential squared, Matern-3/2, and Matern-5/2 kernels. While
the shapes of each function are qualitatively similar, the Matern-3/2 kernel has a steeper peak
at small separations, while the exponential squared kernel is flatter at small separations. In
Section 4 we test each of these kernels on different examples and discuss their performance.

The kernel function is used to construct the covariance matrix K of the GP. Following
Ambikasaran et al. (2015); Rasmussen & Williams (2006), we add a diagonal white noise
term to the kernel

Kij = k(zi, 7;) + o021, (2.7)

where K;; are the elements of covariance matrix K € R™*", o2 is the variance of the Gaussian
white noise distribution, and I is the identity matrix.

The free parameters of the covariance matrix are known as hyperparameters of the GP.
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Figure 2.3: Plot comparing the shape of different kernel functions, with length scale ¢ = 1
and amplitude A = 1.

These hyperparameters, which we denote as € include parameters such as the length scales
of each dimension, amplitude, and white noise variance, e.g., 0 = {ly,...,ln, A, 0, ...}. In
Section 2.4 we discuss different methods for tuning these free parameters.

2.3 Training with Active Learning

Training the GP surrogate model consists of two steps: first, an initial sampling phase
in which the GP is trained on evenly sampled grid points, and second, an active learning
sampling phase in which new training points are iteratively selected to optimally improve
GP convergence.

New points are chosen by first evaluating the predicted output of the current iteration of
the GP. For any point in the input domain, z*, the GP outputs a distribution of outcomes
y* = GP(x*). Taking the expectation values over the distribution, one can compute the
predictive mean and variance at point z* as:

Ely'] = k(z., %) Ky
Var[y] = k(z., 2.) — k(z,,x)T K 'k(x,,x)".

To avoid confusion, k(x,,z,) € R is a scalar with the kernel function evaluated at x., while
k(xz.,x) € R™ is a vector between test point z, and training data x, and K € R™" is the
matrix computed with the training data x and white noise (Eqn. 2.7).

alabi implements several different algorithms known as acquisition functions to perform
active learning. One of the most common acquisition functions is called the Expected Im-
provement (EI; Jones et al., 1998), which is

UjoneS(X) = (Mt(x) — frest — O‘D(Z) + Ut(X)\I’(Z), (2.10)

where 2 = (¢ — frest — )/, ps and o? are the predictive mean and variance of the GP,
calculated from the kernel using Equations (2.8) and (2.9) at the test point X, fhes is the op-

31



Chapter 2. alabi: Active Learning for Accelerated Bayesian Inference

Ninitial = 5, active learning iterations = 0 Ninitial = 5, active learning iterations = 20

=)

|
—

|
o

|
w

|
IS

|
S

GP surrogate model
GP surrogate model

|
o

| N [ pe— true function
el o GPfit
) _ %1010

----- true function :

&

Jones function

|
—
)
S
3

,_

Jones function

= —20.0 AGP
—— BAPE

L—10.00 Jones 0.0

o

0.05

Active Learning function
Active Learning function
|
&
o

|
o
o

w

) i 0 1 2 3 2 1 0 1 3
X X

Figure 2.4: Demonstration of a GP trained on a 1D probability distribution function.
The left panels show the GP conditioned on Ny, = 5 initial training points, while the
right panel shows the GP conditioned on Nj,ii. = 5 initial training points plus Nyctive = 20
active learning points. The top panels show the true function in black compared to the GP
prediction conditioned on the training points in red, where the red line shows the GP mean
prediction and the shaded red region show the 1-0 standard deviation of the prediction. The
bottom panel shows the Jones, BAPE and AGP acquisition functions Equations (2.10-2.12)
as a function of input parameter z, with the left y-axis (in black) showing the magnitude of
the BAPE and AGP functions, and the right y-axis (in purple) showing the magnitude of
the Jones function. The dashed vertical lines show the maximum value of each acquisition
function, indicating where the next training point will be chosen according to that algorithm.

timal value in the current training sample, ® is the standard normal cumulative distribution
function, and ¥ is the standard normal probability distribution function. There is also a free
parameter ¢, which tunes the algorithm’s priority for exploration vs. exploitation. A higher
¢(> 0) value focuses on exploring a wider range of parameter space, while a lower ((= 0)
value focuses on converging to the local optimum. As such, a higher ( is less susceptible to
converging to a local minimum and better for finding the global maximum (important for
multimodal functions), while a lower ( is better for quicker convergence. The Jones function
is ideal for problems in which the user aims to find the local/global minimum or maximum
of a computationally expensive function.

For Bayesian inference problems, alabi implements acquisition functions known as Bayesian
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Active Learning for Posterior Estimation (BAPE; Kandasamy et al., 2017), and Adaptive
Gaussian Process (AGP; Wang & Li, 2018). The BAPE and AGP acquisition functions pri-
oritize selecting new training points where the GP has high uncertainty and high probability.
The acquisition functions for the BAPE and AGP are defined as:

Unape(x) = exp[2014(x) + 02(x)] - (exp[o?(x)] — 1) (2.11)

Unep (%) = 1u(x) + %log 2 exp [o2(x)] |, (2.12)

where p and o2 are the predictive mean and variance, Equations (2.8-2.9).

Figure 2.4 shows an example of each acquisition function applied to a GP surrogate model.
Top panels show the mean and variance prediction of the GP. The bottom panels show active
learning acquisition functions, where blue is the BAPE function (Kandasamy et al., 2017),
green is the AGP function (Wang & Li, 2018), and purple is the Jones function (Jones et al.,
1998) plotted on a separate y scale. The vertical dashed lines indicate the optimal next point
to evaluate the model to improve the GP fit. While the Jones function is concentrated on
the maximal function value, the BAPE and AGP functions optimize for selecting new points
with high probability and high GP prediction uncertainty.

2.4 Hyperparameter Optimization

alabi implements two different options for GP hyperparameter optimization: (1) marginal
likelihood optimization, and (2) cross-validation.

2.4.1 Marginal Likelihood Approach

In the marginal likelihood optimization approach, hyperparameters are chosen by solving for
the set of 0 = {ly,...,lin, A, 0y, ...} that maximizes the log marginal likelihood:

log P(yl|x,0) = —%yTK_ly - %log | K| — glog 2w, (2.13)
where K is the covariance matrix with elements given by Eqn. 2.7. The term —3y’ K 'y
accounts for the data fit (which decreases with length scale), the term —3 log |K| serves as
a complexity penalty (which increases with length scale), and the term —% log 27 acts as a
normalization constant (see Section 5.4 of Rasmussen & Williams, 2006).

In principle, the complexity penalty should steer the solution away from over-fitting to
the data. However, performance can be poor for high dimensions, as the length scale needed
to properly condition a GP increases with the number of dimensions (Hvarfner et al., 2024).
This difference may not be immediately intuitive, but if we consider randomly sampled
points from a unit cube, the average pairwise distance between any given points increases
as the number of dimensions of the space increases. For stationary kernels, the kernel value
decreases to 0 as the distance between two points increases.

Thus, to maintain correlations in high dimensions, larger length scales are needed. To
address this issue, we adopt the length scale regularization function from Hvarfner et al.
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(2024):

log(N, im
P(l;) =log N (Me + %, O'g) (2.14)
where Ny, is the number of dimensions of the parameter space, py, = 2 is the mean offset,
and oy = 1 is the standard deviation for the length scale distribution. Hvarfner et al. (2024)
show that the addition of this regularization function can improve the performance of simple
stationary kernels in high dimensions without resorting to more complex kernel functions.

Optionally (for higher dimensional problems), the user can apply the Hvarfner et al.
(2024) length scale regularization term by setting the regularization weight w, > 0. Thus,
the optimization problem becomes:

0,y = argmax | log P(y|x,0) + w, - P({;) (2.15)
9 Vv - ~ Vv -
marginal likelihood  regularization

using the marginal likelihood (2.13) and the length scale regularization term (2.14). In
practice, we use the george (Ambikasaran et al., 2015) Python implementation for GP
training, and optimize hyperparameters numerically using scikit-optimize (Head et al.,
2020). alabi automatically makes use of the gradient function, enabling the user to use
gradient-based optimization methods such as the Newton-CG algorithm (Gould et al., 1999),
which can speed up the optimization by a factor ~ 100x compared to non-gradient methods
such as the Nelder-Mead algorithm (Nelder & Mead, 1965).

2.4.2 Cross-validation Approach

Another method for optimizing GP hyperparameters is the k-fold cross-validation approach.
In the k-fold cross validation approach (Stone, 1974; Kohavi, 1995), the training sample is
divided into k evenly distributed subsamples, indexed by j € {1,...,k}. To compute the
best set of hyperparameters 6, we select a subset x; and compute the GP prediction while
training on all samples not including set j (which we denote as x,;). We then compute
the mean squared error between the GP prediction for x;, and the true values y(x;). This
calculation is repeated for all subsets j € {1,...,k}, and the total cross-validation score for
a given set of hyperparameters is the sum of the mean squared error over all j. Thus, the
optimal cross-validation hyperparameters are given by:

k
. ) 2
0., = arg mlnz [GP(xj;%/;,0) — y(x;)], (2.16)
0 :

7j=1

where GP(x;;%/;,0) is the GP prediction for the sample x; trained on dataset x,; with
hyperparameters 6, and y(x;) is the true value. This method is often more robust at pre-
venting over-fitting than the marginal likelihood approach (2.4.1), however, it is usually
more computationally expensive to perform as it requires retraining the GP k times per set

of hyperparameters considered.
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2.5 Scaling the Training Data

In many multi-dimensional problems, the ranges of interest for each parameter may have
very different length scales, which can sometimes be orders of magnitude different. To better
condition the data set for the GP fitting, alabi implements different scaling options. By
default alabi uses a minmax scaler to scale training inputs to the range [0,1] when training
the GP, and implements transform functions so that the user can easily call the GP model
in real coordinates.

Another documented issue for training GPs in high dimensions is the boundary sampling
issue, in which the acquisition function optimization (2.3) tends to over sample the edges
of the prior boundaries (Swersky, 2017). To account for cases in which boundary clustering
becomes an issue with active learning, alabi implements the option for applying the beta
warping function from Swersky (2017):

() - T; ua—l(l _ U)B—l y
w;(z;) —/0 Bo.5) du, (2.17)

where B is the beta distribution with scale parameters o and f5.

2.6 Markov Chain Monte Carlo

alabi is modularized to interface with different MCMC packages for sampling posterior dis-
tributions, given any black-box likelihood function. Currently alabi provides integrated sup-
port for the emcee affine-invariant sampling package (Foreman-Mackey et al., 2013), as well
as the nested sampling (Skilling, 2004) packages dynesty (Speagle, 2020b) and pymultinest
(Feroz et al., 2009; Buchner et al., 2014) and ultranest (Buchner, 2021). For a detailed
description of each algorithm, see their respective papers. alabi provides a unified interface
for conveniently testing different samplers on their problem.

2.7 Performance Metrics

The performance of alabi depends on how well the GP surrogate model converges to the
true model after training the model with active learning. To quantify how well the surrogate
model is performing, we compute the Kullback-Leibler Divergence and test error metrics to
assess the convergence between the surrogate and true model as a function of active learning
iteration.

2.7.1 Kullback-Leibler Divergence

The dissimilarity between two probability distributions P and () can be quantified by the
Kullback-Leibler (KL) divergence metric:

P2 s o, (2.18)

D (PIQ) = [ poytox |22

D
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where P(x) and Q(z) represent two probability density functions, and the integral is taken
over the prior domain D. The KL divergence measures the average difference in the log-
arithm of the ratio of probabilities between the two distributions. It indicates how much
information is lost when using @) to approximate P. If Dk (P||Q) = 0, it implies that
the two distributions are identical, whereas a larger KL divergence value indicates greater
dissimilarity.

When the distributions P(x) ~ N (u1, K1) and Q(x) ~ N (e, K3) are both k-dimensional
Gaussian distributions, KL divergence between two P(x) and Q(x) can be written as:

1 K
Dk (P||Q) = 3 log%#—/ﬂ’f({lu—l—tr (K{lKl) — k|, (2.19)

where K is the covariance matrix of P, K is the covariance matrix of @), and p = puy — o
is the difference in the mean of P and ). We apply this KLi divergence metric in Section 4
to benchmark how well sampling with alabi compares to the ground truth.

For the general case, when the distributions P and/or @) are not Gaussian, there are
a variety of different methods for estimating the KL divergence, which typically involve
computing Dk, (P||@) using density estimates of P and Q (see Perez-Cruz 2008 and the
citations therein). Following this approach, we numerically estimate the KL divergence by
first sampling the distributions using MCMC (2.6) to get samples z; ~ p(z). We then
use kernel density estimation (Rosenblatt, 1956; Parzen, 1962) to get the estimated density
functions p(x) and ¢(x), and estimate the integral in Equation (2.18) as the sum over all
samples x;:

Dxw(PIQ) =) plw:) log ‘75 () (2.20)

= G(z:)

which is equivalent to taking the mean over the difference in log distributions.

2.7.2 Test Sample Error

In most Bayesian inference problems that one would want to use alabi for, it would be
impractical to compute the KL divergence between the true distribution and the surrogate
model, as it would either require having an analytic function for the likelihood, or require
sampling the true function. As a more practical measure of convergence, alabi also includes
the option of computing the test error. These test points are computed from the true model,
but are held out from the training sample so that the accuracy of the surrogate model can
be quantified while not being biased by overfitting the GP. For example, given a set of Niest
test samples, we can compute the mean squared error as:

LS (e = vine() )
Amse: gpri] e z) y 2.21
Ntest ; ( ytrue(xi) ( )
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or we can compute the average percent error as:

. 1 Ntest

A =
prc
N test

ygp(xi) — Ytrue (Iz)
ytrue(xi)

% 100, (2.22)

i=1

where yiue(2;) is the prediction from the true model and yg,(z;) is the prediction from the
surrogate model at each point x; for i = 1,..., Ny in the test sample.

3 Implementation

3.1 Basic Example

The alabi package builds off of previous work known as APPROXPOSTERIOR (Fleming &
VanderPlas, 2018), with improved modularity, interface with additional sampling packages,
as well as user-friendly features for saving and benchmarking results. In this section we
provide a minimum use case example to familiarize users with the alabi workflow.

First the user defines a function to train the GP surrogate model. For the case of
a Bayesian inference problem this function would represent the posterior, In Posterior o
In Likelihood + In Prior. As a simple example, we define a 1-dimensional multimodal func-
tion to train (Figure 2.4):

import numpy as np
def 1np(x):
dl = 0.6 * np.exp(-(x + 2)**2/2)

d2 = 0.4 * np.exp(-(x - 2)**x2/2)
return np.log((dl + d2)/np.sqrt(2*np.pi))

The next step is to train the GP surrogate model using alabi. In this example, we start
with an initial training sample of ntrain=10 points, evenly sampled from the prior space
using the Sobol sampler (sampler="sobol").

import alabi
from alabi import SurrogateModel

kernel = "ExpSquaredKernel"
savedir = f'"results/{kernell}"

sm = SurrogateModel(lnlike_fn=I1np,
bounds=[(-5,5)],
savedir=savedir)

# Randomly sample 10 initial training points
sm.init_samples(ntrain=10, sampler="sobol")

We then initialize the GP model by fitting it to the initial training sample points. At this
stage, we can specify the kernel function (e.g., the exponential squared kernel, Eqn. 2.4)
as well as the additional hyperparameters (in this case an amplitude and mean parameter).
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alabi also has the option to set a white noise parameter, where the variable white_noise
sets the logarithm of the noise scale. The white noise option adds uncorrelated noise along
the diagonal of the covariance matrix (Eqn. 2.7) that improves the numerical stability of
computing the GP.

# Fit the GP to the initial training sample
sm.init_gp(kernel=kernel,

fit_amp=True,

fit_mean=True,

white_noise=-12)

After the GP surrogate model is trained on an initial sample of training points, the next
step is to iteratively sample new training points using active learning. At this stage, the
user can specify the number of iterations, niter and active learning algorithm, algorithm
(with options including "bape", "agp", or "jones"). The save_progress option (set to
True or False) allows the user to automatically cache results to a pickle file each time the
hyperparameters are optimized, which is useful if your computation may be interrupted or
restarted.

# Run the BAPE active learning algorithm for 20 iterations
sm.active_train(niter=20, algorithm="bape", gp_opt_freq=5, save_progress=True)
sm.plot(plots=["gp_all"])

As the GP trains on more data points, alabi has the option to improve the fit by re-
optimizing the hyperparameters after a specified number of iterations set by gp_opt_freq.
In this example we re-optimize the hyperparameters every 5 active learning iterations.

After training the GP, the MCMC sampler can be run to sample the surrogate model,
e.g., using the emcee and/or dynesty package:

# Run MCMC sampler with emcee
sm.run_emcee (nwalkers=10, nsteps=int(5e4))
sm.plot(plots=["emcee_all"])

# Run MCMC sampler with dynesty
sm.run_dynesty()
sm.plot(plots=["dynesty_all"])

At this stage, the user can define the prior function that they want to use to sample their
posterior. This modularity allows for the user to test different prior assumptions without
retraining the surrogate model on the likelihood function. If the prior function is left un-
specified, alabi will default to using a uniform prior.

Figure 2.5 shows the probability density of the true distribution compared to the sampling
with the GP surrogate model with emcee and dynesty. Results are automatically saved to
a pickle file that can be loaded and rerun:

sm = alabi.cache_utils.load_model_cache(savedir)

alabi also saves a summary of each training run in a human-readable text file that sum-
marizes the configuration parameters used.
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Figure 2.5: Probability density of the true distribution (black) compared to the MCMC
samples drawn from the GP surrogate model after 10 initial training samples + 20 active
learning training samples with emcee (blue) and dynesty (orange).

3.2 Advanced Usage

For more advanced usage, there are a number of different settings and hyperparameters of
the training process that can be adjusted to improve performance according to the user’s
problem, for example, the choices of: kernel function, the active learning algorithm, the
number of initial or active learning training points, or the MCMC sampler. alabi also in-
cludes functionality for running the GP training and MCMC sampling in parallel to make
use of multi-core hardware. To see examples and discussion of advanced use cases (such
as parallelization, defining custom priors, or creating diagnostic plots), see the most recent
documentation?.

Zhttps://jbirky.github.io /alabi/build /index.html
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Figure 2.6: An example using alabi for Bayesian optimization on a 1-dimensional multi-
modal function. The top panel shows the GP prediction and training points compared to
the true function. The bottom panel shows the convergence history of the GP as a function
of iteration.

4 Results and Performance

In this section, we provide some illustrative examples of how different alabi configuration
settings perform on a variety of test cases, including distributions with degeneracies, multi-
modalities, and high dimensionality. It is not always easy to determine which settings are
most appropriate for a given problem. However, in the following section, we present several
illustrative examples for a variety of test cases to provide an intuition for how to about se-
lect different settings in practice. We furthermore demonstrate the computational efficiency
of these methods in terms of computation time, number forward model evaluations. We
also compare the performance of the emcee, dynesty, ultranest, and pymultinest MCMC
sampling algorithms for each of the test cases.

In order to assess alabi’s performance on different test cases, we show how alabi performs
against several benchmarks where we know the ground truth. In most real-life use cases, the
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user does not know the ground truth for their posterior function. This section is designed to
provide a heuristic intuition for how alabi performs in different scenarios so that the user
can choose the training settings (e.g., number of training iterations, kernel function, MCMC
sampler) that are appropriate for their problem.

4.1 Bayesian Optimization

Bayesian optimization is a common application for this framework. Figure 2.6 shows how
alabi can be used to maximize a multimodal peaks function. As seen in the top plot, points
sampled by the Jones active learning algorithm are clustered around maximum function
values to improve the precision of the optimum value. In this example, the GP optimum
converges to the true optimum within 20 iterations.
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4.2 Benchmark Problems
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Figure 2.7: Two-dimensional Gaussian function (Example 4.2.1) with the true function
(left panel) compared to the GP surrogate model (right panel). The green points highlight
the quasi-uniform sampled initial training points, and the red points highlight training points
sampled iteratively using active learning.
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Figure 2.8: Rosenbrock function (Example 4.2.2).
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Figure 2.10: Eggbox function (Example 4.2.4).
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4.2.1 Example 1: 2-dimensional Gaussian

As a first example, we test alabi on a simple unimodal Gaussian distribution, with mean

and covariance parameters
0 0.2 —-0.1
o= ([I]. ]2 21)). oz

Figure 2.7 shows the true function compared to the GP surrogate model trained with 10
initial training samples, and 100 active learning samples. For a simple unimodal distribu-
tion, not many training points are needed to replicate the true function, which we show
quantitatively in Section 4.4.

4.2.2 Example 2: 2-dimensional Rosenbrock function

As a second example, we test the GP performance on a 2D function with a curved degeneracy
feature given in Wang & Li (2018):

fa(x) = exp —ﬁ(:ﬂl —1)% — (25 — x)?|, (2.24)

with the input defined over the prior domain z; € [—5,5]. Figure 2.8 shows the true function
compared to the GP surrogate model trained with 10 initial training samples, and 100 active
learning samples.

4.2.3 Example 3: 2-dimensional Gaussian shells

As a third example, we test how the GP performs with highly correlated features using the
Gaussian shells example from Speagle (2020b):

f3(x) = C(x|c1, 1, wy) + C(x|ca, re, w2), (2.25)

with the input defined over the domain z; € [—6, 6] and each circle is given by the distribu-

tion: ) ) )
_exp L= =)} (2.26)

C(x|e,r,w) =
2mw

Figure 2.9 shows the true function compared to the GP surrogate model trained with 50 ini-
tial training samples, and 200 active learning samples. Compared to the unimodal Gaussian
and Rosenbrock functions, the shape of the Gaussian shells function is more complex and
requires a greater number of training points to converge to the true model.

4.2.4 Example 4: 2-dimensional multimodal

As a fourth example, we test the GP performance on a highly multimodal 2D distribution
known as the eggbox function (Feroz et al., 2019):

fa(x) = exp { [2 + cos <%> cos <%>} 5} (2.27)
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with the input defined over the domain z; € [0,1]. Figure 2.10 shows the true function
compared to the GP surrogate model trained with 100 initial training samples, and 250
active learning samples. Out of all of the 2D examples we show, the egghox function is the
most difficult to model and takes the most number of training points to converge.

4.3 MCMC Results on the True Posteriors

alabi provides a flexible, and easy to use interface to switch between different popular
MCMC samplers. We first see how each MCMC sampler performs when sampling the true
functions. For this test, we use the configuration settings from Table 2.1 as the key word
options for each sampler, in the following example:

from alabi import SurrogateModel

from alabi import utility as ut

from functools import partial

from scipy.stats import multivariate_normal

gaussian_2d_fn = partial(
multivariate_normal.logpdf,
mean=np.zeros(2), cov=np.eye(2)*0.1)

bounds = [(-3, 3) for _ in range(2)]

# Set up uniform prior function (emcee format)

prior_fn = partial(ut.lnprior_uniform, bounds=bounds)

# Set up uniform prior tranform (dynesty/ultranest format)
prior_transform = partial(
ut.prior_transform_uniform, bounds=bounds)

# Use alabi as a wrapper for different MCMC samplers
sm = SurrogateModel (gaussian_2d_fn, bounds=bounds)

sm.run_emcee (like_fn=sm.true_log_likelihood,
prior_fn=prior_fn, **emcee_kwargs)

sm.run_dynesty(like_fn=sm.true_log_likelihood,
prior_transform=prior_transform,
sampler_kwargs=dynesty_sampler_kwargs,
run_kwargs=dynesty_run_kwargs)

sm.run_ultranest (like_fn=sm.true_log_likelihood,
prior_transform=prior_transform,
sampler_kwargs=ultranest_sampler_kwargs,
run_kwargs=ultranest_run_kwargs)

sm.run_pymultinest(
like_fn=sm.true_log_likelihood,
prior_transform=prior_transform,
sampler_kwargs=pymultinest_kwargs)

Table 2.2 summarizes how each MCMC sampler performs in sampling different functions
in terms of computational runtime, evidence error, number of effective posterior samples,
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and sampling efficiency. Each of the nested samplers was run with 1000 live points and run
until an evidence error of dlogz < 0.5 was achieved.

Each of the samplers perform well at sampling unimodal distributions (2D Gaussian and
rosenbrock), however only the nested samplers (dynesty, ultranest, and pymultinest)
converged for the multimodal examples (Gaussian shells and eggbox), while emcee failed to
converge, even running for longer chains of 1 x 10° steps. In terms of total computation time,
pymultinest generally performed the quickest of all samplers, but performed similarly to
the other samplers in terms of the efficiency of computing the number of effective samples
per second.

Table 2.1: MCMC sampler configuration parameters

’ Description \ Parameter \ Value ‘
emcee
Number of walkers nwalkers 10
Steps per walker nsteps 1 x 104
Burn-in steps burn 1x 103
dynesty
Number of live points nlive 1,000
Bounding method bound multi
Sampling method sample auto
Posterior weight fraction | pfrac 1.0
Maximum iterations maxiter 2 x 10%
Initial evidence tolerance | dlogz_init 0.5
UltraNest

Number of live points min_num_live_points | 1,000
Target effective samples | min_ess 2,000
Evidence tolerance dlogz 0.5

KL divergence tolerance | dKL 0.5

PyMultiNest

Number of live points n_live_points 1,000
Evidence tolerance evidence_tolerance | 0.5
Sampling efficiency sampling_efficiency | 0.8
Multimodal detection multimodal True
Maximum modes max_modes 20

4.4 GP performance with degeneracies and multimodalities

Next we use the true posteriors (computed in the previous section 4.3) as a baseline for
comparing the performance of GP surrogate models. We explore how well the GP converges
for the different 2-dimensional examples (Examples 4.2.1-4.2.4), by computing the KL di-
vergence (2.18) between the true distribution and GP surrogate distribution. Figure 2.11
shows how well the surrogate performs on the benchmark examples in Section 4.2. Each GP
surrogate model was trained using 10 initial training samples, and run for 250 active learning
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Table 2.2: MCMC Sampler Performance Summary

’ Sampler \ gaussian_ 2d \ rosenbrock \ gaussian_shells \ eggbox
Runtime (seconds)
emcee 13.7 6.0 5.6 4.2
dynesty 25.3 12.6 61.0 13.5
ultranest 15.3 13.8 18.5 15.1
pymultinest 3.9 4.2 3.7 3.3
Log Evidence (logZ =+ error)
emcee — — — —
dynesty -3.65 £ 0.04 | -2.55 £ 0.03 -1.65 £+ 0.03 -4.19 £+ 0.03
ultranest -3.62 £ 0.12 | -2.50 £ 0.07 -1.75 £ 0.08 -4.18 £ 0.08
pymultinest | -3.58 & 0.01 | -2.53 £ 0.01 -1.71 £ 0.01 -3.81 £ 0.03
Effective Samples
emcee 5,290 4,090 550 590
dynesty 15,860 14,820 15,270 14,631
ultranest 9,686 8,100 7,465 8,777
pymultinest 3,474 2,790 2,820 3,153
Sampling Efficiency (samples/sec)

emcee 386 684 98.9 142
dynesty 627 1.2k 251 1.1k
ultranest 634 588 403 583
pymultinest 891 667 755 960
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iterations. The colors denote three different kernels: Exponential Squared (blue; Eq. 2.4),
Matern 3/2 (red; Eq. 2.5), and Matern 5/2 (green; Eq. 2.6). Each line shows the median
KL divergence value over 30 random trials with the same training configuration, and the
upper and lower shaded regions show the 25th and 75th percentiles.

For the 2D Gaussian example, all kernels perform similarly well. The GP converges
quickly with just the 10 initial samples for the exponential squared and Matern-5/2 kernels,
and within ~ 10 active learning iterations for the Matern-3/2 kernel. For the Rosenbrock
example, the exponential squared kernel performs the best (converging within ~ 20 active
learning samples), while the Matern-3/2 kernel performs the worst (taking ~ 120 active
learning iterations to converge).

For the last two examples, we find that the kernel performance is the opposite: the
Matern-3/2 kernel performs the best, while the exponential squared kernel plateaus and
does not achieve the same performance even when adding more active learning samples.
This difference is due to the profile of the kernel function. Referring back to Figure 2.3, the
Matern-3/2 kernel has a steeper peak at small separations, whereas the exponential squared
kernel is flatter at small separations, and the Matern-5/2 kernel falls somewhere between the
two. This steeper peak of the Matern-3/2 kernel performs better at reproducing functions
with tightly correlated modes or features (which we see in the performance of the Gaussian
shells and eggbox example), while the flatter exponential squared kernel performs better on
functions with broader features (which we see in the 2D gaussian and Rosenbrock examples).

4.5 GP performance scaling with number of dimensions

We next test how well a GP surrogate model can replicate functions of higher dimensions
by training the surrogate on an N-dimensional Gaussian distribution:

1
€
/(2m) Vo det 5

< |2 (x— p) TS (x - )| | (2.28)

fs(x) = 5

where Ny, is the number of dimensions, ;v is the mean vector, and X is the covariance
matrix. For the true parameters of the N-dimensional Gaussian, we choose a mean vector
centered at zero in each dimension, and generate a random covariance matrix with elements
¥;; such that 33 is positive definite.

Next, we estimate the number of training samples required for the surrogate model to
converge when trained on Gaussian distributions with 16, 32, 48, and 64 dimensions. Figure
2.12 shows the test error measured as the average percent error. Here N, refers to the
number of initial training samples, N,.ive refers to the number of active learning samples,
and Ngi, refers to the number of dimensions of the problem. For each dimension shown
with different colored lines, we train the GP using 10 X Ny, initial samples and run for an
additional 1000 active learning iterations. We train the GP using an exponential squared
kernel, perform active learning with the BAPE algorithm, and optimize the hyperparameters
every 50 iterations using a 16-fold cross validation.

Figure 2.13 shows the true log-likelihood vs. the predicted log-likelihood of the surrogate
model. The left column shows the initial GP fit compared to the final GP fit after the
1000 active learning iterations. For < 32 dimensions, the GP performs converges to less
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than 1% error, given only the initial training samples (N = 10 X Ngj). For 48 and
64 dimensions, the fit is initially poor, but converges to < 1% error within 400 and 1000
iterations respectively. In all cases shown in Figure 2.13, the GP fits well to all of the training
sample points, but the panels with poor fits to the test sample (e.g. the initial fit for 48D
and 64D). These cases with low training error but poor test error mean that the GP is not
generalizing well to points that it wasn’t trained on, showing that the GP can be prone to
overfitting without enough training data.
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Figure 2.11: Performance of different GP kernel functions (exponential squared, Matern-
3/2, and Matern-5/2) perform for each of the four different 2-dimensional examples (the
Gaussian 2D, rosenbrock, gaussian shells, and eggbox functions), using dynesty to sample
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Figure 2.12: Surrogate model convergence as a function of active learning iterations (x-axis)
and number of dimensions (colored lines). For each dimension, we train a surrogate model
with 10 X Ny, initial training samples and compute how well the model converges in terms
of the percent error (y-axis) computed using test samples held out from the training sample.
The vertical dashed lines show the iterations in which we re-optimized the hyperparameters

(every

50 iterations).
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Figure 2.13: True log-likelihood (x-axis) vs. the predicted log-likelihood (y-axis), demon-
strating the accuracy of the surrogate model for the initial GP fit (left column) and the final
GP fit (right column). The initial GP is trained on Niy;; = 10 X Ngi, samples, and the final
GP is trained on Nyt + Nactive = 10 X Ngim + 1000 samples. The rows show the initial and
final GP fits for 8, 16, 32, 48, and 64 dimensional Gaussians, taken from the same runs as
Figure 2.12. The blue points show the predictions and mean squared error training sample,
and the red points show that of the test sample.
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4.6 Training data scaling

As discussed in Section 2.5, scaling the input training data is an important preprocessing
step that affects how the GP hyperparameters—particularly the kernel length scales—are
optimized. When inputs are scaled to a common range (e.g., [0, 1] via a min-max scaler), the
length scales become easier to interpret and constrain: values of order ~ 0.1-1 correspond
to correlations spanning a meaningful fraction of the parameter domain. Without scaling,
the length scale bounds must be matched to the raw coordinate ranges of each parameter,
which vary between problems.

To demonstrate the practical effect of length scale bounds on surrogate model quality, we
train a GP on a 4-dimensional correlated Gaussian likelihood:

1.00 0.60 0.30 -—0.20
0.60 1.00 0.10 0.40
0.30 0.10 1.00 0.50 '
—0.20 0.40 0.50 1.00

fo(x)=N[ 0, (2.29)

with each parameter defined over the domain 6; € [—4, 4]. Both configurations use Ny,;; = 40
initial Latin hypercube samples, N,.ive = 60 BAPE active learning iterations, the exponen-
tial squared kernel, min-max input scaling to [0, 1], L-BFGS-B hyperparameter optimization,
and cross-validation re-optimized every 20 iterations. The configurations differ only in the
allowed range of the kernel length scale hyperparameters, as summarized in Table 2.3.

Table 2.3: Hyperparameter configurations for the 4D Gaussian length scale comparison.
Both configurations share the same kernel, optimizer, input scaling, and training procedure.
The only difference is the allowed range of the GP length scale hyperparameters ¢.

Setting Config A Config B
Kernel ExpSquared  ExpSquared
0 scaling MinMax [0,1] MinMax [0, 1]
HP opt. method L-BFGS-B L-BFGS-B
log,,(¢) range —1,1] [—4, —2]
log,,(A) range 3, 5] 3, 5]
White noise (logo,) —12 (fixed) —12 (fixed)
Fit amplitude True True

Fit mean True True

alabi includes a plot_gp_predictions_1D diagnostic that visualizes the GP surrogate by
sweeping each input parameter individually while holding the remaining parameters fixed at a
reference point (typically the surrogate maximum found via find_max_surrogate). For each
dimension, the plot shows the GP predictive mean, the +2¢ uncertainty band, individual
function draws sampled from the GP posterior, and the training data. This diagnostic is
particularly useful in problems with more than two dimensions, where 2D contour plots can
only show pairwise projections.

Figure 2.14 shows the 1D diagnostic for Configuration A, where the length scale bounds
are set to log;((¢) € [—1,1]. Because the inputs have been scaled to [0, 1], length scales of
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order ~ 0.1-1 are appropriate for capturing the broad, smooth structure of the Gaussian
likelihood. The optimized length scales are log;,(¢) ~ 0.2-0.5 across the four dimensions.
The GP mean closely tracks the true log-likelihood (dashed red line), the uncertainty bands
are narrow near training data, and the individual GP draws are smooth and well-behaved.

GP predictions at surrogate maximum
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Figure 2.14: 1D GP prediction diagnostic for Configuration A (top panel), with well-chosen
length scale bounds (log;,(¢) € [—1,1]) v.s. Configuration B (bottom panel), with poorly
chosen length scale bounds (log,,(¢) € [—4, —2]). Each panel sweeps one parameter through
its full range while holding the other three fixed at the surrogate maximum. The blue line
shows the GP predictive mean, the shaded blue region shows the 420 uncertainty, the light
blue lines show individual function draws from the GP posterior, the orange points show the
training data, and the dashed red line shows the true log-likelihood. For Configuration A,
the optimized length scales (log;, ¢ =~ 0.2-0.5) produce smooth, well-constrained predictions.
In Configuration B, the GP posterior draws are highly oscillatory, the uncertainty bands are
much wider, and the mean prediction deviates from the true log-likelihood (dashed red line).
This overfitting behavior results from length scales that are far too short for the smoothness
of the underlying function.

Figure 2.14 shows the same diagnostic for Configuration B, where the length scale bounds
are restricted to log;,(¢) € [—4, —2], corresponding to length scales of 107*-1072. These very
short length scales force the GP to treat each training point as nearly independent, producing
a highly oscillatory interpolation. The individual GP posterior draws vary wildly between
training points, the uncertainty bands are substantially wider, and the GP mean deviates
significantly from the true model. This is a clear signature of overfitting: the GP memorizes
the training data but fails to learn the underlying smooth structure of the likelihood surface.
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In practice, a surrogate model exhibiting this behavior would produce unreliable posterior
estimates when sampled with MCMC.

This comparison illustrates several practical guidelines for diagnosing and avoiding over-
fitting due to length scale misconfiguration. Firstly, it is usually good practice to scale inputs
before setting length scale bounds. When inputs are scaled to [0, 1], length scales of order
~ 0.1-1 (i.e., log,o(¢) € [—1,1]) are a reasonable starting range for most smooth functions.
Secondly, a good visual diagnostic for checking length scale overfitting is to plot the 1D
fits around a given point (e.g. the maximum likelihood estimate; Figure 2.14). If the GP
posterior draws appear highly oscillatory (“wiggly”) or the uncertainty bands are unexpect-
edly wide, the length scales are likely too short. Finally, it is good to check the optimized
length scale values and check if any of the values are converging towards the lower end of
the bounds. In this case, the user may need to adjust the length scale regularization penalty
(Equation 2.14) to a higher mean and sigma value.

4.7 Hyperparameter optimization choices

The quality of the GP surrogate model depends critically on the choice of hyperparameters
used during training. Key choices include the kernel function, data scaling strategy, and
optimization settings. Rather than manually tuning these, alabi supports systematic testing
of multiple configurations to identify the best settings for a given problem. In this section,
we demonstrate this approach using the eggbox benchmark function (Example 4.2.4).

We define a base GP configuration and then vary three settings: the kernel function
(exponential squared, Matern-3/2, and Matern-5/2), the input scaler (no scaling, min-max,
and standard scaler), and the output scaler (no scaling, min-max, and standard scaler). This
produces 3 x 3 x 3 = 27 combinations. Table 2.4 summarizes the base configuration shared
by all combinations, and Table 2.5 shows the variable settings tested.

Table 2.4: Base GP configuration shared across all hyperparameter (HP) combinations.
These settings are held fixed while the kernel, input scaler, and output scaler are varied.

Setting Value

Fit amplitude True

Fit mean True

Fit white noise False
White noise (logay,) —12

HP opt. method L-BFGS-B
HP selection 8-fold cross-validation
log,,(A) range [—1,1]
log,,(¢) range [—2,2]

Ninit 50

Initial sampler Latin hypercube

For each of the 27 configurations, we fit the GP to the initial training sample of Ny,;; = 50
points and evaluate performance using the mean squared error (MSE) on a held-out test set
of 1000 points. Table 2.6 shows the five best-performing configurations ranked by test MSE.
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Table 2.5: Variable hyperparameter settings tested in the grid search. Each combination
of kernel, input scaler (#), and output scaler (y) is evaluated by fitting a GP to the initial
training sample and computing the test set MSE on 1000 held-out points.

Setting Options tested

Kernel  ExpSquared, Matern-3/2, Matern-5/2
0 scaler None, MinMax, Standard

y scaler None, MinMax, Standard

Using the best configuration (Config 7), we then run 200 active learning iterations with
the BAPE algorithm, re-optimizing the GP hyperparameters every 20 iterations. Figure 2.15
shows the test MSE as a function of active learning iteration. To assess the effect of random
variance in the training process, we repeat the same configuration 10 times with different
random seeds. Figure 2.15 shows the test MSE trajectories for all 10 trials. The test MSE
generally decreases steadily from ~ 2000 to ~ 50 over 200 iterations with some random
variations between the 10 trials generated by different random seeds. While there is some
spread in the convergence paths—particularly during the first ~ 100 iterations where differ-
ent active learning samples explore different regions of parameter space—all trials converge
to similarly low test MSE values by iteration 200.

2000 1),
H-_*g
: l‘ﬁ .
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Figure 2.15: Test set MSE over 10 independent trials using the same hyperparameter
configuration (Config 7 in Table 2.6). Each blue line represents a different random seed.
The spread illustrates the stochastic variance in the active learning process, while the overall
convergence trend is consistent.

Finally, we compare the active learning performance of the top 5 initial configurations
from Table 2.6. Figure 2.16 shows the test MSE trajectories for each. The configuration
with the lowest initial test MSE (Config 7, exponential squared kernel with standard input
scaling and min-max output scaling) also achieves the lowest final MSE after 200 active
learning iterations. However, the ranking among configurations can change during active
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learning: Config 11 (Matern-3/2 with no input scaling) starts with a higher initial MSE
but converges faster than Configs 24 and 6. Notably, Config 24 (Matern-5/2 with standard
input scaling) shows minimal improvement during active learning, indicating that the initial
hyperparameter fit quality does not always predict active learning performance. In practice,
if the test error plateaus or fails to converge, this may indicate that a different hyperparameter
configuration should be tried.

25007 — config 7
config 8
2000 - —— config 24 |
—— config 6
config 11
=4 B
5 1500
e
= 1000 |
500 +
0 ] T T T T T T T
0 25 50 5 100 125 150 175 200

[teration

Figure 2.16: Comparison of active learning convergence for the top 5 hyperparameter
configurations from Table 2.6 on the eggbox benchmark. Each colored line corresponds to
a different configuration. The best initial fit (Config 7, blue) also achieves the best final
performance, but the relative ranking of other configurations changes during training.

Table 2.6: Top 5 hyperparameter configurations ranked by initial test set MSE for the
eggbox benchmark. All configurations use the base settings from Table 2.4. The best config-
uration uses the exponential squared kernel with standard input scaling and min-max output
scaling.

Config Kernel 0 scaler gy scaler  Test MSE
7 ExpSquared Standard MinMax 1993.4
8 ExpSquared Standard Standard 1998.5
24 Matern-5/2 Standard None 2029.1
6 ExpSquared Standard None 2066.4
11~ Matern-3/2  None Standard 2067.5
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In conclusion, there is no definitive choice of hyperparameter configurations that will work
for every problem, and it often takes a bit of experimenting to find which configuration is
suited for your problem. GP optimization and test error performance are inherently variable
(Figure 2.15), and does not necessarily converge monotonically (sometimes the test error will
increase for some iterations before improving). As we show in this section, testing a grid of
different configurations is a principled and practical way of selecting training configuration
parameters without adding a lot of computational overhead (i.e. it requires recomputing the
GP multiple times, but uses the existing training sample and doesn’t require computing any
new forward model evaluations).

5 Discussion

In this section, we discuss alabi’s performance in terms of accuracy and computational
speed, as well as known limitations. alabi’s accuracy at reproducing the true posterior
depends on two key results: (5.1) how well the GP surrogate model has converged to the
true function, and (5.3) how well the MCMC sampler is able to accurately sample the GP
surrogate model.

5.1 How many training points should I use to train the surrogate
model?

The amount of training points needed generally depends on the complexity and dimension-
ality of the problem. As a rule of thumb, a good starting place is to run ~ 10 x Ngj,, initial
training samples to train the model. For well “behaved posteriors” (posteriors with unimodal
structure contained within a reasonably constrained prior space), we find that initial samples
of ~ 10 X Ngim, are adequate, including for a relatively high number of dimensions. Depend-
ing on the error after the initial samples, additional active learning samples can be run as
needed. alabi’s training can also be parallelized over multiple cores, allowing for the user
to parallelize computing the initial training/test samples, as well as running multiple active
learning chains at a time.

For more complex posteriors (those with multiple modes or degeneracies features), the
user will likely need to train more/longer active learning chains to capture the high-likelihood
regions. It is difficult to say a priori the exact number of samples that will be needed for
a given problem, but a general strategy would be to run additional batches of ~ 10 X Ngjy
active learning samples (either sequentially or divided over multiple processes) and repeat
until the surrogate model has converged to the desired accuracy based on the chosen test
error metric (Section 2.7.2).

5.2 How do I tell if the surrogate model has converged?

Computing the prediction error (e.g. mean squared error, mean absolute error) is a straight-
forward and practical way to test how accurately the surrogate model is performing. Ideally,
the user would compute at least ~ 10 X Ngi, test samples, distributed across the prior space
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of interest to compute the error. The “cutoff” test error value depends on the users problem
and the desired level of accuracy. For Figures 2.12, we show the average percent error (2.22)
so that the different examples can be compared relatively to one another.
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Figure 2.17

5.3 Which posterior sampler should I use for my problem?

Assuming that the surrogate model can converge to the true posterior, alabi can only
perform as well as the underlying sampler that the user chooses. This sampling performance
can depend on the posterior structure and number of dimensions.

For any sort of problem with “complex” features, such as multiple modes or degeneracies,
nested sampling (through dynesty, pymultinest, or ultranest) tends to be much more
reliable than affine-invariant sampling (such as emcee). For unimodal problems however,
emcee offers more flexibility for easily defining custom prior functions, unlike nested sampling,
which requires defining a prior transform function that maps points from a unit cube to
the desired function. emcee is also simpler to run than nested sampling, requiring no free
parameters to tune, whereas nested sampling has many.

Posterior sampling for high dimensional problems is also an open area of research (Jones
& Hobert, 2001). Discussing the limitations of sampling methods is beyond the scope of this
paper, however, we refer the reader to Dittmann (2024) for a discussion on hyperparameter
tuning for nested sampling methods, as well as Rajaratnam & Sparks (2015) for a discussion
on convergence for MCMC methods in high dimensions.

5.4 When is it worth training a surrogate model for my likelihood?

alabi can significantly reduce the number of forward model evaluations by orders of magni-
tude. However, the process of training alabi also introduces some computational overhead,
and it isn’t fully advantageous to use alabi unless one’s forward model is computation-
ally slow. Figure 2.18 breaks down how much computational overhead goes into each step
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of alabi for the GP training time, objective function optimization, and hyperparameter
optimization.

Figure 2.18 shows how alabi’s training time scales as a function of training iterations and
number of dimensions. The top panel shows the scaling of the GP training time, which is the
computation time required to compute the predictive mean and variance (Eqn. 2.8 and 2.9)
by inverting the covariance matrix. The computational cost of inverting the covariance scales
exponentially with the number of data points as O(n log® n) using the george implementation
of the GP (Ambikasaran et al., 2015).

For training the GP, the computation time scales exponentially with the number of train-
ing samples, but for < 32 dimensions, it is not significantly more costly to run for a larger
number of dimensions for a stationary kernel. The second panel of Figure 2.18 shows how
long it takes to optimize the active learning function, used to select the next training point.
In this example, we optimize the BAPE active learning function (2.11) during each iteration.
The number of dimensions of the acquisition function is equal to the number of dimensions
of the likelihood. Lastly, the bottom panel of Figure 2.18 shows the amount of time it takes
to reoptimize the hyperparameters of the GP, which is performed every 50 active learn-
ing iterations. The number of hyperparameters is equal to the number of dimensions (one
length scale parameter per dimension), plus two parameters (for the mean and amplitude
parameters).

Figure 2.19 shows how the cumulative training time translates to the total MCMC sam-
pling time (y-axis) as a function of forward model evaluation time (x-axis) for varying num-
bers of MCMC samples—i.e., the number of times the MCMC evaluates the model (teal
showing for the true model, and gray showing for the surrogate model). For forward model
evaluations 2 1s, MCMC with the alabi performs a factor of 10 —1000x faster than MCMC
with the true model, depending on the number of posterior samples computed. For alabi,
the main computational overhead for training a GP surrogate model is mainly dependent
on the number of training samples. Models with more dimensions take a larger number of
training samples to converge, hence, the cumulative training time for higher dimensional
problems is longer.

5.5 What hyperparameter settings should I use for my problem?

In practice, selecting GP hyperparameter settings (including the kernel function, data scal-
ing, length scale bounds, and optimization method) is one of the most challenging aspects
of training a surrogate model. A poor choice of settings can lead to overfitting, slow con-
vergence, or numerically unstable fits, and the symptoms are not always obvious from the
training loss alone. Sections 4.6 and 4.7 demonstrate two complementary strategies for
addressing this challenge: visual diagnostics of GP fit quality, and systematic grid search
over candidate configurations. Together, these provide a principled workflow for selecting
hyperparameters.

We recommend the following approach: first, start with a grid search on the initial training
sample. As demonstrated in Section 4.7, fit the GP using a grid of candidate configurations
(varying the kernel, input scaler, and output scaler) and rank them by test set MSE on held-
out points (Table 2.6). This step is inexpensive because it only requires fitting the GP to
the initial training sample (no additional forward model evaluations), and it quickly narrows
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the search space to a small number of promising settings. The grid search can be performed
after the initial sampling phase (via init_samples) and before starting active learning.

For the top-ranked configurations, plot the 1D GP predictions around the maximum
likelihood point (Section 4.6) to visually inspect the GP fit (Figure 2.14). In general, you
want to check that: (a) the GP mean tracks the training data without excessive oscillation,
(b) the uncertainty bands are reasonably narrow near training points, (c) the individual GP
posterior draws are smooth and consistent, and (d) the optimized length scale values are not
pinned at the boundary of their allowed range. If the GP draws appear overly “wiggly” or
the uncertainty is unexpectedly large, the length scale bounds or penalty term (2.14) likely
need to be adjusted.

From there, run active learning in batches and re-evaluate. Rather than committing to
a full active learning run with a single configuration, run a moderate number of iterations
(e.g., 50-100) and then re-check the test MSE and 1D diagnostic. As shown in Figure 2.16,
the relative performance of configurations can change during active learning—a configuration
that ranks well on the initial fit does not always converge the fastest. If the test error
plateaus or increases, this is a signal to try a different configuration before investing further
computational effort. This iterative approach prevents the user from wasting time on a
setting that will not converge.

This workflow is designed to be practical: the grid search and diagnostic steps add minimal
overhead relative to the cost of training the surrogate model, and they can save substantial
time by identifying poor configurations early.

5.6 Parallelization

There are several processes that can be parallelized in alabi’s workflow:

1. Imnitial training: Computing the initial training and test samples can be done in
parallel.

2. Optimizing hyperparameters: for the marginal likelihood approach (2.4.1) alabi
will run multiple optimizations in parallel, or for the cross-validation approach (2.4.2)
it will parallelize computing the cross-validation score over each candidate hyperpa-
rameter.

3. Active learning chains: alabi can run multiple active learning chains in parallel
and combine all training samples at the end.

4. MCMC sampling: alabi can easily make use of the parallelized implementation for
different samplers, allowing for parallelized sampling chains.

So while steps 1 — 4 must be run sequentially, the computations within each step can be
distributed over multiple processors. For step 3, we find that parallelizing multiple chains
while adding single points per iteration is more computationally efficient than running a
single chain while adding multiple points per iteration. This efficiency arises for two rea-
sons. First, because sequentially adding new points to the GP allows the GP to update the
acquisition function each iteration, that each new point informs the model. On the other
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hand, drawing multiple points at a time from the same acquisition function can cause mul-
tiple points to converge at the same location, producing redundant training data. Second,
as noted in Section 5.4, the training time takes longer per iteration as the number of train-
ing samples increases. Therefore, by parallelizing over different chains, each chain remains
relatively short (making computation time quicker) while adding unique information to the
fit.

5.7 Limitations & Future Work

This paper compares the performance of commonly used kernels, active learning algorithms
and MCMC samplers appropriate for the task of performing Bayesian inference with active
learning, but it is not an exhaustive test of all possible combinations of algorithms. However,
alabi is modularized so that new algorithms can be incorporated in the future, or custom
defined by users. Further work would also implement more flexibility for different user-
defined kernels.

Currently alabi’s use of gradient optimization is performed by taking analytic gradients
of functions, but an alternative GP backend that is built off of an auto-differentiable frame-
work could allow for improved optimization speed and flexibility.
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Figure 2.18: The computation time for training alabi as a function of the number of active
learning iterations and number of dimensions. Each run (16, 32, 48 and 64D) is started with
an initial training sample of 10 x Ngi, points, and run for 1000 active learning iterations,
each iteration adding one additional training point. The top panel shows the time to train
the GP on the new data points each iteration, the middle panel shows the time to optimize
the BAPE active learning function each iteration, and the bottom panel shows the time
= to reoptimize the GP hyperparameters every 50 iterations. The primary computational
overhead for training the GP surrogate is the training points used, and the total computation
time scales exponentially with the number of training points.
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Figure 2.19: Total MCMC computation time as a function of forward model evaluation
time. The teal lines show the total MCMC time when running the sampler with the true
model for varying numbers of samples (Nea = 10% 10%,10°), while the gray lines show
the total MCMC time when running the sampler with the alabi surrogate model. For
forward models taking < 1s to evaluate, the alabi training overhead exceeds the exceeds
the computational savings for computing MCMC samples, however for 2 1s, MCMC with
alabi performs a factor of 10 — 1000x faster, depending on the number of posterior samples
computed.
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6 Conclusion

We have presented alabi: an open-source Python framework for accelerating Bayesian infer-
ence with computationally expensive forward models. This tool presents a way forward for
performing simulation based inference with complex simulations and datasets. This frame-
work has been applied to a variety of computational astrophysics problems (e.g., Birky et al.,
2021b, 2025), and can furthermore be used for inference with any black-box forward model
in any domain of computational science.

We evaluated alabi on a suite of benchmark problems spanning unimodal distributions,
curved degeneracies, multimodal structure, and high dimensionality. Our main findings
are: (1) Accuracy: alabi successfully trains surrogate models for problems with up to 64
dimensions (Section 4.5), and can achieve < 1% average percent ~ 10 X Ny, initial training
points and up to 1000 active learning iterations. (2) Computational speedup: for forward
models with evaluation times = 1s, alabi reduces the total number of model evaluations by
orders of magnitude compared to direct MCMC sampling, yielding speedups of 10-1000x
(Section 5.4). (3) Hyperparameter selection: We demonstrated a principled workflow for
selecting GP hyperparameters (Sections 4.6, 4.7, and 5.5) using a grid search and visual
diagnostics test.

Each step of alabi’s workflow—initial sampling, hyperparameter optimization, active
learning, and posterior sampling—can be parallelized across multiple processors, enabling
the framework to scale to large computing clusters. alabi is designed to be modular:
new kernels, acquisition functions, and sampling backends can be incorporated as they be-
come available. The package, along with comprehensive documentation and tutorials for all
benchmark problems presented in this paper, is publicly available at https://github.com/
jbirky/alabi.
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1 Introduction

inary stars make up nearly half of the galactic population (Duquennoy & Mayor,

,\) )2 1991) and form a foundation for most of modern astrophysics. The dynamics of
@,@’) systems are continuously evolving through a combination of nonlinear physical
INEZ processes in which angular momentum can be exchanged between the orbit and
rotations of the individual stars. As various studies have modeled so far (Witte & Savonije,
2002; Repetto & Nelemans, 2014; Penev et al., 2014; Bolmont & Mathis, 2016; Song et al.,
2018; Fleming et al., 2019; Zanazzi & Wu, 2021), the dominant processes include tidal dissi-
pation, stellar evolution, and magnetic braking. Tides cause orbital energy to be dissipated
in the form of heat and cause angular momentum to exchange between the orbit and rota-
tions, ultimately altering observable properties (orbital period, rotation period, eccentricity,
and obliquity) over long timescales (Myr — Gyr). Additionally stellar evolution plays a role
in dynamical evolution, as the radius and mass concentration alter the moment of inertia of
the individual stars, thus influencing rotational angular momentum. Magnetic braking also
plays an important role as stars lose angular momentum due to magnetized stellar winds
and mass loss (Skumanich, 1972; Barnes, 2003a; Matt et al., 2015; Breimann et al., 2021). In
other words, the influence of tides drives binary orbits towards a state of energy minimization
(Counselman, 1973; Hut, 1980), causing systems to converge to long-term quasi-equilibrium
states in which orbital periods become synchronized with rotation periods, and eccentricity
decays towards circularization, which is broadly consistent with observations (Meibom et al.,
2006, 2015).

The influence of stellar tides extends to many systems beyond just binary stars. Tidal
interactions have been observed to cause profound dynamical effects across many scales, from
exoplanet systems to Galactic populations. These effects can include tidal locking (Barnes,
2017), tidal heating (Barnes et al., 2013; Leconte et al., 2010; Levrard et al., 2007; Jackson
et al., 2008), spin-orbit alignment (Heller et al., 2011; Albrecht et al., 2022), capture into
spin-orbit resonances (Goldreich & Peale, 1966; Colombo & Shapiro, 1966; Correia & Laskar,
2004), as well as tidal destruction of exoplanets (Jackson et al., 2009; Hamer & Schlaufman,
2019). Additionally, on population and Galactic scales, tidal interactions play a role in the
dynamics of triple and higher-order multistar systems (Ginat & Perets, 2021; Hamers et al.,
2021), influencing the rate of capture, escape, or merging in multibody stellar encounters,
as well as chaos in stellar clusters (e.g., Mardling & Aarseth, 2001).

)

g

&

Theories predicting stellar deformation can be broadly characterized as equilibrium tide
(Hut, 1981), which assume a potential raises a hydrostatic tidal deformation on a star,
or dynamical tide (Zahn, 1975), which assume the gravitational influence of a companion
drives hydrodynamic or fluid motions. Most analytic models of tides apply a “lag-and-add”
approach (Greenberg, 2009), in which the gravitational response of a star is considered to
be the summation of elongated bulge components. Among the most simplified models of
equilibrium tide which have been widely applied to stars and planets, the lag components
are considered to be constant in phase or constant in time. (MacDonald, 1964; Kaula, 1966;
Goldreich & Soter, 1966; Greenberg, 1974). More complex nonlinear mechanisms of tides
have also been proposed for stars of different structures. For low-mass stars with radiative
cores and convective envelopes, these models consider processes such as turbulent viscosity
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that dissipates the equilibrium tide in convective layers (Zahn, 2008; Vidal & Barker, 2020),
or dissipation due to internal gravity waves in radiative zones due to the dynamical tide
(Zahn, 1975; Lai, 1997; Terquem et al., 1998; Witte & Savonije, 1999; Witte & Savonije,
2002; Ogilvie, 2013; Fuller & Lai, 2012; Barker & Ogilvie, 2009; Barker, 2020, 2022; Burkart
et al., 2014; Zanazzi & Wu, 2021).

Current observational opportunities through large-scale stellar surveys offer significant
promise for rigorously testing hypotheses of tides for different stellar types. From time
domain surveys such as Kepler (Borucki et al., 2010), K2 (Howell et al., 2014), and TESS
(Transiting Exoplanet Survey Satellite; Ricker et al., 2015), eclipsing binaries are ideal obser-
vational laboratories for constraining stellar tides, as they enable direct measurements of fun-
damental stellar properties (masses, densities, temperatures, etc.), and undergo observable
changes in orbital /rotational dynamics under the long-term influence of tides. Time-series
photometry of eclipsing binaries provides constraints on orbital periods, rotation periods
(from star-spot rotation), as well as approximate eccentricities (Matson et al., 2016) and
mass estimates (Windemuth et al., 2019).

Already Kepler and TESS have revolutionized discoveries of tidal synchronization (Lurie
et al., 2017; Hobson-Ritz et al., 2025) by discovering an intriguing sub-population of FGKM-
type binaries in subsynchronous spin-orbit ratios in which the star has a slower rotation
period than the orbital period. Fleming et al. (2019) demonstrated that equilibrium tide
models can reproduce 1:1 synchronized binaries and generate a wide distribution of sub-
synchronously rotating binaries. However their model falls short of reproducing the tight
overdensity of observed subsynchronous rotators discover in Lurie et al. (2017) in which
~ 15% of the Kepler eclipsing binary population was found to have rotation periods ~ 13%
slower than their orbital period. Lurie et al. (2017) suggested that this population of sub-
synchronous binaries could be the result of differential rotation in which a latitudinal shear
along a star could produce starspots rotating slower than the equator at high latitudes.
Futhermore, Lurie et al. (2017), Hobson-Ritz et al. (2025), and Jermyn et al. (2020) suggest
that low-mass eclipsing binaries with measurable star-spot modulation are promising targets
for investigating differential rotation on the surface of convective stars.

In addition to eclipsing binaries, spectroscopic follow-up has enabled precise masses and
eccentricities of many binaries from radial velocity constraints. Multi-epoch surveys, such as
the Apache Point Observatory Galactic Evolution Experiment (APOGEE; Majewski et al.,
2015), have enabled the discovery and orbital constraints of thousands of spectroscopic bi-
naries (Price-Whelan & Goodman, 2018; El-Badry et al., 2018; Price-Whelan et al., 2020;
Kounkel et al., 2021). In some cases with detailed follow-up, it is additionally possible to
constrain obliquities from individual binary systems through the Rossiter-McLauglin effect
(Mazeh, 2008; Albrecht et al., 2022), or infer the distribution of obliquities from a population
of binaries hierarchically (Morton & Winn, 2014). Although ages are among the most chal-
lenging parameters to determine for stellar systems (Soderblom, 2010), K2 and TESS have
enabled Galactic coverage of many stellar populations, including binaries in open clusters,
which are the gold standard when it comes to constraining orbital properties as a function
of age (e.g., Southworth & Clausen, 2006; David et al., 2015, 2016; Gillen et al., 2017; Torres
et al., 2018).

Despite the drastic improvements in observational capabilities, it remains an open question
as how to best approach constraining tidal models against data. Early attempts to constrain
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tidal models considered a metric known as the circularization cut-off period (Mayor & Mer-
milliod, 1984; Mathieu & Mazeh, 1988; Mathieu et al., 2004), which determines the orbital
period at which most binaries in a population have circularized (where e ~ 0 for systems
with P, < Pey). The idea behind this method relies on the assumption that binaries at
close orbital separation will experience stronger tides, and should thus circularize faster —
a trend which has been confirmed in observations of open clusters (Mathieu & Mazeh, 1988;
Mathieu et al., 2004).

Later work by Meibom & Mathieu (2005) proposed a more robust metric known as the
tidal circularization period. Instead of determining P., from the observations at which
e > 0, they fit a functional form to observed P, and e, assuming that populations of
binaries could originate from a distribution of initial orbital periods and eccentricities. This
circularization period method did a better job at accounting for some uncertainty in initial
conditions; however, it did not consider all prior uncertainties (e.g. rotation period, stellar
evolution) or incorporate the constraints from stellar rotation periods. Recent studies have
called these additional model factors into question, such as Bashi et al. (2023), which finds
evidence from Gaia spectroscopic binaries that the circularization period depends more on
stellar effective temperature than open cluster age. Additionally a study by Mirouh et al.
(2023) used population synthesis to examine the impacts of tides and initial orbital period
distributions on the circularization and synchronization of binaries as a function of age (using
data of systems from 8 open clusters). Their findings concluded that constraining tidal
efficiency based on the circularization of binary populations is difficult or impossible due to
the inefficiency of tides on the main-sequence, as well as strong dependencies on the initial
orbital configuration. However, their work also showed that tidal synchronization better
captures the age-dependent effects of tidal dissipation, and thus the fraction of synchronous
binaries at a given age would be a more promising constraint on tides.

More generally, there are debates in the literature as to whether individual or population
approaches to inferring tidal Q’s are more appropriate. Some approaches have focused
on using forward modeling approaches to infer unknown parameters including the initial
orbital states and the tidal dissipation rate (or equivalently the tidal Q) value that best
reproduces observations of individual stars or planets (Goldreich & Soter, 1966). Studies
such as Barker (2020) advocate for a system-by-system comparison of tidal Q values, given
the potential dependence Q may have with stellar parameters or age. On the other hand,
studies such as Cameron & Jardine (2018) advocate for a population based approach using
a broad sample of binaries to constrain Q. The population approach has the advantage of
accounting for uncertainties in the initial condition as a population parameter; however, it
requires making an assumption about how Q depends on stellar parameters (in this case,
Cameron & Jardine (2018) assume a functional dependence on stellar effective temperature).
Resulting estimates of tidal Q for solar-like stars from the literature have spanned orders of
magnitude with estimates of Q ranging from ~ 10° to 108 (Meibom et al., 2006; Jackson et al.,
2009; Hansen, 2010; Patel & Penev, 2022; Penev & Schussler, 2022), bringing into question
the underlying cause of the discrepancy. Given that constraints on stellar tides have far-
reaching consequences on dynamics from exoplanetary to galactic scales, with decades of
research investment, it is critical that we rigorously examine all uncertainties (both model
and observational) to understand the prospects and limitations of constraining the tidal
dissipation mechanisms.
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From a theoretical perspective, there may be a variety of reasons why latent parameters
may not be feasible to constrain: there may be infinite solutions, there may be finite solutions,
or there may be no solutions. If solutions exist, it may be that the latent parameters
do not (strongly) influence manifest parameters, or there may be significant degeneracies
between latent parameters and initial conditions. As we argue in this paper, constraining
tidal dissipation has been an underestimated challenge, even when considering the simplest
formulations of tidal dissipation against simulated data.

In this paper, we assess the degree to which improved observations would resolve the
discrepancy in the inferred values of tidal Q based on individual systems. For simplicity we
will consider a commonly used and easily tractable model of the equilibrium tide, however
the statistical methodology presented in Section 3 may also be applicable to more complex
tidal dissipation models, including dynamical tide formulations. In this study, our aim is to
answer the questions: How do we constrain theories of tidal dissipation? In particular, to
what degree is model inference inhibited by unidentifiability or degeneracies inherent in the
model formulation? To what degree do observational uncertainities limit model inference?
Finally, what needs to be done next and how should we focus our efforts (e.g., such as
observational follow up)?

In this paper we characterize the prospects and limitations of constraining equilibrium
tides in low-mass stars using global sensitivity analysis (Sobol, 2001; Saltelli et al., 2010),
which has been widely used in applications from biological systems to finance (Saltelli et al.,
2017). Although it is less widely applied to astrophysical simulations, as we present in this
paper, sensitivity analysis is an effective way to systematically characterize how sensitive
model outputs are to model inputs. Sensitivity analysis tells us which input parameters of
the model are most influential to first order, however, it does not give us as much information
about the correlation between model inputs. To further investigate the dominant effects of
this non-linear model, we perform simulated Bayesian inference (using Active Learning for
Acelerated Bayesian Inference, or alabi; Birky et al., in prep.) (see also Chapter 2) to
test how observational uncertainties influence the quality of posterior constraints as well as
examine the degeneracies between input parameters.

This paper is organized as follows. Section 2 defines the terminology used throughout the
analysis, as well as describes the model assumptions and numerical implementations used
for all of our simulations. Section 3 describes the challenges that arise when comparing
tidal models to binary observations and describes the methodology for sensitivity analysis.
Section 4 explains the results of the sensitivity analysis applied to the numerical simulations
described in Section 2. Section 5 synthesizes the main findings and discusses some of the
main limitations of this analysis. Finally, Section 6 discusses future observational and nu-
merical work that is motivated from our results.

2 Model

The rotational and orbital evolution of low-mass stars (M, < 1.5My) is influenced by a
combination of physical processes, namely tidal dissipation (Section 2.1), stellar evolution
(Section 2.2), and magnetic braking (Section 2.2). Here we provide an overview of the main
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assumptions used in our model. In Section 2.3 we summarize the key model variables for the
coupled system of ordinary differential equations and numerically solve the equations using
the VPLanet implementation (Barnes et al. 2020; see also Fleming et al. 2018, 2019). The
goal of this model set up is to analyze and establish the limitations of comparing equilibrium
tidal models to datasets available in surveys (e.g. Kepler, K2, TESS, APOGEE) and the
literature.

2.1 Energy Dissipation and Torque due to Tides

To consider the rate of energy dissipated over an orbit, it is common to introduce a quantity
known as the “tidal quality factor”. This quantity is proportional to the maximum energy
stored in tidal deformation divided by the average energy dissipated over an orbit. With Ej
defined as the maximum energy and F being the orbit energy as a function of time ¢, the
tidal Q is defined as

ol = energy dissipated over an orbit 1 75 ( dE) it

~ maximum energy stored in deformation = 2nE, Cdt

(3.1)

A lower tidal @ value indicates that the star is more efficient at dissipating tidal energy.
This parameterization of tidal Q can be translated into the secular evolution of the orbit
by assuming that each Fourier component of the potential induces a tidal response on a
perturbed star. In other words, each component of the potential drives the distortion of
material at a particular frequency and phase lag, known as ¢ and e respectively. This
effective forcing frequency depends on both the mean motion n and the rotation frequency
w, where 0 = kn — mw and k£ and m are integers. The phase lag ¢ is equal to twice the
geometric lag angle of the bulge orientation. The tidal Q is related to the phase lag (Equation
105, Efroimsky & Williams, 2009):

- tane
11— (%—e)tans

Q! = tane + O(e?). (3.2)

In general, the relationship between the phase lag and the effective forcing frequency e(o)
depends on the internal structure of the body. However, for small phase lags (assuming a
weak friction approximation), tane(o) = €(¢), in which the response of a tidal bulge under
the forcing frequency is analogous to a damped driven harmonic oscillator (Greenberg, 2009).
The relation between ¢ and the tidal Q can be approximately linearized by assuming either a
constant phase lag e(0) &~ 1/Q, where Q is held constant, or a constant time lag that assumes
e(0) = nt, where the time lag, 7 is held constant. These linear parameterizations of the
equilibrium tide are hereafter referred to as the constant phase lag (CPL; Goldreich & Soter,
1966; Ferraz-Mello et al., 2008) and the constant time lag (CTL; Hut, 1981; Leconte et al.,
2010) models. The derivations for the CTL and CPL models are well reviewed in literature,
but we provide a summary of the assumptions and equations used in the Appendix Section
1.
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2.2 Stellar Evolution and Magnetic Braking

In general, the relationship between external torques and the angular momentum evolution
of a single star is written as

_ dd _ dw T

7;0‘5 dt - E_FME’

(3.3)
where J,o,t = Zw is the rotational angular momentum, Z = M T§R2 is the moment of inertia
(with r, being the radius of gyration), and T is the net rotational torque due to exter-
nal influences (in the case of stellar evolution, the angular momentum lost due to stellar
winds, Trot = Tmp). VPLanet includes several implementations of magnetic braking models
(Skumanich, 1972; Repetto & Nelemans, 2014; Reiners & Mohanty, 2012; Matt et al., 2015;
Breimann et al., 2021) that simulate the rotational torque due to stellar winds. In this
study we adopt the Matt et al. (2015, 2019) model for T, that considers a semi-analytic
saturated magnetic braking law, and uses stellar evolution models from Baraffe et al. (2015)
to determine the change in moment of inertia, dZ/dt.

Magnetohydrodynamic simulations of solar-like stellar winds (Matt et al., 2012) show
that the rotational torque on a star can generally be written in semianalytic form. Making
physically motivated assumptions, Matt et al. (2015) introduce a scaling relation for the
surface magnetic field B, and the stellar wind mass loss M,, as a function of stellar mass
and Rossby number, in which the torque due to stellar winds can be written as:

% (%) if saturated, R, < R, /X
Tub = To 3 ' (3:4)
<TTTZ@) (%) if unsaturated, R, > R, /x

The Rossby number is the ratio of the rotation period to the convective turnover timescale,
R, = Pyt /Te-. The timescale 7., is computed using a relation from Cranmer & Saar (2011).
The transition between saturated and unsaturated regimes is specified by x = R/ Ro.sats
where we adopt a value of y = 10 as used in Matt et al. (2015). The proportionality constant

1S
3.1 0.5
M

In the case of a binary star system, the rotational torque acting on an individual star is
influenced by both the magnetic braking torque as well as the tidal torque. We make the
assumption that the torque processes due to magnetic braking and tides are linearly indepen-
dent, such that the net rotational torque is the sum of the two components 7ot = Tt + Tide-
We note that a non-linear coupling between 7y, and Tiige (€.g., considering the influence of
tides on magnetic field structure of a star) would require significantly more theoretical work
and magnetohydrodynamic simulations to accurately model, hence we consider only linear
coupling following previous studies (Witte & Savonije, 2002; Repetto & Nelemans, 2014;
Penev et al., 2014; Bolmont & Mathis, 2016; Song et al., 2018; Fleming et al., 2019; Zanazzi
& Wu, 2021).
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2.3 Model State Space

Adopting terminology from dynamical systems analysis (Willems, 2000), the characterization
of each of our model free parameters is listed in Table 3.1. Model variables that govern
the dynamical evolution of a system can be characterized as state variables (time-variable
parameters of the coupled ordinary differential equations), manifest variables (time-fixed
parameters that are observable), or latent variables (time-fixed parameters that are not
directly observable).

Table 3.1: Definition of model parameters, where subscript 1 is the primary and subscript
2 is the secondary for the two stars in the binary system. Note that we use the variables
(w, a, e) in our model parameterization (Section 1) but the state of the system can be
equivalently parameterized by (Pot, Porb, €), With Py being the rotation period and Py,
being the orbital period, which are the values which we use to compare to observations.

State Variables

a semi-major axis of the orbit
e eccentricity of the orbit
w1, Wo rotation frequency of each star
U1, Py obliquity of each star (angle between spin axis and orbital angular momentum)
R, Ry average radius of each star
Tgl, Tg2 radius of gyration of each star

Manifest Variables

My, M, mass of each star

Latent Variables

Q1, Qo tidal quality factor

Ty, To tidal time lag
ko Love number of second degree
Tez convective turnover timescale

2.4 Numerical Simulations

We use the VPLanet package (Barnes et al., 2020) to evolve the system of differential equa-
tions using fourth order Runge-Kutta with adaptive time stepping. Our implementation
follows Fleming et al. (2018) and Fleming et al. (2019) in which we numerically solve for
each state variable (Table 3.1). A demonstration of evolution trajectories is shown in Figure
3.1 for the CTL model and Figure 3.2 for the CPL model. The state variables are coupled
under the assumption of conservation of energy and angular momentum. Figures 3.3 and
3.4 illustrate how energy and angular momentum are exchanged between orbit and rotation
over the course of 8 Gyr evolution for a 1M — 1M, binary system according to both CTL
and CPL implementations.
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Figure 3.1: Simulations of equilibrium tide (CTL) coupled with stellar evolution. Panels
show the evolution of orbital period (left), rotational period (center), and eccentricity (right)
for tidal 7 strengths in the range —4.0 < log(7) < 1.6. Tidal 7 influences the timescale of
synchronization and circularization, where higher tidal 7 results in more rapid evolution.
Each track originates from the same initial conditions for a 1M — 1M mass binary (Pop; =
Prot1i = Prot2; = 0.5d, e; = 0.3, 11; = 1g; = 10°; Table 3.2), and we vary only tidal 7
to illustrate the effect of tides on the timescale of orbital evolution.
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Figure 3.2: Same as Figure 3.1, but with the CPL model. Panels show tidal Q strengths
in the range 4.0 < log(Q) < 9.0. Tidal Q influences the timescale of synchronization and
circularization, where lower tidal Q results in more rapid evolution.
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Figure 3.3: Exchange in energy (left panel) and angular momentum (right panel) between
the rotation and orbit of stars in the binary system, as predicted by the CTL model (Hut,
1981) when coupled with stellar evolution (Baraffe et al., 2015) and magnetic braking (Matt
et al., 2015), using fiducial initial conditions from Table 3.2 with log7 = —1.0. Lost energy
(red line, left panel) is due to tidal heating, and lost angular momentum is due to stellar winds
(red line, right panel). The black dashed line shows that energy and angular momentum
remained conserved over time, showing that the coupling of our equations is behaving as
expected.
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3 Methods

3.1 Sensitivity Analysis

Interpreting high-dimensional, nonlinear dynamical models is a non-trivial task. Under-
standing the potential for inference (e.g., identifying systems with the strongest constraints
and inspecting degeneracies) requires a framework to assess how sensitive the model out-
puts are to each input. Overcoming these challenges requires developing a methodology for
systematically analyzing high-dimensional parameter spaces to establish which input model
parameters dominate the final state, and to identify which observable uncertainties are the
most important to reduce (thus, informing observational priorities). To make this assess-
ment, we perform sensitivity analyses. We also consider the best-case limits for inferring
latent parameters of the models (Q or 7) by applying sensitivity analysis to a simulated
likelihood with optimistic uncertainties based on observational studies of the most precisely
constrained systems.

Variance-based global sensitivity analysis is a statistical technique used to identify and
quantify the impact of input variables on the variance of a system’s output. It is often used
to assess the robustness and uncertainty of a model or simulation, as well as to identify
the most influential inputs. Sensitivity analysis has been widely applied in many areas of
quantitative model analysis, but has seen relatively few applications on astrophysical models
(e.g., Oleskiewicz & Baugh, 2019).

The most well-known variance-based method is the Sobol sensitivity indices (Sobol, 2001;
Saltelli et al., 2010), which decompose the output variance into main effects and interaction
effects. This method involves sampling the input space using a pseudo-random design and
evaluating the output for each set of inputs. The resulting data are then used to calculate
sensitivity indices for each input variable, which represent the contribution of that variable
to the total variance of the output.

There are several types of Sobol sensitivity indices: first-order indices that measure the
contribution of each individual input variable to the output variance, total-order indices
that measure the contribution of each input variable, along with all possible interactions
with other variables, to the output variance, and higher-order indices that measure the
contribution of specific interactions between input variables to the output variance.

The procedure for computing Sobol sensitivity indices is as follows. Any model that can
be described in the form Y = f(X), where X € RY is an input vector, and d is the number
of input variables. If Y is a chosen univariate output of the model, Y can be decomposed in
the form:

d d d
Y = f0+z fi(Xi)+Z [ii (X6, X))+ Z Jijie(Xi, X5, Xpo)+- -+ f1,a(Xq, .., Xa), (3.6)
i=1

i<j i<j<k

where fy = E[Y] is the overall mean, f;(X;) = E[Y | X;] — fo captures the main effect of
variable X;, fi;(Xi, X;) = E[Y | X;,X;] — fi — f; — fo captures the pairwise interaction
between X; and X, and higher-order terms are defined analogously. Taking the variance of
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Y yields:

Var(Y Z Vi+ Z Vij+--+Via g (3.7)

1<j

where the variance components can be computed as:
Vi = Vary, (Exi[Y|Xi]), (3.8)

Vij = Varx, (Ex~i[Y|Xs, X;5]) = Vi = V. (3.9)

Here the notation X.; is used to denote the set of all inputs except X;. The first-order
sensitivity indices, 5;, are defined as the fraction V; attributed to model parameter 7, divided
by the total variance Var(Y):

Vi
Var(Y)

We follow the procedure of Herman & Usher (2017) for computing variances. First, a set
of N random samples for X is drawn from a defined input domain. In practice, this sampling
is performed using a pseudo-random approach, such as Sobol sampling (Sobol, 2001). The
idea behind Sobol sampling is to create a low-discrepancy sequence of points that is more
evenly spaced than a random sampling method and can efficiently span a large parameter
space given a finite set of points. For each parameter ¢, we calculate the variance of the
output due to that parameter, V;, via computing the estimator:

S; = (3.10)

VarX (EX Y‘X

ZIH

Z —f(A);), (3.11)

where A and B are each N X d matrices of input parameters sampled using the Sobol (or
other pseudorandom) method, and A% denotes the matrix formed by taking all columns
from A except the i-th, which is replaced by the i-th column of B (Saltelli et al., 2010). In
our analysis, we use the SALib Python implementation (Herman & Usher, 2017) to compute
the Sobol sensitivity indices.

3.2 Simulated Likelihoods

In addition to the sensitivity of each output parameter, we also consider how the relative un-
certainties weight each output. To make this assessment, we consider a simulated likelihood

function: . )
InL = (u) , (3.12)

j=1
where y; = {Pot, Porb, €} are the outputs of a given simulation compared to a fiducial
simulation with mean values ¢; and uncertainties ;. In other words, y; represents the
model samples and (y;, ;) represent the simulated data.

We further simulate posterior probability estimates according to Bayes’ Theorem,

InP xInl+Inll, (3.13)
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Input Unit | Min range | Max range | Fiducial Prior

My, My M, 0.1 1.1 1.0 1.0

¢1i7 ¢2i deg 0 30 10 0
Proti1i, Prot2;i days 0.1 10.0 0.5 U4(0.1,10.0)
P, days 0.1 12.0 7.0 U(0.1,12.0)
€; 0.0 0.5 0.3 4(0.0,0.5)
log,0(9Q1), log,(Q1) 4.0 12.0 6.0 U(4.0,12.0)
logyo(11), logo(m2) | log(s) —4.0 1.0 —-1.0 | U(—4.0,1.0)

Table 3.2: Ranges of input parameters considered in the sensitivity analysis simulations.
Input parameters chosen for the fiducial simulation to compute the likelihood (Equation
3.12). Subscript 1 and 2 denote the primary and secondary of the system, while subscript i
denotes an initial value of a time-varying parameter.

where InP is the sampled posterior distribution sampled according to an uninformative
prior, InII, and model likelihood fit is In £ (Eqn. 3.12). Fiducial values for the simulated
likelihood, as well as prior ranges, are given in Table 3.2.

We consider the limits of inference under optimistic uncertainties, adopting the values for
g1 and &9 listed in Table 3.3. The uncertainties in Table 3.3 are chosen to represent the (op-
timistic) order of magnitude to which each parameter has been constrained in the literature
using data from eclipsing binaries and radial velocities (David et al., 2015, 2016; Gillen et al.,
2017; Torres et al., 2018). Particularly in time series photometry with long baselines such as
Kepler, orbital periods can be highly precise (~ 1 sec). Rotation periods, on the other hand,
are inherently more difficult to constrain, as they depend on the complex star-spot processes
that make them observable (e.g. spot lattitude, differential rotation, and emergence/decay
timescale; Aigrain et al., 2015). However studies such as David et al. 2016 and Gillen et al.
2017 show that rotation periods for short-period binaries may be measured to uncertainties
of ~ 0.01 —0.05d, by using a Gaussian process with a periodic kernel (see 5.4 of Rasmussen
& Williams, 2006). While obliquities can in some cases be constrained by radial velocities
(Triaud, 2018; Hatzes, 2019; Albrecht et al., 2007), given that the results of our sensitivity
analysis (Section 4.1, Figures 3.5-3.6) suggest that obliquity is not a dominant factor in the
final orbital state, for simplification in these posterior simulations we hold obliquity fixed at

b =0.

3.3 Posterior Sampling with Active Learning

We further examine the structure of the simulated posterior by sampling the points from
(Eqn. 3.13) using the priors of Table 3.2. Systematically sampling points in a d-dimensional
space at a density high enough to resolve high-posterior modes is a challenging problem
especially as d becomes large and forward model evaluations are computationally expensive.
In the case of our problem, we sample d = 5 input parameters (initial Pt 1, Prot.2, €, Por, and
Q). The computation time for our model can take on an order of a few seconds (integrated
to ~ 10s of Myrs) to ~ 30 seconds (integrated to ~ 10 Gyr).
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Parameter Description Observation Method Uncertainty
Prot1t, Protos | final rotation period |days| | LC autocorrelation function 0.01
Pob g final orbital period |days] LC lomb scargle 107°
er final eccentricity LC eclipse + RVs 1073

Table 3.3: Model parameters that are observable from lightcurve (LC) photometry and/or
spectroscopic radial velocity (RV) datasets. The subscript f denotes that these are the
final values of each state variable, evaluated at a given age. The “Uncertainty” column
reports typical uncertainties that are obtainable by certain types of observation, listed in
the corresponding column of the “Observation Method” column. The uncertainties obtained
from a method obviously depend on the quality of a particular dataset (instrument, observing
conditions, quantity of observations, etc.); however, as argued in Section 4.1, the relative
orders of magnitude for observable precision is important for considering any likelihood-
based inference.

In order to efficiently sample and interpret the structure of our 5-dimensional posterior, we
adopt the methodology presented in Kandasamy et al. (2017) in which we train a Gaussian
process (GP) surrogate model to replicate the true posterior function and apply active learn-
ing to iteratively sample points concentrated at high probability. This methodology is also
highly efficient for performing Markov chain Monte Carlo sampling with computationally
expensive models (Fleming & VanderPlas, 2018; Fleming et al., 2020; Birky et al., 2021b),
however in this analysis we just use it to visualize high-probability modes and degeneracies
in the posterior. We perform this sampling using the package alabi (Active Learning for
Accelerated Bayesian Inference; Birky et al., in prep.) (Chapter 2), an open-source Python
implementation for training GP surrogate models to sample posteriors for computationally
expensive forward models.

We train a Gaussian process defined by a mean and covariance function. The covariance
function k(z,z’) measures the degree to which the value of the function at one point z is
correlated with the value at another point 2’/. The covariance function is modeled according
to a kernel function, a positive semidefinite function of input points z and z’, that determines
the smoothness and complexity of the GP. For an in-depth review, see Rasmussen & Williams
(2006).

To emulate the posterior, we use a square exponential kernel,

k(z,7') = exp (—%) , (3.14)

where x and 2’ are two given input points, and [ is a length scale hyperparameter. We
assume that each input dimension has its own scale value. The mean and length scale
hyperparameters of the Gaussian process are numerically optimized by the GP’s likelihood
of the training data using scipy.optimize (Jones et al., 2001).

In the first step, we draw a training sample of N = 1000 evenly sampled training points
using the Sobol (2001) pseudorandom algorithm. Next, using the procedure of Kandasamy

79



Chapter 3. Prospects of Constraining Equilibrium Tides in Low-Mass Binary Stars

et al. (2017) we apply the Bayesian Active Learning for Posterior Estimation (BAPE) algo-
rithm to iteratively sample high posterior regions using the GP surrogate model for N = 2000
more samples. We demonstrate the resulting posterior samples in the form of a corner plot
in the following section.
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4 Results

4.1 Model Sensitivity Analysis

We apply the global sensitivity analysis method described in Section 3.1 to simulations that
combine stellar evolution, magnetic braking, and equilibrium tide. We use a quasi-monte
carlo sampling scheme (Saltelli et al., 2010) to evenly sample N = 4096 simulations spanning
the input parameter space. The ranges of input parameters we consider are given in Table
3.2.

4.1.1 Sensitivity of the orbital period, rotation period, and eccentricity

Figures 3.5 and 3.6 visualize the results of the sensitivity analysis applied to the full set of
model parameters. Figure 3.5 shows the sensitivity analysis applied to the CTL model, and
the following Figure 3.6 shows the the CPL model. Within each of the figures, there are three
grids displaying the sensitivity for three different model output parameters: final primary
rotation period (left grid), final orbital period (center grid), and final orbital eccentricity
(right grid). The x-axis for each subpanel shows the model input parameters that were
sampled over the ranges listed in Table 3.2, and the y-axis of each subpanel shows the age
to which the set of N simulations evolved (ranging from 10 Myr to 10 Gyr). Each value
in the grid (denoted by color and labeled with numerical value) is the first-order sensitivity
index (see Section 3.1) corresponding to a given input parameter at a specific age. Thus,
we can interpret which output parameters are most sensitive to which input parameters as
a function of age.

In Figure 3.5 our sensitivity analysis shows that the final P,;, and e values are dominated
by initial orbital conditions for systems across all ages (as shown by the rows with highest
variance). Picking out the regions of age/initial condition parameter space with the highest
variance due to Q (or 7), elucidates the observables (final P, Py, €) that are most sensitive
to the tidal dissipation. The analysis in Figures 3.5 and 3.6 suggest similar results for both
the CTL and CPL models. In particular, the primary P,o of young systems ~ 50 — 100 Myr,
or the eccentricity or secondary P, of old systems ~ 5 — 10 Gyr hold the most promise
for constraining tidal Q (or 7), in other words, whether or not tides were strong enough to
circularize and synchronize most initial conditions by that age. The results shown in Figures
3.5 and 3.6 suggest that the final rotation periods tend to be more sensitive to tidal Q than
the final orbital period or eccentricity. However, given that rotation periods are difficult to
measure precisely from lightcurves (o ~ 0.01d optimistically, Section 3.2), rotation periods
generally have less constraining power than orbital periods or eccentricities.

4.1.2 Effects of observational uncertainties

In addition to looking at the sensitivities of individual parameters, we can also look at the
combined constraint of using measured P,o, Py, € and their uncertainties. Figure 3.7 shows
how the combined likelihood (computed at fiducial parameters; see Table 3.3) is sensitive to
each input parameter. The likelihood sensitivity tests how sensitive the model goodness-of-
fit would be when combining the fit from all of the model observables and their uncertainties.
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Figure 3.7 shows that when uncertainties are taken into account, the initial P, completely
dominates the model goodness of fit across all ages. This implies that inference of tidal 7 or
Q is very dependent (and may be systematically biased) by the prior chosen for the initial
orbital period, which we explore further in Section 4.2.

82



Chapter 3. Prospects of Constraining Equilibrium Tides in Low-Mass Binary Stars

Prot1 ¢+ sensitivity e sensitivity Pow ¢ sensitivity Proto t sensitivity

CTL init conditions

0.24 021 0.13

-0.88 0.85 0.83

0.18 0.2 0.26

500 1000 5000 10000 10 ( : 1000 5000 10000 10 1000 5000 10000 10 50 100 500 1000 5000 10000

Age [Myr]

Figure 3.5: Global sensitivity analysis performed on a set of 4096 simulations with varying initial conditions (y-axis) and age
(x-axis). Each panel quantifies the sensitivity of an output parameter (final P, Pom, €) in terms of the amount of variance
each input parameter contributes to the distribution of final parameters.
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Figure 3.6: Global sensitivity analysis performed on a set of 4096 simulations with varying initial conditions (y-axis) and age
of evolution (x-axis). Each panel quantifies the sensitivity an output parameter (final P,o, Py, €) in terms of the amount of
variance each input parameter contributes to the distribution of final parameters.
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Figure 3.7: Likelihood sensitivity for the CTL (top) and CPL (bottom) model. The results
for both models indicate that model goodness-of-fit (as quantified by a Gaussian likelihood,
with uncertainties described in Section 3.2) is most sensitive to the initial orbital period.
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Figure 3.8: Sensitivity of the period ratio (orbital period / primary rotation period) for
the CTL (top) and CPL (bottom) model. At ages of 5-10 Gyrs, 7 and Q dominate the final
period ratio Py, /Prot1-
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4.1.3 Sensitivity of the period ratio

In summary, the final values of individual orbital parameters (Figures 3.5-3.6) and likelihood
constructed from these parameters (Figure 3.7) are more dominated by the initial conditions
than tidal 7 or Q. However, if we look at the sensitivity of the ratio Py, /Pot as a function
of evolution (Figure 3.8), we find that the sensitivity is less dependent on initial conditions
at older ages. At ages of 5-10 Gyrs, the variance in the orbital period to rotation period
ratio is dominated by 7 and Q for the CTL and CPL models respectively.

Figure 3.9 examines the P, /P, dependence on tidal parameters further. The blue
scatterpoints show the initial distribution of parameters (with uniformly sampled initial
conditions) and the black contours show the final distribution of parameters evolved to 5
Gyrs (where the period ratio is most dependent on tidal parameters, based on Figure 3.8).
In Figure 3.9, the 5 Gyr simulations converge towards a bimodal distribution: one cluster
with synchronized systems (highlighted in orange), and another cluster of subsynchronous,
eccentric binaries. For the CTL model, there is a fairly clear separation where simulations
with log 7 > 0 are nearly all tidally locked. Similarly for the CPL model, most systems with
log Q@ < 6 are tidally locked. For the range of weaker tides (log7 < 0, or log Q@ > 6) there is
a higher variance in period ratio where some systems are synchronized, but a larger fraction
of systems are subsynchronous.

Figures 3.10 and 3.11 investigate whether the bimodality between the subsynchronous
and synchronous populations is distinguishable as a function of log 7 and log Q respectively.
Figure 3.10 shows the histograms of the sample categorized into three different populations:
synchronized (Po,/Prot1 & 1, orange), subsynchronous (P, /Proti < 1, blue) and super-
synchronous (Pop,/Prot1 > 1, green), each at three different ages: 1 Gyr, 5 Gyrs, and 10
Gyrs. The supersynchronous population clusters near P, /P, & 1.5, consistent with the
pseudo-synchronous equilibrium ratio w/n = N(e)/S2(e) predicted by the CPL model for
eccentric systems.

First we can note the imporance of age on the synchronization fraction. The distributions
evolved for 5 Gyrs closely overlap with distributions evolved for 10 Gyrs, but diverge with
the distributions evolved for 1 Gyr, showing that most systems will have reached their final
synchronization state within 5 Gyrs. This means that if we have a population of binaries
that are roughly older than 5 Gyrs, we can place limits on log 7 based on the fraction of
systems synchronized, without having to have precise age estimates for each of the individual
systems, which is promising, as precise ages are observationally challenging for old systems
Soderblom (2010).

Next we can look at the importance of log 7 on the synchronous fraction. Most impor-
tantly, we want to understand the limits where log 7 dominates over the effects of the initial
conditions. As shown in Figure 3.10, after 5 Gyrs, nearly all orbits (> 90% marked by the
purple dashed line) with log7 2 0 are expected to become synchronized (shaded orange
region), regardless of initial orbital configuration. On the opposite side (not shown on the
bounds of the x-axis of the plot), it appears that log7 < —4 is roughly the lower limit
where we expect the majority (> 90%) of systems to be synchronized. Similarly for the
CPL model in Figure 3.11, log @ < 5.5 would be the lower limit given a majority fraction
of the population are subsynchronized, and log Q 2 9 would be the upper limit given a
majority are synchronized. This observationally implies that we could measure the fraction
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of synchronous and subsynchronous systems among populations of old (> 5 Gyr) systems:
if a strong majority of systems are synchronized, then we could determine a lower bound
on log 7 (or upper bound on log Q), and if a strong majority are subsynchronized, then we
could determine an upper bound on log 7 (or lower bound on log Q).

We note that an upper or lower bound constraint would still leave several orders of mag-
nitude of uncertainty in the tidal parameters, and would be roughly consistent with the
range of constraints currently presented in literature (Meibom et al., 2006; Jackson et al.,
2009; Hansen, 2010; Patel & Penev, 2022; Penev & Schussler, 2022). Gaining more precise
constraints (within the middle regions —4 < log7 < 0, or 5.5 < Q < 9) becomes more diffi-
cult, however. Figures 3.10 and 3.11 suggest that the relative fractions of synchronous and
subsynchronous systems vary consistently as a function of tidal parameter, and that these
fractions could be compared to the fractions measured from observations to constrain the
tidal parameters more precisely. These fractions are the result of using uniform priors for the
initial conditions (Table 3.2). Further work would need to explore how different (possibly
more realistic) distributions of initial conditions might change the synchronization fraction
as a function of tidal parameter, and very careful observational work would need to be done
obtain an unbiased sample with measured orbital periods and rotational periods.
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Figure 3.9: Distribution of orbital parameters for the CTL model (top) and CPL model
(bottom) evolved to an age of 5 Gyr, taken from the same simulations as Figures 3.5-3.8.
The blue scatterpoints show the initial distribution of parameters (sampled uniformly in
eccentricity, orbital period, rotation period, and tidal 7 or Q), the black contours show the
final distribution of parameters after 5 Gyrs of evolution, and the orange range highlights
synchronized binaries. At 5 Gyr, there is a clear bimodal separation between systems that
are synchronized (Po,/Prot1 & 1), and those that are subsynchronous (Pop,/Prot1 < 1).
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Figure 3.10: Fraction of binaries that are synchronized (Po,/Prot1 & 1, orange), subsyn-
chronous (Py,/Prot1 < 1, blue) and supersynchronous (P, /Prot1 > 1, green) according to
the CTL model. The dotted lines show the systems evolved to an age of 1 Gyr, the dark solid
lines show 5 Gyr, and the light solid lines show 10 Gyr. For each bin of log 7, we compute
relative fractions of synchronous, subsynchronous, and supersynchronous in each sample for
a given age. The shaded orange region shows hypothetical the lower bound on log Q given
that a majority of sources (> 90%) are observed subsynchronous after 5 Gyrs.
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Figure 3.11: Same as Figure 3.10, but for the CPL model. The shaded orange region shows
hypothetical the lower bound on log Q given that a majority of sources (> 90%) are observed
subsynchronous after 5 Gyrs. The shaded blue region shows hypothetical the upper bound
log Q given that a majority of sources (> 90%) are subsynchronous after 5 Gyrs.
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4.2 Simulated Posteriors

Section 4.1 shows that, to first order, constraining tidal Q or 7 is not very promising: the
final orbital states are more sensitive to the initial orbital and rotational states than they
are to the effects of the tidal dissipation efficiency. However, looking at Figures 3.5 and 3.6,
we do see that tidal Q or 7 accounts for a significant amount of variance in the final rotation
periods and eccentricities (up to ~ 0.5 at some ages). For the sake of completeness, we further
examine the covariance structure based on simulated posteriors and attempt to rigorously
test whether informative constraints on Q or 7 could be teased out from higher-order effects
in the correlations between variables.

We generate 5-dimensional posteriors according to the prescription described in Section
3.2. In this test we allow for uninformed priors for five parameters (the initial states Pty
Prot2i, €i, Porny, and Q) given that the initial states of a system are generally unknown.
To isolate the effects of the other input parameters of the model, we fix the masses, initial
obliquities, and ages to the true value. We performed a total of four simulated posterior
tests encompassing both tidal models at young and old ages. These tests include: CTL at
50 Myr (Figure 3.12), CTL at 5 Gyr (Figure 3.13), CPL at 50 Myr (Figure 3.14), and CTL
at b Gyr (Figure 3.15). We visualize the posteriors in the form of a corner plot, in which
samples are colored according to their posterior probability, where darker blue represents
higher probability values.

In simulations at young ages, the results are qualitatively similar for both CTL and CPL
(Figures 3.12 and 3.14 respectively). Here, we see that the high posterior regions most
strongly depend on the initial orbital period, which is consistent with the sensitivity analysis
results. We also see that the high posterior regions are nearly flat in the previous range of Q
(or 7). The reason is that at only a few Myrs of evolution, we expect hardly any evolution,
even for stronger tides. Given that orbital periods are generally measured to the best level
of uncertainty (Table 3.3), we find that sets of values that match around Py, ; & Py s with
weak values of Q generally tend to maximize the posterior. Our results suggest that we may
expect young systems to provide a lower bound on Q (or an upper bound on 7). However
even with optimistic uncertainties, this degeneracy between P, ; and Q is poorly traced
out.

The overfitting for initial orbital period is a trend that occurs not only for young ages,
but persists for inference at old ages as well. The results for the CTL and CPL model for
a system of 5 Gyr age are shown in Figures 3.13 and 3.15, respectively. At higher ages we
see two degeneracy features emerge between the initial orbital period and initial eccentricity
for both CTL and CPL models. To show this structure in more detail, Figure 3.16 shows
a zoom-in for the marginal posterior of (Pyu, €;) for the CPL model. Here, we see that
two main degeneracy features appear in the posterior points sampled. One of the features is
similar to the young age posterior, which is flat across eccentricity with Py, ; ~ Py, and
corresponds to weak tidal dissipation (high Q or low 7). The other main feature shows a
curved Py, ; — e; degeneracy, which corresponds to stronger tidal dissipation (low Q or high
7). The curved degeneracy intersects with the true initial orbital period and eccentricity.
However, the true values are statistically indistinguishable from other samples along the
degeneracy.
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Figure 3.12: Samples from the simulated posterior for the CTL model at an early age of
50 Myr (blue points). The posterior function is sampled using a Gaussian process and active
learning (Kandasamy et al., 2017) using the package alabi (Birky et al., in prep.) in order
to visualize the structure of high posterior modes/degeneracies. Points are colored according
to their posterior values. Since the posterior spans an order of magnitude range, we present
these values as P = log(—logP), where lower values of P (darker blue) represent higher
posterior probability. Orange dashed lines mark the true values of the initial parameters.
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CTL simulated posterior (5 Gyr)
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Figure 3.13: Same as Figure 3.12, but for 5 Gyr.
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CPL simulated posterior (50 Myr)
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Same as Figure 3.12, but for the CPL model.
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Same as Figure 3.14, but for 5 Gyr.

Figure 3.15

95




Chapter 3. Prospects of Constraining Equilibrium Tides in Low-Mass Binary Stars

CTL simulated posterior (5 Gyr)

true [RJI‘l).i'. C,‘)

=== observed Py ol ]

(A
E 9 =
o6 1
an
e

10°

107

9

Figure 3.16: Samples from the simulated posterior for the CTL model at a late age of
5 Gyr (from Figure 3.13) zoomed in on the marginal distribution of initial orbital period
and eccentricity. The dashed orange line shows the true initial orbital period that would
be unknown, and the green dashed line shows the final orbital period that would be ob-
served. The solid lines show the curve of F; and e; for a constant value of orbital
angular momentum. The orange solid curve shows the initial orbital angular momentum
(Jorbs = 1.80 x 10 kg - m™2), and the green solid line shows the final orbital angular mo-
mentum (Jopr = 1.61 x 10 kg - m™2). Instead of converging to the true initial orbital
period, the posterior is biased towards picking solutions with Py, ; & Pyt (as seen by the
overlapping horizontal dashed lines). Furthermore, we see that the high posterior samples
lie along the curve of final orbital angular momentum, meaning that the posterior is more
informative of the final conditions than it is of the initial conditions that we are trying to
infer.
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Figure 3.17: Same as Figure 3.16, but for the CPL model. Two degeneracy features emerge
from the blue sampled posterior points: those flat across eccentricity with Popi /= Porb s
(with negligible values of tidal dissipation), and those with curved P,; — e; degeneracy
(with stronger values of tidal dissipation).
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4.3 Degeneracies in the most simplified simulated model

Finally to test the limitations of inference, we perform a likelihood recovery test by consid-
ering the most optimistic inference case possible: 1 free parameter (Q or 7), using simulated
data with ideal uncertainties, see Table 3.3. This test is set up as follows: we run a sim-
ulation with fiducial initial values to compute a set of final values. This procedure is very
similar to Section 4.2, but instead of five free parameters, we only vary one. The values of
the fixed parameters are given in Table 3.4.

Parameter | My, My | Y1, V2i | Prot1iy Prot2i | Porbi | €
Unit Mg deg days days
Fiducial value 1.0 0 0.5 7.0 | 0.15

Table 3.4: Values of input parameters used in the 1-dimensional inference test. The sub-
script ¢ an initial value of a time-varying parameter.

In Figures 3.18-3.20 we show the simulated 1-dimensional likelihood for the CTL and
CPL models at three different ages: 50 Myr, 500 Myr, and 5 Gyr. The CTL model is shown
on the left panels, and the CPL model is shown on the right panels. The true values of
log7 (—3,—2,—1,0,41) and log Q (4, 5,6, 7,8) are indicated with dashed vertical lines. The
likelihood values as a function of log 7 or log Q are represented by distinct colored lines. For
both CTL and CPL, the blue lines represent weaker tides and the red lines represent stronger
tides (on the same color scale as Figures 3.1 and 3.2).

A single peak in a given curve represents a unimodal solution in which the true value
of 7 or @ could theoretically be recovered if 7 or @ were the only free variable. However,
degeneracies do occur for both the CTL and CPL models. The origin of these double peaks
can be understood when we examine the evolution trajectories. In particular (as we noted
in Section 4.1), the constraint on orbital period dominates the likelihood. In Figure 3.1
(showing the trajectories for varying 7) we see that there is a region in orbital period and
eccentricity where solutions with different 7 overlap. Similarly (but to a lesser extent), we
also see in Figure 3.2 that there’s a region in the orbital period evolution of the CPL model
where solutions with different O overlap.

Figure 3.21 illustrates the degenerate solutions for log7 = 0: at 50 Myr the likelihood
has peaks at log7 = 0 and —1.73; at age 500 Myr the likelihood has peaks at log7 = 0 and
—2.17; and at age 5 Gyr the likelihood has peaks at log7 = 0 and 0.66. The black lines in
Figure 3.21 show the solution for log7 = 0, and the dashed lines show the solutions of the
secondary peaks. Points where the solutions overlap are highlighted with dots. In the left
panel of Figure 3.21 (orbital period), there are intersections with log 7 = 0 at each of the ages,
but in the other two panels (rotation period and eccentricity), there is only an intersection
with log7 = 0 at 5 Gyr. Thus, we see that the orbital period dominates the likelihood
constraint, and the double-peaked degeneracies seen in the CTL + STELLAR likelihood
(Figures 3.18-3.20) occur when there are degeneracies in orbital period for different log 7
values.

We can gain further insight into the structure of the likelihood plots by examining the 7
values where tidal locking, synchronization, and circularization happen. Tidal locking refers
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Figure 3.18: Simulated 1-dimensional likelihood for CTL model (left) and CPL model
(right) evaluated at an age of 50 Myrs. Each of the colored lines shows the likelihood value
as a function of varying 7 or Q for different “true” values (—3,—2,—1,0,+1) for 7, and
(4,5,6,7,8) for Q. For both plots, blue lines represent weaker tides and red lines represent
stronger tides. The y-axis shows the likelihood value when 7 is allowed to vary and is
compared to the fiducial simulation (with the values of Table 3.4, and uncertainties of Table
3.3). On the y-axis we compress the magnitude range for visualization by showing the
likelihood as log(— log £), where lower values of log(—log £) (higher on the y-axis) represent
higher likelihood values (similarly to Figures 3.12-3.15). The magenta dashed line and arrows
indicate the range of tidal values that are strong enough to cause tidal locking by an age of
50 Myr. Similarly, the cyan arrows and shaded regions show the range of tidal values that
are strong enough to cause synchronization, and the grey arrows and shaded regions show
the range of tidal values that are strong enough to cause circularization.

to the point in the evolution at which there is no net tidal torque acting on the star. Syn-
chronization means that the rotation period and orbital period are identical. Circularization
occurs when the eccentricity reaches a value of 0. For the CTL model, tidal locking occurs
first, followed by synchronization and circularization, which occur at the same time. For the
CPL model, however, tidal locking and synchronization occur first at the same time, and
circularization follows later.

Table 3.5 gives the values of 7 or Q for tidal locking, synchronization, and circularization
for each age in the likelihood plots (Figures 3.18-3.20). We also see in Figures 3.18-3.20 that
there tends to be a symmetry to the degenerate peaks, where one solution occurs when the
orbital period is rising, while the other solution occurs when the orbital period is decaying.
This symmetry point is roughly the log7 at which the stars become tidally locked. This
“turn-over” in orbital period (as discussed in Fleming et al. 2018) happens when a system
evolves from an initial state where the rotation period is faster than the orbital period.
Assuming that the initial rotation periods of stars in a binary system is around the same
distribution as the rotation periods of young single stars, it is reasonable to expect fast initial
rotation periods of Py < 1 day (Stassun et al., 1999; Rebull et al., 2006; Marilli et al., 2007).
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Figure 3.19: Same as Figure 3.18, but for ages 500 Myr.
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Figure 3.20: Same as Figure 3.18, but for 5 Gyr.

In the case of initial P, < P, tidal locking would cause angular momentum to be
transferred from the rotation period to the orbit, until the two approach synchronization.
At the point of tidal locking, the magnetic braking acting to slow the rotation of the star is
balanced by tidal forces that speed up the rotation of the star (Section 2.2). The angular
momentum lost due to magnetic braking must come from the angular momentum of the orbit,
causing orbital decay. Thus, we find that coupling magnetic braking with the constant time
lag model results in a “turn-over” in orbital period evolution (Figure 3.21), which results in
degenerate solutions (Figures 3.18-3.20).
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CTL+STELLAR

Age tidelock | sync circ

50 Myr T>-11|7>12 T>1.2
500 Myr | 7>—-1.2|7>0.5 7>0.5
5000 Myr | 7> —-13 | 7> —-06 | 7> —0.6
CPL+STELLAR
Age tidelock | sync circ

50 Myr 0<b2 | Q<bh2 | Q<38
500 Myr | Q<73 | Q<73 | Q<46
5000 Myr | Q<81 | Q<81 | Q<58

Table 3.5: Range of tidal values in which tides are strong enough to cause tidal locking,
synchronization, or circularization at a given age. In Figures 3.18-3.20, the tidelock range is
shown in magenta, the synchronization range is shown in cyan, and the circularization range
is shown in gray.

Orbital Period [d] Rotation Period [d] Eccentricity
0.25
0.20
0.15
0.10
7.5
2 0.05
logT = —1.73
70 —  True solution (log 7 = 0) 0 logT = —2.17 0.00
' Age at degeneracy --- logT =0.66
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Figure 3.21: Examples showing the how solutions with different log 7 are degenerate at
different ages. The black line highlights the solution for log 7 = 0. The thick grey vertical
lines mark the ages 50 Myr, 500 Myr, and 5 Gyr as used in Figures 3.18-3.20. The colored
dashed lines show the solutions for the secondary likelihood peak at each age: at 50 Myr the
likelihood has peaks at log 7 = 0 and —1.73; at 500 Myr the likelihood has peaks at log 7 =0
and —2.17; and at 5 Gyr the likelihood has peaks at log7™ = 0 and 0.66. The color scale
is consistent with Figures 3.1-3.2 and 3.18-3.20, where darker red represents stronger tides
and darker blue represents weaker tides. The colored dots highlight where the evolutions
intersect.
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Figure 3.22: Same as Figure 3.21, but for the CPL model. In Figure 3.20, the solution
for log @ = 8 shows a double peak in likelihood. The black line highlights the solution for
log @ = 8. The blue dashed line shows the solution for the secondary likelihood peak: at 5
Gyr the likelihood has peaks at log @ = 8 and log Q = 6.78.
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5 Discussion

The previous sections revealed that the path to constraining tidal evolution due to equilib-
rium tides faces fundamental challenges:

1. The evolution is governed by first-order ordinary differential equations that are high
dimensional (18-dimensional phase space) and nonlinear. Thus, it is important to
systematically understand how inference is sensitive to each model unknown and un-
certainty.

2. We cannot observationally constrain the full phase space of a system: we can measure
a system’s present-day configuration (i.e. final Py, Py, € R), but the time derivatives
(i.e. dPyy/dt, dP,o/dt, de/dt, dR/dt) are significantly more difficult to constrain.

3. There are strong degeneracies between the input parameters, particularly between Q
and initial orbital conditions (P, Prot, €).

4. The observable constraints (final Py, P, €, €tc.) are more sensitive to the initial
state conditions than tidal Q.

5. For old systems (older than 5 Gyrs), the ratio Py, /Prot is more sensitive to tidal Q
than initial conditions. We find that populations of old systems may be useful for
constraining upper or lower limits on tidal Q.

6. Our analysis shows that for fixed tidal Q for all stars that tidal Q cannot be inferred to
order-of-magnitude precision for individual systems by Bayesian methods, even when
considering idealized uncertainties on present day orbital states and perfect priors (fixed
at true values) for system masses and age.

In addition, when models are applied to real data (without inspection on simulated data),
there is the confounding factor that the model may not accurately represent the true physics
of the system. Although the ultimate goal is to make meaningful inferences on real data,
having a poor understanding of the systematic biases of the model itself (as stated above)
makes it difficult to unambiguously interpret inferences and disentangle which factors can
be improved. Thus, in this paper we have investigated such systematic model biases in the
context of statistical inference. Given these systematic challenges when it comes to inference
of tidal Q, we caution the the community to consider model biases when interpreting inferred
values of tidal Q, particularly based on inference of individual binary systems.

A recent study by Patel & Penev (2022) reports a modified tidal Q' values for 41 low-
mass (0.4 < M, < 1.2M,) eclipsing binary systems from Kepler. That study does not
publish the full posteriors or summary statistics for their individual objects, but reports an
overall constraint of log Q' = 7.818 4 0.035 based on the joint posterior of the 41 combined
objects. However, it is unclear in the methodology of Patel & Penev (2022) (and similar
studies, including Penev et al. 2018) how they handle model degeneracies in their inference.
Their paper states that constraints on the initial orbital state come from finding “the initial
orbital period and initial eccentricity, which when evolved to the sampled age of the system
matches the orbital period and eccentricity sampled” (Section 4.1; Patel & Penev, 2022). This
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assumption certainly contradicts our findings that the initial orbital period and eccentricity
are not unique to a given fit of final values (Section 4.2 and Figures 3.16-3.17). Their paper
also states that constraints on mass and age come from fitting stellar isochrones (Paxton
et al., 2010) to the estimated effective temperatures, surface gravity, and metallicity from the
Mathur et al. (2017) catalog of combined photometric and spectroscopic stellar parameters
of Kepler targets. The study does not report uncertainties on their mass or age estimates,
although isochrone fitting is known to be an unreliable age metric, particularly for low-mass
stars, which may be on the main sequence (Soderblom, 2010). It is furthermore unclear
whether the catalog estimates from Mathur et al. (2017) represent only the primary, or are
biased by the blended photometry or spectroscopy of the secondary (Mathur et al. 2017 notes
in Section 5.3 that the catalog is intended for single stars, and is likely biased for multistar
systems). We argue that more work is necessary in this field to identify a reliable constraint
on tidal Q than what is present in the existing literature.

5.1 Physical Origin of Short-period Binaries

In addition to the statistical challenge of constraining the physical parameters of equilibrium
tides, there is also the fundamental question of what the constraints on the initial orbital
parameters tell us about the origin of short-period binaries, which remains an open question
in the field. The formation of stars is expected to result from a hierarchical collapse of gas
within molecular clouds (Véazquez-Semadeni et al., 2019). However, the amount of thermal
pressure expected during the initial collapse precudes the formation of systems at very short
separations (with a < 0.1 AU or P, < 10days), implying that additional mechanisms of
dissipation must take place to explain the existence of short-period binaries (Sterzik et al.,
2003; Tokovinin, 2021).

Results from the simulated posteriors (Figures 3.12-3.15) suggest that present-day short
period systems (with orbital periods P, < 10days) evolved from an initial configuration
that started with a short orbital period, as seen by the high density of points with orbital
periods between ~ 5 and 10days. In other words, equilibrium tides (even for log 7 as high
as 1.0, or log Q as low as 4.0) are not an efficient enough dissipation mechanism to drive
significant orbital migration.

A number of explanations have been proposed and investigated, including evolution due
to a tertiary companion (Fabrycky & Tremaine, 2007), or dissipation after collapse due to
interactions with primordial gas (Moe & Kratter, 2018). From a formation standpoint, it is
worth mentioning that the plausibility of this conclusion (that short-period systems initially
start out with a short orbital period) relies on the assumption that orbits undergo additional
dissipation, causing inward migration to orbital periods of < 10days within the first ~
5 Myrs of their formation. For now it is understood that young, short-period systems may
be plausible, but more work is needed to understand the dominant formation mechanisms
of short-period binaries (Moe & Kratter, 2018; Tokovinin & Moe, 2020), as well as the
role of dissipation due to dynamical tides, which has been shown to be more efficient than
equilibrium tides during pre main-sequence evolution (Zanazzi & Wu, 2021).
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5.2 Outlook

Our analysis (as well as recent work by Mirouh et al. 2023) suggests that constraining
tidal dissipation, even using the best possible observational constraints (eclipsing binaries in
open clusters with precise ages, orbital prameters, and rotation periods; e.g., Southworth &
Clausen, 2006; David et al., 2015, 2016; Gillen et al., 2017; Torres et al., 2018), is difficult to
near-impossible. While the prospects of constraining tides based on existing metrics (e.g.,
measuring the tidal circularization period, or performing Bayesian inference of Q based on
present-day orbital state) may not be promising, there may be alternative methods worth
exploring.

5.2.1 Constraints on Orbital Period Decay

In particular, it is worth exploring alternative methods to constrain the derivative states
of the evolutions. There are a few cases in which orbital period decay has been measured,
including the planetary systems WASP-12b (Patra et al., 2017; Yee et al., 2019; Patra et al.,
2020) and Kepler-1658b (Chontos et al., 2019; Vissapragada et al., 2022) with implications
for stellar tidal Q’s, though orbital decay has not been widely measured for many stellar
systems due to the long baseline of observation time required. Moreover, in general, we
expect that it would be difficult to disambiguate how tidal Q influences orbital decay, apart
from other factors (e.g., magnetic braking, presence of unobserved companion) that could
influence the angular momentum of the system. This limitation is significant when it comes
to inferring timescales related to parameters such as tidal Q or tidal 7, which characterize
tidal energy dissipation.

5.2.2 Understanding the Attractor Space

An alternative approach would seek to gain constraints based on a population of systems.
The full dynamical phase space of this problem is 18-dimensional, including the nine state
variables and their derivatives (Table 3.1). However, as predicted from tidal models, the
evolution of a binary system is dissipative (i.e. flows contract in volume in phase space), due
to the energy being lost to the interior of the stars in the form of heat due to tides.

For the CTL model the predicted equilibrium rotation period occurs for dw/dt = 0, or
when

wi _ 2cost N(e)%N(e)' (3.15)
n  1l4+cos?y Qe)  Qe)
For obliquities ¢ < 30 deg, the factor of (Eq. 3.15) containing v terms is insignificant to the
equilibrium period by less than 1%. Since the CPL model we used is only applicable to low
eccentricities (Greenberg, 2009), and can only predict pseudosynchronous ratios of 1:1 and
3:2 (Fleming et al., 2019), for now we apply only the equilibrium state analysis to the CTL
model.

Next we consider the limiting behaviors when tides are combined with stellar evolution
and magnetic braking. Synchronization occurs when the net torque acting on the rotation of
a star becomes zero and the rotation period locks with the orbital period. This happens when
the torque due to magnetic braking balances with the torque due to tides (%hides + % B =
0). Finally, circularization occurs when (de/dt = 0 and e = 0).
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Figure 3.23: Orbital and rotational evolution for randomized initial conditions with strong
tides (orange, log7 = 0) and weak tides (blue, log T = —2). Axes plot the rotation period
(days), orbital period (days), and eccentricity. The dashed portion of the lines show the
trajectory before rotational torque balance, and the solid portion shows after. At rotational
torque equilibrium (i.e. when tidal torque balances with magnetic braking), evolution trajec-

tories converge to the shaded manifold, in which all (P, Pot, €) solutions are constrained
to a very precise 2D subspace of 3D.
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While stellar evolution plays a large role in early dynamical evolution (as seen by trajec-
tories in Figure 3.23 that initially “blow past” torque equilibrium), due to small variations
in stellar radius and moment of inertia during the main sequence, the limiting behavior is
driven by the equilibrium tide, which reduces the potential parameter space of our analysis.
For old systems (on the main sequence), this implies that the model-observation comparison
of the dominant variable space reduces to (Pup, Proti, €), Or equivalently (n, w;, e). That
means the predicted equilibrium states lie along a very precise, low-dimensional manifold of
(n, w;, €) space as shown in Fig. 3.23. Hence more work is needed to precisely constrain the
(n, w;, e) space of observed binaries. In particular (as discovered in observational work by
Lurie et al. 2017; Hobson-Ritz et al. 2025, and suggested by simulation work by Mirouh et al.
2023), more work is needed to characterize subsynchronously rotating binaries (systems near
synchronization, but with spin-orbit ratios less than 1:1), which may provide key evidence
of the precise balance between tidal forces and magnetic braking.

5.2.3 Model Reparameterization

We can also consider the possibility of reparameterizing the model as a way to reduce the
dimensionality of the problem and degenerate parameters. Considering only the effect of
tides, it is possible to reduce the number of orbital states from (n, w;, €) to just (w;, €). This
is because the total angular momentum of the system is given by

Jrot = Jorb + Jrot,l + Jrot,2 (316)
= V1= + Tuwr + Tyen, (3.17)

so the mean motion can be written in terms of the rotation frequencies of each star and the

eccentricity:
ay/1 —e?
Jtot

— Thwy + Lowo

(3.18)

where o = M MyG?/3 /(M + My)'/3.

Figure 3.24 shows the evolution of the ratio w;/n (or Pyy,/Prot) for the the primary star
in a binary system evolved according to CTL tides. For systems with initial conditions of
Pt < P,p, the rate at which the system synchronizes depends linearly on log 7, without
crossing degeneracies. However, this model reparameterization can only be done if the system
conservatives angular momentum. When magnetic braking is coupled with tides (Section
2.2), angular momentum is taken away from the system from stellar winds, introducing
nonlinearities and crossing trajectories to the evolution of P,/ Pt (Figure 3.25). Notably,
the trajectories in Figure 3.25 exhibit a kink near P, /P, =~ 0.75, where the evolution
temporarily stalls.

In this case an additional parameter AJ, (representing the amount of angular momentum
lost from the system) would need to be sampled. This would not reduce the total number
of parameters needed to be sampled, but would allow for the initial eccentricity and orbital
period to be fit simultaneously and consistently, rather than independently. Further could
test whether different parameterizations would be more efficient at sampling the parameter
space.
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Figure 3.24: Evolution of the P,/ P, ratio for the primary star in a 1M, — 1M binary
system assuming only CTL tides. The system is evolved with an initial eccentricity of e = 0.2
and initial rotation periods of Pot1 = Ptz = 0.5d for different initial orbital periods: 5
days (left), 10 days (middle) and 15 days (right).
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Figure 3.25: Same system as Figure 3.24, but modeled with CTL tides coupled with stellar
evolution.
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5.3 Limitations

The scope of this paper focuses on the limitations of equilibrium tidal dissipation theory
(which is currently ill-constrained to orders of magnitude), not limitations of stellar evolution
or magnetic braking (which we assume are correct by factors within an order of magnitude).
In this study we only consider equilibrium tides, which only account for tidal dissipation
when a hydrostatic bulge is raised on a star. We also assume a simplified tidal response,
in which the mis-alignment of the bulge components are parameterized by either a time lag
or phase lag that is constant in time. This is a significant simplification, as the efficiency
of tidal dissipation may vary with changes in stellar internal structure over evolutionary
timescales, or on shorter timescales due to magnetic activity cycles (e.g., Ogilvie, 2013). The
CTL and CPL mechanisms do not account for all of the complexities of the stellar interior
structures that have been proposed, including turbulent viscosity acting on equilibrium tides
in the convective envelope (Barker, 2020) or the fluid motions of dynamical tide prescriptions
(Zahn & Bouchet, 1989).

We also assume that stellar evolution influences tides, but we make no assumptions about
how tides may influence stellar evolution. Studies such as Casey et al. (2019) suggest that
tides may influence stellar evolution, including lithium production in red-giant stars. How-
ever, modeling the effects on stellar evolution would be a significant endeavor requiring the
use of a stellar evolution code such as MESA (Modules for Experiments in Stellar Astro-
physics; Paxton et al., 2010), rather than grids of evolution models (Baraffe et al., 2015).
Furthermore, we only model low-mass systems through their main-sequence evolution phase
with separations larger than the Roche radius, hence we do not model or make assumptions
about any mass transfer between stars in the system.

We also make the assumption that orbital evolution occurs for an isolated binary system,
in which there are no additional perturbers (such as planet or nearby star) to influence the
angular momentum of the system. The presence of additional bodies could introduce a vari-
ety of different effects, such as Kozai-Lidov effects, resonances, or chaos (Toonen et al., 2016;
Fabrycky & Tremaine, 2007; Naoz, 2016). Accounting for the presence of triple (or other
higher order systems) would be an important role in future studies when comparing binary
evolution models to observations, as unobserved companions could account for differences
between the observed and simulated distributions of orbits.

6 Conclusion

In this paper, we investigated the prospects and limitations for constraining equilibrium
tides in low-mass binary stars based on ideal uncertainties. We used the package VPLanet
to simulate the coupled effects of stellar evolution, magnetic braking, and equilibrium tides.
We then applied statistical methods including sensitivity analysis and simulated Bayesian
inference to systematically analyze how model degeneracies and observational uncertainties
limit constraints on tidal dissipation.

Sensitivity analysis allowed us to systematically search high-dimensional and non-linear
parameter spaces to identify which types of individual systems are most promising for con-
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straining tidal dissipation, thus informing observational follow-up efforts. We used sensitivity
analysis to assess which input parameters dominate the final orbital and rotational states
of the system. We found to first order that the final orbital state (in particular the final
orbital period) is dominated by the initial orbital period of the system. We further in-
vestigated whether the final eccentricity and rotation states would be sensitive enough to
gain meaningful constraints on tidal dissipation. To perform this assessment, we simulated
inference using the package alabi (Chapter 2) to trace out 5-dimensional posteriors in a
computationally efficient manner.

Our analysis suggests that even when employing implausibly precise orbital parameters
from Kepler/ TESS, constraining tidal Q remains ill-posed because of strong degeneracies
with initial conditions and because we cannot determine how quickly a system evolves (i.e.
we have no constraints on d Py, /dt, dP,o/dt, de/dt, etc. for any given system). An alternate
approach would take advantage of the constraints from a large population of binaries. How-
ever, different binary systems can originate from a wide range of initial conditions, which
are degenerate and dependent on complex (and very ill-constrained, uncertain) formation
mechanisms.

An alternative approach worth investigating would seek to characterize the attractor state
dynamics of tides. Stellar evolution and magnetic braking dominate in early evolution; how-
ever, during the main-sequence tidal dissipation dominates, even for weak tides. Considering
the case of constant radius and radius of gyration (which is approximately the case when
stars reach the main sequence), the attractor phase space under torque equilibrium reduces
to 6 dimensions (e, a, w, de/dt, da/dt, dw/dt). Thus, overdensities in (Pyy,, €, Prot) of ob-
served binaries may be a promising way to constrain and validate theoretical tidal models,
regardless of how fast these systems are evolving.

In summary this work critically examines our understanding of equilibrium tides in binary
systems. While there is certainly still much work left to realistically model the tidal response
of stars and to understand how stellar structure plays a role in the gravitational interactions
of stars, the impact of work in this subfield has many implications for broader astrophysics.
Stars play a fundamental role on a broad range of scales from the long-term evolution of
planets and planetary systems, to the dynamics of stellar clusters and galactic dynamics.
Thus the dynamical outcomes on the orbits of binary stars due to tidal evolution has the
potential to give insight to many fundamental physical processes involving gravitational
interactions with stars.
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1 Equilibrium Tide Equations

In this appendix, we present the equilibrium tide models used in this study.

1.1 Governing Equations

The average energy dissipated (Fomp); and torque on each star in the system (Jy); can be
derived from the potential and an assumption for the phase lag dependence (e.g. constant
time, or constant phase). For the CTL model, the tidal energy and torque terms are given
by (Leconte et al., 2010, Equation A.21 & Equation 9):

()i = 20, 7, [N(e) cos w% — N,l(e)} (.19)

; K i
(Jrot)i = — d [(1 + cos” ;) Q(e)i — 2cos wiN(e)} (.20)
n n
where the eccentricity functions N(e), N,(e), Q(e) from Leconte et al. (2010) are given by:

15,2 | 45,4 | 5 6
_1+26+8€ + 35¢

N(e) = 21
(6) (1 . 62)6 ( )
14 3te? 4 20t 4 1856 4 268
Ny(e) = (EELE (.22)
14 3¢+ Let
Qle) = —2—5 23
© = o (23)
1+ %62 + %64 + %66
Ne(e) = A= e)oe (.24)
1+ 3%+ 2!
f2e) = A (:25)
and the intermediate coefficient variable K; is given by:
3 M?R?

Here k5 is known as the tidal Love number. The Love number k; describes the degree to
which a stellar body deforms due to the tidal forces in the radial direction, where ko is
the Love number due to the quadrupole order potential. In this study we adopt a value of
ko = 0.5, but note that uncertainty in ks is degenerate with that of Q and can also be written
as the effective quality factor Q' = 3Q/2ks, where ky = 3/2 and Q' = Q for a homogeneous
fluid sphere (Jackson et al., 2008).

For the alternative linear equilibrium tide model, CPL, the tidal energy dissipation and

111



Chapter 3. Prospects of Constraining Equilibrium Tides in Low-Mass Binary Stars

torque terms are given by (Ferraz-Mello et al., 2008, Equation 48-49):

. K, 147 1 .

<Eorb>i = R 480 + 62(—2080 + 751 + 552 — 355) — 4811’12 w<€0 — 68) (27)
. Kz 2 .9

(Jeot)i = — 43 [4e0 + €*(—20eq + 49e1 + €2) + 2sin” ¢(—2e0 + €5 + £9) ] (.28)

Under the constant phase lag assumption, the amplitude of the phase lags are proportional
to a constant Q ~ 1/e. For quadrupole order potential (I = 2), we consider the dominant
forcing frequencies € = kn — mw up to m = +2, where the amplitude of each phase lag term
corresponds to the following the frequencies (Table 1, Ferraz-Mello et al., 2008):

€0, = 2wi —2n
€145 = 2(.4.)7; —3n

€24 = 2&)1' —n

€55 =N
€6, — 2n
Eri = 2n

€84 = Wi — 2n

€94 = W

1.2 Secular Evolution of Keplerian Elements

This section elaborates on the equations for the total evolution of the Keplerian components:
semi-major axis, eccentricity, rotation rate, and obliquity for both the constant-time-lag
and constant-phase-lag equilibrium tidal models. For any tidal model, the orbit-averaged
evolution of the Keplerian orbital elements due to each component is given by:

E
semi-major axis: <da> S <d Orb> ) (.29)

dt Eom, \ dt
d 1d 2 dJy 1—é?
eccentricity: <d—:> = (ad—j I dtb) : 266 7 (.30)
(.31)

where oy = MiMy/(My 4+ My) is the reduced mass, and Z; = M;r} ;R* is the moment of
inertia for each body. The spin evolution for each body is given by:

d % 1 d ide d m dIz
rotation frequency: < ; > =7 ( {ittd + ;;ﬁb — ME) , (.32)

where ¢ = 1 is the primary, i = 2 is the secondary. The terms bracketed by (-) denote
quantities that are orbit-averaged.
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1.2.1 Semi-major Axis

The equation for the semi-major axis evolution when coupled with stellar evolution and
magnetic braking remains the same as when only considering equilibrium tide. The total
semi-major axis derivative is the sum of the contributions from the primary (i = 1) and

secondary (i = 2):
da 2,/ da
= — : .33
< dt >t0t Z < dt >t1de ( )

For the constant time lag model, the equation for the orbit-averaged derivative of semi-major
axis can be derived from substituting Equations (.29) and (.19):

da 4a? w;
<%>CTL N GM—%Ki i [N(e) cos ?Pig a Na(e)] ' (.34)

Similarly, the orbit-averaged derivative of semi-major axis for the constant phase lag as-
sumption is found from substituting Equations (.29) and (.27):

da; a@ K 147 . 1
= 4 206, + 47 VI .
< dt >CPL GM1M2 2nQ; { Eot+e ( 0go + 9 €1+ 282 365) sin ¢( €o 58)}
(.35)

Applying the constant phase lag assumption (¢ = £/Q where Q is a constant) lets us factor
out the magnitude of the phase lag Q on the denominator, and each £ term corresponds to
the sign of each phase lag term (Heller et al., 2011), &; = sign(e;).

1.2.2 Eccentricity

The eccentricity evolution can be obtained by differentiating the orbital angular momentum
and rearranging to find:

<@> _ 1 |:dEorb _ n dJorb:| ) 1— 62' (36)

dt Eoy | dt V1—e2 dt 2e

From conservation of angular momentum, the change in orbital angular momentum is the
negative of the magnitude of the change in rotational angular momentum, which is the sum
of the torques due to tides and magnetic braking:

2

dJorb dJrot i Z <th1de dme )
_ _ . (.37)

dt 2 at "t
Equation (.36) can thus be broken into components, (de/dt) = (de/dt),.,, + (de/dt) . Fol-
lowing the assumption of Repetto & Nelemans (2014) and Fleming et al. (2019), we assume
(de/dt)_,, is relatively small compared to (de/dt),,,., and thus just consider the effect of tides
on eccentricity evolution.

The contribution to eccentricity due to tides for the constant time lag model, can be
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obtained by substituting Eqns (.19) and (.20) into Eqn. (.30) to get:

de; ae w;
TGN 2 g 11 cos i (€)Y — 18NL(e)] | 3
< o >CTL avoan T [ cos 1;82(€) - 8 (e)} (.38)

and for the constant phase lag model, can be obtained by substituting Eqns (.27) and (.28)
into Eqn. (.36):

de; ae K; [ .. 49 1, .
e N e e 39
< di >ch 4G M, nQ { T At geT 55} (:39)

1.2.3 Rotation

The secular rotational evolution for each individual body 7 in the system is solved from the
sum of torques due to both tides and magnetic braking acting on the body:

dwi o dwi dwi . l .
< dt > B < dt >tide - < dt >mb a 7 (ﬁlde " ﬂnb), (40)

where the total rotational evolution due to CTL tides and stellar evolution is given by the
sum of Equation (.20) and (3.4) divided by moment of inertia, Z = Mr?R*:

K7

<d;:i>CTL - (1 + cos? ) Ofe)= - 2cos YiN(e) | (A1)

Similarly, the total rotational evolution due to CPL tides and stellar evolution is given by
the sum of Equation (.28) and (3.4) divided by moment of inertia:

d 7 KZ . R . . . A A A
< CZ >CPL YRS [420 + €2(=2080 + 4981 + &) + 2sin® (=280 + &5 + &9)] . (42)

1.2.4 Obliquity

Finally, the secular evolution of the obliquity for each star in the system for the CTL model
was derived in Leconte et al. (2010):

<%§:5§%@kWM—mma%—mmﬂ, (43)

where 1; = Jyot.i/ Jorp 18 the ratio of rotational over orbital angular momentum:

. M1 + MQ L-wi
771 MMy a?n\/1—¢2

For the CPL model, we use the obliquity evolution derived in Ferraz-Mello et al. (2008):

(.44)

d; K sin; . . .
() = o - )+ (14+6) (o — ), (45)
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where &; is defined as
€ — w;L;an

- GM;M;

(.46)
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Abstract

e present a novel, physically motivated Gaussian process (GP) kernel designed to
model starspot variability from photometric lightcurves. Using an analytic flux
model, we derive an analytic kernel function that describes the temporal corre-
lations induced by rotating starspots as a function of spot properties and stellar
rotation: equitorial rotation period (P.,), differential rotation (x), inclination angle (I), spot
lifetimes ({spot ), Spot emergence and decay timescales (7gpot ), maximum spot size (max), SPOt
contrast (fspot), and number of spots (Ng,ot). We thoroughly validate our derivation using
SymPy, compare it to numerical simulations, and interpret how each parameter affects the
kernel structure. We show that cumax, fspot, and Ngor are degenerate parameters controlling
the amplitude of the correlations (which can be re-parameterized into a single parameter
o), while P, x, and I control the periodicity and harmonic structure, and lsor, Tem, and
Taee control the decay of the correlations over time. Our implementation is available in the
package spotgp, which uses JAX for efficient automatic differentiation and GPU acceleration.
Furthermore, our implementation makes use of a sparse banded matrix solver (with band-
width b), reducing the computational complexity of GP inference from O(N?) to O(Nb?) for
N data points. Using simulated lightcurves, we use Markov chain Monte Carlo (MCMC) and
Cramer-Rao bound analysis to systematically explore how inference performs for different
parameter regimes, and observational conditions (cadence, baseline, and noise level). Finally,
we apply our GP model to Kepler-63 and demonstrate that we can infer an inclination con-
sistent with v, sin I measurements from spectroscopy and spot parameters with differential
rotation and spot lifetimes consistent with transit spot analysis. This study is the first to
demonstrate that differential rotation can be inferred from 1-dimensional lightcurves with a
physically interpretable Gaussian process.

1 Introduction

High-precision photometric surveys such as Kepler (Borucki et al., 2010), K2 (Howell et al.,
2014), and TESS (Ricker et al., 2014) have been transforming our understanding of funda-
mental stellar physics, revealing the effects of stellar variability and dynamics for stars across
a wide range of masses, ages, and Galactic environments. In particular, precise time-domain
data have enabled constrains on the rotation periods of thousands of stars (McQuillan et al.,
2014; Gordon et al., 2021; Boyle et al., 2026), which has been crucial for understanding the
evolution of stellar angular momentum (Weber & Davis, 1967; Skumanich, 1972), the surface
variability and magnetic activity of stars (Santos et al., 2017; Forgacs-Dajka et al., 2021),
and the stellar dynamo process (Brun et al., 2017b; Képylé et al., 2023; Noraz et al., 2022c¢).

Over time, stars lose angular momentum through magnetized stellar winds, causing them
to spin down as they age. The rate of this spin-down depends on the star’s mass, age, and
magnetic field strength, and is driven by the torque from stellar winds flowing along open
magnetic field lines — a process known as magnetic braking. Early work established that
Prot oc 712 (Skumanich, 1972), opening up the field of gyrochronology for inferring stellar
ages from rotation periods (Barnes, 2003a, 2007). Further work has developed empirical
relations for how magnetic braking torque depends on stellar properties (Kawaler, 1988; Sills
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et al., 2000; Reiners & Mohanty, 2012; van Saders & Pinsonneault, 2013; Matt et al., 2015;
Amard & Matt, 2020; Ireland et al., 2022). However open questions remain: recent studies
have discovered evidence for weakened magnetic braking in rapidly rotating old field stars
(van Saders et al., 2016; Saunders et al., 2024), suggesting that the braking process may be
more complex than originally thought.

Much of our knowledge of stellar rotation comes from photometric variability driven by
starspots. Low-mass stars (M < 1.5 M) possess outer convective envelopes in which tur-
bulent motions interact with rotation and magnetic fields to drive a stellar dynamo (Brun
et al., 2017b). Differential rotation (the latitudinal variation in angular velocity) plays a
fundamental role in this process: it shears poloidal magnetic field lines into a toroidal con-
figuration (the Q-effect), which is a key mechanism driving the activity cycle (Noraz et al.,
2022c). Numerical simulations of rotating convection predict that the magnitude and ge-
ometry of differential rotation depend on the stellar mass, rotation rate, and convective
structure (Augustson et al., 2012; Guerrero et al., 2013b; Képyla et al., 2023). In particu-
lar, these simulations predict a transition from solar-like differential rotation (fast equator,
slow poles) to anti-solar differential rotation (fast poles, slow equator) as the Rossby number
Ro = Pt/ Teony increases past Ro ~ 1. Many starspot properties — including spot lifetimes
(Giles et al., 2017), latitude distributions, and emergence patterns — are also governed by Ro,
making it a highly important dimensionless parameter for characterizing the stellar dynamo
regime (Gastine et al., 2013; Noraz et al., 2022a). However, this predicted transition in
differential rotation remains largely untested observationally, because measuring differential
rotation for large samples of stars has been extremely challenging.

Existing techniques for measuring stellar differential rotation include: Doppler imaging
(Collier Cameron, 2007), the Fourier transform method for spectral line profiles (Reiners &
Mohanty, 2012), asteroseismology (Benomar et al., 2018), and transit spot-crossing (Morris
et al., 2017). However, each have each been limited to samples of ~tens of stars, and are
restricted to specific stellar types (e.g., fast rotators, bright stars, or transiting systems). On
the other hand, the high-precision, long-baseline photometric datasets from Kepler and TESS
encode information on the spot variability for hundreds of thousands of stars, which has yet to
be fully leveraged. However, extracting differential rotation from disk-integrated photometry
is notoriously difficult: Aigrain et al. (2015) conducted a blind hare-and-hounds exercise on
1,000 simulated Kepler-like lightcurves and found little correlation between the reported and
simulated values of the differential rotation shear. Morris et al. (2019b) reinforced this
conclusion using the Sun itself as a benchmark, finding no detectable differential rotation
signal even in a noise-free solar lightcurve reconstructed from archival sunspot records. These
results suggest that the stochastic nature of spot emergence at a broad range of latitudes
causes the measured period to reflect an average over active latitudes, rather than revealing
the latitude-dependent rotation law.

Modeling the magnetohydrodynamical processes that accurately reproduces the convec-
tion, magnetic fields, and dynamo process of low-mass stars is inherently complex and com-
putationally expensive (Miesch et al., 2000, 2008; Charbonneau, 2020). As an alternative,
analytic spot models (Kipping, 2012; Luger et al., 2019) treat the stellar surface as hosting
an arbitrary number of circular spots that emerge and decay at different latitudes, each mod-
ulating the disk-integrated flux according to its projected area and contrast. These models
have successfully matched the statistical properties of observed lightcurves (Aigrain et al.,
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2015), while providing a physically interpretable framework for the spot geometry.

Although approaches for forward modeling surfaces with spots exist, inferring informa-
tion about individual star spots is an ill-posed problem with many degeneracies (Luger et al.,
2019; Basri & Shah, 2020). Basri & Shah (2020) showed that the single-dip ratio (a metric
for whether a lightcurve shows one or two dips per rotation) is only weakly sensitive to differ-
ential rotation shear and is strongly confounded by spot lifetime, concluding that differential
rotation may be “nearly impossible to accurately infer from light curves alone unless spots
live for many rotations.” A Gaussian process (GP; Rasmussen & Williams, 2006) offers an
alternative approach that treats starspot variability as a stochastic process and models the
distribution of spot properties rather than individual spots. GPs have become a standard
tool for modeling stellar rotation (Angus et al., 2018b; Foreman-Mackey et al., 2017; Gordon
et al., 2021), but the most widely used quasi-periodic (QP) kernel has no parameter that en-
codes differential rotation, meaning that any differential rotation signal is absorbed into the
other hyperparameters in an uncontrolled way. (Nicholson & Aigrain, 2022) systematically
tested the mapping between QP kernel hyperparameters and physical spot properties, finding
that while the rotation period and evolution timescale are reliably recovered, the harmonic
complexity parameter has no intuitive physical interpretation. These results collectively
motivate the development of a physically grounded GP kernel-—one whose hyperparameters
map directly to measurable stellar properties including differential rotation.

In this paper, we derive a physically motivated GP kernel for stellar rotation from first
principles. Starting from an analytic starspot model (Kipping, 2012), we obtain a closed-form
kernel function that naturally encodes the effects of spot geometry, evolution, and differen-
tial rotation. We validate the analytic kernel against numerical Monte Carlo simulations,
demonstrate that it captures harmonic structure and non-sinusoidal periodicity absent in
standard quasi-periodic and simple harmonic oscillator kernels, and show that it provides
significant computational speedups over numerical approaches. The paper is organized as
follows: Section 2 describes the lightcurve model; Section 3 describes the formalisms for
defining the Gaussian process model; Section 5 derives the GP kernel; Section 6 discusses
the physical interpretation of the kernel hyperparameters; Section 7 presents the GP solver
implemented in JAX; Section 8 describes how the GP hyperparameters can be sampled in an
MCMC inference framework; Section 9 validates the analytic kernel against numerical re-
sults, compares our kernel to other quasi-periodic kernels used in literature, and discusses the
conditions for precisely inferring starspot parameters; Section 10 demonstrates a case study
on real data, in which we compare our methodology to parameters derived in literature for
Kepler-63; Section 11 summarizes the main findings of our work and discusses future work
and known limitations of our model. Finally, we discuss concluding remarks in Section 12
and provide detailed derivations in the Appendix.
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2 Lightcurve Model

We use the analytic starspot model defined in Kipping (2012). The flux model for Nyt
spots with contrast fj is:

Nspot

Ak(t) : (1 - fspot,k)' (41)

k=1

Flt)=1—

3|

where Ay (t) is the projected area of spot k at time ¢ and fyo1x is the contrast of the spot (0 =
black spot, 1 = no contrast). The flux deficit at a given time is the sum of the contributions
from all visible spots on the surface of the star, where each contribution is determined by
the projected area of the spot and its contrast relative to the stellar photosphere.

2.1 Single-Spot Projected Area

For each individual spot, the flux deficit is determined by the projected area of the spot on
the visible hemisphere of the star. For ease of notation we drop the spot index k and write
the projected area of a single spot as A(t), however these equations are applied to each spot
k with its own time-dependent area Ay (t) and angle £ (¢). This projected area of starspot
k at time ¢ is given by:

Ar(t) =R [ cos™ ! [cos ay, csc By + cos B sin apZy — cos ay sin B, Uy, (4.2)
where the intermediate terms are

Er = sin oy, cos [~ cot ay, cot By, (4.3)

U, = \/1 — cos? ay, csc? By, (4.4)

Expanded out, A(t) becomes a piecewise expression with three cases:

7 sin? ay, cos By, (0 < Br <m/2— )

cos™![cos oy esc B] + cos By, sin® ay, cos T [— cot ay, cot By

Ai(t) = —cos ay sin Bpy/1 — cos2 ag csc? By, (7/2 — ap < B < /2 + i)
0 (/2 4+ ap < Br < 7),
(4.5)

where «y, is the angular radius of the spot and [ is the angle between the spot normal and
the line of sight. The three cases correspond to distinct geometric configurations of the spot
on the stellar disk: fully visible, partiay occulted by the limb, and fully hidden on the far
side, as shown in Figure 4.1.

The angle between spot normal and the line of sight for a single spot at a given time is:

cos 3(t) = cos I sin ® + sin I cos @ cos A(t), (4.6)

where I is the inclination of the stellar rotation axis, ® is the latitude of the spot, and A(t)
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Case 1: Fully Visible Case 2: Partially Visible Case 3: Hidden
Q Q Q

T T T () = stellar rotation axis

& = latitude
o
() o) yal
MK A = longitude
By = angle between spot normal
and line of sight
(spot behind

star) ay = angular radius of spot

0< Bk <m/2—ay T2 — oy < Br < T/2+ ay T/24+ o <PBr <™

Figure 4.1: Illustration of the three geometric regimes for the projected area of a circular
starspot on a rotating star. Each panel shows the stellar disk as seen by the observer, with
latitude and longitude grid lines, the spot (dark red), the angular radius «y, and the angle
Br. between the spot normal and the line of sight. Left: The spot is fully visible on the near
hemisphere. Center: The spot straddles the stellar limb and is partially occulted. Right:
The spot is on the far side and hidden from view.

is the longitude of the spot as a function of time. The time dependence of () arises from
the rotation of the star, which causes the spot to move in longitude and therefore change its
angle relative to the line of sight. The projected area A(t) is then determined by both «(t)
and ((t) according to the piecewise function in Eqn 4.5.

When the spot angular radius «y is small compared to 1 radian (typical for Sun-like stars
where spots subtend <6°), we can make the approximation sin ay ~ ay, so sina; ~ a?. In
this limit:

e The fully visible case simplifies to A;, & wai cos [y

e The partial-visibility window has width 2a;, and becomes vanishingly narrow, so the
spot transitions nearly instantaneously from fully visible to fully hidden as it crosses

the limb.

e The geometric projection effect is purely cos f—the same projection factor as a
flat disk viewed at angle 5. Higher-order corrections from spherical curvature (the =,
U, terms) vanish at leading order in «y.

This simplification allows the entire three-case piecewise function to be replaced with a single
expression:
A(t) = o?(t) - max{ cos3(t), 0}, (4.7)
\\/-/ \ J/

-~

r'() V(t)

where «(t) is the angular radius of the spot (whose time evolution is described in Section 2.2).
Figure 4.2 illustrates this approximation. The left panel shows the size of spots with three
different angular radii ap.x on the stellar disk at 5 = 0 (disk center), providing a visual
reference for the spot-to-star size ratio. The right panel compares the exact projected area
A(B) from Eq. (4.5) (solid lines) with the small-spot approximation max{cos 3,0} (dashed
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line). For small spots (amax < 15°), the exact and approximate curves are nearly indistin-
guishable, validating the factorization. For larger spots (amax ~ 30°), the transition at the
limb (8 = 7/2) becomes more gradual in the exact solution, but the approximation remains

reasonable.

Spot at disk center (8 = 0) Normalized projected area

— Omx =5°
1.0 — Qe = 15°
= Omax =30°

- - Small-spot approx. max{cos@,0}

081

0.6}

A@B) / A(0)

0.4r

0.2r

= Qmax = 30° 0.0F

0 2‘0 4‘0 6‘0 Bb 160 léO 140 160 180

B [degrees]
Figure 4.2: Left: Stellar disk viewed face-on, with circles indicating the projected size of
spots with angular radii ap., = 5°, 15°, and 30° centered at 8 = 0 (disk center). Right:
Normalized projected area A(f)/A(0) as a function of the angle 5 between the spot normal
and the line of sight. Solid colored lines show the exact piecewise expression (Eq. 4.5) for
each apay; the dashed black line shows the small-spot approximation max{cos 3, 0} (Eq. 4.7).
The two converge for apa., < 15°.

Y

The key consequence for the kernel derivation is that the projected area now factorizes
into a product of two functions:

A(t) < D(t) - V(D). (4.8)

where we define I'(t) = a?(t) as the squared spot-size envelope, and V() = max{cos 5(t), 0}
as the spot visibility function. Figure 4.3 illustrates this decomposition. Without this
factorization, the time dependence of o and 8 would be too entangled for analytic Fourier
analysis. The small-spot limit makes A(t) decomposable, enabling the convolution-based
approach developed in the following sections.

2.2 The Emergence and Decay Profile of Spots

In this work, we assume that the angular size of the spot, «a(t), evolves over time as the spot
emerges and decays. Here we test two different parameterizations of the spot evolution: a
piecewise linear function and an exponential growth/decay function. In both cases, the spot
reaches its maximum angular size ., at time t,.¢, which is the reference time for the spot.
The spot emerges over a timescale 7., and decays over a timescale Tgec.

Trapezoidal emergence/decay profile: Following Kipping (2012), we define a piece-
wise linear function defined by two timescales: At; for the emergence phase and At, for
the decay phase. The spot reaches its maximum angular size . at time t.¢, which is the
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reference time for the spot. The Heaviside step function H(x) is used to ensure that the spot
only contributes to the flux deficit during its emergence and decay phases. The spot angular
radius is given by:

1 1
Quap®) _ LA H(AL) — ALH(AB)] — — [AtH(AL) — ALH(AL)), (4.9)
Qmax Tem Tdec
where
A - gspot
tl —t_tref+T+Tem;
gs o
At2 =t— tref + %7
gs o
Aty =t =t — =2,
gs o
At4:t_tref_ ; : — Tdec-

The emergence and decay durations (7em, and Tqec) are normalized such that 7o, = | fooo AtiH(Aty)—
AtoH(Aty)dt and Taee = [0 AtsH(Ats) — AtyH(Aty)dt ensure that the peak of the trape-
zoidal function is normalized to 1, so that aupap(t) reaches oy at its maximum. The
trapezoidal profile is a simple, piecewise linear model that captures the general shape of spot
emergence and decay, with a linear rise to maximum size followed by a linear decay back to

ZETO.

Exponential emergence/decay profile: An alternative, model for the spot-size evolu-
tion (similar to Aigrain et al. 2015) uses exponential emergence and decay rather than linear
ramps. The spot angular radius is:

elt=t)/Tem < ¢, (exponential rise)
Qexp () = Omax X ¢ 1 t1 <t <ty (plateau) (4.10)
e~(tt2)/Tacc ¢ > t, (exponential decay)
where t; and ty = t1+Tmax mark the start and end of the plateau phase. The three parameters

are: Tey (emergence e-folding time), 7.y (plateau duration), and 74 (decay e-folding time).
Without loss of generality we center the envelope by setting t; = 0, to = Typax-

2.3 Lattitudinal and Longitudinal Evolution of Spots

The position of a starspot on the surface is described by its latitude (®) and longitude (A).
Similar to the Sun, the latitude of the spot is assumed to be constant over time, while the
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Figure 4.3: Decomposition of the single-spot projected area signal A(t) into the spot-size
evolution envelope a(t) (top) and the visibility function V(¢) = max{cos (¢), 0} (middle),
with their product A(t) oc a(t) - V(t) (bottom). Left: trapezoidal envelope (Eq. 4.9). Right:
exponential envelope (Eq. 4.10). Both use the same rotation period P = 3d, spot latitude
® = 30°, and edge-on inclination I = 90°.

longitude evolves due to the rotation of the star:

P = By, (4.11)
27T(t — tref)

A(t) = Aref + W?

(4.12)

We assume a Sun-like differential rotation profile, where the rotation period P at latitude
®;. depends on the latitudinal shear x and the rotation period at the equator of the star P.q:

P
L 4.13
1 — ksin? @, ( )

P(®y) =

where x = 0 corresponds to solid body rotation and x > 0 corresponds to solar-like dif-
ferential rotation (equator rotates faster than poles), while k < 0 corresponds to anti-solar
differential rotation (poles rotate faster than equator). Or, in other words, x quantifies the
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relative difference in rotation rate between the equator and the poles, kK = (Qeq — Qpote) /Qeq
for equatorial rotation rate (o = 27/P., and polar rotation rate Qe = 27/ Ppole. Figure
4.4 illustrates the effect of differential rotation on the rotational velocity at different latitudes
on the stellar surface.

Solar-like (k = 1.0) Anti-solar (k = —1.0)
Q Q2
Equator faster than poles Poles faster than equator

Figure 4.4: Illustration of differential rotation on a stellar sphere viewed at inclination
I = 70°. Arrows show the rotational velocity at each latitude, with length proportional to
the angular velocity, w(®) = 27 /P(®). Left: Solar-like differential rotation (x = 1.0), where
the equator rotates faster than the poles. Right: Anti-solar differential rotation (kx = —1.0),
where the poles rotate faster than the equator.

2.4 Stellar Limb Darkening

Following Kipping (2012), we also add a quadratic limb darkening law for the stellar limb
darkening;:

4 Nspot
ne 1
Fit)y=1- =) - = Ap(t) - (1= fopotx)- 4.14
0=1-3 (75) ~5 2 A0 1~ Fyus) (4.14)
In this work we implement this term into the numerical code, but not in the analytic kernel
derivation. However, as we show in Section 9, the limb darkening term has a negligible effect
on the kernel, and so we ignore including it in the analytic derivation for simplicity.

2.5 Summary of Parameters

Tables 4.1 and 4.2 summarize the physical parameters of the lightcurve model. Table 4.1
lists the stellar parameters that are held fixed for all spots on the star, while Table 4.2 lists
the parameters that can vary for each individual spot.
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Star variables

P rotation period at equator
K latitudinal differential rotation shear
1 inclination angle
Nspot total number of spots observed within the simulated time T
lspot lifetime of each spot
Tspot emergence and decay timescale of each spot

Table 4.1: Stellar parameters and their definitions.

Individual spot variables

k index number for each spot
A (1) projected area of star spot
Br(t) angle between spot normal and line of sight
ag(t) angular size of spot (emerges and decays)
A(t) starspot longitude (0, 27)
Aver x reference longitude of spot (0, 27)
Dot i reference latitude of spot (0, )
Tref k time when spot reaches maximum size
Otmax k maximum angular size of spot
fspot k spot-star contrast (0 = black spot, 1 = no contrast)

Table 4.2: Individual spot parameters and their definitions.

Figures 4.5 and 4.6 show examples of lightcurves generated from the starspot model, with

contributions from each individual spot shown in color and the cumulative flux deficit shown
in black.
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Figure 4.5: Examples of simulated lightcurves generated from the starspot model from
the Kipping (2012) model. The top panel shows the case with solar-like differential rotation
(k = 0.5), while the bottom panel shows the case with anti-solar differential rotation (x =
—0.5). The contributions from each individual spot are shown in color, while the cumulative
flux deficit is shown in black. The lightcurve exhibits quasi-periodic variability due to the
rotation of the star and the emergence and decay of spots.
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Figure 4.6: Same as Figure 4.5, but showing anti-solar differential rotation (kx = —0.5).

3 Gaussian Process

3.1 DMotivation for Gaussian Processes

In practice, extracting the physical parameters of a star from its lightcurve is challenging
due to the complex and stochastic nature of starspot-induced variability. The observed
lightcurve is a superposition of signals from multiple spots, each emerging at different times
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and locations on the stellar surface. Even with very high quality data, performing model
inversion to infer the underlying spot properties is inherently challenging for at least several
reasons:

e Degeneracies: Multiple combinations of spot properties can produce similar lightcurves,
leading to degeneracies in the inferred parameters (Figure 4.7).

e Non-uniqueness: The same lightcurve can be explained by different spot configura-
tions, making it difficult to uniquely determine the spot properties (Figure 4.8).

e Noise and systematics: Real lightcurves are affected by instrumental noise, stellar
granulation, and other sources of variability that can obscure the starspot signal and
further complicate the inference of spot properties.

1.0000 ‘ ijne‘racy: spot size vs. cpn\tr/ast 1.000 Degeqeracy: 1 spot vs. 2‘ spots
0.9995} ] 0.999}
x pad
= 0.9990} = 0.998}
[} [
2 2
= =)
-2 0.9985} = 0.997
o oz
0-9980 FF' " e = 0.08, fuper = 0.3 099G — "1 spot (amux = 0.10)
== Omax = 0.067, fopor =0 == 2spots (apax = 0.07 each)
= L L L L L =4 N N N L L
09975, 5 10 15 20 25 30 9% 5 10 15 20 25 30
Time [days] Time [days]

Figure 4.7: Illustration of degeneracies in starspot lightcurve modeling.

Given these challenges, a more practical approach is to not just model the properties
of individual spots, but to instead model the statistical properties of the starspot popula-
tion as a whole. This is where Gaussian processes (GPs) come in: they provide a flexible
and powerful framework for modeling the covariance structure of the lightcurve without
needing to explicitly model each individual spot. By deriving a physically motivated kernel
function that captures the key features of starspot variability, we can use GPs to infer the
underlying physical parameters of the star and its spots from the observed lightcurve, while
marginalizing over the complex and degenerate spot configurations. This approach allows
the extraction of meaningful information about the star’s rotation period, differential rota-
tion, spot lifetimes, and emergence/decay timescales as a distribution over the entire spot
population, rather than the properties of each individual spot.

3.2 Mathematical Formulation of Gaussian Processes

Formally, a Gaussian process is defined by a multivariate Gaussian:

GP(x) ~ N(m(x), k(x,x")) (4.15)
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Figure 4.8: Illustration of non-uniqueness in starspot lightcurve modeling. All lightcurves
have the same parameters: Py = 5d, k = 0, I = 80°, Nypor = 10, lspor = 8d, Topot = 3 d, yet
the resulting lightcurves differ due to the random positions and emergence times of individual
spots.
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where the mean function, m(x), represents the expected value of the function at each input
point x, while the covariance function, k(x,x’) models the correlation between function
values at different input points x and x’, quantifying the smoothness and spatial properties
of the underlying function.

This GP, defined by a mean function and a covariance function, represents a probability
distribution over functions and can be used to model the lightcurve data. Given some
lightcurve data (x,y), the log marginal likelihood (or evidence) of a GP is given by:

1 1
log P(y|x,0) = —EyTKfly ~3 log |[K| — glog 27 (4.16)

This distribution enables predictions at new test points, where the predictive mean and
variance at a given test point z* can be computed as:

p= k(z,,x)k(x,x) 1y (4.17)
0% = k(2., ) — k(2. %)k(x, %) k(x, 2,) (4.18)

For this particular application, the mean function m(t) is determined by the expected flux
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deficit from the average spot coverage, which we derive analytically in Section 4. In practice,
we subtract the mean from the observed data and set m(t) = 0. The covariance function
k(x,x’) derived in Section 5 encodes the physical properties of the star and its spots. By
maximizing the log marginal likelihood with respect to the hyperparameters 6 of the kernel,
we can infer the underlying physical parameters of the star and its spots from the observed
lightcurve data. For simplification we assume that the distribution of starspot properties
does not evolve with time. In other words, the kernel is stationary and depends only the time
lag 7 between two points. With these basic assumptions, we move on to how to compute the
kernel function numerical and analytically. However, for a more comprehensive introduction
to Gaussian processes and their properties, see Rasmussen & Williams (2006).

3.3 The Covariance Matrix and Kernel Function

A brute-force approach to modeling the covariance structure of the lightcurve is to directly
compute the covariance matrix K from a large sample of simulated lightcurves generated
from the starspot model. Assuming we have 1-dimensional training data, where x = tq,...t,
represent the times and y = F7, ... F}, represent the fluxes of the lightcurve, then we want
to solve for covariance matrix:

Var(Fl) s COV(Fl, Fn>
K= : : (4.19)
Cov(F,, F1) ---  Var(F),)

Each element of the covariance matrix K is the equivalent to the covariance between F; and
JoR

j-

The first term is the expectation of the flux product at two different times ¢ and ¢t + 7. Flux
at a given time is given by the Kipping (2012) lightcurve model (Eqn. 4.1). The random
variables of this process are the reference time, latitude, and longitude of each spot (tyefx,
Averx, and P, respectively).

The covariance matrix can then be estimated over a large sample of simulations with
random variables (e.g., a uniform distribution with t.¢x € [0, 7], Awerx € [—7/2,7/2], and
et i € [0,27]). The covariance can then be estimated as the sample covariance of the fluxes
at two different times t and t 4 7:

Koum(7) = Cov[F(t), F(t + 7)] (4.21)
= ﬁZ(F(tz) —E[F))(F(t; + 7) — E[F]). (4.22)

In practice, the numerical approach is computationally expensive, since it requires generating
a large number of lightcurves and computing the covariance for each pair of time points.
Moreover, it does not provide a closed-form expression for the kernel function, which limits
its interpretability and makes it difficult to use in a Gaussian process regression framework.
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In the following sections, we first derive the mean function analytically (Section 4) and then
derive an analytical expression for the kernel /C(7) (Section 5), using the numerical estimate
for validation.

4 Deriving the Mean Function

A Gaussian process is fully specified by its mean function m(t) = E[F(¢)] and covariance
function K(7). Before deriving the kernel in Section 5, we compute the mean function
analytically from the flux model.

We model spot emergence as a stationary process with rate Nspot [spots day™!|, so that
each spot contributes a finite-duration flux pulse. For identical spots with contrast fsot,
the expected flux deficit at any instant is the emergence rate times the time-integrated flux
deficit of a single spot:

E[0F] = Nopot <17T_ fopot) / h Ex o[A(t)] dt. (4.23)

The integral converges because each spot has finite support through T'(¢), and ¢, does not
appear: a shift in spot emergence time is equivalent to a phase rotation of the longitude,
which is already uniformly distributed.

Using the small-spot factorization (Eq. 4.7), A(t) = a2, T(t) V(t; Avwet, @), we average

over Ay inside the time integral. Since A,er is uniform on [0, 27], the longitude-averaged
visibility is constant in time:

V@, 1) = (Vs = 5

2 .
/ max{by + by cos(wot — Aser), 0} dAyer = o B +7I:1 S QViS,
’ (4.24)
where by = cos I'sin®, by = sin [ cos ®, and 6,;s = arccos(—by/by). This is exact: averaging
over the initial longitude phase is equivalent to averaging over one full rotation period, so V
is independent of t regardless of the spot lifetime. In the Fourier analysis of Section 5.3, V
will be identified as the zeroth Fourier coefficient ¢o(®) of the visibility function.

Since V is constant, it factors out of the time integral, and the remaining integral acts

only on the spot-size envelope:
/ (At)adt =ma2,, 17(@,1)/ ['(t) dt. (4.25)

Averaging over the latitude distribution p(®) and combining, the expected flux for a general
envelope I'(¢) is:

Oor(t) dt) i V(®,I) p(®) dd (4.26)

—m/2

— 00

]E[F] =1- Nspot (1 - fSpot) O‘anax </

This is an intrinsic stellar property, independent of both the observing baseline T;;,s and
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the rotation parameters P, and &, since the time-averaged visibility V depends only on the
inclination and latitude geometry. The only envelope-dependent quantity is [ I'(¢) d¢, which
has a closed-form expression for each profile considered in this work. Note the contrast with
the kernel amplitude (Section 5.5), which involves Rr(0) = [ I'?(¢) d¢: the mean depends on
the first moment of the envelope, while the variance depends on the second.

4.0.1 Reparameterization in terms of agye

We define the spot contrast-area product:

aspot — ( fspot) max)? (427)

which collapses the degenerate pair (fspot, ¥max) into a single parameter controlling the flux
deficit per spot. In terms of (Ngpot, @spot), the mean flux (Eq. 4.26) becomes:

E[F] = 1 — Nypot aspot ( / Y dt) i V(®, 1) p(®) dD. (4.28)

(9] —7/2

As we show in Section 5.7, the kernel amplitude can also be written in terms of these same
parameters as ak Nspot @Spot The mean depends on the product Nspot aspot While the kernel
depends on Nspot agpot, so fitting both the mean and kernel simultaneously constrains Nspot

and agpor independently—breaking the amplitude degeneracy that oy alone cannot resolve.

For the trapezoidal profile, I'(t) = [a(t)/amax]® has parabolic ramps, giving

o 2
/ T(t) dt = lopor + T;p“ (4.29)

—00

where the plateau contributes (s, and each ramp contributes f PP (S Tepot )2 dS = Tepot/3-
For the exponential profile (Eq. 4.10), the corresponding integral is Tem /2 + Timax + Tdec/2-

For edge-on viewing (I = 7/2) with a uniform latitude distribution p(®) = 1/, the mean
visibility reduces to V = cos ®/m and the latitude integral evaluates to 2/7%. Specializing to
the trapezoidal envelope:

2 N, o G o
E[F] = 1 — 2ot Gspot (gspot+ r;pot) (I =x/2) (430

T2

The mean flux deficit is typically small (< 1% for Sun-like stars), and observed lightcurves
are generally mean-subtracted before fitting. We therefore set the GP mean function to
m(t) = 0 and model the mean-subtracted residuals. The covariance function K(7) derived
in the following section is the autocovariance of these residuals.
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5 Deriving the Analytical Kernel for Starspot Variability

The goal of this section is to derive an analytical expression for the kernel function K(7)
that describes the covariance of the flux at two different times ¢ and ¢ + 7 due to starspot
variability. We first start with the analytic flux model defined in Equation 4.1 and then
derive the kernel function by computing the autocorrelation of the flux signal.

The result is a physically motivated kernel function that captures the key features of
starspot-induced variability, such as the rotation period, spot lifetime, and emergence/decay
timescales. The kernel function depends on the underlying physical properties of the star
and its spots, which are encapsulated in the hyperparameters:

0= {Pe(p K, I7 Nspotv lspot; Tspot s amax}‘

This kernel can be used in a Gaussian process regression framework to model and predict
stellar variability, while also allowing for inference on the physical properties of the star and
its spots through the hyperparameters. In the following sections, we give an overview of the
Fourier transform notation and identities used in the derivation, and then we present the
step-by-step derivation of the kernel function K(7) from the flux model.

5.1 Fourier Transform Notation and Identities

We use the Fourier transform convention f(w) = [ f(t) et dt with inverse f(t) =

2m)~t[ f(w) € dw throughout. Table 4.3 summarizes the notation.

The derivation relies on three standard results. First, a periodic function with period
T and Fourier coefficients ¢, = T} fOT f(t)e ot dt (where wy = 27/T) has a Fourier
transform given by the weighted Dirac comb f(w) = 27 Y nCn0(w — nwp). Second, the
convolution theorem: convolution in the time domain corresponds to multiplication in the
frequency domain (FT4), and a product in the time domain becomes a convolution in the
frequency domain (FT5). Third, the Wiener-Khinchin theorem: the autocorrelation R¢(7) =
[ f(t) f(t + 7)dt is the inverse Fourier transform of the power spectral density Sy(w) =

Flo)l L
Ry(7) / 7 ()2 e dw. (4.31)

— % N
Together, these definitions allow us to obtain the autocovariance kernel IC(7) from the Fourier
transform of the single-spot signal A(t). Table 4.4 lists the Fourier transform properties and
Table 4.5 lists the specific transform pairs used in this paper.

5.2 Approach to Derivation

The autocorrelation function of function A(t) is equivalent to taking the convolution between
A(t) and a lagged version of the function. By the convolution property (FT4), convolution
in the time domain is multiplication in the frequency domain. Let F{A(t)} = A(w) denote
the Fourier transform of a function A(t), and F~'{A(w)} = A(t) denote the inverse Fourier
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Table 4.3: Notation used in Section 5.

Symbol Description
t Time
T Time lag
w Angular frequency
Wo Fundamental angular frequency, 27 /T
T Period of a periodic function
n Harmonic index (integer)
f(t), g(t) Functions in the time domain
f(w), §(w) Fourier transforms of f and g
Cn, Fourier series coefficients
5(+) Dirac delta function
(f*g)(t) Convolution of f and g
Ry(7) Autocorrelation function of f
e(w) Energy spectral density, |f(w)|?
k(1) Autocovariance kernel
A(t) Single-spot flux signal
recty/(t)  Rectangular pulse of width W
sinc(x)  Sinc function, sin(z)/x
sgn(-) Sign function
a, b Arbitrary constants
to Fixed time shift

Table 4.4: Properties of the Fourier transform. We use the convention f(w) =
ffooo f(t)e ™tdt. Here a,b are constants, t; and wy are fixed shifts, and f, g are func-

tions with transforms f , g

No. Property

Time domain <+— Frequency domain

FT1 Linearity

FT2 Time shifting

FT3 TFrequency shifting e™ot f(t) +—

FT4 Convolution
FT5 Multiplication

FT6 Even symmetry
FT7 Odd symmetry

af(t)+bg(t) «— af(w)+bjw)

{t—to) +— e f(w)

F(
(f*9)t) +— f(w)-g(w)

f(t) real and even —> f(w) purely real

f(t) real and odd = f(w) purely imaginary

transform. So the Fourier transform of the kernel function is:

F{K(T)} = A(t) = A(t — 1) (4.32)
= A(w) - A(w) (4.33)
= 135 o34 e
= Sa(w) (4.35)
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Table 4.5: Fourier transform pairs used in this work. We use the convention f(w) =
[ f(t) et dt and sinc(x) = sin(z) /.

No. Function f(t) f(w)

1 |t <W/2 14
P1  Rectangular pulse recty (t) = {O | t|h_ / W sinc (%)
otherwise

P2 Cosine cos(wot + @) T [€6(w — wp) + €7 §(w + wy)]
P3  Complex exponential —e™ot 27§ (w — wo)
(n 1)/
P4  Square wave sgn(cos wyt) 27 Z d(w — nwp)
nodd
P5 Dirac delta 6(t — to) e who
. 2m
P6  Dirac comb Z d(t —nT) - ; §(w —nwy), wo=2m/T

The term Sa(w) is the power spectral density of the single-spot signal. By the Wiener—
Khinchin theorem (Eq. 4.31), the autocorrelation function is the inverse Fourier transform
of the power spectral density:

) <25 Su(w) (4.36)

zwt
= / Su( dw. (4.37)

Hence to solve for K(7), we need to first solve for the Fourier transform of a single spot,
A(w) = F{A(t)}. Referring back to Equation 4.7, ignoring the edge cases (for small spot
sizes), the drop in brightess for a single spot is the product of the squared spot-size envelope
['(t) = o?(t) and the visibility function V(t) = max{cos 3(t),0}. The visibility function is
a truncated cosine, which can be written as the product of a square wave (P4) and cosine
wave (P2): V(t) = N(t) - C(t). By the multiplication property (FT5), a product in the time
domain becomes a convolution in the frequency domain:

F{A@M)} = F{T(t) - V(t)} (4.38)
= F{T(t)} = F{V(t)} (4.39)
A(w) = T(w) * V(w) (4.40)

As we show in the next section, the Fourier transform of the spot evolution A(w) can
be solved analytically for both of the components I'(w) and V(w). In Section 5.3 we derive
the Fourier transform of the truncated cosine )A/(w) (representing the variability as the star
rotates), and in Section 5.4 we derive the Fourier transform of the squared spot-size envelope
f(w) (representing the growth and decay of the spot). Finally, in Section 5.5 we combine
these results to obtain the final expression for the kernel (7).

Figure 77 provides an overview of the derivation strategy. The analytic path (top row)
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derives IC(7) through Fourier analysis, while a parallel numerical path (bottom row) estimates
the kernel via Monte Carlo simulation. Finally, we compare the numerical and analytical
kernels as a validation test of the derivation.

5.3 Fourier Transform: The Rotation Term )V (t)

As given in Equation 4.6, the drop in flux due to a spot rotating into and out of view is
determined by the angle g between the spot normal and the line of sight. The spot is visible
when cos 5 > 0, and the visibility function is V(t) = max{cos 5(t), 0}. The angle 5 depends
on the spot latitude ®, the stellar inclination 7/, and the rotation period P of the star.

Figure 4.9 shows how the signal varies as a function of spot latitude ® and stellar in-
clination I. For a star viewed equator-on (I = 90°, left panel of Figure 4.9), the visibility
function looks like a half-truncated cosine wave, where the spot rotates into view for half a
rotation period and then rotates out of view for the other half. The different colors show
the relative change in flux for spots at different latitudes ®, with spots at higher latitudes
having smaller amplitudes due to their smaller projected areas.

Figure 4.9 also shows how the signal varies as a function of stellar inclination I for a fixed
spot latitude ® = 60° (right panel). For a star viewed equator-on (I = 90°), the visibility
function is a half-truncated cosine wave (red). For a star viewed at intermediate inclination
(60° < I < 90°), the visibility function is a semi-truncated cosine wave (blue). For a star
viewed closer to pole-on (I = 30°), the visibility function is a full cosine wave which never
rotates out of view, but varies in amplitude due to the changing projected area of the spot
(orange). Finally, for a star viewed pole-on (I = 0°), the visibility function is a constant
(blue) since the spot is always visible with the same projected area.

Vary latitude (/ = 90°) Vary inclination (¢ = 60°)
1.0 ©—o0 | 10]
O = 45°
0.8 o_n0 | 08 \ /
— & =90° — =0
061 0.6 1 L ape
N—r 5 /1
~ 54 ] — =60
0.4 0.4 ' — bot
\ A A / W/
0.0+— — 0.0
1.0 15 2.0 2.5 3.

00 05 . . 0 00 05 10 15 20 25 30
t/P t/P

Figure 4.9: Visibility function V(¢) = max{cos (), 0} over three rotation periods. Left:
varying spot latitude ® at fixed edge-on inclination I = 90°. Right: varying stellar inclination
I at fixed latitude & = 60°. The amplitude and duty cycle of V(t) set the Fourier coefficients
|c.|? that enter the kernel.

The visibility function V(t) = max{cos 8(t), 0} is periodic with the rotation period P =
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27 Jwy, so it has a discrete Fourier series (Section 5):

o0

V(t) = Z cp €m0t (4.41)

n=-—00
and its Fourier transform is a summation over Dirac functions (P3):

V(w) =27 Z Cn O(w — nwp). (4.42)

n=—oo

Solution for the edge-on case: For the edge-on case (I = 90°), cos 8(t) = cos P cos(wot),
and the visibility function reduces to V(t) = cos ®-max{cos(wyt), 0}. The Fourier coefficients
of the half-rectified cosine max{cos#, 0} are (see Appendix 1 for the full derivation):

(cos ®/7 n=0
cos d/4 n ==+l
Cp = —1)Inl/2+1 P (44?))
(=1) o =42 +4.46, ...
m(n?—1)
0 n =43, 45,47, ..

\
All coefficients are real and satisfy c¢_,, = ¢,, as expected for a real, even function.

Solution for general inclinations: For general inclination, cos 8(t) = by + by cos(wot)
where by = cosIsin® and b; = sinlcos®. The spot is visible when |wot| < by =
arccos(—bg /by ), and the general Fourier coefficients (derived in Appendix 1) are:

1 evis

, 1
= — (bo + by cos 9) e ™m0 ae = —
2m s

—Uyis

Cn

n 2 n—1 n+1

[bo sin(n Oyis) N by (sin ((n — 1)9vis) N sin ((n + 1)9vis)

)

(4.44)
with cg = (b Oyis + by sinfys)/m and cag = (bosinbyis + b1[fyis + sin by cos Oyis] /2) /(27)
obtained by taking the appropriate limits.

In general, it is difficult to solve for a closed-form solution to the integral of the full kernel
function in Equation 4.70 due to the complexity of the latitude-dependent terms. However,
for specialized cases (e.g., a star with face on inclination, solid body rotation, and uniform
latitude spots), the kernel reduces to a simple, closed-form solution. Truncating to second
harmonic order, the Fourier transform of the visibility function is:

V(w) = 27 [co 0(w) + 1 [6(w — wo) + 6(w + wo)] + e2[d(w — 2wo) + §(w + 2wp)]] . (4.45)

As we will show in Section 5.5, the kernel K(7) is dominated by the first two harmonics,
so this approximation is sufficient for our purposes (though in our spotgp implementation,
this Fourier series can be expanded to an arbitrary number of terms as specified by the user).
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5.4 Fourier Transform: Spot Evolution Envelope Term I'(?)

In this section we derive the Fourier transform of the spot evolution envelope, which captures
the growth and decay of the spot over time. Here we present several common spot evolution
profiles, but the same approach can be applied to any arbitrary profile «(t) by performing
the appropriate integral. These profiles include: (1) squared trapezoidal (Kipping, 2012),
(2) exponential (Aigrain et al., 2015), and (3) skewed normal (Forgacs-Dajka et al., 2021).
The trapezoidal and exponential profiles are simple functions that produce an analytic kernel
function. On the other hand, the skewed normal profile is a more flexible profile that can
capture asymmetric growth and decay timescales and reproduce the observed spot lifetimes
of the Sun (Forgacs-Dajka et al., 2021).

In the Results and Discussion (Sections 9-11) we show a detailed analysis of how the
properties of the trapezoidal profile translate to the structure of the kernel function, as
its analytic solution is easily interpretable. While perhaps not the most realistic model,
the trapezoidal parameterization provides an intuitive insight into how the kernel behaves
in different limits. We include the implementations for all three kernels in our spotgp
implementation (as well as the flexibility to define custom envelope functions) so that users
can experiment with different assumptions for spot lifetimes and decay timescales.

(1) Squared trapezoidal profile for I'(¢): In the first example, we consider the trape-
zoidal profile (Equation 4.9) from Kipping (2012). Appendix 2, shows how we solve for the
Fourier transform of the normalized squared envelope T'(t) = a?(t)/a?,.: Since «a(t) is a
trapezoid with peak aipay, the normalized squared envelope T'(t) = a?(t) /a2, has unit peak
height, the same support lypot + 27spot, the same plateau duration fg,qt, but parabolic (rather
than linear) ramps. Since I'(¢) is real and even, its Fourier transform is purely real and can
be computed via the cosine transform I'(w) = 2 J57 T(t) cos(wt) dt, splitting into a plateau
integral and a parabolic-ramp integral with two integrations by parts (see Appendix 2):

. 4 W lypot W hlspor . Wlspot
r = —— | Tupo — spot Z spot ) Spo o ) 4.46
(w) Z |:TpthOS< 5 )—i—sm( 5 ) sm( 5 + W Tepot, (4.46)

A visualization of this profile is shown in the left panel of Figure 4.10.

(2) Exponential profile for I'(¢): For the piecewise exponential envelope (Eq. 4.10),
setting t; = 0 and ty = Tay, the squared envelope is

o2/ Tem t<0
F(t) = Oé2 X 1 0 S t S Tmax (447>
6—Q(t—‘l'max)/Tdec t > Tmax

with doubled exponential rates compared to a(t). Because I'(t) is not symmetric when
Tem 7 Tdec, the Fourier transform is complex. Splitting I'(w) = I'g(w)—41';(w) and evaluating
each piece integral analytically:

. ) 2o SIn(WTmax) N 2Tdec COS(WTmax) .~ WTa.. SIN(WTnax)

i _ 4.48
R(w) Pmax 4+ CUQTQQm w 4+ WQTc%ec 4+ w27_§ec ( )
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. wr2 1 — cos(WTpax)  WT2.. cOS(WTmax)  2Tdec SIN(WTnax
['(w) = a2, em () | T g . ) _ 2m (2 . ) (4.49)
44+ wAtZ, w 4+ w T, 4+ w T,

The full derivation, including the direct convolution for Rr(7), is analogous to the trapezoidal
case (Appendix 2), and a figure of the function is shown in the middle panel of Figure 4.10.

(3) Skewed Normal profile for I'(¢): Forgacs-Dajka et al. (2021) modeled sunspot
group area evolution using a skew-normal function (their Eq. 1), which naturally captures the
observed asymmetry between rapid emergence and slower decay phases of sunspot lifetimes.
We adopt this model as a third envelope option. The normalized-squared envelope is

() o exp(—%) [1+erf(aj:rj§>], (4.50)

rescaled so that the peak value equals unity. The two free parameters are oy, (the scale
parameter in days, controlling the overall spot lifetime) and ng, (the dimensionless skewness
parameter). When ng, = 0 the envelope reduces to a symmetric Gaussian; ng, < 0 gives
rapid rise and slow decay (typical of solar spots), while ng, > 0 gives the opposite asymme-
try. Unlike the trapezoidal and exponential profiles, the skew-normal I'(t) does not yield a
closed-form autocorrelation Rp(7) or Fourier transform I'(w), so we therefore compute both
numerically via FFT-based methods in our spotgp implementation. This function is shown
in the right panel of Figure 4.10.
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Figure 4.10: Comparison of the three spot envelope models: trapezoidal (blue), exponential
(green), and skew-normal (red). Left: Normalized squared envelopes I'(t). Middle: Energy
spectral densities Sr(w) (normalized, log scale), showing the different high-frequency decay
rates set by envelope smoothness. Right: Normalized envelope autocorrelation Rp(7)/Rr(0).
All three implementations are included in our spotgp package, along with the functionality
to define custom envelope profiles.
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5.5 Combined Kernel for a Single Spot

Substituting the delta train (4.42) into Eq. (4.40) and using the sifting property of the Dirac
delta (P5, FT3), f(w) * d(w —a) = f(w — a) yields:

Alw) = chf‘(w — nwp) (4.51)

Explicitly to second harmonic order, using linearity (FT1):

A A

Alw) =cT'(w) + ¢ [f(w —wo) + I'(w+ wo)] + 2 [f’(w — 2wp) + T(w + 2wp) | (4.52)

where ¢, ¢1, ¢z are the Fourier coefficients of the visibility function given by Eq. (4.44) (all
real, with ¢_,, = ¢,). Each term has a clear physical interpretation in the time domain:

e The n = 0 (DC “direct current”) term, ¢oI'(¢), is the non-oscillatory component: the
mean flux deficit that tracks the spot-size envelope. It is largest when the spot is
visible for most of the rotation (e.g., a high-latitude spot on a low-inclination star),
contributing a smooth, aperiodic dimming.

e The n =1 (fundamental) term, 2¢; ['(¢) cos(wpt), is the dominant periodic component
at the stellar rotation frequency. It produces the familiar once-per-rotation brightness
dip as the spot rotates in and out of view.

e The n = 2 (second harmonic) term, 2c, I'(t) cos(2wpt), captures the non-sinusoidal
shape of the visibility function—the flattened profile near disk center and sharp limb
transitions—which a pure cosine cannot reproduce.

Figure 4.11 shows the Fourier decomposition of the single-spot signal A(t) = I'(¢) V(t) for
three stellar inclinations at a fixed latitude ® = 30°, with the same spot decay envelope I'(¢).
Here we see that terms up to second harmonic order are sufficient for capturing the shape
of the signal for varying I.

Single-spot signal Fourier coefficients (normalized)

0.010 0.7 ;
/- 90°, & = 30°
B/ =60°, & =30° ]
0.008} I/ =30°, ¢ =30°
0.006
=
< 0.004 +
— 1 =90° ®=30°
0.002}| — 1=60°, & =30°
— 1 =30° ®=30°
r(t)
0-000 55 =556 110 0 10 3 4 5
Time [days] Harmonic n

Figure 4.11: Fourier decomposition of the single-spot signal A(t) = I'(¢) - V(t) for a spot at
latitude ® = 30°. Left: Time-domain signal for three stellar inclinations, with the squared
envelope I'(t) = o?(t) shown as a dashed gray line. Right: Normalized squared Fourier
coefficients |c,|?/ > |e,|? of the visibility function for each inclination.
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Figure 4.12 illustrates how the individual n = 0, n = 1, and n = 2 harmonic components
combine to produce the full kernel shape for a single spot at a fixed latitude & = 30°.
Each panel decomposes the normalized kernel K(7)/K(0) (Eq. 4.64) for a different stellar
inclination. The fractional power in each harmonic is defined as

. (2_5710) |Cn|2
fn - N 27
> m=0(2 = 6mo) ]

where the factor (2 — d,0) accounts for the positive and negative frequency contributions
at each harmonic. At low inclination (I = 30°), the DC term dominates (fo ~ 89%),
producing a kernel that decays nearly monotonically with only weak periodic modulation.
As the inclination increases toward edge-on (I = 90°), the fundamental becomes the leading
component (f; ~ 50%), and the kernel develops pronounced oscillations at the rotation
period. The second harmonic remains a minor but non-negligible contribution (f; ~ 9% at
I = 90°), sharpening the peaks and introducing structure at half the rotation period. The
shaded region under the n = 0 component highlights the aperiodic “floor” of the kernel set
by the DC visibility power.

(4.53)

5.6 Averaging Over Random Spot Parameters

The expression for A(w) in Eq. (4.51) describes a single spot with a particular reference
time t.f, reference longitude Ao, and latitude ®,;. To obtain the kernel for a population of
spots, we must average the power spectral density ]fl(w)|2 over these random variables. We
treat tof and Ao as uniformly distributed, and @, as drawn from some latitude distribution

p(®).

5.6.1 Effect of t.: time shift of the envelope

Shifting the envelope by . gives I'(t — t.ef), whose Fourier transform picks up a phase by
the time-shifting property (FT2, P5):

D(w; trer) = I(w) e7™het, (4.54)

This phase propagates to A(w), but since |e"®%|> = 1 it drops out of the power spectral
density |A(w)|?. The kernel is therefore independent of ¢,.; — any spot reference time yields
the same autocorrelation.

5.6.2 Effect of A,: longitude phase

Shifting the initial longitude A, is equivalent to a time shift of A,e/wo in the periodic
visibility function. By the time-shifting property (FT2), the Fourier series coefficients acquire
a harmonic-dependent phase:

Cn(Areg) = ¢y €M™t (4.55)
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where ¢, = ¢, (A = 0). Substituting into Eq. (4.51), the full single-spot spectrum is:

A(w) = e7whet Z e €M T (w — nwy). (4.56)

n

The power spectral density is:

|A(w)|? = Z Z e TN T — nwg) I (w — mwg). (4.57)

n m

Averaging over A,¢ uniformly distributed on [0, 27]:
1 2

i(n—m)Ase -
<€ f >Aref 27‘( 0

e =Mt dA 6 = . (4.58)

This cancels out all cross terms between different harmonics. Ounly the diagonal (n = m)
terms survive:

(JA@F), = 3 Jeal? Sr(e = ) (4.59)
where Sp(w) = |[(w)|? is the power spectral density of the squared envelope, and each

harmonic of the visibility function contributes independently to the power spectrum, with
: 2
weight |c,|*.

5.6.3 Obtaining the kernel from the averaged power spectral density

Applying the Wiener-Khinchin theorem (Eq. 4.31) to the averaged power spectral density
yields:

1 > A 2 Wt 2 1 = wT
K(r) = %/m (JA@)E) e dw =" |eul -%/OO Sr(w — nwy) €7 dw.  (4.60)
Substituting v = w — nwy:
1 > ) ) 1 > )
- Sp(u) ez(u-i—nwg)‘r du = ™o . _/ Sp(u) e du, (4.61)
2 J_ o 2 J_ o
Rr(r)

where Rr(7) is the autocorrelation of the squared envelope I'(t) = o?(t). Therefore:

oo

K(r)=Re(r) Y leal” ™. (4.62)

n=—oo
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Since the ¢,, are real with c_,, = ¢,, the complex exponentials combine into cosines:

K(t) =al, Rre(t) ||eo* +2 Z cn|? cos(nweT) (4.63)

n=1

The kernel factorizes into two interpretable components:

e Rr(7): the normalized envelope autocorrelation of I'(t) = «o?(t)/a?,., which
sets the overall decay timescale of correlations (governed by spot lifetime lg,,; and
rise/decay time Typot )-

e The cosine sum: a quasi-periodic modulation at the rotation frequency and its har-
monics, with amplitudes set by the squared Fourier coefficients |c,|? of the visibility
function.

Truncating to second harmonic order yields:
K () & ooy Br(7) [|col? + 2]er|* cos(woT) + 2ca| cos(2woT)] (4.64)

which represents the kernel function for a single spot.

5.7 Multi-Spot Kernel
The observed flux deficit is the sum over Ny, independent spots (Eq. 4.1):

Nspot

SF(t) = % D AR (1= fapork)- (4.65)

For independent spots with identical contrast fs,o, the covariance of §F' is the sum of the
individual spot covariances:

Cov[5F (1), 0F (1 + 7)) = L= Lol S~ () (4.66)

where (R4, (7)) denotes the autocorrelation of spot k averaged over its random parameters.
Since all spots are drawn from the same distribution, each contributes equally, so:

Nspot (1 - fspot)2
2

K(r) =

(K(T)e (4.67)

where (KC(7))e is the single-spot kernel (Eq. 4.63) averaged over the latitude distribution
p(®).

5.7.1 Averaging over latitude

The latitude @, affects both the Fourier coefficients ¢, (through by = cos I'sin ® and b; =
sin I cos @) and, in the presence of differential rotation, the rotation frequency wy(®) =
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2m(1 — ksin® @)/ P.,. Averaging Eq. (4.63) over p(®):

K e =0t [ R0)

—7/2

|co(P \2+22|cn 2 cos(nwo(®) 7) | p(®)dP.  (4.68)

In general, this integral must be evaluated numerically.

5.7.2 Solid-body rotation (x = 0)

When k = 0, the rotation frequency wy is the same at all latitudes. The cos(nwy7) factors
come out of the latitude integral, and only the squared coefficients need to be averaged:

N
(K(T)a = nax Br(7) [{[co*)a +2D {leal?)s cos(nwor) |, (k= 0), (4.69)
n=1
where (|c,|*)o = [|cn(®)]? p(®) d®. The latitude averaging simply replaces each |c,|* with
its population mean.
5.7.3 Full kernel

Combining Eqs. (4.67) and (4.68), the complete GP kernel for the flux variability due to a
population of independent spots is:

. 2 4
/C(T) _ Nspot (1 fspot) Qmax /RF(T)

Z | (@) cos(nwo(®) 7) | p(P) dP (4.70)

n

T2

where Rp(7) is the normalized autocorrelation of the squared spot-size envelope I'(t) =
a®(t) /a2, cn(®) are the Fourier coefficients of the visibility function (Eq. 4.44), we(®) =
27 (1—r sin® @)/ P, is the latitude-dependent rotation frequency, and p(®) is the spot latitude
distribution. The full hyperparameters of this kernel are:

6 = {Peqa R, [7 Nspo'w gspota 7-spotv Omax, fspot}- (471)

The parameter Ny, in Eq. (4.70) represents the total number of spots active during the
observation. In practice, spots emerge stochastically at a rate Nspot [spots day™!], so for a
time series of duration 75 the expected number of spots is Nypor = Nspot Tops. Parameteriz-
ing in terms of the emergence rate Nspot rather than the total count Ny, has the advantage
that the kernel amplitude becomes independent of the observing baseline: the amplitude
prefactor becomes Nspot Tons (1 = fopot)? /™2, which is an intrinsic stellar property. In
our spotgp implementation, users may specify either nspot (total count) or nspot_rate
(emergence rate in spotsday~'); the latter is the recommended parameterization for infer-
ence.

The amplitude prefactor is degenerate in practice (only the product can be constrained
from the lightcurve variance) so it can be absorbed into a single amplitude hyperparameter
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o2. Using the spot contrast-area product aspot = (1 — fspot) a2 defined in Section 4:

0-129 = NSPOt agpotv (472)
and the reduced hyperparameter set becomes:
0= {Peqa Kk, I, Espoty Tspot s Uk}- (473)

When fitting the kernel alone (with mean-subtracted data), only oy, is constrained. However,
jointly fitting the mean function (Eq. 4.28) and the kernel constrains Nypet Gspot and Nypot, agpot
independently, breaking the degeneracy and recovering the individual values of Nspot and

aspot- The full shared parameter set is then:

0= {Peqa R, ]7 gspoh Tspot Nspota CLspot}~ (474)

Truncating to second harmonic order (n < 2) and specializing to solid-body rotation
(k = 0), the cosines factor out of the latitude integral and the kernel becomes:

K(7) = 0} Rp(7) [(]co\2><p + 2(|e1]*) e cos(woT) + 2(|c2|*) e COS(QwOT)] , (4.75)

where wy = 2/ P.q and the latitude-averaged squared coefficients are (|c,|*)e = [1 [c.(®)|* p(®) dP,
with ¢, (®) given by Eq. (4.44).

The envelope autocorrelation Rr(7) is the normalized autocorrelation of the squared spot-
size envelope ['(t) = a?(t)/a?,,., obtained via the Wiener—Khinchin theorem:

Rr(7) 1 /OQ Sr(w) T dw = 1 /000 Sr(w) cos(wT) dw, (4.76)

27 J_o s

where Sp(w) = |[(w)]? is the power spectral density of the squared envelope and I'(w) is given
by Eq. (4.46). Since I'(w) is real and even, Sp = I'? and Rp(7) reduces to a cosine transform.
Equivalently, Rr(7) can be computed directly as the convolution [T'(s)I'(s + 7)ds; since
['(t) is piecewise polynomial, this yields a closed-form piecewise polynomial (see Appendix 3,
Eq. .131).

For the special case of edge-on viewing (I = 7/2) and a uniform latitude distribution
p(®) = 1/m on [0, 7], all Fourier coefficients are proportional to cos ®: ¢,(®) = g, cos P,
where gy = 1/7, g1 = 1/4, and go = 1/(37). The latitude integrals evaluate to {|c,|*)s =
g2 /2, giving the fully closed-form kernel:

1 1 1
K(7) = o} Rr(7) 53 + 16 cos(woT) + o2 cos(2wot)| (I =m/2, k=0). (4.77)

For general inclination I, the latitude integrals (|c,|?)s must be evaluated numerically,
since ¢y and ¢; depend on 6,;(P) = arccos(— cot [ tan @), which prevents elementary in-
tegration. However, the numerical quadrature over ® is inexpensive (a single 1D integral
per harmonic). This simplified form (4.77) is applicable when a system is viewed edge-on
(I = w/2) with no differential rotation (x = 0) and under the assumption that spots are
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uniformly distributed across all latitudes, however it is flexible enough to work for different
envelope terms Rp(7).

5.8 Power Spectral Density of the Full Kernel

By the Wiener—Khinchin theorem (Eq. 4.31), the kernel K(7) and its power spectral density
(PSD) Sk (w) form a Fourier transform pair:

= / h K(t)e ™ dr. (4.78)

Since K(7) is real and even, Si(w) is real, non-negative, and even in w. To evaluate the
transform, we use the frequency-shift property: for a real, even function Rp(7) with transform

Sr(w) = F{Rr},
F{Rr (1) cos(nwor)} = 1[Sr(w — nwo) + Sr(w + nwo)], (4.79)

which follows from writing cos(nwor) = 3(e™°7 + ¢~"“°T) and applying the frequency-shift
property (FT3).
Applying this equation to the solid-body rotation kernel (Eq. 4.75) yields:

Sc(w) = 02 | oo Se(w) + 3 (leal)e {sp(w — nwp) + Sr(w + nwo)}] . (k=0), (4.80)

where Sp(w) = |[(w)|? is the energy spectral density of the squared envelope and wy =
27/ Peq. The PSD is a sum of shifted copies of the envelope spectrum Sr(w), each centered
on a harmonic nwy and weighted by the corresponding latitude-averaged squared Fourier
coefficient {|c,|*)s. The n = 0 term produces a low-frequency component centered at w = 0,
while each n > 1 term contributes a pair of symmetric peaks at w = +nwy, whose width is
set by the envelope spectral width (inversely proportional to the spot lifetime).

For the general case with differential rotation (x # 0), the latitude-dependent rotation
frequency wy(®) prevents factoring the cosine out of the latitude integral. Taking the Fourier
transform of the full kernel (Eq. 4.70):

/2
Sic(w) = az/ [|co )|? Sr(w) + Z | (P [Sp w — nwo(P)) + Sr(w + nwo(cb))]] p(P) dd.

—7/2

(4.81)
Differential rotation causes the harmonic peaks to broaden: spots at different latitudes
contribute power at slightly different frequencies nwy(®), smearing each peak over the range
nwp(0) to nwo(m/2) = nwo(0)(1— k). This smearing is the signal of DR that can be extracted
from a lightcurve.
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Figure 4.12: Harmonic decomposition of the kernel K(7)/K(0) (Eq. 4.64) for a single
spot at latitude ® = 30° at three stellar inclinations (I = 30°, 60°, 90°), with fixed spot
parameters (Peq = 5d, lspot = 15d, Topot = 3d, £ = 0). The black curve is the full kernel;
colored curves show the individual n = 0 (DC, blue), n = 1 (fundamental, orange), and n = 2
(second harmonic, green) components. The shaded blue region marks the DC contribution.
Inset annotations give the fractional power f, (Eq. 4.53) in each harmonic. For pole-on
viewing the kernel is dominated by the aperiodic DC term, while for edge-on viewing the
fundamental produces strong periodic oscillations.
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6 Physical Interpretation of Kernel Hyperparameters

6.1 Information Content of the Mean and Covariance

Before discussing the individual hyperparameters, we illustrate how the single-spot signal
connects to the two statistical quantities modeled by the GP: the mean function (first mo-
ment) and the kernel (second moment). Figure 4.13 shows 80 realizations of the single-spot
signal A(t) = I'(t) V(¢) for random initial longitudes A, at fixed inclination I = 60° and
latitude ® = 30°. The ensemble mean over all longitudes is the smooth, aperiodic curve
(A(t))a = coI'(t): the spot-size envelope scaled by the zeroth Fourier coefficient of the vis-
ibility function. This is the first moment of the process — the quantity that enters the GP
mean function (Section 4). It depends linearly on ¢ and on the first moment of the envelope,
[T dt.

The lower panel shows the residuals after subtracting this mean. These oscillatory resid-
uals (produced by the periodic rotation of the spot in and out of view) are what the kernel
(second moment) describes. Their variance depends quadratically on the Fourier coefficients
(|¢n]?) and on the autocorrelation of the envelope, Rr(t) = [T'(t) (¢t + 7) dt.

6.2 Kernel Components and Hyperparameters

Now we will summarize the physical meaning of each kernel hyperparameter and its effect
on the shape of the kernel. The shape is governed by the interplay of two components: the
envelope autocorrelation I'(t), which sets the overall decay timescale of correlations (due to
spot evolution), and the visibility function V(t), which encodes the periodic structure at the
rotation frequency and its harmonics.

The hyperparameters can be grouped into three categories:

e Rotation parameters: P, (equatorial rotation period),  (differential rotation shear),
I (stellar inclination). These parameters determine the rotation frequencies of spots
at different latitudes and the shape of the visibility function, which in turn affect the
periodic structure of the kernel (e.g., the location and relative amplitudes of peaks in
the ACF and PSD).

e Spot evolution parameters: (y, (spot lifetime), 7y,0r (spot rise/decay timescale).
These parameters govern the shape of the envelope autocorrelation I'(¢), which sets
the overall decay timescale of correlations. Longer lifetimes and slower evolution lead
to a more slowly decaying ACF, while shorter lifetimes and faster evolution produce a
more rapidly decaying ACF.

e Amplitude parameters: N, (spot emergence rate) and dspor = (1 — fipot) @2ras
(spot contrast-area product). These parameters affect the overall amplitude of the
kernel and the mean flux level, but do not significantly change the shape of the kernel.
When fitting the kernel alone, only the product o7 = Nspot agpot is constrained. How-
ever, jointly fitting the mean function (Section 4) and the kernel constrains Nspot and
aspot iNdependently, as discussed below.
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Figure 4.13: Decomposition of the single-spot signal into first and second moments of the
GP, for a spot at latitude & = 30° with [ = 60°, Poq = 5d, lspor = 15d, and 7per = 3 d.
Top: 80 realizations of A(t) = I'(¢t) V(t) for random longitudes (blue), with the ensemble
mean (A)y = ¢oI'(t) (red). The mean depends linearly on ¢y and on [ T'd¢ (first moment of
the envelope). Bottom: Residuals after subtracting the mean, with £o(¢) envelope (orange).
This spread is what the kernel describes; it depends quadratically on |c,|* and on the envelope
autocorrelation Rr(7) = [T'(t) (¢ + 7) dt (second moment of the envelope).

6.2.1 Lifetime of the Kernel

Figure 4.14 illustrates how the kernel of the envelope term Rp(7) depends on the spot
lifetime parameters fgpor and Typer. For simplification, we show the simplified symmetric
trapezoid case with equal spot emergence and decay timescales (where Typot = Tem = Tdec),
although the non-symmetric case is conceptually similar. The four colors show the shape
profiles for different values of lg,0r and Typor, but same total spot lifetime lg 0t + 275por =
20d. As shown in blue, when the spot lifetime is dominated by the plateau duration fgpe,
the envelope autocorrelation shallowly decays to zero at 7 = lg0r + 275pot, With a piecewise
linear derivative. On the other hand, when the spot lifetime is dominated by the rise/decay
timescale Tyt (red), the envelope autocorrelation decays more rapidly and smoothly to zero,
with a piecewise quadratic derivative. The intermediate case (purple) show a combination
of these behaviors.

This difference qualitatively makes sense: for time lags 7 > lgp0r + 275p0t, the autocorre-
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lation is effectively zero, reflecting the finite lifetime of the spots (which is consistent with
the piecewise polynomial form of Rp(7) derived in Appendix 3). The more time that a
spot spends at its max size amax (i.e., the longer the plateau fqpot), the more slowly the
autocorrelation decays, since the spot remains visible for a longer time. Conversely, if the
spot spends most of its lifetime in the rise/decay phases (i.e., short {5, and long 7ypet), the
autocorrelation decays more quickly, since the spot is only visible for a short time before it
disappears.

For 7 < lgpot +2Tspot, the shape of the autocorrelation reflects the relative contributions of
the plateau and rise/decay phases of the spot evolution. The derivative plots in the bottom
row of Figure 4.14 show how the slope changes at the breakpoints 7 = 7, ¢, { 4+ 7,, and
¢ + 27, which correspond to transitions between different phases of the spot evolution.

6.2.2 Amplitude of the Kernel

The kernel amplitude—the variance of the GP at zero lag—is obtained by evaluating Eq. (4.75)
at 7 =0:
K(0) = a7, Br(0) [(lco*)s + 2(|e1[*) e + 2(|c2*)a] - (4.82)

This factorizes into three independent contributions:
1. Amplitude prefactor o}: Recall that o} = Nyl (Eq. 4.72) absorbs the spot

emergence rate Ngpor and the contrast-area product aspot = (1 — fspot) afnax into a single
quantity. When fitting the kernel alone, Nspot and agper, are fully degenerate—only their
product o7 is constrained by the data.

2. Envelope energy Rr(0): The zero-lag value of the normalized envelope autocorrela-
tion equals the integrated energy of the squared spot-size envelope, Rr(0) = [ T'2(¢) dt.

For the trapezoidal profile (Appendix 3), this evaluates to

Rr(0) = lypor + % (4.83)
which is basically the effective duration over which the spot contributes significant flux.
The plateau phase contributes fy,0¢ (the spot is at full size), while each ramp phase
contributes Typor /5 (the 1/5 factor arises because fol u* du = 1/5 for the squared ramp
I'? o u?). Thus, longer-lived spots or longer plateau durations directly increase the
kernel amplitude, independently of the rotation or geometry parameters.

3. Visibility power Y (|c,|*)o: The bracketed term (|co|?)o+2(|c1]*) o +2(|ca|?) s is the
total power in the visibility function, averaged over latitude. This factor depends on
the stellar inclination I and the latitude distribution p(®). Perhaps counterintuitively,
the total visibility power is largest for pole-on viewing (I — 0°) and smallest for edge-
on (I = 90°). This is because the DC component |cy|> dominates the power budget:
for pole-on viewing, nearly all spots are permanently visible and contribute a large,
constant flux deficit, which inflates |cy|* and hence the total variance. For edge-on
viewing, spots are occulted for roughly half the rotation period, reducing the time-
averaged contribution and thus the total power. In other words, pole-on stars have a
higher photometric variance [C(0) (driven by the mean flux deficit from ever-present
spots), while edge-on stars have stronger periodic modulation relative to their variance
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(i.e., a larger fraction of the power in the n > 1 harmonics).

In practice, the factorization in Eq. (4.82) means that the observed photometric variance
constrains the product o7 - Rr(0)-Y", (|¢,|*) e, but from the kernel alone the individual values
of Nspot and agpot remain degenerate. However, jointly fitting the mean function (Eq. 4.28)
provides independent leverage the mean flux deficit constrains Nspot Aspot * f I'dt- (V>¢,, while
the variance constrains Nipot 3ot Rr(0)- 37, (lcn|?) e Since the shape factors ([ T'dt, Rp(0),
V), (|cn|*)s) are determined by the five shape hyperparameters, the ratio of the variance
to the mean squared isolates agpot, and hence Nspot, without external information. External
constraints (e.g., spectroscopic fspot Or transit-mapped amax) can further decompose agpot
into its constituent factors.

If the lightcurve is further normalized to unit variance (i.e., K(0) = 1), then o} is fully
absorbed into the normalization and carries no information. The normalized kernel becomes

() K(r) _ Rr(7) ‘ {|col®Ye + 2{]c1]*) s cos(woT) + 2(|cal?) s cos(2woT)
()  Rr(0) (leol?)e + 2(|c1]*)a + 2(|c2|*) e ’

(4.84)

which depends on only five hyperparameters: P.y, K, I, lspot, and Tgor. The first factor,
Rr(1)/Rr(0), is the normalized envelope autocorrelation whose shape depends on fg,.; and
Tepot individually (through the piecewise breakpoints at 7 = Typot, Lspot, Lspot +Tspot, a0 Lepot+
2Tspot), €ven though the absolute scale Rp(0) = lypot + 275pot/D is divided out. The second
factor contains the relative harmonic amplitudes (|c,|*)o/ >, (|cm|*)s, Wwhich constrain I
through the ratio of the DC power to the oscillatory power (Section 6). Thus, even with a
fully normalized lightcurve, the kernel shape alone constrains the rotation period, differential
rotation, inclination, spot lifetime, and spot rise/decay timescale—all parameters that affect
the temporal structure of the variability. What is lost is all information about the absolute
amplitude: Nspot and agper become unconstrained by the kernel shape. If the lightcurve
is not mean-subtracted, the mean flux level (Eq. 4.28) provides an independent constralnt
on Nspot Aspot, Which—combined with the unnormalized variance constraint on Nspot a?
recovers both amplitude parameters even without external information.

spot

6.2.3 The DC Term and the Mean Function

The n = 0 (DC) harmonic plays a dual role in the GP: it contributes to both the kernel
(through |co|?) and the mean function (through ¢y = V). Understanding this connection
clarifies how to handle mean subtraction and why the kernel is strictly non-negative.

The kernel (Eq. 4.63) is strictly non-negative for all lags: each spot’s flux deficit is one-
signed (always dimming, never brightening), so the autocorrelation of a non-negative pulse
is non-negative, and the kernel-—a sum of such autocorrelations—inherits this property.
The |co|> Rr(7) term provides the positive floor that prevents the kernel from crossing zero,
representing the covariance of the non-oscillatory flux deficit as spots stochastically emerge
and decay. The oscillatory (n > 1) terms modulate around this floor but cannot push the
total below it (except negligibly at high harmonics; cf. the lower envelope, Eq. 4.90).

In contrast, the sample autocorrelation function (ACF) of observed lightcurves typically
oscillates between positive and negative values at the rotation period. This discrepancy
arises because sample ACFs are computed by subtracting the time mean of the lightcurve,
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which removes the DC flux level—the same quantity encoded by cq. More precisely, the

sample ACF estimates
A 1 _ _
CU%:N§:%~WX%H—y% (4.85)
which is biased relative to the true autocovariance () by a term proportional to K =
T fOTlC(s) ds. Since |co> dominates K, the sample ACF is shifted downward by approxi-
mately |co|? Rr, allowing it to cross zero at half-period lags where the oscillatory terms are
at their most negative.
The DC power fraction,

<|Co|2><1>

(lcol)e +2(e1]?)e + 2(e2[?)e”

fo= (4.86)

quantifies the severity of this mismatch. For pole-on viewing (I — 0°), fo — 1 and the kernel
is dominated by DC power that is removed by mean subtraction, making the mismatch large.
For edge-on viewing (I = 90°), fo =~ 0.08 and the effect is minor.

This has a practical consequence for GP modeling: when fitting mean-subtracted data
with a zero-mean GP, the |¢|? floor in the kernel over-predicts the autocovariance at trough
lags, because the kernel models DC variance that the mean subtraction has already removed.
The effect is largest for low-inclination stars. Two strategies avoid this:

1. Model the mean explicitly: Use the analytic mean function (Eq. 4.28) as the GP

mean and retain the full kernel including |co|?>. The mean absorbs the DC flux level,
and the kernel correctly models the residual covariance.

2. Drop the DC term: For mean-subtracted data, use a reduced kernel with only the
n > 1 harmonics:

Kose(T) = 0 Rr(7) [2<|Cll2>q> cos(woT) + 2{|ca[H COS(2W0T)} . (4.87)

This oscillatory-only kernel matches the behavior of the sample ACF, but loses the
constraint on I from the DC-to-oscillatory power ratio.
The first approach is preferred when amplitude information is available (i.e., the lightcurve
is not normalized), since it preserves all constraints including the degeneracy-breaking from
the mean (Section 4).

6.2.4 Upper and Lower Envelopes of the Kernel

The kernel (Eq. 4.64) is the product of the slowly varying envelope autocorrelation Rp(7)
and a sum of cosines at the rotation frequency and its harmonics. Because the cosine terms
oscillate between fixed extrema, we can solve for the curves that bound the kernel from above
and below.

From Equation 4.64, the kernel for a single spot (truncated to N = 2) is:

K(t) = Rr(7) [|col® + 2|e1|? cos(woT) + 2|ca|? cos(2woT)] - (4.88)

The upper envelope is achieved when all cosine terms equal +1 (i.e., at integer multiples
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of the rotation period, 7 = mP,):
Kupper (T) = Rr(7) [|CO|2 +2]er|* + 2|C2|2} . (4.89)

This expression is basically the envelope autocorrelation Rp(7) scaled by the total power in
all harmonics. The upper envelope is therefore set entirely by the spot evolution parameters
(Uspot, Tspot) through Rp(7), and does not depend on inclination or latitude (which only affect
the relative amplitudes |c,|?, not their sum when normalized).

The lower envelope is achieved at odd half-periods, 7 = (2m+1) P, /2, where cos(woT) =
—1 and cos(2wyT) = +1:

Frower (T) = Rr(7) [|co]? = 2|ea]? + 2lea]?] . (4.90)

The lower envelope is controlled by the balance between the DC component |co|?, the
fundamental |c;|?, and the second harmonic |cy|?. The ratio of the lower to upper envelope
factors,

klower o |CO|2 - 2|Cl|2 + 2|02|2
Kupper |col? + 2c1[? + 2]ea|*

quantifies the fractional oscillation depth of the kernel: a ratio near +1 means negligible
oscillation (the kernel decays monotonically), while a ratio near zero means the kernel os-
cillates down to approximately zero at the troughs. The magnitude and sign of this ratio
depend primarily on the stellar inclination I:

(4.91)

e Edge-on viewing (I = 90°): For edge-on geometry, the visibility angle is 6 =
/2 at all latitudes, and the DC component vanishes (¢y o« cosI = 0). All Fourier
coefficients are proportional to cos ®, so the envelope ratio becomes independent of
latitude: Kiower/kupper = —0.005. The kernel oscillates nearly to zero at the troughs
between rotation peaks, reflecting the fact that edge-on spots are fully occulted for half
the rotation period.

e Inclined viewing (I < 90°): The DC component ¢y o cos I sin ® grows, since spots
near the visible pole are always in view and contribute a non-oscillating flux deficit.
This raises the lower envelope well above zero, compressing the oscillation depth. For
example, at I = 60° the ratio is ~+ 0.3, and at I = 30° it reaches ~ -+ 0.8. In the limit
of pole-on viewing (I — 0°), |co|* dominates all harmonics and the kernel becomes
nearly monotonically decaying with negligible oscillation.

The differential rotation parameter x also affects the envelope structure indirectly. When
k # 0, spots at different latitudes rotate at different frequencies, which broadens and reduces
the coherent peaks of the cosine sum. This effect raises the lower envelope toward zero, since
the destructive interference at cos(wyr) = —1 is diluted across a range of frequencies. The
effect is most pronounced at large lags, where the accumulated phase differences between
latitudes are largest.

Figure 4.15 illustrates the upper and lower envelopes for three representative inclinations.
For edge-on viewing, the kernel oscillates nearly to zero at the troughs (lower/upper ~
—0.005), while for I = 30° the oscillations are shallow and the lower envelope remains close
to the upper envelope (lower/upper ~ +0.78).
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6.2.5 Number of Visible Peaks

A practical observable in any autocorrelation analysis is the number of distinct rotation peaks
visible before the signal decays into the noise. In our kernel, this is controlled by the ratio
of the spot lifetime to the rotation period. The envelope autocorrelation Rr(7) has compact
support: it vanishes identically for 7 > lgpot + 27pot (Eq. .131). Since the kernel peaks occur
at integer multiples of the rotation period, the number of visible peaks is approximately

gS O + 27—8 o
eaks ~ \‘ P i P P tJ . (4.92)

eq

N,

p

This is the starspot kernel’s analog of the quality factor Q) = 7 fyTgamp in a damped harmonic
oscillator kernel: a larger ratio of coherence time to period yields more peaks. For example,
with loper = 15d, Topot = 3d, and Py = 5d, we expect Npears ~ 4 visible rotation peaks,
consistent with Figures 4.14 and 4.15.

Because Rr(7) has compact support (unlike the exponential or Gaussian decays used
in quasi-periodic kernels, which are strictly positive for all 7), the kernel exactly vanishes
beyond the spot lifetime. This means that any observed correlation at lags 7 > lpor + 275po0t
must arise from other sources (e.g., activity cycles or instrumental systematics), providing a
clean diagnostic for the spot lifetime.

6.2.6 Harmonic Content and Peak Shape

The relative amplitudes of the fundamental and second harmonic control whether the kernel
oscillation looks sinusoidal or has sharper, non-sinusoidal peaks. Defining the harmonic ratio

(le2l*)o

x
Il

(4.93)

feiny
)
R
)
~
o

we can characterize two limiting regimes:

e Fundamental-dominated (H < 1): The kernel oscillation is approximately sinu-
soidal, K(7) ~ Rp(7) [|co|*+2|c1|? cos(woT)]. This occurs for low inclinations (I < 30°),
where the visibility function is nearly sinusoidal and the second harmonic is negligible.
The ACF peaks are broad and symmetric.

e Significant second harmonic (# 2 0.1): The second harmonic sharpens the peaks
and introduces a secondary structure at half the rotation period. This occurs for
edge-on viewing (I ~ 90°), where the spot visibility function is a truncated cosine
with significant power beyond the fundamental. In the lightcurve, this manifests as
“double-dipping”—two flux minima per rotation period when two spots (or one spot
visible over a broad longitude range) produce distinct ingress and egress features.

The harmonic ratio H is therefore a diagnostic of the stellar inclination, complementary

to the envelope ratio (Eq. 4.91). For edge-on viewing with a uniform latitude distribution,
H=g3/9? = (4/(37))* =~ 0.18, while for I = 30° the ratio drops to H = 0.02. Importantly,
H is a property of the normalized kernel shape and is therefore measurable even from a
variance-normalized lightcurve.
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6.2.7 Peak Height Decay

A commonly measured ACF diagnostic is the height of the first rotation peak relative to the
zero-lag value. In our kernel, this ratio is

K(Peq) _ RF(Peq)
K@) — Rr(0)

(4.94)

since all cosine terms equal +1 at 7 = F,q. This simplification is remarkable: the first peak
height ratio depends only on the spot evolution parameters (s,o; and 7yo (through Rr),
and is completely independent of the stellar inclination I, the differential rotation «, or the
visibility geometry.

More generally, the peak heights at all integer multiples of P, trace out the upper envelope
Rr(7)/Rr(0), which decays from 1 to 0 over the spot lifetime. The rate of this decay encodes
the spot lifetime parameters. For the trapezoidal profile, if m P, falls in the linear regime of
Rr (i.e., Topot < MPeq < lspor; Appendix 3, Interval 2), the peak heights decay linearly:

K(mPe)  lspot + 2Tspot/3 — MPeq
= soot < MPeq < lspot - 4.95
’C(O) gspot + 2’7—Sp0t/5 ) Tspot ML eq pot ( )

This linear decay of peak heights is a distinctive prediction of the trapezoidal spot profile and
could be tested observationally. Exponential spot profiles, by contrast, produce exponentially
decaying peak heights.

6.2.8 Effect of Differential Rotation on Peak Broadening

When x # 0, spots at different latitudes rotate at different angular velocities wy(®) =
2m(1 — rsin® @)/ P.,. At lag 7, a spot at latitude ® accumulates a phase wy(®) 7 relative to
the equatorial rate. The spread in phase across latitudes is

_ 2m|k|T

A¢(T) = —5 (sin® @), (4.96)

eq

where (sin? @) is the mean of sin? ® over the latitude distribution. For a uniform distribution
on [0,7/2], (sin® ®) = 1/2.
This phase spread has two observable consequences:
1. Peak broadening: At small lags (A¢ < 27), the kernel peaks remain sharp but be-
come slightly asymmetric—skewed toward longer lags for solar-like differential rotation
(k > 0), since high-latitude spots rotate more slowly and contribute power at slightly
longer periods. At large lags (A¢ 2 7), the peaks broaden substantially and eventually
wash out entirely, as spots at different latitudes fall out of phase with each other.
2. Coherence lag: The lag at which the periodic signal is effectively destroyed can be
estimated by setting A¢ ~ 7 (half-cycle dephasing):
P,

SR 1.97
2 |k| (sin® ®) g (4.97)

Tcoh =
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For k = 0.2 (solar-like) and P., = 5d, this gives 7.on ~ 25d. Beyond this lag, the
kernel oscillations are strongly suppressed even if Rp(7) has not yet decayed to zero.
In effect, differential rotation imposes a second coherence timescale that competes with
the spot lifetime: the kernel decays on a timescale of min(lspot + 27spot, Teoh)-

In the PSD, differential rotation broadens the sharp peaks at wg and 2wy into bands of
width Aw = 27 |k| (sin? ®) / P, as noted in Section 9.2. The degree of broadening is a direct
diagnostic of ||, though the sign of k (prograde vs. retrograde differential rotation) can only
be inferred from the direction of peak asymmetry in the ACF at intermediate lags.

Figure 4.16 illustrates this decoherence effect. For each value of k € {0,0.5,1}, three
GP lightcurve samples are drawn from the kernel and shown alongside the normalized ACF.
With solid-body rotation (k = 0), the lightcurves are highly periodic and the ACF retains
sharp peaks out to the spot lifetime. As |k| increases, the periodic pattern progressively
loses coherence: at |k| = 0.5 the signal becomes noticeably aperiodic beyond the first two
peaks (Teon &~ 10d from Eq. 4.97), and at || = 1 only the first peak survives (7eon ~ 5d).
The ACF peaks simultaneously broaden and diminish, while the Rp(7) envelope (dashed)
remains unchanged—confirming that differential rotation destroys the periodic coherence
without affecting the spot lifetime. As expected from Eq. (4.96), the decoherence depends
on |k|: the ACFs for k = +0.5 and K = —0.5 (and likewise £1) are nearly identical, since the
phase spread is symmetric in k. The sign of x affects only the direction of peak asymmetry
(skewness toward longer or shorter lags), which is subtle and most apparent at intermediate
lags.
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Figure 4.14: Effect of varying fs,,; and 7y, on the kernel envelope and autocorrelation.
Left column: vary lg,or With 7opo fixed. Right column: vary 7o, with lypey fixed. Top row:
trapezoidal envelope a(t)/amax With horizontal annotations marking ¢ and 7,. Middle row:
normalized autocorrelation Rp(7)/Rr(0) (solid) with normalized kernel K(7)//C(0) overlaid
(dashed). Bottom row: derivative dRr(7)/d7. In the middle and bottom rows, dotted verti-
cal lines mark the piecewise breakpoints of R at 7 = 7y, £, {+7,, and £+ 27, (Equation D50),
and horizontal annotations indicate the corresponding interval widths.

158



Chapter 4. A Physically Motivated Gaussian Process Kernel for Stellar Rotation

Figure 4.15: Upper and lower envelopes of the kernel for three stellar inclinations (I = 30°,
60°, 90°), with fixed spot parameters (Poq = 5d, lopot = 15d, Tspot = 3d, k£ = 0, uniform
p(®)). The upper envelope (dashed) is Rp(7) [|col® + 2|c1]? + 2]c2|?], identical in shape for
all inclinations. The lower envelope (dotted) is Rp(7) [|co|* — 2]c1|* + 2]ea|?].
viewing, the kernel oscillates nearly to zero at the troughs (lower/upper ~ —0.005); as
inclination decreases, the growing DC component |cg|? raises the lower envelope toward the
upper, compressing the oscillation depth. Shaded regions show the range between envelopes.
Inset annotations list the latitude-averaged squared Fourier coefficients and the lower /upper

ratio (Eq. 4.91).
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Figure 4.16: Decoherence from differential rotation. Left: Three GP lightcurve samples
drawn from the kernel for each x value. Right: Normalized kernel ACF (solid) with the enve-
lope autocorrelation Rr(7)/Rr(0) (dashed). For k = 0 (solid-body rotation), the lightcurves
are highly periodic and the ACF peaks remain sharp. As |x| increases, spots at different lat-
itudes rotate at different rates, causing the periodic signal to decohere: ACF peaks broaden
and wash out, and the lightcurves become irregular. The decoherence is symmetric in |k|:
the ACFs for k = £0.5 and k = %1 are nearly identical. The envelope Rr is unchanged since
it depends only on spot lifetime parameters. Parameters: Py = 5d, I = 90°, {yp0r = 30d,
Tepot = o d.
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7 GP Solver Implementation

In order to solve for the GP posterior and perform inference on the hyperparameters ¢, we
need to evaluate the GP marginal log-likelihood (Eq. 4.98), which requires computing the
kernel matrix inversion. In this section, we show how the structure of our kernel allows
for efficient computation using a banded Cholesky solver, which reduces the computational
cost from O(N?) to O(Nb?), where b is the bandwidth determined by the spot lifetime and
observing cadence. We implement this solver in JAX, enabling fast automatic differentiation
for MCMC sampling of the hyperparameters.

7.1 Naive Cholesky Solver

We implement a JAX-accelerated GP solver that uses the analytic kernel for Bayesian infer-
ence on stellar lightcurves. The GP marginal log-likelihood for N observations y at times x
1s

1 _
np(y [0) = =5 [(v = p) Ky (y — p) +In| K| + Nn27] , (4.98)

where K is the N x N covariance matrix with entries [Kylij = k(|z; —2;]; )+ (02, ;4 072) 045,
p is the mean vector, and o, is an optional white-noise amplitude.
Evaluating Eq. (4.98) involves two computationally distinct steps:
1. Kernel evaluation: computing k(|z; — z;|; €) for all pairs, which requires the latitude
integral in Eq. (4.70). We perform this integral using Gauss-Legendre quadrature with
N1t = 32 nodes. To avoid materializing all latitude contributions simultaneously (which
would require an nj,; X M intermediate tensor, where M is the number of unique lags),
we accumulate the weighted latitude contributions sequentially, reducing peak memory
from O(np, X M) to O(M). We further reduce memory by exploiting the symmetry of
the covariance matrix, evaluating the kernel only on the N(N + 1)/2 upper-triangular
lags rather than the full N? matrix.

2. Cholesky factorization and solve: decomposing Ky = LL" and solving for L™1(y — ),

which dominates at O(N3).

Our implementation provides two interfaces. The GPSolver class pre-computes and caches
the Cholesky factorization at construction time, enabling fast repeated queries (predictions,
log-likelihood evaluation) for fixed hyperparameters. For MCMC sampling, where hyper-
parameters change at every step, we provide a pure-functional just-in-time (JIT) compiled
log-likelihood function that recomputes the full pipeline (kernel evaluation, Cholesky, and
solve) from scratch on each call. JAX’s just-in-time compilation and automatic differentia-
tion provide efficient gradient computation for Hamiltonian Monte Carlo (HMC) and related
samplers.

Table 4.6 benchmarks the wall-clock time and peak memory usage of the GP solver as
a function of the number of data points N. The “Build” column measures the GPSolver
construction (kernel evaluation + Cholesky), while the “Log-likelihood” column measures the
JIT-compiled pure-functional evaluation used during MCMC. After JIT warmup, the log-
likelihood evaluation is faster than the class-based build because XLA reuses pre-allocated
buffers. At N = 1000, the full log-likelihood evaluation takes ~0.1s on a single CPU core,
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Table 4.6: GPSolver wall-clock time and peak memory as a function of the number of data
points N. Build: covariance matrix + Cholesky factorization. Log-likelihood: JIT-compiled
evaluation (kernel + Cholesky + solve) as called during MCMC. Predict: predictive mean
at 200 test points. Times are the median of 5 runs after JIT warmup. Memory is the peak
RSS increase during each operation, measured in an isolated subprocess.

Build Log-likelihood Predict

N Time [s] Memory Time [s] Memory Time [s] Memory

10 0.0810 17MB 0.0001  0.1MB  0.1749 29 MB
100 0.0900 17MB 0.0057 0.1MB  0.2116 29 MB
1000  0.3546  137rMB  0.1416 0.1MB  0.2892 38 MB
5000 8.4480 3.57GB  3.0122 503MB  0.7084 246 MB
10000 31.9826 14.16GB 12.3798 1.97GB 1.7840 882MB

making MCMC chains of ~10* samples feasible within hours. The O(N?) memory scaling
of the covariance matrix is the primary limitation for larger datasets.

7.2 Banded Cholesky Solver

The compact support of the spot-lifetime envelope Rp(7) (Section 6) guarantees that the
kernel vanishes exactly for lags |7| > Timax = lspot + 27spot- For uniformly sampled data with
cadence At, this means the covariance matrix K is banded with bandwidth

gspot + 27—spot
b { At -‘ ’ (4.99)

i.e., [Kyli; = 0 whenever |i — j| > b. For typical stellar monitoring campaigns where the
observing baseline greatly exceeds the spot lifetime (Tops > Timax), the bandwidth satisfies
b < N, and the covariance matrix is sparse.

We exploit this banded structure to reduce the cost of the Cholesky factorization from
O(N?) to O(NbV?) and the memory from O(N?) to O(Nb) (Golub & Van Loan, 2013, Sec-
tion 4.3.5). The lower Cholesky factor L inherits the banded structure of Ky (i.e., L;; =0
for i — j > b), so both the factorization and the subsequent forward/backward substitution
can be restricted to within the band.

We store L in compact banded form as a (b + 1) x N array L, where

Lij=Ljta;, d=01,...b, (4.100)

so that the diagonal occupies row d = 0 and the d-th sub-diagonal occupies row d. The kernel
is evaluated directly into this compact storage, computing only the O(Nb) entries within the
band rather than the full N? matrix. The log-determinant is then In |Ky| =2 ;1In INJO,]-.
We implement the banded Cholesky factorization using jax.lax.scan over columns: at
each column j, the diagonal and the b sub-diagonal entries are updated using only the
(b x b) block of previously computed entries within the band. The entire factorization is

162



Chapter 4. A Physically Motivated Gaussian Process Kernel for Stellar Rotation

(Pea =59, fpor = 15d, Typor = 3d, At =0.5d, N =120}
Dense covariance matrix

0

Kernel (compact support) Banded covariance matrix
i

i
o

U Lepot + 2Tgpor = 21d

0.6 3/

1

0.41 I
I
1
[}

0.2} i ) ‘
i K(T)=0
I

0.0 -

L L L 1l L L L L e . L 5
0 5 10 15 20 25 30 35 40 60 30 40 50 60
Time lag 7 [days] e — Time [days]

)
S

Time [days]
8

40

I3
S

Figure 4.17: Scaling of the GP solver with bandwidth b for fixed N = 1000. The banded
Cholesky solver scales as O(Nb?), while the full Cholesky scales as O(N?). For typical spot
lifetimes and observing cadences, the bandwidth is small (b < N), leading to significant
speedups.

Table 4.7: GPSolver wall-clock time: cholesky_full vs. cholesky_banded (JAX back-
end). Build: kernel evaluation + Cholesky factorization. Predict: GP predictive mean at
200 test points. Times are the median of 3 runs after JIT warmup. The full Cholesky solver
scales as O(N?) and becomes impractical for N > 10%; the banded solver scales as O(Nb?)
and handles N = 10° in seconds.

Full Cholesky =~ Banded Cholesky

Tmax |d] N  Build Predict Build Predict Speedup
10 100 333ms 493ms 535ms 589 ms 0.6x
50 500 458 ms 669ms H87ms 639 ms 0.8x

100 1,000 732ms 761lms 595ms 734 ms 1.2x
200 5,000 16.9s  2.66s 810ms 773 ms 20.8%
1,000 10,000 36.2s  9.55s 957Tms  1.02s 37.8x
5,000 50,000 — — 2.52s 2.52s
10,000 100,000 — — 4.47s 4.56s

JIT-compiled and end-to-end differentiable via JAX’s automatic differentiation, enabling
gradient-based sampling with no additional implementation effort. The forward and back-
ward triangular solves (Ly = r and L'x = y) similarly operate on the compact storage,
restricting each dot product to at most b terms.

7.3 Software Architecture

We implement the kernel derivation and GP inference framework described above in the
open-source Python package spotgp. The package is designed with a modular architecture
so that each physical assumption (envelope shape, amplitude parameterization, latitude
distribution) can be swapped independently without modifying the kernel or solver code.
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Figure 4.18: Architecture of the spotgp package. The core components are the Kernel
class, which computes the covariance matrix from the kernel function; the GPSolver class,
which performs Cholesky factorization and solves for the GP posterior; and the MCMC
sampling module, which uses NUTS to sample the kernel hyperparameters. The kernel is
constructed from modular components: the envelope autocorrelation Rp(7), the amplitude
parameterization (e.g., Fourier coefficients), and the latitude distribution p(®). Each com-
ponent can be independently modified or extended without affecting the overall architecture.

Figure 4.18 illustrates the data flow through the main components, which we describe below.

8 MCMC Sampling the Kernel Hyperparameters

Figure 4.19 summarizes the probabilistic structure of the model, showing how the physical
parameters determine the photometric kernel and how the flux observations derive from it.

Given a set of observations {t;,v;, o;}Y,, we sample the posterior distribution of the ker-
nel hyperparameters @ = (Peq, K, I, Nypots Lspots Tspots Omax, 0% ) using the No-U-Turn Sampler
(NUTS; Hoffman & Gelman, 2014), a variant of Hamiltonian Monte Carlo (HMC) that au-
tomatically tunes the trajectory length. We implement this algorithm using the BlackJAX
library (Lao et al., 2020), which provides a JAX-native NUTS kernel that is fully compatible
with the JIT-compiled, autodifferentiable log-posterior described below.
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rotation evolution amplitude

Q free parameter Q observed [] deterministic e fixed

Peq: equatorial rotation period o variability amplitude

k: diff. rotation shear oy photometric noise

I: stellar inclination p(®): spot latitude distribution
Lsp: spot active lifetime u: limb darkening coefficient
Tsp: spot decay timescale Csp: spot contrast

F;: photometric flux

Figure 4.19: Probabilistic graphical model for the photometric starspot GP. Free param-
eters (open circles) determine the photometric kernel K(7) (Equation 4.70), which governs
the temporal covariance of the flux observations F; across N; epochs. The rotation param-
eters (Poy, K, I) control the harmonic structure, the evolution parameters ({gp,, Tp) control
the temporal envelope Rr(7), and the amplitude parameters (cg,, 0y) control the overall
variability level. The spot latitude distribution p(®) and limb darkening coefficient u (filled
dots) enter the kernel as fixed inputs from stellar models.
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Figure 4.20: Soft uniform prior for a single parameter 6 with bounds [a,b]. The sigmoid-
based formulation provides a smooth transition at the boundaries while maintaining an
approximately uniform density within the bounds.

8.1 Log-Posterior and Gradients

The GP marginal log-likelihood is
1
In£(6) = -5 [r"K,'r + In|Ky| + N In(27)], (4.101)

where r = y — p is the residual vector, Ky = K(0) + diag(o? + ¢2) + €l is the noise-
augmented covariance matrix, and € = 1078 is a small jitter for numerical stability. The
Cholesky factorization Ky = LL" is used for efficient computation of both the data-fit term
and the log-determinant: In|Ky| =25 In L;,.

The entire computational graph—from hyperparameters @ through the kernel evaluation
(Eq. 4.70), covariance matrix assembly, Cholesky decomposition, and log-likelihood—is im-
plemented in JAX and is end-to-end differentiable. The gradient Vg lnp(@|y) is computed
via reverse-mode automatic differentiation, providing exact gradients at roughly the cost of
a single likelihood evaluation.

8.2 Prior

We adopt a soft uniform prior that enforces parameter bounds while maintaining differen-
tiability. For each parameter 6; with bounds [a;, b;]:

Inp(@) = Z Ino(k(0; —a;)) +Ino(k(b; —0;)) — In(b; — a;)], (4.102)

where o(-) is the sigmoid function and k& = 100 controls the steepness of the boundary
(Figure 4.20). This provides effectively uniform support within the bounds while keeping
the gradient finite everywhere, which is critical for HMC-based samplers.
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8.3 Mass Matrix Estimation

The efficiency of NUTS depends on the choice of mass matrix M, which preconditions
the Hamiltonian dynamics to account for differences in the scale and correlation of the
parameters. An identity mass matrix performs poorly when the hyperparameters span vastly
different scales (e.g., Peq ~ 5 d V8. uax ~ 0.1 rad). We provide three methods for estimating
the inverse mass matrix M~

1. Hessian at the MAP. We first find the maximum a posteriori estimate Oyap via
L-BFGS-B using JAX-computed gradients, then compute the Hessian of the negative
log-likelihood at that point using jax.hessian:

-1
Mt = {vg(—mc) , } : (4.103)
MAP

The Hessian is regularized by clamping its eigenvalues to be at least 107%, ensuring
positive definiteness.

2. Fisher information. The expected Fisher information matrix for a GP with covari-

ance Ky is

1 0Ky

0Ky
T = —tr [ Kt K;1=—2). 4.104

/ 2r<eaeieaej) (4.104)
The kernel derivatives 0Ky /00; are computed via forward-mode autodiff (jax. jacfwd),
which is memory-efficient for the case of few parameters mapping to a large covariance

matrix. The inverse mass matrix is then M~! = 71

3. Laplace approximation. This is equivalent to the Hessian method but additionally
provides a Gaussian approximation to the posterior, p(@|y) ~ N (Oyap, M), which
can be used for rapid approximate inference or as a proposal distribution.

In practice, for NUTS we extract the diagonal of the full inverse mass matrix and use
a diagonal mass matrix, which is more numerically robust. Extreme values are clamped to
within a factor of 10* of the median diagonal element to prevent instability.

8.4 Sampler Backends

Because the spotgp likelihood and its gradients are implemented as pure JAX functions, they
can be readily coupled to any sampler that accepts a callable log-probability (and, optionally,
its gradient). We currently provide built-in interfaces to two complementary backends:

e BlackJAX NUTS. The default sampler is the NUTS kernel from BlackJAX (Lao
et al., 2020), which exploits the exact gradients provided by JAX autodifferentiation
to efficiently explore the posterior. This is the recommended choice when the posterior
is unimodal and the mass matrix estimation described in Section 8.3 provides adequate
preconditioning.
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e Dynesty nested sampling. For problems where the posterior may be multimodal
or where one additionally requires a Bayesian evidence estimate, spotgp also supports
the dynesty dynamic nested sampler (Speagle, 2020b). Because nested sampling does
not require gradient information, this backend uses only the log-likelihood and prior
transform, making it a useful complement to NUTS when gradient-based sampling
encounters difficulties such as highly correlated or multimodal posteriors.

Users may select the sampler backend at runtime, and the interface is designed so that
additional samplers can be integrated with minimal effort by supplying the appropriate log-
probability and prior functions.

9 Numerical Results

9.1 Analytic vs. Numerical Kernel

In this Section, we compare the analytic kernel derived in Section 5 to a numerical kernel
computed by simulating many random spot realizations and empirically estimating their au-
tocorrelation (Eq. 4.22). For the numerical kernel, we simulate Ny, = 500 realizations of the
flux deficit §F(t), each with Nt = 10 spots drawn from the same parameter distribution.
We then compute the sample autocorrelation function across all simulations to obtain an
empirical estimate of the kernel. For the analytic kernel, we evaluate Eq. (4.70) numerically
for the same set of parameters.

Table 4.8 summarizes the parameter combinations tested and the mean squared error
(MSE) between the analytic and numerical autocorrelation functions. For each row, a single
parameter is varied from its baseline value (Pq = 5 d, Kk = 0, I = 90°, lopot = 15 d,
Topot = 3 A, max = 0.1 rad), with Ng,er = 10 held fixed throughout.

Figures 4.21-4.25 show the analytic vs. numerical kernel comparison for each parameter
variation. In all cases, the analytic kernel closely matches the numerical kernel, with MSE
values on the order of 1073 or smaller. Overall, these results validate our analytic kernel
against numerical simulations across a range of physically relevant parameters.

Table 4.9 benchmarks the computational speed of evaluating the analytic kernel vs. com-
puting the numerical kernel. The analytic kernel is at least an order of magnitude faster to
evaluate than the numerical kernel, which requires simulating many spot realizations and
computing their autocorrelation. This speed advantage makes the analytic kernel practical
for use in GP regression on large datasets, where repeated kernel evaluations are required.
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Table 4.8: Mean squared error (MSE) of the analytic kernel ACF compared to numerical
Monte Carlo simulations, with and without stellar limb darkening (LD).

Varied param. Value MSE (no LD) MSE (w/ LD)
P 3 6.25 x 1074 9.38 x 1074
5 717 x 1074 711 x 1074
10 7.24 x 1074 7.64 x 10~*
K —-1.0 734x107*? 9.71 x 1074
0.0 6.70 x 1074 8.66 x 1074
1.0 5.10 x 10~* 6.14 x 10~*
I 30° 1.31 x 1073 7.37 x 1074
60° 1.31 x 1073 1.41 x 1073
90° 8.76 x 1074 7.53 x 1074
Copot 5 1.36 x 107* 1.53 x 10~*
15 8.55 x 1074 1.03 x 1073
30 1.13 x 1073 1.35 x 1073
Tapot 1 3.78 x 1074 5.98 x 1074
3 5.11 x 1074 473 x 1074
8 1.15 x 1073 1.02 x 1073

Table 4.9: A comparison showing the kernel computation time (in seconds) using the
analytic and numerical approaches. The analytic kernel is evaluated at varying lag-array
sizes (with IV simulated datapoints); the numerical (Monte Carlo) kernel uses 200 and 500
simulations over 100 d.

N, = 200 Ngm = 500
N Analytic [s] Numerical [s] Speedup Numerical [s|] Speedup
20 0.0053 0.23 42 % 0.33 62 %
100 0.0048 0.22 46 x 0.34 T1x
500 0.0050 0.26 53 % 0.47 94 x
1000 0.0054 0.36 66 x 0.48 89
5000 0.0075 0.50 67x 0.86 114x
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Figure 4.21: Analytic (dashed) vs. numerical Monte Carlo (solid) kernel comparison, vary-
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9.2 Comparison to Kernels from Literature

In this Section, we compare our physically motivated kernel to commonly used kernels in the
literature, such as the quasi-periodic (QP) kernel and the simple harmonic oscillator (SHO)
kernel. We show that our kernel can reproduce the behavior of these kernels in certain
limits, but also captures additional features such as harmonic structure and non-sinusoidal
periodicity that are not present in the QP or SHO kernels.

Quasi-periodic kernels typically have the form:

kqp(T) = A%exp (—7—2) exp (—w) , (4.105)

w2

where P is the period, A is the decay timescale, and w controls the smoothness of the periodic
component. In the limit of large w, the periodic component approaches a pure cosine, and
the kernel resembles a product of an exponential decay and a cosine.

The simple harmonic oscillator kernel has the form:

2
ksio () = A% exp (—%) cos (%) , (4.106)

which is a damped cosine with a single period and an exponential decay.

Figure 4.26 compares the normalized autocorrelation function (left) and power spectral
density (right) of our starspot kernel against the QP and SHO kernels for three different
parameter regimes. The top panel shows a case with short-lived spots and edge-on geometry.
Here, the starspot kernel exhibits a rapidly decaying ACF with prominent harmonic peaks in
the PSD, while the QP and SHO kernels show a more sinusoidal ACF and a single dominant
peak at the rotation frequency. The second panel shows a case with long-lived spots and
inclined geometry, where the starspot kernel has a more complex ACF shape and multiple
harmonic peaks in the PSD, which are not captured by the QP or SHO kernels.

The third panel of Figure 4.26 shows a case with strong solar-like differential rotation
(k = 1). Here, the starspot kernel is able to capture the “skewed” behavior around the ACF
peaks (i.e., slower moving spots at higher latitudes have a longer period, thus skewing the
ACF around the equitorial period peaks to slightly longer lags). For the QP and SHO kernels,
shifts in the ACF peaks can only be made by adjusting the single period parameter, which
cannot account for the range of rotation periods due to differential rotation. Differential
rotation in the starspot kernel also produces a broadened peak in the PSD around the
rotation frequency, reflecting the range of rotation frequencies across different latitudes. In
contrast, the QP and SHO kernels cannot capture these features, as they assume a single
period and do not account for differential rotation.

Overall, this comparison demonstrates that our physically motivated starspot kernel can
capture a richer variety of behaviors in the autocorrelation and power spectrum than com-
monly used kernels, making it a more flexible, interpretable (and potentially more accurate)
choice for modeling stellar variability due to starspots.
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Figure 4.26: Comparison of the starspot kernel (this work) with the quasi-periodic (QP)
and simple harmonic oscillator (SHO) kernels. Left: Normalized autocorrelation functions.
Right: Power spectral densities. Top row: Edge-on geometry with short-lived spots (P =
5d, I =90°, ¢ = 10d, 7 = 3d). Bottom row: Inclined geometry with long-lived spots
(Poq=5d, I =60°, £ =25d, 7 = 5d). Vertical dotted lines in the PSD panels mark integer
harmonics of the rotation frequency. The starspot kernel naturally produces harmonic peaks
and non-sinusoidal ACF shapes that the QP and SHO kernels cannot capture.

9.3 Comparison to Other GP Packages

While our physically motivated kernel provides richer structure than standard QP or SHO
kernels, practical adoption depends on computational performance. We benchmark the
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spotgp GP solver against two widely used packages: tinygp (Foreman-Mackey, 2024), which
implements the celerite O(N) semi-separable solver (Foreman-Mackey et al., 2017), and
george (Ambikasaran et al., 2015), which uses a standard O(N?) Cholesky factorization.

For a fair comparison, we use a kernel that is representable in all three frameworks: the
one-sided exponential envelope I'(t) = e~*/™ret H(t), which gives Rr(7) = (2a)~' e~ with
a = 1/Tgpot- With Npam = 2 harmonics, this decomposes into J = 3 celerite terms (one
real + two complex), making it compatible with the O(NN) solver while also being evaluable
by the standard dense and banded solvers.

Figure 4.27 shows the wall-clock time for a single log-likelihood evaluation as a function
of the number of datapoints N, with fixed cadence At = 1d. We compare four solver
configurations: (1) tinygp with the celerite O(N) solver, (2) george with a dense O(N3)
Cholesky, (3) spotgp with a banded O(Nb?) Cholesky, and (4) spotgp with a full O(N?)
Cholesky. All JAX-based solvers (tinygp and spotgp) are JIT-compiled and run on the
GPU, while george uses compiled C/LAPACK and can only run on the CPU.

The top panel of Figure 4.27 shows that tinygp’s celerite solver scales linearly with
N and has the lowest overhead at small dataset sizes. The george solver scales as N? but
benefits from highly optimized C/LAPACK routines, making it competitive for N < 500.
The spotgp banded solver carries higher per-evaluation overhead than tinygp at small V,
but because the bandwidth b is set by the kernel correlation length and does not grow with
N, its O(Nb?) scaling is effectively linear for long baselines. At N = 10,000, the banded
solver reaches wall-clock times comparable to tinygp (~0.5s), while george exceeds 30s.
The banded solver overtakes the full O(N?) Cholesky around N ~ 500.

The middle panel shows matrix storage requirements. The celerite solver stores only
O(NJ) elements (where J = 2Npam + 1 is the number of semi-separable terms), keeping
memory below a few MB even at N = 10,000. The banded solver stores the (20 4+ 1) x N
band, which grows linearly with NV for fixed b. In contrast, the dense solvers (george and
spotgp full) store the full N x N covariance matrix, reaching ~800 MB at N = 10,000.
For the full spotgp solver run on the GPU, the max matrix storage size is limited to the
memory capacity of the GPU, which is typically 16-32 GB for consumer hardware (in this
case, an Nvidia RTX 5070 TI with 16 GB of memory), thus limiting the maximum N to
a few thousand. Similarly for the full george solver, the max matrix size is limited by
the RAM capacity of the CPU, which is typically 16-64 GB for consumer hardware, thus
also limiting the maximum N to a few thousand. In comparison, the banded solver’s linear
memory scaling allows it to handle much larger datasets without hitting memory limits.

The bottom panel shows the sparsity fraction (2b+1)/N of the banded covariance matrix.
Because the bandwidth is determined by the kernel’s correlation length (a few rotation
periods), it remains fixed as the observation baseline grows. The sparsity fraction therefore
drops as 1/N, falling below 10% for N 2 1000, which is the regime where the banded solver’s
advantage is most pronounced.

The celerite solver’'s O(NV) scaling is only available for kernels that decompose into a
sum of (damped) exponentials and cosines. Our trapezoidal and skew-normal envelopes do
not admit this decomposition, so the banded Cholesky solver is the only option for the gen-
eral kernel. For applications where speed is critical and the one-sided exponential envelope is
a sufficient approximation (e.g., for noise modeling, or applications like lightcurve detrend-
ing where the user does not care about interpreting the hyperparameters), the celerite
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decomposition provides a practical fast path.

9.3.1 Comparison with starry_process

An alternative GP framework for stellar variability is the starry_process of Luger et al.
(2021b,c), which models the stellar surface as a linear combination of spherical harmonics
Y, and derives the covariance of the disk-integrated flux analytically. Our approach differs
in several fundamental respects; we summarize the key distinctions here.

Surface representation: starry_process represents the stellar surface intensity as a trun-
cated spherical harmonic expansion, I(0,¢) = >, yem Yom (0, ¢), with the flux computed
via the linear design-matrix relation f = Ay, where A encodes the rotational geometry
and limb darkening (Luger et al., 2019). This yields a non-parametric surface model: the
coefficients yy,, are treated as Gaussian random variables, and the GP covariance of the flux
follows from the prior covariance of the harmonic coefficients, ¥; = A X, AT. By contrast,
our model parameterizes the surface in terms of individual circular spots (each described by
a latitude @, longitude evolution A(t), and trapezoidal size envelope «(t)), and derives the
kernel by taking the autocorrelation of the resulting flux analytically.

Temporal evolution: A key distinction is the treatment of time dependence. The starry_process
covariance is non-stationary: it depends on absolute time through the rotation matrix A(t),
since the surface pattern is treated as fixed (or drawn once) and the star merely rotates.
There is no built-in mechanism for spot emergence, evolution, or decay; the surface is ef-
fectively a static random field viewed from different angles. Our kernel, by contrast, is
stationary (depending only on the time lag 7 = |ty — t1|) and explicitly encodes spot life-
times through the envelope autocorrelation Rp(7), which models the birth, plateau, and
decay of each spot. This stationarity arises because we marginalize over the random arrival
times of spots (Section 5.7), treating the spot process as a temporal Poisson process. As a
consequence, our kernel naturally captures the finite coherence time of the variability signal:
the autocorrelation decays to zero at 7 = flgpor + 275p0t, @ feature that has no analog in
starry_process.

Differential rotation: Our model includes differential rotation through the shear parameter
r, which allows spots at different latitudes to rotate at different angular velocities (Section 6).
This produces observable effects including peak broadening, decoherence, and the coherence
lag Teon (Figure 4.16). The starry_process framework assumes solid-body rotation.

Spot parameterization: In starry_process, the surface statistics are controlled by the
angular power spectrum of the spherical harmonic coefficients (parameterized by a charac-
teristic angular scale and latitude-dependent modulation). These parameters describe the
spatial statistics of the surface but do not map directly onto physical spot properties. In
our model, the hyperparameters have direct physical interpretations: Feq is the equatorial
rotation period, fs,0 is the spot plateau lifetime, 7ot is the emergence/decay timescale,
Omax 18 the peak angular spot radius, and & is the differential rotation shear.

Computational structure: The starry_process covariance matrix 3 is dense and gener-
ally O(N?3) to factorize, as it is for any GP. The computational advantage of that framework
lies in the analytic evaluation of the matrix entries (avoiding numerical integration over the
stellar surface). Our kernel shares this advantage—its evaluation reduces to sums of cosines
weighted by tabulated Fourier coefficients—but additionally benefits from compact support:
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K(7) = 0 for |7| > lspot + 2Tspot, Which produces a banded covariance matrix with band-
width b = (Cepot + 2Tspot)/At. This enables O(Nb?) Cholesky factorization via banded linear
algebra, a significant speedup for long time series with fine cadence.

Degeneracies and information content: Luger et al. (2021¢) showed that there exist fun-
damental degeneracies in mapping stellar surfaces from disk-integrated photometry alone:
infinitely many surface maps can produce identical lightcurves. These degeneracies persist
in both frameworks. In starry_process, they manifest as a null space of the design matrix
A; in our model, they appear as the well-known degeneracy between Nypot, fspot, and Qmax
(which are absorbed into the single amplitude parameter o7; Eq. 4.82), and the fact that
the kernel constrains only the latitude-averaged squared Fourier coefficients {|c,|?)s, not the
surface map itself. However, our kernel provides direct constraints on temporal properties
(spot lifetime, evolution timescale, differential rotation) that are not accessible from the
static surface model of starry_process.

Summary: The two approaches are complementary. starry_process is well suited for
modeling single-epoch or short-baseline observations where the surface can be treated as
approximately static and the goal is to characterize the spatial statistics of surface features.
Our kernel is designed for longer time baselines where spot evolution, finite lifetimes, and
differential rotation are important, and where a stationary GP with physically interpretable
hyperparameters and compact support is desirable.

9.4 Inference Conditions

Before applying our GP model to real data, we first test its ability to recover known param-
eters from synthetic datasets. We generate mock lightcurves by simulating the flux using
the same spot model (Equation 4.1) that underlies our kernel, with known hyperparameters
0¢rue- We then add Gaussian noise (with a standard deviation o,,) to the simulated fluxes to
create realistic observations.

9.4.1 Kernel Convergence and Data Requirements

As a first test, we estimate the minimum observation duration (7,ps) and sampling cadence
(At) required for the ACF to converge within a certain error of the true kernel function. To
perform this test, we generate a grid of synthetic timeseries with varying T, At, and o, and
numerically compute the ACF for each individual lightcurve. We then compare the empirical
ACF to the true kernel function (computed using the known parameters) and compute the
mean squared error (MSE) as a function of T,,s, At, and o,. This analysis identifies the
regimes in which the ACF provides a reliable estimate of the kernel, which is critical for
informing the design of observing campaigns and setting expectations for parameter recovery.

Figure 4.28 shows the results of this test for two sampling cadences: At = 0.5d (repre-
sentative of space-based photometry such as Kepler or TESS) and At = 5.0d (represen-
tative of ground-based monitoring campaigns). In each panel, the z-axis gives the number
of datapoints in the lightcurve N = T,,s/At, and the y-axis gives the MSE between the
sample ACF (computed from a single simulated lightcurve) and the analytic kernel, aver-
aged over 10 random realizations with 1o errorbars. Different colored lines correspond to
different Gaussian noise levels 0, spanning from 10~% (photon-noise-limited space pho-
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tometry) to 107! (heavily contaminated data). The spot emergence rate is held fixed at
Nspot = (.25 spotsday !, so that longer baselines contain proportionally more spots and the
kernel amplitude is independent of Ty (Section 5.7).

Several trends are apparent. First, for low noise levels (0,05 < 1072), the MSE decreases
steadily with increasing N, roughly as a power law, reflecting the improved statistical con-
vergence of the sample ACF as more independent spot events contribute to the estimate.
At the highest noise levels (opise = 10_1), the noise dominates the signal and the MSE
saturates at ~107! regardless of the number of datapoints, indicating that the spot-induced
correlations are buried in the noise floor.

Second, comparing the two cadences, the coarser sampling (At = 5.0d) yields systemati-
cally higher MSE at fixed N for the intermediate noise levels (opise = 1072), because fewer
samples per rotation period degrade the ACF estimate at short lags. For the fine cadence
(At = 0.5d), the low-noise curves (o, < 1072) converge to MSE < 107 with N > 10?
datapoints (corresponding to Ty,s = 500 d), while the coarse cadence requires N > 10%-10°
points (Tops 2 500-5000d) to reach comparable accuracy.

These results suggest that for typical spot parameters, reliable kernel estimation from
a single lightcurve requires observation baselines spanning at least ~10-20 spot lifetimes
(Uspot + 2Tspot = 21d in our test case), with noise levels poise S 1072 in relative flux units.

9.5 Testing the Cranmer—Rao Bound of Different Parameter Regimes

Even though we are only modeling a six parameter kernel model, there are many possible
combinations of parameters that can produce similar kernel shapes, leading to degeneracies
and non-identifiability. For example, if the spot lifetime is very short compared to the
rotation period, the kernel will be dominated by the envelope autocorrelation and may not
contain enough information about the periodic structure to constrain P, or x. Conversely, if
the spot lifetime is relatively long compared to the rotation period or observational baseline,
the kernel may be dominated by the periodic structure and have a very slowly decaying
ACF, which could also make it difficult to constrain the envelope parameters {ypor and Typot-

Before performing MCMC sampling (which is computationally intensive to complete
across a wide parameter space), we can first test the theoretical identifiability of the param-
eters by computing the Fisher information matrix (Eq. 4.104) across a grid of parameters.
The inverse of the Fisher information matrix gives the Cramér-Rao bound (CRB; Cramér,
1946; Rao, 1945) on the covariance of any unbiased estimator of the parameters, which pro-
vides a theoretical limit on how well we can constrain the parameters from data generated by
our model. By analyzing the eigenvalues and eigenvectors of the Fisher information matrix,
we can identify which combinations of parameters are most and least identifiable, and how
this depends on the underlying spot parameters. This analysis will inform our expectations
for MCMC sampling and help us interpret the results in terms of parameter degeneracies
and uncertainties.

To systematically explore parameter space, we draw N = 4096 parameter combinations
from a scrambled Sobol quasi-random sequence spanning the bounds listed in Table 4.10.
For each sample 6, we construct a synthetic lightcurve of duration T, = 200 d sampled
at a cadence of At = 0.25 d (i.e., N; = 800 observations) with white noise o,, = 10~ and
a mean spot emergence rate of Nspot = 0.25 d~!. We then evaluate the expected Fisher
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information matrix Z(0y) via Eq. (4.104) and invert it to obtain the CRB covariance matrix
Ycrg = Z~!. Cases where any eigenvalue of Z falls below a regularization floor of 107°
are flagged as numerically singular and excluded from the analysis, as the corresponding
CRB is unreliable. From the CRB covariance we extract the marginal standard deviations
ocrp(0;) = Vi and the pairwise Pearson correlation coefficients r;; = X;;/(0,0;) for all
parameter pairs.

Figures 4.29-4.32 show the results of this analysis for the key parameters &, I, Poq, and
0. Each panel shows a corner plot of the parameter space, with the color indicating the
average percent uncertainty on k (or the parameter of interest) as predicted by the CRB.
The plots reveal that certain regions of parameter space allow for much tighter constraints
on x than others. For example, systems with short periods (P S 20d), long spot lifetimes
(Uspot +2Tspot 2 10P.), and high inclinations (I 2 45°) can theoretically constrain & to within
< 10% uncertainty, while other regions (e.g., pole-on inclinations or short spot lifetimes) yield
much looser constraints (in some cases 2 100% uncertainty).

Table 4.10: Parameter bounds used for the Sobol quasi-random sweep of the CRB analysis.

Parameter Lower Upper

Py [d] 01 50
K —1.0 2.0
I [deg] -1 91
Copor |d] 0.1 50
Topor |d] 0.1 50
or 103 1
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Figure 4.27: Benchmark of GP solver performance as a function of the number of datapoints
N, using a one-sided exponential envelope with Ny, = 2 harmonics and cadence At = 1d.
Top: Wall-clock time for a single log-likelihood evaluation. tinygp (célerite, green) scales as
O(N); george (red) and spotgp full Cholesky (teal) scale as O(N?); spotgp banded (dark
blue) scales as O(Nb?). Horizontal gray lines mark 1s and 1 min. Middle: Matrix storage in
MB. The celerite and banded solvers scale linearly with N, while the dense solvers scale
as N2, Bottom: Sparsity fraction (2b+ 1)/N of the banded covariance matrix, showing that
the bandwidth b remains fixed as NV grows. All JAX solvers are JIT-compiled and warmed

up before timing.
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Figure 4.29: Cramér—Rao bound parameter sweep corner plot showing the theoretical
lower bounds for x uncertainty across different parameter regimes. To compute the average
percent uncertainty for each parameter region, we computed 4096 simulations within the
bounds of Table 4.10 using Sobol quasi-random sampling. The average percent uncertainty
on k is indicated by the color scale, with dark blue indicating tighter constraints and dark
red indicating looser constraints. For some regions, with short periods (FPeq < 20), long spot
lifetimes (lspot + 2Tspot 2, 10Psq), and high inclinations (I 2 45deg), the differential rotation
shear k can theoretically be constrained within < 10% uncertainty.
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Figure 4.30: Same as Fig. 4.29, but colored by inclination I.
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Figure 4.31: Same as Fig. 4.29, but colored by P, F.q is by far the easiest of the
parameters to constrain. With the exception of a few regions, e.g., systems with short spot
lifetimes relative to their period (lspor + 27spot S Peq), at pole-on inclinations (I < 30 deg),
the equitorial period can generally be constrained to better than 10% uncertainty,and in
many cases better than 1% uncertainty.
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9.6 MCMC Inference

While Section 9.4 gives a sense of the minimum observation requirements for reliable ACF
estimation, it doesn’t directly test the ability of our GP model to recover the underlying
parameters @ and their uncertainties from noisy data. To assess this issue, we perform
MCMC sampling of the posterior distribution p(@|y) using the sampling methods described
in Section 8. More specifically, we investigate how the noise level and observation duration
affect the ability to recover the true parameters, and how this compares to the theoretical
limits set by the Cramér-Rao bound. We also analyze the posterior distributions to identify
any degeneracies or correlations between parameters, and to understand how well the model
can constrain each parameter under different conditions.

For each synthetic lightcurve, we ran both NUTS (with BlackJAX) and nested sampling
(with dynesty) to obtain posterior samples of the parameters 6 and compare the results to
the true parameters 6y, used to generate the data. In practice, we found that the NUTS
sampler tended to get stuck in small local modes of the posterior and was less effective
at exploring the full parameter space, and so we primarily report results from the nested
sampling runs, which were more robust to multimodality and provided better coverage of
the posterior.

Table 4.11: Posterior summary statistics from nested sampling (dynesty) on simulated
lightcurves. For each combination of observation duration (74,,) and true inclination (Iiyue),
we report the posterior mean + standard deviation alongside the true (injected) parameter
value. The inclination is converted from radians to degrees for readability. All simulations
use a sampling cadence of At = 1.0d.

Iiwe Parameter True Prior Tim = 365d Tsm = 1460d
Value (min, max) | Mean Std Mean Std
30° P, [d] 5.0 (4.0, 6.0) 5.005 0.028 4.996 0.014
K 0.3 (—1.0, 1.0) 0.304 0.047 0.331 0.022
I [deg] 30.0 (0.0, 60.0) 90.6 61.1 29.2 0.9
lspot |d] 20.0  (10.0, 30.0) 20.2 0.3 20.0 0.2
Tspot |d] 5.0 (0.0, 10.0) 4.95 0.48 5.04 0.28
O 0.005 (0.001, 0.01) | 0.00516 0.00038 | 0.00487 0.00017
60° P [d] 5.0 (4.0, 6.0) 4.969 0.038 5.001 0.015
K 0.3 (—1.0, 1.0) 0.312 0.028 0.298 0.013
I |deg] 60.0  (30.0, 90.0) 90.7 28.7 58.9 1.2
lapot |d] 20.0  (10.0, 30.0) | 20.2 0.8 20.1 0.3
Tapot |d] 50  (0.0,10.0) | 4.89 1.02 5.11 0.46
O 0.005 (0.001, 0.01) | 0.00490 0.00027 | 0.00510 0.00014
90° P, [d] 5.0 (4.0, 6.0) 5.007 0.035 5.002 0.014
K 0.3 (—1.0, 1.0) 0.308 0.028 0.303 0.014
I [deg] 90.0  (60.0, 120.0) 90.1 3.6 89.8 3.2
lspor |d] 20.0  (10.0, 30.0) 20.6 0.9 20.0 0.4
Tepot |d] 5.0 (0.0, 10.0) 4.65 1.01 5.09 0.56
O 0.005 (0.001, 0.01) | 0.00476 0.00025 | 0.00506 0.00014
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Figure 4.33: Posterior distributions for different inclinations: I = 90 (bottom left) and
30 (upper right) degrees based on nested sampling runs on synthetic lightcurves. The blue
posterior outlines the constraints using 1 year of data, while the black posterior outlines the
constraints using 4 years of data (comparable to the Kepler mission duration), and the true
parameters are indicated by the red lines. The posterior distributions show that the model
can recover the true parameters with tight precision given a typical noise level of o,, = 10~*
and a spot emergence rate of Nspot =0.25d"%
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10 Case Study: Application to Kepler-63

Kepler-63 is a young Sun-like star (with a stellar mass and effective temperature of M, =
0.984100% My, and T.g = 5576 4 50 K; Sanchis-Ojeda et al., 2013b) hosting a transiting hot
Jupiter on a polar orbit. Kepler-63 also has a fast rotation period of P,,; = 5.400+0.009 days
(Sanchis-Ojeda et al., 2013b). This system is unique in that the planet’s orbit is highly
misaligned relative to the star’s spin axis, so it transits across a wide range of stellar latitudes.
Because of this favorable geometry, Kepler-63 has provided a rare opportunity to probe the
latitudinal distribution of starspots using transit mapping techniques (Netto & Valio, 2020;
Sagynbayeva & Farr, 2026; Estrela & Valio, 2016).

In this section we discuss the system geometry and how it affects the visibility of starspots.
We then apply our GP model to the Kepler-63 lightcurve to infer the spot parameters and
compare them to previous results from transit mapping. Finally, we show that our GP
approach is able to constrain spot parameters that are consistent with those inferred from
transit mapping and spectroscopy. Beyond the specific results for Kepler-63, this case study
serves as a demonstration of how our physically motivated GP kernel can be applied to
real data to extract information about starspot properties and stellar rotation. Moveover,
because our GP method relies solely on the rotational variability in a lightcurve, it can be
applied to a much larger samples of stars than those amenable to transit mapping, making
it a powerful tool for characterizing starspots across a wide range of stellar types.

10.1 System Geometry

The inclination of Kepler-63 (I = 138°) means the observer views the star from below its
equatorial plane, with a sub-observer latitude of 90° — I = —48°. Figure 4.34 illustrates this
geometry. The left panel shows the side-view orientation of the rotation axis relative to the
line of sight. The middle panel shows the observer’s projected view of the stellar disk, with
latitude and longitude grid lines. The right panel maps the visibility u = cos 8 as a function
of rotational phase and latitude for a spot at a reference longitude. The black contour marks
the boundary between visible (x4 > 0) and hidden regions. Latitudes between roughly —90°
and +35° are visible at some point during a rotation, while latitudes above ~ +35° remain
permanently hidden.

10.1.1 Role of Always-Visible Spots in the GP Fit

An important consideration when interpreting the kernel hyperparameters is the role of spots
that remain permanently visible — i.e., spots at latitudes where they never rotate behind the
stellar limb. A spot at latitude ® on a star with inclination I is always visible when by > by,
i.e., cos I sin ® > sin I cos @, which simplifies to ® > I (measuring ® from the equator). For
Kepler-63, with I ~ 138° (equivalently 42° from pole-on), all spots at latitudes above ~42°
satisfy this condition — a substantial fraction of the visible hemisphere.

For these always-visible spots, the visibility window spans the full rotation (6;s = 7), and
the Fourier coefficients ¢, become strongly DC-dominated: ¢y = by = cosIsin® is large,
while the higher harmonics ¢, (n > 1) are suppressed. In the limiting case of a pole-on star
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Figure 4.34: System geometry for Kepler-63 (I = 138°). In the left and middle panels, the
stellar disk is shaded by visibility zone: dark blue for latitudes that are always visible (never
rotate behind the limb), light blue for latitudes that are sometimes visible, and gray for
latitudes that are never visible. Left: Side-view schematic showing the rotation axis Q, the
line of sight to the observer, and the inclination angle I. The dashed line marks the stellar
equator. Middle: Observer’s projected view of the stellar disk with latitude and longitude
grid lines, rotated by the sky-plane position angle ¥ = —110° (measured east of celestial
north). Because I > 90°, the south pole is tilted toward the observer. The magenta band
shows the transit chord of Kepler-63b (i, = 87.8°, R,/R, = 0.064, a/R, = 19.35), with
width equal to the planet diameter. Note that ¥ does not affect disk-integrated photometry
and therefore does not enter the GP kernel. Right: Visibility map (¢, ®) showing the
cosine of the center-to-limb angle £ as a function of rotational phase and latitude for a spot
at reference longitude Ag = 0. The black contour marks the yu = 0 boundary between the
visible and hidden hemispheres. The dashed red line indicates the sub-observer latitude
90° — I = —48°. The magenta shaded region shows the range of stellar latitudes crossed by
the planet during transit; because the system is highly oblique, the transit chord spans a
wide range of latitudes (~—40° to ~ + 30°).
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(I =0), by = 0, the kernel contribution from such spots reduces to
Kalways—vis(7_> ~ 0-]3 RF(T) |CO|27 (4107)

which is a smooth, aperiodic function that decays on the spot lifetime—with no rotational
modulation.

This has several consequences for parameter inference:

1. Effect on kernel amplitude: always-visible spots contribute to the total kernel
variance K(0) through the DC term (|co|*)s (Eq. 4.82), but add negligible power at the
rotation frequency or its harmonics. Thus we expect that their contribution is largely
degenerate with the amplitude hyperparameter o7, which absorbs the persistent flux
deficit from these spots.

2. Effect on rotation parameters: since always-visible spots produce no periodic mod-
ulation, they carry essentially no information about P, or . The periodic signal that
constrains these parameters comes entirely from spots in the partially visible latitude
band (® < I), which produce strong n = 1 and n = 2 harmonics as they rotate into
and out of view.

3. Effect on spot lifetime: always-visible spots do contribute to the aperiodic decay of
the kernel through Rp(7), which in principle constrains fypor and 7pet. However, this
aperiodic signal is degenerate with the spot emergence rate and amplitude, making
it difficult to isolate the spot lifetime from the DC contribution alone. In practice,
the strongest constraints on (g, come from the decay of the periodic peak heights
(Eq. 4.95), which is driven by the partially visible spots.

The fraction of always-visible spots depends sensitively on the stellar inclination: for
edge-on viewing (I = 90°), no spots are always visible, and all latitudes contribute periodic
modulation. For systems like Kepler-63, where the inclination places a significant fraction
of spots in the always-visible regime, the GP fit is effectively driven by the minority of spots
at low latitudes that produce detectable rotational signatures.

10.1.2 Role of Partially Visible Spots in Constraining Parameters

While always-visible spots contribute primarily to the DC component of the kernel, it is the
partially visible spots — those at latitudes ® < I (® < 42° for Kepler-63) — that generate the
periodic modulation responsible for constraining most of the kernel hyperparameters. These
spots rotate in and out of view each period, producing a visibility window of finite duty cycle
A = 0/ < 1 and exciting strong power in the n = 1 and n = 2 Fourier harmonics. Their
contribution to the kernel is

Kpartial(T) = 0 Rp(T) Z(]cn|2)q><1 cos(nwot), (4.108)

n

where the harmonic weights {|c,|*)s<; are averaged only over the partially visible latitude
band.

The periodic structure introduced by these spots is what enables the GP to separately
constrain the following parameters:

1. Rotation period F,,. The fundamental periodicity of the kernel is set by the n =
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1 harmonic from partially visible spots. Because these spots produce sharp ingress
and egress features as they cross the limb, the spacing of the ACF peaks directly
measures F.y. This is the best-constrained parameter in every year of our Kepler-63
fits (Table 4.12).

2. Differential rotation . Spots at different latitudes rotate at different rates, P(®) =
P.y/(1 — ksin?®). The partially visible band spans a range of latitudes, each con-
tributing periodic signal at a slightly different frequency. This produces a characteristic
broadening of the PSD peak around wg and a progressive skewing of the ACF peaks
toward longer lags—signatures that are unique to differential rotation and cannot be
reproduced by a single-period kernel. The width of the partially visible band therefore
controls the lever arm for constraining x: a wider band (more equator-on viewing)
samples a greater range of rotation rates and yields tighter constraints.

3. Stellar inclination /. The inclination controls the relative power in the DC versus
periodic components of the kernel. As [ increases toward edge-on, the always-visible
zone shrinks and more spots enter the partially visible regime, shifting power from
{|col?) into (|e1|?) and higher harmonics. The ratio of the oscillating to non-oscillating
kernel components (Eq. 4.91) is therefore a diagnostic of inclination. Additionally, the
harmonic ratio (|ca|?)/(|c1]?) depends on the typical visibility duty cycle, which is set
by I and the latitude distribution.

4. Spot lifetime (lspot, Tepot). The envelope autocorrelation Rp(7) modulates the am-
plitude of successive ACF peaks. For partially visible spots, this effect manifests as a
decay of the periodic peak heights with lag (Eq. 4.95). The rate of this decay directly
constrains the total spot lifetime fg,0r + 27pot, While the shape of the decay (linear vs.
curved) distinguishes the plateau duration from the rise/decay timescale.

In summary, the always-visible and partially visible spot populations play complementary
roles: the former sets the baseline variance and aperiodic structure of the kernel, while
the latter imprints the periodic, harmonic, and differential-rotation signatures that enable
the GP to disentangle the physical parameters. For Kepler-63, the partially visible band
(® < 42°) includes equatorial and low-latitude spots, which are the primary drivers of
the inferred rotation period, differential rotation, and spot lifetime constraints reported in
Section 10.3.

10.2 Fitting Procedure

We apply the starspot GP model developed in Sections 5-7 to the Kepler-63 lightcurve
obtained from the Kepler mission. The full lightcurve spans approximately 1470 days (~4
years) and contains ~64,000 observations after masking out the planet transits and outliers.
Because our kernel is stationary (and it is possible that stellar activity may vary due to
activity cycles) we divide the dataset into four year-long segments and fit each independently,
allowing the inferred spot parameters to evolve from year to year. We also compare our
results to a single fit of the full dataset, which assumes constant spot properties over the
entire baseline.

For each year, we normalize the lightcurve to unit median flux and downsample to a
cadence of At = 1.0 days using inverse-variance—weighted binning, reducing each segment
to ~600-700 data points. This cadence is sufficient to resolve the ~5.4-day rotation period
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while keeping the covariance matrix tractable for Cholesky factorization.

We model the kernel using the symmetric trapezoidal envelope (Section 5.4) and the
full latitude-averaged visibility function (Section 5.6), giving six free hyperparameters: the
equatorial rotation period P, differential rotation coefficient s, stellar inclination I, spot
plateau duration g, spot rise/decay timescale Tpot, and kernel amplitude o;,. We adopt
uniform priors over the following ranges:

P, €U(5.2,5.5) d, Kk € U(—0.5, 0.5),
I € U(110°, 150°), Lepor € U(10, 100) d, (4.109)
Topot € U(0.1, 10) d, or €EU(107°,1072).

The prior on P, is centered on the literature value of 5.400 £ 0.009 days (Sanchis-Ojeda
et al., 2013b). For the inclination, we adopt a wide uniform prior that encompasses the range
of published estimates (I = 138 4= 7°, Sanchis-Ojeda et al. 2013b).

We sample the posterior using the dynesty nested sampling algorithm (Speagle, 2020b)
with 2000 live points, multi-ellipsoidal bounding, and random-slice sampling. The GP log-
likelihood (Eq. 4.101) is evaluated using the banded Cholesky solver described in Section 7,
compiled via JAX for GPU acceleration. Each year’s run produces weighted posterior sam-
ples from which we extract parameter estimates as the median and 68% credible intervals.

10.3 Posterior Results

The resulting posterior distributions are shown in Figure 4.35. For each year, we evaluate the
GP posterior predictive mean at the median posterior parameters and compare to the data in
three diagnostic views: the lightcurve, the empirical autocorrelation function (ACF), and the
Lomb-Scargle power spectral density (PSD). These are shown in Figures 4.36-4.39. In the
ACF panels, we show both the full model kernel (solid line) and the kernel with the ¢y (non-
oscillating) visibility component removed (dashed line), which isolates the contribution from
stellar rotation. In the PSD panels, the model PSD is computed via the Fourier transform of
the kernel on a uniform lag grid, normalized so that its integral matches the data variance.
Table 4.12 summarizes the posterior statistics for each year and the combined dataset.

Previous studies have analyzed the starspot properties of Kepler-63 using various meth-
ods, including spot modeling of the transit lightcurves and spectroscopic measurements of
the star’s rotational velocity. Table 4.13 summarizes the key findings from the literature, and
we discuss how they compare to the parameters inferred from our GP modeling below. We
find that our GP-inferred posteriors (Table 4.12) are broadly consistent with these indepen-
dent literature measurements, despite the fact that our method uses only the out-of-transit
lightcurve autocorrelation structure and does not rely on spectroscopy, transit spot crossings,
or detailed spot modeling.

Rotation period: Our inferred equatorial periods (P, ~ 5.34-5.39d across years;
5.361+0.007 d for the combined fit) are consistent with the periodogram-based measurement
of P,oy = 5.400 £0.009d from Sanchis-Ojeda et al. (2013b). The slight offset may reflect our
model’s ability to distinguish the equatorial period from a latitude-averaged period, since
differential rotation causes high-latitude spots to rotate more slowly.

Inclination: The combined-fit inclination of I = 138.6° + 1.4° agrees well with the
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Figure 4.35: Corner plot of the posterior samples for Kepler-63, colored by year.
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Figure 4.36: Kepler-63 Year 1: lightcurve with GP posterior mean (top), autocorrelation
function (middle), and power spectral density (bottom). The colored curves show the model
evaluated at the median posterior parameters (listed above each panel); black shows the
data. In the ACF panel, the solid line is the full model kernel and the dashed line has the
co component removed. Dotted vertical lines in the PSD panel mark the first three rotation
harmonics.

194



Chapter 4. A Physically Motivated Gaussian Process Kernel for Stellar Rotation

Py =5.343 d, kK = 0.067, @ = 133.3°, lspot =

94.7 d, Tspot =

541 d, oy = 0.0021

Kepler-63 — Year 2

0.02 |
n - Data
. —  GP mean |
;é 0.01W ” ﬂ \
< 0.00f
E 001
Z,
—0-02) | | | | Time Ldays] 1
10— 450 600 650 700
. —  Data ACF
0.5 ﬂ A A ‘ A A ‘ ‘ ‘ ‘ ‘ ‘ ‘ l ‘ ‘ — Kernel Model (normalized)
§ 0.0 [HH- ”’
- [ MHH!HHHHHHH
1.0 H w ‘ Lag [days]
TU0__ 20 4060 160180
10_1 : —  Data PSD |3
1072 —  Model PSD | |
1073 ‘
~ 107 ,
2 vw /
e T Y w
o | \u
18:2 | B | Frequency [cycles/day] 7
0.0 0.1 0.2 0.3 0.4 05 0.6

Figure 4.37: Same as Figure 4.36 but for Year 2.
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Figure 4.38: Same as Figure 4.36 but for Year 3.
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Figure 4.39: Same as Figure 4.36 but for Year 4.
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Figure 4.40: Same as Figure 4.36 but fitting the full ~4-year Kepler-63 lightcurve simul-
taneously with a single set of stationary kernel parameters.
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Table 4.12: Posterior summary statistics for the Kepler-63 GP kernel hyperparameters
from nested sampling (dynesty). For each year of Kepler data (and the combined dataset),
we report the posterior mean, standard deviation, median, and 68% credible interval (16th—
84th percentiles). Row colors match the corner plot in Figure 4.35.

Dataset Parameter Mean Std  Median 16th %ile 84th %ile
Year 1 P (d) 5.357  0.039 5.374 5.309 5.391
K 0.085 0.028  0.079 0.056 0.118
7 (deg) 131.6 2.8 131.6 128.8 134.4
lspot (d) 86.8 5.1 88.1 87.4 88.9
Tspot (d) 4.09 1.00 4.07 3.04 5.12
Nspot 0.1254 0.0942 0.0986 0.0523 0.1935
Aspot 0.0069 0.0022 0.0066 0.0047 0.0091
Year 2 P (d) 5.332  0.022 5.327 5.315 5.347
K 0.067 0.014  0.069 0.053 0.081
) (deg) 134.6 3.3 134.8 131.2 137.7
lspot (d) 78.2 6.0 75.5 74.3 86.4
Tepot (d) 6.03 0.88 6.04 5.17 6.91
Nspot 0.0636 0.0807 0.0299 0.0134 0.1234
Aspot 0.0126 0.0053 0.0129 0.0061 0.0186
Year 3 P (d) 5.394 0.017  5.394 5.376 5.410
K 0.074  0.015 0.073 0.060 0.089
7 (deg) 132.4 3.6 132.4 128.7 136.1
lspot (d) 96.7 2.6 97.4 95.1 98.0
Tspot (d) 1.49 0.46 1.47 1.07 1.90
Nspot 0.0954 0.0814 0.0677 0.0335 0.1575
Aspot 0.0094 0.0033 0.0092 0.0060 0.0129
Year 4 Py (d) 5.356  0.013 5.355 5.343 5.368
K 0.064 0.012 0.062 0.052 0.075
i (deg) 130.0 2.9 130.0 127.2 132.9
lspot (d) 82.7 3.5 82.0 81.2 82.9
Tepot (d) 410 090  4.05 3.21 4.97
Nspot 0.1148 0.0983 0.0840 0.0359 0.1916
Aspot 0.0083 0.0033 0.0077 0.0050 0.0117
All Py (d) 5.360  0.007  5.360 5.354 5.366
K 0.087 0.009  0.087 0.077 0.095
i (deg) 139.0 1.3 139.0 137.7 140.2
lspot (d) 83.0 0.3 83.0 82.8 83.3
Tepot () 249 025 247 2.25 2.74
Nspot 0.0309 0.0228 0.0234 0.0140 0.0481
Aspot 0.0168 0.0046 0.0167 0.0117 0.0219

Sanchis-Ojeda et al. (2013b) value of 138 & 7°, and is intermediate between the two most
precise literature estimates (138 & 7° and 151.175% deg from Sagynbayeva & Farr 2026).
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Table 4.13: Literature measurements for Kepler-63 starspot and stellar properties. Ref-
erences: (1) Sanchis-Ojeda et al. (2013b), (2) Sagynbayeva & Farr (2026), (3) Morris et al.
(2019b), (4) Rainer et al. (2023), (5) Morris et al. (2019a), (6) Sagynbayeva et al. (2025),
(7) Menezes et al. (2024), (8) Araujo & Valio (2023), (9) Netto & Valio (2020), (10) Estrela
& Valio (2016), (11) Coffaro et al. (2022).

Property Value Method Ref.
Stellar properties
I 138 + T deg Transit + v, sin [ 1
151.170  deg Transit modeling 2
v, sin [ 5.4+ 0.5km/s Spectroscopy 1
5.43km/s Spectroscopy 3
4.71 + 0.53km /s Spectroscopy 4
P 5.400 + 0.009d Periodogram 1
K ~ 0.01 Spot period vs. latitude 9
R, 0.90175:057 R Isochrone fitting 1
Spot properties
Fopor 0.27 + 0.06 TiO bands 5
Tspot 10.02f8j8§ deg Transit modeling 6
(Ispot) 0.48 £0.16 Spectropolarimetry 7
log(Aspot) 2.71 £ 0.141log[mh| Spectropolarimetry 7
(Bspot) 3400 £ 110G Spectropolarimetry 7
Nspot 297 (total) Spot crossing 8
(Aspot) 8+5% Spot crossing 8
Spot latitude Polar Spot crossing 9
Activity cycles
Peye 1.27+0.16 yr Spot modeling 10
Not detected X-ray 11

Notably, our constraint is derived entirely from the shape of the kernel rather than from
vy sin [ or transit geometry.

Differential rotation: We infer a positive differential rotation coefficient of kK = 0.09 +
0.01 in all years, indicating near solid-body rotation with a bias towards solar-like differential
rotation (equator faster than poles). This measurement is roughly consistent with Netto &
Valio (2020): in their study they compare spot latitudes vs spot period for different values
of K =0.01,0.1,1.0 and find that x ~ 0.01 is most consistent with the data (although there
is a high scatter to their fit).

Spot lifetimes: We infer typical spot lifetimes of ¢ ~ 70 — 100d and 7gor ~ 0 —
8d (or total lifetimes of fgpot + 27spot ~ 85-100d). These measurements are consistent
with the observations of Netto & Valio (2020), which note that the longest living starspots
have lifetimes of at least 75d. As noted in Section 6, the constraints on the spot lifetime
parameters are mostly constrained by the decay timescale of the autocorrelation function.
However, looking at the ACF panels in Figures 4.36—4.39, we see that the ACF of the data
does not decay monotonically as our kernel with finite spot lifetimes would predict. Instead
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the ACF tends to show a decay for the first set of peaks, followed by a flattening or even a
slight increase in the peak heights at later lags.

This non-decaying feature of the ACF at high time lags (beyond the initial decay, with
tlag 2 50d) may be a signature of multiple stationary spot populations, variations in spot
properties over time due to activity cycles, long-term evolution of the spot emergence rate,
or observational systematics which our kernel cannot capture. We also notice that the ACF
of the data tends to increase or modulate for very large time lags (t.g 2 150d), however
since the baseline of the data used is 1 year, these very large lags are not very well sampled.
So in conclusion, the GP appears to picking up constraints from the longest-lived starspots,
however there is likely a non-negligible amount of non-stationarity biasing our spot lifetime
estimates. Therefore, the inferred spot lifetime values should be interpreted with caution.

Kernel amplitude and spot properties: Our inferred oy values (~0.0021-0.0026
across years; Table 4.12) encode the degenerate combination 02 = Nypot(1 — fapot) 2k, /72,
While o, alone cannot separately determine the spot fraction, spot size, or emergence rate, we
can check whether the literature measurements of these quantities are mutually consistent
with our inferred amplitude. Taking fipor = 0.27 £ 0.06 from Morris et al. (2019a) and
Tspot = 10° from Sagynbayeva et al. (2025) (i.e., amax =~ 0.17rad), and adopting the spot
emergence rate implied by Ng,or = 297 spots over ~1470d (Nspot ~ 0.2spotsd™!; Aratjo &
Valio, 2023), we can estimate

, 2 ; 0.17)2
opt = %\/Nspot (1 = fopot) ~ ( - ) V0.2 (1 —0.27) =~ 0.003, (4.110)

which is consistent with our GP-inferred values of o, =~ 0.002—0.003 to within the substantial
uncertainties on each of the input quantities. This order-of-magnitude agreement provides
a useful sanity check: even though o is a degenerate combination, its inferred value is
compatible with the independently measured spot fraction, spot size, and spot count for
Kepler-63. Conversely, if external constraints on any two of { fspot; Omax, Nspot} are available,
o, can be used to estimate the third.
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11 Discussion

11.1 Summary of Results

In this work, we derived a physically motivated GP kernel for stellar photometric variability
caused by rotating starspots, systematically characterize the performance and limitations
of this methodology using simulations, and demonstrated its application to real data. We
summarize the main results below.

Analytic kernel derivation (Section 5). Starting from a forward model of the flux
deficit produced by circular spots on a differentially rotating star, we decomposed the single-
spot signal into a product of an envelope term I'(f) (capturing spot emergence and decay)
and a visibility term V(t) (capturing rotational modulation and limb geometry). By taking
the Fourier transform of each component and applying the Wiener—Khinchin theorem, we
obtained a closed-form expression for the autocovariance kernel K(7) as a sum over rotation
harmonics weighted by latitude-averaged visibility coefficients (|c,|*)e and modulated by
the envelope autocorrelation Rp(7) (Eq. 4.70). We provided analytic Rp(7) expressions
for trapezoidal, exponential, and skew-normal spot profiles, and validated all derivations
symbolically with SymPy and numerically against brute-force simulations.

Physical interpretability of hyperparameters (Section 6). The six free kernel
hyperparameters (Peq, %, I, lspot; Tspot, and oy) map directly onto stellar and spot properties,
unlike the phenomenological parameters of standard quasi-periodic or SHO kernels. We
showed that P, and x control the periodicity and harmonic structure of the kernel; I controls
the balance between the DC and oscillating components via the visibility coefficients; f,ot
and Tyt set the correlation lifetime; and the amplitude parameters (cmax, fspots Vspot)
are degenerate and collapse into a single scale parameter of. We further demonstrated
that our kernel captures signatures (such as PSD broadening from differential rotation and
harmonic ratio variations with inclination) that previously applied kernels cannot reproduce
(Section 9.2).

Efficient GP solver (Section 7). Because the kernel K(7) has compact support
(set by the spot lifetime lspot + 275pot), the covariance matrix is banded with bandwidth
b X (Lspot + 2Tspot) / At. Exploiting this structure, we implemented a banded Cholesky solver
that reduces the GP inference cost from O(N?) to O(Nb?). The solver is fully JIT-compiled
and autodifferentiable via JAX, enabling gradient-based sampling with no additional imple-
mentation effort.

Inference conditions and Cramér—Rao bounds (Sections 9.4-9.5). Using syn-
thetic lightcurves, we showed that reliable kernel estimation requires observation baselines
spanning at least ~10-20 spot lifetimes with noise levels opeise < 1072 in relative flux. We
computed the Cramér-Rao lower bound across a grid of 4096 parameter combinations and
found that the differential rotation coefficient k is best constrained for short-period stars
(Poq S 20d) with long-lived spots and moderate-to-high inclinations, where x can theoreti-
cally be measured to < 10% uncertainty.

Application to Kepler-63 (Section 10). We applied our GP model to four year-long
segments and the full ~4-year lightcurve of Kepler-63, a young, rapidly rotating Sun-like star.
Using nested sampling (dynesty), we recovered consistent rotation periods of P, ~ 5.35-
5.39d across all years, positive differential rotation (x = 0.06-0.09), and inclinations of
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I ~ 130°-139° (Table 4.12). The inferred inclination from the combined fit (1 = 138.6°+1.4°)
is consistent with the literature value of 138+7° from Sanchis-Ojeda et al. (2013b). The spot
lifetime parameters ({spot ~ 80-97d, Tspor ~ 1.5-6d) suggest long-lived spots with relatively
rapid emergence and decay, consistent with the high activity level expected for this young
star.

11.2 Applications and Future Work

11.2.1 Direct Applications for this model

There are numerous potential applications for this starspot kernel. Firstly, it can be used
as a tool for inferring star spot parameters using only photometric lightcurves, without
the need for spectroscopic or transit data. This is particularly useful for stars that do not
have transiting planets or for which high-resolution spectroscopy is not available. By fitting
the kernel to the lightcurve, one can extract information about the star’s rotation period,
differential rotation, inclination, and spot lifetimes, which are important for understanding
stellar magnetic activity and its impact on exoplanet habitability.

Additionally, the kernel can be used to model and mitigate stellar variability in the context
of exoplanet transit searches and radial velocity measurements, improving the precision of
planet detection and characterization. The physically motivated nature of the kernel also
allows for more interpretable modeling of stellar variability compared to phenomenological
kernels, enabling insights into the underlying stellar physics driving the observed lightcurve
features.

11.2.2 Extensions to Spectroscopy

This model can also be used in combination with spectroscopic data to jointly constrain
stellar and spot properties. For example, our GP kernel can be used to infer the inclination
angle of a star just from the photometric variability. This means that we can combine this
information with spectroscopic measurements of v, sin I, allowing us to infer the equatorial
rotation velocity veq and thus the stellar radius R, = veqPeq/2m. This methodology would
allow us to constrain stellar radii independently of stellar evolution/isochrone models.
Another natural extension of this framework is to high-resolution spectroscopic time se-
ries, where starspots induce wavelength-dependent distortions in absorption line profiles as
they rotate across the stellar disk. In the Doppler imaging framework (e.g., Luger et al.,
2021a), a spot at latitude ® and longitude A(t) perturbs the line profile at a radial veloc-
ity v(t) = veqsinl cos ®sin A(t), which is directly related to the same visibility geometry
(Eq. 4.6) that underpins our photometric kernel. The Fourier decomposition and Wiener—
Khinchin machinery developed in Section 5 should therefore generalize to a two-dimensional
spectral-temporal kernel K(7, Av), describing the covariance of spectral perturbations across
both time lag and velocity separation. Such an extension could help break degeneracies that
are present in photometry alone, in particular, the inclination I and spot latitude ® enter
differently through the line-of-sight velocity than through the projected area, and differential
rotation k produces directly observable velocity-track separations for spots at different lat-
itudes. Joint photometric-spectroscopic inference with a physically motivated kernel could
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therefore improve constraints on stellar surface properties, particularly in the context of
extreme precision radial velocity (EPRV) surveys where disentangling stellar activity from
planetary signals remains a central challenge.

11.2.3 Further Development

We make the kernel implementation publicly available as a Python package, spotgp, which
provides a user-friendly interface for evaluating the kernel and performing GP regression
with it. The package includes functions for computing the kernel given a set of hyperpa-
rameters, as well as utilities for sampling the hyperparameters from data using MCMC. We
also provide example Jupyter notebooks demonstrating how to use the kernel for modeling
stellar lightcurves and inferring starspot properties.

Furthermore, we have implemented the package in a modular way such that users can
easily adapt the kernel to their specific needs and assumptions (such as different spot latitude
distributions, envelope functions, or spot parameter distributions). We hope that spotgp
will be a valuable resource for the community and facilitate further research into stellar
variability and starspot modeling.

11.3 Limitations

Our kernel model is based on several simplifying assumptions, such as circular spots with
uniform contrast, a fixed spot latitude distribution, and independent spot evolution. In
reality, starspots can have more complex shapes, non-uniform contrasts, and may interact
with each other (e.g., through magnetic interactions or spot merging). Additionally, our
model does not currently account for faculae or other types of stellar activity that can also
contribute to variability.

Our kernel is also derived under the assumption that all spots are drawn from the same
distributions for @, lpot, Tepot, and amax. In reality, there may be correlations between these
parameters (e.g., larger spots may have longer lifetimes), which could affect the shape of
the kernel. We also assume that these starspot properties are constant in time, such that
the kernel is stationary. In practice, spot properties may evolve over time (e.g., due to
activity cycles), leading to non-stationary behavior in the lightcurve. Future work could
explore more complex models that allow for such correlations. However, the current model
provides a useful starting point for understanding the key physical parameters that shape the
photometric variability of spotted stars and can be extended in future work to relax some
of these assumptions. We also provide several examples on the online documentation for
how users can test non-stationary kernels and more complex spot models using the modular
implementation of spotgp.

12 Conclusion

In conclusion, we have derived an analytic, physically motivated Gaussian process kernel for
stellar photometric variability driven by rotating starspots. Starting from a forward model
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of circular spots on a differentially rotating star, we obtained a closed-form autocovariance
function with six hyperparameters (Peq, £, I, lspot; Tspot, and o) that map directly onto mea-
surable stellar and spot properties. This approach stands in contrast to the phenomenological
kernels widely used in the literature, whose parameters lack clear physical interpretation.

Using simulated lightcurves and MCMC /nested sampling, we demonstrated that the ker-
nel can recover injected stellar parameters, including the stellar inclination and differential
rotation coefficient k, given sufficient observational baseline (210 spot lifetimes) and pho-
tometric precision (oyeise S 1072). Using Cramér-Rao analysis we further showed that x
is best constrained for short-period, high-inclination stars with long-lived spots. We vali-
dated the method on Kepler-63, recovering a rotation period, differential rotation rate, and
stellar inclination consistent with independent literature measurements from transit chord
mapping.

The compact support of the kernel enables a banded Cholesky GP solver that scales as
O(Nb?) rather than O(N?), making inference tractable for the long-baseline, densely sampled
lightcurves produced by Kepler and TESS. Combined with a JAX-based implementation that
supports automatic differentiation and gradient-based sampling, this framework is well suited
for population-level studies of stellar surface properties.

Looking ahead, systematic application of this kernel to large photometric surveys could
yield differential rotation and spot lifetime measurements for thousands of stars across a
range of spectral types and ages — quantities that are currently available for only a handful
of targets. Such measurements would place new empirical constraints on stellar dynamo
theory, the evolution of surface magnetic activity, and the impact of stellar variability on
exoplanet detection and habitability assessments.

1 Fourier Coefficients of the Visibility Function

Here we derive the Fourier coefficients ¢, of the visibility function V(t) = max{cos 3(t), 0}
from first principles.

1.1 Setup

From Equation 4.6, we have:

cos 3(t) = cos I sin ® + sin I cos  cos(Ag + wot). (.111)
o b

This expression is a shifted cosine oscillating between by — by and by + b;. The spot is visible
when cos 5(t) > 0, which (for b; > 0, |by| < by) occurs when:

lwot + Ag| < Oyis, f.is = arccos (—z—0> ) (.112)

1

LSymbolic verification: src/derivations/derive_fourier_cosine.ipynb
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This defines the duty cycle A = 260,;s/(27) = 05 /7 of the visibility window. When by+b; < 0
the spot is never visible; when by — b; > 0 the spot is always visible (6,is = 7). Figure .41
illustrates the components of the visibility function V(¢)t.

LOH —  cog B(0)
N V(0) = max{cos 8, 0}

0.5} oi
&
8 I bo
< 0.0

\/ QViS \/
—0.5} ) 21 Jwy = P ’
0 /2 - 37/2 o 51/2 3
0 = th

Figure .41: Visibility function V(t) for a single spot. The spot is visible when cos 3(t) > 0,
which occurs for a fraction A = 26,;/(27) of the rotation period. The visibility function is
a truncated cosine, with amplitude b; and offset by.

Since V(t) is periodic with period P = 27 /wy, we expand it in a Fourier series:

o0

V(t)= Y e, (.113)
where the Fourier coefficients are:
c, = 1 /TV(t) e~ Mot gt = S e (bo + by cos6) e df (.114)
n T o 27T o 0 1 9 .

with the substitution 6§ = wyt + Ag (and without loss of generality setting Ag = 0, since a
phase shift only affects the complex phase of ¢, but not |c,|?).

1.2 Evaluating the Integral

We split the integrand into the constant and cosine parts:

1 Oyis ) Ovis .
=g [bo/ e~ 46 + b, / cosf e d@] . (.115)
™

_evis _evis
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First integral (constant part).: For n # 0:

Ovis —in Ovis —inbyis inbyis 1
/ e_med@:[e 6] - o Zeinlnbu) (-116)

—in —1in n

79vis —9vis

For n = 0 this gives 26,.

Second integral (cosine part).: Using cosf = (e + ¢7):
Ovis . 1 Ovis . 1 Ovis .
/ cosf e ™0 dh = = / e=mb gh 4 = / e~ g, (.117)
_evis 2 _evis 2 _evis
Each integral is of the same form as the first. For m # 0:

Ovis . 2 ] .
/ et gy — 2500 buis) (.118)
m

*Gvis

Therefore, for n # +1:

/evis sin (1 — n)6yis) N sin (14 n)0yi) '

cosf e dp =

119
Ouie 1—n 1+n ( )

Combining.: Substituting back into Eq. (.115), for n # 0, +1:

1 [bosin(n9v1s> b (Sin((n—l)evis) N Sm(("“wvis))] (.120)

Cn:; n 2 n—1 n+1

where we used sin ((1 —n)z) = —sin ((n — 1)z) and 1/(1 —n) = —1/(n — 1).

2 Fourier Transform of the Trapezoidal Envelope

Here we derive the Fourier transform and autocorrelation function of the trapezoidal envelope
from Section 2.2. Symbolic verification of these equations using sympy can be found at:
src/derivations/derive_fourier_gamma.ipynb
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2.1 Piecewise Definition of I'(#)

The trapezoidal spot evolution «(t), centered at ¢ = 0, has a flat plateau of duration (g, at
amplitude .y and linear ramps of duration 7, on each side:

( Lspo
O t < — =spot _Tspot

2
Zspot
L+ 2 +7—spot

ZSQ Zso
- gt_Tspot§t<_%t

7—spot
a(t) = Omax § 1 —bpot < p < oot (.121)

4
_t+ s;ot +7-spot

espot < t S Zspot + Ts ot
2 2 P
7-spot

ESO
\O t> gt +Tspot

Squaring and normalizing the trapezoid (.121):

it > /247
a?(t —0/2 —7\?
r =50 =4 (12T << s (122)
1 1 < 0/2

where ¢ = ly,0r and T = Tyt for brevity. The ramps are now parabolic (concave) rather than
linear.

2.2 Direct Integration

Since I'(t) is real and even, I'(w) is purely real:

[(w) =2 /000 ['(t) cos(wt) dt = 2 \/02/2 cos(wt) dt + /Z/2+T (M)z cos(wt) dt

¢/2 T
I A
(123)
Integral I; (plateau)::
in(wl/2
7, = Sinwt/2) (.124)
w

Integral I, (parabolic ramp):: With a = ¢/2 and b = ¢/2+ 7, we integrate by parts twice.
Setting f(t) = ((b—t)/7)™
First integration by parts (u = f(t), dv = cos(wt) dt):

I — {f (®) Sm(”)]b 42 / (b — 1) sin(ut) dt. (.125)

w 2w

a
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The boundary term gives 0 — f(a)sin(wa)/w = —sin(wl/2)/w (since f(a) = 1).
Second integration by parts on J = fab(b — t)sin(wt) dt (u=0b—t, dv = sin(wt) dt):

J_ {_Mr 1 /b cos(wt) dt — T cos(wl/2) B sin(wb) — sin(w€/2)' (126)

. 2

w . W w w
Combining;:
: i (wl i (wl
o ) sty s rer) sn(5)]
w Tw? T2w3
Combining I; + I5:: The sin(wf/2)/w terms from [; and I, cancel:
: : wl
LT, — 2 cos(wl/2) N 2sin(wl/2) 2sin (% + wr) . (128)
Tw? T2w3 T2w3

Therefore:

[(w) = 7213 {m cos<%€) + sin(%g) - sin<%€ +w7>} : (.129)

3 Autocorrelation of the Squared Envelope

Next we derive the closed-form autocorrelation Rp(r) = [ _T(s)T(s + 7)ds of the nor-
malized squared trapezoidal envelope I'(t) = a?(t)/a?,. defined in Eq. (.122). The sympy
symbolic verification can be found at: src/derivations/derive_R_Gamma.ipynb

3.1 Setup

The function I'(¢) has three regions: a plateau of height 1 for [¢| < ¢/2, parabolic ramps for
(/2 < |t| < S, and zero otherwise. The autocorrelation integral

Rr(1) = /Z_TF(S) C(s+7)ds, T >0, (.130)

must be split into sub-intervals where both I'(s) and I'(s + 7) have known polynomial forms.
The breakpoints of I'(s) are at s = £¢/2 and s = £S5, while those of I'(s + 7) are shifted
by —7. The relevant sub-intervals and the character of the overlap change as 7 increases
through the four intervals [0, 7], [7s, €], [¢, £ + 7], and [{ + 75, € + 27].

209



Chapter 4. A Physically Motivated Gaussian Process Kernel for Stellar Rotation

3.2 Result

Evaluating the polynomial integrals in each sub-interval and summing (verified symbolically
and numerically), the autocorrelation is:

(£+27'S 47'2+27'3 70 0<7<
5  3n, 312 1574 = =7
274
E—F?T—T < T </
Rr(1) = < Py(7) (<7< /l+T (-131)
(0 +27, —7)°
T’/‘S‘l £+TS§T§€+27'S
\0 T> 0+ 27,

where the third piece is the degree-5 polynomial:

70 (+21) 71 (P + M7y +272) 13

Py(7)

3072 67 37d
(0% + 601, + 672) 72 (0* + 8037, + 120%72 — 67’84) T
- +
3rd 67
—05 — 10047, — 200372 + 30072 + 2070
n (r 7o + 3067, + 207 . (.132)
3074

Figure .42 illustrates these results. The left panel shows the Fourier transform f(w)
decomposed into the plateau contribution I; and the parabolic ramp contribution I,. The
right panel shows Rp(7) with the four piecewise intervals color-coded, overlaid on a numerical
convolution for verification.
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Fourier transform of '(t) = o?(t) Autocorrelation of ['(t) = o?(t)

0.20 : : 0.0018 :
— f(w) =202, (h+ 1) Numerical (convolution)
. 2ar2na></1 (plateau) 0.0016 = Interval 1: 0 <7 <7y v 4
5 — Interval 2: 75 < 7 < ¢ (linear)
0.15x == 20> (parabolic ramp) | 0.0014} = Interval 3: £ < T <L+ Ts ]
= Interval 4: £+ 7, < T < £+ 275

(£=15d, 7. =3d, amw = 0.1] ]

F(w)
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w [rad/day] T [days]

Figure .42: Piecewise structure of the envelope autocorrelation. Left: Fourier transform
I'(w) (black) decomposed into the plateau sinc-like term I; (blue dashed) and the parabolic
ramp term [, (orange dashed). Right: Autocorrelation Rp(7) from Eq. (.131), with each
of the four piecewise intervals shown in a different color. The thin gray curve shows the
result of direct numerical convolution, confirming the closed-form expressions. Parameters:
¢ =15d, 7y = 3d, apax = 0.1rad.
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1  Summary

 his thesis develops and applies novel statistical methods to advance our under-
standing of stellar rotation, tidal interactions, and starspot variability. The work
is motivated by three interconnected questions posed in the Introduction: (1) how
scan we perform inference with computationally expensive astrophysical models,
(2) what can we learn about tidal dissipation from eclipsing binary populations, and (3) how
can we infer differential rotation and starspot properties from photometric lightcurves. Each
chapter addresses one of these questions, and together they form a progression from general-
purpose statistical infrastructure to domain-specific physical models for stellar dynamics.

In Chapter 2, I presented alabi, an open-source Python framework for accelerating
Bayesian inference when the forward model is computationally expensive. The core idea
is to replace the expensive likelihood function with a Gaussian process surrogate trained via
active learning, concentrating expensive model evaluations in the regions of parameter space
that matter most for posterior inference. Once trained, the surrogate can be evaluated in
microseconds, enabling millions of posterior samples at negligible cost.

I validated alabi on a suite of benchmark problems spanning unimodal distributions,
curved degeneracies, multimodal structure, and dimensionalities up to 64, demonstrating
that the framework achieves less than 1% average error with modest training budgets (~10x
the number of dimensions). For forward models with evaluation times of one second or longer,
alabi reduces the total number of model evaluations by orders of magnitude compared to
direct MCMC, yielding speedups of 10-1000x. The modular design of the package allows
users to swap in different kernels, acquisition functions, and sampling backends, and the
entire workflow—from initial sampling through active learning to posterior inference—can
be parallelized across computing clusters.

In Chapter 3, I applied alabi to the problem of constraining equilibrium tidal dissipation
in low-mass binary stars. Using VPLanet to simulate the coupled effects of stellar evolution,
magnetic braking, and equilibrium tides, I employed global sensitivity analysis and simulated
Bayesian inference to systematically investigate how model degeneracies and observational
uncertainties limit constraints on the tidal quality factor Q.

The central finding of this work is sobering: even with implausibly precise orbital and
rotational parameters from Kepler and TESS, constraining tidal Q for individual binary
systems remains ill-posed. The final orbital state is dominated by the initial orbital period,
and strong degeneracies between Q and the unknown initial conditions prevent meaningful
inference on a system-by-system basis. Sensitivity analysis revealed that the final orbital
period carries little information about tidal dissipation, while the rotation period and ec-
centricity offer somewhat more leverage—but still insufficient to break the degeneracy with
initial conditions in the absence of constraints on time derivatives (d Py, /dt, d Pt /dt, de/dt).

These results suggest that population-level approaches are more promising than individ-
ual system analyses. In particular, I identified overdensities in the observed (P, €, Pot)
distribution of binaries as a potential diagnostic for tidal models, since different formula-
tions of tidal dissipation predict distinct attractor states in this space. This population
perspective motivated complementary observational work: in collaboration with undergrad-
uates, I confirmed the existence of a statistically significant population of subsynchronous

213



Chapter 5. Conclusion

binaries in the TESS eclipsing binary catalog (Hobson-Ritz et al., 2025), consistent with the
earlier Kepler discovery by Lurie et al. (2017). The leading physical explanation for this sub-
synchronous population—differential rotation combined with preferential spot emergence at
higher latitudes—directly motivated the development of the physically motivated GP kernel
presented in Chapter 4.

In Chapter 4, I derived a physically motivated Gaussian process kernel for stellar photo-
metric variability from first principles. Starting from an analytic starspot model, I obtained a
closed-form autocovariance function whose six hyperparameters—equatorial rotation period
(P.q), differential rotation (x), inclination (7), spot lifetime ({sp0), Spot emergence/decay
timescale (7ypot), and amplitude (o;)—map directly onto measurable stellar and spot prop-
erties. This stands in contrast to phenomenological kernels such as the quasi-periodic kernel,
whose parameters lack clear physical interpretation and which contain no parameter encod-
ing differential rotation.

I validated the analytic kernel against numerical Monte Carlo simulations, demonstrated
that it captures harmonic structure and non-sinusoidal periodicity absent in standard kernels,
and showed that the compact support of the kernel enables a banded Cholesky solver scaling
as O(Nb?) rather than O(N?), making inference tractable for the long-baseline, densely
sampled lightcurves produced by Kepler and TESS. Using Cramér—Rao bound analysis, I
showed that differential rotation is best constrained for short-period, high-inclination stars
with long-lived spots, and I used MCMC and nested sampling on simulated lightcurves to
demonstrate that the kernel recovers injected parameters when the observational baseline
exceeds ~10 spot lifetimes.

I applied the kernel to Kepler-63, a young, rapidly rotating Sun-like star, and recovered a
rotation period, differential rotation rate, inclination, and spot lifetime consistent with inde-
pendent literature measurements from transit chord mapping and spectroscopy. This consti-
tutes the first demonstration that differential rotation can be inferred from one-dimensional
lightcurves using a physically interpretable Gaussian process.

2 Synthesis

A unifying theme across this thesis is the development and rigorous application of statistical
methodology to extract physical insight from astrophysical data, and—equally important—
to characterize the limits of what can be inferred.

In Chapter 2, alabi provides the computational infrastructure that makes Bayesian in-
ference feasible for expensive forward models. In Chapter 3, applying this infrastructure
to tidal evolution reveals that the inference problem itself is fundamentally limited by de-
generacies, a conclusion that could not have been reached without the ability to efficiently
explore the parameter space. In Chapter 4, the physically motivated GP kernel overcomes
a different kind of limitation—the lack of interpretability in phenomenological models—by
grounding the kernel in the physics of starspot variability. Together, these contributions
illustrate that progress in stellar dynamics requires not only better physical models but also
better statistical tools for connecting those models to data.

The three chapters are also connected by the physics of stellar rotation. Tidal interactions
govern how binary stars exchange angular momentum and evolve toward synchronization, but
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the observed rotation periods of tidally interacting binaries are shaped by differential rotation
and the latitude distribution of starspots. The subsynchronous binary population discovered
in Kepler and confirmed in TESS may be a direct consequence of differential rotation, and
the GP kernel developed in Chapter 4 provides the first tool capable of measuring this effect
from photometric data alone. Conversely, the limitations identified in Chapter 3—that tidal
Q is best constrained through population statistics rather than individual systems—motivate
the kind of large-scale, survey-level application that the efficient spotgp implementation is
designed for.

3 Future Directions

The methods and results presented in this thesis open several avenues for future work.

Population-level differential rotation measurements. The most immediate applica-
tion of the spotgp kernel is to measure differential rotation, spot lifetimes, and stellar inclina-
tions for large samples of stars observed by Kepler and TESS. Such measurements—currently
available for only a handful of targets from Doppler imaging and asteroseismology—would
place new empirical constraints on stellar dynamo theory and the dependence of surface
shear on stellar mass, age, and rotation rate. The banded GP solver and JAX-based imple-
mentation make this computationally tractable.

Connecting tidal evolution and surface activity. A natural next step is to apply
spotgp to the eclipsing binary samples from Kepler (Lurie et al., 2017) and TESS (Hobson-
Ritz et al., 2025) to directly test whether the subsynchronous population can be explained
by differential rotation. If the measured x values and spot latitude distributions of sub-
synchronous binaries are consistent with the ~13% period offset, this would confirm the
differential rotation hypothesis and provide a new pathway to constraining tidal synchro-
nization physics. Furthermore, Wang et al. (2024) found that starspot lifetimes on tidally
interacting binaries differ systematically from those on single stars, an effect that spotgp is
well suited to characterize with its physically interpretable lifetime parameters.

Extensions to spectroscopy. The Fourier decomposition and Wiener-Khinchin frame-
work underlying the spotgp kernel should generalize naturally to spectroscopic time series.
Starspots perturb spectral line profiles at radial velocities determined by the same visibil-
ity geometry that governs photometric variability, and a two-dimensional kernel K(7, Av)
describing covariance across both time lag and velocity separation could break degenera-
cies present in photometry alone. Joint photometric—spectroscopic inference would be par-
ticularly valuable for extreme precision radial velocity surveys, where disentangling stellar
activity from planetary signals remains a central challenge.

Broader applications of surrogate-accelerated inference. While alabi was applied
here to tidal evolution, the framework is general-purpose and applicable to any domain where
the likelihood is expensive to evaluate but smooth in parameter space. Potential applications
include stellar evolution modeling, chemical abundance analysis with synthetic spectra, and
cosmological parameter inference with expensive N-body simulations.

Toward a unified model of stellar rotation and activity. Looking further ahead,
the tools developed in this thesis lay the groundwork for a more integrated understand-
ing of stellar rotation. By combining differential rotation measurements from spotgp with
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tidal evolution models, gyrochronology relations, and activity cycle diagnostics, it may be-
come possible to build a self-consistent picture of how angular momentum is generated,
transported, and dissipated over the lifetime of a star—and how these processes shape the
environments of orbiting planets.
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