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Abstract
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Co-Chairs of the Supervisor Committee:
Yangin Fan
Chang-Jin Kim

Department of Economics

This dissertation explores important macroeconomics issues based on both classical and
Bayesian Econometrics tools developed. One goal of the first chapter of the dissertation is
to develop identification conditions and algorithm for estimating Markov-switching models
without imposing distribution assumptions. Since the seminal work of Hamilton (1989),
the basic Markov-switching model has been extended in various ways. Without a single
exception, estimation of the aforementioned models and the other Markov-switching models
in the literature has relied upon parametric assumptions on the distribution of the error
terms. Most applications of Markov-switching models in the literature assume normally
distributed error terms, with rare exceptions like Dueker (1997) who proposes a model of
stock returns in which the innovation comes from a Student-t distribution. The question
then would be: what if a normal log-likelihood is maximized but the normality assumption
is violated? Based on simulation studies, we find that maximum likelihood estimation could

lead to sizable bias in the parameter estimates and poor inferences about regime probabilities
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when the normality assumption is violated, even for a sample size as large as 5,000. We
approximate the unknown distribution of the error term by the Dirichlet process mixture
of normals, in which the number of mixtures is treated as a parameter to estimate. In
doing so, we pay a special attention to identification of the model. We apply the proposed
model to the growth of postwar U.S. industrial production index in order to investigate its
regime-switching dynamics. Our univariate model can effectively control for the irregular
components that is not related to business conditions. This leads to sharp and accurate
inferences on recession probabilities just like the dynamic factor models of Kim and Yoo

(1995), Chauvet (1998), and Kim and Nelson (1998) do.

The second chapter of the dissertation investigates the relationships between innova-
tions to trend inflation and inflation-gap in a univariate unobserved components model with
with Markov-switching volatility. Building on the work of Stock and Watson (2007), we
empirically shows that a negative correlation between innovations to trend inflation and the
inflation gap, when it is combined with time-varying inflation gap persistence, plays an im-
portant role in the dynamics of postwar US inflation. A negative correlation between trend
inflation and the markup shock may be an important source of their negative correlation.
Like the time-varying VAR models of Cogley and Sbordone (2008) and Ascari and Sbordone
(2014), our model results in smooth trend inflation, from which inflation persistently deviates
during the Great inflation period. Furthermore, our model provides superior out-of-sample
forecasts than Stock and Watson’s (2007) unobserved components model with stochastic

volatility or than Atkeson and Ohanian’s (2001) random walk model does.

One goal of the last chapter of the dissertation is to develop estimation methods in
linear regression model with endogenous variables but only weak instrument variables. The
proposed methods exploit the time-varying volatility of the endogenous variables. We show
that the proposed estimators are consistent and asymptotically normally distributed. We
also show that the proposed methods have much better power compare with the existing
weak instrument robust test through simulations. Another goal of the last chapter is to
investigate the magnitude of elasticity of intertemporal substitution (EIS), which is one of
the most important parameters in applied macroeconomics and finance. Yogo (2004) applies

the existing weak instrument robust test to estimate EIS and find 22 out of 33 confidence
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interval to be (—o00,00), which is very uninformative. We apply proposed approach to
estimate the EIS using the data employed by Yogo (2004). Confidence intervals based on
proposed methods are much tighter than those constructed by weak instrument robust tests

and its value is generally close to 0.



Table of Contents

| BT e A =0 ) 1< T PPN iv
LAST OF FI@UTES. .ttt e et e e v

Chapter 1: Markov-switching models with Unknown Error Distributions

Lol INETOAUCTION et 1

1.2 Pitfalls in Assuming Normality in Markov-Switching Model: Finite Sample

Performance Based on Simulation Study...............ccooooii 4

1.3. Model Specifications and Identification ISSUES ..............coeieiiiiiiiiiiiiiiiieeceee e 6

1.3.1. Basic Model SpecifiCations ............ccoeeiiiiiiiiiiiiie e 6
1.3.2. Bayesian Modeling of the Finite Mixture of Normals and the Dirichlet

Process Mixture of Normals ..........ooiiiiiiiiiiiiii e 8

1.3.3. Identification of Markov-switching Regimes and Mixture of Normals.............. 11

1.4. Estimation of the Model..........ccoooiiiiiiiiiiiii e 13

1.4.1. Drawing Variates Associated with Markov-switching Regression Equation
Conditional on the Mixture of Normals...........ccccooiiiiiiiiiiiiiiiii 13

1.4.2. Drawing Variates Associated with the Mixture of Normals

ConAILIONAL OIL U eun i 14
1.4.2.1. Drawing Dy Conditional Ol are.........ocvovevoveveeeeeeeeeeeeeeeeeeee) 15
1.4.2.2. Drawing o conditional on Dy, and thus, on M..........ccccooooeeeeeenl 17
1.5. Model Comparison Methods. ............uuuuiuiiiiiee e 19
1.5.1. Watanabe-Alkaike Information Criterion.............ccccoocuuiiiiiiiiiiiiiiiiieeieeeeeeen 19
1.5.2. Predictive Density and Likelihood................ 20
1.6. An Application to the Growth of Postwar U.S. Industrial Production Index
[TOATIMI-20TTIVIL] .ottt 20
1.6.1. Specification for an Empirical Model.............cccccooiiiiiiiiii e 20
1.6.2. Specification of Priors Distributions..........ccoooeviiiiiiiiiii 22
1.6.3. Empirical ReSUlts.......oooiiiiiiiii e 23



1.6.4. Sensitivity Analysis of the Prior Distribution...............c.cccc 25

1.7. Concluding Remarks..........oooiiiiiiiiii 25
Appendix 1.A. Derivation of Equation (15)......cccccciuriiiiriiiiniiiiiiiiieieeee e 27
Appendix 1.B. Proof of Proposition 1.1, ...t 28
Appendix 1.C. Derivation of Equations (40) and (41)......cccccoeviiiniieiiiiniiiiiiciiceee, 28

Chapter 2: Estimating Trend Inflation Based on Unobserved Components Models:

Is It Correlated with the Inflation Gap?

2.1, INtTOAUCTION. ... e 46
2.2. Important Features of Postwar U.S. Inflation Dynamics.............ccooovviiiiiiiiieeniennnn. 48
2.2.1. Review of Empirical Literature on Inflation Dynamics...............ccccvvviiiiiininii. 48

2.2.2. An Additional Issue to Be Investigated: Correlation Between Innovations
to Trend Inflation and Inflation Gap..........cooovviiiiiiiiii e, o1

2.3. An Unobserved Components Model of Inflation with Markov-Switching

and Correlated ShOCKS. ... 51
2.3.1. Model Specification........coooiiiiiiiiiii i 51
2.3.2. Estimation of the Model..............ooooi 53

2.4, Empirical Results.......oouiiiiii e 54
2.5. Pseudo Out-of-Sample Forecasting Performance...............ccccooviiiiiiiiiiiiiiiii. 57
2.6. CONCIUSION . ..ottt e e 59
Appendix 2.A. Identification of the Unobserved Components Model.......................oo.. 61
Appendix 2.B. Maximum Likelihood Estimation of the Model............ccccccoooiiiin. 61

Chapter 3: Estimating Elasticity of Intertemporal Substitution when Instruments are Weak:
Identification Through Time-Varying Volatility.

ii



B I OAUCTION . e e 82

3.2 Literature REVIEW.......oouiiiiiiiiiiii e 84
3.2.1. Weak INStrument......ooooooioiiii 84
3.2.2. Elasticity of Intertemporal Substitution................ccoooooiiis 87

3.3. Model Specifications and Identification..............ccccooiiiiiiiiiiiiiiiiee e, 88
3.3.1. Identification under Weak Instruments..................ccccoooiiiiiiiiii, 89

3.4. Model Estimation and INference..............cccccoiiiiiiiiiiiii e 92
BT CASE Lottt 92
Be4.2. CASE Lttt 97

3.5. Monte Carlo Simulation............ooooi 99

3.6. Elasticity of Intertemporal Substitution: Consumption CAPM................oovvvennnn.. 100

3.7. Concluding Remarks.........coouuiiiiiiiiiiiiii e 103

ADPDENAIX 3. A oo e e 104

iii



Table 1.1.

Table 1.2.

Table 1.3.

Table 1.4.

Table 2.1.

Table 2.2.

Table 2.3.

Table 3.1.

Table 3.2.

Table 3.3.

List of Tables

Quasi Maximum Likelihood Estimation of Markov-switching

Models: Monte Carlo Experiment.............cccccc 34

Bayesian Inference of a Model under Normality Assumption [Log Difference of

the U.S. Industrial Production Index, 1947M1-2017M1].......ccccooiiiiiiiiiiiinne, 35

Bayesian Inference of a Model under t-Distribution Assumption [Log Difference

of the U.S. Industrial Production Index, [1947M1-2017M1]......ccccoiiiiiiiiiinnnns 37

Bayesian Inference of a Model with Unknown Error Distribution [Log Difference

of the U.S. Industrial Production Index, 1947M1-2017M1]....c..cooveriiiiiiniiiiennnn 39
Estimation of Models 1-4...........oii 69

Root Mean Squared Errors for Pseudo Out-of-Sample Forecasting: Out-of-Sample
Period: 1990Q1-2016Q 1. .......umiieeiiieeieeeeee e 71

Diebold and Mariano’s (1995) Test Statistics for Evaluating Pseudo Out-of-Sample

Forecasting Performance..............cooooooiiiiiiiiii 72
Finite Sample Performance of the Proposed Estimator................cccccooinnni. 113
Heteroskedasticity-Robust Point Estimate of EIS................cccooooeiii . 114
Heteroskedasticity-Robust confidence interval of EIS.................cccoooooeei, 115



List of Figures

Figure 1.1. Smoothed Probabilities of Regime 2 based on Quasi-Maximum Likelihood
Estimation under Different Error Distributions [T=500].........cccccceeviieniennrnnn. 41

Figure 1.2. U.S. Industrial Production (IP) Index and Its Growth Rate

[T94TMI = 20171 et 42
Figure 1.3. Posterior Probabilities of Recession. ... 43
Figure 1.4. Time-Varying Volatility for the IP Series: Proposed Model....................ooevvninin. 44
Figure 1.5. Time-varying Long-Run Mean Growth Rate: Proposed Model........................ 44

Figure 1.6. Posterior Probabilities of Recession: with Diffused Prior on Transition

Pl A I IeS . oo 45

Figure 2.1. Measures of Trend Inflation Volatility and Inflation Gap Volatility: Stock
and Watson’s (2007) UCSV model vs. Model 1........coooiiiiiiiiiiniiiiii, 73

Figure 2.2. Measures of Trend Inflation: Stock and Watson’s (2007) UCSV model
VS, Model 2. .o 74

Figure 2.3. Measures of Trend Inflation Volatility and Inflation Gap Volatility:

IMOAEL 2. 75
Figure 2.4. Measures of Trend Inflation: Model 2................cc e, 76
Figure 2.5. Time-Varying Inflation Gap Persistence: Model 3 vs. Model 4........................... 77

Figure 2.6. Measures of Trend Inflation Volatility and Inflation Gap Volatility:

Model 3 8. Model 4......oiii e 78
Figure 2.7. Measures of Trend Inflation: Model 3 vs. Model 4.............cccoiiiiiiiiiiiiiiiiiini, 79
Figure 2.8. Measures of Trend Inflation: Model 3 with p = 0 vs. Model 4 with p =0........ 80
Figure 2.9. Time-Varying Inflation Gap Persistence: Model 3 with p =0

vs. Model 4 With p = 0..eueei 81
Figure 3.1. Power curve under DGP 1. ... 116



Figure 3.2. Power curve under DGP 2.... ... 117

Figure 3.3. Aggregate Stock Return and Estimated Volatility: Australia.......................... 118
Figure 3.4. Aggregate Stock Return and Estimated Volatility: Canada........................... 119
Figure 3.5. Aggregate Stock Return and Estimated Volatility: France...................ccooe.. 120
Figure 3.6. Aggregate Stock Return and Estimated Volatility: Germany........................... 121
Figure 3.7. Aggregate Stock Return and Estimated Volatility: Italy..............ccccooo 122
Figure 3.8. Aggregate Stock Return and Estimated Volatility: Japan...............cccccooe 123
Figure 3.9. Aggregate Stock Return and Estimated Volatility: Netherland....................... 124
Figure 3.10. Aggregate Stock Return and Estimated Volatility: Sweden........................... 125
Figure 3.11. Aggregate Stock Return and Estimated Volatility: Switzerland.................. 126
Figure 3.12. Aggregate Stock Return and Estimated Volatility: United Kingdom............. 127
Figure 3.13. Aggregate Stock Return and Estimated Volatility: United States................. 128



ACKNOWLEDGMENTS

I would like to express my deepest appreciation to my advisors: Professor Yanqin Fan,
and Chang-Jin Kim. I owe my deepest gratitude to them for their generous guidance and
endless support. This dissertation would never have been accomplished without their invalu-
able advice.

My parents, Ko-Chung Ho and Zong-Bin Hwu, always uphold and inspire me. Without
them, my pursuit of this advanced degree would never have been started. Their constant
love have sustained me throughout my life. My wife, Sara Sung, constantly support and
encourage me. She is always with me when I need her the most. This dissertation is lovingly

dedicated to my parents, my wife, and my son, Joseph.



Chapter 1

Markov-switching models with Unknown Error Distributions !

1.1 Introduction

Since the seminal work of Hamilton (1989), the basic Markov-switching model has been
extended in various ways. For example, Diebold et al. (1994) and Filardo (1994) extend the
model to allow the transition probabilities governing the Markov process to be a function
of exogenous or predetermined variables. Kim (1994) extends the model to the state-space
representation of general dynamic linear models, which includes autoregressive moving av-
erage processes, unobserved components models, dynamic factor models, etc. Chib (1998)
introduces a structural break model with multiple change-points by constraining the transi-
tion probabilities of the Markov-switching model so that the state variable can either stay
at the current value or jump to the next higher value. More recently, Fox et al. (2011),
Song (2014), and Bauwens et al. (2017) introduce infinite hidden Markov models and gen-
eralize the finite-state Markov switching model of Hamilton (1989) to an infinite number
of states. Their models integrate the regime switching and structural break dynamics in a
unified Bayesian framework. For these models, the number of states is possibly infinite and
is determined when estimating the model.

Without a single exception, estimation of the aforementioned models and the other
Markov-switching models in the literature has relied upon parametric assumptions on the
distribution of the error terms. Most applications of Markov-switching models in the litera-
ture assume normally distributed error terms, with rare exceptions like Dueker (1997) who
proposes a model of stock returns in which the innovation comes from a Student-t distri-

bution. The question then would be: what if a normal log-likelihood is maximized but the

L This chapter is based on a joint work with Chang-Jin Kim.
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normality assumption is violated? We performed a simulation study in order to investigate
the finite sample performance of the maximum likelihood estimation of Markov-switching
models when a normal log-likelihood is maximized but the normality assumption is violated.
We find that maximum likelihood estimation could lead to sizable bias in the parameter
estimates and poor inferences about regime probabilities when the normality assumption is
violated, even for a sample size as large as 5,000. 2

In Bayesian semi-parametric econometrics, approximating an unknown distribution
based on a mixture of normals is popular as surveyed in Marin et al. (2005). There are two
alternative models for achieving the goal. They are: i) the finite mixture normals model in
which the number of states is fixed, and ii) the Dirichlet process mixture normals model in
which the number of states is treated as a random variable. Kim et al. (1998) and Omori
et al. (2007) demonstrate the usefulness of the finite mixture of normals in approximating
the log chi-square distribution in stochastic volatility models; and Alexander and Lazar
(2006) employ it to approximate the unknown error distribution in a GARCH model. More
recently, Jensen and Maheu (2013) apply the Dirichlet process mixture of normals to a
multivariate GARCH model; Jensen and Maheu (2010, 2014) apply it to deal with unknown
error distributions in stochastic volatility models; and Jin and Maheu (2016) apply it for
Bayesian semi-parametric modeling of realized covariance matrices.

The goal of this paper is to present a Bayesian approach to estimating Markov-switching
models without imposing a priori parametric assumption on the distribution of the error
term. We implement the Dirichlet process mixture normals model in order to approximate
the unknown and potentially non-normal error distribution. We note that, in order to allow
for an asymmetric, as well as fat-tailed, error distribution within a Markov-switching model,
two identification issues need to be addressed.

The first identification issue is associated with the Markov-switching intercept and het-
eroskedasticity. Specifically, in a model with Markov-switching in intercept and heteroskedas-
ticity, if we employ mixture of normals with unknown mean and variance to approximate the
unknown error distributions, we will need to normalize the unconditional mean and variance

of the mixture normals to be 0 and 1, respectively, in order to identify the Markov-switching

2 We deal with this issue in Section 1.2.



intercept and heteroskedasticity. Although implementing this normalization restriction is
relatively straightforward under finite number of mixture of normal, it is not the case under
Dirichlet process mixture of normal. We propose a simple and efficient way to overcome
this problem. The second identification issue is associated with distinguishing the Markov-
switching and mixture of normals parts. In particular, our proposed model is a model
combined Markov switching mixture with iid mixture of normal. > On the one hand, since
the iid mixture is a Markov-switching mixture without persistence in the state variable, when
there is no additional restriction on the dynamics of the Markov-switching mixture, we may
identify some of the mixture of normals to be a Markov-switching mixture. On the other
hand, when the persistence of Markov-switching mixture is close to iid mixture, one may
identify some of the Markov-switching mixture as mixture of normals. To avoid this iden-
tification problem, we explicitly derive the persistent conditions of Markov-switching model
and propose a straightforward way to impose the conditions by employing proper priors. See

Section 1.3 for detailed discussion on these two identification issues.

We apply the proposed model to the growth of postwar U.S. Industrial Production index
covering the period January 1947-January 2017. We demonstrate that a model with a
normality assumption performs poorly in identifying the NBER reference cycles. The null
hypothesis of normality for the error term is rejected at a 5% significance level. However,
the proposed univariate model can effectively control for the irregular components that are
not related to business conditions. This leads to sharp and accurate inferences on recession
probabilities just like the dynamic factor models of Kim and Yoo (1995), Chauvet (1998),
and Kim and Nelson (1998) do. Furthermore, the null of normality is not rejected for the

standardized error term that is obtained conditional on the mixing indicator variable.

The rest of this paper is organized as follows. In Section 1.2, we motivate our paper
by exploring the finite sample properties of the quasi-maximum likelihood estimation of
Markov-switching models. We discuss our model specifications with special attention to
identification issues in Section 1.3. In Section 1.4, we present a Markov Chain Monte Carlo

(MCMC) algorithm for estimating the proposed model. We present two model comparison

3 See Fruhwirth-Schnatter (2006) for detailed discussion on Markov-switching and iid mix-
ture of normal models.



methods in Section 1.5. Section 1.6 provides an empirical application of the proposed model,

and Section 1.7 concludes the paper.

1.2. Pitfalls in Assuming Normality in Markov-Switching Model: Finite Sample
Performance Based on Simulation Study

In this section, we investigate finite sample performance of the maximum likelihood
estimation of Markov-switching models when a normal log-likelihood is maximized but the
normality assumption is violated. For this purpose, we consider the following model with

Markov-switching mean and variance:

yi = Bs, + hs,er, €1 ~i.4.d(0,1), S;=1,2,

(1.1)
t=1,2,...T,
where S; is a 2-state Markov-switching process with transition probabilities
PT’[St == 1|St_1 == 1] = P11, PT’[St == 2|St_1 == 2] = P22. (12)

We consider the following four alternative distributions for the error term &, two of

which are symmetric and the other two are asymmetric:

Case #1

e, ~iid. N(0,1)

Case #2
g ~ L, w ~ i.4.d. t— distribution with d.f.=v
v/(v—2)
Case #3
In(u?) — E(ln(u?
o, = nlw) Z EUn(w)) i N(0,1),
(var(In(u?))

where F(lnv?) = —1.2704, var(Inv?) = 72 /2.



Case #4

& |Dy ~ii.d. N(up,,0%,), Di=1,2,3,
Pr[D; = 1] = wy, Pr[D;=2] =w, Pr[D;=1]=w;

For each of the above four cases, we generate 1,000 sets of data. For each data set
generated, we estimate the model in equations (1.1) and (1.2) by maximizing a normal log-
likelihood. While the normality assumption is satisfied for Case #1, it is violated for the
other three cases. We consider two alternative sample sizes: T = 500 and T = 5000. The

parameter values we assign are given below:

51 = —0.5, 52 = 1; h1 = 2, hg = 1; P11 = 09, P22 = 0957
v =25;
=072, po =0, pus=—18 02=0.025 o05=02, o:2=0.1;

wy = 05, Wo = 03, W3 = 0.2

For each of the above four cases and for each parameter, Table 1.1 reports the mean of
1,000 point estimates, as well as the root mean squared error (RMSE) of the estimates from
the true value. For case #1, in which we have normally distributed error term, the mean
parameter estimates are very close to their true values for both sample sizes. For the other
cases in which the error term is not normally distributed, the mean parameter estimates are
far from their true values. Note that the mean parameter estimates are almost identical when
T = 500 or T" = 5,000, suggesting the bias in these parameter estimates may not just be
a small sample phenomenon. When we compare the results among Cases #2, #3, and #4,
the bias is smallest for Case #2, in which the error term is non-normal but symmetrically
distributed.

In order to investigate how inferences on regime probabilities are affected by the violation
of the normality assumption, we conduct another simulation study. When generating data,
we consider the same data generating processes as given above, except that we generate Sy,
t=1,2,...,T, only once and fix them in repeated sampling. The sample size we consider is

T = 500. For each data set generated in this way, we estimate the model in equations (1.1)
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and (1.2) by maximizing a normal log-likelihood and then calculate smoothed probabilities
conditional on estimated parameters. Figure 1.1 plots the average smoothed probabilities
of high-mean regime for each case. The shaded areas represent the true high-mean regime.
Case #1 with the normal error term provides us with the sharpest regime inferences. How-
ever, as the distribution of the error term deviates from normality, inferences about regime
probabilities deteriorate a lot especially for Cases #3 and #4, in which the error terms are
asymmetrically distributed.

The simulation study in this section clearly demonstrates the pitfalls of estimating
Markov-switching models by maximizing a normal log-likelihood when the normality as-
sumption is violated. When normality assumption is violated, the resulting estimators have
poor finite sample performance in parameter estimations and inferences about regime prob-
abilities. In the next two sections, we introduce a Bayesian approach to estimating Markov-

switching models with unknown and potentially non-normal error distributions.

1.3. Model Specifications and Identification Issues
1.3.1. Basic Model Specifications

We consider the following Markov-switching regression model:

Specification #1

Y = PBo + 015t + zy, 1.3

Qb(L)I: = hWtth, Er ~ sz(O, 1),

—_
.

—_
(@)

(1.3)

(1.4)

h? < hy? <...<hj?, (1.5)
Et NZZd(O,l), ( . )

1.6

where the distribution of &; is unknown; S; € {0,1} is two-state Markov-switching variable;

W, € {1,2, ..., J} is J—state Markov-switching variable; and ¢(L) = (1 — L — ... — ¢>kLk).

Pr(Sy = j|Si—1 =14 = ps,ijy 1,5 =0,1; PriWy=j|Wi_1 =] = puij, 0,5=1,2,....J (1.7)
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We can approximate the distribution of ; by the following mixture of normals: *

&|Dy ~idd. N(up,,on), Di=1,2,.., M, (1.8)

where D; is the mixing indicator variable with the following mixing probabilities:

Pr[D; =m| = pagm, m=1,2,..,M (1.9)

As the unconditional expectation and variance of ¢; are 0 and 1, respectively, we have

the following restrictions on the conditional means and variances of €;:

M
> phwy, =0; and Z o2+ 2w, = 1. (1.10)
m=1

Bayesian inference of the above model with restrictions in equation (1.10) does not seem
to be very straightforward, especially when we employ Dirichlet process mixture of normals.
In order to circumvent the difficulties associated with imposing these restrictions, we consider

an alternative representation of the model. By defining x; = (y+xz}, we can rewrite equations

(1.3) and (1.4) as

Specification #2

Yr = 1S + (1.3)

O(L)xr = gw,ue, | Wy ~ i.i.d. <¢(1>60, hf) : (1.4')

gw,
where u; = ¢(1)5y + hier, and gw, = hw,/hy with g; = 1.
Conditional on the mixture indicator variable D, and W;, the distribution of u; is specified

as:

wy| Dy, Wy ~ iid. N(MDt agt>, Dy=1,.. M, Wy=1,...,J (1.11)
aw,

with pg,, referring to the mixture probability in equation (1.9). In this case, the mean and

variance of u; without conditioning on D; are unconstrained.

1 We allow for potential asymmetry in the distribution of ;. Note that in case u*, = 0 for
all m, the distribution is € is symmetric.



Based on the mean and variance of mixture of normals, we can recover 3y and h; as the

following,
1 M
60 = HmPd,m (]_].2)
o =
2 15:(1 15:1)2(%( Vi) 40 (1)
=2 52— [ = [1)*Pam — [i° | + T :
' r=S\gwe T 9w, m=1 ‘

where i = Y00 43 Pam 00 = Yi_1 OmPd.m

As the parameter of interest can be recovered easily from Specification #2, the Markov
Chain Monte Carlo (MCMC) algorithm presented in Section 1.4 is based on it. To let the
model in equations (1.37)-(1.4") consistent with the inequality constrain in equation (1.5),

we specify gy, in equation (1.4")

932 = 912'—1(1 +§j)7 J=2,3,.. J; g% =1, (114)

where g; > 0 and (1 + g;) ~ IG(., )1j14g,>1)-

The above specification implies the following inequality restriction:

g > g >0 > 1 (1.15)

Furthermore, the above specification allows us to employ independent priors for (14 g;),
see Section 1.4 for discussion on MCMC algorithm. In the next subsection, we discuss the

prior specification of mixture of normals.

1.3.2. Bayesian Modeling of the Finite Mixture of Normals and the Dirichlet
Process Mixture of Normals

The Dirichlet process mixture of normals that we employ in this paper builds on the finite
mixture of normals. In order to help understand the Dirichlet process mixture of normals
and its relation to the finite mixture of normals, we review both models in this section.
When the total number of mixtures, M, is fixed and pre-specified, we have the following

specification for finite mixture of normals:

Finite Mixture of Normals

8



ug| Dy, Wy ~ iid. N(MDt,al%t>, D,=1,2,... M,
gw,

(0% «Q
V) (1.16)
(Mm;afn ~ G07 m:1727"'7M7

G() = N ()‘071/)00-7271) 1G <520, V20> s

(Pd1sPd2s - - - Pam) ~ Dim’chlet(

where py,, is the mixing probability in equation (1.9) and Gy, the joint prior distribution of
(ftm, 02,), is assumed to be Normal-Inverse-Gamma. The « parameter can be either fixed or

random.

For the above finite mixture of normals, the prior probability of D, conditional on [7#

can be derived as: °

N T, a
Pr[Dt = m|D¢t7a] = m7 m = 1727"'7M7
— a
o (1.17)
(with > Pr|D; =m|Dy,a] =1)
m=1
where D# =[Dy, ... Diy Dy ... Drp] is the collection of mixing indicators ex-

cluding Dy; and T}, - is the total number of observations that belong to class m in a sample
that excludes period t. An important thing to note is that the above probabilities always add
up to 1. With this background, we are now ready to discuss the Dirichlet process mixture

of normals and its properties.

As suggested by Neal (2000), Gorur and Rasmussen (2010), and others, the limit of
the model in equation (1.17) as M — oo is equivalent to the Dirichlet process mixture of

normals. A formal specification for the Dirichlet process mixture of normals is given below:

Dirichlet Process Mizture of Normals

5 Proof of equation (1.17) is given in Appendix 1.A.
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Ut’Dt,Wt ~ 1.1.d. N(MDt7O'%t>, Dt: 1,2,...,M,
gw,

(Mm,afn) ~ @G, m=1,2,..., M,
G ‘ Gané NDP(Q>G0)

GQ = N ()\0,1/]00%) 1G <(;), V20> 5

where DP(.,.) refers to the Dirichlet process; Gy and « are referred to as the base distribution

(1.18)

and the concentration parameter, respectively.

Here, M is a random variable, potentially infinite, that is to be estimated. Note that in

2
m

the case of the finite mixture of normals, the joint distribution of (ju,,,07,) is given by Gy,
and thus, G = Gy. In the case of the Dirichlet process mixture of normals, however, the
joint distribution of (y,,,02,) is a random distribution generated by a Dirichlet process with
based distribution G and the concentration parameter o. ©

The prior probability of D; conditional on D# can be obtained by taking the limit

M — oo for equation (1.17), as given below:

Tm,;ét

PT[Dt = m|D¢t,Oé] = m, m

= 1,2, .., M,
o ) (1.19)
(with > Pr|Dy =m|Dy,a) <1)

m=1

where T, 4 is is defined earlier and M, is the total number of distinctive classes (or mix-
tures) realized in the sample that excludes period t.

Unlike the case of the finite mixture of normals in equation (1.17), the above proba-
bilities do not add up to 1, suggesting that there always exists non-zero probability that
an observation at period ¢ belongs to a new class that does not belong to the existing M?%,

classes. This probability is given below:

M*

Pr(D; = M%, +1|Dy,a] =1 — S Pr(D, = m| Doy, M3,
m=1 (1.20)
B a
T—1+a’

6 That is, the Dirichlet process provides a random distribution over distributions on infinite
sample spaces. The hierarchical models in which the Dirichlet process is used as a prior over
the distribution of the parameters are referred to as the Dirichlet process mixture model.
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which suggests that, if « is larger, the prior mean of M is higher with less concentrated
distribution for G in equation (1.18).
The a parameter can be either fixed or random. In case « is treated as random, its

conjugate prior is the Gamma distribution, given below:

a ~ Gammal(a,b), a >0, b>0. (1.21)

1.3.3. Identification of Markov-switching Regimes and Mixture of Normals

As we mentioned in the introduction, one may not be able to identify the Markov-
switching regimes, S; and W;, and Mixture of Normals, D;, without additional restriction
on the dynamic of Markov-switching regimes. On the one hand, since the i.i.d. mixture
is a Markov-switching mixture without persistence in the state variable, when there is no
additional restriction on the dynamics of the Markov-switching mixture, we may identify
some of the mixture of normals to be a Markov-switching mixture. On the other hand, when
the persistence of Markov-switching mixture is close to i.i.d. mixture, one may identify some
of the Markov-switching mixture as mixture of normals.

This problem can be related to the case of summation of two independent time-series.
Consider two independent time-series, a; and b;, where a; ~ N(0,02), and by ~ N(0,0?).
Suppose we can only observe the summation of these two time series, ¢; = a;+0b;. In the case
where both a; and b; are independent over time, one cannot identify o2 and o} separately,
but can only identify o2 = o2 + o7.

In contrast, suppose a; is independent over time, and b; is an AR(1) process,
by = b1+ b}, b ~iidN(0,(1-¢%) 07)

where 0} is independent with a;.

In this case, one can rewrite the model ¢; = a; 4+ b; into an ARMA(1,1) model,

Cy = ¢Ct_1 +e; — 96,5_1, Cp ~ ZZdN(O, 0'3), (122)

11



We can identify the three parameters in the ARMA(1,1) model. We can also show that

6 and o? are functions of o2 and o?.
(1460707 = (1460 + (1= ¢*)o;

Oo; = do,

Thus, by estimating the model in equation (1.22), we can identify the o2, o2, and ¢.

The above example is the well known result in unobserved components model. It suggests
that combination of two different time-series can be identified by imposing different dynamics.
Follow the same logic, we derive the condition that guarantee the Markov-switching mixture
to be persistent. Consider a general J—state first-order Markov-switching mixture, W;, we

can write it in the following vector autoregressive form,

Wl,t Pwil  Pw21 .- PwJl Wl,t—l Wf,tq
W2,t Pwi2 Pw22 - Pw,J2 WQ,t—l Wz*,t_1
| = : : + :
: (1.23)
WJ,t PwiJ Pw2N -+ PuwJJ WJ,t—l W},t_1

:>Wt = PWtfl + vy

where W, =1t W, =j. v, = Wt — PWt_l, which is a martingale difference sequence.
Conventional Markov-switching model usually implies that the Markov-switching regimes
are positively dependent on past regimes. For the above vector autoregressive model to
be positively dependent, the transition probability matrix, P, needs to only have either
strictly positive real eigenvalues or complex eigenvalue with strictly positive real part. ”

Proposition 1.1 below provide the condition that guarantees the Markov-switching mixture

to be persistent.

Proposition 1.1. If py;; > 0.5,7=1,...,J, then the eigenvalues of P can only be positive

real number or complex eigenvalue with positive real part.

The proof of proposition 1.1 is in Appendix 1.B. Proposition 1.1 suggests if the diagonal

term in the transition probability matrix, P, is larger than 0.5, the Markov-switching mixture

" For the persistence condition of vector autoregressive model, readers are referred to
Hamilton (1994).
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are positively dependent on past regimes. This condition allows us to successfully distinguish
the Markov-switching mixture and iid mixture of normal. We impose this condition in
practice through proper prior distribution. In particular, we impose the following priors for

Ps.ijs Za] = 07 1 and Pw,ijs Za] = 1727 ) J:
ps11 ~ Beta(og i1, Bs11)1p, 11505, Ps.22 ~ Beta(o 22, Bs22)1[p, 205055

[Pw,z‘hpw,z'27 e apw,iJ] ~ DZTZChl@t(Oéw,ﬂ, Qg i2y -+ - ,aw,z‘.})l[pw,ii>o.5]7

In other words, we impose truncated beta distribution and truncated Dirichlet distribu-

tion as the prior distribution for p,;;, 7,7 = 0,1 and pyj, 1,7 = 1,2, ..., J, respectively.

1.4. Estimation of the Model

We denote 6; as a vector that contains all the parameters associated with the Markov-

switching regression equation in (1.37)-(1.4"), as given below:

=[5 ¢ 3 7,

where ¢ = [¢1 ¢o ... &l G = [¢2 ¢ ... ¢%]; and p.and P, are vectors that
contain the transition probabilities of S; and W, respectively.

For the parameters associated with the Dirichlet process mixture of normals for u;, we

define

0= 6% o MJ,

where ji = [y ... pnl); 6% =[0? ... o%].
Then, the hierarchical nature of our model allows us to decompose the posterior distri-

bution of our interest as follows:

f(éb éz; S'T7 WT; DTDN/T) X f(9~2, DT|§17 gT7 YT)f(ély §T|3~/T)
= f (0o, DT\éT)f(él, Sy, Wr|Yp),

13
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WheregT:[Sl ST]/,WT:[Wl WT],,DT:[Dl DT]layT:[YI YT]/,I
and @7 = [u; ... wur|. Equation (1.24) suggests that the MCMC algorithm consists of

the following two steps:

Step 1: Draw the variates for the Markov-switching regression model conditional on
mixture of Normals and data ?T. That is, draw 51 and S'T conditional on ég, DT, and

data.

Step 2: Draw the variates associated with the mixture of normals conditional on the
error term for the Markov-switching regression equation in (1.3”)-(1.47). That is, draw

9~2 and DT conditional on .

1.4.1. Drawing Variates Associated with Markov-switching Regression Equation
Conditional on the Mixture of Normals

Equation (1.11) implies that

_ KD,
gw,
and thus, by substituting this into equations (1.3’)-(1.4") and rearranging terms, we obtain

Ut -+ Op V¢, U~ 1.1.d. N(O, 1), (125)

yi = Sy + (1= ¢(L))x} + guw,ve, (1.26)

x _ Yt—HUDy . Qx __ Si . *
where y = Ton, Sy = oo and z; =

X
oD, "

Based on equation (1.26), we can draw [3; o 7], Sy, and Wy in the following

sequence:

i) Draw Sy conditional on 3y, ¢/, §%, Y3 = [y* ... wyi|,and X =[zt ... 3],
) Draw (3, conditional on ¢/, ¥, Yy, S& =[S ... Si], and X3

iii) Draw ¢* conditional on f3, &, Y, Si, and X,
)

Draw ¢ conditional on 3y, §%, Y7, Sk, and X

11

1v

Equation (1.26) is a standard Markov-switching model with Markov-switching intercept
and heteroskedasticity. Thus, drawing S and 6; from the appropriate full conditional dis-

tributions is standard.

14



1.4.2. Drawing Variates Associated with the Mixture of Normals Conditional on

ur

Conditional on B, iLQ, Sr, and data Yy, we can calculate the error term &; in equation

(1.11) as

Yy — 1S — (1 —o(L))x:
Uy = )
hs

t

t=1,2..T. (1.27)

Then, based on equation (1.25), we can draw the variates associated with mixture of normals

in the following sequence:

i) Conditional on ji, 62, and @y, draw Dy and « for the Dirichlet process mixture of
normals. The total number of mixtures M is generated as a byproduct of generating
Dy.

ii) Conditional on 2, Dy, M, and iy, draw fi .

iii) Conditional on i, Dy, M, and iy, draw 6%

Drawing /i and 62 from appropriate full conditional posterior distributions derived based

on equation (1.25) is standard. We thus focus on drawing Dy and o in what follows. 8

1.4.2.1. Drawing Dy Conditional on «

If the total number of mixtures, M, were fixed as in the case of the finite mixture of
normals, it would be straightforward to generate D; based on the following full conditional

distribution of D;:

f(Dt‘ﬂ75-27 D?ét’gt) X f(Dt’D?ét7a)f(ut‘ﬂ7a-27 Dt)? Dt = 17 27 ) M7 (128)

where f)# is collection of mixing indicators in the sample excluding D;; f (Dt|f)#, a) is the
(utum/th)2:|

2
202,

prior probability in equation (1.17); and f(w|j, 52, Dy = m) = ﬁ exp {—

That is, we could draw D, based on the following probabilities:

8 This section is largely based on the works of West et al. (1994), Escobar and West
(1995), and Neal (2000).
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. Pr[D, = m|D 0,62 D, =
PT[Dt = m|ut7ﬂ7&27D;ﬁt] = M T[ d m| ﬁ]f<u'§|u7o- 7t m) , T = 1,2, 7.2\4'
Zm:l Pr[Dt = m‘D;ét]f(Utha 072717 D, = m)

(1.29)
For the Dirichlet process mixture of normals, in which M is a random variable, Neal

(2000) suggests that equation (1.28) should be replaced by:

F(Dy|fi, 6%, Dsy, v, e0) o f(Dyla, Dge) f(erl i, 62, Dy), Dy =1,..., M3, Mz, +1, (1.30)

where M7, is the number of distinctive classes (or mixtures) in the sample that exclude
period t; and f(D;| D, a) is the prior probability given in equation (1.19) or (1.20). Here,
when Dy = M3, + 1, it means that period ¢ belongs to a new class that does not exist in

D#. Given equation (1.30), we can then generate D, using the following probabilities:

Pr|D, = m|D7£ta o f(ug| i, 52, Dy)
M, +1

PT[‘Dt = m|/1’5-27D7£t7057ut] - = 5
mil PT[Dt:m|D¢t7a]f(ut|ﬂ752aDt>

(1.31)
m=1,2,..., My, M}, + 1.
Depending on whether D; belongs to the existing class (m = 1,2, ..., or M;t) or a new
class (m = M}, + 1), we have the following two conditional densities for u;:
f(ut|,&> &27 Dy = m) = fN(utlluma U?ﬂ)? fOT m = 17 27 ) M;b (132)

fugl i, 6%, Dy = Mz, +1) = //fN(UtWM;tJrh sy, 1) Go(kars, +1, Ohr 1) dpary +1doys o,

(1.33)
where fy(-|u;,07) refers to a normal density function with mean j; and variance o7. The
intuition for the integral in equation (1.33) is that, when period ¢ belongs to a new class of
normal with unknown mean and variance, we evaluate the density of u; by taking average of

the densities for all possible values of mean and variance generated from the base distribution

16



Gy. This integral can be evaluated by Monte Carlo simulation as suggested by West et al.

(1994).

9

By denoting Dy as a collection of the mixing indicators (or class indicators) generated

from the previous iteration of the MCMC, we can generate D, by repeating the following

steps sequentially for ¢t = 1,2, ..., T, starting with t = 1:

i)
ii)

iii)

iv)

v)

Count the total number of distinctive classes in D, and set it as M,

Generate D, according to the probabilities in equation (1.31), and replace the t—th
element of Dy with the generated D;.

If Dy is generated to be M7, + 1, it means that period ¢ belongs to a new class that
does not exists in D#. In this case, we have to generate intermediate values for the
mean (;LMLH) and variance (aﬁ/f;ét 1) that are associated with this new class. They

can be generated from the following posterior distributions:

14+d — A 2/(1 2
0%/[* " ’ut ~IG + 0’ Vo + (gt 0/gwt> /( + wO/gWJ ’ (134)
#t 2 2
Ao + Potr/g ¥
2 0 ot/ Ygwy 0 2
* * ,u [ad N 5 * 5 135
“M#H‘JM#H t ( L+ 0/g%, "1+ vo/gi, M (1:33)

which can be easily derived given the joint prior G for (u M2, +15 0]2\4% +1) in equation
(1.18) and a single observation ;.

We discard those mixture indices which no observation belongs to them. We then
calculate the number of distinct mixture in the rest mixtures as M and redefine the
rest mixture indices as 1,2,..., M. That is, we assign m = 1 to a specific mixture
and m = 2 to another specific mixture, etc.

Set t=t+1, and go to i).

9 The integral in equation (1.33) can be approximated by

1 R
//fN(ut‘,uM;t+17U%J;t+1>GO(ﬂM;t+la‘712\/[;t+1)d/LM;t+1d0'%4;t+1 ~ R ;fN(ut‘ﬂi/ngU?);

where 1; and o? are drawn from the base distribution Gy in equation (1.18) and R is large
enough. Alternatively, Escobar and West (1995) analytically derive that this integral results
in a density function for a scaled and shifted Student’s t-distribution.
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At the end of the iteration, we have a new set of Dp. The number of distinctive classes

in DT is the realized M or the realized total number of mixtures.

1.4.2.2. Drawing o conditional on D, and thus, on M

Drawing a conditional on Dy is equivalent to drawing « conditional on M, the total
number of mixtures or classes in the sample. '° In this section, we explain an algorithm for
generating « as proposed by Escobar and West (1995).

Given the prior distribution of « in equation (1.21), the prior density is:

f(a) < a® texp(—ab), (1.36)

and as derived by Antoniak (1974), the likelihood for M is

[(a)

f(M]a) o< QMW7

(1.37)

where I'(.) refers to the Gamma function and 7" is the sample size. Thus, Escobar and West

(1995) derive the posterior density of « as: !

flalM) o< f(e) f(M]a)

1 1.38
oc oM =2 exp(—ab)(a + T)/ (1 — x)" da, (1.38)
0

which implies that the posterior distribution of « is the marginal distribution obtained from

a joint distribution of o and a continuous quantity 7 such that

10 Note that the posterior distribution of o depends only on M, for given Dr.
1 Note that gamma functions in equation (1.37) can be written as

[(a)  (a+T)B(a+1,T)

T(a+7) ol (T) ’

where (., .) refers to the beta function, and

1
Bla+1,T) = /0 (1 —2)" da
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fla,nM) o< o™ exp(—ab)(a +T)n*(1 —n)' 1 0<n < 1. (1.39)

As shown in Appendix 1.C, Escobar and West(1995) further derive the conditional pos-
terior densities f(n|a, M) and f(«a|n, M), and show that

nja, M ~ Beta(a+ 1,T) (1.40)

and

aln, M ~r,Gla+ M,b—1n(n))+ (1 —r,)Gla+ M —1,b—1In(n)), (1.41)

where the latter is a mixture of two Gamma distributions with r,/(1 —r,) = (a + M —

/AT = ()]}

Thus, the following two-step algorithm can be employed to draw «:

i) Conditional on « generated in the previous iteration of the Gibbs sampling, draw an
intermediate random variable 7 from the distribution given in equation (1.40).

ii) Conditional on 7, draw « from the distribution given in equation (1.41).

1.5. Model Comparison Methods

We consider formal model comparisons in Bayesian framework. For the in sample model
comparison, we consider the Watanabe-Alkaike Information Criterion proposed by Watanabe

(2010). For the out-of-sample model comparison, we consider the predictive likelihood.
1.5.1. Watanabe-Alkaike Information Criterion

For in sample model comparison, Spiegelhalter et al. (2002) first proposed using De-
viance Information Criterion (DIC) for complex hierarchical models. Although DIC can be
calculated in a straightforward way, it has been criticized in many different perspectives.
First, the penalty term is not invariant to reparameterization. For example, we would ob-

tain a (slightly) different penalty term (and hence DIC) if we parameterized in terms of
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hs, or log(hs,), even if the priors on each were mathematically equivalent. Furthermore,
Celeux et al. (2006) showed well in the context of mixture models, DIC is not based on a
universal principle that could lead to a procedure that was both computationally practical
and generically applicable. Therefore, we adopt another model comparison criterion, the
Watanabe-Akaike information criterion (WAIC) (Watanabe (2010)). WAIC is defined as the
following,
T T
WAIC = =23 By log F(0GI) +2{ o log B LA0)) 3= Bup (e A1)}

The first term in WAIC represents the model fit, and the second term in WAIC represents
the penalty. Thus, WAIC prefers the model with a small value. In practice, the WAIC can

be calculated by replacing the expectations by averages over the R posterior draws Wy as

T T
> Eypy, {log [f(Y|0)]} =
= =1

R
Zlogf Vi)
]:1

R
Z (Yi[Wy)

T
ZlogE (V|0)] = log
t=1

where R is the number of MCMC simulations.
1.5.2. Predictive Density and Likelihood

For out-of-sample model comparison, Gelfand and Mukhopadhyay (1995) discuss the
predictive likelihood of linear functionals for Dirichlet process mixture models. Following
their findings, the one-step-ahead predictive posterior density for the proposed model in

Section 1.3 is

(?/t+1|[t /f (yt+1|9~1,6~275t+1,Wt+1>04> f (élaé%StJrl;WtJrlua’[t) déldé2d5t+1dwt+1d06

R
~ E Z f (?Jt+1|9¥)a ‘957“)’ St(:-)h Wt(-:)la It)

=1

where the conditional density

(r)
A(r r [0 ~(r r
f (?/tJrl‘eg )7 St+17Wt(+)17[t> _M/f (yt+1’9§ )>Ma02a5t(+1>W+17[t) GO(M7U2>dﬂdU2

M) T(T) . . .
+ —~ mf (yt+1|9 ,Mm ,Ufn St+17Wt+1>It)
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and St(i)l and Wt(ﬁ are randomly drawn from the transition probabilities, Pr (Slt(i)l\St(r)) and
Pr (Wt(};)l |Wt(r)) , respectively.

1.6. An Application to the Growth of Postwar U.S. Industrial Production Index
[1947M1-2017M1]

1.6.1. Specification for an Empirical Model

We consider the following univariate Markov-switching model for the growth of industrial

production index (y;):

Yt = Boc, + Pro, St + oy
x} = ¢xy_| + hw,er, & ~1.4.d.(0,1),
(1.42)
Sy =0,1, Wy=1,23,
Preo, <0, Vi,
Bo,c, is the mean growth rate during boom and 5y ¢, + B1,¢, is the mean growth rate during
recession. We have a boom when S; = 0 and we have a recession when S; = 1. The
distribution of the error term wu; is potentially non-normal, and it is approximated by the
Dirichlet process mixture of normals in equation (1.18).
The model in equation (1.42) is an extension of the model in equations (1.3")-(1.4") with
J = 3. We adopt this extension because it would be unreasonable to assume that the regime-
specific mean growth rates during boom or recession are constant in a sample that covers
the entire postwar period. While Eo and Kim (2016) propose to specify the regime-specific
mean growth rates of real GDP to be random walks, we assume that there are two structural

breaks in the regime-specific mean growth rates. We thus specify 3y ¢, and i ¢, as follows:

12

Bic, = 0j1 + 052 Cop + 053 Csy, 7=0,1, (1.44)

where C;, = 1if C; = j, and 0, otherwise. We impose the following restrictions in order to

12 The inequalities in equation (1.44) is based on Kim and Nelson (1999), who suggest
that the difference between the mean growth rates during recessions and booms has been
decreasing.
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incorporate the observation that the gap between the mean growth rates during boom and

recession has been decreasing (Kim and Nelson (1999)):
(5073 < 5072 < 0; (51,3 > (5172 > 0. (145)

By defining the transition probabilities for C; as pc,;; = Pr(C; = j|Ci—y = i], the

following restrictions are employed to model two structural breaks in the sample:

Pci3 = P21 = Pogt = Poze = 0 and poss = 1. (1.46)

Note that (3, is the mean growth rate during boom after the second structural break and
(1 + [ is the mean growth rate during recession after the second structural break.

We can rewrite the above model as the following equation:

Yr = (002024 + 90,3Cs3:) + (611 + 612C5 4 + 613C54) St + x4, (1.47)

(1 —¢)doa

gw,

h%) , (1.48)

One can see that the model in equations (1.47)-(1.48) has very similar form as the model

Ty = ¢xt_1 + gw, U, U ~ 1.1.d. <

in equations (1.3")-(1.47), except the new model allows for two structural breaks in the long-
run mean growth rate. Note that the model specified above implies a time-varying long-run
mean growth rate, which can be estimated by:

Tt = 6070 + 5071P’I“[Ct = 1|}7T] + 5072P7"[Ot = 2|Y/T] ( A )
- N 1.49
+ (610 + 011 Pr(Cy = 1] + 612 Pr[Cy = 2|Y2]) x Pr{S;, = 1],

where Pr[S; = 1] is the steady-state probability that S; = 1, which is given below:

o 1 —psn
2 — ps11 — Ps22

Pr(S, =1]

1.6.2. Specification of Prior Distributions

We estimate the model by employing the normalization introduced in Specification #2

in Section 1.3, and set dy; = 0 and g = 1. We then employ the estimation procedure in
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Section 1.4. The original parameters do;, and h?, i = 1,2,3, are recovered as discussed in

Section 1.3. The priors that we employ are described below:

[(5072 5073 51’1 (5172 (5173]/NN<[—0.5 —1 —]_5 05 1]/705]5)

1[61,1<0,80,3<80,2<0,81,3>81,2>0] ’
¢ ~ N(0.3,0.5)1[jp|<1]
95 =gi(1+32), (1432) ~ IG(1,2)11144,51)
95 = 95(1+3g3), (143s) ~ IG(1,2)11144,51)
Ps00 ~ Beta(0.9,0.1)1pp, 005, P11 ~ Beta(0.8,0.2)1, 1,505,
poar ~ Beta(24.9,0.1) 101,505, Po22 ~ Beta(19.9,0.1) 15055505,
[Pw,11; Pwiazs Pwas) ~ Dirichlet(0.9,0.05,0.05) 11, 1,505):
[Pw,21, Puw,22, Pw,23) ~ Dirichlet(0.05,0.9,0.05)1[,, 4,505,

[pw,?)la Pw,32, pw,33] ~ DZTZChlet(OO’Sa 0057 0'9)1[Pw,33>0.5] )

(ftm; 02) ~ Gy = N(2,02)IG (2,1), m=1,2,...,
a ~ Gammaf(l,2).

For model comparison purpose, we consider two alternative cases about the assumption
on error distributions. In the first case, ¢; is assumed to be normally distributed. In this

case, 3 and h? are estimated directly. We employ the following priors for these parameters:

So1 ~ N(2,0.5), hi~IG(2,1).

In the second case, ¢; is assumed to be Student-t distributed with unknown degree of
freedom, v. 3 3, and h? are also estimated directly in this case, and we employ the same
priors as in the first case. For the degree of freedom parameter (v), we employ the following
prior distribution,

v~ x*(3)

13 For model with t distribution, we follow Geweke’s (1993) specification. In particular,
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and v is draw from its posterior distribution by Metropolis-Hasting Algorithm.

1.6.3. Empirical Results

Data employed are seasonally-adjusted postwar U.S. industrial production index. Data
are obtained from the Federal Reserve Bank of St. Louis economic database (FRED), and
the sample covers the period 1947M1-2017M1. Figure 1.2 depicts the data. We obtain
150,000 MCMC draws and discard the first 50,000 to avoid the effect of the initial values.
All the inferences are based on the remaining 100,000 draws.

Table 1.2 reports the posterior moments of the parameters obtained under the normality
assumption for the error term. When we performed a normality test for the error term
for this case, however, the null was rejected at a 5% significance level. This provides a
justification for employing the proposed model, in which we approximate the unknown error
term with the Dirichlet process mixture of normals.

For the proposed model, the posterior mean for the total number of mixtures is slightly
higher than 3, as shown in Table 1.3. The null hypothesis of normality is not rejected
for the standardized error term estimated conditional on the mixing indicator variable. *
These results suggest that the Dirichlet process mixture normals model reasonably well
approximates the unknown distribution of the error term. Furthermore, Both in sample and
out-of-sample Bayesian model selection criteria, WAIC and predictive likelihood, strongly

prefers the proposed model.

model in equation (1.42) with &, follows a independent t distribution can be written as,

yt :ﬁO,Ct + ﬁl,CtSt + x:

1
I: = QZSQZ':_I + hthty Et ~ ZldN(O, )\7),
t
.. v v
)\t ~ Z.Z.d‘F(§, 5)
St :0,1, Wt — 1,2,3
ﬁl,ct < 07 Vt7

4 To calculate the Jarque-Bera test statistic for the normality test, we use the posterior
mean of the standardized error term (%Dt/’wt) from equation (1.11), for t =1,2,...,T.
t
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Figures 1.3.A, 1.3.B, and 1.3.C depict the posterior probabilities of recession for the three
models. The shaded areas represent the NBER recessions. Estimates of turning points from
the proposed model are much sharper and agree much more closely with the NBER reference
cycles than the estimates from a model with normally distributed errors do.

Figure 1.4 depicts the time-varying volatility for the IP growth rate estimated from the
proposed model. Note that we model the volatility process as a 3-state Markov-switching
process. It seems that the high and the medium volatility regimes are mostly focused on the
period prior to the mid 1980s. However, in most of the post-1984 period, the low volatility
regime dominates except for a few episodes of high or medium volatility. Finally, Figure 1.5
depicts the posterior mean of the long-run mean growth rates estimated based on equation
(1.49). It demonstrates a pattern for steadily decreasing long-run mean growth rate, which

is consistent with Stock and Watson (2012) and Eo and Kim (2016).

1.6.4. Sensitivity Analysis of the Prior Distribution

As we mentioned in the previous sections, one important identification condition we
impose in this paper is that Markov-switching mixture is sufficiently persistent. We employ
truncated Beta distribution to impose this condition on the business cycle dynamics. In
other words, our model achieves identification through proper prior distribution. It will be
interesting to see whether the empirical results in Section 1.6.3 depends on the tightness of the
prior distribution. In particular, we are interested to see whether the posterior probabilities
of recession, based on the proposed model as well as the model with Gaussian or Student-t
distributed errors, will be affected when we employ relatively diffused prior on the transition
probability of S; and W;.

We consider the following alternative priors on the transition probability of S;,
p5700 ~ Beta(018, 0'02)1[ps,00>0-5]7 ps,ll ~ Beta(016, 0'04)1[103,11>0-5}7

[pw,llapw,l%pw,lS] ~ DiTiChl@t(0-187 0.01, 0-01)1[pw,11>0.5],
[pw,Qlapw,227pw,23] ~ D@mchlet(()(]l, 0]_8, 0'01)1[pw,22>0-5}7

[pw,?;l; pw,327pw,33] ~ DZTZChl(Et(OOl, 001, 0'18>1[Pw,33>0-5}7
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and all the other prior distributions maintain the same as in Section 1.6.3. Figure 1.3.A,
1.3.B, and 1.3.C present the posterior probabilities of recession based on Gaussian, Student-
t, and Dirichlet process mixture error terms, respectively. We can see that, the the posterior
probabilities of recession based on proposed model are more robust than the other two
alternative models. This also demonstrate that the proposed model is able to exploit the

data information more efficiently.

1.7. Concluding Remarks

In their dynamic factor models of business cycle, Kim and Yoo (1996), Chauvet (1998),
and Kim and Nelson (1998) assume that each individual coincident variable consists of
an idiosyncratic component and a common factor component, which is subject to Markov
switching mean. They estimate their models either by the maximum likelihood estimation
or by the Bayesian method, under the assumption of normally distributed shocks. They all
show that their estimates of turning points are much sharper and agree much more closely
with the NBER reference cycles than the estimates from a univariate Markov switching
model do. The intuition is that the idiosyncratic components in these multivariate models,
which consist of irregular components and outliers, are averaged out across individual series.

However, even in case the common factor component is normally distributed, the ex-
istence of irregular components and outliers in individual series makes the error term in
a univariate model to deviate from normality. This is the main reason why our univariate
Markov-switching model of the postwar industrial production index results in poor inferences
on recession probabilities under a normality assumption. By modeling the error term as the
Dirichlet process mixture of normals, we can effectively control for the irregular component
that is not related to the business conditions. This leads to sharp and accurate inferences

on recession probabilities just like the dynamic factor models do.
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Appendix 1.A. Derivation of Equation (1.17)

Given the prior for (wy, ws,...,wy) in equation (1.16), the marginal distribution of w,,
1s
a «
o~ Beta(—, (M - 1)), 1.A1
i ~ Beta( L (01— 1) (1.41)
with the following density function:
Fwnm) ox wal (1 — wy,) T M=D-1, (1.A4.2)

The likelihood of D# given w,, can be expressed as:

f(D#]wm) X wﬁmv#(l — wm)T’l’va#, (1.A.3)

where T,,, +; denotes the total number of observations that belong to the m — th class in a
sample that excludes period t.

By combining equations (1.A.2) and (1.A.3), we have:

F(win|Dze) ¢ f(w) Pr(D s wpn)

Ty 1 +-2—1 o (1.A4)
— wmm,;ét M (1 _ wm)T—l—Tm,;éz'i‘ﬁ(M—l)—l’
which suggests that
~ « «

From equation (1.A.5), we can derive the following probability of interest in equation
(1.17):
PT[Dt = m|D#) = E(wm|D7ﬁt)
Tt (1.A.6)
CT—14a’

Appendix 1.B. Proof of Proposition 1.1

The transition probabilities matrix, P, in equation (1.23) has the following two properties

by definition: (i) p,;; > 0 for all 1 < ¢, < J and Z}]:1 Pwij = 1,Vi. Given this two
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properties, it is easy to see that if p,; > 0.5,¢ = 1,...,J, then p,;; > ijl’j# |Duwi]-
Define R; = py,ii — Z}‘]:l’j;éi |Dw,ij|, where R; > 0 for all ¢ by construction.

Let sign;; = |§ ZZ‘ be the sign of p,,;;. Then we can easily check the following quadratic

for all x € R’

s

J J
' Pr = Rix; +> Y |puwsl(z; + signijz;)? (1.B.1)

i=1 i=1 j>i
All the summands in equation (1.B.1) are nonnegative as R; is positive when p,,; >
0.5, =1,...,J. Furthermore, if z # 0 then x; # 0 for some 4, so ' Pz > R;xz? > 0 for all
r e R’
Define the eigenvalues of P as p+iv and the corresponding eigenvectors as x + iy, where
1 denote v/—1. By the definition of eigenvalues and eigenvectors,
(P —p+iv) (z+iy)
{(P—u)x—i—uyzo
(P—p)y—ve=0 (1.B.2)
=o' (P—p)z+y (P—p)y=v(yz—ay) =0
x'Px +y' Py
:>M = / /
T+ Yy
As #’Px > 0 for all z € R’, one can easily see that u in equation (1.B.2) is always

positive. Thus, we can conclude that when p,, ;; > 0

Appendix 1.C. Derivation of Equations (1.40) and (1.41)

Conditional on «, equation (1.39) results in

flla, M) occy*(1=n)""1, 0<n<1, (1.C.1)

which suggests that

n|a M ~ Beta(a+1,T). (1.C.2)

Thus, as in Escobar and West (1995), the conditional density of o given n and M can

be derived as:
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flaln, M)
o a®MLexpl—alb — In(n)]} + Ta™ M2 exp{—ab — In(n)]}

I'(a+ M) ['(a+M—-1)
= Mb—1 T M—-1,b-1
- 1n(n)]HMG(OL + M,b—1n(n)) + = ln(n)]aJrM*lG(a + ,b—1n(n))
x (a+ M —1)G(a+ M,b—1n(n)) +T[b—1In(n)]G(a+ M — 1,b — In(n)),
(1.C.3)
which can be written as the following mixture of two Gamma distributions:
(a|ln, M) ~r,G(a+ M,b—1n(n)) + (1 —r,)G(a+ M —1,b —1In(n)), (1.C4)

where r,/(1 —r,) = (a+ M — 1)/{T[b—In(n)]}.
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Table 1.1. Quasi Maximum Likelihood Estimation of Markov-switching Models:
Monte Carlo Experiment

T = 500
True Case #1 Case #2 Case #3 Case #4
90,1 -0.5 -0.519 (0.232) -0.360 (0.288) -1.031 (0.634) -1.148 (1.092)
(2 1 0.999 (0.067) 1.044 (0.676) 1.141 (0.175) 1.324 (0.397)
hq 2 1.990 (0.128) 2.089 (0.330) 1.982 (0.256) 1.679 (0.451)
hs 1 1.004 (0.004) 0.891 (0.109) 0.726 (0.275) 0.495 (0.505)
P11 0.9 0.900 (0.042) 0.884 (0.057) 0.651 (0.279) 0.497 (0.426)
D22 0.95 0.950 (0.019) 0.933 (0.045) 0.854 (0.110) 0.702 (0.274)
T = 5000
True Case #1 Case #2 Case #3 Case #4
051 -0.5 -0.505 (0.069) -0.339 (0.176) -1.042 (0.551) -0.907 (0.415)
B 1 1.000 (0.020) 0.989 (0.023) 1.148 (0.151) 1.391 (0.392)
hy 2 1.997 (0.039) 2.081 (0.107) 1.958 (0.086) 1.707 (0.295)
hs 1 1.000 (0.001) 0.872 (0.128) 0.718 (0.282) 0.431 (0.569)
P11 0.9 0.899 (0.012) 0.882 (0.023) 0.601 (0.303) 0.462 (0.439)
D22 0.95 0.950 (0.006) 0.930 (0.022) 0.833 (0.119) 0.658 (0.293)
Note:

1. This table reports quasi maximum likelihood estimation results under different error dis-
tributions. Each cell contains the average of the 1,000 point estimates for each parameter
and the root mean squared error of the estimates from the true value (in parentheses).

2. Case #1: normal distribution; Case #2: t-distribution; Case #3: x? distribution; Case
#4: mixture of 3 normals.
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Table 1.2. Bayesian Inference of a Model under Normality Assumption [Log
Difference of the U.S. Industrial Production Index, 1947M1-2017M1]

Parameter Mean SD Median 90% HPDI
00,1 1.178 0.453 1.154 [0.505,1.961]
00,2 -0.540 0.344 -0.487 [-1.184,-0.096]
003 -0.321 0.201 -0.260 [-0.736,-0.099]
011 -1.049 0.394 -1.018 [-1.752,-0.455]
012 0.456 0.327 0.394 [0.042,1.087]
013 0.327 0.226 0.289 [0.033,0.765]

) 0.257 0.063 0.259 [0.150,0.353]

h? 0.493 0.025 0.492 [0.452,0.535]

g3 1.911 0.270 1.908 [1.471,2.356]

g3 2.282 0.383 2.256 [1.709,2.928]
Ds,00 0.886 0.120 0.940 [0.598,0.981]
Ds,11 0.939 0.063 0.953 [0.839,1.000]
Duw,11 0.961 0.023 0.966 [0.919,0.989]
Dw,12 0.027 0.030 0.022 [0.000,0.079]
Duw,21 0.098 0.077 0.086 [0.000,0.244]
Duw,22 0.851 0.087 0.867 [0.678,0.959]
Duw,32 0.228 0.114 0.216 [0.056,0.434]
Dw,33 0.745 0.104 0.757 [0.557,0.898]
De,11 0.980 0.023 0.988 [0.932,0.999]
De,22 0.993 0.014 0.997 [0.968,0.999]
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Table 1.2. (Continued).

WAIC 1769
LPL -480.7
JB 9.046 (0.008)
Note:

1. Out of 150,000 MCMC draws, the first 50,000 are discarded and inferences are based on
the remaining 100,000 draws.

SD refers to standard deviation.

HPDI refers to a highest posterior density interval.

WAIC refers to the Watanabe-Akaike Information Criterion.

LPL refers to the log of predictive likelihood.

JB refers to the Jarque-Bera test statistic for a normality test. In the parenthesis is the
p-value.

SEENANE
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Table 1.3. Bayesian Inference of a Model under Student-t Distribution Assump-
tion [Log Difference of the U.S. Industrial Production Index, 1947M1-2017M1]

Parameter Mean SD Median 90% HPDI
00,1 1.130 0.465 1.106 [0.428,1.941]
00,2 -0.503 0.321 -0.457 [-1.100,-0.081]
003 -0.319 0.204 -0.258 [-0.739,-0.084]
011 -0.992 0.403 -0.962 [-1.716,-0.398]
012 0.442 0.313 0.391 [0.039,1.033]
013 0.307 0.227 0.262 [0.026,0.735]

) 0.274 0.060 0.279 [0.167,0.365]

h? 0.494 0.025 0.493 [0.454,0.536]

g3 1.971 0.273 1.980 [1.512,2.406]

93 2.265 0.394 2.237 [1.689,2.920]
Ds,00 0.856 0.138 0.923 [0.558,0.989]
Ds,11 0.935 0.079 0.957 [0.789,1.000]
Duw,11 0.955 0.024 0.959 [0.914,0.987]
Duw,12 0.038 0.029 0.038 [0.0001,0.085]
Duw,21 0.117 0.073 0.106 [0.014,0.254]
Duw,22 0.826 0.086 0.839 [0.660,0.942]
Pw,32 0.245 0.112 0.235 [0.079,0.448]
Pw,33 0.742 0.108 0.752 [0.546,0.904]
De,11 0.980 0.022 0.988 [0.935,0.999]
De,22 0.992 0.016 0.997 [0.964,0.999]
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Table 1.3. (Continued).

v 293.9 (57.5)
WAIC 1759
LPL -471.2
Accept Probability 0.376

Note:
1. Out of 150,000 MCMC draws, the first 50,000 are discarded and inferences are based on
the remaining 100,000 draws.
2. SD refers to standard deviation.
HPDI refers to a highest posterior density interval.
4. v refers the posterior average of degree of freedom, standard deviation is reported in
parenthesis.
5. WAIC refers to the Watanabe-Akaike Information Criterion.
LPL refers to the log of predictive likelihood.
7. Accept probability refers to the acceptance probability of Metropolis Hasting algorithm
for v.

@

&
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Table 1.4. Bayesian Inference of a Model with Unknown Error Distribution [Log
Difference of the U.S. Industrial Production Index, 1947M1-2017M1]

Parameter Mean SD Median 90% HPDI
00,1 0.971 0.498 0.743 [0.507,2.014]
00,2 -0.450 0.412 -0.262 [-1.350,-0.090]
003 -0.236 0.132 -0.216 [-0.478,-0.087]
011 -1.402 0.292 -1.365 [-1.965,-0.999]
012 0.536 0.287 0.545 [0.072,0.993]
013 0.413 0.248 0.373 [0.068,0.870]

) 0.140 0.049 0.139 [0.062,0.223]

hy 0.456 0.031 0.454 [0.407,0.509]

92 1.764 0.305 1.731 [1.336,2.322]

g3 2.504 0.463 2.514 [1.686,3.256]
Ds,00 0.954 0.026 0.960 [0.911,0.981]
Ds,11 0.887 0.046 0.889 [0.807,0.961]
Duw,11 0.967 0.023 0.972 [0.923,0.992]
Duw,12 0.010 0.024 0.001 [0.000,0.065]
Dw,21 0.110 0.147 0.066 [0.000,0.408]
Duw,22 0.862 0.159 0.915 [0.530,0.967]
Dw,32 0.221 0.127 0.212 [0.001,0.439]
Dw,33 0.746 0.110 0.764 [0.549,0.886]
JZeA T 0.984 0.025 0.994 [0.931,0.999]
Pc,22 0.997 0.003 0.998 [0.991,0.999]
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Table 1.4. (Continued).

M 3.349 (1.272)
WAIC 1549
LPL -362.3

JB 1.218 (0.544)
Acceptance Probability 1 0.315
Acceptance Probability 2 0.474

Notes:

1.

w

Out of 150,000 MCMC draws, the first 50,000 are discarded and inferences are based on
the remaining 100,000 draws.

SD refers to standard deviation.

HPDI refers to a highest posterior density interval.

M refers to the posterior average number of non-empty mixtures, standard deviation is
reported in parenthesis.

. WAIC refers to the Watanabe-Akaike Information Criterion.
. LPL refers to the log of predictive likelihood.

JB refers to the Jarque-Bera test statistic for a normality test. In the parenthesis is the
p-value.

Acceptance Probability 1 refers to the acceptance probability of Metropolis Hasting
algorithm for h?; Acceptance Probability 2 refers to the acceptance probability of the
Metropolis Hasting algorithm for /3.
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Figure 1.1. Smoothed Probabilities of Regime 2 based on Quasi-Maximum Like-
lihood Estimation under Different Error Distributions [T=500].
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Note: The shaded area denotes the data periods associated with regime 2.

41



Figure 1.2. U.S. Industrial Production (IP) Index and Its Growth Rate [1947M1

- 2017M1]
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Figure 1.4. Time-Varying Volatility for the IP Series: Proposed Model
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Chapter 2

Estimating Trend Inflation Based on Unobserved Components Models:

Is It Correlated with the Inflation Gap? !

2.1. Introduction

Trend inflation, which is usually defined as the long-run inflation expectation, is one of
the key issues in both theoretical and empirical Macroeconomics. As the movements of trend
inflation are sometimes attributed to shifts in monetary policy, modeling and estimating
trend inflation is important in the study of monetary policy (see, for example, Bernanke
(2007) and Mishkin (2007)). Furthermore, an accurate estimate of trend inflation can also
serve as a useful centering point in constructing inflation forecasts at different horizons.

In their seminal work, Stock and Watson (2007) estimate trend inflation by employing
a univariate unobserved components model, in which the volatilities of trend inflation and
inflation gap (cyclical component of inflation) are subject to stochastic volatility processes.
Under the assumption that trend inflation and inflation gap are not correlated with each
other, they show that their estimated trend inflation is very volatile and it closely tracks
the actual inflation. Correspondingly, they show that their estimate of the inflation gap,
which is a priori assumed to be serially uncorrelated, is small in magnitude with relatively
small volatility throughout the sample. Recently, Stock and Watson (2016) extend their
earlier work on the univariate unobserved components model to a multivariate framework, in
which the common persistent and the transitory factors are subject to stochastic volatility.
They show that, even though uncertainty about trend inflation is substantially reduced
by employing disaggregated data within a multivariate unobserved components model, the
resulting estimate of trend inflation is similar to univariate estimate of trend inflation based

on aggregate data.

L This chapter is based on a joint work with Chang-Jin Kim.
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In the meantime, Cogley and Sbordone (2008) and Ascari and Sbordone (2014) estimate
trend inflation by employing time-varying parameter vector autoregressive (VAR) models,
in which the coefficients are assumed to follow random walk processes. 2 Unlike Stock
and Watson (2007, 2016), however, they do not impose a priori assumption of uncorrelated
trend inflation and inflation gap. Their empirical results are in contrast to those in Stock and
Watson (2007, 2016), in the sense that their estimated trend inflation is much smoother than
that reported in Stock and Watson (2007, 2016). Furthermore, unlike estimate of Stock and
Watson (2007, 2016) which a priori assume serially uncorrelated inflation gap, their estimate
of inflation gap suggests that there were more persistent deviations of inflation from trend
in the 1960-1983 period than in the post-1983 period.

In this paper, we explicitly show that nonzero correlation between innovations to trend
inflation and inflation gap is an important feature of the postwar U.S. inflation dynamics.
3 This is done within a univariate unobserved components model, in which the stochastic
volatilities for trend inflation and the inflation gap in Stock and Watson’s (2007) model
are approximated by Markov-switching volatilities. These approximations allow us to easily
incorporate nonzero correlation between innovations to the two unobserved components of
inflation. Our model also allows us to easily incorporate other important features of postwar
U.S. inflation not delivered in Stock and Watson’s (2007) model. These additional features
are: 1) regime-switching inflation gap persistence and ii) association between inflation and
inflation uncertainty.

Main findings of this paper can be summarized as follows. First, innovations to trend in-
flation and inflation gap are negatively correlated. Second, there were persistent deviations
of inflation from its trend component in the 1970s, while the persistence in inflation gap
almost disappears since the mid-1980s. Cogley et al. (2010) also find similar result within
a time-varying parameter VAR framework. Third, there exist positive and statistically sig-
nificant correlation between inflation and inflation uncertainty. Fourth, our estimated trend

inflation is much smoother than that estimated by Stock and Watson (2007), and it has

2 They define trend inflation as the long-run conditional expectation of inflation from their
VAR model, in the spirit of Beveridge and Nelson (1981).

3 As illustrate by Morley et al. (2003) in an unobserved components model for the log
of real GDP, imposing a zero restriction on the correlation between the cyclical and the
stochastic trend components could lead to misleading trend-cycle decompositions.
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the same general pattern as the trend inflation estimated by Cogley and Sbordone (2008)
or Ascari and Sbordone (2014). Lastly, but not the least important, our model results in
smaller mean squared prediction errors than Stock and Watson’s (2007) unobserved compo-
nents model with stochastic volatility or the random walk model of Atkeson and Ohanian
(2001) in pseudo out-of-sample forecast exercises.

The rest of this paper is organized as follows. In Section 2.2, we review important
features of postwar U.S. inflation discussed in the literature. Then, we present a theoretical
background for a nonzero correlation between innovations to trend inflation and inflation
gap. In Section 2.3, we present a univariate unobserved components model of inflation with
Markov-switching volatility, in which all the features of inflation reviewed in Section 2.2 are
incorporated. Section 2.4 presents our empirical results. Section 2.5 compares the pseudo
out-of-sample predictability of our model with those of Stock and Watson’s (2007) model
and Atkeson and Ohanian’s (2001) random walk model. Section 2.6 concludes the paper.

2.2. Important Features of Postwar U.S. Inflation Dynamics

2.2.1. Review of Empirical Literature on Inflation Dynamics

Time-Varying Volatilities for Trend Inflation and Inflation Gap
(Stock and Watson, 2007)

Stock and Watson (2007) estimate the following unobserved components model of infla-

tion with stochastic volatility (hereafter, UCSV model):

Ty = T¢ + 2ty (21)
Tt = Ty—1 + Oc €4, (2.2)
2t = Op i, (2.3)
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In Opi1 T Vnts Vit ~ i.1.d.N (0, Jw),

where

2

Ino, , =

(2.5)

In 052,t =1In aitfl + Vey, Vet~ 1.0.d.N(0, ‘73,5)7
where 7; is trend inflation or the permanent component of inflation; z; is the inflation gap
or the transitory component of inflation; In af]’t and In ait are the stochastic volatilities; and
€t, M, Vnt and v, are independent of one another. As replicated in Figure 2.1, they report
empirical evidence of substantial changes over time in the volatility of trend inflation, while
the volatility of the inflation gap is relatively small and stable. Furthermore, as shown in
upper panel of Figure 2.2, their estimate of trend inflation closely tracks actual inflation,
resulting in inflation gap which is small in magnitude and noisy throughout the whole sample
period. Kim (1993), Kang et al. (2009), Stock and Watson (2016), and Mertens (2016) also
demonstrate similar results within the unobserved components model framework, in which

innovations to trend inflation and the inflation gap are assumed to be independent.

Time-Varying Inflation Gap Persistence

Consider the following generalization of the transitory inflation or inflation gap in equa-

tion (2.3):
2y =Pizi—1 + O,

|¢t| < 17

where the persistence of inflation gap ¢; potentially varies over time.

(2.6)

While Stock and Watson (2007, 2016) assume that inflation gap persistence (¢;) is 0 for
all t, researchers who estimate trend inflation and the inflation gap based on VAR models
with time-varying parameters report evidence in favor of time-varying persistence of inflation
gap. For example, Cogley and Sargent (2001, 2005), Cogley and Sbordone (2008), Cogley et
al. (2010), and Ascari and Sbordone (2014) all report that ¢; was high until the mid-1980s
and has decreased considerably since the mid-1980s. Furthermore, Conrad and Eife (2012)
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derive inflation gap persistence as a function of the policy weights in the central bank’s Taylor
rule, and they present empirical evidence showing a decline in the inflation gap persistence

in the mid-1980s.

Association Between Inflation and Inflation Uncertainty

Friedman (1977) suggests that understanding the costs of inflation requires us to under-
stand the link between inflation and its uncertainty. Following Friedman (1997), Ball (1992)
theoretically shows that a rise in inflation can raise uncertainty about future inflation within
a model of monetary policy, in which there exists information asymmetry and the public
faces uncertainty about the preference of the policymaker. 4+ Cukierman and Meltzer (1986)
discuss the channel through which increased inflation uncertainty can have a positive effect
on the level of inflation.

On the empirical side, Ball and Cecchetti (1990) show that the association between in-
flation and its uncertainty may differ between short- and long-run horizons. In particular,
they show that a positive correlation between inflation and inflation uncertainty is more
compelling as the horizon considered increases. Within an unobserved components model
of U.S. postwar inflation, Kim (1993) finds evidence of a positive relationship between infla-
tion and the uncertainty associated with trend inflation. Bhar and Hamori (2004) find the
similar results for G7 countries. Bredin and Fountas (2006) also report positive relationship
5

between inflation and its long-run uncertainty in European countries These empirical

results suggest that equation (2.1) can be extended as follows:

T =T+ 2 + f(af%t, Jit), (2.7)

where f(o7,,02,) is a function of variances for the innovations to trend inflation and the

4 As Ball (1992) states, when inflation is high, for example, policymakers face a dilemma:
they would like to disinflate, but fear the resulting recession.

® In the earlier literature that does not distinguish between long run and short run inflation,
empirical results seem to be conflicting. For example, within the GARCH (Generalized
Autoregressive Conditional Heteroscedasticity) framework, Engle (1983) and Cosimano and
Jansen (1988) find little evidence of correlation between inflation and its uncertainty, while
Grier and Perry (1998) find inflation has a significantly positive effect on its uncertainty in
G7 countries.
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inflation gap.

2.2.2 An Additional Issue to Be Investigated: Correlation Between Innovations

to Trend Inflation and Inflation Gap

As in Woodford (2008) and Goodfriend and King (2012), let us consider the following

New Keynesian Phillips Curves with time-varying trend inflation,

T — Tt = BE(mi1 — 7o L) + kxy + (2.8)

where 7; is the trend inflation; 3 denotes a subjective discount factor; z; is the output gap;
and [, refers to information up to t. Here, (; denotes the mark-up shock, which is potentially
serially correlated. It determines firms’ pricing power in the New Keynesian literature (see,
e.g. Steinsson (2003), and Ireland (2007)). By iterating equation (2.8) in forward direction

and rearranging terms, we have:

M =T+ k) F B L) + ) FE(Gagl ). (2.9)

j=0 J=0

From equation (2.9), note that transitory inflation or the inflation gap is given by:
ft =R ZﬁjE(xt+jlft) + Z F E(Cery| 1), (2.10)
j=0 5=0

where the second term on the right-hand-side represents the present value of conditional
expectations of future markup shocks.

In the meantime, Bénabou (1992a,b) theoretically prove that trend inflation is negatively
correlated with the markup shock. Bénabou’s theoretical result has been empirically sup-
ported by researchers including Gali and Gertler (1999), Banerjee et al. (2001), and Head et
al. (2010). These suggest that shocks to trend inflation and inflation gap may be negatively

correlated. To investigate this possibility, we extend equation (2.4) in the following way:

[Z] ~ i dN ([g] , u ﬂ) ol < 1. (2.11)

o1



2.3. An Unobserved Components Model of Inflation with Markov-Switching and
Correlated Shocks

2.3.1. Model Specification

In this section, we present an unobserved components model of inflation, in which we
incorporate all the features discussed in Section 2.2. To begin with, we consider the following
model with i) a nonzero correlation between innovations to trend inflation (7;) and inflation

gap (z;) and ii) time-varying persistence (¢;) of inflation gap:

Ty = Tt + Zty
Ty = Ti—1 + O iE¢,

2 = Q21+ Op ey, (2.12)

e (oL )

We assume that time-varying persistence of inflation gap (¢;) and the volatility processes
(0c4 and o,,) for the postwar U.S. data can be approximated by independent Markov-

switching processes, as described below:

Oep = Qo+ Q1S1:, Qo, Q1 >0,
Ont = ho + h1527t, hg, hl > O, (213)
¢y = (1 = Ss4)po + S3401,  |pol, [o1] < 1,

where each of the discrete latent variables S, S2; and S3; evolves according to a two-state

first-order Markov-switching process with the following transition probabilities:

PT[Sl,t = Z.‘Sl,tfl == ]] = P1,ij, Zaj = 07 17
PT[SQ,t - 7:|‘S(2,t—1 = j] - p?,ijv 'La] = Oa 17 (214)
Pr(Ss; =i|S31 = jl =p3s5, 4,5=0,1

Note that the above model with p = 0 and ¢; = 0 for all ¢ is directly comparable to Stock

and Watson’s (2007) unobserved components stochastic volatility (UCSV) model given in

equations (2.1)-(2.5). As will be shown in Section 2.4, when we estimate both our model
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with these restrictions and Stock and Watson’s (2007) UCSV model using the postwar data,
estimated volatilities and estimated trend inflation from these two models are qualitatively
very similar. However, unlike the UCSV model, the above model with Markov-switching
volatility allows us to identify the correlation (p) between innovations to trend inflation
and inflation gap. ¢ Furthermore, our model also allows us to easily incorporate the other

features of inflation dynamics reviewed in Section 2.1.

Our most general model incorporates potentially nonzero relationship between inflation
and its uncertainty. In line with equation (2.7), this is done by replacing the first equation

of the model presented in equation (2.12) by: 7

T =Tt + 2 + 1S4 + 2Say + 351 1S9 4, (2.15)

where f(07,,02,) in equation (2.7) is replaced by 151, + 2S5 + @351 ;Ss,, following Kim
(1993). In our model, the variance of inflation has 4 regimes: i) when S;; = 0 and Sy, = 0,
we are in regime 1; ii) when S;; = 0 and Sy; = 1, we are in regime 2; i) when S;; = 1 and
Sy+ = 0, we are in regime 3; and i) when S;; = 1 and Sy; = 1, we are in regime 4. Thus, oy
captures a shift in the level of inflation during regime 2 relative to regime 1; sy captures a
shift in the level of inflation during regime 3 relative to regime 1; and a; + as + a3 captures

a shift in the level of inflation during regime 4 relative to regime 1.

2.3.2. Estimation of the Model

In order to estimate our model using the maximum likelihood estimation, we first cast

it to the following state-space model:

Measurement Equation

6 For identification of the model, readers are referred to Appendix 2.A, where Morley et
al.’s (2003) results on identifiability of unobserved components models with homoscedastic
shocks are extended to the case of Markov-switching variances.

" Kim (1993) considers a similar unobserved components model with Markov-switching

variances. However, he assumes that ¢, = 0 for all £ and that p = 0, as in Stock and Watson
(2007).
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Tt

Ty = [1 1] [ ] + OélSLt + OCQSQ’t -+ OégSljtSQ,t, (216)

2

(m = HpBr 4+ 0151 + @252 + 351452, ) -

Transition Equation

Tt 1 0 Ti—1 O¢, 514 0 Et Et 0 1 1%
B e | ) W S (1 A
Zt 0 ¢S3,t Zt—1 0 On,S2¢ Mt Nt 0 1Y 1

(2.17)

(8= Fsy i1+ Rey 50, Vir ViviiidN(0,Q) ).

The model is estimated via the maximum likelihood estimation method based on Kim'’s
(1994) approximate Kalman filter. For details of the maximum likelihood estimation proce-

dure, readers are referred to Appendix 2.B.

2.4. Empirical Results

We employ quarterly data on the personal consumption expenditure deflator for core
items (PCE-core). The inflation rate is calculated as annualized quarterly percentage change
in price index. To demonstrate the importance of each feature of inflation discussed in Section

2.2, we consider the following 4 versions of our model that differ in the assumptions employed,
Model 1: p=0, ¢, =0 for all t, o = g = a3 = 0.
Model 2: ¢, =0 for all t, oy = as = a3 = 0.
Model 3: o1 = a3 = a3 = 0.
Model 4: Unrestricted Model.

Note that Model 1 is directly comparable to Stock and Watson’s (2007) UCSV model. Model
2 allows for potential nonzero correlation between innovations to trend inflation and the in-

flation gap in Model 1. Model 3 incorporates the time-varying inflation gap persistence into
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Model 2. Model 4 is our most general model and it incorporates potential nonzero relation-
ship between the level of inflation and uncertainty associated with the two components of

inflation.

Table 2.1 reports estimation results for the above four models. For Model 1, estimates
of the transition probabilities show that the volatility of trend inflation is more persistent
(P1,00 + P111 — 1 = 0.956) than that of the inflation gap (P20 + P21 — 1 = 0.844), and this
pattern is maintained for the other models as well. In Figure 2.1, we depict the volatilities of
trend inflation and the inflation gap estimated from Stock and Watson’s (2007) model with
stochastic volatility as well as those from our benchmark model (Model 1) with Markov-
switching volatility. Note that volatilities estimated from our benchmark model reasonably
well approximate those from Stock and Watson’s (2007) model. Furthermore, as depicted
in Figure 2.2, the estimates of trend inflation obtained from these two models are very
similar. These results provide us with justifications for replacing stochastic volatility in Stock
and Watson’s (2007) model with Markov-switching volatilities. An advantage of employing
Markov-switching volatilities in an unobserved component model of inflation is that it allows

us to easily incorporate important features of inflation discussed in Section 2.2.

Focusing on estimates of the correlation (p) between innovations to trend inflation and
the inflation gap for Models 2, 3, and 4, they range between —0.684 and —0.907, and they
are all statistically significant at the 1% level. These results shed light on potential drawback
of Stock and Watson’s (2007) UCSV model, in which p is constrained to be 0. In Figure 2.3,
we depict estimates of trend inflation volatility and the inflation gap volatility from Model
2. The volatilities of both trend inflation and inflation gap are in general estimated to be
higher than those from Model 1. However, an increase in the inflation gap volatility during
the period covering mid-1970s~mid-1980s is much more pronounced for Model 2. As shown
in Figure 2.4, trend inflation estimated from Model 2 does not seem to be very different from
that from Model 1. That is, estimation of trend inflation seems to remain almost intact even

when p is estimated to be negative and statistically significant.

A negative correlation between trend inflation and inflation gap is consistent with the
literature of the relationship between trend inflation and markup. Intuitively, assuming

trend inflation and inflation gap are uncorrelated is equivalent to assuming inflation gap is
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merely an exogenous shock to inflation.

Concerning the estimation of the inflation gap persistence (¢;) from Models 3 and 4, they
exhibit two distinct regimes. As depicted in Figure 2.5, both models exhibit high inflation
gap persistence (with Qg() = 0.879 for Model 3 and 0.868 for Model 4) for the period covering
mid-1960s~mid 1980s and almost zero inflation gap persistence for the rest of the period.
These patterns of time-varying inflation gap persistence from Model 3 or 4 are very close to
those in Cogley et al. (2010) and Ascari and Sbordone (2014), whose results are based on
VAR models with time-varying parameters.

In order to investigate the effects of incorporating time-varying inflation gap persistence
on volatility measures, we depict trend inflation volatilities and the inflation gap volatilities
from Model 3 and Model 4 in Figure 2.6. Volatility measures from these two models have
very similar patterns. However, they are very different from those from Model 1 or 2. For
Models 3 or 4, the volatility of trend inflation is estimated to be much lower than that from
Model 1 or 2. Furthermore, unlike for Model 1 or 2, high and volatile inflation during the
1970s is associated with a surge in the volatility of inflation gap for Model 3 or 4. These
results suggest that high and volatile inflation in the 1970s is in large part due to transitory
shocks, which may be a monetary phenomenon. This result is consistent with Clarida et al.
(2000), who suggest that high and volatile inflation combined with volatile economic activity
in the 1970s were engendered by loose monetary policy. 8

Figure 2.7 depicts estimates of trend inflation from Models 3 and 4. Trend inflation
estimated from Model 3 or 4 is very different from that estimated from Model 1, Model 2,
or Stock and Watson’s (2007) UCSV model. In particular, it is much smoother than the
actual inflation rate, while trend inflation from our benchmark model (Model 1) or Stock
and Watson’s (2007) model depicted in Figure 2.2 very closely tracks actual inflation. Our
results based on Model 3 or 4 are in line with Cogley and Sbordone (2008) and Ascari and
Sbordone (2014), who also report estimates of trend inflation which are much smoother than
the actual inflation rate, based on VAR models with time-varying parameters.

Our discussion so far seems to suggest that the smoothness of trend inflation from Model

 Barsky and Kilian (2002, 2004), De Long (1997), Friedman (1975), Mckinnon (1982),
and Kilian (2008), among others, also suggest that high and volatile inflation rate in the
1970s may not have been related to permanent shocks.
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3 or 4 results mainly from allowing for time-varying inflation gap persistence. However,
as depicted in Figure 2.8, when we estimate trend inflation based on Model 3 or 4 with
the constraint p = 0, it turns out to be very close to that from Model 1. Furthermore,
as shown in Figure 2.9, the inflation gap persistence was estimated to be close to zero
throughout the sample for Model 3. For Model 4, it was estimated to be considerably lower
than when p was not constrained to be 0. Thus, conditional on p = 0, allowing for time-
varying inflation gap persistence does seem to be redundant. We conjecture that this is the
reason why Stock and Watson (2007) and Kim (1993) specified the transitory component of
inflation as serially uncorrelated in their unobserved components models of inflation, under
the maintained hypothesis p = 0. We conclude that time-varying inflation gap persistence
plays a meaningful role in the estimation of trend inflation, only when it is combined with
nonzero correlationship between innovations to trend inflation and the inflation gap.

The last column of Table 2.1 reports estimation results for our most general model, which
incorporates nonzero association between inflation uncertainty and the level of inflation in
Model 3. The estimate for the «; parameter, which measures the relationship between
inflation and its uncertainty associated with trend inflation (i.e., long-run uncertainty), is
positive and statistically significant at the 1% significance level. The estimate for the as
parameter, which measures the relation between inflation and its uncertainty associated with
inflation gap (i.e., short-run uncertainty), is statistically significant at the 10% significance
level. We conclude that a positive association between inflation and its long-run uncertainty
is much more compelling than that between inflation and its short-run uncertainty. These
results are in line with earlier empirical evidence presented by Ball and Cecchetti (1990),
Kim (1993), and Bhar and Hamori (2004), among others. As depicted in the lower panel of
Figure 2.7, allowing for association between the level of inflation and the volatilities of the

two components of inflation results in smoother trend inflation than that from Model 3.

2.5. Pseudo Out-of-Sample Forecasting Performance

In this section, we evaluate the pseudo out-of-sample forecasting performance of our
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models against Stock and Watson’s (2007) UCSV model and Atkeson and Ohanian’s (2001)
random walk model (AO model, hereafter). Following Stock and Watson (2007), we define

the inflation over the next h quarters as

t+h

T, = > m/h,

i=t+1
and the forecasting horizon we consider are: h = 4,8, 12 quarters.

For forecasts made at date ¢, estimation of each model was performed using only data
available through date ¢. The forecasts are recursive, so that forecasts at date t are based on
all the data from 1959Q1 through date ¢. The first forecasts are based on model estimates
obtained using data from 1959Q1 through 1989Q4.

For the random-walk model of Atkeson and Ohanian (2001), the average h-quarter rate
of inflation is forecasted as the average of inflation over the previous h quarters. The forecast
error for the AO model is given by:

AO Model

AO __ _h
u’t—‘rh\t = 7Tt+h — E(ﬂ-t + ...+ ﬂ-t—h)-

For Stock and Watson’s (2007) UCSV model and for Models 1 and 2 represented in this
paper, inflation forecasts are purely determined by the random walk component. Thus,

forecast errors for these models can be calculated as:

UCSV Model

SW __ __h
Upphlt = Tppn — Tift

Models 1 and 2

J _ . h s
Uppjt = Tggpn — Ttlt, ] = 1,2,

where 7; denotes the filtered estimate of the trend inflation conditional on information up
to t. For Models 3 and 4 of ours, forecast errors can be calculated as:

Models 3 and 4

. 1h .
ug+h\t - W?Jrh 7 Z (HFkﬁtlt + E(a1S1; + aaSay + a381,t52,t|lt)) ;7 =34
k=1
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where H and F are defined in equations (2.16) and (2.17), and Sy refers to the expectation

of B, (=7 z]) conditional on information up to date .

Table 2.2 reports root mean squared errors (RMSEs) obtained from each model. The
results can be summarized as follows. First, Stock and Watson’s (2007) UCSV model has
smaller RMSEs than Atkeson and Ohanian’s (2001) random-walk model or our benchmark
model (Model 1) for all the forecasting horizons considered. Second, however, RMSE’s from
Model 2, 3, or 4 in this paper are in general smaller than those from the AO model, the UCSV
model, or Model 1. These results suggest that allowing for nonzero correlation (p) between
innovations to trend inflation and inflation gap improves pseudo out-of-sample forecasting

performance.

Table 2.3 reports the Diebold-Mariano test statistics for testing the null hypothesis that
mean squared errors for two competing models are the same. Mean squared errors from
Model 2 or 3 are in general smaller than those from the AO model, the UCSV model, or
Model 1, even though the differences are not statistically significant. However, our most
general model (Model 4) beats the UCSV model and the random walk model at the 10%
significance level for forecasting horizons 4 and 8 quarters. Furthermore, it outperforms our
benchmark model (Model 1) at the 1% significance level for forecasting horizons 4 and 8

quarters.

Our results in this section suggest that nonzero correlation between trend inflation and
inflation gap plays an important role in improving the out-of-sample forecasting performance
when it is combined with i) time-varying inflation gap persistence and ii) the association

between inflation uncertainty and the level of inflation.

2.6. Conclusion

Stock and Watson (2007) propose and estimate an unobserved components model with
stochastic volatility, in which they assume i) inflation gap is serially uncorrelated; and ii)
innovations to trend inflation and inflation gap are uncorrelated. Trend inflation estimated

from their model is volatile and it closely tracks inflation throughout the sample, leaving
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no room for persistent deviations of inflation from this trend. On the contrary, trend in-
flation estimated from a time-varying parameter VAR model (e.g., Cogley and Sbordone,
2008, or Ascari and Sbordone, 2014) is smooth and inflation deviates persistently from this
trend during the Great inflation period. This paper provides some insights on why the two
alternative measures of trend inflation are so different.

Within the framework of a univariate unobserved components model with Markov-
switching volatility, this paper empirically shows that a negative correlation between in-
novations to trend inflation and the inflation gap, when it is combined with time-varying
inflation gap persistence, plays an important role in the dynamics of postwar US inflation.
This provides indirect evidence supporting Bénabou (1992a,b), Gali and Gertler (1999),
Banerjee et al. (2001), Head et al. (2010), and Head et al. (2010), who suggest the markup
shock, which is positively correlated with the inflation gap, is negatively correlated with
trend inflation. When association between the inflation and its uncertainty is additionally
incorporated into the model, trend inflation is estimated to be much smoother than that
in Stock and Watson (2007). Besides, our model provides superior out-of-sample forecasts
than Stock and Watson’s (2007) unobserved components model with stochastic volatility or

Atkeson and Ohanian’s (2001) random walk model.
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Appendix 2.A. Identification of the Unobserved Components Model

with Markov-Switching Heteroscedasticity

By Granger’s Lemma (Granger and Newbold, 1986), our model in equations (2.12)-(2.13)
can be rewritten as the following reduced-form ARIMA(1,1,1) model:

(1= ¢g, L)Am, = (1 = 0s,,,5,,.55. L)es
+ (1 = ¢s,, L)(1 — L) (114 + Sz + 351 152,4), (2.A.1)
e|S1,t, 2,0 ~N (0, Ug,sl,t,SQ,t,sg,t)a
where Am; = m — m_1. By matching the variance and autocovariance in the structural

model in equations (2.12)-(2.13) and the reduced-form model in equation (2.A.1), we have

the following equations

2 2 2
0-6751,t,52,t,53,t + 651,1571152,1&71753,t710-5751,t71752,t—1753,1:—1
_ 2 2 2 2 2
=0¢,81, + ¢Sg,t,105,51,t,1 + 00,82 + 0,821 + 2p (0-5751,t0-77,52,t + 2¢53,t710-6,51,15710-77752,1571) )
2
031,t—1732,t—1753,i—1O—eysl,t—lysQ,t—hS&t—l

_ 2 2
_¢53,t7105,51,t,1 - O-n,Sg,tﬂ - (1 + ¢S‘3,t71> POe,S814-10n,52,:-1

Our identification strategy exploits the fact that the reduced-form parameters can be
expressed as functions of the structure parameters and that the number of reduced-form
parameters increases exponentially as the number of regimes for the volatility processes
increase. ? It is easy to see that we have more moment conditions above than the number
of parameters in the covariance matrix of structural model, thus the structural parameters
are identified. With the same logic, one can show that all the models (Models 1,2,3, and 4)

considered in Section 2.4 are identified.

Appendix 2.B. Maximum Likelihood Estimation of the Model

We rewrite the state-space model in section 2.3 in the following way:

9 Rigobon (2003) discusses a related identification strategy in a simultaneous equations
model.
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Measurement Equation

T = Hﬁt + ,LLS“ (QB]_)

Transition Equation

Bi = Fs,pi-1 + Rs, Vi,  Vi~N(0,9), (2.B.2)

where pgs, = @1 S1; + oSy + 3511594 Fs, = Fs,,; Rs, = Rs, ,.s,,; and

1, if  S14=0,5,=0,5,=0
2, if  S1,=0,8,=0,5,=1
3,if S =0,8,=108,=0
4, if  S1 =0,8, =18, =1
%= 5, if  S1,=18,=08,=0
6, if S =18,=05,=1
7if S, =1,8,=1S,=0
8, if  Sii=1,=105,=1.

As Sy, Sat, and Ss,; are independent of one another, the 8 x 8 matrix of transition

probabilities for .S; is given by:

P=PQP,®P;, (2.B.3)

where the (7, j)th element of P is the probability of S, = j conditional on S,_; = ; ® denote
the Kroncker product; and

P11 P11 D201 P2,11 P3,01 P31

Conditional on S;_1 =i and S; = j, 4,7 =1,2,...,8, the Kalman filter is given by:

~ P1o0 P1,10 ~ D200 P2,10 ~ P3oo  P3,10
P [ ] ’ P [ ‘| ’ P [ ‘| .

(i.3) _ (%)
ﬁt|til = Fi0, 11, (2.B.4)
Pt(l?i)l - Fth(i)1|t_1Fg{ + RijR;, (2.B.5)
e =mo— HBM, . — 1, (2.B.6)
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fi0 = HPY (2.B.7)

t)t—1
(A 7 —1 ’L’,‘
ﬁ( 7 Bt|t 1t |t]1HI [ft\ ] 77t(|tj,)1, (2.B.8)
Pt(\t D= {[2 t|:‘/]1Hl {ft\ ] H} Ptﬁ;’i)l, (2.B.9)

where B 1|t | is the expectation of 3;_; conditional on S;_; =7, S; = j, and information up
tot—1 ([;_1); Pt(ftf )1 is the variance covariance matrix of 3; conditional on S, | =1, S; = J,
and [;_q; nf‘lt]_ )1 is the prediction error of m; conditional on S; 1 =14, S; = 7, and I;_1; and
ft(‘;i )1 is the variance m; conditional on S;_1 =i and S; = j, and I;_;.

Each iteration of the above Kalman filter produces an 8-fold increase in the number
of cases to consider. It is necessary to introduce some approximations to make the above
Kalman filter operable. We follow Kim (1994) in ‘collapsing’ the 8 x 8 posterior moments
(ﬁt” and Ptﬁtj ) into 8 x 1 posterior moments (ﬁt]) and Pt|i)) as given below:

8 . Iy
ol =X PT(SJ;;(;; itjl\ft_) g (2.B.10)

i=1

P?"(St :j St,1 = Z‘[t)
P(]) — )
TR Es AR

i=1

P+ (83, = BB — 8] (2.B.11)

i=1,2,..,8,

PT(Sth,Stflziut)
Pr(Si=jll;)

where ﬁt(ﬁ), for example, is a weighted average of ﬁt(ft] ), with the weights being
ii=1,2,...8.

To complete the above the Kalman filter, we need to calculate Pr(S; = j, S;—1 = i|l})
and other probability terms. This is done by adopting the Hamilton (1989) filter, as given

below:

f(7Tt|St =7 Si1 = (3 L&A)PT(St =7 Sio1 = i|[t71>

Pr(S; = 3,51 =1l;) = , 2.B.12
( Lo | t) f<77t|ft—1) ( )
where
. . 1 ()’
fm|Se =7,8-1=14,1;_1) = ———OXP fe-1 (2.B.13)
\/27Tf tt—1 2f|t 1
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8 8
Wt‘lt 1 ZZf 7Tt|St = j, St—l == i,]t_l)PT<St == j, St—l = i|[t_1), (2314)

i=17=1
PT’(St = j, St,1 = ’l'|Ht,1> = P?”(St = j‘St,1 = Z')PT'(St,1 = Z-|It,1), (2315)
and

8
Pr(S; = jlL) =Y Pr(S; = j,S1 = i|L). (2.B.16)
i=1

Conditional on initial values for the moments of the state vector 3, and the regime

probabilities, we can run the above Kalman filter to obtain the following log likelihood

function:

log(f(mr, mr-1,...)) Zlog (e Ii-1)), (2.B.17)

which can be numerically maximized with respect to the parameters of the model.
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Table 2.1. Estimation of Models 1-4.

Ty = T + 2¢ + 04151,15 + CVQSQ’t + QSSl,tSZ,t
T = Ti—1 + (Qo + Q151.4)er

2 = Pgy,2t-1 + (ho + h1Sa4)m

BE(BRE

Model 1 Model 2 Model 3 Model 4
p1,00 0.979 (0.014)*** 0.977 (0.015)%** 0.985 (0.022)*** 0.971 (0.031)***
pl,11 0.931 (0.045)%*** 0.907 (0.057)%*** 0.933 (0.086)*** 0.872 (0.101)***
p2,00 0.982 (0.017)%** 0.989 (0.017)%** 0.995 (0.006)*** 0.994 (0.006)***
p2,11 0.954 (0.041)*** 0.956 (0.043)%** 0.978 (0.018)*** 0.979 (0.018)%**
p3,00 - - 0.970 (0.029)*** 0.990 (0.014)***
p3,11 - - 0.992 (0.009)*** 0.995 (0.007)***
ho 0.329 (0.044)*** 0.426 (0.089)%** 0.500 (0.052)*** 0.477 (0.059)%**
hy 0.328 (0.139)** 0.496 (0.164)*** 0.781 (0.122)*** 0.778 (0.169)***
Qo 0.175 (0.039)*** 0.193 (0.058)*** 0.166 (0.051)%** 0.129 (0.053)***
Q1 0.891 (0.162)*** 1.085 (0.326)*** 0.437 (0.178)** 0.391 (0.194)**
®o - - 0.879 (0.104)*** 0.868 (0.114)***
o1 - - 0.093 (0.153) 0.013 (0.138)
o - - - 0.940 (0.180)***
%) - - - 1.172 (0.701)*
o - - - -0.466 (3.083)
p - -0.694 (0.188)%** -0.883 (0.105)*** -0.907 (0.075)%**
Ln(L) -238.662 -236.406 -235.390 -232.755
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Table 2.1. (Continued).

Note:
1. In the parentheses are standard errors of parameter estimates.
2. The superscripts ‘*’, “**’ and “*** indicate significance at the 10%, 5%, and 1% level,

respectively.
3. Ln(L) denotes the log likelihood value.
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Table 2.2. Root Mean Squared Errors for Pseudo Out-of-Sample Forecasting:
Out-of-Sample Period: 1990Q1-2016Q1

Forecasting Horizon

4 Quarters 8 Quarters 12 Quarters

AO Model 0.4077 0.4848 0.5964

UCSV Model 0.4007 0.4179 0.4681

Model 1 0.4251 0.4346 0.4888

Model 2 0.3742 0.3942 0.4548

Model 3 0.3914 0.4093 0.4711

Model 4 0.3449 0.3515 0.4060
Note:

1. AO model refers to a random walk model proposed by Atkeson and Ohanian (2001); and
UCSV model refers to Stock and Watson’s (2007) unobserved components model with
stochastic volatility.

2. Root mean squared forecast errors are obtained from the pseudo out-of-sample inflation
t+h
forecast, W?Jrh = Y m/h. The forecasting period starts at 1990Q1 with expanding
i=t+1
windows.
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Table 2.3. Diebold and Mariano’s (1995) Test Statistics for Evaluating Pseudo
Out-of-Sample Forecasting Performance

Forecasting Horizon

4 Quarters 8 Quarters 12 Quarters

Model 2 vs. AO Model 1.42 1.31 1.19
(0.16) (0.19) (0.23)

Model 3 vs. AO Model 0.77 1.15 1.08
(0.44) (0.25) (0.28)

Model 4 vs. AO Model 1.74 1.86 1.43
(0.08)* (0.06)* (0.15)

Model 2 vs. UCSV Model 1.49 1.55 0.57
(0.14) (0.12) (0.57)

Model 3 vs. UCSV Model 0.11 0.73 -0.11
(0.91) (0.47) (0.91)

Model 4 vs. UCSV Model 1.68 1.84 0.55
(0.09)* (0.07)* (0.58)

Model 2 vs. Model 1 2.33 1.59 1.24
(0.02)** (0.11) (0.22)

Model 3 vs. Model 1 1.89 0.78 1.42
(0.06)* (0.44) (0.16)

Model 4 vs. Model 1 2.45 2.65 0.87
(0.01)** (0.01)* (0.38)

Note:

1. AO model refers to a random walk model proposed by Atkeson and Ohanian (2001); and
UCSV model refers to Stock and Watson’s (2007) unobserved components model with
stochastic volatility.

2. A negative value for the test statistic means that the mean squared error for Model 2,3,
or 4 is larger than that for the competing model (AO model, UCSV model or Model 1).

3. Reported are the Diebold-Mariano test statistics. In the parentheses are their corre-

sponding p-values under the null of equal mean squared errors.

4. The superscripts ‘¥’ “**’ and “*** indicate significance at the 10%, 5%, and 1% level,

respectively.
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15

Figure 2.1. Measures of Trend Inflation Volatility and Inflation Gap Volatility:
0.5

Stock and Watson’s (2007) UCSV model vs. Model 1 (Our Benchmark Model)
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Measures of Trend Inflation: Stock and Watson’s (2007) UCSV
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model vs. Model 1
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Figure 2.3. Measures of Trend Inflation Volatility and Inflation Gap Volatility:

Model 2
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Figure 2.4. Measures of Trend Inflation: Model 2
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Note: The dotted lines are for actual inflation; the solid lines are for trend inflation.
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Figure 2.5. Time-Varying Inflation Gap Persistence: Model 3 vs. Model 4
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Figure 2.7. Measures of Trend Inflation: Model 3 vs. Model 4
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Figure 2.8. Measures of Trend Inflation: Model 3 with p =0 vs. Model 4 with
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Note: The dotted lines are for actual inflation; the solid lines are for trend inflation.
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Time-Varying Inflation Gap Persistence: Model 3 with p = 0 vs.

Model 4 with p =0

Figure 2.9.
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Chapter 3

Estimating Elasticity of Intertemporal Substitution when Instruments are Weak:

Identification Through Time-Varying Volatility

3.1 Introduction

The elasticity of intertemporal substitution (EIS) in consumption is a parameter of cen-
tral importance in macroeconomics and finance. In a basic model of the effects of monetary
policy, the EIS is the parameter that relates current and expected future real interest rates
to the current level of aggregate demand in the inter-temporal relation. In the consumption
and portfolio choice problem of an infinite-lived investor with Epstein-Zin (1989) preferences,
the EIS is the key parameter in the optimal consumption rule.

EIS can be defined by the log-linearized Fuler equation based on the Epstein-Zin utility
function (Epstein and Zin, 1991). As the rate of return and the consumption levels are
simultaneously determined, OLS does not provide consistent estimates. Therefore, numerous
papers have applied the standard instrument variable (IV) method to estimate EIS (e.g. Hall
(1988) and Campbell (2003)). The general finding in the literature is that the EIS is small
(Hall, 1988). For instance, Campbell (2003, table 9) reports a 95% confidence interval of
[—0.14, 0.28] for EIS, using quarterly U.S. data (1947-1998) on nondurable consumption and
T-bill returns. However, a high value for the EIS is a precondition that the long-run risk
model of Bansal and Yaron (2004) - a successful model for explaining the risk premium and
other key asset markets phenomena - has to satisfy. As pointed out by Neely, Roy, and
Whiteman (2001), Campbell (2003), and Yogo (2004), weak instruments could be one of the
reason for this inconsistency in the estimation of EIS as asset returns are notoriously difficult
to predict.

In linear IV regression, weak instruments arise when the instruments are weakly cor-

related with the endogenous variables. Rothenberg (1984) and Nelson and Startz (1990)
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show in their seminal work that the exact finite sample distribution of two stage least square
(2SLS) estimator depends on the strength of the instruments. Staiger and Stock (1997)
extend results in Rothenberg (1984) and Nelson and Startz (1990) to more general frame-
work and show that the asymptotic distributions of generalized method of moment (GMM)
and IV statistics are in general nonnormal. Furthermore, the standard GMM and 2SLS
point estimates, hypothesis tests, and confidence intervals are all unreliable. In order to
make valid inference, several weak instrument robust tests have been proposed, including
Anderson-Rubin (AR) (Anderson and Rubin, 1949), Lagrange multiplier (LM) (Kleibergen,
2002), and conditional likelihood ratio (CLR) (Moreira, 2003).

Yogo (2004) applies the above three robust tests to estimate EIS of eleven developed
countries and reports quite uninformative confidence interval for EIS based on stock return.
For example, based on CLR test, Yogo (2004) reports 95% confidence intervals of [—o0, 00]
for EIS for eight out of eleven countries, using quarterly data on stock returns. These uninfor-
mative confidence intervals indicate the weakness of weak instrument robust test - its power
performance is usually poor, especially when the instruments are really weak. Recently,
Andrews (2014) and Andrews and Guggenberger (2015) propose several more powerful weak
instrument robust tests and revisit the estimation problem of EIS in Yogo (2004). Although
they successfully demonstrate that their methods are more powerful than AR, LM, and CLR
tests in artificial data, but none of them report reasonable confidence intervals for EIS using

stock returns.

In linear regression framework, it is well known that the instrument variable approach is
equivalent to OLS regression that includes additional regressors to control for endogeneity.
Commonly, the additional regressors are the reduced form residuals for the endogenous
variables. This method is known as control function (CF) approach. For example, in the case
of a linear regression, a two-step estimation procedure based on the CF approach proceeds
as follows. In the first step, the reduced-form residuals for the endogenous regressors are
estimated. In the second step, these residuals are included in the primary equation as
additional regressors. Conditional on these additional regressors, the new error term is
orthogonal to the endogenous variables. However, the residuals of the reduced-form equations

are (near) multi-collinear with the endogenous variables when instruments are weak and thus
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the identification of the primary equation failed.

In this paper, we propose semiparametric CF approaches to avoid the multi-collinearity
problem in the conventional CF approach when the instruments are arbitrarily weak. Our
identification strategy is through time-varying volatility. We show that the proposed estima-
tors are y/n consistent and asymptotically normally distributed. Monte Carlo experiments
show that the proposed methods can estimate the coefficients of endogenous variables pre-
cisely in finite sample. The simulation results also show that the proposed methods have
good performance on both size and power. Given the tremendous empirical support of the
time-varying volatility in the stock returns (e.g. Schwert (1989), Kim, Shephard, and Chib
(1998)), we apply the propose methods to estimate EIS based on stock return. The esti-
mated confidence intervals for EIS for all the eleven countries in Yogo (2004) are consistent

with the general finding in the literature.

The rest of the paper is organized as follows. Section 3.2 reviews the literature on both
weak instruments and EIS. Section 3.3 presents our model specification and the identification
conditions. Section 3.4 discusses the estimation and inference under two different model
specification. Section 3.5 reports the finite sample performance of the proposed method,
compare with the weak instrument robust test in the literature. We apply the proposed
methods to estimate the EIS based on the data employed by Campbell (2003) and Yogo
(2004) in Section 3.6. Section 3.7 is the conclusion.

3.2 Literature Review

3.2.1. Weak Instrument

IV regression is one of the most widely applied method in practical work to consistently
estimate the parameter of interest when there exist endogenous variable in the linear regres-
sion model. The typical requirements for the validity of the IV regression are twofold: the
instruments are required to be (i) exogenous (not correlated with the error term) and (ii)
relevant. The second requirement implies that Z should be correlated with the endogenous

variables. The problem of weak instruments arise when the instruments in linear IV regres-
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sion are weakly correlated with the included endogenous variables. As shown in Rothenberg
(1984) and Nelson and Startz (1990), 2SLS estimator has significant bias and is poorly ap-
proximated by a normal distribution when IVs are weak and the degree of endogeneity is
medium to strong. Staiger and Stock (1997) extend results in Rothenberg (1984) and Nelson
and Startz (1990) to more general framework and show that the asymptotic distributions of

generalized method of moment (GMM) and IV statistics are in general nonnormal.

There are numerous examples of weak IVs in the empirical literature. Besides the esti-
mation of elasticity of inetrtemporal substitution we studied in this paper, another classic
example is from labor economics of Angrist and Krueger (1991) IV regression of wages on
the endogenous variable years of education and additional covariates. Dummies for quarter
of birth (with and without interactions with exogenous variables) are used as IVs for years of
education. The argument is that quarter of birth is related to years of education via manda-
tory school laws for children aged sixteen and lower. When the relationship is weak, this
leads to weak IVs. A notable feature of this application is that weak instrument issues arise
despite the fact that Angrist and Krueger (1991) use a 5% Census sample with hundreds of
thousands of observations. Evidently, weak instruments should not be thought of as merely
a small-sample problem, and the difficulties associated with weak instruments can arise even

if the sample size is very large.

Since weak IV arises when instruments in linear IV regression are weakly correlated with
the included endogenous variables. A small first stage F' statistic (or, equivalently, a low
partial R?) provides evidence that IVs are weak. Stock and Yogo (2005) develop formal tests
based on the F statistic for the null hypothesis: the bias of 2SLS is greater than 10% of
the bias based on OLS. The F test rejects the null of weak IVs at the 5% level if F' > 10.3.
Analogous tests when the null hypothesis is specified in terms of the limited information
maximum likelihood (LIML) estimator or Fuller’s (1977) modification of LIML are provided
in Stock and Yogo (2005). These tests have different (smaller) critical values. An alternative
test for the detection of weak IVs based on reverse regressions is given by Hahn and Hausman
(2002). Unfortunately, this test has very low power and is not recommended, at least for the

purpose of detecting weak instruments, see Hausman, Stock, and Yogo (2005).
As the conventional GMM and 2SLS estimate might lead to significant bias under weak
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IV, an alternative approach is to apply tests which are fully robust to the weak IV asymp-
totically. By this we mean that the designed tests have asymptotically correct probability
under weak IV asymptotics (instruments are weakly correlated with the included endoge-
nous variables). The confidence intervals (CI) are then obtained by inverting the test, this

approach was first advocated by Dufour (1997) and Staiger and Stock (1997).

The first test employed specifically to deal with weak IVs is the AR test, see Dufour
(1997) and Staiger and Stock (1997). The power of AR test is good when we only have 1 en-
dogenous variable. However, AR test has low power when we have more than 1 endogenous
variables. Since that, the literature has sought more powerful tests than the AR test that are
robust to weak IVs. Kleibergen (2002) and Moreira (2007) independently introduce an LM
test whose null rejection rate is robust to weak IVs. The power of the LM test often is better
than that of the AR test when the number of endogenous variables is larger than 1. Moreira
(2003) propose the conditional CLR test, which is a more sophisticated version of Wang and
Zivots (1998) likelihood ratio test in which a critical value function replaces a constant to
achieve the desired confidence level. The CLR test has higher power than the Wang-Zivot
likelihood ratio test. Andrews, Moreira, and Stock (2006) developed the asymptotic power
envelop of the weak IV robust test. Among the above three robust tests, they show that
the CLR test is (essentially) on the weak IV asymptotic power envelop under homoskedastic
errors and thus recommend CLR test for iid homoskedastic error models. For heteroskedas-
tic/autocorrelated error, the CLR test statistic can be replaced by a heteroskedasticity-robust
version, HR-CLR, or a heteroskedasticity and autocorrelation-robust version, HAR-CLR, see

Andrews, Moreira, and Stock (2007).

There are some other researches focus on many weak IV asymptotics. Such asymptotics
are designed for the case in which the IVs are weak and the number of 1Vs, k, is relatively
large compared to the sample size n. Chao and Swanson (2005) consider asymptotics in
which & — 0o, and n — oo. Under the weak IV asymptotics proposed in Staiger and Stock
(1997), they show that as the k grows to infinity faster enough, the 2SLS estimator and the
jackknife IV estimator are generally consistent. Since the estimation of consumption CAPM
usually only contains fairly amount of instruments, we decide not to discuss this case in this

paper. For more detailed survey for weak instrument, see Stock, James, and Wright (2000),
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Andrews and Stock (2005), Mikushava (2010).

3.2.2. Elasticity of Intertemporal Substitution

The EIS is considered as one of the main behavioral parameters in macroeconomics
and financial economics. The magnitude of the EIS is central for policy analysis and for
a host of economic issues including: (i) The value of the EIS determines the consumption
saving decisions, since it measures the sensitivity of changes in the expected consumption
growth rate in response to changes in the expected return on the portfolio for a typical
stockholder; (ii) The effectiveness of fiscal and monetary policies depends on the level of
the EIS. Specifically, the higher the value of the EIS, the less effective fiscal policy, and the
higher the value of the EIS the more effective monetary policy in increasing output (Hall,
1988); (iii) The EIS plays a key role in fitting the data in a real business cycle. The value of
the EIS is a central determinant of the level and volatility of interest rates over the business

cycle.

Although the magnitude of EIS is very important, there is no consensus about its value.
Some articles support the hypothesis of a low EIS (Hall, 1988; Campbell and Viceira, 1999;
Campbell, 2003; and Yogo, 2004), whereas others support the hypothesis of a high EIS
(Hansen and Singleton, 1982; Attanasio and Weber, 1989; Vissing-Jorgensen, 2002; and
Bansal, Kiku, and Yaron, 2007). Havranek (2014) examines 2,375 estimates of the EIS
reported in 169 published studies. He reports that the mean estimate of the EIS is about
0.5, which is rather in favor of the low EIS hypothesis. Yet, a high value for the EIS is a
precondition that the long-run risk model of Bansal and Yaron (2004) - a successful model
for explaining the risk premium and other key asset markets phenomena - has to satisfy.
When working with this type of model, we should assume that the EIS is more than one,

which conflicts with most empirical evidence.

To obtain a precise estimate of EIS, one needs to develop methods which are not only
valid under weak IVs, but also exploit sample information more efficiently. This motivates

our research.
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3.3. Model Specifications and Identification

We consider the following regression model,
yr = 2100 + ur,  E(xuy) #0, (3.1)

Ty = (Ip ® Z;,1>6(] + V¢ (32)

where y; is the dependent variable. x; and z; are the p x 1 endogenous variables and ¢ X
1 instrumental variables, ¢ > p. Note that this model specification accounts for other
strictly exogenous variables (include constant term), which have been ”partial out” of the
specification (Hahn and Hausman, 2005). Our main interest is to identify §y € B, where B
is a compact subset of RP.

Let F} is the o-field to which ¥, x; and z; are adapted, define

U

O-it =Var(w|Fi-1), uj= P tt,
U

1

Qe = Var(vlFi—1), v = Q%

We assume the following mixing conditions throughout the paper

Assumption M:

u; and v, are strong mixing (a-mixing) martingale difference process with unit con-
ditional variance, a.s., for all ¢, with filter F}, where v}, is the i element in v}. There
exist ay > 1, ag; > 1, My > 0 and M,; > 0, such that sup Eu:f4061 < M; < oo and
sup Ev*% < My < oo, fori=1,....p t

Assumption M states that both u; and v} has finite fourth moment. By this assumption
and Lyapunov’s inequality, F <|uf|45> and F (|v§‘t|45> exists for all £ < min(ay, a1, ..., Qgp),
as do all expectations involving up to any four combinations of u; and v}, for i = 1,...,p.
Note that by construction E(u;|Fi_1) = E(v}|Fi—1) = 1.

The model in equation (3.1) cannot be directly estimated by the least square method
due to the endogeneity. The two most popular methods to solve the problem are 2SLS and
control function approach. In linear models, it is well known that these two methods give

algebraically identical results when instruments are strong. However, as discussed in the
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previous section, the conventional 2SLS method suffers from weak instruments. In contrast,
we show that the control function approach proposes in this paper suffers less from the weak
instruments problem. Follow the control function approach, we can project the structure
equation residual, u;, on the reduced-form error terms, v;, and use it as additional regressors.

In particular, we can rewrite the model in equations (3.1)-(3.2) as,

!
yr = x, 00 + (E(U§|thl)7lvt> E(uwve|Fr—1) + wy

(3.3)
/
= a1 + (B(7|Fi1)"20) Blugvy|Fio) + 1wy

where

2 -1 ! *
Wy = Uy — (E(vt |Fi_1) 2vt> E(uwvf|F-1)

Lemma 3.1. Under assumption M, we can show that
(1) E(we| Fi1) = 0

(13) E(xywy|Fy—1) =0

(1i1) E(vywy| Fy—1) = 0

(iv) E(v;we| Fi—1) =0
The proof of Lemma 3.1 is given in the Appendix. Lemma 3.1 shows that the new
residual, wy, is a martingale difference sequence and is uncorrelated with x;, v;, and the
standardized v;. Thus the endogeneity in the reduced form equation (3.3) is controlled.
However, when the instruments are weak, the model in equation (3.3) is not always identifi-
able. We discuss the identification conditions for equation (3.3) under weak instruments in

the following subsection.
3.3.1. Identification under Weak Instruments

In this subsection, we discuss the identification conditions for the control function model
in equation (3.3) under weak instruments. As mentioned in the previous section, the con-
trol function approach is algebraically identical to the 2SLS when instruments are strong.
Therefore, we focus on the weak instrument case. In particular, we maintain the following

weak instruments assumption throughout the paper.
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Assumption IV:
1 & 1 &
(i) T Z Zt—1Ut —p E (Zt—lut) =0y, T Z Zt—1 QU —p E (Zt—l ® Ut) = 0pxq-

=2 =2
(i) sup(z2;) < oo.
t

C
(iii) o = Tv
constant, 1 =1,2,....p, 7 =1,2,....,q.

1 / . .
, where v > 5, C' = [c11,¢12,...,C1q,Ca1, -+ -, Caq, - - -, Cpg)', and ¢; is finite

Assumption IV (i) states that the instruments satisfy the conventional orthogonality con-
dition. IV(ii) states that the instruments have finite second moment for all ¢. Both are stan-
dard in the literature. IV(iii) states the partial correlations between endogenous variable
and the instrument variables converge to 0. This assumption has been widely assumed in
the weak instrument literature and is the same as Staiger and Stock (1997) when v = 1.
Formally, IV (iii) induces a triangular array structure, but we drop the additional affix 7" in
the arguments when it introduces no confusion.

To clarify identification conditions, we rewrite the model in equation (3.3) into moment
condition form. First, literature usually assume FE(vZ|Fy_ ;) = , and E(uw}|Fi_1) = 70,
where €2, and g are constant for t = 1,..., T, 70 = (Y10, -, %0); Vjo = E(uw}|Fi-1). In
this case, v} = Q;%vt fort =1,...,T, and equation (3.3) becomes
R 5
ot (v — ) — 0)

When instruments are weak, 6 — 0 and z; — v; as T' — o0, thus x; and v; are asymptot-
ically collinear. Since v; = Q v, fort =1,...,T, z; and v} are also asymptotically collinear.

As a consequence, the first p moment conditions and the p + 1** to 2p! moment conditions

in equation (3.4) are asymptotically the same, so we only have p moment conditions,
Ex, (yt — 300 — v;‘/%) 1=0 (3.5)

We have 2p unknown parameters, (o, o), but only p moment conditions. Furthermore,
rank condition is not satisfied since x; and v; are asymptotically collinear. Therefore, the
identification failed in this case.

The above analysis shows the weak instrument problem in control function approach

stems from the collinearity between regressors when both F(v?|F,_;) and E(uv}|F;_,) are
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constant over time. In contrast, when we don’t assume F(vZ|F;_;) and E(us}|F;_;) are
constant over time, equation (3.3) can be rewritten as the following moment conditions,
g [it (yt — 230 — U:,E(utUﬂFt—l)) 1
vy (yt — 30 — U:/E(UtU:‘Ft—ln

Under assumption IV and M, v, €2, and vy can be identified from the reduced-form

=0 (3.6)

equation (3.2). However, u; cannot be identified separately without identifying 3y, this
makes the model in equation (3.6) unidentified without restriction on the functional form of
E(uwf|Fi-q).
To see this more clearly, we can define wy(3*) = y; — ;0% for any given 5* € B. Then
the model in equation (3.6) can be rewritten as,
. [ (9 — 218" = o} B(w(8°)v;| Fiv)) ]
of (e — 248" — o} E(u(8)0} | Fi ) )
By the law of iterated expectation, the above moment conditions can be expressed as,
. [E (e (e = 26" = o7 E(u(37)07 | Fir)) | Fre)) 1

E (v (o — 218" — o) E(u (870} | Fi1) ) |Foen))
[E (ve (a8 = ' B(ua(8)0; | Fima) ) | Fima) ]

E (vt* (Ut(ﬁ*) — U:’E(ut(g*)vﬂ}?’t_l)) |Ft_1))

where the convergence result comes from IV(3). As the equality in equation (3.8) holds for

=0 (3.7)

(3.8)

any arbitrary 3* € B, the moment conditions model in equation (3.6) can’t be identified.
In summary, the model in equation (3.3) cannot be identified under assumption IV when
we assume both E(v2|F;_1) and E(uv;|F;_;) are constant over time, or when there is no
restriction on the functional form of E(wvf|F;_1). Since ,, and v; can be identified from
the reduced-form equation under assumption IV and M, the time varying variance of v
can be easily taken into account. Therefore, we focus on the functional form of E (w0} |F;_1)
which can allow us to identify the parameters in equation (3.3). In the following, we proposed

two different specifications of E(uv;|F;_1) for this purpose,
Case 1: E(uj;|F;_1) = vio where 7, are constant for all ¢, i =1,... p.

In this case, we have the same moment conditions as equation (3.4). Nevertheless, when

Q, is time varying, x; and v; are not asymptotically collinear. Therefore, the convergence
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results in equation (3.5) won’t happen and we have 2p moment conditions. Meanwhile, rank
condition is also satisfied since x; and v} are not asymptotically collinear. Thus, the model
in equation (3.3) can be identified under this specification. Note that constant E(usv},|Fi_1)
is often assumed in the literature since the model is then easier to compute. Case 1 have
same advantage as the model can be estimated by simple OLS method, but it exploits more
information from data since it accounts for the time varying variance in v;. We propose

another specification to relax the constant assumption in the next case.

Case 2: E(uv}i|Fi—1) = apo, + a0, us—10];_; where ago, and oy, are constant for all ¢,

1=1,...,p.

This specification is in the same spirit as Engle (2002), where we assume the covariance
between u; and v} follows an autoregressive conditional heteroskedasticity (ARCH) process

1. In this case, the moment conditions in equation (3.6) can be rewritten as

i=1

p
Ty (yt - $Qﬁo - Zvﬁ(aooi + Ofloiut—lvft—ﬁ)
E =0

p
vy (yt — 248 — Y v (o, + Oéloiut—lvfm))

=1

As in case 1, the convergence results in equation (3.5) won’t happen and rank condition
is satisfied as {2, is time varying. Thus, the model in equation (3.3) can be identified under

this specification.

In the next section, we discuss the estimation and inference of the model in equation

(3.3) under the above two different specifications.

3.4. Model Estimation and Inference

3.4.1. Case 1

! 'We focus on ARCH(1) specification here for simplicity. The model can be easily extended
to ARCH(k), where & > 1. Furthermore, if we assume that both u,; and v; follow normal
distribution, then we can extend the specification in case 2 to generalized autoregressive
conditional heteroskedasticity (GARCH) process.
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In this case, the model in equation (3.3) becomes a linear model with constant coefficient

Y, = 1,80 + v 0 + wy

(3.9)

where w, is uncorrelated with z; and v; and a martingale difference sequence as we show in

Lemma 3.1.

To address the time varying variance in v;, we make the following assumption throughout

this section.

Assumption V

(i)

p) el )
pomay)- 0] m(2) - (o)
n(§) () ().

) ol

t

)

where h;;(-) = hj;(+), hi;(-) are non-stochastic, measurable, uniformly bounded on the interval
t

(0, 1], and satisfy Lipschitz condition, for all 4,7 = 1,...,p. irtlf i (T) > 0, for all i =

1,...,p.

(i) Q (%) is not constant and nonsingular over ¢.

Assumption V is in the same spirit as Cavaliere (2004), Phillips and Xu (2005), and
Xu and Phillips (2008). Note that under Assumption V, the function h;;(-) is integrable on
the interval [0,1] up to any finite order, ¢ = 1,...,p, j = 1,...,p. For brevity, we write
I R (r)dr as I hi(r) for any finite positive integer m. It is straightforward to see that z;
and v; are not asymptotically collinear under assumption V(2). We focus on the time varying
unconditional variance of v; in assumption V since the endogenous variable in our motivating
example is stock returns, which has tremendous amount of evidence about its time varying
unconditional variance (see e.g. Kim, Shephard, and Chib (1998), Omori, Chib, Shephard,
and Nakajima (2007)). Feng (2004) and Engle and Rangel (2008) discuss how to combine
the time varying unconditional variance with GARCH model with more assumptions on the

error term, u; and v;.
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Define s, = (2}, v}"), the estimator (3,7) can be expressed as,

<A> ZT: 1i5£yt

Theorem 3.1. Under assumption IV, M, and V, assume 2,; and ¢ are known,
B = fo
¥ =%

VT ( ) — dN(0,T7 AT

where

[ [Q:
e (V)

The proof of Theorem 3.1 is given in the Appendix. Theorem 3.1 shows that the es-
timators are /n consistent and asymptotic normally distributed when the true value of §
and €2,; are known. It also demonstrates the problem of weak instruments in the absence of

time-varying variance. In particular, when Q,, = Q,

a o
(2
a1

which is a singular matrix. Thus the asymptotic variance covariance matrix cannot be
computed.

The OLS estimators in Theorem 3.1 are infeasible in practice, since the true value of
and ), are unknown. To produce a feasible procedure, we propose to use a kernel-based
estimator that can consistently estimate 2,; and v;. In order to have uniform convergence
rate throughout the support of h;;(+), i, = 1,...,p, we propose to use the generalized kernel
proposed by Muller (1991).

Let o = 2y — ([, ® zt)g be the first stage OLS residuals. Also let b;; = b;;(N) — 0
denote a bandwidth and let K(-),, denote a univariate generalized kernel function with the
properties Kj, (u,t) =0if u >t or u < 1—t; for all t € [0,1],

=G+ /t W Ky, (u, t)du = { b=
=1 0, ifl<j<r—1

We call Kj,,(-,-) a univariate generalized kernel function of order 7.
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The following example is taken from Muller (1991). Define

az 1, ifj=0
Mar([ar, as]) = {g € Lip([al,@])j/a 2l g(x)dx = { }

! 0, ifl<j<r—1
where Lip([ay,as]) denotes the space of Lipschitz continuous functions on [aj, as]. Define
K, (-,-) and K_(-,-) as follows:
(i) The support of K (z,q') is [-1,¢'] x[0, 1] and the support of K_(-,-) is [—¢, 1] x [0, 1].
(ii) K4(q") € Mo, ([-1,¢]) and K_(-,¢') € Mp,([—¢,1]). We note that K,(-, 1) =
K_(-,1) = K(-) € Mp,([-1,1]). Now let

Ki(u,1), ifb<t<1—h

u t .
Kp(u,t) = K+(E,E), if0<t<h
u l1—1
K (-, —— fl—h<t<1
(h,’ h )7 Z.f e — e

Then we can show that Kj(,-) is a generalized kernel function of order r.
Assume the bandwidth parameter b;; satisfies O(T_%) < bi; < O(T‘é)‘v’z’,j =1,2,...,p

The estimator v; can be expressed as

where

N I
Py <,{> o <r{> hlp(g)
o _ | (T) oo <T> hQ,,(T)
NS I
Tt (¢T)  Tos (T) . (T)

(Y
hij T Zzwm‘jvw%‘n Wirig

=1

Under the above generalized kernel estimator, follow Feng (2004) and Feng and Yu

(2006), we can have the following convergence results

Lemma 3.2.
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(i) i (r) = i (r) = O (%) + O, (Tby; =), € [0,1]
(iii) o — v} =0, (T77)
The proof of Lemma 3.2 follows the proof in Feng (2004). Lemma 3.2 states that the time-
varying volatility can be estimated precisely. Lemma 3.2 (ii) is the conventional convergence
result in nonparametric estimation. Lemma 3.2 (iii) states is the under smoothing results

from choosing the convergence rate of bandwidth appropriately. This condition is used for

Corollary 3.2 below.

Therefore, a feasible estimator (B, 7) can be obtained by the following three step ap-

proach.

Step 1: Estimate the instrument equation by OLS, obtain a consistent estimators of vy,

Step 2: Apply the generalized kernel estimator above to estimate the time varying

variance covariance matrix €2, and calculate v} as €20,

Step 3: Replace v} in equation (3.9) with o} and estimate the new model by OLS.

Follow Lemma 5.1 in Newey (1994), the feasible approach can consistently estimate 3
and . To make correct inference on 3, however, we need to take into account the generated
regressors problem due to the estimation of 6 and o,; (Pagan (1984), Newey (1994)). Never-
theless, Theorem 3.1 still provides a useful result for testing endogeneity. Note that in this

case, v; = p;0y, thus when there exist no endogeneity, p; = v; = 0.

Corollary 3.1. Under the same assumptions in Theorem 3.1, a test for endogeneity can be

established as

HO % = 0
where the test statistics vT7 (I'7 ' A T 15—, )(12,, (D7 PALTTY), is the p x p bottom right
block of the FflAJ‘l—l in Theorem 3.1.
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The proposed test in corollary 3.1 does not suffer from the generated regressors problem.
This is because when p = v = 0, the model in equation (3.1) can be directly estimated by
OLS and thus no extra uncertainty is introduced. ? This can be seen as an extended version
of the Hausman-Wu test (Hausman, 1978; Wu, 1973) under weak instrument. Note that, in
the absence of weak instrument and time-varying variance, Wu’s (1973) approach is to test
for the significance of v in equation (3.9), and the result is equivalent to the Hausman test.

Corollary 3.2. The feasible estimator (3,7) has the following asymptotic distribution
B~ bo
=%

VT ( ) —4 N(O,TTIATTY

where

1 T p p t
AT = lim T Z FE (wtsg — G(SMilztflUt -+ Z Z Di,j,t [vitvjt — hij (T) — G5M12tlvt:|)
t=2

T—=o0 i=14i<j

/
p P t
X (UJtS; — G(;M*lzt,lfut + Z Z Di,j,t |:Uz'tvjt — hij (T) — G(;Mlztlvt]>

i=1i<j

T _ _ *) of
Gs = lim lZE (8(% xtﬁaoa %Ut)st>

1 T
M = lim TZE(zt_lzg_l)

T—o0 1—2
0 (yt — B — '70”:) Si)
o, ()

Di,j,t - E (
3.4.2 Case 2
In this case, the model in equation (3.9) can be rewritten as,
p
Y = x380 + Y v (oo, + oo, u—105_1) + wy (3.10)
i=1
Unlike case 1, the model in equation (3.10) can’t be estimated by OLS method, since
u; can’t be identified separately without identifying 3. Nevertheless, under the specifi-

cation in equation (3.10), one can calculate u(8) = v — 0 given any fixed value of

B, for t = 1,...,T. Therefore, one can estimate § and wu, simultaneously. Let ag =

% This is similar as in the control function literature (see e.g. Kim (2004) and Kim (2010)).
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(00,5 - - -5 00,), @10 = (@0, --.,10,), and 0 = (', ag, ), and define g(y¢, x4, v350) =

2
[yt — 8 =3 vi(ao, + oqiut_l(ﬁ)vjt_l)} the estimators can be expressed as,

~ R
0 = argmin — > g(ys, ¢, 0] 0) (3.11)
o T3

Theorem 3.2. Under assumption M, IV, and V

The proof of Theorem 3.2 is given in Appendix. Theorem 3.2 shows that the proposed
estimator in equation (3.11) can consistently estimate the model parameters. The following

theorem shows its asymptotic distribution,

Theorem 3.3 Under assumption M, IV, and V
B~ B
\/T &0 — Qo —d N(O, F2_1A2F2_1)

a1 — ool
where
a !] ytaxbvtae)
I's=I1lim =Y F
27 7T ! Z ( 0606' .
ag(%a T, Ut 3 0) ag(ytv T, Ut ) 6)
Ao =l 7 Z b ( o0 a0/ -

Same as case 1, the estimators in equation (3.11) are infeasible in practice, and the
feasible estimator can be obtained by the same three step approach in case 1, except we
minimize the quadratic function in equation (3.11) in step 3. The extended Hausman-Wu

Test in this case can also be performed as follows,

Corollary 3.3 Under the same assumptions in Theorem 3.1, a test for endogeneity can be
established as
H() L0y =01 = 0
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where the test statistics VT (I3 1A I3 N1 —, Xz, (D5 'A5D5 1Y), is the 2p x 2p bottom
right block of the I';'A,I'; ! in Theorem 3.3.
Follow Newey (1994), the asymptotic distribution of the estimator in case 2 can be
derived as,
Corollary 3.4 The feasible estimator (5, (i, 1) has the following asymptotic distribution,
B~ fo
VT | @ —ag | —a N(0,T5 AT

a1 — Qg
where
. 1 & 0g(yy, T, v} 0 _ P 2 t _
Al = jlglgo T Z FE < g(yt 8; ¢ ) — G(;M 12,5711)15 + Z Z Di,j,t [vitvﬁ — hij (T) - G(;M 1Zt1Ut:|)
t=2 i=14<j
/
X ( g(yt a; ! ) — G5M IZt_lvt + ZZDZ}N |:U’it/th — hZ] (T) — G(SM 12’15—1%])
i=14<j
1 & O(ye — B0 — Yovy) s,
= 1 —
G = Jim = ; E ( 96
1 T
M = lim — > E(z-17_4)
L =2
Di.,=E 8(3/75 — 2y — ’YOUZK)SQ

3.5. Monte Carlo Simulation

In this section, we analyze the finite sample performance of the proposed methods. We
consider two different data generating process (DGP) in the Monte Carlo experiments to fit

with our case 1 and 2,

DGP 1
Y = T3 + uy,

Ty = zt(S + Ut,

Corr(v,u)) = p
9 (T — t)
Oyt = Ouo + ) oun
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where T' = 200, 0,90 = 0.1, 0,1 = 5, and § = 0.01/\/7. uf ~ N(0,1), vy ~ N(0,1).

DGP 2
Y = T3+ uy,
Ty = 20 + vy,

* *
Cov(vy,ur) = ap + qu—1v;_4

, Tt
Oyt = Ow0 + (T> Ou1

where T = 200, 0,0 = 0.1, 0y = 5, and § = 0.01/vT. uf ~ N(0,1), v; ~ N(0,1).

First, Table 3.1 reports estimation results under each DGP. The upper panel of column
2 shows the estimation results under DGP 1 when p = 0.9, whereas the bottom panel
corresponds to p = 0.5. The third Column presents the estimation results under GDP 2
when ay = 0.5, @y = 0.1 (upper panel), and ay = 0.05, a3 = 0.3 (lower panel). The results
shows that the proposed methods can estimate the parameter of interest, (3, precisely in all

different cases.

Second, follow the weak instrument literature, we focus on the finite sample power of the
test, Hy : B = 0, against fixed alternative. Figure 3.1 presents the power curve under DGP
1. Solid line is the power curve for the proposed method in case 1. The power curve of the
proposed method goes to 1 very fast, while the power curves for the three robust test are
almost flat line. Figure 3.2 presents the power curve under DGP 2, which shows the same
pattern as in Figure 3.1. Thus we conclude that the proposed methods perform much better
than the weak instrument robust test when there exist time vary volatility in the endogenous

variable.
3.6. Elasticity of Intertemporal Substitution: Consumption CAPM

The elasticity of intertemporal substitution (EIS) in consumption is a parameter of
central importance in macroeconomics and finance. Let § be the subjective discount factor

and 7 be the coefficient of relative risk aversion. The Epstein-Zin (1989, 1991) objective
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function is defined recursively by

- o\ (1=1/8) (1= A=1/9)
U= |1 -8 15 (EULT) q

(3.12)

where C} is consumption at time ¢, E;(-) is the conditional expectation on information up to
t. The representative household maximizes the objective function in equation (3.12), subject

to the intertemporal budget constraint
Wi = (14 Rwep)) Wy — Cy) (3.13)

where W,y is the household’s wealth and 1+ R+ is the gross real return on the portfolio
of all invested wealth at ¢t + 1. Epstein and Zin (1991) show that equations (3.12) and (3.13)

together imply an Euler equation of the form

_ 0 1-6
) ()
5( ) — ) a+g
( Cy 1+ Rwita ( #+1)

where = (1 —~)/(1 —1/v), 1 + R; ;41 is the gross real return on asset 1.

Et :1

Given a vector of instruments, the parameters 9, v, and ¢ can be estimated by GMM
through the above nonlinear Euler equation. This is the approach taken by Hansen and
Singleton (1982) and Epstein and Zin (1991). As noted by Epstein and Zin (1991), the
difficulty with this approach is that it requires knowledge of returns on the wealth portfolio,
which includes returns on human capital. Hence, Roll’s (1977) critique of the testability of
CAPM applies.

Alternatively, the above nonlinear Euler equation can be log linearized as

EAci1 = Ty + YEr; 144 (3.14)
where C
Aciq = log < t+1)
Cy

Tigr1 = log (1 + R;441)

1—46 0
Tit = U <log5 + 2Var(7’w7t+1|Ft_1)> + @Var(AcHﬂFt_l)

+1§Var(r,~7t+1|Ft_1) —0Cou(r; 441, Acy|Fy—q)
To estimate the EIS, one typically replaces the expectations in equation (3.14) by the

actual observations and uses the following regression equation,

Aciyr = T + YTipp1 + Ui (3.15)
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where Ac;y, is the consumption growth at time ¢ + 1, r;,4; is the real return on asset ¢ at
time ¢ + 1. In general, two types of assets are usually considered, risk free asset (treasury
bonds) and the risky asset (aggregate stock return). The error w; 1, which is linear in
the innovation to consumption growth and asset return, is correlated with the regressors
rit+1. Thus, one usually need instrument variables to estimate equation (3.15). Given a
vector of instruments Z; is uncorrelated with the error, we have the moment restriction,

E(Ziu;t11) = 0, so that ¢ can be estimated by the following reduced form equations,
Tit+l = 225 + Vg4 (3.16)

In the finance literature, equation (3.16) is also called predictive regression, where we use
lagged variable, z;, to predict return on assets, 7; ;1. However, as noted in Cochrane (2008),
returns on assets, especially aggregate stock return, are notoriously hard to predict, which
implies z are only weakly correlated with r;;,,. Therefore, we will have weak instrument
problem when we estimate the model in equations (3.15)-(3.16), this is consistent with the
statement in Neely, Roy, and Whiteman (2001) and Campbell (2003), and Yogo (2004).

In order to overcome the weak instrument problem, Yogo (2004) apply the weak instru-
ment robust test to estimate the model in equations (3.15)-(3.16). The author considered
eleven developed countries in Campbell (2003)’s data set. The instruments he used are the
nominal interest rate, inflation, consumption growth rate, and log dividend-price ratio. To
avoid the time aggregation problem (Hall, 1988), all instruments are lagged twice. The last
three column in Table 3.3 shows Yogo’s (2004) estimation results (Yogo (2004), table 5). For
22 out of 33 confidence intervals, the three widely used weak instrument robust tests can
only report real line as confidence interval.

We propose to estimate model in equations (3.15)-(3.16) by the CF approach. Notice
that there exist strong empirical support of the time-varying unconditional variance of the
aggregate stock return, so equation (3.15) fit into our framework perfectly. For comparison
purpose, we use the same data set and instruments as Yogo (2004). Figures 3.3-3.13 show the
aggregate stock return and the estimated volatility based on the generalized kernel estimator.

These figures show that the generalized kernel estimator can capture the volatility clustering

(Mandelbrot, 1963) quite well.
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Table 3.1 shows the point estimates obtained by the CF approach and the conventional
GMM approach. For most of the countries, GMM estimator are larger than the CF estima-
tor. This is consistent with the weak instrument literature. In particular, when instruments
are weak, the GMM or 2SLS estimator will bias toward the OLS estimator. In contrast, the
proposed method is robust to weak instrument and thus the point estimate will be consis-
tent. Table 3.2 shows the confidence intervals obtained by the CF approach and the three
weak instrument robust tests. The AR, LM, and CLR tests all report very uninformative
confidence intervals for most of the countries as in Yogo (2004). This is consistent with
our argument that the power of the weak instrument robust test strongly depends on the
strength of the instruments. When the instruments are really weak, one can hardly reject
any null hypothesis. In contrast, the confidence interval obtained by CF approach is much

tighter and also consistent with the findings in Hall (1988).

3.7. Concluding Remarks

We propose a feasible CF approach to deal with the weak instrument problem in this
paper. We show that the estimator is root-n consistent and is asymptotic normal. We
also propose to use wild bootstrap to estimate the asymptotic variance of the estimator.
Simulation studies show that the CF approach has significant power advantage compare
with the weak instrument robust test. We apply the CF approach to estimate EIS as in
Yogo (2004) and obtain a much tighter confidence interval.
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Appendix 3.A.
3.A.1. Proof of Lemma 3.1

By construction, w; = u; — v}y, = uy — v} poys.
For (i), it follows immediately from assumption M.
For (ii),
E(zywi|Fi_1) = (((Ip ® 2, )00 + Ut) (ut - vf/paut) |Ft_1)
(vt (ut — v:’paut> ]Ft,l)
(Utut|ﬂ—1) -k (Utvz(/|Ft—1> POut
1

_ (Q;ﬁ — Q.2 F (v;*v;"m_l)) POt

where the second equation follows by assumption M, and the last follows E (viv;'|Fi_y) = I,
by construction.

Proofs for (iii) and (iv) follows the same logic as (ii) and thus are omitted.
3.A.2. Proof of Theorem 3.1
The proof of Theorem 3.1 relies on a set of Lemma which we present below.

Lemma 3.A.1: )
1 ra job
T;Stst —)p (fQé 1 )

Proof:

It suffices to show,

1t:,} 1
(i) = S wey =, [0
=1
For (i)
1 / 1 d ! 4 ! !
fzxt% = fZ(I ®Zt 1)55( ®zt )+ Z(]p®zt—1)5(92vt)
=1 =1 =1
LT . (3.A.1)
+5 Z QQUt )0 (I, ® 2_) + Z(QQU:)(QZU:)/
T= =1



For the first term, IV(ii) and (iii) ensures the following convergence result,
1 T T
fz p ® 2,_1)00' (1, ®Zt1,:?2 p ®2_1)CC (I, ® 2_,) = 0 (3.A4.2)
t=1 t

For the second and third term, follow the orthogonality conditions in IV (i),

1 ¢ L1 w\s

T > (I, ®2_1)d(22v;) —, 0 (3.A.3)
t=1

1 &

F 2 ()Y (L, ® %) =, 0 (3.4.4)
t=1

For the fourth term, by the law of large number for martingale difference sequence and

assumption V,
= ()@Y =, Jim TZE( Q) /Q (3.A4.5)
Ti= T=eo

Thus the desired result can be obtained by combining the results in equations (3.A.1) to
(3.A.5).

For (ii),

1 4 */ 1 a / */ 1 4 * okl

T;%Ut = T; (Ip®zt71) v+ T;thvt (3.A.6)
The first term converge to 0 follow the same argument in (i). For the second term

1

T
ZQ% » lim —ZE Q’v;‘v;" /Q2

t:l T—>oo

Lemma 3.A.2:

—_

M=

(i) (v,gufv,’t —-F (Utw?vz)) —, 0

t

Il
R

T
1

(ii)

™=

!/
(vtwfv: —F (vtwfv;‘)) —, 0
t

T
1
T

M=l

(iii)

* D % * 2 %/
(vtwtvt —E(vtwtvt )) — 0

t=1

Proof:
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For (i)

2,2 2 2
V], W; V0% Wy ... U UpW;
2 2,2 2
5 Vo U1 Wy VW, S Uy Up Wi
VW, Uy =
2 2 2,2
UptVU1t Wy UptUWy ... VWi

Note that v;; and w; are a-mixing by Theorem 14.1 in Davidson (1994), thus v;v; and

2

w? are mixing and therefore near-epoch dependent in L? norm on the a-mixing sequence

{vf,ui}. So by Theorem 17.9 in Davidson (1994), v;v;;w; is near-epoch dependent in L*

norm on {v;,u;}. Let @ = min{ay, as1, ..., s}, we have,

2] da 1, da g, Ao
E [Uitvjtwt} < Bvy Bug Bwg® < 00

by assumption M and Cauchy-Schwartz inequality. Thus by the law of large numbers for

L'-mixingales (Andrews, 1988), we have the desired results. Proofs for (ii) and (iii) follows

the same logic and thus are omitted.

Lemma 3.A.3:

IIMH

'I,Ut —>d 0 Qg)

Proof:

Follow Cramer-Wold theorem, it suffices to show,

1
Nid Z Nsywy —4 N(0, N'Qa)\)

for every fixed 2px 1 vector A = (A1, \y)’, where Ay = (A1, A2, - - -,
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First,

T
Z (N zywy + Ayvfwy)

Stwt

||M%

(X ® 2z;_1)0wy + Njvgwy + Ayv) wt)

M=IM=T

(ALvswy + Xyvywy) + 0p(1)

-5~ 5]~ -

~

S5 I

Z)\’st wy + 0p(1)

where s} = (vg, v} ), and the third equation follows from assumption IV (i) and (iii).

Second, note that {\'s{'w,, F;} is a martingale difference sequence by Lemma 3.1. Then

the following convergence results follows Lemma 3.A.2
1 4 / 2 x/
TZ wisy'spA —p NAN
t=1
Moreover, we have

E(Nsiw)* = HX VW, + Aévfwt\IQO‘

3.A.8
Z | Arivsiwe| 20 + Z ||)\21Utlwt|’2a) ( )

=1 =1
where the inequality follow by Minkowski inequality.

Furthermore, we can show that each component in equation (3.A.8) are finite,
A sitnstelloa = Dl (B )2 < Al (Bujf Buif®)3s < oo

1 1
[ A2ivfwe]|2a = [Aoi| (B (vjwe)*®)2s < Mgl (Evj,** Ew}®)3s < oo

where the inequality follow by Cauchy-Schwartz inequality.

So we can conclude that equation (3.A.8) is finite, by the central limit theorem for the
martingale differences, equation (3.A.7) holds and then we have the desired results.

The proof of Theorem 3.1 follows Lemma 3.A.1-3.A.3.

3.A.3. Proof of Theorem 3.2
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Let 6 = (0, ap, o)), we have the following result uniformly in 6,

1z P ?
QaszE:@rww—zyamm+manwzn)
t=1 i=1
17 P ?
:Tz<ut+a:t (Bo— th o, + a, (w1 + 7,1 (Bo — ﬂ))%ﬁ—l))
t=1 i=1
1z P ?
- fz (ut + 0, (B0 — B) = >_ vy (o, + an, (w1 + vi_1 (Bo — ﬁ))v;_l)) + 0,(1)
t=1 =1

where the last equation follows assumption IV(iii).

Q,(0) is continuous everywhere in 6. We also have the following boundedness result,

1\ 4o
E (1w + vl = ) = 0'p (o2 + Couun, v (B = B) + (5o — BB — )

s(mmm+w4%—ﬂwm+

<0

4o

e+ 0 — 8) = vi'p (02, + Covlun, ) (6 — B) + (B — B)Quu(B — B))

4o

07’0 (0%, + Covlau, 1) (Bo — B) + (B — ) Qua(Fo — B))

4o
4a>

where the inequality follow by Minkowski and the finiteness follows assumption M and IV.

Define Q7 (0) = Q,(0) — Q. (6o), where 0y = (), o, )’ Note that u;, and v, are ov mix-
ing by assumption M, thus (u, + v](B — 8) — S0, v (oo, + aso, (1 — vf_1(3 — B))vi)]
is near-epoch dependent in L' norm on the a-mixing sequence {v}, u}}. By the law of large
numbers for L'-mixingales (Andrews, 1988) and the boundedness result above, we can show

that QF(0) — pE(Q%(0)) uniformly in 6. Consistency then follows if the minimum is unique.
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It can be shown that

~, 1L P . 2
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+ Z CVliUi,tfl'Uz—l(ﬁO — 5)] }
i=1

Under assumption V', x has full rank and thus the above moment is uniquely minimized
at 0 = 90.
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Table 3.1. Finite Sample Performance of the Proposed Estimator

True Value Case 1 Case 2
3 1 1.002 0.995
(0.052) (0.069)

5 0.9 0.907 -
(0.165) -
o 0.5 _ 0.476
; (0.199)
a 0.1 - 0.097
_ (0.082)
3 2 2.002 1.999

(0.057)  (0.059)

0% 0.5 0.503 -
(0.173) -
% 0.05 - 0.037
- (0.154)
o 0.3 - 0.251
- (0.097)
Note:

1. Second column shows the results based on DGP 1 and proposed method case 1. Second
column shows the results based on DGP 2 and proposed method case 2.
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Table 3.2. Heteroskedasticity-Robust Estimate of EIS

Country Sample Period CF 1 CF 2 GMM

AUL 1970.3 - 1998.4 0.01 0.03 0.16
CAN 1970.3 - 1999.1 0.15 0.12 0.26
FR 1970.3 - 1998.3 0.05 0.03 0.06
GER 1979.1 - 1998.3 0.09 0.05 0.10
ITA 1971.4 - 1998.1 0.07 0.04 0.08
JAP 1970.3 - 1998.4 0.07 0.08 0.12
NTH 1977.3 - 1998.4 0.11 0.06 0.13
SWD 1970.3 - 1999.2 0.04 0.04 0.04
SWT 1976.2 - 1998.4 0.08 0.06 0.09
UK 1970.3 - 1999.1 0.16 0.08 0.16
USA 1947.3 - 1998.4 0.10 0.09 0.18

Note:
1. This table reports the EIS estimated by the proposed approach and the conventional two
step GMM estimator. CF1 and CF2 are estimated by model in case 1 and 2, respectively.
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Table 3.3. Heteroskedasticity-Robust Estimate of EIS

Country CF 1 CF 2 AR CLR LM
AUL [-0.11,0.14] [-0.13,0.19] [—00,00] [—00,00] [—00,00]
CAN  [0.03,0.28]  [-0.10,0.34] [0.02,4.03] [0.05,0.35] [0.04,0.41]

FR [0.03,0.15]  [-0.01,008)  [-0.28,0.20] [—00,00] -0.16,0.11]
GER [-0.01,0.19] [-0.01,0.11] [—00,00] [—00,00] [—00,00]
ITA [-0.03,0.17] [-0.02,0.10] [—00,00] [—00,00] [—00,00]
JAP  [0.050.19]  [0.04,0.16]  [-0.050.32]  [1.01,020]  [-0.02,0.21]
NTH [0.03,0.19] [-0.02,0.18] [—00,00] [—00,00] [—00,00]
SWD [-0.01,0.07] [-0.02,0.11] [—00,00] [—00,00] [—00,00]
SWT [-0.04,0.21] [-0.12,0.24] [—00,00] [—00,00] [—00,00]
UK 10.02,0.29] 0.01,0.15]  [-0.51,-0.02] [—00,00] [—00,00]
USA [0.11,0.27] 0.05,0.13]  [-0.21,-0.02] [—00,00] [—00,00]

Note:

1. The sample period is the same as in Table 3.2.
2. This table reports the CI of EIS estimated by the proposed approach and the weak
instrument robust tests. CF1 and CF2 are estimated by model in case 1 and 2, respec-

tively.
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Figure 3.1. Power curve under DGP 1.
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Note: Power curve under DGP 1 for Hy : § = 0 against fixed alternative. X axis denote
the value under alternative hypothesis. y axis represent the test power. Solid line is the
power curve for the estimation method in case 1. Dotted line is the power curve for CLR
test. Dashed-dotted line is the power curve for LM test. Dashed line is the power curve for
AR test.
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Figure 3.2. Power curve under DGP 2.
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Note: Power curve under DGP 2 for Hj : f = 0 against fixed alternative. X axis denote
the value under alternative hypothesis. y axis represent the test power. Solid line is the
power curve for the estimation method in case 2. Dotted line is the power curve for CLR
test. Dashed-dotted line is the power curve for LM test. Dashed line is the power curve for
AR test.

118



ia

Austral

Figure 3.3. Aggregate Stock Return and Estimated Volatility
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Figure 3.4. Aggregate Stock Return and Estimated Volatility: Canada
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France

Figure 3.5. Aggregate Stock Return and Estimated Volatility
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Figure 3.6. Aggregate Stock Return and Estimated Volatility: Germany
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Italy

Figure 3.7. Aggregate Stock Return and Estimated Volatility
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(a) Aggregate Stock Return. (b) Estimated Volatility.
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Netherland

Figure 3.9. Aggregate Stock Return and Estimated Volatility
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(a) Aggregate Stock Return. (b) Estimated Volatility.
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Sweden

Figure 3.10. Aggregate Stock Return and Estimated Volatility

L

\AEAANNM

v

AN

I\

1T YN,

A

WY

0.4

0.3

0.2

0.1 7

0.1

-0.2

-0.3

-0.4

-0.5

Z0666T
20866 T
EDBET
FOO66T
TDo966T
Z0566T
EDFEET
FOEBGT
TDEBET
ZDE6ET
EDTEET
FOOBET
TOO0BET
ZOEBET
£DE36T
FOLBET
TOEBET
T0EET
EDSEET
FOMBET
TOWEET
ZDER6T
EDEBET
FOTEET
TOT=86T
Z00B6T
EDGLET
FO2L6T
TOBL6T
Z0LLBT
ED9LET
FOSLET
TOSLET
ZOFLET
EDELRT
FOELET
TDELRT
Z0TLET
EDOLET

0.18

0.16

0.14

0.12

Z066ET
CDB66T
EDUEET
FO96ET
TO966T
Z0S66T
EOtEET
FOEBET
TDEGET
Z0Z66T
EDT66T
FO06ET
TO06ET
ZOE2ET
£DE26T
FOLEET
TOMBET
CO9EET
EDSE6T
FORET
TOWEET
ZDEBET
£0TEET
FOT26T
TOT=6T
Z00BET
EDBLET
FOBLET
TOBLET
ZOLLET
£09L6T
FOSLET
TOSEET
ZOWET
EDELET
FOZLET
TOZLET
ZOTLET
ED0LET

(a) Aggregate Stock Return. (b) Estimated Volatility.
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Figure 3.11. Aggregate Stock Return and Estimated Volatility: Switzerland
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Note: (a) Aggregate Stock Return. (b) Estimated Volatility.
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Figure 3.12. Aggregate Stock Return and Estimated Volatility
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(a) Aggregate Stock Return. (b) Estimated Volatility.
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United States

Figure 3.13. Aggregate Stock Return and Estimated Volatility
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(a) Aggregate Stock Return. (b) Estimated Volatility.
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