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In this thesis, we shall study optimal control problems, e.g. linear-quadratic-regulator (LQR),
least squares stationary optimal control, linear quadratic (LQ) dynamic games, through the
lens of first-order algorithms. The developed theories on these topics are largely derived from
model-based dynamic programming. Recently there is a surge of interest in constructing
optimal control strategies directly, viewing control synthesis by policy gradient based algo-
rithms. Adopting such a point of view has been partially inspired by the success of learning
algorithms, such as Reinforcement Learning (RL), where using principles of Dynamic Pro-
gramming (DP), one can devise real-time model-free methods for both continuous-time and
discrete-time LQR. The direct policy update approach offers advantages in terms of scala-
bility, model-free implementations and richer parameterizations (e.g., structured controller
design).

We first study the topological and metrical properties of the set of stabilizing feedback
controls. The problem is of interest as this set is the natural domain of the cost functions
for optimal problems. We present a complete account of the set-theoretic properties for
both single-input-single-out (SISO) and multiple-input-multiple-output (MIMO) systems.

We particularly prove an upper bound of number of path-connected components in SISO



systems. An algorithm on how to identify the connected components is proposed as well.

We next move on LQR optimal control. We characterize several analytical properties
(smoothness, coerciveness, quadratic growth) that are crucial in the analysis of gradient-
based algorithms. We then examine three types of well-posed flows for LQR: gradient flow,
natural gradient flow and the quasi-Newton flow. The coercive property suggests that these
flows admit unique solutions while gradient dominated property indicates that the corre-
sponding Lyapunov functionals decay at an exponential rate; quadratic growth on the other
hand guarantees that the trajectories of these flows are exponentially stable in the sense
of Lyapunov. We then discuss the forward Euler discretization of these flows, realized as
gradient descent, natural gradient descent and quasi-Newton iteration. We present stepsize
criteria for gradient descent and natural gradient descent, guaranteeing that both algorithms
converge linearly to the global optima. An optimal stepsize for the quasi-Newton iteration is
also proposed, guaranteeing a ()-quadratic convergence rate—and in the meantime-recovering

the Hewer algorithm.

We then consider the least squares stationary optimal control, i.e., LQR with indefinite
state and input cost matrices. Such a setup has important applications in control design
with conflicting objectives, such as linear quadratic dynamic games. We show the global
convergence of gradient, natural gradient and quasi-Newton policies for this class of indefinite

least squares problems.

Lastly, we study LQ dynamic games, which is closely related to H., optimal control. We
propose projection-free sequential algorithms for linear-quadratic dynamics games. These
policy gradient based algorithms are akin to Stackelberg leadership model and can be ex-
tended to model-free settings. We show that if the “leader” performs natural gradient de-
scent /ascent, then the proposed algorithm has a global sublinear convergence to the Nash
equilibrium. Moreover, if the leader adopts a quasi-Newton policy, the algorithm enjoys a

(-quadratic convergence. Along the way, we examine and clarify the intricacies of adopting



sequential policy updates for L() games, namely, issues pertaining to stabilization, indefinite

cost structure, and circumventing projection steps.
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Chapter 1
INTRODUCTION

Linear quadraitic optimal control has been one of the cornerstones of modern control
theory |78| since Kalman’s seminal work in 1960s [39]. This setting was later extended
beyond positive semidefinite cost structure by Willems [78]. LQR, as well as least squares
stationary optimal control, is formulated around an optimization problem for determining
a sequence of (control) inputs to a linear system in order to minimize a given (integral)
quadratic cost over an infinite horizon[l] From the theoretical point of view, a fundamental
property of linear quadratic optimal control synthesis is that the resulting optimal input is
in the form of a state feedback; as such, it can be represented as a constant feedback gain on
the state of the system [1,39]. The state feedback gain that “solves” the infinite-horizon LQR
problem, in turn, can be obtained by solving the algebraic Riccati equation (ARE). That is,
in the traditional approach to LQR design, the state feedback gain is revealed after obtaining
the “certificate” or “cost-to-go” for the underlying optimal control problemf| Historically, a
large number of works have studied the solution of ARE, including approaches based on
iterative algorithms [31], algebraic solution methods [45], and semidefinite programming [2].

Linear-quadratic (LQ) dynamic and differential games exemplify situations where two
players influence an underlying linear dynamics in order to respectively, minimize and max-
imize a given quadratic cost on the state and the control over an infinite time-horizonf]
The LQ game setup has a rich history in system and control theory due to its wide range

of applications [6}[22,[82]. In particular, H. optimal control can be interpreted as a two

'We shall not delve into the finite-horizon LQR in this paper.
2The analogy here would be solving the dual, followed by the recovery of the primal solution.

3We will adopt the convention of referring to the continuous time scenario as differential games. Moreover,
in this paper, we focus on infinite horizon L(Q games without a discount factor.



player zero-sum LQ game [3|. As such, LQ games are generally approached via generalized
algebraic Riccati equation (GARE) derived from optimal control theory [72]. Adopting a
solution approach based on the Riccati equation, in the meantime, has broadly influenced
the “data-driven” approaches for solving the generic LQ problem and its extensions. For
instance, in the value-iteration for reinforcement learning (RL)—e.g., @ learning—one aims
to first estimate the cost-to-go at a given time instance and through this estimate, update
the state feedback gain.

Recently, there is a surge of interest in constructing optimal control strategies directly,
viewing control synthesis by policy gradient based algorithms[f Adopting such a point of
view has been partially inspired by the success of learning algorithms, such as Reinforcement
Learning (RL), where using principles of Dynamic Programming (DP), one can devise real-
time model-free methods for both continuous-time and discrete-time LQR [10,/19,36}46|,48,
51,/52] (noting that LQR problem can be formulated as an RL problem [8,/52]). However,
policy iterations are inherently prohibitive since the cost function has an infinite horizon, is
undiscounted and unbounded per stage [8]. The RL perspective for linear quadratic optimal
control and LQ dynamic games, particularly direct policy updates, has the merits in terms
of extension to model-free setting by means of stochastic (zeroth-order) optimization [204/57],
computational scalability and rich parametrization of the feedback policy. In the meantime,
LQR and LQ games have an important role in theoretical RL and multi-agent RL by serving
as a benchmark for demonstrating global convergence of policy gradient based algorithms.

The thesis aims to understand first-order algorithms in various optimal control problems.
We try to provide a rigorous foundation for optimal control problems when viewed as a direct
policy optimization. That is, we first investigate the proper way to define cost function and
issues arising in the domain and analytical properties of cost functions. We then study the
convergence properties of gradient-base algorithms.

The manuscript is structured as follows: in Chapter [2| we present the set-theoretic prop-

4One might as well extrapolate that these methods provide a streamline recipe for learning optimal
feedback gains in real-time.



erties stabilizing feedback controls for LTT SISO system; The LQR problem for discrete-time
LTI system is treated in Chapter 3] We next study the least squares stationary optimal
control problem, i.e., LQR with indefinite cost, in Chapter [l In Chapter [f, we investigate

linear quadratic dynamic games. We conclude the thesis in Chapter [6]



Chapter 2

ON TOPOLOGICAL PROPERTIES OF THE SET OF
STABILIZING FEEDBACK GAINS

2.1 Introduction

[ In classical control, topological and metrical properties of stabilizing feedback gains are of
paramount importance for the stability analysis and stabilization of LTT systems [18],30,60,
76]. Recently, such properties have received renewed interest in system literature as they have
direct implications for adopting learning algorithms for control design. This is particularly
the case in the so-called direct policy algorithms, where it is of interest to directly adjust
the control gain—without an explicit system identification step—say, using a gradient step.
The design objectives in these scenarios are typically functions over direct policies—often
desired to be stabilizing feedback gains. For example, in reinforcement learning, the policy
gradient updates the feedback iteratively to get desired optimal controller. In this case, the
cost functions are defined on the set of stabilizing controllers (assuming +oo elsewhere)P|
As such, understanding the topological and metrical properties of this set provides valuable
insights in designing learning algorithms for dynamic systems. In the meantime, such insights
can also reveal fundamental shortcomings in certain optimization algorithms. For example,
if the set of stabilizing feedback gains has several path-connected components, the solutions
of gradient-type learning algorithms will be highly dependent on the initialization process.
It is thus surprising that despite the long historical interest in characterizing the set of
stabilizing feedback gains, research works on its set-theoretic and topological properties are

rather limited. This is potentially due to significantly more interest in characterizing the set

!The content of this chapter is published in [14].

2In this chapter, we will use “feedback controllers” interchangeably with static feedback gains as “dynamic”
controllers are not considered.



of “certificates" for stabilizing controllers, e.g., in terms of linear matrix inequalities.

Of particular relevance to our work in directly characterizing stabilizing feedback gains
is that of Ohara and colleagues [60], who examined its differential geometric structure for
multiple-input-multiple-output (MIMO) systems. In [63] and [23], an elegant geometric ap-
proach has been adopted to parametrize the set of stabilizing feedback gains; in particular,
it has been shown that for continuous and discrete single-input-single-output (SISO) and
dyadic systems the corresponding sets can be bounded via two and three hyperplanes. Fur-
thermore, the work of Ober [59] has shown that the set of stable SISO systems of order n have
n+1 connected components in the Euclidean topology while the set of stable MIMO systems
is connected. The work reported in |27] focuses on the connectedness of this set for both
SISO and MIMO systems. We note that both works [60] and |27] examine continuous-time

systems.

This chapter discusses the topological, metrical, and geometric properties of the set of
stabilizing controllers for both continuous and discrete-time LTI systems. We show that
the set of stabilizing state-feedback gains for a continuous SISO system is regular open,
unbounded, in general nonconvex, and path-connected in the Euclidean topology. In the
meantime, the set of stabilizing output-feedback controllers is shown to be open but not
connected in general, and can be bounded or unbounded. In recent works, based on the
implicit assumption that stable and unstable intervals of the feedback gain interlace, it has
been stated that the set of stabilizing output feedback controllers for SISO systems can
have at most n (in [27]) and [%] (in [26]) connected components. If this assumption does
not hold, however, the line of reasoning reported in [26,27] lead to the upper bounds of 2n
and n, respectivelyﬂ In this work, we prove a tight bound of [%] for continuous as well as
discrete time LTT systems; all of our results are constructive (they lead to algorithms for

characterizing these sets) and rely on basic topology and analytic theory of polynomials [54,

3In discussions with authors of [26], it has been pointed out that a perturbation type argument can help
address this issue; the approach adopted in this work is direct and leads to a constructive algorithm for
characterizing the stabilizing and unstabilizing intervals.



64]E| The separate treatment for continuous and discrete time systems is warranted; in
fact, in contrast to the folklore expectation of unified properties for continuous and discrete
time systems, there are counterexamples to show that the analogies between the two are far
from complete |37,79]. The distinct difference between continuous and discrete LTI systems
might be due to the fact that the generalized bilinear transform has poles and is thus not
continuous [34,56]. Therefore, generalizing the proposed topological properties of the set of
stabilizing feedback gains from continuous LT systems to discrete ones is not straightforward.
Nevertheless, in this chapter we show that the set of stabilizing state feedback gains for
discrete-time LTI SISO systems enjoys some of the topological properties as its continuous
counterpart, i.e., open and path-connected in Euclidean topology and nonconvex if states are
greater than two. But in contrast to the continuous case, the set of stabilizing state feedback
gains is bounded. For output feedback SISO systems, the corresponding set of stabilizing gains
is open, bounded and in general nonconvex, but is no longer path-connected. Accordingly,
we prove that the set can have at most [4]| path-connected components, which is a tight
bound supported by simulation results. The present work also proposes an algorithm for
determining the intervals of stabilizing feedback gains for general continuous and discrete
LTI systems. This algorithm also computes the number of unstable roots in each unstable

interval.

The chapter is organized as follows: in §5.2] we introduce the notations and the pre-
liminary background; and are devoted to set-theoretic properties of Hurwitz and
Schur stabilizing feedback gains, respectively, followed by numerical examples. Our results
are intermingled with observations and remarks that further provide insights into some of

the geometric and topological intricacies of feedback stabilization.

“Thus, the emphasis on the SISO case; some of these results have been extended to MIMO case in |12].



2.2 Notation and Preliminaries

We denote by M,,(R) the set of n x n real matrices and GL,,(R) as its subset of invertible
matrices. The determinant of a matrix A is denoted det(A); R" and C" denote the n-
dimensional real and complex Euclidean spaces with n =1 identified with real and complex
numbers. A¢ denotes the complement of the set A. A subset A of T is called regular open if
A is equal to the interior of its closure. For a vector v € R”, we use v, to denote the jth entry
of v, where v = (vy,...,v,)". We denote the open unit disk of C by D={AeC:|\ <1} and
the left-half plane by H_ = {\ € C: Re()\) < 0}f] H" will be the n-dimensional version of H_.
The notation |A| denotes the modulus of the complex number \ € C and A denotes its complex
conjugate. We use C[A] and R[] to denote polynomials with complex and real coefficients,
respectively, where A is the corresponding indeterminant of the polynomial. For a polynomial
p over C or R, we use p’ to denote its derivative with respect to the indeterminant, unless
noted otherwise. A monic polynomial is a univariate polynomial with leading coefficient 1;
as such, it has the form A”+a,,_; A" 1 +---+ay. By Fundamental Theorem of Algebra, a monic
polynomial p(A) = A"+, 1 A" 1 +---+ g € C[\] has n roots (or zeros) counting multiplicities;
we let Z, to denote this set (each zero is repeated according to its multiplicity). Mind that
Z, is not a well-defined object in C" as we do not impose a natural ordering amongst the
roots. Thus, if Z, = {\i,...,\,} with each \; € C, 02, = {A\;(1),-.., Ao(n)} denotes the same
set of roots for every permutation o in the permutation group .S,,. Hence Z, is more naturally
viewed as an element of the quotient space C"/S,,, where the underlying equivalence relation

u ~ v is via,

U= (ub s 7un)T = (UU(I)> s 7UU(n))T>

for some o € S,; endow this quotient space C"/S,, with a quotient topology induced by the
canonical projection 7: C" - Cn/S,,.

The following result will subsequently be used in our analysis.

°Re and Im refer to the real and imaginary parts of the complex number; when applied to a set of
complex numbers, these operations are naturally extended to each element of that set.



Theorem 2.2.1. ( [28]) There is a homeomorphism h:C* — C"/S,,, mapping the coefficients

of a monic complex polynomial to its zeros.

In this manuscript, we are concerned with “real” linear time-invariant (LTT) systems, i.e.,
systems with real parameters and feedback gains. Hence the roots of the corresponding

characteristic polynomial p(x) € R[x] will be invariant under complex conjugation, namely

if Z,={z1,...,2,} €C"/S,, ther[
Z,={Z1,.. . 20} = Zp;

denote by C? as the set of vectors in C" that are invariant under entry-wise conjugation.
The relation between the coefficients and roots for real polynomials follows from Theo-

rem [2.2.1] as the restriction of a homeomorphism is again a homeomorphism.

Corollary 2.2.1.1. Suppose that p(A) = A" + a, 1 A" 1+ -+ ag € R[A] is a real polynomial.
Then there is a homeomorphism h:R" - Cn/S,,, mapping coefficients of p(\) to its roots.

Consider now the continuous LTI SISO system,
(2.1) %(t) = Ax() +bu(t), y(t) = x(),
and its discrete time variant,

(2.2) x(k+1) = Ax(k) + bu(k), y(k)=c"x(k),

where A € M,(R) and b,c € R"; such systems will be abbreviated in terms of the triplet
(A,b,cT). We say that the system (A,b,cT) is controllable and observable if it satisfies the
Kalman Rank Condition [80], namely, rank([b, Ab, ..., A?71b]) = nand rank([cT,cTA, ... cTA*1]T) =
n. For synthesizing state feedback gains for SISO systems with dynamics of order n, we are
interested in identifying k € R™ to synthesize the control signal u(t) = k™x(t); if output-
feedback is of interest, the feedback gain is a scalar k € R and u(t) = ky(t) = k¢"x(t). For a

5Note the equivalence relation on C"/S,,.



controllable and observable triplet (A,b,cT), we denote the set of Hurwitz stabilizing output

feedback gains asl|

(2.3) H = {k e R: max{Re(Z,\ a-kver)) } < 0},
and the set of Schur stabilizing output-feedback gains by

(2.4) S = {k e R: max{|Z, a-ker)|} < 1},

where p(\, A—kbcT) = det(A] — A+ kbc™) denotes the characteristic polynomial of the closed-
loop system with feedback gain k£ € R. Naturally, we could have defined the sets H and § in
terms of the eigenvalues of A - kbcT; thus max{|Z,(, 4|} is simply the spectral radius of the
matrix A, that we denote by p(A).

When we examine state feedback with the controllable system parameters (A,b), the sets

Hy and Sy are defined as,

(25) Hx = {k e R™: max{Re(Zp(lambda,A_ka))} < 0},
(26) Sx = {k e R™: max{|Zp(>\’A_ka)|} < 1} = {k eR"™: p(A - bk‘T) < 1},

where p(\, A — bk™) = det(M — A+ bk™) and we have used the subscript x to denote state
feedback Fl

We now observe a relation between H and Hy; a similar relation holds between S and

Sx. This relation will be used in our subsequent analysis.
Observation 2.2.2. For a controllable and observable system (A,b,cT),
H=AkeR:(kc)nHy + 3}

Proof. We only need to observe that k € H is equivalent to having kc € Hy. O]

"The max operation on a set identifies the maximum element of that set.

8That is, the state “x” is available for feedback.
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Denote by (Ab,b%) the controllable canonical form [38] of the pair (A,b); H., Sk then
denote the corresponding set of Hurwitz/Schur stabilizing state feedback gains [38]. We now

observe that the sets H! and S} are related to Hyx and S through a change of coordinates.

Observation 2.2.3. Let (A,b) be a controllable pair and (Ab,b%) be its corresponding con-
trollable canonical form. Then Sy =T7S, ={Tk:keS.} and Hy =T H, ={T7k: ke H’},
where T € GL,(R) and (A’ b*) = (TAT-1,Tb).

Proof. We only prove the relation between S! and Sx; the proof for H! and Hy follows
analogously. When k € S},

p(A" —'kT) = p(T(A-bE"T)T ™) = p(A-bk™T) < 1;

hence, Tk € Sy and T7S! € Sx. The set inclusion in the other direction follows analogously;

as such, 778t = S. O

Remark. Since k — Tk is a diffeomorphism on R™, topological properties of the set of
stabilizing feedback gains, such as connectedness, can be studied for the controllable canoni-
cal form instead. Given Observation [2.2.5, one we may assume, without loss of generality,
that (A,b) is in the controllable canonical form in order to characterize the stabilizing out-
put feedback gains.  In fact, since (Ab,b") = (TAT-1,Tb), the set of stabilizing gains for
(TAT1,Tb,c™T-1) will coincide with H and S for the triple (A,b,cT). This observation
is useful as the characteristic polynomial of the closed-loop system for (A, b, cT) admits a

rather simple form.

2.3 Properties of Hurwitz Stabilizing Feedback Gains

Consider again the continuous LTI SISO system (2.1 in relation to the sets H and
Hy . The diffeomorphism between the set of stabilizing feedback gains for a system and
its controllable canonical form (Observation allows us to prove a number of topological
and metrical properties for H and Hy. In fact, Observation leads to the following
properties through the application of theory of polynomials: (a) # is open in the Euclidean
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topology for both state-feedback and output-feedback systems, (b) Hy is unbounded but
H can be either bounded or unbounded, (c) the sets H and Hy are both convex when
the corresponding system has order two, (d) Hy is connected and H can have at most [ ]

connected components. We now provide the proofs for these observations.
Lemma 2.3.1. The set H is open in R and Hy s open in R™.

Proof. By Observation [2.2.3] without loss of generality, we shall assume that the system
(A,b,c") is in the controllable canonical form. Let a = (aq, ..., a,-1) be the last row of A and

c=(co,...,cn1)". For any k € R, the characteristic polynomial of this system is given by,
PONE) = A"+ (apoy — kCp ) )N+ + (ag - kep).
We note that for a fixed k € R, the map 0 : C?/S,, - R given by
Z

»Ouk) = max{Re(Z,01))}

is continuous since v := maxoRe : C? — R is continuous and there is a unique continuous

map U : C"/S,, > R such that v =0 om:

I

CQ/Sn —ﬁ> R;
this follows from the properties of the quotient topology (see Theorem 3.73 in [47]). Thus
the map,
gk~ Z,0 > max{Re(Z,0\ 1)},

is continuous as it is a composition of continuous maps. Thus as the pre-image of the open

interval (—oo0,0) under the continuous map g, the set A is an open subset of R and as such,
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# is a union of disjoint open intervalsf’] Following a similar argument, the map g, : R* - R

defined via the composition,
9x k= 200k = max{Re(Z,0 1)}
is continuous and hence Hy is open in R™. O

We shall point out another favorable property of Hy, namely that it is regular open. In
other words, the closure of the set of Hurwitz stabilizing controllers is the set of marginally
stabilizing controllers and Hy is precisely the interior of the set of marginally stabilizing

controllers.

Lemma 2.3.2. Let
Bx = {k e R": maX{Re(Zp(,\yA_ka))} = 0}

Then By is the boundary of Hyx (that is, OHx) and the closure of H is,
(2.7) Hy = Hy UBy = {k e R" : max{Re(Z,(x a-px7)) } < 0}.

Proof. Note that for any k € By, we can perturb the marginally stable eigenvalues to be stable,
i.e., having negative real parts. This means that there exists a sequence {k, } € Hy such that
k, — k. On the other hand, we may as well perturb the marginally stable eigenvalues to

become unstable, i.e., having positive real parts, suggesting that there is a sequence {k! } ¢ HS

such that k!, - k. Hence O0Hy = By and (22.7]) follows. ]

It is also immediate to deduce that the interior of Hy, namely (7-_[,,{)0, is Hy; thus Hy is
regular open.

Let us now examine the boundedness of the sets H and Hx.

Observation 2.3.3. The set Hy is unbounded.

9That is, it can always be represented as such.
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Proof. By Observation it suffices to assume that the pair (A, b) is in controllable canon-
ical form. For any k = (ko,...,k,)" € R, the characteristic polynomial of the corresponding

closed-loop system is,
(28) p(>\, k‘) =\"+ (an,l — ]{Zn,l))\n_l + -0+ (ao - ]{50)

By Pole-shifting theorem [65], for every n-tuple (-M,-M,...,-M), with M € R, there
is some k(M) € R™ such that k(M) € Hy and the zeros of p(\, A — bk(M)T) are exactly
(-M,...,-M)[ But ag - ko(M) = (-M)" by Vieta’s formula [77][T]] Hence H is not
bounded. ]

For an output feedback system, the set H can either be bounded or unbounded depending

on the properties of the system (A,b,cT); this is demonstrated in the following example.

Example 1. Let the triplet (A", b*,cT), in controllable canonical form, be controllable@ Let

a=(ag,ai,...,a,_1) be the last row of Ab. Then,

a. If for some i,5€{0,...,n—-1}, ¢; >0 and ¢; <0, then H is bounded.

b. Suppose that n =4 and the entries of ¢ are positive. If czcacy < ciey then H is unbounded;

when czcacy > cieg, H is bounded.

The assertions in this example are consequences of the Routh-Hurwitz Criterion. If k s

stabilizing, then
-1 —kcp_1>0,...,a0 — kcg > 0.

If there exists a k that satisfies the above inequalities, and for some i,7, ¢; >0 and ¢; <0,
then k satisfies,
a; a;

—<k<—.
Cj C;

0The notation k(M) underscores the dependence of k on M.
1The subscript indexing of k; is with reference to li
120f course, the controllability of the triplet is independent of c.
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Hence, H must be bounded. For part (b), the Routh-Hurwitz Criterion states that,

ag—k03>0,a2—kc2>0,a1—k01>0,a0—k‘co>0,

(a3 — kes)(ag — key)(ar — key) > (ar — kep)? + (as — kes)*(ag — keo).

We note that for sufficiently negative k, the last inequality holds since cicacs > cicy; hence H
is not bounded. On the other hand, if cicacs < ¢3¢o, then k must be bounded from below; thus

H is bounded.

We further make an observation on a necessary condition for the unboundedness of the

set H; see also [26].

Observation 2.3.4. If (A,b,c") is controllable and observable, a necessary condition for
H to be unbounded is that the nonzero entries of ¢ have the same sign. Moreover, if H is

unbounded, then H must only include one of the two intervals: (—oo, M) and (M', 00) for

some M, M" € R.

Proof. If a monic polynomial is Hurwitz stable, all of its coefficients are positive (Theorem
2.4 in [80]). Hence, we have a; — kc; > 0 for every j. If the nonzero entries of ¢ do not have
the same sign, k should be bounded. Since the system is observable, ¢ # 0. Thereby, either
k< M or k> M’ for some M, M’ e R. m

We now make a few observations on the convexity of the sets H and H,; needless to say,
these observations have direct algorithmic implications. It is known that a convex combi-
nation of stable polynomials is not necessarily convex [9]. However, a convex combination
of stable monic polynomials with degree 2 is convex; this follows from the Routh-Hurwitz

criterion.
Observation 2.3.5. For the state feedback system (A,b), the set Hy is convex if n = 2.

Proof. 1t suffices to show this for (A" b). Let k = (ko,k1)" and &’ = (k{,k])T be two stabi-

lizing feedback gains. Then the characteristic polynomial of the corresponding closed-loop
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systems are,
pl()\) = )\2 + (a1 - kl))\ + (ao - ko),
pg()\) = )\2 + (a1 - ki))\ + (ao - ]{6)

Note that p; and py are stable if and only if the coefficients are positive Hence, if k =
(1-6)k+0k', for § € (0,1), then p;(z) = (1-6)p1(x) +0p2(x) and p;, is stable by the positivity

of its coefficients. O
Observation 2.3.6. For the output feedback system (A,b,c") with n = 2, the set H is convez.
Proof. Recall that by Observation [2.2.2]

H={keR:(kc)nHx+ 3}
Noting that span(c)nHy is a convex subset of R?; by Observation[2.3.5 the proof follows. [

We can also use the Routh-Hurwitz stability criteria to show the nonconvexity of the set
of stabilizing feedback gains when n > 2. For example, let n = 3 and consider the controllable
canonical form (A’ b) with the last row of A® set to 0. Then the stabilizing feedback gain is
parametrized by three parameters k = (k1, ko, k3) and the characteristic polynomial of A—-bkT

18
p(A, A=bk") = A2+ ks A? + ko + Ky

The following example essentially shows that convex combinations of stable polynomials are

not necessarily stable.

Example 2. Consider the system,

010 0
A=10 0 1],b=]0
000 1

13For convexity analysis, this is in fact the key property for systems of order 2.
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For ky = (-24,-5,-5)T and ke = (-0.9,-1,-1)T, the characteristic polynomials of the corre-
sponding closed-loop systems are given by py(N) = A3+5A2+5 +24 and pa(A\) = A3+ A2+ A+0.9.
Both polynomials are stable and as such, ki,ky € Hy; however, k' = 0.5k, + 0.5k yields an
unstable characteristic polynomial p(\) = X3 + 32 + 3\ + 12.45.

2.3.1 Connectedness properties of Hy and H

We will now delve into connectedness of the sets H and Hy, requiring more delicate arguments

as compared with their boundedness and convexity properties. For the state feedback system,
x(t) = Ax(t) + bu(t),
by Corollary [2.2.1.1], Hy is connected in R”. We now show that this set is in fact contractible,

i.e., it can be continuously deformed to a point [47].

Lemma 2.3.7. When (A,b) is controllable, the set of stabilizing feedback controllers Hy € R™

1s connected and contractible.

Proof. Let {H"}, denote the set of n-tuples v € H? invariant under (entry-wise) complex
conjugation. We note that {H"}, /S, is connected in C"/S,, by noting that every v € {H"},/S,
is path-connected to (=1,...,-1)T. This path in fact defines a homotopy between the identity
and the constant map (-1,...,-1). Mind that

H=(an1,...,a0)" =6 H({H"}./S,),

i.e., an affine translation in R?. By Corollary [2.2.1.1] it now follows that Hy is connected

and contractible. ]

Remark. Note that even though the set Hy is contractible to a point, it s not necessarily
star-convex. This is due to nonlinearity of the Vieta’s map 671.
Connected Components of H

We now develop bounds on the number of connected components of H as it is not necessary

connected. Lemma provides a bound of n and Lemma [2.3.12] will tighten the bound to
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[5]. We have chosen to present the two lemmas in sequence, since the proof of Lemma
is straightforward but tightening the bound to [%] requires more delicate analysis.
Let us start our analysis by recalling the smooth dependence of simple roots of a poly-

nomial on its coefficients, subsequently used in Lemma [2.3.12]

Lemma 2.3.8. Let aj: Z - R be C* functions for j = {1,...,n}, where T c R is an open
interval. If to € Z and X\ is a simple root of the polynomial f(N) = an(to) A" + an_1(to) A" ! +
+ag(to) € RIA] with ty € Z, then there exists a C* functionn: J — C over an open interval

J €T such that tg e T, n(ty) = Ao and n(t) is a zero of
FOG) = an(OA" + a1 (DA + -+ ao (1),
for every te J.

Proof. This follows from Implicit Function Theorem [44]. First note that f(A,t) is C* in
both A and ¢; we note that at (Ao, to), (X, t0) # 0 since Ag is a simple zero. O]

We now prove an upper bound of n on the number of connected components of H.
Lemma 2.3.9. If H + @, it has at most n connected components.

Proof. Note that in the SISO case, H is a subset of R; furthermore, it suffices to show that
(AP b", cT) has at most n connected components. Recall that for k € R, the characteristic

polynomial of a closed-loop system A® — kb'cT is given by
PN k) = A" + (apoy — kCpo))AN ™ + -+ ag - ke,

where a = (ag,a1,...,a,-1) is the last row of A* and ¢;’s are components of ¢. Let ( : R" -

P.(A\) denote the natural bijection, assigning coefficients to monic polynomials. We denote

by,

I'={a eR":((a) has at least one zero on imaginary axis},
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and ((k) = a - ke, i.e., a parametrized line in R™. Suppose that ¢(k) intersects I for finitely
many k’s, listed in an increasing order ki, ..., ky; this fact will be proved subsequently. Let
np(r k) (H-) denote the number of roots of p(A, k) in H_. Moreover, let v(r) be a counterclock-
wise oriented curve in C consisting the line segment [—ir,ir] and the semicircle S(r,0) = re®,

with 60 € [7/2,37/2]. For each k € (kj,kj.1), we define

1 (N k) ,
k) = — [ B2 gn and m(k) = lim m, (k).
=55 L oy A ) =

Note that if p(\, k) does not vanish on ~(r), by Cauchy’s Argument Principle |67], m,.(k)
is the number of zeros of p(\, k) inside the curve v(r). However, since p(\, k) has at most
n roots, the integral is well-defined except at finitely many r’s. Hence m(k) is well-defined
and m(k) = nyo k) (H-). In the meantime, the function m(k) is continuous in & and integer-
valued, and thereby, m(k) = n,(\ ) is constant on each interval (k;,kj.1). That is, either
Np(ak) = 1 OT Np(a k) < N, corresponding to either stabilizing or non-stabilizing gains, respec-
tively. So by inspecting the number of intersections between ¢(k) and I', one can derive an

upper bound on the number of connected components of H. Let
(2.9) r(A) = A" 4+ ¢y, and 8(A) = ap AN+ + ag.

Consider an intersection of (k) and I' that is, when for some k € R, there exists A = if3,
B € R, for which p(if8,k) = 0. We first observe that (i) # 0 since otherwise i3 would be a
root for every k € R. This on the other hand, implies that H is empty. Hence p(if,k) =0
implies that,

_(@B)" + a1 (iB)" 1 + -+ + ag

Cn1(iB) 1+ + ¢

(2.10) k
Since k € R, # must be a root of,

o(%) = Im (A" +5(0) r(Vlais) = 0.
We note that ¢(3) € R[] has degree at most 2n — 1. Thus it can be written as,

¢(/@) — ,l~2n—262n—1 + iQn_4d2n_3ﬁ2n_3 bt Z-ZdSBS + dl/Ba
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for some set of real coefficients {ds,,_3,day,_5,...,d;} € R, noting that all exponentials of i are
either 1 or —1. Now let us set 7(f3) = 207232772 + §2n=4dy, 353274 + - + 2d3032 + dy € R[f];
hence, ¢(5) = f7(B). Now we note that 7(3) is an even polynomial in 5 (having only even
degrees). Letting

(2.11) v(B) =2 B" 7 2y, 3B 4+ iPds B + dy

we have 7(8) = v(f?). Thereby, the roots of 7 are the square roots of those of v. This
implies that 7 has two real roots if v has a positive real root. We further observe that if [,

is a positive real root of v(f), then \/5y and —/fFy are the real roots of 7.

Let us now consider the scenario that leads to greatest upper bound on the number of
connected components of H. This scenario corresponds to the situation where ¢(3) has 2n-1
real roots; let these roots be {0, 51, =51, .., Bn-1,—Bn-1}, where 5; € R, for each j. These
roots can be mapped to feedback gains via relation ; in fact, 3; and —3; are mapped to
the same k. Thus adding the k that corresponds to the 0 root via relation (2.10f), we will have
at most n values for k. These values on the other hand, divide the real line into n+1 intervals.
But only one of the two unbounded intervals can be stabilizing by Observation [2.3.4} the

upper bound of n on the number of connected components of H now follows. O

Remark. Note that having n connected components for H implies that we can have a situa-
tion where {ky,...,k,} are marginally stabilizing gains and the open intervals (k;, k;.1) are
stabilizing. Figure demonstrates this phenomena for two adjacent intervals: there is a

gain ko such that the closed-loop system is marginally stable but (k' ko) and (ko, k") are both



20

stabilizing for some k', k" € R[¥| The system parameterd”| are

625919
~0.825 -1.21 -f20910 1 1
A= 1 0 0 ,b=|0f,c=] 75
0 1 0 0 12.5
— Locus 1
6|— Locus 2
Locus 3
al
<
-
4
6L
-14 -12 -10 —‘8 -6 -4 -2 0

Real Axis

Figure 2.1: An example where the feedback gain kq leads to a marginally stable closed-loop

system yet both intervals (k’, ko) and (ko, k") are stabilizing for some k', k" € R.

We now proceed to show that the bound on the number of connected components of H can
be tightened to [ §]. The proof of this tighter bound follows a distinct line of reasoning, as ne-
cessitated by examples such as that shown in Figure[2.1] The result contains several technical
details. Let us outline the idea behind the proof first: we denote by {0, 81,-01,- -, Bn, —Bn}

as the real roots of ¢(3) and {k1, ..., k,} in an increasing order as the feedback gains acquired

via relation (2.10) in Lemma [2.3.9}

a. We will first show that when two adjacent intervals (k;_1, k;) and (k;, k;.1) are stabiliz-

ing, then p(A, k;) = A"+ (ap-1 — kjcn_1 )Nt + -+ + (ap — kjcp) would have the non-stable

4Note that Theorem 1 in [27] uses the same line of reasoning as the proof of Lemma [2.3.9| to arrive at
the improved bound of [%] for the number of connected components in H, assuming that the intervals
constructed above are stabilizing /non-stabilizing interlacing intervals. However, as Figure depicts, this
assumption is not valid in general. The [ | bound is still valid, however, and can be obtained by utilizing
the structure of the polynomial ¢() and the relation between the feedback gain & and parameter .

15These parameters are actually chosen carefully according to the analysis of Lemma [2.3.12
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nl —Pn-1 0
\ / J
k’l kj k.,

J J J |

p(A, ky) p()‘v kn—l) p()\, kn)

~—

J

\

Figure 2.2: The relation between roots of ¢(3) and p(\, k), as the root locus intersects the

imaginary axis for continuous time systems.

mode X\ = i3, i.e., the mode with zero real part, as a simple root of p(\, k;) € R[A].
By Lemma [2.3.8] this would imply that we can find some C'* function n:Z - C (with
Z c R and k; € Z) such that n(t) tracks the zero of p(\, k) locally with n(k;) = r.

Indeed, what we really need is that the curve of the root i is differentiable at /3.

b. If two adjacent intervals are both stabilizing, the curve n(t) is tangent to the imaginary
axis at to. We show that this observation leads to having —3; and (3; as multiple zeros of
(). Mind the subtlety here: Aq is the simple root of the polynomial p(\, k;) € R[]
in A whereas +f; are multiple zeros of the polynomial ¢(3) € R[] in 5 (recall the
expression for ¢(/3) in the proof of Lemma ) See Figure for a demonstration

of the relations.

c. Using the multiplicities of A; s as roots of ¢() and a careful counting of the stabilizing/non-

stabilizing intervals lead to the final result.
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We shall state several propositions before we prove the main result. First we provide an
asymptotic expansion of the zeros of p(\, k) with respect to k. Note that this is not simply a
Taylor expansion around k, as a multiple root is not differentiable with respect to k. Recall

the definitions of the polynomials r(\) and s(\) (2.9)) used in the proof of Lemma [2.3.9}

Proposition 2.3.10. Suppose for ky € R, \g is a root of p(\, ko) € R[A] with multiplicity
m € N and r(\o) # 0. Then for k that is sufficiently close to ko, p(\, k) will have m roots

given by,

>\j = )\0 + ((k’ - kij) ;;Ei\\zg

for je{l,...,m}, wherew;’s are the m™ roots of um’tym h(X) € C[A] is such that p(\, ko) =
(A=X0)™h(X), and o(|k—Fk;['/™) signifies a function f(k) for which limy_, |f(k)|/|k = k;]/™ =
0[]

1/m
) w]‘+0(|]€—k’j|1/m),

Remark. Before we prove the proposition, let us remark on how to interpret the exponent,

(0-0i53)

One may observe that (k—k;)r(Xo)/h(No) could be real or complex. In either case, we shall

treat this exponent as a complex number with a positive magnitude and an angle in [0,27).

That is, we write,

T(AO) _ 7"()‘0) i
00~ R0

where 0 is the phase term. But consequently there would be m choices for ((k—k;)r(Xo)/h(Xo))Y™,
namely |(k = k;)r(Xo)/h(Xo)[V/me@+2mD/m for | = {0,1,...,m —1}. Note that these numbers

(k- k)

differ multiplicatively from each other by e /™ with v € {0,...,m~-1}; the expression above
would not be affected by selecting any of these numbers. Moreover, this statement should be
interpreted separately for k1 k; and k | k; as the phase term would be different. The differ-
ence amounts to a rotation of \;’s. This difference determines how the number of unstable

roots changes when k increases from k —¢€ to k + €.

16That is, there are the zeros of 2™ — 1.

ITRecall root locus rules!
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Proof. Since g is a root of multiplicity m, p(\, ko) = (A= Xg)™h(\), where h()\) € C[\] with
h(Xg) # 0. Hence, for k € R, we can write p(\, k) as

PN E) = A" + (a1 — kCp 1 )N+ +ag — ke
= A" 4 (A AV = oG )NV -+ ag — kg — (k= Ko) (ot AT+ -+ )
=p(A ko) = (k= ko)r(X)
= (A= A0)"h(A) = (k = ko)r(A).

Now suppose that (A=Xo)™h(A\) = (k=k;)r(A) = 0. Putting A = A=Xg, A(A) = A(A+X0)/R(No),
FA) = r(A+Xo)/h(Xo) and t = k - k;, it suffices to show that the zeros of AmR(A) -t 7#(N) are

exactly,

1/m
A T()\ ) m :
Af(h(AZ)) wj +o(|t'!™), for je{l,... m},

as t - 0. Note that 4(0) =1 and h()\) € C[A]. Let ¢ >0 and observe that if z is a zero of
Yr(N) = NPR(E™N) = (£,

then t'/mz would be a zero of AX™h(A\) —tr(\). On a compact set [0,T] (T € R,), ¥4(\) -
Po(A) = AM —7(0) uniformly. Let us denote the zeros of ¥y(A\) = A™ —r(0) by

2= (r(0)) "™ w;, for je{1,2,...,m},

where w;’s are the mth roots of unity. Choose a sufficiently small € > 0 such that the disks
B.,(¢) are disjoint. Since 9B, (¢) is compact and 9y(A) does not vanish on 0B, (¢), there
is some [ > 0 such that [¢)o(\)| > I. Since (X)) = ¥(A) uniformly on any compact subset
of C, there is some ¢* > 0, such that [¢);(\) = 1g(A)| < I for t € (—t*,¢*) and X € B, (g). By
Rouché’s Theorem [67], there is exactly one zero for () in each B; (¢) for t e (~t*,t*).

As such, the zeros of ¢;(\) are given by,

r(0)Y™mw; + o(1).
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It then follows that,

T’()\ ) 1/m
/ 0 m . .
N = (thO\o)) wj +o([t|™), for j=1,...,m;

the case where ¢ < 0 can be treated similarly by considering ¢ h(\) = (=t)(=h(\)). Hence,

(o)
h(Xo)

1/m
Aj=Ao+(<k—kj> ) oy + o[k — k1™,

forj=1,...,m. O

Before we proceed to the proof of the main result of this section, let us make an obser-

vation pertaining to the derivative of f(() € R[] evaluated on the imaginary axis.

Proposition 2.3.11. Consider f()\) = A ™+ -+ A\+ag € R[A] and let p(8) = Im (f()\)|/\=w) €
R[B]. Then we have,

e(B) =i a7 + i P o f1 7 4+ Pa B+ an B

dp(B) _ df
TR —Re(cu

Proof. When m is odd we have,

Hence,
©'(B) =mi™ ta,, B+ (m = 2)i™ B0 73 + -+ 3iPasf + .

But we also note that,

Re(ﬁ

Y ) zRe((mOzmycm’1 +---+a1)\x:¢5)

A=
= Re (mam(zﬂ)m_l +oet 041)
= mim_lamﬁm_l + (m - Q)im_i;Oém_Qﬁm_g + e+ 3i205362 + o

=¢'(B)

The case when m is even follows analogously. n
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We are now ready to prove the bound [%] on the number of connected components of .
Lemma 2.3.12. Let H # &; then it has at most [5] connected components.

Proof. Consider two adjacent intervals (k;_1, k;) and (k;, k;41) that are both stabilizing. Note
that by assumption p(Ag, k;) = 0 for some pure imaginary Ag. First, let us examine whether
Ao can have multiplicity m > 2. By Proposition for k sufficiently close to ko, p(A, k)
will have m roots given by,

(o)
h(Xo)

1/m
O (R | IR LR

for j =1,...,m, where w;’s are the mth roots of unity. When m >3, as k - k;, m roots, from

m equally spaced directions in the complex plane (see Figure , would tend to Ag. In this

\\/\Im{z}
o<
Re{z}

(4

Figure 2.3: Roots coming from m = 3 equally spaced directions in the complex plane tend to

Ao

case, at least one direction would be in the right half plane, contradicting the assumption that
both (k;_1,k;) and (k;, k;.1) are stabilizing. If m =2 and r(\g)/h(N\o) is a complex number
with a nontrivial imaginary part, i.e., the phase term is not a multiple of 7, then the roots
would tend to Ag from a nonvertical line; thereby one of intervals must be nonstabilizing. If
m =2 and r(\g)/h(No) is real, the roots would traverse a horizontal line passing through o[
with one of the intervals as nonstabilizing. This is again a contradiction. Hence \g must be

simple. This on the other hand would imply the differentiability of the root with respect to k.

8 Note that in this case either k 1 k; or k | k; would yield the quantity (k- k;)r(Xo)/h(Xo) in Proposi-
tion [2.3.10| positive, and the resulting expression would be a scalar multiple of the primitive 2"¢ roots of
unity, i.e., +« for some a € R.
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By the asymptotic formula above (with m = 1), the derivative of n/(k;) = 7(Xo)/h(Ao); note
that in this scenario h(Xg) = p'(Xo, k;). But the condition that both intervals are stabilizing

implies that 7’(\g) is pure imaginary (the tangent of the curve should be the imaginary axis,

see Figure ; that is
dn

dk

=17,
k;

for some v € R. This implies that if Ay =i (8 € R) is a zero of ¢(f); since n'(\g) is pure

imaginary, we would also have,
(2.12) Re(()\” +s(\) - kjr(A))’r(X)h:w) -0,

where s(A) = a1 A" + -+ ag. Putting r(A\) = ro(X) +7.(N), where r,(\) consists of the
terms with odd degrees and r.()\) consists terms of even degrees, we observe that r(\)|y=i5 =

r(=iB) = re(iB) = 1o(iB) = (re(A) = 7o(A)) |z=s5. Now by Proposition [2.3.11] we have
8) =R (v 50 () <)) b
- Re {[(/\” £ 500) (re (V) = ro(N) + (A 5(0) (m2(N) - 5(0)] |A=w} |
Noting that (A" + s(A) = k7(\))[aox, = 0, we have
#(3) = Re{[(3"+50) (o) = 7o) + () (1) = 75(0) s}

Now 77(\) consists of terms with odd degrees and r/(\) of those with even degrees; this

implies that,

(7“2()\) - T;(A)) |A=¢,3 = (—Té()\) - 7’0()\)) |)\=—i,8 = —7”'(5\)|,\=i/3,

minding that /() refers to the derivative of r/(\) evaluated at \. Furthermore,

Re [(-kr'(A)r(X)) |A=i5] - Re [(—kr'(X)r(A)) |A=iﬁ] .

Combining all these observations, we conclude that ¢/(5) = 0.
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Now let {0,uy,-us,. .., u,, —u,, v, -v1,...,0,,-0,} denote the roots of the polynomials
#(B), where u;’s and v;’s are nonnegative real numbers, and vy, -vy,...,v,, -, are roots
with multiplicity greater than 1. We must then have 2u + 2(2rv) < 2n — 2. These roots will

be mapped to the gains k via the relation,

_a(N)
)\"+T'()\) )\:iﬁ'

Now let A = {ky,..., ks } be the set of distinct real gains corresponding to {uy, —uy, ..., u,, —u,}
and IT = {g1,..., g, } be the set of distinct real gains corresponding to {vy,-v1,...,v,,-v,}.

Note that ' < p and v/ < v since it is possible that multiple roots are mapped to the same

gain; append the gain k(0) corresponding to the zero root via (2.10) to A or IT if necessary.

We must then have p/ + 20/ < n. Now if k; € A, then one of the intervals (k;_1,k;) and

(kj,kj.1) is not stabilizing. Let T be the collection of intervals that are not stabilizing. It

follows then that if k£ € A, k must be the end point of an interval in T. Note that only one

of the unbounded intervals could be stabilizing; thereby,

W<1+2(T]-1) =2/ - 1.

Now, Lemma implies that the set of feedback (real) gains k is divided into v/ + p’ + 1
intervals. As such, v/+p/+1-|Y| is the number of stabilizing intervals, obtained by subtracting
the number of non-stabilizing intervals from the total number of intervals. Hence,

W+ 1 _ ,+,u’+1<2y’+u’+1 <n+1 B

n
! / 1_T< / !/ 1_ =[=1.
v+ 1=\ <+ + 5 v 5 < 5 <= [2]

]

Remark. We note that [%5] is a tight upper bound. Indeed, Figure already indicates that
there are two disjoint stabilizing intervals for a SISO system with n = 3. Figure provides

a more transparent view of this; the system parameters are,

0 1 0 0 12.5
A= 0 0 1 ,b=10],¢c=]75
-0.133 -1.125 -0.625 1 1
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Root path of the largest real part as k varies

0 |
m §
ge |
< i
b =2 >
= i
= |
Q0 1
< 1
E 4] |

_6 T : T T

-1 -05 0 0.5 1
Real Axis

Figure 2.4: The figure depicts how the root with the largest real part varies with respect to

the feedback gain k. The blue and yellow segments correspond to two stabilizing intervals.

We mention that although stabilizing and non-stabilizing intervals do not necessary inter-
lace for all controllable and observable triplets (A, b, ¢T), this property is indeed generic@ To
this end, we first observe that the set CO of all controllable and observable triplets (A, b, c")
is open in M, (R) x R™ x R™.

Proposition 2.3.13. The set CO is (Zariski) open.

Proof. Putting C to denote the controllability matrix and O to denote the observability
matrix. We observe (CO)‘ = CcuQ°uCcO¢, where C¢ denotes the collection of non-controllable
but observable systems, O¢ denotes the collection of non-observable but controllable systems,
and CcQ¢ denotes the collection of non-controllable and non-observable systems. We note
that C¢ is the set where all the n x n minors of C vanish. Similarly for O¢ and C¢O¢. Hence,

(CO)‘ is an algebraic set. Consequently, CO is open. ]

9 A property is called generic when it holds on a nonempty Zariski open set.
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We now observe the interlacing property is generic.

Lemma 2.3.14. For a controllable and observable system (A,b,c), the property that the

stabilizing and non-stabilizing intervals in H interlace is generic.

Proof. First note that the only scenario for non-interlacing is to have two (or more) adjacent
stabilizing intervals since if two intervals (k’, k) and (k, k") are both non-stabilizing, then in
the counting process, we would only be considering (k’, k") as one non-stabilizing interval@
Further note that if H = @, i.e., the whole real line is nonstabilizing, then the interlacing
property holds trivially. Denote by U € CO the subset for which the corresponding Hurwitz
stabilizing set H does not have the interlacing property. As we have shown, for any (A, b,c") €
CO, if we have two adjacent stabilizing intervals, then the corresponding polynomial ¢(3)
must have a root with multiplicity greater than one. This means that the discriminant of
(), denoted by A(4(B)), must vanish. This in turn is a polynomial in the entries of A, b,
and c'. That is,

Uc{(Ab,c")eCO:A(¢(B))=0}=D.

Note that D is an algebraic set. This suggests that the interlacing property holds on the

nonempty Zariski open set CO \ D and as such is generic. m

An algorithm for characterizing the connected components of H

Our analysis for deriving the bound [%] for the number of connected components of H has

direct algorithmic implications. We summarize the corresponding algorithm as follows:

29Here k, k', k" are all critical points.
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Algorithm 1: Identifying stabilizing intervals of H

1: Find the real roots {A1,..., A/} of (2.11)).
2: Append {0} to {A1,..., A} if necessary, we get L ={0, ..., \}.
3: Map L to {ki,...,kp} (order this list in an increasing manner) by ([2.10).

4: Ky < +o0

5: Calculate the number of unstable roots for the interval (—oo, k1) by computing roots of
p(\ k), for an arbitrary k, < k;.

6: for i =1 to !’ do

7 Check the multiplicity of A\; that maps to k;.

8:  Calculate the change in the number of unstable roots from k;—¢ to k;+¢ (Remark.

9:  Compute the number of unstable roots for the interval (k;, k;.1).

10:  if number of unstable roots for (k;, k;11) is zero then

11: The interval (k;, k;;1) is stabilizing.

12:  else

13: The interval (k;, k;,1) is not stabilizing.
14:  end if

15: end for

The main computational cost of Algorithm 1 is finding the roots of a real polynomial
to any desired accuracy. The specifics are beyond the scope of this chapter; see [43,61]
and references therein for the recent algorithmic developments in this direction. Algorithm
1 divides the set of feedback gains into separated intervals where the number of unstable
roots of p(\, k) is invariant. At the boundaries separating these intervals, p(\, k) has at least
an imaginary root for the corresponding feedback gain. The main idea behind Algorithm
1 is to analyze the root paths of p(\, k) at the boundaries of the separated intervals, using
Remark [2.3.1] Consequently, Algorithm 1 keeps track of the number of unstable roots when

k increases from —oo to +oo. In this way, Algorithm 1 not only determines all stabilizing
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intervals, but also computes the number of unstable roots of p(\, k) for unstable intervals.
Let us demonstrate the progression of Algorithm 1 for the example in Remark [2.3.1} The

characteristic polynomial of the closed-loop system for this example is then
p(N k) = A3 +0.825A% + 1.21\ + 0.3401666667 + k(A + 7.5\ + 12.5).
Furthermore,

P(B) = N’ = 7.5225)\% + 1.367899792),

with nonnegative roots 0, i%lg, where —Viglg has multiplicity 2. The root ; = 0 is mapped
to ky = —%231901?, and [y = —Vigls to ky = %. We start from the unbounded interval (ks, 00):

pick k and test the stability of the closed loop system; in this case, we conclude that (kq, 00)
is stabilizing. Since ks is acquired from a multiple root of ¢(3), we examine the derivative
p'(A, k2); since it is pure imaginary, we conclude that the interval (kq,k2) is stabilizing. As

such (-0, k1) is not stabilizing by Observation [2.3.4]
2.4 Properties of Schur stabilizing feedback gains

In this section, we study the properties of the set of static feedback gains (2.4)) for discrete-
time linear systems (2.2)). Here is our first observation.

Lemma 2.4.1. There is a homeomorphism h : Hy — Sx.

Proof. Without loss of generality, as we have done throughout this chapter, we assume that

the pair (A,d) is in the controllable canonical form. Recall that the bilinear transform,

A+1

o))\
9N

is a diffeomorphism between the unit disk D and the open left-half plane H_ in C. Clearly,
G:=(g,...,9): D" > H" defines a diffeomorphism between D" — H". Passing to the quotient
space (modulo the action of the symmetric group), we have a diffeomorphism G: Dn/S,, —

H"/S,, given by Gonm = G, where 7 is the canonical projection. Let ¢ be the bijection
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between R™ and the set of monic nth degree polynomials, i.e., if & = («ap, ..., @,-1) € R?, then

C(a) = A"+, 1 A" 1+ + ag. Denote the sets,

E={aeR":((a) has all roots in D},
F ={aeR":({(a) has all roots in H_}.

By Corollary [2.2.1.1] we have following commuting diagram:

l l

(D"}./S, —S {H2}./S,,

where {D"},/S, ¢ C"/S,, denotes the n-dimensional vector invariant under conjugation with
entries inside the unit disk of C; similarly for {H"},/S,, (recall the notation in §[5.2).
Now, the map

67toGo6:E— F,

defines a homeomorphism between £ and F. However, note that Sy =a - & and Hy =a - F,
where a is the last row of A. This completes the proof since a translation in R” is a

diffeomorphism. ]

Remark. The above result immediately implies that Sy is open, connected and contractible
since Hx 1s. In our subsequent discussion, we will also outline more direct proofs for the
above facts since they provide additional insights into the structure of the set of stabilizing

feedback gains for discrete-time linear systems.

In view of Lemma [2.4.1] one might be inclined to construct a similar homeomorphism
between the sets S and H. However, as it turns out, the technique adopted in Lemma [2.4.1]
can not be generalized for this purpose. For example, when ky € S, it does follow that

koc € Sx. However, under the homeomorphism constructed in Lemma the image of kgc
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is not necessarily a scalar multiple of c. For a concrete example, one may consider the triplet

(A,b,cT) given by

0100 0 1
0010 0 2
A= b=] |, e=
0001 0 3
(0 000 1 4

We note 0 € S and Z,(x a—opery = {0,...,0}. Under the bilinear transform, the zeros will be
mapped to {-1,..., -1}, which corresponds to characteristic polynomial p(\) = A* — 43 +
6A2—4)\+1. However, no k € H can yield a closed-loop system A-kbc™ with this characteristic

polynomial 1|

We now demonstrate that:

a. § and Sy are both open in the Euclidean topology.
b. § and Sy are both bounded.
c. § and Sy are convex if the system has two states.

d. S is connected and S has at most [§ ]| connected components.

Most of the proofs for the discrete time case have a similar flavor as their continuous coun-
terparts. However, the proof for the upper bound on the number of connected components

of § has a few distinct steps.
Lemma 2.4.2. The set S is open in R and Sx is open in R™.

Proof. The proof proceeds similar to the proof of Lemma We only need to observe
that the composition map,

v =maxo|-|:C! - [0, 00),

2INote that we are not claiming that such homeomorphism does not exist. The non-existence of such a
homeomorphism requires a deeper understanding of these two topological subspaces. To the best of our
knowledge such a homeomorphism has not been reported in the literature.
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is continuous, even when adopted on the quotient space. That is, there is a unique continuous

map 0 :C?/S,, - [0, 00) such that v =0 o7w. Hence the map,

ko~ Zp()\,AfkbcT) = Imnax (|Zp()\,A7kbcT)|)
is continuous. The interval [0,1) is open in the subspace topology of [0,00) and S is the
preimage of [0,1) under the above map; thereby, S is open.
In order to show that Sy is open in R”, we only need to observe that the map F': R* —
[0,00), given by
k Zp()\,Afka) = max (|Zp()\,Afka)|) )
is continuous and Sx = F~1([0,1)). O
We now note that contrary to the continuous time case, the sets S and S, are bounded.

Proposition 2.4.3. The set S¢ is bounded in R™.

Proof. Tt suffices to assume that (A,d) is in the controllable canonical form. For any k € R™,

the characteristic polynomial of the corresponding closed-loop system assumes the form [
p(>\, k‘) =\"+ (an,l — ]{Zn,l))\n_l + -+ (ao — ]{50)

Let Ai,...,\, denote the zeros of p(A, k). By Vieta’s formula, the coefficients of p(\, k) are
elementary symmetric functions of its roots A1,..., \,. For every k € S, || <1 for all j; as

such, the coefficients of p(\, k), and by extension, ko, ..., k,_1, are bounded. O

Corollary 2.4.3.1. For the controllable and observable output feedback system (A,b,c"), the
set S is bounded.

Proof. We observe that S = {k e R: ke n Sk + @}. O

In regards to convexity properties, it is known that the set Sy is not convex in general |9,

25).

22The entries of k are consistent with the way the are indexed in the characteristic polynomial.
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Observation 2.4.4. The set S¢ is convex when n = 2.

Proof. Without loss of generality, we assume that the pair (A, b) is in the controllable canon-
ical form. Suppose that k = (ko, k1) and e = (k({, k})T are two stabilizing controllers. The

characteristic polynomials of the corresponding closed-loop systems are then,
Pe(A) = A2+ kX + ko, and prr(N) = A2 + K{A + K.

Note that by Vieta’s formula, ky < 1 and k{ < 1 since the zeros are inside the unit disk.
For k = (1 -0)k + 6k' with & € [0,1], consider the corresponding characteristic equation
pi(A) = (1 = 0)pr(A) + dp(N). If p; has two conjugate zeros zq, z1, then |z| = |z < 1 by
Vieta’s formula since |12 = (1 - §)ko + 0k < 1. On the other hand, if p; has two real zeros,
suppose that one of them is 1 or —1 (note that by Vieta’s formula, the product of two zeros
is strictly less than 1; hence the other zero is inside the open unit disk), i.e., p;(1) = 0 or
p;(=1) = 0. Note that p (1), pr(-1),p;(1), p;s(—1) are all positive since if pj, has two conjugate
zeros, then py(\) is positive on the real line; if p; has two real zeros, by the assumption that
the zeros are in (=1,1), px(1),px(~1) are positive. This is a contradiction to the assumption
that p; (1) =0 or p;(-1) = 0 (as pz(A) is the convex combination of p(A) and pi(X)). Hence
the zeros of p; must be in the open unit disk for every § € [0,1]. O

2.4.1 Connectedness properties of Sy and S
The following topological property of the set Sy has immediate algorithmic implications.

Lemma 2.4.5. For the state feedback system, the set Sy is connected and contractible in R™.

Proof. The proof proceeds similar to the proof of Lemma . Putting'={A e C: |\ < 1},
it suffices to show that I',/S, is connected and contractible ] But this is immediate since
any v € I, /S, is connected to (0,...,0) by the convex line segment (1 -06)v+d0 (0 € (0,1))
in I',. O

23 As such, T, is the subset of n-dimensional complex-valued vectors with entries having modulus less than
one and closed under conjugation.
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For the output feedback case, the set § is not connected in general. Following is an

example of a SISO system with more than one path-connected component 4]

Example 3. Consider the LTI system (A,b,c") with,

0100 0 0.5184
0010 0 ~2.448

A= b=] |, e=
0001 0 4.33
0000 1 3.4

The feedback controllers are then parametrized by intervals in R. Figure depicts that
the roots of the closed loop system are inside the unit disk for some interval, then become
unstable, and subsequently reenter the unit disk as k varies; as such, S has two connected

components.

Largest root modulus as k varies

w 057 %
1/
\
!
£ [ \
& 0
g L
bﬂ il
< v
E \
—0.5 4

Real Axis

Figure 2.5: The figure depicts how the root with largest modulus varies with respect to the

feedback gain k. The blue and red segments correspond to two stabilizing intervals.

24This example actually shows that the bound in Lemma [2.4.8is tight.
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Connected Components of § for SISO Systems

We now show that there is at most [%] connected components in S. We will follow a similar
line of reasoning as for the continuous systems presented in § We shall demonstrate
the upper bound n first, followed by the upper bound of [§]. The essential ideas for proving

the two results are similar to the strategy we followed in Lemmas|2.3.9 and [2.3.12] with some

subtle differences.
Lemma 2.4.6. The set S has at most n connected components.

Proof. Note that in this case, § is a subset of R; it also suffices to assume that the system
is in the controllable canonical form. Consider the characteristic polynomial of a closed-loop

system,
PN K) = A"+ (ano1 — ke ) )N+ -+ ag — ke,

where a = (ay-1,,...,0a0) is the last row of A and ¢;’s are components of ¢. Let ¢ be the

bijection between R™ and the set of monic nth degree polynomials, and
['={aeR":((a) has roots on the unit disk in C},

and parameterize the line ¢(k) = a — kc. Suppose ((k) n T for finitely many k’s, listed in
increasing order {k,..., &} (this will be proven subsequently). Let n,, ) (D) denote the
number of roots of the closed loop characteristic polynomial on . Moreover, let v be a
counterclockwise oriented unit circle in C, tracing the boundary of D. For each k € (k;, k;),

we define,

1o rp(\k)
m(k)—ﬁfvp(&k) d).

Note that p(A, k) does not vanish on v, and by Cauchy’s Argument Principle [54], m(k) is the
number of zeros of p(A, k) inside v, that is, m(k) = nyo k) (D). We further note that m(k) is

continuous in k, and as such, n,(, x)(ID) is constant on each interval (k;, k;.1). Hence, either
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npe) (D) = nor nya ey (D) < n, respectively, corresponding to stabilizing and non-stabilizing
gains k.

Now by inspecting the number of intersections between £(k) and I', we can derive an
upper bound on the number of connected components of S. In this direction, when ¢(k)

intersects I" there is \g = ¢ € C such that,
N+ (g = ke )M+ + (ag = keg) =0,
and therefore,

(2.13) po N g

Coa AT 4 Cpa A2+ 4 g

Note that 7(Ag) = ¢t AT+ +¢o # 0 (see details in the proof of Lemma [2.3.9). This
implies that A()\) = Im((\2 + 5(Xo))r(Xo)) = 0, where () is the complex conjugate of
7(Xo). Substituting Ao = €i into (A2 + s(\o))7r(N), we have

™ + 1D g+ e 4k oz_(n_l)e_i(”_l)e =0,

where (o, ..., 00, 00,0-1,...,a_(,-1)) are the corresponding coefficients when we expand the

product. This implies that
Bpsin(n) +---+ By sin(f) =0,

where (5,,...,01) € R" are the corresponding real coefficients. We now note Chebyshev

polynomials of second kind satisfy,
Un-1(cos(0))sin(0) = sin(nf),

where U,,_1(cos(6)) is the Chebyshev polynomial of degree n — 1 in cos(f). It thus follows
that,

(2.14) sin(0) (B1 + BoUs(cos(6)) + -+ + B,U,_1(cos(6))) = sinf g(cos(6)),

where g(cos(0)) € R[cos(0)] has degree n — 1. By Fundamental Theorem of Algebra, there
will be at most n — 1 possible values for cos(f). Noting that § =0 or § = 7 also satisfy the
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above relation. Mind that for each value of cos(f), there are two possible 6’s in [0,27),
yielding a conjugate pair € and e~*. But this conjugate pair will be mapped to the same
gain k via (2.13). Thereby, we will have at most n + 1 possible values for such k’s. Since the

set of stabilizing controllers is bounded, we have at most n connected components. O

Remark. Figure depicts a similar situation as observed perviously for the continuous
systems: two adjacent intervals (k" ko) and (ko, k") could be both stabilizing but ko is only

marginally stabilizing. The system parameters are,

2909 _ 283 26129688223-120+/6273911930105230

1000 100 18036490000
A=|1 0 0 )
0 1 0
1 0.1343
b=10], c=]-0.1846
0 0.0623

— Locus 1 |
0.8 |— Locus 2
Locus 3

/

Imaginary Axis

1 I | | | | I I
-1 -08-06-04-02 0 02 04 06 08 1
Real Axis

Figure 2.6: Two adjacent stabilizing intervals (k;_1,k;) and (k;, kj.1) where k; is not stabi-

lizing.

Now we prove that the bound on the number of connected components of & can be

tightened to [4]. The strategy for proving this bound is similar to Lemma [2.3.12] That is,
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we need to examine the implications of having two adjacent stabilizing intervals (k;_1,k;)

and (kj, kj.1); see Figure [2.6]

We first make an observation.

Proposition 2.4.7. Let
O(N) = g A+ A N e ag +ag A+ F ap A,
and
h(0) = Im(p(A)[rzem),

where () e R[A]. Then h'(0) = Re (()\80’()\))|,\:e¢9)£ note that h'(6) denotes differentiation

with respect to 0 and @' refers to differentiation with respect to \.

Proof. By linearity of the operations involved, it suffices to show this relation holds for A\~

and A, when [ € N. For M, v(0) = Im(\|y_c0) = sin(l0) and v'(0) = [ cos(10); however,
Re (A(N)")|xeeio ) = Re (IN]s_i0 ) = L cos(16).

For A7t w(#) = Im(\!

e0) = —sin(l0) and w'(0) = -lcos(l0). The proof now follows by

observing that,
Re ((AA"))|xeei0) = Re (<IN |y_qi0 ) = —L cos(16).
O

We are now in the position to prove the tight bound of [n/2] on the number of connected

components of S.
Lemma 2.4.8. When S + @, it has at most [5] connected components.

Proof. Similar to the continuous case, we need to explore the implications of having two
adjacent intervals be stabilizing. Suppose (k;_1,k;) and (kj, kj.1) are two such intervals,

where k’s in each interval are stabilizing. By assumption, p(Ag, k;) = 0 for some |A\o| = 1.
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By Proposition [2.3.10, Ao = € is a simple root for p(\, k;) € R[A] since the unit disk has
positive Gaussian curvature (see argument in the proof to Lemma . Let us denote by
S$(A) = an g A"+ +ap and () = ¢, AL+ -+ ¢p. Now the curve n(t) is differentiable at
Ao with

_ ’f’()\o)
t=ky (A +5(A)) aen,”

by appealing to the asymptotic formula or just formally differentiating. Geometrically, at

dn
dt

k;, the derivative should be orthogonal to A if the curve n(k) is tangent to the unit sphere
at A\g. This implies that,

r(N) :
=i,
(v es)) boro 7
where v € R. Hence,
(2.15) Re (r(3) (X" + 5(1) Ay ) = 0.

Recall that k;’s correspond to the roots of sin(6)g(cos(#)) via (2.13). So if (k;_1,k;) and
(kj,kji1) are both stabilizing, then the , that maps to k; must satisfy,

(2.16) Tm (A + 5(0) 7V ) = 0,

(2.17) Re (r(M)ph, (Moo ) = 0.

Let us now show that these two relations imply if cos(fy) is a solution to g(cos(fy)) (recall

that (2.16]) is equivalent to sin(#)g(cos(6)) = 0), then ¢’(cos(6p)) = 0 due to (2.17). Note
that 0y # 0 or w by (2.15)).

Let us consider the function G(6) defined by

G(0) = Tm (A + 5(A) r(V]r-e )

Note that G(6) = sin(0)g(cos(f)). We adopt the notation G'() to refer to differentiation
with respect to . Let us define g(A\) = r(1/A) and observe that ¢’(\) = =r/(1/\)/A2. Then

G(6y) = Im (()\” +5(\)) q(A)|A=ei90) .



42

By Proposition we have
G'(80) =Re (A (V' + 5(0))a(V)) 1)
=Re (AN +5(0) g(N) oo
A+ 5(0) ¢ (Dlaceio ) -

Noting that Aj + s(Xg) — kjr(Xo) =0, e, Aj +5(Xg) = kjr(No), it follows that,

G'(6,) = Re (()\()\” " S(A))'T(i) n )\k:jr()\)q’()\)) |A_ewo)

((A(A“S(A))’T( )——k r(Mr(5 ) [r=eito

(()\(/\”Jrs(/\)) r(0) = kr(WA (V) e 9)
)

Re
Re (()\(/\”+s(/\)) r(0) = kT (A (V) e
= Re (r(M)pk, (M)A secm ).

The above identity is precisely (2.17)), i.e., G’(6y) = 0. But by the chain rule,

G'(00) = cos(6)g(cos(6o)) - sin*(6h) g’ (cos(6y)) = 0.

Since sin(fy) # 0, it follows that ¢’(cos(fy)) = 0. Putting v = cos(fy), it now follows that v
must be a multiple root if the two adjacent intervals are both stabilizing.

Now let {ui,...,u,,v1,...,v,} denote the roots of the polynomial g(v) = g(cos(8)) =
where v;’s are roots of multiplicity greater than 1. We have p+2rv <n —1. These roots will
be mapped to k;’s via . Let A = {k; } _, and IT = {k; }” be the corresponding sets to
{u;} and {v;}. Since § =0 or 6 = 7 also corresponds to real k’s, we add these two to the
set A. Now p/ +2v <n+1. Let T be the collection of nonstabilizing intervals. Note that if
ki € A, then one of the intervals (k;_1,k;) and (kj, kj.1) must be not stabilizing. Hence, k;

must be the endpoint of some interval in Y. It now follows that the cardinality of A is given

by

= 1A <2 +2(7| - 2).
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On the other hand, the total number of stabilizing intervals would be p’ + v+ 1 —|Y| and

thereby;,
"+2 1
u’+y’+1—|’f|§u’+y’+1—u+ It
2 2
Consequently, the total number of stabilizing intervals is at most [%]/] O

Remark. As shown in Example[d, this bound is tight.

We now observe the property that the stabilizing and non-stabilizing intervals in § in-
terlace is also generic. The proof is almost verbatim to the one to Lemma [2.3.14] except that

we need the nonemptyness of U for discrete systems; this is immediate from Example [3|

Lemma 2.4.9. For a controllable and observable system (A,b,c"), the property that stabi-

lizing and non-stabilizing intervals in S interlace is generic.

An algorithm for characterizing the connected components of §

Similar to the continuous case, our analysis leads to an algorithm for identifying the stabi-

lizing intervals for discrete-time linear SISO systems. We summarize this algorithm below.

25In particular, when n = 2, the set S corresponding to the triplet (A,b,c"), if nonempty, is connected.
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Algorithm 2: Identifying stabilizing intervals of S

1:
2:
3:
: Map L to {ki,...,ky} (order this list in an increasing manner) by (2.13).

10:

11:
12:
13:
14:
15:
16:

17:

Find the real zeros {A1,..., A} of (2.14]).
Construct the list {\y, Ai, ..., A\, A}
Append {-1,1} to this list if necessary, we get L = {1,-1, A1, A1,..., A\;, At}

¢ kyyp < +oo

: The interval (—oco, k1) is not stabilizing (Proposition [2.4.3]).

Calculate the number of unstable roots for the interval (oo, k1) by computing roots of

p(\, ko), for an arbitrary k, < k.

:fori=1to!l’ do

Check the multiplicity of A\; that maps to k;.
Calculate the change in the number of unstable roots from k;—e to k;+e (Remark [2.3.1)).

Compute the number of unstable roots for the interval (k;, kii1).
if number of unstable roots for (k;, k;,1) is zero then
The interval (k;, k;y1) is stabilizing.
else
The interval (k;, k;11) is not stabilizing.
end if

end for

Algorithm 2 divides the space of feedback gains into separated intervals where the number

of unstable roots of p(\, k) is fixed. At the boundaries separating these intervals, p(\, k) has

at least a root on the unit circle for the corresponding feedback gain. The main characteristic

of Algorithm 2 is invoking Remark for analyzing the root paths of p(\, k) at the

boundaries of the separated intervals. Consequently, Algorithm 2 enables keeping track

of the number of unstable roots when k increases from —oco to +oo. As such, Algorithm

2 determines all stabilizing intervals. In addition, this algorithm computes the number of
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unstable roots of p(\, k) for unstable intervals. We demonstrate the progression of Algorithm
2 on the example in Remark The characteristic polynomial of the closed-loop system

is given by
PN K) = 2% +2.90902 + 2.83)\ — 09217272705 + k(0.13432\% — 0.1846\ + 0.06229).
Furthermore,

g(cos(0)) = 0.24916 (cos (9))2 —0.4840272752 cos (6) + 0.23507224509,

has a root Vigls with multiplicity 2. Then sin(6;) = 0 is mapped to k; = 0.06065638 and

ks = 20.09687366; cos(fs) = @ on the other hand maps to ks = 0.6198635016. By Corol-
lary 2.4.3.1] the two unbounded intervals (—oo, k1) and (k3, 00) are both non-stabilizing. We
note that k; corresponds to sin(f) = 0 and thereby (ki, k2) is stabilizing. Since ks is ob-
tained from a multiple root of g(cos(f)), we need to check condition (2.17)). In this case, we

conclude that the interval (ko k3) is stabilizing Y|
2.5 Conclusion

The motivation for this work stems from recent interest in devising learning type algorithms
for control synthesis, that evolve over the set of stabilizing feedback gains. This in turn, has
inspired the need to further examine the topological properties of these sets. We envisage
that some of these properties might have been observed in the earlier literature in system
theory and known to experts{?’| however, this work is an attempt to gather and prove these
properties in a concise and rigorous manner using basic topology and the theory of polyno-
mials. In this work, we have focused on topological and metrical properties of stabilizing
state feedback gains and SISO output feedback gains for continuous and discrete time linear

systems; extensions to MIMO case are elaborated upon in [12|. In this latter case, topolog-

26 Alternatively, we note that ks is obtained from sin(6) = 0, and as such, (ko, k3) must be stabilizing since
(k3,00) is not.

2TParticularly those with deep affinity for root locus and geometry of polynomials.
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ical arguments turn out to be even more dominant for characterizing the set of stabilizing

feedback gains, with less reliance on the geometry of polynomials.
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Chapter 3

LQR THROUGH THE LENS OF FIRST ORDER METHODS:
DISCRETE-TIME CASE

3.1 Introduction

Linear-quadratic-regulator (LQR) has been one of the cornerstones of modern control the-
ory [78] since Kalman’s seminal work in 1960s [39]. LQR is formulated around an optimiza-
tion problem for determining a sequence of (control) inputs to a linear system in order to
minimize a given (integral) quadratic cost over an infinite horizonE] From the theoretical
point of view, a fundamental property of LQR synthesis is that the resulting optimal input is
in the form of a state feedback; as such, it can be represented as a constant feedback gain on
the state of the system [1,39]. The state feedback gain that “solves” the infinite-horizon LQR
problem, in turn, can be obtained by solving the algebraic Riccati equation (ARE). That is,
in the traditional approach to LQR design, the state feedback gain is revealed after obtaining
the “certificate” or “cost-to-go” for the underlying optimal control problemf| Historically, a
large number of works have studied the solution of ARE, including approaches based on
iterative algorithms [31], algebraic solution methods [45], and semidefinite programming [2].

Recently, there has been a surge of interest in constructing optimal control strategies
directly, viewing control synthesis by policy gradient based algorithmsP| Adopting such a
point of view has been partially inspired by the success of learning algorithms, such as
Reinforcement Learning (RL), where using principles of Dynamic Programming (DP), one

can devise real-time model-free methods for both continuous-time and discrete-time LQR |10,

'We shall not delve into the finite-horizon LQR in this chapter.
2The analogy here would be solving the dual, followed by the recovery of the primal solution.

30ne might as well extrapolate that these methods provide a streamline recipe for learning optimal
feedback gains in real-time.
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190136146, 148, [51.[52] (noting that LQR problem can be formulated as an RL problem |[8|,
52|). However, policy iterations are inherently prohibitive since the cost function has an
infinite horizon, is undiscounted and unbounded per stage [8]. The RL perspective for LQR,
particularly direct policy updates, has the merits in terms of extension to model-free setting
by means of stochastic (zeroth-order) optimization [20,57], computational scalability and
rich parametrization of the feedback policy. In the meantime, LQR has proved to play
an important role in theoretical RL by serving as a benchmark for demonstrating global
convergence of policy gradient based algorithms.

In this chapter, inspired by the work [24], we examine first order methods for solving
the LQR problem. In this direction, we first give a fairly complete account of the analytical
properties of LQR cost function. More specifically, we show the cost function is smooth,
coercive, gradient dominated over its effective domainff and has quadratic growth under
standard LQR assumptions | We next examine three types of well-posed flows over the set
of stabilizing controllers induced by this cost function, namely, gradient flow, natural gradient
flow and quasi-Newton flow. These flows are closely related to the policy iteration schemes.
Indeed, the conciseness and well-established theory of ordinary differential equations (ODEs)
not only provide an elegant analysis of the convergence of numerical methods but also provide
deeper insights into the corresponding optimization algorithms [29]. In this direction, we
prove that the Lyapunov functionals for these flows decay at an exponential rate and the
corresponding trajectories are exponentially stable in the sense of Lyapunov.

We then proceed to discuss the forward Euler discretization of these flows, realized as
gradient descent, natural gradient descent and quasi-Newton iteration (hence, the state feed-
back gain can be updated iteratively). We show that the stepsizes in the gradient descent
and natural gradient descent can be obtained via the Lyapunov equations in two consecutive

updates; the coerciveness of the cost function on the other hand, ensures that the updated

4Gradient dominated property was first observed in |24]; in this chapter, we provide an alternate, control-
theoretic proof of this fact.

°In [24] it was assumed that Q > 0; here we only require that @ > 0 and the eigenvalues of A on the unit
disk are (@, A)-observable.
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feedback gains remain stabilizing. As such, both the function values and feedback gains con-
verge linearly to the corresponding global minimum. In the case of natural gradient descent
in particular, we obtain a sequence of value matrices that monotonically decrease in the pos-
itive semidefinite coneff] Convergence rate of the quasi-Newton iteration is also analyzed]]
proving that the corresponding iterates and function values converge Q-quadratically F] to
the global optimaf]

A summary of our contributions compared with the existing works on direct policy up-

dates is as follows:

a. We motivate the policy gradient algorithms from the perspective of minimizing flows.
The flow perspective yields an elegant Lyapunov-type argument for the stability anal-
ysis and provide further insights into the discretization process and deriving iterative

algorithms.

b. We relax the assumption that state penalization matrix () is positive definite as adopted
in [24] needed for the convergence proof. Instead, we assume that @ is positive semidef-
inite and that the eigenvalues of A on the unit disk in C are (@, A)-observable; this is
consistent with the standard LQR theory.

c. We improve the selection of the stepsize for the proposed direct policy updates. Our
analysis utilizes the Lyapunov matrix equation, that is not only conceptually appeal-
ing but also simplify the subsequent convergence analysis. Moreover, we establish a

connection between quasi-Newton and Hewer’s algorithms; we show that quasi-Newton

5The terminology “natural gradient descent” (flow) is reserved for a particular choice of Riemannian
metric; see for details.

"The quasi-Newton iteration is consistent with Hewer’s algorithm |31] if stepsize is set to be 1/2, essentially
a Newton’s iteration. We provide a transparent motivation as to why the proposed algorithm is a “quasi-
Newton” iteration over direct policy space and an alternative proof for the quadratic convergence.

$We have adopted the terminology of |58].

9The algorithm is referred to as “Gauss-Newton” in [24] and the convergence was shown to be linear rather
than Q-quadratic.



50

algorithm enjoys a ()-quadratic convergence rate.

d. We provide a careful analysis of the analytical properties of LQR cost function when
viewed as a matrix function over its domain. In this direction, we provide a theoretical
treatment on how standard assumptions in LQR theory translate into the correspond-
ing analytical properties of the matrix-valued optimization problem. Indeed, these
properties provide a transparent and elegant point of view on the stabilizing property

of the proposed iterative process.

The remainder of this chapter is as follows. The LQR problem statement and related
definitions are provided in §3.3] §3.3.2] introduces the analytical properties of the LQR
cost function. Subsequently, gradient flow, natural (Riemannian) gradient flow and quasi-
Newton flow are introduced in §3.4] and §3.6] respectively. Discrete realizations of
these flows, namely, gradient descent, natural gradient descent and quasi-Newton iterations

are addressed in and §3.6.1] §3.7] presents simulation results to illustrate the

theoretical contributions of the chapter; in §3.8] we provide a few concluding remarks.

3.2 Notation and Preliminaries

We denote by M., (R) the set of n x m real matrices and GL,(R) as the set of invertible
square matrices; R" denotes the n-dimensional real Euclidean space with the n = 1 case
identified with real number. The set of non-negative numbers is denoted by R, and natural
numbers as N; S,, denotes the set of n x n real symmetric matrices. Other notation includes
AT, p(A), rank(A), Tr(A), vec(A) representing the transpose, spectral radius, rank, trace,
and vectorization of the matrix A, respectively; A ® B is the Kronecker product of matrices
A and B, and rbd K designates the relative boundary of the set K. The real inner product
between a pair of vectors z and y is denoted by (z,y). |A|2 denotes the spectral (operator)

norm of a square matrix A and |A|p denotes its Frobenius norm[lY| Lastly, the notation

102_norm is assumed when we use |.|.
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A > B for two symmetric matrices refers to the positive semi-definiteness of their difference
A - B; analogously for positive definiteness of this difference using A > B. We let \;(A)
denote the eigenvalues of a square matrix A. These eigenvalues are indexed in an increasing

order with respect to their real parts, i.e.,
Re(A(A)) <---<Re(M,(4)).

If A is symmetic, the ordering becomes A;(A) < --- < A\, (A). When A > 0, |A]| = M\.(A)
and we shall use these interchangeably. We use C*(U) to denote the set of real analytic
functions over an open set U € R*. A function f: U — R is C*°-smooth if it is infinitely
differentiable. A function f is L-smooth when f is continuously differentiable and its gradient
is L-Lipschitz, i.e., |V f(2)-Vf(y)| < L|z-y]||. Suppose f: R" - R is a differentiable function
with argming . f(z) # @. For z, € argmin f(x), f is gradient dominated if f(x) - f(x,) <
T(Vf(z),Vf(x)) for all z € R" and a constant 7 >0 [62]; f has quadratic growth about z, if
lo— 2.3 <k(f(z) - f(z.)) for all z and a constant x > 0.

A pair (A, B) is stabilizable if there exists some K such that A—BK is Schur. An eigenvalue
A of A is called (C, A)-observable if

Given a pair of system matrices (A, B), S denotes the set of Schur stabilizing feedback gains,
S={K eM,;xn,(R): p(A-BK) < 1}.

We will frequently use a few linear algebraic facts on matrix equations and inequalities;

some of these are collected in the following proposition.

Proposition 3.2.1. The following relations hold:

a. For matrices A, B,C of appropriate dimensions, vec(ABC') = (CT ® A) vec(B).
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b. For an n xn positive definite X,

1

(3.1) M™XN+N'XM > —(aM™XM +=NTXN),
a
1
(3.2) M™XN+N"XM<aM™XM+-NTXN,
a

where M, N € M, (R) with m <n and a € R,.

c. Suppose that A € M., (R) has spectral radius bounded by 1, i.e., p(A) < 1. Then
ATXA+Q-X =0,
has a unique solution,
X =3 (AT,
=0
and if Q >0 then X > 0. Moreover, if X satisfies
ATXA+Q-X=0,
with Q < Q, then X < X.
d. Given arbitrary positive definite matrices X,Y of the same size, one has,

(3.3) A (Y)Tr(X) < Tr(XY) < Ay (Y) Tr(X).

The proofs of these observations can be found in [33].
3.3 Problem Setup and its Analytic Properties

In this section, we provide an overview of LQR, and in particular its modified initial state
independent version, as well as a few analytic observations that are of independent interest.
Although the reader might know of the extensive LQR literature, we note that some of these
observations have only become necessary when the LQR optimization is viewed directly on

the set of stabilizing feedback gains.
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3.3.1 Discrete-time infinite horizon LQR

In the standard setup of LQR, we consider a (discrete-time) linear time invariant model of

the form,
(34) Th+1 = AZL‘k + Buk,

where A € M, (R), B € M,,,,n(R) and (A, B) is stabilizable. The LQR problem is the
optimization problem of devising a linear feedback gain K € M,,,,,(R) for which u; = —Kxy,

minimizing [
J(xp) = ki [(zk, Quy) + (ur, Ruy)],
=0

where x is the initial condition, and the quadratic cost is parameterized by 0 < Q) € S,, and
0 < R €S,,; Q satisfies the condition: the eigenvalues of A lying on the unit disk is (Q, A)-
observable. LQR is traditionally solved via dynamic programming or calculus of variations,
leading to the celebrated Algebraic Riccati Equation (ARE) [1][7]

In order to update the feedback gain (policy) directly, it will be conceptually appealing
to consider the cost as a matrix function over the set of feedback gains. With this aim in

mind, we may define J,,: M, (R) - R as,

[ee)

Jaco(K) = Z [((A - BK)%O, Q(A - BK)%O)
(3.5) k=0
+{(K(A - BK)*zo, RK(A - BK)*x)],
for some fixed initial condition xg € R®. Our first task in this direct optimization setup is
to determine the domain over which the function is well-defined. In other words, we are
interested in the effective domain dom(J,,) = {K € M5, (R) : J,, (K) < +o0}. Addressing

this seemingly natural analytical question turns out to be subtle. If K is stabilizing, i.e.,

"The condition that uy has the form — Kz}, is not set a priori in the LQR formulation; this feedback form
is typically shown via the adoption of a dynamic programming step.

12For the dynamic programming case, one starts with the finite horizon case, apply the optimality principle,
and then identify a solution concept for the infinite horizon case using a limit argument; calculus of
variations provide another approach for deriving necessary conditions for LQ-type problems.
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p(A-BK) < 1, then K € dom(/J,,). In the meantime, for a non-stabilizing K, i.e., p(A -
BK) > 1, when the system matrix A — BK has both stable and unstable modes, if zg is
chosen to be in the span of eigenspace corresponding to stable modes, J,, (K) < co. That
is, {K : p(A- BK) < 1} is a proper subset of dom(J,,). Indeed, {K : p(A- BK) < 1}
is the interior of dom(.J,,) (see Proposition 3.1 and Lemma 3.2 in [11] for details). This
implies that J,,(K) is not differentiable everywhere on its domain. More precisely, J,, (K)
is differentiable on S but non-differentiable on dom(.J,,) N\ S. This complication is rather
unnecessary as we are primarily interested in stabilizing controllers. This motivates us to
examine initial condition independent formulation of LQR[™|

Ideally, the objective function f : M., (R) = R for our LQR calculus has an effective
domain that coincides with the set of stabilizing feedback gains { K € M,,,,,,(R) : p(A-BK) <
1}. This can be achieved by choosing a set of linearly independent vectors {x,..., 28} cR»

and defining [
(3.6) FUE) =Y 0, ().
=1
As such, the function f would be infinite if K is not stabilizing (see Lemma for details).

Remark. The initial independent formulation is rather natural for general optimal control
problems. In such problems, it is often desired to constrain the control synthesis to stabilizing
feedback gains. For a learning algorithm that is built around a descent direction, such a
formulation allows for an automatic enforcement of this stabilizing feature.

Alternatively, we could let xq ~ D, where D denotes some probability distribution, and let

f(K) = ]EIO~'D(J960)'

As long as the samples span the whole space with probability 1, the function enjoys same

properties as we have defined above.

13This is indeed necessary if we want to formulate an unconstrained optimization problem over the set of
stabilizing feedback gains.

14 0Of course, one may choose the standard basis {e1,...,e,}, where ¢; is the vector with zero entries except
a “1” at the ith entry; the choice of an arbitrary basis simply retains flexibility.
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In the pioneering works [41,142,49,50] aiming to develop necessary optimality condition
for continuous LTI systems, such initial condition independent formulation had been intro-
duced. However, in these works the implications of such a formulation on differentiability

and coerciveness of (4.3)) were not discussed.

We shall now see that f (4.3]) enjoys several favorable properties, e.g., f is differentiable
over its effective domain and f diverges to infinity when K tends to the boundary of this
domain, i.e., f is coercive. More importantly, for every K € dom(f), the function f(K) can

be written as,

F(K) = Y Tr(XS),

J=1

where 37 = :Ué(xé)T and X satisfies the Lyapunov equation,

(3.7) (A~ BK)' X(A-BK)+ K RK +Q = X.

Note that .J,; (K') does not necessarily admit the compact form i (K) =Tr(X3) for every
K e dom( i (K)). This is due to the fact that matrix X only makes (mathematical) sense
if K is stabilizing, but dom(Jxé (K)) contains non-stabilizing feedback gains.

3.3.2  Analytical Properties of the LQR cost function

In this section, we investigate the properties of the LQR cost (4.3). We will observe that,

e f is a real analytic function over its domain.
e f is coercive and has compact sublevel sets.

e f is (natural) gradient dominated and has quadratic growth.

To simplify the notation, in the rest of this chapter, we shall denote

2::Zn:2j, Axg =A- BK,

J=1

Ny = RK - B'X (A - BK);
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when the context is clear, we will write N instead of N and in describing the iterative
process, we shall denote N, as N;. Let us recall some of the topological properties of the

set of Schur stabilizing feedback gains S; the proofs can be found in [13] /7]

Lemma 3.3.1. The set S is regular open, contractible, and unbounded when m > 2 and the

boundary OS is precisely the set B ={K € M,;,x,(R): p(A- BK) =1}.
We now observe that f(K) is real analytic over S.
Lemma 3.3.2. For the LQR cost (4.3), we have f € C¥(S).
Proof. For every K €S, let X be the solution to the Lyapunov equation (3.7)). Then
(3.8) vee(X) = (A}, ® A} ) vee(X) +vec(K'RK + Q).

Since the eigenvalues of I ® I — Ax ® Af are precisely {1 - \;(Ax)N;j(Ak) 4,5 =1,...,n},

I®I-AL ® A} is invertible. Hence,
vee(X)=(I®1-Ax ® Ax) " vec (KTRK +Q).

By Cramer’s rule, X(K) is a rational function of polynomials in the entries of K and thus

the map K — X(K) is CW.E Hence, f can be viewed in terms of the compositionﬂ
Kw X(K)+~Tr(XYX).

As a composition of C% maps, f is thus real analytic.

]

With the initial condition independent formulation, the function f (4.3) diverges to in-

finity smoothly as K approaches the boundary 0§ or when K diverges to infinity.

15Strictly speaking, it is assumed (A, B) is controllable in |[13|; however, by Kalman decomposition, one
may easily deduce the results for a stabilizable pair (A, B).

YFor a given K, X(K) will be referred to as the the “cost matrix” as it characterizes the infinite hori-
zon closed loop cost from the current state when this cost is finite. We shall use X(K), Xx and X
interchangebly if the context is clear.

17Mind that this perspective is only valid in S.
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Lemma 3.3.3. The LQR cost 15 coercive in the sense that,

Kjl}lr?easf(Kj) = oo

or
f(K)—> o0 if KeS and | K| — oo.

Proof. Suppose that the sequence {K;} ¢S and K; - K € dS. Denote the sequence {X;} ¢
Si* to be the corresponding sequence of value matrices. We claim that the sequence diverges
to infinity in 2-norm. Namely, |X/|2 = +o0 as j - co. To show this, it suffices to show the
sequence contains no bounded subsequence. We prove by contradiction. Suppose not, i.e.,
there exists some bounded subsequent {X,,, }; then by Weirestrass-Balzano [68], there exists
some subsubsequence ny, such that Xnkj — X for some X > 0. By continuity, X > 0 solves

the Lyapunov equation
ALXAg +Q+K'RK = X.
But this is a contradiction: if (A, v) is an eigen pair of Ay with |A| = 1, then we have
v (AR XAk - X)v+v"(Q+ K'RK)v =0,

which implies that Qv = 0, Kv = 0 and Av = Av. This is a contradiction to the (@, A)
observability of A. Hence, {X,} must be unbounded. It thus follows that Tr(X;X¥) - +oco
as j — +oo0.

On the other hand,

F(K) > (fg(AK)i S <A;<>Z‘) T(Q + KTRE)

> M (2) M(R) K-

Thereby, for any M >0, f(K) > M for | K| sufficiently large. O
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With the coercive property in place, i.e., growth to infinity smoothly, we can continuously
extend the function to M., (R) as an extended real-valued function which allows +o0o0 as a

function value. This in turn will imply that all sublevel sets of f(K) are compact[™]
Corollary 3.3.3.1. The sublevel set S, ={K €S : f(K) < a} is compact for every a > 0.

Proof. By Lemma , we can continuously extend f to f: M,xn (R) > RU {+00}, where,

| f(K), ifKEeS,

, if K e&e.

+00

The sublevel sets Sy = {K € Mp(R) : f(K) < a} of f, in the meantime, are compact
by Proposition 11.12 in [5|. The proof is completed by observing that S, = S, when « is
finite. O

As f e C¥(S), the gradient of f can be characterized explicitly.

Proposition 3.3.4. (Proposition 1 in [55]) For K € S, Vf(K)=2(RK - B'X(A- BK))Y,

where Y solves the Lyapunov matriz equation,
(3.9) ArYAL-Y +X=0.

We emphasize that Proposition only makes sense when K € S. One is then tempted
to set Vf(K') =0 to obtain a stationary point. However, since X is a function of K, whether
or not Vf(K) = 0 is solvable in § needs clarification. Indeed, the analytical properties,
in particular, the coerciveness, would guarantee the existence of global minimizer; the cost
function structure on the other hand guarantees the uniqueness of such stationary point. We
remark such existence of unique global minimizer can also be deduced by standard control

theoretic argument [73|; what we are demonstrating is an alternative way of arriving such

18This can also be proved directly. The condition f(K) - +o0o as | K| — oo implies that the sublevel sets
of f are bounded; condition f(K;) — +o0 as K; - K € dS implies that every sublevel set is bounded away
from the boundary and hence closed in the Euclidean topology. Note the continuity of f only guarantees
that the sublevel sets are closed in S.
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a conclusion. To begin, we first observe a comparison equality concerning the difference of

value matrices for two different stabilizing controllers.

Lemma 3.3.5 (Comparison Lemma). Suppose K,K €S and denote X and X be the corre-

sponding value matices. Then we have

AT(X - X)Ag+ (K- K)'Ng + N (K - K)
+(K-K)(R+B"XB)(K-K)=X-X.

Proof. 1t suffices to take the difference of the following Lyapunov matrix equations

ALXAg +Q+K'RK = X,
A}{X’AR+Q+KTRK'=X.

Indeed, a few algebraic operations reveal that,

AT (X - X)Ag + (K - K)'Ng + Nj (K - K)
~ (K- K)"R(K - K) - (A - Ag) X (A - Ag)

=X-X.

We now prove the existence and uniqueness of the stationary point.

Lemma 3.3.6. The matrix K, = (B"X,.B + R)"'B" X, A is the unique global minimizer of
F(K) [ where X, is the corresponding solution of the Lyapunov equation (5.2).

Proof. Since (A, B) is stabilizable, S is nonempty. As such, for every finite ¢ > 0, the set
S.={K eS§: f(K) <c} is a nonempty compact set. Therefore, f(K) achieves its minimum
on S, at K* with Vf(K,) = 0. Thereby, K, = (B"X.B + R)"'B"X.A must be in § (this

expression is now more precise!). To show uniqueness, suppose there exists K, ; and K, » such

19 As we are establishing the global minimizer is unique, throughout the chapter we shall use K, to denote
the global minimizer.
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that the gradient vanishes at both points, namely N, , = Ng, , = O.@ By the Comparison
Lemma, it follows that X,; > X., and X, > X, ;. This is a contradiction and thus the

global minimizer is unique. O]

Remark. Lemma can be regarded as an alternative means of deriving the expression
for the optimal state feedback control for standard infinite horizon LQR problem. It is in-
structive to emphasis on the control theoretic assumptions in LQR guarantees the existence

and uniqueness of the stationary point in the matriz-valued optimization problem:

a. The stabilizability gquarantees that the domain dom(f) is nonempty.

b. @ >0 and (Q, A)-observability of eigenvalues on the unit disk together guarantees the
coerciveness and thus compactness of the corresponding sublevel sets. This in turn,

implies the existence of stationary point (solvability of Vf(K) =0 in S).

c. The quadratic cost on the other hand implies the uniqueness of the optimal solution.

We now observe that the LQR cost is a gradient dominated function [62]PT The
proof of this property in |24] (Corollary 5) is based on a careful comparison of the cost differ-
ence in each time step between the optimal policy and a specified policy. Here, we provide an
alternate proof of this important property. This alternate approach is more control-theoretic
in the sense that it is mainly concerned with the properties of the Lyapunov equation. More-

over, this approach reveals that f(K') has quadratic growth at K,.

Lemma 3.3.7 (Natural Gradient Dominated@. Let K, be the optimal feedback gain. For
KeS,

T K - K& < f(K) = f(K.) < m(Ng, Ng),

20T his follows from Y > 0 for every KS.

21This property is also referred as Polyak-FLojasiewicz condition, as a special case of what had been proposed
in [53].

22The terminology “natural gradient” will be explained in
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where

(W)
" M(R+B'XB)’

T = /\1(Y))\1(R+ BTXB)7T2
Y, = ¥520(Ak, ) B (Ag, ), and X, solves the Lyapunov matriz equation
(3.10) AL X, A, - X, +Q+ KIRK, = 0.

Proof. Recall that Ng := RK - BTX Ag and X is the solution of (3.7)). Now by Comparison
Lemma [3.3.5] we have

Al (X = X)Ag, + (K - K.)'Ng + NI (K - K,)
~(K-K,)(R+B"XB)(K-K,)=X - X,.

By Proposition [3.2.1] (part (3.2)), we note that for every a > 0,

(K-K) Ng+NL(K-K,)

<

(K-K)(K-K,)+aNLNg.

Q|+

Picking o = 1/(\ (R + BTX B), we then have,

(K-K) Ng+NL(K-K,)

- (K- K.)'R(K - K,) - (A-Ag,) ' X(Ax - Ax,)
1
*M(R+BXB)

N7.N.

By Proposition [3.2.1] (part (c)) , it thus follows that,

J(K) - f(KL)
< T‘I‘((;(AT*)J' ()\I(R+IBTXB)N}(NK) AJI'(*)E)
1

“nr ) NN QARA)
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where in the last equality we have used the cyclic property of the matrix trace. We note that
Y, = ¥20(Ak, 7B (AL, ) is uniquely determined by the system parameters A, B,Q, R, .
Now

A (Y2)
M(R+BXB)

Tr((X - X,)E) < Tr(NTNg).

where the last inequality follows from Proposition [3.2.1] (part (d)). To show quadratic growth,
by Comparison Lemma [3.3.5]

- AL(X. - X)Ag + (K. - K) Ny, + Nj (K. - K)
| _(K-K.)(R+B X.B)(K - K.) = (X, - X).

Since Nk, =0, it thus follows
J(K) - f(K.)
- T (L (ALY (K- )T
7=0
(R+B"X,B)(K - K*)A;'()

=Tr((K - K.)"(R+B"X,.B)(K - K,)Y)
> M (VM (R+B™X,B)|K - K, |%.

O
Now it is straightforward to observe the cost function f(K) is globally gradient dominated.
Corollary 3.3.7.1 (Gradient Dominated). For every K €S, we have

FK) = f(K.) < s{Vf(K), Vf(K)),

where

_ An(Y)
T AMCE) PR+ BX.B)
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Proof. 1t suffices to observe

ATr(YNLNgY) > 4[\ (V)2 Tr(NTNg),
and A\ (Y) > A\ (X) since Y = Z;’ZO(A}{)jEAJI'{. The proof is completed by noting R+ BT X B >
R+ B"X,B. [

3.4 Gradient Flow on S

In this section, we show that the LQR cost function (4.3)) gives rise to a well-posed gradient
flow,

(3.12) Ky = -V f(Ky).

Let us first observe that (3.12]) admits a unique solution for all time t.

Lemma 3.4.1. For every Ky € S and ty € R, there ezists a unique solution K; € C*(R,S)

for the initial value problem,

(3.13) K(t) =-Vf(K),
K (ty) = Ko.

Proof. Note that K ~ 2NgY is C'* smooth. The statement now follows from Corol-
lary [3.3.3.1 and Proposition 3.7 in [29]. O

We next show that the unique trajectory of (3.12)) is in fact exponentially stable; without

loss of generality, we assume that ¢y = 0.

Theorem 3.4.2. For Ky € S, denote by K, as the solution of (3.13|). Then the energy
functional V(K;) = f(K;) - f(K.) decays exponentially fast to the origin and the trajectory

K, 1s globally exponentially stable in the sense of Lyapunov, i.e.,
| Ko = K5 < ce™ | Ko = K3,

where a,c € R, are constants determined by the LQR parameters A, B,Q, R and initial

condition K.
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Proof. To prove the exponential decay of the energy functional, it suffices to observe
V(K = ~(Vf(E;), Vf(K)) < -aV(K),

with a = 1/kP?] Hence, f(K;) - f(K.) <e(f(Ko) - f(K,)).
Now first observe that the Lyapunov functional is smooth, positive definite and radially

unbounded | thus K is globally asymptotic stable, i.e.,

lim K; = K.

t—o0

By Lemma |3.3.7]

I~ K. < - (10D - ()
1
MM (R+ B X.B)

where in the last inequality we have used A\ (Y) > A\ (X) and \(R+ B"XB) > \(R +

e_atV(KU)u

BTX,B). The proof is completed by setting,

) V(Ko)
M(Z)M(R+ BTX.B)|Ko - K.|%

C

3.4.1 Discretization of Gradient Flow

In this section, we examine the discretization of the gradient flow . As we have ob-
served in Theorem [3.4.2], both the energy functional and the trajectory of this flow converge
exponentially to their respective global minimum. Ideally, a gradient descent algorithm con-
verges linearly for the function values as well as the iterates. In this direction, the forward

Euler discretization of the gradient flow yields,

(3.14) Kju = Kj -0V f(K;),

ZRecall & is the constant in Corollary [3.3.7.1

24In control literature, this is sometimes referred to as weakly coercive; nevertheless, as shown here, this
is equivalent to being coercive.
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where 7, is a nonnegative stepsize to be determined. We emphasize in (and only in) this
section we assume @ > 0. The case @ > 0 is treated in our work [17]. @ > 0 deverses its
standalone treatment as in this case we could choose larger stepsize based on the smallest
eigenvalue of Q.

The stepsize (or learning rate) should reflect two principles during the iterative process: (1)
stay stabilizing and (2) sufficiently decrease the function value. In following, we shall see
that the gradient dominated property leads to a stepsize that results in a sufficient decrease
in the function values while the coerciveness guarantees that the acquired feedback gain is
stabilizing. To begin, we observe that if K;.; = K; —n;Vf(K;), provided that K; and K4
are both stabilizing, the difference of the value matrix X;,; — X, can be characterized as

follows 2]

Proposition 3.4.3. If K1 = K; —n;Vf(K;) and Kj, Kj.1 are both stabilizing, then Z =

X — X1 solves the Lyapunov matriz equation,

Ak

j+1

ZAY,, - Z+2m; (Y/NIN; + NINY)

~YNI(42R + 40 B"X;B)N,Y; = 0.
Proof. It suffices to substitute K., — K; = -2n;N;Y} into Comparison Lemma [3.3.5] O

We now observe that with appropriately chosen 7;, we can guarantee a sufficient decrease
in the function value while ensuring stabilization (for the analogous result in [24], see the

third part of Theorem 7 and Lemma 24).

Lemma 3.4.4. Consider the sequence {K;} generated by (3.14) with stepsize n;. Denote by
{X,} the corresponding Lyapunov matriz solutions with respect to {K;}. When

1 b b,
3.15 -<\‘— 4L
( ) 10y cj+4c§ 2¢;’

Z5This relationship is used in [24].
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where

~ . fUG)  Af(KG) I BN;Y[2A.(Y)
R W2 I W (6) W6>) R

4| BN, Y2 A0 (Y5) f (K;)
M(Q) ’

the sequence {K;} is stabilizing for every j > 0. In particular,

Cj = )\n(R + BTX]B)

FUKGa) = F;) < ATe(VNINGY;) (1 = byn? = 1))

Before presenting the proof of this result, we outline the underlying idea. The crucial
property we shall leverage is the compactness of the sublevel sets, analogous to devising the
stepsize. If we start at a stabilizing control gain K where the gradient does not vanish,
and consider the ray of {K —nVf(K) :n >0}, by compactness of the sublevel set, there is
some ¢ for which f(K’) = f(K), where K" := K - (V f(K) (See Figure 3.1). What we shall
demonstrate is that with the stepsize n; given in the Lemma, if K., stays in the compact
sublevel set, then K;,; must stay in the interior of the sublevel set, namely, f(K;.1) < f(Kj).
We then proceed to examine two alternatives: (1) Kj.1 is not stabilizing, or (2) Kj.p is

stabilizing but f(K.1) > f(K); either alternative would lead to a contradiction.

K -nvf(K)
K —-(Vf(K)

4

Figure 3.1: Gradient descent interacting with the level curves of f 1}
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Proof. Suppose that the sequence generated by the choice of 7; is in fact stabilizing (to
be proved subsequently!). This is crucial in our analysis as we use the Lyapunov matrix
equation for the closed loop system, admitting a solution when Kj is stabilizing; without

this assumption, the matrix X; is not well-defined. By Proposition [3.4.3, we have,

f(Kja) - f(K5)
=T (Vs (20, 0 NN, + NJN,Y)
VTN (R 4R BTX,BINY;) )
< 4n; Tr (N]T-Nj(—Yijﬂ
A (R + B'X; B)Y;Y;.1Y))).

In order to determine a stepsize 7; such that f(K.1) < f(K;), we consider a univariate

function X9
g(n) = Tr (N'N(YY (1) - naY Y (n)Y')),
where a := A, (R + B"XB), and Y (n) is the solution of the matrix equation "]

(A- B(K -n2NY))Y (n)(A- B(K -n2NY))

+X-Y(n)=0.

Note that in defining the function g we have dropped the indices as this function is used to
determine stepsize for every iteration. Assuming that the choice of 7 ensures staying in the
sublevel set of f(K), i.e., f(K -n2NY) < f(K), It can be shown with the proposed choices
of stepsize, one has g(n) > 0 (see details in [11]). It remains to show that if n; is chosen
as above, our two opening assumptions are valid: (1) the sequence {Kj;} is stabilizing, and

(2) K41 remains in the sublevel set of f(/K). We prove these by contradiction. First, note

26Note that since the products Y;Y;1 and N;Nij are not generally symmetric, the inequalities in Propo-
sition are not necessarily applicable.

2TThe function is not defined for every 1 > 0 but only for an interval for which K — 72INY is stabilizing.
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that we can not have K., be stabilizing while K;,; ¢ Sf(Kj). Suppose that this is the case.
The sublevel set Sk, = {K : f(K) < f(K})} is compact and the ray {K; - (V f(K;): (20}
intersects the boundary of Sk, for some ¢ > 0; suppose that K’ = K; - ('Vf(K;) € 0S5k,
where (’ is the smallest positive real number for which this intersection occurs, i.e., the first
time the ray intersects the boundary. It is clear ¢’ must be greater than n; as otherwise we
would have ¢’ <n; and f(K;-('Vf(K;)) < f(K;), a contradiction®™] Now we prove that K;

is stabilizing. If not, we must have

[Oa 77]') < [Oa Cl]a

since otherwise, there exists s’ < n; such that s’ = (" and f(K') = f(K}), which would also
contradict the inequality f(K’) < f(K;). O

Theorem 3.4.5. Putting d; = max(bj,c;) where b;,c; are given in Lemma if n; =

, we have,

Wl

FOKG) = fIL) <@ (F(Ko) - f(KL)),
|Kj = Ku|lp < c1g’’?,

where q € (0,1) and ¢, >0 are constants.
Remark. n); is acquired by noting that according to Lemma[3.4.4),
FOKG) = f(KG) 2 4Te(YNINGY;) (1 = dynf = dj}).
Mazimizing 1; - d;n; - djn} while esnuring 1 - d;n; — d;n; > 0 yields the desired quantity.

Proof. Note the proposed stepsize rule satisfies 1 - 2d;n; - 3djn]2 = 0. Putting r; = f(K;) -
f(K.), we observe that with the chosen stepsize 7;,

rj =i 2 ATe(VNINGY)) (djnf +2d5n7) = vr.

ZNote what we proved above is: if a stepsize is strictly smaller than 7;, the function value is strictly
decreasing if the gradient is not vanishing.
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It follows that,
Tj+1 < (]_ - I/j)?"j = QjTj.

It can be shown the proposed stepsize is bounded away from 0, i.e., 77; > € for some constant
€ >0 (see the detailed computation in Proposition B2 in [11].). Hence, the sequence {¢;} is

upper bounded away from 17| namely, for every j
g <q<1
Thereby,
FOEG) = F(KL) < (f(Ko) - F(K.)).

To see the convergence of iterates, it suffices to note by Lemma [3.3.7],

K - K2 <~ (FOK,) - F(KL)).

T1

3.5 Natural Gradient Flow on S

If we inspect the proof of the Lyapunov stability of the gradient system (Theorem [3.4.2)),
the positive definite matrix Y does not affect the qualitative nature of these properties.
Nevertheless, the matrix Y introduces a constant factor in the corresponding upper bounds.

In this section, we consider a family of gradient systems of the form,
(3.16) K= -Vf(K)Y ™7 = -2NgY',

where v > 0 is (real) scalarﬂ As discussed subsequently, such parameterized gradient system

can achieve better convergence rate for different values of . Viewing such a gradient flow

291t is rather clear d; is lower bounded away from 0. So djnjz + 2d§77? > 0.

30When v = 1, this flow can be viewed as the continuous limit of the natural gradient descent as discussed
in [24].
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in the context of a flow on a Riemannian manifold is particularly pertinent T In fact, as S
is open, it is a submanifold in M., (R). We first observe that the inner product induced by
Y7, ie., (M,N)yy =Tr(MTNY?) is a well-defined Riemannian metric over S.

Proposition 3.5.1. Over S, the inner product (-,-)y (k) induces a Riemannian metric.

Proof. Note that Y (K) is positive definite for every K € S. It suffices to show that Y (K)

varies smoothly with K. But this follows from,
vee(Y)=(I® - A ® Ag) tvec(X).
O

We can thus view S as a Riemannian manifold with metric induced by (-, -)y~; the function
f:S = R is then a scalar-valued function defined on this manifold. Let us now consider the

gradient of f, denoted by gradf, with respect to the Riemannian metric induced by (-, )y~
on SP

Proposition 3.5.2. Over the Riemannian manifold (S, (-,-)y~), gradf = 2(RK-BTX Ag)Y'-7.
Proof. 1t suffices to note that,

df (K)[E] =2Tr(EY(RK - 2B"X Ag)Y) = (E,2(RK - 2B" X A )Y )y,

Now the gradient flow of interest on this manifold is,

K = —grad f(K).

We now observe that with respect to the Riemannian metric, the potential function decays

at an exponential rate and the trajectory is exponentially Lyapunov stable (compare the

different rate with the gradient flow in Theorem [3.4.2)).

31'We will see that in our case, it is better to choose v other than v = 1.

32We will use standard notitions in Riemmaninan manifold theory [74]. For example, df will denote 1-form
and grad f will denote the gradient with respect to a Riemannian metric. As we are working in Euclidean
space, we implicitly identify all tangent vectors by standard isomorphism, i.e., Tk S » M,,xn (R).
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Lemma 3.5.3. For K, €S, denote K(t) as the solution of (3.16). Then
FUG) = FKL) < e (f(Ko) - f(KL)),
| K = K[ < ce™(f(Ko) = f(KL)),
where T is a constant determined by the system parameters A, B,Q, R and K.

Proof. The proof proceeds similarly to Theorem [3.4.2l We only need to note that with
respect to the Riemannian metric,
V(K;) = df (K) K, = (grad f (K}), K;)y~
= 4 Tr(NJN,Y; 7).

According to Lemma [3.3.7, we now have,

CAM(R+BTX.B)M (YY)

/(K,) < K,
V( t) = )\n(Y*) V( t)
4\ (R+ B"X,B)
- K)=r.
)\n(Y*) V( t) r
The conclusion then follows. O]

Remark. Lemmam shows that the gradient descent converges to the equilibrium
point at an exponential rate 4\ (R + BTX.B)X2(Y)/\.(Y:). Hence, the natural gradient
flow modifies the exponential convergence rate of the gradient descent algorithm to
A\ (R+ B™ X, B)A(Y?> ) /M (Y2), by a constant factor of \y(Y27)/A3(Y'). This factor de-
pends on the largest and smallest eigenvalues of the matriz Y. For example, if v > 3, then

M (Y27) = 1A (Y772).

Remark. We note that the convergence rate of trajectory K is dependent on A\ (Y) and
M(Y). For ezample, when v =1 and 3 = 21, then the natural gradient flow converges faster
than the gradient flow since \{(Y') > 1. On the other hand, if v =1 and M (Y) < 1, then
gradient flow converges faster than natural gradient flowP3 Simulation results in show

that this parameterized gradient flow offers a significant computational advantage for LQR.

33This can be done by an ¥ that has a spectrum bounded by 1.
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We remark that in the particular case of 7 =1, the natural gradient flow has a favorable

property with respect to the induced flow on the value matrix X;. Consider again the flow,
(3.17) K, = -2(RK, - BTX Ag,),

inducing the flow over the “value” matrix X, := X(K,;) given by,

X, .
'K,

(318) Xt = W t-

Lemma 3.5.4. For Ky €S, the gradient flow (3.17)) induces a well-posed flow over the pos-
itive semidefinite cone Xy (3.18). Moreover, the trajectory {X;} is monotonically decreasing

in Loewner ordering.

Proof. The well-posedness follows from the well-posedness of {K;}. To show that the tra-

jectory is monotonically decreasing, it suffices to observe,

X,= S - f’% (ALY (N« N (4,

==Y (AL,) (2N]N, +2N,N7) A <0.
=0
The second equality uses the Fréchet derivative of the map K — Xg and the computation

can be found in |11]. O

Note that this monotonicity does not hold in general for gradient flow: in this case the
flow is dictated by ¥ and along the trajectory, one can only guarantee that the function

value Tr(X,;X) decreases.

3.5.1 Discretization of Natural Gradient Flow

In this section, we delve into the discretization of natural gradient flow; we shall only consider

the case when v = 1% Specifically, we consider the gradient flow,

K, =-2(RK,- B'X Ag).

340Other choices can be analyzed in a similar manner.
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The forward Euler discretization yields,
(319) Kj+1ZKj—an(RKj—BTXjAKj)7

where 7; is the stepsize to be determined. In discretizing gradient flow, our guideline is to
choose a stepsize such that the function value is sufficiently decreased while keeping iterates
stabilizing. However, in natural gradient flow with v = 1, we observe that by Lemma [3.5.4}
if we follow the natural gradient flow, the value matrix is monotonic with respect to the
semidefinite cone. This essentially means that taking a sufficiently small stepsize in the
direction of the natural gradient would guarantee a decrease in the value of the Lyapunov
matrix solution X;,5 < Xs5. The reader is also referred to [24] (Lemma 15) where a similar

stepsize for the natural gradient update has been derived).

Proposition 3.5.5. Consider the sequence {K;} generated by (4.8). Denote by {X;} the
corresponding Lyapunov matriz solution with respect to K;. If n; < 1/(A(R)+ B"X;B),
then K is stabilizing for every j >0 and X;.1 < X;. In particular, Z = X; — X;,1 solves the

Lyapunov matriz equation,
(320) Z = 14](].“214}{]‘+1 + N;(—477j[ + 47”]J2(R + BTXJB))NJ

Proof. First, we suppose that the sequence generated by the choice of 7; is in fact stabilizing
(to be proved subsequently). Then Equation (3.20|) follows from substituting K; — K. =
2n,;N; into Comparison Lemma W Hence, if —dn; I +4n7 R+4n; BT X; B < 0, then X, < Xj.
This can be guaranteed by choosing,

1
NS XR+BX,B)

It now remains to show that if n; is chosen as above, the sequence will be stabilizing. Suppose
that Kj is stabilizing. Note that the sublevel set Sk, = {K : f(K) < f(Kj)} is compact
and the ray K; — (M; intersects the boundary of Sk, for some ¢ = ¢’ > 0; suppose that
K’ = K; - ('M; € 0Sk,. But this implies that

1
"M (R+BTX;B)

[0 ) < [0,¢],
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since otherwise, there would exist s’ < 1/, (BTX;B + R) such that s’ = (" and f(K;—-s'M;) =
f(K;), contradicting f(K; -s'M) < f(K;). O

The problem of determining the optimal stepsize can be done by minimizing the expres-

sion,
—4n; 1 + 477]2-(]% +B'X,;B) <0,

over the positive semidefinite cone. This is equivalent to minimizing,
—4n; +4n} (M(R + B'X;B)),

atn; € [0,1/\,(R+B7X;B)). Obviously, the optimal stepsize should be n; = 1/(2)\,(R + BTX;B)).
With this choice of stepsize, the function value converges linearly to the optimal value func-

tion.

Theorem 3.5.6. Ifn; = 1/(2\,(R+ B"X;B)), we have,

F(KG) = FKL) < o (f(Eo) = F(KL)),
| K= Kol p < ot

where qo = (1 =4X\(R))/ (M (YA (R + BT XB)) and ¢y is some positive constant.
Proof. Putting r; = f(K;) — f(K.), we observe that with the chosen 7;,

rj =71 = Tr((X; - Xj41) %)
1
> TR BB
(3:21) [V
*M(R+BX,B)
S AM(R) .
"M )M(R+BX,B)

NIN;Yj.)

Tr(N;Nj)

It thus follows that,

Ai(R)
A (YA (R + BTX;B)

rjer < (1 )rj = giry-
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Note that by the choice of stepsize, {X,;} monotonically decreases over the positive semidef-

inite cone and thus ¢; < gy for j > 1, where,

A
o TN YOM(R+ BTX,B)
<1 M(Q)A(R) ,
=T (K)M(R+ BT XoB)’

in the last inequality we have used the estimate |Y.| < f(Ko)/A1(Q) (the proof can be found
in [11]). Thereby,

FEG) - FKL) <@ (f(Ko) - F(KL)).

The proof to the convergence of the iterates is almost identical to the one in Theorem [3.4.5

and thus omitted. O

Remark. We note that the discretization of natural gradient flow can perform better than
gradient descent. One can monitor the one step progression r; —rj. to confirm such a
behavior. This is distinct from the continuous flows as if \((Y') > 1, then gradient flow

performs better than natural gradient flow.

3.6 Quasi-Newton Flow on &

In this section, we motivate a quasi-Newton flow over the set of stabilizing feedback gains
(policy) SP% As observed previously, the Hessian of the LQR cost f(K) is not positive
definite everywhere. As such, there is no well-defined notion of (global) Newton iteration
over policy space. However, examining the Comparison Lemma [3.3.5| allows us to derive a
local second-order approximation of the LQR cost under the Riemannian metric Y. With is

metric, recall that the gradient of f is,

gradf(K)=2(RK - B'XAg).

35The justification for calling this evolution a quasi-Newton flow becomes apparent subseqeuntly.
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We now observe the second-order approximation of the cost function and the proof can be

found in [11] 9]

Proposition 3.6.1. When K and K + AK are both stabilizing for sufficiently small AK [7]
then,

F(K+AK) = f(K) + (gradf (K), AK)y
F(AK,(R+ B"XB)(AK))y + R(AK),
where |R(AK)|, the remainder of the approzimation, is O(|AK|?).

Proposition essentially states that we have a somewhat “good” local second-order
approximation of f(K') with respect to the Riemannian metric Y. We may now devise a

flow to minimize f(K) by minimizing this second-order approximation, namely,

K,=—-(R+B"X,B) 'gradf(K,)
= —2(R+ BTXtB)_th.

The analysis presented in and allow us to obtain a streamlined proof of the conver-
gence of this flow; as such, we omit the proof.
3.6.1 Discretization of Quasi-Newton Flow

The quasi-Newton flow over S has interesting consequences in terms of its discretization: the

forward Euler leads to the iterative procedure
(322) KJJrl = KJ —77](R+BTXJB)71gradf(KJ)

with stepsize 7; to be determined; we shall show that with constant stepsize n = %, both the

function value and the iterates will converge quadratically to the optima.

36Proposition |3.6.1| can be considered as a slight extension of Lemma 6 in [24]. However, the emphasis
in [24] was on the asymptotic behavior of the first-order approximation; this setup was subsequently
utilized for a different purpose in [24]. For our purpose, it is important to prove that for the second-order
approximation, the remainder of the approximation is O(|AK|?).

3"By openness of S, if AK is sufficiently small, K + AK is stabilizing provided that K is.
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Remark. The update is consistent with the Gauss-Newton updates proposed in [24)]. We have
chosen to refer to this update as quasi-Newton in this chapter as it is obtained by minimizing

a local second-order approximation of the LQR cost at each iteration.

We first observe that if n < 1, the corresponding sequence of value matrices {X;} is

monotonically decreasing over the positive semidefinite cone.

Proposition 3.6.2. Consider the sequence {K;} generated by (3.22)). Denote by {X;} the
corresponding Lyapunov matriz solution with respect to K;. If n; <1, then K; is stabilizing
for every j >0 and X, < X;. In particular Z = X;,; — X; <0 solves the Lyapunov matriz
equation,

7 = AK]'HZA}QH + (_4773' + 47]J2)NJT(R+ BTXjB)_le.

Proof. Suppose that with n; < 1, the sequence generated by (3.22) are all stabilizing@
Substituting the update rule (3.22)) into Comparison Lemma m yields,

/= A}(jJrlZAKjH + (_477j + 47]JQ)NJT(R+ BTXjB)_le.

It is now clear if n; <1, then X1 - X, < 0. To show the choice of 7; guaranteeing the stability
of A- BK;, we may follow almost the same argument as in the proof of Proposition[3.5.5] [

The optimal stepsize for the quasi-Newton iteration is obtained by minimizing the quan-
tity —4n + 4n?. As such, the optimal stepsize is n; = 1/2 for every j. The corresponding

update is then equivalent to,

1
(323) Kj+1 = Kj - E(R + BTXjB)_12Nj
- K;-K;+(R+B"X,B)'B"X;A
= (R+ BTXjB)_lBTXjA.

38Gimilar to the proof to Proposition we need this assumption to make sense of defining the corre-
sponding value matrix sequence {X;}.
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Remark. With the optimal choice of stepsize as n=1/2, the quasi-Newton over K coincides
with the Hewer’ algorithm [31)], obtained by considering the Newton iteration over the ARE.
We have thus provided an alternative point view of this algorithm: the algorithm can be

obtained directly over the policy space even without the ARE.

Theorem 3.6.3. With stepsize n = 1/2, the update (3.23) converges to the global minimum

at a Q-quadratic rate. Namely, there exists constants ¢ > 0,c3 >0, such that,

JKG) - f(KL) <e(f(Kjq) - f(KL))?
| K - K|l p < es| Ko = K| 7.

Remark. As we have remarked, the quasi-Netwon iteration with stepsize 1/2 coincides with
Hewer’s algorithm. So basically the Theorem follows from the proof in [31]. But our viewpoint
indeed allows us to deduce a rather different proof from the perspective of cost function prop-
erties. For example, we have already proved if stepsize is smaller than 1, then the feedback
controller remains stabilizing, which is traditionally proved by a rather complicate compar-
ison among iterates. To show there exist constants c,c3 independent of iteration index, a

continuity argument would suffice]

Proof. By Proposition the sequence { K} generated with stepsize 1/2 is stabilizing and
the corresponding value matrices are monotonically decreasing. Thus, X; - X, and the set

€ ={X,;} u{X.} is compact. Further, we have

Xjo =X = 3 ((AL) (K - KLY
(324) v=0
(R+B"X.B)(Kju1 - K.)(Ajn)").

Now observe that the map ¢,

X (R+B'XB)'B"XA,

39The constant can also be estimated in terms of system parameters explicitly (see [45] and [11] for details).
However, they assume rather complicate algebraic form.
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is smooth over the set of positive definite matrices. Thus ¢ is Lipschitz over the compact set

£. Denoting the corresponding Lipschitz constant as ¢, we have,
[ K1 = K|
=|(R+B"X;B)'B"X;A-(R+B"X.B)'B" X, A|r

= [0(Xj41) = o(X) [[F < ] X - Xl

Consequently,
f(Kjar) - [(KL)

<Tr(Yj(Kjn - K)'(R+ B X, B)(Kj - K..))

<EYjunl2| R+ B'X.B|2 | X; - X.| %

1 2
< E|Yjul2| R+ BT X.Bla—es Tr (3 - X.)X
S @l R+ BX Bl T (X - X)%))
1 2
< @Yla| B+ BTX. Bl (Tr ((X; - X8
? 2/\%(2)( (€% )

= c(f(K;) - F(K))"

3.7 Simulation Results

In this section, we provide a representative set of examples to demonstrate the results re-
ported in this chapter.

We first demonstrate the exponential stability of the proposed continuous flows. The
system is of form (4.1) with parameters (A, B), A € R190x190 and B = ], guaranteeing the
controllability of the system. The entries of A are sampled from a standard normal distribu-
tion A/(0,1). We also scale A when necessary to make it stable such that the initial feedback
gain can be set as Ky =0. The cost matrices (), R are taken to be identity with appropriate

dimensions. For the natural gradient, we simulate the flow with two different Riemannian
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Figure 3.2: Exponential stability of tra- Figure 3.3: Exponential decay of the Lya-
jectory K, with the initial state matrix punov functional with the initial state
3 =0.51. matrix 3 =0.57.

metrics, one induced by Y and the other by Y2. Figure demonstrates the exponential
stability of the corresponding trajectories and Figure depicts the exponential stability
of the Lyapunov functionals for all flows when 3 = 0.5/. The results are consistent with
the observations discussed in , , and . In particular, since A{(Y’) < 1, the natu-
ral gradient flow converges faster than the gradient flow, and amongst the natural gradient
flows, the one with the metric induced by Y2 outperforms the one with metric Y. Figures
and show the convergence results with the same LQR parameters (A, B, @, R), but the
initial state matrix has chosen to be 3 = 21. These two figures underscore the observations

in Remark 3.5} gradient flow outperforms natural gradient flows when A;(Y) > 1.

Next we examine the discrete realizations of these flows, namely, gradient descent, natural
gradient descent and the quasi-Newton iteration (with the same setup for system parame-
ters). With the adaptive stepsize proposed in Theorem m, Figure demonstrates that
the sequence of feedback gains generated by gradient descent is stabilizing and converges to
the global optimal feedback gain. Moreover, Figure shows that the cost function f(K)
converges to f(K,) at a linear rate. In the meantime, Figures and demonstrate the

linear convergence of the natural gradient descent algorithm. The stepsize is chosen adp-
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Figure 3.4: Exponential stability of tra- Figure 3.5: Exponential decay of the Lya-
jectory K, with the initial state matrix punov functional with the initial state
3 =21 matrix 3 = 21.

tively according to Theorem [3.5.6} we note the faster convergence of natural gradient descent
compared with gradient descent. Figures[4.5] and [4.6] demonstrate the quadratic convergence
for the quasi-Newton iteration. The stepsize is chosen to be 1/2; in this case, we recover the

Hewer’s algorithm, enjoying the fastest convergence rate.

3.8 Concluding Remarks

The chapter considers LQR through the lens of first order methods—an LQR calculus—where
control synthesis is viewed directly in terms of optimizing an objective function over the set of
stabilizing feedback gains. Using this narrative, we proceed to examine gradient descent and
its various extensions for solving the LQR problem. The LQR objective is constructed over
a set of linearly independent initial states to eliminate the dependency of the optimal policy
on the initial state and encode closed loop stability. It is shown that the corresponding cost
function is smooth, coercive and gradient dominated (this latter fact was previously reported
in the literature; we provide an alternate approach for its proof). We next discussed three
types of well-posed flows over the set of stabilizing controllers: gradient flow, natural gradient

flow and the quasi-Newton flow. We subsequently examine the discretization of these flows,
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and show that their realizations using the forward Euler method, i.e., gradient descent,
natural gradient flow and quasi-Newton iterations, lead to algorithms with linear convergence
rate and quadratic convergence rate, respectively. We postulate that adopting a direct policy
update for control synthesis paves the way for more streamline approach for examining the
intricate interplay between data, learning, and control. In the meantime, the approach hints
at the use of direct policy updates for structured synthesis and online decision-making, not
necessarly relying on the convex representation of the underlying control parameters.

In parallel, we can developed results for continuous LQR following the approaches adopted

here. We refer the interested readers to our paper [15].
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Chapter 4

GLOBAL CONVERGENCE OF POLICY GRADIENT
ALGORITHMS FOR INDEFINITE LEAST SQUARES
STATIONARY OPTIMAL CONTROL

4.1 Introduction

MLeast squares stationary optimal control provides an effective synthesis procedure for linear
control systems since Kalman’s original work in the 1960s [40]. This setting was later ex-
tended beyond positive semidefinite cost structure by Willems |78|. It is known that similar
to standard LQR, this setup can be examined using the Algebraic Riccati Equation (ARE);
DARE refers to the discrete analogue of this matrix equation. Historically, a large number of
works have studied the solution of ARE and DARE, including approaches based on iterative
algorithms [31] P] algebraic solution methods [45], and semidefinite programming [2].
Although the cost function plays a fundamental role in the least squares optimal control,
it is generally not “recommended” to directly compute the optimal gain (policy) using this
cost without solving the associated Riccati equation. This approach, in the meantime, is
in sharp contrast to how one would typically go about minimizing a cost function over the
variable of interest in introductory optimization, say, through gradient descent. Recently,
there has been a surge of interest in constructing optimal control strategies directly, viewing
control synthesis through the lens of first order methods. Adopting such a point of view has
been partially inspired by the application of learning algorithms in control, such as Rein-
forcement Learning (RL), where using principles of (approximate) dynamic programming,

one can devise real-time model-free methods for both continuous-time and discrete-time op-

!The content of this chapter is published in |16]

’In Hewer’s original work, the @ and R matrices are assumed to be positive definite. However, the
algorithm still converges even for the indefinite cost structure [45].
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timal control problems [8][10}/19,36,46,48,/51,[52]. The RL perspective not only provides
more insights into the synthesis problem, but also can be extended to model-free settings by
means of stochastic (zeroth-order) optimization [20,57]. However, policy iteration is inher-
ently prohibitive for an infinite horizon cost structure that is undiscounted and unbounded
per stage [3].

The main contribution of this note is to extend policy based algorithms beyond pos-
itive (semi)definite cost structures considered in [11,/24]. More specifically, we show that
under mild assumptions, even when the state and cost penalization matrices are indefi-
nite in the least squares optimal control, gradient policy (respectively, natural gradient and
quasi-Newton policies) converges to the global minimizer at a linear (respectively, linear and
(Q-quadratic) rate. Along the way, we devise a distinct approach for arguing the stability of
the iterates as compared with those adopted in previous worksf|

The note is organized as follows. In §4.2] we introduce the notation and preliminaries.
is devoted to the LQR setup, analytical properties of the cost function, a “mild” assumption,
and its implications. In , we derive the corresponding stepsizes for gradient descent (GD),
natural gradient descent (NGD), and quasi-Newton (QN) iterations; we then show the global
linear (respectively, linear and @-quadratic) convergence of gradient policy (respectively,
natural gradient policy and quasi-Newton policy) under the proposed stepsizes. A numerical

example is provided in followed by concluding remarks in
4.2 Notation and Preliminaries

We denote by M,,.,,,(R) the set of n x m real matrices. R™ denotes the n-dimensional real
Euclidean space; when n = 1, this set is identified with the set of real numbers. Other
notation includes AT, p(A), Tr(A), representing the transpose, spectral radius, and trace
of the matrix A, respectively. The real inner product between a pair of vectors x and y is

denoted by (z,y). |A|2 denotes the spectral (operator) norm of a square matrix A and |A|r

3The proposed technique also provides an alternative way to argue stability properties of the iterative
process under standard LQR assumptions.
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denotes its Frobenius norm ] Lastly, the notation A > B for two symmetric matrices refers to
the positive semi-definiteness of their difference A — B; analogously for positive definiteness
of this difference we use A > B. We let \;(A) denote the eigenvalues of a square matrix A.

These eigenvalues are indexed in an increasing order with respect to their real parts, i.e.,
Re(Ai(A)) <---<Re(A,(A)).

If A is symmetric, the ordering becomes A\j(A) < -+ < A\, (A). When A > 0, |A| = \.(A4)
and we shall use these interchangeably. We use C*(U) to denote the set of real analytic
functions over an open set U ¢ R®. A square matrix A € M,,,,(R) is Schur if p(A) < 1. A
pair (A, B) is stabilizable if there exists some K for which A - BK is Schur. Given a pair of

system matrices (A, B), S denotes the set of Schur stabilizing feedback gains,
S={K eM,;xn,(R): p(A-BK) < 1}.

For the pair (A, B), we say that K is stabilizing if A— BK is Schur; it is marginally stabilizing
or almost stabilizing if p(A - BK) = 1. An eigenvalue X\ of A € M., (R) is called (C, A)-

observable if
rank =n,
for a given C' € M., (R); p is the dimension of the output of a linear system.

4.3 Problem Setup

In the standard least squares (stationary) optimal control, we consider a (discrete-time)

linear time-invariant model of the form,
(41) Th+1 =A{L‘k+Buk,

where A € M,,.,(R), B € M,,,,,(R) and (A, B) is stabilizable. The corresponding LQR

problem is the optimization problem of devising a linear feedback gain K € M,,,,(R) for

42-norm is assumed when we use |.|.
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which uy, = — Kz, minimizing )

J(wo) = ;[(ZL‘]C, Ql’k) + (uk, Ruk)] s

where xq is the initial condition, and the quadratic cost is parameterized by Q) = Q7 and R =
RT; note that we do not require positive (semi-)definiteness of () and R. Such a generalization
is not only of theoretical interest but also has important applications in network synthesis and
stability theory [78|. In order to update the feedback gain (policy) directly, it is conceptually
appealing to consider the cost as a matrix function over the set of feedback gains. With this
aim in mind, we may define J,,:M,,x,(R) = R as,

(4:2) Jo(K) = 3 [((A= BK )iz, (Q + K"RK)(A - BK i),

=0

for some fixed initial condition xy € R™. Note that the cost function J is a function of the pol-
icy K and initial condition zy. Since we are interested in optimal policy independent of initial
conditions, naturally, we should reformulate the cost function to reflect this independence.
Indeed, this point has been discussed in |11] where it is argued that such a formulation is
necessary for the cost function to be well defined (see details in §III [11]). The independence
with respect to the initial condition can be achieved by either sampling x, from a distribu-
tion with a full-rank covariance [24], or choosing a spanning set {zy,...,2,} € R? [11], and

defining the value function over § as,

(4.3) F(EK) = éum,

where J,,(K) is the cost by choosing the initial state xy as z; and letting u = Kxj. Note
that over the set S, f admits a compact form f(K) = Tr(X3X), where 3 = Y7, ;2] and X

is the solution to the Lyapunov equation,

(4.4) (A- BK)'X(A-BK)+Q+K'RK = X.

5The condition that uy has the form —Kxy, is not set a priori in the LQR formulation; this feedback form
is typically shown via the adoption of a dynamic programming step.
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The optimization problem of interest in this paper can now be stated as,

minimize f(K) st. KeS.

How the cost function f behaves near the boundary 0§ is of paramount importance in the
design of iterative algorithms for least squares optimal control problems. In the standard
setting (with a definiteness assumption on the state and control costs), the cost function
diverges to +oo when the feedback gain approaches the boundary of this set (see [11] for
details). In fact, this property guarantees stability of the obtained solution via first order
iterative algorithms for the suitable choice of stepsize. However, the behavior of f on the
boundary dS could be more intricate for the indefinite cost structure. For example, if K € 0S8,
ie., p(A- BK) =1, then it is possible that the cost is still finite. This happens when an
eigenvalue of A - BK on the unit disk in the complex plane is not (Q + KTRK, A - BK)-
observable. To see this, we note that for every w;, the series
S, (K) = wj (i((A—BK)T)j(Q+KTRK)(A—BK)j)wi,
=0

is convergent to a finite (real) number if the marginally stable modes are not detectable.
Even on 8¢ (complement of closure of ), f could be finite if all non-stable modes of A- BK
are not (Q+ KTRK, A- BK)-observable. The complication suggests that the function value
is no longer a valid proxy for stability. We remark that such a situation does not occur in

the LQ setting examined in [11},24], where it has been assumed that () is positive definite.

4.8.1 Analytical properties of the indefinite cost function

In this section, we collect some useful analytic characterizations of f(K'). To simplify the

notation, in the rest of this paper, we set,
Ax=A-BK, and Ng:=RK-B'X(A-BK);

when the context is clear, we will write N instead of N; in describing the iterative process

on the gain matrix (when K is updated), we shall denote Ng, as Nj.
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Proposition 4.3.1. The indefinite least squares optimal control problem on the set of

stabilizing feedback gains has the following properties:

a. The set S is reqular open, contractible, and unbounded when m > 2 and the boundary

OS [ is precisely the set B ={K € M., (R) : p(A- BK) =1}.
b. For the cost (4.3)), one has f € C¥(S).

c. The gradient of f s given by
Vf(K)=2(RK - B"XAk)Yk,
where Yi solves the Lyapunov matriz equation,

(4.5) AgYAL +X =Y.

d. Let K,K € 8; suppose that the corresponding Lyapunov matriz equations (5.2]) have
symmetric solutions X and X, respectively. Namely,
A XAk +Q+K'RK = X,
A}(XAR+Q+I~(TRI~( =X.
Then we have

AT(X - X)Ag+ (K- K)'Ng + N (K - K)
~-(K-K)(R+B"XB)(K-K)=X-X.

e. Suppose that K, € argming g f(K). Then

T K - K& < f(K) = f(K.) < m2(Ng, Ng),

5The boundary of a set £ is given by £\ &°, ie., points belonging to the closure that are not in the
interior. £ will denote the closure of a set £.

"Note that the assumption clearly holds if K, K €8. It will also holds if K € S and the eigenvalues of
A - BK on the unit disk are not (Q + K'RK, A - BK )-observable.
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where

()
" M(R+B'XB)’

T = /\1(Y))\1(R+ BTXB), T2
and Y, solves the Lyapunov equation (4.5)) with K,.

The proofs of these results can be found in [11]. We emphasize that (e) holds only if
argming s f(K) # @, namely, there exists K, € S such that f(K) > f(K,) for every K € S.

In the next subsection, we elaborate on a “mild” assumption to ensure that this condition

holds.

4.3.2 A key assumption and its consequences

Throughout the manuscript, we have the following standing assumption.

Assumption 1. There exists a strict local minimizer of f(K') over S. In other words, there
exists some K, € S and an open neighborhood Bs(K,) = {K : |K - K.|r < 0}, such that
f(K,) < f(K) for every K € (Bs(K.)nS) N {K.,}.

Remark. The seminal work of Willems [78] explores many facets of the least squares optimal
control with indefinite Q and R in particular, this work ezamines conditions for which the
above assumption holds. We will not discuss these conditions and instead refer the reader

to [78] and references therein.
We observe several implications of this assumption.

Proposition 4.3.2. Suppose that K, is the strict local minimizer of f(K) over S and X,

18 the corresponding value matriz. Then,
a. X, =X],

b. R+ B"X,B >0,

8An our adopted terminology is in his honor.
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c. X, solves the DARE (5.1)),

(4.6) X=A"XA+Q-A"XB(R+B"XB)'B XA,

d. The minimizer K, is the unique global minimaizer,

e. X, is the mazimal solution to DARE (.1)) and is unique among all almost stabilizing

solutions of (5.1)).

Proof. Part (a) follows from having X, solve the Lyapunov matrix equation with
K = K, and the fact that @ + KT RK is symmetric. For parts (b) and (c¢), we first note that
if K, is a strict local minimizer in S, since f € C*(S), first-order and second-order optimality
conditions imply Vf(K,) = 0 and V2f(K,) > 0. By the Hessian formula in [11], we have
R+ B™X,B > 0, i.e., (b) holds. Further, since Vf(K.) = Nk, Yk, and Yx, > 0, it follows
that Ng, =0. Namely, RK, - BT X, Ak, =0. Substituting K, = (R+ B"X,B)'B"X, A into
the Lyapunov equation (5.2)), we have X, solves the DARE (5.1]). For part (d), it suffices to
observe that K, is the unique stationary point. To this end, suppose that there exist K, ;

and K, 7 such that the gradient vanishes at both points, namely Ng, , = Ng, , = qﬂ By part
(d) in Proposition 5.3.1], we have

X*,l - X*,Q = A}—(*Q(X*,l - X*72)AK*’2 - (K*,l - K*,2)T(R + BTX*,IB)(K*,I - K*,Z)-

As Ak, , is Schur, it follows that X, ; > X, 5 and similarly X, » > X, ;. Hence, the stationary
point is unique. Part (e) follows from standard DARE theory (see Chapters 12 and 13 in [45|
for details.) O

4.4 Global Convergence of Policy Gradient Algorithms

In this section, we show the global convergence of gradient descent (GD), natural gradi-

ent descent (NGD), and quasi-Newton (QN) iterations for indefinite least squares optimal

9This follows from Yy > 0 for every K € S.
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control. In particular, under Assumption 1, it is shown that gradient descent (respectively,
natural gradient descent and quasi-Newton) converges to the maximal solution of the DARE
at a linear (respectively, linear and quadratic) rate. In this direction, first recall that the

gradient, natural gradient and quasi-Newton directions [11] are given by,

g(K) = 2(RK - B'X Ag)Y,
n(K):=2(RK - B'X Ag),
an(K) = 2(R+ B'XB){(RK - B"X Ag);

GD, NGD and QN now refer to following update rules:

(48) NGD: Kj+1 = KJ - T]JI’I(KJ),
(4.9) QN: Kj = Kj - njan(K;),

where 7;’s are stepsizes to be determined. We provide the convergence analysis for the case

of natural gradient descent.

Theorem 4.4.1 (Natural Gradient Analysis). Consider the iterates {K;} generated by
NGD (4.8), with stepsize n; = 1/(2A\,(R + BTX;B)), where {X;} solve the corresponding
Lyapunov equations (5.2)). Then both the function values and gain iterates converge to their

corresponding global minima at a linear rate. That is,

FUKG) = FUKL) <@l (f(Ko) = f(KL)),
| K - K. |3 < c1ql]| Ko - K. %,

for some g, € (0,1) and ¢; > 0.

Proof. The analysis provided in [11] for the one-step progression of NGD holds here; thus the
convergence rate would remain the same if we can prove that the iterates remain stabilizing.
By induction, it suffices to argue that with the chosen stepsize, K is stabilizing provided

that K,_; is. Consider the ray {K; = K;1 —tn(fK_;) : t > 0}. Note that by openness of S
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and continuity of eigenvalues, there is a maximal interval [0, ()| such that K;_; +tn(K;_;)
is stabilizing for ¢ € [0,() and K;_; + (n(Kj_1) is marginally stabilizing. Now suppose that
¢ < 1/(2\.(Ry + B{ X;-1By)); take a sequence t; € [0,() such that ¢, » (. Consider the
sequence of value matrices {X;} and denote by £ as the set of all limit points of {Xj,}.
Observe that X, < X;, < X;_;. By Bolzno-Weierstrass |66, £ is nonemptyE-] By continuity,

any Z € L solves,
7= (A-BK) Z(A-BK.) +Q+ K] RK.
Now by part (d) in Proposition [5.3.1} we have
Z-X,=(A-BK)(Z-X.)(A-BEK:)+(Kc - K.)"(R+ B"X,B) (K. - K.).

Suppose that (A, v) is the eigenvalue-eigenvector pair of A—- BK, such that (A-BK:)v = \v
and |A| = 1. Then it follows that,

v(Z =X )v=v"(A-BK:)(Z - X,)(A- BK)v+v" (K, - K,)"(R+ B"X,B) (K - K,)v.

Thereby (K- K.)v=0 and K.v = K,v. Consequently, (A- BK,)v=(A-BK.)v. But this
is a contradiction to the assumption that K, is a stabilizing solution.

Hence {X;} is a monotonically non-increasing sequence bounded below by X.. As such,
the sequence of iterates { K} and the sequence of function values {f(/K;)} converge linearly

to K, and f(K,) following the arguments in |11]. O

We mention that the above stability argument can be applied for the sequence generated
by the quasi-Newton iteration as well. The quadratic convergence rate for such a sequence

would then follow from the proof in [11].

10We suppose that ¢ is finite; if ¢ is infinite, there is nothing left to prove.

"Note that it is not guaranteed that Xy, is convergent. The limit points are also not necessarily well-
ordered in the ordering induced by the p.s.d. cone.
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Theorem 4.4.2 (Quasi-Newton Analysis). Suppose Assumption 1 holds. Consider the iter-
ates {K;} generated by QN (4.9)) with stepsize n; = 1/2. Then both the function values and

iterates converge to their respective global minima at a QQ-quadratic rate. That is,

JUG) = fKL) < o(f(ISo1) - f(KL))?,
|K; - K.||3 < coqo] Kjo1 — K| By

for some qo >0 and c5 > 0.

4.4.1  Convergence of Gradient Policy

The gradient policy analysis requires more work since the stepsize developed in [11] involves
the smallest eigenvalue \(Q). However by carefully replacing “\;(Q)-related quantities”

in [11], one can still prove the global linear convergence rate as follows.

Theorem 4.4.3 (Gradient Analysis). Suppose Assumption 1 holds. Consider the iterate
{K;} generated by GD (4.7) with stepsize n; specified in Theorem . Then both the
function values and iterates converge to their respective global minima at a linear rate. That

18,

FKG) = F(K) < g (f(Ko) - f(KL)),
| K - K. |3 < esq) | Ko - Ko |2,

for some q3 € (0,1) and c3 > 0.

This subsection is devoted to the proof of Theorem[d.4.3] As it was pointed out previously,
the strategy adopted in [11}24] are no longer viable for an indefinite cost structure. However,
as we will show, a perturbation bound would circumvent this issue and allows deriving the
required stepsize, guaranteeing a decrease in function values while ensuring stabilization.

In the following, we shall drop all the subscripts as the stepsize will be valid for every

iterate. Suppose now that we have a stabilizing policy K and the gradient direction is given
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by g(K) = QNYF_ZI The main object that we work with in this section is the ray starting at

K along the gradient direction,

{Ky: K -ng(K),n>0}.

We shall further denote A, = A- BK, = A- B(K -n2NY).

Here is an outline of our proof strategy:

a. By openness of § and continuity of eigenvalues, there exists a maximal interval [0, ¢)
such that K, is stabilizing for every n < ¢ and K, is marginally stabilizing; such a ¢

could be either finite or infinite.

b. Now suppose that ¢ above is known. Then for every n < ¢, f(K,) is well-defined and

we can compute the difference,
fUK) = f(K,) =4nTe (NTN(YY, - naYY,Y)),

where a = \,(R+ B"XB), and Y, solves the Lyapunov matrix equation (4.5) with
Ak = A- BK,,.

c. Next we define a univariate function ¢ : [0,c) - R by,
¢(n) =Tr (N'N(YY, -naYY,Y)).

Note that ¢(0) > 0 if the gradient does not vanish at K. Now our goal is to characterize
a step size 0 <7’ < ¢ such that ¢(n') > 0.

It is clear that the knowledge of ¢ and characterizing ' above are crucial for stepsize analysis.
We shall demonstrate that characterizing n’ will suffice to provide a stepsize; the quadratic
cost structure will implicitly enforce stabilization.

To begin, we observe a perturbation bound on Y,,, assuming that K, is stabilizing.

12Note that the subscripts have been dropped; N and Y are both dependent on K.
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Proposition 4.4.4. Put puy, = ||Y||2HBNY||§/)\1(E) and ps = |Y 2| BNY |2 Ak |2/ A1 (2),
and let

Vit ps g
4y A’
suppose that A, is Schur stable for every n <ny. Then for all n <no, we have |Y, |2 < BoY 2

with B =1/(1 = 4png - 4pane) > 0.

Mo =

Proof. Putting ¥ = BNY and taking the difference of the corresponding Lyapunov equations,
we have
Y, -Y - Ag(Y, - V)AL = 2n(AgY, YT + XYY, AL ) + 4° XY, X7
< [Vl (40X 2| A [l + 40°| X [3) 1
<Yyl (401 2l Ak ll2 + 40° | X [3) /0 ().
It thus follows that,

oy ol (40T ol Al + 421 X 13)

K M (X) ¥

Hence,

A(E)
The proof is completed by a direct computation showing that 1/8p = 1 - u1ng —4uane > 0 with

[Y]l2 (47| BNY o] A [}2 + 41%| BNY |3)
|Y77||2(1 - <Yl

the choice of 7y and noting that for every n <,

1= 4pn® = 4pgn > 1 = 4png — 4pano.

The next lemma shows that if ¢ is known, a positive stepsize can be chosen.

Lemma 4.4.5. Let ¢ be the largest real positive number such that Ay is Schur stable for every

t€[0,c) and A, is marginally Schur stable[] Let

ar = afol|Y |2+ 4IN|250[Y[3, az = ad|N|25[Y[3;

13Here we have assumed that ¢ is not +oco0. Of course, if ¢ = +o0, then any stepsize would lead to a stabilizing
update.
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then with n; < min(c —&,m0, cy), where € >0 is an arbitrary positive real number and

1 CL% ay
Co<\|—+-—5-—,
ay 4a3  2as

one has ¢(n) 2 0.

Proof. The computation follows a similar method used in |11] by replacing the estimate of

Y (#) by the bound in the above proposition (see details in Lemma 5.5 in [11]). O

Finally, we show that ¢ > min(7g,cp). This would then imply that one can choose the

stepsize as 1 = min(ng, ¢p).
Theorem 4.4.6. With the stepsize n = min(no, cp), M, remains stabilizing and ¢(n) > 0.

Proof. Let 1 =min(no, cy). It suffices to prove that for every ¢ € [0,7], A; is Schur stabilizing
and ¢(t) > 0. We prove this by contradiction. Suppose that this is not the case. Then by
continuity of eigenvalues, there exists a number 7’ < n such that Ay is stabilizing for every
s€[0,n") and K,/ is marginally stabilizing. If this is the case, the choice of 7y, ¢y guarantees
that for every s € [0,1'), ¢(s) is well-defined and ¢(s) > 0. Now take a sequence t; - 7’
and consider the corresponding sequence of value matrices { X, }. Note that the sequence of

function values Tr(X,,X) satisfies
Tr(X,.X) < Tr(X,X) < Tr(XX)

since ¢(t) > 0. But this implies that {X},} is a bounded sequence (note that the above
inequality on function values does not guarantee the boundedness of the sequence; it is crucial
that X, > X,). Hence by a similar argument adopted in the proof of Theorem these
observations establish a contradiction; as such, the proposed stepsize guarantees stabilization.

]

It is now straightforward to conclude the convergence rate of Theorem by similar
arguments as in [11][7]

14Strictly speaking, we need to show our proposed stepsizes are bounded away from 0. Namely, that there
is some constant d > 0 such that n; > d for every j. The computations are omitted here due to space
limitation. In the meantime, one can be convinced of this fact by checking the asymptotics of 1y and c¢g.
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Remark. We briefly comment on the per iteration computational complexity of the above
three algorithms. For model-based design, gradient and natural gradient descent involve solv-
ing Lyapunov matrixz equations; quasi-Newton direction, on the other hand, requires a matriz
inversion in addition to solving a Lyapunov equation. We refer the reader to [69] and refer-

ences therein for detailed computational treatment for solving Lyapunov equations.
4.5 A Numerical Example

In this section, we show the proposed convergence results by a numerical example. The

system parameters are A=0.5], B=1, R=1 and

( 1.62370842  0.36712592 -1.31209102 1.97803823 —0.49297266\
0.36712592  2.21878741  0.47525552 -1.07142839 1.04343275
Q=1-1.31209102 0.47525552  1.90887732 -0.83057818  0.3818043
1.97803823 -1.07142839 -0.83057818 0.93847322 -0.90779531
\—0.49297266 1.04343275  0.3818043  -0.90779531 —1.06295748)

Note that @ is indefinite and its (rounded) eigenvalues are 4.75,2.55,0.96,-1.1,-1.53. Fig-
ures [5.145.2) show the global linear convergence of the gradient policy update. The global
linear convergence of natural gradient policy are demonstrated in Figures[d.3}{4.4] Figures[d.5}
show the @)-quadratic convergence for the quasi-Newton policy update.

4.6 Concluding Remarks

This note considers policy gradient algorithms for the indefinite least squares stationary
optimal control, e.g., indefinite LQR. We show the global linear (respectively, linear and Q-
quadratic) convergence of gradient policy (respectively, natural gradient and quasi-Newton
policies). Although these results are presented assuming the knowledge of the system matri-
ces, gradient and natural gradient policies can be extended to model-free case by means of

stochastic (zeroth order) optimization (see |24] for details). As such, this note extends the
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Convergence of Relative Cost Error in Gradient Descent for LQR

Convergence of Relative Gain Error in Gradient Descent for LQR
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Figure 4.1: Convergence of the relative error Figure 4.2: Convergence of the relative error

for the feedback gain under gradient descent it- for indefinite LQR cost under gradient descent

eration iteration

results reported in , for indefinite LQR. These extensions have important implications
for optimal control, stability analysis and LQ games. Indeed, some of these observations

have been utilized to show global convergence of sequential policy updates in LQ dynamic

games [17].
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Chapter 5

GLOBAL CONVERGENCE OF POLICY GRADIENT FOR
SEQUENTIAL ZERO-SUM LINEAR QUADRATIC DYNAMIC
GAMES

5.1 Introduction

Linear-quadratic (LQ) dynamic and differential games exemplify situations where two players
influence an underlying linear dynamics in order to respectively, minimize and maximize
a given quadratic cost on the state and the control over an infinite time-horizon[f] The
LQ game setup has a rich history in system and control theory due to its wide range of
applications [6,22,82]. In particular, H., optimal control can be interpreted as a two player
zero-sum LQ game [3]. As such, LQ games are generally approached via generalized algebraic
Riccati equation (GARE) derived from optimal control theory [72]. Adopting a solution
approach based on the Riccati equation, in the meantime, has broadly influenced the “data-
driven” approaches for solving the generic L) problem and its extensions. For instance,
in the value-iteration for reinforcement learning (RL)—e.g., @) learning—one aims to first
estimate the cost-to-go at a given time instance and through this estimate, update the state
feedback gain.

Recently, there is a renewed interest in analyzing the classical LQ problem under the RL
framework from the perspective of direct policy updates [11,21,24]. The conceptual simplicity
of policy optimization offers advantages in terms of computational scalability, extensions to
model-free settings and richer parametrization of feedback policies (e.g., structured controller

design [11]). The conceptual simplicity of policy optimization offers advantages in terms

'We will adopt the convention of referring to the continuous time scenario as differential games. Moreover,
in this paper, we focus on infinite horizon L(Q games without a discount factor.
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of computational scalability, extensions to model-free settings and rich parametrization of
feedback policies (e.g., structured controller design |11]). For LQ games, sequential policy
updates are relevant to the realm of multi-agent RL [35,|70]. Hence, understanding the
performance of policy gradient based algorithms for LQ games is not only beneficial for the
optimal control problem itself, but also serves as a benchmark in providing deeper insights
into theoretical guarantees of multi-agent RL in more general settings |75].

However, the application of policy optimization algorithms in the game setting requires
more intricate analysis due to the fact that the infinite horizon cost is undiscounted and
unbounded per stage. Indeed, it is well known that devising direct policy iterations for
undiscounted and unbounded per stage cost functions in the RL setting is nontrivial [§]. The
cost structure of standard LQR, however, streamlines the design of policy based iterations |11
24, 32]E] Nevertheless in policy iteration, special care has to be exercised to ensure that the
iterative policy updates are in fact stabilizing. The stabilization issues are particularly
relevant in the LQ dynamic games as the policy space for LQ games is an open set admitting
a cartesian product structure. Hence, in the policy updates for LQ dynamic games (say, in
the RL setting), we must guarantee that the iterates jointly stay in the open set as otherwise
the “simulator” would diverge. Recently, [81], using certain assumptions and relying on a
projection step, have proposed a sequential direct policy updates with a sublinear convergence

for LQ dynamic games.

Contributions. In this paper, we first clarify the setting for discussing sequential LQ
dynamic games, particularly addressing issues pertaining to stabilization. In the process,
we identify assumptions pertaining to H, optimal control (e.g., definiteness assumptions of
@, Ry, Ry) are indeed unnecessary from a purely dynamic game perspective. We thus consider
LQ game with indefinite cost structure @), R, R;. We then propose leader-follower type
algorithms that resemble the Stackelberg leadership model [4]. Specifically, in the proposed

2In [11,124] it has been assumed that the quadratic state cost is via a positive definite Q; this is not
“standard” as only the detectability of the pair (@, A) and @ > 0 is required for LQR synthesis.
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iterative algorithms for LQ games, one player is designated as a leader and the other as a

follower. We require that the leader plays natural gradient or quasi-Newton policies while

the follower can play any first-order based policies. In particular, we do not require a specific

player to be the leader as long as the algorithm can be initialized appropriately. We prove

that if the leader performs a natural gradient policy update, then the proposed leader-follower

algorithm has a global sublinear and asymptotic linear convergence rate. In the meantime,

if the leader adopts a quasi-Newton policy update, the algorithm converges at a Q)-quadratic

rate | Compared with the results presented in [81], the contributions of this work include

the following:

(1)

We remove the “nonstandard assumption” that the NE point (K., L,) satisfies @ —
LIR;L, > 0] We note that such an assumption is not standard in the LQ literature
and as such, needs further justification beyond its algorithmic implications. In fact,
in the analysis presented in [81], it is crucial for the convergence of the algorithm to a
priori know the positive number ¢ > 0 for which {L:Q - LI Ry L, > I}; moreover, one

has to be able to project onto this set.

Our setting allows for larger stepsizes for the policy iteration in L(Q dynamic games,
greatly improving its practical performance. This is facilitated by providing insights
into the stabilizing policy updates through a careful analysis of the corresponding

indefinite GARE.

We clarify the interplay between key concepts in control and optimization in the con-
vergence analysis of the proposed iterative algorithms for LQ dynamic games. This is
inline with our belief that identifying the role of concepts such stabilizability and de-
tectability in the convergence analysis of “data-guided” algorithms for decision making

problems with an embedded dynamic system is of paramount importance.

3We adopt the definition for Q-quadratic used in [58|

Tt is noted that in [81] that the projection step is not generally required in implementations; however
the convergence analysis presented in [81] is based on such a projection.
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(4) We show that the quasi-Newton policy has a (-quadratic convergence rate for LQ
dynamic games. This result might be of independent interest for discrete-time GARE,
data-driven or not. To the best of our knowledge, the proposed algorithm is the first

iterative approach for discrete-time GARE with a ()-quadratic convergence.

(5) Finally, we show that in the proposed iterative algorithms for LQ dynamic games, any
player can assume the role of the “leader” whereas in [81], it is required that the player
maximizing the cost be designated as the leader. As such, we clarify the algorithmic
source of asymmetry in the leader-follower setup for solving this class of dynamic game

problems.

The paper is structured as follows. in § we introduce notations and preliminaries. §[5.3]
devotes to the basic LQ game setup, the analytical properties of the cost function and issues
pertainining to stability when sequential algorithms are of consideration. § [5.4] introduces
the oracle model adopted in this paper and its motivation. § proposes natural gradient
ascent for leader L and proves its global convergence. §[5.6) discusses quasi Newton iteration
and its global Q-quadratic convergence. § 5.7 we discuss natural gradient descent and quasi

Newton iteration for leader L. A set of representative numerical examples are supplied in

§ We conclude the paper in § 5.9

5.2 Notation and Preliminaries

We use the symbols <,<,> > to denote the ordering induced by the positive semidefinite
(p.s.d.) cone. Namely, A > B means that A - B is positive semidefinite. For a symmetric
matrix M € R™" we denote the eigenvalues in non-increasing order, i.e., \{(M) < ... <
An(M).

Let us recall relevant definitions and results from control theory. A matrix A € R™™" is
Schur if all the eigenvalues of A are inside the open unit disk of C, i.e., p(A) <1 where p(-)
denotes the spectral radius. A pair (A4, B) with A e R™" and B € R™™ is stabilizable if there
exists some K € R™" such that A — BK is Schur. A pair (C, A) is detectable if (AT,C7) is
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stabilizable. An eigenvalue A of A is (C, A)-observable if

M-A
rank =n.

C

A matrix K € R™" is stabilizing for system pair (A, B) if A- BK is Schur; it is marginally
stabilizing if p(A—- BK) = 1. For fixed A € R»™ and @) € R, the Lyapunov matrix is of

the form
ATXA+Q-X=0.

For a system pair (A, B), @ € R" and R € GL,(R), the discrete algebraic Riccati equation
(DARE) is of the form

(5.1) ATXA-X-ATXB(R+B"XB)'B"XA+Q=0.
Next, we recall a result on standard linear-quadratic-regulator (LQR) control.

Theorem 5.2.1. If Q >0, R >0, (A, B) is stabilizable and the spectrum of A on the unit
disk (centered at the origin) in C is (Q, A)-observable, then there exists a unique mazimal
solution X+ to DARE E] Moreover, the infinite-horizon LQR cost is i Xz and the
optimal feedback control K, is stabilizing and characterized by K, = (R+ BT X*B)"1BTX*A.

In the presentation, we shall refer a solution X to (5.1)) as stabilizing if the corresponding
feedback gain Ky = (R+ BT XyB) 'BTX,A is stabilizing; a solution Xy is almost stabilizing
if the corresponding gain Ky = (R + BT XqB) ' BT XA is marginally stabilizing.

In the sequential LQ game setup, one key difference from standard LQR is that ) may
be indefinite in the corresponding DARE. As such, the following generalization of the above

theorem becomes particularly relevant.

Theorem 5.2.2. Suppose that Q = Q7, R > 0, (A, B) is stabilizable and there exists a
solution X to DARE (b.1). Then there exists a mazimal solution X* to DARE such that

SWhere the notion of maximality is with respect to the p.s.d. ordering.
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the LQR cost is given by xj X xq. Moreover the optimal feedback control is given by K, =
(R+B"XB)'BT"X*A and the eigenvalues of A— BK, lie inside the closed unit disk of C.

For DAREs with an indefinite (), we recall a theorem concerning the existence of solutions.

Theorem 5.2.3 (Theorem 13.1.1 in [45]). Suppose that (A, B) is stabilizable, R = RT is
invertible, Q = QT (no definiteness assumption), and there exists a symmetric solution X to

the matrix inequality,
R(X)=ATXA+Q-X-ATXB(R+B"XB)'B"XA=>0,

with R+ BTX B > 0. Then there exists a mazimal solution X* to (5.1)) such that R+ BTX*B >
0. Moreover, all eigenvalues of A— B(R+ BT XB)'BTX*A are inside the closed unit disk.

The map Rapgr : R - R will be referred as Riccati map in our analysis; we
emphasize its dependency on system parameters A, B,(), R. In our subsequent analysis,
these system parameters will not remain constant as the corresponding feedback gains are

iteratively updated.

5.3 LQ Dynamic Games and some of its Analytic Properties

In this section, we review the setup of zero-sum LQ games. In particular we discuss the
modified sequential formulation of LQ games and make a few analytical observations that
are of independent interest. We note that some of these observations have only become
necessary in the context of sequential policy updates for LQ dynamic games.

To simplify notations, throughout the paper we shall denote

AK,L =A- BlK— BQL,
Qrr=Q+K RiK-L"Ry)L,

and note in this notation,

Ago=A-DB K, Ao =A-ByL,
Qro=Q+K RiK, Qor=0Q-L"RyL.
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5.8.1 Zero-sum LQ) Dynamic Games

In the standard setup of L) game, we consider a discrete-time linear time invariant model

of the form,
w(k+1) = Ax(k) - Byuy (k) = Boug(k),  2(0) = x,

where A € R By € R By € RM™m2 (k) and uq(k) are strategies played by two

players. The cost incurred for both players is the quadratic cost

J(uy,ug,0) = Ii((x(k)a Qu(k)) + (uy(k), Riuy (k) —(ua(k), Rous(k)))

where ) = Q7, Ry = R{, Ry = R} and x is the initial condition; the underlying inner product

is denoted by (-, -).

Remark. We emphasize that we depart from traditional LQ) game literature [3,4,72] by
putting no assumptions on the definiteness of @), Ri, Ry. In our exposition, we still put a
negative sign in front of the term (us, Rous). But this is just to be conformable with standard

game literature.

In this setting, player u; (k) chooses its policy to minimize J while player uy(k) aims to
maximize it. The players’ strategy space that we will be particularly interested in are closed-
loop static linear policies, namely, policies of the form u;(k) = Kx(k) and us(k) = Lz (k),
where K € R™>* and L € R™2*". Note that the cost function is guaranteed to be finite over

the set of Schur stabilizing feedback gains,
S={(K,L) e R™" xR"™": p(A- B K - ByL) < 1}.

Indeed, if (K, L) € S, with initial condition xg, the cost will be given by,
J (w1, uz, 20) = 2 (Z[A}(,L]jQK,LAJ}(,L) o = X,

j=0

where X solves the Lyapunov matriz equation,

(52) X:ATKVLXAK7L+Q+KTR1K—LTR2L.
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Note that (5.2)) has a unique solution if (K, L) € S. We say that a pair of strategies (K, L)
is admissible if (K,L) € S.

Remark. An elegant result in Ho, control theory states that the minimax problem,

inf sup {‘](uh u2) |xu1,u2 € gQ(N)}v
u1ela(N) g0, ()

where lo(N) denotes the Banach space of all square summable sequences and x.,, ., denotes
the state trajectory after adopting control signals uy,us, has a unique saddle point for all
initial conditions if and only if there exists two static linear feedback gains K, and L, such
uy (k) = Kix(k) and ua(k) = L.z (k) satisfying the saddle point condition [71]. Hence, the
restriction of the optimization process to static linear policies is without loss of generality

when we have standard assumptions, i.e., Q >0, Ry >0, Ry > 0.

A stabilizing Nash equilibrium for the zero-sum game is the pair of actions {uj(k),u3(k)} =

{K.x(k),L.x(k)} such that,
(5.3) J (i (k), uz(k)) < J(ui(k), us(k)) < J(ua(k), us5(k)),

for all initial states zo and all wuy(k),us(k) for which (ui(k),u3(k)) and (uj(k),u2(k))
are both admissible pairs. We emphasize that it is important that (ui(k),u3(k)) and
(ui(k),u2(k)) are stabilizing action pairs in the inequality (5.3]). To demonstrate this deli-

cate situation, we denote by S, the projection of § onto the ith coordinate, i.e.,

Sr, = {K : 3L such that A- B, K — By L is Schur},

Sy, ={L:3K such that A—- B;K — ByL is Schur},

and Sy, S; as sets defined by,

Sp={L:A- B1K - ByL is Schur},

S;p={K:A- BoL - B K is Schur}.
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Clearly, Sk, ¢ S;, and §;, ¢ S;,. This means that it is not the case that for all K € S, and
all L € S,,, the corresponding actions u; (k) = Kz (k) and ug(k) = Lx(k) yield

J(ui (k) uz(k)) < J(ui(k), us(k)) < J(ui(k), uz(k)).

This is simply due to the fact that (K, L,) is not guaranteed to be stabilizing for all K € S, .

Note that the cost function J is a function of polices K, L and initial condition zy. Since
we are interested in the Nash equilibrium independent of the initial conditions, naturally,
we should formulate cost functions for both players to reflect this independence. Indeed,
this point has been discussed in [11] where it has been argued that such a formulation is
in general necessary for the cost functions to be well defined (see details in §III [11]). The
independence with respect to initial conditions can be achieved by either sampling xy from a
distribution with full-rank covariance [24], or choosing a spanning set {wy,...,w,} ¢ R" [11],

and defining the value function over § as,

f(KaL) = i‘]wi(K’L)7

where J,. (K, L) is the cost choosing initial state w;, uy(k) = Kxz(k) and us(k) = La(k).

Note that over the set S the value of function f admits a compact form,
f(K, L) =Tr(XX),

where 3 = Y1, w;w] and X is the solution to (5.2)).

5.3.2  Stabilizing Policies in Sequential Zero-Sum LQ) Games

Another subtle situation arising in sequential zero-sum LQ dynamic game is as follows: there
is clearly no incentive for player 1 to destabilize the dynamics. However, from the perspective
of player 2, making the states diverge to infinity could be desirable as the player aims to
maximize the cost. For player 1, in the situation where ()— L™ Ry L is not positive semidefinite,
it is also possible that the best policy is not the one in S;,. Hence, in round j, in order to

guarantee that the game can be continued, it is important that both players choose their
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respective policies in S;, and S,,. We may then stipulate that both players play Schur stable
policies. We can justify this constraint by insisting that both players have an incentive to
stabilize the system in the first place. This can also be encoded in the cost function for the

players. That is, we may define the cost functions for player 1 and player 2 by,

fl(KvL) =5571(K)+f(K7L)7

fo(K, L) = =0s,, (L) + f(K, L),

where ds, () is the indicator function of the set

0, €Sy,
ds,, (z) =
+oo, x¢S;,.

Then we have two cost functions defined everywhere for both players and assume a finite
value on § which agree with each other, i.e., f(K,L). We still need to be careful in realizing
that there are points for which the function value is indeterminate. For example, it is
possible to find a point (K, i) such that f(K, ﬁ) = —oo; then fl(f(, [:) = +00 —00. To resolve
this complication, we shall declare the function value to be the first summand; namely, if

fl(K,ﬁ) = +00 — 00, then fl(f(,ﬁ) = +o00.

From the perspective of sequential algorithm design, these newly introduced cost func-
tions would constrain both players to play policies in §. It might be tempting to design
projection based algorithms. However, this can be difficult since describing the sets S;, and
S, for given system (A,[Bj, By]) is not straightforward and moreover the sets are gener-
ally not convex. We shall see later that by exploiting the problem structure, we can design
sequential algorithms for both players to guarantee this condition without any projection

step.
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5.8.8  Analytic Properties of the Cost Function

In this section we shall clarify analytical properties of the cost functions in terms of the
polices played by the two players; that is, we consider the cost function f(K, L) over & ﬁ

The observations are collected in following proposition:

Proposition 5.3.1.  a. The set S is open, contractible (i.e., path-connected and simply

connected) and in general non-conver.
b. One has f € C¥(S).

c. On the set S, the gradients of f with respect to its arguments are given by,

3Kf(K= L) = (RlK - BlTXAK,L)Ya
(9Lf(K, L) = (—RQL - B;XAK,L)Y,

where X solves the Lyapunov equation (5.2)) and Y solves the Lyapunov equation,
(54) AK,LYA}QL +3=0.

Proof. The proof essentially follows from the ones presented in |11] by regarding the system
pairs to be (A,[Bj, Bs]). O

As the set S is generally not convex, Item a of Proposition [5.3.1]assures us that algorithms
based on local search (e.g. gradient descent) can potentially reach the Nash equilibrium. If
S had more than one path-connected components, it will be impossible to guarantee the
convergence to Nash equilibrium under random initialization. Moreover this observation
implies that f is not convex-concave as the domain is not even convex.

We now observe that Y (K, L) is a smooth function in (K, L) and is positive definite

everywhere on §. Hence Y (K, L) is a well-defined Riemannian metric on §. Under this

6In our formulation, the two players have different cost functions. But over the set S, the cost functions
coincide.



112

metric, we can thereby identify the gradient. In learning and statistics literature, such a
gradient is referred as a “natural gradient.” We shall use Ny and Ny to denote the

natural gradient of f over K and L, respectively. Namely,

Nf,K(KaL) =R K- BIXAK,L,
Nf7L(K,L) = —RQL - B;XAK,L.

5.8.4 A Key Assumption and its Implications

Throughout the manuscript, we have the following standing assumption.

Assumption 1. There exists a stabilizing Nash Equilibrium (K., L,) € S for the zero-
sum game over the system dynamic (A,[B1, Bs]). Moreover, the corresponding value matriz

X, = X, (K., L,) satisfies at least one of the following conditions:
(a]) R1 + BIX*Bl >0 and RQ - B;—X*Bg + B;X*(Rl + BIX*Bl)_lBlBQ > 0.
(CLQ) —R2 + B;X*Bl <0 and R1 + BIX*Bl - BIX*BQ(_RQ + B;X*Bg)_lB;X*Bl > 0.

Remark. The existence of a stabilizing Nash is a necessary assumption adopted in the LQ)
literature [3]. However, we do not constrain the value matriz X, to be positive semidefinite,
as assumed in [5,72,81]. The definiteness is useful when the LQ game formulation is tied
to Heo control. However, from the L(Q) game perspective, this association seems unnecessary.
Conditions (al) or (a2) are necessary if it is desired to extract unique policies from the
optimal value matrix X,. Namely, if the total derivative of f vanishes, i.e.,

Ry 0 K B B/

- XA+

X(Bl BZ):Oa
0 -RJ\L] \B] B]

conditions (al) or (a2) are sufficient to guarantee the uniqueness of the solution in S. In-
deed, assumptions (al) or (a2) are “almost necessary.” If (K.,L,) is a NE, then f(-,L.)
achieves a local minimum at K., i.e., Vi [(K., L.)[E,E] = (E, (R, + B{X.B1)EY,) > 0
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(note that by assumption, K, is in the interior of S and thus the second-order partial deriva-
tive is well-defined). Similarly, Vi f(K.,L.) = —Ro + By X,By < 0. We relax these two
necessary conditions to hold as strictly positive (respectively, negative) deﬁniteﬂ In fact, in
the sequential LQ) formulation, the inequalities in these two conditions correspond to certain
“quasi-Newton” directions and as such play a central role in our convergence analysis (see
and §5.6 for details.).

Moreover, we shall subsequently see that assumptions (al) and (a2) lead to distinct
choices of leaders in the sequential algorithms. More specifically, if we assume condition
(al), the leader of the sequential algorithm should be player L; for assumption (a2), player
K should be the designated leader.

We observe several implications of this assumption.

Proposition 5.3.2. Under Assumption 1, we have following implications:
a. The pair (A,[By, Bs]) is stabilizable.

b. X. is symmetric and solves the Generalized Algebraic Riccati Equation (GARE),

T -1

BIXA| |R +B/XB,  BIXB, BIXA
(5.5) BIXA B]XB, -R,+B]XB,| |BlxA

+ATXA+Q-X=0.
c. X, is unique among all almost stabilizing solutions of (/5.5)).

Proof. The statement in (a) is immediate since A - By K, — By L, is Schur.
In order to show (b), we note that since (K,,L,) is a stabilizing Nash Equilibrium, then
X, is the solution of the Lyapunov equation (5.2)); it thus follows that X, is symmetric.

If we do not relax the semidefiniteness conditions, the NE would be solutions to GARE involving Moore-
Penrose inverse. This will introduce other complications than practically needed.
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Further, note that the partial gradients of f vanish at (K., L,), namely (K., L,) €S solves

the equations

Vif(K,L) = (RiK - BIXAgk )Y =0,
Vif(K,L) = (~RyL - BIX A)Y =0.

Substituting this in the Lyapunov equation (5.2)), it follows that (K., L,) solves the GARE ([5.5]).

Note that the inverse,

-1

R1+BIXB1 BIXBQ
BIXB,  -Ry+B}XDB,

is well-defined at X, by the conditions al or a2 in the assumption.

For the statement in (c), by Lemma 3.1 |72], X, is the unique stabilizing solution. It remains
to show that there does not exist almost stabilizing solution to . Suppose there exists
a pair (K,L) €98, ie., p(A- B K - ByL) = 1, solving with solution X. Then taking
the difference between the identity at (K., L,) and (K, L), we have,

AT(X, - X)Agr =X, - X,

Since A ; is marginally stable and A, is stable, then I ® I —A}(’ ; ® A, is invertible and thus
X.-X=0. [

5.4 Oracle Models for Sequential LQ)Q Games

In this work, we assume that both players have access to oracles that return either gradient,
natural gradient or quasi-Newton directions. Suppose that O and O are the orcales for
the two players respectively. The players will query their respective oracles in a sequential
manner: if player 1 query the oracle, we assume the policy played by player 2 is fixed during
the query and this policy is transparent to oracle Ok of player 1. As f is in general not
convex-concave, if two players have the same oracles and play greedily using the information

they have acquired, theoretically, there is no guarantee that they will eventually converge to
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the Nash equilibrium. In order to obtain theoretical guarantees, we assume that player 1 can
access an oracle that computes the minimizer of f(K, L) over K for a fixed L. This oracle
can be constructed out of the simple first-order oracles by repeatedly performing gradient
descent /natural gradient descent/quasi-Newton type steps |16]. More explicitly, we shall

assume that for player 1, if player 2’s policy is L, the oracle can return K < arg min x J(K, [:)

5.4.1 Motivation

We shall present the motivation for equipping player 1 with a more powerful oracle model.
As finding the Nash equilibrium is equivalent to solving the saddle point of f(K, L), from the
perspective of player 2, we may associate a value function independent of player 1. Namely,

we may define a function of the form,

ianeSL f(KaL)7 if Le 8772’

—00, otherwise.

If g(L) possesses a smoothness property, we may consider projected gradient ascent over the
policy space. However, reflecting over g(L) would reveal that g(L) is not necessarily even
continuous on Sy,. For example, if Q — LTRyL < 0, then infx f(K, L) could be —co. But
on the other hand, by Danskin’s Theorem, ¢g(L) is differentiable at L € S,,, where f(K, L)

admits a unique minimizer over K.

Lemma 5.4.1. Suppose that U € dom(g) is an open subset such that for every L e U,

argmin f(K, L)
KESL

exits and is unique. Then g(L) is differentiable and its gradient is,
V(L) =V f(KL, L), where Kj, =argmin f(K, L).
K

Traditionally Danskin’s theorem would require that for every L, the minimization of K

is over a common compact set. This is not the situation in our case as Sy, is not compact nor
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common over IFl The statement of Lemma instead follows from a variant of Danskin’s

Theorem in [7].

Proof. We only need to observe that f(K,L) is C* in both variables and thus Fréchet
differentiable. Hence, the assumptions of Hypothesis D2 in [7] are satisfied. By Theorem
D2 in [7], g(L) is directionally differentiable in every direction. As the minimizer K is

unique, the directional derivative is uniform in every direction and consequently, g(L) is

differentiable. ]

The next issue that needs to be addressed is whether i/ is empty. It turns out that by
standard LQR theory, {L e dom(g) : Q - L™ RoL > 0} is a subset in U. We can thus outline
an update rule assuming that ¢g(L) is Lipschitz, namely, a projected gradient ascent over L

as,
Lj= Ps,r2 (Lj + Ujvg(Lj)) )
where Vg(L,) is given by
Vy(L;) = (-ReL - By Xk, 1, Ak, 1) Yio Ly

where K, = argming f(K, L;). As already noted, we do not have a full description of the
nonconvex set S;, and a projection would rather be prohibitive. What we shall propose
instead, are update rules that guarantee all of its iterates stay in the set S,,; this will be
achieved without a projection step by exploiting the problem structure.

Another interesting interpretation of our setup is to consider this game from the perspec-
tive of player 2: we have a game played by player 2 with a greedy adversary. Each time
player 2 chooses a policy L', the adversary (player 1) would try to act greedily, i.e., minimize
the cost f(K,L") over K. The goal for player 2 is to achieve the Nash equilibrium point
for himself/herself and the greedy adversary. The information player 2 can acquire from

the game (i.e., oracle) is the first-order information (function value and gradient). As such,

8Namely, it is not necessarily true Sr, = S, if Ly # Lo.
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player 2 has an obligation to guarantee that along the iterates {L;}, the oracle could return

meaningful first-order information of g(L), i.e., g(L;) is differentiable for every j.

5.5 Algorithm: Natural Gradient Policy on L

Throughout and §5.6] we assume that condition (al) in our assumption holds and an
oracle Ok that returns the stabilizing minimizer f(K, L) for any fixed L, provided that such
minimizer exists. Note that the unique minimizer corresponds to the maximal solution X*

to the algebraic Riccati equation (with fixed L), namely,
X = AE)—’LXAO,L + Q(O,L) - AE)—’LXBl(Rl + BIXBl)_lBIXAgjL.

Note even in standard LQ game setting, (Jo; becomes indefinite in the iterative process.

Fortunately, policy gradient based algorithms can still be utilized to find the minimizer [16].

5.5.1 Algorithm

The algorithm is given by:

Algorithm 3 Natural Gradient Policy for L Game
1: Initialize Ly such that (A - BjLy,By) is stabliizable and the DARE

RA(0.14)B1Qo.g) 1 (X) = 0 has a stabilizing solution X* with Ry + B{X*B; > 0.

[\

. if 7>1 then
3: Set: Ky < argming f(K,L;_1)
4: Set:

Lj=Lj+mNg(Ly)

= Ljfl + anf,L(Kjfla L_jfl)-

5. end if
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We note that the initialization step is generally nontrivial. However, if we further assume
that (A, By) is stabilizable, @ > 0 and those eigenvalues of A lying on the unit disk are
(Q, A)-detectable, then we can choose Lg = (ﬂ For the general case, we may need to check

invariant subspaces of system parameters (see [45] for details.)

5.5.2  Convergence Analysis

To simplify notations let,

Ukr=R1K-B" Xk Ak 1,

Vir=-ReL-B Xk Ak 1;

note Ny x(K,L) =2Ug  and Ny (K, L) =2V 1. First a useful observation.

Lemma 5.5.1 (NG Comparison Lemma). Suppose that (K, L) and (K, L) are both stabiliz-

ing and let X and X be the corresponding value matrices. Then

X-X=AL (X -X)Ag;+ (K -K) Uk
+ U} (K-K)-(K-K) Ri(K-K)
+(L-L)' Vi +Vi (L-L)
+(L-L)"Ry(L-1L)

- (AK,L - Af(,ﬁ)TX(AK,L - Ak,ﬁ)-

9This is indeed the standard assumption in the LQ literature.
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X-X=A) (X -X)Ag,+(K-K)'Ug;
+ UL (K - K)+(K-K)'R(K-K)
+(L-L)' Vi i+ VL (L-1L)

~(L-L) Ry(L-1L)

+ (AK,L - AK,L)TX(AK,L - AK,L)~
Remark. Item (b) of this lemma was observed in [81]. Our presentation offers a control
theoretic perspective on its proof.

Proof. We prove item (a); item (b) can be proved in a similar manner.

It suffices to take the difference of the Lyapunov equations:
ATK7LXAK,L +Q+K'RiIK-L"RyL =X,
AT XApp +Q+ KTRIK - LR, L= X.
Indeed, a few algebraic operations reveal that
X-X-= AT (X - X)Ap i+ (K-K)'Ugy
+ Ul (K - K) = (K- K)"(R)(K - K)
+(L-L)' Vi + Vi (L-L)+(L-L) Ry(L-1L)
—(Ar - Az 1) X(Ax - Ag 1)
m

We now observe another version of comparison lemma when L, L € dom(g). Indeed, this

lemma will play a more prominent role in our convergence analysis.

Lemma 5.5.2 (Comparison Lemma 2). Suppose that L, L € dom(g), namely there ezists

K, K such that

K =argmin f(K', L), K =argmin f(K', L).
K'eSy, K'eS;
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Further, suppose that the algebraic Riccati map RAO,L7B17Q(O,L)7R1(X) 15 well-defined, i.e.,
R+ Ble(Bl 15 1nvertible. Recall that the Riccati map is given by,

RAO,L7317Q(0,L),R1 (X) = A&LXAO,L - X + Q(O,L) - Az]—’LXBl(Rl + BIXBl)_lBIXA()’L.
Let X and X be the corresponding value matriz. Putting

E:=R,+B/XB,, F:=B/X(A-B,L),

then
X-X-= AE(,L(X - X)AK,L + RAO,L7B17Q(0,L)7R1 (X)
+(EK -F)'E"Y(EK - F).
Moreover,
RAO,LyBlyQ(O,L)le (X) =(L- E)va(,ﬂ + V}(jl(L - z)
~(L-L)"Og(L-L),
where

Oy =Ry - BJXBy+ BJXBy(R, + BIXB,) 'B] X B,.
Proof. Note that X solves the Lyapunov matrix equation,
X=Ap XAk +Q- L Ry L+ K'R\ K,
with K = (Ry + B{ XB;)'B{ X(A- ByL). Then

X-X-Ap (X -X)Axp=A} [ XAg - X +Qury+ K TRiK
= Aj  XAop - X +Qory+ K'(Ri+ BIXB1)K - K'B] XAy - Aj [ XB1 K
= Ro.B1.Quosyin(X) + A) f X Bi(Ry + BIXB1) ' BI X Ag 1
+ K"(Ri+ B[ XB)K - K'B[ XAy, - A} | XBIK

= RAU«LvBva(o,L),Rl (X) + (EK = F)TE_l(EK - F)
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Since X satisfies the algebraic Riccati equation
X= Al XA +Qp~ AL, XBi(Ri+ BIXB1) ' BIX Az,
it follows that,

Roao,1.51.Q0 1y R (X) = AS,LXAO,L - L' RyL - Ag,LXBl(Rl + BlTXBl)_lBlTXAO,L
~ AL XAy g+ LT RyL+ A)  XBi(Ry + BIXBy) ' BIX Ay

=(L-L)"Vi; + Vi (L~ L)-(L-L)"04(L-1L).
O

Let us now prove the convergence of the proposed algorithm. In the following analysis,

to simplify notations K;’s are exclusively used as the unique stabilizing mimmz’zersﬂ for

f(K,L;) over K.E and further we put

Qj=Qr, =0 - LJT‘R2LJ7 A= X0
0,1 =0x,

j-1Lj-1?
where we recall the definition of O Xie; yn; - WVe shall first show that if Algorithm [3| is
initialized appropriately, then with stepsize

1
D G
Gl An(0;j1)

Algorithm 3| generates a sequence {L;} satisfying properties listed in the following lemma.

Lemma 5.5.3. Suppose that Algorithm @ is inatialized appropriately. With stepsize nj_; <

1
o) we then have,

a. (A-BsyL;, By) is stabilizable for every j > 1.

Depending on the structure of our problem, it is possible that there exists non-stabilizing minimizers.
But here we are only concerned with minimizers in the set S.

1Of course, we need to guarantee that for L;, there exists a unique minimizer.
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b. O; >0 for every j > 1.

c. Forevery j>1, f(K,L;j) is bounded below over K and there exists a unique minimizer

K, which forms a stabilizing pair (K, L;). Namely, the DARE
(5.6) RAo,Lj,Bl,Qj,Rl(X) =0,
admits a stabilizing mazimal solution X+ satisfying R+ B{ X*By > 0. In other words,
g(L;) is finite and differentiable for every j >0
d. Putting A = Xg, 1,, Ej = Ri + B{ Xk, 1, B1 and F; = B{ Xk, (A~ ByL;) we have

A-A=AY  (A-D)Ak, 1,
+ V}(j—l,qu (477j‘1l - 477J2'Oj‘1) VKj—l’LJ'—l

+ (Bja K - Fja) B (B K - Fjoa).

Proof. It suffices to prove the lemma by induction since all items holds at j = 0 (by initial-
ization of the algorithm). We shall first suppose that (A - B2L;, By) is stabilizable, i.e., (a)
holds. Note that this property is not automatically guaranteed and we subsequently provide
an analysis to carefully remove this assumption[]

First note that by our assumption, A is the maximal stabilizing solution of the DARE[S|
RAO,Lj_l,Bth—th (X) =0
and K1 =(Ry + B{AB)'B]A(A-ByL;_1). Now adopt the update rule,

Lj=Lj1=nj-1Ng(Lj1) = Lj1 = 20;.1 Vi, 1

j-1°

12 A side remark on our proof strategy: in linear system theory, a number of synthesis results are developed
under the assumption of stabilizability of the system. We will utilize these observations here; however, to
use those tools, we must assume that (A - ByL;, By) is stabilizable. But this is also one of our goals to
show. The reader might recognize certain circular line of reasoning here. Indeed, one of our contributions
is pseudo trick devised to circumvent this issue: we first assume stabilizability and then use the results
developed to arrive at a contradiction if the system had not been stabilizable.

13This can be considered as an LQR problem for system (A — ByLj_1,B;) with state cost matrix @ —
LT RoL,_.
J-1 J
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by Lemma it follows

Rao;.B1.Q;. 8 (Xj1)

= V;(jflijfl (47]‘],11 - 477‘72_10371)) VKj—lij—l .

(5.7)

Thereby with the stepsize n;-; < ﬁ, we have

RAO,Lj7Bl,Qj,R1 (Xj—l)
= VKj_l,Lj_l (477j—1f - 47732‘_103'—1) VKj_l,L

(5.8)
. =0.

J

By Theorem [5.2.3] (note that the inequality (5.8)) is crucial for applying the theorem), there
exists a maximal solution X* > A to the DARE (j5.6)) and moreover, with

Kt = (Rl + BIX+B1)_IBIX+(A— BQLJ'),

the eigenvalues of A - ByL; — BiK* are in the closed unit disk of C. Equivalently, X* solves

the following Lyapunov equation,
Afr p XA, +Q+ (K) T RiK* ~ LiRy Ly = X

Item (d) thereby follows from the first part of Lemma |5.5.2l We now observe that K* is
indeed stabilizing. Suppose that this is not the case; then there exists v € C" such that

(A-ByL; - BiK*)v = Av with [A| = 1. Hence,

’UT (ATK+,L]~ (X+ - A)AK-F’L].) v
+ UT (V}(j—lij—l (47’]]_1] — 4”?0]_1) VKj—lij—l) v

<v'(XT-A)v.
This would imply that Vg, , r, ;v =0. But this means that,

(59) L]’U = Lj_lv.
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By Lemma [5.5.1] we have
X+ - A = ATKJr’Lj(X_F - A)AKJr,Lj
+ V}Qq,qu (477J'—1] - 477J2'R2) VKj—l:Lj—l
+ (K+ - Kj,l)TRl(K_F - Kjfl)

+ (AK+,L]~ - AKj—17Lj—1 )TA(AKﬂLj - AKj—lejfl )

Multiplying v™ and v on each side and combining the resulting expression with (5.9)), we

obtain,
K qv=K".
But now we have
(A-B1K;.1—ByLj1)v=Av—-B1K*v - ByLjv = \v.

This is a contradiction to the Schur stability of (K_1,L;_1). For item (b), note that X; < X,,
so Ry — Bj X;Bs > 0 and consequently O; > 0 as Ry + B{ X, B > Ry + B{ X;_1B; > 0. Hence,
we have completed the proof for items (b), (¢), (d) under the assumption of item (a).

We now argue that with the stepsize 1;-; < 1/A,(0;_1), this assumption of stabilizability
1 We

J

is indeed valid; namely, item (a) holds. Consider the ray {L;: L; = Lj1 +12Vg, | 1
first note that there exists a maximal half-open interval [0,0) such that (A - ByLy, By) is
stabilizable for every ¢ € [0,0) and (A - ByL,, By) is not stabilizable (this is due to the fact
that stabilizability is an open condition; see Proposition for a proof). Now suppose

that o < 3 We may take a sequence ¢; 1 o, and note that (A- ByLy,, By) is stabilizable

1
2 (0, 1

for every ¢;. Let us denote the corresponding sequence of solutions to the DARE by {Z,}.
By our previous arguments, A < Z;, < X,, where X, is the corresponding value matrix at
Nash equilibrium point (K, L,). Denote by L as the set of all limit points of the sequence
{Z,,}2,. By Weirestrass-Balzano, the set £ is nonempty as the sequence is bounded. Clearly,

for every Z € L, A < Z < X,. By continuity, Z must solve the DARE,

(5'10) RAO,LU7BlaQL07R1 (X) =0.
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Putting K’ = (Ry+ B{ZB,) ' B] Z(A-B,L,), we claim that A- By L, - By K’ is Schur stable.
This is a consequence of (d) and the Comparison Lemma it suffices to observe that
Ay 1, is marginally stable satisfying (d) and,
Z-A>Ap (Z-D)Ag 1,
+ Vi o, (401-40%0;0) Vi 1, .
Proceeding similar to the above line of reasoning, we can show that A— By L, — B K’ is Schur

stable. But this contradicts our standing assumption that (A - ByL,, By) is not stabilizable.
Hence, for all 7,1 <1/A,(0,-1), the pair (A - ByL;, By) is indeed stabilizable. O

We are now ready to state the convergence rate for the algorithm.

Theorem 5.5.4. If the stepsize is taken as n; = 1/(2X,(0j-1)), then,

2||N9<Lj>|% < % (9(L.) - g(Lo)).

where n € R, is some positive constant.

Remark. This theorem suggests the gradient will vanish at a sublinear rate. As we know,
there is a unique stationary point of g; this means the sublinear convergence to global maxi-

mum, t.e., Nash equilibrium point.

Proof. Let n =inf;1/A,(0O;) and note that O; > Ry — By X.Bs, so n > 0. It suffices to note
that by Lemma [5.5.3] we have

g(LJ) - g(Lj—l) = rI‘r((XKj7Lj - XKj—lej—l)Z)

= m Ir [YKwLJ‘ (Ng(Lj—l)TNg(Lj_l))]

2 | Ng(Lj-1) -

Telescoping the sum and noting that g(L) is bounded above by g(L.), we have

>IN, (LI < 7 (o(L) =9(Lo)) < o
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We observe that the convergence rate is asymptotically linear. This is a consequence of
the local curvature of g(L). Indeed, if we compute the Hessian at g(L.), the action of the
Hessian (see Appendix for details) is given by

v29(L,)[E,E] = -2(0x, E,EY,).

As v2g(L,) is negative definite, —g(L) is locally strongly convex around a convex neighbor-
hood of L,. It thus follows that gradient descent enjoys a linear convergence rate around
L,. Moreover, the local curvature of g(L) around L, implies the iterates L; converges

to L, asymptotically and thereby, the sequence Kj, L; converges to the Nash Equilibrium
(K., L) [

Corollary 5.5.4.1. Suppose (Kj, L;) is the sequence of policies generated by Algorithm @
and (K., L,) denotes the NE. Then we have (K, L;) - (K,,L.) as j - .

Proof. By item d in Lemma the sequence of value matrices {X;} is monotonically
increasing with respect to the p.s.d. ordering and bounded above. Then it follows X; - X,.

Consider the following map

-1

R1+BIXBl BIXBQ
¢3XH (Bl,BQ)TXA.
BQTXBl —R2+B;XBQ
The map is continuous on its domain. So ¢(X;) - ¢(X,). The proof is completed by noting
5.6 Algorithm: quasi-Newton Iterations of L

In this section, we shall assume that the oracle Oy, returns the quasi-Newton direction. The
motivation of quasi-Newton is to investigate the second-order local approximation of g(L).

Indeed, we may observe that,

g(L+AL) » g(L) + (Yi.arLN,(L), AL) - (O, AL, AL).

141n general, convergence of function value does not imply convergence of iterates.
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The approximation can be acquired by a computation of Hessian matrix of g(L). The details

are deferred to Appendix.

Algorithm 4 quasi-Newton Policy for LQ Game
1: Initialize Ly such that (A-BjLg, Bs) is stabilizable and the DARE R Ao 1y B1.Qry R (X)=0

has a stabilizing solution X+ with Ry + B{ X*B; > 0.
2: if j>1 then
3: Set: Kj « argming f(K,Lj).
4 Set: Ly =Ly +010712(=RoLyoy — BYXk, 1 1, 1 Ak anss):

5. end if

5.6.1 Convergence Analysis

We first prove a result that can be considered as a counterpart to Lemma [5.5.3]

Lemma 5.6.1. Suppose that Algorithm |4 is initialized appropriately. With stepsize nj_1 <

m, we then have,
a. (A-ByL;, By) is stabilizable for every j > 1.
b. O; >0 for every j>1.

c. Forevery j>1, f(K,L;j) is bounded below over K and there exists a unique minimizer

K, which forms a stabilizing pair (K, L;). Namely, the DARE

RAO,Lj ,B1,Q;5,R1 (X) =0,

admits a stabilizing mazimal solution X+ satisfying R+ B{ X*By > 0. In other words,

g(L;) is finite and differentiable for every j > 0.
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d. Puttmg A= XK]-,LJ-; Ej = R1 + BlTXKj,LjBl and Fj = BlTXKj,Lj (A— BQL]') we have

A-A-Al  (A-A)Ag, 1,
= V}—{jithil (477]',10;,11 - 477]20]_,11) VKthrl

+(Eja K - F;) B (B0 K - Fjy).

Proof. The proof proceeds similar to Lemma [5.5.3] The key difference is that the algebraic

Riccati map assumes a new form with the quasi-Newton update. Namely, with quasi-Newton

iteration,
RAO,Lj ,B1,Q;,R1 (Xj—l)
2 -1
= (47]j‘1j - 477]‘—1) V-Ir(j—lij—l Oj_lVKj—l’Lj—l’
The statements then follows from almost same arguments as in Lemma [5.5.3 O]

We are now ready to state the convergence rate for the algorithm.

Theorem 5.6.2. If the stepsize is taken as n=1/2, then

9(L.) = 9(Ly) < q(g(Ls) - 9(Lj-1))?,
for some ¢ > 0.

Proof. By Lemma [5.6.1] the sequence of value matrices {X,} is monotonically nondecreasing
and bounded above. Thereby X; - X, as j - oo. It follows the set & = {X,;} u{X.,} is
compact. Substituting K;_; = (Ry + B{ X;_1B1)'B]{ X;_1(A - ByL;_1) into the update rule,
we get

Lj = —Oj_»_lle_lXj_l(A - Bl(Rl + BIXj_lBl)_lBIXj_lA).

By Lemma[5.5.2 (take X = X, and X = X; and note Vg, 1, = 0),

Xo =X = Z;)(A]T-)V (L = Lj)TOL(L. - Ly)) AY,
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where
O.=Ry-B)X.By+ By X.By (R, + B| X,B,) ' B] X, B,.
It follows that,
9(L.) = g(L;) < Te(Ya(Ls = L) 'O (Ls - L))
< A (YM(0) Tr((L. = L) (L. - L),
We observe
L,-Lj=-0'B]X,(A- By(R, + B]X.B,) 'B] X, A)
+ O;_llBQTXj_l(A - Bi(Ry + BI X;.1B1) ' B X, 1 A),
and further, note that the map ¢ given by
X = -Oy¢B]X (A-Bi(Ri + BIXB;)'B]XA)
is smooth where,
Ox =Ry - By XBy+ ByXBy(Ry + Bl XBy,) ' B] X Bs.

So over the compact set £, we can find a Lipschitz constant § of ¢, namely, for every

X, X"e&, we have ||¢p(X) - p(X")|r < B|X - X'|. Then
|Z. = LilE = 16(X.) = o(X)) 5 < B2 X - X%
Hence
9(L.) - g(Ly) < | X - Xl < (9(L) - 9(L0))
where ¢, ¢ > 0 are constants. 0

By virtually the same argument of Corollary [5.5.4.1] we may conclude that the sequence
of policies {K, L;} generated by quasi Newton iteration converges to NE at a @-quadratic

rate.

Corollary 5.6.2.1. Suppose {Kj, L;} is the sequence of policies generated by Algorithm .
Then we have (K, L;) - (K., L,).
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5.7 Switching the Leader in the Sequential Algorithms

We shall demonstrate in this section if the condition a2 in the assumption holds, it might
not be guaranteed that g(L) is differentiable in a neighborhood of L,. In this case, however,
choosing the leader to be player K would converge. The analysis proceeds in a similar
manner. First, we observe that we can define a value function,
h(K) = sup f(K,L).
LeSk

Following virtually the same argument, we can the establish the following.

Proposition 5.7.1. Suppose that U € dom(h) is an open set such that for every K € U,
there is a unique maximizer of f(K, L) over L. Then h(K) is differentiable and the gradient
s given by
Vh(K)=Vkf(K,Lg), where Li =argmax f(K,L).
LGSK
The algorithm for player K using natural gradient policy can be described similarly to

Algorithm 3]

Algorithm 5 Natural Gradient Policy with Leader K
1: Initialize K, such that (A - B1 Ky, Bs) is stabilizable and the DARE

RA(KO,O),B2,—Q(KO,0),R2 (X) = 0.

has a maximal symmetric solution Z* with Ry + By Z* By > 0.
2: if j>1 then
3: Set: Ljy < argmax;, f(K;_1,L).
40 Set: K; =K1 —n;Nu(Lj) = Kjo1 = n; Ny (Kjo1, Lj—y).

5. end if

We observe that for fixed K’, if L’ is the unique stabilizing maximizer of f(K', L) over L,

then substituting Vv f(K’, L") = 0 into the Lyapunov matrix equation, L’ solves the following
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ARE,

Z = A(K’,O)ZA(K’,O) + Q + K’TRlK’
(5.11)

_ AT

L0y ZBa(=Ra + BYZBy) B} Z A1),

To utilize the theory developed in standard ARE, which concerns a minimization problem,

we may consider following modification:

W=A]

ooy WAG 0 - Q- KR K

(5.12)

_ AT

(K’,O)WB2 (R2 + B;WBQ)_IB;WA(K/ﬂ) .

We observe that if W solves (5.12)), then —W solves (5.11)). Now the analysis can be done

almost in parallel.

Lemma 5.7.2. Suppose that L;_y is the unique stabilizing mazimizer of f(K;_1,L), i.e.,
Lj_y = argmax;, f(K;_1,L). Putting A =Xk, 1, , and

Pj—l = R1 + BIABl + BIABQ(RQ - B;ABQ)_lB;AB17
with stepsize 1;-1 < m, we then have,

a. (A- B1Kj, By) is stabilizable.

b. f(K;, L) is bounded above over L and there exists a unique stabilizing mazimizer Lj,

namely (K, L;) is a stabilizing pair.
c. Putting A = X, 1;, we have

A-Ax AL (A-N)Ag, 1,

+ U-Ir(j—l,Lj—l (477]‘—11 - 477]2'Pj—1) UKj—lej—l'

Proof. The proof proceeds similarly to Lemma [5.5.3. Indeed, putting A = —A and A = —A,
we observe A and A solves the DARE (5.12) and also note the DARE (5.12) has the same
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form with the DARE considered in Lemma [5.5.3] Further, note that the update rule is

equivalent to
Kj=Kj1-nj12(RiKj 1 - BIAAg, 1, .,)
= Kj —nja2(Ri K1+ BIJAAk, 1))
= K1+ 201 (K1 - BIAAg, , 1,.,).

In view of these observations, by the same machinery we employed in Lemma [5.5.3] we

conclude

A-Ax Al (A-A)Ag, 4,

+ fJ;(j_th_l (477j_1[ - 477j2f’j_1) fJKj,l,Lj,N
where
Uk, 00 = —RiKjy - BTAAg 1,
P, =R, - BAB,
+ BJAB, (R, + BJAB,) ' B]AB,.

It thus follows that,

“A+ A= AL (A-N)Ag, g,

+ U;(j,l,L];l (47].7_11 - 477]2P.7_1) UKj—l’Lj—l :

Now it is straightforward to conclude the sublinear convergence rate of Algorithm [5

Lemma 5.7.3. Suppose {K;} are the iterates generated by Algorithm @ Then we have

> NL(K;) <n(h(Ko) - h(K.)),
=0
where >0 is some positive number.

The analysis of quasi-Newton method with K as the leader proceeds in a similar manner

as Algorithm [4 as such we omit the details here.



133

5.8 Simulation Results

In this section, we provide a representative set of examples to demonstrate the resutls re-
poarted in this paper.

The linear dynamical system of form with parameters (A,[Bi, B2])) where A = 0.5] €
R5X57

Is, 02
B, - 337 B, - 2x2

02><3 [2><2
The cost matrices @), Ry, Ry are given by

-3.01760074 -2.81426740e - 03 4.32973286e -3 -1.06481328¢ -2 —-6.85531223¢ — 3
-2.81426740e - 3 -3.00443882 8.68684314e -3  2.52575795e¢ -4  —-3.03010149¢ - 3
Q=] 4.32973286e -3  8.68684314e — 3 2.99678507 -1.12890593e -2  3.76770625¢ — 3
-1.06481328e -2 2.52575795e -4  -1.12890593¢ - 2 2.99982394 -4.41594781e - 03
-6.85531223e -3 -3.03010149¢ -3  3.76770625e -3 —4.41594781e - 3 3.00709409

-1
Rl = _]. ) R2 = )
-1

where () is indefinite with rounded eigenvalues {-3.01820999, —-3.00387344, 2.98692324, 3.00247667, 3.014347
Note the choices of R; and R, are also interesting as player 1 has negative definite cost
matrix. The value matrix X, at Nash Equilibrium is indefinite with rounded eigenvalues
{-2.6132689,-2.59737491, 2.57855823,2.59584142, 2.60897107}.
Figure [5.1] and Figure demonstrate the convergence of natural gradient ascent with
leader L. Figure [5.3] and Figure [5.4] shows the ()-quadratic convergence rate of quasi New-
ton iteration. The results are consistent with the theories developed in § [5.5] and § [5.6]
Figures shows the global convergence of natural gradient descent and quasi-

Newton when player K assumes the leader.
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Convergence of Function Value in Natural Gradient for Leader L

101 =

10—1 -

10—3 .

10—5 -

10—7 .

10—9 .

f(K*,L*) - f(K"Lj)

10—11 .

10713 .

T T T T T

0 2 4 6 8 10 12 14 16 18
Iterations

Figure 5.1: Convergence of function value under natural gradient sscent for player L with

stepsize given in Theorem

5.9 Concluding Remarks

The papers considers sequential policy-based algorithms for LQ dynamic games. We prove
global convergence of several policy gradient-based algorithms as well as identifying the role
of control theoretic constructs in their analysis. Moreover, we have clarified a number of
intricate issues pertaining to stabilization for L games and indefinite cost structure, while

removing restrictive assumptions and circumventing the projection step.
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Convergence of Policy in Natrual Gradient for Leader L

107 4

10—3 -

n

1070 -

10—7 .

10—9 -

1K = Kullr + 1L = Lullr

10711 .

10—13 i

T T T T

0 5 10 15 20 25 30 35 40
Iterations

Figure 5.2: Convergence of polices under natural gradient sscent for player L with stepsize

given in Theorem

5.10 Hessian of g(L)

In this section, we compute the Hessian of g(L) at a point of differentiation of Lg. Indeed, we
shall assume stronger assumptions of Lg: there is a unique stabilizing minimizer of f (K, L)
over Ly, denoted by K. Throughout the section, we denote Aqg = A — B1 Ky — ByLy. Note,
by assumption the DARE is solvable

X = (A - BQL())TX(A - BQL()) + Q - LSRQLO
+ (A - BQLQ)TXBl(Rl + BIXBl)_lBIX(A - BgLo),
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Convergence of Function Value in quasi-Newton for Leader L

10—1 -

10—3 .

10—5 .

1077 .

1079 .

f(K*,L*> - f(K"Lj)

10711 .

10—13 .

T

0 1 2 3 4
Iterations

Figure 5.3: Convergence of function value under quasi Newton iteration for player L with

stepsize 1/2

and the maximal solution Xj is stabilizing, i.e., Ky = (Ry + B{ XoB1) ' B] X (A - BsLy) is
stabilizing the system (A - BsLg, B1). As we have noted, the gradient of g(Lg) is given by

Vg(LO) = 2(—R2L0 - B;XO(A - BQLO - BlK()))Yb,
where Y} is the solution to the Lyapunov matrix equation
AYA+X=Y.

We now compute the Fréchet derivative of ¢(Lg) = 2(-=RoLg — By X¢Ap). Note ¢ : Rm2xn —
Rmzxn the Fréchet derivative Dg(Lg) is a bounded linear map in L(R™2*" R™2x"). So the
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Convergence of Policy in quasi Newton for Leader L

10—1 -

:LL' 1073 -
gﬁ

| 1077 ~
<

+ 1077
=

'ql 10*9 .
3

— 10*11 .

10713 .

T T T T
0 1 2 3 4 )

Iterations

Figure 5.4: Convergence of policy error under quasi Newton iteration for player L with

stepsize 1/2

action of D¢p(Ly) at any E € R™2*" denoted by D¢(Lg)[E] = D € Rm2*" is given by

D =2(-ReE - By X((E)(A - BaLo - B1Ko)
- By Xo(=BoE) - By Xo(-B2Ky(E))),

where X[(E) € R™" (respectively, K[(E)) is the action of the Fréchet derivative of X,
(respectively, Ky) with respect to Ly. Here we concern Xy, Ky as maps of L. Now X((E)
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Convergence of Function Value in Natural Gradient for Leader K

100 -

1072 -

10—4 .

1076 .

10—8 -

10710 .

f(K'vLj) - f(K*?L*)

10—12 i

10714 .

T T T T T T T
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Iterations

Figure 5.5: Convergence of function value under natural gradient descent for player K with

stepsize in Lemma

satisfies

XI(E) = ATX)(E)Ag - E"RoLo - LY RoE + K (E) R K,
+ KgRlKé(E) - (BQE + BlK(,)(E))TXoAO
- AE)—XO(BlK(/)(E) + BQE)

Noting Ry Ko—B{ XoA, = 0, we have X/ (E) is the solution to the following Lyapunov equation

Xo(E) = AJX§(E)Ao - ET(RoLo + B3 XoAo)
- LS(RQE + AgXoBQE)
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Convergence of Policy in Natural Gradient for Leader K

H

i
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1
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1K — Killp + 1L — Ll p
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It A
1 1
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T T T
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Figure 5.6: Convergence of policy under natural gradient descent for player K with stepsize

in Lemma

As Ag is Schur, the solution exists and is unique

X(E) = S (A} [-E"(RyLo + BI XoAg) - LY (RoE + AT X, By E) ] A,

=0
Similarly, we may compute
K(I](E) = (R1 + BIXOBl)_lBIXQ(—BQE)

+ (Rl + BlXoBl)ilBIXé(E)(A - BQL())

+(Ry + B] XoB1) ' B] X[ (E)B1(Ry + B] XoB1) ' B] Xo(A - ByLy),



140

Convergence of Function Value in quasi-Newton for Leader K

101 —

10—1 -

10—3 .

10—5 -

10—7 .
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Figure 5.7: Convergence of function value under quasi Newton iteration for player K with

stepsize 1/2

and

Yi(B) = 3 A5 [AYa(-BaE)" + (~BaE)YaAT) (A7)

=0
Combining the computations, we have the action of the Hessian is given by
(V’9(L)E, E)
=2(~Ry + By XoBy — By XoBi(Ry + B{ XoB,) ' B{ X¢Bs)FE, E)
+2(-By X{(E)Ag - B3 XoB1(Ry + BiXoB1) 'B] X{(E)(A - ByLy), E)
+2(By XoB1 (R, + B XoB,) ' B{ X\ (E)B1(Ry + B XoB1) ' B] Xo(A - ByLy), E)
+2((=RaLo - By XoAo)Y( (E), E)
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Convergence of Policy in quasi-Newton for Leader K
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Figure 5.8: Convergence of poicy under quasi Newton iteration for player K with stepsize

1/2
It is instructive to note that at L., X.(FE) =0 since —RyL, — By X, A« = 0. So the action of
Hessian at L, is given by

V2g(L.)[E, E] = ((-R2 + B3 XoBs - B} XoB1 (R + B] XoB1) ' B] X0 B,)) EY), E).

That is, V2g(L.) is a positive definite operator by condition (al) in the assumption. Hence,

—-g(L) is locally strongly convex in a convex neighborhood.

Remark. If we ignore the formality, the above computation is nothing but a linear approxi-

mation.
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5.11 A Useful Control Theoretic Observation

In the proof to Lemma [5.5.3| and [5.6.1] we have used the fact that the set {L : (A -

By L, By) is stabilizable} is open; here is the justification.

Proposition 5.11.1. Suppose A e R™" By e R gnd By € R™™2 qare fized. Then the set
L={LeR™":(A-ByL,By) is stabilizable}

18 open in R™M2x",

Proof. Recall a pair (A — ByL, By) is stabilizable if and only if there exists some F' € Rmn
such that A— ByL — B1F is Schur. So (A - ByL, By) is stabilizable if and only if there exists
X >0 and F € R™*” guch that

(A—BQL—BlF)TX(A—BQL—BlF) - X <0.
Now consider the map 9 : St+ x Rm2xn x Rmixn — R by

(X,L,F) = (A—BQL—BlF)TX(A—BQL—BlF) -X
= Amax ((A= BoL = BiF) ' X(A-ByL - BiF) - X).
The map ¢ is continuous as it is a composition of continuous maps. It thus follows that

71((-00,0)) is open. We now observe that £ = mo(1p~1(-00,0)) where 75 is the projection

onto the second coordinate. Since projection map is open mag'®, £ is open. O]

15A map f: X - Y is open if f(U) is open in Y whenever U € X is an open set.
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Chapter 6
CONCLUSION REMARKS

We have studied the geometry in feedback control and first-order algorithms for LQR,
least squares stationary optimal control and LQ dynamic games. Our presentation focuses
on the fundamental issues related to optimal control problems when direct policy updates
are adopted. For examples, issues related to set of stabilizing feedback policies and stabi-
lization during the iterative updating process. Overall, we present a complete account of
topological and metrical properties of the set of stabilizing controls, propose stepsize criteria
for LQR, least squares stationary optimal control and LQ dynamic games and prove the

global convergence of the gradient-based algorithms.
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