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The research revolves around the development of a model to design and analyze Stirling
systems. Lack of a standard approach to study Stirling systems and difficulty in
generalizing existing approaches pose stiff challenges. A stable mathematical model
(integrated second order adiabatic and dynamic model) is devised and validated for
general use. The research attempts to design compact combined heat and power (CHP)
system to run on multiple biomass fuels and solar energy. Analysis is also carried out
regarding the design of suitable auxiliary systems like thermal energy storage system,

biomass moisture removal system and Fresnel solar collector for the CHP Stirling system.
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CHAPTER ONE
1. Introduction

1.1 World Energy Requirement

Energy drives the modern world. Rising populations and our insatiable thirst for
development has been consistently increasing the demand for cheap energy and
power. However, unprecedented growth in the 20t and 215t centuries has had its
fair share of risks and problems. Energy is at the core of many of the greatest issues
and challenges facing the world today. Environmental pollution and global
warming are huge issues that promise to change the face of the planet in
unimaginable and irreversible ways. It is necessary that governments and industries

around the globe join hands to reverse this trend.

Cheap energy is the foundation of industrial growth. Fossil fuels have satisfied our
need for cheap power for over a century and half. Half of the world’s electricity
production is from cheap but environmentally harmful coal. A major portion of our
energy needs are also met by petroleum based fossil fuels which release harmful
gases and toxic particulate matter when combusted. The following diagram
illustrates this trend with better clarity. The pie chart shows the contribution of
different fuel sources in the total primary energy supply in the years 1973 and 2012
[1]. One cannot help but notice the slight decrease in dependence on oil but an
increase in coal usage. We also notice a 54% increase in total primary energy
supply. This helps us shed light on the fact that dependence on oil has increased

by 1.5 times while that on coal has increased by an astonishing 2.6 times! Rapid



industrialization and monopoly of vested interests in the oil and coal industry are

undermining the growth of other clean energy technologies.

1973 and 2012 fuel shares of TPES

1973 2012
Hydro chllovai?e Other** Hydro ur?clioj:;l?e "
05 odw 245 100% Qher .
o e g 2.0%

Natural
: ?800 Nu(ljusra|
2? 3%

Qil
31.4%

Qil
46.1%

6 106 Mtoe 13 371 Mtoe

*In these graphs, peat and oil shale are aggregated with coal.
**Includes geothermal, solar, wind, heat, efc.

Figure 1 Fuel shares of total primary enerqy supply in 1973 and 2012 [1]

Renewable energy sources are the need of the hour. It is imperative to steadily
increase our dependence on clean energy sources to strive for a sustainable future.
Growth will not be possible unless cost of energy from renewable resources is on
par or comparable with fossil fuel driven systems. Typically, lower operating costs
due to lack of specific fuel requirements, flexibility of input heat source, greater
security of supply, independence from foreign fuel suppliers and immunity to fuel
price fluctuations make up for the disadvantages of higher costs. Renewable
energy technologies are in use all around the world today and there is a steady

increase in their usage.



Share of renewables in electricity production (incl hydro)

Renewables dominate the global power mix in Europe
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Figure 2 Share of Renewables in electricity production (including hydro power) [7]



1.2 Comparing Stirling systems and competing renewable energy
technologies
Si.
Wind power Solar PV Solar CSP Stirling system
No.
Advantages:
Pollution free Pollution free High working
Little Pollution
during use during use efficiency and
1
flexible input heat
source.
Grid connected Grid connected
Long term Huge long term
solar electricity solar electricity
2 potential potential
reduces reduces
transmission/distri | transmission/distri
bution losses bution losses
Low operating Low operating
costs and little costs and little Low capital cost
Low capital and
3 maintenance maintenance and running costs
operating Cost
needed after initial | needed after initial
set up. set up.
The amount of The amount of Hybrid nature of
Clearing of
solar energy solar energy the device allows
4 woods often
intercepted by the | intercepted by the | for use of plentiful
unnecessary
Earth every minute | Earth every minute | solar energy and




is greater than the
amount of fossil
fuel the world uses

every year.

is greater than the
amount of fossil
fuel the world uses

every year.

biomass which is
abundant and

cheap.

Scalable in size

Scalable in size

Scalable in size

Compact size and
scalable to any size
based on

requirement

Disadvantages:

Highly taxed

Large capital costs

Large capital costs

Policy dependent

Hazard to birds

and ecosystem

Intermittency

Intermittency

CO; & CO

emissions

Noisy

Low energy output
in high altitudes &

cloudy region

Low energy output
in high altitudes &

cloudy regions

Depends heavily on
commercialization

of biomass

Depreciation of

property value

AC to DC

conversion

AC to DC

conversion

Conversion losses

Variable Limited power Limited power Material constraints
efficiency density density
Depends on input
6 Land intensive Land intensive Land intensive

heat source

Table 1 Comparison between Stirling systems and competing technologies




Biomass

Solar Wind Power Stirling
Parameter Solar PV Power
csp systems
Generation
Systems
Pollution 1 1 1 1 1
Capex & Opex 0 0 1 1 1
Maintenance 1 1 1 1 0
Reliability 1 1 1 1 0
Growth 1 1 1 1 1
Potential
Land Reg. 0 0 0 1 1
Installation 0 1 1 1 1
Scalability 1 1 1 1 0
Dependence
(Taxes & Laws)
0 0 0 0 0
Levelized Cost 0 0 0 1 1
Of Energy
Dependence 0 0 0 1 1

(Environmental)




Efficiency 0 0 1 1 1

TOTAL (Out 5 6 8 11 8

of 12)

Table 2 Decision matrix to compare Stirling systems and competing technologies

We observe that Stirling systems have an edge over parallel competing

technologies as evident from the above two comparison tables.

1.3 Biomass as a clean fuel for Stirling systems

Combustion of organic matter invariably leads to emission of greenhouse gases
like carbon dioxide and carbon monoxide. Biomass combustion therefore by
definition must also pollute the environment as biomass is organic matter.
However, recent research indicates otherwise. A study by Evan Hughes [8] lists the
following reasons in support of biomass as a clean and green fuel.

1) Biomass results in emissions of CO> and other green-house gases. However,
CO> derived from plant biomass was removed from the atmosphere within the
recent past, typically one year to a few decades. By contrast, fossil fuels locked
up their carbon over millions of years, a process now being reversed over a
period of centuries.

2) As a substitution for fossil fuels, biomass mitigates global warming even in the
absence of any renewed CO; fixation. If energy crops are used, biomass burned

needs to be replaced in a reasonable time (typically one to ten years) with new



3)

4)

biomass. In a typical energy crop operation, biomass is used at the same rate it
is produced.

Biomass power uses combustion technology, and hence is perceived by some
as not green. Today, combustion systems operate with highly controlled
emissions. Current developments include gasification technologies (for both
biomass and coal). Gasifiers provide higher efficiency power generation and
achieve higher emissions control than direct combustion technologies.

Most biomass fuels are significantly lower in air pollutants than most coals.
Biomass has virtually no sulfur (often less than 1/100 that of coal), low nitrogen
(less than 1/5 that in coal), and low-ash content. Exceptions can be identified
and controlled. Compared to natural gas, however, biomass cannot claim any

inherent advantage in terms of emissions, except for greenhouse gas emissions.

1.4 Research focus

The research primarily focusses on the development of a stable mathematical

model which integrates in depth second order adiabatic and dynamic analysis. An

integrated code is formulated in MATLAB in order to design and analyze Stirling

engines of various configurations. The code is validated for general usage to design

Stirling systems. Attempts are made to design a small hybrid CHP system which

will run on multiple biomass fuels and solar energy. Preliminary analysis is carried

out to design suitable auxiliary systems for the same. These systems include a

thermal energy storage system using heat storage fluids, Fresnel solar collector

and a biomass moisture removal system.



CHAPTER TWO
2. Stirling Engine

2.1 Background

Robert Stirling invented the Stirling engine in 1816 [2]. Stirling engines were safe
as they would not explode unlike steam engines, due to lower operating pressure.
A Stirling engine operates on a closed loop thermodynamic cycle. Difference in
temperature causes compression and expansion of the gaseous working medium.
This work is tapped by different arrangements of pistons, which reciprocate with
the changes in the internal pressure. The flow of the working medium is controlled

by changes in the volume of the hot and cold spaces, without the use of valves.

Figure 3 First working Stirling engine (Y - type) from 1815 [9]

Robert Stirling applied for patents for this engine and the economizer in 1816. The
“economizer” or regenerator is the most important part of the patent that Robert
Stirling received. This patent was outstanding as it predated much of the study of

thermodynamics. It is believed that the reason for Robert Stirling’s efforts were

9



driven by his concerns regarding the extensive use of relatively unstable steam

engines back then.

The growth of Stirling engines was overshadowed by the gasoline internal
combustion engine because of the time it takes for a Stirling engine to heat up
enough to get moving. Lately, environmental issues, the need for cleaner

alternatives and depleting fossil fuel reserves has revived interest in Stirling engine.

Figure 4 Pressurized cycle engine by Stirling brothers in 1845 [9]

The full potential of Stirling engine has largely remained unused to date. The
beauty of Stirling engine lies in the fact that it can theoretically run on any fuel or
heat source. However, we focus only on heat energy derived from renewable

sources here.

2.2 The ideal Stirling cycle

The ideal Stirling cycle consists of four processes which together form a closed
cycle: two isothermal and two isochoric processes. Area under the P-v diagram is

the work done and the area under the T-s diagram is the heat. Depending on the

10



direction of integration, the work and heat will either be added to or subtracted
from the system. Only the isothermal processes produce work. To facilitate the
exchange of work to and from the system a flywheel or a spring system (in case of
free piston Stirling systems) must be integrated into the design which will store
energy during the working stroke and give it back to the system during the non-
working stroke for completion of the full cycle. Heat transfer takes place during all

the processes.

Y repenercir

heat transier

Pressure

Temperature

S

e e
[ o ——

Volume Entropy

Figure 5 P-V & T-S graphs of ideal Stirling cycle [10]

Area 1-2-3-4 on the P-V diagram represents the net work produced by the closed
ideal Stirling cycle. From the first law of thermodynamics, net work output must
equal the net heat input represented by the area 1-2-3-4 on the T-s diagram. The
Stirling cycle can best approximate the Carnot cycle out of all gas powered engine
cycles by integrating a regenerator into the design. The regenerator will take heat

from the working gas in process 4-1 and return the heat in process 2-3 of the cycle.

11



Process 1-2 (Isothermal Compression):

Heat rejection to low temperature heat sink
1Q2 = area I-2-b-aon T-s diagram
Work is done on the working fluid (energy exchange from flywheel/spring system)

1W> = area 1-2-b-aon P-v diagram

Process 2-3 (Isochoric heat addition):

Heat addition (energy exchange from regenerator)
2Qz3 = area 2-3-c-bon T-s diagram

1W2 = 0 (No work is done)

Process 3-4 (Isothermal Expansion):

Heat addition from high temperature heat sink
3Qs = area 3-4-d-con T-s diagram
Work is done by the working fluid (energy exchange to flywheel/spring system)

3W4 = area 3-4-a-b on P-v diagram

Process 4-1 (Isochoric heat rejection):

Heat rejection (energy exchange to regenerator)
4Q1 = area 1-4-d-aon T-s diagram

4W1 =0 (No work is done)

2.3 The real Stirling engine cycle

The real Stirling engine cycle is shown below. Here, work is done during processes 2-3 and
4-1 unlike the zero work in the ideal cycle. One of the major causes for inefficiency of the

real Stirling cycle involves the regenerator. The regenerator adds friction to the flow of

12



the working gas. For the real cycle to approximate the Carnot cycle, the regenerator would
have to reach the temperature of the high temperature thermal sink so that Tr=TH. A

measure of the regenerator effectiveness is given by

Tr—T

e= with the value of e=1 being ideal.

Ty— Ty

Pressure

Valume

Figure 6 Real Stirling engine cycle [10]

A major cause for inefficiencies is dead volume or the part of working gas that
doesn’t participate or contribute to work output. This involves the volume that
does not participate in the swept volume of the piston stroke. Martini (2004) [11]
states that the relationship between the percentage of dead volume in the system
to the decrease in work done per cycle is linear. Hence, an engine with 20% dead
volume will have a power output of 80% of the maximum total power with zero
dead volume. However, dead volume cannot be completely eliminated because
addition of internal heat exchangers, clearances, regenerators etc. are required to

improve heat exchange or heat transfer efficiency of the real system.

13



2.4 Types of Stirling engine designs

Stirling engines require their heat sources and sinks to be oriented to ensure that
sufficient volume of working fluid is heated and cooled at the appropriate point in
the cycle. These orientations have been classified into different engine design

types, designated alpha, beta, and gamma [12].

Alpha type engines differ by the method of separation of hot expansion and cold

compression chambers. The hot and cold chambers are distinctly separated from
one another, usually in separate cylinders [16]. The pistons are linked to the same
crankshaft. The two piston volumes are linked with the regenerator placed in the
path of the fluid between them [13]. The clear separation of heat source and sink
prevents premature mixing of hot and cold working fluid. However, need for
connections between the pistons increases the number of parts resulting in
increased chance of leakage around joints and connections. Intense heat at the

expansion chamber can cause leaks.

Compression Cooler Heater Expansion
Space Fegenerator Space
Compression [ = 0 @+ EEEEEEoerrvrron Expansion
; NN ’
Piston NN Piston

!
o
A A
bk
N
FA

—

Alpha Engine

Figure 7 Simplified a - Stirling engine

Beta type engines lack separate chambers for the hot expansion and cold

compression stages of the cycle. The expansion and compression actions are
performed in the same cylinder with only a single piston to derive power from the

engine. A displacer (a loosely fit non-sealing piston) is also inside the cylinder in

14



line with the power piston. Displacer forces the working fluid to flow around it
between the expansion and compression sections of the cylinder. Expansion and
contraction of the working fluid drives the power piston, which in turn drives the
displacer, restarting the cycle. Beta type engines do not have a hot seal, with the
only seal being around the power piston in the compression section of the cylinder.
Hence, it is much easier to contain leaks. However, regulating interference between
the cycles is more difficult in the beta type design because heating and cooling

occur in the same cylinder [16].

Piston Compression

Bpace
—

Beta Engine

Fegenemtor
Cooler Heater

Figure 8 Simplified 8 - type Stirling engine [14]

Gamma type engines are similar to beta type engines, with the hot expansion and

cold compression stages occurring in the same cylinder and a displacer forcing the
working fluid to flow between the sections. But the power piston in gamma type
engines is not in line with the displacer. The power piston is in a separate cylinder
that is connected to the compression section of the first cylinder. This configuration
allows the power piston to not be limited by the displacer orientation or size.
Gamma type engines have same benefits as beta types in avoiding hot seals, and
the same concerns with regulating interference between the cycles. The additional
cylinder in gamma types translated into greater dead volume (working fluid which
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doesn’t contribute to the expansion or compression stages). This results in low

compression ratio and lower power output [16].

Bpace
Compression Displacer
Bpace -

Gamma Engine

NN
SN

Fegenemator

Piston Cooler Heater

Figure 9 Simplified Y - type Stirling engine [15]

Modern Stirling systems are classified as: the kinematic and the Free-Piston Stirling
engine (invented by Prof. William Beale). The kinematic engines have mechanical
devices, like a crankshaft, or swash plate, that coordinate piston movement
through connecting rods. Free piston Stirling engines, have no mechanical devices
to control piston motion. The pistons are moved by pneumatic forces created by
the internal pressure variations within the engine. Since piston motion cannot be
controlled by an external mechanical device, optimum performance of these
engines is difficult to achieve. Free Piston Stirling engines can be hermetically

sealed, thereby, reducing the seal problem possessed by kinematic engines [17].

Depending on the arrangement and type, Stirling engines have a wide variety of
applications. Table 3 shows some of the characteristics of Stirling engines and their

applications.
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Stirling Engine Characteristics and Applications.

VERY
QUIETNESS REJECT LONG
EXTERNAL AND HEAT LIFE/HIGH
HEAT SMOOTH- HIGH AVAIL- RELIABIL-
APPLICATION AREA SOURCE NESS EFFICIENCY  ABILITY ITY
Artificial heart power essential essential important  essential essential
Underwater power unit  essential important important important important
Space power essential important  essential essential
Remote small power
sources essential essential essential
Military ground power important  essential important
Heat pump driver important important important important
Automotive engine important important essential important
Solar thermal
conversion essential important

Table 3 Stirling Engine characteristics and applications (Reproduced from Walker,

Stirling engines [18])

2.5 Advances in Stirling technology

Several design advancements have been made since the revised Stirling design in
1845. Innovations like the open cycle engine (Ericsson, 1860) were made, which
replenished the hot air in each cycle with fresh cold air. This eliminated cooling
difficulties but caused great heat losses at an efficiency of just over 2% [9]. Efforts
were made to increase heat transfer area by use of a toothed displacer
arrangement (Young and Kirk, 1865). Experiments regarding discontinuous
displacer motion (Lauberau, 1869) failed due to mechanical complexity [9]. Swedish
inventor, John Ericsson built the first solar powered Stirling Engine in 1870. Its
performance is unknown though Ericsson is recorded as saying that “A solar engine
of one horse-power demands the concentration of solar heat from an area of 10

square feet.”
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Figure 10 First solar Stirling engine by John Ericsson in 1870 [9]

Rider-engine, built in 1875 by the Rider Ericsson Engine Company, was the first
recorded a-type Stirling Engine. A.E.H. Robinson, in 1880, devised a new design
which featured an air pre-heater. It channeled incoming combustion air around the
hot exhaust in order to pre-heat it, resulting in an improvement in overall efficiency
by almost three times [9]. After 1937, the Philips Corporation developed a number
of engine ranging in power output from 6 Watts to 1 HP [29]. During World War I,
a patent was granted for the double-acting Stirling Engine, named as Type 19 by
Philips. Subsequently, the type 20 engine was designed, a 4-cylinder double-acting
engine with a swept volume of 2.9 litres and a target power output of 50 HP. It was

fast and smooth, had good torque and a respectable efficiency of 15% [29].

Figure 11 Phillips 4-cylinder Type 19 double acting engine [29]
18



Philips invented the rhombic-drive mechanism in 1953. It was demonstrated in a
small beta-type engine solving the problem of balancing a small displacer-type
engine, with better piston sealing due to lack of side-loading forces. Another major
benefit was being able to pressurize the engine working gas without pressurizing
the crankcase, meaning a significant weight and cost reduction. This was possible
due to perfect seals around the piston rod as no lateral thrust acted upon them
[29]. Advantages included higher possible working pressures, fewer vibrations and

a compact design.

In 1978, a new Stirling was designed to power a submarine. A Stirling engine is
suitable for this as they are silent and vibration free (making the submarines harder
to detect), they don't require air for combustion (depending on heat source) and

they are surrounded by a very effective heat sink, the sea.

(b)
Figure 12 a) United Stirling submarine engine and (b) later improved version

(right) with wobble-plate drive [9]

McDonnell Douglas designed a large solar parabolic mirror setup in 1985, which
could track the sun focusing its energy on a centrally mounted Stirling engine that

could reach up to 1430°C [9]. They used Stirling engines made by United Stirling,

19



which could produce 25kW of electrical power with a thermal to electric efficiency

of 31% [9].

Figure 13 McDonnell Douglas Solar Stirling engine system [31]

These large parabolic mirrors were used in 2005 in a joint venture between
Southern California Edison and Stirling Energy Systems. 20,000 solar Stirling dishes
were installed into a 1,800 ha area of the Mojave Desert, for a total power
generating capacity of 500 MW — the largest of its type in the world at the time of
the agreement (until the 900 MW project in Imperial County, Southern California
was announced). The project was expanded up to 34,000 dishes totaling 850 MW.
The advantages of solar Stirling systems is high efficiency (exceeding that of
parabolic troughs and non-concentrated photovoltaic), relatively low cost per kW
compared with other solar technology and high life expectancy (the Stirling engine
used is the 25kW unit same as that pictured in Figure 18 (a), and has been tested

for 26,000 hours of continuous operation) [32].
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CHAPTER THREE

3. Design of Stirling engine for the CHP system

Free piston Stirling engine configuration is chosen for the CHP system design.
Potential advantages of free piston Stirling engine are: high efficiency, few moving
parts, multi—fuel capability and the possibility of generating power over a wide
range of source temperatures [27]. It allows for hermetically sealing the engine and
hence is not subject to problems arising out of dirt ingress or leakage. Linear
dynamics is applied to the system to understand the requirements for oscillation

and the general behavior under load.

3.1 Dynamic analysis of the simplified free piston Stirling engine design

Hot Flue Gas

. A .

Regenerator

Displacer 1

I [ springs

Working Displacer 2
Piston

WW
01 get gpppf— Ol epp PR
SCTPTTRNT T Tag et R T T S Sy

[ -]

Figure 14 Schematic of simplified free piston Stirling engine

21



We assume the displacer 2 to be non-existent to simplify our present analysis. We
also assume that the same type of springs are used throughout. The orientations

of the springs are symmetric or parallel subject to their placement in the design.
Equations of motion

Displacer 1

Force balance is given by:

Ftotal = -Fuvd + Fnet(gas & spring) - Fsd [Equation 3.1]

We now get our initial equation of motion as:
Md1Xd1 = -Dd1Xd1 + Adi(pst — p) [Equation 3.2]

Here, D41 is damping on displacer due to viscous forces on the moving gas. For 'n’

number of springs attached to the displacer, we get:
Md1Xd1 = -Dd1Xd1 + Adi(nNps1 — p) [Equation 3.3]

But we know that here ‘ps1” acts over the entire area Aq1 and its 'Sin Y’ component

acts over the displacer.

Displacer

F1 SinTA
(G

Also from above spring orientation diagram, we get

Xs1 = Xg1Sin' Y [Equation 3.4]
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nKg1Xs1 SinY _ nKgyXqqSin?Y
Ad1 Ad1

Actual spring pressure on displacer 1 = nps1Sin Y =

[Equation set 3.5]
We now get,

2
nKg1X4113Sin?Y p) [Equation 3.6]

Mad1Xd1 = -Dd1Xd1 + Adl(
Ad1

Now, we generalize the above equation for any orientation of the springs and
replace ‘Sin?Y’ by ‘81’ to represent the angular component and get:

DRsa¥a18y _ p) [Equation 3.7]

Mad1Xd1 = -Dd1Xd1 + Adl(
di1

Again, considering spring damping and other factors, we rewrite [Equation 3.3] as:

mqq
me

Md1Xd1 = -Dd1Xd1 — Ds1Xd18, + Adl(np5161 + p - p)

[Where Ds1 = 2€,/my, K, and § = damping ratio]
[Equation set 3.8]

Hence, the equation of motion for displacer 1 is given by:

mqq
me

Ma1Xa1 = (-Da1 — Ds161)Xa1 + Ad1(NPs161 + ——p — ) [Equation 3.9]

Linearizing the above equation, we get,

o . Ops1 mg; Jp dp dp
Mg1Xd1 = (-Da1 — Ds101)Xd1 + A (n 6 +—— - X41 - — X
d1Xd1 = (-Dd1 — Ds161)%Xd1 + Ad1 250 Ot e oxe  axan K917 ax, Xp

[Equation 3.10]
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Taking Laplace transform of [Equation 3.10], we get:

[mg;52+ (Dgy + Dg181)s + KgqlRq1 = — (%Am)f(p + (initial conditions)d1
P

[Equation 3.11]

Now, we rewrite [Equation 3.11] as:

2, Wa1 (1 8, 2 1a ~ ~
mdl[s +—(—+—)s+w ]x + Ap Xy + Dd1pSX g1 = (as + b)az
27T le QSl d1 d1 PP poAdi ( )

[Equation 3.12]

Where,

(as + b)a1 = initial conditions and a = f(xq4;,,) and b = f(x, );

K
wgq; = undamped resonance frequency = ;

And Ka1 = Kext,d1(1 + Su

a mg; 0 a
)+Ad1( Pe _ Ma19pc psl)

1
c 0xq1 m¢ 0Xc 0x41

*Note: m¢ is mass of cylinder and xcis displacement of cylinder.

But practically, by order of magnitude analysis:

dpc mq; 0pc Opsi1
Ka1 = A (— — mdPe_pg
dl dl 0xq1 m¢ 0Xc 16xd1

Qa1 = (stored displacer 1 energy/energy loss per cycle at wq;) = %?;
di

Ap = drop in pressure across the heat exchanger loop;
Da1,p = displacer/piston viscous coupling

Dext = incidental damping (Ns/m) and we assume Dd1 = Dgd1

0Ap,
0xp

Mmqq, 0Ap 9Ap.
Dd1 = Ddd1 = Dde—; Ddd1 = Dext,d1 = A=———; Dd1,c = -Dextd.d1 — A—; Dd1p = -
mc 0xJ1 0x¢

dp mp Jp mp dp mp Jp
Now, a, = A —— ——]+ K — > o, = A —_—— =
p d1 0xp m¢ 0Xc ext,d1 m¢ p d1 0xp m¢ 0Xc
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Also we take p = pc. [Equation set 3.12]

Now let,

Ta1(s) = mdl[s2 4 24 (L + &) s + wﬁl ] K41 + Dd1psXq1 [Equation 3.13]
21 \Qq1 Qs1

Hence, we now get,

Ta1(s)Ra1 + apXp, = (@s + b)ar

[Equation 3.14]

Equation of motion for the working piston

The linearized unbalanced pressure force on the working piston, Fy, is given by:
Fo = -Fdp— Fret = -Fa1p — (Fg — Fs2) [Equation 3.15]
Where Fg4 = force due to gaseous working medium

On linearizing, we get,

0 0 dps
Fo= 'Ap[ﬁ Xdq1 T (ﬁ - H%SZ )Xp]
d1 d1 P [Equation 3.16]

(This is the working piston equation of motion)

Here, 6, = Angular component based on spring orientation in the working piston

chamber.

The first term in the above equation represents a thermodynamic coupling
between piston force and displacer motion. Considering damping forces on the

piston:

-DpXp = damping force on piston from electric generator (or other useful load)

-Ds2Xp8, = damping force on piston due to attached springs
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And Kp = Ap(% — e _ 5, m) [Equation 3.16]

On taking Laplace transform of the working piston equation of motion we get:
24 (L D2 4 2 |R) + ayRaq + Darpsky = (ys + 2)
mMp|s el oo s + wp |Xp + ApXaq dLpSXp = (ys + 2)p

[Equation 3.17]

Where,

(ys + 2)p = initial conditions and y = f(x, ;) and z = f(xq1 ,);

Kp.
Wp = undamped resonance frequency = |—=;

p

And Kp = Kexip(1 + =2) + Ap(% _ Mpdbe_ s m)

e 0xp m¢ 0X¢ 0xp

But practically, by order of magnitude analysis:

i mp 9 0
Ky = Ap(ﬁ _ D 5 psz)
0xp m¢ 0X¢ 0xp
_ . . _ Wdq Mgy,
Qp = (stored working piston energy/energy loss per cycle at w,) = 21 Day’

Ap = drop in pressure across the heat exchanger loop;

Da1,p = displacer/piston viscous coupling

d mgq 0 m 3] mg, 0
Now, ay= Ay (L2 e 2) gt g (S M 20)
P\oxgy;  me 9%, P m, p 0x41 m¢ 0Xc

[Equation set 3.18]

- 24 @ (1 82 2 | % :
Now let, Tp(s) = mp[s + - (Qp + Qsz) s + wp ] Xp + Dd1pSXp, [Equation 3.19]
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Hence, we now get, the following two equations:

1) Equation of motion of displacer 1:|Ty;(s)&q1 + ap%, = (as + b)g,

2) Equation of motion of working piston: [T, (s)X, + arXq; = (ys + 2),,

[Equation set 3.20]

Solving for roots

Now solutions of X441 (t) and x,(t) are given by (locating in the complex plane) the
4 roots of:
Ta1(8)T,(s) — apor =0 [Equation 3.21]

We take Dd1p = 0 here for simplicity.

Note:

For oscillation, at least 2 roots must be in the Right Half Plane (RHP). We check for
the existence of such roots by examining the graph of the complex plane of LHS
of above equation where, ‘s’ moves along the ‘Bromwich contour’ in a clockwise
sense. Since the LHS has no RHP poles, number of clockwise rotations about the

origin in the graph is equal to the number of RHP roots of the above equation. We
know that in reality, o < 0 (as pressure decreases when the displacer moves up).
We infer that number of RHP roots of the above equation is equal to the number
of rotations of the point -|apyar| +1(0) in a graph of Ty;(s)T,(s) where s’ moves

along the ‘Bromwich contour’.
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Imaginary

v

Figure 15 Bromwich contour

Hence we now get:

Ta1(Tp(s) = (s- A )(s- A )(s- B)(s- B-)

Real

[Equation 3.22]

Where A and B are the zeroes or roots of Tqi(s) = 0 and Tp(s) = O respectively.

Using quadratic formula, we now get after making considerations for practical

machines:
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Figure 16 Locations of roots in complex plane (V1, V2, V3 and V4 are volume

phasors)

Deriving the oscillation criterion

Now, we start mapping the locus of 's" at s = 0 and get:
01 +02+603+04=0

And [T41(0)Tp(0)] is real and positive.

29
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Note:
If 's" moves up along the imaginary axis, then 8, and 64 decrease while 8: and 63

(initially negative) decrease up to a point and then become positive & increase

steadily after that. As s — i(), then (81 + 62 + 83 + 04) — 21

Clearly, this graph circles the origin counterclockwise and returns to the real axis
at +infinity. Now, the contour traverses an infinite RHP semi-circle. For ‘s’ moving
from +oo to —oo in clockwise direction, (B; + 02 + 63 + 04) decreases from 21 to -
2m and the locus of Tq1(s)Tp(s) is given by 2 circles of infinite radius in clockwise
direction. Here, both the positions for RHP roots are shown in the same diagram

for simplicity. One position has no roots while the other one has 2 RHP roots.

Imaginary

Real

position 1 for
= |apar]

position 2 for
= |apar]

Figure 17 RHP roots’ positions
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For position 1, 2 RHP roots exist — 2 clockwise encirclements of —|a,ar|

For position 2, no RHP roots exist — 2 clockwise and 2 counterclockwise
encirclements and hence no net rotation and hence they are not RHP roots of the

equation.

Clearly locus of the final part of the contour is negative imaginary axis from -ico to
origin. In this part the graph is a complex conjugate of the graph in the positive
imaginary axis part.

Hence we get, 0;(w.) + 0,(w.) + 03(w,) + 0,(w) =T [Equation 3.25]

Hence a necessity for oscillation in our system is :

Ta1 (iw) Ty (iwe) < |apap||  OSCILLATION CRITERION [Equation 3.26]

Operating frequency equation
Also, from our diagram, we get,

Wp< W < Wy

p
Hence, 6;(w.) = —03(w,)

For practical cases, @ w = wc, 8, + 6, = 7

Now, on solving, we get,

~ (’Op(’odl{leQsl(Qsz + 82Qp) + Qstz(Qs1 + 51Qd1)}
(Dp(Dd1Qs1(Qsz + 6, Qp) + 041QpQs2(Qs1 + 81Qq1)

[Equation 3.27]
If Qd1>>Qp — (DC = (Ddl
And if Qp>»Qa1— W, = W,
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Also we get the ‘General Criterion for Oscillation of the System":

1 1
ST 2
(wC - wdl)z 2 ((—OC - U)p) 2
1 \)’ 2
o) G Jowf @ | fouf & )1 | <
Ml \wqy ) ooy +{% Q?Sl } "‘{& k } o
T -1 4m 8,
k QSl } - L k Qsz } i
[Equation 3.28]
If e = Wp = W41, then we get,
4
Mg My, ( 1 8, )( 1 6, >
+ —+— | <|apor]
412 \Qar Qu/\Qp Qs T

Root loci

[Equation 3.29]

We infer the locus of roots of equation 3.21 as |ayar| varies with the help of

equation 3.25 and the fact that the starting points for the root loci, for |a,or| = 0

are the roots of Tq1(s) = 0 and Tp(s) = 0 as seen in equation set 3.23.

Given below is the resultant locus for a typical case where Qp>Qu1 [27].
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Figure 18 Root locus with |a,ar| as parameter (Redlich et al 1985) [27]

As o increases (due to increase in hot end temperature), one conjugate pair of
roots moves from +B to —iw axis, eventually reaching it at a value of a,ar,

predicted by the stability criterion. Oscillation begins here. The other two roots are

conjugate pair in the LHP and are associated with dynamic evanescence [27].

In real life systems, oscillation amplitude is limited by non linearities, either
artificially induced by means of closed loop mechanisms that control Qp or Qqzin
response to piston amplitude or inherent in the working gas flow processes or
both. Their effect is to decrease the positive real part of the conjugate root pair
associated with oscillation as amplitude increases, untill the roots eventually reach
the imaginary axis at an equilibrium amplitude as shown below for a situation

where Qp decreases with amplitude [27].
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Figure 19 Root locus for Q, decreasing with increasing amplitude [27].

Equation for stroke ratio and power
At equilibrium, on solving we obtain the complex form of piston and displacer
motion as shown below.
Xq1() = Xq,e™e*
And x, (1) = XpeiWCt
And on simplifying we get

Xdl _ —O(p
Xp le(i(l)c)

[Equation set 3.30]

Where X4;and X, are complex amplitudes by considering only the real parts.

Hence, we now get stroke ratio and piston/displacer phase angle by:
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1

2
Xa1
X

M (] ()

[Equation 3.31]

p

wc 1 (;Jrﬁ_l)
®q12m\Qq1 Qs1

2
®q1

For practical engines, we generally have 40°<¢<90°

We now get, |¢p = tan™?! [Equation 3.32]

A
And also for wc = Wp = Wd1, we have @ = 3

Xai| _ (ap) |1 2mQs; .
And X, | = o Az (21TQ51Dd1+5100md1) [Equation 3.33]
And also we get, |P = wl;xTI |Xd1I|Xp| sin ¢ [Equation 3.34]

And we observe that P = Pmax @ ¢ = 90° such that wp = wdz.

The accuracy of the above equation in determining power is limited by
extrapolation of linear solutions to large values of amplitude and the accuracy in

determining a, and ay [27]. These two values can be reasonably approximated

using simple isothermal analysis of the system.
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3.2 Adiabatic analysis of Stirling engine [50]

Adiabatic analysis of the Stirling cycle

The engine is divided into 5 control volumes for this analysis, and it is assumed

that the expansion and compression processes follow the adiabatic law.

PVY = constant [Equation 3.35]

Where, Y= ratio of specific heat of working fluid = 1.67 for Helium

Assumptions:

a)

b)

d)

e)

9)
h)

J)
k)

The expansion and compression process is adiabatic.

The temperature of hot end heat exchanger, cold end heat exchanger and
regenerator is constant.

The working fluid obeys ideal gas law.

The specific heats for the working fluid (Helium) are constant.

The pressure is uniform throughout the engine at all instants.

The volume inside the engine varies in a sinusoidal manner.

There is no leakage of working fluid from the engine.

Perfect regeneration occurs in the regenerator volume.

The heat transfer in the hot end heat exchanger and cold end heat exchanger
occurs at constant temperature.

The initial pressure is known.

0° crank angle corresponds to topmost position of displacer.
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Hot end working and dead volume

Hot end heat exchanger volume
Hot end heat S
. o I Hot end working volume
c Displacer [ ] Cold end heat exchanger volume
o
S
g - Cold end working volume
g Regenerator - Regenerator material
1]
é_ [ | Displacer/power piston
=

Cold end heat exchanger

Cold end working and dead volume

O —— Power piston

Figure 20 Schematic of control volumes in the Stirling engine for adiabatic

analysis [50]

Dead volume is accounted for in the working volume, in adiabatic analysis. The
engine is divided into 5 control volumes. Energy balance equation is applied to
each control volume. Instantaneous volume is known, as sinusoidal volume
variation is assumed. Total moles of gas is constant as there is no leakage. The
variables are pressure (in the engine) and temperature (in the expansion and

compression spaces).

The temperatures in the hot end heat exchanger, cold end heat exchanger and the

regenerator are constant. The temperature in the expansion and compression
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spaces can be predicted as they follow the adiabatic expansion/compression law.
We write temperature in terms of pressure variable and use conservation of mass
to get an implicit equation for the unknown pressure. The implicit equation of
pressure is solved here using the 'Direct approximate analytical solution’ given by
Urieli and Berchowitz, and presented in the thesis work by Jose Martinez, [52]. The
exact solution can be obtained by performing a few iterations. Owing to complex
nature of the analysis, every data point is recorded for better understanding,

resulting in an extensive nomenclature which includes two dimensional arrays.

Energy balance and other equations

Energy balance is performed on each of the five volumes inside the engine. The
energy balance for all the volumes is shown in the diagram below. The big box
represents the engine, which is the larger control volume. The smaller boxes
represent the individual volumes inside the engine. These five boxes are the
individual control volumes. Heat and mass flow across these individual smaller
control volumes, while only heat can flow across the outer, bigger control volume
representing the engine.

In the figure given below, gAck*Cp*Tck and other similar terms are the heat energy
given by the equation m*Cp*dT. Pressure losses in the individual control volumes
are ignored and heat transfer in the heat exchanger is assumed at constant

temperature. Work and efficiency are calculated using the above energy balance.
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Figure 21 Energy balance diagram of control volumes in Stirling engine [50]

Formulae Used [50]:

1) Regenerator temperature

T TH —TC

r=——>-—F—
TH
ln(—TC)

39
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2) Moles of working gas inside engine

_PO)A)In ()

R(TH — TC)

3) Maximum hot end live volume

Vem = 2(2)(1«;) (DB)?

4) The hot end dead volume is given by
Ved = 2(W)[(DB)? - (DD)?](})

5) The instantaneous hot end live volume is given by

\%
Ve = % [1 — cos(F)] + Ved

6) Maximum cold end live volume associated with displacer

Vem = 2(RO[(DB)” - (DD)?](})
7) The cold end dead volume is given by
Ved = 2(h)[(DB)? — (DD)Z](E)

8) The cold end live volume at any instant N is given by

Vcm Vv
Vc = > [1+ cos(F)] + Ved + 7p [1 — cos(F — AL)]

9) Regenerator volume

Vr = 2(LR)[(DB)? - (DDY*] )
10) The hot end heat exchanger volume is given by
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Vhe = 2(LH)[(DB)? — (DD)Z](E)

11) The cold end heat exchanger volume at any instant is given by

Vee = 2(LO)[(DB)* — (DD)*] )

12) The total volume at any instant N is then given by

V(N) = Vc + Ved + Ve + Ved + Vhe + Vce + Vr

13) The analytical formula for change in pressure is given as

w( (39 + (39)

(rei) +7 (Tee * T +°78) *+ The

Dp = —

14) The change in mass in compression space is given as

VcDp

DVc +
pbvc Y

Dmc = i
Tck

15) The mass content in the cold end heat exchanger, regenerator, hot end heat
exchanger and expansion spaces is respectively given as

- @ @D pVhe
(R)(Tk) (R)(Tr) RTh

mce
me = M — (mc + mce + mr + mhe)

16) The temperatures in the expansion and compression spaces are then given by

= V). 1. BV
(R)(me)’ (R)(mc)

17) The change in mass in the cold end heat exchanger, regenerator and hot end

heat exchanger is given by
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(mee)(Dp), p o (MO®P) [ (mhe)(Dp)

Dmce =

18) The mass exchanges between the control volumes are given by

gAck = —Dmc; gAkr = gAck — Dmce; gArh = gAkr — Dmr; gAhe = gArh — Dmhe

19) Now the conditional temperatures ‘Tck’ and ‘The' are assigned values as below.
Note that before the first iteration, 'Tck ‘and ‘'The’ may be assigned the values ‘Tc’
and ‘Th' respectively.

IfgAck >0 then,Tck=Tc else, Tck = Tk

IfgAhe >0  then, The =Th else, Tck = Te

20) Finally the differential work, heat input at hot end heat exchanger, regenerator
heat and heat given out at cold end heat exchanger are given respectively as

DW = p(DVc + DVe)

DQk = (Vce)(];p)(c") — Cp((Tck)(gAck) — (Tkr)(gAkr))
DQr = %Rp)((lv) — Cp((Tkr)(gAkr) — (Trh)(gArh))

DQh = w — Cp((Tkr)(gAkr) — (The)(gAhe))

The differential work and heat transfers are added cumulatively to get the total
work and heat exchanges of the engine per cycle. The entire process is repeated
until a stable solution is obtained, that is, the variation in pressure over the entire

cycle stabilizes.

Program and validation: The program and validation is presented in Appendix B.

Adiabatic analysis results can be presented as a parametric study to understand
the effect of each variable and eventually optimize the work and efficiency.
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3.3 Software aided simulation results

MATLAB software is used to simulate the dynamic and thermodynamic
mathematical model created. The code integrates both the approaches and
optimizes the engine. The dynamic analysis draws parametric values of pressure,
temperature etc. and changes in them from the adiabatic analysis to start with.
Further, it optimizes the results predicted by the adiabatic analysis and accounts
for damping, viscous forces, spring stiffness, mechanical losses etc. The MATLAB

code for this integrated approach is given in APPENDIX B.

START

Define thermodynamic
and dynamic constants
and set engine
parameters to initial

Increment
crank angle

Calculate new working
volumes, engine pressure.
Add cumulative work.

|
v

Display thermodynamic
work output and other
desired plots.

Enter Taylor
series order

Calculate operating
frequency, stroke ratio &
phase difference.
Add cumulative power.

|
v
Display dynamic power
output and other desired
plots.

STOP

Figure 22 Flow dijagram to demonstrate the MATLAB code
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Features of the code:

O Generalized for alpha, beta, gamma and free piston Stirling engines

O Dynamic part of code is optimized for spring based Stirling engines but all

systems can be analyzed

O Flywheel systems are evaluated by analyzing an equivalent spring system.

Energy balance on flywheel yields equivalent spring system values.

Using the code (Input parameters):

Thermodynamic
inputs

Dynamic
inputs

Volumes — hot end heat exchanger, cold end heat
exchanger, regenerator, expansion end working
- volume, compression end working volume
Temperatures — hot end heat exchanger, cold end heat
exchanger
Pressure —initial charging pressure
Masses — casing, power piston, displacer/hot end piston,
Choose between flywheel or spring design
Strokes — power piston, displacer/hot end piston
Clearances — power piston (compression space), displacer/hot end piston
(expansion space)
Damping coefficients — hot end viscous damping, cold end viscous damping,
power piston spring, displacer/hot end piston spring
Spring stiffness, number of springs and spring orientation if spring design is chosen

44




Total mass of casing

and stationa — Choose flywheel or

no flywheel design

For flywheel For non flywheel
design design

enter flywheel Springs are used
data - mass in kg, here instead of
inertia constant, flywheel.
radius in metres, Common designs
design frequency are free piston
in rps or Hz Stirling engines.

Flywheel design

Hot end piston — mass in kg, stroke in mm, clearance in
mm, viscous damping coefficient, flywheel damping
coefficient, diameter in mm

Cold end piston — mass in kg, stroke in mm, clearance in
mm, viscous damping coefficient, ﬂywheel damping
coefficient, diameter in mm

Expected/design phase difference in degrees (starting
pmnt for iteration)

Taylor series order for higher accuracy and precision
(generally an order of 6 will suffice)
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Non-flywheel design

;\

Displacer— mass in kg, stroke in mm, clearance in mm,
viscous damping coefficient, flywheel damping coefficient,
diameter in mm
.

[ Spring at displacer — number of springs, spring damping
coefficient, orientation (angle in radians), spring stiffness in

N/m

: .

( Power piston —mass in kg, stroke in mm, clearance in mm,

viscous damping coefficient, flywheel damping coefficient,
diameter in mm |
/

Spring at power piston —number of springs, spring

damping coefficient, orientation (angle in radians), spring
stiffness in N/m |
/

Expected/design phase difference in degrees (starting
point for iteration)

Taylor series order for higher accuracy and precision
(generally an order of 6 will suffice)
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3.4 Analysis of the GPU-3 Stirling engine with integrated model
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112 (1.23)
0.163 [D.064)
0.030 (0.012)
521 (31.78)
233.5 (14.25)

Figure 23 GPU-3 Stirling engine schematic and important engine dimensions

(built originally by General Motors Research Laboratory)

The GPU-3 Stirling engine is chosen in order to test and validate the integrated

adiabatic and dynamic model developed here. This engine is one of the most

popular and widely tested Stirling engines. Extensive experimental results and

theoretical modeling explain the working of this system. It therefore, serves as a

good reference point to compare and validate our approach.
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MATLAB code output for GPU-3 Stirling engine (Mean pressure of 4.14 MPa):

Adiabatic Analysis

Compression ratio for the engine =
1.459
Heat giwven per cycle in J =
2.413e+02

Heat rejected per cycle in J =
-1.111e+02

Regenerator net heat per cycle in J =
-1.25%-06

Work output per cycle in J =
1.302e+02

Efficiency of the engine in percentage =
52.987

Power cutput for a 41.67 Hz operating

frequenci in W =
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Dynamic Analysis

Power output per cycle from engine in Watts

Average operating frequency of engine in
Hertz=
41.662

Stroke-ratio of engine =
19 227

Optimal Phase difference between displacer
and power pisten in degrees =
85.906

Plots for GPU-3 Stirling engine (mean pressure = 4.14 Mpa):

Position in metres

Displacer and power piston positions in metres Vs. Crank angle in degrees (for GPU-3 Stirling engine)

0.03F T T T T T T T T
——Power piston
— Displacer
0.025-
0.02-
0.015+
0.01-
0.005-
0 I I | I I | |
0 100 200 300 400 500 600 700 800 900 1000

Crank angle in degrees

GPU-3 Stirling engine
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Power piston position vs displacer position (for GPU-3 Stirling engine)
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Figure 25 Displacer vs. power piston position in GPU-3 Stirling engine
Power Piston amplitude Vs, Crank angle in degrees over 3 cycles (GPU-3 Stirling engine)
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>
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] ] ] ] ] ]
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Figure 26 Power piston position (log scale) vs. crank angle for GPU-3 Stirling

engine (over 3 cycles)
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Displacer amplitude Vs. Crank angle in degrees over 3 cycles (GPU-3 Stirling engine)
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Figure 27 Displacer position (log scale) vs. crank angle for GPU-3 Stirling engine

(over 3 cycles)

Power vs power piston position (GPU-3 Stirding engine)
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Figure 28 Power output (log scale) vs. power piston position for GPU-3 Stirling

engine (over 3 cycles)
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Power - log scale

Power Vs. Crank angle in degrees (GPU-3 Stirling engine)
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Figure 29 Power output (log scale) vs. crank angle for GPU-3 Stirling engine (over

Oscillation conditicn - log scale

3 cycles)

Operating criterion (general oscillation criterion) Vs, Crank angle in degrees over 3 cycles (GPU-3 Stirling engine)
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Figure 30 General oscillation criterion vs. crank angle for GPU-3 Stirling engine

(over 3 cycles)
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Optimal Phase difference between
displacer and power piston in
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Figure 31 Optimal phase angle from dynamic and adiabatic analysis (subject to

operating parameters)

Fraction of observed indicated power vs. fraction of observed
displacer mass for GPU — 3 Stirling
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1.000

0.000
0.000 0.500 1.000 1.500 2.000 2.500

Fraction of indicated
power from code

Fraction of observed displacer mass
Figure 32 Fraction of indicated power vs. fraction of displacer mass for GPU-3

Stirling engine
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The above graph clearly shows the variation of indicated power of the GPU-3
Stirling engine with respect to change in displacer mass. We notice that peak power
is obtained for approximately 45% of actual displacer mass. This is consistent with
theoretical predictions of increased power density at lower displacer masses. The
power output in reality depends on a host of other factors apart from displacer
and power piston mass. The choice of higher values in the GPU-3 Stirling engine is
better explained in the following excerpt:

“Maximizing operating frequency while minimizing piston and displacer masses is
key to increasing the power density. However, down-scaling these devices has
proven problematic given that losses such as viscous friction in the piston seals
and leakage (blow-by) dominate at small scales.” - Riofrio et al, ‘Control-Based

Design of Free-Piston Stirling Engines’, 2008, American Control Conference.

Operating frequency vs. Viscous damping coefficient for varying
displacer mass for GPU — 3 Stirling

o 8000
©
S 000
g 7
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£ displacer mass
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S Actual displacer
>
o 3000 mass
£ @ 2.273 x Actual
2 2000 displacer mass
g 1000
&

0
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Viscous damping coefficient
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Figure 33 Operating frequency (rpm) vs. viscous damping coefficient at displacer

for varying displacer masses in GPU-3 Stirling engine
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Figure 34 Error % vs. step size (crank angle increment) in dynamic analysis of

GPU-3 Stirling engine
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Figure 35 Error % vs. Taylor series order in dynamic analysis of GPU-3 Stirling
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3.5 Validation of results obtained for GPU-3 Stirling engine with the MATLAB

code (integrated adiabatic & dynamic model)

Validation of integrated code - part 1:

The analytical results are validated after comparing them with results obtained

from previous research and mathematical models. Timoumi et al [56] presented a

tabulated comparison of the performance predictions of GPU-3 Stirling engine

obtained from various theoretical models in his research titled, ‘Design and

performance optimization of GPU-3 Stirling engines’. Our findings are presented

in the same table for better comparison and understanding of the predicted results.

This helps us understand some of the parameters considered or neglected by each

of the approaches listed in the table.

Comparison of various model results

Numerical model Heat (J/cycle) Indicated power output
(W) (J/cycle)
Adiabatic model 327 8286.7 198.62
Urielli and Berchowitz adiabatic model 8300
Dynamic model without losses 314 7109.3 170.4
Urielli and Berchowitz quasi-steady flow 7400
Dynamic model with loss dissipation = (M1) 291 6372.4 152.47
Urielli and Berchowitz quasi-steady flow (pressure drop included) 6700
(MT1)+ Internal conduction loss = (M2) 294 6355.2 152.32
M2+ External conduction loss = (M3) 314 6061 145.27
M3+ Shuttle loss = (M4) 352 5886.1 141
Adiabatic analysis by Hirve N. 241.27 5425.74 130.21
l Integrated dynamic analysis 241.27 5127.38 123.07
M4 +losses by gas spring hysteresis = dynamic model with losses 262 4273 99.5
| Experiment - 3958 -

Urieli and Berchowitz model and experimental results are shown in italics.

Y. Timoumi et al. [ Energy 33 (2008) 11001114

Table 4 Comparison of various model results for GPU-3 Stirling engine [56]
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It is clear from the above table that the integrated model predicts engine
performance better than other mathematical models. The thermodynamic and
dynamic model used in the integrated approach does not account for shuttle
losses and conduction losses. This augurs well for the integrated model as
consideration for these losses would yield much more accurate results. We also
note that heat input per cycle in the integrated model is lower. This is because the
other models do not account for dead volume or they consider the dead volume
to be a part of the regenerator volume. The integrated model however considers
the dead volume to be a part of the working volume and its contribution to the
work done. This improves the accuracy of the model. Improvement of engine
power prediction is observed when the dynamic and adiabatic models are clubbed
together as against just adiabatic analysis of the system. This is consistent with the
fact that adiabatic analysis does not take into account frictional losses, damping

losses and vibrational losses.

Validation of integrated code - part 2:

Results obtained here are compared with the results of GPU-3 Stirling engine
published in ‘Stirling engine design manual’ by William R. Martini in January, 1983
[51]. Extensive tests were carried out under different operating conditions and
results were documented in detail in the report by William R. Martini. Given below
are some of the tabulated test results published in this report. Subsequently data
obtained from the integrated model is compared with the experimental findings
from the Martini report to understand the accuracy and limitations of the

integrated model.
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Measurements of GPU-3 Engine Performance
by NASA-Lewis - Part ¥ (79a)
Helium Gas, £49C (1200F) Neminal Heater Bas Temperature,
13C {SEF) Cooling Water Inlet Temperature

Pt EE;H Pre;ﬂ:e E;gine Sﬁﬁd Eake Paﬁgr ﬁat Inpu;.; Emkejl:‘ff_'
1 276 1 4m0 16.67 | 1000 082 | 1.10 3.05 5.3 20.5
2 2.76 | 400 25 1500 1.12 | 1.50 5,41 7.25 20.7
3 2.76 | aop 33.33 | 2000 1.2Y | 1.62 6.64 5.9 18.0
4 z.76 | 400 .67 | 2500 1.21 | 1.62 7.64 10.25 15.2
5 2.76 | acp 50 3000 1.04 | 1.40 B.95 12.08 1.8
& 2.76 | 400 £8.31 | 3508 0.5 | 0.75 9.88 13.25 5.4
7 4.14 | 600 25 1500 1.79 | 2.40 7.83 9,70 4.8
B8 4.4 | 00 33.31 | 2000 220 | 2.95 5,17 12.30 23.9
g 4,14 | 600 #1.67 | 2500 242 | 3.5 1.33 15.20 21,2
10 4.14 | 60D 50 3000 235 | 2.1% 12.83 17.20 18.2

n 4.14 | 600 52,33 | 3500 1.73 | 2.32 14.32 19.20 12.0

12 5.52 | BN 41.67 | 2500 3.28 | 4.40 14.69 15.70 2.5

13 5.52 | 800 50 3000 3.28 | 4.40 17.45 23.40 18.8

14 5.52 | aop 58,31 | 1500 2.76 | 3.70 19.18 25.72 4.2

15 6.9 | 1000 50 3000 3.93 | 5.27 20.88 28.0 18.7

16 6.9 | 1000 58.33 | 3500 3.37 1 4.82 23.15 .05 4.2

*Based upon energy balance at eold end,

Table 5 GPU-3 Stirling test data for Helium gas [51]
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Figure 36 Mechanical loss as a function of engine working speed for helium [51]
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The above graph helps estimate the mechanical losses at various engine pressures

for different operating speeds in GPU-3 Stirling engine. This data is based on

extensive testing of GPU-3 Stirling engine in varying operating conditions.

Integrated model results are compared with these results in the table shown below.

Brake |EXPerime- Experi- Experime-
" Heat | Indicated . ntal Input Brake
Mean E Analysis Mechanical | power by mental .. ntal
requency transfer| power by -7 | Measured| power by efficiency
pressure output -7 | loss (NASA) | analysis . Input + | Measured
5.No losses | analysis brake analysis by analysis L
results power efficiency
power
MPa Hz kw kW kwW kw kw kW kw kw % %

1 2.76 33.33 275 0.63 213 08 133 121 54 6.64 24.59 1822

2 4.14 41,67 513 0.78 434 14 294 242 10.15 11.33 29.02 21.30

3 552 50 7.23 094 6.29 19 439 328 15.58 1745 28.20 22.50

Table 6 GPU-3 Stirling engine test results (experimental vs. analytical)

The GPU-3 Stirling engine is analyzed at three mean pressure values (2.76 MPa,

4.14 MPa, 5.52 MPa) using the integrated code. Heat transfer loss values [56] are

applied to the analysis results and indicated power is obtained. Application of

mechanical loss values (from the graph above, [51]) to the indicated power, yields

brake power. The calculated brake efficiency and the experimentally measured

brake efficiency are in good agreement. As the mean pressure is increased,

difference between calculated brake efficiency and experimentally measured brake

efficiency decreases. The integrated model performs better at higher mean

pressures. The following graph explains this better.
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Figure 37 Comparison of power output of GPU-3 Stirling engine
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Figure 38 Heat input (analytical vs. experimental) for the GPU-3 Stirling engine

We observe from the above graphical data that the input power (in the form of
heat) for the GPU-3 Stirling engine is higher in the experimentally measured data
than what is predicted analytically by our integrated code. This is justified by the
slightly higher brake efficiency predicted by our integrated code than what is

observed experimentally.

Validation of integrated code - part 3:

The integrated is validated by comparing its results with those obtained from the

research (based on experimental data) by Johannes Matthias Strauss [57] with
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respect to the GPU-3 Stirling engine. Greater understanding is achieved by
comparing the force acting at power piston of GPU-3 Stirling engine with

displacement for different mass to power ratios.

30 T T
20 | T .
!
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Z 10 (/rn--r — T —
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= 0° it ——— o
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20 H[*+ 20— 2,0] =
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—30 . ] L 5 L L ]
—20 —15 —10 -5 0 5 10 15 20

Displacement [mm)]
Power piston linear machine force against displacement for various mass to power ratios.
Figure 39 Power piston force vs. displacement for various mass to power ratios in

the GPU-3 Stirling engine (mean pressure 4.14 MPa) [57]

The power piston force is calculated by the integrated code and plotted (mass to
power ratio of 2 g/W). The analytically calculated values (shown in the red curve in
the above graph) are in close agreement with the experimental values (black
dotted curve for 2 g/W). The slightly higher force values evident from the locus of
the red curve in the graph are justified by higher power output predicted by
integrated code. Higher power output & efficiency correspond to higher power
piston force. Clearly, the close agreement of the results from the integrated code
with three different accepted research findings (as discussed above) is sufficient

validation of the efficacy of the integrated model developed here.
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CHAPTER FOUR

4. Design and optimization of a simple free piston Stirling engine

4.1 Preliminary design and analysis of free piston Stirling engine (FPSE)

An analysis is now carried out to design a sample free piston Stirling engine using
the theoretical model (integrated code) developed earlier. The approximate
equation for power output of a Stirling engine is given in the book on Stirling
engines by Walker [53]. It was developed by William Beale, using statistical data of
numerous Stirling engines manufactured over the years, and is given as
P=0.015fVp [Equation 4.1]
Where,

P= Power output, in W

f= Frequency of operation of engine, in Hz

V= total working volume of the engine, in cm?

p= mean pressure inside engine, in bar
Helium gas is the working fluid. The targeted power output for the test case will
be 500 Watts. Using the above equation and assuming an engine frequency of 15
Hz (900 rpm), and mean pressure of 3 bar, the required working volume equals 740
cm3 to produce a work output of 500 W. This equation does not depend on the
working fluid or the engine hot end and cold end temperatures. But output
accuracy is definitely constrained by operating temperatures and working fluid.
This equation works best for medium temperature differential (which is our case).

The actual power output will change subject to manufacturing precision and
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engine design. The above equation gives a broad view of the power output to be
expected, and provides a start point. Hot end and cold end temperatures are
assumed to be 600°C (873K) and 50°C (323K) respectively. The design process is

iterative to optimize performance and parameters.

Results from integrated MATLAB code:

Parameters used are:

« Helium initial pressure = 7 bar. « Cold end working volume = 740/3 = 246.67cm3.
« Displacer hot end and cold end volume = 120 cm3. « Hot end temperature =

800K. « Cold end temperature = 300K. < Regenerator effectiveness = 1.

Viscous damping coefficients from 2.5 to 4 are considered for working piston and
displacer with the higher value being assigned to the displacer. Spring damping
values from 1 to 1.8 are considered with lower value being assigned to displacer.
Mass of stationary engine components in direct contact with the oscillating
surfaces is considered to be 4.2 kg. The mass of displacer is 50 grams and that of
working piston is 110 grams. Spring stiffness values of 550 N/m and 1000 N/m are
respectively considered for displacer and the working power piston. We assume

one spring each connected to displacer and power piston.

Code output for given set of parameters:

Adiabatic Analysis

Enter the crank angle increment in degrees: 0.1

Enter number of iterations: 6
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Compression ratio = 1.4246

Work output per cycle in Joules = 129.3130

Heat input per cycle at hot end in Joules = 252.9031
Heat rejected per cycle at cold end in Joules = -130.7632
Heat absorbed/rejected by regenerator per cycle in Joules =

-3.9033e-07

o)

Cycle efficiency in $ ge = 51.1314

Dynamic Analysis

Enter the required Taylor series order: 8

Power output per cycle from engine in Watts =

2.639161696720816e+02

Average operating frequency of engine in Hertz=

12.972132636936044

Optimal Phase difference between displacer and working piston

in degrees = 89.9

A significant efficiency drop is observed in the dynamic analysis results because of
the high value of various damping coefficients considered here. Phase difference
predicted is very close to the optimal theoretical value of 90°. The dynamic analysis

predicts the power output to be about 264 watts and an operating frequency of
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approximately 13 Hz. Each cycle is 360 degrees of crank angle for simplicity in

nomenclature. Graphs are plotted with respect to crank angle in degrees.

Plots for various engine parameters are shown below:
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Figure 42 Working piston amplitude vs. Crank angle
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Figure 45 Power vs. Crank angle
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Figure 46 Power output vs. Power piston position over 3 cycles of engine run

4.2 Free piston Stirling engine schematic diagram and transient thermal

analysis of the structure in ANSYS

The results obtained above were used to create the geometric design of the free
piston Stirling engine. The engine design progressively underwent changes. The
following figures illustrate this design evolution process. Subsequent
manufacturing also underwent numerous changes. Theoretical results were used
to fine tune the engine further. A maximum tolerance study was carried out to
decide the tolerances and clearances at various points in the free piston Stirling

engine.
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Figure 47 Drafting of free piston Stirling engine design

Results from transient analysis in ANSYS:

The following are some of the parameters used for transient analysis in ANSYS.

p Properties of Helium used
arameters . .
for transient analysis
Constants
Density (kg/mmA~-3) 1.63E-10
Specific heat (mJ kg”-1 CA-1) 5.19E+06
Thermal conductivity (W mm#-1 CA-1) 1.51E-05
Viscosity (MPa s) 1.99E-11
Molecular weight (kg mol*-1) 4.00E-03
Formation enthalpyl)(MPa mm#3 molA- 312E+06
Reference temperature (degree C) 25
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Formation entropy (mJ CA-1) 1.26E+08

Critical pressure (MPa) 0.229
Critical temperature (degree C) -267.85
Critical volume (mm#3) 1.44E+07
Ideal Gas EOS
Adiabatic exponent (Y) 1.66
Adiabatic constant 22.15
Pressure shift (Mpa) 100
Reference temperature (degree C) 30
Specific internal energy (mJ kg”-1) 1.00E-02

Copper constants used for
transient analysis

Thermal conductivity (W mm~-1 CA-1) 04
Density (kg mm~-3) 8.93E-06
Specific heat (mJ kg”-1 CA-1) 3.85E+05

Table 7 (Table set) Parameters for transient analysis in ANSYS

80.00 (rmm)

40.00

Figure 48 Sectional view of free piston engine used for transient analysis
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Figure 49 ANSYS transient analysis - temperature of hot end brass cap after 11

seconds of heating with a propane burner

Steps | Time [s] | Temperature [*C]

0.

1 01 27.

2 02 =74

3 0.3 =121,

4 04 = 168.

5 0.5 =215,

G 0.6 =262

T 07 = 309.

8 08 = 356.

9 09 =403,

10 1. 450.

11 2.

12 3.

13 4.

14 5.

15 B.

16 7. = 450.

17 8.

18 9.

19 10.

20 11.

Table 8 Temperature values of hot end cap with time in transient ANSYS analysis

72



1ms \

0. 25 L 8 15 10. 11.

(s]
MMM T2 T a3 T aa T 15 T 36 [ a7 [ 18 [ a9 [ 20 ]

Figure 50 Total heat flux in transient ANSYS analysis

4.3 Maximum tolerance study and manufacturing of FPSE

Volumetric expansion study to decide tolerances

Hot end cylinder:

Figure 51 Hot end cylinder schematic - thermal expansion based tolerance study

For the cylinder shown above, let initial volume (Vi) = th(R2 - r?) [Equation 4.2]

Final Volume of cylinder after heating,

(V) = Vi+ AV = ni(h + AR)[R + AR)? - (r - Ar)?]
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= Vi + AV + 2ri{R(AR) — (rAn)}(h + Ah) + mth(AR? — Ar?) + r(Ah)(R? - r?)

[Equation 4.3]

In practice, the hot end cap is at a maximum temperature and displacer cylinder is
at a lower temperature. Further, the displacer cylinder top is close to the hot end
and its bottom is close to the cold end. Hence, we take an average of the two
temperatures. We now take Thmax = 800 K and Tc = 315 K. Further, we consider for
heating expansion, a value of 'R/2’, a heating factor value of 0.8 for the actual heat
reaching the hot end displacer cylinder and 'h’ to be constrained. This is a
preliminary estimate. We now apply the coefficient of linear expansion formula to

!

each of the dimensions 'R’, 'r, and 'h’ so as to obtain the maximum possible
expansion in them in the case of the entire heat being applied to them individually.
Let ‘a’ be the coefficient of linear expansion of the material used here. If the
material used is steel, then a = 13 x 10-® K-t or °C!

ARmax (When r & h are constrained) = 0.8aR(AT) = 0.8 x 13 x 10-° x (0.5R) x (800-315)

= 0.002522R metres [Equation 4.4]

Similarly, Armax (‘'R" & 'h" are constrained) = 0.8ar(AT) = 0.8 x 13 x 106 x (0.5r) x (800-
315) = 0.002522r metres  [Equation 4.5]

And Ahmax = 0 — hfinal, max = hi [Equation 4.6]

Hence, V¢ max = 1.005050360484V; + AVmax [Equation 4.7]

But if B (coefficient for volumetric expansion = 3a) for steel is 39 x 10-K'! or °C,

then we get,

AVimax = BVi(AT) = 39 x 106 x 0.5Vi x (800 — 315) = 0.0094575V; [Equation 4.8]

Vt max = 1.01450786V; [Equation 4.9]
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Where Rf, max— 1002522R, rf, max — 1002522r, hf, max — h

[Equation 4.10]

Hot end displacer (subscript ‘d’ is used to indicate displacer dimensions):

Let 'V4a' represent the actual volume of the displacer shell and let V4’ represent the

total of the displacer (calculated by using ‘R4’ as the radius).

Vda = mhyg(Re? — rd?)

Vg = mthgR4?

In this case we constrain rq and hqg — Armaxd = Ahmaxd = 0

And we get, ARmaxd = 0.002522Rq4

[Equation 4.11]

[Equation 4.12]

[Equation 4.13]

Vf, maxd = Vda + AVd + 2{R4(0.002522Rg)}thg + 1hy(0.002522Rg)?

= Vga + AV + 1tha{0.005050360484R42}

[Equation 4.14]

& AVq4 = 0.8 BVda(AT) = 39 x 106 X Vga x (800 — 315) x 0.5 = 0.0094575V 4a

Vt maxd = 1.0094575V4a + 0.00505036V4

Where Rf max, d = 1.002522Rg; rf, max, d = rd; hf max, d = hd

[Equation 4.15]

[Equation 4.16]

[Equation 4.17]

The table below shows a sample analysis using the mathematical relations derived

above (refer to Appendix C for materials used).

r AV(max) | V.f(max)
(in | R(in | h(in V(in | r.f(max) | R.f(max) | h.f(max) (in (in %
cm) | cm) | cm) [ ecm”3) | (incm) | (incm) | (incm) | cm”3) cm”3) | INCREASE
cylinder | 55 | 65| 6.6 |24881 | 551 6.52 6.6 2.35 25242 1.45
displacer | 5.1 | 5.5 3 39.96 51 5.51 3 0.76 41.78 4.55

Table 9 Volumetric expansion (thermal) sample analysis

75




20

=@ % increase in cylinder volume
vs. Temperature

18
y = 0.2428x4 - 2.7719%% + 11.126x% - 15.928x + :
7.3783 : . L
16 : —8— % increase in displacer
: volume vs. Temperature
14
w . . .
e S e Poly. (% increase in cylinder
> 12 5 volume vs. Temperature)
S
£ 10
D £ Poly. (% increase in displacer
L volume vs. Temperature)
o 8
P —
O
£
R 6 _
<y =0.0773x4 - 0.8831x% + 3.5449x2 - 5.0745x +
4 23504
2
0

320 500 800 1000 1500
Temperature in Kelvin

Figure 52 Percentage increase in volume of hot end cylinder and displacer with

rise in temperature

The first stage of manufacturing was followed by design optimization after
preliminary testing. The aluminum power piston at the cold end was replaced with
a piston made of Acetal (or Delrin) plastic polymer. A thorough analysis yielded
favorable results in support of this move. This greatly improved machinability and
surface finish while reducing machining time. It was also observed that steel body
of the cold end cylinder would wear out the new piston made of Acetal. Hence, a
thin cylinder lining made out of Acetal was fabricated for the cold end cylinder.
This helped reduce component mass, friction and eliminated the need for special

operations at the cold end. Piston rings made out of Acetal were fabricated for the
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new cold end piston so as to obtain better suction and reduce leakages. Software
aided optimization was also carried out using the MATLAB code developed

previously.

Figure 53 First set of engine components manufactured

4.4 Software simulation of manufactured free piston Stirling engine

Engine dimensions remain the same as mentioned in previous chapter. Mass of
steel displacer is 264 grams. Power piston made of Acetal weighs 110 grams. Mass

of stationary engine components directly affecting oscillation is 5.8 kg.
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MATLAB output:

Adiabatic Analysis

Enter the crank angle increment in degrees: 0.01

Enter number of iterations: 9

Compression ratio = 1.3859

Work output per cycle in Joules = 16.6654

Heat input per cycle at hot end in Joules = 29.6967

Heat rejected per cycle at cold end in Joules = -15.5192
Heat absorbed/rejected by regenerator per cycle in Joules =
-2.1517e-04

Cycle efficiency in %$ge = 56.1189

Dynamic Analysis

Enter the crank angle increment in degrees: 0.1

Enter number of iterations: 6

Enter the required taylor series order: 8

Average Power from engine in Watts = 57.320961565215846
Average operating frequency of engine = 13.148354491987975

Stroke-ratio of engine = 1.093457321442433

Optimal Phase difference between displacer and working piston

in degrees = 82.212576286029801
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Graphical results:

The following graphical results are for a crank angle increment of 0.1 degree and

Taylor series order of 8.

Displacer position in metres Vs, Crank angle in degrees

Working piston position in metres Ws. Crank angle in degrees
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Figure 54 Dynamic analysis of fabricated free piston Stirling engine (first design)
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Figure 55 Error % in dynamic analysis

— Power output of engine predicted by adiabatic analysis is 249.98 Watts.
However, dynamic analysis shows predicts just 57.321 Watts. This means that
remaining power is lost in damping, viscous forces etc. consistent with observed

extreme difficulty in starting of the free piston Stirling engine in question.

— The operating frequency is predicted by the dynamic analysis to be about 13.15

Hz which is close to the design operating frequency of 15 Hz. However, for higher
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iterations and smaller step size (smaller crank angle increments), we obtain lower

values consistent with loss in power due to damping, viscous forces etc.

— The general oscillation criterion graph shows the regions where the criterion is
violated. These are 130 degrees to 200 degrees and 270 degrees to 325 degrees
of displacer positions, also reflected in the power output graphs where sudden is
observed. We infer no net power is generated in these regions and damping
occurs. The system tries to continue using momentum and energy stored in

springs. This is consistent with the flattened regions in the power graph.

— Viscous damping, spring damping and spring stiffness needs to be reduced. It
is also necessary to reduce friction along sliding surfaces. Displacer is too heavy for

the system resulting in greater inertia while starting and overall damping.

— At very small step size (say 0.01 crank angle increment or lower), the power (118
Watts) and operating frequency (8 Hz) values undergo appreciable changes and
are more realistic. This suggests that the dynamic model requires a very large
number iterations (>50000) to obtain stable solutions due to the complexity of the
mathematical model. However, such low step sizes require more than 2000
seconds to process and the time required increases drastically with reduction in
step size. Therefore, the process is expensive and more powerful computing

resources are required to evaluate the model more accurately.

— Phase difference value of about 82.215 degrees obtained here is almost similar

the adiabatic analysis prediction of about 81 degrees.
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4.5Design optimization and improvements in free piston Stirling engine
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Figure 56 Schematic of improved design of free piston Stirling engine
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Figure 57 Springs used for displacer and power piston in modified engine design

The modified free piston Stirling engine design photographs are shown in

Appendix C of the report.
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CHAPTER FIVE

5. Auxiliary systems

5.1 Schematic of proposed biomass combustion system for CHP

Fluidized bed combustion technology is proposed for biomass combustion in the

free piston Stirling engine based CHP system.

—
| SE—
Hot flue gas | cold air
= N
) (<]
ﬁ $ Hotter air out
FBC f 0 steam
Air intake or
biomass = Air pre-heating space heating/hot water
e —
= = =>
Flue gas hot water |
Biomass feeding I_ .
—_— )
fuel drying \N 1
air 2nd
¢ stage

ﬁ

Wet biomass fuel

flue ga: preheating

— air 1st
steam
stage

preheating .

Figure 58 Schematic of biomass unit of the CHP Stirling system.

Air/Water

The CHP system will be flexible enough to work in tandem with existing space
heating systems. Waste heat from these systems can run the Stirling power
generation systems. Alternately, heat obtained by combusting biomass can be
used to generate power in the Stirling power generation set up while remaining

heat can be used for heating applications.
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Figure 59 Schematic of co-generation system [50]

5.2 Biomass moisture removal system (BMRS) design, analysis and

optimization using heat storage fluids for use in the CHP Stirling system

The fuel drying unit in the biomass section of CHP system as indicated in above
figure can acquire multiple grades of naturally occurring biomass. This includes
wood chips, organic waste, dead organic matter, agro-waste etc. Majority of these
contain varying degrees of moisture. The calorific value of a fuel is affected greatly
by presence of moisture content. High moisture content in the fuel has a negative
impact on the combustion that takes place in the combustor or gasifier. Fuel with
high moisture content leads rust oxide formation, heat loss and irreversibility due

to vapor formation, explosive steam pockets during combustion, incomplete
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combustion resulting in emission of carbon monoxide and particulate matter. A
cost effective moisture removal system is designed such that heat trapped from
exhaust flue gas can be reused for useful work. Available work potential of exhaust
flue gas is analyzed for effective heat reuse in the CHP system. A fluid pocket
containing viscous fluid with relatively high specific heat capacity and high thermal

conductivity is placed in the path of exhaust flue gas for this express purpose.

Methodology

The moisture removal system was modeled in COMSOL for feasibility and
verification of predicted output. The drying unit was provided with conical fins
containing heat storing fluid for enhanced heat transfer. Heat from flue gas at 430
K can be captured with a warm bed filled with heat storing fluid. Waste heat from
flue gas is absorbed by the dryer bed for optimum drying of biomass. The selection
of material for the warm bed is studied using simulation results of COMSOL. Heat
transfer between the flue gas and heat storing fluid and biomass is studied. Further,
available work potential of exhaust flue gas after passing through the biomass
drying unit is also evaluated using a combination of thermodynamic analytical

method and COMSOL simulation results.

Software used: COMSOL
Preliminary simulation efforts highlighted the need for creating two separate flow

domain models.

e Analysis to find optimal heat storage fluid for the BMRS is done on a flow domain
which is in 1:160 scale of the original unit size. Choice of such a small scale was
influenced mainly by the limitations imposed by computational resources
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e Work potential of exhaust flue gas was evaluated by analyzing a flow domain of

1:10 scale because of unrealistic results for a scale smaller.
Selection of heat storing fluid for rapid moisture removal from biomass

Selection of a suitable heat storing fluid depends on the amount of heat captured
by it from exhaust flue gas and the time taken by it to transfer the same to biomass.
This can be done by comparing and combining the analytical solutions with the
numerically obtained values. Analytical solution can be obtained by using the

following equation.
Q=mxCpx AT [Equation 5.1]

Where, Q = energy absorbed by heat storing fluid from exhaust flue gas in kJ
m = mass in kg
Cp = specific heat capacity at constant pressure in J/kg.K
AT = temperature difference in K (obtained from simulation results)
The heat storing fluid which absorbs the maximum amount of energy, ‘Q’, in the
least amount of time is the most effective fluid for the system. Reynolds number is

also calculated in all the cases. It is given by the equation:

Re = (p x v x Dn)/u [Equation 5.2]
Where, 'Dy’ is diameter of cylinder for flow past cylinder analysis (in metres).

'v' is the mean velocity of the fluid (in m/s).

‘U’ the dynamic viscosity of the fluid (Pa-s or N-s/m? or kg/(m:-s)).

‘0" is the density of the fluid (kg/m?).
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The three heat storing fluids used as test cases are listed below along with their

properties.

1) 20W50 Motor Oil

| Froperky | Mame | Yalue | IInik
~" Density rho ac4 kafm?
~*  Dwnamic viscosity mu 0, 146895 Pa's
~" Thermal conduckivity k. 0.167 i,
~" Heat capacity at constant pres...  Cp 2247345 kg kD
~" Ratio of specific heats gamma 1.1 1

Table 10 Properties of 20W50 motor oil

1) Monoethylen glycol (20% mix)

Property Mame | Value Unit
~" [Drensity rho 1030 kg/m#3
~" Chynamic viscosity mu 000185 Pa*s
~ Thermal conductivity k 0.521 W m™K)
~ Heat capacity at constant pr...  Cp 3900 I kg™i)
~ Ratio of specific heats gam.. 11 1

Table 11 Properties of monoethylen glycol (20% mix)

1) Ammonia gas

| Froperty | Mame | Yalue | LInik
" Densiky rhio 0.717 kofm?®
~  [Dwnamic wiscosity mu 0.000138  Pa's
" Thermal conduckiviky k. 0.022 Wi, ..
~" Heat capacity at constant pres,..  Cp 2190 kg kD
~" Ratio af specific heats gamma 1,32 1

Table 12 Properties of ammonia
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Property Flue Gas Biomass
Density (p)(in kg/m3) 0.748 1250
Dynamic Viscosity (y) (in
24.5 13.82
Pa.s)
Thermal Conductivity (k)
0.0384 0.105
(in W/m.K)
Heat Capacity at constant
1097 1545
pressure (Cp) (in J/kg.K)
Ratio of specific heats (y) 1.3767 1.1

Table 13 Properties of flue gas and biomass

Evaluating work potential of exhaust flue gas

The maximum available work potential of exhaust flue gas is termed as "Wnax'.
Energy given by flue gas to biomass, Qsm, is found using COMSOL which plots
streamlines that helps figure out flue gas penetration into the viscous fluid pocket.
Hydrostatic force acting at the interface between flue gas and viscous fluid in the
pocket is calculated using pressure graph. The flow penetration of flue gas is given
by the recirculation zone length observed from the streamline plot. The product of
this length and the hydrostatic force gives hydrostatic energy of exhaust flue gas,
Qn. The internal energy change in flue gas, AQj, is evaluated in COMSOL. The line
integral of the domain outlet gives the viscous drag force value in the domain. The
product of viscous drag force and the flow penetration length gives the energy lost
by flue gas due to viscous forces, Q.. Irreversible work lost (Qj) is neglected. Actual

available work potential of flue gas in the system (before heat transfer to biomass)
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is termed as Wa1. Actual available work potential of flue gas in the system after heat

transfer to biomass is termed as Wa>. Ideally, Wa1 = Qm + Qn and Waz = Qn
[Equation set 5.3]

We observe that Wa1 < Whmayx. This is due to the work potential lost by the system

due to irreversibility (Qi). But since irreversibility is neglected, Wa1 = Way.

AQie = Wmax + Qv — (Qm + Qn)

Hence, Wmax = (AQie + Qm + Qn) - Qv [Equation set 5.4]

Whmax is calculated using exergy analysis approach [47]. The theoretical maximum

can be calculated by using the classic exergy equation (Wmayx, physical exergy):
Whax =m X (e—e0) =m x (h—ho—To x (S—So) [Equation 5.5]
Where ‘'m’ is the mass flow, ‘e’ the initial exergy of a stream of substance, ‘e,’ the
exergy of a stream of substance in the state of the surroundings, h the initial
enthalpy, s the initial entropy, ‘T, is temperature [K] of the surroundings. Flue gas
is assumed to follow the equation of state for a perfect gas. Hence, for flue gas
physical exergy is calculated using:
Winax = x [Cp x (T =To) = To x {(Cp x In (T/To)) = (R/M) x (In (p/po))}]

[Equation 5.6]
Where ‘T' is the temperature [K] of the excess heat, 'C,' the average specific heat
capacity between the temperatures ‘T' and ‘To’, 'R’ the molar gas constant, ‘M’ the
molar mass of the gas, ‘p’ the pressure of the stream and ‘po’ the pressure of the
surroundings. Analytical thermodynamic results are combined with the numerical

COMSOL results to test the stability of the solution. Larger flow domain and only

89



one fluid, 20W50 motor oil, is used to do this (since available work potential of flue
gas will remain the same irrespective of any heat storing fluid used for).

Problem Sketch
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Figure 61 Section highlighted in dark grey represents flue gas
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Figure 62 High viscosity, high thermal conductivity heat storage fluid in dark grey
The circle in the first rectangle in the above diagrams is the static cylinder used to

evaluate the work potential of flue gas by regularizing the flow.
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Analytical Calculations

Reynolds number calculation:  [Refer equation 5.2]

Reynolds number of flow in the flue gas domain is given by:
Refg = (0.748 x 0.0167 x 0.002)/24.5 = 1.019722449E-6
Reynolds number of flow passing over static cylinder is given by:

*Refp = (0.748 x 0.0167 x 0.006)/24.5 = 3.059167347E-6

Inference:

This theoretical value of Reynolds number for flue gas flow over the static cylinder
is obtained by assuming zero resistance flow path for flue gas inside fluid pocket
domain. In reality, Reynolds number changes continuously from the inlet of fluid
pocket up to its outlet due to continual flow resistance (as high viscous medium
exists in fluid pocket) resulting in changing flow velocities. However, small values
of ideal Reynolds number, inlet flow velocity and flow domain dimensions indicate

fairly low Reynolds number throughout simulation, suggestive of laminar flow.

Energy absorbed by biomass  [Refer equation 5.1]

Qb = m x Cp x AT = m x 1545 x AT (in Joules) [Equation 5.7]

We now, calculate mass of biomass in the system.

Area of biomass domain = (Area of rectangle) — (Area of prismatic domain)
[Referring to figures 2(d) & 2(f)]

= (0.037 x 0.01) — {(4x0.5x0.0065x0.004) + (3x0.5x0.003x0.001)} = 3.135E-4 m?

It is assumed that the test domain in all cases has a unit width (for simplicity).
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Hence, volume of biomass domain, V = (3.135E-4 x 1) m3 = 3.135E-4 m3

Hence, mass of biomass in domain = p x V = (1250 x 3.135E-4) kg = 0.391875 kg
Hence equation 5.7 can be rewritten as,

Qm = 0.391875 x 1545 x AT (in Joules) = (605.446875 x AT) in Joules

[Equation 5.8]

Available work potential in exhaust flue gas (1:10 scale)

Reynolds number calculation: [Refer equation 5.2]

Reynolds number of flow in the flue gas domain is given by:
Refg = (0.748 x 1.67 x 0.02)/24.5 = 1.019722449E-3
Reynolds number of flow while passing over static cylinder is given by:

**Refp = (0.748 x 1.67 x 0.06)/24.5 = 3.059167347E-3

Inference:

Reynolds number remains fairly low throughout the simulation and the flow is
therefore laminar for all practical purposes.

Maximum theoretical available work (Wmax) calculation: [Refer equation 5.6]

This calculation is performed the inlet boundary of the entire test domain to obtain
maximum available work potential of flue gas. p = po here. A unit width of 1 mis
considered throughout the flow domain for simplicity.

Wmax = 4,700,000 J approximately = 4,700 kJ [Equation 5.9]

Calculation of hydrostatic energy of flue gas (Qn)

Hydrostatic energy (Qn) = Hydrostatic force (Fn) x Flow penetration length (dp) (in
joules)
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= Fluid pressure at flue gas-fluid pocket interface (pi) x Area of interface (Ai) x dpi

Qn=pix Aix dy =pix0.02xdy (inJoules) [Equation 5.10]

Calculation of viscous enerqgy in fluid pocket (Q.):

The line integral of the entire domain’s outlet using COMSOL provides the viscous
drag force per unit length value.
Viscous energy (Qv) = Drag per unit length (Fq) x Cross-sectional area of fluid

pocket (Asp)

Qv =F4x(0.3x0.1)=0.03Fg (inJoules) [Equation 5.11]

Energy absorbed by biomass  [Refer equation 5.1]

Qm =m x Cp x AT = m x 1545 x AT (in Joules) [Equation 5.12]
Mass of biomass in the system is now calculated.
Area of biomass domain = (Area of rectangle) — (Area of prismatic domain)
[Referring to figures 36 & 38)]
=(0.37 x 0.1) - {(4x0.5 x 0.065 x 0.04) + (3 x 0.5 x 0.03 x 0.01)}

= 3.135E-2 m?

Volume of biomass domain, V = (3.135E-2 x 1) m3 = 3.135E-2 m3

Hence, mass of biomass in domain = p x V = (1250 x 3.135E-2) kg = 39.1875 kg

Hence equation 5.12 can be rewritten as,
Qm = 39.1875 x 1545 x AT (in Joules) = (60544.6875 x AT) in Joules

[Equation 5.13]
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Numerical results & calculations from COMSOL simulation

Selection of heat storing fluid

Uniform inlet mass flow rate value of 0.00000005 kg/s is considered for exhaust

flue gas. Analysis is carried out for 540 seconds

Analysis for 20W50 motor oil as the heat storing fluid

Time=540 Surface: Temperature (K)
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Figure 63 Temperature profile (at 540 seconds) of 20W50 motor oil
Inference:

After 540 seconds, Average temperature of biomass domain = 370 K
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Figure 64 Change in conductive heat flux with time of 20W50 motor oil
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Analysis for monoethylen glycol (20% mix) as the heat storing fluid

Time=540 Surface: Temperature [K)
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Figure 65 Temperature profile (at 540 seconds) of monoethylen glycol (20% mix)

Inference:

After 540 seconds, Average temperature of biomass domain = 390 K

Qb = 605.446875 x (390 —303) = 52,673.87813 )
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Figure 66 Change in conductive heat flux with time: monoethylen glycol (20%)

Time=540 Surface: Conductive heat flux magnitude (Wim?)

[Refer Equation 5.8]
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Analysis for ammonia as the heat storing fluid
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Figure 67 Temperature profiles (at 540 seconds) of ammonia
Inference:
After 540 seconds, Average temperature of biomass domain = 385 K

Qb = 605.446875 x (385 — 303) = 49,646.64375 J [Refer Equation 5.8]
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Figure 68 Graphs showing change in conductive heat flux with time

Available work potential in exhaust flue gas (fluid domain is larger: 1:10 scale)

All simulations have been carried out for a uniform inlet mass flow rate of 0.0005
kg/s for exhaust flue gas. The time dependent analysis was carried out for 1080

seconds for each of the test cases.
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Analysis of 20W50 motor oil in larger domain (scale 1:10)
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Figure 69 Temperature profile (at 1080 seconds) of 20W50 motor oil

Inference:
After 1080 seconds, Average temperature of biomass domain = 385 K
[Refer Equation 5.13]

Qb = 60544.6875 x (330 —303) = 1,634,706.563 J [Equation 5.14]

Velocity profile and Cell Reynolds number (scale 1:10) for 20W50 motor oil
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Figure 70 Graphs showing change in flow velocity with time for 20W50 motor oil
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Inference:
In 1080 seconds, maximum velocity of 2.1947 m/s is reached at 0.06
seconds. Hence, Reynolds number is given by:

Re = (0.748 x 2.1947 x 0.06)/24.5 = 4.02033E-3 (laminar flow)

Pressure profile
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Figure 71 Change in pressure with time (scale 1:10) for 20W50 Motor oil

Inference
Inlet pressure of flue gas = 3000 Pascal = 0.03 bar

Max pressure = 6606.9 Pascal = 0.06069 bar

Streamline profile
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Streamiine: + Velocity field - Streamine: + Velochty feld
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Figure 72 Streamline variation with time (20W50 Motor oil - scale 1:10 domain)

Inference
Recirculation zone develops in the flow as time passes. The direction of
recirculation is anti-clockwise. Velocity is very less in recirculation zone as

evident from velocity and streamline profile graphs.

Shear rate
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Figure 73 Shear rate graphs for 1:10 scale domain for 20W50 motor oil

Inference
Flow recirculation zone length = 0.22 m (at 1080 seconds)

Flow penetration length, dy = 0.22 m
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Drag per unit length
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Figure 74 Drag per unit length (N/m) (scale 1:10 domain) for 20W50 Motor oil

INFERENCE

Average drag per unit length from above figure, F4 = 40 N/m

surface; Total intemal energy (4g)

[Equation 5.17]

e: Total Intemal energy (/kg)
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Figure 75 Change in internal enerqy with time (scale 1:10) for 20W50 motor oil

Inference

Change in internal energy of the system, AQie = (9E6 — 6E6) J/kg = 3E6 J/kg

100

[Equation 5.18]



Calculations for evaluating work potential of flue gas

Calculation of Qn: [Refer equations 5.10, 5.15 & 5.16]

Qn =6606.9 x 0.02 x 0.22 =29 [Equation 5.19]

Calculation of viscous energy in fluid pocket (Q.): [Refer equations 5.11 & 5.17]

Q. =003x40=12) [Equation 5.20]

Available work potential of flue gas (before heat transfer to biomass) (Wa1): [Refer

equations 5.3, 5.14 & 5.19]

Wa1 = (1,634,706.563 + 29) J = 1,634,735.563 ) = 1,634.706563 kJ

[Equation 5.21]

Work potential of flue gas (after heat transfer to biomass) (Wa>): [Refer equations

5.3 & 5.19]

Wa2=Qnh=29) [Equation 5.22]

Result Validation for work potential of flue gas

Analytical vs. Numerical (from simulation) value of Wmax: [Refer equation set 5.4]

Wmax,numerical = 4,634,734363 J = 4,6347344 k.J < Wmaxlanalytical (= 4700 k.J)

[Equation 5.23]

Error % = 1.38863% [Equation 5.24]
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Inferences for BMRS based on above analysis

Best heat storing fluid for the given system (for domain with 1:160 scale)

Monoethylen
20W50
glycol (20% Ammonia
motor oil
mix)

Energy absorbed by
biomass (in J) when heat | 40,564.94063 | | 52,673.87813 | | 49,646.64375

storing fluids are used

Table 14 Best heat storing fluid comparison for BRMS

Clearly, in 540 seconds, maximum heat of 52.673 kJ is transferred to biomass when

Monoethylen glycol (20% mix) is used as the heat storing fluid. Monoethylen glycol

(20%) mix is chosen as the suitable fluid for the biomass moisture removal system.

Flue gas work potential evaluation: [Refer equation 5.23]

Wmaxlnumerical = 4,634,734363 J = 4,6347344 k.J < Wmaxlanalytical (: 4700 k.J)

Woa1 is slightly lower than Wmax. Since, irreversibility is neglected, the minor

discrepancy can be attributed to computational errors during iteration.

Error % = 1.38863% [Refer equation 5.24]

Clearly, this error is within acceptable limits.
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5.3 Solar energy capture set up using Fresnel lens and Fresnel reflectors

S Fresnel reflector

v Fresnel lens
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¥
Array of mini Fresnel point concentrators

Stirling engine

Figure 76 Solar concentrator set up for optimized heating of Stirling engine

Above figure shows a concept design of a solar energy concentrating set up where
point Fresnel concentrator lenses and Fresnel linear mirrors are used. This type of
arrangement is relatively low cost and offers flexibility. The reason for choosing an
array of small Fresnel concentrators is to ensure more uniform heating on the hot
head. This ensures a well distributed heat flux and eliminates concentration of heat
at a point. A combination of point and line Fresnel concentrators can also be used
as shown below. In the figure below, a fluid can be heated up using solar energy
and in turn be used to heat the hot end of the Stirling engine thereby, allowing

greater flexibility in engine placement and minimizing solar tracking requirements.
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Specially designed Fresnel
lens setup to complement
the Fresnel mirrors
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W
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Figure 77 Special Fresnel linear concentrators for indirect use of solar energy

using heating fluids

5.4 Thermal energy storage system design concept for storing solar energy

Sample design of TESS for CHP system for 6 hours backup

The Stirling system designed here has 5.97 x 10-> kg (mass denoted by ‘'m’) Helium
(working fluid @ 10 bar, 360°C, heating volume of 78.5 cc and Helium density of
0.7604 kg /m3). For simplicity, it is considered that one requires 30 joules of heat
per cycle (input heat denoted by ‘Q’) for running the engine. Now, specific heat
capacity of helium at constant volume (C,) is 3120 J/kg.K. Hence, change in
temperature of Helium per cycle is given by,

dT = Q/m.C, = 161.06 Kelvin [Equation 5.25]

If ambient starting temperature of Helium is considered to be 300 Kelvin, hence

increased temperature of helium after the first cycle will be approximately 461.06
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Kelvin. For simplicity, we ignore conduction, convection and radiation losses here.
The system is operated at a suitable lower temperature of 633 Kelvin when the
TESS is used. This results in a lower power output but is economically beneficial as
it allows for use of common materials for construction. Now, amount of heat

required to raise the temperature of Helium to 633 Kelvin is given by,
Qtotal = 62 Joules [Equation 5.26]

The Stirling engine is designed to operate at 13 Hertz as seen from the dynamic
analysis results. Output energy of the engine is 16 joules/cycle (from thermal
analysis). Considering losses (from dynamic analysis), output of present system will
be approximately 5 joules/cycle. System loses close to 25 joules of heat per cycle
because of friction, conductive losses, convective losses, radiation losses and
viscous forces. The regenerator effectiveness is considered to estimate the amount
of thermal energy stored in the system per cycle (i.e. energy not lost due to the
various losses). This energy is available to the gas as the gas passes from cold end
to hot end. Hence, effective heating required at the hot end decreases in

subsequent cycles. Given below is a small discussion on regenerator performance.

Materials with porosity of 90%
Proprieties Sta u;lg;isteel Copper | Aluminum | Monel 400
Density (kg.m?) 7.850 8.920 2.700 8.800
Thermal capacity _
A77 335 2 12
(J_l{g_] ,K_l) 4‘7 / DS.. 90 4.)0
Thermal
conductivity 26 390 237 22
W.m!Kh

Table 15 Common regenerator materials and their properties [48]
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Figure 78 Regenerator's efficiencies vs. Acquisition time [48]

Dr. James Klett, developed a highly thermally conductive graphite foam material at
ORNL. These foams of varying porosity and density provide thermal conductivity
equivalent to aluminum alloys at substantially lower weight. The invention has an
open porous structure with more than 100 times greater surface area than typical
heat exchangers (>20 m2/g). The cell walls are made of highly oriented graphite
planes, similar to high performance carbon fibers, which have been estimated to
exhibit a thermal conductivity greater than 1700 W/m-K (copper is 400 W/m-K). The

foam also exhibits excellent RF shielding and acoustic management properties [49].

Comparing with previous results on regenerator working effectiveness, an
effectiveness value of 0.75 is assigned to graphite foam. This means that graphite
foam stores 25% of the heat per cycle. This value amounts to about 7.5 joules per

cycle and this heat is available to the gas in subsequent cycles. This extra heat

reduces the work load at the heating end.
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Now, @ 30 joules per cycle and 13 cycles/second, the system requires 390
joules/second to operate. The extra 7.5 joules/cycle is neglected as the system is
designed for low efficiency. Hence, 8,424,000 joules of heat needs to be supplied
over 6 hours to the system. TESS needs to supply this heat to the system over a

period of 6 hours in the absence of any other external heating source.

Heat storage fluid analysis carried out previously suggests use of monoethylen
glycol (20% water mix) as the fluid in the TESS. TESS is designed to have a maximum
fluid temperature of 875 K. The boiling point of monoethylen glycol is 400.15
Kelvin. Energy stored in fluid in TESS is
Qtess = Miuid X Cp, fluid X AT (300 K-400.15 k) + Miluid X Leiid + Muid X Cp, fluid X dT (20015 k-875 K)
Where Cp, fiiid = specific heat capacity of monoethylen glycol (20% mix)

= 2790.5022 J/(kg.K)

Lauid = latent heat of vaporization of monoethylen glycol (20% mix)

= 860620.108 J/kg

Hence, mauia = mass of monoethylen glycol (20% mix) in the TESS = 3.5 kg
Priia = density of monoethylen glycol (20% mix) = 1112.5 kg/m?3
Hence, Vsuid = volume of monoethylen glycol (20% mix) in TESS = 3146.1 cc
[Equation set 5.27]

Therefore, a specially designed thermally insulated system is needed to store TESS
fluid for 6 hours backup. Temperature of TESS drops gradually as it loses heat while
the temperature of hot end of CHP system is maintained at 633 K. This helps in
effective functioning of TESS system up to a temperature of 633 Kelvin (since, delta

T reduces over time in absence of solar energy). When temperature of TESS drops
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below 633 K, heat doesn’t flow from it and the temperature of TESS and CHP
system decreases together. In reality, a TESS with at least 1.5 times greater capacity
needs to be built to account for losses. This gives us the actual required volume of

the TESS to be about 6300 cc.

Specially designed Fresnel lens Low emissivity heat
retaining glass
(double glazing)

Thermal insulation chamber

Highly polished
metal chamber

|| Thermal insulation layer
/"

20W 50 motor
oil (heat storage
fluid) in copper

capsules
4 ==
! ‘—*:/,

Outlet

Vacuum chamber \
x B . '
Pattern of line and point heat concentration zones produced by special Fresnel lens

Figure 79 Schematic of TESS (concept design)

The above figure represents a novel concept design. The innermost chamber is a
highly polished metal surface to reflect as much heat as possible into the system.
This metal chamber is surrounded by a thermal insulation layer. This arrangement
exists in a slightly larger chamber (made of poor heat conducting material). There
is a vacuum between the two chambers to minimize heat loses. The metal chamber
is covered on the top with a low—e glass. The "e" in low-e stands for emissivity -
the ability to emit radiant energy. Low-e coating emits almost no radiant energy.

Low-e glass has a special coating which is a poor radiator of heat and does not
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allow heat to be transferred to the outside. Instead, the low-e coating actually
reflects the heat back. The coating is an invisible metal or metallic oxide film that's
deposited on the surface of the glass during or after the manufacturing process.
This microscopic layer allows light (short-wave energy) to penetrate the glass, but
blocks most ultraviolet (UV) long-wave energy, which we feel as heat. The TESS
fluid warms up as it absorbs this solar energy. Warm fluid re-radiates the energy
(long wave radiation). The low-e glass does not let the longer wavelength radiation
pass through the coated low-e surface and is an effective reflector. The energy

entering TESS and heat energy present are reflected back from the low-e glass.

The TESS has a specially designed Fresnel lens just above the low-e glass lid. This
Fresnel lens is a combination of line and point solar concentrators. This type of
concentration pattern of solar energy helps maintain a more uniform heat
distribution within the TESS and prevents large temperature gradients inside the
TESS. Copper capsules containing 20W50 motor oil are placed along the walls of
the metal chamber. Fluid analysis earlier in the report shed light on the high
thermal retention capacity of 20W50 motor oil. Motor oil has low thermal
conductivity and retains heat for longer time. These copper capsules store solar
energy and release it over a long period of time thereby aiding the TESS fluid in
energy storage. The TESS is provided with thermally insulated piping for inlet at
the top and outlet at the bottom. Monoethylen glycol (20% mix) (TESS fluid), has
low boiling point of 400.15 K and TESS is at a higher temperature than that. The

fluid is therefore in its gaseous state, which is desirable.
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Heat exchanger* calculations using NTU method for heat transfer between TESS

fluid and helium (working fluid of engine)

[*This process is the source of heat throughout the period when direct solar energy

isn't available]
For each heat transfer process:

Cp, TESS fluid = specific heat capacity of monoethylen glycol (20% mix) = 2790.5022

J/(kg.K) press ruia = density of monoethylen glycol (20% mix) = 1112.5 kg/m3
Vress fuia = Volumetric flow rate of TESS fluid in system = 0.00025 m3/s (Value set

for optimal heat transfer)
mress fiud = Mass flow rate of TESS fluid in system = 0.278125 kg/s
C 1ESS fluid = MTESS fluid X Cp, TESS fluid = 776.1084244 J/K.s [Equation set 5.28]

Now, engine completes 13 cycles per second which implies that helium inside the
engine makes 13 effective passes for heat transfer at hot end per second. The

effective heating mass of helium therefore is given by:

MHe = 13 x 5.97 x 10~ = 7.761 x 10* kg/s

And cy, e = Specific heat capacity at constant volume for Helium = 3120 J/kg.K
Hence, we get, Cne = 2.421432 J/K:s

Crmax = Cress fuid = 776.1084244 J/K.s

Cmin = CHe = 2421432 J/KS

Cmin

C=
C

= 3.11996613 x 103 [Equation set 5.29]

max
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We use a heat exchanger with a total available surface area of 0.043501429 m?. We

now estimate the overall heat transfer coefficient value for the process. of 500

W/m2.K;
1 1 dx 1
This is given by = + Y+
UpA hHeAHe kbrassA l'1TESS fluidATESS fluid
Where,

Uo = the overall heat transfer coefficient (W/m2K)

A = the contact area for each fluid side (m?) = Age = ATgss fluig (in our approach)
k = the thermal conductivity of the material (W/m.K) (brass in this case) = 109
W/m.K

h = the individual convection heat transfer coefficient for each fluid (W/m2K)

We take hy = 500 W/m2.K and hygss fuig = 600 W/m2.K. and Kypass = 109 W/m.K

dxw = the wall thickness (m) = 0.0002 m

Hence, on solving Uo = 272.6 W/m?2K

NTU = 22X4° _ 4897304382
Cmin

Qmax = Crmin(Th,i - Tc,) = 2.421432 x (633 - 300) = 806.336856 Watts

1— e(-NTU(1-0))

& = Ce-NTUG-0)

= 0.992441829

0 = Qmax x € = 800.24242248 Watts [Equation set 5.30]
The above quantity tells us the amount of heat transfer taking place in the heat

exchanger between monoethylen glycol (20% mix) and Helium.
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CHAPTER SIX

6. Conclusions and Discussion

6.1 Scope of research

The present research helped establish a stable integrated mathematical model for
dynamic as well as adiabatic analysis. This is an invaluable tool to analyze complex
Stirling systems with good accuracy. This paves the way for further work in the area
including performance prediction, design optimization and parametric study. The
study also helped identify flaws and suggest improvements in existing designs.
Aided by mathematical model, it is possible to analyze the feasibility and
performance of a few novel systems which hold potential for CHP applications and

can incorporate Stirling technology.

Conversion of IC engines into Stirling engine:

Construction of Stirling engines is a cost intensive process requiring precision
machining for any realistic output. Efforts are on to convert an internal combustion
engine into a Stirling engine. IC engines are compact, robust, and relatively cheap
(because they are mass produced). Ease of parts availability, excellent sealing and
ability to withstand high pressure due to robust construction add to the appeal.
This gives us the freedom to run the Stirling cycle at higher pressure thereby
corresponding to an increased work output. An IC gasoline RC aircraft engine is
selected. It is a 2-stroke twin cylinder inline engine. Two such engines can be used
to construct a 4 cylinder Stirling engine wherein one of the twin cylinder engines

acts as hot end and the other as cold end.
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Figure 80 Two cylinder inline gasoline RC aircraft engine for conversion into

Stirling engine

6.2 Keys to using the integrated code
The integrated mathematical model is stable and is capable of predicting and
analyzing results for a wide variety of Stirling engine configurations. The following

points are useful for tuning power output in an engine with the code:
Power output decreases if:
— Operating frequency decreases
— Viscous damping at displacer/hot end piston and power piston increases
— Mass of displacer and power piston decreases
— Spring damping coefficient of power piston decreases

— Spring damping coefficient at displacer/hot end piston increases
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APPENDIX

A. Stirling energy flow diagram

Useful energy

Total energy

Electrical
work

|

Irreversibilities
(conversion
loss)

to working
medium
Expansion Irreversitbilities
work at hot (conduction/
end convection
— losses,
work at cold Irreversitbilities turbule.nce,
end piston | (turbulence, damping,
leakage) vibration)
Mechanical Irreversibilities
work (friction,
damping,
vibration)

Irreversibilities
(conduction
loss,
convection
loss etc.)

The above flow chart is a simple energy flow diagram representing a Stirling system

where useful energy and possible irreversibilities at different stages have been

shown.
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B. MATLAB code integrating dynamic and thermodynamic analysis
[Adiabatic analysis subroutine]

SADIABATIC ANALYSTIS
$SNomenclature

Ve (j,1)=Maximum Hot end volume,

Vhe=Hot end heat exchanger volume
Vhd=hot end dead volume

Vc(j,1)=Cold end volume

Vc(j,1)e=cold end heat exchanger volume
Vc(j,1)d=cold end dead volume

Vd=cold end maximum displacer wvolume
Vp=cold end maximum piston volume

N o o° o° A o° o° o° oo

Vr=regenerator volume

The=hot end heat exchanger temperature
Tce=cold end heat exchanger temperature
Tr=regenerator temperature
Te=expansion space temperature
Tc=compression space temperature
me=expansion space mass

meh=hot end heaat exchanger mass
mr=regenerator mass

mc=compression space mass

mec=cold end heat exchanger mass
p=instantaneous pressure

r=Co/Cv for the working gas

R=gas constant;

f=crank angle

A 00 o° A O o° O° A O o° O O o° o° o°

AL=phase lag
$Define constant wvalues

R=2.0679*1000;
r=1.666666672;
Cp=5.1926*1000;
Cv=3.1156*1000;
Power=zeros (1, 90) ;
efficiency=zeros (1, 90);
clearance=zeros (1,90);
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m=input ('Enter the crank angle increment in degrees : ');
k=input ('\nEnter number of iterations : ');
AL=pi/180%*90;

%Set engine dimensions

% totalv=740;

% vupper=740;

% lbyd=0.5;

$ Di=7;

% Do=1.5*Di;

% s=Di*lbyd;

% Dpis=6;

% Lp=Dpis*lbyd;

% h=0.5; %clearance

% Ld=5; %displacer height

% Li=s+Ld; %inner cylinder height
% Lo=Li+ (2*h); souter cylinder height
% Lr=0.5*Lo; %Regenerator height

% Ltop=(Lo-Lr)/2; $hot & cold end heat exchanger heights

% area=pi/4*Do*Do;

Vhe=input ('Enter hot end heat exchanger volume in cm3: '");
Vce=input ('Enter cold end heat exchanger volume in cm3: ');
Vr=input ('Enter regenerator section volume in cm3: ');

%Set initial conditions

Th=input ('Hot end heat exchanger temperature in K: ');
Tk=input ('Cold end heat exchanger temperature in K: ');
Tr=(Th-Tk) /log (Th/Tk) ;

angle=input ('Enter the total crank angle (in degrees): ');
n=(angle/m) +1;
cyc=angle/360;

p=zeros (k,n);

Ve=zeros (k,n);

Vc=zeros (k,n);

v=zeros (k,n);

Te=zeros (k,n) ;

Tc=zeros (k,n);

p(l,1)=input ('\nInitial charging pressure in MPa: ');
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Wl=zeros (k,n);

$Volume arrays

Vem=input ('Enter expansion end working volume in cm3: ')
\J

) ;

Vp=input ('Enter compression end working volume in cm3:

Vcm=Vem;

Vd=Vem+Vp;

Ved= input ('Enter expansion space dead volume in cm3: ');
Vcd= input ('Enter compression space dead volume in cm3: ');

Ve (l,1)=(Vd/2* (1-cos (m*pi/180))); $Start with displacer
at topmost position

Ve (l,1)=(vVd/2* (1+cos (m*pi/180))+Vp/2* (1-cos ((m*pi/180) -
(AL))))

Vpiston=zeros (k,n);

Vcompression=zeros (k,n);

v=zeros (k,n) ;

v(l,1)=Vc(l,1)+Ve(l,1)+Vr+Vhe+Vce;

v(2,1)=v(1,1);

tMass arrays

Dmc=zeros (k,n
gAck=zeros (k
gAkr=zeros (k
gArh=zeros (k,
gAhe=zeros (k
Dmce=zeros (k
Dmr=zeros (k,n
Dmhe=zeros (k,
mce=zeros (k,n
mhe=zeros (k, n
mr=zeros (k,n) ;

me=zeros (k,n) ;

mc=zeros (k,n) ;

meact=zeros (k,n);

sWork and Heat arrays

DQk=zeros (k,n) ;
Qk=zeros (k,n) ;
DQr=zeros (k,n) ;
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Qr=zeros (k,n);
DQh=zeros (k,n) ;
Qh=zeros (k,n);
DW=zeros (k,n) ;

%0ther arrays

f=zeros (k,n);
fd=zeros (k,n) ;
dexp=zeros (k,n);
dcomp=zeros (k,n) ;
num=zeros (k,n) ;
den=zeros (k,n);
Dp=zeros (k,n);

Tck=Tc(1,1);
The=Th;

term=r* ( (Vce/Tck)+ (Vr/Tr)+ (Vhe/The)) ;

M=(p(l,1)*(Ve(l,1)+Ved)/R/Th)+(p(1,1)*(Vc(l,1)+Vcd)/R/Tk)+(
p(l,1)*Vr/R/Tr)+(p(1l,1)*Vhe/R/Th)+ (p (1, 1) *Vce/R/Tk) ;
mr(l,1)=(p(l,1)*Vr/R/Tr);

mhe (1,1)=(p(1,1)*Vhe/R/Th) ;

mce (1,1)=(p(1,1)*Vce/R/TK) ;
mc(l,1)=(p(l,1)*(Vc(l,1)+Ved)/R/Tk);

for j=1:k
Ve (j,1)=(Vd/2* (1-cos (m*pi/180))); %Start with displacer
at topmost position
Ve (3,1)=(vd/2* (1+cos (m*pi/180) ) +Vp/2* (1-cos ( (m*
pi/180)-(AL))));
Vpiston(j,1)=Vp/2* (1-cos ((m* pi/180)-(AL)));
Vcompression(j,1)=vVd/2* (1+cos (m*pi/180));
v(j,1)=Vc(j,1)+Ve(j,1l)+Vce+Vhe+Vr+Ved+Vcd;
mr(j,1)=(p(j,1)*Vr/R/Tr);
mhe (j,1)=(p(j,1) *Vhe/R/Th) ;
mce (j,1)=(p(j,1) *Vce/R/Tk);
mc (J,1)=(p(J,1)*(Vc(j,1)+Vcd) /R/Tc(3,1));
me(j,l)=M-(mr(j,1l)+mc(j,1l)+mhe(j,1)+mce(J,1));
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for

Te(j,1)=p(j,1)*(Ve(j,1)+Ved)/R/me(j,1);
Tck=Tc(j,1);
The=Th;

i=2:n
£d(§,1)=1i*m;

(j i)=i*m*pi/180;

e(J,1)=(Vem/2* (1-cos (f(3,1)))):
dexp(j,i—l)=Ve(j,i)—Ve(j,i—l);
Ve (j,1)=(vd/2* (1+cos (f(j,1)))+Vp/2* (1-cos(f(j,1)-AL)));
dcomp(j,1-1)=Vc(j,1)-Vc(j,1i-1);
Vcompression (j,1i)=vd/2* (1+cos(f(J,1)));
Vpiston (j,1)=Vp/2* (1-cos(f(j,1i)-AL));
v(j,1)=Vc(j,1)+Ve(j,1i)+Vce+Vhe+tVr+Vcd+Ved;
num (j,1)=-r*p(Jj,1-1)* (((dcomp (j,1i-1))/Tck)+(((dexp(j,i-
1))/The)));
term=r* ( (Vce/Tck)+ (Vr/Tr)+ (Vhe/The)) ;
den(j,1)=((Vc(j,1)+Ved) /Tck)+term+ ( (Ve (J,1)+Ved) /The) ;
Dp(j,i)=num(j,1i)/den(j,1);

p(jri)=P(jri_l)+Dp(jri);

Dmc (J,1)=(((p(J,1)*dcomp(j,1i- 1))+ (Vc(J,1)+Vecd)*
Dp(j,1)/r))/ (R*Tck);

mc (j,1)=mc(j,i-1)+Dmc (J,1);

mr (j,1)=(p(j,1)*Vr/R/Tr);

mhe (j,1)=(p(Jj,1) *Vhe/R/Th);

mce (j,1)=(p(Jj,1) *Vce/R/Tk);

me (j,1)=M-(mc(j,1)+mr (j,1i)+mhe (J,1i)+mce(J,1));
meact (j,1)=p(Jj,1) *Ve (] )/R/Te( i);

Tc(j,1)=p(j,1)*(Vc(j,1)+Ved) /R/mc (J,1);
Te(j,1)=p(j,1)*(Ve(],1)+Ved) /R/me (J,1);

Dmce(jli):mce(jli)*Dp(jli)/p(jli);
Dmr(jli):mr(jli)*Dp(jli)/p(jli);
Dmhe(jli):mhe(jli)*Dp(jli)/p(jli);

gAck (j,i)=-Dmc(j, 1)

gAkr (j,1i)=gAck(j,1i)-Dmce (j,1);
gArh(j,1)=gAkr(j,1i)-Dmr(j,1);

ghAhe (j,1i)=gArh(j, i) -Dmhe (j,1);



if gAck(j,1i)>0
Tck=Tc(j,1);
Tkr=Tk;

else
Tck=Tk;
Tkr=Tk;

end

if gAhe(j,1)>0
The=Th;
Trh=Th;

else
The=Te (j,1);
Trh=Th;

end

DW(3j,1)=(p(j,1)+p(3,1-1))/2* (dcomp (j,i-1)+dexp(j,i-1));
Wl(j,i)=Wl(j,i—1)+DW(j,i),'

DOk (j,1)=((Vce)*Dp (], 1) *Cv/R)-Cp* ((Tck*gAck(j,1)) -
(Tkr*gAkr(j,1)));
Qk(J,1)=Qk(J,1-1)+DQk(J, 1) ;
DQr (j,1i)=(Vr*Dp(j, i) *Cv/R) -Cp* ((Tkr*gAkr(j,i)) -
(Trh*gArh(j,1)));
Qr(j,1)=0Qr(j,1i-1)+DQr(j,1);
end
p(j+1,1)=p(j,n);
Tc(j+1,1)=Tc(j,n);

end

disp('Compression ratio for the engine = '");
disp(max(v(:))/min(v(:)));

Oh (k, n)=W1 (k,n) -Qk (k,n) ;

disp('Heat given per cycle in J = ");

disp (Qh (k,n) /cyc) ;

disp ('Heat rejected per cycle in J = ');

disp (Qk (k,n) /cyc) ;

disp ('Regenerator net heat per cycle in J = '");

disp (Qr (k,n) /cyc) ;

temp= (W1 (k, n)+Qh (k,n) +Qk (k,n)) /2;

disp('Work output per cycle in J = ');

disp ((W1(k,n)) /cyc);

disp('Efficiency of the engine in percentage = ');
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disp ((Wl(k,n)/Qh(k,n))*100);

disp('Power for 41.67Hz operating frequency in W = ');
disp (W1l (k,n)*41.67/cyc);

disp(mean(p(k,1:n)));

[Dynamic analysis subroutine]

%% DYNAMIC ANALYSIS

% Nomenclature

format long;

w_op=zeros(n,1l); %operating
frequency of the system

rpm op=zeros(n,1l); soperating rpm of
the system

m c=input ('\nEnter total mass of stationary cylinder
components or casing in kg: '); %Stotal mass of stationary

cylinder components in kg

t design=input ('\n\nEnter 1 for flywheel design or 2 for

spring based Stirling design: ');

if t design ==
m fly=input ('\n\nEnter mass of flywheel in kg: ');
K const=input ('\nEnter inertia constant of flywheel
(depends upon shape of flywheel): '");
r fly=input ('\nRadius of flywheel in metres: ');
f des=input ('\nEnter design angular velocity in rps
or design frequency in Hz:');
cp_str=input ('\nEnter cold end piston or power
piston stroke in mm: ');
hp str=input ('\nHot end piston stroke in mm: '");

%% hot end piston variables
w_hp=zeros(n,1); sundamped natural resonance frequency
of hot end piston
Q hp=zeros(n,1); $stored hot end piston energy/energy
loss per cycle at hot end piston oscillating at w hp

Q flyl=zeros(n,1); %stored flywheel energy with respect
to hot end piston/energy loss per cycle at flwyheel with
respect to hot end piston(system at rpm op)

k _hp=zeros(n,1); $w_hp=sgrt (k_hp/m_hp)
dp=zeros(n,1); %pressure variation obtained from

thermodynamic analysis
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x_hp=zeros(n,1l); %array to store hot end position values
dx hp=zeros(n,1l); %array to store hot end piston position
change with increasing crank angle in metres
D hp=input ('\n\nEnter damping coefficient on hot end piston
due to wviscous forces: ');
D flyl=input ('\nEnter flywheel damping coefficient at hot

end piston: ');

m hp=input ('\nEnter mass of hot end piston in kg: ");

dia hp=input ('\nEnter diameter of hot end piston in mm: ');

cl hp=input ('\nClearance at hot end piston in mm: ');

A hp=pi/4*((dia_hp/1000).72); %displacer or hot end piston
cross-sectional area in m"2

x_hp(l,l)=hp_str/2000*(1+cos(O)); %$initial hot end piston

position
gmc from thermodynamic analysis
X _exp=zeros (n,1); %array to store expansion space

displacement wvalues
x exp(l,1)=hp str/2000* (1+cos(0))+cl hp/1000; Sinitial
expansion space position
dx exp=zeros(n,1); %array tl0o store expansion space
position change with increasing crank
angle in metres at cold end

k _eql=(K const*m fly*r fly*r fly*f des)/(hp str/1000);
$Approximate equivalent spring stiffness in N/m for the
flywheel at hot end piston

p eql(l,1)=(k eqgl*dx hp(1l,1))/A hp; %approximate
equivalent spring pressure for the flywheel at hot end
piston

dp _egl=zeros(n,1l); Sarray to store varying approximate

equivalent spring pressure for the flywheel at hot end
piston

alpha p=zeros(n,1); S%thermal coupling between cold end
power piston and hot end piston

stotal pressure(p) at each point or crank angle obtained
from thermodynamic analysis

%f(j,1) or phase difference is obtained from thermodynamic
analysis
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%% cold end power piston

opt= input ('\nExpected phase difference in degrees: ');
w_cp=zeros(n,1l); sundamped natural resonance frequency

of cold end power piston

Q cp=zeros(n,1); %stored cold end power piston
energy/energy loss per cycle at cold end power piston
oscillating at w _cp

Q flyZ2=zeros(n,1l); %stored flywheel energy with respect to
cold end power piston/energy loss per cycle at flwyheel
with respect to cold end power piston(system at rpm op)

k cp=zeros(n,1); $w_cp=sqrt (k_cp/m_cp)
X cp=zeros(n,1); %array to store cold end power piston

position values
dx cp=zeros(n,1); %array to store cold end power piston
position change with increasing crank angle in metres

D cp=input ('\n\nEnter damping coefficient on cold end power

piston due to viscous forces: ');

D fly2=input ('\nEnter flywheel damping coefficient at cold

end power piston: ');

m cp=input ('\nEnter mass of cold end piston in kg: ");

dia cp=input ('\nDiameter of cold end piston in mm: '");

cl cp=input ('\nClearance at cold end piston in mm: ');

A cp=pi/4*((dia cp/1000)"2); Spower piston cross-sectional
area in m"2

x cp(l,1l)=cp str/2000* (l+cos(opt)); %initial cold end power

piston position

gmc from thermodynamic analysis

x_comp=zeros(n,1l); S%array to store compression space
displacement values
x_comp(l,1)=hp str/2000* (1+cos (0))+cp str/2000* (1-cos (0-

AL))+cl cp/1000; %initial compression space position
dx comp=zeros(n,1); %array to store compression space

postition change with increasing crank angle in metres at
cold end

k_eqg2=(K const*m fly*r fly*r fly*f des)/(cp str/1000);
$Approximate equivalent spring stiffness in N/m for the
flywheel at cold end power piston
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p eqg2(l,1)=(k eg2*dx cp(l,1))/A cp; %approximate equivalent
spring pressure for the flywheel at cold end power piston
dp egZ2=zeros(n,1); %array to store varying spring
pressure at power piston
alpha t=zeros(n,1l); Sthermal coupling between hot end
piston motion and cold end power piston force
alpha=zeros(n,1); %|alpha t*alpha p|

f=zeros(n,1);
fd=zeros(n,1);

str ratio=zeros(n,1l); %Stroke ratio = [Xd/Xp| where Xd is
is the amplitude of the displacer and Xp is the amplitude
of the power piston

phi=zeros(n,1); %phase angle
phi d=zeros(n,1); %phase angle degree
POW=zeros (n,1); %Engine power

%% Calculations

g=input ('\n\nEnter the required taylor series order: ');
syms x

tay f=exp (x);

tf=taylor(tay f,x, 'Order', q);

tf v=matlabFunction (tf);

x=m*pi/180;

t v=feval (tf v,sqgrt(-1)*x);

for i=2:n
fd(i,1l)=1i*m;
f(i,1)=1*m*pi/180;
dp(1)=(p(k,1)-p(k,1i-1))*1076;

%hot end piston

x exp(i,1)=hp str/2000* (1+cos(f(i,1)))+cl hp/1000;
sinstantaneous x exp

dx exp(i,1l)=x exp(i,1l)-x exp(i-1,1);

x _hp(i,1)=hp str/2000* (l+cos(f(i,1))); %instantaneous
X hp

dx hp(i,1)=x hp(i,1)-x hp(i-1,1);

p eql(i,1)=(k _egl*dx hp(i,1))/A hp; %instantaneous
p eql
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dp eql(i,1)=p egl(i,1)-p eql(i-1,1);
k_hp(i,l)=abs(A_hp*((dp(i)/dx_hp(i))—
((dp_eql(i)/dx hp(i))))-((m hp/m c)*(dp(i)/0.00005))-
((dp eql(i)/dx hp(i))));

w_hp(i)=real(sqgrt(k hp(i,1)/m hp));

Q _hp(i)=real ((w_hp(i)*m_hp)/ (2*pi*D_hp));

Q flyl(i)=real ((w hp(i)*m hp)/(2*pi*D flyl));

%cold end power piston

x_comp(i,l):hp_str/ZOOO*(l+cos(f(i,l)))+cp_str/2000*(l—
cos(f(i,1)-AL))+cl cp/1000; $instantaneous x comp

dx comp(i,1l)=x comp(i,1)-x comp(i-1,1);

x cp(i,1l)=cp str/2000* (l+cos (opt+f (i, 1)));
%instantaneous X cp

dx cp(i,1)=x cp(i,1)-x cp(i-1,1);

p eqg2(i,1l)=(k eg2*dx cp(i,1))/A cp; %instantaneous

p_eqz
dp eqg2(i,1l)=p eg2(i,1l)-p eg2(i-1,1);
k_cp(i,1l)=abs(A_cp* ((dp(i)/dx_cp(i)))-
((m_cp/m_c)* (dp (i) /0.00005)) -

((dp_eqg2 (i) /dx cp(i))));

w cp(i)=sqgrt(k cp(i,1)/m cp);

Q cp(i)=(w_cp(i)*m_cp)/ (2*pi*D_cp);

Q fly2(i)=(w_cp(i)*m cp)/ (2*pi*D_fly2);

)
dp
((dp_eqg2 (i) /dx cp(i))) -
)
)
)

soperating frequency or rpm

w_op (1)=real ((((w_cp(1)*w_hp(1))*((Q_hp(1)*Q flyl(1i))=*((Q_f
1y2(1)+Q cp(i)))+(Q cp(i)*Q fly2(i))*(Q flyl(i)+Q hp(i))))/

((w_cp(i)*w_hp(i)*Q flyl(i)*(Q _fly2(i)+Q cp(i)))+(w_hp(i)*Q
_cp(1)*Q fly2 (i) *(Q_£flyl(i)+Q _hp(i))))));
rpm op (i)=60*w op(i);

Q

% Engine parameters

alpha p(i,1)=abs (A hp* ((dp(i)/dx cp(i)))-

((m_cp/m _c)*(dp(i)/0.00005)));

alpha t(i,1)=abs (A cp*((dp(i)/dx hp(i)))-
)

((m_hp/m_c)*(dp(1)/0.00005)));

alpha (i)=abs (alpha t(i,1)*alpha p(i,1));

str ratio(i)=abs((alpha p(i,1)/k hp(i,1))*(((1-
((w op(i)/w hp(i))"2))"2)+(w op(i)/ (2*pi*w hp(i))*
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((1/Q hp(i))))~2)~(-1/2));

phi(i,1)=abs(atan((w op(i)/ (2*pi*w hp(i))*

((1/Q hp(41)))/ (((((w_op(i))"2)/((w _hp(i))"2))-1)))));
phi d(i,1)=90-(phi(i)*(180/pi));

POW (i) =abs (( (mean(w_op(i))*me (alpha t(i))/2)*max (X d(i))*ma

x(X_p(i))) *sin(max (phi(i))));
end
disp ('Power output per cycle from engine in Watts = ');
disp ((sum (POW)) /cyc) ;
disp('Average operating frequency of engine in rpm= ');
disp(mean((w _op*60),1));
disp('Stroke-ratio of engine = ");
(

disp(mean(str ratio,1));

disp('Optimal Phase difference between displacer and power
piston in degrees = '");

disp (max (phi d));

elseif ( t design == 2 )

d str=input ('\nEnter displacer stroke in mm: ');
p_str=input ('\nEnter power piston stroke in mm: ');
cl d=input('\nClearance at displacer in mm: '");
cl p=input('\nClearance at power piston in mm: ');

%% displacer variables

w_d=zeros(n,1); sundamped natural resonance frequency of
displacer at hot end

Q d=zeros(n,1); $stored displacer energy/energy loss per
cycle at displacer oscillating at w d

D d=input ('\n\nEnter damping coefficient on displacer due

to viscous forces: '); %Damping on displacer due to viscous
forces
D sl=input ('\nSpring damping coefficient at displacer : ');

$Spring damping coefficient at displacer

ldal=input ('\nEnter angle between displacer spring and

horizontal in radians: '); %angle between displacer spring
and horizontal in radians
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dell=(sin(ldal))"*2; %spring orientation coefficient at

displacer
Q sl=zeros(n,1l); S%stored spring energy at displacer/energy
loss per cycle at spring of displacer oscillating at w d
m d=input ('\nEnter mass of hot end displacer in kg: '");
tmass of hot end displacer in kg
k d=zeros(n,1); $w_d=sqgrt(k d/m d)
dia d=input ('\nEnter displacer diameter in mm : "); %70
A d=pi/4*((dia d/1000)"2); $displacer cross-sectional
area in m"2
dp=zeros(n,1); %pressure variation obtained from
thermodynamic analysis
x d=zeros(n,1); %array to store displacer position values
x_d(l,l)=d_str/2000*(1+cos(O)); %$initial displacer position

dx d=zeros(n,1l); Sarray to store displacer position change
with increasing crank angle in metres at hot end

gmc from thermodynamic analysis

x _e=zeros(n,1l); %array to store expansion space
displacement values
x e(l,1)=d str/2000* (1+cos(0))+(cl d4/1000); Sinitial
expansion space position
dx e=zeros(n,1l); Sarray to store expansion space postition
change with increasing crank angle in metres at cold end

n_s=input ('\n\nEnter the number of springs attached to the

displacer: '"); %1 number of springs attached to displacer
k _s=input ('\nSpring stiffness at displacer in N/m : '");

%550 spring stiffness in N/m
p s(l,1)=(k s*dx d(1,1))/A d; %spring pressure at displacer

dp s=zeros(n,1); %array to store varying spring pressure
at displacer

alpha p=zeros(n,1); %thermal coupling between piston and
displacer

stotal pressure(p) at each point or crank angle obtained
from thermodynamic analysis

%f(j,1) or phase difference is obtained from thermodynamic
analysis

Q

%% power piston

opt= input ('\nExpected phase difference in degrees: ');
w_p=zeros(n,1); sundamped natural resonance frequency of
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power piston at cold end

Q p=zeros(n,1l); %stored power piston energy/energy loss per

cycle at power piston oscillating at w p
D p=input ('\n\nEnter damping coefficient on cold end power
piston due to viscous forces: '); %Damping on power piston

due to viscous forces

D s2=input ('\nEnter spring damping coefficient at cold end
power piston: '); %Spring damping coeff. at power piston
lda2=input ('\nEnter angle between cold end power piston
spring and horizontal in radians: '); $pi/2 angle
between power piston spring and horizontal in radians
del2=(sin(lda2))"2; S%$spring orientation coefficient at
power piston
Q s2=zeros(n,1); %$stored spring energy at power
piston/energy loss per cycle at spring of power piston
oscillating at w p
m p=input ('\nEnter mass of cold end power piston in kg: ');
gmass of cold end power piston in kg
k p=zeros(n,1); $w_p=sqrt (k p/m p)

dia p=input ('\nEnter cold end power piston diameter in mm:

")

A p=pi/4*((dia p/1000)"2); $power piston cross-sectional
area in m"2

X _p=zeros(n,1l); %array for power piston position values

x p(l,1)=p str/2000* (1+cos (opt)); %initial power piston
position

dx p=zeros(n,1); %array to store power piston position

change with increasing crank angle in metres at cold end
gmc from thermodynamic analysis

x c=zeros(n,1); %array to store compression space
displacement wvalues
x c(1,1)=d str/2000* (1+cos (0))+p str/2000* (1-cos (0-

AL))+(cl p/1000); %initial compression space position
dx c=zeros(n,1); %array to store compression space

postition change with increasing crank angle in metres at
cold end

n_s2=input ('\n\nEnter number of springs attached to cold
end power piston: '); snumber of springs attached to
power piston
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k s2=input ('\nEnter spring stiffness at cold end power

piston in N/m: '); $spring stiffness in N/m
p s2(1,1)=(k s2*dx p(1,1))/A p; %displacer spring pressure
dp s2=zeros(n,1); %array for varying spring pressure at

power piston

alpha t=zeros(n,1l); Sthermal coupling between displacer
motion and power piston force

alpha=zeros(n,1); $|lalpha t*alpha p|

f=zeros(n,1);

fd=zeros(n,1);

goc=zeros(n,1l); %$General oscillation criterion
str ratio=zeros(n,1); %$Stroke ratio = |Xd/Xp| where Xd

is the amplitude of the displacer and Xp is the amplitude
of the power piston

phi=zeros(n,1); %phase angle
phi d=zeros(n,1); %phase angle degree
POW=zeros (n,1); $Engine power

%% Calculations

g=input ('\n\nEnter the required taylor series order: ');
syms x

tay f=exp (x);

tf=taylor(tay f,x, 'Order', q);

tf v=matlabFunction (tf);

x=m*pi/180;

t v=feval (tf v,sqgrt(-1)*x);

for i=2:n
fd(i,1l)=1i*m;
f(i,1)=1i*m*pi/180;
dp(i)=(p(k,1)-p(k,1i-1))*10"6;

%displacer

x e(i,1)=d str/2000* (l+cos(f(i,1)))+(cl _d/1000);
sinstantaneous x e

dx e(i,1)=x e(i,1)-x e(i-1,1);

x d(i,1)=d str/2000* (l+cos(f(i,1))); %instantaneous x d
dx d(i,1)=x d(i,1)-x d(i-1,1);
p s(i,1)=(k s*dx d(i,1))/A d; $instantaneous p s

dp_s(i,1)=p_s(i,1)-p_s(i-1,1);
k d(i,1)=abs (A d*((dp(i)/dx d(i))-(n_s*dell*
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(dp_s(i)/dx d(i))))-((m d/m c)*(dp(i)/0.00005))-(n_s*

dell* (dp s (i) /dx d(i))))

W d( )=real (sqrt (k_ (
d(i)=real ((w ) *

7 /m_d));
d(i
Q sl(i)= real((w_d(l

1)
)/(2*pl*D_d));

)*m _d)/(2*pi*D_sl1));

power piston

x c(i,1)=d str/2000* (1+cos(f(i,1)))+p str/2000* (1-

cos(f(i,1)-AL))+(cl p/1000); $instantaneous x C

dx c(i,1)=x c(i,1)-x c(i-1,1);

x p(i,1)=p str/2000* (1+cos (opt+f(i,1)));
$instantaneous x p

dx p(i,1)=x p(i,1)-x p(i-1,1);

p s2(i,1)=(k _s2*dx p(i,1))/A p; $instantaneous p_ s2

dp s2(i,1)=p s2(i,1)-p s2(i-1,1);

k p(i,1)=abs (A p*((dp(i)/dx p(i)))-(n s2*del2x
(dp_s2(i)/dx_p(i)))-((m_p/m c)*(dp(i)/0.00005))-
(n_s2*del2* (dp s2(i)/dx p(i))));
w_p(i)=sqrt(k_p(i,1)/m p);

Q p(i)=(w_p(i)*m p)/ (2*pi*D_p);

Q s2(i)=(w_p(i)*m_p)/(2*pi*D_s2);

%operating frequency

w op(i)=real ((((w p(i)*w d(i))*((Q d(i)*Q s1(i))*((Q s2(i)+
del2*Q p(i)))+(Q p(i)*Q_s2(1i))*(Q_ sl( )+dell*Q d(i))))/ ((w_
p(i)*w d(i)*Q sl1(i)*(Q s2(i)+del2*Q p(i)))+(w d(i)*Q p(i)*
82 (1) *(Q sl (i)+dell*Q d(i))))));

%$General oscillation criterion

alpha p(i,1)=abs (A d*((dp(i)/dx p(i)))-((m p/m c)*

(dp (i) /0.00005))) ;

alpha t(i,1)=abs (A p* ((dp(i)/dx d(i)))-((m d/m c)*

(dp (i) /0.00005))) ;
alpha (i)=abs(alpha t(i,1)*alpha p(i,1));

goc (i)=abs (m_d*m p*(w_op (i)+w_d(i))*(w_op(i)+w_p(i))*
sqrt (((w_op(i)-w _d(i))"2)+((w _d(i)/ (4*pi))*((1/Q d(i))+
(dell/Q s1(i)))"2))*sgrt(((w_op(i)-w p(i))"2)+
((w_ p(i)/(4*pi))*((1/Q p(i))+(del2/Q s2(i)))"2)));
if (alpha(i)-goc(i)>=0)
semilogy (fd(i),alpha(i)-goc(i));
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%checking for damped system characteristics
title('General oscillation criterion Vs. Crank angle
in degrees');
xlabel ('Crank angle in degrees');
ylabel ('Oscillation condition - log scale to base
10");
hold on

end

str ratio(i)=abs((alpha p(i,1)/k d(i,1))*

(((1-((w_op(i)/w d(i))"2))"2)+(w op(i)/(2*pi*w d(i))*
((1/Q d(i))+(dell/Q s1(i))))"2)"(-1/2));
phi (i, 1)=abs (atan ((w_ op(1)/(2*pl*w d(i))*((1/Q d(i))+(dell/
Q s1(i)))/ (((((w op(i))"2)/( 1))72))=-1)))))
phi d(i,1)=90- (phl(l)*(180/p1));
X_d(i)=x_d(i)/(t_v);
X p(i)=x_p(i)/(t_v);
POW (1) =abs (((mean(w op(i)) *max (alpha t(i))/2)*max(X d(i))*m
ax (X p(i)))*sin(max(phi(i))));
end
disp ('Power output per cycle from engine in Watts = ');
disp ( (sum(POW) ) /cyc) ;
disp ('Average operating frequency of engine in Hertz= ');
disp (mean(w op,1));
disp('Stroke-ratio of engine = ");
(

disp(mean(str ratio,1l));

disp('Optimal Phase difference between displacer and power
piston in degrees = '");

disp (mean (phi d));

end

137



C. Drafting and manufacturing photos of engine
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Figure 81 Design and manufacturing photos of free piston Stirling engine parts

139



Figure 82 Photographs of the modlified engine
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