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Advances in computational design and fabrication have driven a paradigm shift in geo-

metric control, with mechanical mechanisms inspiring novel materials, and novel materials

enabling enhanced modalities. With clear target constraints, inverse design strategies offer

specific material properties, but for loosely defined problems or high degrees of freedom,

there remains a gap between material generation and application-specific functionality. For

morphing and large strain designs, approximating material behavior with kinematic repre-

sentations of soft and hard deformation modes drastically simplifies the design space and

enables streamlined evaluation. This work presents a framework for tiling mechanism-based

unit cells to create novel transforming structures and materials. These designs solve prob-

lems in a broad range of fields including Robotics, Aerospace, Medical, and Civil. Pulling

inspiration from both the natural and manmade world, this work investigates cases where

physical transformation enhances adaptability, efficiency, and control capabilities. I exam-

ine mechanism-based morphing materials with four sub-classes, (1) Linear tiling of flexible

mechanisms, (2) Wrapped planar tilings (3) Hierarchical deployable metamaterials, and (4)

reprogrammable shape change. Combining rational design with computational methods and

geometric symmetry, this work demonstrates application-focused manipulation of geometric

form for targeted function.
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Chapter 1

INTRODUCTION

1.1 Transforming Metamaterials

We commonly see shape control and manipulation at work in the natural world, which sets

a high bar for efficiency and adaptability. Biology optimizes both material and energy to

create complex and multipurpose structures that adapt to constantly changing surroundings

[12, 104]. Poplar, black locust, and holly leaf’s morph to match wind speed, rolling into

tight, streamlined bundles to reduce drag [147] . A bird’s primary flight feathers separate

on the upstroke to allow airflow, then close on the down stroke to maximize force [45]. Sea

cucumbers shift the tensile modulus of their skin from 5 to 50 MPa to both squeeze through

in coral and resist attack [98]. In contrast, our tools and materials tend to be static and

rigid. Our systems are typically built with precise constraints that often fit clumsily with

real-world nonuniformity.

Across both nature and engineered systems, we see examples of different geometric

structures driving vastly different material behavior at a variety of size scales. In terms of

computation, our technology and capabilities have exponentially improved, including op-

tions for physical design and fabrication. We can create rationally designed materials and

structures that have capabilities far beyond those used in conventional design and typically

found in nature, including tunable elasticity [5, 46, 157, 37], reprogrammable capabilities

[144, 28, 90], tailored shape deformation [157, 16, 35, 84, 19, 65, 23, 33], and extreme tough-

ness [133]. Tuning geometry for desired functionality creates mechanical intelligence [73]

and can used to build passively morphing wind turbine blades [22] or kites that modu-

late stiffness depending on speed [74]. Adding controlled actuation to mechanically intelli-

gent systems, enables advances such as shape changing soft robots that can adapt to their
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Figure 1.1: Rigid man-made systems often adapt poorly to organic problems and nonunifor-
mity. This work explores how patterned mechanisms can create transforming and adapting
materials that act as flexible interfaces to solve application specific problems

environment[132], end effectors that grip difficult objects [56, 129, 68], and novel locomotion

strategies [83]. Flexible and transforming materials adapt for novel functionality, bridging

the gap between the precise constraints of engineered systems and nonuniformity present in

real world problems (Figure 1.1).

Despite their broad potential, effective design and integration of tailored transforming

metamaterials is notoriously difficult. With high degrees of design freedom, current com-

putational strategies often solve only parts of the problem, often falling into local optima,

losing generality, and obfuscating the design process [164]. As a result, most published

work stems from some combination of observation-based inspiration, analytical model, or

physical reasoning, and then builds to parameterize and characterize the material for use-

ful application. For design of large-strain, morphing materials, reducing material behavior

down to soft and hard deformation modes [34] lets us dramatically reduce the structure’s

design space. Flexure based designs let us approximately match kinematic behavior to

that of rigid links and revolute joints. Starting with this simple basis for motion, material
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exploration and optimization can be more easily implemented using well defined analysis

strategies. Further parameterization of the structures can be used to create a differentiable

design space, with pareto optimal solutions. Approximating unit cell behavior as defined

kinematic mechanisms allows both drastically simplified system analysis and strong physi-

cal intuition for material and structure behavior. Tiling these cells in 1D-3D space lets us

tailor material deformation for varied and adaptable materials. Despite their broad poten-

tial, effective design and integration of tailored transforming metamaterials is notoriously

difficult. With high degrees of design freedom, current computational strategies often solve

only parts of the problem, often falling into local optima, losing generality, and obfuscating

the design process [164]. As a result, most published work stems from some combination of

observation-based inspiration, analytical model, or physical reasoning, and then builds to

parameterize and characterize the material for useful application. For design of large-strain,

morphing materials, reducing material behavior down to soft and hard deformation modes

[34] lets us dramatically reduce the structure’s design space. Flexure based designs let us

approximately match kinematic behavior to that of rigid links and revolute joints. Start-

ing with this simple basis for motion, material exploration and optimization can be more

easily implemented using well defined analysis strategies. Further parameterization of the

structures can be used to create a differentiable design space, with pareto optimal solutions.

Approximating unit cell behavior as defined kinematic mechanisms allows both drastically

simplified system analysis and strong physical intuition for material and structure behavior.

Tiling these cells in 1D-3D space lets us tailor material deformation for varied and adaptable

materials.

1.2 Mechanism-Based Design Principles

Here, we describe a rational design strategy for defining and optimizing geometry based

on kinematic approximations of materials hard and soft deformations modes for practical

applications. This design strategy first considers application specific design constraints,

typically starting with simple motion requirements (Figure 1.2). Problem definition may be

broad and loosely defined, so application of domain specific knowledge, including interdisci-

plinary cross-pollination and expert feedback is often critical to fully define the constraints.
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Figure 1.2: This design workflow offers a balanced approach for application specific large-
strain metamaterial design. This process pairs domain specific knowledge with analysis to
create a flexible and transparent design strategy

Next, we identify potential mechanisms suitable for the desired functionality, this may in-

clude inspiration such as kinematic models, previously defined mechanisms, bioinspiration,

or physical reasoning. While inverse computational methods such as topology optimiza-

tion or generative artificial intelligence (AI) may be helpful for this step, additional work is

required in this area to develop more universal and broadly applicable tools.

With a target kinematic behavior defined, the next step is to adapt unit cell mecha-

nism designs with tunable parameters and clear soft modes of deformation. By generating

computer aided design (CAD) sweeps and running bulk finite element (FE) simulations,

we can characterize the unit cell performance space for targeted design and optimization of

the structure. Tiling these unit cells in 1D to 3D space creates effective material properties

defined by the cells and their relative organization. Looping through these design steps at

each stage of the design, kinematic mechanism, unit cell, and tiled construction, let us ad-

just the material properties to further fit the desired functionality. After homogenizing the

resulting material, additional levels of hierarchy can also be beneficial, by making secondary

mechanisms from the resulting material. This design strategy allows for transparent design

tactics, creating generalized and tunable materials for a wide range of problems.
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1.3 Domain Specific Applications

The following four chapters of this work (chapters 2-5) apply this basic design strategy to

interdisciplinary problems, creating tunable and adaptive structures and materials (Figure

1.3). Each of these chapters focus on nonuniform systems, where rigidly defined constraints

but adapt to flexible and changing environments. This includes building adaptive sup-

port materials for bridge expansion joints, torque transmitting materials for bending and

extending soft robots, super expanding structural beams for aerospace applications, and

reprogrammable morphing materials for active tactile displays or manufacturing. Each

chapter focused on a geometric category for shape changing metamaterials, with targeted

1D-3D tiling, hierarchy, and complex on-demand shape transformation.

Chapter 2: Presents 1D tiling based on chevron-shaped unit cells that support a large

vertical load but easily flex with bridge modular expansion joints for roadway noise reduc-

tion. These are tiled with an ∞∗ (orbifold notation) Frieze group symmetry to extend along

the width of each expansion joint gap.

Chapter 3: Presents 2D and 3D tiling for bending and extending drive shafts. To achieve

this, we tile straight line mechanisms (SLMs) across a plane with an ∗∗ (orbifold notation)

wallpaper pattern and then extrude and wrap it around a cylinder to create a bendable,

extendable, torsionally rigid (BETR) hollow shafts.

Chapter 4: Implements hierarchical geometry for improved structural properties of de-

ployable beams. Hierarchical reorientation along multiple axis allows for tight geometric

packing and cohesive reorientation to achieve large (>50x) extension ratios from final to

initial length.

Chapter 5: presents a subset of reprogrammable lattices that can be actively controlled to

morph between valid physical states by leveraging low energy deformation modes. We define

required geometric conditions for predictable transitions, create an inverse design method

for shape matching, display 2D information and make fully developable 3D surfaces.

Collectively, this work demonstrates how tailored mechanism adaptations can be ar-

ranged and patterned to create unique functional materials and solutions to focused prob-

lems.
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Figure 1.3: This work leverages tiled mechanism transformations to solve problems in four
different application spaces, infrastructure modification, medical robotics, deployable space
structures, and reprogrammable information displays. These problems have been presented
based on their construction category, from simple 1D patterns to complex systems for repro-
grammable transformations.
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Chapter 2

DESIGN AND TESTING OF MODULAR EXPANSION JOINT NOISE
MITIGATION STRATEGIES

2.1 Abstract

This investigation focuses on the design and feasibility of noise mitigation strategies for

installation in modular expansion joints (MEJs) on highway bridges. Expansion joints are

necessary for effective bridge function but contribute greatly to surrounding noise pollution.

The three primary sources of noise from MEJs identified include the resonance of the air

within the gaps, the resonance of the beams, and the resonance of the tires. By incorporating

engineered chevron support structures into the gaps of the MEJs, the research demonstrates

the feasibility of significantly reducing noise emanating from MEJs. The novel chevron

design flexes to expand and contract, matching the movement of the roadway but resisting

vertical loading from cars driving overhead. The noise reduction treatment was applied to

a westbound lane of the east MEJ on the SR 520 floating bridge across Lake Washington,

connecting Seattle with the city of Medina, for a two-month evaluation period. According to

energy spectral density data collected from roadside audio recordings, this solution proved

to be highly effective. At a distance of 160 feet from the joint, a noise reduction of more

than 10 dB in the 500 Hz to 900 Hz frequency range was recorded. Beyond 500 feet, the

distinction between noise from the concrete road surface and from the MEJ diminished to

the extent that it became challenging to discern when individual cars traversed the MEJ.

2.2 Introduction

Bridge and viaduct expansion joints play a critical role worldwide by enabling movement

of the structure with changing environmental conditions. Expansion joints can be found on

bridges around the world, each with specific designs, dimensions, and materials (Figure 2.1).

However, they all share the same concept: they connect two isolated sections of a bridge to
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provide a continuous medium for travelers [149]. The reason for having two or more isolated

sections on the bridge is to make sure that expansion and contraction of the bridge due to

changes in water level (for floating bridges), changes in temperature, lateral and rotational

movement induced by wind and current, and general land movement do not cause any

damage. The expansion allows motion to occur without causing excessive stress in the bridge

that can lead to catastrophic failure. While expansion joints remain a necessary component

for effective development, they also contribute to noise pollution and have become an area

of focus for acoustic studies and noise mitigation strategies [40, 18, 88, 116, 11, 106, 96,

122, 41]. Several potential technologies reduce expansion joint noise, such as sinus plates

[135, 136, 149], foam inserts [140, 7], and Helmholtz absorbers [11]; however, these solutions

either require large-scale bridge renovation, fail to effectively reduce expansion joint noise, or

require frequent maintenance. This study presents an alternative sound mitigation strategy

for existing expansion joints. Large modular expansion joints (MEJs) such as those installed

on Washington State’s Evergreen Point Floating Bridge across Lake Washington (SR 520

bridge) tend to result in nuisance noise generation. Shortly after that bridge opened in

2016, the Washington State Department of Transportation (WSDOT) began receiving noise

complaints related to the large expansion joints on the east and west ends of the bridge.

The noticeable impact of each car hitting the MEJs contributes to noise pollution in the

area. While this specific bridge has received complaints since its opening, similar expansion

joints pose similar difficulties associated with noise. To combat this problem, we developed,

fabricated, and installed a trial noise mitigation treatment in a single lane of the SR 520

floating bridge. Over the course of two months, we recorded and processed sound data to

evaluate our results. This study offered significant insight into the mechanism and practical

mitigation of MEJ noise.

The Modular Expansion Joint

The expansion joint consists of longitudinal beams that are simple supported at one end

sliding at the other end leaving room for expansion and contraction. These large longitudinal

beams support a travel surface for the vehicle consisting of several smaller beams in the
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Figure 2.1: Expansion joint design. The I-beams run across the lanes to provide a continuous
medium of traffic with the two sides of the bridge. (A) Engineering drawing of the expansion
joint. (B) Installed expansion joint.

transverse direction connected by flexible members (Figure 2.1). The space between the

transverse beams varies depending on the contraction and expansion of the bridge and

typically varies between one and three inches. A seal made of a flexible material (neoprene)

is usually mounted between each beam (below the surface of travel) to collect debris, dirt,

water and/or any parts/particles that can potentially cause damage to the substructure of

the expansion joint, as well as to keep untreated water and debris from entering the water

below.

2.3 Methods

Sound Equipment

We obtained noise measurements with a Brüel and Kjaer Type 2270-S, class 1 (BK2270)

sound level meter. We sampled acoustic data at a frequency of 48,000 Hz and recorded the

files as 24-bit .wav files. We calibrated our files using a Brüel and Kjaer Type 4231 sound

calibrator that outputs a 94±0.2 dB re 20 µPa tone at 1000 Hz.

Data Collection and Processing

Each sound level recording consisted of ∼90 seconds of audio, during which many vehi-

cles struck the modular expansion joint. To extract meaningful results from our sound
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measurements, we manually labelled events by selecting the start and end time of every

vehicle that passed over the desired portion of the expansion joint. To do this, we compared

matched video recordings to each audio recording to observe the specific time that each ve-

hicle successfully struck the expansion joint segment in which our treatment was installed.

To limit the influence of additional background noise, we selected only samples in which a

single vehicle drove over the MEJ at a time. Additionally, we marked a short period (∼.1

second) directly before the vehicle struck the expansion joint to act as a baseline measure-

ment for comparison between the flat roadway and the MEJ for each vehicle. We used the

open-source audio editor Audacity to mark and export text files with this information.

Next we computed the energy spectral density (ESD) to measure the associated spectra

for each event [36, 4]. This computation adapted the general method used during phase 1

of this project [118], and leveraged the SciPy. Signal toolbox [146] in Python to compute

the power spectral density (PSD). We presented the ESD in dB with reference to Eref of 1

J/m2/Hz (or 10 log10(ESD/Eref )).

ESD = PSD×Te
ρc

with Te being event duration, ρ the density of air (1.225 kg/m3), and c the speed of

sound in air (340 m/s). For the ESD computation, we applied a Tukey (tapered-cosine)

window with 25 percent tapering to the time series, and a Fast-Fourier Transform (FFT)

zero padded to a length of 4f5 (or 192,000 samples). Using a standard FFT length allowed

spectral averages to be computed. It is important to note that ESD should not be confused

with a pressure level widely used for measuring environmental noise. In comparing the

ESD of two events, however, a higher ESD corresponds to a higher noise level. The Federal

Highway Administration uses either 15-min or 1-hour equivalent sound levels, Leq, and third-

octave sound levels to measure compliance and noise abatement criteria. In this project we

used ESD, as it allows transient events with varying durations to be compared. This is

an effective tool to help investigate the mechanism(s) responsible for expansion joint noise,

including their spectral characteristics, which was one of the main goals of this project.

To apply a correction that accounted for the relative loudness of sounds perceived by the

human ear, we applied A-weighting to some samples (SM). For these samples, ESD will be
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presented as dBA.

2.3.1 Simulation Details

Tire and Beam Model

We created a car tire model that approximated the complex geometry of a physical tire

while preserving key characteristics. The computer aided design (CAD) model included a

steel rim with an edge positioned directly at the center to act as pivot point for rolling. The

model of the tire itself was made up of two layers. The interior layer represented a tire’s

inner liner, body plies, and the belts that give the tire structural strength. We approximated

these as a 7-mm polyethylene strip with a Young’s Modulus of 1.1 GPa and a Poisson’s Ratio

of 0.42. The outer layer represented the tire tread and sidewall. We modeled this as 18-mm

thick rubber with a Young’s Modulus of 20.6 MPa and a Poisson’s ratio of 0.42. While this

simple model only approximated the behavior of a tire, it functioned as an effective tool

for comparing results between different treatment options. We modeled the MEJ beams as

steel 1-foot extrusions of the I-beams used on the SR 520 Bridge. The moisture seal played

no structural role in our simulations but was also approximated to be rubber like that of

the tire.

2.3.2 Finite Element Model

To perform finite element analysis (FEA), we used the commercial software ANSYS Work-

bench 2021R1, a simulation suite for various types of solid and fluid analysis. For support

compression and loading testing, we used ANSYS static structural simulation, with non-

linear behavior and large deformations enabled. While this method only approximated the

forces of a high-speed vehicle, it functioned as a useful tool for comparing several potential

support geometries. We applied bonded connections to each of the components in the tire

and the beam assembly, respectively. Between the surface of the tire and the surface of the

beams/supports, we created frictional contacts with a coefficient of friction of 0.2. We then

generated a mesh by using ANSY’s automatic mesh generation and a feature resolution of

6. To simulate the event of a car tire rolling over a gap in the beams, we broke the analysis
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into four separate steps.

1. First, we applied a displacement to one of the beams in the -Y direction to squeeze

the support and establish the desired gap width and analyze stress in the chevron support

joints.

2. Next, we applied a pressure of 35 PSI to the interior of the tire to effectively inflate

the structure.

3. Third, we loaded the tire with -4448 N (1000 lbf) in the Z direction to approximate

the weight of a medium-sized truck with equal force distributed on each tire.

4. Finally, we applied a remote displacement of 177 mm in the Y direction to roll the

tire across the surface of the I-beam, into the gap, and onto the surface of the next I-beam.

To perform post-processing, we used the ANSYS contact tool to measure the pressure

between the tire and the surface of the second beam over time as shown in Figure 2.6.

Although the pressure analysis did not directly indicate a specific acoustic effect from the

tire impact, pressure magnitude functioned as an indicator of relative performance between

solutions.

2.4 Results and Discussion

2.4.1 The Source of Noise

The source of the noise was discussed in detail by Reinhall and Solway (18). It was concluded

that the noise emanating from expansion joints is due to the following:

• The acoustic resonances of the air cavity enclosed by the tire, seal, and beams.

• Motion of the beams as they are excited by the tires when they strike the edges of the

beams.

• The deformation of the tires as they strike the beams.

Additional conclusions included:

• The majority of the energy of the MEJ noise is highest between 400 Hz and 800 Hz.

• The frequency characteristics of the noise for vehicle-pass events are closely related to

vehicle tire width. The frequency peak for wider tires occurs at lower frequencies than that

for narrower tires. This is a result of excitation of the air volume between the tire and the
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air gap between center beams.

In this work, we considered three main generation mechanisms. The first and second

mechanism are acoustic radiation from the tire and the beams when the tires hit the edges

of the beams of the expansion joint. The third-generation mechanism is acoustic radiation

from the sudden compression and expansion of the air within the cavity formed by the seal

and the top part of any two neighboring beams when a tire passes over the cavity. This

can be viewed as a type of Helmholtz resonator phenomenon. The previous study found a

generally inverse relationship between tire width and dominant frequency such that fpeak is

the peak of the ESD and Wt is the width of the tire.

fpeak ∝ 1
Wt

We simulated the deformation of the tire and the excitation pressure on the MEJ I-

beams (Figure 2.2) with the help of a finite element model (see details in Methodology) of

the tire and section of the expansion joint. As a tire rolls across the joint, the tire drops

into the gap between the MEJ I-beams. As the tire meets the leading edge of the next

I-beam, the tire accelerates upward, creating a pressure spike and exciting the structure

and tire (Figure 2.2). By adding a structure that resists vertical deformation in the gap,

we can support the tire as it rolls overhead, reducing the distance that the tire drops and

subsequently reducing the pressure spike between the tire and the I-beam.

As a vehicle rolls over the expansion joint on SR 520 bridge, we observed two distinct

peaks in the measured noise as each pair of tires (front and rear) strikes the beams of the

MEJ. A single event was considered to be the time between the front tires striking the first

I-beam in the joint (Figure 2.3.B) and the vehicle completely passing the expansion joint

(Figure 2.3.I). To evaluate smooth road noise without a MEJ, we sampled the audio directly

before the vehicle rolled onto the expansion joint (before Figure 2.3.A)

2.4.2 Design Constraints

As mentioned in Section 1, three main noise generation mechanisms must be addressed to

create an effective noise mitigation treatment. These include 1) the vibration of the beams

impacted by the tire, 2) the acoustic resonance amplitude of the air cavity formed by the
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Figure 2.2: (A) Computer aided design (CAD) model for the vehicle tire and I-beam design
for simulation. (B) A sharp pressure spike occurs as the tire rolls over the leading edge of
the second I-beam. (C) Visualization of peak pressure on the I-beam surface.

space between the beams and the tire, and 3) the noise emitted from the tire itself as it

rolls across the MEJ. For each of these noise generation mechanisms, the exciting force is

generated by the tire deforming into the gap between the beams as the tire crosses the

expansion joint. By filling the space between each beam, the amount by which the tire slips

into the gaps may be reduced, and as a result, limit pressure spikes in the beam, tire, and

cavity simultaneously. To be effective, this treatment must partially be able to support the

load of the tire while still allowing the joint to function as intended and surviving the wear

of traffic and weather over time.

The geometric and structural constraints of the modular expansion joint create a chal-

lenging design problem:

• First, the structure must allow the MEJ to regularly open and close with gaps that

shift between 0.8 inches to 3 inches during normal operation.

• The floating bridge has both vertical, rotational, and transverse movements up to 9

degrees that must be accounted for.

• Under extreme conditions the gap can potentially completely close to a 0 inches gap or

expand to a width of 3.85 inches. If the gap fully closes, the design must be easy to remove,
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Figure 2.3: Overview of car-pass events using simultaneous noise and video recordings.
Screenshots from high-speed video are assigned to specific parts of the noise recording using
letters (A)-(I).
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Figure 2.4: Single-layer elastomer chevron design with original moisture seal, installed be-
tween MEJ I-beams.

or in a worst-case scenario the structure must selectively fail to allow full closure, ensuring

that no damage occurs to the MEJ or the bridge.

• Additionally, the solution should also be easy to install, durable, and include a moisture

seal to prevent dirt, gravel, water, etc. from penetrating the substructure of the expansion

joint or entering the water below.

These requirements necessitate a unique structure that should not deform vertically

when the gap between the beams changes. In other words, the structure needs to remain

level with the driving surface as the gap size changes. This requires a structure with zero

poison’s ratio in regard to longitudinal deformation. The structure must also be able to

undergo a horizontal expansion ratio greater than 3.5 while still being able to partially

support the weight of a semi-truck in the vertical direction. These structures must also be

extremely durable to withstand extended exposure to overhead roadway traffic and weather

of all kinds.
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2.4.3 Design Overview

To offer the simplest solution, we chose a design that could be installed without retrofit

of the existing MEJs so that no components need to be modified or replaced. To avoid

altering the current moisture seal, we designed a support component that fits into the space

accessible from the top surface of the bridge. This support must be durable enough to

withstand roadway wear and must be able to withstand changes in gap width between 0.85

inches and 3 inches without yielding. Rather than creating a traditional hinge design, which

can be susceptible to blocking and binding, we designed chevron structures with compliant

flexure joints. These structures were 3D printed and cast for prototyping and intended

to be injection molded for large-scale manufacturing. The structures were designed to be

installed by compressing and inserting them into the existing gaps.

To select the support shape, we created a chevron with the thickest beam and flexure

width possible while still adhering to space limitations. To optimize material, we tapered

the edge of each beam to neatly mesh with surrounding components during compression.

This design relies on glued connections at each beam edge and small geometric interfer-

ence between the moisture seal and the chevrons. For initial prototyping and testing, we

fabricated these joints out of a variety of high durometer elastomers with shore hardness

values between 85A-95A. For initial models, we additively manufactured structures from

Ninjatek–Cheetah thermoplastic polyurethane (TPU). These prototypes exhibited desirable

traits, but fused deposition modelling (FDM) 3D printing could not be scaled to fabricate

enough durable samples for our test on the SR 520 bridge. To create a larger number of

high-quality durable parts, we instead switched from additive manufacturing to urethane

(90A durometer) casting. Urethane casting creates high quality parts with many high dura-

bility and commercial-grade options. With this material, our finite element models showed

enough strength to tolerate complete compression of the structure within the MEJ’s normal

working limits (Figure 2.5). To test the structure’s behavior in extreme conditions when

the joint fully closed (a gap of 0 in.), we compressed a Ninjaflex chevron support using an

Instron universal testing system with a force of 180 KN. This caused the support to squeeze

to a final width of 0.164 in. and expand outward toward the edges of the test plates.
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Figure 2.5: (A) Plot of maximum internal stress as the support structure fully compresses.
(B) Detailed visualization of stress over the surface of each chevron element throughout
compression.



19

Figure 2.6: (A) Mesh for the FEA of the rolling tire. (B) Pressure curves as the tire strikes
the leading edge of the second beam. (C) Visualizations of the pressure on the edge of the
beam for each treatment option.
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Figure 2.7: Diagram detailing support installation components. (A) Front view. (B) Iso-
metric view.

2.4.4 Support Fabrication and Installation

For on-bridge testing, we ordered support structures cast from BJB Enterprises FP-90A

urethane by Quickparts, a digital, on-demand manufacturing company. We ordered the

chevrons in 6-in. segments with extending middle and edge sections to allow them to fit

together. Before installation we used Loctite 406 instant adhesive to combine four 6-in.

sections into 2-ft support strips. With proper application, this adhesive creates a strong

bond between urethane rubbers; however, for future fabrication, support sections could be

completely welded together with a more aggressive bonding method. To avoid directional

biasing and transverse motion of the supports with repeated compression (“walking”), we

joined the 2-ft sections so that each side included two 6-in. segments opposing each other

(Figures 2.7, 2.8).

For bridge installation, we first cleaned out a large amount of gravel and debris from

the MEJ by using scraping tools and an air compressor. Next, we cleaned the I-beam

surface to glue the support to the edge. To secure the supports, we squeezed the sides

by hand and slotted them into MEJ gaps so that the small ridges on the sides of the

supports created mechanical interference with the edges of the moisture seal, locking them

in place. Significant variation in the gap between the beam and the moisture seal made this

step time consuming. To account for these variations, we manually trimmed some of the

support ridges to create a tight fit. For future installation, an improved method of fitting
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Figure 2.8: Cast urethane chevron inserts. (A) Full view of 6-in. section of urethane cast
support structure. (B) Detailed view of chevron structure. (C) We glued together four 6-inch
support sections to create a single support with opposing direction chevrons.

these supports could greatly reduce installation time. We glued the support edges to the

MEJ beam edges with Bostik 70-03A Elastic Bonding Adhesive.

Next, we used 50-ml 2:1 ratio epoxy mixing guns to inject Smooth-On FlexFoam-iT III

into each gap in the supports. This is a two-part flexible foam with a roughly 15x expansion

ratio that is typically used for making soft cushions or props. While this foam acted as a

good proof of concept for our design, a more durable foam may be preferrable for large-scale

installation. The method of foam application could also use additional consideration. The

epoxy guns had far too low a capacity and volume for what would be preferrable for large-

scale installation. This forced us to refill the cartridges many times, adding significant time

and difficulty to the installation process.

To test the feasibility and effectiveness of our design, we installed our experimental

solution in a single lane on the eastern side of the SR 520 Bridge. Because most vehicles

drive in the center of the lane, there are clear markings where the two tires of each car most

commonly strike the edges of the MEJ beams. To reduce installation time and production

cost, we installed 2-ft supports only in these positions where tires commonly strike (Figure
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2.9.A). While most cars successfully passed over the supports, additional post-processing

was required to manually select cases in which vehicles partially missed the supports.

Five days after the supports had been adjusted, we once again returned to the MEJ and

installed 3-in. by 4-in., 3.5-lb density viscoelastic (memory) foam extrusions into the spaces

between each I-beam, below the moisture seal. Although this foam was not included in the

original single-layer design, we wanted to evaluate whether including a viscoelastic damp-

ening material between the beams would improve results. We hypothesized that additional

foam could reduce either the remaining low-frequency noise from the MEJ beam structure

or reduce any amplification that could occur from the chamber below the MEJ. We filled

every gap in the MEJ and spanned a width approximately equal to that of the single lane.

To install this foam, we squeezed it into the space between the beams, where it expanded

to fill the gap and remained secured through mechanical interference (Figure 2.10). As

shown by the initial results (figures 2.12, 2.13), the foam did little to reduce the noise of the

MEJ. These results could improve by filling the entire span of the bridge, but additional

investigation would be required to evaluate the potential benefits of this procedure.

2.4.5 Initial Performance

To evaluate the performance of the support structure, we took control audio readings before

the initial installation. We recorded 90 seconds of audio roadside directly in line with the

MEJ and 90 seconds of audio roadside 160 feet in front of the MEJ. At both distances, the

impact of the car tires striking the MEJ resulted in two distinct peaks, one as the front

tires rolled over the joint and the second as the rear tires passed. Each 90-second sample

contained many viable test events in which a vehicle struck the supported lane of the MEJ

with no other vehicles present. Details of post processing can be found in Methodology.

After the treatment had been installed, we returned to the MEJ roughly one hour after

traffic started driving across the bridge to again take measurements. From observations,

the pitch and the magnitude of the noise emitted from the supported section of the MEJ

was a lower frequency and quieter than the unsupported section (SM Video). At a distance

of 160 feet in front of the joint, the noise from the supported lane became very difficult
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Figure 2.9: Installation of MEJ treatment. (A) Support structure after four weeks of wear.
(B) Detailed view of the structure. (C) Cleaning out the expansion joint before installation.
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Figure 2.10: Underside of the MEJ with viscoelastic foam strips stuffed into the gaps. (A)
Overview photograph. (B) Detailed view.

to discern from that of general roadway traffic (SM Video). We measured the overall ESD

for both the control and the initial results for the support; additionally, we compared the

difference in ESD magnitude between each event and the background noise of roadway

traffic directly before each event, differentiating impact noise from the general noise of the

bridge (figures 2.12, 2.13).

As shown in figures 2.12 and 2.13, a significant spike in energy occurred between 500

Hz and 900 Hz for the control testing. As humans, we perceive this frequency range to

be relatively loud in comparison to lower frequency signals, and shifting or diminishing

this peak has been a primary objective for an effective solution. Both directly beside the

MEJ and 160 feet in front of the MEJ, we saw significant reductions in broadband RMS,

especially in the problem frequency region of 500 to 900 Hz. In the full spectrum 0- to

15000-Hz frequency range, we saw the most significant differences occur in the 0- to 1000-

Hz frequency range. Matching our qualitative observations, the sound recorded directly

beside the MEJ changed less significantly with the installation of the supports than the

sound recorded 160 feet in front of the MEJ. Comparing event recordings to background

noise, we saw a 56% reduction in broadband RMS directly beside the MEJ and an 89.61%

reduction in broadband RMS at 160 feet in front of the MEJ. It should be noted that
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Figure 2.11: Map showing expansion joint and sound measurement locations.

the peak at the 500 Hz to 900 Hz interval was reduced by approximately 10 dB. At a

distance farther than 160 feet the effective noise attenuation made it difficult to distinguish

between general roadway noise and the noise from the supported expansion joint. As a

result, accurate post-processing became very difficult, and we could not clearly select events

since the other lanes with untreated expansion joints were also open to traffic.

2.4.6 Performance Over Time

We took measurements at the MEJ pre- and post-support installation, before and after

inserting additional foam below the moisture seal (Figure 2.10), and then every two weeks

for two months. Changing environmental and road conditions existed for each measure-

ment, possibly resulting in some inconsistencies in the data. Over the period of two months

(September to October), the average span of each gap in the expansion joint increased sig-

nificantly (approximately 1.5 in. to approximately 2.5 in.), and temperature and humidity

varied greatly day to day. Given simulation results, we expect a widening gap to corelate
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Figure 2.12: Comparison between control and initial results at a distance of 160 feet. (A)
Magnitude of measured ESD. (B) Relative comparison between expansion joint noise and
background noise.

Figure 2.13: Comparison between control and initial results directly beside the MEJ. (A)
Magnitude of measured ESD. (B) Relative comparison between expansion joint noise and
background noise.
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Figure 2.14: Comparison between roadway noise and MEJ noise over a two-month period
at a distance of 160 feet. Error bars represent standard deviation of measurements.

to an increase in MEJ noise, but our measurements did not validate this assertion. Addi-

tionally, roadway traffic played a role in both background noise and average vehicle speed

(i.e., more traffic tended to correlate to slower speeds). To help account for this, we focused

on the comparative difference in ESD values between expansion joint noise and background

noise to show the overall noise contribution of the impacts (see details in Methodology).

Comparing the difference between the supported MEJ section and the control allowed

us to observe general trends in the performance of the MEJ treatment over time. As

shown in Figure 2.14, directly after installation at a distance of 160 feet, the difference

between standard roadway noise (no MEJ) and supported MEJ was less than 1 dB, which

is generally considered imperceptible [1]. Throughout the entirety of testing, the difference

in sound levels remained below 2 dB, which is considered to be barely perceptible [1]. At

these levels, the surrounding neighborhood would experience no perceivable difference in

noise between the bridge roadway and the expansion joint.
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Figure 2.15: Comparison between roadway noise and MEJ noise over a two-month period
directly beside the MEJ. Error bars represent standard deviation of measurements.

As shown in Figure 2.15, the noise directly beside the MEJ was significantly more no-

ticeable but still greatly improved from the original configuration. With no support, the

difference between MEJ and roadway noise was over 8 dB, which is fairly close to the 10-dB

threshold that generally denotes double the perceived noise level [1, 6]. Throughout the

duration of the study, the noise of cars driving over the supported expansion joint increased

but remained well below the noise of the original control testing.

To get a sense for performance over time, we calculated the percentage of audible noise

reduction.

%Reduction =
(RMSc−RMSrc)−(RMSs−RMSrs)

(RMSc−RMSr)

Here RMSc is the noise in dB of the control MEJ, RMSrc is the noise of the road in

front of the control MEJ, RMSs is the noise of the supported MEJ, and RMSrs is the

noise of road in front of the supported MEJ. As seen in figures 2.14,2.15, and 2.16, the MEJ

treatment performed best during the first two weeks of implementation at both 160 feet
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Figure 2.16: Comparison between untreated MEJ noise and the installed treatment over a
two-month period at a distance of 160 feet.

and directly beside the MEJ. Between weeks 2 and 4 we observed a slight increase in MEJ

impact noise. From week 4 to week 8, we measured some variation in treatment noise but

observed no clear trend in the data.

2.5 Conclusions

This study investigated the design and feasibility of noise mitigation strategies for instal-

lation in modular expansion joints (MEJs), with a focus on Washington State’s SR 520

bridge. The three main sources of noise from the MEJ include resonance of the air within

the gaps, resonance of the beams, and resonance of the tires. By filling the gaps in the MEJs

with a supportive zero-Poisson’s ratio material, we can reduce the contribution for each of

these noise sources simultaneously. We performed both physical testing and simulation to

evaluate the effectiveness.

Installation of this treatment in one lane of the SR 520 bridge MEJ proved to be highly

effective over the two-month test period. At a distance of 160 feet, we consistently measured
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Figure 2.17: One month after installation. (A) Gravel and debris started to fill up the
unsupported portion of the joint. We observed no debris in the chevrons themselves. (B)
The chevrons remained in good condition. Some foam had been pulled from the supports
after one month of wear.

a greater than 4.51-dB broadband reduction in expansion joint noise. This accounts for more

than a 70 percent reduction in additional noise produced by the expansion joint over the

background noise of vehicles on the flat roadway. Beyond 160 feet the difference in noise

between the flat roadway and the MEJ became so small that it was difficult to accurately

measure. If these supports were installed in all expansion joints on the bridge, the disturbing

sound of vehicles hitting the expansion joints would effectively be eliminated for residents

living in the area.
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Chapter 3

ARCHITECTED CONCENTRIC TORQUES FOR COMPLIANT
TUBULAR ROBOTS

3.1 Abstract

Soft and continuum robots typically rely on external pumps or motors and a form of power

transmission, often fluid, tendon, or rod based, to control robot form and actuation. Ar-

chitected geometry has enhanced robot control through tailored physical and mechanical

properties based on topology. For example, twist actuated metamaterials, such as handed

shearing auxetics, have expanded the soft robot design space, offering varied shape changes

and direct integration with simple motors. However, these geometries lack effective means

of torque transmission for integration in tubular robots, especially for constructions requir-

ing multiple concentric torques. We propose an architected structure based on patterned

straight-line mechanisms that enables simultaneous bending, extending, and torsionally rigid

(BETR) transmission. Pairing torque transmitting materials with twist driven materials

creates an entirely new modality for varied and effective actuation of tubular robots. We

analyze parameter tradeoffs in BETRs and build a user operated robot that demonstrates

feasibility for navigation, positioning, and anchoring in 10x scale 3D printed vasculatures.

3.2 Introduction

Tubular robots offer the ability to navigate, perform tasks, and transport materials in narrow

and hard to reach spaces. Endovascular access via catheters drive a wide range of medical

procedures, and robotic advancements hold great promise [124, 42, 78, 94, 55]. Outside

the hospital, tubular and continuum robots demonstrate new abilities for manufacturing,

aerospace, search and rescue, pipe surveying, and more [125, 139, 151]. Recent research

has expanded the design space and capabilities of tubular and continuum robots through

advanced control, geometry and modeling. Concentric tube robots (CTRs) can perform
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pose or navigation actions by positioning pre-curved layers [44, 94, 55, 58, 103, 97]. Tendon

and rod driven actuation (pulling / pushing) [87, 142, 10, 148] and pneumatic actuation [124,

148, 121, 123], provide high articulation with bending and grasping motions. Additional

strategies leverage exterior equipment for magnetic navigation of small-scale and complex

pathways [42, 78, 110], or continuous 3D printing for biomimetic growth [39]. Despite

the variety of actuation methods, designs still suffer from high fabrication and control

complexity, hindering their dexterity and scalability [38]. Inherent trade-offs exist for each

actuation method, and effective utilization remains a challenge.

To augment existing techniques, tailored geometry of the tube substructure holds possi-

bilities for a paradigm shift in robotic capabilities. Geometry based mechanical metamateri-

als, such as Handed Shearing Auxetics (HSAs), have been used to pair twist with extension,

expansion, and bending for effective actuation [77, 30, 57, 29, 167, 85]. However, to effec-

tively control these materials, opposing torques but be applied at each end of the tube.

This can be done by pairing multiple HSA’s together side-by-side, or using an extending

bellows system [77], but such configurations do not support hollow tubular configurations

with multiple layers. A solution for this problem requires a torque transmission system

that can simultaneously extend and bend, while being compact and fabricable. Through

topology optimization, metamaterials with opposing properties similar to those described

have been created, but these methods have not demonstrated successful utilization for the

desired objectives [168, 21, 112]. Alternatively, some flexible systems have demonstrated

torque transmission for alternate applications [87, 77], but no generalized solution exists for

extending tubular solutions that can transmit multiple concentric torques.

To address these challenges, this work presents a novel method of torque transmission

for tubular devices and robots while enabling low bend stiffness and > 50% linear exten-

sion. With inspiration from widely used straight-line mechanisms [72], emerges a family of

tiled tubular metamaterials exhibiting higher ratios of torsional to axial stiffness than can

be achieved with a solid tube of similar bulk material. These Bendable, Extendable, and

Torsionally Rigid (BETR) Driveshafts can be fabricated from a single material using addi-

tive or subtractive manufacturing processes and enable torque transmission across actively

changing paths and distances. By concentrically nesting BETRs and combining them with
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Figure 3.1: Bendable and extendable tubes capable of transmitting torques may be paired
with twist-actuated metamaterials to perform tailored and varied actuation capabilities.

HSA’s we can create dynamically changing soft robotics with varied modes of actuation

(figure 3.1). In this work, we analyze multiple straight-line mechanisms to investigate fa-

vorable properties and metamaterial tilings. Based on these results, we select and optimize

the BETR design for a flexure-based Watt’s mechanism cylindrical tiling. We character-

ize the design space for the Watt’s based BETR, and demonstrate torque transmission

with a variety of materials, size scales, and geometries. Combining BETRs with HSA’s we

characterize bending, extending, and expanding capabilities for robotic actuation. These

metamaterial combinations show significant promise for medical endovascular applications,

and we demonstrate the feasibility of robotically driven navigation, positioning, and anchor-

ing using a 10x scale surgical robot for minimally invasive procedures in a mock 3D printed

vasculature.
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3.3 Results

3.3.1 Design selection and Tiling

To select useful candidates for BETR performance, we searched for structures and mecha-

nisms with a high resistance to shear, a low resistance to extension, and an approximate zero-

Poisson’s ratio for consistent diameter with extension. To achieve these properties, straight

line mechanisms (SLMs) offer valuable inspiration. Straight-line mechanisms have been used

since before the 18th century and are typically kinematic mechanisms constructed of revo-

lute joints for constrained movement along a single direction of deformation [72, 109, 48].

Converting the revolute joints of these mechanisms into flexure joints that approximate their

rotational movement, creates structures that trace a straight-line and be easily fabricated

at multiple size scales using digital fabrication such as 3D printing, laser cutting, or CNC

manufacturing. These flexure-based-SLMs are then scaled and tiled throughout a material

to govern the mechanical properties of the material. Because these mechanisms have been

specifically designed to only deform in a straight line, they act as favorable inspiration for

metamaterials with tailored stiffness and flexibility. To create a driveshaft capable of si-

multaneously transmitting torque, bending, and extending easily, these flexure-based-SLMs

must be distributed about the surface of the tubular driveshaft such that each side can con-

tract or extend (to enable bending), while each independent mechanism remains resistant to

shear (figure 3.2.A). The kinematic behavior of SLMs can be reduced to simple dimensional

parameters, so the design space of these mechanisms is differentiable and highly tunable.

This offers benefits over strategies such as topology optimization, which are locally optimal

but provide a lower level of design transparency.

To evaluate the broad design space of SLM based materials, we analyzed both the kine-

matic performance of the revolute-joint-based mechanism (Figure 3.2.B), and the mechanical

performance of the flexure-based mechanism using finite element (FE) simulation (Figure

3.2.C). Based on kinematic evaluation, we found each mechanism’s effective Extension Ra-

tio (ER), which we approximated as ER = hf/hi with hi being the mechanism height at

the most compact state (given no beam overlap), and hf being the fully extended height of

the mechanism given small straight-line deviation (< 1% mechanism width). We modeled
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Figure 3.2: A) Geometric tilings for flexible and torque resistant tubular metamaterials are
evaluated in 2D and then wrapped over a surface. B) We selected several target straight line
mechanisms (SLMs) and generated flexure-based mechanism approximations. C) Kinematic
evaluation of each mechanism’s range of motion and finite element (FE) simulation of elastic
and shear moduli provide performance metrics for each mechanism tiling.
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kinematic extension for the Roberts, Watt’s, Peaucellier–Lipkin (PL), Chebyshev Lambda

(CL), and 4-bar mechanisms. Figure 3.2.B (left) shows the kinematic model of each SLM,

with triangles representing the grounded joints and the dotted lines representing the ap-

proximate paths of deformation. Figure 3.2.B (right) shows the flexure-based representation

of each mechanism with standardized 3mm by 0.6 mm flexures and a maximum unit cell

dimension of 44mm. For initial mechanism comparison, we evaluated a single instance of

each unit cell rather than sweeping through the full design space. Based on the idealized

kinematic analysis, the Watt’s mechanism shows the best ER with a value of 2.33.

After generating both the kinematic and the flexure-based models, we performed finite

element (FE) simulations to compare each mechanism’s effective shear and young’s modulus

(Methods). Additionally, we simulated deformation of a solid rectangular cell with similar

bulk material properties to the mechanisms (labeled ‘Bulk Material’, Figure 3.2.C). Based

on these simulations, all mechanisms except for the Peaucellier–Lipkin (PL) demonstrated

improved ratios of shear to elastic modulus over the bulk material.

The Watt’s mechanism was selected to create a family of flexible unit cell designs due

to its high ER value and comparable shear / young’s modulus ratio to the CL and 4-bar

mechanism. Additionally, the Watt’s mechanism has simple and highly tunable geometry,

which enables significant optimization and fabrication possibilities. Alternatively, for higher

torque, lower extension applications, other options such as the Robert’s mechanism may be

worthy of further exploration and optimization. Mechanism tiling also plays a role in ma-

terial behavior. With a ∗∗ (orbifold notation) wallpaper pattern, the Watt’s mechanism

creates a smooth surface with more evenly distributed anchor points at the top and bot-

tom than other options. The high extension and performance metrics makes the Watt’s

mechanism well suited for further optimization and development.

3.3.2 BETR Design Space and Optimization

The Watt’s mechanism enables straight line approximation within a range of differentiable

parameter boundaries, allowing for a large design space with high performance tunability.

The relative kinematic behavior of the mechanism remains scale independent, and link
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length ratios (A,B,C) govern the movement and range (ER) of the structure (Figure 3.2).

To explore ER for all options, we held A = 1 and swept through the parameters B,C so

that the mechanism remained kinematically valid, with the conditions, C + B > 1 and

|C − B| < 1. Given these values, the curve traced by the Watt’s 4-bar linkage can be

expressed in polar coordinates.

r2 = b2 − [asinθ ±
√
c2 − a2cos2θ]2

This equation describes the full motion of the mechanism, include the non-straight-line

range where the path follows a figure-8 loop away from the straight line. To maintain

smooth extension with minimal change in tube diameter, we classified acceptable straight-

line deviation to be no more than 1% of the mechanism width.

Additionally, the angle of Watt’s mechanism cell (ϕ) (Figure 3.3), must be adjusted

so that the straight-line trajectory of the mechanism remains vertical. The angle of cell

rotation can be expressed as

ϕ = arccos (2C+B2)+(2A)2−B2

2(2C+B)(2A)

By tracing the Watt’s equation of motion and comparing the trajectory length with the

initial height of the mechanism, we defined the ER for a given mechanism configuration.

Sweeping through the kinematic trajectory for discretized points in the valid design space,

we generated extension ratio (ER) values for the ideal kinematic mechanisms with zero

thickness or additional support material (Figure 3.3.B). For these combinations, the ER

asymptotically grows as the values approach 0 and the values approach 1. While this model

shows large ER values exceeding 10 X expansion, these calculations assume the constituent

beams to be infinitely thin with no support material surrounding the mechanism. For

physically viable variations, however, BETRs must be fabricated such that the beams have

a non-zero thickness, with additional support material at the top and bottom of the cell to

allow tiling (Flexure-based Unit Cell - Figure 3.3.A). To more accurately approximate ER,

we assigned a support thickness of 10% the cell width and assigned gaps between beams

to be 5% the cell width. Given these conditions, the design space no longer asymptotically

trends towards extreme values, but instead shows optimal ER values approaching 1.6x the
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original mechanism height. These kinematic values show good agreement with physically

fabricated models (Methods) and this kinematic model offers insight into the tunable nature

of Watt’s based materials.

To characterize flexure-based BETRs we generated geometry based on four input param-

eters (flexure length, flexure width, tube thickness, tube diameter) and analyzed torsional

stiffness and axial stiffness using batch finite element (FE) simulations (Methods). Figure

3.3.C shows design and performance tradeoffs based on flexure length and flexure thickness

normalized against simulations of a solid tube with the same bulk material properties and

dimensions. As the flexure length increases, both the relative torsional stiffness and the rel-

ative axial stiffness decrease. Increase in flexure thickness has an inverse effect, making the

material stiffer for both axial and torsional deformation. Figure 3.3.D shows design tradeoffs

for sweeps of tube diameter and tube wall thickness. Relative torsional stiffness increases

with tube wall thickness, but diameter plays a less impactful role on relative torque. Axial

stiffness follows clearer trends, with thin walled and small diameter BETRs being the most

flexible. For specific applications, tradeoffs exist between each of these performance metrics.

To achieve more torque, the structure will generally sacrifice ease of extension. These pa-

rameter sweeps offer a starting point for application specific optimization and demonstrate

general trends in BETR performance.

To validate our simulations, we fabricated samples and mechanically tested them on an

Instron universal test machine (Figure 3.3.E). Physical testing closely matches the trends

displayed in FE simulations but show up to 25% error in magnitude. These descrepancies

may stem from fabriation inconsistencies or modeling approximations. Future work could

improve simulation accuracy for a specific design selection.

3.3.3 Combined BETR and HSA Actuation

BETRs offer the novel capability of transmitting torque while enabling extension and bend-

ing. These properties are especially useful when paired with twist actuated mechanical

metamaterials such as Handed Shearing Auxetics (HSAs). HSAs offer a range of actuation

capabilities including extension, expansion, and bending. However, in the past no effective
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Figure 3.3: A) We evaluate the BETR design space with kinematic parameters, cell ge-
ometry, and physical validation. B) Holding A=1, we evaluate extension ratio (ER) for
different B and C parameters. C) Flexure dimension sweep. D) Diameter and material
thickness sweep. E) Physical validation for BETR extension and torsion at different ex-
tended lengths.
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torque transmission system has existed, so BETRs must be paired together side by side

to achieve actuation [143, 30, 29, 167]. By combining BETRs with HSAs we can create

tubular robotic end effectors with compact uniaxial construction and twist as the primary

mode of actuation. Figure 3.4.A shows the 2D geometric motifs used for each transfor-

mation mode. By wrapping each of these patterns to form a tubular architecture, we can

achieve specific behavior for performing desired tasks (Figure 3.4.A). More detailed char-

acterization of individual HSA behavior can be found in previous work [57]. Future work

could also offer a more detailed exploration of how specific constraint geometry leads to

adjusted BETR+HSA bending behavior. To drive each end effector, we bond the distal tip

of the inner BETR tube to the outer HSA, and then rotate the BETR using a motor at the

proximal end, effectively actuating the system.

To characterize the performance of each individual end effector (extending, expanding,

and bending), we performed mechanical testing using a servo motor to rotate the BETR

and an Instron universal test system to measure force and displacement at the tip of each

end effector. During tip extension (SM Video 1), the BETR stretches to accommodate the

additional length of the HSA, creating opposing forces. We achieved 50% length extension

before internal forces started to cause warping and local failure of beam elements. To

test end effector stiffness at different positions, we performed a prescribed actuation and

then displaced the distal from the neutral state to measure resultant force and calculate

stiffness (Methods). As the HSA extends, axial stiffness increases, more than doubling from

a minimum value of 1.25 N/mm at a 10◦ relative rotation to a stiffness of 2.79 N/mm at

360◦ rotation (Figure 3.4.B).

Expanding HSAs (SM Video 3.2) demonstrated an average increase in maximum diam-

eter from 31mm to 45mm with a 180◦ rotation. Testing the compliance of the expanding

material at each actuation value, we measured the radial stiffness of the structure to de-

crease dramatically during expansion, from 38.6 N/mm at 0 degrees rotation to 1.26 N/mm

at 180◦ (Figure 3.4.C). A combination of factors may have impacted this behavior, such

as internal stresses in the structure and local interaction between the inner BETR layer

and the outer HSA layer. Additional tests could be performed with various geometries and

material combinations to better understand this relationship for specific applications.
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Figure 3.4: A) Different HSA geometries provide extension, expansion, or bending. Torque
applied to a BETR inside of an HSA creates tailored actuation. B) Extension of the com-
bined system follows an approximately linear path, and axial stiffness of the system increases
throughout actuation. C) Radial expansion of the system results in rapidly decreasing radial
stiffness. D) Constraining one side of the geometry, torque applied at the base of the BETR
and HSA results in the structure bending upwards of 45◦.
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To characterize the bending end effector (SM Video 3.3), we measured the angular differ-

ence between the proximal and the distal ends of the tube. A 160◦ twist resulted in a 47.7◦

in-plane bend of the free tip (figure 4.C). We measured bending stiffness orthogonal to the

fixed (bottom) of the tubes by applying an in-plane displacement to the cantilevered (bend-

ing) tip. Like the extending HSA sample, bending tip stiffness increased with BETR+HSA

rotation. The actuation characteristics of all samples, including extending, expanding, and

bending, demonstrated repeatable and large range (>40% strain) actuation.

3.3.4 Robotic Drive and Functions

Following analysis of each individual HSA+ BETR end effector (extending, expanding, and

bending), a 3-DoF manipulator was built with rotation of an inner tube, an outer tube, and

global linear translation (Figure 3.5.A). This system demonstrates proof of concept func-

tionalities for endovascular navigation, anchoring, and positioning in 10x scale 3D printed

vasculatures.

Selecting and traversing veins and arteries through the body is an important step of

almost all endovascular medical procedures. To demonstrate the feasibility of navigation

using BETR+HSA combinations, a ∼ 30 cm forking vasculature was created with ∼ 3.6

cm diameter open face channels for visualization (Figure 3.5.B). This model includes three

pairs of channel spits (left [L], right [R]), with a total of 4 different route options, [LL],

[LR], [RL], and [RR]. To navigate, an operator performed teleoperation with human-in-

the-loop control, applying forward and backwards linear motion, as well as independent

rotation control for both inner and outer tubes. To advance the robot and select specific

channels, the bending tip mounted to the distal end of the robot and the operator manually

adjusted the bend angle, tip rotation, and linear position (SM Video 4). Figure 3.5.B (left),

shows images of successful navigation for a left-hand and then a right-hand turn in the 3D

printed vasculature. The operator performed 12 navigation trials (3 for each route), with

optical tracking of the robot tip displayed in Figure 3.5.B, right. These trials demonstrated

successful control and route finding with simple inputs and actuation.

Stability during endovascular procedures becomes especially important and challeng-
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Figure 3.5: A) The robotic system features inner and outer tube layers, two servos driving
tube rotation, and a linear positioning slide. The robot performs tasks within an inter-
changeable 3D printed mock vasculature. B) The robot demonstrates navigation of a mock
vasculature with 4 possible path combinations. It successfully selects left hand (L) and right
hand (R) turns, with tracked tip position displayed by colored lines. C) Expansion and an-
choring force of the robot tip in a 30 mm and a 37 mm tube. D) Combining HSA positioning
with linear slide positioning improves precision through a curved vasculature.
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ing with constantly changing hemodynamic environments and irregular geometry. Twist-

expansion coupling seen in HSAs offer a novel method of anchoring to provide additional

support during surgeries. Figure 3.5.C (left) shows the anchoring configuration, with a

30mm diameter expanding-HSA inside a flexible 37mm diameter 3D printed tube. Anchor-

ing tests were performed in two different tube geometries (30mm and 37mm inner diameters)

and the peak resultant force was recorded for each sample at 20◦ rotation intervals. Figure

3.5.C (right) shows the recorded anchoring force for the samples, which reaches 64.8 N for

the 30mm tube and 40.8 N for the 37mm tube with a 180◦ rotation. These results demon-

strate anchoring feasibility and could be further improved with more realistic size-scale

components and vasculature material models. Beyond anchoring for medical applications,

this strategy could be useful for a variety of tube navigating or drilling operations, where

having a secure placement improves the ability to advance additional components through

the tube.

Improved positioning capabilities also hold promise to reduce surgical complications

through improved device and tool accuracy. Extending capabilities offered by HAS+BETRs

provide the ability to fine tune movement beyond the capabilities of an externally mounted

linear slide. Figure 3.5.D (left) shows the tube robot routed through a curved 3D printed

vasculature and positioning the distal tip into a mock aneurysm (represented by the gray 3D

printed semicircle). We tested positioning accuracy by mounting the 3D printed aneurysm

onto a linear slide and using the tube extension to push the model to a target distance

value. We evaluated two methods of positioning, first actuation using only the linear slide,

and second, positioning using a combination of linear slide and extending HSA actuation.

Combining externally driven linear actuation with rotation driven length adjustments, op-

erators were able to achieve on average 0.26mm of linear positioning error, as opposed to

the .83mm of positioning error reached with the linear actuator alone (Figure 3.5.D, right).

This strategy offers improved positioning capabilities in complex vasculatures, where friction

and internal compliance may reduce translation accuracy provided by conventional external

linear actuators.
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3.4 Conclusions

This work lays out a novel actuation strategy for tubular robots that uses architected ge-

ometry of tubular materials to transmit torques along bending and elongating paths. This

new modality enables previously underutilized degrees of freedom and can be implemented

with simple fabrication and control. Insights from tiled straight line Watt’s mechanisms

inspire bending, extending, and torsionally rigid (BETR) metamaterial designs that can be

adjusted to access a wide range of tunable material properties based on geometry alone. To

evaluate planar tilings for viability in flexible and torsion resistant tubular materials, we

consider the ratio of axial to torsional stiffness and demonstrate more than 2x improvement

in extension to shear ratios over bulk material properties. Combining BETRs with Handed

Shearing Auxetics (HSAs), we demonstrate end effector capabilities including extending,

expanding, and bending. These end effectors integrate with tubular robots to enable navi-

gation, anchoring, and positioning for tubular robots. As proof of concept, we demonstrate

and characterize these capabilities with a teleoperated robot in a 3D printed 10x scale mock

vasculature. The kinematic behavior of underlying mechanisms that support this work are

both scale and material independent, and future work could demonstrate more targeted ap-

plications at various size scales. This new torque driven modality expands the design space

of tubular and continuum robots beyond conventional articulation methods such as tendon-

based, fluid-based, and pre-curved concentric tubes. The capabilities showcased here have

opportunities to aid in medical, robotics, drilling, inspection, and more.

3.5 Methods

SLM Design and Testing: Inspiration for kinematic straight line mechanism’s (SLM’s)

came from well-known and established mechanisms with origins dating back to pre-1800s

[72]. Standardization of SLMs was achieved the scaling the maximum height or width

dimension to 44mm. To analyze the kinematic range of each mechanism, we modeled the

2D mechanism sketch in computer aided design (CAD) software fusion 360 and measure the

vertical and horizontal displacement of the target (straight-line) point. As the driving angle

(θ) between links changed, the vertical and horizontal (x,y) values adjusted. We defined the
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range of the SLM motion as the distance SLMrange = ymax − ymin given (xmax − xmin) <

0.01cellwidth and no beams overlap. Given this range of motion, the mechanism extension

ratio became ER = (cellheight + rangeSLM )/cellheight.

To generate the flexure-based version of each mechanism cell, we modeled each revolute

joint as a 3mm by 0.6mm flexure, with the center of the flexure being in the same location

as the center of the revolute joint. Beams maintained a standard thickness of 2mm. To

ensure that each cell could be tiled with a ∗∗ (orbifold notation) wallpaper pattern, we

added additional material to the mechanism ground and point of straight-line motion so

that the cells could connect on the top, the bottom, and the sides.

ANSYS finite element analysis (FEA) software was used to evaluate Young’s modulus

to shear modulus ratio. These simulations were performed with large-deformation static

structural simulation using 20 substeps and large-deformation. The defined ground of the

cell was fixed, and a shear of 3mm deformation was applied to calculate the effective shear

modulus. A 10% extension was applied to calculate the effective Young’s modulus.

BETR Design and Fabrication: To generate a BETR driveshaft from the Watt’s

mechanism unit cell, we tiled the planar unit cell across a plane with an ∗∗ (orbifold notation)

wallpaper pattern and then extruded and wrapped it around a cylinder to create the BETR

hollow shaft (Figure 3.A). We fabricated various BETR drive shaft combinations by 3D

printing FPU40 on a Carbon M1 printer or CNC milling them from Teflon tubes with a

Bantam 4th axis desktop CNC.

Watt’s Kinematic Characterization: We performed kinematic analysis of the

Watt’s mechanism extension through iterative evaluation of the valid range of motion based

on relative watt’s dimensions. Provided code shows analysis details.

Geometry Sweeps and Batch FE Analysis: The CAD software Fusion-360 inte-

grates with Python based API to generate parameter driven design sweeps. To evaluate

multiple parameters simultaneously, we looped through flexures widths from 0.01mm to

0.05mm at 0.02mm intervals and flexure lengths from 0.05mm to 0.45mm at .05mm inter-

vals. We looped through both BETR and solid tube diameters from 16 to 23 with 1mm

intervals and wall thicknesses from 0.5 to 3.5mm with intervals of 0.5mm. We exported all

CAD files as .sat files for further processing.
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The finite element analysis (FEA) software ANSYS PyMAPDL enables simulation sweeps

with parameters controlled by python scripts. For each CAD geometry, we performed adap-

tive meshing with a size 5 resolution and performed a large-deformation static structural

simulation with 20 substeps. We performed two simulations per model. For each, we fixed

the bottom notes of the model and then applied either a .3mm axial extension or a radial

.1mm twist. For each simulation we recorded resultant forces, resultant moments, and max-

imum von-mises stress. We exported the data to .csv file and performed post-processing and

plotting with Python’s Matplotlib toolbox. The ratio of BETR to bulk material stiffnesses,

was calculated by directly comparing BETR resultant forces and moments with those of

solid tubes with the same length, diameter, and thickness dimensions.

FE Physical Validation: Physical validation was performed on an Instron Universal

Test Machine by testing CNC cut Teflon tubes in extension and torsion. 50mm extension of

three 100mm long samples provided force and deformation data. Simulation of the matching

CAD geometry was performed using ANSYS static structural finite element analysis with

50 sub-steps and large deformation activated. A 3-degree rotation of each sample provided

torque-rotation physical test data at 5 different extension intervals (10%, 20%, 30%, 40%,

50%). These were compared to 2-step ANSYS simulations that included, first an extension,

and second, a 3-degree rotation of the similar geometry.

End Effector Characterization: The outer HSA tubes of the end effectors were fabri-

cated with FPU50 material using a Carbon M1 3D printer. The inner tubes were machined

from 1-inch diameter teflon tubes using a Bantam desktop CNC machine. Actuation of the

end effectors was performed with an HS-785HB Servo motor and a 3D printed fixture setup.

Force and torque data for three sample end effectors was collected with an Instron Univer-

sal Test Machine for bending, extending, and expanding. For each test, 20-degree rotation

intervals were applied to the inner tube, and linear displacements were measured using the

Instron test setup. To measure expansion and bending, optical analysis was performed

by taking still images with a Lumix GH7 camera and performing manual post-processing

through Adobe Illustrator. Stiffness was measured at each data point by applying a 5mm

deformation with the Instron machine with boundary conditions shown in figure 3.4.

Robotic Design and Fabrication: The robotic drive was built as a system of two
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HS-785HB servo motors to independently control the two layers of the catheter and a linear

actuator and rail to control the feeding of the full catheter assembly. The servo motors are

connected to two concentric shafts, each attached to one of the layers of the catheter via

bevel gears. This shaft and gear system is assembled in a 3D printed (Verowhite material

with Stratasys J750) enclosure to transmit torque from the servo motor to the catheter

layer. The servo motors are programmed via the Pololu Maestro controller. This catheter

system is then mounted on a linear rail, which a separate motor controller controls.

Navigation and Tracking: Using A Stratasys J750 printer, we fabricated 10x scale

3D printed a mock vasculature model with branching arteries. Robotic navigation was

performed through manual operation of rotary and linear controls for the inner and outer

tubes. A colored spherical marker was attached to the end of the robot distal tip, and a

camera was mounted overhead to track the motion of the robot tip. Using the open source

toolbox OpenCV, the marker position was analyzed for each video frame and overlaid on

the test setup to display the robot path. 3 trials were performed for each of the 4 path

combinations, left-left, left-right, right-left, and right-right.

Anchoring: Using A Stratasys J750 printer, a 10x scale 3D printed a mock vasculature

model was fabricated with Agilus 30 material with two branching arteries of different sizes.

We performed robotic anchoring by mounting the expanding HSA as the outer tube at the

distal tip, and then rotating the inner tube relative to the outer tube. To test anchoring

force, we positioned the distal tip into the two different 3D printed arteries with a 30mm

diameter and a 37mm diameter. To measure the anchoring force, we fixed the relative

rotation angle between inner and outer tubes and then applied the necessary tension until

the HSA came dislodged from the mock anatomy. We measured the peak tension force

using a Mxmoonfree 500N force gauge. We preformed this test for 5 samples with 20-degree

rotation intervals between 0 and 180 degrees relative rotation.

Positioning: An operator performed linear positioning of the robot distal tip by con-

trolling movement with two actuation methods, first, positioning with only actuation of

the linear slide, and second, positioning with the linear slide plus HSA extension. Posi-

tioning accuracy was measured by mounting a 3D printed anatomy to a H-7352 ULine

Digital Caliper and using the distal tip of the robot to push the anatomy by some target
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displacement. The robot routed through the curved 3D printed anatomy, creating friction

and backlash between the proximal and distal tube ends. The operator pushed the printed

anatomy to 15 target distances using each of the two actuation modes and recorded the

magnitude of positioning error for each trial.
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Chapter 4

NON-PLANAR HIERARCHICAL COMPOSITION FOR
DEPLOYABLE LOAD-BEARING STRUCTURES

4.1 Abstract

Structures and materials with geometric hierarchy commonly exhibit enhanced strength-to-

weight ratio. Compositions of deployable mechanisms through planar hierarchy can offer

surface area changes but have yielded little structural value for high-extension beam deploy-

ment. This work shows that non-planar hierarchical compositions can dramatically improve

deployable beams’ extension ratios and mechanical stiffness. This work describes the Pop-

Up Extending Truss (PET), which uses the composition of scissor-like structures to enable

multi-axis reorientation, enhancing the bending stiffness by over 100% compared to other

scissor-like variants with equal mass and linear packing. Additionally, by combining PETs

with Kresling mechanisms, we show our Hierarchical Extending and Reorienting Deployable

Structures (HERDS) are capable of supporting 10x higher bending, compressive, torsional,

and tensile stiffness at 25-200x extension ratios compared to non-hierarchical structures. A

physical HERDS prototype achieved a 50x extension ratio and supported compressive and

bending loading when deployed. Practical applications could include large space structures,

deployable infrastructure, and medical devices.

4.2 Intro

Geometric hierarchy in both natural and architected structures enhances the strength-to-

density ratio for improved efficiency and performance [79, 128, 15, 130]. Biology incorporates

hierarchy in their additive building processes, enabling enhanced mechanical properties [53].

Bird bones exhibit structure on multiple length scales to match necessary loading require-

ments at extremely low weight [138]. Wood and plant stems use hierarchy to provide

mechanical support against the elements [79, 26]. In engineered systems, hierarchy is in-
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Figure 4.1: This figure illustrates various mechanical design concepts for structures that
can extend: A) Single Transformation Mechanisms: shows a scissor mechanism rep-
resenting a structure that leverages folding and a Kresling origami structure that leverages
wrapping transformation. B) Hierarchical Deployment (Same Axis Transforma-
tion): demonstrates a two-step transformation along the same axis showing a large area
change, but not a useful hierarchy for extension applications. C) Hierarchical Deploy-
ment (Multi-Axis Transformation): depicts a multi-axis transformation where the
structure goes through a hierarchical expansion that supports extension through both de-
ployment transformations. D) Graph of Bending Stiffness vs. Expansion Ratio:
shows the relationship between bending stiffness and the expansion ratio, highlighting a
trade-off point. It compares different design strategies: HERDs (hierarchical expansion of
reorienting designs), single transformation mechanisms, and uni-axial hierarchy. E) Ex-
pansion Given Constant Beam Width: visualizes the volume expansion V 0 from an
initial compact state L0 through the transformations T (a) and T (b) to reach a final ex-
panded state L(a,B), while maintaining a constant beam width.
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corporated in large structures, such as radio towers, bridges, and quite famously, the Eiffel

tower [79]. With digital fabrication, hierarchical mechanical metamaterials can be tuned to

exhibit extremal properties [14, 15]. Despite the structural utility of hierarchy, the benefits

of hierarchical designs of transforming and deployable structures have been muted.

Deployable materials pose a challenging design tradeoff between strength and extension.

This is because as the extension ratio (ER) (extended length / packed length) increases, the

linear density of the structure decreases, and the system becomes more susceptible to local

failure. Materials with high extension ratios are not uncommon. For instance, a coiled rope

or cable can be packed at close to 100% relative density and extended to great lengths while

supporting a large tensile load. But, designing a high extension ratio structure capable of

supporting compressive, bending, and torsional loads requires both cohesive transformation

and architected final arrangement of limited material. For static structures, hierarchy helps

balance the failure modes associated with low density [92, 117]. However, the challenge with

applying hierarchy in designing deployable structures is maintaining its transformation from

a tightly packed to a load-bearing extended state. As a result, most deployables utilize a

single transforming mechanism and optimize material properties rather than hierarchical

geometry.

The aerospace community has been at the forefront of innovations in load-bearing single

transforming mechanisms due to the volume constraints of space launch vehicles. The

development of booms [32, 49, 9, 162, 159, 158, 152, 134, 127] and masts [20, 59, 82, 100, 141,

161, 163] for aerospace applications has led to many state-of-the-art expanding structures.

Most of these rely on one of three packing methods: folding, telescoping, and rolling. Folding

implementations, such as origami [66, 101, 75], or rotating beams [141, 114, 76, 113], deploy

such that horizontal members pivot to become vertical members (Figure 4.2.A). Through

such transformations, beam-based structures may achieve high extension ratios (> 100x)

using lattice construction of extremely thin members [62]. However, these structures are

susceptible to local buckling, and physical imperfections can lead to catastrophic failure.

Other expansion strategies incorporate thin-walled members with tubular profiles that

may be elastically compressed and then released to deploy into rigid beams [49, 159, 127].

Variations of such structures showcase extension ratios exceeding 300x but rely on material
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elasticity to deploy and maintain their structure [127]. At specific size scales, tubular

architecture such as these can be extremely effective, with material distributed far from the

centroid offering an optimal bending moment of inertia for a given diameter. However, as

the linear density of the materials decreases with high ER values, small perturbations cause

local failure, which propagates throughout the entire beam to cause global failure [9]. Low-

density lattice-based constructions can achieve a higher strength-to-weight ratio through

specifically architected load paths.

When constrained by a predetermined initial volume, deployable structures must mini-

mize material thickness to enhance packing density to achieve superior extension ratios. This

necessity introduces an inherent compromise between the extent of extension achievable and

the structure’s load-bearing capacity. Planar hierarchy has demonstrated synchronized de-

formations and auxetic properties [155, 54], with applications for architected area changes,

but no added structural benefit over traditional extending structures (Figure 4.2.B).

While both deployable and hierarchical structures individually possess utility, their com-

bination has been largely unexplored across complex 3D geometric tiling spaces. Our re-

search introduces a novel class of mechanical metamaterial structures that leverages hier-

archy to improve the tradeoff between extension and strength-to-weight ratios with a wide

range of tunable properties. This work makes the following contributions:

1. We demonstrate that the non-planar hierarchical composition of extension mechanisms

enhances material packing density, improving mechanical properties at high extension

ratios.

2. By applying this framework to scissor mechanisms, we introduce the Pop-Up Ex-

tending Truss (PET) mechanism, which offers better packing density and bending

properties than existing scissor-like variants.

3. We provide an example of Hierarchical Extending and Reorienting Deployable Struc-

tures (HERDS) by integrating the PET and Kresling mechanisms. Finite element

simulations demonstrate improved mechanical properties at high extension ratios, and
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a prototype implementation of the structure is presented as a path toward practical

applications.

4.3 Results

4.3.1 Hierarchical composition for high extension

Limitation of Planar Mechanisms

Through sliding, wrapping or pivoting their material, structures can stow and expand,

manipulating the pose of material members and thus volume. This work looks at structures

that extend to many times their stowed length. When fully deployed, these structures

can have high length-to-width ratios, making them vulnerable to bending and buckling.

Therefore, the structure’s extension ratio (ER) – the ratio of the final length to the stowed

length – and flexural modulus (EI) – a metric used to evaluate bending stiffness measured

in the deployed state – are considered to assess a structure for load-bearing applications.

Without a loss of generality, this work focuses on 1-DOF extending mechanisms, where

a single parameter, such as the angle between the scissors, can represent the state of the

structure. A structure seeking to achieve a high extension ratio must maximize the packing

density by pivoting, sliding, or wrapping the subcomponents in relation to one another. The

volume of a pivoting 1-DOF mechanism, such as a scissor mechanism or Kresling, seen in

Figure 4.2.A, transforms based on the rotation of the internal beams. The extension ratio

for a general scissor is expressed by:

ERscissor =
l ∗ cos(αf )

l ∗ cos(αi)
≈ l

t
when cos(αf ) ≈ 1 & n >> 1 (4.1)

where αi, αf are the initial and final angles of the scissor, l is the link length of the scissor,

t is the thickness of the link, and n is the number of scissor units connected together. The

extension ratio of the scissor mechanism is the ratio of the cosine of the final angle between

the members over the initial angle of the members. This extension ratio of a scissor can

be approximated as the aspect ratio of an individual member when there are many scissor
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units combined. The extension ratio of a Kresling mechanism is:

ERKresling =
r
√

(2 ∗ cos(ϕf ) − 1)

r
√

(2 ∗ cos(ϕi) − 1)
≈ r

2t
when

t

r
<< 1 (4.2)

where r is the radius of the mechanism, ϕi, ϕf is the angle offset between the top and

bottom plates of the Kresling (twist), and t is the thickness of the Kresling members. Here,

the extension ratio is again a ratio of the final angle to the initial angle and also can be

approximated as an aspect ratio of the kresling members.

This shows that the only way to achieve high extension ratios for these mechanisms

is to have high aspect ratio elements that are prone to local buckling when subjected to

loads. Similarly, for other 1-DOF mechanisms that use pivoting and sliding deployment,

these designs only contain a single packing direction. This means that the magnitude of

possible expansion is fully determined by the dimensions of the initial bounding volume and

the thickness of the individual members making up the mechanism 4.2.A. This problem is

exacerbated in the practical design of deployable mechanisms when the original bounding

dimensions are constrained, leading to making individual members thinner, leaving designs

susceptible to buckling and local deformation.

Hierarchical Non-planar Mechanisms

Non-planar hierarchy can be used to increase the extension ratio while maintaining favorable

member aspect ratios. One example highlighted in this paper is the composition of scis-

sor elements and the Kresling pattern. This new structure hierarchically extends through

multiple sequential reorientations of the individual elements. This hierarchical composi-

tion enables tighter packing of the sub-mechanisms to achieve high extension ratios (Figure

4.2.C). The extension ratio from HERDS is approximately as follows:

ERHERDS =
n ∗ l ∗ cos(αf )

r
√

(2 ∗ cos(ϕi) − 1)
≈ n ∗ l

2t
≈ r ∗ l

2t2
when cos(αf ) ≈ 1 &

t

r
<< 1 (4.3)

where αf is the angle of the scissor mechanism, ϕi is the twist angle of the Kresling, t is

the thickness of the scissor links, n is the number of scissor units, l is the length of the

scissor links and r is the radius of the Kresling. The hierarchical composition increases the
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tunable parameters to achieve high extension, including the number of scissor units, kresling

deployment angle, kresling radius, and member aspect ratio.

In the proposed design from Figure 4.2.C, the hierarchical composition of mechanism

transformations must happen sequentially. The Kresling transformation, T [ϕ], is performed

first, reorienting the scissor mechanism. Then, the scissor mechanism’s transformation,

T [α], can deploy the sub-components smoothly, increasing the system extension. These

transformations are not commutable; for example, in the collapsed state, the scissor mech-

anism’s transformation, T [α], would not lead to the effective extension of the mechanism.

This is not always the case when composing deployable mechanisms as in Figure 4.2.B, the

transformations are commutable.

By manipulating the orientation of substructure stacking through hierarchical design,

we achieve high packing efficiency without increasing the component aspect ratio. This

demonstrates the benefits of hierarchical deployable structures for extension ratio but does

not consider the structure’s stiffness yet. The stiffness of the deployed structure depends

on the extended material’s final deployed architecture. The next section considers various

scissor structures and their effect on hierarchical design stiffness.

4.3.2 Pop-Up Extending Truss: a non-planar composition of scissor elements

A basic scissor mechanism has a low flexural modulus when fully deployed, making it suscep-

tible to bending failures. Using a basic scissor mechanism as the substructure for the HERDS

– described in the previous section – leads to a major performance limitation. Through fi-

nite element analysis, the flexural modulus (bending stiffness) of the scissor mechanism is

shown to be less than that of a solid beam, as seen in Figure 4.3.A. While the hierarchi-

cal composition of a scissor and Kresling mechanism provides extension benefits, the poor

bending stiffness limits the usefulness of the hierarchical design.

Improved Bending Stiffness

By applying a non-planar composition of scissors, we developed a novel deployable struc-

ture, the Pop-Up Extending Truss (PET). The PET is composed of at least three scissor



57

Figure 4.2: This figure presents the Pop-Up Extending Truss (PET) structure, a novel
scissor-like mechanism. A) PET Deployment: provides an isometric perspective of the
PET, comprising three interconnected scissor elements: the blue ones are Short-Link Scissor
Members (SLSM), while the red one is the Long-Link Scissor Member (LLSM). The design
facilitates a compact arrangement by allowing the SLSMs to collapse onto the LLSM. Upon
deployment, the SLSMs extend into a triangular truss configuration, thereby improving the
structure’s resistance to bending. B) Individual Mechanism Deployment: showcases
a solitary scissor element, depicting the PET’s top view and the pivotal state parameter
alpha as it moves from a stowed to an extended state. C) Collective Reorientation:
presents the PET’s frontal view, illustrating the transition of the SLSMs from a flat, packed
condition in the stowed phase to an elevated, triangular form upon deployment.
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Figure 4.3: This figure evaluates the performance characteristics of the Pop-Up Extending
Truss (PET) against traditional solid and scissor-type beams through both theoretical and
empirical analyses: A) Flexural Modulus vs. Scissor Deployment: Demonstrates that
as the PET deploys, maintaining a given member aspect ratio, it consistently outperforms
basic scissor structures in flexural modulus. However, these scissor variants do not achieve a
higher utility than a solid beam within the depicted extension ratio range, showing a 42.9%
reduction in normalized flexural modulus for the solid beam. B) Flexural Modulus
vs. Link Aspect Ratio: Illustrates the threshold at which the PET’s short-link scissor
member’s aspect ratio surpasses the utility of a conventional solid beam, indicating a 71%
increase in normalized flexural modulus. C) Physical Testing: Depicts the physical test
units used in an Instron machine, which were instrumental in validating and calibrating
the simulation models developed in ANSYS. D) Physical Testing vs. Simulation:
Confirms the alignment between the beam model approximations and the physical testing
results, showing a close correlation between the observed physical and the simulated flexural
stress across a range of flexural strains for the PET, short-link scissor and long-link scissor
beams.
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mechanisms such that during deployment the sub-structures achieve multiple axes of reorien-

tation. This unique composition enables both the extension and expansion of the structure

simultaneously to create a triangular truss configuration (Figure 4.2). The PET was first

described by Fogelson et al. in [51]. More specifically, at the stowed state, the longer mem-

bers have the width of two smaller scissors, allowing them to pack flat. As they deploy, the

width of the long scissors changes at a different rate than the short scissors, forcing them

to compensate by pivoting out of the plane and popping up into a triangle shape. This

increases the minimum bending moment of inertia for the structure as it deploys, making it

more resistant to bending and buckling. In Figure 4.3.A, as the PET extension increases,

its Flexural Modulus increases at a greater rate than that of the scissors with a maximum

of 68% improvement over the solid beam.

For this analysis, the designs were modeled as beam-based structures using finite element

methods (FEM) to estimate the comparative structural behavior between different geometry.

Maintaining a constant underlying material type and elastic modulus (E), the stiffness of

individual beams predominantly varies based on their bending moment of inertia Ix =∫
A y2dA or Iy =

∫
A x2dA. In an idealized case, moving the supporting mass farther from

the centroid makes the geometry more resistant to bending and buckling. However, we

must consider local and global deformation modes for truss and lattice-based structures

as constituent beam aspect ratios and densities change. We compare multiple extending

beam designs to understand best-use scenarios for independent and hierarchical structural

implementations as seen in Figure 4.3.B. We estimate the flexural modulus from the FEM

analysis using a cantilevered beam test with the following equation:

EI =
FL3

3d
(4.4)

where E is young’s modulus, I is bending moment of inertia, F is applied load, L is effective

length of mechanism and d is the displacement. Holding mass constant, a PET with square-

cross-section beams has a 50% stowing advantage over a scissor mechanism with the same

packing angle and mass, resulting in a rectangular-cross-section. The outcomes show that

the PET achieves a 111% advantage over the long-link scissor and a 115% advantage in

bending over the small-link scissor variant.
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Scaling Effects of PETS

To understand the PET design space tradeoffs, Figure 4.3.B compares the PET flexural

modulus of various member aspect ratios to a square cross-sectional beam of equal area.

At low aspect ratios (shorter/thicker members), the mass of the PET remained close to

the centroid, offering no significant moment of inertia benefit while simultaneously having

sparse connectivity. As a result, the solid beam far outperformed the PET. As PET member

aspect ratios increased, the material was distributed farther from the centroid, causing the

effective bending moment of inertia to increase. When the minimal aspect ratio of the

PET surpassed 9.28, we saw improved flexural modulus results compared to those of the

solid beam. As the PET member aspect ratio continued to increase, local bending of the

slender beams became the dominant deformation mode, and the PET flexural modulus

asymptotically approached 71% improvement over the solid beam.

The PET’s aspect ratio directly correlates to the extension ratio (ER) and bending stiff-

ness. By mass, hierarchical deployable structures with PETs as subcomponents only become

structurally beneficial when the PET supports higher extension ratios. Many applications

for deployable structures are volume rather than mass-constrained, making packing den-

sity an important consideration along with relative flexural modulus. The bespoke design

enables the members to attain a stowage density of 50% greater by reducing the height in

the direction orthogonal to expansion, as opposed to a scissor mechanism with the same

extension ratio and mass. This stowing benefit does not directly boost the ER of the PET,

but within HERDS, the increased stowed density aligns with the extension axis.

4.3.3 Design tradeoffs of hierarchical mechanisms

To evaluate the global design space tradeoffs, designs – generated by sweeping parameters

from the PET, Kresling, and HERDS structures – were evaluated in FEM. For this study,

all systems were confined to a uniform boundary—a 500x500mm square—and directed the

extension along the structure’s initial height. Over 2300 designs, 500 HERDS, 1000 PETs,

and 800 Kresling designs were generated based on sweep parameters shown in Figure 4.4.A.

The PET and Kresling designs were sampled from various final deployment angles and
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member thicknesses to evenly sample designs with a 5-200x extension ratio. HERDS de-

signs were generated by varying member thicknesses and PET substructure width to sample

designs across a 5-200x extension ratio. These sweep parameters were chosen due to their

direct impact on the designs’ stowed height and deployed height. All designs were eval-

uated in ANSYS® APDL [64] using the python API [71]. The designs were represented

as BEAM188 elements with fixed joint constraints. The models were evaluated in bend-

ing, compression torsion, and tension to estimate the design stiffness. For the bending,

compression, and tension boundary conditions, a displacement of 1% of the final length of

the structure was applied. For the torsional boundary condition, a displacement of 3.6 deg

was applied. An extended description of the design sweep, model parameters, boundary

conditions, and solver parameters are described in the supplementary materials.

This study shows through FEM analysis that hierarchical structures have more favorable

performance in stiffness when designs support over 25x extension ratio. Figure 4.4.B - E

show results from the FEM analysis, plotting the flexural modulus, compressive stiffness,

tensile stiffness, and torsional stiffness with respect to extension ratio. In all cases across all

design structures, the structure stiffness decreases as the extension ratio increases. However,

the rate at which the stiffness decreases varies based on the structure.

Figure 4.4.B, C, and E show that the Kresling design has high stiffness in bending,

compression, and tension, though it falls short in terms of expansion potential, showing a

sharp decline in performance beyond a 25x extension. At this point, small deformations

caused catastrophic local buckling and failed to solve. Additionally, the Kresling shows

the worst performance in torsion across all extension ratios; this could be because of the

direction of the angular displacement since the Kresling mechanism only supports torsion

in one direction.

These results also highlight the PET’s ability to support up to a 200-fold expansion while

solving without local buckling. However, designs are less stiff at lower extension ratios than

the Kresling ones. While the PET can support these displacements for all extension ratios,

it only outperforms the Kresling in torsional stiffness. The PET, due to the stow volume

requirements, isn’t able to maximize the filling of the 500x500mm area, which could lead to

the limited performance results shown by FEM.
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Striking a balance between these extremes, when extension ratios surpass 25x, the

HERDS has better stiffness in all loading conditions than the PET or Kresling alone.

Additionally, these trends still exist when normalizing for mass, as seen in Figure supp-

fig:normmassinthesupplementarymaterials.Itisimportanttonotethathierarchyisnotalwaysdesirable, specificallyatlowerextensionratiosbelow25x.Moststrikingisthatinallcases, thestiffnessdegradationisdramaticallyreducedwhenintroducinghierarchyintothedesign, thusdemonstratinganadvantageofcomposinganextendingmechanism.AnexampleofthestressdistributiongeneratedbytheFEMsolvercanbeseeninFigure4.4.Funderacompressiveload.Thisimagehighlightsthemajorlimitationofthehierarchicaldesignsattheinterfacebetweenthetwosub−

systems.WedesignedandfabricatedaprototypedescribedinthefollowingsectiontofurtherunderstandpracticalconsiderationsrelatedtoHERDS.

4.3.4 Fabrication and testing of hierarchical prototype

We constructed a practical demonstration of the HERDS integrating PETs and Kresling

mechanisms. The prototype was fabricated from over 1500 3D printed components and

acrylic plates, combined to make 2 hierarchical Kresling cells, each with outer sub-members

made of PETs. The structure smoothly transitioned from a height of 2.5 inches (0.05m)

to approximately 8 feet (2.54m), using gravity as the deployment force (Video 1). Figure

4.5.A demonstrates the structure deployment, starting with the flat-packed configuration

and extending to the full-length truss. Individual PET beams extended and popped into

triangular trusses, with flexible TPU joints connecting individual scissor mechanisms. This

physical model demonstrated cohesive reorientation of the many-component hierarchical

structure without issues of jamming, locking, or mechanical frustration.

Figure 4.5.B shows structure deformation given global compressive loading. Despite

being constructed from hand-assembled PLA plastic with sub-optimal joint design and fab-

rication inconsistencies, this model could sustain a 15-pound compressive and 12-pound

bending load. While this model shows some flexing in individual beams, most of the struc-

ture’s deformation occurs at the Kresling joints that combine each PET beam. These stress

concentrations qualitatively match simulation results featured in figure 4.4.F, indicating

that future work should further optimize these joints to withstand larger loads and lock

more effectively. Enhanced joint tolerances, locking techniques, and material choices can

further advance this design.
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Figure 4.4: This figure presents a comparative analysis of the HERDS structure’s per-
formance in relation to its constituent elements, the PETs and Kresling, across different
extension ratios and under various loads: A) Design Space Parameters: Details the
variable design parameters adjusted during the study, specifically for the Kresling and PET
structures. These parameters include the PET aspect ratio, PET angle, Kresling angle,
and Kresling width, all critical in defining the geometry and functionality of the deployable
structures. B) Bending Stiffness vs. Extension Ratio: Illustrates the bending modu-
lus performance of the PET, Kresling, and HERDS structures as a function of the extension
ratio. C) Compressive Stiffness vs. Extension Ratio: Demonstrates the compressive
stiffness of the structures across varying extension ratios. An accompanying simulation im-
age reveals the potential buckling points in the PET substructures under compressive forces.
D) Torsional Stiffness vs. Extension Ratio: This plot shows the results of the design’s
torsional stiffness as it relates to the extension ratio. At high extension ratios greater than
25x the HERDS outperforms the PET and Kresling structures. E) Tensile Stiffness vs.
Extension Ratio: This plot shows the tensile stiffness for the PET, Kresling, and HERDS
as designs are sampled from various extension ratios. The Kresling and HERDS perform
similarly, while the PETS fail to support large tensile loading. F) FEM Result HERDS:
This image is a visual of one of the HERDS samples represented as line bodies showing
stress from a compressive loading case.
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Locking considerations

The efficiency of locking elements critically determines the stiffness of the deployed structure.

A structure must be able to both deploy smoothly and become fully rigid in the final desired

configuration. Strategies for locking are often application-dependent, and a comprehensive

strategy for global locking is outside the scope of this current work. However, as a proof of

concept exploration, we designed several 3D-printed locking mechanisms and comparatively

tested them for a triangular scissor mechanism. We derived an effective stiffness for each

substructure beam through three-point beam tests between 3D-printed rigid and deployable

beams. Our leading locking mechanisms achieved a stiffness ratio of about 80% compared

to a fully rigid structure. As shown in Figure 4.3.B, PET bending stiffness was a 71%

improvement over a standard solid beam. This indicates structural benefits from such a

beam sub-structure, even given significant flexibility from included locking mechanisms.

HERDS global design space analysis demonstrates significant structural improvements

over traditional single-transformation mechanisms at high extension ratios. Still, practical

considerations for the fabrication and deployment of such structures must be evaluated.

The HERDS shown in figure 4.5 offered a successful demonstration of feasibility, but ad-

ditional inquiry must be performed to streamline fabrication, enhance locking capabilities,

and ensure robust deployment. Qualitative observation of this model showed redundancy

in the systems, as several link members broke over the course of many deployment cycles

without causing failure. Structured testing of this phenomenon would be a valuable point of

inquiry for future research. Leveraging innovative manufacturing, material, and mechanical

design will further close the gap between analysis and physical realization of novel HERDS

configurations and use cases.

4.4 Conclusions

This work shows that the hierarchical composition of these extending mechanisms improves

packing density and maintains high strength at large extension ratios (>25x). For the

compositions shown in this work, the multi-orientation extension of mechanisms at different

relative angles offers a key distinction, enabling performance enhancements over traditional
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Figure 4.5: This figure shows the validation of a hierarchical design framework using a
physical prototype: A) Hardware Demonstration : Showcases the sequential deploy-
ment process of both the PET and HERDS structures. It details three stages: from a
completely flat-packed PET, indicative of its compact state, to the intermediate and fully
extended forms, with the latter highlighting the extension capability, reaching a height of
244 cm from an initial compact height of just 6.3 cm. B) Compressive Testing: Presents
a view of the HERDS under a compression test, leading to its failure point, along with the
corresponding stress-strain curve from the physical model testing. The curve displays the
mechanical behavior of the HERDS, ending with a sharp increase in strain, which likely
corresponds to the structural failure observed in the prototype.
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deployable mechanisms.

The characteristics of the subcomponents are also critical in supporting the system’s

performance. The subcomponent reorientation achieved by the Pop-Up Extending Truss

(PET) mechanism improves the overall packing of the HERDS when combined with the

Kresling over a standard scissor mechanism with the same mass. Additionally, when fully

deployed, the PET increases the effective bending moment of inertia. PETs outperform

standard scissor mechanisms in flexural modulus to weight ratio by over 100% and solid

square cross-section beams of the same mass by 71%.

The hierarchical composition of extending mechanisms has an increased number of design

parameters, leading to a large design landscape with many potential final applications.

Using finite element analysis to sweep through the multi-parameter design spaces of the

Kresling, PET, and HERDS, we observe design tradeoffs for designs with different extension

ratios. One key limitation of the hierarchical design is its performance at low extension

ratios. The traditional Kresling and PET mechanisms outperform the HERDS when the

extension ratio is below 25x. At high extension ratios, traditional designs rely on high-

aspect-ratio elements and become susceptible to local buckling.

Fabrication of hierarchically composed structures requires special consideration. This

work showed a 3D-printed PLA plastic of the HERDS and demonstrated effective deploy-

ment with a 50x expansion ratio. However, hierarchical mechanisms require nontrivial

composition details to effectively deploy and lock. The points of connection between the

PET and the Kresling that transmit the load were found to be most susceptible to failure in

both FEM and real-world testing. When composing hierarchical systems, fixed beams can

be replaced by scissor elements to enable greater extension, although locking the structure

is another case where advantages may be lost.

Both the PET and Kresling designs have redundant constraints by construction, allowing

for the failure of components without catastrophic results. Future exploration should aim

to quantify this redundancy, as well as the robustness of the deployment against jamming

and fabrication defects. The results of this work demonstrate high potential for applying

hierarchical deployable systems in aerospace, where large structures have to be stowed in

constrained rocket fairings. These structures also offer options for volume-limited terrestrial
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applications, such as transporting large communication towers to remote areas for disaster

relief. This work presents a basis for a broad landscape of new deployable mechanisms and

materials at various scales and considerations.
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Chapter 5

BISTABLE NETWORKS ENABLE COMPLEX SHAPE CHANGES

5.1 Abstract

The ability to change a surface’s profile allows biological systems to effectively manipu-

late and blend into their surroundings [107, 8, 60]. To mimic this behavior, Mechanical

metamaterials can be pre-programmed during fabrication for complex single deformations

[35, 93, 111, 47, 169]. Multi-stability has enabled metamaterials with programmable me-

chanical properties [27, 66, 63, 67, 95] and complex shape changes [120, 89, 160]. However,

these multi-stable structures either have a limited number of stable states or no method of

achieving the complexity of the profiles available in prefabricated structures from their large

state space. Here we show that by coupling bistable elements in a periodic array, we can

navigate a vast and otherwise degenerate state space, allowing us to encode targeted and

varied shape transformations. We decouple shape programming force from holding force,

so low force actuation is amplified into stable and large displacement shape changes. This

subset of scale-independent, additively manufactured, metamaterials harnesses shearing to

enable asymmetry. They can be automatically rewritten after fabrication to generate com-

plicated 2D profiles and laminated to form 3D surfaces. For successful navigation between

profiles with no mechanical frustration, we have developed an inverse shape matching strat-

egy and physically demonstrate the results using an automatic material encoding machine.

Our work opens new opportunities in microdevices, tactile displays, manufacturing, and

robotic systems.

5.2 Introduction

In the natural world, rapid shifts in texture allows animals such as frogs, cuttlefish, and

octopi to blend into their surroundings [107, 3], in our own fingertips, the wrinkling of

skin improves our ability to grip objects underwater [8]. Birds morph their wing shape to
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transition between stable and unstable states [60]. Our ability to emulate the flexibility of

these systems through shape transforming techniques has evolved greatly in recent years,

but programmatic realization of complex, passively stable morphing remains an issue. We

build a new subset of mechanical metamaterials and provide a novel strategy for explicitly

navigating between a wide range of desired shapes.

Current morphing techniques can be classified into two primary categories: actuated

structures, and deforming metamaterials. Actuated surfaces depend on many separate

motors to manipulate and maintain their form, making them large, inefficient, and dif-

ficult to build [52, 2, 137, 156, 70]. These can be effective for implementations such as

stationary haptic displays [52, 137, 70], but are limited in portability and resolution [2].

Alternatively, mechanical metamaterials demonstrate additional functionality by tailoring

deformation based on architected form. Despite significant advancements, many of these

must be programmed at construction, limiting accessible states to a single transformation

[35, 93, 111, 47, 169, 108, 165, 31, 61, 34, 99, 145, 102, 23]. While specific materials have

dynamically reprogrammable properties [28, 66, 63, 80, 153] explicitly navigating between

multiple morphologies without system degeneracy requires a local modulation strategy. We

can drive material deformation directly, similar to actuated surfaces, but this method results

in similar associated challenges [120, 91, 13, 86, 24]. To improve scalability, we may instead

geometrically encode metamaterials at states where low energy barriers separate many de-

formation paths [95, 105, 25]. For example, in origami based metamaterials, this encoding

occurs at the unfolded point, from which a subset of local vertex combinations can lead

to a specific configuration [25]. While conceptually appealing, this strategy remains widely

unexplored and prior implementations fail to demonstrate systematic navigation between

many arbitrary profiles.

Multistability enhances the utility of metamaterials by enabling state maintenance with-

out continuous energy input [120, 89, 160, 67, 91, 24, 65]. When applied to metamaterials

with writable deformation encodings, this becomes especially useful. Creating networks

of bistable components with states separated by low energy barriers, we can effectively

transition between many stable encodings, each corresponding to a specified shape trans-

formation.
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Built on these concepts, we have developed Transition-Controlled Metamaterials (TCMs)

that can generate arbitrary surface profiles and are rewritable after fabrication to encode

desired shape expressions. These materials have a single programming state where low force

(∼ 0.5 N) inputs can adjust the preferred soft mode of deformation27, to express highly

stable (> 20 N disturbance force) shapes under global loading. We alter the global response

of TCMs by physically constraining the buckling direction of each interior joint based on the

state of “Bistable Encoding Units” (BEUs) (Fig 5.1.A) at each cell joint in the repeating

lattice.

We characterize 3D printed TCMs that can be actively reprogrammed using a custom en-

coding machine. We define required geometric conditions for predictable transitions, create

an inverse method for shape matching, display 2D information, and make fully developable

3D surfaces. Our results demonstrate how the navigation of a mechanical metamaterial’s

state space can produce writable and stable constructs with complicated shape reconfigu-

ration.

5.3 Results

5.3.1 Design and Reconfiguration

Mechanical metamaterials can demonstrate unusual properties based on their architected

periodic structure. Like many metamaterials, Transition Controlled Metamaterials (TCMs)

are constructed as a tiling of flexible unit cells made of thick segments (beams) and thin

segments (flexures). Under a global compression, these structures flex based on a preferred

soft mode of deformation [34] determined by the arrangement of their members. To approx-

imate a structure’s deformation, we treat the beams as semi-rigid members and the flexures

as revolute joints. Each unit cell contains four Binary Encoding Units (BEUs) (Fig 5.1. B)

that physically constrain the movement of each joint, encoding a soft mode of deformation

that we define as either positive (+) or negative (−). A BEU consists of an angled beam

connected on one end to a flexure. In its initial fabricated state, the beam acts as a support,

allowing the cell joints to bend one direction but not the other. We can physically displace

the tip of the beam from its initial supporting position to reverse the direction of support,
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which biases the joint to bend in the opposite direction. A bulge between the two BEU

positions forces the beam to bend and then rebound, creating a bistable system 5.1. By

pushing the BEU back and forth between these two bistable states, we can effectively switch

the cell’s soft mode of deformation and hence program its final expressed form.

We follow a three-step path to reprogram and then express a TCM’s shape (Fig.5.1.E).

First, we apply tension the structure in the y direction, reducing the energy barriers between

the BEU states. Second, we mechanically switch the BEU alter the encoding. Third, we

apply a global compression in the y direction to guide the system along the selected path

to reach an expressed state (Fig.5.1.A). The 4 BEUs in a single cell can be collectively

configured into 16 different combinations. Of these, 10 combinations cause competition

between joints with no soft mode of deformation, resulting in geometric frustration1 [126]

(Fig.5.1.C). The remaining 6 BEU combinations correspond to one of four different cell

states. We characterize cell states by positive, negative, and zero Poisson’s ratios as well as

a shearing state (Fig.5.1.A). When configuring several connected cells in a TCM (Fig.5.1.D),

special care must be taken to ensure that all cells have a valid BEU combination. To achieve

this, the shearing cell acts to bridge regions with unlike positive or negative Poisson’s ratios.

If no shearing components are included, attempting to alternate cell types between adjacent

horizontal rows will result in geometric frustration. The shear cell enables spatially varying

shape changes throughout multiple connected cells, including asymmetry across rows. This

functionality makes it a key component to creating detailed and asymmetric profiles.

To reprogram TCMs, we created a machine to automatically adjust each BEU in the

lattice (Fig. 5.2.B). A custom mount holds a TCM sheet in place and tensions each cell to

enable low force reprogramming. As part of our shape-matching pipeline, we write machine

G-code based on the desired encoding of the TCM. A motor driven gantry then moves an

end effector across each cell, toggling the position of each BEU to its respective position

(Supplementary Video 1).

To control the collective transformation of a many-celled structure, we designed TCMs

to ensure collinearity of horizontal beams at the final expressed state. As the TCM reaches a

maximum compression (uymax), each cell’s geometry mechanically constricts the position of

linkages in the final expressed state, holding cross beams in a horizontal position (Fig.5.1.A).
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Figure 5.1: A) Each cell encoding corresponds to a different combination of BEU states.
Under global compression, each cell type expresses either positive, negative, or zero Poisson’s
ratio or shear behavior. B) The Bistable Encoding Unit (BEU) mechanically constrains the
direction in which each joint buckles. We mechanically toggle the BEUs between two bistable
positions. C) 10 of the 16 potential trajectories for a TCM unit cell result in mechanical
frustration and failure. D) A single TCM lattice can express many different trajectories,
all accessible from the central programming state. E) We can navigate between trajectories
by overcoming some strain energy barrier. Cell compression leads to larger energy barriers
while cell tension reduces the required transition energy. We show standard programming
procedure with states 1 through 4. State 4 to 5 demonstrates disturbance of a stable expressed
state.
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Figure 5.2: A) A programmed encoding determines the final expressed state at all defined
points P(a,b). B) We use a specially adapted machine to automatically reprogram TCM
sheets. C) We program the cell by nudging the BUE beams between states. The energy
required to program the cell becomes smaller with extension. D) As the cell compresses
along an encoded deformation mode, we test the energy required to deviate from the given
encoding. The greater the compression, the more energy it takes to switch encodings.

To satisfy our shape matching procedure, non-uniformity throughout the deformation is

permissible given we enforce collinearity at the final expressed state. We constrain boundary

conditions so that no out-of-place deformation occurs by housing the 2D TCM structures

between two flat sheets. Connections at the top and bottom edges slide freely throughout

compression to enable boundary adjustments in the x direction and resulting shape changes.

From the structure’s neutral state, the TCM can be either tensioned or compressed.

With tension, compliance in the beams and joints allow the BEUs to extend, reducing

friction between the BUE support beam and the opposing surface, hence lowering the energy

barrier between states. As the structure continues to extend (Fig.5.1.E, state 1 to 2), the

programming energy drops until the elasticity of the BEU’s joint acts as the dominant force

and the BEU becomes monostable (Fig.5.2.C). At this point, the elastic energy of the joint

becomes the threshold for the minimum energy required to reprogram the system. While

this paper only considers a single design, adjusting the width of the flexures or changing

the TCM base material will directly affect the required reprogramming energy.
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As the TCM compresses (Fig.5.2.C, state 3 to 4), the energy required to disturb the

programmed encoding increases (Fig.5.2.D, state 4 to 5). Through experimentation, we

observe a two order of magnitude (>100 times) increase in the energy required to adjust

the encoding in the expressed states compared to the programming state. By decoupling

the programming force from the holding force we are able use relatively low (∼ 0.5 N) force

actuation to encode the material and achieve much higher (> 20 N) holding forces after

compressing the material. Additional work could explore how spatially varying cell type

and compression level affects not only shape but physical properties of the material as well.

5.3.2 Sparsity of valid encodings

From the programming state, we can easily transition between different potential trajecto-

ries. For the TCM to compress along a single soft mode of deformation, all BEU encodings

must collectively transform together to avoid competition and mechanical frustration. To

approximate the expression of the collective system we treat TCM beams as rigid members

and flexures as revolute joints. Horizontal crossbars alternate to connect every other grid

point to the adjacent grid point, adding geometric constraints to the system. As the struc-

ture compresses by a given displacement (uy), the angle of the rotation for each vertical

beam can be approximated as

(θ = cos−1
(

hinitial−uy
hinitial

)
)

Based on these assumptions, the x position of each joint in a TCM with an array of

(A×B) BEUs can be expressed as

P (a, b)x = P (a, 0)x +
∑b

i=0 hinitial ∗ cos(θ) ∗ EV [a, i]

To test whether an arbitrary encoding leads to a valid expression, we can evaluate the

expressed state of the system at uymax and check to see if the lengths of all rigid beams

have been maintained (Appendix B).

To derive an expression for the total number of valid configurations, we used a brute force

method (Appendix B) to generate and test every candidate combination of an A×B BEU

array up to A∗B < 50 and A,B < 16. As the number of lattice linkages grows, the number
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Figure 5.3: A) Neutral lattice position with a programmed encoding. B) Two desired shapes
which we fed into our profile matching pipeline. C) Simulated expression of the resulting
TCM configurations. D) Physical expression of a beaker shape with comparisons of the
expected and real profiles. E) Physical expression of a face shape with comparisons of the
expected and real profiles.
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of total possible combinations (2A∗B) increases very rapidly, while number of combinations

leading to a valid expression (2k1AB+k2(A+B)+k3 , k1 = 0.2989, k2 = 0.6924, k3 = −1.3831)

increases much more slowly (Appendix B). Following this trend, the number of valid states

grows quickly but the probability of randomly selecting a valid configuration from the

transition state rapidly approaches zero as the size of the tiling grows. For a 10 × 10 array,

there are approximately 5.62 • 1012 valid states but 1.2677 • 1030 possible combinations.

Hence, the probability of selecting a valid state at random is only 4.433 • 10−16 percent.

This sparsity of valid encodings for a TCM lattice makes manual selection of possible states

extremely difficult and necessitates an inverse strategy to generate valid encodings.

5.3.3 Profile Matching

Our profile matching pipeline consists of three main categories, initial shape processing,

encoding generation, and physical expression. We offer detailed descriptions of encapsulated

sub-steps in the supplementary materials (Appendix B).

Our shape processing function accepts two input types, hand drawn profiles, or single

contour .SVG files. Limitations exist for the profiles that we can successfully approximate,

and we must first adjust the input contours to account for these (Appendix B). To process

the files, we segment the shape into two independent profiles, a left-side and a right-side

profile with a given distance separating the two. We represent these profiles as functions,

in which a single y value corresponds to a single x value, by stepping along the profile from

top to bottom and removing all overlapping segments of the profile (Appendix B).

Once we have three significant components, a left-side profile, a right-side profile, and

a distance between the two profiles, we match a valid encoding to approximate the shape.

Given a TCM with a set size and a predetermined max compression, a perfect shape match

does not always exist. As a result, we must make trade-offs for which traits we preserve

and disregard in a complicated shape. With our shape matching algorithm, we prioritize

first the right-side profile, then the left-side profile and lastly the distance between them.

Alternative constructions could refine the shape matching algorithms to balance different

traits for different applications.
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Figure 5.4: Stacking multiple TCM sheets creates reprogrammable 3D height maps. A) Tar-
get shape which was sliced and fed into the shape matching pipeline. B) Simulated expression
of each layer and its associated height value. C) Ten individual layers stack to create the
developable surface. D) Physical expression of the 3D model.

The first step in the encoding generation is to approximate the left-side and right-side

profiles as a combination of discrete (+) and (-) sloped line segments with a slope of (θmax).

For a lattice with (A×B) BUEs, the number of discrete segments is equal to the number of

rows (B). Since the state of each upper segment effects the position of all lower points, this

becomes a combinatorial problem with 2B different options. To solve this, we first find a

sub-optimal solution by naively generating parent combinations using a greedy algorithm.

Then we refine our solution by searching through superior children (lowest root-sum squared

error) with a best-first binary search tree to find a quasi-optimal profile encoding (Appendix

B).

To create a valid encoding for the entire structure, we start with the chosen right-side

encoding, then move leftward column by column until we attain the prescribed left-side

profile. As we step from one column to the next, each presents an additional 2B possible

combinations, making it an intractable search space. By leveraging several geometric con-

straints, we can reduce this search space and instead effectively match the shape with an

O(N) complexity greedy algorithm (Appendix B). We generate these constraints by evalu-
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ating the options for valid unit cells (Fig 5.1.A). Given an arbitrary unit cell, if the right-side

BEUs are set with predetermined encoding, the left-side BEUs have only 4 potential op-

tions, (-1,-1), (+1,+1), (-1,+1) and (+1,-1). If the right-side is either (+1,+1) or (-1,-1),

then the encoding must be a shear cell and the left-side encoding must equal the right side

encoding. When performing our full encoding generation, we can first iterate through each

pair of BEUs and assign all shear cells in the following column based on the state of the

current column. For the remaining BEU pairs in the following column, we can then assign

only two options, (+1,-1) or (-1,+1). To do this, we step down each column and compare

x-values for each of the two options (Appendix B). We select a favorable BEU pair based on

which more closely matches our target left-side profile. We iterate through all columns to

generate an array of encoding values [EV] populated with either +1s or -1s. Although not

universally optimal, this algorithm generates valid encodings that closely match aspects of

the overall shape. We can simulate the transformation of an overall lattice by evaluating the

position of all points at discrete compression values 0 : uymax (Appendix B) (supplementary

video 2).

5.3.4 2D and 3D Physical Expression

We 3D printed TCMs to create reprogrammable 2D profiles and 3D surfaces. To match

complicated profiles (face and beaker, Fig.5.3.B) (supplementary video 3) we printed six

10× 20 unit TCM sheets, which we connected to form one larger 20× 60 sheet (Fig.5.3.A).

We generated an encoding for each profile (Fig.5.3.C) and programmed each sheet using

our custom machine (Appendix B) (Fig.5.1.E). To express each desired shape, we used

a linear stepper motor to apply a global compression of uymax = 165mm to the TCM.

We attached markers to each joint on the TCM’s left-side profile and the right-side profile

to perform optical tracking (Appendix B) and compared our physical results against our

simulation results for each profile expression. In the fully expressed state, physical and

simulated profiles matched with an average root-mean-square (RMS) strain error εx =

0.0105 ± 0.0044. These experiments demonstrate general agreement between our simulated

and physical models in the expressed state. Uneven deformation in the flexible structure
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likely accounts for much of this observed error, and future work could explore the uneven

behavior of TCMs throughout their entire deformation. Additionally, it is worth noting

that these experiments do not reflect the overall ability of the structure’s shape matching

capabilities, which varies greatly depending on the target profile.

We created reprogrammable 3D structures with fully developable surfaces by stacking

several layers of TCMs. Our 3D system (Fig.5.4) consists of ten 10 × 20 unit TCM sheets

stacked parallel to one another. To approximate a 3D profile, we started by generating

a computer aided design (CAD) model of our desired shape. We split this design into

several layers and saved the resulting contours as .SVG files. Then, we processed each

2D shape with our shape matching protocol and programmed each layer with our custom

machine. We constrained the outer surfaces of the structure with flat, sliding contacts and

globally compressed the structure to express the desired shape. For this demonstration, we

additionally constrained the structure to express a flat backed profile and specifically focused

on the expressed heart figure on the front of the TCM array (Fig.5.4.C) (supplementary

video 4). To compare our physical and simulated shape expressions, we once again attached

markers to the edges of each layer and analyzed deformation using optical tracking.

We demonstrate successful simulation and physical expression of TCM’s 2D and 3D

shape matching capabilities, however, several constraints limit the functionality of these

structures. First, resolution of profile representation is inherently limited by the density of

TCM cells in the lattice. While these structure’s behavior is purely driven by geometry,

enabling potential uses at many size scales, small features will be needed for high resolution

reprogrammable displays. Next, the shape of potential approximated profiles is somewhat

limited by the angle (θmax) achieved at maximum compression. Adjacent cells in a TCM’s

profile cannot vary more than one positive or negative unit step at a time, meaning that it

is difficult to approximate flat lines or overhangs. In our physical model, (θmax) = 28 deg

based on our geometric design.

5.4 Discussion

This work offers an effective strategy for programming complicated and re-writable shape

changes using Transition-Controlled Metamaterials (TCMs). As demonstrated, specific
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combinations of programmable bistable linkages may be used to navigate between deforma-

tion pathways. We access a single programming state by globally tensioning TCMs, from

which point we may access all other valid configurations with low energy actuation. A viable

shape matching pipeline closely represents arbitrary profiles and enables automatic encoding

of deformation using only small mechanical nudges to program the system. Experimental

testing demonstrated close agreement between simulated and physically expressed profiles

for both 2D and 3D structures. This strategy decouples programming force from actua-

tion, creating opportunities for increased scalability and improved resolution. In addition,

it supports stable mechanical memory and requires increased forces (> 20 N) to disturb a

state once expressed. This concept is scale-independent, allowing the strategy to work at

the scale of MEMS devices up to architectural surfaces. TCMs offer opportunities to funda-

mentally change human-computer interaction through object simulation, communication of

visual and tactile information, user augmentation, and extended reusability [107, 2]. Repro-

grammable structures have utility in digitally adjustable tooling and jigs, variable friction

materials, tuneable acoustic surfaces, and robotic grippers, locomotion, and camouflage3.

5.5 Methods

5.5.1 Conditions for Valid Lattice Encoding

To effectively control collective transformations in a many-celled TCM, we tuned our design

to ensure collinearity of horizontal beams, connected asymmetrical regions with the shear

state, and matched shape with a 9-step process (S6, S7, S8). We enforced boundary condi-

tions so that no out-of-place deformation occurred and connections at the top and bottom

edges slid freely to adjust for shape changes. To maintain collinearity in the expressed

state, we specifically designed each cell to mechanically constrict the position of linkages

in the final expressed state (Fig 5.1.B). For our shape matching procedure, non-uniformity

throughout the trajectory is permissible as long as we enforce collinearity at the final ex-

pressed state. For a TCM with A×B BEUs, we developed criteria to test whether a given

joint combination results in a valid state. Every possible valid state of the TCM makes

up a finite subset within the total 2A∗B possible combinations of array values. Horizontal
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crossbars with a length of w alternate to connect every other grid point to the adjacent

grid point, adding geometric constraints to the system. First, we calculate the x-position

of the top points in each of the TCM columns, P (1, 1 : B). This can be done by sum-

ming all horizontal beam lengths plus the offsets created by the vertical beams (k) (S3.A).

For a vertical beam length (h) and a y-displacement (uy), we express the beam angle as

θ = cos−1
(

h−uy
h

)
, and the resulting offset created by the beam as k = h ∗ sin (θ). Given

an array of positive and negative encoded values [EV], we then calculate the position of

each top point.

P (1, b)x = b ∗ w +
∑b−1

i=2, i even (EV [1, i] ∗ k) −
∑b

i=3, i odd (EV [1, i] ∗ k)

With these starting values, we express the x-position of every point in a TCM.

P (a, b)x = P (1, b)x +
∑a

i=a hinitial ∗ cos(θ) ∗ EV [i, b]

After calculating the x-position of all points, we iterate through the TCM and check

that all horizontal beams maintain their original length in the final expressed position. We

consider a TCM configuration to be valid given the conditions.

(P (aeven + 1, beven)x − P (aeven, beven)x = w) ∀ (1 ≤ a ≤ A, 1 ≤ b ≤

B)And(P (aodd + 1, bodd)x − P (aodd, bodd)x = w)∀ (1 ≤ a ≤ A, 1 ≤ b ≤ B)

5.5.2 Size of Valid Combination Space

By brute force computation, we calculated the position of all expressed points and tested

whether link lengths are maintained for all horizontal crossbars. We iterated through all

2A∗B possible BEU combinations to measure the number of successful outcomes for a given

TCM. To derive an expression for the total number of valid leaf nodes, we generated and

tested every candidate combination of an A×B linkage array up to A∗B < 50andA,B < 16.

This data created a symmetric matrix with 25 total points (S6). Of these combinations,

we selected 17 points to act as fit data, and 8 points to act as validation data. By

taking the log2 of the fit data for valid configurations, we were able to generate best fit

lines for A=2,4,6,8 as B increased, with R2 > .99998. The slope and intercepts of these
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four lines also fit a linear relationship as the A value increased, such that R2 > .99999.

This logarithmic relationship and the two linear equations combined to create a single

general equation to describe the valid combination space as A and B varied. The num-

ber of totalvalidcombinations = 2k1AB+k2(A+B)+k3 with the three constants, k1 = 0.2989,

k2 = 0.6924, k3 = −1.3831, obtained through the linear fits. We tested this general equation

using our validation data and achieved error < 2.1% for all points (S6). As the number

of lattice linkages grows, the number of total possible combinations (2A×B) increases very

rapidly, while number of combinations leading to a valid trajectory (2k1AB+k2(A+B)+k3) in-

creases much more slowly. Following this trend, the number of valid states grows quickly,

but the probability of randomly selecting a valid configuration from the transition state

rapidly approaches zero as the size of the tiling grows. For a 10 × 10 array, there are

approximately 5.62E12 valid states but 1.2677E30 possible combinations. Hence, the prob-

ability of selecting a valid state at random is only 4.433E-16 percent. For such large lattices,

the chances of randomly selecting a valid trajectory quickly approaches zero, necessitating

an inverse strategy to generate a valid encoding.

5.5.3 Programming Energy

To test the force and energy required to program a cell’s trajectory at a predefined level of

extension, we experimentally evaluated 3D printed TPU unit-cell samples using an Instron

Universal Testing System. To perform these tests, we physically constrained the horizontal

beams of the unit cell with an adjustable mechanism that pulled the cell beams to a specified

width. Next, we used a small metal beam to pull or push a single BEU beam forwards and

backwards across the mechanical energy barrier of the joint. We tested seven different

tension levels (uymax/(1, 2, 3, 4, 5, 6, 7)) with their relation to ‘maximum tension’, which we

describe as the point at which the center beam became free to move back and forth with

no mechanical interference (uymax = 3.5mm). We tested 5 samples per point and plotted

their average force vs deformation in Appendix B.5.D. Here, thickness of the line shows the

standard deviation between samples. We calculated the total programming energy as the

sum of all forces (F) over the deformation in the x direction (ux) at each measured point
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(p), such that

EProgram =
∑pProgram

p=0 (ux (p + 1) − ux (p)) ∗ F (p)

From these experiments, we observed an 84% reduction of required programming energy

from the neutral (7.88 mJ) to the fully extended state (1.265 mJ).

5.5.4 Disturbance Energy

To test the force and energy required to disturb a cell’s trajectory at predefined levels of com-

pression, we experimentally evaluated 3D printed TPU unit-cell samples using an Instron

Universal Testing System. To perform these tests, we physically constrained the horizon-

tal beams of the unit cell with 3D printed PLA jigs. Next, we fixed each sample in one

of the three possible programmed BEU configurations (inwards trajectory, outwards trajec-

tory, and shear trajectory). We tested four different compression levels with their relation to

maximum compression (uymax/(1, 2, 3, 4)) with uymax = 5.5mm. At each compression level,

we performed the tests by applying a deformation to the center of the cell’s unsupported

beam in the direction opposite the direction of the initial programmed trajectory (Fig. 2).

We deformed the cell until we effectively disturbed the state of the programmed trajectory.

We defined this as the point as the moment when the BUE’s of the cell switched position,

resulting in a change in the programmed trajectory of the cell. We tested 5 samples at

each of the positions and plotted their average force vs deformation in Appendix B.5. Here,

thickness of the line shows the standard deviation between samples. We calculated the total

disturbance energy as the sum of all forces (F) over the deformation in the x direction (ux)

at each measured point (p), such that

EDisturb =
∑pDisturb

p=0 (ux (p + 1) − ux (p)) ∗ F (p)

For all configurations, we see large (> 7x) increases in required disturbance energy from

the uncompressed to the fully compressed states.
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5.5.5 Profile Matching Pipeline: Shape Processing

Our shape processing function accepts two input types, hand drawn profiles, or single con-

tour .SVG files. While we can accept any contour, several limitations exist for the profiles

that can be successfully approximate with our TCMs, so we must perform several pre-

processing steps to fit the desired shape criteria. First, we must split a shape into two side

profiles, left and right. We start by converting the .svg file into many Cartesian (x,y) points

and iterate through each point, recording the maximum and minimum y values. Next, we

sort points within the top 2% of y-value subset and select the leftmost and rightmost points

as the start of our left and right contours. We step along each contour until we reach the

bottom 2% y-values in the image to select our complete left and right profiles. Next, we

need to represent each profile as a function, with a single y point returning a single x point.

This means that we must remove any overhangs or horizontal lines in the profile. We iterate

through points from the top to the bottom on the left and right profiles. For any point (P)

with, P (i + 1)y < P (i)y we replace P (i + 1)y = P (i)y − .001. This removes the overhang

and horizontal lines, replacing them with a slightly slanted line. Finally, we interpolate

between points so that any input y value returns a valid x value. The resulting functions

generate single values f(y)goal that we can then feed into the shape matching function.

5.5.6 Profile Matching Pipeline: Generating Encoding

Once we have valid functions to represent both the left and the right sides of the contour,

we then create a valid encoding that can be programmed into the TCM structure to create

a physical expression matching the desired shape. First, we generate an encoding for both

the right and the left-side profiles. For a TCM lattice with BUE row count = A, we

must approximate each profile with A-1 connected line segments with defined positive or

negative slopes ±θ (B.5). For a single column of BEU encoding values (EV [1 : A, 1]), we

can represent the cartesian coordinates of each point (P(a,1), in the profile as

P (a, 1)x =
∑a

i=1 hinitial ∗ cos(θ) ∗ EV [i, 1]

and

P (a, 1)y = hinitial −
∑a

i=1 hinitial ∗ sin(θ)
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From our shape processing procedure, we can represent the ideal profile with the func-

tion, xgoal = fmatch (y). We calculate the error between the goal and the approximated

profile x values at each point as errorx =
∣∣∣P (a)x − fmatch(P (a)y)

∣∣∣. To generate encoding

values (EV) for each profile, we first use a greedy algorithm to create an initial approxima-

tion of the shape. We step through each row (1:A) and append either +1 or -1 to minimize

errorx at each point. This approach creates a sufficient match for relatively flat profiles but

can result in large errors when the target shape contains dramatic curves. Since upstream

values in the chain of connected beams effects all downstream values, we must consider all

2B combinations to discover the optimal solution. To reduce profile approximation error,

we first use our greedy algorithm to generate profiles starting from the top and bottom of

the profiles (1 : A, A : 1). Then, we search through all encoding values (EV) combinations

that disagree between the two initial samples using a best-first binary search tree. As we

traverse the tree, if the root sum squared (RSS) error becomes greater than the RSS error

from the original greedy algorithm, then we can prune the current branch and reduce the

search space. To keep computation times low, we stop our search after a set number of

recursions (1,000). While this algorithm does not guarantee an optimal solution, it does

generate a qualitatively similar profile for all tested shapes and reaches an optimal solution

for TCMs with low cell counts (Fig. 5.3).

Once we have generated satisfactory encoding for the left-profile and the right-profile,

we then fill in the encoding values for all remaining cells in the array. To generate a

valid encoding for the entire structure, we step from the initial right-side encoding and

individually fill columns until we reach the desired left-side profile. We detail this algorithm

in the body of the paper and provide additional details in S7 step 6.

5.5.7 Profile Matching Pipeline: Programming and Expression

To physically program and express the desired shape encoding, we use a custom machine to

adjust all binary encoding units (BEUs) based on generated G-code (supplementary video

1). We start by mounting the TCM sheet onto a custom peg fixture that holds and stretches

each cell in the y-direction to reduce programming force and ensure accurate positioning.
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With a desired array of encoding values [EV] and known TCM dimensions, we program

an adapted FDM 3D printer to move a metal end-effector to the center of each BUE and

sequentially program the TCM. The machine performs a set of programming steps based on

the associated EV values at each BEU. If EV [a, b] = −1, then the end effector steps right

in the x-direction, down in the z-direction, left in the x-direction to switch the BEU state,

back up in the z-direction, and finally returns to center. If EV [a, b] = +1 then the machine

performs a similar series of movements but mirrored vertically about the center of the BUE,

moving left for the first step instead of right. The end effector iterates through each of the

columns adjusting every BEU individually to fully reconfigure the structure encoding. While

this design successfully demonstrated the concept and automated the shape reprogramming

process, future iterations could achieve higher programming speeds by parallelizing the

end effectors to adjust many cells at once. To express the shape change of the TCMs, we

connected several individual sheets to make a larger TCM array. We connected these arrays

to sliding contacts at the top and bottom of the array and compressed them using a Nema

23 stepper motor connected to a linear screw actuator.

5.5.8 2D and 3D Structure Fabrication

To fabricate reprogrammable 2D profiles and 3D surfaces, we 3D printed TCMs from a 90A

durometer Thermoplastic Polyurethane (TPU). The base unit of each TCM is comprised

of a single BUE with a width of 17.56mm and a height of 8.05mm. We tiled the BEU’s

with the ppm wallpaper group pattern (*2222 orbifold notation) in a 10 x 20 array to make

the full lattice. To simplify fabrication, we printed the TCMs as initially biased towards

the negative Poisson’s ratio state by 10 degrees to avoid interference and fusing between

the BEU beam and the other components while 3D printing. We added dovetail joints at

the top and the bottom of the sheets to allow easy connection between single sheets. This

allowed us to combine 2x3 individual sheets together to create a larger array of TCMs.

The dove tail joints also allowed us to connect the TCM lattice to 3D printed rollers to

create sliding boundary conditions at the top and bottom. On the sides of the TCM sheets,

instead of using the printed dovetail joints, we glued PLA dovetail joints to connect adjacent
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cells. In figure 3, this can be seen as a slight horizontal gap at the center of the large TCM

lattice in the expressed state. To create the 3D structures, we built and enclosure to house

and compress multiple stacked layers of TCMs. Our system included two flat 3D printed

PLA end pieces, one of which remained fixed in place, and the other which slid along four

rectangular acrylic bars to compress the TCMs. The acrylic bars constrained the TCMs on

each of the flat surfaces to resist any out of plane deformation. The two remaining sides of

the TCM stack remained free to deform, allowing them to express the desired shape with

the given compression.

5.5.9 Optical Tracking

Optical tracking compared the expressed results from our physical and simulated models.

We compared the profiles independently on the right and left side since our shape matching

algorithm did not optimize for distance between profiles but instead prioritized relative

features on each side. To perform optical tracking of the physical model, we 3D printed

circular markers from blue PLA plastic and glued each marker to the center of each joint.

We then compressed each planar structure and photographed the expressed shape with

a Panasonic Lumix GH5 digital camera. We used the opensource library OpenCV with

python to perform post processing on the images. First, we filtered each image based on

color to remove everything that did not have a blue hue. Next, we filter the photo to remove

noise by applying a 5x5-pixel gaussian blur followed by a sharpening kernel. We convert

the image to greyscale apply a threshold to leave only the brightest regions then dilate and

erode the image to remove any remaining small blobs. Then, we use OpenCV’s Simple Blob

Detector to mark every circle and return then coordinates of the center of each marker.

We converted each image from pixels to millimetres and calculated the error between the

tracked physical points and the simulated points. All error values for each point can be

found in B.9.
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Appendix A

SUPPLEMENTARY MATERIALS FOR ”NON-PLANAR
HIERARCHICAL COMPOSITION FOR DEPLOYABLE

LOAD-BEARING STRUCTURES”

A.1 PET Design

The authors of this work invented the Pop-Up Extending Truss (PET) where it is first

described in [50]. PETs are a novel scissor variant that flat packs when stowed and pops

up into a triangular truss when deployed.

Figure A.1: This figure presents the Pop-Up Extending Truss (PET) structure design pa-
rameters. A) Universal and Revolute joints can be used to construct the structure. B) Link
lengths govern the properties and behavior of deployment.
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A.1.1 Design Parameters

The Pop-up Extending Truss (PET), seen in Figure A.1, which shows various unfolded

views of the structure, is defined by the following parameters:

• l1 → Half the length of the short-scissor member

• l2 → The length of the long-scissor member extension

• l3 → Half the length of the long-scissor member

• α → The angle between the long-scissor members

• β → The angle between the short-scissor members

• t → The thickness of the square crossectional members

A.1.2 Kinematics

To ensure that the PET is kinematically feasible, the following constraints have been for-

mulated for any instance i in the discrete deployment sequence:

ai ≤ 2 ∗ bi (A.1)

ci ≤ l2 + d1i (A.2)

d1i ≤ l2 + ci (A.3)

d12i + d22i − c2i − l32 − 2 ∗ (l2 ∗ (l2 + l3)) = 0 (A.4)
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Where:

ai = (l2 + l3) ∗
√

(2 ∗ (1 − cos(αi))) (A.5)

ci =

√
(l2(sin(αi/2) + sin(3αi/2)))2

+(2 cos(αi/2)(l2 cos(αi) + l3))2
(A.6)

βi = cos−1(1 − 0.5(
ci

2l1
)2) + π (A.7)

bi = l1 ∗
√

(2 ∗ (1 − cos(βi))) (A.8)

d1i =
√

(l32 + l22 − 2 ∗ (l3 ∗ l2) ∗ cos(αi)) (A.9)

d2i =

√
((l2 + l3)2 + l32)

−2(l3(l2 + l3)) cos(π − αi)
(A.10)

θi = cos−1((a2i − 2 ∗ b2i )/(−2 ∗ b2i )) (A.11)

A.2 Alternative HERDS Structure Combinations

This work discussed a hierarchically composed HERDS structure using the Kresling and

PET substructures. However, various scissor variants and mechanisms could also be used

as substructures for a HERDS system.

A.2.1 Scissor Variations

There are a variety of interesting scissor variations that could be used to replace the PET

scissor mechanism. Some of these include a branched scissor mechanism with three-way

symmetry [131], a branched scissor mechanism with four-way symmetry [131], as well as

connecting three scissor mechanisms in a triangular configuration using uniform link lengths

seen in Figure A.3 or using variable link lengths in Figure A.4.

A.2.2 Reinforcement Strategies

This work considered structures that can support loading, so reinforcement and locking

strategies were critical to the success of the sub and superstructures. With many of the
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Figure A.2: This figure presents the kresling design parameters. A) kresling deployment
occurs based on the input angle ϕ, with beam length lAC changing based on other parame-
ters. B) HERDS made from PETs and Kreslings are described by the given parameters.

prototypes being constructed from 3D printed PLA, one way we found to extend the struc-

tural performance was by adding reinforcement cables, as seen in Figure A.5. After the

structure is deployed, it is critical to consider locking to support loads without large defor-

mations. For this, we investigated seven locking strategies: pin and corner lock, pin lock,

ramp and corner lock, and ramp lock. We also considered other nominal cases, such as no

lock, glued pin, and completely rigid designs. These locks were tested using a 3-point bend

test in an Instron machine, where each was tested multiple times to a 10mm deformation.

The results from this test can be seen in Figure A.6. The results are normalized to the rigid

design, where the glued pin performed best with an 80% effectiveness compared to rigid

connections. This design is valid if the structure only needs to be deployed once. However,
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Figure A.3: A 3D printed prototype of a triangular scissor mechanism, an alternate sub-
structure variant, with uniform link lengths.

Figure A.4: Alternate HERDS and substructure variations. A) Adjusting link lengths
creates bending deployment in triangular scissor mechanisms. B) HERDS can also be
created from scissor mechanisms and Handed Shearing Auxetics (HSAs).
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Figure A.5: HERDS, PETS, and Tri-Scissor Mechanisms can be additionally strengthened
with integrated cable reinforcement.

there are many applications where retraction is also necessary, and for that, pin and corner

locks seemed to perform the best with 53% effectiveness. It is important to note that better

results could be achieved with more research and emphasis on locking, but this was out

of the scope of this work. While this was not the primary consideration of this work, it is

critical to the practical considerations of deployable load-bearing systems, and so we wanted

to include some of our initial investigation into this aspect of the design.
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Figure A.6: To validate various options for structure locking, we physically compared several
3D-printed lock combinations. A) Bending results based on Instron 3-point-bend physical
testing. B) Diagrams of different 3D-printed lock variations. C) Stiffness comparison of
physical test results.
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A.3 Kresling Design

The Kresling was the other substructure used for the hierarchical composition of the extend-

ing mechanism. The mechanical Kresling, as opposed to the very common origami version,

was described by Zhai et al. in [166]. In this section, we provide more information about

this structure’s design parameters and kinematics seen in Figure A.2.

A.3.1 Design Parameters

The following parameters define the Kresling mechanism:

• r → The radius of the structure

• ϕ → The twist angle between the top and bottom plates

• h → The height between the top and bottom plates

A.3.2 Kinematics

To make sure that the structure is kinematically feasible, the member lengths have to be

supported by the following equations:

lAB = r (A.12)

lBC =
√
h2 − 2r2cos(ϕ) + 2r2 (A.13)

lAC =

√
h2 − 2r2cos(

2π

6
+ ϕ) + 2r2 (A.14)

A.4 HERDs Design

This section details specific parameters for the hierarchically composed structure that uses

the Kresling and the PET as substructures.

A.4.1 Design Parameters

In addition to the PET and Kresling design parameters, the HERDS superstructure also

has various parameters as follows:
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• w → The width of the PETs in the stowed state

• n → The number of scissor (PET) units

• m → The number of kresling units

A.4.2 Kinematics

The kinematics of the HERDS follow the same equations from the Kresling to ensure the

state is feasible.

A.5 Ansys APDL

A.5.1 Line Body Appoximation

We represent all models as simplified beam elements with fixed constraints between lines.

The beam elements in ANSYS APDL are based on Timeshanko beam theory, which reduces

the degrees of the whole solid to 6, translations, and rotations in x,y, and z. Warping is

an additional degree of freedom that could be considered, but it was found to reduce the

accuracy between Real2Sim data. Each line is split into elements to increase the accuracy

of the deformation. The cross-section of the beam elements was assumed to be rectangular,

and the cross-sectional elements can also be subdivided for better accuracy. We found

diminishing returns for many line body and cross-section elements; the computational time

increased, but the solution accuracy stayed constant. We used line bodies because they are

more scalable than solid body meshing for our long, slender structures and provide fewer

artifacts due to poorly formed meshes, leading to the joints’ artificial stiffness.

A.5.2 Physical Testing Validation

We evaluated physical bending, compression, tension, and torsion models in an Instron ma-

chine to ensure our simulation models were accurate. We printed an ASTM test specimen,

a PET, a small-member scissor, and a long-member scissor in an SLA printer. We found

the Youngs modulus from the test specimen which was then used for future simulation ex-

perimentation. We then tested all the models at least 5 times for each boundary condition.
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Figure A.7: We see close agreement between physical testing and simulaiton.

These boundary conditions were then evaluated for solid body and line body FEM simula-

tions to ensure a reasonable agreement between the Real2Sim. These results can be seen in

Figure A.7.

A.5.3 Boundary Conditions

We considered a one percent displacement in a cantilever beam, compressive, tensile, and

torsional to estimate the flexural modulus and effective stiffnesses, seen in Figure A.8.

We chose a cantilevered beam instead of a 3-point bend because the boundary conditions

represented in APDL are easier to define than a 3-point bend test on the beam elements.

A.5.4 Computational Considerations

We ran the models on a local workstation running the AMD Threadripper and the Pitts-

burgh Supercomputer with system specifications defined in Table A.1. The HERDS models

with a large number of beam elements took up >32GB of RAM when solving the boundary

condition equations and could not be solved on the Local Workstation.
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Figure A.8: Ansys APDL boundary conditions for this study’s compression, tensile, tor-
sional, and bending tests on the PET, Kresling and HERDS structures.

Table A.1: LOCAL WORKSTATION AND PITTSBURGH SUPER COMPUTER CON-
FIGURATION

Local Workstation Pittsburgh Super Computer

CPU

AMD Threadriper

16 cores, 32 threads

4.5 GHz

2 AMD EPYC 7742 CPUs

64 cores per CPU, 128 cores per node

2.25-3.40 GHz

RAM 32 GB 256GB

Storage 500 GB NVMe SSD 3.84TB NVMe SSD
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Figure A.9: The results from the design sweep with the values normalized by the mass of
the structures.

A.6 Design Sweep and Analysis

We sought to sweep potential design variation and varied the designs between 5 and 200x

extension ratio. For the PET this was achieved by varying the final deployment angle α and

the member thickness. The Kresling achieved this by varying the final deployment angle ϕ

and the member thickness. Finally, the HERDS is swept over the member thickness and

PET width of ”offset,” correlated to the number of PET units.

A.7 Prototype Fabrication and Testing

The HERDS prototypes were assembled using 3D-printed parts, laser-cut acrylic, and metal

fasteners. Elements like joint design and locking mechanisms are crucial for the system’s

functionality, requiring further refinement for targeted applications. These initial models

provide a solid proof of concept and set the stage for more polished future versions. The

design specifications for each prototype are detailed in Table A.4.
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Table A.2: DESIGN SWEEP PARAMETERS FOR PET, KRESLING AND HERDS

Extension Ratio Deployment Angle [rad] Member Thickness [mm] Offset [mm]

PET 5→200x 0.52→1.47 1.0→31.4 -

Kresling 5→200x π
6 →−π

6 0.6→21.9 -

HERDS ∼5→200x - 1.0→10.0 6.0→50.0

Table A.3: NUMBER OF DESIGNS THAT WERE TESTED FOR EACH BOUNDARY
CONDITION

Bending Compression Tension Torsion

HERDS 496 390 270 405

Kresling 813 289 343 363

PETs 1000 980 979 977

We performed a deployment test, a compression test, and a three-point bending test in

a motion capture system. Markers on the middle and top plates tracked the plates’ position

during deployment and measured position and deflection during experiments.

A cable was secured to the top plate of the HERDS to evaluate deployment empiri-

cally. The bottom plate of the HERDS was free, and the structure was extended solely by

the cable’s tension and gravity. This demonstrated the feasibility of smooth deployment

without jamming or locking. The deployment of the prototype, consisting of more than

1,500 constituent 3D printed parts, had no instances of jamming and achieved unified ex-

tension. In the stowed state it packed to a height of 5 cm and extended to a final length of

approximately 254 cm.

Weights were added to a testing setup to test the compressive capabilities of the struc-

ture. The motion capture system measured the deformation between the cell plates as

weight was incrementally added. The prototype supported 65 N before failure. Plastic

deformation of the 3D-printed material at the joint interface between the PET and the
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Table A.4: Hardware Prototype Parameters

Large

HERDS

Thickness 0.006

PET Cells 13

Kresling Cells 2

Diameter 0.578

Initial Height 0.050

Final Height 2.540

Expansion

Ratio

50.8

kresling was observed at failure. This PLA plastic prototype is not optimized for struc-

tural stiffness but highlights the significant advantage over a tethered system that could not

support compressive loads.

A tangential loading condition was evaluated on the prototype as well. Due to size

and space constraints, an inverted 3-point bend test was performed. The two ends of the

HERDS beam were free-standing on the ground, and the middle of the structure was lifted

to apply a force. Similarly, the failure was due to plastic deformation at the joint interface

between the Kresling and PET. Additional joint design with improved locking capabilities is

required for future iterations. Despite these unexpected deformation modes, the model still

supported up to 60 N force before failure. Improved locking, tolerances, and base material

properties may enhance stiffness and offer enhanced capabilities over tethers.
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Appendix B

SUPPLEMENTARY MATERIALS FOR ”BISTABLE NETWORKS
ENABLE COMPLEX SHAPE CHANGES”

B.1 Video Descriptions

Video 1: The video SV1.mp4 shows automatic programming of Transition Controlled Meta-

materials using our custom encoding machine.

Video 2: The video SV2.mp4 shows profile matching and simulation using our shape

matching pipeline.

Video 3: The video SV3.mp4 shows physical profile matching for both the face and the

beaker profiles.

Video 4: The video SV4.mp4 shows physical expression of the 3D heart surface.

B.2 Lattice Selection

While we specifically tailored TCM geometry to enable predictable reprogramming, the basis

of the TCM design stems from the standard honeycomb and auxetic reentrant honeycomb

[119, 81, 17, 69, 150] pattern (B.1.B). We selected this lattice based on three intrinsic

properties. First, given an unconstrained range of motion at each revolute joint, the state

space of the lattice makes up a star graph (K1,K), with all leaf nodes being accessible from

a single central node. Second, the star graph configuration contains enough valid states

to enable arbitrary shape change. For example, lattices such as the double arrowhead,

[119, 154, 115, 43] (B.1.A, B.2.B) or chiral structures [85] (B.2.A) support the star graph

configuration, but have small state spaces that are limited by geometric constraints. To

ensure that the number of valid states grows rapidly as cell count increases, adjacent cells

must be independently programmable. Finally, individual cells of the structure must be

capable of switching between Poisson’s ratio signs. For both the reentrant honeycomb and

the double arrowhead structures, the instantaneous Poisson’s ratio can be set to either a
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positive or a negative value based on the interior joint angle of θ. This property allows the

width of compressed cells to be programmatically set, enabling shape change within the

lattice. As shown in figure B.1, the transition between positive and negative Poisson’s ratio

during a compressive trajectory occurs at maximum extension, at which point each has an

angle of θ = 0. As a result, any cell with an initial angle θ > 0 will expand laterally as

the structure is compressed, and any cell with an initial angle θ < 0 will contract laterally

as the structure is compressed. As a contrasting example, the rotating squares structure9

(B.1.C) remains auxetic throughout the entire trajectory of θ. This makes the rotating

square structure a poor candidate for generating varied edge profiles (B.1.C).

As shown in B.2.A, the 4-bar chiral lattice [119] is one such geometry that demonstrates

the desired star graph state structure. Here, the current trajectory of the structure can

be defined by a combination of zero, clockwise, or counterclockwise center rotations and

linkage rotations for each unit cell. As the cell count for the lattice increases, the chiral

star graph has an exponentially increasing number of valid accessible leaves. However, each

unit cell can only take on negative or zero Poisson’s ratios and no positive Poisson’s ratio

options exist. This limits the shape changing capabilities of the lattice, requiring external

shearing forces to generate horizontal deformation. Having no positive Poisson’s ratio state

also limits the ability of the lattice to vary cell type in multiple directions.

The double arrowhead lattice (B.2.B) also matches the star graph condition, with state

configurations defined by the values of each unit cell joint angle θ. For a lattice with

AxB joints, there are 2A∗B potential joint combinations. However, having no shearing

configuration, the number of valid configurations is greatly limited by geometric restrictions.

Unit cell type can be adjusted in stripes, but like the chiral lattice, local cell changes in

two directions are limited. To maintain valid physical linkage configurations in the lattice,

all cells within a row must maintain a constant value of θ. This means that cell type in

the lattice can only be adjusted column by column, reducing the number of total valid

combinations from 2A∗B to 2B. With these physical restrictions, we can adjust the effective

global Poisson’s ratio of the double arrowhead lattice, but we cannot generate spatially

varying Poisson’s ratios or complex profiles. It should be noted, these restrictions exist

with the assumption that the lattice structure remains in the 2D plane. Out of plane
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deformations may open an even broader design space for deforming lattice structures with

star graph representations.

Figure B.1: Transition modes for auxetic lattice structures. A) The double arrowhead
lattice transitions from auxetic to non-auxetic. B) The honeycomb structure transitions
from auxetic to non-auxetic. C) The rotating squares lattice remains auxetic throughout
the full range of θ.
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Figure B.2: Star graph configurations for chiral and double arrowhead patterns. A) A chiral
lattice transitions from the central state to many different configurations with combinations
of element shear and rotation. Blue denotes CW rotation, red denotes CCW rotation and
grey denotes no rotation. B) An A×B double arrowhead lattice with A=6 and B=3 linkages
can transition from the central node to 2B = 8 different states. For failed combinations,
dashed orange lines show discontinuities resulting in linkage deformation.

Figure B.3: Example of Valid Structure Combination Check. A) We encode a structure’s
vertical linkage slope as either a 1 or a -1 to make up the encoding values matrix (EV).
Horizontal linkages span alternating joints to define a valid configuration. B) Invalid link
lengths define a failed configuration.
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Figure B.4: Combination space for total joint combinations and valid joint combinations.
As lattice cell count increases, total joint combinations expand far more rapidly than valid
cell count. Tables A and B display the valid combination count and the total potential
combination count in relation to A×B linkage number lattice dimensions.
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Figure B.5: Programming and disturbance energy. A) Force vs displacement plots for an
inwards trajectory TCM cell at four different levels of compression. B) Force vs displacement
plots for an outwards trajectory TCM cell at four different levels of compression. C) Force
vs displacement plots for a shear trajectory TCM cell at four different levels of compression.
D) Force vs displacement plots BEUs at seven different levels of tension.

Figure B.6: Shape processing. We pre-process arbitrary shapes, converting them into left
and right profile functions that act as inputs to the shape matching algorithm.
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Figure B.7: Valid encoding generation. To encode TCM to match a desired profile trajec-
tory, we approximate the profile of each side with discrete line segments and fill in interior
cells to create a valid configuration.

Figure B.8: Physically programming the TCM. To automatically adjust the physical en-
coding of a TCM, we generate G-Code, run it on our custom programming machine, and
express the structure with a compressive force.



109

Figure B.9: Error between physical tests and simulated profiles in expressed states. A)
Error between simulated and physically expressed profiles for both left-side and right side
of the beaker shape. B) Error between simulated and physically expressed profiles for both
left-side and right side of the face shape.
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