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The necessity for evaluating the accuracy and characteristics of new Large-Eddy Simulation (LES) 

turbulence models in modern fluid mechanics research has inspired the development of a Three-

Dimensional Particle Tracking Velocimetry (3DPTV) system capable of producing 3-Dimension 

3-Component (3D3C) velocity vector fields. The system is based on the triangulation method of 

particle location and utilizes an optical system comprised of three 4008 x 2672 charge-coupled 

devices (CCDs), three 120mm lenses, and a water-filled prism. The tracer particles used in the 

system were <5µm TiO2 and were illuminated using a 532 nm Nd:YAG dual pulsed laser. The 

system was configured to study a backward-facing step flow in a 6” x 12” water tunnel due to this 

flow’s consistency in separation and unsteady, turbulent characteristics. The experimental flow 

had a freestream velocity of 22 cm/s, a Reynolds number based on the step height of 6274, and a 

Taylor-microscale Reynolds number of approximately 130. Data from this flow was used in a 

priori testing of various LES models including the Smagorinsky, Similarity, Mixed, Dynamic, 

Coherent Structures, and Stretched Vortex Models. The system is preferable to Direct Numerical 

Simulation (DNS) for such testing in that it is capable of acquiring data at a resolution adequate 

for a priori testing without the computational restrictions for high Reynolds numbers. In the 

present configuration, the system is capable of achieving a Taylor-microscale Reynolds number 

of 214, but with an increase to the CCD resolution of the system, a Taylor-microscale Reynolds 

number of nearly 400 would be attainable. 
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Chapter 1 

INTRODUCTION 

 To the scientist, engineer, or physicist, turbulence is not merely the unsettling bumps an 

airline passenger experiences as he crosses the Rocky Mountains on his flight from New York to 

Los Angeles. While this often distressing and uncomfortable situation is certainly related to fluid 

turbulence, it is but a side-effect of a far more complex and rich phenomenon. The chaotic, 

disorganized flow is ever present. It shows up in the back eddies of rivers, the exhaust of a car, 

the crashing of a wave, and even the smoke coming from the pipe of an old fluid mechanics 

professor. Not only is this flow ever present, but, at least according to famous theoretical 

physicist Richard Feynman, “[t]urbulence is the most important unsolved problem of classical 

physics.”1 

 While the importance of its study is undeniable and well-documented, turbulence remains 

one of the most difficult phenomena to study. The non-linearity and complexity of the governing 

Navier-Stokes Equations continues to perplex mathematicians and to date, there is no analytical 

solution to the equations. For this reason, engineers must solve these equations numerically, an 

approach that leads to prohibitive computational costs as the flow gets increasingly more 

complex. However, one promising way to study turbulence is to gather experimental data for a 

consistently turbulent flow and compare the experimental data to turbulence models designed to 

estimate certain terms in the Navier-Stokes Equations. A three-dimensional particle tracking 

velocimetry (3DPTV) system has been developed at the University of Washington to do this. 



2 

 

The system’s design, implementation, resulting data as well as the theory and application of 

Large-Eddy Simulation (LES) models to this experimental data is the subject of this study.  

 

1.1 Backward-Facing Step Flow 

The specific turbulent flow selected to be studied by this system was a backward facing 

step flow. The following section describes, in brief, the characteristics of this flow. 

Backward-facing step flow is a popular flow phenomenon to study as it provides 

consistent flow separation and unsteady behaviors characteristic of turbulence.2 Its unsteady 

behavior and consistent point of separation provide an abundance of flow phenomenon to study. 

Backward-facing step flow consists of several major regions including the inflow, a separated 

shear layer, a recirculation region, and a reattachment point.3 A schematic of the regions in 

backward-facing step flow can be seen in Figure 1.1 below. These regions will be described in 

further detail in the following sections. 

 

Figure 1.1: Backward-facing step flow regions3 
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1.1.1 Separated Shear Layer 

 As the inflow in backward-facing step flow passes over the physical step, a separated 

shear layer forms. Initially, this flow is comprised of the boundary-layer that forms at the top of 

the step, but as the flow crosses the step, distinct separation of this boundary-layer occurs. Just 

beyond the distinct separation point, the flow becomes analogous to free shear flow.3 More 

specifically, this free shear flow regions is a plane mixing layer, which is a region of turbulent 

flow that forms between two parallel flows of different velocities.4 Troutt et al. have 

experimentally shown that the span-wise vorticity structures throughout this separated shear 

layer are similar to those of a mixing free shear layer.5 Furthermore, observation of backward-

facing step flow shows that this separated shear layer region favors the lower-velocity region 

thus causing the net flow to bend downward toward the tunnel floor.  

 While the separated shear layer is similar to a plane mixing layer, it is important to note 

that there is a key difference. Specifically, the shear layer portion of this flow is spatially limited. 

That is, since it is close in proximity to the reattachment region seen in Figure 1.1, the shear 

layer does not have the opportunity to become fully developed. Additionally, this shear layer is a 

vortex sheet that results from the velocity discontinuity at the separation point. This vortex sheet 

rolls up, experiences the Kelvin-Helmholtz instability, and results in vortex shedding.2,3 

Significant experimental investigation has been conducted by Scarano et al. to characterize the 

unsteady behavior of the individual vortex structures in the vortex sheet that exists in this 

region.6 

 The incredibly unsteady behavior of this region of backward-facing step flow makes 

Large-Eddy Simulation (LES) of sub-grid scale (SGS) stresses complex. Popular LES models 

such as the Dynamic Smagorinsky Model, which will be described in later sections, rely on 
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averaging coefficients along a direction of statistical homogeneity.7 This clearly poses a 

difficulty for non-homogeneous flows such as the flow studied here. To address this problem, a 

number of new models have been proposed to implement dynamic models for complex 

statistically non-homogeneous flows. These are promising models which highlight the potential 

for significant innovation in the field of LES modeling and require test and evaluation on a 

variety of flow phenomenon. For this reason, the present study focuses on testing these models 

using high resolution experimental data. These models, and the methods used for testing, will be 

described in subsequent sections.  

 

1.1.2 Recirculating and Reattachment Regions 

 As seen in Figure 1.1, beyond the separated shear-layer region of the backward-facing 

step flow, the flow begins to recirculate and reattach. A significant portion of the research 

conducted on backward-facing step flow has been spent evaluating the mean flow behind the 

step. The goal of this research is typically to establish a mean location for where the 

reattachment region is located, Xr, seen in Figure 1.2. 

 

Figure 1.2: Backward-facing step flow recirculation region3 
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Experiments conducted by Armaly (1983) and Barri (2010) have investigated the location of the 

reattachment region for a variety of step heights and Reynolds numbers based on this height, Reh, 

as defined in Equation 1.1.8,9 

𝑅𝑒ℎ =
𝜌𝑢𝑖𝑛ℎ

𝜇
 .                                                      (1.1) 

In this formulation h represents the step height, 𝑢𝑖𝑛 is the freestream velocity, 𝜌 is the fluid 

density, and 𝜇 is the fluid viscosity. Another parameter experimenters have investigated in 

backward facing step flow has been the location of this reattachment region with respect to the 

ratio of the post-step channel height to the inflow height, known as the channel expansion ratio, 

ER.10 The equation for this expansion ratio can be seen in Equation 1.2 below where H and h are 

the channel height prior to the step and step height respectively, as seen in Figure 1.2. 

𝐸𝑅 =
𝐻+ℎ

𝐻
.                                                       (1.2) 

 It is also worth noting that some LES modeling has been used to study the recirculation 

region. Specifically, Kobayashi et al. (1992) used the Smagorinsky Model to resolve the physics 

of the eddies in the recirculation region in an attempt to determine the location of the 

reattachment location. In this study however, the Smagorinsky Model likely resulted in an 

insignificant amount of turbulence, which likely resulted in an overestimation of the step-

normalized reattachment length, Xr/h of between 9 and 10.3,11 In addition to the recirculation 

region, this reattachment point has been closely studied. This location is important as it dictates 

the streamwise location at which the boundary layer becomes highly turbulent.  
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Chapter 2  

TURBULENCE MODELING AND THEORY 

 In the following chapter, a brief description of turbulence modeling to include Direct 

Numerical Simulation (DNS), Reynolds-Averaged Navier-Stokes (RANS), and Large-Eddy 

Simulation (LES) modeling is presented. The main focus of the present study was 3DPTV’s 

application to LES turbulence modeling. For this reason, the review is focused on the LES 

models investigated.  

2.1 Direct Numerical Simulation   

 While the present study focuses on using experimental Three Dimensional Particle 

Tracking Velocimetry (3DPTV), which will be described in subsequent sections, to evaluate 

turbulence models for backward-facing step flow, it is important to understand the significance 

of turbulence and LES modeling from a theoretical perspective. In Direct Numerical Simulation, 

the governing incompressible momentum equation, shown in Equation 2.1. This equation is part 

of the overall governing Navier-Stokes Equations and is solved iteratively on a finite spatial grid 

at one instance in time in DNS.  

                                      
𝜕𝒖

𝜕𝑡
+ 𝒖 ∙ 𝛁𝒖 = −

∇𝑃

𝜌
+ 𝜈∇2𝒖                               (2.1) 

In this equation, u represents the three dimensional velocity vector, P is the pressure, ν is the 

kinematic viscosity of the fluid being studied, ρ is its density, and t is time. In the past, DNS has 

been unfeasible due to the high computational time required to achieve results at an adequately 

high resolution to study turbulence. However, with the development of high-speed computing, 
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this method is becoming more feasible and is attractive due to its relative simplicity and accuracy 

of results at the scales resolved. 

 It is clear DNS has several key benefits, but it is also important to note that DNS reflects 

only one instance of the flow field being resolved. If a researcher wants to resolve more than one 

instance of the flow, and thus get a time history of how the flow field develops, the 

computational cost rises dramatically. The computational time also increases significantly when 

more complex, higher Reynolds number flows are studied. In fact, according to Pope (2000), the 

number of days required to complete a DNS simulation roughly scales with (ReL/800)3. For more 

information on how this relation was developed, see Pope (2000).4 This indicates that a flow 

with a relatively modest Reynolds number of 10,000 would take nearly 2000 days, or almost 5.5 

years, to adequately resolve the turbulent scales of the flow. While this estimation is based on a 

maximum computing rate of 1 gigaflop and today’s most powerful computers are capable of 

processing at nearly 350 gigaflops, it is important to see that DNS becomes increasingly 

prohibitive as Reynolds number increases.3 Such a prohibitive trend with increasing Reynolds 

number has led researchers to take alternative approaches to studying turbulence. Two important, 

less computationally expensive methods are the Reynolds-Averaged Navier-Stokes (RANS) 

method, and Large-Eddy Simulation (LES). 

 

2.2 Reynolds-Averaged Navier-Stokes 

 One method for reducing the computational time associated with directly solving the 

Navier-Stokes equations is to solve the time-averaged Navier-Stokes equations, this approach is 

called the Reynolds-Averaged Navier-Stokes (RANS) method. Derivation of the RANS 

equations begins with the Reynolds decomposition which says that the velocity vector, 𝒖, can be 
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decomposed into a time-averaged component, 〈𝒖〉,  and a fluctuating component, 𝒖′. In this 

decomposition, and henceforth, the bracket symbol, 〈  〉, indicates time-averaging as defined by 

〈𝒖〉 = ∫ 𝒖𝑑𝑡
𝑇

0
 where t is time and T is some characteristic time. The Reynolds decomposition of 

the velocity is then input for the velocity term in Equation 2.1, the momentum equation of the 

Navier-Stokes Equation. The process of substituting the Reynolds decomposition in for the 

velocity, simplifying, and grouping terms results in the RANS equations seen in Equation 2.2 

below.4 Note that for simplicity, these equations are presented in Einstein notation.  

𝜌
𝐷̅〈𝑢𝑗〉

𝐷̅𝑡
=

𝜕

𝜕𝑥𝑖
[µ (

𝜕〈𝑢𝑖〉

𝜕𝑥𝑗
+

𝜕〈𝑢𝑗〉

𝜕𝑥𝑖
) − 〈𝑝〉𝛿𝑖𝑗 − 𝜌〈𝑢′𝑖𝑢′𝑗〉].                      (2.2) 

 Solutions to this equation involve the mean velocity field since the original equations are time 

averaged. Furthermore, these solutions require a model for the Reynolds stresses, 〈𝑢′𝑖𝑢′𝑗〉, to 

provide closure to the problem. Many of these models involve obtaining the Reynolds stresses 

through turbulent-viscosity models. The details of these models can be seen in Pope (2000).4  

 

2.2.1 The Turbulent-Viscosity Hypothesis 

 An important RANS model for turbulence analysis is known as the turbulent-viscosity 

hypothesis. Note that this turbulent-viscosity is sometimes referred to as eddy-viscosity. This 

hypothesis relies on an intrinsic and a specific assumption to model the Reynolds stress.4 First, 

the intrinsic assumption is that at each point in time, the Reynolds stress anisotropy, 𝑎𝑖𝑗 ≡

 〈𝑢′𝑖𝑢′𝑗〉 −
2

3
𝑘𝛿𝑖𝑗, is given by the mean velocity gradients, 

𝜕〈𝑢𝑖〉

𝜕𝑥𝑗
. The specific assumption then is 

that the relationship between the Reynolds stress anisotropy, also known as the deviatoric 

portion, and the mean velocity gradients is given by Equation 2.3.4 

          𝑎𝑖𝑗 ≡ 〈𝑢′
𝑖𝑢

′
𝑗〉 −

2

3
𝑘𝛿𝑖𝑗 = −𝜈𝑇 (

𝜕〈𝑢𝑖〉

𝜕𝑥𝑗
−

𝜕〈𝑢𝑗〉

𝜕𝑥𝑖
) = −2𝜈𝑇𝑆𝑖̅𝑗,                       (2.3) 
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where 𝑆𝑖̅𝑗 is the mean rate of strain tensor. This then leads to the Reynolds stresses being 

modeled by Equation 2.4 below. 

〈𝑢′𝑖𝑢′𝑗〉  =  
2

3
𝑘𝛿𝑖𝑗 − 2𝜈𝑇𝑆𝑖̅𝑗                                      (2.4) 

This equation now provides closure to the RANS equations presented in Equation 2.2, but the 

turbulent, or eddy, viscosity, 𝜈𝑇, remains to be specified. This term is given by the product of a 

length and a velocity, meaning that the task of modeling 𝜈𝑇 is generally left to specifying this 

length and velocity.  

 

2.3 Large-Eddy Simulation  

 Perhaps the most popular and growing facet of turbulence research is in Large-Eddy 

Simulation (LES). LES is unique in that it uses a DNS approach for the larger scale motions and 

models the small-scale motions. Since the high computational cost of DNS lies in resolving the 

fine-scale motions, modeling these motions through LES significantly decreases computational 

time. In a way, LES attempts to alleviate the shortcomings of both DNS and RANS. It is much 

less computationally expensive than DNS, but is able to model unsteadiness in the flow that 

RANS is unable to capture.4  

 LES can be somewhat complex, but ultimately there are only four conceptual steps in the 

LES process. First, a filtering step, as originally proposed by Leonard (1974) is performed. This 

filtering step decomposes the velocity field u(x,t) into the sum of a filtered, 𝒖̃(x,t), and a residual 

component u’(x,t). This residual component is also known as the subgrid-scale, SGS component. 

The filtered velocity is three-dimensional, time-dependent, and represents the motion of the 

larger eddies.4,12 The equation for the filtered velocity can be seen in Equation 2.5.  

                                 𝒖̃(𝒙, 𝑡) = ∫ 𝐺∆(𝒓, 𝒙)𝒖(𝒙 − 𝒓, 𝑡)𝑑𝒓.                                     (2.5) 
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In this equation, G(r,x), is the filtering kernel, by which the velocity field is convolved at each 

fine-scale location, x. This yields the filtered velocity field with an LES grid spacing Δ. A 

common filter used in this convolution kernel is a simple Gaussian, 𝐺∆
𝐺𝑎𝑢𝑠(x). This LES filter is a 

function of the LES grid spacing Δ. The standard LES Gaussian filter, as seen in Pope, has a 

variance of  𝜎2 =
1

12
𝛥2. The complete equation for the Gaussian filter can be seen in Equation 

2.6.4 Note that other filters such as top-hat, spectral, Cauchy, and Pao can also be used in LES, 

but the Gaussian is given as: 

                                     𝐺∆
Gaus(𝒙) = (

6

𝜋∆2)
3/2

exp (−6𝑥2/∆2).     (2.6) 

The second LES step is to derive the equations for the evolution of the filtered velocity 

from the Navier-Stokes equations. These equations are presented in Equation 2.7: 

    𝜕𝑡𝒖̃ + 𝒖̃ ∙ ∇𝒖̃ = −
1

𝜌
∇𝑝 + 𝜈∇2𝒖̃ − ∇ ∙ 𝜏∆                                (2.7a) 

      ∇ ∙ 𝒖̃ = 0.                                        (2.7b) 

Notice that all terms in this term are resolved, except for the term τΔ which is the SGS stress and 

is defined as 𝜏∆ = 𝑢𝑖𝑢𝑗̃ − 𝑢̃𝑖𝑢̃𝑗 . That is, except for this term, all the other terms are functions of 

the filtered velocity which has been computed through application of the Gaussian filter. The 

remaining τΔ term is a residual quantity which must be accounted for in order for there to be 

closure of the filtered Navier-Stokes Equations.4 Note that in the application of LES, this filtering 

operation would not be performed. Instead, motions above the coarse grid resolution scale, Δ, 

would be solved numerically just as in DNS. This filtering operation is only necessary when data 

exists below the coarse grid scale as would be the case for testing and evaluating LES models.   

 The third step is the modeling of the residual τΔ term, also known as the residual-stress 

tensor. This step is the crux of LES. There are a variety of commonly used models used to 
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estimate this SGS term. The modeled SGS stress term is henceforth referred to as 𝜏∆,mod where 

mod refers to the specific model being used. The equation used to estimate this term can be seen 

in Equation 2.8:  

𝜏∆,mod ≈ 𝜏∆ = 𝑢𝑖𝑢𝑗̃ − 𝑢̃𝑖𝑢̃𝑗  .                                      (2.8)   

Notice that the SGS stress, τΔ, is thus defined as the difference between the filtered stress tensor 

field, ui𝑢𝑗̃ , and the stress tensor field of the filtered velocities, 𝑢𝑖̃𝑢𝑗̃. The SGS models 

investigated in the present study include the Smagorinsky Model, Similarity Model, Mixed 

Model, Dynamic Model, Coherent Structures Model, and the Stretched Vortex 

Model.13,14,15,16,17,18 These models are described in greater detail in the following sections. 

  In the fourth step, after the SGS stresses have been modeled, the filtered equations 

presented in Equation 2.7 are then solved numerically for the filtered velocity which then 

provides an approximation for the large-scale motions in one realization of the flow.4 

 

2.3.1 Subgrid-Scale Models 

 The following section provides brief descriptions, background, and historical 

performance of the various SGS models used to estimate the SGS stress, τΔ, the different 

estimates are referred to by the notation τΔ,mod, where mod refers to the name or abbreviation of 

the specific model. Evaluation of LES models is typically done either a priori or a posteriori. An 

a priori evaluation of a model is typically done by using fully resolved data (either experimental 

of DNS) to directly measure the modeling assumption, i.e. comparing the DNS or experimental 

𝝉∆ with 𝝉∆,mod. In an a posteriori evaluation, the SGS model is used to perform a calculation for 

the flow and the statistics of this flow are compared to DNS or experimental flow statistics.4 The 

present study focuses primarily on a priori testing.  
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2.3.2 Smagorinsky Model 

 Perhaps the best known and most popular model for this residual stress tensor is known 

as the Smagorinsky model.13,16 The Smagorinsky model is a turbulent viscosity model that 

models the anisotropic portion of the SGS stress tensor. The anisotropic, or deviatoric, portion of 

the stress can be seen in Equation 2.9: 

𝜏𝑖𝑗
∆,d = 𝜏𝑖𝑗

∆ −
1

3
𝜏𝑖𝑗

∆ 𝛿𝑖𝑗.                                       (2.9) 

This deviatoric portion of the stress represents removing the trace from the SGS stress tensor. 

The model then proposes that the deviatoric portion of the SGS stress is approximately equal to 

the SGS stress, i.e., 𝜏∆,smag ≈ 𝜏∆,d, as the isotropic portion is assumed to be negligible.13 The 

actual model for the SGS stress is given in Equation 2.10: 

𝜏∆,smag = −2𝜈𝑇𝑆̃𝑖𝑗.                                          (2.10) 

Note the similarity between this model and the closure to the Reynolds stress in Equation 2.6 

with the exception that instead of the mean rate of strain tensor, 𝑆̃𝑖𝑗, refers to the filtered, or 

resolved rate of strain tensor. In other words, this rate of strain tensor is calculated using the 

velocity at scales larger than Δ. The equation for this tensor can be seen in Equation 2.11: 

𝑆̃𝑖𝑗 =
1

2
(

𝜕𝑢𝑗

𝜕𝑥𝑖
+

𝜕𝑢𝑖

𝜕𝑥𝑗
).                                         (2.11) 

 Just as with RANS, however, 𝜈𝑇 remains undetermined. To estimate this term, the 

Smagorinsky model uses the product of the Smagorinsky lengthscale, 𝑙𝑠, and the magnitude of 

the velocity difference at that lengthscale, |𝑆̃|. The magnitude of this velocity difference is 

defined with respect to the filtered rate of strain tensor as |𝑆̃| ≡ √𝑆̃𝑖𝑗𝑆̃𝑖𝑗. The Smagorinsky 

lengthscale is determined by the product of the LES filter width, Δ, and the Smagorinsky 
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coefficient, 𝐶𝑠.3,7 This results in an expression for the turbulent viscosity as seen in Equation 

2.12: 

𝜈𝑇 = (𝐶𝑠∆)2𝑆.̃                                             (2.12) 

In principle, the Smagorinsky coefficient will depend on scale and is proportional to the filter 

width.4 This model has proven to be computationally inexpensive, stable, and relatively simple. 

These attributes have led to its widespread use.7  

In a priori testing, the model typically results in a correlation coefficient, ρ, between the 

fully resolved stress and the modeled SGS stress of between 0 and 0.25. This correlation goes up 

to around 0.4 when the modeled and fully resolved (via experimental or DNS data) SGS force,   

∇ ∙ 𝝉∆, are compared. The correlation continues to rise to a typical value between 0.5 and 0.7 when 

the SGS dissipation rate, 𝜏𝑖𝑗
∆ 𝑆̃𝑖𝑗 is considered.7 The relative inconsistency in correlation coefficients 

however, indicate that this model does a poor job of accurately capturing the physics of the SGS 

flow. For this reason, the Smagorinsky is typically used as a means of comparing other SGS 

models. In a way, it is the base model used for comparison of how well another models works in 

capturing the physics of the flow.  

 

2.3.3 Similarity Model 

The Similarity Model, proposed by Bandina et al. (1980), uses the concept of scale 

similarity to estimate the SGS stress.14  In other words, the Similarity model operates on the 

assumption that the structure of the velocity field below the Δ scale is similar to the structure of 

the velocity field above the Δ scale.7 This LES model reflects this by adding an additional filter 

to the resolved, coarse grid scale.7 This additional filter, known as the similarity filter is denoted 

by an overbar, (  )̅̅ ̅̅ . This filter is assumed to be directly related to the SGS stress behavior. The 
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length scale of the filter, ∆sim is defined by ∆sim= 𝛾∆ where Δ is the standard LES lengthscale 

and γ varies between 1 and 2 depending on the specific study. The similarity filter can take a 

variety of shapes, but for the present study, this filter is a Gaussian convolution, just as with the 

first LES filter. The Similarity Model then estimates the SGS stress through Equation 2.13: 

                                        𝜏𝑖𝑗
∆,sim = 𝐶sim(𝑢𝑖̃𝑢𝑗̃

̅̅ ̅̅ ̅ − 𝑢𝑖̅̃𝑢𝑗̅̃).                                          (2.13) 

Note that in this model, the trace of the SGS stress is not subtracted meaning that the isotropic 

portion of the SGS stress is not considered negligible.  

 In a priori testing of this model, SGS stress correlation with fully resolved data was as 

high as 0.8.14 While at least some portion of this high correlation is likely due to filters’ spectral 

overlap meaning that some data would be common between the modeled and fully resolved 

stresses. Liu et al. however concluded that this overlap contributed to only a small portion, about 

0.2, of the overall correlation.3,19 With this said, it is important to note that a significant downside 

to this model is that, as Bandina et al. showed, the model under predicted levels of SGS 

dissipation which could lead to would lead to incorrect simulation of the physics of the SGS 

flow.7 

 

2.3.4 Mixed Models 

 To offset the incorrect prediction of SGS dissipation in the Similarity model, Bandina et 

al. proposed a Mixed Model that included the simple superposition of the Similarity model with 

the existing Smagorinsky model, or simply 𝜏𝑖𝑗
∆,mix = 𝜏𝑖𝑗

∆,sim + 𝜏𝑖𝑗
∆,smag

.14 The full equation for this 

mixed model is then given by Equation 2.14: 

     𝜏𝑖𝑗
∆,mix = 𝐶sim(𝑢𝑖̃𝑢𝑗̃

̅̅ ̅̅ ̅ − 𝑢𝑖̅̃𝑢𝑗̅̃) − 2(𝐶𝑠∆)2𝑆̃𝑆̃𝑖𝑗.                          (2.14) 
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Testing of this model showed that it behaved as intended in that the addition of the Smagorinsky 

model resulted in a more accurate prediction of the SGS dissipation while having a minimal 

impact on the SGS stress as the Similarity model’s contribution to the SGS stress is typically 

much greater than the Smagorinsky model’s.7 Since this model reconciles shortcomings in both 

the Smagorinsky and the Similarity, it should perform better than each of its constituent models. 

With this said, it is important to note that turbulence modeling is complex and the accuracy of a 

model is often highly dependent on the LES length scale and the flow being observed.  

 

2.3.5 Dynamic Models  

One major shortcoming of the Smagorinsky, Similarity, and hence the Mixed Models is 

that the appropriate values for the coefficients 𝐶𝑠 and 𝐶sim, changes with the flow regime being 

studied and also the specific type of flow.4  For example, the appropriate Smagorinsky 

coefficient for laminar flow is 0 whereas the appropriate coefficient for high Reynolds number 

flows is nearly 0.15. To address this issue, Germano et al. proposed a model that provided a 

methodology for determining an appropriate local Smagorinsky coefficient.4,15 To do this, the 

dynamic model uses the concept of scale invariance by applying the measured coefficient at 

resolved scales to the SGS range.7 This procedure is based on the Germano identity given in 

Equation 2.15: 

                           𝐿𝑖𝑗(𝒙, 𝑡) = 𝜏𝑖𝑗
𝛼∆(𝒙, 𝑡) − 𝜏𝑖𝑗

∆ (𝒙, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .                                 (2.15) 

Note that in this identity, 𝐿𝑖𝑗 = 𝑢𝑖̃𝑢𝑗̃
̅̅ ̅̅ ̅ − 𝑢𝑖̅̃𝑢𝑗̅̃, and the overbar indicates test filtering at the scale 

αΔ.7 The 𝜏𝑖𝑗
𝛼∆ and 𝜏𝑖𝑗

∆  terms in this equation can then be replaced with the appropriate 

Smagorinsky models to yield the expression below: 

                                   𝐿𝑖𝑗 −
1

3
𝐿𝑘𝑘𝛿𝑖𝑗 = (𝐶𝑠

∆)2𝑀𝑖𝑗,    where                             (2.16a) 
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𝑀𝑖𝑗 = −2∆2 [𝛼2 (
𝐶𝑠

𝛼∆

𝐶𝑠
∆ )

2

|𝑆̃̅|𝑆̃̅
𝑖𝑗 − |𝑆̃𝑆̃𝑖𝑗

̅̅ ̅̅ ̅|].                           (2.16b)7 

The most common choice for α is 2 and it is explicitly assumed that there is scale invariance at 

this level such that 𝐶𝑠
2∆ = 𝐶𝑠

∆. This assumption allows for 𝑀𝑖𝑗 to be fully resolved at the LES 

scale. Furthermore, since Equation 2.16a must hold true for the five independent tensor elements 

(note the trace has been subtracted), the system is overdetermined. This means that one 𝐶𝑠
∆ 

cannot satisfy the equation exactly. This means that the equation can only hold true in the 

average sense.7 Different versions of the dynamic model enforce this condition differently. The 

most widely used approach to enforcing the condition was proposed by Lilly (1992) is based on 

minimizing the square error 𝐸 = 〈[𝐿𝑖𝑗 − (𝐶𝑠
∆)2𝑀𝑖𝑗]

2
〉.16 This method leads to calculating the 

Smagorinsky coefficient via Equation 2.17: 

                                                      (𝐶𝑠
∆)2 =

〈𝐿𝑖𝑗𝑀𝑖𝑗〉

〈𝑀𝑖𝑗𝑀𝑖𝑗〉
.                                                 (2.17)       

Note that in this equation, 〈 〉, indicates an ensemble average. Without this averaging, it has been 

shown that the model yields a highly variable turbulent viscosity field.20 The coefficients 

computed in Equation 2.17 are used directly in Smagorinsky model in Equation 2.10 and result 

in the estimation of the SGS stress by Equation 2.18: 

𝜏∆,smag,dyn = −2
〈𝐿𝑖𝑗𝑀𝑖𝑗〉

〈𝑀𝑖𝑗𝑀𝑖𝑗〉
∆2𝑆.̃                                (2.18) 

Note that while this model provides a more accurate estimation of the SGS stress than the 

Smagorinsky model as it dynamically adjusts the coefficients appropriately, it is also 

significantly more computationally expensive as it must determine the local Smagorinsky 

coefficient as opposed to specifying one coefficient for the flow being studied. Additionally, in 

flows with complex geometry, the statistical homogeneity necessary for the averaging process in 

Equation 2.17 is a poor assumption. This has given rise to other forms of the Dynamic Model.7 
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2.3.6 Dynamic Mixed Models 

One variation of the Dynamic model attempts to combine apply the dynamic modeling of 

coefficients to the similarity model coefficient in addition to the Smagorinsky coefficient 

creating a Dynamic Mixed Model. In this model, proposed by Vreman et al., the coefficients are 

determined by minimizing the error in the Germano identity (Equation 2.15) which leads to a 2 x 

2 system of equations that can be solved for 𝐶𝑠 and 𝐶𝑠𝑖𝑚.7 In a priori testing of this model, it was 

found to be superior to both the Dynamic and the Mixed Model, but the addition of the second 

dynamic coefficient tends to diminish the SGS stress correlations.7 For this reason, the Dynamic 

Mixed Model is not considered in the present study.   

 

2.3.7 Coherent Structures Model 

 An interesting and promising model developed by the Center for Turbulence Research is 

the Coherent Structures Model, CSM. Like the Smagorinsky model, the CSM is an Eddy 

Viscosity Model following the same form as Equation 2.10. As such, the CSM is defined by 

Equation 2.19: 

𝜏∆,CSM = −2𝜈𝑇𝑆̃𝑖𝑗.                                                  (2.19)  

In this model, the eddy, or turbulent, viscosity is defined as  

                                      𝜈𝑇 = 𝐶𝐶𝑆∆2𝑆̃.                                                       (2.20) 

The model, introduced by Kobayashi, provides a method for relating regions of higher vorticity 

to regions of higher eddy viscosity.17 To do this, the model uses 𝑄, the full second invariant of a 

full flow field. For the full DNS or experimental flow field, this second invariant is given by 

Equation 2.21:  

                       𝑄DNS =
1

2
(𝑊𝑖𝑗𝑊𝑖𝑗 − 𝑆𝑖𝑗𝑆𝑖𝑗) = −

1

2
(

𝜕𝑢𝑗

𝜕𝑥𝑖

𝜕𝑢𝑖

𝜕𝑥𝑗
).                   (2.21)17 
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In this equation, 𝑊𝑖𝑗 is the vorticity tensor and is defined in Equation 2.22: 

                𝑊𝑖𝑗 =
1

2
(

𝜕𝑢𝑗

𝜕𝑥𝑖
−

𝜕𝑢𝑖

𝜕𝑥𝑗
).                                            (2.22)   

For the CSM, the individual terms in this second invariant of the velocity field are filtered at the 

LES scale to give Equation 2.23: 

𝑄 =
1

2
(𝑊̃𝑖𝑗𝑊̃𝑖𝑗 − 𝑆̃𝑖𝑗𝑆̃𝑖𝑗) = −

1

2
(

𝜕𝑢𝑗

𝜕𝑥𝑖

𝜕𝑢𝑖

𝜕𝑥𝑗
)                        (2.23) 

The sign of this second invariant gives an indication of how the flow is behaving. For 𝑄 > 0, the 

vorticity term dominates indicating that the region of flow has a stronger rotation than strain. For 

this reason a positive Q can be interpreted as a vortex tube.7 When Q is negative, the flow is 

experiencing greater strain than vorticity or rotation. In the CSM, Kobayashi normalizes the 

second invariant with the filtered velocity gradient tensor, 
𝜕𝑢𝑖

𝜕𝑥𝑗
, to obtain a Coherent Structures 

Function, 𝐹𝐶𝑆. The resulting equations can be seen in Equations 2.24 and 2.25: 

𝐸 =
1

2
(𝑊̃𝑖𝑗𝑊̃𝑖𝑗 + 𝑆̃𝑖𝑗𝑆̃𝑖𝑗) = −

1

2
(

𝜕𝑢𝑗

𝜕𝑥𝑖
)

2

,                                  (2.24) 

𝐹𝐶𝑆 =
𝑄

𝐸
 .                                                     (2.25) 

This coherent structures function is then used in combination with an empirically optimized 

value 𝐶1 =  
1

22
 ,and the energy decay suppression function 𝐹𝛺 = 1 − 𝐹𝐶𝑆 to determine the full 

CSM coefficient given in Equation 2.26: 

   𝐶𝐶𝑆 = 𝐶1|𝐹𝐶𝑆|3/2𝐹𝛺.                                                (2.26)17 

Kobayashi developed this model using turbulent channel flow, but  a-posteriori testing 

has since been conducted on the model using a variety of complex non-homogeneous flows. The 

model has historically performed comparably to the Dynamic Smagorinsky Model in terms of 

estimating the SGS stress, but has exhibited better efficiency and numerical stability.17 
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2.3.8 Stretched Vortex Model 

Another interesting and promising LES model is the Stretched Vortex Model, SVM, 

proposed by Misra and Pullin (1996).18 This model is based on the idea of structure-based 

Reynolds stress closure, and asserts that the SGS structure of the turbulence is composed of 

stretched vortices whose orientations are determined by the resolved velocity field.18 The model 

ultimately relates the SGS stress to the structure orientation of these vortices and the SGS kinetic 

energy, which together, with an assumed Kolmogorov energy spectrum of the SGS vortices, 

provides closure to the Navier-Stokes equations at the resolved scales. Furthermore, in the 

model, the flow within each computational cell is assumed to result from an ensemble of straight, 

nearly axisymmetric vortices that are aligned with the local resolved rate of strain tensor. The 

subgrid spiral vortices are thus local approximate solutions to the exact Navier-Stokes 

equations.21 The SGS stress in this model is given by Equation 2.27: 

                                    𝜏𝑖𝑗 = 𝜌̅𝑘̃(𝛿𝑖𝑗 − 𝑒𝑖
𝑣𝑒𝑗

𝑣).                                                 (2.27) 

In this equation,  𝑘̃ represents the subgrid energy and is given by , 𝑘̃ = ∫ 𝐸(𝑘)𝑑𝑘
∞

0
 and 𝒆𝑣is the 

unit vector aligned with the subgrid vortex axis. In this model, the subgrid vortex, i.e. 𝒆𝑣 is 

presumed to be aligned with the principal extensional eigenvector of the resolved rate of strain 

tensor, 𝑆̃𝑖𝑗, as given in Equation 2.11. The subgrid energy is estimated by assuming a spiral 

subgrid vortex whose Kolmogorov-like energy spectrum is given by Equation 2.28: 

𝐸(𝑘) = 𝐾0𝜖2/3𝑘−5/3exp[−2𝑘2𝜈/(3|𝑎̃|)].          (2.28)21 

In this expression, 𝐾0 is the Kolmogorov prefactor, 𝜖 is the local cell-averaged dissipation for the 

resolved and subgrid scale, 𝜈 is the kinematic viscosity, and 𝑎̃ = 𝑆𝑖𝑗𝑒𝑖
𝑣𝑒𝑗

𝑣 is the axial strain along 

the subgrid vortex axis.21 The first two terms in Equation 2.28, 𝐾0𝜖2/3, can be grouped together 

and calculated via Equation 2.29: 



20 

 

                     𝐾0𝜖2/3 =
𝐹2̅̅ ̅(∆)

∆2/3𝐴
 , where              (2.29a) 

              𝐹2
̅̅̅(∆) =

4

∆
∫ 𝐸(𝑠/∆)

𝜋

0
(1 −

sin 𝑠

𝑠
) 𝑑𝑠 , and                (2.29b)   

                           𝐴 = 4 ∫ 𝑠−5/3(1 − 𝑠−1 sin 𝑠)𝑑𝑠
𝜋

0
≈ 1.90695.        (2.29c)  

In this set of equations, 𝐹2
̅̅̅(∆) is a second order velocity structure function averaged over the 

surface of a sphere with radius ∆ corresponding to the LES grid spacing. In the present study, 

this term is estimated using a six point stencil of the resolved velocity components as shown in 

Equation 2.30: 

                         𝐹2
̅̅̅(∆) =

1

6
∑ ∑ (𝛿2𝑢̃𝑙)𝑚

3
𝑚=1

3
𝑙=1  , where                                 (2.30a) 

(𝛿2𝑢̃𝑙)𝑚 = (𝑢̃𝑙(𝒙 + 𝑒𝑚∆𝑥𝑚) − 𝑢̃𝑙(𝒙))
2

+ (𝑢̃𝑙(𝒙 + 𝑒𝑚∆𝑥𝑚) + 𝑢̃𝑙(𝒙))
2

.    (2.30b) 

Note that in this equation, 𝑒𝑚 does not refer to the subgrid vortex alignment direction but is 

instead simply the Cartesian direction.21  

Testing of this model has yielded reasonable results (see Pantano 2008 and Misra 1997) 

indicating that the physics in the SGS range are at least somewhat captured by these subgrid 

vortex structures. With this said, the eddy-viscosity models do hold a significant advantage over 

this spectral model in that they are much simpler to implement.18,21  
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Chapter 3  

EXPERIMENTAL SETUP AND METHODOLOGY 

Historical approaches to experimental LES SGS model evaluations, as well as the design 

and hardware of the Three-Dimensional Particle Tracking Velocimetry (3DPTV) system and 

flow facility used in the present study are described in this chapter. This includes a brief 

description of 2-dimensional particle displacement velocimetry (PDV), 3-dimensional 

holographic particle image velocimetry (HPIV), the modification of a defocusing digital particle 

image velocimetry (DDPIV) method, and the design of the 3DPTV system. It also includes a 

description of the water tunnel used, the optical and camera system, illuminations sources, and 

calibration equipment. The process through which data were collected is also discussed. Note 

that much of the following information is included in Dona’s “Implementation of 3DPTV for 

turbulence analysis and subgrid-scale stress model testing of a backward-facing step flow” and 

Grothe’s “Modification of a DDPIV System for Imaging Small Volumes Using Triangulation for 

Particle Identification.”3,22  

 

3.1 Historical Experimental Approaches 

Historically, much LES SGS model evaluation was conducted using high resolution DNS 

3-Dimension 3-Component (3D3C) velocity vector fields. The DNS vector fields are excellent 

sources for providing high resolution data to calculate the SGS stress directly and compare with 

LES model for low Reynolds number and simple geometric flows.7 For reasons addressed in 
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Section 2.1, DNS becomes much more computationally expensive as Reynolds number 

increases. For this reason, experimental approaches are more practical for evaluating LES 

models for high Reynolds number and complex flows. With this said, experimental approaches 

often sacrifice spatial resolution for the ability to analyze high Reynolds number flows. A variety 

of experimental approaches for a range of flows and Reynolds numbers have been conducted by 

Charles Meneveau and Joseph Katz of Johns Hopkins University, henceforth referred to as KM. 

These studies were focused on studying flow as high of a Taylor-microscale Reynolds number, 

𝑅𝑒𝜆, (sometimes referred to as the turbulent Reynolds number) as defined in Equation 3.1: 

𝑅𝑒𝜆 ≡
𝑢′𝜆

𝜈
 , where                                                  (3.1a) 

𝜆 ≈ 𝑢′√
15𝜈

𝜀
≈ √

15𝜈𝑙

𝑢′
.                                              (3.1b) 

In this set of equations λ is known as the Taylor Microscale, u’ refers to the estimated velocity 

fluctuations, l is a characteristic length scale, ν is the kinematic viscosity, and ε is dissipation.4 

The following section focuses on the findings of Katz and Meneveau’s studies and how they 

shaped the present system.  

 

3.1.1 Two-Dimensional PDV   

A major objective of Katz and Meneveau’s studies was to generate turbulent flow with a 

high 𝑅𝑒𝜆 within a moderately sized facility.20 KM achieved this by looking at the far field flow 

of a turbulent jet. Specifically, KM looked at a 6.3 mm diameter round jet 193 diameters 

downstream. In doing so, this resulted in a high length scale, l, of approximately 7 cm which, as 

per Equation 3.1, helped increase the Taylor Microscale and thus the turbulent Reynolds number. 

Furthermore, the fluctuating component of velocity at this location was determined to be 0.09 

m/s, or 18% of the mean velocity as per Pope 2000. These parameters resulted in a turbulent 
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Reynolds number, 𝑅𝑒𝜆 ≈ 310, thereby achieving their goal of generating a high turbulent 

Reynolds number within a moderate-sized facility.20 

To experimentally obtain the velocity field from this flow, KM used a technique known 

as particle displacement velocimetry (PDV), or what has become known as Particle Image 

Velocimetry (PIV). This technique involves a laser light source illuminating particles at two 

separate instances of the flow. In the case of KM (1993), these two instances were imaged onto 

film and converted to a 5000 x 5000 pixel array and velocity vectors for 64 x 64 pixel arrays are 

generated using an autocorrelation method. This corresponded to a 1.1 x 1.1mm window in that 

actual flow field.20  

As previously mentioned, one of the key challenges for KM’s experimental approach was 

to achieve a sufficiently high resolution of the velocity field that could then be used to properly 

pursue turbulence modeling. The smallest length scale of the flow is determined by the 

Kolmogorov length scale, 𝜂, which corresponds to the length scale of the smallest eddies in the 

flow. The size of this length scale is related to the turbulent Reynolds number and can be 

approximated through Equation 3.2: 

                                                    𝜂 ≈ (
𝜈3𝑙

𝑢′3)
1/4

.                                            (3.2)4 

Given the Kolmogorov length scale, Pope (2000) also cites that for evaluating SGS stress 

models, the flow field resolution should correspond to a grid spacing, 𝛿, of approximately 2.1η.4  

 In KM’s initial 2-dimensional PDV vector fields, the vector grid spacing was 1.1mm and 

the Kolmogorov length scale for the flow analyzed was 0.1mm. This corresponded to 𝛿 = 10𝜂. 

This meant that the dissipation range of the smallest eddies were not resolved. In this study, KM 

conduct an a priori test of the Smagorinsky model, but it is important to note that the 𝛿 = 2.1𝜂 

criterion was not satisfied.20 This, combined with the only capturing 2-dimensions of the 3-
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dimensional flow were the major shortcomings of this study and provided grounds for additional 

research in a 3-dimensional, higher resolution system.  

 

3.1.2 Three-Dimensional Holographic PIV  

 In 2000, to alleviate some of the shortcomings of the 2-dimensional PDV method, Katz 

and Meneveau used holographic particle image velocimetry (HPIV). This method is a PIV 

method, similar to the PDV used in the previous study, that utilizes two perpendicular, double 

exposure holograms recorded simultaneously. From the double exposure of the holograms, a 

three-dimensional velocity vector field can be developed by an autocorrelation of the two 

exposures.23 

 In this HPIV study, the turbulent flow studied was the core region of a square duct at a 

Reynolds number of 1.2 x 105. The flow had a Taylor micro-scale Reynolds number of 

approximately 260, which is smaller than the turbulent Reynolds number for the far field of the 

turbulent jet as the length scale for the duct was smaller than the length scale in the far field of 

the jet. The Kolmogorov length scale for the duct flow was determined to be approximately 

0.1mm, just as with the turbulent jet. With the HPIV system, however, KM were able to achieve 

a velocity vector field with a resolved grid spacing of 0.33 mm.23 This meant that 𝛿 ≈ 3.3𝜂 

which is much closer to the criterion prescribed in Pope (2000) of 𝛿 = 2.1𝜂. With this resolution 

KM were able to better capture the smaller eddies in the flow. This lends more validity to the a 

priori testing in the study, but still leaves room for resolution improvement.  
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3.1.3 Argument for a 3DPTV Method 

 While the HPIV method used in KM is capable of producing extremely accurate velocity 

fields and is capable of providing sufficient resolution, the physical setup of the system is 

extraordinarily difficult and sensitive. The system is very sensitive to slight environmental 

disturbances and is incredibly time consuming to produce a single velocity field.22 In addition, 

non-holographic, camera-based 3D velocimetry methods are becoming more prevalent, and 

therefore it is of interest to develop a 3DPTV system, based on this approach, for pursuing 

experimental turbulence modeling. For this reason, the present study pursues the development of 

a 3DPTV method that would allow these types of studies. In this approach, the 3DPTV method 

will be able to track particles in a Lagrangian sense using an epipolar line search triangulation 

methodology. Though the method requires precise alignment, calibration methods can 

accommodate for deviations from true alignment. Furthermore, when cameras with adequately 

high resolution are used, the method is capable of resolving near the Kolmogorov length scales 

for moderately high Taylor micro-scale Reynolds numbers. This method is described in further 

detail in the following section. 

 

3.2 The Design of a 3DPTV System for Evaluating LES Models 

 In his 2008 Master’s thesis at the University of Washington, Rob Grothe developed the 

theoretical constructs of the 3DPTV system by developing a full 3D characterization of the 

defocusing digital particle image velocimetry (DDPIV) method, which is explained below in the 

remainder of this section.22 The DDPIV method relies on how focused a particle appears on the 

image plane through three different apertures to determine the three-dimensional location. The 

initial implementation of the DDPIV triply exposed a single CCD, which limited the number of 
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particles that could be imaged and accurately identified. Subsequent implementations used three 

individual charge-coupled devices (CCDs) instead of three apertures to determine the three 

dimensional location of particles.24,25,26,27 While successful, in an effort to obtain higher 

resolutions, the Dabiri group developed a particle tracking version of DDPIV. A schematic of 

this 3DPTV approach can be seen in Figure 3.1.  

 

Figure 3.1: 3DPTV System Schematic22 

When implemented, this three-camera system allowed for the imaging of a skewed rectangular 

prism, known as the volume of interest (VOI). How ray-tracing creates this VOI and its shape 

can be visualized in Figures 3.2 and 3.3. 
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Figure 3.2: 3DPTV imaged volume defined in the X-Z plane22  

 

                  

Figure 3.3: Three-dimensional view of imaging volume22 

If the system were to be implemented in only one medium, such as only air or only water, 

determination of the focal plane would come from application of the simple thin-lens equation 
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1

𝑓
=

1

𝐿𝑓𝑡
+

1

𝐿𝑝
, where 𝑓 is the focal length of the lens, Lft is the distance from the lens to the focal 

plane along the optical axis, and Lp is the distance from the lenses to the CCD sensors along the 

optical axis. However, the system was not designed to be used in only one medium, and was 

modified with a water-filled prism to adjust for the refraction inherent in imaging in water, 

acrylic, and air. A schematic of the system’s relevant parameters for one CCD can be seen in 

Figure 3.4. 

 

Figure 3.4: 3DPTV Design Parameters4 

The addition of the parameters associated with refraction complicates determination of the 

system’s focal plane and CCD placement. For determining the focal distance, the Ray Transfer 

Matrix (RTM) presented in Equation 3.3 must be used. 

                     (
𝑥𝑓

𝜃𝑓
) = 𝑀 (

𝑥𝑖

𝜃𝑖
) = (

𝐴 𝐵
𝐶 𝐷

) (
𝑥𝑖

𝜃𝑖
).                                             (3.3) 
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In this equation, x is the off-axis distance from a ray to the lens optical axis and θ is the off-axis 

angle from the lens optical axis. The values of A, B, C, and D provide information on the 

medium through which the ray is travelling. In Grothe (2008), the full matrix, M, is determined 

for the 3DPTV system for a ray starting at the CCD plane, travelling to and through the lens, 

through the air, experiencing refraction at the air-glass interface, and at the glass-water interface. 

This expression is presented in Equation 3.4. 

𝑀 = (
1 𝐿𝑓𝑡 − 𝑑𝑐𝑤 − 𝑡𝑤

0 1
) (

1 0

0
𝜂𝑔

𝜂𝑤

) (
1 𝑡𝑤

0 1
) (

1 0

0
𝜂𝑝𝑤

𝜂𝑔

) (
1 𝑑𝑝𝑤

0 1
) (

1 0

0
𝜂𝑝𝑔

𝜂𝑤

) (
1 𝑡𝑝𝑔

0 1
) (

1 0

0
𝜂𝑎

𝜂𝑝𝑔

) (
1 𝑑𝑐𝑤 − 𝑑𝑝𝑤 − 𝑡𝑝𝑔

0 1
) (

1 0

−
1

𝑓
1) (

1 𝐿𝑝

0 1
).                 (3.4) 

 This equation, Lft, dcw, tw, Lp, and tpg are all defined in Figure 3.2 and ηg, ηa, ηw, and ηpg, are the 

indices of refraction for glass, air, water, and the prism glass respectively. The distance from the 

lens to the focal plane, Lft, can then be determined by using Equation 3.4 in Equation 3.3 and 

solving for Lft. This results in Equation 3.5:  

                           𝐿𝑓𝑡 = (𝑑𝑐𝑤) (1 −
𝜂𝑤

𝜂𝑎
) + 𝑡𝑤 (1 −

𝜂𝑤

𝜂𝑎
) + (

𝑓∙𝐿𝑝

𝐿𝑝−𝑓
) (

𝜂𝑤

𝜂𝑎
).                               (3.5) 

After this focal length is determined, the angle a light ray travels toward the CCD such that the 

intersection of the ray, the optical axis, and the focal plane is centered on the focal plane, as 

presented in Grothe (2008), can be determined through Equation 3.6: 

     𝜆 = 𝑑𝑐𝑤 tan 𝜃𝑏 + 𝑡𝑤 (
𝜂𝑎

𝜂𝑔
)

sin 𝜃𝑏

√1−
𝜂𝑎
𝜂𝑔

sin 𝜃𝑏

− (𝑑𝑐𝑤 − 𝐿𝑓𝑡 + 𝑡𝑤) (
𝜂𝑎

𝜂𝑤
)

sin 𝜃𝑏

√1−
𝜂𝑎
𝜂𝑤

sin 𝜃𝑏

.             (3.6) 

This equation for λ, the Y-offset from the optical axis, can then be solved numerically for 𝜃𝑏, the 

angle the ray makes with the optical axis. These equations were solved iteratively and 

implemented using the hardware described in the following sections.  
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3.3 Flow Facility 

3.3.1 Test Section and Flow Settings 

The flow facility used in this study was a 6” x 12” (15.24 cm x 30.48 cm) Shear Layer 

Water Tunnel built by Engineering Laboratory Design, Inc. The facility, in its present 

configuration, can be seen in Figure 3.5 below. 

 

Figure 3.5: Engineering Laboratory Design, Inc. Shear Layer Water Tunnel 

The tunnel is equipped with two 3 HP pumps capable of providing a maximum flow 

velocity of 3.28 fps (1.00 m/s). The maximum pump RPM for each motor is 1770 RPM, and the 

pump setting slope was calibrated for the range used in the present study.3 Dye visualizations 

were performed at the test section’s center to determine the tunnel’s mean velocity, and the 

operating slope was determined to be 15.5 RPM/(cm/s).3 

Additionally, the tunnel was fitted with a 36.00” (91.44 cm) removable test section. In the 

present experiment, the constant area rectangular test section was replaced with a backward-
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facing step of height, h, of 2.8575 cm. This backward-facing step test section can be seen in 

Figure 3.6. 

 

Figure 3.6: Water tunnel test section containing backward-facing step  

The mean flow velocity used in the present study was 0.22 m/s (corresponding to a pump motor 

setting of 341 RPM). This resulted in a Reynolds number, Reh=6274 as defined by Equation 3.7 

below where 𝑈∞ is the freestream velocity, h is the step height, and ν is the kinematic viscosity:  

𝑅𝑒ℎ ≡
𝑈∞ℎ

𝜈
.      (3.7) 

 For a backward-facing step, and a Taylor microscale Reynolds number of Reλ=130, as defined 

in Equation 3.1. This flow setting and Reynolds number was selected due to flow facility 

constraints, CCD resolution, and multi-phase flow limits. The flow facility was limited to a 

maximum flow velocity of 1 m/s placing an obvious limit on the freestream velocity. The 

multiphase flow limits were determined by the maximum number of particles that could be 

imaged on a 4008 x 2672 CCD where the overall system magnification of 1.2 led to an imaged 

particle diameter of 7 pixels. This will be described in further detail in the ensuing chapter. When 

combined with the guidance by Pope (2000) of a fluctuating velocity, u’, of 18% of the mean 
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flow velocity, the Kolmogorov length scale, corresponding to the length scale of the smallest 

eddies in the flow, was determined to be η=147 µm as estimated using Equation 3.2. In this case, 

l is the characteristic length scale of the geometry associated with the flow, i.e. the height of the 

step, h. 

 

3.3.2 Volume of Interest 

The Volume of Interest, VOI, for the present study was a skewed rectangular located 6.5h 

downstream of the backward-facing step with the bottom of the VOI being 13 mm above the 

bottom of the test section. The coordinate system and VOI can be seen in Figure 3.7.  

 

Figure 3.7: Approximate location of VOI (note flow is from left to right)3 

Note that this VOI was centered in the Y-dimension. The VOI was 4.5mm deep in the Z 

direction. Note that, in this section, capital X,Y,Z are used to denote coordinates in real space, 

while lower case x, y are used to denote CCD pixel values. The bottom plane dimension was 

30.49mm x 20.30mm, while the top plane dimension was 29.71mm x 19.81mm. The bottom 

plane was located 13 mm from the bottom of the step. The size and shape of the VOI was 
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determined by optical system constraints such that the camera system was capable of resolving 

motions close to the Kolmogorov length scale. Specifically, this size was set such that it would 

be comparable to that of Direct Numerical Simulation, DNS, approaches which, at the finest 

scales, have a spatial resolutions of 𝛿 = 2.1𝜂.4 For further details on the shape of the VOI see 

Grothe (2008). 

 

3.3.3 Particle Siphon System 

In addition to the installation of the backward-facing step geometry, a particle siphon 

system was designed and installed in the flow facility. Three 5mm diameter holes were drilled 

just upstream of the test section. Each of the holes were located at the same X location with the 

center hole being centered in the Y dimension with the other two holes being approximately 25 

mm on either side. Hollow 4mm diameter metal wands were then inserted into each of these 

holes and connected via approximately 1 m of tubing. The metal wands were fixed in place after 

using dye visualizations to determine the optimal location to allow for even dispersion of 

particles. The tubing was then connected to three seeding bottles. The bottles were placed 

approximately 65cm above the seeding location to allow particles to flow freely with a gravity 

siphon after seeding bottles were squeezed. An image of this particle siphon system can be seen 

in Figure 3.8.  
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Figure 3.8: Particle Siphon/Seeding System 

 

3.4 Optical/Camera System 

The camera system used in this study consisted of three 4008x2672 CCD cameras. This 

was the same system used by Dona. Each of these three CCDs were mounted on 6-axis 

translation stages made by Thorlabs. The CCDs, along with the lens assemble, were mounted to 

form an equilateral triangle with the CCD triangle sides being 12 cm and the lens triangle sides 

being 6 cm. Black plastic and paper were both used to form a cone between the CCD and the 

lenses to shroud the CCD from seeing extra light. For information on the design and 

specification of the optical and camera system beyond what is presented in the following section, 

see Grothe (2008).22 
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3.4.1 Charge-Coupled Devices (CCDs) 

The cameras used in the present study were high-resolution area scan Illunis XMV-11000 

grayscale cameras. Each of the cameras contained interline transfer CCDs with a resolution of 

4008x2672. The CCDs have a well depth of 60,000 electrons, a signal-to-noise ratio of 30 dB 

and 9 micron square pixels. The CCDs are capable of capturing a Triggered Double Exposure 

(TDE). This meant that, despite the maximum frame rate of 3.8 Hz, the cameras are capable of 

taking consecutive exposures with as little as an 800 ns separation.28 This is specifically tailored 

for PIV/PTV type applications as it allows an image pair to have a very small ∆𝑡 between 

sequential image pairs. The system would theoretically be capable of imaging flows with peak 

velocities around 90 m/s with a reasonable 10-pixel displacement.3 Each of the three CCDs were 

mounted on 6-stage translation stages. The CCD and camera mounts can be seen in Figure 3.9. 

  

  (a) CCDs mounted on 6-axis translation stage                     (b) Illunis XMV-11000 CCD 

Figure 3.9: CCDs and mounts used in the present study3 
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3.4.2 Lenses 

The lenses used in the system were Schneider-Kreunach Optics Macro-Symmar HM 

120mm f/5.6 lenses. These lenses were chosen due to their precise focal length of 119.9mm +/-

1%, greater than 90% transmittance of the visible spectrum, and minimal edge distortion. Each 

of these properties resulted in a low level of error propagation to the rest of the system.29 A cross 

section of this lens can be seen in Figure 3.10. 

 

Figure 3.10: Schneider-Kreunach Optics Macro-Symmar HM Lens cross section30 

3.4.3 Water-Filled Prism 

To appropriately image the particles in the VOI, it is necessary to image through three 

media, the water in the tunnel, the acrylic top, and air. Since there is significant refraction 

through these three media, without correction, particle images would result be distorted as shown 

in Figure 3.11. 
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Figure 3.11: Astigmatism caused by refraction in air, acrylic and water22 

Clearly, these types of images would be inadequate for a 3DPTV application. To correct for this 

Schmitt (2007) and Grothe (2008) designed, through experimentation and ray-tracing theory, a 

water-filled prism to bend the light appropriately.22,29 This prism was fabricated out of acrylic 

and contained refillable water chambers. The chambers were filled with deionized water via a 

syringe such that no bubbles formed in the chambers as any air bubbles in the prism would lead 

to distortion in the resulting image. A general schematic of the ray tracing for the water filled 

prism can be seen in Figure 3.12. 

 

Figure 3.12: Ray tracing showing minimized refraction from water-filled prism22 
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This water-filled prism was placed on the interface of the air and the acrylic top of the tunnel, or 

the acrylic calibration platform which will be discussed in subsequent sections. Additionally, the 

platform was secured using aluminum shafts which could be screwed into the lens bracket and fit 

to the prism’s legs. This allowed the location of the water-filled prism to be fixed within a 

tolerance of approximately 50 microns in each direction. An image of this water-filled prism and 

aluminum jigs can be seen in Figure 3.13. 

 

 

Figure 3.13: Water-filled prism fixed to lens mount assembly 

 

3.5 Illumination Source 

3.5.1 Solo PIV Laser 

To provide proper illumination of the tracer particles in the 3DPTV system, a New Wave 

Research Solo PIV 120XT dual-pulsed Neodymium-doped Ytrium Aluminum Garnet (Nd:YAG) 

laser was used. This was capable of providing pulsed illumination which could be appropriately 
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timed to provide consecutive images with high signal-to-noise ratio. This laser emits visible light 

at 532 nm wavelength with a maximum energy level of 120 mJ per pulse with a pulse width 

between 3 and 5 ns. Each beam diameter in this dual laser was 4.5 mm with a divergence of less 

than 3 mrad. Ideally, each of the two beams from this laser would align on top of each other, but 

over time internal laser optics may become misaligned. For this reason, the internal optics of the 

laser were carefully aligned, referencing the Solo PIV user guide, such that the overlap between 

both beams was maximized. 

It is also important to understand that Class IV lasers, such as this, pose significant safety 

hazards not associated with conventional light. For this reason, LaserShield eyewear with an 

optical density in wavelengths encompassing 532 nm was 6.5+. Additionally, prior to operation 

of the laser, the laboratory facility was secured with an appropriately illuminated laser warning 

light fixed to all entrances. Black laser shrouding material was also used to minimize reflections 

as the laser entered the flow facility. An image of this laser firing can be seen in Figure 3.14. 

 

Figure 3.14:  Laser sheet formation3 
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3.5.2 Laser Sheet Optics 

To appropriately illuminate the VOI, the circular beams coming from the Solo PIV laser 

needed to be reshaped into a thick flat laser sheet. To do this, a CVI laser Optics 532nm coated, -

12.7 mm focal length, plano-concave cylindrical sheet forming laser was used. When 

appropriately aligned with the circular beam, this lens forms a laser sheet 4.5 mm thick, 

corresponding to the original diameter of the beam, that spreads along the tunnel’s Y-direction to 

span the entire VOI. Laser reflections from the tunnel’s floor caused halo patterns in the particle 

images, which in turn complicated data reduction. Therefore, additional care was taken to ensure 

that the laser remained level by using a level and visually inspecting the laser sheet using the 

proper safety measures. These halos complicated the data reduction and it was necessary to 

remove them by levelling the laser prior to collecting data. An example of these halos can be 

seen in Figure 3.15. 

 

Figure 3.15: Halo illumination of particles caused by laser reflections3 

3.6 Calibration Equipment and Procedure 

3.6.1 Grid Dot Pattern Target 

In order to appropriately calibrate the 3DPTV system, it was necessary to use a custom 

built calibration target with an array of distinct dots and grid lines. The dots on the target allowed 

for distance X,Y,Z coordinated to build a calibration mapping to the x,y camera coordinates. 
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Furthermore, the grid lines provided a reference for removing camera distortions stemming from 

misalignment. The process for this calibration and distortion removal is described further in 

Section 3.6.5.  

The primary target used was a 1.59mm thick glass plate with a 40.5mm x 40.5mm 

regular, repeated laser-etched grid and dot pattern. Holes were also drilled in this plate such that 

rods could be suspended from the lens assembly. When the plate was appropriately suspended 

and secured via these rods, a unique dot at the center of the calibration grid was aligned with the 

camera system’s optical center. A schematic of a section of this grid and an image of the unique 

center dot can be seen in Figure 3.16. 

                   

        (a) Calibration grid/dot dimensions                                   (b) Section of calibration image 

Figure 3.16: Calibration plate dimensions and section of image containing unique center dot22 

In the grid pattern, each line and dot were place at an interval of 526.2 µm +/- 0.02 µm apart 

with each line having a thickness of 26.2 um +/- 2um and each dot having a diameter of 78.5 µm 

+/- 2 µm. 
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3.6.2 Calibration Rigs 

Two calibration rigs were used in the present study. The first was fixed to the lens 

assembly and used for aligning the three cameras with the optical axis and removing camera 

distortions. The second was capable of translating through the volume of interest as was 

necessary to build calibration data.  

The first rig was similar to what was used in Grothe (2008). It consisted of six aluminum 

shafts, the water filled prism, and an acrylic false top designed to fit beneath the water filled 

prism and mimic the water tunnel top. Three of the shafts were fixed to each of the holes drilled 

in the calibration target. The shafts were then inserted through holes in the acrylic false top and 

water filled prism and attached to the second group of three shafts. When complete, the entire 

assembly was 258.85 mm in height and was fixed to the lens bracket assembly. This allowed the 

calibration plate to be placed precisely at the focal length of the system, or 536.38 mm along the 

optical axis from the calibration plate to the CCD. For additional information on how this length 

was determined see Grothe (2008). This rig can be seen in Figure 3.17 and was used primarily 

for positioning each CCD correctly with respect to the optical axis and removing camera 

distortion. 
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Figure 3.17: Calibration rig with fixed length rods, prism, acrylic platform and calibration plate 

The second calibration rig was built and designed in Dona (2015). The rig contained a bar 

that spanned the Y depth of the flow facility where clamps could be used to secure the entire 

apparatus in place. A Mitutoyo 0.5 in single-axis linear translation stage with 0.001 in 

increments was fixed perpendicular to this beam and attached to an L-shaped beam. This L-

shaped extension was then attached to an adjustable mount with screws that allowed for the 

securement of the calibration plate. This assembly allowed for the accurate translation of the 

calibration plate through entire Z span of the VOI. This assembly was used in conjunction with a 

custom built platform that simulated the water tunnel top while allowing access to the test 

section throughout the calibration process. An image of this platform as well as the calibration 

rig can be seen in Figure 3.18. 
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          (a) Acrylic calibration platform                 (b) Calibration rig with single-axis translation 

Figure 3.18: False tunnel top and calibration rig used in the present study3 

 

3.6.3 Calibration Illumination 

To generate adequate calibration images, it was necessary to provide consistent, diffuse 

backlighting to provide contrast for the lines and dots on the calibration plate. To accomplish 

this, a simple adjustable neck lamp with a 28W compact fluorescent bulb was used to illuminate 

a diffuser plate. The power source for this was the standard 120V at 60Hz and 0.44A. This lamp 

was then placed below a frosted glass diffusor plate to provide sufficiently smooth illumination 

of the grid target in the VOI. Note that previous studies utilized a Light-Emitting Diode (LED) 

array to accomplish this, but it was determined that the lamp, when combined with the diffusor 

plate, provided adequate illumination. An image of this illumination assembly can be seen in 

Figure 3.19. 
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Figure 3.19: Present calibration illumination scheme 

3.6.4 Calibration Procedure 

The first step in the calibration procedure was to fill the water tunnel such that the top of 

the water was in full contact with the bottom of the calibration platform that was used to simulate 

the tunnel lid, as was shown in Figure 3.14. Once this water level was confirmed, the platform 

was removed and the calibration rig shown in 3.13 was attached to the lens bracket assembly. 

Note that prior to attaching the assembly, each of the three chambers on the water filled prism 

were filled with a syringe such that no bubbles formed.  

Once the assembly was in place, contact between the acrylic false top and the water was 

confirmed. This ensured that the optical system did not see any of the water’s free surface. Next, 

using the Streams5 software suite from IO Industries, which will be described later in full detail, 

appropriate lighting of the calibration plate was confirmed. Then, using the translation stages on 

the 6 stage axis translators, the center dot on the calibration target, as shown in Figure 3.12, was 
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positioned at the center of each CCD. This was necessary to align the CCDs with the system’s 

optical axis. The next step was to use the rotation stages on the 6 stage axis translators to remove 

any distortions in each of the three rotational axes of the form shown in Figure 3.20. 

 

Figure 3.20: Distortion patterns from camera misalignment in each of the three rotational axes22 

Typically, the in-plane distortion shown in the first grid pattern in Figure 3.16 was most 

significant and was removed at the center of the CCD first. The distortions at the edges of the 

CCDs were then removed using rotation through the other axes. This was often an iterative 

process. Distortions were considered removed when there were no longer distortions along the 

center and edges of the CCD. The rotation of the CCD to remove these distortions often caused 

the location of the center dot to move in the CCD. Because of this, the translation stages needed 

to be used to bring the center dot back to the center of the CCD. Once this was accomplished, it 

was likely that some distortions would return, so this entire process was performed iteratively.  

Once all distortions were removed and the center dot on the calibration target was located 

at the exact center of each of the CCDs, this calibration rig was removed, and the second 

calibration rig and platform, shown in Figure 3.14, were installed. An optional triangular piece of 

tape was then placed onto the grid target to provide a point of reference for the calibration. The 
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rig was positioned roughly at the bottom of the VOI and a strut was used in combination with a 

level to ensure that the calibration plate was completely level in all directions. The top span of 

the calibration rig was set against a metal block set perpendicular to the top of the tunnel. This 

ensured that the calibration plate was perpendicular to the water tunnel, but was not necessarily 

completely aligned with the optical system since the optical system was built on a separate 

scaffolding around the water tunnel. This resulted in apparent in-plane distortions of the 

calibration grid which needed to be removed for the calibration software to run appropriately. 

Since distortions had already been removed from the optical system, these distortions were 

removed to a tolerance of several pixels by carefully adjusting the position of the calibration rig. 

Once these distortions were removed, the calibration procedure could commence. The 

XMV Camera Control Application was used to adjust exposure and gain settings for the cameras 

and Streams 5 was used for the capture and storage of the images. Ten images were taken at each 

calibration plane to allow for removal of unwanted background movement. Once images were 

taken at the bottom of the VOI, the single stage linear axis translator stage was turned one full 

rotation so that the calibration plate moved up 635 um and calibration images were taken once 

oscillations damped out and the plate was confirmed to be level. This was accomplished nine 

more times for a total of 11 calibration planes spanning either side of the VOI.  After all images 

were collected, the building of the calibration Radial Basis Function (RBF) was accomplished 

using the software suite described in Dona (2015). 
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3.7 Data Acquisition and Experimental Procedure 

3.7.1 Data Acquisition System Architecture 

The data acquisition system for the present experiment consisted of a single computer 

with Digital Video Recorder (DVR) hardware, an onboard signal generator, and an external hard 

disk array. This DVR computer was built by IO industries and contained three DVR Express 

CLFC Dual-Base boards, each with two Camera Link Cable interfaces. In addition, these boards 

were linked to the internal signal generator which was necessary in providing precise 

synchronization between the camera and the laser illumination source. Synchronization with the 

laser illumination source was accomplished through four BNC outputs, two for the laser’s 

flashlamps and two for the Q-switches. Camera settings, including exposure and gain settings 

were adjusted using the XMV Camera Control Application. Camera and laser timing were tuned 

using the DVR express CLFC Control Signal Manager within the Streams 5 software suite. This 

controlled the master signal generator board, to which the DVR Express and BNC output boards 

were slaved.3 A diagram of the complete data acquisition system architecture can be seen in 

Figure 3.21. 

 

Figure 3.21: Data acquisition equipment control diagram3 
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3.7.2 Laser Illumination, Alignment, and Timing 

Prior to collecting experimental 3DPTV data, it was necessary to sufficiently align the 

laser illumination source to the volume of interest. To accomplish this, a laminated index card 

with markings 13mm above the bottom of the card and 4.5mm thick, corresponding to the 

dimensions of the VOI, was placed attached to a metal block, so that it stood upright, and placed 

in the water tunnel. The card and block were then positioned in the center of the cameras’ fields 

of view. This ensured that the card was located at the precise location of the VOI. Next, the laser, 

described in Section 3.5 was fired at low power. Next, the laser was carefully moved so that the 

laser sheet, on low power, fell exactly within the markings on the card. After this, the laser was 

turned to high power, and once again the positioning within the VOI was verified.  

Once the laser was aligned with the VOI, it was necessary to configure the laser timing 

with respect to the camera timing. This was accomplished through the CLFC Control Signal 

Manager within the Streams 5 software suite. All timing was accomplished with respect to the 

master trigger on the data acquisition system’s internal signal generation board, SG1. This signal 

was set to 1.9hz at a 50% duty cycle. The three CCDs were then programmed to begin their 

Triggered Double Exposure (TDE) of 100 ms at the signal’s rising edge. This gave an overall 

camera frame rate of 3.8hz, which is the designed maximum for the CCDs used. Furthermore, 

since the time between the exposures in this modes was negligible (approx. 800 ns) compared to 

the 0.6 ms delta t desired in the present study, it was not considered in the timing of laser pulses. 

The first laser pulse was timed to begin at 0.5*Δt prior to the end of the first exposure, and the 

second laser was timed to begin at 0.5* Δt after the end of the first exposure. Additionally, to 

optimize the energy per laser pulse, the flashlamp was triggered 190 um prior to firing the laser 
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Q-switch. Also, it is worth noting that the duration of each laser pulse was between 3 and 5 ns. A 

diagram of this timing scheme can be seen in Figure 3.22. 

 

Figure 3.22: Laser and camera timing diagram3 

For the present deltat of 0.6ms this meant that the flashlamp and Q-switch for laser 1 were 

delayed from SG1 by 99.51 ms and 99.70 ms respectively, and the flashlamp and Q-switch for 

laser 2 were delayed from SG1 by 100.11 ms and 100.30 ms respectively.  

 

3.7.3 Particle Selection and Seeding 

Particle selection for the present study was accomplished by Dona (2015). Information 

considered when selecting the appropriate particle included particle diameter, specific gravity, 

imaged size, imaged intensity, and response time. These properties allowed for the evaluation of 

the non-dimensional Stokes Number, Reynolds number, and volume fractions for each particle. 

Ultimately, these numbers give the researcher an idea for how many particles can be seeded into 

the flow before running into multiphase flow limits. 
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The particles selected to be used in this study were Rutile TiO2 < 5 um diameter particles. 

Particle seeding was accomplished by creating a solution of approximately 1.00g of these 

particles in 0.25L of water. This solution was then divided into the three particle seeding bottles 

described in Section 3.1.3. A schematic of where these particles were seeded with respect to the 

backward-facing step can be seen in Figure 3.23 below. 

 

Figure 3.23: Particle Seeding Diagram3  

 

3.7.4 Experimental Procedure 

Once the appropriate camera alignment, calibration procedure, laser alignment, laser 

timing, and particle preparation were accomplished, data were ready to be collected. To collect 

data, the flow facility pumps were set to 341 RPM providing an inflow velocity of 22 cm/s. Once 

the RPMs were steady, the particle solutions of Rutile TiO2 particles were connected to the 

siphon system. The siphon was initiated by simply squeezing each of the seeding bottles. Once 
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the siphon began, the CCDs were placed in live and typically set to record 200 images. As the 

CCDs recorded, the laser was switched to high power and timing was set to external mode. Once 

all lights in the laboratory were turned off, the laser aperture was opened and the lasers were 

fired. If all timing was correct this resulted in image pairs with illuminated particles at the 

desired Δt.  
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Chapter 4 

 RESULTS AND DISCUSSION 

 In the present chapter, results from the Three-Dimensional Particle Tracking Velocimetry 

(3DPTV) system are presented. An evaluation of the LES models outlined in Chapter 2 is also 

presented. Additionally, an uncertainty analysis of the velocity vector fields and turbulence is 

offered. In the present study, a method for increasing particle density, and thus vector density, 

was developed, but is not fully established, and thus the 3DPTV velocity results presented in this 

chapter were obtained from data sets produced by Dona (2015). 

 

4.1 3DPTV Results 

 In Dona 2015, unstructured 3DPTV 3D3C vector fields were experimentally gathered on 

the backward-facing step for a total of six fields to obtain statistical convergence. The number of 

vectors in the volume of interest, whose dimensions are presented in chapter 3, for each of these 

fields varied from 20,000 to 25,000. Note that these vector fields were reduced to a Z-dimension 

range that maximized vector density and resulted in dimensions for the vector field are slightly 

different than those for the VOI (3.3mm as opposed to 4.5mm). An example of one of these 

fields, magnified to show flow details, can be seen in Figure 4.1.   



54 

 

 

Figure 4.1: 3DPTV 3D3C vector field for a volume of approximately 30mm x 20mm x 3.3mm3 

 These unstructured grids were then interpolated, using a three-dimensional ellipsoidal 

interpolation scheme developed by Talapatra and Katz for a similar purpose, onto a structured 

grid.3,31 This three-dimensional structured grid had a spacing of 300µm and resulted in 

approximately 163,000 grid locations. An image of the interpolated vector field can be seen in 

Figure 4.1.  
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Figure 4.2: 3DPTV results in 3D3C structured velocity field with grid spacing of 300µm3 

 To get a better idea of the flow structure, the vorticity of the velocity field was also 

computed. This was accomplished by simply taking the geometric curl of the velocity field, and 

was best viewed as contours of constant vorticity. To show the general structure of the flow in 

the XZ-plane, the vorticity component in the Y-direction (𝜔𝑥𝑧 =
𝜕𝑢𝑥

𝜕𝑧
−

𝜕𝑢𝑧

𝜕𝑥
) was extracted, an 

ensemble average was performed, and the constant vorticity contours were plotted. This can be 

seen in Figure 4.3. Note that in this Figure, flow was along the positive X-axis.  

 

Figure 4.3: Contours of mean vorticity (s-1) component normal to Y-axis3 
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Notice in this plot, that the mean vorticity increases in magnitude as the flow propagates 

downstream; however, the vorticity values in each of the vorticity sheets seen in Figure 4.3 were 

within three times the characteristic vorticity of the incoming flow over the backward-facing 

step.3  In addition to visualizing the flow field with vorticity contours, Dona conducted a 

complete uncertainty analysis of the experimental velocity field. For details on the uncertainty of 

the velocity fields, see Dona (2015). 

 

4.2 Evaluation of SGS Stress Models 

 The velocity vector fields, described in Section 4.1, were filtered using Equation 2.5 and 

the Smagorinsky, Similarity, Mixed, Dynamic, Coherent Structures, and Stretched Vortex 

Models were applied to the filtered velocity field. This velocity filtering was done at a variety of 

different levels relative to the fine resolution scale, δ, obtained in the experimental vector fields; 

however, the results presented in this section are for an LES filtering scale of Δ=5δ unless 

otherwise specified.  

 The a priori test conducted on the models directly compared the modeled SGS stress 

tensor elements, 𝜏𝑖𝑗
∆,mod

, with the experimental SGS stress elements calculated using Equation 

2.8. In addition to obtaining a simple correlation coefficient between the modeled and actual 

SGS stress, the correlation between the actual SGS dissipation or transfer of kinetic energy, 

−𝜏𝑖𝑗
∆ 𝑆̃𝑖𝑗, and the modeled SGS dissipation −𝜏𝑖𝑗

∆,mod𝑆̃𝑖𝑗 was also determined. The correlation 

coefficients calculated were Pearson Correlation Coefficients. For details on the calculation of 

these coefficients, see Dona (2015).  
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4.2.1 SGS Stress Contours and Correlations 

 Since the SGS stress tensor, 𝜏𝑖𝑗
∆ , is a second-order tensor in three dimensional space, it is 

difficult to visualize all nine elements of the tensor. For this reason, only contours of the XY 

stress tensor element, 𝜏12
∆ , are presented in this section. Note that, while this only represents a 

single tensor element in a single plane, three-dimensional data for each of the deviatoric stress 

components, 𝜏12
∆ , 𝜏23

∆ , and 𝜏13
∆  are also available. For comparison, the experimentally calculated 

SGS stress tensor in the XY direction is presented in Figure 4.4. 

 

Figure 4.4: Experimentally calculated SGS stress tensor element, 𝜏12
∆ . Units are in m2/s2. 

Contours of the same XY SGS stress tensor element for the Smagorinsky, Similarity, Coherent 

Structures, Mixed, Dynamic, and Stretched Vortex models can be seen in Figure 4.5. 
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Figure 4.5: LES SGS modeled XY SGS stress tensor elements. Note that flow direction is from 

top to bottom and that units are in m2/s2. 

 

Comparing the LES models in Figure 4.5 to the experimentally calculated SGS stress in Figure 

4.4, the Similarity and Mixed Models most closely model subgrid-scale stress. Also note the 
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comparable these two models to each other. This is the case because they are essentially the 

same models with the Mixed model simply incorporating the Smagorinsky model into the 

Similarity model. These results agree with the work of Liu, as presented in KM (2000), where 

the Similarity and Mixed Models SGS stress contours were nearly identical to one another and 

showed the highest correlation to the experimental data.7  The dynamic model has very little 

correlation to the experimental while the Smagorinsky, Coherent Structures, and Stretched 

Vortex models do slightly better; however, in each of these models, regions of high SGS stress 

appear random when compared to regions of high SGS stress in the experimental data. Note that 

KM also documented little commonality between the Smagorinsky model’s contours and the 

experimental data.  

The above observations are also confirmed with the numerical correlation coefficients. 

Statistics were collected on six velocity fields so that the Pearson Correlation Coefficients 

converged. The process of collecting statistics and implementing the Pearson Correlation 

Coefficients is described in Dona (2015). The results for the correlation between the SGS stress 

tensor elements for the various models and the experimentally calculated SGS stress tensor can 

be seen in Table 4.1: 

Table 4.1: Correlation coefficients of modeled deviatoric stress tensor elements. 

Model Type 𝝉𝟏𝟐
∆  𝝉𝟏𝟑

∆  𝝉𝟐𝟑
∆  

Smagorinsky Model 0.0497 0.0118 0.0288 

Similarity Model, γ=1 0.5553 0.5174 0.5379 

Similarity Model, γ=2 0.4310 0.3552 0.3768 

Mixed Model, γ=1 0.5554 0.5170 0.5377 

Mixed Model, γ=2 0.4310 0.3543 0.3764 

Dynamic Model, α=1 -0.0238 -0.0502 -0.0152 

Dynamic Model, α=2 -0.0431 0.0045 0.0135 

Coherent Structures Model 0.0490 0.0126 0.0135 

Stretched Vortex Model 0.0062 -0.0373 0.0022 
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Notice that the values for the Smagorinsky Model fall in the expected range of 0~0.2.7 The 

Similarity and Mixed models both had relatively high correlation coefficients (between 0.3 and 

0.6) and were similar to each other as noted by KM. Notice also that the Dynamic, Coherent 

Structures, and Stretched Vortex models did not perform well. In Dona, it is hypothesized that 

the complexity of the flow may have led to negative correlation coefficients for the Dynamic 

Model and more data points in the Y direction may be required in order to achieve stable 

Dynamic Smagorinsky coefficients values. The reason behind the low correlation coefficients of 

the CSM and SVM is unclear, but may also have to do with the complexity of the flow. This was 

surprising, particularly for the SVM since, like the model, the flow is vortical in nature. 

 

4.2.2 SGS Dissipation Contours and Correlations 

 The experimental local SGS dissipation, −𝜏𝑖𝑗
∆ 𝑆̃𝑖𝑗, contours in the same XY plane as 

Figures 4.4 and 4.5 can be seen in Figure 4.6. 

 

Figure 4.6: Experimentally calculated SGS energy dissipation, −𝜏𝑖𝑗
∆ 𝑆̃𝑖𝑗. Note that units are in 

m2/s3 and flow direction is from top-to-bottom 
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Contours of the same XY SGS energy dissipation for the Smagorinsky, Similarity, Coherent 

Structures, Mixed, Dynamic, and Stretched Vortex models can be seen in Figure 4.7.  

 

Figure 4.7: LES SGS modeled XY SGS energy dissipation contours. Note that flow direction is 

from top to bottom and that units are in m2/s3.  
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Notice that some of these plots show a significant amount of negative values for the SGS energy 

dissipation. This is known as the energy backscatter. This backscatter has been observed in past 

studies, primarily by Piomelli (1991) and Liu (1994).20,32  Notice also that the Smagorinsky, 

Coherent Structures, and Dynamic models show no backscatter indicating that they are purely 

dissipative models. The lack of taking this local backscatter into account it one of the key 

limitations of models using the eddy viscosity hypothesis. Since backscatter is a natural 

phenomenon, this is an undesirable attribute of such eddy viscosity models and contributes to its 

lower correlation coefficients.  

Aside from the backscatter, the SGS energy dissipation for the individual LES models 

compare with the experimental results in a similar manner to the SGS stress contours. For 

example, the Similarity and Mixed Models closely match the experimental contours. On the 

other hand, the Smagorinsky, Dynamic, Coherent Structures, and Stretched Vortex Models do 

not closely match the experimentally calculated dissipation and therefore exhibit low correlation. 

Notice that the Smagorinsky, Coherent Structures, and Dynamic models do exhibit similar 

contour patterns. This is likely due to the fact that each of these models are forms of the eddy-

viscosity model. The correlation coefficients for the dissipation of the various models can be 

seen in Table 4.2:  
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Table 4.2: Correlation of LES models’ SGS dissipation to experimental dissipation 

Model Type Correlation 

Smagorinsky Model 0.1123 

Similarity Model, γ=1 0.8645 

Similarity Model, γ=2 0.8088 

Mixed Model, γ=1 0.7886 

Mixed Model, γ=2 0.7936 

Dynamic Model, α=1 -0.1358 

Dynamic Model, α=2 -0.0466 

Coherent Structures Model 0.0840 

Stretched Vortex Model 0.0051 

 

From this table, it is clear to see that, while the Smagorinsky model did have very high 

correlation coefficients, it did not result in adequate levels of dissipation when combined with 

the Similarity model to form the Mixed Model. Notice that the correlation coefficients follow a 

similar trend between the models as was seen with the SGS stress.  

 

4.2.3 SGS Force Correlation 

In addition to the SGS stress and dissipation, the correlation of the SGS force, ∇ ∙ 𝜏∆, or simply 

the divergence of the SGS stress was also considered. The results of this correlation can be seen 

in Table 4.3: 

Table 4.3: Correlation of LES models’ SGS force to experimental SGS force 

Model Type Correlation 

Smagorinsky Model -0.0055 

Similarity Model, γ=1 0.4805 

Similarity Model, γ=2 0.4384 

Mixed Model, γ=1 0.4795 

Mixed Model, γ=2 0.4367 

Dynamic Model, α=1 -0.1924 

Dynamic Model, α=2 -0.0932 

Coherent Structures Model 0.0005 

Stretched Vortex Model -0.0788 
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As in the previous cases, the SGS force correlation is highest for the Similarity and Mixed 

Models (0.4~0.5). Notice also that the correlations for the Smagorinsky, Dynamic, and CSM 

models are very small indicating little or no correlation between the modeled and experimental 

SGS force.  

 

4.3 Uncertainty Analysis 

4.3.1 Uncertainty of the Velocity  

An uncertainty analysis for the 3DPTV system was conducted by Dona 2015. This 

analysis was performed to characterize the uncertainty associated with experimental position and 

displacement error arising from instrumentation error. To evaluate the accuracy of the SGS 

stresses for the various LES models in the previous section, it is necessary to assess how this 

error propagates through the equations for the LES models. To do this, the traditional approach 

for the propagation of uncertainties presented in Taylor (1982) was used.33 This approach states 

that the uncertainty of any function, q, with variables x,…z, who have measured uncertainties 

associated with them of δx,…δz,  is given by Equation 4.1:   

                  𝛿𝑞 = √(
𝜕𝑞

𝜕𝑥
𝛿𝑥)

2

+ ⋯ + (
𝜕𝑞

𝜕𝑧
𝛿𝑧)

2

.                     (4.1) 

 Following this formulation, the uncertainty for the velocity in the x-direction, 𝑢 =

∆𝑥/∆𝑡, is then given by Equation 4.2: 

           𝛿𝑢 = √(
𝜕𝑢

𝜕∆𝑥
𝛿∆𝑥)

2

+ (
𝜕𝑢

𝜕∆𝑡
𝛿∆𝑡)

2

≈ √(
1

∆𝑡
𝛿∆𝑥)

2

.         (4.2) 

Note that 𝛿∆𝑡 has been ignored in this equation because the error associated with the time-step is 

considered negligible when compared to position and displacement error. In this equation, 𝛿∆𝑥 

represents the displacement error in the x-direction. This can easily be extrapolated to the y and z 
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dimensions for the v and w velocities. The displacement error in the y and z directions is simply 

given by 𝛿∆𝑧 and 𝛿∆𝑧 respectively. Using Equation 4.1, these displacement errors can be recast 

in terms of position errors. For example, the error for the displacement ∆𝑥 = 𝑥2 − 𝑥1 can be 

written as Equation 4.3, 

              𝛿∆𝑥 = √(
𝜕∆𝑥

𝜕𝑥2
𝛿𝑥2)

2

+ (
𝜕∆𝑥

𝜕𝑥1
𝛿𝑥1)

2

= √(1 ∗ 𝛿𝑥2)2 + (−1 ∗ 𝛿𝑥1)2.       (4.3) 

Now, if the position error at point one, 𝛿𝑥1, is the same as the position error at point two, 𝛿𝑥2 

(i.e. 𝛿𝑥1 = 𝛿𝑥2), then Equation 4.3 simplifies to 𝛿∆𝑥 = 𝛿𝑥√2 where 𝛿𝑥 is simply the position 

error associated with either 𝑥1or 𝑥2. This results in a final expression for the uncertainty 

associated with the velocity in the x-direction as given in Equation 4.4: 

                                           𝛿𝑢 = √(
1

∆𝑡
𝛿∆𝑥)

2

= √(
√2

∆𝑡
𝛿𝑥)

2

 .                                        (4.4) 

This can naturally be extrapolated to the v and w velocities. In Dona (2015), the position errors in 

the x and y (in-plane) directions were both less than 0.05% of the full-scale and the position error 

in the z (out-of-plane) direction was 0.25% of the full scale. This corresponds to an in-plane 

uncertainty of 0.163µm and an out-of-plane uncertainty of 0.813µm. Now, after applying 

Equation 4.4 and the 0.6 ms ∆𝑡 used in the study, it was determined that the uncertainty of the 

unfiltered velocity field, originating in the position error, was 383µm/s for velocity in the x-

direction, 383µm/s for the velocity in the y-direction, and 1915µm/s in the z-direction . These 

uncertainties correspond to 0.17% and 0.87% of the freestream velocity in the in-plane and out-

of-plane directions respectively and thus the uncertainty of the velocity field was low enough as 

to have a negligible impact on the results.  
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4.3.2 Uncertainty of the Filtered Velocity  

 Since the LES models rely on the filtering of the velocity field via Equation 2.5, it is 

necessary to carry the error propagation through this integral. The final form of the LES filter is 

given in Equation 4.5 below.                                          

                            𝒖̃(𝒙, 𝑡) = ∫ (
6

𝜋∆2
)

3/2

exp (−6𝑟2/∆2)𝒖(𝒙 − 𝒓, 𝑡)𝑑𝒓.                   (4.5) 

Note that since the radius of the Gaussian filter, r, is integrated away in the above expression and 

Δ refers to a fixed LES filter size, it follows that 𝒖̃(𝒙, 𝑡) = 𝑓(𝒖), or that the filtered velocity’s 

only functionality is with u. Using this and Equation 4.1, the expression for the uncertainty of the 

filtered velocity becomes: 

                                             𝛿𝒖̃ = √(
𝜕𝒖̃

𝜕𝒖
𝛿𝒖)

2

 , where                                             (4.6a) 

                                             
𝜕𝒖̃

𝜕𝒖
= ∫ (

6

𝜋∆2)
3/2

exp (−6𝑟2/∆2) 𝑑𝒓                             (4.6b)    

Note that in Equation 4.6a, 𝛿𝒖 refers to the uncertainty associated with the unfiltered velocity as 

calculated in the above section as 𝛿𝑢 =
√2

∆𝑡
𝛿𝑥.  In Equation 4.6b, 𝑟2 = 𝑟1

2 + 𝑟2
2 + 𝑟3

2 and since 

this equation is over an infinite domain, the integral of the Gaussian becomes (
𝜋

6/∆2)
3/2

. Using 

this, the final expression for the uncertainty of the filtered velocity is then given by:                                  

                        𝛿𝒖̃ = √((
6

𝜋∆2)
3/2

(
𝜋

6/∆2)
3/2

 𝛿𝒖)
2

= √(1 ∙  𝛿𝒖)2 =  𝛿𝒖.                             (4.7) 

Notice that this implies that for any given LES filter size Δ, the uncertainty associated with the 

filtered velocity is identical to the uncertainty associated with the unfiltered velocity. This means 

that the uncertainty associated with the filtered velocity in the present experiment was 383µm/s 
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(0.17% of the freestream) for the in-plane filtered velocity and 1915µm/s (0.87% of the 

freestream) for the out-of-plane filtered velocity.  

 

4.3.3 Uncertainty of the Various LES Models  

 To assess the uncertainty of the LES SGS stress contours presented in this chapter, it is 

necessary to propagate the uncertainty associated with this filtered velocity through each of the 

individual models. Since these models rely on the filtered rate of strain tensor, 𝑆̃𝑖𝑗, as given in 

Equation 2.11 it is necessary to calculate its associated uncertainty. The filtered rate of strain 

tensor relies on taking spatial partial derivatives of the filtered velocity, which in the application 

of LES are finite differences between the velocity at different points along the LES grid. This 

means that the filtered rate of strain is effectively calculated through Equation 4.8:  

            𝑆̃𝑖𝑗 =
1

2
(

∆𝑢𝑖

∆𝑥𝑗
+

∆𝑢𝑗

∆𝑥𝑖
).                                               (4.8) 

In this expression, ∆𝑢̃𝑖 is simply the difference of the filtered velocity between two points, 

meaning its uncertainty is 𝛿∆𝒖̃ = 𝛿𝒖̃√2, just as was demonstrated for the displacement error in 

Equation 4.3. Additionally, the ∆𝑥𝑗 , ∆𝑥𝑖 terms in Equation 4.8 refer to the finite filtered grid 

spacing and therefore are the same in all directions and do not have uncertainty associated with 

them. After applying this and the fact that the uncertainty associated with the filtered velocity is 

the same as the uncertainty associated with the unfiltered velocity to Equation 4.1, the expression 

for the uncertainty of the filtered rate of strain tensor becomes: 

                                  𝛿𝑆̃𝑖𝑗 = √(
√2𝛿𝑢𝑖

2∆𝑥𝑗
)

2

+ (
√2𝛿𝑢𝑗

2∆𝑥𝑖
)

2

                                (4.9)  
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Since the grid spacing is the same in all directions and the maximum velocity uncertainty is in 

the out-of-plane direction (i.e. the 3 direction), then the maximum uncertainty for the filtered rate 

of strain tensor is in the 33 direction. A contour plot of this uncertainty as a percentage of the 

actual filtered rate of strain tensor for a single Z-slice for a single velocity field is shown in 

Figure 4.8. 

 

 

                        (a) No axis scaling                                       (b) Axis scaled for 0-100%                                           

Figure 4.8: Uncertainty of 𝛿𝑆̃33 as a percentage of  𝑆̃33  

Notice in this Figure 4.8(a) that there is one region of high (above 200%) uncertainty. This is 

likely due to the actual value of the filtered rate of strain being very low at this location. The 

mean uncertainty for this region is 34%, a value likely to be skewed by the small regions of very 

high uncertainty. In Figure 4.8(b), it is clear to see the for much of the slice, the uncertainty is 

below 10% with some areas of uncertainty in the 30-40% range. 

 With the uncertainty of the filtered rate of strain tensor calculated, it is possible to 

determine the uncertainty associated with the Smagorinsky model. In its final form, the 

Smagorinsky model is given as 𝜏𝑖𝑗
∆,smag

= −2(𝐶𝑆∆)2√2𝑆̃𝑖𝑗𝑆̃𝑖𝑗𝑆̃𝑖𝑗. Since the only variable in this 
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expression with uncertainty associated with it is 𝑆̃𝑖𝑗, the uncertainty associated with the 

Smagorinsky model can be given as: 

                                    𝜏𝑖𝑗
∆,smag

= √(
𝜕𝜏

𝑖𝑗
∆,smag

𝜕 𝑆̃𝑖𝑗
 𝛿𝑆̃𝑖𝑗)

2

, where                                  (4.10a) 

                             
𝜕𝜏𝑖𝑗

∆,smag

𝜕 𝑆̃𝑖𝑗
= −2(𝐶𝑆∆)2 [2(2𝑆̃𝑖𝑗𝑆̃𝑖𝑗)

−1/2
𝑆̃𝑖𝑗𝑆̃𝑖𝑗 + √2𝑆̃𝑖𝑗𝑆̃𝑖𝑗]                  (4.10b)   

The uncertainty of the modeled SGS stress as a percentage of the modeled stress for a single Z-

slice for a single velocity field in the 33 direction, 𝜏33
∆,smag

, can be seen in Figure 4.9.   

 

Figure 4.9: Uncertainty of 𝛿𝜏33
∆,smag

 as a percentage of  𝜏33
∆,smag

 

Notice that there is still a region of higher uncertainty located at approximately X=0.008 and 

Y=0.025, but, at less than 20%, this uncertainty is lower than the uncertainty associated with the 

filtered rate of strain tensor at the same location.  
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 The next model to assess the uncertainty of is the Similarity Model. Recall that the 

Similarity Model in its final form is given as, 𝜏𝑖𝑗
∆,sim = 𝐶sim(𝑢𝑖̃𝑢𝑗̃

̅̅ ̅̅ ̅ − 𝑢𝑖̅̃𝑢𝑗̅̃). In this model, there 

are two terms that have an associated uncertainty, 𝑢̅̃𝑖and 𝑢̃𝑖𝑢̃𝑗
̅̅ ̅̅ ̅. Furthermore, for the present study, 

𝐶sim=1. From this the total expression for the uncertainty for the Similarity model is given as: 

                        𝛿𝜏𝑖𝑗
∆,sim = √(

𝜕𝜏𝑖𝑗
∆,sim

𝜕 𝑢𝑖̃𝑢𝑗̃
̅̅ ̅̅ ̅̅  δ𝑢𝑖̃𝑢𝑗̃

̅̅ ̅̅ ̅)

2

+ (
𝜕𝜏𝑖𝑗

∆,sim

𝜕𝑢𝑖 
 δ𝑢̅̃𝑖)

2

, where           (4.11a) 

                                        
𝜕𝜏𝑖𝑗

∆,sim

𝜕 𝑢𝑖̃𝑢𝑗̃
̅̅ ̅̅ ̅̅ = 1; 

𝜕𝜏𝑖𝑗
∆,sim

𝜕𝑢𝑖 
= −2 𝑢̅̃𝑗.                                   (4.11b) 

Since the only variable with uncertainty associated with it in 𝑢𝑖̃𝑢𝑗̃
̅̅ ̅̅ ̅ is 𝑢̃𝑖 and 𝛿𝑢̃𝑖 = 𝛿𝑢𝑖, the 

expression for δ𝑢𝑖̃𝑢𝑗̃
̅̅ ̅̅ ̅ becomes: 

δ𝑢𝑖̃𝑢𝑗̃
̅̅ ̅̅ ̅ = √(

𝜕𝑢𝑖̃𝑢𝑗̃
̅̅ ̅̅ ̅̅

𝜕𝑢𝑖
𝛿𝑢𝑖)

2

, where                                       (4.12a)        

          𝑢𝑖̃𝑢𝑗̃
̅̅ ̅̅ ̅(𝒙, 𝑡) = ∫ (

6

𝜋∆2)
3/2

exp (−6𝑟2/∆2)𝑢𝑖̃(𝑥 − 𝑟, 𝑡)𝑢𝑗̃(𝑥 − 𝑟, 𝑡)𝑑𝑟𝑘, and         (4.12b)      

                                                
𝜕𝑢𝑖̃𝑢𝑗̃

̅̅ ̅̅ ̅̅

𝜕𝑢𝑖
= 2𝑢̃𝑗.                                                         (4.12c) 

Similarly, since the only variable with uncertainty associated with it in 𝑢̅̃𝑖, or the double filtered 

velocity, is 𝑢̃𝑖 and 𝛿𝑢̃𝑖 = 𝛿𝑢𝑖, the expression for δ𝑢̅̃𝑖 becomes: 

                                       δ𝑢̅̃𝑖 = √(
𝜕𝑢𝑖

𝜕𝑢𝑖
𝛿𝑢𝑖)

2

, where                                              (4.13c) 

                     𝑢̅̃𝑖 = ∫ (
6

𝜋∆2
)

3/2

exp (−6𝑟2/∆2)𝑢̃𝑖(𝑥 − 𝑟, 𝑡)𝑑𝑟𝑘, and                       (4.13b) 

                                      
𝜕𝑢𝑖

𝜕𝑢𝑖
= ∫ (

6

𝜋∆2
)

3/2

exp (−6𝑟2/∆2)𝑑𝑟𝑘                                (4.13c) 
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Notice that the expression in Equation 4.13c is the same as Equation 4.6b for the singly filtered 

velocity which was determined to be 1. From this, final expression for the uncertainty associated 

with the SGS stress of the Similarity Model becomes: 

                                     𝛿𝜏𝑖𝑗
∆,sim = √(2𝑢̃𝑗𝛿𝑢𝑖)

2
+ (−2𝑢̅̃𝑗𝛿𝑢𝑖)

2
                      (4.14) 

The uncertainty of this modeled SGS stress as a percentage of the modeled stress for a single Z-

slice for a single velocity field in the 33 direction, 𝜏33
∆,sim

, can be seen in Figure 4.10.   

 

Figure 4.10: Uncertainty of 𝛿𝜏33
∆,sim

 as a percentage of  𝜏33
∆,sim

 

Notice that there are some regions of relatively high uncertainty in this slice (~30%). However, 

much of the uncertainty is below 15%. 

 The next model for to assess the uncertainty for is the mixed model. Recall that in its 

final form, the mixed model is given as simply the summation of the Smagorinsky and Similarity 

models. The resulting uncertainty is therefore simply:  

                              𝛿𝜏𝑖𝑗
∆,sim = √(𝛿𝜏𝑖𝑗

∆,sim)
2

+ (𝛿𝜏𝑖𝑗
∆,smag

)
2

                         (4.15) 
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The uncertainty of the Mixed Model’s SGS stress a percentage of the modeled stress for a single 

Z-slice for a single velocity field in the 33 direction, 𝜏33
∆,mix

, can be seen in Figure 4.11.   

 

Figure 4.11: Uncertainty of 𝛿𝜏33
∆,mix

 as a percentage of  𝜏33
∆,mix

 

Notice in that there are some regions of relatively high uncertainty (~50%), but the majority of 

the Z-slice shows uncertainty values below approximately 20%. Note that, just as with the 

uncertainty with filtered rate of strain tensor, some of these regions of high uncertainty may 

simply be due to a low calculated SGS stress in these regions.  

 Due to the complexity of the mathematics involved in determining the uncertainty for the 

remaining Dynamic, Coherent Structures, and Stretched Vortex Models, the uncertainty 

associated with these models has been left for future work.  

 

4.4 Improving the Present 3DPTV System 

 One of the key advantages of a priori testing of turbulence models using experimental 

data versus DNS data is that it is computationally expensive to collect DNS data at high 

Reynolds numbers. The above results were collected at a Reynolds number of 6274 and a 
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Taylor-microscale Reynolds number of 130, which are both relatively modest. The following 

section investigates the various ways and consequences of increasing this Reynolds number.  

 

4.4.1 Methods of Increasing Reynolds Number  

 Increasing the Reynolds number of the backward facing step flow can be accomplished 

in one of three ways, as per Equation 1.1 where 𝑅𝑒𝐻 = 𝜌𝑢𝑖𝑛/𝜈.  

1) The kinematic viscosity, 𝜈 = 𝜇/𝜌, where µ is the dynamic viscosity of the fluid and ρ is 

the density, can be decreased. This would require using a different fluid in the experiment 

and could be expensive and inefficient. 

2) Increase the length-scale associated with the flow. Katz and Meneveau (1994) take 

advantage of this by looking far downstream of a turbulent jet where the characteristic 

length scales are much larger than the orifice of the jet.20 In the backward-facing step 

flow experiment, this would require a new test section with a larger step and could also 

be expensive and inefficient. 

3) The simplest way of increasing the Reynolds number is to simply increase the freestream 

velocity. If we consider that the fluctuating component of velocity for this flow is 

approximately 18% of the freestream, as per Pope 2000, then increasing the freestream 

velocity would also increase the turbulent Reynolds number defined in Equation 3.1 

where 𝑅𝑒𝜆 ≡
𝑢′𝜆

𝜈
 and 𝜆 ≈ √

15𝜈𝑙

𝑢′
 is used to estimate the Taylor microscale.   

4.4.2 Implications of Increasing Reynolds Number 

 Increasing the turbulent Reynolds number of the backward-facing step flow can be 

accomplished by simply increasing the freestream velocity, but there are several limitations to 
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this increase. First, as mentioned in Section 3.3.1, the maximum flow velocity for the facility is 

1.0 m/s. Once again, using Pope’s guidance of the fluctuating velocity being 18% of the 

freestream, this results in a Reynolds number based on the step height of around 28,600 and a 

turbulent Reynolds number of around 278. Since DNS computational time for a three 

dimensional velocity field roughly scales with (𝑅𝑒𝐿
3/4)

3
, a full DNS solution for this flow 

would take over 300 years, indicating the necessity for experimental methods to evaluate the 

turbulence models. With this said, it is important to note that the turbulent and standard Reynolds 

numbers for work done by Katz and Meneveau (𝑅𝑒𝜆~310 and 𝑅𝑒𝐿~95000) were higher than 

even the maximum flow velocity for the present flow facility. This was due to a higher 

freestream velocity and a larger length scale for the turbulent jet that they were studying.  

A second limitation to increasing the Reynolds number is the Kolmogorov scale’s 

sensitivity to Reynolds number. The Kolmogorov scale, or the scale associated with the smallest 

turbulent motions in the flow, as defined in Equation 3.2 scale with the fluctuating velocity as 

𝜂~(1/𝑢′3)1/4. This means that increasing the Reynolds number by increasing the freestream 

velocity significantly decreases the Kolmogorov scale. If the flow velocity were increased to 1 

m/s in the present study, this would result in a Kolmogorov scale of approximately 47µm, about 

100µm smaller than the Kolmogorov scale for the present flow settings. To accurately assess 

LES turbulence models, Pope 2000 recommends that the resolution be 2.1 times the Kolmogorov 

scale.4 This means that the present 3DPTV system would need to be capable of resolving the 

flow at approximately 100µm. The 3DPTV system’s maximum resolution is primarily a function 

of the system’s magnification, imaged particle size, VOI size, and CCD resolution. Before any 

interpolation, the present system using TiO2 particles which have an imaged diameter of 7 pixels 

is capable of resolving a minimum scale of approximately 145µm. This is clearly not adequate 
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for the 100µm scale required for the 1 m/s flow setting. In the current configuration, the 

maximum Reynolds number attainable based on this limitation is around 17,000 corresponding 

to a freestream velocity of approximately 0.59 m/s, or just over half of the tunnel’s full 

capability. This flow setting results in a Kolmogorov scale of approximately 70µm and thus a 

required resolution of approximately 145µm. 

 

4.4.3 CCD Resolution Study 

As previously mentioned, the maximum resolution of the 3DPTV system is dictated by 

the system’s magnification, imaged particle size, VOI size, and CCD resolution. Perhaps the 

simplest and most obvious way to increase the system resolution would be to increase the 

resolution of the CCD or changing what type of particles were used. Dona (2015) conducted tests 

for an array of different particles and determined that the present TiO2 <5µm particles are best 

suited for the system; therefore, the present study looks at how adjusting CCD resolution can 

change the maximum resolvable scale, and hence the maximum Reynolds number of the system.  

The smallest resolvable scale various CCD resolutions was determined by first 

determining the total number of pixels available on the CCD and using the physical dimensions 

of the VOI to determine the physical spacing of the particles. This physical spacing was 

determined by assuming a 7 pixel diameter of the particles and taking into account a minimum 

particle spacing of 5 pixels. The results of this study for several different CCD resolutions 

capable of attaining with today’s CCD technology are presented in Table 4.4: 
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Table 4.4: Resolvable scales for various CCD resolutions  

CCD Resolution Max particles/image Resolvable scale (µm) Kolmogorov Scale (µm) Reλ ReH 

4008x2672 118663 144 69 214 17,000 

4000x4000 177285 118 56 248 22,850 

6000x6000 398892 79 38 321 38,250 

8000x8000 709141 59 28 394 57,500 

 

Notice, once again, that the maximum allowable resolution for the present 4008x2672 CCD 

resolution is 144µm resulting in a maximum turbulent Reynolds number of 214. The 3-dimensional 

PIV work done by Katz and Meneveau was accomplished on a flow with a turbulent Reynolds 

number of around 260.23 If the present 3DPTV system was outfitted with a 6000x6000 (36 MP) 

CCD, then a turbulent Reynolds number that is 23% higher than that studied in KM is 

achievable. If the system were outfitted with an 8000x8000 (64 MP) CCD, then a 51% higher 

turbulent Reynolds number is attainable. For this reason, the most important alteration to the 

present 3DPTV system would be increasing the CCD resolution.  

 Increasing the CCD resolution allows for denser packing of particles in the flow. With 

this, it is important to not exceed the multiphase flow limit where the presence of the particles 

may impact the fluid flow rather than the flow merely impacting the velocity of the particles. A 

map showing the multiphase coupling regions can be seen in Figure 4.12. 
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Figure 4.12: Map of multiphase coupling regions.34 

In this map, 𝛷𝑃 is the volume fraction as defined by 𝛷𝑃 =
𝑁𝑉𝑃

𝑉−𝑁𝑉𝑃
 where 𝑁 is the number of 

particles in the fluid volume, 𝑉𝑃 is the volume of an individual particle, and 𝑉 is the size of the 

volume. Additionally, 𝑅𝑒𝑝 is the particle Reynolds number given by 𝑅𝑒𝑝 =
𝜌𝑓|𝑈𝑓−𝑈𝑃|𝑑𝑝

𝜇𝑔
 where 

𝜌𝑓, 𝑈𝑓, and 𝜇𝑔 are the density, velocity, and viscosity of the fluid while 𝑈𝑃 and 𝑑𝑝 are the 

velocity and diameter of a representative particle. In the present study, the volume fraction was 

approximately 33.6 particles/mm3 and the particle Reynolds number was trivially small as the 

Stokes number was small enough to say that |𝑈𝑓 − 𝑈𝑃| is trivially small.3 This places the present 

study well within the multiphase flow limit, but as the CCD resolution increases and it is 

possible to resolve more particles in a smaller volume, the cameras are capable of resolving in 

the two way coupling region. This must be taken into consideration when increasing CCD 

resolution and can be alleviated by decreasing the particle diameter, and thus the volume fraction 

of the particles.  
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4.4.4 Improving Velocity Vector Density 

 Another important improvement to the system is increasing the velocity vector field 

density. As noted in Section 4.1, the total vector count in the 3DPTV system’s unstructured 

vector field ranged from 20,000 to 25,000. This count was then increased to around 65,000 

vectors when the a Singular Value Decomposition (SVD) interpolation scheme was implemented 

by Dona.3 In the present study, an attempt to increase this vector density was accomplished by 

modifying the particle siphon system.  

 In Dona (2015), a solution of 0.75-1.25g of TiO2 powder in 0.25L of water was siphoned 

from a single seeding bottle into the flow at one location upstream of the test section.3 In the 

present study, three solutions of 1g of TiO2 powder in 0.25L of water were siphoned from three 

seeding bottles at three different locations upstream of the test section. For details of this 

siphoning system see Section 3.3.3. The increase in seeding locations led to an increase in 

particle density from approximately 25,000 identified particles per image to as many as 40,000 

identified particles per image. An example of a full particle image in Dona (2015) is compared to 

a particle image from the present study in Figures 4.13 and 4.14: 
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Figure 4.13: Sample particle image used to generate velocity fields in Dona (2015)3 

 

Figure 4.14: Sample particle image obtained by using new siphon approach 

In these figures, notice that the new siphon system is capable of generating not only a higher 

density image, but also a more uniform dispersion.  
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Chapter 5 

CONCLUSIONS AND FUTURE STUDY 

 While the present study did not produce additional 3D3C velocity vector fields beyond 

Dona (2015), the study did yield several key conclusions and recommendations for the 

improvement and design of the three-dimensional particle tracking system. The primary lessons 

to be taken from the present study were how to improve the imaged particle density and the 

analysis conducted on ways to increase the flow’s Reynolds number given the present flow 

facility. This final chapter summarizes the work of this study and provides recommendations for 

future studies.  

 

5.1 Conclusions  

 In this study, the development and implementation of a three-dimensional particle 

tracking (3DPTV) system was investigated and summarized. The system is based on the 

triangulation method of particle location and utilizes three 4008 x 2672 CCD cameras mounted 

on 6-axis translation stages. Three separate lenses fixed to a lens mount were used to focus the 

light on these CCDs and a water-filled prism was used to account for the ray bending at the 

interface between the water, acrylic top, and air. The tracer particles used were <5µm TiO2 and 

were illuminated using a 532 nm Nd:YAG dual pulsed laser. The flow facility used was a dual-

pump 6” x 12” water tunnel fitted with a backward-facing step test section. This flow geometry 

was chosen due to its consistency in separation and unsteady flow characteristics. This system 
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followed the same approach taken by Tien et al. (2014), was originally designed by Grothe 

(2008), and initially implemented by Dona (2015).3,22,35  

 Before collecting data to produce 3D3C velocity fields, it was necessary to calibrate the 

3DPTV system. The calibration process was altered from Dona (2015) and included the use of 

two calibration rigs. One rig was fixed to the camera system and allowed for the removal of 

image distortions and the location of the system’s optical axis and the other could be translated 

through the volume of interest for building calibration data. The data collection process was also 

altered from Dona (2015) by adding additional particle seeding locations. This resulted in image 

pairs with much higher particle density, allowing for a higher density 3D3C velocity vector field.  

 While a method for developing higher density velocity fields was advanced in the present 

study, full, accurate 3D3C velocity fields were not obtained due to CCD damage. For this reason, 

the lower density velocity fields developed in Dona (2015) were used in a priori testing of a 

variety of LES turbulence models. These models included the Smagorinsky, Similarity, Mixed, 

Dynamic, Coherent Structures, and Stretched Vortex Models. Correlation coefficients for these 

models achieved reasonably expected results with the exception of the Stretched Vortex Model 

which achieved much lower correlation coefficients than expected. A complete uncertainty 

analysis of the propagation of position and displacement error through these models was also 

accomplished, and it was determined that these two errors had negligible impacts on the 

accuracy of the LES results.  
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5.2 Future Study  

 In the process of assembling and altering the 3DPTV system, several areas of 

improvement became evident. These areas are listed in the sections below as recommendations 

for future study. 

 

5.2.1 Increased CCD Resolution for Increased Reynolds Number 

 Since the key advantage to using experimental data for a priori testing of turbulence 

models is the ability for experiments to resolve much higher Reynolds number flows than Direct 

Numerical Simulation, it is imperative that the 3DPTV system be capable of resolving high 

Reynolds number flows. Without changing the geometry of the flow facility used, the best way 

to do this would be to increase the mean flow velocity studied. The implications of doing this are 

investigated more fully in Section 4.1.2 and 4.3.3, but ultimately increasing Reynolds number 

decreases the length-scale that must be resolved. Because of this, a simple way to increase the 

maximum Reynolds number for the system would be to replace the 4008x2672 CCDs with new, 

higher resolution CCDs.  

 

5.2.2 Removable Lens System for Increasing Resolution  

 Another method for increasing the system’s resolution and thus increasing the maximum 

Reynolds number for the system would be to adjust the magnification of the lenses used. This 

method has not been fully investigated, but would involve capturing image pairs at multiple 

instances of the flow. A lower magnification lens would be used first to resolve the coarse scales 

of the flow, then the lenses would be systematically replaced with increased magnification lenses 
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until a scale of 𝛿 = 2.1𝜂 is achieved. These sequential data sets would overlap slightly as a 

function of scale and then be superimposed to achieve a complete spectrum of the flow.  

 

5.2.3 Smaller Particles for Increased Vector Density 

 Increasing the CCD resolution as suggested in Section 5.2.1 would allow the system to 

resolve much smaller length-scales, but doing this would require increasing the particle seeding 

density. That is, to resolve the flow at a smaller scale, more particles would need to be injected 

into the same or smaller volume. This quickly increases the volume fraction of the flow and can 

result in multi-phase flow effects, as discussed in Section 4.4.3. One way to avoid these multi-

phase flow effects would be to decrease the particle Reynolds number, 𝑅𝑒𝑝, by decreasing the 

particle diameter. This decrease in particle diameter could significantly increase vector density. 

    

5.2.4 Re-evaluation of the Calibration Method 

 While the present calibration method is adequate and capable of yielding low uncertainty 

velocity fields, the process is incredibly sensitive to disturbance, time consuming, and significant 

improvement should be made to the hardware used. The present calibration process requires two 

separate calibration rigs. One rig is attached to the optical/camera assembly while the other rests 

on the top of the flow facility. While this is capable of producing accurate calibration data, it is 

recommended that these two rigs be combined into one rig that attaches directly to the camera 

assembly and is capable of translating through the volume of interest. For accurate 3DPTV 

results, distortions of the camera-fixed calibration rig must be removed when it is centered on the 

optical axis of the system. This means that when the translation rig is used, any distortions that 

appear cannot be removed by adjusting CCD location or angle, but since the calibration software 
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requires that distortions on this rig also be removed, it is necessary to remove the distortions of 

this rig manually. This is incredibly difficult as distortions result from very small movement of 

the rig. A combined rig would allow for removal of distortion and translation through the VOI in 

one step and would greatly streamline the calibration process.  

 

5.2.5 Re-evaluation of the Camera Setup  

 In its present configuration, the 3DPTV system is mounted on a scaffolding frame that is 

separate from the flow facility. This necessitates the tedious alignment of two large systems 

which inherently contains some level of uncertainty and error that could propagate to the final 

accuracy of the 3D3C velocity fields. For this reason, it is suggested that each camera/lens be 

mounted as a single system (unlike the DDPIV system), and that each camera/lens be mounted 

around the test section so as to surround the volume of interest in a true triangulation imaging 

system. This would also aid in the present calibration procedure by ensuring that both rigs are 

aligned to the same reference. One method of accomplishing this would be to add rails to the 

water tunnel and fixing wheels or struts to the bottom of the camera/optical system thus allowing 

the system to be translated along the tunnel while remaining centered over the test section’s 

centerline. The system would look similar to that used in Maas et al. (1995) as shown in Figure 

5.1. 



85 

 

 

Figure 5.1: Example configuration for new 3DPTV system36 

 

5.2.6 Additional Evaluation of Stretched Vortex Model  

 The poorest performing LES model in this study was the Stretched Vortex Model, SVM. 

This is surprising, especially due to the vortical nature of backward-facing step flow. The version 

of the SVM used, as presented in Section 2.3.8, was the basic SVM and more complex versions 

of the model exist.18 Specifically, some of these models involve aligning the sub-grid vortex axes 

with a weighted combination of the strain rate eigenvector and the vorticity vector. A more 

thorough investigation of how this weighting affects the overall correlation coefficients for the 

SVM should be investigated. Additional validation of the code via analytic functions with 

turbulent characteristics.  

 

5.2.7 Further Recommendations from Dona  

 In addition to the above recommendations for future study, there were several important 

recommendations in Dona (2015) that were not able to be completed in the present study and are 

worth investigating. For completeness, these are listed below as given in Dona (2015). 
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1. The interpolation scheme used in Dona’s data to increase vector density should be fully 

assessed using the techniques developed and described by Talapatra and Katz 2012.31 

Dona suggests that this test be performed iteratively in conjunction with the 3-D 

unstructured median outlier filtering technique to achieve the most accurate, highest-

density, divergence-free interpolation with the fewest outliers.3 

2. Further analysis of the 3DPTV tracking algorithm is suggested. This includes the effect 

of an iterative σ, or Gaussian mask size, definition (see Chapter 4 of Dona for details) on 

the accuracy of tracking results.3 

3.  An investigation into processing techniques such as a Proper Orthogonal and Dynamic 

Mode Decomposition as employed by Sampath and Chakravarthy (2014) on the 3DPTV 

tracking algorithm is suggested.37  

4. Further analysis of the impact of the image processing, de-noising, and contrast 

adjustment steps in the 3DPTV tracking algorithm is suggested. For additional detail on 

the 3DPTV tracking algorithm, see Dona (2015).3  

 

5.2.8 Ranking of Future Studies  

 While each of the suggestions for future study serve to advance the 3DPTV system, some 

of the future recommendations are more imperative than others. These high priority 

recommendations are listed below: 

1. The most important recommendation for future work is increasing the Reynold’s number, 

and hence the Taylor-microscale Reynolds number of the flow. The most plausible way 

of doing this would be to increase the CCD resolution allowing for the resolution of 

smaller length-scales of the flow.  
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2. The second most important recommendation for future work is re-evaluating and re-

designing the calibration process. Streamlining and simplifying this process would not 

only decrease the uncertainty associated with the experiment, but would also allow for 

the execution of more experiments, perhaps at varying Reynolds numbers or with 

different tracer particles.  

3. The third most important recommendation is re-evaluating and redesigning the camera 

setup. In its present configuration, the setup is difficult to work with and contains 

inherent uncertainty. In the author’s opinion, accomplishing these three recommendations 

would not only greatly improve confidence in the accuracy of the results, but would also 

significantly streamline the data collection process and result in more velocity fields for a 

priori testing.  
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