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Abstract

Statistics of the Minimal Denominator Function and Short Holonomy Vectors of
Translation Surfaces

Albert Alejandro Artiles Calix

Chair of the Supervisory Committee:
Jayadev S. Athreya

This dissertation addresses topics in dynamical systems, number theory, and the geometry
of surfaces. It contains an introduction and three subsequent chapters.

The introduction [1] contains information about how the work presented in chapters
and |4| fits in with the past and current literature in the fields of Diophantine approximations
and translation surfaces.

Chapter [2| contains mostly classical results and information that allows the reader to
understand the contents of the subsequent chapters. It contains information about ergodic
theory, Diophantine approximation, unimodular lattices, and translation surfaces.

Chapter [3| discusses the minimal denominator function in detail as defined by Meiss-
Sander in [39]. We compute the limiting distribution of the minimal denominator function
and also generalize it to the contexts of higher dimensional Diophantine approximation,
linear forms, holonomy vectors of translation surfaces, and Heegner fields through the usage
of machinery from the theory of equivariant processes.

Chapter [4|focuses on making the distribution of holonomy vectors of translation surfaces
easier to compute by deriving a probability density function. This is done by combining the
growing literature on the statistics of saddle connections with the theory of void and gap

distributions as described by Marklof in [28].






TABLE OF CONTENTS

Page

[Chapter 1: Introduction|. . . . . . . . . . ... 1
[Chapter 2: Background| . . . . .. ... 4
2.1 Dynamical Systems|. . . . . . . . . . ... 4
[2.2  The Special Linear Group, SL(n,R)| . . . ... ... ... ... ... .... 8
[2.3  Diophantine Approximation| . . . . . . . . . .. .. ... ... ... 11
2.4 Translation Surfaces . . . . . . . . . .. . 13
[Chapter 3: The Minimal Denominator Function and Geometric Generalizations] . 19
[3.1  Minimizing denominators| . . . . . . . . . ... ... . 19
[3.2  Equivariant Processes . . . . . . . . . ... 25
3.3 Examples . . . . . . 28
|[Chapter 4: Density Functions of Short Holonomy Vectors| . . . . . ... ... ... 45
4.1  Void and Gap Distributions| . . . . . . . . . ... ... ... 45
[4.2  The density function of short holonomy vectors| . . . . . ... ... ...... 47




ACKNOWLEDGMENTS

Community is very important. We are all nurtured by those around us from the moment
we come to this world to the moment we leave it.

Me gustaria empezar por agradecerle a mi madre, Jessy Artiles. Recuerdo los dias de
cuando estaba en preescolar y te asegurabas de una u otra forma que hiciera la tarea y que
la hiciera bien. Mi abuela, Melba, quien se encargé por muchos anos de proveerme con la
mejor educacién que podiamos costear. Mi abuelo, Walter, quien es el culpable de mi gran
deseo por aprender sobre el mundo, tanto en el A&mbito social como en el ambito cientifico.
Mi tio, Albert, quien siempre estda cuando lo necesito y cuyo trabajo duro siempre ha sido
una inspiracién para seguir adelante.

I would also like to thank all the teachers and mentors that I've had over the years.
You all believed in me and helped me get to where I am now. Doris Fino, Jessica Urbina,
Patrick Skroch, Geraldina Répalo, Donna Dixon, James Blackburn-Lynch, and Beth Kelly.
Each of you taught me so much and I am forever thankful to you all for your guidance.

I also want to thank my advisor Jayadev Athreya, who is one of the most patient,
friendly, and generous people I have met. I learned a lot of mathematics from you, but I
also learned so much about social justice, encouraging others, and social equity.

I would also like to thank my academic siblings Sam Fairchild, Anthony Sanchez, Josh
Southerland, Dami Lee, and Paige Helms. Your ideas, guidance, and conversations have
been beyond helpful. Both at the mathematical and personal level.

I want to also thank my committee members, Douglas Lind, Sara Billey, and Lukasz
Fidkowski for their encouragement throughout the Ph.D. process.

Thank you, Cody Tipton, Ryan Bushling, Kevin Chien, and Kevin Liu for listening to
me talk about the contents of this dissertation over many years.

Cody, thank you for being my roommate and friend for the past six years. Thank you for

ii



listening to my rants, laughing at my jokes, introducing me to so many new media, letting
me play on your PS5 for an absurd amount of time, and for your unconditional support.

Ryan, I know you were tired of me drawing the space of unimodular lattices. You made
it very clear, but you still listened when I had questions and was always willing to provide
ideas.

Kevin C., thank you for being such a good friend and always inviting me to go to
McDonald’s with you. I don’t necessarily like their food, but the conversations you would
always bring up made me smile and laugh quite often.

Kevin L. you are quite an inspiration to many people. You work hard and you care for
others. I thank you for the many conversations we both had. We laughed so many times
together at so many ridiculous things. Including but not limited to sandwiches and Emo
Nite shenanigans.

I would also like to take some time to show my appreciation to Jon Chaika, Kate Stange,
and Jens Marklof who were very supportive and whose conversations helped me better
understand the literature and connections the work in this dissertation has with many
other branches of mathematics. You all also had so many interesting questions about the

topics covered in this dissertation that will inspire many future projects.

iii






Chapter 1
INTRODUCTION

Over the past few decades, we have seen an increased interest in the connections between
dynamical systems, number theory, and geometry. One celebrated result due to Margulis
is the proof of the Oppenheim Conjecture in [26] using methods from ergodic theory and
homogeneous dynamics to answer a question about quadratic forms. In the 1990s, Ratner
published a series of papers that dealt with the connection between the dynamics, topology,
and geometry of unipotent flows. These theorems have become classical at this point.
A good reference for these theorems is the book by Morris [32], which summarized the
main results of Ratner’s vast work. More recently, Athreya-Ghosh [4] used techniques from
homogeneous dynamics and unipotent flows to answer a question of Erdos-Sziisz-Turdan
from the 1958 paper |15] about the distribution of the number of solutions to an inequality
describing different approximations to real numbers.

While studying the dynamics of circle rotations in 2020, Meiss-Sander came across the
following question: Given a real number x and a tolerance > 0, how complicated must
a rational number be in order to be a solution to the inequality ‘1: — %‘ < 67 The original
question can be found in section 3 of [39]. This inquiry gave rise to the formulation of the

minimal denominator function or MDF for short:

Gmin(x,0) = {q € N : there exists p € Z such that

x—p‘ <5}, (1.0.1)
q

where = € [0, 1] and § is a positive tolerance. This dissertation provides a probabilistic
answer to the question asked by Meiss-Sander. We computed the distribution of the MDF
in Theorem in terms of subsets of the space of unimodular lattices. The theorem
was proved by translating the Meiss-Sander number theory question to a question about
equidistribution along long closed horocycles in the space of unimodular lattices. This
connection then inspired the formulation of Theorem which allows us to turn weak*

convergence results into equidistribution results. In particular, given ¢t > 0, Theorem



allows us to turn the counting problem: how often does one expect to see t intersections
between a lattice and a random subset of R™, to a question about weak®™ convergence of
measures. This theorem fits in with the recent work by Athreya-Ghosh [4] and Marklof-
Strombergsson [30] of using equivariant processes to answer questions dealing with the
statistics of discrete subsets of R™. Recently, Kim [22] showed that the probability of
having k intersections between a centrally symmetric Borel set and a lattice in R™ can be
approximated by a Poisson distribution when n is large. Theorem does not require the
test sets to be centrally symmetric and does not require the value of n to be large, however,
due to its generality, we are unable to write the limiting distribution in terms of well-known
distributions in contrast to Kim’s work.

Theorem also provides information about the distribution of the Farey Sequence.
This theorem describes the hit time between a random interval of length 26 in [0, 1] and
the Farey Sequence. More information about this relation can be found in We are
not the first to explore the statistics of the Farey Sequence. Hall [19] computed the distri-
butions of gaps between consecutive pairs of elements in the Farey Sequence using analytic
number theory techniques. More recently, Athreya-Cheung recovered Hall’s theorem using
techniques from homogeneous dynamics. Boca-Zaharescu have extensively studied different
statistics of the Farey Sequence in [8].

Theorem has applications outside of number theory. Theorem provides
a probabilistic description of the length of the shortest holonomy vector of a translation
surface lying in a randomly selected thin cone. This theorem is directly connected to the
work of Masur [31] and of Veech [43] from the 1990s. Their results on the asymptotics of
the number of saddle connections of translation surfaces and SL(2,R) ergodic measures on
Borel spaces pave the way for a lot of the current work in the field today. This includes
the work of Athreya-Chaika [1] on the distribution of slope gaps on translation surfaces,
the computation and implementation of algorithms to provide density functions for the
slope gaps of Veech surfaces (|42],[25]), and the equidistribution of saddle connections of
translation surfaces to the Lebesgue measure on the surface by Dozier [12].

Chapter [4] of this dissertation provides a computational improvement to Theorem
by describing its limiting distribution. This is encapsulated in Theorem which com-



bines the work of Marklof, [27],]28],[29], and the work of many authors, such as Athreya-
Chaika [1], Athreya-Chaika-Lelievre [2], Uyanik-Work [42], and Kumanduri-Sanchez-Wang
[25] to provide explicit density functions for the distribution of short holonomy vectors of
Veech surfaces. This links the results from to the question about finding the slope
gap distribution of translation surfaces through the connection between the void and gap

distributions of sequences in [0, 1].



Chapter 2

BACKGROUND

2.1 Dynamical Systems

Dynamical systems model the evolution of physical phenomena over time. To this end, we

provide the following very abstract definition:

Definition 2.1.1. A dynamical system is an ordered triple (X, M,-), where X is a set,

M is a monoid, and - : M x X — X is a monoid action.

Dynamical systems come in many different flavors depending on the properties and
structures one imposes on the set X and the monoid M. These branches usually go by

names described by adjective dynamics. Some examples are:

1. Measurable Dynamics: Where X is a measure space and M acts via measurable maps.

2. Topological Dynamics: Where X is a topological space and M acts via continuous

maps.

3. Holomorphic Dynamics: Where X is a complex manifold and M acts via holomorphic

maps.

4. Smooth Dynamics: Where X is a smooth manifold and M acts via smooth maps.

5. Symbolic Dynamics: Where X is a space of sequences of symbols and M is generated

by what we call a shift map.

This dissertation will be concerned mainly with measurable and topological dynamics.



2.1.1 FErgodic Theory

Ergodic theory is the branch of measurable dynamics that is concerned with measure-
preserving transformations. This section will provide the basic definitions and main theo-

rems of the subject.

Definition 2.1.2. A measure-preserving system is a quadruple (X, B, u, M), where X
s a set, B is a o-algebra on X and p is a measure on X. M is a monoid acting on X via

measurable maps such that for each T € M and A € B,

In the rest of this document, unless otherwise stated, p will be assumed to be a proba-
bility measure.

We will usually drop the o-algbera from the quadruple (X, B,u, M) and just write
(X, p, M) for convenience. If M is generated by a single element 7', then we will write
(X, u, T) to represent (X, p, M).

One technique used to study dynamical systems, and mathematics in general, is to break
or decompose the object of study into easier-to-understand pieces. If one were to take a
measure-preserving system (X, p, M) and found a subset A of X with measure 0 < p(A4) <1
such that T(A) C Aand T(X \ A) C X \ A for each T' € M, then one could break the study
of X by looking at the two measure-preserving systems (A, A1, M) and (X \ A, Ao, M) where
AM(B) = ﬁu(B) and A\2(C) = mu(C). To this end, we define an ergodic measure-
preserving system as a measure-preserving system that cannot be decomposed further down

in this manner. More explicitly, we have:

Definition 2.1.3. Let (X,u, M) be a measure-preserving system. We say (X, u, M) is
ergodic if whenever A C X is such that for all T € M, T"'A = A, then u(A) = 0 or

n(A) = 1.

Ergodic measure-preserving systems are in a way the basic building blocks when studying
measure-preserving systems, similar to simple groups in group theory or irreducible modules

in the theory of modules.



Ergodic theory is concerned with the long-term behavior of dynamical systems. A foun-
dational result of the subject is the Pointwise Ergodic Theorem, also known as Birkhoff’s

Ergodic Theorem, proved by Birkhoff in |7].

Theorem 2.1.4. Birkhoff (1931) Suppose that (X, u,T) is a measure-preserving system
and f: X — R is an L'(u) function. Then there exists f* € L'(u) such that for u-a.e.

reX,

=2

li :
m —
N—ooo N ;

FoTi(@) = ().

Il
o

Moreover, if (X, u,T) is ergodic, then f*(x) is constant for u-a.e. x and
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Many generalizations of Theorem [2.1.4 have been proved throughout the years. Gen-
eralizations have been proved for actions of groups such as Z™ and more generally by
amenable groups [14]. As a side note, we also have the Mean Ergodic Theorem proved by
Von Neumann before Birkhoff in [34] which works for L? functions and provides a geometric

definition of the limiting function through projections into an orthogonal space [14].

Equidistribution: One key behavior of orbits in a dynamical system we will be particu-
larly focused on will be equidistribution. The idea of equidistribution is that of a sequence
becoming dense within a topological space in a uniform way. More precisely, we have the

following definition:

Definition 2.1.5. Let X be a topological space endowed with a Borel probability measure
w. We say that the sequence (xyp)nen in X equidistributes with respect to p if for each

open subset U of X,
lim |{n§N:xn€U}|:
N—oo N

w(U). (2.1.6)

In particular, the Pointwise Ergodic Theorem states that if (X, u,T") is a measure-
preserving system where u is a Borel measure on X and p(U) > 0 for every open U, then

for p-almost every x € X, the sequence (T"(x)),en equidistributes.



2.1.2 Homogeneous Dynamics

Homogeneous dynamics concerns itself with dynamics in homogeneous spaces. In this sec-
tion, we will review some of the basic definitions and theorems as well as discuss some of

the main ideas in the field with an emphasis on matrix groups.

Definition 2.1.7. Let (X, 1, G) be a measure-preserving system where G is a group acting
on X via homeomorphisms. If G acts transitively on X, we say (X, u, G) is a homogeneous

dynamical system and X is a homogeneous (G-)space.

We now provide a few examples of homogeneous dynamical systems.

1. Take X = R/Z, which is topologically a circle, and p be the normalized arclength on
the circle X. Let G = R/Z itself. Let G act on X via left multiplication. The triple

(X, p, G) is a homogeneous dynamical system.

2. Let S? be the unit sphere in R3. Let i be the normalized surface area and G = O(3),
the group of orthogonal matrices. G acts on R? and this induces a transitive action on
S2. O(3) preserves the Euclidean metric on R®. This implies O(3) acts via measure-
preserving transformations on S? making the triple (S2, u, O(3)) into a homogeneous

dynamical system.

3. Let X = Z/27Z, the group with two elements. Define Y = XN equipped with the
product topology and the product group structure. By Tychonoff’s theorem, we have
that Y is a compact group. Define o, be the measure on Y for which pioo ({(zn)nen :
T] = Q1,T2 = Ay ..., Ty = Qp}) = 2%, where a; € X for i € {1,...,n}. One can show,
using Kolmogorov’s Extension Theorem found in appendix A of [14], that u« is, in
fact, a measure on the Borel o-algebra of Y, p is invariant under the action of Y
on itself, and that it is a probability measure making (Y, i, Y) into a homogeneous

dynamical system.

Recipe to make homogeneous spaces: Examples of homogeneous dynamical systems
are abundant. We provide here an alternative description of homogeneous spaces that allows

us to get many examples.



Theorem 2.1.8. Let G be a locally compact group acting on itself via left multiplication.
There ezists a non-trivial Radon measure j1 (not necessarily finite) such that (G, p, G) is a

measure-preserving system.

The measure p from Theorem is called the left Haar measure of G. There is an
analogous theorem for when G acts on itself via right multiplication.

Suppose G is a Lie group acting transitively on a set X and let p € X. Let I', be the
stabilizer of p under this action. Then we have a bijection from the coset space G/I') to
X given by gI', = g - p. The left Haar measure, f, on G can then be pushed forward to
a G-invariant measure, p, on G/I',. By identifying X and G/T', via our bijection, we can
transfer the topology of G/T', and measure p to X. By abuse of notation, we write the new

system as (X, i, G).

(G, 1, G)
(G/va Hy G) T (Xv M, G)
By another abuse of notation, the measure y in the dynamical system (X, u, G) is also

called the (left) Haar measure even though X itself need not be a group.

2.2 The Special Linear Group, SL(n,R)

The group of determinant 1 of n x n matrices with real entries is known as the special
linear group over R and is represented by SL(n,R). SL(n,R) is precisely the group of

orientation-preserving linear transformations that preserves the Lebesgue measure on R™.

2.2.1 Unimodular Lattices

Definition 2.2.1. A unimodular lattice A in R™ is a mazximal discrete subgroup of R™

such that vol(R™/A) = 1. We denote the set of unimodular lattices in R™ by Z,.

The main example we have of a unimodular lattice in R" is Z™. One way to get more
examples of unimodular lattices in R™ is by taking g € SL(n,R) and translating Z" by g
to form the unimodular lattice gZ™. The next theorem tells us that we get all unimodular

lattices through this procedure.



Theorem 2.2.2. The group SL(n,R) acts transitively on Z,. The stabilizer of 7 is
SL(n,Z).

Using Theorem [2.2.2 and the discussion from §2.1.2) we are able to identify 2, with
SL(n,R)/SL(n,Z).

Theorem 2.2.3. There exists a unique probability measure i, such that (2, pn, SL(2,R))

18 @ measure-preserving system.

A proof of Theorem can be found in chapter 7 of [33]. This allows us to define
the following measure-preserving system (25, ttn, SL(n,R)), where p, is a Borel probability
measure and allows us to use tools from homogeneous dynamics, probability theory, and

ergodic theory to study unimodular lattices.

2.2.2  Discrete Subgroups of SL(2,R)

Definition 2.2.4. A lattice in SL(n,R) is a discrete subgroup I' of SL(n,R) such that
SL(n,R)/T has finite Haar measure.

Just as we saw in §2.2.1) SL(2,Z) is a lattice of SL(2,R). Other examples of lattices
include the Farey group found in [35], and triangle Hecke groups to name a few.
2.2.8 Geodesic and Horocyclic Flows

In this section, we will introduce two flows on 25 and describe some of their properties.
Geodesic Flow: Let
:teR ) C SL(2,R). (2.2.5)

A acts on 25 via left multiplication. This produces a flow on 25 known as the geodesic
flow. Since A C SL(2,R), its action preserves the measure po. It turns out that the
measure-preserving system (23, u2, A) is an ergodic system. A proof of this can be found
in |14]. In fact, if T is a lattice in SL(2,R), the system (SL(2,R)/T',u, A) is an ergodic

measure-preserving system, where p is the Haar measure on SL(2,R)/T.
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Comment: The term geodesic flow comes from the fact that this flow can be interpreted as
the unit speed flow on the unit tangent bundle of the modular curve. This correspondence
is well-known and can be found in chapter 9 of [14], however, it is outside of the scope of

our current work and we will therefore omit it.

Horocyclic Flow: Another important flow on 25 is given by left multiplication by the
following subgroup of SL(2,R):

1 0
H=<{hs;= :s€R )y C SL(2,R). (2.2.6)

—s 1
This flow is known as the horocylic or horocycle flow. Just as in the case of the geodesic
flow, (23, ua, H) is an ergodic measure-preserving system. In fact, (SL(2,R)/T", u, H) is an

ergodic measure-preserving system whenever I' is a lattice and p is the Haar measure on

SL(2,R)/T". However, a lot more can be said about the horocyclic flow.
Definition 2.2.7. A horocycle is the orbit of a point A € Z5 under the horocyclic flow.

Theorem 2.2.8. (Dani-Smillie 1984) Let l,, be a sequence of horocycles with periods py,
respectively. Let A, be the uniform measure on l,. If p, — oo then the sequence of measures

An converges weak’ to po.

Theorem is proved in |11]. It will be the main tool in and generalizations of

it will be used in §3.3.1] §3.3.2] §3.3.4. It also allows us to classify all ergodic measures for

the horocyclic flow, see [20] for a full proof of this statement.

The horocyclic flow and geodesic flow are related by the following equation:

gthsg—t = hseft, (229)

which in particular tells us that conjugating the horocyclic flow by the geodesic flow

returns a slowed-down version of the horocyclic flow.
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2.3 Diophantine Approximation

At its root, Diophantine approximation is concerned with approximating real numbers via
rational numbers. In particular, we are interested in quantitative and qualitative statements

about how “well” we can approximate a real number x via “simple” rational numbers 2—".
n

2.8.1 Classical approximation theorems

Three very important theorems in this field are the following:

Theorem 2.3.1. (Density of Rational Numbers) Let € > 0 and x € R. Then there

exists a rational number r such that |x —r| < €.

Theorem [2.3.1] provides us with the qualitative property that rational numbers are dense
within the real numbers and it is one of the most important theorems in real analysis and
analytic number theory. However, the theorem does not provide any information about how
to find the rational number 7.

The next theorem due to Dirichlet refines Theorem by providing a bound on the

complexity of the rational number needed to approximate the real number z.

Theorem 2.3.2. (Dirichlet) Let x € [0,1] and Q > 0. Then there exists 0 < p < q¢ < Q

_bp 1
such that ‘m q‘ < o

Theorem [2.3.2] provides additional information about the complexity of the rational
number r needed in Theorem to approximate the real number x up to a certain
tolerance €.

By looking at different subsets of R or C, one can get stronger results. For instance,
Roth’s theorem proved in [37], provides quantitative information about the approximation

of algebraic numbers via rational numbers.

Theorem 2.3.3. (Roth 1955) Let x be an irrational algebraic number. Then for every

€ > 0, the collection of rational numbers g satisfying the inequality ‘x — %‘ < qQ% s finite.

The part where we demand € > 0 in Theorem [2.3.3] is necessary for the conclusion in
the sense that if we choose ¢ = 0, Theorem tells us that we always have an infinite

number of solutions for the inequality ’x — %‘ < q%.
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2.3.2 Farey Sequence

The rational numbers are dense in the collection of real numbers. We focus our view here

on the interval [0, 1] and provide an exhaustion of QN [0, 1] by finite sets.

Definition 2.3.4. The Farey Sequence, F = (Fp)nen, S the sequence of subsets of

Q N[0, 1] where the n-th term is given by
fn:{zzogpgqgn,0<q, gcd(p,q)zl}. (2.3.5)

Here we provide the first few elements of the F:

F - {0 1}, (2.3.6)

171
011
_Jjori1 2.3,
f? {1>271}7 ( 37)
01121
_Jjoriz21 2.3,
]:3 {173,273;1}7 ( 38)
0111231
F4 - {1747372737 17 1}7 (239)
01112132341
_Jo1112132341 , 2.3.1
]:5 {175747375727573747571} ( 3 0)
0 101 1 2 1 32 3 4 1
1 5 4 3 5 2 5 3 1 5 1
-~ —o— —— s - —o

Figure 2.1: Depiction of F5 graded by colors. The colors represent the first elements of F

in which the point appears.

Figure 2.2: Depiction of Fis.
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It is well known that the Farey Sequence equidistributes on [0, 1]. A proof of this can be
found in Chapter 5 of [24]. However, the Farey sequence does not behave like a sequence of
i.i.d. random variables. Because of this semi-random behavior, we would like to explore some
of the finer statistics of the distribution of the Farey Sequence. One way we can explore
these finer statistics is by understanding the frequency of the gaps between consecutive
terms in F,, where n is a very large number. The distribution of these gaps, when properly
renormalized was computed first by Hall in [19] using techniques from analytic number
theory and later by Athreya-Cheung using techniques from homogeneous dynamics [3].

A precise statement of the computation and description of the Hall distribution can be
found [19] and [3]. Here we express only the formula for the distribution as it will be used

and generalized in chapter

Definition 2.3.11. The Hall distribution is given by

\
—_
+

Yo
W
+
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=
\
e
W
\
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—
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+
=
\
A
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H(t) represents the probability that a gap between consecutive terms in F,, is larger

than #t.
2.4 Translation Surfaces

Translation surfaces are a mathematical object that arises naturally in questions related to
complex analysis, billiards on rational polygons, and statistical mechanics to name a few.
In this section, we describe only the basic properties of translation surfaces we need. For a

more comprehensive reference the reader may see |[?AthMas],[44], and [45].

2.4.1 Definitions and basic examples of translation surfaces
We provide two equivalent definitions of a translation surface.

Definition 2.4.1. A translation surface is a tuple (X,w), where X is a compact Riemann

surface and w is a holomorphic 1-form on X.
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1.0 1

0.8 1

0.6 1

0.4 1

0.2 4

0.2 0.4 0.6 0.8 1.0 1.2

Figure 2.3: Graph of the Hall distribution

Definition 2.4.2. A translation surface is a finite union of disjoint polygons P =
LI, Pi C C such that the sides of P can be partitioned into parallel congruent pairs {sq, sp}

and each s, and sy in the same equivalence class are identified via Fuclidean translation.

Translation surfaces are also known as flat surfaces or abelian differentials in the litera-
ture. We usually drop the X from the (X,w) notation for a translation surface and call w
the translation surface unless it causes confusion.

We now provide some examples of translation surfaces.

Square Flat Torus: Using definition we may construct the square flat torus by
looking at the Riemann Surface C/Z[i]. The holomorphic 1-form on the torus will be the
push-forward of the form dz on C.

Using definition [2.4.2] we may construct the square flat torus as follows: Let P be the
unit square [0,1]2 € C. We identify the left and right sides via the translation T'(z) = z + 1
and the top and bottom sides via T'(z) = z + .

The flat torus can be visualized as the world from the video games Asteroids and Pac-

Man. A world where exiting the screen from the right means you enter the screen from the
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Figure 2.4: Left: Depiction of a square flat torus. Right: Depiction of the translation
surface arising from a regular octagon. Two sides are identified via Euclidean translation if

they have the same color.

left and exiting from the top means you enter from the bottom. The left side of Figure 2.4

provides a picture of a square flat torus.

Regular Polygons: If n is even, we can look at the regular n-gon and identify opposite
sides via Fuclidean translation. Figure depicts the surface arising from the regular
octagon on the right.

If n is odd, we can take the regular n-gon and reflect along one of its sides, we would then
get a 2(n —1)-gon. We can then proceed to identify parallel sides via Euclidean translation.
This translation surface is known as the double n—gon. Figure depicts the double 5-gon,

also known as the double pentagon.

Two translation surfaces are equivalent if one can take one, do a finite number of cuts,
and rearrange the pieces into the other by translating them. This procedure is sometimes
called the cut-translate-paste procedure or scissors congruence.

Translation surfaces have the property that they possess a flat metric outside the zeros
of w. This geometry can be seen more easily as the geometry inherited from C. The zeros
of w are called cone points or saddle points. The focus of and chapter |4 will be

on understanding the relative location of saddle points in relation to one another. To be
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Figure 2.5: Depiction of the double pentagon. Two sides are identified via Euclidean trans-

lation if they have the same color. The black side in the middle is the axis of reflection but

is not a side of the polygon.

Figure 2.6: The cut translate and paste procedure on the square flat torus.

precise, we provide the following definition:

Definition 2.4.3. Let w be a translation surface. A saddle connection is a geodesic

connecting two (not necessarily distinct) saddle points of w and not passing through any

other cone points.
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Figure 2.7: Depiction of two saddle connections, one in cyan and another in green, on a

genus 2 translation surface.

In order to keep track of saddle connections we introduce the following definition.

Definition 2.4.4. Let w be a translation surface and v be a saddle connection of w. The

holonomy vector associated to vy is given by

2y = /w e C. (2.4.5)
gl

If we write z, = z, + iy,, we see that z, describes the horizontal displacement and ¥,

describes the vertical displacement of ~.

2.4.2 The SL(2,R) action on translation surfaces

SL(2,R) acts naturally on R? ~ C via the linear action. This linear action induces an
action on the set of polygons on the plane, which in turn induces an action on the space of

translation surfaces.

Definition 2.4.6. Given a translation surface w, the stabilizer of w under the SL(2,R)

action is called the Veech group and is denoted by SL(w).
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Figure 2.8: Horizontal shear of a translation surface.

The Veech group of most translation surfaces is trivial, however, some translation sur-

faces exhibit a large Veech group. They are called Veech surfaces or lattice surfaces.

Definition 2.4.7. The translation surface w is called a Veech or lattice surface if its

Veech group has finite covolume in SL(2,R).

Some examples of Veech surfaces include the flat torus and the surfaces arising from
regular polygons discussed above. An example of an explicit non-Veech surface can be
found in . Most translation surfaces are not Veech, but the collection of Veech surfaces
is dense in the moduli space of translation surfaces .

The Veech group of the flat square torus is SL(2,Z). Edwards-Sanderson-Schmidt

provide a general algorithm to compute Veech groups.
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Chapter 3

THE MINIMAL DENOMINATOR FUNCTION AND GEOMETRIC
GENERALIZATIONS

This chapter contains the main two theorems of this dissertation as well as many exam-
ples illustrating their application to different contexts in Diophantine approximation and
the geometry of surfaces. The two main theorems are Theorem [3.1.5] describing the limiting
distribution of the minimal denominator function, and Theorem which allows us to
generalize the techniques from Theorem to higher dimensions, linear forms, saddle

connections of translation surfaces, and Heegner fields.
3.1 Minimizing denominators

In this section, we will explore one of the main topics of this dissertation, the minimal
denominator function, or MDF for short. This function comes out of a question posted by
Meiss-Sander in section 3 of [39]. They asked the following: Given a real number x and
a tolerance § > 0, what is the rational number L in the interval (z — 6,2 + §) with the
smallest denominator ¢? Finding the explicit g is usually a very hard question. To this end,

Meiss-Sander defined the following function:

Gmin (7, ) = min {q eN:

x—Z‘<5,p€Z}. (3.1.1)

Figure depicts both the chaos and order found in the graph of guin(z,d) for a fixed
and small 9.

The graph has mirror symmetry about the number % and dips down near rational num-
bers with small denominators. This happens because we can view gmin(, d) in the following
way: We place a small interval of radius 0 centered at x. Then Guin(z,9) = @ if and only
if g has a non-empty intersection with (z — ¢, + J) but Fg_; does not. This realization
will be important when looking at Theorem and later on in chapter |4| when exploring

the statistics of saddle connections on translation surfaces.
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Gmin(7,0) = min {q eN:

)
m—Z|<2,p€Z}. (3.1.2)

Theorem 3.1.3. (Chen-Haynes 2022) With the notation decribed above,

! 16 1
min (T, 0 dr ~ ——— + O(log?(9)). 3.14
| a0 ~ 5=+ 01082(9) (3.1.4)
The notation f(t) ~ g(t) found in Theorem |3.1.3 means that lim;_, % =1.

Our contributions come from relating a normalized version of the MDF inspired by

Theorem |3.1.3| and relating it to an equidistribution problem in the space of unimodular

lattices.

Theorem 3.1.5. Let P be the uniform measure on [0,1], T € R, and po be the Haar

measure on Zs. Then
lim P (m € [0,1] : Vogmin(2,6) < T) =pa (A€ Xy: FY(A) < T). (3.1.6)
—

The function F} is part of a one-parameter family of functions which will be described in
Definition The method of proof of Theorem allows us to generalize to a broader
set of examples, these are described in

Marklof improved the statement of Theorem by computing the probability density

function of the limiting distribution in [28].

Theorem 3.1.7. (Marklof 2024) Let P be the uniform measure on [0,1], T € R, and
D C [0,1] such that P(OD) = 0. Then,

lim P (;1: €D : Vogmn(x,8) > T) — P(D) /Too n(s)ds, (3.1.8)

where n(s) = %SH (%52), and H(t) is the Hall distribution discussed in .
The symbol 0A denotes the boundary of the set A.
Marklof’s approach is adapted in chapter 4/ to the context of translation surfaces.

3.1.1 Proof of Theorem|3.1.

We begin by creating a connection between gmin (2, ) and the integer lattice in two dimen-

sions.
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Definition 3.1.9. Let A € 25 and let § > 0. We define F} : 25 — R by
u
EYA)=min{ u € R: there exists v € R such that eANnGCsp, (3.1.10)

where Cs = {[z,y]" € R? : 2 > 0,|y| < 6z} .

Figure 3.3: A depiction of Cj intersecting a lattice A.

Figure depicts a random lattice A and its intersection with the horizontal cone Cj.
The z-coordinate of the first point of A one sees inside the cone when moving from left to
right is the value of F5(A). The parameter § provides us with infinitely many functions
that behave in predictable ways when precomposed with the geodesic and horocyclic flows.
Lemma [3.1.11| provides us with explicit formulas for how Fj changes with respect to these

flows.

Lemma 3.1.11. Let § > 0 and Fs be defined as above. Then,

1. for allt € R, Fy(g;A) = e2 Fype(A);
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2. for all s € R, Gmin(s,8) = Fs(hsZ?).
Proof. We will prove part 1 of Lemma |3.1.11| by doing a computation.

u
Fl(g:A) =min{ u : e AN Cs

v
) U
=min{ u:g_ ¢ e ANg_Cs
v
_t ]
) e z2u
=min{ u: . € AN Cset
ezv
k2 . / ’LL/
=e2minq u : € AN Cse
,U/
¢
:62F516t(A).

This completes the proof of the first part of Lemma [3.1.11

We now proceed to prove part 2 of We begin by defining a correspondence
between rational numbers and lattice points. If % is a rational number written in simplest
form, we identify it with the integer vector [¢,p]”. We claim that g € (z— 0,z +0) precisely
when h,[q,p]’ € Cs.

Proof of claim: Notice that h.[q,p]T = [q,p — qz]T. We then have that [q,p — qz]’ € C;s

p—qr
q

precisely when § > ‘ = ‘x — %), which is equivalent to g € (x—4,z+9). This completes
the proof of our claim.

Our claim implies that the set of denominators of fractions in (z — d,z + J) is precisely
the set of z-coordinates of the lattice points in h,Z?> N Cs. In particular, they have the same

minimum, which means Gmin(z,8) = Fj (hyZ?) as desired.

O

Lemma |3.1.11| allows us to understand how the quantity F 51 (A) changes as we change A

in relation to the geodesic flow. Notice that if t = —logd, we have that

F}(g-1050) = 072 FL(A) (3.1.12)
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Figure 3.4: The action of gj,z5 on the cone Cs.

for each A € Xy. The identity [3.1.12] allows us to exchange the problem of understanding
¢min @S a problem with a fixed lattice and changing region of intersection with a randomly
selected lattice intersecting a fixed region of R?. Figure contains a visual representation

of the effect of gj,s5 on the cone Cs.

Theorem 3.1.13. Let P denote the uniform probability measure on [0,1]. Then for every
TeR, asd— 0,

P ({x - V8Gmin (2, 8) < T}) —pp ({A € Xy FIA) < T)). (3.1.14)

Proof. By the second equation of Lemmal|3.1.11}, v/6Gmin (2, 8) < T precisely when v/6 F d(h,Z?%) <
T. This means that

P ({x : VoGumin(2,8) < T}) —p ({x VOFL(h,72) < T}) .
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Figure 3.5: Cumulative distribution of Guin(z,0.01)

Using equation [3.1.12] we get that

P <{x VOF} (h,Z?) < T}) —p ({x VOFN 9 10559105 5haZ2) < T})

=P ({x : Fll(glogdha:Z2) < T}) :

Notice that giogshs = h% Jlogs- This means that the lattice g10g522 has period §~! under
the horocyclic flow. Hence, by Theorem we have that as 6 — 0,

P ({z: F{(gogshaZ?) < T}) — po ({A: FH(A) < T},

as desired.

3.2 Equivariant Processes

This section will introduce the concept of equivariant processes, also known as Siegel- Veech

measures. We will use the main theorem of this section, Theorem to provide a general
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framework for the examples described in and It will be beneficial to keep in mind

the proof and setup of Theorem [3.1.5|as we discuss the contents of this section.

The ideas in this section come from the work of many people. Some references include
Veech’s work [43] where he generalizes the work of Siegel [40]. These ideas were then

extended by Marklof-Strombergsson [30] and Athreya-Ghosh [4].
We will describe three things prior to defining equivariant processes, an action on a

space, an action on measure in R and a map connecting both actions:

Action on Space: Let G be a subgroup of GL(d,R) for d > 2. Let G act on the standard
Borel space (X, \) via measure-preserving transformations. An example of this is when G

is either H or A, X = 23, and A\ = o from

Actions on Measures: Let .#(R?) be the space of o-finite Radon Borel measure on RY.
The linear action of G on R? induces an action of G' on .Z(R%) as follows: If A C R? is a

Borel set, g € G, and v € .#(R%), then
(g-v)(A) =v(g~'(A)). (3.2.1)

Definition 3.2.2. With the setup above, let ¢ : X — #(R?) be a measurable map. We

call ¢ an equivariant process map if for all g € G, x € X, and A C R? Borel,

¢(g2)(A) = (g - o(x))(A). (3.2.3)

X —2 & #RY
Tgr lm—)gw
_—

X A (R%)

¢

Definition 3.2.4. Let d > 2, G C GL(d,R) be a subgroup, and (X, \) be a standard Borel
space equipped with a G-action that preserves the measure . The triple (X, u, @) is called

an equivariant process if ¢ : X — .#(RY) is an equivariant process map.
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3.2.1 Chen-Haynes Distributions

We prove a general result that will allow us to frame the MDF question from §3.1| as an
equivariant process and generalize it to different contexts.

Let S = {S7t}r>0 be a family of Borel subsets of R™ with the property that if 77 < Tb,
then S7, C Sp,. Let (X, A, v) be a sequence of equivariant processes. We define the ¢-th

Chen-Haynes distribution associated to S and (X, An, vp) by

E(Xny Ay U, S, 0)(T) = nh_)rgo A ({z € X 1 v (2)(ST) > t}). (3.2.5)

We specialize the setup above by looking at sequences of G-equivariant processes over
a fixed space and a fixed equivariant process map. Let (X, \,,v) be such a sequence of
G-equivariant processes. Then we have the following result which allows us to exchange

weak* convergence results for equidistribution results.

Theorem 3.2.6. Suppose that \(d{z € X : v(z)(St) > t}) = 0. If A, — A, then
EX, A, v, S, )(T) = X({x € X :v(z)(ST) > t}). (3.2.7)

Proof. Since all of our measures are Radon Borel, we have that weak® convergence of mea-
sures implies that for all bounded continuous functions f : X — R, A, (f) — A(f). This
means that if A is a set subset of X with A\(QA) = 0, then we may approximate y4 from
above and below via bounded continuous functions. This means that A,(A) — A(A4). We

complete the proof by setting A = {z € X : v(x)(Sr) > t}.

Following our example, if A C R?, A € 25 and
S(A) = 6, (3:2.8)

€A
where ¢, is the Dirac-delta measure with support {z}, then v(A)(A) is the cardinality
of the intersection of A and A. If k € N, we can see that the k-th Chen-Haynes distribution

at time T for the equivariant process (X, u, ¢) is the measure of unimodular lattices that

intersect St in at least k points.
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Theorem (3.1.13 revisited: In the case of Theorem [3.1.13] we see that the sets Sp =
Cy N {[z,y]" € R? : x < T} and the measures ), given by the uniform measure on the
hs-orbit of g1 /nZ2 in Xy provides us with a sequence of standard Borel spaces. Let

G ={hs:s5s€R} C SL(2,R) and v : 25 — M(R?) be given by

v(A) =) b, (3.2.9)

TEA

where d,, is the Dirac-delta measure with support {z}.
This construction provides us with a sequence of equivariant processes (22, An, V)
Notice that Fil(A) < T precisely when v(A)(S7) > 1. This rephrases Theorem as
the computation of the Chen-Haynes distribution associated with the sequence (%Z2, A, V)

and the family of cones § = {St : T' > 0}.

£(Xo, My, S, 1)(T) = Tim Ay ({A € Xa 2 v(A)(S7) > 1)

= lim A, ({A € Xy : F/(A) < T})

n—oo

= ({Ae Xy Fl(0) <T}).

In what follows, we will compute the Chen-Haynes distributions of equivariant processes as-
sociated to higher dimensional Diophantine approximations, the holonomy vectors of trans-
lation surfaces, and Diophantine approximation over Heegner fields. We will proceed simi-
larly, providing appropriate families of sets S, sequences of measure {\,} in the pertinent
space, and weak* convergence results which satisfy the hypotheses of Theorem The

equivariant process map will always be of the form seen in equation

3.3 Examples

3.8.1 Joint Diophantine Approximations

In this section, we ask the following question. Given real numbers z1, x2, ..., T,,, what is the
best way to approximate them via rational numbers r1,7rs..., 7, all at the same time? More

precisely:
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T
Motivating question: Let x = {iﬁ To ... fﬁm} € [0,1]™, let ||-|| denote the max
norm in R™ and let 6 > 0. What is the smallest ¢ € N such that there exists an integer

T
: 1
point p= |p; py .. pm} € Z™ such that Hx - EPH <07

An equivalent statement is: When looking at the rational points in Bjs(x), we can
compute the least common multiple of the denominators of the coordinates of each of these
points. What is the smallest number one can get? More precisely: r = [% % ZT"; ,
where the entries are written in simplest form. Let Denom(r) = lem(q1, g2, ..., ¢m). We ask

what is min {Denom(r) : |[|[x —r|| < }?

To answer this question, we define the m-dimensional minimal denominator function.

Definition 3.3.1. Let 6 > 0 and x € [0, 1]™.

Q" (x,6) = min {q € N : there exists p € Z™ such that

x — ;pH < 5} . (332

104 #eee v o0 0 o0 0 o0 0e . E I R ¢ 104 . .

084 . . . . . . . . . 0.8 4

064 . . . . . . . . .

’, ‘ "y
NI
PN AN

e I
NG
) 'E". \‘I l"t“’: o‘

044 ¢ . . . . . . . . .

02l o IR
' ) HERRSAN
700N

T

02 04 06 08 10 02 04 06 08 10

Figure 3.6: Left: Points in [0, 1]2 where Denom is at most 10. Right: Points in [0, 12 where

Denom is at most 25.

Figure provides a picture of the rational points with the smallest least common

denominators in two dimensions. This is a generalization of the Farey sequence seen in
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In particular, we are able to see the Farey sequence appear on the sides of the unit
square in Figure 3.6

Motivated by the work in we study the statistics of Q™(x,d) by relating it to the
theory of lattices.

Define the following function Fj" : 2,11 — R by

u
F§"(A) = min ¢ u : there exists v € R™ such that e ANCy 3,
v

where C§" = DIx|| < d,t >0 p. With these new definitions, we are now able to
tx

compute the limiting cumulative distribution for a properly normalized version of Q™(x, d),

that being St Q" (x,0).

Theorem 3.3.3. Let P denote the uniform distribution on [0,1]"™ and T € R. Then, as
6 —0,

P ({x € [0,1]™ : w1 Q™ (x,0) < T}) — ptms1 ({A € Xma1 : F(A) < T}).
Corollary 3.3.4. As§ — 0,
Ex [071Q"(x,8)| = 677 | Q"(x,0)dP(x) - FP (A)djtns1 (A).

[O’I]m Xm+1

We omit the proof of Theorem [3.3.3]as it will be a consequence of Theorem [3.3.14]

3.3.2  Approximating Linear Transformations

Let m and n be positive integers. Endow R and R™ with their max norms ||-||,, and |-[|,,,

respectively. The norms ||-||,, and |-, induce a norm, [|-||, on R™ @ R"™ = R™" given by
H[u,v]TH = |lu|l,, + Iv|l,,- Let X be an n x m matrix with entries in [0,1]. For ¢ > 0, define
(X 6) = min | Xq— < .
Q5= min {lal,:|Xa-pl, <dlal,}

Notice that the case when n = 1, Q™!(x,d) = Q™(x,5) and when m and n are both 1,
Qlyl(xa 5) = qmin(xv 5)
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We may identify the collection of m x n matrices with entries in [0, 1] with [0, 1]™".
Q™"(X,0) then models the question: Given a randomly selected X € [0, 1]™", what is the
shortest integer vector q € Z™ that lands within an appropriately sized neighborhood of Z™
under X. The size of this neighborhood depends on the size of q.

To study the statistics of Q™™ we will relate it to the theory of lattices just as we did

in and give appropriate generalizations of the geodesic and horocyclic flows.

3.3.83 Lattice Interpretation

Define an’":Xern%Rby
m,n . u m,n
F5™"(A) = min ¢ [[ul], : eANC 5,
v

where

S
o=y t cr >0, s), = 1,]t]l,, <9

The higher-dimensional versions of the horocyclic and geodesic flows that we will use are

the following: Let m,n > 1 and let X € [0, 1]™", define

t
1d 0 em+nld 0
h;,n — n and g;n,n — n

X 1d,, 0  emmrnld,,

The next lemma is a higher dimensional analog of Lemma [3.1.11

Lemma 3.3.5. With the notation as above,

1. for allt € R, F""(g""A) = em%HLF& + (A);

2. for all X € [0,1]™", QM (X, §) = FI"™(h"zm+n),

Proof. We begin with the proof of the first equation above. We first explore the effects of
the geodesic flow on the cone C§"". Just as in Lemma [3.1.11} we have that g;"" expands

our cone in the direction of R™ by e . More precisely, we have

grrept = omn, (3.3.6)

de~m



32

Hence, we have the following computation:

u
F{;n’”(gzn’nA) = miny |luf,, : €g"AN C:Sn’n
v

u
=min < [Juf, : ¢"}" e Ang"mCim"

Az
ot
m+n
. m,n
=min< [Jul|, : e eAnC™y
ei m(m+n) v dem
. /
— em+n min Hu/H : eANnC™?
n dem

v/

= e F7 (A),

em

as desired.

We now proceed to prove the second equation above. We first show that Q""" (X, d) >
FM(W" 2. Let (q,p) € Z" @ Z™ such that || Xq—pll,, < d|qll, and |q]|, is
minimized. Then by definition, Q™" (X, d) = ||q||,,- We then have that

hy |3 = € hxZ™tm A ",
P p—Xq

Hence, we have that

F" (hxZ™) < lqll,, = Q5" (X, ).

Next, we show that F;""(hxZ™t") > Q™"(X,d). Let (a,b) € hxZ™™ N C{"" such
that [|a||,, is minimized. This means Fy""(hxZ™*™) = ||al|,,. This means that there exists

(q,p) € Z™ © Z™ such that

hx
P

That is a = q and p — Xq = b. Since

= |al|,, | &l ey,
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it follows that Hﬁ < ¢ which means |b||,, < dl|la||,,. This can be rewritten as

m

Ip— Xdqll,,, <dllall,,- That is
Q""(X,0) < |lall,, = llall, = F5"" (hxZ™"™).
This completes the proof of Lemma|3.3.5 O
Notice that when t = —log(0™), the first equation from Lemma says that

F (g oaemyD) = 6 i FM(A). (3.3.7)

Before proceeding to state the main theorem of this section, we state an equidistribution
theorem due to Kleinbock and Margulis [23] which will play the role of Theorem in
the proof of Theorem [3.1.13

Almost uniformly continuous functions: Let (Y, u) be a topological space equipped
with its Borel o-algebra and a measure u. We say a function ¥ : Y — R is almost uniformly
continuous if there exist sequences {V;};ey and {¥/};cn of uniformly continuous functions
on Y such that ¥; increases almost surely to ¥ and ¥; decreases almost surely to W. In
particular, with the setup above, if i is a regular probability measure and A is a measurable
subset of Y with pu(0A) = 0, then the indicator function of A, x4, is almost uniformly

continuous.

Lemma 3.3.8. (Kleinbock-Margulis 1996) Let f € L*(Mpxn(R)) with compact sup-
port. Then for any almost uniformly continuous ¥ € L*(X,,1n), any compact subset L of

Xman, and any € > 0, the exists T > 0 such that

‘/M (R)f(hX)\Ij(gthXA)dX— f(hx)dX U(A)dpmin(A)| < (3.3.9)

Mm Xn (R) Xm+n

forany A€ L and allt > T.

Before proving Theorem [3.3.14] we give some notation and a lemma which will be useful
in the proof. For R,T € R, we define the following sets:

1. Ap = {A € Xppyn : FV"(A) < T,
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2. Br = Xpmin \ A7,
3. CE=C7"" n{ju,v]T eR*"®R™: |Ju, < R},
4. For each A € Xppin, A* = A\ {0}
Lemma 3.3.10. With the notation as above, we have the following:
1. Ar C AP U{A € Xopgn : A*NOCT""™ £ 0},
2. 0Ar C{A € Xppn : F"" =T} U{A € Xy : A*NOCT™™ #£ 0},
3. pmin(0AT) = 0.

Proof. We begin by proving the containment in 1. Fix T > 0. Let A € Ap. Suppose A € A
and

A ¢ {A € Xpin: A*NICT" £ 0} If F{""(A) < T, we are done, so suppose F/""(A) =
To > T. Let B be the closed ball in R™*" centered at the origin with radius R, where R
is chosen such that CTo Int(B) and 90BN A = (. Since B is compact, A is discrete, and
F™™(A) = Ty < R, it follows that B N A is finite and non-empty. This implies that there
exists § > 0 such that if [u,v]? € BN A with |[ul|,, € (Tp — §,Tp + §), then |lul|,, = Tp. Let
d = dist(0B, A). By our choice of R we have that d > 0. Define n =  min{d, 8,1, Ty — T'}.
Consider B’ to be the ball centered at the origin with radius 2R. Since A N B’ is finite
and the action of SL(m + n,R) on R™*™ is continuous, there exists a neighborhood U of
Id € SL(m + n,R) such that if w € B'N A and g € U, ||gw — w|| < 5. Since A € Ar,
there exists a sequence A; € Ap converging to A. Since A; is converging to A, we can write

A; = g;A where g; € U for i large enough. Then this implies that
To = T| < [F{™"(A) = F/™"(Aa)| < < |To = T.

This is a contradiction. This means our assumption that F;"""(A) = Ty > T is false. Hence,

F™™(A) <T,so A € Ar. This completes the proof of part 1 from the Lemma [3.3.10
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We now proceed to prove the containment in 2. One can use a similar argument as the

one used in the proof of the first containment from Lemma to show that
Br C BrU{A € Xypin : A*NOCT"" #£ 0}
This then implies
OAr = Ar N By C{A € Xy : F""(A) =TYU{A € Xppin : A" NOCT" £ 0}, (3.3.11)

Finally, we prove equation 3. Let D = {[u,V]T eR™ v, = T} U dCT"". Notice
that D has Lebesgue measure 0 on R™*" this then implies that {A € X, : A*N D # 0}

has measure 0 by the Siegel formula. Since

OAr = Ar N Br C{A € Xopgn : F{""(A) =T} U{A € X : A" NOCT" #£ 0} (3.3.12)

={A € Xppin : AN D #0}, (3.3.13)

We conclude that 0Ar has measure zero.

O

The theorem due to Siegel used in Lemma can be found as theorem 2 in [40]. This
theorem was later generalized by Veech for a more general collection of discrete subsets of
R? in [43)].

We are now ready to state and prove Theorem

Theorem 3.3.14. Let P be the uniform probability measure on [0,1]™". Then as § — 0,

m

P ({X € Mypsn([0,1]) : 6757 Q™" (X, §) < T}) — ttmn ({A € Xpnin : F™(A) < T).
(3.3.15)

Proof. Lemma |3.3.5] allows us to interchange
P ({X € Mixn([0,1]) : §7 Q™7 (X, 6) < T})
for P ({X € Mypun([0,1]) : tn FI™"™ (hx Zm+1) < T}) .
By the third equation in Lemma we get that x 4, is almost uniformly continuous.
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Using equation we get that

P ({X € Mypsen([0,1]) : 677 F (hx ZMH7) < T})
=P ({X (S Man([O, 1]) : F;“’"(g_log((;m)hXZer”) < T})

= /[0 1 XAr (g— log(5m)hXZm+n) dP(X)

We can then apply Lemma by setting f = xjo,ymn and ¥ = x4,

lim Xjo,mn (X)X A (9 10g(m)hxZ™T") dP(X) = / XAz (M) dpmyn(N) = p(Ar).
60—0 [0’1]mn Xm+n
as claimed. O
Corollary 3.3.16.
lim Ey [5#van(x, 5)} - / FI"(A)dptymn (A). (3.3.17)
0—0 Xmtn

3.8.4 Ezistence of limiting distribution for Veech surfaces

Given g > 0 and an integer partition « of 29 — 2, we define H(«) to be the moduli space
of translation surfaces w with genus g, area 1, and zeros with orders given by . The space
H(a) has a natural topology and SL(2,R) invariant Borel probability measure, which we
call the Masur-Smillie-Veehc measure and denote by uarsy. Zorich [45] contains a detailed
discussion of these structures on H(«).

Of particular interest to us is the fact that the action of SL(2,R) on each connected
component of H(«) is continuous and ergodic.

We focus our view first on Veech surfaces. Let w be a Veech surface with Veech group
I'y. The SL(2,R) orbit of w is parameterized by SL(2,R)/T,.

For simplicity, we will denote SL(2,R)/T,, by Y,. It turns out the quotient space Y,
is never compact and, therefore, it must have a positive finite number of cusps. This non-
compactness guarantees the existence of closed horocyles [10]. With this in mind, we state

an important theorem due to Dani-Smillie |11].
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Figure 3.7: Depiction of the holonomy vectors with slope between 0 and 1 of a genus 2

translation surface.

Theorem 3.3.18. (Dani-Smillie 1984) Let w be a Veech surface and (w;)ien be a se-
quence of points in Y,,. Suppose w; has period s; under the action of the horocyclic flow.
Let v; be the uniform measure on the orbit of w;. If s; — oo, then

* 1

v —

po (Vo)

where i, is the Haar measure on Yy,.
A natural extension of the function i, in the context of translation surfaces is the

following;:

Question: What is the point with the smallest z-coordinate in A, Nh_Cs as s ranges over

R?

Due to the Veech dichotomy , we know that in the context of Veech surfaces, we can

always find (up to rotating the surface if necessary) an « > 0 such that h, belongs to the
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Veech group of our surface.

Let 0 > 0 and consider the following function:

VU(w,d) = min {Re(z,) : v is a saddle connection of w and z, € A(w)NCs}.  (3.3.19)

Lemma 3.3.20. Let w be a translation surface, then
1. for allt € R, ¥(gw,d) = e%\II(w, eld);
2. For all § > 0, U(g_ 106w, 08) = VU (w, 1).

Theorem 3.3.21. Let w be a Veech surface and suppose that hy € Iy, for some o > 0. Let

P be the uniform probability measure on [0,c]. Then as § — 0,

9T, €Y, : U(gl,,1) <T})
tho (Y)

Proof. This proof has the same strategy as that of Theorem |3.1.13, we change to the ap-

P <{S € [0,0] : VU (hyw,d) < T}) N §

propriate equidistribution theorem to pass to the limit.

Let
A={kl'y €Y, : V(kw,1) <T}.

We now proceed to the computation

P ({s € 0,a] : VOU(hsw,d) < T}) =P <{s € [0,a] : VW (g 10g5910g5hsw, ) < T})

=P ({s€[0,a] : ¥(giogshsw,1) <T})
1

:/ XA(glog(Shsw)dS-
@ Jo

Since giogshs = hg Jlog 5, We have that the period of giesw under the horocyclic flow is
5 and hence by Theorem [3.3.18, the orbit gjgsw under the horocyclic flow is becoming
equidistributed as 6 — 0. This means that

«

1 5 [7 !
61_% o), XA(gloch sw)ds 61—I>I(1) a o xaA( sglogéw) S A

/ xa(glw)dpe.

w
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And we have that

1 po ({9Tw € Y, 1 U(gT,,1) < T}
——— | xalgTw)dps = :
o (Ye) /Yw xalgh)dp t (Yoo)
which is what we wanted to show. O

Corollary 3.3.22. Let w be a Veech surface and suppose that hy, € SL(w) for some o > 0,

then as § — 0,

E, [VoU(hw.0)] = ‘f /Oa U (hyw, 6)ds — Nw(le)/ W(gTo, 1)

3.3.5 Ratios of Gaussian Integers

Let C denote the field of complex numbers endowed with its FEuclidean norm. In this
section, we look at a complex version of the MDF from Let |z +iy| = V2% + 2,
the usual norm on complex numbers. Define the complex minimal denominator function

¢ :[0,1]> = R by:

a+bi

do.
c+di < }
(3.3.23)

z —

¢5;.(2,6) = min {|c+ di| > 0: ¢+ di € Z[i] and there exists a + bi € Z[i] such that

Here we view [0, 1] as a subset of C.
The elements of Z[i] are called Gaussian integers and they form a Euclidean domain,

which allows us to make the following definition:

Definition 3.3.24. Let a + bi, ¢ + di € Z[i] such that ¢+ di # 0. We say the ratio gigz

is in stmplest form if whenever w € Z[i] such that w divides a + bi and ¢+ di, it follows

that w is a unit.

Note: The set of units in Z[i] is the set M = {1, —1,14, —i}.
Zli] is the ring of integers in Q[i]. In particular, this means that any elements in Q[i]
can be written as a ratio of elements in Z[i].

With this in mind, we can write a complex version of the Farey sequence. We define

Ft = (}—S)Qzl, where

{a O R < 2Q2} . (3.3.25)

C
Q c+di
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Figure 3.8: Left: Depiction of ]_—g: Right: Depiction of F.

Reduction to homogeneous dynamics: Denote by SL(2,C) the group of 2 x 2 matrices

with complex coefficients and determinant 1. We are interested in the following subgroup

b
stz =4 |“ V| iabedezliad—be=1Y. (3.3.26)
c d

Definition 3.3.27. A complex 2-dimensional unimodular lattice is a subgroup A C
C? such that A = gZ[i)? for some g € SL(2,C). We denote the set of complex 2-dimensional

unimodular lattices by Z.*.

Just like with (real) unimodular lattices, 25" is in bijective correspondence with the
quotient space SL(2,C)/SL(2,Z[i]). In particular, we can transplant the topology and
Haar measure from SL(2,C)/SL(2,7Z[i]) to Z5°. We denote the Haar measure on 25~ by
©S. Humbert proved that 25° has finite measure. contains a proof of this statement
in more generality. We will discuss this further in

With this in mind, we are able to define the following function: Féc : 3&”2@ — R by

CIAY — i 7 C
F5(A) = minQ 2| : eANCy p, (3.3.28)
w
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s
where CF = { 7 reCHls|=1,t| <6
t

Our versions of the horocyclic and geodesic flows in the complex world will be given by

1 0 es 0
H = :s€Cpand A= | iteER
—-s 1 0 e 2

This provides us with the following lemma that mirrors Lemma |3.1.11

Lemma 3.3.29. For all z € [0,1], t € R, we have that

1. for allt € R, FE(g,A) = 3 FC,(A);

2. for all z € [0,1]2, ¢5,,(2,6) = FE(h,Z[i)?).

The proof of Lemma [3.3.29]is similar to the proof of Lemma [3.1.11} so we omit it.
The weak* convergence theorem that we will use in order to apply Theorem will
be Theorem 0.1 from .
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We first observe that the orbit of Z[i]? under H is an embedded torus in 25°. Tt follows
that the orbit of ¢;Z[i] under H is also an embedded torus in Z;C. Theorem 0.1 from [36]
tells us the uniform probability measures on these tori converge weak™ to the Haar measure

uS. We are able to state the following theorem:

Theorem 3.3.30. Let P denote the uniform probability measure on [0,1]> C C and T € R.
Then

lim P({z € [0, 112: V¢S, (2,0) < T}) = pS{A € ZF - FE(A) < TY). (3.3.31)

The proof of Theorem [3.3.30] is similar to the proof of Theorem SO we omit, it.

3.3.6 Heegner Fields

We can extend the arguments about approximating complex numbers via ratios of Gaussian
integers to the family of number fields called Heegner Fields. First, we will provide some

preliminary definitions.
Definition 3.3.32. An algebraic number field is a finite extension of Q.

Definition 3.3.33. Let K be an algebraic number field which is also a subset of C. The
ring of integers of K, denoted by Ok, is the collection of roots of monic polynomials with

integer coefficients that belong to K.

Theorem 3.3.34. Let D > 1 be a square-free integer. If K = Q[v/—d], then

Z [\/—D —D =23 mod 4,
Og = (3.3.35)

Z [@} —D =1 mod 4.

We are particularly interested in the case where O is a unique factorization domain or
UFD, for short. The following result was conjectured by Gauss. The first proof came from
Heegner in 1952 with some minor errors. Baker [6] and Stark [41] provided the first full
proof in 1966 and 1967, respectively.
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Theorem 3.3.36. (Heegner 1952, Baker 1966, Stark 1967) Let D € N be a square-
free integer. The ring of integers of Q[/—D] is a UFD if and only if D € {1,2,3,7,11,19,43,67,163}.

If D is one of the elements of the list in Theorem [3.3.36, we refer to K = Q[v/—D] as a
Heegner field.

Given a complex number z € K, we may write it as a fraction z = ‘;ig‘/\/:j, where
a+bv/—D,c+dv/—D € Og. If this fraction has the property that if w € Ox and w divides
a4+ bv/—D and ¢+ dv/—D, then w is a unit, we call z = % a simplest form (just like
in the case of Q[i] and Z[i]).

We can then define a version of the MDF on Heegner fields. For z € [0,1]2 ¢ C and

6> 0,

¢%. (2,0) = min {|q[ : q € Ok, and there exists p € Ok such that

. z’ < 5} . (3.3.37)

The homogeneous space that we will use to compute the distribution of \/gqgin will be

similar to the one for the Gaussian integers.

Definition 3.3.38. The special linear group of 2 by 2 matrices with entries in Ok is given

by

a b
SL(2,0k) = ra,b,c,d € Og,ad —bc =1
c d

We also define the projective special linear group by
PSL(2,0k) = SL(2,0k)/{£1d}.

Definition 3.3.39. Let K = Q[v—D] where D is a square free-positive integer. The
Bianchi group of K is PSL(2,0k). The topological space PSL(2,C)/PSL(2,0k) is
called the Bianchi Orbifold of K.

For the remainder of this section, we will assume K is always a Heegner field.
It was first proved by Humbert that PSL(2,C)/PSL(2,Ok) has a finite Haar measure.
[18] contains an explicit description of the volume in terms of the Dedekind-Zeta function

of the field K.
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Definition 3.3.40. A Bianchi K -lattice, or just Bianchi lattice, is a subgroup A C C?
such that there exists g € SL(2,C) such that A = gO3%. We denote the set of Bianchi
K -lattices by 255.

Notice also that the homogeneous SL(2,C)/SL(2,0f) and PSL(2,C)/PSL(2,0k) are
isomorphic and so we identify them both with 255,

With this in mind, we define Fff : 25X — R by

K(AY — i 17 C
F5* (A) = min < |z| : eANCy ;, (3.3.41)
w

Since Theorem 0.1 from [36] deals precisely with Bianchi orbifolds of Heegner fields, we
are able to extend Theorem |3.3.30| to the following theorem

Theorem 3.3.42. Let K be a Heegner field. Then
lim P ({z € 10,1)2: Vg, (x,6) < T}) =uy ({Ae 2 FF(A) <T}), (3.343)
*>

where p& is the Haar probability measure of 2.

Note on Non-Heegner Fields: One can ask about approximating complex numbers via
quadratic extensions of Q[é] that are not Heegner fields, however, we no longer have a well-

defined notion of minimal denominator since ratios of algebraic integers. For instance, in the

field Q[v/—5] we have the same complex number 17\2/55 = 1+\3/T5 written in two different
ways. One can still write functions to describe approximations of complex numbers in these
fields, but the notion of best approximation will depend on the way we decide to represent

the elements of Q[v/D].
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Chapter 4
DENSITY FUNCTIONS OF SHORT HOLONOMY VECTORS

The previous chapter was devoted to proving the existence of the limiting distributions
of gmin and its generalizations to different contexts. This was done by computing the
size of different subsets of homogeneous spaces. To do this, we begin by providing some
background on the relation between the distribution of short holonomy vectors and the

slope gap distributions of translation surfaces
4.1 Void and Gap Distributions

In this section, we summarize some results from [27] and [28] which we will be needing in
chapter

Let (§;)72; be a sequence of real numbers in [0,1]. For N € N, we let Ey = {(1 < (2 <
... < (N} be the reordering of {{; : 1 < j < N} by the natural order of [0,1]. We assume
that the sequence =y equidistributes in [0, 1] with respect to the Lebesgue measure.

We may think of equidistribution as a first test for the randomness of the sequence
&j since the law of large numbers states that a sequence of i.i.d. random variables will
equidistribute in [0,1] almost surely. However, there are deterministic sequences of variables
that equidistribute in [0, 1] that do not arise from i.i.d. random variables. An example of
such a sequence is the Farey sequence [24] or the sequence {na mod 1 : n € N} where
o ¢ Q [,

A finer test of the randomness of sequences in [0, 1] is the distribution of the gaps between

consecutive elements in =y as N tends to infinity.

Gap Distributions: Suppose that sequence of sequences Ey equidistributes in [0,1]. We
would like to know the statistics of the gaps between consecutive terms. Since adjacent

elements in =y become closer and closer as N — oo, it would be easier to renormalize
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the size of the gaps between consecutive elements so that we can think about gap sizes in
[0,00) instead. Since |En| = N, it seems reasonable to normalize the gaps by looking at
N(¢j+1 — ¢j)- Then we can ask, what proportion of renormalized gaps in =y are less than
a given value L. We refer to this distribution as the gap distribution of =y. More formally,

we have the following definition. Let = = (En)%_;.

Definition 4.1.1. Let Zx be as defined above. The gap distribution of Ex is given by

< NN —¢) < LY
i .

Dy (L) (4.1.2)

We define the limiting gap distribution of = = (En)3_; by

®(L) = lim ®y(L), (4.1.3)

N—o0

whenever it exists.

In the case in which = arises from i.i.d. random, we know that the limiting gap distri-
bution exists almost surely and is given by ®(L) = Le~". However, when Z is chosen to
be the Farey sequence instead, ®(L) is given by the Hall distribution This tells us
that the behavior of the Farey sequence although looking random from the perspective of

equidistribution, its gaps do not mimic those of a sequence of i.i.d. random variables.

Void Distributions: The next question we will ask is the following: Let L > 0, what
is the probability that an interval of length ¢ = % does not intersect Zn7 We can model
this question by choosing a point z € [0, 1] uniformly randomly and looking at the interval
[z,x + ¢) to see if it intersects =x. This can be generalized to higher dimensions, but we
will stick to the one-dimensional case. For a higher dimensional description, one may see

2g].

Definition 4.1.4. Let P be the uniform measure on [0,1]. Define the void distribution
of =n to be
En(L)=P({z€[0,1]: [,z +{)NEN =0}), (4.1.5)

and the void distribution of = to be

BE(L) = lim En(L), (4.1.6)

N—o0
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whenever it exists.

It turns out that both the limiting gap distribution and limiting void distributions of

the sequence = are related. The derivative of the void distribution is the gap distribution.

Theorem 4.1.7. With the notation above,

d
——TB(L) = ®(L). (4.1.8)

4.2 The density function of short holonomy vectors

Let w be a translation surface. Define

SHESY

IP’Af:{b:a+bieAw,0§ §1,0<a§R}. (4.2.1)
a

Athreya-Chaika showed in [1] the following:

Let w be a translation surface with genus g > 0. It follows that w has 2g — 2 zeros,
counting multiplicity. Let « denote the partition of 2¢g — 2 given in this way by the zeros
of w. H(«a) denotes the space of translation surfaces with zeros of orders given by a. We
denote by H(w) the connected component of H(«) that contains w.

As described in SL(2,R) acts on H(a) continuously. In fact, there exists an
SL(2,R) ergodic probability measure on H(«). This measure is called the Masur-Smillie-
Veech and we denote it by uarsy-

Athreya-Chaika proved in [1] the following theorem:

Theorem 4.2.2. (Athreya-Chaika 2012) Let g > 0 and H be a connected component
of the strata of translation surfaces of genus g. Let p = pprsy be the SL(2,R)-invariant

probability measure on H. For p a.e. w, the limiting gap distribution for PAE exists.

Not much is known about the limiting gap distribution of a generic translation surface,
however, a lot more is known in the context when w is chosen to be a Veech surface.|[1],
[2], [3], [42], and [25] contain computations for the gap distributions of different translation
surfaces. [38] has computed the limiting gap distribution for the slopes of the holonomy
vectors of double slit tori, which is an example of a non-Veech surface. We use their results
together with the results of Markloff [27] and [28] to get explicit formulas for the distribution

of short holonomy vectors of translation surfaces.
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Lemma 4.2.3. Let w; and wy be two translation surfaces such that wy = gy w1 for some

t e R. Then
P ({s € [0,1] : VU (hywy, ) < T}) —p ({s € [0,e7) : VU (hyws, ) < T}) . (4.24)
Proof. This proof is via computation. We rely on Lemma [3.3.20] and equation [2.2.9]

P({se [0,e7%] : \[\I/( hswo, )<T}) :P< s€[0,e7™]: \[\Il(gtog tohswa, 0) < })

s € 10,67 1 VOU(gyy haptowt, ) < T})
s €[0,1] : VU (g hawr, §) < T})

s € [0, : Ve S W (hyws, Jel0) < })
s € 0,67 s VO (hywr, )gT}).

This completes the proof. ]

In the context when w is a Veech surface, Lemma allows us to assume that w has
period 1 under the horocyclic flow. For the remainder of this section, we will make this
assumption.

Using the work of Veech [43] we know there exists ¢ > 0 such that ‘]P’Af{ ~ cR? as R

grows to infinity. We will refer to ¢ as the projected Veech constant.

Theorem 4.2.5. Let w be Veech surface such that hyw = w with projected Veech constant
c. Let ® be the limiting slope gap distribution of PAE. Then
oo
lim P (s € [0,1] : VOU (hyw) > T) - 2c/ td (ct2) dt. (4.2.6)
- T

Proof. Notice that
0
qx(hsw)zTa5@{q+pz‘eA:o<q§Ta%,0§pgq,pe <s—,s+>}=®
q
0 0 -4
= <8—2,S+2> ﬂPAgé 2 :®

Let Q = T6~% and z = ¢T2. Then § = CQ% Hence,



49

1 x x
>T5 2 — @ =9. 2.
U(hsw) > TH 2<:><s 20@2’8+20Q2>HPA“’ 0 (4.2.7)
Then,
- . — 1 N v Q _
%LI%P(SG[O,l].\/S\II(hSw)ZT>—QlirgoP({se[O,l].(s ZCQQ,S—l—QCQz)ﬂPAw—@})

= E(z).

Theorem allows us to know that the function E(z) exists. We will now use Theorem
to compute explicit formulas for E(x). If w is a Veech surface, we know that the limiting gap
distribution for w exists [25] and is given by a continuous piece-wise real analytic function ® with
finitely many points of non-analyticity. More generally, given any connected stratum H, with its
Masur-Smillie-Veech invariant probability measure, sy, almost every flat surface has a limiting

slope gap distribution. Let ® be the slope gap distribution of w. Then,

d

L B) =
4 pa) = —o@)
Bz) = / ()t
- / B(t)dt
cT?
= 20/ u®(cu?)du.
T
Hence,
lim P (s €[0,1] : VoU (hw) > T) - 2c/ ud(cu?)du, (4.2.8)
6—0 T
as desired. O

Next, we provide some explicit examples of surfaces for which we can compute explicitly

the limiting short vector distribution.

4.2.1 Torus

The projective Veech constant for the torus is ¢ = %, which is also the growth rate of
the Farey sequence. The limiting gap distribution for the Farey sequence is given by Hall’s

distribution [3.3.35] and is denoted by H(L). Hence, we recover the Theorem by
Marklof.
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Figure 4.1: Graph of %‘If(hsw, 0.01) where w is the golden L and s ranges between 0 and 1.

4.2.2 Golden L

Let w be the Golden L as described in .

A, = SL(w) ! USL(w)

[

where ¢ = 1+—2‘/5 is the golden ratio. Since [1,0]” and [p~!,0]7 are colinear, it suffices
to only look at the SL(w) orbit of [p~1,0]7.

In particular
[PAZ| = [SL(w)le™, 0] N Tx|,

where T = {(z,y) e R?: 0< £ <1,0<z < R)}.

Using Theorem 16.1 and 16.4 from , we are able to compute

R| _ -1 T 100%\ (1 ,5)  5¢°

Therefore, we have that the distribution of short vectors for the golden L is given by
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Figure 4.2: Probability Density function of the short holonomy vectors for the Golden L
with § = 0.01

Corollary 4.2.9. Let w be the golden L and let ® be the limiting gap distribution of w.
Then

3 00 3
lim P (s € [0,1] : VBT (hyw) > T) _ 10p / td <5“0t2> dt. (4.2.10)
5—0 3 3

Y T T

The limiting slope gap distribution of the golden L was computed explicitly in [2]. In
particular, they provide explicit formulas for ® in terms of elementary functions in Appendix
A. Figure depicts a histogram for the distribution of the short holonomy vectors of the
golden L with 6 = 0.01.

4.2.83  Generic Translation Surfaces

Let « be an integer partition of g > 1. Let H be a connected component of the strata of
genus ¢ translation surfaces with zeros of order . We endow H with the Smillie-Masur-

Veech probability measure ugpry. We know the following data about the surfaces in H.
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1. psaryv almost every w € H has the same limiting slope gap distribution. This can be

found in [1].

2. psyyv almost every w € H has a Veech constant, which in particular means it has a

projected Veech constant. This was proved by Eskin-Masur in [16].

The distribution from part 1 is not explicitly known, but we know it has support at
zero. This differs from the Veech case, where we know that the distribution does not have
support at zero.

The computation of Veech constants for generic translation surfaces was done in [17] by

Eskin-Masur-Zorich.
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