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University of Washington

Abstract

On the Simulation and Modeling of Turbulent Reacting

Flows

by Andrew W. Cook

Chairperson of Supervisory Committee: Prof. James J. Riley

Mechanical Engineering

A computational algorithm is described for Direct Numerical Simulation (DNS) of
a reactive plume in spatially-evolving, grid turbulence. The chemistry follows the
single-step, irreversible, global reaction: Fuel+(r)Ozidizer — (14r)Product+ Heat,
with parameters chosen to match experimental data as far as allowed by resolution
constraints. Simulation results are presented for four different cases in order to exam-
ine the effects of heat release, Damkéhler number, and Arrhenius kinetics on the flow
physics. Statistical data from the DNS are compared to theory and wind tunnel data
and found in reasonable agreement with regard to growth of turbulent length scales,
decay of turbulent kinetic energy, decay of centerline scalar concentration, decrease
in scalar rms and spread of plume profile. Reactive scalar statistics are consistent
with expected behavior.

In addition to the DNS, models are presented for use in Large Eddy Simulations
(LES) of non-premixed, turbulent reacting flows. A new chemistry model is derived
for predicting filtered chemical species and/or reaction rates. The model is based on
laminar flamelet theory and assumes that the subgrid or ‘Large Eddy’ Probability
Density Function (LEPDF) of the mixture-fraction follows a Beta-distribution. The



functional form of the scalar dissipation rate is obtained by assuming that the instan-
taneous local straining fields in the neighborhood of the reaction zones are laminar
counterflows. Inputs to the model are the filtered mixture-fraction, its subgrid-scale
variance and filtered dissipation rate. The model is evaluated by filtering DNS data
to simulate the results of an LES. The DNS data show that the model is reason-
ably accurate and that the accuracy improves with increasing Damkohler number.
Furthermore, as the activation temperature is increased, the accuracy of the model
improves relative to that for a model assuming equilibrium chemistry. Finally, it is
demonstrated that the assumed counterflow form for the scalar dissipation rate is
acceptable and that the chemistry model is insensitive to whether or not unmixed

fuel and/or oxidizer are present within an LES grid cell.
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Chapter 1

INTRODUCTION

1.1 Direct Numerical Simulation

Turbulent reacting flows occur in a wide variety of atmospheric, oceanic and bio-
logical processes and hence have generated a great deal of scientific interest. Further-
more, the need to predict the combustion efficiency and pollutant formation in a wide
variety of man-made devices, from power plants to jet engines, has driven the devel-
opment of various methods for computing turbulent flows with chemical reactions.
The Reynolds number of flows of scientific and engineering interest is often very high;
however, many physical phenomena in these flows are also observed in flows at low
Reynolds number. Therefore, it is useful and practical to study turbulent reacting
flows at lower Reynolds numbers, since such flows can be computed by Direct Numer-
ical Simulation (DNS). In DNS, the exact governing equations are solved in order to
gain insight into the turbulence and combustion phenomena. In performing a DNS,
it is important to select the proper numerical method for treating the flow of interest.
Since turbulent flows contain a wide range of length scales, spectral methods are a
natural choice for DNS due to their high accuracy and their ability to correctly repre-
sent a broad range of wavenumbers. The application of spectral methods to turbulent
reacting flows was initiated by Riley et al. [82] and was continued by McMurtry et
al. [59], Givi et al. [36], Leonard and Hill [46] and others.



Spectral methods are usually employed by expanding the dependent variables in
truncated series of orthogonal basis functions satisfying the required boundary con-
ditions. Spatial derivatives are evaluated locally in the transformed domain, while
nonlinear products are evaluated locally in the physical domain. The most common
expansion used is Fourier series, although Chebyschev polynomials, Legendre poly-
nomials, Jacobi polynomials and other series have sometimes been employed [40].
With Fourier and Chebyschev expansions, the mapping between physical space and
spectral space can be performed efficiently using a Fast Fourier Transform (FFT)
algorithm. Spectral methods have the advantages that phase errors are very small
and rates of convergence are very high. They are also at least twice as accurate in
each spatial dimension as typical finite-difference schemes using the same resolution
[39], [74]. One drawback of spectral methods is that the class of complete basis func-
tions, which allow matching the boundary conditions and also possess the properties
of rapid convergence, is limited. The application of Fourier series is restricted to
problems with periodic or free-slip boundary conditions. Chebyschev polynomials
can be applied to problems with arbitrary boundary conditions but the distribution
of collocation points for the method may not be ideal for many problems. Spectral
methods are thus limited in their ability to treat common boundary conditions, e.g.,
inflow/outflow, although work on the spectral element method [43], [34] has made
significant progress in removing this limitation. If spectral methods are applied to
flows containing shocks, then the computational grid must be locally refined in order
to fully resolve the discontinuity, otherwise Gibb’s phenomenon will act to degrade

the solution.

Finite-difference methods, on the other hand, have the advantage of easy appli-
cation to all types of boundary conditions. They may be constructed to arbitrarily
high orders of accuracy, albeit with increasing computational cost; hence, second and

fourth-order schemes are most commonly used in computing complex flowfields. In



addition, finite-differcnce schemes have been developed which eliminate spurious os-
cillations around a shock without the need for smearing the discontinuity over several
grid points. For example, Total Variation Diminishing (TVD) schemes [94] use a
“smart” artificial viscosity which is small in regions of smooth flow but which grows
at a discontinuity. The growth of the artificial viscosity near the shock reduces the
scheme to first order locally, thereby preventing oscillations.

In treating turbulent reacting flows with heat release it is desireable to have at least
one open boundary [38] so that the flow may expand due to chemical heat release
(13], [71]. Otherwise, the temperature and pressure in the domain will continually
increase and affect the rate of chemical reaction and hence the turbulence [59], [68].
This means that a method must be chosen which can accurately resolve the wide
range of length scales of the turbulent field, but which can handle open boundary
conditions. The Compact (Pade) scheme fits both these requirements and therefore
is a good choice for computing these types of flows. The sixth-order version of the
Compact scheme, in particular, provides a high degree of numerical accuracy at a low
computational cost. The global nature of the Compact scheme makes it necessary
to use accurate boundary conditions. Boundary conditions which may seem suitable
with low order schemes (with built-in dissipation) may not perform well with Coinpact
differencing. The Compact scheme is known to work well with nonreflecting boundary
conditions {76] which may be used in conjunction with the compressible Navier-Stokes
equations. Chen et al. [13] used nonreflecting boundary conditions in one direction
of an otherwise periodic domain in order to simulate temporally decaying turbulence
with an exothermic chemical reaction. Since combustion often occurs at low speeds,
a low Mach number approximation is often applied to the fully-compressible Navier-
Stokes equations in order to increase the maximum stable time step. The resulting
equations are elliptic and nonreflecting inflow/outflow conditions can no longer be

applied to such flows. One objective of the present work is to demonstrate the stability



of the Compact scheme with the turbulent inflow/outflow conditions described herein.

Compact schemes have a pure central difference form (except near the boundaries),
and thus have no built-in artificial dissipation. This means that they should only be
applied to flows where the shortest length scales are determined physically and not
numerically, i.e., the solution should be smooth. With finite difference schemes, dis-
persion errors, resulting from inadequate resolution, show up in local oscillations near
a shock or discontinuity. Since the Compact scheme is a global scheme, however, inad-
equate resolution in one part of the domain can contaminate the solution everywhere;
the same is true for spectral schemes. However, with adequate resolution, the Com-
pact scheme is suitable for high Mach number flows and has been used to investigate

shock wave structure [50] and to predict shocklet formation in temporally decaying

turbulence [48].

In simulating spatially developing turbulence, it is desireable to introduce a fully-
developed turbulent field at the inlet. Otherwise a lengthy computational region
is necessary for instabilities to grow and eventually develop into turbulent flow far
downstream [11], [96]. Lee et al. [49] introduced a method for generating a turbulent-
like low at the inlet in which the energy spectrum of a flow variable is prescribed
in terms of frequency and two transverse wave numbers. The Fourier coefficients
are written in terms of the prescribed spectrum and a random phase factor. The
flucutation signal is then obtained by inverse Fourier transforms in the homogeneous
(transverse) directions, followed by a sum over all frequencies. In order that the
signal be nonperiodic, the phase factors are changed once in a given time interval
at a random instance and by a random amount. Changing the phase factors causes
the generated signal to be discontinuous in time and the frequency spectrum of the
turbulence signal to differ from the target spectrum. Furthermore, the incoming flow

must undergo some adjustment before the turbulence becomes fully developed. Le



and Moin [47] used 2 modified version of Lee’s method to simulate a turbulent, wall-
bounded flow over a backward-facing step. Friedrich and Arnal [29] used a different
approach in their Large Eddy Simulations (LES) of turbulent flow over a backstep.
They first performed a preliminary LES of fully developed channel flow with periodic
boundary conditions in the streamwise direction. In the preliminary simulation, they
chose a plane perpendicular to the mean flow and stored the velocity vector in that
plane for all time-steps needed. The stored data were then used as inflow conditions
for the backward-facing step flow. A primary motivation for the present work is
to test an alternative methodology for introducing a turbulent flow at the inlet.
The particular flow under investigation is a reactive plume in spatially-evolving grid
turbulence. The grid turbulence is specified at the inlet by literal application of
Taylor’s hypothesis [91] in which a frozen turbulent field is scanned at a rate equal

to the mean streamwise velocity.

In the present simulations, a local source of fuel and a coflow of oxidizer are intro-
duced at the inlet along with a fully-developed turbulent field. The turbulent flow is
designed to match wind tunnel experiments of a plume in grid-generated turbulence.
Such experiments have been performed by Mickelsen [65], Gad-el-Hak and Morton
[30], Nakamura, Sakai and Miyata [70], and Brown and Bilger [8]. The fuel reacts
with the oxidizer and releases heat as the reactants and product are carried down-
stream. The nature of the computational algorithm, along with the large memory
requirements of the flow configuration, make this problem a good candidate for paral-
lel execution. Hence, a secondary goal of this work is to address key issues involved in
parallelizing a DNS code for turbulent reacting flows. In Chapter 2 the flow geometry
is described and the governing equations are derived. In Chapter 3 the numerical al-
gorithm is presented in detail, including a description of the inlet boundary condition
where the turbulence is introduced. Issues related to parallelizing the code are also

addressed. In Chapter 4 a comparison is made between the flow parameters of the



DNS and the wind tunnel experiment of Brown and Bilger. Attention is given to the
limits of DNS for matching 'real-world’ flows. Results are presented for the velocity
and chemical fields and comparisons are made with various theories and experimental
data in order to test the validity of the DNS results. The eftectiveness of the current

scheme for computing spatially-developing, turbulent, reacting flows is also discussed.

1.2 Large Eddy Simulation

DNS cannot be applied to turbulent reactive flows at high Reynolds numbers due
to the limited resolution available on any computational mesh. The need to treat
high Reynolds number flows has led to the practice of Reynolds averaging, whereby
the governing equations are ensemble averaged and solved for mean flow quantities.
Averaging in this manner introduces extra ‘Reynolds-stress’ terms that must be mod-
eled. The Reynolds-stress terms contain the full range of turbulent length and time
scales and are difficult to model, since the large scales of turbulence depend on the
particular flow configuration. This difficulty, along with the need for time-accurate in-
formation in areas such as weather prediction, has spawned the development of Large
Eddy Simulation (LES), whereby the scales of motion not resolvable on the compu-
tational mesh are spatially filtered from the equations of motion. Applying a filter to
the Navier-Stokes equations produces equations analogous to the Reynolds-averaged
equations, only the extra terms now represent the effects of subgrid-scale motions.
Models are proposed for the subgrid-scale terms and the equations are solved for the
resolvable scales of motion (the large eddies). This approach, introduced by Lilly [52]
and Deardorff [21], has led to considerable success in the study of a wide variety of

problems [89], ranging from channel flows [66] to atmospheric boundary layer flows

[22], [84].

There is strong incentive to apply LES to reacting flows due to the importance of

the problem and since it is the large eddies that set the rate of mixing and therefore



the overall rate of product formation. The largest, mixing-controlling eddies in a
turbulent flow contain most of the turbulent kinetic energy and their size and rotation
rate depend on the particular flow configuration; on the other hand, the small eddies
contain only a tiny portion of the total energy, are more isotropic than the large
eddies, and are thus thought to be more universal in nature. LES is expected to
be more accurate than calculations employing the Reynolds-averaged equations since
the large scales are treated directly. However, there is a difficulty in extending LES
to chemically-reacting flows, since, for moderate to fast reaction rates, the scale of
the entire flame lies below the grid scale; hence it is necessary to model the reactions

in their entirety.

Some work has been initiated utilizing LES in the study of non-premixed, turbulent,
reacting flows [57], [64]. McMurtry et al. [60] applied the Linear Eddy model of
Kerstein [41] as a subgrid-scale model in a two-dimensional LES of a turbulent shear
layer. At each point in the flow, the model, which consists of a Monte-Carlo solution
to a one-dimensional advection, mixing, and reaction model, is used to simulate the
reaction on the subgrid scale. The Monte-Carlo simulations occur independently of
the LES, thus an ad-hoc method must be used to relate the subgrid-scale computations
to the large-scale fields. However, results indicate that much of the physics are being
properly treated. The large computational overhead of the Linear Eddy model makes
it impractical to implement in a three-dimensional LES, at least at the present time.
An alternative approach to subgrid-scale chemistry modeling has been put forth by
Gao and O’Brien [31] who formulated the equation for the Large Eddy Probability
Density Function (LEPDF) of the reactant concentrations. The LEPDF equation
provides theoretical insights into various effects on subgrid-scale chemistry; however,
it appears difficult to solve. The solution to the equation for the LEPDF may require
Monte-Carlo methods, as does the equation for the full PDF [77], and in fact the

model of Kerstein could be considered as a candidate for this approach.



A successful subgrid-scale chemistry model should be computationally feasible and
should directly relate the subgrid-scale statistics to the computed fields. The Laminar
Flamelet Model (LFM) of Peters’ [73] relates chemical species to a conserved scalar
mixture-fraction. Once combined with the LEPDF of the mixture-fraction, it may be
used to predict filtered chemical species and filtered reaction rates in a turbulent flow.
Rather than solving an equation for the LEPDF, it may be obtained by assuming a
functional form based on the first two moments of a conserved scalar [93] [28]. The
assumed LEPDF approach has been demonstrated to be a viable method for LES
with equilibrium chemistry [16]. Errors in the assumed form are greatly reduced upon
integration (a necessary part of the modeling) to obtain the filtered chemical species
[4], [45). Frankel et. al. [28] showed that assumed PDF methods could be effectively
used in LES of non-premixed, turbulent, reacting flows with both equilibrium and
finite-rate chemistry. In treating non-equilibrium chemistry, Frankel et. al. employed
the joint Beta distribution for the fuel and oxidizer in a reacting flow with single step
chemistry. This approach requires modeling of the subgrid-scale species covariance
which may be somewhat difficult to obtain. In this dissertation, finite-rate chemistry
is accounted for by utilizing the filtered scalar dissipation rate, a quantity for which

models are available [87], [35].

In Chapter 5 the large eddy equations are derived and models given for the subgrid-
scale stress tensor as well as the subgrid-scale heat and scalar flux vectors. The models
presented represent a summary of recent extensions and improvements to Germano’s
dynamic model [32]. In Chapter 6 a model is derived that accounts for subgrid-scale
chemical reactions in an LES of nonpremixed, turbulent, reacting flow. The chemistry
model uses Laminar Flamelet Theory along with assumed forms for the LEPDF and
dissipation rate of a mixture-fraction. The model is termed the Large Eddy Laminar
Flamelet Model (LELFM). Chapter 7 examines the accuracy of the LELFM for both

isothermal and temperature dependent chemistry. The assumed counterflow form for



the scalar dissipation rate is aiso examined by fiitering DNS data. Finally, Chapter
8 gives conclusions regarding strengths and limitations of DNS and LES applied to
turbulent reacting flows. Based on the findings of this thesis, suggestions are made

for future research into turbulent reacting flows.



Chapter 2

GOVERNING EQUATIONS

2.1 Flow Configuration

This Chapter lays down the nomenclature and governing equations for the flow

of interest. The flow to be treated, via DNS, is that of a plume reacting in grid

turbulence at low Mach number. The fuel is introduced as a small circular source

with a rounded, approximately tophat profile located at the center of the inlet. The

reaction progresses downstream as the turbulence decays. The numerical resolution

consists of 512 points in the streamwise direction, with 128 points in each of the

transverse directions. The flow is periodic at the cross-stream boundaries with inflow

and outflow conditions in the streamwise direction; figure 2.1 shows the flow geometry.
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Figure 2.1: Schematic of flow geometry.
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2.2 Nondimensionalization

In this work, a superscript * denotes a dimensional quantity while a subscript co
denotes a free-stream or reference quantity (also dimensional). Subscripts f, o, and p
denote the fuel, oxidizer, and product, respectively, in the single-step global reaction:
Fuel 4+ (r)Ozidizer — (1+4r)Product + Heat. Here r is the mass of oxidizer required

to react with a unit mass of fuel. Reference and nondimensional quantities are defined

as follows:

Lo = width of low domain
Poo = density at inlet
Us = mean streamwise velocity at inlet
Poo = dynamic viscosity at inlet
Do, = reference diffusivity

Tw = temperature at inlet

| ==

Ron ELY

=1

— = mass-based ideal gas constant

RS

k* = thermal conductivity
K™ = reaction rate coefficient (depends on Yy, and Y,)
R} = universal gas constant
E7 = activation energy

W = molecular weight of species i

8
]

¥ . . . .. . L.
z—-‘— = nondimensional distance in ith-direction
o0

Usot™

o]

L 3
]

= nondimensional time

*

©

= nondimensional density

©
il

g
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uy . . . . -
u; = —— = ith component of nondimensional velocity vector i

Uso
p*
p= —7 = nondimensional pressure
p°° 00
: 4
T= 7= nondimensional temperature
o0
p*
7= ;— = nondimensional dynamic viscosity
(=]
D*
D; = ——D' = nondimensional diffusivity of species i
o0
Er . . o
« = = nondimensional activation temperature
u -+ o0
_ P UjU; . . .
E = o7 —1) 5 = nondimensional total energy per unit volume

Y; = mass fraction of species i
Y71 = mass fraction of fuel in fuel stream

Y,2 = mass fraction of oxidant in oxidizer stream

7= Z—: = ratio of specific heats
h* )
h; = Roo;[‘ = nondimensional enthalpy of formation of species i
M= S Mach number
" V1ReTw
Re = E% = Reynolds number
T
Pr = ;c* = Prandtl number (assumed constant)
Sc= —£2_ = Schmidt number
PooDoo
*
Da = %’3 = Damkohler number
Pe = ReSc = Peclet Number

Sc

Le = — = Lewis Number
Pr
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2.2 Conservaticn Laws

The flow is described by the Navier-Stokes equations, two species transport equa-
tions, and the ideal gas law. These equations can be written in nondimensional form

for a Cartesian coordinate system as:

dp , Opu;
5 + 9z, =0 (2.1)
Opui  Opuu;  Op 1 Ory
at + 6:1:,- - —a.'l:,' + Re Ba:,- (2.2)
OpE  O(pE +pJu; 1 Oury 1 a p 0T q .
o v 8z, ~ Re s, | M2ReProz, \(y—1)0z;) Tyt (23)
OpY; OpYju; 1 0 Yy i
8t T 8z; ~ ReScos, = oz; ) ~ (24)
0pY, O0pYou; 1 20 ay, )
at T 8z;  ReScoz; pD, dz;) s (25)
_rT
P= YM? (2.6)
where:
o fOui | Buy 2. Oup) . .
Tii = W (8_:1:, + To: 36,, 3::,,) is the viscous stress tensor (2.7)
T3/2
p= Clm , Ci=13702213 , C,=10.3702213 (2.8)
wy; = DapY;pY,e"(To/T) js the reaction rate (2.9)
q=hg+rh, —(r+1)h, is the heat of combustion (2.10)
Dy =235 ge,is the fuel Schmidt number (2.11
! f
p Scy
p Sc . . .
D, = P Sc, is the oxidant Schmidt number (2.12)
Y; + Y, + Y, = constant (2.13)

Equations (2.1)-(2.3) describe the conservation of mass, momentum and energy in

a fluid continuum. Equations (2.4) and (2.5) describe the advection, diffusion and
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reaction of fuel and oxidizer respectively. Equation (2.6) is the perfect gas law. Here
it has been assumed that the fuel, oxidizer and product are of equal molecular weight,
so that a single, apparent gas constant governs the mixture. For turbulent reacting
flows with large heat release (and therefore large density variations) and containing
chemical species of non-equal molecular weight, the apparent gas constant must be
computed as a function of space and time by summing the gas constants of the
individual species times their mass fractions. Equation (2.8) is Sutherland’s empirical
formula for the temperature dependence of the dynamic viscosity. The constants C;
and C; correspond to air; hence, it is assumed that air is the primary dilutant. Once
combined with a set of boundary and initial conditions, these equations define the

mathematical problem to be solved.

2.4 Scalar Based Chemistry

A mixture-fraction is defined as

Y Y
V- %t

2.14
Vit (2.14)

€=

The diffusivity of each of the reacting species is assumed to be equal, so that £ is a
conserved scalar and (2.5) is replaced in the mathematical problem by

Op§  Opfu; 1 0 9€
at + 6:::,- —ReSCa:L'J' ”6::,- ) (2.15)

Note that with the nondimensionalization, 4 = pD. The mass fractions of oxidizer

and product are related to Yy and £ via
Yo=Y (1-§) +r(Y; —¢(Yn) (2.16)

Y, = (r+1)(E¥n - ¥) . (2.17)

In defining the mathematical problem, it is convenient to replace the equation for

the oxidizer (2.5) with that for the mixture fraction (2.15). This switch is motivated
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by the simpler form and also by theoretical work, such as Equilibrium Theory [4],
the Laminar Flamelet Model [73] and the Conditional Moment Closure [5], which
attempt to model average mass fractions and/or reaction rates in terms of Zeldovich
parameters such as {. Using this approach, the resulting data more readily allow for
comparison with these models. In addition, certain theoretical considerations make

use of the stoichiometric surface, which is defined as

£Z,t) =6 = - Yor (2.18)

Yn+Ye

2.5 Low Mach Number Approximation

Many important reacting flows, ranging from the fate of ozone in the atmosphere
to the burning of fossil fuels for energy, occur at low speeds. The Mach number of
these flows is small yet the density may vary due to heat release. Explicit numerical
methods for computing compressible flows must be able to track the maximum speed
at which information may propagate, which is equal to the maximum flow velocity
plus the speed of sound. The inviscid CFL condition

il ol | 1 [ 1 1 T\
< (= 2 M 2 .
At (Az Tay T A T M\ G T g T By (2.19)

specifies an upper limit to the maximum stable time step that may be used in any
explicit method for solving the compressible Navier Stokes (N-S) equations [1]. From
this condition we observe that At approaches zero as the Mach number goes to zero.
Implicit methods permit a larger At, but the maximum value is normally less than
5-10 times that given by (2.19) because, with larger At, truncation errors become
unacceptable and the time accuracy is lost. This is due to the fact that At may not
be small enough to track the relatively fast moving acoustic waves. Thus even if an
implicit scheme is used, it is not practical to compute very low Mach number flows
using the fully compressible N-S equations. This timestep restriction may be circum-

vented by applying a low Mach number approximation to the governing equations,
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which effectively decouples the acoustic modes from the vorticity and entropy modes,

thus permitting much larger time steps [59]. This makes it much more practical to

solve problems where compressibility is primarily due to the exothermicity of chemical

reactions, which is the case considered here. The low Mach number approximation

is useful in reacting flows if the chemistry is not too fast. Otherwise it may be the

fastest reaction, and not the fluid velocity, that sets the maximum stable timestep.

Furthermore, if the reaction is too strong, a high Mach number, e.g., detonation, flow

may develop.

The low Mach number equations are derived as follows: Let ¢ = yM? < 1 and

expand the dependent variables as power series in &:
p:p(o) +€p(l)+...

Uy = u,(o) + eu?) +--

T=TO 470 ;...

T 1
p= 7PM2 = =T 4 pOITO 1 pOTO 1. = —pl 4 50 4
2 © (1) )z
D u 1 P Y4 o) ¥
E=—-f 4,30 _= o2 ...
p 7—1+p2 ev—1 'y—l+p g t

£=¢€0 £ ec@ ...

)’f:Yf(o)-{-er(l).*....

(2.20)

(2.21)
(2.22)

(2.23)

(2.24)
(2.25)

(2.26)

Substituting equations (2.20) - (2.26) into equations (2.1) - (2.4), (2.6) and (2.15),

and collecting the lowest order terms in ¢, yields the following first-order equations:

(0)
ap(o) 4 ap(°)u,- _ 0
ot 61:,-

ap©
az; -

0 1 [ 1 8§ (8T® L=l
p 8z; ~ T© | RePr 0z; #8:1:_.,- ¥ el

(2.27)

(2.28)

(2.29)
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5o DE®  §pl@e(0), @ i & [ 56©
0p\™¢ ptEu;c 1 a 3
ot + Oz; " ReScoz; (“ Oz; (2.30)
9 p(O)Yf(o) . 8 p(°)Yf(°)u§-°) _ 1 9 3y!(0) e (2.31)
at oz; ReScoz; \/' Bz, ! :
p© = HOT) (2.32)

Equation (2.28) states that p(), which is interpreted as the thermodynamic pressure,
is uniform in space. Thus, for combustion in an open domain, p{® is fixed to its
value at oo, which is here assumed to be constant in time. Thus (2.29), the lowest
order energy equation, contains no time derivative. Note that heating due to viscous
dissipation drops out as a result of the approximation, and that (2.27), (2.30) and

(2.31) remain unchanged.

Since all the dependent variables except p(® have dropped out of the first order
momentum equation, the second order momentum equation must be included in order
to close the system.

ap(")u,(o) ap(°)u§°)u§°) _ opV) + 1 31’,-(1?)
at + az_,' - oz; Re Bz,-

(2.33)

Here, p(!) is interpreted as the dynamic pressure. Since p{® is a known constant,
determined by its free-stream value, (2.27), (2.29), (2.30), (2.31), (2.32) and (2.33)
comprise eight equations for the eight unknowns: p(©, u(®, v(®, © TO) H1) £O)

and Y(O); thus the equation set is closed.



Part I

Numerical Simulations



Chapter 3

NUMERICAL ALGORITHM

3.1 Third Order Adams-Bashforth Scheme

The superscripts will now be dropped except to distinguish between the thermo-
dynamic, p(®, and dynamic, p(!), pressures. Integrating equation (2.33) from time ¢

to time t + At gives

t+At o
gntl A" — -dt — —_—
(pus)™ = (pus) /t Bidt — Atz P (3.1)

where:

t .
n = — (an integer)

At

a (T
Bi= s (Tz? - P"'"J)

P = dynamic pressure averaged over time interval (¢,¢ + At).

The integral on the right hand side of (3.1) is computed using a third-order, one-sided

approximation

t+At
[ But= 2 (337 — 16827 +5B12) (3.2)
t 12

which, when used in (3.1), gives the Adams-Bashforth (A-B) scheme. The A-B
method is numerically efficient, but requires fluxes at two previous time steps and

thus has large storage requirements [24]. This scheme is well suited to the CM-5,
which has 16 Gbytes of RAM. Taking the divergence of (3.1) and using (2.27) gives

n+1
VP = [(%) +y- (pa)'} (33)
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where:

(pu:)" = (pus)™ + % (23BF — 16B}~ +5B1?) . (3.4)

The density time derivative in (3.3) is a potential source of instability and requires
careful treatment. In practice, the second-order explicit approximation

a_p n+l1 _ 3pn+1 _ 4pn +pn—1
ot 2At

(3.5)

has been found to be much more stable than either a third-order explicit approxima-
tion or the third-order compact approximation

ap n+1
— n n—1 n—2
(E) =3Fr —3F '+ Fr 2, (3.6)

where F, is defined in equation (3.8) below. This is likely due to the fact that
even-ordered schemes are dissipative, whereas odd-ordered schemes are dispersive [1].
Even with an even-ordered approximation to the density time derivative, however, it
was found that the third-order Adams-Bashforth scheme is only stable for maximum
density variations up to about a factor of 3. Sandoval found that by decreasing the
Reynolds number and performing an iteration, larger variations in p could be achieved
[86]. Najm demonstrated that a predictor-corrector time-stepping algorithm is stable
for very large density changes [69].

The momentum equation now becomes

" = () - AL (3.7)

(pu:)
where P is the solution to (3.3) using (3.5). Finally, heat release and diffusion effects
must be included by ensuring that equation (2.29) is satisfied at each instant in the
calculation. There are several ways of doing this; here we will follow the technique of
McMurtry et al. [59] by rewriting equation (2.27) as

dp ap Ou;
En +u,a—xj+p—a?j =0
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and replacing the third term on the ieft hand side with equation (2.29). This gives

an equation for the local density,

O o __ 06 1[ 1 48 ( 3T\ ~v-1 .
=B =—u; dz; T [RePr dz; (“azj) + Wi - (3:8)

3.2 Pressure Projection Method

The equations are advanced in time according to the projection method [14]. First,
equation (3.8) is integrated via the third-order A-B method to obtain p™*!, and
equation (3.5) is used to compute (8p/dt)"*!. Second, (pu;)" is obtained from equa-
tion (3.4), 7 - (p@)* is taken, and the right hand side of (3.3) is computed. Third,
with periodicity in the y and z directions, equation (3.3) is Fourier transformed in y

and z yielding

2P 3 s ==
68—73 ~ AP — k*P =rhs(z, \, k)
T

where a hat, <f>, denotes the Fourier transform of the function ¢, and A and & are
wavenumbers in the y and z directions, respectively. The flow is assumed to exit
into a large ambient domain, hence a Dirichlet condition is used for the pressure
at the outflow boundary. For the present simulations the exit pressure was set to
zero, however, another constant could be used without affecting the results. Since
the exit pressure is fixed, the pressure at the inlet must be allowed to vary in order
to remain consistent with the exit condition. Therefore, a Neumann condition is
supplied at the entrance [37], i.e., the pressure derivative normal to the inlet is set
to zero. A fourth-order central finite difference approximation for 32';5/ 0z?, with a

second-order approximation at the i=2 and i=nx-1 boundary nodes, results in the
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following pentadiagonal matrix for P:

—3'ﬁ1 + 4ﬁ2 - 'ﬁ:; =0
Py — [24 Az? (A2 + k2)] P2 + P3 = Az?rhs(2, A, k)

—Piy + 16P;_y — [30 + 12A2% (A2 + k2)] P; + 16Pis1 — Piva = 12A2%hs(i, ), k)

'f’u_g —[2 + Az? (A\? + k?)] 7‘5,‘;_1 + 7‘5,1, = Az?rhs(nz — 1, ), k)
P

nz =0

After solving this system of equations for 15, P is then obtained by a two-dimensional
inverse FFT. Next, P is used in equation (3.7) to get (pu;)"*'. Finally, equa-
tions (2.30) and (2.31) are timestepped via the third-order A-B method to get (p§)"+!
and (pY})™*!, and all primitive variables at time n + 1 are obtained by dividing by
p"t. Note that p(© is set from the initially constant density and temperature fields

according to (2.32).

3.3 Sixth Order Compact Scheme

A sixth-order accurate Compact scheme is used for computing spatial derivatives.
The Compact scheme is superior to finite-difference methods in treating the small
scales. The resolution characteristics of a scheme can be quantified by means of a
Fourier analysis of the differencing algorithm. Lele [50] has demonstrated that Com-
pact schemes are similar to spectral schemes in accurately computing the behavior of
the higher wavenumbers of a problem. This makes them good alternatives to spectral
schemes if the problem has nonperiodic boundaries. The sixth-order Compact scheme
also has the ability to accurately represent phase speeds at high wavenumbers. The
inability of conventional finite-difference schemes to accurately compute phase speeds

at high wavenumbers can lead to significant dispersion errors in the solution.
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Typically the global error is dominated by the boundary error; thus it is desireable
to have a high formal accuracy at the boundaries. In the present simulations, a
fifth-order Compact boundary scheme has been derived for use at the inlet and exit.
The fifth-order scheme is one-sided at the first boundary node and “lop-sided” at
the second boundary node. Combining the sixth-order scheme for the interior points
with the fifth-order boundary scheme results in the following tridiagonal matrix for
the x derivative, ¢/, of a variable, ¢:

¢ +48) = —F5b1 + Fde + 35 — rba + 1 s
ad) + ¢2 + ady = ady + b, + ch3 + ddy + gés

12¢._, + 366! + 126}, , = (dis2 + 28diy1 — 281 — di2) [h

ad,, o+ P + ol = —aPnz — bPpz—1 — CPnz-2 — dbnz—3 — Gbnz-a
ey + bnz = %(’b’”’ - 3_25¢“3‘1 - 73;¢"3"2 + 32_h¢n:=—3 - 1;_h¢m:—4

Here:
h = Az = Ay = Az = grid spacing

a = 0.2142857143
a = —0.6785714286 /A
b= —0.119047619/k

¢ = 0.8571428571/h

d = —0.07142857143 /A
g =0.0119047619/h

A periodic tridiagonal solver is used to compute derivatives in the y and z directions.

3.4 Boundary Conditions

The elliptic nature of the equations presents a dilemma since boundary variables
depend on uncomputed regions upstream and downstream of the computational do-

main; thus some error is unavoidable at the inlet and exit.
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3.4.1 Inlet

All variables, except pressure, are specified at the inlet. The inlet turbulence is
created by scanning through an existing 1283 velocity field generated by Mell [61].
The rate of scan is set equal to the mean streamwise velocity at the inlet U, and
cubic-spline interpolation is used to obtain velocity values which lie between data
planes. It was found that linear interpolation is unacceptable since it gives functions
with discontinuous derivatives. The pressure-work term in the equation for the con-
servation of mechanical energy is very sensitive to velocity derivatives at the inlet,

and linear interpolation causes this term to oscillate.

Figure 3.1 shows the three-dimensional energy and dissipation-rate spectra of the
inlet turbulence, E(k) and e(k), respectively, where k is the magnitude of the three-
dimensional wavevector. The spectra were computed by averaging the Fourier am-
plitudes of the velocities over spherical shells in wavenumber space. The integral,
Taylor and Kolmolgorov scales at the inlet are given below:

ro (3) Js~ Edk

A1 1502, \?
N 1/2
1 _1 (L) M v _
n= I- = o \T5 Re o = 0.00400

Here u,m, is the root-mean-square velocity of the incoming turbulence nondimension-

alized by U (i.e., the turbulence level).

3.4.2 Ezit

A one-dimensional advection condition is used at the outlet such that all variables,

except pressure, satisfy an equation of the form

9% 09 _
W"'Cea =0 * (3'9)
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Figure 3.1: 3-D energy and dissipation spectra of inlet turbulence.
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where C, is a phase speed which should characterize the celerity of the large eddies
[25], and must be positive for stability [10]. Often C. is set to an average exit
velocity [56], which is the case here, hence C, = (U)ezit.

3.5 Conservation Checks

Since the continuity equation (2.1) has been replaced by (3.8), a valid question
arises as to whether the numerical algorithm conserves mass. In performing the
simulations, conservation of mass and momentum are periodically checked by inte-
grating the continuity and mechanical energy equations over the flow domain. The
scheme was found to conserve both mass and momentum globally. The various terms

monitored in the mechanical energy equation are given below:

% /;/ pu,;zu,- dV rate of increase of energy
uju; |2
/A P47y

dA net energy flux through inlet and outlet

)

oP
/V UjaTjdV pressure work

L /V u;%%dV viscous work
The terms should sum to zero if momentum is conserved. If the Reynolds number is
increased beyond that which allows adequate resolution, the sum of these terms will
deviate from zero. This effect shows up well before the solution becomes unstable,
and provides a resolution check on the simulation. Additionally, the left and right
hand sides of the internal energy equation (2.29) and the Poisson equation (3.3) are
periodically compared and plotted. These relations were found to be satisfied on a
pointwise basis at each instant in the calculation, ensuring conservation of energy and
an accurate dynamic pressure field. The agreement between the left and right hand

sides of (2.29) and (3.3) was quantified by calculating a normalized difference defined
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_ _((LHS — RHS)?)
~ V(LHS)?) (RHS)?)

where the angle brackets denote an average over the entire field. The error quantity

O must be close to zero for a well-resolved calculation.

3.6 Stability

The stability of the Compact scheme depends on the manner in which second
derivatives are computed. Note that, in the viscous/diffusive terms in the governing
equations, g, p and D are not constants and appear inside one of the derivatives. This
means that it is much simpler to compute a first derivative, multiply it by the appro-
priate variable(s), then take another derivative, than it is to expand the derivatives
using the chain rule and then take second derivatives directly. Furthermore, expand-
ing the viscous/diffusive terms causes the loss of their conservative form. However,
Lele [50] advocates using the nonconservative approach in order to provide finite
damping of grid to grid oscillations (2§ waves). The 2§ waves remain undamped if
the conservative form is used with two consecutive applications of the first derivative
operator. This means that tiny oscillations, possibly arising from numerical roundoff

error, may gradually grow in time and eventually affect the stability of the scheme.

In the present approach the viscous/diffusive terms are solved in conservative form.
Damping of the 2§ waves is accomplished by a applying a fourth-order Compact filter
to the primitive variables at every fifth timestep. The energy removed by the filter
is compared to the other terms in the integrated mechanical energy equation and
found to be negligible. Compact filters are much better low pass filters than explicit
filters since they confine their effects to the highest wavenumbers. This provides the
necessary damping of the 26 waves without contaminating the computation. However,

filtering in this manner will not stabilize an underresolved calculation [79].



28

3.7 Parallel Computing

3.7.1 Optimization

The primary task of converting a code to run on a distributed memory machine is
to optimize array layouts in memory so that the computational load is well balanced
among the processors. Another task is to minimize interprocessor communication
which necessarily results from finite-difference operations. On the CM-5, each element
of an array may reside on a different virtual processor or the entire array may reside on
the front-end computer. The manner in which array elements are distributed among
the processors can have tremendous impact on the performance of a DNS code. In
order to achieve good performance, it is crucial that order dependent operations
(do loops) be avoided wherever possible, and that they not be performed on array
indicies that have been distributed over multiple nodes. Such operations force all but
one processor to sit idle until the operation is complete. By optimizing array layouts

in memory, the execution time of the present code was decreased by over a factor of

30.

The Poisson solver described previously, as well as the Compact scheme for com-
puting spatial derivatives, both require matrix inversions. The Gaussian reduction
procedure for matrix inversion is necessarily an order dependent process. One method
for parallelizing matrix operations is to split the matrix into submatricies and follow
a fork-and-join model [23] where each processor is given some number of operations to
perform. For the present simulations, a much simpler approach, i.e., domain decom-
position, was taken. For example, in order to to compute the x derivative of an array,
the array is first copied into a dummy array with the x dimension laid out serially so
that all elements corresponding to the x dimension reside on a single processor. The
Gaussian reduction operation is then done serially on that index. Since the computa-

tional domain is three dimensional, the matrix inversion along the x direction is done
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a plane at a time, i.e., the domain is partitioned into y-z pianes which are operated
on in parallel. This practice is most efficient if the total number of grid points in
a y-z plane equals or exceeds the number of physical processors available. In such
cases, no penalty is paid by executing the x index serially. The same procedure is
used for computing y and z derivatives. Layout changes of this sort require extensive
node communication, but this is a relatively efficient process on the CM-5, i.e., it
is far faster than performing a do loop operation on an array index which has been
distributed over multiple nodes. Fast Fourier Transforms (FFTs) may operate on the
same principle, transforming in one direction a plane at a time. If a purely serial
operation must be performed, i.e., one that cannot be parallelized in any direction,
then the quickest procedure is to call a library routine which copies the array onto
the front-end computer, operate on the array, then call another library routine to
copy the results back to the CM. However, on the CM-5, caution must be taken to
ensure that there are no array home mismatches. An array home mismatch occurs
whenever an array is passed to a subroutine in which it has a different layout than in
the calling routine. If this happens, the code will run, but the computed results will

be in error.

3.7.2 Performance

One measure of the parallel efficiency of a code is how evenly the computational
load is distributed among the processors. For the present simulations the load balance

was measured as follows:

(total node + communication time)
(number of processors)(total elapsed time)

Load Balance = =0.91

If all of the processors are busy all of the time, then the above ratio will be unity. If
many processors sit idle while only a few are computing, then this ratio will be much
lower. The ratio for the plume code of 0.91 indicates a reasonably efficient use of all

processors. The efficient use of processors is aided by choosing grid dimensions which
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match the number of processors in a partition. E.g., if the code is run on a 128 node
partition, then a grid resolution of 128 points, or some multiple thereof in at least

one direction, is optimal.

Another measure of parallel efficiency is scalability, i.e., the reduction in computing
time achieved when the number of processors is doubled. If the amount of interproces-
sor communication of a code is very high, it will not perform well on a large processor
partition. For the present code, wall clock times were measured on two different par-
titions (using a grid resolution of 512 X 128 X 128) to obtain the following measure
of scalability:

Scalability = ooes Seconds per timestep on 128 node partition _

24.3 seconds per timestep on 256 node partition

The scalability factor of 1.8 again indicates a well parallelized code. The memory
requirements of the code increase slightly as the number of processors increases.
Running on a 128 node partition requires 2.75 Gbytes of RAM, whereas running on
a 256 node partition requires 3 Gbytes. This may be due to the way the compiler

optimizes the code for different partitions.

Using standard linear equations software, comparisons have been made of actual
floating point operations per second achieved, using full optimization, on both the
CM-5 and Cray C90 [23]. A Cray C90 with 16 processors with cycle times of 4.2
ns ran the computer code at 10.78 Gflops, whereas a CM-5 with 512 processors ran
at 30.4 Gflops. However, the operational speed of the computers depends to a large
extent on the nature and size of the computations performed, and these numbers
should not be taken as an absolute measure of the machines relative performance.

For the present simulations, the CM-5 was chosen for its large amount of memory.



Chapter 4

RESULTS

4.1 Simulation Parameters

Four different simulations were performed which will be denoted by the letters
A, B, C, and D. Case A was designed to match the reactive plume experiment of
Brown and Bilger (8] to the extent possible. In their experiment, the reacting species
concentrations were very small so that the effects of heat release could be neglected,
hence the flow was essentially incompressible and isothermal. Therefore, the heat
release ¢ and activation temperature T, in the DNS case A were set to zero. Note
that Brown and Bilger work with molar fractions whereas here mass fractions are
used. Table 4.1 lists parameters for the wind tunnel experiment and for case A from
the numerical simulation. In the table, d is the nozzle diameter of the fuel source
(for the DNS this is defined as the diameter of a tophat source having equivalent
mass flux), and Da; and Re; are the turbulent Damkohler and Reynolds numbers,
respectively, defined at the inlet. The parameters d/! and Re;, differ due to numerical

resolution requirements.

Regarding the difference in £,¢, very low values of £,; act to increase the numerical
resolution requirements of the chemical fields. This can be understood by considering
the resolution requirements for Y,. Y, is zero where ¢ is zero, and it attains its
maximum value where { = £,. If £, is close to zero, then a small change in &
corresponds to a very large change in Y,. The same is true for Y,, which must be

adequately resolved in order to obtain accurate values for w;. The fact that an
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Table 4.1: Comparison of low parameters from the wind tunnel experiment of Brown

and Bilger and from the DNS case A

Parameter Experiment | DNS case A
e = (52)7 | 0.062 0.26
g 0.185 0.642
r 1.6 1.6
Yo 1.67 x 1078 0.2
Yi 5.52 x 1074 1
€ = rpiy= | 0.00184 0.111
Da, = £5 3.81 3.81
Re, = ¥md” 665 147
Sc 0.75 0.75

equation for Y, is not being solved makes no difference since small errors in Y; and £
translate into large errors for Y, i.e., through equation (2.16). From another point of
view, the frozen and equilibrium limits for Y;(¢) become very close together. This is
the reason for the differences in Yy, Y,2, and hence &, between the experiment and
the DNS. The resolution difficulties associated with very small (or very large) values

of £, are not widely recognized.

The reason for the difference in u,.,, requires some explanation. In order to get a
complete picture of the combustion process, the computation is carried far enough
downstream so that the reaction reaches completion, i.e., the fuel is nearly all con-
sumed. This requires vast computer resources and so it is desirable to shrink the
required distance as much as possible. This is accomplished by making u,m, large

or, equivalently, U,, smaller compared to u*,_,); however, numerical stability dictates
rms
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that there be no backflow through the inlet, which effectively sets the maximum value
of u,m, such that, at any given time, the minimum streamwise velocity at the inlet is
greater than or equal to zero. This practice results in a higher turbulence level than
that found in most wind tunnel experiments. Thus some comparisons with laboratory
data are made by interpreting both sets of data using a frame of reference moving
with (U). This is accomplished by considering the time ¢ = z/(U), and defining the
initial large eddy turnover time as T = {/u,m,, so that the downstream large-eddy
time is defined as ¢, = t/T = ZUpm,/(U)!. The number of large eddy turnovers is
thus proportional to u,ms/(U). Note that if this ratio is not much less than one, then
the integral scale of the turbulence is of the order of the longitudinal scale of decay

and hence homogeneity in the streamwise direction may not be assumed {19].

Cases B, C, and D were performed in order to examine the effects of heat release,
activation temperature and the Damkohler number on the reaction physics. Table

4.2 lists the parameters that were varied from case to case. In all cases, the Prandtl

Table 4.2: Parameters that varied from case to case in the numerical simulations

Parameter | A B C D
q 0 |73.03]73.03 | 224.7
Da, 3.81| 3.81 | 163 | 3.81
Ta 0 0 3 3

number was equal to the Schmidt number, Pr = S¢ = 0.75, and all other flow

parameters remained as stated in Table 4.1.
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4.2 Visualization

Figure 4.1, taken from case D, shows instantaneous contours of density, vorticity-
magnitude, mixture-fraction and reaction rate on a planar slice down the centerline
of the plume; the flow enters at the left and exits to the right. The plots were made
at the end of the simulation, after all variables had reached statistical stationarity.
Since the fuel is in short supply, the reaction rate is strongest near the inlet where
fuel is in greatest abundance. Figure 4.2 shows instantaneous ‘head on’ views of £
at various downstream locations including the inlet. The plots, taken from case A,
demonstrate how the initially circular plume is rapidly distorted by the turbulence

and eventually reaches the side boundaries.

4.3 Turbulent Flow Field

Since the domain is periodic in the transverse directions, two-dimensional energy
spectra can be calculated by Fourier Transform in y and z. Figure 4.3 shows instan-
taneous 2-D total energy spectra of the velocity field at various downstream locations
for case A, where k, is the magnitude of the 2-D wavevector. The spectra were com-
puted by transforming planar (y-z) sections of u, v and w at an instant in time and
averaging over annular sections in Fourier space. Two dimensional spectra are seldom
measured in experiments but are sometimes computed from DNS [72] when there are
only two periodic directions. The spectra provide a check on the numerical resolu-
tion, which is seen to be very good. Figure 4.4 shows longitudinal autocorrelations of
velocity at various downstream locations for case A. In addition to being temporally
stationary, the turbulence is spatially homogeneous in y and z; hence averages are
computed over time and over cross-streamn directions. The correlation function f is

defined below for the transverse components of velocity, with the averaging procedure
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Figure 4.1: Contours of density, ,vorticity-magnitude, mixture-fraction and reaction

rate on a centerline slice from case D.
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Figure 4.2: Gray-scale contours of mixture-fraction on various cross-stream cuts,

taken from case A.
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Two dimensional total energy spectra at various downstream locations.
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Figure 4.4: Longitudinal velocity autocorrelations from case A.
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shown to the right of each equation.

) = LODLROEIL B0 )= [ [0 o)

fulas) = LLESZELSEED ()= [ [0t (02)

Far downstream, the tails of the curves rise above zero as the integral scale of the

turbulence, [*, approaches the lateral length of the computational domain, L,. The-
oretically, the curves for v and w should be indentical and symmetric. The lack of
equality and symmetry gives some idea of the statistical errors. The statistical errors
are due to the finite time and finite space samples of the data. Since the inlet turbu-
lence is periodic, the time signal repeats itself and hence there is a limited number of
statistically independent samples available. If the length of the turbulent field being

fed through the inlet were increased, then the statistical errors would decrease.

In figure 4.5 the mean density is plotted as a function of downstream distance for
the three cases with heat release. Here the density was averaged in time and over the
cross-stream directions y and z. In figure 4.6 is plotted the rms density normalized
by the mean density. Case B differs from cases C and D due to the difference in T,.
Higher activation temperatures slow the reaction, thereby decreasing the rate of heat

release and density dilatation.

Figure 4.7 shows the downstream growth of the Taylor microscales, where a mi-

croscale in the i direction is computed as

()
()

The length scales drop slightly, as the inlet flow adjusts to its environment, then

1/2
} (no sum on i), {()) = /01 /01 /01()dydzdt. (4.3)

rise steadily up to the exit. The curves show that the turbulence is roughly isotropic.

By assuming high Reynolds number and a power law decay for the turbulent kinetic
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energy, the turbulence energy budget predicts that, with no heat release, all length
scales should grow as (z/l)!/? [92]. The coefficient 0.0156, as well as coefficients for
theoretical curves in subsequent plots, were determined by a visual fit to the data. It
can be seen from the plots that the heat release has little effect on the growth of the
Taylor microscales. There are several reasons for the peculiar behavior of the flow
near the inlet. Setting the pressure derivative normal to the inlet to zero places an
unphysical constraint on the eddies, i.e., the pressure gradient in the flow direction
cannot adjust to balance the centrifugal force of the rotation. The viscosity of the
flow is also a little different than the viscosity used to generate the inlet turbulent
field; therefore, some adjustment of the energy spectrum must occur. Furthermore,
the assumption of frozen turbulence is not quite correct, i.e., the velocity field being
advected through the inlet represents a single instant in time of the temporal simu-
lation. For these and possibly other reasons, the flow must undergo an adjustment

near the inlet before expected decay patters begin to occur.

Figure 4.8 shows the power law decay of turbulent kinetic energy. The straight
line corresponds to the empirical decay law of (z/!)'-?° reported by Comte-Bellot and
Corrsin [15] for grid turbulence in a wind tunnel. The results show that, after some
initial development, the simulated turbulent decay approximates the experimental
data. Again, the decay of velocity fluctuations is nearly the same for all four cases.
This insensitivity of velocity statistics to density variations was also demonstrated
in Sandoval’s simulations [86]. Figure 4.9 is a plot of the Taylor Reynolds numbers
versus downstream distance. In the plots, R, is defined for each direction, i.e.,

B Aiy/(ud)
A s = —V—-

(no sum on i) .

The Taylor Reynolds numbers decrease downstream but remain high enough so that

each case may be considered turbulent throughout the domain [71].
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Figure 4.9: Taylor Reynolds numbers vs distance downstream.
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4.4 Plume

Figure 4.10 depicts the decay of the mean value of £ along the plume centerline
as a function of initial large-eddy turnover time. The mean was computed by taking
a time average over grid points within a distance of 4 grid spaces from the plume
centerline. Brown and Bilger (8] report a decay law of ;.! and the plot shows that
(€°), from case A, decays as t;' with an error bound of 100“5%27%9&1 < 18%. The
line corresponding to ¢! is not meant to imply that there was no scatter in the
experimental data. The experimental scatter is not shown here for clarity. The other
three cases appear to follow the same trends as case A, e.g., rising and falling in the
same places. This is likely due to the fact that the inlet flow was the same for all four
cases and heat release did not have a large effect on the flow. In figure 4.11 is plotted
the decay of the root-mean-square value of ¢ along the plume centerline. Brown and

1.32

Bilger find an empirical decay law of ¢;;"** and from the plot it can be determined

that, after one large eddy turnover, £7,,, for case A approximates the experimental

€ _Q. 1.32 .
data with an error bound of 100%94;"—[ < 37%. From random sampling theory,
° le
it is expected that the statistical scatter in the second moment of £¢ will be greater

than the error in the first moment.

Figure 4.12 shows the downstream growth of the standard deviation ¢ of the mean
scalar profile, computed as follows: first, (£(r,t;.)) is computed at each downstream
(eddy-time) location by averaging in time and over annular regions at specific radial

positions; then o is computed via numerical integration as

L/2 2 2
] i r (§(r, tle))dr
(tie) ( R E(r, te))dr ) |

The plume’s spread is very close to the ¢}/? dependence expected from (i) the con-
servation of mixture fraction, (ii) an assumption of self-similar radial profiles for (£),

and (iii) ({°) having a decay exponent of -1. Brown and Bilger [8], Nakamura et.
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Figure 4.10: Mean mixture fraction along centerline.
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Figure 4.11: RMS of mixture fraction along centerline.



49

| 5 3 T L S
21 - [
16}
S [
[ I
11

0.6

Figure 4.12: Standard deviation of mean scalar profile vs large eddy turnover time.
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al. [70] and Komori and Ueda [42] all report growth exponents of 1/2. Some of the
discrepancy in the plot may be due to the limited distance from the plume centerline

to the side boundaries, which the plume eventually crosses.

4.5 Reactive Scalar

The centerline decay of the mean (time-averaged) fuel mass fraction is plotted in
figure 4.13. Since the inlet concentrations differ from those of the Brown and Bilger
experiment, a direct comparison cannot be made. For case A, the reaction is seen
to occur approximately midway between the frozen and equilibrium chemistry limits.

In the frozen limit Y; = Yy €, while in the equilibrium chemistry limit

0 lf E S Eat
Yf =
i’jlﬁfg_: if E > Est

From cases C and D it can be seen how an increase in the activation temperature

moves the reaction towards the frozen limit.

In figure 4.14 is plotted the root-mean-square of the centerline fuel mass fraction
normalized by the mean value. It is interesting to note that the limits cross at
approximately one large eddy turnover time. Unlike (YF), YF,,,, may lie outside the
frozen and equilibrium limits and these limits may cross each other. This behavior is
due to the triple correlation terms in the conservation equation for the scalar variance
[9]. For ¢, > 1 the reacting flow data lie between the frozen and equilibrium limits,
but near the inlet they appear to follow the frozen chemistry curve. Case D is very

near to the frozen limit until far downstream.

Figure 4.15 shows the mean centerline reaction rate versus large-eddy turnover
time. For cases A, B, and C a rapid drop occurs near a time of 3 as the fuel is fully
consumed. The low Damkéhler number and high activation temperature of case D

result in a slow rate of reaction compared to the other cases.
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Figure 4.15: Mean centerline reaction rate.
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4.6 Extinction

It is important to measure the strength of the reaction by examining its proximity
to the extinction regime. The conditions for the extinction of a diffusion flame were
first derived by Lifidn [54] using activation-energy asymptotics. Williams [93] defines
quenching criteria using a reduced Damkéhler number, which is given below in terms
of current variables:

2

Da = DaPe (réu¥pe ™) [T (1?; )] [26(1 — &) (—Dv’g—w) ezt (44)

where T} is the adiabatic flame temperature, given by

Yoo +rYy + Yﬂyozj;—lq

A (45)

Extinction will occur when Da, < Dag, where

Dag = [(1~[$]) = (1 — 1) +0.26(1 — [])° + 0.055(1 — [y])¥] e (45)

If the temperatures of the fuel and oxidizer streams are equal, as in the present cases,
then v = 2€,;—1, thus Dag = 0.478. Equations (4.4) and (4.6) provide the criteria for
local flamelet extinction. The subscript € = &,; indicates that Da, is to be evaluated
on the stoichiometric surface. It can be seen that if the quantity P% V¢ V¢, defined
as the scalar dissipation rate, becomes too large, then extinction will occur. The
scalar dissipation rate is approximately proportional to the sQuare of the local strain
rate, hence sufficiently large strain rates cause quenching of flamelets. Figure 4.16 is
a scatter plot of Da. at locations very near £,;. The data were taken from case D
because the reaction for this case is closest to the extinction limit. The plot indicates

that no flame quenching should be occurring.
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Subgrid-Scale Modeling



Chapter 5

DERIVATION OF RESOLVABLE FIELD EQUATIONS

5.1 Filtering

The purpose of this part of the thesis is to describe how LES may be used to
compute turbulent flows with chemical reactions. In DNS, the Navier-Stokes equa-
tions are solved directly with Reynolds and Damkshler numbers low enough so that
the variables of motion are fully resolved. This means that the grid spacing must
be on the order of the Kolmolgorov scale and the flame scale. In LES the small,
unresolvable scales of motion are removed from the governing equations, thus elim-
inating the restrictions on Re and Da. The small scales are removed by applying a
spatial filter to the governing equations [33]. The resulting ‘large eddy’ equations are
then solved for the large-scale components of the primitive variables. The effects of
small (subgrid-scale) motions on the large scales are modeled. A homogeneous filter

operator is defined by the convolution integral
8@ = [ G(1z - 215 A)9()dz (5.1

where the subscript D indicates that the integration is to be performed over the entire

computational domain. The filter kernel G is normalized,

/ Z G(r;A)dr =1 (5.2)

-0

and has a characteristic width A, which is directly related to the grid spacing of the

LES computational mesh.
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The manner of LES to be performed, and the definition of what is being solved
for, depend on the way in which (5.1) is applied to the governing equations. As an
example, consider a Cartesian coordinate system in which (5.1) is applied to an x
derivative term. If G is chosen as a ‘top-hat’ function, then (5.1) may be applied as

follows:

ézi _ Ly-{-A /:+A ‘[-+A g¢ 9% 1aydr

+4 rz+A
= /y / [z=i+1,y,2) -~ d(z =1,y,7)|dy'dz’
v z

Here, z = ¢ and z = 141 refer to the ¢ and ¢+ 1 grid nodes along the z direction. This
approach, in which the equations are integrated between grid nodes, leads directly
to a set of discretized equations and has been referred to as Schumann’s control
volume method [88]. The variables are defined only at the grid nodes, and hence,
this procecure can be though of as ‘discrete’ filtering. This approach introduces four
different types of averages: averages over the three types of faces on a grid cell and
volume averages. A drawback to this method is the conceptual difficulty of relating
surface to volume averages. This method was first introduced in the atmospheric

sciences and is occasionally applied to engineering flows [2], [29].

A more common approach is to introduce a filter function that commutes with
derivative operators. Such a procedure is sometimes called a ‘sliding’ filter. Taking

the derivative of (5.1) with respect to z; gives

——¢(5) L ¢(z)a—G(|z --/ ¢_dz

= / G2 d:z: — H(F)G(E - F|; A) (5.3)

boundaries

since the limits of integration are considered fixed. In order that :I;j = :Ti’ the last
term on the right hand side of (5.3) must be zero. If the domain extends to infinity
then this must be the case in order that (5.2) be satisfied. If the flow is bounded by
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walls, then G may be imagined to take on some inhomogeneous form near the wall

such that ¢(£,)G(51 5’; A)lbmmdariea =0.

A convenient filter kernel is the Gaussian,
Gr;A) = Ae=5/8* A1) [T o218y (5.4)
-0

since its shape is the same in both physical and wavenumber space. The numerical
factors in (5.4) are such that the second moment of this filter is the same as that of
a box filter of width A. Another filter, which plays an important role in theoretical

considerations, is a sharp cutoff in Fourier space. The Fourier transform of (5.1) is
¢ (k) = G(|r|; 2)8 () . (5.5)
For a spectral truncation filter,

1 if |E| < ke

Sl = { 0 if [k]> ke

where k. is a cutoff wavenumber. In physical space this has the form of a damped

sine wave,

5.2 The Large-Eddy Equations

For the subgrid-scale model to be discussed, it is convenient to recast (2.3) in
terms of internal energy. Using the continuity and momentum equations, (2.3) can

be rewritten as [1],

Ope  Bpeui  Gu; 1  Ou 1 d p 0T quy
9t " 6z Pz " Re"oz; T M3RePr ox; ((7—1)395.-) vz )

where

T =~yM?*(y—1)e (5.7)
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Applying the spatial filter (5.1) to equations (2.1), (2.2), (5.6), (2.15) and (2.6) gives

=g (58)

Bt e = et T ©9)

% * agf? - _gz—:J’ I;e%;‘_;*" A ai,» ((7 —y g::) 3;0—; (5.10)
65 * agi_t.-“ = R:Scc';j:.- (“gi) (5.11)

p= 7;5, (5.12)

These equations are simplified by recasting the variables as Favre-filtered quantities.

A Favre-filtered, i.e., density-weighted, variable is defined as

=" (5.13)

~|3

The flow field is thus decomposed into Favre-filtered (resolved) and subgrid-scale
(unresolved) components, i.e., ¢ = ¢+ ¢". Note that, in general, z # ¢ and therefore
d7’ # 0. Additionally, there are five terms that require special treatment: these are
the viscous term in the momentum equation; the pressure-dilatation term, dissipation
function, and conduction term in the energy equation; and the diffusive term in the
scalar equation. Since viscosity is only a weak function of temperature, e.g., up ~ T/,
it is assumed that
Ta/z

Ha=xC= , Cp=1.3702213 , C, =0.3702213 . 5.14
H=p 1T+C'2 1 2 ( )

This leads to the following approximations:

= . [0U  Gi; 2. Ot
TSk (6:1:,- T o2 36‘J 6a:k> (5.15)
p_oT  E OF (5.16)

(v—=1)0z; ~ (y-1) 0=z
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oF ¢

Using (5.12) the pressure-dilatation term can be written

Ou; P =0u; P ’51—1,' ~ 0U;
Pz 7M2T6:c,- + YM? [T T—] )

92 . oz, (5.18)

It has been argued that, in many flows of interest, the fluctuation Mach number of
the small scales is small. The dilatation of the small scales is therefore negligible
and the term in brackets may be dropped [26]. This assumption has been justified
by examination of isotropic DNS data at various Mach numbers [67). However, for
reacting flows with a very large enthalpy of combustion, heat released at the small
scales may result in significant small-scale temperature variations. Therefore, in
order to neglect the term in brackets, it is probably necessary that q not be too large.

Similarly, the dissipation function is written as

6u; _ a‘u.' au.' _ 6u,-] ) (5.19)

Tiog e == Toz——— Tig e = T r s
v 6$j i 6a:j Y 31:,- Y 6:::,-
The term in brackets is typically neglected; however, such an approximation has yet

to be investigated for reacting flows with heat release.

The above approximations lead to the following Favre-filtered equations:

g_f + %:.- -0 (5.20)
6gf;+6§t§jﬁj=_§‘;+%%_% (5.21)

%-64'32? = "ngi*"i}f‘fg_g' R ai.- ((ﬁ- 1)3—2) %—33 (5:22)
3@?5* agi'z?.- = R:Scaiz.- (ﬁg—i) B g% (52

. pT (5.24)

YM?
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where:
oij = p (Ut — ;) (5.25)
o; = ﬁ(zT,'é - ﬁ.‘g) (5.26)
G =7 (wt — %) (5.27)

It should be noted that highly exothermic reactions may result in significant radiation
transport. This may also restrict the range of q for which (5.22) is valid.

5.3 Closure

In order to close the set of large-eddy equations, models are needed for o;;, o, (;
and w;. In addition, a method is needed for predicting filtered values of the chemical
species present in the flow, i.e., Y;. In turbulent combustion, large temperatures,
and hence large viscosities, may result in partially laminar flow in various regions.
Models for i, a; and (; should vanish is such locations. The dynamic model of
Germano [32] utilizes spectral information in the large-scale field to extrapolate the
small-scale stresses. A nice result of this is that the model gives 0 for laminar flows.
Also, the dynamic model has the correct limiting behavior near walls and, except
for problems of numerical instability, is capable of producing backscatter. Recently,
a Lagrangian form [63] of the dynamic model has been shown to accurately predict
the flux of turbulent kinetic energy toward the subgrid scales in DNS of compressible
reacting flows with both constant and temperature dependent viscosity [81]. Hence,
the dynamic model appears to be a promising candidate for use in reacting LES.
In the next few sections, closures for o;;, a; and (; are presented that utilize recent
improvements and extensions to the dynamic model. A new model for predicting wy

and Y; is derived in the following chapter.



63

5.8.1 Modeling the Subgrid-Scale Stress Tensor

Taking the approach of Moin et al. [67], oy; is recast in terms of spatialy filtered

variables, i.e.,

Ji5 = pUiu; — &_pj' (5.28)
Applying a second 'test’ filter to (5.9) gives rise to the test filtered stresses,
o
e N— U¢ U4
Vi = puiG; -2 ,—\p L, (5.29)
p

An overbrace is here used to denote a quantity that has been filtered using a test
filter of width ? > A. The width of the first filter A is set by the grid spacing of the
LES and hence is termed the ’grid’ filter. For an anisotropic grid, A is usually chosen
as A = (AzAyAz)'/3 [27], although other types of averages have also been used [80].
Germano [32] found the optimum ratio of test and grid scales to be N /A = 2.
Applying the test filter to (5.28) and subtracting it from (5.29) leads to [58]

— — ——— e—— —r— —
e, PUi pu; PuUs PU; —— U; pu;
Li; = ¢i; — o'.-jz( = J)_ —P 3 =pu.~u,-—-p—j—1 (5.30)
P p

which may be directly calculated from the resolved fields. The dynamic model as-
sumes a prescribed functional form for the small scales, and furthermore assumes that
this form is independent of the filter width. Thus the grid and test scales are required
to be in the inertial range. The prescribed function is usually a Smagorinsky model,
although recently it has been demonstrated that Kolmolgorov’s model may be used,

in conjunction with Smagorinsky’s formula, to generate a family of dynamic models

[12].

Using the trace-free Smagorinsky eddy viscosity model for both o;; and ;; gives

oij — -;:6;,'1:: = —CpA’ |§| (gij - ';'Jijgnﬂ) (5.31)
2| [ ~
bij — %6.','1{, =-C7 A |3 l ( S - %5:’:' S nn) (5.32)




64

where

k. = o is twice the subgrid-scale, turbulent kinetic energy

K. = i is twice the test-scale, turbulent kinetic energy

s _1(0u;  0u;
=3 (o + 52

5= (25nSin)

~ 1(3‘6} a‘a‘,-)
= +
2

5= Oz; 0z;

_~ =~ =\

3 (5.7
The second term on the left hand side of (5.31) assures that the subgrid stress tensor
is isotropic in the absence of shear. Note that §kk = 0 in an incompressible flow.

The ’constant’ C is allowed to be a function of space and time and is determined by

inserting (5.31) and (5.32) into (5.30) to get

1 .. e
Li; — 5&3[*1: =CM;;-CZ; (5.33)
where
IW,'J- = A25|§| (g.'j - étsijgﬂn) (5.34)
2 <~ [~ ~_
Zi=n 735 ‘ ( 5 yi- %5.-,- 5 ,m) . (5.35)

It is difficult to solve (5.33) for C, since it appears in the argument of the test filter
integral. Therefore a means of approximating the C that appears under the overbrace
in (5.33) is desireable. Piomelli and Liu {75] note that by filtering out the smallest
scales of motion, the highest frequencies are also removed from the LES. Therefore,
C is a slowly-varying function of time and may be estimated at timestep n via a

first-order backward extrapolation, i.e.,

n _ 4n-—-1
CxC,=C"'+ At%?— oty LTV onet gty (5.36)

tn-l — tn-z (
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The C appearing under the overbrace in (5.33) is replaced by C,, which is known.
At this point (5.33) represents nine equations (five independent) in one unknown.
This situation, in which C is over determined, is ironically opposite to the original
closure problem. There are many ways in which (5.33) may be used to pick a value
(or values) for C. Lilly [53] advocates a least squares fit that minimizes the error in

(5.33). In this approach E. is defined to be the square of the error in (5.33), i.e.,
E. = (L - %J;J-ka _ Gy +CZ)? (5.37)
Setting GE./dC = 0 and solving for C gives
(L,-,- — 3% Lek ~ ’CT;ATJ) Z;;

C=- T (5.38)

This represents the minimum of E., since *E./dC? = 2Z% > 0.

In incompressible flows, k. may be absorbed into the pressure and need not be
modeled. This may also be done for low Mach number flows by absorbing k. into the
second-order or dynamic pressure, the first-order or thermodynamic pressure being
constant. In these cases, a modified pressure is computed while the real pressure
remains unknown. In high Mach number flows, however, the actual pressure must
be computed in order to solve the energy equation. In this case, it is necessary to
model k. explicitly. The subgrid-scale kinetic energy may be parameterized using

Yoshizawa’s expression [95], i.e.,
ke=crpa* |3 . (5.39)

Similarly, the test scale kinetic energy may be written as
2

2|
K.=Ci 5 A | § (5.40)
Test filtering (5.39) and subtracting it from (5.40) yields
- o=
Li=K, - k. =7u4 - Z5P% (5.41)

~_
P
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Using (5.39) and (5.40) in (5.41) and solving for C; leads to

—— A — 2
_ Pl — (1/ 7)) 7 o +A? Cop 3|

Cr= —2 3 (5.42)
~=
rele .’s‘]
where
n—-1 tt — ¢! n—1 n—2
CG = C[ + m(C[ - CI ) ’ (5.43)
again employing the suggestion of Piomelli and Liu.
5.8.2 Constraint on Eddy Viscosity
In the current modeling, the eddy viscosity is defined as
1 ~
ur = 5CpA* 5] . (5.44)

The total viscosity is defined as p¢: = & + ur. Since negative total viscosities corre-
lated over long times can lead to numerical instabilities, u;,; must be constrained in
an LES to be non-negative. By placing the stability constraint on p¢y, rather than

on C, the model is capable of producing a small amount of backscatter [75].

5.8.83 Subgrid-Scale Models for Heat Fluz and Scalar Transport

In low Mach number flows, the second term on the left hand side of (5.10) is
negligible and hence, no model is necessary for o; [17]; however, in high Mach number
flows a; must be modeled. In order to derive a model for subgrid-scale heat flux, o;

is recast in terms of spatially filtered variables, i.e.,

— .  Puipe

(5.45)

Now let Q); denote the heat flux at the test filter scale, i.e.,

o =
Q: = e -5 (5.46)
P
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Each is assumed to obey an eddy diffusivity model, i.e.,

CpA? |5 O

-~ 8| o (5.47)

A A
@=-S22 [F12E (548)

Pr, 0z;
where Pr; is a turbulent Prandtl number and C is defined in (5.38). Let
e e St
Li=Qi—"0 = (Pu‘ﬁpe) _ pu;;e _ Aﬁﬁ{é— Pli::_\pe (5.49)
p p

which is directly computable from the LES variables. Pr, is determined by substi-
tuting (5.47) and (5.48) into (5.49) to get

_p A
Li=TR; Pro (5.50)
where
Cp |z 0€
.= A2 ZP 5] o¢ _
Ri=A Pr, 5] - (5.51)
_~
2 ~87F
m:?c’?'s‘a ° (5.52)
02,‘
n—-1 t — ¢! n—1 n-—-2
Prg = Prt + m(Pr, - PT‘, ) . (553)
Let T be defined as the square of the error in (5.50), i.e.,
A." 2
t= (it - R:) (5.54)
Setting 0T /3 Pr, = 0 and solving for Pr; gives
Pr, = — il (5.55)

(Ri—~ L) A~
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A model for (; is derived in the same way as the model for «;, leading to

_Cp pA2

G= |S{ % (5.56)

Here Sc; is a turbulent Schmidt number, given by

J;iJ;
Sep = ——2~1__ 5.57
“TWi- L) T; (5:57)
where
f——'“ﬁ
Cp
2
Ni=A |s| o (5.58)
) -~ ~=
g=nc5 (5% (5.59)
0z;
n—1 " tn-l n-]. n—2
ch = Sct + t"Tt"—‘?(S S ) . (5.60)

and C is given by (5.38).



Chapter 6

DERIVATION OF SUBGRID-SCALE CHEMISTRY
MODEL

6.1 Reaction Zones

In order to construct models for 1y and Y;, it is first necessary to obtain an accurate
physical description of the small scale reaction zones. Consider an LES grid cell in
which chemical reactions are possibly taking place. Assume that the reactions occur
in thin flames that are locally one-dimensional, and that the flow field is locally
counterflow. The existence of a thin flame (a laminar flamelet) has been argued by
Peters [73] based upon Da being large. The thin flame is located in the vicinity
of the stoichiometric surface, defined by (2.18). Due to the dynamics of the scalar
gradient vector, there is a strong tendency for the surfaces of constant £ to align
orthogonal to the most compressive principle axis of the strain rate field {71]. The
most compressive strain axis is defined by the eigenvector that corresponds to the
most negative eigenvalue of the rate-of-strain tensor. Similarly, the most extensional
axis is defined by the eigenvector corresponding to the most positive eigenvalue. Let
0 be the angle between the scalar gradient vector and the most compressive strain
axis. Assuming that the scalar gradient is initially randomly oriented, i.e., that it
is not aligned with the compressive strain axis, then by assuming a two-dimensional
or axisymmetric straining field, it can be shown that 6 goes to zero exponentially
in time [83]. Using data from the temporal simulations of Mell [62], the PDF’s of
alignment for fully-developed turbulent and scalar fields are plotted in figure 6.1. In
the figure, ¢ is the angle between the scalar gradient and the most extensional axis.
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Figure 6.1: Probability Density Functions of angle between scalar gradient vector

and most compressive strain axis (§) and angle between scalar gradient and most

extensional axis (¢).

The plots show a tendency for the scalar gradient vector to align orthogonal to the

most extensional axis and parallel to the most compressive axis.

6.2 Laminar Flamelet Model

Recent experimental data have indicated that, for high Reynolds numbers and for
Peclet numbers of order one and larger, the ¢-field consists of very thin regions of
large x, separated by regions of more uniform ¢ [20]. Here x is the scalar dissipation

rate, which has been defined as x = —% \VAZRV/I

Assuming the flame is locally steady and that £ is a monotonic function of the

local coordinate normal to the flame, Y} can be expressed in terms of £, and (2.4)
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and (2.15) combine to give {73]

p % =ty . (6.1)
The effects of the local turbulent straining field are contained in ¢ and x. Four terms
originally present in (6.1) have been neglected. The removal of these terms is based
on the assumption that Da or T, is large, which causes the reaction zone width in
§-space to be small. In such cases, the second derivative and reaction rate terms
dominate the equation. Some evidence suggests that the unsteady term pdY;/dt,
which has been neglected, may be important during the early stages of mixing or

when turbulent stirring is vigorous. Possible errors resulting from dropping the time

derivative are discussed in a later section.

6.3 Counterflow Model

Before (6.1) can be solved, it is first necessary to assume a form for the € dependence
of x. By examining a small region downstream in a turbulent jet, Southerland and
Dahm [90] have shown that mixing takes place in thin, strained layers where the

scalar dissipation rate x takes on the form

X= XoF(f) (62)

where F is given by the one-dimensional counterflow expression

P = { exp(~2lerf (24~ D) if € <e<er 63)

0 if E<é or £€>¢F

Here x, is the local peak value of %V{ - ¢ within the layer, erf™! is the inverse error
function (not the reciprocal), and £~ and £* represent local minimum and maximum
values of £ across the layer, i.e., locations in the flow where 7¢ = 0. Using DNS data,
it will be argued in Section 7.4 that it is acceptable to choose £~ = 0 and £t =1

and hence to disregard the dependence of F on £~ and ¢*.
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6.4 The Case of Unity Lewis Number

In cases where Le = 1, the number of parameters in (6.1) can be reduced by relating
T, and hence p and D, to £ and Y;. This is accomplished by using the definition of
total enthalpy

5 N
= LT+ h (6.4)

i=1

where N is the total number of chemical species present in the flow. For the present
case, N = 3 and the summation is over the fuel, oxidizer and product. If the flow is
in an open domain and if the Mach number is low, then H satisfies the equation [51],

6pH+3pHu,-_ 1 4 OH
ot dz;  RePrdz; "az,- '

(6.5)

Also neglected in (6.5) are radiant heat transfer and work due to body forces. If
Pr = Sc then (6.5) is identical to (2.15) and therefore, H is linearly related to £,
assuming that the initial or inflow conditions are consistent. The relationship between

H and £ is given by

H= :Y—Z—I-(T!]_ - To2) + h_{}’jl - hoYOZ f'*‘ ~ Z 1T02 + ho},o2 (6'6)

where T, is the temperature of the fuel feed and T, is the temperature of the oxidant
feed. Using (2.10), (2.14), (2.16) and (6.6), T can be expressed as a function of Y;
and £

T= (7‘7‘1’ g (Yp€ = ¥)) + Top + (Tpy — Toa)e (6.7)

For low Mach number combustion in an open domain, p is related to T through
(2.32) (the thermodynamic pressure is constant). Also, in the absence of differential
diffusion, D = v, therefore the diffusivity is related to T' through (2.8). Hence, D, p

and T are known in terms of £ and Y.

Using (6.2) and (6.3) and the boundary conditions:

Yi(§=0,x)=0 (6.8)
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},f(g = 11 Xo) = Y}'i (6.9)

equation (6.1) can be solved to obtain Y}(¢,x,). Equations (6.8) and (6.9) apply to
both the equilibrium and frozen chemistry functions for Y;(£). They are assumed to

be appropriate for the current model even if fresh fuel and/or oxidizer are not present
within the LES grid cell.

6.5 The Large Eddy Probability Density Function

By assuming that reactions occur in thin regions of one-dimensional counterflow,
the { dependence of x is known (see equations (6.2) and (6.3)). Furthermore, by
assuming that {~ = 0 and £+ = 1, x, then represents the value of x where ¢ = 0.5.
The modeling thus implies that x, is independent of &, therefore Y; can be expressed

V= [ Vi) PO P(E)ixde (6.10)

where ™" and ™% are the minimum and maximum values of Xo within the grid cell.
Gao and O’Brien [31] refer to P(£) as a ‘Large Eddy Probability Density Function’
(LEPDF) since it gives the frequency distribution of ¢ within an LES grid cell.

At this point it is necessary to make use of an observation similar to one made
by Kuznetsov and Sabel'nikov [44] which is that, within the interval of integration
X™P < xo < xMOT, Y; is a weak, approximately linear, function of y,. Therefore,
Y;(¢, xo) can be approximated by the first two terms in the Taylor series expansion
about the average of x,, i.e.,

dY;
Yi(€, x0) = Y (€, %) +
1€ x0) = Y (€,%5) T,

_(xo - Xo) - (6.11)

Xo

Inserting (6.11) into (6.10) and integrating over x, gives

Y= [ Y6 %) P(e)de . (6.12)
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Similar relationships can be obtained for ¥, and for ¥,. Note that Y; is obtained by
integrating over x, rather than y. The model is therefore likely to be sensitive only
to the range of peak dissipation rates within a grid cell. The range of x, within an
LES grid cell should be much lower than the range of x, thus it is likely that (6.11)

is a good assumption.

The integral in (6.12) is performed by assuming a Beta-distribution for P(¢), i.e.,

a=-1(1 _ ¢\b—-1 _[f(1 —F
Pl o £ [E(l B _,

c 77 T2
B(a,b) 1z ]»b=a/§—a,§3=§’—§ (6.13)

where B(a,b) is the Beta function and €2 is the subgrid-scale variance. Note that
&0 = (Z’TE)_’ =£— 2§+f_2. is not necessarily equal to 2. In filtering DNS fields, in
order to simulate LES data, the subgrid variance should be computed as the mean-
of-the-square minus the square-of-the-mean, rather than as the mean-square of the
fluctuation. The latter approach is incompatible with the Beta model for the LEPDF
and has been found to cause errors in the results. Furthermore, in the Beta-PDF
model, £ and ¢2 represent the first two moments of a random variable. This means
that the filter kernel G(r; A) should be positive definite in physical space [31], [16].
For example, a Fourier truncation filter is not appropriate for evaluating the present

model, since Gibb’s phenomenon may cause £ to lie outside the range 0 < € < 1.

It is assumed that (6.12) and (6.13) remain unchanged if £, Z-'; and ¥, are used in
place of £, £Z and X5. In this case, it may be assumed that ff; rather than Y; is being
modeled. Finally, X, must be related to X in order to make use of existing models.

This is done by averaging (6.2) to get

_ X
Is F(§)P(€)de -

Xo

(6.14)
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6.6 Modeling the Scalar Variance and Dissipation Rate

The assumed forms for x(£) and P(£), i.e., (6.2) and (6.13), require £, £2 and ¥ (or
£, & and X) as inputs. In an LES, (5.23) is solved for £. There are several different
ways of obtaining €2, or equivalently £2. One method is to use a similarity (3], [55],

[16] or dynamic model. Following the same procedure as that used to model k. yields
& = Ccpat |2 (6.15)

where

= ~=\ gulyeT)
ﬁe’—(l/”ﬁ‘)(ﬁe) +A10,7

Z|2
~2
rNls I?'

Ce =

Another approach would be to integrate the governing equation for Ef Multiplying
(2.15) by € and Favre filtering leads to

058 opif _ 1 9 (OB . om
ot "8z  Pedm ("az,.) - %%~ 3, (6.16)
where
= 5D e ™ b i (6.17)

n=p (!;Z’ - ﬁ-'E.E) . (6.18)
In solving (6.16), n; could be modeled in the same manner as ¢;. If (6.16) is used to

obtain E, then, depending on the flow, it may be useful to employ (6.15) to set the
initial condition. In this case C,, and hence C¢, would be determined by iteration.
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The filtered scalar dissipation rate is commonly approximated using a model pro-
posed by Schmidt and Schumann [87], i.e.,

k.

2
= CdZ 2—:p ’ Cd ~1. (6.19)

Recently, Girimaji and Zhou [35] have pointed out that (6.19) acts as a sink of
€2 energy at all wavenumbers and at all times. They show that this property is
inconsistent with results from DNS data. They furthermore note that (6.19) makes
no use of the additional information about the supergrid scalar field available in an
LES. Using the fact that the net energy transfer is local in wavenumber space, they
derived a model for ¥ that is local in physical space. In their approach, the filtered

scalar dissipation is decomposed into three parts as follows:

55 9 9€ 8¢ d€" OE" 9 o¢' o
az‘ Oz; =k dz; 0z; R 6_3:.-3_ + 2 5 dz; 0r;

The first term on the RHS of (6.20) is the scalar dissipation rate due to interactions

(6.20)

among the resolved scales and is directly computable from the resolved field. The
second term on the RHS of (6.20) represents the scalar dissipation caused by inter-
actions among the small scales. This term is always positive and may be modeled

as
65’ 6{' 36 6§
62:‘ 6:1:. 0:::. 6:1:.

where pr is given by (5.44). The last term on the RHS of (6.20) represents the

(6.21)

dissipation due to interactions between resolved and unresolved scales. This term
can be either positive or negative and is responsible for backscatter of { energy from

small to large scales. Girimaji and Zhou proposed modeling the backscatter term as

o L0 _ otk (BIP (as P _ O 6’(v—f)) (6.22)

6:::. 6 6P € 0z; 0z;0z; "~ Bz, 0z;0z;

where ¢ is the mechanical dissipation rate, which may be modeled as [87]

Y

A y Ce=~0.845. (6.23)
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In (6.22), Cjp is a constant yet to be determined. It is assumed that filtered quantities
in (6.20), (6.21) and (6.22) may be replaced by their Favre-filtered counterparts.

6.7 Summary of Methodology

The model is applied in an LES by first constructing tables for Y and w; based
on ¢, ¢2 and Y. The steps in constructing the model libraries are as follows:
1. Use (2.8), (2.32) and (6.7) to relate D, p and T to £ and Y;.
2. Choose a value for ¥5.
3. Plug (6.3) into (6.2) and (6.2) into (6.1) and use the boundary conditions (6.8)
and (6.9) to solve for Y;(€,%5). This can be accomplished numerically using either a
shooting or a relaxation scheme [78].
Use Y;(¢,Xo) along with equations (2.32), (2.16) and (6.7) to compute w(¢, X5)-
Choose values for £ and £2.
Use (6.13) to solve for P(£).
Insert F(§) and P(£) into (6.14) and solve for X (assuming é~ = 0 and £t =1).
Plug Y} (£, %5) and P(£) into (6.12) and integrate numerically to obtain Y;(£, £2,%).

© 0o N o e

Obtain the filtered reaction rate in a similar fashion from the integral

Br = [ (6T PENE (6.24)

10. Repeat steps 2-9 for the full range of £, £2 and X expected from the LES, in order

to construct tables for Y; and ;.

Steps 1-10 represent a fairly lengthy but one-time process. The tables for Y;(£, £2,%)
and w/(€, €2, %) will depend on the parameters: p(®, Ty, Toa, T, r, Y11, Yoo, Pe, and
Da of the flow to be simulated. Once the tables are constructed, the model may be
applied in an LES by using £, £2, and ¥ at each LES grid point to look up Y; and wy
by tri-interpolation. Y, and Y, are linearly related to Y; and £, i.e.,

Y, =Y, (1 —E) +r (71— EYh) (6.25)
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Y, =(r+1)(YnE-Y)). (6.26)

It is not necessary to model w; if the flow is incompressible. However, if there is
density dilatation due to heat release, the chemical and velocity fields are coupled

through the source term in the energy equation; in this case, w; must be modeled.

For reacting flows with multi-step chemistry it is often necessary to track multiple
chemical species. This is the case, e.g., if a prediction of pollutant formation is being
sought. For multi-step chemistry, a laminar flamelet equation may be derived for
each species mass fraction. This leads to a series of second-order, ordinary differential
equations, coupled through the reaction rate terms. This system of equations may be
solved, and the preceding steps followed, to construct tables for each of the chemical
species based on £, £2, and X. Then in an LES, all of the chemical species and reaction

rates are modeled through table look-ups.



Chapter 7

EVALUATION OF SUBGRID-SCALE CHEMISTRY
MODEL

7.1 Filtered DNS Data

Data sets from high resolution, Direct Numerical Simulations of chemically-reacting,
turbulent flows were used to investigate the accuracy of the chemistry model. The
each point of a hypothetical LES mesh. The latter three quantities were then used to
obtain model values for Yy, Y;, Y, and 1, via trilinear interpolation of the look-up ta-
bles. The DNS data are from temporal simulations of isotropic, decaying turbulence.
Six cases are presented, denoted by T1, T2, T3, T4, T5, and T6. Cases T1 - T3 were
taken from Mell’s (128)3 point simulations [62], and cases T4 - T6 were taken from
(256)° point simulations using a spectral code written by V. Nilsen. In all six cases,
the DNS fields were filtered onto an LES mesh consisting of 16 X 16 X 16 grid points.
Therefore, in cases T1 - T3, each data point in the LES grid represents a box average
of 8 X 8 X 8 DNS grid points and in cases T4 - T6, each LES point represents a box
average of 16 X 16 X 16 DNS points. Table 7.1 lists the important parameters for each
case. In table 7.1, Y7 refers to the manner in which the fuel field was initialized, i.e.,
as frozen or fast chemistry. A represents the filter width, i.e., the LES grid spacing.
The integral, Taylor and Kolmolgorov microscales of the turbulence [92] are denoted
by [, A and 7 respectively. Quantities in angle brackets, ( ), represent averages over
the entire flowfield. &, is the stoichiometric value of the mixture-fraction. Sc is the

global Schmidt number and Da; and Re; are the turbulent Damkadhler and Reynolds
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Table 7.1: Turbulence and chemistry parameters of filtered DNS data fields.

TL | T2 | T3 | T4 | T5 | Té

f1 froz | froz | froz | fast | fast | fast

T, 0 0 0 0 4 8
vy 1 1 1 | 814 | 8.14 | 8.14
A/l 0.445 | 0.366 | 0.445 | 0.347 | 0.347 | 0.347
A/ 1.33 {099 | 1.33 | 1.59 | 1.59 | 1.59
Afn 18.5 | 11.9 | 18.5 | 29.8 | 29.8 | 29.8
) 025 | 0.25 | 0.25 | 0.25 | 0.25 | 0.25
& 0.25 | 0.25 | 0.25 | 0.25 | 0.25 | 0.25
Se=g | 1.0 | 1.0 | 1.0 | 072 | 0.72 | 0.72
Da, =55 | 21 | 454 | 84 | 11.2 | 11.2 | 11.2
Re, =l | 148 | 101 | 148 | 417 | 417 | 417
tie 027 | 1.9 {027 | 1.0 | 1.0 | 1.0
L€ | 0.824 | 0.183 | 0.824 | 0.533 | 0.533 | 0.533
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numbers, respectively. In the definitions for Sc, Da; and Re;, v* is the kinematic vis-
cosity and u},_, is the root-mean-square of the velocity fluctuations. The rms velocity
is computed by averaging over the entire data set. The quantity (£) — (£)? defines the
maximum possible value of the global variance (£2) — (£)2, so that, in the last row
of the table, a value of 1 would correspond to completely segregated reactants and a
value of 0 would mean that the reactants are completely mixed. Cases T1 and T2
are taken from the same simulation, T1 at 0.27 large-eddy turnover times, and T2
at 1.9 large-eddy turnover times. Case T3 was taken from a simulation with a faster
reaction rate. Mell used variable timestepping for cases T1 - T3 and computed the
large-eddy turnover time by integrating the instantaneous large-eddy turnover time

from the start of the simulation, i.e.,

t Upms
te= [ Zmtar. (7.1)

For cases T4 - T6, t;. was computed using the initial turnover time, i.e., ;. = u2,,,t/1°,

where a superscript ()° denotes a value at ¢t = 0.

7.2 Isothermal Turbulence

Figure 7.1 shows the correlation of exact and model values for the fuel, oxidizer
and product for case T1. Each point in the plot represents Y; at a particular LES grid
point. The plots on the left show the predictions of the Large Eddy Laminar Flamelet
Model (LELFM) discussed in the previous Chapter. The plots on the right show the
results of assuming frozen (no reaction) and equilibrium (infinite Damkéhler number)
chemistry. These limits provide a reference for judging the model’s performance. In
the frozen limit the filtered fuel is Y; = Y},£, while in the equilibrium limit it is
modeled as [16]

E — /1 (f — EJ‘) Ea-l(l — f)b—ld - all—fn(b7a + 1) _ Eatll—fn(ba a)

Vi Je\1=€:) T B@b “=lathl-tr) (-6 °

(7.2)
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Figure 7.1: Correlation of exact and model species mass-fractions for case T1.
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where @ and b are given in equation (6.13) and I, (e, 3) is the Incomplete beta function.
Since &, < 0.5, the limits for the fuel are closer together than the limits for the
oxidizer. Figure 7.2 shows the model’s performance at a later time in the same
simulation, where the Damkéhler number has increased by about a factor of 2. The
predictions are significantly improved. Figure 7.3 shows results at the same point in
time as case T1, but with a Damkohler number of 8.4. Note the improvement of both
the LELFM and the equilibrium predictions.

7.3 The Effect of Arrhenius Kinetics

In cases T4, TS5 and T6, D and p were kept constant; however, the reaction rate

was allowed to vary with temperature according to
wy = DaY;Y,e Te/T

Cases T4, T5 and T6 are all identical, except for the activation temperature, which
was assigned values of 0, 4 and 8 respectively. In order to initiate the reaction,
the initial fuel field was set to the equilibrium chemistry prediction. This provided
initially high temperatures in thin regions, thus providing a ’spark’ for the reaction.
The model’s predictions for the filtered product mass fraction and reaction rate are
shown in Figure 7.4. The Equilibrium Chemistry Limit (ECL) predictions for the
product and the Means Closure (MC) predictions for the reaction rate are also shown

for comparison. The Means Closure is given by

wy = DaY; Y, e To/T

The accuracy of the model is quantified by applying a least squares fit to the data
in Figure 7.4. The slope of the best-fit line, i.e., m, where y = mz, is given in Table
7.2 for Y, and wy.
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Figure 7.2: Correlation of exact and model species mass-fractions for case T2.
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Figure 7.3: Correlation of exact and model species mass-fractions for case T3.
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Figure 7.4: Correlation of exact and modeled values for product and reaction rate at

various activation temperatures.
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Table 7.2: Siope of straight line corresponding to least squares fit of the data for cases

T4, T5 and T6.

T,=0|T,=4|T,=8

Y, LELFM | 1.037 | 1.113 | 1.145
Y,ECL | 1.221 | 1.438 | 1.820
w; LELFM | 0.770 | 0.718 | 0.976
w; MC | 3.503 | 1.804 | 1.480

Regarding Yy, as T, is increased, the slope of the ECL prediction increases much
more than the slope of the LELFM prediction. The LELFM and MC predictions for
wy are seen to improve with increasing T,. In every case, the LELFM prediction for

wy is much better than the MC prediction.

The scatter about the best fit line is defined as

1 &
scatter = — Y (y; — mz;)?
NP i=1

where N, is the number of data points. The scatter of the data for cases T4, T5 and
T6 is listed in Table 7.3.

Table 7.3: Scatter of data about a straight-line fit for cases T4, T5 and T6.

Ta=0

T.=4

T. =8

Y, LELFM

0.289 X 1073

0.783 X 10~3

2.639 X 10~°

Y, ECL

1.025 X 1073

3.504 X 1073

10.29 X 1073

w; LELFM

9.715 X 10~°

13.57 X 10~°

4.121 X 10°°

%, MC

12.78 X 103

1.897 X 1073

0.118 X 102
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In an absolute sense, the LELFM prediction for Y, degrades with increasing acti-
vation temperature. This may be due to the fact that the reaction rate is slower at
higher values of T, so that the neglect of 3Y;/0t in (6.1) becomes less valid. However,
relative to the ECL prediction, the accuracy of the model appears to improve with
increasing T,. At higher T, the reaction zones are narrower, thus the assumption of
laminar flamelets should be more valid. The model also appears quite accurate for
predicting wy at high activation temperatures, although the low degree of scatter for
wy at T, = 8 is partly due to the fact that the reaction rates are much smaller in this

case.

The model was also applied to (128)® Arrhenius-rate fields at a Reynolds number of
Re; = 135, with virtually identical results. This suggests that the performance of the
model may be insensitive to Reynolds number. In high Reynolds number flows the
scalar gradients increase, however, for a given Schmidt number, the scalar diffusivity
decreases; thus variations in y, within an LES grid cell may not change much with

Reynolds number.

7.4 The Dependence of x on {

Bray and Peters [7] note that, in recent applications of laminar flamelet modeling, x
has been customarily replaced by its average. Both Bray and Peters [7] and Kuznetsov
and Sabel’nikov [44] agree that this procedure is misleading. Indeed, using DNS data
of incompressible turbulence with constant scalar diffusivity, it has been found that
if x is replaced in (6.1), either by ¥ or by Xzt = XoF (€st), significant errors result.
This is due to the fact that, in reality, x is zero in regions of pure fuel or oxidizer.
If unmixed fuel and/or oxidizer are present in the subgrid-scale volume, then P(£)
will approach a delta function at 0 and/or 1. Therefore, the integral in (6.14), and
hence the modeled value for X5, will be incorrect unless the assumed form for x has

the properties x(é =0) = x(§ =1) =0.
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The success of the counterflow model, as stated in (6.3) with §~ =0 and ¢+ =1,
appears to be due to the fact that it accurately predicts the subgrid-scale conditional
average of x for the range of £ where P(£) is large. Using (6.2) and (6.14) the following

model is obtained for the conditional dissipation rate,

XTE_ F@)
X - RFOPEE (73)

Figure 7.5 compares x |é/X, computed directly from the DNS data, with
F(€)/ [3 F(€)P(€)dE. Also shown are P(£) obtained directly from the data and P(¢)

from the Beta-function model.

The plots on the left hand side are for LES grid cells, taken from case T1, at three
different spatial locations. It can be seen that £ takes on the values of 0 and 1 within
the cells, and that F(§) and P(€) match the DNS data quite well. The plots on the
right hand side show results from the same grid cells later in time (case T2). It can be
seen that £ no longer takes on the values of 0 and 1, meaning that £~ > 0 and £+ < 1.
The plots show that F(§) is reasonably accurate where P(§) is large and that F(§)
overpredicts x | £ only where P(¢) is small. Note that LELFM was found to be more
accurate for case T2 than case T1, even though F(§) is seen here to be more accurate
for case T1 than case T2. These results suggest that, in modeling the £ dependence
of x, a necessary and sufficient set of boundary conditions are x(§ = 0) = 0 and

x(§=1)=0.
7.5 Sources of Error

There are several possibilities as to why the chemistry model is least accurate for
the early stages of mixing: In case T1, there may be some remaining effects of the
initialization since Y; was initially set to the frozen chemistry value. It is also possible
that, due to random initialization, the surfaces of constant ¢ have not had sufficient
time to align orthogonal to the maximum compressive strain axis. Another possibility

is that the neglected time derivative in (6.1) is important. If this is the case, then in
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LEPDF with data from DNS cases T1 and T2.
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simulating multi-step chemistry, if the reaction sequence involves both fast and slow
reactions, the accuracy of the LELFM might be dictated by the slowest reaction. Bish
and Dahm [6] have suggested that errors in laminar flamelet theory can be removed
at low Da if the probability densities of ¢~ and ¢t are taken into account. This
seeming contradiction may be due to differences in the flows from which the data
are taken. Bish and Dahm examined a small region downstream in a turbulent jet
where the unsteady term may be less important, and where the layer-like structure

of £ appears to be more prominent than in the DNS.

Regarding the LELFM prediction for Y,, it appears that the slope of the best fit
line (Figure 7.4 and Table 7.2) moves toward the exact value of 1.0 as the reaction
time is decreased relative to the fluid mixing time. This suggests that the effect of
neglecting the time derivative in (6.1) is to move the slope of the best fit line above
1.0. The scatter about the best fit line (Figure 7.4 and Table 7.3) may be partly
due to neglection of subgrid-scale fluctuations in x. Kuznetsov and Sabel’nikov [44]
showed that Y; varies like x(1/3), which means that (6.11) is a good approximation.
However, (6.11) would be expected to be less valid for modeling the reaction rate,
since, for isothermal chemistry, 1w; ~ x(/3). This conclusion seems justified by the
DNS data, since the scatter in w; was observed to be greater than the scatter in Y.
For Arrhenius-rate chemistry, as T, is increased the scatter in Wy appears to decrease.
This may be partly a result of the fact that reaction is occurring in thinner layers,
Le., over a smaller range of x. It should be noted that if T, is increased above Ty,
then (6.1) becomes very stiff and hence difficult to solve numerically. The stiffness is

likely due to nearness to the extinction regime [85].

Some additional scatter occurs if &, is either very high or very low. Extreme
values of {,; mean that the integral in (6.12) is essentially determined over a very

small range of { (e.g., consider the equilibrium curve for Y, with ¢, very small).
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In order to observe this effect, equilibrium values for Y, were computed from the
(256)2 scalar field used in cases T4 - T6, i.e., equilibrium values for the product were

computed as

v { (r+1)Yn€ if €< -
(r+ D)Ynéa(l = €)/(1 =€) if > &at

Y, was then filtered to obtain exact values for ¥,. Modeled values were computed
in the same manner as (7.2), i.e., by integrating (7.4) with the Beta-PDF (6.13),

resulting in,

— I 1,b Le (b+1,a) [ b
Yp=(r+1)},fl£3t fu(a+ ) 1 5-( + a) [ ]

§at [a -(:- b] t— - I " (7.5)

Model versus exact values are plotted in Figure 7.6, for equilibrium chemistry, using
various values for &,;.

The value of £,; = 0.0476 corresponds to methane-air combustion and the value of
€s¢ = 0.0244 corresponds to hydrogen-air combustion. The plots show that the corre-
lation decreases as £,; becomes very low; however, the methane-air and hydrogen-air
cases look quite reasonable. Therefore, the equilibrium and LELFM models should be
applicable to ‘real’ combustion, albeit with some degredation of accuracy for reactions

with a very low &,;.

Regarding the assumption of equal diffusivities of all species; Kerstein has suggested
that the importance of differential diffusion goes like Re(!/4) and that it therefore may
need to be considered, even at high Reynolds numbers. Hence, it may be necessary
to apply a correction to the model for reactions involving hydrogen or some other

fast-diffusing species [45].

Regarding flows with a high enthalpy of combustion; if the exothermicity causes
very large density variations at small scales, then the test ‘window’ of the dynamic

model may contain insufficient information for modeling the subgrid stress tensor
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and related terms. Furthermore, density dilatation can cause errors in the models for
the filtered reaction rates to propagate through to the velocity fields. These effects
however, should only be a concern if density variations are very large, since Part I
of this thesis demonstrated that moderate changes in density have little effect on the

velocity statistics.



Chapter 8

CONCLUSIONS

8.1 Plume Simulations

Part I of this thesis established a methodology for simulating a reactive plume in
spatially developing, grid turbulence. By applying a low Mach number approximation
to the fully compressible Navier-Stokes equations, the computing time needed to inte-
grate the governing equations is reduced by roughly a factor of 1/M. A high degree of
parallel efficiency was achieved by decomposing the three-dimensional computational
domain into planar sections. The Compact scheme for computing spatial derivatives
is a good alternative to spectral methods when the boundaries are nonperiodic. The
global nature of the Compact scheme makes it sensitive to the boundary conditions.
For the turbulent inflow and outflow boundaries of the simulation, a fifth-order Com-
pact boundary scheme was developed and found to be stable. In solving the pressure
Poisson equation, a second-order approximation to the density time derivative was
found to be significantly more stable (allowing larger density variations) than a third-
order approximation. The third-order Adams-Bashforth timestepping algorithm was
found to be stable for maximum density changes up to about a factor of 3. For higher

density ratios, a predictor-corrector or Runge-Kutta method should be used [69).

The technique of introducing mature turbulence at the inlet removes the need for
a lengthy computational region in which turbulence must develop. Since the inlet
turbulence is specified by scanning through an existing three-dimensional turbulent

field, the interpolation between grid points (of the inlet field) can affect the solution.
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Linear interpolation was found to be unacceptable since it results in discontinuous
velocity derivatives, thereby causing the pressure term in the mechanical energy equa-
tion to oscillate. Cubic-spline interpolation produces inlet velocities with continuous
derivatives and was found to help stabilize the calculation. A one-dimensional ad-
vective exit condition for the primitive variables, along with a Neumann/Dirichlet
pressure condition at the inflow/outflow boundaries, was found to work well. The
open nature of the streamwise boundaries allows for global expansion of the fluid
due to chemical heat release. This allows the thermodynamic pressure (but not the
dynamic pressure) to be assumed constant, which is the case in combustors vented

to the atmosphere.

For the incompressible simulation, the downstream growth of Taylor microscales
approximately followed the 1/2 power law predicted from the turbulence energy bud-
get. The decay of turbulent kinetic energy roughly followed the 1.25 empirical power
law reported by Comte-Bellot and Corrsin. The centerline decay of mixture-fraction
was in fair agreement with a —1 power law reported by Brown and Bilger. The
centerline decay of the scalar rms also agreed with Brown and Bilger’s reported 1.32
power law, albeit with a larger error bound. Furthermore, the spread of the plume
agreed quite closely with a 1/2 power law predicted from self similarity. The density
dilatation in the exothermic simulations was seen to have little effect on the veloc-
ity statistics. Increasing the activation temperature moved the reaction toward the

frozen limit as expected.

Resolution requirements of DNS restrict the range of turbulence and chemistry
parameters that can be achieved; however, much of the important physics observed
in experiments of grid turbulence was also observed here. Regarding the chemistry, it
is doubtful whether DNS can be used to compute turbulent reacting flows with very
low values of {,, e.g., as with methane-air combustion. The primary purpose of DNS,
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however, is to investigate the physics of turbulent flows so as to gain understanding
that may be used to improve the turbulence models of engineering codes. In this
context, the methodology presented herein may be considered as an additional tool

for investigating the physics of turbulent reacting flows in open domains.

8.2 Chemistry Model for LES

Part II of this thesis described how to apply LES to non-premixed, turbulent,
reacting flows. The newly derived chemistry model is based on laminar flamelet
theory, and relies on presumed forms for the Large Eddy Probability Density Function
and dissipation rate of a conserved scalar. The model predicts filtered chemical species
and reaction rates given a filtered scalar, its subgrid-scale variance and dissipation
rate. The model is employed by constructing tables for Y; and, if necessary, w; prior

to running an LES.

For turbulent flows with finite-rate chemistry, the predictions of the model are
substantially more accurate than what would be obtained by assuming equilibrium
chemistry. The error in the model tends toward the equilibrium limit and the accuracy
improves with increasing Damkéhler number. Increasing the activation temperature
increases the accuracy of the model relative to the equilibrium prediction. The as-
sumed Beta-distribution for P(¢) and laminar counterflow form of x were found to
work well. Furthermore, in the counterflow model for x, it was demonstrated that
it is acceptable to choose £~ and é* as 0 and 1 respectively. This is equivalent to
assuming that unmixed fuel and oxidizer are present in all LES grid cells. Finally, it
was shown that the Beta-PDF is adequate for modeling reactions with very low values
of &, but that errors in the model increase as &,; approaches zero. The chemistry

model should be applicable to many common reactions, e.g., methane-air combustion.
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8.3 Future Work

The chemistry model presented in Part II of this thesis was evaluated using exact
values for £, €2 and X¥. Future research should be aimed at determining the best
methods for modeling 2 and . A priori tests should be performed to evaluate the
correlation between exact and modeled values for ¢2, using both scale similarity [16]
and dynamic modeling, i.e., (6.15). The tests should utilize very high resolution
DNS data, i.e., at least (256)° data points. A posteriori tests should be performed
to determine if greater accuracy may be obtained by integrating (6.16) to obtain
€2. DNS data should also be used to further investigate Girimaji and Zhou’s model
(35], i.e., (6.20), (6.21) and (6.22) for X. It should be determined whether their model
provides better correlation with DNS data than does Schmidt and Schumann’s model
[87], i.e., (6.19).

Once the best ways of modeling {2 and ¥ have been determined, an appropriate
set of experimental data should be sought out, for the purpose of comparing with
an LES. The experimental data should be for low Mach number combustion in an
open domain, so that density and temperature can be eliminated as parameters in
the chemistry model. The experimental flow should also be in a regime where differ-
ential diffusion and radiative heat transfer are negligible. The chemistry may involve
multiple species undergoing multiple reactions; however, as the number of chemical
species increases, the amount of effort required to construct the flamelet libraries also
increases. If the chemistry involves very slow reactions, it may be possible to apply an
empirical correction to the model in order to accurately predict the slowest forming
species. A correction could also be applied to improve the prediction during the early

stages of mixing, e.g., aear the nozzle of a jet.

The model may be extended to flows at high Mach number with radiative heat

transfer and to flows in closed domains, e.g., internal combustion engines. In these
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cases however, extra expenses arise since density and temperature appear as addi-
tional parameters, thus making the model tables five-dimensional rather than three-
dimensional. Furthermore, if the unity Lewis number assumption cannot be made,
then subgrid-scale temperature fluctuations may need to be accounted for explic-
itly. Also, the importance of small scale temperature fluctuations, e.g., the bracketed
term in (5.18), should be investigated for various levels of heat release, in order to

determine the range of q for which (5.21), (5.22), (5.23) and (6.16) are valid.
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