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In this thesis we introduce and study Brownian motion with or without drift on state spaces

with varying dimension.

e Starting with a concrete such state space that is the plane with an infinite pole on it,
we construct a Brownian motion on it and derive sharp two-sided global estimates on
its transition density functions (also called heat kernel). These two-sided estimates are
of Guassian type. However, we show that the parabolic Harnack inequality fails for
such process and the measure on the underlying state space does not satisfy volume

doubling property.

e Brownian motion on some other state spaces with varying dimensions are also studied
in this thesis. For instance, we study Brownian motion on a plane with multiple lines

and Brownian motion on a plane with an arc.

e Similar to Brownian motion with varying dimension, drifted Brownian motion with
varying dimension can be characterized by infinitesimal generators and by non-symmetric
Dirichlet forms. By establishing and using Duhamel’s formula, we show the transition
density of Brownian motion with drift on spaces with varying dimension is comparable
to that of Brownian motion with varying dimension without drift. We also derive the
Green function estimates for this process on bounded smooth domains and establish

Hoélder regularity for its parabolic functions.
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Chapter 1

INTRODUCTION

1.1 The Motivation of This Thesis

Brownian motion is a building block in modern probability theory. Named after the
botanist Robert Brown in 1828, “Brownian motion” describes the irregular random move-
ment of pollen grains suspended in fluid resulting from their collision with the quick atoms
or molecules in the media. Serving great significance in industry as well as pure mathemat-
ics, a tremendous range of applications of Brownian motion has grown far beyond motions
of microsopic particles and has been seen, for instance, in physics and in modelings of stock
prices fluctuations.

As an important research object of pure mathematics, Brownian motion was first con-
structed on Euclidean spaces and later extended to Riemannian manifolds. There is also
a lively research area concerning the construction of Brownian motion on unusual spaces
including non-smooth media, disconnected subsets of Euclidean spaces or fractals. For
instance, in [2], Bass and Burdzy studied “fiber Brownian motion” that moves like 2-
dimensional Brownian motion in a part of its state space, but it evolves like a 1-dimensional
Brownian motion if it happens to be on one of many “fibers” in its state space. The process
is obtained as a weak limit of reflected Brownian motions in domains with very thin tubes.
Although the dimension of the state space of the Brownian motion studied in [2] is also
changing, the object that I study in my thesis is quite different. There have also been work
done studying how to produce a new Markov process by “gluing” together several Markov
processes living on different state spaces. For example, in [14], Evans and Sowers studied
how to produce a new Markov process by partially “collapsing” a process under equivalence
relation. However, our method is also very different from theirs.

In this thesis, I study Brownian motion on state spaces with varying dimension, the

simpliest case of which is an infinite 1-dimensional pole installed on a 2-dimensional plane.



Figure 1.1: State space of BMVD

However, it is known that a singleton in the plane is polar (i.e. of zero capacity) with
respect to Brownian motion, by which we mean 2-dimensional Brownian motion does not
hit a singleton in finite time. Consequently, Brownian motion cannot be constructed in the
usual sense on such a state space because once a Brownian motion particle is on the plane, it
will never have the chance to climb up the pole. Therefore, we will need to define Brownian
motion with varying dimension as a “darning” process. Roughly speaking, we “collapse”
(or short) a small closed disk B. = B(0,¢) on R? into a singleton a* which therefore has
positive capacity, namely Brownian motion on the plane does hit a closed disk in finite time

with probability one, and then we install a pole at a*. See Figure [1.1

1.2 Notations and Metrics on the State Space

To be more precise, the state space of Brownian motion with varying dimension is
defined in the following way. Suppose for ¢ > 0, B, is the closed disc on R? centered at
(0,0) with radius e. Let Dy := R?\ B.. By identifying B, with a singleton denoted by a*, we
can introduce a topological space E := Dy U {a*} UR_, with a neighborhood of a* defined
as {a*} U (D1 NRy)U (DN Dy) for some neighborhood D; of 0 in Ry and Ds of B, in Dy.
Fix p > 0. Let m, be the measure on E' whose restriction on Ry and Dy is the Lebesgue
measure times p and 1, respectively. We set m,, ({a*}) = 0.

Throughout this paper we will denote the geodesic metric on E by p(-,-). Namely,
Va,y € E, p(x,y) is the shortest distance between x and y. We also denote the Euclidean



metric by | - |.. Namely, Yo,y € Do = ENR2, |z — y. is simply the Euclidean distance on

R? between z and y. For x € Dy, |z|, = p(a*,z). Apparently,
p(x,y) = |z —yle Azl +|ylp), =,y € Do.

1.3 Background of Studying Heat Kernel Estimates

A Markov process is characterized by its transition function. However, in many cases
it is impossible to get the explicit formula for the transition density of a process, which
motivates probabilists as well as analysts to study its “estimates”. Therefore, obtaining
sharp two-sided bounds of the transition density functions of strong Markov processes is
an important question both in probability and in analysis. This field of research has been
called “heat kernel estimates” because the densities of the heat semigroup, which can also be
viewed as the fundamental solutions to the heat equations driven by the Laplacian operator,
are exactly the transition densities of Brownian motion on Euclidean spaces. This indeed
provides deep connection between probability, PDE and geometry through “heat kernel”.

Another connection between probability and analysis is through infinitesimal generators.
In particular, the infinitesimal generator of Brownian motion is the Laplacian operator, and
Brownian motion can be constructed on Riemannian manifolds by relating its transition
semigroup to the Laplace-Beltrami operator on such manifolds, which enables mathemati-
cians to study geometry through probabilistic approaches.

A great amount of influential work in this rich and fruitful direction has been done at
least in the past 50 years. It was first showed in 1968 by Aronson [I] that the fundamental
solutions of Lu = wu; have Gaussian-type upper and lower bounds, where the operator
Lu = {A;j(x)ug, }a, satisfies that there exist constants ¢, M > 0 such that for all £ € R

and for almost all (z,t),
Aij(2)&&5 > cllé||* and |Ai;(x)] < M.

To be more precise, it has been shown in [I] that suppose p(t,x,y) is the fundamental

solution of Lu = wy, where L satisfies the conditions described above, then there exist



constants C; > 0, 1 < i <4 depending only on T and the structure of £ such that

¢ C
75—71/2 exp{—Ch|z — y|2/t} <p(t,z,y) < 15_73/2 exp{—Cjyl|z — y|2/t}.

On a weighted complete Riemannian manifold (M, g), we say that the two-sided Aronson-
type Gaussian bounds for heat kernels hold if

_Oylz —yf?

- > Va,y € Rt >0,

Cy
p(t,z,y) < 1z OXP (

where C7,Cs > 0 are constants and the sign “<” means that both > and < are satisfied but
possibly with different values of the constants C1,Cy. There have been remarkable results
in the field of global analysis on manifolds. Let A be the Laplace-Beltrami operator on a
complete Riemannian manifold M with the Riemannian mteric d and Riemannian measure
w. Li-Yau proved in [2I] that if M has non-negative Ricci curvature, then the heat kernel
p(t, x,y) satisfies
C d(x C d(x
e (6 sran < i en (452,

It was proved a few years later by A. Grigor'yan and L. Saloff-Coste that on a weighted

complete Riemannian manifold (M, d), the two-sided Aronson-type Gaussian estimate for

heat kernels can be characterized by any of the following equivalent ways.

e The parabolic Harnack inequality: A positive solution u of the heat equation in a

cylinder of the form Q = (s, s + 72) x B(x,r) satisfies
sup{u} < Cinf{u},
Q- Q+
where Q_ = (s+172/5,5+2r?/5) x B(z,7/2), Q4+ = (s+3r?/5,s+4r%/5) x B(x,r/2).
e The conjunction of

— The volume doubling property: u(B(z,2r)) < Cu(B((z,r)), Y € M,r > 0.

— The Poincaré inequality: Vo € M,r > 0, B = B(z,r)

/ f — f5P uldr) < O / V2 u(da), Vf € CX(B),
B B



where fp = ﬁ 5 f(x)p(dz).

The same characterization has been further extended to strongly local Dirichlet forms

by Karl-Theodor Sturm in [20].
1.4 Case of Brownian Motion with Varying Dimension

The primary motivation of my research is to study the properties of Brownian motion
with varying dimension (BMVD in abbreviation), in particular, the global sharp two-sided
estimates of the transition density functions. We first characterize of the L?-infinitesimal
generator £ of BMVD in Section 2.3. Recall the notations defined in Section 1.1, we show
that u € L?(E;m,) is in the domain of the generator £ if and only if Au exists as an L?-
integrable function in the distributional sense when restricted to Dy and R, and u satisfies
zero-flux condition at a*; see Theorem [2.3.1] for details. It is not difficult to see that BMVD
has a transition density function p(¢,z,y) with respect to the measure m,, which is also
called the fundamental solution (or heat kernel) for £. Note that p(t,z,y) is symmetric in
x and y.

Although it can be shown that the BMVD studied in thesis thesis is also associated to the
Laplacian operator on its state space, one cannot expect its transition density function to
be in the same Gaussian type as Brownian motion on Euclidean spaces. The reason is that
the volume-doubling property near the darning point a* fails due to the varying dimension
of the state space. (To see this, denote B,(x,r) the ball centered at x € E with radius r
under p-metric. Then for small 7 > 0 and zg € Do with |zo|, = r, my(B,(zo,7)) = 702
while my,(B,(xo,2r)) = 2er + r? +r. Thus there does not exist a constant C' > 0 so that
mp(By(x,2r)) < Cmy(By(z,r)) for all x € E and every r € (0,1].) So we can not employ
the results of A. Grigor’yan and L. Saloff-Coste to obtain heat kernel estimates through
volume doubling and Poincaré inequality or through parabolic Harnack inequality. In fact,
we will show the parabolic Harnack inequality fails for BMVD. Therefore the behavior of
its heat kernel depends on both time and the position of the points. Indeed it turns out
its heat kernel behavior switches between 1-dimensional Gaussian type and 2-dimensional

Gaussian type.



There have been other results on studying heat kernels on Riemannian manifolds whose
geometric structure exhibits some behavior of “varying dimension”. For instance, heat
kernel behaviors on manifolds with ends have been studied in [16], which gives us some idea
on how the keat kernel behavior changes in response to the curvature. However, the setting
in [16] is still Laplacian operators defined on Riemannian manifolds.

Another goal of this thesis is to study Brownian motion with drift on spaces with varying
dimension. Similar to BMVD, Brownian motion with drift on spaces with varying dimension
is a diffusion process on the same state space such that its restriction on R is 1—dimensional
Brownian motion with drift, and its restriction on Dy is 2-dimensional Brownian motion
with drift on Dg. It admits no killing or sojourn at the darning point a*. Such a process
can be conveniently defined in terms of the Dirichlet form.

On R?, Brownian motion with drift b is characterized by its infinitesimal generator
LY = A+ bV, where the drift term b satisfies the Kato class condition that b € Ky, or
|b]?2 € K4. We say a function b : RY — R is in Kato class K, if and only if

lim sup / Mdy =0, fora>3,
|

=0 . cRrd z—y|<r |£L’ - y|a72

lim sup /| | log (|z — y|_1) |b(y)| dy =0, for a =2,
r—y|<r

r—0 zERd

sup/ / |b(y)|dy < oo, for a=1.
z JzeRd J|z—y|<1

It was proved by Z.-Q. Chen and Z. Zhao in [1I] that when |b|*> € K, the bilinear form

and

L0 = A+b-V is lower semibounded, closable, Markovian and satisfies Silverstein’s sector
condition, thus there is a minimal diffusion process associated with it. Later it was proved
by R. Bass and Z.-Q.Chen in [3] that when b € K41, there is a unique weak solution to
the SDE

dX; = dBy + b(Xy)dt, T = T

which is a strong Markov process associated to the infinitesimal generator £° = A +b- V.
We point out that on RY, L” C Kqq N {b: o> € K4} for p > d.
The question of sharp two-sided bounds for transition densities of drifted Brownian

motion on Euclidean spaces has been completely answered in the past few decades. It was



first established by Aronson that the transition density p(t, x,y) of drifted Brownian motion
on R? has the following two-sided Gaussian-type bounds provided that b € L”(B(0, R)) for
some p > d and R > 0 and bounded outside B(0, R).

75/12 (_Cl|l‘t— y|2> < pt,z,y) < S/QQexp <_ngt— y’2>.
Later it was proved by Q. S. Zhang in [27] that the above heat kernel estimate holds for
b € Kgt1. Also readers may refer to [23] by Riahi and [I8, Proposition 2.3] by P. Kim and
R. Song.

In this thesis, we study Brownian motion with drift on spaces with varying dimension by
obtaining its sharp two-sided heat kernel estimates. Recall the notations defined in Section
1.2. Let b : E — R be a measurable function. In this thesis we assume b can be decomposed

as b = by + by, where by € L™ (E) and by satisfies that
1. bolr, € L' (Ry) with p € (1, o]
2. ba|p, € L" (Do) with p € (2, ).

We denote such a family of b by L™ (E) + L™ (E) for some p; € (1,00] and py € (2, 0],
where L™ (E) := {f : flr, € L" (R}), flp, € L"(Dy).}.

By establishing and using Duhamel’s formula for BMVD, we show for drift functions in
the class of L™ (E) + L™ (FE) with p; € (1,00] and py € (2, 00], the heat kernels of drifted
BMVD have the same two-sided Gaussian-type bounds as BMVD without drift.

1.5 Key Ingredients

The main difficulty in the study of BMVD was that, since the dimension of the state
space F is changing and the volume-doubling property fails, most of the typical approaches
do not work for the BMVD. Despite of the fact that Nash’s inequality is valid for BMVD,
the upper bound given by Nash’s inequality doesn’t turn out to be sharp. To tackle such
difficulities, one of the key methods is to “project” the state space of the BMVD to R by

considering its radial process. Using Fukushima decomposition, one can get an stochastic



differential equation characterizing the radial process of BMVD, from which we derive the
small time heat kernel estimate for this radial process.

However, the stochastic differential equation characterizing the radial process does not
directly yield the large time estimate, as it involves a non-constant drift term. By obtaining
the two-sided estimate for the on-diagonal heat kernel at the darning point a* through some
probabilistic method, we therefore establish the global off-diagonal heat kernel estimates for
large time.

In this theis, we define BMVD with drift as a strong Markov process in terms of Dirichlet
form. Unlike BMVD without drift, BMVD with drift in general is non-symmetric. It also
turns out that the method of radial process is no longer applicable in this case, because
the process is no longer rotational-invariant on the plane. To attack the difficulty, we first
realize that the process can be equivalently characterized by Girsanov transform. Thus by
establishing and using the Duhamel’s formula for BMVD, we show that the small time heat
kernel for Brownian motion with drift on space with varying dimension has the same two-

sided Gaussian-type bounds as BMVD for the class of drift functions in L™ (E) + L™ (E).



Chapter 2

PRELIMINARY

2.1 Definition of Brownian motion with varying dimension

The motivation of this thesis is to study the properties of a symmetric Hunt process
whose behavior is similar to Brownian motion but lives on a state space whose dimension
is varying. Such a process is called Brownian motion with varying dimension (BMVD in
abbreviation). The simplest state space with varying dimension is R?UR! which is embedded

in R? in the following way:
R? xR, = {(z1,22,23) € R3:25=0o0rx; =25 =0 and z3 > 0}.

One cannot construct a Brownian motion on such a space in the usual sense, because
2—dimensional Brownian motion does not hit a singleton. Therefore, in order to construct
a symmetric Hunt process whose behavior is similar to Brownian motion with a state space
that has varying dimension, we collapse a closed disc on R? to a singleton, and then define
the desired Brownian motion with varying dimension as a “darning” process whose definition
will be given later. See Figure[l.1

As has been defined in Section 1.2, the state space of Brownian motion with varying
dimension is F = Dy U {a*} UR,, where Dy = R*\ B.. A neighborhood of a* is defined as
{a*} U (D1 NR4) U (Dg N Dy) for some neighborhood Dy of 0 in Ry and Dy of B, in Dy.
For fixed p > 0, m,, is the measure on F whose restriction on Ry and Dy is the Lebesgue

measure times p and 1, respectively. m), ({a*}) = 0.

Definition 2.1.1 (BMVD). Fixp > 0. The BMVD studied in this paper, denoted by X, is

an my,-symmetric diffusion on E such that (see, for example, [9].)

1. its part process in Ry or Do has the same law as standard Brownian motion in Ry or

DO;
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2. it admits no killings on a*;

It follows from the m,-symmetry and the fact that m,({a*}) = 0 that such a process
spends zero Lebesgue amount of time (i.e. zero sojourn time) at a*.

Here and in the rest of this thesis, for a,b € R, a A b := min{a,b}. We also follow the
convention that in the statements of the theorems or propositions C, C, - - - denote positive
constants, whereas in their proofs ¢, ci,--- denote positive constants whose value might

change along the lines of a proof.
2.2 Existence and Uniqueness of BMVD

The following theorem addresses the existence and uniquess of BMVD that we are

studying.

Theorem 2.2.1. For every e > 0 and p > 0, BMVD X on E with parameter (¢,p) ezists

and is unique. Its associated Dirichlet form (€, F) on L*(E;my,) is given by

F = {f : flrz € WH2(R2), f is constant € — q.e. on B, flr, € WH2(Ry), flr(0) = f\BE},

Z/]R2\B (9371 8;)(1 r f’(x)g'(:):)dx,

1=1,2

where “q.e.” means “quasi-everywhere” with respect to Brownian motion on R?, whose def-

inition can be found, for instance, in [9].
Proof. Ewistence: Let ug(z) = E* [e"Te*]. Also let
F = &i-closure of linear span of WOI’Q(E\{Q*}) U {uo},

where

E(f,9)= [ Vf(x) Vg(x)dz+p i f(x)g' (x)d. (2.2.1)

Dy
It is easy to check that (€, F) is a strongly local regular Dirichlet form on L?(E;m,). So
there is a “reversible” conservative diffusion process X on E associated with it. The process

X isa BMVD on E.
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Uniqueness: Conversely, if X is a BMVD, it suffices to check from definition that its associ-
ated Dirichlet form denoted by (£*, F*) has to be the one given in . Indeed, since a*
is non-polar for X, for all u € F*, Hl.u(z) := E* [e Te*u(X7,.)| = u(a*)E*[T,+] € F and
u—HLu(z) € VVol’2 (E\{a*}). Thus F* C F. The other direction of inclusion holds because
XP has the same distribution as subprocess of Brownian motion killed upon leaving D,

which proves F = F*. (€, F) is strongly local so for every bounded v € F* = F,

E(u,u) = piyy (E\{a™}) = ngyy (B\{a™}) + pfyy (a”) = pfy (B\{a"}) = pfyy (Do) + pfy (R+),

where the third equality is due to the fact that my,({a*}) = 0. See, for example, [9,

Proposition 4.3.1]. i.e.,
E(u,u) = / lu(x)|>dz —i—p/ | (x)]Pdz, Vu € F*.
Dg Ry
The proof is thus complete. O
2.3 Characterization of the Infinitesimal Generator associated with BMVD

To give the characterization of the infinitesimal generator £ associated with BMVD,
let us first define the “fux” N, (u)(a*) at the darning point a* of a function u € D(L) as

follows.
Noy(w)(a) = /E Valz) - uo(x)my (dz) + /E Au(w)uo()m, (d), (2.3.1)

where ug(z) = E* [e_Ta*]. The following theorem characterizes the infinitesimal generator

associated with BMVD.

Theorem 2.3.1. A function uw € F is in D(L) if and only if the distributional Laplacian
Au of u exists as an L*-integrable function on E\{a*} and u has zero fluz at a*. Moreover,

forw e D(L), Lu= Au on E\{a*}.

Proof. Let £ be the L2-generator of BMVD X. u € D(L£) if and only if u € F and there is
some f € L?(E;m) so that

E(u,v) = — /E f(x)v(x)my(dz) for every v € F.
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Denote the above f by Lu. The above is equivalent to

/ Vu(z) - Vo(z)my(dzx) / f(@)v(x)my(dz) for every v € C°(E\{a"}) (2.3.2)
and

/ Vu(x) - Vug(z)mp(de) / f(x)up(x)my(de). (2.3.3)

[2:3.2) says that f = Au € L?(E;dz), and (2.3.3) is equivalent to N, (u)(a*) = 0. O

2.4 Main Results: Sharp Two-sided Heat Kernel Bounds for BMVD

The main purpose of this thesis is to establish the sharp two-sided estimates on p(¢, z,y) in
Theorem and Theorem [2.4.2] To state the theorems, we first recall that one of the most
interesting heat kernel estimates is the following Gaussian type estimate on a Riemannian

manifold (M, p)

C Cop(z,y)?
p(t,l’,y) = thIQeXp <_2p(ty)> ) VLU,y € (Mv p)7t > 07

where C1,Cy > 0 are constants and the sign < means that both > and < are satisfied
but possibly with different values of the constants C1, C5. For example, the above estimate
holds for the heat kernel of uniformly elliptic operators in divergence form in R¢,

For notation convenience, in this paper we denote

Pyt y) =p(t,z,y) —py(t,z,y), (2.4.1)

where D is a domain of E and p,(¢,z,y) is the transition density of the part process
killed upon exiting D. The “intuitive” difference between p, (t,z,y) and p_ (t,z,y) is that
for p,(t,x,y), the trajectory started from z hits y at time ¢ without exiting D, while for
P, (t,z,y), the trajectory has to exit D once and then return to y.

The main results are as follows.

Theorem 2.4.1. Let T > 0 be fizred. Then when t € (0,T], there exist positive constants
Ci, 1 < i <22, such that the transition density p(t,z,y) of BMVD satisfies the following

estimates.
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1. Forz,y € Ry,

Cy _Cala—yl? C3 _Calz—yl?
—e t <pltzy < —e t 2.4.2
i < p(t,z,y) i (2.4.2)
2. Forz e Ry, y€ DyU{a"},
Cs _ Cerlew)? C7 _ Cgplew)?
—e Tt <plt,x,y) < —e ~ t ,  when <1 2.4.3
7 <p(t zy) i Wlp (2.4.3)
whereas
Co _ Crop(zm)? C Crzp(z.)?
796’_ R <ty ) < %e A when lyl, > 1, (2.4.4)

3. Forx,y € DoU{a*}, when |z|, <1, |y|, <1,

C Crap@w)? C Cislo—yl?
e it (1 A |x|”> <1 A |y|p> e T < plt,a,y)
Vi t Vit Vit

x, 2 — 2
< % _Cizelzy)” 4 Gis Cie <1/\ ’$|p) <1/\ ’y|p) 6—%; (2.4.5)

NG t Vit Vi
otherwise
C Cogp(z,y)? C. Caop(z,y)?
tlg - <p(t,z,y) < %e S , (2.4.6)

It is easy to see that the above three cases cover all the possible locations of the points
x,y € E, up to switching z and y. The large time heat kernel estimates for BMVD are

given by the next theorem, which is very different from the small time estimates.

Theorem 2.4.2. Let T > 0 be fized. Then when t € [T,00), there exist positive constants
Cy, 23 <1 < 40, such that the transition density p(t,x,y) of BMVD satisfies the following

estimates:

1. For x,y € Dy,

Coz _ Coup(z,)? Cos _ Cagolz,y)?
t t .
t

p(tmy)<T
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2. Forx € Ry, y € DyU{a*},

when |y|, <1,

C Cogp(e.y)?
;7 [1 + (1 A m) -logt] e < p(t,z,y)

Vit
C C3op(z.y)?
< 2 [1+ (1/\|x|) -logt} P
t Vi
when |y|, > 1,

L
S8 o

3. Forxz,y e Ry,

C3s ( ]:U|> ( ]y|> _ Cagla—yl? [1 logt (|x| + y|>} _ Car(e*+iyl?)
1A (1A T O | 8 (T t
NN AN Tl U ve

<p(t,z,y)

Css |33|> ( |y|) _ Cagla—yl? [1 logt <|ZL‘| + |y|>] _ CyoUzP+lyl?)
<—|1AN— 1A @ +Cs|-+—(—||e€ i .
Vi ( Vit Vit 81 t Vit

Remark 2.4.3. In the above two theorems, T can be chosen as an arbitrary positive con-
stant. Changing the T value will only result in possible different values of C;’s . The forms

of the heat kernel bounds will remain the same.

Since the dimension of the state space E is varying, many of the typical approaches
do not work for BMVD. One of the key methods we use to get the small time heat kernel
estimates is the method of radial process. By applying Fukushima decomposition we get the
SDE characterization for the radial process of BMVD. From there by invoking the explicit
transition density of 2—Bessel process, we compute its hitting time distribution to get the
desired heat kernel bounds for BMVD when at least one of z and y is on R2.

However, the SDE characterizing the radial process does not directly yield the large
time estimate, as it involves a non-constant drift term. The key step is to get the two-
sided estimate of p(t,a*,a*) for ¢ > T, where T is some fixed time. To do this, we first

show p(t,a*,a*) < C/t when t > T by applying the hitting time estimates of 2-dimensional
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Bessel process obtained in [I7]. Since this is equivalent to the fact that for the radial
process p¥) (¢,0,0) < C/t. We thus compute the symmetrizing measure as well as the
intrinsic metric of Y as a 1-dimensional diffusion, from which one can see that the volume
of B(0,r) under the symmetrizing measure is comparable to 7 + 72. We then apply [12,
Theorem 7.2] to conclude that p(t,a*,a*) =< 1/t. Once the two-sided bound for p(t,a*,a*)
is established, p(t, z,y) for arbitrary pairs of (z,y) € E x E can be bounded sharply again
by invoking the Brownian hitting time distribution as well as the heat kernel estimates for
part Brownian motion.

We also establish the Hélder-continuity for the parabolic functions of BMVD in Theorem
However, parabolic Harnack inequality does not hold for BMVD. An counterexample

is given in Remark

2.5 BMYVD with Drift: Definition and Main Results

2.5.1 Definition of BMVD with Drift

In this subsection, we introduce Brownian motion with drift on spaces with varying
dimension. Let b: E — R be in the family of L™ (E) 4+ L™ (E) for some p; € (1,00] and
p2 € (2,00}, where L™ (E) := {f: flr, € L" (Ry), flp, € L™ (Do)}. We first need to
define BMVD with drift . We call the Hunt process associated with the following Dirichlet

form “drifted Brownian motion with varying dimension” denoted by X?.
gb(fa g):go(fa g)—(be, g)? D(gb):D((c/'O)’

where D(E%) = {f : flgz € WH2(R?), f is constant E—q.e. on B, flr, € WH(R4), flr,(0) =
fl Be}‘ One can check directly that this is a regular non-symmetric Dirichlet space on
L*(E, my), thus there is a continuous Hunt process on E associated with it.

We show in Section 7.1 that such a process can also be characterized by Girsanov trans-

form as follows.

% = M; := exp (/Ot b(X,)d X, — /Ot yb(Xs)Pds> : (2.5.1)

We also show in Section 7.1 that the infinitesimal generator of drifted BMVD as an L?—generator
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denoted by L£? is the following.

Lo = Lu+ b(x)Vu(z) - 1p, + b(m)% -1g

+

with its domain being
D(L) = {ueDE): Luc L*(E), u satisfies the same “zero flux” condition as BMVD},

where L is the infinitesimal generator of non-drifted BMVD. The definition of “fux” is given
by .

It has also been shown in Section 7.1 that such a process can be characterized through
Girsanov transform. Unlike BMVD without drift, such a process in general is non-symmetric
when the drift term is non-trivial. The main result we have for drifted BMVD is that, by
establishing and using the Duhamel’s formula for BMVD, we show that the small time heat
kernel for Brownian motion with drift on space with varying dimension has the same two-

sided Gaussian-type bounds as BMVD for the class of drift functions in L™ (E) + L™ "*(E).

2.5.2 Main results about BMVD with drift

Theorem 2.5.1. Let T > 0 be fizd. Let b: E — R be in the family of L™ (E) + L™ (E)
for some py € (1,00] and pa € (2,00]. Let pP(t,x,y) be the transition density of BMVD with
drift b. There exists constants C1, Co, 81, Ba > 0 such that it holds

Clp%Q(t,x,y) < pb(tvxay) < C2p%1(t7xay)7 (taxay) € (OvT] X ExE.

Let X%P be the part process of drifted BMVD killed upon exiting a domian D of E. Let
pll’j (t,z,y) be the transition density of X®P. As a corollary, by making use of the explicit
boundary decay rate of killed Brownian motion with drift as well as the boundary Harnack

principle for Brownian motion, the estimates on Green function for the part process of

drifted BMVD defined as

9 (z,y) = /0 PP (t,z,y)dt

are not hard to obtain. Before giving the statement of the results, we first recall that an

open set D C R? is called to be Cb! if there exist a localization radius Ry > 0 and a
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constant Ag > 0 such that for every z € 9D, there exist a C™!—function ¢ = ¢, : R - R
satisfying ¢(0) = 0, V@(0) = (0,...,0), [[Vé[lew < Ao, [Vo(x) — Vé(2)| < Alx — 2| and an
orthonormal coordinate system CS, : y = (y1,...,94) := (9,yq) with its origin at z such
that

B(z,Ryg)NDyg={y € B(0,Ry) in CS, : yg > ¢(§)}.

For the state space E, an open set D C E will be called C! in E, if DNR, is a Cb! open

set in R, and D N Dy is also a Cb! open set in R2.

Theorem 2.5.2. Let g% (z,y) be the Green function of drifted BMVD killed upon exiting

D, where D is a bounded CY' domain of E. It is also assumed that a* € D.

5D($)/\5D(y)7 $€R+,y€R+;

gh(@.y) =3 (Op(y) A1) (6p A1) +In (14 2240%00) - g e Dy, y € Dy

[z —y|2

(6p(y) A1) -dp(z), v €R,, y € Dy,

where 6p(-) = dist(-,0D), 0p(-) = dist(-,@(D N D())).
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Chapter 3

SMALL TIME HEAT KERNEL ESTIMATE

3.1 Nash-type Inequality adapted to BMVD

This lemma is a version of Nash-type inequality adapted to our case which yields both
on-diagonal and off-diagonal heat kernel upper bound estimates. Recall it has been set that

Do = R%\B,(0, ¢).
Lemma 3.1.1. There exists C1 > 0 such that

1oy < €1 (G NE N + £ D) sy ). VI €

Proof. We consider Dy = R?\B,(0,€) which is an inner-uniform domain of R?. Therefore

for the reflecting Brownian motion on Dy it holds

RBM(

p t,z,y) < <t

b
V(z, V1)

which is equivalent to the following Nash’s inequality

”fH%Q(DO) < eV flirzpy - IfllLipy), Y € WH(Do) N L*(Dg) N L (Dy).

On the half real line, by considering the 1-dimensional reflecting Brownian motion on R
one sees that |[3aqx. < Ol g I e, s V7 € WH2(Ra) N E(Ry) 0 LH(R,). The

desired inequality now follows by combining these two inequalities. ]

Proposition 3.1.2. There exists Cy > 0 such that

— 1 1
1P oo < C2<t ; tm) vt € (0, +00].

Proof. This follows immediately from Lemma by [8, Corollary 2.12] O
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3.2 Upper Bound Estimate Using Davis Method

Proposition 3.2.1. There exist C3,Cy > 0 such that

1 ]. —C p(:c,y)2
p(t,z,y) < C3 <t+tl/2>e 1T Va,y € B, Vt>0.
Proof. Fix zo,y0 € E, to > 0. Set o := p(yo,x0)/4to and ¢ (z) := « - p(x,a*). Then we

define ¢, (z) = ¥ (x) An. Note

—2¢n P2 _ 2 _ 2
T = [V = ol T ()

la

as well as
2 T p—n |2 _ 2 _ 1.2,
BT = [Tl = [ Ly (@),
It thus follows by [8, Corollary 3.28],
1 1
pltiay) < (t ¥ tm) exp (—p (b(), (@) + 2af), ae yt>0,  (321)

By the smoothness of p, we may drop the a.e. Taking t = tg,x = z¢ and y = yo in (3.2.1))

completes the proof. O

Proposition 3.2.2. There exist constants Cs, Cg > 0 such that

05 _ Cg)?
]P’z(p(Xt,ar)Z)\)STe e, forallt <1, =x€FE.

Proof. The idea of the proof is straightforward. It is simply the integration of the two sides
of Proposition Here we omit the details. ]

Proposition 3.2.3. There exist constants C7,Cg > 0 such that

- 07 _CgA?
P* [ supp (X5, ) > A STE v, forallt <1, =z€F.
s<t

Proof. Let T\ = inf{t > 0: p(Xy, Xo) > A}. By the strong Markov property, we have
P* < sup p(stx) Z )\) S Px(ﬂ (Xtax) Z )‘/2) +I[Dx(7_)\ < tap(XtaXTA) Z )‘/2)

0<s<t
t
<P (p(Xy, ) > A/2) +/ E” (IP’XS (p(Xi—s,X0) = A/2);7 € ds)
0

<P*(p(Xp,2) =N+ sup  PY(p(Xu,y) > N/2)
yeE,0<u<t

<2 sup  PY(p(Xuy) > \/2).
yeB,0<u<t
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i — />
-/

Figure 3.1: Radial Process

The conclusion now follows from the above inequality and Proposition [3.2.2 O
3.3 Fukushima Decomposition and Radial Process

In order to get the sharp two-sided heat kernel estimates, we consider the radial process
of X. Namely, we project X to R by applying the following mapping from E to R: (See
Figure

—lz], = €Ry;
u(z) = (3.3.1)
|z|,,  x € Dy.
It thus holds u € Fj,., where Fj,. denotes the local Dirichlet space, whose definition can be
found, for instance, in [9]. Fukushima decomposition (see, for example, [I5, Chapter 5]) tells
us that u(X) can be uniquely decomposed as the sum of a martingale additive functional
and a continuous additive functional of zero energy. i.e., there uniquely exist M and N
such that
u(Xy) —u(Xo) = MtM + Nt[u], P*-a.s. for q.e. x € B,

]

where Mt[u] is a martingale additive functional of X, and Nt[u is a continuous additive
functional of zero energy of X. Now we may explicitly compute M and N, First we
compute the Revuz measure of N denoted by v (To see the relationship between a Markov

process local time and its characterizing Revuz measure, one might refer to, for instance,
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[9]). For any ¢ € C°(E),

/ Ydv = E(u, ) V|z|- Vipdz —|—p/ (—1)ydx
E

Do

Ry
x /
= [ L Vdr—p | ds
Do || Ry
T 0 [«
—— [ adiv <> bz — / $(0) == <> dr + pi(0)
/Dg |z| 9B.(0,¢) on \ ||
1
= —/ —pdx + (2me — p)1p(0).
Dy |7|
where Dy = R?\B.(0,¢), 7 is the outward pointing unit vector normal of the surface

0B.(0,¢), and dr is the surface measure on S'. The computation above shows

I/(dx) = 1{D0}dCE + (271'6 - p)d{o},

1
||
which in turn shows

1

—_1 dt 2me — p)dL?
u(Xy) +e {XieDoydt + (2me = p)dLy,

AN =
where LY is the local time at 0 in the sense of Revuz measure. The correspondence between
a local time and its Revuz measure can be found, for instance, [9, Theorem A.3.5, Appendix
A]. Now in order to get M (4] we need to find I prtuly which is the Revuz measure of the
martingale additive functional Mt[u]. Let up, = (—n) V u A n, and it immediately follows

u, € F. Let Fp := {f € F : f has a q.e. continuous version that is bounded.}. By [15,
Theorem 5.5.2], for any f € F, N C.(E),

oy (£) = 26 un - fown) = (i f) =2 [ V(un - £)Vuo — [(u)? V1
:2/|Vun|2-f+2/uanVunQ/UnVuan
—Q/IVunIZf,

which shows
N(M[Mz])(d‘/n) = 2|Vun|2(dx) =2 ]-Bp(a*,n)(dx)'

By [9, Proposition 4.1.9]

[un] _
Mt - Bt/\TBp(u.*,n)’
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where By is the standard 1-dimensional Brownian motion, and 7p (4« ) is the exit time of

B,(a*,n). Now it follows from Lemma 5.5.1 in [I5],
Mt[“] = Mt[u”] on each B,(a*,n),

which means Mt[u] = By, since n is arbitrary. Combining this with what we have got for

NtM, we are ready to conclude

1
du(X;) = dB; + ﬁhx@o}dt + (2me — p)dLY(X), (3.3.2)

(X¢)

where LY(X) is the local time with respect to X in sense of Revuz measure. For the rest of
this article, we set Y := u(X). Local time can also be defined in terms of semi-martingale
local time with respect to the 1-dimensional diffusion process Y. For the definition of semi-
martingale local time, one may refer to, for example, [18]. To find the relationship between
LY(X) in sense of Revuz measure and LY(Y) as a semi-martingale local time, we have the

following proposition.

Proposition 3.3.1.
4meLd(X) = LY(Y), (3.3.3)

where the left hand side is defined as the local time corresponding to the Dirac measure dyoy,

while the right hand side is a non-symmetric semi-martingale local time.

Proof. It has been established that the radial process Y can be characterized by the following
SDE:

1
d}/t = dBt + ml{Yt>0} + (2776 - p)dLg(X)

For the original process X, consider v(X;) := |X¢|,, v € Fioe. Therefore by Fukushima

decomposition, similar to what we’ve done above, it holds

dv(X;) = dB, + 1(x,epydt + (2me + p)dLY(X),

1
|Xt|+e

where the notation B means that this Brownian motion might not be the same Brownian

motion as the one appearing in the SDE that characterizes Y. i.e.,

d|X| = dB; + 1(x,epydt + (2me + p)dLY(X).

1
|Xt‘ + €
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i.e.,

—~ 1 0
AIYil = dBy + g Lyysopdt + (2me + p)LY(X).

On the other hand, by Tanaka’s formula (see, for example, [18]), we have

d|Y;] = sgn(Y;)dY; 4+ dLY(Y)

1
= sgn(Y;)dB; + SgH(Yt)ml{YtW}dt +sgn(Y;) (2me — p)dLy(X) + dLY(Y)

1
= sgn(Y;)dB; + Y. 61{Yt>0}dt + (2me — p)sgn(Y;)dLY(X) + dLY(Y),
t

where sgn(-) takes value 1 on (0,+400), and —1 on (—00,0]. Since the decomposition of
a semi-martingale as the sum of a local martingale and an increasing process with finite

variation is unique, it has to hold
(2me + p) LY(X) = sgn(¥;)(2me — p)LY(X) + L3(Y).
The local time LY(Y') has increments only on {Y; = 0}, therefore
(2re + p)I(X) = (p — 200 L9(X) + LY(Y).

ie.,

4meld(X) = LY(Y).

The semi-martingale local time in is non-symmetric in the following sense:
0 1
Ly (Y) = lim - ; Lio,e[(Ys)d(Y)s,
where it only takes the increments when Y is in [0, €] instead of | — €, ¢[. Indeed, in order
to study the excursion of Y at 0, one needs to convert the non-symmetric semi-martingale

local time to the symmetric one which is defined as follows:

~ 1 [t
LYY):=lim= [ 1_.(Ye)d(Y)s,
t( ) GISE 0 ] e,e[( S) ( >8
Actually, if we define @(x) := —u(z) and then apply all the exactly same argument as above
to 4, it will follow that

2pL}(X) = L{(-Y),
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which implies that for the symmetric local time EQ it holds

L)(Y) =

which together with (3.3.2]) gives the following proposition that characterizes the excursion

of the process X at a*.

Proposition 3.3.2.

1 ~

+ € TE+p

3.4 Small Time Heat Kernel Estimates

To study the heat kernel esimates of X, let us first prove the following proposition

regarding the radial process Y which will be used later in the context.

Proposition 3.4.1. There exist C; > 0, 1 < i < 4, such that the following estimate holds:

C Colz— |2 C Cylz—1 ‘2
e <pM(ta,y) < 7%6_%7 (t,2,y) € (0,1] x R x R. (3.4.1)

Vit

Proof. Let 3 := 3;;5 and Z be the skew Brownian motion

dZ; = dB; + 5Eg(z)a

The diffusion process Y can be obtained from Z through drift perturbation. The transition
density function po(t,x,y) of Z is explicitly known and enjoys the two-sided Aronson-type
Gaussian estimates (3.4.1); see, e.g., [24]. One can check that

IVepo(t, 2, )| < et exp(—cala — y|?/V/1).

From which one can deduce (3.4.1) by using the same argument as that for Theorem A in
Zhang [27), §4]. O

The following corollary is an immediate consequence of the above proposition.
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Corollary 3.4.2. There exist C; > 0, 5 < i < 8, such that the following estimate holds:

Cglz—y|? Cglz—y|2
s - S2E  pX (1,2, y) < Lm0

Vi B Vi

Now we return to the estimate of p(¢,z,y) when z € R, and y € Dy, for which we have

3 (tvx,y) € (O’ 1} X ]RJr X RJr‘

the following proposition:

Proposition 3.4.3. There exist constants C; > 0, 9 < ¢ < 16, such that for all x € Ry,
y € Dy, t € [0,1] the following estimates hold:

When |y|, <1,
Cg _ Crgelz.w)?
t

%6

011 _ Cyom(z.y)?
< tu l‘, S —F€ i a
< p( Y) \/E

when |y|, > 1,

013 _C14p(w,y)2 015 _C16P(z,y)2
—€ t t .

< p(tvl‘ay) < Te

Proof. We first note that in this case

PN (t, 2, y) =/

sS=

t
PY(T,« € ds)p(t — s,0,x).
0

By the rotational-invariance of 2—dimensional Brownian motion, P¥(T,« € ds) as a function
in y only depends on |y|,, therefore so is pX)(t, z,y) as a function in y. Now let r = 1yl

and set q(t,z,r) := p(t,z,y) for r = |y|,. Foralla>b> 0,z c Ry,

b
/ P (t, —lz], y)dy = / P (2, y)my(dy) = / P (t, 2, y)my(dy)
a y€Dy,a<|y|,<b yeR? ate<|y|<b+te
b
:/ (r+e)q(t,z,r)dr.

a

By the uniqueness of probability density functions, this implies when = € R, y € Dy,
pM(E,—[al, lylp) = (r+ €alt,z,r) = (r + p™M (1,2, y), (3.4.2)

where r = [y|,. ie.,

1

W), — |
|y’p+€p ( Y ’ ‘7|y’0)7

PN (¢, z,y) =

where

€3 _cap(zw)?
< p(Y)(tv _|x’7 ‘y|/7) < —ze

Vit

1 _cor(@w)®
t

%6
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1 _erew)?

When |y|, < 1, the right hand side above is comparable to \%e

When |y|, > 1, we have

1 _ cp(a,)? 1 _cola)? Vi epew)?

= t

- e t e t = € 5
(‘y|p + E)ﬁ ‘y|p\/E ]y\pt

Notice the fact that when ﬁ < 1, for any ¢ > 0,

Vi el

- Z e t
|y|p
It thus follows
c x, 2 cp(zx, 2 c, x, 2
67667 GP(z ) < 1 - p(ty) < 07767 sp(t )
t (vl + V2 t

ie.,
cg _cer(zy)? (X) (64
?6 t <p(tz,y) < ?e

_ cgp(@,y)?
3

O]

Now let us consider the third case of Theorem 2.4.1] which is the case that both x and

y are in Dy.

Theorem 3.4.4. There exist constants C; > 0, 17 < i < 26, such that for all t € [0,1],
x,y € Dy the following estimates hold:
When |x|, <1, |y|, <1,

C\};e_ Clspim’y)2 + % (1 A |f/|tf)> (1 A |iJ/|§> 6_%—;,@ < p(t,z,y)
< C\’/Qgew + % <1 A ’f)g) (1 A |\y/|f> efw; (3.4.3)
otherwise
%efw <p(t,z,y) < %({M) (3.4.4)

where | - |o and |- |, denote the Euclidean metric and the geodesic metric respectively.

Proof. For x € Dgy, t < 1, we notice

p(tu l‘,y) = ﬁDo(tv'xa y) +pDo(t7x7y)7
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Thus by Markov property,

t cole—yl?
/ P*(Tyq+y € ds)p(t — s,a",y) + %1 (1 A |ac|p> <1 A |y|p> e T < p(t,z,y)
s=0

\/7E \/i
! 2
* * €3 |x|p) ( |Z/|p) _eale—ylZ
< P* (T, € d t—s,a",y) + 1A e 1A Y -
B /s—o Loy € do)plt = 5,0%y) t < Vi Vi ‘

where the second term of the upper and lower bounds is due to the heat kernel estimate
of 2—dimensional killed Brownian motion. As we’ve mentioned in the proof to Proposition
p(t — s,a*,y) as a function in y only depends on [y|,, therefore so is pp, (t,x,y) as a
function in y. We thus again set ¢(t,z,7) := pp, (¢, z,y) for r = |y|,. Now for any interval
(a,b) C R4, we have
b
[ A= [ myta

b
:/ f)gg)(t,x,y)mp(dy) :/ (r+e€)q(t,z,r)dr.
a+e<|y|<b+e a
It follows by Monotone Class Theorem

_(Y
S, |2l r) = (r + Qalt,x,1), 7= lyl, y € Do.

Further we have

at z,m) = \y]p1+ eﬁl(R? (t, ‘$|pv |y’p) (3.4.5)
- / B (T € ds)p™) (1 = 5,0, Jy]) (3.4.6)
= |y|p1+ : /Ot P(Y)ﬁlw\p(T{O} e ds)p™M)(t — s,0, —lylp) (3.4.7)
- |y|1+ PO f ], ~lylo),

where (3.4.5) is due to (3.4.2), (3.4.7) is due to Proposition [3.4.1] To see (3.4.6) we have

for any measurable set A C Ry,

/A/Ot p(Y)Jw‘P(T{O} c ds)p(y)(t — 5,0, |yl,)dly|, = /Ot [P(Y),Imlp(T{o} € ds) /Ap(y)(t —5,0,[ylp)dlyl,
- /0 P (0, )P (Ttoy € ds)
=PVl (X, € A;Tygy <)

_(Y
- /A 5O Lol lol,) dlyl,.
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Therefore by the uniqueness of the density function, (3.4.6)) holds. Thus again by Proposition
[B.4.1] it holds

c ca(zl2+(y(2) c ca(zl2+1yl2)
L e T T <qltar) < — 2 e T, (3.4.8)
(lylp + )Vt

(lylp + )Vt
Now we consider two different cases.

Case 1. |z|, < 1,|y|, < 1. Letting r = |y|, it holds

p(t,:v,y) = ﬁDO(t,l',y) + DD, (ta $7y) = Q(t,.il?,’l") +pD0(t7x7y)7

which yields

Cs _66(\Z\p+|y\p)2 Cs ’a}‘p> < ’y‘p> _67\zfy|g
—e ¢ +—(1AN—F 1IAN—=F]e v <ptuz,
Vi ( Vi Vi = 2lism9)

t
< (&3] _Cg(\r\p:r\y\p)2 L cs (1/\ |$’p> <1/\ |y’p> _Clo|i*y\g (349)
—=e e . 4.
TVt t Vi Vi

We now claim that the right hand side of (3.4.9)) can be written as

11 _c1ze(@)? Cc11 ]x\p) ( ]y\p) _cigle—yl2
—e t +— (1A 1A e t . 3.4.10
Vi ; ( NG Vi (3.410)

_c1a(zlptlylp)? _cisp(y)?
t

Indeed, when at least one of % and % is less than 1, it holds that e t =e

Therefore (3.4.9) becomes

c5 _copley)’ C5< |z, >< |y|p> _egle—yl2
—=€ t 4+ — (1A 1A e v <ptzy)
Vi t Vi Vi

Cg _ cop(zy)? Cg ’ ‘p>< ]y\p> _cigle—yl2
— ¢ IAN IN=—F]e e
=i t < Vi Vi
nd

However, when both |f}’ an % are greater than 1, for the right hand side of it
holds
1 cnzlptlulp?® 1 cigle—yl? _ 1 _c1a(lzlptlulp)? 1 1\  csle—y?
N v A <w+t>e t
1 _ciee@y)? 1 cigle—y?
= —e€ t + —e t

Vit t

1 c17p(z.y)? 1 |.T| > < |y| > cizlz—yl2
=—e ¢t +-(IAZ=E) (1A=L )e 7 T,

Vit t ( Vit Vi

where one can see the second “ <7 by considering the two cases |z|, + |y|, < 2p(z,y) and

|z|, + |ylp > 2p(z,y) = 2|z — y| separately. This proves the desired result.
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Case 2. At least one of |z|, and |y|, is greater than 1. Without loss of generality, we assume

lyl, > 1 > +/t. Same to the previous case we have

p(tvxa y) = T)Do(th‘uy) +pD0(t,.'17,y)

=q(t,z,r) + pp,(t, 2, y), (3.4.11)
where r = |y|,. By (3.4.8), we have
c1g _crolzlptivlp)? ot o) < 20 B_M

e < < )
[yl vt lylpvE
which is equivalent to the fact that

c1g _ c1olelp+lylp)? cop _c21(zlp+lylp)?
—e ¢ <q(t,z,r) < e ¢

; (3.4.12)

since |y|, > 1 > v/t. It thus follows from (3.4.11)) and (3.4.12) that

)2

Coo _c23(zlptlylp C29 |x|p |y|p _coalz—y|2
—e t — | 1A —= IN—=—F|e t <p(tx
; + < N N < p(t, z,y)

co5 _c26lzlptlulp)® cop ( |x|p> < |y|p> _corle—yl2
< —e ¢ + —|1AN—F= IN—F]e ¢ 3.4.13
t t Vit Vit ( )

We again consider ([3.4.13)) in two subcases. When one of [2lo and e is less than 1, it holds

Vit Vit
_c(lzlp+ulp)? _ colaw)? . . .
that e ¢ =e t . The desired conclusion thus readily follows from the upper
bound estimate Proposition or the fact that |x — yle > p(z,y). Whereas when both
cle—y|2
% and % are greater than 1, the second term of (3.4.13) becomes %e_ <. Therefore
(3.4.13)) is reduced to
c cpor(ew)® ¢ ea1(zlp+lulp)® ¢ caglz—yl2
C28 _Mf 30 —calzlptlvlp)” 30 _%Sp(t,aﬁ,y)
t t t
C33 _esa(lzlp+lylp)® c33 _casle—yl2 c36 _ care(@y)®
< e t e t < —e t ,
t t t
since p(z,y) = |z — yle A (|z|, + |y|,). The proof is thus complete. O

Remark 3.4.5. We have the following remark regarding the small time heat kernel esti-

mates.

2
1. One cannot expect to rewrite the estimate of (3.4.3) as %exp(—%). The coun-

terexample is that x = y = a*, in which case x and y can be viewed as either on R or
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on Dy, therefore both Proposition and Proposition[3.4.3 have already confirmed

that p(t, x,y) < %, which is consistent with the (3.4.3)).

. The Euclidean distance appearing in (3.4.3)) cannot be replaced with geodesic distance.

To find an counteon Dy whose Euclidean coordinates are rexample, one may consider
two points x and y both <6 + %,O) and (—6 . %, 0) respectively, in which case the

estimate of (3.4.3)) is comparable with % + %exp(—%), but if we replaced |z — yl.

with p(x,y), it would be comparable with % + % For fized €, as t gets close to 0,

1 1 2y 1 1 11
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Chapter 4

LARGE TIME HEAT KERNEL ESTIMATE
4.1 On-diagonal Large Time Estimate at the Darning Point a*

We still denote the BMVD process by X, and denote the radial process of X by Y
which has been defined by (3.3.2). Unless otherwise stated, it is always assumed in this

section that ¢ > 1.

Proposition 4.1.1. p(t,a*,a*) is decreasing in t, for all t > 0.

Proof.
d * k) d * 2
ottt = 4 [ /20t ) my (o
d
= [ (Gt ) stz amy ()
:/Ezp(t/Q,a*,m)p(t/?,a*,x)mp(d:c)
=—-E(p(t/2,a",2),p(t/2,a",x)) <0,
which shows the monitonicity of p(t, a*, a*). O

Proposition 4.1.2.
logt
p(t,a",a%) < 01% fort e [4,00).

Proof. When z € Dy, 1 < |z|, < V%,

t 1
p(t,z,a) = / P*(Tyx € ds)p(t — s,a”,a™) > p(t,a*,a”)P* (T« <t) < p(t,a*,a”) (1 _ % |$’e> ,
s=0 log\/{f

where the second inequality above is due to Proposition and the “ =<7 is due to the
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hitting time estimate in [I7), p.2-p.3 |. Therefore

1>P (Xt € DoN {1 < x|, < \/1?}) p(t,a”, z)my(dx)

Il
S—

Don{1<|z|,<V/1}

Vite 1
> / p(t,a*, a") <1 _ o8 )prd’r
1+e log v/t
Vi 1
= / p(t,a*, a") (1 _ e ) rdr.
1 log v/t

ie.,

Vi lo -
t,a*,a*) < c- 1- d
p(t,a*,a*) <c [/1 ( logﬁ)rri
Vit 1 Vit
=c- rdr — / rlog rdr
/1 logﬁ 1 &

1 2 /1 1 1)\
—c-(Z(t=1)= = (Ztlogt — —t + -
‘ (2( ) logt<4 Bty +4>>

-1

Proposition 4.1.3. when t > 4, there exists some Cy > 0 such that the following inequality
holds:

1 t

— *,a")ds < Cs.
logt Op(svaaa) s~ G2

Proof. Again by the hitting time estimate due to [17, p.2-p.3], whenz € {Dy N1 < |z, < v},

t

(t,z,a") >/ P*(Tyx € ds)p(t — s,a”,a™) log |1, /t/Qp(s a*,a*)ds
pit, x, = a* — o0, = y Wy .
t/2 t(logt)? Jo




33

Therefore
12 P (X e Don {1 <], < vi}) = / p(t, a*,@)my(dz)
Don{1<|z|, <V}
\/%(rqte)logr t/2
zp/ dr'/ p(s,a”,a")ds
1 t(logt)? 0 ( )
Vit t/2
= / rlog T2 dr - / p(s,a*,a”)ds
1 t(logt) 0

tlogt t/2
= *,a*)d
t(logt)2/0 p(saa 7a ) S

1 t/2

- * a*)ds.
gt /, p(s,a”,a*)ds

Equivalently, for some ¢ > 0,

t
/ p(s,a*,a*) < clogt, t>4.
0

O]

Proposition 4.1.4. Assume t > 4. There exists C3 > 0 such that when x € Dy N

{1 <|z|, < Vt}, it holds
p(t,a*,x) < Cs E log <ﬁ> + 1] i

|le t
Proof. By the hitting time estimate in [I7, p.2-p.3],
t/2 t
p(t,x,a*) = / P*(To+ € ds)p(t — s,a”,a™) +/ P*(To+ € ds)p(t — s,a”,a™)
0 t/2

< BB (Te <4/ + e /0 p(s, 0%, a*)ds
logt < log|x\e> log |z|,
1—
log\/ff tlogt

2 Vi 1
<2 -,
ot Og<’$|e> * 13

Proposition is used in the second inequality. O

Proposition 4.1.5. There exist Cy,Cs > 0 such that when x € Dy, |x|, >/t > 1, it holds

Cslz|2 lo 2 /4 2
p(t,a*,x) < Cy 16_¥ + (gz(mp/)z) .
t |z|2 (log t)



34

Proof.

t
p(t,a*,x) = / P*(Tox € ds)p(t — s,a”,a™)
0

t/2 t
= / P*(To+ € ds)p(t — s,a™,a™) + / P*(To+ € ds)p(t — s,a”,a™).  (4.1.1)
0 t/2
For the first term of (4.1.1]) by Proposition we have
t/2
/ P*(Tyx € ds)p(t — s,a™,a™) < p(t/2,a",a”)P* (T, < t/2)
0
1 clel?
<p(t/2,a%, 0" ) ———e 7
log ||,
logt <l
cy - ————e
= tlog |z,
c “le
< 27" (4.1.2)

where the second “ <7 is due to the hitting time estimate in [I7, p.2-p.3]. The second last
inequality above is due to Proposition For the second term of (4.1.1)), it holds

t dP* (T < t
/ P* (T, € ds)p(t — s,a”,a™)ds < sup <(_§)‘ ) . / p(t — s,a”,a)ds
t t=s t

/2 s€lt/2,4] dg§ /2
Pr (T <
< sup d(a—g)‘ logt
selt/2.4 dg e=s

t(logt)?

1 cglz|?
<logt < 08 |2e e 4

c |:1:|2
_ log |z|, sl
tlogt

1 _cl=lp
t

~
—~

(log (J[2/t))*

., (o (j2[3/))’

|z[7(log t)>

|z[2(log t)3

(log(!ﬂfli/t))2> (4.1.3)

EHTE (4.1.4)

(4.1.5)

where the second “ <7 is due to Proposition (4.1.3) is due to [26, Theorem 2], and
[4.1.4) is due to the fact that |z|, =< |z|. since it is assumed |z|, > V¢ > 1. It is used in

([41.5) that when |z|, > /1,

log ||, _cl=l3

logt
(4.1.5) together with (4.1.2]) completes the proof.

e ¢t < const.
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Proposition 4.1.6. There exist Cg, C7 > 0 such that when x € Ry, it holds
logt _cqa®
p(t,a” :L")<C’6(Otg _7t>7 t>4.
Proof. By Proposition[4.1.2]and hitting time distribution of 1-dimensional Brownian motion,

t
p(t,a*, x) = / P*(T,» € ds)p(t — s,a”,a™)
0

1

P*(Tyx € ds)p(t — s,a”,a” / —=¢ C1s p(t —s,a”,a")ds

0
t/2 C: (132 _— C, I
< —IOgt(fcﬂ2 + LA log(t — 5) / —=e" Sp(t — s,a*,a*)ds
t 1 Vs l—s /2 Vs®
logt _. 2 logt /t/2 x _c3w2 / _ cq0?
< e et 4 = ——e s ds+ —e s p(t—s,a,a")ds
t e Ve p v M )
t 2
T ey 1
—e s ———=ds 4.1.6
-1 Vs3 Vi—s ( )
For the second term of (4.1.6)) we have
1 t t/2 caz? 1 t t/2 caz? 1 t caz?
log ¢ P g = 08T e d <$> < ey 2B (4.1.7)
t 1 \/7 t s=1 \/g t
For the third term of (4.1.6) it holds
t—1 2 2 t/2
X __ 4% €T cqx
—e s p(t—s,a",a")ds < —=e” ¢ / p(s,a*,a")ds
/t/2 Vs3 t3 1
X C4I2 Cg _ﬂ
< —=e i logt < L -logt, (4.1.8)
t

where the first “ <” above is due to Proposition The last term of (4.1.6)) is bounded
by

T _# t 1 ds < €T c4tw2 < cr —# (4 1 9)
—e ———ds < —e —e . 1.
Vi3 —1VE—s T VB Tt

(4.1.7) together with (4.1.8]) and (4.1.9) shows

1 t 1 t cqa? 1 cyz? 1 t coz?
p(t,a*,z) < cg (Otge—cm? i Of e i -|-¥e_ X > < cg- o8l e

Lemma 4.1.7. There exists Cs > 0 such that

C
p(t,a*a)<78, t>1.
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Proof. By semi-group property

p(t,a*,a*)—/Ep(t/2,a*,a;)2mp(d:c)

([ +] +f +f p(t/2,a* 2)my(de).
Ry Don{0<|z|,<1} Don{1<|z|,<Vt} Don{|z|,>/t}

(4.1.10)
Thus we consider the right hand side above in several cases.
Case 1. x € R,. By Proposition
logt\? [ e log t)>2
p(t/2,a* 2)*my(dz) < ¢ o8t e mp(dz) < (log ) . (4.1.11)
R, t 0 $3/2

Case 2. x € DyN{0 < |z|, < 1}. Recall that we have the following upper bound estimate
due to Nash’s inequality:

€3 _cap(zy)?

t,x,y) < —e ., t>1.
p(t,2,y) i

It thus follows

/ p(t/2,a*, x)*m,(dx) < sup p(t/2,a*, )? ‘Do N{0 < |z|, < 1}|
Don{0<|z|,<1} xeDoN{0<|z|p<1}
cs 2
<|l—) x-. 4.1.12
<(57) = e
Case 3. © € Do N {|z|, > v/t}. It has been showed in Proposition that
1 el (log (lz[2/1))”
p(t,a*,x) <cg | e it (gz(‘p/)Q) , € Don{lz|, > Vt}.
t |z[5 (logt)

It thus follows

Cg _c7|x|% 2
e my(dx)
Don{|z|,>/t}

(oz (j=2/0)*\
+/Doﬂ{ioclp>m (CG 2R ogry ) " (L)

For the first term on the right hand side of (4.1.13) we have

1 C’7|33‘2 2 o0 cor? o0 1 crr? 2 1
/ <e_ ¢ p) mp(dx) X/ %e‘ T dr x/ e i d <T> = —.
Don{|a|,>vE} t Vit r=vi t t t

/ p(t/2,a*, 2)’my(dz) < /
Don{|z|,>V/1}
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For the second term on the right side of (4.1.13) we have

(log (z2/1))* ) e (log(r2/)t e (log(r2/p)’
/Dom{x|p>\/i} () mp(dz) —p/ dr—p/ S———dr

22 (logt)* vi  r(logt)t vi r3(logt)t
e8] 4 o] 4
_ p/ (log u) Vidu = p/ (log u)
1 1

u3t3/2(logt) u3t(logt)*
1
= . 4.1.1
t(logt)* ( 5)
(4.1.14)) together with (4.1.15)) shows that
/ p(t/2,a*, 2)*m,(dx) < s, (4.1.16)
Donfal,>Vi} t

Case 4. © € DoN{l < |z|, < v/t}. It is showed in Proposition |4.1.4/that when z € DyNn{1 <

], <V},
p(t, 7, 0%) < co <1log<\/£> +1>

|7]e

It thus follows

/ p(t/?,a*jaz)2mp(dx)
Don{1<|z|,<V/t}

2
1 1 Vit
= = |DogN31 < |z|, <Vt —|—/ <log<>)mdw
tQ‘ 0 { =l }‘ t2 z€DoN{1< x|, <t} |ze »(d7)

2

Vite
—i—l/ T(log <ﬁ>> dr
3 1+e r

2

1
<T+5
t
xi—%é/}L\[r(log(\f)) dr
1
~
_1
t

1 (Ve 5 V1

— [ Y AA
+t2 /ul (log u) 2

1 [Vt (log u)? 1

— du < — 4.1.1
+ t/u:l a3 du= (4.1.17)

where in the 4th “ < 7 the change of variable u = v/t/r is made. Combining (4.1.11)),([.1.12)),
(4.1.16]) and (4.1.17) one has

p(t,a*,a*) < %0
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Proposition 4.1.8. Let Y be the radial process of X which is 1—dimensional. The sym-

metrizing measure of Y is
p(dz) < 1(_o,0)dx + (7 + €)1)g oy do,
The intrinsic metric is thus the Euclidean metric.

Proof. Recall that the radial process Y can be characterized as follows.

2me —

1 T
dYy =dB; + —1 dt
! t+Y}—|—e {¥:>0} +27T€—|—

D ;70
det (Y).
Without loss of generality we first assume p = 27e, because a different p value only affects

the metric on R4. It thus follows that

where

1
N /
£’U, =u + ?ﬂl{x>o}u .
Now let p be the measure in the statement of the proposition. Let u,v € DN C(R). By
doing integration by parts on R one has

1
—(Eu,v)uz—/ <x+ u'+u">v- (:U+6)d:1:—|—/ u'v'dx
Ry €

= —/ (Wv+u"v- (z+¢€))de+ / u'v'dx
R4

:_/ﬂh vd (u’(m+6))+/ u'v'dz

:/ u’(w—}—e)dv—}—/ u'v'dw
R4

:/ u'v'(x+e)da:+/ u'v'dx:/u’v’u(da:),
R - R

which proves that u(dz) = 1(_0ydr + (¥ + €)1|g )d7 is the symmetrizing measure of
the radial process Y under the assumption that p = 2me. Let pg be the intrinsic metric

associated with &(u,v) := (uv/,v’),. By the definition of intrinsic metric,

pe(x,y) =sup {u(z) —u(y) : u € D(E) N C(R),dI'(u,u) < du},
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where dI'(u,u) is defined as follows:

/Adr(u,u) = /A(u/)2d,u.

Since p has the same support as Lebesgue measure, v’ = 1 a.e. with respect to p is equivalent
to the fact that v/ = 1 a.e. with respect to Lebesgue measure. It thus follows that pg is
the same as 1—dimensional Euclidean metric, which proves that for p = 2me, p(dx) =

1(_,0)d7 + (@ + €)1jg oo)dx. The conclusion for the general case follows immediately. [

Theorem 4.1.9.
1
p(t,a*,a*) =< o t>1.

Proof. 1t is proved in Lemma |4.1.7

™Y (£,0,0) = p¥(t,a",a") < 7,
where the superscript m means this is the probability density of Y with respect to the
1—dimensional Lebesgue measure m. Since locally near the point 0, the symmetrizing
measure p of Y differs from m only up to a constant, it actually holds

c

PV (£,0,0) < g™V (£,0,0) < p¥(t.a",aT) < .

Now we want to claim the statement of the theorem holds by applying [12, Theorem 7.2]
to the radial process Y. p*Y is the Dirichlet heat kernel with respect to the measure p on
R. Indeed in view of Proposition the condition of [I2, Thereom 7.2] is satisfied by
choosing z = 0 and

v(r) == Krljpc,<iy + KT21{1§r<oo},

where K is some sufficiently large constant. It is remarked after [12], Theorem 7.2] that the

T in that theorem can be equal to co. We already have

P00 <2 >
Thus by applying [12, Theorem 7.2], it holds
1
pX(t>a*>a’*) Xp“’y(t’(]’(]) = 27 t>1
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4.2 Off-diagonal Large Time Heat Kernel Estimate

Corollary 4.2.1. There exist C; > 0, 9 < ¢ < 12 such that

C Ciolzl2 C Cialz|2
796_ ¢ pgp(t,a*,m)gfe_ ¢ p, t>1,ze Dy

Proof. We prove this for several different cases.
Case 1. 1< |z|, < 2v/t. In this case, by the hitting time estimate in [17],

t/2 t
p(t,x,a*) = / P* (T, € ds)p(t — s,a",a™) +/ P* (T, € ds)p(t — s,a",a™)
0 t/2

log ||, t/2
= p(t,a*, a" )P (T < t/2 —= ,a*,a")d
plta" 0B (T < 1/2) 4 S8 [ s, s

log|x|p> log |z],
=p(t,a*,a") [ 1— +
o ) ( log v/t tlogt
1 < log\x|p> loglz|, 1
<-11- = —.
log v/t tlogt t

Tt
Case 2. |z|, > 2v/t. We denote a standard 2—dimensional Brownian motion by B.

t
p(t, x, a*) =[E* /O 1{TBP(a*,1)6dS}p (t - S, XTBp(a*,l) , a*)

€2

t
x C1 -2
=k /0 Ut 0 medst 750 (4.2.1)
t
2—BM, 9-BM
<E 90/0 1{TBe(0,1+e)Eds}p (CZ(t_S)’BTBe(o,He)’O) (4.2.2)

c1 _colal?
< p2_BM(02t,m,0) < %e_f

Also the other direction of the inequalities hold as follows.

t
p(t, x, a*) =[E* /0 1{TBp(a*,1)€d5}p (t - S, XTBp(a*,l) , (I*)

t
z e -2
>E /0 LTy (0 1yds} - renpCE (4.2.3)
t
_BM —BM
> E° 71:/0 l{TBe(o,Hs)EdS}pQ (CZ(t —5), BTy, 0140 O) (4.2.4)
_02|W\g

> p2BM eyt 4 0) > %e i

(4.2.1) and (4.2.3)) are due to the result of the first case as well as the small time estimate.
(4.2.2) and (4.2.4) are due to the fact that P*(Tz (4= 1) € ds) has the same distribution as
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P2-BM,¢(TBE(O’1 +o) € ds) as well as the following:

2
C3 _“4 C3 _e5(14e?) 2_BM
€ t=s < p <t - S, BTBE(0,1+5)70) <

c (1+62) c
Cg o 7t_s < Ce 7
t—s “t—s

since it is assumed ¢t > 1. |z|, > 2v/t > 2 implies that |z|, < |z.. It thus follows

2 2
Cg _CQ‘x|p C10 _Cll‘m‘p
—e ¢t <p(tza*)< € ¢

Case 3. 0 < |z|[, < 1.

p(t,a*,z) = / p(t/2,a",y)p(t/2,y, z)my(dy)
DoNB(a*,2)

+ / p(t/2, 0", y)p(t/2, y, )my (dy) + / p(t/2, ", y)p(t/2, y, 2)my (dy).
DonBe(a*,2)

Ry

(4.2.5)

By the upper bound estimate due to Nash’s inequality, we have for the first term on the

right hand side of (4.2.5)

<012>2 o (dy) = % (4.2.6)

/?JEDOQB(a*Q) p(t/2,2z,y)p(t/2,y, z)my(dy) < / 7

DoNB(a*,2)

For the second term on the right hand side of (4.2.5)), it holds

/ p(t/2,2,9)p(t/2, y, 2)my(dy)
DoNBe(a*,2)

< / P? (Xy/2 € Do N B(a*,2)) sup p(t/2,a*,y)my(dz)
z€E yeDoNB(a*,2)

< sup  p(t/2,a%,y) <

C13
7
yeDoNB<(a*,2)

(4.2.7)

where the last inequality is due to the results of the previous two cases. Now we consider
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the third term on the right hand side of (4.2.5)).

| wtr2a oppt/2. . im(dy) = [ ple/2.0"p)plt/22.9)mdy)
Ry Ry
t/2
=/ p(t/2,a*,y)/ P* (Tox € ds) p(t/2 — s,a”, y)my(dy)
Ry s=0
t/2
:/ p(t/la*,y)/ P* (T, € ds) p(t/2 — s,y,a™)mp(dy)
Ry s=0

2

~+
~

P* (T, € ds) /R P(t/2,0% )p(t/2 — 5.y, " ymp(dy)

Il
=)

P* (T, € ds)p(t — s,a*,a")

Il
o

(

Il
H-M—to\ 0\
<
no

1
P (T <1/2) = 5, (4.2.8)

)

where the last “ <7 is due to the fact that |z[, < 1 and ¢t > 1. (4.2.8]) together with (4.2.6])
and (4.2.7) shows that

1
p(t,a*,x)x;, t>1,2€ Dy,0<|z|, <1
The proof of Case 3 is thus complete. O

The next corollary regards the estimate of p(¢,a*,z) when x € R,

Corollary 4.2.2. There exist constants C; > 0, 13 <1 < 16 such that

1  logt |z| _Cual=® 1  logt || _Cielel®
Cig |=+—— (1A <p(t,a*,z) < Cis |-+ = (1A 2 ,
13[t+ < i e o <p(t,a*,z) < Crs t+ ; NG e ¢

forx e Ryt > 1.

Proof. By Markov property we have

t
p(t,a*,x) = / P*(Tyx € ds)p(t — s,a”,a™)
0

1 t 2
€T cx
= [ P"(T, €ds)p(t —s,a*,a") + / ——e s p(t—s,a",a")ds
/0 ¢ 1 Vs?
1 cox? t/2 €T er2? 1 t T er2?
= —e @7 —|—/ ——e s - ds —1—/ —e s p(t—s,a",a")ds.
t 1 Vs t—s 1/2 V'3 ( )

(4.2.9)



43

For the second term of (4.2.9)) it holds

/t/2 r cga? 1 p 1 /t/2 T _c3z2d
——e s - §= - ——=e s ds
1 Vs t—s tJi Vs

1 t/2 cap2 1 cqa?
- / e~ d (‘T) = —e (4.2.10)
t s=1 \/g 13

For the third term of (4.2.9) it holds

X
\

X cle t X 0112 12
ey ——e t -logt < / —e s p(t—s,a*,a")ds <c5-—=e "t -logt.
t

Vs 2 Vs? Ve

i.e.,

1 t cqz? t crz2 1 t crz2
04'£ 1A ) e < 2 e p(t—s,a*,a*)ds§05'£ N Pt
t \/f

13 Vi t/2 V3
(4.2.11)
The desired conclusion follows by combining (4.2.9)), (4.2.11)) and (4.2.10). O

Now we try to estimate p(t,z,y) for arbitrary pairs of (z,y) € Dy x D when t > 1.

Theorem 4.2.3. There exist constants C; > 0, 17 < ¢ < 20, such that the following

estimate holds:

017 _ Cigplzy)? Clg _ Ca0p(.9)?
€ ¢ <p(t,z,y) < e t , (t,x,y) € (1,00) x Dy x Dy.
Proof. We prove this for two different cases.

Case 1. Either |z|, > 1 or |y|, > 1 holds. Without loss of generality, we assume |y|, > 1.

We notice in this case, by elementary geometry, it actually holds

p(@,y) < [z — yle. (4.2.12)
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Denote a standard 2—dimensional Brownian motion by B. We have

t
P, (. 2,y) = / B® (T, € ds) p(t — s, a", )
0

t c1 _C2|y|%
< / P* (Ty+ € ds) e (4.2.13)
0

— S

t calyl?
_ p2-BMg / Lt ) P (4.2.14)
0 ’ — S
t
< CIEQ—BM,x/O 1{T36(0,6>6ds} . p2~BM <02(t —3), BTBe(O,e)’y) (4.2.15)
—2—BM
< Clp]%@\Be(o’g) (C2t7 z, y)

We also have the other direction of the inequalities as follows.

t
T)Dg(uxay) :/ ]P)x <Ta* € ds)p(t_sva*vy)
0

cq _cslvlz

e t—s (4216)

t
> / P* (T, € ds)
0 t

— S
¢ ealyl?
. cqg _SBYp
_ g2 BM,m/ Ly eis) - e (4.2.17)
0 S

t
> C4E2—BM,x/O L1y 0. cds) . p?~BM (03(t —3), BTBS(O,E)’y> (4.2.18)

—2—BM
Z 642%2\36(076) (C3t7 z, y)

(4.2.13) and (4.2.16]) are due to Corollary (4.2.14) and (4.2.17) because P* (T, € ds)

has the same distribution as ]PQ_BM’””(TBQ(O@ € ds). (4.2.15) and (4.2.18]) are due to the
assumption that |y|, > 1, which implies |y|, =< |y|, — e. It thus follows

p(t,z,y) = pp,(t,z,y) + pp, (L, 2,9).
i.e.,

C4p%;\BB]\f(O7€) (C3ta Z, y)—l_p%g\BB]\j(Oﬁ) (t7 €T, y) é p(t’ €L, y) S Clp%;\BBA:I(O7€) (62t7 Zz, y)+p12Rg\BB]\j(0’e) (ta Ly y)

Hence
c cglz—yl2 c
e gy < e

2
cglz—yle
t

Case 2. Both |z|, and |y|, are less than 1. The proof of this case is similar to Case 3 of
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Corollary [4.2.1]

p(t, z,) = / P(t/2, 2, 2)p(t/2, 2, y)mp(d2)
DoNB(a*,2)

-/ (/22202 2, mpld) + [ plt/2,,2)p(0/2, 2,y (02)
DoNB¢(a*,2) R4

(4.2.19)

By the upper bound estimate due to Nash’s inequality, we have for the first term on the

right hand side of (4.2.19)
C9

2
1
/ p(t/2,x,2)p(t/2, z,y)mp(dz) < / () mp(dz) =< —. (4.2.20)
DoNB(a*,2) DonB(a*,2) \ V1 t
For the second term on the right hand side of (4.2.19)), it holds

/ P2, 2, 2)p(t/2, 2, y)my(dz)

DoNnBe(a*,2)

< P* (Xt/g € Dy N B(a*, 2)) sup p(t/2,y, z)
z€DoNB¢(a*,2),|ylp<1

C10
< sup p(t/2,y,2) < =, (4.2.21)
y,2€ Do, |yl p<1,|z|p>2

where the last inequality is due to the result of the first case. Now we consider the third

term on the right hand side of (4.2.19)).

/R p(t/2,z,2)p(t/2, z,y)my(dz) p(t/2,z,2)p(t/2,y, z)my(dz)

\\

t/2
p(t/2,z,2 / PY (To+ € ds)p(t/2 — s,a™, z)my(dz)
+ S

R =0

t/2
/ PY (Ty+ € ds)/ p(t/2,z,2)p(t/2 — s,a", z)mp(dz)
S R+

t/2
—/ PY (To+ € ds)p(t — s,a™, x)

1 1
= - PV (T, <t/2) < o (4.2.22)

where the last “ < ” is due to the fact that |y|, < 1 and ¢t > 1. The second last “ =<7 is
due to Corollary Therefore again replacing the three terms on the right hand side of
[@2.19) with (@E2.20), (@2.21) and ([#2.29) yields

p(t,z,y) < 7 (xz,y) € (Do N B(a*,1)) x (Dy N B(a™,1)).

The proof is thus complete. O
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Next theorem regards the case that x € R, y € Dy.
Theorem 4.2.4. There exist constants C; > 0, 21 < ¢ < 28, such that the following
estimates hold for (t,z,y) € (1,00) x Ry x Dy:
When |y|, < 1,

Cgl |: < |JI’> :| _ Cap(ay)? Cas |: ( \x|> :| _ Caap(ay)?
1+ (1A—)  -logt|e ¢ < p(t, x, — |1+ (1A—|-logt|e t ;

. i) o <pltzy) < - i) e
(4.2.23)

when |y|, > 1,

Pl (B sl ]

N
< 057 [1+ ( Al ‘) <1+log< J))] S ‘”2. (4.2.24)

Proof. We prove this for different cases.

Case 1. |y|, < 1. In this case

cl _Cz\y\p c3 _%
—e < p(t,a”*, —e Tt , t<1; 4.2.25
i p(t,a”,y) < i ( )
and
s me\p cr _eslvlp
¢ < p(t,a*,y) < -¢ 7 t>1, (4.2.26)
Thus by Markov property, we have
t
p(t,x,y) < / P*(Ty- € ds)p(t — s,a™,y)
0
t/2 X clzz 1 CQ‘y‘pd /t_l x clac2 1 C2|y|pd
= e s t—s ds + —e s t—s (s
0o Vs3 = 12 Vs3 t—s"
t 2 . 2
clx 1 calyl
+ T e et ds (4.2.27)

-1 Vs3 Vit—s
For the first term on the right hand side of (4.2.27) we have

C Clo‘y‘% t/2 cll|x\2 x t/2 €T Clx2 1 7C2|y|,2,

9 _c1olvlp _cule _

—e t e s dl—= ) < ——e s e t—s ds
t 5=0 Vs 0 Vsl t—s

C12 7213‘@“% t/2 _calz)? |:C|
< —e t e s d|— ).
3 s=0 \/g

c _cige(ey)? t/2 Tz _a2? 1 CQ‘y‘P c _cigp(ey)?
o ; g/ e s ds < %7 e (4.2.28)
0

Thus

t
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For the second term on the right hand side of (4.2.27) we have

T I copa? t/2 1 ea11yl% t—1 T cra? 1 7C2|y|2
1A u 9 = / Cem s Cds < / e e = ds
Vt) t 1S t/2 Vs t—s

x|\ e cgg2?  [U/2 1 coulul?
< (1A u 2. / e s Cds.
\/i t 1 S

By making a change of variable u = |y|/+/s we have

cogz2 ‘y| t—1 craz? calt |2
1A Izl 25 =% / 167627“2du < -z e*%—l e =3 ds
Vi) ot eyl u /2 Vs3 t—s
/2
< (1 2]y e e /y| Lemeann? gy,
- Vi) ot e vl
t/2
Noticing |y|, < 1 one has
(1/\ m) = 762{1121 Vit < Tz ad 1 _Ci‘y‘%d < (1/\ $|> = 7C22121 Vit
— | —e 0 e s et ds — | =e 0 )
NN e P Ui °
(4.2.29)
For the third term on the right hand side of (4.2.27)) we have
t 2 1 2
x _eas® 1 _calvlp ( \:U|> c30 _cae’ / 1 ces2lulp
—e s e s ds<|(1IAN—)—e ¢ —e s ds
/t—l Vs3 Vi—s Vi)t o Vs
\$|> c30 _cara®
=|1AN— ) —e "t . 4.2.30
(17 )5 (4230
It thus follows from (4.2.28)), (4.2.29)) and (4.2.30) that
C32 ]x\ _0339(%9)2 027[ < ]x\) :| _0289(%9)2
—= 1+ 1A—]logt|e ¢ <plt,z,y) < — |14+ [1AN—=]logt|e e,
" [ < \/i> g ] pltz,y) < - i) o8
T € RJray S D(]a |y|P <L
Case 2. |y|, > 1, in which case
ealyl? eqlyl?
Ct—le‘ < p(tyat,y) < %Se‘ T >0
Again by Markov property it holds
t
p(t,x,y) < / P*(T,» € ds)p(t — s,a”,y)
0
t/2 esa? ] cglyl2 t esz? ] cqlyl2
= T e e t—spds+/ L e e ds. (4.2.31)
0 Vs3 t—s t/2 Vs3 t—s
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For the first term on the right hand side of (4.2.31)) we have

¢y sl (42 |z]  _con? 82 p e 1 _celvl}
—e Tt —e s ds < ——e s e t-s ds
0 0

13 V83 Vs3 t—s
crlo _cully 2 x| cppe?
< —e —e s ds.
t 0o V3
ie.,
Cr 7M t/2 7‘3912 x t/2 x 7c5z2 1 _56‘y|%
—e Tt e s d|l—) < ——e s e t-s ds
t s=0 \/g 0 V83 t—s
Cl0 _ 511|y‘,2; t/2 _ 012962 xX
< —e e s d{—].
t s=0 \/g
ie.,

2
cr _ cgp(z,y)? t/2 X 522 ] _celvlp Cg _cygp(x,y)?

et ds < ¢ . (4.2.32)

o < e s
P A A
For the second term on the right hand side of (4.2.31)) it holds

x€x C c1oa? t/2 1 013|.U|2 t x€x crx? 1 _Cﬁ‘y‘2
1A u 26_% / 76_%d5 S 76_57 e tfsp ds
Vt) t o S t/2 V83 t—s
z\ ¢ g2 (/21 erglyl?
< <1/\|\/J,€> ?elst/ e s Cds.
0 S

By making a change of variable that u = |y|/\/s we have

c1oa? o0 t crx? < ‘y‘Q
L LY e e / 1 ey, < / v e 1 oW
Vi)t u="Ye u /2 Vs t—s

/2
c :L‘2 oo
< (1A lal Gt -5 / l6_016“2du.
Vi) ot ue o u

By considering |y|, < v/t and |y|, > v/t separately one can see

c1oa? c13l ‘2 t cra? cgl |2
(1 A |x|) gef% <1 + log <l + \/E>> ef%yp < o e*ST 1 e ?_ysp ds
Vt) t lylp t/2 V83 t—s

cpx? t c ‘|2
< (a2t a0, [ VEYY et (4.2.33)
Vt) t lylo

By replacing the right hand side of (4.2.31) with (4.2.32) and (4.2.33]) we have shown that
when y € Dy, |y|, > 1, it holds

C17 _Clsp(x,y)2 [ < ‘:L’|> < < \/7E>>:|
—e ¢ I+ {1A—|(1l+log|1l+— < p(t,x,y)
t Vit Ylp
c19 _ coor(zy)? [ < |:c|) < < ﬂ))]
< —e ¢ 1+ (1A—)(14+]1log |1+ — )
3 \/7E |?/|p
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To show the two-sided estimate for arbitrary (z,y) € Ry x Ry, we first prove the

following lemma.

Lemma 4.2.5. For any constant ¢ > 0, it holds

11
/+ 0gs<1/\|y]> - dsf\logt yeRy, |yl < V.
1S s NG

Proof. 1t is obvious that

"1 logs ||
- 1A AL 16 > logt.
[ ( f) v

To see the other direction, we have

b1 “log s |yl “logs |y| _elv?
—d 1A - d <logt ——=e s d
/1 s S+/1 $ ( \/§> v +/1 s Vs ’

Slogt+logt/ ——=e s ds
1 V3

t 2
_eul® [yl
xlogt+logt/ e s d()
s=1 \/g

_cly
<logt+logt-e™ "¢

= logt.
The proof is thus complete since we’ve showed the inequality in both directions. O

Theorem 4.2.6. There exist constants C; > 0, 29 < i < 34, such that the following
estimate holds for (t,z,y) € (1,00) x Ry x Ry

Cag ( |x|> ( |y|> _ Cyole—yl? [1 ogt (\x| + |y!>] _ Caral+ly1?)
A ) (1A i +Ch |- + —— e 7 <plt,z,
\/7? Vi Vi 29 |5 : Vi < p( Y)

Cso < ]a:\) ( ]y\) _ Caglo—yl? [1 logt (!x + ]y\)] _ Caa(lal?+1y[*)
<ZZia2) (1A T 4O |-+ — [ | e T,
AN AN i AN
(4.2.34)

Proof. We first notice that

t
p(t,z,y) =pr, (t,2,y) + / P*(T,« € ds)p(t — s,a”,y). (4.2.35)
0

Thus again we prove this theorem by considering several different cases.

Case 1. |z| > V/t, |y| > 2v/t. In this case we actually have

_ colz—y|?

C1
p(t,x,y) 2pR+(taxay) > %6
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Therefore by the upper bound estimate due to Nash’s inequality, it holds

Cc1 _Cz\z—yl2 c3 _C4Iav—y\2

—e t T

Vit
Case 2. |x| </t or |y| < v/t holds. Without loss of generality we assume |y| < 2v/t. By
Corollary we have

t |x| z2
p(tz,y) = | —=e = p(t—s,a",y)dy+p, (t,z,y
( ) Vs ( ) v, ( )

V2 a| e [ 1 log(t—s) 1yl ez’
t s 1A Ttesd
r, ”fy”o e L—ﬁ s < m)]e ’

10g (t=s) 1A vl eictlfds
t—s t—s

// =
e

For the second term on the right hand side of (4.2.36]) we have

1 + logt 1A |y‘ 6_61292 t/2 6_011I1\2d m
t Vi o= \/g

csz €9

el -
x/;
\ﬁ

U2 x| 1 log(t — s) [y ery?
il 1A ~isd
/0 \/> [t—s+ t—s ( \/t—s>]e s
1 logt |y’ )] cmy /t/2 _cpzlel? ( m )
< -+ — 1A= e e s d — |,
G ()] e
ie.,
1+ ly|logt - _ ez +w®) \ +yl?) / || cpr’ 1 N log(t — s) A ly e—cﬁj i
t Vi3 \F t—s t—s P—_
1 t 15 (% +1y1?)
[t Ogg ] e (4.2.37)

For the third term on the right hand side of (4.2.36)) we have

| 616\1 /lt/2 1 logs ’y| _ﬂ
il ) 1 S
\F . 5 + 5 N —= NG e ds
bzl 1 log(t—s) | -
had B s 1A —ZL
t/2 V83 t—3+ t—s /\\/t—s c
’ ‘ C18\ o|? /t/2 1 log s ]y\ c19v?
_ 1 s ds.
\/7 1 S * S s \/g ¢ 5

2
cry
t—s ds

IN

IN
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It thus follows from Lemma [£.2.5] that

cor (12 2 t—1 cna? _ 2
CQO\m\logte_ 21 (e 1yl S/ |z = 1 n log(t — s) LA |y R
V3 /2 V83 t—s t—s Vit—s
logt _cas(z®+ivl*)
< oy 11081 czaen ) (4.2.38)
Vi3

For the fourth term on the right hand side of (4.2.36]) we have
¢

|:L'| _ cgaz? 1 coy

: 2d < || _C10t|z|2 /t 1 d
e s e tsds < “—e s
t—1 V83 Vit—s Vi3 -1 Vt—8

-1

2 2
| _ciol=l Cc11 _ciz2l=z
= —| | e . < —e t

1 erpz?+w?
— t

= 4.2.39

where the last “ < 7 is due to the assumption that |y|, < 2v/t. Combining (4.2.37)), (4.2.38)
and (4.2.39)) we have for the right hand side of (4.2.36)) it holds for Case 2,

1 logt + _ sz +y®)
p(t,z,y) < ps, (L2, y) + [t + % <‘x|ﬂ|y’>] e T, when |z| < Vi or |y| < VZ.

Now recall

ciq |z| !y\> _exglo—yl? 016( \xl)( \yl) _eygla—yl?
ALY (A ) =25 () < S8 (a2 (1A L) o2
G (G spelbmy) s (M) U v

we can summarize both cases as

c18 |z] |y|> _crglz—yl? [1 logt <|a:| + |y|>] _cooll®+1y%)
— 1A= ) (1A= ]e T toas |-+ ——=le ? < p(t,z,
7 () (10 S ER Y =pty)

CZ72 C (E2 2
< C21 (1/\|x\) (1/\|y\) o= 22It yl . |:1+10gt (|x!+]y\>] o 23(| |t+\y\ )7
) U et

Vit

for all (¢t,z,y) € (1,00) x Ry x Ry.
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Chapter 5
HOLDER-CONTINUITY OF PARABOLIC FUNCTIONS

To show the Holder-continuity of parabolic functions with respect to X, we begin with

proving the following lemma.

Lemma 5.0.7. For any ball B,(x,R) C E, there exists some C; > 0 such that for any
y,z € B(z, R/2), it holds

pB<Z’R) (t7y7 Z) > Clp(t7y7 Z)) t <1

Proof. For notation convenience, we denote B(x, R) by B. It suffices to show pg(t,y, 2) is
sufficiently small in comparison with p(t,y, z). Indeed it follows from the small time heat

kernel estimate that

t
ﬁB(tvgﬁ Z) = Ey/ 0 1{7’}36d8}p(t - SvXTBa Z)
5=

_ 62R2

t
C
< Ey/ ]—{TBEds}tile = ds
5=0 - S

t
€1 _coR?

< —e Tt / PY(rp € ds)
t s=0
Cq1 02R2 62R2

- ?@_ T PY(rp<t)<cie ¢

_cap(v.2)? _cgR?
e~ "t ,it hasto

Since it is proved when ¢ is sufficiently small, p(¢,y, z) > cte £ >

<
kb

hold for some ¢7 > 0
Pon (b y,2) = ep(t, y,2), t<1.

O]

Let Zs = (Vs, Xs) be the space-time process of X where Vi = Vj + s. We start with
the following lemma which will be later used. In the remaining context of this section,

Q(t,z,R) == [t,t + R?*] x B,(z, R).



93

Lemma 5.0.8. Fiz Ry > 0. There exists some constant Cy > 0 such that for all 0 < R <
Ry, any xo € E, any v € B,(xg, R/2) and any A C Q(0, zo, R/2) such that W > %,

POY(Ty < 75) > Cs, (5.0.1)

where Tp = TQ(0,20,R) -

Proof. We are going to estimate the expected time that the space-time process Z spends in
A before exiting Q(0, g, R). Let XB(#0.E) denote the process X killed upon exiting the ball
B(zo, R) and let pB@0.%) be its transition density. Let Ay := {z € E : (s,z) € A}. Then

EO) /O " 145, X,) ds = EO) /0 "1, (s, X B0 ds /0 * pow ((5.xPR) € A) ds

R? R?
= / PY (Xf(xo’R) € As> ds :/ / pPEB) (s v, y)my,(dy)ds.
0 0o Ja,
(5.0.2)

To bounded the right hand side of (5.0.2) from below, we consider two cases.
Case 1. B(zg,R) > R/6, in which case |[A| > £ -1 .LR3 Since there exists some large

positive integer K such that

R?/K R?/4
/ / 1-my(dy)ds < / / 1-my(dy)ds, (5.0.3)
0 As R2/K JAs

for the right hand side of (5.0.2)) we have

R? R2/4 Cc1 c2p(y,v)2
/0 / PPEOR) (5 4 gy (dy)ds > / e dy)ds

—€
R2JK VS
R2/4 1 R2?/4 cs
= —my(dy)ds < — 1-my(dy)ds > —|A]|,
[ Sematms =g [ 1my (s =

where the last inequality is due to , and the first inequality is due to small time heat
kernel estimate as well as Lemma [5.0.7

Case 2. B(zo, R) < R/6, in which case zg € Dy, p(zo,a*) > 2&; v € Dy, p(v,a*) > R/3;
Y(s,y) € A, y € Dy, p(y,a*) > R/3. Thus there exists some ¢ > 0 such that |A| > cR*.

Again there exists some large positive integer K such that

R?/K R2/4
/ / 1-my(dy)ds < / / 1-mp(dy)ds.
0 As R2/K JAs
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Now for the right hand side of (5.0.2)) we have

R? R? Cs cep(y,v)?
/ /pB(wo’R)(s,v,y)mp(dy)dsz/ —e s mp(dz)ds
0 As

R2/K S

R2
cs cs|A|
— 1- dy)ds >
- R/RQ/K/AS my(dy)ds = R2

where the first inequality is due to the fact that

C5 cop(y,2)? R2 R R
pB(S,y,U) XP(S,% ) > ;56 . s (S,y,’U) € <27R2> X DO X DOa ’y|P > gv ’v|P > 5
On the other hand,
E(O”’)/ lA(sX)ds_ ~ plow) (/ 14(s ds>u> du
0 0
0”)</ 14(s ds>u>du
0
g/ Pp(0v) (/ 1A(sX)ds>0>d
0 0
< R*POY (T, < 7).
The lemma has been proved by combining the results above. O

Theorem 5.0.9. Fix Ry > 0, there is a constant C5 = C(Ry) > 0 such that for every
0 < R < Ry, z9 € E, and every bounded parabolic function q in Q(0,x0,2R), it holds that

_ B
la(s,2) = a(t, )| < Cllalloe,nB ™ (|t = s/ + pla,y)) (5.0.4)
V(s,z), (t,y) € Q0, 20, R), where ||qlloo,r :=  sup  [q(t,y)].
(t,y)€E4REXE
Proof. With loss of generality, assume 0 < ¢(s) < ||q||oo,g = 1. First assume zg = a*.
Let n = 1—c¢1/4, p = % < n. Note that for every (¢t,x) € Q(0,a*, R), q is parabolic

in Q(t,z,R) C Q(0,a*,2R). We will show that sup |q| — 1nf |q\ <k, all k. For
Q(t,x,pk R) Q(t,x,pk R
notation convenience, we denote Q(t, z, p* R) to be Q. Define a; = 1651f q, bi = supq. Clearly,

bi —a; <1 <, for all < 0. Now suppose b; — a; < ni for all i < k and we are going

to show that by 1 — a1 < nFFL. Observe that Qi1 C Qp and so ap < ¢ < by on Qk+1-

Define A’ := {z € Qr+1,9(2) < (ar + br)/2}. We may suppose \Cgfﬂl\ > 1/2, for if not, we
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4]

use 1 — ¢ instead of q. Let A be a compact subset of A’ such that > 1/3. For any

1Qr+1l =
given € > 0, pick 21, 29 € Q11 such that q(z1) > bgy1 — € and q(z1) < agsq + €.

b1 — ap+1 — 2€ < q(z1) — q(22)
— Ezl [q(ZTA/\Tk+1) — q(ZQ)]

=E* [q(Zr,) — q(22); Ta < Ths1) + B [q(Z7,, 1) — a(22); Ta > Thi1 ]

< <ak—|—bk
2

- ak) P (T4 < Tpg1) + (b — ap)P* (T4 > Tjr1)

= (bx —ag) [1 =P (T4 < 741)/2]
< (1 —c1/2)

< nkJrl.

Since € is arbitrary, the claim is proved. For z = (s,z) and w = (¢,y) in Q(0,a*, R) with
s < t, let k be the smallest integer such that [z — w| := (|t — s|1/2 + p(z,y)) < pFR. Thus
log(|z — w|/R) > (k + 1)log p, for w € Q(s, x, p*R), and

1 1
4(2) — a(w)] < o = FloEn < g (W)
—_ _— R b

which proves (5.0.4]) for the case that z¢p = a*.
In general, for any xg € E*, there are two cases:
Case 1. |x|, < R/4. For this case, ¢ is parabolic in Q(0,a*,3R/4) C Q(0, o, R), therefore

(5.0.4) holds on Q(0,a*,3R/8)which contains Q(0, z¢, R/8), i.e.,

B
la(t, x)—q(s,y)] < C(Ro)  sup  |g|[R™P (!t —s"/? - p(x,y)> , Y(t,2), (s,y) € Q(0,a",3R/8).

Q(0,a*,3R/4)
Therefore
_B 1/2 B
lq(t, z)—q(s,y)| < C(Ro) o lq| R (It i p(x,y)) , V(). (s,y) € Q0, 20, R/8).
»L0,
Case 2. ||, > R/4. Since Q(0, o, R/4) is disjoint from the origin, it holds that V(¢, z), (s,y) €
Q(0,z0, R/8),
3 1/2 A
la(t.2) — a(s,9)| < C(Ro) _ sup lglR™7 (|t — s'/* = plz.y) )
Q(0,z0,R/4)

B
<C(Ro)) _sw|qlR™7 (|t = 5["* = p(a,y))
Q(0,z0,R)

The proof is complete. O
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Remark 5.0.10. Parabolic Harnack inequality does not hold for the process X. An coun-
terexample is as follows: For s arbitrarily small, fir y € R? such that |y|, = /5. Set
Q+ = (35/2,25) x By(y,2v/s) and Q— = (s/2,s) x B(y,2+/s). Pick u(t,z) = p(t,z,y).

1 1
Since we are assuming s to be small, it holds that supu = — + —, but glfu = —.
S

Q+ Vs Vs
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Chapter 6
OTHER EXAMPLES OF BMVD

6.1 Planary BMVD with Multiple Straight Lines

In this section we study the BMVD denoted by X constructed on a state space which
can be viewed as a plane R? with two straight half lines L; and Lo vertically attached on
it. To be more precise, let By and By be two disjoint closed discs on R2. Let a} and a} be
the two darning points on R?, where a; is obtained by collapsing B; C R? to a singleton,
i =1,2. Weset aj = L; "R? i =1,2. Let Dy := R?\(B; U By), then the state space of
X is thus E := Ly U Ly U Dg U{aj,ab}. See Figure Fix p > 0. Let m, denote the
measure on E whose restriction on L;,7 = 1,2 or Dy is the Lebesgue measure times p and
1, respectively, and m,({a;}) = 0, i = 1,2. The Dirichlet form (£, F) of X on L? (E,m,) is

given by

F = {f . flre € WH2(R?), f is const. £-q.e. on By, f|r, € WH2(R), flg, = flr.(a}),i =

£(9)=DUfg) = [ DD a4 35 [ g @mylan)
u ¢ ¢ i=1,2 i

For the remaining of this section, without loss of generality we assume that |a} — a3|, = 4.

The goal of this section is to give a two-sided small time heat kernel estimate. Unless
otherwise stated, it is always assumed in this section that ¢ < 1. First, we notice that
by exactly the same argument in Section 3, the same results as from Proposition [3.1.1
to Proposition still hold for this case. Thus we state the off-diagonal upper bound

estimate as follows without repeating the proof.

Proposition 6.1.1. There exist C1,Cy > 0 such that

1 1 Cop(z,y)?
plt,z,y) < O <t+tl/2>e_ U5, vayeBte(0,1).

The Proposition stated as follows will be used repeatedly in the remaining context.

1,2.}
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L1 L2

@*%@
* LL;

ap

Figure 6.1: BMVD with multiple lines

Proposition 6.1.2. There ezist constant C3,Cs > 0 such that for any (t,z,y) € (0,1] x
L;xL;,1=1 or2, it holds

_(X) C3 _ Cup(zy)?

PL,0B,(ax ptzy)<e v -emT T, dE (0,1].
Proof.
By " pe (X) (4 —
PL0B, (a2 2) (6% Y) 5/ 3 L(DonB,(at,2)) € dS) Zea(DOSmu;(ar,Q))p (t—s,2,y)
t 1 ealylZ+e
S/ ]P’I TL UB,(a?,2) € dS) e T

t . 7cl\y\%+62
= P TLiqu(a;*,Q) € ds) et
s=0

_calylpter [t "
e ¢ OP (TL,UB, (a2 2) € dS)
s=l

2
c1lylptes

=e t . ]P)x(TLiUBp(a;,Q) S t)

e ez +w?)
t .e t

2
cg _c1p(z,y)
. 3

The main result of this section is the following.
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Theorem 6.1.3. There exist constants C; > 0, 5 < i < 18, such that for all t € [0, 1], the
following estimates hold:

When p(z,a}) <1, p(y,af) <1, z,y € Dy,i =1 or 2,

05 _ Cgp(z,)? 05 < |x]p) < |y]p) _ Crlz—y|?
—e t + —(1AN—= 1IAN=F]e t < p(t, x,

z, 2 . g
< O - | G <1A$|”> <1/\’y|p> R
Vi t NG i

y—a;‘p<1,j:10r2,

when x € Lj, y € Dy,

C11 _ Cieew)?
—e t

Vit

013 _ Cran(z.y)?
<plt,z,y) < —Fe T E

Vi
otherwise

Cv7 _ Cigp(z,9)?

C Ciep(z.y)?
ﬁei n t S p(t,fﬁ,y) S Te t )

where | - |c or |- |, denote the Euclidean metric or the geodesic metric respectively.

Proof. We prove the theorem by considering the different cases depending on the locations
of z and y. In the following context we use d(-, -) to denote the geodesic distance from a
point to a susbet of E.

Case 1. z,y € Dy, p(z,{a},a3}) > 1, p(y,{aj,as}) > 1. In this case, by considering the
killed process upon hitting B,(aj, 1) U B,(a3,1) and the upper bound estimate, it holds

P(t, 2, Y) X PE\(B,(at,1)UB,(a5,1)) (b T ¥) + PE\(B, (a7 1)UB,(a3,1)) (E: 25 Y)
> PE\(B, (a7, 1)UB,(a3,1)) (T, Y)
2—BM
= pRQ\(BluBg)(t’m’y)

colz—y|? cgp(x, 2
> ﬂe_ 2| ty\e > 26_ 3p(t y)
i
The last “>" is due to the fact that when p(z, ajUa%) > 1, p(y, ajUa3) > 1, [x—y|. < p(z,y)
by elementary geometry. On the other hand by Nash’s inequality we have

_ esp(@,y)?
3

Cq _c5p(®y)”
p(tvxay) S ?6 ) t<l1.

It thus readily follows in this case

c1 _Csp(fc,y)2
t

Cq4 _65p(w,y)2

<p(t,z,y) < e
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Case 2. z,y € Dy, p(x,a}) <1, p(y,{a},a3}) > 1. Without loss of generality, we assume

p(x,a}) < 1. By considering the hitting time of {a}} we have

p(t,2,Y) = Pp\(az} (62, Y) + PE\(a3} (8 T, Y) 2 PE\(a3} (5 2, 1), (6.1.1)

To get an estimate of (6.1.1)), we replace the darning point a4 with the regular Euclidean
disc Bs, which is actually what we have studied in Section 4. we let p(s) (t,x,y) be the
transition density of BMVD whose state space is Ry U {a}} U (R?\By), which is just the

process we have studied in the previous few sections. It has already been showed in Section

4 that

cg _crplay)? (s) cg _cor(@w)? " "

—e 0 =pYmy)< e T wy € Doplwsap) < 1p(y,ai) > 1o (6.1.2)
Since

PO (t,z,y) = P, (62, y) + Bl g, (4 2, 9), (6.1.3)

we now need to show the second term on the right hand side of (6.1.3)) is sufficiently small
in comparison with the first term. Let the superscript “(s)” denote the probability or the

density function of the process whose state space only involves a single darning point on

R2. Tt holds
t
Play () = [ BTy, € ds)p 1. X o)

t
< sup/ P(S)’y(T32eds)p(s)(t,z,m)
2€0B2 Js=0

t p
1 _ c10r(=,0B3)
< / PO (T, € ds) e t=s
s=0 t—s
_ c19p(z,0B9)

<e T L POY(TR, < t)

_ c1gp(z,0B9)
t

<e PO (T, qary < 1)

< exp <1op<w(932>> exp <Cﬂp<y»832 U {a’{}))

t t

_ c130(z,y)?
t
)

< g2/t o

where the second last inequality is due to the condition that p(y, {a},a3}) > 1, and the last
inequality is due to the fact that p(z,a]) < 1. Now that we’ve showed

C14 _015p(zyy)2 (s) C16 _Cl?ﬂ(ﬂm/)2
t

e < pl (e y) + g, (s y) < S
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as well as that

c130(2.y)?
ﬁgiBz (t> x, y) < 6_012/t e 13pt ’ 5
it follows for the right hand side of (6.1.1)) it holds
18 _ clop(@m)?
PE\{az} (7, Y) sz{BQ(t,:c,y) > e r <, (6.1.4)

where the equality above is due to the fact that before the process hits Bs, it doesn’t matter

if By is a regular disc or a collapsed darning point. Combining ((6.1.4) and (6.1.1)) we have

Co0 _ co1p(z,y)?
¢ .

p(ta z, y) > Te

c cop(ey)?
Invoking the upper bound estimate that p(¢,z,y) < %e_ S , we readily conclude

Coq _ casp(zy)? C26 _ corp(z,)?
76 t Sp(tvxay) < 76 ¢ .

Case 3. z,y € Dy, and both x and y are close to the same darning point a, i.e., p(z,a}) < 1,

*

p(y,a;) < 1. For this case, we consider the killed process upon exiting B,(a;,3). The

transition density p(¢,x,y) can be decomposed as follows

p(tJ x? y) = pLiUBp(aZ‘,iS) (t7 x? y) + ﬁLiUBP(a*,S) (t7 .'1:, y)?

Similar to Proposition [6.1.2}, we first show

P62 Y) X Py s (B T3 Y) (6.1.5)
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Indeed since p(z,a}) < 1, p(y,af) <1, z,y € Dy, it holds

PL.UB,(ar 3)(t: @, Y) / (TL UB,(a},3) € dS) sup Pt —s,2,y)
2€0(DoNBy(af,3))

~+

Co8  _ c29p(y,2)2
t—s

p* e

TL.UB,(at,3) € ds) sup
2€0(DoNBy (2} 3)t—s

<[
/t : (TL UB,(a?,3) € ds) tcigse_%
<[

'ﬁ

Ccog  _ cagp(y,al)? _c30
e t—s e t—s

XL
P TLqua3)€dS)t_S

cagp(y,af)? cs0

t
/ IP’I TL iUB,(at,3) € ds) Totes e s
s=0

ng(p(y,ai ) +1)

t
Se’ ¢ / P*(7TL,uB,(az 3) € dS)

IA

_C29(ﬂ(y,af)2+l) .
=e ¢ P*(1,uB,(ar3) < 1)

0e ng(ﬂ(myaf)2+ﬂ(y,af)2)
<e t -e t

€30 _ cagp(w,y)?
. t

where the second last “x<” above is due to Proposition as well as the assumption that
p(x,a}) < 1, which proves (6.1.5)). By considering the radial process which corresponds to
the killed process of X upon exiting B,(a},3), we can apply the similar argument as Case

2 and conclude

cgop(z,y)? cgzle—y|2
p(t,z,y) < Pr,0uBy(ar.3) (t,z,y) > Cile*# + &1 <1 A |$|> (1 A |y|p> efM.

Vit t Vit Vit

and that

Vi t Vi Vi

Case 4. x,y € Dy, p(z,a) <1, p(y,al) < 1. Note that in this case actually 2 < p(z,y) < 6.
Let D := Dy N <Bp(a“f,3/2) UB,J(OL;,?)/Q)>c N{z:|y—z|, <8 <4p(z,y)}. Intuitively, D is

034 _casp(@y)? C34 |l‘| |y| _ cgple—y|?
p(t7 l’, y) = pLiqu(af,S) (t 1" y) t + <1 /\ p 1 /\ p (&4 t .

the region that lies away from a] and a3 but “centered” at y. By the result of Case 2

C _Cssp(y72)2 C ca0p(y,2)? ~
e e <ptz,y) < %e t,z€D, py,a;) < 1.

t
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It thus follows

p(t, z,y) 2/ p(t/2,z,2)p(t/2, z,y)mp(dz) > inf (Cf _Wtylp> /f)p(t/2,x,z)mp(dz)

z€D
041 6429(1 )2

> — /Dp t/2,x, 2)mp(dz)

041 c42p T y) C43‘z Z|p
= — / my(dz)
D t

C caop(z,)? C caop(z.y)?
= 7;11 e” e/t < —:1 et

where the last three inequalities above are due to the fact that when z € l~?, ply,z) <8<
4p(z,y). The last two “<”’s are due to the fact that 1/2 < p(z, z) < p(z,y) + p(y, z) < 10,
and thus

capp(z,y)?

C c (ac,z)2 ~
8 o my(dz) = P*(X, )9 € D) < e/t > e

Dt
since in the current case, 2 < p(z,y) < 6.
Case 5. x € L;, y € Dy. Again for this case, we need to consider several different subcases.
Without loss of generality, assume ¢ = 1.

Subcase 1. p(y,aj) < 1. By exactly the same argument as the proof of Proposition

we have
p(t7 33, y) = po(a’I‘,Q)ULi (t7 :L" y)?

which implies

C47 _ cagp(@,y)? 049 _ cs0p(z.y)?
—=e t  <pltry < — T

Vi Vi
Subcase 2. p(y,aj) > 1. By the Markov property of X and the result of Case 4,

K t —a¥ cs1p(z,a])? cs3p(y,at)?
p(t, ) :/ P(T,,., € ds)-plt — s,a},y) = %6—5”% | Cop cmareil |
s=0 1 0 S

In order to estimate the right hand side, one may consider the following two situations.

If p(z,a}) > V/t, then

t * *42 #*2 t *42 *\2
xr.al) _csie(za))? e _ c53p(y,a7) Cso _ cs1p(z,al) 1 _cs3e(wia])
p(z, 1) Sl 652 e - ds > 526 . e t—s  ds

0 832 t—s 0 S t—s
2t/3 *12 *12
C _c51p0(y,07) 1 _ es3p(z,a))
> 2 ¢ = . —e s ds
13 t—s S

_951 (P(zvaT)2+P(ZJaaT)2) 052 _c51p(z,y)2
= t =7
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On the other hand, if p(z,a}) < vt < 1. Again, one may assume p(x,a}) < \/t/2, for
otherwise it would be the same as the previous case. Now that ¢ > 4p(z, a‘f)Q,

Up(w,al) _esie@ai)?® csp  _csseva})?
—Fe s —e t—s dS
o 83/2 t—s

*)2 *
2p(z,a}) p(gj,ai‘) _esip@ai)? s _csze(y,a})?
> — e s e i=s  ds
p(z,at)? s3/2 t—s
2p(z,a3)? 12
’ C592 551P(z a1> 1 C539(y7ﬂ1)
> / —e~ —e” t ds
P(%CLT 2 S t
2p(z,a3)? c 1 2
592 _c51p(z—Y)
> / — . —¢ t ds
plwap)? 5 1
C52 _651P(w*y)2 1 1 _651ﬂ(rwy)2
> € s (e, a})? = e e,
p(z,ay) t

where the second inequality is due to the relationship that ¢ > p(z,a})?, and the third
inequality is due to the fact that p(x,a}) + p(y,a}) <1+ 5 < 3p(x,y), since it is assumed
that p(aj, a3) = 4 and that p(x,a}) < 1, p(y,a3) < 1. Due to the heat kernel upper bound

@y)?® .
estimate of that p(t,z,y) < Ste” B , it also holds for this case
c x, 2 c x, 2
ci6 o 57p(t y) (t . y) < Cig 59P(t y)

Case 6. The remaining case is that x € Ly, y € Lo. Let di = p(x,a}), d2 := p(y,a3) +

p(ai,ab). As in case 5,

t
ptay) =[BT, € ds)plt— s,afy)ds
0

Udi _ce0d ¢ _ce2d3 063 _ cean(z,y)?
> —=e s e t-s ds > — .
g 83/2 t—s ¢ ©

Also the other direction of the inequalities holds.

t
ptay) =[BT, € ds)plt— s.afy)ds
0

/t di  _cesdl ceg  _cords Cos _ copolea)?®
0

e s e t—s ds < —e
53/2 t—s t

It thus follows that in this case

Ce3 _064p(w,y)2 Ce8 _ cgor(z,y)?
€ ¢ <p(t,z,y) < Te e

The above cases have covered all the possible locations of  and y. O
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/\L
* *|
a7 —a3| =
£ (,L%<

aj

Figure 6.2: BMVD with an arc

6.2 Planary BMVD with an Arch

In this section we study another example of multi-dimensional Brownian motion. The
BMVD denoted by X is now constructed on a state space which can be intuitively viewed
as a plane R? with an arch of a real line segment denoted by L attached to it.

Similar to the notations in the previous sections, let By and Bs be two disjointed Eu-
clidean discs on R?, and let a} and a} be the two points obtained by darning B;,i = 1,2
respectively. Also let af, i = 1,2 be the two endpoints of L. Set Dy := R?\(B; N By). The
state space of X is F := Dy U L U {a},a}} which is embedded in R?. See Figure

Fix p > 0. Let m,, denote the measure on £ whose restriction on L or Dy is the Lebesgue
measure times 1 and p, respectively, and my({a;}) =0, i = 1,2. The Dirichlet form (&, F)
of X on L? (E,m,) is thus given by

F={f:flge € WH3(R?), [ is constant E-q.e. on B;, f|, € WH(L), fls, = flo(a}),i=1,2.}

£(9)=DUf.g) = [ DX i)+ 3 [ g @mlao),

i=1,2

As in the previous section, we are interested in obtaining a two-sided small time heat
kernel estimate for X, therefore unless otherwise stated, it is always assumed in this section
that t < 1. Most of the proofs in this section are similar to those in the previous section.
Again we assume without loss of generality that p(aj,a3) = 4 = |L|,. To be more precise,
we assume that the geodesic distance between a] and a3 is 4, which is the same as the length

of L.
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Figure 6.3: The radial process of BMVD with an arc

In order to give the heat kernel estimate results, we start with considering the case that
both x and y are on L and have the following proposition.
Proposition 6.2.1. There exists C; > 0, 1 < i < 4 such that

Cl _ Cap(z,)?

Vit

<plt,z,y) < —ze” ¢, tel0,1], z,ye L.

Proof. We choose R > 0 so small that B,(a}, R) N B,(a3, R) = &. Since Proposition

remains true for the BMVD in this section, we have

p(t7 Z, y) = pLuBP(aT,R)uBP(aE,R) (t7 T, y) (621)

We consider the part process killed upon exiting L U B, (a7, R) U B,(a3, R) and denote such
a part process by X*. Without loss of generality, we assume the radius of the two collapsed

discs is e. We can thus define a “radial” process of X* in the following way (see Figure :

—,O(LL’,QT), T € BP(G’T?R);

u(z) = % plz,a}), =z € L;

4+ p(z,a3), x€ By(as, R),

where 4 is the length of L. Let Y; := u(X[) be the “radial” process of the part process X*.
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Similar to the computation having been done in Section 4, For any ¢ € C°(FE),

4
/ Ydv = E(u, ) = V(=p(z,a))) - Vipdx + Vo(z,a3) - Vipdr + 271'6/ Y dx
E By Ba 0

4
:—/ x*-wwdwr/ - -dezv—l—%re/ W' d
B1 p('rva'l) Bs p(:L‘, a2) 0

- /31 e (p(nga’{)> v 9By w(a’{); <ﬂ(fvx%)) - /BQ e (p(:rgjaé)
- [, vt g (g )+ 2me((as) = vta)

T, as

1 1
— | ———dr— [ ———gd,
/Bl o a) /B oz, )

where D = R?\ B, (0, ¢), 7 is the outward pointing unit vector normal of the surface 9B.(0, €),

) Ydx

and dr is the surface measure on S'. Therefore Y can be characterized by the following

SDE:

2me 1 !
dy; = 7 . 1[—R,4+R]dBt - <M1{4<Yt<4+R} + Yt_el{_R<Yt<0}> dt.

According to Proposition [3.4.1]

3 _cap(wy)?
t7x7y>x736 t y O<x,y<4, t<l.

Vit

1 _cor(@w)®
t

—=e <p

Vi

It thus follows from (6.2.1))

"

p(t,:n,y) = pLqu(a*{ﬂR)qu(aﬁﬁR) (tvl'ay) = py(t,x,y), r,ye L,te (Oa 1]'

i.e.,
. 2 . 2
Cy _cepr(@y) cy cgp(z,y)

—e o <pt,z,y) < —e t , z,yeL,te(0,1].

Vit Vit

The following proposition regards the case that z € L and y € Dy.

Proposition 6.2.2. Forx € L, y € Dy, there exist constants C; > 0, 5 < i < 12 such that
for all t € [0,1] the following estimates hold:
When p(y,af) <1,i=1 or2,

Cr _ Csp(=w)?
Sp(tuxay) S —F=¢€ t )

Vit

C5 _ Cepl@w)?
t

%6
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otherwise
Cgy _ Ciop(=.w)? C _ Crap(z.w)?
796 . t Sp(tyﬁfay)ﬁ%e . t

)

Proof. For the case that p(y,a}) < 1 where i = 1 or 2, we consider the part process killed
upon exiting L U B,(aj,3/2) U B,(a3,3/2). By the same argument as Proposition we

know
p(t7 .',E, y) = pL\_IBp(aI,S/Q)UBp(ag,S/Q) (tv CL', y)

ie.,
C 762p(z,y)2 C 764p(z,y)2
e <pltya,y) < %e C

Vit
On the other hand, if p(y,a;) > 1,7 =1 and 2. Since € L and we assume in this section
that |L| = 4, we may without loss of generality assume that p(x,a}) < 2. By elementary

geometry one sees

p(z,ai) + p(y, a1) < p(z,y) < p(y,ai) > 1. (6.2.2)
Now we consider the part process killed upon hitting B,(a3,1/2). It follows
¢
o) > [  Phsy s T € ds)plt = s.01.)

t/2
> /50 ]P)yE\Bp(az,l/2) (Ta: € ds)p(t — s,a],x)

cs _csp(af’a’{)Q
T

Y
> e P ey (Lo < 1/2) (6.2.3)
cgp(x,a¥ 2 c ,a¥ 2
f—;e— RS | -l (6.2.4)
Vi
cp(@y)?
&g (6.2.5)

-t

In the above displays, (6.2.3)) is due to Proposition (6.2.4) is due to the hitting time
estimate of standard 2—dimensional Brownian motion, and (6.2.5)) is due to (6.2.2]). O

Now the remaining case is that both x and y are on Dy.

Theorem 6.2.3. For x,y € Dy, there exist constants C; > 0, 13 < ¢ < 18, such that for all

t € [0,1] the following estimates hold:
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When x,y € By(a;,1),i=1 or2,
x, 2 Ciglz— \‘22
s -urza , Cis (1 A ’x‘”) (1 A |y")> e <pltay)
Vi t Vi Vi

< %6_017pir,y)2 4 G Cie (1 A |x|p> <1 A |y|P> e—icmlf*y‘g’
Vi t Vi Vi

otherwise,

021 _ Coop(z,)?

C Caop(@,y)*
ﬁ@_ 20pt ‘ p(t T y) < T@ t ,

Proof. Actually when z,y € Dy, t < 1, we can adapt the results as well as their proofs
of cases 1 — 4 in Theorem [6.1.3] To see this, we first show for the process of the current
section, the following statement holds. It roughly says the starting from Dy, the process

does not leave Dy U B, (a7, 3/2) U B,(a3,3/2) before t < 1.

PDoUB,(a%,3/2)UB,(a3,3/2) (L Z, )

t
< / P* (TDOUB,,(a;,3/2)u3p(a;,3/2) € dS) sup p(t —s,2,9)
5=0 =2€0(DoUB(a7,3/2)UB(a3,3/2))

exp <_ c2 (p(y, ai)* A p(y7a§)2)> e

t—s

t
o C
= / OIP <TD0UBP(G’{,3/2)UBP(a;,3/2) € ds> ; 1

o c2 (p(y,ai)* Ap(y,a3)?) | ea
= / P <TDOUBP(a1,3/2)UBP(a;,3/2) c d8> exp (_ ( 1t — 2 ) e

y7a1 /\p(y7 a;)Q - '
t ) et s=0 IEDI(TDoqu(a’{,l‘3/2)UBp(a§»3/2) € ds)

< exp

t

ply, a})* A ply, a;>2>> - (_c (p(x,ap)? A p@;,a;)?))

t

| /\

t

< exp< Wy))

t

y,a /\p(y7 a*)2 -2 oo
_ ( 1) 2 ) et P (Tpoqu(a’l‘,S/2)UBp(a§»3/2) <1

Actually one immediately sees that exactly the same argument as above holds for the process
discussed in Section 7 which is planary BMVD with multiple straight lines, because it only
depends on the trajectory up to exiting (Do U B,(a},3/2) U B,(a3,3/2)). Therefore, by

denoting the transition density of planary BMVD with multiple straight lines by p{™), it
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holds
(m)

pm (t,z,y) < pDouB(a§,3/2)uB(a;,3/2)(t’ z,y), x,y € Dp,t<1. (6.2.6)

The idea of the proof to the above relationship is similar to the proof to Case 2 of Theorem

Indeed for planary BMVD starting from Dy, the distribution of BMVD with an arc
is the same as that of BMVD with two straight lines. i.e.,

(m)

pDOUB(a{,S/Q)uB(a§,3/2) (t,:c,y) = pDOuB(a{,s/z)uB(ag,s/z) (t,:c,y), r,y € Dt <1

Therefore recalling (6.2.6)), we conclude when z,y € Dy,

p(t, xZ, y) = pDQUB(afs3/2)UB(a§,3/2) (t7 Z, y) + ﬁDoUBp(a*f,3/2)qu(a;,3/2) (t’ x, y)
o ,(m)
= PDoUB (a3 3/2)UB(a5,3/2) (£ 05 )

= p(m) (ta z, y)a

which means the results as well as their proofs of cases 1 — 4 in Theorem apply to this

current Theorem. O
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Chapter 7
BMVD WITH DRIFT

7.1 Girsanov Transform of BMVD and Its Resolvent Kernel

Let b : E — R be in the family of L™ (FE) + L™ (E) for some p; € (1,00] and
p2 € (2,00], where L™ (E) = {f: flr, € L" (Ry), flp, € L (Do)}. We have defined
BMVD with drift in terms of Dirichlet forms in Section 2.5.1 as the Hunt process associated

with the following Dirichlet form:
gb(fa g):go(fa g)_(be, g)> D(gb):D(go)a

where D(E°) = {f . flgz € WH2(R2), f is constant £—q.e. on B, flr, € WE2(R,), flr(0) =
flB}-

In this section, we characterize such a process by Girsanov transform and identify its
resolvent kernels.

First we define a family of probability measures QQ in terms of Girsanov transform as fol-
lows. We set M} := /t 1g, (Xs)dX, and M7 = /t 1p,(Xs)dXs. To see how these stochas-
tic intergrals are rigo?rously defined, we set p(x) O:: p(x,a*) for z € E, and A5 := {z €
Ry, p(z) > 0}, Bs := {z € Dg,p(z) > d}. We define a sequence of stopping times as

follows.

SO =inf{t > 0: X; € As};
TY = oy

S9 =04, © Ops + 17,

T26 = 0yq*} © 6515 + Sis;

0 6
= O :
SQ O'A(S 9T26 +T2,
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For each t > 0, we define

MM Z/

n>1 SE Nt

TSNt

1-dX, /21{86 s, T3]} 4.

The above stochastic integral is well-defined because the restriction of X on R, has the same
distribution as 1-dimensional Brownian motion on Ry. Thus due to the strong Markov
property of X as well as the fact that the summation is finite, the above 1-dimensional

stochastic integral is well-defined. Since we have for each fixed ¢ > 0,

Z 1{se S5, 13} T 1ix,er,} @s., asd —0.

It follows that there is a unique square-integrable martingale

M) = /Ot 1(x.cx.ydX,.
Similarly, to define M?, we define
§g = inf{t > 0: X; € Bs};
f{s = 0(q*};
§f =0p; 09A5 +T1,
fg = 0fq*} © 9§i; + Sl;

[ 76
S5 = oB; oﬁfg + 715

Similarly, for each ¢ > 0, we define

M2 Z/

n>1 n 1N\t

Tt t

1-dX, = /0 Zn: 1{8€[§2,1» Tg]}dXS’

Similarly, the above stochastic integral is well-defined because the restriction of X on Dg
has the same distribution as 2-dimensional Brownian motion on Dy. Thus due to the

strong Markov property of X as well as the fact that the summation is finite, the above

2-dimensional stochastic integral is well-defined. Also we have

Zl{se }Tl{XeDo}as , asd— 0.
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Therefore there is a unique square-integrable martingale

t
Mf:/ Lix,en}dXs.
0

Now we define

d t t t
d%:Mt = exp</0 b(M;)dM;+/O b(Mf)de—/o \b(XS)|2ds>, (7.1.1)

where (X;)¢~0 is BMVD. Let GO be the resolvents of BMVD. We first need to prove the
relationship between the process defined by QQ, namely, by the Girsanov transform of BMVD,
and BMVD with drift defined in terms of Dirichlet forms. That is, we need to show the
following theorem which consists of two statements.

In the remaining context, we just write (My)s~o and suppress the superscripts to avoid

confusion caused by notation.

Theorem 7.1.1. The following two statements hold.
1. The family of probability measures Q defined in (7.1.1) determines a continuous Hunt
oo

process. If we denote the resolvents of this process by G, it holds G°, := Z Gob-vao)",

(o2
) ) n=0
where the infinite sum converges.

2. The process determined by Q which is defined in (7.1.1)) has a Dirichlet form expression
£%(f,9) =E%(f.9) = (b-Vf.g), D(E’)=D(). (7.1.2)

Recall that D(E) = {f : flgz € W'?(R?), f is constant E—q.e. on Be, flr, € WH(R4), f|r(0) =
fl Be}- The argument of the proof is almost the same as in [I3]. Before proving Theorem

let us first prove several lemmas. We start with observing that

d t t
% — exp </0 b(X,)dX, —/0 |b(Xs)]2ds) _ M

uniquely defines a family of probability measures. To prove the first claim, we need to find

the relationship between the following two families of operators.
chitw) = ug ([ soaa). g ey
0
casta) =55 ([t g )
0
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where Ef is the expectation corresponds to the case of b = 0.
As is showed in Theorem 3.1 of [I3], EEM? < oco. Since

|PLf ()] = B3 (M, f(X0)| < (B5MZ)? (B 12(X0))"?

t
by setting «p := sup Ej (/ \b(Xs)|2ds) we have
zeE 0

1 1
1P fI5 < ez B f2]l1 < 2| £]13.

Thus ||PPf||2 < e®!, which implies

1
Gy <
[Gall22 < po——

where || - ||2.2 is the operator norm from L? to L2
Recall that £9 is the Dirichlet form of BMVD therefore it is symmetric. We first have

the following lemma which is in the same form as Lemma 3.3 in [13].

Lemma 7.1.2. There exists a constant aq > ap such that for a > a1, f € L*(E)
Un = Go(b-VG)"f, n=0,12,-

o0
is in D(E). The infinite sum Z 1y, converges in D(E) with respect to the norm || - |12, and
n=0

for eachm > 1,

EQ(thn:g) = (b~ Vibn,g), g € D(E). (7.1.3)

Proof. Since b is assumed to be in the family of L™ (E) + L"""*(E) for some p; € (1, <]
and ps € (2,00], where L™ (E) := {f : flr, € L" (Ry), f|p, € L™ (Dy)}, it follows that

sup E§ </ e_o‘t]b(Xt)2dt> < 00.
0

el
For f € L?(E), GOf is in D(E) and GY(b- VGY f) is well-defined for a > ag, because it

holds for some constant ¢ > 0 that
5 ([ e lbor) - Ve as)
0

00 1/2 00 1/2
<E} (/ e“b(XS)Fds) Ef (/ e%rmw(xs)ds)
0 0
0

1/2
<Ve (Eg/ e—asyvagﬂ?(xs)ds) < 0.
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Furthermore,
o —Qs C
13 = |G (b- VG < c/o e | PY(IVGRf1)hds < a\IVGng%-
For 3 > 0, we define EP)(f, g) := B(f — BGYS.g), Vf,g € L*(E). It is known that

D, 1) = EOBGYS, BGYS), Vf € L*(E)

and f € D(E) if and only if sup EP)(f, f) < oo, in which case
B>0

O (f.9) = Aim £P)(t,g), for geD(E).

By the resolvent identity

/B GO o o GO

we have

£ (i) = 52 (0 VG 5GYN) LB

B
Since b is in the family of L™ (E) + L"™"*(E) for some p; € (1,00] and ps € (2, 00], for some

constant ¢ > 0 it holds

(8V a1 8GYv0| < SIVGESIE + 5 [ BP(ECE o

IN

1 1
§||VGng§ + || BGHY |5 < §||VG9.fH§ + clly3.
Hence

EO 1, 00) = =2 (b-TGLL BG1) = =2

/B _
<2|VG3f|r% +elnl} ) -

<

Sl

It follows that

211%5 V(1,41 = hm EB Wy, 1) = [VGLFI3 + (e — a) ¥ I3 < oo
>

Thus 11 = G2(b-VGY f) € D(E). Since BG%q/Jl converges to ¥ in £Y—norm as 8 — oo and
(f.q) — / (b-V£)-gdm is a continuous bilinear form in D(€) with respect to £)—norm,

E%tr1, 1) = hm EB Wy, 1) = (b- VGO f,91) — allyhr|3.
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Thus
EY(W1,101) = (b- VGOf, ).

A similar argument shows that for a > «p,
Ea(t1,9) = (b-VGaf,g), Vg€ D(E).

For a > «q, since b is bounded, there exists some A > 0 such that

1

1/2 2 1/2
w0 < IVGl [ I20tae) - < edetr. e (gredtmm))

Hence
E201, 1) < S EY(GRSGUF) = SE3 o o).

by induction we have v, € D(E) for n > 2,
0 Lo
5a(¢m wn) S §ga(¢n717 1%71)

and E (Y, g) = (b- Vibn_1,9), Vg € D(E). Tt follows immediately that Z 1, converges in
n=0

(DE), - ll1.2)- O

The next theorem characterizes the relationship between GO and G?.

Theorem 7.1.3. Let ay be the same constant as in Lemma [7.1.3 For a > a1, and
f € L%(E), we have G2 f € D(E), and

(

Gof = G +Go(b-VGLS)

Gof =X a0 Galb - VGo)" f (7.1.4)

Ghf = Gof +Go(b-VGLf),

and

&0 (Gg(b - vagf),g) - (b VG, g) . Vg eD(E) (7.1.5)
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t 1 t
Proof. Since GY f € D(E), for My = exp </ b(Xs)dXs — 2/ \b(Xs)Pds), t>0,
0 0

t
M, =1 +/ Mb(X)d X,
0
where X is the BMVD. It follows that
t t
Gof(Xy) = GO f(Xo) + / (VGo f)(Xs)dX, +/ (aGYf(Xs) — f(X))ds.
0 0

Using integration by parts, one has

t t
e GY F(Xy) = GYF(Xo) + / e (VG f)(Xs)d X, — / e f(X,)ds.
0 0

t
Since M; =1 +/ M - b(Xs)dXs,
0

EZ [Mt <€atGgf(Xt) — Gof(Xo) + / t e“sf(Xs)dsﬂ =K} [ / t e M, (b- VG f) (X;)ds| .
0 0
Hence

t
Ef [Mie ™G f(Xy)] +EF [ /0 t e f(XS)ds} =GO f(x)+EE /0 e M, (b- VGO f) (Xs)ds.
(7.1.6)

Again by integration by parts,
1 t 1 (0% ¢ 1
e 2%\ =1 +/ e 2 Mb(Xs)dW s — 2/ e 2% Mds.
0 0
Thus
t 1 8] t 1 2
EZ </ eQSMS?yb(XS)Fds) = <e2atMt —1+ 2/ e2°‘sM5ds>
0 0
x —at 2 « > —Lasq 2
< 3Ej |e Mt—l—l—{—§ e 2 MZids| < oo;
0
and also for some constant ¢ > 0 it holds
x
EZ [/ e S M,|b - VGgf(Xs)us}
0

00 1/2 00 1/2
< <E§ / eastlb(Xs)\2d3> <Eg / e ™| VGY f|2(XS)ds>
0 0

(9] 1/2
<c- (Eg/ e_O‘S]VGng(XS)dS) < 0.
0
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G (b- VGO f) is therefore well-defined and
IGLo- VNG < e [ e V6L Ids < ZIVGESE
0

By Cauchy-Schwarz inequality as well as the fact that sup,cp EEM? < 390 we conclude

that
E§ (/ e_O‘SM3|f(Xs)|ds> < oo and tlim E§ [Mte_atGgf(Xt)] =0.
0 o0

Thus by letting t — oo in ((7.1.6)), one gets
EZ / Moe % f(Xs)ds = GO f () + EE / e M,(b- VGO f)(X,)ds.
0 0

That is
GP f(z) = GO f(z) + G (b- VGO f)().

By the same argument

Gob-VGaf)(@) = 3 Galb- VGo) f(2) + Go(b- VGL)" f(2).
k=1
If we set 1, = GO (b- VGQ)F f which is known to be in D(&) for a > ay, then
Gb(b- VGO ) Zwk )4+ Gh(b- V) (z), n>1.

By the same reasoning as that for (3.37) in [I3], there exists some constant ¢ > 0 such that

Cc
1G&(b - Tl < (V3

which converges to zero as n — oo by lemma It follows

Gh(b-VGLf) () =D vi(x)
k=1

The last “ =" of (|7.1.4)) follows immediately from the second identity. (7.1.5)) follows from
(7.1.3)) and the third identity of ([7.1.4)). O

Recall in it is defined that E°(f,g) /Vf ngx—/(b V) gmy(dz),

which is a non-symmetric Dirichlet form. We are now ready to prove Theorem
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Proof of Theorem The first statement has already been proved. We only need to
check the second statement.

For f € L%(E), it has been proved that G f € D(E). For g € D(£),
EL(GhT.9) = €0 (GAF + GO VGLE),g) = (b- VGhf.9)
= (f,9)+ (b-VGLf,9) — (b-VGLf,9) = (f,9),

which implies that the resolvents of £% is {G? }, where by definition G%, f f e f(Xy)d
Theorem is therefore proved in view of the result of Theorem [7.1.3

The followting theorem characterizes the infinitesimal generator associated with (X?)~q.

Theorem 7.1.4. A function u € D(E°) is in D(LY) if and only if the distributional Lapla-
cian Au of u exists as an L?-integrable function on E\{a*} and u has the same zero fluz

property as BMVD at a*. Moreover, for u € D(L?), L' = Au+ bVu on E\{a*}.

Proof. Let L® be the L2-generator of BMVD X°. u € D(L?) if and only if u € D(£%) and

there is some f € L*(E;my) so that
/ f(@)v(x)my(dz) for every v € D(EY).
Denote the above f by £%u. The above is equivalent to
/EVu(x)-Vv(a:)mp(dx) —i—/Eb(:U)Vu(m)v( x)my(dx) / f(x)v(z)mp(de)
for every v € C°(E\{a"})  (7.1.7)

and

/EVu(a?) - Vug(xz)my(dx) + /Eb(a:)Vu(x)uo(x)mp (dx) / f(x)up(x)my(de). (7.1.8)
says that f = Au+bVu € L*(E;dz), and is equivalent to Np(u)(a*) =0. O
7.2 Smallness of Perturbation

Unless otherwise stated, it is always assumed in this section that ¢ € (0,1]. The first

claim we need to make is related to the smallness of b(z) - V as a perturbation of A, which
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will thus lead to the small time heat kernel estimates of BMVD with drift. Before doing
this, We first define p2(¢,x,%) as the canonical form of the heat kernel of BMVD in the

following way.

e rEeRy, yeRy, orz Ry, y €Dy, |yl, <1
1 _ap@y)®
fe ¢ ) xeDO?ZJEDOv |:E’P+’y‘p2 17
0
Pa(t,z,y) =
ap(@,y)?
%efpty , reRy, ye Dy, |yl,>1;
1 —eaeEw? [ yl2\ —e2lz=uid
W@ t +?<1/\T)(1/\T)6 t ,ZEGDO,yGD,|$|p+|y|p21,

where 0 < o = a1 < .

Proposition 7.2.1. There exist constants o, 8 and 7y satisfying 0 < a < 8 < v such that
it holds

Cipd(t, x,y) < pt,x,y) < Copd(t,a,y), (t,z,y) € (0,1] x E x E, (7.2.1)

as well as

C
=3 0%t 2, ), (7.2.2)

Vit

where C;, i =1,2,3, are some positive constants.

Vep(t,z,y)| <

Proof. (7.2.1)) is the heat kernel estimates for BMVD which have already been shown. Since
« can always be chosen to be larger and + can always be chosen to be smaller, it suffices
to show ((7.2.2) for some 5 > 0. We prove (7.2.2)) by considering different regions of x and

y. In the following proof, the values of the constants ¢; and §8; may change from line to line
fori=1,2,---.

Case 1. z € Ry, y € Ry. In this case

Vup(t, z,y) = Vapr, (t,z,y) + vxﬁR_,_ (t,x,y)

t
= Vapk PV () + Ve [ P (T € )t~ s,a7)
0

¢
= pr]ﬁiBM(t, x,y) + /0 VPP (Ty+ € ds) p(t — s,a",y). (7.2.3)
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We now notice for some constants ¢ > 0 and 8 > 0 it holds

lz—y|?
\prﬁlBM(t,x,y)] 3%6_6 s (7.2.4)
and that
! % PO (x| _se? co  _BY2 c3 _ Blo—yl?
/O VxPx(Ta*eds)p(t—s,a,y)lg /0 8.%‘(33/26 s >\/m€ t—sds S?e t .
(7.2.5)

By replacing the two terms on the right hand side of (7.2.3)) with ((7.2.4) and (7.2.5)) respec-

tively, it has been proved that for Case 1,

Cy4
IVap(t, 2, 9)| < —= p)(t, ).

Vit
Case 2. x € Ry, y € Dy. We denote |y|, which is the geometric distance from y to a* by .
Due to the rotational invariance of p(t, x,y) in y for this case, we may consider V p(t,z,y)
as a function in r.

When |y|, < 1, it holds

Vep(t, z,y)| =

¢
/ V. P? (Tox € ds) p(t — s, a”, y)'
0

/t8 ﬂe_@ a e*tﬂg2 ds
o Ox \ s3/2 Vit—s

However, when |y, > 1, it holds for some constants ¢, 8 > 0 that

Bo(w,)?
< ctﬁe— a (7.2.6)

<

|Vap(t, 2, y)| = Vz/O P*(Tyoy € ds)p(t —s,0,y)

t
/ V. P*(Toy € ds)p(t —s,0,y)
0

2 2
< cslz| [ 1 eiﬁ(%+r‘gls>)ds
T V21 Jo £/83(t — s)?
esle] (1?01 _sa? s ¢ 1 _ B2 Blyl?
= e 2s 2t S + — e 2t 2(-s)dg
Va2mJo  tvs? t/2 t3/2(t — s)

eslz| (1 _pw? (Y2 1 822 1 g2 [t 1 _Bw?
< 1] “e o —e 2 ds+ —5e 2 e 20-s)ds
V 2 t 0 vV 33 t3/2 t
03|x] 1 _Bezw)? 1 Bew)? C4‘£U| _ Bo(z)? Cx _ Bo(z.)?
—e t + —=e¢ t < e t < —-e t
/o $3/2 - 42 — ¢3/2
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Case 3. Still we consider the case that z € Ry, y € Dy, but now we consider V,p(t, z,y).
We denote |y|, by r. Now in order to partial differentiate p(t,z,y) in y, we first show that
the radial process Y is a 1-dimensional diffusion process with drift term in Kato class Kj i.
It has been shown that Y has an stochastic differential equation characterization as follows.

1
dY; = dB; + mqmo}dt + (2me — p)dLY,

where the local time term can be neglected for the purpose of heat kernel estimates by

1
taking p = 2me. We set f(x) = Tl{x>0}, and one can conveniently check that f € K :
T +e

: ] , r+r+e . 2r + ¢
lim  sup dy = limsup log ————— = lim log =0,
0 zery @>r Jor YT € 0 g>r T —T+e€ 70 €

which shows that Y can be charicterized by

dY; = dBy + f(Yy)dt, where f(z) = 1{x>0} € Kyq1.

T+ €

Therefore by Theorem 2.4 of [18],

0 y c1 _eal@?4r?)
— t,x,r) < —e t
8rp ( )< t

1
Since when z € Ry, y € Dy, p*~ (t,z,y) = —p* (t, —x,r), it holds
r

1 0 or o
Vpr(t,g;,y) =2 [(Tmpy(t, —a:ﬂ‘)a—xl —10Y(757 _x’T)ﬁxl> ,

a Y 87“ Y 8T
(ra’f’p (ta xﬂa)@ixg p (ta x7r)8.72‘2>:|

€1 _ca@ir?)
Recall pY (t, —z,7) < e % . Whenz € R, we have

NG

cq _c2@+ulp)

‘Vypx(tvl‘ay)l S 76 ¢

i.e.

Vyp(t,z,y)| < 5 p(t,z,y) when o € Ry,y € Dy, (7.2.7)

Vit

Case 4. x,y € Dg. In this case we have

Vap(t,z,y) = Vapp, (t, 2,y) + Vabp, (t, 7, y). (7.2.8)
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By the result shown in [1§],

1

Vit

\Vap(t, 2,y)| < —=ppy (L, 2, y). (7.2.9)

For the second term on the right hand side of (7.2.8]), we have

t t
Vabp,(t, z,y) = / PY (Ty+ € ds) Vup(t — s,a*,x) = / VPP (T € ds)p(t — s,a",y).
0 0

(7.2.10)

Now we consider ([7.2.10]) under different cases.

Subcase 1. |x|, > 1. In this case it holds

t
VaBg (£, 3)] < / PY (T, € ds) |Vap(t — 5, %, @)
0

/t - 0s) 1 o Blal2
< P « € as e t-s
- 0 ( N \/t —st—s
Blz|2 B(lz12+1yl2) c

¢
S/Py(Ta*Eds)63~e_ t—s < cqg-e€ i <
0

ot

p(t, z,y), (7.2.11)

5

where the second “ <7 is due to the result of Case 3.

Subcase 2. |x|, <1, |y|, < 1. For this subcase it holds

t
V.t (ta)] = | [ V2B (T € ds)pte - y>‘

< /0 V,P? (T, € ds) vl
t

< / V:E]P)x (Ta* S dS) Ccr 'p(t - S, a*>ﬁ|y|P)
0

t
= Vx/ P* (T, € ds) ey - p(t — s,a™, Blyl,)
0

cg _ BUz3HvIp) e o
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Subcase 3. |x|, <1, |y|, > 1. In this case we have

t
’VmﬁDO (t, z, y)’ = VP (Ty» € ds)p(t — s,a”, y)‘
0
t Blyl3
< V. P (Ty+ € ds) A0 -3¢
0 t—s
t Blyl?
< || VP (Ty- € ds) —Loe™ 7= ‘
0 t—s
t
< Vo P¥ (Tos € ds) c12 - p(t — s,a™, Blyl,)
0

c13 _PU=RHE) ey
= C12 |v$p(t,$,6’y‘p)’ S t:ﬂ?e t S %p%(uxay)? (7213)

where in the second “ < 7 it is used that |y|, > 1. By combining (7.2.11)), (7.2.12) and
(7.2.13)) we conclude

C15 ¢

|Vabp, (t z,y)| < \/%pg(t,xjy), (7.2.14)
which together with (7.2.9)) shows that
C

Vap(t,z,y)| < =2 ph(t,2,y), (z,y) € Do x Dy. (7.2.15)

Vit
O

Now based on the above proposition, we are ready to show the following theorem which

is called Duhamel’s formula.

Theorem 7.2.2. Let b be a measurable function on E which is in the family of L™ (E) +
L™ (E) with p1 € (1,00] and py € (2,00]. Given vectors (a1, az) and (B1,B2) satisfying

O0<a; <f1 and0 < as < fs. Set = a1 and B = B1. The following relationship holds.

t
/ / POt — 5,2, 2)|b(2)| |VspY(s. 2 9)| dds < CaOpl(tzy), 0<s<t<1,
0 zeE
(7.2.16)

where Cy(t) is non-decreasing in t, Cy(t) — 0 as t — 0, and Cy(t)/t — 0 as t — oo.

Proof. Without loss of generality, we assume b is non-negative. By Proposition [7.2.1] it

suffices to show the following inequality.

t

1

/ L R = s 2 () s, 2 p)dzds < (DRt ). (7.2.17)
0 \/g 2€D
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We prove ([7.2.17)) by considering different cases depending on the regions of x and y.
Case 1. x,y € R4. In this case we consider the Chapman-Kolmogorov equation depending
on the position of z as follows. When =z € R, by Hélder’s inequality we have for p,q > 0

satisfying 1/p+ 1/q =1,

/ Pt — 5,2, 2)b(2)p) (5, 2, y)d
ZE]RJ,_
t1 1 alz—z 1 Blz—yl?
< | — et b(z)—=e s dzds
/0 \/g Ry \/t — S )

Loy [Py 1 _1 (Bl
<e 1 / s te — b(z)s e s dzds
0 V=5 J:er,

alz—y2 [t 1,1 1 1 B-al-w2\? 1/a
< [, ([ (e ) )
0 Vi—s Z€R,

1
alz—y2  $24

< cl||bl|l,e” " ¢ .
< cllbll 7i

Thus we have shown that the desired inequality holds in this case for b € L"(R;) with

p € (1,00]. The same computation as above applies to the case that z € Dy with |z|, < 1.

When z € Dy with |z|, > 1, again by Holder’s inequality we have

b1 1 ap@)? 1 pey.)?
/ et b(z)—e s dzds
0 V5 Jeeny a1t °

t 2
7ap(ﬂv,y)2 1 _al=lp
<e Tt / / e s b(z)dzds,
0 Jz€Dy,|z|,>1 t—s

from which one can tell that for b € L"(Dg\B(a*,1)) with p € [1, 0], the desired inequality

holds with some ¢(t) satisfying the desired restriction. Therefore the inequality has been
proved for this case.

Case 2. x,y € Dy, |z|, + |y|, < 9. We first consider the case when z € Dy, |z|, < 10. In
this case, by the heat kernel estimate we have

t
1 0 0
— po(t —s,x,2)b(2)pa(s, z,y)dzds
/o V8 JzeDg,zl,<10 ()3 )

<

b1 ¢ _oe@)? c |z|, |1z], _agle—2|2
< — ——e  ts 4 1IN —= N——=|e it
0 V'S Jzepo,|zl,<10 LVE—s t—s Vi—s Vt—s

=)? ly—=[2
- b(z) [\;ge_ S + g <1 A ’y\/|§p) <1 A ’Z\/|§p> e 2% } dzds. (7.2.18)
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The right hand side of ([7.2.18) can be expanded into the sum of four terms. We now

estimate the right hand side of ([7.2.18) term by term. First of all for p > 0 we have by
Holder’s inequality,

t 2
1 1 _e1e@2) 1 _Belza)? v)?
/ — : dzds

0 V5 Jzepg,|zl,<10 VE— 5 \[

t 2
14l _1lia _1 _e1p:2) L pezw)?
§/ s T (t— ) 2+2P/ (t—s) e~ t=s b(z)s e dzds
0 z€Dy,|z|,<10

1/p
t (2,2)2 2,9)2
< [ a9 s, | [ T ey,
0 2€Do,|2,<10 VI — 8 Vs

< ol +2 ( SN QL [ )1/”
C [ e —s (&} s T
B 1 t%*i r=0 Vit—s \/g
c arp(@y)? 1
< et -t 7.2.19
< 01, (7.2.19)

which implies that b € L (Do N B(a*,1)) with q € (1, 00] will yield the desired inequality.
Secondly, for the right hand side of (7.2.18)), for p,q,r > 0 such that 1/p+1/q¢+ 1/r = 1,
by Holder’s inequality we have

1 _oae@)? 1 |y |z Balz—yl2
— et b(z)- (1/\ SLNIA L ) em T s T deds
/ Vs 2€Dyg,|z|,<10 VI — S s Vs Vs
1 _o1p@)? ] palz—yl2
/ / e b(z)dzds
€Do,|z|,<10 VI — s
3 1.1 _1 _ap@2? 1 _aly—z2 1 (B-o)ly—z|?
:/ P ASTAE a(t—s) 2+2P/ (t—s) e s e s s ae” > b(z)dzds
0 2€Dg,|z|p<4
b s a1 11 (1 ape? \ /P
S / S 2+2p+q(t — S) 2+2p <\/£6_P pt ‘ > ds - ||bHT . const
0
_ ap(z,y)? 1
= c|[bllre” 1 s, (7.2.20)
2 q

provided that 1/q + 1/2p > 1/2. Therefore by choosing an appropriate pair of (p,q), the
desired inequality holds for b € L' (Dg N B(a*,1)) with 7 € (2,00]. Thirdly for the right
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hand side of (7.2.18) we have for any p, q,r > 0 satisfying 1/p+1/q¢+ 1/r =1,

2
_asle—zl2 1 Bre(zw)?

/tl ! (1/\\)?’_%)(1/\\)%)6(2:)6 e

0 VS Jiepo|zl,<10t — S

t1 1 agle—z2 1 ﬁlp( 9)?

</ — ——e s —e b(z)dzds

Vs 2€Do,|2|,<10 t—s Vs

_ 1 Bezw)® _1 _(eatag)le—zff _1 _(egmaple—zlF 4

/ s / re” s (t—s) re 2At=s) (t—s) ae 2t-5) {7 rb(z)dzds
z6D0,|z\p<10
1/p

a1 1 _pBoza® 1 _plertag)e—z2

</ s / —e s e 20t-s)  dz
0 2€Dg,|2],<10 S t—s

1
1 _aleg—ay)|z—=|2 /e
X e 2(t—s) dz ||b”r l/r
2€Dg,|z|,<10t — 5 t

b 1 1 1 _pepes\ P

< | ——+ds|—- e i ol 77
0 sl=1/p \/g A \/i ti/r
1 _ap(z,m)?

+1/( 2p)+1/r

It has been assumed in the above computation that 1/(2p)+1/r < 1/2. Therefore we would

like b € L' (Do N B(a*,1)) with 7 € (2,00]. Finally to check the last term of (7.2.18), it

< c/[bl|, (7.2.21)

suffices to notice that
_apew)? 2

+ PDy (t x y)

c P (9: v)?
—e + t,x <p(tx < —e
7 P, (t, @, y) < p(t, 2, y) 7

which implies that the desired inequality holds for b € L" (D N B(a*,10)) with p € (2, o]

When z € R, we have for p,q > 0 satisfying 1/p+ 1/q = 1,

t
1
0 0
pa(ti s,x,z)b(z)—p (S,ZJ/)dZdS
A L€R+ \/g g

t
1 1 ap(@,2) 1 Bo(z,y)*
< | — ———e "t b(z)—=e s dzds
/0 \/g z€RL Vt_s \/g

b 1, _L o epen)?® L G
S/ st — ) 2+2p/ (t—s) 2re” s Tme e b(z)dzds

0 z€RL

b 1,1 1 apew)?
s/ st —s) 2w ds ot e bl

0

c ap(z y)
< e b, - 2, 7.2.22
< e 181l - ¢ (7.2.22)
where p > 0. Thus the inequality holds for b € L*(R,) with ¢ € (1,00]. To complete the

proof to this case, we need to prove the inequality for the case that z € Dy, |2|, > 10. For
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~+

p,q > 0 satisfying 1/p+ 1/q = 1, it holds
¥ (t - 5T, Z)b(Z)p%(S, 2y y)dZdS

1
—=D
/o /zEDo,z|p>10 Vs

t 2 2
-1 1L 1 _ap(@z)® 1 1 Bp(zy)
§/ st + P/ —s8) e t—s s » 2e s b(2)dzds
0 zGDg,z|p>10

1 ap(e,2)?

by 1L L _1_ Bezw)?
< [ ecs t —s) (t—s) 2we t=s s re s b(2)dzds
0 z€Dy, z|p>10

1
1 _pop(x2)2 1 pBp(zy)? w
e L ) ) s
2€Dg,|2],>10 VI — s
t L1 a2 1 atr—pea)?  \ /P
cs 1 p(t—s)" tap </ e e d7“> [[6]lqds
1 el ar2 1 _ palr—p(z.y))? 1/p
< cs 1w p(t—s) tap </ e e d7"> [16]lqds
T’

t1/p ap(m y)?

— e b, (7.2.23)

thus the desired inequality holds for b € L’(Dg\B(a*,10)) with ¢ € (1,00]. The proof to
this case is thus complete.
Case 3. x,y € Do, |x|, > 6, |y|, < 3. Again we prove the inequality for different regions of

z. When z € Ry, we have for p,q > 0 satisfying 1/p+1/q =1,

t
/ / pg(t -85, Z)b(Z)p%(S, 2y y)dZdS
ZER+
_apew)? b 1 1 _elklR a0 Bl
o /3 H?P —s)" 1+2P/ (t—s) e s s e spb( )dzds
0 z€R

t 2 2
ap(z y)2 1 1 1 _a|z|p 1 75‘2%
/ +2p —s)” T3 —————¢ T —e "+ b(2)dzds
0 z€ERy (t — 5)@ §2p

_ap(z t ap(x, 2
ap@y)? / 8—1+2p _ o) 425 g - ||bl‘q < Lbnlqe— o) (7.2.24)
0 35 73

Thus the desired inequality holds for b € L*(R,) with ¢ € (1, 00].
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When z € Dy, |z|, < 4 by the heat kernel estimate for BMVD we have

t
1 0 0
= p (t - S,CL‘,Z)b(Z)p (szay)d’Zd‘s
/0 \/g z€Dy,|z|p<4 “ g
t 2 2 2
1 _oap(z,2) 1 Brp(2,y) 1 _Blz—ylg
§/ < S b(z) <6_ e s >dzds
0 VS Jpzp<alt—s Vs s
t 2
1 _ep@2)? 1 _»s (= )?
:/ < S b(z)—=e~ T dads+
0 Vs 2€Dy|z|p,<4 l—s S
t 2 2
1 _ap(®,z) 1 _Balz—vlg
/ < B b(z)—e” P deds. (7.2.25)
0 Vs 2€Dg|z|,<4 t—s $

For the first term on the right hand side of ([7.2.25|) we have for p, ¢ > 0 satisfying 1/p+1/q =
1,

1 _ap(@,2)? 1 B1o(z)?
e t=s b(z)—e s zds

2€Dg|z|p<4 t—s \/g

1 ap(e,2)? 1 Brezw)?

/‘ 1y )1mp/ (t — s) " 2e T p(2)s e 2R dads
2€Dg|z|p<4

1/p
1 pozp(ac,z)2 1 pB p(z,y)2
1+2pds / e s e 1 £ dz b
- 2€Dolz|,<4 VE—s Ve 1b]lq

1 10 2 1 a(r—p(z.y))2 1/p
)Hw@</ §iJT’t e m) 1bllq
r=0 S - S

SB_% c|]b||1q. (7.2.26)
177
7%

Therefore the desired inequality holds for b € L*(Dg N B(a*,4)) with ¢ € (1,00]. Now for
the second term on the right hand side of (|7.2.25)) we first have the following computation

result.
/ 1 _ap@=? 1 aly—z2 1 (B-a)ly z\ed
e t-s —e s —e E z
z€Dog,|z|p,<4 t—s \/5 \/g

) 1/2 1/2
1 _200@2? 1 _ 200,22 1 _28-a)ly—22
< e s —e s dz —e s dz
z€Dy,|z| <4 t—s $ z€Dg,|z| p<4 $

4

c 1/2
|z|p+4+2¢ parctan ﬁ r 2ar2 1 2a(r— p(z )2
< (/ / ’ e t-s —e dfdr X const
%

——arctan 4tc_ L — 5§ S
lz]p+e

r=|z|,—4

1/2 1/2
|| p+4+2€ 1 2021 2a(r—p(z.v)? / 1 1 20p@,y)? /
<c- e t—s —e E dr <c | ———  —¢ t .
r=lal,—4 TS s s(t—s) WVt
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1
It is used in the fourth “ <7 that li_>m xarctan — = 1. Now we are ready to estimate the
T—>00 X

second term on the right hand side of (7.2.25)). Below we assume 1/p+1/¢+1/r = 1.

t 2 2

1 1 _ap(z,z) Bly—=zlg

/ — — e e T b(z)dzds
0 V'S JeeDy, |2l <a S(t = 5)

t

3 1 1 1

— / 87§+ﬂ+5(t—8)71+%
0

1 _epEx? 1 _aly—z@ 1 (B-o)ly—z[2
/ (t—s) 2re s s e s s aeT s b(z)dzds
z€Dy,|z| <4
1/2p
b s a1 IS 1 1 pos(ew)?
S/ st | s e sl
0 s(t—s) V't
ap(z.y)? b
—e T E % (7.2.28)

In the computation above, as long as 1/r < 1/2, we can choose p, ¢ such that 1/(4p)+1/q >
1/2, which implies that the desired inequality holds for b € L" (Do N B(a*,4)) with r > 2.
Now we prove the same inequality for the subcase when z € Dy, ||, > 4. Now we have for

p,q > 0 satisfying 1/p+1/q =1,

t 1 ap(z,2)? 1 _BeGw)?
/ et b(z)—e s dzds
0 VS Jjel,242ep, t =8 5
t 2 2
3,1 L _1 _ap(@=z)? 1 _ Bezy)”
— [ - [ (=) e E bz r e M dads
0 z€Dy,|z|p>4

2 2 1/p
/ 1 712&;;(1,2) 16_pﬁp(z7y) d» ||bH ds
— [ —Ss — s
2€Dg,|2],>4 VE— S s I
tosa IS 2] ar—pw)? \ /P
S/ cs 2+P(t—s) 2 </ fe_% e dr) l|bl|gds
0 r>1
_ 1 _par2 1 _pa(r—p(ey)? )1/”
—e s e = dr ||b]],ds
A T — ;

< |Ibllg—5—e t, (7.2.29)

provided that 1/p > 1/2. Therefore the desired inequality holds for b € L*(Dg\B(a*,4))

with ¢ € (2,00]. This completes the proof of Case 3.
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Case 4. x,y € Do, |z|[, <1, |y|, > 3. Again we first consider z € R.

t
1 0 0
— po(t — s,2,2)b(2)p3(s, z,y)dzds
/0 Vs Joer, (2)ps( )

t 1 2 2

_ap(z,y) _ (B=a)p(=y)

< C/ et b(z)e s dzds
Z€R+ V t — S

ape? (1 (B=o)]z|?
<ce / ds/ b(z)e” & dz, (7.2.30)
0 Vt—s Jzer,

thus taking b € L” (R ) with p € [1, 00] will satisfy the desired inequality.

When z € Dy, |z|, < 2, we have

/ \[/ P 2pa(t s,x,2)b(z )pﬂ(s z,y)dzds
ze o,zp<
¢ _ap(x.2)? 1 ogle—z2 1 _(atB)lz—yl?
g/ — = + e i b(z) e m dads
\/ z€Dy,|z| <2 t - S t—s &
c ap(z 2)2 1 (a+5)IZ*y|2
= — e b(z)—e™ 2s dzds
/ f/zeD0,| <2 \/tfs @3
c _alz—z2 1 _(e+B)lz—ul2
/ N t T b(2) e A dads. (7.2.31)
z€Dy,|z|p<2 ¥ T 8 S

The first term of the (7.2.31)) can be computed as follows.

t 2 2
1 1 23 (I 2) 1 (a+B)|z—yle
/ — S b(z)—e™ 2 2 dzds
s

f ZED() |Z‘p<2 V t — S

—opte, »)? _ (B=a)p(zw)*
< c/ / b(z)e 2 dzds
z€Dy,|z|p<2 t - S

ap(r.y)” 1 R
<ce / ds/ b(z)e™ dz, (7.2.32)
0 t—s z€Dy,|z|p<2

thus the desired inequality will be satisfied for b € L*(Dg N B(a*,2)) for p € [1,00]. Now
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for the second term of (7.2.31)) we have for p,q > 0 satisfying 1/p+1/q = 1,

t1 1 aglz—2|2 1 Bp(zy)2
/ et b(z)—e” dzds
0 \/g zEDo,\z|p<2t_S S
tq 1 aglz—z|2 (B+a)p(z.v)?
g/ — ——e s b(z)e 2 dzds
0 \/g ZGD0,|z|p<2t_S

! —14+ 1 (Bta)p(z.)? 1 aglz—z|2
< / (t — 5) 1+2p / Te_Tile_ T—s b(Z)dZdS
0 z€Dy,|z| <2 st/p (t _ 3)277

1/p
t a)p(z)2 lo—z|2
S/ 1+2p e — p(Btelo(zy) 1 o ealele ds - ||bll,
0 zeDo,lz\p<2 s t—s
t . (r—p(zw)?® O\ /P
< [lmsed ([ Lot oL ) D,
0 r>1 s t—s
- /t < et 1 7pa2<r—p<z,y>>2d >1/pd 1ol
—e t—s T S -
—Jo Vt—s 1
b < )2 1 ap(z,y)?
< <d ”q B L chqu S (7.2.33)

t2p

assuming p > 0. Therefore the desired inequality holds for b € L*(Dy N B(a*,2)) with
€ (1,00]. Now for Dy\B(a*,2), we have for p,q > 0 satisfying 1/p+ 1/q =1,

b1 1 _oswa? 1 seew?
/ — et b(z)—e” dzds
0 VS Jzepo,zl,z2t — 8 5

t 1
</ s et -
0
1 a(r—p(z,y))?

T 14 1 1
§/ s T (t—s) 2p/ T P s (t—s) e t=s  b(z)dzds
0 r>0

t — 1 — 1 ar? 1 a(r—p(z, ))2 l/p
< / s et —g) </ et e e dr> ds - ||bllg
0 >0 V'S t—s

b ap(z,y)?
< bl —eotea? (7.2.34)

Sl

11 _Bezw)? _1 e, 2)2
/ 2 2¢7 s (t—s) e t-s b(z)dzds
zeD0,|z\p>2

assuming that 1/(2p) > 0. Thus the desired inequality holds for b € L*(Dg\B(a*,2)) with
q € (1,00]. The proof to this case is complete by combining (7.2.30)), (7.2.31)) and (7.2.34)),

Case 5. x,y € Do, |z|, > 1, |y|, > 3. Again first of all when z € Ry we have for p,q > 0
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satisfying 1/p+ 1/q =1,

— —e i—s  b(z)—e s dzds
\/g Z€R+ t - S S

t 2 2
c  _op@a)” _ap(zy)
§/ / et b(z)em s dzds
0 Jzer, t—5

= +y3) [ 1 al? ofz]?
c-e ¢ e s b(z)e” s dzds
0 Jzer, t—5

/t 1 1 al=l24=2) ( 1 BUyIZ+I=12)
0

IN

a(lz)2+yl2) [t L1 1 alz2 1 a2
<c-e T " /(t—s) H?P/ (t—s) 2pe s s 2pe s b(z)dzds
0 Z€R+
cllblly _er@w?® [ TN ap(z.v)?
_@e* /(t—s) ands < c|blle” " F (7.2.35)
t2r 0

assuming that p > 0. Therefore the inequality holds for b € L*(R,) with ¢ € (1, 00].
Also when z € Dy it holds

s TS 1 _ap@2)? |1 Bp(y.2)?
S/ s 2o (t—s) 1+2P/ (t—s) e Ao s Tre s b(z)dzds
0 z€Dg

1 pboe® 1 _pastes?\ /P
/ et e e > Hb”qu
z€Dyg

21 atr=payn? /P
/ L2 = dr) ds - ||b]l4
T
1 _pa 1 _palr—pean® /P
/ —e e ptpsydr) ds - ||b]l
'

(7.2.36)

= f )

assuming 1/p > 1/2, which implies that the inequality holds for b € L*(Dy) with ¢ € (2, 00].

(7.2.36)) together with (|7.2.35|) proves Case 5.
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Case 6. x € Ry, y € Do, |y|, > 2. When z € R; U (DgN B(a*, 1)) we have

t
1 0 0
i Pa t—S,l',Z)b Z)p $,2,Y dzds
/O \/g Z€R+U(DOQB(G*71)) ( ( IB( )

Bp(z v)?

t1 1 olz—z|?
< c/ — et b(z dzds
0 VS Jeer U(DonB(ar 1)) VE— 5 ()5e

1
s
open)? [t 1 1 1 _B-o)p(zu)?
Sce_pty/ L b(z)=e” #dzds
0 Vs 2R U(DoNB(a*,1)) VI —§ 5

op(x.y)” / / _(Be)p(z )2 ap(z.y)®
7 (z)e” dzds < c||b||,e” " ¢
0 JzeRyU(DoNB(a*,1)) Vt—s ! ’
(7.2.37)
provided that b € L9 (R4 U (Do N B(a*,1))) with ¢ € [1, o0].
Finally for Case 6, when z € Dy, |z|, > 1 we have
t 2
1 1 _op@a2) 1 _Bow.»)?
/ — P b(z)—e~ 5 dds
0 \/g 2€Dy,|z|p>1 t—s S
t ,§+l 1+ _ 1 _O‘P(%Z)Q _1 759(?-/72)2
< [ s 2 2 —s) e t—s s re s b(2)dzds
0 z€Dy,|z |p>1
1/p
b s g 1 _esezw® 1 ap(z.2)?
< [sHa-9Em (] Lt ) bllyds
0 2€Dy,|z|,>1 S t—s
bt s, g a2 1 atr=pa)? /P
S/ s 2Tt —s) e </ Te5 e e dr) ds - ||b]l
0 r>0 8 Vt—s
Y Y 1 a2 1 atr—p@yn? /P
S/ s 2te(t—s) T (/ —e s e s dr) ds - ||b]|4
0 r>0 V'S t—s
1 1
cllbllgtr 2 _ap@w)?
<d IIqt ole)” (7.2.38)

provided that 1/p > 1/2. Thus again the inequality holds for b € L’(Dg\B(a*,2)) with
q € (2,00]. (7.2.38) together with ([7.2.37)) proves Case 6.

Case 7. x € Ry, y € Dy, |y|, < 2. Again we first consider the case when z € R.

b1 1 alz—z[? 1 spGw?
— et b(z)—=e s dzds
/0 \/g Z€R+ V t — S \/g

1
ap(x, t — z, 2 2p ap(x, 2
<e o(z.9) /s_1+21p 1 b(z)s_%e_w oCw? Lo c|[bllqt? _ar.w
0

S 208 S —€ t
Vt_s z€R4 ﬁ ’

(7.2.39)
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provided that p > 0. So again the inequality holds for b € L* (R ) with ¢ € (1, 00].

When z € Dy, |z|, < 3, we have

! 1 ap(@,2)?
/ et b(z2)
0 Vs Jeepg|ol,<3 VE— 5

1 BieGw)? 1 |y| |z| _ Balz—yl?
— s Y 1A=L s dzd
(x/ge T < Vs Vs)© o

t 2 2
1 1 _op(x,z) 1 B1p(z,y)
g/ — e b z)—=e" YT dads
0 V'S Jaepg|zl,<3 VE— 5 NG
t 2 2
1 1 _ap(@,2) 1 _ Balz—vylZ
+/ — e s b(z)—e” T deds. (7.2.40)
0 VS Jeepyzl,<3 VE— 5 s

For the first term on the right hand side of , we can apply the same computation
as to conclude that the inequality holds for b € L* (Do N B(a*,3)) with ¢ € (1,00].
For the second term on the right hand side of , we have for p, g,r such that 1/p +
1/g+1/r =1,

t 2 2
1 1 _a1p(z,z) 1 Balz—yl2
/ — e b(z)— (1 A |y’p> (1 A |Z|p> e s dads
0 Vs 2€Dg,|2],<3 VE— 8 8 Vs Vs

t 2 2
1 1 _aip(@,2)? ] Balz—ylg
g/ — et —e s b(z)dzds
0 V8 JieDyzl,<3 VI —S s
t 2 2
1 1 _aip(x,2)? ] Balz—yl
§/ — et —e s b(2)dzds
0 V8 JieDy,zl,<3 VI —$ s

t

3 1 1 1 1

— / S—§+%+g(t_s)—§+%
0

1 _oep@a)? 1 _oy—z2 1 (B-o)ly—=2[2
/ (t—s) e ~t=s s e s s ae s b(z)dzds
z€Dy,|z|,<3

tos3,1 1 11 (1 opean? \ /P
S/ 8 2+2p+q(t_ 5) 22 <6ppty) ds - [|b|| x const
0 Vit

ap@y)? 411
= c||b]le= " (7.2.41)

provided that 1/(2p) + 1/q > 1/2. Therefore by choosing an appropriate pair of (p, q), the
inequality is satisfied if b € L' (DyN B(a*,3)) with r € (2, 00]. Finally when z € Dy, ||, > 3
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we have for p > 1

t 1 1 ap(x,2)? 1 Bo(z.y)?
/ — et b(z)—e s dzds
0 V5 Jiepo,z,>3t — 8 5

t 2 2
c 1 _ap(z.2)® 1 _(et+B)ezw)
§/ — et b(z)-e 2 dzdr
0 Vt—35JzeDy,|z,>3 VI —5 s

t .2 2

1L 1 _ap(z,2)% 1 _ (@48

< / ot —s) e / ——e "t b(z)l—/e 2 dzds
0 2€Do,|2l,>3 (t — 5)2» sHP

1/p
t 1455 1 _ba (z,2)2 1 (a+8)p(z,y)?
< Jp-amE (] e L MR ) o) s
0 ZED07|Z|;JZ3 t—s S
t —lt3; (atp)r? 1 (r—p(z,y))? 1/p
: Hb”"/ =) (/ Cem e—Wdz> ds
0 r>1 9 t—s
! - L 1 ar2 1 a(r—p(z, ))2 l/p
Iy Y S S —
0 r>1 \/g t—s

ap(z,y)?

<c|bllge” * 7, (7.2.42)

by assuming that 1/p < 1, therefore the inequality holds for b € L*(Dg\B(a*,3)) with

q € (1,00]. (7.2.42)) together with ((7.2.39)) and (7.2.41)) proves Case 7.

Case 8. x € Dy, |z|, > 3, y € Ry. First of all when z € Ry it holds

b1 1 er2)? 1 sl
/ e b(z)—=e~ P dzds
0 \/g z€RL t— \/g

b gl 1 _ap@2)? 1Bl a1
:/ s et —s) 1+2P/ (t—s) 2re g== b(z)s e~ - dzds < cl[|b]|4t2P lem
0 Z€R+

ap(z,y)?
t

(7.2.43)

for b € LY(Ry) with ¢ € (1,00]. When z € Dy, |z|, < 3, it holds

t 2 2
1 1 o) 1 Blz—ylZ
/ — LR b(z)—=e~ = dzds
0 V5 Jiz,<8zep,t — 8 Vs

t 2 2
-1 1 1 _ap(@z) _1 /J‘p(z y)
S/ +2P o / —s) e s b(z)s e dzds
0 ZEDO,‘ |P<3

1/p
b el 1 @2% 1 Bo(z)>
S/ st —g) e / T e ||b]|4ds
0 2€Do,|2],<3 VI — 8 Vs
52 1 _po(r—p(zy)? 1/p
(/ et e dr) ||b]|4ds
r>

ap(x, 2
< cffpllgte e, (7.2.44)
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provided that p > 0. Thus the inequality holds for b € L*(Dy N B(a*,3)) with q € (1, 00].
When z € Dy, |z|, > 3 it holds

b1 1 osen? 1 peew?
/ —e_ t=s b(z)—e” dzds
\[ |2],>3,2€Dp t — S
- _Ll @)’ —1 _sew)?
S/ s 17 1+2p/ (t—s) e s b(z)s re dzds
0 2€Dg,|z|p>3
1/p
t 2 2
141 141 1 _pop(@2)® 1 pBe(zy)
g/ cs et —s) / et —e s dz 16]|qds
0 2€Dg,|z|,>3 VI — 8 §

52 1 _patr—p@en?  \ P
L=t e d?”) 1bllgds

/T‘>3 S vV t—s
1 s 1 _palrpap?  \ /P
/ —e e dr) 16]|4ds
'
1 _ap(ay)?

< clfpllgtr e (7.2.45)

provided that p > 0. Therefore the desired inequality holds for b € L (Dg\B(a*,3)) with
q € (1,00]. (7.2.45)) together with ((7.2.44]) and (7.2.43) proves Case 8.

Case 9. x € Dy, |z|, <3,y € Ry. First of all if z € Ry,
t 1 a<H+H>1 _Ble—ul®
/ — e - —e dzds
0 V5 e, Vi Vs

t 2 2
T _1 _oap(@.2) —L sea?
S/ s 1+2P/ (t—s) 2ve " t=s b(z)s e dzds
0 Z€R+

1_1 ap(z,y)?

< cf[bllgt? e, (7.2.46)

provided that p > 0, therefore the desired inequality holds for b € L (R ) with ¢ € (1, 00].
When z € Dy, |z|, > 3 we have

t1 1 @21 p, y>2
/ — e t-s —e dzds
|2],>3,2€Dp t — 8 s

7
t 2
1 _ ap(z,2) a ( )
<c / e~ s b(z)e” 5 dads.
£ -5

2|p,>3,2€Do T

ap(z,y)?

<c|bllge” F (7.2.47)

for b € L' (Dg\B(a*,3)) with ¢ € (1,00]. To complete the proof to Case 9, the remaining
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part is when z € Dy, |z|, < 3, in which case we have

t 1 1 ,M 1 ‘$|p |Z‘P 7@
N —e t—s + 1/\ /\7 e =
0 VS Jeepg|al,<3 LVE—$ t—s Ji—s N

2,1 2
X b(2) =P 1ds

1
—e
NG

t 2 2
1 1 _oup(®,2) 1 Bo(z.y)
g/ — S b(z)—=e~ T deds
0 Vs 2€Dg,|2],<3 VE—$ Vs

t1 1 agle—z|2 1 Bp(z,m)?
+ / — ——e 5 b(z)—=e s dzds (7.2.48)
0 \/g z€Dy,|z| <3 t—s \/g

The first term on the right hand side of (|7.2.48)) can be computated in the same way as
(7.2.46)) provided that b € L*(Dg N B(a*,3)) with ¢ € (1,00]. The second term on the

right hand side of ([7.2.48]) can be computated in the same way as (7.2.21)) provided that
b € L' (Dy N B(a*,3)) with r € (2,00]. Now we have proved Case 9, which proves this

proposition. Since these nine cases cover all the possibilities of the regions of z, y and z, we
have proved the inequality for L”"*(E) with p; € (1,00] and py € (2, 00|, which immediate

implies the conclusion of the theorem. ]

Remark 7.2.3. For a—stable processes, the following “SP” property holds regarding the

transition density:
p(t,IL‘,Z) /\p(s,z,y) < C-p(t—{—s,m,y),‘v’z,y,z € E7 t>0.

We point out that such a property does not hold for BMVD. A counterexample is as follows.
Let x be on R, |z| = Vt. y = 2 € R%. |y|, = |2|, = V/I. Choose s = t*/* > t. Hence by the
small time heat kernel estimate of BMVD,

() ) (e )

L (L
_\/i t1/2+t3/8 _\/7;’

1
p(t,x,z) Ap(s,z,y) < 7 A

while
(t+ ) 1 1 1
s, x,y) =< = —=—.
b 4 Vi+s s 38
Therefore

p(t,z,2) Ap(s,z,y) _ t71/2
plt+s,2y) T 738
which contradicts the “3P” property.

=t18 500 ast |0,
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7.3 Small Time Heat Kernel Estimates for Drifted BMVD

Now our goal is to get the heat kernel estimate for BMVD with drift by making use of
Theorem We will inductively define functions |k|, : R x E x E — R. Namely, for
t >0and z,y € E, we let |k|o(t,z,y) := p(t,z,y), where p(t,x,y) is the transition density
of BMVD, and then we define

kb2, ) ¢ / /km1 — 5,2, 2)[b(2)||V.p(s, 2 )| dzds,

for n > 1. When ¢ <0, we let |k|,(t,z,y) =0 for all n > 0,z,y € E.
Let Cy = C1(b,t) be the constant in Theorem If we suppose that |k|,—1(¢,z,y) <
C?_lp(t, x,y), which is satisfied for n = 1, then by Theorem

|muxy<xﬂl//‘ 5,2, 2)[B(2)|[Vap(s, 2 y)ldsdz < OPp(t,z,y) < oo

which holds for alln > 0, ¢ € R, and z,y € F.
We will now define functions k, : Rx E x E — R. Fort > 0 and z,y € F, we let

ko(t,z,y) := p(t,z,y), and we inductively define

t
kn(t,z,y) := / / kn—1(t — s,x,2)b(z) - V.p(s, z,y)dzds,
0o JE

for n > 1. When t < 0 we let k,(t,2,y) = 0 for all n > 0,2,y € E. By induction and the

convergence of |k|,, each k,(t,z,y) is well defined and

kn(t, 2, y)| < [k[n(t,2,y) < CTp(t, x,y) < oco. (7.3.1)
Lemma 7.3.1. Fiz T > 0 that is sufficiently small. For 0 <t < T, there is Co = Ca(b,T)

such that

Cy 'p(t,a,y) <D kalt,z,y) <D lka(t,z,y)| < Cop(t,z,y),
n=0 n=0

for all x,y € E, Csy is nondecreasing in t, and Co — 1 ast — 0.

Proof. By Theorem we can pick 7" > 0 sufficiently small so that C; < 1/2,

> C
> [Eln(t,z,y) < : 10 p(t, z,y),
n=1 -1
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and

N 1
Z |kn(t7$7y)| S ?qp(t7x7y)7

1 20,
nz%k (t,2,y) > plt,z,y) - Z!k (toy)| = T=-p(t2y).
We see that the desired inequalities hold Wlth Cy = (1-0C1)/(1 —2C1). Theorem

yields that C is nondecreasing in t, and Co — 1 as t — 0. O

In particular, the series

bt z,y) Zk (t,z,y) (7.3.2)

absolutely converges almost uniformly on (0, T] x F x E, where T is fixed in Lemma
Now we need to identify the relationship between the family of {p®(t,z,y)} and {G%}

defined by . That is, we want to claim p®(t,z,%) is exactly the transition density of

BMVD with drift which has been defined in terms of Girsanov transform by.

Fora>0,n=0,1,..., and x,y € E we define
ul™ (z,y) = /000 e (t,x,y)dt < OF /OOO e~ p(t,z,y)dt < CTug(z,y). (7.3.3)
Therefore we can define
ul (z,y) = iu(a”) (z,y) = i /000 ek (t,z,y)dt. (7.3.4)
n=0 n=0
We now claim G? defined in Theorem is actually the resolvent of p°(t,z,y).

Lemma 7.3.2. G, (b-VGY)" has kernel {u(()[n) (z,y)}, and the family of {G®} is the resolvent
of {p*(t,z,y)} defined by ([732).

Proof. By Fubini’s theorem, for n > 1 and x # y we have

u (2, ) = /E w2, 9)b(2) - Vstia (2 y)dz. (7.3.5)

Thus the statement is true for n = 0. By induction, for every bounded f
Gob- G (@) = [ ule ™ (w)b) VG )y
[t / b(y) - Vyuualy. 2) F(2)dzdy
E E
( /E w2, 9)b(y) - Vytialy, z)dy) fe)az = [ e 2) 1)

J

&
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for all n > 1.

Since G%, = Z G2(b-G%)™, we have actually showed that G% has kernel Zu&") (x,y)
n=0 n=0

which equals 1% (x,7). Again in view of (7.3.4) Zu((l") (z,y) is the resolvent kernel of
n=0

pP(t,x,y) defined by (7.3.2)), we see that the family of {G®} is indeed the resolvents of
Ptz y)} 0

The following corollary is an immediately consequence of the lemma [7.3.2]

Corollary 7.3.3. The family of {p°(t,x,y)} is indeed the transition density of BMVD with
drift defined in Theorem [7.1.1]

In view of Lemma and ((7.3.2), we immediately have the following theorem, which
gives the small time heat kernel estimate for BMVD with drift.

Theorem 7.3.4. Let T > 0 be fived. Let b be in the family of L™ (E) + L™ (E) with
p1 € (1,00] and py € (2,00]. Let pb(t,z,y) be the transition density of BMVD with drift b.
1t holds

P(t,e,y) = p(t,z,y), for (t,z,y) € Ex E x (0,T),

where p(t, x,y) is the transition density of BMVD.
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Chapter 8

GREEN FUNCTION ESTIMATE

In this chapter, we estimate the Green function of BMVD with drift. We establish two-
sided bounds for the Green function of BMVD with drift killed upon exiting a bounded
CY1 open set D C E. Apparently, it is interesting only when D NR # (), D N Dy # (.

8.1 Green Function Estimate

Theorem 8.1.1. Let gg (z,y) be the Green function of BMVD with drift b killed upon
exiting D, where D is a bounded C*' domain of E and b € L™ (E) 4+ L™ " (E). It is also
assumed that D NR, # (0, DN Dy # 0.

6D($)/\6D(y)a Z GRJH yER+;

9p(z,y) = { (Op(y) A1) (GpAl)+In (1 + w) , @ € Do, y € Dy;

|z —y|?

(dp(y) A1) - ép(z), r €Ry, y € Do,

where 5p () = dist(-,0D), 5p..() = dist(-, a(Dn (DO\DE))>.

Proof. There are three subcases depending on the locations of x and y.

Case 1. z,y € D NR,. In order to prove the statement for this case, we claim
pl;(t, z,y) < cre " (6p(x) Adp(y)), on (1,00) x (DNRy)N(DNRy). (8.1.1)

The proof to this claim is similar to the argument in [10]. We spell out all the details for
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the convenience of readers. Indeed, for some constant a > 0,

P*(TY < 1) > P*(Xb € E\D)

= / pb(l,x,z)dz
E\D

oo
Clp—zl? 2 52
/ e le—l dz+/ e 12" dy > e D),
z=a>0 2€R2,|z|>a>0

v

Thus

sup / pl;(l,x,y)dy = sup P*(T% > 1) < 1.
zeRy JD xzeD

By Markov property of BMVD with drift, there exist positive constants ¢z and c3 such that
/Dpl,’_-, (t,z,y) < coe™, (t,x) € (0,00) x (DNRY).
Since
P (La,y) < phoup(La,y) < (6p(x) A1) (0p(y) A p(L,2,y), for z,y € DNRy,
for any (¢, 2z,y) € (1,00) x (DNR4) x (DNRY),

P (t2,y) = / P (t— 1,2, 2)p (1, 2, y)d=
D

<cs(1N6p(y)) /Dpl; (t—1,2,2)dz < ca(1 A 5D(y))626—03(t—1)'
By switching  and y, we have
pr (ta x, y) < 64(1 A (SD(:L’))CQQ_C?’(t_l).

The claim that plZ) (t,z,y) < c16p(x) Adp(y)e " on (1,00) x (DNR, ) x (DNR, ) is therefore

proved. Now we need to show another claim that for some positive constant cs

1 o
/ pl;(tvxay)dt > 05/ pr(t7;Ij7y)dt7 for ($,y) € (D QR+) X (D ﬂR+)
0 1
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To prove this claim, by invoking the heat kernel estimate of BMVD with drift, one has

i [ (1 25) (1052 %

1 N2
2/0 \;i(l/\ép(x))(l/\ép(y))e_miy)dt

1 2
> (1A dp(a)) (1 /\5D(y))/0 \;Ee—"“”f‘)dt

1 c
20-(1/\51)(33))(1/\5D(y))/ 5 dv/idt

0
>c5-(1Ap(x)) (1 Ap(y)) > cs /loopl;(t,x,y)dt,

which completes the proof to the claim. The fact that p(z,y) < diam{D} is used in the

second last inequality. It now follows that

ng(afay) = gD(:c,y), (x7y) € (DQR-F) X (DQR+) :

Case 2. z € Ry, y € Dy. We have
b —_— > ! bvy b *
g, (x,y) = , OIP’D (Ttq+y € ds)p) (t — s,a", x)dt
t= s=l

- /0 /t P%y(T{a*} € ds)p® (t — s,a*, z)dt
sgo =5 N

= ]P’bD’y(T{a*} € ds)/ pr (t—s,a*, z)dt

s= t=s

b, * b,
=Py (Tiy < 00)g" (a*,x) =P}/ (Taey < 00)dp(),
where the last equality is due to the result of the case when z € Ry, y € R4. Since
boundary Harnack Principle remains true for A + bV on R?, it again holds
b
Péy<T{a*} < OO) = ((SD A 1)

It thus follows

b, N o
9% (2,y) = PP (Tiary < 00) - g (a*,2) < (6p(y) A1) - 6p(2).
Case 8. © € Dy, y € Dy. Again by invoking the previous case, we have

b, * —
90 (2, y) = P/ (Tiary < 00)g? (a*,2) + g2 "M (x,y)

Op,e()dp.e(y) >

= (0p(y) AN1)(0p(z) A1) +1n <1+ o=y
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b,2—BM

where g

(x,y) is the Green function of 2-dimensional killed Brownian motion with
drift upon exiting D N Dy whose two-sided estimates can be found for example in [13]. The

proof is therefore complete.
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