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Abstract

Improved XOR Lemmas for Communication Complexity

Siddharth Iyer Vaidyanathan

Chair of the Supervisory Committee:
Anup Rao
Department of Computer Science & Engineering

We give communication lower bounds for computing the n-fold XOR of a given Boolean
function f, denoted f®"(x,y) := f(x1,y1)®...® f(Tn, yn), in both the deterministic and the
randomized setting. In addition, we also give deterministic communication lower bounds on
computing the composition of 2 functions, g o f(z,y) := g(f(x1,91),..., f(Tn,yn)). Below

for some absolute constant Cy > 0 and all C > Cjy we show the following:

1. Randomized XOR Lemma. If f requires C bits to be computed with some constant
success probability then, computing f®" with probability at least 1/2 + exp(—£(n))
requires Q(C+/n) bits.

2. Deterministic XOR Lemma. If f requires C' bits to be computed deterministically
then, computing f®" deterministically requires Q(n\/C) bits.

3. Lifting Theorem. For any function g, having sensitivity s and degree d, and any f
requiring C' bits to be computed deterministically, computing g o f deterministically

requires Q(min{s,d} - v/C) bits.

We prove the above results using information theory. In particular, the randomized XOR

lemma is proved using a new notion of information that we call marginal information.
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Chapter 1
INTRODUCTION

In this thesis we aim to further our understanding of some natural questions in com-
putational complexity. Computational complexity is the branch of computer science that
studies the limits of computation. The questions we consider in thesis have the following

theme.

How does the computational difficulty of computing several copies of a given task

scale with the number of copies?

Indeed, if a task can be computed by an algorithm using some C resources then com-
puting n instances of the task can be done with n - C resources by simply repeating the
algorithm on each instance. Is this the best that one can do? The direct sum problem
asks exactly this: does computing n instances of a given task require n times the resources
needed to compute a single one?

One can also consider a variant of this problem by relaxing the requirement of exact
computation to approximate computation; that is, we allow randomized algorithms that
make errors with some small (fixed) probability. The study of randomized algorithms is an
important area within theoretical computer science — for several problems, we know simple
randomized algorithms whose performance is comparable to the best known deterministic
ones.

Suppose we have a function f(z) such that the best randomized algorithm computing it
with C resources succeeds with probability 2/3. What is the relationship between the success
probability of computing n instances of f with the amount of computational resources used.
If one repeats the best randomized algorithm for f on each instance independently, the
probability of succeeds on all n instances is (2/3)™ while the amount of resources used is

n - C. In other words, naively repeating the best algorithm for f incurs a linear resource



blowup while the measure of approximation (the success probability) decreases exponentially
with n. Similar to the direct sum problem, the strong direct product problem asks if this
is necessary: if f requires C resources to be computed with 2/3 success probability, is the
success probability of computing n instances of f with n - C' exponentially small in n?

A reason why computing n copies of f might be computationally expensive could simply
be because one needs to express the output of f on n instances. Indeed, the process of
verifying whether or not the output of a computational procedure on n copies of f is
successful is itself quite expensive since one has to check the output for each copy. What if
we replace the requirement of computing f on n copies with that of computing a single bit
of information regarding the n outputs? Let us state this more precisely. Consider some
Boolean f and let f€" denote the parity! of f on n instances. Now, one can ask: how does
the computational hardness of computing f®" depend on n and the hardness of f? Is it as
hard to compute (or approximate) f&" as it is to compute (or approximate) f on n copies?

As in the case of direct sum/product questions, let us consider what happens if we naively
repeat the best algorithm for f. First, suppose that one needs C' resources to compute f
with probability at least 2/3. If we repeat the best procedure for f on each instance and
take the parity of the resulting outputs, the success probability is roughly 1/2437"/2. One
can see this by reasoning about a quantity very related to the success probability, known
as advantage. Roughly speaking, the advantage of a randomized procedure for computing
a Boolean function f is the expected value of the random variable which is +1 is the
procedure is successful and —1 if not. It turns out that the advantage multiplies when we
repeat the same procedure multiple times. In other words, the advantage of the repeated
protocol to compute f®" is exponentially small in n. Note that f®" can be computed
with probability 1/2, equivalently, zero advantage; the naive protocol is barely better than
random guessing even at the expense of a linear blowup in the resources. Is it possible to do
better: does computing f®" with advantage at least exp(—O(n)) require a linear blow-up
in the resources?

A statement that shows the hardness of computing the f%" in terms of n as well as the

'In general, one can choose any sufficiently complex Boolean function g and ask about the hardness of
computing g o f. The case when g is the parity function is a simple and a natural choice.



hardness of computing f is called an XOR lemma. The main contributions of this thesis
are new XOR lemmas in the computational model of communication complexity. Before
discussing our results we review some prior work on direct sums/products and XOR lemmas

in theoretical computer science.
1.1 Direct Sums, Direct Products & XOR Lemmas

As one might imagine, the need to repeatedly compute a given task occurs frequently in
computer science. Studying this problem from the perspective of lower bounds has led
to important results in various areas in theoretical computer science, for example circuit
complexity [35, 34], cryptography [66, 37], hardness of approximation [53, 49], etc. Below,

we expand on some of the above examples to provide context for these questions.

Matrix Multiplication. Matrix multiplication provides a classic example of a task
for which one can compute several copies significantly faster than computing each copy
separately. Indeed, multiplying two n X n matrices can be thought of as computing the
product of n different vectors with a fixed matrix. To compute a single matrix-vector
product, one needs to at the very least read the matrix and the vector, which requires n?
operations. Repeating this n times yields an algorithm that takes n® steps. Yet, in 1969,
Strassen [63] demonstrated a surprising algorithm that multiplies two matrices in time
roughly n?®! — a noticeable savings over the naive algorithm. The current best algorithm
for matrix multiplication runs in time O(n?32) [2]! Can we always expect to obtain such

savings or are there tasks for which computing n instances necessarily requires an n-fold

increase in the resources?

Cryptography and Yao’s XOR Lemma. A basic principle of cryptography is that
we can use computational tasks that are hard to compute, yet whose solutions are easy to
verify — like factoring discussed above — to give security guarantees. Given this, one might
hope that there are tasks for which computing several instances really requires a significant
increase in the computational cost. Indeed, a natural way to amplify the complexity of a

task is by simply repeating it. Using computational tasks whose complexity increases upon



repetition we can hope to build more secure cryptographic systems. A textbook example
of this is the amplification of weak one-way functions to strong one-way functions [66, 37],
which was obtained by the famous Yao’s XOR lemma. A one-way function is a function
that is easy to compute but hard to invert. While we do not yet know whether one-way
functions exist, we have candidates, a notable one being multiplication. Multiplying two
numbers is easy, but factoring — the inverse of multiplication — seems computationally hard.
The weak-to-strong amplification of one-way functions essentially says that using a Boolean
function f that is “mildly” hard to invert, we can construct a function g that is significantly
harder to invert. Moreover, the construction is very simple: ¢ is simply the XOR of f on
polynomially many copies.

We note perhaps a subtle point here. It might well be possible to invert g without
actually inverting each copy of f — an algorithm that inverts several copies of f certainly
yields an algorithm to invert g, but the converse need not hold. Hence, the fact that g is
hard to invert is a stronger statement than saying that inverting f on several instances is
hard. Our main results are XOR lemmas in the computational model of communication

complexity, that we introduce shortly.

Small Circuits vs Shallow Circuits. Our last example comes from an attempt to
answer a question raised earlier: can efficient algorithms be made even faster with access
to more processors? It turns out that efficient algorithms correspond to circuits of small?
size, and algorithms that lend themselves to be efficiently parallelized correspond to circuits
that are shallow®. Hence, the question mentioned above boils down to whether or not
small circuits can be simulated by shallow ones? We believe that this is not the case;
Karchmer, Raz and Wigderson [34] gave an example of a function which can be computed

by polynomial size circuits yet it seems hard to compute with circuits of logarithmic depth.

We shall describe this next (see also Figure 1.1). For an appropriate Boolean function

Zsize that is polynomial in the length of the input

3where the depth of any leaf is some polynomial in the logarithm of the input length



£ :{0,1}* = {0,1}, define the function O : {0,1}** — {0,1} as

FO (@, ) = fof(an,...,aw) = f(flx1), ..., fz)).

We can recursively define (™) : {0,1}*" — {0,1} to be f(™ := fo f(m=1 where the o
operator denotes composition, as written above. If we can show non-trivial lower bounds
on the depth of circuits computing compositions then, for appropriate values of m, we can
hope to show that f(™ can be computed by small circuits but not by shallow ones!

In the next section, we describe the model of communication complexity, which will be

the setting where we formalize the questions stated at the beginning of this chapter.

AR

Figure 1.1: The bottommost layer (not pictured) would be the inputs, and the outputs of
intermediate nodes are the inputs to the parent node. The topmost node is the output of

the function.

1.2 Communication Complexity

Communication is inherent in computation. For example, in distributed computing one
typically uses many communicating processors to compute functions; in the streaming set-

ting, a user communicates several times with the cloud to carry out computations over the



stored data; similarly, a data structure algorithm may repeatedly query the data to com-
pute various statistics, and so on. The model of communication complexity captures the
communication involved in computing in meaningful manner.

In this model, there are two players Alice and Bob. Alice knows an input x, Bob knows
an input y and the players wish to compute a function f(x,y). They do so by executing a
communication protocol m — an algorithm that specifies the message that each player con-
veys to the other in an alternating manner. Sometimes, we will allow the players to share
a common (public) random tape and give them access to (private) random coins. Access
to randomness dramatically changes the power of protocols, and so we will make it clear
whether the protocol is deterministic or randomized. A detailed background on communi-
cation complexity can be found in [52]. The deterministic communication complexity of f,
denoted by D(f), is the length of the cheapest deterministic protocol computing f.

Since its introduction in 1979 by Yao [67], the study of the communication complexity of
functions has proven extremely fruitful in theoretical computer science. Indeed, this model
has several connections to other objects in computer science, such as, circuit complexity
[35, 34], data structures [1, 43], streaming algorithms [3, 5], and proofs [54, 21] just to name
a few. Moreover, researchers have had a lot of success proving lower bounds in this model,
often times using ideas from several different fields of mathematics [55, 51, 39].

Let us now turn to the main contributions of this thesis: XOR lemmas in communication

complexity.
1.3 Our Contributions

Direct-sum type statements have been studied in communication complexity for several
years now. A major reason to understand these type of questions is due to the connec-
tion between circuits and communication protocols that was discovered by Karchmer and
Wigderson [35]. They observed an equivalence between the depth of the best circuit com-
puting a given function f and the length of the shortest protocol computing the so-called
Karchmer-Wigderson game for f, denoted KW/. In the communication game KW, Alice
receives an input z € f~1(0) and Bob receives y € f~1(1). Their goal is to output an index

i such that z; # y;. As they showed, the length of the shortest protocol achieving this is



exactly equal to the depth of the best circuit computing f. Hence, obtaining lower bounds
on the communication complexity of KW .4 in terms of that of KW and KW, is an avenue
to show the existence of functions computable by small circuits but not by shallow ones.
Understanding the communication complexity of Karchmer-Wigderson games has been
a major challenge, mainly because KWy is a relation: for a given pairs of inputs z,y,
there could be several valid answers. However, over the last few decades researchers have
developed several tools to understand the communication complexity of functions. Perhaps
the earliest direct sum statement in communication complexity is due to Feder, Kushilevitz,
Naor and Nisan [18]. In words, they showed that computing n copies of a function f requires

communication roughly n times the square-root of the communication for a single copy.

Randomized Communication. Direct sums and its variants have been extensively
studied in randomized communication complexity as well. A central work in this area is due

to Barak, Braverman, Chen and Rao [6]. They showed that for any function f, computing

fn(xay) = (f(xlayl)a AR f(mrwyn))

with probability 0.99 requires communication roughly y/n times the communication required
to compute f with probability 0.99. They also showed a similar result to compute the n-fold
XOR of f, denoted

[, y) = fl@,) @ ... ® fzn, yn).

They proved that for any function f with sufficiently large randomized communication
complexity, computing f¥" with constant success probability requires ﬁ(\/ﬁ) times the
communication for a single copy. Building on a recent work of Yu [68], we strengthen the
previous lower bound. In Chapter 3, we show that computing f®" with probability that is
barely larger, 1/2 + exp(—€2(n)), requires roughly /n times the communication for a single

copy. In Chapter 4, we supply the details of the proof of this XOR lemma.

Deterministic Communication. In Chapter 5, we prove two related results. First,

we show a deterministic XOR lemma in communication complexity; i.e., we show a lower



bound on the communication required to compute f¥(z,y) in terms of n, the communi-
cation complexity of f, and a related measure known as the rank. The rank of f, denoted
rk(f), is simply the rank of the matrix encoding the function f. Rank and communication
complexity are known to be be related: the communication complexity of a function is at
least the logarithm of its rank. Moreover, the log-rank conjecture, a well-known conjecture
in the area, asserts that the communication can be bounded by some polynomial in the
logarithm of the rank. We show that

D)
log rk(f)

Using the fact that the rank of n-fold XOR of f is (rk(f)—1)", we can obtain as a corollary of

D(s%) 2 - ou k() )

the above result that if D(f) is a sufficiently large constant, the communication complexity
of the n-fold XOR is at least Q(n - /D(f)).

Next, we generalize the preceding result to show a similar lower bound on the commu-
nication required to compute go f(z,y) := g(f(z1,Yn), .- -, f(Zn,yn)) for arbitrary g and f.
There are several well-studied complexity measures of Boolean functions, such as sensitiv-
ity, block-sensitivity, degree, and decision-tree complexity, etc. The above measures are all
related to each other up to polynomial factors, and our lower bound is in terms of one such
measure — the sensitivity. We show that

Digo ) > s(g)- (W - logrkm),

where s(g) is the sensitivity of g. The sensitivity of g at a point x is the number of (sensitive)
coordinates 7 such that if x; is flipped while keeping the others unchanged, then the output of
g also flips. The sensitivity of g is the largest sensitivity that it can have at any point. Similar
to how we used the tensor property of rank in the case of XOR above, we can show that
rk(go f) > (rk(f) —1)9&) where denotes the degree of the unique, multilinear polynomial
that computes g. Using this fact, we obtain as a corollary that if D(f) is a sufficiently large
constant then the communication complexity of g o f is Q(min{s(g), deg(g)} - \/W)
The last statement is called a lifting theorem since it “lifts” a lower bound from a weaker
model to a stronger model. In our case, we lift sensitivity/degree, which are complexity

measures of Boolean functions, to communication complexity. In prior work, several lift-



ing theorems have been proved with applications in communication complexity and proof

complexity, and we review the relevant work in Chapter 5.

1.4 XOR Lemmas via Information Measures

The proofs of the 3 results mentioned above use information theory — a powerful mathemat-
ical tool with applications in several areas of mathematics, computer science, engineering,
and statistics. We obtain the XOR lemma for deterministic communication as well as the
lifting theorem using entropy — a basic definition from information theory. Perhaps more
interestingly, the XOR lemma for randomized communication is obtained using a new defi-
nition of information, known as marginal information. Next, we give a brief background on
information theory in the context of obtaining XOR lemma-type statements in communi-
cation complexity.

Information theory goes back to the work of Shannon [59], who wanted to know the
minimum number of bits required to communicate a message sampled from some known
distribution. For instance, communicating two uniformly random bit can be done by sending
the bits themselves, however, if the distribution is skewed one can optimize the average the
number of bits sent. For example, if “00” is sampled with probability 0.99 and the rest of
them equally likely then, one could use the following strategy: use the bit 0 to encode “00”,
and send all other messages by sending 1 followed by the message itself. Now, the expected
communication is 0.99 x 1 + 0.01 x 3 = 1.02, which is much lesser than sending the 2 bits
in the clear.

Shannon showed that in general, the communication required is given by a quantity
known as the entropy of the message. At a high level, this quantity captures how much Bob
learns about the message. In the example above, the most likely case is that Alice wants to
send the message “00” — this happens with probability 0.99. Hence, when Bob receives a
zero, he does not learn much. When he receives a longer message, such as “111”, he learns
that Alice actually wanted to send “11” which is surprising since it occurs less frequently.

The proofs of the deterministic XOR lemma and the lifting theorem both use the notion
of entropy as well as one of its key properties, known as sub-additivity. Historically, infor-

mation theoretic methods have been used extensively for randomized communication but



10

to a lesser extent for deterministic. Our results are one of the first instances of the applica-
tion of information theory to obtain an XOR lemma and a lifting theorem for deterministic
communication.

Before returning to the randomized XOR lemma, we briefly revisit the example at the
start of this section. There, Alice and Bob were able to come up with a strategy that
leveraged the skewed nature of the distribution, to effectively “compress” the contents of
the message. Indeed, instead of sending 2 bits in the clear Alice just sends a single bit most
of the time.

A natural question is whether or not we can do something similar for an entire conver-
sation, instead of just a single message. This is of particular interest for communication
complexity: we might hope to reduce the length of a protocol by compressing it in a similar
manner as above.

It is worth noting that a natural way to compress a protocol is to compress each message
one after the other; this approach has led to direct sum type statements in the bounded-
round setting of communication complexity [31, 23, 68]. Such statements typically show
that if r-round, C-bit protocols cannot succeed to compute f with good probability (or
advantage) then r-round protocols with O(nC/r) communication fail to compute f" (of
fO™) with good probability (or advantage). Such statements are trivial in the setting where
r = C — each message is a single bit.

As it turns out, like entropy, a similar quantity known as the information complexity,
determines the extent to which general communication protocols can be compressed. The
definition of information complexity is due to Barak, Braverman, Chen and Rao [6], and is
inspired by variants of this quantity from prior works [53, 15, 4]. Barak et al. showed that
protocols with communication C' and information I can be compressed down to commu-
nication roughly v/TC'logC. They used this to give a direct sum theorem for randomized
communication complexity. They showed that to compute n instances of a function f(x,y)
with probability 0.99, the communication required is roughly y/n times the communication
required for a single instance. Subsequently, Braverman, Weinstein, Rao and Yehudayoff
[12] used this definition to strengthen the previous result and proved a direct product state-

ment. They showed that to compute n instances of a function f(z,y) with probability as
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small as exp(—(n)) requires Q(y/n - C).

Very recently, Yu [68] proved an strong XOR lemma for bounded-round protocols.
Roughly speaking, he showed that if r-round, C-bit protocols fails to compute f with ad-
vantage more than 1/3 then r-round protocols with O(nC /7)) bits of communication fail
to compute f&" with advantage exp(—O(n)). A major challenge in proving an XOR lemma
for randomized communication with exponentially small advantage is that the techniques
developed for the direct sum/product problems show that information of protocols that
compute the n-fold repetition must be large. However, there are protocols that simultane-
ously have both exponentially small advantage and exponentially small information. Hence,
it seems unlikely that we can prove an XOR lemma for exponentially small advantage using
information complexity.

Yu’s proof had several new ideas, including that of a potential function which built
on the concept of information cost. Our result generalizes Yu’s work to all protocols and
combines it with the compression methods similar to Barak et al. [6]. In the course of the
proof of our XOR lemma, we give a new definition of information that we call marginal
information. We provide a more detailed account of information cost, its variants and the

related results in Chapter 3.
1.5 Organization

We review some preliminary mathematical definitions and facts in Chapter 2. In Chapter 3
we state our randomized XOR lemma, and in Chapter 4 we give the complete proof. Both

these chapters are based on the following joint work with Anup Rao [29].

e Siddharth Iyer and Anup Rao. “XOR Lemmas for Communication via Marginal
Information”. In: STOC 2024. 2024, pp. 652-658. 1SBN: 9798400703836. DOI:
10.1145/3618260.3649726. URL: https://doi.org/10.1145/3618260.3649726

Next, in Chapter 5 we prove the deterministic XOR lemma and the lifting result.

e The XOR lemma for deterministic communication is based on the following joint work

with Anup Rao [28].


https://doi.org/10.1145/3618260.3649726
https://doi.org/10.1145/3618260.3649726
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Siddharth Iyer and Anup Rao. An XOR Lemma for Deterministic Communication
Complexity. 2024. arXiv: 2407.01802 [cs.CC]. URL: https://arxiv.org/abs/
2407.01802

e The lifting result is based on [27].

Siddharth Iyer. “Lifting for Arbitrary Gadgets”. In: FElectron. Colloquium Comput.
Complex. TR25-036 (2025). ECCC: TR25-036. URL: https://eccc.weizmann.ac.
il/report/2025/036

We end with some open problems in Chapter 6.


https://arxiv.org/abs/2407.01802
https://arxiv.org/abs/2407.01802
https://arxiv.org/abs/2407.01802
TR25-036
https://eccc.weizmann.ac.il/report/2025/036
https://eccc.weizmann.ac.il/report/2025/036
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Chapter 2
PRELIMINARIES

In this chapter, we set up notation and review some facts from linear algebra, information
theory, and communication complexity.

We use [n] to denote the set {1,2,...,n}. Given a tuple x = (z1...xzy), we let z;
and z>; to denote the prefix (z1,...,x;-1) and the suffix (z;,...,z,) respectively. For
shorthand, we skip commas when referring to several variables; for instance, we write f(zy)
in place of f(z,y) and ABC in place of A, B, C etc. When discussing random processes, we
use capital letters to denote random variables and lower-case letters to denote values taken
by them. If XY are jointly distributed random variables according to some law p(XY) and
y is an outcome for Y, we use p(X|y) to denote the conditional distribution of X given
that Y = y. For a random variable X, we use supp(X) to denote the set of points in the
support of p(X). Given a random variable X, distributed according to some law p, and a
function g(x), we denote the expected value of g as E,)[g(z)] := >, p(z) - g(x). In the
last expression, we slightly abuse notation by overloading p(x) to mean the distribution of
x according sampled according to p rather than the probability that X = z.

Given a Boolean function f : X'x) — {0, 1}, define the functions f™ : X" xY™ — {0,1}",
FE X" x Y — {0,1} as follows:

[ (@y) = (f(z1y1), f(2292), - - -5 f(Znyn)),

O (@y) = f(@1y1) @ f(22y2) -+ & f(@nyn)-

So, f™ computes f on n different pairs of inputs, and f®” computes the parity of the outputs
of f. Additionally, given a Boolean function g : {0,1}" — {0,1} and a f as above, denote
the composed function go f : X" x Y™ — {0,1} as

go flzy) = g(f(xr1), - -, [(@nyn))-
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2.1 Information Theory

We record some basic information-theoretic facts in this section whose proofs, if omitted,

can be found in [17].

Definition 2.1 (Entropy). Given a random variable A distributed according p(A) the en-

)= o]

Fact 2.2. If A has finite support, then H(A) <1 \supp( (a))|, with equality if p(A) is the

tropy of A is given by

uniform distribution.

Given two jointly distributed random variables A and B distributed according to p(AB),

the conditional entropy of B given A is defined as

1
HB4) = &) [bg p<b|a>]‘

It is well-known that H(B|A) < H(B). We also recall the chain rule for entropy
H(AB) =H(A) + H(B|A). (2.1)
Next, we recall the notion of KL-divergence as well as ¢1-distance between distributions.

Definition 2.3. Given two probability distributions p(A) and q(A), the ¢1-distance between

p and q is defined as |p(A) — q(A)||1 := >, |p(a) — q(a)].
Similarly, the KL-divergence between p and q is defined as

_ op P@)
Do) a(4) = B |10g 2.

Fact 2.4. For any two distributions p(A) and q(A), it holds that D(p(A)||q(A)) > 0. More-
over, /D(p(A)[[q(4)) = (1/2) - [[p(A) — q(A)]]1-

Lastly, we define the mutual information between two random variables A and B that

are jointly distributed according to p(AB) to be

e B o )
14:B):= B |10 )

Given three random variables A, B and C' distributed according to p(ABC'), we define

mutual information of A and B conditioned on C as

R
1(A:BIC) = B log ori™ s
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2.2 Communication Complexity

As mentioned in the introduction, in the model of communication complexity, two players
Alice and Bob receive inputs x € X and y € Y respectively. They wish to compute a known
function! f : X x Y — {0,1} by executing a communication protocol, denoted . The
length of the protocol 7 is the maximum number of bits communicated in any execution
of 7, and is denoted by ||7||. The deterministic communication complexity of f, denoted
D(f), is the length of shortest protocol computing f.

In the model of randomized communication complexity, the players have access to a
shared random tape, known as public randomness, as well as private randomness that they
can use when sending any message. We assume that the transcripts of m come from some
space of messages M and for any m € M let m; be the i-th message sent. For ease of
notation, we prepend the shared random string to the start of the protocol’s transcript and
denote it by mg. Given a protocol 7, we use 7(xy) to refer to the random variable for the
output of 7 on input x and y; for a deterministic protocol, 7(xy) is fixed, otherwise, it
depends on the randomness of .

Let suc(f, C) denote the success probability of the best randomized protocol computing
f with at most C bits of communication. Formally,

suc(f,C):= inf supPr[f(zy) = n(xy)].

|7 <C ay

Closely related to the notion of success probability, is that of the advantage of protocols
computing Boolean functions. For a Boolean function f, the advantage of f for protocols
of length at most C is defined as
adv(f,C) := sup inf E[(—1)f@0®m@y)],
x| <C ¥
We recall the following two protocols from prior work, which we use during the com-

pression step in Chapter 3. The first is based on a protocol in [10] and appears as Lemma

43 in [68).

'The function f need not be Boolean in general, but in this thesis, we restrict ourselves to Boolean
functions.
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Lemma 2.5. [10, 68] Let u,v denote two distributions on some finite set M. For every
e > 0, there is a 1-round protocol distribution 1 (uvs) (here uv correspond to the inputs of the
protocol, and s corresponds to the transcript), and functions a(us) € M,b(vs) € MU {L}

with L ¢ M such that ¥ (uv) is supported on all pairs uwv and, for every uv and z € M,
1. Y(a(us) = z|luv) = u(z),

2. (a(us) # b(vs)|uv,a(us)) < e +max{0,1 — 2F . M}

u(a(us)
3. ¥ (b(vs) ¢ {a(us), L}|uv) <e.
Moreover, the communication complexity of 1 is L +loglog1/e +log1/e + O(1).
The next lemma appears as Lemma 4.14 in [6].

Lemma 2.6. [6] There is a randomized protocol T with communication complexity at most
O(log(C/¢)) such that on input two C-bit strings m*, m®B, T outputs the first index i € [C]

such that mf‘ #* mf; with probability at least 1 — ¢, if such an i exists.
2.3 Linear Algebra

In this section we gather some facts regarding communication complexity and its connections
to the rank of matrices, whose proofs can be found in [52]. First, we recall that rank is

sub-additive.
Fact 2.7. For two matrices A1 and Az, we have rk(A; + A2) < rk(Ay) + rk(Az).

For a function f(zy), we denote the matrix corresponding to f as My whose zy-th entry
is simply (—1)7@%). The rank of f, denoted rk(f) is the rank of the matrix M;. We note
that the communication complexity of a function is at least the logarithm of rank of the

corresponding matrix.
Fact 2.8. For any function f: X x Y — {0,1}, we have D(f) > [logrk(f)].

Lastly, we need the fact that a protocol with a small number of leaves can be simulated

by a short protocol (see [52] Theorem 1.7).
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Fact 2.9. Given a protocol m with ¢ leaves, there exists a protocol with communication at

most [2logg ), €] that outputs w(x,y) on inputs x and y.

2.4 Boolean Function Complexity Measures

In this section, we recall some concrete complexity measures of Boolean Functions, such as
sensitivity, degree and decision-tree complexity as well as the relationships between them.
For a detailed background, we refer the reader to the survey of Buhrman and de Wolf [14].

The sensitivity of a Boolean function g : {0,1}" — {0,1} at a point z is defined as

s:(9) == [{i: 9(2) # g(2<iy 1 — 2zis 2540) },

and the sensitivity of ¢ is s(g) = max,s,(g).

A decision tree of depth d is an adaptive (deterministic) query algorithm, making at
most d queries to compute a given function. The algorithm queries variables x;,,...,z;,
adaptively and outputs a bit based on the values of the variables it has queried. We say
that a decision tree computes a function g, if on every input z, the algorithm outputs g(z).
The decision tree complexity of g, denoted DT(g) is the least depth of a decision tree among
those that compute g.

We also recall that for every function g : {0,1}" — {0, 1}, there exists a unique real,

multilinear polynomial

Q(IL‘) = Z Cs - H:L‘ia

SCln] €S

such that ¢(z) = g(z) for all z € {0,1}". The degree of ¢, denoted deg(g), is the degree of

q.
The above complexity measures are known to be related to each other up to polynomial

factors. In particular, we know that for any f,

deg(f),s(f) < DT(f), (2.2)
deg(f) <s(f) < 2-deg(f)? and (2.3)
DT(f) < 2-deg(f)*. (2.4)
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In the preceding facts, Equation (2.2) is due to Nisan and Szegedy [45] (see also [44]).
The lower bound in Equation (2.3) is due to Huang [25], and the upper bound is again due

to Nisan and Szegedy [45]. Lastly, Equation (2.4) was shown by Midrijanis [42].
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Chapter 3
MARGINAL INFORMATION AND A STRONG XOR LEMMA

In this chapter, we state a strong XOR lemma for randomized communication com-
plexity, using a new notion of information, called marginal information. A wide variety
of important lower bounds in computer science ultimately rely on information-theoretic
lower bounds in communication complexity, including lower bounds on the depth of mono-
tone circuits [34], lower bounds on data structures [47] and lower bounds on the extension
complexity of polytopes [7, 57, 62, 33], to name a few nice examples.

For deterministic communication complexity, Feder, Kushilevitz, Naor and Nisan [18]
proved that if |X|,|)] < 2¢ and f requires C' bits of communication, then f™ requires at
least n(v/C — logy £ — 1) bits of communication.

For randomized communication, we can ask the following question: if f requires C
bits to be computed with probability 2/3 then how much communication is required to
compute f™ with probability 2/37 This is known as the direct sum problem for randomized
communication complexity. We note that there is a natural protocol for f™ — simply repeat
the best protocol for f on each instance. This communicates at most n - C bits and in the
worst case, succeeds only if all instances succeed, which happens with probability (1/3)".
The stronger version of the direct sum, known as the strong direct product problem, asks
if the success probability decays exponentially even ?

More generally, we can ask about the randomized communication complexity of com-
puting compositions: what is the communication required to compute g o f with constant
(or smaller) probability? In the special case where g is the parity function (@), an assertion
that computing f®" is significantly harder than computing f is called an XOR Lemma.
Note that f®" can trivially be computed with probability 1/2 — simply output a random

bit. The naive protocol that repeatedly computes f on each instance and then computes the
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parity, succeeds with probability 1/2 + 37" /2. This can be seen by an inductive argument:

Pr[computing f¥"] = Pr[computing f®"~!] . Pr[computing f]
+ (1 — Pr[computing f*"~1]) - (1 — Pr[computing f])
< 2Pr[computing f¥"71]/3 + (1 — Pr[computing f*"~])/3

< (1 4 Pr[computing f®"71)/3 < 1/2 +37"/2.

We point the reader to Section 2.2 for the notation and definitions of different quantities
in randomized communication complexity such as advantage and success probability. Our

main result is as follows.

Theorem 3.1. There is a universal constant k > 0 such that if C > 1/k and adv(C, f) <

1/2, then
kCy\/n
adv(log(C’n)

,f@”) < exp(—kn).

The constant 1/2 is not important, it can be replaced by any constant less than 1.
We note that a condition of the form C' > 1/k is necessary, because if x,y € {0,1} and
f(zy) = x @y, then adv(1, f) = 0, yet adv(2, f¥") = 1.

Prior to this result, the best known upper bound was proved by Barak, Braverman,
Chen and Rao [6], who showed that the advantage is at most 1/2 for a similar choice of the
other parameters. Our work builds on the work of Yu [68], who proved exponentially small
bounds on the advantage in the setting of bounded-round communication protocols. Using
similar ideas we can prove several other results similar to Theorem 3.1.

Next, we give an overview of the past work that led us to the notion of marginal infor-

mation, explain the intuitions behind the choices made in the definition, and then describe

all of our results in Section 3.2.

3.1 The evolution of information complexity

Our definition of marginal information is the most recent advance in an evolution of defini-
tions about information. Using the new definition of marginal information we relate bounds
on the communication and advantage for computing f to the corresponding parameters for

f®" via a scheme that has been applied many times before. We prove:



21

Step 1 Every protocol computing f®" with significant advantage and small communication

has small marginal information; see Theorem 3.5.

Step 2 Marginal information is subadditive, so the marginal information for computing f

is smaller by a factor of n; see Theorem 3.6.

Step 3 Small marginal information can be compressed to give protocols with small com-

munication; see Theorems 3.7 to 3.10.

Definitions of information are famously subtle. In order to make this strategy work, the
marginal information needs to permit all 3 steps, and even minor changes to the definition
can make one of the steps infeasible.

Our current definition builds on important insights and intuitions developed in theoreti-
cal computer science over a period of decades. An early precursor to the use of information
theory in computer science is the work of Kalyanasundaram and Schnitger, who used Kol-
mogorov complexity to prove lower bounds on the randomized communication complexity of
the disjointness function [58]. The proof was subsequently simplified by Razborov [55], who
gave a beautiful short argument that used Shannon’s notion of entropy [59] and implicitly
followed the outline of the steps 1,2,3 described above. This is related to the questions we
study here because the disjointness function can be thought of as a way to compute the
AND of 2 bits n times. Step 1 is relatively easy for this problem. Step 2 involved a clever
way to split the dependence between random variables, and was accomplished using the

sub-additivity of entropy. Step 3 is also not too difficult.

3.1.1 Parallel Repetition

The next chapter of the story was written during the study of parallel repetition, a vital
tool in the development of probabilistically checkable proofs. Raz [53] proved the first expo-

nentially small bounds in this context using the KL-divergence as a measure of information.
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Given a distribution p(zy), and a carefully chosen event W, Raz measured the divergence

E | Dp(lyW)lp(zly)) + D(p(ylaW)l[p(yle))

p(zy|W)
- og (PLlyW)  plylzW)
_P(IEM [l ( p(zly)  pylz) ﬂ (3.1)

In the proof, it is crucial that the event W is rectangular, meaning that if x,y are indepen-
dent, then they remain independent even after conditioning on W. Once again, Step 1 is not
too difficult. Raz used the sub-additivity of divergence and a similar set of clever random
variables as in [55] to split the dependence and accomplish Step 2. Later, Holenstein [24]
introduced a method called correlated sampling to simplify the analogue of Step 3 in Raz’s
proof, and obtained better bounds. Rao [49] used these tools to prove optimal bounds for

parallel repetition in the setting relevant to probabilistically checkable proofs.

3.1.2  Direct Sums via Internal and External Information

Chakrabarti, Shi, Wirth and Yao [15] were the first to propose using general measures of
information complexity to address the questions we consider in this paper. For inputs xy
and transcripts m, we denote by p(xym) the joint distribution induced by the protocol! p.
Chakrabarti et al. [15] proposed to measure the mutual information
I(M:XY)= E [mw}.
p(zym) p(zy)

Years later, this measure was renamed external information by [6]. The external information
measures the information learned by an external observer about the parties’ inputs. Step
1 is easy for this measure of information. However, the sub-additivity of Step 2 does
not hold in general; the proof only goes through when the input distribution p(zy) is a
product distribution. Jain, Radhakrishnan and Sen [31], and Harsha, Jain, McAllester
and Radhakrishnan [23] gave ways to implement Step 3 that led to bounds on the success
probability for computing f™ in the setting where the inputs are assumed to come from a
product distribution and the communication protocols are restricted to having a bounded

number of rounds. Meanwhile, Bar-yossef, Jayram, Kumar and Sivakumar [4] showed how

We often say p(zym) is a protocol when we mean that it is a distribution induced by a protocol.
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to reframe Razborov’s proof using mutual information instead of entropy, and proved other
results using this formulation which contained hints of the definition of information that
came next.

The first upper bounds on the success probability in the general setting came when
Barak, Braverman, Chen and Rao [6] adapted the methods developed in the study of parallel
repetition to these problems. In contrast with the external information, they defined the

internal information, which is the sum of two mutual information terms

LM X[Y)+ 1M YIX) = B [log (pl()ﬂj/;;) : p;ﬁg)ﬂ . (3.2)

The internal information measures what is learned by each party about the other’s input.
Equation (3.1) was the inspiration for Equation (3.2); indeed, each setting of m corre-
sponds to a rectangular event. When the inputs come from a product distribution, the
internal and external information are the same, and [6] proved that sub-additivity holds for
internal information using an argument similar to the one used in the context of parallel
repetition. Moreover, they showed how to leverage the technique of correlated sampling
developed by Holenstein to simulate protocols with information I and communication C'
using ~ VIC /log C' communication. They gave near optimal simulations of ~ I log? C
for protocols with small external information using rejection sampling and a variant of

Azuma’s concentration inequality. These results proved that there is a constant « such that

if adv(C, f) < 1/2, then

kC'\/n
adv(log(C’n)

S <172,
which was the first result along the lines of Theorem 3.1. Later, Braverman and Rao [10]
showed that the internal information cost of a function is equal to the amortized communi-
cation complexity of that function, suggesting that this is the right definition of information
in the interactive setting.

Since then, several researchers have studied the problem of compressing protocols with
internal information I and communication C. Braverman [8] showed how to obtain protocols

with communication ~ 2°(), Ramamoorthy and Rao [48] showed that if I, Ip denote the

internal information learned by each party, then you can achieve communication & I 4-20U5)
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and can also achieve communication ~ I4 + +/Ig - C3. The work of Sherstov [60], building
on the work of Kol [36], showed that ~ I'log® I communication can be achieved when the
inputs come from a product distribution. Ganor, Kol and Raz [19] (see also [50]) gave a
nice counterexample: a function that can be computed with communication ~ 220(1), and

internal information ~ I, but cannot be computed with communication ~ 27.

3.1.8 Direct Products via New Information Measures and Proxy Distributions

The next definition to evolve was proposed by Braverman, Weinstein, Rao and Yehudayoff
[12, 11], inspired by the work of Jain, Pereszlényi and Yao [30]. Rather than bounding
the information under the distribution p(zym), they bounded the infimum of information
achieved in the ball of distributions that are close to the protocol. They defined the infor-

mation to be the infimum

. _ _ . o (12lym) g(ylzm)
inf I(M < X|Y) + (M Y[X) =inf B [1 g( prem )} (3.3)

where here the infimum is taken over all distributions g(zym) that are close to p(zym) in
statistical distance. This quantity was ultimately bounded by setting q(zym) = p(xym|W),
where here W is a reasonably large event (not necessarily rectangular) that implies that
the protocol correctly computes the function. The bound on Equation (3.3) does not lead
to a bound on the information according to p(zym), because it is quite possible that the
points outside W reveal a lot of information. Still, [12] were able to follow all 3 steps of the
high-level approach to prove their results. Step 1 remained easy, but Steps 2 and 3 became
more difficult using Equation (3.3). [12] obtained exponentially small upper bounds for
the success probability of computing f™, but did not manage to prove new bounds on the
advantage for f®" using this approach. Equation (3.3) may not seem very different from
Equation (3.2), but it does involve a proxy ¢, and we pursue the use of such proxies further

in the definition of marginal information that we discuss next.

3.1.4 XOR Lemma via Marginal Information

In a paper full of new ideas, Yu [68] recently proved exponentially small bounds on the

advantage of bounded-round protocols computing f®". Although Yu’s paper involves a
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potential function that superficially looks like a definition of information, his proof does
not involve a method to compress protocols whose potential is small, and we are unable
to extract a definition of information from his work. Still, his ideas inspired many of the
choices made in our definition. To define the marginal information, we need the concept of

a rectangular distribution, which was defined in [68]:

Definition 3.2. Given a set Q) consisting of triples (xym), we say that @ is rectangular if

its indicator function can be expressed as

lo(zym) = 1a(zm) - 1p(ym),

for some Boolean functions 14,1p. Given a distribution q(zym) and a distribution u(zy),

we say that q is rectangular with respect to w if it can be expressed as

q(zym) = p(zy) - A(xm) - B(ym),
for some functions A, B.

For intuition, it is helpful to think of a rectangular distribution as the result of con-
ditioning a protocol distribution p(zym) on a rectangular event. That would produce a
rectangular distribution, but the space of rectangular distributions actually contains other
distributions that cannot be obtained in this way.

From our perspective, the most useful insight of Yu’s work is that if ¢ is restricted to
being rectangular, then one can allow ¢ to be quite far from p in Equation (3.3) and still
carry out a meaningful compression of a protocol p to implement Step 3. That is because the
rectangular nature of ¢ allows the parties to use hashing and rejection sampling to convert
a protocol that samples from p into a protocol that samples from g. If g(zym) = p(xym|R)
for a rectangular event R, this is easy to understand: the parties can communicate 2 bits
to compute if zym € R and output the most likely value of f under ¢ with zym € R. If
zym ¢ R they can output a random guess for the value of f. So, it is enough to bound the
information terms for zym € R, and enough to guarantee that the compression is efficient
for such points. This observation is very powerful, because it allows us to throw away
problematic points in the support of the distributions we are working with and pass to

appropriate sub-rectangles throughout our proofs.
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For all of this to work, it is crucial that the protocol retains some advantage within the
support of ¢q. For this reason, we need to keep track of the information in the support of ¢
as well as the advantage within the support of ¢, and so, for the first time, the measure of
information is going to depend on the function f that the protocol computes. We are ready

to state the definition:

Definition 3.3 (Marginal Information). For I > 1 and® § = 1/15, the marginal information

of a protocol p for computing f is defined as

(q(:vlym) q(ylzm) <Q(xym)

I s o |—121/68
. E _1)f&"Y)
p(zly)  plylz) p(mym)) ‘q(w’y’lm) ) }‘ )

M;(p, f) = inf sup log

4 zym

)

where the infimum is taken over all distributions q that are rectangular with respect to the

input distribution p(zy), and the supremum is taken over all xym in the support of q.

We use the letter I above because it turns out that protocols computing f can be
efficiently compressed when M; = O(I), and any compression must have communication
Q(I). Compare Definition 3.3 with Equations (3.2) and (3.3). The fact that ¢ must be
tethered to p is ensured by including the term q(zym)/p(xym). If g(xym) = p(zym|R) for
arectangular event R, q(zym)/p(zym) will be equal to 1/p(R). The last term in the product
computes the advantage of ¢ for computing f, because under ¢ and given m, the best guess

for the value of f is determined by the sign of E )[(—l)f (@9)] and its advantage is the

q(zylm
absolute value of this quantity. In words, the marginal information measures the supremum
over all xym of the information per unit of advantage, of the best rectangular approximation
q.

In analogy with the external information, we define the external marginal information:

Definition 3.4. For I > 1 and § = 1/15, the external marginal information of a protocol

p for computing f is defined as:

I o 1—121/8
Mext 7 — infsuplo Q(xy‘m) . q(acym) . E 1 f@'y") 7
re.J) 7 aym g( p(zy) (p(:rym)> ’q(w’y’\m( ) ]’ )

where the infimum is taken over all distributions q that are rectangular with respect to the

input distribution p(zy), and the supremum is taken over all zym in the support of q.

2Even though 6 is a fixed constant, we choose to write it in the definition because it eases the notation
throughout the paper.
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We prove that the external marginal information is equal to the marginal information
when the distribution on inputs is a product distribution in Lemma 3.21.
To state our results about marginal information, we first define the average-case measure

of advantage. Given a distribution p(xy) on inputs, define

ade(C,f): sup E[(_1)7T(l“y)+f(a:y)]7
Ir|<C

where here the expectation is over the choice of inputs xy as well as the random coins of
the communication protocol. To study the more restricted setting where the protocols we
are working with have a bounded number of rounds, define the worst-case and average case

quantities:

adv"(C, f) = sup infE[(_l)W(my)Jrf(my)]’
xl|<C *Y

adv;(ca f) = Ssup E[(—l)ﬂ'(aw)"rf(a?y)]’
=|<C

where throughout, the suprema are taken over r-round protocols.
Returning to our high-level approach, we prove the following results about marginal

information, which allow us to carry out Steps 1,2,3:

1. In Section 4.1, we show that a protocol with small communication and large advantage

has small marginal information, to handle Step 1:

Theorem 3.5. For every Boolean function f(xy) and every protocol p of communi-

cation complexity C,

M (p, f) < 2C — (1+12/8) - T - log (p(]::n) )p(mﬁm [(—1)f] D +O(I).

For any fixed m, the quantity |Ep(my‘m)[(—1)f (#9)]| measures the advantage of the
protocol for computing f conditioned on that value of m. So, if adv,(C, f®") >
exp(—n) via a protocol corresponding to the distribution p, then the above theorem
implies that M;(p, f®*) < O(C + In). Unlike all previous definitions, for marginal
information Step 1 involves significant work. Our proof crucially uses the fact that
the protocol has bounded communication complexity: for example it would not be

enough to start with a bound on the internal information.
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2. In Section 4.2, we prove that marginal information is sub-additive with respect to the
n-fold XOR of f. If the transcript m = (mg, m1, ..., m¢), where m; denotes the j-th

message of the protocol, we show

Theorem 3.6. There is a universal constant A such that if I > 1 and p is a protocol
distribution for computing f" with p(zy) = [[i=, p(ziy:), then there is a protocol p;
for computing f such that p;(x;y;) = p(ziyi), pi has the same number of messages as

p, for j > 1 the support of m; is identical in p; and p, and moreover,

Ml(paf®n) Mf(pvaBn))'

+AI~<1+log

If M;(p, o) < O(In), this theorem proves that M;(p;, f) < O(I). This might well
be the most technically novel part of our proof; it is certainly where we spent the most
time. The main challenge is proving the result for n = 2, which is very delicate. This
case is captured by Theorem 4.2, and Theorem 3.6 is a straightforward consequence.
If n = 2 and My(p, f2) is small, then there is a rectangular distribution ¢ such that
the pair

q(z122y1y2m), p(T122Y1Y2M)

leads to a small value of M;(p, f®2). We show how to use g, p to generate a new pair

Q1(ff1y1m(1))a p1($1y1m(1))

or a new pair

Q2($2y2m(2))ap2($2y2m(2))
proving that either My (py, f) or My(pa, f) is more or less bounded by M;(p, f2)/2.
A significant first step is the construction of two pairs of rectangular/protocol distri-
butions with the properties described in Equations (4.6) to (4.9). Given this step,
we need to eliminate various problematic points from the support of the distributions
while preserving the rectangular nature of the distribution to ultimately construct the

promised pair of distributions.

We are unable to bound the length of the first message of p; in terms of the length of

the corresponding message of p in Theorem 3.6, because in our proof of Theorem 4.2
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(1) (2)

the first message m; ’ or m;™’ needs to encode one of the inputs of the original protocol.

Fortunately, this is not a significant obstacle for the high-level strategy.

. In Sections 4.3 and 4.5 to 4.7, we show how to compress marginal information to
handle Step 3. We have been able to match many of the prior results [6, 10, 8]
about compressing information and external information with corresponding results
about compressing marginal information and external marginal information, though
our proofs are much more technical. Our most general simulation is captured by the

following theorem:

Theorem 3.7. For every o > 0 there is a A > 0 such that if M(p, f) < oI, p(zy) =
p(zy) and moreover the messages m = (mg,...,mg) are such that ma,...,mg €

{0,1}, then adv,(A(I + v/ CIlog(CI)), f) > 1/A.

Theorem 3.7 shows that if the marginal information is O(I), then one can obtain a
protocol with communication O(v/CT) that has (1) advantage for computing f. For

the external marginal information, we prove:

Theorem 3.8. For every a > 0, there is a A > 0 such that if M$*(p, f) < al, p(zy) =
p(zy), and moreover the messages m = (my,...,m¢c) are such that mao,...,mc €

{0,1}, then adv,(Allog?C, f) > 1/A.

This theorem gives improved results when the inputs come from a product distribution.
It is quite possible that even better simulations can be obtained using the ideas of [36,
60, 9], but we have not managed to obtain such results. We also obtain results that

are independent of the communication complexity:

Theorem 3.9. For every o > 0, there is a A > 0 such that if Mr(p, f) < ol and
p(zy) = p(zy), then adv,(AI, f) > exp(—AlI).

When the number of rounds of the protocol is bounded, we prove:
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Theorem 3.10. For every o > 0, there is a A > 0 such that if My(p, f) < al,
w(zy) = p(xy), p has r-rounds and m, € {0, 1}, then adv,(Ar(I +logr), f) > 1/A.

These results about the marginal information cost allow us to prove Theorem 3.1, as well

as several other results of that flavor.
3.2 Using marginal information to prove XOR lemmas

To state all of our results, let us define the average-case and worst-case measures of success.

Similar to the definition of suc(C, f) in Section 2.2, we denote

suc"(C, f) = sup inf Pr[r(zy) = f(zy)]
|Ir|<C Y

suc,(C, f) = sup Prin(zy) = f(zy)]
[|=lI<C

suc,(C, f) = sup Pr[r(zy) = f(xy)],
[=lI<C

where in suc”,suc;, the supremum is taken over r-round protocols, and in suc,suc;, the

probability is over inputs sampled from p(zy). Yao’s min-max theorem yields

adv(C, f) = inf adv,(C, f),
w

SUC(C, f) = 12f SUCH(C, f)7

advr(C’, f) = inf ade(C, f),
o

suc"(C, f) = iﬁf suc,,(C, f). (3.4)

Given any distribution g on X x ), define the n-fold product distribution p™ on X™ x Y"
by u"(zy) = H;‘L:1 p(zy;). Theorem 3.1 is proved by proving this stronger bound:

Theorem 3.11. There is a universal constant k > 0 such that if C > 1/ and adv,(C, f) <
K, then adv,n(kC'y/n/log(Cn), f¥") < exp(—krn).

To prove Theorem 3.11, suppose that there is a protocol p computing f®" with advantage
exp(—kn) and communication T' = kC'-y/n/log(Cn). If T/n > 1, we set I = T'/n and apply
Theorem 3.5 to show that M (p, f®") < O(T + kIn) < O(In). Next, apply Theorem 3.6 to
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find a protocol p’ with M;(p/, f) < O(I). Finally, apply Theorem 3.7 to obtain a protocol

computing f with advantage €2(1) and communication proportional to

T T _TlogT
—+2VITlog(T) < — 42
—+2VITlog(T) < — + NG
< rC logT < kC.
~ lognC ~

If T/n < 1, set I = 1 and apply Theorem 3.5 to show that M;(p, f®) < O(In). Next,
apply Theorem 3.6 to find a protocol p’ with M;(p/, f) < O(I) = O(1). Finally, we apply
Theorem 3.9 to obtain a protocol computing f with advantage (1) and communication
O(1). Setting k sufficiently small, we obtain a contradiction in either case, which proves
that there is no protocol p as above. Theorem 3.1 can be obtained from Theorem 3.11 using
Equation (3.4) and the fact that the worst-case success probability of a communication
protocol can be increased by taking the majority outcome of several runs of the protocol.
We leave these details to the reader.

Theorems 3.1 and 3.11 yield bounds on the success probability for computing f™ as well:

Corollary 3.12. There is a universal constant k > 0 such that if C > 1/k and adv(C, f) <
K, then suc(kC'v/n/log(Cn)), f") < exp(—kn).

Corollary 3.13. There is a universal constant & > 0 such that if C > 1/k and adv,,(C, f) <
K, then suc,n(kC'y/n/log(Cn)), ™) < exp(—kn).

This matches the result proved by [12] mentioned earlier. These corollaries are obtained
by observing that if S C {1,2,...,n} is chosen uniformly at random, and zy are sampled

according to p™*, then
E (—1)Zjes”($y)f+f(%'yj)} = Prlr(zy) = f"(ay)].

so a protocol computing f" with success probability exp(—n/2) yields a set of ' = Q(n)
coordinates where the protocol computes f& with advantage exp(—Q(n)). Again, we leave
the details to the reader. When the distribution u(zy) = p(z)-u(y) is a product distribution,

we obtain stronger bounds:
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Theorem 3.14. There is a universal constant k > 0 such that for every product distribution

p, if C > 1/k and adv,(C, f) < &, then adv,n(kCn/log*(Cn), f&") < exp(—kn).

To prove Theorem 3.14, suppose we are given a protocol p computing f®" with advantage
exp(—+n) and communication T = xCn/log?(Cn). If T/n > 1, we set I = T/n and
apply Theorem 3.5 to show that My(p, f®") < O(nI). Next, apply Theorem 3.6 to find a
protocol p’ with Mz(p/, f) < O(I). Finally, using the fact that for product distributions,
M%(p, f) = Mi(p, f), we can apply Theorem 3.8 to obtain a protocol computing f with
advantage Q(1) and communication O(Ilog?(Cn)) < O(kC). Otherwise, if T/n < 1, set
I =1 and apply Theorem 3.5 to show that M;(p, f®") < O(n). Then, apply Theorem 3.6
to find a protocol p’ with My (p/, f) < O(I) = O(1). Lastly, we apply Theorem 3.9 to obtain
a protocol computing f with advantage (1) and communication O(1). Setting k to be
small enough gives a contradiction in either case.

As before, this yields a corollary for computing f:

Corollary 3.15. There is a universal constant k > 0 such that for every product distribution

1, if C > 1/k and adv,(C, f) < k, then suc,» (kCn/log®(Cn), f*) < exp(—kn).

Again, this is identical to a bound proved by [12] using a different approach. For the

bounded-round setting, we prove:

Theorem 3.16. There is a universal constant k > 0 such that if C > (r(logr)+1)/k, and
advy,(C, f) < &, then adv. ((kC/r —logr)n, f") < exp(—kn).

Yu [68] proves the same bound on the advantage with a communication budget that
grows like Q((C'/r" — O(1))n). Our bound eliminates the exponential dependence on r. To
prove Theorem 3.14, set T = (kC/r — logr)n, and suppose there is a protocol computing
f with r rounds, communication 7" and advantage exp(—xn). Set I =T /n > 1. Then, My
can be bounded by O(T + kIn) by Theorem 3.5. Applying Theorem 3.6 gives an r-round
protocol with M; bounded by O(I), and applying Theorem 3.10 gives an r-round protocol
with communication complexity O(r(I+logr)) = O(kC) computing f with advantage €2(1).

Setting k to be small enough proves the result. As usual, we obtain the following corollaries:
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Corollary 3.17. There is a universal constant k > 0 such that if C > 7(rlogr)/k and
advy,(C, f) < k, then sucjn ((kC/r —logr)n, f") < exp(—kn).

Corollary 3.18. There is a universal constant k > 0 such that if C > 7(rlogr)/k, and
adv'(C, f) < k, then suc"((kC/r —logr)n, f) < exp(—kn).

3.3 Organization

In the next section, we setup some notation and record some basic properties of marginal
information Definition 3.3. In Section 3.5 we gather several results related to the trimming
technique borrowed from [68] that will be repeatedly used in the proofs of Sections 4.1
and 4.2. In Section 3.6 we gather several consequences of small marginal information that
are used to analyze our compression schemes.

In the next chapter, we prove Theorems 3.5 to 3.10. We prove Theorem 3.5 in Sec-
tion 4.1, Theorem 3.6 in Section 4.2, and prove the general simulation theorem for marginal
information Theorem 3.7, in Section 4.3. Afterwards, in Section 4.4 we prove that if the
external marginal information is small, then there is a smooth protocol with small exter-
nal marginal information, mirroring a similar result in [6]. We then show how to compress
smooth protocols to prove Theorem 3.8 in Section 4.5. We prove Theorem 3.10 in Section 4.6
and finally, in Section 4.7 we prove Theorem 3.9.

After the next section, we encourage the reader to skip to the next chapter and refer to

the facts proved in Section 3.5 and Section 3.6 as and when necessary.
3.4 Definitions and Basic Properties of Marginal Information

Everywhere in the chapter, we assume that § > 0 is a sufficiently small constant; § = 1/15

will suffice.

Definition 3.19. We say that p(xym) is a protocol distribution if it can be expressed as
pleym) = p(xy) -p(mo) - [[  p(milem<i) - plmialyme<).
i=1,3,5,...
Every randomized worst-case protocol corresponds to some protocol distribution p(zym),

where p(zy) can be taken to be the uniform distribution on all possible inputs. Given
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a distribution p(xy) on inputs, and any protocol generating the messages m, the joint
distribution of xym corresponds again to a protocol distribution p(zym), with p(zy) =
u(zy).

Recall Definition 3.2. Note that if ¢ is rectangular with respect to p(zy) and p is a
protocol with p(xy) = p(zy), it is not necessary that g(xy) = u(zry). For the purpose of
intuition, it may be helpful to think of a rectangular distribution as the result of conditioning
p(xy) on the event that it lies in a disjoint union of rectangles indexed by m, though this
statement is not without loss of generality, and we do use the full generality of Definition 3.2.

Let x = z129 and y = y1y2. Let p(xy) = p(z1y1) - u(x2y2) be a product distribution. It

will be helpful to define w = (z1y2m). Given m = (my, ..., m,) and y2, we denote
m) = (mo, yami, ma, ..., my),
m® = (moz1, m1, ma, ..., my). (3.5)

Let us gather some basic facts about rectangular distributions in this setting:

Proposition 3.20. If v is rectangular, then
1 v(zylw) = v(yi|w) - v(z2|w),
2. v(zw) - v(yw) = v(xym) - v(w),
3. v(zy|yrmW) - v(zo|yom®) = v(z|ym), and

4. v(y1]zrm M) - v(ya|zam ) = v(ylam).

Proof. For the first identity, let A, B be such that v(zym) = p(zy) - A(xm) - B(ym). Then

v(zyw) p(zy) - p(@2ys) - A(zm) - B(ym)

v(w) Yy m(ayy) - p(ahye) - A(ziahm) - B(yiyam)
__ p(my) - Blyiem)  p(ways) - A(zizam)
Doy, i(zayy) - Blyryam) 3o, p(ahye) - A(zizym)

virylw) = )
(zylw) 3

1
/
1

= v(yr|w) - v(@2|w).
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For the second identity,

v(zw) - v(yw) = v(w) - v(yw) - v(z|w)

I
S

(w) - v(yw) - v(z2|T1yM) (by the first identity)

v(w) - v(xym).
For the third identity,

v(z1|yrmD) - v(zalyom®) = v(z1|ym) - v(wa|z1y2m)

= v(z1|ym) - v(x2|x1ym) (by the first identity)
= v(z|ym).
A similar calculation yields the fourth identity. O

It is easy to check that the external marginal information and marginal information are

the same when the distribution on inputs is product:

Lemma 3.21. If p(zy) = wp(zy) is a product distribution then we have M$(p, f) =
MI(p> f)

Proof. For all rectangular ¢, we have

q(zym)
q(zylm) )
p(zy) - A(zm) - B(ym)
Z (@'Y - A(z'm) - B(y'm)
(z)u(y) - A(zm) - B(ym)
Y, yu( " )pu(y') - A(z'm) - B(y'm)
p(z) - A(zm) 1(y) - Blym)

:zz/m N Al'm) S, uly) - Bly'm)’

proving that ¢(xy|m) is a product distribution.
Thus:
q(zlym) qylem) _ q(zylm)
pzly)  plyle)  play)
and so M®(p, f) = M;(p, f). =

)
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3.5 Trimming and advantage preserving sets

In this section, we gather a few lemmas about trimming rectangular sets to pass to subrect-

angles with nice features. The idea of trimming comes from the work of Yu [68].

Lemma 3.22. For every 1 >k > 0, if a(xym), b(xym) are two distributions, there exists a

rectangular set T' such that a(T) > 1 — 3k and for all zym € T, we have

a(zm|T) a(ym|T) a(m|T)
b(xm) = b(ym) = a(m) —

Proof. The set T is constructed by an iterative process. Initially, 7" is the set of all triples

xym. In each iteration, if there is xm such that

a(zm|T)
< 3.6
then delete xm from the support of 7', if there is ym such that

a(ym|T)
b(ym)

then delete ym from the support of T, and if there is m such that

<K,

a(m|T)
a(m)

<K,

then delete m from the support of 7. The process halts when there are no more elements
to delete. Because the distributions we are working with have finite support, this process
must eventually terminate. Initially, T" is rectangular, and each deletion step leaves us with
another rectangular set 7', so the final T is also rectangular.

Let us bound a(7T'). For each pair xm that was deleted from the support of T' because
of Equation (3.6), let Ty, denote the set T right before zm was deleted. If xm was not
deleted, let T, denote the empty set.

The total mass deleted using Equation (3.6) is exactly

Za(mmem) = Za(Txm) ~a(zm|Tym) < Z k- blxm) = K.
xm am xm
Similarly, the total mass deleted using each of the other rules is also at most . By the

union bound, this proves that a(7") > 1 — 3x when the process terminates. O
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As alluded to in the high-level overview, in the course of the proof, we repeatedly pass

through rectangular sets whose points have some nice properties®.

While doing so, it is
important for us to ensure that we do not move to a rectangular set where the advantage
vanishes. As in Yu’s proof, we enforce this constraint by working only with “advantage

preserving sets”.

Lemma 3.23. For any distribution v(xym) and a Boolean function h(zy), suppose R is a

rectangular set mazximizing

o(R)’ olR)

_1)h(zy)
. [(-1) y]’. (3.7)

Then, for any rectangular Z C R, we have

1— 82— §/v(Z|R)
U(R)6 v(m)

E
v(m|Z)

_1)h<xy>]’ >

E [(-1)")] ‘

E
v(zy|mZ) v(zy|m)

Proof. Since R and Z are rectangular, we have

1g(zym) = La(zm) - 15(ym),

and
Lz(xym) = La/(zm) - 1p(ym),

for appropriate sets A, A’ and B,B’. R can be partitioned into three rectangular sets,

Zy = 74,71 and Z5, where
1z, (zym) = 14\ a(xm) - 1(ym)
and
1z,(xym) = 1a/(zm) - 1\ g (ym).
By the triangle inequality, we get

E
v(m|R) v

E [(—1)’1(“/)} ‘ (3.8)

2
h(x ’
(:(:y]FRm) |: ’ i| ;U Z |R U(”!L?Zi) v(zy|mZ;)

3For example, we would like to only consider those points where the information ratios are bounded.
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Let us bound the contribution of Z1, Zs:

M)

v ZiR . E
(Zi|R) oz

o)

E
v(zy|mZ;)

s (v(Zi)\?
v(Zi|R)' ™ - (U(R)> 'v(nEI)Zi)

-
Il

10

o)

v(zy|mZ;)

<> w(Z|R)}'°. E

v(m|R)

ot

(because R is the maximizer of Equation (3.7))

E
v(zy|mR)

=1

<90, ( v(Zi’R))l_é ’ 'U(T:E‘TR)
i=1

E —1)h(=y) ‘ by Holder’s inequalit,
I [( ) ] (by quality)

E [(—1)’1@@/)} ‘

— 9. (1 - v<Z\R))1_6 e v(zy[mR)

v(m|R)

Using the inequalities (1 —#)'~% <1 —¢(1 —§)) and 2° < 1 + § which hold for ¢,§ € [0, 1]:

<(14+0)-(1-(1-0p(ZIR)- B

v(xy]fij) [(_l)h(w)] )

Putting this back into Equation (3.8) and rearranging, we get:

[(_1)“%)” . —3+ (1 —6*)v(Z|R)

E

v(m|Z) lv(zy|lmZ) U(Z|R) v(m|R) | v(zy|/mR)
> (1-87=6/o(ZIR) - v(R - E | B [~
v(m) I v(zy|m)
where we again used the fact that R maximizes Equation (3.7). O

Lemma 3.24. Let g(xym) be a rectangular distribution, with v = xixe and y = y1ya.
Let f(x1y1), g(way2) be Boolean functions. Let G be a subset of triples xzym such that the

indicator function 1g(xym) depends only on w = x1yam, and for each m, G mazximizes

a(Glmy’ | B |(-1fes]] (3.9)

among all such sets. Then for any w in the support of G, we have

o [0 | 2 -0 atem)

q(zgm) [(_1)f@g(acy)]
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Proof. Fix w = z1y2m and define G’ C G to be the subset of G obtained by deleting all

triples xym consistent with w. Using the triangle inequality, we can write

Bl

<qwlmG)-| B [(~1)/%s60)] —i—q(G’ImG)-‘ E [(_1)f@9<w>”
q(zylw) L ] q(zy|lmG’)
- ] 5 a(@m)’
=g(wm@)-| E —)fe9@n) || 4 o(QImG) 0 . a( : _1)f®9(zy)
a(wlmG)-| B (07| (@ me) TR B (1]
<q(wmG)-| B |(-1)/%) —i—q(G’ImG)l"s-‘ E [(—1)1’699(3«“1/)”,
q(zylw) L E q(zy|mQG)

where in the last line we used the fact that G is the maximizer of Equation (3.9).
Because ¢(G'|mG) = 1 — ¢(w|m@G), and using the inequality (1 — ¢)? < 1 — ¢, which

holds for ¢,~ € [0, 1], we obtain

o[ || B[]

F=(1=0) qlwlmG) | B (-1

Rearranging gives:

’q(x]aw) [(_Df@g(ﬂfy)] ) > (1-96)- ‘q(xy]FmG) [(_1)1”699(901/)} ’

> (1-0) - q(@m) | B[]

q(zylm
where in the second inequality we once again used the fact that G is the maximizer of

Equation (3.9). O
3.6 Consequences of small marginal information

Let g be a rectangular distribution achieving My(p, f). Since ¢ is rectangular, we can write

g(zym) p(zy) - A(zm) - B(ym) — a1 (zm) - a0 (um
plzym) — p(zy) - p(mo) - [licy 55, p(mileme;) - p(migi|yme<;) —om)-galym)

(3.10)

for appropriate functions g; and gs.



For every K > 1, define the sets

Sk = {zym : |[log g1(xm)] + log g2(ym)| < 3(M;(p, ) + KI)/I},

Ry = {zym : p(mq|amg) < 26MIPDTED (i, jymg) }.

Proposition 3.25. For xym € Sk,

3(Mu(p, f) + K1)
I

1 < Jog Ly §3(Mz(p,f)+KI).
p(zym) I

Proof. Because log(q(wym) /p(zym)) = log g1 (m) + log g (ym),

q(zym)
p(zym)

> [log g1(zm)] +log g2(ym) — 1 > — i

and

q(zym)

3(M;(p, f)+ KI)
p(xym) '

I

< [log g1(zm)] + log g2(ym) <

Claim 3.26. If K > 3, q(S%), a(RS|Sk) < 5 - 2~ M) +KD/1
Proof. Define
G = {zym : ¢(
Ga = {zym : q(ylem) > 2 MIPLTEDIT |,
= {zym : q(zym) > 273 MLDTEDIT . p(gym)}, and
(

Gy = {zym : q(z|ym) > o~ (Mi(p.f)+KD/I p(z|momiy)}.

If xym € G1 N Ga, then

g(zlym) qlylem) ([ q(zym)\’
Mf(p’f)”‘)g(p(x\y) P(ylo) ( )

p a:ym xy\m
o _2Mi(p, )+ KT) | Q(wyM)
- I 8 playm)
> —2M;(p, f) — 2K + I - ([log gi1(zm)] + log g2(ym) — 1)

and rearranging this and using the fact that K1 > 1 gives

[log g1(zm)] + log g2(ym) < 3(My(p, f) + KI)/I.

3(Mi(p, f) + KI)

40

(3.11)

(3.12)

(3.13)

(because zym € G1 N Ga)

(using I > 1)
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Moreover, for xym € Gz,

q(zym)
p(zym)

[log g1(xm)] + log g2(ym) > log > —=3(M;(p, f) + KI)/1,

so we have G1 NG2NG3 C Sk. We shall prove that ¢(S%) < 3- 2~ (M1 /) +KD/I 1y proving
that ¢(G$), ¢(GS), ¢(GS) and ¢(GS) are all less than 2-Mi@N+ED/I e have

a(G) = Y gleym)< > qlym)-p(aly) -2 M @HTEDI
xym¢G1 zyméG1

< 2= Mi@DHED/T N g(ym) - p(aly)

Txym

< 9= Mi(p.P)+KD/T

and similar calculations show that ¢(G%), ¢(G%), ¢(G§) < 2= Mi(p./)+KD/T,

It only remains to bound ¢(R%|Sk). We have

p(milemo) _ p(malzymo) _ plzlymomi) _ p(xlymomi) —g(zlym)
p(milymo)  p(milymo) p(x|ymo) q(zlym) p(zly)

121/5)

so, for every zym € Go N Gs N Gy,

g(zlym) q(ylem) (ql@ym)\"
Ml(p’f)zlog<p(wly) p(ylz) (p(xym)>
p(milrmo)  q(alym)  q(ylem) ([ g(zym)\’

= los (p(mﬂymo) p(zlymomi) — ply|z) <p(wym)>>

p(milzme)  2(My(p, f) + KI) 3(My(p, f) + KI)

[(_1)f(z’y’)}

q(a'y’|m)

since I > 1. Rearranging, we get p(m1|xmg) < 26(Mz(p,f)+K1) -p(my)ymyg), so GoaNGsNGy4 C

Rpg. The union bound then gives:

q(GS) + q(GS) + q(GS) 3. 2=Mr(p,/)+KI)/1 <5 9= 3Mi1(P.f)+KD/T

ARk 15%) < «(5k) <13 o MGDFED]

since K > 3. ]

An argument analogous to the one in the previous claim allows us to obtain similar

bounds if marginal information cost is replaced by external marginal information cost:
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Claim 3.27. Let q be a rectangular distribution achieving M$*(p, f) and let g1,g2 be as
defined in Equation (3.10). For every K, define

Sk = {zym : [[log g1(zm)] + log g2(ym)| < 3(MF*(p, f) + KI)/I} and (3.14)

Ry = {zym : p(mi|zmg) < 22MT@DHED () lme)}. (3.15)
Then, for all K > 2, it holds that q(S5.), ¢(RS|Sk) < 4 -2~ M wH)+KD/T,
Proof. Define

Gy = {xym : q(zy|m) > 2~ M @HFED/T )y,
Gy = {wym : q(aym) > 273 MTEHHEDIT . ym)},

Gz = {zym : q(zy|m) > 2~ MTEHHEDIT oy imgmy )}

For zym € G1 N Go, we have

M7 (p, f) > log (q(xy|m) . <q(a:ym)>l :

[(_Hf(x’y’)}

—121/5>

> —(MPp, f) + KI)+ I - ([log g1(zm)] + log g2(ym) — 1),

p(zy) p(zym) g(z'y'|m)
ext
> _ (MP(p, f) + KI) LT log q(xym)
I p(zym)

since K,I > 1. Rearranging gives

3(M$(p, f) + KI)
1

[log g1(zm)] + log g2(ym) <

Moreover, for zym € Go

Iylog g1 (xmﬂ + loggz(ym) > ]()g %% > _3(M(}X (pylf) + KI)7

proving that Gy NGy C Sk.
We show that ¢(GS), ¢(GS5) and ¢(G$) are all less than 2~ (M. H+KD/T | which implies
that ¢(S%) < 2- 2~ MP*P.NHED/T 55 desired. To see the upper bound on q(GY), we may

write

0G5 = D qlaym)< Y q(m)-p(ay) - 27 ME@DTED/T < o= (MR DFED/T,
zymé&Gy zym¢G1
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A similar calculation shows that ¢(G§) and ¢(G§) < 2-M7*w.N+ED/I

Now, we prove that ¢(R%|Sx) < 5 -2~ M7 @N+ED/T We have

p(milzmo) _ p(malzymo) _ playlmoma) _ playlmomi) —g(xy|m)
p(milmo) — p(ma|mo) p(zy) q(zylm)  plzy)

so for every xym € G2 N G3,

2 (8 (4)' | e

ZbgGmMmm- me>.<wWM)v

p(milmo)  p(xylmomi) \p(zym)

plmifeymo)  (MP0 1)+ KD) (o
> log P T - PR (MF (. ) + KT)

p(mlyxymo) — ext
oo AMPp, f) + KT),

a(@'y’|m

> log

since I > 1. Rearranging, we get p(my|zymg) < 2°M7@HHED L (m|myg) for all zym €
G2 N Gs, and so Go N G3 C Ri. The union bound then gives:

Q(Gg) + Q(Gg) 2. 2—(Melxt(P;f)+KI)/1 < 4. 2_(M§Xt(p,f)+KI)/I7

MRS < 7= ) S 1=2.2 MEGDIEDT

since K > 2. O
For the bounded-round simulation protocol, we need the following claim.

Claim 3.28. Let K > 3, and Sk be the set defined in Equation (3.11). Let p(xym) be an

r-round protocol and define

Ty — {xym Vi P(mi|$ym<i)7p(mi|$ym<i) < QUMIEHHED (4 1)5}'
p(milyme;) = p(ms|zme;)

Then q(T§|Sk) < 22 - 2~ Mip)+KD/T,
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Proof. Define the sets

G1 = {xm : Vi, q(zm<;) > o~ (Mi(p./)+KD/I . (r+1)71 -plxm<i)},

Gy ={ym : Vi: q(yms;) > 2 MIEDHEDIT (1)1 plymoy)},
Gy = {wym : Vi, q(alym<;) > 27 MI@DEEDIT (4 1) =1 p(afy)},
Gy = {wym : Vi, q(yleme;) > 2 MI@DEEDIT (14 1) 71 p(yla)
Gs = {zym : Vi,q(alym) > 2~ MEDIEDIT (4 1)1 p(alyme;)},
b= {wym : Vi, q(ylam) > 2= Mi@DTEED/T (04 1) =L p(ylame)},

Gy = {zym : Vi, q(m>;|lxym<;) > 27 Mz (p.)+ED/T (r+ 1) -p(m>ilrymei)}.
We claim that

3
()(G;NG})NGan Sk C Tk (3.16)
j=1

For zym € G, N G2 N Sk,

o [ 42lym) alylzm) [ q(zym) " e |
Milp, f) 2 log ( p(zly)  plylz) (p(ﬂ:ym)> @ [ Y }
> log q;fﬁ;;) _ Mip, fI) +KD _ log(r+1) —3(M¢(p, f) + KI)— 1
> log q}(;(vﬂ\jg;) —4M(p, f) — BKI —log(r + 1),

becase I > 1, and by the definition of G and Equation (3.13). Rearranging implies the

first inequality below, and the second has a similar proof:

g(zlym) q(ylzm) _ s, p+k0/1
< 2P r4+1 3.17
p2ly) " pyle) r+ 1) (317

By Equation (3.17), for zym € ﬂ?zl(Gj NG%) NGaN Sk and all 4,

pm<ily) — plzly) — qlzlym)  p(z(y)

p(m<ilzy) _ plzlym<) _ p(zlym<i) gq(zym) < oM@ PHRD/T g5MipfKT) (1 4 1)2.
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Moreover,

p(m<ilzy) _ p(zlyme<i)
p(m<ily) p(zly)
_ plrlym<i)  q(zlym<i)
(zlym<i)  p(zly)
_ playms<i)  alym<i)  q(zlyms<i)
(zy
(

Q

q(zym<i) plym<i)  p(zly)

_p zym) q(msi|zym<i) qlym<i) q(zlym<;) - 9—6(M;(p,f)+KI)/T
qzym)  p(msidaym<) plym<i)  plxly) = (r+1)3 ’
where we used Equation (3.13) as well as the definitions of G4, G} and G2 in the last step.
Thus,

p(mg|lzym<;) _ p(m<i|zy) ) p(m<ily) < 29M1(@)+KD/T  95(M1(p.f)+KI) (r + 1)5
p(milym<i)  plm<ily)  plm<ilzy)

< 214(M1(p7f)+K[) . (7” + 1)57

since I > 1. A similar calculation shows that % < MM, +HKD) (1 4 1)5, We

conclude that Equation (3.16) holds.
Next, we show that ¢(G§) < 2= Mi®@H+ED/I Define

—My(p,)+KI)/I, ) .
mln{Z : q(mzz‘$ym<z) < 2 e P(mzz|1ym<z)}

if such 7 exists,

t(xym) _ r+1
il otherwise.
We have
T
q(G) = q(t # 1) = > qlzym)
i=0 Tym,
t(xym)=1
o—(Mi(p,f)+KI)/T T
) : > qlayme) - p(msilzyme;)
" i=0 aym
t(xym)=1i

< 9—Mi(p,/)+KD)/T

A similar argument shows that ¢(G¢), ¢(GY) < 2~ M N)FED/T for all j € {1,2,3}. Thus,
we can bound
q(G5) + q(GY) L 4G9 +a(Sk)
q(Sk) q(Sk)
29— (Mz(p.f)+KI)/T

: (M1 (p,f)+KI)/T
=11 1 —2-Mr(p,)+KD)/1+2 — <22-2 )

q(Tk|Sk) < Z

7j=1
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where we used Claim 3.26 and the fact that K > 3. L]
Claim 3.29. For any K > 1, let Sk be the set defined in Equation (3.11) and define

Tx = {zym : p(m|ay) < 25M@HHED yin{p(mlz), p(m|y)}}. (3.18)
Then, for all K >3, q(T%|Sk) < 6 -2~ MiS)+KD/T,

Proof. Define the sets

G = {xym : q(mlay) < 27 M@ p(my)}
G = {aym : q(alym) < 27 MI@ITEDp(g]y)}
Gy = {xym : q(y|lzm) < 27 MDD Tp(y 1),

We claim that ¢(G$),q(GS) and ¢(G%) are all smaller than 2-Mr®N+ED/I - ndeed, to

bound ¢(GY), we see that

dG) = Y qlaym) <2 NI ST ) plmfay) < 2~ M0 KD
zym€eGy zym€eGy

The proof for the bounds on ¢(G$§) and ¢(G%) are similar. For any zym € G1 N G2 N Sk,

—121/5>

(by Equation (3.13) and definition of G3)

we have

M;(p, f) > log (q(z\ym) ) q(ylzm) ' <q :Eym)>1

_1)f(r’y’)}

(
p(zly)  plylr)  \pleym) q(z’%m) [
q(zlym)  (Mi(p, f) + K1)

p(zly) I

> log —3(Mz(p, f)+ KI) -1

q(z|ym) o p(xlym)

> log (zlym) oely) 4Myr(p, f)+ KI) -1 (since I > 1)
> _ (Mip, J;) FED | o p}fg}lﬁ)) —A(My(p, f) + KI) — 1T,

where in the last step we used the fact p(m|zy)/p(m|y) = p(z|ym)/p(z|y). Rearranging, we

get that for every zym € G1 NG2 N Sk

< 6(Ms(p, f) + KI).
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A similar calculation shows that for every zym € G1 NG N Sk it holds that

p(m|zy)
p(m|z)

log < 6(M¢(p, f) + KI).

Therefore,

C

0(G1) +a(G3) +4(G5) _ o o-Mipp+KD/T
q(Sk) -

9(Tk|Sk) <
O

Additionally, the bound on the marginal information cost implies the following lemma

which will be useful in our simulation.

Lemma 3.30.

C
B S lptmdom)  plmdymedlh | < VOB (19)
i>2
E [ E [(—1)f(xy>} H>25M1(¥’7f>/12’. (3.20)
a(zym) || a(zy|m) B

Proof. By our bound on the marginal information cost, we get

Milp.f) = max log [ A7) dlzm) <Q(xym)>l' B ][
’ zymesupp(q) plzly)  pyle)  \plzym) o'y |m)
q(ﬂf!ym)] [ Q(y|93m)]
> E lo + E lo
q(zym)[ s p(zly) q(zym) 8 p(y|z)
q(zym) ; —121/§
+71- E [lo ]—l— E [lo E -1 ] 3.21

By Fact 2.4 and the fact that the advantage is always at most 1, each of the expectations

appearing above is non-negative, and so each term is bounded by M;(p, f). This implies

log E
& q(zym) [

E |(-1)/@v) H> E [10
q(zy|m) [( ) ] " gq(zym) s

My (p, f)
1)/ (ay) _OMs(p, 1)
q(r];/:\m) [( D y}H = 121



thus giving Equation (3.20). For Equation (3.19), we have

p(milym<)||

[Zup milame) -

1>2

<

Q(my

|

[Z Io(mfom ) — eyl + la(maloym) = plmlym.)
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| /\

Z \/ ml\xymg)

p(mz!

(mz‘\fﬂqu)

Tm<;) }

+ E [lo
q(m;|lzyme;)

q(milzym<;)
p(milym<;)

|

(by Fact 2.4)

]+2\/ o [Zlg

mz|xym<z)

mz‘ym<z)

(by concavity of /)

q(mi|zym<;)
2.1C- E log ———>—~
o \/ q(wym)[zi: gp(mi‘mm@‘)
g Lz
»(

=2,/C- E
a(aym) mlx)

To complete the proof, we claim that

q(m|zy)

o p(mlz)

i
q(xym)

, E |lo
| i [

q(m|

p(m

zy)
1Y)

] < Mi(p. f) - (1 +1/T).

We show this for the first term; the proof for the second term is identical. First, we have

|

g(mlzy) _ q(mlzy) p(m|ry)
p(mlz)  p(mlzy) p(m|z)
_ q(m|zy) p(alym)
p(mlzy)  p(xly)
q(m|zy) pzlym) q(z|ym)
pimlzy) q(alym)  p(zly)
q(zym) plzy) plxlym) q(zlym)
plxym) q(xy) q(zlym) pzly)
Therefore,
q(m|zy)
q<£m> [log p(m|z) ]
_ q(zym) ] o PEY) o PLElY™) o 4@lym)
q<£m) | p(wym) | +q(£m) [1 gq(my)} q(sz»}m) [1 q(ﬂvlym)] +q<£m) [1 & p(aly)
q(zym) ] p(zy) p(z[ym) q(z|ym)
= atawm) %8 playm)) T8 sty [q@y)] T8 o) [qmym)] T oaam) [bg p(zly)
q(zym) ] q(zlym)] _ Mz(p, f)
Sq(x]gm)_ p(zym) | +q<xym>[ p(zly) ] =T M)

|
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where in the first inequality, we used the concavity of log(-) and in the last one, we used

Equation (3.21). O

For the simulation of external marginal information, we need a claim analogous to the

previous one.

Lemma 3.31. Let g be a distribution achieving MS*(p, f). Then,

p(m|azy)] ext

E log———=| < MY (p, f), 3.22

q(mym)[ & p(m) /) ( :
E { E [(_1)1‘(3:@/)} H > 9—M(p,f)/(121) (3.23)

q(zym) || q(zylm) B

Proof. By our bound on the marginal information cost, we get

1
MPGS) = s o (q(xy!m) | <q<xym>) |

[(_1)f(w’y’)]

—121/5)

TYmEsupp p(zy) p(axym) q(z'y’|m)
_— [log q(xy!m)] I E [log q(wym)]
g(zym) p(zy) g(zym) p(zym)
121
— . E |log| E [(-1)/@) H
0 q(zym) [ 8 q(zy|m) [( ) }

By Fact 2.4 and the fact that the advantage is always at most 1, each of the expectations

appearing above is non-negative, and so each term is bounded by Mj(p, f). This implies

loge E
8 q(zym) [

E |(-1)/@) H> E [10
q(zy|m) [( ) ] ~ q(wym) s

SM;(p, f)
1)/ (@) _OMs(p, 1)
q(m];;\m) [( D y}H = 121

thus giving Equation (3.23). Moreover,

N B

and this implies Equation (3.22) since the first term in the sum is non-negative. O
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Chapter 4
PROOF OF THE XOR LEMMA

In this chapter we give the details of the statements that were used to prove Theo-

rems 3.1, 3.11 and 3.14.
4.1 DMarginal information of efficient protocols

In this section, we prove Theorem 3.5. For convenience, we restate it below.

Theorem 3.5 Restated. For every Boolean function f(xy) and every protocol p of com-

munication complexity C,

Mi(p,f) <2C = (1+12/8)- I -log ( B | B | [(~1)fen] D + o).

p(m) | p(zy|m

Let R be a rectangular set that maximizes the quantity

p(R)- E (Gt

p(m|R) ‘ p(zy|mR)

We shall use trimming to prove the following claim:

Claim 4.1. There exists a rectangular set T C R with p(T|R) > 1/4 such that for any xym
in the support of T', we have
playm|T) _ 4

p(zym) ~ p(R)’
palymT) | plylamT) _ 96-2°

log

p(zly) p(ylz) ~ p(R)?’
. Q(1 )
o) ‘P(ﬂcy}IEmT) [~ y)” > p(;))é B ‘p(fjm) (1] ‘

We defer the proof of the above claim to the end of this section. Let Q C T be the

sub-rectangle obtained by keeping only the messages m’ for which the advantage is at least
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half of the average advantage:

Q= {x/y’m’ eT: ’p(w]'::%/T) [(—1)f(ccy)” > % ‘p(T]rﬁT) ‘p(a:g}f}mT) [(_1)f(ccy)] ’}
Observe that
p(’ET) ‘P(w?JIFWT) [(_ )f(my)” <p(QIT) + i~ p(m'|T) - % .p(ET) ‘p(a:y]FmT) [(_1)f(xy)”
p(m’|Q)=0

<pQT) L. B

E
2 p(m|T) ‘ p(zy|mT)

)

[(_1)f(wy)}

and so by the choice of R,

pQM =5+ B | B _[-1)/®™] >

;p(mm p(zy[mT) o [(_1)“”)”' (4.1)

p(R) pim) ‘p@:mm)
Define the rectangular distribution g(zym) = p(xym|Q). By the definition of @ and
Claim 4.1, we have that for all m in the support of g¢:

‘p(rgli)mQ) [( )@y)” ;p(ﬁn‘p@fmm [(_1)f(xy)”>
(4.2)

Using Claim 4.1 and Egs. (4.1) and (4.2) and the definition of (), we can bound the

marginal information cost by

oM (p.f)

(x|lym@) p(ylzmQ) (zym|Q)\’ vy —121/s
= (pp(;y) .pi(yw ),(pp(iym) ) '(‘m/ﬁm@ [(-1) >H)

S AL m rym ! o\ 12
=5 (P(p(t’,y)T) ,p(;/(\y|$)T)> | <p(x]g9/5n)y-p|(TC;’T)> . <‘p($/y]73|mQ) e D

2C —4 50 _I(1-8)4121 f(zy) /o)
<0(1)- 227 p(R) ™ 2000 p(R) (B | B[]

I(1412/96)
< 0(1). 22 . 90 (E B [(_1)f(wy)”> ,

where in the last inequality we used the fact that I(12+ 6 —1) —4 > 0 since I > 1. This

completes the proof of the theorem.
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4.1.1  Proof of Claim 4.1

It only remains to prove Claim 4.1. We have
1 m 2¢
E [ ] ZP ym]R < Z p(ym) _ > ym P(Y) < 7
pym|R) [ p(m|y) (mly) = () 2= p(mly) p(R) p(R)

ym

since the communication complexity of p is bounded by C. A similar argument proves
o] =30
< .
p(am|R) [ p(mlz) | — p(R)

Define the rectangular set

1 1 2¢
¢= {””ym SR gy plmln) = p(®) } '

Markov’s inequality implies that p(G|R) > 1/2. We apply Lemma 3.22 with a(xym) =

p(zym|G), b(xym) = p(xrym), and k = 1/6 to obtain a rectangular set 7' C G with p(T|G) >
1/2 and

plam|T) plym|T) _

1
pem)  plym) 6 o

for all points in the support of T. We compute

=~ =

p(T|R) = p(G|R) - p(T|G) >

Let us verify that T satisfies the remaining conditions promised by Claim 4.1. We have

p(a:ym|T): 1 _ 1 - 4
playm) — p(T)  p(T|R)-p(R) ~ p(R)’

To prove the second identity, use the first identity, the definition of G and Equation (4.3):

plalymT) 1 playm|T)
plzly)  plym|T)  p(zly)
6 4 - p(xym)

p(ym) p(zly) - p(R)
_ 24-p(m|zy)
p(mly) - p(R)
_ 96 2C
~ p(R)F
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A similar calculation yields

p(ylzmT) - 96 - 2¢
plylz)  — p(R)*

Finally, applying Lemma 3.23 with v(xym) = p(zym), Z = T, and noting that p(Z|R) >

1/4, we get

[(_1)f(wy)} ’ 1= 02— 45

p(R)  p(m) ’p(my\m) {(_1)“”)] ’

i
p(m|T) | p(zy|mT)

This completes the proof of Claim 4.1.
4.2 DMarginal information is subadditive

In this section we prove Theorem 3.6.

Theorem 3.6 Restated. There is a universal constant A such that if I > 1 and p is a
protocol distribution for computing f®™" with p(zy) = [[;—, p(ziy:), then there is a protocol
p; for computing f such that p;(x;y;) = p(x;y;), pi has the same number of messages as p,

for j > 1 the support of m; is identical in p; and p, and moreover,

Ml(pa f@n) Ml(pa fEBn))

M (pi, f) < +AI-(1+log —

Recall the definitions of m™),m(?) which are given in Equation (3.5). The core of the

proof is the following statement.

Theorem 4.2. Let f(x1y1) and g(xay2) be two Boolean functions and let p(zym) be a
protocol distribution such that p(z1yi1x2y2) = p(z1y1) - p(x2y2). Then, for every 1/3 <
v < 2/3, there are protocol distributions p1(z1y1m™M), pa(zayam®) such that py(x1y1) =

p(x1y1), p2(x2y2) = p(r2y2), and

min {M;(p1, f) — v - Mi(p, f & g), M1(p2,9) — (1 —7) - Mr(p, f ® g9) }

Ml(pvf@g)
1

< 3I -log +O(I).

We shall prove Theorem 3.6 assuming Theorem 4.2, whose proof we supply right after.
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4.2.1  Proof of Theorem 3.6

Let kg > 1 be a large constant, to be determined. Define f;(x;y;) = f(x;y;). For £ =
1,2,...,n, define
k(0) = max{ inf MI(p’,EBiesfi),koI},

ScC(n],|S|=¢
p/

where the infimum is taken over all protocols p’ with C' messages such that the support of

ma, ..., mc is the same as in p. Define
T = max{k(n), konl}.

Note that
T T
k(n) <T <= 4121 -log ——.
n I-n

For any ¢ > 1, suppose we have

or er
< — 4121 - log — 4.4
B(0) <~ +127log T (44)

then set v = [£/2]/¢. Since 1/3 <~ < 2/3, for ko chosen large enough, Theorem 4.2 shows
that for some ¢ € {[¢/2],|¢/2]}, we have

4 k(¢
k() < rnax{? -k(£) + 31 log Sr)’ kol}
oo v (T (T (T
<—+-—4—=-12[ - log — 11 — + 12log —
-0 n+€ Ogln+3 Og<1n+ Og[n)
(by the choice of T" and Equation (4.4))
!

o T T
< % 4 8T-log = +3Ilog (13-—)
n In In

'T 'T
T T t0g S 11T log £ 4 310813
In A

n
T 0T

< — 4+ 111 - log — —|—11I-log§+3110g13
n In 2

'T 'T
< L+121-Iogé—,
n In

for kg chosen large enough.
So, starting with ¢ = n, we obtain a smaller and smaller ¢ satisfying Equation (4.4),

until £ = 1, which completes the proof.



95

4.2.2  Proof of Theorem 4.2

Given a Boolean function h(zy), a protocol distribution p(zym) and ¢(xym) that is rect-

—121/5)

so Mz(p, h) = inf; M7(g, p, h). We exhibit protocol distributions pl(azlylm(l)), pg(:rgygm(z))

angular with respect to p(zy), it will be convenient to define

<q<x|ym> aylzm) <q<mym>>1.

pzly)  plylz)  \playm)

M(g,p,h) = sup log
Tyme
supp(q)

E {(_1)h(x’y’)}

q(z'y'|m)

with pi(x1y1) = p(x1y1) and p2(x2y2) = p(zay2) and rectangular distributions ri,ry such

that

min {M;(r1,p1, f) =7 - M1(¢,p, f @ g), Mr(r2,p2,9) — (1 =) - Mz(g,p, f ® 9)}

MI(vavf EBg)

< 3I -log 7

+0(1),

from which the theorem follows.

Before we give the actual proof, let us give a high level overview of all the steps. Recall the
definitions of m™, m? and w, given in the paragraph preceding Equation (3.5). We start
by defining rectangular distributions ¢ (z1y1mM), ga(x2y2m?) and protocol distributions
p1(z1yrm™M), po(z2yom®) that satisfy the identities described in Equations (4.6) to (4.9).
The distributions ¢q1, g2 are not be the same as our final rectangular distributions 71, r2, but

they are closely related. We would like to prove that

Ml(q17p1af) + Ml(q27p2vg) S Mf(qvpaf®g)7

but the advantage terms do not add nicely in the marginal information cost: in Equa-
tion (4.9), the advantage is computed with respect to w, and not m, m®@ or m. For

example, there may be some mw in the support for which

q(m]aw) [(_Df@g(xy)} ‘ <

q(gg\m) [(_Uf@g(wy)} ‘ )

To resolve this issue, we define a subset G whose indicator function 15 (zym) depends only
on w, and yet for all mw in the support of GG, the advantage is preserved in the sense of
Equation (4.11). This allows us to convert the advantage term in M;(g,p, f @ g) into the

kind of term where Equation (4.9) can be applied, and we use it to get sub-additivity as
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described in Equation (4.12). This equation shows that the costs add up pointwise, and
so we can pass to a large subset U N L where the costs in, say, the first coordinate are a
~-fraction of the total, see Equation (4.13). We are left with our final obstacle: once again
the advantage term that we have control over is not exactly the one we want, it may well
be that

fI1(Z1y]?|m(1)) [(*l)f(zlyl)H <

E {(71)1”(11!/1)] ‘

a1 (z1y1|w)

To address this, we show that after passing to a suitable set U'NL" (whose indicator function
depends only on w), the advantage for each fixed w is at least 2~*Mr(4:P.f®9)) (Claim 4.3).
We then cluster the w and pass to a subset B of density Q(M;(q,p, f ® g)~!) where the
advantage terms for each w are within a factor of 2 of each other. The low density of this
set is what leads to the log M; factor in the statement of the theorem. This allows us to
show that the advantage with respect to m®) is comparable to the advantage with respect
to w (Equation (4.16)). All of these steps leave us with a subset of the inputs xym where
the proof gives good control on the quantity M;(qi,p1, f), but we now need to define a
distribution r; supported on these points where M;(r1,p1, f) can be bounded. To do this
we need to carefully control the sizes of all the sets we encounter during the proof, and
define the distribution of r; carefully.

Now we begin the actual proof. Define

1 (z1y1mV) = g(z1mM) = g(yw)
2 (22y2m@) = q(w2yom?) = g(zw)

p1(ziym™M) = plzayr) - p(mo) - q(yalermo) - [ a(milzryeme:) - p(magalyms<)
i=1,3,5,...

pa(wayom®) = p(zayo) - qlmozr) - [[  plmilemes) - q(misa|z1yam<;)
i=1,3,5,..

These distributions have been carefully chosen to have many nice properties. First,

observe that pq (xlylm(l)),pg(wgygm@)) are protocol distributions, with the same number

(1)

of rounds of communication as p, though the length of the m;’ is longer than mq, and the

length of mé2) is longer than mg. Since ¢ is rectangular with respect to p(zy), we have
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q(zym) = p(xy) - A(xm) - B(ym) for some functions A, B. So, we get

q1($1y1m(1))

- Z q(xym)

= Zp (z191) - p(w2y2) - A(zm) - B(ym)
p(z1y1) (Zp T2Yys) )> - B(ym) = p(z1y1) - A'(zymM) - B'(irmV),

proving that ¢ is rectangular with respect to p(x1y1). A similar calculation calculation
shows that qz(xgygm@)) is rectangular with respect to p(xay2). Using the fact that p is a
protocol and z1y; and x2ys are independent under p, we can compute:
pr(z1yrm M) - pa(wayam®) = p(ay) - p(mo) - q(z1yzmo) - | [ plmalzymes) - qlmalzryame;)
i>0
= p(aym) - q(z1y2m)

= p(zym) - q(w). (4.5)

The pairs p1,p2, q1, g2 have been engineered so that the various terms in the marginal

cost add up nicely across the pairs. We have:

a1 (ziyimb)  go(zoyom@)  glzym)

pi(z1iyim®)  py(zayom®) — playm)’ (46)
qi(ailyim®) ga(walyom®) _ q(alym) (47)
pi(z1ly1) pa2(z2ly2) plzly) '
q(yieimD) ga(yalram®) _ qlylzm) (4.8)
pi(ylz1) p2(y2|72) p(ylx) '
f(@1y g(z2y2) | | — fog(zy
Q1($El|w) {(_1) ( )} . 42(902]51}/2\1”) [(_1) | )H B Q(wl??\w) [(_1) | )} ‘ (4.9)

To prove Equation (4.6), use Equation (4.5) and Proposition 3.20 to obtain

q(ziyimV)  go(wayom®)  glzym) q(w) _ q(zym)
pr(ziyim®)  pa(zoyam®)  plzym) q(w)  playm)

Equations (4.7) and (4.8) follow directly from Proposition 3.20. We use the fact that
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q(zy|w) = q(x2]w) - q(y1|w) from Proposition 3.20 to prove Equation (4.9):

B [(_1)f(m1y1>H. E [(_Dg(myz)]’

q1 (z1y1|w) q2(z2y2|w)
=| E _f@y) | g _1)9(x2y2) ‘
q(y1|w) [( ) ] q(z2|w) [( ) }
=| E _1)fe9@y) ||
q(zylw) [( ) ]

These identities suggest that the costs in the first and second coordinates should sum to
M;(q,p, f®g). The main challenge in applying this intuition is that the advantage terms in
Equation (4.9) are not the ones needed for M;(q1,p1, f) and Mz(g2,p2,g). To resolve this,
we need to remove some problematic points in the support of ¢. We need to do this while
retaining the rectangular structure of g1, o and preserving the sub-additivity of the other
terms in the marginal cost.

Let G be a subset of triples xym such that the indicator function 1 (zyw) depends only
on w, and for each fixed m, the set G maximizes

aGlm)’-| B [(-1)feae)]] (4.10)
q(zy|mG)
among all such sets. In Lemma 3.24, we prove that for all w in the support of G:

E [(_Df@g(xy)}

q(zylm)

E [(—1)1”@9(%)]’ > (1-6) - q(Glm)~° - . (4.11)

q(zylw)

This gives us an effective way to split the costs for ¢, p. Using Equations (4.6) to (4.9),

we obtain that for all xym in the support of G,

a1 (z1ly1rm™) ¢ (y1|zm ™) <q1(x1y1m(1))>1 | = {(_1)f(x’1y’1)} —121/6
pulzaly)  pr(wle) pi(z1yim) a1 (2194 [w)
Q2(x2\y2m(2))QQ(yz\arzm@)) <q2(x2y2m(2))> . - {(_1)9(96’2315) —12I/6
pa(2ly2) p2(y2|22) pa(w2y2m®?) a2(zyys|w)
_q(zlym) q(y|zm) .<q($ym))l | [(_1)f@g(z/y/)} —121/5
p(zly)  pylz) p(aym) o(ay|w)
q(zlym) q(ylzm) (q(g;ym)>1 | & [(_1)]0@9(96,1/)} —121/3

SQMI(q,pJ@g) -O(Q(G\m))lﬂ

- O(q(Glm)) ™!
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In this product, the quantity in the first line does not depend on the choice of %, and

the quantity in the second line does not depend on yj. Thus, for every fixed value of w, we

obtain:
B [ayew]| " sup<q1<x1y1m >>) 01 [y ®) (g frym®)
a1 (@1y1|w) p1(z1y1m) pi(zilyr)  pr(ylen)
1215
x| B (1) sup<qQ(x 2m(2))) g2 (2]y2m?) ga(yolram®)
2 (w2ya|w) p2(z2y2m @) p2(w2lye)  p2(yz2lr2)

Let L C G be a subset whose indicator function 17 (xym) depends only on w, such that

17 (w) =1 if and only if

<
|

Let U denote the set whose indicator function depends only on m, such that 17(m) = 1 if

E [(_Df(wm)}

41(9013/1\10)

_ 1/
e su <QI($1y1m(1)))I Caqr(@lyim®) qa(yarrm®)
n \pi1(z1yrm®) p1(z1ly1) p1(y1|z1)

E [(_1)9(9021/2)]

g2 (z2y2|w)

_ 1/(1—7)
12176 (Q2(9E2y2m(2))>1 g2 (z2|yam ) ga(y2|zam ) !

- sup 5 : .

za \p2(w2yam(?) p2(z2|y2)  pa(yelro)

and only if ¢(L|mG) > 1/2. If ¢(U) > 1/2, we carry out the reduction in the first coordinate.
Otherwise, we carry out the reduction in the second coordinate, using the complements of
U, L instead. Without loss of generality, we assume that ¢(U) > 1/2. By the definition of
U, L, and by Equation (4.12), for all w in the support of U N L we have

E — 1)/ (@1y1)
q1(z1y1|w) [( ) ]

< 2vMilapfe9) . O (q(Glm))> . (4.13)

712]/6. <su Q ($1y1m(1))>1, q1(z1]y1m™) g1 (y1]a1m™)
y p1(z1yim®) pi(zily)  pu(yile)

Our next barrier is that in M;(q1, p1, f) the advantage term is not exactly the same as
what we have bounded in the above expressions; it might well be that for most w consistent

with m(®)

{(_1)f(x1y1):| ‘ < E [(_1)]"(9&13/1)] ‘ (4.14)

a1 (z1y1|w)

q1(z1y1|lm™)



60

To resolve this issue, we condition on a dense subset B of the w’s such that given any

two w,w’ € B that are consistent with the same m,

E [(_1)1’(931?/1)” > L

a1 (z1y1|w) )

{(_1)1”(111/1)} ‘

q1(z1y1|w’)
This will ensure that Equation (4.14) does not happen. To find this subset B, we first
prune away some problematic points to ensure all advantage terms in Equation (4.13) are

reasonably large. This is accomplished by Claim 4.3 below.

Claim 4.3. There are subsets U' C U,L' C L such that 1y(zym) only depends on m,
1/ (zym) only depends on w, q(U’) > 1/4, and for all mw in the support of U' N L', we
have q(L'lmG) > 1/4 and

-1

[(_1)1”(9611/1)}

<«

— i

lh(xlyllw)

for some o < 20Mi(ap.f®9)/1) . O(1).

We defer the proof of Claim 4.3 to the end of this section. Assuming the claim, we can
now bucket the w according to their advantage. For each fixing of m(!), partition the space of

w consistent with m®) into disjoint buckets according to the sign of Eq (2191w [(—1)f(”“y1)] ,

og |

There can be at most O(log «v) such buckets, and so by picking the heaviest bucket for each

and the value of

E — 1)/ (@1y1)
q1(z1y1|w) [( ) ]

m®), we obtain a set B C L' whose indicator function 1B(x1y1m(1)) is determined by w,
such that for every m®),

1

BlmWL) > —— 4.15
and moreover, for every wm!) in the support of B,
1
E —1)f(m) ‘ >—.| E —1)f (@) ‘ 4.16
q1(z1y1|mV B) [( ) } T2 a(zmlw) [( ) } ( )

Let R C B C L’ be the rectangular set consisting of z1y;m™)’s such that for every m),

R maximizes

ql(R\m(l)B)‘s .

a1 (z1y1|mDR) [(_1)“&‘1%)} ’ (4.17)
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Define the rectangular distribution
1y (m) - 1g(x1y3m M)
a(U") - a1 (Lm) - g1 (RlmD L)

a(m)lo(m) qi(yelm)ar (L'[mD)  qi(aign|m®) - 1g(zrym™)
Q1<U/) q1 (L’]m) ql(L”m(l)) . ql(R\m(l)L’)

@i (ziy|mY) - 1p(z1yimD)
@ (RmM)

= q(m|U") - 1 (y2|mL') - q1 (z1351|mM R). (4.18)

7"(961y1m(1)) = Q1(331y1m(1)) :

=q(m|U") - q1(y2lmL’)

Because r is defined as the product of a rectangular distribution with a function that is
also rectangular, r is rectangular. From the last line in Equation (4.18), it is clear that r is

a distribution. We have the following bound:

r(zyym®) 1/ (m) - 1g(z1y1m M)
qi(ziym®) @ (U") - qi(L'|m) - i (RImMW L)
< o(1)
T q (L’|mG) - q1 (G|m) . ql(R|m(1)B) “q (B|m(1)L')
O(log @)

~ @(Gm) - i (RimMB)’ (4.19)

where here we used Claim 4.3 and Equation (4.15). Apply Lemma 3.22 with a =r, b = ¢

and k = 1/6 to obtain a rectangular set 7" with r(7") > 1/2 such that

r(@mM|T) r(ymM|T) r(mD|T)
q(z1m®) " g (yrm®) " r(m)

> (4.20)

1
5
Finally, we define 1 (z1y1m(") = r(z1y1mM|T). Because r is a rectangular distribution

and T is a rectangular set, r; is a rectangular distribution. It only remains to bound

M(r1,p1, f). For all z1y1mM) in the support of 71, we have

ri(ziym®)  q(@ym®)  r(egm®) 1

pr(ziyim®) — pi(ziym®)  qu(zryim®) 7 (T)
< g1 (z1y1mM) ‘ O(log )
= plriyym®) ¢ (Gm) - q(RmM B)’

(4.21)
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using Equation (4.19) and the fact that r(7") > 1/2. For the next term,

ri(zafyrm™) (@ yrmt

) ri(ar]yrm®)
pi(zilyrm®)  py(zi]yym®

)

)

)
) Ch(«’ﬁﬂylm(l))

) rypm®) 1 qi(ym®)
) q(zrym®) () r(yrmO|T)
)
)

‘ O(log )
01(Glm) - qu(RIm(" B)’

(4.22)

using Equations (4.19) and (4.20), and the fact that r(7") > 1/2. The symmetric argument

gives:
ri(yilzam®) _ qi(yi|zam®) O(log o)
o7 < o S (4.23)
pi(yilzim®) = pi(yilezm®) - qi(Glm) - g (RlmY) B)
To bound the advantage, first note that
TIR) - q(mW|T)  +(T) - r(mM|T) 1
Thm® gy — 4 _ > 4.24
@ (T|m"R) q1(m|R) r(m®) - 12’ (424)

by Equation (4.20). For each m(Y), we apply Lemma 3.23 by setting v(ziyym() =
q1(z1yymW|mB), Z = T C R. Note here that v(m)) = 1. We obtain the bound:

_1>f(901y1)] ’ —

E —1)/(@1y1)
Q1($1y1|m(1)T) [( ) ] ‘

- 1—6%—6/q(TImMVR) ‘

T1($1y1|m(1))

[(_1)f(w1y1)] ‘

q1(Rm() B)? 121y m D B)
Q(1)
—_— = E _1 f(xlyl) , 4.25
N q1(R\m(1)B)5 a1 (z1y1 |mD B) [( ) ” ( )

by the choice of 6 and Equation (4.24).
Now, we are ready to put all these bounds together to complete the proof of the theorem.
By Equations (4.16), (4.21) to (4.23) and (4.25), we get that for every z1y;m™) in the

support of rq,
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r1(21]yrm™) . 1 (yr|zim™M) ' (rl(xlylm(l))>l (_1)f(x£yi)])_12]/5
pi(z1lyr) p(yilz1) pir(ziyim) ) L@y m®)
1 1 1 I _
< o) anlan) (aeinmON' ) g e
pi(z1ly1) p(y1lz1) p1(z1y1mD) a1 (z)} [w)
O(log ()2

X ql(G|m)I+2 . ql(R|m(1)B)I+27121
< 27Mi(@p.f89) . O(log(a))* - ¢1(G|m)3 2. 20D

31
< 97 Mi(ap.f®9) . O <I\/I1(q,p,f@g)>
< 7 7

where in the last three inequalities we used Equation (4.13), the fact that I > 1 and
Claim 4.3. This implies that

MI(qvpaf EBg)

7 +O(1),

Mi(ri,p1, f) <v-Mi(q,p, f ©g) + 31 log

completing the proof of the theorem.

Proof of Claim 4.3

We have

{p 1(m)] <1,
a1(m) | q1(m)
and so by Markov’s inequality, the total mass of m € supp(q) for which

<1/4 (4.26)
is at most 1/4. We delete all such m from the support of U. We are left with a set U’ with
qU)>1/2—-1/4=1/4. (4.27)

Next, we delete w from L if either

ai(wlm) ¢ (G|m)
p1(w|m) < g

(4.28)
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or

o 1L (21]y1mD)

q1(Gm)
pi(z1ly1) '

8

E

4.29
q1(y1|w) ( )

] < log

We claim that for all m in the support of U’, ¢(L'|/mG) > 1/4. To see this, observe that

ql(G|m) ql(w]%mG) |:q1(w‘m):| = q1(E|m) [fh(w‘m)} =h

so Markov’s inequality implies that for each m the total mass of w for which Equation (4.28)

is violated is at most 1/8. By the concavity of the log function, the w deleted because of

Equation (4.29) satisfy

p1(21|y1mD)

> E
qi(z1|y1)

lo E
s q1(y1|w)

lo
q1(y1|w) s

_ 8
q1(z1ly1) q1(G|m)

p1(z1 |y1m(1))]

] > log

On the other hand, because w determines 1,

p1(z1ly1) ” <

p1(z1ly1) }
Glm) - E gy _ PIIL)
a1(Glm) q1(wmG) [ql(wlw) [QI(xﬂylm(l))

T qi(yiwlm) [(h (71 ‘ylm(l))

_ B [ E [Mﬂllyﬂ”g,
q1(ylm) [q1(z1lym) Q1($1|ylm(1))

so once again, Markov’s inequality implies that the total mass of w deleted using this rule

is at most 1/8. This gives
q(L')mG) >1/2-1/8—-1/8 =1/4. (4.30)

The result of these pruning steps is that we are left with large sets U’, L’ C G such that

for all m,w that are consistent with U’, L/, we have

sup (ql(xlylm(l))>l, g1 (z1]yrm™) ) g1 (yr|z1m))
(z1y1m®)) pi(z1ly1) p1(y1la1)

'Q1(w|77’b)>l'su <q1(y1|w)>l qi(@ilym™) g (yi|zim™)
v \P1(y1|w) pi(z1ly1) p1(y1lz1)

)
- p1(wlm)
) - qu(w|m)\" aww)\' a(@lym®) q@lem®)
o) eXp<Sip1°g<<p1<y1|w>> pi@ily) el >>
) - (wfm)
) p1(wlm)

>I © €Xp E log <<Q1(y1\w)>] ) Q1(x1‘y1m(1)) . Ch(yﬂmm(l))) |
q(y1w) p1(y1|w) pi(x1|yr) p1(y1]z1)
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where here exp(z) denotes 2. Now we use the fact that all the m,w violating Equa-

tions (4.26), (4.28) and (4.29) have been deleted and use Fact 2.4 to bound

1 ql(G]m)>I
, (1. w0
4 8
Ilog 7(11@1'10) + log (ql(l‘ﬂylm ))> og <q1(91(|$1|m()1))>] )
b1 Y11

- exp E
(ql( 1|w) p1(y1|w) p1(21]y1)

+lo
(1))
<1 q G|m> exp E |log qi(z1|yim'?)
a1 (y1|w) Cpi(mfy)

> Q(q1(Glm))" .
Combining this bound with Equation (4.13), we get that for all w consistent with U’, L',

v

—12I/6
< 27Miapfe9) . O (¢(G|m))2 11,

E — 1)/ (@1y1)
q1(z1y1|w) [( ) }

so since I > 1 and v > 1/3, this implies

-1
< O(2M1(@p.f9)(v/12D)y — o (4.31)

[(_1)f(561y1)}

a1 (z1y1|w)

as required.
4.3 Compressing marginal information

Here we prove Theorem 3.7.

Theorem 3.7 Restated. For every a > 0 there is a A > 0 such that if M(p, f) < o,
p(zy) = p(ry) and moreover the messages m = (my, ..., mg) are such that ma,...,mc €

{0,1}, then adv,(A(I +V/C1log(CI)), f) > 1/A.

Let p(xym) be a protocol distribution such that p(zy) = u(xy), and My(p, f) = a - I.
Let g(zym) be a rectangular distribution that realizes M;(p, f). For a large constant K, let
M = My(p, f)+KI. Since M(p, f) > 0, we have M > K. Let g1, g2 be as in Equation (3.10).

Let € be a parameter such that ¢ > (2"'M/1\/C-M)~!. We define a protocol I whose

communication complexity is bounded by

OM +1log1/e + 2™/ . \/CM - log(C/¢)).
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Using the assumption that M;(p, f) < ol we see that M < A -1 and log 1/e < Ag-log(CI),

where A1, As only depend on «. This implies the bound on the communication in the

theorem. Here is a description of I':

1.

Jointly sample p(mpg). Alice sets m{} = mg and Bob sets m’ = mg. Jointly sample

n,nP € [0, 1] uniformly. Jointly sample uniformly random p € [0,1]¢. Jointly sample

a uniformly random function h: Z — {1,...,[1/e]}.

. Run the protocol ¢ from Lemma 2.5 with u = p(m;|m{'z),v = p(mi|my), L = 6M,

error parameter €, to obtain functions a, b and transcript s. Alice sets m’f = a(y(us)),
Bob sets mP = b(¢y(vs)). If mP = L, the protocol terminates. Bob sends a bit to
Alice to indicate whether or not this occurs. The communication complexity of this

step is L + O(log(1/¢)).

Alice and Bob compute m?, m# by setting

1 if Pi < p(m- = 1|;CmA.)’
mé = ' ' < (4.32)

0 otherwise.

1 if p; < p(m; = HymBi)v
mB — = (4.33)

0 otherwise.

fori=2,...,C.

Run 7 from Lemma 2.6 to find the smallest j with mj‘ #* mf . If j is even, Alice flips the
value of mf to1l— mf and recomputes m{‘ fori=j+1,...,C using Equation (4.32).
If j is odd, Bob flips the value of mf to 1 —mJB and recomputes mlB fori=j+1,...,C
using Equation (4.33). The players repeat this process at most 2"M//\/CM times. If
by this point 7 reports that m* # m?, the players abort. Otherwise, they continue.
Let (m?), (m®) denote the final values of m“, m® after this step. The communication

complexity of this step is at most O(2™/1./CM -log(C/¢)).

CIf A < gi(a(m)) - 2-Mogg1(x(m™)1 " Alice sends h([log g1(2(m*))]) to Bob, and oth-

erwise she sends L to indicate that the protocol should be aborted.
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6. If there is a unique integer z such that

|2 + log g2 (y(m”))| < 3M/I,
h(z) = h([log g1(z(m™))7),
n8 < ga(y(mP)) - 22731

Bob sends sign(Eq(z/y/|<m3>)[(—1)f(“”/yl)]> € {£1} to Alice. Otherwise, he sends L to

abort the protocol.

Let I' denote the joint distribution of the inputs and transcript of the above protocol. In

order to analyze the protocol, define m by setting mg = mé‘ = mOB, mp = m{‘, and setting

L i < plmi = Loma),
m; = ;
0 otherwise

when ¢ > 1 is even, and setting

1 if p; < p(m; = lym<;),
m; = )
0 otherwise

when 7 > 1 is odd. This definition ensures that
[(zym) = p(zym).
For i =2,3,...,C define

1 if p; is in between the numbers p(m; = 1|zm<;) and p(m; = 1|ym<;),
B =

0 otherwise.
Let S and R be the sets defined in Equations (3.11) and (3.12) for our choice of K. In
addition to S and R, we need the following sets to analyze the simulating protocol:
o= {xymnAnB < gi(em) - 27 ToB @] 1B < g0 (um) . 2[10g91(:vmﬂ—3'\/'/1}7
€ = {(m")(mP)m : (m?) = (m®) = m},

Z = {zymh : 3 unique z € Z s.t. |z +logg2(ym)| < 3M/I and h(z) = h([loggi(xm)])}.
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Let G denote the event that the protocol reaches the final step without aborting, and define
A(zym) € {£1} by

A(zym) = sign(q(xlg‘m)[(_l)f(ﬂf’y’)w (—1)f @),

Our protocol computes f(xy) correctly when: G happens, A(zym) = 1 and m = m?. Since

EZSQ C G, and £ implies m = m®, the advantage of our protocol is at least:

NE2SQ)- | B [Aleym)] -~ T(GEZSQ)). (4.34)

We shall prove:

o —sM/(121) '

F(xym{;z QS)[A( ym)] = Q(2 ); (4.35)
[(EZ5Q) > Q(273M/T), (4.36)
L(G(EZ5Q)°) < O(2~M/)y, (4.37)

By Equation (4.34), since 6 < 1, we can choose K to be large enough to prove the theorem,
since (a+ K) > M/I > K.
We first upper bound I'(G(£Z25Q)°). By the union bound, we have:

T(G(E25Q)°) < [(GE) + T(Z°|GE) + T(S°GEZ) + T(Q°|GEZS).

The definition of the protocol ensures that I'(Z¢|GE) = 0. Moreover, we claim that
[(QIGEZS) = 0, because if the event £ZS happens and the parties do not abort, then:

77A < q ($<mA>) . 9llog g1 (z(m™))] _ g1(zm) - 2]—10ggl(xm)'|’

n? < galy(mP)) - 2273M/T = gy (ym) - 2Mog g1 @m)1=3M/1

The event GE¢ implies that 1 or 7 made an error, leaving Alice and Bob with strings that

were not equal in some step. The probability that this happens is at most
Oe- (1+2™M1V/C M) < 27/

by our choice of €. Finally, ['(S°GEZ) < T'(S°€Z) < O(eM/I), since if S°GE Z happens then
there must have been a hash collision, which happens with probability at most O(eM/I).
This implies Equation (4.37).
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Now, we turn to proving Equation (4.36). Let us first estimate I'(Q.S). We have,
L(QS)= Y T(xym)-T(Qlzym) = > plzym) T(Qlzym).
zymeS zymeS

For xym € S,

g1 (:L'm) . 2_“0ggl(xm)] - g2 (ym) . ZI—IOggl (a:m)-\ q(xym) 1
D(Qlzym) = ST = ey g (439)

where the first equality follows from the fact that

ga(ym) - 2Meeg1@m)l — olloggi(m)]+log ga(ym) < 93M/T

by the definition of S. Therefore,

_ qleym) 1 q(5)
F(QS) - Zesp(xym) ’ p(acym) ’ 93M/I — 93M/I
Tym
(1-5.27M17) —3M/T
where in the last line, we used Claim 3.26.
We claim that for all xym € S,
L(Z|zymQS) = T(Z|zym) > 1 — O(eM/I). (4.40)

The equality follows by observing that zym determine S and given xym, Z just depends on
the choice of h, which is independent of (). The event Z¢ can happen only if there exists an
integer z distinct from [log g1 (zm)] such that h([gi1(xm)]) = h(z) and |z + log g2(ym)| <
3M/I. The probability that this happens is at most O(e - M/I). Therefore, I'(Z|zym) >
1—-0(eM/I) > 1/2, by our choice of e. We conclude that

T(QSZ) =T(QS)-T(2|QS) > (21, (4.41)
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For all xym € S,
[(zym) - T(QSZ|xym)

NQRSZ)
p(xym) L(Z|zymQS)
= Tes) MM TRz gs)
_ pleym) — qlaym)  D(ZleymQS)
L(@QS)  pleym)-23M/1T T(Z|QS)
_ qlzym) T(Z]|zymQS)
q(5) ['(z2]QS)

= q(xym|S) - (1 £ O(eM/I)), (4.42)

[(zym|QSZ) =

(By Equation (4.38))

(By Equation (4.39))

where the last line follows by Equation (4.40).
Given Equation (4.41), to complete the proof of Equation (4.36), it will be enough to
prove that I'(E|QSZ) > 1/2. We shall prove that

reEQsz)

C C
<T(RY|QSZ)+T (56 QSZR,Y E; <2™/T. \/C’M> +T ( > B> 2™ /eMm ‘QSZ)
1=2

1=2

< O(2~W1, (4.43)
By Equation (4.42) and Claim 3.26,
T(RYQSZ) < q(R°|S)(1 4 O(eM/I)) < 2-M/T+3, (4.44)

Given QSZR and the event ZZC:Q E; < 2™™M/I.\/OM, the event £ can happen only
if 7 or v make an error that leaves Alice and Bob with inconsistent messages, or if 1
aborts. We claim that the probability that ) makes an error or aborts is at most 2¢. This is
because every zym € R satisfies p(m1|zmg) < 2M.p(m1|mey), so we can apply Lemma 2.5.

Moreover, the probability that 7 ever makes an error is at most O(¢2™//1/CM) by a union

bound. So, we conclude that
C
QSZR,Y E; <2™/T. \/C‘M) < 0(e2™M/1/Cwm). (4.45)

(e
i=2

We shall prove at the end of this section that

C
F(ZEi > o™/I. «cnvn\cgsz) <O0@2M1, (4.46)

=2
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Equations (4.44) to (4.46) together prove Equation (4.43), and so conclude the proof of
Equation (4.36). Next, we prove Equation (4.35). Since |A(xym)| < 1, we have

B AGym)] STEQSZ)- | B [Amym)] + D(EIQSZ),

and since I'(£]|QSZ) < 1, this gives

B > E (1082
F(xym\QSZS)[A(xym” _F(:rym\QSZ)[A(xym)] (E°1QS Z)

> E [A(zym)] — O(eM/I) — O(2~M/1)
q(zym|S)
(using Equations (4.42) and (4.43))
= (E )[A(a:ym)] —o(2™™1) (by Claim 3.26)
q(zym
= E [sign( E [(—1)f(x’y’)D .(_1)f(xy)} — 0@
q(zym) q(z'y'|m)
= E { E {(_1)f(xy)} H _O(Q—M/I) > 9(2—6M/(121))’
q(m) || q(zylm)

by Equation (3.20). This completes the proof of Equation (4.35).

It only remains to prove Equation (4.46). Define the function

min{j : g(zym<;) < 273M/T . p(xym<;)} if such j exists,
t(xym) =
4 otherwise.

Note that the function t(zym) is determined by zym<(zym)-

We have

C
r(Z E; > 2™/ \/CM‘QSZ>
1=2

C
<T(t# 1|QSZ) + I‘<ZEZ« > 9™/, \/CM‘QSZ,t = J_),
=2

so let us bound each of these terms.

[(t# L|IQSZ) < q(t # L]S)- (1 4+ 0O(eM/I)) (by Equation (4.42))
<q(t#1)-(14+02M) . (1+0(eM/I)), (by Claim 3.26)
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< 273M/T. Z Z p(xym<;) = 2 3M/I p(t#£ 1) < 2_3M/I,

] =0 "Eym<] )
t(zym)=j
so we conclude that

D(t # L|QSZ) < 0(273MW1), (4.47)

Next, we show that
c
F<ZEi > 2™™/I \/CM(QSZ,t = J_) <021,
=2

which would complete the proof of Equation (4.46). This follows from Markov’s inequality
and the bound

C
r =2

which we prove next. We have:

C
r 1=2

QSZ,t= L] < 0@2MI/Cwm), (4.48)

CD(E;=1,QS2,t=
]:ZZ NGIERT L) (4.49)

< o(2M/1y. ZF(Ei =1,t=1).
(by Equations (4.41) and (4.47))
Moreover,

T(Ei=1t=1)= Y T(xym) -T(E =1llayme) -T(t = LB = 1,aym<;)

TYM <4

= ) playme) - |p(mileme) — plmilyme)|y - T(t = L|E; = 1, zym;)

TYM <4

<o) 3 gleyma) - Ip(milemai) = p(milym<i)| (4.50)

TYm<,
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Therefore,

C
r 1=2

C
QSZJ::L}scfo“rqé%w[EZMﬂmAmn«>—pWMWm<nm
1=2

< oM. Vowm),
by Equation (3.19), which completes the proof of Equation (4.48).
4.4 Smoothing protocols

A smooth protocol is a protocol where the message bit is close to being uniformly distributed

even conditioned on the transcript until then.

Definition 4.4. Given a protocol distribution p(xym) with C messages satisfying m; €

{0,1} for each i > 2, we say that the distribution is B-smooth if for alli > 1, |p(m;|zym<;)—
1/2| < B.

Here we prove the following theorem:

Theorem 4.5. For every Boolean function f, every protocol distribution p(xym) with C
messages satisfying ma,...,mc € {0,1}, and every S > 0, assuming that M$(p, f) is
finite, there is a [-smooth protocol p'(xym') with C' < O(C - log(IC)/B?%) messages such
that M$U(p', f) < M§(p, ) + 1, and mb, ... ,mg, € {0,1}.

Proof. We start by ensuring that if p(m;|zym<;) € [1/2—3,1/2+ ] for each i € {2,...,C}.
Let g(xzym) be a rectangular distribution realizing M$*(p, f). Let L > 1 be a large odd
number to be determined. Define the pair of distributions ¢'(xym/), p'(zym’) as follows.
Let mf,, m} have the same support as mq,m1, and let m},...,m{ € {0,1}-. In p/, ¢, the

’th message will correspond to m/.



74

For a € {0,1}, define the following distributions supported on {0, 1}:

L
ta(r) = sa(r](=1)*- Z(_m > o)

L
t(r) = sa(r](-1)*- S (~1)7 < o).

In words, s,(r) is the distribution of L independent bits that are biased towards being equal
to a, tq(r) is this distribution conditioned on the event that the majority of the bits is equal
to a and t/(r) is the distribution conditioned on the event that the majority is not a.

Now we define a protocol distribution p’(zym’) and a rectangular distribution ¢'(zym/).

Given m/, let D(m}) denote the unique string satisfying D(mg, m}) = (my, m}), and

L
(=P 31y > 0.

j=1
In other words, D decodes each block of L bits by taking the majority. Below we abuse
notation and write D(m) = D(myg), D(my), ..., D(m¢).

Define

C

¢ (wym') = q(zyD(m")) - [t (m})-
=2

The definition ensures that ¢’'(xym’) is rectangular, and that conditioned on D(m/), zy is

independent of m’. Define the distribution p’(zymm’) as follows:
p'(zymomi) = p(eymom)),
and for ¢ > 1,

) , , p(milzyme; = D(m/)<i) - sm,(m7),  if p(ayme<; = D(m/)<;) > 0,
p (mimglzymeme,;) =
1/2- 31/2(m§)7 otherwise.

In words, in the protocol p/(zym’), the parties privately sample each message bit m; ac-

cording to the protocol distribution p. However, instead of sending this sampled bit, they
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send m] sampled according to sy, (m;). After this transmission, they continue the protocol
using D(m/)<;. Strictly speaking, in order to ensure that the new protocol is a protocol
distribution, we require that all the odd bits are transmitted by Alice and all even bits are
sent by Bob. This can be easily achieved by inserting random bits into the transcript, but
we leave out the details here.

There is some small chance that for ¢ > 1, D(m’); # m;, but by the Chernoff bound,
p'(D(m'); # mi) < exp(—Q(B2L)).

We have that for all zym' in the support of ¢/,

¢ (zym’) _ q(zyD(m')) ﬁ tp (e, (M)
P(

- m|xyD(m’)

i)

playm’) — p'(zyD(m’))

IN

=2

For any xzyD(m') such that ¢q(zyD(m’)) > 0, we can bound

where we assumed that p(zyD(m')) > 0; if p(xzyD(m')) = 0 then g(xyD(m')) = 0 for
otherwise the marginal information cost would be unbounded. Next,

ﬁ tD(mey, (M) _ tD(my, (M)
p/(m;‘IyD(m/)Si) i—2 Ep’(mﬂmyD(m’)Si) [p’(m;\xyD(m’)g, ml)]
C

~11E

i=o P (mi|lzyD(m’)<4) [Smi (m; ’D(m;)”

C

1=2

ﬁ t(r), (M)
D(m):) ), (1) + 9/ (i # D)) - Uy ()

11 !
- . tlD(nL') i (m;)
=2 p'(m; = D(m’);) + p'(m; # D(m’);) - -

>@\
E
I

Ep (o, ()




So, we obtain the bound:

¢ (xym’) _ q(zyD(m'))
p'(xym’)  playD(m))

Moreover, for all zym' in the support of ¢/, we have

¢ (zym’)
q'(m')

a(ryD(m)) - TTizy tog), (1)
a(D(m) - T2 tp gy, ()

= q(zy|D(m')).

¢ (zy|m') =

Finally, since ¢'(xy|m’) = q(zy|D(m')), we have
~1)7]| = E —-1)7].
q'(zy|m’) Y] III’(xle(m’))[( !

Thus, we get that
MZE(D', £) < MF(p, f) + IC - exp(—Q(B2L)).

Setting L = O(log(IC)//3?) proves the theorem.

- (14 2C exp(—=Q(B%L))).
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O]

Smooth protocols have the feature that the log-ratios of the information terms are tightly

concentrated. To explain this phenomenon, we need to introduce a few definitions. For every

xym in the support of p, and j > 2, define the j-th divergence costs:

diam)= Y B [logpi(mi’xmd)},

J jp(milemas) p(milm<;)

2<i<
i odd

dJB(ym) — Z E [logW}’
9<iej p(milym<;) p(mg|m<;)

i even

d;j(zym) = de(:Um) + df(ym).

By the non-negativity of divergence, the divergence costs are monotone i.e. d;j(xym) <

dj+1(xym). Since the protocol is S-smooth, we have

thatom) — & (am) < log 155 <55
08, (ym) — dB(ym) <log 20 < 55

1/2- 8

(4.51)
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We say a function r(zym) taking values in {1,...,C} is a frontier if every m contains

exactly one prefix of the type m’<r( ) and that is the prefix m<,(;ym). Alternatively, for

zym’

every m, m’' such that r(zym) # r(zym’), it holds that both r(zym) and r(xym') are larger

than the length of the longest common prefix of m and m’. Given a frontier r(xym), define

Fro= {xym : zy: log mrjﬂﬁiZjZ) — dyp(zym) (xym)‘ > a}7
i>2 ! !
A R p(milzym<i) 4
Fra = {xym : Z>2203dd1 mz|m<z) o dT(mym) (xm)‘ = a}?
r(zym)
F,{Ba = {xym : ‘>2Z: log Im dr(xym)( )‘ > a}. (4.52)
i>2 even =

Lemma 4.6. Let r(xym) be a frontier such that for every xym, it holds that d.(yym) (rym) <
7. Then p(Fr’a),p(F;f‘a) and p(F5,) are all at most 2 exp(—Q(a?/7)).

Proof. We prove the inequality for p(F} ,); the proofs for the other two terms are similar.

Define the random variable zg, z1 ... where zg = z; = 0 and for every ¢ > 2,

p(milzym<i)
(m2|m<z)

log if i <r(zym)

Z; =
0 otherwise.

and let t; = 2; — Ep (i, [wym,;)[2i]- Then by definition E[t;|t<;] = 0. Moreover, we have

p(milzym<;) }
p(milm<;)

1/2 — B+ \/di(zym) — d;—1 (zym)

1/2 -5

O(/di(wym) — di—1(xym)).

sup(zilaym.<;) < max { log

< log

Similarly,

inf (zi|zym<i) > lo 1/2 — B = /di(wym) — di_1 (zym)

—O(V/di(zym) — di—1(zym)),
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So, if we define L as below, we have

C
L = sup Z(sup(tﬂxym@) — inf(t;|zym<;))?

Tym ;o
C
= sup Z(sup(zi]:rym<i) — inf(z|zym<;))?

rym ;o

< O(7).

It is well known that if E[t;] = 0, then E[exp(t;)] < exp((sup(t;) — inf(#;))?/8) (see

Lemma 2.6 in [32]). We can use this inequality to bound:

C C
4oy 4oy 4o
E exp(— - ti)| < E exp(—t9) - E exp(— - t;
p(mlwy)[ P7 X_; ) p(mey){ pig ) p<m|xym<3>[ P7 Z; )]
<.
(40 /L)? Supyy S0, (sup(tilayme;) — inf(t;|zym;))?
SexP( 8 )

< exp <2a2/L>.

So by Markov’s inequality, we get:

C C
p(z ti>a)<E [exp(% . Zt,)} . exp(—4a2/L) < exp(—Q(a2/T)).
i=2 i=2

Applying the same argument with t; = —t; proves the other inequality. Defining z;,t;

appropriately proves the other inequalities using the same proof. O

4.5 Compressing external marginal information

Here we prove Theorem 3.8.

Theorem 3.8 Restated. For every o > 0, there is a A > 0 such that if M$*(p, f) < o,
w(zy) = p(zy), and moreover the messages m = (my, ..., mg) are such that ma, ..., mc €

{0,1}, then adv,(ATlog?C, f) > 1/A.

Set Mt = M$(p, f) + K1, for a large constant K to be chosen later. By Theorem 4.5,
it is no loss of generality to assume that p is S-smooth, with 8 = 1/(K log(C2°M™/T)). Let

g1, 92 be as in Equation (3.10).
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Define:
min{j : dj‘(a:m) > 2083 +d& [ (zm)} if such j exists,
ri(xm) =
C otherwise.
min{j : d?(ym) > 208 + d2 ;(ym)} if such j exists,
rf (ym) = ’

C otherwise.

Note that 7 (xm) is always odd, and r2(ym) is always even.
Because p is a protocol, we have
B (b am) + P (ym)] = dy (),

—5Me/T Now, we describe a protocol T for

Let € be a parameter such that ¢ <« 2
computing f(xy). Throughout this protocol, the parties will maintain a partial transcript
m«;. These partial transcripts may be inconsistent with each other, but we describe the
protocol assuming that they are consistent with each other. In the analysis we shall show

that the probability that the parties end up with inconsistent transcripts is negligible.

1. The parties sample mg using the distribution p(mg). The parties also sample a uni-

formly random function h: Z — {1,2,...,[1/e]}.

2. Run the protocol 9 from Lemma 2.5 with u = p(mq|moz),v = p(mi|mg), L = 5M&,
error parameter ¢, to obtain functions a, b and transcript s. Alice sets m{* = a(v(us)),
Bob sets mP = b(y(vs)). If mP = 1, the protocol terminates. Bob sends a bit to
Alice to indicate whether or not this occurs. The communication complexity of this

step is L + O(log(1/¢)).

3. Let m<¢ denote the part of the transcript sampled so far. Alice and Bob repeat the

following steps until m corresponds to an entire transcript.
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(a) Both parties use shared randomness to sample a full transcript m according to

p(m|m<y). They exchange the values of 7"24+1(x771) and 72, (ym) to determine
. A ~\ B ~
k= min{ryy (em), riyq (ym)}-

(b) Alice privately samples a number ¢4 € [0,1] and sends 1 to Bob if

k

1 H p(mg|zme;)
)

2 ml|m<1)

—_

and otherwise sends 0.

(c) Bob privately samples a number ¢¥ € [0, 1] and sends 1 to Alice if

[

)

k
L H m% |ym<z

2 i= €+2 ml|m<l)

i even

and otherwise sends 0.

(d) If both players receive 1 then, set m<j + m<.

4. If p < gy (am) - 2-Meggrl@m)] | Alice sends h([log g1(xm)]) to Bob, and otherwise she
sends L to indicate that the protocol should be aborted.

5. If there is a unique integer z such that

|2+ log ga2(ym)| < 3M=Y/I,

h(z) = h([log g1(zm)1),

7]B < g2(ym) . 2273M6Xt/1’

Bob sends sign(Eq(x/y,|m)[(—1)f($/y')}> € {£1} to Alice. Otherwise, he sends L to
abort the protocol.

To ensure the communication of the protocol is small, in our final protocol the parties
abort and output a random bit if the communication in step 3 exceeds (M®* . Q15M=/T
log C')/B. Then, the total communication is at most
Mext . 91BM= /T 160

5M€Xt+
p

O(log 1/¢) = O(M®.21M™/1 1502 (0.95M*/ 1)) < A.T1og? C,
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for some A that depends only on « since M®* < (a + K)I.

Throughout the analysis below, we assume that in step 2, Alice always samples a mes-
sage according to u, and Bob either accepts this sample or aborts, but never samples an
inconsistent message. We can afford to make this assumption, because the probability of
Bob sampling an inconsistent message without aborting is bounded by e, which will be
much smaller than our final advantage. Moreover, if Alice and Bob sample consistently in
step 2 then the transcript they end up with after step 3 must be the same.

Let S and R be the sets defined in Equations (3.14) and (3.15) for our choice of K. In

addition to S and R, we need the following sets to analyze the simulating protocol:

Q= {xymnAnB < gy(am) - 27 MosnemT B < g0 (ym) - 2“°ggl(xm)HMeXt/1},
3Mext

Z= {:pymh : 3 unique z € Z s.t. |z +log ga(ym)| < and h(z) = h([log gl(xmﬂ)}

Let G denote the event that the protocol reaches the final step without aborting and
having communicated at most (M®t.215M*/I 1o (') / 8 bits in step 3. Define A(zym) € {1}
by

A(zym) = sign(q(xlgjl‘m)[(_l)f(x’y’)]) (=) ),

Our protocol computes f(zy) correctly when G happens and A(zym) = 1. The advantage

of the protocol is at least

I'(2QSG) - E[A(zym)|2QSG] ~ T(G(2Q5)") (4.53)
We shall prove:
E[A(zym)| 2QSG] > Q(2~"M"/12D), (4.54)
[(2QSG) > Q2731 (4.55)
T(G(2QS)") < 02~ ™M™/, (4.56)

By Equation (4.53), since ¢ < 1, we can choose K to be large enough to prove the theorem,
since a + K > M*/[ > K.

We first prove Equation (4.56). By the union bound, we have:

D(G(2QS)) < T(2°G) + T(S°GZ) + T(Q°GZS).
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The definition of the protocol ensures that I'(Z°G) = 0. Moreover, I'(Q°GZS) = 0,

because if the event Z.S happens and the parties do not abort, then:

77A < g1 (:J:m) . 2“0g91(:{:m)} and

nB < 92<ym) . 22’—3Mext/l - 92(ym) . 2“Oggl(xm)'|_3|v|ext/1.

Additionally, T'(S°GZ) < T'(5°Z) < O(eM/I), since if S°Z happens then there must have
been a hash collision, which happens with probability at most O(eM/I).

In order to prove Equations (4.54) and (4.55), we need to first establish that T'(zym)
is typically quite close to p(xym). Indeed, consider a particular execution of step 3 in the
protocol. At this point, some prefix m<, has been fixed. For m consistent with this prefix

m<y, define the frontier

r(wym) = min{ri (xm), 17}, (ym)}.

When the parties finally accept a sample, it will be a string m <, (;ym) on the frontier. By the
definition of rf_H, r{., and by Equation (4.51), we have that for all m, d,. () (m)—dg(m) <

450. Setting 7 = 455 and a = 1/4, we apply Lemma 4.6 to conclude that if

r(zym) r(zym)
FA = {'rym : H p(mj|xym§g) >2- H p(mgr(xym)’mﬁf)}v
j=t+1 odd j=t+1 odd
r(zym) r(zym)
FB = {a;ym : H p(mjlzym<g) > 2 - H p(mgr(xym)\mg)}.
j=¢+1 even j=¢+1 even
then
p(FAUFB|zym<y) < dexp(—Q(1/8)) < €71 27M™/T, (4.57)

Now, we perform a standard analysis of rejection sampling. Let W denote the event that
the first sample of m,.(;ym,) is accepted in the protocol. Given zym<y, the probability that
W occurs is

F(W’l’ymgg) > Z p(mlgr(zym’)|xym§5)/4

. A
m;(zym,).xym’r(zym>¢F UFB

> 1/4 — p(FAU FBlaym<,) /4> 1/4—C71 . 27MT /T > 18 (4.58)
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where here we abused notation to write zym, (wym) ¢ FAU FP to mean that the prefix is
not consistent with any m in FAU F5B.

It is clear that the sampled point is independent of the event =W, so it is also independent
of W. So, the probability that a particular prefix m,.(,,,) is sampled is the same as the
probability that it is sampled conditioned on W. When m,(4y,,) is not consistent with
FA U FB, the probability of such a point is

p(mgr(xym) |xym§g)/4

_ . 1 gesMel
1/4 — p(FA U FB|QSym§[)/4 p(mgr(a:ym)‘xymﬁé) (1 + O(C 2 )) (459)

Let B denote the event that the final sample zym is such that at some point a prefix was
sampled in F4 U FB during step 3. Whenever step 3 accepts a sample, the length of the
transcript increases by at least 1, so the number of times step 3 accepts a sample is at most

C'. Thus, by the union bound and Equation (4.57),
p(B) < O(2~M™/1). (4.60)
Moreover, by Equation (4.59), for xym ¢ B,
T(zym) = p(wym) - (1 + 027 M/1)), (4.61)
Equations (4.60) and (4.61) imply
I['(B)=1-T(B% <1—p(B°)-(1-002 M) <o M), (4.62)
Additionally, we have
q(SB°) = q(S) — q(BS) > q(S) — 22"/ . p(B) > 1 - Q(2~M/1), (4.63)

by the definition of S, Claim 3.26 and Eq. (4.60).
Now we can begin to understand I'(ZQSG). For xym € S,

g1 (:L‘m) . 2—ﬂogg1(zm)] . QQ(ym) . QDOggl(xmﬂ q(l‘ym) 1

F(Q]xym) = 23Mext/] = p(xym) : 23Mext/[’ (464)

where the first equality follows from the fact that

ga(ym) - 2Meeg1@m)] — olloggi(wm)]+log ga(ym) < 93M/I
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by the definition of S.

We can bound

N@SB%) = Y T(zym)-T(Qlzym)

xymESNBC
= Y playm) T(Qlaym) - (1£02M7/1)). (by Equation (4.61))
zymeSNBe
= 273MT/L L (SB) - (1 +£ 027 5M™ /1Y) (4.65)
= Q2731 (4.66)

by Equations (4.60) and (4.63). We claim that for all zym € SB€,
I['(Z|zymQSB°) = T'(Z|zym) > 1 — O(eM®/I). (4.67)

The equality follows by observing that zym determine SB€¢, and given zym, Z just depends
on the choice of h, which is independent of ). The inequality follows from the fact that
for each zym in S, the event Z¢ can happen only if there exists an integer z distinct
from [log g1 (zm)] such that h([loggi(xzm)]) = h(2) and |z + log g2(ym)| < 3M®*/I. The

probability that this happens is at most O(e - M®*/T). In particular, this implies
I'(Z|QS) > 1—0(eM®/I). (4.68)

For zym € S N B¢, we have

I(zym) - T(ZQSB¢|xym)
I'(ZQSB°)
p(zym) - T(Qlzym) - I'(Z|zym) —5Mec
- F(ZQSBC) ’ (1 + 0(2 oM /I))

(by Equation (4.61), and since zym determine S, B€)

I(xym|ZQSB°) =

_ plzym) q(xym) T(Z|zym) o
= F(QSBC) : p($ym) 93Me /T . F(Z’QSBC) . (1 + 0(2 5M /[))

(By Equation (4.64))

_ Z((g?jgm)) (1 O(eM® /T + 279M™/1)).

(By Equations (4.65) and (4.67))

= q(zym|SBC) - (1 + O(eM® /T 4 27 5M™/ Ty, (4.69)
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To argue that the protocol does not have too much communication, we show that typi-

cally the divergence costs of the accepted transcripts are small. Define the sets

p(m|xy) < Mt 210MeXt/I}

p(m)

F = {zym : do(zym) > 2Mt . 210M7/ 1y

H = {xym : log

and the frontier

min{i : d;(zym) > 2Mt . 210M™/IYif such i exists,
r(zym) =

C otherwise.
We have FNH C F T Mext 9 10Met/ 1 where F . Mext.210Mext/ 1 is the set from Equation (4.52).
By Equation (4.51), and the the choice of 7, d;(zym)(zym) < 2Me*. 21OM®Y/T 4 53 0 we

can apply Lemma 4.6 to conclude that

p(FH) < p(F,

L

Vet gtomet/ 1) < 2exp(—Q(MEE . 210M7/ Ty, (4.70)

We have

o 4(FS)
q(F|SB°) < (S

q(FHS) + q(H®)
- q(SB°)

<O(q(FHS)+ q(H)) (by Equation (4.63))

IN

IN

p(FHS) - 23M7/T 4 9= 10M/Ty (using the definition of 5)

(
O(q(FHS) 4+ 271M"/1y  (by Markov’s inequality and Equation (3.22))
o(
O( Q(MEXE . 9IOM™/Tyy g3/ 4 9=10M*/Ty

IN

exp(—
by Equation (4.70). Putting this bound back into Equation (4.69), we get
T(F|ZQSB°) < O(2710M™/1y (4.71)

We note that every time step 3 accepts a sample, the divergence cost of the transcript
increases by 205, and in expectation, the number of rounds of rejection sampling involved

to accept a sample is at most 8 by Equation (4.58) and a standard calculation. Moreover,
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in each round, the players communicate at most 2 + 2log C' bits to exchange two indices in
{1,...,C}. Hence, given zy and a transcript m the expected communication to sample m
is at most 16 - (1 +1log C) - dc(xym)/(208). Recall that G occurs when the protocol reaches
the final step having communicated at most (M®* . LMY 60 C)/B. Thus, Markov’s

inequality implies that

['(G|ZQSBCFC) =1 — 0(2-M™/1), (4.72)
So, we can conclude that
T(2QSG) > T(2QSBF°G)
> I(QSBY) -T(Z|QSB) - T(F|ZQSB°) - T'(G|ZQS B F°)
> Q(273MT, (by Equations (4.66), (4.67), (4.71) and (4.72))

proving Equation (4.55). Observe that by Equations (4.55), (4.62) and (4.71),

I'(B)

['(B|2QSG) < F(Z053) < O(2 M, (4.73)
T(F|2QSG) < r(Fngggg;) LB < oy, (4.74)

Moreover, we have
]IF‘J[A(:nym)]ZQSBCFC] <T(G|ZQSB°F°) - ]ﬁ?[.A(xymﬂZQSchFc] +T(G°|ZQSB°F°)
E[A(zym)| 2QSGBF] + O(2~™M™/"), (4.75)

<
E[A(zym)|2QSB] < T(F|ZQSB*) - E[A(xym)| 2QSB°F*| + T(F|ZQSB*)

IN

E[A(zym)| ZQSBF*] + O(27 1M/, (4.76)

by Equation (4.71).
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We are now ready to prove Equation (4.54). We have

E[A(zym)|2QS5]
> D(B°F*|ZQ59) - E[A(xym)|2QSGBF] = T(B|Z2Q5S9) — I(F|ZQ5G)
> (1- 07" - E[A(zym)| ZQSGBF] — Q27271
(by Equations (4.73) and (4.74))
> (1/2) - E[A(zym)| ZQSBF*] - Q(27M7/T) — 272M™/1)  (by Equation (4.75))

> (1/2) - E[A(zym)| 2QSB°] - Q27 1OMT/ Ty _ (o 2MT/ Ty (by Equation (4.76))

> (1/4) - ];T[A(xym)|SBc] — Q272 (by Equation (4.69))
> (1/4) - (E )[.A(xym)] — Q(2-M7/T (by Equation (4.63))
q(zym
_ . - F@n] Y L fen | _ oMo
08 By 0 B [ ] ] -
— : @[] - oM/
=0 [ sCavim) [( ) ym o )
> (27 OM/(120)) (by Equation (3.23))

This concludes the proof of the theorem.

4.6 Compressing bounded-round protocols

We prove Theorem 3.10 in this section.

Theorem 3.10 Restated. For every a > 0, there is a A > 0 such that if My(p, f) < oI,
u(zy) = p(zy), p has r-rounds and m, € {0,1}, then adv},(Ar(I +logr), f) > 1/A.

Let p(xym) be a protocol distribution such that p(zy) = u(xy). In the bounded-round
setting, we have m = (my,...,m,) — the transcript consisting of r messages along with
the shared randomness. By assumption, M;(p, f) = «al, and m, € {0,1}. We assume
without loss of generality that r is even. Let g(xym) be a rectangular distribution that
realizes My(p, f). For a large constant K, let M = My(p, f) + KI. Since M(p, f) > 0,
we have M > KI. Let g1,g2 be as in Equation (3.10). Let ¢ be a parameter such that
e= (™M (r 1)L
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We define a protocol I' whose communication complexity is bounded by
O(r - (M +log(r/e))).

Since Mz(p, f) = al we get that M < (a+ K) - I, and it follows that the communication is

bounded by Ar(I +logr) for some A that only depends on «. Now, we describe T.

1. Jointly sample p(mpg). Alice sets m{' = mg and Bob sets m’ = mg. Jointly sample

ngt,nit,n® € [0,1] uniformly and independently. Jointly sample a uniformly random

function h: Z — {1,...,[1/e]}.
2. Foreachie {1,...,r —1}:

(a) If i is odd, run the protocol 3 from Lemma 2.5 with u = p(m;|m4z), v =
p(m;imBy), L = 14M + 5log(r + 1) and error parameter ¢, to obtain functions
ai, b; and transcript s. Alice sets m#' = a;(us), Bob sets mP = b;(vs). If mP = 1,
Bob signals to abort in the next round and sends a random bit to Alice, which

they both output.

(b) If i is even, run the protocol ¢ from Lemma 2.5 with u = p(m;|mB.y), v =
p(mﬁmﬁix), L = 14M + 5log(r + 1) and error parameter ¢, to obtain functions
ai, b; and transcript s. Bob sets m? = a;(us), Alice sets m! = b;(vs). fmt = L,
Alice signals to abort in the next round and sends a random bit to Bob, which

they both output.
Let (m?), (m?) denote the values of m4 and m? after the first 7 — 1 rounds.
3. For each b € {0, 1}, Alice sends a message to Bob. If
nit < log gi(w(m™)p) - 2~ osoi(xim Db,

Alice sends h([log g1 (x(m*)b)]) to Bob, otherwise she sends 0.
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4. Bob samples a bit b according to p(m.|(m?B)y). If there is a unique integer z such

that
|2 + log g2 (y(mP)b)| < 3M/I,

h(z) = h([log g1 (x(m™)b)]),

’I’]B < 92(y<mB>b) . 2z—3M/I,

Bob sends sign(Eq(x/y/|<m3>b)[(—l)f(”*’/y/)D € {£1} to Alice. Otherwise, he sends L to

abort the protocol.

We note that the above protocol involves at most r rounds of communication, and in

each of the first » — 1 rounds, the communication from step 2 is at most
14M + 5log(r 4+ 1) + O(log 1/e) < O(M + log(r/¢)).

In step 3, Alice additionally sends O(log1/e) bits for the hashes. Hence, the total commu-
nication is at most O(r - (M + log(r/¢))).

We may assume that at the beginning of I'; the players sample r independent random
tapes, where the i-th random tape is used for the i-th execution of the protocol ¥ from
Lemma 2.5 in step 2 of I'. Given this assumption, define m as follows: mgy = m64 = m(])g ,
and for all i > 1, m; = a;(p(mi|m<;xy)s), where s is a transcript of the protocol ¢ from
Lemma 2.5 that is determined given x,y,m<; and the i-th random tape, and a; is the
function promised by the lemma. From item 1 of Lemma 2.5, it is clear that I'(zym) =
plzym).

Let S be the set defined in Equation (3.11) for our choice of K. In addition to S, we

need the following sets to analyze the simulating protocol.
Q= {xymn;i nB . 77;;11 < gl(xm> . 2—(10g91(9&mﬂ,773 < g2(ym) . 2(loggl(xmﬂ—3M/I}’
& = {mM(mPymo, : (m?) = (mP) =m,},
Z = {zymh : 3 unique z € Z s.t. |z +logga(ym)| < 3M/I and h(z) = h([loggi(xzm)])}.

Let G denote the event that the protocol reaches the final step without aborting, and
define A(xym) € {£1} by

A(zym) = sign(q(mlg‘m)[(_l)f(w’y’)b (—1) @),
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Our protocol computes f(zy) correctly when: G happens, A(zym) = 1 and m-, = (m?).

Since £EZ5Q C G, and &£ implies mo, = <mB ), the advantage of our protocol is at least:

PEZ5Q) | B [Aeym)] - T(GEZSQ)). (4.77)

We shall prove each of the following bounds:

TUm —8M/(121) ‘
r(:,cymﬂz o S)[A( ym)] = Q(2 ), (4.78)
L(EZQS) > Q(273M/T), (4.79)
L(G(EZ5Q)°) < O(2~*M/1)y, (4.80)

Because § <1 and (o + K) > M/I > K, we can choose K to be large enough to prove the
theorem.

We first upper bound I'(G(£ZS5Q)°). By the union bound, we have:
P(G(E25Q)) < T(GE®) + T(Z°GE) + T(SGEZ) + T(Q7IGEZS).

The definition of the protocol ensures that I'(Z¢|GE) = 0. Moreover, we claim that
[(QIGEZS) = 0, because if the event £ZS happens and the parties do not abort, then

nd < gi(@(mMym,) - glloggr(@m®mn)] — g (3 . 2Mloggr(@m)]

n” < ga(y(mPym,) - 227/ = gy (ym) - 2Mesgr(@m)]=3M/T

The event GE¢ implies that ¥ made an error in one of the r rounds, leaving Alice and Bob
with strings that were not equal. The probability that this happens is at most e-r < 2-*M/!|
by our choice of e. Finally, I'(S°GEZ) < T'(S°€Z) < O(eM/I), since if S°€Z happens then
there must have been a hash collision, which happens with probability at most O(cM/I).
This implies Equation (4.80).
Now, we turn to proving Equation (4.79). Let us first estimate I'(Q.S). We have,
L(QS)= Y T(zym)-T(Qlaym)= Y p(zym)-T(Qlaym).
zymeS zymeS

For xzym € S,

g1 (mm) . 2_“0591(75"7')1 - g2 (ym) . 2|—IOg91 (a:m)-\ q(xym) 1

L(Qlzym) = ST = eym) | T (4.81)
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where the first equality follows from the fact that

g2 (ym) - 9llog g1(@m)] _ gflog g1(zm)]+log g2(ym) < 23'\/'/17

by the definition of S. Therefore,

_ qleym) 1 q(5)
N(QS) = Z;Sp(xym) ) plzym) " 93M/I — 93M/I
Tym
(1-5-2=W1) —3M/1
where in the last line, we used Claim 3.26.
We claim that for all xym € S,
L(Z|zymQS) = T'(Z|zym) > 1 — O(eM/I). (4.83)

The equality follows by noting that zym determine S and given xym, Z just depends on
the choice of h, which is independent of (). The event Z¢ can happen only if there exists an
integer z distinct from [log g1 (zm)] such that h([gi(xm)]) = h(z) and |z + log g2(ym)| <
3M/I. The probability that this happens is at most O(e - M/I). Therefore, I'(Z|zym) >
1—-0(eM/I) > 1/2, by our choice of e. We conclude that

L(QSZ) =T(QS) - ['(Z|QS) > Q273M/1), (4.84)

For all xym € S,

[(xym) - T(QSZ|xym)

T(0SZ)
p(zym) ['(Z|zymQS)
= Tes) T @) TR zgs)
_pleym)  glzym)  T(Z|lzymQS)
- T(QS)  p(zym) - 22M/T T (Z|QS)
_ qlzym) D(Z]|zymQS)
q(S) I'(Z|QS)

= q(zym|S) - (1 £ O(eM/I)), (4.85)

[(zym|QSZ) =

(By Equation (4.81))

(By Equation (4.82))

where the last line follows from Equation (4.83).
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Given Equation (4.84), to complete the proof of Equation (4.79), it will be enough to
prove that T'(E|QSZ) > 1/2. Let T be the set Tk defined in Claim 3.28 for our choice of
K. We have

T(£°QSZ) < T(T°|QSZ) + T(E°|QSZT)

< q(T°|S)- 14+ O(eM/I)) +T(EIQSZT) (By Equation (4.85))
<O@2™MT) £ T(E°QSZT) (By Claim 3.28)
<0 M) 42:.r <O M) <1/2 (4.86)

where in the last line, we used the fact that given QSZT, item 2 and 3 of Lemma 2.5
guarantee that £¢ can only happen with probability at most 2¢ in each of the r rounds.
Equations (4.84) and (4.86) together prove Equation (4.79).

Next, we prove Equation (4.78). Since |A(zym)| < 1, we have

F(wﬁQsz)M(mym)J <T(lQSZ) - F(zym%szg)[f‘(wm)] +T(&°9Q52),

and since I'(£]|QSZ) < 1, this gives

reympsze) VN 2 i g AlTym] ~ T(EIQSZ)
> E [A(zym)] — Q(eM/T 4+ 27M/1)
q(zym|S)
(using Equations (4.85) and (4.86))
Z (E )[A(zym)] — Q2™ (by Claim 3.26)
q(zym
= E {sign( E [(—1)f(x'y')}> .(_1)f(:ry)] _ 9(2,,\4/[)
q(zym) q(z'y'|m)
= E [ E [(_Df(xy)] ] _Q(Q—M/I) > 9(275M/(121)),
q(m) || q(zylm)

by Equation (3.20). This completes the proof of Equation (4.78).

4.7 Compression independent of communication

In this section, we prove Theorem 3.9.

Theorem 3.9 Restated. For every a > 0, there is a A > 0 such that if Mi(p, f) < ol
and p(zy) = p(xy), then adv, (A, f) > exp(—Al).
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Let K be a sufficiently large constant to be determined later. Let p(xym) be a protocol
distribution such that p(zy) = p(zy) and My(p, f) < al. Let g(xym) be a rectangular
distribution that realizes My (p, f).

Define M = My(p, f) + KI. Since M(p, f) > 0, we have M > K. Let g1,g2 be as in

9—6M/I—-8M

Equation (3.10). Let € be a parameter such that ¢ = . We define a protocol I’

whose communication complexity is bounded by
2logl/e < O(6M/I +8M) = A,

for some A that depends only on a.

We describe the protocol T'.

1. Jointly sample n, 7% [0, 1] uniformly. Jointly sample two uniformly random func-

tions h,t: Z —{1,...,[1/e]}.

2. Jointly sample an infinite sequence of triples (m!, pY, pk), (m?, p%, p%), . .., where m!
is sampled uniformly at random from the set of all transcripts and pf4, piB are sampled

uniformly at random in [0, 1].
3. Alice finds the first index 74 such that
pli < [ ptmitam’s),
j odd

’LA<26M Hp zA|mm )

j even

Alice checks if nd < gi(zmia) - 2Moga(@m )] "ip which case she sends t(i4) and

h([log g1(xm?4)]) to Bob. Otherwise, she sends L signaling to abort.
4. Bob finds the first index ip such that

i <2 T p(miPlym2),
7 odd

oy < TI pOmiPlym2,).

j even
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If t(ip) = t(ia), he checks if there is a unique integer z such that

|2 + log g2(ym'?)| < 3M/I,
h(z) = h([log g1(zm™)]),

,',]B S 92(ym13) . 2Z73M/I’

If all these conditions are satisfied, he sends sign(Eq(x,y/‘miB)[(—1)f($,y,)]) e {£1} to

Alice. Otherwise, he sends L to abort the protocol.

The protocol has the feature that Alice sends at most 2log1/e bits to Bob. Let i, be the

smallest index such that

11 p(milam?,) > p% and ] p(m}

Jj odd J even

Tx T
zmZ;) > p.

Let m = m®. We note that I'(xym) = p(zym).
Let S and T be the sets defined in Equation (3.11) and Equation (3.18) respectively
for our choice of K. In addition to S, we need the following sets to analyze the simulating

protocol:

Q= {l'meAnB . 77A <aq (.I‘m) . 2—[10gg1(xm)]’nB < gz(ym) . 2[logg1(xm)]—3M/I}7
&= {iAiBi* cig—ig= z}
. 3M
Z= {:L‘ymh : Junique z € Z s.t. |z +logga(ym)| < T and h(z) = h([loggl(wm)])}.

Let G denote the event that the protocol reaches the final step without aborting, and
define A(xym) € {£1} by

A(zym) = sign(q(xls;‘m)[(_l)f(x’y’)w (—1)f @),

Our protocol computes f(zy) correctly when: G happens, A(zym) = 1 and m = m‘B. Since

EZSQ C G, and & implies m = m'B, the advantage of our protocol is at least:

rEzsQ)- | B LAlym) - T(GE25Q)) (4.87)
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We shall prove:

—3M/(121)

F(wm‘ESZS Q)[A(xym)] > (2 ), (4.88)
D(EZ25Q) > Q27 M/I=6M) (4.89)
[(G(EZ5Q)°) < O(2~ M=V, (4.90)

By Equation (4.87), since 6 < 1, we can choose K to be large enough to prove the theorem,
since a + K > M/I > K.
We first upper bound I'(G(£Z25Q)¢). By the union bound, we have:

T(G(EZ5Q)°) < T(GE®) + T(Z°|GE) + T (S°GEZ) + T(Q|GEZS).

The definition of the protocol ensures that I'(Z¢|GE) = 0. Moreover, we claim that
['(QIGEZS) = 0, because if the event £ZS happens and the parties do not abort, then:

nt < gy (zmia) - 2lesn@m T — o () . 2Moggr(@m)]

n? < galymB) - 2573M/I = g, (ym) - 2091 (zm)|=3M/T

The event GE€ implies that there was a hash error for the triples accepted by Alice and Bob.
The probability of this happening is at most . Finally, I'(S°GEZ) < T'(S°€Z) < O(eM/I),
since if S°€Z happens then there must have been a hash collision, which happens with
also occurs with probability at most 2e. By our choice of ¢, the total error is bounded by
2-6M/I=8M(9 4+ M/T) < 2-SM/I=™ "for K sufficiently large. This implies Equation (4.90).
Let us estimate I'(Q.S). We have,
L@S)= Y Tlaym) -T(Qlaym)= Y playm)-T(Qleym).
aymeS zymeS
For xym € S,

g1 (:L'm) . 2_[10g91(xm)] - g2 (ym) . 2|—IOg91 (a:m)-\ q(xym) 1

L(Q|zym) = ST = Daym) T (4.91)

where the first equality follows from the fact that

ga(ym) - 2Mleeg1@m)l — olloggi(wm)]+log ga(ym) < 93M/I
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by the definition of S. Therefore,

_ gleym) 1 q(5)
F(QS) - Zesp(xym) p(xym) 23M/I - 23M/I
Tym
(1—-5-27MT) —3M/I
where in the last line, we used Claim 3.26.
We claim that for all zym € S,
[(Z|lzymQS) =T(Z|zym) > 1 — O(eM/I). (4.93)

The equality follows by observing that zym determine S and given xym, Z just depends on
the choice of h, which is independent of (). The event Z¢ can happen only if there exists an
integer z distinct from [log gi(xm)] such that h([gi(zm)]) = h(z) and |z 4 log ga(ym)| <
3M/I. The probability that this happens is at most O(e - M/I). Therefore, I'(Z|xym) >
1—-0(eM/I) > 1/2, by our choice of e. We conclude that

T(QSZ) =T(QS)-T(2|QS) > (21, (4.94)

Let W be the event that min{ia,ip,i} = 1 and let T be the set defined in Equa-
tion (3.18) for our choice of K. We claim that TW¢ implies i, > 1, since if xym € T then

p(m|zy) < 2M . min{p(m|z), p(m|y)}, which implies

H p(mjlym<;) < 20M. H p(mjlzme;),

J even J even
H p(mj\a:mq‘) < 20M.. H p(mj]ym<j),
j odd J even

and hence if 7, = 1 then in fact i = ip = 1.

Now, we compute I'(E|QSZ).

T(E|QSZ) =T(E|JQSZW)
- T(ia=ip =i, =1|QSZ)
T T(ia=1QS2) +I(ip = 1|QSZ) + I'(ix = 1|QSZ)
T(ia=ip=i,=1QSZ)
TT(ia=04T(ip=1)+T(i,=1)

(4.95)
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Now, we estimate the numerator and denominator in the last expression. Let M be the

set of all transcripts in the support of p. We have,

T(ig=ig=i,=1Q5Z)

> ) T(ia=ip=i.=12ym, QZ)

zymeSNT
= Y D(ia=ip =i, = Laym) - T(QZ|zym)
zymeSNT
(given xym, QZ is independent of i4,ip,ix)
1
= Z p(xym) - iR I'(QZ|zym) (by the definition I and T')
zymeSNT | ’
1 TYym .
= Z p(zym) - o alwy 3?\/'/] -T(Z|zym) (by Equation (4.91))
N T M plzym)2
1
> — (1= . i .
> q(ST) M- 2T (1—-Q(eM/I)) (by Equation (4.93))

Next,

ZF ia=1am <ZP ]./\/l’ Hp ]‘xm<j -2M. Hp |xm<])

xm/ j odd J even
26M 26M
< p(am’) < .
Z MM

An identical calculation shows that T'(ig = 1) < 26M/|M|. Furthermore,

= Z [(i, =1, 2zym) = Zp | H p(mjlzm<;) - H p(mjlym<;)

Tym ym j odd j even
1 1
< Zp(xym) T S o
2 M= M

Plugging this into Equation (4.95) we get

q(ST) - (1 — Q(eM/T)) —6M—(3M/1
T(E|QSZ) > T v — Q(27M-(BM/D)),

by Claim 3.26 and Claim 3.29. Using Equation (4.94) we get that T(QSZE) = Q(2-M—(6M/1))

as claimed in Equation (4.89).
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For all xym € S,

I(zym) - T(QSZ|xym)

[(QSZ)

_playm) ooy D(EZlzym@S)

= Tes) @M T z)gs)

_ playm)  qlaym)  T(ZlaymQS)
I(QS)  plzym)-25M1  T(Z]QS)

= q(;%;)n) . F(f(@yggs> (By Equation (4.92))

= q(zym|S) - (1 £ O(eM/I)), (4.96)

L(zym|QSZ) =

(By Equation (4.91))

where the last line follows by Equation (4.93).

Next, we note that
NERQSZ,i,=1)>T(E,T|IQSZ,i.=1) =T(T|QSZ), (4.97)

where we used the fact that the event T,i, = 1 implies £ and that xym is distributed
independently of i,. For any xym € SNT

D(xzym|QSZE) = T'(zym|QSZEW)
(zym is independent of W even conditioned on QSZE)

=T(zym|QSZE, i, = 1)
(the event EW is the same as the event £,i, = 1)
~ TD(zym&|QSZ, i = 1)
LEQSZi* =1)
L(E|lxym, i, = 1)
LEIRSZi* =1)

=T'(zym|QSZ2) -

_ T(zym|QSZ)
T T(E|QSZi = 1) (because xym € SNT)

=D(zym|QSZ) - (1+ O(I(T°|QSZ)))

where the last inequality used the fact that 1 > I'(E|QSZ:* = 1) > 1 — I'(T¢|QSZ) by
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Equation (4.97). Together with Equation (4.96) we get that for any zym € SNT
D(xym|QSZE) = q(xym|S) - (1 £ O(T(T|QSZ) + eM/I))
= q(zym|S) - (1 £ O(q(T*[S) +eM/1))
= q(zym|S) - (1 £ 0 2~M1 4+ eM/T1)), (4.98)

where the last line follows by Claim 3.29.

Now, we complete the proof of Equation (4.88). We have

F(acym]\EQSZE) [A(xym)]

> > T(zym|QSZE) - A(wym) — T(T|QSZE)
zymeSNT

> Z q(zym|S) - A(zym) — Q™M 4 eM/T) — 1+ T(T|QSZE)
zymeSNT

(by Equation (4.98))
> ( E ‘S)[A(xym)] —q(T°8) = Q2T L eM/I) — 14 ¢(T|S) - (1 — 02~/ + eM/T))

(by Equation (4.98))

> B [A(zym)] - q(S°) - 2q(T°|S) — Q2™ +eM/1)

q(xym)
= B Alym)] = Q2" +eM/I) (by Claim 3.26 and Claim 3.29)
q(zym
= E [Sign< E [(—1)““’?”)}) .(_1)f(xy)] — QW
q(zym) a(a’y'|m)
= E [ [(—1)]0(”)} H — Q27 M1y > (2-0M/(2D))
q(m) || q(zylm) =

by Equation (3.20).
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Chapter 5

XOR LEMMA FOR DETERMINISTIC COMMUNICATION &
LIFTING

Given two functions f and g, how much harder is it to compute their composition than
it is to compute each of the functions? In this chapter, we give some answers to this
question in the model of deterministic communication complexity. We recall that for a
function f: X x Y — {0,1}, D(f) denotes the deterministic communication complexity of
f. Moreover, we denote by C(f), the cover number of f, which is the minimum of number
of rectangles needed to cover X x ) such that each rectangle is constant for f.

We recall the notation of function composition from Chapter 2: given functions f(x,y)
and a function g : {0,1}" — {0,1} we denote the composed function by g o f(zy) =
9(f(z1,91), -, f(Xn,yn)). In the special case when the outer function is parity, the n-fold
XOR of f is denoted by f®"(zy) := f(z1y1) ® ... D f(znyn). In this chapter, we study the
communication complexity of g o f and f®" in terms of the communication complexity of
f and various complexity measures of f. Before proceeding, we remark that in the lifting
literature, it is common to flip the notation for inner and outer functions in the composition
— the outer function is f, and the inner function, known as a gadget, is g. We prefer to use
go f as the other results of this paper, which are XOR lemmas, are typically written with

the inner function being f.
5.1 Background

We start with a simple and natural upper bound for computing go f, which was observed by
Buhrman, Cleve and Wigderson [13]. Given a decision tree T for g, simulate 7' by running
the communication protocol to compute z; = f(z;y;) whenever it queries z;. Using the best

decision tree for g, we get

D(go f) <DT(g)- D(f). (5.1)
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A natural question is whether or not the above bound is optimal. From the perspective
of lower bounds, a related and perhaps simpler question is whether or not computing n
copies of f requires n times the communication of a single copy. This latter problem was
studied by Feder, Kushilevitz, Naor and Nisan [18] who gave a direct sum theorem for

deterministic communication complexity.
Theorem 5.1 ([18]). D(f") > log C(f") = n- (\/D(f) — loglog(|X| - [¥]) — 1).

The preceding theorem gives a lower bound on the communication needed to compute
n copies of f, however, as observed in Equation (5.1), computing g o f may not require
computing f on all the coordinates.

There is a large body of work showing that Equation (5.1) is indeed optimal for several
(fixed) functions f. The earliest such result is due to Raz and McKenzie [54] who considered
the index function gadget, Ind,, : [m] x {0,1}" — {0,1} given by Ind,,(z,y) = y,. They
showed that for m = n©™1), and any function g : {0,1}"* — {0,1}, D(g o Ind,,) = ©(DT(g) -
D(Ind,,)).

Their proof was simplified by G66s, Pitassi, and Watson [22], and was recently improved
by [40] who showed the same result as that of [54] for m = O(n'*¢) (for any fixed ¢ > 0).
Chattopadhyay, Koucky, Loff, and Mukhopadhyay [16] showed a similar result for the inner
product gadget (as well as for any gadget with a certain pseudorandom property) IP,, :
{0,1}™ x {0,1}™ — {0,1} given by IPy,(z,y) = 151 & ... B TmYm. They showed that for
m = Q(logn) and any function g, D(g o IP,;,) = ©(DT(g) - D(IP,,)). Manor and Meir [41]
proved that D(go f) = Q(DT(g)- D(f)) for all functions f with discrepancy at most n~ ().

Several works have also considered lifting complexity measures other than decision tree
complexity to communication. Zhang [69] showed that for any f1,..., f, € {V,A} and any
function g, computing g(f1(z1v1), ..., fn(Zn, yn)) with constant success probability requires
communication Q(DT(g)'/3). Huynh and Nordstrém [26] lifted critical block-sensitivity to
the randomized communication complexity of certain search problems. This was simplified
by Goos and Pitassi [21] and applied to obtain depth lower bounds for monotone circuits.
Sherstov [61] lifted approximate degree to the randomized communication complexity of

functions of the form g o Ind,,.
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5.2 Discussion of Main Results

In this chapter we prove two related results. First, we prove an XOR lemma for communi-

cation complexity.

Theorem 5.2 (XOR lemma for Deterministic Communication). There exists co > 1 such

that for any function f with D(f) > co, D(f") > log C(f®") > n - (ﬁg{i{}; — log rk(f))

Then, we generalize the above to obtain a lifting theorem from sensitivity to deterministic

communication complexity for arbitrary gadgets.
Theorem 5.3 (Lifting Theorem). There ezists co > 1 such that for any function f with
D(f) > ¢o and any function g : {0,1}"™ — {0, 1},

Q(D(f))
log rk(f)

We provide a few remarks on the above results. First, we note that the sensitivity of

Digo f) > logClgo f) > s(g) - ( ~log rk(f)).

the XOR function is n since, on any input, changing any coordinate results in the output
changing. It follows that Theorem 5.3 implies Theorem 5.2. Next, we address the relation-
ship between rank and communication and its implications for the above results. We recall
that D(f) > logrk(f) and moreover, the log-rank conjecture due to Lovasz and Saks [3§],

asserts a partial converse.

Conjecture 5.4 (Log-rank Conjecture [38]). There exists a constant k such that for any
function f(z,y), D(f) < log* tk(f).

The best upper bound in this direction is due to Sudakov and Tomon [64] which improves
a bound of Lovett [39] to get D(f) = O(+/rk(f)). Additionally, G6ds, Pitassi, and Watson
[22], gave an example of a function with rank r and communication complexity Q(log2 T).

Using the fact that the rank “tensorizes” i.e. rk(go f) > (rk(f) — 1)%89) [56, 28], the
above conjecture implies that D(g o f) = Q(deg(g) - (D(f))"/*), where k is the constant in
Conjecture 5.4. Yang [65] used this property of rank and observed that when ¢ is the XOR
function, one can use Theorem 5.2 to conclude that D(f®") = Q(n - /D(f)), for any f

whose communication complexity is a sufficiently large constant. This is a strengthening
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of Theorem 5.1, and the same ideas yield the following corollary, which is an unconditional

version of the consequence of the log-rank conjecture.

Corollary 5.5. There exists co > 1 such that for any function f with D(f) > ¢y and any
function g : {0,1}" — {0,1},

s(g) - deg(g) Q( D(f)
2s(g) + deg(g) log rk(f)

We note that D(f) needs to be a sufficiently large constant for such a lower bound since

Digof) > T log rk(f)) — O(minfs(g).deg(g)} - VDF))-

there are functions f and ¢ for which the communication complexity of computing g o f
does not grow. For example, the deterministic communication complexity of computing the
parity function on 2 bits is 2, and moreover, the n-fold XOR of the parity function can also
be computed with 2 bits. The same holds if f and g are both the AND/OR functions.
Combining Corollary 5.5 with Equations (2.3) and (2.4) we get that for any f whose

communication complexity is a sufficiently large constant, and any function g,

D(go f) > Q(DT(9)"/% - /D(F)),

which is partial progress towards establishing the tightness of Equation (5.1).
The main ideas proof of Theorem 5.2 and Theorem 5.3 are similar and use information
theory. In the XOR case, we first show that if ©o f admits a small cover via monochromatic

rectangles, f itself must contain a large monochromatic rectangle.

Lemma 5.6. If ® o f can be covered with 27 monochromatic rectangles, then f contains a

monochromatic rectangle of density 2~ 1/72,

For the general case, we strengthen the previous lemma to obtain the following similar

one.

Lemma 5.7. If go f can be covered with 27 monochromatic rectangles, then f contains a

monochromatic rectangle of density 2-27/59) . (4 . rk(f))~2.

Nisan and Wigderson [46] had observed that a large monochromatic rectangle can be
used to partition the inputs to f into 2 parts — in one part, the rank decreases and in the

other, the size decreases. Using this they showed that if one can repeatedly obtain dense
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monochromatic rectangles, then there is an efficient communication protocol for f. We can
repeatedly apply Lemmas 5.6 and 5.7 to obtain such a protocol, and as a consequence we
get that if g o f admits a small cover then f admits a protocol much shorter than D(f), a

contradiction.

Organization. This chapter is organized as follows. First, we prove Lemmas 5.6
and 5.7 in Section 5.3. Then, in Section 5.4 we explain how the lemmas together with the
Nisan and Wigderson protocol yield Theorems 5.2 and 5.3. In Section 5.5, we prove Corol-
lary 5.5 from Theorem 5.3. Section 5.6 closes this chapter with some additional observations

and future questions.

5.3 Dense Monochromatic Rectangles from Small Covers

We first give a short and simple proof of Lemma 5.6 before discussing a slightly more

complicated argument for Lemma 5.7.

5.3.1 Proof of Lemma 5.6

Since @ o f can be covered with 27 monochromatic rectangles, there exists one of density
at least 277, say R. Let X and Y be a uniformly random row and column respectively in

R. Since R is a rectangle, X and Y are independent. Using the chain rule, we get

H(XY)=H(X)+ H(Y) (because X, Y are independent)

H(X;|X<i) + H(Yi|Y>s) (by the chain rule)

I

@
Il
-

|

s
Il
—_

H(X;|X;Ys) + HY; | XY X5) (because X, Y are independent)

I

&
I
—

H(X;Y;| XiYsi). (by the chain rule)

This implies there exist 7, x<;, y~; such that

H(XY T
HOXYir ) = T > tog(l) - |y)) ~
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Define the random variables U = f(z1Y1) @ ... ® f(x;—1Yi—1) and V = f(X;41%i41) D ... D
f(Xnyn). By the chain rule, and since U,V are bits, we get

H(X;Yi|z<iy>:UV) + 2 > H(X;Yi|z<iy>:UV) + HUV|r<iy>i)
= H(X;Y;UV |z <ciy>i)

> H(XiYi|z<iy>i),
so there is some fixed value of u, v such that
T
H(X;Yi|z<ijysiuv) > log(|X| - |Y]) — —- 9.

The desired rectangle is the set given by the support of supp(X;Y;|x<;y>;uv). Because (X,Y)
is distributed uniformly in R, the distribution of (Xj,Y;) conditioned on (z<;, ¥, u,v) is a
product distribution, and hence this set is a rectangle. Moreover, since R is monochromatic
for ® o f and @;»;f(xjy;) = v @ v holds for all (z,y) € supp(XY|uv), it follows that
supp(X;Yi|z<;ys;uv) is monochromatic. Using Fact 2.2, the density of this rectangle is

given by

|supp(X;Yi|z<iy>uv)| > 9-T/n-2,
X[V

5.3.2  Proof of Lemma 5.7

Before giving the proof, we briefly explain why the previous argument fails for general
function compositions, and how we resolve the issues that arise.

A key step in the preceding argument was the fixing of the parities of the outputs of
f among first ¢ — 1 and the last n — ¢ coordinates. This step strongly used the fact that
the outer function is the parity function, which is no longer true for us. To prove lower
bounds for general function composition, we need an appropriate generalization of this
parity constraint. We enforce such a constraint by switching from the uniform distribution
to a correlated distribution.

For simplicity, assume s(g) = n and that g is balanced. By definition, there exists
z € {0,1}" with g(z) # ¢(2<i,1 — 2, 2>;), for all i. Consider the distribution p(zy) on

X™ x Y™ obtained by sampling each (z;,v;) € ¢~ !(z;) uniformly at random; let XY be
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random variables jointly distributed according to p(zy). Now, using the sub-additivity of
entropy, we obtain a slightly weaker statement than in the previous argument. We show
that there exists a rectangle R that is constant for g o f, a coordinate ¢ and inputs z;, y~;

such that the sets
A =supp(Xj|lz<iy=:R) and B =supp(Yi|z<iy=iR),

satisfy [ 4] > Q(|] -277/") and |B| > (Y] -277/").
We finish the proof by showing that A x B is a monochromatic rectangle for f. Note
that

SUPP(p($z’ayi|l‘1, ey Li—1, Yi4 1, - - 7yn>R)) g A X Ba

and although f is constant on the former set (by the definition of p), it is not obvious that
the same holds for the A x B.

The main difference between the above high-level description and the proof of Lemma 5.7
is that g need not be balanced. To address this, we consider two cases. First, we assume
that g is extremely biased, say Pr[g(z,y) =1] > 1—1/(4-rk(g)). In this case, we obtain a
monochromatic rectangle for g using an observation of Gavinsky and Lovett [20], ignoring
the cover for f o g. Otherwise, g is not too biased and we can apply the above discussion,
albeit with a loss of 1/(4 - rk(g)) in the final bound. Let us now turn to the actual proof.

First, assume that |E.,[f(zy)] —1/2] > 1/2 —1/(4-rk(f)). In this case, we use Lemma
3.3 from [20] to infer that f contains a monochromatic rectangle of constant density. For
completeness, we supply the proof. Indeed,

1

Bl (o] - 3| = wax{ Prlf(a) = 1] - 3 Prisen) = 01 - 5

and we can assume without loss of generality that
Prifey) = 1] > 1-
r = -
zy Y 4-rk(f)
Let E be the set of all z such that Pr,[f(zy) =1] <1—1/(2-rk(f)). We have,

1

Prlf(on) =1] < Prle e £ (1- 5o

) + f;r[x ¢ E|
_ Pryfz € E]

2-1k(f)
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which implies that Pr,[z € F] < 1/2. Let x1,...,2, € E° be such that the corresponding
rows are maximally linearly independent in M. Moreover, let G = {y : f(z;y) = 1,Vi € [r]}.

By a union bound, we have

Prly¢ G <7

We observe that any row in E¢ x G is all 1s or all Os since it can be expressed as a linear
combination of x1, ..., x,, each of which is all 1s. Hence, we have a monochromatic rectangle

of density at least 1/8. Since
272T/59) (4. rk(f) "2 < 1/16 < 1/8,

we have found a monochromatic rectangle of the desired density.
Next, suppose that |Eg,[f(zy)] —1/2| <1/2—1/(4 - rk(f)). We have

1 1
4-rk(f) 4-rk(f)

For shorthand, let s be the sensitivity of g. By definition, there exists an input z € {0,1}"

< Pr[f(ay) = 0], Prlf(ay) = 1] < 1 - (5.2)

and a set S C [n] such that for all i € S

9(2) # 9(z<is 1 — 2, 254).

We may assume without loss of generality that S D [s], for otherwise, this can be ensured
by renaming the coordinates. Let u(zy) denote the uniform distribution over all inputs
(xz,y) € X"x Y™, and let p(xy) be a distribution obtained by sampling each (x;, y;) randomly
and independently subject to g(z;y;) = z;. Additionally, let XY be random variables jointly
distributed according to p(xy). By Equation (5.2) we have the following inequality relating

the two distributions:

max p(fgsyﬁs) — ma XH $zyz|g( zyi) = Zi)
Y U(T<LsY<s ry i<s (xzyz)

B < (4-rk(g))°. (5.3)
iSHs Pr Ty (@4,9:) [g(.ﬁU“ yz) = ]
Since g o f can be covered with at most 27 monochromatic rectangles, say Ry, ..., Ror,

there exists a rectangle R in the cover with p(R) > 277, Using the sub-additivity of entropy

we prove the following claim.
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Claim 5.8.
Z H(Xi| X<iX5sYsi) + H(Yi| X< X55Y54) > slog 5 — 2T.
Proof. Applying the chain rule for entropy we get
Z H(Xi| X<iX5sYsi) + H(Yi| X i X55Ys)
1€]s]
> Y H(Xi|XoiX5.Y) + HYi| XYs,) = H(X|X5,Y) + HY|XYs,).
i€[s]

Let p/(zy) be the distribution obtained by sampling (x;,y;) uniformly at random, for each
J € [s], and according to p(x;y;) for each j ¢ S. Using this notation, we bound the term
H(X|X-,Y) above as follows

H(X[Y X>s)
[ 1
= E log ——
p(zy|R) | : p(:):\yac>sR)}
- [log p(R) -p(:v>sy!R)]
p(z.y|R) p(zy)
[ p(z>sy|R) ] . _p
> E log — T (Equation (5.3) and p(R) > 2
sty [ (P ureayen) plamand)] | (0:3) and pU0) = 27
X 'p($>sy\R)]
= E log —T —slog(4-rk(f
p(ay|R) | P'(z>sy) (#:15)
= slog ¥ + D(p(z=sy|R)||p (x>sy)) — T > slog X T
() s~
which follows by Fact 2.4. A similar calculation shows that H(Y|XY~,) > slog %('f) -T,
yielding the desired bound. O

By an averaging argument, we obtain an index i € [s] and z<;, z~s, y~; such that

(X[ 2T

H(Xilz<ivssysi) + H(Yi|z<izssy>i) > log (A-rk(f)? s

For shorthand, let

A = supp(Xi|r<iz>sy>iR) and B := supp(Yi|r<iT>sy>iR).
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Using Fact 2.2 we conclude that the rectangle given by A x B has size at least

X[ - 1Y)
16 - rk(f)2 - 22T/s’

Moreover, we claim that A x B is monochromatic for f. Indeed, for any z; € A, there exists
a row 2’ € supp(X|z<;x>sy>;R) such that z; = z;. Similarly, for any y; € B, there exists

a column y € supp(Y|z<;iz>sy>iR) such that y, = y;. In particular, (z/,3') € R and in

A

addition, x f

zj for all j < i and y; = y; for all j > .

Since 3 € supp(Y|z<ix>sy=iR), we get f(x},y;) = f(xt,y;) = 2z for all ¢ < 4. Similarly,
we have f(x},y;) = f(z},y:) = 2z for all ¢ > i. Since i € [s], if f(z}y}) # z;, then go f(2'y) =
9(z<i, 1 — 2, 25) # g(z). However, this contradicts the fact that R is monochromatic for

g o f because for every (z,y) € supp(XY|R), we know that g o f(zy) = g(z).

5.4 Proofs of the XOR Lemma and Lifting Theorem

Below, we prove Theorem 5.3; the proof of Theorem 5.2 is identical. At a high level, we
apply Lemma 5.7 repeatedly to find dense monochromatic rectangles and combine this with
the arguments of [46] to obtain a protocol for f.

Fix some two functions f and g, and consider any cover of go f with some 27 monochro-
matic rectangles. For shorthand, let s denote the sensitivity of g. Applying Lemma 5.7, we
obtain a monochromatic rectangle R in M with density 272775 . (4 - rk(f)) 2.

By renaming the rows and columns of My appropriately, we can rewrite it as

R A
B Z

)

for some matrices A, B and Z. Now, we observe that

min{rk([}{ A]),rk( 2 )}Srk(f;—i—?) (5.4)
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Since R has rank one we get

R
rk( [R A} ) + rk( ) < rk(A) +rk(B) + 2 (by Fact 2.7)
B
h
< rk( ) +2 (Gaussian Elimination)
B Z
e ]
< rk< > +3 (by Fact 2.7)
B Z
= rk(g) + 3,

and Equation (5.4) follows.

If rk( [R A} ) < (rk(f) + 3)/2, Alice sends a bit to Bob indicating whether or not
her input is consistent with the rows of R. Otherwise, Bob sends a bit to Alice indicating
whether or not his input is consistent with the columns of R. We can assume without loss
of generality that rk( [R A} ) < (rk(f) + 3)/2 as the proof is symmetric.

Let f" and f” denote the functions encoded by the matrices [ R A} and [B Z} respec-
tively. We note that a cover of M., also gives a cover of both M.y and Mgy If Alice’s
input is consistent with the rows of R, the players repeat the above argument using the
rectangle cover for My.p. Otherwise, they repeat the argument using the rectangle cover
for Myo . In the former case, we have rk(f") < (rk(f)+3)/2 and in the latter case, the size
of X x Y shrinks by a factor of 1 — 2727/ . (4. rk(f)) 2.

We claim that after (4 - rk(f))? - 227/5 4+ O(log rk(f)) recursive steps either the rank is
at most 5 or the size of the matrix is at most 1. Indeed, as long as the rk(f) > 5, we have
rk(f') < (rk(f) +3)/2 < 4-rk(f)/5. Hence, there can only be after logs, rk(f) many steps
where the rank reduces by a factor of 4/5. Similarly, there can be only k = (4-rk(f))3-227/5

many steps where the size of the matrix reduces, since

1 ¢ k o ak(p) 1
(1= s wr) <o (- amamm) = < wopn

where we used the fact that |X| and || are both at most 2(/) in the last step.

Every leaf of this protocol either corresponds to a size 1 matrix or a matrix of rank at

most 5. Thus, with constantly more bits of communication, we get a protocol for f with
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the following upper bound on the number of leaves:

(4'rk(f))3'22T/S+O(10gfk(f))> 3 52T/s)O(log rk
.0(1) < O(rk . 92T/s\O(logrk(f))
( Ollog k(1)) )= 0™

< 9O((T/sHogtk()logrk(f)).

where all the inequalities hold for ¢y large enough.

By Fact 2.9 the above protocol can be rebalanced to have communication at most

0((? + log rk(f)> log rk(f)).

Since f requires communication at least D(f),we have

T
(L +1080k() -1og k() = UD(),
and the theorem follows by rearranging.

Remark 5.9. The main difference between the above analysis and the proof of Theorem 5.2
is the number of steps needed to obtain either a matrix of size 1 or one of rank at most 5.
In the case of XOR, if the rank does not reduce by a factor of 2, the size shrinks by a factor
of 2=T/7=2 The number of times this can happen is at most O(27/" - rk(f)). Hence, the

number of leaves is now

O(rk(f) - 277" + log rk(f))\ k() . 9T/m)Olog rk())
( O(log rk(f)) ) O(1) < O(rk(f) - 27 /™) o8

< 20((T/n+logrk(f))-logrk(f))

which is asymptotically the same as in the general case. The remainder of the proof is

identical.
5.5 A Lifting Theorem without Rank

In this section, we proof Corollary 5.5. The main idea is based on the following claim; a
similar statement can be found in Rezende et al [56]. Below, we include a proof for the sake

of completeness.

Lemma 5.10. For any two functions g : {0,1}" — {0,1} and f: X x Y — {0, 1}, it holds
that rk(g o f) > (rk(f) — 1)des(9),
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Proof. For shorthand, denote by d, the degree of f. By definition, there exists a subset of
size d whose corresponding coefficient in the polynomial expansion of g is non-zero. We can
assume without loss of generality that this set is [d], otherwise, we can rename the variables
to ensure this. Let uq,...,u, be a maximal set of linearly independent rows of My, and let
x1,...,2T, be the corresponding inputs. Further, define the vectors uy,...,u,, where u; is
the projection of u; onto the space orthogonal to the all-ones vector, 1. We note that the
dimension of span(u,...,u,) is at least r — 1.

In what follows, we adopt the following notation for the tensor product of 2 (or more
vectors). Given two vectors v € R™ and v € R*, we denote the tensor product of v with v
by u® v € R™ where u ® v[i, j] = u(i) - v(4).

The key observation is that the projection of the rows of M.s to the space

V:: 1 1: ; € ~,...,~
span({v1 ® ... ®UVERI®...®0L: v € {u Ur}})

n—d times
has full rank. Indeed, consider any function h : [n] — [r] and let uj be the row corresponding
to the inputs zp(1), ..., Th(n). For any yi,...,yn, using the multilinear polynomial for g we

can write

Uh(yl,. . 'ayn) = g(f(xhyl)v .- ‘7f($nayn))
as - [ fiw)

€S

ag - H Uh(4) (i)

SCln]
SC[n) i€s
For any set S, the last quantity above can be written as tensor product. For example,
if we let S = [t] then
1T wney (w0) = ungy @ - - gy, - i)

i€[t]

:uh(1)®...uh(t)®1®...®1[y1,...,yn].

n—t times

Applying this to a general set .S, we can write

T wney W) = Sicsungy ®igs Lyr - - vl
€S



113

where the subscript is used to denote the vector in the i-th coordinate of the tensor product
depending on whether or not i € S.

For any set S # [d] of size at most d, the projection of ®;csup(;y @;¢s 1 onto V is zero,
since there exists ¢ € [d] \ S such that the vector in the i-th coordinate of the tensor product
is 1. Moreover, by the definition of degree, ag = 0 for sets S of size larger than d. Lastly,
the projection of oy - ®@iec(gun(i) Pjgyq 1 is exactly ag) - Qicjqtn@) @fegyr 1-

This establishes that the projection of the rows of My, ¢ to V has full rank. It follows the
rank of M, is at least the dimension of V, which is at least (r — 1) = (rk(f) —1)9&(@). O

We are now ready to prove Corollary 5.5. The proof uses an observation pointed out to

us by Yang [65] after the publication of [28].

Proof of Corollary 5.5. Recalling Fact 2.8, we have D(go f) > [logrk(g o f)]. Therefore,

we can combine Theorem 5.3 and Lemma 5.10 to conclude

QD(f))

D(go f) > max {5(9) ' <logrk<f)

— log rk(f)> ,deg(g) - log(rk(g) — 1)}-

Using the fact that max{a,b} > A-a+ (1 — \) - b, for any A € [0,1], we can set A =
deg(g)/(2s(g) + deg(g)) to get

Digo f) 2 ) 2O (PO~ ogik(r) + 210g(k(1) - 1)
s(g) - deg(o) ()
> o) sestsy gty o))

where we used the fact that for ¢g large enough, (rk(f) — 1)% > rk(f)%/2.
Lastly, we can write s(g)-deg(g)/(2s(g) +deg(g)) > min{s(g), deg(g)}/3 and by the AM-
GM inequality, we have D( )/log rk(f) + logrk(f) > 24/D(f). It follows that D(go f) =

Q(min{s(g),deg(g)} - /D O

5.6 Conclusions

In this chapter, we have tried to reason about the communication complexity of computing
g o f for arbitrary f and g. We expect that this is Q(DT(g) - D(f)), for any sufﬁciently
complex gadget g. Corollary 5.5 gives the lower bound Q(min{s(g),deg(g)} - /D
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Q(DT(g)Y/¢. \/D(f)) which can be seen as progress towards this. Below, we show that for

some gadgets this can be further improved.

1. For certain gadgets g, we can obtain D(go f) > Q(DT(g)"/3-/D(f)) using the notion
of block-sensitivity, another well-studied [45] Boolean function complexity measure.
The block-sensitivity of g at z € {0,1}" is the maximum number of disjoint sets
S1,...,S: such that for all ¢ € [¢],

11—z, ifjeS;and

g(2) # g(z%%), where 7% =

2j, otherwise.

The block-sensitivity of g, denoted bs(g), is the maximum across all z, of the block-
sensitivity of f at z. By definition, s(g) < bs(g). Moreover, the block-sensitivity
is known to give a better upper bound for the decision-tree complexity than the
sensitivity. In particular, Midrijanis [42] showed that DT(g) < bs(g) - deg(g). By
the lower bound in Equation (2.3) we know that deg(g) < s(g)? < bs(g)?. Hence,
DT(g) < bs(g).

We say a function f(z,y) is row-symmetrict if for any x, there exists T # x such that
for all y, we have f(x,y) = 1 — f(Z,y). An example of such a function is the index

function, Ind,,

Theorem 5.11. There exists an absolute constant co > 0 such that for any row-
symmetric function f with D(f) > ¢y and any function g : {0,1}" — {0,1} we have

D(go f) = Q(min{bs(g), deg(g)} - \/D( 93 -/D(f)).

Proof. Suppose g has block-sensitivity b, achieved at a point z by sets Si,...,Ss.
Consider the function ¢’ : {0,1}” — {0, 1} given by

|Zj — #i|, if 3i such that j € S; and
g'(z) = g(2'), where z; =

Zj, otherwise.

A related notion is that of flippability, defined in [21].
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We note that ¢’ has sensitivity b, since ¢’(0) = ¢(2), and ¢’ (091 = ¢(z5). More-
over, any protocol that computes go f can also be used to compute g’o f in the following
way. Suppose Alice and Bob gets inputs z1, ...,z and y1, ..., 4. For each set .S; and
coordinate j € S;, Alice sets z; = z; if z; = 0, and otherwise, sets z; = Z; (from
the row-symmetry property). Bob sets y; = y; for each j € S;. For every coordinate
J ¢ S1U...USy, the players arbitrarily fix inputs such that f(z;,y;) = z;. They can
now run the protocol for go f to compute ¢’'o f and it follows that D(g'o f) < D(go f).
Moreover, Theorem 5.3 shows that

Q(D(f))
log rk(f)

"~ log rk(f)) —bs(g) (Q(Dm) ~ log rk<f>>-

D(g' o f) > s(g)- ( log k()

The theorem follows by applying the same arguments as in the proof of Corollary 5.5.
O

Anup Rao observed that for certain gadgets g, such as inner product IP,,, one can
improve Theorem 5.3 to obtain D(g o f) = Q(s(g) - D(f)/logrka(f)), where rka(f)
is the rank of My over Fo. This can be seen by modifying the proof of Lemma 5.7
and Theorem 5.3 to keep track of rko(f) instead of rk(f).

Theorem 5.12. There exists an absolute constant co > 0 such that for any function
f(zy) with D(f) > cp and any g : {0,1}" — {0,1} we have

Q(D(f))

D(go f) =s(g)- <1gk(f)

— log rkz(f))-

We sketch a proof of this theorem. First, the statement of Lemma 5.7 can be
strengthened to show that there is a monochromatic rectangle of density at least
272T/5(9) . (4 - rko(f))~2. To see this, we make the following slight modification to the
proof. At the start, we suppose that f is biased — the appropriate threshold for the
bias must be updated to |Egy[f(xzy)] —1/2| > 1/2 —1/(4 - rka(f)). Next, as in the
proof, we conclude that at least half the rows are all biased towards the same bit with

probability at least 1 —1/(2-rka(f)). Furthermore, there exist some r rows, x1,..., 2,
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that are maximally linearly independent? over Fy. Again, like in the proof, we can
show that for half the columns the entries corresponding to x1, ..., z, are all the same
bit. Using the linear dependence of any other row on x1, ..., x, over Fo, we can infer
the existence of a rectangle of density at least 1/8. The remainder of the proof of

Lemma 5.7 proceeds as before and does not use any algebraic property of rank.

Lastly, we need to change the proof of Theorem 5.3 in the following way. Each time
we find a monochromatic rectangle R for g using Lemma 5.7, we can recurse on a
sub-matrix where either rka(g) goes down by a factor of 4/5 or the size of the matrix
shrinks by the appropriate amount. If the rank over o is at most 5, one can just
use 6 bits of communication to compute the function since D(f) < rka(f) + 1. This
calculation yields

Q(D(f))
log rka(f)

Furthermore, for any gadget satisfying D(f) = Q(log? rk(f)), we get that D(go f) =

D(ge f) =sto)- ~logra(f) )

Q(s(g) - D(f)/logrka(f)). In particular, for the inner product gadget, we know that
rka(IP,,) < m and D(IP,,) = Q(m).

2this step is slightly different from the proof: the proof assumes that x,...,z, are maximally linearly
independent over R.
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Chapter 6
OPEN PROBLEMS AND CONCLUDING REMARKS

6.1 Randomized Communication

In Chapter 3 we gave an XOR lemma for randomized communication showing that if f
requires C bits to be computed with constant success probability then computing f&m
with probability at least 1/2 + exp(—(n)) requires communication Q(y/n - C'). We built
on information-theoretic techniques developed over a long line of works that addressed
problems in parallel repetition and direct sum theorems in randomized communication.
The new XOR lemma makes use of some new definitions, such as rectangular distributions
and marginal information. Armed with these new definitions, we wonder if we can go back
to obtain improved parallel repetition theorems and optimal direct-sum statements? One
way to obtain an improved direct-sum result for randomized communication is to prove a

better compression result for marginal information.

Open Question 6.1. Given a Boolean function f and a protocol p with communication C
and marginal information My (p, f) < O(I), does there exist a protocol T simulating p with

commaunication O(I°Mlog C) and constant advantage?

Another direction that can potentially benefit from the definition of marginal information
is understanding the randomized communication complexity of computing go f for arbitrary
Boolean functions g. A simpler version of this is to show that computing fV"(z,y) =

f(z1,y1) V...V f(xpn, yn) requires large communication.

Open Question 6.2. Does there exist C > 0 and € € (0,1) such that for any Boolean f
with suc(C, f) < e, it holds that suc(O(y/nC), f¥") < ?

The challenge in proving the above statement is the sub-additivity step; if p is the hard
distribution for f then the hard distribution for fV™ is different from ™. Indeed, if we were

to use p™ then fV™ can be computed with probability 1 —exp(—£(n)) by simply outputting
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1. The candidate hard distribution for f¥” is the following one: choose a random coordinate
i € [n] and sample the inputs in i-th coordinate from p, and everywhere else according to
w(z,y|f~1(0)). The distribution above unlike 1", has correlations across the coordinates.
In our proof of Theorem 4.2, we crucially used the independence of the input distribution
across the coordinates. We note that such a distribution was used by Razborov [55] to prove
a lower bound on the randomized communication complexity of disjointness, which can be

thought of as the n-fold OR of the AND function on 2 bits.

6.2 Deterministic Communication

A natural follow-up to Theorem 5.3 and Corollary 5.5 is whether D(go f) = Q(DT(g)-D(f))
for any f with communication complexity that is a sufficiently large constant. This is open
even for specific gadgets f. For example, the best known bound for f being the index
gadget Ind,, is due to Lovett et al. [40] who showed that for m > Q(n'*¢), it holds that
D(golnd,,) = Q(DT(g) - D(Ind,;,)). We outline a direction to prove a near-optimal lifting
theorem for a different gadget, IP,, (inner-product). Indeed, as discussed in item 2 in
Section 5.6, rka(IP,,) = logm while D(IP,,) = m. Hence, if sensitivity in Theorem 5.3
can be replaced with decision-tree complexity, specifically for the inner-product function
then, one could show that for any m that is a sufficiently large constant, D(g o IP,,) =

Q(DT(Q) : D(IPm)/logD(IPm))

Open Question 6.3. Does there exists mg > 0 such that for any m > mqg and any function

g9:{0,1}" = {0, 1},

D(golP,,) >DT(g) - <§)§:2 - logm).

We reiterate a basic question posed by Karchmer, Raz and Wigderson [34], which asks
about the existence of function f whose corresponding KW-game has large amortized com-
munication complexity. We wonder if the information-theoretic techniques in this thesis can

be used to attack this problem.

Open Question 6.4 ([34]). Is there a Boolean f : {0,1}" — {0,1} with
D(KW*
lim ( /)

= ?
Jim k w(logn)?
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