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Abstract

Improved XOR Lemmas for Communication Complexity

Siddharth Iyer Vaidyanathan

Chair of the Supervisory Committee:
Anup Rao

Department of Computer Science & Engineering

We give communication lower bounds for computing the n-fold XOR of a given Boolean

function f , denoted f⊕n(x, y) := f(x1, y1)⊕. . .⊕f(xn, yn), in both the deterministic and the

randomized setting. In addition, we also give deterministic communication lower bounds on

computing the composition of 2 functions, g ◦ f(x, y) := g(f(x1, y1), . . . , f(xn, yn)). Below

for some absolute constant C0 > 0 and all C > C0 we show the following:

1. Randomized XOR Lemma. If f requires C bits to be computed with some constant

success probability then, computing f⊕n with probability at least 1/2 + exp(−Ω(n))

requires Ω̃(C
√
n) bits.

2. Deterministic XOR Lemma. If f requires C bits to be computed deterministically

then, computing f⊕n deterministically requires Ω(n
√
C) bits.

3. Lifting Theorem. For any function g, having sensitivity s and degree d, and any f

requiring C bits to be computed deterministically, computing g ◦ f deterministically

requires Ω(min{s, d} ·
√
C) bits.

We prove the above results using information theory. In particular, the randomized XOR

lemma is proved using a new notion of information that we call marginal information.
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Chapter 1

INTRODUCTION

In this thesis we aim to further our understanding of some natural questions in com-

putational complexity. Computational complexity is the branch of computer science that

studies the limits of computation. The questions we consider in thesis have the following

theme.

How does the computational difficulty of computing several copies of a given task

scale with the number of copies?

Indeed, if a task can be computed by an algorithm using some C resources then com-

puting n instances of the task can be done with n · C resources by simply repeating the

algorithm on each instance. Is this the best that one can do? The direct sum problem

asks exactly this: does computing n instances of a given task require n times the resources

needed to compute a single one?

One can also consider a variant of this problem by relaxing the requirement of exact

computation to approximate computation; that is, we allow randomized algorithms that

make errors with some small (fixed) probability. The study of randomized algorithms is an

important area within theoretical computer science – for several problems, we know simple

randomized algorithms whose performance is comparable to the best known deterministic

ones.

Suppose we have a function f(x) such that the best randomized algorithm computing it

with C resources succeeds with probability 2/3. What is the relationship between the success

probability of computing n instances of f with the amount of computational resources used.

If one repeats the best randomized algorithm for f on each instance independently, the

probability of succeeds on all n instances is (2/3)n while the amount of resources used is

n · C. In other words, naively repeating the best algorithm for f incurs a linear resource
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blowup while the measure of approximation (the success probability) decreases exponentially

with n. Similar to the direct sum problem, the strong direct product problem asks if this

is necessary: if f requires C resources to be computed with 2/3 success probability, is the

success probability of computing n instances of f with n · C exponentially small in n?

A reason why computing n copies of f might be computationally expensive could simply

be because one needs to express the output of f on n instances. Indeed, the process of

verifying whether or not the output of a computational procedure on n copies of f is

successful is itself quite expensive since one has to check the output for each copy. What if

we replace the requirement of computing f on n copies with that of computing a single bit

of information regarding the n outputs? Let us state this more precisely. Consider some

Boolean f and let f⊕n denote the parity1 of f on n instances. Now, one can ask: how does

the computational hardness of computing f⊕n depend on n and the hardness of f? Is it as

hard to compute (or approximate) f⊕n as it is to compute (or approximate) f on n copies?

As in the case of direct sum/product questions, let us consider what happens if we naively

repeat the best algorithm for f . First, suppose that one needs C resources to compute f

with probability at least 2/3. If we repeat the best procedure for f on each instance and

take the parity of the resulting outputs, the success probability is roughly 1/2+3−n/2. One

can see this by reasoning about a quantity very related to the success probability, known

as advantage. Roughly speaking, the advantage of a randomized procedure for computing

a Boolean function f is the expected value of the random variable which is +1 is the

procedure is successful and −1 if not. It turns out that the advantage multiplies when we

repeat the same procedure multiple times. In other words, the advantage of the repeated

protocol to compute f⊕n is exponentially small in n. Note that f⊕n can be computed

with probability 1/2, equivalently, zero advantage; the naive protocol is barely better than

random guessing even at the expense of a linear blowup in the resources. Is it possible to do

better: does computing f⊕n with advantage at least exp(−O(n)) require a linear blow-up

in the resources?

A statement that shows the hardness of computing the f⊕n in terms of n as well as the

1In general, one can choose any sufficiently complex Boolean function g and ask about the hardness of
computing g ◦ f . The case when g is the parity function is a simple and a natural choice.
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hardness of computing f is called an XOR lemma. The main contributions of this thesis

are new XOR lemmas in the computational model of communication complexity. Before

discussing our results we review some prior work on direct sums/products and XOR lemmas

in theoretical computer science.

1.1 Direct Sums, Direct Products & XOR Lemmas

As one might imagine, the need to repeatedly compute a given task occurs frequently in

computer science. Studying this problem from the perspective of lower bounds has led

to important results in various areas in theoretical computer science, for example circuit

complexity [35, 34], cryptography [66, 37], hardness of approximation [53, 49], etc. Below,

we expand on some of the above examples to provide context for these questions.

Matrix Multiplication. Matrix multiplication provides a classic example of a task

for which one can compute several copies significantly faster than computing each copy

separately. Indeed, multiplying two n × n matrices can be thought of as computing the

product of n different vectors with a fixed matrix. To compute a single matrix-vector

product, one needs to at the very least read the matrix and the vector, which requires n2

operations. Repeating this n times yields an algorithm that takes n3 steps. Yet, in 1969,

Strassen [63] demonstrated a surprising algorithm that multiplies two matrices in time

roughly n2.81 – a noticeable savings over the naive algorithm. The current best algorithm

for matrix multiplication runs in time O(n2.32) [2]! Can we always expect to obtain such

savings or are there tasks for which computing n instances necessarily requires an n-fold

increase in the resources?

Cryptography and Yao’s XOR Lemma. A basic principle of cryptography is that

we can use computational tasks that are hard to compute, yet whose solutions are easy to

verify – like factoring discussed above – to give security guarantees. Given this, one might

hope that there are tasks for which computing several instances really requires a significant

increase in the computational cost. Indeed, a natural way to amplify the complexity of a

task is by simply repeating it. Using computational tasks whose complexity increases upon
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repetition we can hope to build more secure cryptographic systems. A textbook example

of this is the amplification of weak one-way functions to strong one-way functions [66, 37],

which was obtained by the famous Yao’s XOR lemma. A one-way function is a function

that is easy to compute but hard to invert. While we do not yet know whether one-way

functions exist, we have candidates, a notable one being multiplication. Multiplying two

numbers is easy, but factoring – the inverse of multiplication – seems computationally hard.

The weak-to-strong amplification of one-way functions essentially says that using a Boolean

function f that is “mildly” hard to invert, we can construct a function g that is significantly

harder to invert. Moreover, the construction is very simple: g is simply the XOR of f on

polynomially many copies.

We note perhaps a subtle point here. It might well be possible to invert g without

actually inverting each copy of f – an algorithm that inverts several copies of f certainly

yields an algorithm to invert g, but the converse need not hold. Hence, the fact that g is

hard to invert is a stronger statement than saying that inverting f on several instances is

hard. Our main results are XOR lemmas in the computational model of communication

complexity, that we introduce shortly.

Small Circuits vs Shallow Circuits. Our last example comes from an attempt to

answer a question raised earlier: can efficient algorithms be made even faster with access

to more processors? It turns out that efficient algorithms correspond to circuits of small2

size, and algorithms that lend themselves to be efficiently parallelized correspond to circuits

that are shallow3. Hence, the question mentioned above boils down to whether or not

small circuits can be simulated by shallow ones? We believe that this is not the case;

Karchmer, Raz and Wigderson [34] gave an example of a function which can be computed

by polynomial size circuits yet it seems hard to compute with circuits of logarithmic depth.

We shall describe this next (see also Figure 1.1). For an appropriate Boolean function

2size that is polynomial in the length of the input

3where the depth of any leaf is some polynomial in the logarithm of the input length
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f : {0, 1}k → {0, 1}, define the function f (1) : {0, 1}k2 → {0, 1} as

f (1)(x1, . . . , xk) = f ◦ f(x1, . . . , xk) := f(f(x1), . . . , f(xk)).

We can recursively define f (m) : {0, 1}km → {0, 1} to be f (m) := f ◦ f (m−1), where the ◦

operator denotes composition, as written above. If we can show non-trivial lower bounds

on the depth of circuits computing compositions then, for appropriate values of m, we can

hope to show that f (m) can be computed by small circuits but not by shallow ones!

In the next section, we describe the model of communication complexity, which will be

the setting where we formalize the questions stated at the beginning of this chapter.

f

f

f

...

· · · f

· · · f

f · · · f

...

Figure 1.1: The bottommost layer (not pictured) would be the inputs, and the outputs of

intermediate nodes are the inputs to the parent node. The topmost node is the output of

the function.

1.2 Communication Complexity

Communication is inherent in computation. For example, in distributed computing one

typically uses many communicating processors to compute functions; in the streaming set-

ting, a user communicates several times with the cloud to carry out computations over the
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stored data; similarly, a data structure algorithm may repeatedly query the data to com-

pute various statistics, and so on. The model of communication complexity captures the

communication involved in computing in meaningful manner.

In this model, there are two players Alice and Bob. Alice knows an input x, Bob knows

an input y and the players wish to compute a function f(x, y). They do so by executing a

communication protocol π – an algorithm that specifies the message that each player con-

veys to the other in an alternating manner. Sometimes, we will allow the players to share

a common (public) random tape and give them access to (private) random coins. Access

to randomness dramatically changes the power of protocols, and so we will make it clear

whether the protocol is deterministic or randomized. A detailed background on communi-

cation complexity can be found in [52]. The deterministic communication complexity of f ,

denoted by D(f), is the length of the cheapest deterministic protocol computing f .

Since its introduction in 1979 by Yao [67], the study of the communication complexity of

functions has proven extremely fruitful in theoretical computer science. Indeed, this model

has several connections to other objects in computer science, such as, circuit complexity

[35, 34], data structures [1, 43], streaming algorithms [3, 5], and proofs [54, 21] just to name

a few. Moreover, researchers have had a lot of success proving lower bounds in this model,

often times using ideas from several different fields of mathematics [55, 51, 39].

Let us now turn to the main contributions of this thesis: XOR lemmas in communication

complexity.

1.3 Our Contributions

Direct-sum type statements have been studied in communication complexity for several

years now. A major reason to understand these type of questions is due to the connec-

tion between circuits and communication protocols that was discovered by Karchmer and

Wigderson [35]. They observed an equivalence between the depth of the best circuit com-

puting a given function f and the length of the shortest protocol computing the so-called

Karchmer-Wigderson game for f , denoted KWf . In the communication game KWf , Alice

receives an input x ∈ f−1(0) and Bob receives y ∈ f−1(1). Their goal is to output an index

i such that xi ̸= yi. As they showed, the length of the shortest protocol achieving this is
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exactly equal to the depth of the best circuit computing f . Hence, obtaining lower bounds

on the communication complexity of KWf◦g in terms of that of KWf and KWg is an avenue

to show the existence of functions computable by small circuits but not by shallow ones.

Understanding the communication complexity of Karchmer-Wigderson games has been

a major challenge, mainly because KWf is a relation: for a given pairs of inputs x, y,

there could be several valid answers. However, over the last few decades researchers have

developed several tools to understand the communication complexity of functions. Perhaps

the earliest direct sum statement in communication complexity is due to Feder, Kushilevitz,

Naor and Nisan [18]. In words, they showed that computing n copies of a function f requires

communication roughly n times the square-root of the communication for a single copy.

Randomized Communication. Direct sums and its variants have been extensively

studied in randomized communication complexity as well. A central work in this area is due

to Barak, Braverman, Chen and Rao [6]. They showed that for any function f , computing

fn(x, y) := (f(x1, y1), . . . , f(xn, yn))

with probability 0.99 requires communication roughly
√
n times the communication required

to compute f with probability 0.99. They also showed a similar result to compute the n-fold

XOR of f , denoted

f⊕n(x, y) = f(x1, y1)⊕ . . .⊕ f(xn, yn).

They proved that for any function f with sufficiently large randomized communication

complexity, computing f⊕n with constant success probability requires Ω̃(
√
n) times the

communication for a single copy. Building on a recent work of Yu [68], we strengthen the

previous lower bound. In Chapter 3, we show that computing f⊕n with probability that is

barely larger, 1/2+ exp(−Ω(n)), requires roughly
√
n times the communication for a single

copy. In Chapter 4, we supply the details of the proof of this XOR lemma.

Deterministic Communication. In Chapter 5, we prove two related results. First,

we show a deterministic XOR lemma in communication complexity; i.e., we show a lower



8

bound on the communication required to compute f⊕n(x, y) in terms of n, the communi-

cation complexity of f , and a related measure known as the rank. The rank of f , denoted

rk(f), is simply the rank of the matrix encoding the function f . Rank and communication

complexity are known to be be related: the communication complexity of a function is at

least the logarithm of its rank. Moreover, the log-rank conjecture, a well-known conjecture

in the area, asserts that the communication can be bounded by some polynomial in the

logarithm of the rank. We show that

D(f⊕) ≥ n ·
(
Ω(D(f))

log rk(f)
− log rk(f)

)
.

Using the fact that the rank of n-fold XOR of f is (rk(f)−1)n, we can obtain as a corollary of

the above result that if D(f) is a sufficiently large constant, the communication complexity

of the n-fold XOR is at least Ω(n ·
√
D(f)).

Next, we generalize the preceding result to show a similar lower bound on the commu-

nication required to compute g ◦ f(x, y) := g(f(x1, yn), . . . , f(xn, yn)) for arbitrary g and f .

There are several well-studied complexity measures of Boolean functions, such as sensitiv-

ity, block-sensitivity, degree, and decision-tree complexity, etc. The above measures are all

related to each other up to polynomial factors, and our lower bound is in terms of one such

measure – the sensitivity. We show that

D(g ◦ f) ≥ s(g) ·
(
Ω(D(f))

log rk(f)
− log rk(f)

)
,

where s(g) is the sensitivity of g. The sensitivity of g at a point x is the number of (sensitive)

coordinates i such that if xi is flipped while keeping the others unchanged, then the output of

g also flips. The sensitivity of g is the largest sensitivity that it can have at any point. Similar

to how we used the tensor property of rank in the case of XOR above, we can show that

rk(g ◦ f) ≥ (rk(f)− 1)deg(g), where denotes the degree of the unique, multilinear polynomial

that computes g. Using this fact, we obtain as a corollary that if D(f) is a sufficiently large

constant then the communication complexity of g ◦ f is Ω
(
min{s(g), deg(g)} ·

√
D(f)

)
.

The last statement is called a lifting theorem since it “lifts” a lower bound from a weaker

model to a stronger model. In our case, we lift sensitivity/degree, which are complexity

measures of Boolean functions, to communication complexity. In prior work, several lift-



9

ing theorems have been proved with applications in communication complexity and proof

complexity, and we review the relevant work in Chapter 5.

1.4 XOR Lemmas via Information Measures

The proofs of the 3 results mentioned above use information theory – a powerful mathemat-

ical tool with applications in several areas of mathematics, computer science, engineering,

and statistics. We obtain the XOR lemma for deterministic communication as well as the

lifting theorem using entropy – a basic definition from information theory. Perhaps more

interestingly, the XOR lemma for randomized communication is obtained using a new defi-

nition of information, known as marginal information. Next, we give a brief background on

information theory in the context of obtaining XOR lemma-type statements in communi-

cation complexity.

Information theory goes back to the work of Shannon [59], who wanted to know the

minimum number of bits required to communicate a message sampled from some known

distribution. For instance, communicating two uniformly random bit can be done by sending

the bits themselves, however, if the distribution is skewed one can optimize the average the

number of bits sent. For example, if “00” is sampled with probability 0.99 and the rest of

them equally likely then, one could use the following strategy: use the bit 0 to encode “00”,

and send all other messages by sending 1 followed by the message itself. Now, the expected

communication is 0.99 × 1 + 0.01 × 3 = 1.02, which is much lesser than sending the 2 bits

in the clear.

Shannon showed that in general, the communication required is given by a quantity

known as the entropy of the message. At a high level, this quantity captures how much Bob

learns about the message. In the example above, the most likely case is that Alice wants to

send the message “00” – this happens with probability 0.99. Hence, when Bob receives a

zero, he does not learn much. When he receives a longer message, such as “111”, he learns

that Alice actually wanted to send “11” which is surprising since it occurs less frequently.

The proofs of the deterministic XOR lemma and the lifting theorem both use the notion

of entropy as well as one of its key properties, known as sub-additivity. Historically, infor-

mation theoretic methods have been used extensively for randomized communication but
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to a lesser extent for deterministic. Our results are one of the first instances of the applica-

tion of information theory to obtain an XOR lemma and a lifting theorem for deterministic

communication.

Before returning to the randomized XOR lemma, we briefly revisit the example at the

start of this section. There, Alice and Bob were able to come up with a strategy that

leveraged the skewed nature of the distribution, to effectively “compress” the contents of

the message. Indeed, instead of sending 2 bits in the clear Alice just sends a single bit most

of the time.

A natural question is whether or not we can do something similar for an entire conver-

sation, instead of just a single message. This is of particular interest for communication

complexity: we might hope to reduce the length of a protocol by compressing it in a similar

manner as above.

It is worth noting that a natural way to compress a protocol is to compress each message

one after the other; this approach has led to direct sum type statements in the bounded-

round setting of communication complexity [31, 23, 68]. Such statements typically show

that if r-round, C-bit protocols cannot succeed to compute f with good probability (or

advantage) then r-round protocols with O(nC/r) communication fail to compute fn (of

f⊕n) with good probability (or advantage). Such statements are trivial in the setting where

r = C – each message is a single bit.

As it turns out, like entropy, a similar quantity known as the information complexity,

determines the extent to which general communication protocols can be compressed. The

definition of information complexity is due to Barak, Braverman, Chen and Rao [6], and is

inspired by variants of this quantity from prior works [53, 15, 4]. Barak et al. showed that

protocols with communication C and information I can be compressed down to commu-

nication roughly
√
IC logC. They used this to give a direct sum theorem for randomized

communication complexity. They showed that to compute n instances of a function f(x, y)

with probability 0.99, the communication required is roughly
√
n times the communication

required for a single instance. Subsequently, Braverman, Weinstein, Rao and Yehudayoff

[12] used this definition to strengthen the previous result and proved a direct product state-

ment. They showed that to compute n instances of a function f(x, y) with probability as
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small as exp(−Ω(n)) requires Ω̃(
√
n · C).

Very recently, Yu [68] proved an strong XOR lemma for bounded-round protocols.

Roughly speaking, he showed that if r-round, C-bit protocols fails to compute f with ad-

vantage more than 1/3 then r-round protocols with O(nC/rO(r)) bits of communication fail

to compute f⊕n with advantage exp(−O(n)). A major challenge in proving an XOR lemma

for randomized communication with exponentially small advantage is that the techniques

developed for the direct sum/product problems show that information of protocols that

compute the n-fold repetition must be large. However, there are protocols that simultane-

ously have both exponentially small advantage and exponentially small information. Hence,

it seems unlikely that we can prove an XOR lemma for exponentially small advantage using

information complexity.

Yu’s proof had several new ideas, including that of a potential function which built

on the concept of information cost. Our result generalizes Yu’s work to all protocols and

combines it with the compression methods similar to Barak et al. [6]. In the course of the

proof of our XOR lemma, we give a new definition of information that we call marginal

information. We provide a more detailed account of information cost, its variants and the

related results in Chapter 3.

1.5 Organization

We review some preliminary mathematical definitions and facts in Chapter 2. In Chapter 3

we state our randomized XOR lemma, and in Chapter 4 we give the complete proof. Both

these chapters are based on the following joint work with Anup Rao [29].

• Siddharth Iyer and Anup Rao. “XOR Lemmas for Communication via Marginal

Information”. In: STOC 2024. 2024, pp. 652–658. isbn: 9798400703836. doi:

10.1145/3618260.3649726. url: https://doi.org/10.1145/3618260.3649726

Next, in Chapter 5 we prove the deterministic XOR lemma and the lifting result.

• The XOR lemma for deterministic communication is based on the following joint work

with Anup Rao [28].

https://doi.org/10.1145/3618260.3649726
https://doi.org/10.1145/3618260.3649726
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Siddharth Iyer and Anup Rao. An XOR Lemma for Deterministic Communication

Complexity. 2024. arXiv: 2407.01802 [cs.CC]. url: https://arxiv.org/abs/

2407.01802

• The lifting result is based on [27].

Siddharth Iyer. “Lifting for Arbitrary Gadgets”. In: Electron. Colloquium Comput.

Complex. TR25-036 (2025). ECCC: TR25-036. url: https://eccc.weizmann.ac.

il/report/2025/036

We end with some open problems in Chapter 6.

https://arxiv.org/abs/2407.01802
https://arxiv.org/abs/2407.01802
https://arxiv.org/abs/2407.01802
TR25-036
https://eccc.weizmann.ac.il/report/2025/036
https://eccc.weizmann.ac.il/report/2025/036
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Chapter 2

PRELIMINARIES

In this chapter, we set up notation and review some facts from linear algebra, information

theory, and communication complexity.

We use [n] to denote the set {1, 2, . . . , n}. Given a tuple x = (x1 . . . xn), we let x<i

and x≥i to denote the prefix (x1, . . . , xi−1) and the suffix (xi, . . . , xn) respectively. For

shorthand, we skip commas when referring to several variables; for instance, we write f(xy)

in place of f(x, y) and ABC in place of A,B,C etc. When discussing random processes, we

use capital letters to denote random variables and lower-case letters to denote values taken

by them. If XY are jointly distributed random variables according to some law p(XY ) and

y is an outcome for Y , we use p(X|y) to denote the conditional distribution of X given

that Y = y. For a random variable X, we use supp(X) to denote the set of points in the

support of p(X). Given a random variable X, distributed according to some law p, and a

function g(x), we denote the expected value of g as Ep(x)[g(x)] :=
∑

x p(x) · g(x). In the

last expression, we slightly abuse notation by overloading p(x) to mean the distribution of

x according sampled according to p rather than the probability that X = x.

Given a Boolean function f : X×Y → {0, 1}, define the functions fn : X n×Yn → {0, 1}n,

f⊕n : X n × Yn → {0, 1} as follows:

fn(xy) = (f(x1y1), f(x2y2), . . . , f(xnyn)),

f⊕n(xy) = f(x1y1)⊕ f(x2y2)⊕ · · · ⊕ f(xnyn).

So, fn computes f on n different pairs of inputs, and f⊕n computes the parity of the outputs

of fn. Additionally, given a Boolean function g : {0, 1}n → {0, 1} and a f as above, denote

the composed function g ◦ f : X n × Yn → {0, 1} as

g ◦ f(xy) = g(f(x1y1), . . . , f(xnyn)).
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2.1 Information Theory

We record some basic information-theoretic facts in this section whose proofs, if omitted,

can be found in [17].

Definition 2.1 (Entropy). Given a random variable A distributed according p(A) the en-

tropy of A is given by

H(A) := E
p(a)

[
log

1

p(a)

]
.

Fact 2.2. If A has finite support, then H(A) ≤ log |supp(p(a))|, with equality if p(A) is the

uniform distribution.

Given two jointly distributed random variables A and B distributed according to p(AB),

the conditional entropy of B given A is defined as

H(B|A) := E
p(ab)

[
log

1

p(b|a)

]
.

It is well-known that H(B|A) ≤ H(B). We also recall the chain rule for entropy

H(AB) = H(A) +H(B|A). (2.1)

Next, we recall the notion of KL-divergence as well as ℓ1-distance between distributions.

Definition 2.3. Given two probability distributions p(A) and q(A), the ℓ1-distance between

p and q is defined as ∥p(A)− q(A)∥1 :=
∑

a |p(a)− q(a)|.

Similarly, the KL-divergence between p and q is defined as

D(p(A)||q(A)) := E
p(a)

[
log

p(a)

q(a)

]
.

Fact 2.4. For any two distributions p(A) and q(A), it holds that D(p(A)||q(A)) ≥ 0. More-

over,
√
D(p(A)||q(A)) ≥ (1/2) · ∥p(A)− q(A)∥1.

Lastly, we define the mutual information between two random variables A and B that

are jointly distributed according to p(AB) to be

I(A : B) := E
p(ab)

[
log

p(ab)

p(a) · p(b)

]
.

Given three random variables A,B and C distributed according to p(ABC), we define

mutual information of A and B conditioned on C as

I(A : B|C) := E
p(abc)

[
log

p(ab|c)
p(a|c) · p(b|c)

]
.
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2.2 Communication Complexity

As mentioned in the introduction, in the model of communication complexity, two players

Alice and Bob receive inputs x ∈ X and y ∈ Y respectively. They wish to compute a known

function1 f : X × Y → {0, 1} by executing a communication protocol, denoted π. The

length of the protocol π is the maximum number of bits communicated in any execution

of π, and is denoted by ∥π∥. The deterministic communication complexity of f , denoted

D(f), is the length of shortest protocol computing f .

In the model of randomized communication complexity, the players have access to a

shared random tape, known as public randomness, as well as private randomness that they

can use when sending any message. We assume that the transcripts of π come from some

space of messages M and for any m ∈ M let mi be the i-th message sent. For ease of

notation, we prepend the shared random string to the start of the protocol’s transcript and

denote it by m0. Given a protocol π, we use π(xy) to refer to the random variable for the

output of π on input x and y; for a deterministic protocol, π(xy) is fixed, otherwise, it

depends on the randomness of π.

Let suc(f, C) denote the success probability of the best randomized protocol computing

f with at most C bits of communication. Formally,

suc(f, C) := inf
π:∥π∥≤C

sup
xy

Pr[f(xy) = π(xy)].

Closely related to the notion of success probability, is that of the advantage of protocols

computing Boolean functions. For a Boolean function f , the advantage of f for protocols

of length at most C is defined as

adv(f, C) := sup
π:∥π∥≤C

inf
xy

E[(−1)f(xy)⊕π(xy)].

We recall the following two protocols from prior work, which we use during the com-

pression step in Chapter 3. The first is based on a protocol in [10] and appears as Lemma

43 in [68].

1The function f need not be Boolean in general, but in this thesis, we restrict ourselves to Boolean
functions.
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Lemma 2.5. [10, 68] Let u, v denote two distributions on some finite set M. For every

ε > 0, there is a 1-round protocol distribution ψ(uvs) (here uv correspond to the inputs of the

protocol, and s corresponds to the transcript), and functions a(us) ∈ M, b(vs) ∈ M∪ {⊥}

with ⊥ /∈M such that ψ(uv) is supported on all pairs uv and, for every uv and z ∈M,

1. ψ(a(us) = z|uv) = u(z),

2. ψ(a(us) ̸= b(vs)|uv, a(us)) ≤ ε+max{0, 1− 2L · v(a(us))u(a(us))}.

3. ψ (b(vs) /∈ {a(us),⊥}|uv) ≤ ε.

Moreover, the communication complexity of ψ is L+ log log 1/ε+ log 1/ε+O(1).

The next lemma appears as Lemma 4.14 in [6].

Lemma 2.6. [6] There is a randomized protocol τ with communication complexity at most

O(log(C/ε)) such that on input two C-bit strings mA,mB, τ outputs the first index i ∈ [C]

such that mA
i ̸= mB

i with probability at least 1− ε, if such an i exists.

2.3 Linear Algebra

In this section we gather some facts regarding communication complexity and its connections

to the rank of matrices, whose proofs can be found in [52]. First, we recall that rank is

sub-additive.

Fact 2.7. For two matrices A1 and A2, we have rk(A1 +A2) ≤ rk(A1) + rk(A2).

For a function f(xy), we denote the matrix corresponding to f asMf whose xy-th entry

is simply (−1)f(xy). The rank of f , denoted rk(f) is the rank of the matrix Mf . We note

that the communication complexity of a function is at least the logarithm of rank of the

corresponding matrix.

Fact 2.8. For any function f : X × Y → {0, 1}, we have D(f) ≥ ⌈log rk(f)⌉.

Lastly, we need the fact that a protocol with a small number of leaves can be simulated

by a short protocol (see [52] Theorem 1.7).
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Fact 2.9. Given a protocol π with ℓ leaves, there exists a protocol with communication at

most ⌈2 log3/2 ℓ⌉ that outputs π(x, y) on inputs x and y.

2.4 Boolean Function Complexity Measures

In this section, we recall some concrete complexity measures of Boolean Functions, such as

sensitivity, degree and decision-tree complexity as well as the relationships between them.

For a detailed background, we refer the reader to the survey of Buhrman and de Wolf [14].

The sensitivity of a Boolean function g : {0, 1}n → {0, 1} at a point z is defined as

sz(g) := |{i : g(z) ̸= g(z<i, 1− zi, z>i)}|,

and the sensitivity of g is s(g) = maxz sz(g).

A decision tree of depth d is an adaptive (deterministic) query algorithm, making at

most d queries to compute a given function. The algorithm queries variables xi1 , . . . , xid

adaptively and outputs a bit based on the values of the variables it has queried. We say

that a decision tree computes a function g, if on every input x, the algorithm outputs g(x).

The decision tree complexity of g, denoted DT(g) is the least depth of a decision tree among

those that compute g.

We also recall that for every function g : {0, 1}n → {0, 1}, there exists a unique real,

multilinear polynomial

q(x) =
∑
S⊆[n]

cS ·
∏
i∈S

xi,

such that q(x) = g(x) for all x ∈ {0, 1}n. The degree of g, denoted deg(g), is the degree of

q.

The above complexity measures are known to be related to each other up to polynomial

factors. In particular, we know that for any f ,

deg(f), s(f) ≤ DT(f), (2.2)√
deg(f) ≤ s(f) ≤ 2 · deg(f)2, and (2.3)

DT(f) ≤ 2 · deg(f)3. (2.4)



18

In the preceding facts, Equation (2.2) is due to Nisan and Szegedy [45] (see also [44]).

The lower bound in Equation (2.3) is due to Huang [25], and the upper bound is again due

to Nisan and Szegedy [45]. Lastly, Equation (2.4) was shown by Midrijānis [42].
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Chapter 3

MARGINAL INFORMATION AND A STRONG XOR LEMMA

In this chapter, we state a strong XOR lemma for randomized communication com-

plexity, using a new notion of information, called marginal information. A wide variety

of important lower bounds in computer science ultimately rely on information-theoretic

lower bounds in communication complexity, including lower bounds on the depth of mono-

tone circuits [34], lower bounds on data structures [47] and lower bounds on the extension

complexity of polytopes [7, 57, 62, 33], to name a few nice examples.

For deterministic communication complexity, Feder, Kushilevitz, Naor and Nisan [18]

proved that if |X |, |Y| ≤ 2ℓ and f requires C bits of communication, then fn requires at

least n(
√
C − log2 ℓ− 1) bits of communication.

For randomized communication, we can ask the following question: if f requires C

bits to be computed with probability 2/3 then how much communication is required to

compute fn with probability 2/3? This is known as the direct sum problem for randomized

communication complexity. We note that there is a natural protocol for fn – simply repeat

the best protocol for f on each instance. This communicates at most n · C bits and in the

worst case, succeeds only if all instances succeed, which happens with probability (1/3)n.

The stronger version of the direct sum, known as the strong direct product problem, asks

if the success probability decays exponentially even ?

More generally, we can ask about the randomized communication complexity of com-

puting compositions: what is the communication required to compute g ◦ f with constant

(or smaller) probability? In the special case where g is the parity function (⊕), an assertion

that computing f⊕n is significantly harder than computing f is called an XOR Lemma.

Note that f⊕n can trivially be computed with probability 1/2 – simply output a random

bit. The naive protocol that repeatedly computes f on each instance and then computes the
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parity, succeeds with probability 1/2 + 3−n/2. This can be seen by an inductive argument:

Pr[computing f⊕n] = Pr[computing f⊕n−1] ·Pr[computing f ]

+ (1−Pr[computing f⊕n−1]) · (1−Pr[computing f ])

≤ 2Pr[computing f⊕n−1]/3 + (1−Pr[computing f⊕n−1])/3

≤ (1 +Pr[computing f⊕n−1])/3 ≤ 1/2 + 3−n/2.

We point the reader to Section 2.2 for the notation and definitions of different quantities

in randomized communication complexity such as advantage and success probability. Our

main result is as follows.

Theorem 3.1. There is a universal constant κ > 0 such that if C > 1/κ and adv(C, f) <

1/2, then

adv
( κC

√
n

log(Cn)
, f⊕n

)
< exp(−κn).

The constant 1/2 is not important, it can be replaced by any constant less than 1.

We note that a condition of the form C > 1/κ is necessary, because if x, y ∈ {0, 1} and

f(xy) = x⊕ y, then adv(1, f) = 0, yet adv(2, f⊕n) = 1.

Prior to this result, the best known upper bound was proved by Barak, Braverman,

Chen and Rao [6], who showed that the advantage is at most 1/2 for a similar choice of the

other parameters. Our work builds on the work of Yu [68], who proved exponentially small

bounds on the advantage in the setting of bounded-round communication protocols. Using

similar ideas we can prove several other results similar to Theorem 3.1.

Next, we give an overview of the past work that led us to the notion of marginal infor-

mation, explain the intuitions behind the choices made in the definition, and then describe

all of our results in Section 3.2.

3.1 The evolution of information complexity

Our definition of marginal information is the most recent advance in an evolution of defini-

tions about information. Using the new definition of marginal information we relate bounds

on the communication and advantage for computing f to the corresponding parameters for

f⊕n via a scheme that has been applied many times before. We prove:
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Step 1 Every protocol computing f⊕n with significant advantage and small communication

has small marginal information; see Theorem 3.5.

Step 2 Marginal information is subadditive, so the marginal information for computing f

is smaller by a factor of n; see Theorem 3.6.

Step 3 Small marginal information can be compressed to give protocols with small com-

munication; see Theorems 3.7 to 3.10.

Definitions of information are famously subtle. In order to make this strategy work, the

marginal information needs to permit all 3 steps, and even minor changes to the definition

can make one of the steps infeasible.

Our current definition builds on important insights and intuitions developed in theoreti-

cal computer science over a period of decades. An early precursor to the use of information

theory in computer science is the work of Kalyanasundaram and Schnitger, who used Kol-

mogorov complexity to prove lower bounds on the randomized communication complexity of

the disjointness function [58]. The proof was subsequently simplified by Razborov [55], who

gave a beautiful short argument that used Shannon’s notion of entropy [59] and implicitly

followed the outline of the steps 1,2,3 described above. This is related to the questions we

study here because the disjointness function can be thought of as a way to compute the

AND of 2 bits n times. Step 1 is relatively easy for this problem. Step 2 involved a clever

way to split the dependence between random variables, and was accomplished using the

sub-additivity of entropy. Step 3 is also not too difficult.

3.1.1 Parallel Repetition

The next chapter of the story was written during the study of parallel repetition, a vital

tool in the development of probabilistically checkable proofs. Raz [53] proved the first expo-

nentially small bounds in this context using the KL-divergence as a measure of information.
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Given a distribution p(xy), and a carefully chosen event W , Raz measured the divergence

E
p(xy|W )

[
D(p(x|yW )||p(x|y)) +D(p(y|xW )||p(y|x))

]
= E

p(xy|W )

[
log
(p(x|yW )

p(x|y)
· p(y|xW )

p(y|x)

)]
. (3.1)

In the proof, it is crucial that the event W is rectangular, meaning that if x, y are indepen-

dent, then they remain independent even after conditioning onW . Once again, Step 1 is not

too difficult. Raz used the sub-additivity of divergence and a similar set of clever random

variables as in [55] to split the dependence and accomplish Step 2. Later, Holenstein [24]

introduced a method called correlated sampling to simplify the analogue of Step 3 in Raz’s

proof, and obtained better bounds. Rao [49] used these tools to prove optimal bounds for

parallel repetition in the setting relevant to probabilistically checkable proofs.

3.1.2 Direct Sums via Internal and External Information

Chakrabarti, Shi, Wirth and Yao [15] were the first to propose using general measures of

information complexity to address the questions we consider in this paper. For inputs xy

and transcripts m, we denote by p(xym) the joint distribution induced by the protocol1 p.

Chakrabarti et al. [15] proposed to measure the mutual information

I(M : XY ) = E
p(xym)

[
log

p(xy|m)

p(xy)

]
.

Years later, this measure was renamed external information by [6]. The external information

measures the information learned by an external observer about the parties’ inputs. Step

1 is easy for this measure of information. However, the sub-additivity of Step 2 does

not hold in general; the proof only goes through when the input distribution p(xy) is a

product distribution. Jain, Radhakrishnan and Sen [31], and Harsha, Jain, McAllester

and Radhakrishnan [23] gave ways to implement Step 3 that led to bounds on the success

probability for computing fn in the setting where the inputs are assumed to come from a

product distribution and the communication protocols are restricted to having a bounded

number of rounds. Meanwhile, Bar-yossef, Jayram, Kumar and Sivakumar [4] showed how

1We often say p(xym) is a protocol when we mean that it is a distribution induced by a protocol.
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to reframe Razborov’s proof using mutual information instead of entropy, and proved other

results using this formulation which contained hints of the definition of information that

came next.

The first upper bounds on the success probability in the general setting came when

Barak, Braverman, Chen and Rao [6] adapted the methods developed in the study of parallel

repetition to these problems. In contrast with the external information, they defined the

internal information, which is the sum of two mutual information terms

I(M : X|Y ) + I(M : Y |X) = E
p(xym)

[
log
(p(x|ym)

p(x|y)
· p(y|xm)

p(y|x)

)]
. (3.2)

The internal information measures what is learned by each party about the other’s input.

Equation (3.1) was the inspiration for Equation (3.2); indeed, each setting of m corre-

sponds to a rectangular event. When the inputs come from a product distribution, the

internal and external information are the same, and [6] proved that sub-additivity holds for

internal information using an argument similar to the one used in the context of parallel

repetition. Moreover, they showed how to leverage the technique of correlated sampling

developed by Holenstein to simulate protocols with information I and communication C

using ≈
√
IC/ logC communication. They gave near optimal simulations of ≈ I log2C

for protocols with small external information using rejection sampling and a variant of

Azuma’s concentration inequality. These results proved that there is a constant κ such that

if adv(C, f) < 1/2, then

adv
( κC

√
n

log(Cn)
, f⊕n

)
< 1/2,

which was the first result along the lines of Theorem 3.1. Later, Braverman and Rao [10]

showed that the internal information cost of a function is equal to the amortized communi-

cation complexity of that function, suggesting that this is the right definition of information

in the interactive setting.

Since then, several researchers have studied the problem of compressing protocols with

internal information I and communication C. Braverman [8] showed how to obtain protocols

with communication ≈ 2O(I). Ramamoorthy and Rao [48] showed that if IA, IB denote the

internal information learned by each party, then you can achieve communication ≈ IA·2O(IB)
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and can also achieve communication ≈ IA + 4
√
IB · C3. The work of Sherstov [60], building

on the work of Kol [36], showed that ≈ I log2 I communication can be achieved when the

inputs come from a product distribution. Ganor, Kol and Raz [19] (see also [50]) gave a

nice counterexample: a function that can be computed with communication ≈ 22
O(I)

, and

internal information ≈ I, but cannot be computed with communication ≈ 2I .

3.1.3 Direct Products via New Information Measures and Proxy Distributions

The next definition to evolve was proposed by Braverman, Weinstein, Rao and Yehudayoff

[12, 11], inspired by the work of Jain, Pereszlényi and Yao [30]. Rather than bounding

the information under the distribution p(xym), they bounded the infimum of information

achieved in the ball of distributions that are close to the protocol. They defined the infor-

mation to be the infimum

inf
q
I
q
(M : X|Y ) + I

q
(M : Y |X) = inf

q
E

q(xym)

[
log
(q(x|ym)

q(x|y)
· q(y|xm)

q(y|x)

)]
, (3.3)

where here the infimum is taken over all distributions q(xym) that are close to p(xym) in

statistical distance. This quantity was ultimately bounded by setting q(xym) = p(xym|W ),

where here W is a reasonably large event (not necessarily rectangular) that implies that

the protocol correctly computes the function. The bound on Equation (3.3) does not lead

to a bound on the information according to p(xym), because it is quite possible that the

points outside W reveal a lot of information. Still, [12] were able to follow all 3 steps of the

high-level approach to prove their results. Step 1 remained easy, but Steps 2 and 3 became

more difficult using Equation (3.3). [12] obtained exponentially small upper bounds for

the success probability of computing fn, but did not manage to prove new bounds on the

advantage for f⊕n using this approach. Equation (3.3) may not seem very different from

Equation (3.2), but it does involve a proxy q, and we pursue the use of such proxies further

in the definition of marginal information that we discuss next.

3.1.4 XOR Lemma via Marginal Information

In a paper full of new ideas, Yu [68] recently proved exponentially small bounds on the

advantage of bounded-round protocols computing f⊕n. Although Yu’s paper involves a
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potential function that superficially looks like a definition of information, his proof does

not involve a method to compress protocols whose potential is small, and we are unable

to extract a definition of information from his work. Still, his ideas inspired many of the

choices made in our definition. To define the marginal information, we need the concept of

a rectangular distribution, which was defined in [68]:

Definition 3.2. Given a set Q consisting of triples (xym), we say that Q is rectangular if

its indicator function can be expressed as

1Q(xym) = 1A(xm) · 1B(ym),

for some Boolean functions 1A, 1B. Given a distribution q(xym) and a distribution µ(xy),

we say that q is rectangular with respect to µ if it can be expressed as

q(xym) = µ(xy) ·A(xm) ·B(ym),

for some functions A,B.

For intuition, it is helpful to think of a rectangular distribution as the result of con-

ditioning a protocol distribution p(xym) on a rectangular event. That would produce a

rectangular distribution, but the space of rectangular distributions actually contains other

distributions that cannot be obtained in this way.

From our perspective, the most useful insight of Yu’s work is that if q is restricted to

being rectangular, then one can allow q to be quite far from p in Equation (3.3) and still

carry out a meaningful compression of a protocol p to implement Step 3. That is because the

rectangular nature of q allows the parties to use hashing and rejection sampling to convert

a protocol that samples from p into a protocol that samples from q. If q(xym) = p(xym|R)

for a rectangular event R, this is easy to understand: the parties can communicate 2 bits

to compute if xym ∈ R and output the most likely value of f under q with xym ∈ R. If

xym /∈ R they can output a random guess for the value of f . So, it is enough to bound the

information terms for xym ∈ R, and enough to guarantee that the compression is efficient

for such points. This observation is very powerful, because it allows us to throw away

problematic points in the support of the distributions we are working with and pass to

appropriate sub-rectangles throughout our proofs.
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For all of this to work, it is crucial that the protocol retains some advantage within the

support of q. For this reason, we need to keep track of the information in the support of q

as well as the advantage within the support of q, and so, for the first time, the measure of

information is going to depend on the function f that the protocol computes. We are ready

to state the definition:

Definition 3.3 (Marginal Information). For I ≥ 1 and2 δ = 1/15, the marginal information

of a protocol p for computing f is defined as

MI(p, f) = inf
q
sup
xym

log
(q(x|ym)

p(x|y)
· q(y|xm)

p(y|x)
·
(q(xym)

p(xym)

)I
·
∣∣∣ E
q(x′y′|m)

[(−1)f(x′y′)]
∣∣∣−12I/δ)

,

where the infimum is taken over all distributions q that are rectangular with respect to the

input distribution p(xy), and the supremum is taken over all xym in the support of q.

We use the letter I above because it turns out that protocols computing f can be

efficiently compressed when MI = O(I), and any compression must have communication

Ω(I). Compare Definition 3.3 with Equations (3.2) and (3.3). The fact that q must be

tethered to p is ensured by including the term q(xym)/p(xym). If q(xym) = p(xym|R) for

a rectangular event R, q(xym)/p(xym) will be equal to 1/p(R). The last term in the product

computes the advantage of q for computing f , because under q and given m, the best guess

for the value of f is determined by the sign of Eq(xy|m)[(−1)f(xy)], and its advantage is the

absolute value of this quantity. In words, the marginal information measures the supremum

over all xym of the information per unit of advantage, of the best rectangular approximation

q.

In analogy with the external information, we define the external marginal information:

Definition 3.4. For I ≥ 1 and δ = 1/15, the external marginal information of a protocol

p for computing f is defined as:

Mext
I (p, f) = inf

q
sup
xym

log
(q(xy|m)

p(xy)
·
(q(xym)

p(xym)

)I
·
∣∣∣ E
q(x′y′|m)

[(−1)f(x′y′)]
∣∣∣−12I/δ)

,

where the infimum is taken over all distributions q that are rectangular with respect to the

input distribution p(xy), and the supremum is taken over all xym in the support of q.

2Even though δ is a fixed constant, we choose to write it in the definition because it eases the notation
throughout the paper.
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We prove that the external marginal information is equal to the marginal information

when the distribution on inputs is a product distribution in Lemma 3.21.

To state our results about marginal information, we first define the average-case measure

of advantage. Given a distribution µ(xy) on inputs, define

advµ(C, f) = sup
∥π∥≤C

E[(−1)π(xy)+f(xy)],

where here the expectation is over the choice of inputs xy as well as the random coins of

the communication protocol. To study the more restricted setting where the protocols we

are working with have a bounded number of rounds, define the worst-case and average case

quantities:

advr(C, f) = sup
∥π∥≤C

inf
xy

E[(−1)π(xy)+f(xy)],

advrµ(C, f) = sup
∥π∥≤C

E[(−1)π(xy)+f(xy)],

where throughout, the suprema are taken over r-round protocols.

Returning to our high-level approach, we prove the following results about marginal

information, which allow us to carry out Steps 1,2,3:

1. In Section 4.1, we show that a protocol with small communication and large advantage

has small marginal information, to handle Step 1:

Theorem 3.5. For every Boolean function f(xy) and every protocol p of communi-

cation complexity C,

MI(p, f) ≤ 2C − (1 + 12/δ) · I · log
(

E
p(m)

∣∣∣ E
p(xy|m)

[
(−1)f(xy)

]∣∣∣)+O(I).

For any fixed m, the quantity |Ep(xy|m)[(−1)f(xy)]| measures the advantage of the

protocol for computing f conditioned on that value of m. So, if advµ(C, f
⊕n) ≥

exp(−n) via a protocol corresponding to the distribution p, then the above theorem

implies that MI(p, f
⊕n) ≤ O(C + In). Unlike all previous definitions, for marginal

information Step 1 involves significant work. Our proof crucially uses the fact that

the protocol has bounded communication complexity: for example it would not be

enough to start with a bound on the internal information.
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2. In Section 4.2, we prove that marginal information is sub-additive with respect to the

n-fold XOR of f . If the transcript m = (m0,m1, . . . ,mC), where mj denotes the j-th

message of the protocol, we show

Theorem 3.6. There is a universal constant ∆ such that if I ≥ 1 and p is a protocol

distribution for computing f⊕n with p(xy) =
∏n

i=1 p(xiyi), then there is a protocol pi

for computing f such that pi(xiyi) = p(xiyi), pi has the same number of messages as

p, for j > 1 the support of mj is identical in pi and p, and moreover,

MI(pi, f) ≤
MI(p, f

⊕n)

n
+∆I ·

(
1 + log

MI(p, f
⊕n)

n · I

)
.

If MI(p, f
⊕n) ≤ O(In), this theorem proves that MI(pi, f) ≤ O(I). This might well

be the most technically novel part of our proof; it is certainly where we spent the most

time. The main challenge is proving the result for n = 2, which is very delicate. This

case is captured by Theorem 4.2, and Theorem 3.6 is a straightforward consequence.

If n = 2 and MI(p, f
⊕2) is small, then there is a rectangular distribution q such that

the pair

q(x1x2y1y2m), p(x1x2y1y2m)

leads to a small value of MI(p, f
⊕2). We show how to use q, p to generate a new pair

q1(x1y1m
(1)), p1(x1y1m

(1))

or a new pair

q2(x2y2m
(2)), p2(x2y2m

(2))

proving that either MI(p1, f) or MI(p2, f) is more or less bounded by MI(p, f
⊕2)/2.

A significant first step is the construction of two pairs of rectangular/protocol distri-

butions with the properties described in Equations (4.6) to (4.9). Given this step,

we need to eliminate various problematic points from the support of the distributions

while preserving the rectangular nature of the distribution to ultimately construct the

promised pair of distributions.

We are unable to bound the length of the first message of pi in terms of the length of

the corresponding message of p in Theorem 3.6, because in our proof of Theorem 4.2
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the first messagem
(1)
1 orm

(2)
1 needs to encode one of the inputs of the original protocol.

Fortunately, this is not a significant obstacle for the high-level strategy.

3. In Sections 4.3 and 4.5 to 4.7, we show how to compress marginal information to

handle Step 3. We have been able to match many of the prior results [6, 10, 8]

about compressing information and external information with corresponding results

about compressing marginal information and external marginal information, though

our proofs are much more technical. Our most general simulation is captured by the

following theorem:

Theorem 3.7. For every α > 0 there is a ∆ > 0 such that if MI(p, f) ≤ αI, µ(xy) =

p(xy) and moreover the messages m = (m0, . . . ,mC) are such that m2, . . . ,mC ∈

{0, 1}, then advµ(∆(I +
√
CI log(CI)), f) ≥ 1/∆.

Theorem 3.7 shows that if the marginal information is O(I), then one can obtain a

protocol with communication Õ(
√
CI) that has Ω(1) advantage for computing f . For

the external marginal information, we prove:

Theorem 3.8. For every α > 0, there is a ∆ > 0 such that if Mext
I (p, f) ≤ αI, µ(xy) =

p(xy), and moreover the messages m = (m0, . . . ,mC) are such that m2, . . . ,mC ∈

{0, 1}, then advµ(∆I log
2C, f) ≥ 1/∆.

This theorem gives improved results when the inputs come from a product distribution.

It is quite possible that even better simulations can be obtained using the ideas of [36,

60, 9], but we have not managed to obtain such results. We also obtain results that

are independent of the communication complexity:

Theorem 3.9. For every α > 0, there is a ∆ > 0 such that if MI(p, f) ≤ αI and

µ(xy) = p(xy), then advµ(∆I, f) ≥ exp(−∆I).

When the number of rounds of the protocol is bounded, we prove:
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Theorem 3.10. For every α > 0, there is a ∆ > 0 such that if MI(p, f) ≤ αI,

µ(xy) = p(xy), p has r-rounds and mr ∈ {0, 1}, then advrµ(∆r(I + log r), f) ≥ 1/∆.

These results about the marginal information cost allow us to prove Theorem 3.1, as well

as several other results of that flavor.

3.2 Using marginal information to prove XOR lemmas

To state all of our results, let us define the average-case and worst-case measures of success.

Similar to the definition of suc(C, f) in Section 2.2, we denote

sucr(C, f) = sup
∥π∥≤C

inf
xy

Pr[π(xy) = f(xy)]

sucµ(C, f) = sup
∥π∥≤C

Pr[π(xy) = f(xy)]

sucrµ(C, f) = sup
∥π∥≤C

Pr[π(xy) = f(xy)],

where in sucr, sucrµ the supremum is taken over r-round protocols, and in sucµ, suc
r
µ the

probability is over inputs sampled from µ(xy). Yao’s min-max theorem yields

adv(C, f) = inf
µ

advµ(C, f),

suc(C, f) = inf
µ

sucµ(C, f),

advr(C, f) = inf
µ

advrµ(C, f),

sucr(C, f) = inf
µ

sucrµ(C, f). (3.4)

Given any distribution µ on X ×Y, define the n-fold product distribution µn on X n×Yn

by µn(xy) =
∏n

j=1 µ(xjyj). Theorem 3.1 is proved by proving this stronger bound:

Theorem 3.11. There is a universal constant κ > 0 such that if C > 1/κ and advµ(C, f) ≤

κ, then advµn(κC
√
n/ log(Cn), f⊕n) ≤ exp(−κn).

To prove Theorem 3.11, suppose that there is a protocol p computing f⊕n with advantage

exp(−κn) and communication T = κC ·
√
n/ log(Cn). If T/n ≥ 1, we set I = T/n and apply

Theorem 3.5 to show that MI(p, f
⊕n) ≤ O(T + κIn) ≤ O(In). Next, apply Theorem 3.6 to
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find a protocol p′ with MI(p
′, f) ≤ O(I). Finally, apply Theorem 3.7 to obtain a protocol

computing f with advantage Ω(1) and communication proportional to

T

n
+ 2
√
IT log(T ) ≤ T

n
+ 2

T log T√
n

≲
κC

log nC
· log T ≲ κC.

If T/n < 1, set I = 1 and apply Theorem 3.5 to show that MI(p, f
⊕n) ≤ O(In). Next,

apply Theorem 3.6 to find a protocol p′ with MI(p
′, f) ≤ O(I) = O(1). Finally, we apply

Theorem 3.9 to obtain a protocol computing f with advantage Ω(1) and communication

O(1). Setting κ sufficiently small, we obtain a contradiction in either case, which proves

that there is no protocol p as above. Theorem 3.1 can be obtained from Theorem 3.11 using

Equation (3.4) and the fact that the worst-case success probability of a communication

protocol can be increased by taking the majority outcome of several runs of the protocol.

We leave these details to the reader.

Theorems 3.1 and 3.11 yield bounds on the success probability for computing fn as well:

Corollary 3.12. There is a universal constant κ > 0 such that if C > 1/κ and adv(C, f) <

κ, then suc(κC
√
n/ log(Cn)), fn) < exp(−κn).

Corollary 3.13. There is a universal constant κ > 0 such that if C > 1/κ and advµ(C, f) <

κ, then sucµn(κC
√
n/ log(Cn)), fn) < exp(−κn).

This matches the result proved by [12] mentioned earlier. These corollaries are obtained

by observing that if S ⊆ {1, 2, . . . , n} is chosen uniformly at random, and xy are sampled

according to µn, then

E
[
(−1)

∑
j∈S π(xy)j+f(xjyj)

]
= Pr[π(xy) = fn(xy)],

so a protocol computing fn with success probability exp(−n/2) yields a set of n′ = Ω(n)

coordinates where the protocol computes f⊕n′
with advantage exp(−Ω(n)). Again, we leave

the details to the reader. When the distribution µ(xy) = µ(x)·µ(y) is a product distribution,

we obtain stronger bounds:
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Theorem 3.14. There is a universal constant κ > 0 such that for every product distribution

µ, if C > 1/κ and advµ(C, f) < κ, then advµn(κCn/ log2(Cn), f⊕n) < exp(−κn).

To prove Theorem 3.14, suppose we are given a protocol p computing f⊕n with advantage

exp(−κn) and communication T = κCn/ log2(Cn). If T/n ≥ 1, we set I = T/n and

apply Theorem 3.5 to show that MI(p, f
⊕n) ≤ O(nI). Next, apply Theorem 3.6 to find a

protocol p′ with MI(p
′, f) ≤ O(I). Finally, using the fact that for product distributions,

Mext
I (p, f) = MI(p, f), we can apply Theorem 3.8 to obtain a protocol computing f with

advantage Ω(1) and communication O(I log2(Cn)) ≤ O(κC). Otherwise, if T/n < 1, set

I = 1 and apply Theorem 3.5 to show that MI(p, f
⊕n) ≤ O(n). Then, apply Theorem 3.6

to find a protocol p′ with MI(p
′, f) ≤ O(I) = O(1). Lastly, we apply Theorem 3.9 to obtain

a protocol computing f with advantage Ω(1) and communication O(1). Setting κ to be

small enough gives a contradiction in either case.

As before, this yields a corollary for computing fn:

Corollary 3.15. There is a universal constant κ > 0 such that for every product distribution

µ, if C > 1/κ and advµ(C, f) < κ, then sucµn(κCn/ log2(Cn), fn) < exp(−κn).

Again, this is identical to a bound proved by [12] using a different approach. For the

bounded-round setting, we prove:

Theorem 3.16. There is a universal constant κ > 0 such that if C > (r(log r) + 1)/κ, and

advrµ(C, f) < κ, then advrµn((κC/r − log r)n, f⊕n) < exp(−κn).

Yu [68] proves the same bound on the advantage with a communication budget that

grows like Ω((C/rr −O(1))n). Our bound eliminates the exponential dependence on r. To

prove Theorem 3.14, set T = (κC/r − log r)n, and suppose there is a protocol computing

f with r rounds, communication T and advantage exp(−κn). Set I = T/n ≥ 1. Then, MI

can be bounded by O(T + κIn) by Theorem 3.5. Applying Theorem 3.6 gives an r-round

protocol with MI bounded by O(I), and applying Theorem 3.10 gives an r-round protocol

with communication complexity O(r(I+log r)) = O(κC) computing f with advantage Ω(1).

Setting κ to be small enough proves the result. As usual, we obtain the following corollaries:
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Corollary 3.17. There is a universal constant κ > 0 such that if C > 7(r log r)/κ and

advrµ(C, f) < κ, then sucrµn((κC/r − log r)n, fn) < exp(−κn).

Corollary 3.18. There is a universal constant κ > 0 such that if C > 7(r log r)/κ, and

advr(C, f) < κ, then sucr((κC/r − log r)n, fn) < exp(−κn).

3.3 Organization

In the next section, we setup some notation and record some basic properties of marginal

information Definition 3.3. In Section 3.5 we gather several results related to the trimming

technique borrowed from [68] that will be repeatedly used in the proofs of Sections 4.1

and 4.2. In Section 3.6 we gather several consequences of small marginal information that

are used to analyze our compression schemes.

In the next chapter, we prove Theorems 3.5 to 3.10. We prove Theorem 3.5 in Sec-

tion 4.1, Theorem 3.6 in Section 4.2, and prove the general simulation theorem for marginal

information Theorem 3.7, in Section 4.3. Afterwards, in Section 4.4 we prove that if the

external marginal information is small, then there is a smooth protocol with small exter-

nal marginal information, mirroring a similar result in [6]. We then show how to compress

smooth protocols to prove Theorem 3.8 in Section 4.5. We prove Theorem 3.10 in Section 4.6

and finally, in Section 4.7 we prove Theorem 3.9.

After the next section, we encourage the reader to skip to the next chapter and refer to

the facts proved in Section 3.5 and Section 3.6 as and when necessary.

3.4 Definitions and Basic Properties of Marginal Information

Everywhere in the chapter, we assume that δ > 0 is a sufficiently small constant; δ = 1/15

will suffice.

Definition 3.19. We say that p(xym) is a protocol distribution if it can be expressed as

p(xym) = p(xy) · p(m0) ·
∏

i=1,3,5,...

p(mi|xm<i) · p(mi+1|ym≤i).

Every randomized worst-case protocol corresponds to some protocol distribution p(xym),

where p(xy) can be taken to be the uniform distribution on all possible inputs. Given
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a distribution µ(xy) on inputs, and any protocol generating the messages m, the joint

distribution of xym corresponds again to a protocol distribution p(xym), with p(xy) =

µ(xy).

Recall Definition 3.2. Note that if q is rectangular with respect to µ(xy) and p is a

protocol with p(xy) = µ(xy), it is not necessary that q(xy) = µ(xy). For the purpose of

intuition, it may be helpful to think of a rectangular distribution as the result of conditioning

µ(xy) on the event that it lies in a disjoint union of rectangles indexed by m, though this

statement is not without loss of generality, and we do use the full generality of Definition 3.2.

Let x = x1x2 and y = y1y2. Let µ(xy) = µ(x1y1) · µ(x2y2) be a product distribution. It

will be helpful to define w = (x1y2m). Given m = (m0, . . . ,mr) and y2, we denote

m(1) = (m0, y2m1,m2, . . . ,mr),

m(2) = (m0x1,m1,m2, . . . ,mr). (3.5)

Let us gather some basic facts about rectangular distributions in this setting:

Proposition 3.20. If v is rectangular, then

1. v(xy|w) = v(y1|w) · v(x2|w),

2. v(xw) · v(yw) = v(xym) · v(w),

3. v(x1|y1m(1)) · v(x2|y2m(2)) = v(x|ym), and

4. v(y1|x1m(1)) · v(y2|x2m(2)) = v(y|xm).

Proof. For the first identity, let A,B be such that v(xym) = µ(xy) ·A(xm) ·B(ym). Then

v(xy|w) = v(xyw)

v(w)
=

µ(x1y1) · µ(x2y2) ·A(xm) ·B(ym)∑
x′
2y

′
1
µ(x1y′1) · µ(x′2y2) ·A(x1x′2m) ·B(y′1y2m)

=
µ(x1y1) ·B(y1y2m)∑
y′1
µ(x1y′1) ·B(y′1y2m)

· µ(x2y2) ·A(x1x2m)∑
x′
2
µ(x′2y2) ·A(x1x′2m)

= v(y1|w) · v(x2|w).
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For the second identity,

v(xw) · v(yw) = v(w) · v(yw) · v(x|w)

= v(w) · v(yw) · v(x2|x1ym) (by the first identity)

= v(w) · v(xym).

For the third identity,

v(x1|y1m(1)) · v(x2|y2m(2)) = v(x1|ym) · v(x2|x1y2m)

= v(x1|ym) · v(x2|x1ym) (by the first identity)

= v(x|ym).

A similar calculation yields the fourth identity.

It is easy to check that the external marginal information and marginal information are

the same when the distribution on inputs is product:

Lemma 3.21. If p(xy) = µ(xy) is a product distribution then we have Mext
I (p, f) =

MI(p, f).

Proof. For all rectangular q, we have

q(xy|m) =
q(xym)

q(m)

=
µ(xy) ·A(xm) ·B(ym)∑

x′y′ µ(x
′y′) ·A(x′m) ·B(y′m)

=
µ(x)µ(y) ·A(xm) ·B(ym)∑

x′y′ µ(x
′)µ(y′) ·A(x′m) ·B(y′m)

=
µ(x) ·A(xm)∑
x′ µ(x′) ·A(x′m)

· µ(y) ·B(ym)∑
y′ µ(y

′) ·B(y′m)
,

proving that q(xy|m) is a product distribution.

Thus:
q(x|ym)

p(x|y)
· q(y|xm)

p(y|x)
=
q(xy|m)

p(xy)
,

and so Mext(p, f) = MI(p, f).
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3.5 Trimming and advantage preserving sets

In this section, we gather a few lemmas about trimming rectangular sets to pass to subrect-

angles with nice features. The idea of trimming comes from the work of Yu [68].

Lemma 3.22. For every 1 > κ > 0, if a(xym), b(xym) are two distributions, there exists a

rectangular set T such that a(T ) ≥ 1− 3κ and for all xym ∈ T , we have

a(xm|T )
b(xm)

,
a(ym|T )
b(ym)

,
a(m|T )
a(m)

≥ κ.

Proof. The set T is constructed by an iterative process. Initially, T is the set of all triples

xym. In each iteration, if there is xm such that

a(xm|T )
b(xm)

< κ, (3.6)

then delete xm from the support of T , if there is ym such that

a(ym|T )
b(ym)

< κ,

then delete ym from the support of T , and if there is m such that

a(m|T )
a(m)

< κ,

then delete m from the support of T . The process halts when there are no more elements

to delete. Because the distributions we are working with have finite support, this process

must eventually terminate. Initially, T is rectangular, and each deletion step leaves us with

another rectangular set T , so the final T is also rectangular.

Let us bound a(T ). For each pair xm that was deleted from the support of T because

of Equation (3.6), let Txm denote the set T right before xm was deleted. If xm was not

deleted, let Txm denote the empty set.

The total mass deleted using Equation (3.6) is exactly∑
xm

a(xmTxm) =
∑
xm

a(Txm) · a(xm|Txm) <
∑
xm

κ · b(xm) = κ.

Similarly, the total mass deleted using each of the other rules is also at most κ. By the

union bound, this proves that a(T ) ≥ 1− 3κ when the process terminates.



37

As alluded to in the high-level overview, in the course of the proof, we repeatedly pass

through rectangular sets whose points have some nice properties3. While doing so, it is

important for us to ensure that we do not move to a rectangular set where the advantage

vanishes. As in Yu’s proof, we enforce this constraint by working only with “advantage

preserving sets”.

Lemma 3.23. For any distribution v(xym) and a Boolean function h(xy), suppose R is a

rectangular set maximizing

v(R)δ · E
v(m|R)

∣∣∣ E
v(xy|mR)

[
(−1)h(xy)

]∣∣∣. (3.7)

Then, for any rectangular Z ⊆ R, we have

E
v(m|Z)

∣∣∣ E
v(xy|mZ)

[
(−1)h(xy)

]∣∣∣ ≥ 1− δ2 − δ/v(Z|R)
v(R)δ

· E
v(m)

∣∣∣ E
v(xy|m)

[
(−1)h(xy)

]∣∣∣.
Proof. Since R and Z are rectangular, we have

1R(xym) = 1A(xm) · 1B(ym),

and

1Z(xym) = 1A′(xm) · 1B′(ym),

for appropriate sets A,A′ and B,B′. R can be partitioned into three rectangular sets,

Z0 = Z,Z1 and Z2, where

1Z1(xym) = 1A\A′(xm) · 1B(ym)

and

1Z2(xym) = 1A′(xm) · 1B\B′(ym).

By the triangle inequality, we get

E
v(m|R)

∣∣∣ E
v(xy|Rm)

[
(−1)h(xy)

]∣∣∣ ≤ 2∑
i=0

v(Zi|R) · E
v(m|Zi)

∣∣∣ E
v(xy|mZi)

[
(−1)h(xy)

]∣∣∣ (3.8)

3For example, we would like to only consider those points where the information ratios are bounded.
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Let us bound the contribution of Z1, Z2:

2∑
i=1

v(Zi|R) · E
v(m|Zi)

∣∣∣ E
v(xy|mZi)

[
(−1)h(xy)

]∣∣∣
=

2∑
i=1

v(Zi|R)1−δ ·
(v(Zi)

v(R)

)δ
· E
v(m|Zi)

∣∣∣ E
v(xy|mZi)

[
(−1)h(xy)

]∣∣∣
≤

2∑
i=1

v(Zi|R)1−δ · E
v(m|R)

∣∣∣ E
v(xy|mR)

[
(−1)h(xy)

]∣∣∣
(because R is the maximizer of Equation (3.7))

≤ 2δ ·
( 2∑

i=1

v(Zi|R)
)1−δ

· E
v(m|R)

∣∣∣ E
v(xy|mR)

[
(−1)h(xy)

]∣∣∣ (by Hölder’s inequality)

= 2δ ·
(
1− v(Z|R)

)1−δ
· E
v(m|R)

∣∣∣ E
v(xy|mR)

[
(−1)h(xy)

]∣∣∣.
Using the inequalities (1− t)1−δ ≤ 1− t(1− δ)) and 2δ ≤ 1 + δ which hold for t, δ ∈ [0, 1]:

≤ (1 + δ) · (1− (1− δ)v(Z|R)) · E
v(m|R)

∣∣∣ E
v(xy|mR)

[
(−1)h(xy)

]∣∣∣.
Putting this back into Equation (3.8) and rearranging, we get:

E
v(m|Z)

∣∣∣ E
v(xy|mZ)

[
(−1)h(xy)

]∣∣∣ ≥ −δ + (1− δ2)v(Z|R)
v(Z|R)

E
v(m|R)

∣∣∣ E
v(xy|mR)

[
(−1)h(xy)

]∣∣∣
≥ (1− δ2 − δ/v(Z|R)) · v(R)−δ · E

v(m)

∣∣∣ E
v(xy|m)

[
(−1)h(xy)

]∣∣∣,
where we again used the fact that R maximizes Equation (3.7).

Lemma 3.24. Let q(xym) be a rectangular distribution, with x = x1x2 and y = y1y2.

Let f(x1y1), g(x2y2) be Boolean functions. Let G be a subset of triples xym such that the

indicator function 1G(xym) depends only on w = x1y2m, and for each m, G maximizes

q(G|m)δ ·
∣∣∣ E
q(xy|mG)

[
(−1)f⊕g(xy)

]∣∣∣, (3.9)

among all such sets. Then for any w in the support of G, we have∣∣∣∣ E
q(xy|w)

[
(−1)f⊕g(xy)

]∣∣∣∣ ≥ (1− δ) · q(G|m)−δ ·
∣∣∣∣ E
q(xy|m)

[
(−1)f⊕g(xy)

]∣∣∣∣ .
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Proof. Fix w = x1y2m and define G′ ⊆ G to be the subset of G obtained by deleting all

triples xym consistent with w. Using the triangle inequality, we can write∣∣∣ E
q(xy|mG)

[
(−1)f⊕g(xy)

]∣∣∣
≤ q(w|mG) ·

∣∣∣ E
q(xy|w)

[
(−1)f⊕g(xy)

]∣∣∣+ q(G′|mG) ·
∣∣∣ E
q(xy|mG′)

[
(−1)f⊕g(xy)

]∣∣∣
= q(w|mG) ·

∣∣∣ E
q(xy|w)

[
(−1)f⊕g(xy)

]∣∣∣+ q(G′|mG)1−δ · q(G
′|m)δ

q(G|m)δ
·
∣∣∣ E
q(xy|mG′)

[
(−1)f⊕g(xy)

]∣∣∣
≤ q(w|mG) ·

∣∣∣ E
q(xy|w)

[
(−1)f⊕g(xy)

]∣∣∣+ q(G′|mG)1−δ ·
∣∣∣ E
q(xy|mG)

[
(−1)f⊕g(xy)

]∣∣∣,
where in the last line we used the fact that G is the maximizer of Equation (3.9).

Because q(G′|mG) = 1 − q(w|mG), and using the inequality (1 − t)γ ≤ 1 − tγ, which

holds for t, γ ∈ [0, 1], we obtain

∣∣∣ E
q(xy|mG)

[
(−1)f⊕g(xy)

]∣∣∣ ≤ q(w|mG) · ∣∣∣ E
q(xy|w)

[
(−1)f⊕g(xy)

]∣∣∣
+ (1− (1− δ) · q(w|mG)) ·

∣∣∣ E
q(xy|mG)

[
(−1)f⊕g(xy)

]∣∣∣.
Rearranging gives:∣∣∣ E

q(xy|w)

[
(−1)f⊕g(xy)

]∣∣∣ ≥ (1− δ) ·
∣∣∣ E
q(xy|mG)

[
(−1)f⊕g(xy)

]∣∣∣
≥ (1− δ) · q(G|m)−δ ·

∣∣∣ E
q(xy|m)

[
(−1)f⊕g(xy)

]∣∣∣,
where in the second inequality we once again used the fact that G is the maximizer of

Equation (3.9).

3.6 Consequences of small marginal information

Let q be a rectangular distribution achieving MI(p, f). Since q is rectangular, we can write

q(xym)

p(xym)
=

µ(xy) ·A(xm) ·B(ym)

µ(xy) · p(m0) ·
∏

i=1,3,5,... p(mi|xm<i) · p(mi+1|ym≤i)
= g1(xm) · g2(ym),

(3.10)

for appropriate functions g1 and g2.
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For every K ≥ 1, define the sets

SK = {xym : |⌈log g1(xm)⌉+ log g2(ym)| ≤ 3(MI(p, f) +KI)/I}, (3.11)

RK = {xym : p(m1|xm0) ≤ 26(MI(p,f)+KI) · p(m1|ym0)}. (3.12)

Proposition 3.25. For xym ∈ SK ,

−3(MI(p, f) +KI)

I
− 1 ≤ log

q(xym)

p(xym)
≤ 3(MI(p, f) +KI)

I
. (3.13)

Proof. Because log(q(xym)/p(xym)) = log g1(xm) + log g2(ym),

log
q(xym)

p(xym)
≥ ⌈log g1(xm)⌉+ log g2(ym)− 1 ≥ −3(MI(p, f) +KI)

I
− 1,

and

log
q(xym)

p(xym)
≤ ⌈log g1(xm)⌉+ log g2(ym) ≤ 3(MI(p, f) +KI)

I
.

Claim 3.26. If K ≥ 3, q(Sc
K), q(Rc

K |SK) ≤ 5 · 2−(MI(p,f)+KI)/I .

Proof. Define

G1 = {xym : q(x|ym) ≥ 2−(MI(p,f)+KI)/I · p(x|y)},

G2 = {xym : q(y|xm) ≥ 2−(MI(p,f)+KI)/I · p(y|x)},

G3 = {xym : q(xym) ≥ 2−3(MI(p,f)+KI)/I · p(xym)}, and

G4 = {xym : q(x|ym) ≥ 2−(MI(p,f)+KI)/I · p(x|m0m1y)}.

If xym ∈ G1 ∩G2, then

MI(p, f) ≥ log

(
q(x|ym)

p(x|y)
· q(y|xm)

p(y|x)
·
(
q(xym)

p(xym)

)I

·
∣∣∣∣ E
q(xy|m)

[
(−1)f

] ∣∣∣∣−12I/δ
)

≥ −2(MI(p, f) +KI)

I
+ I · log q(xym)

p(xym)
(because xym ∈ G1 ∩G2)

≥ −2MI(p, f)− 2KI + I · (⌈log g1(xm)⌉+ log g2(ym)− 1) (using I ≥ 1)

and rearranging this and using the fact that KI ≥ 1 gives

⌈log g1(xm)⌉+ log g2(ym) ≤ 3(MI(p, f) +KI)/I.
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Moreover, for xym ∈ G3,

⌈log g1(xm)⌉+ log g2(ym) ≥ log
q(xym)

p(xym)
≥ −3(MI(p, f) +KI)/I,

so we have G1 ∩G2 ∩G3 ⊆ SK . We shall prove that q(Sc
K) ≤ 3 · 2−(MI(p,f)+KI)/I by proving

that q(Gc
1), q(G

c
2), q(G

c
3) and q(G

c
4) are all less than 2−(MI(p,f)+KI)/I . We have

q(Gc
1) =

∑
xym/∈G1

q(xym) <
∑

xym/∈G1

q(ym) · p(x|y) · 2−(MI(p,f)+KI)/I

≤ 2−(MI(p,f)+KI)/I ·
∑
xym

q(ym) · p(x|y)

≤ 2−(MI(p,f)+KI)/I ,

and similar calculations show that q(Gc
2), q(G

c
3), q(G

c
4) < 2−(MI(p,f)+KI)/I .

It only remains to bound q(Rc
K |SK). We have

p(m1|xm0)

p(m1|ym0)
=
p(m1|xym0)

p(m1|ym0)
=
p(x|ym0m1)

p(x|ym0)
=
p(x|ym0m1)

q(x|ym)
· q(x|ym)

p(x|y)
,

so, for every xym ∈ G2 ∩G3 ∩G4,

MI(p, f) ≥ log

(
q(x|ym)

p(x|y)
· q(y|xm)

p(y|x)
·
(
q(xym)

p(xym)

)I

·
∣∣∣∣ E
q(x′y′|m)

[
(−1)f(x′y′)

] ∣∣∣∣−12I/δ
)

≥ log

(
p(m1|xm0)

p(m1|ym0)
· q(x|ym)

p(x|ym0m1)
· q(y|xm)

p(y|x)
·
(
q(xym)

p(xym)

)I
)

≥ log
p(m1|xm0)

p(m1|ym0)
− 2(MI(p, f) +KI)

I
− 3(MI(p, f) +KI)

≥ log
p(m1|xm0)

p(m1|ym0)
− 5(MI(p, f) +KI),

since I ≥ 1. Rearranging, we get p(m1|xm0) ≤ 26(MI(p,f)+KI) ·p(m1|ym0), so G2∩G3∩G4 ⊆

RK . The union bound then gives:

q(Rc
K |SK) ≤ q(Gc

2) + q(Gc
3) + q(Gc

4)

q(SK)
<

3 · 2−(MI(p,f)+KI)/I

1− 3 · 2−(MI(p,f)+KI)/I
≤ 5 · 2−3(MI(p,f)+KI)/I ,

since K ≥ 3.

An argument analogous to the one in the previous claim allows us to obtain similar

bounds if marginal information cost is replaced by external marginal information cost:
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Claim 3.27. Let q be a rectangular distribution achieving Mext
I (p, f) and let g1, g2 be as

defined in Equation (3.10). For every K, define

SK = {xym : |⌈log g1(xm)⌉+ log g2(ym)| ≤ 3(Mext
I (p, f) +KI)/I} and (3.14)

RK = {xym : p(m1|xm0) ≤ 25(M
ext
I (p,f)+KI) · p(m1|m0)}. (3.15)

Then, for all K ≥ 2, it holds that q(Sc
K), q(Rc

K |SK) ≤ 4 · 2−(Mext
I (p,f)+KI)/I .

Proof. Define

G1 = {xym : q(xy|m) ≥ 2−(Mext
I (p,f)+KI)/I · p(xy)},

G2 = {xym : q(xym) ≥ 2−3(Mext
I (p,f)+KI)/I · p(xym)},

G3 = {xym : q(xy|m) ≥ 2−(Mext
I (p,f)+KI)/I · p(xy|m0m1)}.

For xym ∈ G1 ∩G2, we have

Mext
I (p, f) ≥ log

(
q(xy|m)

p(xy)
·
(
q(xym)

p(xym)

)I

·
∣∣∣∣ E
q(x′y′|m)

[
(−1)f(x′y′)

] ∣∣∣∣−12I/δ
)

≥ −
(Mext

I (p, f) +KI)

I
+ I · log q(xym)

p(xym)

≥ −(Mext
I (p, f) +KI) + I · (⌈log g1(xm)⌉+ log g2(ym)− 1),

since K, I ≥ 1. Rearranging gives

⌈log g1(xm)⌉+ log g2(ym) ≤
3(Mext

I (p, f) +KI)

I
.

Moreover, for xym ∈ G2

⌈log g1(xm)⌉+ log g2(ym) ≥ log
q(xym)

p(xym)
≥ −

3(Mext
I (p, f) +KI)

I
,

proving that G1 ∩G2 ⊆ SK .

We show that q(Gc
1), q(G

c
2) and q(G

c
3) are all less than 2−(Mext

I (p,f)+KI)/I , which implies

that q(Sc
K) ≤ 2 · 2−(Mext

I (p,f)+KI)/I as desired. To see the upper bound on q(Gc
1), we may

write

q(Gc
1) =

∑
xym/∈G1

q(xym) <
∑

xym/∈G1

q(m) · p(xy) · 2−3(Mext
I (p,f)+KI)/I ≤ 2−(Mext

I (p,f)+KI)/I .
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A similar calculation shows that q(Gc
2) and q(G

c
3) < 2−(Mext

I (p,f)+KI)/I .

Now, we prove that q(Rc
K |SK) ≤ 5 · 2−(Mext

I (p,f)+KI)/I . We have

p(m1|xm0)

p(m1|m0)
=
p(m1|xym0)

p(m1|m0)
=
p(xy|m0m1)

p(xy)
=
p(xy|m0m1)

q(xy|m)
· q(xy|m)

p(xy)
,

so for every xym ∈ G2 ∩G3,

Mext
I (p, f) ≥ log

(
q(xy|y)
p(xy)

·
(
q(xym)

p(xym)

)I

·
∣∣∣∣ E
q(x′y′|m)

[
(−1)f(x′y′)

] ∣∣∣∣−12I/δ
)

≥ log

(
p(m1|xm0)

p(m1|m0)
· q(xy|m)

p(xy|m0m1)
·
(
q(xym)

p(xym)

)I
)

≥ log
p(m1|xym0)

p(m1|m0)
−

(Mext
I (p, f) +KI)

I
− (Mext

I (p, f) +KI)

≥ log
p(m1|xym0)

p(m1|m0)
− 4(Mext

I (p, f) +KI),

since I ≥ 1. Rearranging, we get p(m1|xym0) ≤ 25(M
ext
I (p,f)+KI) · p(m1|m0) for all xym ∈

G2 ∩G3, and so G2 ∩G3 ⊆ RK . The union bound then gives:

q(Rc
K |SK) ≤ q(Gc

2) + q(Gc
3)

q(SK)
<

2 · 2−(Mext
I (p,f)+KI)/I

1− 2 · 2−(Mext
I (p,f)+KI)/I

≤ 4 · 2−(Mext
I (p,f)+KI)/I ,

since K ≥ 2.

For the bounded-round simulation protocol, we need the following claim.

Claim 3.28. Let K ≥ 3, and SK be the set defined in Equation (3.11). Let p(xym) be an

r-round protocol and define

TK =
{
xym : ∀i, p(mi|xym<i)

p(mi|ym<i)
,
p(mi|xym<i)

p(mi|xm<i)
≤ 214(MI(p,f)+KI) · (r + 1)5

}
.

Then q(T c
K |SK) ≤ 22 · 2−(MI(p,f)+KI)/I .
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Proof. Define the sets

G1 = {xm : ∀i, q(xm≤i) ≥ 2−(MI(p,f)+KI)/I · (r + 1)−1 · p(xm≤i)},

G′
1 = {ym : ∀i : q(ym≤i) ≥ 2−(MI(p,f)+KI)/I · (r + 1)−1 · p(ym<i)},

G2 = {xym : ∀i, q(x|ym≤i) ≥ 2−(MI(p,f)+KI)/I · (r + 1)−1 · p(x|y)},

G′
2 = {xym : ∀i, q(y|xm≤i) ≥ 2−(MI(p,f)+KI)/I · (r + 1)−1 · p(y|x)},

G3 = {xym : ∀i, q(x|ym) ≥ 2−(MI(p,f)+KI)/I · (r + 1)−1 · p(x|ym≤i)},

G′
3 = {xym : ∀i, q(y|xm) ≥ 2−(MI(p,f)+KI)/I · (r + 1)−1 · p(y|xm≤i)},

G4 = {xym : ∀i, q(m≥i|xym<i) ≥ 2−(MI(p,f)+KI)/I · (r + 1)−1 · p(m≥i|xym<i)}.

We claim that

3⋂
j=1

(Gj ∩G′
j) ∩G4 ∩ SK ⊆ TK . (3.16)

For xym ∈ G′
2 ∩G2 ∩ SK ,

MI(p, f) ≥ log

(
q(x|ym)

p(x|y)
· q(y|xm)

p(y|x)
·
(
q(xym)

p(xym)

)I

·
∣∣∣∣ E
q(x′y′|m)

[
(−1)f(x′y′)

] ∣∣∣∣−12I/δ
)

≥ log
q(x|ym)

p(x|y)
− (MI(p, f) +KI)

I
− log(r + 1)− 3(MI(p, f) +KI)− I

≥ log
q(x|ym)

p(x|y)
− 4MI(p, f)− 5KI − log(r + 1),

becase I ≥ 1, and by the definition of G′
2 and Equation (3.13). Rearranging implies the

first inequality below, and the second has a similar proof:

q(x|ym)

p(x|y)
,
q(y|xm)

p(y|x)
≤ 25(MI(p,f)+KI)/I · (r + 1). (3.17)

By Equation (3.17), for xym ∈
⋂3

j=1(Gj ∩G′
j) ∩G4 ∩ SK and all i,

p(m≤i|xy)
p(m≤i|y)

=
p(x|ym≤i)

p(x|y)
=
p(x|ym≤i)

q(x|ym)
· q(x|ym)

p(x|y)
≤ 2(MI(p,f)+KI)/I · 25(MI(p,f)+KI) · (r + 1)2.
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Moreover,

p(m≤i|xy)
p(m≤i|y)

=
p(x|ym≤i)

p(x|y)

=
p(x|ym≤i)

q(x|ym≤i)
· q(x|ym≤i)

p(x|y)

=
p(xym≤i)

q(xym≤i)
· q(ym≤i)

p(ym≤i)
· q(x|ym≤i)

p(x|y)

=
p(xym)

q(xym)
· q(m>i|xym≤i)

p(m>i|xym≤i)
· q(ym≤i)

p(ym≤i)
· q(x|ym≤i)

p(x|y)
≥ 2−6(MI(p,f)+KI)/I

(r + 1)3
,

where we used Equation (3.13) as well as the definitions of G4, G
′
1 and G2 in the last step.

Thus,

p(mi|xym<i)

p(mi|ym<i)
=
p(m≤i|xy)
p(m≤i|y)

· p(m<i|y)
p(m<i|xy)

≤ 29(MI(p,f)+KI)/I · 25(MI(p,f)+KI) · (r + 1)5

≤ 214(MI(p,f)+KI) · (r + 1)5,

since I ≥ 1. A similar calculation shows that p(mi|xym<i)
p(mi|xm<i)

< 214(MI(p,f)+KI) · (r + 1)5. We

conclude that Equation (3.16) holds.

Next, we show that q(Gc
4) < 2−(MI(p,f)+KI)/I . Define

t(xym) =


min{i : q(m≥i|xym<i) <

2−(MI (p,f)+KI)/I ·p(m≥i|xym<i)
r+1 } if such i exists,

⊥ otherwise.

We have,

q(Gc
4) = q(t ̸= ⊥) =

r∑
i=0

∑
xym,

t(xym)=i

q(xym)

<
2−(MI(p,f)+KI)/I

r + 1
·

r∑
i=0

∑
xym

t(xym)=i

q(xym<i) · p(m≥i|xym<i)

≤ 2−(MI(p,f)+KI)/I .

A similar argument shows that q(Gc
j), q(G

′c
j ) < 2−(MI(p,f)+KI)/I , for all j ∈ {1, 2, 3}. Thus,

we can bound

q(T c
K |SK) ≤

3∑
j=1

q(Gc
j) + q(G′c

j )

q(SK)
+
q(Gc

4) + q(Sc
K)

q(SK)

≤ 11 · 2−(MI(p,f)+KI)/I

1− 2−(MI(p,f)+KI)/I+2
≤ 22 · 2−(MI(p,f)+KI)/I ,
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where we used Claim 3.26 and the fact that K ≥ 3.

Claim 3.29. For any K ≥ 1, let SK be the set defined in Equation (3.11) and define

TK = {xym : p(m|xy) ≤ 26(MI(p,f)+KI) ·min{p(m|x), p(m|y)}}. (3.18)

Then, for all K ≥ 3, q(T c
K |SK) ≤ 6 · 2−(MI(p,f)+KI)/I .

Proof. Define the sets

G1 = {xym : q(m|xy) < 2−(MI(p,f)+KI)/Ip(m|xy)}

G2 = {xym : q(x|ym) < 2−(MI(p,f)+KI)/Ip(x|y)}

G3 = {xym : q(y|xm) < 2−(MI(p,f)+KI)/Ip(y|x)}.

We claim that q(Gc
1), q(G

c
2) and q(Gc

3) are all smaller than 2−(MI(p,f)+KI)/I . Indeed, to

bound q(Gc
1), we see that

q(Gc
1) =

∑
xym∈G1

q(xym) < 2−(MI(p,f)+KI)/I ·
∑

xym∈G1

q(xy) · p(m|xy) ≤ 2−(MI(p,f)+KI)/I .

The proof for the bounds on q(Gc
2) and q(Gc

3) are similar. For any xym ∈ G1 ∩ G2 ∩ SK ,

we have

MI(p, f) ≥ log

(
q(x|ym)

p(x|y)
· q(y|xm)

p(y|x)
·
(
q(xym)

p(xym)

)I

·
∣∣∣∣ E
q(x′y′|m)

[
(−1)f(x′y′)

] ∣∣∣∣−12I/δ
)

≥ log
q(x|ym)

p(x|y)
− (MI(p, f) +KI)

I
− 3(MI(p, f) +KI)− I

(by Equation (3.13) and definition of G2)

≥ log
q(x|ym)

p(x|ym)
+ log

p(x|ym)

p(x|y)
− 4(MI(p, f) +KI)− I (since I ≥ 1)

≥ −(MI(p, f) +KI)

I
+ log

p(m|xy)
p(m|y)

− 4(MI(p, f) +KI)− I,

where in the last step we used the fact p(m|xy)/p(m|y) = p(x|ym)/p(x|y). Rearranging, we

get that for every xym ∈ G1 ∩G2 ∩ SK

log
p(m|xy)
p(m|y)

≤ 6(MI(p, f) +KI).
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A similar calculation shows that for every xym ∈ G1 ∩G3 ∩ SK it holds that

log
p(m|xy)
p(m|x)

≤ 6(MI(p, f) +KI).

Therefore,

q(T c
K |SK) ≤ q(Gc

1) + q(Gc
2) + q(Gc

3)

q(SK)
≤ 6 · 2−(MI(p,f)+KI)/I .

Additionally, the bound on the marginal information cost implies the following lemma

which will be useful in our simulation.

Lemma 3.30.

E
q(xym)

[ C∑
i≥2

∥p(mi|xm<i)− p(mi|ym<i)∥1
]
≤ 8
√
C ·MI(p, f) (3.19)

E
q(xym)

[∣∣∣∣ E
q(xy|m)

[
(−1)f(xy)

] ∣∣∣∣] ≥ 2−δMI(p,f)/12I . (3.20)

Proof. By our bound on the marginal information cost, we get

MI(p, f) = max
xym∈supp(q)

log

(
q(x|ym)

p(x|y)
· q(y|xm)

p(y|x)
·
(
q(xym)

p(xym)

)I

·
∣∣∣∣ E
q(x′y′|m)

[
(−1)f(x′y′)

] ∣∣∣∣−12I/δ
)

≥ E
q(xym)

[
log

q(x|ym)

p(x|y)

]
+ E

q(xym)

[
log

q(y|xm)

p(y|x)

]
+ I · E

q(xym)

[
log

q(xym)

p(xym)

]
+ E

q(xym)

[
log

∣∣∣∣ E
q(xy|m)

[
(−1)f

] ∣∣∣∣−12I/δ]
(3.21)

By Fact 2.4 and the fact that the advantage is always at most 1, each of the expectations

appearing above is non-negative, and so each term is bounded by MI(p, f). This implies

log E
q(xym)

[∣∣∣∣ E
q(xy|m)

[
(−1)f(xy)

] ∣∣∣∣] ≥ E
q(xym)

[
log

∣∣∣∣ E
q(xy|m)

[
(−1)f(xy)

] ∣∣∣∣] ≥ −δMI(p, f)

12I
,
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thus giving Equation (3.20). For Equation (3.19), we have

E
q(xym)

[ C∑
i≥2

∥p(mi|xm<i)− p(mi|ym<i)∥1
]

≤ E
q(xym)

[∑
i

∥p(mi|xm<i)− q(mi|xym<i)∥1 + ∥q(mi|xym<i)− p(mi|ym<i)∥1
]

≤ 2 E
q(xym)

[∑
i

√
E

q(mi|xym<i)

[
log

q(mi|xym<i)

p(mi|xm<i)

]
+

√
E

q(mi|xym<i)

[
log

q(mi|xym<i)

p(mi|ym<i)

]]
(by Fact 2.4)

≤ 2

√
C · E

q(xym)

[∑
i

log
q(mi|xym<i)

p(mi|xm<i)

]
+ 2

√
C · E

q(xym)

[∑
i

log
q(mi|xym<i)

p(mi|ym<i)

]
(by concavity of

√
·)

= 2

√
C · E

q(xym)

[
log

q(m|xy)
p(m|x)

]
+ 2

√
C · E

q(xym)

[
log

q(m|xy)
p(m|y)

]
.

To complete the proof, we claim that

E
q(xym)

[
log

q(m|xy)
p(m|x)

]
, E
q(xym)

[
log

q(m|xy)
p(m|y)

]
≤ MI(p, f) · (1 + 1/I).

We show this for the first term; the proof for the second term is identical. First, we have

q(m|xy)
p(m|x)

=
q(m|xy)
p(m|xy)

· p(m|xy)
p(m|x)

=
q(m|xy)
p(m|xy)

· p(x|ym)

p(x|y)

=
q(m|xy)
p(m|xy)

· p(x|ym)

q(x|ym)
· q(x|ym)

p(x|y)

=
q(xym)

p(xym)
· p(xy)
q(xy)

· p(x|ym)

q(x|ym)
· q(x|ym)

p(x|y)
.

Therefore,

E
q(xym)

[
log

q(m|xy)
p(m|x)

]
= E

q(xym)

[
log

q(xym)

p(xym)

]
+ E

q(xym)

[
log

p(xy)

q(xy)

]
+ E

q(xym)

[
log

p(x|ym)

q(x|ym)

]
+ E

q(xym)

[
log

q(x|ym)

p(x|y)

]
≤ E

q(xym)

[
log

q(xym)

p(xym)

]
+ log E

q(xym)

[
p(xy)

q(xy)

]
+ log E

q(xym)

[
p(x|ym)

q(x|ym)

]
+ E

q(xym)

[
log

q(x|ym)

p(x|y)

]
≤ E

q(xym)

[
log

q(xym)

p(xym)

]
+ E

q(xym)

[
log

q(x|ym)

p(x|y)

]
≤ MI(p, f)

I
+MI(p, f),
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where in the first inequality, we used the concavity of log(·) and in the last one, we used

Equation (3.21).

For the simulation of external marginal information, we need a claim analogous to the

previous one.

Lemma 3.31. Let q be a distribution achieving Mext
I (p, f). Then,

E
q(xym)

[
log

p(m|xy)
p(m)

]
≤ Mext

I (p, f), (3.22)

E
q(xym)

[∣∣∣∣ E
q(xy|m)

[
(−1)f(xy)

] ∣∣∣∣] ≥ 2−δMext
I (p,f)/(12I). (3.23)

Proof. By our bound on the marginal information cost, we get

Mext
I (p, f) = max

xym∈supp(q)
log

(
q(xy|m)

p(xy)
·
(
q(xym)

p(xym)

)I

·
∣∣∣∣ E
q(x′y′|m)

[
(−1)f(x′y′)

] ∣∣∣∣−12I/δ
)

≥ E
q(xym)

[
log

q(xy|m)

p(xy)

]
+ I · E

q(xym)

[
log

q(xym)

p(xym)

]
− 12I

δ
· E
q(xym)

[
log

∣∣∣∣ E
q(xy|m)

[
(−1)f(xy)

] ∣∣∣∣].
By Fact 2.4 and the fact that the advantage is always at most 1, each of the expectations

appearing above is non-negative, and so each term is bounded by MI(p, f). This implies

log E
q(xym)

[∣∣∣∣ E
q(xy|m)

[
(−1)f(xy)

] ∣∣∣∣] ≥ E
q(xym)

[
log

∣∣∣∣ E
q(xy|m)

[
(−1)f(xy)

] ∣∣∣∣] ≥ −δMI(p, f)

12I
,

thus giving Equation (3.23). Moreover,

Mext
I (p, f) ≥ E

q(xym)

[
log

q(xy|m)

p(xy)

]
= E

q(xym)

[
log

q(xy|m)

p(xy|m)

]
+ E

q(xym)

[
log

p(xy|m)

p(xy|m)

]
,

and this implies Equation (3.22) since the first term in the sum is non-negative.
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Chapter 4

PROOF OF THE XOR LEMMA

In this chapter we give the details of the statements that were used to prove Theo-

rems 3.1, 3.11 and 3.14.

4.1 Marginal information of efficient protocols

In this section, we prove Theorem 3.5. For convenience, we restate it below.

Theorem 3.5 Restated. For every Boolean function f(xy) and every protocol p of com-

munication complexity C,

MI(p, f) ≤ 2C − (1 + 12/δ) · I · log
(

E
p(m)

∣∣∣ E
p(xy|m)

[
(−1)f(x,y)

]∣∣∣)+O(I).

Let R be a rectangular set that maximizes the quantity

p(R)δ · E
p(m|R)

∣∣∣ E
p(xy|mR)

[
(−1)f(xy)

]∣∣∣.
We shall use trimming to prove the following claim:

Claim 4.1. There exists a rectangular set T ⊆ R with p(T |R) ≥ 1/4 such that for any xym

in the support of T , we have

p(xym|T )
p(xym)

≤ 4

p(R)
,

log
p(x|ymT )
p(x|y)

, log
p(y|xmT )
p(y|x)

≤ 96 · 2C

p(R)2
,

E
p(m|T )

∣∣∣ E
p(xy|mT )

[
(−1)f(xy)

]∣∣∣ ≥ Ω(1)

p(R)δ
· E
p(m)

∣∣∣ E
p(xy|m)

[
(−1)f(xy)

]∣∣∣.

We defer the proof of the above claim to the end of this section. Let Q ⊆ T be the

sub-rectangle obtained by keeping only the messages m′ for which the advantage is at least
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half of the average advantage:

Q =
{
x′y′m′ ∈ T :

∣∣∣ E
p(xy|m′T )

[
(−1)f(xy)

]∣∣∣ ≥ 1

2
· E
p(m|T )

∣∣∣ E
p(xy|mT )

[
(−1)f(xy)

]∣∣∣}.
Observe that

E
p(m|T )

∣∣∣ E
p(xy|mT )

[
(−1)f(xy)

]∣∣∣ < p(Q|T ) +
∑
m′:

p(m′|Q)=0

p(m′|T ) · 1
2
· E
p(m|T )

∣∣∣ E
p(xy|mT )

[
(−1)f(xy)

]∣∣∣
≤ p(Q|T ) + 1

2
· E
p(m|T )

∣∣∣ E
p(xy|mT )

[
(−1)f(xy)

]∣∣∣,
and so by the choice of R,

p(Q|T ) ≥ 1

2
· E
p(m|T )

∣∣∣ E
p(xy|mT )

[
(−1)f(xy)

]∣∣∣ ≥ Ω(1)

p(R)δ
· E
p(m)

∣∣∣ E
p(xy|m)

[
(−1)f(xy)

]∣∣∣. (4.1)

Define the rectangular distribution q(xym) = p(xym|Q). By the definition of Q and

Claim 4.1, we have that for all m in the support of q:∣∣∣ E
p(xy|mQ)

[
(−1)f(xy)

]∣∣∣ ≥ 1

2
· E
p(m|T )

∣∣∣ E
p(xy|mT )

[
(−1)f(xy)

]∣∣∣ ≥ Ω(1)

p(R)δ
· E
p(m)

∣∣∣ E
p(xy|m)

[
(−1)f(xy)

]∣∣∣.
(4.2)

Using Claim 4.1 and Eqs. (4.1) and (4.2) and the definition of Q, we can bound the

marginal information cost by

2MI(p,f)

≤ sup
xym

(
p(x|ymQ)

p(x|y)
· p(y|xmQ)

p(y|x)

)
·
(
p(xym|Q)

p(xym)

)I

·
(∣∣∣ E

p(x′y′|mQ)

[
(−1)f(x′y′)

]∣∣∣)−12I/δ

≤ sup
xym

(
p(x|ymT )
p(x|y)

· p(y|xmT )
p(y|x)

)
·
(

p(xym|T )
p(xym) · p(Q|T )

)I

·
(∣∣∣ E

p(x′y′|mQ)

[
(−1)f(x′y′)

]∣∣∣)−12I/δ

≤ O(1) · 22C · p(R)−4 · 2O(I) · p(R)−I(1−δ)+12I ·
(

E
p(m)

∣∣∣ E
p(xy|m)

[
(−1)f(xy)

]∣∣∣)−I(1+12/δ)

≤ O(1) · 22C · 2O(I) ·
(

E
p(m)

∣∣∣ E
p(xy|m)

[
(−1)f(xy)

]∣∣∣)−I(1+12/δ)

,

where in the last inequality we used the fact that I(12 + δ − 1) − 4 > 0 since I ≥ 1. This

completes the proof of the theorem.
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4.1.1 Proof of Claim 4.1

It only remains to prove Claim 4.1. We have

E
p(ym|R)

[
1

p(m|y)

]
=
∑
ym

p(ym|R)
p(m|y)

≤ 1

p(R)

∑
ym

p(ym)

p(m|y)
=

∑
ym p(y)

p(R)
≤ 2C

p(R)
,

since the communication complexity of p is bounded by C. A similar argument proves

E
p(xm|R)

[
1

p(m|x)

]
≤ 2C

p(R)
.

Define the rectangular set

G =

{
xym ∈ R :

1

p(m|y)
,

1

p(m|x)
≤ 4 · 2C

p(R)

}
.

Markov’s inequality implies that p(G|R) ≥ 1/2. We apply Lemma 3.22 with a(xym) =

p(xym|G), b(xym) = p(xym), and κ = 1/6 to obtain a rectangular set T ⊆ G with p(T |G) ≥

1/2 and

p(xm|T )
p(xm)

,
p(ym|T )
p(ym)

≥ 1

6
, (4.3)

for all points in the support of T . We compute

p(T |R) = p(G|R) · p(T |G) ≥ 1

4
.

Let us verify that T satisfies the remaining conditions promised by Claim 4.1. We have

p(xym|T )
p(xym)

=
1

p(T )
=

1

p(T |R) · p(R)
≤ 4

p(R)
.

To prove the second identity, use the first identity, the definition of G and Equation (4.3):

p(x|ymT )
p(x|y)

=
1

p(ym|T )
· p(xym|T )

p(x|y)

≤ 6

p(ym)
· 4 · p(xym)

p(x|y) · p(R)

=
24 · p(m|xy)
p(m|y) · p(R)

≤ 96 · 2C

p(R)2
.
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A similar calculation yields

p(y|xmT )
p(y|x)

≤ 96 · 2C

p(R)2
.

Finally, applying Lemma 3.23 with v(xym) = p(xym), Z = T , and noting that p(Z|R) ≥

1/4, we get

E
p(m|T )

∣∣∣ E
p(xy|mT )

[
(−1)f(xy)

]∣∣∣ ≥ 1− δ2 − 4δ

p(R)δ
· E
p(m)

∣∣∣ E
p(xy|m)

[
(−1)f(xy)

]∣∣∣
≥ Ω(1)

p(R)δ
· E
p(m)

∣∣∣ E
p(xy|m)

[
(−1)f(xy)

]∣∣∣.
This completes the proof of Claim 4.1.

4.2 Marginal information is subadditive

In this section we prove Theorem 3.6.

Theorem 3.6 Restated. There is a universal constant ∆ such that if I ≥ 1 and p is a

protocol distribution for computing f⊕n with p(xy) =
∏n

i=1 p(xiyi), then there is a protocol

pi for computing f such that pi(xiyi) = p(xiyi), pi has the same number of messages as p,

for j > 1 the support of mj is identical in pi and p, and moreover,

MI(pi, f) ≤
MI(p, f

⊕n)

n
+∆I ·

(
1 + log

MI(p, f
⊕n)

n · I

)
.

Recall the definitions of m(1),m(2), which are given in Equation (3.5). The core of the

proof is the following statement.

Theorem 4.2. Let f(x1y1) and g(x2y2) be two Boolean functions and let p(xym) be a

protocol distribution such that p(x1y1x2y2) = p(x1y1) · p(x2y2). Then, for every 1/3 ≤

γ ≤ 2/3, there are protocol distributions p1(x1y1m
(1)), p2(x2y2m

(2)) such that p1(x1y1) =

p(x1y1), p2(x2y2) = p(x2y2), and

min
{
MI(p1, f)− γ ·MI(p, f ⊕ g),MI(p2, g)− (1− γ) ·MI(p, f ⊕ g)

}
≤ 3I · log MI(p, f ⊕ g)

I
+O(I).

We shall prove Theorem 3.6 assuming Theorem 4.2, whose proof we supply right after.
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4.2.1 Proof of Theorem 3.6

Let k0 > 1 be a large constant, to be determined. Define fi(xiyi) = f(xiyi). For ℓ =

1, 2, . . . , n, define

k(ℓ) = max
{

inf
S⊂[n],|S|=ℓ

p′

MI(p
′,⊕i∈Sfi), k0I

}
,

where the infimum is taken over all protocols p′ with C messages such that the support of

m2, . . . ,mC is the same as in p. Define

T = max{k(n), k0nI}.

Note that

k(n) ≤ T ≤ nT

n
+ 12I · log nT

I · n
.

For any ℓ > 1, suppose we have

k(ℓ) ≤ ℓT

n
+ 12I · log ℓT

In
, (4.4)

then set γ = ⌈ℓ/2⌉/ℓ. Since 1/3 ≤ γ ≤ 2/3, for k0 chosen large enough, Theorem 4.2 shows

that for some ℓ′ ∈ {⌈ℓ/2⌉, ⌊ℓ/2⌋}, we have

k(ℓ′) ≤ max{ℓ
′

ℓ
· k(ℓ) + 3I log

k(ℓ)

I
, k0I}

≤ ℓ′

ℓ
· ℓT
n

+
ℓ′

ℓ
· 12I · log ℓT

In
+ 3I log

(ℓT
In

+ 12 log
ℓT

In

)
(by the choice of T and Equation (4.4))

≤ ℓ′T

n
+ 8I · log ℓT

In
+ 3I log

(
13 · ℓT

In

)
=
ℓ′T

n
+ 11I · log ℓ

′T

In
+ 11I · log ℓ

ℓ′
+ 3I log 13

≤ ℓ′T

n
+ 11I · log ℓ

′T

In
+ 11I · log 3

2
+ 3I log 13

≤ ℓ′T

n
+ 12I · log ℓ

′T

In
,

for k0 chosen large enough.

So, starting with ℓ = n, we obtain a smaller and smaller ℓ satisfying Equation (4.4),

until ℓ = 1, which completes the proof.
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4.2.2 Proof of Theorem 4.2

Given a Boolean function h(xy), a protocol distribution p(xym) and q(xym) that is rect-

angular with respect to p(xy), it will be convenient to define

MI(q, p, h) = sup
xym∈
supp(q)

log

(
q(x|ym)

p(x|y)
· q(y|xm)

p(y|x)
·
(
q(xym)

p(xym)

)I

·
∣∣∣∣ E
q(x′y′|m)

[
(−1)h(x′y′)

] ∣∣∣∣−12I/δ
)
,

so MI(p, h) = infq MI(q, p, h). We exhibit protocol distributions p1(x1y1m
(1)), p2(x2y2m

(2))

with p1(x1y1) = p(x1y1) and p2(x2y2) = p(x2y2) and rectangular distributions r1, r2 such

that

min
{
MI(r1, p1, f)− γ ·MI(q, p, f ⊕ g),MI(r2, p2, g)− (1− γ) ·MI(q, p, f ⊕ g)

}
≤ 3I · log MI(q, p, f ⊕ g)

I
+O(I),

from which the theorem follows.

Before we give the actual proof, let us give a high level overview of all the steps. Recall the

definitions of m(1),m(2) and w, given in the paragraph preceding Equation (3.5). We start

by defining rectangular distributions q1(x1y1m
(1)), q2(x2y2m

(2)) and protocol distributions

p1(x1y1m
(1)), p2(x2y2m

(2)) that satisfy the identities described in Equations (4.6) to (4.9).

The distributions q1, q2 are not be the same as our final rectangular distributions r1, r2, but

they are closely related. We would like to prove that

MI(q1, p1, f) +MI(q2, p2, g) ≤ MI(q, p, f ⊕ g),

but the advantage terms do not add nicely in the marginal information cost: in Equa-

tion (4.9), the advantage is computed with respect to w, and not m(1),m(2) or m. For

example, there may be some mw in the support for which∣∣∣∣ E
q(xy|w)

[
(−1)f⊕g(xy)

]∣∣∣∣≪ ∣∣∣∣ E
q(xy|m)

[
(−1)f⊕g(xy)

]∣∣∣∣ .
To resolve this issue, we define a subset G whose indicator function 1G(xym) depends only

on w, and yet for all mw in the support of G, the advantage is preserved in the sense of

Equation (4.11). This allows us to convert the advantage term in MI(q, p, f ⊕ g) into the

kind of term where Equation (4.9) can be applied, and we use it to get sub-additivity as
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described in Equation (4.12). This equation shows that the costs add up pointwise, and

so we can pass to a large subset U ∩ L where the costs in, say, the first coordinate are a

γ-fraction of the total, see Equation (4.13). We are left with our final obstacle: once again

the advantage term that we have control over is not exactly the one we want, it may well

be that ∣∣∣ E
q1(x1y1|m(1))

[
(−1)f(x1y1)

]∣∣∣≪ ∣∣∣ E
q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣.
To address this, we show that after passing to a suitable set U ′∩L′ (whose indicator function

depends only on w), the advantage for each fixed w is at least 2−Ω(MI(q,p,f⊕g)) (Claim 4.3).

We then cluster the w and pass to a subset B of density Ω(MI(q, p, f ⊕ g)−1) where the

advantage terms for each w are within a factor of 2 of each other. The low density of this

set is what leads to the logMI factor in the statement of the theorem. This allows us to

show that the advantage with respect to m(1) is comparable to the advantage with respect

to w (Equation (4.16)). All of these steps leave us with a subset of the inputs xym where

the proof gives good control on the quantity MI(q1, p1, f), but we now need to define a

distribution r1 supported on these points where MI(r1, p1, f) can be bounded. To do this

we need to carefully control the sizes of all the sets we encounter during the proof, and

define the distribution of r1 carefully.

Now we begin the actual proof. Define

q1(x1y1m
(1)) = q(x1y1m

(1)) = q(yw)

q2(x2y2m
(2)) = q(x2y2m

(2)) = q(xw)

p1(x1y1m
(1)) = p(x1y1) · p(m0) · q(y2|x1m0) ·

∏
i=1,3,5,...

q(mi|x1y2m<i) · p(mi+1|ym≤i)

p2(x2y2m
(2)) = p(x2y2) · q(m0x1) ·

∏
i=1,3,5,...

p(mi|xm<i) · q(mi+1|x1y2m≤i)

These distributions have been carefully chosen to have many nice properties. First,

observe that p1(x1y1m
(1)), p2(x2y2m

(2)) are protocol distributions, with the same number

of rounds of communication as p, though the length of the m
(1)
1 is longer than m1, and the

length of m
(2)
0 is longer than m0. Since q is rectangular with respect to p(xy), we have
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q(xym) = p(xy) ·A(xm) ·B(ym) for some functions A,B. So, we get

q1(x1y1m
(1))

=
∑
x2

q(xym)

=
∑
x2

p(x1y1) · p(x2y2) ·A(xm) ·B(ym)

= p(x1y1) ·
(∑

x2

p(x2y2) ·A(xm)

)
·B(ym) = p(x1y1) ·A′(x1m

(1)) ·B′(y1m
(1)),

proving that q1 is rectangular with respect to p(x1y1). A similar calculation calculation

shows that q2(x2y2m
(2)) is rectangular with respect to p(x2y2). Using the fact that p is a

protocol and x1y1 and x2y2 are independent under p, we can compute:

p1(x1y1m
(1)) · p2(x2y2m(2)) = p(xy) · p(m0) · q(x1y2m0) ·

∏
i>0

p(mi|xym<i) · q(mi|x1y2m<i)

= p(xym) · q(x1y2m)

= p(xym) · q(w). (4.5)

The pairs p1, p2, q1, q2 have been engineered so that the various terms in the marginal

cost add up nicely across the pairs. We have:

q1(x1y1m
(1))

p1(x1y1m(1))
· q2(x2y2m

(2))

p2(x2y2m(2))
=
q(xym)

p(xym)
, (4.6)

q1(x1|y1m(1))

p1(x1|y1)
· q2(x2|y2m

(2))

p2(x2|y2)
=
q(x|ym)

p(x|y)
, (4.7)

q1(y1|x1m(1))

p1(y1|x1)
· q2(y2|x2m

(2))

p2(y2|x2)
=
q(y|xm)

p(y|x)
, (4.8)∣∣∣∣ E

q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣∣ · ∣∣∣∣ E
q2(x2y2|w)

[
(−1)g(x2y2)

]∣∣∣∣ = ∣∣∣∣ E
q(xy|w)

[
(−1)f⊕g(xy)

]∣∣∣∣ . (4.9)

To prove Equation (4.6), use Equation (4.5) and Proposition 3.20 to obtain

q1(x1y1m
(1))

p1(x1y1m(1))
· q2(x2y2m

(2))

p2(x2y2m(2))
=
q(xym)

p(xym)
· q(w)
q(w)

=
q(xym)

p(xym)
.

Equations (4.7) and (4.8) follow directly from Proposition 3.20. We use the fact that
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q(xy|w) = q(x2|w) · q(y1|w) from Proposition 3.20 to prove Equation (4.9):∣∣∣∣ E
q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣∣ · ∣∣∣∣ E
q2(x2y2|w)

[
(−1)g(x2y2)

]∣∣∣∣
=

∣∣∣∣ E
q(y1|w)

[
(−1)f(x1y1)

]
· E
q(x2|w)

[
(−1)g(x2y2)

]∣∣∣∣
=

∣∣∣∣ E
q(xy|w)

[
(−1)f⊕g(xy)

]∣∣∣∣ .
These identities suggest that the costs in the first and second coordinates should sum to

MI(q, p, f ⊕g). The main challenge in applying this intuition is that the advantage terms in

Equation (4.9) are not the ones needed for MI(q1, p1, f) and MI(q2, p2, g). To resolve this,

we need to remove some problematic points in the support of q. We need to do this while

retaining the rectangular structure of q1, q2 and preserving the sub-additivity of the other

terms in the marginal cost.

Let G be a subset of triples xym such that the indicator function 1G(xyw) depends only

on w, and for each fixed m, the set G maximizes

q(G|m)δ ·
∣∣∣ E
q(xy|mG)

[
(−1)f⊕g(xy)

]∣∣∣, (4.10)

among all such sets. In Lemma 3.24, we prove that for all w in the support of G:∣∣∣∣ E
q(xy|w)

[
(−1)f⊕g(xy)

]∣∣∣∣ ≥ (1− δ) · q(G|m)−δ ·
∣∣∣∣ E
q(xy|m)

[
(−1)f⊕g(xy)

]∣∣∣∣ . (4.11)

This gives us an effective way to split the costs for q, p. Using Equations (4.6) to (4.9),

we obtain that for all xym in the support of G,

q1(x1|y1m(1))

p1(x1|y1)
q1(y1|x1m(1))

p1(y1|x1)
·
(
q1(x1y1m

(1))

p1(x1y1m(1))

)I

·
∣∣∣∣ E
q1(x1y′1|w)

[
(−1)f(x′

1y
′
1)
]∣∣∣∣−12I/δ

×q2(x2|y2m
(2))

p2(x2|y2)
q2(y2|x2m(2))

p2(y2|x2)
·
(
q2(x2y2m

(2))

p2(x2y2m(2))

)I

·
∣∣∣∣ E
q2(x′

2y
′
2|w)

[
(−1)g(x′

2y
′
2)
]∣∣∣∣−12I/δ

=
q(x|ym)

p(x|y)
q(y|xm)

p(y|x)
·
(
q(xym)

p(xym)

)I

·
∣∣∣∣ E
q(x′y′|w)

[
(−1)f⊕g(x′y′)

]∣∣∣∣−12I/δ

≤q(x|ym)

p(x|y)
q(y|xm)

p(y|x)
·
(
q(xym)

p(xym)

)I

·
∣∣∣∣ E
q(x′y′|m)

[
(−1)f⊕g(x′y′)

]∣∣∣∣−12I/δ

·O(q(G|m))12I

≤2MI(q,p,f⊕g) ·O(q(G|m))12I



59

In this product, the quantity in the first line does not depend on the choice of x′2, and

the quantity in the second line does not depend on y′1. Thus, for every fixed value of w, we

obtain:

∣∣∣∣ E
q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣∣−12I/δ

· sup
y1

(
q1(x1y1m

(1))

p1(x1y1m(1))

)I

· q1(x1|y1m
(1))

p1(x1|y1)
q1(y1|x1m(1))

p1(y1|x1)

×
∣∣∣∣ E
q2(x2y2|w)

[
(−1)g(x2y2)

]∣∣∣∣−12I/δ

· sup
x2

(
q2(x2y2m

(2))

p2(x2y2m(2))

)I

· q2(x2|y2m
(2))

p2(x2|y2)
q2(y2|x2m(2))

p2(y2|x2)

≤2MI(q,p,f⊕g) ·O(q(G|m))12I . (4.12)

Let L ⊆ G be a subset whose indicator function 1L(xym) depends only on w, such that

1L(w) = 1 if and only if

(∣∣∣∣ E
q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣∣−12I/δ

· sup
y1

(
q1(x1y1m

(1))

p1(x1y1m(1))

)I

· q1(x1|y1m
(1))

p1(x1|y1)
q1(y1|x1m(1))

p1(y1|x1)

)1/γ

≤

(∣∣∣∣ E
q2(x2y2|w)

[
(−1)g(x2y2)

]∣∣∣∣−12I/δ

· sup
x2

(
q2(x2y2m

(2))

p2(x2y2m(2))

)I

· q2(x2|y2m
(2))

p2(x2|y2)
q2(y2|x2m(2))

p2(y2|x2)

)1/(1−γ)

.

Let U denote the set whose indicator function depends only onm, such that 1U (m) = 1 if

and only if q(L|mG) ≥ 1/2. If q(U) ≥ 1/2, we carry out the reduction in the first coordinate.

Otherwise, we carry out the reduction in the second coordinate, using the complements of

U,L instead. Without loss of generality, we assume that q(U) ≥ 1/2. By the definition of

U,L, and by Equation (4.12), for all w in the support of U ∩ L we have∣∣∣∣ E
q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣∣−12I/δ

·
(
sup
y1

q1(x1y1m
(1))

p1(x1y1m(1))

)I

· q1(x1|y1m
(1))

p1(x1|y1)
q1(y1|x1m(1))

p1(y1|x1)

≤ 2γ·MI(q,p,f⊕g) ·O(q(G|m))12γ·I . (4.13)

Our next barrier is that in MI(q1, p1, f) the advantage term is not exactly the same as

what we have bounded in the above expressions; it might well be that for most w consistent

with m(1)

∣∣∣ E
q1(x1y1|m(1))

[
(−1)f(x1y1)

]∣∣∣≪ ∣∣∣ E
q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣. (4.14)
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To resolve this issue, we condition on a dense subset B of the w’s such that given any

two w,w′ ∈ B that are consistent with the same m,∣∣∣ E
q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣ ≥ 1

2
·
∣∣∣ E
q1(x1y1|w′)

[
(−1)f(x1y1)

]∣∣∣.
This will ensure that Equation (4.14) does not happen. To find this subset B, we first

prune away some problematic points to ensure all advantage terms in Equation (4.13) are

reasonably large. This is accomplished by Claim 4.3 below.

Claim 4.3. There are subsets U ′ ⊆ U,L′ ⊆ L such that 1U ′(xym) only depends on m,

1L′(xym) only depends on w, q(U ′) ≥ 1/4, and for all mw in the support of U ′ ∩ L′, we

have q(L′|mG) ≥ 1/4 and ∣∣∣∣ E
q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣∣−1

≤ α,

for some α ≤ 2O(MI(q,p,f⊕g)/I) ·O(1).

We defer the proof of Claim 4.3 to the end of this section. Assuming the claim, we can

now bucket the w according to their advantage. For each fixing ofm(1), partition the space of

w consistent withm(1) into disjoint buckets according to the sign of Eq1(x1y1|w)

[
(−1)f(x1y1)

]
,

and the value of ⌈
log

∣∣∣∣ E
q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣∣⌉ .
There can be at most O(logα) such buckets, and so by picking the heaviest bucket for each

m(1), we obtain a set B ⊆ L′ whose indicator function 1B(x1y1m
(1)) is determined by w,

such that for every m(1),

q1(B|m(1)L′) ≥ 1

O(logα)
, (4.15)

and moreover, for every wm(1) in the support of B,∣∣∣∣ E
q1(x1y1|m(1)B)

[
(−1)f(x1y1)

]∣∣∣∣ ≥ 1

2
·
∣∣∣∣ E
q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣∣ . (4.16)

Let R ⊆ B ⊆ L′ be the rectangular set consisting of x1y1m
(1)’s such that for every m(1),

R maximizes

q1(R|m(1)B)δ ·
∣∣∣ E
q1(x1y1|m(1)R)

[
(−1)f(x1y1)

]∣∣∣. (4.17)
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Define the rectangular distribution

r(x1y1m
(1)) = q1(x1y1m

(1)) · 1U ′(m) · 1R(x1y1m(1))

q1(U ′) · q1(L′|m) · q1(R|m(1)L′)

=
q1(m)1U ′(m)

q1(U ′)
· q1(y2|m)q1(L

′|m(1))

q1(L′|m)
· q1(x1y1|m

(1)) · 1R(x1y1m(1))

q1(L′|m(1)) · q1(R|m(1)L′)

= q1(m|U ′) · q1(y2|mL′) · q1(x1y1|m
(1)) · 1R(x1y1m(1))

q1(R|m(1))

= q1(m|U ′) · q1(y2|mL′) · q1(x1y1|m(1)R). (4.18)

Because r is defined as the product of a rectangular distribution with a function that is

also rectangular, r is rectangular. From the last line in Equation (4.18), it is clear that r is

a distribution. We have the following bound:

r(x1y1m
(1))

q1(x1y1m(1))
=

1U ′(m) · 1R(x1y1m(1))

q1(U ′) · q1(L′|m) · q1(R|m(1)L′)

≤ O(1)

q1(L′|mG) · q1(G|m) · q1(R|m(1)B) · q1(B|m(1)L′)

≤ O(logα)

q1(G|m) · q1(R|m(1)B)
, (4.19)

where here we used Claim 4.3 and Equation (4.15). Apply Lemma 3.22 with a = r, b = q1

and κ = 1/6 to obtain a rectangular set T with r(T ) ≥ 1/2 such that

r(x1m
(1)|T )

q1(x1m(1))
,
r(y1m

(1)|T )
q1(y1m(1))

,
r(m(1)|T )
r(m(1))

≥ 1

6
. (4.20)

Finally, we define r1(x1y1m
(1)) = r(x1y1m

(1)|T ). Because r is a rectangular distribution

and T is a rectangular set, r1 is a rectangular distribution. It only remains to bound

MI(r1, p1, f). For all x1y1m
(1) in the support of r1, we have

r1(x1y1m
(1))

p1(x1y1m(1))
=
q1(x1y1m

(1))

p1(x1y1m(1))
· r(x1y1m

(1))

q1(x1y1m(1))
· 1

r(T )

≤ q1(x1y1m
(1))

p(x1y1m(1))
· O(logα)

q1(G|m) · q1(R|m(1)B)
, (4.21)
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using Equation (4.19) and the fact that r(T ) ≥ 1/2. For the next term,

r1(x1|y1m(1))

p1(x1|y1m(1))
=
q1(x1|y1m(1))

p1(x1|y1m(1))
· r1(x1|y1m

(1))

q1(x1|y1m(1))

=
q1(x1|y1m(1))

p1(x1|y1m(1))
· r(x1y1m

(1))

q1(x1y1m(1))
· 1

r(T )
· q1(y1m

(1))

r(y1m(1)|T )

≤ q1(x1|y1m(1))

p1(x1|y1m(1))
· O(logα)

q1(G|m) · q1(R|m(1)B)
, (4.22)

using Equations (4.19) and (4.20), and the fact that r(T ) ≥ 1/2. The symmetric argument

gives:

r1(y1|x1m(1))

p1(y1|x1m(1))
≤ q1(y1|x1m(1))

p1(y1|x1m(1))
· O(logα)

q1(G|m) · q1(R|m(1)B)
. (4.23)

To bound the advantage, first note that

q1(T |m(1)R) =
q1(T |R) · q1(m(1)|T )

q1(m(1)|R)
=
r(T ) · r(m(1)|T )

r(m(1))
≥ 1

12
, (4.24)

by Equation (4.20). For each m(1), we apply Lemma 3.23 by setting v(x1y1m
(1)) =

q1(x1y1m
(1)|m(1)B), Z = T ⊆ R. Note here that v(m(1)) = 1. We obtain the bound:∣∣∣ E

r1(x1y1|m(1))

[
(−1)f(x1y1)

]∣∣∣ = ∣∣∣ E
q1(x1y1|m(1)T )

[
(−1)f(x1y1)

]∣∣∣
≥ 1− δ2 − δ/q1(T |m(1)R)

q1(R|m(1)B)δ
·
∣∣∣ E
q1(x1y1|m(1)B)

[
(−1)f(x1y1)

]∣∣∣
≥ Ω(1)

q1(R|m(1)B)δ
·
∣∣∣ E
q1(x1y1|m(1)B)

[
(−1)f(x1y1)

]∣∣∣, (4.25)

by the choice of δ and Equation (4.24).

Now, we are ready to put all these bounds together to complete the proof of the theorem.

By Equations (4.16), (4.21) to (4.23) and (4.25), we get that for every x1y1m
(1) in the

support of r1,
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r1(x1|y1m(1))

p1(x1|y1)
· r1(y1|x1m

(1))

p(y1|x1)
·
(
r1(x1y1m

(1))

p1(x1y1m(1))

)I

·
∣∣∣ E
r1(x′

1y
′
1|m(1))

[
(−1)f(x′

1y
′
1)
]∣∣∣−12I/δ

≤ q1(x1|y1m(1))

p1(x1|y1)
· q1(y1|x1m

(1))

p(y1|x1)
·
(
q1(x1y1m

(1))

p1(x1y1m(1))

)I

·
∣∣∣ E
q1(x′

1y
′
1|w)

[
(−1)f(x′

1y
′
1)
]∣∣∣−12I/δ

× O(log(α))I+2

q1(G|m)I+2 · q1(R|m(1)B)I+2−12I

≤ 2γ·MI(q,p,f⊕g) ·O(log(α))3I · q1(G|m)12γ·I−I−2 · 2O(I) · q1(R|m(1)B)11I−2

≤ 2γ·MI(q,p,f⊕g) ·O(log(α))3I · q1(G|m)3I−2 · 2O(I)

≤ 2γ·MI(q,p,f⊕g) ·O
(
MI(q, p, f ⊕ g)

I

)3I

,

where in the last three inequalities we used Equation (4.13), the fact that I ≥ 1 and

Claim 4.3. This implies that

MI(r1, p1, f) ≤ γ ·MI(q, p, f ⊕ g) + 3I log
MI(q, p, f ⊕ g)

I
+O(I),

completing the proof of the theorem.

Proof of Claim 4.3

We have

E
q1(m)

[
p1(m)

q1(m)

]
≤ 1,

and so by Markov’s inequality, the total mass of m ∈ supp(q) for which

q1(m)

p1(m)
≤ 1/4 (4.26)

is at most 1/4. We delete all such m from the support of U . We are left with a set U ′ with

q(U ′) ≥ 1/2− 1/4 = 1/4. (4.27)

Next, we delete w from L if either

q1(w|m)

p1(w|m)
<
q1(G|m)

8
, (4.28)
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or

E
q1(y1|w)

[
log

q1(x1|y1m(1))

p1(x1|y1)

]
< log

q1(G|m)

8
. (4.29)

We claim that for all m in the support of U ′, q(L′|mG) ≥ 1/4. To see this, observe that

q1(G|m) · E
q1(w|mG)

[
p1(w|m)

q1(w|m)

]
≤ E

q1(w|m)

[
p1(w|m)

q1(w|m)

]
≤ 1,

so Markov’s inequality implies that for each m the total mass of w for which Equation (4.28)

is violated is at most 1/8. By the concavity of the log function, the w deleted because of

Equation (4.29) satisfy

log E
q1(y1|w)

[
p1(x1|y1m(1))

q1(x1|y1)

]
≥ E

q1(y1|w)

[
log

p1(x1|y1m(1))

q1(x1|y1)

]
> log

8

q1(G|m)
.

On the other hand, because w determines 1G,

q1(G|m) · E
q1(w|mG)

[
E

q1(y1|w)

[
p1(x1|y1)

q1(x1|y1m(1))

]]
≤ E

q1(y1w|m)

[
p1(x1|y1)

q1(x1|y1m(1))

]
= E

q1(y|m)

[
E

q1(x1|ym)

[
p1(x1|y1)

q1(x1|y1m(1))

]]
≤ 1,

so once again, Markov’s inequality implies that the total mass of w deleted using this rule

is at most 1/8. This gives

q(L′|mG) ≥ 1/2− 1/8− 1/8 = 1/4. (4.30)

The result of these pruning steps is that we are left with large sets U ′, L′ ⊆ G such that

for all m,w that are consistent with U ′, L′, we have

sup
y1

(
q1(x1y1m

(1))

p1(x1y1m(1))

)I

· q1(x1|y1m
(1))

p1(x1|y1)
· q1(y1|x1m

(1))

p1(y1|x1)

=

(
q1(m) · q1(w|m)

p1(m) · p1(w|m)

)I

· sup
y1

(
q1(y1|w)
p1(y1|w)

)I

· q1(x1|y1m
(1))

p1(x1|y1)
· q1(y1|x1m

(1))

p1(y1|x1)

=

(
q1(m) · q1(w|m)

p1(m) · p1(w|m)

)I

· exp

(
sup
y1

log

((
q1(y1|w)
p1(y1|w)

)I

· q1(x1|y1m
(1))

p1(x1|y1)
· q1(y1|x1m

(1))

p1(y1|x1)

))

≥
(
q1(m) · q1(w|m)

p1(m) · p1(w|m)

)I

· exp

(
E

q(y1|w)
log

((
q1(y1|w)
p1(y1|w)

)I

· q1(x1|y1m
(1))

p1(x1|y1)
· q1(y1|x1m

(1))

p1(y1|x1)

))
,
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where here exp(z) denotes 2z. Now we use the fact that all the m,w violating Equa-

tions (4.26), (4.28) and (4.29) have been deleted and use Fact 2.4 to bound

≥
(
1

4
· q1(G|m)

8

)I

· exp

(
E

q1(y1|w)

[
I log

q1(y1|w)
p1(y1|w)

+ log

(
q1(x1|y1m(1))

p1(x1|y1)

)
+ log

(
q1(y1|x1m(1))

p1(y1|x1)

)])

≥
(
1

4
· q1(G|m)

8

)I

· exp

(
E

q1(y1|w)

[
log

(
q1(x1|y1m(1))

p1(x1|y1)

)])
≥ Ω(q1(G|m))1+I .

Combining this bound with Equation (4.13), we get that for all w consistent with U ′, L′,∣∣∣∣ E
q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣∣−12I/δ

≤ 2γ·MI(q,p,f⊕g) ·O(q(G|m))12·γI−I−1,

so since I ≥ 1 and γ ≥ 1/3, this implies∣∣∣∣ E
q1(x1y1|w)

[
(−1)f(x1y1)

]∣∣∣∣−1

≤ O(2MI(q,p,f⊕g)·(δγ/12I)) = α, (4.31)

as required.

4.3 Compressing marginal information

Here we prove Theorem 3.7.

Theorem 3.7 Restated. For every α > 0 there is a ∆ > 0 such that if MI(p, f) ≤ αI,

µ(xy) = p(xy) and moreover the messages m = (m0, . . . ,mC) are such that m2, . . . ,mC ∈

{0, 1}, then advµ(∆(I +
√
CI log(CI)), f) ≥ 1/∆.

Let p(xym) be a protocol distribution such that p(xy) = µ(xy), and MI(p, f) = α · I.

Let q(xym) be a rectangular distribution that realizes MI(p, f). For a large constant K, let

M = MI(p, f)+KI. SinceM(p, f) ≥ 0, we haveM ≥ KI. Let g1, g2 be as in Equation (3.10).

Let ε be a parameter such that ε ≫ (211M/I
√
C ·M)−1. We define a protocol Γ whose

communication complexity is bounded by

O(M+ log 1/ε+ 27M/I ·
√
CM · log(C/ε)).
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Using the assumption that MI(p, f) ≤ αI we see that M ≤ ∆1 ·I and log 1/ε ≤ ∆2 · log(CI),

where ∆1,∆2 only depend on α. This implies the bound on the communication in the

theorem. Here is a description of Γ:

1. Jointly sample p(m0). Alice sets mA
0 = m0 and Bob sets mB

0 = m0. Jointly sample

ηA, ηB ∈ [0, 1] uniformly. Jointly sample uniformly random ρ ∈ [0, 1]C . Jointly sample

a uniformly random function h : Z→ {1, . . . , ⌈1/ε⌉}.

2. Run the protocol ψ from Lemma 2.5 with u = p(m1|mA
0 x), v = p(m1|mB

0 y), L = 6M,

error parameter ε, to obtain functions a, b and transcript s. Alice sets mA
1 = a(ψ(us)),

Bob sets mB
1 = b(ψ(vs)). If mB

1 = ⊥, the protocol terminates. Bob sends a bit to

Alice to indicate whether or not this occurs. The communication complexity of this

step is L+O(log(1/ε)).

3. Alice and Bob compute mB, mA by setting

mA
i =


1 if ρi ≤ p(mi = 1|xmA

<i),

0 otherwise.

(4.32)

mB
i =


1 if ρi ≤ p(mi = 1|ymB

<i),

0 otherwise.

, (4.33)

for i = 2, . . . , C.

4. Run τ from Lemma 2.6 to find the smallest j withmA
j ̸= mB

j . If j is even, Alice flips the

value of mA
j to 1−mA

j and recomputes mA
i for i = j+1, . . . , C using Equation (4.32).

If j is odd, Bob flips the value ofmB
j to 1−mB

j and recomputesmB
i for i = j+1, . . . , C

using Equation (4.33). The players repeat this process at most 27M/I
√
CM times. If

by this point τ reports that mA ̸= mB, the players abort. Otherwise, they continue.

Let ⟨mA⟩, ⟨mB⟩ denote the final values of mA,mB after this step. The communication

complexity of this step is at most O(27M/I ·
√
CM · log(C/ε)).

5. If ηA ≤ g1(x⟨mA⟩) · 2−⌈log g1(x⟨mA⟩)⌉, Alice sends h(⌈log g1(x⟨mA⟩)⌉) to Bob, and oth-

erwise she sends ⊥ to indicate that the protocol should be aborted.
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6. If there is a unique integer z such that

|z + log g2(y⟨mB⟩)| ≤ 3M/I,

h(z) = h(⌈log g1(x⟨mA⟩)⌉),

ηB ≤ g2(y⟨mB⟩) · 2z−3M/I ,

Bob sends sign
(
Eq(x′y′|⟨mB⟩)[(−1)f(x

′y′)]
)
∈ {±1} to Alice. Otherwise, he sends ⊥ to

abort the protocol.

Let Γ denote the joint distribution of the inputs and transcript of the above protocol. In

order to analyze the protocol, define m by setting m0 = mA
0 = mB

0 , m1 = mA
1 , and setting

mi =


1 if ρi ≤ p(mi = 1|xm<i),

0 otherwise

,

when i > 1 is even, and setting

mi =


1 if ρi ≤ p(mi = 1|ym<i),

0 otherwise

,

when i > 1 is odd. This definition ensures that

Γ(xym) = p(xym).

For i = 2, 3, . . . , C define

Ei =


1 if ρi is in between the numbers p(mi = 1|xm<i) and p(mi = 1|ym<i),

0 otherwise.

Let S and R be the sets defined in Equations (3.11) and (3.12) for our choice of K. In

addition to S and R, we need the following sets to analyze the simulating protocol:

Q =
{
xymηAηB : ηA ≤ g1(xm) · 2−⌈log g1(xm)⌉, ηB ≤ g2(ym) · 2⌈log g1(xm)⌉−3M/I

}
,

E = {⟨mA⟩⟨mB⟩m : ⟨mA⟩ = ⟨mB⟩ = m},

Z = {xymh : ∃ unique z ∈ Z s.t. |z + log g2(ym)| ≤ 3M/I and h(z) = h(⌈log g1(xm)⌉)}.
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Let G denote the event that the protocol reaches the final step without aborting, and define

A(xym) ∈ {±1} by

A(xym) = sign
(

E
q(x′y′|m)

[(−1)f(x′y′)]
)
· (−1)f(xy).

Our protocol computes f(xy) correctly when: G happens, A(xym) = 1 and m = mB. Since

EZSQ ⊆ G, and E implies m = mB, the advantage of our protocol is at least:

Γ(EZSQ) · E
Γ(xym|EZSQ)

[A(xym)]− Γ(G(EZSQ)c). (4.34)

We shall prove:

E
Γ(xym|EZQS)

[A(xym)] ≥ Ω(2−δM/(12I)), (4.35)

Γ(EZSQ) ≥ Ω(2−3M/I), (4.36)

Γ(G(EZSQ)c) ≤ O(2−4M/I). (4.37)

By Equation (4.34), since δ ≤ 1, we can choose K to be large enough to prove the theorem,

since (α+K) ≥ M/I ≥ K.

We first upper bound Γ(G(EZSQ)c). By the union bound, we have:

Γ(G(EZSQ)c) ≤ Γ(GEc) + Γ(Zc|GE) + Γ(ScGEZ) + Γ(Qc|GEZS).

The definition of the protocol ensures that Γ(Zc|GE) = 0. Moreover, we claim that

Γ(Qc|GEZS) = 0, because if the event EZS happens and the parties do not abort, then:

ηA ≤ g1(x⟨mA⟩) · 2⌈log g1(x⟨mA⟩)⌉ = g1(xm) · 2⌈log g1(xm)⌉,

ηB ≤ g2(y⟨mB⟩) · 2z−3M/I = g2(ym) · 2⌈log g1(xm)⌉−3M/I .

The event GEc implies that ψ or τ made an error, leaving Alice and Bob with strings that

were not equal in some step. The probability that this happens is at most

O(ε · (1 + 27M/I
√
C ·M)) ≤ 2−4M/I ,

by our choice of ε. Finally, Γ(ScGEZ) ≤ Γ(ScEZ) ≤ O(εM/I), since if ScGEZ happens then

there must have been a hash collision, which happens with probability at most O(εM/I).

This implies Equation (4.37).
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Now, we turn to proving Equation (4.36). Let us first estimate Γ(QS). We have,

Γ(QS) =
∑

xym∈S
Γ(xym) · Γ(Q|xym) =

∑
xym∈S

p(xym) · Γ(Q|xym).

For xym ∈ S,

Γ(Q|xym) =
g1(xm) · 2−⌈log g1(xm)⌉ · g2(ym) · 2⌈log g1(xm)⌉

23M/I
=
q(xym)

p(xym)
· 1

23M/I
, (4.38)

where the first equality follows from the fact that

g2(ym) · 2⌈log g1(xm)⌉ = 2⌈log g1(xm)⌉+log g2(ym) ≤ 23M/I ,

by the definition of S. Therefore,

Γ(QS) =
∑

xym∈S
p(xym) · q(xym)

p(xym)
· 1

23M/I
=

q(S)

23M/I

≥ (1− 5 · 2−M/I)

23M/I
= Ω(2−3M/I), (4.39)

where in the last line, we used Claim 3.26.

We claim that for all xym ∈ S,

Γ(Z|xymQS) = Γ(Z|xym) ≥ 1−O(εM/I). (4.40)

The equality follows by observing that xym determine S and given xym, Z just depends on

the choice of h, which is independent of Q. The event Zc can happen only if there exists an

integer z distinct from ⌈log g1(xm)⌉ such that h(⌈g1(xm)⌉) = h(z) and |z + log g2(ym)| ≤

3M/I. The probability that this happens is at most O(ε ·M/I). Therefore, Γ(Z|xym) ≥

1−O(εM/I) ≥ 1/2, by our choice of ε. We conclude that

Γ(QSZ) = Γ(QS) · Γ(Z|QS) ≥ Ω(2−3M/I), (4.41)
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For all xym ∈ S,

Γ(xym|QSZ) = Γ(xym) · Γ(QSZ|xym)

Γ(QSZ)

=
p(xym)

Γ(QS)
· Γ(Q|xym) · Γ(Z|xymQS)

Γ(Z|QS)

=
p(xym)

Γ(QS)
· q(xym)

p(xym) · 23M/I
· Γ(Z|xymQS)

Γ(Z|QS)
(By Equation (4.38))

=
q(xym)

q(S)
· Γ(Z|xymQS)

Γ(Z|QS)
(By Equation (4.39))

= q(xym|S) · (1±O(εM/I)), (4.42)

where the last line follows by Equation (4.40).

Given Equation (4.41), to complete the proof of Equation (4.36), it will be enough to

prove that Γ(E|QSZ) ≥ 1/2. We shall prove that

Γ(Ec|QSZ)

≤ Γ(Rc|QSZ) + Γ

(
Ec
∣∣∣∣QSZR, C∑

i=2

Ei ≤ 27M/I ·
√
CM

)
+ Γ

( C∑
i=2

Ei > 27M/I ·
√
CM

∣∣∣QSZ)
≤ O(2−M/I). (4.43)

By Equation (4.42) and Claim 3.26,

Γ(Rc|QSZ) ≤ q(Rc|S)(1 +O(εM/I)) ≤ 2−M/I+3. (4.44)

Given QSZR and the event
∑C

i=2Ei ≤ 27M/I ·
√
CM, the event Ec can happen only

if τ or ψ make an error that leaves Alice and Bob with inconsistent messages, or if ψ

aborts. We claim that the probability that ψ makes an error or aborts is at most 2ε. This is

because every xym ∈ R satisfies p(m1|xm0) ≤ 26M ·p(m1|m0y), so we can apply Lemma 2.5.

Moreover, the probability that τ ever makes an error is at most O(ε27M/I
√
CM) by a union

bound. So, we conclude that

Γ

(
Ec
∣∣∣∣QSZR, C∑

i=2

Ei ≤ 27M/I ·
√
CM

)
≤ O(ε27M/I

√
CM). (4.45)

We shall prove at the end of this section that

Γ

( C∑
i=2

Ei > 27M/I ·
√
CM

∣∣∣QSZ) < O(2−M/I). (4.46)
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Equations (4.44) to (4.46) together prove Equation (4.43), and so conclude the proof of

Equation (4.36). Next, we prove Equation (4.35). Since |A(xym)| ≤ 1, we have

E
Γ(xym|QSZ)

[A(xym)] ≤ Γ(E|QSZ) · E
Γ(xym|QSZE)

[A(xym)] + Γ(Ec|QSZ),

and since Γ(E|QSZ) ≤ 1, this gives

E
Γ(xym|QSZE)

[A(xym)] ≥ E
Γ(xym|QSZ)

[A(xym)]− Γ(Ec|QSZ)

≥ E
q(xym|S)

[A(xym)]−O(εM/I)−O(2−M/I)

(using Equations (4.42) and (4.43))

≥ E
q(xym)

[A(xym)]−O(2−M/I) (by Claim 3.26)

= E
q(xym)

[
sign

(
E

q(x′y′|m)

[
(−1)f(x′y′)

])
· (−1)f(xy)

]
−O(2−M/I)

= E
q(m)

[∣∣∣∣ E
q(xy|m)

[
(−1)f(xy)

]∣∣∣∣]−O(2−M/I) ≥ Ω(2−δM/(12I)),

by Equation (3.20). This completes the proof of Equation (4.35).

It only remains to prove Equation (4.46). Define the function

t(xym) =


min{j : q(xym≤j) < 2−3M/I · p(xym≤j)} if such j exists,

⊥ otherwise.

Note that the function t(xym) is determined by xym≤t(xym).

We have

Γ

( C∑
i=2

Ei > 27M/I ·
√
CM

∣∣∣QSZ)

≤ Γ(t ̸= ⊥|QSZ) + Γ

( C∑
i=2

Ei > 27M/I ·
√
CM

∣∣∣QSZ, t = ⊥),
so let us bound each of these terms.

Γ(t ̸= ⊥|QSZ) ≤ q(t ̸= ⊥|S) · (1 +O(εM/I)) (by Equation (4.42))

≤ q(t ̸= ⊥) · (1 +O(2−3M/I)) · (1 +O(εM/I)), (by Claim 3.26)
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and

q(t ̸= ⊥) =
C∑

j=0

q(t = j) =
C∑

j=0

∑
xym≤j

t(xym)=j

q(xym≤j)

< 2−3M/I ·
C∑

j=0

∑
xym≤j

t(xym)=j

p(xym≤j) = 2−3M/I · p(t ̸= ⊥) ≤ 2−3M/I ,

so we conclude that

Γ(t ̸= ⊥|QSZ) ≤ O(2−3M/I). (4.47)

Next, we show that

Γ

( C∑
i=2

Ei > 27M/I ·
√
CM

∣∣∣QSZ, t = ⊥) < O(2−M/I),

which would complete the proof of Equation (4.46). This follows from Markov’s inequality

and the bound

E
Γ

[ C∑
i=2

Ei

∣∣∣QSZ, t = ⊥] ≤ O(26M/I
√
CM), (4.48)

which we prove next. We have:

E
Γ

[ C∑
i=2

Ei

∣∣∣QSZ, t = ⊥] = C∑
i=2

Γ(Ei = 1, QSZ, t = ⊥)
Γ(QSZ, t = ⊥)

(4.49)

≤ O(23M/I) ·
C∑
i=2

Γ(Ei = 1, t = ⊥).

(by Equations (4.41) and (4.47))

Moreover,

Γ(Ei = 1, t = ⊥) =
∑

xym<i

Γ(xym<i) · Γ(Ei = 1|xym<i) · Γ(t = ⊥|Ei = 1, xym<i)

=
∑

xym<i

p(xym<i) · ∥p(mi|xm<i)− p(mi|ym<i)∥1 · Γ(t = ⊥|Ei = 1, xym<i)

≤ O(23M/I) ·
∑

xym<i

q(xym<i) · ∥p(mi|xm<i)− p(mi|ym<i)∥1 (4.50)
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Therefore,

E
Γ

[ C∑
i=2

Ei

∣∣∣QSZ, t = ⊥] ≤ O(23M/I) · E
q(xym)

[ C∑
i=2

∥p(mi|xm<i)− p(mi|ym<i)∥1
]

≤ O(23M/I ·
√
CM),

by Equation (3.19), which completes the proof of Equation (4.48).

4.4 Smoothing protocols

A smooth protocol is a protocol where the message bit is close to being uniformly distributed

even conditioned on the transcript until then.

Definition 4.4. Given a protocol distribution p(xym) with C messages satisfying mi ∈

{0, 1} for each i ≥ 2, we say that the distribution is β-smooth if for all i > 1, |p(mi|xym<i)−

1/2| ≤ β.

Here we prove the following theorem:

Theorem 4.5. For every Boolean function f , every protocol distribution p(xym) with C

messages satisfying m2, . . . ,mC ∈ {0, 1}, and every β > 0, assuming that Mext
I (p, f) is

finite, there is a β-smooth protocol p′(xym′) with C ′ ≤ O(C · log(IC)/β2) messages such

that Mext
I (p′, f) ≤ Mext

I (p, f) + 1, and m′
2, . . . ,m

′
C′ ∈ {0, 1}.

Proof. We start by ensuring that if p(mi|xym<i) ∈ [1/2−β, 1/2+β] for each i ∈ {2, . . . , C}.

Let q(xym) be a rectangular distribution realizing Mext
I (p, f). Let L > 1 be a large odd

number to be determined. Define the pair of distributions q′(xym′), p′(xym′) as follows.

Let m′
0,m

′
1 have the same support as m0,m1, and let m′

2, . . . ,m
′
C ∈ {0, 1}L. In p′, q′, the

i’th message will correspond to m′
i.
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For a ∈ {0, 1}, define the following distributions supported on {0, 1}L:

sa(r) =
L∏

j=1

1

2
+ (−1)a+rj · β

ta(r) = sa

(
r
∣∣(−1)a · L∑

j=1

(−1)rj ≥ 0
)

t′a(r) = sa

(
r
∣∣(−1)a · L∑

j=1

(−1)rj < 0
)
.

In words, sa(r) is the distribution of L independent bits that are biased towards being equal

to a, ta(r) is this distribution conditioned on the event that the majority of the bits is equal

to a and t′a(r) is the distribution conditioned on the event that the majority is not a.

Now we define a protocol distribution p′(xym′) and a rectangular distribution q′(xym′).

Given m′, let D(m′
i) denote the unique string satisfying D(m′

0,m
′
1) = (m′

0,m
′
1), and

(−1)D(m′
i) ·

L∑
j=1

(−1)m
′
i,j ≥ 0.

In other words, D decodes each block of L bits by taking the majority. Below we abuse

notation and write D(m) = D(m0), D(m1), . . . , D(mC).

Define

q′(xym′) = q(xyD(m′)) ·
C∏
i=2

tD(m′)i(m
′
i).

The definition ensures that q′(xym′) is rectangular, and that conditioned on D(m′), xy is

independent of m′. Define the distribution p′(xymm′) as follows:

p′(xym′
0m

′
1) = p(xym′

0m
′
1),

and for i > 1,

p′(mim
′
i|xym<im

′
<i) =


p(mi|xym<i = D(m′)<i) · smi(m

′
i), if p(xym<i = D(m′)<i) > 0,

1/2 · s1/2(m′
i), otherwise.

In words, in the protocol p′(xym′), the parties privately sample each message bit mi ac-

cording to the protocol distribution p. However, instead of sending this sampled bit, they
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send m′
i sampled according to smi(m

′
i). After this transmission, they continue the protocol

using D(m′)<i. Strictly speaking, in order to ensure that the new protocol is a protocol

distribution, we require that all the odd bits are transmitted by Alice and all even bits are

sent by Bob. This can be easily achieved by inserting random bits into the transcript, but

we leave out the details here.

There is some small chance that for i > 1, D(m′)i ̸= mi, but by the Chernoff bound,

p′(D(m′)i ̸= mi) ≤ exp(−Ω(β2L)).

We have that for all xym′ in the support of q′,

q′(xym′)

p′(xym′)
=

q(xyD(m′))

p′(xyD(m′))
·

C∏
i=2

tD(m′)i(m
′
i)

p′(m′
i|xyD(m′)≤i)

.

For any xyD(m′) such that q(xyD(m′)) > 0, we can bound

q(xyD(m′))

p′(xyD(m′))
=
q(xyD(m′))

p(xyD(m′))
·

C∏
i=2

p(D(m′)i|xyD(m′)<i)

p′(D(m′)i|xyD(m′)<i)

≤ q(xyD(m′))

p(xyD(m′))
·

C∏
i=2

1

1− exp(−Ω(β2L))
,

where we assumed that p(xyD(m′)) > 0; if p(xyD(m′)) = 0 then q(xyD(m′)) = 0 for

otherwise the marginal information cost would be unbounded. Next,

C∏
i=2

tD(m′)i(m
′
i)

p′(m′
i|xyD(m′)≤i)

=

C∏
i=2

tD(m′)i(m
′
i)

Ep′(mi|xyD(m′)≤i)[p
′(m′

i|xyD(m′)≤i,mi)]

=

C∏
i=2

tD(m′)i(m
′
i)

Ep′(mi|xyD(m′)≤i)[smi(m
′
i|D(m′

i))]

=
C∏
i=2

tD(m′)i(m
′
i)

p′(mi = D(m′)i) · tD(m′)i(m
′
i) + p′(mi ̸= D(m′)i) · t′D(m′)i

(m′
i)

=

C∏
i=2

1

p′(mi = D(m′)i) + p′(mi ̸= D(m′)i) ·
t′
D(m′)i

(m′
i)

tD(m′)i
(m′

i)

≤
C∏
i=2

1

p′(mi = D(m′)i)

≤
C∏
i=2

1

1− exp(−Ω(β2L))
.
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So, we obtain the bound:

q′(xym′)

p′(xym′)
=
q(xyD(m′))

p(xyD(m′))
· (1 + 2C exp(−Ω(β2L))).

Moreover, for all xym′ in the support of q′, we have

q′(xy|m′) =
q′(xym′)

q′(m′)

=
q(xyD(m′)) ·

∏C
i=1 tD(m′)i(m

′
i)

q(D(m′)) ·
∏C

i=1 tD(m′)i(m
′
i)

= q(xy|D(m′)).

Finally, since q′(xy|m′) = q(xy|D(m′)), we have∣∣∣ E
q′(xy|m′)

[(−1)f ]
∣∣∣ = | E

q′(xy|D(m′))
[(−1)f ]

∣∣∣.
Thus, we get that

Mext
I (p′, f) ≤ Mext

I (p, f) + IC · exp(−Ω(β2L)).

Setting L = O(log(IC)/β2) proves the theorem.

Smooth protocols have the feature that the log-ratios of the information terms are tightly

concentrated. To explain this phenomenon, we need to introduce a few definitions. For every

xym in the support of p, and j ≥ 2, define the j-th divergence costs:

dAj (xm) =
∑

2≤i≤j
i odd

E
p(mi|xm<i)

[
log

p(mi|xm<i)

p(mi|m<i)

]
,

dBj (ym) =
∑

2≤i≤j
i even

E
p(mi|ym<i)

[
log

p(mi|ym<i)

p(mi|m<i)

]
,

dj(xym) = dAj (xm) + dBj (ym).

By the non-negativity of divergence, the divergence costs are monotone i.e. dj(xym) ≤

dj+1(xym). Since the protocol is β-smooth, we have

dAj+1(xm)− dAj (xm) ≤ log
1/2 + β

1/2− β
≤ 5β,

dBj+1(ym)− dBj (ym) ≤ log
1/2 + β

1/2− β
≤ 5β. (4.51)
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We say a function r(xym) taking values in {1, . . . , C} is a frontier if every m contains

exactly one prefix of the type m′
≤r(xym′), and that is the prefix m≤r(xym). Alternatively, for

every m,m′ such that r(xym) ̸= r(xym′), it holds that both r(xym) and r(xym′) are larger

than the length of the longest common prefix of m and m′. Given a frontier r(xym), define

Fr,α =
{
xym :

∣∣∣ r(xym)∑
i≥2

log
p(mi|xym<i)

p(mi|m<i)
− dr(xym)(xym)

∣∣∣ ≥ α},
FA
r,α =

{
xym :

∣∣∣ r(xym)∑
i≥2 odd

log
p(mi|xym<i)

p(mi|m≤i)
− dAr(xym)(xm)

∣∣∣ ≥ α},
FB
r,α =

{
xym :

∣∣∣ r(xym)∑
i≥2 even

log
p(mi|xym<i)

p(mi|m≤i)
− dBr(xym)(ym)

∣∣∣ ≥ α}. (4.52)

Lemma 4.6. Let r(xym) be a frontier such that for every xym, it holds that dr(xym)(xym) ≤

τ . Then p(Fr,α), p(F
A
r,α) and p(F

B
r,α) are all at most 2 exp(−Ω(α2/τ)).

Proof. We prove the inequality for p(Fr,α); the proofs for the other two terms are similar.

Define the random variable z0, z1 . . . where z0 = z1 = 0 and for every i ≥ 2,

zi =


log p(mi|xym<i)

p(mi|m<i)
if i ≤ r(xym)

0 otherwise.

and let ti = zi −Ep(mi|xym<i)[zi]. Then by definition E[ti|t<i] = 0. Moreover, we have

sup(zi|xym<i) ≤ max
mi

{
log

p(mi|xym<i)

p(mi|m<i)

}
≤ log

1/2− β +
√
di(xym)− di−1(xym)

1/2− β

≤ O(
√
di(xym)− di−1(xym)).

Similarly,

inf(zi|xym<i) ≥ log
1/2− β

1/2− β −
√
di(xym)− di−1(xym)

≥ −O(
√
di(xym)− di−1(xym)).



78

So, if we define L as below, we have

L = sup
xym

C∑
i=2

(sup(ti|xym<i)− inf(ti|xym<i))
2

= sup
xym

C∑
i=2

(sup(zi|xym<i)− inf(zi|xym<i))
2

≤ O(τ).

It is well known that if E[ti] = 0, then E[exp(ti)] ≤ exp((sup(ti) − inf(ti))
2/8) (see

Lemma 2.6 in [32]). We can use this inequality to bound:

E
p(m|xy)

[
exp(

4α

L
·

C∑
i=2

ti)
]
≤ E

p(m≤2|xy)

[
exp(

4α

L
t2) · E

p(m|xym<3)

[
exp(

4α

L
·

C∑
i=3

ti)
]]

≤ . . .

≤ exp
((4α/L)2 supxym∑C

i=2(sup(ti|xym<i)− inf(ti|xym<i))
2

8

)
≤ exp

(
2α2/L

)
.

So by Markov’s inequality, we get:

p(
C∑
i=2

ti > α) ≤ E
[
exp(

4α

L
·

C∑
i=2

ti)
]
· exp(−4α2/L) ≤ exp(−Ω(α2/τ)).

Applying the same argument with ti = −ti proves the other inequality. Defining zi, ti

appropriately proves the other inequalities using the same proof.

4.5 Compressing external marginal information

Here we prove Theorem 3.8.

Theorem 3.8 Restated. For every α > 0, there is a ∆ > 0 such that if Mext
I (p, f) ≤ αI,

µ(xy) = p(xy), and moreover the messages m = (m0, . . . ,mC) are such that m2, . . . ,mC ∈

{0, 1}, then advµ(∆I log
2C, f) ≥ 1/∆.

Set Mext = Mext
I (p, f) +KI, for a large constant K to be chosen later. By Theorem 4.5,

it is no loss of generality to assume that p is β-smooth, with β = 1/(K log(C25M
ext/I)). Let

g1, g2 be as in Equation (3.10).
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Define:

rAi (xm) =


min{j : dAj (xm) > 20β + dAi−1(xm)} if such j exists,

C otherwise.

rBi (ym) =


min{j : dBj (ym) > 20β + dBi−1(ym)} if such j exists,

C otherwise.

Note that rAi (xm) is always odd, and rBi (ym) is always even.

Because p is a protocol, we have

E
p(xy|m)

[dAj (xm) + dBj (ym)] = dj(m).

Let ε be a parameter such that ε ≪ 2−5Mext/I . Now, we describe a protocol Γ for

computing f(xy). Throughout this protocol, the parties will maintain a partial transcript

m<i. These partial transcripts may be inconsistent with each other, but we describe the

protocol assuming that they are consistent with each other. In the analysis we shall show

that the probability that the parties end up with inconsistent transcripts is negligible.

1. The parties sample m0 using the distribution p(m0). The parties also sample a uni-

formly random function h : Z→ {1, 2, . . . , ⌈1/ε⌉}.

2. Run the protocol ψ from Lemma 2.5 with u = p(m1|m0x), v = p(m1|m0), L = 5Mext,

error parameter ε, to obtain functions a, b and transcript s. Alice sets mA
1 = a(ψ(us)),

Bob sets mB
1 = b(ψ(vs)). If mB

1 = ⊥, the protocol terminates. Bob sends a bit to

Alice to indicate whether or not this occurs. The communication complexity of this

step is L+O(log(1/ε)).

3. Let m≤ℓ denote the part of the transcript sampled so far. Alice and Bob repeat the

following steps until m corresponds to an entire transcript.
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(a) Both parties use shared randomness to sample a full transcript m̃ according to

p(m|m≤ℓ). They exchange the values of rAℓ+1(xm̃) and rBℓ+1(ym̃) to determine

k = min{rAℓ+1(xm̃), rBℓ+1(ym̃)}.

(b) Alice privately samples a number ζA ∈ [0, 1] and sends 1 to Bob if

ζA ≤ 1

2
·

k∏
i=ℓ+2
i odd

p(m̃i|xm̃<i)

p(m̃i|m̃<i)
,

and otherwise sends 0.

(c) Bob privately samples a number ζB ∈ [0, 1] and sends 1 to Alice if

ζB ≤ 1

2
·

k∏
i=ℓ+2
i even

p(m̃i|ym̃<i)

p(m̃i|m̃<i)
,

and otherwise sends 0.

(d) If both players receive 1 then, set m≤k ← m̃≤k.

4. If ηA ≤ g1(xm) · 2−⌈log g1(xm)⌉, Alice sends h(⌈log g1(xm)⌉) to Bob, and otherwise she

sends ⊥ to indicate that the protocol should be aborted.

5. If there is a unique integer z such that

|z + log g2(ym)| ≤ 3Mext/I,

h(z) = h(⌈log g1(xm)⌉),

ηB ≤ g2(ym) · 2z−3Mext/I ,

Bob sends sign
(
Eq(x′y′|m)[(−1)f(x

′y′)]
)
∈ {±1} to Alice. Otherwise, he sends ⊥ to

abort the protocol.

To ensure the communication of the protocol is small, in our final protocol the parties

abort and output a random bit if the communication in step 3 exceeds (Mext · 215Mext/I ·

logC)/β. Then, the total communication is at most

5Mext+
Mext · 215Mext/I · logC

β
+O(log 1/ε) = O(Mext·215Mext/I ·log2(C·25Mext/I)) ≤ ∆·I log2C,
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for some ∆ that depends only on α since Mext ≤ (α+K)I.

Throughout the analysis below, we assume that in step 2, Alice always samples a mes-

sage according to u, and Bob either accepts this sample or aborts, but never samples an

inconsistent message. We can afford to make this assumption, because the probability of

Bob sampling an inconsistent message without aborting is bounded by ε, which will be

much smaller than our final advantage. Moreover, if Alice and Bob sample consistently in

step 2 then the transcript they end up with after step 3 must be the same.

Let S and R be the sets defined in Equations (3.14) and (3.15) for our choice of K. In

addition to S and R, we need the following sets to analyze the simulating protocol:

Q =
{
xymηAηB : ηA ≤ g1(xm) · 2−⌈log g1(xm)⌉, ηB ≤ g2(ym) · 2⌈log g1(xm)⌉−3Mext/I

}
,

Z =
{
xymh : ∃ unique z ∈ Z s.t. |z + log g2(ym)| ≤ 3Mext

I
and h(z) = h(⌈log g1(xm)⌉)

}
.

Let G denote the event that the protocol reaches the final step without aborting and

having communicated at most (Mext·215Mext/I ·logC)/β bits in step 3. DefineA(xym) ∈ {±1}

by

A(xym) = sign
(

E
q(x′y′|m)

[(−1)f(x′y′)]
)
· (−1)f(xy).

Our protocol computes f(xy) correctly when G happens and A(xym) = 1. The advantage

of the protocol is at least

Γ(ZQSG) ·E
Γ
[A(xym)|ZQSG]− Γ(G(ZQS)c) (4.53)

We shall prove:

E
Γ
[A(xym)|ZQSG] ≥ Ω(2−δMext/(12I)), (4.54)

Γ(ZQSG) ≥ Ω(2−3Mext/I), (4.55)

Γ(G(ZQS)c) ≤ O(2−4Mext/I). (4.56)

By Equation (4.53), since δ ≤ 1, we can choose K to be large enough to prove the theorem,

since α+K ≥ Mext/I ≥ K.

We first prove Equation (4.56). By the union bound, we have:

Γ(G(ZQS)c) ≤ Γ(ZcG) + Γ(ScGZ) + Γ(QcGZS).
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The definition of the protocol ensures that Γ(ZcG) = 0. Moreover, Γ(QcGZS) = 0,

because if the event ZS happens and the parties do not abort, then:

ηA ≤ g1(xm) · 2⌈log g1(xm)⌉ and

ηB ≤ g2(ym) · 2z−3Mext/I = g2(ym) · 2⌈log g1(xm)⌉−3Mext/I .

Additionally, Γ(ScGZ) ≤ Γ(ScZ) ≤ O(εM/I), since if ScZ happens then there must have

been a hash collision, which happens with probability at most O(εM/I).

In order to prove Equations (4.54) and (4.55), we need to first establish that Γ(xym)

is typically quite close to p(xym). Indeed, consider a particular execution of step 3 in the

protocol. At this point, some prefix m≤ℓ has been fixed. For m consistent with this prefix

m≤ℓ, define the frontier

r(xym) = min{rAℓ+1(xm), rBℓ+1(ym)}.

When the parties finally accept a sample, it will be a stringm≤r(xym) on the frontier. By the

definition of rAℓ+1, r
B
ℓ+1, and by Equation (4.51), we have that for allm, dr(xym)(m)−dℓ(m) ≤

45β. Setting τ = 45β and α = 1/4, we apply Lemma 4.6 to conclude that if

FA =
{
xym :

r(xym)∏
j=ℓ+1 odd

p(mj |xym≤ℓ) ≥ 2 ·
r(xym)∏

j=ℓ+1 odd

p(m≤r(xym)|m≤ℓ)
}
,

FB =
{
xym :

r(xym)∏
j=ℓ+1 even

p(mj |xym≤ℓ) ≥ 2 ·
r(xym)∏

j=ℓ+1 even

p(m≤r(xym)|m≤ℓ)
}
.

then

p(FA ∪ FB|xym≤ℓ) ≤ 4 exp(−Ω(1/β)) ≤ C−1 · 2−5Mext/I . (4.57)

Now, we perform a standard analysis of rejection sampling. Let W denote the event that

the first sample of mr(xym) is accepted in the protocol. Given xym≤ℓ, the probability that

W occurs is

Γ(W |xym≤ℓ) ≥
∑

m′
r(xym′):xym

′
r(xym)

/∈FA∪FB

p(m′
≤r(xym′)|xym≤ℓ)/4

≥ 1/4− p(FA ∪ FB|xym≤ℓ)/4 ≥ 1/4− C−1 · 2−5Mext/I ≥ 1/8, (4.58)
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where here we abused notation to write xym′
r(xym) /∈ F

A ∪ FB to mean that the prefix is

not consistent with any m in FA ∪ FB.

It is clear that the sampled point is independent of the event ¬W , so it is also independent

of W . So, the probability that a particular prefix mr(xym) is sampled is the same as the

probability that it is sampled conditioned on W . When mr(xym) is not consistent with

FA ∪ FB, the probability of such a point is

p(m≤r(xym)|xym≤ℓ)/4

1/4− p(FA ∪ FB|xym≤ℓ)/4
= p(m≤r(xym)|xym≤ℓ) · (1±O(C−1 · 2−5Mext/I)). (4.59)

Let B denote the event that the final sample xym is such that at some point a prefix was

sampled in FA ∪ FB during step 3. Whenever step 3 accepts a sample, the length of the

transcript increases by at least 1, so the number of times step 3 accepts a sample is at most

C. Thus, by the union bound and Equation (4.57),

p(B) ≤ O(2−5Mext/I). (4.60)

Moreover, by Equation (4.59), for xym /∈ B,

Γ(xym) = p(xym) · (1±O(2−5Mext/I)). (4.61)

Equations (4.60) and (4.61) imply

Γ(B) = 1− Γ(Bc) ≤ 1− p(Bc) · (1−O(2−5Mext/I)) ≤ O(2−5Mext/I). (4.62)

Additionally, we have

q(SBc) = q(S)− q(BS) ≥ q(S)− 23M
ext/I · p(B) ≥ 1− Ω(2−M/I), (4.63)

by the definition of S, Claim 3.26 and Eq. (4.60).

Now we can begin to understand Γ(ZQSG). For xym ∈ S,

Γ(Q|xym) =
g1(xm) · 2−⌈log g1(xm)⌉ · g2(ym) · 2⌈log g1(xm)⌉

23Mext/I
=
q(xym)

p(xym)
· 1

23Mext/I
, (4.64)

where the first equality follows from the fact that

g2(ym) · 2⌈log g1(xm)⌉ = 2⌈log g1(xm)⌉+log g2(ym) ≤ 23M/I ,
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by the definition of S.

We can bound

Γ(QSBc) =
∑

xym∈S∩Bc

Γ(xym) · Γ(Q|xym)

=
∑

xym∈S∩Bc

p(xym) · Γ(Q|xym) · (1±O(2−5Mext/I)). (by Equation (4.61))

= 2−3Mext/I · q(SBc) · (1±O(2−5Mext/I)) (4.65)

= Ω(2−3Mext/I), (4.66)

by Equations (4.60) and (4.63). We claim that for all xym ∈ SBc,

Γ(Z|xymQSBc) = Γ(Z|xym) ≥ 1−O(εMext/I). (4.67)

The equality follows by observing that xym determine SBc, and given xym, Z just depends

on the choice of h, which is independent of Q. The inequality follows from the fact that

for each xym in S, the event Zc can happen only if there exists an integer z distinct

from ⌈log g1(xm)⌉ such that h(⌈log g1(xm)⌉) = h(z) and |z + log g2(ym)| ≤ 3Mext/I. The

probability that this happens is at most O(ε ·Mext/I). In particular, this implies

Γ(Z|QS) ≥ 1−O(εMext/I). (4.68)

For xym ∈ S ∩Bc, we have

Γ(xym|ZQSBc) =
Γ(xym) · Γ(ZQSBc|xym)

Γ(ZQSBc)

=
p(xym) · Γ(Q|xym) · Γ(Z|xym)

Γ(ZQSBc)
· (1±O(2−5Mext/I))

(by Equation (4.61), and since xym determine S,Bc)

=
p(xym)

Γ(QSBc)
· q(xym)

p(xym) · 23Mext/I
· Γ(Z|xym)

Γ(Z|QSBc)
· (1±O(2−5Mext/I))

(By Equation (4.64))

=
q(xym)

q(SBc)
· (1±O(εMext/I + 2−5Mext/I)).

(By Equations (4.65) and (4.67))

= q(xym|SBc) · (1±O(εMext/I + 2−5Mext/I)). (4.69)
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To argue that the protocol does not have too much communication, we show that typi-

cally the divergence costs of the accepted transcripts are small. Define the sets

H = {xym : log
p(m|xy)
p(m)

≤ Mext · 210Mext/I},

F = {xym : dC(xym) > 2Mext · 210Mext/I}

and the frontier

r(xym) =


min{i : di(xym) > 2Mext · 210Mext/I} if such i exists,

C otherwise.

We have F ∩H ⊆ Fr,Mext·210Mext/I , where Fr,Mext·210Mext/I is the set from Equation (4.52).

By Equation (4.51), and the the choice of r, dr(xym)(xym) ≤ 2Mext · 210Mext/I + 5β, so we

can apply Lemma 4.6 to conclude that

p(FH) ≤ p(Fr,Mext·210Mext/I ) ≤ 2 exp(−Ω(Mext · 210Mext/I)). (4.70)

We have

q(F |SBc) ≤ q(FS)

q(SBc)

≤ q(FHS) + q(Hc)

q(SBc)

≤ O(q(FHS) + q(Hc)) (by Equation (4.63))

≤ O(q(FHS) + 2−10Mext/I) (by Markov’s inequality and Equation (3.22))

≤ O(p(FHS) · 23Mext/I + 2−10Mext/I) (using the definition of S)

≤ O(exp(−Ω(Mext · 210Mext/I)) · 23Mext/I + 2−10Mext/I),

by Equation (4.70). Putting this bound back into Equation (4.69), we get

Γ(F |ZQSBc) ≤ O(2−10Mext/I) (4.71)

We note that every time step 3 accepts a sample, the divergence cost of the transcript

increases by 20β, and in expectation, the number of rounds of rejection sampling involved

to accept a sample is at most 8 by Equation (4.58) and a standard calculation. Moreover,
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in each round, the players communicate at most 2 + 2 logC bits to exchange two indices in

{1, . . . , C}. Hence, given xy and a transcript m the expected communication to sample m

is at most 16 · (1 + logC) · dC(xym)/(20β). Recall that G occurs when the protocol reaches

the final step having communicated at most (Mext · 215Mext/I · logC)/β. Thus, Markov’s

inequality implies that

Γ(G|ZQSBcF c) = 1−O(2−5Mext/I). (4.72)

So, we can conclude that

Γ(ZQSG) ≥ Γ(ZQSBcF cG)

≥ Γ(QSBc) · Γ(Z|QSBc) · Γ(F c|ZQSBc) · Γ(G|ZQSBcF c)

≥ Ω(2−3Mext/I), (by Equations (4.66), (4.67), (4.71) and (4.72))

proving Equation (4.55). Observe that by Equations (4.55), (4.62) and (4.71),

Γ(B|ZQSG) ≤ Γ(B)

Γ(ZQSG)
≤ O(2−2Mext/I), (4.73)

Γ(F |ZQSG) ≤ Γ(FZQSBc) + Γ(B)

Γ(ZQSG)
≤ O(2−2Mext/I). (4.74)

Moreover, we have

E
Γ
[A(xym)|ZQSBcF c] ≤ Γ(G|ZQSBcF c) ·E

Γ
[A(xym)|ZQSGBcF c] + Γ(Gc|ZQSBcF c)

≤ E
Γ
[A(xym)|ZQSGBcF c] +O(2−5Mext/I), (4.75)

E
Γ
[A(xym)|ZQSBc] ≤ Γ(F c|ZQSBc) ·E

Γ
[A(xym)|ZQSBcF c] + Γ(F |ZQSBc)

≤ E
Γ
[A(xym)|ZQSBcF c] +O(2−10Mext/I), (4.76)

by Equation (4.71).
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We are now ready to prove Equation (4.54). We have

E
Γ
[A(xym)|ZQSG]

≥ Γ(BcF c|ZQSG) ·E
Γ
[A(xym)|ZQSGBcF c]− Γ(B|ZQSG)− Γ(F |ZQSG)

≥ (1−O(2−2Mext/I)) ·E
Γ
[A(xym)|ZQSGBcF c]− Ω(2−2Mext/I)

(by Equations (4.73) and (4.74))

≥ (1/2) ·E
Γ
[A(xym)|ZQSBcF c]− Ω(2−5Mext/I)− Ω(2−2Mext/I) (by Equation (4.75))

≥ (1/2) ·E
Γ
[A(xym)|ZQSBc]− Ω(2−10Mext/I)− Ω(2−2Mext/I) (by Equation (4.76))

≥ (1/4) ·E
q
[A(xym)|SBc]− Ω(2−2Mext/I) (by Equation (4.69))

≥ (1/4) · E
q(xym)

[A(xym)]− Ω(2−Mext/I) (by Equation (4.63))

= (1/4) · E
q(xym)

[
sign

(
E

q(x′y′|m)

[
(−1)f(x′y′)

])
· (−1)f(xy)

]
− Ω(2−Mext/I)

= (1/4) · E
q(m)

[∣∣∣∣ E
q(xy|m)

[
(−1)f(xy)

]∣∣∣∣]− Ω(2−Mext/I)

≥ Ω(2−δMext/(12I)). (by Equation (3.23))

This concludes the proof of the theorem.

4.6 Compressing bounded-round protocols

We prove Theorem 3.10 in this section.

Theorem 3.10 Restated. For every α > 0, there is a ∆ > 0 such that if MI(p, f) ≤ αI,

µ(xy) = p(xy), p has r-rounds and mr ∈ {0, 1}, then advrµ(∆r(I + log r), f) ≥ 1/∆.

Let p(xym) be a protocol distribution such that p(xy) = µ(xy). In the bounded-round

setting, we have m = (m0, . . . ,mr) – the transcript consisting of r messages along with

the shared randomness. By assumption, MI(p, f) = αI, and mr ∈ {0, 1}. We assume

without loss of generality that r is even. Let q(xym) be a rectangular distribution that

realizes MI(p, f). For a large constant K, let M = MI(p, f) + KI. Since M(p, f) ≥ 0,

we have M ≥ KI. Let g1, g2 be as in Equation (3.10). Let ε be a parameter such that

ε = (24M/I · (r + 1))−1.
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We define a protocol Γ whose communication complexity is bounded by

O(r · (M+ log(r/ε))).

Since MI(p, f) = αI we get that M ≤ (α+K) · I, and it follows that the communication is

bounded by ∆r(I + log r) for some ∆ that only depends on α. Now, we describe Γ.

1. Jointly sample p(m0). Alice sets mA
0 = m0 and Bob sets mB

0 = m0. Jointly sample

ηA0 , η
A
1 , η

B ∈ [0, 1] uniformly and independently. Jointly sample a uniformly random

function h : Z→ {1, . . . , ⌈1/ε⌉}.

2. For each i ∈ {1, . . . , r − 1} :

(a) If i is odd, run the protocol ψ from Lemma 2.5 with u = p(mi|mA
<ix), v =

p(mi|mB
<iy), L = 14M + 5 log(r + 1) and error parameter ε, to obtain functions

ai, bi and transcript s. Alice setsmA
i = ai(us), Bob setsmB

i = bi(vs). Ifm
B
i = ⊥,

Bob signals to abort in the next round and sends a random bit to Alice, which

they both output.

(b) If i is even, run the protocol ψ from Lemma 2.5 with u = p(mi|mB
<iy), v =

p(mi|mA
<ix), L = 14M + 5 log(r + 1) and error parameter ε, to obtain functions

ai, bi and transcript s. Bob setsmB
i = ai(us), Alice setsm

A
i = bi(vs). Ifm

A
i = ⊥,

Alice signals to abort in the next round and sends a random bit to Bob, which

they both output.

Let ⟨mA⟩, ⟨mB⟩ denote the values of mA and mB after the first r − 1 rounds.

3. For each b ∈ {0, 1}, Alice sends a message to Bob. If

ηAb ≤ log g1(x⟨mA⟩b) · 2−⌈log g1(x⟨mA⟩b)⌉,

Alice sends h(⌈log g1(x⟨mA⟩b)⌉) to Bob, otherwise she sends 0.
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4. Bob samples a bit b according to p(mr|⟨mB⟩y). If there is a unique integer z such

that

|z + log g2(y⟨mB⟩b)| ≤ 3M/I,

h(z) = h(⌈log g1(x⟨mA⟩b)⌉),

ηB ≤ g2(y⟨mB⟩b) · 2z−3M/I ,

Bob sends sign
(
Eq(x′y′|⟨mB⟩b)[(−1)f(x

′y′)]
)
∈ {±1} to Alice. Otherwise, he sends ⊥ to

abort the protocol.

We note that the above protocol involves at most r rounds of communication, and in

each of the first r − 1 rounds, the communication from step 2 is at most

14M+ 5 log(r + 1) +O(log 1/ε) ≤ O(M+ log(r/ε)).

In step 3, Alice additionally sends O(log 1/ε) bits for the hashes. Hence, the total commu-

nication is at most O(r · (M+ log(r/ε))).

We may assume that at the beginning of Γ, the players sample r independent random

tapes, where the i-th random tape is used for the i-th execution of the protocol ψ from

Lemma 2.5 in step 2 of Γ. Given this assumption, define m as follows: m0 = mA
0 = mB

0 ,

and for all i ≥ 1, mi = ai(p(mi|m<ixy)s), where s is a transcript of the protocol ψ from

Lemma 2.5 that is determined given x, y,m<i and the i-th random tape, and ai is the

function promised by the lemma. From item 1 of Lemma 2.5, it is clear that Γ(xym) =

p(xym).

Let S be the set defined in Equation (3.11) for our choice of K. In addition to S, we

need the following sets to analyze the simulating protocol.

Q =
{
xymηAmr

ηB : ηAmr
≤ g1(xm) · 2−⌈log g1(xm)⌉, ηB ≤ g2(ym) · 2⌈log g1(xm)⌉−3M/I

}
,

E = {⟨mA⟩⟨mB⟩m<r : ⟨mA⟩ = ⟨mB⟩ = m<r},

Z = {xymh : ∃ unique z ∈ Z s.t. |z + log g2(ym)| ≤ 3M/I and h(z) = h(⌈log g1(xm)⌉)}.

Let G denote the event that the protocol reaches the final step without aborting, and

define A(xym) ∈ {±1} by

A(xym) = sign
(

E
q(x′y′|m)

[(−1)f(x′y′)]
)
· (−1)f(xy).
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Our protocol computes f(xy) correctly when: G happens, A(xym) = 1 and m<r = ⟨mB⟩.

Since EZSQ ⊆ G, and E implies m<r = ⟨mB⟩, the advantage of our protocol is at least:

Γ(EZSQ) · E
Γ(xym|EZSQ)

[A(xym)]− Γ(G(EZSQ)c). (4.77)

We shall prove each of the following bounds:

E
Γ(xym|EZQS)

[A(xym)] ≥ Ω(2−δM/(12I)), (4.78)

Γ(EZQS) ≥ Ω(2−3M/I), (4.79)

Γ(G(EZSQ)c) ≤ O(2−4M/I). (4.80)

Because δ ≤ 1 and (α+K) ≥ M/I ≥ K, we can choose K to be large enough to prove the

theorem.

We first upper bound Γ(G(EZSQ)c). By the union bound, we have:

Γ(G(EZSQ)c) ≤ Γ(GEc) + Γ(Zc|GE) + Γ(ScGEZ) + Γ(Qc|GEZS).

The definition of the protocol ensures that Γ(Zc|GE) = 0. Moreover, we claim that

Γ(Qc|GEZS) = 0, because if the event EZS happens and the parties do not abort, then

ηAmr
≤ g1(x⟨mA⟩mr) · 2⌈log g1(x⟨m

A⟩mr)⌉ = g1(xm) · 2⌈log g1(xm)⌉,

ηB ≤ g2(y⟨mB⟩mr) · 2z−3M/I = g2(ym) · 2⌈log g1(xm)⌉−3M/I .

The event GEc implies that ψ made an error in one of the r rounds, leaving Alice and Bob

with strings that were not equal. The probability that this happens is at most ε·r ≤ 2−4M/I ,

by our choice of ε. Finally, Γ(ScGEZ) ≤ Γ(ScEZ) ≤ O(εM/I), since if ScEZ happens then

there must have been a hash collision, which happens with probability at most O(εM/I).

This implies Equation (4.80).

Now, we turn to proving Equation (4.79). Let us first estimate Γ(QS). We have,

Γ(QS) =
∑

xym∈S
Γ(xym) · Γ(Q|xym) =

∑
xym∈S

p(xym) · Γ(Q|xym).

For xym ∈ S,

Γ(Q|xym) =
g1(xm) · 2−⌈log g1(xm)⌉ · g2(ym) · 2⌈log g1(xm)⌉

23M/I
=
q(xym)

p(xym)
· 1

23M/I
, (4.81)
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where the first equality follows from the fact that

g2(ym) · 2⌈log g1(xm)⌉ = 2⌈log g1(xm)⌉+log g2(ym) ≤ 23M/I ,

by the definition of S. Therefore,

Γ(QS) =
∑

xym∈S
p(xym) · q(xym)

p(xym)
· 1

23M/I
=

q(S)

23M/I

≥ (1− 5 · 2−M/I)

23M/I
= Ω(2−3M/I), (4.82)

where in the last line, we used Claim 3.26.

We claim that for all xym ∈ S,

Γ(Z|xymQS) = Γ(Z|xym) ≥ 1−O(εM/I). (4.83)

The equality follows by noting that xym determine S and given xym, Z just depends on

the choice of h, which is independent of Q. The event Zc can happen only if there exists an

integer z distinct from ⌈log g1(xm)⌉ such that h(⌈g1(xm)⌉) = h(z) and |z + log g2(ym)| ≤

3M/I. The probability that this happens is at most O(ε ·M/I). Therefore, Γ(Z|xym) ≥

1−O(εM/I) ≥ 1/2, by our choice of ε. We conclude that

Γ(QSZ) = Γ(QS) · Γ(Z|QS) ≥ Ω(2−3M/I), (4.84)

For all xym ∈ S,

Γ(xym|QSZ) = Γ(xym) · Γ(QSZ|xym)

Γ(QSZ)

=
p(xym)

Γ(QS)
· Γ(Q|xym) · Γ(Z|xymQS)

Γ(Z|QS)

=
p(xym)

Γ(QS)
· q(xym)

p(xym) · 23M/I
· Γ(Z|xymQS)

Γ(Z|QS)
(By Equation (4.81))

=
q(xym)

q(S)
· Γ(Z|xymQS)

Γ(Z|QS)
(By Equation (4.82))

= q(xym|S) · (1±O(εM/I)), (4.85)

where the last line follows from Equation (4.83).
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Given Equation (4.84), to complete the proof of Equation (4.79), it will be enough to

prove that Γ(E|QSZ) ≥ 1/2. Let T be the set TK defined in Claim 3.28 for our choice of

K. We have

Γ(Ec|QSZ) ≤ Γ(T c|QSZ) + Γ(Ec|QSZT )

≤ q(T c|S) · (1 +O(εM/I)) + Γ(Ec|QSZT ) (By Equation (4.85))

≤ O(2−M/I) + Γ(Ec|QSZT ) (By Claim 3.28)

≤ O(2−M/I) + 2ε · r ≤ O(2−M/I) ≤ 1/2 (4.86)

where in the last line, we used the fact that given QSZT , item 2 and 3 of Lemma 2.5

guarantee that Ec can only happen with probability at most 2ε in each of the r rounds.

Equations (4.84) and (4.86) together prove Equation (4.79).

Next, we prove Equation (4.78). Since |A(xym)| ≤ 1, we have

E
Γ(xym|QSZ)

[A(xym)] ≤ Γ(E|QSZ) · E
Γ(xym|QSZE)

[A(xym)] + Γ(Ec|QSZ),

and since Γ(E|QSZ) ≤ 1, this gives

E
Γ(xym|QSZE)

[A(xym)] ≥ E
Γ(xym|QSZ)

[A(xym)]− Γ(Ec|QSZ)

≥ E
q(xym|S)

[A(xym)]− Ω(εM/I + 2−M/I)

(using Equations (4.85) and (4.86))

≥ E
q(xym)

[A(xym)]− Ω(2−M/I) (by Claim 3.26)

= E
q(xym)

[
sign

(
E

q(x′y′|m)

[
(−1)f(x′y′)

])
· (−1)f(xy)

]
− Ω(2−M/I)

= E
q(m)

[∣∣∣∣ E
q(xy|m)

[
(−1)f(xy)

]∣∣∣∣]− Ω(2−M/I) ≥ Ω(2−δM/(12I)),

by Equation (3.20). This completes the proof of Equation (4.78).

4.7 Compression independent of communication

In this section, we prove Theorem 3.9.

Theorem 3.9 Restated. For every α > 0, there is a ∆ > 0 such that if MI(p, f) ≤ αI

and µ(xy) = p(xy), then advµ(∆I, f) ≥ exp(−∆I).



93

Let K be a sufficiently large constant to be determined later. Let p(xym) be a protocol

distribution such that p(xy) = µ(xy) and MI(p, f) ≤ αI. Let q(xym) be a rectangular

distribution that realizes MI(p, f).

Define M = MI(p, f) + KI. Since M(p, f) ≥ 0, we have M ≥ KI. Let g1, g2 be as in

Equation (3.10). Let ε be a parameter such that ε = 2−6M/I−8M. We define a protocol Γ

whose communication complexity is bounded by

2 log 1/ε ≤ O(6M/I + 8M) = ∆I,

for some ∆ that depends only on α.

We describe the protocol Γ.

1. Jointly sample ηA, ηB ∈ [0, 1] uniformly. Jointly sample two uniformly random func-

tions h, t : Z→ {1, . . . , ⌈1/ε⌉}.

2. Jointly sample an infinite sequence of triples (m1, ρ1A, ρ
1
B), (m

2, ρ2A, ρ
2
B), . . . , where m

i

is sampled uniformly at random from the set of all transcripts and ρiA, ρ
i
B are sampled

uniformly at random in [0, 1].

3. Alice finds the first index iA such that

ρiAA ≤
∏
j odd

p(miA
j |xm

iA
<j),

ρiAB ≤ 26M ·
∏

j even

p(miA
j |xm

iA
<j).

Alice checks if ηA ≤ g1(xm
iA) · 2⌈log g1(xmiA )⌉, in which case she sends t(iA) and

h(⌈log g1(xmiA)⌉) to Bob. Otherwise, she sends ⊥ signaling to abort.

4. Bob finds the first index iB such that

ρiBA ≤ 26M ·
∏
j odd

p(miB
j |ym

iB
<j),

ρiBB ≤
∏

j even

p(miB
j |ym

iB
<j).
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If t(iB) = t(iA), he checks if there is a unique integer z such that

|z + log g2(ym
iB )| ≤ 3M/I,

h(z) = h(⌈log g1(xmiA)⌉),

ηB ≤ g2(ymiB ) · 2z−3M/I ,

If all these conditions are satisfied, he sends sign
(
Eq(x′y′|miB )[(−1)f(x

′y′)]
)
∈ {±1} to

Alice. Otherwise, he sends ⊥ to abort the protocol.

The protocol has the feature that Alice sends at most 2 log 1/ε bits to Bob. Let i∗ be the

smallest index such that

∏
j odd

p(mi∗
j |xm

i∗
<j) ≥ ρ

i∗
A and

∏
j even

p(mi∗
j |xm

i∗
<j) ≥ ρ

i∗
B .

Let m = mi∗ . We note that Γ(xym) = p(xym).

Let S and T be the sets defined in Equation (3.11) and Equation (3.18) respectively

for our choice of K. In addition to S, we need the following sets to analyze the simulating

protocol:

Q =
{
xymηAηB : ηA ≤ g1(xm) · 2−⌈log g1(xm)⌉, ηB ≤ g2(ym) · 2⌈log g1(xm)⌉−3M/I

}
,

E =
{
iAiBi∗ : iA = iB = i∗

}
,

Z =
{
xymh : ∃ unique z ∈ Z s.t. |z + log g2(ym)| ≤ 3M

I
and h(z) = h(⌈log g1(xm)⌉)

}
.

Let G denote the event that the protocol reaches the final step without aborting, and

define A(xym) ∈ {±1} by

A(xym) = sign
(

E
q(x′y′|m)

[(−1)f(x′y′)]
)
· (−1)f(xy).

Our protocol computes f(xy) correctly when: G happens, A(xym) = 1 and m = miB . Since

EZSQ ⊆ G, and E implies m = miB , the advantage of our protocol is at least:

Γ(EZSQ) · E
Γ(xym|EZSQ)

[A(xym)]− Γ(G(EZSQ)c). (4.87)
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We shall prove:

E
Γ(xym|EZSQ)

[A(xym)] ≥ Ω(2−δM/(12I)), (4.88)

Γ(EZSQ) ≥ Ω(2−6M/I−6M), (4.89)

Γ(G(EZSQ)c) ≤ O(2−6M/I−7M). (4.90)

By Equation (4.87), since δ ≤ 1, we can choose K to be large enough to prove the theorem,

since α+K ≥ M/I ≥ K.

We first upper bound Γ(G(EZSQ)c). By the union bound, we have:

Γ(G(EZSQ)c) ≤ Γ(GEc) + Γ(Zc|GE) + Γ(ScGEZ) + Γ(Qc|GEZS).

The definition of the protocol ensures that Γ(Zc|GE) = 0. Moreover, we claim that

Γ(Qc|GEZS) = 0, because if the event EZS happens and the parties do not abort, then:

ηA ≤ g1(xmiA) · 2⌈log g1(xmiA )⌉ = g1(xm) · 2⌈log g1(xm)⌉,

ηB ≤ g2(ymiB ) · 2z−3M/I = g2(ym) · 2⌈log g1(xm)⌉−3M/I .

The event GEc implies that there was a hash error for the triples accepted by Alice and Bob.

The probability of this happening is at most ε. Finally, Γ(ScGEZ) ≤ Γ(ScEZ) ≤ O(εM/I),

since if ScEZ happens then there must have been a hash collision, which happens with

also occurs with probability at most 2ε. By our choice of ε, the total error is bounded by

2−6M/I−8M(2 +M/I) ≤ 2−6M/I−7M, for K sufficiently large. This implies Equation (4.90).

Let us estimate Γ(QS). We have,

Γ(QS) =
∑

xym∈S
Γ(xym) · Γ(Q|xym) =

∑
xym∈S

p(xym) · Γ(Q|xym).

For xym ∈ S,

Γ(Q|xym) =
g1(xm) · 2−⌈log g1(xm)⌉ · g2(ym) · 2⌈log g1(xm)⌉

23M/I
=
q(xym)

p(xym)
· 1

23M/I
, (4.91)

where the first equality follows from the fact that

g2(ym) · 2⌈log g1(xm)⌉ = 2⌈log g1(xm)⌉+log g2(ym) ≤ 23M/I ,
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by the definition of S. Therefore,

Γ(QS) =
∑

xym∈S
p(xym) · q(xym)

p(xym)
· 1

23M/I
=

q(S)

23M/I

≥ (1− 5 · 2−M/I)

23M/I
= Ω(2−3M/I), (4.92)

where in the last line, we used Claim 3.26.

We claim that for all xym ∈ S,

Γ(Z|xymQS) = Γ(Z|xym) ≥ 1−O(εM/I). (4.93)

The equality follows by observing that xym determine S and given xym, Z just depends on

the choice of h, which is independent of Q. The event Zc can happen only if there exists an

integer z distinct from ⌈log g1(xm)⌉ such that h(⌈g1(xm)⌉) = h(z) and |z + log g2(ym)| ≤

3M/I. The probability that this happens is at most O(ε ·M/I). Therefore, Γ(Z|xym) ≥

1−O(εM/I) ≥ 1/2, by our choice of ε. We conclude that

Γ(QSZ) = Γ(QS) · Γ(Z|QS) ≥ Ω(2−3M/I), (4.94)

Let W be the event that min{iA, iB, i∗} = 1 and let T be the set defined in Equa-

tion (3.18) for our choice of K. We claim that TW c implies i∗ > 1, since if xym ∈ T then

p(m|xy) ≤ 26M ·min{p(m|x), p(m|y)}, which implies

∏
j even

p(mj |ym<j) ≤ 26M ·
∏

j even

p(mj |xm<j),

∏
j odd

p(mj |xm<j) ≤ 26M ·
∏

j even

p(mj |ym<j),

and hence if i∗ = 1 then in fact iA = iB = 1.

Now, we compute Γ(E|QSZ).

Γ(E|QSZ) = Γ(E|QSZW )

≥ Γ(iA = iB = i∗ = 1|QSZ)
Γ(iA = 1|QSZ) + Γ(iB = 1|QSZ) + Γ(i∗ = 1|QSZ)

≥ Γ(iA = iB = i∗ = 1, QSZ)
Γ(iA = 1) + Γ(iB = 1) + Γ(i∗ = 1)

. (4.95)
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Now, we estimate the numerator and denominator in the last expression. LetM be the

set of all transcripts in the support of p. We have,

Γ(iA = iB = i∗ = 1, QSZ)

≥
∑

xym∈S∩T
Γ(iA = iB = i∗ = 1, xym,QZ)

=
∑

xym∈S∩T
Γ(iA = iB = i∗ = 1, xym) · Γ(QZ|xym)

(given xym, QZ is independent of iA, iB, i∗)

=
∑

xym∈S∩T
p(xym) · 1

|M|
· Γ(QZ|xym) (by the definition Γ and T )

=
∑

xym∈S∩T
p(xym) · 1

|M|
· q(xym)

p(xym)23M/I
· Γ(Z|xym) (by Equation (4.91))

≥ q(ST ) · 1

|M| · 23M/I
· (1− Ω(εM/I)). (by Equation (4.93))

Next,

Γ(iA = 1) =
∑
xm′

Γ(iA = 1, xm′) ≤
∑
xm′

p(x) · 1

|M|
·
∏
j odd

p(m′
j |xm′

<j) · 26M ·
∏

j even

p(m′
j |xm′

<j)

≤
∑
xm′

p(xm′) · 2
6M

|M|
≤ 26M

|M|
.

An identical calculation shows that Γ(iB = 1) ≤ 26M/|M|. Furthermore,

Γ(i∗ = 1) =
∑
xym

Γ(i∗ = 1, xym) =
∑
xym

p(x) · 1

|M|
·
∏
j odd

p(mj |xm<j) ·
∏

j even

p(mj |ym<j)

≤
∑
xym

p(xym) · 1

|M|
≤ 1

|M|
.

Plugging this into Equation (4.95) we get

Γ(E|QSZ) ≥ q(ST ) · (1− Ω(εM/I))

26M+(3M/I)+2
= Ω(2−6M−(3M/I)),

by Claim 3.26 and Claim 3.29. Using Equation (4.94) we get that Γ(QSZE) = Ω(2−6M−(6M/I))

as claimed in Equation (4.89).
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For all xym ∈ S,

Γ(xym|QSZ) = Γ(xym) · Γ(QSZ|xym)

Γ(QSZ)

=
p(xym)

Γ(QS)
· Γ(Q|xym) · Γ(Z|xymQS)

Γ(Z|QS)

=
p(xym)

Γ(QS)
· q(xym)

p(xym) · 23M/I
· Γ(Z|xymQS)

Γ(Z|QS)
(By Equation (4.91))

=
q(xym)

q(S)
· Γ(Z|xymQS)

Γ(Z|QS)
(By Equation (4.92))

= q(xym|S) · (1±O(εM/I)), (4.96)

where the last line follows by Equation (4.93).

Next, we note that

Γ(E|QSZ, i∗ = 1) ≥ Γ(E , T |QSZ, i∗ = 1) = Γ(T |QSZ), (4.97)

where we used the fact that the event T, i∗ = 1 implies E and that xym is distributed

independently of i∗. For any xym ∈ S ∩ T

Γ(xym|QSZE) = Γ(xym|QSZEW )

(xym is independent of W even conditioned on QSZE)

= Γ(xym|QSZE , i∗ = 1)

(the event EW is the same as the event E , i∗ = 1)

=
Γ(xymE|QSZ, i∗ = 1)

Γ(E|QSZi∗ = 1)

= Γ(xym|QSZ) · Γ(E|xym, i∗ = 1)

Γ(E|QSZi∗ = 1)

=
Γ(xym|QSZ)

Γ(E|QSZi∗ = 1)
(because xym ∈ S ∩ T )

= Γ(xym|QSZ) · (1±O(Γ(T c|QSZ)))

where the last inequality used the fact that 1 ≥ Γ(E|QSZi∗ = 1) ≥ 1 − Γ(T c|QSZ) by
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Equation (4.97). Together with Equation (4.96) we get that for any xym ∈ S ∩ T

Γ(xym|QSZE) = q(xym|S) · (1±O(Γ(T c|QSZ) + εM/I))

= q(xym|S) · (1±O(q(T c|S) + εM/I))

= q(xym|S) · (1±O(2−M/I + εM/I)), (4.98)

where the last line follows by Claim 3.29.

Now, we complete the proof of Equation (4.88). We have

E
Γ(xym|QSZE)

[A(xym)]

≥
∑

xym∈S∩T
Γ(xym|QSZE) · A(xym)− Γ(T c|QSZE)

≥
∑

xym∈S∩T
q(xym|S) · A(xym)− Ω(2−M/I + εM/I)− 1 + Γ(T |QSZE)

(by Equation (4.98))

≥ E
q(xym|S)

[A(xym)]− q(T c|S)− Ω(2−M/I + εM/I)− 1 + q(T |S) · (1−O(2−M/I + εM/I))

(by Equation (4.98))

≥ E
q(xym)

[A(xym)]− q(Sc)− 2q(T c|S)− Ω(2−M/I + εM/I)

= E
q(xym)

[A(xym)]− Ω(2−M/I + εM/I) (by Claim 3.26 and Claim 3.29)

= E
q(xym)

[
sign

(
E

q(x′y′|m)

[
(−1)f(x′y′)

])
· (−1)f(xy)

]
− Ω(2−M/I)

= E
q(m)

[∣∣∣∣ E
q(xy|m)

[
(−1)f(xy)

]∣∣∣∣]− Ω(2−M/I) ≥ Ω(2−δM/(12I)),

by Equation (3.20).



100

Chapter 5

XOR LEMMA FOR DETERMINISTIC COMMUNICATION &
LIFTING

Given two functions f and g, how much harder is it to compute their composition than

it is to compute each of the functions? In this chapter, we give some answers to this

question in the model of deterministic communication complexity. We recall that for a

function f : X × Y → {0, 1}, D(f) denotes the deterministic communication complexity of

f . Moreover, we denote by C(f), the cover number of f , which is the minimum of number

of rectangles needed to cover X × Y such that each rectangle is constant for f .

We recall the notation of function composition from Chapter 2: given functions f(x, y)

and a function g : {0, 1}n → {0, 1} we denote the composed function by g ◦ f(xy) :=

g(f(x1, y1), . . . , f(xn, yn)). In the special case when the outer function is parity, the n-fold

XOR of f is denoted by f⊕n(xy) := f(x1y1)⊕ . . .⊕ f(xnyn). In this chapter, we study the

communication complexity of g ◦ f and f⊕n in terms of the communication complexity of

f and various complexity measures of f . Before proceeding, we remark that in the lifting

literature, it is common to flip the notation for inner and outer functions in the composition

– the outer function is f , and the inner function, known as a gadget, is g. We prefer to use

g ◦ f as the other results of this paper, which are XOR lemmas, are typically written with

the inner function being f .

5.1 Background

We start with a simple and natural upper bound for computing g◦f , which was observed by

Buhrman, Cleve and Wigderson [13]. Given a decision tree T for g, simulate T by running

the communication protocol to compute zi = f(xiyi) whenever it queries zi. Using the best

decision tree for g, we get

D(g ◦ f) ≤ DT(g) ·D(f). (5.1)
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A natural question is whether or not the above bound is optimal. From the perspective

of lower bounds, a related and perhaps simpler question is whether or not computing n

copies of f requires n times the communication of a single copy. This latter problem was

studied by Feder, Kushilevitz, Naor and Nisan [18] who gave a direct sum theorem for

deterministic communication complexity.

Theorem 5.1 ([18]). D(fn) ≥ logC(fn) ≥ n · (
√
D(f)− log log(|X | · |Y|)− 1).

The preceding theorem gives a lower bound on the communication needed to compute

n copies of f , however, as observed in Equation (5.1), computing g ◦ f may not require

computing f on all the coordinates.

There is a large body of work showing that Equation (5.1) is indeed optimal for several

(fixed) functions f . The earliest such result is due to Raz and McKenzie [54] who considered

the index function gadget, Indm : [m] × {0, 1}m → {0, 1} given by Indm(x, y) = yx. They

showed that for m = nO(1), and any function g : {0, 1}n → {0, 1}, D(g ◦ Indm) = Θ(DT(g) ·

D(Indm)).

Their proof was simplified by Göös, Pitassi, and Watson [22], and was recently improved

by [40] who showed the same result as that of [54] for m = O(n1+ε) (for any fixed ε > 0).

Chattopadhyay, Koucký, Loff, and Mukhopadhyay [16] showed a similar result for the inner

product gadget (as well as for any gadget with a certain pseudorandom property) IPm :

{0, 1}m × {0, 1}m → {0, 1} given by IPm(x, y) = x1y1 ⊕ . . .⊕ xmym. They showed that for

m = Ω(log n) and any function g, D(g ◦ IPm) = Θ(DT(g) ·D(IPm)). Manor and Meir [41]

proved that D(g ◦f) = Ω(DT(g) ·D(f)) for all functions f with discrepancy at most n−O(1).

Several works have also considered lifting complexity measures other than decision tree

complexity to communication. Zhang [69] showed that for any f1, . . . , fn ∈ {∨,∧} and any

function g, computing g(f1(x1y1), . . . , fn(xn, yn)) with constant success probability requires

communication Ω(DT(g)1/3). Huynh and Nordström [26] lifted critical block-sensitivity to

the randomized communication complexity of certain search problems. This was simplified

by Göos and Pitassi [21] and applied to obtain depth lower bounds for monotone circuits.

Sherstov [61] lifted approximate degree to the randomized communication complexity of

functions of the form g ◦ Indm.
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5.2 Discussion of Main Results

In this chapter we prove two related results. First, we prove an XOR lemma for communi-

cation complexity.

Theorem 5.2 (XOR lemma for Deterministic Communication). There exists c0 ≥ 1 such

that for any function f with D(f) ≥ c0, D(f⊕n) ≥ logC(f⊕n) ≥ n ·
(
Ω(D(f))
log rk(f) − log rk(f)

)
.

Then, we generalize the above to obtain a lifting theorem from sensitivity to deterministic

communication complexity for arbitrary gadgets.

Theorem 5.3 (Lifting Theorem). There exists c0 ≥ 1 such that for any function f with

D(f) ≥ c0 and any function g : {0, 1}n → {0, 1},

D(g ◦ f) ≥ logC(g ◦ f) ≥ s(g) ·
(
Ω(D(f))

log rk(f)
− log rk(f)

)
.

We provide a few remarks on the above results. First, we note that the sensitivity of

the XOR function is n since, on any input, changing any coordinate results in the output

changing. It follows that Theorem 5.3 implies Theorem 5.2. Next, we address the relation-

ship between rank and communication and its implications for the above results. We recall

that D(f) ≥ log rk(f) and moreover, the log-rank conjecture due to Lovász and Saks [38],

asserts a partial converse.

Conjecture 5.4 (Log-rank Conjecture [38]). There exists a constant k such that for any

function f(x, y), D(f) ≤ logk rk(f).

The best upper bound in this direction is due to Sudakov and Tomon [64] which improves

a bound of Lovett [39] to get D(f) = O(
√
rk(f)). Additionally, Göös, Pitassi, and Watson

[22], gave an example of a function with rank r and communication complexity Ω̃(log2 r).

Using the fact that the rank “tensorizes” i.e. rk(g ◦ f) ≥ (rk(f) − 1)deg(g) [56, 28], the

above conjecture implies that D(g ◦ f) = Ω(deg(g) · (D(f))1/k), where k is the constant in

Conjecture 5.4. Yang [65] used this property of rank and observed that when g is the XOR

function, one can use Theorem 5.2 to conclude that D(f⊕n) = Ω(n ·
√
D(f)), for any f

whose communication complexity is a sufficiently large constant. This is a strengthening
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of Theorem 5.1, and the same ideas yield the following corollary, which is an unconditional

version of the consequence of the log-rank conjecture.

Corollary 5.5. There exists c0 ≥ 1 such that for any function f with D(f) ≥ c0 and any

function g : {0, 1}n → {0, 1},

D(g ◦ f) ≥ s(g) · deg(g)
2s(g) + deg(g)

· Ω
(

D(f)

log rk(f)
+ log rk(f)

)
= Ω

(
min{s(g), deg(g)} ·

√
D(f)

)
.

We note that D(f) needs to be a sufficiently large constant for such a lower bound since

there are functions f and g for which the communication complexity of computing g ◦ f

does not grow. For example, the deterministic communication complexity of computing the

parity function on 2 bits is 2, and moreover, the n-fold XOR of the parity function can also

be computed with 2 bits. The same holds if f and g are both the AND/OR functions.

Combining Corollary 5.5 with Equations (2.3) and (2.4) we get that for any f whose

communication complexity is a sufficiently large constant, and any function g,

D(g ◦ f) ≥ Ω(DT(g)1/6 ·
√
D(f)),

which is partial progress towards establishing the tightness of Equation (5.1).

The main ideas proof of Theorem 5.2 and Theorem 5.3 are similar and use information

theory. In the XOR case, we first show that if ⊕◦f admits a small cover via monochromatic

rectangles, f itself must contain a large monochromatic rectangle.

Lemma 5.6. If ⊕ ◦ f can be covered with 2T monochromatic rectangles, then f contains a

monochromatic rectangle of density 2−T/n−2.

For the general case, we strengthen the previous lemma to obtain the following similar

one.

Lemma 5.7. If g ◦ f can be covered with 2T monochromatic rectangles, then f contains a

monochromatic rectangle of density 2−2T/s(g) · (4 · rk(f))−2.

Nisan and Wigderson [46] had observed that a large monochromatic rectangle can be

used to partition the inputs to f into 2 parts – in one part, the rank decreases and in the

other, the size decreases. Using this they showed that if one can repeatedly obtain dense
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monochromatic rectangles, then there is an efficient communication protocol for f . We can

repeatedly apply Lemmas 5.6 and 5.7 to obtain such a protocol, and as a consequence we

get that if g ◦ f admits a small cover then f admits a protocol much shorter than D(f), a

contradiction.

Organization. This chapter is organized as follows. First, we prove Lemmas 5.6

and 5.7 in Section 5.3. Then, in Section 5.4 we explain how the lemmas together with the

Nisan and Wigderson protocol yield Theorems 5.2 and 5.3. In Section 5.5, we prove Corol-

lary 5.5 from Theorem 5.3. Section 5.6 closes this chapter with some additional observations

and future questions.

5.3 Dense Monochromatic Rectangles from Small Covers

We first give a short and simple proof of Lemma 5.6 before discussing a slightly more

complicated argument for Lemma 5.7.

5.3.1 Proof of Lemma 5.6

Since ⊕ ◦ f can be covered with 2T monochromatic rectangles, there exists one of density

at least 2−T , say R. Let X and Y be a uniformly random row and column respectively in

R. Since R is a rectangle, X and Y are independent. Using the chain rule, we get

H(XY ) = H(X) +H(Y ) (because X,Y are independent)

=

n∑
i=1

H(Xi|X<i) +H(Yi|Y>i) (by the chain rule)

=

n∑
i=1

H(Xi|X<iY>i) +H(Yi|X<iY>iXi) (because X,Y are independent)

=

n∑
i=1

H(XiYi|X<iY>i). (by the chain rule)

This implies there exist i, x<i, y>i such that

H(XiYi|x<iy>i) =
H(XY )

n
≥ log(|X | · |Y|)− T

n
.
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Define the random variables U = f(x1Y1)⊕ . . .⊕ f(xi−1Yi−1) and V = f(Xi+1yi+1)⊕ . . .⊕

f(Xnyn). By the chain rule, and since U, V are bits, we get

H(XiYi|x<iy>iUV ) + 2 ≥ H(XiYi|x<iy>iUV ) +H(UV |x<iy>i)

= H(XiYiUV |x<iy>i)

≥ H(XiYi|x<iy>i),

so there is some fixed value of u, v such that

H(XiYi|x<iy>iuv) ≥ log(|X | · |Y|)− T

n
− 2.

The desired rectangle is the set given by the support of supp(XiYi|x<iy>iuv). Because (X,Y )

is distributed uniformly in R, the distribution of (Xi, Yi) conditioned on (x<i, y>i, u, v) is a

product distribution, and hence this set is a rectangle. Moreover, since R is monochromatic

for ⊕ ◦ f and ⊕j ̸=if(xjyj) = u ⊕ v holds for all (x, y) ∈ supp(XY |uv), it follows that

supp(XiYi|x<iy>iuv) is monochromatic. Using Fact 2.2, the density of this rectangle is

given by
|supp(XiYi|x<iy>iuv)|

|X | · |Y|
≥ 2−T/n−2.

5.3.2 Proof of Lemma 5.7

Before giving the proof, we briefly explain why the previous argument fails for general

function compositions, and how we resolve the issues that arise.

A key step in the preceding argument was the fixing of the parities of the outputs of

f among first i − 1 and the last n − i coordinates. This step strongly used the fact that

the outer function is the parity function, which is no longer true for us. To prove lower

bounds for general function composition, we need an appropriate generalization of this

parity constraint. We enforce such a constraint by switching from the uniform distribution

to a correlated distribution.

For simplicity, assume s(g) = n and that g is balanced. By definition, there exists

z ∈ {0, 1}n with g(z) ̸= g(z<i, 1 − zi, z>i), for all i. Consider the distribution p(xy) on

X n × Yn obtained by sampling each (xi, yi) ∈ g−1(zi) uniformly at random; let XY be
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random variables jointly distributed according to p(xy). Now, using the sub-additivity of

entropy, we obtain a slightly weaker statement than in the previous argument. We show

that there exists a rectangle R that is constant for g ◦ f , a coordinate i and inputs x<i, y>i

such that the sets

A = supp(Xi|x<iy>iR) and B = supp(Yi|x<iy>iR),

satisfy |A| ≥ Ω(|X | · 2−T/n) and |B| ≥ Ω(|Y| · 2−T/n).

We finish the proof by showing that A × B is a monochromatic rectangle for f . Note

that

supp(p(xi, yi|x1, . . . , xi−1, yi+1, . . . , yn, R)) ⊆ A×B,

and although f is constant on the former set (by the definition of p), it is not obvious that

the same holds for the A×B.

The main difference between the above high-level description and the proof of Lemma 5.7

is that g need not be balanced. To address this, we consider two cases. First, we assume

that g is extremely biased, say Pr[g(x, y) = 1] > 1− 1/(4 · rk(g)). In this case, we obtain a

monochromatic rectangle for g using an observation of Gavinsky and Lovett [20], ignoring

the cover for f ◦ g. Otherwise, g is not too biased and we can apply the above discussion,

albeit with a loss of 1/(4 · rk(g)) in the final bound. Let us now turn to the actual proof.

First, assume that |Exy[f(xy)]− 1/2| > 1/2− 1/(4 · rk(f)). In this case, we use Lemma

3.3 from [20] to infer that f contains a monochromatic rectangle of constant density. For

completeness, we supply the proof. Indeed,∣∣∣∣Exy[f(xy)]− 1

2

∣∣∣∣ = max

{
Pr
xy

[f(xy) = 1]− 1

2
,Pr
xy

[f(xy) = 0]− 1

2

}
,

and we can assume without loss of generality that

Pr
xy

[f(xy) = 1] > 1− 1

4 · rk(f)
.

Let E be the set of all x such that Pry[f(xy) = 1] ≤ 1− 1/(2 · rk(f)). We have,

Pr
xy

[f(xy) = 1] ≤ Pr
x
[x ∈ E] ·

(
1− 1

2 · rk(f)

)
+Pr

x
[x /∈ E]

= 1− Prx[x ∈ E]

2 · rk(f)
,
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which implies that Prx[x ∈ E] ≤ 1/2. Let x1, . . . , xr ∈ Ec be such that the corresponding

rows are maximally linearly independent inMg. Moreover, letG = {y : f(xiy) = 1, ∀i ∈ [r]}.

By a union bound, we have

Pr
y
[y /∈ G] ≤ r · 1

2rk(f)
≤ 1

2
.

We observe that any row in Ec × G is all 1s or all 0s since it can be expressed as a linear

combination of x1, . . . , xr, each of which is all 1s. Hence, we have a monochromatic rectangle

of density at least 1/8. Since

2−2T/s(g) · (4 · rk(f))−2 ≤ 1/16 < 1/8,

we have found a monochromatic rectangle of the desired density.

Next, suppose that |Exy[f(xy)]− 1/2| < 1/2− 1/(4 · rk(f)). We have

1

4 · rk(f)
≤ Pr

xy
[f(xy) = 0],Pr

xy
[f(xy) = 1] < 1− 1

4 · rk(f)
. (5.2)

For shorthand, let s be the sensitivity of g. By definition, there exists an input z ∈ {0, 1}n

and a set S ⊆ [n] such that for all i ∈ S

g(z) ̸= g(z<i, 1− zi, z>i).

We may assume without loss of generality that S ⊇ [s], for otherwise, this can be ensured

by renaming the coordinates. Let u(xy) denote the uniform distribution over all inputs

(x, y) ∈ X n×Yn, and let p(xy) be a distribution obtained by sampling each (xi, yi) randomly

and independently subject to g(xiyi) = zi. Additionally, let XY be random variables jointly

distributed according to p(xy). By Equation (5.2) we have the following inequality relating

the two distributions:

max
x,y

p(x≤sy≤s)

u(x≤sy≤s)
= max

xy

∏
i≤s

u(xiyi|g(xiyi) = zi)

u(xiyi)

=
∏
i≤s

1

Pru(xi,yi)[g(xi, yi) = zi]
≤ (4 · rk(g))s. (5.3)

Since g ◦ f can be covered with at most 2T monochromatic rectangles, say R1, . . . , R2T ,

there exists a rectangle R in the cover with p(R) ≥ 2−T . Using the sub-additivity of entropy

we prove the following claim.
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Claim 5.8.

∑
i∈[s]

H(Xi|X<iX>sY>i) +H(Yi|X<iX>sY>i) ≥ s log
|X | · |Y|

(4 · rk(f))2
− 2T.

Proof. Applying the chain rule for entropy we get

∑
i∈[s]

H(Xi|X<iX>sY>i) +H(Yi|X<iX>sY>i)

≥
∑
i∈[s]

H(Xi|X<iX>sY ) +H(Yi|XY>i) = H(X|X>sY ) +H(Y |XY>s).

Let p′(xy) be the distribution obtained by sampling (xj , yj) uniformly at random, for each

j ∈ [s], and according to p(xjyj) for each j /∈ S. Using this notation, we bound the term

H(X|X>sY ) above as follows

H(X|Y X>s)

= E
p(xy|R)

[
log

1

p(x|yx>sR)

]
= E

p(x,y|R)

[
log

p(R) · p(x>sy|R)
p(xy)

]
≥ E

p(xy|R)

[
log

p(x>sy|R)
(4 · rk(f))s · u(x≤sy≤s) · p(x>sy>s)

]
− T (Equation (5.3) and p(R) ≥ 2−T )

= E
p(xy|R)

[
log
|X |s · p(x>sy|R)

p′(x>sy)

]
− T − s log(4 · rk(f))

= s log
|X |

4 · rk(f)
+D(p(x>sy|R)||p′(x>sy))− T ≥ s log

|X |
4 · rk(f)

− T,

which follows by Fact 2.4. A similar calculation shows that H(Y |XY>s) ≥ s log |Y|
4·rk(f) − T ,

yielding the desired bound.

By an averaging argument, we obtain an index i ∈ [s] and x<i, x>s, y>i such that

H(Xi|x<ix>sy>i) +H(Yi|x<ix>sy>i) ≥ log
|X | · |Y|

(4 · rk(f))2
− 2T

s
.

For shorthand, let

A := supp(Xi|x<ix>sy>iR) and B := supp(Yi|x<ix>sy>iR).
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Using Fact 2.2 we conclude that the rectangle given by A×B has size at least

|X | · |Y|
16 · rk(f)2 · 22T/s

.

Moreover, we claim that A×B is monochromatic for f . Indeed, for any xi ∈ A, there exists

a row x′ ∈ supp(X|x<ix>sy>iR) such that x′i = xi. Similarly, for any yi ∈ B, there exists

a column y′ ∈ supp(Y |x<ix>sy>iR) such that y′i = yi. In particular, (x′, y′) ∈ R and in

addition, x′j = xj for all j < i and y′j = yj for all j > i.

Since y′ ∈ supp(Y |x<ix>sy>iR), we get f(x′t, y
′
t) = f(xt, y

′
t) = zt for all t < i. Similarly,

we have f(x′t, y
′
t) = f(x′t, yt) = zt for all t > i. Since i ∈ [s], if f(x′iy

′
i) ̸= zi, then g◦f(x′y′) =

g(z<i, 1 − zi, z>i) ̸= g(z). However, this contradicts the fact that R is monochromatic for

g ◦ f because for every (x, y) ∈ supp(XY |R), we know that g ◦ f(xy) = g(z).

5.4 Proofs of the XOR Lemma and Lifting Theorem

Below, we prove Theorem 5.3; the proof of Theorem 5.2 is identical. At a high level, we

apply Lemma 5.7 repeatedly to find dense monochromatic rectangles and combine this with

the arguments of [46] to obtain a protocol for f .

Fix some two functions f and g, and consider any cover of g ◦f with some 2T monochro-

matic rectangles. For shorthand, let s denote the sensitivity of g. Applying Lemma 5.7, we

obtain a monochromatic rectangle R in Mf with density 2−2T/s · (4 · rk(f))−2.

By renaming the rows and columns of Mf appropriately, we can rewrite it asR A

B Z

 ,
for some matrices A,B and Z. Now, we observe that

min

{
rk

([
R A

])
, rk

(R
B

)} ≤ rk(f) + 3

2
. (5.4)
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Since R has rank one we get

rk

([
R A

])
+ rk

(R
B

) ≤ rk(A) + rk(B) + 2 (by Fact 2.7)

≤ rk

( 0 A

B Z

)+ 2 (Gaussian Elimination)

≤ rk

(R A

B Z

)+ 3 (by Fact 2.7)

= rk(g) + 3,

and Equation (5.4) follows.

If rk
( [
R A

] )
≤ (rk(f) + 3)/2, Alice sends a bit to Bob indicating whether or not

her input is consistent with the rows of R. Otherwise, Bob sends a bit to Alice indicating

whether or not his input is consistent with the columns of R. We can assume without loss

of generality that rk
( [
R A

] )
≤ (rk(f) + 3)/2 as the proof is symmetric.

Let f ′ and f ′′ denote the functions encoded by the matrices
[
R A

]
and

[
B Z

]
respec-

tively. We note that a cover of Mg◦f also gives a cover of both Mg◦f ′ and Mg◦f ′′ . If Alice’s

input is consistent with the rows of R, the players repeat the above argument using the

rectangle cover for Mg◦f ′ . Otherwise, they repeat the argument using the rectangle cover

for Mg◦f ′′ . In the former case, we have rk(f ′) ≤ (rk(f)+3)/2 and in the latter case, the size

of X × Y shrinks by a factor of 1− 2−2T/s · (4 · rk(f))−2.

We claim that after (4 · rk(f))3 · 22T/s + O(log rk(f)) recursive steps either the rank is

at most 5 or the size of the matrix is at most 1. Indeed, as long as the rk(f) ≥ 5, we have

rk(f ′) ≤ (rk(f) + 3)/2 ≤ 4 · rk(f)/5. Hence, there can only be after log5/4 rk(f) many steps

where the rank reduces by a factor of 4/5. Similarly, there can be only k = (4 · rk(f))3 ·22T/s

many steps where the size of the matrix reduces, since(
1− 1

22T/s(4 · rk(f))2

)k

≤ exp
(
− k

22T/s(4 · rk(f))2
)
= e−4·rk(f) ≤ 1

|X | · |Y|
,

where we used the fact that |X | and |Y| are both at most 2rk(f) in the last step.

Every leaf of this protocol either corresponds to a size 1 matrix or a matrix of rank at

most 5. Thus, with constantly more bits of communication, we get a protocol for f with
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the following upper bound on the number of leaves:(
(4 · rk(f))3 · 22T/s +O(log rk(f))

O(log rk(f))

)
·O(1) ≤ O(rk(f)3 · 22T/s)O(log rk(f))

≤ 2O((T/s+log rk(f))·log rk(f)),

where all the inequalities hold for c0 large enough.

By Fact 2.9 the above protocol can be rebalanced to have communication at most

O

((
T

s
+ log rk(f)

)
· log rk(f)

)
.

Since f requires communication at least D(f),we have(
T

s
+ log rk(f)

)
· log rk(f) ≥ Ω(D(f)),

and the theorem follows by rearranging.

Remark 5.9. The main difference between the above analysis and the proof of Theorem 5.2

is the number of steps needed to obtain either a matrix of size 1 or one of rank at most 5.

In the case of XOR, if the rank does not reduce by a factor of 2, the size shrinks by a factor

of 2−T/n−2. The number of times this can happen is at most O(2T/n · rk(f)). Hence, the

number of leaves is now(
O(rk(f) · 2T/n + log rk(f))

O(log rk(f))

)
·O(1) ≤ O(rk(f) · 2T/n)O(log rk(f))

≤ 2O((T/n+log rk(f))·log rk(f)),

which is asymptotically the same as in the general case. The remainder of the proof is

identical.

5.5 A Lifting Theorem without Rank

In this section, we proof Corollary 5.5. The main idea is based on the following claim; a

similar statement can be found in Rezende et al [56]. Below, we include a proof for the sake

of completeness.

Lemma 5.10. For any two functions g : {0, 1}n → {0, 1} and f : X × Y → {0, 1}, it holds

that rk(g ◦ f) ≥ (rk(f)− 1)deg(g).
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Proof. For shorthand, denote by d, the degree of f . By definition, there exists a subset of

size d whose corresponding coefficient in the polynomial expansion of g is non-zero. We can

assume without loss of generality that this set is [d], otherwise, we can rename the variables

to ensure this. Let u1, . . . , ur be a maximal set of linearly independent rows of Mf , and let

x1, . . . , xr be the corresponding inputs. Further, define the vectors ũ1, . . . , ũr, where ũi is

the projection of ui onto the space orthogonal to the all-ones vector, 1. We note that the

dimension of span(ũ1, . . . , ũr) is at least r − 1.

In what follows, we adopt the following notation for the tensor product of 2 (or more

vectors). Given two vectors u ∈ Rm and v ∈ Rk, we denote the tensor product of u with v

by u⊗ v ∈ Rmk where u⊗ v[i, j] = u(i) · v(j).

The key observation is that the projection of the rows of Mg◦f to the space

V := span({v1 ⊗ . . .⊗ vd ⊗ 1⊗ . . .⊗ 1︸ ︷︷ ︸
n−d times

: vi ∈ {ũ1, . . . , ũr}})

has full rank. Indeed, consider any function h : [n]→ [r] and let uh be the row corresponding

to the inputs xh(1), . . . , xh(n). For any y1, . . . , yn, using the multilinear polynomial for g we

can write

uh(y1, . . . , yn) = g(f(x1, y1), . . . , f(xn, yn))

=
∑
S⊆[n]

αS ·
∏
i∈S

f(xi, yi)

=
∑
S⊆[n]

αS ·
∏
i∈S

uh(i)(yi).

For any set S, the last quantity above can be written as tensor product. For example,

if we let S = [t] then∏
i∈[t]

uh(i)(yi) = uh(1) ⊗ . . . uh(t)[y1, . . . , yt]

= uh(1) ⊗ . . . uh(t) ⊗ 1⊗ . . .⊗ 1︸ ︷︷ ︸
n−t times

[y1, . . . , yn].

Applying this to a general set S, we can write∏
i∈S

uh(i)(yi) = ⊗i∈Suh(i) ⊗i/∈S 1[y1, . . . , yn],
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where the subscript is used to denote the vector in the i-th coordinate of the tensor product

depending on whether or not i ∈ S.

For any set S ̸= [d] of size at most d, the projection of ⊗i∈Suh(i) ⊗i/∈S 1 onto V is zero,

since there exists i ∈ [d]\S such that the vector in the i-th coordinate of the tensor product

is 1. Moreover, by the definition of degree, αS = 0 for sets S of size larger than d. Lastly,

the projection of α[d] · ⊗i∈[d]uh(i) ⊗n
i=d+1 1 is exactly α[d] · ⊗i∈[d]ũh(i) ⊗n

i=d+1 1.

This establishes that the projection of the rows ofMg◦f to V has full rank. It follows the

rank of Mg◦f is at least the dimension of V, which is at least (r−1)d = (rk(f)−1)deg(g).

We are now ready to prove Corollary 5.5. The proof uses an observation pointed out to

us by Yang [65] after the publication of [28].

Proof of Corollary 5.5. Recalling Fact 2.8, we have D(g ◦ f) ≥ ⌈log rk(g ◦ f)⌉. Therefore,

we can combine Theorem 5.3 and Lemma 5.10 to conclude

D(g ◦ f) ≥ max

{
s(g) ·

(
Ω(D(f))

log rk(f)
− log rk(f)

)
, deg(g) · log(rk(g)− 1)

}
.

Using the fact that max{a, b} ≥ λ · a + (1 − λ) · b, for any λ ∈ [0, 1], we can set λ =

deg(g)/(2s(g) + deg(g)) to get

D(g ◦ f) ≥ s(g) · deg(g)
2s(g) + deg(g)

·
(
Ω(D(f))

log rk(f)
− log rk(f) + 2 log(rk(f)− 1)

)
≥ s(g) · deg(g)

2s(g) + deg(g)
· Ω
(

D(f)

log rk(f)
+ log rk(f)

)
,

where we used the fact that for c0 large enough, (rk(f)− 1)2 ≥ rk(f)3/2.

Lastly, we can write s(g) ·deg(g)/(2s(g)+deg(g)) ≥ min{s(g), deg(g)}/3 and by the AM-

GM inequality, we have D(f)/ log rk(f) + log rk(f) ≥ 2
√
D(f). It follows that D(g ◦ f) =

Ω(min{s(g), deg(g)} ·
√
D(f)).

5.6 Conclusions

In this chapter, we have tried to reason about the communication complexity of computing

g ◦ f for arbitrary f and g. We expect that this is Ω(DT(g) · D(f)), for any sufficiently

complex gadget g. Corollary 5.5 gives the lower bound Ω(min{s(g), deg(g)} ·
√
D(f)) ≥
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Ω(DT(g)1/6 ·
√
D(f)) which can be seen as progress towards this. Below, we show that for

some gadgets this can be further improved.

1. For certain gadgets g, we can obtain D(g ◦f) ≥ Ω(DT(g)1/3 ·
√
D(f)) using the notion

of block-sensitivity, another well-studied [45] Boolean function complexity measure.

The block-sensitivity of g at z ∈ {0, 1}n is the maximum number of disjoint sets

S1, . . . , St such that for all i ∈ [t],

g(z) ̸= g(z⊕Si), where z⊕Si
j =


1− zj , if j ∈ Si and

zj , otherwise.

The block-sensitivity of g, denoted bs(g), is the maximum across all z, of the block-

sensitivity of f at z. By definition, s(g) ≤ bs(g). Moreover, the block-sensitivity

is known to give a better upper bound for the decision-tree complexity than the

sensitivity. In particular, Midrijānis [42] showed that DT(g) ≤ bs(g) · deg(g). By

the lower bound in Equation (2.3) we know that deg(g) ≤ s(g)2 ≤ bs(g)2. Hence,

DT(g) ≤ bs(g)3.

We say a function f(x, y) is row-symmetric1 if for any x, there exists x ̸= x such that

for all y, we have f(x, y) = 1 − f(x, y). An example of such a function is the index

function, Indm.

Theorem 5.11. There exists an absolute constant c0 > 0 such that for any row-

symmetric function f with D(f) ≥ c0 and any function g : {0, 1}n → {0, 1} we have

D(g ◦ f) = Ω(min{bs(g), deg(g)} ·
√
D(f)) = Ω(DT(g)1/3 ·

√
D(f)).

Proof. Suppose g has block-sensitivity b, achieved at a point z̃ by sets S1, . . . , Sb.

Consider the function g′ : {0, 1}b → {0, 1} given by

g′(z) = g(z′), where z′j =


|z̃j − zi| , if ∃i such that j ∈ Si and

z̃j , otherwise.

1A related notion is that of flippability, defined in [21].
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We note that g′ has sensitivity b, since g′(0) = g(z̃), and g′(0⊕{i}) = g(z̃⊕Si). More-

over, any protocol that computes g◦f can also be used to compute g′◦f in the following

way. Suppose Alice and Bob gets inputs x1, . . . , xb and y1, . . . , yb. For each set Si and

coordinate j ∈ Si, Alice sets xj = xi if z̃j = 0, and otherwise, sets xj = xi (from

the row-symmetry property). Bob sets yj = yi for each j ∈ Si. For every coordinate

j /∈ S1 ∪ . . . ∪ Sb, the players arbitrarily fix inputs such that f(xj , yj) = z̃j . They can

now run the protocol for g◦f to compute g′◦f and it follows that D(g′◦f) ≤ D(g◦f).

Moreover, Theorem 5.3 shows that

D(g′ ◦ f) ≥ s(g′) ·
(
Ω(D(f))

log rk(f)
− log rk(f)

)
= bs(g) ·

(
Ω(D(f))

log rk(f)
− log rk(f)

)
.

The theorem follows by applying the same arguments as in the proof of Corollary 5.5.

2. Anup Rao observed that for certain gadgets g, such as inner product IPm, one can

improve Theorem 5.3 to obtain D(g ◦ f) = Ω(s(g) · D(f)/ log rk2(f)), where rk2(f)

is the rank of Mf over F2. This can be seen by modifying the proof of Lemma 5.7

and Theorem 5.3 to keep track of rk2(f) instead of rk(f).

Theorem 5.12. There exists an absolute constant c0 > 0 such that for any function

f(xy) with D(f) ≥ c0 and any g : {0, 1}n → {0, 1} we have

D(g ◦ f) = s(g) ·
(

Ω(D(f))

log rk2(f)
− log rk2(f)

)
.

We sketch a proof of this theorem. First, the statement of Lemma 5.7 can be

strengthened to show that there is a monochromatic rectangle of density at least

2−2T/s(g) · (4 · rk2(f))−2. To see this, we make the following slight modification to the

proof. At the start, we suppose that f is biased – the appropriate threshold for the

bias must be updated to |Exy[f(xy)]− 1/2| > 1/2 − 1/(4 · rk2(f)). Next, as in the

proof, we conclude that at least half the rows are all biased towards the same bit with

probability at least 1−1/(2 · rk2(f)). Furthermore, there exist some r rows, x1, . . . , xr
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that are maximally linearly independent2 over F2. Again, like in the proof, we can

show that for half the columns the entries corresponding to x1, . . . , xr are all the same

bit. Using the linear dependence of any other row on x1, . . . , xr over F2, we can infer

the existence of a rectangle of density at least 1/8. The remainder of the proof of

Lemma 5.7 proceeds as before and does not use any algebraic property of rank.

Lastly, we need to change the proof of Theorem 5.3 in the following way. Each time

we find a monochromatic rectangle R for g using Lemma 5.7, we can recurse on a

sub-matrix where either rk2(g) goes down by a factor of 4/5 or the size of the matrix

shrinks by the appropriate amount. If the rank over F2 is at most 5, one can just

use 6 bits of communication to compute the function since D(f) ≤ rk2(f) + 1. This

calculation yields

D(g ◦ f) = s(g) ·
(

Ω(D(f))

log rk2(f)
− log rk2(f)

)
.

Furthermore, for any gadget satisfying D(f) = Ω(log2 rk(f)), we get that D(g ◦ f) =

Ω(s(g) ·D(f)/ log rk2(f)). In particular, for the inner product gadget, we know that

rk2(IPm) ≤ m and D(IPm) = Ω(m).

2this step is slightly different from the proof: the proof assumes that x1, . . . , xr are maximally linearly
independent over R.
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Chapter 6

OPEN PROBLEMS AND CONCLUDING REMARKS

6.1 Randomized Communication

In Chapter 3 we gave an XOR lemma for randomized communication showing that if f

requires C bits to be computed with constant success probability then computing f⊕n

with probability at least 1/2 + exp(−Ω(n)) requires communication Ω̃(
√
n · C). We built

on information-theoretic techniques developed over a long line of works that addressed

problems in parallel repetition and direct sum theorems in randomized communication.

The new XOR lemma makes use of some new definitions, such as rectangular distributions

and marginal information. Armed with these new definitions, we wonder if we can go back

to obtain improved parallel repetition theorems and optimal direct-sum statements? One

way to obtain an improved direct-sum result for randomized communication is to prove a

better compression result for marginal information.

Open Question 6.1. Given a Boolean function f and a protocol p with communication C

and marginal information MI(p, f) ≤ O(I), does there exist a protocol τ simulating p with

communication O(IO(1) logC) and constant advantage?

Another direction that can potentially benefit from the definition of marginal information

is understanding the randomized communication complexity of computing g◦f for arbitrary

Boolean functions g. A simpler version of this is to show that computing f∨n(x, y) :=

f(x1, y1) ∨ . . . ∨ f(xn, yn) requires large communication.

Open Question 6.2. Does there exist C > 0 and ε ∈ (0, 1) such that for any Boolean f

with suc(C, f) ≤ ε, it holds that suc(Õ(
√
nC), f∨n) ≤ ε?

The challenge in proving the above statement is the sub-additivity step; if µ is the hard

distribution for f then the hard distribution for f∨n is different from µn. Indeed, if we were

to use µn then f∨n can be computed with probability 1− exp(−Ω(n)) by simply outputting



118

1. The candidate hard distribution for f∨n is the following one: choose a random coordinate

i ∈ [n] and sample the inputs in i-th coordinate from µ, and everywhere else according to

µ(x, y|f−1(0)). The distribution above unlike µn, has correlations across the coordinates.

In our proof of Theorem 4.2, we crucially used the independence of the input distribution

across the coordinates. We note that such a distribution was used by Razborov [55] to prove

a lower bound on the randomized communication complexity of disjointness, which can be

thought of as the n-fold OR of the AND function on 2 bits.

6.2 Deterministic Communication

A natural follow-up to Theorem 5.3 and Corollary 5.5 is whether D(g◦f) = Ω(DT(g) ·D(f))

for any f with communication complexity that is a sufficiently large constant. This is open

even for specific gadgets f . For example, the best known bound for f being the index

gadget Indm is due to Lovett et al. [40] who showed that for m ≥ Ω(n1+ε), it holds that

D(g ◦ Indm) = Ω(DT(g) ·D(Indm)). We outline a direction to prove a near-optimal lifting

theorem for a different gadget, IPm (inner-product). Indeed, as discussed in item 2 in

Section 5.6, rk2(IPm) = logm while D(IPm) = m. Hence, if sensitivity in Theorem 5.3

can be replaced with decision-tree complexity, specifically for the inner-product function

then, one could show that for any m that is a sufficiently large constant, D(g ◦ IPm) =

Ω(DT(g) ·D(IPm)/ logD(IPm)).

Open Question 6.3. Does there exists m0 > 0 such that for any m ≥ m0 and any function

g : {0, 1}n → {0, 1},

D(g ◦ IPm) ≥ DT(g) ·
(
Ω(m)

logm
− logm

)
.

We reiterate a basic question posed by Karchmer, Raz and Wigderson [34], which asks

about the existence of function f whose corresponding KW-game has large amortized com-

munication complexity. We wonder if the information-theoretic techniques in this thesis can

be used to attack this problem.

Open Question 6.4 ([34]). Is there a Boolean f : {0, 1}n → {0, 1} with

lim
k→∞

D(KWk
f )

k
= ω(log n)?
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