ON THE ROBIN PROBLEM IN FRACTAL DOMAINS

Richard F. Bass, Krzysztof Burdzy and Zhen-Qing Chen

Abstract. We study the solution to the Robin boundary problem for
the Laplacian in a Euclidean domain. We present some families of fractal
domains where the infimum is greater than 0, and some other families
of domains were it is equal to 0. We also give a new result on “trap
domains” defined in [BCM], i.e., domains where reflecting Brownian

motion takes a long time to reach the center of the domain.

1. Introduction.
The Robin problem (also known as the “third” boundary problem) for a Euclidean

domain D c R? is to find a function u such that

Au(z) =0, x €D, (1.1)
ou
o W x € 0D, (1.2)

with one or more side conditions, where n is the unit inward normal vector field on 0D,
Ou/On is the normal derivative of u in the distributional sense and ¢ > 0 is a constant.
See Gustafson and Abe [GA] for the history of this problem.

Our interest in the Robin problem stems from some recent applications in physics,
electrochemistry, heterogeneous catalysis and physiology; see [FSF]|, [FS], [GFS], [Sa] and

the references therein. Consider the mixed Dirichlet-Robin problem

Au(x) =0, x € D\ By, (1.3)
ou
n = W x € 0D, (1.4)
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together with the side condition
u(z) =1, x € 0B,, (1.5)

where B, C D is a fixed closed ball with non-zero radius. The solution to (1.3)-(1.5)
represents the steady state of a system in which some particles move randomly in D \ B,
and cross a semi-permeable membrane 0D. The other part of the boundary, 0B, is a
source of particles and can be controlled so that we can assume a condition of type (1.5).
The constant ¢ in (1.4) is a physical characteristic of the membrane 0D. One could consider
a model with ¢ dependent on x € D but we will not do that in the present article. The
constant ¢ will play no role in our theorems so we will take ¢ = 1 in the rest of the article.

In some applied situations, it is desirable to have as much flux through the boundary
as possible. The points of a man-made or natural membrane 0D where there is no flux
can be considered an inefficient use of material. Hence, it is interesting to know when the
flux is non-negligible through all points of the membrane. In other words, we would like to
know whether inf,cgp Ou/On(x) > 0. In view of the relation (1.4) between the flux du/on
and the density u of particles and the maximum principle for the harmonic function wu,
this condition is equivalent to inf,cp\p, u(x) > 0. (By Lemma 2.4 below, we know u is

non-negative.)

Definition 1.1. We say that the whole surface of D is active if

inf 0. 1.6
sebip, ) > (1.6)

If it is not the case that the whole surface is active, we say part of the surface is nearly

inactive.
In this paper we investigate the following problem.

Problem 1.2. Give necessary and sufficient conditions of a geometric nature for the whole

surface of D to be active.

It is not difficult to show that the whole surface of a bounded Lipschitz domain is

always active (see Remark 2.5(ii) below). We have posed Problem 1.2 in terms of u rather
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than Odu/0On because we are interested in non-Lipschitz domains D; so there are some
boundary points where n is not well-defined while the solution w is always well-defined,
and, in fact, is smooth in D\ B,. We do not have a complete solution to Problem 1.2, but
we give a fairly explicit answer for some natural families of domains with fractal boundary.

We will approach Problem 1.2 using probabilistic methods. This agrees well with the
motivating physical models. Suppose that X is reflecting Brownian motion in D, L is
its local time on 0D, and T, is the hitting time of B, by X. When D is a bounded
C3-smooth domain, it is known that (see [MS] and [Pa])

u(z) = E, {exp (—%LTB*)} . (1.7)

This formula indicates that the third boundary problem (1.4) is more difficult to study
from the probabilistic point of view than the corresponding Dirichlet and Neumann prob-
lems. This is because the Dirichlet problem corresponds to killed Brownian motion and
killing on the boundary presents no technical problems. The Neumann boundary problem
corresponds to reflecting Brownian motion. The construction of reflecting Brownian mo-
tion in an arbitrary domain D is a major technical challenge. Although this feat has been
accomplished long time ago by Fukushima [Fu] on an abstract compactification, called
the Martin-Kumarochi compactification, of D, many questions about the construction of
reflecting Brownian motion on the Euclidean closure of a domain remain open (see [BBC]).
Formula (1.7) shows that the Robin boundary problem (1.3)-(1.5) requires the construction
and understanding of the local time. This is harder than constructing reflecting Brown-
ian motion itself, because it is known that reflecting Brownian motion does not have a
semimartingale decomposition in some domains. For some results in this area, see, e.g.,
DeBlassie and Toby [DT]. For information on the eigenvalue problem for the Laplacian

with Robin boundary conditions, see Smits [Sm1], [Sm2].

The following are the main contributions of this paper. The list includes some technical
results that may have independent interest.

(i) The solution of Problem 1.2 for a class of domains with fractal boundaries (Theorems

3.2 and 4.3).



(ii) A characterization of a class of “trap domains” in dimensions 3 and higher, improving
a result in [BCM] (Theorem 5.1).

(iii) Clarification of the rigorous meaning of solution to the differential equation (1.3)-(1.5),
its existence, uniqueness, and probabilistic representation for non-smooth domains
((2.3) and Lemma 2.4). In particular, we show that the solution to (1.3)-(1.5) is
non-negative.

(iv) A semimartingale decomposition of reflecting Brownian motion in a class of fractal
domains (Theorem 2.2).

(v) A sharp estimate for the Green function with Neumann boundary conditions in long
and thin domains (Lemma 4.4).

(vi) A new version of the Neumann boundary Harnack principle, stronger than the one in
[BH] (Lemma 2.8).

(vii) The proof that reflecting Brownian motion starting from the cusp point is not a semi-
martingale, for some cusps (Remark 4.14). This complements a result of Fukushima

and Tomisaki [FT].

A simple example illustrating our main theorems is a cusp domain, defined for a fixed

a > 1 by
D:{$=($1,$2,.-.,xd):0<x1<1anda:?>(x§+...+m§)1/2}.

Applying the main results (Theorems 3.2 and 4.3) of this paper, we show in Example
3.4 (for d = 2) and Example 4.13 (for d > 3) that the whole boundary of D is active if
a € (1,2), and part of D is nearly inactive if & > 2. There are more examples given in

Sections 3 and 4.

The paper is organized as follows. Section 2 contains some technical preliminaries,
many of which may have independent interest. Section 3 presents the solution to Problem
1.2 for a class of 2-dimensional domains, using techniques developed in [BCM]. Section
4 is devoted to Problem 1.2 in dimensions 3 and higher. Finally, Section 5 presents an
application of the techniques developed in Section 4 to “trap domains” in dimensions 3

and higher.
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2. Reflecting Brownian motion in domains with fractal boundaries and the
Neumann boundary Harnack principle.

This section is devoted to two important technical aspects of this paper. First, we
will show that reflecting Brownian motion has a semimartingale decomposition for a class
of fractal domains that contains some natural examples. The second technical result is a
boundary Harnack principle for harmonic functions satisfying Neumann boundary condi-
tions.

We will let | - | stand for the Euclidean norm in R¢ (for any dimension d > 1), for the
volume (d-dimensional Lebesgue measure) of a set A C R?, and for the (d— 1)-dimensional
surface area of the boundary dA of a set A C R. The meaning will be obvious from the
context so this notation should not lead to any confusion. For an open set D of R¢, C..(D)
and C2°(D) denote the space of continuous functions with compact support in D and the
space of smooth functions with compact support in D, respectively.

A ball with center x and radius r will be denoted B(x,r). The notation will refer to
an open ball, unless noted otherwise.

The harmonic measure of a set A C dD in the domain D, relative to z, will be denoted
w(z, A, D).

The distribution of Brownian motion in D\ B, starting from = € D \ B,, reflected on
0D, and killed on 0B, will be denoted P,. The corresponding expectation will be denoted
E.. The hitting time of a set A will be denoted T4, i.e., T4 = inf{t > 0: X, € A}. We
will sometimes write T4 or Ty to show the dependence of the hitting time on the process.

We will use elements of excursion theory and Doob’s h-processes. See [D] for the
discussion of h-transforms in the case of (non-reflecting) Brownian motion, and [Sh] for
conditioning of general Markov processes. Elements of excursion theory can be found in
[Mv], [Bl], [Bu] and [Sh].

A real-valued function f defined on A C R? is called Lipschitz with constant A\ < oo
if |f(x) — f(y)| < Mz —y| for all z,y € A. A domain D is called Lipschitz if there exist
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r > 0 and A < oo such that for every x € 9D, the set 9D N B(z,r) is the graph of a
Lipschitz function with constant A in some orthonormal coordinate system. We call (A, r)

the Lipschitz characteristics of D.

Definition 2.1. We will say that a domain D belongs to class D if there exists an increasing
sequence of domains D,, C D with the following properties.
(i) Each D,, is a Lipschitz domain with characteristics (A, r,) (all the A’s are the same
but the r,,’s may differ) and (J,_, D,, = D.
(ii) For every m > 1, the set 0D, N 0D is a subset of the relative interior of dD,,+; NOD.
(iii) sup,,>q |0Dy| < 0o and lim, . [0D, \ dD| = 0.
The set 91D df U,, 9D, N 0D will be called the Lipschitz part of 0D.

Every bounded Lipschitz domain is in D. See Examples 3.4, 3.6, 4.13 and 4.14 below
for domains D € D which are not Lipschitz.
Constructing a reflecting Brownian motion on a non-smooth domain D is a delicate

problem. Let
wi2(D) L {f € L¥(D,dz): Vf € L3(D, dz)}

be the Sobolev space on D of order (1,2). Fukushima [Fu] used the Martin-Kuramochi
compactification D* of D to construct a continuous diffusion process X* on D* with
transition semigroup denoted P, such that

{f € L*(D,dz) : sup — /f Pif(z))dz < oo} = WH2(D)

t>0

and for f € W12(D),

£0f,£) % tm / fa Pif(@))dr = /D V£ () 2de.

The pair (€, WH2(D)) is called the Dirichlet space of X* in L?(D*,m), where m is Lebesgue
measure on D extended to D* by setting m(D* \ D) = 0. See [FOT] for definitions and
properties of Dirichlet spaces, including the notions of quasi-everywhere, quasi-continuous,
etc. The process X* could be called reflecting Brownian motion in D but it lives on an

abstract space D* that contains D as a dense open set. Chen [C1] proposed referring to the
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quasi-continuous projection X of X* from D* into the Euclidean closure D as reflecting
Brownian motion in D. The projection process X is a continuous process on D, but in
general X is not a strong Markov process on D (for example this is the case when D is the
unit disk with a slit removed). However when D is a Lipschitz domain, it is shown that X
is the usual reflecting Brownian motion in D as constructed in [BH]. It was proved in [C1]
that, roughly speaking, if 0D has “finite surface measure,” then X is a semimartingale
and has a Skorokhod decomposition. This result was further sharpened in [CEW]. See
the introductions of [C1] and [CFW] for the history of constructing reflecting Brownian

motion on non-smooth domains.

Theorem 2.2. If D € D, then reflecting Brownian motion X in D starting from z &€
DUOr, D has a semimartingale decomposition X; = x+W;+ N, where W, is a d-dimensional
Brownian motion, .
Ne= [ n(xL.
0
and L, the local time, is a non-decreasing continuous process that does not increase when
X is not in 01D, i.e., fooo 15, pye(X¢)dL; = 0. The Revuz measure of L for the process

X™* is surface measure on Or,D.

Note that the local time L in our theorem satisfies the condition fooo 19, D)e (Xy)dLy =
0, which is stronger than the usual condition fooo 1p(Xy)dL, = 0.

Proof. Let {D,,,n > 1} be the increasing sequence of Lipschitz domains in the definition
of D € D. Let D* be the Martin-Kuramochi compactification of D used in [Fu]. To be
precise, for every o > 0, let H,, denote the space of all h in D such that (« — %A)h =0in
D and having

1
Ea(h,h) L —/ |Ah(x)|2dx+/ w(z)? da < .
2Jp D
For y € D, let © — H,(z,y) be the unique a-harmonic function in H, such that

Ea(Huo(,y), v(+)) =v(y) for every v € H,,.

Let G%(z,y) be the a-resolvent density function for Brownian motion in D killed upon
exiting D. Define
df
Ga(z,y) = Golz,y) + Ha(z,y).
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It is shown in [Fu] that z — G, (z,y) is continuous on D \ {y} and G, (x,y) = G (y, ).
Define a metric 6 on D by

5(z,y) = /D (IG1 (. 2) — G (9, 2)| A1) d=

and let D* be the completion of D under the metric §. Fukushima [Fu| showed that there
is a conservative continuous Hunt process X* on D* \ N associated with the Dirichlet
space (£, W2(D)) on L?(D*,m), where N is a set that has zero capacity with respect to
(&, W12(D)) and m is Lebesgue measure on D extended to D* by defining m(D*\ D) = 0.
Since each coordinate function z; € W2(D), then each coordinate function admits a quasi-
continuous version on D*, which will be denoted as f;. Note that (fi,---, fq) is defined

quasi-everywhere on D* and is a quasi-continuous map from D* into D. Define

X = (f1(X"), -, fa(X™)).

Then X is a conservative continuous process on D, which is called reflecting Brownian
motion on D in [C1]. It coincides with the usual reflecting Brownian motion when D is a
bounded Lipschitz domain.

Let X" be reflecting Brownian motion on D,,. It is known from [BH] that X™ has
a Holder continuous transition density function p™(¢,z,y) on (0,00) x D,, X D,. Its a-

resolvent density function will be denoted as G™(x,y). Define
T, =inf{t > 0: X{* € 0D, \ 0D}

and

Gl (w,0) = Gal@,y0) — Ef [ Ga (X7 ,10)] -

xT

It is easy to verify that G0 is the a-resolvent for reflecting Brownian motion in D,, killed

upon hitting 0D,, \ D. Thus we have
Gaolz,90) = Go(z,y) + Ef [e7™ (Ga(XT, y0) — Ga (X7, 90))] -
By [BH], z — G"(x,yo) is continuous on D,, \ {yo} and

€T = E;l [efa‘rn (Ga(X;lnvyO) - GZ(X;}nayO))}
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is continuous on 0D,, NOD since it is harmonic in D,, \ {yo} with zero Neumann boundary
conditions on 0D, N 0D and zero Dirichlet boundary conditions on 0D,, \ 0D. Hence
we conclude that x — G(z,yp) extends continuously to 0D,, N 9D under the Euclidean
topology for every n > 1 and hence to 9D = J, -, (0D,, N D). This implies that

oD C (D*\ D) NaD.

Note that on 9D, (f1,---, fa) is the identity map and so X; = X; when X} € 9. D.

Let oy, denote surface measure on 0Dy, and let ng(z) be the unit inward normal vector
field on 9Dy which is defined almost everywhere with respect to 0. By the definition of
D e D,

k+— o1(0Dr, NOD)

is an increasing function and

lim O'k(aDk) = klirn O'k(aDk N 8D) = U(aLD),

k—oo
since 0DNOD C 0Dy+1NOD and limg_, o 01 (0D \OD) = 0. Here o is surface measure on
OrD. Since supy>; 0x(9Dy) < oo, there exist a subsequence {k;,j > 1} and finite signed
measures (vy,---,v4) on D* such that ng; o, converges weakly on D* to (v, --,vq); that
is,

d
i [ () ga(o) o @), (d) =3 [ gle)mtdn), (2

j—>OO D*
for all bounded continuous functions {g1,---,gq} on D*. For every 1 <i<d and k > 1,
[vi|(D*\ (0D, NOD)) < lim oy, (D*\ (0D, NOD))
j—oo

= lim oy, (ODy, \ (9Dx N OD))
J—00

= O'(aLD \ 8Dk)
Thus for 1 <i <d,
lv;|(D*\ 0L, D) = klim |y |[(D*\ (0D, NOD)) < klim (0D \ 0Dy) = 0. (2.2)

On the other hand, by the definition of D € D, ny, 0}, converges weakly on D to n o, where

n is the unit inward normal vector field of D on 91D in the following sense:

Jim B(gl(x),---,gd(fli))-nk(l’)ak(dfv)Z/ﬁ(gl(fv)w-wgd(flf))-n(x)a(dw)
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for all bounded continuous functions {gi, -, g4} on D that vanish on dD,, \ dD for some
n > 1.

Since ;D C D* N D, we conclude from (2.1) and (2.2) that
(v1,--+,vq) =n0 on D*.

By Theorem 4.4 of [C1], ¢ is a smooth measure of X* and thus it determines a positive

continuous additive function L of X*. Moreover,
t
Xt = Xo + Wt + / l’l(Xs>dL5 for ¢ Z O,
0

where W is a d-dimensional Brownian motion. The above Skorokhod decomposition holds
for quasi-every starting point X in D* with Xy = f(Xy). However, since the a-resolvent
density function z +— G(zx,yg) is continuous on 9D U (D \ {yo}), reflecting Brownian
motion X* can be defined to start from every point € D N J;, D (cf. [FOT]). Hence the
above Skorokhod decomposition holds for every starting point Xy € D U 0 D. Clearly,

since ¢ is carried on 0D,

/ 1{XS¢3LD}dLS = / 1{X;"¢8LD}dLS = 0
0 0

This proves the theorem. O

Remark 2.3. Let 7pus, p be the first exit time from D U dr D by reflecting Brownian
motion on D. Starting from z € DU dy D, {X;,t < Tpus,p} is a strong Markov process

on DUy, D, since it coincides with { X}, < Tpug, p}. Here
TDUSL D A inf{t>0:X; ¢ DU9JLD} =inf{t >0: X; ¢ DUOILD}.

However even under the conditions of Theorem 2.2, reflecting Brownian motion on D
may not be a strong Markov process. For example, let D be the union of {(z,y) € R? :
ly| > |z and |y| < 1} and {(z,y) € R? : 1 < 2% + 3% < 4}. Then clearly reflecting
Brownian motion X on D can not have the strong Markov property since when X; is at

the origin 0, one can not tell how it will be reflected unless one knows where it came from.
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Of course, in this example, for starting points in D other than the origin 0, reflecting
Brownian motion will not visit 0. But one can modify this example so that the set of
such non-Markovian points has positive capacity so it will be visited by the reflecting
Brownian motion. Here is such an example. Let K be the standard Cantor set in [0, 1].

Let C = {(z,y) € R?: |z| < |y| < 1}. Define D C R? by

D={(z,y):1<2”+y* <9yu | J (x,0)+C)).
zeK
Clearly D satisfies the assumptions of Theorem 2.2. Note K 4K x {0} is the set of non-
Markovian points and K has positive capacity (see [C2]) and so will be visited by reflecting

Brownian motion in D. O

Now we make precise the meaning of solution to the partial differential equation with

Robin and Dirichlet boundary conditions (1.3)-(1.5) for D € D. Define
Wh2(D; B,) A {u € WH3(D) : u=0 q.e. on the closed ball B,}.

We say u is a (weak) solution of (1.3)-(1.5) if the following two conditions are satisfied.
(i) w and its distributional derivative Vu are in L?(D \ B,) and for any bounded g €
WLQ(D; B*)7

/ Vg(x) - Vu(z)dx = —c / g(x)u(z)o(dx). (2.3)
D\B.

oD
(ii) w is continuous in a neighborhood of 0B, and v = 1 on JB,.

Note that any f € WY2(D;B,) admits a quasi-continuous version on D* \ B,.
Throughout this paper, we will always represent such f by its quasi-continuous version,
which will still be denoted as f. In particular, f is well defined q.e. on D* \ D. Since
oD C D*\ D and o is a smooth measure of X* according to Theorem 2.2, f is well
defined o-a.e. on 9y D for every f € WH2(D; B,). Hence the right hand side of (2.3) is
well defined.
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Lemma 2.4. The partial differential equation with Robin and Dirichlet boundary condi-
tions (1.3)-(1.5), where ¢ > 0 is a constant, has a unique solution u(x) given by u(x) =

E, [exp(—£Lr, )]. In particular, u is non-negative.

Proof. We first establish existence. Note that u(x) g, lexp(—5 Ly, )] is well defined for
every x € DUOJrD and for q.e. x € D*. By the Markov property of X*, for x € DUJ; D

/0 o u(X;“)dLs] .

Let X*° be reflecting Brownian motion X* killed upon hitting B, and let the transition

(as well as for q.e. other z € D*),

df C C
v(iz) =1—-E, exp(—§LTB*)] = §Ex

semigroup be denoted by {P?,t > 0}. It is known (cf. [FOT]) that the Dirichlet form of
X*0is (£, WY2(D; B,)) on L?(D* \ By, m). For q.e. x € D*\ B,

C

o(x) ~ Phu(a) = B, [/Otu(xgrﬂ)dLs} |

Hence
1 c ¢
lim — v(z)(v(z) — Ptov(x)) dr = = lim v(z)E, {/ u(X:’O)dLS} dx
t—0 ¢t D\ B, 2 t—0 D\B, 0

= E/ v(x)u(z)o(dr) < oo.

2 Jo,p
Thus v € W12(D; B,), and a similar calculation to the above yields that for any bounded
g € WY(D; B,)

%/D\B* Vg(z) - Vu(z) dz = E(g,v)

1
=ty [ @) = et de

c
= 5/ g(x)u(x)o(dx).
oD
This shows that v is harmonic in D \ B, and g—:’l = —cu. In particular, v is continuous
in D\ B.. Since every point of 0B, is regular, we see that v vanishes continuously on

0B,. Translating these properties to the function © = 1 — v shows that « is a solution to

(1.3)-(1.5).
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Now we show the uniqueness. Suppose that u; and ug are two solutions for (1.3)-(1.5).

Define w & u; — us. Then w € W12(D; B,) and it follows from (2.3) that

/ Vyg(z) - Vw(z)dxr = —c / g(z)w(x)o(dz).
D\B.

oD

Letting g = ((—n) V w) A n in the above and then letting n — oo, we have

/ |Vw(z)|*dz = —c / lw(z)|>o(dx).
D\B. oD
Since ¢ > 0, we must have
/ Vu(z)? d :/ l(z)|2o(dz) = 0. (2.4)
D\B.

oL D

Since D \ B, is connected, w has to be constant in D \ B,, while the second equality in
(2.4) implies that w = 0 o-a.e. on 9y D. Therefore w = 0 in D \ B, and hence u; = us.

This establishes the uniqueness and completes the proof of this Lemma. O

Remark 2.5. (i) A simple modification of the above argument establishes the existence
and uniqueness for solutions to the Robin problem (1.3)-(1.5) with ¢ being a bounded

non-negative function. The solution in this case can be represented as

1 (7o
exp —5/ c(Xs)dLs for z € D\ B..
0

(i) Suppose that D is a bounded Lipschitz domain in R? with d > 3 and u is the

u(z) = E,

solution to (1.3)-(1.5). By Jensen’s inequality, we have
u(x) > exp <—§EILTB*> for z € D\ B..

Let Gp\p, be the Green function of the reflecting Brownian motion killed upon hitting

B.. It is known from [BH] that

C —
GD\B*(ZE,y)Sm for x,yGD\B*.
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It follows then

C
sup E;Lp, = sup Gp\p.(z,y)o(dy) < sup / —————0(dy) < o
z€D\B. x€D\B. JoD x€D\B. JoD [z — |

Hence inf,cp\p, u(z) > 0. In other words, the whole surface of a bounded Lipschitz

domain in R with d > 3 is always active. O

Let D C R? be a Lipschitz domain and let O be a connected open set in R%. The

following definition of “Neumann boundary conditions” for a harmonic function is standard

in analysis and PDE (cf. [K]).

Definition 2.6. A function A defined on D N O is said to be harmonic in D N O with
zero Neumann boundary conditions on D N O if h € W12(0O, N D) for every relatively
compact open subset O; of O and
Vh(z) - Vi(x)de =0 (2.5)
onD

for every ¢ € C°(0O1) and consequently for every continuous 1 € W12(0;) that vanishes
on 00;.

The following lemma says that functions expressed in terms of the hitting distribution
of reflecting Brownian motion in D are harmonic functions with zero Neumann boundary

conditions in the sense of Definition 2.6.

Lemma 2.7. Let X be reflecting Brownian motion in the Lipschitz domain D, and O a
connected open subset of R%. Define T af inf{t >0: X; ¢ DNO}. Then for any bounded

measurable function ¢ on 00 N D,

is a harmonic function in D N O with zero Neumann boundary conditions at 0D N O.

Proof. Without loss of generality, we may assume that ¢ > 0. Define

o df X ift<rt
Xt_{@ ift >,
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which is reflecting Brownian motion in D killed upon leaving O. It is well-known that X°

is a symmetric Markov process on D N O with Dirichlet form (£, W2(D;0¢)), where
Wh2(D; 0%) o {ue WH3(D): u =0 q.e. on O°}.

The transition semigroup for X° will be denoted by {P?,t > 0}.
Let O; be a relatively compact open subset of O and let f > 0 be C! with supp[f] € O
and f =1 on O;. Define u(z) a f(x)h(x). Then for z € DN O,

u(@) — Pu(z) = By [(f(Xo) — f(Xe)M(Xe); t < 7] + By [f(Xo)h(Xr); t > 7]
Note that by time-reversal,

/Dmou(w)Ex [(f(XO) - f(Xt))h(Xt), t < 7_] dx

/Dmo E. [f(Xo)h(X0)(f(Xo) — fF(X:))h(Xy); t < 7] dx

/Dmo E. [f(X)h(Xe)(f(Xe) — f(Xo))h(Xo); t < 7] dx.

Hence
/ w(@)Eq [(f(Xo) — F(X))R(X0); ¢ < 7] de
DNO
=5 | B[00 = FOG)PH B < 7] do
e )
< /mo E. [(f(X:) — f(X0))?; t < 7] d.
Thus

lim sup% /Dno u(z)(u(z) — PPu(x))ds

t—0
. 17213 .
<simen (I [, (705 0% ¢ < ]

172012
+ 1 /DmOf(x)QPI(tZT)dx)

<IhlE [ (9f@)Pde < o,
DNO
by Lemma 4.5.2(i) and (4.5.7) of [FOT]. This implies, by Lemma 1.3.4 of [FOT], that
u € WH2(D;0°) and so h € W12(0y).

u(z) = E, [u(XEOl)} for x € ON D,
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where 70, o inf{t > 0 : X ¢ O; N D}. Hence by Theorem 4.3.2 of [FOT], u is &-

orthogonal to W12(D; Of); that is,

L / Vu(z) - Vo(x)der =0 for every ¢ € Wh2(D; 0%).
2 Jpro

This shows that u and therefore h is harmonic in D N O; with zero Neumann boundary
conditions on 0D N O;. Since O; is an arbitrary relatively compact open subset of O, we
conclude that u is harmonic in D N O with zero Neumann boundary conditions on 9D NO.

O

The following version of the Neumann boundary Harnack principle is similar to (but
slightly more general) than Theorem 3.9 of [BH]. The result in [BH] is limited to smooth
domains whose boundaries are locally graphs of Lipschitz functions (although the constant
in that theorem depends only on the Lipschitz constant A) and to harmonic functions h as

in our Lemma 2.7, with non-negative ).

Lemma 2.8 (Neumann boundary Harnack principle). Suppose that ® : R~1 — R
is a Lipschitz function with constant A < oo, i.e., |®(x)—®(y)| < A|z—y| for all z,y € RI~1.
Assume that ®(0) = 0 and let D = {x = (v1,72,...,24) € R : 25 > ®((2q,...,24-1))}.
Ifr>0,c1 >1,and h: B(0,c17) N D — [0, 00) is harmonic with zero Neumann boundary
conditions on B(0,c17) N 0D then

h(z) > cah(y) for all z,y € B(0,r)N D, (2.6)
where co > 0 depends only on A and c;.

Proof. For (yi1,---,yq) € RY, denote 3 df (y1,-++,Ya—1). Define a one-to-one map ¢ :
&Y, va) = (7,94 — ®(¥)). As @ is Lipschitz, the Jacobians of ¢ and its inverse ¢! are
bounded, with the bound depending only on the Lipschitz constant A\. Under ¢, %A is
mapped into a uniformly elliptic divergence form operator L with coefficient matrix A(x)

(see Remark 2.1.4 of [K]). Let U A #(B(0,c17) N D) and u(z) a h(¢p~Y(z)) for z € U.
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Using the change of variable formula, we conclude from (2.5) that for every continuous

v € WH2(U) that vanishes on OU N {y € R : y4 > 0},

/UA(:I:)Vu(x) -Vip(z)dz = 0. (2.7)

Let U~ be the “mirror” reflection of U with respect to the hyperplane {(y,yaq) : ya = 0},
that is, U~ = {y = (Y,ya) : (Y,—vya) € U}. For y = (y,ys) € U—, define A(y) =
A((y, —ya)) and u(y) = u((y,—ya)). Then L d V(AV) is the uniformly elliptic diver-
gence form operator defined on the domain U U U~. It now follows from (2.7) and its

corresponding version for U~ that
/ A(z)Vu(x) - Vip(x)dxr =0 for every v € C2(UUU™).
UuU-

Hence u is a non-negative L-harmonic function on UUU ~. The desired Harnack inequality

for h now follows from the Harnack inequality for the L-harmonic function w. O

Remarks 2.9. (i) Some regularity conditions for a harmonic function with zero Neumann
boundary conditions have to be assumed (such as those formulated in Definition 2.6) in
order for the Neumann boundary Harnack principle to hold, even if D has a C'"*® boundary.
The Neumann boundary Harnack principle does not need to hold for a harmonic function in
DN B(zp,r) which satisfies zero Neumann boundary conditions only almost everywhere on
0D N B(zg,r). For example, let D be a half-space in R¢, d > 3, with dD passing through
the origin, and let h(x) = |z|>~¢. Then h satisfies the Neumann boundary conditions
everywhere except at the origin. The Neumann boundary Harnack principle does not hold
for this function h in D N B(0,1).

(ii) We will apply Lemma 2.8 to two classes of functions. One of these families consists
of harmonic functions defined in a probabilistic way, as in Lemma 2.7. That lemma shows
that Lemma 2.8 is applicable to harmonic functions in this family.

We will also apply Lemma 2.8 to the Green function x — G(x,y), where y € D\ B,

and G(-,y) is the density of the expected occupation measure for the reflecting Brownian

motion in a Lipschitz domain D killed upon hitting B,, starting from y. To see that
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Lemma 2.8 can be applied, consider any y € D \ B, and let U be any relatively compact
subdomain of D\ (B, U {y}). Then for x € U, G(z,y) = E.[G(X+,,y)]. So by Lemma
2.7, © — G(x,y) is “locally” in W12(D) and is harmonic with zero Neumann boundary

conditions on 0D.

3. Simply connected planar domains.

This section will present some results based on ideas developed in [BCM], a paper
on “trap” domains. We will present a new result on trap domains in Section 5. In this
section, we will review only as much of the material from [BCM] as is relevant to Problem
1.2. We will use complex analytic notation and concepts. Consult [Po] for the definitions
of prime ends, harmonic measure, etc.

We start with some definitions that apply to domains in any number of dimensions.
Let X be normally reflecting Brownian motion on D C R?, d > 2, starting from = € D
and killed upon hitting a closed ball B,. As is mentioned in the previous section, X is
obtained as the projection of reflecting Brownian motion X* on the Martin-Kuramochi
compactification of D into D. The distributions of both X and X* will be denoted P,
and the corresponding expectations will be denoted E,. Let G(x,y) be defined on (D \
B,) x (D \ B.) by

Ts, o
/ G(z,y)dy = Ex/ lix,eaydt, ACD,
(D\B.)NA 0

where dy denotes d-dimensional Lebesgue measure. Clearly G(z,y) is a symmetric function
on (D\ By) x (D \ By). It follows from Lemma 3.2 of [CFW] that the function G(z,y)
can be extended continuously to (D*\ B.) x (D \ B,), where D* is the Martin-Kuramochi
compactification of D as mentioned in the proof of Theorem 2.2 in the previous section.
Note that (cf. Section 2.1 of [BCM)) if z,y € D\ B, and = # y then t — G(X},y) is a
continuous local martingale. It is easy to see that G(z,y) is the Green function for the
domain D \ B, with (zero) Neumann boundary conditions on 0D (in the distributional
sense) and (zero) Dirichlet boundary conditions on 9B,.

For the rest of this section, suppose that D is a simply connected open subset of the

complex plane C, z, is the center of B,, and z; is a prime end in D. Consider a collection
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{¥n}n>1 of non-intersecting cross cuts of D that do not intersect B, and such that 7,14
separates 7, from zy and the v,’s tend to zy. Suppose further that o is a curve in D
connecting z, to zg such that o N+, is a single point z,,, for each n. This system of curves
divides D into subregions: let €2,, denote the component of D \ ,, which does not contain
2s. Thus D,, = Q, \ Q,,11 is the region between v,, and v, 1. Write Q1 \ o0 = QT UQ™,
where each set QF and Q7 is connected, and set D} = Q* N D,, and D,, = Q™ N D, See

Figure 3.1.

Figure 3.1. Hyperbolic blocks.

Recall that the harmonic measure of a set A C 0D in the domain D, relative to z, is

denoted w(z, A, D).

Definition 3.1 We will say that the system of curves {7,} U ¢ divide D into hyperbolic

blocks tending to the prime end zj if for some ¢, > 0 and all n > 1, the following conditions

hold:

(i) cx <w(24,00TNOD, D) <1/2 and ¢, < w(2.,00" NID, D) < 1/2,
(i) for all n > 1 and for all z € 9D;} U {2,_1}, we have w(z,0D;y N 9D, D) > c,,
(iii) for all n > 1 and for all z € 9D, U {z,—1}, we have w(z,0D,, N 0D, D) > c,.
We will call a system of hyperbolic blocks regular if it satisfies in addition the following

condition,
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(iv) for every n > 1 there exists z € dD;" N dD,, such that w(z,0D, NdD,D,) > ¢, and
w(z,0D} NOD, D,,) > cs.

For every simply connected domain and any prime end zg, there exists a family of
regular hyperbolic blocks. Here is one way to construct {7, },>1 and o. Suppose that ¢
is a conformal map of the upper half plane H onto D, such that ¢(0) = 2o and (i) = 2.
Then we can take v, = p(HN{|z]| =27"}),n > 1, and 0 = {p(iy) : 0 <y < 1}. The
conformal invariance of harmonic measure makes it is easy to verify that the ensemble
{7} U o divides D into hyperbolic blocks tending to zy. Condition (iv) is satisfied by
z = (i(3/4)27™). Hyperbolic blocks are useful because they can be constructed geomet-
rically, without knowledge of any properties of the mapping ¢; see [BCM] for examples of
hyperbolic blocks.

In typical examples, verifying conditions (i)-(iv) is not harder than verifying just (i)-
(iii). We did not include (iv) in the definition of hyperbolic blocks in order to keep the

same nomenclature as that in [BCM].

Theorem 3.2. Let D € D be a simply connected planar domain.
(i) If there exist constants c.,c € (0,00) such that for each prime end zy € D there is
a system of curves {7y, }U o dividing D into regular hyperbolic blocks with parameter
c. and

supZn\aDn NnoD| < ¢, (3.1)
z0 n

then the whole surface of D is active.
(ii) Let r, denote the distance between =y, and 7y,+1. If for some prime end zy € 90D,

there is a system of curves {v,} U o dividing D into regular hyperbolic blocks with

im’n = 00, (3.2)
n=1

then part of the surface of D is nearly inactive.

Example 3.4 and especially Example 3.6 show that the gap between parts (i) and (ii)

of Theorem 3.2 is not large.
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We need a lemma to prove Theorem 3.2.

Lemma 3.3 Suppose that D € D and the {~} divide D into regular hyperbolic blocks.
Forn >1 and y € v,,—1, let x — hy(x) be the Poisson kernel with pole at y for reflecting
Brownian motion in ,,_; killed upon hitting ~,_1. Let PY denote the distribution of
Doob’s h,-transform of reflecting Brownian motion on D* killed upon hitting v, , starting
from z € Q,,_1. Note that PY-a.s., the process will stay in the closure of {2,,_1 in D* until
its lifetime. Let r, denote the distance between ~,_1 and 7,. There exist ci,p1 > 0,

depending only on D and c., such that PY(Lr, > ciry) > p1 for any x € .

Proof. Let ¢ be a one-to-one conformal map of D,,_; onto the unit disc S = {z €
C : |z| < 1}, such that ¢(dD} , NaD) = I, af {z =¢?:6, <0 < 7—6} and
w(0D, _NOD) = I A {z=e"":0, <0 <7m—0}, for some 0 < f; < 7/2. By condition
(iv) in Definition 3.1 and conformal invariance, there exists a point x; € S such that
w(z1,11,S) > ¢, and w(xq, 12, 5) > c,.. This easily implies that there exists 0 = 02(c,) €
(m/4,7/2) such that 0; < 0. Let 03 = (7/2 +602)/2, J1 = {z =€ : 03 < 0 < 7 — 03}
and Jy = {z = e : 03 < 0 < 7w —03}. For some ¢y = ca(c,) > 0 and every z € S on
the imaginary axis, w(z,J; U Jy,S) > co. Let J7 and J¢ be the right and left connected
components of 95\ (I; U I). Let X be Brownian motion in S with normal reflection on
I, U I, killed upon hitting J" U J*. Tt is easy to see that for some c3 = c3(c,) > 0 and
every z € J; U Jy, if reflecting Brownian motion in S starts from z, then it hits J¢ before
hitting J" with probability greater than c3 but less than 1 — cs.

Let yp12 =9 *({z=a+bie S:a=0}), K1 = ¢ 1(J1) and Ky = ¢~ '(J2). By
conformal invariance, for every x € 7,_;/2, we have w(z, K1 U Ko, D,,_1) > c2, and for
every point z € K; U K5, the probability that reflecting Brownian motion in D starting
from x hits v,,_1 before hitting =, is in the range (c3, 1 — ¢3).

Find ¢4 € (0,1/8) so small that a Brownian motion W starting from z will make a
double loop in an annulus B(z,r) \ B(z,3r/4) for some r € (c4ry,7,/8), and then will
make a crossing from B(z + ir/2,7/16) to the ball B(x + ¢2r,r/16) within the convex
hull of the two balls, all before leaving B(x,r,/3), with probability greater than 1 — ¢3/2.
A “double loop” in B(z,r) \ B(z,3r/4) means that there exist ¢; < to such that W, €
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B(z,r) \ B(z,3r/4) for all t € (t1,t2), and a continuous version of t — arg(W; — z)
increases by 4w over the interval [t1,t2]. Note that ¢4 may be chosen independently of r,,,

by Brownian scaling.

Consider a reflecting Brownian motion X; = x + W; + N; on D, starting from a point
x € K1 UK. Suppose that x + W; makes a double loop in an annulus B(z,r) \ B(z,3r/4)
for some r € (c4ry, 7, /8), and then it makes a crossing from B(z + ir/2,7/16) to the ball
B(xz +i2r,r/16) within the convex hull of the two balls, before leaving B(z, r,/3), during
a time interval [t1,t2]. Suppose moreover, that L;, — Ly < r/16. We will show that the
two assumptions taken together yield a contradiction. The second assumption implies that
|IN¢ — Ny, | <r/16 for all t € [tq,tz]. This implies that X will make more than one loop in
B(x,17r/16) \ B(x,11r/16) and then it will make a crossing from B(z + ir/2,7/8) to the
ball B(z+1i2r,r/8) within the convex hull of the two balls, before leaving B(x, r,/2). This
is impossible because then X would make a closed loop around z within B(x,r,/2), and
hence it would have to cross the boundary of D. We conclude that if the first assumption
holds, then L;, — Ly, > r/16 > ¢47, /16 = c5r,,. Since the first event has probability greater
than 1 — c3/2 and the process X starting from = € K; U K5 can hit v,,_1 before ,, with
probability greater than c3, the event that X hits v, _; before v, and L;, — L, > c57,, has
probability greater than c3/2. This implies that reflecting Brownian motion in D starting
from x € 7,,_1/2 will hit 7,1 before v, and Ly, > c5ry, with probability greater than
ce > 0. Hence, reflecting Brownian motion in D conditioned to hit v,_1 before ~,, and
starting from x € 7,,_1/2 will accumulate more than csr, units of local time on 9D,

before hitting 7,1 with probability greater than cg.

Let A be the interior of D,,_s U D,,_; and let 1 be a one-to-one conformal mapping
of A onto a rectangle R = {a+ib: a1 < a < az,0 < b < 1}, such that ~,_o is mapped
onto the left side of R and -, is mapped onto the right side of R. Lemma 3.4 of [BCM]
and a simple argument show that as — a; is bounded above by a constant. Since the
hyperbolic blocks are regular, there exists a point x € t(D,,_2) such that the harmonic
measure of the upper part of R in ¢(D,,_3) is greater than c,, and the same is true for
the lower part of the boundary. An analogous statement is true for ¥(D,,_1). All this
easily implies that the distance of 1(7y,—1) from the left and right sides of R is bounded
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below by ¢z = c7(ci) > 0. Let Ry = {a+1ib: a1 +¢7/2 < a < az —¢7/2,0 < b < 1}
By the Neumann boundary Harnack principle (Lemma 2.8), for any positive harmonic
function h in R; with Neumann boundary conditions on the upper and lower sides of Ry,
h(z) < cgh(z) for all 2,z € ¥(7y,,—1). This applies, in particular, to h, 01 ~!. By conformal

invariance, hy(x) < cghy(2) for all ,z € y,,_1.

Let g(z) be the harmonic function in D,,_; with Neumann boundary conditions on
0D,,_1 NOD, equal to 1 on v,_1 and equal to 0 on ~,. Reflecting Brownian motion in
D,,_1 conditioned to hit ~,,_; before 7, is a g-transform of the unconditioned process. We
have already proved that the g-process starting from x € ~v,_;/p will accumulate more
than cs7,, units of local time on 0D,,_; before hitting ~, 1 with probability greater than
ce- By the strong Markov property applied at the hitting time of v,,_; /2, the same holds
if the starting point belongs to ~,,. Without loss of generality, we may and do assume that
hy(xzo) = 1 for some xy € y,—1. Since 0 < ¢g < g(x)/hy(x) < c10 < o0 for z € v,_1,
an elementary argument shows that the h,-process starting from = € ~, will accumulate
more than csr, units of local time on dD,,_; before hitting ~,_1 with probability greater

than cg. O

Proof of Theorem 3.2. (i) Let dp(x) & dist(x,dD). Consider zp € D. It is not hard to
see that there exists zp € 0D and a corresponding family of v,,’s such that xg € D,,, for
some ng and dist(zg,dD,,) > c1dp(zp), where ¢; € (0,1) is a constant depending only on
D. By the proof of Theorem 2.2 (see especially Lemmas 3.4 and 3.5) in [BCM], G(xq, -)
is bounded by cok on Dy, for k < ny — 1. Hence G(xg, - ) is bounded by cong on Dy, 1.
By the Harnack principle, it is bounded by c3ng on dB(zg, c1dp(x9)/2), and since

G(zo,x) = E, [G(%»XTB(%,CI(;D(QCO)/Q)) for z € D\ B(xg,c1dp(x0)/2),
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the same bound holds on D \ B(x,c1dp(xo)/2). We obtain,

00 Tg,
E; L1y, = > Ey /0 1op,nop(Xt)dLy
n=1

TB,

Ts, 00
= E Exo/ 1op,nop(Xi)dL, + E Emo/ 1op, nop(X¢)dLy
0

0

n=1 n=ngo

= Z_ /a G(xg,x)o(dx) + Z /E)D - G(zo,z)o(dx)

n=1 D,NoD n=ng

no—l

< Z |0D, NOD| sup  G(xg,x)+ Z 0D, NoD| sup G(xg,x)

x€dD,NOD x€dD,,NOD

n=1 n=ng

no—1 [e%¢)
< Z |8Dnﬂ(9D102n—|— Z |(9Dnﬂ(9D]c;3n0

n=1 n=ng
0o

<Y en|oD, NoD).
n=1
This is bounded by a constant independent of xg, by assumption (3.1). Hence we obtain
sup,ep Bz L1, < oo and, therefore, inf,epu(x) = inf,ep E;exp(—Ly, ) > 0. This
means that the whole surface of D is active.

(ii) Find a prime end zp € 0D and a family of 7,,’s such that (3.2) holds, that is,

00
g nr, = oo.
n=1

Note that in the case of a simply connected domain D in R?, the Martin-Kuramochi
boundary D* of D and the corresponding reflecting Brownian motion X* on D* can be
realized as follows. Let ¢ be a conformal map from H at {a+bi: b>0} to D and define
D* to be the union of D and its prime ends. The map ¢ extends continuously to a one-to-
one map from H to D*. Let Y be reflecting Brownian motion on H. Then ¢(Y) is a time
change of reflecting Brownian motion X* on D*. We will use this constructed reflecting
Brownian motion X™* in this proof. Recall that G(zg,x) is well defined for x € D* \ {20}

by the second paragraph of this section. For a > 0, define

Na A {r € D"\ (B.U{20}) : G(20,2) = a}.
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First, we claim that there exist positive integers mg, mi; and a positive constant ag such
that there is at least one D,,, but at most m; such sets, between 71, and 144, , for every

a > agp.

Recall that z, is the center of B,. Let ¢ : H — D be a one-to-one conformal mapping,
such that ¢(0) = 29 and (i) = z,. Define h: D — R by h(z) = —log |p~1(2)|. Then h is
harmonic in D with Neumann boundary conditions and a pole at zg. Let n} = {zx € D :

h(z) = a}. Lemma 3.4 of [BCM] and conformal invariance easily imply that there exists
a+;7,0.

It follows from the conformal invariance of the Green function that hq(z) Le (20, p(2)) is

an integer mg such that for any a € R there is at least one D,, between 1} and n

the Green function for reflecting Brownian motion in H starting from 0 and killed upon
hitting ¢(B.). It is easy to see that hi(z) and — log|z| are comparable on HN{z : |z| < r},
for some r > 0. This implies the existence of a positive integer my and a constant ag > 0
such that there is at least one D,, between 7, and 7,4m, for every a > ag. From (3.1),
the inequalities preceding (3.2) and (3.3) in [BCM] as well as Lemma 3.5 of [BCM], we

see that there exists m; < oo such that there are at most m; sets D,, between any 7, and

Na+mg -

Let a; be the sum of nr, restricted to integers n such that D,,_; lies between 7, and
Na+me+1, Where a is of the form kmg + j. Every set D,,_; lies between 1, and 744m,+1 for
some integer a, namely for the largest integer a such that n, N Q,_1 = 0. This and (3.2)

imply that Z;n:oo a; = 00. We will assume without loss of generality that ag = oo.

We define k(n) to be the integer k£ which maximizes kry among all k’s such that Djy_4
lies between 7.y, —1)m, and Npm, (we take the largest of the k’s with these properties if the
above definition does not uniquely identify k(n)). If we restrict the sum in (3.2) to k(n)’s,
its value will be infinite, because there are at most m; sets D,,_; between any 7, and
Na+mo- By Lemma 3.5 of [BCM] and the comparability of — log |p(2)| and G(zo, z) for z

in a neighborhood of zy, c1n < k(n) < can.

By (3.1), the inequalities preceding (3.2) and (3.3) in [BCM] as well as Lemma 3.5 of
[BCM], c1k < G(z0,x) < ok for x € Dy, for k > 1. Let 3 be the smallest integer multiple
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of mg greater than max{2, (c2/c1)}. We have

2j4+m

0o B
Z Z m‘k(n) =0

j=1 n=p2i—1+m

for m = 0 or 1 and we will assume without loss of generality that we can take m =0, i.e.,

o 327
Z Z NTp(n) = OO (3.3)

j=1 n=p2i-1

Let X™* be reflecting Brownian motion on D* starting from some z¢ € D,,,, where ng

is large. Define

Sj = inf{t>0:X;‘ E’r]ﬁzj}, j>1,
)™ S inf{t > S;: X} € Ny}, 12> 1,
Ul™ S inf{t > T)" 0 X7 € Nntymo > Mok > 1,

TI" S inf{t > UP" 0 XF € mo ), 1ok > 2,

N? < max{k : U,z’n <S;_1}, n>1

n

In other words, N; is the number of downcrossings of [(n — 1)mq, nmg] by M, d G(z0, X})

between times S; and S;_;. This is of interest to us only for n such that [(n—1)mg, nmg] C
(6272, 3%7]. The process M is a continuous local martingale so it is a time-change of
Brownian motion, until it hits 0.

Consider a one-dimensional Brownian motion W starting from 5% and killed at the
hitting time 7" of $?/=2. It follows easily from the Ray-Knight Theorem that there is
an event A with probability greater than p; > 0, such that on A, the local time L%
accumulated by W at the level x before time T is greater than c,3% for all z € (8% ~1, 3%).
We will apply excursion theory to excursions of W from the set {nmqg : 82~ < nmg <
(%7}, Given the local time {L%,x = nmg € [3%*~!, 3%7]} and assuming the event A occurs,
the distribution of the number of excursions going from nmg to (n — 1)mg is minorized
by a Poisson random variable with expectation K, > c558% /mq a cg3%. Conditional on
{L% 2 = nmgy € [3%71,3%]}, these random variables are independent. Let T™(b) =

inf{t > 0: M; = b} and M} = { M, pa(ges), t € [0, TM(3%72) —TM(3%)]}. Since MY is a
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time-change of Wy, there exists an event A’ with P, (A’) > p1, such that on A’, conditional
on the local time of M7, the numbers of excursions of M7 between consecutive points of
{nmg, B! < nmy < %} are independent random variables minorized by independent
Poisson random variables with means K,, > c¢3%.

Note that the processes M7 are independent. We will now condition the process X*
on the local times of M7’s and the endpoints of excursions of X from {n,m,,3% 1 <
nmgy < 3%},

Recall that k(n) is an integer such that D,,_; lies between Nin—1)ymo a0d Nnmyg - An
easy argument based on Lemma 3.3 shows that given endpoints of an excursion of X*
going from 7,m, t0 N(n—1)m,, the amount of local time accumulated by the excursion on
0D is greater than cy7y(,) with probability greater than ps > 0.

Let J, be the distribution of the local time accumulated by X* on the part of 9D
between 7(,—1)m, and Npm,, during the time interval (TM (%), TM(3%-2)). We have
shown that on an event A; of probability greater than pq, J, is stochastically minorized
by a random variable I,, whose distribution is Poisson with mean greater than pcg3? -
C7Tk(n)- Hence J,, is minorized by a random variable [, which has mean A, greater than
087“k(n)62j and variance \,,. Moreover, we can assume that the [,,’s are independent given
Aj. Hence, the local time accumulated by X between hitting of 1g2; and 7g2;-2, on the
part of 0D between these curves, is stochastically minorized by a random variable H;
such that on the event A;, its mean is bounded below by Zj:mj_lgnmosﬁzj 08rk(n)62j >
Zj: 5251 < pmo <325 CONTE(n) and the variance is equal to its mean. It follows that H; takes a
value larger than b; df % i 321 <nmo <523 CONTk(n) with probability greater than ps > 0.
Since the M7’s are independent, we can assume that the H ;'s are independent. Let A; be
independent random variables with P(A; = b;) = 1— P(A; = 0) = py. Since the reflecting
Brownian motion X* starting from zo € D,,, has to go through ~; for j = ng,no—1,---,1
before reaching ~q df 0B, the distribution of the local time accumulated by X* before
hitting B. is minorized by the distribution of 337, A;. In view of (3.3), 3272, bj = oo,
and this easily implies that Zj’;l A; = oo, a.s. Hence, for any b € (0,00), there is
some ng such that P (Z;L A > b) > 1 —1/b. This implies that for any zo € D,,,
P.,(Lr,. > b) >1—1/b. Therefore, inf,ep E; exp(—L7, ) = 0 and we see that part of
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the surface of D is nearly inactive. O

Example 3.4. Our first example is very simple. Suppose that for some a > 1,
D ={z=(x1,22): |x2| <2f and 0 < 1 < 1}.

The interesting range of the parameter is o > 1. We will show that if o € (1,2) then the
whole surface of D is active and when o > 2 then it is not.

It is easy to see that it is sufficient to analyze only one boundary point, namely, (0,0).
We generate a corresponding system of hyperbolic blocks by letting ~,’s be vertical cuts
of the domain at distance 27% + j27% from 0, for all j > 0 such that 27% 4 j27k> <
2—k+l _9=ka for all k > 2.
—k+1

The number of hyperbolic blocks whose distance from 0 is between 27 and 2 is

of order 2 k(1-a)

. Hence the blocks in this family have indices n of order °,; 277 (1=e)
2-k(1=a) " The perimeter of each of these blocks is of order 275, so the contribution from
these blocks to the sum in (3.1) is of order 2~ k(1=a) . 9=k(1=a) . g—ka — 9=k(2=0) If ¢, < 2
then D, 27k(2=2) < 50, so part (i) of Theorem 3.2 implies that the whole surface of D
is active.

The distance between 7,, and 7,+1 is comparable to the perimeter of D,,, so the same
calculation as above shows that the sum in (3.2) is comparable to >, -, 2-k(2=a) and this

is infinite for a@ > 2. Therefore part of dD is nearly inactive when o > 2.

The multidimensional version of this example will be discussed in Example 4.13.

It is interesting to compare the above result with the semimartingale property of
reflecting Brownian motion X in D starting from the tip 0 u (0,0). It is shown in DeBlassie
and Toby [DT] that X starting from 0 is a semimartingale if and only if o < 2. See also
Theorem 3.1(i) of Burdzy and Toby [BT] for a similar result. Fukushima and Tomisaki
[F'T] proved for domains in the shape of multidimensional cusps that reflecting Brownian
motion starting from the cusp point is a semimartingale if o < 2. We will show in Remark

4.14 below that it is not a semimartingale when o > 2. O
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Remark 3.5. In the definition of D, it is required that |07 D| be finite. One can of
course relax this condition using localization. However if |0 D| = oo (under whatever
generalization one uses) and if u is a weak solution to (1.3)-(1.5) in the sense of (2.3) with
0 < u < ¢, then inf,ep, p u(z) = 0. For suppose otherwise, that is, there exists ¢g > 0
such that u(z) > ¢y for every x € 9, D. Let g be a smooth function with compact support
in R? such that g = 0 on B, and g = 1 on &D. Then by (2.3) we have
/ Vg(x) - Vu(z)dr = —c/ g(z)u(x)o(dr) = —c0.
D\B. aLD

This is impossible since the left hand side should be finite by the Cauchy-Schwarz inequal-
ity. a

Example 3.6. We will analyze a fractal domain which contains channels that become
thinner at the same rate as the single channel in Example 3.4. In the present example,
the distance between ~,, and 7,41 is much smaller than the perimeter of D,, for some n.
Nevertheless, there is no gap between conditions (3.1) and (3.2) for this family of domains.

Suppose that o > 0, 3 > 1 and let a = Z?Zl 2-G=De et S, be the family of all
binary (zero-one) sequences of length n. We will write s = (s1, $2,...,s,) for s € S,,. For
integer £ > 1 and s € Sy, we set bg = 2?21 $;277. Let Ay, =1[0,1]%, for k> 1 and s € S,
let

Ag = {(x1,12) €ER?: ap < 21 < agy1,bs < w9 < bg + 2770,

Ag that contains

and let D be the connected component of the interior of A, UJy; Uses,

the open square (0,1)? (see Figure 3.2). (Note that when 3 > 2, the interior of A, U

Ugs1 Uses, As is disconnected.)

l
4
A A —)
* . A1,0
A —
) —
A0.0)
Figure 3.2.
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The interesting range of parameters is § > « > 0. If @ < 1 then |0D| = oo, so part of
the surface of D is nearly inactive by Remark 3.5. We will show that if 1 < a < 3 < 2aq,
then the whole surface of D is active and when 3 > 2a > 2, then part of the surface is
nearly inactive.

As in the case of Example 3.4, we will analyze only the family of hyperbolic blocks
corresponding to a boundary point at the end of a channel. The analysis of other boundary
points is straightforward but tedious so it is omitted. Fix a boundary point zy at the end
of a channel, i.e., a point whose first coordinate is Z;il 2-=De et A; be the family of
vertical lines Ky, = {(z,y) : * = ay +n27%}, with n > 1 such that aj, +n27%° < aj4.
Let Ci be the family of these line segments in Ky, N D for K, € Aj that separate z
from A,.. Let {v,} be the relabelled family J,, Cs.

Let {sx € Sk,k > 1} be the sequence such that the channel formed by the Ag,’s
approaches zy. The number of hyperbolic blocks D,, defined by the 7,,’s needed to reach As,
is of order ), 279%/2798 ~ 2¥B=) " Consider a hyperbolic block D,, which intersects
As, The set D,, may be either a square or it may contain a “tree” of thin channels.
Consider first D,,’s that are squares. There are about 2¥(3=%) such hyperbolic blocks, so
they correspond to n in (3.1) of order >, 27(B=) " which is within a constant multiple
of 2k(B=®) " The perimeter of any such D,, is of order 27%7 so the total contribution of
such D,’s to (3.1) is of order 2k(B=)2k(F=a)9=kB ~ ok(F=20) " The series 3, 2F(0~2%) is
summable if and only if § < 2a.

Next consider a D,, which intersects Ag with s € S, and contains a side “tree” of thin
channels. The length of its boundary is of order P>k 2 —k)9—ia ~ 9=k Tt corresponds
to n in (3.1) of order 2k(B=a) " There are at most two such D,’s for each Ag, so their
contribution to (3.1) is of order 2F(B—®)2=ka ~ 9k(B=22) Hence, the contribution of D,,’s
with side channels is of the same order as the contribution of D, that have the square
shape. We conclude that (3.1) holds if 5 < 2a.

If B > 2a, then the contribution of the square D,,’s is enough to make the left hand

side of (3.2) infinite, due to the estimates presented above. O

4. Higher dimensional domains.
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This section is devoted to a family of multidimensional domains. The family may seem
small, but it contains many examples that arise naturally in the context of the present
paper and that of [BCM]. Before presenting the main result of this section, Theorem 4.3,
we will state a definition and a technical assumption.

Recall the family D from Definition 2.1.

Definition 4.1. We will say that a domain D C R?, d > 3, belongs to the family D; if
|D| < 0o, D € D, and it satisfies the properties listed below. Recall the meaning of the
Lipschitz constant A from Definition 2.1. Let ~q df 0B,. For every boundary point z € 0D
there exists a family of disjoint smooth (d — 1)-dimensional surfaces {7y },>1, such that

Yn C D, and the set D \ ~, consists of two open connected components, 2, and 2/ . For

/
n’

every n, we have z € Q,,, B, C ', and Qi1 C Q. Let r, be the distance between

Yn and 7v,4+1. There exist kg < co and 0 < ag, ag,...,ar < 00, depending only on D,

satisfying the following conditions.

(i) For n > 0, ay < ry/rpnt1 < ag and 7, can be covered by at most kg balls of radius
a3y,

(ii) For every n > 0, there exists a curve I' C D of length less than ayr,, connecting -,
and ¥,+1, whose distance from 0D is greater than asr,,.

(iii) For every n > 0 and = € 7,, N dD, there exists an orthonormal coordinate system
C'S with the property that 0D N B(x, agry,) is the graph of a Lipschitz function with
constant A in C'S.

(iv) For every m > 0 and = € 7, N 0D, there exists an orthonormal coordinate system
C'S with the property that 0, N B(z, agry,) is the graph of a Lipschitz function with
Lipschitz constant a7 in C'S, and the analogous statement is true for €/ in place of
Q.

We will write Dy £ Q, \ Qrs1.

Note that it follows from part (ii) of Definition 4.1 that there is a constant ag > 0
depending only on D € D; such that |D,,| > agrd for every n > 0.
Our proof of the second part of our main result in this section, Theorem 4.3, requires

the following technical assumption, Condition 4.2. We will discuss ways of verifying this
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assumption after the proof of Theorem 4.3.

Condition 4.2. There exist 0 < mg < m; < oo such that for any z € 0D and ~,,’s as in
Definition 4.1, if n > my and xg € Qn, then sup,e,, G(xo,z) < infgze,, G(xo,x). Here

G(z,y) is the Green function of reflecting Brownian motion in D killed upon hitting B,.
Recall that we say that the whole surface of D is active if (1.6) holds.

Theorem 4.3. Suppose that D C R?, d > 3, is such that D € D;.
(i) If for each boundary point z € 0D, there exists a system of surfaces {v,} as in
Definition 4.1 such that

sup Z |0D,, N OD| Zr,%_d < 00, (4.1)
k=1

2€0D n>1

then the whole surface of D is active. Here |0D,, N 0D| denotes the (d — 1)-dimensional
surface measure of 0D,, N 0D.
(ii) Suppose now that Condition 4.2 holds. If there exists a boundary point z € 0D

and a family of surfaces {v,} as in Definition 4.1, such that

n

Z rg_l Z ri_d = 00, (4.2)

n>1 k=

—_

then part of the surface of D is nearly inactive.

The proof of the above theorem will be preceded by a few lemmas. Recall from Section
1 that B, C D is a fixed reference ball. In our proofs, ¢;, kj,m; and p;, j = 0,1,..., will

denote strictly positive and finite constants depending only on D.

Lemma 4.4. Let D € Dy, zp € 9D, and let {v,} and {r,} be defined relative to zy as in

Definition 4.1. There exist c¢1,co € (0,00), depending only on D, such that

n n
aY <Gy <ay
k=1 k=1

forallm>1,x €, and y € Yp41.
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Proof. Let {y,,n > 0} and {Q,,n > 0} be as in Definition 4.1, and recall that G(z,y) is
the Green function for reflecting Brownian motion X* on D* killed upon hitting B,. As

we observed in Section 2, X* = X on DUJrD. For k > 0, let
df
Gﬂk (33',y) = G(il?,y) —E; [G(Xka,y)} ) T,y € ka

and note that G, (z,y) is the Green function for reflecting Brownian motion in € killed
upon hitting .. Note that since g at 0B, Go,(z,y) = G(x,y).
It follows easily from Definition 4.1 that we can find points zx € Dy, k > 0, and finite

positive constants ¢y < ¢; depending only on D such that
dist (zx, 0Dy) > corr and max {dist (zx, k), dist (zk, Yk+1)} < 17k
for every k£ > 0.

Let By, 2 B(zk,corr/2). Starting at any point in 0B(zg, cori/4), the expected time that
Brownian motion spends in By before hitting D), is larger than cyri. By the sup-
port theorem for standard d-dimensional Brownian motion, starting from any point in
0B(zk,3cory/4), there is probability at least p; > 0 (not depending on k) that the Brow-
nian motion will hit the ball B(zy, corg/4) before hitting dDy. So starting at such a point

the expected time spent in By, before hitting dDy, is at least pjcori. This implies that
/ Ga, (x,y)dx > picory for every y € 0B(zk, 3cory/4).
By

Using the Harnack inequality and the fact that |Bg| = c3rd, it follows that

2—d

Ga, (zk,y) > cary, for every y € 0B(zk, 3cory/4).

By the Harnack and the Neumann boundary Harnack principle (Lemma 2.8), we have

Ga, (2,y) > esri™ %, T € Y1 and Y € V2. (4.3)

On the other hand, starting in By the expected amount of time reflecting Brownian
motion X in D spends in By, before exiting the ball B(zy, 3cory/4) is bounded by cri. By

the support theorem for standard Brownian motion, there exists ps > 0 such that starting
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at any point in 0B(zy, 3cork/4), there is probability at least py of hitting 7 before hitting
By, So the number of crossing from B(zy, 3cori/4) to By by reflecting Brownian motion
X ) in Q, killed upon hitting 7;, is majorized by a geometric random variable with mean
1/po. This implies that the expected amount of time spent in By by X (k) starting at any

point in 7,49 is at most 077“%; that is

Goy(z,y)dz < crrp for y € Yiio.
By,

Since |Bg| = crg, the Harnack inequality implies that

2—d

Ga, (2, y) < cary, for every y € vyr1o.

Again by the Harnack and the Neumann boundary Harnack inequality, we have

Ga, (z,y) < Cgri_d

for every = € y441 and y € Yp4o. (4.4)
For k£ > 0, it follows from the strong Markov property that
Go,(z,y) = Ga, ., (z,y) + E; [ng (XTka’y)] for z,y € Qpy1.
Consequently, for every x € Q11 and y € Qpa.

Goy(2.9) = Goy., (2.9) + Bq By |Go,(Xr, , Yiy )], (45)

where Y is a reflecting Brownian motion in D independent of X and Tg; ., is the first
hitting time of 412 by Y. Let ax(z,y) = E, [Ey [ng (XT'Vk+1
by (4.3) and (4.4), for z € Qi1 and y € Q4 2,

Yoy )” and note that
Vk+2
057"%_‘1 <ak(z,y) < cm‘i‘d. (4.6)
Fix n > 1. By (4.5) and (4.6), for every x € v, and y € y,41 and 0 < k <n — 2,
GQk (x> y) - GQk+1 ('Ta y) = ak(m7 y)‘

Adding these equations for 0 < k < n — 2, we obtain

n—2
GQO<$7y> - GQn—l(x7y) = Zak‘(xvy)»
k=0
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or
n—2

G(x,y) = Gay(2,y) = Ga,_, (z,y) + ) ax(w,y). (4.7)
k=0

By (4.3) and (4.4), 57274 < Gq, ,(x,y) < cor?"9. This, (4.6) and (4.7) imply that

n—1

052 < Gry) <o Y Y

k=0

for = € v, and y € v,,41. By Definition 4.1, oy < 71 /70 < ag and g < 19/7r1 < (2, SO

n n
€10 Zri_d < G(z,y) <co Zri_da
k=1 k=1

for z € v, and y € v 41. a

Lemma 4.5. For n > 3 and y € 7,3, let © — hy(z) be the Poisson kernel with pole
at y for reflecting Brownian motion in $,,_s killed upon hitting ~,_s. Let PY denote the
distribution of the hy-transform of reflecting Brownian motion in D* killed upon hitting
Yn—3, starting from x € €),_3. There exist c¢1,p1 > 0, depending only on D, such that
PY (LTM,g > cy1y,) > p1 for any collection of vy’s as in Definition 4.1, any n > 3, x € v,

and Yy € Yp—3.

Proof. All constants c; that appear in this proof depend only on D. The conditions listed
in Definition 4.1 imply existence of ¢o > 0 and a point z¢g € 9D,,_2 N ID such that (i) the
distance from z to v,_1 Uy,_2 is greater than 2cor,, and (ii) there exists an orthonormal
coordinate system CS,, such that B(x,car,) N D is the graph of a Lipschitz function
with the Lipschitz constant A\. Recall that \ is the constant in the definition of D and,
hence, in the definition of D;. We will assume that g = 0 in CS;, and the positive part
of the d-th coordinate axis intersects B(xg, cary) N D.

Let h(z) = P, (T, , <T,,) and let 21 be the intersection point of 0B(z¢, cary,/2) and
the positive part of the d-th coordinate axis in C'S;,. It is easy to show, using Definition
4.1 and a “Harnack chain of balls” argument, that h(x;) > c3 > 0. By the boundary
Harnack principle (Lemma 2.8), we have h(x) > ¢4 > 0 for all z € B(xq, 3cor,/4) N D.
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Recall that X* is reflecting Brownian motion on the Martin-Kuramochi compactifi-
cation D* of D, and X is the quasi-continuous projection of X* into D. As we noted in
Section 2, X = X* on DUJLD. Let X* start from a point € B(xg, cary,/2)NOD C J1D.
It follows from Theorem 2.2 that X; = = + W; + N;, where W; is a d-dimensional Brow-
nian motion starting from 0 and N; = fg n(X,)dLg is the singular push on the boundary
JrD. Assume without loss of generality that A\ > 1. Let x5 = (0,0,...,0, —cor,/10),
By = B(x2, cary,/(100X)), Ba = B(0, car,, /(100X)), and let Cy be the convex hull of B;UBs.
Consider the event A that the Brownian motion W hits By before leaving C in less than
csr2 units of time. By the support theorem and Brownian scaling, the probability of A

is greater than po > 0. Let T, = T(,?(B(mo 3carn /4)

A csr2. We will argue that if A occurs,
then |Np,| > cgry. To see this, first suppose that Té)(B(mo,302rn/4) < c5r2. Since A holds,
W stays in C7, and it follows that |Wr, | < cory, /5. Since |Xp, — x| > cor, /4, we have
[Nz,

W, € By. Since = + By is at a distance greater than cyr,, /(100)\) from D and X;, € D,

> corp/20. If Tg%(aco,?)cwn/zl) > c5r721 and A holds, let tg < T, be a time when

we must have |Np,| > cor, /(100)). We see that with probability ps or greater, X accu-
mulates at least cgr,, units of local time before leaving B(xq, 3cary,/4). Since h(x) > ¢4 for
all © € B(xg,cor,) N D, X starting from any point x € B(zg, cary,/2) N OD has a chance
p3 > 0 (depending only on D) of accumulating at least cgr,, units of local time and hitting

Yn—o before hitting -, by the strong Markov property applied at the time of hitting of
0B (xg,3cary, /4).

Suppose that z1 € ~,,_1 lies at least c;r, units away from dD. By the support theorem
for Brownian motion, the chance that reflecting Brownian motion X starting from x; will
hit B(xg,cor,/2) N OD before hitting any other part of 9D U ~, U 7,_2 is greater than
ps > 0, depending only on D. By the strong Markov property applied at the hitting time
of B(xg,cary,) N 0D, reflecting Brownian motion starting from x; has a chance greater
than ps > 0 of accumulating at least cgr,, units of local time inside B(zq,3cor,/4) and
hitting v, _o before hitting ,,. Hence, the h-transform of X starting from x; has a chance
greater than ps > 0 of accumulating at least cgry, units of local time inside B(zq, 3cor, /4)
before its lifetime. The boundary Harnack principle shows that the same is true for any

T € Yn_1, except that the bound for the probability has to be replaced with a new value
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pe > 0.

Now consider the h,-transform of X starting from a point of +,,. It must hit v,—; and
then v,_5 on its way to v,_3. The strong Markov property applied at the hitting times
of v,—1 and ~,_o and the claims proved so far show that an h-process starting from any
point in v, has a chance pg > 0 of accumulating at least cgr, units of local time inside
B(xg,3cary, /4) before its lifetime. By the Neumann boundary Harnack principle (Lemma

2.8), there are positive constants c¢7 < cg such that

h(:c) hy (I)
h(z) = hy2)

cr for x,2 € Yp—2 UYn_1.

A routine argument based on this observation allows us to extend the claim to the h,-

process. O

Proof of Theorem 4.3. The main idea of this proof is the same as that of the proof of

Theorem 3.2 but some details are different.

(i) Consider xg € D. It is not hard to see that there exists zp € 9D and a corre-
sponding family of ~,,’s, as in Definition 4.1, such that xg € D, 41 for some ng > 1 and

dist(xg, 0D) > ¢17py+1. For y € Q! by the strong Markov property of X,

nog—1»

G(z0,y) = Eyy [G(XT%O,y)] ~E,, [Ey [G(XT%O,YTY ); TY < Tg*ﬂ :

Tng—1

where Y is a reflecting Brownian motion in D* killed upon hitting 0B, starting from y
and independent of X, and Tg; is the first hitting time of v, by Y. Hence by Lemma
4.4, G(xo,y) is bounded by ¢2 > ;2 ri_d for y € Q;, ;. By the Harnack principle, y —

G(wo,y) is bounded by 3 312, 2% on dB(z¢, 17, +1/2), and the maximum principle

implies that the same bound holds on D \ B(zg, c17n,+1/2). We obtain, with o denoting
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the surface measure on 9D = J,~_,(0D,, N dD),

TB.
/ laLD(Xt)st]
0

= G(zo,x)o(dz)

Emo LTB* - Exo

oD
no 1
=Z/ Geono@)+ Y [ G o)
8D,NdD n=no ) 0D NOD
no— 1
< Z |0D, NOD| sup  G(xg,x) Z 0D, NOD| sup G(xg,x)
— 2€dD,NdD el £€8D,NAD
no—1
< Z |0D,, ﬁ8D|C4Z7“ + Z |0D,, ﬂ8D|03Z7“
n=no
< Z ¢5|0D,, N OD| Zri_d
n=1 k=1

This is bounded by a constant independent of z(, by assumption (4.1). Hence we obtain
sup,ep Bz L1, < oo and, therefore, inf,epu(z) = inf,ep E, exp(—Ly, ) > 0. This
means that the whole surface of D is active.

(ii) Consider a point zg € D and a corresponding family of ~,,’s satisfying (4.2). Let
{xn,n > 1} be a sequence in D that converges to zo. There is a subsequence {z;,j > 1}
that converges to some z; in D*, the Martin-Kuramochi compactification of D. Note
that x — G(z{,x) is well defined on D* \ {2} by the second paragraph of Section 3. In
particular,

G(zy,x) = lim G(zy,,x) for x € D*\ {2 }.

Jj—o0

For a > 0, define

Ne = {x € D"\ (BL U{2}}) : G(2§,2) = a}.

Note that g = 0B,. Recall the definition of the integer my > 1 from Condition 4.2. Define
forn > 1,

a, = inf G(z§, ).

TEY3nmg

By the Neumann boundary Harnack principle applied to the function = — G(zj,x) on

Yanm,» there is a constant ¢y € (1, 00) depending only on D such that infye,,,, G(25,7) >
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coEL [G(25, XTw"mo )] for every = € Y3(n41)m,- For n >0,

Apt1 — Qp = inf  G(z25,z) — inf G(z5,2)
TEY3(n+1)mg TEY3nmg

< il (Gla) - el |G Xr, )

T ZEY3(nt1)mg

< inf (COG(ZS, z) — coEy [G(Z'Sa XTWMO )])

T ZEY3(nd1)mg

. *
= cp inf Gz, (20, 7)
TEY3(n+1)mg

—¢ inf E. [G X x}
O:rG’Yg(n+1)m0 %o QSan( Trant2ymg )

< eyri-d (4.8)

3nmg?

where the last inequality is due to (4.4) and ¢; > 0 is a constant depending only on D.
On the other hand, for x € ~,,

G(z5,x) = lim G(2,,,r) = lim E., [G(XT

2)] .
j—o0 Jj—00 3(n+1)mg i|

So it follows from Lemma 4.4 that there are positive constants ¢y < c3 depending only on

D such that

3nmg 3nmg
o Z rit <a, = me}yr;fmo (25,2) <c3 Z . for every n > 1. (4.9)
It follows from Definition 4.1 that for some ¢4 < 00, r%_d/riif < ¢4 for every n > 1.
Hence,
3nm 2—d
an__ _C3 Z?mmo e n 3D e 3(071 Dmo+1 Tk (4.10)
In1 " ¢y Z3(n 1)m0 2 d = ¢ C2r§(nd—1)m0
< 3C3mo(1+ EMo) < oo,
C2

Let df max{2, (3czmo/ca)(1 4 c3™)} and n; = inf{n : a, > #7}. By (4.10),

B < an; <an,1B< BT (4.11)

Since by (4.2),

3mp—1 1 oo 3nmo+m
2 § § d—1 § 2—d __
r3nm0+m rk: = 00,
m=0 =0 j=1 {n:3nmo+me&(naj_ay2i,naj—2+42:)} k=1
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without loss of generality, we may and do assume the sum is infinite for m =0 and ¢ = 1,

ie.,
o 3nmg
D T N (412
J=1 {n:3nmo€(naj—2,n4;5]} k=1

Let X* be reflecting Brownian motion on D* starting from some zy € D,,,, where ng is

large. Define
Sj=if{t>0: X €nq, }, j=1,

TV =inf{t > S;: X; €na,}, n>1,
UM =inf{t > T)": X} €na, ), nk>1,
TV =inf{t > U} X; €na,}, nk>2,

N7 = max{k : U,Z’n <S;_1}, n>1

n

In words, N7 is the number of downcrossings of [a,_1,a,] by M, a G(z§, X[) between
times S; and S;_1. This is of interest to us only for n such that [a,_1,a,]| C [an,_,,an;].

The process M is a continuous local martingale so it is a time-change of Brownian
motion, until it hits 0.

Consider a one-dimensional Brownian motion W; starting from an,; and killed aft
the hitting time T of a,,,_,. Note that by (4.11), an,, > BY, an,,_, < Y72, and
Uy, , > Y72 It follows from the Ray-Knight theorem that there is an event A with
probability greater than p; > 0, such that on A, the local time L7 accumulated by W at
level 2 before time T is greater than c5/37 for all x € (a, 4j_210ny; ). We will apply excursion
theory to excursions of W from the set {a, : n4j—2 < n < ng;}. Given the local time
{L7 : © = a, € {an,;_,,an,,; }} and assuming the event A occurs, the distribution of the
number of excursions going from a,_1 to a, is minorized by a Poisson random variable

with expectation K; > C5aﬁ—4aj,1' By (4.8), we have

"
cs (Y

Kjz =1
€1 T3nm0

Conditional on {L7, = = a,, € [n,,_,,an,,]}, these random variables are independent.
Let TM(b) = inf{t > 0 : M, = b} and M/ = {Myy7a(a,, )t € 0, 7™ (ay,,_,) —
T (an,,)]}. Since M is a time-change of W;, there exists an event A’ with P, (A’) > p1,
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such that on A’, conditional on the local time of M7 at {an,n4j—1 < n < ny;}, the

numbers of excursions of M7 between consecutive points of {a,,n4j—1 < n < ny;} are

independent random variables minorized by independent Poisson random variables with
»

means K, > & 5. By (4.9) and (4.11), there is a constant ¢g > 0 depending only on

D such that

3nm

N4j 2—d

r

k=1"k

Kj Z 06—2—d
T3nm0

Note that the processes M7 are independent. We will now consider the process X
conditioned on the values of the following random elements: local times of the M7’s ac-
cumulated at levels {a,,n4j—1 < n < ng;}, and the endpoints of excursions of X from
{Nan>naj—1 <n < ngjit.

It follows from the definition of a,, and Condition 4.2 that the following condition is

satisfied

There are at least three consecutive Dy ’s between n,, , and 1,,, . (4.13)

This and an easy argument based on Lemma 4.5 show that given endpoints of an
excursion of X going from 7, to 714, ,, the amount of local time accumulated by the
excursion on 0D is greater than c7rsy.,, with probability greater than py > 0.

Let J, be the distribution of the local time accumulated by X on the part of 0D
between 1, , and 7, during the time interval (T (an,,), T (an,,_,)). We have shown
that on an event A; of probability greater than p;, J, is stochastically minorized by a

random variable I,, whose distribution is Poisson with mean greater than

N4 7,2—d 45

k=1"k _ d—1 2—d

P2C6 — 55 — C1"3nmo = P2C6 C7 T3, E Ty -
3nmo k=1

. . . . . d—1 na4j 2—d
Hence J, is minorized by a random variable with mean A, > C8T 3mmo 2okt Tk and

variance \,,. Moreover, we can assume that the I,,’s are independent given A;. Hence, the
local time accumulated by X between the hitting of Nan,, and Nan,,_y> OO the part of 0D

between these surfaces, is stochastically minorized by a random variable H; such that on
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the event A;, its mean is bounded below by
N4
Z d—1 Z 2—d
C8r3nm0 Ty
{n:SanE[n4j,2,n4j]} k=1

and the variance equals its mean. It follows that H; takes a value no less than

N4j

§ : d—1 2—d
CSTBnmo Tk

{n:3nmo€[naj_2,n4;1} k=1

df
b £

N —

with probability greater than ps > 0.

Since the M7’s are independent, we can assume that the H;’s are independent. Let
A; be independent random variables with P(A; = b;) = 1 — P(A; = 0) = p3. The
distribution of the local time accumulated by reflecting Brownian motion starting from
xo € Dy, before hitting B. is minorized by the distribution of ;0:1 A;. In view of (4.12),
2321 b; = oo, and this easily implies that 2321 A = 00, a.s. Hence, for any b < oo, there

is some jj such that P(>_ Aj >b) > 1-1/b. This implies that P, (L1, >b)>1-1/b

J<Jjo
for every g € Dy,; . Therefore, infyep E; [exp(—LTB* )} = 0 and we see that part of the

surface of D is nearly inactive. O

We note that the only place where Condition 4.2 is used in the proof of Theorem

4.3(ii) is to prove (4.13). We will next discuss Condition 4.2 but first we need a lemma.

Lemma 4.6. Let D € Dy, z € 0D and let {D,,,n > 0} and {~,,n > 0} be as in Definition
4.1. There exist ag,pg > 0 depending only on D such that the following holds.
(i) For every n > 1 and every positive harmonic function h on the interior of D, _1 U D,,,

with Neumann boundary conditions on 0D N D,,_1 U D,
h(z) < aph(y) for every x,y € Vp.
(ii) For every n > 1,

P.(T,,., <T,. _,)>no for every x € .
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Proof. (i) Let h be a positive harmonic function on the interior of D,,_; U D,, with
Neumann boundary conditions on 8D N D,,_1 U D,,. It follows from parts (i) and (iv) of
Definition 4.1 that there are k1 < oo and ¢; > 0, depending only on D, such that ~,, can
be covered by at most k; balls B(xg,cir,). Moreover, for each one of these balls, either
B(xg,2c1my,) C D or Bz, 2¢17r,)NOD is the graph of a Lipschitz function. If z,y € 7, and
both points belong to one of balls B(xg, c17,), then there is a constant co > 0 depending
only on D such that h(z) < coh(y), either by the usual Harnack principle (if the ball is
inside D) or by the Neumann boundary Harnack principle proved in Lemma 2.8. It follows
by a Harnack chain argument that h(z) < aph(y) for any x,y € 7,, where ag = 012“.

(ii) According to the definition of D € D, there is ko < oo such that there ex-
ists a “Harnack chain of balls” connecting ~, and 7,41, that is, we can find a sequence
B(zi,r),B(xg,7),...,B(zk,7) in Qp_y with & < ko, 21 € vy, Tk € Yny1 and z; €
B(zj_1,7/2) for j = 2,...,k. The existence of this “Harnack chain of balls” and the
Harnack inequality easily imply that for some p; > 0 depending only on D and some
T € Yn,

P.(T,, .. <T,, _,)>0p:.

Applying part (i) of this lemma to harmonic function z +— P, (T <T,, ), weconclude

Yn+1

that there is some py > 0 depending only on D such that P, (T <T,, ,) > po for

In+1

every € yn. O

Part (ii) of Theorem 4.3 has been proved under the assumption that Condition 4.2
holds. Condition 4.2 seems to be difficult to verify in a direct way. We will state two
other conditions, Conditions 4.7 and 4.8, that are easier to verify in examples. We will
show that Condition 4.7 implies Condition 4.8 and Condition 4.8 implies Condition 4.2. In
some examples, Condition 4.7 is the easiest condition to verify, but in some other examples
Condition 4.8 holds even though Condition 4.7 does not. Lemma 4.11 below shows how

one can verify Condition 4.7 in some examples.

Condition 4.7. Let ag and py be the constants in Lemma 4.6 and let T, be the first

hitting time of ~, by reflecting Brownian motion in D. There exist 0 < mg < my; < 00
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such that for any z € 0D and the 7, ’s as in Definition 4.1 corresponding to z, if n > mq,

P.(T,, ., <Ty,)< ag *po for every x € 7y,
and
P.(T,,,, <T,, ,, )< ag 2 po for every T € Vn—m,-

Condition 4.8. There exist 0 < myg < my < oo such that for any z € 0D and the

vn’s as in Definition 4.1, the following is true for n > my. Let A be the interior of

Unfmoflgkgn Dy and py(dy) = Po(T,, .  10ynys € dy), for x € A. In other words, fi,
is harmonic measure on the set v, _m,—1 U Yn+1 inside A for Brownian motion reflected
on 0D. Then the Radon-Nikodym derivative dji,/du, < 1 on vyn41 and du,/du, > 1 on

Vrn—mo—1, for 2 € Yp_m, and y € vy,
Lemma 4.9. Condition 4.7 implies Condition 4.8.

Proof. Recall the constants ag and pg from Lemma 4.6.

Let A, be the interior of U, .. _1<p<n Dk and pz(dy) = Py (X7

'Yn—mo—lu"/n+1

€ dy),
for x € A,. In other words, p, is harmonic measure in A,, for Brownian motion reflected
on 0D. Fix a set C C 7p41. By Lemma 2.7, x — pu,(C) is a non-negative harmonic

function of x € A,,. By Lemma 4.6,

2 (C) < aoﬂy(c) and My(’)’n—f—l) < aoﬂm(7n+1)

for x,y € vy, and so

My(c)

1z (C) < o ) o (Vrt1) for x,y € ~,. (4.14)

-0 Hy (Ynt1

By Lemma 4.6 and Condition 4.7, for n > my, pz(Vns1) > po forall x € v, and p, (vp41) <

a62p0 for all z € v, Hence,

Nz(7n+1)/ﬂw(7n+1) < 0627 (4~15)
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for all 2 € Vy—my, ¢ € 7n and n > my. If reflecting Brownian motion in D starts from a
point in 7, _y,,, it has to hit v,, before hitting v,,+1. Hence, by the strong Markov property,

(4.14), and (4.15), we obtain for n > my, C' C Y11, 2 € Yn—m, and y € v,
pe(C) = [ malOPLXr, o, € )
Y

iy (C) /
<af —L ta(Vnt1) P2 (X1 oy, € dr
* iy (Ynt1) Sy, O )P, )

% %l& (Yn+1)

< py(C).

Since C is an arbitrary subset of 7,41, the Radon-Nikodym derivative du,/dp, < 1 on

=

Ynt1 for z € vy, and y € 7, with n > my. Similarly, dp./dp, > 1 on v,—p,—1 for
2 € Yp—m, and y € v, with n > m;. Therefore Condition 4.8 is satisfied. O

Lemma 4.10. Condition 4.8 implies Condition 4.2.

Proof. We will consider n > my + 1. Suppose that xy € 2,41 and choose ¢; so large that
K4 {r € D\ B, : G(zg,x) > c1} C Qpt1. We will prove that SUD e, G(zp,z) <
inf,c., G(zo,x). It will suffice to show that P,(Tx < Tp,) < Py(Tx < Tp,) for x €
Yrn—mo and Yy € 7y, because G(zg,z) = 1P, (Tx < Tp,) for x € D\ (B. UK).

Our proof will use the technique of coupling. We will construct two reflecting Brownian
motions in D on a common probability space, X starting from x € v,,_,,, and Y starting

from y € vy, such that {TF < TF } C {Tx < T} } almost surely, that is,

P (TF <Tj and T >T) ) =0.

Let A,, be the interior of Un—mo—lgkgn D;. and define

pa(dy) £ P (X7

"/nfmoflu'}’n{»l

€ dy) for x € A,,.

Given x € vp—m, and y € 7,, we will define some random variables on a common prob-
ability space. Let 7, 41 be a random variable taking values in 7,41 and having distri-

bution gy (dz)/pe(Yn+1). Let 1y o nt1 take values in 7,41 with distribution (p,(dz) —
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pa(d2))/(py (Y1) — pz(Vn+1)), and let I, ,4q take values 0 or 1, with P(I; pq1 = 1) =
tz(Yn+1). Note that 1y 4 n1 is well defined because, under Condition 4.8, p, (dz) > g (dz)
on Yp41. Similarly, let 1y ,,—m,—1 be a random variable taking values in 7y, _p,,—1 and hav-
ing distribution fu, (d2)/py (Yn—mo—1) O Vn—mo—1- L€t Nz y n—mo—1 take values in v, _pmq—1
and have distribution (14 (dz)—py (d2)) /(e (Vn—mo—1) =ty (Yn—mo—1))- Let Iy n—m,—1 take
values 0 or 1, and assume that P(l, p—mo—1 = 1) = fy(Yn—me—1). Due to Condition 4.8,
we may and do assume that the I’s are constructed so that I, p41 + Iy n—mo—1 < 1, a.s.,
and we let I, , =1 —1I; 41 — Ly n_my—1. Moreover, the n’s are constructed so that they
are independent, and independent of the I’s.

For x € A, and z € v,_my—1 U VYnt1, let QZ denote the distribution of reflecting
Brownian motion X in A, starting from x, conditioned on leaving A, \ {7 —mo—1 U Ynt1}
through z. Let Qf , denote the distribution of a pair of processes ()A( , ?), such that the
distribution of X is Q2 and the distribution of Y is Qj- The processes X and Y are
defined on the same probability space but no further relationship such as independence is
assumed. In particular, the two processes do not necessarily reach z at the same time.

We will now define a distribution for a pair of processes ()Af , ?) starting from z,y €
Yrn—mo U Yn, such that either x =y or z € y,_p,, and y € v,. If £ =y € 7, , We define
)?t = IN/t for all ¢ > 0, and the distribution of X is that of reflecting Brownian motion in
D, killed upon hitting ~,,. Similarly, if z = y € 7, define X, =Y, forall t > 0, and the
distribution of X is that of reflecting Brownian motion in D, killed upon hitting v, —m,,

The most significant case is when x € 7,,_,, and y € 7,. In this case we let

df
Zm - 77m,n+11w,n—|—1 + ny,n—mo—ljy,n—mo—l + nac,y,n—mo—llx,y

and

df
Zy = nx,nJrlIx,nJrl + ny,nfmofll n—mo—1 + 77y,x,n+1lx,y~

Note that by our construction, Z, and Z, have distributions p, and p,, respectively. When
Iyn—me—1 = 1and Z, = Zy = Nymn—me—1 = 2 € Yn—me—1, We define the (conditional)
distribution of ()? , 17) to be Q7 , until the processes hit 75, —,,—1, and then we “continue
them as a single reflecting Brownian motion in D starting from z until it hits v,,_,,,.” In

other words, if X hits Yrn—mo—1 at time £y and Y hits Yn—mo—1 at time ¢; then )N(tOth = }N/tﬁt
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for ¢ > 0. Similarly, when I, ,41 =1 and Z, = Z;, = Nz ny1 = 2 € Ynt1, We define the
(conditional) distribution of (X,Y) to be Q; , until the processes hit 7,11, and then we
continue them as a single reflecting Brownian motion in D starting from z until it hits ~,,.
When I, , =1and Z, = 21 € Yp—me—1 and Zy = 22 € Yp41, We let X have (conditional)
distribution Q7 and then we continue it as reflecting Brownian motion in D starting from

z1 until it hits v,_,,, and we let Y be independent from X with conditional distribution

22

52, and we continue it as reflecting Brownian motion in D starting from z2 until it hits

Yn- We call the distribution of the processes constructed above P, ,. Note that under
P, , each one of the processes X andY isa reflecting Brownian motion in D. Under P, ,,
the processes X and Y start from T, Y € Ynemg U Yn, 1€, )A(:O = x and )70 =y, they have
random lifetimes (X and ¢, not necessarily equal, )?Cx_, ?CY— € Yn—mo U Yn, and either
)'QX_ = ?qy_ or )?Cx_ € Yn—m, and ffcy_ € 7Yn. The essential property of P, , is that
if X enters Q,+1 before it is killed, then the part of the trajectory of X after the hitting
time of €,,11 is a time shift of the trajectory of Y after its hitting time of €2,,41. Similarly,
under P, ,, if Y enters Q.1 before it gets killed, then the part of the trajectory of
Y after the hitting time of €,,_,,,—1 is a time shift of the trajectory of X after its hitting
time of €y, —1-

We will use the distributions P, , to construct processes X and Y which are de-
fined on the whole time interval [0,00). Suppose that = € ~,_.,, and y € -, and

let (X', Y"') have distribution P, ,. Let (X2, Y?) have conditional distribution P, ,,

given the event {Xéxl, = x9 and YC1Y17 = yg}. We continue by induction. Given
(X*,YF), we let (X*1,Y*H1) have conditional distribution Py, ., 4, ., given the event
{Xk = o341 and Y7 :yk+1}. It is easy to see that ZkCXk = oo and chyk = 00,

CXk— CYk_

a.s. Set (X' =¢¥" =0. Fork>0and t € [Zogjgk CXj720§j§k:+1 CXj), define

Xtd:fX’”l(t— Z CXj>~

0<j<k

Similarly, for t € [Zogjgk Cyj,zosjgkﬂ CYj), define

Y;d:fyk+1<t_ Z Cyj)-

0<j<k
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It is straightforward to check that X and Y are reflecting Brownian motions in D and
{T < Th} c {T¥ < Tk }. This proves that P,(Tx < Tp,) < P,(Tx < Tp,) for
T € Ypn—m, and y € v, and, as we pointed out at the beginning of this proof, this implies

that sup,e., G(zo,x) < infgen, G(zo, ). a
Recall A from Definition 2.1.

Lemma 4.11. For any c¢; and )\ there exists co such that the following holds. Suppose
that for some n and my we have |Dy| < clrg for alln — mg — 1 < k < n. Then for all

T € Yn,
7,2—d
n
<T’Yn+1)§022n 5=d°

i=n—mo—1"1%

P,(T

"Yn—mQ—l

and for all © € vy,,_m,, we have

2—d
rn—mg—l

n 2—d”
Zi:n—mQ—l T

P,(T

Tn+1 < T’Yn—mz—l) S €2

Proof. We prove the second inequality, the first one being very similar. Write j for

n —mg — 1. If a,b are integers with j <a <b <n, set Uy, = UZ:a Dy, define
Cop = inf{/ |Vf(z)|?dz: f=00n~, and f =1 on fyb+1}, (4.16)
Ua,b

and let R, p = C’;g. Cyp is called the conductance across U, and R, ; the resistance.
Consider reflecting Brownian motion in U, killed on hitting v, and let G4 (x,y) be the
corresponding Green function. We use the fact that with respect to this process Cj p is
equal to the capacity of v,41; see [FOT].

Using Definition 4.1 we can find a constant c3 independent of k& and points 2z € Dy,
such that dist (zx,0Dy) > c3ri. Let By be the ball of radius csry/2 centered at zj.
Starting at any point that is a distance csry /4 from z, the expected time that Brownian
motion in Dy spends in By, before hitting 9Dy, is larger than c4r?. By the support theorem
for standard d-dimensional Brownian motion, starting from any point that is a distance
3csry /4 from zy, there is probability at least p; > 0 (not depending on k) that the Brownian
motion will hit the ball of radius ¢3ri/4 about zj before hitting dDy. So starting at such
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a point the expected time spent in By before hitting dDy, is at least picyr?. Using the
Harnack inequality and the fact that |By| = c5rﬁ, it follows that G r(2k,y) > cﬁri_d if

ly — z| = 3car /4. By the Neumann boundary Harnack principle,

Gk7k(2k,y) > C7T}3_d7 Y € Vi+1- (417)

Consider reflecting Brownian motion in Dy killed on hitting v, and let v, be the

capacitary measure for y;41. Then

1> sz (T’Yk+1 < T’Yk) = /Gk,k(zkvy)yk<dy>

2-d
> crry k(Y1)
Therefore

and

Rk,k > C77”,2c_d. (4.18)

Next, if a1 < ap < az +1 < ag, let f; be the function on Uy, 4, at which the infimum
in (4.16) is attained and similarly fs the function on Uyy41,45- Let 8= Cayt1.05/(Cay an +
Cay+1,a5) and define f on U,
Bf1 and the restriction of f on U,,41.4, to be equal to B+ (1 — ) f2. Then

by setting the restriction of f on U, to be equal to

1,03 1,02

Coss < [ Vf@Pao=5 [ IVAP+(-92 [ [VEP

Ual,a3 Ual,aQ Ua2+1,a,3

= 620&1@2 + (1 - ﬁ)2ca2+1,as
_ Cal,azcaz-l—l;as
Calﬂz + Ca2+17a3

(4.19)

This is equivalent to

Rahas > Ral,az + Ra2+1,a3- (4.20)

By (4.18), (4.20), and induction, we obtain
n
Rjn > el ™,
i=j
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or

< 1
et
i=5 €7

Recall that Bj is the ball of radius c3r;/2 about z;. Starting in B; the expected

C; (4.21)

amount of time the process spends in B; before exiting the ball of radius 3czr;/4 about

zj is bounded by 087"]2-. By the support theorem for standard Brownian motion, there
exists pa > 0 such that starting at any point that is a distance 3c3r;/4 from z;, there is
probability at least py of hitting «; before hitting 0D, \ v;. A standard argument allows us

to conclude that the expected amount of time spent in B; starting at any point of Uj , is

at most 097"J2~. Since |B,| = 0107”?, the Harnack inequality implies that G, (z;,y) < curj?*d
if y € y,41. The Neumann boundary Harnack inequality then implies that
Gjm(x,y) < crari™?, T EYjt1, Y E Yntl- (4.22)

Let v be the equilibrium measure for 7,1 with respect to reflecting Brownian motion in

Uj.» killed on hitting v,. Combining (4.21) and (4.22),

P.(T,,,, <T,)= /Gj,n(ﬂi,y)’/(dy) <cory Cin, T €41

This proves the lemma. O

If the r, are comparable, then Lemma 4.11 implies Condition 4.7 for sufficiently large

mo.

Remark 4.12. If D € Dy, then a “typical point” z € 9D has a neighborhood U C D
such that 0D N U is the graph of a Lipschitz function. The Green function satisfies
G(z,y) < ci|x — y|?>~4, for x,y € U, where ¢; depends only on the Lipschitz constant
characterizing 0D; to see this we flatten the boundary and reflect over a hyperplane as in
the proof of Lemma 2.8, and then use the result of [LSW]. The upper estimate in Lemma

4.4 follows from this immediately.

Example 4.13. Our first example in this section is a multidimensional version of Example

3.4. Suppose that d > 3 and for some o > 1,
D = {:c: (x1,22,...,2q4): 0 < x; <1and zy > (x§+"'+5’7¢21)1/2}-
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We will restrict the parameter range to a > 1. We will show that if o € (1,2) then the
whole surface of D is active and when a > 2 then part of the surface is nearly inactive.

We will analyze only one boundary point, the origin, in view of Remark 4.12. We let
the 4 ’s be intersections of D with (d—1)-dimensional hyperplanes perpendicular to the first
axis, at distances 27 4 j27% from 0, for all j > 0 such that 27% 4 j2—ke < 2=k+1 _9g—ka,
for all £ > 1.

Note that for some ¢y and any mg there exists my such that for any n > m; we have
1/er < rj/ri < ¢ for all n < j,k < n+ mg. This and Lemma 4.11 easily imply that
Condition 4.7 holds.

k+1

The number of D,,’s whose distance from 0 lies between 2% and 2~ is of order

27#1=%) For D,,’s in this range, > _ 124 ~ di<k 2-1(1=a)g=ja(2=d) r o=k(1+a(l=d)
The surface area, |0D,, N 0D|, is of order 9—kald=1) g6 the contribution from these sets
to the sum in (4.1) is of order 2= F(1—a) . 2=k(1+a(l=d)) . g—ka(d=-1) — 9=k(2=a) If ¢, < 2
then >+, 27k(2=2) < 50, so part (i) of Theorem 4.3 implies that the whole surface of D
is active.

A similar calculation shows that the sum in (4.2) is comparable to >, -, 27k(2=2) and

this is infinite for a > 2. Hence, by Theorem 4.3 (ii), part of the surface of D is nearly

inactive if oo > 2. |

Remark 4.14. Fukushima and Tomisaki [FT] studied reflecting Brownian motion in

unbounded cusps

DY¥ {a::(xl,xz,...,xd):xl > 0 and x‘f‘>(a}§+...+x§)l/2}

and derived a Green function estimate (see Lemma 5.4 and 5.5 in [F'T]). Their proof can be
adapted to get the Green function upper bound estimate for reflecting Brownian motion

in the truncated cusps D as defined in Example 4.13 and to show that for 1 < a < 2,

/ G . (&, y)o(dy) < oo.
oD

Thus this gives an alternative proof for the boundary of D to be active when 1 < a < 2.

The main goal of the paper [FT] is to show that reflecting Brownian motion in D starting
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from the cusp point 0 &t (0,---,0) is a semimartingale when o < 2. Using Theorem 4.3(ii)
(and its proof) in this paper, we can settle the remaining case by showing that reflecting
Brownian motion in D starting from O is not a semimartingale when o > 2. Clearly, this
is equivalent to the fact that reflecting Brownian motion in D starting from 0 is not a
semimartingale when o > 2.

By Theorem 2.1 of [FT], reflecting Brownian motion X in D is a strong Feller process
on D and thus can start from every point in D. Let o > 2. According to Example 4.13,
part of D is nearly inactive. By the proof of Theorem 4.3(ii),

) 1
élil}) P, (LTB* > b) >1-— 7 for every b > 0.

Were X a semimartingale starting from 0, the Skorokhod decomposition for X
t
Xy =Xo+ W, +/ n(X)dLs fort >0
0

would hold under P, for every x € D. It follows from weak convergence and the second
to the last display that
PO(LTB* = OO) = 1.

This is a contradiction since Po(T5, < c0) > 0. Therefore X starting from 0 cannot be a

semimartingale. O

Example 4.15. This is a multidimensional analogue of Example 3.6. Suppose that a > 0,
B> 1and let a = 2?:1 2-U=De TLet S, be the family of all binary (zero-one) sequences
of length n. We will write s = (s1, $2,...,8,) for s € S,,. For integer k > 1 and s € Sk, we
set bg = 2?21 5;279. Let A, = [0,1]%. For k > 1 and s € Sy, let

As ={(z1,...,2q) 1 ax < x1 < agq1, ((z2 — bs)2 —l—:c% g x§)1/2 < fs(z1)},

where ¢;27%% < f,(x1) < 27%8 and ¢; > 0 does not depend on s. Assume that all functions
fs are Lipschitz with the same Lipschitz constant. Let D be the connected component of

the interior of A, UJ,~, U Ag that contains the open box (0,1)9.

seSk
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We restrict the range of parameters to > «. Since we have assumed that o > 0 and
B > 1, the surface of D is finite and Remark 3.5 cannot be used to draw any conclusions.

We will show that if a < # < 2« then the whole surface of D is active and when
B > 2a then part of the surface is nearly inactive.

We will analyze only a family of D,,’s corresponding to a boundary point at the end of a
channel, in view of Remark 4.12. Fix a boundary point 2y at the end of an infinite channel,
i.e., a point whose first coordinate is Z]Oil 2-U=De Tet A be the family of hyperplanes
Kin = {(z1,...,24) : 71 = a +n27%F}, with n > 1 such that ay +n27%% < ap ;. Let
Ci. be the family of connected components of Ky ,, N D, for Ky, ,, € A, which separate zg
from A,. Let ,’s be the relabelled family (J, Cx.

This assumption on the magnitude of f and Lemma 4.11 imply that Condition 4.7
holds as long as the relevant D,,’s belong to the same Ag. Lemmas 4.9 and 4.10 then prove
that Condition 4.2, i.e., sup,c, _ G(zo,z) < infgze, G(zo, ), holds if v,_p,, and ~,
belong to the same Ag. Then clearly Condition 4.2 holds in full generality if we replace
mo with 2mg + 1.

The number of D,,’s defined by the ~,’s, needed to reach Ag with s € Sy is of order
ngk 277 /278 2k(B=2)  Consider a D,, which intersects A5 with s € Sx. The set
D,, may either have diameter of order 2752 or it may contain a “tree” of thin channels.
Consider first D,,’s that have diameters of order 2=%5. There are 2¢(®=%) such D,,’s, up
to a constant, so for n in this range, 37" _ 72 ? ~ 30y 21(B=a)9=jf(2—d)  gk(B(d—1)—a)
The surface area, |0D,, N dD], is of order 27*# (d=1) g0 the total contribution of such D,,’s
to (4.1) is of order 2k(B=)2k(B(d=1)=a)g=kB(d—1) ~ 2k(6=20)  The series 3, 28(A=2%) is
summable if and only if § < 2a.

Next consider a D, which intersects As with s € S, and contains a side “tree”
of thin channels. Its surface area, [0D, N D], is of order Y ., 29-k27722=ihld=2) ~
2~ k(a+5(d=2)) There are at most two such D,,’s for each Ag, so their contribution to (4.1)
is of order 2k(B(d—1)—a)g—k(atB(d=2)) ~ 9k(6—22)  Hence, the contribution of D,’s with
side channels is of the same order as the contribution of D,, that have diameter of order

27#8. We conclude that (4.1) holds if 3 < 2a.

If 3 > 2« then the contribution of D,’s with diameter of order 27%% is enough to
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make the left hand side of (4.2) infinite, due to the estimates presented above. O

Example 4.16. We will analyze a multidimensional fractal domain vaguely resem-
bling the von Koch snowflake, except that we will add barriers partly blocking the passage
between the building blocks. Suppose that the dimension of the space is d > 3 and fix a
parameter p € (0,1/2). We will impose further restrictions on p below. For k > 0, let Ay,
be a finite family of open cubes with edge length p*, with edges parallel to the axes, and
satisfying the following properties. The family .4g consists of one cube Ag. The family A;
consists of 2d cubes which are disjoint from each other and are disjoint from Ag. One side
of any cube in A; lies on a side of Ay and these two sides of the two cubes have the same
center. Now suppose that we have defined families Ay for £ < n. Let A, be the union
of all cubes in (J,, <n Aj. Then A, is the maximal family of disjoint cubes that do not
intersect A,, and such that one side of each of these cubes lies on a side of a cube from the
family A,,, and has the same center. Let D, be the union of all cubes in | J k>0 A and note
that this set is not connected because all cubes in this family are disjoint. We transform
D, into a connected open set by adding “passages” between cubes. Fix a parameter 3 > 1.
For any pair of cubes which belong to A,,_1 and A,,, and whose sides intersect and have
a common center x, we add to D, the open ball B(z, 2p(”_1)5). We let D be the union of
D, and all such balls. Parts of the boundary of D are adjacent to D on both sides, and
this is forbidden by Definition 4.1, strictly speaking. We could modify the domain D or

even Definition 4.1 to cover this case, but that would be an unnecessary embellishment.

We will determine for which values of p the surface area is finite because the example
is not interesting if |0D| = oo; in such a case a part of the surface is nearly inactive by
Remark 3.5. The surface area of a cube with edge length p* is of order p*(?=1). The
number of cubes in Ay is of order (2d — 1)*. The total surface area of cubes in Ay is of
order p*@=1(2d — 1)*. The surface area of D is finite if 3", pF(¢=Y(2d — 1)* < oo, that
is if p?~1(2d — 1) < 1. Hence, we are interested only in p less than (2d — 1)~*/(¢=1)_ The

function f(d) = (2d —1)~/(4=1) ig increasing for d > 3 because, when we treat d as a real
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argument,
1+ (2d—1)(log(2d —1) —1)

>0
(d—1)*(2d — 1)V @Y

f'(d)

for d > 3. We have f(3) = 1/v/5, and limy .o f(d) = 1. Hence, we can take p €
(0,1/2 A 1/+/5) for any d. We will see that, as long as the surface area is finite, the value
of p does not play any role in this example.

As usual in our examples, we will analyze only a point z € 9D that lies at the end of
an “infinite” channel, i.e., such that any continuous path in D from the center z, of Ay to
z must pass through at least one cube in every family Ax. Let I' be a continuous path in
D from z, to z that passes through a side of any cube in J k>0 A at most once, and if it
does so, then it passes through the center of that side. Let z; be the intersection point of
I' and the side of the cube in Ay that is a part of a side of a cube in A,_;. The curve I'
passes through all the z;’s on its way from z, to z.

For every zy, let Cj, be the family of all sets 0B (2, 27 )N D, where j satisfies 4pF~1)8 <
271 < 27+t < pk=1 /2 Note that each set dB(zx,2’) N D contributes two sets to Cj and
each one of these sets is a spherical cap. Let C = |J, Ci and rename the elements of C as
Yn, in the order in which they have to be passed on the way from z, to z within D. It is
elementary to check that this family of ,,’s satisfies the conditions listed in Definition 4.1.

In this example, Condition 4.7 does not hold. We will argue that Condition 4.8 holds
directly. Consider spheres 0B(0,27),9B(0,2/1%0) 9B(0,2/tko+mo) and 9B(0, 27 F2ko+mo)
and call them Sy, S, S3 and S4. It is not very hard to prove that there exist large ky and
my, such that P, (Ts, € A,Ts, < Ts,) < P,(Tg, € A, Ts, < Tg,), for A C Sy, x € S
and y € S3. We also have, for sufficiently large ko and mg, that P,(Ts, € A, Ts, <
Ts,) > P,(Ts, € A,/ Ts, < Tg,), for A C S1, z € Sy and y € Ss, although the two
claims are not symmetric and require somewhat different justification. By the reflection

€ AT, <T,)>

principle, for reflecting Brownian motion in D, P, (T et 2k =

7n+2k0+m0
Py(Tanrszero € A7T’yn+2ko+m0 < T’Yn) fOI' A - ’7n+2k0+m07 LS ’Y"I’LJrkO a’nd Y S fyn+k0+m0’
provided 7, and Y,42k,+m, belong to the same family C; and lie on the same side of

0D. We also have P,(T,, € A, T,, <T, ) > Py (T, € AT, <T, ) for

n+2kg+mq n+2kg+mg

A C Y, © € Ytk a0A Y € Vptkotmo- Lf we take only every kop-th element of the family
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Yn, this proves Condition 4.7 for ~,’s which belong to the same family C; and lie on the
same side of dD. Hence, Lemma 4.10 proves Condition 4.2 for n restricted in such a way.
However, this implies that Condition 4.2 holds for all n, with m replaced by 2m, for the
same reason as in Example 4.13.

The number of ~,,’s in Cy is of order log((p*~1/2)/(4p*~VP)) ~ k. If 2, € Q41 with
sufficiently large n then by Lemma 4.4, the Green function G(z1, -) can be bounded by
c1 ngk GpIPC=d) < ok pFP2=) for & € D that lie between 7,,’s in C;. The surface area
of &D,, N dD corresponding to v, € Cj is bounded by ¢3p*¢~1 so the contribution of
such D,,’s to the sum in (4.1) is bounded by c4k2p*P2=d) pkld=1) — ¢ g2 pk(B2=d)+d=1) Tf
B < (d—1)/(d—2) then Y, k?pk(B2=d)+d=1) < 50 and Theorem 4.3 (i) implies that the
whole surface of D is active.

To find a lower bound for (4.2), we take into account only one D,, corresponding to
each family Ci, namely the one with the largest surface area. We obtain as a lower bound
for (4.2) the quantity c5kp®P=d pkld=1) — ¢, pF(BE=d)+d=1) If 3> (d —1)/(d — 2) then

Yok kpFBR=d)+d) — o6 s0 by Theorem 4.3 (ii), part of the surface of D is nearly inactive.

5. Trap domains.

The ideas developed in Section 4 allow us to prove a new result on “trap” domains
introduced in [BCM]. The new result applies only to the class of domains D; presented in
Definition 4.1 but that class contains some very natural examples of fractal domains, such
as the multidimensional version of the von Koch snowflake presented in Example 4.16,
that were not covered by theorems proved in [BCM] (see Example 5.2 below). There was
a big gap between results on two-dimensional domains and higher dimensional domains
in [BCM]. At first we thought the gap was purely technical in nature—complex analytic
methods could not be used in higher dimensions. It turns out that the gap is in fact
“real,” in the sense that the multidimensional examples are considerably different from
the two-dimensional examples—compare our Example 5.2 and Proposition 2.15 of [BCM].

Recall that B, C D is a closed ball with positive radius and T, = inf{t > 0: X; €
B.} is the first hitting time of B, by X. We say that D C R¢, d > 2, is a trap domain if

sup E,Tp = o0, (5.1)
zeD
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and otherwise D is called a non-trap domain. One can express (5.1) in a purely analytic

way, namely, by saying that D is a trap domain if and only if

sup / G(z,y)dy = co. (5.2)
xe€D\B JD\B

See [BCM] for further discussion of basic properties of trap domains.

Theorem 5.1. Consider a domain D € Dy, D C R%, d > 3, with a finite volume.

(i) If there exists a constant ¢ < oo such that for each point z € D, there is a system

of surfaces {v,,n > 0} as in Definition 4.1 satisfying

i Dy Zn:ri‘d <c (5.3)
n=1 k=1

then D is not a trap domain.

(ii) If there exists a boundary point z € 0D and a system of surfaces {v,} as in

Definition 4.1, such that
Z |D,,| Z T,z_d = 00, (5.4)
n k=1

then D is a trap domain.

Proof. (i) The proof is very similar to the proof of Theorem 4.3. Consider o € D. It
is not hard to see that there exists zyg € 0D and a corresponding family of ~,’s, as in
Definition 4.1, such that z¢ € D,,, for some ny and dist(zg,dD,,,) > ¢17y,. By Lemma
4.4, G(zg, ) is bounded by 2> 2, r,%_d on D, 1. By the Harnack principle, it is
bounded by ¢33y 12, ri_d on 0B(xg,c17n,/2), and the maximum principle implies that
the same bound holds on D \ B(zg,c17y,/2). For x € B(zg, c17y,/2) we have G(xg,z) <

calr — xo|2 00 127/ (1, /2)% 7%, by comparison with the Green function in R?. We
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obtain, using the upper bound in Lemma 4.4 for n < ny,

/D\BG(xo,y)dy = Z/Dn G(z0,y)dy

n>1

- Y [ Gapw+ Y [ G0, y)dy
1<n<no D, n>no Dp\B(z0,c17nq /2)
+ / G(zo,y)dy
B(zo,c1mny/2)
n ) o
< X0 Daleayri Tt 30 IDules 3o ri s, i
1<n<ng k=1 n>ngo k=1 k=1
n
<2 eslDal 3 ri
n>1 k=1

This is bounded by a constant independent of xp, by assumption (5.3). The theorem
follows in view of (5.2).
(ii) A calculation similar to that in part (i), based on the lower bound in Lemma 4.9,

easily implies part (ii) of the theorem. O

We would like to emphasize that part (ii) of Theorem 5.1 is much easier to prove
than part (ii) of Theorem 4.3. This is because all we have to show is that the function
x — E, [Tp,] is unbounded. In the proof of Theorem 4.3 (ii) we had to prove that the
random variable L, for reflecting Brownian motion X* starting from z converges to

infinity in distribution as x approaches a boundary point zg € 0D.

Example 5.2. Recall the domain D and notation from Example 4.15. Recall that
the number of v,’s in Cy is of order log((p*=1/2)/(4p*=18)) ~ k. If 2, € Q, 1 with
sufficiently large n then by Lemma 4.4, the Green function G(z1, -) can be bounded by
c1 ngk jpIPR=d) < o kpkB(2=d) for & € D that lie between 7,,’s in C,. The volume of a
D,, corresponding to a 7, € Cj is bounded by c3p*?, so the contribution of such D,’s to
the sum in (5.3) is bounded by ¢ k2pFB8C=d) pkd — ¢, k2 pk(BC=d)+d) 1f 3 < d/(d — 2) then
S, k2pPBR=d)+d) < o0 and Theorem 5.1 (i) implies that D is not a trap domain.

To find a lower bound for (5.4), we take into account only one D,, corresponding to each

family Cy, namely the one with the largest volume. We obtain as a lower bound for (5.4) the
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quantity cskptPC=d phd = e pRBC=DFd) If B > d/(d — 2) then 3, kpFBC=d+d) =

so by Theorem 5.1 (ii), D is a trap domain. O

We will use the above example to compare Theorem 5.1 to a result about multidi-
mensional trap domains proved in [BCM]. The result in [BCM] was based on the notion
of a J,-domain, used by Maz’ja in his book on Sobolev spaces [Maz]. Here is an informal
definition of a J,-domain (see [Maz] or [BCM] for the rigorous definition). We say that
D is a J, domain if for every smooth (d — 1)-dimensional surface A which divides D into
two connected components D and D%, we have min(|D%|,|DY[)® < ¢1|A|, where ¢; < oo
depends only on D (here |A| is the (d — 1)-dimensional surface area). Theorem 2.4 of
[BCM] implies that if D is a J, domain with a < 1 then D is not a trap domain, and there
exists a trap domain D € J;.

Roughly speaking, one can determine whether the domain D of Example 5.2 belongs
to J, with a given a by comparing the surface area of the opening between cubes in Ay
and Ajy_1 to the volume of the cubes in (J;5, A;. The surface area is of order pkpld=1)
and the volume is of order p¥¢, so D is a J, domain with a < 1if 3 < d/(d — 1). Hence,
for the family of domains in Example 5.2, Theorem 2.4 of [BCM] shows that D is not a
trap domain if § < d/(d — 1), while Theorem 5.1 of this paper shows that this holds for
all B < d/(d —2), and in addition it shows that this result is sharp. The gap between
the power of the two approaches is not as striking in dimensions d > 3 as it is in the

2-dimensional case, discussed in Proposition 2.15 of [BCM].
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