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Finite Difference (FD) schemes have been used widely in computing approximations for
partial differential equations for wave propagation, as they are simple, flexible and robust.
However, even for stable and accurate schemes, waves in the numerical schemes can propa-
gate at different wave speeds than in the true medium. This phenomenon is called numerical
dispersion error. Traditionally, FD schemes are designed by forcing accuracy conditions, and
in spite of the advantages mentioned above, such schemes suffer from numerical dispersion

eIrors.

Traditionally, two ways have been used for the purpose of reducing dispersion error:
increasing the sampling rate and using higher order accuracy. More recently, Finkelstein
and Kastner (2007, 2008) propose a unified methodology for deriving new schemes that can
accommodate arbitrary requirements for reduced phase or group velocity dispersion errors,
defined over any region in the frequency domain. Such schemes are based on enforcing exact
phase or group velocity at certain preset wavenumbers. This method has been shown to

reduce dispersion errors at large wavenumbers.

In this dissertation, we study the construction and behaviors of FD schemes designed to
have reduced numerical dispersion error. We prove that the system of equations to select
the coefficients in a centered FD scheme for second order wave equations with specified

order of accuracy and exact phase velocity at preset wavenumbers can always be solved.



Furthermore, from the existence of such schemes, we can show that schemes which reduce
the dispersion error uniformly in an interval of the frequency domain can be constructed
from a Remez algorithm. In these new schemes we propose, we can also specify wavenumbers
where the exact phase or group dispersion relation can be satisfied. For an incoming signal
consisting of waves of different wavenumbers, our schemes can give more accurate wave
propagation speeds. Furthermore, when we apply our schemes in two dimensional media,

we can obtain schemes that give small dispersion error at all propagation angles.
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Chapter 1

INTRODUCTION

In this chapter, we address the main question of focus of this work in section one, review

background material in section two, and describe our contributions in section three.

1.1 Numerical dispersion error

Waves are a common phenomenon: there are mechanical waves that propagate through
a medium, such as ocean waves and seismic waves; or electromagnetic waves that do not
require a medium, such as radio waves and microwaves. All these waves obey their respective
wave equations that describe how the disturbance proceeds over time. The speed at which
waves travel is often called the wave speed. More precisely, the speed at which a plane wave
travels in a homogeneous medium is called the phase velocity, and the speed at which the
energy propagates is called the group velocity.

Finite Difference (FD) schemes have been used widely in computing approximations for
partial differential equations for wave propagation, as they are simple, flexible and robust
(Kelly et al, 1976). The method has thus become very popular, especially in its second-
order accurate, central difference variant known as the Leap-frog scheme. However, even
for stable and accurate schemes, waves in the numerical schemes can propagate at different
wave speeds than in the true medium. This phenomenon is called numerical dispersion
error. Traditionally, FD schemes are designed by forcing accuracy conditions, and in spite
of the advantages mentioned above, such schemes suffer from numerical dispersion errors.
These errors can result in poor approximation to the wave speed for high wavenumbers, and
thus cause poor approximations to the wave propagation as time spans get larger.

In many real life applications, it is useful to be able to model wave speeds accurately.
For example, in weather forecasting, we wish to know precisely when a weather front will

arrive so we know when to stay home to avoid storms. Predicting well when a weather front



will arrive requires accurate numerical wave speeds. It is our goal in this work to design
Finite Difference schemes that approximate wave speeds well, so that we can simulate wave

propagation and generate synthetic waves that travel at speeds close to the true wave speeds.

Traditionally, two ways have been used for the purpose of reducing dispersion error:
increasing the sampling rate and using higher order accuracy (Levander, 1988). Staggered

grids have also been introduced (Virieux, 1984, 1986).

More recently, Finkelstein and Kastner (2007, 2008) propose a unified methodology
for deriving new schemes that can accommodate arbitrary requirements for reduced phase
or group velocity dispersion errors, defined over any region in the frequency domain. Such
schemes are based on enforcing exact phase or group velocity at certain preset wavenumbers.
This method has been shown to reduce dispersion errors at large wavenumbers. Liu and
Sen (2009) give explicit expression of such schemes in their work. We build on the work of

Finkelstein and Kastner, Liu and Sen and others.

In this dissertation, we study the construction and behaviors of FD schemes designed to
have reduced numerical dispersion error. We prove that the system of equations to select
the coefficients in a centered FD scheme for second order wave equation with specified
order of accuracy and exact phase velocity at preset wavenumbers can always be solved.
Furthermore, from the existence of such schemes, we can show that schemes which reduce the
dispersion error uniformly in an interval of the frequency domain can be constructed from a
Remez-like algorithm. In these new schemes we propose, we can also specify wavenumbers
where exact phase or group dispersion relation can be satisfied. For an incoming signal
consisting of waves of different wavenumbers, our scheme can give better synthetic wave
propagation. Furthermore, when we apply our schemes in two dimensional media, we can
obtain schemes that give small dispersion error at all propagation angles. We show in
numerical experiments that choosing schemes to have accuracy conditions at angle 7/4 is
the best option in designing schemes, as it guarantees the existence of schemes, and the

error is not much bigger should we choose 7/8 as used by Liu and Sen.



1.2 Background material: Wave equations, Finite difference schemes and Math-
ematical seismology

In this section, we introduce related background material to our work. We describe wave
equations, talk about plane wave solutions to the acoustic wave equations, the speed at
which the waves propagate, and how to approximate them with finite difference schemes.
We will also introduce present definition of order of accuracy called spectral accuracy that
has been commonly used in the geophysics community. Since our results can be used for

solving elastic equations, we will also describe the equations used in continuum mechanics.

Wave propagation in real media is governed by complicated systems of wave equations
which allow anisotropy, heterogeneity, and a variety of other physical phenomena. For elastic
media with waves of small amplitude, wave propagation is governed by the linearized elastic
system, which is commonly written either as a first-order system of differential equations
with nine state variables (three particle velocities and six stresses), or as a second-order
system with just the three particle velocities. Computations with the second-order system,
because of the second time derivatives, must be at least two-step schemes, meaning that
we must save two previous time levels at each step. The first-order system allows the use
of staggered-grid schemes, but computationally, it is more efficient to use the second-order
system because we have to store only six wavefields at a time instead of nine for the first-

order system.

For very large earth models, storage is a concern, even with large distributed-memory
parallel computations. It is thus common practice to use two-step schemes for second-order
equations or systems, which appears to limit accuracy in time to second order. However,
using the differential equation to write higher order time derivatives in terms of space
derivatives, a methodology commonly attributed to Lax and Wendroff who introduced it as
a way to get higher-order one-step schemes for first-order systems, accuracy is not limited

to second-order, even with two-step schemes.

With these considerations in mind, we will study second-order wave equations in this

work, and will consider only the efficient two-step schemes.

While the ideas of this work can be applied to more general second-order wave equations



or systems, we will focus mainly on the second order wave equation
Ofu — Au = 0. (1.1)

where u(x,t) describes the motion, a function of the spatial variable z and the time variable
t. Solutions of this equation describe propagation of disturbances at a fixed speed in one or
in all spatial directions, as do physical waves from plane or localized sources; the constant
¢ has the dimension of velocity, and is identified with the propagation speed of the wave.
This equation is linear, therefore the superposition principle applies, and we can study the

plane wave solutions of it.

1.2.1 Plane wave solutions and the dispersion relation for the acoustic media

Plane waves approximate solutions to wave equations locally nicely in a homogeneous
medium. We study plane wave solutions to the wave equations in this work. In a het-
erogeneous medium, locally wavefronts behave like plane waves as well. Moreover, the
familiar Radon transform solution to the homogeneous wave equation can be expressed as a
superposition of plane waves (Lax). Arbitrary initial conditions can be satisfied by choosing
appropriate linear combinations of plane waves.

In an acoustic medium, the wave propagation is described by the following scalar equa-
tion:

02— Au=0. (1.2)

The plane wave solution we will use (in three dimension for example) is

u = 6zx~k—zwt —

eiw(xk/w—t)’ (1.3)

where k = (k1, k2, k3) and w denote the wavenumber and the frequency, respectively. Sub-
stituting the plane wave solution into the acoustic wave equation, we get the following

dispersion relation in three dimensions:
Ak + k3 4+ k3) —w? =0. (1.4)

Hence for plane wave solutions to exist, the wavenumber and the frequency need to satisfy
the above relation. This relation indicates how fast a true wave should propagate in a

homogeneous acoustic medium, and ¢, = = ¢ computes the phase velocity.

w
K|



Since locally the wavefront looks like a plane wave, a plane wave solution is a common
choice for a trial solution. Our work focuses on the acoustic equation, its plane wave

solutions and FD approximations to its dispersion relation.

1.2.2  Numerical analysis and Finite difference schemes

This subsection reviews definitions and theorems used in numerical analysis. Much of it
follows Kreiss and Oliger (1973), modified for equations with second order time derivatives.
We discuss two step methods, or their equivalent one step methods for 2 x 2 systems.

First we introduce difference operators, and denote the translation operator for f by
(B f)(x) = f(x1,. .y zj—1, 25 + MAZ, Tj 41, ..., Tn) = f(X + mAze;) (1.5)

where Az denotes grid size in space, and e; the standard basis in R”. Then in one dimension,

for example, we can approximate the second order derivative of f by

f"(ac) - El — 25 + E'_lf _ fle+ Azx) —2f(x) + f(z — Az) _ fit1 =25 + fima
-~ Ax? B A2 = Aa? .

(1.6)

Using similar notations, we write the 2-step methods of interest in the following general

form in one dimension:

M
U;Hrl 4 an—l + Z (Ul +UI) = 0, (1.7)
m=0
and
M M
U+ U 4 D Ul + Ul ) + Y din (Ul + Ul ) =0 (1.8)
m=0 m=0

in two dimensions. Here U ]" denotes the approximation to u(z,t) at x = jAx and t = nAt,
and U}"; denotes the approximation to u(zx, z,t) at © = lAz, z = jAz and t = nAt.

Using notations from Kreiss and Oliger, the schemes we study assume the following form

1
QU t+ At) =Y Q_nU(x,t — nAt) (1.9)

n=0
where Q1 = I, Q-1 = —I, and Qo = >, Ann(ET + E;™) + (EJ* + E5™), Ay are
constants, m =0,..., M, n=0,1.

Remarks:



e In this work, we always take ()1 = I; all the schemes are explicit.

e Design of new schemes comes down to design of different Qy’s. With wider stencils
in space, it is possible to get higher order accuracy in space-time by Lax-Wendroff
analysis for one dimension despite using two-step schemes based on the second order

difference in time.

e We define the solution operator Sy, = Sy (¢, tg, Az, At) by
U(xz,t) = Sp(t, to, Ax, At)U(x, tg), (1.10)

where t —t( is a non-negative multiple of At. We will use the solution operator for sta-
bility analysis. In one step methods, the solution operator is always Sy, (t, to, Az, At) =

(()t_to)/ At due to the normalization of Q1 = I and the time-independence of the coefhi-
cients. For multi-step schemes, to study stability we convert the schemes into one-step
schemes for a system. This is how Kreiss and Oliger handle multi-step methods. We

will show in Example 1.2.5, that stability can be studied with roots of a quadratic

polynomial.

We illustrate the motivation of above general schemes in the following example, and see

that equal weights in symmetric grid points in space is natural for the wave equation.

Example 1.2.1 (Leap-frog scheme for the 1D wave equation). Consider the wave equation
in one dimension:

Ut = Uy (1.11)
un+1 — o™+ unfl
At?

scheme for the wave equation:

Uz, t+At) —2U(x,t) + Uz, t — At)  U(z+ Ax,t) —2U(z,t) + U(z — Ax,t)

At? Ax?

Ujtr1 — 2u]' +uj—1

, and 9%u ~ A2

Using 0?u ~ , we get the Leap-frog

(1.12)
Normalizing to get Q1 = I, we obtain Qg = (%‘;)2 (B! —2I+ EY)+ 2l and Q1 = —1I,

write
~ U(z,t)
U(zx,t) = , (1.13)
Uz, t — At)



and then the scheme can be written as

Qv 0 Ulz,t + At) = % Q1 U(z,t). (1.14)

0 I 1 0

The one-step solution operator is

Sp = . (1.15)

Remark: We define the ratio v = %‘; to be the CFL number. It is related to the stability
of FD schemes, as we will see later.
Now that we have set up the general schemes, we will discuss their properties with the

following concepts in the theory of numerical analysis.

Definition 1.2.2 (Stability for one-step methods). A one-step difference scheme is stable
for a sequence (Azj, At;) — 0 if there exist constants o, K such that Vtg, Vt > ¢y (with
t — to a multiple of At), ||Sk(t, to, Az, At)|| < Kge®s(t=t0),

In this work, we will use the von Neumann condition for stability analysis:

Theorem 1.2.3 (von Neumann condition). A necessary condition for stability is that 3 o,

such that |/\J(§h(kz))\ < e®AB e,
N (Sh(k))| < 1+ O0(AY) (1.16)

where )\j(gh(k)) are the eigenvalues of the symbol §h(k) of Sy. Here k denotes the wavenum-

ber.

Remark: If gh(k) is normal, the von Neumann condition is also sufficient.

One way to decide how well a FD scheme works is the order of accuracy:

Definition 1.2.4 (Order of accuracy). A two-step difference scheme with @); = I is accurate
of order (qi1,q2) for the particular solution U(z,t) if there is a function C(t¢), bounded
on every finite interval [0,77], such that for (Ax, At) sufficient small, ||Qiu(-,t + At) —
S Q (-t —nAt)|| < APC(H)(At + Az).



If an approximation is accurate of order (g, g2) for all sufficiently smooth solutions, we
say it is accurate of order (qi1,¢2). The approximation is called consistent if it is accurate

of order at least (1,1).

Remarks:

e The above definition is equivalent to the common definition of order of accuracy.

e Accuracy can be easily determined by Taylor series. Here we give an example:

Example 1.2.5 (Difference scheme for the wave equation, order of accuracy and stability).

For the wave equation uy = c*ug, with approximation defined in Example 1.2.1

Uz, t+ At) — 2U (x,t) + U(z,t — At) Uz + Az, t) — 2U(x,t) + U(z — Az, 1)
At? - Ax?

(1.17)

Let u(z,t) be a true solution to the wave equation; then

2 2¢?
u(z, t+ At) — Qou — Q_1u = (At)? <(At)24,0;‘u — (Aw)“’jéﬁu) +O(At", Az');
(1.18)
therefore the Leap-frog scheme is accurate of order (2,2).
Since S}, is given by (1.15), we have
. Q(QMQCOSkA:c—l —i—l) -1
S), = (55)" (cos(kAa) =1) (1.19)
1 0
The eigenvalues of the matrix are solutions to the quadratic equation
9 cAL\?
g-—2 (cos(kAz) —1)+1|g+1=0. (1.20)
Az
- cAt\?
To get stability, we enforce |g| < 1 and we need A (cos(kAzx) — 1)+ 1| <1 for all
x

kAz with v = ¢ fixed.

When we design a FD scheme, we consider both the order of accuracy and stability, as

convergence of schemes is guaranteed by:



Theorem 1.2.6 (Lax Equivalence Theorem). Given a well-posed initial value problem and
a consistent finite-difference approrimation, the scheme is convergent if and only if it is

stable.

In the next subsection, we discuss the definition of spectral order of accuracy. This

concept was discussed in Finkelstein and Kastner (2009).

1.2.3 Dispersion relation and spectral order of accuracy

The concept of spectral order of accuracy (for the wave equation) was proposed by Finkel-
stein and Kastner in 2009 as a combination of the order of accuracy and the numerical
dispersion relation. Here we generalize the concept of spectral accuracy to constant linear
difference operators. Since we will often see the product of k and Az, we will define a

normalized wavenumber K = kAx. Similarly, we define the normalized frequency Q) = wAt.

Definition 1.2.7 (Spectral order of accuracy). A two-step finite difference scheme is spec-
trally accurate of order (gqi, g2) for the particular solution u(z,t) if there is a function C(u),

bounded for K, € [0, 27| such that for Q, K sufficiently small,

1
1Q1a = Q_yill| < C(@) Q12 + K= T2) (1.21)
n=0

where @ denotes the symbol of @ and @ denotes the Fourier transform of u. The approxi-

mation is called spectrally consistent if it is spectrally accurate of order at least (1,1).

Remark: Since all the difference operators have constant coefficients, @EZ = C/Q\u
The spectral order of accuracy can also be determined by Taylor expansion. We compute

the spectral order of accuracy for the Leap-frog scheme for the one dimension wave equation:

Example 1.2.8 (Spectral order of accuracy for the wave equation). Fourier Transform of

the wave equation u = 02um gives the true dispersion relation
w = *ck. (1.22)

If we take the particular mesh widths into consideration, the true dispersion would be

(without the loss of generality, we consider the right moving wave)

Q=9K (1.23)
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Here v = CAt is the CFL number previously defined. With the same finite difference scheme

shown in Example 1.2.5, we get

Q11 — Qo — Q11 = 2 (cos(Q) — 42 cos(K) +~° — 1) U(K, Q). (1.24)
Here 1(K, Q) is a smooth function of K and Q. Taylor expansion of cos(Q)—~2 cos(K)++%—1
t (K,Q) = (0,0) gives

@1@—@0ﬁ=2<§:( )nQn 22 n[{?n 72—1>a

n=0

= (=2 KHa+0(Q° + K6), (1.25)

where the cancellation of the lower order terms are due to plugging in the true dispersion

relation (1.23). By definition, this scheme is of spectral order (2,2).
We see order of accuracy and spectral order of accuracy are equivalent:

Theorem 1.2.9 (Equivalence of order of accuracy and spectral order of accuracy). A finite
difference scheme is accurate of order (q1,q2) if and only if it is spectrally accurate of order

(q1,92). Thus order of accuracy and spectral order of accuracy are equivalent.

Proof. We take the L? norm and use the relation Q = wAt and K = kAxz, then we apply

the Plancherel theorem to ||Qiu — 2711:0 Q_nu|| and the equivalence follows. O

The main objective of this work is to investigate the error between true dispersion and

the numerical dispersion. Here we write the frequency as a function of wavenumber:

Q= Q(K), (1.26)

with the assumption that v = % is a fixed constant. This reduces the dependence of

dispersion to only the normalized wavenumber. We are interested in reducing ||Qrue —
Qnumerical||- However, Finkelstein and Kastner, Liu and Sen both designed schemes aiming
to reduce || cos(Qrue) — c0S(Qnumericar)||- From the continuity of cos(-) and arccos(-), small
dispersion error implies small spectral error and vice verse. Computational results also show

reduction of spectral error guarantees the reduction of dispersion error.
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1.2.3.1 Higher dimensional case

Similarly, we can talk about the general n dimensional case for both types of accuracy. Both

the definitions in one dimensional case carries through.

Definition 1.2.10 (Spectral order of accuracy: n dimensions). A two-step finite difference
scheme is spectrally accurate of order (q1,q2, - ., qn+1) if there is a function C(u), bounded

for Ky,...,K,,Q € [0, 27| such that for 2, K sufficiently small,

1
1018 =Y Qnlll < C@OQMF? + KP4+ Ko ™?) (1.27)

n=0
The approximation is called spectrally consistent if it is spectrally accurate of order at least

(1,...,1).

Example 1.2.11 (Leap-frog scheme for 2D wave equation, order of accuracy). For the wave

equation uy = cQ(UM + u,,) with approximation

Uz, t+ At) —2U (z,t) + U(x,t — At)

At?
JU(x + Ax,t) —2U(x,t) + U(x — Az, t)  SU(z+ Az, t) —2U(z,t) + U(z — Az, t)
Is +c )
Ax? Az?

(1.28)

we will compute the order of accuracy and spectral accuracy, dispersion accuracy. Similar

to the previous example, let u(z,t) be a true solution to the wave equation; we obtain

2
92c

4

w(@, b+ At) — Qou—Q_1u = (A1) ((At)Qiaf‘u ~ (Az) =

2
Ot — (Az)226 8§u>
+ O(AtY, Azt AZY); (1.29)

therefore the Leap frog scheme is of order (2,2, 2).

1.2.3.2  Ezample: Elliptical anisotropic case

A direct generalization an acoustic medium is an elliptically anisotropic VTT medium. In

such a medium, we study wave equations of the form

U — (cium + cguzz) =0. (1.30)
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In practice, we normally take ¢2 = (14 2¢)c? where ¢ is the Thomsen anisotropy parameter
€. Since horizontal reflectors act as a decelerator for energy propagation, waves propagate
slower vertically than horizontally, so usually € > 0.

Similar to the Leap-frog scheme for isotropic media, we can discretize the differential

equation to get

Example 1.2.12.

n+1 n n—1 CiAt2 n n n CzAt2 n n n
U =200 + ULy = s (Ul = 2075 + Ulty) + 55 (Ul — 2035 + Uilja) -
(1.31)
Similar to FD schemes for isotropic media, consider:
M M
U4 U 50 (260 (U + Ul ) + D (U Vo) =0 (132)
m=0 m=0

here the grid size in z and z directions are equal, Ax = Az.

The true dispersion relation for the elliptical anisotropic media is Q? = 42K2 + 2 K?2.

1.2.4 Review of continuum mechanics and elastic waves

In this subsection, we review general elastic wave equations and provide the background for
the wave equations we discuss. The main part is based on Chapter two of Burridge’s notes
on mathematical topics in seismology.

The wave equation for general anisotropic elastic media can be obtained from the fol-

lowing two equations:

the linear momentum equation: c(lit/ pudV = T(x,n)dS +/ pfdV, (1.33)
\% \%

ov

and

the conservation of mass: / pdV :/ pPod Vo, (1.34)
\%4 Vo

where p and pg are the density in the reference and the current state, u is the displacement,
T is the contact force in a volume V', and f denotes the body force (say for example, gravity).

Let F' denote the deformation gradient from the reference state to the current state; then
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the conservation of mass gives [\, pdV = [i, p|F|dVo = [i, podVy, and since V is arbitrary,

we conclude py = p|F|. This fact together with the linear momentum equation give

d / . d 1 . . .
— [ padV = / po—=u|F|dVp = / poidVy = / pudV. (1.35)
dat Jy dt Jv, " |F Vo v
Hence we can write the linear momentum equation as
T(x,n)dS :/ p(t—f)dV. (1.36)
av 1%

To study traction as a function of the unit normal, consider traction on four faces of a
tetrahedron. We can write

T(x,n) = o(x)n, (1.37)
where o is a second-order tensor, called the stress tensor:

011 012 013
0 =021 022 023|- (1.38)

031 032 033
In an equilibrium medium, there should be no torque. This requires that the stress tensor
is symmetric, i.e. o = ¢?. With this notation, we can apply the divergence theorem to the

linear momentum equation component-wise:

9o
oinidS = —/ av. (1.39)
/av v v O0z;
This implies
0o
t; — — pfidV = 0. 1.40
/V Pl = 5, pfi (1.40)
Since V is arbitrary, we get the wave equation for general anisotropic heterogeneous media
82% adij
— = fi. 1.41
P02~ Ou Ji (1.41)

The unknowns in the above wave equation are the displacement vector u and the stress
tensor o. To complete the system for elastic media, we will introduce the constitutive

relation between stress and displacement:

Oij = CijklCkl, (1-42)
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where ey = %(%%’; + %}i) denotes the strain tensor and c;ji; constants related to the prop-
erties of the media. The strain tensor is symmetric, i.e. e = e’
In this work, we will focus on homogeneous media, hence % = 0. Plugging in the
J
constitutive relation, the wave equation becomes
0%u; 0%u
: Fo—f (1.43)

TR
P o M Oz 0z
The symmetry of the stress tensor implies that c;jz = c¢ji; the symmetry of the strain
tensor implies that c;ji; = ¢k A thermodynamic argument! implies that Cijkl = Cklij-
These symmetry conditions help reduce the number of independent elastic coefficients for
the most general homogeneous anisotropic media down to 21. We will write these stiffness

parameters c¢;jx; with the Voigt notation of the indices:
{ij} — m where {11} — 1,{22} — 2,{33} — 3,{23} — 4,{31} — 5,{12} = 6

We then define the new parameters Cp,, = c¢;jp with {ij} — m and {kl} — n. The

constitutive relation can be rewritten as

o1 Cn Ci2 Ciz Cuu Ci5 Cis e11

022 Cog Ca3 Coy Cz5 Oy €22

o33 | _ Cs3 Csq C35 Cse €33 (1.44)
023 Cu Cs5 Cug | | 2623

031 Cs5 Cse 2e31

012 Ces ) \2e12

We only write the 21 independent parameters for the stiffness matriz. We will discuss some
special types of media and their wave equations, where the stiffness matrix is even simpler.
1.2.4.1 Acoustic media

Acoustic waves propagate in a fluid. A perfect fluid is defined as a medium in which shear

stresses are always zero. It is necessary that the stress tensor be isotropic, i.e. 011 = 092 =

!The existence of a unique, internal strain energy function from work done by stress tensor. See Chapman,
section 4.4.
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o033 = —P thus the stress tensor is
1
o= gtr(a)I = —PI, (1.45)

where I is the identity tensor 2. We assume the fluid is isotropic, so the linear constitutive

relation can be written as

Veou=—1p (1.46)
K
or
oP .

Substituting the stress tensor (1.45) in the (1.41), we get

1 1
fi=—-VP+f. (1.48)
p p

Together we get the acoustic wave equation:

pui=—-VP+{f (1.49)
P =—kV - u, (1.50)
which simplifies to:
. R
i= ;V(V-u)+f. (1.51)

Taking f = 0 and writing ¢? = %, then we obtain the standard acoustic wave equation

ii— Au=0. (1.52)

2Define P = —%tr(o’)7 the hydrostatic pressure. The negative sign is from the fact that pressure and
stress are measured in opposite directions.
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1.2.4.2 Isotropic media

When all directions of wave propagation are equivalent, the medium is isotropic, and we

obtain the following stiffness matrix:

A+2u A A0 00
A A+20 A 0 00

o | A A+21 0 0 0 | (153
0 0 0 u 00
0 0 0 0 pu O
0 0 0 0 0 u

or

Cijkl = )\5ij5kl + ,Uz((sik(;jl + 5zl5jk)

The coefficients A and p are the Lamé parameters; they describe the elastic properties of
the isotropic medium. w in particular is the shear modulus, defined as the ratio of the shear

stress to the shear strain. The wave equation in this case is then

82ui _ <)\+ ) 32uj B 82ui B
p 8t2 H 8:1:18% M(‘):cj(‘)xj -

fi- (1.54)

1.2.4.8 Transversely isotropic elastic media

In transversely isotropic (TI) media, there is a single axis of rotational symmetry and a
symmetry plane which is perpendicular to the symmetry axis. In particular, we discuss T1

media with a vertical symmetry axis (VTI). The stiffness matrix of VTT media is given by

Cii Ci1—2C Ci3 0 0 O
C11 — 2Cs6 Cn Cizs 0 0 0
C— Cs Chs Cs3 0 0 0 (1.55)
0 0 0 Cs5 O 0
0 0 0 0 Cs5 O
0 0 0 0 0 Cse

with five independent parameters.
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1.2.4.4 Pseudo-acoustic approximation to the elastic wave equations in VITI media

In this section, we will present the pseudo-acoustic VTI approximation proposed by Duve-
neck et al. in 2008, which increases computational efficiency. It consists of describing the
medium in terms of the Thomsen parameters € and ¢, and vertical P- and S- wave velocities
Vpo and Vgg. Then the vertical S- wave velocity Vgg is set to be zero (Alkhalifah, 1998).
We will derive the wave equations for acoustic VITI media from the linear stress-strain

relationship for VTI media together with the equations of motion.

The stiffnesses are expressed in terms of Thomsen parameters (where p denotes the

density):

C
Vpo = 4/ —>
P
Vso = 5
P
. C11 — Cs3
2C33
5 (Ci3 + Cs5)? — (C3 — Cs5)?
2C33(C33 — Cs5)
Co6 — Css
=2 79 1.

Then the stiffnesses are:

Ci1 = (1+26)pVy
Cus = [ (WVy — pV3) (1 +26)pVEy — pVE,) — pVy

Cs3 = pVy

Css = pVo

Cos = (1 + 27)pVh. (1.57)
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We assume Vgo = 0. Hooke’s law becomes (in Voigt notation):

o11 Vio(142¢) Vpy(1+2¢) Vigv/1+26 0
022 V3, (1+26) V3 (1+2) VEVI+25 0
| VAV1+25 V3,V1+26 Vo 0
023 0 0 0 0
031 0 0 0 0
012 0 0 0 0

0
0
0
0
0
0

€11

€22

€33
2623

2631

o o o o o o

2612

(1.58)

We use the indices ¢,5 = 1,2, 3 corresponding to the x,y, z axes. Using horizontal isotropy,

we write o = 011 = 099 and oy = o33 and reduce the system into two linearly independent

equations:

o = pVieg(1 + 2€)err + pVig(1 + 2€)ean + pVigV/1 + 20e33

oy = pVIgO\/ 1+ 20e11 + pVJgO\/ 1+ 2de9o + pVJgoegg.

(1.59)

Combining the two equations with the equations of motion (1.41), and assuming the external

force is zero, we obtain the following 5 x 5 first order system:

aQ’LLx - 1 aUH

o2 p ox

82uy . 180[{

o2 p Oy

82”&2 1 80‘/

o2 p 0z

doy _ 2 82'&1 02 Uy

= pVig [(1+26) <awt o) TVIF
doy o 0%uy 82uy 0%u,
o = PVro [” L+20 (83:875 T ovor ) T oz

|

9?2 uﬂ

(1.60)

Differentiating the resulting equations with respect to ¢, with the constant density assump-

tion, and eliminating the velocity (u,,uy,u.) in the above system, we get the following 2 x 2

second-order system:

820H 820H 8201-]

Wzvgo[(1+26)(w+ 42 >+ 1+26

ot? 0x? oy?

2 2
Fov _ go[ 1+25<8 UH+8UH>+88;V

|

820\/]

(1.61)

(1.62)
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We can write the above system in matrix form:

o 1+2) V1+26)\ [020y + %0
a2 |7 = vz, (+20 LR (1.63)

oy VvV1+20 1 2oy

Since the medium is isotropic in the xy- plane,we can get some insight by studying wave
propagation in a single vertical plane. Here we take the vertical plane to be the xz- plane,

and then the system can be simplified to

1+2€¢) V1+25)\ (02
a2 |77 = vz, (1+20 oH (1.64)

oy V1426 1 2oy

1.2.4.5 Elliptically anisotropic VTI media

Elliptically anisotropic media are a special case of VTI media, where the Thomsen pa-
rameters satisfy € = 4. In this case, the two linearly independent equations (1.59) satisfy
og = V14 2eoy, and then the 2 x 2 system further reduces to one single equation. We

obtain the acoustic wave equation for the elliptically anisotropic media:

320']-[ 2 820'[-] 820}[ 820}1
g~ Vo {(1”6)( 022 T g2 ) 922 }

Similar to the VTI equations, in 2D we will not consider the y dependence. Denoting

(1.65)

u = og and ¢ = Vpg, then the equation is
O*u = (1 + 2€)0%u + 2d%u. (1.66)
1.3 Comparison of previous and new results

Traditionally, FD schemes are designed by enforcing accuracy conditions only at the point
u(z,t) (or equivalently, at the zero wavenumber). As we see in the following chapters, the
numerical phase velocity is a good approximation to the real phase velocity if the wavenum-
ber is small. For large wavenumbers, the numerical velocity is in general smaller than the
true value from the differential equation. In this work, we design schemes that target good
approximations to the wave speed at all wavenumbers up to the Nyquist wavenumber. The
schemes are modified from the well-known Remez algorithm, and are guaranteed to exist,

from a theorem presented in Chapter two.
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In two dimensional media, we fix a propagation angle, and look for schemes that give
small dispersion error for all wavenumbers, or we fix a wavenumber, and look for schemes
that give good dispersion approximation in all propagation directions. We show in numerical
experiments that choosing schemes to have accuracy conditions at /4 is the best option in
design of schemes, as it guarantees the existence of schemes, and does not increase numerical

anisotropy in the wavefront compared to 7/8 proposed by Liu and Sen.
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Chapter 2
ONE DIMENSIONAL ACOUSTIC WAVE EQUATION

In this chapter, we develop Finite difference schemes for the one dimensional acoustic
wave equation. Let the u in (1.2) depend on the one-dimensional space variable z and time
t; the equation we will study is

0Pu  ,0%

Without loss of generality, we take the phase velocity ¢ = 1. f on the right hand side is
a source term. In the following, we will either work with a source-less medium with an
initial pulse, or a medium with a source term and zero initial conditions. For the purpose
of simplicity, we do all analysis for the former situation.

We are interested in schemes of general form

M
UMt U 4> (U, + U ) =0 (2.2)

m=0
with wide stencil of size (2,2M) (stencil as seen in Figure 2.6). A Remez-like algorithm will
be applied to determine the coefficients ¢,, for the above scheme, with the goal of decreasing

numerical dispersion errors over a range of wavenumbers.

2.1 DMotivation of choices of schemes

To motivate these two choices (wider spatial stencil and the Remez-like algorithm), we first
show some computational results comparing dispersion computed with narrow versus wide
spatial stencils, and accuracy-oriented schemes versus dispersion-oriented schemes. These

comparisons make our choice for the general scheme natural.

2.1.1 Comparison of narrow and wide spatial stencils

In this section, we take different M in (2.2), and show that numerical dispersion error

decreases as M gets larger. All the schemes we use in this section are derived via Taylor
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n+1
oU;
n n n
! I o/t
n—1
oU;

Figure 2.1: Stencil for Leap-Frog scheme

expansion, based on getting highest order of accuracy at (z,t).

Example 2.1.1 (Leap-frog scheme). The Leap-frog scheme is derived from (2.2) with M =

2 (stencil in Figure 2.1), by enforcing second order accuracy at (z,t).
1 -1 _ .2 ~
UJ’“ =207+ U —~ (U =207 + U7 ) = 0. (2.3)

At
Here v = “As denotes the CFL number (the CFL number is related to the stability condi-
T

tion for the scheme, as seen in Chapter One), and Uj”jfn denotes the grid function approxi-

mating u(x + mAx,t + IAt).

The numerical dispersion relation is
1 —cos(92) —v* +~v%cos(K) ~ 0. (2.4)

Solving for €2 gives

Q(K) = arccos(1 — 7% + 7% cos(K)), (2.5)

and the numerical phase velocity is

oK)= fyiK arccos(1 — 42 4 42 cos(K)) (2.6)

In Figure 2.2, we show the numerical phase velocity plotted for different stencil widths

with schemes enforcing accuracy conditions at (x,t) (given by (2.11) in next section). We
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— Numerical phase velocity — True phase velocity — Numerical Dispersion — True Dispersion
2.0 ; ; - : : 2.0
1.5} 1.5}
9
2 g
8 g
] &
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o £
£ g
S
=z
0.51 1 0.5
0.9 . . . . : : 0.9 . . . . . .
0.0 0.5 1.0 15 2.0 25 3.0 0.0 05 1.0 15 2.0 25 3.0
Normalized Wavenumber Normalized Wavenumber
(a) Numerical phase velocity, max er- (b) Numerical ~ Dispersion, max  er-
ror=0.31722411766955516 ror=0.59795337456730713

Figure 2.2: Numerical dispersion/phase velocity for the Leap-frog scheme, with v = 0.6

see that regardless of the stencil width, the computed velocity is in general smaller than
the true velocity, and it gets further away from the true velocity as the wavenumber gets
bigger. Hence we expect the wave propagation simulated by the scheme to be slower than
the true propagation, especially for waves with big wavenumber. Wave propagation Figures

2.3a and 2.3b justify our expectation.

In Figure 2.4, we see that as we increase M, the lag of wave speed near K = 7 decreases.

2.1.2 Comparison of accuracy focused schemes and dispersion focused schemes

In this section, we will motivate the choice of our methodology to derive schemes focused on
the dispersion relation. In their work of 2008 and 2009, Finkelstein and Kastner proposed
that, instead of putting all the restraints on order of accuracy at the zero wavenumber, using
some of the conditions to force exact dispersion relation at some non-zero wavenumbers. As
we have seen that dispersion error increases as wavenumber gets closer to m, it is natural to

force the exact dispersion at large wavenumbers. Note the schemes we get will still have some
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t=1.38261e+00 after 2.120000e+02 time steps t=1.30435e-01 after 20 time steps
T T T T T T T T

Numerical ——— Numerical
True

True

~
=
=

4
P
—

(a) Wave packet ¢(t) = e~ 16(=0-5)" gin(125.7x) (b) Single wave ¢(t) = sin(72.2566x)

Figure 2.3: True and numerical wave propagation computed by Leap-frog scheme, with

v=10.6

accuracy conditions at the zero wavenumber, only lower order. Figure 2.5 shows several
comparisons of schemes obtained by enforcing the exact dispersion relation at different
wavenumbers (given by (2.12) in the next section). As seen from Figure 2.5, replacing
order of accuracy with exact dispersion at non-zero wavenumbers decreases the numerical

dispersion error uniformly.

2.2 General schemes for the wave equation- accuracy and stability analysis

From the previous section, we have concluded the following;:

e Wider stencil in space decreases numerical dispersion error. (Figure 2.4)

e To increase dispersion accuracy on the whole interval [0, 7|, we need dispersion reduc-

tion targeted schemes. (Figure 2.5)

Hence the design of our general scheme will follow these rules. We study a general (3,2M+1)

stencil, with two steps in time and 2M + 1 grid points in space (see Figure2.6). The {c¢p,}'s
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Figure 2.4: Comparison of numerical phase velocity for different stencil widths M, v = 0.6.

As M gets bigger, the overall dispersion error decreases. Schemes obtained from (2.11).
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Figure 2.5: Comparison of numerical phase velocity for different stencil width M and exact

dispersion relation at different wavenumbers, v = 0.6.
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n+1
oU;
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n—1
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Figure 2.6: Stencil for general scheme

denote coefficients to be determined in the schemes, and the general difference equation is:

M
Ur 4+ U7+ em(Uf + UF,,) = 0. (2.7)

m=0
As mentioned in Example 1.2.1, it is natural to assign equal weight for symmetric grid
points.
For the rest of this section, we will discuss accuracy and stability analysis for the stencil

shown in Figure 2.6. This analysis will get us ready for scheme design in the next section.

2.2.1 Accuracy analysis of the general scheme

We compute explicitly the accuracy conditions at the zero wavenumber. We will use the
fact that the true solution satisfies the wave equation and is infinitely differentiable (that is,
given smooth initial conditions). U]”jfn still approximates the true solution u at the point
(x + mAx,t 4+ IAt). Due to the symmetry of the stencil, odd order terms can be canceled

out and we can get second order accuracy in time (and 2M-th order accuracy in space).

9?1 0?

From the differential equation (W - —2@)u = 0, by differentiating with respect to time
v ¢ 8271 1 a2n

and space we get that for even orders (2n) of derivatives, 2 = an g This allows

us to compute the 2n-th time derivative with the 2n-th space derivative. With the wider
spatial stencil (thus higher spatial order of accuracy) and Lax-Wendroff analysis, we can

obtain higher temporal accuracy despite only having three grid points in time. Write the
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Taylor expansion at (z,t) to get the local truncation error:

M
LTE = u(x,t + At) + u(z,t — At) + Zc (u(x + mAz,t) + u(x — mAx, t))
0 0* 5 0

= (u(:c, t)+ Ata—u + (At)? S192 > < At— + (At) S150 Y

M 2 84
+ 2cou(z,t) + Z ( (z,t) + 2(mAz)? 51902 u+2(mAJ:) 8x4u+...>

52 4

= 2u(z,t) + 2(At)? S19:2 " u+ 2(At)! not +...

- , 0 . 0
+ 2cou(z, t) + z:lcm <2u(x,t) + 2(mAx) 51922 " + 2(mAx) VT +.. )
(replace the time derivative with space derivative)

) O s 0!

= 2u(x,t) + 2(cAt) 51952 " + 2(cAt) TR +...

- ) O 1
+ 2cou(x, t) + zjlcm <2u(:v,t) + 2(mAx) 519,27 Y + 2(mAx) 1oAY +.. )

M M 82
= (2 + 2¢o + Z 2cm> u(z, t) + (2(0At)2 + Z 2cm(mA:c)2> Tk

m=1 m=1

M 84
+ (2(0At)4 + Z 20m(mAa;)4> 194 +...

m=1

Make the lowest [ 4 1 terms vanish to get:

cAt
where we replace v = Ar
T

(2.8)

(2.9)

(2.10)

(2.11)

These conditions are the building blocks of our schemes, and guarantee 2/-order accuracy

in both time and space (with consistency given by the first equation), which is the highest

possible order of accuracy with [ + 1 restrictions.

We derive the numerical dispersion relation for (2.7) by the Fourier transform:
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M
cos(Q2) + Z ¢m cos(mK) =~ 0 (2.12)
m=0

We compute the Taylor expansion at €2 =0 and K = 0:

SCA PR ]
IZ A QJ+Zcm(mK)J ) (2.13)

Making the first [+1 terms in the infinite series vanish gives error of size O(Q%+2, K%+2)
equivalent to the previous accuracy conditions obtained for the general scheme.

Take | = M to get M + 1 equations for the M + 1 unknown coefficients:

11 ... 1 o -1
0o 12 ... M? 1 —~2

- 77| (2.14)
0o 12M . MM cM —72M

In this case, the coefficient matrix is a Vandermonde matrix, and there is a unique solution
to the system. Liu and Sen gave the explicit solution in their work in 2009:

_ —? H1§n<m(72 - n2) Hm<n§M(n2 - ’72)

Cm = .
" m? ngngm(m2 —n?) Hm<n§M(n2 —m?)

(2.15)

2.2.2  Stability analysis for the stencil

Since we are studying the constant coefficient, linear case with periodic boundary conditions,
we can apply the von Neumann analysis to discuss stability of the FD schemes. Set U;" =
g™ (€)ePEAT plug into (2.7) to obtain the amplification polynomial

M
>+ 2g Z cm cos(mAx) +1=0. (2.16)

m=0

Denote z = 27]7\14:0 ¢m cos(m&Ax). Then the boundary of stability region can be found

2
1 .
by plotting z = —%, where we plug in g = ¢ and we let 6 vary between [0,27]. Any
g
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value of z in the region guarantees that |g| < 1. As we can see on Figure 2.7, the stability
condition is |z| < 1. Note the same region works for higher dimension schemes with similar

amplification polynomial g? + 2zg +1 = 0.

2.0

1.5F

1.0r

0.5r

00 ========--com- —_—

—0.5r

-1.0p

-1.5p

Figure 2.7: Stability region for amplification polynomial ¢ + 229 +1=10: |z| <1

2.3 Schemes to reduce numerical dispersion error: interpolation

So far we have presented schemes obtained by enforcing traditional order of accuracy con-
ditions at (z,t) (corresponding to the grid point at j-th grid point and n-th time step).
Since these conditions are equivalent to the accuracy of the dispersion relation at the zero
wavenumber, schemes obtained this way guarantee small dispersion error for small wavenum-
bers. As seen in Figure 2.4, such schemes do not guarantee small dispersion error at high
wavenumbers. It is of our interest to sacrifice some accuracy at zero wavenumber to obtain
schemes with reduced dispersion error at wavenumbers closer to the Nyquist wavenumber
KNyquist = 7.

Such schemes can be obtained using several methods. As shown in Figure 2.5, enforcing
exact phase velocity at some preset wavenumber Ky away from zero reduces dispersion error
near Ky (Finkelstein and Kastner (2007, 2008)). We obtain the zero-th order derivative
accuracy of dispersion relation at wavenumber K. Similarly, we can force further exact

first order derivative, second order derivative, etc. Enforcing exact first-order derivative
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accuracy naturally gives exact group velocity, so we will also discuss this case. Amnother
approach takes the uniform norm as measurement of error, and we apply a Remez algorithm
to generate new schemes that minimize numerical dispersion error for all wavenumbers up
to some maximum wavenumber K., < Nyquist wavenumber. We will discuss the these

methods in detail in the next three subsections.

2.8.1 Interpolation of phase velocity

Proposed by Finkelstein and Kastner (2007,2008), the first method we will discuss de-
creases numerical dispersion error for large wavenumbers by forcing exact dispersion at

preset nonzero wavenumbers. In equation (2.11), take [ strictly less than M, so the system

M

has M — 1 degrees of freedom. We choose M — [ distinct nonzero wave numbers {K;} J=l1

and plug the true dispersion relation Q; = vK; for wavenumbers K, 1,..., Ky into equa-
tion(2.12). This guarantees exact numerical dispersion at those wavenumbers. The system

we obtain is:

M
1+ em =0, (2.17)
m=0
M
(Y 4+ em(m®Y =0,  j=1,....1,

m=1

M
cos(nyj)—i—Zcmcos(ij):O, j=1+1,...,M.
m=0

The number [ can be changed to adjust the number of accuracy conditions at the zero

wavenumber. We can rewrite the equations into the system:

1 1 . 1 co -1

0 12 o M? c1 -2

0 12 e M a | = —~2 : (2.18)
1 cos(Ki41) ... cos(MKpq) Cla1 —cos(vKi41)

1 cos(Kpr) ... cos(MKyy) ey —cos(vKr)
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To obtain schemes with order of accuracy 2! and exact dispersion relation at wavenumbers

M

m—o- Denote the coefficient matrix of the

{Kj}?/iHI, we solve the above system for {¢,,}
above system by C(M,l + 1). Then the following theorem guarantees the existence and

uniqueness of such schemes:

Theorem 2.3.1. The above system (2.18) has a unique solution for any choice of distinct

{Kj}jj\/il—&-l C (0,7]. Moreover, the determinant of the coefficient matriz is

M I+1
|IC(M,1+1)| =2'...2M ( T (cos(ky) - 1)) [T (cos(Kn) = cos(Kp)).

n=I[+1 I+1<m<n<M

Note: The theorem also implies that any r rows (r < M + 1) in the coefficient matrix
are mutually linearly independent. We will use this fact later to justify the possibility of

uniform approximation.

Remark: This way of reducing dispersion error can guarantee exact dispersion for a
preset wavenumber, and dispersion errors will be reduced near those preset wavenumbers.
However, the wavenumbers we choose influence the accuracy, as seen in Figure 2.5d and

Figure 2.5c. This method works well for signals composed of a single wavenumber.

As shown in Figures 2.5 and 2.4, by enforcing exact dispersion at non-zero wavenumbers,
dispersion errors decrease for stencils of the same width. Moreover, as seen in Figure 2.8,

narrower stencils can give similar error as wider stencils with no exact dispersion conditions.

2.8.1.1 Proof of Theorem 2.3.1

Here we compute the determinant of the coefficient matrix in system 2.17. We show that as
long as the wavenumbers K; are distinct, the determinant is non zero. Moreover, we give

an explicit expression of the determinant. The proof is done by induction on [.

We would like to compute the determinant of the following matrix, as noted in Theorem
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2.3.1:
1 1 1 e 1 1
0 1 22 ce (M —1)2 M?
0 1% 22l e (M — 1) M2
CM,l+1) =
1 cos(Kj41) cos(2Kj4q) -+ cos((M —1)Kj4q) cos(MKjyq)
1 cos(Kia) cos(2Kiya) -+ cos((M —1)Kpya) cos(MKjyo)
1 cos(Kp) cos(2Kyps) -+ cos((M —1)Ky)  cos(MKyy)
(2.19)
Case for | +1=0
If I +1 =0, we have a full trigonometric matrix:
1 cos(Kp) cos(2Kp) -+ cos((M —1)Ky) cos(MKy)
C(M,0) = | : : : : : : . (2.20)
1 cos(Kp) cos(2Kpr) -+ cos((M —1)Kpr) cos(MKyy)
All {K; }Jj\i o are distinct variables in [0, 7].
With the identity
cos((m + 1)K) = 2cos(K) cos(mK) — cos((m — 1)K) (2.21)
|C(M,0)] in (2.20) can be transformed into
1 cos(Ky) 2cos?(Kg) -+ 2M72cos™1(Ky)  2M~1cos™ (Ky)
[C(M,0)] = |: :
1 cos(Kpr) 2cos®(Kpr) -+ 2M~72cosM=1(Ky) 2M~1cosM (Kyy)
This is the determinant of a Vandermonde matrix:
1 cos(Kg) -+ cosM~Y(Ky) cosM(Ky)
|C(M,0)] =20-21....2M=1 | : : : :
1 cos(Kp) -+ cosM=Y(Ky) cos™M (K )
=202t oM T (cos(K) — cos(Kop)). (2.22)

0<m<n<M
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This concludes the case for [ +1 = 0.

Case forl+1=1

For [ +1 = 1, we compute |C(M,1)| by computing the zero-th derivative of |C'(M,0)]| in
(2.22) with respect to Ky, and evaluate the result at Ky = 0:

1 1 1 1 1
COL )| = 1 cos(Ki) cos(2Ky) -+ cos((M—1)K;) cos(MKy)
1 cos(Kp) cos(2Kypr) -+ cos((M —1)Kyps) cos(MKyy)
=202t oM TT (cos(Kp) — cos(Kom)) - ] (cos(En) —1).  (2.23)
1<m<n<M 1<n<M

Case forl+1=2

0*|C(M, 1)]

For I + 1 = 2, we show that |C'(M,2)| is computed by taking Ky, K1 — 0 in 512
i

Recall

Lemma 2.3.2 (Cramer’s rule). Let A be an n x n matriz. Denote its (i,j)-th entry as a;j,
with cofactor A;j. The determinant of A can be computed by cofactor expansion along any

i-th row or j-th column:

|A| = ain A + aipAiz + - - + ainAin (2.24)

= alelj + anggj —+ -+ anjAnj (225)
where A;; = (—1)" M;;, M;; the determinant of the (i, j)-th minor of A.

In equation (2.23) do cofactor expansion for |C(M,1)| along the second row. Denote the

(4, 7)-th cofactor as Cj;.

|C(M, 1)| =1- 021 + COS(Kl) . 022 + -+ COS(MK1)027M+1, (226)
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where
Cyj = (=1)**.
1 1 o 1 1 1 1
1 cos(K2) -+ cos((j—1)Ka) cos((j+1)Ka2) cos(M—1)Ks) cos(MKs)
1 cos(Kpr) «-+ cos((j—1)Kp) cos((j+1)Kpr) cos(M —1)Kp) cos(MKjyy)

is a function independent of K;. Differentiate twice with respect to Kj in equation (2.26)
to get

0O (M, 1)]
K>

which is —|C'(M, 2)] in (2.19).

=0-Co + (—1) COS(Kl) - Cog 4+ -+ (—1)M2 COS(MKI)CQ7M+1 (227)

To compute the explicit expression of |C'(M, 2)|, we differentiate (2.23) twice with respect
to K. We first take out all the terms with cos(K7).

C(M, 1) =20-2" - 20 T (cos(Ky) — cos(Km)) ] (cos(Kn) — 1))

1<m<n<M 1<n<M
=20.20 2V T (cos(Kn) = 1) [ (cos(Kn) — cos(K1))-
1<n<M 2<n<M
H (cos(Ky) — cos(Kp))

2<m<n<M

= |=20-2t. 2™ TT (cos(Kn)—1) [ (cos(Kp) — cos(Kpm))
2<n<M 2<m<n<M

H (cos(K,,) — cos(K1)). (2.28)
0<n<M,n#1

Now when we differentiate above equation with respect to K7, we only need to differentiate

the last term. By the product rule,

8% H (cos(K,,) — cos(K1)) (2.29)
L\ o<n<mnz1

= sin(K1) H (cos(Kp) —cos(Kq)) +---+ H (cos(Kp) — cos(K7))
OSQSM 0<n<M,n#1,M
n#1,0
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Now we take the second derivative. Notice that we will evaluate both Ky and K7 at zero,

so all the terms multiplied with sin(K7) or cos(Ky) — cos(K7) will vanish.

K, sin(K7) H (cos(Kp) —cos(Kq)) + -+ H (cos(Kp,) — cos(K7))
0<n<M,n#1,0 0<n<M,n#1,M
= cos(K7) H (cos(Kp) —cos(K1)) + -+ H (cos(K,) — cos(K1))
0<n<M,n#1,0 0<n<Mn#1,M
3}
+ sin(K7) DK H (cos(Kp) —cos(Ky)) +---+ H (cos(K,,) — cos(K7q))
0<n<M,n#1,0 0<n<M,n#1,M
(2.30)
2C(M,1
Evaluating ((”CE;(KQ’” with the above computation at Ky = K1 = 0, we get
i
2
C(M,2)] =20 2" 2™ 1| T (cos(Kyn) — 1) [T (cos(Kn) — cos(Kpm)).
2<n<M 2<m<n<M
(2.31)

This concludes the case for [ +1 = 2.

Case for general | + 1

Now we will prove Theorem 2.3.1 by induction.

Proof. We have proved the case for [+1 = 0, 1,2. We will do induction on . Suppose result
holds for I + 1 = p, i.e.

M p
|C(M,p)| =20 2t...2M~1 (H(cos(Kn) - 1)) H (cos(Ky) — cos(Kp)). (2.32)

n=p p<m<n<M

To compute |C(M,p+1)|, we take the 2p-th derivative of |C'(M, p)| with respect to K, and



37

evaluate the result at K, = --- = Ko = 0.
2p M 2p M P
w =20.21... 2]‘471872 H(COS(Kn) - 1) H (cos(Ky) — cos(Kp,))
OK,* OK,* - <
n p<m<n<M
(2.33)
Y P
=20 20 2L L T (cos(Ky) — 1) I (cos(Kn) — cos(Knm)) (2.34)
n=p+1 p+H1<m<n<M
o »
oK (cos(Kp) — 1)) H (cos(Ky) —cos(Kp))| - (2.35)
p p+1<n<M
With K, = --- = Ko = 0, the left hand side is (—1)?|C(M,p + 1)| from Cramer’s rule. We
compute the right hand side. Write
Jm(Kp) = cos(K) — 1
form=1,...,pand
for1(Kp) = H (cos(Kp) — cos(Kp)).
p+1<n<M
By the product rule,
0%
Py (cos(Kp) — 1))P H (cos(Ky,) — cos(Kp)) (2.36)
p p+1<n<M

B Y ) 2.37
Z (Q1,Q2,...,qp+1) H fo™- (2.37)

q1+q2+-+qp+1=2p 1<m<p+1

1. As long as one of the ¢,..., ¢, is odd, evaluation of f,(rgm) at K, = 0 will vanish.

2. Ifall q1,...,¢qp are even, but ¢1 +g2+- - - +¢p < 2p, then at least one of the cos(K,)—1

factors remains, evaluation of cos(K,) — 1 at K, = 0 will vanish.

Therefore, the only remaining term is

(=17 [ (cos(Kn) — cos(Kp)), (2.38)

p+1<n<M
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and
o%|C(M
| (2 ,p)| (2.39)
OKP
M p
=202t 2L T (cos(Kyp) — 1) [T (cos(Kyn) — cos(Kpm)) (2.40)
n=p+1 p+H1<m<n<M
(=P ] (cos(Kn) — cos(Kp)) (2.41)
p+1<n<M
M p+1
=202t ML T (cos(Kp) — 1) I  (cos(Kn) — cos(Kym)).  (242)
n=p+1 p+1<m<n<M
This concludes the general case.
O

Figure 2.8a shows the dispersion relation with exact phase velocity requirement at three
wavenumbers. The maximum dispersion error for stencil width 5 is less than that of stencil
width 7 as shown in Figure 2.4c. As shown in Figure 2.5d and Figure 2.8a, the stencil with
width 5 here gives smaller dispersion error than stencil with 12 there, due to the enforcing

of exact dispersion at higher wavenumber.

2.8.2 Interpolation of group velocity

In this subsection, we investigate higher order approximation to the dispersion curve. As
stated in Chapter One, the energy of a wave packet propagates at the group velocity. In
the acoustic case, the true group velocity is computed by differentiating the frequency:

d d
Cg = W = %(ck‘) =c (2.43)

We see that in gas or fluid, energy propagates at the phase velocity. To find the numerical
group velocity dispersion relation, we differentiate the numerical phase velocity dispersion
relation (2.12) with respect to the normalized wavenumber:

dQ |
sin(Q)ﬁ + Z cm sin(mK)m =~ 0. (2.44)
m=0
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(a) Numerical phase velocity with M = 5, exact (b) Numerical phase velocity with M = 12, only

phase velocity at K = [0.27,0.37,0.87], v = 0.6, accuracy at zero wavenumber, v = 0.6, max er-

max error=0.10269580347306029

ror=0.10038631249141738

Figure 2.8: Numerical phase velocities drawn with exact phase velocity for M = 5 and only

accuracy condition with M = 12.
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(a) Wave propagation computed with Figure 2.8a (b) Wave propagation computed with Figure 2.8b

Figure 2.9: Wave propagation computed by schemes corresponding to Figure 2.8. Notice

that enforcing exact dispersion reduces the max error, but the numerical waves might prop-

agate

faster than the true wave.
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t=2.04545e+00 after 300 time steps
T T T T

L L L L L L L L L L L L L L L L L
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

(a) Wave propagation computed with Figure 2.4b (b) Wave propagation computed with Figure 2.5a

Figure 2.10: Wave propagation computed by schemes corresponding to Figures 2.4b and

2.5a. Numerical wave lags 1/4 cycle after 300 time steps.

t=259091e+01 after 3800 time steps t=2.59091e+01 after 3800 time steps
T T T T T T T T T

Numerical
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Numerical
ue

7 L L L L L L L L L » L L L L L L L L
[] 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

(a) Wave propagation computed with Figure 2.4c (b) Wave propagation computed with Figure 2.5b

Figure 2.11: Wave propagation computed by schemes corresponding to Figures 2.4c and

2.5b. Numerical wave lags 1/4 cycle after 3800 time steps.
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To enforce exact group dispersion in the FD scheme, we plug in the true group dispersion

corresponding to the scheme obtained from ) = yK:

d d

d—KQ = d—K(*yK) = . (2.45)

Then we obtain exact numerical group velocity:

M
sin(Q)y + Z Cm sin(mK)m =~ 0. (2.46)

m=0
Note that in above equation, only enforcing true group velocity does not eliminate the
dependence on (2, therefore we still use the true dispersion relation corresponding to the
scheme, 2 = vK. This implies that when we enforce exact group velocity for the scheme,
we automatically enforce exact phase velocity. In (2.17), replace exact phase velocity at

K by exact group velocity at Kj;_1 to obtain the following system:
M
1+ em =0, (2.47)
m=0

M
PV + D emm? =0,  j=1,...1L

m=1

M
cos('ij)—i—Zcmcos(ij):O, j=l+1,....M -1

m=0

M
sin(vKpr—1)y + Z em sin(mKpy—1)m =0,

m=0

which can be rewritten as the system:

1 1 . 1 co -1
0 12 . M? c1 —7?
0 1% . M2 ¢ —2
I 7 . (2.48)
1 cos(Kijt1) ... cos(MKjq) Cli1 —cos(vKj11)
1 cos(Kp—1) ... cos(MKp—1) CM—1 —cos(vKpr-1)

0 sin(Kp—1) ... sin(MKpy_1) cM —sin(yKpr—1)
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— Numerical phase velocity — True phase velocity ) 1=7.50000e+00 after 1100 time steps
T T T

Numerical
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2.0

Phase Velocity
=
=3

0.5-

0.0 0.5 1.0 15 2.0 25 3.0
Normalized Wavenumber

(a) M=4,only accuracy at zero wavenumber, max (b) Wave packet propagation: only accuracy at

error=0.16976836377423321 zero wavenumber, M = 4

Figure 2.12: Group dispersion curve and wave propagation drawn with schemes that gives

accuracy at the zero wavenumber.

Such schemes exist, since the determinant of the coefficient matrix (denote as Cy(M,1+1,1))

can be shown to be nonzero, by a proof similar to the proof of Theorem 2.3.1.

Theorem 2.3.3. The above system (2.48) has a unique solution for any choice of { K; }jj\il_il

distinct and nonzero. Moreover, the determinant of the coefficient matrix is

M 1+1
|Cy(M,1+1,1)| = 2" - - 2M sin(Kyy) < H (cos(K,) — 1)> .

n=Il+1

11 (cos(K,) — cos(Kpm)) I (cos(Kn) — cos(Kpm))

[+1<m<n<M -1 I+1<m<M -2

where we take Ky = Kpy—q.

Exact group velocities can be enforced at several distinct wavenumbers. Moreover,
second order approximation can be achieved by differentiating. We differentiate |C'(M,[+1)|
with respect to Kj; and Kjp;_1, then let the two wavenumbers approach to K o.

In general, we can prescribe any phase or group velocities at distinct wavenumbers.
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— Numerical phase velocity — True phase velocity t=7.50000e+00 after 1100 time steps
T T T

Numerical
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-
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(a) M=4,exact phase and group velocity at 0.5m, (b) Wave packet propagation: exact phase and
max error=0.14467278814415996 group velocity at 0.57

Figure 2.13: Group dispersion curve and wave propagation drawn with schemes that gives

accuracy at the zero wavenumber and exact phase and group velocity at 0.57.

2.4 Dispersion reduction scheme by minimax approximation

Since we are interested in reducing dispersion error for general wavenumbers, we consider

reducing the L* norm :

M
|| cos(Qrue) — cos(Qnumerical)|| = ||cos(vK) + Z Cm cos(mK)H (2.49)
m=0
Write the following error function:
M
e(K) = cos(yK) + Z cos(mK). (2.50)
m=0

Then we consider the following approximation problem:

Given the continuous function f(K) = cos(yK), take a trigonometric polynomial of the
form p(K) = — Z%ZO cm cos(mK), and we look for {c,,, }M_, such that the following value
is minimized:

Juax, |f(K) — p(K)]. (2.51)
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Notice that the functions {cos(mK)}M_ span a linear subspace of the continuous functions
on K € [0,7]. Hence we are looking for coefficients {c,,}’s such that the distance between
f and the subspace spanned by {cos(mK)}M_ is minimized.

Comparing with system (2.17), then we want the polynomial p(K) = — Z%:o em cos(mK)

to satisfy the conditions

p(0)=1,  j=0
P (0) = (=1)I~%, j=1,...,1

p(K;) = cos(vKj), j=1l+1,...,M. (2.52)

Remark: For exact group dispersion at K, the condition is pW(K ;) = sin(yK)y.

The question transforms into an optimization problem with above restrictions on c¢,,.
Take the number of restrictions strictly less than M + 1, and we solve the optimization
problem with restraints.

Consider the space corresponding to the above restraints:

P = {plp € span{cos(mK)}M_, K € [0, 7],

m=0>

PP (0) = (1Y%, j = 0...,1,p(Km) = cos(yKm),m =1,...n} (2.53)
with associated null space

Py={plp € span{cos(mK)}%zo, K €0,7],
p#0)=0,j=0....1,p(K;) =0,m=1,...n}. (2.54)

The following theorem about P extends the famous Kolmogorov Theorem (Lorenz,

1966):

Theorem 2.4.1. Let f € C[0, 7] and p € P given. Then p is a best approximation to f
from P if and only if for each py € Py

%gUUQ—mGQMMK)ZO

where A= A(f,p) = {K||f(K) — p(K)| = ||f = pllo}
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The proof of Theorem 2.4.1 is essentially identical to the proof of the Kolmogorov The-

orem.

Proof. Take p € P to be a best approximation to f, let E' = ||f —p||. Assume there exists a
po € Pp such that maxgea[f(K)—p(K)]po(K) = —2¢ for some e positive. By the continuity

of the functions, there is an open subset G of [0, 7], such that A C G and for all K € G,
[f(K) — p(K)]po(K) < —€

Take p1 = p — cpg € P, where ¢ > 0 is small. Let M denote the maximum of |pg| on [0, 7].

If K € G:

(f(K) = p1(K))?
=(f(K) = p(K) + cpo(K))?
=(f(K) = p(K))? + 2¢(f(K) — p(K))po(K) + ¢*p§ (K)

<E? — 2ce + 2 M2
Taking ¢ < M %€, then ¢>M? < ce and we get
(f(K) = pi(K))* < E? = ce,

contradicting with p being the best approximation.

If K ¢ G, then by the definition of G, |f(K) — p(K)| < E. Since F' = G¢ is a closed set
in [0, 7], there is some ¢ > 0, such that |f(K) — p(K)| < E -9, for all K € F. If we take ¢

small enough that ¢ < (2M)~1§, we would have
1 1
F() = ()| < F() — p()| + lpo(K)| < B~ 6+ 56 = B~ 5.

Hence p; approximates f better than pg, which is a contradiction. This shows the necessity.
Now we show sufficiency. If for the given p € P, the inequality holds for all py € Py, in

particular, it holds for pg = p — p1, where p; € P is arbitrary. Then there is a point Ky € A
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such that:
(f(Ko) — p1(K0))*
=(f(Ko) — p(Ko) + cpo(Ko))*
=(f(Ko) — p(K0))* + 2¢(f(Ko) — p(Ko))po(Ko) + ¢*pp(Ko)
>(f(Ko) — p(Ko))* = €
since Ky € A (with e as before). Hence p is the best approximation. O

We will use Theorem 2.4.1 to find a generalized alternating property, and obtain a Remez

algorithm for computing the {c,,}’s. First we need to discuss Haar spaces.

Definition 2.4.2. Let A be an (n + 1) dimensional linear subspace of the continuous
functions on (0, 7). If any non trivial function in A has at most n zeros, we call A a Haar

space of dimension n + 1.

In the next few subsections, we will study the null spaces as in (2.54) and use it to

develop algorithms that guarantee the best minimax approximation.

2.4.1 Only keep accuracy conditions at the zero wavenumber

To begin with, we will keep the [ 4+ 1 restraints of the derivative conditions at the zero
wavenumber and leave the other M — [ conditions free for the L°° approximation. Here we

are looking for a minimax approximation to f from the space
P = {plp € span{cos(mK)}M_, K € [0,7], p(2j)(0) = (=1)4%, j=0...,1} (2.55)
with the associated null space denoted as Fy:

Py = {plp € span{cos(mEK)}}_o, K € [0,7], p*)(0) =0, j =0...,1}. (2.56)

Lemma 2.4.3. The space Py is a Haar space over (0,m) of dimension M — .

Proof. Pick any non trivial pg € Py; then we show
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(a) M=4, max error=0.070441171046992324 (b) M=7, max error=0.061921947514832709

Figure 2.14: Dispersion relation with Remez algorithm schemes. With order of accuracy 2,
M = 4,7, optimization interval (0,0.97) and v = 0.6. Error is reduced compared to Figures
2.4b and 2.4c. Note that numerical speed is higher than true speed at big wavenumber for

both schemes. This should result in a faster numerical wave, as shown below.

1=5.72727e+01 after 8400 time steps
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(a) M =4,1=2, kmazx = 0.97, Remez algorithm (b) M =7, =2, kmaz = 0.97, Remez algorithm

Figure 2.15: Propagation of a single wave with schemes computed from Figure 2.14.
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t=7.50000e+00 after 1100 time steps t=7.50000e+00 after 1100 time steps
T T T T T T

Numerical ——— Numerical
True

True

(a) M = 4,1 =2, kmaz = 0.97, Remez algorithm (b) M =7, 1 = 2, kmax = 0.97, Remez algorithm

Figure 2.16: Propagation of a wave packet with schemes computed from Figure 2.14

Claim 2.4.4. py has at most M — 1 — 1 zeros in (0, 7).

Proof. 1f po(K) has at least M — [ zeros in (0,7), we show that po(K) is identically zero.

We write the zeros of py to be K; where j = 1,..., M — [, then pg satisfies

Py =0, j=0,...1, (2.57)

po(Kj):O, jZI,M—l.
By Theorem 2.3.1, such system has only trivial solution. O

Claim 2.4.5. P, is of dimension M — [ on (0, ).

Proof. By Theorem 2.3.1, we know the first [ + 1 rows are linearly independent. Since there

are M + 1 undetermined coefficients, the dimension of solution space is M — . O
With these two claims, Py is a Haar space over (0, 7). ]

From this lemma, we will prove the following generalized alternating property:
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Theorem 2.4.6. Let p € P be a best minimax approrimation to f . Then there exists

M + 1 —1 consecutive points K; € (0, 7] such that

| f(KG) — p(KG)| = ||f = plleo

1=1,2,.... M+1—1 and

sign[f(K;) — p(K;)] = (1) 'sign[f (K1) — p(K1)).

Proof. The proof is similar to the one given in Kimchi and Richter-Dyn. Divide the interval
[0, 7] into consecutive closed intervals in which the maximal change of the error function
e(K) = f(K)—p(K) is less than %, where ey = ||f — p||oc. The interval containing zeros of
€ does not have an extreme point since e(zero of €) = 0 but all intervals containing extreme
points satisfy ¢(K) = ep > . We group these intervals into consecutive groups, starting a
new group only when there is a change of sign of €(K). Pick the groups where there is a
point {K;}?_; such that €(K;) = eo. We claim p > M +1—1, i.e., there are at least M +1—1
consecutive points where they attain the maximum and such that their signs are opposite.
Suppose 1 < p < M —[; then by above construction there is an open interval between any
two consecutive groups. From each interval we choose one point y;, where : = 1,...,p—1
such that €(y;) # 0. By Lemma 2.4.1, P, is a Haar space over (0, 7), so we can construct a
polynomial py € Py with p — 1 simple zeros at y1,...,y,—1 and non-zero elsewhere in (0, 7).
By the choice of {yi}’f_l, e(k)po(K) is of constant sign on K;, i.e., (f(K;) — p(K;))po(K;)
is of constant sign, for all . By specifying the value of py at one of Kj, taking either py or

—po, we get a contradiction to Theorem 2.4.1. O]

The converse to above theorem is also true:

Theorem 2.4.7. Suppose p € P, and A(f,p) has at least M + 1 — 1 points {Ki}ij\ifl_l

satisfying the above alternating property. Then p is a best minimax approximation from P
to f.

Proof. Suppose p; is a better approximation to f, i.e. |ler|| = ||f — pil] < |If = pl| = ||€]l-
Notice po = p — p1 is in Py, and that |e; (K;)| < [lex|| < [[e]| = [e(Ki)l, po(Ki) = —f(Ki) —
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p1(K;) + p(K;) + f(K;) = —€e(K;) + e1(K;). Notice sign(po(K;)) = —sign(e(K;)) for all
i=1,...,.M +1—1, and py has at least M — [ zeros. Since py € Py, by Lemma 2.4.1,
Po = 0. O

With the alternating property, we can design the following exchange algorithm similar

to Remez algorithm for computing the coefficients of the scheme.
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2.4.1.1 Remez Algorithm I

1. Pick a set of reference points {K;}M 17! denote h = f(K;) — p(K1).

2. Find the first polynomial p(K) = Z%:o ¢m cos(mK) with

P (0) = (1)~ j=1,...,1

p(K;) = (—1)7h, i=2... M+1—1L

3. Compute the error function e(K) = f(K) — p(K). Find 7, a point where |f(n) —
p(n)| = ||f — p||, and denote 6 = |f(n) — p(n)| — |h|. If the difference § is within

the preset accuracy, stop and take p to be the best approximation.

4. If not, replace a point from {Kz}f\i Tl_l with 7, denote the new set of reference

points by {K;7}11 Let h = f(KT) — p(K{).

5. Repeat above until the difference is below the preset error bound.

Remez algorithm with specified order of accuracy at the zero wavenumber.
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We claim |h| < ||f —p*|| < ||f — pl||, where p* denotes the best approximation in theory.
By this inequality, 6 > ||f — p|| — ||f — p*||- This is the critical reason that the algorithm

converges. Now we prove the claim.

Lemma 2.4.8. Take p* € P, and {Ki}f‘i'fl_l a reference set satisfying
sign[f(Kiy1) — p" (Ki1)] = —sign[f(K;) — p*(Ki)]
then for all p € P we have
min  |f(K;) — p"(K;)|

i=1,...,M+1—1

< . K. — K
7ggzralz‘=1,-r.?1%1x+lfl‘f( i) = P&

< mi —ll < If = p*|.
_gggl\f pll <IIf —p*

Proof. The second and third inequalities are clear. For the first one, assume not, then there
exists a ¢* € P, such that min,—y a1 [f(Ki) — p*(Ki)| > maxi—y 1 [f(Ki) —
¢*(K;)|. Write r* = ¢* — p*. If ¢* = p*, then for all 4, |f(K;) — p*(K;)| are equal and the
inequality holds. If not, write 7* = ¢* — p* = —(f — ¢*) + (f — p*), then 7*(K;) are all of
the same sign as f(K;) — p*(K;), and continuity implies r* has at least M — [ zeros. But

r* € Py, and this means r* = 0. O

2.4.2 Keep accuracy conditions at the zero wavenumber and exact phase dispersion

Now we add in more restraints on the polynomial p: we enforce exact phase dispersion at
the wavenumbers { K} (with { +n < M) while we keep the accuracy condition at the

zero wavenumber. The space we consider is:

P = {pl|p € span{cos(mK)}M_, K € [0, ],

PP (0) = (=1)9%, j =0...,1,p(Kpm) = cos(yKn),m = 1,...n}, (2.58)
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with associated null space

Py = {p|p € span{cos(mK)}M_,, K € [0, 7],
P 0)=0,7=0....1,p(Kpn)=0,m=1,...n}. (2.59)
Same as in the previous section, it is crucial that the null space is a Haar space for the

alternating property to hold. Due to the exact phase velocity requirements, Py is a Haar

space only if we avoid the preset wavenumbers.

Lemma 2.4.9. Py is a Haar space of dimension M —1 —n on (Kj, K1), for all j =

1,....,n—1.

Proof. Py is of dimension M —1—n. If py has M —1 —n zeros, say{y; j]‘iIl_”, in (Kj, Kjq1)

(for any j = 1,...,n — 1), then py has to satisfy:
p0)y=0, j=0,...1 (2.60)
po(K;) =0, ji=1,....n
po(y;) =0, j=1,....M —1—n.

Theorem 2.3.1 guarantees that such pg has to be trivial. O

Remark on choices of optimization intervals:

e Since we have the freedom to choose the interval to do minimization, it is natural to
choose an interval closer to the Nyquist wavenumber, 7. Therefore we might want to

take (K, ).

e As shown in the work by Kimchi and Richter-Dyn (1975), if we want to do the opti-

mization on the whole interval (0, K4z ), we need to divide out the zeros.

We also have a corresponding alternating property, wihch guarantees a Remez-type

algorithm.

Theorem 2.4.10. p* € P is a best minimax approzimation to f if and only if there exists

M —n —1+1 consecutive points K; € (0, 7] such that

[f(K3) = p(K3)| = [[f = Plloo
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(a) M=5, order of accuracy 0, max error= (b) M=7, order of accuracy 2, max er-

0.12005077705647949 ror=0.10518835061686271

Figure 2.17: Dispersion relation with Remez algorithm schemes. With stencil width M =

5,7, and exact phase velocity at /2. Error is reduced compared to Figures 2.4b and 2.4c.

The Remez interval is (kmin,kmax)= (0, 0.497)

i1=1,2,.... M—n—-101+1 and

sign{[f(K:) — p(K)]} = (1) 'sign{[f (K1) — p(K1)]}-

Since we need at least three points for Remez algorithm, it is important to pick M big

enough. This is why we have decreased the order of accuracy at zero and increased the

stencil width to 5 in Figure 2.17a.
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2.4.2.1 Remez Algorithm I

1. Pick a set of reference points {y; }M 7" in (K, Kj41), denote h = f(y1) —p(y1).

2. Find the first polynomial p(K) = Z%ZO ¢m cos(mK') with

)
)

p(K;) = cos(Kj), ji=1,...,n
)

p(ys) = (=1)"h, i=1,...,M—1—n+1.

3. Compute the error function e(K) = f(K) — p(K). Find 7, a point where |f(n) —
p(n)| = ||f — pl|, and denote 6 = |f(n) — p(n)| — |h|. If the difference ¢§ is within

the preset accuracy, stop and take p to be the best approximation.

4. If not, replace a point from {yi}f\il_l_”ﬂ

points by {yj}f\il_l_"ﬂ- Let h = f(y) — p(yy)-

with 7, denote the new set of reference

5. Repeat above until the difference is below the preset error bound.

Remez algorithm with specified order of accuracy at the zero wavenumber and exact phase

velocity at wavenumbers K, j =1,...n.
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2.4.8 Keep accuracy conditions at the zero wavenumber, exact phase and group velocity

Now we look for a new scheme to obtain a best minimax approximation to the velocity
function over all the wave numbers satisfying the accuracy conditions, and with exact phase
and group velocity at a preset nonzero wave number. The continuous function we are

looking to approximate is still

f(K) = cos(yK) (2.61)

The approximation function we are looking for is p(K) = — Z%:o ¢m cos(mK) as before.

The function space now is
P = {plp € span{cos(mK)}M_,, K € [0,7],p®)(0) = (=1)~¥,
7=0...,1,p(Ky) = cos(yK1),p (K1) = vysin(yK7)}.
Again consider the null space of P:
Py = {polpo € spanfcos(mK)}1l_o, K € [0,7],p6(0) =0,
j=0....0,po(K1) = 0,py(K1) = 0}.

Similar as before, we use the fact that the null space Py is a Haar space to obtain an

alternating property.
Lemma 2.4.11. Py is a Haar space of dimension M —1—2 on (0, K7y) and (K1,7)

Proof. By Theorem 2.3.3. O

As before, we have the alternating property

Theorem 2.4.12. p* € P is a best minimaz approximation to f if and only if there exist

M — 1 —1 consecutive points K; € (0, 7] such that

[f(Ki) = p(Ki)| = [[f = Plloo

1=1,2,..., M —1—1 and

sign{[f(K:) — p(K)]} = (1) 'sign{[f (K1) — p(K1)]}-

Now we have an algorithm:
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2.4.3.1 Remez Algorithm III

1. Pick a set of reference points {y;}M 717!, denote h = f(y1) — p(y1).

2. Find the first polynomial p(K) = Z%ZO ¢m cos(mK') with

= (=1)"!n, i=1,...,M—1-1.

3. Compute the error function e(K) = f(K) — p(K). Find 7, a point where |f(n) —
p(n)| = ||f — pl|, and denote 6 = |f(n) — p(n)| — |h|. If the difference ¢ is within

the preset accuracy, stop and take p to be the best approximation.

4. If not, replace a point from {yl}f\i Il_l with 7, denote the new set of reference

points by {y;“}f\il_l_l- Let b= f(yy") — p(yy)-

5. Repeat above until the difference is below the preset error bound.

Remez algorithm with specified order of accuracy at the zero wavenumber and exact phase

and group velocity at wavenumber K.
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2.4.4 Interval for optimization

Note that, as K — m, the theoretical distance from P to f gets bigger. So one question to
consider is, without sacrificing too much information, what might be a good upper bound
Kpae < 7 to choose, so that we look for the minimax approximation on the subinterval
[0, Kypqz]. This issue is mentioned in Kosloff’s work (2008). In our experiments, we have
used Kpmq, = 0.97, as seen in Figure 2.14. When we specify exact phase velocity at 0.5,

we take the optimization interval to be [0,0.497], as seen in Figure 2.17.
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Chapter 3
TWO DIMENSIONAL ACOUSTIC WAVE EQUATION

In this chapter, we construct finite difference operators to approximate the differential
operator in

A2+ —9)u=0 3.1
(xr zYz t

where ¢, and ¢, denote the propagation speed along the x and z directions. The finite

difference operator assumes the form:

M M
U U +3 7 en(Ulny + Ul ) + ) (Ul + Uly—n) = 0. (3.2)
m=0 m=0

If the medium is isotropic, then in the differential equation ¢, = c¢,, and it is reasonable
to take d,, = ¢, for all m = 0,..., M in the FD scheme. These schemes will be our main
focus in the two dimensional case. In the wave propagation experiments, we apply periodic
boundary conditions and use a Ricker wavelet as the source term.

As in one dimension case, our goal is to find FD operators that give good approximation
to the wave speed. As wave propagation depends on both wavenumber magnitude and
direction in two dimension, the schemes we design will also depend on wavenumbers and

propagation directions.
3.1 Isotropic media

The following equation describes the acoustic wave in an isotropic media:

¢ 2 1
0x?2 022 20t2

( Ju=0 (3.3)

As before, parameter ¢ denotes the phase velocity. We still take ¢ = 1 without loss of
generality. Unlike the one dimension case where the propagation direction of a wave is either
left or right, in the two dimension case, diving waves exist where waves might propagate at

any angle between 0 and 7 for example. Therefore it is reasonable that we look for schemes
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that give good dispersion approximation for all propagation angles in [0, 7]. The differential
equation for the isotropic media is symmetric in the x and z direction, and we will take
advantage of the symmetry in the design of schemes by taking d,, = ¢,,. We first study the

classical Leap-frog scheme and obtain a generalized scheme of the same stencil width.

3.1.1 FEzxample: Leap-frog and generalized Leap-frog scheme

We obtain the Leap-frog scheme in two dimension by using three points in time, the z-
direction and the z-direction to approximate the second derivatives. Similar to Example

1.2.5 (we denote the stencil by (3,3,3)):

U =200 + Ul =2 (Ul — 2005 + Ul ] =22 (U4 — 2005 + U] =0, (3.4)

JAY cAt

and v, = and UMY~ u(x + IAz, z + JAz,t + NAt) denotes the

h C
WREre 7z = Az I+ 1j+J

Az
approximation to w at the grid points (z + IAz,z + JAz,t + NAt). Group the terms by

symmetry

Uﬁfl + Uﬁj_l +2(-1+72+ ’Y?)Uﬁj - ’Yg(UﬁH,j + U ;) — 'YE(U[?J’H +U-1) =0, (3.5)
and replace the coefficients by undetermined coefficients to obtain a general scheme for the
(3,3,3) stencil

UlT,LjJrl + Ulr,lj_l +2e1U + co(Ulyy ; + ULy ) + es(U 41 + U21) = 0. (3.6)

Now we have a generalized Leap-frog scheme (Finkelstein and Kastner, 2007). As in the
one dimension case, we plug the true solution into the FD scheme and use Taylor expansion

to study accuracy:

At)? At)
LTE:(2+2cl+202+263)u+23t2“(Qu) +28?“(4') e
Az)? Az)?
oo (20 B2 o (B )

Az)? Az)?
+ c3 (ZUZZ( 2!) —|—28§u( 4!) —|—>
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Schemes based on accuracy conditions at (z, z,t) are obtained by eliminating lower order

terms in the series:

l+ci1+co+c3=0
—2(At)? = ¢y(Ax)?
(AN = ey(An)?,

where the second and third equations are obtained from Lax-Wendroff analysis, and elimi-

nating u,, and u,, terms respectively. This coincides with the Leap-frog scheme.

Remark:

If we use a wider stencil for higher order of accuracy, the next lowest order terms made
to vanish will be the forth order derivatives:

(Az)*

(Az)*
4l '

41

At)
QOfu( ) + 22030

o + 23020

But this can not be done with the cross shaped stencil set up, as there are no terms like 920%u

from the stencil. Hence increasing space-time accuracy with this stencil is problematic.

In Chapter One, we have shown that using spectral order of accuracy in place of order
of accuracy in the scheme design is adequate. In two dimensions, we will also focus mainly

on the spectral order of accuracy, which is naturally linked to the dispersion relation.

Fourier transforming equation (3.6) gives the trigonometric dispersion relation
cos(€2) + ¢1 + ca cos(K ;) + czcos(K,) = 0. (3.7)

Here K, = k,Ax and K, = k,Az denote the x and z direction normalized wave numbers,

and = wAt the normalized frequency. The true dispersion is
0% =2 K; + 12K (3.8)

We compute the Taylor expansion at (2, K, K,) = (0,0) for the numerical dispersion
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relation:
_ 1 2 1 4 1 2 1 4
ITE=1- 5@+ 50" toto <12!Km+4!Kw+...
1, 1,
+C3(1_2‘1<z+4|}<z+>
=(1+c+c+ )—392+ K2+ c3K?
1+ ez tes) = o oKy +c3K?)

1
+I(Q4+62K§—|—03K§)+....

Similar to the time domain case, we eliminate the lowest order terms to obtain accuracy

conditions on the dispersion relation:

l1+ci+ca+ec3=0
0+ K2 +c3K2 =0 (3.9)

Q' 4 Kl + e3K2 = 0. (3.10)

To eliminate the second order term, we plug in the true € as a function of K, and K, in

(3.8); equation (3.9) becomes
(2 + ) K + (7 + e3) K2 = 0. (3.11)

Making both of the coefficients vanish, we get c; = —y2 and c3 = —72. This is equivalent

€T
to the traditional order of accuracy.

Take Az = Az, then we write v = %‘; and write the true dispersion as 2 = YK =
vV K2+ K2. As we see, the true dispersion is independent of angle (see Figure 3.1). We
replace the Cartesian K, and K, with the polar coordinates K cos(¢) and K sin(¢), where

¢ is the propagation angle. The previously mentioned dispersion relation is now
cos(2) + ¢1 + c2 cos(K cos(¢)) + ¢z cos(K sin(¢)) = 0. (3.12)

This dispersion relation makes the angle dependence explicit and fits our purpose, so we

will write dispersion relation in polar form in the future. Taylor expansion in the angle
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dependent dispersion gives:
L2, Loa Lo o Loa a4
LTEzl—EQ +EQ ot t e 1—5[( cos (¢)+EK cos*(p) + ...
Lo 9 Loa
+c3 1—§K sin (¢)—|—1K sin®(¢) + ...

=(14c1+c2+c3) (Q2 + 2 K% cos?(p) + c3K? sin?(¢)

1
2!
1
+ E(Q4 + oKt cos?(¢) + c3 K sint(4)) + ...
Eliminating the coefficient for K2 by plugging in Q = yK in (3.9) gives

V2 + e cosQ(¢) + c3 sin2(¢) =0. (3.13)

The second formulation makes the angle dependence explicit (controlled by different grid
sizes in the first formulation). In equation (3.10), if we use the true dispersion relation

04 = 42K*, we get the following restriction
4 4 o4 —
v* + cacos®(¢) + cgsin®(¢) = 0, (3.14)

which is angle dependent.

Remarks:

e From (3.11), we see that the coefficients are proportional to each other with respect

A 2
to the grid sizes, i.e., 2 _ ﬂ For isotropic media, we will always assign equal
€3 (Az)?
S o cAt
grid sizes in the x and z directions, h = Az = Az, and denote v = s

e If we wish to take advantage of Lax-Wendorff analysis for higher order space-time
accuracy, we will need to introduce cross derivative terms by introducing diagonal
grids in the stencil. As one of the main results we have concerns the Remez algorithm,
and the algorithm doesn’t apply for denser stencils with diagonal grid points. We will

not discuss on such stencils further here.

e With the sparse cross shaped stencil, we will use the dispersion relation 2 = yK and

get angle dependent restrictions on the undetermined coefficients.
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e Traditional order of accuracy in x and z is equivalent to order of accuracy of disper-
sion in Cartesian coordinates. This is a special case for the general angle dependent

dispersion.

3.1.2 General schemes with wider stencil

In this section, we set up a general scheme for the two dimensional acoustic wave equation
and produce schemes that satisfy certain criteria for order of accuracy. From the analysis
of the Leap-frog scheme, we see that angle dependent accuracy for dispersion relation is
more general than the traditional accuracy in the time domain for the cross shaped sten-
cil. Therefore, we will focus on schemes based on the cross shaped stencils with accuracy
obtained by spectral order of accuracy for the dispersion relation.

Similar to the one dimension case, we exploit wider stencils in space in two dimensions.
Due to the equivalence of x and z as spatial variables in isotropic media, we apply the same
stencil and weight in both directions:

M M
U+ U 4 e + Ul ) + D (U + Ul—n) = 0. (3.15)

As analyzed in the example, for the sparse cross shaped stencil, we will use spectral order
of accuracy. First recall the true dispersion relation corresponding to the grid size and time

step is 2 = vK. Discrete Fourier transform gives numerical dispersion relation
cos(92) + ﬁ/[: cmlcos(mK cos(¢)) + cos(mK sin(¢))] = 0. (3.16)
=0
As analyzed in Chapter onTen, reducing dispersion error can be simplified to reducing:
cos(yK) + i/[: cmlcos(mK cos(¢)) + cos(mK sin(¢))] H

m=0

H COS(QtTue) - COS(Qnumerical)H =

(3.17)

3.1.8 Stability analysis for the generalized scheme

IKe+jiK>2)

From equation (3.15) with U, = gneil , we get the following amplification polyno-

mial o
g° +2g Z cmlcos(mK ;) 4+ cos(mK,)]|+1=0. (3.18)

m=0
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Similar to the one dimensional situation, the schemes are stable if

Z cmlcos(mKy) + cos(mK)]| < 1 (3.19)

m=0

M
1]
for all K, and K,. The stability check is integrated in the our algorithms, so that we

perform the stability check whenever we obtain a new scheme.

3.1.4 Accuracy analysis for the general scheme

In this section, we present accuracy analysis for the general scheme with Taylor expansion.
We will do the analysis in both time and frequency domain, and in the frequency domain,
we use polar coordinates. This analysis validates our choice of using spectral accuracy in

our scheme designs.

3.1.4.1 Accuracy analysis in time domain

For the general scheme in the time domain (3.15), we plug in the true solution u(z, z,t)

that satisfies the wave equation; Taylor expansion at the point (z, z,t) gives

M
LTE = u(x, z,t + At) + u(x, z,t — At) + Z em(u(z + mAx, z,t) + u(x — mAx, z,t))

m=0

M
+Zcm w(z, z + mAz,t) + u(r, z — mAz,t))

m=

0? g 04
(2u , 2, t) + 2(At)? 2‘8t2u+2(At) 4!8t4u'”>

o

M 52 , o
+ E:Oc <2u z,2,t) + 2(mAx)? 2'8x2u+2(mA$) 4!6x4u+“'>

3

M 02 , O
+ Z Cm <2u T, 2,t) + 2(mAz)? 2!822u+2(mAz) 4!az4u+...> :

m=0
As shown for the Leap-frog scheme, unlike the one dimensional case, we can get at
most second order accuracy in time-space due to the cross shape of our stencil, and Lax-

Wendroff analysis doesn’t apply. Eliminating the lowest order terms, we get restrictions on
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M
g Ju = 0, consistency,

m=0

2
A2 5 0

2 2

M
0 0
Erek u+ mZ::Ocm(mAa:) 92" + Z cm(mAz)? 52t = 0,

second order accuracy in space-time,

M=

3
Il
=)

M
E e mAa:
m=0

cm(mAz)

84
4Wu =0, 4-th order accuracy in space z,
x
8 537 & = 0, 2M-th order accuracy in space x.
x

When we ask for z-direction space accuracy, and we get the z-direction accuracy for free,

due to isotropy. The system for coefficients is

M
> em=-1 (3.20)

m=0
M
Z cmm? = —~2 (3.21)
m=0
M
d emm¥ =0 j=2...M. (3.22)
m=0

Numerical experiments have shown stability problems in the sense that, for most stencil

widths M and CFL numbers v, the schemes we obtain this way are often unstable.

3.1.4.2 Accuracy analysis in frequency domain

In this subsection, we will discuss the order of accuracy of the dispersion relation. As

discussed before, the true dispersion is a linear function of the magnitude of the wavenumber,

while the numerical dispersion depends on both wavenumber and propagation angle. We

use the polar form with K, = K cos(¢) and K, = K sin(¢), and compute accuracy of the

dispersion error at K = 0. This way, we get explicit accuracy in the propagation direction

¢ of the plane wave.
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Figure 3.1: Normalized frequency as a function of propagation angle and normalized

Q

wavenumber, ) = vK; true wave speed ¢ = e

Compute the Taylor expansion at the zero wavenumber for (3.17) in polar form:

0o i M
LTE=Y" (_.1)! (92" + D em((mk cos(9)* + (mK Sin(qs))zi))

m=0

_ Z ((;21))2 ( K)% 4 Z em((mK cos(¢))? + (mK sin(qﬁ))%))
i m=0

U e S % 4 (msin(9))?

i—0 m=0

1=

Eliminate the lowest order terms to give accuracy in angle ¢. Our design of schemes will

be based on the following accuracy conditions at the zero wavenumber along propagation

angle ¢:

M
2 4 Z cm((mcos(6))* + (msin(¢))*) = 0 i=0,...,1. (3.23)
=0

If we take [ = M, then we get a full system for a scheme. As these conditions are the lowest

order terms in a Taylor expansion, we shall choose one angle ¢g in all the equations.
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3.2 Dispersion reduction schemes

Similar to one dimension case, to reduce dispersion error, we would like to use wide stencils
and design schemes targeting the reduction of dispersion errors. As in Chapter two, we aim
to reduce dispersion error uniformly for all wavenumbers and/or propagation directions.
Finkelstein and Kastner (2007) proposed three ways of interpolation, and we propose two
new methods of uniform approximation, one in wavenumber and one in propagation angles.
Obtaining good dispersion in all directions is of practical importance, as diving waves occur
in seismic exploration for example. We start by analyzing schemes only enforcing accuracy

of the dispersion relation at the zero wavenumber.

3.2.1 Only accuracy at the zero wavenumber

Taking | = M in (3.23) and fixing ¢ = ¢¢ give schemes that require the numerical dispersion

to match the true dispersion up to the 2M-th order at the zero wavenumber:

M
¥+ 3 emm¥leos™ (¢o) +sin¥ (¢o)] =0, j =0,..., M. (3.24)

m=0

Each choice of ¢g gives a scheme that would guarantee 2M order of accuracy in that direc-

tion. Liu and Sen (2009) take ¢¢ = g as their optimal choice, for the numerical dispersion

is periodic with period 7/2, and [0, 7/4] is the mirror reflection of [r/4,7/2]. Since ¢ = g
is the middle point of [0, 7 /4], such schemes give accuracy in 8 uniformly spaced directions.

This can be easily seen, as we let f;m(¢o) = m?* (cos® (¢) + sin*(¢g)). Then

. . ey m . .
Fim(do) = m? (COSZJ (¢o) + smz]((bo)) =5 ((1 = cos(260))” + (1 + cos(2¢0))’) . (3.25)
Figures 3.2, 3.3 and 3.4 show comparisons of dispersion relation

M
Qnumerical = arccos(— cm/(cos(mK cos(¢)) + cos(mK sin(¢)))) (3.26)

m=0
as functions of angle and wavenumber. When the wavenumber is small, the numerical
dispersion approximates the true dispersion nicely for all angles; when the wavenumber gets
closer to 7, dispersion gets worse for the 7/2 direction no matter what we choose for ¢

(that is, Qpumerical < Qrue). We also see, the smaller v is, the better the approximation



70

2.4 1.0

2.0

py
)

Normalized Frequency

Normalized Frequency

0.4

0.0 0.0

(a) With v = 0.6, ¢9 = 7/8 (b) With v = 0.3, ¢g = 7/8

Figure 3.2: Normalized frequency as a function of propagation angle and normalized

wavenumber: Qumerical; Accuracy at the zero wavenumber along angle 7/8, M = 6

is. For v = 0.6, ¢g = 7/8 approximates the dispersion better at lower wavenumbers, but

¢o = 7/4 approximates the dispersion better at higher wavenumbers.

3.2.2  Ezxact dispersion at nonzero wavenumbers

For a fixed stencil width M, we reduce the number of accuracy requirements at zero
wavenumber (with fixed propagation angle ¢¢) to [ + 1 and enforce M — [ exact phase
dispersion conditions at non-zero wavenumbers and propagation angles. The system we

have is:

M
2co + 2 Zcm =-1
m=1

M
Z emm® (cos™ (¢o) + sin? (¢g)) = =¥, =1,...,1

m=0
M
Z cm[cos(mKj cos(¢;)) + cos(mKjsin(¢;))] = —cos(Q;),7 =1+1,..., M,

m=0
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Figure 3.4: Normalized frequency as a function of propagation angle and normalized

wavenumber. Accuray at the zero wavenumber along angle 7/2 and 7/3. v = 0.6, M =6

Qnume’rical .
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(a) 7/8, time step 90 (b) 7/8, time step 117

(c) /4, time step 90 (d) /4, time step 117

Figure 3.5: Wave propagation at: time step 90 and 117. Accuracy in 7/8 and 7 /4. Scheme
obtained via (3.23) taking | = M, with stencil width M = 2 and v = 0.6. Choosing /8

does not reduce anisotropy of wavefront significantly compared to taking /4.
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where exact dispersion is enforced by taking 2; = 7K in the last M —1 equations (enforced

at directions ¢;):
M
Z cmcos(mKj cos(¢j)) + cos(mKjsin(¢;))] = —cos(vKj),j =1+1,..., M.
m=0

According to (3.17), the above equation guarantees exact dispersion at the wavenumbers
K;.

To solve for 2D schemes, we solve the following system of equations for c¢;:

2 2 2 , 2 2 -1
co
0 firn fig - fim—1  fim —(y*)!
. . . . . . C1
ge
0 fi1 fiz 0 fim— five |- = —(v?) )
Cl+1
2 g1 Gi+12 0 Gi+1,M—1 Gi+1,M , —cos(vKi41)
CM
2 gma 9M2 o GMM-1  IMM — cos(vKnr)

where f;m(¢;) = m? (cos? (¢;) + sin® (¢;)) and gjm(¢;) = cos(mKj cos(¢;))+cos(mKj sin(¢;)).
Differentiate g;m,(¢;) for 2j times with respect to K; to get

K g]m(gbj) (=1)7[m? cos? (¢j)cos(ij cos(¢;)) +m? sin2j(¢j)cos(ij sin(¢;))].
(3.27)

Let K; — 0, then we rewrite the coefficients f;,, in terms of g;,:

02 gm0 o = (— 1)1 cos? (6;) +m¥ sin® (6;)] = (~1V fim(0).  (3.28)

Now we write out the system with only {g;m}’s . This would be a (M +1) x (M +1) system

(9jm)M+1, both j and m index from 0 to M:

cos(0 cos(pg) Ko) + cos(0sin(¢g) Kop) e cos(M cos(pg)Ko) + cos(M sin(¢g)Kp)
cos(0cos(¢1) K1) + cos(0sin(¢r) K1) e cos(M cos(¢p1) K1) + cos(M sin(¢1) K1)

cos(0 cos(pnr)Knr) + cos(0sin(par) Kpr) -+ cos(M cos(odar) Kar) + cos(M sin(par) Kar)
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Use the sum-to-product formula

cos(m cos(¢j)Kj)+cos(msin(¢;)K;) = 2 cos (cos(@) —;sin(@)ij) cos <COS(¢j) ; sin(@;)

to simplify the coefficient matrix.

If we take ¢pg = -+ = ppr = %, we get the easiest form for g; ,:

Gjm (%) = 2co0s (?mK]) = 2cos(mIA(;-), (3.29)

V2

where I?] = @K j, with I?J € |0, 777 . Then this system looks exactly like the system

for one dimensional case with factors of powers of 2 (see the proof of Theorem 2.3.1), and

thus we know this system has a solution.

Theorem 3.2.1. There is a unique scheme that guarantees accuracy of dispersion relation

V2

771-]

at zero wave number of order 1, and exact dispersion at all choices of {I?;}%_l C (0, 2

distinct and non zero. Moreover, the determinant of the coefficient matrix is

M I+1
(C(M,1+1)| = 2M+1 . 91...9M ( [T (cos(in) - 1)) I1 (cos(f?n) - cos(f(,:)).

n=I[+1 I+1<m<n<M
With above existence theorem, there is a scheme that guarantees exact group velocity

as well as phase velocity.

Corollary 3.2.2. There exists a scheme to guarantee accuray of dispersion relation of order
l at the zero wavenumber, exact phase velocity at I?j, J=1+3,...,M and exact paired

—— — 2
phase and group velocity at K 1o, as long as {K;}{{, C (0, 771] are distinct and nonzero.

For general propagation angle ¢, we study the existence of schemes case by case. In
particular, we do several experiments with the angle % proposed by Liu and Sen (2009).
Similar to the one dimension case, it is essential the existence theorem holds for the Remez
algorithm to work in later subsections. Figures 3.16a and 3.16b show wave propagation
simulated by schemes obtained this way with % In all the experiments we do in this
subsection and subsection 3.2.3, we will choose ¢; = ¢ for j =14 1,..., M. More general

choices for the pair (K}, ¢;) will be summed up in subsection 3.2.4.

mKJ> .
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K=np.linspace(0.25*np.pi,0.5%np.pi,3) K=np.linspace(0.05%np.pi,0.75*np.pi,3)

Figure 3.6: Normalized frequency as a function of propagation angle and normalized

wavenumber, ¢g = 7/4 and exact dispersion at several wavenumbers. M = 6, v = 0.6.
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(a) With M = 16, ¢9 = ©/4, ¢ = w/8 and (b) With M = 16, ¢y = /4, ¢ = 7w/4 and
K=np.linspace(0.05*np.pi,0.75*np.pi,3) K=np.linspace(0.05*np.pi,0.5%np.pi,10)

Figure 3.7: Normalized frequency as a function of propagation angle and normalized

wavenumber, ¢y = 7/4 and exact dispersion at several wavenumbers. M = 16, v = 0.6.
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3.2.8  Minimizing in wavenumber

s
As shown in the previous subsection, if we take ¢9 = -+ = oy = T the interval in

wavenumber is (0, 727r] Because all the theorems on minimax approximation follow on
this interval , we can find schemes using Remez algorithm that guarantee minimum L°°
norm of the error function (3.17) for the fixed angle % Similarly, we can also preset several
wavenumbers to get exact phase and group velocity, while minimizing the L° error norm.

Consider a function of K: f(K) = cos(yK), where K € <O, W), and a function with

V2

parameter ¢:
M

p(K) =— Z cmlcos(mK cos(¢)) + cos(mK sin(¢))]. (3.30)

m=0

Here we take ¢ = 7. Then our goal is to find a best minimax approximation to f from the

linear space:
P ={plp € span{cos(mK/\/ﬁ)}%zo,

M
>~ emm® (cos™ (¢o) + sin® (go)) = —1¥,j =0,...1},
m=0

where we put restrictions on accuracy conditions at the zero wavenumber along direction
¢o. We can take ¢g to be nm/4, with n =1,3,5,7.

The corresponding null space is still a Haar space, and we can still do minimization in
wavenumbers. Similar as before, we can still specify exact dispersion (phase or group) at

preset wavenumbers.
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3.2.3.1 Remez Algorithm IV

1. Pick a set of reference points {K;}M 171 € (0, =), denote h = f(K1) — p(K1).

)

2. Find the first polynomial p(K) = Z%:o ¢m cos(mK) with

P (0) = (1)~ j=1,...,1

p(K;) = (—1)7h, i=2... M+1—L

3. Compute the error function e(K) = f(K) — p(K). Find 7, a point where |f(n) —
p(n)| = ||f — p||, and denote 6 = |f(n) — p(n)| — |h|. If the difference § is within

the preset accuracy, stop and take p to be the best approximation.

4. If not, replace a point from {Kz}f\i Tl_l with 7, denote the new set of reference

points by {K;7}11 Let h = f(KT) - p(K{).

5. Repeat above until the difference is below the preset error bound.

Remez algorithm minimizing dispersion error in two dimensions. Minimize in wavenumbers,

with fixed propagation angle ¢ = ¢g = /4.
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Figure 3.8: Normalized frequency Q,umericar @S a function of propagation angle and nor-

malized wavenumber. Schemes obtained by optimization in wavenumber with v = 0.6.

3.2.4 Interpolation in propagation angle

In higher dimensional case, we are more interested in angle dependence of the dispersion
relations. Therefore, we start the analysis with reducing dispersion error by forcing exact

phase velocity at specific propagation angles while we still keep accuracy conditions:

M
P4 3 enl(meos(60))* + (msin(6o)*) =0 i =0,...,1

m=0

M
cos(vK;) + Z cm[cos(m; cos(¢p)) + cos(mK; sin(¢p))] =0 iwp=1,...,M —1.
m=0
We will take one angle ¢g in all the accuracy conditions, as higher order accuracy conditions
at some angle ¢y would not make sense if there is no lower order accuracy conditions at the
same angle. As for the exact dispersion conditions, similar to the discussion in Finkelstein
and Kastner’s work of 2007 and Liu and Sen’s work of 2009, there are several options for

obtaining schemes:

1. Take distinct wavenumbers, but the same propagation angles. This case is interpola-
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Figure 3.9: Normalized frequency as a function of propagation angle and normalized

wavenumber. Schemes obtained by optimization in wavenumber with ~ = 0.6.

o 1 2 3 4 5 [

(a) At time step 100 (b) At time step 224

Figure 3.10: Wave propagation after 100 and 224 time steps, Remez algorithm in K, with
v=06,1=2, M =6, ¢p=¢py=m/4.
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(a) K= np.linspace(0.25*np.pi,0.75%np.pi,3) (b) K=np.linspace(0.25*np.pi,0.75%np.pi,3)

Figure 3.11: Normalized frequency as a function of propagation angle and normalized

wavenumber. Accuray at the zero wavenumber along angle 7/4 with exact dispersion along

7/4 and various wavenumbers, v = 0.6, M = 6, {2 = arccos(— 27]\7{:0 cm(cos(mK cos(¢)) +

cos(mK sin(¢)))).

tion in wavenumber, as discussed in section 3.2.2.

M
cos(vK;) + Z cmlcos(mK; cos(¢)) + cos(mK; sin(¢))] =0 i=1,...,M—1.

m=0
(3.31)
2. Take distinct propagation angles, but same wavenumber
M
cos(ny)+Z cm[cos(mK cos(¢;))+cos(mK sin(¢;))] = 0 i=1,...,M—1l. (3.32)
m=0

3. Take distinct wavenumbers, propagation angles pairs (Kj, ¢;)

cos(vK;) + Z%:o cm[cos(mK; cos(¢;)) + cos(mK; sin(¢;))] = 0 i=1,...,M—1

In all three different cases, choices of K can be determined upon the incoming signal.
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3.2.5 Uniform approximation in propagation directions

Due to the existence of diving waves, where the direction of wave propagation changes, it
is reasonable to design schemes that give good dispersion approximations in all directions.

Still we require (I 4 1) accuracy conditions at the zero wavenumber.

M
YY) em((meos(¢o))™ + (msin(¢))*) =0 i=0,....1,
m=0

where ¢q is a fixed angle. It is easy to see, if we take ¢g = 7/4, the [ + 1 equations are
linearly independent. We can leave the rest of the degrees of freedom for the minimax
approximation.

Consider a constant function of ¢: f(¢) = cos(yK), where K € (0,7) is a preset

parameter, and consider the function

M

p(¢) = — Z cm[cos(mK cos(¢)) + cos(mK sin(¢))]. (3.33)

m=0

Our goal is to find a best minimax approximation to f from the linear space:

P ={p|p € span{cos(K cos(¢)), cos(mK sin(¢))}M_,,

M
S cnm? (cos™ (o) + sin® (60)) = —1%,§ =0, .1}

m=0

We again look at the corresponding null space:

Py ={po|po € span{cos(K cos(¢)), cos(mK sin(gb))}%zo,
M

> emm® (cos™ (¢o) + sin® (¢p)) = 0,5 =0,...1}.

m=0

If Py is a Haar space, i.e., if the system has only trivial solution

M
Z emm® (cos® (¢g) + sin® (¢)) = 0,5 = 0,...1

3
]
o

NE

cmcos(mK cos(dp)) + cos(mK sin(¢p))] =0  p=1,...,.M —1

3
Il
=)

for distinct ¢p,, p = 1,..., M — [, then we can still obtain the alternating property for a
Remez-type algorithm. From numerical experiments, we see that there are schemes obtained

this way that are stable. Here is an example of such scheme.
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Example 3.2.3 (Stable scheme). The following computation gives a stable scheme for

minimizing the dispersion relation as a function of ¢.

k=0.5*np.pi #
1=2

M=10
gamma=0.6

phi0=0.25*np.pi

from remez2d import *
(’condition number of the LHS’, 358740206535053.56)
[[ -1.45755122e-01]
[ -2.97529648e-01]
-1.40963862e-01]
1.47871212e-01]
-9.28623063e-02]
3.76990211e-02]
.01014412e-02]
1.85806768e-03]
-2.33855679e-04]
1.86638533e-05]

—/ —/ ™/ —/ —/ —/ —/ —/ —/
|
[y

-7.28783153e¢-07]]1 flag
Stability factor, max = 0.5669740394358797, min=-0.9999999999999998

Comparing Figures 3.13 and 3.10, we see that although both schemes maintain sharp
wave fronts, schemes aiming to reduce dispersion error in all directions reduce anisotropy

generated for the grid functions.

3.2.6 Numerical experiments in two dimensions

In this subsection we compare the results of four schemes with stencil width M = 10, CFL

number v = 0.6. All programs are written in Python. The schemes are:
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Figure 3.12: Stability factor for amplification polynomial g2 +2zg+1 = 0: || as a function

of K and ¢. Scheme obtained with Remez algorithm in ¢

1. accu2d.py from (3.23) with ¢9 = 7/4. Here we do experiments with both M = [ = 10
and M =1=2.

2. accu2d_exactphase_wavenumber.py from (3.31) with ¢9 = 7/4, ¢ = /4, and exact

phase velocity at 8 wavenumbers K = np.linspace(0.05%np.pi,0.9*np.pi,8).

3. remez2d angle.py from Example 3.2.3, with K = 0.57, [ = 2, ¢g = 7/4.

4. remez2d wavenumber.py from algorithm 3.2.3.1, with ¢9 = 7/4, ¢ = 7w/4, | = 2,
and optimization interval is K € [0.01,0.87]. Notice that increasing [ will increase

the accuracy. Here for comparison with the result of remez2d_angle.py, we only use

l=2.
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1] 1 2 3 4 3 & o 1 2 3 4 5 B

(a) After 100 time steps (b) After 224 time steps

Figure 3.13: K =n/2,1 =2, M =6, v = 0.6, ¢9 = /4. Wave propagation at time step

100 and 224, scheme computed with Remez algorithm in propagation angle.
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In general, it is hard to obtain stable schemes in two dimensions with exact dispersion
requirements in propagation angle or with minimized dispersion error in angle. One of the
few stable schemes we found for remez2d_angle.py all require [ = 2. In order to compare
with scheme from Figure 3.13, we will use second order accuracy for all schemes mentioned
above.

From Figure 3.14, we see that all schemes give nice wave speeds for small wavenum-
bers. Schemes for wider stencils give better wave speeds at higher wavenumber. Scheme
remez2d_angle.py which targets to reduce dispersion error at all directions, increases wave
speed for all directions.

Figure 3.16 shows snapshots of wave propagation with source term of a Ricker wavelet.
The left column shows the wave at time step 100, and the right column shows a snapshot
at time step 200. Wave computed by remez2d_angle.py shows smaller anisotropy for the
grid function. With minimization in wavenumbers, lower accuracy schemes give wave fronts

as sharp as higher accuracy schemes.

3.3 Elliptical Anisotropic Media

In this section, we develop schemes for the elliptical anisotropic media. The differential
equation we study is:

0%u 0%u 0%u

where ¢, denotes the wave speed in x-direction and ¢, denotes the wave speed in z-direction.
We assume c2 = (1 + 2¢)c? with € > 0, as horizontal reflectors work as a deceleration factor
for vertical waves in the media. The general scheme is of form

M M
UM+ U7+ 20007 + Y em(Uln + Ul g) + Y dm(Uf 4 + Ul ) =0 (3.35)

m=1 m=1

M M
USSP U 4 ) en(Ulmy + Ul ) + Y (Ul + Uly—) = 0. (3.36)
m=0 m=0

Due to the form of the differential equation, it is reasonable to take ¢, = (1 + 2¢)d,, if we
take Ax = Az. If we take ¢, = d;,, as in the isotropic case, we would take Az = /1 + 2eAx.
In the following two sections, we will show the equivalence of the isotropic case and elliptical

case via a simple change of variable.
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Figure 3.14: Comparison of numerical phase velocity for different schemes
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(e) remez2d_angle.py, M =10,l =2  (f) remez2d_angle.py, M = 10,1 =2

Figure 3.15: Wave propagation at: time step 100 and 200.
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(a) accu2d_exactphase_wavenumber.py, (b) accu2d_exactphase_wavenumber . py,

1=2,M=10 1=2,M=10

(¢c) remez2d wavenumber.py, M = (d) remez2d wavenumber.py, M =

10,1 =2 10,1 =2

Figure 3.16: Wave propagation at: time step 100 and 200.
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3.3.1 Dispersion analysis

The true dispersion can be obtained from the differential equation (3.34)
w? = k2 + k2. (3.37)

We will show that by taking Az = /1 + 2¢Ax, the dispersion relation is equivalent to the

isotropic case:

w? = 2k2 + k2
(WAL)? = (. At)?k2 + (c.At)?k?
(Use ¢2 = (1 + 2¢)c?)

(wA)? = (14 2€)(c. At)?k2 + (c,At)*k?

(c.At)? (cZAt)
(Ax)? (Az)?

(wAL)? = (1+2¢) (ko Az)? + (k.Az)?

(take Az = Azv/1 + 2¢ to obtain dispersion relation identical to the isotropic case)
0 = (K7 + K2)

where Q = wAt, 2 (?ZAQ , Ky =k, Az and K, = k,Az.

The numerical dispersion for the isotropic case is

cos(Q) + Y [emcos(mKy) + e cos(mK ;)] = 0. (3.38)

M=

0

3
Il

Similarly, the numerical dispersion for the elliptical anisotropic case is

M
cos(§2) + Z ¢m cos(mKy) + dp, cos(mK,)] = 0. (3.39)
m=0

3.8.2  Accuracy analysis

Since for differential equations (3.1) and (3.34), a simple change of variable z = /1 + 2¢ z
can convert (3.34) into (3.1), it is reasonable that above conclusion holds for the difference

equations as well, with ¢, = (1 4 2¢)d,,. Similar to the numerical dispersion case, we plug



90

in the true solution to the difference equation for elliptical anisotropic case:

UZ?J’JFl—FUliljl—i_Zcm Ul+mJ+Ul mj +Zd Ul]+m+Ulj m)

m=0 m=0
At? At
—2u+2—82u+2 1 84u+...
M (mAx)? (mA:U)4 4
—i—Zcm 2u+2T8xu—|—2T6Iu+...
m=0 ’ ’

4
+Zd <2u+2 A)az mﬁz)aﬁu+...>.

Taking ¢, = (1 + 2¢)d,, and Az = /1 + 2eAx gives the exact same form of the isotropic

case, with a minor adjustment of the ¢y and dy terms.

8.8.8 Stability analysis

For the schemes we get to be stable, we enforce:

M
co+ Y [emcos(mKy) + dpm cos(mK.)]| < 1. (3.40)

m=1

2| =

It is even harder to find stable schemes for the elliptical anisotropic media.

Conclusion

We conclude that, for the elliptical anisotropic case, we can compute the coefficients as

usual. The schemes apply to a stretched medium.
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Chapter 4

CONCLUSIONS

In this work, we have developed a unified methodology for obtaining dispersion reduction
finite difference schemes. The method is based on obtaining a uniform approximation to
the true dispersion relation for all wavenumbers in the proper domain, while keeping the
traditional requirement of order of accuracy. All accuracy analyses are done in the spectral
domain, using the spectral order of accuracy proposed by Finkelstein and Kastner (2009).
We have proved the existence of schemes based on interpolation of the dispersion relation
proposed by Finkelstein and Kastner (2007, 2008) and Liu and Sen (2009) for arbitrary
choice of wavenumbers. The existence result further guarantees the possibility of designing
a Remez-like algorithm, with enforced exact phase/group dispersion relation at preset non-

zero wavenumbers.

In one dimension case, the minimization of dispersion error is done in the wavenumber
domain. Decrease in numerical dispersion error for all wavenumbers is observed. One
drawback of our new method is that, unlike traditional scheme where the numerical wave
speed is always smaller than the true wave speed, in the new method, it is possible that the
numerical speed is higher than the true wave speed (see Figure2.14a). This is not surprising,
as such errors are in the nature of the Remez algorithm. Another remark to make is on the
choice of the optimization interval. Since the null spaces needed for the algorithm are not
Haar on the full domain [0, 7], it is reasonable to do minimization only on [0, Kpney| with
some Kp,qr < m. Schemes corresponding to Figure 2.14 are obtained by optimizing with
Kiae = 0.971. With exact dispersion requirements at preset wavenumber K| for example,
we need to either change the optimization interval to avoid Ky, or to change the alternating
requirements to rule out the zero at Ky. Figure 2.17 is produced with exact phase velocity

at 0.5m and optimization interval [0,0.497]; the overall dispersion error is reduced.

In the two dimension case, the dispersion relation depends on both wavenumber and
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propagation angle. As in one dimension case, we build new schemes from accuracy con-
ditions at the zero wavenumber. These conditions depend on propagation angles, and we
choose the angle 7/4 in the accuracy conditions. This choice guarantees the possibility of
Remez algorithm in wavenumber, and doesn’t increase dispersion error much compared to
7/8, the choice made by Liu and Sen. Similar to the one-dimension case, we seek schemes
that minimize dispersion error uniformly. The minimization is done either in wavenumber
with a fixed propagation angle or in angle with a fixed wavenumber. Although the Remez
algorithm in wavenumber is guaranteed by our results to work if we take 7/4, the Remez
algorithm in propagation angle is not guaranteed to always work. Both ways show improved
dispersion accuracy in propagation angles. It is in general hard to find stable schemes in
two dimensions using these methods. Schemes that guarantee minimized dispersion for all
angles are also hard to find. It would be an interesting question to study the criteria for

determining stable schemes using these methods.
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