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Physics

The standard models of cosmology and particle physics have met enormous success. However,

there are still a few big questions that remain to be answered. One of these outstanding questions is

“what is the dark matter?”. One of the most well-motivated dark matter candidates is the axion, as it

provides a natural solution to another fundamental problem called the strong CP problem. Axions

can also be motivated by various theories in high energy physics. A Universe with axion dark

matter is very colorful as one expects many planetary-mass collapsed structures and potentially

compact clumps such as axion stars. Astrophysical and cosmological observations can be sensitive

to these structures, providing a unique window into the nature of dark matter. We will discuss

recent progress in the evolution, formation and detectable signals of axion minihalos and axion

stars.
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Chapter 1

INTRODUCTION

The standard models of particle physics and cosmology have been phenomenally successfully

in describing our Universe. However, there are still big problems that remain to be answered. The

Standard Model of particle physics provides a consistent quantum field theory (QFT) for the low

energy interactions of the visible matter (baryons and photons), which only constitutes ∼ 5% of the

energy in the Universe. The rest of the Universe consists of dark matter and dark energy, whose

existence has been confirmed from their gravitational effects, but how to incorporate them into

a consistent model of particle physics remains unknown. The ‘small’ energy density in the dark

energy is also known as the cosmological constant problem since the QFT predicts a number that

is 120 orders of magnitude larger Weinberg [1989]. Perhaps the solution to this problem is that we

only live in the part of the universe where the dark energy density is small enough so that collapsed

structures like galaxies can form, an anthropic solution known as the multiverse Weinberg [1989].

The particle nature of dark matter, however, is likely addressable within the context of QFT itself.

Another puzzle occurs in the the visible sector itself: The origin of the baryon asymmetry (the

asymmetry between the density of matter and anti-matter) is unknown as one expects matter and

antimatter to be initially equal to each other if they existed in thermal equilibrium in the early

Universe Sakharov [1967]. The three big problems about baryonic matter, dark matter and dark

energy have motivated myriad studies beyond the Standard Model of particle physics. In this thesis,

we will focus on the question related to dark matter and show how astrophysical and cosmological

observations can assist in probing the particle nature of dark matter. In particular, we are interested

in a well-motivated dark matter candidate called the axion and study the Universe with the axion

being dark matter.

The axion, originally proposed as a solution to the strong CP problem Peccei [2008], has received
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renewed interest in recent years in the particle physics community as the second most popular, if

not the most popular, dark matter candidate Weinberg [1978], Wilczek [1978], Kim [1979], Abbott

and Sikivie [1983], Dine and Fischler [1983], Preskill et al. [1983], Peccei [2008]. The axion is a

pseudo-Nambu–Goldstone boson arising from the spontaneously broken Peccei-Quinn symmetry

and it accquires its mass through non-perturbative effects. Axions can be motivated from various

high energy physics theories including the CP-violation in the Standard Model and theories with

extra dimensions such as string theory Svrcek and Witten [2006], Marsh [2016], Hui et al. [2017],

giving a broad landscape of axions and axion-like particles. Many experimental searches of axion

dark matter has been proposed to detect axions either directly or indirectly. In particular, the Axion

Dark Matter eXperiment (ADMX)Braine et al. [2020] has begun to constrain the axion-photon

couplings predicted by QCD axion – the name for the axion that solves the strong CP problem – for

some mass ranges. The QCD axion mass and couplings are determined by a single parameter, the

axion decay constant 𝑓𝑎 since the axion’s mass 𝑚𝑎 can be determined by 𝑓𝑎 and the temperature of

the QCD phase transition ΛQCD. On the other hand, if we do not need axions to solve the strong

CP problem, 𝑚𝑎 and 𝑓𝑎 are independent of each other and we call them axion-like particles.

While there have been laboratory experiments that can directly detect axion dark matter, astro-

physical and cosmological observations can provide an unique window onto axion physics. The

axion Universe is colorful with even one type of particle since axion field fluctuations, if not ho-

mogenized by inflation, can enhance the matter power spectrum on extremely small scales, forming

structures known as axion miniclusters or axion minihalos in the early Universe. While the matter

power spectrum on galactic scales should remain consistent with current observations, smaller

scale fluctuations are yet weakly constrained. Therefore, future searches for axion minihalos can

provide a bridge between cosmological observations and fundamental physics. While microlensing

is not sensitive to axion minihalos since they are not concentrated enough, there are two recent

proposals that can detect axion minihalos with future observations. One uses the Shapiro time

delays and Doppler shifts that these axion minihalos could impart on pulsar timing Dror et al.

[2019], Ramani et al. [2020] and the other uses the effect of axion minihalos on the microlensing

caustics of cosmological stars that are highly magnified both by a cluster lens and stellar microlens



3

Dai and Miralda-Escudé [2020].

Not only will an enhanced abundance of dark matter halos be potentially present in the Axion

Universe, but also axion star formation owing to the bosonic nature of axions. Bose-Einstein

condensation can occur inside axion minihalos, forming coherent objects called axion stars. The

stable field configuration of axion stars have been studied extensively analytically, while there are

also numerical simulations of the formation of axion stars Chen et al. [2021,], Levkov et al. [2018].

Since the self-interaction of axions are attractive, axion stars are balanced by the kinetic pressure

and gravity. At some density self-interaction will overcome the kinetic pressure and axion stars

will collapse, emitting relativistic axions. This process is called axinovae, which will significantly

change the evolution of cosmological parameters since it is converting matter to radiation. The

compactness of axion stars, as well as their nontrivial dynamics, offer potentially new avenues for

observations.

Thus, axions have a rich phenomenology owing to gravitational interactions and self-couplings.

However, axions are also expected to couple to photons and nucleons, which allows even more

possibilities for exotic behaviors. Axion–photon couplings can induce radio emissions from axion

minihalos or axion stars. Possible scenarios include axion stars that undergo parametric resonance

into photons and axion stars or minihalos in the presence of a strong magnetic field (around neutron

stars or the galactic center), both rapidly emitting radio photons Bai and Hamada [2018], Hertzberg

and Schiappacasse [2018], Hertzberg et al. [2020], Prabhu [2020], Prabhu and Rapidis [2020],

Carenza et al. [2020], Safdi et al. [2019], Battye et al. [2020], Foster et al. [2020], Hook et al.

[2018], Caputo et al. [2019].

Given upcoming observations that will be sensitive to various aspects of axion phenomenology,

studying the physics of the axion Universe is increasingly important. In the following subsections,

we will review the theoretical motivation for the QCD axion, the unique production mechanism of

axion as a dark matter candidate, and the formation of axion miniclusters. We will also discuss

recent progresses in understanding the nonlinear evolution of axion miniclusters and the formation

of axion stars.
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1.1 Axion as a solution to the Strong CP Problem

That CP symmetry (the combination of charge symmetry and parity symmetry) is conserved in

QCD is referred to as the strong CP problem. Our universe preferring CP symmetry might not

be obviously problematic, especially for physicists back in the 1950s who used to believe that

parity is strictly conserved in nature until Lee and Yang proposed experiments to look for parity

violation in weak interactions Lee and Yang [1956] and Wu designed the experiment to test it Wu

et al. [1957]. It was astonishing but then became a norm that parity or even CP may be violated

in fundamental interactions. However, the neutron electric dipole moment, which quantifies the

CP-violation in the strong interaction, is measured to be consistent with zero with extremely small

error bars, suggesting CP is conserved in strong interactions. The strong CP problem is deepened

as one studies more about the complicated structure of the vacuum in non-Abelian gauge theories,

which contributes to the CP-violating term in the strong interaction. On the other hand, the phase

of the quark mass matrix can also contribute to CP-violation. The real problem arises when two

distinctly different physical mechanisms contribute to the same number that is measured to be very

close to zero, which requires fine tuning. Different from other fine-tuning problems such as the

cosmological problem, an anthropic solution is not likely as our Universe will behave very similarly

with a slight CP-violation term. In the following, we show how axion can provide a natural solution

to this problem.

For simplicity, we study an SU(2) gauge theory to reveal the vacuum structure of QCD. The

result will still carry over to the SU(3) gauge theory as SU(2) is a subgroup of SU(3) (and SU(N) for

N >3). The ground state of vacuum configurations will be studied in the context of the non-Abelian

gauge theories. Using temporal gauge, 𝐴0 = 0, and restricting ourselves to time independent gauge

transformations, one obtains gauge fields with spatial components only, which transforms as

1
2
𝜏𝑎𝐴

𝑖
𝑎 ≡ 𝐴𝑖 → Ω𝐴𝑖Ω−1 + 𝑖

𝑔
∇𝑖ΩΩ−1, (1.1)

where Ω(𝑥) ∈ SU(2). For the vacuum ground state, we have 𝐹𝑎𝜇𝜈 = 0, which implies vacuum

configurations take the form 𝐴𝑖 = 𝑖
𝑔
∇𝑖ΩΩ−1. We impose the boundary condition that Ω approaches

the same constant as 𝑟 → ∞ in all directions to ensure a finite energy, which gives the space the
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topology of a 3-D sphere S3. Since any SU(2) gauge transformation Ω can be parameterized by

a euclidean four-vector of unit length, Ω(𝑥) provides a mapping from spatial S3 to the vacuum

S3. Such maps fall into topological classes labeled by integer 𝑛. The asymptotic behavior of Ω at

infinity is described by the winding number which can classify these vacuum configurations

Ω𝑛 → 𝑒2𝜋 𝑖 𝑛 as 𝑟 → ∞ (𝑛 = 0,±1,±2,±3, ...). (1.2)

The winding number, which is related to the Jacobian of the mapping, can be expressed as:

𝑛 =
𝑖𝑔3

24𝜋2

∫
𝑑3𝑥Tr 𝜖𝑖 𝑗 𝑘𝐴𝑖𝑛𝐴

𝑗
𝑛𝐴

𝑘
𝑛 =

𝑔2

32𝜋2

∫
𝑑4𝑥𝐹

𝜇𝜈
𝑎 𝐹̃𝑎𝜇𝜈, (1.3)

where

𝐹̃𝜇𝜈 ≡
1
2
𝜖 𝜇𝜈𝜎𝜏𝐹𝜎𝜏 (1.4)

is the dual field strength and 𝐴𝑛 is the gauge field configuration corresponding to Ω𝑛. The winding

number is invariant under smooth deformations of Ω, and thus topologically invariant. Therefore

SU(2) gauge theory has an infinite number of zero-energy field configurations labeled by 𝑛 and

different states are separated by energy barriers

⟨𝑛 + 1|𝐻 |𝑛⟩ ∼ 𝑒−𝑆, (1.5)

where 𝐻 is the Hamiltonian and 𝑆 is the instanton action that connects the vacuum state with

winding number 𝑛 at 𝑡 = −∞ to 𝑛 + 1 at 𝑡 = +∞. Due to the finite energy barrier, the 𝑛 state is not

the true vacuum state. One needs to diagonalize the Hamiltonian and obtain the theta vacua

|𝜃⟩ =
+∞∑︁
𝑛=−∞

𝑒−𝑖𝑛𝜃 |𝑛⟩. (1.6)

Ultimately, we would like to obtain the vacuum energy in theta vacua. Therefore we would like

to compute the transition amplitude between different 𝜃 vacua, from 𝑡 = −∞ to +∞, which can be

expressed as

+⟨𝜃′|𝜃⟩− =
∑︁
𝑛−,𝑛+

𝑒𝑖(𝑛+𝜃
′−𝑛−𝜃)+⟨𝑛+ |𝑛−⟩−, (1.7)

The transition amplitude between different winding numbers +⟨𝑛+ |𝑛−⟩− must depend on 𝑛+ − 𝑛−
only as the Hamiltonian is invariant under time-independent gauge transformations that carry a
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nonzero winding number, which gives ⟨𝑛+ |𝐻 |𝑛−⟩ = ⟨𝑛+ + 𝑘 |𝐻 |𝑛− + 𝑘⟩. Defining 𝑛 = 𝑛+ − 𝑛−, one

can rewrite the transition amplitude using the expression for the winding number in Eq. 1.3

+⟨𝜃′|𝜃⟩− =𝛿(𝜃′ − 𝜃)
∑︁
𝑛

𝑒𝑖𝑛𝜃
∫

D𝐴𝑛𝑒
−𝑆

=𝛿(𝜃′ − 𝜃)
∫

D𝐴 exp
∫

𝑑4𝑥Tr
(
−1

4
𝐹𝜇𝜈𝐹𝜇𝜈 +

𝑖𝑔2𝜃

32𝜋2𝐹
𝜇𝜈
𝑎 𝐹̃𝑎𝜇𝜈

)
.

(1.8)

Therefore, the complicated nature of the QCD vacuum reveals that one extra term should be added

to the effective Lagrangian:

𝐿𝜃 = 𝜃
𝑔2

32𝜋2𝐹
𝜇𝜈
𝑎 𝐹̃𝑎𝜇𝜈 . (1.9)

This term violates both Parity and Time reversal symmetry but conserves charge conjugation

symmetry. The most stringent experimental bound for this term comes from the measurement of

the neutron electric dipole moment, which is related to the 𝜃 parameter as 𝑑𝑛 ≈ 𝑒𝜃𝑚𝑞/𝑚2
𝑁

, which

implies |𝜃 | < 10−9 Baker et al. [2006].

As one considers the quark mass matrix, the complete coefficient of the 𝐹𝐹̃ is

𝜃 = 𝜃 + Arg det𝑀. (1.10)

𝜃 is directly related to observables and is measured to be extremely small. Now we can clearly see

how two physical parameters that have distinct origins (one from the quark mass matrix and the

other from the vacuum structure) must cancel almost exactly to remain consistent with experimental

data. This requires fine tuning to the physical parameters and one might consider it as unnatural in

fundamental theories.

The axion, which is a Nambu-Goldstone boson of the broken symmetry U(1)PQ (The U(1)PQ

symmetry corresponds to the shift symmetry of the axion field, which is spontaneously broken),

provides a natural way out. The shift symmetry of the axion, 𝑎 → 𝑎+𝛼 𝑓𝑎, where 𝑓𝑎 is the symmetry

breaking scale, is essential for solving the strong CP problem as one wants to absorb the axion field

into the QCD theta parameter:

𝜃 = 𝜃 + Arg det𝑀 + 𝑎

𝑓𝑎
. (1.11)
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The extra term can arise from effective field theory of the Standard Model that is U(1)PQ invariant:

L ⊃ (𝜃 + 𝑎

𝑓𝑎
) 𝑔2

32𝜋2𝐹
𝜇𝜈
𝑎 𝐹̃𝑎𝜇𝜈 . (1.12)

The shift symmetry of axions, 𝑎 → 𝑎 + 2𝜋 is protected from being broken during the symmetry

breaking. Before acquiring its mass from instanton effects, the axion is massless, which guarantees

that it only contributes to the vacuum energy as a function of 𝜃 + 𝑎/ 𝑓𝑎. Therefore, the vacuum

energy is a periodic function of 𝜃, and it gives the following axion potential if we ignore the effects

from finite quark masses

𝑉 (𝑎) ∼ Λ4
QCD

(
1 − cos

(
𝜃 + 𝑎

𝑓𝑎

))
. (1.13)

The above formula will apply to a pure Yang-Mills theory. The complete expression should consider

the quark masses and study the pion fields properly (See Hook [2019] for a review). Therefore,

when the axion takes the vacuum expectation value to minimize the vacuum energy, the physical 𝜃

parameter automatically relaxes to zero, which successfully solves the strong CP problem. If there

are other contributions to the axion potential, the vacuum expectation value will not guarantee the

vacuum ground state has zero theta value. Therefore, the shift symmetry of axion is essential for

solving the problem, as we mentioned.

There are concerns from quantum gravity breaks all global symmetries like the𝑈 (1)PQ. Gravity

may breaks such symmetries in a manner that likely tilts the axion potential sufficiently so that

it is difficult to satisfy 𝜃 < 10−10, a problem known as the axion quality problem Kamionkowski

and March-Russell [1992], Barr and Seckel [1992], Ghigna et al. [1992]. There are a few possible

solutions to the axion quality problem, including theories where U(1)PQ is an accidental symmetry

Randall [1992] and theories where the U(1)PQ symmetry is promoted to be a gauge symmetry Choi

[2004], Arkani-Hamed et al. [2003].

1.2 Production Mechanism of Axion Dark Matter

The production mechanism of the axions in the early Universe is very different from the thermal

production of weakly interacting massive particles (WIMPs), perhaps the leading hypothesis for

dark matter. While axions can also be thermally produced, their thermal contribution to the dark
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matter relic density is negligible for viable parameters due to the small cross section (stellar cooling

rules out the possibility of having a large cross section Masso and Toldra [1995]). The major

mechanisms that produce axions is the vacuum misalignment mechanism as well as the decay of

topological defects. If the axion field value is homogenized by inflation, which happens when

the Peccei-Quinn symmetry breaking occurs before or during inflation, topological defects will not

form and the vacuum misalignment mechanism alone is responsible for the production of axion dark

matter. This is the so called the pre-inflationary scenario. On the other hand, the post-inflationary

scenario, namely, where the symmetry is broken after inflation, a significant fraction of the the

axions are likely produced by the decay of topological defects (mostly axion strings).

1.2.1 Vacuum Misalignment Mechanism of Axion Production

Vacuum misalignment is essentially a mechanism that converts vacuum energy to matter density

when the particle mass is close to the Hubble parameter and starts to oscillate. So where is the

vacuum energy coming from and why is it not relaxing to zero vacuum energy before the oscillation

of axions? The answer is related to the solution of the strong CP problem we discussed previously.

The axion potential only receives contributions from the non-perturbative QCD effect which is only

turned on during the QCD phase transition. Therefore the vacuum is flat before the QCD phase

transition and the axion field can take any values in the range of 0 to 2𝜋 in different horizon patches.

During the QCD phase transition, the axion acquires its mass and the energy comes from the

radiation plasma. Roughly at the same time, the axion mass is comparable to Hubble parameter and

axions subsequently oscillate and act as matter-like particles. Therefore the axion relic abundance

generated by the vacuum misalignment mechanism is determined by the time of axion oscillation

as well as the initial vacuum energy density. In the following, we study the production of axions

from vacuum misalignment more quantitatively.

We would like to study the equation of motion of the axion field in the early Universe to reveal

its evolution during the QCD phase transition. The equation of motion is(
𝜕2
𝑡 + 3

¤𝑅
𝑅
𝜕𝑡 −

1
𝑅2∇

2
𝑥

)
𝑎(𝑥) +𝑉 ′(𝑎) = 0, (1.14)
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where 𝑅 is the scale factor, the components of x are the co-moving spatial coordinates of the

universe, and 𝑉 (𝑎) is the potential of the axion field shown in Eq. 1.13. This potential comes from

the non-perturbative contribution of instantons ’t Hooft [1976]. Since the symmetry breaking scale

𝑓𝑎 and the axion mass can be related by 𝑚2
𝑎 𝑓

2
𝑎 = Λ4

QCD, the equation of motion can be rewritten as(
𝑑2

𝑑𝑡2
+ 3

2𝑡
𝑑

𝑑𝑡

)
𝑎(𝑡) + 𝑚2

𝑎 (𝑡) 𝑓𝑎sin
(
𝑎(𝑡)
𝑓𝑎

)
= 0, (1.15)

where we have assumed the radiation era with 𝑅(𝑡) ∝
√
𝑡 and the homogeneity of axion fields. If

the axion field is homogenized by inflation, the above equation captures all the physical information

for the evolution of axion fields. However, this no longer holds if Peccei-Quinn symmetry breaking

occurs after inflation and there are extra contributions from topological defects that cause spatial

variance in the axion field. For the moment, we focus on the evolution of homogeneous axion fields.

When the axion mass term is negligible compared to the Hubble parameter, the axion potential will

behave as a dark energy term and the field value is

𝑎(𝑡) = 𝑎0 + 𝑎1/2𝑡
−1/2, (1.16)

where 𝑎0 and 𝑎1/2 are constants. Therefore the axion field will soon become constant during the

expansion of the Universe. As 𝑡 approaches the time when the axion starts to oscillate, 𝑡1, which

satisfies𝑚𝑎 (𝑡1) = 𝐻 (𝑡1) = 1/(2𝑡1), the axion field will evolve very differently. Solving the equation

of motion, we will see axions will behave as matter. Assuming the initial field value is sufficiently

small such that 𝑓𝑎sin (𝑎/ 𝑓𝑎) ≈ 𝑎, and defining a field 𝜓:

𝑎(𝑡) ≡ 𝑡−3/4𝜓(𝑡), (1.17)

the equation of motion can be rewritten as(
𝑑2

𝑑𝑡2
+ 𝜔(𝑡)2

)
𝜓(𝑡) = 0, (1.18)

where

𝜔(𝑡)2 = 𝑚2
𝑎 (𝑡) +

3
16𝑡2

. (1.19)
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Once 𝑡 > 𝑡1, 𝜔(𝑡) rapidly reaches 𝑚𝑎 and 𝜓2
0𝜔(𝑡) is adiabatically invariant. The solution can be

written as

𝑎(𝑡) ≈ 𝐴(𝑡)cos
(∫ 𝑡

𝑑𝑡′𝜔(𝑡′)
)
, (1.20)

with

𝐴2(𝑡)𝑚𝑎 (𝑡) ∝ 𝑡−3/2 ∝ 𝑅(𝑡)−3. (1.21)

This provides solutions to the zero mode axions, whose number per co-moving volume is conserved.

This will hold as long as the changes in axion mass are adiabatic. The changes in axion mass are

determined by the temperature in the radiation component, which can be modeled as Hertzberg

et al. [2008]:

𝑚𝑎 (𝑇) =


𝑚𝑎 (0) 𝑇 < 0.2 GeV;

𝑚𝑎 (0) ( 0.2 GeV
𝑇

)6.5 0.2 GeV ≤ 𝑇 ≤ 1 GeV;

𝑏𝑚𝑎 (0) ( 0.2 GeV
𝑇

)4 𝑇 > 1 GeV ,

(1.22)

where 𝑏 = 0.018 and 𝑚𝑎 (0) = (78 MeV)2/ 𝑓𝑎, and 𝑚𝑎 (0) is the axion mass at zero-temperature.

Therefore we expect the changes are adiabatic and axions shall behave as dark matter.

The energy density of dark matter relic abundance produced from the vacuum misalignment

mechanism is

𝜌vc
𝑎 ∼ 1

2
𝑚𝑎 (0)𝑚𝑎 (𝑡1)𝑎(𝑡1)2 =

𝑓 2
𝑎𝑚𝑎 (0)

2𝑡1
𝛼2

1, (1.23)

where 𝛼2
1 is the average axion field value before QCD phase transition. After 𝑡1 the axion density

will scale like matter

𝜌vc
𝑎 (𝑡0) ∼

𝑓 2
𝑎𝑚𝑎 (0)

2𝑡1

(
𝑅1

𝑅0

)3
𝛼2

1 . (1.24)

In the pre-inflationary scenario, 𝛼1 is just a number ranging from 0 to 2𝜋 and it should be considered

as an input parameter to the model. On the other hand, it will be averaged over different horizons in

the post-inflationary scenario and the relic abundance from the vacuum misalignment mechanism is

fixed. Inserting the QCD scale, we can write the axion relic abundance from vacuum misalignment

as

Ω𝑎 ∼ 0.15
(

𝑓𝑎

1012GeV

)7/6
𝛼2

1 . (1.25)
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1.2.2 Axions from topological defects

In the so called post-inflationary scenario, topological defects such as strings and domain walls can

also form, and these will contribute to the axion relic abundance via emitting relativistic axions. The

formation of domain walls is generically problematic as their energy density scales like 𝜌wall ∝ 𝑡−1

and they tend to overclose the Universe. So we will be focusing on the case where 𝑁DW = 1 to avoid

the cosmological disaster (𝑍 (𝑁DW) is the subgroup of𝑈 (1)PQ that is not broken by non-perturbative

QCD effects, which implies a 𝑁DW fold degeneracy of the vacuum). When 𝑁DW = 1, the domain

walls bounded by strings can still form when axions accquire the mass but they will decay to axions.

However, we assume this is not a cosmological problem here like everyone else. Therefore, the

emission from topological defects like axion strings is the most important contribution to the axion

relic abundance.

The evolution of axion strings and its contribution to dark matter density is a very difficult

problem to solve though it has been studied numerically by many groups Vaquero et al. [2019],

Gorghetto et al. [2021], Buschmann et al. [2022]. Different groups predict different axion relic

density from strings, leaving it a open question for further discussion or debate. In this section, we

will summarize the basic equations that govern the evolution of axion strings and the emission of

axions. The current status of the study of axion strings will also be reviewed.

The axion string is a type of cosmic string that carries non-zero winding number under the

𝑈 (1)PQ symmetry. Its string tension is related to the Peccei-Quinn symmetry breaking scale

𝜇 = 𝜋 𝑓 2
𝑎 ln ( 𝑓𝑎𝐿), (1.26)

where 𝐿 is the infra-red cutoff which should equal the distance to the nearest neighbor string. Axion

strings store a huge amount of energy within the string core and they strongly couple to axions.

Therefore, the decay of strings is a very efficient way of producing axions. The exact relic density

from string decay will sensitively depend on its evolution as well as the radiation spectrum, both of

which can in principle be determined by numerical simulations.

Even though the axions emitted by strings are initially relativistic, the velocity will be redshifted

and they soon become nonrelativistic in the early Universe, contributing to the relic density. When
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the strings get unstuck from the plasma, they move freely at relativistic velocities and intersect

with each other. The dynamics of this process is complicated as long strings that stretch across the

horizon can reroute the topological flux and form string loops, which radiate axions, evolving in a

way so that there is only a handful of strings per Hubble volume. Thus the, energy density in long

strings can be estimated as

𝜌str(𝑡) ∼ 𝜉𝜋
𝑓 2
𝑎

𝑡2
ln( 𝑓𝑎𝑡), (1.27)

where 𝜉 ∼ 30 characterizes the number of strings per horizon. Numerical studies find that it could

be fitted as 𝜉 = 𝜉0 + 𝜉1ln( 𝑓𝑎/𝐻), where 𝐻 is the Hubble parameter Gorghetto et al. [2018, 2021],

Buschmann et al. [2022]. The evolution of axion number density from the emission of strings, 𝑛str
𝑎 ,

can be described by the following equations

𝑑𝜌str

𝑑𝑡
= − 2𝐻𝜌str −

𝑑𝜌str→𝑎

𝑑𝑡
;

𝑑𝑛str

𝑑𝑡
= − 3𝐻𝜌str +

1
𝜔(𝑡)

𝑑𝜌str→𝑎

𝑑𝑡
,

(1.28)

where 𝜔(𝑡) is defined as
1

𝜔(𝑡) =
1

𝑑𝜌str→𝑎

𝑑𝑡

∫
𝑑𝑘

𝑘

𝑑𝜌str→𝑎

𝑑𝑡 𝑑𝑘
. (1.29)

Therefore, the spectrum of the string emission, 𝑑𝜌str→𝑎

𝑑𝑡 𝑑𝑘
(𝑘, 𝑡), is crucial to determine the axion relic

density from string emissions, with redder spectra leading to a more efficient conversion of the

string energy into relic nonrelativstic axions. It is challenging to simulate the emission of axions

from strings and the numerical results are controversial. The most challenging part concerns the

dynamical range. While the string core has a physical size determined by 1/ 𝑓𝑎, the simulation

box is a comoving volume and gradually loses sensitivity to small physical scales as the Universe

expands. Therefore, one might need to use an adaptive mesh to maximize the dynamical range of

simulations and this has been implemented in a recent work Buschmann et al. [2022]. The string

contribution to the axion relic abundance has been found to be dominating over the misalignment

contribution in Ref. Buschmann et al. [2022] and Gorghetto et al. [2021] while other groups found

it to be subdominant Vaquero et al. [2019]. The study of axion string evolution and emission

remains an active research direction and we hope to see more progress in the future.
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1.3 Axion Miniclusters and Minihalos

In the post-inflationary scenario, as we discussed in the previous section, the axion field takes

different values in different horizon patches. The axion field fluctuations will convert to matter

density fluctuations if the axion is responsible for the dark matter relic density, enhancing the matter

power spectrum on extremely small scales. Those order unity fluctuations will lead to the formation

of the so-called axion miniclusters at matter-radiation equality. In the standard thermal history,

assuming QCD axion parameters that give us the correct relic abundance (as we noted earlier, the

contribution from axion strings may introduce some uncertainties here), axion miniclusters will

have characteristic masses of ∼ 10−12𝑀⊙ and radii of ∼ 1012cm Hogan and Rees [1988], Kolb and

Tkachev [1993, 1996]. (The mass and radii range can be modified by a nonstandard thermal history

before big bang nucleosynthesis Nelson and Xiao [2018], Visinelli and Redondo [2020].)

These axion miniclusters, if they remain at their original density, might be detected in femto-,

pico- Kolb and Tkachev [1996], and microlensing surveys as long as the concentration number is

larger than ∼ 107 at the characteristic mass Fairbairn et al. [2018]. However, initial miniclusters

merged and formed bigger and less concentrated structures after matter-radiation equality, which

makes them less detectable. As we will discuss later, the axion density perturbations have a white

spectrum that extends to long wavelengths. Therefore, those longer-wavelength perturbations

collapse and form more massive structures at progressively later times, which will be the dominant

component of axion substructures. We call these late-time structures axion minihalos, and the

low-redshift spectrum of structures that results is what is relevant for observations (by low here we

really mean in comparison to the redshift of matter-radiation equality when axion miniclusters first

formed). Even though axion minihalos at late times are not as dense as the initial axion miniclusters,

many of these still form well before the halos of standard inflationary perturbations, and as such the

axion minihalos can be much more compact and denser than the normal massive CDM halos that

form from adiabatic fluctuations– making them less susceptible to disruption processes and also

more detectable.

Axion minihalos have planetary masses but are much more diffuse than planets, though much
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denser than normal CDM halos – which makes them more detectable. There are several recent

proposals for detecting dark matter minihalos. One uses the Shapiro time delays and Doppler shifts

that these minihalos could impart on pulsar timing Dror et al. [2019], Ramani et al. [2020]. A second

proposal uses the effect of these minihalos on the microlensing caustics of cosmological stars that

are highly magnified both by a cluster lens and stellar microlens Dai and Miralda-Escudé [2020].

Other proposals go beyond the gravitational effect and focus on the axion-photon coupling, including

detecting radio emission from axion stars (which are likely to form in the central cusp of axion

halos Kolb and Tkachev [1994, 1993], Kirkpatrick et al. [2020], Eggemeier and Niemeyer [2019],

Levkov et al. [2018], Bai and Hamada [2018], Hertzberg and Schiappacasse [2018], Hertzberg et al.

[2020], Prabhu [2020], Prabhu and Rapidis [2020], Carenza et al. [2020]), transients such as Fast

Radio Bursts as a potential signal of the explosive decay of axion miniclusters Tkachev [2015],

Iwazaki [2015], van Waerbeke and Zhitnitsky [2019], Dietrich et al. [2019], Sun and Zhang [2020],

Buckley et al. [2020], and axion-photon conversion in neutron stars Safdi et al. [2019], Battye et al.

[2020], Foster et al. [2020], Hook et al. [2018] or the Galactic Center Caputo et al. [2019]. Finally,

the clumpiness of cosmic axions could affect direct detection efforts like the Axion Dark Matter

eXperiment (ADMX)Braine et al. [2020], especially if a significant fraction of present-day axions

are bound in minihalos. The direct detection is also related to the disruption of axion minihalos

in the Milky Way galaxy, which may set some axions free from those bound objects Shen et al.

[2022].

Given the current experimental proposals, it is crucial to accurately calculate the abundance

and densities of axion minihalos, which will eventually determine the observability. One would

naturally start from a semi-analytic method such as the Press & Schechter formalism to estimate the

mass function of axion minihalos, which has been very successfully for normal CDM halos Press

and Schechter [1974]. In Press & Schechter, the mass function is given by

𝑚2𝑑𝑛/𝑑𝑚
𝜌̄

𝑑𝑚

𝑚
= 𝜈 𝑓 (𝜈) 𝑑𝜈

𝜈
, (1.30)
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where 𝜌̄ is the comoving density of matter and 𝜈, 𝑓 (𝜈) are defined as:

𝜈 𝑓 (𝜈) =
√︂

𝜈

2𝜋
exp(−𝜈/2),

𝜈 ≡
𝛿2
𝑐 (𝑧)

𝜎2(𝑚)
,

(1.31)

where 𝛿𝑐 is the critical density required for spherical collapse at z. In an Einstein-de Sitter

cosmology, 𝛿𝑐 = 1.686. 𝜎2(𝑚) is the variance in the initial density fluctuation field when smoothed

with a tophat filter of scale 𝑅 = (3𝑚/4𝜋𝜌̄)1/3, which can be determined as:

𝜎2(𝑚) ≡
∫

𝑑𝑘

𝑘

𝑘3𝑃(𝑘)
2𝜋2 |𝑊 (𝑘𝑅) |2, (1.32)

where 𝑊 (𝑥) = (3/𝑥3) [sin(𝑥) − 𝑥cos(𝑥)] is the spherical top-hat window function. Therefore,

the primordial axion power spectrum 𝑃(𝑘) is crucial for calculating the axion minihalo mass

function. At the critical time when the axion starts to oscillate, the energy stored in the vacuum will

start to convert to matter, imprinting density fluctuations. Therefore, the size of the horizon at the

oscillation time characterize the scale at which the fluctuation is order unity. The axion isocurvature

fluctuations at wavenumbers with 𝑘 ≪ Hosc follow a white noise power spectrum because different

H−1
osc patches were not in communication and therefore uncorrelated. The axion density will be

randomly distributed owing to the random field values ranging from 0 to 2𝜋. Furthermore, because

many horizon patches contribute to these scales, we assume the spectrum of fluctuations is Gaussian

so that the power spectrum fully describes the fluctuations. The Gaussian nature of 𝑘 ≪ Hosc axion

perturbations is important, since otherwise one could not simply use the semi-analytic method to

calculate the mass function. This assumption has been justified in N-body simulations as the lower

wavenumbers are dominating the formation of axion minihalos that are relevant for observations

Xiao et al. [2021]. Therefore, the initial axion perturbations can be well described by a white power

spectrum until a sharp cutoff:

Δ2
L (𝑘) ≡

𝑘3

2𝜋2𝑃(𝑘) = 𝐴osc

(
𝑘

𝑘osc

)3
at 𝑘 < 𝑘osc, (1.33)

where 𝑃(𝑘) ≡ 𝑉−1 |𝛿L (k) |2,𝑉 is the volume, 𝛿L is the Fourier transform of the configuration-space

linear dark matter overdensity, 𝑘osc ≡ Hosc and can be phrased in terms of the axion mass at low
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temperatures, 𝑚𝑎, via Vaquero et al. [2019]

1
𝑘osc

= 0.036
(
50𝜇eV
𝑚𝑎

)0.17
pc, (1.34)

and 𝐴osc sets the normalization, with 𝐴osc ∼ 1 resulting in order-unity fluctuations on the oscillation

scale Simulations of the QCD axion field evolution in the early Universe find that values of the initial

isocurvature variance are 𝐴osc ∼ 0.01 − 0.3 Vaquero et al. [2019], Buschmann et al. [2020], where

the large range of values depends on the importance of axion strings compared to the misalignment

mechanism in establishing the density fluctuations. While the overall normalization appears to be

smaller in the scenario of axion string formation, the power spectrum extends to even smaller scales

which corresponds to the string structure inside horizon, which enhances the inhomogeneity on

small scales. However, as shown in Ref. Xiao et al. [2021], the behavior of high 𝑘 modes is the most

relevant as minihalos will merge and form larger structures whose evolution is determined by the

white-noise power spectrum at scales much larger than the horizon size. A wavenumber of 𝑘osc can

be define a characteristic mass scale which will be useful in the following Dai and Miralda-Escudé

[2020]:

𝑀0 ≡ 4𝜋
3

(
𝜋

𝑘osc

)3
𝜌̄𝑎,0 = 2.3 × 10−10

(
50𝜇eV
𝑚𝑎

)0.51
𝑀⊙, (1.35)

where 𝜌̄𝑎,0 is the mean density of axions in the present day. Integrating over the white-noise power

spectrum, we can express the variance as:

𝜎(𝑀) =
√︂

3𝐴osc

2𝜋2
𝑀0

𝑀
. (1.36)

Now we have everything ready to compute the mass function of axion minihalos. Numerical studies

find that while the Press & Schechter formalisim provides a good estimation to the mass function, a

tweaked Sheth-Tormen mass function can fit the simulation results much better Xiao et al. [2021].

Since the white-noise spectrum is scale invariant (as we can see, the variance 𝜎 is a function of

𝑀/𝑀0 only), the simulation results apply to all scales and the fitting formula is generic as long as

the power spectrum of density fluctuations is white-noise.

As one obtains the necessary information for the mass distribution of axion minihalos, one still

needs to figure out the mass profile as well as its mass-concentration relation to obtain all the physical
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information that will determine the observational signatures. While the mass-concentration relation

has been studied quite extensively in the scenario of normal CDM halos, it is not well explored

in the scenario early structure formation such as axion minihalos. Numerical studies find that a

scaling law for certain mass ranges can well fit the mass-concentration relation Xiao et al. [2021],

which can be motivated analytically by assuming the initial concentration of minihalos is 4 and then

grows linearly with time as the background density drops. More studies will be needed to extend

the conclusion to more mass ranges, quantify the impact of dense substructures of minihalos and

estimate the scatter in the mass-concentration relation.

1.4 Axion Stars

The axion minihalos, being light, cold and dense, are ideal environments for axion star formation.

The axion Universe is also more interesting given the possibility of axion star formation. Even

though there is no dissipative force as in the visible sector, the bosonic nature of axions provides

an extra window for star formation via Bose-Einstein condensation. Numerical studies have shown

axion stars do form within a Hubble time in the presence of axion minihalos Levkov et al. [2017,

2018], Chen et al. [2021]. Therefore, understanding the formation and evolution of axion stars will

be very important given the progress we have made in axion minihalos. Also, this can potentially

provide more windows into the detection of physics in dark sector.

Axion stars, are stable axion-field configurations that are balanced by kinetic pressure, gravity

and axion self-interactions. There are two branches of axion stars that have stable solutions, namely

the dilute branch and the dense branch. The dilute branch is balanced by the kinetic pressure

and gravity only while self-couplings are dominating over gravity in the dense branch. Since the

self-interaction is attractive, the moment it turns on axion stars will collapse and emit relativistic

axions, which makes them cosmologically unstable. There is a critical star mass that separates

the two branches. Therefore, if they continue to accrete mass, the lighter dilute axion stars will

eventually become unstable in a minihalo environment.



18

1.4.1 Axion Stars as Stable Configurations of Axion fields

The stable axion-field configuration for the gravitational bound-state of non-relativistic axions

can be found by solving the Gross-Pitaevskii-Poisson equations, which must be done numerically.

However, it has been shown that a good approximation of these solutions is obtained by using

a Gaussian ansatz for the field profile Chavanis [2011], Chavanis and Delfini [2011], Chavanis

[2016]. Doing so gives some insight into the competing effects driving the physicsVisinelli et al.

[2018]. Expanding the axion potential to quartic order one finds an attractive self interaction

𝑉 =
1
2
𝑚2
𝑎𝜙

2 − 𝜆

4!
𝜙4 , (1.37)

with 𝜆 = (1 − 3𝑐)𝑚2
𝑎/ 𝑓 2

𝑎 . An axion star of mass 𝑀∗ and radius 𝑅∗ has energy

𝐸∗ = −𝐺𝑁𝑀
2
∗

𝑅∗
+ 𝑐1

𝑀∗

2𝑚2
𝑎𝑅

2
∗
− 𝑐2

𝜆𝑀2
∗

12𝑚4
𝑎𝑅

3
∗
. (1.38)

In order, these terms correspond to the gravitational self energy, the gradient pressure, and the

internal energy from self interactions. The numerical coefficients, 𝑐𝑖, depend upon the details of

the field profile and are found numerically Ruffini and Bonazzola [1969], Membrado et al. [1989],

Visinelli et al. [2018] to be 𝑐1 = 9.9, 𝑐2 = 0.85. The mass-radius relation for axion stars, found by

minimizing 𝐸∗, has two solutions

𝑅±
∗ =

𝑐1

2𝐺𝑁𝑀∗𝑚2
𝑎

©­«1 ±
√︄

1 − 𝑐2

𝑐2
1
𝜆𝐺𝑁𝑀

2
∗
ª®¬ . (1.39)

The 𝑅+
∗ root corresponds to the so-called dilute branch in which the axion field value is small. On

this branch gravitational attraction is balanced by gradient pressure leading to a stable configuration.

As is typical for objects supported by uncertainty pressure the product of the radius and mass of

the star is a constant

𝑅+
∗ = 9.9

𝑀2
pl

𝑚2
𝑎𝑀∗

. (1.40)

However, as one moves to larger axion star mass the self interactions cannot be ignored and if they

are attractive (as assumed above) they destabilise the star. There is a maximal mass, beyond which

axion stars are no longer stable

𝑀m𝑎𝑥
∗ =

10.7
√
𝜆
𝑀pl . (1.41)
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The two solutions meet at this maximal mass. The second solution is one where gravity can

be ignored and the gradient pressure and the axion’s attractive self interactions are in unstable

equilibrium. On this branch 𝑅∗ ∝ 𝑀∗.

The value of the axion field at the center of the star scales as 𝑎2
0 ∼ 𝑀∗/(𝑚2

𝑎𝑅
3
∗) so that at the

low mass end of the 𝑅−
∗ branch 𝑎0 ∼ 1 and the axion field is not dilute. The axions can no longer

be thought of as non-relativistic and the solution is approximately constant density (𝜌 ∼ 𝑚2
𝜋 𝑓

2
𝜋 )

and thus 𝑅∗ ∼ 𝑀
1/3
∗ . However, it is believed that this field configuration is also unstable, with

a lifetime ∼ 103𝑚−1
𝑎 Visinelli et al. [2018], although alterations to the axion potential can make

these solutions long lived Cyncynates and Giurgica-Tiron [2021], Kawasaki et al. [2020], Olle et al.

[2021].

The upshot of this is that if a dilute axion star with mass below 𝑀max
∗ were to form and grow, by

accumulation of additional axions, to the maximal mass it would then shrink in size and become a

dense axion star which would survive for a short period. During this time the dense axion star goes

through several oscillations and a density singularity develops in the central core and this dense

region emits relativistic axions lowering the density Levkov et al. [2017]. This process repeats and

∼ 30% of the initial star mass can be emitted, leaving a dilute remnant which may in turn grow to

the maximal mass and emit more relativistic axions. Thus, maximal mass stars are an engine to

turn substantial amounts of cold dark matter into radiation.

1.4.2 Condensation time for the formation of axion stars

Now we turn to the problem of the formation rate of axion stars. Once minihalos exist, gravitational

interactions or self-interactions can subsequently lead to the formation of Bose-Einstein condensed

axion stars at their center. The timescale for this formation, and subsequent growth, in an environ-

ment where the axions being captured have typical number density 𝑛 and speed 𝑣 is determined

Levkov et al. [2018], Eggemeier and Niemeyer [2019], Chen et al. [2021], Kirkpatrick et al. [2020]

by

𝜏 ∼ ( 𝑓BE𝑛𝜎𝑣)−1 . (1.42)
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With 𝜎 the total scattering cross section. This formation rate is Bose-enhanced from the naive

expectation due to the large phase space density, 𝑓BE = 6𝜋2𝑛(𝑚𝑎𝑣)−3. The gravitational Rutherford

transport cross section is 𝜎gr = 8𝜋(𝐺𝑁𝑚𝑎𝑣
−2)2 log(𝑚𝑎𝑣𝑅), where the Coulomb logarithm has been

cutoff at a characteristic length scale of the minihalo, 𝑅. Attractive self-couplings can also lead

to formation and the scattering cross section is 𝜎self = 𝜆
2𝑚−2

𝑎 /128𝜋. The total condensation time,

considering both gravity and self-interaction, is

𝜏total =
𝜏self𝜏𝑔𝑟

𝜏gr + 𝜏self
. (1.43)

With each individual process having a timescale of

𝜏gr =
𝑏

48𝜋3
𝑚𝑎𝑣

6

𝐺2
𝑁
𝑛2 log (𝑚𝑎𝑣𝑅)

, (1.44)

for gravity, and

𝜏self =
64𝑑𝑚5

𝑎𝑣
2

3𝜋𝑛2𝜆2 . (1.45)

The parameters 𝑏, 𝑑 ∼ O(1) are numerical coefficients that are extracted from numerical simulations

Chen et al. [2021]. Comparing these two timescales, (6.9) and (6.10), we see that the self interactions

will determine the axion star formation rate if 𝑓𝑎 <∼ 𝑀pl𝑣. When determining the gravitational

relaxation timescale for formation of axion stars in minihalos we take, as typical, the densities and

speeds at the scale radius. Therefore, one can calculate the formation time of axion stars given the

density and velocity in the axion minihalos, which can be obtained from halo parameters such as

the halo concentration and the halo mass.
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Chapter 2

AXION COSMOLOGY WITH EARLY MATTER DOMINATION

2.1 Introduction

The QCD axion, which was invented to solve the strong CP problem Peccei and Quinn [1977],

Peccei [2008], is a well-motivated candidate for dark matter. The axion mass and couplings are

determined by a single parameter, the axion decay constant 𝑓𝑎. Laboratory, astrophysical and

cosmological bounds on 𝑓𝑎 place it well above the weak scale. As the axion mass and couplings

are inversely proportional to 𝑓𝑎, the axion must be extremely light, long lived, and weakly coupled.

If the axion exists, the misalignment mechanism produces axion dark matter, with an abundance

that increases with 𝑓𝑎. It is often stated that there is an upper bound on 𝑓𝑎 of 1012 GeV so as to not

overproduce axions. This bound may be relaxed, e.g., if the axion exists during inflation and our

patch of the universe happens to have a small misalignment, or with a new depletion mechanism

Agrawal et al. [2018]. Without such tuning or depletion, the allowed value of 𝑓𝑎 is in the window

109GeV < 𝑓𝑎 < 1012GeV Andriamonje et al. [2007], Ayala et al. [2014], Raffelt [2008], Preskill

et al. [1983], Abbott and Sikivie [1983], Dine and Fischler [1983], Vysotsky et al. [1978], Visinelli

and Gondolo [2009]. It has been argued that string theory favors a higher value of 𝑓𝑎 Banks et al.

[2003], Svrcek and Witten [2006], Conlon [2006] and lighter axion than this window allows.

We can detect axions directly through the couplings with SM particles, especially the axion-

photon coupling (For some reviews, see Graham et al. [2015], Bradley et al. [2003]). However,

there are other interesting strategies for axion indirect detection. The axion can form gravitational

bound states on small scales at very early times. If the axion is produced after inflation, then the

axion field has an alignment angle which varies over a scale on the order of the Hubble horizon

size of the universe at the time of formation Kibble [1976]. Such inhomogeneities can grow

and become gravitational bound states called axion miniclusters Tkachev [1986], Hogan and Rees
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[1988], Sakharov and Khlopov [1994], Khlopov et al. [1998]. Axion miniclusters could grow to

bigger structures or boson stars Kolb and Tkachev [1993], Seidel and Suen [1994], which could be

detected by gravitational microlensing Fairbairn et al. [2017, 2018]. On the other hand, if the axion

exists during inflation it is much more homogenous initially Kolb and Tkachev [1994], Hogan and

Rees [1988], Kolb and Tkachev [1996], Chang et al. [1999], Hardy [2017]. For some references

on possible consequences and observations connected with axion miniclusters and axion stars see

refs. Barranco et al. [2013], Berezinsky et al. [2014], Tkachev [2015], Tinyakov et al. [2016],

Marsh [2016], Braaten et al. [2017], Levkov et al. [2017], Bai et al. [2016], Davidson and Schwetz

[2016], Visinelli et al. [2018], Enander et al. [2017], Bai and Hamada [2018], Iwazaki [2017], Eby

et al. [2017], Hertzberg and Schiappacasse [2018], and for work on their structure and stability see

refs Seidel and Suen [1994], Barranco and Bernal [2011], Braaten et al. [2016], Mukaida et al.

[2017], Chavanis [2016], Eby et al. [2016], Helfer et al. [2017], Jackson Kimball et al. [2018],

Bai and Hamada [2018], Michel and Moss [2018]. For work on the possible unique signatures of

axion structure formation due to their quantum mechanical properties as light degenerate bosons

see refs. Nambu and Sasaki [1990], Sikivie and Yang [2009], Rindler-Daller and Shapiro [2010,

2012], Rindler-Daller et al. [2012], Saikawa and Yamaguchi [2013], Noumi et al. [2014], Davidson

and Elmer [2013], Davidson [2015], Guth et al. [2015].

The properties of axion miniclusters sensitively depend on the thermal history at the critical

time when the axion starts to oscillate. For a radiation dominated universe, the corresponding

temperature is typically about 1—10 GeV. This critical time is before big bang nucleosynthesis

(BBN) and before the time when the big bang neutrinos decouple, and is during a time which is not

connected to any established cosmological observable. If we consider a different thermal history

for the universe prior to a temperature of a few MeV, we will see that the upper bound on 𝑓𝑎 is

relaxed, and there is a significant difference in the formation history of axion miniclusters. With

early matter domination, axion miniclusters can form even if the axion field has been homogenized

by inflation, due to the more rapid growth of small scale primordial perturbations of the axion.

Such early growth of substructure during early matter domination has been considered for other

candidate dark matter particles Erickcek and Sigurdson [2011]. The axion is special among dark
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matter candidates because its free streaming effects are almost negligible, so very small structures

can form and survive.

In this paper we will consider the early cosmology of the standard invisible QCD axion with

a nonstandard thermal history, with a period of early matter domination prior to nucleosynthesis.

Such matter domination can be due to a heavy, weakly coupled particle whose decays reheat the

universe, as is required in some theories of low scale baryogenesis. We will briefly review the

theory of the axion and its corresponding cosmology, including the axion relic density and the

formation of axion miniclusters in section 2.2. In section 2.3 we will show how the axion window is

opened by early matter domination. In section 2.4, a different story of axion minicluster formation

with early matter domination is discussed. We will find that early matter domination potentially

gives a larger initial characteristic mass of axion miniclusters.

2.2 Axion Cosmology

Here we review the axion and its cosmology. (For more details about axion cosmology, see Sikivie

[2008], Marsh [2016], Arvanitaki et al. [2010], Grilli di Cortona et al. [2016], Visinelli [2017].)

The axion is a pseudo Nambu-Goldstone Boson resulting from the spontaneous breaking of an

approximate symmetry known as the Peccei-Quinn (PQ) symmetry, due to the vacuum expectation

value of a complex field known as the PQ field. We consider the following Lagrangian for the PQ

field, which we call 𝜙:

L𝜙 =
1
2
𝜕𝜇𝜙

†𝜕𝜇𝜙 − 𝜆
4
(𝜙†𝜙 − 𝑓 2

𝑎 )2 + .... (2.1)

where the dots represent possible interaction terms with other particles and 𝑓𝑎 represents the vacuum

expectation value of 𝜙(𝑥). The symmetry breaking will occur at a temperature𝑇PQ which is roughly

at the scale 𝑓𝑎. Classically, because of the PQ symmetry, the phase of 𝜙 is undetermined by the

potential. After the PQ symmetry breaking, the phase of the PQ field receives a small potential

from nonperturbative QCD effects which is minimized at a value for which the strong CP violation

vanishes. Fluctuations of the phase about the minimum are parameterized by the axion field 𝑎(𝑥).
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Ignoring the energetically costly fluctations of the radial direction of 𝜙, we may write

⟨𝜙(𝑥)⟩ = 𝑓𝑎𝑒
𝑖𝑎(𝑥)/ 𝑓𝑎 . (2.2)

When the PQ transition occurs, the potential energy with different values of 𝑎 is nearly degenerate,

so 𝑎 is expected to take on a random initial value. The expansion of the universe will smooth out

spatial variations in 𝑎(𝑥) but the average value of 𝑎(𝑥) remains random until late times. We say

the field is misaligned with respect to its minimum, and the energy stored in this misalignment will

eventually become the dark matter. There are two different cases for the cosmological evolution.

In case 1, the reheating temperature of inflation is less than 𝑇PQ and the PQ symmetry is broken

during inflation and never restored afterwards. In this case the axion field is smoothed during

inflation and randomly obtain a spatially uniform vacuum expectation value 𝛼 𝑓𝑎, where 𝛼 is known

as the misalignment angle. Quantum fluctuations in 𝑎 are small and proportional to the Hubble

scale during inflation. As these fluctuations in 𝑎(𝑥) are isocurvature, and the cosmic microwave

background observations place a strong limit on isocurvature fluctations, in case 1 there is a strong

upper bound on the scale of inflation Linde [1985], Seckel and Turner [1985], Lyth [1990], Turner

and Wilczek [1991], Lyth and Stewart [1992], Fox et al. [2004]. In case 2 the reheating temperature

after inflation is greater than 𝑇PQ, and the PQ symmetry breaks after inflation. In this case the axion

takes on random values uncorrelated over scales which are larger than the Hubble horizon at the

time of PQ breaking. Topological axion strings and domain walls are then formed after inflation.

Provided that there is no nontrivial unbroken discrete subgroup of the PQ symmetry, every domain

wall ends on an axion string and the whole network of strings and domain walls will eventually

disappear Sikivie [1982], Chang et al. [1999], Gorghetto et al. [2018]. The cosmological restriction

that in case 2 the PQ symmetry must not have any exact discrete subgroup is a severe but achievable

constraint on axion model building.

The evolution equation of the axion field in the early universe can be described by the equation(
𝜕2
𝑡 + 3

¤𝑅
𝑅
𝜕𝑡 −

1
𝑅2∇

2
𝑥

)
𝑎(𝑥) +𝑉 ′(𝑎) = 0 (2.3)

where 𝑅 is the scale factor, the components of x are the co-moving spatial coordinates of the

universe, and 𝑉 (𝑎) is the effective potential energy density of the axion field. This potential comes
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from non-perturbative QCD effects such as instantons ’t Hooft [1976], which break the 𝑈𝑃𝑄 (1)

symmetry to a 𝑍 (𝑁) discrete subgroup Sikivie [1982]. In case 2, we must have 𝑁 = 1 in order to

avoid overclosure of the universe by a frustrated network of axion strings and domain walls, while

in case 1 any such defects are inflated away (however, see ref. Kaplan and Nelson [2008] for a

conceivably observable effect of axion strings outside our horizon). We can write the instanton

potential qualitatively as:

𝑉𝑎 = 𝑓 2
𝑎𝑚

2
𝑎 (𝑇)

[
1 − cos

(
𝑎

𝑓𝑎

)]
(2.4)

where 𝑚𝑎 is the axion mass, which is a function of temperature 𝑇 . The cosine form comes from

the dilute instanton gas approximation and is not exact. The form of the axion potential at low

temperatures may be found in reference Braaten et al. [2016]. At high temperature (𝑇 >1 GeV),

𝑚𝑎 (𝑇) can be estimated by instanton effects and by lattice QCD. While there is disagreement

between different approaches these disagreements will not significantly change our results Dine

et al. [2017]. The axion mass is constant when 𝑇 is below the QCD scale and the calculation at low

energies is reliable due to chiral perturbation theory. However, we cannot reliably predict the axion

mass when 𝑇 is between 0.2 GeV and 1 GeV. In standard thermal history, this uncertainty will not

affect our prediction of the axion relic density because the temperature at the critical time is higher

than 1 GeV. However, we will see in the next section that early matter domination will decrease the

critical temperature. We will assume the axion mass to be a continuous function of 𝑇 , whose exact

form will not change our main results. The full expression we will use for the axion mass follows

ref. Hertzberg et al. [2008]:

𝑚𝑎 (𝑇) =


𝑚𝑎 (0), 𝑇 < 0.2 GeV

𝑚𝑎 (0) ( 0.2 GeV
𝑇

)6.5, 0.2 GeV ≤ 𝑇 ≤ 1 GeV

𝑏𝑚𝑎 (0) ( 0.2 GeV
𝑇

)4, 𝑇 > 1 GeV ,

(2.5)

where 𝑏 = 0.018 and 𝑚𝑎 (0) = (78 MeV)2/ 𝑓𝑎, and 𝑚𝑎 (0) is the axion mass at zero-temperature.

Given the thermal history of early universe, the axion mass is determined by cosmic time. The

first three terms in Eq.(2.3) are proportional to 𝑡−2, which are the dominant terms until late times.
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We define the critical time 𝑡1 at which the potential term becomes important relative to the Hubble

expansion term to be:

𝐻 (𝑡1) = 𝑚𝑎 (𝑇 (𝑡1)) (2.6)

The mean value of the axion field does not evolve much before the time 𝑡1. After 𝑡1 the axion field

begins to oscillate and its energy density behaves approximately like nonrelativistic matter. The

energy density of a uniform oscillating axion field may be interpreted as the energy density of axion

particles at rest. The number of axion particles per co-moving volume is adiabatically conserved

because the axion mass changes slowly compared with the oscillation period. In case 1, where

axions were homogenized by inflation, axions at rest are the dominate initial component of axions

in the universe. In case 2, some spatial variation in the axion field remains which is interpreted

as axions with non zero momentum, and also a substantial number of axions are produced via the

decay of axion strings and domain walls. The number density of axions at rest is Preskill et al.

[1983], Abbott and Sikivie [1983], Dine and Fischler [1983]:

𝑛𝑣𝑎𝑐,0𝑎 (𝑡) = 1
2
𝑚𝑎 (𝑡) 𝑓 2

𝑎 𝛼
2 . (2.7)

In case 1, 𝛼 is uniform throughout our universe and its random value introduces uncertainties in our

prediction. We simply treat it as a 𝑂 (1) constant and do not consider the possible consequences of

a small misalignment angle. In case 2, 𝛼 is randomly distributed taking on many different values

throughout our observable universe, and is roughly uniform on scales on the order of the Hubble

horizon size at the time of PQ symmetry breaking. As there are many such volumes contained

within our current horizon we may average over the different initial values. The dominant source of

theory uncertainty for the axion density in case 2 is from the computation of the number of axions

produced from the decay of axion strings and domain walls.

2.2.1 Axion Relic Density

In case 1, we can directly get the current energy density of the axion:

𝜌vac,0
𝑎 =

1
2
𝑚𝑎 (0)𝑚𝑎 (𝑡1) 𝑓 2

𝑎 𝛼
2
(
𝑅1

𝑅

)3
(2.8)
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where 𝑡1 is the critical time when axion starts to oscillate and 𝑅1/𝑅 is the ratio of the scale factor at

the critical time to that at present. The number of axions is approximately conserved and the energy

density is simply the number density multiplied by 𝑚𝑎 (0). Combined with a radiation dominated

thermal history, we obtain the following energy density in case 1:

Ω𝑎 ∼ 0.15
(

𝑓𝑎

1012GeV

)7/6 (
0.7
ℎ

)2
𝛼2 (2.9)

where ℎ is defined to give the Hubble constant 𝐻0 = 100km/s · ℎ · Mpc.

Case 2 is more complicated because axion strings and domain walls will decay to axions and

give an extra contribution to the axion relic density. There is a potential so-called domain wall

problem when the PQ symmetry group 𝑈𝑃𝑄 (1) has non trivial discrete 𝑍 (𝑁) subgroup, as in this

case there is an N fold degeneracy of the vacuum Sikivie [1982]. We assume in case 2 that 𝑁 = 1

for viable axion cosmology Vilenkin and Everett [1982], Lazarides and Shafi [1982]. In this case

the domain walls are unstable and bounded by strings. The string decay contribution to the axion

relic density Gorghetto et al. [2018] is highly uncertain and we simply parameterize the uncertainty.

Following ref. Hagmann and Sikivie [1991] we write:

𝜌str
𝑎 = 𝑚𝑎 (0)𝑛str

𝑎 (𝑡1)
(
𝑅1

𝑅0

)3
⋍ 𝑌𝑚𝑎 (0)

𝑓 2
𝑎

𝑚𝑎 (𝑡1)

(
𝑅1

𝑅0

)3
(2.10)

where 𝑚𝑎 (0) is the axion mass at zero temperature, 𝑚𝑎 (𝑡1) is the axion mass at the critical time

when axion starts to oscillate, and 𝑌 is an order one factor which is determined by details such as

the efficiency of string decay, the axion string number per horizon and average energy of the axions

emitted in a string decay. We simply assume a value for 𝑌 here and study what will be different in

a nonstandard thermal history.

The last step is to estimate the contribution from higher momentum modes. Assume that axion

field varies by 𝑓𝑎 from one horizon to the next, we can obtain the number density distribution of

higher momentum modes of the axion:

𝑛𝑎

𝑑𝜔
∼

𝑓 2
𝑎

2𝑡2𝜔2 (2.11)

Only frequencies which enter the horizon are physically relevant for this work. Integrating over

𝜔 > 1/𝐻 (𝑡1) in Eq.(2.11) gives us the contribution from vacuum realignment of higher momentum
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modes:

𝜌vac,1
𝑎 ∼

𝑚𝑎 (0) 𝑓 2
𝑎

2𝑚𝑎 (𝑡1)

(
𝑅1

𝑅0

)3
(2.12)

So the contribution from higher momentum modes is roughly the same as that of the zero momentum

mode. Including an estimate of the contribution from higher momentum modes and string decays,

the relic density could be written as:

Ω𝑎 ∼ 0.6
(

𝑓𝑎

1012GeV

)7/6 (
0.7
ℎ

)2
(2.13)

Notice that the axion relic density in case 2 is generally greater than in case 1 for a given 𝑓𝑎.

From Eqs.(2.9),(2.13), we see an upper bound for 𝑓𝑎 in order to avoid overproduction of axion

dark matter. The upper bounds for case 1 and case 2 with standard thermal history are respectively

∼ 1.4 × 1012 GeV and ∼ 4.4 × 1011 GeV, with order one uncertainties in both cases. Combined

with other constraints, we obtain the so-called axion window, 109 GeV < 𝑓𝑎 < 1012 GeV.

2.2.2 Axion Miniclusters

In case 2, where inflation happens before the PQ phase transition, the initial misalignment angle

will not be homogenized by inflation. Therefore, its value will vary randomly from one horizon

to another. An inhomogeneity with 𝛿𝜌𝑎/𝜌𝑎 = O(1) is produced when the axion mass turns on.

If not erased by the free-streaming effect, gravitationally bound objects , which are called axion

miniclusters, may form at the time 𝑡𝑒𝑞 when energy density of radiation and matter are equal Hogan

and Rees [1988], Kolb and Tkachev [1993, 1996], Chang et al. [1999].

Because axions are typically very cold, free-streaming effects will not restrain the form of axion

miniclusters Kolb and Tkachev [1996], Chang et al. [1999]. In case 1, only zero mode axions due

to vacuum misalignment are produced and there is no velocity dispersion. In case 2, there are

higher momentum modes produced by vacuum realignment axions produced by wall decay and

string decay. They will give us some non-zero velocity dispersion but it can still be shown that

free-streaming will not homogenize the axions.

The characteristic minicluster mass is given by the total mass of axions contained within the
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horizon at the critical time when the axion starts to oscillate:

𝑀𝑚𝑐 =
1
2
𝑚𝑎 (0)𝑚𝑎 (𝑡1) 𝑓 2

𝑎

4𝜋
3

(
1

𝐻 (𝑡1)

)3
(2.14)

Since the number of axions per co-moving volume is conserved, we must take the evolution of the

axion mass into consideration in computing the mass of axion miniclusters. If we assume a standard

thermal history where the early universe is dominated by radiation, the corresponding temperature

of the critical time is:

𝑇1 ≃ 1 GeV
(
1012GeV

𝑓𝑎

)1/6

(2.15)

Thus we obtain the mass of axion miniclusters in a standard thermal history:

𝑀𝑚𝑐 = 3.7 × 10−10𝑀⊙

(
𝑓𝑎

1012GeV

)5/3
(2.16)

where 𝑀⊙ is the solar mass. Note that there are various strategies to estimate the mass of axion

miniclusters, such as calculating the axions contained within the horizon at 𝑡𝑒𝑞. A detailed study

requires the calculation of the mass function of axion minicluster through its power spectrum. The

evolution of axion miniclusters in the nonlinear region should be also included, which allows for

the possibility of larger axion stars. Such evolution is outside the scope of this paper. Our main

goal is to find what will be changed during a nonstandard thermal history. Therefore, we focus on

the linear region and give the estimate of the change in the initial axion minicluster mass with early

matter domination.

2.3 Opening the Axion Window

Nothing so far has been directly detected from the epoch after inflation and before nucleosynthesis.

The “standard” assumption about that period is that the inflationary energy density decayed to

a hot thermal relativistic plasma containing all the particles in the standard model and possibly

some extension Albrecht et al. [1982], Turner [1983], Traschen and Brandenberger [1990], Kofman

et al. [1994], reheating the universe, and the universe remained radiation dominated until the

temperature dropped below about 1 eV. However, the inflationary energy density could also decay
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to some nonstandard massive particles, which could be long lived and come to dominate the energy

of the universe, as the energy density of nonrelativistic particles evolves with the scale factor 𝑅 as

𝑅−3 while that of radiation evolves as 𝑅−4. The success of standard nucleosynthesis implies that any

such massive long lived particles have decayed and brought the universe to radiation domination

before a temperature of order a few MeV. A pre-nucleosynthesis epoch with energy dominated

by nonrelativistic massive particles is called an Early Matter Dominated Epoch (EMDE). Such a

scenario is favored by some baryogenesis models as a way to satisfy the out of equilibrium Sakharov

condition for producing the asymmetry between matter and anti-matter. One top down motivated

example of an EMDE is motivated by stabilized moduli in string theory de Carlos et al. [1993],

Banks et al. [1994], Acharya et al. [2014]. Another motivation is to produce curvature perturbations

in the curvaton model Mollerach [1990], Linde and Mukhanov [1997], Lyth and Wands [2002],

Moroi and Takahashi [2001]. There are other cosmological consequences of a EMDE scenario,

such as boosting the thermal dark matter annihilation rate Khlopov and Polnarev [1982], Erickcek

et al. [2016], Erickcek [2015], Choi and Takahashi [2017].

An EMDE will affect the axion relic density and expand the allowed range of 𝑓𝑎. The co-moving

entropy density will increase during the decay of the massive particles, which will decrease the

ratio of axions to photons Giudice et al. [2001], Grin et al. [2008], Visinelli and Gondolo [2010],

Kane et al. [2015], Lazarides et al. [1990]. We may calculate the abundance of relic axions with

an EMDE by solving Boltzmann equations. We will use the example of matter domination by a

particle Φ, whose spin is irrelevant. In the three-fluid model for reheating, the evolution of energy

density is give by:

𝑑𝜌Φ

𝑑𝑡
+ 3𝐻𝜌Φ = −Γ𝜙𝜌Φ

𝑑𝜌𝑟

𝑑𝑡
+ 4𝐻𝜌𝑟 = Γ𝜙𝜌Φ

(2.17)

where 𝜌Φ is the energy density of Φ, 𝜌𝑟 is the energy density of radiation, ΓΦ is the decay rate of

the massive particle and 𝐻 is the Hubble parameter. We have neglected the contribution from the

axion field because it contributes only a minor energy density to the early universe. Combined with

the Friedmann equations we can solve the exact energy density of the massive particle and radiation
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as a function of cosmic time. We assume that the radiation plasma reaches its equilibrium state

instantaneously after Φ decays. This is reasonable since the decay rate is relatively slow compared

with the thermalization rate of the light particles. In this way we can also obtain the temperature

in terms of cosmic time, which also gives us the mass of the axion as a function of time. Once we

know the axion mass as a function of time, the critical time 𝑡1 when the axion starts to oscillate can

be estimated from 𝐻 (𝑡1) = 𝑚𝑎 (𝑡1). We then use the adiabatic approximation with the co-moving

number density of axions conserved after the critical time, which gives the evolution of axion

number density at time 𝑡 > 𝑡1:

𝑛𝑎 (𝑡) =
1
2
𝑚𝑎 (𝑡1) 𝑓 2

𝑎

(
𝑅(𝑡1)
𝑅(𝑡)

)3
. (2.18)

When the universe is dominated again by radiation, the entropy density behaves exactly like 𝑅−3

and 𝑛𝑎/𝑠 is conserved. The entropy of universe is dominated by radiation. We can thus obtain the

current axion density. The axion energy density must be less than the dark matter relic density.

We can therefore obtain an upper bound on the axion decay constant 𝑓𝑎 as a function of the reheat

temperature 𝑇𝑟ℎ. The reheat temperature is directly determined by the decay rate of oscillating

scalar field.
𝜋2

30
𝑔∗(𝑇𝑟ℎ)𝑇4

𝑟ℎ =
3𝐸2

𝑝𝑙
Γ2
𝜙

8
(2.19)

where 𝑔∗ is the effective number of degrees of freedom, and 𝐸𝑝𝑙 is the planck energy. The upper

bound on 𝑓𝑎 does not depend on the EMDE unless the reheat temperature is below the temperature

at the critical time when the axion field begins to oscillate. Thus, only a reheat temperature greater

than about 1 MeV (So it happens before nucleosynthesis) and less than about 1 GeV is relevant for

a new story of axion cosmology.

2.4 Axion Miniclusters with Early Matter Domination

Since the axion window is widened by early matter domination, it is straightforward to show

that the possible mass of axion miniclusters increases with a greater axion decay constant. A

nontrivial result is that the formation of axion miniclusters is even allowed in case 1, which is not
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Figure 2.1: New upper bound on the axion decay constant under early matter domination with

reheating temperature 𝑇𝑟ℎ, assuming the various undetermined constants are of order 1. The blue

curve is for case 1 and black curve is for case 2.
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expected with a standard thermal history. The formation of miniclusters results because matter

density perturbations will grow linearly with the scale factor during the EMDE while they only

grow logarithmically during radiation domination. Generally an EMDE allows for an increase in

small scale dark matter structure formation Erickcek and Sigurdson [2011], Fan et al. [2014]. But

axion miniclusters are especially sensitive to such a period because axions are extremely cold. Free

streaming effects are negligible for axions which allows for tiny structures.

For miniclusters in case 2, the correction to the axion minicluster mass from early matter

domination is straightforward. We simply estimate the critical time with early matter domination

and use the same formula Eq.(2.14). However, in case 1 with standard thermal history axion

miniclusters do not generally form. In contrast, the primordial perturbations of axion field that

enter the horizon during the EMDE can grow linearly, and form an axion minicluster. If such

structures form during the EMDE then they are dominated by the massive particles which will

decay to reheat the universe, and when those particles decay the structures will be erased. But

structures that form during and after the radiation dominated epoch persist. We estimate the initial

size of such structures as follows. We assume a nearly scale invariant primordial perturbation

of about 10−4 Komatsu et al. [2011]. Axions are frozen before the critical time at which axion

oscillations begin. When there is a period of EMDE and the reheating time is later than the critical

time, initial inhomogeneities which are inside the horizon will grow linearly with the scale factor.

We therefore find the scale at which perturbations of a given scale size enter the horizon during the

EMDE, and grow to 𝛿𝜌/𝜌 of order 1 at the end of the early matter domination epoch. Continued

logarithmic growth of these structures will allow for axion minicluster formation at the end of

radiation domination. Only specific combinations of 𝑓𝑎 and 𝑇𝑟ℎ will allow the formation of axion

miniclusters in case 1. In general larger axion decay constants lead to a later critical time at which

the axion starts to oscillate, and these structures grow linearly with the scale factor only during the

EMDE. In case 1, formation of axion miniclusters implies a reheating temperature dependent upper

bound on 𝑓𝑎.
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2.4.1 Cosmological Perturbations

In order to obtain the axion minicluster mass in case 1, we need to find the perturbation growth

during early matter domination. Generally the perturbations will grow linearly with the scale factor

if the universe is dominated by matter. In principle the situation is more complicated for the axion

because its mass is also changing with time, however the term from the changing mass is negligible

compared with the linear growth term for the following reasons: 1. The temperature is typically

less than 1 GeV at the critical time when the axion perturbation starts to grow. The axion mass will

not change much at that time. 2. The axion mass is temperature dependent and gives perturbations

proportional to ¤𝑇/𝑇 , which is actually a logarithmic growth term. We can treat the oscillating scalar

field, the radiation and cold axions as perfect fluids with energy momentum tensors Kodama and

Sasaki [1984], Malik et al. [2003], Lemoine and Martin [2007]:

𝑇 𝜇𝜈 = (𝜌 + 𝑝)𝑢𝜇𝑢𝜈 + 𝑝𝑔𝜇𝜈 (2.20)

Where 𝑢𝜇 ≡ 𝑑𝑥𝜇/𝑑𝜆 is the four-velocity. For cold axions and Φ particles, the pressure is zero and

for radiation 𝑝 = 𝜌/3. Due to the decay of Φ particles, different fluids exchange energy covariantly:

∇( (𝑖)𝑇 𝜇𝜈 ) = 𝑄 (𝑖)
𝜈 (2.21)

Where 𝑖 denotes different fluids. For the energy exchange vector:

𝑄
𝜙
𝜈 =

(𝜙)𝑇𝜇𝜈𝑢
𝜇

𝜙
Γ𝜙

𝑄𝑟𝜈 = −𝑄𝜙
𝜈 −𝑄𝑎

𝜈

𝑄𝑎
𝜈 = −(𝑎)𝑇𝜇𝜈𝑢

𝜇
𝑎

¤𝑚𝑎
𝑚𝑎

(2.22)

During the early matter domination,𝑄𝑎 ≪ 𝑄𝜙. So the the perturbation in axions should not change

the evolution of the radiation perturbation. To obtain the perturbation equations, we start with the

perturbed metric

d𝑠2 = −(1 + 2Ψ)d𝑡2 + 𝑎2(𝑡)𝛿𝑖 𝑗 (1 − 2Ψ)𝑑𝑥𝑖𝑑𝑥 𝑗 (2.23)
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Thus we have the perturbation of the four-velocity:

𝑢0 = 1 − Ψ

𝑢
𝑗

𝑖
= (1 − Ψ)𝑉 𝑗

(𝑖)

(2.24)

where 𝑉 𝑗

(𝑖) ≡ d𝑥 𝑗/d𝑡 is the fluid velocity of the 𝑖th fluid. With the perturbation of energy density of

each fluid 𝜌𝑖 = 𝜌0
𝑖
(1 + 𝛿𝑖), we can write the dominant term and the first order perturbation term of

𝑄

𝑄
(𝜙)
0 = Γ𝜙𝜌

0
𝜙 (1 + 𝛿𝜙 + Ψ)

𝑄
(𝜙)
𝑗

= −Γ𝜙𝜌0
𝜙𝑎

2𝛿𝑘 𝑗𝑉
𝑘
𝜙

𝑄
(𝑎)
0 = − ¤𝑚𝑎

𝑚𝑎
𝜌0
𝑎 (1 + 𝛿𝑎 + Ψ)

𝑄
(𝑎)
𝑗

=
¤𝑚𝑎
𝑚𝑎

𝜌0
𝑎𝑎

2𝛿𝑘 𝑗𝑉
𝑘
𝑎

(2.25)

Γ𝜙 and ¤𝑚𝑎

𝑚𝑎
are significantly different. One is a constant and the other has perturbation determined by

the temperature perturbation of the radiation. Compared with the Hubble parameter, Γ𝜙 is usually

negligible but ¤𝑚𝑎

𝑚𝑎
may be important for the perturbation function.

Expressing 𝑄𝜈 with in terms of the zero-order and first-order perturbations, we can combine

equation (1) and (2) to get simple results that determine the perturbation:

d𝛿
d𝑡

+ (1 + 𝑤) 𝜃
𝑎
+ 3(1 + 𝑤) dΨ

d𝑡
=

1
𝜌0 [𝑄

(0)
0 𝛿 −𝑄 (1)

0 ] ,

d𝜃
d𝑡

+ (1 − 3𝑤)𝐻𝜃 + ∇2Ψ

𝑎
+ 𝑤

1 + 𝑤
∇2𝛿

𝑎

=
1
𝜌0

[
𝜕𝑖𝑄𝑖

𝑎(1 + 𝑤) +𝑄
(0)
0 𝜃

]
,

(2.26)

where 𝑤 = 𝑝/𝜌 is the fluid’s equation of state parameter, and 𝜃 = 𝑎𝜕𝑖𝑉 𝑖 is the divergence of fluid’s

conformal velocity. 𝑄 (0)
0 and 𝑄 (1)

0 are respectively the zero-order and first-order components of 𝑄.

It can be generally shown that the metric perturbation is frozen in a matter-dominated universe.

We define the beginning of early matter domination as 𝑎 = 1 and its corresponding Hubble parameter

is 𝐻0. For convenience, we also define dimensionless parameter 𝜃𝜙 ≡ 𝜃𝜙/𝐻0, 𝑘̃ ≡ 𝑘/𝐻0. Therefore
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we can represent our equations during early matter domination in the following way:

𝑎−1/2𝛿
′
𝜙 (𝑎) + 𝜃̃𝜙 (𝑎) = 0 ,

𝑎1/2𝜃̃
′
𝜙 (𝑎) + 𝑎−1/2𝜃̃𝜙 (𝑎) + 𝑘̃2Ψ = 0 ,

𝑎1/2𝜃̃
′
𝑎 (𝑎) + 𝑎−1/2𝜃̃𝑎 (𝑎) + 𝑘̃2Ψ = 0 ,

𝑎−1/2𝛿
′
𝑎 (𝑎) + 𝜃̃𝑎 (𝑎) =

𝑎 ¤𝑚𝑎
𝑚𝑎𝐻 (𝑡1)

Ψ ,

(2.27)

where a prime represents the derivative to scale factor, and 𝐻 (𝑡1) is the Hubble parameter at the

critical time. It is not hard to show that the term 𝑎 ¤𝑚𝑎

𝑚𝑎𝐻 (𝑡1) only causes a logarithmic growth, which

could be neglected compared with the linear growth. Eventually the perturbation for modes that

have already entered horizon before the critical time is:

𝛿𝑎 (𝑎, 𝑘) = 2Ψ0 +
2𝑘2

3𝐻 (𝑡1)2 𝑎Ψ0 (2.28)

where Ψ0 represents the primordial perturbation of quantum fluctuation during inflation, which is

about 10−4. Now it is clear that perturbations grow linearly with scale factor 𝑎 during early matter

dominated epoch. To form axion miniclusters efficiently at the end of radiation domination, 𝛿𝑎 must

be grow up to about 1. Actually the formation of axion minicluster is complicated here because the

growth depends on momentum. We can actually obtain the transfer function for axion generally and

calculate the mass function of axion minicluster with Press-Schechter formalism. However, axion

perturbation grows to the nonlinear region very early and it is hard to predict its later evolution.

In this paper we just estimate the original axion minicluster mass and leave its evolution for future

research.

2.4.2 Formation of Axion Miniclusters

A perturbation 𝛿𝑎 (𝑎, 𝑘) will start to grow when 𝑘 enters the horizon. The momentum modes which

have already entered the horizon at the critical time (𝑘 > 𝐻 (𝑡1)) will grow the largest. Typically

large 𝑘 represents smaller axion miniclusters so we only care about 𝑘 < 𝐻 (𝑡1). Therefore the

criterion for axion miniclusters formation in case 1 is if 𝛿𝑎 (𝑎𝑒, 𝐻 (𝑡1)) is larger than 1, where 𝑎𝑒

is the scale factor at the end of early matter domination. It can be drawn together with the upper
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Figure 2.2: The blue and black curve which indicate the bound on 𝑓𝑎 from the relic axion density is

part of FIG.(2.1). The orange curve represents the upper bound for axion decay constant if growth is

sufficient for formation of axion miniclusters in case 1. (In case 2, due to larger initial inhomogeneity

on small scales, axion miniclusters can generally form.) The axion density increases with the axion

decay constant. When the reheating temperature is sufficiently low, dark matter axions can comprise

all of the dark matter as well as form axion miniclusters in case 1, because the blue curve is below

the orange curve.

bound for allowed axion density (See FIG.(2.2)). Parameters must be below the bound from axion

density to not overproduce axions. To form axion miniclusters, the parameters must be below the

orange curve. For case 1, if all the dark matter is axions, the reheating temperature must be below

about 60 MeV in order to obtain axion miniclusters.

The final step of this chapter is to determine the mass of axion miniclusters with early matter

domination. In case 2 it is can be straightforwardly done by substituting the new critical time. In
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case 1, suppose that we have some 𝑘𝑐 < 𝐻 (𝑡1) which satisfies:

𝛿𝑎 (𝑎𝑒, 𝑘𝑐) = 1 (2.29)

where 𝑎𝑒 is the scale factor at the end of early matter domination. 𝑘𝑐 represents the characteristic

modes that eventually grow to axion miniclusters. Suppose that 𝑘𝑐 enters the horizon at time 𝑡𝑐,

𝐻 (𝑡𝑐) = 𝑘𝑐. The corresponding axion number density at 𝑡𝑐 is:

𝑛𝑎𝑐 =
1
2
𝑚𝑎 (𝑡1) 𝑓 2

𝑎

(
𝑅(𝑡1)
𝑅(𝑡𝑐)

)3
(2.30)

where 𝑡1 is the critical time and 𝑅 is the scale factor of universe. Therefore axion minicluster mass

mass could be estimated by:

𝑀𝑚𝑐 =
4
3
𝜋𝑚𝑎 (0)

(
1
𝑘𝑐

)3
𝑛𝑎𝑐 (2.31)

As an example, we calculate how the axion minicluster mass changes with the axion decay constant

at a reheating temperature of 3 MeV, as shown in FIG.(2.3). From FIG.(2.3) we can see that the

upper limit on the axion minicluster mass has increased to 10−8𝑀⊙, where 𝑀⊙ is the solar mass. In

comparison, from Eq.(2.16), with the standard thermal history the maximum minicluster mass is

∼ 3.7× 10−10𝑀⊙. It is worth noting that the initial axion minicluster mass is typically less than the

critical mass at which an axion star becomes unstable to either a Bosenova or gravitational collapse

into a black hole Visinelli et al. [2018], Helfer et al. [2017], Chavanis [2016], Michel and Moss

[2018]. The order of magnitude for the minicluster mass at which a gravitational collapse instability

sets in is ∼ 𝑀2
𝑝/𝑚𝑎 ∼ 10−5𝑀⊙ 𝑓𝑎/(1012 GeV) which is much larger than the initial minicluster

mass.

2.5 Conclusions

We have shown that the axion window is wider and the formation history of axion miniclusters is

significantly affected by a period of matter domination prior to nucleosynthesis. The axion can be

lighter, and the maximum mass of axion miniclusters is increased. Furthermore axion miniclusters

can form even in the case where the PQ symmetry breaking occurs before inflation. In this work we
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Figure 2.3: The black curve and the blue curve respectively represent the axion minicluster mass

in case 1 and case 2 when the reheating temperature is 3 MeV.
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have estimated the characteristic mass of axion miniclusters at the time of formation. More detailed

numerical study about the evolution of axion miniclusters is needed to obtain the information about

axion miniclusters at present, including the mass function of axion miniclusters, the percentage of

axions that form axion miniclusters, and the percentage of axion miniclusters that form boson stars

or black holes. The evolution of axion miniclusters after their formation and the fraction of axions

that finally become gravitationally bound objects requires detailed numerical study, which is beyond

the scope of this paper. Such work would be important, as indirect detection of axion miniclusters

could possibly provide evidence for both the existence of the axion and for a nonstandard thermal

history of the very early universe.
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Chapter 3

SIMULATION OF AXION MINIHALOS

3.1 Introduction

The QCD axion, a leading solution for the strong CP problem, can also be the dark matter if its

mass falls in the range 1 − 100𝜇eV Weinberg [1978], Wilczek [1978], Kim [1979], Abbott and

Sikivie [1983], Dine and Fischler [1983], Preskill et al. [1983], Peccei [2008], and possibly smaller

masses still with anthropic tuning Wilczek [2004] or a low inflation scale Graham and Scherlis

[2018]. In the post-inflationary scenario where Peccei-Quinn symmetry Peccei and Quinn [1977] is

broken after inflation, axion dark matter has enhanced small-scale structure that may make it more

observable. This enhanced structure occurs because the axion field is coherent over the Hubble

horizon when Peccei-Quinn symmetry is broken. Afterwards, the axion field is smoothed by its

dynamics on scales up to the horizon size, plus additional discontinuities from topological defects

Kibble [1976]. The axion then acquires its mass during QCD era and starts to act as nonrelativistic

matter. The local number density of axions when the axion acquires its mass is directly determined

by the axion field value there, leaving primordial inhomegeneity at the horizon scale. Topological

defects from the symmetry breaking like axion strings also introduce inhomogeneities, extending

axion perturbations to even smaller scales Vaquero et al. [2019], Gorghetto et al. [2021].

After the axion becomes nonrelativstic, gravity takes over as the dominant force. Axions residing

in ≳ 1 fractional density perturbations will collapse at matter-radiation equality and form ‘axion

miniclusters’ with characteristic masses of ∼ 10−12𝑀⊙ and radii of ∼ 1012cm Hogan and Rees

[1988], Kolb and Tkachev [1993, 1996]. (The mass and radii range can be modified by nonstandard

thermal history before big bang nucleosynthesis Nelson and Xiao [2018], Visinelli and Redondo

[2020].) In the standard thermal history, the mass range of axion substructures might be detected

in femto-, pico- Kolb and Tkachev [1996], and microlensing surveys if the concentration number is
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larger than∼ 107 at the characteristic mass Fairbairn et al. [2018]. Those initial miniclusters merged

and formed bigger and less concentrated structures after matter-radiation equality. As the axion

density perturbations have a white spectrum that extends to long wavelengths, at progressively later

times longer wavelength perturbations collapse and form more massive structures. We call these

late-time structures axion minihalos, and the low-redshift spectrum of structures that results is what

is relevant for proposed observables. Many of these still form well before the halos of standard

inflationary perturbations, and as such the axion minihalos can be much more compact and denser

– making them more hardy to disruption processes and also more detectable.

There are several proposals for detecting axion minihalos. One uses the Shapiro time delays

and Doppler shifts that these axion minihalos could impart on pulsar timing Dror et al. [2019],

Ramani et al. [2020]. Pulsar timing signal of dark matter substructures in mass range 10−11-103𝑀⊙

Dror et al. [2019], Ramani et al. [2020] can be detected in the future by pulsars detected with the

Square Kilometer Array (SKA) Rosado et al. [2015]. A second proposal uses the effect of these

minihalos on the microlensing caustics of cosmological stars that are highly magnified both by a

cluster lens and stellar microlens Dai and Miralda-Escudé [2020]. Such highly-magnified stars have

been discovered recently with the Hubble Space telescope Kelly et al. [2018], Chen et al. [2019],

Kaurov et al. [2019], and the James Webb Space Telescope (JWST) is projected to find more of

these extreme events Dai et al. [2018]. Other proposals include detecting radio emission from axion

stars (which are likely to form in the central cusp of axion halos Kolb and Tkachev [1994, 1993],

Kirkpatrick et al. [2020], Eggemeier and Niemeyer [2019], Levkov et al. [2018], Bai and Hamada

[2018], Hertzberg and Schiappacasse [2018], Hertzberg et al. [2020], Prabhu [2020], Prabhu and

Rapidis [2020], Carenza et al. [2020]), transients such as Fast Radio Bursts as a potential signal

of the explosive decay of axion miniclusters Tkachev [2015], Iwazaki [2015], van Waerbeke and

Zhitnitsky [2019], Dietrich et al. [2019], Sun and Zhang [2020], Buckley et al. [2020], and axion-

photon conversion in neutron stars Safdi et al. [2019], Battye et al. [2020], Foster et al. [2020],

Hook et al. [2018] or the Galactic Center Caputo et al. [2019]. Finally, the clumpiness of cosmic

axions could affect direct detection efforts like the Axion Dark Matter eXperiment (ADMX)Braine

et al. [2020], especially if a significant fraction of present-day axions are bound in minihalos.



43

To place meaningful constraints on axion minihalos and the post-inflation axion scenario re-

quires an understanding of the mass spectrum of these minihalos. Several works have used semi-

analytic models that were developed for the inflationary fluctuations to compute the mass function

and concentration of axion minihalos Dai and Miralda-Escudé [2020], Enander et al. [2017], Fair-

bairn et al. [2018], Ellis et al. [2020], Blinov et al. [2020]. It is important to test these semi-analytic

models using numerical simulations for the much different case of white isocurvature fluctuations

that arise for post-inflationary axions. In addition, the fraction of axion dark matter that collapsed

into axion minihalos can only accurately be estimated by numerical simulations. The spectrum of

axion density perturbations prior to the QCD epoch has been numerically simulated Vaquero et al.

[2019], Buschmann et al. [2020]. Starting from the predictions of these early universe simulations

Zurek et al. [2007], Eggemeier et al. [2019], the subsequent nonrelativistic phase in which the

evolution is mainly gravitational has also been simulated, and this work follows this program. We

compute the (subhalo) mass function and density profiles of axion minihalos at all redshifts to

𝑧 = 0. Even though our simulation is designed for QCD axions, the initial density power spectrum

in our numerical experiments is scale-invariant, which makes generalizing some of our results to

other axion-like particles (such as fuzzy dark matter Arvanitaki et al. [2010], Hui et al. [2017])

straightforward.

This paper is organized as follows: In section 3.2, we discuss the initial conditions of axion

perturbations and other simulation setup. In section 5.5.1, we present the halo mass function

obtained from simulation data and fit it with a semi-analytic formula. In section 3.4, we present the

density profiles and the mass-concentration relation obtained from our simulation data. In section

3.5, we discuss the observations that will be sensitive to those objects. Our simulation is run

with a ΛCDM cosmology with ℎ=0.697, Ωm = 0.2814, and ΩΛ = 0.7186, and some of our semi-

analytic calculations further adopt 𝑛𝑠 = 0.9667, which are consistent with Planck cosmic microwave

background results Aghanim et al. [2020]. The radiation component is included in the background

evolution with a present-day CMB temperature 2.7255 K and we treat the neutrinos/antineutrinos

as massless particles with 3.045 effective degrees of freedom.
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3.2 Simulation of Axion Minihalos

We follow the nonlinear gravitational evolution of the initial axion perturbations with the MP-

Gadget code Feng et al. [2018], which is based on GADGET-2 Springel [2005]. Our simulations

focus on larger axion minihalos than previous simulations (such as Eggemeier et al. [2019]). This

choice is motivated by our finding that most of the mass at low redshifts is in relatively massive

∼ 10−7𝑀⊙ minihalos. This mass is much greater than the mass of the first axion minicluster

halo that forms, which are smaller than the mass within the horizon when the axion becomes

nonrelativistic (∼ 10−12𝑀⊙). This motivates a simulation box size that is much greater than this

horizon. A second motivation is that the axion isocurvature perturbations are white on these super-

horizon scales, whereas on smaller scales is set by complicated dynamics that requires evolving the

relativistic sine-Gordon equation.

Our simulations start at 𝑧 = 30, 000 with radiation background included in the expansion. The

evolution of axion isocurvature perturbations is dominated by the matter density and the radiation

component can be approximated as a uniform background. The comoving size of our fiducial

simulation is 50 pc/ℎ, and the simulation follows the gravitational dynamics of 10243 dark matter

particles each with a mass of 1.3 × 10−11𝑀⊙. We also run a smaller 10pc/ℎ box with 5123

particles to test a different power spectrum cutoff at high 𝑘 , as well as a series of 50 pc/ℎ, 5123

simulations to test convergence in force softening and time stepping (Appendix 3.9). However,

as our simulations are largely scale invariant with structure formation occurring in a self-similar

manner during matter domination, they can essentially be remapped to other mass scales to study

other axion-like scenarios. All simulations are run to 𝑧 = 19. By this point, larger scales than

captured in our box start to collapse and so it is not motivated to run the simulation further. However,

we devise semi-analytic tools to predict the subsequent evolution of minihalos in and outside of

more massive halos.

Our results only sensitively depend on the spectrum of density fluctuations on separations

larger than the comoving Hubble scale when the axion starts to oscillate in its potential and act as

nonrelativistic matter, H−1
osc, where H = 𝑎𝐻 and 𝑎 is the scale factor and 𝐻 is the Hubble function.
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Figure 3.1: Visualization of a projection through the 10/ℎ pc simulation at 𝑧 = 99 (top panel)

and z=24 (bottom panel). The color scale indicates the logarithm of the projected density field,

log(1 + 𝛿𝑃), where 𝛿𝑃 is the projected overdensity. The size of axion minihalos grow significantly

between these two redshifts, yet they do not inhabit as distinctive a cosmic web as lower redshift

halos that form from the adiabatic perturbations from inflation.
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Resolving the initial perturbations on smaller scales would not change our results significantly, as

the collapse on larger scales effectively erases the smaller collapsed structures that initially form.

However, these smaller structures, if sufficiently segregated in mass and collapse redshift, would

likely be subhalos in the larger axion minihalos that later form.

The axion isocurvature fluctuations at wavenumbers with 𝑘 ≪ Hosc follow a white noise

power spectrum because different H−1
osc patches were not in communication and so there can be

no correlation. Furthermore, because ≫ 1 horizon patches contribute to these scales, we assume

the spectrum of fluctuations is Gaussian so that the power spectrum full describes the fluctuations,

although we further justify this approximation later. We initialize our simulation with a white power

spectrum until a sharp cutoff:

Δ2
L (𝑘) ≡

𝑘3

2𝜋2𝑃L (𝑘) = 𝐴osc

(
𝑘

𝑘osc

)3
at 𝑘 < 𝑘osc, (3.1)

where 𝑃L (𝑘) ≡ 𝑉−1 |𝛿L (k) |2, 𝑉 is the volume, 𝛿L is the Fourier transform of the configuration-

space linear dark matter overdensity, 𝑘osc ≡ Hosc and can be phrased in terms of the axion mass at

low temperatures, 𝑚𝑎, via Vaquero et al. [2019]

1
𝑘osc

= 0.036
(
50𝜇eV
𝑚𝑎

)0.17
pc, (3.2)

and 𝐴osc sets the normalization, with 𝐴osc ∼ 1 resulting in order-unity fluctuations on the oscillation

scale 1. Simulations of the QCD axion find that values of the isocurvature variance at initial

conditions are 𝐴osc ∼ 0.01 − 0.3 Vaquero et al. [2019], Buschmann et al. [2020], where the large

range of values we think owes to the importance of axion strings over the misalignment mechanism

in establishing the density fluctuations. (There is some controversy in the importance of radiation

from axion strings, as discussed later. Our results are applicable regardless.) Though we start our

simulation well after the time when the field has become nonrelativistic (at 𝑧 = 30, 000), Eq. 3.1 still

holds to good approximation at subsequent times during radiation domination Iršič et al. [2020].

1In contrast to the small scale limit of ΛCDM model at late times, the dimensionless initial (post QCD-epoch)
linear dark matter power spectrum Δ2

L in our axion cosmology can reach O(1) at high wavenumbers, indicating
that small scales will collapse as early as matter-radiation equality. However, for the mass scales we consider, the
collapse occurs generally well after matter-radiation equality
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Eq. 3.1 has an artificially sharp cutoff in the spectrum at 𝑘osc. In the misalignment mechanism for

density perturbations, a somewhat sharp cut-off is expected for the modes that entered the horizon

when the axion behaved relativistically, as the field homogenize at higher wavenumbers. Defects

such as axion strings can result in an even weaker cutoff. However, for the mass scales probed

by pulsar timing and microlensing lensing observables that we focus on, the precise wavenumbers

and spectral shape of the cut-off are irrelevant since our results will not be sensitive to the affected

scales. Therefore, our power spectrum is effectively scale-invariant for the dynamical range of

interest. One may also worry about the axion Jeans scale, 𝑘J, where density and pressure are in

equilibrium. Modes can grow only when 𝑘 < 𝑘J otherwise it will be smoothed by pressure. The

Jeans scale is given by 𝑘J ≈ 2 × 104𝑎1/4
√︁
𝑚/(10−5eV)pc−1 if the axion is the dark matter Marsh

[2016]. Therefore, the modes resolved in our simulation box satisfy 𝑘 < 𝑘J.

The initial conditions of our simulations are generated with the parameters 𝐴osc = 0.1 and the

momentum cutoff to be 𝑘osc = 19.8 pc−1, corresponding to axion mass 𝑚𝑎 = 6.9𝜇eV and decay

constant 𝑓𝑎 ≈ 1012GeV. Note that the axion decay constant plays no role in our simulation. The

only parameter that matters for structure formation on most mass scales is the amplitude of the

power spectrum, 𝐴osc/𝑘osc
3. There are some uncertainties on axion mass due to the production of

axions from axion string decay, leading to different 𝑚𝑎 and 𝑘osc Gorghetto et al. [2021]. We use

our simulations to calibrate a semi-analytic model in § 3.2, which allows us to model a broad class

of post-inflation axion scenarios.

All modes in our simulation are well within the Horizon at the starting time of the simulation

and have a growing and decaying component. We only include the growing mode because of the

following justification: The comoving scale of perturbations that contribute to the halos we focus

on is larger than 1/𝑘osc. On such scales the isocurvature fluctuations are much smaller than one

(Δ2
L (𝑘) ≪ 1), meaning that the formation of axion structures occurs after matter-radiation equality

when the decaying mode is being redshifted away. The picture for isocurvature fluctuations contrasts

with adiabatic fluctuations, where the overdensity contrast grows outside the Horizon, at least in the

Newtonian gauge, and then its growth freezes if it enters the horizon during radiation domination,

leading to additional scale dependence depending on when a mode enters the horizon. This
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growth outside the horizon is not present for our isocurvature fluctuations. Once our isocurvature

perturbation is within the horizon so that the perturbations in radiation and baryons have been

damped, the growing mode of the dark matter in radiation- and matter-dominated epochs can be

well described by a solution of the Mészáros equations:

𝐷 =
2
3
+ 𝑎

𝑎eq
, (3.3)

where 𝐷 is the growth function of cosmological perturbations. At late times when the dark energy

starts to dominate, there are corrections to this growth function that are included in this study. In

Iršič et al. [2020], the scale-independent linear evolution given by Eq. 3.3 was checked against a full

Boltzmann calculation with isocurvature perturbations and found to agree well. (See this footnote

for additional discussion: 2) We tested the power spectrum in the simulation at early times and

found that its behavior is well described by this growth factor in the linear regime.

The initial condition of our simulation is generated with the MP-GenIC code included in

MP-Gadget which uses linear order Lagrangian Perturbation Theory (1LPT). Displacements and

velocities are generated assuming the power spectrum given by Eq. 3.1 with all the power growing

as Eq. 3.3. We justify this perturbative approach because Δ2
L (𝑘) ≪ 1, reaching a maximum of

Δ2
L (𝑘osc) = 0.1. Since the initial time we start the simulation is way after the QCD era, axions are

already nonrelativistic at the scale of interest and the velocity is only slightly nonzero in the 1LPT

treatment. The initial conditions in Ref. Eggemeier et al. [2019] are generated with zero initial

velocity.

The simulation then evolves the linear axion perturbations from 𝑧 = 30, 000 to where they

become nonlinear and form of axion minihalos. Substructure forms at much earlier times than in

the standard ΛCDM cosmology. A visualization of our simulation at 𝑧 = 24 and 𝑧 = 99 is shown

in Fig. 3.1.
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Figure 3.2: The mass function of axion minihalos at select redshifts for a white power spectrum

plus cutoff specified by 𝐴osc = 0.1 and 𝑘osc = 19.8 pc−1. We compare mass functions obtained

from two set of simulations to those in semi-analytic models. The data points are from simulations,

and the solid curves are the semi-analytic formula discussed in Appendix 3.8, which recalibrates

the barrier parameters of the Sheth Tormen mass function. We also plotted the Press-Schechter

and Sheth-Tormen mass functions at 𝑧 = 19. The recalibrated model agrees with the original

simulation with a cutoff in the power spectrum except for the high mass end. Another simulation

that does not have a cutoff in the power spectrum, denoted by “no cutoff”, agrees more broadly

with the semi-analytical prediction. The solid “z=0 extrapolated (Eq. 5.1)” band is our model for

the present-day number density of axion minihalos. It is our estimate for the mass function of

minihalos that resides in most dark matter halos, including those that exist as subhalos. We assume

axion minihalos will fall into larger CDM halos (that are too large to be captured in our simulation)

and stop merging. The width of the purple band is set by whether the growth of axion minihalos is

terminated by when the larger host halo collapses or when it is at turnaround.
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3.3 Mass Function of Axion Minihalos

We use the Friends-of-Friends (FOF) algorithm Davis et al. [1985] to identify groups of particles in

the simulation, demanding any particle that finds another particle within a linking-length distance

of 𝑙 is linked to it to form a group. We choose 𝑙 = 0.2 𝑑, where 𝑑 is the mean separation of dark

matter particles in the simulation. The minimum number of dark matter particles in each FOF

groups is chosen to be 𝑁𝑔 = 32. This 𝑁𝑔 corresponds to a minimum halo mass of 4 × 10−10𝑀⊙

in our fiducial simulation. These choices of 𝑙 and 𝑁𝑔 are standard in cosmological studies, as they

approximately select groups that are large enough to be reliably captured in the simulation and link

regions with overdensity greater than 80 Knebe et al. [2011], characteristic of the outskirts of dark

matter halos. (Minihalos that form during matter domination have a characteristic overdensity of

∼ 200 at the time of formation.)

Studies of dark matter halos in the standard CDM cosmology have found great success at

explaining the mass function of halos with semi-analytic models developed in the excursion set

formalism Bond et al. [1991]. It is unclear how well these models should work in our case,

where the density perturbations have a much bluer spectrum, but success for other nonstandard

cosmologies gives reason to believe these models may work for our blue spectrum as well Bagla

et al. [2009]. We use these semi-analytic formulas to fit the mass function obtained from the

simulation. In particular, we consider Press-Schechter Press and Schechter [1974], Sheth-Tormen

Sheth and Tormen [1999], and a tweaked mass function that changes the barrier parameters in

Sheth-Tormen. See Appendix 3.8 for the relevant formulae. We note that in the standard CDM

cosmology, Press-Schechter is able to explain the halo mass function at the factor of ∼ 2 level

(crudely speaking, as the differences are exponentially enhanced at the highest masses), whereas

Sheth-Tormen has been tuned to give percent-level agreement. For the post-inflation axion scenario,

both disagree with the simulation at the factor of∼ 2 level, whereas our tweaked Sheth-Tormen mass

function fits well the simulated mass function, except for the masses influenced by our wavenumber

2An approximation is that our simulations are in the standard limit where all the matter is dark matter, there is a
factor of ΩDM/Ω𝑚 ≈ 0.8 suppression over the growth rates relatively to our simulation. The large uncertainty in
𝐴osc justifies omitting this factor.
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cutoff at 𝑘osc (𝑀 ≲ 109𝑀⊙).

The halo mass function of axion minihalos computed from our fiducial simulation is shown in

Fig. 3.2. The y-axis shows the comoving number density of axion minihalos per logarithmic mass

interval and, then, multiplied by halo mass, such that the integral over this quantity in ln𝑀 gives

the total mass in minihalos. As time evolves, the mass function shifts towards higher masses as

halos grow and merge. At all redshifts there is a peak halo mass around which much of the mass in

axion minihalos lies (e.g. 𝑀 ∼ 10−7𝑀⊙ at 𝑧 = 19), although there is a substantial fraction of lower

mass halos.

The shape of the mass function at 𝑀 ≲ 10−9𝑀⊙ is affected by the cutoff in our (input) linear

power spectrum at 𝑘osc. A wavenumber of 𝑘osc can be turned into a characteristic mass scale Dai

and Miralda-Escudé [2020]:

𝑀0 ≡ 4𝜋
3

(
𝜋

𝑘osc

)3
𝜌̄𝑎,0 = 2.3 × 10−10

(
50𝜇eV
𝑚𝑎

)0.51
𝑀⊙, (3.4)

where 𝜌̄𝑎,0 is the mean density of axions in the present day. For our initial conditions, 𝑀0 =

6.3 × 10−10𝑀⊙, corresponding to axion mass 𝑚𝑎 = 6.9𝜇eV. We have run simulations without a

cutoff at 𝑘osc (‘no cutoff’ in Fig. 3.2, with 10pc and 5123 particles). Comparison of the simulations

with and without a cutoff shows that the break in the small-scale power-law scaling of the mass

function manifests at several times larger scales than 𝑀0. Interestingly, the semi-analytic model

only shows a break around 𝑀0 (a feature that falls off the left-hand side of the plot), so the effect

of a cutoff in the power spectrum on the mass function is not well captured in these excursion set

models for the mass function. However, as the bulk of the mass in dark matter halos at 𝑧 < 100

resides in halos more massive than are affected by this break, the mass scales around where the

break manifests are not important for our primary results. Indeed, a scale-invariant power spectrum

is a sufficient description at almost all scales we study: the only relevant parameter is the power

spectrum amplitude 𝐴osc/𝑘3
osc.

Finally, we calculate the total amount of bound structure in axion minihalos. This fraction is

important for direct detection efforts, which are sensitive to the unbound component. The fraction of

axion dark matter in these bound structures is found to be 0.8 at z=19, growing from 0.6 at 𝑧 = 100.
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Figure 3.3: The collapsed fraction of axion dark matter as a function of redshift for 𝐴osc = 0.1 and

𝑘osc = 19.8 pc−1. The orange data points are the collapsed fraction computed as the mass fraction

in our FOF groups from our fiducial white-noise simulation, while the orange and blue curves are

the collapse fraction of white noise perturbations in the Sheth-Tormen model and Press-Schechter

model, respectively. The collapsed fraction in the Sheth-Tormen and the Press-Shechter models is

obtained by intergrating over our white noise mass functions from 𝑀0 = 7 × 10−10𝑀⊙ to 10−4𝑀⊙.

The red dashed curve is the Press-Schechter collapse fraction in ‘CDM halos’ that form from

adiabiatic fluctuations (which are calculated by cutting off to include only masses of 𝑀 > 10−3𝑀⊙

halos for which adiabatic fluctuations dominate). This collapse fraction which appears in our

forward-evolution model (Eqs. 5.1 and 5.2).
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This is smaller than in Press-Schechter but comparable to the Sheth-Tormen mass function (see

Fig. 3.3). We expect that this estimate for the total mass in minihalos is an upper bound, especially

in a Milky Way-like environment where stellar disruption processes are important (see § 3.6).

3.3.1 Comparison with mass function calculated from early universe axion simulations

Previous N-body simulations have attempted to start from the initial conditions calculated from

solving the sine-Gordon equation for the axion Zurek et al. [2007], Eggemeier et al. [2019]. Unlike

our simulations, which are of the white spectrum that occurs at 𝑘 ≪ Hosc, their concentration

was on 𝑘 ≳ Hosc, scales shaped by the early universe axion dynamics. Such a study was recently

reported in Eggemeier et al. [2019], whose halo mass function at different masses is shown by the

dashed lines in Fig. 3.4. We use their results here to understand whether the tools we develop are

applicable for understanding axion structure formation on the scales they studied.

In particular, we have evaluated our semi-analytic model, calculated using the input power

spectrum for the simulations (solid curves in Fig. 3.4). At late times, this model is generally able

to reproduce the evolution seen in their N-body simulation. The model errs most for the highest

redshift Eggemeier et al. [2019] reported, 𝑧 = 2507. Our semi-analytic model is motivated by

matter-dominated spherical collapse calculations that do not apply during radiation domination

and need some modification. For example, in Press-Schechter, the barrier 𝛿c is no longer 1.686

once radiation is important. While our model should not be used when radiation is important in

the universe, improving our model to extend into radiation domination would further enhance the

differences. Rather, the mass function found in Eggemeier et al. [2019] at these times is likely driven

by the collapse of small-scale non-Gaussian structures that our Gaussian model does not capture

(the formalism from which these semi-analytic models are built is based on Gaussian random

walks). We surmise that the agreement of the simulations of Eggemeier et al. [2019] and our model

at later times occurs for two reasons. First, for smaller mass scales than the our peak-scale, the

model is less sensitive to deviations from Gaussianity since the minihalos that are collapsing are

not the rare peaks for which non-Gaussianity has its largest effect. Further, as time progresses, the

mass scale at which halos are rare (exponentially suppressed) moves to larger and larger masses.
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Figure 3.4: Comparison of the mass function of axion minihalos from Eggemeier et al. [2019]

with the prediction of our semi-analytic halo model using the same initial density power spectrum.

The semi-analytic model is tuned to fit our simpler white-noise simulations, but still describes

reasonably the simulated mass function of Eggemeier et al. [2019]. The N-body simulations in

Eggemeier et al. [2019] evolve the density field predicted from detailed early universe simulations

of the relativistic axion field, which results in the initial conditions for their N-body simulations

having a less abrupt cutoff in the power spectrum at high wavenumbers than in our simulations.

However, our analytic model broadly agrees, especially at lower redshifts (we suspect because

the non-gaussianty in the field matters less at these times). This agreement allows us to forward

model their predictions, which yields at late times curves similar to our white noise model shown

in Fig. 3.8.
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Many small-scale contributions sum to determine the perturbations on these larger scales, making

the fluctuations on these scales more Gaussian (although note that the model is not well tested by

the simulations of Eggemeier et al. [2019] at these high masses).

Finally, we remark that even though our analytic model is able to capture the mass function

of Eggemeier et al. [2019] at early times, at late times the amplitude of the white noise power at

𝑘 ≪ Hosc shapes the mass function – this study presents precise simulations in this regime. We use

the normalization of Eggemeier et al. [2019] at these scales as our fiducial model when we analyze

observations in § 3.5. The complex spectrum of fluctuations on 𝑘 ≳ Hosc that were simulated by

Eggemeier et al. [2019] should largely affect the subhalo distribution in the larger axion minihalos.

3.3.2 Extrapolating the mass function to the present day

Our simulation boxes, with our largest containing in total a cosmologically minuscule mass of

10−2𝑀⊙, are far from capturing the scales needed to follow cosmological structure formation,

which results in most of the dark matter being incorporated galactic mass halos of ≳ 1010𝑀⊙ today.

Thus, we need a way of incorporating the effects of these large scales. Fortunately, the separation of

mass scales between what later collapses and our axion minihalos suggests a reasonable approach.

An axion halo will stop growing once it falls into CDM halo. We distinguish “CDM halos”

as the halos that form from the standard adiabatic perturbations from inflation. The spectrum of

adiabatic density perturbations is such that a large range of masses collapse at around the same

time: few CDM halos have formed at 𝑧 ∼ 50, but most have collapsed by 𝑧 ∼ 10. Thus, most of the

axion minihalos are incorporated into the larger CDM halos at these redshifts. However, because

the host CDM halos are generally much larger, most axion minihalos do not spiral inward from

dynamical friction and merge into a single halo. Furthermore, once subsumed in the larger halo,

they stop growing via accretion because of the high velocities in the host halo.

Therefore, we estimate the mass function at a given redshift of axion minihalos, including those
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incorporated into massive CDM halos, as

𝑑𝑛 𝑓

𝑑𝑀
(𝑧) =

∫ 𝑧

𝑧eq

𝑑𝑧′
𝑑𝑓 CDM

col (𝑧′)
𝑑𝑧′

𝑑𝑛WN

𝑑𝑀
(𝑧′)

+
[
1 − 𝑓 CDM

col (𝑧)
] 𝑑𝑛WN

𝑑𝑀
(𝑧), (3.5)

where 𝑑𝑛WN/𝑑𝑀 is the mass function computed from our white noise–only simulations and

𝑓 CDM
col (𝑧) is the collapse fraction of CDM halos at redshift 𝑧 into halos (shown with the dashed

curve in Fig. 3.3), which goes from near zero to near unity over 𝑧 ∼ 10−50 – freezing the spectrum

of axion minihalos. The second term on the right hand side, which comes from axion minihalos

unbound to any CDM halos, becomes small at low redshifts. While this estimate provides the

global mass function of axion minihalos, including those that are subhalos in CDM halos, Eq. 5.1

likely approximates the mass function of axion minihalos at 𝑧 = 0 within any Milky Way-like or

cluster-scale CDM halo because the 𝑓 CDM
col history of the matter within these much larger halos

is not be significantly different than the mean history. This estimate is a different approach from

previous studies where the mass function is calculated using the power spectrum from the sum of

isocurvature and adiabatic fluctuations Dai and Miralda-Escudé [2020], Lee et al. [2020]. In our

estimate, we tracked all the minihalos arising from isocurvature fluctuations even though they may

have fallen into CDM halos formed from adiabatic fluctuations. We contrast the two methods in

the conclusions.

The estimate given by Eq. 5.1 may overestimate the fraction of axion minihalos that exist today

because it does not account for destruction processes. Destruction owing to encounters with stars

and other minihalos are discussed in § 3.6. We argue that in galactic environments stellar destruction

can remove an O(1) fraction, but it’s likely many still remain. Another process is the tidal stripping

of the host macro-halo itself on the minihalo. See this footnote for discussion 3. While beyond the

3The tidal radius of a minihalo sitting ∼ 1 scale radius from the center of the host macro-halo is roughly the scale
radius of the minihalo times the ratio of the concentrations of the macro halo and minihalo. (Tidal stripping is
further enhanced by the radial biased nature of orbits in CDM halos.) Thus more concentrated minihalos are more
likely to survive in their host halo. Because axion minihalos form much earlier than CDM halos, making them more
concentrated, one might think we are safe to ignore tidal stripping. However, our most massive minihalos are our
least concentrated, forming at a time similar to CDM halos. Thus, we expect some tidal stripping will be important,
particularly for the most massive minihalos.
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scope of this study, techniques that have been developed for the standard cosmology to evaluate

the tidal stripping and survival of subhalos should be applied to evolve axion minihalos Taylor and

Babul [2001], Errani and Navarro [2020].

With these caveats in mind, to evaluate Eq. 5.1, we use the Press-Schechter model for the

collapse fraction of CDM halos, which yields

𝑓 CDM
col (𝑧) = erfc

(
𝛿𝑐√

2𝜎CDM(𝑀min)𝐷 (𝑧)

)
, (3.6)

where𝜎CDM(𝑀)2 is the variance in the initial density fluctuation field, and 𝑀min is the smallest halo

we are counting in the tally of collapsed structures. We take 𝑀min to be 10−2𝑀⊙, corresponding to a

scale where CDM power spectrum starts to dominate and axion perturbations becomes subdominant.

Our results are insensitive to this choice owing to the roughly logarithmic dependence of 𝜎CDM(𝑀)

on 𝑀 at relevant masses. While the Press-Schechter mass function is known to error, the simplicity

of our model does not motivate more sophisticated prescriptions for 𝑓 CDM
col (𝑧). We evaluate 𝛿𝑐

at two values: Its formal spherical collapse value of 1.69 and the value for turnaround of 1.06

(both of these are matter-dominated values, but including dark energy has a percent-level effect

by 𝑧 = 0). The two choices quantify some uncertainty in our estimate, as it is unclear whether

turnaround or collapse better encapsulates the time when subhalos stop growing owing to tidal

effects. Furthermore, choosing turnaround segregates the time of formation of the host CDM halo

from the axion minihalos and, thus, chooses the denser minihalos that form by the earlier turnaround

epoch that are more likely to survive. However, these choices for 𝛿𝑐 yield results that are within a

factor of two of each other.

The solid purple band in Fig. 3.2 shows our estimate using Eq. 5.1 for the final mass function

in axion minihalos. The upper edge of the purple band at high mass uses 𝛿𝑐 = 1.69 and lower

𝛿𝑐 = 1.06. The peak occurs at the peak location of the individual snapshots when much of the

mass is incorporated in the standard CDM halos and stop growing (at 𝑧 ∼ 30). However, the mass

function extends over a broader range of masses than the mass functions from individual snapshots

in our simulations (compare with this curve with, e.g., the 𝑧 = 19 curve). We use this estimate in

§ 3.5 to compare with observations. Since we have an analytic model, we can further take into
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account uncertainties in the initial spectrum of axion fluctuations.

3.4 Density profile of axion minihalos

The density profile of axion minihalos is important for their detectability. The more dense and

concentrated these halos, the more detectable they generally are and the longer they are able to

survive in galactic environments. We study the angular-averaged density profiles at 𝑧 = 19 and

𝑧 = 49. Much of our discussion uses the famous Navarro-Frenk-White (NFW) profile and so we

start off by defining it and related quantities. In particular the NFW profile is given by Navarro

et al. [1996]:

𝜌(𝑟) = 𝜌𝑠

𝑟/𝑟𝑠 (1 + 𝑟/𝑟𝑠)2 , (3.7)

where 𝜌𝑠 is the characteristic density of the halo and 𝑟𝑠 is the scale radius. The scale radius deter-

mines the concentration number via 𝑐 ≡ 𝑟vir/𝑟𝑠, where 𝑟vir is the virial radius of dark matter halo.

The virial radius is defined here by the matter density 𝜌̄(𝑧) and halo mass𝑀 as 4𝜋(200)𝑟3
vir 𝜌̄/3 = 𝑀 ,

i.e. the region that encloses an overdensity of 200. This standard choice is motivated by spherical

collapse, and it means that the concentration number, 𝑐, of a static halo (i.e. one with a fixed density

profile) increases with time as 𝑟vir ∝ (1 + 𝑧)−1.

We plot NFW density profiles at z=19 and z=49 in Fig. 3.5 and Fig. 3.6 respectively and

compare them with the density profiles of 10 halos taken from the simulation that fall nearest the

specified mass. The NFW profile is fully determined by the halo mass 𝑀 and scale radius in

Eq. 3.8 as 𝜌𝑠 = 𝑀/[4𝜋𝑟3
𝑠 (log(1+ 𝑐) − 𝑐/(1+ 𝑐))], while the colored curves are computed from the

simulation data, representing density profiles of 10 halos around the same halo mass 𝑀 . Many of

the density profiles of small halos agree with solid NFW profile reasonably. However, some of the

halo density profiles do not agree with the NFW profile, with a flatter density profile in the central

region. This occurs more often for our most massive halos (𝑀 ∼ 10−6𝑀⊙). We do not expect this

to be a gravitational softening effect because the flat density profile starts on a scale much larger

than the softening scale (and is most common in our massive halos). Rather, it owes to halos with

multiple components that have not merged: The largest minihalos – like galaxy clusters today –
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Figure 3.5: Density profile of halos with different masses at 𝑧 = 19 from our fiducial simulation

interpreted with 𝐴osc = 0.1 and 𝑘osc = 19.8 pc−1. The colored curves with less opacity represent

the density profile of 10 halos around the same mass obtained from our simulation data. The

purple solid curve represents the NFW density profile with a mass-dependent scale radius given by

Eq.3.8, whereas the dashed purple curve is re-scaled to a factor of two smaller values for the scale

radius (Eq. 3.8), which suggests how well the scale radius can be determined from the simulation.

The vertical black and orange-red dashed line are indicating the gravitational softening length and

scale radius of the halo respectively. The density profiles from simulations broadly agree with

the predicted NFW profiles at different masses, except for a contingent of halos that are unrelaxed

at their center. This contingent is especially present the higher masses, and owes to incomplete

merging of two halos (Fig. 3.7 shows some examples). An NFW profile with the model for the

scale radius in Eq. 3.8 agrees reasonably with the more relaxed profiles.
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Figure 3.6: The same as Figure 3.5 except showing the density profile of halos with different

masses at 𝑧 = 49 rather than 𝑧 = 19. The colored curves with less opacity represent the density

profile of 10 halos around the same mass obtained from our simulation data. The purple solid curve

represents the NFW density profile with a scale radius described in Eq. 3.8, and the purple dashed

curve has a scale radius that is a factor of two smaller than the solid curve. The vertical black and

orange-red dashed line are indicating the gravitational softening length and scale radius of the halo

respectively. The NFW model predictions broadly agrees with the simulation data except for the

high mass end where halos have substructures. The main conclusion is the same as what we found

in Fig. 3.5. In combination the two figures support that the density profile of axion halos do not

change over time (at trait that holds also for the NFW model curves).
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are the least merged and relaxed systems. The large amount of structure in our massive halos can

be seen in Fig. 3.7, which plots the projected density distribution of four 𝑀 ∼ 10−7𝑀⊙ halos at

different redshifts and four different mass halos at 𝑧 = 19. For instance, the distance between the

substructures for the axion minihalo with 𝑀 = 10−7𝑀⊙ at 𝑧 = 49 is roughly 200 AU (10−3pc)

as shown in Fig. 3.7, which matches with the size of the flat central region of high mass halos in

Fig. 3.6. More generally, in our white noise cosmology, halo formation for a given range of halo

masses is spread over a larger range in scale factor than in the standard cosmology. This enhances

the density contrast of substructures and makes them more able to survive in their parent halo.

In the picture that the axion halo forms early and then sits undisturbed, one might expect the

characteristic scale radius, 𝑟𝑠, is only a function of halo mass 𝑀 and does not depend on redshift

Dai and Miralda-Escudé [2020]. (The virial radius as defined, however, does depend on the redshift

because it is determined by the mean density of the Universe. Therefore, 𝑐 grows linearly with

scale factor 𝑎 in this picture.) Dai & Miralda-Escudé Dai and Miralda-Escudé [2020] assumed that

the axion minihalos form with a relatively small concentration of 𝑐 = 4 and that the collapse at a

given minihalo mass that can be characterized by when a 1𝜎 perturbation at that mass collapses.

These assumptions are sufficient to predict 𝑟𝑠 and 𝑐 analytically as a function of halo mass Dai and

Miralda-Escudé [2020]. If we calibrate the analytical prediction with a prefactor and compare it to

the average density profiles in the simulation, we found they are in good agreement for different halo

masses at different redshifts. Therefore, this picture seems to be roughly obeyed by our simulations.

The solid curves in Fig. 3.5 and Fig. 3.6 show

𝑟𝑠 (𝑀) ≈3.7 × 10−3ℎ−1pc
(

𝐴osc𝑀0

10−11𝑀⊙/ℎ

)−1/2

×
(

𝑀

10−6𝑀⊙/ℎ

)5/6
,

(3.8)

or equivalently

𝑐(𝑧) ≡ 𝑟vir

𝑟𝑠
=

1.4 × 104

(1 + 𝑧)
√︁
𝑀/(𝐴osc𝑀0)

, (3.9)

where 𝑀0 is the characteristic mass of axion minihalos at power spectrum cutoff, which is defined

in Eq. 6.4, and 𝐴osc is the amplitude in Eq. 3.1. The only relevant parameter in our simulation
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is 𝐴osc/𝑘3
osc, which is proportional to 𝐴osc𝑀0. The dependencies of Eqns. 3.8 and 3.9 are from

the model of Dai and Miralda-Escudé [2020], discussed shortly. In Ref. Eggemeier et al. [2019],

characteristic concentration parameters for axion minihalos at 𝑧 = 99 for certain mass ranges are

discussed. Their concentration parameter varies with mass more slowly than our relation at the

low mass end, which is still reasonably consistent with our model because their power spectrum

is also more flat at smaller scales. At highest masses they study of ∼ 10−8𝑀⊙, their concentration

parameters roughly agree with what we found.

Figures 3.5 and 3.6 show respectively 𝑧 = 19 and 𝑧 = 49 four four halo mass bins that span 2−3

orders of magnitude in mass. The solid curve is the 𝑟𝑠 (𝑀) given by Eq. 3.8, and the dashed is a

factor of two smaller. The former values of 𝑟𝑠 and 𝑐 appear to describe most of the relaxed halo

profiles, and the outer profile of of the unrelaxed.

We also note that these concentrations are much larger and have a stronger mass dependence

than standard CDM halos Okoli [2017]. We expect CDM halos only to have a similar concentration

if they form at the same redshift as our minihalos. Finally, it is well known that CDM halos have

a lognormal distribution of concentrations with a full width at half maximum (FWHM) of ≈ 1 dex

at 𝑧 ≈ 0. For our relaxed axion minihalos, there is no clear evidence for such significant scatter in

their concentrations although we did not study it quantitatively.

Our simulated minihalos halos have 𝑟𝑠 values that are smaller than the analytic prediction in Dai

and Miralda-Escudé [2020] by a factor of four. We think that some of this difference comes from

the fact that they defined the halo mass when its concentration number is four. The scale radius

of a halo will remain a constant as time evolves, but the ‘boundary’ at 𝑟vir will expand due to the

less dense Universe. Therefore, dark matter halos will go through ‘pseudo-growth’ as the boundary

expands and encompasses more mass Diemer et al. [2013]. For the NFW profile that describes

halos in our simulations, a halo with 𝑐 = 100 at late times is about four times heavier than it was at

formation with 𝑐 = 4 simply owing to this effect.
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Figure 3.7: The visualization of halos that have different masses and redshifts from our simulation

interpreted with 𝐴osc = 0.1 and 𝑘osc = 19.8 pc−1. Left panels are showing halos with the same

mass 10−7𝑀⊙ at different redshifts. Right panels are showing halos with different masses at the

same redshift. The density profile is supposed to be the same for halos that have the same masses.

However, we show that the halo at 𝑧 = 49 has more substructures than other halos with the same

mass. This is because 𝑀 = 10−7𝑀⊙ is at the high mass end of the mass function at 𝑧 = 49 and

the high mass end shifts to larger masses at lower redshifts. Halos at high mass end just formed

very recently and did not go through enough merger events. Therefore they may have a lot of

substructures than other halos. In summary, a larger value of 𝜈 = 𝛿𝑐/𝜎(𝑀, 𝑧) is corresponding to

more substructures.
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Figure 3.8: Model prediction of axion halo mass function at the present time with different choice of

axion masses (solid curves) compared against forecasts for the observational sensitivity for a future

pulsar timing array (PTA) observations and gravitational lensing in the scenario proposed in Dai

and Miralda-Escudé [2020]. Disruption is neglected for reasons discussed in § 3.6. Different axion

particle masses are shown computed assuming 𝐴osc = 0.03 for the power spectrum normalization,

and our amplitude parameter can be deduced from the masses 𝑚𝑎 via Eq. 3.2 and we show one

string-dominated case with 𝐴osc = 0.003 and 𝑚𝑎 = 500𝜇𝑒𝑉 (orange curve). The power spectrum

with mass 𝑚𝑎 = 50𝜇eV and 𝐴osc = 0.03 agrees with the white scaling of the early universe axion

simulations used in Eggemeier et al. [2019]. We show with the yellow band for our middle-of-

the road 50 𝜇eV mass the range of estimates using the turnaround and collapse 𝛿𝑐 for when axion

minihalo growth is terminated. The red region represents the PTA sensitivity with SKA parameters,

while the orange region assumes more optimistic PTA parameters (see main text). The dashed curve

presents the mass function in Dai et al. Dai and Miralda-Escudé [2020], which owing to the size of

an effect it creates on this observable, we interpret as (very roughly) a lower bound on what can be

probed by lensing of magnified stars (see text).
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3.5 Axion Minihalo Observables

The previous sections obtained the mass function and density profile of axion minihalos from

simulations and developed a semi-analytic model to extrapolate to the present day. We can now

use this model to evaluate the prospects for detecting axion minihalos in the post-inflation scenario.

We will show that pulsar timing arrays and the gravitational lensing of highly magnified stars both

show promise for constraining our mass spectrum of axion minihalos.

Figure 3.8 is the key figure on which we will place our constraints. It shows our semi-analytic

model’s prediction for the present time axion minihalo mass function compared to forecasts for the

observational sensitivity for future pulsar timing array (PTA) observations and the gravitational

lensing in the scenario proposed in Dai and Miralda-Escudé [2020]. Different axion masses are

shown assuming 𝐴osc = 0.03 (and for one curve 𝐴osc = 0.03) for the power spectrum normalization.

The power spectrum amplitude 𝐴osc/𝑘3
osc can be deduced from the masses𝑚𝐴 via Eq. 3.2. The range

of axion masses reflects the uncertainty in how much axion strings contribute to the production of

early universe axions. The blue and solid curves take 𝑚𝐴 = 500𝜇𝑒𝑉 and represent the scenario of

axion strings radiating mostly in the infrared and dominating over misalignment production by the

factor log( 𝑓𝐴/𝑚𝐴) ∼ 60. We note that 𝐴osc = 0.03 is calibrated to match the low wavenumbers of

the simulations of Vaquero et al. [2019] where strings provide a middle-of-the-road enhancement.

Pure misalignment production of axions likely has a larger value for 𝐴osc. However, even a string

dominated spectrum should have a significant 𝐴osc owing to the expectation that there are a handful

of strings per Hubble patch.

We now compare these model predictions to the forecast sensitivities of pulsar time arrays and

gravitational lensing observables.

3.5.1 Pulsar timing array

Due to the stability of pulsar pulse phases observed over at least several year durations, dark matter

structures around the Earth-pulsar system can imprint discernible signatures in these phases via

gravitational Doppler and Shapiro delays. Using pulsar timing arrays (PTAs), individual transiting
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subhalos can be detected in the future by Square Kilometer Array (SKA) Rosado et al. [2015].

Constraints for a single ‘subhalo’ mass for dark matter substructure are presented in Ramani et al.

[2020], which Carr et al. [2017] found can be extended to non-monochromatic mass functions

within a mass bin of 𝑀1 < 𝑀 < 𝑀2 using the following inequality:∫ 𝑀2

𝑀1

𝑑𝑀
𝑑𝑛

𝑑ln𝑀
1

𝜌̄dm 𝑓max(𝑀, 𝑐)
≤ 1. (3.10)

Here, 𝑓max is the maximum mass fraction of dark matter in substructures of a single mass presented

in Ramani et al. [2020], which is a function of halo mass and concentration number, 𝜌̄dm is

the mean density of dark matter in the Universe, and 𝑑𝑛/𝑑ln𝑀 is the mass function of axion

minihalos. We consider the two observational scenarios for 𝑓max presented in Ramani et al.

[2020]. One is an optimistic case based on the futuristic PTA parameters 𝑁𝑃 = 1000, 𝑇 =

30 yr, 𝑡rms = 10 ns, Δt = 1 week, where 𝑁𝑃 is the number of pulsars, 𝑇 is the observing duration,

𝑡rms is the residual timing noise and Δ𝑡 is the cadence. The second is a somewhat less futuristic

PTA sensitivities based on the estimated capability of the PTA with the Square Kilometer Array:

𝑁𝑃 = 200, 𝑇 = 20 yr, 𝑡rms = 50 ns, Δt = 2 weeks. The parameter choices in both cases are

motivated further in Ramani et al. [2020].

With our mass function and concentration numbers of axion minihalos at present day, we use

Eq. 3.10 to determine whether PTA observations with future instruments may be sensitive to axion

minihalos. We present our results in Fig. 3.8, where the current mass function of axion minihalos

and the threshold mass function that will lead to a detectable signal in PTA observations are plotted.

As shown in Fig. 3.8, our estimate for the current mass function of axion halos lives well above the

threshold that would be detectable for future PTA observations with optimistic PTA parameters.

This conclusion holds for each of the axion mass scenarios we consider. However, our estimate

for the current mass function is not large enough to produce a detectable in PTA observations with

SKA parameters. We need more futuristic observations to detect axion minihalos with PTAs. (See

this footnote for a caveat on our PTA bounds on the most massive halos that pertains to their lower

concentrations: 4)

4The PTA bounds in Fig. 3.8 assume 𝑐 ≳ 1000, which we find applies at 10−8𝑀⊙ (Eq. 3.9). When the halo mass
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In § 3.6 we consider disruption by encounters with stars. We argue that this process is not

efficient enough to suppress by the order of magnitude required to be below the ‘PTA Optimistic’

limits.

3.5.2 Gravitational lensing of highly magnified stars

The usual microlensing signatures of axion minihalos requires the concentration number to be

ultrahigh in order to exceed the critical surface density for lensing (𝑐 ≳ 107 for typical masses).

Our minihalos do not come anywhere near such high concentrations (Eq. 3.9). However, recently

another lensing diagnostic was suggested. Caustic transiting stars behind a galaxy cluster lens

can reach extreme magnifications of 𝜇 ≳ 103 – 104 as the lensed stars cross microlensing caustics

induced by intracluster stars Diego et al. [2018], Venumadhav et al. [2017]. The perturbations from

dark matter structure can add additional structure to these lensing caustics, changing their profile

Dai and Miralda-Escudé [2020]. Indeed, Dai and Miralda-Escudé [2020] argued that this effect is

sensitive to the minihalos in the post-inflationary axion scenario.

In particular, Dai et al. Dai and Miralda-Escudé [2020] showed that this diagnostic is sensitive to

convergence fluctuations are at the level ofΔ𝜅 ∼ 10−4 – 10−3 on scales 10 – 104AU/ℎ (corresponding

to mass scales 10−8 – 10−5𝑀⊙). Motivated by the fact that axion minihalos have 𝑟𝑠 in this interesting

range of scales, they modeled the abundance of axions using the 𝑧 ∼ 1 Press-Schechter mass function

calculated with both axion isocurvature and inflationary adiabatic fluctuations. (This is likely a

conservative model as it predicts most of the mass is in large halos that form from the adiabatic

fluctuations. Others have also adopted this model, which we contrast with in the conclusions.)

They concluded that the post-inflation axion scenario can produce sufficient level of fluctuations,

although their results suggest that their QCD axion model is near the minimum of what might

feasibly be detected. Our simulation results suggest a larger amplitude for the mass function at

all masses except the scenario where axion mass is 500𝜇eV, indicating that axion minihalos likely

lead to a larger lensing signature than in their fiducial model. In Fig. 3.8, we show the comparison

is larger than 10−7𝑀⊙ , axion minihalos have lower concentration numbers and so the bound shown in Figure 3.10
are not applicable and a more detailed study is required.
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Figure 3.9: Disruption of axion minihalos from stellar encounters, assuming NFW density profiles

with concentrations calculated for 𝐴osc = 0.03 and 𝑚𝑎 = 50𝜇eV. The left panel shows the average

time taken for one catastrophic (Δ𝐸 > |𝐸𝑏 |) encounter to occur, which is also the approximate

time taken for dynamical heating from smaller encounters to add up to |𝐸𝑏 |. Most minihalo should

survive in the environment needed for the gravitational lensing observable. The right panel shows

both disruption effects as a function of passages through the Milky Way disk.

between the mass function used for the lensing calculations in Dai and Miralda-Escudé [2020]

(dashed red curve) against our mass functions.

We also find in § 3.6 that stellar disruption is unlikely to destroy the axion minihalos in the

cluster environment envisioned in Dai and Miralda-Escudé [2020], verifying simpler estimates they

present. This may not be the case for a similar diagnostic involving a galactic macro-lens rather

than a cluster.

3.6 Disruption of Axion Minihalos

The primary mechanism for disrupting minihalos is high speed encounters with stars and other

minihalos. Here we present estimates of the disruption from these encounters. We use the NFW

profiles discussed in § 3.4, and the impulsive analytic framework developed in Spitzer [1958],
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Gerhard and Fall [1983], Moore [1993], Carr and Sakellariadou [1999], Binney and Tremaine

[2008], Green and Goodwin [2007]. The associated energy change from an encounter is Green and

Goodwin [2007]:

Δ𝐸 =
4𝛼2

3
𝐺2𝑀2

𝑝𝑀𝑟
2
vir

𝑉2𝑏4 , (3.11)

where 𝑀𝑝 is the perturber mass, 𝑏 is the impact parameter, 𝑀 is the subject axion minihalo mass,

and 𝛼2 is the root mean square radius (0.1 ≲ 𝛼2 ≲ 0.4; the exact expression can be calculated from

the definitions in Green and Goodwin [2007]).

Once minihalos fall onto a CDM halo, we assume they stop accreting mass and evolving in any

significant way. Thus, for the purposes of our disruption analysis, we evaluate 𝑟vir = 𝑐𝑟𝑠 as a static

quantity at 𝑧 = 20 using Eq. 3.9. This has the effect of cutting off the NFW halo at the 𝑧 = 20 virial

radius, which makes the axions more bound than a NFW halo that extends out to the 𝑧 = 0 virial

radius.

To consider the disruption from an encounter, we compare the energy imparted to the binding

energy of the subject minihalo: |𝐸𝑏 | = 𝑓𝑐𝐺𝑀
2/2𝑟vir, where 𝑓𝑐 is computed for an NFW profile

and ranges in value from 0.75 for 10−4𝑀⊙ to 12 for 10−10𝑀⊙ minihalos using our fitted value for

the concentration. There are two important limits: 1) catastrophic encounters where Δ𝐸/|𝐸𝑏 | > 1,

and 2) dynamical heating from the cumulative effect of many small encounters. The catastrophic

regime occurs at impact parameters satisfying this condition, the largest of which we define to be

𝑏𝑐.

Over its lifespan, a minihalo will have many encounters with other minihalos and stars.

Minihalo-minihalo interactions occur in a larger macro halo, and are negligible in galactic ha-

los or cluster halos, where high encounter speeds and low perturber masses prevent catastrophic

encounters entirely and suppress the heating rates. However, in the early stages of structure for-

mation the minihalos inhabit halos with velocities not much larger than their virial velocities, and

so these effects could be important. While preliminary calculations suggest this process is less

important than stellar disruptions (aided by fact that often axion minihalos accrete onto much larger

CDM halos), we plan further study of minihalo interactions in future work.
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We now focus on stellar encounters. Assuming Maxwellian velocity distributions, an estimate

for the catastrophic encounter rate is (Appendix 3.10):

𝑅𝑐 =

√︄
8𝐺𝛼2

3 𝑓𝑐𝑀
𝜋𝜌𝑝𝑟

3/2
vir . (3.12)

This rate does not depend on the velocity dispersion nor the distribution of perturbers masses,

just the overall perturber mass density, 𝜌𝑝 ≡ 𝑀𝑝𝑛𝑝, and subject mass. A power law fitting can

approximate this result when 𝑀 < 10−5𝑀⊙:

𝑅−1
c ≈ 40 Gyr

(
𝜌𝑝

105𝑀⊙kpc−3

)−1

(
𝑀

10−6𝑀⊙

)−0.16 (
𝐴osc

0.03

)0.11
,

(3.13)

The 𝑀 and 𝐴osc dependence is weak.

The next consideration is the cumulative heating of smaller encounters, with 𝑏 > 𝑏𝑐. Successive

smaller encounters continue to add energy, leading to disruption when the total energy added is

∼ |𝐸𝑏 |. We estimate that the heating rate is (Appendix 3.10):

𝑅𝐻 ≡
¤𝐸

|𝐸𝑏 |
=

√︄
8𝛼2𝐺

3 𝑓𝑐𝑀
𝜋𝜌𝑝𝑟

3/2
vir = 𝑅𝑐 . (3.14)

Curiously our estimate for the heating rate is equal to our estimate for the catastrophic destruction

rate, Eq. 3.12. The average time for one catastrophic encounter to occur is also the average time

needed for cumulative heating to add up to the binding energy. Details on this interesting equivalence

can be found in Appendix 3.10.

At small impact parameters of 𝑏 ≲ 𝑟𝑠, Eq. 3.11 overpredicts the energy imparted Carr and

Sakellariadou [1999], Green and Goodwin [2007]. Simulations exploring this in Green and Good-

win [2007] determined that the transition is well-fit by a sharp cutoff between these two regimes,

located at 𝑏𝑠 ≡ (4𝛼2/9𝛽2)1/4𝑟vir, where 𝛽2 is the is the root mean square inverse radius and is

6 < 𝛽2 < 14 for our minihalos (see Green and Goodwin [2007] for details). We find that, for

the minihalos in this work, 𝑏𝑠 = [0.25 − 0.41]𝑟vir. For encounters with 𝑏𝑠 > 𝑏𝑐, catastrophic

encounters are impossible. We calculate 𝑏𝑐 and 𝑏𝑠 and find that, for speeds characteristic of the
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cluster lensing scenario (𝑉 = 1500 km s−1), minihalo of mass 10−5𝑀⊙ or larger have 𝑏𝑠 > 𝑏𝑐 for

encounters with stars as high as 1.6𝑀⊙. This implies that the largest minihalos are immune to

the majority of would-be-catastrophic encounters in this environment; the encounters contribute

to heating instead. We neglect this in the following computations and note that the net effect is

longer disruption times for ≳ 10−5𝑀⊙ minihalos in galaxy clusters. This consideration is even less

relevant in Milky Way-like environments, where the vast majority of minihalos predicted by our

simulations are nearly unaffected by this correction.

Using 𝑅𝐻 and 𝑅𝑐, we estimate the disruption of axion minihalos in environments relevant for the

Milky Way and cluster environments. For the Milky Way, we calculate the expected catastrophic

encounters and total heating in terms of the number of passages through the Milky Way’s disk. This

parameterization allows for the fact that some minihalos will have encountered the disk a handful

of times if they were accreted late and had a low angular momentum orbit that takes it far out into

the halo. Other minihalos at the Solar Circle likely pass through the disk many tens of times. We

neglect stars in the bulge and stellar halo, estimate the stellar surface density at 8 kpc to be 108𝑀⊙

kpc−2 and 𝑉 = 200 km/s. Results are shown in right panel of Figure 3.9.

In the Milky Way, relevant to the PTA observable, our estimates show that ∼ 10−6𝑀⊙ minihalos

experience a catastrophic encounter and disruptive heating after ∼ 10 disk passages, with stellar

impacts becoming somewhat less important for less massive minihalos. The minihalos accreted

many Gyr ago likely would have had 1-3 catastrophic encounters, and those that avoided one would

have had significant heating. Material that has fallen onto the Milky Way more recently or that is

on an orbit with rare disk passages is likely to retain its axion minihalos, even the larger ones. More

detailed calculations are required to make a better estimate. Our results suggest disruption patterns

similar to Kavanagh et al. [2020], despite differences in the modeling of the minihalos.

Detecting the perturbations from axion minihalos from gravitational lensing of highly magnified

stars (§3.5) depends on whether minihalos are disrupted in the centers of galaxy clusters (although

minihalos outside of the cluster can contribute non-negligibly). Galaxy clusters are a less stellar

rich location than the Milky Way and, thus, survival is more likely. We calculate the expected

disruption time for this cluster environment; results are shown in the left panel of Figure 3.9.
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At these lower densities, our estimates indicate that many minihalo do not experience a single

catastrophic encounter and collective heating should not significantly alter the axion minihalos, in

agreement with the estimates in Dai and Miralda-Escudé [2020].

Authors studying the effects of these disruptive mechanisms on dark halos and stellar systems

have made the case that the result from Δ𝐸 > 𝐸𝑏 encounters is not full disruption, but mass

loss Gieles and Renaud [2016], Kavanagh et al. [2020], van den Bosch et al. [2018]. The energy

imparted from a catastrophic encounter is mostly carried off by particles in outer layers, leaving

behind dense cores. More detailed simulations would be required to understand the masses of these

cores for the minihalos that are most impacted by encounters.

3.7 Conclusions

We have run N-body simulations that study the formation of axion minihalos on mass scales

where the initial spectrum of axion perturbations is described by Gaussian white-noise. The exact

spectrum of axion perturbations will be damped below the white noise scaling at high momentum,

and high-wavenumber modes can be shaped by non-gaussianities. However, lower momenta modes

where the spectrum is white and that limit to being Gaussian are likely to be most relevant for

observations, as they shape the late-time minihalo mass function.

We simulated the mass function and density profiles of axion minihalos. Our results show that

the standard Press-Schechter and Sheth-Tormen mass functions only err at the factor of ∼ 2 level.

We further showed that a tweaked version of the Sheth-Tormen mass function and the NFW profile

with a physically motivated scale radius (adapting the model of Dai and Miralda-Escudé [2020])

accurately describe the simulated halo properties at different redshifts. We further showed that our

mass function, developed on our Gaussian white noise simulations, is also able to roughly describe

the evolution of the mass function found in the simulations of Eggemeier and Niemeyer [2019] that

start from the outputs of early universe simulations to the sine-Gordon equation.

Our cosmologically minute simulations do not capture the range of structures that collapse in

the real universe. We developed a model which allows us to extrapolate our results to the current

time and make connection to observations. Namely, we assume that axion minihalos stop merging
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and growing once they fall into the much larger halos sourced by the adiabatic fluctuations from

inflation, but that they are able to survive intact. This extension of our model allowed us to make

predictions for pulsar timing arrays and microlensing of highly magnified cosmological stars. The

abundance of axion minihalos we find appear to be above the threshold that can be probed by

PTA observation with futuristic parameters, modulo uncertainty in the amplitude of the density

fluctuations when cosmic strings dominate the axion production. Our predictions for halo mass

function and concentration are also greater than an estimate for the threshold sensitivity of the

microlensing scenario.

However, these predictions ignore processes that potentially disrupt axion minihalos within

larger dark matter halos. We investigated the disruption of minihalos by stellar encounters. While

we found that such disruption is unlikely to be important within galaxy clusters (applicable for the

microlensing observable), we found that it is more important in a galactic environment relevant to

PTAs; however, they are likely not disruptive enough to suppress our predictions by more than an

O(1) factor. Semi-analytic techniques that better approximate stellar encounters as well as other

disruptions processes, such as tides from the parent halo, have been developed Taylor and Babul

[2001], Green and Goodwin [2007], Errani and Navarro [2020]. We aim to apply these to improve

our estimates for the abundance of axion minihalos in future work. In lieu of these calculations, our

primary result for the mass function (without disruption) in Fig. 3.8 should perhaps be considered

an upper bound for the axion minihalo abundance. To further complicate the story, axion minihalos

have more substructure than CDM halos, which is not included in our model and would enhance

the signals.

Our estimates for the abundance of minihalos in present-day systems contrast with previous

studies Dai and Miralda-Escudé [2020], Lee et al. [2020] where minihalos that merged into other

halos before they were subsumed into the Milky Way or galaxy cluster halos were effectively

excluded. In particular, Dai and Miralda-Escudé [2020], Lee et al. [2020] computed the mass

function results from axion isocurvature plus adiabatic fluctuations at the time of formation of the

Milky Way or cluster, which results in the mass function of axion halos being shifted to considerably

higher masses and less concentrated halos compared to our estimates (compare the dashed ‘D&M
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Lensing’ curve in Fig 3.8 with the solid curves). Our estimates include the less massive more

concentrated minihalos that merge earlier with CDM halos. We argued that many of these should

survive.

Our simulations are scale-invariant except on the smallest scales, and most collapse occurs

during matter domination when the evolution is self-similar. In these limits, the only relevant pa-

rameter is the variance on any mass scale 𝜎2(𝑀). Our semi-analytic halo mass function naturally

incorporates this symmetry. Thus, it is straightforward to apply our results to other axion-like

particles (ALP), where the axion decay constant 𝑓𝑎 and axion mass 𝑚𝑎 are two potentially inde-

pendent model parameters unlike for the QCD axion. Our simulations apply to the white noise

formation for all ALP scenarios by only matching the mass scale that has the same variance as in

our calculations. Disruption processes do depend on halo mass and so unfortunately our results

there do not generalize. Of course, the observables will change with mass as well. For example,

much more massive halos may exceed to the critical density to act as a strong gravitational lens

Fairbairn et al. [2018].

Our calculations also have relevance to much different dark matter scenarios. Primordial

black holes (PBHs) should have a white spectrum much like the post-inflation axion, with O(1)

fluctuations on the mass scale of the black holes, 𝑀PBH Inman and Ali-Haïmoud [2019]. Our

simulations and calculations also apply to the case where these comprise the dark matter for halos

comprised of PBHs with 𝑀 ≫ 𝑀PBH (although the center of PBH halos could be cored by two body

interactions). Indeed, there is still a window at 𝑀PBH = 10−17 − 10−11𝑀⊙ where PBHs could be a

substantial fraction of the dark matter Montero-Camacho et al. [2019], one of the few windows left.

Our calculations suggest that microlensing and PTAs may be able to constrain the more massive

end of this window. Finally, our white spectrum of perturbations is closer to the blue spectrum

anticipated from scenarios with early matter domination Erickcek [2015] or a light vector whose

abundance is set by inflationary fluctuations Graham et al. [2016], suggesting that the standard

semi-analytic mass functions will apply there as well.
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3.8 Appendix: Fitting the Halo Mass Function

The halo mass function from our simulation does not agree with the prediction by Press & Schechter

Press and Schechter [1974] or Sheth & Tormen Sheth and Tormen [1999] computed with power

spectrum in Eq.3.1. However, we can calibrate our mass function with these analytic models and

extrapolate the result of our simulation to present time. A simple model of collapsed halos by Press

& Schechter Press and Schechter [1974] gives the following halo mass function:

𝑚2𝑑𝑛/𝑑𝑚
𝜌̄

𝑑𝑚

𝑚
= 𝜈 𝑓 (𝜈) 𝑑𝜈

𝜈
, (3.15)

where 𝜌̄ is the comoving density of matter and 𝜈, 𝑓 (𝜈) are defined as:

𝜈 𝑓 (𝜈) =
√︂

𝜈

2𝜋
exp(−𝜈/2),

𝜈 ≡
𝛿2
𝑐 (𝑧)

𝜎2(𝑚)
,

(3.16)

where 𝛿𝑐 is the critical density required for spherical collapse at z. In an Einstein-de Sitter

cosmology, 𝛿𝑐 = 1.686. 𝜎2(𝑚) is the variance in the initial density fluctuation field when smoothed

with a tophat filter of scale 𝑅 = (3𝑚/4𝜋𝜌̄)1/3, which can be determined as:

𝜎2(𝑚) ≡
∫

𝑑𝑘

𝑘

𝑘3𝑃(𝑘)
2𝜋2 |𝑊 (𝑘𝑅) |2, (3.17)

where𝑊 (𝑥) = (3/𝑥3) [sin(𝑥) − 𝑥cos(𝑥)] is the spherical top-hat window function. The variance of

white-noise power spectrum from axion can be expressed as:

𝜎(𝑀) =
√︂

3𝐴osc

2𝜋2
𝑀0

𝑀
. (3.18)

The Sheth-Tormen mass function provides a better fit to the number density of halos in simula-

tions, which gives:

𝜈 𝑓 (𝜈) = 𝐴(𝑝) (1 + (𝑞𝜈)−𝑝)
(𝑞𝜈
2𝜋

)1/2
exp(−𝑞𝜈/2), (3.19)

where 𝑝 ≈ 0.3, 𝑞 ≈ 0.75 and 𝐴(𝑝) = [1 + 2−𝑝Γ(1/2 − 𝑝)/
√
𝜋]−1 ≈ 0.3222 Sheth and Tormen

[1999]. The functional form of this mass function is motivated by the impact of large-scale tidal

fields on delaying collapse relative to the (spherical) Press-Schechter prediction.
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We can fit the halo mass function from our simulation by tuning the parameters 𝐴, 𝑝, 𝑞 in

the Sheth-Tormen mass function. We treat model parameter 𝐴 as a free parameter rather than

expressing it in terms of 𝑝. We find the best fitting parameters to be 𝐴 = 0.374, 𝑝 = 0.19, 𝑞 = 1.2.

Given these parameters, we can make predictions in halo mass function at different redshifts. As

shown in Fig. 3.2, the fitted halo mass function broadly agrees with the mass function obtained

from simulation, except at low mass end where halo mass 𝑀 ≲ 10−9𝑀⊙. See the main text for

discussion of the differences at low masses.

3.9 Appendix: Convergence Testing

This appendix investigates whether our primary results are sensitive to our choice of gravitational

softening length and time stepping. A worry is that the axion cosmology is so much different than

the standard cosmology that simulations may require much different accuracy parameters. We find

that this is not the case.

To test convergence, we have run a reference simulation that uses the same box size, gravitational

softening parameter and time-stepping parameter as the simulations in Sec.3.2. We compare it to

a simulation with half the gravitational softening length and one with twice as small time steps.

All simulations considered in this appendix take 𝑁 = 5123 particles and are run in a box size of 50

pc/h.

In particular, the reference gravitational softening length is equal to 1/30 in units of the mean

separation of N-body particles. (The mean separation can be estimated as 𝐿/𝑁grid, where 𝐿 is the

box size and 𝑁grid is the cube root of the number of particles.) In the reference run, the time stepping

parameter 𝜂 is taken to be 0.02, which is the default time-stepping parameter in MP-Gadget. The

time-stepping criterion Power et al. [2003] used in MP-Gadget:

Δ𝑡 =
√︁

2𝜂𝜖/𝑎, (3.20)

where 𝜖 is the gravitational softening length, 𝜂 = ErrTolIntAccuracy is a dimensionless parameter

and 𝑎 is the local acceleration. The error of MP-Gadget’s leap-frog integration scheme scales

quadratically in Δ𝑡. Both the softening and time stepping parameters are set to half their reference
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Figure 3.10: Simulated FOF mass function at 𝑧 = 49 and 𝑧 = 19. Data points with different colors

are from simulations run with different force softening and timestepping parameters, in addition to

the fiducial simulation. See the appendix for more information on the different parameter values.

The solid curves are the semi-analytic prediction discussed in Appendix 3.8. The simulated mass

functions all agree with each other, suggesting that the halo mass function is converged in softening

and time stepping.

values in our two additional simulations to test for convergence.

We compare the mass function and the density profile in the reference run and the convergence-

testing runs, as shown in Fig. 3.10 and Fig. 3.11. We plot the mass functions at 𝑧 = 19 and

𝑧 = 49, as shown in Fig. 3.10 and the mass functions of all the simulations agree well and with our

semi-analytic model.

The 𝑧 = 19 density profiles in Figure 3.11 are obtained by averaging 20 halos around the

specified mass (points) as well as the NFW halo profile with scale radius given by Eq. 3.8 (solid

curves). We show density profiles of halos at four different masses, and they all agree well with the

NFW profile. There are some differences at smaller radii, although the differences do not notably

go in one direction or the other. We suspect this owes to slight differences in the properties of

halos being used in the average. Overall, the halo mass function and density profile appear to be
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Figure 3.11: Density profiles at 𝑧 = 19 for halos with different masses. These plots are obtained

by averaging 20 halos around the specified mass. The orange, purple and red data points are

from the reference simulation, the simulation with a smaller gravitational softening length, and the

simulation with a smaller time-stepping parameter, respectively. The solid curves are the NFW

halo profile with scale radius given by Eq. 3.8. The vertical dashed line indicates the fiducial

gravitational softening length in our simulation.

convergence. In Fig. 3.2, we also compared the mass function with simulation that has a different

box size 10 pc and particle number 5123, which shows good convergence as well. We also note that

Fig. 3.11 is showing the lowest redshift in our simulation, where the comoving softening length

subtends the largest physical scale.

3.10 Appendix: Equivalence of Disruption Timescales

When the encounter velocity 𝑉 is much greater than the minihalo’s internal dispersion, the impulse

approximation may be used. For minihalos, all encounters are in this regime. When the impact
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parameter 𝑏 ≫ 𝑟𝑠, the characteristic radius of the minihalo, the distant-tide approximation is valid,

allowing the perturbing potential to be expanded and higher order terms dropped. This introduces

error in the low 𝑏 regime which generally must be investigated with simulations. For minihalos,

Green and Goodwin [2007] investigated this and found that a good approximation to the energy

imparted from a high speed encounter with stars is:

Δ𝐸 =
4𝛼2

3
𝐺2𝑀2

𝑝𝑀𝑟
2
vir

𝑉2𝑏4 (b > bs); (3.21)

Δ𝐸 = 3𝛽2𝐺
2𝑀2

𝑝𝑀

𝑉2𝑟2
vir

(b < bs). (3.22)

where 𝑏𝑠 ≡ (4𝛼2/9𝛽2)1/4𝑟vir. As discussed in § 3.6, we find that for all but the largest minihalos in

cluster environments, the 𝑏 > 𝑏𝑠 expression applies. Here we show the derivation of the 𝑅𝐻 = 𝑅𝑐

equivalence under this assumption.

We assume the perturber and subject have velocities drawn from Maxwellian distributions, so

that the relative encounter velocities are also Maxwellian, with dispersion 𝜎rel. The average rate of

encounters with perturbers of number density 𝑛𝑝, encounter speed 𝑉 , and impact parameter 𝑏 is

Binney and Tremaine [2008]:

¤𝐶 =
2
√

2𝜋𝑛𝑝
𝜎3

rel
exp

{
− 𝑉2

2𝜎2
rel

}
𝑉3d𝑉𝑏d𝑏. (3.23)

The catastrophic encounter rate is then obtained from integrating Eq. 3.23 over all encounter

velocities and impact parameters from 0 to 𝑏𝑐:

𝑅𝑐 ≡
2
√

2𝜋𝑛𝑝
𝜎3

rel

∫ ∞

0
𝑉3d𝑉 exp

{
− 𝑉2

2𝜎2
rel

} ∫ 𝑏𝑐

0
𝑏 d𝑏

=

√︄
8𝐺𝛼2

3 𝑓𝑐𝑀
𝜋𝜌𝑝𝑟

3/2
vir , (3.24)

where the maximum catastrophic impact parameter 𝑏𝑐 is found by setting the ratio of the energy

impacted over the binding energy to unity:

𝑏𝑐 =

(8𝛼2𝐺𝑀2
𝑝𝑟

3
vir

3 𝑓𝑐𝑀𝑉2

)1/4
. (3.25)
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The remaining encounters, 𝑏 > 𝑏𝑐, are in the diffusive regime. Each encounter creates some

small |Δ𝒗 | ≪ 𝒗 impulse on the particles, changing the energy per unit mass by 𝒗 · Δ𝒗 + | 12Δ𝒗 |
2.

The first term is much larger, but we assume there is no preferred angle and so it cancels out,

leaving the heating term. The average rate of energy added from non-catastrophic encounters is
¤𝐸 = ¤𝐶 ⟨Δ𝐸⟩. We use Eq. 3.23 and the high 𝑏 expression for Δ𝐸 (Eq. 3.11) and integrate over all

encounter velocities and from 𝑏𝑐 upwards:

¤𝐸 = ¤𝐶 ⟨Δ𝐸⟩ = 8𝛼2

3
√

2𝜋
𝐺2𝑀𝑀2

𝑝𝑛𝑝𝑟
2
vir

𝜎3
rel∫ ∞

0
𝑉d𝑉 exp

{
− 𝑉2

2𝜎2
𝑟𝑒𝑙

} ∫ ∞

𝑏𝑐

d𝑏
𝑏3 ,

=

√︂
𝛼2 |𝐸𝑏 |𝑀

3
2𝜋𝐺𝜌𝑝𝑟vir.

(3.26)

Finally, we obtain the fractional heating rate by dividing by the binding energy:

𝑅𝐻 ≡
¤𝐸

|𝐸𝑏 |
=

√︄
8𝐺𝛼2

3 𝑓𝑐𝑀
𝜋𝜌𝑝𝑟

3/2
vir = 𝑅𝑐 . (3.27)

We arrive at the surprising conclusion that, so long the use of the high 𝑏 expression for Δ𝐸 is

justified, the expected time for one catastrophic encounter is the same as the average time taken for

cumulative encounters to impart energy equal to the binding energy.

Previous heating estimates in the literature using the impulsive encounter framework often

use a low 𝑏 cutoff of ∼ 𝑟vir, which introduces dependencies on 𝜎rel and the mass distribution of

perturbers. This is justified when 𝑏 ∼ 𝑟vir encounters are generally not catastrophic, and when

penetrative encounters should impart negligible energy. However, when the catastrophic regime

exists, the heating calculation should begin at 𝑏𝑐, where the catastrophic encounters ended, to

correctly count all encounter impact parameters. This leads to the equivalence of the disruption

timescales.
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Chapter 4

EARLY STRUCTURE FORMATION CONSTRAINTS ON THE
ULTRA-LIGHT AXION

4.1 Introduction

The nature of the dark matter remains one of the biggest unsolved puzzles in particle physics and

cosmology. We think that the dark matter is a particle produced in the early universe via one

of several established mechanisms. The foremost has it thermally produced and its abundance

freezing out when non-relativistic, which can result in the observed dark matter density if it has

a weak-scale mass and interaction cross section – the so-called ‘WIMP miracle’ Jungman et al.

[1996]. After decades of searching for the WIMP, the limits on this scenario are becoming more

stringent. Perhaps our second most favored mechanism is the misalignment mechanism, discovered

for the axion of quantum chromodynamics Weinberg [1978], Wilczek [1978], Kolb and Turner

[1990]. At early times when Hubble rate is greater than axion mass – a mass that is acquired by

non-perturbative effects such as instantons–, the axion field is stuck outside of the minimum of its

potential. However, when the Hubble rate later becomes smaller than axion mass, the axion field

begins to oscillate coherently, behaving like non-relativistic matter with energy density set by its

initial potential energy Preskill et al. [1983], Abbott and Sikivie [1983], Dine and Fischler [1983],

Marsh [2016].

The misalignment mechanism is also how the early universe could create dark matter in the

form of ultra-light axion-like particles (ALPs; also known as fuzzy dark matter). The misalignment

mechanism may naturally produce an ALP relic abundance of order the dark matter abundance if

the ALP is the Goldstone Boson arising from a broken GUT to Planck scale symmetry and if it

later acquires a mass of 𝑚𝐴 ∼ 10−20eV Hui et al. [2017]. The non-perturbative mass generation

can also naturally explain such ultralight masses, with 𝑚𝐴 ∼ 10−20eV motivated by the estimated
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size of non-perturbative effects for the GUT coupling constant Marsh [2016].

Our study focuses on such ultra-light ALPs in the limit where the Peccei-Quinn symmetry

breaking that establishes this particle (re)occurs after inflation. For string theory-motivated models,

the anticipated ranges for the symmetry breaking scale, 𝑓𝐴, are GUT to Planck scales Marsh [2016],

Hui et al. [2017], although models that allow a lower scale have been devised Svrcek and Witten

[2006]. Too low of a symmetry breaking scale would not generate the dark matter abundance:

As our constraints probe, 𝑚𝐴 = 10−16 − 10−20eV, this requires 𝑓𝐴 just below the GUT scale

with ∼ 1015 − 1016 GeV to generate the relic abundance. These high values for 𝑓𝐴 (which are

far above the Hubble scale during inflation so that this symmetry must be broken during this

epoch) may be strained by CMB B-mode observations, which limit the energy scale of inflation to

𝑉 (𝜙) ≲ 1.7 × 1016GeV Planck Collaboration et al. [2018]. Our mechanism requires the symmetry

to be re-established after inflation. This reestablishment can occur if the maximum post-inflation

thermalization temperature is greater than 𝑓𝐴 1 or instead during preheating where larger effective

temperatures can naturally arise from the non-thermal distribution of resonantly produced particles

Tkachev [1996], Kofman et al. [1996].

We further consider models with an asymptotically-free strongly interacting sector that mimics

the behavior of the QCD axion (in which the particle mass increases after the ALP behaves

behaves like dark matter). Such models allow a somewhat lower 𝑓𝐴 to match the dark matter

abundance (down to 𝑓𝐴 ∼ 1013GeV), at the cost of introducing a sub-MeV confinement scale.

The cosmological constant problem can be solved by hundreds of ALPs connected with strongly

coupled sectors (as such sectors allow non-degenerate vacuum minima owing to higher instanton

contributions), possibly with several hidden sectors per decade in energy Arvanitaki et al. [2010].

(See this endnote 2 for more discussion of the strongly interacting ‘Axiverse’ scenario, as there are

1The maximum temperature is larger (in some models by orders of magnitude) than the reheat temperature [e.g.
Kolb et al., 2003].

2In this strongly interacting ‘axiverse’ scenario, any post-inflation ALP likely cannot have multiple non-degenerate
vaccua to avoid a domain wall catastrophe. Thus, the ALPs with non-degenerate vaccua would come into existence
before inflation and have a small misalightment angle coherent over the cosmological volume so that they do not
overclose the Universe, which perhaps could occur because of the anthropic principle Wilczek [2004]. For our
results to apply of course, the ALPs that dominate the dark matter density would have to come into existence after
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some challenges to this scenario in our post-inflationary picture.)

Just like with the QCD axion in this post inflation limit, different causally disconnected patches

will acquire different energy vaccua depending on the random angle 𝜃 ∈ [−𝜋, 𝜋] the field rolled to

after symmetry breaking in a given patch, with the Horizon scale setting the coherence length until

𝑚𝐴 ∼ 𝐻 Kibble [1980], Kolb and Turner [1990]. At this time, the vacuum energy is then converted

into non-relativistic axions with number density ∝ 𝜃2, leading to order unity fluctuations in the

abundance of axions on the horizon scale when 𝑚𝐴 ∼ 𝐻 Hogan and Rees [1988]. The lighter the

axion, the later this occurs, the larger the horizon-scale coherence length of the fluctuations.

These isocurvature perturbations are potentially observable. For the QCD axion Preskill et al.

[1983], the mass contained in the horizon 𝑀𝐻 (𝑚𝐴) when 𝑚𝐴 ∼ 𝐻 – which is also the scale where

there are order unity density fluctuations – is 𝑀𝐻 (𝑚𝐴) ∼ 10−10𝑀⊙ Efstathiou and Bond [1986],

Hogan and Rees [1988], Vaquero et al. [2019] (and axion self interactions can lead to larger

enhancements on even smaller scales; Kolb and Tkachev [1994]). This leads to the collapse of

‘axion miniclusters’ near this mass scale at matter radiation equality, resulting in much denser

dark matter structures than would be produced by the scale-invariant potential fluctuations from

inflation. Still, there is no smoking gun observable for verifying whether these minute structures

exist, although see Dai and Miralda-Escudé [2020] for a promising possibility. In contrast, for

ultra-light axions that are relevant for small-scale structure problems, 𝑀𝐻 (𝑚𝐴) can approach the

sizes of dwarf galaxies, and the RMS fluctuations produced via these isocurvature fluctuations scale

as 𝑀−1, where 𝑀 is the average mass contained within a spherical volume. These fluctuations are

still larger than the inflationary perturbations even on mass scales of 𝑀 ≫ 𝑀𝐻 (𝑚𝐴) . This property

has been used to place constraints on the ultralight ALPs via the cosmic microwave background

[CMB; Marsh et al., 2013, Feix et al., 2019].

This paper shows that other observables are much more constraining than the CMB. We first

focus on the the Ly𝛼 forest, which is the quasi-linear ‘large-scale’ structure formation probe

sensitive to the smallest scales. In addition, we show that such isocurvature perturbations could

inflation.
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significantly affect the formation of the first stars and galaxies in the redshift of 𝑧 ∼ 6−20 Universe,

and discuss potential constraints. Since these ioscurvature perturbations lead to the formation

of dark matter halos at much higher redshifts than would occur in the standard cosmology, we

also consider whether the shocks from these supersonic dense structures could ionize and heat the

post-recombination universe. Figure 4.1 summarizes our constraints on the fractional amplitude

of isocurvature fluctuations 𝑓iso (defined shortly) and axion mass 𝑚𝑎, where dashed lines represent

existing constraints and dotted represent forecasts for future efforts.

This paper is organized as follows. Section 4.2 describes the character of ALP isocurvature

fluctuations. Then, we discuss the limits from several observables: the Ly𝛼 forest (§4.3), the

high-redshift galaxy luminosity function (§4.4), measurements that constrain early universe star

formation from the electron scattering optical depth through reionization (§4.5), and finally from

future 21cm observations and the potential shock heating of cosmic gas (§4.6). While some of these

observables are inherently very astrophysical and hence the constraints dependent on modeling,

we show that isocurvature fluctuations can result in qualitatively different trends. Our numerical

calculations take Ω𝑚 = 0.308,ΩΛ = 0.692,Ω𝑏 = 0.0484, ℎ = 0.678, 𝜎8 = 0.815, and 𝑛𝑠 = 0.968,

consistent with the results of Planck Collaboration et al. [2016]. When convenient, our calculations

will use natural units where 𝑐 = ℏ = 𝑘𝑏 = 1. Cosmological distances and wavenumbers are given in

comoving units. All mass function calculations use the mass function of Sheth and Tormen [2002].

Even though we are considering non-standard cosmologies, the well-tested universality of the mass

function means that Sheth and Tormen [2002] still holds at the 10% fractional level [Bagla et al.,

2009, and some of us have also have been involved in running simulations testing this].

4.2 Isocurvature power from post-inflation axions

After perturbative effects break the degeneracy between different 𝜃-vacua, the vacuum misalignment

of the ALP translates into a component that behaves like non-relativistic matter with local density

Weinberg [1978], Wilczek [1978], Kolb and Turner [1990]

𝜌𝑎 (𝑇, 𝜃ini) =
1
2
𝑓 2
𝑎𝑚𝑎 (𝑇)𝑚𝑎 (𝑇osc)𝜃2

ini

(
𝑎(𝑇osc)
𝑎(𝑇)

)3
, (4.1)
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Figure 4.1: The 𝑓iso –𝑚𝑎 constraints for the ALP dark matter in the post-inflation scenario, assuming

the ALP is all of the dark matter. The isocurvature to adiabatic ratio 𝑓iso applies at the pivot scale

of 𝑘★ = 0.05 Mpc−1, and the second 𝑦-axis gives the nonlinear scale defined by Δ2
iso ≡ (𝑘/𝑘nl)3

at early times. The solid lines show this mapping for our fiducial choice of 𝐴osc = 0.1 and the

shaded bands span 0.01 ≤ 𝐴osc ≤ 0.3. The horizontal dashed lines correspond to current upper

limits on 𝑓iso obtained using different data sets: the Planck 2018 CMB measurements in magenta

from Feix et al. [2019], Hubble Space Telescope galaxy luminosity function measurements in grey

(§ 4.4), a combination of constraints on the reionization history in green (§ 4.5), and finally Ly-𝛼

forest in orange (§ 4.3). The horizontal dotted line in light blue is a forecast for CMB-S4 Feix et al.

[2019], while the horizontal dotted line in dark red is a rough forecast for where shock-heating

should qualitatively change the 𝑧 ∼ 20 21cm signal (§ 4.6). The labeled dots give the value of the

symmetry breaking scale 𝑓𝑎.
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where 𝜃ini is the initial vacuum misalignment angle after symmetry breaking, 𝑎(𝑇) is the scale

factor, and 𝑚𝑎 (𝑇) the axion mass. This formula holds after the axion starts oscillating at an

oscillation temperature that we define as 𝑚𝑎 = 3𝐻 (𝑇osc). Eqn. (4.1) allows for the possibility that

the axion temperature is also evolving at 𝑇osc as could occur in strongly interacting sectors (as

discussed later). We average 𝜌𝑎 (𝑇, 𝜃ini) over space, noting that we use the simple relation for the

spatial average ⟨𝜃2
ini⟩ = 𝜋2/3, to calculate the average dark matter abundance. The axion decay

constant 𝑓𝐴 (which we also refer to as the “symmetry breaking scale”) will be adjusted to match

the observed dark matter abundance.

Because different causal horizons have different 𝜃ini, this translates into a white spectrum of

isocurvature fluctuations in the matter overdensity at times after the field behaves like non-relativistic

matter but well into the radiation era with growing mode dimensionless power spectrum of (e.g.

Feix et al. [2019])

Δ2
S (𝑘) ≡

𝑘3

2𝜋2𝑃S (𝑘) = 𝐴osc

(
𝑘

𝑘osc

)3
at 𝑘 < 𝑘osc, (4.2)

where 𝑃S (𝑘) ≡ 𝑉−1 |𝛿k |2, 𝑉 is the volume, and 𝛿𝑘 is the Fourier transform of the configuration-

space dark matter matter overdensity 𝛿(x) (which we assume to be entirely composed of ALPs

such that 𝛿(x) = 𝜌𝑎 (x)/⟨𝜌𝑎⟩ − 1), 𝑘osc = 𝑎 𝐻 |𝑇osc is the size of the Horizon when the APL starts

to oscillate in its potential Kolb and Turner [1990], and 𝐴osc sets the normalization for which the

order-unity fluctuations on the oscillations scale mean 𝐴osc ∼ 1. While irrelevant for this study,

at scales 𝑘 ≳ 𝑘osc a sharp cut-off is expected as the vacuum misalignment fluctuations have been

smoothed out by the Kibble Mechanism Kibble [1980]. Typical values of 𝑘osc are between 100 and

1000 Mpc−1 for the ALP masses of 10−19 and 10−17 eV, respectively. The signatures we study are

sourced by structures that are coming from an order of magnitude smaller wavenumbers.

Simulations of the QCD axion find that values of the isocurvature variance at initial conditions

are 𝐴osc ∼ 0.01−0.3 Feix et al. [2019], Vaquero et al. [2019], somewhat smaller than unity because

some of the misalignment power is not in the zero mode and because this signal is diluted by

relativistic axions radiated by axionic strings. However, for our ALP we expect the details that

shape 𝐴osc to depend on the specific model. When we connect our results to the axion mass 𝑚𝑎,
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we take as a fiducial value 𝐴osc = 0.1, but our results are easily re-scaled to other values.

We use the standard growth and transfer function parameterization to model the subsequent

evolution of the isocurvature fluctuations (as well as the standard inflationary adiabatic fluctuations).

We parameterize the ioscurvature fluctuations as

Δ2
iso(𝑘, 𝑧) = 𝐷

2
iso(𝑧)𝑇

2
iso(𝑘, 𝑧)𝐴iso

(
𝑘

𝑘★

)3
, (4.3)

where 𝐷iso(𝑧) is the growth function that tends to a constant deep in the radiation era, and 𝑇2
iso(𝑘, 𝑧)

is the transfer function that is normalized to unity at high-𝑘 3. This transfer function is approximately

constant for modes that enter the horizon during radiation domination. We take 𝑘★ = 0.05 Mpc−1

for the pivot scale. Similarly, for the adiabatic fluctuations from inflation

Δ2
ad(𝑘, 𝑧) = 𝐷

2
ad(𝑧)𝑇

2
ad(𝑘, 𝑧)𝐴𝑠

(
𝑘

𝑘★

)𝑛𝑠−1
, (4.4)

with analogous definitions as for Δ2
iso except that the adiabatic transfer function is normalized to

unity at low 𝑘 . For our chosen value of 𝜎8, 𝐴𝑠 = 2.054 × 10−9. The total matter power at

redshift 𝑧 is the sum of the isocurvature and adiabatic contributions, Δ2
iso + Δ2

ad. The transfer

functions at late times were calculated using CAMB Boltzmann code solver Lewis and Bridle [2002].

Following convention, we define 𝑓iso to be the ratio of isocurvature to adiabatic fluctuations at

𝑘★ = 0.05 Mpc−1:

𝑓 2
iso =

𝐴iso

𝐴𝑠
=
𝐴osc

𝐴𝑠

(
𝑘★

𝑘osc

)3
, (4.5)

where the second equation uses that deep into the radiation dominated universe 𝐴iso/𝑘★3 = 𝐴𝑠/𝑘3
osc

since 𝐷iso𝑇iso → 1. In the late time matter power, the ratio of isocurvature-sourced to adiabatic-

sourced fluctuations is highly scale dependent, scaling approximately as 𝑘3 at high wavenumbers.

This is illustrated in Fig. 4.2, where different colours represent different values of 𝑓iso, with highest

value of 𝑓iso resulting in highest small scale power. Dashed vertical lines show the mass scale

at which the adiabatic and isocurvature contributions to the power spectrum are equal. The

contribution of isocurvature fluctuations becomes important at different mass scales, following the

3That the isocurvature transfer function limits to unity at high-𝑘 is true for the dark matter/ALP transfer function.
Whereas the total matter transfer function will be lower due to the effects of Jeans smoothing on the baryons.
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approximate scaling of 𝑓iso with mass as 𝑀1/2. This is a direct consequence of the definition of

𝑓iso which is fixed on large scales (𝑘★), and leads to a natural expectation that observables probing

smaller mass scales will result in tighter constraints on 𝑓iso.

We also specify the level of isocurvature by its early time nonlinear scale 𝑘nl, where 𝑘nl ≡

𝑘osc𝐴
−1/3
osc such that deep into the radiation era Δ2

iso = (𝑘/𝑘nl)3. The nonlinear scale represents a

more straightforward quantification of the white noise power because it does not convolve in the

well-understood amplitude of adiabatic fluctuations and because it does not single out a specific 𝑘★.

One likely scenarios is that the 𝑚𝑎 does not exhibit strong temperature dependence in the

early Universe. This limit applies to ALPs whose mass is acquired by nonperturbative effects

associated with the perturbative gauge couplings in GUT theories Hui et al. [2017]. In this case,

the non-perturbative mass is exponentially suppressed relative to the symmetry breaking scale and

the ALP field obtains its zero-temperature mass at 𝑇 ≫ 𝑇osc. We also consider a QCD-like case of

a asymptotically-free strongly interacting sector where the non-perturbative effects increase with

decreasing temperature until the temperature reaches the confinement scale, Λ; evolution of the

mass occurs even after the ALP behaves like non-relativistic matter if Λ < 𝑇osc, with the final mass

equal to 𝑚𝐴 = Λ2/ 𝑓𝑎. The ALP mass evolution can be characterized at 𝑇 ≲ 𝑇osc by

𝑚𝑎 (𝑇) = 𝑚𝑎

(
Λ

𝑇

)𝑛
for 𝑇 > Λ, (4.6)

𝑚𝑎 (𝑇) = 𝑚𝑎 otherwise, (4.7)

where we use the notation that 𝑚𝑎 without an argument is the zero temeprature mass and where

𝑛 parameterizes the temperature dependence of the instanton effects. The case 𝑛 = 4 mimics the

scaling found for the QCD axion, but the details of this scaling will depend on the strong sector.

For 𝑛 = 0 perturbative case, we note that this parameterization still holds (trivially).
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With this parameterization,

𝑇osc = 3
(

10
𝜋2𝑔eff

)1/4
[𝑚𝐴 (𝑇osc)𝑀𝑃]1/2 (4.8)

∝ ⟨𝜃2
ini⟩

− 𝑛
8+3𝑛𝑚

4+𝑛
8+3𝑛
𝑎 , (4.9)

𝑘osc = 𝑎osc𝐻 (𝑇osc) =
𝑇cmb,0

𝑇osc

𝑚𝐴 (𝑇osc)
3

∝ 𝑇osc, (4.10)

𝑓𝐴 ∝ ⟨𝜃2
ini⟩

−2/(8+3𝑛)𝑚−(2+𝑛)/(8+3𝑛)
𝑎 , (4.11)

where𝑀𝑃 = 1/
√

8𝜋𝐺 is the reduced Planck mass, and𝑇osc evaluates to 1−100keV for𝑚𝐴 of interest,

indicating 𝑔eff ≈ 3.4. For the proportionality relations, we have eliminated the Λ dependence in

favor of 𝑚𝑎 and 𝑓𝐴. We note that at fixed 𝑚𝐴 (𝑇osc) the amplitude of isocurvature fluctuations does

not depend on 𝑛, and our constraints in Fig. 4.1 translate to 𝑚𝐴 (𝑇osc) = 10−20 − 10−17eV. For our

𝑛 = 4, 10 models in Fig. 4.1, the particle mass increases by 3, 4 orders of magnitude to reach 𝑚𝑎 at

𝑇 = Λ.

Fig. 4.1 foreshadows the constraints we find in the following sections in the 𝑚𝑎 − 𝑓iso plane.

The different horizontal limits show the upper limit on 𝑓iso, bounding the viable parameter space to

be below the curves. The 𝑛 = 0 corresponds to the most likely case where the mass is established

well before the particle commences oscillations, and the QCD axion yields a scaling with 𝑛 = 4.

The dots on the lines correspond to the values of the decay constant 𝑓𝐴 for those models (colour

coded to match the lines), while the shaded regions around the lines correspond to the uncertainty

in the value of 𝐴osc. The sold lines themselves were evaluated at the value of 𝐴osc = 0.1.

4.3 Lyman-𝛼 forest

The Lyman-𝛼 forest is used to infer the initial conditions using significantly smaller comoving scales

than other large-scale structure observables, to 3D wavenumbers of 𝑘 ≈ 10 − 100Mpc−1 Meiksin

[2009], McQuinn [2016]. The Lyman-𝛼 forest circumvents many of the difficulties of modeling

structure formation at these nonlinear scales by being sensitive exclusively to low-densities (Δ ∼ 1

as the absorption of higher densities is saturated; Iršič and McQuinn [2018]) where our nonlinear

models for the cosmic web appear to be under control Cen et al. [1994], Miralda-Escudé et al.
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Figure 4.2: The linear matter power spectrum at 𝑧 = 0 for different values of 𝑓iso. The scales

where isocurvature contribution become important, relative to the adiabatic power spectrum, are

marked with vertical dashed lines and labeled by their 𝑀 = 4𝜋/3𝜌𝑚 (𝑧 = 0)𝑘−3
𝑐 , where 𝑘𝑐 is the

wavenumber where adiabatic and isocurvature fluctuations are equal.

[1996], Hernquist et al. [1996] and where astrophysical processes appear to be less of a contaminant

McQuinn [2016]. Indeed, the forest has been used to place the tightest constraints on small-scale

cutoff in the spectrum of primordial matter fluctuations, which may owe to the free streaming of

warm dark matter and the de-Broglie wavelength of fuzzy dark matter Seljak et al. [2006], Viel et al.

[2005], Iršič et al. [2017]. In the context of ALPs, combining the Ly𝛼 constraints with the limits on

the isocurvature fluctuations from the CMB can lead to interesting bounds on the tensor-to-scalar

ratio Kobayashi et al. [2017].

A typical Ly𝛼 forest analysis is sensitive to 1D wavenumbers between 0.1 and 10 Mpc/h, which

would naively lead to a typical mass of 108 M⊙ (see Fig. 4.2). However, The non-linear mapping

from the 3D density field to the 1D flux field in the quasar spectra makes the Ly𝛼 forest sensitive

to even smaller wavenumbers (see e.g. Murgia et al. [2019]). Additionally, the non-linearity of the
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Figure 4.3: The collapsed fraction in halos above a mass of 𝑀ℎ. Different colours show the

collapsed fraction for isocurvature fractions of 𝑓iso = 0.1 (blue), 𝑓iso = 0.01 (red), 𝑓iso = 0.001

(green) and 𝑓iso = 0 (black). The line styles differentiate redshifts.

gravitational evolution does not dominate over the clustering signal at high redshifts, which helps

to better constrain cosmology at a given scale.

The forest is also sensitive to an enhancement in power as would occur from the white isocurva-

ture fluctuations from axions in the post-inflation scenario. Indeed, the allowed level of enhancement

has been constrained in the context of primordial black holes, which also may have a white spec-

trum Afshordi et al. [2003], Murgia et al. [2019]. Conveniently, the adiabatic plus white-noise

simulations run for the primordial black holes in Murgia et al. [2019] are the same as would be

run in the context of ALP isocurvature perturbations, the difference comes in the interpretation of

the isocurvature amplitude and how it is linked to the actual physical model. In particular, Murgia

and coworkers Murgia et al. [2019] find that the isocurvature fraction of 𝑓iso =
√︁
𝐴iso/𝐴𝑠 at the

pivot scale of 𝑘 = 0.05 Mpc−1, should be lower than 0.004 at 2𝜎 confidence level when adopting

conservative priors on the thermal history. This constraint can be remapped to our models by
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solving Eqs. 4.5 and 4.11 for a given ALP mass evolution model. The relation between 𝑓𝐴 and 𝑚𝑎

is fixed by assuming that all of dark matter is composed of the axion-like particle. This gives a

lower bound on the mass of the ALP of 𝑚𝐴 > 2 × 10−17 eV for the most natural case of no mass

evolution after the axion starts oscillating (𝑛 = 0). This constraint further shows that the forest is

effectively able to probe structure in the dark matter to mass scales as small as ∼ 3× 107 M⊙ (using

Fig. 4.2); a number that is helpful for putting the forest in context with the other constraints we

discuss.

Figure 4.1 shows the constraints from the forest. A primary result of this paper is that we find the

Ly𝛼 forest is more constraining than other probes, although future observations of the high-redshift

universe using redshift 21cm radiation may ultimately be more constraining.

4.4 Galaxy luminosity function

Small galaxies are a second observable that has been used to constrain the primordial fluctuations

on small scales, with observations both probing them as satellite galaxies to the Milky Way Bullock

and Boylan-Kolchin [2017] and at high redshifts when they are forming the bulk of their stars

Barkana et al. [2001], Pacucci et al. [2013]. Since the white-noise isocurvature fluctuations in

our ultra-light axion models dramatically increase fluctuations on small scales, such scenarios may

predict a large increase in the number of low-luminosity galaxies. Foreshadowing the result of this

section: For galaxies that are directly observable in the future, we find that this enhancement is

small for the 𝑓iso allowed by the forest, although in § 4.5 we show that for smaller galaxies (whose

effects can only be indirectly probed via their ionization and enrichment) the enhancement can be

more substantial.

To model the enhanced number of small galaxies, we use a simple but successful model for star

formation where the predicted number density of galaxies 𝑛𝑔 per UV luminosity between 𝐿 and

𝐿 + 𝑑𝐿 is related to the halo mass function 𝑑𝑛ℎ/𝑑𝑀ℎ by

𝜙(𝐿) ≡
𝑑𝑛𝑔

𝑑𝐿
=
𝑑𝑛ℎ

𝑑𝑀ℎ

𝑑𝑀ℎ

𝑑𝐿
, (4.12)

This model assumes the common one-to-one mapping between halo mass and observed UV lumi-
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nosity described by 𝑑𝑀ℎ/𝑑𝐿. As this function has significant astrophysical uncertainty, we will

use qualitatively different shapes for the galaxy luminosity function, 𝑑𝑛𝑔/𝑑𝐿, as a signature that a

given axion cosmology is excluded.

To calculate the terms in eqn. 4.12, we use the Sheth-Tormen mass function Sheth and Tormen

[2002] to model 𝑑𝑛ℎ/𝑑𝑀ℎ 4 The ‘universality’ of the halo mass function makes it likely that the

same mass function should be a good approximation to cases with isocurvature fluctuations Lukić

et al. [2007], Bagla et al. [2009]. Additionally, we adopt a common assumption that a galaxy’s star

formation rate is proportional to its gas accretion rate, ¤𝑀𝑏, with proportionality constant 𝑓★(𝑀ℎ, 𝑧)

called stellar efficiency. Note that the star formation rate directly maps to the UV luminosity of the

galaxy. We follow Furlanetto et al. [2017] to calculate 𝑓★, who calculate it from an analytic model

that considers energy regulated stellar feedback process plus virial shocking. In this model, the

stellar efficiency of the baryons peaks at around 𝑀ℎ = 1011.5 M⊙, where it reaches the values of just

below 0.05. This efficiency has a steep tail towards smaller masses, reaching 10−3 by𝑀ℎ = 108 M⊙.

One worry, which we will address, is that this efficiency depends on uncertain astrophysics and so

any differences we find may not be distinguishable.

To model the gas accretion rate ¤𝑀𝑏, numerical results are typically obtained from cosmological

simulations (e.g. McBride et al. [2009]), but for the isocurvature case, ¤𝑀𝑏 has not been determined

using simulations. However, the time evolution of the halo accretion rate is driven largely by the

time evolution of the mass variance 𝜎(𝑀) (see e.g. Correa et al. [2015]). We set

𝑑 ln𝑀𝑏

𝑑𝑡
=

���� 𝑑 ln𝜎
𝑑 ln𝑀ℎ

����−1
𝑑 ln𝐷
𝑑𝑡

, (4.13)

and 𝐷 is the growth function. This allows us to build a consistent approach to calculating the gas

accretion for any 𝑓iso. Our results on the gas accretion are in good agreement Correa et al. [2015]

in the limit they consider of 𝑓iso = 0.

Fig. 4.4 shows the resulting comparison of the galaxy luminosity function. Our model is

compared to the measurements of McLure et al. [2013], Bowler et al. [2017], Bouwens et al. [2015,

4We have checked that the results are not sensitive to the choice of the mass function by also investigating a mass
function specifically calibrated to simulations at high redshift Trac et al. [2015].
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Figure 4.4: The effect of white-noise isocurvature fluctuations on the galaxy luminosity function.

The various linestyles shows different levels of isocurvature fluctuations, with colour indicating

redshift. Overplotted is a compilation of observational data ranging over typical redshifts probed

by the future surveys. We consider 𝑓iso = 0.1 to be ruled out by these observations as by this value

the luminosity function has a qualitatively different behavior, especially at the highest redshifts

probed.

2016], but also include the 𝑧 = 6 lensed galaxy sample of Bouwens et al. [2017] that extend the

measurement to fainter immensities. We use the standard convention of writing the UV luminosity

in terms of absolute AB magnitude where 𝑀AB = −2.5 log10(𝐿UV) +𝑀ref where 𝑀ref is a constant.

We have not performed any dust correction at this stage, as the typical corrections Smit et al. [2012]

are only significant for the higher mass systems, and leads to a shallower relation between the halo

mass and the UV magnitude 5.

5This effect may weaken our constraints from the galaxy luminosity function if lower mass galaxies are substantially
dust absorbed.
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However, including isocurvature fluctuations, even at level already excluded by Ly𝛼 forest of

𝑓iso = 0.01, only results in a small signal at a lower end of the luminosity function. This is mainly

due to the fact that even the observed high-redshift galaxies behind cluster lenses reside in > 109𝑀⊙

halos in our models. In contrast, the Ly𝛼 forest is sensitive to scales of 𝑀 ∼ 108 𝑀⊙, as illustrated

in Fig. 4.2. We find that current observations of the high-redshift luminosity function rule out

𝑓iso > 0.1, as this leads to a large qualitative change that likely cannot be mimicked by the large

astrophysical uncertainty in our star formation efficiency model. One can already start to see this

large effect for the 𝑓iso = 0.05 model in Fig. 4.2. These limits translate into a lower bound on the

ALP mass to be 𝑚𝑎 > 10−19 eV.

Future observations at higher redshifts would help in discriminating between different isocur-

vature models, and could potentially provide constraints comparable to the ones derived from the

small scale structure of the Ly𝛼 forest. Namely, the James Webb Space Telescope (JWST) is able to

go a few magnitudes deeper at 𝑧 ≈ 6, and more importantly has the infrared sensitivity that allows

better constraints at higher redshifts. With lensed galaxy samples, JWST should be able to place

similar constraints to HST at 𝑧 = 6 (reaching to absolute magnitudes of 𝑀AB = −14) but all the way

to 𝑧 = 10, constraining 𝑓iso ∼ 0.01. Unfortunately, astrophysical uncertainties require a qualitative

change in behavior, making it difficult to probe beyond 𝑓iso = 0.01. Thus, the Ly𝛼 forest is likely to

always provide a more sensitive probe than direct measurements of galaxy luminosity functions.

4.5 High-redshfit star formation rate and reionization

Though we find that the galaxy luminosity function is not competitive with the Ly𝛼 forest, the

collapsed fraction of halos that can form stars can be orders of magnitude larger than the 𝑓iso = 0

prediction at 𝑧 = 10, and this difference is even larger at higher redshifts, if we take 𝑓iso = 0.01

– comparable to the constraint coming from Ly𝛼. This is illustrated in Fig 4.3, noting that stars

can only form in halos with 𝑀ℎ ≳ 107−8𝑀⊙ if the gas condenses by cooling via atomic transitions

and 𝑀ℎ ≳ 105−6𝑀⊙ halos if instead by molecular ones. Unfortunately, the direct luminosity

function measurements with HST (and in the future with JWST) are not sufficiently sensitive to

detect the stars/galaxies that likely lie in these diminutive halos. However, the enhanced extremely
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high-redshift star formation from an increased abundance of these small halos could also heat

and ionize the cosmic gas (and their UV photons can pump the 21cm line) in a manner that may

allow constraints on 𝑓iso. There is also some indirect evidence that the smallest galaxies contribute

disproportionately to the ionizing photons that escape into and hence ionize the IGM Haardt and

Madau [2012], which would make our mass-independent escape in what follows conservative.

To illustrate just how much isocurvature fluctuations could change the mass in halos that are

massive enough to host stars, we calculate the fraction of mass that is collapsed in halos with

masses above 𝑀ℎ using Extended Press-Schechter theory Press and Schechter [1974], Bond et al.

[1991]. This yields 𝑓coll(> 𝑀ℎ) = erfc
(
𝜈(𝑀ℎ)/

√
2
)
, where erfc(𝑥) ≡ 𝜋−1/2

∫ ∞
𝑥
𝑑𝑥 exp[−𝑥2]

and 𝜈 ≡ 𝛿𝑐/𝜎(𝑀, 𝑧) and 𝜎(𝑀, 𝑧) is the standard deviation of the density in a spherical top-hat

Lagrangian volume with mass 𝑀 . The virial temperature of halo (the characteristic temperature

the gas can shock heat) is the property of a halo that sets whether its gas can cool and form stars

rather than the halo mass. The two are related by 𝑀ℎ ∝ [𝑎𝑇vir]3/2 – at higher redshifts the same

virial 𝑇vir halo has smaller 𝑀ℎ. The isocurvature fluctuations with constant power spectrum on

small scales during the matter dominated epoch this leads to 𝜎2(𝑀) ∝ 𝑎2𝑀−1, whereas for 𝑓iso = 0

we have 𝜎2(𝑀) ∝ 𝑎2 log[𝑀]. The result is that the redshift evolution of the collapsed fraction

at fixed virial radius is much flatter for masses where isocurvature fluctuations dominate, with the

difference given by

𝑓coll(> 𝑇vir) = erfc [1.7 𝑍10] for adiabatic;

𝑓coll(> 𝑇vir) = erfc[1.0 𝑓 −1
i,−2𝑍

1/4
10 𝑇

3/4
vir,4] isocurvature,

where 𝑓i,−2 ≡ 𝑓iso/10−2, 𝑍10 ≡ (1 + 𝑧)/10 and 𝑇vir,4 ≡ 𝑇vir/104 K.6

The former function falls off exponentially with increasing redshift for rare (large 𝜈) objects

noting asymptotic form
√
𝜋erf (𝑥) = exp[−𝑥2] (𝑥−1 + O(𝑥−3)), whereas the latter (while still expo-

nentially sensitive once the argument becomes greater than unity) is much flatter, allowing halos

6The full dependence on redshift and virial temperature for the adiabatic case is roughly 𝑓coll (> 𝑇vir) =

erfc
[
2.04 × 𝑍10

{
ln

(
4.6 × 𝑍10𝑇

−1
vir,4

)}−1/2
]
, but the logarithmic dependence only adds a small correction to the

redshift evolution.
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that can cool at much higher redshifts.
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Figure 4.5: The evolution of the ionized fraction of the intergalactic gas during reionization.

The fiducial model assumes a given stellar efficiency described in Sec. 4.4. The effect of axion

isocurvature fluctuations is shown for various values of 𝑓iso and also varying assumptions about

the escape fraction of Pop-II stars (orange dashed) or including a contribution from Pop-III stars

(blue and orange dot-dashed). Overplotted is a compilation of observational constraints on the

ionized fraction coming from Ly𝛼 dark pixels (grey), Ly𝛼 emitters (brown) and QSO damping

wings (green).

An enhancement in the number of star forming halos in the manner of our white isocurvature

fluctuations should lead to an enhanced number of hydrogen ionizing photons, causing the reion-

ization of the Universe to start earlier and be a much more prolonged process. Such a reionization

history would be constrained by direct estimates of the ionized fraction using quasar spectra and

Lyman-𝛼 emitters. The ionized state of the intergalactic gas can be measured through the time evo-
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lution of the volume-averaged ionized fraction, that depends on the balance between recombination

and ionization due to photo-ionization Sun and Furlanetto [2016],

𝑑𝑥i

𝑑𝑡
=
𝑑 (𝜁 𝑓coll)

𝑑𝑡
− 𝑛̄𝐻 (𝑡) 𝛼re(𝑇𝑒) 𝐶HII 𝑥i, (4.14)

where 𝜁 = 𝐴He 𝑓★ 𝑓esc𝑁𝛾 is the ionizing efficiency: a product of the correction factor for singly

ionized helium, 𝐴He ≈ 1.22; the star formation efficiency, 𝑓★; the escape fraction of ionizing

photons, 𝑓esc; and the average number of ionizing photons produced per stellar baryon, 𝑁𝛾. In

the recombination term, the number density of hydrogen, 𝑛̄𝐻 , is time dependent as 𝑛̄𝐻 = 𝑛̄𝐻 (𝑧 =

0) (1 + 𝑧)3 at redshift 𝑧; the recombination rate, 𝛼re, is temperature dependent such that 𝛼re(𝑇𝑒) =

2.6 × 10−13 (
𝑇𝑒/104 K

)0.76 cm3 s−1, at the electron temperature 𝑇𝑒; and the volume-averaged

clumping factor is defined to be 𝐶HII ≡ ⟨𝑛2
𝑒⟩/⟨𝑛𝑒⟩2.

A rough approximation during HI reionization Shull et al. [2012], Sun and Furlanetto [2016]

is to fix 𝐶HII = 3, and 𝑇𝑒 = 104 K. It would be naturally to expect a redshift evolution of the

clumping factor (see e.g. Haardt and Madau [2012]), which might change the reionization history.

In our simple scenario, chaning the value of the clumping factor to 5 (1) leads to a largely redshift-

independent change in the ionized fraction in our calculations by a factor of 0.8 (1.4) (at least at

high redshifts). The value of the mean number of ionizing photons produced, 𝑁𝛾, depends in the

initial mass function and metalicity of the stellar population. We use 𝑁𝛾 = 4, 000 for Population

II (Pop-II) stars, assuming Salpeter IMF and 5% of the solar metalicity (although the results are

weakly sensitive to these choices at least assuming empirically motivated IMFs). Pop-II stars are

the second generation of stars that are born in metal enriched gas and likely have properties similar

to stars observed at low-redshifts. Unless otherwise stated we use the escape fraction of 20% for

the Pop-II stars. In the fiducial Pop-II model we assume all halos above 𝑀min form stars, and at

each redshift the value of 𝑀min is fixed to the mass at the virial temperature of 𝑇vir = 104 K. The

basic photo-ionization rate can be evaluated using the halo mass accretion rates discussed in (§4.4),

𝑑 (𝜁 𝑓coll)
𝑑𝑡

= 𝐴𝐻𝑒 𝑁𝛾 𝑓esc

∫ ∞

𝑀min

𝑑𝑀ℎ

𝜌̄𝑚
𝑛(𝑀ℎ) 𝑓★ ¤𝑀ℎ, (4.15)

where 𝑓★ is the mass-dependent stellar efficiency and 𝑛(𝑀ℎ) is the halo mass function.
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In the context of the early star formation, a Population III (Pop-III) stellar contribution is often

discussed, which is the first generation of stars which are born metal free and expected to be more

massive. Since this contribution is at present largely unconstrained Visbal et al. [2015], we adopt

a toy model to characterize their effect on the progression of the reionization. In this case an

additional photo-ionization term is added, mimicking the structure of 𝑑 (𝜁III 𝑓coll) /𝑑𝑡, but with the

ionizing efficiency characteristic of the Pop-III models. Namely, following Eqn. (4.15) we write

down the Pop-III photo-ionization rate as

𝑑 (𝜁III 𝑓coll)
𝑑𝑡

= 𝐴𝐻𝑒 𝑁
III
𝛾

∫ 𝑀min

𝑀 III
min

𝑑𝑀ℎ

𝜌̄𝑚
𝑛(𝑀ℎ) 𝑓 III

★
¤𝑀ℎ. (4.16)

The integration is only over halos where molecular cooling is efficient and atomic is not (as atomic

leads to our normal mode of star formation), i.e. between 𝑇vir = 500 K (𝑀 III
min), warm enough

to excite rotational transitions of molecular hydrogen, and the mass at the virial temperature of

104 K (𝑀min). We use 𝑁 III
𝛾 = 40, 000 as anticipated for the hotter photospheres of these metal

free starsBromm et al. [2001], and assume that all ionizing photons escape as anticipated for star

formation in these diminutive halos. We also take a stellar efficiency of 𝑓 III
★ = 5 × 10−4, although

the escape of ionizing photons can be pulled into this parameter. This efficiency is on the lower end

of what is typically used in the literature Trenti and Stiavelli [2009], Visbal et al. [2018], with most

commonly used values being 10−3 − 10−2. However, in our simplifed model, our fiducial value of

𝑓 III
★ leads to the star formation rate density of Pop-III stars comparable to that of Visbal et al. [2015]

(see our endnote 7).

Once enough stars form in the Universe, the ∼ 11eV Lyman-Werner radiation they produce

dissociates molecular hydrogen, turning off cooling in molecular cooling halos and preventing the

formation of further Pop-III stars Haiman et al. [1997, 2000]. To model this we follow McQuinn and

7The star formation rate density in our model peaks at around 2 × 10−4 M⊙yr−1Mpc−3 at redshift of 15, and falls
off towards higher redshifts (e.g. 10−6 M⊙yr−1Mpc−3 at redshift of 35), behaviour quantitatively very similar to that
found in Visbal et al. [2015]. This is true despite different star formation efficiency assumed in our model compared
to Visbal et al. [2015], because the minimum mass in which molecular cooling can lead to Pop-III star formation is
lower in our model, compared to the that of Visbal et al. [2015]. In Visbal et al. [2015] the numeric value of the
minimum mass is obtained from CDM simulations and corresponds to roughly 𝑇vir = 1000 K. See Eqn. 4.17 as the
minimum does not just set the absolute minimum but also what halos are affected by the Lyman-Werner background.
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O’Leary [2012], Visbal et al. [2015], Mebane et al. [2018], where we modify the lower integration

limit (𝑀 III
min) in Eqn. (4.16) to also include self-regulations due to Lyman-Werner background. The

numerical calculations of Machacek et al. [2001], Wise and Abel [2007] found that the gas is able

to cool in halos with mass

𝑀 III
min = 𝑀ℎ (𝑇vir = 500 K)

[
1 + 6.69 𝐹0.47

𝐿𝑊,21

]
, (4.17)

where𝐹𝐿𝑊,21 is the Lyman-Werner intensity integrated over solid angle in units of 10−21 erg s−1 Hz−1 cm−2.

To estimate the Lyman-Werner intensity given a star formation rate ( ¤𝜌SFR), we use the relations of

Visbal et al. [2015], Mebane et al. [2018]

𝐹𝐿𝑊,21 = 7.22
(1 + 𝑧)3

𝐻 (𝑧) 𝑒−𝜏𝐿𝑊
(
𝑁 II

LW ¤𝜌II
SFR + 𝑁 III

LW ¤𝜌III
SFR

)
, (4.18)

where 𝐻 (𝑧) is the Hubble rate of expansion, and 𝜏𝐿𝑊 is the intergalactic opacity for the Lyman-

Werner photons which can be 1 − 2 in the absence of dissociations Ricotti et al. [2001] and can

be larger once the first HII regions have formed Johnson et al. [2007]. We use exp (−𝜏𝐿𝑊 ) = 0.5,

however we note that in the isocurvature model the value of 𝜏𝐿𝑊 might increase due to more small

scale structure obscuring the Lyman-Werner background.

The number of Lyman-Werner photons produced per baryon in stars is taken to be 𝑁 II
LW = 9, 690

for Pop-II stars, and 𝑁 III
LW = 100, 000 for Pop-III stars Mebane et al. [2018]. The value of ¤𝜌SFR is

modelled through Eqns. (4.15) and (4.16), such that ¤𝜌SFR = 𝑓★𝑑 ( 𝑓coll) /𝑑𝑡. We use an iterative

process to determine the value of ¤𝜌III
SFR that satisfies Eqns. (4.16), (4.17) and (4.18).

We also multiply Eqn. (4.16) by (1 − 𝑥𝑖) to account for the photo-heating. This term only

becomes important towards the end of reionization at lower redshifts, but prevents the Pop-III

photo-ionization term from resulting in overly large optical depth contribution in the range of

10 − 15. The functional form of the above model is an approximate way to characterize the

self-regulation of the Pop-III stellar population in the early Universe. Simpler models regulated

by the average ionized fraction (e.g. Miranda et al. [2017]) give very similar results. We would

also comment that relations in Visbal et al. [2015], Mebane et al. [2018] that we use to derive

Eqns. (4.17) and (4.18) were empirically determined from CDM simulations. An approach based
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on simulations is most likely required to model the details of the Pop-III star formation history in

the presence of the isocurvature fluctuations.

However not including any self-regularization leads to larger ionized fractions earlier in its

evolution, which violate the observational constraints shown in Fig. 4.5, as well as the integrated

optical depth from Planck (see below). Thus some form of self-regularization is important to

implement, but the exact details of the model do not change the quantitative picture that including

the isocurvature fluctuations leads to a slower decrease of the ionized fraction at higher redshifts,

compared to just Pop-III star formation, which is illustrated in Fig. 4.5.

Fig. 4.5 shows how the ionized fraction evolves in the redshift range probed by the measurements.

Current observations from a variety of sources are plotted on Fig. 4.5: Ly𝛼 dark pixels (McGreer

et al. [2015] in grey), Ly𝛼 emitters (Mason et al. [2018], Hoag et al. [2019], Mason et al. [2019]

in brown), and QSO damping wings (Greig et al. [2017, 2019], Davies et al. [2018] in green). The

fiducial model (black solid line), uses only Pop-II photo-ionization rates, with 𝑓esc = 0.2 and no

isocurvature fluctuations ( 𝑓iso = 0). The effect of including axion isocurvature fluctuations (red

lines) exhibits a distinctly longer tail of reionization, where the ionized fraction starts to increase

much earlier and at a steadier rate than for the no iosocurvature case. At lower redshift, where the

ionized fraction can be currently estimated, the effect of the isocurvature fluctuations is slightly

degenerate with the escape fraction of Pop-II stars (red dashed line).

On the other hand, the effect of Pop-III stars is prominent at higher redshifts (green dot-dashed

line), and in tandem with the isocurvature fluctuations (dot-dashed red line) can create a boost to the

ionized fraction such that it evolves much slower between redshifts of 25 and 10, potentially creating

a strong observable signal of the isocurvature modes in the future observations. However, enhancing

the star formation efficiency for Pop-III stars to 0.005 as used in Visbal et al. [2018] increases the

ionized fraction evolution even without isocurvature fluctuations (green dashed line in Fig. 4.5),

making it not obvious that the astrophysics of star formation can be robustly disentangled from 𝑓iso.

Nevertheless, at high enough redshift all our isocurvatore models cross the green-dashed line in

Fig. 4.5 that corresponds to this extreme case of Pop-III stellar efficiency. This is the unique signal

of the isocurvatore models in the ionization history, resulting from the nearly redshift-independent
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collapse fraction in such models.

Future observations by ground based surveys (e.g. UKIDSS Lawrence et al. [2007]; VIKING

Edge et al. [2013]; VHS McMahon et al. [2013]; UHS Dye et al. [2018]) and wide-field surveys

(e.g. Euclid, WFIRST, WEAVE, J-PAS) in combination with high signal-to-noise spectra from

JWST would be more sensitive to the differences between the models. In particular measuring the

ionized fraction during the cosmic dawn epoch (𝑧 > 15) can lead to stronger constraints on the

isocurvature fluctuations.
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Figure 4.6: Thomson optical depth to recombination, 𝜏𝑒. The grey band shows the Planck 2018

constraints on 𝜏𝑒. The models plotted are the same as in Fig. 4.5, with the black solid line

respresenting the fiducial case using the stellar efficiency described in Sec. 4.4 and 𝑓iso = 0, while

the orange lines show the contribution for varying 𝑓iso. The models that are clearly discrepant by

the current CMB constraints have either (1) Pop-III photo-ionization and 𝑓iso = 0.01 or (2) high

Pop-III star formation efficiency and no isocurvature fluctuations (blue dashed).
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Another possibility of constraining the reionization process is utilizing the measurements of

the CMB anisotropy, in particular the effect of the CMB Thomson scattering off of free electrons.

Since the redshift where this would occur (𝑧 < 20) are relatively closer than the surface of last

scattering, this physical process affects predominantly large scales of the CMB fluctations. The

CMB constraints from the Planck satellite on the 𝜏𝑒 are very strong Aghanim et al. [2020], as is

show by the grey band in Fig. 4.6. The axion isocurvature model has a different signal in the

Thomson scattering optical depth, which primarily reflects the prolonged redshift evolution of the

reionization process seen in Fig. 4.5. However, we note that that reionization affects on the CMB are

not just as a single number, 𝜏𝑒, as an earlier tail ionization creates polarization anisotropies at smaller

scales Hu and Holder [2003], Heinrich et al. [2017]. An extended reionization is constrained by the

Planck satellite to be 𝜏𝑒 (15, 30) < 0.007, where this notation indicates the optical depth contributed

between 𝑧 = 15 and 𝑧 = 30 Aghanim et al. [2020]. (The Planck limits on the tail of reionization

vary only slightly with the assumed priors, and can lower the bound to 𝜏(15, 30) < 0.006 if flat

priors are chosen on the positions of the knots on which 𝜏 is interpolated.)

The limits on the tail of reionization are most constraining for models with an earlier star

formation, in particular if the contribution of Pop-III stars is included. Of the models plotted

in Fig. 4.6 the models with 𝑓iso = 0.01 and including Pop-III star formation is clearly excluded,

with 𝜏𝑒 (15, 30) = 0.018 (dotted red line) as shown in Fig. 4.7. On the other hand, with the

typical Pop-III star formation rate, the current data is not excluding a lower value of 𝑓iso = 0.001,

suggesting that lower 𝑓iso values are more degenerate with astrophysical uncertainties of early star

formation. Along this lines, increasing the star formation efficiency of Pop-III stars to 𝑓 III
star = 0.005

(0.05)8 leads to 𝜏𝑒 (15, 30) = 0.007 (0.017) for 𝑓iso = 0. While tangential to the focus of this

paper, this interestingly suggests that Planck is already constraining Pop-III star efficiencies in

some of the range typically used. The limits on the tail of reionization are most constraining for

models with an earlier star formation, in particular if the contribution of Pop-III stars is included.

Apart from the stellar efficiency, changing the escape fraction of photons from Pop-II stellar

8This is the efficiency one expects from assuming that each 105 M⊙ halo hosts one (ten) 100 M⊙ stars, and it
further takes the efficiency to scale with halo mass.
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population (𝜏𝑒 (15, 30) = 0.002 - dashed red line) can also lower the predicted optical depth,

making isocurvature models similar to the fiducial adiabatic dark matter model (solid black line).

This effect can also lower the optical depth in Pop-III models that have slightly higher 𝜏𝑒 compared

to the CMB data (green and red dot-dashed lines).
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Figure 4.7: Thomson optical depth contributed in redshift interval 15 < 𝑧 < 30, 𝜏𝑒 (15, 30), in both

models and observations. The grey posterior shows the Gaussian that yields the Planck 2018 2𝜎

upper bound of 𝜏𝑒 (15, 30) < 0.007. The vertical lines show 𝜏𝑒 (15, 30) values for the same models

that are plotted in Fig. 4.6: the fiducial case using the stellar efficiency described in Sec. 4.4 and

𝑓iso = 0 (black solid line), adding Pop-III photo-ionization rates (blue dot-dashed), and varying 𝑓iso

(orange lines with differing linestyles). Including even small Pop-III star formation efficiencies can

result in detectable 𝜏𝑒 (15, 30) for 𝑓iso = 0.01.

The enhanced contribution to 𝜏𝑒 from the isocurvature fluctuations can be mimicked by astro-

physical uncertainties: Similar effects can be observed by keeping 𝑓iso = 0.01 fixed, but switching



105

off the Pop-III star formation (solid red line); or switching off isocurvature contribution, but adding

Pop-III photo-ionization with the stellar efficiency of 𝑓 III
★ = 5 × 10−4 (green dot-dashed line).

However, differences may show up in the tail of the reionization, where the aforementioned two

models differ by a factor of ≈ 2 in 𝜏𝑒 (15, 30). In particular, further increasing Pop-III stellar

efficiency by another order of magnitude to 𝑓 III
★ = 0.05 results in too much ionization at early times

– 𝜏𝑒 (15, 30) = 0.018 – which is ruled out by Planck CMB constraints. Such a high 𝜏𝑒 (15, 30) is

similar to that for the case with low Pop-III stellar efficiency and non-zero 𝑓iso (see red dot-dashed

line in Fig. 4.7). However, the contribution to the ionization fraction comes from 𝑧 < 20 in the

case of high Pop-III stellar efficiency, while the signal in isocurvature models is dominated by the

contribution at 𝑧 > 20.

On the other hand, further increasing the amount of isocurvature power by a factor of 5

ionizes the Universe to 10% early on (𝑧 ∼ 29(46) for 𝑓iso = 0.05(0.1)), leading to large values

of 𝜏𝑒 (15, 30) ∼ 0.04(0.09). Such models are clearly ruled out by the current CMB data, despite

the astrophysical uncertainties. At a high enough level of 𝑓iso the statement that such models are

excluded by the CMB holds over the range of Pop-III efficiencies considered. In our models this

transition happens in the range of 𝑓iso = 0.01 − 0.1.

Neglecting Pop-III contribution also lowers the effect of isocurvature modes. This occurs

because the minimal mass (𝑀min) that contributes to the Pop-II photo-ionization rates (Eqn. 4.15)

is typically ∼ 108 M⊙, requiring a large 𝑓iso to have an appreciable effect on these mass scales (see

Fig. 4.2). On the other hand the minimal mass for Pop-III photo-ionization rates (𝑀 III
min) is generally

two orders of magnitude lower than for Pop-II stars (∼ 106 M⊙), and thus more sensitive to smaller

values of 𝑓iso.

Since some contribution from the Pop-III star formation is expected, values of 𝑓iso of the order

of 10−2 are excluded with the current measurements already, which corresponds to ALP mass limit

of𝑚𝑎 > 10−18 eV. Current and future CMB observations (e.g. CLASS, LiteBIRD) aim to put more

stringent constraints on 𝜏𝑒 approaching the cosmic variance limit of 𝜎𝜏 = 0.002 Di Valentino et al.

[2018], Watts et al. [2019]. The sensitivity of measurements of the tail of reionization via statistics

like 𝜏𝑒 (15, 30) likely can be improved even more significantly over Planck with future missions
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than this improvement in 𝜎𝜏 Watts et al. [2019], although we expect measuring even higher redshift

contributions like 𝜏𝑒 (25, 40) would be needed to be able to disentangle astrophysics and improve

constraints on 𝑓iso.

Finally, we note that early ionization (which is likely also associated with X-ray and ultraviolet

backgrounds) would shape the high-redshift 21cm emission signal Furlanetto et al. [2006]. The

21cm signal is potentially sensitive to much lower star formation rate densities via these emissions

than the ionizing emissions this section has focused on McQuinn and O’Leary [2012]. The next

section discusses another effect that may be even more constraining for this signal.

4.6 CMB recombination and the dark ages thermal history

As illustrated in Fig 4.3, the presence of white noise isocurvature fluctuations leads to the formation

of dark matter halos much earlier than in the standard scenario. These early dark matter halos are

moving supersonically relative to the gas, with an RMS Mach number of ≈ 2 and with a Maxwellian

distribution Tseliakhovich and Hirata [2010]. Some regions can even be moving hypersonically

at 𝑧 ≳ 500 (i.e. with relative velocities of ≳ 10km s−1 so that the shocks can ionize the gas).

Furthermore, a 104𝑀⊙ dark matter halo will lose its velocity relative to the dark matter within a

Hubble time O’Leary and McQuinn [2012], potentially ionizing and heating the gas in the Universe

if enough of these halos are present.

We first investigate the effect of shock ionization on the cosmic microwave background from

such hypersonic motion. Even percent level differences in the global 𝑧 ∼ 500 recombination history

that result from this ionization could have a detectable effect on the cosmic microwave background

Slatyer et al. [2009]. However, while we found that the shocks in a large fraction of the Universe at

𝑧 > 500 would often heat the gas sufficiently for it to start to collisionally ionize, ionization would

quickly sap out the thermal energy of the gas, leaving it at insufficient temperatures to collisionally

ionize further. We found that because of this cost to ionization, even the strongest shocks would

only ionize the gas to ∼ 1%. This small ionization, coupled with the fact that (for viable 𝑓iso)

only a fraction of dark matter has collapsed into the 𝑀ℎ ≳ 103𝑀⊙ at 𝑧 ≳ 500 halos that generate

significant shocks, results in the recombination history being negligibly affected.
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We next turn to the heating imparted by such shocks. If the heating occurs early enough, it

could also affect the recombination history, as the recombination rate depends inversely on the

temperature. Our calculations suggest that such heating does not occur at early enough times to be

relevant for Recombination. Another observable is the cosmological 21cm signal. When the 21cm

signal is in absorption as is anticipated 15 ≲ 𝑧 ≲ 30, its amplitude is inversely proportional to the

gas temperature Furlanetto et al. [2006]. We show below that this shock heating could be important

for this 21cm signal.
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Figure 4.8: Rough estimates for the evolution of gas temperature at different 𝑓iso, with larger

𝑓iso leading to more shock heating. Our estimates suggest that 𝑓iso ∼ 10−4 lead to percent-level or

greater shock heating. Percent level heating would manifest in a qualitatively different high-redshift

21cm signal, with significant BAO peaks.

A simple estimate for the amount of shocking uses that we know how much energy is dissipated

into the gas via dynamical friction, a frictional force from the gas that acts to decelerate the
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supersonicly streaming dark matter halos. Namely, halos more massive than ∼ 105 −106𝑀⊙ should

lose all of their relative velocity to the baryons in a Hubble time at 𝑧 ∼ 20 McQuinn and O’Leary

[2012]. Some of this dynamical energy should go into shocks (and if all of the energy goes into

shocks we would expect to heat the Universe by ⟨M2⟩ ∼ 4). We estimate the effect of shock heating

on the thermal history by solving

𝑑𝑇

𝑑𝑡
=

adiabatic︷ ︸︸ ︷
−2𝐻𝑇 +

Compton︷                   ︸︸                   ︷
8𝜋2𝑥𝑖𝑇

4
𝛾𝜎𝑇 (𝑇𝛾 − 𝑇)

45𝑚𝑒 (1 + 𝑥𝑖)
(4.19)

−
𝜇𝑚𝑝

3𝑀4
𝑃

⟨𝜁𝑠 (𝑣b-dm)𝑣−1
b-dm⟩

∫ 𝑀max

𝑀min

𝑑𝑀ℎ𝑀
2
ℎ

𝑑𝑛

𝑑𝑀ℎ︸                                                   ︷︷                                                   ︸
shock heating

,

where 𝜎𝑇 is the Thomson cross section, 𝑚𝑝 is the mass of hydrogen atom, 𝑣b-dm is the velocity

difference between dark matter and baryons, 𝑀ℎ is the halo mass and 𝜌dm is the density of dark

matter. The Compton cooling term owes to the scattering of CMB photons, which is negligible

below redshift 𝑧 = 200. The “shock heating” term in Eqn. 4.19 follows from the power generated

from dynamical friction; taking the expression in Ostriker [1999] but dropping the factor of the

Coulomb logarithm. The motivation for dropping this logarithm is that the resulting expression

accounts only for gas that intersects within the Bondi-Hoyle radius for accretion (𝑟BH = 2𝐺𝑀/𝑣2
b-dm;

Bondi and Hoyle [1944] and see this endnote 9), which is the gas whose trajectory would be deflected

to the origin (in the absence of pressure) and hence is most likely to shock. We conservatively

assume the shock heating has efficiency 𝜁𝑠 at thermalizing its energy, and we take 𝜁𝑠 = 0.1 motivated

by entropy increase calculated in planar shocks with Mach numbers of M = 2. Finally, 𝑀max is

set to the halo mass whose timescale to lose its energy by dynamical friction in much less than

the age of the Universe, as once a halo reaches this mass, it will likely have decelerated and no

longer contribute to the heating. We take 106𝑀⊙ as the maximum mass. The minimum mass is

set by where the halo viral radius equals 𝑟BH, which we find is 𝑀 ≈ 104𝑀⊙. It is worth stressing

that the shock heating effect is most sensitive to the maximum mass. If we make the maximum

9Our expression for the heating power from each halo is equal to the cross section for Bondi-Hoyle accretion times
the kinetic energy density of the accreted gas times the velocity offset.
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mass a factor of 10 smaller (105𝑀⊙), the temperature difference will be about three times smaller

in Fig. 4.8, which we think reflects the level of uncertainty.

Our simple estimates show that the shock heating effects from axion halos starts to become

significant around redshift 𝑧 = 20 as shown in Fig. 4.8 for 𝑓iso ≳ 10−4. Models predict a global

21cm absorption feature at ∼ 80MHz, corresponding to absorption at 𝑧 ∼ 15 − 20 Furlanetto et al.

[2006], the same signal purported to be detected by EDGES Bowman et al. [2018]. This absorption

dip is inversely proportional to the gas temperature. Thus, a detection of the full amplitude of

this dip should at a minimum be used to discern shock heating at the O(1) level, requiring for

us 𝑓iso ∼ 5 × 10−4. Such heating would be hard to disentangle from X-ray heating from the first

supernovae and black holes Furlanetto et al. [2006]. However, efforts to detect fluctuations in the

21cm have a potentially smoking gun signal for this heating. Since change in temperature is tied to

the relative velocity between the baryons and the dark matter (𝑣b-dm), and this relative velocity is

modulated by the acoustic physics in the early Universe, any heating could result in large acoustic

oscillations in the signal. McQuinn and O’Leary [2012] showed that even just ∼ 3% changes in

the temperature that are tied to 𝑣b-dm would lead to order-unity acoustic features in the 21cm signal

at 𝑘 ∼ 0.1Mpc−1 McQuinn and O’Leary [2012], qualitatively changing the 21cm signal. Our

estimates in Fig. 4.8 suggests that heating at the few percent level occurs for 𝑓iso ≳ 10−4, although

we illustrate the rough constraint in Fig 4.1 at 𝑓iso = 3 × 10−4. These acoustic features are quite

distinct from the smoother continuum of fluctuations from the extra star formation would create,

which were referenced as a potential observable in § 4.5.

4.7 Conclusions

One possible candidate for the dark matter is that it is an ultra-light scalar field that is generated

in the early universe in a similar manner to that for the QCD axion, making it an ‘axion like

particle’ (ALP). Most previous studies have concentrated on how the ultralight ALP’s quantum

pressure suppresses the small-scale growth of the adiabatic fluctuations from inflation or on how

its relaxation can lead to solitonic cores Schive et al. [2014], Veltmaat et al. [2018], Mocz et al.

[2019]. However, if the symmetry breaking that establishes the axion-like particle (ALP) occurs
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after inflation ends, this leads to white isocurvature fluctuations in the ALP energy density. The

parameter space where the post inflationary scenario can occur are for symmetry breaking scales of

1013 − 1016GeV for the particle mass ranges that are probed by the large scale structure observables

considered here (𝑚𝐴 ∼ 10−13 − 10−20eV). The higher values for the symmetry breaking scale

(and lower values for the mass) push against limits from searches for inflationary 𝐵-modes. This

paper focused on how these isocurvature fluctuations could influence various observations of early

structure formation.

Fig. 4.1 summarizes our resulting constraints on the ALP mass 𝑚𝑎 and isocurvature fluctuation

amplitude 𝑓iso – defined in the traditional manner as their ratio with adiabatic fluctuations at a

wavenumber of 0.05Mpc−1 (but we also report constraints in terms of the more natural nonlinear

wavenumber 𝑘nl). The solid lines show the relation between the axion mass and 𝑓iso. Different

colours represent different parameterizations of the evolution of the axion mass with temperature

after it commences oscillations. The simplest model, and also most conservative in terms of mass

constraints, is the 𝑛 = 0 case where the mass was set at early times. For an ALP coupled to an

asymptotically free sector (in analogy to the QCD axion), leading to a mass that increases in size

until the cosmic temperature falls below the sector’s confinement scale, the value of 𝑛 is nonzero

(with 𝑛 = 4 approximating the evolution of the QCD axion). As 𝑛 increases above 4, the sensitivity

of our results to 𝑛 becomes weak.

The cosmological observables presented in this paper are sensitive to different axion masses

𝑚𝐴 or equivalently different levels of 𝑓iso, with the smaller scale the observable is sensitive to the

stronger the constraint. Our strongest present constraint comes from the Ly𝛼 forest power spectrum

measurements at high redshifts (orange dashed line). The lower bound on the ALP mass from the

Ly𝛼 forest is 𝑚𝐴 > 2 × 10−17 eV for 𝑛 = 0 (and 𝑚𝐴 > 10−13 eV for 𝑛 = 4). Apart from being

currently most constraining bound, the Ly𝛼 analysis is also the least affected by uncertainties in the

astrophysics of the existing probes we investigated.

Another potential probe is high-redshift galaxy observations. We find that only for 𝑚𝐴 already

ruled out by the Ly𝛼 forest is the observed luminosity function qualitatively changed in a manner

that could potentially be disentangled from more mundane astrophysical explanations. However,
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smaller mass (and higher redshift) galaxies than can be observed directly are more substantially

boosted by isocurvature fluctuations. Such diminutive galaxies may be observable via their effect on

the ionized fraction evolution during the Reionization Epoch. We find that a particularly interesting

observable is the CMB, which is sensitive to the high-redshift tail of reionization. This tail can be

substantially more extended in models with white isocurvature fluctuations. While we find that the

ionization fraction in models where galaxies form via the traditional route (in halos massive enough

that the gas can cool atomically) only show qualitatively different trends for 𝑚𝐴 already ruled out

by the forest, models that include Pop-III stars (even for much lower efficiencies for their formation

than is commonly assumed) could lead to a small residual ionization to extremely high redshifts.

Thus, future CMB efforts could potentially probe 𝑚𝐴 range similar to that of the Ly𝛼 forest.

Finally, the shock-heating of the gas due to supersonically moving axion minihalos during the

Cosmic Dark Ages and Cosmic Dawn could lead to even stronger constraints, potentially excluding

ALP masses of𝑚𝐴 < 10−16 eV for 𝑛 = 0. This shocking would suppress the depth of the absorption

trough in the global 21cm signal (as probed by e.g EDGES and PRIZM). The caveat is that X-ray

heating could have a similar effect Barkana [2018], Fialkov and Barkana [2019]. However, even

percent-level changes in the mean temperature from shock-heating will manifest in distinct baryon

acoustic oscillation features in the 21cm brightness temperature fluctuations that trace the relative

baryon-dark matter velocity field. These oscillations are potentially a smoking gun of shock heating

from a dramatic enhancement in the number of minihalos.

Some low redshift small-scale structure probes could complement the probes discussed here.

First, local observations of Milky Way tidal streams could lead to detection of small sub halos in the

mass range 108−105 M⊙ Bovy et al. [2017], Bonaca et al. [2019], with some uncertainty in whether

the lowest values of 105 M⊙ can be disentangled from astrophysical uncertainties, as encounters

with these subhalos open up gaps in these streams. This places the sensitivity of the galactic streams

somewhere in the range of isocurvature amplitudes of 𝑓iso = 0.001 − 0.01, potentially pushing the

constraints lower than the current Ly𝛼 bound and comparable to our most optimistic reionization

constraints.

In addition, Dai and Miralda-Escudé [2020] recently showed that the micro-lensing caustics of
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stars on a cluster macro-lens could even be sensitive to the minute value of 𝑀𝐻 (𝑚𝐴) for the QCD

axion of ∼ 10−12𝑀⊙, where 𝑀𝐻 (𝑚𝐴) is the mass within the Horizon at 𝑇osc. In particular, these

micro-lensing caustics are perturbed by these axion structures, deviating from the smooth profile

otherwise expected. This constraint can also be translated to our scenario. Dai and Miralda-Escudé

[2020] showed this method is sensitive to 10−13 < 𝑀𝐻 (𝑚𝐴) < 10−6 M⊙, which translates to the

bounds on the ALP mass of 10−15 < 𝑚𝐴 < 10−11 eV for 𝑛 = 0 (10−11 − 10−6 eV for 𝑛 = 4).

Since the sensitivity falls off on both sides of the ALP mass range, this makes the microlensing of

stars complementary to the signatures of early structure formation considered in this paper. Future

observations with HST or JWST should be able to push forward this exciting science Chen et al.

[2019], Kaurov et al. [2019].

Lastly, a post-inflation ALP may affect the properties of black holes. Studies of black hole

superradiance Arvanitaki et al. [2015], Baryakhtar et al. [2017], Stott and Marsh [2018], Davoudiasl

and Denton [2019] – the gravitaional production of a ALP halo from the free energy in black hole

spin – have excluded the existence of ALPs with 10−14 < 𝑚𝐴 < 10−11 eV from measurements of

finite stellar black hole spins. The measurements of super massive black hole spin can potentially

exclude a wide mass range 𝑚𝐴 < 10−16 eV Stott and Marsh [2018], but inferring the black hole

masses over a broad mass range. The bounds from superradiance are also only valid in the limit of

𝑓𝐴 > 1014 GeV and no self-interaction Stott and Marsh [2018]. Furthermore, the earlier structure

formation sourced by a post-inflation ALP could potentially produce the seeds that grow into the

highest mass black holes, ameliorating somewhat the difficulty in having sufficient time for these

seeds to grow into the highest redshift quasars (e.g. Latif and Ferrara [2016]).
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Chapter 5

DISRUPTION OF DARK MATTER MINIHALOES IN THE MILKY WAY
ENVIRONMENT

5.1 Introduction

The gravitational clustering of dark matter has been well measured on galactic scales and super-

galactic scales, and is consistent with a nearly scale-invariant spectrum of primordial fluctuations

[e.g. Aghanim et al., 2020]. However, the matter power spectrum on extremely small scales

(𝑘 ≳ pc−1), which corresponds to sub-planetary-mass structures, is still weakly constrained, and is

sensitive to both the nature of dark matter and the thermal history of the early Universe. There have

been proposals to detect small scale structures in the mass range ∼ 10−13 − 102 M⊙ in the future

with Pulsar Timing Arrays [PTAs; e.g. Siegel et al., 2007, Baghram et al., 2011, Dror et al., 2019,

Ramani et al., 2020, Lee et al., 2020, 2021] and Femto/Micro-lensing [e.g., Kolb and Tkachev,

1996, Fairbairn et al., 2018, Katz et al., 2018].

Many well-motivated dark matter theories can leave unique fingerprints on the primordial

perturbations on small scales 1 (𝑘 ≳ pc−1), such as quantum chromodynamics (QCD) axion/axion-

like particles (ALPs) with the Peccei-Quinn (PQ) symmetry breaking [Peccei and Quinn, 1977]

after inflation [e.g., Hogan and Rees, 1988, Kolb and Tkachev, 1993, 1994, Zurek et al., 2007], Early

Matter Domination [EMD; e.g., Erickcek and Sigurdson, 2011, Fan et al., 2014] and vector dark

matter produced during inflation [e.g. Nelson and Scholtz, 2011, Graham et al., 2016]. Therefore,

the search and constraints for small dark matter substructures would provide unique insights to the

microphysics of dark matter. The model space of interest here is quite different from that in more

common WIMP-like collisionless cold dark matter (CDM) models. In those models, adiabatic

1We note that the “small scale” here is fundamentally different from the small-scale problem of CDM (at kpc scale)
discussed in astrophysical studies [see review by Bullock and Boylan-Kolchin, 2017].
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fluctuations produced at the end of inflation can also seed small CDM subhaloes down to the

kinetic decoupling and free-streaming limit (𝑘 ∼ O(pc−1)), roughly corresponding to the Earth

mass [∼ 10−6 M⊙; e.g., Hofmann et al., 2001, Berezinsky et al., 2003, Green et al., 2005, Loeb

and Zaldarriaga, 2005]. The evolution of these subhaloes in the Milky Way environment has been

studied in the past [e.g., Angus and Zhao, 2007, Goerdt et al., 2007, Green and Goodwin, 2007,

Zhao et al., 2007, Schneider et al., 2010, Berezinsky et al., 2014, Delos, 2019, Facchinetti et al.,

2022]. However, the WIMP-like CDM formed the first non-linear structures at relatively late times

(e.g. 𝑧 ∼ 60 ≪ 𝑧eq as shown in Green et al. 2005), and the minihaloes formed are subject to

significant disruption due to tidal stripping and disk shocking after falling into their host haloes

[e.g., Ostriker et al., 1972, Gnedin et al., 1999, Goerdt et al., 2007, Zhao et al., 2007, Schneider

et al., 2010]. The typical minihaloes of WIMP-like CDM are out of reach for PTAs and other

observations we discuss here [e.g., Lee et al., 2020].

On the other hand, dark matter minihaloes in the theories we consider here formed in very

early Universe and therefore are much denser than WIMP-like CDM subhaloes and are less likely

to be disrupted by tidal forces. For instance, a (pseudo)scalar field (e.g. the QCD axion) with

PQ symmetry breaking after inflation [e.g., Hogan and Rees, 1988, Zurek et al., 2007, hereafter

called the “post-inflationary axion”] can induce order-unity isocurvature fluctuations on the horizon

scale during the symmetry breaking. Regions with order-unity overdensities tend to collapse

gravitationally very soon, even prior to average matter-radiation equality (𝑧eq ∼ 3000), into small

axion miniclusters (AMCs). The miniclusters went through subsequent hierarchical clustering the

large scale adiabatic perturbations intervene. As another example, EMD models can introduce a

non-standard thermal history that is not constrained by any current data, but adiabatic fluctuations

within the horizon can grow during this early period of matter domination. The characteristic mass

of dark matter minihaloes formed in early matter domination models is determined by the reheating

temperature of this period. In vector dark matter models, the longitudinal modes of the vector DM

produced at the end of inflation give rise to a peak in the matter power spectrum on small scales,

with the scale directly determined by the dark matter particle mass [Graham et al., 2016, Lee et al.,

2020]. Those models have interesting dynamics in the early Universe, which are difficult to directly
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probe. However, the remnants of those early Universe dynamics, dark matter minihaloes, may be

detectable in local observations [e.g., Dror et al., 2019, Ramani et al., 2020, Lee et al., 2020].

While the evolution of (some versions of) these dark matter minihaloes in the non-linear

regime have been studied both semi-analytically with the Press-Schechter model [Zurek et al.,

2007, Fairbairn et al., 2018, Enander et al., 2017, Blinov et al., 2020, Lee et al., 2020, Blinov

et al., 2021] and numerically with N-body simulations [Zurek et al., 2007, Buschmann et al.,

2020, Eggemeier et al., 2019, Xiao et al., 2021], the gravitational interactions between dark matter

minihaloes and large scale dark matter structures or baryonic structures are not well studied, due

to the large dynamic range and non-linear behaviors involved. Dark matter minihaloes formed

from nonstandard early universe physics can be as light as ∼ 10−12 M⊙, while the Milky Way has

a halo mass of ∼ 1012 M⊙. Therefore it is challenging to resolve these small structures while

simultaneously simulating the dynamics of the largest structures. However, it is critical to study the

survival probability of minihaloes in the Milky Way and to determine the prospects of detecting

such structures in the local environment.

Recently, [Kavanagh et al., 2020] made a preliminary analytic estimate of the effects of stellar

disruption on minihaloes, and argued that ∼ 46% of dark matter minihaloes akin to AMCs could

survive in the Solar neighborhood after stellar disruptions. But this neglects many nonlinear effects,

a realistic minihalo concentration distribution and some other channels for disruption. In this paper,

we improve on these estimates by detailed numerical simulations and semi-analytic treatment to

combine all of the expected dominant disruption terms. To deal with the enormous dynamic range

involved, our strategy is to numerically simulate the dynamics of the dark matter minihaloes in

individual encounters (varying e.g. halo parameters and impact parameters), using these to build

detailed semi-analytic models which can be used to treat the large-scale behavior. This allows us to

capture the key nonlinear physics on small scales while making realistic predictions for the overall

behavior of dark matter minihaloes in the Milky Way galaxy (in ways that can be generalized, in

principle, to a broad class of minihalo-like models). Broadly speaking, the disruption of dark matter

minihaloes in the Milky Way can be divided into two parts: stellar disruption and tidal disruption.

The stellar disruption term is sensitive to close encounters with individual stars, while the tidal term
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only depends on the gradient of the collective gravitational potential on large scales. We study each

of these separately using our N-body simulations, and then combine them nonlinearly to show that

they have non-trivial mutual effects.

This paper is organized as follows. In Section 5.2 we discuss the analytic model for the minihalo

mass function, stellar disruptions due to individual stellar encounters and tidal disruptions. In

Section 5.3, we present our numerical results from a series of idealized N-body simulations for

isolated minihaloes encountering a star, and simulations of tidal stripping. In Section 5.4, we apply

the results of our idealized simulations to a realistic Milky Way environment and combine both

stellar disruption and tidal disruption. In Section 5.5, we study the survival fraction of dark matter

minihaloes by applying the results to different physical models.

We assume a ΛCDM cosmology with parameters given as ℎ=0.697, Ωm = 0.2814, and ΩΛ =

0.7186, and adopt scalar spectral index 𝑛𝑠 = 0.9667. These are consistent with the recent Planck

results [Aghanim et al., 2020], and our conclusions are relatively insensitive to variations in these

parameters (compared to the much larger uncertainties in e.g. minihalo properties from different

physical models).

5.2 Analytic model

5.2.1 Initial mass functions and concentrations of small-scale structures

To be specific, two of the models discussed in the introduction that lead to the formation of dense

minihaloes in the early Universe are: (pseudo)scalars (e.g. the QCD axion) with symmetry break-

ing after inflation [Hogan and Rees, 1988, Zurek et al., 2007] and the EMD model as studied in

[Erickcek and Sigurdson, 2011]. These two models are physically well-motivated and are also

representative of models that can enhance the matter power spectrum at small scales. Although

the cosmological perturbations in those models have different origins, they share common features.

These perturbations are generated at extremely small scales before matter-radiation equality, form-

ing dark matter substructures as light as 10−12 M⊙ ubiquitously, decoupled from the usual adiabatic

fluctuations. The model parameters are the axion mass 𝑚a for the AMC model and the reheating
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Figure 5.2.1: Top: Initial (pre-disruption) mass function of minihaloes in different physics models

( 𝑓 is mass fraction with respect to the total dark matter mass in the Universe). Here we show

the mass functions for the AMC models with axion mass 𝑚a = 1.25, 25, 500 𝜇eV and the EMD

models with reheating temperature 𝑇rh = 15, 30, 60 MeV. The model parameter variations manifest

as constant horizontal shifts of the mass function (see Appendix 5.7 for details). The EMD models

have sharper peaks than the AMC models. Bottom: Mass concentration relation of minihaloes in

different models shown in the top panel. The mass-concentration in the AMC model is peaked due

to the peaked matter power spectrum. Generically the halo concentration hits a floor at the high

mass end as the CDM power spectrum starts to take over. One would not expect minihalos to form

before matter-radiation equality, which applies a cap to the concentration at the low mass end.
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temperature 𝑇rh for the EMD model. We vary the axion mass from 1.25 𝜇eV to 500 𝜇eV which is

roughly the mass window that can produce the correct dark matter relic abundance, given uncertain-

ties introduced by the axion emission from strings as shown in Buschmann et al. [2022], Gorghetto

et al. [2021]. We choose the fiducial value 𝑚a = 25𝜇eV and 𝑇rh = 30 GeV correspondingly such

that minihalos in the EMD model will have a similar mass range to those in the AMC model. It is

worth noting that the reheating temperature 𝑇rh cannot be below a few MeV otherwise the big bang

nucleosynthesis will be spoiled (Kawasaki et al. [1999]).

The formation of dense substructures from these small-scale perturbations occurs at early times

(see Lee et al. 2020 for an analytic study and Xiao et al. 2021 for simulations of axion miniclusters).

After initial formation with a redshift-dependent initial mass function d𝑛0/d𝑀 (𝑧), they will then

fall onto CDM substructures formed from adiabatic perturbations. The redshift of infall, 𝑧c, which

occurs after the initial minihalo formation, defines the average density of minihaloes since they fall

into WIMP-like CDM haloes and stop merging, owing to the high virial velocities in the normal

CDM haloes.

The final mass function including minihaloes falling into the CDM structures can be expressed

as
d𝑛 𝑓
d𝑀

(𝑧) =
∫ 𝑧

𝑧eq

d𝑧c
d 𝑓 CDM

col (𝑧c)
d𝑧c

d𝑛0

d𝑀
(𝑧c) (5.1)

where 𝑓 CDM
col (𝑧) is the collapse fraction of normal CDM haloes formed from adiabatic fluctuations.

The probability of infall at 𝑧 = 𝑧c is ∝ d 𝑓 CDM
col (𝑧c)

d𝑧c
. We can use the Press–Schechter model [Press and

Schechter, 1974] to compute the collapse fraction

𝑓 CDM
col (𝑧) = erfc

(
𝛿c√

2𝜎CDM(𝑀min)𝐷 (𝑧)

)
, (5.2)

where𝐷 (𝑧) is the growth function,𝜎CDM(𝑀)2 is the variance of the adiabatic fluctuations calculated

using the Code for Anisotropies in the Microwave Background 2 [Camb; Lewis et al., 2000, Howlett

et al., 2012, Lewis], and 𝑀min is the smallest CDM structure we consider formed from adiabatic

fluctuations. There might be even smaller CDM haloes that can be formed, which will increase the

2Camb documentation

https://camb.info/
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collapse fraction 𝑓 CDM
col (𝑧), especially at high redshifts. However, below a certain mass the normal

CDM haloes may have comparable masses to the enhanced substructures and our assumptions

will no longer hold. A detailed study of this infall process will be ultimately needed for more

detailed predictions and we leave it for future study (treating the mass function as somewhat

uncertain below). We take 𝑀min to be 10−2 M⊙, corresponding to a scale where the CDM power

spectrum dominates while the enhanced small scale perturbations become subdominant. The result

is insensitive to 𝑀min as 𝜎(𝑀) depends logarithmically on 𝑀 at small scales. This allows us to

analytically compute the collapse fraction at various redshifts and obtain the final mass function

for the enhanced substructures. This will also give us the distribution of the infall redshift 𝑧c,

P(𝑧c) ∝ d 𝑓 CDM
col (𝑧)/d𝑧, which determines the time where the structural changes of minihaloes halt

and thus the average density of minihaloes. Including minihaloes falling into CDM haloes, we

obtain the minihalo mass function at 𝑧 = 0 given the initial mass function from different models, as

shown in Figure 5.2.1.

Regarding the concentration of minihaloes, we use the model in [Lee et al., 2020] to calculate

the concentration from the power spectra of different models. In Figure 5.2.1, we show the initial

(pre-disruption) mass functions and the mass-concentration relations of minihaloes in different

physics models. Minihalos form earlier tend to have a higher concentration. At the high mass end,

CDM power spectrum will dominate and one should reproduce the mass-concentration relation of

normal CDM halos. At the low mass end, there is a cap in the concentration since one will not

expect minihalo formation before matter-radiation equality. The axion mass for the AMC models or

the reheating temperature of the EMD models only creates constant mass shifts in the mass function

and the mass-concentration relation. For reference, the typical concentration of WIMP-like CDM

haloes studied in [Green and Goodwin, 2007] and [Delos, 2019] are 𝑐 ∼ 1 - 20 at the redshift when

minihaloes are initialized. They are much more dilute than the minihaloes studied here.

5.2.2 Disruption in late-time evolution

Owing to the ultra-compact structure of the minihaloes, they are largely immune to external

perturbations through their evolutionary history after decoupling from the Hubble flow. However,
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after falling into a massive host systems like the Milky Way, non-linear gravitational interactions

with the host halo and the dense baryonic structures in the host halo can lead to significant disruption

of minihaloes. The two leading disruption mechanisms are tidal disruption from the host halo (and

baryon disk) and close encounters with stars (referred to as stellar disruption). The relevant spatial

and time scales on which these two mechanisms operate are drastically different. In this section,

we will review the analytic model developed.

Stellar disruption

First, we consider the consequence of the encounter between a minihalo and a star. The virial

radius of minihaloes with a mass of interest (∼ 10−10 M⊙) is of the order of 0.01 pc, which is still

much larger than the radius of main sequence stars even though we are considering very small

structures. Therefore, for simplicity, stars can be treated as point-like objects during encounters.

In addition, after a stellar encounter, the structure of the minihalo cannot immediately react to the

energy imparted during the encounter. It takes roughly a dynamical time for the minihaloes to relax

to the final state after disruption, which is given by

𝑡dyn =

√︄
3𝜋

16𝐺𝜌̄mh

≈ 0.78 Gyr
(
1 + 𝑧c

3

)−3/2
, (5.3)

where 𝜌̄mh is the average density of the minihalo. The dynamical time 𝑡dyn will be comparable to the

Hubble time scale for 𝑧c = 0 but much shorter than that if the minihaloes fall into CDM structures at

a high redshift. The duration of the star-minihalo encounter (∝ 𝑏/𝑣∗), however, is at least five orders

of magnitude shorter than 𝑡dyn. Therefore, the impulse approximation holds and the encounter can

be treated as an instantaneous interaction [Spitzer, 1958]. In the distant-tide approximation (when

the impact parameter is much larger than the size of the minihalo), the imparted energy from a

single encounter with a star can be be expressed as [Spitzer, 1958]

Δ𝐸 ≈ 4
3
𝐺2𝑚2

∗𝑀mh⟨𝑅2⟩
𝑣2
∗𝑏4

=
4𝛼2

3
𝐺2𝑚2

∗𝑀mh𝑅
2
mh

𝑣2
∗𝑏4

, (5.4)
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where Δ𝐸 is the increase of internal energy of the minihalo, 𝑀mh (𝑅mh) is the virial mass (radius) of

the minihalo, ⟨𝑅2⟩ represents the mean-squared radius of the minihalo. 𝑚∗, 𝑏, and 𝑣∗ are the mass,

impact parameter, and relative velocity of the stellar object, respectively. The mean-squared radius

of the minihalo can be parameterized as ⟨𝑅2⟩ = 𝛼2𝑅2
mh, where 𝛼 is a dimensionless parameter

determined by the density profile 𝜌(𝑟) of the dark matter minihalo

𝛼2 =
⟨𝑅2⟩
𝑅2

mh
=

1
𝑀mh𝑅

2
mh

∫ 𝑅mh

0
d3r 𝑟2𝜌(𝑟). (5.5)

Assuming that the minihalo has the NFW profile [Navarro et al., 1996, Navarro et al., 1997], one

obtains

𝛼2(𝑐) = 𝑐(−3 − 3𝑐/2 + 𝑐2/2) + 3(1 + 𝑐) ln(1 + 𝑐)
𝑐2(−𝑐 + (1 + 𝑐) ln(1 + 𝑐))

, (5.6)

where 𝑐 is the concentration number of dark matter minihaloes.

However, when the impact parameter becomes comparable to the size of the minihalo, the

distant-tide approximation made by Equation 5.4 breaks down. The strong 𝑏−4 dependence of Δ𝐸

will disappear once the star passes through the minihalo and the disruption effect is suppressed

[e.g., Gerhard and Fall, 1983, Moore, 1993, Carr and Sakellariadou, 1999, Green and Goodwin,

2007]. For a single encounter, [Green and Goodwin, 2007] proposed a more general treatment of

the imparted energy calibrated using simulations

Δ𝐸 =


4𝛼2(𝑐)

3
𝐺2𝑚2

∗𝑀mh𝑅
2
mh

𝑣2
∗

1
𝑏4 (𝑏 > 𝑏s)

4𝛼2(𝑐)
3

𝐺2𝑚2
∗𝑀mh𝑅

2
mh

𝑣2
∗

1
𝑏4

s
(𝑏 ≤ 𝑏s)

(5.7)

where 𝑏s = 𝑓b (2𝛼/3𝛽)1/2𝑅mh is the transition radius, which is close to the physical size of the

minihalo up to a factor determined by structure parameters, and 𝑓b is an order-unity correction

factor we introduce 3 to be determined by our simulations, which will be discussed in Section 5.3.

3The original formula proposed in [Green and Goodwin, 2007], who were studying low concentration haloes, does
not have the correction term (equivalently 𝑓b = 1). However, minihaloes with higher concentrations are studied in
this work and we find the correction term is necessary empirically to fit the simulation results.
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𝛽 is another structural parameter defined as

𝛽 = ⟨𝑟−2⟩𝑅2
mh =

𝑅2
mh

∫ 𝑅mh
𝑟c

d3r 𝑟−2 𝜌(𝑟)
𝑀mh

≃ 𝑐2 ln (𝑟s/𝑟c) + 𝑐2/2 − 1/2
ln (1 + 𝑐) − 𝑐/(1 + 𝑐) , (5.8)

where the NFW profile is assumed and 𝑟c is the smallest radius that the profile extends to, which we

assume to be 0.01 𝑟s. In principle, a boson star can form in the center of a minihalo, which provides

a natural physical scale for 𝑟c. However, the size of an axion star sensitively depends on particle

physics parameters as well as the growth rate of axion stars [e.g., Visinelli et al., 2018, Helfer et al.,

2017, Chen et al., 2021]. We note that the choice of 𝑟c has weak effects since i. it only appears in

the logarithm; ii. the uncertainty of 𝑟c and 𝛽 has been effectively captured by the free parameter 𝑓b;

iii. 𝛽 in fact only matters for close encounters which are rare in reality.

Compared to full analytic calculations under the impulse and distant-tide approximations,

Equation 5.7 gives better agreement with simulations in the transitional regime. Roughly speaking,

disruption of a minihalo is expected to occur when the increase in internal energy of the minihalo

given by Equation 5.4 exceeds the binding energy of the minihalo

𝐸b = 𝛾𝐺𝑀2
mh/2𝑅mh. (5.9)

Here 𝛾 is a dimensionless parameter again determined by the mass profile of the dark matter halo.

For the NFW profile, it takes the form [Mo et al., 1998]

𝛾(𝑐) = 𝑐

2
1 − 1/(1 + 𝑐)2 − 2ln(1 + 𝑐)/(1 + 𝑐)

[𝑐/(1 + 𝑐) − ln(1 + 𝑐)]2 . (5.10)

Utilizing Equation 5.7 and 5.9, we obtain the normalized energy input to the minihalo as

Δ𝐸

𝐸b
=



4𝛼2(𝑐)
3𝛾(𝑐)

𝐺𝑚2
∗

𝑣2
∗𝑏4

𝑅3
mh

𝑀mh
=
𝛼2(𝑐)
𝜋𝛾(𝑐)

𝐺𝑚2
∗

𝑣2
∗𝑏4

1
𝜌̄mh

(𝑏 > 𝑏s)

4𝛼2(𝑐)
3𝛾(𝑐)

𝐺𝑚2
∗

𝑣2
∗𝑏

4
s

𝑅3
mh

𝑀mh
=

3𝛽2(𝑐)
𝑓 4
b 𝛾(𝑐)

𝐺𝑚2
∗

𝑣2
∗

1
𝑀mh𝑅mh

(𝑏 ≤ 𝑏s)

(5.11)
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where 𝜌̄mh = 𝑀mh/(4𝜋 𝑅3
mh/3) is the average density of the minihalo. Assuming the minihaloes are

in virial equilibrium with respect to the background density at redshift 𝑧c (the infall redshift), we

obtain 𝜌̄mh = Δc 𝜌crit(𝑧c), where 𝜌crit(𝑧c) is the critical density of the Universe at 𝑧c and Δc = 200

is the critical overdensity of collapsed objects (we can neglect corrections from e.g. ΩΛ to 𝛿c at

the 𝑧c of interest). Since 𝜌̄mh is independent of minihalo mass, the energy input in the large-𝑏

case in Equation 5.11 will be independent of minihalo mass while having a strong dependence

on the impact parameter. The only free parameter that is left to be determined by simulations in

Equation 5.11 is the correction factor 𝑓b.

From Equation 5.11, we can compute a characteristic impact parameter when Δ𝐸/𝐸b = 1

𝑏min =

√︂
𝑚∗
𝑣∗

(
𝛼2(𝑐)𝐺
𝜋𝛾(𝑐) 𝜌̄mh

)1/4

≈ 0.027 pc
(
𝛼2(𝑐)
𝛾(𝑐)

) (
𝑚∗

1 M⊙

)1/2 (
𝑣∗

200 km/s

)−1/2 (
1 + 𝑧c

20

)−3/4
, (5.12)

which gives a crude estimate of the condition for destruction of minihaloes. It is worth noting that

the average density of a virialized halo is much larger when formed at higher redshifts, given as

𝜌̄mh ∝ (1 + 𝑧c)3. Minihaloes that collapsed and fell into the host halo earlier in cosmic time should

be less vulnerable to stellar disruptions due to higher central densities.

Although 𝑏min serves as a good indicator for significant disruption of the minihalo, the actual

mass loss of the minihalo (as a function of Δ𝐸/𝐸b) after a single encounter will be calibrated by

numerical simulations presented in the following section.

Tidal disruption

Another important disruption mechanism for minihaloes is tidal disruption. After the minihaloes

falling into the Milky Way halo, they experience tidal forces from the Milky Way dark matter

halo and the galactic disk. In contrast to the stellar disruption, which sensitively depends on close

encounters with stars, the tidal forces are determined by gravity at galactic scales, dominated by

the collective effects of the smooth gravitational potential rather than the fluctuating component

from individual particles and/or stars. Moreover, rather than an impulsive event, tidal disruption is
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Figure 5.2.2: The evolution of a minihalo during stellar disruption visualized. This is a simulation

of an encounter between a minihalo of mass 𝑀mh = 10−10 M⊙ and a star of mass 𝑚∗ = 1 M⊙, with

the impact parameter 𝑏 = 10−4kpc. The star passed by in the y direction of the image. We show the

dark matter surface density distribution of the minihalo. Figure 5.2.2a shows the initial dark matter

distribution. Right after the encounter, a large fraction of dark matter has been heated up from

the gravitational interaction with the passing star and become unbounded. Although this energy

is transfered impulsively, it requires roughly the minihalo dynamical time (𝑡dyn ≳ 1 Gyr) for the

the disruption to be reflected in the minihalo density distribution, as shown in Figure 5.2.2b and

Figure 5.2.2c.
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secular, and is therefore usually treated differently from stellar disruptions.

In a sufficiently strong and smooth external tidal field, the outskirts of the minihalo will be

stripped away where the tidal force exceeds the self-gravity of the minihalo. This tidal radius is

given by [e.g., King, 1962, Taylor and Babul, 2001, Zentner and Bullock, 2003]

𝑟𝑡 = 𝑅


𝑀mh(𝑟 < 𝑟𝑡)/𝑀MW(𝑟 < 𝑅)

2 − 𝑑ln𝑀MW
𝑑ln𝑅

��
𝑅
+ 𝑉t(R)
𝑉c(𝑅)


1/3

, (5.13)

where 𝑅 is the galactocentric distance of the minihalo, 𝑀MW(𝑟 < 𝑅) is the mass of the Milky

Way (including both dark and baryonic matter) enclosed within radius 𝑅 and 𝑀mh(𝑟 < 𝑟t) is the

minihalo mass enclosed within 𝑟𝑡 . 𝑉t(R) is the instantaneous tangential speed of the minihalo,

which equals the circular velocity 𝑉c(𝑅) when the minihalo is on a circular orbit. The minihalo

mass outside the tidal radius will be stripped away roughly over a dynamical time scale of the host,

and the instantaneous mass loss rate is often expressed as [e.g., Taffoni et al., 2003, Zentner and

Bullock, 2003, Oguri and Lee, 2004, Pullen et al., 2014]

¤𝑀mh(𝑟 > 𝑟t) = −𝑀mh(𝑟 > 𝑟t)
𝑡ts(𝑅)

, (5.14)

where 𝑡ts is the characteristic time scale of tidal stripping, which is proportional to the dynamical

time scale of the host halo (not the minihalo)

𝑡ts(𝑅) = 𝐴 𝑡host
dyn (𝑅)

≈ 93 Myr
(
𝐴

1

) (
𝜌̄host(𝑅)

1.6 × 107M⊙ kpc−3

)−1/2
(5.15)

where 𝜌̄host(𝑅) is the averaged density of the host halo within radius 𝑅 and 𝐴 is a constant fudge

factor of order unity that is found to be∼ 0.5 - 3 in several previous studies [e.g., Zentner and Bullock,

2003, Zentner et al., 2005, Pullen et al., 2014, van den Bosch et al., 2018, Green et al., 2021]. If

the tidal stripping occurs in the Solar neighborhood, the time scale will be much shorter than the

lifetime of minihalo in the Milky Way environment. As a simple estimation, the characteristic

formation time (defined as when d log𝑀/d log 𝑎 falls below a threshold as proposed in Wechsler
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et al. 2002) of a Milky Way-mass halo is about 𝑎c = 0.3 (corresponding to 𝑧c ∼ 2.5 and lookback

time ≳ 10 Gyr). If the minihaloes are dynamically coupled to the smooth dark matter content

accreted by the Milky Way halo, the typical lifetime of minihaloes in the Milky Way environment

will be of the same order. Therefore, a reasonable assumption is that the minihalo outskirts will be

tidally disrupted immediately after infall and before any form of stellar disruptions takes place.

5.3 Idealized simulations for stellar encounters and tidal stripping

We next use N-body simulations to systematically study the stellar disruption and tidal stripping

effects for isolated minihaloes initialized with the NFW profile. The goal is to test the analytic

models described in Section 5.2 and calibrate them with various minihalo parameters.

5.3.1 Stellar encounters

A suite of N-body simulations is performed for minihaloes initialized with the NFW profile by

varying minihalo concentrations, masses and impact parameters of the encountering stars. The

simulations adopt the code Gizmo 4 [Hopkins, 2015], which has been widely used in cosmological

N-body or hydrodynamical simulations [e.g., Hopkins et al., 2014, 2018, Feldmann et al., 2022].

The goal of these simulations is to test and calibrate analytic predictions of the minihalo mass

fraction disrupted in stellar encounters. The relaxation process of minihaloes and the evolution

of density profiles are also studied, which provides important insights in modelling the disruption

effects under multiple encounters.

In these simulations, an isolated minihalo (composed of collisionless N-body dark matter

particles) is initialized at 𝑧 = 0 5 with a star (represented by a single point-mass particle) having

mass 𝑚∗ = 1 M⊙ at a large distance (10 pc) moving towards the minihalo with a relative velocity of

200 km s−1. Since the code is Lagrangian, it makes no difference whether the star or the minihalo

4Gizmo documentation

5The simulations are not cosmological, but the redshift value is required for initializing the NFW halo. The
response of minihaloes to encounters we test in this section is not sensitive to the density normalization or at what
redshift we set up the minihalo.

http://www.tapir.caltech.edu/~phopkins/Site/GIZMO_files/gizmo_documentation.html
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Figure 5.3.3: Fractional mass loss as a function of the normalized imparted energy for stellar

encounters with minihaloes with 𝑐 = 10, 30, 100, 500. The simulation results are shown in solid

points and the best-fit model is shown in solid lines. For reference, the purple curve is the analytic

prediction from [Kavanagh et al., 2020] for 𝑐 = 100 minihaloes. The zoom-in subplot shows the

transitional regime around Δ𝐸/𝐸b ∼ 1. The response curves calibrated from our simulations are

in good agreement with results in [Kavanagh et al., 2020]. However, the asymptotic behaviour of

the response curve at large Δ𝐸/𝐸b has a significant concentration dependence, which has not been

revealed in previous studies.
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is moving and in which frame we solve the dynamics equations. In Figure 5.2.2, the evolution of a

minihalo during disruption is visualized. The encounter with a star will impart a certain amount of

energy into the minihalo, disrupting the halo outskirts at roughly a minihalo dynamical time. Our

default simulations resolve the minihalo with 106 dark matter particles initialized in an equilibrium

NFW halo following the method in [Springel, 2005]. We generate the initial condition using the

package pyICs 6[Herpich et al., 2017]. We vary the impact parameter of the star, the minihalo

mass, and the minihalo concentration (or equivalently scale radius), to systematically study stellar

disruption effects. The gravitational softening length of the dark matter particles is taken to be

10−9 kpc, which is small enough to resolve the dense core of those minihaloes with a mass 10−10 M⊙

and concentration 𝑐 = 100, which have a scale radius 𝑟s = 9.6 × 10−8kpc. The time-stepping in

the simulation requires more careful consideration, since most disruption occurs when the distance

between the star and the minihalo is around its minimum. We choose the maximum size of the

timestep to be 10−8Gyr even when the star is still at a large distance (10 pc) from the minihalo and

study the subsequent disruption as the star moves closer towards the minihalo. It is worth noting that

this timestep is about an order of magnitude smaller than the crossing time of the star, ∼ 𝑅mh/𝑣∗, so

that the trajectory of the star around the minihalo can be well resolved. After the close encounter, we

can relax the upper limit on the timestep to integrate the relaxation of the minihalo after the stellar

disruption to arbitrarily long times (at a fairly low computational cost). A detailed discussion of

numerical convergence is given in Appendix 5.8. Experimenting with the maximum timestep and/or

gravitational softening shows that smaller values produce essentially identical results (with larger

computational cost), but order-of-magnitude larger values of softening length can risk allowing the

simulation to “oversmooth” gravity or take excessively large timesteps for some particles, which

“overshoot” the very brief duration of the encounter (for detailed numerical tests, see Hopkins et al.

2018 and Grudić and Hopkins 2020).

6pyICs documentation

http://jakobherpich.github.io/pyICs/
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Disruption under different impact parameters and calibration of the response function

We first run three sets of simulations for encounters with fixed minihalo mass and concentration

but different impact parameters. In all these simulations, we set a fixed minihalo mass 𝑀mh =

10−10 M⊙, star mass 𝑚∗ = 1 M⊙ and initial star-minihalo relative velocity 𝑣∗ = 200 km/s. The

halo concentration has been fixed to be 𝑐 = 10, 30, 100 for each set of simulations respectively.

The goal is to characterize the relation between the mass loss of the minihalo after a stellar

encounter and the normalized energy input. The imparted energy can be related to the impact

parameter with Equation 5.11. After the minihalo become fully relaxed after the stellar encounter

(at 𝑡 = 1 Gyr > 𝑡dyn(𝑧 = 0)), dark matter particles, with kinetic energy (in the center-of-momentum

frame) larger than the absolute value of their gravitational potential energy, are identified as

unbound and disrupted. The remaining mass of the minihalo is measured as the fraction of bound

dark matter particles after minihalo relaxation, and we have verified that the remaining minihalo

mass has converged at the time of measurement.

In Figure 5.3.3, we show the minihalo mass loss as a function of the normalized imparted energy

for different choices of halo concentrations. The imparted energy is calculated using Equation 5.11

(for the minihalo and impact parameters tested here, the transition radius 𝑏s is always smaller than

the impact parameters, so the free parameter 𝑓b does not affect the results). The mass loss is

negligible when Δ𝐸/𝐸b ≪ 1, and quickly increases in a power-law fashion with respect to Δ𝐸/𝐸b.

In this regime, minihaloes with low concentrations are more vulnerable to stellar encounters with

steeper power-law slopes. In the following, the mass loss as a function of the imparted energy

and halo concentration will be referred to as the response curve, F (Δ𝐸/𝐸b, 𝑐). We propose the

following functional form to fit the response curve

𝑀mh − Δ𝑀mh

𝑀mh
≡ F (Δ𝐸/𝐸b, 𝑐) =

2

1 +
(
1 + Δ𝐸/𝐸b

𝑝(𝑐)

) 𝑘 (𝑐) , (5.16)

where Δ𝐸/𝐸b should be evaluated using Equation 5.11 (the free order-unity parameter 𝑓b is yet to

be determined, but the calibration here is done in the 𝑏 ≫ 𝑏s regime, so 𝑓b does not have any real

impact). After exploring the response curve of each choice of minihalo concentration, we propose
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the following fitting formula for the parameters 𝑝(𝑐) and 𝑘 (𝑐)

log 𝑝(𝑐) = 𝑎1 (log 𝑐 − 𝜂) + 𝑎2 (log 𝑐 − 𝜂)2 + 𝑎3 (log 𝑐 − 𝜂)3

log 𝑘 (𝑐) = 𝑏0 + 𝑏1 (log 𝑐 − 2) (5.17)

Then we perform the least-square fits jointly to the results of all sets of simulations. The best-fit

parameters are 𝜂 = 0.98, 𝑎1 = −0.8(fixed), 𝑎2 = −0.59, 𝑎3 = −0.034, 𝑏0 = −0.58, 𝑏1 = −0.56. The

best-fit model is also shown in Figure 5.3.3 and is in good agreement with the simulation results of

minihaloes with various concentrations.

This best-fit model of the response curve will be the foundation we use to understand the

disruption of minihaloes with different masses or concentrations. We now relax our assumption of

a fixed concentration or mass ratio and test this fitted response curve for a wide range of encounters.

In Figure 5.3.3, we show our best-fit model of the response curve for minihaloes of concentration

10 − 500, and show that the model agrees well with the simulation results.

Disruption under different halo concentrations

Given the calibrated response function, we next run an additional set of simulations with a fixed

impact parameter 𝑏 = 0.05 pc but for minihaloes with different concentrations. The goal is to further

validate this semi-analytic model (the analytic calculation of imparted energy plus simulation

calibrated response function) for minihaloes with various of compactness. The minihalo mass

is still fixed to 𝑀mh = 10−10 M⊙ and the properties of the encountering star are the same as in

Section 5.3.1.

The halo concentration will affect the mass loss from stellar encounters in two ways. First,

the structural parameters 𝛼, 𝛽 and 𝛾 all have explicit dependence on minihalo concentration,

which will propagate to the calculation of energy imparted (i.e. Δ𝐸/𝐸b ∝ 𝛼2(𝑐)/𝛾(𝑐) ∼ ln (𝑐)/𝑐

when 𝑏 ≫ 𝑏s and 𝑐 ≫ 1). Secondly, the response function also has a strong dependence on

concentration (see Equation 5.16), especially when Δ𝐸/𝐸b ≫ 1. Less concentrated minihaloes

will become increasingly vulnerable to disruptive stellar encounters. Therefore, it is non-trivial for

the semi-analytic model to correctly capture the concentration dependence of minihalo mass loss.
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Figure 5.3.4: Fractional mass loss as a function of concentration at impact parameter 𝑏 = 0.05 pc.

The blue solid curve is the semi-analytic model prediction while the data points are obtained from

simulations.

In Figure 5.3.4, we show the mass loss of minihalo versus minihalo concentration. The best-fit

semi-analytic model agrees with the simulation results over a wide range of concentrations, even

extrapolating into regimes not covered in our original calibration step above.

Disruption under different minihalo masses

One remaining ingredient of the semi-analytic model that needs to be calibrated is the disruption

behavior in the 𝑏 ≲ 𝑏s regime. According to Equation 5.11, the imparted energy will stop rising

as 𝑏 decreases when a characteristic scale 𝑏s is reached. The free, order-unity correction factor is

calibrated by simulations. We fix the impact parameter 𝑏 = 0.05pc and concentration 𝑐 = 100, and

run another set of simulations for minihaloes of different masses ranging from 10−10 to 10−3 M⊙.

In low-mass minihaloes, 𝑏s is small enough that the encounter is in the 𝑏 > 𝑏s regime, where mass

loss is independent of minihalo mass. As minihalo mass increases (and 𝑏s increases), test cases
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Figure 5.3.5: Fractional mass loss as a function of minihalo mass with concentration 𝑐 = 100 and

impact parameter 𝑏 = 0.05 pc. The black solid points are simulation results. The blue curve is the

semi-analytic prediction using the best-fit response curve.

with massive minihaloes enter the 𝑏 < 𝑏s regime, where stellar disruptions are suppressed. In

Figure 5.3.5, we show the mass loss as a function of minihalo mass. A transition of the response

of the minihalo occurs, and we use the mass of this transition to calibrate the free parameter to be

𝑓b = 5. The predicted mass loss using the best-fit response curve for 𝑐 = 100 haloes is shown in

the figure the solid line. In general, the semi-analytic model gives the correct location and shape of

the transition at 𝑏 ∼ 𝑏s. The mass loss remains a constant at low minihalo masses as indicated by

Equation 5.11 in the 𝑏 ≫ 𝑏s regime. A sharp transition occurs at 𝑏 ≃ 𝑏s such that the mass loss

rate reduces to almost zero at high minihalo masses.

Density profiles

The density profile will not immediately change after the close encounter with stars, but will

gradually relax to the final minihalo profile within a few minihalo dynamical times [Delos, 2019].
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Figure 5.3.6: The evolution of minihalo density profiles after a close encounter with a star. For the

tests here, the minihalo mass is set as 10−10 M⊙ initialized with the NFW profile at redshift zero,

with virial radius 𝑅mh ∼ 0.01 pc and dynamical time scale 𝑡dyn ∼ 2.2 Gyr. The halo concentration

is 𝑐 = 100. The impact parameter is 𝑏 = 2 × 10−5 kpc in the top panel and 𝑏 = 5 × 10−5 kpc

in the bottom panel. After the close encounter with the star, the outskirts of the minihaloes are

dominantly disrupted in less than a dynamical time. Eventually 81% (60%) of the minihalo mass

is disrupted for the 𝑏 = 2 × 10−5 kpc (𝑏 = 5 × 10−5 kpc) case. The density profile of minihalo after

disruption can be well-fitted by a broken power-law profile with best-fit asymptotic slopes (𝑘 = 3.2

for 𝑏 = 2 × 10−5 kpc, 𝑘 = 3.3 for 𝑏 = 5 × 10−5 kpc) analogous to that of the Hernquist profile. The

"model fit" curve provides an asymptotic limit of the density profile after infinite time. The upturn

at the outskirt of the minihalo represents a propagating shell of unbound particles. As this upturn

propagates towards the outer part of the minihalo, the density profile gradually converges to the

asymptotic limit.
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Figure 5.3.7: Upper Left: The enclosed mass profile of a minihalo with 𝑀 = 10−10 M⊙ at

𝑡 = 0 − 0.5 Gyr. The minihalo is on a circular orbit at 𝑅 = 𝑅⊙ = 8 kpc in a Milky Way-mass dark

matter halo. For reference, the dynamical time of the host halo within this radius is about 0.1 Gyr.

The gray vertical line indicates the scale radius of the minihalo and the red vertical dashed line

indicates the tidal radius analytically calculated using Equation 5.13. The mass outside the tidal

radius is stripped away at roughly the dynamical time scale of the host halo while the mass inside is

marginally perturbed. Upper Right: The density profile of the dark matter halo at the same time as

the top panel. The plot is to illustrate the behavior of the matter distribution at the outskirts of the

minihalo during tidal stripping. Bottom: Mass evolution history of the minihalo. The total mass

here is the sum of halo mass within the initial virial radius of the minihalo. In addition, we show

the mass inside and outside the tidal radius as a function of time. After approximately a dynamical

time of the host halo, the mass outside the tidal radius starts an exponential decay as described by

Equation 5.14 with the fudge factor 𝐴 ≃ 1.8. The mass inside the tidal radius is marginally affected.
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This is mainly because the close encounter with a star occurs on a timescale much shorter than the

minihalo dynamical time. In Figure 5.3.6, we show the evolution of minihalo density profiles for

minihaloes with mass 10−10 M⊙ and concentration 𝑐 = 100. In the top (bottom) panel, we show

the case with impact parameter 𝑏 = 2 × 10−5 pc (5 × 10−5 pc). The density profile is shown as 𝜌 𝑟3

which is proportional to Δ𝑀/Δ log 𝑟, the contribution to total mass per unit logarithmic interval of

radius. The vertical shaded region shows the convergence radius for collisionless particles based on

the [Power et al., 2003] criterion (this is roughly the radius interior to which the numerical two-body

relaxation time drops below the Hubble time, a conservative indication of where N-body integration

error could be significant). In the 𝑏 = 5 × 10−5 pc case, the outskirts of the halo are predominantly

disrupted while the core of the halo remains relatively unperturbed, leaving approximately 60% of

the halo disrupted. Although the central density exhibits a small decrease, its contribution to the

total mass loss is negligible and the scale of this decrease is close to the convergence radius of dark

matter properties, which makes it hard to distinguish the decrease from a numerical artifact. At the

outskirts of the minihalo, the density profile turns up, corresponding to a shell of unbound particles

(heated by the encounter) propagating outward. For 𝑏 = 2×10−5 pc, due to higher imparted energy,

the disruption is more significant with over 80% disrupted. However, the behavior of the final

density profile is rather similar to the previous case.

It is worth noting the remaining minihaloes never relax to a new NFW profile. Instead, the

final density profile (after the shell of unbound particles escapes) can be well described by a broken

power-law of the form

𝜌(𝑟) = 𝜌0

𝑟

𝑟0

(
1 + 𝑟

𝑟0

) 𝑘 , (5.18)

with the best-fit asymptotic slope 𝑘 = 3.2 for 𝑏 = 2 × 10−5 kpc and 𝑘 = 3.3 for 𝑏 = 5 × 10−5 kpc.

This slope implies that the density profile is close to a [Hernquist, 1990] profile (𝑘 = 3), or in a more

general sense, the 𝜂-profile family [Dehnen, 1993, Tremaine et al., 1994] with a asymptotic slope of

−4. Unsurprisingly, given the scale-free physics involved, this is similar to well-studied simulations

of impulsive high-mass ratio galaxy-galaxy encounters [e.g. Hernquist and Quinn, 1988, Barnes and

Hernquist, 1992, Hopkins et al., 2008, 2009, Boylan-Kolchin et al., 2005], particularly the structure
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of shell galaxies [Hernquist and Quinn, 1987, Hernquist and Spergel, 1992] and the closely-related

slopes of the marginally-bound layer of particles at apocenter in cosmological simulations defined

as the halo “splashback” radius [e.g., Diemer and Kravtsov, 2014, More et al., 2015]. Generically,

this slope arises from relaxation after dynamical mass ejection events which (by definition) excite

some material to a broad distribution of energies crossing a specific binding energy E = 0, as the

outer slope 𝑘 +1 = 4 corresponds to the only finite-mass asymptotic power-law distribution function

which is continuous through E = 0 [Hernquist et al., 1993].

Therefore, we cannot apply the single-encounter prediction multiple times for an NFW profile in

the scenario of multiple encounters. After the first close encounter with stars, the halo profile is no

longer well-described by an NFW profile and the subsequent analysis will be invalid. Instead, one

can compute the accumulated injected energy Δ𝐸tot for successive encounters and use the response

function F (Δ𝐸tot/𝐸b) to obtain the total disruption fraction. This will lead to an additional

disruption fraction after the first encounter whose magnitude is determined by the slope of the

response function at large Δ𝐸tot/𝐸b. This method is reasonable because the next encounter in

general will occur before the halo relaxes to an NFW profile. In the scenario where the second

encounter occurs after the relaxation, the relaxed density profile is effectively more concentrated

since the outskirts are dominantly disrupted and thus the minihalo is less susceptible to subsequent

disruptions. One could recompute the structure parameters as well as the concentration number

of the relaxed profile and evaluate the disruption fraction of the second encounter. On the other

hand, the response curve also has the feature that subsequent encounters with the same energy

injection will rapidly become less important (the particles which would be unbound by such an

energetic encounter have already been unbound), and the accumulated injected energy method can

reasonably accurately approximate the disruption fraction from the relaxed profile.

5.3.2 Simulation of tidal stripping

To validate the semi-analytic description of tidal disruptions of minihaloes in Section 5.2.2, we

perform an idealized simulation of a minihalo traveling through the analytic gravitational potential

of a Milky Way-mass host halo. The host halo profile is modelled as an NFW profile with mass
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𝑀vir = 1012 M⊙ and concentration 𝑐 = 12 [e.g., Klypin et al., 2002, McMillan, 2011, Deason et al.,

2012, Bland-Hawthorn and Gerhard, 2016]. For simplicity, we ignore the baryon content. The

minihalo is assumed on a circular orbit with 𝑅 = 𝑅⊙ ≃ 8 kpc. In the top and middle panel of

Figure 5.3.7, we show the evolution of the enclosed mass profile and density profile of the minihalo.

The tidal radius calculated using Equation 5.13 is shown as the red vertical dashed line. After

evolving for about 0.5 Gyr (for reference, the dynamical time scale of the host halo at 𝑅 = 8kpc

is 𝑡host
dyn ∼ 0.1 Gyr, see Equation 5.15), the enclosed mass profile starts flattening and eventually

plateaus outside the analytically evaluated tidal radius. In the bottom panel of Figure 5.3.7, we

show the mass evolutionary history of this minihalo, and specifically the mass inside and outside

the tidal radius. The mass within the tidal radius is almost immune to tidal stripping, with 75%

of the mass remaining after 0.5 Gyr. On the other hand, the mass outside the tidal radius exhibits

an exponential decay after about 1 𝑡host
dyn . The mass loss of the minihalo can be well represented by

Equation 5.14, implying 𝑀 (𝑟 > 𝑟t) ∼ 𝑒−𝑡/𝐴 𝑡
host
dyn with a fudge factor 𝐴 close to 1.8 for the minihalo

tested, in broad agreement with previous numerical studies of more massive CDM subhaloes [e.g.,

Zentner and Bullock, 2003, Pullen et al., 2014, van den Bosch et al., 2018]

The simulation presented in this section demonstrates that the semi-analytic treatment of tidal

disruption works reasonably well in predicting the mass loss and tidal stripping time scale. Given the

fudge factor 𝐴 found here, the tidal stripping time scale 𝑡ts in Equation 5.15 is an order of magnitude

smaller than the Hubble time. Therefore, in modelling the cosmic evolution of minihaloes, tidal

stripping can be treated as an instantaneous process.

5.4 Disruptions in the realistic Milky Way environment

In the sections above, we described the physical process and consequence of a single stellar encounter

and the effects of tidal fields. Next, we will discuss how the impact of successive encounters with

an ensemble of stars accumulates and how stellar and tidal disruption affect each other.
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5.4.1 Multiple encounters in the Milky Way disk

Disk stars are the dominant component of the stellar populations in the Milky Way, and thus will

be the main contributor to the disruption of dark matter substructures. When a minihalo passes

through the stellar disk, it will encounter a slab of stars within a short timescale

𝑡xdisk ≃ 2 Myr
(
𝐻d

400 pc

) (
𝑉⊥

mh
200 km/s

)−1

, (5.19)

where 𝐻d is the scale height of the Milky Way thin disk and 𝑉⊥
mh is the relative velocity of the

minihalo perpendicular to the disk plane. Since this disk passage time is much shorter than the

dynamical time of dark matter minihaloes, the internal structure of the minihaloes will not have

enough time to relax between successive stellar encounters during a single passage. Therefore, a

series of encounters with disk stars can be considered as effectively one encounter with the injected

energy accumulated over the passage.

Back-of-the-envelope model

First, we will consider a simplified model assuming that a minihalo will be disrupted after a single

encounter with impact parameter smaller than 𝑏min given by Equation 5.12, and it will remain

unperturbed if the impact parameter is larger than 𝑏min. Note that we aim for a back-of-the-envelope

estimate with this simplified model. Consider a minihalo with mass 𝑀mh and an average density

𝜌̄mh, moving through a field of stars with differential number per unit mass 𝑛𝑚∗ = d𝑁∗/(d𝑚∗d3x)

characterized by the stellar present-day mass function (PDMF), one can choose a normalization

such that the total stellar mass density is
∫
𝑚∗ 𝑛𝑚∗ d𝑚∗ = 𝜌∗. We assume that an encounter with

impact parameter 𝑏 has a probability 𝑝 = 𝑝(𝑏, 𝑀mh, 𝑐, 𝑚∗, v, ...) to disrupt the minihalo, where

v = vmh − v∗, and that the stars have a locally Maxwell-Boltzmann velocity distribution function

with velocity dispersion 𝜎∗ which is independent of stellar mass. The disruption rate of the cluster

is

𝑅 =

∫
d3v∗

∫
2𝜋𝑏 d𝑏

∫
d𝑚∗ |v|

(d𝑁∗/d𝑚∗ d3x d3v∗) 𝑝(𝑏, 𝜌̄, 𝑚∗, v). (5.20)
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Taking the disruption probability 𝑝 to be a step function between 𝑝 = 0 for 𝑏 ≫ 𝑏min and 𝑝 = 𝑝0 ∼ 1

for 𝑏 ≪ 𝑏min as assumed by this simplified model, after the integration, we obtain

𝑅 =

(
𝛼2(𝑐)𝐺
𝛾(𝑐) 𝜌̄mh

)1/2

𝜌∗. (5.21)

Integrating this over time for a given minihalo gives a survival fraction 𝑓survive = exp (−𝜏) where

𝜏 ≡
∫
𝑅 𝑑𝑡 =

∫
𝑅dℓ/𝑣mh along the minihalo trajectory. The time-integrated destruction probability

𝜏 is dominated by the minihalo time in the disk. If a minihalo stayed in the disk over the entire

Hubble time, then

𝜏 =

(
𝛼2(𝑐)𝐺
𝛾(𝑐) 𝜌̄mh

)1/2

𝜌∗
1
𝐻0

(5.22)

∼ 1.3 × 104
( ⟨𝜌∗, disk⟩
1 M⊙/pc3

)
𝑐
−1/2
100 (1 + 𝑧c)−3/2 , (5.23)

where 𝑐100 = 𝑐/100. This implies total disruption of the minihalo if it is always in the disk. On the

other hand, if a minihalo only has a single passage through the disk, then

𝜏single =

∫
𝑅 d𝑡

≃
(
𝛼2𝐺

𝛾𝜌̄mh

)1/2 ∫
𝜌∗ dℎ/𝑣⊥mh

∼ 0.02 𝑐−1/2
100

(
1 + 𝑧c

20

)−3/2 (
Σ∗

70 M⊙ pc−2

) (
𝑣⊥mh

200 km s−1

)−1

, (5.24)

where Σ∗ is the stellar surface density of the Milky Way disk, which is reasonably well-fit by

an exponential profile Σ∗ ≈ Σ0 exp (−𝑅/𝑅d) with Σ0 = 816.6 M⊙ pc−2 and 𝑅d = 2.9 kpc (Σ0 =

209.5 M⊙ pc−2 and 𝑅d = 3.31 kpc) for the thin (thick) disk of the Milky Way [e.g., McMillan, 2011,

2017]. If we are only interested in the Solar neighborhood (𝑅⊙ ≈ 8 kpc, see Bland-Hawthorn and

Gerhard 2016 for a review of measurements on 𝑅⊙), the total surface density of both the thin and

thick disks is Σ⊙
∗ ∼ 70 M⊙ pc−2. Therefore, the impact of a single passage through the disk is not

significant for reasonably high halo concentrations.

Besides the two extreme cases above, the more realistic scenario is successive passages through

the disk, where the number of passages of a minihalo through the disk is a critical factor. As-

suming circular orbits, the number of disk passages for minihaloes in the Solar neighborhood is
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approximately 𝑡Hubble/𝑡circ ∼ 60, leading to an O(1) effect. Therefore, those minihaloes in the Solar

neighborhood should experience significant disruption. To make a quantitative prediction for the

remaining mass and structure of minihaloes, we need a more complete model which will be studied

in the following.

General response model

In general, the mass loss of minihaloes in single (or multiple successive) encounters characterized

by the response curve 1 − Δ𝑀mh/𝑀mh = F (Δ𝐸tot/𝐸b, 𝑐) was found in Section 5.3. Assuming the

surface density of stars in the disk is large enough so that we can neglect stellar shot noise (discussed

further below), the total energy injection Δ𝐸tot/𝐸b when crossing a localized slab of stars can be

calculated by integrating over all possible impact parameters, masses and velocities of stars

Δ𝐸tot

𝐸b
=

∫
d3v∗

∫
dℓ

∫
2𝜋𝑏 d𝑏

∫
d𝑚∗

(d𝑁∗/d𝑚∗ d3x d3v∗)
Δ𝐸

𝐸b

= 𝐺

∫
dℓ

∫
d3v∗ 𝑓 (v∗)

1
|v∗ − vmh |2

∫
d𝑚∗ 𝑛𝑚∗ 𝑚

2
∗

×
(∫ ∞

𝑏s

𝛼2(𝑐)
𝜋𝛾(𝑐) 𝜌̄mh

2𝜋𝑏 d𝑏
𝑏4 +

∫ 𝑏s

0

3𝛽2(𝑐)
𝑓 4
b 𝛾(𝑐)

2𝜋𝑏 d𝑏
𝑀mh𝑅mh

)
≃ 𝐺𝑚𝜅Σ∗

𝜎2
∗ + 𝑣2

mh

2𝛼2(𝑐)
𝛾(𝑐) 𝜌̄mh𝑏

2
s
,

(5.25)

where Δ𝐸/𝐸b is evaluated using Equation 5.11, 𝜎∗ is the one-dimensional velocity dispersion of

stars and 𝑓 (v∗) is the Maxwell-Boltzmann velocity distribution function. 𝑚𝜅 is a characteristic

mass that depends on the PDMF of stars in the Milky Way,

𝑚𝜅𝜌∗ =

∫
d𝑚∗ 𝑛𝑚∗ 𝑚

2
∗ . (5.26)

A simple approximation which gives a good fit to the Milky Way data is to take the Kroupa IMF

[Kroupa, 2001] as the PDMF at 𝑀∗ ≤ 1 M⊙ (since the evolutionary effects are small at low masses)
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with a power-law cutoff 𝑛𝑚∗ ∼ 𝑚−4.5
∗ at 𝑀∗ > 1 M⊙ [e.g., Scalo, 1986, Kroupa et al., 1993, Sollima,

2019]. After the integration, we obtain 𝑚𝜅 ≃ 0.6 M⊙, which is insensitive to the minimum or

maximum star mass assumed. 𝑚𝜅 can be viewed as the characteristic mass of the most effective

disruptor, which can vary in different kinds of environments For example, a clumpy medium may

have significantly higher 𝑚𝜅 and thus stronger disruption effects.

The integration in Equation 5.25 is carried out to infinite distance, where in principle the

localized quantities we define in a disk patch no longer apply. This will not affect the results

significantly since the contribution from distant stars is suppressed by the 1/𝑏4 dependence of

energy imparted. We note that when the galactic disk is dominated by stars, our treatment integrating

the cumulative perturbations from disk stars to large distances (rather than considering only close

encounters like in the back-of-the-envelope model) is physically equivalent to the disk shocking

effect [e.g., Ostriker et al., 1972, Binney and Tremaine, 1987, Gnedin et al., 1999, Stref and Lavalle,

2017] studied in the depletion of substructures in the Milky Way [e.g., D’Onghia et al., 2010, Stref

and Lavalle, 2017, Facchinetti et al., 2022].

It is, however, still important to note that Equation 5.25 will no longer be valid if the stellar

surface density is small enough that shot noise becomes important, i.e. when 𝜋𝑏2
cΣ∗/𝑚𝜅 ∼ 1. If

we take 𝑚𝜅 = 0.6 M⊙ as estimated above, we obtain the cut-off impact parameter as

𝑏c = 0.044 pc
(

𝑚𝜅

0.6 M⊙

)1/2 (
Σ∗

100 M⊙/pc2

)−1/2
. (5.27)

If shot noise becomes dominant, 𝑏c ≫ 𝑏s, the total energy injection becomes 7

Δ𝐸tot

𝐸b
=
𝐺𝑚𝜅Σ∗

𝜎2
∗ + 𝑣2

mh

𝛼2(𝑐)
𝛾(𝑐) 𝜌̄mh𝑏

2
c
. (5.28)

Connecting the behavior at 𝑏c ≪ 𝑏s, the general solution of the accumulated energy injection

during one disk passage can be written as

Δ𝐸tot

𝐸b
=
𝐺𝑚𝜅Σ∗

𝜎2
∗ + 𝑣2

mh

𝛼2(𝑐)
𝛾(𝑐) 𝜌̄mh

2
𝑏2

s + 2𝑏2
c

(5.29)

7More accurately, we can calculate 𝑏c at each value of the stellar mass 𝑚∗, using the same PDMF and
𝜋 𝑏′c (𝑚∗) d𝑁∗ (> 𝑚∗)/dArea = 1, insert this into Equation 5.25, and then integrate over all masses numerically
to define an appropriately-weighted 𝑏𝑐. Doing so, we find that this gives an “effective” 𝑏c which is only ∼ 8% larger
than what we obtain using 𝜋 𝑏c Σ∗/𝑚𝜅 = 1.
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Typically, 𝑏s > 𝑏c for massive minihaloes with low concentrations and 𝑏s < 𝑏c for low-mass

minihaloes with high concentrations. It is also worth noting that 𝑚𝜅 will cancel out when 𝑏𝑐 ≫ 𝑏𝑠,

implying that clumpiness of the medium only matters for objects with physical sizes comparable to

or larger than the typical spacing of the disruptors.

Depending on the orbit of the minihalo, it can pass through the stellar disk multiple times

after falling into the host. When the orbital time is much smaller than the relaxation time of the

minihalo, the combined effect can again be modeled as one single passage with the accumulated

injected energy. The total number of passages and stellar surface densities at the encounter point

should take an ensemble average of all possible stellar orbits passing the location of the detector.

In Appendix 5.9, with a simple orbital model, we calculate the relevant correction factors from the

ensemble average of all possible orbits. The accumulated injected energy will ultimately be fed to

the response function F (ΣΔ𝐸tot/𝐸b) to calculate the mass loss.

If the time between passages is comparable to the minihalo relaxation time, the density profile of

minihaloes can be relaxed to the asymptotic profile shown in Figure 5.3.6. However, as discussed in

Section 5.3.1, we can still use the accumulated injected energy and the response curve to determine

the disruption fraction. The slope of the response function in Figure 5.3.3 at high Δ𝐸/𝐸b suggests

that a much larger injected energy does not necessarily correspond to a much more significant

disruption, which is expected as the remaining core of the minihalo is less sensitive to subsequent

disruption events.

5.4.2 Semi-analytic model to combine stellar and tidal disruptions

As the minihalo moves closer to the galactic center, both 𝑟t (Equation 5.13) and 𝑡ts(𝑅) (Equa-

tion 5.15) will decrease sharply. Therefore, the total mass loss of an infalling minihalo is dominated

by its pericenter passages. For minihaloes of interest for detection (e.g. in the Solar neighborhood

𝑅⊙ ≃ 8kpc), the tidal-stripping time scale during a pericenter passage at 𝑅⊙ is 𝑂 (100) Myr, which

is much shorter than the lifetime of the minihalo in the host (∼ 𝑡H). We assume that the mass

of an infalling minihalo outside the tidal radius will be quickly stripped away during the first few

pericenter passages before the impact of stellar disruptions start to accumulate.
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For simplicity, we evaluate the tidal radius at the target radius 𝑟obs of observation assuming a

circular orbit

𝑟𝑡 = 𝑟obs

[
𝑀mh(𝑟 < 𝑟𝑡)/𝑀MW(𝑟 < 𝑟obs)

3 − 𝑑ln𝑀MW
𝑑ln𝑅

��
𝑟obs

]1/3

. (5.30)

where the Milky Way halo mass distribution is modelled as an NFW profile for dark matter plus a

Hernquist profile [Hernquist, 1990] for the stellar content

𝑀MW(< 𝑟) = 𝑀dm
𝑓 nfw(𝑟/𝑟s)
𝑓 nfw(𝑐)

+ 𝑀b
𝑟2

𝑟2 + 𝑎2 , (5.31)

where 𝑓 nfw(𝑥) ≡ ln (1 + 𝑥) − 𝑥/(1 + 𝑥), the host halo parameters are 𝑐 = 12, 𝑀dm = 1012 M⊙ [e.g.,

Klypin et al., 2002, McMillan, 2011, Deason et al., 2012, Bland-Hawthorn and Gerhard, 2016].

For baryon properties, abundance-matching studies have shown that a Milky-Way mass system

typically has a stellar-to-total-mass ratio of 𝑀b ≃ 0.01𝑀dm [e.g., Moster et al., 2013] and the half

mass radius 𝑟∗1/2 ≃ 0.02 𝑅vir [e.g., Somerville et al., 2018]. The scale radius of the Hernquist profile

is related to the stellar-half-mass-radius as 𝑎 = 0.414𝑟∗1/2 [Hernquist, 1990].

The post-stripping density profile of the minihalo is assumed to be a truncated NFW profile

at 𝑟t, which is equivalent to a normal NFW profile with effective virial radius, concentration and

overdensity as

𝑅eff
vir = 𝑟t,

𝑐eff = 𝑐
𝑟t

𝑅vir
,

Δeff =
log (1 + 𝑐eff) − 𝑐eff/(1 + 𝑐eff)

log (1 + 𝑐) − 𝑐/(1 + 𝑐)
𝑐3

𝑐3
eff
Δc, (5.32)

The mass loss due to the tidal disruption is

1 − Δ𝑀mh/𝑀mh =
log (1 + 𝑐eff) − 𝑐eff/(1 + 𝑐eff)

log (1 + 𝑐) − 𝑐/(1 + 𝑐) . (5.33)

We assume that the tidal stripping happens before the minihalo settles to its current day bound orbit

with respect to the host, and before any form of stellar encounters happen. The stripped minihalo

forms the initial condition for the following stellar disruptions. Therefore, for a minihalo observed
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at 𝑟obs, the energy accumulated from stellar encounters can be written as (following Equation 5.29

but considering multiple passages through the disk during the lifetime of the minihalo)

Δ𝐸tot

𝐸b
(𝑟obs) =

〈
𝑁p

〈 𝐺𝑚𝜅Σ∗

𝜎2
∗ + 𝑣2

mh

𝛼2(𝑐eff)
𝛾(𝑐eff)Δeff𝜌crit(𝑧c)

2
𝑏2

s (𝑐eff , 𝑅
eff
vir) + 2𝑏2

c (Σ∗)

〉
x

〉
o

= 𝑁p 𝑓𝜃 𝑓Σ∗
𝐺𝑚𝜅Σ∗(𝑟obs)
𝜎2
∗ + 𝑣2

mh

𝛼2(𝑐eff)
𝛾(𝑐eff)Δeff𝜌crit(𝑧c)

2
𝑏2

s (𝑐eff , 𝑅
eff
vir) + 2𝑏2

c (Σ∗(𝑟obs))
,

𝑁p = 𝑓Np 𝑁
circ
p , 𝑁circ

p =𝑇lb(𝑧c)/𝑇circ(𝑟obs) (5.34)

where 𝑁p is the number of passages through the stellar disk, ⟨⟩o denotes averaging over an ensemble

of minihaloes observed at 𝑟obs with all possible orbits. Therefore, 𝑁p represents the averaged number

of passages over all possible orbits. 𝑁circ
p is the number of passages assuming the minihalo is on a

circular orbit with radius 𝑟obs calculated based on the lookback time 𝑇lb(𝑧c) at the infall redshift 𝑧c

and the circular orbit period𝑇circ(𝑟obs). 𝑓Np characterizes the deviation of 𝑁p from this circular orbit

estimation. In Equation 5.34, Σ∗ is the stellar surface density where the minihalo crossed the disk

(the surface density profile Σ∗(𝑟) is given below Equation 5.24). ⟨⟩x denotes averaging over all past

disk crossings given the orbit of the minihalo. The correction factor 𝑓Σ∗ characterizes the deviation

of the averaged Σ∗ at all past encounter locations for all possible orbits from Σ∗(𝑟obs). 𝑓𝜃 accounts

for the increased effective stellar surface density when the minihalo is not passing perpendicular to

the disk, see Appendix 5.9 for details). In Appendix 5.9, 𝑓Np and 𝑓Σ∗ are estimated based on the

orbital model of an isothermal halo. For simplicity, 𝜎2
∗ + 𝑣2

mh is assumed to be the constant value

(250 km/s)2. We note that 𝑏c has an implicit dependence on the surface density at the encounter.

When 𝑏c ≫ 𝑏s (when Σ∗ is large or 𝑀mh is small), Δ𝐸tot/𝐸b will be proportional to Σ2
∗ and the

correction factor 𝑓Σ∗ should be replaced with 𝑓Σ2
∗

(see the calculation in Appendix 5.9). To properly

account for this, we model the transition from 𝑓Σ∗ to 𝑓Σ2
∗

as

𝑓 = 𝑓Σ∗ + ( 𝑓Σ2
∗
− 𝑓Σ∗)

1
1 + 𝑒−𝑘 log (

√
2𝑏c/𝑏s)

(5.35)
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where 𝑘 = 3 is assumed. The value of 𝑘 or the detailed form of the transition does not affect the

post-disruption mass function.

5.4.3 Monte Carlo sampling of the minihaloes

Now we are ready to implement all the physics of disruption discussed above to a sample of

minihaloes and track their mass loss. We model the evolution of the minihalo population in the

Milky Way halo following the steps below:

• We initialize a Monte Carlo sample of minihaloes. The masses of minihaloes are sampled

over the dynamical range 10−14 to 10−3 M⊙ following the initial mass function given in

Section 5.2.1 and Appendix 5.7. The minihalo concentrations are calculated following the

mass-concentration relation in Section 5.2.1 and the redshifts of infall are calculated using

the matter power spectrum from adiabatic fluctuations on small scales (see the discussion in

Section 5.2.1). These physical properties sampled represent the initial status of the minihaloes

upon falling into the Milky Way host.

• Tidal stripping and structural corrections are applied to the sampled minihaloes as described

in Equation 5.32 and 5.33. Since the 𝑟t solved from Equation 5.30 after normalizing over 𝑟s

is independent of minihalo mass, we calculate 𝑟t/𝑟s on a grid of 𝑐 and 𝑧c for several different

choices of 𝑟obs and prepare them as lookup tables for efficient interpolation of the tidal radius.

• After the tidal stripping and the implementation of relevant structural corrections, we apply

the stellar disruption with the mass loss given by F (Δ𝐸tot/𝐸b, 𝑐). Δ𝐸tot/𝐸b is evaluated

using the structural parameters corrected after tidal disruptions (see Equation 5.34).

5.5 Results

5.5.1 Post-disruption mass functions

In Figure 5.4.8, we show the mass function of minihaloes (from AMC with the fiducial𝑚a = 25 𝜇eV

as an example) at Solar neighborhood (𝑟obs = 8 kpc). We have assumed the axion gives the correct
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Figure 5.4.8: Top: Mass function of minihaloes (from axion miniclusters) at the Solar neighborhood

(𝑟obs ≃ 8kpc). We assume tha AMC model with𝑚a = 25 𝜇eV. The mass function prior to disruption

is shown as the gray dashed line. The mass function after processing only tidal (or stellar) disruption

is shown as the blue (red) solid line. The mass function post-disruption, combining both tidal and

stellar disruption, is shown as the solid black line. In general, the disruptions taken together induce

approximately a 30% decrease in the peak value of the mass function and shift the mass of the peak

by roughly half an order of magnitude. The massive end is more strongly affected by disruption than

the low mass end. Bottom: We show the integrated number (left) and mass (right) of minihaloes

prior to and after disruption. The typical survival fraction of minihaloes with 𝑀mh ≥ 10−12 M⊙

is 87% in term of number and about 70% in term of mass. The stellar disruption is the dominant

disruption mechanism through the entire mass range of interest.
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Figure 5.5.9: Mass function of minihaloes (from AMC with 𝑚a = 25 𝜇eV) observed at three

galactocentric distances (𝑟obs = 4, 8, 16 kpc). A similar reduction pattern in the mass density of

minihaloes is found at each distance, with stronger disruption at smaller radius and at the massive

end of the mass function. We also compare the mass function after tidal disruption with the mass

function after both tidal and stellar disruption, and again stellar disruption is found to be strongly

subdominant. It is the enhancement of minihalo density after tidal disruption that reduces the

energy imparted in subsequent stellar encounters to a regime where disruption becomes totally

insignificant.

dark matter relic abundance. The mass functions are presented as the matter mass fraction (with

respect to the total dark matter mass) in minihaloes per unit logarithm interval (dex) of minihalo

mass. We present the initial (pre-disruption) mass function, the post-tidal/stellar disruption mass

functions and the mass function considering the combined effect of tidal and stellar disruptions.

With both tidal and stellar disruption, the peak of the mass function is reduced by about 30%

accompanied by roughly half an order of magnitude mass shift of the peak. The low mass end
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of minihaloes is less disrupted than the massive end because lighter minihaloes generically form

earlier in these models and are more concentrated. Comparing the two disruption mechanisms, the

stellar disruption dominates over the entire mass range, which agrees with the conclusion of previous

studies of AMC [e.g., Kavanagh et al., 2020, Lee et al., 2020]. It is worth to note that tidal disruption

can altered the structural parameters and enhance the average density of minihaloes, which could

lead to non-linear effects on the following stellar disruption. However, in our experiments, the

effect is weak enough that one can simply combine the mass loss from stellar and tidal disruption

linearly. In the bottom panels of Figure 5.4.8, we show the integrated disruption fraction of

minihaloes in number and total mass respectively. The overall survival fraction of minihaloes with

𝑀mh ≥ 10−12 M⊙ is about 87% in terms of number and about 70% in terms of mass. The survival

fraction will quickly diminish to ≲ 50% at 𝑀mh ≳ 10−6 M⊙. Again the dominance of the stellar

disruption is manifested.

In Figure 5.5.9, we show the post-disruption mass function of minihaloes at different galacto-

centric distances, 𝑟obs = 4, 8, 16 kpc, for the 𝑚a = 25 𝜇eV AMC model. Similar behaviour of the

mass functions after disruptions is found at different target radii. In all cases, the massive end is

more severely disrupted and the disruption is dominated by stellar disruption. The disruption at

smaller galactocentric distances is stronger primarily due to enhanced stellar surface densities.

5.5.2 Disruption for different physics models

Here we explore the disruption of minihaloes in different physics models summarized in Sec-

tion 5.2.1. These models feature different pre-disruption mass functions and mass-concentration

relations.

In the top panel of Figure 5.5.10, we present the pre- and post-disruption mass functions of

minihaloes in the AMC model with axion mass 𝑚a = 1.25, 25, 500 𝜇eV. For the EMD case,

we show the model with reheating temperature 𝑇rh = 15, 30, 60 MeV. The numeric sampling

experiments are all conducted at 𝑟obs = 8 kpc. Since both the initial mass functions and mass-

concentration relations are almost self-similar with a horizontal mass shift (and the relative mass

change only depends on 𝑐 and 𝜌mh), the post-disruption mass functions are also similar albeit with
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a horizontal shift. The reduction of minihalo abundance from disruptions has very similar patterns

between the AMC and the EMD models. In the bottom panel of Figure 5.5.10, we show the mass

survival fraction of minihaloes. Regardless of the model choice, the overall (for minihaloes with

𝑀mh > 10−12 M⊙) survival fraction is about 70%. It is visible that the AMC (EMD) model with

higher𝑚a (𝑇rh) suffers from stronger disruption at the massive end. This is due to the lower minihalo

concentration at the same mass in these models (as shown in Figure 5.2.1).

From the comparisons shown in this section, we can conclude that the model variations have

little impact even quantitatively on the mass function and survival fraction of minihaloes up to

the mass shift noted previously. The estimated mass survival fraction of minihaloes in the Solar

neighborhood is 70%.

5.5.3 Galactic survival fraction

In Figure 5.5.11, we show the survival (mass) fraction of minihaloes after stellar and tidal disruption

as a function of the radius of observation. We choose the fiducial AMC and EMD models (𝑚a =

25 𝜇eV and 𝑇rh = 30 MeV) for comparison here. The number of surviving minihaloes is evaluated

by integrating the mass function in three mass bins: log (𝑀/[M⊙]) ∈ [−12, 9], (−9,−6], (−6, +∞).

For both models, the survival fraction of minihaloes significantly drops with increasing minihalo

mass and decreasing galactocentric distance. Quantitatively, more than 80% of the minihaloes in

the mass range log (𝑀/[M⊙]) ∈ [−12,−9] can survive at any radius of observation, as opposed

to ≲ 30% survival fraction of minihaloes with log (𝑀/[M⊙]) > −6 at 𝑟obs ≲ 5 kpc. Low mass

minihaloes, being more concentrated structures, are less vulnerable to disruption, though the

survival fraction would still decrease sharply at small galactocentric radii due to enhanced stellar

surface density. The overall mass survival fraction closely follows the survival fraction of in the

central mass bin (log (𝑀/[M⊙]) ∈ [−9,−6]) where the peak of the mass function is located for the

two models studied here.

We expect a high overall survival fraction (dominated by the concentrated minihaloes with low

masses). The survival fraction of the most massive QCD axion miniclusters or EMD minihaloes in

the Solar neighborhood is ≲ 50%, because many of them have merged and formed more massive
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and dilute minihaloes. In short, this is encouraging for the prospects of axion direct detection in

the post-inflationary scenario, because

• Most of the surviving minihaloes are actually dense cores with very high densities. We have

shown this in Figure 5.3.6 in Section 5.3 that the stellar disruption has limited impact of the

central core but primarily destroys the outer shells of the minihalo. The density profile at

the outskirt of the minihalo remains steeper than the NFW profile even after the minihalo

has fully relaxed from the previous encounter. Local measurements like PTAs may still be

sensitive to axion minihaloes after disruption since they can potentially probe a mass fraction

well below ∼ 10% [e.g., Dror et al., 2019, Ramani et al., 2020, Lee et al., 2020].

• We expect a non-negligible fraction of free axions in the Solar neighborhood, impacting

direct detection signals in axion haloscope experiments.

We leave the calculations of astrophysical signals of dark matter minihaloes in the Milky Way for

follow-up studies.

5.6 Conclusions

We systematically studied the stellar and tidal disruption of dark matter minihaloes with masses as

small as 10−12 M⊙ in the Milky Way environment, which allows us to generically make predictions

for the survival probability of dark matter minihaloes as a function of minihalo mass and concen-

tration. Due to the large dynamic range, it is impossible to simultaneously track the evolution of

minihaloes and the Milky Way galaxy in numerical simulations which resolve both. Therefore we

developed a framework to combine small box N-body simulations with an analytic model of the

Milky Way galaxy, to make these sorts of predictions tractable. In this paper, we focus on the

miniclusters of post-inflationary axions and minihaloes in the Early Matter Domination, but the

same framework can be easily applied to other types of dark matter substructure models.

We studied the stellar disruption and tidal forces separately: we first determined the profile

change after the tidal disruption (as the minihalo orbit takes it towards the Milky Way disk) and
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then studied the stellar disruption (encounters as a minihalo passes through the Galactic disk) using

the appropriately tidally-modified minihalo profile.

Our N-body simulations found that tidal disruption effects can be predicted accurately by

relatively simple analytic models. But the simulations of stellar disruption require some empirical

adjustments to and calibration of analytic expressions in the literature in order to be reproduced.

The density profile evolution after stellar encounters can only be determined by simulation, which

is important when considering successive encounters. For the stellar disruption, we then tested

our recalibrated analytic predictions with different halo concentrations, halo masses and impact

parameters, suggesting that the calibrated analytic model works for a variety of halo parameters

and impact parameters. Both tidal disruption and stellar disruption primarily strip away the halo

outskirts, which makes the subsequent disruptions less efficient.

We show that there could be non-trivial nonlinear interactions/combined effects between these

processes. For tidal disruption, we confirm the existence of a tidal radius outside of which

minihaloes are largely stripped, even for minihaloes with a mass of 10−8 M⊙. This means however

that only the first tidal disruption will have a real impact on the density profile of haloes, since

what is left behind will be the denser core (with a smaller relic tidal radius) of the original halo.

Stellar disruption, on the other hand, can slightly reduce the halo central density, as shown in our

simulations. Our analytic method uses the accumulated injected energy to compute the stellar

disruption fraction, which accounts for the effects of many successive encounters. In future work,

it may be possible to model these combined effects in more detail in the regime where both operate

simultaneously. To connect to galactic scales, we apply an orbit model of minihaloes and run Monte

Carlo simulations to model different minihalo trajectories. This allows us to systematically make

predictions for the disruption fraction of minihaloes in the Milky Way as a function of galactic radius

and halo parameters. We apply our methods to well-motivated models like post-inflationary AMC

and EMD that lead to the formation of dark matter minihaloes at high redshifts and find a fairly

stable mass disruption fraction of ∼ 70% for models with various parameter choices. Regardless of

the model choices, the disruption is dominated by stellar disruptions in the entire mass range. This

disruption fraction tells us that a non-negligible fraction of the minihaloes have been disrupted, but
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the remaining haloes are abundant enough to give direct detection signals in e.g. the upcoming

PTA observations and the remaining haloes are very dense and could give rise to stronger signal.

In the future, the framework built in this paper can be applied to many interesting topics in

particle astrophysics, such as the dark matter annihilation in minihaloes rate and axion minicluster-

neutron star encounters.

5.7 Appendix: The minihalo mass function and concentration in different models

The minihalo mass function arising from an enhanced matter power spectrum at small scales can

be considered separately from the adiabatic power spectrum. We use the Press-Schechter model to

compute the minihalo mass function [Press and Schechter, 1974]

𝑀2d𝑛/d𝑀
𝜌̄

d𝑀
𝑀

= 𝜈 𝑓 (𝜈) d𝜈
𝜈
, (5.36)

where 𝜌̄ is the comoving density of dark matter and 𝜈 is a dimensionless parameter that defines the

rareness of the halo. 𝑓 (𝜈) and 𝜈 are defined as

𝜈 𝑓 (𝜈) =
√︂

𝜈

2𝜋
exp(−𝜈/2),

𝜈 ≡
𝛿2

c (𝑧)
𝜎2(𝑀)

,

(5.37)

where 𝛿c = 1.686 is the critical density required for the formation of collapsed haloes in spherical

collapse models. 𝜎2(𝑀) is the variance of the initial perturbations smoothed with a top-hat filter

of scale 𝑅 = (3𝑀/4𝜋𝜌̄)1/3, which can be determined as

𝜎2(𝑀) ≡
∫

d𝑘
𝑘

𝑘3𝑃(𝑘)
2𝜋2 𝐷1(𝑧)2 |𝑊 (𝑘𝑅) |2, (5.38)

where 𝑊 (𝑥) = (3/𝑥3) [sin(𝑥) − 𝑥cos(𝑥)] is the spherical top-hat window function, 𝐷1(𝑧) is the

growth function normalized in the radiation era, and 𝑃(𝑘) is the primordial matter power spectrum

introduced by new physics, such as axions. The variance of white-noise power spectrum from the

axion in the post-inflationary scenario can be expressed as:

𝜎(𝑀) = 𝐷1(𝑧)
√︂

3𝐴osc

2𝜋2
𝑀0

𝑀
, (5.39)
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where 𝐴osc is the amplitude of the white-noise power spectrum, which is taken to be 0.1 in this

work. 𝑀0 can be determined from the QCD axion mass [Dai and Miralda-Escudé, 2020, Xiao

et al., 2021]

𝑀0 = 2.3 × 10−10
(
50𝜇eV
𝑚𝑎

)0.51
M⊙ (5.40)

Given the value of 𝑀0, one can obtain the minihalo mass function using the Press-Schechter model

if the adiabatic fluctuations are neglected. It is worth noting that the variance is a function of

𝑀/𝑀0, therefore the shape of the mass function will remain the same when we change the model

parameters but the characteristic mass will shift accordingly.

In the early matter domination scenario, the minihalo mass function can be calculated with a

similar method. In this scenario, the primordial power spectrum remain the same as the adiabatic

fluctuations but their growth is modified. Effectively, this is enhancing the primordial power

spectrum at small scales. The reheating temperature 𝑇rh is the only relevant physical parameter

that determines the characteristic scale of the matter power spectrum, which correponds to a

characteristic mass scale 𝑀rh. The variance is enhanced at small scales due to early matter

domination, in a manner which scales as

𝜎(𝑀 ≲ 𝑀rh) ∝ 𝐷1(𝑧) (𝑀/𝑀rh)−(𝑛+3)/6, (5.41)

where 𝑛 = 0.963 is the scalar spectral index [Erickcek and Sigurdson, 2011] and 𝑀rh ≈ 9.8 ×

10−5 M⊙ (10MeV/𝑇rh)3. Similar to the axion minicluster scenario, the variance is only a function

of 𝑀/𝑀rh and the shape does not change with the reheating temperature. Thus we can compute

the minihalo mass function based on the variance using Press-Schechter. We can further compute

the mass function including minihaloes that have fallen into the massive CDM haloes by including

the effect of adiabatic fluctuations, as shown in Figure 5.5.10.

5.8 Appendix: Convergence testing on the simulation of stellar disruptions

Briefly here we discuss numerical tests of the simulations of stellar disruptions. The fiducial

simulations presented in the main text employ the constant gravitation softening length 10−9 kpc

and dark matter particle mass resolution 10−16 M⊙ for minihaloes with a mass of 10−10 M⊙. We cap
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the timestep at 10−8Gyr during the stellar encounter to resolve the star trajectory since the stellar

disruption is mostly relevant during the crossing. We justify those choices in more detail here.

5.8.1 Gravitational softening

The gravitational softening length must be chosen appropriately in the simulation otherwise we will

not be able to resolve the relevant physical scales. In our idealized simulations of stellar disruptions,

the minimum halo mass is 10−10 M⊙ which corresponds to a scale radius of 𝑟s = 9.6 × 10−8 kpc at

𝑧 = 0. With the fiducial particle mass resolution, the convergence radius of dark matter calculated

using the [Power et al., 2003] criterion is ∼ 10−8 kpc. Therefore, the fiducial gravitational softening

length, 10−9 kpc, and particle mass resolution should be sufficient to resolve the core profile of the

halo. An additional run was performed with a gravitational softening length 2 × 10−9kpc and the

results of the disruption fraction and mass profile are robust. We have also verified that the results

are robust to particle number at our fiducial resolution.

5.8.2 Time-stepping

Since the crossing time of a stellar encounter is orders-of-magnitude shorter than the internal

dynamical time of the minihalo, we need sufficiently small timesteps to resolve the trajectory of

the star at the vicinity of the minihalo. The time-stepping parameter in our fiducial simulations

is capped at 10−8 Gyr, which is roughly 1/5 𝑅mh/𝑣∗, where 𝑅mh is the minihalo radius and the

corresponding minihalo mass is 10−10 M⊙. In an additional run, the time-stepping parameter is

changed to 2 × 10−8 Gyr while other parameters including the minihalo parameters are exactly the

same. We obtain the same disruption fraction, mass profile, and energy change after the halo is

fully relaxed. .

5.9 Appendix: Orbital model of minihaloes

The analytic calculation of accumulated energy in Equation 5.29 comes from only one encounter

with the minihalo velocities perpendicular to the disk plane. In reality, minihaloes after infall to



155

the Milky Way halo will typically cross the stellar disks multiple times at various locations. To

measure the accumulated energy input from a series of disk crossings, we need to evaluate the total

number of passages through the disk, the stellar surface density where the encounter occurs and the

angle of incidence, with an ensemble average over all possible orbits for the minihaloes eventually

found at the observed radius.

For simplicity, we adopt a singular isothermal sphere model following the method in [van den

Bosch et al., 1999] to estimate the uncertainties related to the orbits of minihaloes. The density and

potential of the system are given by

𝜌 =
𝑉2

c
4𝜋𝐺𝑟2 , Φ = 𝑉2

c ln (𝑟/𝑟0), (5.42)

where 𝑉c is the constant circular velocity assumed to be 200 km/s and 𝑟0 is the point of zero

potential assumed to be 10 kpc. For a bound test particle in this potential, its halocentric distance 𝑟

will oscillate between the peri and apocenter with the period

𝑇 = 2
∫ 𝑟2

𝑟1

d𝑟√︁
2 [𝐸 −Φ(𝑟)] − 𝐿2/𝑟2

, (5.43)

where 𝑟1 and 𝑟2 are the peri and apocenter of the orbit, which can be determined by solving the

equation
1
𝑟2 + 2 [Φ(𝑟) − 𝐸]

𝐿2 = 0. (5.44)

Due to the scale-free nature of the singular isothermal profile, the equations can be simplified by

defining the maximum angular momentum 𝐿c(𝐸) = 𝑟c(𝐸)𝑉c, where 𝑟c(𝐸) is the radius of the

circular orbit with energy 𝐸 given by

𝑟c(𝐸) = 𝑟0 exp
(
𝐸

𝑉2
c
− 1

2

)
(5.45)

Based on this, the circularity parameter is defined as 𝜂 = 𝐿/𝐿c(𝐸) and Equation 5.44 is reduced to

1
𝑥2 + 2 ln (𝑥)

𝜂2 − 1
𝜂2 = 0, (5.46)

where 𝑥 ≡ 𝑟/𝑟c and the two solutions correspond to the peri and apocenter distances, which are

independent of the energy of the test particle if normalized by 𝑟c(𝐸). Similarly, if normalized by
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𝑟c(𝐸)/𝑉c, 𝑇 also becomes independent of 𝐸 . The look-up tables of 𝑇 , 𝑟1 and 𝑟2 with respect to

𝜂 are computed numerically. Here we do not consider the scattering and mergers of minihaloes

within the parent halo and treat their orbits as unperturbed from various relaxation mechanisms.

Assuming spherical symmetry, the ergodic phase-space distribution function 𝑓 (𝜖) can be de-

rived through the Eddington inversion method

𝑓 (𝜖) = 1
√

8𝜋2

d
d𝜖

∫ 𝜖

0

d𝜓
√
𝜖 − 𝜓

d𝜌
d𝜓
, (5.47)

where 𝜓 ≡ −Φ and 𝜖 ≡ −𝐸 . For the singular isothermal profile, the solution is simply the

Boltzmann distribution

𝑔(𝐸) = 𝐾 exp (−2𝐸/𝑉2
c ), (5.48)

where𝐾 is a constant normalization factor. Given a target radius for observation 𝑟obs, the normalized

phase-space probability density function (PDF) of dark matter particles localized around 𝑟obs is

𝑓 (𝐸, 𝐿) |𝑟obs =
4𝜋

𝑟2
obs𝜌(𝑟obs)

𝑔(𝐸) 𝐿√︁
2(𝐸 −Φ(𝑟obs)) − 𝐿2/𝑟obs

, (5.49)

where 𝐸 ≥ Φ(𝑟obs) and 𝐿 ≤ 2𝑟obs
√︁
𝐸 −Φ(𝑟obs) are required. Replacing 𝐿 as 𝜂𝐿c(𝐸), we obtain

𝑓 (𝐸, 𝜂) |𝑟obs =
4𝜋

𝑟obs𝜌(𝑟obs)
𝑔(𝐸) 𝐿c(𝐸)

𝜂√︁
𝜂2

max − 𝜂2
, (5.50)

where 𝜂 ≤ 𝜂max = 𝑟obs
√︁

2(𝐸 −Φ(𝑟obs))/𝐿c(𝐸). Following [van den Bosch et al., 1999], we perform

a Monte Carlo sampling of particles in the phase space based on this distribution function. For each

sample particle, we compute its orbital period 𝑇 , pericenter and apocenter distances 𝑟1 and 𝑟2 based

on the look-up table created earlier. We note that because of the self-similar nature of the isothermal

sphere, the value of 𝑟1 and 𝑟2 with respect to 𝑟obs is independent of 𝑟obs, similarly for 𝑇/𝑇circ(𝑟obs).

In Figure 5.9.12, we show the probability distribution function (PDF) of eccentricities, pericenter

and apocenter distances and orbital periods of sampled minihalo orbits. The distribution should be

self-similar for any target radius of observation. In the left panel of Figure 5.9.12, we compare the

distribution of eccentricity derived here with that from [van den Bosch et al., 1999] which match

perfectly. In the right panel of Figure 5.9.12, we compute the mean value of 𝑁p/𝑁circ
p = 𝑇circ/𝑇
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which gives us the correction factor for the number of passages through the stellar disk (compared

to the circular orbit case) as 𝑓𝑁p ≡ ⟨𝑁p⟩o/𝑁circ
p ≃ 1.3. ⟨⟩o denotes averaging over all possible

minihalo orbits. This correction factor is independent of the target radius of observation.

Assuming spherical symmetry, the orbit of a test particle will be confined in a plane and the

precession of the orbit will eventually lead to a rosette-like pattern. The phase of the precession

when the orbit cross the disk plane is random. Considering a large ensemble of dark matter particles,

the distribution of the radial location where the encounter with the stellar disk takes place will be

the same as the probability of the presence of the particle at that distance, and thus equivalent to the

time-averaged radial distance of the test particle. Therefore, we have the averaged surface density

given the orbit parameter 𝐸, 𝐿 as

⟨Σ∗⟩x (𝐸, 𝐿) =
2
𝑇

∫ 𝑟2

𝑟1

Σ∗(𝑟) d𝑟√︁
2 [𝐸 −Φ(𝑟)] − 𝐿2/𝑟2

, (5.51)

where ⟨⟩x denotes averaging over all past disk crossings and the stellar surface density profile

Σ∗(𝑟) is given below Equation 5.24 following the measurements in [McMillan, 2011, 2017]. The

average of the second order term ⟨Σ2
∗⟩x can be obtained in a similar fashion. In the top panel

of Figure 5.9.13, we show the distribution of ⟨Σ∗⟩x/Σ∗(𝑟obs) at the target radius 8 kpc and the

correction factor 𝑓Σ∗ (𝑟obs) ≡
〈
⟨Σ∗⟩x/Σ∗(𝑟obs)

〉
o (averaging over all possible orbits) is about 1.16.

We compute the value of 𝑓Σ∗ and 𝑓Σ2
∗

at several different 𝑟obs from 2 to 16 kpc and find that both

𝑓Σ∗ (𝑟obs) and 𝑓Σ2
∗
(𝑟obs) can be fitted by the functional form 𝐴 𝑒𝐵+(𝑟obs/𝑟c)𝛼 . The best-fit parameters

are 𝐴 = 0.106, 𝐵 = 2.03, 𝑟c = 12.961, 𝛼 = 2.048 for 𝑓Σ∗ and 𝐴 = 0.318, 𝐵 = 0.781, 𝑟c = 5.740, 𝛼 =

1.628 for 𝑓Σ2
∗
.

An additional correction will come from the enhanced surface density when the minihalo

trajectory is not perpendicular to the disk plane. To the leading order, the effective surface density

along the trajectory of the incident minihalo (as well as the time duration the minihalo stays in the

disk) should scale as 1/cos𝜃. Assuming the velocities of dark matter particles are isotropic, the

correction factor is

𝑓𝜃 =

〈 1
cos𝜃

〉
=

∫ 1

𝐻/𝑟d

dcos𝜃
cos𝜃

= ln (𝑟d/𝐻d) ≃ 2, (5.52)

where we have imposed a cut-off at cos𝜃 = 𝐻d/𝑟d with 𝐻d and 𝑟d the scale height and length of the
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disk, assuming to be 400 pc and 3 kpc, respectively. Particles with even smaller incidence angles

stay in the disk and will become completely disrupted (see Equation 5.24) which will have no

impact on the averaged energy imparted. Combine the two effects above, we obtain the correction

factor for the effective stellar surface density.
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Figure 5.5.10: Top: Mass function of minihaloes in different models before (dashed) and after

(solid) disruption. Two different models are studied: post-inflationary AMCs and EMD. The

reheating temperature for the EMD era is 𝑇rh = 15, 30, 60 GeV while the axion mass in the post-

inflationary AMC scenario is chosen as 𝑚𝑎 = 1.25, 25, 500 𝜇eV. These parameters are purely

chosen for illustrative purposes (especially for the EMD model) and one can use other parameters

which will shift the mass range but the shape of the mass function will remain the same. Bottom: The

integrated mass survival fraction of minihaloes for the models shown in the top panel. Regardless

of the model choices, the overall survival fraction of minihaloes is around 70%.
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Figure 5.5.11: Mass survival fraction of minihaloes as a function of galactocentric distance. We

show the survival (mass) fraction of minihaloes after stellar and tidal disruptions in three mass bins:

log (𝑀mh/[M⊙]) ∈ [−12, 9], (−9,−6], (−6,∞).
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Chapter 6

RECURRENT AXINOVAE AND THEIR COSMOLOGICAL
CONSTRAINTS

6.1 Introduction

The stars in our galaxy are made of ∼ 1057 fermions bound together by gravity and protected from

collapse by thermal pressure or fermion degeneracy pressure. In the presence of a light, long-lived

boson similar gravitationally bound states may exist, but in the absence of nuclear burning they are

instead supported by gradient pressure, which is a result of the uncertainty principle. Axion stars

are one such example of these bosonic objects.

In the Standard Model, stars convert approximately 0.1% of their mass energy into radiation over

their lifetime. The small energy released (compared to rest mass) in the pp-chain, for instance, is due

to the relatively small binding energy inside the star. Only very compact objects like neutron stars

are relativistic in nature. Moreover, because of baryon number conservation, there is a limitation

on overall energy release given the (approximately degenerate) neutrons and protons which must

remain in the final state.

However, in the dark sector, there are reasons to expect the overall energy conversion could

be much higher if a similar process were to occur. Complete conversion of rest mass from a

4 → 2 process is possible because there is no “baryon-number" conservation for bosonic dark

matter. For example, axion stars will collapse and emit relativistic axions when they reach a critical

mass. We call such processes that drastically convert dark matter to dark radiation as Axinovae.

There is no mechanism to quench the axionovae if axion stars form ubiquitously in the Universe,

as expected in the post-inflationary scenario where axion miniclusters form after matter-radiation

equality. Therefore, a large formation rate of axion stars that lead to axinovae is very constraining.

We take the formation of axion stars as a concrete example to study but the result can apply to
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generic scalars whose self-interaction is attractive since the properties of axion stars do not depend

on any interactions other than gravity and the axion self-couplings.

This paper is organized as follows: in Sec. 6.2, we discuss the formation of enhanced structures

at small scales due to the axion perturbations and study the formation history of axion stars inside

those structures. In Sec. 6.3, we study the constraints on axion parameter space by requiring the

decay fraction of axion dark matter should not exceed an upper bound. In Sec. 6.4, we present our

conclusions.

6.2 Axions, Axion minihalos, and axion stars

The axion is a well-motivated dark matter candidate, which can also leave unique fingerprint on

the matter power spectrum at small scales if the PQ symmetry breaking occurs after inflation. In

such scenarios, different horizon patches have different matter densities when the axion acquires its

mass, leading to the formation of axion miniclusters or axion minihalos at matter-radiation equality.

More interestingly, coherent objects called axion stars can form in the center of axion minihalos

due to Bose-Einstein condensation, which may eventually accrete into a critical object and emit

relativistic axions. We call such phenomenon axinovae, which occurs with an attractive axion

self-coupling and the formation of axion minihalos at matter radiation equality.

Originally proposed to solve the strong CP problem Peccei and Quinn [1977], Weinberg [1978],

Wilczek [1978], the present-day landscape of axions and axion-like particles (ALPs) is broad.

One common feature across this landscape is that the axion, 𝜙, is a pseudo-Goldstone boson of a

global 𝑈 (1)𝑃𝑄 symmetry broken at a scale 𝑓𝑎. The 𝑈 (1)𝑃𝑄 is anomalous under a confining gauge

group which means that the axion’s potential is generated through instanton effects occurring at the

compositeness scale of the gauge group, Λ, and takes the form

𝑉 (𝜙) = Λ4

𝑐𝑢𝑑

√︄
1 − 4𝑐𝑢𝑑 sin2

(
𝜙

𝑓𝑎

)
. (6.1)

In the case of the QCD axion Λ ≈ 200 MeV and 𝑐𝑢𝑑 ≈ 𝑚𝑢𝑚𝑑/(𝑚𝑢 + 𝑚𝑑)2 ≈ 0.2. In addition to

the self couplings, coupling to gravity, and the anomaly-induced coupling to QCD (or QCD-like

group), the axion may have model-dependent couplings to other SM gauge bosons and fermions.
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We focus here on the self and gravitational couplings only, which can already lead to interesting

dynamics such as axinovae.

6.2.1 Axion Minihalos

In the post-inflationary scenario, the present-day Universe contains a large number of patches which

were causally disconnected at the time of QCD phase transition. In each causally disconnected

patch of the Universe, axion field values are uncorrelated. Once the axion acquires a mass, and

Hubble friction is small enough, axion behaves as cold dark matter and isocurvature fluctuations

are present in the matter density. When the Universe becomes matter dominated this small-scale

structure will start to collapse under gravity, leading to axion minihalos. Furthermore, there may

be large overdensities of axions at even smaller scales arising from the evolution of the network of

axion strings and domain walls 1 set up when the PQ symmetry breaks. Even for the much studied

case of the QCD axion, there is controversy Gorghetto et al. [2018], Klaer and Moore [2017], Fleury

and Moore [2016], Chang et al. [1999], Hagmann et al. [2001], Buschmann et al. [2022], Vaquero

et al. [2019], Buschmann et al. [2020], Gorghetto et al. [2021], Kawasaki et al. [2018], Hiramatsu

et al. [2011], Fleury and Moore [2016], Kawasaki et al. [2018], Klaer and Moore [2020], Vaquero

et al. [2019], Buschmann et al. [2020], Gorghetto et al. [2021], Buschmann et al. [2022], Hindmarsh

et al. [2020, 2021,] as to what fraction of the relic dark matter axions arose from misalignment or

from the decay of topological defects. Along with those topological defects, objects called oscillons

or axitons that can contribute to the small scale overdensities will form after the axion accquires

its mass Buschmann et al. [2020], Vaquero et al. [2019]. Those objects can form when the axion

self-interaction dominates over the Hubble expansion term, which is easily satisfied in the early

Universe when the self-interaction is strong due to the high density. As the axion density drops,

the formation of oscillons will be turned off and oscillons themselves will dissipate via emitting

relativistic axions.

It is worth noting that the post-inflationary scenario is not essential for the axinovae. Any matter

1𝑁 = 1 for sanity
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power spectrum which is enhanced at small scales can lead to the formation of axion minihalos

around matter-radiation equality, but the post-inflationary scenario is a minimal realisation. We

take a simple ansatz for the spectrum of initial fluctuations in the axion field, namely that the

spectrum of isocurvature fluctuations in the axion field follow a white-noise spectrum, cut off at

small scales i.e.
𝛿𝜌𝑎

𝜌𝑎
= 𝐴0

(
𝑘

𝑘0

)3
Θ(𝑘0 − 𝑘) . (6.2)

Here 𝑘0 = 𝑎osc𝐻osc is the (comoving) wavenumber determined by the horizon size at the time the

axion starts to oscillate, i.e. 𝑚𝑎 (𝑇osc) ∼ 3𝐻osc. While here we consider a pure white noise spectrum

we extend this analysis to a more general power law spectrum in Appendix 6.6. In reality one would

expect a softening of the cutoff in the white noise power spectrum at small scales. The exact details

of how this occurs is related to the dynamics of string network and axitons, and is unknown. It will

not affect our conclusions, see Appendix 6.6 for details. As mentioned above, the contribution of

strings and domain walls to the abundance of non-relativistic axions is uncertain and will impact

the size of the power spectrum, we consider 𝐴0 = 0.1 as a benchmark value Vaquero et al. [2019],

Buschmann et al. [2020]. With this white noise power spectrum (6.2) the characteristic structure

mass, defined as the peak in the distribution 𝑑𝑛/𝑑 log𝑀 , occurs at

𝑀𝑝𝑒𝑎𝑘 (𝑧) =
𝐴0

2 𝛿𝑐 (𝑧)2𝑀0 . (6.3)

Where

𝑀0 =
4𝜋
3
𝜌0

(
1
𝑘0

)3
, (6.4)

is the co-moving mass in the horizon at the time the axion starts to roll and 𝜌0 is the present-day

cosmological axion density. The subsequent evolution of the halo mass function is through the

usual linear growth factor, encoded in 𝛿𝑐 (𝑧) = 1.686(1 + 𝑧). The minihalos have a distribution of

masses but for simplicity we use the characteristic mass 𝑀𝑝𝑒𝑎𝑘 to provide a measure of the overall

behavior. The growth continues till around 𝑧 ∼ 10 − 20 when the minihalos merge into standard

CDM halos and their growth stalls Xiao et al. [2021].

We take the minihalos to have an NFW Navarro et al. [1996] density profile, defined by a scale



166

radius 𝑟𝑠 and density 𝜌𝑠,

𝜌(𝑟) = 𝜌𝑠

𝑟
𝑟𝑠

(
1 + 𝑟

𝑟𝑠

)2 . (6.5)

At the scale radius the circular speed is given by

𝑣2
𝑠 = 4𝜋𝐺𝑁 𝜌𝑠𝑟

2
𝑠 (log 4 − 1) . (6.6)

This speed will be relevant for the calculation of axion star formation rate. Numerical studies

have shown that the dark matter halos at the characteristic mass will first rapidly grow to reach

a concentration factor 2 𝑐 ≈ 4 at the time of halo collapse Zhao et al. [2003]. For lighter halos

that grow more through accretion than mergers, the halo concentration will grow linearly with the

scale factor due to the decreasing background density. In the next subsections we discuss further

structures that can develop in the core of these minihalos.

6.2.2 Lifecycle of an Axion Star

We now turn to the question of formation of axion stars at the core of the minihalos discussed above.

The subsequent growth and explosion of axion stars (axinovae) will also be studied. As discussed

in Appendix 6.5, there are two branches of axion star configurations: the dilute branch, which,

below a certain mass, is stable and the dense branch which will blow up and emit relativistic axions.

There is a critical star mass that separates the two branches. Therefore, if they continue to accrete

mass, the lighter dilute axion stars will eventually become unstable in a minihalo environment.

Axion minihalos are ideal environments for the axion star formation because they are dense and

cold, owing to the high collapse redshifts and small virial masses. When the star formation rate

is sufficiently large, stars will form in the minihalo center and grow to a critical mass star if the

minihalo is massive enough. The critical star will contract under self-interaction and gravity,

converting a large fraction of its mass to relativistic axions. Before the axinovae consume most

of the minihalo mass, axion minihalos remain ideal environments for the axion star formation and

2The concentration is defined as the ratio 𝑐 = 𝑟200/𝑟𝑠 where 𝑟200 is the radius at which the halos average density is
200 times the background DM density.
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Figure 6.2.1: The exclusion plot of axion parameters in the scenario of enhanced small scale

structures. The colored region represents the exclusion region with different characteristic structure

masses while the light purple and pink region represents the canonical structure where the axion is

at its zero-temperature mass when it starts to oscillate and imprint white-noise fluctuations between

different horizon patches. Above the red dashed line, the Jeans scale is smaller than the size of

dense axion stars at matter-radiation equality, leading to O(1) formation of dense axion stars even

without the enhanced structure formation on small scales. Our analysis is no longer applicable

here but we still expect this region to be excluded for the same reason. Our constraints do not

rely on non-gravitational couplings with the Standard Model sector. Therefore we only show the

constraints from the black hole superradiance for comparison. The parameter space of QCD axion

is also labeled for reference. This plot is generated with the Python notebooks in Ref. O’HARE

[2020].



168

axinovae shall occur again within the same timescale. Thus there can be recurrent axinovae. The

crucial calculation to determine the fate of axion stars is the formation rate in the minihalo center

and the corresponding star mass.

Once minihalos exist, gravitational interactions or self-interactions can subsequently lead to the

formation of Bose-Einstein condensed axion stars at their center. The timescale for this formation,

and subsequent growth, in an environment where the axions being captured have typical number

density 𝑛 and speed 𝑣 is determined Levkov et al. [2018], Eggemeier and Niemeyer [2019], Chen

et al. [2021], Kirkpatrick et al. [2020] by

𝜏 ∼ ( 𝑓BE𝑛𝜎𝑣)−1 . (6.7)

With 𝜎 the total scattering cross section. This formation rate is Bose-enhanced from the naive

expectation due to the large phase space density, 𝑓BE = 6𝜋2𝑛(𝑚𝑎𝑣)−3. The gravitational Rutherford

transport cross section is 𝜎gr = 8𝜋(𝐺𝑁𝑚𝑎𝑣
−2)2 log(𝑚𝑎𝑣𝑅), where the Coulomb logarithm has been

cutoff at a characteristic length scale of the minihalo, 𝑅. Attractive self-couplings can also lead

to formation and the scattering cross section is 𝜎self = 𝜆
2𝑚−2

𝑎 /128𝜋. The total condensation time,

considering both gravity and self-interaction, is

𝜏total =
𝜏self𝜏𝑔𝑟

𝜏gr + 𝜏self
. (6.8)

With each individual process having a timescale of

𝜏gr =
𝑏

48𝜋3
𝑚𝑎𝑣

6

𝐺2
𝑁
𝑛2 log (𝑚𝑎𝑣𝑅)

, (6.9)

for gravity, and

𝜏self =
64𝑑𝑚5

𝑎𝑣
2

3𝜋𝑛2𝜆2 . (6.10)

The parameters 𝑏, 𝑑 ∼ O(1) are numerical coefficients that are extracted from numerical simulations

Chen et al. [2021]. Comparing these two timescales, (6.9) and (6.10), we see that the self interactions

will determine the axion star formation rate if 𝑓𝑎 <∼ 𝑀pl𝑣.

When determining the gravitational relaxation timescale for formation of axion stars in minihalos

we take, as typical, the densities and speeds at the scale radius, see Eqs. (6.5) and (6.6). After their
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initial condensation, axion stars can accrete axions from the surrounding minihalo and continue to

grow in mass Levkov et al. [2018], Chen et al. [2021] with mass scaling as 𝑀∗ ∝
√︁
𝑡/𝜏. However,

since a dilute star shrinks in size as its mass grows (6.21) there will come a time when its radius is

comparable to the de Broglie wavelength of the axions in the surrounding halo and the axions will

no longer be able to effectively scatter off the axion star. For gradient pressure supported objects,

which shrink in size as they grow in mass, there is an intrinsic tension in the capture process between

the de Broglie wavelength and escape speed meaning that at some point the growth substantially

slows. By equating the radius of the axion star to the de Broglie wavelength of axions in the

minihalo, of mass 𝑀ℎ and density 𝜌𝑎, moving at the virial speed, the mass at which this growth

saturates can be estimated Levkov et al. [2018], Eggemeier and Niemeyer [2019] to be

𝑀sat
∗ ∼ 𝜌

1/6
𝑎 𝐺

−1/2
𝑁

𝑚−1
𝑎 𝑀

1/3
ℎ

. (6.11)

Growth beyond this mass can occur but at a considerably reduced rate. The scaling on the

halo mass, axion mass, and halo density may depend on the central density profile while the

above equation should hold for isothermal profiles Arvanitaki et al. [2020]. Assuming that power

law growth still applies but with the speed of the captured axions now determined by the axion

star’s radius rather than the minihalo’s virial speed i.e. 𝜏 ∼ 𝑣6 ∼ 𝑀6
∗ the growth is slowed to

𝑀∗ ∝ (𝑡/𝜏sat)1/8, where the saturation time is when the speed of captured axions becomes larger

than the halo virial speed, 𝜏sat = 𝜏gr(𝑣halo). Recently this predicted behavior of 𝑡1/2 followed by

𝑡1/8 growth, was confirmed in numerical simulations Chen et al. [2021]. Objects with the density

profile of a minihalo containing an axion star in its core were identified in simulation and tracked

from 𝑡 ∼ 𝜏sat/10 when their mass was to 𝑀∗ ∼ 𝑀sat
∗ /

√
10 to 𝑡 ≥ 𝜏sat. If the formation rate of axion

stars is sufficiently large and axinovae are turned on, a single axion minihalo may form multiple

stars within a Hubble time. This will require the critical mass to be smaller than the saturation

mass. On the other hand, the timescale to form an axion star at critical mass is not as large as 𝜏gr

due to the growth behavior of axion stars that goes as 𝑀 ∝ 𝑡1/2. Therefore, we expect the time

we need to form a critical star is 𝑡crit = 𝜏gr(𝑀max
∗ /𝑀sat)2. The question arises as we evaluate the

velocity in the expression of 𝜏gr in Eq. (6.9): which radius to use? There are a few possible choices
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here. One obvious option is the scale radius 𝑟𝑠, which can guarantee the majority of the axion

minihalo can form a gravitational condensate and it is our choice for this work. The second option

is to use the radius that can contain the saturation mass or the critical mass, which is mostly at a

smaller radius than the scale radius because saturation mass is usually much smaller than the halo

mass. This choice is valid when we only consider the depletion of one saturation star. However,

we would like to study the recurrent axinovae and a significant fraction of the axion minihalo will

convert to radiation. The third choice is the radius of a critical star, which can be very confusing

when the critical star mass is much smaller than the saturation mass, in which case the star radius

can be much greater than the halo size because the axion star radius is inversely proportional to its

mass. However, that conclusion does not hold when a background gravitational potential is present.

We still expect the star radius to be small at small masses if the gravitational potential is dominated

by the minihalo. This is often the case that the minihalo provides most of the gravity because the

condition of saturating the star growth is having the same virial velocity for both axion minihalos

and axion stars, suggesting axion stars start to become self-gravitating at the moment of saturation.

Given that the majority of the dark matter has collapsed into axion minihalos with a characteristic

mass 𝑀𝑐 (𝑧), the rate of dark matter decay at any redshift can be calculated as

𝑑𝑓decay

𝑑𝑡
=

𝛼𝑎

𝜏total(𝑧)
𝑀sat

∗ (𝑧)2

𝑀max
∗ 𝑀𝑐 (𝑧)

Θ
(
𝑀sat

∗ (𝑧) − 𝑀max
∗

)
, (6.12)

where 𝛼𝑎 is the fraction of axion stars that convert to relativistic axions during axinovae, which is

take to be ∼ 10% in this work. The total decay fraction is of course capped at 𝑓decay = 1 where all

of the axion dark matter has been depleted. In realistic scenarios, this will not happen because our

formulae are only valid when the conversion of dark matter to dark radiation is a small perturbation

and there will be feedback effects. However, this is sufficient for the purpose of placing constraints

because feedback effects are only relevant in situations where constraints would have excluded the

parameter point already.
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6.3 Cosmological Constraints

The fact that axions can generically form axion stars and lead to axinovae is constrained by

cosmological observations if a significant fraction of energy in dark matter is converted to dark

radiation in this scenario. This process is closely related to the scenario of decaying dark matter,

which is well constrained by recent cosmological data Poulin et al. [2016], Bringmann et al. [2018],

Nygaard et al. [2021]. For decaying dark matter which decays after recombination, the decrease of

the dark matter fraction will increase the angular diameter distance to the last scattering surface over

time. Furthermore, the amount of CMB lensing is reduced due to a smaller gravitational potential

than expected. This scenario is constrained by a combination of CMB Aghanim et al. [2020] and,

for very long lived dark matter, SDSS Dawson et al. [2013] data. If the decay of dark matter

occurs well before recombination or even before matter-radiation equality, the primary effect of the

decaying dark matter is to enhance 𝑁eff since the decay products behave as dark radiation. In the

short-lived situation the constraints are primarily from CMB measurements. We will be interested

in the long-lived case, and in particular decays which occur after matter-radiation equality but are

no longer ongoing. The equivalent bound Nygaard et al. [2021] for decaying dark matter on the

fraction of the initial amount of dark matter that will decay is

𝑓𝑑𝐷𝑀 ≡ Ω𝑑𝐷𝑀

Ω𝑑𝐷𝑀 +Ω𝐷𝑀

≤ 2.62% (at 2𝜎) . (6.13)

Although the cosmological evolution of the dark sectors for decaying dark matter and axinovae are

not identical they will be similar and since the above constraint is independent of decaying dark

matter lifetime over a wide range of lifetimes we will use it to constrain axions. We leave a more

detailed CLASS Blas et al. [2011] based numerical analysis for future work.

In the scenario of axinovae, the decay of dark matter always occurs after matter-radiation

equality when axion miniclusters start to form. To avoid the constraint of (6.13) requires either that

the formation rate of axion stars is too small to be cosmologically relevant or that the formed axion

star mass is smaller than the critical mass so there is no axinovae. There are three parameters that

determine the amount of axion dark matter that is converted to dark radiation: the axion mass 𝑚𝑎,

the decay constant 𝑓𝑎, and the structure mass 𝑀0. Note that this does not rely upon a coupling to
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photons, gluons, or SM fermions. However, our constraints do rely on the assumption that axions

can produce the dark matter relic abundance. There are a few possible scenarios that will increase

or decrease the relic abundance. If the dark phase transition that gives axion mass occurs at a

sufficiently late time, the relic abundance can always be larger because the axion density during

phase transition is always given by the axion potential. Decay from the string networks can increase

the relic abundance by more than one order-of-magnitude Gorghetto et al. [2021]. On the other

hand, entropy dump during the phase transition in nonstandard cosmological scenarios can decrease

the axion relic density Nelson and Xiao [2018], Visinelli and Redondo [2020], Blinov et al. [2019].

Therefore, we assume the dark matter relic abundance can be produced with the axion parameters

of interest in this work.

There are three parameters in the post-inflationary scenario of axions: axion mass 𝑚𝑎, decay

constant 𝑓𝑎 and the structure mass 𝑀0. The critical axion star mass, above which dilute axion stars

are unstable, is determined by the microphysics (𝑚𝑎, 𝑓𝑎). Whether such objects have an opportunity

to form in the Universe’s evolution is determined by the history of structure formation (𝑀0). The

amplitude 𝐴0 might also affect axinovae by changing the structure mass. Also, the overall amplitude

at the cutoff scale 𝐴0/𝛼3 determines if the smallest structures can form at matter-radiation equality.

When the overall amplitude decreases, axion minihalos will be less dense, leading to a smaller

formation rate of axion stars. In this work, we discuss the scenario where axion minihalos form

at matter-radiation equality, which is consistently to numerical studies on the axion perturbations

induced by string networks in the early Universe Buschmann et al. [2020], Vaquero et al. [2019].

One could also consider other models and treat the amplitude as a free parameter. As discussed

earlier (6.4), when the halos initially form their typical mass depends upon the horizon size when

the axion starts to oscillate 𝑚𝑎 (𝑇osc) = 3𝐻 (𝑇osc). For the QCD axion, where the temperature

dependence of the axion mass is known, this oscillation time is uniquely determined. However, in

more general axion scenarios the oscillation temperature, and therefore 𝑀0, is a free parameter. In

the radiation dominated era 𝐻 (𝑇) = 𝜋 (8𝜋𝑔∗(𝑇)/90)1/2 𝑇2/𝑀𝑃𝑙 and the halos form with mass,

𝑀0 =
4𝜋
3

(
1

𝑎(𝑇osc)𝐻 (𝑇osc)

)3
𝜌0 ≈ 0.1

(
𝑀𝑝𝑙

𝑇0𝑇osc

)3
𝜌0 . (6.14)
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The existence of DM structure down to small scales requires that the axions behave as dark matter

by the time the temperature of the Universe is ∼ keV, i.e. 𝑇osc >∼ 1 keV. Thus, there is an upper

bound on the initial halo mass

𝑀0 <∼ 2 × 108 . (6.15)

Furthermore, assuming that 𝑚𝑎 (𝑇) < 𝑚𝑎 (0), which is the case for the QCD axion, the smallest

object that can form is when the axion starts oscillating with its zero-temperatures mass, 𝑇osc =√︁
𝑚𝑎𝑀𝑝𝑙/3. We will plot constraints for axion parameters 𝑚𝑎, 𝑓𝑎 under different assumptions for

𝑀0.

As discussed above, rather than consider the whole distribution of minihalo masses we focus

instead on the characteristic mass 𝑀c(𝑧), which evolves with redshift. This provides a good

description to the overall behavior because the majority of the dark matter mass is contained in

halos of mass 𝑀𝑐. As times evolves, the characteristic mass grows as 𝑀ℎ ∼ (1 + 𝑧)−2 as minihalos

merge with each other. Since a characteristic mass halo has concentration 𝑐 ≈ 4 its scale radius and

density vary with redshift as 𝑟𝑠 ∼ (1 + 𝑧)−5/3, 𝜌𝑠 ∼ (1 + 𝑧)3. From Eqs. (6.6),(6.9), and (6.11) this

implies that the time scale for collapse and the saturation mass in a halo scale as 𝜏𝑔𝑟 ∼ (1 + 𝑧)−7,

𝑀sat
∗ ∼ (1 + 𝑧)−1/6. This rapid lengthening of the axion star formation time as the Universe ages

means that the dominant DM mass loss occurs as soon as the saturation mass is larger than the

critical star mass, and the earlier that occurs the greater the fraction lost. This can be seen by

keeping only the dependence on 𝑧 and axion parameters in the decay rate (6.12)

𝑑𝑓decay

𝑑𝑧
∼ 48𝛼𝑎𝜋2(1 − 𝑓decay) (1 + 𝑧eq)−26/3(1 + 𝑧)37/6

×
𝜌

4/3
eq 𝑀

3
pl

𝑚4
𝑎𝑀

7/3
0 𝑓𝑎𝐻0

(1 +
1.06 × 104𝑀

4/3
0 𝜌

2/3
eq (1 + 𝑧)2

𝑓 4
𝑎 (1 + 𝑧eq)2

)

× Θ

(
0.1𝜌1/6

eq 𝑀
1/3
0 ((1 + 𝑧)/(1 + 𝑧eq))−1/6 − 𝑓𝑎

)
,

(6.16)

where we have suppressed the logarithmic corrections from the Rutherford cross section in (6.9).

𝜌eq is the halo central density at matter-radiation equality.

This scaling means that for any initial halo mass 𝑀0 there will always be an axion mass below

which the timescale for star formation is shorter than the age of the Universe. Furthermore, since
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both the star saturation mass (6.11) and the axion star critical mass (6.22) scale inversely with the

axion mass once the timescale is short enough there will be maximal 𝑓𝑎 below which the critical

star is lighter than the saturation mass and thus the critical star can form. This region, bounded in

𝑚𝑎 − 𝑓𝑎 space will be constrained by the cosmological data discussed above. In particular (6.12)∫ 𝑧=20

𝑧eq

𝑑𝑧
𝑑𝑓decay

𝑑𝑧
≤ 2.62% . (6.17)

The exclusions regions are show in Fig. 6.2.1. The shape of each excluded region with fixed

𝑀0 is a combination of effects. The right-hand edge is due to the formation time 𝜏gr becoming too

long. The lower edge, which is independent of 𝑚𝑎, is due to the critical star mass (6.22) necessary

for the instability to occur becoming larger than the saturation mass of the halo (6.11). Since both

masses scale inversely with 𝑚𝑎 the boundary only depends upon 𝑀0 and 𝑓𝑎. There is however

some uncertainty Mocz et al. [2017], Padilla et al. [2021] in the exact size of the 𝑀sat
∗ so we also

present results for the case of the saturation mass being increased by a factor of 200. The left edge

of each excluded region arises because the lowest possible temperature at which the axion can start

to oscillate, and therefore smallest possible 𝑀0, occurs when 𝑚𝑎 (𝑇osc) = 𝑚𝑎. In Fig. 6.2.1, we

also plotted a red dashed curve above which the Jeans scale is smaller than the dense axion star

radius at matter-radiation equality. In such scenario, most of the axion dark matter will fragment

to dense axion stars (or sometimes called oscillons in the early Universe) at that time even without

the formation of axion miniclusters. Those objects are not cosmologically stable and will convert

a large fraction of matter to radiation, which shall still be excluded. The main reason that the

axionovae scenario is constraining the axion parameter space is because the formation history of

axion stars is solely determined by the substructure formation while the explosion of axion stars is

set by the self-coupling, which have distinct origins.

6.4 Conclusions

We obtain new bounds on axion dark matter parameters 𝑚𝑎, 𝑓𝑎 assuming the formation of dense

axion minihalos, motivated by the post-inflationary scenario. Axion perturbations in the post-

inflationary scenario will lead to the formation of dense substructures known as axion miniclusters
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or minihalos after matter-radiation equality, which can subsequently form coherent objects known

as axion stars at the core of axion minihalos. The horizon size when axions start to oscillate 𝑘0

determines the characteristic structure mass while the amplitude 𝐴0 determines when the structures

form. Dilute axion stars, supported by gradient pressure, can be cosmologically stable. However,

they will accrete more axions from minihalos and continue to grow until the axion self-coupling

turns on and the gradient pressure can not stop them from collapsing and emitting relativistic

axions. The critical mass of axion stars depend on particle physics parameters 𝑚𝑎 and 𝑓𝑎. It is

cosmologically constraining if the formation rate is large enough and axinovae are turned on, which

converts a significant fraction of matter to radiation. Our constraints only depend on the axion

self-coupling and gravity, which can be mapped to axion-photon and axion-neutron couplings in

specific models. Those constraints are obtained by requiring the population of dense axion stars

formed in axion minihalos at high redshifts shall not dominate the mass of dark matter. If axion is

only a fraction of dark matter or only a few percents of axion dark matter is decaying, the conversion

to dark radiation may be cosmologically significant in future observations but consistent with the

current data. A more sophisticated treatment on the cosmological evolution will be needed for

future studies.

Appendix

6.5 Axion Star Configurations

The stable axion-field configuration for the gravitational bound-state of non-relativistic axions

can be found by solving the Gross-Pitaevskii-Poisson equations, which must be done numerically.

However, it has been shown that a good approximation of these solutions is obtained by using

a Gaussian ansatz for the field profile Chavanis [2011], Chavanis and Delfini [2011], Chavanis

[2016]. Doing so gives some insight into the competing effects driving the physicsVisinelli et al.

[2018]. Expanding the axion potential (6.1) to quartic order one finds an attractive self interaction

𝑉 =
1
2
𝑚2
𝑎𝜙

2 − 𝜆

4!
𝜙4 , (6.18)
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with 𝜆 = (1 − 3𝑐)𝑚2
𝑎/ 𝑓 2

𝑎 . An axion star of mass 𝑀∗ and radius 𝑅∗ has energy

𝐸∗ = −𝐺𝑁𝑀
2
∗

𝑅∗
+ 𝑐1

𝑀∗

2𝑚2
𝑎𝑅

2
∗
− 𝑐2

𝜆𝑀2
∗

12𝑚4
𝑎𝑅

3
∗
. (6.19)

In order, these terms correspond to the gravitational self energy, the gradient pressure, and the

internal energy from self interactions. The numerical coefficients, 𝑐𝑖, depend upon the details of

the field profile and are found numerically Ruffini and Bonazzola [1969], Membrado et al. [1989],

Visinelli et al. [2018] to be 𝑐1 = 9.9, 𝑐2 = 0.85. The mass-radius relation for axion stars, found by

minimizing 𝐸∗, has two solutions

𝑅±
∗ =

𝑐1

2𝐺𝑁𝑀∗𝑚2
𝑎

©­«1 ±
√︄

1 − 𝑐2

𝑐2
1
𝜆𝐺𝑁𝑀

2
∗
ª®¬ . (6.20)

The 𝑅+
∗ root corresponds to the so-called dilute branch and the axion field value is small. On this

branch gravitational attraction is balanced by gradient pressure leading to a stable configuration.

As is typical for objects supported by uncertainty pressure the product of the radius and mass of

the star is a constant

𝑅+
∗ = 9.9

𝑀2
pl

𝑚2
𝑎𝑀∗

. (6.21)

However, as one moves to larger axion star mass the self interactions cannot be ignored and if they

are attractive (as asummed above) they destabilise the star. There is a maximal mass, beyond which

axion stars are no longer stable

𝑀m𝑎𝑥
∗ =

10.7
√
𝜆
𝑀pl . (6.22)

The two solutions meet at this maximal mass. The second solution is one where gravity can

be ignored and the gradient pressure and the axion’s attractive self interactions are in unstable

equilibrium. On this branch 𝑅∗ ∼ 𝑀∗.

The value of the axion field at the center of the star scales as 𝑎2
0 ∼ 𝑀∗/(𝑚2

𝑎𝑅
3
∗) so that at the

low mass end of the 𝑅−
∗ branch 𝑎0 ∼ 1 and the axion field is not dilute. The axions can no longer

be thought of as non-relativistic and the solution is approximately constant density (𝜌 ∼ 𝑚2
𝜋 𝑓

2
𝜋 )

and thus 𝑅∗ ∼ 𝑀
1/3
∗ . However, it is believed that this field configuration is also unstable, with

a lifetime ∼ 103𝑚−1
𝑎 Visinelli et al. [2018], although alterations to the axion potential can make
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these solutions long lived Cyncynates and Giurgica-Tiron [2021], Kawasaki et al. [2020], Olle et al.

[2021].

The upshot of this is that if a dilute axion star with mass below 𝑀max
∗ were to form and grow, by

accumulation of additional axions, to the maximal mass it would then shrink in size and become a

dense axion star which would survive for a short period. During this time the dense axion star goes

through several oscillations and a density singularity develops in the central core and this dense

region emits relativistic axions lowering the density Levkov et al. [2017]. This process repeats and

∼ 30% of the initial star mass can be emitted, leaving a dilute remnant which may in turn grow to

the maximal mass and emit more relativistic axions. Thus, maximal mass stars are an engine to

turn substantial amounts of cold dark matter into radiation.

6.6 Press-Schechter with White Noise-like power at short distances

For simplicity we take the power spectrum to be scale invariant at large scales and power law at

low scale, with a simple cut-off at very small scales. For the case of the axion it is believed the

short-scale behavior is approximately white noise parametrize, corresponding to 𝑛 = 3 below. Thus

we parametrize the power spectrum as

𝑘3𝑃(𝑘)
2𝜋2 =


𝐴1 , 𝑘 ≤ 𝑘1

𝐴0

(
𝑘
𝑘0

)𝑛
, 𝑘1 < 𝑘 ≤ 𝑘0

0 , 𝑘 > 𝑘0

. (6.23)

Note that this only depends upon four parameters (𝐴0, 𝐴1, 𝑘0, 𝑛) and continuity requires

𝑘1 =

(
𝐴1

𝐴0

)1/𝑛
𝑘0 . (6.24)

We will be interested in the regime 𝐴1 < 𝐴0 and thus require 𝑛 > 0. An input to the Press-Schechter

formalism is the variance of the density field which is given by

𝜎2(𝑅) =
∫

𝑑𝑘

𝑘

𝑘3𝑃(𝑘)
2𝜋2

���𝑊 (𝑘𝑅)
���2 , (6.25)
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where 𝑊 (𝑘𝑅) is the window function and can take various forms. For now we focus on the so-

called sharp 𝑘-filter where𝑊 (𝑧) = Θ(1− 𝑧). For this choice of window function there is not a well

defined mass, 𝑀 , associated with a filter scale 𝑅, since the real space form of𝑊 does not have local

support Maggiore and Riotto [2010]. However, we will follow the oft-used relation 𝑀 = 6𝜋2𝜌𝑅3

Lacey and Cole [1993], where in co-moving coordinates 𝜌 = 𝜌0 the present day cosmological axion

density. Note that for (6.25) to be well defined we have to introduce an IR cut-off 𝑘 𝐼𝑅 and we define

𝑀0 = 6𝜋2𝜌𝑘−3
0 . Thus the variance is,

𝜎2(𝑀) =


𝑐 𝑀 ≤ 𝑀0

𝑐 − 𝐴0
𝑛

(
1 −

(
𝑀0
𝑀

)𝑛/3
)

𝑀0 < 𝑀 ≤
(
𝐴0
𝐴1

)3/𝑛
𝑀0

𝑐 + 𝐴1
𝑛

(
log 𝐴0

𝐴1
+ 1

)
− 𝐴0

𝑛
− 𝐴1

3 log 𝑀
𝑀0

𝑀 >

(
𝐴0
𝐴1

)3/𝑛
𝑀0

. (6.26)

where

𝑐 =
𝐴1

𝑛

(
log

𝐴1

𝐴0
+ 𝑛 log

𝑘0

𝑘 𝐼𝑅

)
+ 𝐴0 − 𝐴1

𝑛
. (6.27)

We are typically interested in 𝐴1 ≪ 1 and 𝐴0 ∼ 0.1 so 𝑐 → 𝐴0/𝑛 and (6.26) also simplifies

𝜎2(𝑀) ∼ 𝐴0

𝑛
×


1 𝑀 ≤ 𝑀0(
𝑀0
𝑀

)𝑛/3
𝑀 > 𝑀0

. (6.28)

Recall that in PS formalism the halo mass function behaves as 𝑑𝑛/𝑑𝑀 ∼ 𝛿𝑐/𝜎(𝑀)𝑒−𝛿2
𝑐/𝜎2 (𝑀)

with 𝛿𝑐 (𝑧) ∼ 1.686(1 + 𝑧)/(1 + 𝑧eq). Thus, the peak in the reweighted halo mass function𝑀𝑚𝑑𝑛/𝑑𝑀

occurs at

𝑀𝑝𝑒𝑎𝑘 =

(
𝑛 + 6𝑚

2𝑛2
𝐴0

𝛿𝑐 (𝑧)2

)3/𝑛
𝑀0 . (6.29)
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Chapter 7

CONCLUSION

Our current theories about the Universe and particle physics have been very successful in many

respects. The theory prediction largely agrees with experiments and observations from colliders to

the sky. However, a few big puzzles still remain to be solved and dark matter is definitely one of

most exciting ones. The axion, motivated from solving the strong CP problem, is also a solution

to the dark matter problem. If the axion, either QCD axion or ALPs, is our dark matter candidate,

future astrophysical observations can help us test this hypothesis. The axion Universe reveals an

interesting possibility that enhanced substructures with planetary masses can form in the early

Universe. This allows us to hunt for the axion dark matter in the sky. Moreover, axion substructures

are also ideal environments for the axion star formation, which gives us rich phenomenology that

might be detectable with future observations.

In the so called post-inflationary scenario, the Peccei-Quinn symmetry is broken after inflation

and axion miniclusters are supposed to form due to the different axion field values in different

horizon patches. However, axion miniclusters can also form with nonstandard thermal histories

in the pre-inflationary scenario as we discussed in Chapter 2. We also found the story of axion

cosmology, including the axion relic density and the characteristic mass of axion miniclusters will

take different numbers in modified thermal histories.

In Chapter 3, We studied the evolution of axion minicluster and minihalos in the early Universe

with N-body simulations, including its mass function and mass profiles, which will ultimately

determine if those minihalos can be detectable. We found that while there are uncertainties at high

k modes in the axion perturbations, the majority of the mass in minihalos will be at the massive end

and therefore the overall behavior is dominated by relatively low 𝑘 modes, which are well described

by a white-noise power spectrum. The fluctuations are Gaussian at the lower 𝑘 and we find that a
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tweaked version of Sheth-Tormen mass function can well fit our simulation data. The mass profiles

are well described by the NFW profile and we find that the mass-concentration relation agrees well

with analytical predictions. These results will be important for the observability of axion minihalos

as well as the axion star formation rate in these minihalo objects.

When we extend the axion models to a broader spectrum and consider axions motivated from

other theories such as the string theory, ultralight axion-like particle can be a dark matter candidate

that has interesting observational signatures. Similar to QCD axions, the post-inflationary scenario

can lead to enhanced structure formation on small scales which can be constrained by existing

observations such as the number of high-redshift dwarf galaxies, the reionization history, and the

Ly𝛼 forest, as discussed in Chapter 4. We considered all these observables and found that the Ly𝛼

forest has the best sensitivity and constraining power. We also showed future 𝑧 ∼ 20 − 30 21cm

observations can improve these constraints further using that the supersonic motions of the axion

minihalos with masses of 104𝑀⊙ would shock heat the baryons, sourcing large BAO features.

In Chapter 5, we studied the stellar disruption and tidal disruption of axion minihalos in the

Milky Way environments. While we have established the cosmological simulations for the evolution

of minihalos in the early Universe, the disruption effects in the Milky Way are crucial for local

observations such as PTAs. However, this problem is also challenging due to the large dynamical

range. The minihalo is as small as 10−12𝑀⊙, while the Milky Way dark matter halo has a mass of

1012𝑀⊙. We use N-body simulations to study the stellar disruption of minihalos encountering with

individual stars and use the simulation results to calibrate the analytic formula. The same strategy

is applied to the tidal stripping effect, which allows us to extend our prediction to larger scales.

We also combine the tidal and stellar disruption nonlinearly and find that the stellar disruption is

the dominating effect. The mass function of axion minihalos after disruption is predicted, which

suggests that future PTA observations will still be sensitive to these minihalos as only ∼ 50% of

them have been disrupted. This method can easily be applied to generic models that can lead to

enhanced substructures.

In Chapter 6, we studied the axion star formation rate and its cosmological constraints. The

dense minihalos are ideal environments for the axion star formation since they are dense and cold.
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Therefore, we expect axion stars to form inside those dense structures. The stable solution of axion

field configurations show that axion stars above the critical mass will collapse and emit relativistic

axions. Once these stars accrete to its critical mass, most of their mass will be converted into

relativistic axions through self-couplings. We call this process axinova. The recurrerent axinovae

will deplete the mass in axion minihalos and convert them to radiation, which should be constrained

by cosmology. This will allow us to place constraint on axion parameters.

This thesis has been focused on the observational signatures of axion dark matter in cosmological

and astrophysical observations, which are complementary to the direct detection experiments. The

phenomenology of axion dark matter in the sky is rich and a lot of theoretical predictions have

been made in this thesis. However, there are still exciting paths ahead that can lead us to interesting

results. For example, the radio signals from axion minihalos or axion stars are not well understood

yet. Moreover, the individual mass of each axion star inside each minihalo is also uncertain, which

requires both numerical and analytical methods to help us understand the accretion process better.

We expect the coming years will see more progress in these directions both on the theoretical and

the observational sides. Such progress may lead even to evidence that axions are the dark matter.
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