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Department of Mechanical Engineering

This dissertation presents and evaluates new control approaches for flexible object transport

using robot networks. Recent works have investigated bio-inspired strategies to transport

objects using decentralized robot networks that only use local measurements without the

need for communication between robots. However, current decentralized theories focus on

ensuring state consensus at the end of the transition and not during transition. Deviation

of states during transition causes large deformation, which can lead to damage of the object

transported. With current methods, deformation can only be reduced by increasing the

transport time. In contrast, this dissertation develops a delayed self-reinforcement (DSR)

approach for transport tasks to reduce deformation during transport of flexible objects,

without increasing transport time. An advantage of the DSR method is that it only uses

a delayed self reinforcement of each robot’s actions utilizing prior available data and does

not require additional information from the network. This dissertation presents the novel

fully decentralized approach using DSR for transporting flexible objects with robot networks,

which substantially reduces deformation.
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Chapter 1

INTRODUCTION

The use of a multiple robot systems (robot networks) has gained more interest recently

due to its advantages as compared to a single robot, which offers flexibility and scalability

to do different tasks. For this reason, robot networks have been used in several applications,

such as in a platoon of vehicles [4], surveillance and exploration [5], and object transport

[2, 6–8]. In general, two typical control schemes used for robot networks are centralized

and decentralized. Centralized approaches have been used to achieve precision collaborative

control of robot networks [9, 10]. However, the challenge of centralized approaches is the

need for sufficient communication bandwidth between the robots and the central controller

to maintain situational awareness and generate control actions, which might not be available

in all settings [11]. On the other hand, a decentralized approach has several advantages

including (i) robustness to failure of one or more robots [12, 13], (ii) scalability of number

of robots in the network [7, 14], and (iii) versatility to transport different objects [13, 15] as

compared to a centralized approach. Therefore, there is a growing interest in decentralized

approaches for robot networks, especially in the application of object transport [16,17].

Observation in nature indicates that ants seem to use local force measurement in their

movement to transport foods, rather than communicating explicitly, e.g., [18]. Similarly,

in a transport task the elasticity of the object can be used to transmit information (i.e.,

forces and positions) among neighbors in the network, instead of communicating with each

other directly. Such methods can be used to achieve transport of flexible objects from one

position to another, say within some specified transport time. However, the main challenge

in decentralized methods is that the deviation between robot states during transition are

relatively large, resulting in large deformation which can lead to damaging the object. For
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example when transporting uncured-composite aircraft wings, large deformations can lead

to structural damage. A current solution to reduce deformation is by slowing down, e.g.

increasing transport time, which is not ideal in some cases. Therefore, the main goal of

the dissertation is to develop an approach to reduce deformation of flexible object transport

in a decentralized manner, without increasing the transport time or changing the network

structure. In the following, the current limitation of decentralized-based transport system is

presented using an illustrative example and a brief discussion of the research goal with main

contributions are also discussed.

1.1 Problem Statement

In this section, an example of network-based transport system is presented, followed by its

current limitation.

1.1.1 Network-based update for object transport

Consider a network-based transport system in Fig. 1.1 to illustrate the drawback of such

systems. The example system consists of four robots carrying a flexible object shown as the

(a) Transport system (b) Typical response

Figure 1.1: Network-based decentralized transport. (a) An example of object transport using a network of

four robots with position yi with i ∈ {1, 2, 3, 4}. The red box indicates the leader robot which has information

of desired trajectory yd and the blue boxes are the follower robots. The object transported is shown as the

black line. (b) Typical position of each robot in the network in a response to a step in position yd = 1cm.
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black line. Only the leader (shown in red) has the information of the desired trajectory yd,

and the followers (shown in blue) only respond to local measurement (force) given changes

in their neighbors position. Then, the network-based update law in discrete time can be

written as,

yk[m+ 1] =

yk[m]− γfk[m] if k is a follower

yk[m]− γfk[m]− γkL(yk[m]− yd[m]) if k is a leader,

(1.1)

where yk is the position of robot k, fk is the local force measurement at the contact point

of robot k, kL is the alignment strength between leader robot and desired trajectory yd, γ

is the update gain, and m indicates a discrete time instants (mδt) with δt as the sampling

time. Note that the update of each robot only depends on its local force measurement, thus

the system is decentralized.

1.1.2 Current limitation

Let the deformation metric be quantified as difference between robots’ positions, i.e.,

D̄ = max
m

{
D[m] = max

i,j
|yi[m]− yj[m]|

}
, (1.2)

where i, j ∈ {1, 2, 3, 4}. The typical position response of each robot is shown in Fig. 1.1b,

which shows convergence only at the end of transition, but the deviation of positions between

robots are relatively large during transition. This implies that the object is deformed during

transition, which can lead to damage. A way to reduce deformation is by changing the

update gain γ in Eq. (1.1), but it requires increasing the transport time. For instance as

shown in Fig. 1.2, the maximum deformation is reduced to 0.550cm with transport time of

20s as compared to 0.612cm with transport time of 2s. Hence, there is a trade-off between

transport time and deformation as shown in Fig. 1.3. Decreasing the update gain γ does

reduce deformation, however the transport speed increases and vice versa.

The current limitation of the current decentralized approaches is that reducing the object

deformation with current methods requires an increase in the transport time. Thus, this
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(a) Faster response (b) Slower response (c) Deformation over time

Figure 1.2: (a) A faster response by increasing the update gain γ in Eq. (1.1). Note that all robots reach

yd = 1cm in 2s time. (b) Conversely, a slower response by decreasing γ but the task in completed in

20s for the same yd = 1cm. (c) A comparison between the two responses showing the deformation as in

Eq. (1.2), where the maximum deformation is higher when moving faster (D̄ = 0.612cm) than moving slower

(D̄ = 0.550cm) per Eq. (1.2).

Figure 1.3: Typical trade off between transport time and deformation as in Eq. (1.2) with respect to update

gain γ.

motivates the main research goal that is to develop an approach for transporting flexible

objects using robot networks in a decentralized manner, while avoiding excess deformation

without increasing transport time.
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1.2 Research Goal

The main research goal which is to transport flexible objects using robot networks in a

decentralized manner, while avoiding excess deformation without increasing transport time.

This leads to the formulation of research questions (RQs) and main contributions (MCs)

described in the subsequent subsections in the following.

1.2.1 RQ1: Does accelerated methods decrease deformation during transition?

Increasing state transition time allows each robot in the network to response faster, thus

reaching faster convergence. This can be achieved by using accelerated-gradient-based method

as shown in [19] and can potentially yield to decrease in deformation. Therefore, the objective

of research question 1 (RQ1) is to investigate if accelerated methods decrease deformation

of the object during transition.

MC1: Development and evaluation of an accelerated-gradient-based method for

object transport.

The first main contribution (MC1) of the dissertation addresses research question 1

(RQ1) and has been published in [1]. For a robot network, increasing state transition time

can potentially decrease deviation between robots state, thus reducing object deformation

during transition. The convergence rate of the standard decentralized update law shown

in Eq. (1.1) only depends on the update parameter γ. However, there is a limit on the

parameter γ which affects the stability of the network. An alternative way to increase

speed of convergence is by using an accelerated-gradient-based method [1, 19]. For object

transport tasks, the accelerated method is formulated by modifying the standard update law

in Eq. (1.1) to obtain,

yk[m+ 1] = yk[m]− γfk[m]− γkL(yk[m]− yd[m])

+ β2(yk[m]− yk[m− 1])− β1(fk[m]− fk[m− 1]),
(1.3)

where β1 and β2 are the accelerated gains, kL ̸= 0 if k is a leader and zero otherwise . The
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added terms in Eq. (1.3) allow the rate of convergence to be speed up by selecting gains β1

and β2.

However, as shown in the results in [1], faster transition does not necessarily decrease

deformation. Indeed, for a specific desired trajectory, e.g. a constant speed (ramp in po-

sition), the deformation does decreases, but for another trajectory, e.g., a step in position,

the deformation is still large. This leads to the next research question (RQ2), that is to

investigate an alternative approach to reduce deformation during transition.

1.2.2 RQ2: How to reduce deformation during transition without increasing transport time?

Faster transition does not necessarily reduce deformation. Although, it increases rate of

convergence of the robot network to a new consensus value, the deformation is still large

or even more at some cases as shown in Fig. 1.2c. An approach to decrease deformation is

by considering an ideal centralized-based approach, which is implemented in a decentralized

manner using delayed-self-reinforcement (DSR) method. The DSR approach enables all

robots to have similar responses during transition, resulting in small deviations between

states of the robot and thus decreasing deformation. Hence, the objective of research question

2 (RQ2) is to investigate if the DSR approach reduces deformation during transition.

MC2.1: Development of a reduced-deformation approach using DSR for trans-

lational transport.

The first part of main contribution 2 of the dissertation (MC2.1) is the development

of DSR based approach for translational transport, which has been published in [2]. The

delayed-self-reinforcement (DSR) approach uses outdated feedback measurements of each

robot to achieve similar responses among the robots in the network, similar to the accelerated

approach shown in Eq. (1.3). In fact, the DSR approach is a special case of accelerated

approach with the gain β2 = 1. The DSR-based update law can be written as,

yk[m+ 1] = yk[m]− γfk[m]− γkL(yk[m]− yd[m])

+ (yk[m]− yk[m− 1])− β(fk[m]− fk[m− 1]),
(1.4)
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where β is the DSR gain. The results in [2] show that with DSR, the deformation of the

object during transition decreases significantly due to the fact that each robot moves in a

similar way.

The main contribution published in [2] focuses on the translation motion where the zero

deformation state are similar for all robots. However, rotation transport poses another

challenge due to change is object orientation. Orientation changes caused by rotations of the

leader robots can cause larger deformations when compared to translational transport case

since the desired movement of other robots in the network tend to increase with distance from

the center of rotation and depends on the object geometry, whereas during translation only

all robots have similar desired displacements. This leads to the development of the second

part of main contribution 2, that is to reduce deformation for translational and rotational

transport.

MC2.2: Development of a reduced-deformation approach using DSR for trans-

lational and rotational transport.

The second part of main contribution 2 (MC2.2) is to develop DSR-based approach

for translational and rotational transport. This work has been accepted to a peer-reviewed

journal shown in [3]. Rotational motion affects the dynamics of the object to be time-

varying due to change in orientation. As a consequence, the zero deformation state for

each robot is also changing with respect to object’s geometry and orientation. Since the

rate of object orientation directly affecting the deformation of the object during rotation,

the main contribution is to establish stability conditions on the control parameters for the

DSR approach while also quantifying the deformation bounds that depends on the rate of

orientation changes.

1.2.3 RQ3: Can the transport task be fully-decentralized?

Bio-inspired decentralized approaches for transporting objects with robot networks seek to

use locally-sensed information without the need for communication. However, the parameter
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selection to achieve a specified network performance (e.g., to achieve a desired network set-

tling time Ts) depends on the specific network and therefore tends to be a centralized decision.

Such centralized parameter selection is not biomimetic and might not be viable if commu-

nication is not available between agents to achieve consensus on the parameter selection.

Therefore, the objective of research question 3 (RQ3) is to investigate a fully-decentralized

approach for the transport tasks to select the control parameters in decentralized manners.

MC3: Development of decentralized parameters selection for transport tasks.

The third main contribution (MC3) addresses research question 3 (RQ3) and the article is

ready to be submitted to a peer-reviewed journal [20]. The goal is to develop a decentral-

ized parameter selection approach using local measurements, which does not require prior

knowledge of the network connectivity structure or object properties. The proposed delayed

self-reinforcement (DSR) approach decentralizes the ideal case (where each robot has infor-

mation about the transport task) with only already-available, sensed interaction forces with

the object.
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1.3 Research Timeline

The summary of the research timeline is shown in the Fig. 1.4 below.

Figure 1.4: Research timeline with main contributions and publications [1–3].

1.4 Structure of the Thesis

The rest of this dissertation is organized as follows. Chapter 2 provides background of each

main contribution, including the a brief review on accelerated-gradient-based and delayed-

self-reinforcement (DSR) approaches. Chapter 3 presents the main contribution 1 (MC1),

that is the development of accelerated-gradient-based approach. Next, Chapter 4 which

presents the first part of main contribution 2 (MC2.1), that is to use DSR to reduce defor-

mation during translational transport. Chapter 5 presents the continuation of main contri-

bution 2 (MC2.2) to extend the DSR approach for translational and rotational transport.

Chapter 6 presents the efforts for the main contribution 3 (MC3), a decentralized parame-

ters selection for transport tasks. And lastly, Chapter 7 discusses potential direction towards
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future work regarding the transport task using robot networks.
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Chapter 2

BACKGROUND

This chapter presents a brief review and background of main contributions (MC1, MC2,

MC3) of this dissertation. Each corresponding background are taken from the published

articles in [1, 2], the accepted article in [3] and the ready-to-submit article in [20].

2.1 Background on object transport

2.1.1 Transport: manipulation and locomotion

In general, a transport task includes (i) locomotion, i.e., the motion of the object from one

position to another and (ii) manipulation, i.e., the handling aspect such as holding and

orienting the object [21, 22]. Manipulation aspect of the transport, e.g., holding an object

using friction can require centralized coordination to partition the required holding forces

amongst the different robots, with a zero net resultant force [8, 23]. If the object does not

have to be held up by the robots, then other strategies such as pushing-and-pulling, grasping

or caging can be used for the locomotion aspect of transport, e.g., see [24]. Since it is possible

to decouple the manipulation and locomotion tasks [21, 22], this dissertation focuses on the

locomotion aspect of the transport by attaching the robots to the object using connectors

that create pin-joint and cantilever-type connectors to hold the object.

2.1.2 Decentralized versus centralized

Centralized approaches have been used to achieve precision collaborative control of robot

networks [9, 10]. However, the challenge of centralized approaches is the need for sufficient

communication bandwidth between the robots and the central controller to maintain situa-

tional awareness and generate control actions, which might not be available in all settings [11].
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Moreover, detailed models of the object being transported (that couples the interactions be-

tween the robots) might not be available to implement centralized collaborative controllers.

Approximate models can be used, but inaccuracy of object models lead to errors in robot

control inputs, which can cause asynchronous motions among robots and potentially damage

the object.

On the other hand, a decentralized approach has several advantages including (i) ro-

bustness to failure of one or more robots [12, 13], (ii) scalability of number of robots in the

network [7, 14], and (iii) versatility to transport different objects [13, 15] as compared to a

centralized approach. Therefore, decentralized approaches are more preferable to be used for

object transport with robot networks [16,17]. In the application of an object transport task,

local force and velocity measurements from the interaction with the object have been used to

update each robot’s motion and alignment in a decentralized manner [7]. If the mass of the

object is relatively small compared to the robot, or if the accelerations are small, then the

forces caused by the inertial dynamics [8,25,26] are less significant than the forces caused by

robots’ elastic interactions [5, 27], and local position-based robot control updates with force

feedback can be used for object manipulation, e.g., [28, 29]. The work in this dissertation

uses similar local (force) measurements to update robot’s next position in a decentralized

manner.

2.2 MC1: Development and evaluation of an accelerated-gradient-based method
for object transport.

The overall goal is to move flexible objects rapidly without increasing deformation using

robot networks. Large deformations in the object can lead to damage. Nevertheless, the

flexibility of the object can be used to transmit information about the displacements and

forces from neighbors for co-ordination of the task, rather than requiring communication

with each other. Similar behavior is seen in nature, where ants appear to use local force

and displacement measurements instead of using direct communication to transport food,

e.g., [18]. As opposed to rigid objects, flexible objects can convey the intent of neighboring
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robots through both local forces and deformation. Therefore, changes to the desired shape

of highly flexible objects has been measured and used as feedback for decentralized control

of robot teams during transport, e.g., [5, 27]. Similarly, local force measurements on flexible

objects have been used to update the force applied by each robot in a decentralized manner

in [8,30]. The speed of transport, i.e., convergence of the robot team and the flexible object

to a new position, depends on the specific connectivity-graph of the team. It is shown in

this work that the fastest transport to a new position is limited by the need to ensure overall

stability [31]. Moreover, the transport speed tends to decrease as the number of robots

increases, especially if the number of inter-robot connections remain small [32]. This limit

motivates the current investigation into alternate update laws to speed up the transport for

the same connectivity between the robot team and the flexible object, without increasing

object deformation.

This work uses the accelerated-gradient approach to improve the convergence of the robot

team and thereby achieve faster transport. Note that the robot team’s update law can be

considered to be the gradient of a potential, e.g., [8]. Hence, this work proposes the use

of accelerated-gradient-based approaches, which have been used to speed up gradient-based

optimization [19], to speed up transport using robot teams. Nevertheless, it is important

that the increase in transport speed does not lead to excessive deformation. For example,

when transporting flexible objects, such as large uncured-composite aircraft wings in a man-

ufacturing setting, large deformations can lead to damage. Therefore, this contribution work

selects the parameters of the accelerated gradient-based update approach to increase the

transport speed without increasing the deformations of the flexible object. An advantage of

the proposed gradient-based approach is that it can be implemented with only local force

information using an accelerated delayed self reinforcement (A-DSR), without the need for

additional information.
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2.3 MC2.1: Development of a reduced-deformation approach using DSR for
translational transport.

The main goal is to transport flexible objects cohesively (i.e., all robots move in a similar

manner) using decentralized robot networks. Network control theories can be used to rapidly

transition from one equilibrium (where all the robots in the network are in consensus) to

another, i.e., a new consensus value, which also can be applied for transporting an object

using robot networks. However, current network theories focus on the speed of convergence

to a new consensus value [19, 33], and they do not aim to ensure that the robot responses

remain cohesive during transition. For a transport task, the lack of cohesion during transition

can lead to large deformation and cause damage to the object being transported. While

centralized communication can yield to low-deformation transport [9,10], there is a growing

interest in decentralized transport using a robot network that only uses local sensing due to

robustness to one or more robot failures [12,13], adaptability to varying number of robots [7,

14], and versatility to transport different objects [13, 15], without the need for centralized

control and communication [11]. The main contributions of this chapter are to propose a

cohesive transport approach for flexible structures with decentralized robot networks, and

to establish stability conditions for a discrete-time implementation using local force sensing.

Observation in nature indicates that ants seem to use local force measurement in their

movement to transport foods, rather than communicating explicitly, e.g., [18]. Similarly, in

a transport task the elasticity of the object can be used to transmit information (i.e., forces

and positions) among neighbors in network, instead of communicating with each other. For

example, as shown in [7,8,30,34] measurements of the local force exerted between the flexible

object and robot can be used to infer the local deformation and accomplish the transport

task in a decentralized manner. Alternatively, changes in the desired shape of the object can

also be measured to develop a decentralized feedback control for object transport, e.g., [5,27].

While such methods can be used to achieve transport of flexible objects from one position to

another, say within some specified settling time, there is no direct control over the resulting
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deformations on the object. In the presence of only a few leaders (who have access to desired

transport trajectory), there can be substantial deviation in the robot positions away from

the leaders resulting in distortion and potential damage. For example when transporting

uncured-composite aircraft wings, large deformations can lead to structural damage. If

all the robots are leaders with access to the desired transport trajectory, then the network

response would be cohesive, but this leads to a centralized approach, and such communication

might not be always feasible, e.g., if one of the robots is directly controlled by a human and

the others follow based on neighbor-based observations or local sensing of the object. This

motivates the effort to improve cohesion during decentralized transport of flexible objects.

2.4 MC2.2: Development of a reduced-deformation approach using DSR for
translational and rotational transport.

Decentralized object transport involves a team of robots carrying an object in a cooperative

manner from one place to another. If the robots are not physically attached to the object then

they rely on pushing actions [7,15,35], and if the robots physically grasp the object, then they

can both push and pull the object [8,11,13,25]. In either case, direct communication between

robots is needed to allocate the required forces amongst the robots. The main contribution

considers decentralized transport of flexible objects without the need for communication

between robots. Such decentralized approaches are found in nature, e.g., when ants use local

measurements (small vibrations and forces) to cooperatively transport food, instead of using

direct communication [18, 36, 37]. Similar biomimetic approaches using local measurements

have been used for the transport of flexible-objects using decentralized robot networks [1,7,

11, 12, 17]. In these approaches, each robot measures its local deformation and then seeks

to reduce it. The object acts as a medium to convey information between robots, and

coordinate the transport. The connectivity of robots in the network is established through

the object, as illustrated in Fig. 2.1. Thus, local measurements can be used in lieu of inter-

robot communications for object transport with decentralized robot networks.

The goal is to avoid excessive deformation of the flexible object during transport since
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(a)

(b) (c)

Figure 2.1: (Top) An implicit network is formed between the robots due to the connectivity through the

flexible object (a). Each robot uses locally measured force or deformation to infer information about the

overall intended task as well as external perturbations, which eliminates the need for direct communication

with each other to coordinate the transport. The position pi of the ith robot in global frame (x, y, z) is

(px,i, py,i, pz,i) and in the local frame (x̄, ȳ, z̄) is (p̄x,i, p̄y,i, p̄z,i). The local frame is attached to the leader

robot (i = L) and oriented at ΘL = [θx,L, θy,L, θz,L]
⊺ with respect to the global frame. (Bottom) Example

transport trajectories without DSR (b) and with DSR (c). Both cases have the same leader trajectory pL

and transport time T between initial and final configurations. However, the maximum deformation D∗ is

smaller with DSR.

it can lead to damage, e.g., when transporting uncured-composite parts during aerospace

manufacturing [38]. The object deformation tends to increase with distance from the lead

robots that have access to the desired transport trajectory during autonomous operations or

are being directly controlled by a human. Moreover, orientation changes caused by rotations

of the lead robots can cause larger deformations when compared to translational transport
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case since the desired movement of other robots in the network tend to increase with distance

from the center of rotation and depends on the object geometry, which in turn, requires

centralized information of the object’s geometry. In contrast, all robots have similar desired

displacements during translation. While the robot-network structure can be optimized to

minimize the object deformation, the research challenge is that, in general, reducing the

object deformation D∗ also requires an increase in the transport transition time T (i.e., the

transition time between the initial and final configurations) for a given transport trajectory

pL. This motivates the current work to develop an approach that decreases the object

deformation D∗ without increasing the transport time T for the same desired trajectory pL,

as shown in Fig. 2.1. The desired trajectory pL is available only to the leader robots and

not to the follower robots, which use locally sensed forces to infer the required change in

position. The main contribution is to develop a decentralized approach for transport tasks

that uses previous local force measurements to add a delayed self-reinforcement (DSR) to

the robots’ actions, resulting in smaller object deformation, even during orientation changes.

An advantage is that the DSR approach does not require changes to the network structure,

i.e., neither the connectivity between the robots nor an increase in the number of robots nor

increased inter-robot communication.

The work in this main contribution is an evolution of prior work of the main contribution

2.1 (MC2.1) also shown in [2], which presented experimental results that DSR can reduce

deformation during purely translational transport where the motion of the robots is cohe-

sive, i.e., each robot moves in the same manner. Moreover, the dynamics of translational

transport is time-invariant. In contrast, the current work develops a new decentralized DSR

theory for orientation changes, when the robot motions are no longer cohesive, since the de-

sired position-changes for the robots can vary depending on the robot’s geometric location.

Additionally, analysis is developed for the resulting time-varying dynamics (i) to establish

conditions on the control parameters for stability of the DSR approach and (ii) to quantify

the performance in terms of deformation bounds.
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2.5 MC3: Development of decentralized parameters selection for transport
tasks.

Decentralized approaches for transporting flexible objects with robot networks seek to use

only locally-sensed information without communication between robots [39]. Such decentral-

ized behavior is observed in natural systems, for instance, when ants cooperatively transport

food. Studies have shown that ants only use local small vibrations and forces from the inter-

actions with the object to infer the collective intent of the group, rather than communicating

directly with each other [36, 40]. Similarly, in bio-inspired object transport, the goal is to

use a team of robots for transporting objects from one place to another by using only local

measurements without communication. However, local communication is often needed to

partition the net force amongst all the robots [8, 15] and to ensure that the net force aligns

with the desired transport direction [41,42], as illustrated in Fig. 2.2. The need for commu-

nication can be avoided when the object is flexible since the local interaction forces implicitly

contain information about the forces acting on the object. Specifically, local measured forces

can be used to find robot motion updates to achieve decentralized implementation of the

cooperative transport [7, 12,35]. Nevertheless, even with such decentralized implementation

of the transport task, centralized information is still needed to design the gain for each in-

dividual robot update [21, 43]. This work considers decentralized methods to select update

gains for each robot for achieving specified performance, without the need for centralized

information about the robot-object network structure or stiffness properties of the flexible

object.

The parameter selection in robot networks also tends to be centralized in order to meet

the desired transport performance criteria, such as settling time and stability. In general,

the network settling time Ts can be designed to be much slower than the settling time of

each individual robot Tr and the update sampling time δt, to ensure network convergence,

i.e.,

Tr < δt << Ts. (2.1)
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Figure 2.2: Example transport network with four robots pi for i ∈ {L, 1, 2, 3}, transporting an object. The

schematic shows that each robot applies prerequisite force fi for i ∈ {L, 1, 2, 3} such that the net force
∑

i fi

aligns with the direction of transport.

However in the standard decentralized approaches, selecting the network settling time Ts

is depending upon the second smallest eigenvalue of the network connectivity matrix, i.e.,

the Laplacian matrix [44]. Obtaining this information tends to be challenging without cen-

tralized knowledge concerning the network connectivity structure. Furthermore, the control

parameters need to be selected to ensure stability of the transport. Yet, finding the bounds of

stable control parameters relies on centralized information, specifically the largest eigenvalue

of the network connectivity matrix. This holds true even for the recently developed approach

that uses delayed self-reinforcement (DSR) to reduce deformation during transport [1,2]. Al-

though the DSR-based transport approach effectively reduces deformation during transport

and allows the robots to achieve the desired network settling time Ts, the design of the DSR

algorithm, including the optimal parameter selection, requires the knowledge of network con-

nectivity structure. Such centralized parameter selections are not viable for large networks

with varying number of robots and for transporting different types of objects. In addition,

these approaches do not reflect the novelty of the fully decentralized behavior observed in

biological systems. This motivates the current work to develop a decentralized parameter
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selection approach using local measurements, which does not require prior knowledge of the

network connectivity structure or object properties.
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Chapter 3

MC1: DEVELOPMENT AND EVALUATION OF AN
ACCELERATED-GRADIENT-BASED METHOD FOR OBJECT

TRANSPORT

This chapter forms the main contribution 1 (MC1) of this dissertation, that is to use

accelerated - delayed self reinforcement (A-DSR) to achieve faster transport using robot

networks, and has been published in [1]. This work proposes the use of accelerated-gradient-

based approaches, which have been used to speed up gradient-based optimization [19], to

speed up transport using robot networks. Nevertheless, it is important that the increase in

transport speed does not lead to excessive deformation. For example, when transporting

flexible objects, such as large uncured-composite aircraft wings in a manufacturing setting,

large deformations can lead to damage. Therefore, the work in this chapter selects the

parameters of the accelerated gradient-based update approach to increase the transport speed

without increasing the deformations of the flexible object. An advantage of the proposed

gradient-based approach is that it can be implemented with only local force information

using an accelerated delayed self reinforcement (A-DSR), without the need for additional

information.

3.1 Preliminaries and problem statement

3.1.1 Preliminaries

The decentralized robot team here is a set of robots that interact with each other by sensing

local forces through the object being transported, without the need for direct communication

between them, as illustrated in Figure 3.1. The team includes a leader robot rL that has

access to the desired position trajectory zd = [zd,1, zd,2, zd,3]
T ∈ R3 (with the superscript
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T indicating matrix transpose), which can be provided by an external source such as a

human. This access to the desired trajectory zd is included in the model as a virtual robot,

which is at the desired position zd at all times and is connected to the leader robot rL via

virtual springs of stiffness
{
k̂L,j

}3

j=1
that denotes the alignment strength between the leader’s

position zL = [zL,1, zL,2, zL,3]
T ∈ R3 and the virtual robot’s position zd.

Figure 3.1: Schematic transport model with n robots at nodes xk on the flexible object where 1 ≤ k ≤ n.

Background: gradient-based position update

Decentralized transport using local force feedback can be modeled as a network-based up-

date [7, 8]. The relation between force F ∈ R3n and position Z ∈ R3n of the flexible object

at nodes attached to the robots in Figure 3.1 can be related through the gradient of the

potential energy Φ̂(Z) due to object’s elastic deformation as

F = ∇Φ̂(Z), (3.1)

where Z = [z1, . . . , zn]
T , the position zk ∈ R3 of the kth robot at node xk is a vector of its

three components zk = [zk,1, zk,2, zk,3]
T measured from an initial undeformed configuration of

the flexible object. The total potential Φ, which includes the potential of the virtual springs

is given by

Φ(Z) = Φ̂(Z) +
1

2

3∑
j=1

[zL,j − zd,j]
T k̂L,j[zL,j − zd,j]. (3.2)

Note that if all robots are at the same desired position zk = zk,d = zd for 1 ≤ k ≤ n with

the position of all robots Z = Zd = [z1,d, . . . zn,d]
T , then the elastic deformation and the
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potential energy Φ̂(Z) are zero, resulting in zero total potential, i.e., Φ(Zd) = 0. Therefore,

the position update of the robot seeks to minimize the potential energy Φ using its gradient

as

Z[m+ 1] = Z[m]− γ∇Φ(Z[m]), (3.3)

where the position updates are completed within the time interval δt, Z[m] ∈ R3n represents

the position Z at discrete time instants, i.e., Z[m] = Z(mδt), and γ is the update gain.

Implementation using local sensing

For an individual robot rk, Eq. (3.3) can be written in terms of the local force fk =

[fk,1, fk,2, fk,3]
T ∈ R3 depending on whether the robot is a leader or not, as

zk[m+ 1] =

zk[m]− γfk[m] if k ̸= L

zk[m]− γfk[m]− γk̂L(zL[m]− zd[m]) if k = L,

(3.4)

where k̂L is a 3 × 3 diagonal matrix with k̂L,j (1 ≤ j ≤ 3) along the diagonal. Since the

current work aims to keep the deformation in the object small, the force-position relation in

Eq. (3.1) is considered to be linear, i.e.,

F = K̂Z, (3.5)

where the stiffness matrix K̂ is positive semidefinite, i.e., ZT K̂Z ≥ 0 for any robot-team

position. Then, the update dynamics in Eq. (3.3) can be rewritten as

Z[m+ 1] = PZ[m] + γBzd[m], P = I− γK (3.6)

whereK, referred to as the pinned Laplacian [44], is identical to the stiffness matrix K̂ except

along the diagonal terms associated with the leader where K(L∗+j),(L∗+j) = K̂(L∗+j),(L∗+j) +

k̂L,j for L
∗ = 3(L− 1) and 1 ≤ j ≤ 3. The matrix B is nonzero only at rows associated with

the leader robot, i.e., B(L∗+j),j = k̂L,j for 1 ≤ j ≤ 3 and zero elsewhere.
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Assumption 1 In the following, it is assumed that there are no rigid body modes (transla-

tions or rotations of the flexible body) remaining when the virtual robot is at a fixed position

zd, i.e., the eigenvalues λK,k of the pinned Laplacian K are nonzero.

Bound on update gain for stability

For a fixed desired position trajectory zd, the robot position Zd is an equilibrium since it

results in an update zk[m+1] = zk[m] in Eq. (3.4) and the local force fk = 0. The transport

dynamics in Eq. (3.6) is stable if the spectral radius (maximum magnitude of the eigenvalues

λP,k) of the matrix P = I− γK is less than one, i.e.,

ρ(P) = max
k

|λP,k| = max
k

|1− γλK,k|< 1 (3.7)

where λK,k = ak + bk
√
−1 are the eigenvalues of the pinned Laplacian K. The stability

condition in Eq. (3.7) is met if the update gain γ satisfies [31]

0 < γ < min
1≤k≤n

2ak
a2k + b2k

= γ. (3.8)

3.1.2 Problem statement

The update gain can be selected from the stable range in Eq. (3.8) to speed up the conver-

gence of the robot team Z to a desired position Zd, i.e., to achieve a desired transport time.

However, there is no control over the resulting deformation in the flexible object during the

transition to the desired position of Zd. Therefore, the research problem is to decrease the

deformation of the flexible object without changing the transport time. Alternatively, the

proposed approach seeks to decrease the transport time without increasing the deformation.

This improvement is to be achieved without changing the robot-connectivity structureK and

without centralized approaches such as broadcasting the desired trajectory zd to all robots.
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3.2 Proposed approach

3.2.1 Accelerated Delayed Self Reinforcement (A-DSR)

The generalized accelerated-gradient update is given by modifying the standard gradient-

based update in Eq. (3.3), as in [19,45] to

Z[m+ 1] = Z[m]− γ∇Φ
{
Z[m] + β1

(
Z[m]− Z[m− 1]

)}
+ β2

(
Z[m]− Z[m− 1]

)
(3.9)

= Z[m]− γ(1 + β1)K
{
Z[m] + β1

(
Z[m]− Z[m− 1]

)}
+ γ(1 + β1)B

{
zd[m] + β1

(
zd[m]− zd[m− 1]

)}
+ β2

(
Z[m]− Z[m− 1]

)
. (3.10)

The A-DSR update in Eq. (3.10) can be computed by each robot rk using local force fk as,

zk[m+ 1] =zk[m]− γ(1 + β1)
2fk[m] + γ(1 + β1)β1fk[m− 1]

+ β2(zk[m]− zk[m− 1])

− γ(1 + β1)
2k̂∗

k(zL[m]− zd[m])

+ γ(1 + β1)β1k̂
∗
k(zL[m− 1]− zd[m− 1]), (3.11)

where k̂∗
k = k̂L if robot rk is a leader (k = L), and k̂∗

k = 0 if robot rk is not a leader (k ̸= L).

Note that this update can be implemented by each robot using current and delayed self

reinforcement with previously collected information, as illustrated in Figure 3.2, hence it is

referred to as A-DSR.

3.2.2 Stability conditions for A-DSR

The proposed A-DSR dynamics in Eq. (3.10) can be expressed further in a state-space form

as,

S[m+ 1] = AsS[m] +Bssd[m], (3.12)
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	(a)	Without	A-DSR	

	(b)	With	A-DSR	

Figure 3.2: Implementation of transport update for robot rk using locally-sensed force fk and position zk.

Top (a): without A-DSR approach as in Eq. (3.4). Bottom (b): with A-DSR as in Eq. (3.11), which includes

delayed self reinforcement by each robot using previously collected information.

where

S[m+ 1] =

 Z[m]

Z[m+ 1]

 ∈ R6n, S[m] =

Z[m− 1]

Z[m]

 ,

As =

 0 I

β1γ(1 + β1)K− β2I (1 + β2)I− γ(1 + β1)
2K

 ,

Bs =

 0 0

−γβ1(1 + β1)B γ(1 + β1)
2B

 ,

sd[m] =

zd[m− 1]

zd[m]

 ∈ R6.

(3.13)
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The proposed A-DSR approach is stable if the update parameters (γ, β1, β2) are selected

such that the spectral radius ρ(As) is less than one, i.e.,

ρ(As) = max
k

|λAs,k| < 1. (3.14)

where λAs,k are eigenvalues of the matrix As.

Remark 1 (With and without A-DSR) The update with A-DSR in Eq. (3.10) is the

same as the update without A-DSR in Eq. (3.6) if β1 = β2 = 0. Therefore, the proposed

A-DSR approach can only improve the performance of the robot team as compared to the

case without A-DSR, due to the additional flexibility in the choice of β1 and β2.

Remark 2 (Nonlinear case) The A-DSR approach in Eq. (3.9) and the update using local

force in Eq. (3.11) are still valid when the force-position expression in Eq. (3.1) is nonlinear.

Moreover, if a linearization as in Eq. (3.5) is possible, then the stability of the linearized

update dynamics also ensures local stability of the nonlinear update dynamics about the un-

deformed position Z = 0.

Remark 3 (Multiple leaders) The virtual robot can be connected to multiple leader robots

resulting in the modified update in Eq. (3.4) for each leader robot, and a modification of the

total potential in Eq. (3.2) to include the potential energy of the additional virtual springs. In

the extreme case when all robots are leaders, with access to the desired trajectory, all robots

can follow it in the same manner and therefore, the deformation can be substantially reduced.

However, such a system is centralized.

3.3 Experimental system

This section presents the experimental setup to evaluate the proposed approach. Further-

more, the evaluation metrics and selection of update parameters are discussed. The following

three cases are used in the comparative evaluations.
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• Case 1: Without A-DSR, the baseline case as in Eq. (3.4).

• Case 2: With A-DSR as in Eq. (3.11) with the update parameters (γ, β1, β2) selected

to minimize the deformation with the same transport time as in Case 1.

• Case 3: With fast A-DSR as in Eq. (3.11) with the update parameters (γ, β1, β2)

selected to minimize the transport time with the same deformation as in Case 1.

3.3.1 System description

In this experiment, a transport task along a single axis, i.e., zk = [0, 0, zk]
T , fk = [0, 0, fk]

T

with zk ∈ R, fk ∈ R, is considered to demonstrate the efficacy of the proposed approach.

The experimental system consists of four custom mobile robots shown in Figure 3.3. Each

robot is equipped with magnetic encoders on the wheels for absolute position feedback, a

micro-controller for on-board computation of control inputs and load cells as a force sensing

mechanism, as shown in Figure 3.4. Each robot has a grasping hook on the front that enables

attachment to the flexible object. To visualize the deformation during transport, the object

is chosen to be highly flexible, comprising of a coiled spring with diameter of 1.30cm and

length of 90cm.

Robot	1Robot	2Robot	3Robot	4 Virtual
robot

Figure 3.3: Top: Experimental setup of flexible load transport. Bottom: Schematic model of transport.

The schematic robot transport is shown in Figure 3.3. Each robot is connected to its

nearest neighbor, and only the leader (robot 1) has knowledge of the desired position illus-

trated by the virtual robot shown in pink. The effective stiffness coefficients, i.e., k̂k,j ∈ R,
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(a) Overall system (b) Single robot detail

Figure 3.4: Experimental setup with (a) highly-flexible object and 4 robots to visualize impact of transport

speed on deformation and (b) local force sensing mechanism on the grasped object.

of the flexible object (spring) are measured experimentally. For example, to measure k̂1,2,

robot 1 is moved for a known distance z1 without moving the other robots (nor connecting

robot 1 to the virtual source) and the resulting force f1 is measured to yield k̂1,2 = f1/z1.

To measure k̂2,3, robot 2 is moved for a known distance z2 without moving the other robots

and the resulting force f2 is measured to yield k̂2,3 = (f2/z2)− k̂1,2. The same procedure is

used to obtain the rest of the effective stiffness coefficients, which are all the same and given

by k̂k,k+1 = 0.05 N/cm, for 1 ≤ k ≤ 3, because all the connecting springs have the same

length. Note that the desired position zd = [0, 0, zd]
T with zd ∈ R of the virtual source is

available only to the leader robot, which, for the setup shown in Figure 3.3 is robot 1 with

a virtual spring k̂L = 0.05 ∈ R. Hence the pinned Laplacian K and matrix B in Eq. (3.6)
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with F = [f1, f2, f3, f4]
T ∈ R4 and Z = [z1, z2, z3, z4]

T ∈ R4 can be written as,

K =


k̂1,2 + k̂L −k̂1,2 0 0

−k̂1,2 k̂1,2 + k̂2,3 −k̂2,3 0

0 −k̂2,3 k̂2,3 + k̂3,4 −k̂3,4

0 0 −k̂3,4 k̂3,4



=


0.10 −0.05 0 0

−0.05 0.10 −0.05 0

0 −0.05 0.10 0.05

0 0 −0.05 0.05

 ,

B =
[
k̂L 0 0 0

]T
=
[
0.05 0 0 0

]T
. (3.15)

Note that the pinned Laplacian K in the equation above is symmetric, thus the eigenvalues

λK,k, 1 ≤ k ≤ 4 are real and positive.

3.3.2 Robot’s control implementation

Each robot rk aims to reach the new position zk[m + 1] by the next discrete sampling time

m+1 as per Eqs. (3.4) and (3.11). The individual control of the robot position uses locally-

sensed force fk and position zk measured using an encoder to find the next position zk[m+1],

as illustrated in Figure 3.2. The updated position zk[m + 1] of robot rk for the next time

instant tm+1 = (m + 1)δt is achieved within the sampling-time period δt = 0.1s, using a

velocity-based feedback control to maintain the velocity at vk(t) = (zk[m+1]− zk[m])/δt, as

shown in Figure 3.5. While high-frequency measurement noise can be filtered, small offset

errors can have a significant impact towards the end of the transport when the robots are

coming to a halt. In such cases, deadzones can be used to change the control strategy when

the force levels become small, e.g., as in [46], and is used in these experiments to stop the

robots at the end of the transport, for both cases, with and without A-DSR.
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unit
delay velocity	feedback	every	1	ms

Figure 3.5: Velocity-based feedback control system of robot rk to achieve the state zk[m+ 1] used for both

approaches, without A-DSR as in Eq. (3.4) and with A-DSR as in Eq. (3.11). Control consists of feedforward

(gain Kff ) and proportional feedback (gain Kp) and integral feedback (gain Ki).

3.3.3 Evaluation metrics

The following metrics are used for the comparative evaluations, with and without A-DSR.

Maximum deformation D is measured as the maximum difference between the first and

the last robot positions, estimated using encoders on each robot’s wheels, as

D = max
m

∣∣∣ D[m] = (z1[m]− z4[m])
∣∣∣. (3.16)

Task completion time Ts is the time needed for all the robots to reach and stay within

2% of the final desired position zd.

Maximum force f applied by any robot to the object while it is being transported, over

all time steps m, where the individual force fk[m] applied by robot rk is measured using the

load cell attached in the front of the robot, i.e.,

f = max
k={1,2,3,4}

(
max
m

∣∣fk[m] =
4∑

n=1

k̂k,n (zk[m]− zn[m])
∣∣). (3.17)
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3.3.4 Selection of update parameters

Without A-DSR case

There is a trade-off between maximum deformation D and the task completion time, i.e.,

settling time τ (for a step change in desired trajectory zd) as illustrated in Figure 3.6 over the

range of possible stable update gain γ found from Eq. (3.8). The baseline task completion

time is chosen to be as fast as possible (i.e., a larger update gain) without oscillations (non-

negative eigenvalues λP,k) by choosing the update gain γ as γopt = 1/λK = 1/0.177 = 5.66,

where λK = 0.177 is the largest eigenvalue of the pinned Laplacian K in Eq. (3.15). The

corresponding spectral radius ρ(P) as in Eq. (3.7) of the P matrix is ρ(P) = |1 − γλK| =

|1 − (5.66)(0.006)| = 0.966, where λK = 0.006 is the smallest eigenvalue of the pinned

Laplacian K in Eq. (3.15). With the computed spectral radius ρ(P) = 0.966 and the update

gain γ = 5.66, the settling time τ to reach and stay within 2% for a step change in the desired

trajectory zd cannot be bigger than, τ ≈ −4 δt/ln (ρ(P)) = −4 (0.1s)/ln (0.966) = 11.6s.

This is close to the settling time of 11.5s found in simulation. The resulting maximum

deformation was D = 0.57cm for the step input.

(a) (b)

Figure 3.6: Impact of update gain γ selection on settling time τ and maximum deformation D for the case

without A-DSR.
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With A-DSR case

The A-DSR parameters (γ, β1, β2) can be selected to reduce the maximum deformation D

without increasing the settling time τ when compared to the case without A-DSR. The up-

date gain can be used to trade-off between the settling time τ and the maximum deformation

D with A-DSR. Note that for a fixed β = β1 = β2, the settling time τ tends to decrease and

the maximum deformation D tends to increase with increasing update gain γ similar to the

case without A-DSR as shown in Figure 3.7. Moreover, the additional flexibility in choosing

potentially different parameters β1, β2 can improve the performance further, provided the

parameter selection satisfies the spectral radius condition in Eq. (3.14) for stability. The op-

timal A-DSR parameters (γ, β1, β2) to reduce the maximum deformation D, found through

a numerical search with simulations of the discrete dynamics in Eq. (3.11) for different pa-

rameters (γ, β1, β2), are γ = 0.19, β1 = 4.91, and β2 = 0.95. This resulted in settling time

τ = 10.5s and maximum deformation D = 0.49cm for the step input.

With fast A-DSR case

The A-DSR parameters (γ, β1, β2) can be selected to reduce the settling time τ without

increasing the maximum deformation D from the case without A-DSR. The A-DSR param-

eters, found using a numerical search, are γ = 0.18, β1 = 4.99, and β2 = 0.95. This resulted

in settling time τ = 9.8s and maximum deformation D = 0.50cm for the step input.

Remark 4 (Update parameters comparison) The update parameters (γ, β1, β2) are sim-

ilar for both the A-DSR and fast A-DSR case. Thus, a similar A-DSR update can be used

to either reduce the maximum deformation D or reduce the settling time τ .

3.4 Results and discussion

This section presents comparative evaluation of simulation and experiment of the flexible

object transport task. In the experiment, the desired position trajectory zd is chosen to be
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(a) (b)

Figure 3.7: Variation of settling time τ (left) and maximum deformation D (right) with different update

gain γ with β1 = β2 = β for a step change in desired position trajectory zd.

(a) Without A-DSR (b) With A-DSR (c) With fast A-DSR

(d) Without A-DSR (e) With A-DSR (f) With fast A-DSR

Figure 3.8: Simulation (top: (a), (b), (c)) and experiment (bottom: (d), (e), (f)) results showing the force

fk for k = {1, 2, 3, 4}, measured as in Eq. (3.17) over time in response to a ramp input for all cases with

and without A-DSR, as well as with fast A-DSR case. The experimental results are presented over 7 trials

(shown in thin lines), and the means are plotted using thick lines.
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(a) Without A-DSR (b) With A-DSR (c) With fast A-DSR

Figure 3.9: Simulation and experiment results showing the total deformation in the elastic object D defined

in Eq. (3.16) over time in response to a ramp input for all cases with and without A-DSR, as well as with

fast A-DSR case. The experimental results are presented over 7 trials (shown in thin lines), and the means

are plotted using thick lines.

a ramp input from 0cm to 50cm. The ramp rate was kept sufficient low so the robots would

not drag each other.

Two sets of experiments were performed. The first set of experiments was to compare

the maximum deformations D of the cases with and without A-DSR, for the same task

completion time Ts, i.e., with the same desired trajectory slope of 3cm/s (beyond which the

lead robot would drag others for the case without A-DSR). Then, the resulting deformation

was compared with and without A-DSR. The second set of experiments was to compare

the task completion time Ts of the cases with and without A-DSR, for the same maximum

deformation D. This was done by increasing the slope of the desired trajectory for the case

with A-DSR until the maximum deformation D was similar to the case without A-DSR.

Then, the resulting task completion time Ts was compared without and with (fast) A-DSR.

The results are presented using evaluation metrics discussed in Section 3.3.3, which are

maximum deformation D, task completion time Ts and maximum force f , as shown in

Table 3.1. The resulting system responses are also presented; for force fk as in Eq. (3.17)

which displays the measured local force of each robot as shown in Figure 3.8, and for the

total deformation D in Eq. (3.16) as shown in Figure 3.9. Moreover, experimental results
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(a) Deformation comparison

(b) Completion time comparison

Figure 3.10: Snapshots of video for both experimental sets: (a) with and without A-DSR to compare

maximum deformation D, and (b) with and without fast A-DSR to compare task completion time Ts.

from seven trials are also presented below.

3.4.1 Smaller deformation for similar task completion time

The use of A-DSR shows significant reduction of 60% in simulation and 61 ± 1.4% in ex-

periment in maximum deformation D for the same task completion time Ts. Similarly,

the reduction in maximum force f is also significant, 62% in simulation and 64 ± 5.8% in

experiment (Table 3.1). The improvements can be observed from the force fk and total

deformation D responses over time in Figures 3.8 and 3.9 respectively, where the force fk

and deformation D are reduced significantly for the case with A-DSR. These figures show



37

that the experimental results closely match the predictions from simulations. A snapshot

from the experimental video, shown in Figure 3.10, also provides a visualization on how the

use of A-DSR reduces the maximum deformation D as compared to case without A-DSR.

3.4.2 Smaller task completion time for similar deformation

The proposed A-DSR approach can also reduce the task-completion time while maintaining

a similar deformation level when compared to the baseline (without A-DSR) case. Results

in Table 3.1 show that the task completion time Ts is reduced from 16.67s to 6.67s in

simulation and from 17.16 ± 0.05s to 6.92 ± 0.02s, resulting in a significant time saving of

59 ± 0.3% to complete the task. The improvements are also seen in Figures 3.8 and 3.9 as

both force fk and total deformation D settled faster with the fast A-DSR case compared

to case without A-DSR. Figure 3.10 further shows that with the fast A-DSR, the system

was able to complete the task faster as compared to the case without A-DSR. As a result,

the robots can move faster (up to 2.5 times the speed of the case without A-DSR) without

increasing the deformation.

Remark 5 (Spectral radius comparison) The spectral radius (e.g., ρ(P) in Eq. (3.7) or

ρ(As) in Eq. (3.14)) is a measure of distance from instability (e.g., when eigenvalues are

on the unit circle) and is thus an indicator of structural robustness. The spectral radii for

the cases with and without A-DSR are similar as seen in Table 3.1, and hence the improve-

ment in performance with A-DSR is not at the cost of structural robustness. Moreover, if

needed, the selection of the A-DSR parameters could seek to improve the structural robust-

ness, i.e., minimize the spectral radius ρ(As) for the same task completion time Ts or the

same maximum deformation D as the baseline case, without A-DSR.

3.5 Conclusion

In this chapter, an approach was proposed to improve the performance of flexible-object

transport with a decentralized robot team. In particular, the approach used accelerated
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delayed self-reinforcement (A-DSR) of local force measurements to reduce the deformation

during transport with the same completion time as the baseline approach without A-DSR.

Moreover, A-DSR allowed reduction in completion time for the same maximum deformation.

Simulation results were provided to verify the theoretical findings of the proposed approach.

Finally, experimental results using four robots transporting a flexible object (spring) were

presented to demonstrate the applicability of the proposed A-DSR approach.
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Label D (cm) f (N) Ts (sec) ρ

Simulation

Without A-DSR 6.40 0.16 16.67 0.9659

With A-DSR 2.58 0.06 16.67 0.9578

Improvement 60% 62% -

With fast A-DSR 6.64 0.16 6.67 0.9575

Improvement - - 60%

Experiment

Without A-DSR 6.93 0.17 17.16

µ (±σ) (±0.10) (±0.01) (±0.05) -

With A-DSR 2.67 0.06 16.93

µ (±σ) (±0.10) (±0.01) (±0.06) -

Improvement 61% 64%

µ (±σ) (±1.4 %) (±5.8%) - -

With fast A-DSR 7.29 0.17 6.92

µ (±σ) (±0.15) (±0.02) (±0.02) -

Improvement 59%

µ (±σ) - - (±0.3 %) -

Table 3.1: Top: Evaluation metrics from simulations and spectral radius ρ from Eqs. (3.7) and (3.14).

Bottom: Mean µ and standard deviation σ results across 7 trials of experiment. Both results are shown for

the three evaluation metrics: maximum deformation (D), maximum force ( f), and task completion time

(Ts). Improvement, for each case, with respect to the case without A-DSR, is highlighted in green.
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Chapter 4

MC2.1: DEVELOPMENT OF A REDUCED-DEFORMATION
APPROACH USING DSR FOR TRANSLATIONAL

TRANSPORT

This chapter forms the main contribution 2.1 (MC2.1) of this dissertation, that is to use

delayed self-reinforcement (DSR) to achieve cohesive transport using robot networks, and

has been published in [2]. The work in this chapter aims to reduce deformations of the ob-

ject being transported by developing methods for cohesive positioning of the robot network.

Recent studies have shown that control laws can be developed to improve cohesion of decen-

tralized networks using Delayed Self-Reinforcement (DSR) [47]. The main contribution of

this chapter is to develop an approach to transport objects using the cohesive method in [47],

without the need for inter-robot communications - rather, only the local force measurements

are required. Specifically, this work (i) shows that the DSR approach can be used to achieve

cohesive transport using only local force measurements, without the need of inter-robot com-

munication, and (ii) establishes stability conditions for the discrete-time implementation of

the proposed cohesive transport approach. Furthermore, experimental results are used to

show that the proposed approach improves network cohesion, and leads to low-deformation

transport of flexible objects.
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4.1 Problem formulation

In this section, the deformation control issue with local force-based decentralized transport

dynamics is presented along a single axis-y. Similar approaches can be used for the other

axes of motion.

4.1.1 Local-force feedback as a network-based update

The robots are attached to a flexible object, e.g., as shown in Fig. 4.1. The position yk ∈ R

of each robot k in the network is updated using local force measurements fk ∈ R as well as

a virtual force f̃k = k̂k,d(yk − yd) ∈ R if robot k is a leader, as

yk[m+ 1] = yk[m]− γf̂k[m], (4.1)

f̂k[m] = fk[m] + f̃k[m], (4.2)

where the update sampling-time period is δt, yk[m] represents the position of robot k at

discrete time instants, e.g., yk[m] = yk(mδt), γ is the update gain, and the desired position

from the virtual source yd ∈ R is known (i.e., k̂k,d ̸= 0) only if robot k is a leader, e.g., k = 1

in the example in Fig. 4.1. Each robot position yk is measured from an initial undeformed

configuration (with all yk = 0) of the flexible object.

Figure 4.1: Top: Experimental setup of flexible load transport. Bottom: Schematic network model where

the leader, robot k = 1, aims to match the position of the virtual source (pink).

The local force-based robot position update in Eq. (4.1) achieves object transport, i.e.,
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for a fixed desired position yd, the network reaches equilibrium when each robot reaches the

desired position, i.e., yk = yd for all k and the object has no distortion, i.e., fk = 0. To

clarify, note that the local force fk measured by robot k can be written linearly in terms

of the position yj of all robots connected to robot k, provided the local deformation of the

flexible object remains small, as

fk[m] =
n∑

j=1

k̂k,j(yk[m]− yj[m]), (4.3)

where k̂k,j = k̂j,k ≥ 0 is the effective stiffness of the flexible object between two neighboring

robots j and k, n is the number of robots, and k̂j,j = 0 for all 1 ≤ j ≤ n. Then, the update

law in Eq. (4.1) can be written in matrix form as

Y[m+ 1] = (I− γK)Y[m] + γByd[m], (4.4)

where Y = [y1, y2, . . . , yk, . . . , yn]
T ∈ Rn is the n dimensional vector of the individual robots

positions yk, Bk = k̂k,d is the kth element of n dimensional vector B ∈ Rn which is nonzero

only if the robot k is a leader and the symmetric matrix K is the pinned Laplacian with

elements

Kk,j = k̂k,d +
∑n

m=1 k̂k,m ≥ 0 if k = j

= −k̂k,j otherwise,
(4.5)

with real nonzero eigenvalues λK,j > 0 for 1 ≤ j ≤ n. It can be shown that for an update

gain γ satisfying

0 < γ <

(
γ = 2/λK = 2/max

j
(λK,j)

)
, (4.6)

the eigenvalues of (I− γK) are inside the unit circle. Therefore, the transport dynamics in

Eq. (4.4) is stable, and the desired transport of the object can be achieved, i.e., for a fixed

desired position yd, the robot positions in Y converge to the desired value [44]

lim
m→∞

Y[m] = 1nyd (4.7)

with 1n representing the n dimensional vector of all ones.
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4.1.2 Problem: improve cohesion for similar settling time

The settling time Ts to a new desired position yd can be selected by choosing the update

gain γ. In particular, the settling time Ts to reach and stay within 2% of a step change in

the desired displacement yd can be estimated as

Ts ≈
−4 δt
ln (λ∗

K)
where λ∗

K = argmax
λK,j

|1− γλK,j|. (4.8)

However, for a given settling time (i.e., given selection of the update gain γ), the deformations

during transport can not be controlled further. Typically, faster settling (i.e., a smaller

settling time Ts) also results in larger deformation. The research problem addressed here

is to improve cohesion, i.e., to reduce the maximum deformation D of the object during

transport,

D = max
m

[
D[m] = max

k,j

∣∣ (yj[m]− yk[m])
∣∣] , (4.9)

without increasing the settling time Ts.

4.2 Transport using cohesive DSR

4.2.1 Cohesive transport using local force measurements

The robot-position update to transport the object is chosen as a discrete-time approximation

of an ideal cohesive network. For example, in the continuous time case, if each robot had

access to the desired position yd, i.e., in a centralized approach, then the ideal cohesive

update can be written as,

Ẏ(t) = −αY(t) + α1nyd(t), (4.10)

where the gain α > 0 can be tuned to achieve a desired settling time and all robot move in a

similar manner. The lack of access to centralized information about the desired position yd

can be alleviated by multiplying both sides with the scaled pinned Laplacian βK, substituting
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K1n with B [47], and adding Ẏ to both sides and rearranging the equation to obtain

Ẏ(t) = −αβKY(t) + αβByd(t) + [I− βK]Ẏ(t), (4.11)

≈ −αβKY(t) + αβByd(t) + [I− βK]
Y(t)−Y(t− τ)

τ
. (4.12)

With the time delay τ = δt and the update kept constant between sampling periods, the

update law in Eq. (4.12) for robot positions becomes

Y[m+ 1] =Y[m]− αβδtKY[m] + αβδtByd[m]

+ [I− βK] (Y[m]−Y[m− 1]) .
(4.13)

Then for each robot k, the update law becomes

yk[m+ 1] =yk[m]− αβδtfk[m] + αβδtk̂k,d
(
yd[m]− yk[m]

)
+(1− βk̂k,d)

(
yk[m]− yk[m− 1]

)
− β

(
fk[m]− fk[m− 1]

)
. (4.14)

Note that this cohesive transport law is decentralized. For each robot, in addition to the

virtual source position yd if the robot is a leader, the update only requires current information

and delayed self reinforcement (DSR) by a time step of: (i) local force measurements fk and

(ii) its own position yk.

4.2.2 Stability of cohesive DSR

Stability conditions can be established by finding the roots of the characteristic equation of

the cohesive dynamics in Eq. (4.13), i.e.,

det
(
Iz2 − (I− αβδtKJ + [I− βKJ ]) z + [I− βKJ ]

)
= 0, (4.15)

where KJ = PK
−1KPK is the diagonalization of the pinned Laplacian K with eigenvalues

λK,k along the diagonal. In particular, the cohesive dynamics in Eq. (4.13) is stable if and
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only if, for each eigenvalue λK,k of the pinned Laplacian K, the roots of D(z) where

D(z) =z2 − (1− αβδtλK,k + [1− βλK,k]) z

+ [1− βλK,k] = 0

(4.16)

have magnitude less than one. Thus, stability can be evaluated by computing the roots of

Eq. (4.16). Nevertheless, for design purposes, it is preferable to establish analytical conditions

on the DSR parameters for stability, as shown next.

Lemma 1 The proposed cohesive DSR based dynamics in Eq. (4.13) is stable if and only

if the gains α, β satisfy the following conditions for the largest eigenvalue λK of the pinned

Laplacian K:

(i) 0 < α

(ii) 0 < β <
4

λK(αδt + 2)
.

(4.17)

Proof: Proof of Lemma 1 follows from Jury stability test and is omitted here for brevity.

Remark 6 The delay in Eq. (4.12) can be defined over multiple samples, i.e., τ = Nδt where

N ≥ 1 is an integer number. However a larger delay τ (larger N) reduces the effectiveness

of the approximate derivative in Eq. (4.12) and thereby, reduces the ability to track faster

signals in a cohesive manner [47].

4.3 Experiment and parameter selection

4.3.1 System description

To easily visualize the deformation during transport, a highly flexible object (a long spring

coiled with diameter of 1.30 cm and length of 90 cm) was selected for transport using a

robot network as shown in Fig. 4.1. Only the leader (robot 1) has knowledge of the desired

position illustrated by the virtual source shown in pink in Fig. 4.1. Each robot k measures
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the local force fk using a force sensor between the robot and the object, and senses its

position yk using magnetic encoders on the wheels, and uses an on-board micro-controller to

compute the next position yk[m+1]. The updated position yk[m+1] is achieved within the

sampling-time period δt = 0.03 s, using a velocity feedback control to maintain the velocity

at vd,k(t) = (yk[m+ 1]− yk[m])/δt as shown in Fig. 4.2.

Figure 4.2: Velocity-based feedback control system of robot k to achieve the position yk[m + 1] using a

proportional (gain Kp) and integral (gain Ki) feedback controller along with feedforward control (gain Kff ).

The system dynamics in Eq. (4.1) was found by estimating the elastic object stiffness k̂i,j

experimentally. In particular, for estimating k̂1,2, robot 1 was moved for a known distance

y1 without moving the other robots (nor connecting robot 1 to the virtual source) and the

resulting force f1 was measured to yield k̂1,2 = f1/y1. Then, to estimate stiffness k̂2,3, robot

2 was moved for a known distance y2 without moving the other robots and the resulting

force f2 was measured to yield k̂2,3 = (f2/y2) − k̂1,2. The same procedure is used to obtain

the rest of the effective stiffness coefficients, which are all the same and given by k̂i,i+1 =

0.05 N/cm, for 1 ≤ i ≤ 3, which is to be expected since the connecting springs have similar

lengths. For the setup shown in Fig. 4.1, the stiffness of the connection with virtual source

is chosen to be same as the other spring elements, i.e., k̂1,d = 0.05. The resulting pinned
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Laplacian K and matrix B were

K =


k̂1,2 + k̂1,d −k̂1,2 0 0

−k̂1,2 k̂1,2 + k̂2,3 −k̂2,3 0

0 −k̂2,3 k̂2,3 + k̂3,4 −k̂3,4

0 0 −k̂3,4 k̂3,4



=


0.10 −0.05 0 0

−0.05 0.10 −0.05 0

0 −0.05 0.10 0.05

0 0 −0.05 0.05

 , (4.18)

B =
[
k̂1,d 0 0 0

]T
=
[
0.05 0 0 0

]T
. (4.19)

4.3.2 Selection of control parameters

To avoid optimization over each desired trajectory yd, the control parameters are selected

to minimize the deformation for a specified settling time Ts for a unit step change in the

desired position yd.

Case without DSR

The update gain γ is found numerically for a specified network settling time Ts when the

position changes by a unit step. For update gains γ satisfying the stability condition in

Eq. (4.6), the settling times Ts were estimated using Eq. (4.8), and are shown in Fig. 4.3a.

Interpolation of this data can be used to find the update gain γ for a specified settling time

Ts. In the following, the settling time Ts = 10 s is chosen in order to bound the maximum

speed input to the robot vd,k = vnodsr below the acceptable speed limit vmax = 5 cm/s as

shown in Fig. 4.4b. The corresponding update gain γ = 1.93 and the step response is shown

in Fig. 4.4a.
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Case with cohesive DSR

To enable comparative evaluation, the cohesive DSR parameters (α, β) are selected to match

the settling time Ts of the case without DSR, and the maximum speed input vd,k is below

vnodsr for the case without DSR. Since it is possible to obtain multiple combinations of

the parameters (α, β) that satisfy the settling time Ts and the maximum speed input vd,k

conditions, the optimal parameters are selected such that the spectral radius σ is minimized

(to maximize structural robustness), i.e.,

σ∗ =min
α,β

(
σ(α, β) = max

j
|zj|
)
,

subject to vd,k ≤ vnodsr

(4.20)

where zj is the j
th root of the characteristic equation D(z) as in Eq. (4.16). The parameters

(α, β) for the same range of settling time Ts as in the case without DSR are shown in Fig. 4.3b.

In the following, the settling time Ts = 10 s is chosen to match the case without DSR and

the corresponding parameters are

α = 0.39 ≈ 0.4, β = 10.92 ≈ 10.9. (4.21)

The step response is also shown in Fig. 4.4a. Note that the maximum speed input to the

robot vd,k is also well below vnodsr as shown in Fig. 4.4b.

Remark 7 When the sampling time δt becomes small as compared to the transport time, the

discrete time cohesive dynamics in Eq. (4.13) should be similar to the continuous-time ideal

cohesive dynamics in Eq. (4.10). Therefore, the settling time becomes Ts = 4/α and can be

selected using the parameter α. With the settling time chosen as Ts = 10 s, the estimate of

α = 4/Ts = 0.4 is close to the result from the numerical search α = 0.39 in Eq. (4.21).

Remark 8 The spectral radius, provided the associated second-order dynamics in Eq. (4.16)

is not overdamped, is the maximum value of |1− βλK,k|, which is minimized over all eigen-

values λK,k, by selecting β = 2
λK+λK

= 2
0.006+0.176

= 10.95, which is close to the result from

the numerical search, β = 10.92 in Eq. (4.21).
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(a) (b)

Figure 4.3: Selection of control parameters with respect to settling time Ts: (left) The update gain γ for the

case without DSR, (right) DSR parameters α and β for the case with cohesive DSR.

(a) (b)

Figure 4.4: (a) Increase in cohesion with DSR. Position responses for a step change in position yd for

both (i) without DSR (γ = 1.93) as in Eq. (4.4) and (ii) with cohesive DSR (α = 0.39, β = 10.92) as in

Eq. (4.13) which show that both settle within Ts = 10 s. (b) Reduction of maximum input speed

with DSR for the same settling time. Selection of settling time Ts such that the maximum speed vd,k

of the robot is below the acceptable speed limit vmax.
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(a) Without DSR (b) With cohesive DSR (c) Deformations

(d) Without DSR (e) With cohesive DSR (f) Deformations

Figure 4.5: Comparative evaluation of force fk as in Eq. (4.3) and deformation D as in Eq. (4.9) with

and without cohesive DSR, and similarity of simulations (top row) and experimental results (bottom row).

Experiment results are shown for 7 trials (shown in thin lines), and the means are shown in thick lines.

4.4 Results

4.4.1 Selection of the desired transport trajectory

A large change in position yd from 0 cm to 50 cm was chosen to help visualize the transport

of the flexible body. To ensure that the deformations are not too large (i.e., to avoid other

robots dragging each other), the desired transport trajectory yd was chosen as a step that

is filtered using a first-order, low-pass filter with cutoff frequency ωc and implemented using

Tustin’s approximation, as

yd[m] =
2− ωcδt
2 + ωcδt

yd[m− 1] +
ωcδt

2 + ωcδt
(yds[m] + yds[m− 1]) , (4.22)

where yds[m] = 50 if m > 0 and zero otherwise. The effect of the cutoff frequency ωc on

maximum deformation D in Eq. (4.9) is shown in Fig. 4.6a. The cutoff frequency ωc was
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selected as ωc = 0.1 rad/s so that the maximum deformation D is below 7 cm and the

maximum speed input to the robot vd,k ≤ (vmax = 5 cm/s) to avoid dragging of the robots

by each other for the case without DSR. Note that the desired trajectory yd reaches the final

value of 50 cm in about Tsf = 4/ωc = 40 s as seen in Fig. 4.6b.

(a) (b)

Figure 4.6: (a) The effect of cutoff frequency ωc on maximum deformation D. (b) The desired trajectory

yd obtained by passing a step trajectory yds through a first-order, low-pass filter with cutoff frequency

ωc = 0.1 rad/s as in Eq. (4.22).

4.4.2 Results and discussion

Comparative evaluations, with and without the DSR approach, are presented below. The re-

sults are evaluated based on the maximum deformation D in Eq. (4.9) and also the maximum

force f defined as

f = max
k={1,2,3,4}

(
max
m

|fk[m]|
)
. (4.23)

The simulation and experimental results are shown in Fig. 4.5, and quantified in Table 4.1.

The responses from the experiments and simulations are similar to each other in Fig. 4.5,

which indicates that the models are close to the experimental system. The cohesive DSR

approach reduces the maximum deformation D substantially, by 90% in simulation and

85± 0.05% in experiment. Similarly, the corresponding maximum forces f are also reduced
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significantly, by 90% in simulation and 87 ± 0.50% in experiment. The reduction in defor-

mation indicates that the robot network responses are more cohesive during transport with

the cohesive DSR approach. This increased cohesion can also be observed from snapshots of

experiment in Fig. 4.7.

Label Without DSR Cohesive DSR Improvement

Simulation

f (N) 0.146 0.014 90%

D (cm) 5.824 0.563 90%

Experiment

f (µ± σ) (N) 0.165 ±0.008 0.021 ±0.004 87 ±0.50%

D (µ± σ) (cm) 6.530 ±0.010 0.940 ±0.010 85 ±0.05%

Table 4.1: Improvement (reduction) in maximum force ( f) and maximum deformation (D) with cohesive

DSR when compared to case without DSR. Top: Simulation results. Bottom: Experimental results with

mean µ and standard deviation σ over 7 trials.

(a) (b)

Figure 4.7: Reduction in maximum deformation D with cohesive DSR approach (at time t = 4 s) compared

to the case without DSR (at time t = 6 s) as seen in video snapshots of the experiment overlaid with the

positions at time t = 40 s: (top) without DSR, and (bottom) with cohesive DSR. The deformations over

time are shown in Fig. 4.5f. Video of the experiment can be seen here: https://youtu.be/tzDfnMbgIgA.

https://youtu.be/tzDfnMbgIgA
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4.5 Conclusion

In this chapter, a development of centralized-based approach to reduce deformation of flex-

ible objects during transport using robot networks was presented. The approach was im-

plemented using delayed-self-reinforcement (DSR) in a decentralized manner, where it used

only local force measurements without additional communication, and conditions for stabil-

ity were established. The proposed cohesive DSR approach was evaluated using simulation

and the results closely matched the experimental results. Overall, the proposed approach

led to 85% reduction in the deformation of the experimental system without increasing the

time to transport the object to a new position.
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Chapter 5

MC2.2: DEVELOPMENT OF A REDUCED-DEFORMATION
APPROACH USING DSR FOR TRANSLATIONAL AND

ROTATIONAL TRANSPORT

The main contribution of this work is to develop a decentralized approach that uses

previous local force measurements to add a delayed self-reinforcement (DSR) to the robots’

actions, resulting in smaller object deformation, even during orientation changes. This work

has been accepted to a peer-reviewed journal [3].

This chapter is an evolution of prior work in [2], which presented experimental results

that DSR can reduce deformation during purely translational transport where the motion of

the robots is cohesive, i.e., each robot moves in the same manner. Moreover, the dynamics

of translational transport is time invariant. In contrast, the current work in this chapter

develops a new decentralized DSR theory for orientation changes, when the robot motions

are no longer cohesive, since the desired position-changes for the robots can vary depending

on the robot’s geometric location. Additionally, analysis is developed for the resulting time-

varying dynamics (i) to establish conditions on the control parameters for stability of the

DSR approach and (ii) to quantify the performance in terms of deformation bounds. Finally,

results from both simulations and experiments show that the proposed DSR approach leads

to rapid, low-deformation decentralized transport when compared to standard decentralized

approaches without the DSR.

5.1 Preliminaries and Problem formulation

The decentralized robot network is a team of n robots where the ith robot is located at

position pi = [xi, yi, zi]
⊺ ∈ R3 with orientation Θi = [θx,i, θy,i, θz,i]

⊺ ∈ R3 in the global
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coordinates (x, y, z). All the robots are rigidly attached to the flexible object, and therefore,

the zero-deformation nominal position p̄n of the flexible object is constant with respect to

the local coordinates (x̄, ȳ, z̄) with origin at the position pL = [xL, yL, zL]
⊺ of the leader robot

and orientation ΘL = [θx,L, θy,L, θz,L]
⊺ in the global coordinates.

(a) (b)

Figure 5.1: Different coordinate frames of an example 2-robot planar transport system. The position of the

leader robot (robot 1 shown in red) in global frame (x, y) indicated as pL while p̄k is the position of robot k

(shown in blue) in the leader’s coordinate frame (x̄, ȳ) which is rotated by θL. (a) At time step [m], robot

k seeks to move towards its nominal position p̄n,k shown in cyan to minimize the deformation D̄k. (b): At

the next time step [m + 1], the leader robot has moved to different location in global coordinate, closer to

the original nominal position p̄n,k[m] in this instance. However, the nominal position p̄n,k of robot k has

changed, resulting in a change (increase in this instance) in the deformation D̄k.

5.1.1 Leader robot update

The role of a leader robot in the network is to steer and orient the object. The desired tra-

jectory pd information is then implicitly communicated to the followers through the object.

In particular, the leader robot adjusts its configuration qL (position pL and orientation ΘL)

based on the desired position pd = [xd, yd, zd]
⊺ and orientation Θd = [θx,d, θy,d, θz,d]

⊺, in global
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coordinates (x, y, z), as

qL[m+ 1] = qL[m] + γL(qd[m]− qL[m]), (5.1)

where qL = [pL,ΘL]
⊺ ∈ Rn̄, qd = [pd,Θd]

⊺ ∈ Rn̄, γL ∈ R is the update gain, and [m]

represents the current discrete time instant, with n̄ denoting the number of degree of freedom

(DOF).

5.1.2 Follower robots update using local force measurements

Individual robot update

Since the follower robots do not have access to the desired trajectory, they use measurements

of local reactions (force and torque) f̂k = [f̂x,k, f̂y,k, f̂z,k, τ̂x,k, τ̂y,k, τ̂z,k]
⊺ ∈ Rn̄ (tared by the

gravity force measured at an initial low-deformation configuration of the object), in each

robot’s body-fixed local coordinates (x̂k, ŷk, ẑk), to update their orientation as

q̂+
k [m] = −γΓ̂k f̂k[m], (5.2)

where q̂+
k = [p̂+

k , Θ̂
+
k ]

⊺ ∈ Rn̄ is a stacked vector of the position update p̂k = [x̂k, ŷk, ẑk]
⊺

and orientation update Θ̂k = [θ̂x,k, θ̂y,k, θ̂z,k]
⊺ of the kth robot at the next time instant in the

current robot’s local coordinate denoted by +, [m] indicates discrete time instants (mδt) with

sampling period δt, γΓ̂k ∈ Rn̄×n̄ is the update gain matrix which varies with time depending

on object’s orientation. The update Eq. (5.2) in the local body-fixed coordinates (x̂k, ŷk, ẑk)

of each robot k is converted to the position update of each robot in the global coordinates

(x, y, z) by first rewriting the update in the leader robots coordinates (x̄, ȳ, z̄), as discussed

below, under the following assumptions.

Assumption 2 Follower robots are rigidly attached to the object, and therefore, each fol-

lower robot maintains its local orientation with respect to the object.

The gains in the individual robot’s update Eq. (5.2) can vary depending on the objects

stiffness in the different directions. Therefore, Assumption 2 allows the local gain matrix
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to be fixed Γ̂k since the robot and the object remain aligned. If the robots are not rigidly

connected, an alternative approach is to measure the angle between the robot and the flexible

object to realign the stiffness matrix from object coordinate to robot body coordinates before

computing the update in Eq. (5.2).

Assumption 3 Deformation during transport is relatively small and does not substantially

alter the overall object shape.

From Assumption 3, the configuration update q̂+
k = [p̂+

k , Θ̂
+
k ]

⊺ and local reaction f̂k in

the individual robot coordinates are similar in the leader robot’s local coordinates (x̄, ȳ, z̄),

i.e.,

q̄+
k = TΘ̄k

q̂+
k + q̄k ≈ q̂+

k + q̄k

f̄k = TΘ̄k
f̂k ≈ f̂k, (5.3)

where TΘ̄k
≈ I is a standard rotation transformation matrix as defined in [48] which depends

on the orientation Θ̄k of each robot with respect to leader robot, from Assumption 2. For

large deformations, the transformation matrix TΘ̄k
needs to be included in the analysis, but

it is simplified to identity I in the following since the overall objective is to maintain small

deformations during transport.

Robot network update in leader coordinates

The stacked vector of difference in robot states at next and current time instant in the local

coordinate for all n-follower robots, Q̄+− Q̄, in the leader robot’s coordinate frame, is given

by, from Eq. (5.3),

Q̄+ − Q̄ = R


q̄+
1 − q̄1

q̄+
2 − q̄2

...

q̄+
n − q̄n

 = R


q̂+
1

q̂+
2

...

q̂+
n

 , (5.4)
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where Q̄ = [P̄x, P̄y, P̄z, Θ̄x, Θ̄y, Θ̄z]
⊺ ∈ Rn̄n,

P̄i = [p̄i,1, p̄i,2, . . . , p̄i,n]
⊺,

Θ̄i = [θ̄i,1, θ̄i,2, . . . , θ̄i,n]
⊺, (5.5)

with i ∈ {x, y, z}, n is the number of robots and the superscript ”+” on Q̄+ indicates the

state Q̄ at the next time instant in the current local coordinate, the orthogonal reordering

matrix R is given by

R =


R1,(n×n̄n)

R2,(n×n̄n)

...

Rn̄,(n×n̄n)

 ∈ Rn̄n×n̄n, R⊺R = RR⊺ = I, (5.6)

with elements given by

Rs(j, k) = 1, if k = (j − 1) ∗ n̄+ s

= 0, otherwise, (5.7)

where s = 1, 2, . . . , n̄, and I is an identity matrix of appropriate dimension from context.

Similarly, the stacked robot reaction force along each axis in the leader robot’s coordinate

frame is given by

F̄ = R


f̄1

f̄2
...

f̄n

 = R


f̂1

f̂2
...

f̂n

 , (5.8)

where F̄ = [F̄x, F̄y, F̄z, M̄x, M̄y, M̄z]
⊺ ∈ Rn̄n,

F̄i = [f̄i,1, f̄i,2, . . . , f̄i,n]
⊺ ∈ Rn, (5.9)

M̄i = [τ̄i,1, τ̄i,2, . . . , τ̄i,n]
⊺ ∈ Rn, (5.10)
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with i ∈ {x, y, z}. The individual updates in Eq. (5.2), in each robot’s local coordinate

frame, can be stacked to obtain
q̂+
1 [m]

q̂+
2 [m]
...

q̂+
n [m]

 =


−γΓ̂1f̂1[m]

−γΓ̂2f̂2[m]
...

−γΓ̂nf̂n[m]

 = −γΓ̂


f̂1[m]

f̂2[m]
...

f̂n[m]

 , (5.11)

where Γ̂ ∈ Rn̄n×n̄n is block diagonal

Γ̂ =


Γ̂1

. . .

Γ̂n

 , (5.12)

and each Γ̂i has positive values on its diagonal and zeros elsewhere. Using Eqs. (5.4) and

(5.8), Eq. (5.11) can be rewritten in the leader robot’s coordinates (x̄, ȳ, z̄) as

R−1
(
Q̄+[m]− Q̄[m]

)
= −γΓ̂R−1F̄[m], (5.13)

which simplifies to

Q̄+[m] = Q̄[m]− γΓ̄F̄[m], (5.14)

where the reordered gain matrix Γ̄ is

Γ̄ = RΓ̂R−1. (5.15)

Robot network update in global coordinates

The stacked states of the robots Q̄, the nominal states Q̄n where the object is undeformed,

and the stacked reactions F̄ in the leader’s coordinate frame can be converted to the global

coordinate frame using the leader-to-global transformation matrix T, that is

Q[m] = T[m]Q̄[m] +B1qL[m],

Qn[m] = T[m]Q̄n[m] +B1qL[m],

F[m] = T[m]F̄[m],

(5.16)
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where the orthogonal transformation matrix is defined with respect to the leader’s orientation

as

T = R(In×n ⊗TΘL
)R−1, TT⊺ = T⊺T = I, (5.17)

where ⊗ indicates a Kronecker product and TΘL
is a standard orthogonal rotation matrix

from Section 2.2. in [48] as

TΘL
=

TzTyTx 03×3

03×3 I3×3

 , T⊺
ΘL

TΘL
= TΘL

T⊺
ΘL

= I, (5.18)

where

Tz =


cz −sz 0

sz cz 0

0 0 1

 , Ty =


cy 0 −sy

0 1 0

sy 0 cy

 , (5.19)

Tx =


1 0 0

0 cx −sx

0 sx cx

 , where
ci = cos(θi,L),

si = sin(θi,L),
(5.20)

with i ∈ {x, y, z}, qL is the state of leader robot in the global coordinate, R is defined in

Eq. (5.6), and

B1 = (In̄×n̄ ⊗ 1n) ∈ Rn̄n×n̄, (5.21)

where 1n is an n-sized column vector of ones. State of the robots at the next time instant

Q̄+[m] in the current local coordinate frame (x̄, ȳ, z̄), is converted to the state in global

coordinate frame at the next time instant Q[m+ 1] using leader-to-global transformation T

in Eq. (5.17) with respect to leader robot’s position pL, e.g.,

Q[m+ 1] = T[m]Q̄+[m] +B1qL[m]. (5.22)

Similarly, the state Q̄[m+ 1] in the local coordinate frame (x̄, ȳ, z̄) at the next time instant

[m + 1] can also be converted to the state Q[m + 1] in the global coordinates using leader-

to-global transformation T at the next time instant [m+ 1] as

Q[m+ 1] = T[m+ 1]Q̄[m+ 1] +B1qL[m+ 1]. (5.23)
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Then, equating Eqs. (5.22) and (5.23) above to solve for Q̄+[m] results in

Q̄+[m] =T−1[m]
{
T[m+ 1]Q̄[m+ 1]

+B1(qL[m+ 1]− qL[m])
}
,

(5.24)

and substituting Eq. (5.24) into Eq. (5.14) yields

T−1[m]
{
T[m+ 1]Q̄[m+ 1] +B1(qL[m+ 1]− qL[m])

}
=

Q̄[m]− γΓ̄F̄[m],
(5.25)

which can be simplified to

Q̄[m+ 1] =T−1[m+ 1]
{
T[m]

[
Q̄[m]− γΓ̄F̄[m]

]
+B1(qL[m]− qL[m+ 1])

}
.

(5.26)

Using the transformation in Eq. (5.16), the above equation can be rewritten in the global

coordinate frame as,

T−1[m+ 1](Q[m+ 1]−B1qL[m+ 1]) =

T−1[m+ 1]
{
T[m]

[
T−1[m](Q[m]−B1qL[m])

− γΓ̄T−1[m]F[m]
]
+B1(qL[m]− qL[m+ 1])

}
,

(5.27)

which simplifies to

Q[m+ 1] =Q[m]− γΓ[m]F[m], (5.28)

where the transformed gain matrix Γ is

Γ[m] = T[m]Γ̄T−1[m]. (5.29)

5.1.3 Deformation based update

The stacked reaction force F̄ in the update Eq. (5.14) can be written in terms of object

stiffness K̄ ∈ Rn̄n×n̄n and deviation of the robots’ state Q̄ from the nominal state Q̄n as

F̄ = K̄(Q̄− Q̄n) = K̄D̄, (5.30)
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where D̄ represents the object deformation, and K̄ is the object stiffness, which can be

obtained using the Finite Element Method (FEM) if object’s properties are known [49].

Using the local-to-global transformation matrix T in Eq. (5.17) the reaction force F can be

written in the global coordinate as,

F = TK̄T−1(Q−Qn) = TK̄T−1D = KD. (5.31)

The reaction force and deformation relationship in Eq. (5.31) can be used to rewrite the

update law in terms of the change in the object deformation D by subtracting both sides of

Eq. (5.28) with its nominal position Qn at each respected time step as,

Q[m+ 1]−Qn[m+ 1]−Qn[m] = Q[m]−Qn[m+ 1]

−Qn[m]− γΓ[m]T[m]K̄T−1[m]D[m],
(5.32)

which can be simplified to

D[m+ 1] =D[m]− γΓ[m]K[m]D[m]

−Qn[m+ 1] +Qn[m]

= (I− γΓ[m]K[m])D[m] +Qn[m]−Qn[m+ 1].

(5.33)

Since the nominal configuration of the flexible object, measured with respect to the orienta-

tion (x̄, ȳ, z̄) of the leader robot does not vary with time instant, Q̄n[m+ 1] = Q̄n[m] = Q̄n,

as seen in From Fig. 5.1, using the leader-to-global transformation T in Eq. (5.16), results

in

Qn[m]−Qn[m+ 1] =(T[m]−T[m+ 1])Q̄n

+B1(qL[m]− qL[m+ 1]).
(5.34)

Substituting Eq. (5.34) into Eq. (5.33) yields the deformation dynamics

D[m+ 1] = H[m]D[m] +Ud[m], (5.35)

where

H[m] = I− γL[m] with L[m] = Γ[m]K[m],

Ud[m] = (T[m]−T[m+ 1]) Q̄n +B1(qL[m]− qL[m+ 1]). (5.36)
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Remark 9 (Time varying dynamics) The deformation dynamics in Eq. (5.35) is time-

varying since both the gain matrix Γ and stiffness matrix K in the dynamics matrix H in

Eq. (5.36) are time varying, i.e., from Eqs. (5.29) and (5.31),

K[m] = T[m]K̄T−1[m],

Γ[m] = T[m]Γ̄T−1[m],
(5.37)

where the time dependency comes from the transformation matrix T due to orientation

changes.

Remark 10 (Dynamics matrix H) The dynamics matrix H seeks to decrease the defor-

mation D in Eq. (5.35). In particular, when there is no change in leader’s position pL and

orientation ΘL, the deformation D[m] approaches zero as time m increases.

Remark 11 (Deformation versus speed) The deformation D[m + 1] at the next time

step [m+1] is driven by the change in the leader’s state (qL[m]−qL[m+1]) as well as changes

in the desired nominal position of the object (T[m]−T[m+ 1]) Q̄n, which are small if the

leader’s position and orientation are changing slowly. Therefore, the potential deformation

increase will be small during slow transport due to a small disturbance Ud .

5.1.4 Problem: decrease deformation

The deformation D[m+1] at time step [m+1] can increase due to the transport-dependent

term Ud[m] in the update Eq. (5.35), although the update seeks to reduce the deformation

through the H[m] term. The increase in deformation at each step can be made smaller by

going slower since Ud[m] → 0 as the transport becomes slower. The research problem is

to reduce the deformation without increasing the transport time. This is to be done in a

decentralized manner without changing the robot-object (network) structure.
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5.2 Proposed Approach using DSR

In this section, the proposed DSR approach for reducing object deformation during transport

is discussed. Furthermore, the stability and performance of the proposed approach are

analyzed.

5.2.1 Ideal transport

The proposed DSR approach is derived from the ideal update for transport, which can reduce

and maintain a sufficiently small deformation within a specified settling time. In particular,

if each follower robot in the network has direct access to its own undeformed nominal state

Qn and its changes Q̇n, then the ideal update Q̇ can be written in continuous time domain

as

Q̇(t)− Q̇n(t) = −α [Q(t)−Qn(t)] , (5.38)

where α > 0 is the update gain, which can be selected such that the robot network gets

sufficiently close to its undeformed nominal state Qn within a specified settling time, and Q

is the state of the robots.

Remark 12 (Ideal transport is centralized) The ideal update law in Eq. (5.38) main-

tains deformations to be small. However, it is centralized since the nominal position Qn and

its time derivatives need to be known by all robots. Moreover, the nominal position Qn of

each robot depends on the object’s geometry during orientation changes.

5.2.2 Decentralizing the ideal transport using force feedback

Towards deriving the decentralized update, multiplying both sides of the ideal update in

Eq. (5.38) with a scaled stiffness matrix βΓ(t)K(t) and adding the derivative of state with

respect to time Q̇(t) to both sides results in

Q̇(t) + βΓ(t)K(t)
[
Q̇(t)− Q̇n(t)

]
= Q̇(t)− αβΓ(t)K(t) [Q(t)−Qn(t)] ,

(5.39)
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which can be rearranged and rewritten as,

Q̇(t) =Q̇(t)− αβΓ(t)K(t) [Q(t)−Qn(t)]

− βΓ(t)K(t)
[
Q̇(t)− Q̇n(t)

]
. (5.40)

The right-hand side derivative is approximated using delayed self-reinforcement (DSR) as [47]

Q̇(t) ≈Q(t)−Q(t− tδ)

tδ
− αβΓ(t)K(t)D(t)

− βΓ(t)K(t)

[
D(t)−D(t− tδ)

tδ

]
, (5.41)

where time delay tδ = Nδt is an integer N times the sampling period δt. Recasting Eq. (5.41)

in a discretized form yields

Q[m+ 1] =Q[m]− αβδtΓ[m]K[m]D[m]

− βΓ[m]K[m]

[
D[m]−D[m−N ]

N

]
+

Q[m]−Q[m−N ]

N
.

(5.42)

5.2.3 Force-based decentralized DSR update for transport

The decentralized update law in Eq. (5.42) can be written using the force-deformation rela-

tionship in Eq. (5.31) as,

Q[m+ 1] = Q[m]− αβδtΓ[m]F[m] +
Q[m]−Q[m−N ]

N

− βΓ[m]

[
F[m]− F[m−N ]

N

]
.

(5.43)

For each individual robot k, the decentralized DSR-based update law becomes,

qk[m+ 1] = qk[m]− αβδtΓk[m]fk[m]

+
qk[m]− qk[m−N ]

N

− βΓk[m]

[
fk[m]− fk[m−N ]

N

]
,

(5.44)
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where qk = [pk,Θk]
⊺ ∈ Rn̄ is a stacked vector of the position update pk = [px,k, py,k, pz,k]

⊺

and orientation update Θk = [θx,k, θy,k, θz,k]
⊺ of the kth robot in the global coordinate frame.

Remark 13 (Decentralized implementation) While the design of the DSR transport

law in Eq. (5.44) is centralized, the implementation is decentralized because the state up-

date at the next time step qk[m+ 1] only depends on the information of its own state qk[m]

and local reaction measurement fk[m] at the current time step [m] along with its delayed

versions at time step [m − N ]. Thus, it does not require communication among the robots

during implementation.

Remark 14 (Derivative approximation as a filter) The derivative approximation acts

as a filtered derivative in Eq. (5.40). It tends to be accurate for low frequencies. At high

frequencies, the derivative approximation is filtered and the DSR transport law in Eq. (5.43)

becomes similar to the standard update law in Eq. (5.28).

5.2.4 Stability with DSR

The update law in Eq. (5.43) can be written in terms of deformation D by subtracting both

sides of the equation with their nominal stateQn at each respected time step and substituting

the force terms with Eq. (5.31) as,

D[m+ 1] = (I− αβδtΓ[m]K[m])D[m]

+ (I− βΓ[m]K[m])

[
D[m]−D[m−N ]

N

]
+Qn[m]−Qn[m+ 1] +

Qn[m]−Qn[m−N ]

N
.

(5.45)

The N delay form can be rewritten as a single delay by stacking N + 1 current and past

deformation states as

S[m] =


D[m−N ]

...

D[m− 1]

D[m]

 , (5.46)
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to rewrite the system with the DSR update law in Eq. (5.45) as

S[m+ 1] = A[m]S[m] +BU[m], (5.47)

where the time-varying dynamic matrix A[m] ∈ Rn̄n(N+1)×n̄n(N+1) is

A[m] =


0 I . . . 0
...

. . .
...

0 . . . I

a1[m] 0 . . . a2[m]

 (5.48)

a1[m] = −(I− βΓ[m]K[m])

N

a2[m] = (I− αβδtΓ[m]K[m]) +
I− βΓ[m]K[m]

N

B = [ 0 . . . 0 I ]⊺

U[m] = Qn[m]−Qn[m+ 1] +
Qn[m]−Qn[m−N ]

N
,

(5.49)

and each block element of A has dimension of Rn̄n×n̄n.

Stability of the time-varying system

Conditions on the transport are established for stability of the time-varying DSR update

law in Eq. (5.47). Since the input perturbation U[m] does not impact stability of the linear

system, in the following stability analysis, the input perturbation is assumed to be zero

U[m] = 0 with a fixed-nominal position Qn[m+1] = Qn[m] = Q[m−N ] = Qn. As a result,

for stability analysis the dynamics in Eq. (5.47) becomes

S[m+ 1] = A[m]S[m]. (5.50)

The stability conditions are developed in following three parts.

1. Frozen-time stability: The dynamic matrix A[m] in Eq. (5.50) is uniformly bounded

in time and frozen-time stable, i.e., for a fixed time-step m, the eigenvalues of A[m]

are inside the disc with radius 1− 2ϵ.
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2. Slowly varying system: The dynamic matrix A[m] is slowly varying with time-step

m if the speed of transport is not fast.

3. Lyapunov stability: The slowly-varying system in Eq. (5.50) is shown to be stable

using the Lyapunov method.

Part 1 (Frozen-time stability): The following lemmas show that the matrices A[m] are

uniformly bounded in time [m] and to establish conditions on the gain parameters (α, β) to

ensure that, for each fixed time [m], the eigenvalues of dynamic matrix A[m] are inside a

disc with specified radius (1− 2ϵ) < 1.

Lemma 2 (A is bounded) Matrices A[m], ∀m are uniformly bounded in time, i.e., there

exists aM such that, for all m,

sup
m

∥A[m]∥2 = aM < ∞. (5.51)

Proof: The dynamic matrix A[m] varies in time due to changes in gain matrix Γ and stiffness

matrix K, which in turn, arise due to the variation in the orthogonal transformation matrix

T in Eq. (5.37), which is uniformly bounded in time by its spectral radius ρ(·) since

sup
m

∥T[m]∥2 = sup
m

{√
ρ(T⊺[m]T[m]) =

√
ρ(I)

}
= 1. (5.52)

Similarly, the inverse of T is also uniformly bounded,

sup
m

∥T−1[m]∥2 = sup
m

{√
ρ(T[m]T⊺[m]) =

√
ρ(I)

}
= 1. (5.53)

As a consequence, the gain matrix Γ[m] and the and stiffness matrix K in Eq. (5.37) are

uniformly bounded since

sup
m

∥Γ[m]∥2 ≤ sup
m

{
∥T[m]∥2∥Γ̄∥2∥T−1[m]∥2

}
= ρ(Γ̄),

sup
m

∥K[m]∥2 ≤ sup
m

{
∥T[m]∥2∥K̄∥2∥T−1[m]∥2

}
= ρ(K̄),

(5.54)
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where ρ(Γ̄) and ρ(K̄) are the spectral radius of the constant gain matrix Γ̄ and the constant

stiffness matrix K̄, respectively. The least upper bound of the dynamic matrix A[m] can be

established using norms equivalency between the Euclidean and the infinity norms as,

sup
m

∥A[m]∥2 ≤ sup
m

√
ua ∥A[m]∥∞

=
√
ua sup

m

{
max
1≤i≤ua

ua∑
j=1

|ai,j[m]|

}
,

(5.55)

where ua = n̄n(N + 1) is the row-dimension of matrix A. All row sums of A are equal to

1 from definition in Eq. (5.48), except the last bottom block row, which depends on block

matrices a1 and a2 in Eq. (5.49). Thus,

sup
m

∥A[m]∥2 ≤
√
ua

(
1 + αβδt

{
sup
m

∥Γ[m]K[m]∥∞
}

+
2

N

[
1 + β

{
sup
m

∥Γ[m]K[m]∥∞
}])

≤
√
ua

(
1 + αβδt

√
ua

{
sup
m

∥Γ[m]K[m]∥2
}

+
2

N

[
1 + β

√
ua

{
sup
m

∥Γ[m]K[m]∥2
}])

=
√
ua

(
1 + αβδt

√
ua ρ(Γ̄)ρ(K̄)

+
2(1 + β

√
ua ρ(Γ̄)ρ(K̄))

N

)
= aM < ∞, (5.56)

where the right hand side of the Eq. (5.56) is bounded because it depends on constant

parameters (α, β, δt, N, ua) and the spectral radius ρ(Γ̄) of the constant gain matrix Γ̄, and

the spectral radius ρ(K̄) of the constant stiffness matrix K̄, resulting in the claim of the

lemma. ■

Necessary and sufficient conditions are established for frozen-time stability of the case

with unit time-step delay N = 1 in the following lemma, followed by a lemma establishing

sufficient conditions for the case with multiple time-step delay N > 1.
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Lemma 3 (Frozen-time stability for unit time-step delay) For the unit time delay case

N = 1, any given parameter 0 < ϵ < 0.5 and time step m, the spectral radius ρ (the max-

imum of the absolute value of the eigenvalues) of the dynamics matrix A[m] in Eq. (5.47)

satisfies

ρ (A[m]) < 1− 2ϵ, ∀m (5.57)

if and only if the DSR update gains (α, β) satisfy

(i) α >
1

δt

(
2ϵ

1− 2ϵ

)[
1− 2ϵ

βλ̄L

]
(ii) 0 < β <

4(1− 2ϵ) + 4ϵ2

λ̄L(2(1− 2ϵ) + 2ϵ+ αδt(1− 2ϵ))
= β,

(5.58)

where δt is the sampling time period, and λ̄L is the the largest eigenvalue of the positive

definite symmetric matrix L̄ = Γ̄K̄.

Proof: The bound on eigenvalues for stability of the DSR update law can be established by

finding the roots of the characteristic equation of the proposed DSR transport dynamics in

Eq. (5.45). The characteristic equation can be found by taking z-transform of Eq. (5.45)

with no disturbance, e.g., Qn[m+ 1] = Qn[m] = Qn[m−N ], which results in

det

{
IzN+1 −

(
I− αβδtL[m] +

(I− βL[m])

N

)
zN

+
(I− βL[m])

N

}
= 0,

(5.59)

where the eigenvalues of matrix L[m] = Γ[m]K[m] are the same as the eigenvalues of L̄ = Γ̄K̄

because L = T[m]Γ̄K̄T−1[m] = T[m]L̄T−1[m] from Eqs. (5.36) and the transformation

matrix T is orthogonal. Therefore, the characteristic equation can be rewritten using the

Jordan form LJ of matrix L̄ as

det

{
IzN+1 −

(
I− αβδtLJ +

(I− βLJ)

N

)
zN

+
(I− βLJ)

N

}
= 0.

(5.60)
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Therefore, for each root λL,k, k ∈ {1, 2, . . . , n̄n}, of the matrix L̄ = Γ̄K̄, the roots of the

characteristic equation

Ck(z) =zN+1 −
(
1− αβδtλL,k +

[1− βλL,k]

N

)
zN

+
[1− βλL,k]

N
= 0,

(5.61)

should have magnitude less than 1−2ϵ. For the unit-step delay case N = 1, the characteristic

Eq. (5.61) becomes second order and stability conditions on DSR parameters (α, β) can

be established using the Jury test. In particular, ensuring that the roots of characteristic

Eq. (5.61) are inside the disc with radius 1 − 2ϵ < 1 is equivalent to establishing that the

roots of the following shifted characteristic equation

C(ẑ) =(1− 2ϵ)2ẑ2 − (2− αβδtλL,k − βλL,k) (1− 2ϵ)ẑ

+ (1− βλL,k) = 0

(5.62)

are inside the unit circle, where

ẑ =
1

(1− 2ϵ)
z. (5.63)

Then, the three necessary and sufficient conditions for roots of the shifted characteristic

equation to be in the unit circle are, from the Jury test,

1. C(ẑ = 1) > 0, i.e.,

αβδtλL,k(1− 2ϵ) > 2βλL,kϵ− 4ϵ2 (5.64)

or

α >
1

δt

(
2ϵ

1− 2ϵ

)[
1− 2ϵ

βλL,k

]
. (5.65)

2. |C(ẑ = 0)| < 1, i.e.,

|1− βλL,k| < 1 or − 1 < (1− βλL,k) < 1

⇒ 0 < β <
2

λL,k

.
(5.66)
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3. (−1)2C(ẑ = −1) > 0, i.e.,

4− 8ϵ+ 4ϵ2 − βλL,k(2 + αδt − 2αδtϵ− 2ϵ) > 0

β <

(
2

λL,k

)[
2(1− 2ϵ) + 2ϵ2

(2(1− 2ϵ) + 2ϵ+ αδt(1− 2ϵ))

]
<

(
2

λL,k

) (5.67)

since the denominator of the term in square brackets is greater than the numerator as

2ϵ > 2ϵ2 and 1− 2ϵ > 0.

The condition in Eq. (5.67) is more stringent than in Eq. (5.66) and need to be satisfied for

all eigenvalues λL,k, which results in conditions of the lemma. ■

For the case with large DSR delay, N > 1, sufficient conditions on DSR parameters (α, β)

are found in the following lemma.

Lemma 4 (Frozen-time stability for large time-step delay) For the case of large steps

delay N > 1, the dynamics matrix A[m] has the spectral radius of ρ(A[m]) = 1 − 2ϵ < 1 if

the DSR parameters α and β satisfy

(i) α > 0,

(ii) bl < β < bu,
(5.68)

where λ̄L is the largest eigenvalue of the matrix L̄ = Γ̄K̄,

bl =
1

λ̄L

[
max

{
1−N(1− 2ϵ)N+1,

N(1 + 2ϵ) + 2

2(αδtN + 1)

}]
bu =

1

λ̄L

[
min

{
1−N(2ϵ− 1)N+1,

N(3− 2ϵ) + 2

2(αδtN + 1)

}]
.

(5.69)

Proof: The DSR parameter α > 0 as it is given from the ideal dynamics, as shown in

Eq. (5.38). An upper bound F on roots of a general polynomial (
∑N+1

i=1 aiz
i) = 0 can be
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found using the Fujiwara’s bound [50]

F := 2max

{∣∣∣∣ aN
aN+1

∣∣∣∣ , ∣∣∣∣aN−1

aN+1

∣∣∣∣1/2 , . . . ,∣∣∣∣ a1
aN+1

∣∣∣∣ 1
N

,

∣∣∣∣ a0
2aN+1

∣∣∣∣ 1
N+1

}
.

(5.70)

Therefore, Fujiwara’s upper bound on roots of the characteristic equation in Eq. (5.61) is

2max

{ ∣∣∣∣ [1− βλL,k]

2N

∣∣∣∣ 1
N+1

,

∣∣∣∣(1− αβδtλL,k +
[1− βλL,k]

N

)∣∣∣∣
}
,

(5.71)

which needs to be less than 1− 2ϵ. Thus, it leads to the following conditions:

1. ∣∣∣∣ [1− βλL,k]

N

∣∣∣∣ 1
N+1

< 1− 2ϵ

⇒ 1−N(1− 2ϵ)N+1

λL,k

< β <
1−N(2ϵ− 1)N+1

λL,k

(5.72)

2. ∣∣∣∣−(1− αβδtλL,k +
[1− βλL,k]

N

)∣∣∣∣ < 1/2− ϵ

⇒ N(1 + 2ϵ) + 2

2λL,k(αδtN + 1)
< β <

N(3− 2ϵ) + 2

2λL,k(αδtN + 1)
.

(5.73)

The selection of β needs to satisfy conditions in both Eq. (5.72) and Eq. (5.73) for all

eigenvalues λL,k of matrix L leading to the conditions of the lemma. ■

Remark 15 If the dynamic matrices A[m] are uniformly bounded, and if their eigenvalues

are inside a disc of radius 1− 2ϵ centered on the origin, then there exists a constant c such

that [51]

∥(A[m])r∥2 ≤ c(1− ϵ)r, ∀m, r. (5.74)
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Part 2 (Slowly varying system): The following lemma shows that time-variation of the

dynamics matrixA[m] can be arbitrarily small if the rotational-transport speed is sufficiently

slow.

Lemma 5 (Slowly varying conditions) Given ϵA > 0,

sup
m

∥A[m+ 1]−A[m]∥2 < ϵA

if sup
m

∥T[m+ 1]−T[m]∥2 < ϵT < sϵ ϵA,
(5.75)

where the scaling factor sϵ is given by

sϵ =
1

4ρ(Γ̄)ρ(K̄)
√
µ
, (5.76)

µ = (β/N)2 + (αβδt + β/N)2, (5.77)

α, β are DSR parameters, δt is the sampling time period and ρ(Γ̄) and ρ(K̄) are spectral radii

of the constant gain matrix Γ̄ and the stiffness matrix K̄, respectively.

Proof: The time variation of A[m] is, from Eqs. (5.47)-(5.49),

∆A[m] = A[m+ 1]−A[m]

=


0 0 . . . 0
...

. . .
...

0 . . . 0

∆a1 [m] 0 . . . ∆a2 [m]

 ,
(5.78)

where ∆ai
[m] = ai[m+ 1]− ai[m], i ∈ {1, 2}. Moreover,

∥∆A[m]∥22 = ρ(∆⊺
A[m]∆A[m])

= ρ(∆⊺
a1
[m]∆a1 [m] + ∆⊺

a2
[m]∆a2 [m])

≤ ρ(∆⊺
a1
[m]∆a1 [m]) + ρ(∆⊺

a2
[m]∆a2 [m])

= ∥∆a1 [m]∥22 + ∥∆a2 [m]∥22.

(5.79)
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Then, by Eq. (5.49) ∥∆A[m]∥22 can be rewritten as,

∥∆A[m]∥22 ≤
∥∥∥ β
N
(Γ[m+ 1]K[m+ 1]− Γ[m]K[m])

∥∥∥2
2

+
∥∥∥− αβδt(Γ[m+ 1]K[m+ 1]− Γ[m]K[m])

− β

N
(Γ[m+ 1]K[m+ 1]− Γ[m]K[m])

∥∥∥2
2

= µ ∥Γ[m+ 1]K[m+ 1]− Γ[m]K[m]∥22

= µ ∥Γ[m+ 1](K[m+ 1]−K[m])

+ (Γ[m+ 1]− Γ[m])K[m]∥22.

(5.80)

Taking the square root on both sides of Eq. (5.80), using the triangle inequality and Eq. (5.54)

results in

∥∆A[m]∥2 ≤
√
µ ∥Γ[m+ 1]∥2∥(K[m+ 1]−K[m])∥2

+
√
µ ∥(Γ[m+ 1]− Γ[m])∥2∥K[m]∥2

≤√
µ ρ(Γ̄)∥(K[m+ 1]−K[m])∥2

+
√
µ ∥(Γ[m+ 1]− Γ[m])∥2ρ(K̄).

(5.81)

Using Eq. (5.37), the difference in the stiffness matrices becomes

K[m+ 1]−K[m] = (T[m+ 1]−T[m])K̄T−1[m]

+T[m+ 1]K̄(T−1[m+ 1]−T−1[m]),
(5.82)

and therefore, from Eqs. (5.52)-(5.54), and the triangle inequality,

∥K[m+ 1]−K[m]∥2

≤ ∥(T[m+ 1]−T[m])∥2∥K̄∥2∥T−1[m]∥2

+ ∥T[m+ 1]∥2∥K̄∥2∥(T−1[m+ 1]−T−1[m])∥2

≤ ρ(K̄)∥(T[m+ 1]−T[m])∥2

+ ρ(K̄)∥(T−1[m+ 1]−T−1[m])∥2.

(5.83)

Similarly,

Γ[m+ 1]− Γ[m] =(T[m+ 1]−T[m])Γ̄T−1[m]

+T[m+ 1]Γ̄(T−1[m+ 1]−T−1[m]),
(5.84)
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and the norm of the difference is bounded as

∥Γ[m+ 1]− Γ[m]∥2

≤ ρ(Γ̄)∥(T[m+ 1]−T[m])∥2

+ ρ(Γ̄)∥(T−1[m+ 1]−T−1[m])∥2.

(5.85)

If the change in orientation, represented by the change in the orthogonal transformation

matrices T, is bounded uniformly in time by ϵT > 0, i.e.,

∥T[m+ 1]−T[m]∥2 < ϵT . (5.86)

then the change in the inverse transformation also has the same bound, since

∥T−1[m+ 1]−T−1[m]∥22

= ∥T⊺[m+ 1]−T⊺[m]∥22

= ρ ((T[m+ 1]−T[m])(T⊺[m+ 1]−T⊺[m]))

= ρ ((T⊺[m+ 1]−T⊺[m])(T[m+ 1]−T[m]))

= ∥T[m+ 1]−T[m]∥22 < ϵ2T .

(5.87)

Therefore, the norms of the differences in stiffness matrix K from Eq. (5.83) and gain matrix

Γ from Eq. (5.85) become

∥K[m+ 1]−K[m]∥2 ≤ 2ϵTρ(K̄)

∥Γ[m+ 1]− Γ[m]∥2 ≤ 2ϵTρ(Γ̄)
(5.88)

and substitution into Eq. (5.81) yields

∥∆A[m]∥2 ≤ 4
√
µ ρ(Γ̄)ρ(K̄)ϵT (5.89)

and the lemma follows since the right hand side of Eq. (5.89) satisfies

4
√
µ ρ(Γ̄)ρ(K̄)ϵT < ϵA (5.90)

from Eq. (5.76). ■

Part 3 (Lyapunov stability): Stability of the time-varying dynamics in Eq. (5.50) is

established in the following lemma.
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Lemma 6 (Stability using the Lyapunov method) The origin of the time-varying sys-

tem in Eq. (5.50) is exponentially stable if the following two conditions are satisfied.

1. DSR parameters (α, β) are chosen to satisfy conditions in either Lemma 3 Eq. (5.58)

or Lemma 4 Eq. (5.68) ,

2. The orientation variation is sufficiently slow, i.e., there exists 0 < η < 1 such that

sup
m

∥T[m+ 1]−T[m]∥2 < sϵϵA, (5.91)

where

ϵA =
(1− (1− ϵ)2)2

2c4aM
(1− η),

constants c and ϵ are from Eq. (5.74), aM is the upper bound of matrix A in Eq. (5.51),

sϵ =
1

4ρ(Γ̄)ρ(K̄)
√
µ
as in Eq. (5.76), µ is defined in Eq. (5.77) and ρ(Γ̄) and ρ(K̄) are spectral

radius of constant gain matrix Γ̄ and constant stiffness K̄ respectively.

Proof: The proof follows from Ref. [51], which showed exponential stability of time-varying

discrete-time systems as in Eq. (5.50), provided the following three conditions are satisfied.

(i) The dynamic matrix A[m] is uniformly bounded, i.e., supm ∥A[m]∥2 = aM < ∞.

(ii) Eigenvalues of A[m] are inside a disc of radius 1 − 2ϵ centered at the origin of the

complex plane resulting in ∥(A[m])r∥2 ≤ c(1− ϵ)r as in Eq. (5.74).

(iii) The system is sufficiently slowly-time varying, i.e., there exist 0 < η < 1 such that

sup
m

∥A[m+ 1]−A[m]∥2 <
(1− (1− ϵ)2)2

2c4aM
(1− η) = ϵA.

Condition (i) is satisfied from Lemma 2 Eq. (5.51), and condition (ii) is satisfied due to

Condition 1 of the current Lemma 6, as shown by Lemmas 3 and 4. Lastly, condition (iii) is
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satisfied due to Condition 2 of the current Lemma 6, from Lemma 5 Eq. (5.75). Briefly, the

proof in [51] establishes that the Lyapunov function

Vm(S) = S⊺PmS, (5.92)

where Pm is the positive definite solution to

A⊺[m− 1]PmA[m− 1]−Pm = −I (5.93)

bounded by

1 ≤ ∥Pm∥2 ≤
c2

1− (1− ϵ)2
= aP ∀m (5.94)

resulting in

∥S∥22 ≤ Vm(S) ≤ aP∥S∥22. (5.95)

Moreover, under conditions (i)-(iii), the Lyapunov function can be shown to decrease with

time step m [51],

Vm+1(S[m+ 1])− Vm(S[m]) ≤ −η∥S[m]∥22 ∀m, (5.96)

Using Eq. (5.95), Eq. (5.96) can be written as,

∥S[m+ 1]∥22 ≤ Vm+1(S[m+ 1]) ≤ Vm(S[m])− η∥S[m]∥22

≤
(
1− η

aP

)
Vm(S[m])

≤
(
1− η

aP

)m+1

V0(S[0])

≤
(
1− η

aP

)m+1

aP∥S[0]∥22,

(5.97)

and the right hand side tends to zero as m increases since 0 < η
aP

< 1, leading to exponential

stability. ■
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Small deformation for slow transport

The previous subsection showed that the time-varying transport dynamics is stable. The

associated Lyapunov function can be used to show that the transport dynamics in Eq. (5.49)

is bounded-input bounded-output stable. Towards this, the lemma below shows that the

perturbation U of the transport dynamics in Eq. (5.49) is bounded by the transport speed.

Lemma 7 (U is bounded) The perturbation U[m] is uniformly bounded in m as,

∥U[m]∥2 ≤ 2 (ϵT qn + 6ϵL) = aU ∀ m, (5.98)

given a bounded desired speed of transport, e.g.,

sup
m

∥∆qd
[m]∥2 = sup

m
∥qd[m]− qd[m− 1]∥2 ≤ ϵq, (5.99)

where

ϵL = (1− γL)γL∥qd[0]− qL[0]∥2 + ϵq, (5.100)

γL is the leader update gain in Eq. (5.1), ϵT is the upper bound on the rate of change of the

transformation matrix T in Eq. (5.75) and qn = ∥Q̄n∥2 is a constant that depends on object’s

geometry and nominal robot configuration defined in Eq. (5.30).

Proof: In particular using Eq. (5.34), the perturbation term U in Eq. (5.49) can be rewritten

as,

U[m] = Qn[m]−Qn[m+ 1] +
Qn[m]−Qn[m−N ]

N

=(T[m]−T[m+ 1])Q̄n +B1(qL[m]− qL[m+ 1])

+
1

N

{
(T[m]−T[m−N ])Q̄n +B1(qL[m]

− qL[m−N ])

}
.
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Then, using the triangle inequality results in,

∥U[m]∥2 ≤ ∥T[m]−T[m+ 1]∥2∥Q̄n∥2

+ ∥B1∥2∥qL[m]− qL[m+ 1]∥2

+
1

N

{
∥T[m]−T[m−N ]∥2∥Q̄n∥2

+ ∥B1∥2∥qL[m]− qL[m−N ]∥2
}
.

(5.101)

The variation of the leader robot’s state qL can be written using Eq. (5.1), as

(qL[m+ 1]− qL[m]) =(1− γL) (qL[m]− qL[m− 1])

+ γL (qd[m]− qd[m− 1])

=(1− γL)
m (qL[1]− qL[0])

+ γL

m−1∑
i=0

(1− γL)
i∆qd

[m− i]

(5.102)

with ∆qd
[i] = qd[i] − qd[i − 1]. Since the variation of desired trajectory is bounded from

the condition in Eq. (5.99), and because (1− γL) < 1 resulting in (1− γL)
m ≤ (1− γL) for

m > 0, the variation of the leader robot’s state qL can be bounded as

∥qL[m+ 1]− qL[m]∥2 ≤ (1− γL)∥qL[1]− qL[0]∥2

+ γL

(
ϵq
γL

)
=(1− γL)∥qL[1]− qL[0]∥2 + ϵq

=(1− γL)γL∥qd[0]− qL[0]∥2 + ϵq

using Eq. (5.1)

=ϵL from Eq. (5.100).

(5.103)

This bound in the variation of the leader’s state for a single time step in Eq. (5.103) can be

used to bound the variation over N time steps as N times the variation over a single time
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step, i.e.,

∥qL[m]− qL[m−N ]∥2

= ∥qL[m]− qL[m− 1] + qL[m− 1] + . . .

− qL[m−N + 1] + qL[m−N + 1]− qL[m−N ]∥2

≤ NϵL.

(5.104)

Similarly, the variation of transformation matrix, i.e., ∥T[m]−T[m−N ]∥2 over N time steps

can be bounded by N times the variation over a single time step from Eq. (5.75), as

∥T[m]−T[m−N ]∥2

= ∥T[m]−T[m− 1] +T[m− 1] + . . .

−T[m−N + 1] +T[m−N + 1]−T[m−N ]∥2

≤ NϵT .

(5.105)

Then, substituting the upper bounds established in Eqs. (5.103)-(5.105) and Eq. (5.75) into

Eq. (5.101) and using ∥B1∥2 =
√
ρ(B⊺

1B1) = n̄ from Eq. (5.21) results in,

∥U[m]∥2 ≤ ϵT qn + n̄ϵL +
1

N
(NϵT qn + n̄NϵL)

= 2 (ϵT qn + n̄ϵL) = aU. ■
(5.106)

Remark 16 (Small perturbation) As the transport speed decreases, its bound ϵq in Eq. (5.99)

decreases resulting in decreasing ϵL in Eq. (5.100) if the desired qd[0] and actual qL[0] leader

positions match at the start of the transport, i.e., qd[0] = qL[0]. Decreasing transport speed

also leads to decreasing orientation changes and therefore, smaller ϵT in Eq. (5.75). Hence,

the size aU of the perturbation term ∥U[m]∥2 decreases with decreasing transport speed from

Eq. (5.98).

Reducing the transport speed also reduces the deformation, as established in the next lemma

using the Lyapunov approach.
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Lemma 8 (Effect of the perturbation) With undeformed initial configuration, S[0] =

0, the deformation state S of the perturbed dynamics in Eq. (5.47) becomes small for small

perturbation U, i.e.,

∥S[m+ 1]∥2 → 0, if aU → 0 ∀ m, (5.107)

where ∥U[m]∥ ≤ aU as in Eq. (5.98).

Proof: From Eq. (5.47) and the definition of the Lyapunov function Vm in Eq. (5.92),

Vm+1(S[m+ 1])− Vm(S[m])

= S⊺[m+ 1]Pm+1S[m+ 1]− S⊺[m]PmS[m]

= S⊺[m]
(
A⊺[m]Pm+1A[m]−Pm

)
S[m]

+U⊺[m]B⊺Pm+1A[m]S[m]

+ S⊺[m]A⊺[m]Pm+1BU[m]

+U⊺[m]B⊺Pm+1BU[m]

≤ − η∥S[m]∥22

+U⊺[m]B⊺Pm+1A[m]S[m]

+ S⊺[m]A⊺[m]Pm+1BU[m]

+U⊺[m]B⊺Pm+1BU[m],

(5.108)

using Eq. (5.96), for the case when input is zero U[m] = 0 for all m. From Eq. (5.49),

∥B∥2 =
√

ρ(B⊺B) = 1. Then, substituting the upper bounds of A in Eq. (5.51) and Pm+1
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in Eq. (5.94) into Eq. (5.108), and completing the square as in [52] results in,

Vm+1(S[m+ 1])− Vm(S[m])

≤ −η∥S[m]∥22 + 2aPaM∥U[m]∥2∥S[m]∥2 + aP∥U[m]∥22

= −ϵηη∥S[m]∥22 + âP∥U[m]∥22

−

(√
(1− ϵη)wη∥S[m]∥2 −

aPaM√
(1− ϵη)η

∥U[m]∥2

)2

≤ −ϵηη∥S[m]∥22 + âP∥U[m]∥22

≤ −η̂Vm(S[m]) + âP∥U[m]∥22 using Eq. (5.95)

≤ −η̂Vm(S[m]) + âPa
2
U using Eq. (5.98) ,

(5.109)

where

η̂ = ϵηη, âP =
(aPaM)2

(1− ϵη)η
+ aP. (5.110)

Rearranging the above equation, and iterating yields,

Vm+1(S[m+ 1]) ≤ (1− η̂)Vm(S[m]) + âPa
2
U

=(1− η̂)m+1 V0(S[0])

+ âPa
2
U

m∑
i=0

(1− η̂)i ,

(5.111)

which is a convergent series since (1− η̂) < 1. Hence,

∥S[m+ 1]∥22 ≤ Vm+1(S[m+ 1])

≤ (1− η̂)m+1 V0(S[0]) +
âPa

2
U

η̂

≤ (1− η̂)m+1 aP∥S[0]∥22 +
âPa

2
U

η̂
.

(5.112)

The bound on deformation S directly depends on the bound aU on the perturbation term

when the initial deformation is zero, S[0] = 0, i.e.,

∥S[m+ 1]∥22 ≤
âPa

2
U

η̂
. (5.113)
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Therefore,

∥S[m+ 1]∥2 → 0, as aU → 0, (5.114)

which leads to the claim of the lemma. ■

5.2.5 Special case: diagonalizable dynamics

Although more general, the slowly-time-varying Lyapunov-based approach for stability can

be conservative. A less conservative condition that only requires frozen-time stability is

established below by exploiting the orientation change aspect of the time variations when

the dynamics in Eq. (5.50) is diagonalizable.

Lemma 9 (Bounded-perturbation bounded-deformation) Let the constant matrix Ā

be diagonalizable, where

Ā =


0 I . . . 0
...

. . .
...

0 . . . I

ā1 0 . . . ā2

 (5.115)

similar to Eq. (5.48), with

ā1 = −(I− βΓ̄K̄)

N
,

ā2 = (I− αβδtΓ̄K̄) +
I− βΓ̄K̄

N
.

(5.116)

Then, if the spectral radius ρ(Ā) < 1, the time-varying dynamics in Eq. (5.47) is bounded-

perturbation bounded-deformation stable, i.e.,

∥S[m+ 1]∥2 ≤ ρ(Ā)m∥S[1]∥2 +
aU

1− ρ(Ā)
, (5.117)

where the perturbation is bounded, ∥U[m]∥2 ≤ aU, as in Eq. (5.98).

Proof: The dynamic matrix A[m] in Eq. (5.50) only varies due to change in unitary trans-

formation matrix T[m], since from Eq. (5.37),

A[m] = Ta[m]ĀT−1
a [m], (5.118)
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where Ta is unitary

Ta[m] =
(
I(N+1)×(N+1) ⊗T[m]

)
,

T−1
a [m] =

(
I(N+1)×(N+1) ⊗T−1[m]

)
,

(5.119)

with

∥Ta[m]∥2 = ∥T−1
a [m]∥2 = 1. (5.120)

Moreover, since the constant matrix Ā is diagonalizable, there exists a constant unitary

matrix V such that V−1 = V⊺,

∥V[m]∥2 = ∥V−1[m]∥2 = 1 (5.121)

and

Ā = VĀJV
−1, (5.122)

where ĀJ is a diagonal matrix which entries consist of eigenvalues λĀ,j, j ∈ {1, 2, . . . , n̄n(N+

1)} of the constant dynamic matrix Ā. The spectral radius ρ(ĀJ) < 1 from the lemma

condition that the spectral radius ρ(Ā) < 1 resulting in

∥ĀJ∥2 = ρ(ĀJ) = ρ(Ā). (5.123)

The update equation in Eq. (5.47) can be rewritten using the transformation in Eq. (5.118)

and the Jordan matrix in Eq. (5.122) as

S[m+ 1] = Ta[m]VĀJV
−1T−1

a [m]S[m] +U[m]. (5.124)

Then, taking Euclidean norm on both sides of Eq. (5.124), and using the triangle inequality,
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results in,

∥S[m+ 1]∥2

≤ ∥Ta[m]VĀJV
−1T−1

a [m]S[m]∥2 + ∥U[m]∥2

≤ ∥Ta[m]∥2∥V∥2∥ĀJ∥2∥V−1∥2∥T−1
a [m]∥2∥S[m]∥2

+ ∥U[m]∥2

≤ ∥ĀJ∥2 ∥S[m]∥2 + ∥U[m]∥2

using Eqs. (5.120), (5.121), (5.123)

≤ ρ(Ā) ∥S[m]∥2 + aU

using Eqs. (5.98), (5.123)

≤ ρ(Ā)m ∥S[1]∥2 +
m−1∑
j=0

ρ(Ā)jaU

≤ ρ(Ā)m∥S[1]∥2 +
aU

1− ρ(Ā)

since ρ(Ā) < 1 ,

(5.125)

which is the lemma’s claim. ■

Remark 17 (Stability) The spectral radius ρ(A[m]) of the time-varying matrix A[m] is

the same as the spectral radius ρ(Ā) of the constant matrix Ā and therefore, frozen-time

stability ρ(A[m]) < 1 is sufficient for stability of the time-varying transport dynamics if the

matrix Ā is diagonalizable, from Lemma 9.

The stiffness matrix K̄ is typically real and symmetric, and hence, diagonalizable. More-

over, the stiffness matrix K̄ is invertible (with non-zero eigenvalues) when the structure is

held rigidly by the leader. Therefore, a constant diagonal gain in Γ̄ for each diagonal block

of the stiffness matrix K̄ results in a real symmetric and invertible matrix L̄ = Γ̄K̄, which

is diagonalizable. The following lemma shows that the resulting matrix Ā in Eq. (5.115) is

diagonalizable with a unit time-step delay N = 1, leading to the less conservative condition

in Lemma 9.
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Lemma 10 (Diagonalizable Ā) The constant matrix Ā in Eq. (5.115) for unit time-step

delay N = 1, given as,

Ā =

 0 I

ā1 ā2

 , (5.126)

is diagonalizable if the matrix L̄ = Γ̄K̄ is invertible (with non-zero eigenvalues) and diago-

nalizable, where, from Eq. (5.116), ā1 = −(I− βL̄) and ā2 = (I− αβδtL̄) + I− βL̄.

Proof: Since L̄ is diagonalizable, it has n̄n∗ linearly-independent eigenvectors VL,i with

eigenvalues λL,i with i = 1, 2, . . . , n̄n∗. For each eigenvalue λL,i, there exists two eigenvalues

λĀ,i,j, j = 1, 2 of the matrix Ā with corresponding eigenvectors

VĀ,i,j =

 VL,i

λĀ,i,jVL,i

 , (5.127)

if  0 I

ā1 ā2

 VL,i

λĀ,i,jVL,i

 = λĀ,i,j

 VL,i

λĀ,i,jVL,i

 . (5.128)

Since the first set of n̄n∗ equations are satisfied, the remaining equations can be rewritten

using Eq. (5.116) as

−(I− βL̄)VL,i+

λĀ,i,j

(
(I− αβδtL̄) + I− βL̄

)
VL,i = λ2

Ā,i,jVL,i, (5.129)

which is equivalent to (since VL,i is an eigenvalue of L̄ with eigenvalue λL,i)

−(1− βλL,i) + λĀ,i,j ((1− αβδtλL,i) + 1− βλL,i)

= λ2
Ā,i,j. (5.130)

and is satisfied with eigenvalues λĀ,i,j, j = 1, 2 of the matrix Ā

λĀ,i,j =
ā∗2 ±

√
(ā∗2)

2 + 4βλL,i

2
(5.131)
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ā∗2 = (2 − βλL,i(αδt + 1)). Note that the resulting eigenvalues λĀ,i,j, j = 1, 2 are real and

distinct, i.e.,

λĀ,i,1 ̸= λĀ,i,2, (5.132)

since eigenvalue λL,i > 0 and DSR gain β > 0 are both positive. If the eigenvectors of the

matrix Ā are linearly dependent then there exists constants ci,j such that

∑
i

ci,1VĀ,i,1 +
∑
i

ci,2VĀ,i,2 = 0, (5.133)

which can be rewritten using Eq. (5.127) as

∑
i

ci,1VL,i +
∑
i

ci,2VL,i = 0 (5.134)

∑
i

λĀ,i,1ci,1VL,i +
∑
i

λĀ,i,2ci,2VL,i = 0 (5.135)

Since eigenvectors VL,i of L̄ are linearly independent, Eq. (5.135) requires

ci,2 = −ci,1 (5.136)

λĀ,i,1ci,1 = −λĀ,i,2ci,2 (5.137)

resulting in (by substituting for ci,2 into the second equation)

λĀ,i,1ci,1 = λĀ,i,2ci,1 or λĀ,i,1 = λĀ,i,2, (5.138)

which is not possible from Eq. (5.132). Therefore, the eigenvectors of matrix Ā are linearly

independent resulting in diagonalizability. ■

5.2.6 Stability without the DSR approach

The standard transport dynamics without DSR in Eq. (5.35) has a similar time-varying form

as the DSR dynamics in Eq. (5.47). Therefore, the stability of the standard without DSR

approach in Eq. (5.35) can be established using the same approach as the case with DSR
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described in the previous subsection. In particular, the main parameter (the control gain

γ in Eq. (5.2)) can be selected for frozen-time stability of the dynamics without the DSR

approach as in Eq. (5.35) by ensuring that the eigenvalues of matrix H[m] are inside the disc

with radius 1− 2ϵ, i.e., from Eq. (5.36),

|1− λL,k| < (1− 2ϵ) for k = 1, 2, . . . , 6n, (5.139)

where λL,k is the kth-eigenvalue of matrix L̄ = Γ̄K̄. Since this condition needs to be satisfied

for all eigenvalues of matrix L̄,

γ =
2ϵ

λL

< γ <
2(1− ϵ)

λ̄L

= γ, (5.140)

where λL and λ̄L are the smallest and the largest eigenvalue of matrix L̄ = Γ̄K̄ respectively,

and 0 < ϵ < 0.5 is a constant. The settling time Ts to reach a new desired position depends

on the update gain γ and the eigenvalue of matrix L, which can be computed as

Ts ≈
−4δt
ln(λ∗

L)
where λ∗

L = argmax
L,j

|1− γλL,j|. (5.141)

5.2.7 Selection of controller gains and algorithm

The steps for selection of gains (α, β) in the DSR approach for a given desired trajectory (qd)

and transport time (given using settling time Ts) for an object transport task are provided

in Algorithm 1.

5.3 Experiment Setup

Experiments are used to comparatively evaluate the transport improvement with and without

the use of DSR. In particular, experiments were performed for planar transport, with 2DOF

(n̄ = 2), with and without DSR for three transport scenarios; (i) Case 1: translational

transport along a straight-line trajectory of a linear object using mobile robots; (ii) Case

2: rotational transport along a curved-line trajectory of a linear object using mobile robots;

and (iii) Case 3: circular transport of a cylindrical object using robotic manipulators.
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Algorithm 1 DSR algorithm for object transport
Require: Place robots in the initial configuration and tare the force values

1: Initialize:

2: Set sampling period δt and time-step delay N

3: Set desired transport trajectory for leader qd

4: Select update gain for the leader γL in Eq. (5.1)

—– Finding eigenvalues —–

5: for s ∈ {x, y, z, θx, θy , θz} do

6: Tare force sensors

7: for i ∈ {1, 2, . . . , n∗} do

8: Move robot i by ∆p̄s,i

9: Record: f̄s,i

10: Compute k̄s,i =
f̄s,i

∆p̄s,i
and populate matrix K̄

11: end for

12: end for

13: Compute eigenvalues of normalized stiffness L̄ = Γ̄K̄

—– Gain selection without DSR —–

14: Select gain γ satisfying bounds (γ and γ̄) as in Eq. (5.140)

15: Estimate settling time Ts experimentally, or compute using Eq. (5.141)

—– Gain selection with DSR —–

16: Compute update gain α = 4/Ts

17: if time-step delay N = 1 then

18: select DSR gain β using Eq. (5.58)

19: else

20: using Eq. (5.68)

21: end if

22: Select transport time T (satisfying Eq. (5.91) if L̄ is not diagonalizable)

—– Update for leaders and followers —–

23: for m ∈ {1, 2, . . . , T} do

24: Record: qL[m]

25: Compute qL[m+ 1] based on Eq. (5.1)

26: for i ∈ {1, 2, . . . , n∗} do

27: Store: qi[m− 1] and fi[m− 1]

28: Record: qi[m] and fi[m]

29: Compute qi[m+ 1] using Eq. (5.44)

30: end for

31: end for
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5.3.1 Hardware description

The mobile-robots system consists of four custom-built mobile robots carrying a highly-

flexible spring, which helps to visualize the deformation during transport of flexible objects

as shown in Fig. 5.2. Each robot k is equipped with wheel encoders to measure its position

p̂k = [p̂x,k, p̂y,k]
⊺ ∈ R2 and orientation θ̄z,k ∈ R, a custom 2-axis force sensor to measure local

reactions f̂k, and a microcontroller for on-board computations. All sensor measurements

are filtered using first-order low pass filter to avoid high frequency noise. Each robot also

has LEDs to indicate large forces due to relative deformations of the object. The leader

robot has an additional microcontroller with a Bluetooth module to enable human remote-

control using a joystick. The flexible object (a coiled spring with 1.30cm diameter and 90cm

length) is mechanically grasped by each robot. The desired trajectory qd = [pd,Θd]
⊺ ∈ R3 is

available only to the leader robot and the position updates are computed and achieved within

a sampling time period δt = 0.03s, using a velocity feedback control similarly as shown in [2].

Figure 5.2: Experimental mobile-robots system carrying a flexible object. The length of each segment

(element) of the spring between the robots is l. Each robot implicitly communicates with its neighbors

through the object by sensing the force measured at the contact point.

The robotic-manipulators system consists of four ABB IRB 120 robots, consisting of one

leader robot and three follower robots, carrying a circular flexible object made of UHMW

plastic with thickness of 6.35mm and diameter of 610mm as shown in Fig. 5.3a. Each of the
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follower robots is equipped with an ATI Mini 45 F/T sensor mounted near the end-effector

to measure local forces f̄k between the robot and the object as shown in Fig. 5.3b. The force

readings from the sensors are filtered using built-in first order low pass filters before being

collected in a Python client, which is set up in a master PC. Individual socket communication

channels between each follower ABB robot’s controller and the Python client on PC are set

up, to obtain state feedback of the robot end-effector position (p̄k = [p̄x,k, p̄y,k]
⊺ ∈ R2), and

communicate the corrective motion based on with and without DSR algorithms back to the

robots. A communication channel also exists between the leader robot and the Python client

to communicate desired trajectory to the leader robot. The computation is performed within

a sampling time period of δt = 0.4s.

(a) System setup (b) Robot detail

Figure 5.3: Experimental robotic-manipulators system. (a) ABB IRB 120 robots transport a circular object

(UHMW plastic) in a circular motion with 50mm diameter shown in pink dash-line. (b) Details of manipu-

lator’s end-effector with an ATI Mini 45 Force/Torque sensor attached.
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Figure 5.4: Velocity-based feedback control system of robot k to achieve the position p̂+
k [m] using proportional

(gain Kp) and integral (gain Ki) feedback controller along with feed-forward control (gain Kff ).

5.3.2 Update parameters selection and implementation

Algorithm 1 was used to select the control parameters with and without DSR. To begin,

the normalized stiffness matrix L̄ was found. The estimated stiffness of the mobile-robots

system shown in Fig. 5.2 has the decoupled formF̄x

F̄y

 =

K̄x,x 0

0 K̄y,y

D̄x

D̄y

 = K̄D̄. (5.142)

where, F̄i = [f̄i,1, f̄i,2, f̄i,3] and D̄i = [d̄i,1, d̄i,2, d̄i,3] with i ∈ {x, y}. Then, the gain matrix Γ̄

in Eq. (5.15) was selected to normalize the stiffness matrix K̄, as

Γ̄ =

Γ̄x 0

0 Γ̄y

 =

I 0

0 0.075 I

 ∈ R6, (5.143)

since the position update gain in the ȳ direction is an order of magnitude smaller (due to

higher stiffness) than the x̄ direction in the leader’s coordinate frame. This leads to the

normalized stiffness matrix L̄ = Γ̄K̄ in the algorithm.

For the experiment using the robotic-manipulators system shown in Fig. 5.3, the esti-

mated stiffness matrix, found using Algorithm 1, has a more general coupled stiffnessF̄x

F̄y

 =

K̄x,x K̄x,y

K̄y,x K̄y,y

D̄x

D̄y

 = K̄D̄. (5.144)
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Since the stiffness matrix K̄ in Eq. (5.144) has a coupled form, the gain matrix was selected

to be identity Γ̄ = I resulting in normalized stiffness L̄ = K̄.

The normalized stiffness L̄ leads to the control parameters as described in the Algorithm 1.

Specifically, the eigenvalues of the normalizing estimated stiffness matrix L̄ in Eq. (5.142)

for the mobile-robots system and in Eq. (5.144) for the robotic-manipulators system are

computed to establish bounds on update gain γ using Eq. (5.140), and DSR parameters

α, β as in Eq. (5.58). In each case the normalized stiffness is diagonalizable, and therefore,

satisfies the conditions of Lemma 10 for frozen-time stability as in Remark 17. The selected

gains with and without DSR approaches for both experimental systems, mobile-robots and

robotic-manipulators, are shown in Table 5.1.

The decentralized updates with DSR were implemented in each follower robot k with one

delay step, i.e., N = 1. For the robotic-manipulators system, the decentralized update

was implemented in the global coordinates as in Eq. (5.44). For the mobile-robots system

(without access to the global frame) the DSR update in Eq. (5.44) was implemented using

measurements in the local frame as,

q̂k[m+ 1] =q̂k[m]− αβδtΓ̂k f̂k[m] + {q̂k[m]− q̂k[m− 1]}

− βΓ̂k

{
f̂k[m]− f̂k[m− 1]

}
.

(5.145)

5.3.3 Evaluation metric

Maximum deformation

The performance metric, used to quantify the results for both the approaches is the maxi-

mum deformation D∗ found using local reaction force measurements F̄ in the leader robot’s

coordinate frame (x̄, ȳ, z̄), i.e., from Eq. (5.142), and Eq. (5.144),

D̄[m] = K̄−1 F̄[m], (5.146)

is the deformation at each follower robot at time step m. Then, the maximum deformation

D∗ is computed by taking the Euclidean norm of deformation values of each robot along each
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Table 5.1: Selection of parameters with and without DSR approaches, for all cases of experiment using

mobile robots and robotic manipulators. The parameters are selected following Algorithm 1.

Case λL λL δt(s) γL γ γ γ Ts(s) α β β

Cases 1 & 2 0.16 0.01 0.03 0.90 2.00 12.38 2.38 5.00 0.80 12.23 10.65

Case 3 0.79 0.007 0.40 1.00 0.11 2.53 0.15 224.8 0.017 2.18 2.00

axis, and finding the maximum value for all time m among all the three follower robots, i.e.,

D∗ = max
k∈{1,2,3}

{
d̄M = max

m
∥d̄k[m]∥2

}
,

where d̄k[m] =
[
d̄x,k[m] d̄y,k[m]

]⊺
.

(5.147)

Maximum Force

Direct measurements of the local force at each robot is used as another metric, given by

f ∗ = max
k∈{1,2,3}

{
f̄M = max

m
∥f̄k[m]∥2

}
,

where f̄k[m] =
[
f̄x,k[m] f̄y,k[m]

]⊺
.

(5.148)

5.3.4 Design of transport trajectories

Two different types of transport are considered for the mobile-robots system: (i) pure trans-

lation without orientation change and (ii) rotational transport with orientation change as

shown in Fig. 5.5. The robotic-manipulators system followed a circular trajectory as shown

in Fig. 5.3a.

Straight-line trajectory (pure translation)

The leader robot follows a predefined straight trajectory of 50cm in the x−direction as

shown in Fig. 5.5a with constant speed. The straight trajectory (orientation alignment of

the leader) is achieved using a guiding track, highlighted in Fig. 5.5a. The track helps to
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(a) Straight (b) Curved

Figure 5.5: Mobile-robots trajectories. (a) A straight-line trajectory (pink dash line) in the x−direction for

the case of a fully autonomous leader (green) where the orientation of the leader is maintained by placing it

on a track. (b) A curved-line trajectory with radius of 50cm (pink dash line), and human feedback correction

of the leader’s (green) orientation to maintain stay on the curved path.

correct for orientation errors arising from the use of wheel encoders and allows autonomous

operation of the robots.

The speed of the leader robot vL is selected numerically using simulations, to stay within

a range of transport speeds such that the simulated maximum deformation D∗ is below the

limit of 10cm. Beyond this deformation (which depends on the amount of friction between the

robot wheels and the ground), the robot gets dragged by its neighbors. Simulations indicate

that the maximum deformation increases with transport speed as shown in Fig. 5.6a. Based

on these results, the transport speed was selected as vL = 5cm/s.

Curved-line trajectory with orientation change

The leader robot is to be moved along a curved desired trajectory with 50cm radii and total

orientation change of 90◦ that is marked on the floor, as illustrated in Fig. 5.5b. The leader

robot’s tracking of the circular trajectory is achieved using angular-velocity corrections from

a human teleoperator. The speed of the leader robot vL along the curved-line trajectory

is fixed and selected numerically using simulations, shown in Fig. 5.6b. To maintain the

allowable deformation below 10cm, the speed is chosen as vL = 2.5cm/s.
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(a) Straight traj. (b) Curved traj.

Figure 5.6: Simulation results with and without DSR. Speed of transport versus maximum deformation D∗

as in Eq. (5.147) when moving with constant speed for (a) straight trajectory, and (b) curved trajectory.

The speed of the leader robot (transport speed) vL for experiments was selected such that the maximum

deformation (predicted from simulation) is less than the allowable limit (10cm) – 5cm/s for the straight

trajectory case and 2.5cm/s for the curved trajectory case.

Trajectory for robotic manipulators

The desired transport trajectory is chosen as a circular motion with 50mm diameter as shown

in Fig. 5.3a, moving with a constant speed. The trajectory is achieved by prescribing a set

of way-points in the global coordinate frame (x, y) for the leader robot to track.

5.4 Experimental Results and Discussion

Comparative evaluations, with and without DSR are presented below to evaluate the trans-

port improvement with DSR.

5.4.1 Deformation decreases with DSR during translation

The deformation of the object during transport is inferred from force measurements using

Eq. (5.147). The case with DSR approach shows a significant reduction in object’s deforma-

tion during translation-only transport using the mobile-robots system, from (9.61± 0.61)cm

to (2.44 ± 0.17)cm, which is a 75 ± 3% in improvement as compared to the case without

DSR as shown in Table 5.2. The improvement is also quantified using the measured reaction
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force, where the mean maximum force f ∗ as in Eq. (5.148) is reduced by 75 ± 2%, from

(0.12 ± 0.01)N without DSR to (0.03 ± 0.02)N with DSR as presented in Table 5.2. Note

that this reduction of deformation and force with DSR is obtained while completing the task

in similar time as the case without DSR. Plots of deformation and force at each robot’s

contact point in Figs. 5.7a-5.7b and Figs. 5.8a-5.8b respectively also show the similarity of

improvement between deformation and force. The deformation in one of the experimental

trials, in which the maximum deformation D∗ is the closes to mean value, is also presented in

Fig. 5.9a, which visualizes the deformation reduction during transport with DSR compared

to the case without DSR.

5.4.2 Deformation decreases with DSR during rotation

In the presences of rotation, the change in orientation induces unintended deformation as

well as time-varying dynamics. The results show that even with rotational effects, with

the desired-position dependent on the part geometry, DSR reduces object’s deformation

significantly during transport. The maximum deformation D∗ (Eq. (5.147)) without DSR of

(9.66 ± 0.79)cm is reduced to (2.76 ± 1.33)cm with DSR, while completing the task in the

same time. This leads to 72±3% reduction of maximum deformation with DSR as compared

to the case without DSR as shown in Table 5.2. Again, the improvement is reflected in the

measured reaction forces, where the mean maximum force f ∗ as in Eq. (5.148) is reduced

by 78± 3%, from (0.14± 0.03)N without DSR to (0.03± 0.01)N with DSR as presented in

Table 5.2.

Plots of deformation and force comparing the results show similar improvement for both

metrics for both cases, with and without DSR are shown in Figs. 5.7c-5.7d and Figs. 5.8c-

5.8d respectively. Furthermore, snapshots of the deformation with and without the DSR

approach during one of the experimental trials, where the maximum deformation D∗ is the

closest to the mean value, are shown in Fig. 5.9b to help visualize the deformation reduction

with DSR.
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Case 1: Translational transport

(a) Without DSR (b) With DSR

Case 2: Rotational transport

(c) Without DSR (d) With DSR

Case 3: Circular transport

(e) Without DSR (f) With DSR

Figure 5.7: Comparative evaluation of experimentally inferred deformation ∥d̄i∥2 as in Eq. (5.147) where

d̄i = [d̄x,i, d̄y,i] for i = {1, 2, 3}: without DSR (left column, a,c,e), and with DSR (right column, b,d,f). The

results are shown for 7 trials (shown in thin lines), and the means are shown in thick lines.
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Case 1: Translational transport

(a) Without DSR (b) With DSR

Case 2: Rotational transport

(c) Without DSR (d) With DSR

Case 3: Circular transport

(e) Without DSR (f) With DSR

Figure 5.8: Comparative evaluation of experimentally measured force ∥f̄i∥2 as in Eq. (5.148) where f̄i =

[f̄x,i, f̄y,i] for i = {1, 2, 3}: without DSR (left column, a,c,e), and with DSR (right column, b,d,f). Results

are shown for 7 trials (shown in thin lines), and the means are shown in thick lines.

5.4.3 Deformation decreases using DSR for robotic manipulators

Substantial reduction in deformation is also observed in experiments using robotic manipu-

lators when transporting the circular object. The maximum deformation D∗ in Eq. (5.147)
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reduces with DSR from (13.07 ± 0.10)mm to (2.53 ± 0.18)mm without DSR, which is an

improvement of 80± 1% as shown in Table 5.2. Similar improvement is also shown in force

measurement where the mean maximum force f ∗ as in Eq. (5.148) is reduced by 86 ± 1%,

from (6.27 ± 0.04)N without DSR to (0.88 ± 0.02)N with DSR as presented in Table 5.2.

The significant reductions of deformation and force with the DSR approach also are seen in

the time-domain plots in Figs. 5.7e-5.7f and Figs. 5.8e-5.8f. Note that the improvement is

achieved without slowing down the transport speed. Additionally, Fig. 5.9c shows a snapshot

from one of the trials to help visualize the comparison of deformation during transport with

and without DSR.

Table 5.2: Improvement (reduction) in maximum deformation ( D∗) as in Eq. (5.147) and maximum force (

f∗) as in Eq. (5.148) for Case 1: translational transport, Case 2: rotational transport, and Case 3: circular

transport, with and without DSR. Results presented for experiment with mean µ and standard deviation σ

over 7 experimental trials. Improvements are highlighted in green.

CASE 1: TRANSLATIONAL CASE 2: ROTATIONAL CASE 3: CIRCULAR

Metric Method Value Method Value Method Value

Force

Without DSR 0.12 ± 0.01 Without DSR 0.14 ± 0.03 Without DSR 6.27 ± 0.04

With DSR 0.03 ± 0.02 With DSR 0.03 ± 0.01 With DSR 0.88 ± 0.02

(N) Improvement (%) 75 ± 2 % Improvement (%) 78 ± 3 % Improvement (%) 86 ± 1 %

Deform.

Without DSR 96.1 ± 6.1 Without DSR 96.6 ± 7.9 Without DSR 13.07 ± 0.10

With DSR 24.4 ± 1.7 With DSR 27.6 ± 13.3 With DSR 2.53 ± 0.18

(mm) Improvement (%) 75 ± 3 % Improvement (%) 72 ± 3 % Improvement (%) 80 ± 1 %

5.5 Conclusion

This chapter presented a decentralized robotic transport approach to reduce an object’s

deformation during transport. Experimental results show that the proposed delayed self-

reinforcement (DSR) approach significantly reduces deformation during transport without

increasing the transport time — even during rotational transport where the desired robot

positions depend on the geometry of the object. Analysis methods were also developed to

select robot control parameters to ensure stability of the time-varying transport dynamics
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with the proposed DSR approach. Future effort will be focused on extending the work to

include adaptive strategies for gain selection.
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(a) Case 1: Translational transport

(b) Case 2: Rotational transport

(c) Case 3: Circular transport

Figure 5.9: Snapshots of experiment showing deformation D̄ for both approaches, with and without DSR,

when the robots are moving in (a) straight-line trajectory (Case 1), (b) curved-line trajectory (Case 2), and

(c) circular trajectory (Case 3). The red lines and circles indicate the undeformed configuration based on

the leader’s orientation and the blue lines and circles show the deformation of the object. The snapshots,

selected from one of the seven trials for each experimental case, have deformation values closest to the mean.

For the full experiment video refer to the attached supporting media.
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Chapter 6

MC3: DEVELOPMENT OF DECENTRALIZED PARAMETER
SELECTION FOR TRANSPORT OF FLEXIBLE OBJECTS

USING ROBOT NETWORKS

This chapter forms the main contribution 3 (MC3) of this dissertation. This work also

is ready to be submitted to a peer-reviewed journal [20]. The main goal of this chapter is to

develop a fully decentralized parameter-selection approach for transport tasks using robot

networks. The proposed approach expands the DSR-based transport approach that solely

utilizes previously stored sensed information from neighboring robots [47, 53]. Notably, the

proposed approach decentralizes the selection of parameters by introducing a novel scaling

factor to the robots’ DSR-based update which can be obtained locally through random

interactions between the robots and the object. An advantage of this approach is that it

does not require prior knowledge of the dynamics or the network connectivity structure to

determine a stable parameter range for any given network settling time Ts that matches

with the robots’ capabilities. Hence, the proposed approach can be implemented to any

network, e.g., to transport different types of objects, even with varying number of robots

in the network. Furthermore, experimental results showcase the efficacy of the DSR-based

transport with decentralized parameter selection, that show reduction in deformation during

transport by 62% as compared to the standard case without DSR even when using centralized

parameter selection.

6.1 Preliminaries and Problem Statement

The object transport formulation which follows a leader-followers schematic is presented in

the three dimensional (3D) translation coordinates. The robot network is a team of multiple
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robots consisting of a leader robot which has access to the desired trajectory, and n-follower

robots. The object is grasped by each robot as shown in Fig. 6.1, thus, reaction forces are

generated by deformation at their respective contact points, measured using onboard force

sensors used for feedback to compute the control actions.

Figure 6.1: Top: Experiment setup with five TurtleBots transporting a flexible object (coiled spring). Bot-

tom: Robot network schematic showing implicit communication between robots through the object. Each

robot then only adjusts their motion based on the local force measurement at the contact point with the

object.

6.1.1 Leader’s update

In the leader-followers transport mechanism, the role of a leader is to steer the object. The

leader only tracks the desired trajectory and does not react to local force measurements.

Thus, the leader robot updates its position pL = [pLx, pLy, pLz]
⊺ ∈ R3 based on the desired

trajectory ps = [psx, psy, psz]
⊺ ∈ R3 as,

pL[m] = ps[m], (6.1)

where pL[m] and ps[m] are the position of the leader robot and desired trajectory at time

instant [m] = (δtm) respectively with sampling period δt. Note that there is no force feedback

in the leader’s update law shown in Eq. (6.1).
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6.1.2 Followers’ decentralized update

The follower robots assist the leader during transport by minimizing local deformation in-

ferred through force measurements. In a decentralized setting, the follower robots do not

have access to the desired trajectory, but update their position by using only local force

measurement. Thus, the position update for each follower robot i can be written as

pi[m+ 1] = pi[m]− γδtfi[m], (6.2)

where γ is the update gain, pi = [pix, piy, piz]
⊺ ∈ R3 is the position of robot i and fi =

[fix, fiy, fiz]
⊺ ∈ R3 is the local force measurement at contact point between robot i and the

object. Then, the update law for all n - follower robots can be written in a matrix form as,

P[m+ 1] = P[m]− γδtF[m], (6.3)

where the concatenated robot positions and forces are

P = [p1,p2, . . . ,pn]
⊺ ∈ R3n,

F = [f1, f2, . . . , fn]
⊺ ∈ R3n.

(6.4)

Assuming that the deformation is small relative to the size of the object, the overall reaction

forces Fr ∈ R3(n+1), which includes reaction force for the leader, due to the interaction

between robots and the object can be written in terms of overall object stiffness Ko ∈

R(3n+3)×(3n+3) and robots’ positions Pr ∈ R3n+3 as

Fr = KoPrfL
F

 =

 ∗ ∗

−B K

pL

P

 ,
(6.5)

where K ∈ R3n×3n is the global stiffness matrix associated with the follower robots which

depends on object’s structural properties, B ∈ R3n×3 is the connectivity matrix to the

leader, the symbol (∗) indicates a non-empty entry of the matrix, fL and pL are the force
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and position vectors of the leader robot respectively. Hence, the force-position relationship

can be simplified for the followers as

F = KP−BpL. (6.6)

Then, using Eq. (6.6) to rewrite the update equation in Eq. (6.3) results in

P[m+ 1] = (I− γδtK)P[m] + γδtBpL[m]. (6.7)

Note that the global stiffness matrix K also describes the network connectivity between

robots, thus has a similar form as the pinned Laplacian matrix in [44], with real and positive

eigenvalues.

Lemma 11 (Stability of the standard approach) The transport dynamics in Eq. (6.7)

is stable if and only if the update gain γ is selected such that all eigenvalues of the matrix

(I− γδtK) are inside the unit circle, which results in

0 < γ <

(
γ̄ =

2

λ̄Kδt

)
, (6.8)

where λ̄K is the largest eigenvalue of the stiffness matrix K.

Proof: The proof is shown in [2] and is omitted here for brevity.

6.1.3 Problem: decentralize parameter selection

The update parameter γ in Eq. (6.2) can be selected to achieve the desired network settling

time Ts. In particular, the settling time Ts to reach a desired step in position is given by

Ts ≈
−4δt

ln
(
λ̂K

) where λ̂K = argmax
λK,j

|1− γδtλK,j|. (6.9)

Thus from Eq. (6.9) above, the update parameter γ can be computed given desired network

settling time Ts as

γ =
1− exp(−4δt/Ts)

δt λK

, (6.10)

where λK is the smallest eigenvalue of the global stiffness matrix K. Two problems identified

from the standard decentralized approach are in the following.
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1. Computing the update parameter γ in Eq. (6.10) also depends on the smallest (slowest)

eigenvalue λK of the global stiffness matrix K, which is difficult to obtain without

centralized information regarding the properties of the global stiffness matrix K.

2. Typically, faster settling time Ts results in larger deformation and vice versa. There-

fore, for a given settling time Ts to compute γ, there is no further control over the

deformations of the object during transport.

Hence, this article aims to develop an approach for parameter selection in fully decentralized

manner without needing the knowledge of global stiffness matrix K, while also reducing

deformation during transport without increasing the network settling time Ts.

6.2 Decentralized parameter selection using estimated-DSR

6.2.1 Followers’ update with estimated-DSR

The use of DSR method has been shown to reduce deformation significantly during transport

[2]. The DSR-based transport dynamics is derived from the ideal dynamics where each

follower has direct access to the leader’s position, which can be written in the continuous

time domain as

Ṗ(t) =− αP(t) + αBcpL(t)

=− αP(t) + αBcpL(t).
(6.11)

where α > 0 is the update gain and

Bc = (1n ⊗ I3×3) ∈ R3n×3, (6.12)

describes connectivity to the leader with ⊗ indicating the Kronecker product. The ideal

update law in Eq. (6.11) can be decentralized by multiplying both sides of Eq. (6.11) with a

scaled normalized stiffness matrix βL, where β > 0 is the DSR gain, which results in

βLṖ(t) = −αβLP(t) + αβLBcpL(t), (6.13)
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where the normalized stiffness matrix L is a scaled stiffness matrix K with ones along its

diagonal, i.e.

L = ΓK =


1 ∗

. . .

∗ 1

 ∈ R3n×3n, (6.14)

where the scaling factor matrix Γ can be described as

Γ{j,j} = (K{j,j})
−1

= 0 otherwise.
(6.15)

Then adding Ṗ(t) to both sides of Eq. (6.13) and rearranging the terms to obtain,

Ṗ(t) =− αβLP(t) + (I− βL)Ṗ(t) + αβLBcpL(t)

≈− αβLP(t) + (I− βL)
P(t)−P(t− τ)

τ

+ αβLBcpL(t),

(6.16)

where the Ṗ(t) term on the right hand side of Eq. (6.16) is approximated using a delay-based

derivative as shown in [47]. Let the delay time step τ = δt, then the DSR-based update law

in Eq. (6.16) can be written in the discrete time domain as,

P[m+ 1] =P[m]− αβδtLP[m] + αβδtBLpL[m]

+ (I− βL)(P[m]−P[m− 1]),
(6.17)

where BL = ΓB ∈ R3n×3 contains zeroes but ones on entries associated with followers

adjacent to the leader.

Remark 18 (Decentralized implementation using local stiffness) In implementation,

each robot i still updates its position pi using only force measurement fi that is inversely scaled

by its local stiffness, that is

pi[m+ 1] =pi[m]− αβδtΓifi[m] + (pi[m]− pi[m− 1])

− βΓi(fi[m]− fi[m− 1]),
(6.18)
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where Γi ∈ R3×3 is the scaling factor matrix that depends on diagonal entries of the local

stiffness ki ∈ R3×3, that is

Γi{s,s} =
(
ki{s,s}

)−1

= 0 otherwise.
(6.19)

Note that the sth diagonal entry of the local stiffness ki{s,s} corresponds to the local stiffness

value in the s−axis where s ∈ {x, y, z} at robot i location. Therefore, the implementation

remains decentralized since each robot only requires local information such as force, position,

and local stiffness measurements to compute its update law in Eq. (6.18).

6.2.2 Stability of the estimated-DSR approach

The stability of the proposed estimated-DSR can be established by finding the roots of the

characteristic equation of the update law in Eq. (6.17), which can be written as,

det
(
Iz2 − αβδtLJ + [I− βLJ ]z + [I− βLJ ]

)
= 0, (6.20)

where LJ = J−1LJ is the diagonalization of the normalized stiffness matrix L. Note that

since the stiffness matrix K has real and positive eigenvalues, the normalized stiffness matrix

L also has real and positive eigenvalues (see [54]).

Then, for each eigenvalue λL,j of the normalized stiffness matrix L, the characteristic

equation C(z) can be rewritten as

C(z) = z2 − (1− αβδtλL,j + [1− βλL,j])z + [1− βλL,j] = 0. (6.21)

The analytical conditions for stability are shown in the next lemma.

Lemma 12 The proposed approach with estimated-DSR is stable if and only if the selection

update for parameters (α, β) satisfy the following conditions

(i) 0 < α

(ii) 0 < β <

(
β̄ =

2

αδt + 2

)
.

(6.22)
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Proof: The proof is divided into two steps:

Step 1: establishing the stability conditions for eigenvalues

The first step is to use Jury test to find the bound on update of parameters (α, β). The

bounds can be established by finding the roots of the characteristic equation C(z) in Eq. (6.21).

In particular, the three necessary and sufficient conditions are in the following.

1. C(z = 1) > 0 :

αβδtλL,j > 0, → α > 0. (6.23)

This confirms the first condition of the lemma.

2. |C(z = 0)| < 1 :

|1− βλL,j| < 1 or − 1 < (1− βλL,j) < 1,

0 <β <
2

λL,j

.
(6.24)

3. (−1)2C(z = −1) > 0 :

4− αβδtλL,j − 2βλL,j > 0, → β <
4

λL,j(αδt + 2)
. (6.25)

The condition in Eq. (6.25) is used to establish the upper bound on the selection of β since

it is more stringent than Eq. (6.24).

Step 2: decoupling the stability conditions from eigenvalues

Since the condition needs to be satisfied for all eigenvalue of L, then a more conservative

condition on β in Eq. (6.25) can be established using the upper bound of the eigenvalues of

L, which can be found using Gershgorin circle theorem [55]. The Gershgorin circle theorem

implies that every eigenvalue λL,j of the normalized stiffness matrix L ∈ R3n×3n satisfies the

following condition,

|λL,j − Lj,k| ≤
∑
k ̸=j

|Lj,k| j, k ∈ {1, 2, . . . , n}. (6.26)
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Typically, the normalized stiffness matrix L has a special form similar to the Laplacian

matrix of a undirected graph (see [44]), that is the absolute row-sum of the off-diagonal

terms is less than or equal to the diagonal term, e.g.,∑
k ̸=j

|Lj,k| ≤ Lj,j j ∈ {1, 2, . . . , n}. (6.27)

Then, substituting Eq. (6.27) into the right-hand side of the Eq. (6.26) results in

|λL,j − Lj,j| ≤ Lj,j, (6.28)

which gives

−Lj,j ≤ (λL,j − Lj,j) ≤ Lj,j

0 ≤ λL,j ≤ 2 Lj,j

(6.29)

Since the diagonal terms of the normalized stiffness matrix L are all ones from Eq. (6.14),

i.e., Lj,j ∀ j, the bound on eigenvalues in Eq. (6.29) on L becomes,

0 ≤ λL,j ≤ 2. (6.30)

Therefore, using the upper bound on eigenvalues of L above in Eq. (6.30), a more conservative

stability condition for β in Eq. (6.17) can be established as,

0 < β <

(
2

αδt + 2
=

4

2(αδt + 2)

)
≤ 4

(maxj λL,j)(αδt + 2)
, (6.31)

which leads to the claim of the lemma.

Remark 19 (Decentralized parameter selection) The update parameters selection with

estimated-DSR approach is fully decentralized since the stable range of (α, β) as shown in

Eq. (6.17) are independent of the global stiffness matrix K or its eigenvalues.

Remark 20 (Settling time with estimated-DSR) The parameter α of the ideal cen-

tralized update in Eq. (6.11) can be selected directly based on a specified network settling time

Ts, e.g.,

α =
4

Ts

. (6.32)
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Although, in general the α can be chosen individually for each robot based on their capabilities.

However in implementation, the settling time Ts of the network can be selected larger than

the capability of the robots to ensure tracking of the desired trajectory as shown in Eq. (2.1).

Since the proposed DSR-based transport approach is an approximation of the ideal centralized

dynamics in Eq. (6.11), the parameter α in the decentralized update in Eq. (6.18) can be

approximated using Eq. (6.32).

6.2.3 Measuring local stiffness

The update law in Eq. (6.18) for robot i requires the scaling factor Γi to normalize the force

measurements fi. The scaling factor Γi only depends on the inverse of diagonal entries of the

local stiffness matrix ki as shown in Eq. (6.19). A way to obtain diagonal entries of the local

stiffness ki is through initial robot’s interaction with the object. For instance, initially each

robot i can randomly displace from its undeformed configuration (pi[0] = 0 and fi[0] = 0)

while keeping the leader fixed, in small amount along each axis of motion for a time period

T ∈ {1, 2, . . . , Tm}, e.g.,

pis[T ] = ϵ (P ∈ [−1, 1]), s ∈ {x, y, z}, (6.33)

where ϵ > 0 is a scaling constant depends on the amplitude of the trajectory and P ∈ [−1, 1]

indicates randomly generated trajectory with values between negative one and positive one.

During the small random motions along the s−axis where s ∈ {x, y, z}, each robot i records

the reaction force fis and position pis measurements, e.g.,

f̃is =
[
fis[1], fis[2], . . . , fis[Tm]

]
,

p̃is =
[
pis[1], pis[2], . . . , pis[Tm]

]
.

(6.34)

In the case where initial random motions in Eq. (6.33) are performed by each robot i se-

quentially, then the diagonal entry of the local stiffness ki{s,s} can be easily found by using

only one-time measurement from Eq. (6.6), for example,

ki{s,s} =
fis[1]

pis[1]
, (6.35)
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since the leader robot is not moving (pL = 0). However, this approach requires a centralized

coordination amongst the robots to determine which robot will move next. Alternatively,

all robots can perform initial random motions simultaneously or in random order without

coordination. But, this approach introduces noise ηis to the force measurement f̃is Eq. (6.34)

of the robot i due to motions from its adjacent neighbors, that is

f̂is = f̃is + ηis. (6.36)

Then in this case, the diagonal entry of the local stiffness ki{s,s} along the s−axis for robot i

can be inferred by finding a linear relationship between position p̃is and force f̂is in Eq. (6.36)

measurements in Eq. (6.34) using a fitting technique such as least squares, that is

ki{s,s} = arg min
ki{s,s}

∥ki{s,s}p̃is − f̂is∥22

= arg min
ki{s,s}

∥ki{s,s}p̃is − f̃is − ηis∥22.
(6.37)

Note that depending on the noise level ηis, this estimation approach when all robots move

simultaneously requires sufficient amount of time Tm to obtain acceptable estimate of the

local stiffness values. Nevertheless, initial interactions between the robots and the object

can be used to measure local stiffness ki{s,s} s ∈ {x, y, z} for each robot i, which then can be

used to compute the scaling factor matrix Γi in Eq. (6.19) in fully decentralized manner.

6.3 Experiment

This section presents system description and parameter selection for the two different trans-

port approaches discussed in this article, (i) without DSR and (ii) with estimated-DSR. The

experiment was performed for transport tasks in a single-axis of motion (x−axis) .

6.3.1 Hardware setup

The system consists of five TurtleBots which have the capability to measure position odom-

etry pi = pix ∈ R and equipped with force sensor to measure reaction force fi = fix ∈ R

at the contact point with the object. Each TurtleBot has an onboard microcomputer to
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compute the update law, and the leader robot (shown in red in Fig. (6.1)) tracks the desired

trajectory ps = psx given by external computer through ROS (Robot Operating System) and

achieved within the sampling period δt = 0.050s. For this particular experiment, the desired

trajectory ps is chosen as a ramp in position to reach 50cm distance in task completion time

Tc = 25s, or a constant speed of 2cm/s as shown in Fig. 6.2.

Figure 6.2: The desired trajectory ps prescribed to the leader robot. The trajectory is chosen as a constant

ramp in position with the slope of 2cm/s to reach 50cm distance of transport.

The object used for transport is a linear flexible object (coiled spring) with length of 120

cm to visualize the deformation during transport. The local stiffness values of the object are

presented in Table 6.1. The schematic is shown in Fig. 6.1 with one leader and four follower

robots, mechanically attached to the object.

Table 6.1: Comparison of Local stiffness values at each robot locationl ki{x,x} for i ∈ {1, 2, 3, 4} in the x−axis

of motion, which are obtained in simulation, measured experimentally and estimated using the proposed

approach with estimated-DSR. For the estimated stiffness, the mean value (µ) and standard deviation (σ)

across 7 trials are shown.

Local stiffness values (N/cm)

k1{x,x} k2{x,x} k3{x,x} k4{x,x}

Sim. 0.92 0.92 0.92 0.46

Meas. 0.95 0.89 0.90 0.46

Est. 1.28± 0.34 1.09± 0.18 0.88± 0.29 0.41± 0.06
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6.3.2 Selection of update parameters

The update parameters are selected to minimize the deformation for a specified transport

settling time Ts for a unit step change in leader’s position pL. The parameter for the approach

without DSR is selected in centralized manner based on the knowledge of object’s stiffness,

and for the approach with estimated-DSR, the update parameters are selected based on the

local stiffness obtained through local measurements during the initial interactions with the

object.

Settling time

The network settling time Ts can be selected to match the capabilities of the robots, e.g.,

to ensure network convergence. Typically, the network settling time Ts is much larger than

the robot’s Tr, as shown in Eq. (2.1). In this experiment, the settling time of the TurtleBot

Tr is measured experimentally, which is 0.03s. Then, the update sampling time δt = 0.05s

is selected to ensure that each robot has a sufficient time to compute and achieve the com-

manded input. Thus, to ensure convergence the network settling time Ts is selected to be

more than 200 times slower than the sampling time δt, that is

Ts = νδt = (200) 0.05s = 10s. (6.38)

Without DSR

The update parameter γ in Eq. (6.2) is selected such that the specified settling time Ts = 10s

can be reached for a desired step in leader’s position pL. In particular, the gain γ is computed

using Eq. (6.10) with given settling time Ts as,

γ =
1− exp(−4(0.05))/10)

0.05 (0.05)
= 0.35, (6.39)

where the smallest eigenvalue of the global stiffness matrix K, λK = 0.05.
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With estimated-DSR

The update parameters (α, β) for the proposed with estimated-DSR approach are computed

based on the stability conditions in Eq. (6.22) and the measurement process described in

Subsection 6.2.3 for computing the scaling factor Γi = Γi{x,x} ∈ R in Eq. (6.18). In this case,

the parameter α is selected for the similar network settling time Ts as the approach without

DSR using Eq. (6.32), i.e.,

α =
4

Ts

=
4

10
= 0.4. (6.40)

The parameter β is selected to reduce deformation as,

β = argmin
β

(D∗) < β̄, (6.41)

Typically, the maximum deformation D∗ decreases as β increases before reaching its stability

upper bound β̄ as shown in Fig. 6.3. Thus, the DSR parameter β is computed using Eq. (6.22)

Figure 6.3: The effect of maximum deformation D∗ with respect to the DSR parameter β given a fixed α

which shows that the maximum deformation D∗ tends to decrease as β increases. The transport dynamic is

unstable as β passes the upper bound β̄ in Eq. (6.22) indicated by the dash-line.

at 75% before reaching the stability upper bound, that is

β = 75%

(
2

αδt + 2

)
=

(0.75)2

(0.4)(0.05) + 2
= 0.74. (6.42)
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For the scaling factor Γi, each robot measures its local stiffness ki = ki{x,x} ∈ R by following

the process described in Subsection 6.2.3. In this experiment, each robot moved along a

sinusoidal trajectory of 0.5cm amplitude with randomly generated frequency for time period

Tm = 20s, e.g.,

pix[T ] = 0.5 sin(ωiδtT ), T ∈ {1, 2, . . . , (20/δt)} (6.43)

where ωi is a randomly generated frequency for robot i. The position p̃ix and force f̃ix

measurements of the robots as in Eq. (6.34) are shown in Fig. 6.4a - 6.4d. Then each robot

infers its local stiffness ki{x,x} by using least squares fitting in Eq. (6.37). The resulting fitted

curves are shown in Fig. 6.4e - 6.4h and the numerical values of the estimated stiffness for

each robot are shown in Table 6.1. Then, the values of the local stiffness ki{x,x} are used to

compute the scaling factor Γi{x,x} for each robot i based on Eq. (6.19). The implementation

of the approach with estimated-DSR follows Algorithm 2.

(a) Robot 1 (b) Robot 2 (c) Robot 3 (d) Robot 4

(e) Robot 1 (f) Robot 2 (g) Robot 3 (h) Robot 4

Figure 6.4: Top: Position responses of each robot during the stiffness estimation. Each robot moves in

random fashion for Tm = 20s while collecting the force measurement. Bottom: the relation between robot’s

i ∈ {1, 2, 3, 4} position p̃i and force f̃i measurements. The local stiffness ki is inferred by fitting a linear

curve between the force measured and displacement during the estimation period Tm as shown in Eq. (6.37).
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6.3.3 Performance metric

The deformation D during transport can be inferred from the force measurement, i.e.,

D[m] = K−1F[m] = P[m]−BcpL[m] (6.44)

from Eq. (6.6). Then for each robot i, individual deformation di = [dx, dy, dz]
⊺ ∈ R3 can be

written as

di[m] = pi[m]− pL[m]. (6.45)

Then the maximum deformation D∗, used to quantify the transport performance, is com-

puted by taking the Euclidean norm of the deformation di of each robot, and finding the

maximum value for all time m over all robots i, that is

D∗ = max
i

{
max
m

∥di[m]∥2
}
. (6.46)

6.4 Results and Discussion

Results and comparative evaluation of different transport approaches, without DSR and with

estimated-DSR, are discussed below.

6.4.1 Decentralized parameter selection using local stiffness

The process of obtaining local stiffness ki{x,x} for each robot i shown in the experiment

uses sinusoidal motions with random frequencies. Although in general, the robots motions

can follow any random trajectory as shown in Eq. (6.33). Results in Table 6.1 show that

the estimated local stiffness values are similar to actual measured values. For example, the

estimated local stiffness k1{x,x} is 1.28± 0.34 N/cm is close to the actual measured value of

0.95 N/cm. The same can be observed for robot 2, 3 and 4 where the estimated local stiffness

values k2{x,x} = 1.09 ± 0.18 N/cm, k3{x,x} = 0.88 ± 0.29 N/cm, and k4{x,x} = 0.41 ± 0.06

N/cm, are relatively close to the actual measured vales of 0.89 N/cm, 0.90 N/cm, and 0.46

N/cm respectively. The values where the standard deviation are high, for example k2{x,x}
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and k3{x,x}, indicate that more random motions by the neighboring robots that can add noise

to the force measurements f̃2x and f̃3x since robot 2 and 3 are connected to two neighbors, as

compared to robot 5. While the estimated local stiffness values shown are close the actual

measured values, the accuracy of the estimation can be improved by running the estimation

process for longer time period Tm.

6.4.2 DSR reduces deformation for the same settling time

The approach with estimated-DSR reduces deformation during transport substantially as

compared to the approach without DSR for the same network settling time Ts. As shown in

Table 6.2, the deformation reduces from 6.10 cm without DSR to 1.45 cm with estimated-

DSR in simulation and from 7.46±0.33 cm to 2.81±0.62 cm in experiment which are 76% and

62% of reduction in deformation respectively for the same transport time. The reduction

in deformation indicates that even with decentralized parameter selection, the approach

with estimated DSR still effective as compared to the approach without DSR when using

centralized parameter selection. The reduction of deformation can also be visualized in

Fig. 6.5, which show that the experimental results match the prediction in simulation. In

addition, with estimated-DSR still ensures that each robot converges to desired trajectory

within the specified network settling time Ts = 10s, as demonstrated in Fig. 6.6 using a step

response simulation. Snapshots of the experiment are shown in Fig. 6.7.

6.5 Conclusion

In this chapter, a fully decentralized approach for flexible object transport is proposed. In

particular, the approach with estimated-DSR uses only local stiffness measurement to select

update parameters in decentralized manner without any knowledge of the object’s properties

and centralized information. Therefore, the proposed approach can be implemented to any

robot networks for potentially transporting different types of objects. Moreover, results

in simulation and experiment show that using the proposed approach, deformation during

transport is reduced significantly as compared to the standard approach without DSR by
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(a) Without DSR (b) With estimated-DSR

(c) Without DSR (d) With estimated-DSR

Figure 6.5: Comparative results of deformation ∥di∥2 for i ∈ {1, 2, 3, 4}, inferred using Eq. (6.46) over time

for simulation (a, b) and experiment (c, d).

(a) Without DSR (b) With estimated-DSR

Figure 6.6: Position of the follower robots pi for i ∈ {1, 2, 3, 4} in response to a step in the leader’s position

in simulation, to show that the network settling time Ts = 10s indicated by the dash line, is achieved using

both approaches without DSR and with estimated-DSR.
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Table 6.2: Improvement (reduction) in maximum deformation ( D∗) as in Eq. (6.46), using two transport

methods: (i) without DSR and (ii) with estimated-DSR. Results presented for experiment with mean (µ)

and standard deviation (σ) over 7 experimental trials.

SIMULATION

Method Deform. (cm) Improve. (%)

Without DSR 6.10 -

With estimated-DSR 1.45 76%

EXPERIMENT

Method Deform. (cm) Improve.(%)

Without DSR 7.46 ± 0.33 -

With estimated-DSR 2.81 ± 0.62 62 ± 8.3 %

Figure 6.7: Snapshots of experiment showing deformation D for all transport approaches, without DSR and

with estimated-DSR. The snapshots, selected from one of the seven trials for each experimental case, have

deformation values closest to the mean. For the full experiment video refer to the attached supporting media.

62%. Future efforts are focused on extending the proposed approach to transport objects

with much higher stiffness.
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Algorithm 2 Decentralized transport with estimated-DSR
Require: Place robots in the initial configuration and tare the force values

1: Initialize:

2: Set sampling period δt > Tr based on Eq. (2.1)

3: Set desired transport trajectory for leader ps

—– Local stiffness measurements —–

4: for s ∈ {x, y, z} do

5: Tare force sensors

6: for i ∈ {1, 2, . . . , n} do

7: for T ∈ {1, 2, . . . , Tm} do

8: Move robot i following random trajectory as in Eq. (6.33)

9: Record: fis[T ] and pis[T ]

10: end for

11: Stack force and position measurements into f̃is and p̃is as in Eq. (6.34)

12: Compute local stiffness ki{s,s} using Eq. (6.37)

13: Compute the normalizing scaling factor Γi in Eq. (6.19)

14: end for

15: end for

16: Select network settling time Ts >> δt based on Eq. (2.1)

—– Gain selection with DSR —–

17: Compute update gain α = 4/Ts as in Eq. (6.32)

18: Select DSR gain β using Eq. (6.22)

—– Update for leaders and followers —–

19: for m ∈ {1, 2, . . . , T} do

20: Compute pL[m] based on Eq. (6.1)

21: for i ∈ {1, 2, . . . , n} do

22: Store: pi[m− 1] and fi[m− 1]

23: Record: pi[m] and fi[m]

24: Compute pi[m+ 1] using Eq. (6.18)

25: end for

26: end for
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Chapter 7

SUMMARY AND FUTURE WORK

This chapter briefly provides a summary of the main contributions, and discusses some

of the future works which can be pursued based on the results of the dissertation.

7.1 Summary

Figure 7.1: Research timeline showing the main contributions of the dissertation and resulting publications.

Summary of the main contributions of the dissertation is shown in Fig. 7.1. Details of

the contributions are presented in the following.

1. Chapter 3 evaluates the use of accelerated method in decentralized robot networks

to reduce deformation during transport. This chapter forms the main contribution 1
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(MC1) of this dissertation, that is to use accelerated - delayed self reinforcement (A-

DSR) to achieve faster transport using robot networks, and has been published in [1].

This work proposes the use of accelerated-gradient-based approaches, which have been

used to speed up gradient-based optimization [19], to speed up transport using robot

teams. Nevertheless, it is important that the increase in transport speed does not lead

to excessive deformation. For example, when transporting flexible objects, such as large

uncured-composite aircraft wings in a manufacturing setting, large deformations can

lead to damage. Therefore in this chapter, an approach was proposed to improve the

performance of flexible-object transport with a decentralized robot team. In particular,

the approach used accelerated delayed self-reinforcement (A-DSR) of local force mea-

surements to reduce the deformation during transport with the same completion time

as the baseline approach without A-DSR. Moreover, A-DSR allowed reduction in com-

pletion time for the same maximum deformation. Simulation results were provided to

verify the theoretical findings of the proposed approach. Finally, experimental results

using four robots transporting a flexible object (spring) were presented to demonstrate

the applicability of the proposed A-DSR approach.

2. Chapter 4 proposes a transport approach which uses delayed self-reinforcement (DSR)

to reduce deformation during transport without increasing transport time. This chap-

ter forms the main contribution 2.1 (MC2.1) of this dissertation, that is to use delayed

self reinforcement (DSR) to achieve cohesive transport using robot networks, and has

been published in [2]. In this chapter, an approach was presented to reduce deforma-

tion of objects during transport with decentralized robot networks. The approach used

only local force measurements without additional communication, and conditions for

stability were established. The proposed cohesive DSR approach was evaluated using

simulation and the results closely matched the experimental results. Overall, the pro-

posed approach led to 85% reduction in the deformation of the experimental system

without increasing the time to transport the object to a new position.
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3. Chapter 5 is an evolution of prior work in [2] and has been accepted to a peer-reviewed

journal in [3], which presented experimental results that DSR can reduce deformation

during purely translational transport where the motion of the robots is cohesive, i.e.,

each robot moves in the same manner in Chapter 4. This chapter presents a decen-

tralized robotic transport approach to reduce an object’s deformation during trans-

port. Experimental results show that the proposed delayed self-reinforcement (DSR)

approach significantly reduces deformation during transport without increasing the

transport time — even during rotational transport where the desired robot positions

depend on the geometry of the object. Analysis methods were also developed to select

robot control parameters to ensure stability of the time-varying transport dynamics

with the proposed DSR approach.

4. Chapter 6 develops a fully decentralized approach for transport task which includes

selecting the update parameters. Typical decentralized approaches require certain level

of centralized coordination or information when designing the transport system with

robot network, for instance to select the update parameters. Such an approach over-

throws the decentralized behavior being sought after bio-mimetic strategies and is not

viable for large networks with varying number of robots. Thus in this chapter, a fully

decentralized approach for flexible object transport is proposed. In particular, the

approach with estimated-DSR uses only local stiffness measurement to select update

parameters in decentralized manner without any knowledge of the object’s properties

and centralized information. Therefore, the proposed approach can be implemented to

any robot networks for potentially transporting different types of objects. Moreover,

results in simulation and experiment show that using the proposed approach, deforma-

tion during transport is reduced significantly as compared to the standard approach

without DSR by 62%.
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7.2 Future Work

This section discusses potential future directions that can be pursued in regards to flexible-

object transport using robot networks based on the results of this dissertation.

1. The proposed DSR-based transport approach presented in this dissertation mainly

focuses on flexible-objects transport. While flexible-objects pose a challenge due to

large deformation and nonlinear behavior, transporting rigid objects might pose a

different challenge in regard to formulating the update law. Thus, further work can

be extended to investigate the applicability of the DSR-based transport approach for

rigid-objects transport.

2. The proposed DSR-based transport approach presented in this dissertation is applied

to autonomous transports, i.e., the leader is autonomous. Nevertheless, certain ap-

plications might require human assistance during transport. Generally, human input

introduces noise and may exhibit nonlinear dynamics. Therefore, assessing the inte-

gration of human input into the transport system with DSR is needed.
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