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Abstract
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Professor Jayadev Athreya

Mathematics

We will use dynamical, geometric, and analytic techniques to study translation surfaces.

A translation surface is, informally, a collection of polygons in the plane with parallel sides

identified by translation to form a surface with a singular Euclidean structure. Understanding

the geometry and behavior of flows on translation surfaces and their moduli spaces has lead

to the development of many new and revolutionary techniques, including the work of award

winning mathematicians like Mirzakhani, McMullen, Eskin, Yoccoz, and Zorich.

My work studies geodesic flows on translation surfaces by analyzing subsets of R2 corre-

sponding to saddle connections, which are special trajectories of this flow. Saddle connec-

tions are straight line trajectories on a translation surface connecting two singular points,

with none in their interior. Saddle connections are the driver for the parabolic behavior of

geodesic flows on translation surfaces, as two nearby parallel lines behave differently under

dynamics of the geodesic flow once a saddle connection comes between them.

This thesis will consider discrete subsets of the plane usually arising from saddle connec-

tions on translation surfaces. The following results are all partial answers to the following

question: Given a surface, how are saddle connections distributed in the plane?
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Chapter 1

INTRODUCTION AND PRELIMINARIES
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1.1 Background

1.1.1 Translation surfaces

A translation surface is a surface formed by taking a finite number of polygons in the plane

and gluing opposite sides by translation, where surfaces are equivalent up to cutting and

pasting of these polygons via translation. Equivalently a translation surface is a closed

Riemann surface X with a nonzero holomorphic 1-form ω. For more background see [Mas06],

[HS06], [Esk06].

Given A ∈ SL(2,R) and (X,ω) a translation surface, we produce a new translation

surface A · (X,ω), which is the surface with charts of (X,ω) composed with A acting linearly

on R2. The Veech group is the stabilizer subgroup of this action

SL(X,ω)
def
= {A ∈ SL(2,R) : A · (X,ω) = (X,ω)}.

The Veech group is always discrete and in fact trivial for almost every translation sur-

face [GJ96]. Chapters 2 and give results for closed SL(2,R) orbits where there is a large

Veech group and natural invariant probability measure inherited from the Haar measure on

SL(2,R).

Chapters 3 and 4 will focus on generic surfaces with a trivial Veech group. The moduli

space Ωg of compact genus g area 1 translation surfaces (where (X1, ω1) ∼ (X2, ω2) if there

is a biholomorphism f : X1 → X2 with f∗ω2 = ω1) is stratified by integer partitions of

2g − 2 (fixing the orders of the zeros of ω). These strata have at most 3 connected com-

ponents [KZ03], and each connected component H carries a natural Lebesgue probability

measure µ = µH [Mas82, Vee82]. The measure µH constructed by Masur and Veech is er-

godic and invariant under the SL(2,R)-action, and can be thought of as Lebesgue measure

in appropriate coordinates on H.
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1.1.2 Saddle connections and holonomy vectors

Saddle connections on a translation surface (X,ω) are geodesics in the flat metric determined

by ω connecting two zeros of ω with no zeros in its interior. Let SCω be the set of saddle

connections on (X,ω) (we will now abbreviate our translation surfaces by ω, as there is a

unique Riemann surface structure X for which ω is holomorphic), and for γ ∈ SCω, let

zγ =

∫
γ

ω ∈ C

its holonomy vector. Let

Λω = {zγ : γ ∈ SCω}

denote the set of holonomy vectors of saddle connections. Λω is a countable discrete subset

of the plane C. The length `(γ) of a saddle connection γ is

`(γ) = |zγ|.

For R > 0, let Λω(R) be the collection of saddle connections with holonomy vector of length

at most R. Note that the assignment

ω 7→ Λω

is SL(2,R)-equivariant, that is

Λgω = gΛω.

A central theme of these results is to understand how the points in Λω are distributed

in the plane. In particular each result considers the limit as R →∞ for functions counting

the number of points in Λω(R)k for k ≥ 1 with specific relationships between the points.

The Siegel–Veech transform is a useful tool for connecting geometry of (R2)k to counting

problems for subsets of Λω(R)k.

1.1.3 Siegel–Veech transform

For k ≥ 1, set Vω,k = (Λω)k, and let Bc((R2)k) be the set of bounded measurable functions

with compact support on (R2)k.
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Figure 1.1: Top is the square torus, and bottom is the golden L, with side length the golden
ratio φ = 1+

√
5

2
. On the right are the corresponding holonomy vectors in Λω(100). The

saddle connections start and end at the black dots which all map to the same point under
identification. In both of these cases, the Veech group is non-trivial given by SL(2,Z) = H3

and H5 the third and fifth Hecke triangle groups described in Chapter 2



5

Definition 1.1.1. For f ∈ Bc((R2)k) and a translation surface ω, we define the Siegel–Veech

transform by

f̂(ω) =
∑

(v1,...,vk)∈Vω,k

f(v1, . . . , vk).

In the above definition k = 1 is the classical Siegel–Veech transform, and for particualar

f ∈ Bc((R2)k) of the form f(x1, · · · , xk) = h(x1) · · ·h(xk) for h ∈ Bc(R2), f̂ corresponds

to the kth power of the classical Siegel–Veech Transform of h on R2. Veech [Vee98] proved

that the classical Siegel–Veech transform is integrable, that is f̂ ∈ L1(µ) and moreover there

exists a constant c called the Siegel–Veech constant so that

Theorem 1.1.2. For f ∈ Bc(R2),∫
f̂ dµ = c

∫
R2

f(x) dx,

where for the purpose of this thesis either

� µ is the SL(2,R) invariant probability measure on a closed SL(2,R)-orbit for non-

trivial SL(X,ω).

� µ is the probability measure on a connected component of the stratum H.

On connected strata of translation surfaces, the Siegel–Veech transform is in L2 with re-

spect to the Masur–Veech measure [ACM19]. The transform has also been used on connected

strata of translation surfaces to get asymptotic counting information for Λω(R) ([EM01],

which was latter effectivized by [NRW20]. Similar strategies were used in [AC12] to show

that for generic surfaces, the smallest gap in angle between two holonomy vectors in Λω(R)

shrinks faster than 1
R2 .

For closed SL(2,R)–orbits, understanding of the Siegel–Veech transform was focused on

generalizing to SL(nR)/SL(n,Z) via work of Siegel, Schmidt, and Rogers [Sie45, Sch60,

Rog55], or more recently in [BNRW19] generalizing and effectivizing Veech’s work from

[Vee89] and [Vee98].



6

1.2 Outline

1.2.1 Higher moments for Hecke triangle groups

In Chapter 2, we compute higher moments of the Siegel–Veech transform over sets of surfaces

with the Hecke triangle groups as their stabilizer group.

Definition 1.2.1. The Hecke triangle group Hq for integers q ≥ 3 is the discrete subgroup

of SL(2,R) generated by

S =

0 −1

1 0

 and T =

1 λq

0 1

 , where λq = 2 cos

(
π

q

)
.

Note H3 = SL(2,Z) and for all q ≥ 3, Hq has finite co-volume in SL(2,R). For more

information on Hecke triangle groups see [LL16].

Let Vq be the discrete subset of R2 defined by

Vq = Hq ·

1

0

 ,
which corresponds to a subset of saddle connections of a translation surface when q is odd

(see section 2.2.2). Define Yq = SL(2,R)/Hq with corresponding Haar probability measure

µ.

The main theorem of this section gives a higher moment formula for the Siegel–Veech

transform for a single orbit of Hq.

Theorem 1.2.2. Let q ≥ 3 and f ∈ Bc((R2)k) for k ∈ N. Let the corresponding Siegel–Veech

transform (Definition 1.1.1) for [g] ∈ SL(2,R)/Hq be given by

f̂(g) =
∑

(v1,...,vk)∈V kq

f(gv1, . . . , gvk).

Then there is an exact formula for∫
SL(2,R)/Hq

f̂(g) dµ(g),

given when k = 2 in Theorem 2.1.3, and for all k ≥ 2 in Theorem 2.1.4.
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1.2.2 Pairs for generic surfaces

Continuing with applications of an L2 formula, we now work with counting in a connected

component of the stratum, H. As an application of the fact that the Siegel–Veech transform

is in L2 ([ACM19]), we will outline a mostly complete proof towards the following conjecture

about a function NA(ω,R) that counts pairs of holonomy vectors in Λω(R) with determinant

at most A.

Conjecture 1.2.3. There is a constant c = c(A,H) such that for µ-almost every ω ∈ H,

lim
R→∞

NA(ω,R)

R2
= c.

1.2.3 Gaps around 0 for generic surfaces

Finally, as we remain focusing on pairs of points, we will stay on a connected component

of the stratum H, but instead of counting pairs with a bounded determinant, we will look

at the angle between two points in Λω(R). So we define the smallest gap about zero out to

radius R by

ζω(R) = min{φ ∈ Θω(R) : φ ≥ 0} −max{φ ∈ Θω(R) : φ ≤ 0}.

We will then present an outline of proof and key generalization of the Borel-Cantelli Lemma

in order to prove the main conjecture of this chapter, which fine tunes the convergence

information obtained in [AC12].

Conjecture 1.2.4. Let ψ : [1,∞)→ [1,∞) be a nondecreasing continuous function.

� If
∫∞

1
1

ψ(t)2
dt <∞, then for almost every ω (with respect to Masur–Veech measure)

lim inf
R→∞

ψ(R)R2ζω(R) =∞.

� If
∫∞

1
1

ψ(t)2
dt =∞, then for almost every ω,

lim inf
R→∞

ψ(R)R2ζω(R) = 0.
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Chapter 2

A HIGHER MOMENT FORMULA FOR THE SIEGEL–VEECH
TRANSFORM OVER QUOTIENTS BY HECKE TRIANGLE

GROUPS

Online first publication at Groups, Geometry and Dynamics, to appear in print ([Fai20]).
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2.1 Introduction

Building on work of Siegel, Schmidt, and Rogers [Sie45, Sch60, Rog55] we compute higher

moments of the Siegel–Veech transform over sets of surfaces with the Hecke triangle groups

(See Definition 1.2.1) as their stabilizer group. In Theorem 1.1.2, the corresponding Siegel–

Veech constant is given by c = 1
c(q)

where

c(q)
def
= π

(
π − π

q
− π

2

)
.

We will first prove the following theorem which computes the square of the classical

Siegel–Veech transform on Bc(R2). To state the theorem, we introduce the following two

definitions:

Definition 2.1.1 (Set of non-vanishing determinants). Let

Nq
def
= {n ∈ Z[λq] \ {0} : there exists v1,v2 ∈ Vq with det(v1 v2) = n}

=

n ∈ Z[λq] \ {0} : there exists 0 ≤ m < λq|n| with

m
n

 ∈ Vq
 , (2.1.1)

where Equation 2.1.1 will be proved in Lemma 2.3.5.

Definition 2.1.2 (q-geometric Euler totient function). For b ∈ Z[λq] define

ϕq(b) = #

1 ≤ a ≤ λq |b| :

a
b

 ∈ Vq
 .

Note that λ3 = 1 and V3 = SL(2,Z) · e1 so ϕ3 reduces to the standard Euler totient

function.

Theorem 2.1.3. Let f ∈ Bc(R2×R2), Nq be the set of non-vanishing determinants, and ϕq

the q-geometric Euler totient function. Then,∫
Yq

f̂ dµ(g) =
∑
n∈Nq

ϕq(n)

c(q)

∫
SL(2,R)

f (gJn) dη +
1

c(q)

∫
R2

(f(x,−x) + f(x, x)) dx (2.1.2)
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where Jn =

1 1

0 n

, µ is the Haar probability measure on Yq, η is Haar measure on SL(2,R)

normalized so η(Y3) = π2

6
, and dx is the Lebesgue measure on R2 normalized so the area of

the unit square is 1.

Note f̂ is uniformly bounded by Lemma 16.10 of [Vee98], so both sides of Equation 2.1.2

are finite. The proof of Theorem 2.1.3 will use Schmidt’s outline of proof (see section 2.2.1).

It is a useful exercise to consider this proof in the case of Schmidt with q = 3. That is where

N3 = Z \ {0} and the constant c(3) = π2

6
= ζ(2). In section 2.5 we will see how the formula

in Theorem 2.1.3 allows us to understand the asymptotic densities of saddle connections of

translation surfaces with Veech group Hq for q odd. Theorem 2.1.3 is in fact a special case of

the main theorem, which calculates the kth moment of the classical Siegel–Veech transform.

Theorem 2.1.4. Let f ∈ Bc((R2)k) and define

Jn,m =

1 m

0 n

 .
Then ∫

Yq

f̂ dµ(g)

=
∑
λ∈Rk

λ=(1,±1,...,±1)

1

c(q)

∫
R2

f(λx) dx

+
∑
n∈Nq

∑
0≤m<λq |n|
(m,n)T∈Vq

∑
1≤j<k

∑
λ,α,β

1

c(q)

∫
SL(2,R)

f

λg
1

0

 , gJn,m
α
β

 dη(g).

where for each 1 ≤ j < k we have λ ∈ Rj is of the form (1,±1, . . . ,±1) and α =

(0, α2, . . . , αk−j) and β = (1, β2, . . . , βk−j) where for each 2 ≤ i ≤ k − j we haveαi
βi

 ∈ J−1
n,mVq. (2.1.3)
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2.1.1 Outline

In Section 2.2 we give an overview of the history of the problem, followed by the necessary

background Veech groups, and the geometric Euler totient function. In Section 2.3 we prove

Theorem 2.1.3, followed by Section 2.4 where we prove Theorem 2.1.4. Finally in Section 2.5

we explain how we found numerical evidence for the result.

2.1.2 Acknowledgments

I thank Jayadev Athreya for proposing the project and many useful discussions. I thank

Bianca Viray and Claire Burrin for useful comments and discussions about the totient func-

tion. Thanks to Anthony Sanchez for useful comments on the paper. Finally I would like to

thank Kimberly Bautista, Maddy Brown, and Andrew Lim of the Washington Experimen-

tal Mathematics Lab for their contributions to my numerical experiments and discussion in

generalizing to higher moments.

2.2 Background and history

We first give a summary of previous related results in the geometry of numbers, followed by

background on translation surfaces, Veech groups, and the q-geometric Euler totient function.

2.2.1 Geometry of numbers

We will first focus on the mean and variance of the primitive Siegel transform, which is

a special case of the Siegel–Veech transform defined in the previous section. First we set

up some notation and definitions, then state the theorems of Siegel, Rogers, and Schmidt

computing the mean and variance of the primitive Siegel transform.

Consider f ∈ Bc(Rd). We aim to understand f evaluated on visible lattice points in Rd,

where a point v = (v1, . . . , vd)
T ∈ Zd is primitive or visible if gcd(v1, . . . , vd) = 1. We denote

the set of primitive vector points by Zdprim, which one can show Zdprim = SL(d,Z)·

1

0

. Define
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Xd = SL(d,R)/SL(d,Z). By abuse of notation, for an equivalence class g = [g] ∈ Xd, we

define the primitive Siegel transform by

f̂(g) =
∑

v∈Zdprim

f(gv).

In 1945, Siegel [Sie45], sections 5-6 showed∫
Xd

f̂(g) dµ(g) =
1

ζ(d)

∫
Rd
f(x) dx (2.2.1)

where the standard Lebesgue measure on Rd is dx, ζ is the Riemann zeta function, and µ is

probability Haar measure on Xd.

In order to understand higher moments of f̂ , we split into the cases where d = 2 and

d > 2. We address the latter case first.

For understanding higher moments of f̂ , C. A. Rogers’ 1955 paper [Rog55], Theorem

5 solved the case for f̂k with d > 2 and k < d. For simplicity, we will only consider the

case k = 2 of Rogers’ result. Recall for f ∈ Bc(Rd), and defining h ∈ Bc(R2 × R2) by

h(x, y) = f(x)f(y) we have

∑
v1,v2∈Zdprim

h(gv1, gv2) =
∑

v1,v2∈Zdprim

f(gv1)f(gv2) =

 ∑
v∈Zdprim

f(gv)

2

= (f̂)2.

Rogers showed that for f ∈ Bc(Rd), and h(x, y) = f(x)f(y), the second moment of f is given

by ∫
Xd

(f̂)2(g) dµ(g) =

∫
Xd

∑
v1,v2∈Zdprim

h(gv1, gv2) dµ(g)

=
1

ζ(d)2

∫
Rd×Rd

h(x, y) dx dy +
1

ζ(d)

∫
Rd

[h(x, x) + h(x,−x)] dx. (2.2.2)

For a modern proof of Equation 2.2.2, see section 4 of [AM09].

For k ≥ d > 2 and f ∈ Bc(Rd), the function f̂k is not integrable (Proposition 7.1 of

[KM99]). However when d = 2 we have f̂ is bounded on X2, and thus f̂k integrable for any

k ≥ 1. So we now exclusively study the case d = 2. Rogers had a mistake in his paper
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claiming Equation 2.2.2 held for d = 2, which we can see does not work by setting h0 to be

the characteristic function of the set given by

{(v1, v2) : max(|v1|, |v2|) ≤ R , det(v1v2) /∈ Z }.

Applying Equation 2.2.2 to h0, the left hand side of Equation 2.2.2 will be identically zero

as for any v1, v2 ∈ Z2
prim

det(gv1 gv2) = det(g) det(v1v2) ∈ Z,

and the right hand side will be nonzero as the vectors with integer determinant are a Lebesgue

measure zero subset of R2 × R2.

In correction to Rogers, Schmidt addressed the case where d = 2 (see [Sch60] Section 6).

Theorem 2.2.1. Let f ∈ Bc(R2 × R2). Then∫
Y3

f̂ dµ(g) =
∑

n∈Z\{0}

ϕ(n)

ζ(2)

∫
SL(2,R)

f (gJn) dη +
1

ζ(2)

∫
R2

f(x,−x) + f(x, x) dx (2.2.3)

where ϕ is the standard Euler totient function.

Note this formula does not look exactly like the formula in Schmidt [Sch60] as we have

a different normalization of the Haar measure η. Note also that Theorem 2.2.1 is a special

case of Theorem 2.1.3.

2.2.2 Hecke triangle groups as Veech groups

We will consider surfaces whose Veech group is given by SL(X,ω) = Hq for q ≥ 3. When

q = 3, H3 = SL(2,Z) which is the Veech group for the square torus. In general given

a translation surface (X,ω) where we glue two regular (2n + 1)-gons and then identify

opposite sides, Veech showed in [Vee89] that SL(X,ω) = H2n+1. For even Hecke triangle

groups, Bouw and Möller [BM10] followed by a constructive proof of Hooper [Hoo13] were

able to show that there exists a translation surface (X,ω) with SL(X,ω) conjugate to an
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index 2 subgroup of H2n, but there is no translation surface with Veech group containing

H2n.

Notice the set of holonomy vectors for the square torus are

Z2
prim = SL(2,Z) ·

1

0

 = H3 ·

1

0

 .
The characterization is not as clean for other surfaces, but if (X,ω) is a translation surface

with SL(X,ω) a lattice, then the set of holonomy vectors will always be given as a finite

union of SL(X,ω)-orbits [Vee89], 5th paragraph section 3. By studying the Siegel–Veech

transform over Vq we will be able to understand asymptotic density of saddle connections

for a class of translation surfaces [Vee98].

2.2.3 Geometric Euler totient function

Recall we define the q-geometric Euler totient function by

ϕq(b) = #

1 ≤ a ≤ λq |b| :

a
b

 ∈ Vq
 ,

where ϕ3 = ϕ is the standard Euler totient function. Since Vq is discrete and thus ϕq is finite

and well defined. Though ϕq generalizes the standard Euler totient function, ϕq does not

agree with the more standard Euler totient function defined for the ring of integers over a

number field in terms of the product formula over prime ideals.

Following [LL16], we can define a greatest common q-divisor denoted (a, b)q for a, b ∈

Z[λq] using a Euclidean pseudo-algorithm. This greatest common q-divisor has many similar

properties to the gcd function, including for any t 6= 0,

(ta, tb)q = t · (a, b)q. (2.2.4)

With this definition we also have the following useful characterization of elements of Hq as

proved in Proposition 3.7 of [LL16].
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Proposition 2.2.2. A matrix

a c

b d

 ∈ SL(2,Z[λq]) is in Hq if and only if (a, b)q = (c, d)q =

1. In fact if (a, b)q < 1 or |b| < 1, then (a, b)T cannot be a column of a matrix in Hq.

2.3 Orbits and integrals

The goal of this section is to prove Theorem 2.1.3.

Let f ∈ Bc(R2 × R2), and define f̂ as in Definition 1.1.1. Consider the map

f 7→
∫
Yq

f̂dµ.

This mapping is a positive linear functional which is SL(2,R)- invariant, where SL(2,R) acts

diagonally by g ·(v1, v2) = (gv1, gv2) for (v1, v2) ∈ R2×R2. Hence by the Riesz representation

theorem, there exists a measure ν so that∫
R2×R2

f dν =

∫
Yq

f̂ dµ for any f ∈ Bc(R2 × R2).

Since ν is SL(2,R)-invariant, we can write ν as a combination of measures on SL(2,R) orbits

of R2 × R2. So to understand ν we need to understand our integral over SL(2,R) orbits.

The outline of the proof is as follows. In section 2.3.1 we split R2×R2 into SL(2,R) orbits

under the diagonal action and find the possible SL(2,R)-invariant measures on these subsets.

In section 2.3.2 we will reduce the uncountable number of orbits which occur in our setting

to two linearly dependent orbits, and a countable number of linearly independent orbits.

After setting up notation in section 2.3.3, in section 2.3.4 we reduce the linearly dependent

case to Theorem 1.1.2, finally addressing the linearly independent case in section 2.3.5.

2.3.1 Decomposition into orbits

Let Rn
0 = Rn \ {0}, similarly Zn0 = Zn \ {0}, and Z0[λq] = Z[λq] \ {0}.

Lemma 2.3.1. The following decomposes R2 × R2 into disjoint SL(2,R) orbits:

R2 × R2 =

( ⊔
n∈R0

Dn

)
t

(⊔
t∈R0

LDt

)
tH t V t {0},
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where we have the linearly independent determinants,

Dn = {(v,w) ∈ R2 × R2 : det(v w) = n},

the linearly dependent subsets

LDt = {(v, tv) : v ∈ R2
0},

and two special cases of linearly dependent vectors: horizontal and vertical

H = {(v, 0) : v ∈ R2
0} V = {(0,v) : v ∈ R2

0}.

Proof. We will realize each subset as an orbit of SL(2,R) under the diagonal action on

R2 × R2. Since g · {0} = 0 for all g ∈ SL(2,R), the point {0} is an entire orbit.

Now notice that g ·

1

0

 = R2
0. Using this fact, for any t ∈ R0,

SL(2,R) ·

1

0

 ,
t

0

 = {(v, tv) : v ∈ R2
0} = LDt.

Similarly for H and V , it suffices to see that they are both given by

H = SL(2,R) ·

1

0

 ,
0

0

 V = SL(2,R) ·

0

0

 ,
1

0

 .

Finally, for n 6= 0, since nR2
0 = R2

0,

SL(2,R) ·

1

0

 ,
0

n

 = {(v, nu) : det(v u) = 1} = Dn.

Thus we have shown each of these subsets is an SL(2,R) orbit. Finally, since every

pair of elements in R2 is either linearly independent and thus have a nonzero determinant or

linearly dependent and thus are scalar multiples we conclude every element (v1, v2) ∈ R2×R2

is contained in one of the given sets. Thus we have a decomposition of R2×R2 into SL(2,R)

orbits.
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The last task of this subsection is to determine the possible measures on each of our

subsets. We will freely use the fact that Haar measure is unique up to scaling. In this

section we will fix a particular scaling of Haar measure for each measure, and then by taking

a linear combination of these different measures we can obtain ν.

On {0}, there is only one probability measure given by δ0, which is trivially SL(2,R)

invariant.

On H,V , and LDt for t ∈ R0, we have a copy of R2
0. Notice Lebesgue measure m2

on R2 is SL(2,R)-invariant. So we will fix the standard Lebesgue measure giving the unit

square [0, 1]2 volume 1 on each of the subsets H, V , and LDt for t ∈ R0. Since {(0, 0)}

is a measure zero subset, without loss of generality we can write integrals with respect to

m2 over all of R2. To see this measure is the unique SL(2,R)-invariant measure (up to

scaling), consider the induced Haar measure under the quotient of SL(2,R)/N ∼= R2
0 where

N =


1 t

0 1

 : t ∈ R

.

To find a Haar measure on Dn, we will first find a Haar measure on SL(2,R), then we

will show how this can be viewed as a Haar measure on Dn. To construct a Haar measure

on SL(2,R), consider SL(2,R) as a subset of (R4,m4) where mk is Lebesgue measure on Rk.

As a result, for measurable A ⊆ SL(2,R), we can define the cone measure

η(A) = m4(C(A)) where C(A) = {αg : α ∈ (0, 1], g ∈ A}.

Under matrix multiplication, m4 is SL(2,R) invariant. Hence η is an SL(2,R) invariant

measure on SL(2,R). Under this measure, the set of matrices with a zero in the top left

corner is a null set. Thus we can write the measure dη = da db ds under the coordinates1 0

s 1

 ·
a b

0 a−1

 .
With this normalization, in the quotient by SL(2,Z), we can compute the pushforward

defined in terms of the projection map π and fundamental domain F [AC14]

(η)∗(Y3) = η(π−1(Y3) ∩ F ) =
π2

6
= ζ(2).
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With this fixed normalization, η gives the Poincaré volume. This means that we in fact have

(η)∗(Yq) = c(q).

Now having fixed Haar measure on D1, for Dn with n 6= 0, we identify Dn with D1 =

SL(2,R) as Dn = D1Jn. Since we can write Dn = D1Jn, we choose the coordinates on Dn to

be the same as those on D1. In this manner, we have η is the Haar measure we will choose

as our normalization of Haar measure on Dn.

We’ve now decomposed R2 ×R2 into SL(2,R) orbits, and fixed a normalization of Haar

measure on each of these orbits.

Since Haar measure is unique up to scaling, we can now write our SL(2,R) invariant

measure on R4 as

ν = aδ0 +
∑

t∈R∪{∞}

btm2 +
∑
n∈R0

cnη

for some constants a, bt, cn. where b∞ corresponds to V and b0 corresponds to H.

2.3.2 Reduction to visible determinants and removal of zero term

We have shown∫
Yq

f̂ dµ =

∫
R2×R2

f dν (2.3.1)

= af(0, 0) +

∫
t∈R∪{∞}

bt

∫
R2

f(x, tx) dx+

∫
n∈R0

cn

∫
SL(2,R)

f(gJn) dη,

(where we define (x,∞x) = (0, x).)

The purpose of this section is to prove the following.

Lemma 2.3.2. In Equation (2.3.1), a = 0, t ∈ {±1}, and n ∈ Nq.

Proof. To see that t ∈ {±1}, consider the function f supported on LDt for

t ∈ R∪{∞} where LD0 = H and LD∞ = V . That is, for some large R and B(0, R) denoting

the Euclidean ball in R4, let

fR,t(x, y) = χB(0,R)\{0}(x, y)χLDt(x, y) for x, y ∈ R2.
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On the left hand side of Equation 2.3.1, notice

f̂R,t([g]) =
∑

v1,v2∈Vq

fR,t(gv1, gv2)

= #{v1, v2 ∈ Vq ∩B(0, R) : gv1 = tgv2}

= #{v1, v2 ∈ Vq ∩B(0, R) : v1 = tv2}.

If

a
c

 ∈ Vq by Proposition 2.2.2, we have (a, c)q = 1, and thus by Equation (2.2.4), (ta, tc)q =

t. So by Proposition 2.2.2

ta
tc

 cannot be an element of Vq unless t = ±1. Or more

geometrically since Vq are the set of vectors visible from the origin, tv is never visible from

the origin unless t = ±1. Hence we’ve shown

f̂R,t =

0 t 6= ±1

#{v ∈ Vq ∩B(0, R)} t = ±1

.

On the right hand side of Equation (2.3.1), the only nonzero term will be the coefficient of

bt for if x ∈ B
(
0, R

t

)
, then tx ∈ B(0, R). Thus

∫
R2 fR,t(x, tx) dx ≥ m2

(
BR2(0, R

t
)
)
> 0. But

when t 6= ±1, the left hand side of Equation 2.3.1 is zero since f̂R = 0. Hence bt = 0 for

t 6= ±1.

We now want to show that the set of possible determinants is Nq. For the determinant

n loci (n 6= 0), we similarly define

fR,n(x, y) = χB(0,R)(x, y)χDn(x, y) for x, y ∈ R2.

We compute

f̂R,n([g]) =
∑

v1,v1∈Vq

fR,n(gv1, gv1)

= #{v1, v2 ∈ Vq ∩B(0, R) : det(v1 v2) = det(gv1, gv2) = n}.
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Since Nq is the set of determinants that can arise as the determinant of two elements in Vq,

we can write

f̂R,n =

#{v1, v2 ∈ Vq ∩B(0, R) : det(v1v2) = n} n ∈ Nq

0 n /∈ Nq.

On the right hand side of Equation (2.3.1), the only nonzero term corresponds to cn, and∫
SL(2,R)

fR (gJn) dη > 0

since Dn∩B(0, R) has positive cone measure. In order to match the left hand side of Equation

(2.3.1) for f̂R,n, we conclude cn = 0 for all n /∈ Nq.

We conclude this proof by showing a = 0. To see this, consider the characteristic function

over the set {(0, 0)} ⊆ R2 ×R2. That is set f0(x, y) = χ{(0,0)}(x, y). Then on the right hand

side of Equation (2.3.1), we have f0(0, 0) = 1, all other integrals are zero since {(0, 0)} is

a measure zero subset of R2, and cannot show up in SL(2,R)Jn for any n. Thus the right

hand side of Equation (2.3.1) for f0 is a. On the left hand side of Equation (2.3.1), (0, 0) is

not a pair of visible vectors since (0, 0) cannot be the first column of a matrix in Hq, so the

left hand side is zero. Thus we conclude a = 0.

To summarize, in this section we reduced our Equation (2.3.1) to

Corollary 2.3.3.∫
Yq

f̂ dµ =

∫
R2

b1f(x, x) + b−1f(x,−x) dx+
∑
n∈Nq

cn

∫
SL(2,R)

f (gJn) dη.

2.3.3 Notation and division into smaller lemmas

In the proceeding sections, we will compute the values for b1, b−1, and cn for n ∈ Nq. In

order to do this, we introduce the following notation: for D a discrete subset of (R2)k which

is Vq-invariant under the diagonal action, define fD : Yq → R by

fD([g]) =
∑
v∈Dk

f(gv)
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In a similar manner define the functional TD : Bc((R2)k)→ R by

TD(f) =

∫
Yq

fD([g]) dµ([g]).

We now define the following sets:

DV
n = Dn ∩ (Vq × Vq) = {(v, w) ∈ Vq × Vq : det(v w) = n},

LDV
±1 = {(v,±v) : v ∈ Vq}.

Then we can rewrite the left hand side of Corollary 2.3.3 as

∫
Yq

fLDV1 + fLDV−1
+
∑
n∈Nq

fDVn

 dµ

= TLDV1 (f) + TLDV−1
(f) +

∑
n∈Nq

TDVn (f).

Thus finding the coefficients in Corollary 2.3.3 is reduced to finding coefficients individually

in each of these equations:

TLD±1(f) = b±1

∫
R2

f(x,±x) dx, (2.3.2)

and for each n ∈ Nq

TDVn (f) = cn

∫
SL(2,R)

f (gJn) dη. (2.3.3)

2.3.4 Reducing to Siegel–Veech formula in linearly dependent case

In this section, we will prove that the coefficients b1 and b−1 in Equation (2.3.2) are given by

b1 = b−1 = 1
c(q)

by reducing to the Siegel–Veech Primitive Integral Formula (Theorem 1.1.2).

That is, we will prove the following:

Lemma 2.3.4. For any f ∈ Bc(R2 × R2),

TLDV±1
(f) =

1

c(q)

∫
R2

f(v,±v) dv

where c(q) is the Poincaré volume of the unit tangent bundle over H2/Hq.
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Proof. Given f ∈ Bc(R2 × R2), define f ∈ Bc(R2) by

f±(u) = f(u,±u).

So we now compute

TLDV±1
(f) =

∫
Yq

∑
v∈Vq

f(gu,±gu) dµ([g])

=

∫
Yq

∑
u∈Vq

f±(gu) dµ([g])

=
1

c(q)

∫
R2

f±(x) dx (by Theorem 1.1.2)

=
1

c(q)

∫
R2

f(x,±x) dx.

This concludes the proof of the lemma.

We’ve now shown b±1 = c(q)−1, in the next section, we address the coefficients cn for

n ∈ Nq.

2.3.5 Coefficients on loci with fixed determinant

The goal of this section is to prove that each cn = c(q)−1ϕq(n) for n ∈ Nq. We will first

decompose DV
n into Hq orbits under the diagonal action, showing there are ϕq(n) orbits

which each contribute equally to TDVn . After showing this, we will find the value over a single

orbit.

Lemma 2.3.5. Let n ∈ Z0[λq]. There exists v1, v2 ∈ Vq with det(v1v2) = n if and only if

there exists m ∈ Z[λq] with 0 ≤ m < λq|n| and

m
n

 ∈ Vq.
In particular, the equality in Equation (2.1.1) for Nq holds.

Proof. First, suppose there exists m ∈ Z[λq] with 0 ≤ m < λq|n| and

m
n

 ∈ Vq. Set

v1 =

1

0

, which is in Vq since Tv1 = v1, and set v2 =

m
n

. Then v1, v2 ∈ Vq with

determinant n, so n ∈ Nq.
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Conversely suppose v1, v2 ∈ Vq with det(v1v2) = n. Let g ∈ Hq so that ge1 = v1. Then,

g−1[v1 v2] = [e1 g
−1v2].

Since the determinant is n,

g−1v2 =

`
n


for some ` ∈ Z[λq]. Applying the matrix T to the left j times for some j ∈ Z gives

T jg−1[v1 v2] = [e1 T
jg−1v2]

where

T jg−1v2 =

`+ jnλq

n

 .
Thus we can find j ∈ Z so that m = `+ jnλq satisfies

0 ≤ m < λq|n|,

and the proof is complete.

Lemma 2.3.6. For n ∈ Nq The subset DV
n is the union of ϕq(n) different orbits

DV
n =

⊔
0≤m<|n|λq
(m,n)T∈Vq

E(m)
n ,

where

E(m)
n =

γ ·
1 m

0 n

 : γ ∈ Hq

 .

Proof. We will first show that the decomposition of every element in DV
n can be written as

an element E
(m)
n for some m.

Let a b

c d

 ∈ DV
n
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From the proof of Lemma 2.3.5, there exists a matrix h ∈ Hq with

h

a b

c d

 =

1 m

0 n

 for 0 ≤ m < λq|n|.

Since

b
d

 ∈ Vq, we also have

m
n

 = h

b
d

 ∈ Vq. We have now shown every element in DV
n

is in E
(m)
n for some m with 0 ≤ m < λq|n| and

m
n

 ∈ Vq.
To see that we have no duplicate representatives of our orbits, let 0 < m1,m2 ≤ λq|n|

with m1 6= m2 and

m1

n

 ,
m2

n

 ∈ Vq. Without loss of generality suppose m2 > m1. If the

representatives 1 m1

0 n

 and

1 m2

0 n



were in the same Hq orbit, there would exist an element

a b

c d

 ∈ Hq such that

a b

c d

1 m1

0 n

 =

1 m2

0 n

 .
This implies a = 1, c = 0, d = 1, and b = m2−m1

n
. Since 0 < m2 − m1 < λqn, we have

0 < b < λq. This is a parabolic element with upper right entry smaller than the generating

matrix T , and thus not in Hq. Therefore we conclude that E
(m)
n are ϕq(n) distinct Hq orbits

whose union is all of DV
n .

Lemma 2.3.7. For a fixed m with 0 ≤ m < λq|n| and

m
n

 ∈ Vq,
T
E

(m)
n

(f) =
1

c(q)

∫
SL(2,R)

f (gJn) dη2.
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Proof. Let π : SL(2,R)→ Yq be the projection map g 7→ [g]. Recall we normalize η so that

π∗(η)(Yq) = c(q). Hence π∗ (c(q)−1η) = µ. Moreover, to push a function from SL(2,R) to a

function on X2, we have to sum over the orbits Hq. Thus,

1

c(q)

∫
SL(2,R)

f

g
1 m

0 n

 dη =

∫
Yq

∑
γ∈Hq

f

g · γ ·
1 m

0 n

 dµ = T
E

(m)
n

(f).

For the last part of the lemma, we compute the following

1

c(q)

∫
SL(2,R)

f

g
1 m

0 n

 dη

=
1

c(q)

∫
SL(2,R)

f

g
1 1−m

n

0 1

1 m

0 n

 dη

g
1 1−m

n

0 1


=

1

c(q)

∫
SL(2,R)

f

g
1 1

0 n

 dη(g)

where the last equality follows from the fact that SL(2,R) is a unimodular group, so the

Haar measure η is both left and right invariant under the action of SL(2,R).

Lemma 2.3.7 shows that T
E

(m)
n

(f) is constant for with respect to m. Hence we conclude

TDVn =
∑

0≤m<λq |n|
(m,n)T∈Vq

T
E

(m)
n

=
ϕq(n)

c(q)

∫
SL(2,R)

f (gJn) dη(g).

In conclusion, we’ve now shown that

TDVn =
ϕq(n)

c(q)

∫
SL(2,R)

f (gJn) dη (g)

As well as

TLD±1 =
1

c(q)

∫
R2

f(x,±x) dx.

Putting these results together with Corollary 2.3.3, we have now shown Theorem 2.1.3

holds.
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2.4 Higher moments

We will prove Theorem 2.1.4 which is the generalization of Theorem 2.1.3 which corresponds

to higher moments of the classical Siegel–Veech Transform on R2.

2.4.1 Decomposition into orbits

We first decompose (R2)k into SL(2,R) orbits. Given a point in (R2)k, either all the terms

are linearly dependent, or there exist two terms in the k-tuples which are linearly dependent.

Lemma 2.4.1. The following decomposes (R2)k into disjoint SL(2,R) orbits:

(R2)k =

(⊔
λ

LDλ

)
t

( ⊔
n,λ,α,β

Dn,λ,α,β

)
.

In the linearly dependent case,

LDλ = {λx : x ∈ R2}

for λ ∈ Rk with first nonzero entry (if it exists) given by 1.

In the linearly independent case,

Dn,λ,α,β
def
= {(λx, αx+ βy) : det(x y) = n},

where n ∈ R0 is the determinant of the first nonzero vector with the first linearly independent

vector. For 0 ≤ j < k we have λ ∈ Rj where the first nonzero entry is 1 and α, β ∈ Rk−j

where α = (0, α2, . . . , αk−j) and β = (1, β2, . . . , βk−j).

Proof. We first claim that LDλ and Dn,λ,α,β can be written as SL(2,R) orbits. Indeed since

SL(2,R) acts transitively and linearly by matrix multiplication on R2 \ {0} we can write

SL(2,R) · λ

1

0

 = LDλ.
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Similarly since SL(2,R) acts transitively on determinant n subsets as proved in Lemma 2.3.1

and linearly on R2, we can write

SL(2,R) ·

λ
1

0

 , α
1

0

+ β

0

n

 = Dn,λ,α,β.

Next we show that the union of the orbits in fact covers all of (R2)k. To do this consider

a vector v = (v1, v2, . . . , vk) ∈ (R2)k. If all vi = 0 then v ∈ LD0. Otherwise there is some

first nonzero vi which we will call x. If dim(span(v1, . . . , vk)) = 1, then every other element

will be a linear multiple of x. Hence v ∈ LDλ where λ has first nonzero entry is 1 and all

remaining entries are real numbers.

If however dim(span(v1, . . . , vk)) = 2, then set y to be the first vector after x which

is linearly independent of x. For all vi which occur after y, vi can be written as a linear

combination of x and y, thus written as αix + βiy for some real numbers. Since LDλ and

Dn,λ,α,β are subsets of (R2)k we conclude that

(R2)k =

(⋃
λ

LDλ

)
∪

( ⋃
n,λ,α,β

Dn,λ,α,β

)
.

Finally we finish the proof by proving each of these orbits is distinct. Since all pairs of

entries in LDλ have determinant 0 and SL(2,R) preserves determinants, we know that the

LDλ and Dn,λ,α,β must be disjoint.

Now suppose that LDλ = LDλ′ . Since the first nonzero vector must have a coefficient of

1, if λj = 1 is the first nonzero element, then λ′j = 1 as well. Now every vector after the first

vector is linearly dependent on the first nonzero vector, so there is a unique coefficient and

λ = λ′.

Similarly, since we choose a coefficient of 1 for the first nonzero vector, and a coefficient

of 1 for the first vector which is linearly independent, we have a unique representation of the

linear combinations αix + βiy. Hence the Dn,λ,α,β are also all disjoint. This completes the

proof.



28

2.4.2 Reduction to smaller lemmas

Using the notation of section 2.3.3 we will rewrite
∫
Yq
f̂ dµ, reducing the proof of Theo-

rem 2.1.4 to smaller lemmas.

Define DV
n,λ,α,β = Dn,λ,α,β ∩ (Vq)

k and LDV
λ = LDλ ∩ (Vq)

k. Moreover for 1 ≤ m ≤ |n|

with (m,n)T ∈ Vq define

E
(m)
n,λ,α,β = Hq ·

λ
1

0

 , Jm,n
α
β



where

α
β

 is a 2× (k − j) matrix and

Jn,m =

1 m

0 n


corresponds to Jn = Jn,1 in the k = 2 case. By Lemma 2.3.6, we can write

Dn,λ,α,β =
⊔

0≤m<λq |n|
(m,n)T∈Vq

E
(m)
n,λ,α,β.

Lemma 2.4.2. We have∫
Yq

f̂ dµ =
∑
λ

TLDVλ +
∑
n∈Nq

∑
0≤m<λq |n|
(m,n)T∈Vq

∑
λ,α,β

T
E

(m)
n,λ,α,β

where in the linearly dependent case λ ∈ Rk, where the first element of λ must be 1, and any

remaining elements of λ must be ±1.

In the linearly independent case, given n ∈ Nq, there exists a unique 0 ≤ m < λq|n| so

that the two vectors lie in the Hq orbit of Jm,n Given n and m, we have λ ∈ Rj with first entry

1 and all remaining elements ±1. Moreover α = (0, α2, . . . , αk−j) and β = (1, β2, . . . , βk−j)

where α and β satisfy Equation 2.1.3 for each 2 ≤ i ≤ k − j.

Proof. By Lemma 2.4.1, given v ∈ (Vq)
k, we must have v ∈ LDV

λ or DV
n,λ,α,β for some λ or

(n, λ, α, β).
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If v ∈ LDV
λ , first note that the zero vector is not in Vq. Hence the first entry in λ must

be 1. Since the vectors are in Vq and must be constant multiples of the first vector, all other

vectors must be ±v1. Thus λ must have the specified form.

Moving onto the linearly independent case, if v ∈ DV
n,λ,α,β, then we can write v =

(λv1, αv1 + βvj) for some 1 < j ≤ k where vj is the first vector after v1 which is not

co-linear with v1. Since all the vectors in λv1 must be in Vq, λ must have first entry 1 and

all other entries ±1.

Setting det(v1 vj) = n by the definition of Nq we have n ∈ Nq.

Finally we need to determine the criterion for α = (0, α2, . . . , αk−j), β = (1, β2, . . . , βk−j).

So that for all 1 ≤ i ≤ k − j we have αiv1 + βivj ∈ Vq.

By Lemma 2.3.6, there exists γ ∈ Hq and 0 ≤ m < λq|n| with (m,n)T ∈ Vq so that

γ · (v1|vj) =

1 m

0 n

 .
So we have

γ · (αiv1 + βivj) =

αi +mβi

nβi

 .
Since Hq acts transitively on Vq, αiv1 + βivj ∈ Vq is equivalent to1 m

0 n

αi
βi

 =

αi +mβi

nβi

 ∈ Vq.
Multiplying by the inverse of Jn,m we see α and β must satisfy equation 2.1.3.

So for each n, there exists m with 0 ≤ m < λq|n| so that (m,n)T ∈ Vq. Given this m,

we already have the requirement for λ, and the α and β must satisfy Equation 2.1.3. This

concludes the proof.

Now that we have decomposed
∫
Yq
f̂ dµ, the higher moments case is complete once we

prove the following two lemmas.

Lemma 2.4.3. Given the restrictions of λ in Lemma 2.4.2,

TLDVλ =
1

c(q)

∫
R2

f(λv) dv.
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Proof. The proof strategy is identical to the strategy in Lemma 2.3.4

Lemma 2.4.4. Given the restrictions of n,m, λ, α, β in Lemma 2.4.2

T
E

(m)
n,λ,α,β

=
1

c(q)

∫
SL(2,R)

f

λg
1

0

 , gJn,m
α
β

 dη(g).

Proof. This proof strategy is identical to the proof in Lemma 2.3.7. Note we cannot use the

change of variables to get equal contribution for each T
E

(m)
n

as in the case of Lemma 2.3.7

because the criterion for which α and β can occur depends on m.

Combining Lemma 2.4.2 with Lemma 2.4.3 and Lemma 2.4.4, we have now concluded

the proof of Theorem 2.1.4.

2.5 Numerical evidence

This section discusses how to interpret Theorem 2.1.4 in terms of a counting problem. We

will focus on the case k = 2, that is Theorem 2.1.3. The following proposition is from section

16 of [Vee98].

Proposition 2.5.1. For B(0, R) the ball of radius R in R2,

lim
R→∞

#{Vq ∩B(0, R)}
πR2

=
1

c(q)
.

We will use the notation #{Vq ∩ B(0, R)} ∼ πR2

c(q)
where f(R) ∼ g(R) if and only if

limR→∞ f(R)/g(R) = 1.

In the case q = 3 this can be interpreted as the probability a randomly chosen integer

vector is primitive is 1
ζ(2)

. See Figure 2.1 and Figure 2.2 for visualization of the points of Vq

for q = 3, 4, 5.

To construct the set Vq, we used a Farey tree construction in the first quadrant and then

used the 4-fold symmetry of Vq, that is (a, b) ∈ Vq implies (a,−b), (−a, b), (−a,−b) ∈ Vq.

The generalization of the Farey tree construction as found in [LL16] begins with the vectors1

0

 =

1 0

0 1

 ·
1

0

 ∈ Vq and

0

1

 =

0 −1

1 0

 ·
1

0

 ∈ Vq.
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Figure 2.1: For R = 100, the left hand plot includes all integer pairs (a, b) and the right hand
plot includes all primitive integers pairs (a, b) with gcd(a, b) = 1 where a2 + b2 ≤ 1002. This
demonstrated the expectations that for large R, the number of points on the left should be
approximately π1002, but on the right the number of points should be π1002

ζ(2)
.

Then for i = 2, . . . , q − 1 we add the vectorsai
bi

 =

λqai−1 − ai−2

λqbi−1 − bi−2


where a1

b1

 =

1

0

 and

a0

b0

 =

 0

−1

 .
Iterating this step between each pair of adjacent vectors we obtain the elements of Vq.

Now that we’ve generated plots for Vq, we can now count pairs of elements in Vq cor-

responding to the square of the Siegel–Veech transform. Specifically for f = χBR4 (0,R) the

characteristic function of the Euclidean ball in R4, we want to understand TDVn (f) which will

asymptotically grow like the function

Countq(R, n)
def
= #


a b

c d

 ∈ DV
n : a2 + b2 + c2 + d2 ≤ R2

 .

Theorem 2.1.3 states that

Countq(R, n)∫
SL(2,R)

f (gJn) dη
∼ ϕq(n)

c(q)
,
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Figure 2.2: On the left is a plot of the vectors V4, and on the right is a plot of the vectors
V5. These plots were generated using the Farey Tree construction.

which is not useful for understanding data without more knowledge about
∫
SL(2,R)

f(gJn) dη.

Newman [New88] showed that Count3(R, 1) ∼ 6R2. In particular combining with Theo-

rem 2.1.3, we obtain ∫
SL(2,R)

f(gJ1) dη ∼ π2R2.

Next using the result of Schmidt [Sch60], we can extend this result to the fact that when

q = 3, ∫
SL(2,R)

f (gJn) dη ∼ π2

n
R2.

Thus we deduce that for any q ≥ 3,

Countq(R, n)

R2
∼ 1

c(q)
· ϕq(n) · π

2

n
=
ϕq(n) · π2

n · c(q)
.

Indeed in our numerical experiments we obtained the desired results. In Figure 2.3, we

show the convergence for k = 1, 2, 3, 4. Recall DV
n can be decomposed into ϕq(n) orbits E

(m)
n

where 0 ≤ m < λq|n|, and on each orbit we were able to verify we had density asymptotic
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Figure 2.3: For q = 3 this is a plot of R on the horizontal axis, and a plot of Count(R,k)
R2 on

the vertical axis. Notice that k = 2 and k = 4 both converge to 3 since 6ϕ(4)
4

= 6ϕ(2)
2

= 3.

to π2

n·c(q) as desired. Finally in Figure 2.5, we provide a visualization for pairs of elements in

Vq for q = 3 and q = 5.
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Figure 2.4: For q = 3, a plot of R on the horizontal axis, and a plot of Count(R,n,1)
R2 on the

vertical axis, where Count(R, n, 1) is number of elements within the ball of radius R, which
are in the orbit SL(2,Z) · Jn.

Figure 2.5: For each element (a, b) in Vq, we can visualize these points by considering a/b,
which for simplicity we will consider the pairs with a/b ∈ [0, 1]. These pictures plot the
points in DV

k by placing a point if the point a/b on the x-axis and the point c/d on the
y-axis have the corresponding pairs (a, b) and (b, c) in DV

k . On the left are pairs of primitive
vectors, and on the right are pairs of vectors in V5 where in the legend u = φ, the golden
ratio.
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Chapter 3

COUNTING PAIRS OF SADDLE CONNECTIONS FOR
TYPICAL TRANSLATION SURFACES.

This chapter is joint work with Jaydev Athreya and Howard Masur.
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3.1 Introduction

We are interested in the distribution of pairs of saddle connections, in particular the growth

rate of the following counting function, the count of pairs of bounded virtual area. Fix A > 0,

and define

NA(ω,R) = #{(z1, z2) ∈ Λω(R)2 : 0 < |z1 ∧ z2| ≤ A, |z2| ≤ |z1|},

where for z = x+ iy, w = u+ iv,

z ∧ w = xv − yu = =(zw)

is the (signed) area of the parallelogram spanned by z and w. Our main results are on the

R → ∞ behavior of these functions. We fix H to be a connected component of a stratum.

Our main result is an almost sure asymptotic growth result for the set of pairs of saddle

connections with bounded virtual area.

Conjecture 3.1.1. There is a constant c = c(A,H) such that for µ-almost every ω ∈ H, so

that

lim
R→∞

NA(ω,R)

R2
= c.

3.1.1 History and prior results

The study of counting problems for saddle connections is very active, and connected to

many different areas of mathematics, from low-dimensional dynamical systems to algebraic

geometry. Motivated by problems in counting special trajectories for billiards in rational

polygons, Masur [Mas90] proved that the counting function

Nω(R) = # (Λω ∩B(0, R))

has quadratic upper and lower bounds for all ω, that is, there are 0 < c1 = c1(ω) < c2 = c2(ω)

so that for all R,

c1R
2 ≤ N(ω,R) ≤ c2R

2.
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Subsequently, Veech [Vee98] showed there is a constant c = c(H) such that

lim
R→∞

∫
H

∣∣∣∣N(ω,R)

R2
− cπ

∣∣∣∣ dµH(ω) = 0,

an L1-quadratic asympotic result. Inspired by Veech’s approach, Eskin–Masur [EM01]

adapted ideas from homogeneous dynamics (specifically, the work of Eskin–Margulis–Mozes

[EMM95, EMM98] on quantitative versions of Oppenheim’s conjecture) and an ergodic the-

orem of Nevo [Nev17] to improve this to a pointwise asymptotic result, showing that for µH

almost every ω ∈ H,

lim
R→∞

N(ω,R)

R2
= cπ.

More recently, Nevo–Rühr–Weiss [NRW20], using error term estimates in Nevo’s ergodic

theorem coming from mixing properties of the Teichmüller geodesic flow, showed that there

is an α < 2 such that for almost every ω ∈ H,

N(ω,R) = cπR2 + o(Rα).

Our approach uses crucially ideas from all of these results: we will, using ideas similar

to Eskin-Masur [EM01], set up our counting problem as an integral over a piece of an

SL(2,R)-orbit on H, and then apply the ergodic theorem of Nevo [Nev17]. To implement

our strategy, we will need upper bounds in the spirit of [Mas90], and approximation ideas

carefully implemented in [NRW20].

The Siegel-Veech transform

Given a bounded, compactly supported function f ∈ Bc(C), the Siegel–Veech transform

for k = 1 (Definition 1.1.1) f̂ ∈ L1(H, µH). In fact a crucial ingredient in Eskin-Masur’s

asymptotic result is that f̂ ∈ L1+β for some β > 0. We will need similar results for the

generalized Siegel-Veech transform. Given a bounded compactly supported function h ∈

Bc(C2), we define the Siegel–Veech transform by

ĥ(ω) =
∑

z1,z2∈Λω

h(z1, z2).
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For example, if h is the indicator function of the set

DR,A = {(z, w) ∈ C2 : |w| ≤ |z| ≤ R, 0 < |z ∧ w| < A},

ĥ(ω) = NA(ω,R).

In our proof of our asymptotic counting result for NA, we will use a result of Athreya-Cheung-

Masur [ACM19] which shows that h ∈ L1+β for h ∈ Bc(C2) (which is essentially equivalent

to showing that for f ∈ Bc(C), f̂ ∈ L2+β(H).)

3.1.2 Strategy of proof

We now outline the strategy of proof of Conjecture 3.1.1. First, we recall the strategy of

Eskin-Masur for understanding the counting function N(ω,R): they construct a function

f ∈ Bc(C) (essentially the indicator function of a trapezoid), which satisfied

1

2π

∫ 2π

0

f(gtrθz) ≈ e−2tχA(et/2,et)(z),

where the matrices

gt =

et 0

0 e−t

 rθ =

cos(θ) − sin(θ)

sin(θ) cos(θ)

 (3.1.1)

act R-linearly on C, and A(R1, R2), 0 < R1 < R2 is the annulus

A(R1, R2) = {z ∈ C : R1 < |z| < R2}.

Putting et = R, and adding the above expression over all z ∈ Λω, we obtain

1

R2
(N(ω,R)−N(ω,R/2)) ≈ 1

2π

∫ 2π

0

f̂(gtrθω)dθ.

This reduces the counting problem to a problem of understanding the sequence of integrals

1

2π

∫ 2π

0

f̂(gtrθω)dθ.

Nevo’s ergodic theorem deals precisely with integrals of this form, but with some compactness

and smoothness assumptions on the integrand. A series of approximation arguments is



39

required to implement Nevo’s theorem, and the final convergence relies on Masur’s upper

bounds as well as the fact that f̂ ∈ L1+β. We will construct a function hA ∈ Bc(C2) so that

1

2π

∫ 2π

0

ĥA(gtrθ(z, w)) ≈ e−2tχD(et,A)(z, w), (3.1.2)

where the action of SL(2,R) on C2 is by R-linear transformations in each coordinate, that

is, a b

c d

 · (x+ iy) = (ax+ by) + i(cx+ dy).

Adding (3.1.2) over all (z, w) ∈ Λ2
ω, we obtain

1

R2
NA(ω,R) ≈ 1

2π

∫ 2π

0

ĥA(gtrθω)dθ. (3.1.3)

Once again, we will need a series of approximation arguments to implement Nevo’s theorem,

and the final convergence will rely on the result of Athreya-Cheung-Masur that ĥ ∈ L1+β,

and an upper bound result similar to Masur’s that we prove in §3.4.

3.1.3 Organization of Preliminary Results

In §3.2, we carefully construct our function hA and show it is very close to having the desired

properties. In §3.3, we will address the error terms not accounted for in §3.2, and state a

sufficient condition on the error terms to obtain Conjecture 3.3.1. Finally in §3.4 we show

quadratic upper bounds, using a proof strategy that in future work will be modified to

complete Conjecture 3.3.1 by proving Lemma 3.3.2.
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3.2 Approximation function and properties

In this section, we construct the function hA and show that for a large set hA capture the

stated goal of (3.1.2). Fix A > 0, and define the following sets:

T =

{
ζ ∈ C :

1

2
≤ Im(ζ) ≤ 1, |Re(ζ)| ≤ Im(ζ)

}
and for each ζ ∈ C let

RA,ζ = {η ∈ C : 0 < |ζ ∧ η| ≤ A, | Im(η)| ≤ Im(ζ)} .

Finally for a set S ⊆ C define the fibered set

SRA = {(ζ, η) ∈ C2 : ζ ∈ S, η ∈ RA,ζ}.

Now we set hA = χT RA .

Lemma 3.2.1. The fibered set T RA has the following properties

1. Equivariance under geodesic flow. That is for t > 0 if gt as defined in Equation (3.1.1)

acts diagonally on C2,

gt(T RA ) = (gtT )RA .

2. Computation of endpoints under geodesic flow. Set t > 0. Then the trapezoid g−tT has

endpoints

±e
−t

2
+ i

et

2
, ±e−t + iet.

Moreover for each ζ ∈ g−tT the parallelogram RA,ζ has endpoints

±A+ Im(ζ) Re(ζ)

Im(ζ)
+ i Im(ζ),

±A− Im(ζ) Re(ζ)

Im(ζ)
− i Im(ζ).

Proof. 1. This follows from the fact that gt ∈ SL(2,R) so |g−tζ∧g−tη| = |ζ∧η|. Moreover

Im(g−tζ) = et Im(ζ).
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2. To find the endpoints of RA,ζ for ζ ∈ g−tT we will compute the intersection of the lines

|ζ ∧ η| = A and | Im(η)| = Im(ζ).

Thus the possible solutions for Re(η) are given by

Re(η) =
±A± Im(ζ) Re(ζ)

Im(ζ)
.

Next we will define a quantity to capture a magnitude so that whenever we consider pairs

where the first is rotated by θ to be in g−tT , the second will have small enough magnitude

to be in the fiber. That is given (ζ, η) ∈ C2 and t > 0, we want |η| small enough so that

η ∈ RA,rθζ whenever ζ ∈ g−tT . To this end, define

Lmin
t,ζ = min

θ∈[0,2π)
rθζ∈g−tT

min
Im(ξ)=Im(rθζ)

|ξ∧rθζ|≤A

|ξ|.

Lemma 3.2.2. Fix A. Then there exists cA > 0 and there exists T > 0 so that for any

ζ ∈ C and t > T ,

Lmin
t,ζ ≥ |ζ|

√
1− cAe−4t

Proof. Fix θ so that r − θζ ∈ g−tT . Choose ξθ so that

|ξθ| = min
Im(ξ)=Im(rθζ)

|ξ∧rθζ|≤A

|ξ|.

Notice that part (2) of Lemma 3.2.1 gives bounds for Re(ξθ) by taking the top side of the

parallelogram RA,rθζ , so

|ξθ| =
√

Re(ξθ)2 + Im(rθζ)2

=


Im(rθζ) 0 ∈

[
−|A|

Im(rθζ)
+ Re(rθζ), |A|

Im(rθζ)
+ Re(rθζ)

]√∣∣∣ |A|
Im(rθζ)

− |Re(rθζ)|
∣∣∣2 + Im(rθζ)2 otherwise.

(3.2.1)
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Now to minimize Equation 3.2.1 over θ ∈ [0, 2π) such that rθζ ∈ g−tT .

In the first case, whenever rθζ ∈ g−tT , the smallest possible imaginary part must occur

when rθζ makes angle θt with the vertical axis. Thus

|ζ| ≥ Im(rθζ) ≥ |ζ| cos(θt) =
|ζ|√

1 + e−4t
≥ |ζ|

√
1− e−4t.

Notice the condition on the first case is equivalent to

|Re(rθζ)| Im(rθζ) ≤ |A|.

So using the fact that |Re(rθζ)| Im(rθζ) ≤ |ζ|2 sin(θt) ≤ 1, we know that we are in the first

case whenever |A| ≥ 1. In the second case, we have

|ξθ| = |ζ|

√
1 +

|A|
Im(rθζ)2|ζ|2

(|A| − 2|Re(rθζ)| Im(rθζ)).

Using the estimates from the first case, and the fact that |Re(rθζ)| ≤ |ζ| sin(θt) = |ζ|e−2t
√

1+e−4t ,

|ξθ| ≥ |ζ|

√
1 +
|A|
|ζ|4

(
|A| − 2

|ζ|2e−2t

√
1 + e−4t

)
≥ |ζ|

√
1 + e−4t|A| (|A| − 2)

Note the estimate above requires t large enough so that 1 + e−4t|A|(|A| − 2) ≥ 0. Moreover

since we are only concerned with |A| ≤ 1, this lower bound satisfies

|ζ|
√

1 + e−4t|A|(|A| − 2) ≤ |ζ|.

Thus cA = 1 if |A| ≥ 1 and |A|(2− |A|) if |A| ≤ 1.

We now work to understand the average of hA over expanding circles.

Lemma 3.2.3. For t > 0 and (z, w) ∈ R2 × R2,

1

2π

∫ 2π

0

hA(gtrθz, gtrθw) dθ ≤ e−2t.

Proof. We note that g−tT is contained in the sector {(r, θ) : θ ∈ [π
2
− θt,

π
2

+ θt]} where

tan(θt) = e−2t. Thus for any z,

|{θ : rθz ∈ g−tT }| ≤ 2θt.



43

Thus
1

2π

∫ 2π

0

hA(gtrθz, gtrθw) dθ ≤ arctan(e−2t)

π
≤ e−2t.

This next lemma captures the fact that for a set close the the set we care about hA

captures the right information. The next section will account for the errors between Equation

3.2.2 and the Heuristic argument of section 3.1.2.

Lemma 3.2.4. For t > 0 if

et

2

√
1 + e−4t ≤ |z| ≤ et and |w| ≤ Lmin

t,z , with |z ∧ w| ≤ A (3.2.2)

then
1

2π

∫ 2π

0

hA(gtrθ(z, w)) dθ =
arctan(e−2t)

π
.

Proof. By Lemma 3.2.3 we have one inequality. So to obtain equality we want to show

|{θ : rθz ∈ g−tT }| = 2θt.

Note in the first component, since rotations preserve length, the set K(z)
def
= {rθz : θ ∈

[0, 2π)} will intersect g−tT for the full angle 2θt.

We now consider the second component. For each θ so that rθz ∈ g−tT , consider rθw.

Note |z ∧ w| ≤ A and moreover the condition on |w| ≤ Lmin
t,z guarantees that rθw ∈ RA,rθz.

Thus rθ(z, w) ∈ (g−tT )RA = g−tT RA . Hence the full angle 2θt = arctan(e−2t)π−1 is the

resulting integral.

3.3 Error terms

Our eventual goal will be to prove

Conjecture 3.3.1.∣∣∣∣(NA(ω, et)−NA(ω, et/2)
)
− πe2t 1

2π

∫ 2π

0

ĥA(gtrθω) dθ

∣∣∣∣ = o(e2t), (3.3.1)
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In particular,

lim
t→∞

(NA(ω, et)−NA(ω, et/2))

πe2t
= lim

t→∞

1

2π

∫ 2π

0

ĥA(gtrθω) dθ.

Proof. To prove this lemma, we first rewrite the LHS of 3.3.1 as∣∣∣∣∣∣
4∑
j=0

∑
(z,w)∈Mj

t

[
(χDet,A(1− χDet/2,A))(z, w)− e2t

2π

∫ 2π

0

hA(gtrθz, gtrθw) dθ

]∣∣∣∣∣∣ , (3.3.2)

where

M0
t = {(z, w) ∈ Λω(et)2 : (z, w) satisfy Equation (3.2.2)},

M1
t =

{
(z, w) ∈ Λω(et)2 : (z, w) ∈ Det,A \Det/2,A, with

et

2
≤ |z| < et

2

√
1 + e−4t

}
,

M2
t ={
(z, w) ∈ Λω(et)2 : (z, w) ∈ Det,A \Det/2,A,

et

2

√
1 + e−4t ≤ |z| ≤ et, Lmin

t,z < |w| ≤ |z|
}
,

M3
t = {(z, w) ∈ Λω(et)2 : ∃ θ with (gtrθz, gtrθw) ∈ T RA and |z| > et or |z| < et

2
},

and

M4
t = {(z, w) ∈ Λω(et)2 : ∃ θ with (gtrθz, gtrθw) ∈ T RA and et/2 ≤ |z| ≤ et but |w| > |z|}.

The idea is that M0
t is the main set which should be large with |M0

t | on the order of e2t,

but in which the difference is strictly smaller than e2t. All other sets are “small” in that the

possible area in R2 ×R2 in which these points could live is O(e−2t), and |M j
t | is strictly less

than e2t.

Claim 1: Equation (3.3.2) is equal to the left hand side of Equation (3.3.1).

First define

f+
t (z, w) = (χDet,A(1− χDet/2,A))(z, w), f−t (z, w) =

πe2t

2π

∫ 2π

0

hA(gtrθz, gtrθw) dθ.

Then notice∣∣∣∣(NA(ω, et)−NA(ω, et/2)
)
− πe2t

2π

∫ 2π

0

ĥA(gtrθω) dθ

∣∣∣∣ =

∣∣∣∣∣∣
∑

(z,w)∈Λω(et)2

f+
t (z, w)− f−t (z, w)

∣∣∣∣∣∣ .
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For (z, w) ∈ Λω(et)2, we claim f+
t (z, w) = f−t (z, w) = 0 unless (z, w) ∈ M j

t for some

j = 0, 1, 2, 3, 4.

Indeed by definition we must have (z, w) ∈ Det,A \ Det/2,A in order for f+
t (z, w) > 0.

However M0
t and M2

t capture a large subset of the possible |z| with restrictions on |w|. Then

M1
t captures all other possible |z| and all the corresponding possible w.

So now we only need to show that when (z, w) /∈ Det,A \ Det/2,A, then f−t (z, w) = 0

unless (z, w) ∈M3
t or (z, w) ∈M4

t . But as in the definition of M3
t and M4

t we can only have

f−t (z, w) > 0 if there exists some θ with (gtrθz, gtrθw) ∈ T RA . Then the only possibilities

since (z, w) /∈ Det,A \ Det/2,A is either |z| > et or |z| < et/2 as in M3
t , or as in M4

t we have

et/2 < |z| < et but |w| > |z|.

Lastly by definition it is quick to see that M j
t are all pairwise disjoint for j = 0, 1, 2, 3, 4.

Considering M0
t . By Lemma 3.2.4, and by the Taylor series expansion of arctan(x) we

have the LHS of 3.3.1 when restricting to each (z, w) ∈M0
t ⊂ Det,A \Det/2,A is

1− πe2t · arctan(e−2t)

π
= 1− 1 + e2t ·O(e−6t).

Thus using Proposition 3.4.1, |M0
t | ≤ |Det,A \ Det/2,A| = NA(ω, et) − NA(ω, et/2) = O(e2t),

so ∑
(z,w)∈M0

t

∣∣∣∣[(χDet,A − χDet/2,A))(z, w)− e2t

2π

∫ 2π

0

hA(gtrθz, gtrθw) dθ

]∣∣∣∣ ≤ |M0
t |O(e−4t) = o(e2t).

(3.3.3)

Considering M j
t for j = 1, 2, 3, 4. We notice that

lim
t→∞

e−2t

∣∣∣∣∣∣
4∑
j=1

∑
(z,w)∈Mj

t

f+
t (z, w)− f−t (z, w)

∣∣∣∣∣∣ ≤ lim
t→∞

e−2t

4∑
j=1

|M j
t |,

since by Lemma 3.2.3 we have 0 < f−t ≤ 1, and the fact that f+
t (z, w) ∈ {0, 1},

max
(z,w)∈Mj

t

|f+
t (z, w)− f−t (z, w)| ≤ 1.

Thus to conclude the proof of this Lemma, we require the following Lemma which in

future work will be proved generalizing the proof in Section 3.4.
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Lemma 3.3.2. Let j ∈ {1, 2, 3, 4}. For all ε > 0, there is a T > 0 so that for all t > T ,

|M j
t | < εe2t.

So for any ε > 0, by Lemma 3.3.2 with ε
5

and Equation (3.3.3), there is a T > 0 so that

for t > T ,∣∣∣∣(NA(ω, et)−NA(ω, et/2)
)
− e2t 1

2π

∫ 2π

0

ĥA(gtrθω) dθ

∣∣∣∣ ≤ ε

5
e2t +

4∑
j=1

|M j
t | ≤ εe2t.

Thus, we can conclude that for all t > T ,∣∣∣∣(NA(ω, et)−NA(ω, et/2))

πe2t
− 1

2π

∫ 2π

0

ĥA(gtrθω) dθ

∣∣∣∣ < ε.

Therefore, we have

lim
t→∞

(NA(ω, et)−NA(ω, et/2))

πe2t
= lim

t→∞

1

2π

∫ 2π

0

ĥA(gtrθω) dθ.

and Theorem 3.3.1 is proved.

3.4 Upper bounds

We want to show that in general we would expect at most quadratic upper bounds for pairs

of saddle connections with bounded virtual area (Proposition 3.4.1). The techniques used in

the proof will be extended in future work to prove Lemma 3.3.2.

Proposition 3.4.1. Given A > 0, for a.e (X,ω) there exists C and T > 0 such that for all

t > T ,

NA(ω, et)−NA(ω, et/2) ≤ Ce2t.

3.4.1 Notation

For the remainder of this section we adopt the following notation. On a base surface (X,ω)

we refer to a holonomy vector of a saddle connection z without subscripts. On the surface
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gtrθ(X,ω) the image holonomy vector gtrθ(z) will be denoted zθ,t. We denote θz to be angle

so that rθzz is vertical, that is rθz = |z|i.

We fix a stratum and let N be the maximum number of edges in any triangulation by

saddle connections of any surface in the stratum. The number N only depends on the

stratum. Choose

δ <
1

2N
.

Fix 0 < σ < 1.

Define the set

PA(ω, et) = {(z, w) ∈ Λω(et) : et/2 ≤ |z|, |w| ≤ |z|, 0 < |z ∧ w| ≤ A}.

So |PA(ω, et)| = NA(ω, et)−NA(ω, et/2).

3.4.2 Collection of referenced theorems

In this section we state the theorems that we use from [Nev17], [MS91], and [ACM19].

Theorem 3.4.2. For almost every ω ∈ H, for ε > 0, and a smooth φ : R→ R so that

φ
∣∣
R\[−(log(2)+ε),ε]

= 0, φ
∣∣
[− log(2),0]

= 1,

∫
φ = log(2) + ε.

If h = χE for some set E in the stratum, then

lim
τ→∞

∫ ∞
−∞

φ(τ − s)
(

1

2π

∫ 2π

0

h(gsrθω) dθ

)
ds =

∫ ∞
−∞

φ(s) ds

∫
H
hµ = (log(2) + ε)µ(E).

Next we state a result originally due to Masur–Smillie [MS91], which we recall from

[EMZ03].

Lemma 3.4.3. For all ε, κ > 0, the subset of H which have a saddle connection of lenght at

most ε, and a non-homologous saddle connection with length at most κ is O(ε2κ2).

Finally we state a counting lemma which is taken from sections 3.6.2 and 3.6.3 of

[ACM19].
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Lemma 3.4.4. 1. Fix a surface (X,ω) with shortest saddle connection v and second

shortest saddle connection v′. Consider pairs of saddle connections (z, w) ∈ Λω(ε0)2.

If the shortest saddle connection v does not bound a cylinder or the shortest saddle

connection v does bound a cylinder, but the cylinder has width at least ε0, then the

number of pairs saddle connections depends on the length of the second-shortest vector

|v′|. Namely the number of pairs is

O

((
1

|v′|N

)2
)

= O(|v′|−2N).

2. Let 1 > σ > 0, j ∈ N, ε0 > 0. Define H(ε0, σ
j) to be the set of surfaces where the

shortest saddle connection has length in (σj+1, σj) and bounds a cylinder of width at

most ε0, and the second shortest saddle connection is longer σpj for some p > 0. Then

µ(H(ε0, σ
j)) = O(σ3j),

where the the implied constant depends on ε0.

3.4.3 Counting bounds with Systoles

The following is a slight modification of Theorem 5.1 of Eskin Masur.

Lemma 3.4.5. For any L0 > 0 and δ > 0 there exists C = C(δ, L0) such that for any

L < L0 and any surface (X,ω) in the stratum

|Λ(X,ω) ∩B(0, L)| ≤ C

(
L

`(X,ω))

)1+δ

(3.4.1)

where Λ(X,ω) is the set of holonomy vectors of saddle connections, C = C(δ, P ) and `(X,ω)

is the length of the shortest saddle connection of (X,ω).

Proof. Fix L0 > 0, δ > 0, let L < L0, and let (X,ω) be a surface in the stratum H.

By Theorem 5.1 of [EM01] there is some κ > 0 depending only on H and some constant

C(δ,H) so that whenever L < κ,

|Λ(X,ω) ∩B(0, L)| ≤ C

(
L

`(X,ω)

)1+δ

.
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So we must now consider what happens if L0 > κ. In this case, divide [0, 2π) into intervals

Ji of radius κ2

4L2
0

and center φi. Note that there are O(L2
0) such intervals.

Now for any z ∈ Λ(X,ω) ∩ B(0, L) choose φi with angle θz ∈ Ji. We rotate z to almost

vertical via r−φi , and then shrink r−φiz to have length less than κ by applying gtr−φi where

et = 2L0

κ
. After rotating by −φi, r−φiz must lie in B(0, L) with angle in (− κ2

4L2
0
, κ2

4L2
0
). Hence

the largest possible imaginary component for r−φiz is bounded above by |z| < L < L0, so

Im(gtr−φiz) =
κ

2L0

Im(r−φiz) ≤ κ

2
.

Moreover the real component of r−φiz must satisfy

Re(gtr−φiz) =
2L0

κ
Re(r−φiz) ≤ 2L0

κ
Im(r−φiz) tan

(
κ2

4L2
0

)
≤ 2L2

0

κ

κ2

4L2
0

=
κ

2
,

where we used tan(x) < x for 0 < x < 1
4
. Thus

|gtr−φiz| ≤ κ.

Moreover, for each i the systoles satisfy

`(X,ω) ≤ `(gtrφi(X,ω)) · 2L0

κ
.

So

|Λ(X,ω) ∩B(0, L)| =
O(L2

0)∑
i=1

C

(
L

`(gtr−φi(X,ω))

)1+δ

≤ O(L2
0)

(
2L0

κ

)1+δ

C

(
L

`((X,ω))

)1+δ

.

This completes the proof where we note the new constant C must depend on L0 as

well.

3.4.4 Reducing to finitely many surfaces

This next Lemma we will use to only consider finitely many surfaces. Indeed the lemma

shows that within a fixed range of angles for θ and times for t, |gtrθz| cannot change too

much.
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Lemma 3.4.6. Let t > 0 and consider an interval I(θ0) = [θ0 − π
e2t
, θ0 + π

e2t
). For any

holonomy vector z of a saddle connection, and any θ ∈ I(θ0), and et ≤ es ≤ 2et we have

1√
8π
≤ |gsrθz|
|gtrθ0z|

≤
√

8π.

Proof. The ratio achieves its maximum when rθ0z is vertical and |θ− θ0| = π
e2t

. Without loss

of generality, suppose θ = θ0 − π
e2t
.

So we have rθ0z = |z|i and |gtrθ0z| = e−t|z|. So we compute rθz = r− π
e2t
|z|i, and thus

|gsrθz| = |z|
√
e2s sin2

( π
e2t

)
+ e−2s cos2

( π
e2t

)
.

Since et ≤ es ≤ 2et, sin(x) ≤ x and cos(x) ≤ 1, we have

|gsrθz|
|gtrθ0z|

≤

√
e2(t+s)

(
π2

e4t

)
+ e2(t−s) ≤

√
4π2 + 1 ≤

√
8π.

The argument for the minimum is similar.

3.4.5 Geodesics flow length bounds for pairs

In this section we collect bounds that hold under certain assumptions for pairs of holonomy

vectors.

Lemma 3.4.7. Given (z, w) ∈ PA(ω,R), set θz to be the angle so that rθzz is vertical. Then

� 1
2
≤ |gtrθzz| ≤ 1,

� |gtrθzw| ≤ |gtrθzz|+ 2A,

Proof. Since et

2
≤ |z| ≤ et the first conclusion is clear. Since |w| ≤ |z|, the vertical component

of rθzw is at most |z|, so Im(gtrθzw) ≤ |gtrθzz|. Since SL(2,R) preserves determinants,

|Re(gtrθzw)| · |gtrθzz| ≤ A. Hence

|gtrθzw| ≤ | Im(gtrθzw)|+ |Re(gtrθzw)| ≤ |gtrθzz|+
A

|gtrθzz|
≤ |gtrθzz|+ 2A.
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3.4.6 Proof of Proposition 3.4.1

Proof. For each t so that e2t ∈ Z partition [0, 2π) into e2t intervals I(θi) of radius π
e2t

centered

at points θi for i = 1, . . . , e2t. If e2t /∈ Z, take be2tc intervals instead, but WLOG we will

work with e2t. We will do our counting on this finite set of surfaces gtrθi(X,ω), and the

Lemma 3.4.6 ensures error terms when computing lengths in a fixed interval change by at

most a multiplicative constant which will be absorbed in our estimates.

Next for each i consider the holonomy vectors vi, v
′
i on (X,ω) so that gtrθivi and gtrθiv

′
i

are the shortest and second shortest saddle connections on gtrθi(X,ω). Define j = j(i) so

that

σj+1 ≤ |gtrθivi| ≤ σj.

Now for each j we will break up the set of θi into two subsets depending on |gtrθiv′i|

the length of the second shortest saddle connection on the image surface gtrθi(X,ω). In the

first case, |gtrθiv′i| will have a certain small prescribed upper bound, and we will use Nevo’s

ergodic theorem 3.4.2 to show that the set of θi is a small set. We then use Lemma 3.4.5 to

count pairs of saddle connections for this small set of θi. In the second case, |gtrθiv′i| will not

satisfy the upper bound of the first case. Here we will count pairs using a bound in [ACM19]

and then use some standard quadratic estimates to count the number of possible such θi.

Case I For each j define

N I
j = #

{
i ∈ {1, . . . , e2t} : σj+1 ≤ |gtrθivi| ≤ σj, and |gtrθiv′i| ≤ σ

j
2N

}
.

We first bound N I
j using Theorem 3.4.2. Set E

(
j, j

2N

)
to be the set of (Y, ω) with a

saddle connection of length at most
√

8πσj, and a non homologous saddle connection of

length at most
√

8πσ
j

2N . Similarly let F
(
j, j

2N

)
be the set where there is a saddle connection

of length at most σj and non homologous saddle connection of length at most σ
j

2N .

By Lemma 3.4.3,

µ

(
E

(
j,

j

2N

))
= O

(
σ2j+2 j

2N

)
= O

(
σ2jσ

j
N

)
.
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By setting h to be the characteristic function of E
(
j, j

2N

)
, then by Theorem 3.4.2, there is

some τ0 large enough so that for t > τ0,∫ ∞
−∞

φ(t− s)
(

1

2π
h(gsrθω) dθ

)
ds ≤ 2

∫
h dµ = O

(
σ2jσ

j
N

)
.

Bounding the integral of φ below we have φ = 1 for− log(2) ≤ t − s ≤ 0. Hence we get

switching the order of integration

e2t∑
i=1

∫
I(θi)

∫ t+log(2)

t

h(gsrθω) ds dθ =

∫ t+log(2)

t

(∫ 2π

0

h(gsrθω)dθ

)
ds = O

(
σ2jσ

j
N

)
. (3.4.2)

Now if there is some i ∈ {1, . . . , e2t} so that gtrθi(X,ω) ∈ F
(
j, j

2N

)
, so i contributes to N I

j ,

then Lemma 3.4.6 guarantees that gsrθω ∈ E(j, j
2N

) whenever

(θ, s) ∈ I(θi)× [t, t+ log(2)].

Since for each i contributing to N I
j we have a full Annulus of integration, Equation (3.4.2)

gives an upper bound

N I
j

2π

e2t
· [t+ log(2)− t] = O

(
σ2jσ

j
N

)
.

Hence

N I
j = O

(
e2tσ2jσ

j
N

)
.

Now suppose we are given (z, w) ∈ PA(ω, et). Choose i so that θz ∈ I(θi). Lemma 3.4.7

and Lemma 3.4.6 show that |gtrθiz| ≤
√

8π and |gtrθiw| ≤
√

8π(1 + 2A). We will now apply

Lemma 3.4.5 with L0 =
√

8π(1 + 2A).

Thus for each j and i, if gtrθi(X,ω) ∈ F
(
j, j

2N

)
, then

#
{

(z, w) ∈ PA(ω, et) : θz ∈ I(θi)
}
≤ |Λgtrθi (X,ω) ∩B(0, L0)|2

= O

((
1

|gtrθivi|

)2(1+δ)
)

= O
(
σ−j(2+2δ)

)
.

The number of possible i is given by N I
j , so for t large enough and any j

#

{
(z, w) ∈ PA(ω, et) : ∃ i so that θz ∈ I(θi), gtrθi(X,ω) ∈ F

(
j,

j

2N

)}
≤ NjO

(
σ−j(2+2δ)

)
= O

(
e2tσj(

1
N
−2δ)
)
.
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Summing over all possible j, since 1
N
− 2δ > 0 and σ < 1,

#

{
(z, w) ∈ PA(ω, et) : ∃ i, and j(i) so that θz ∈ I(θi), gtrθi(X,ω) ∈ F

(
j,

j

2N

)}
= O

(
e2t

∞∑
j=1

σj(
1
N
−2δ)

)
= O(e2t). (3.4.3)

Case II Now we consider the case where the second-shortest vector is bigger than σ
j

2N .

For each j define

N II
j = #{i ∈ {1, . . . , e2t} : σj+1 ≤ |gtrθivi| ≤ σj, and |gtrθiv′i| > σ

j
2N }.

If i contributes to N II
j , then we first get an estimate on N II

j by deducing the fact that

rθivi must be close to vertical. Specifically |rθivi| = |vi| satsifies

|rθivi|
et|gtrθivi|

etσj+1 ≤ |vi| ≤
|rθivi|

et|gtrθivi|
etσj.

Notice
|rθivi|

et|gtrθivi|
≤ 1, so we can choose ki ≥ j so that

σki+1et ≤ |vi| ≤ σkiet.

Notice the horizontal component (rθivi)1 satisfies

et(rθivi)1 ≤
√
e2t(rθivi)

2
1 + e−2t(rθivi)

2
2 = |gtrθivi| ≤ σj.

So if φi is the angle which makes rθivi vertical, then

| sin |φi − θi|| =
|(rθivi)1|
|rθivi|

≤ σj

et
· 1

σki+1et
= e−2tσj−ki−1. (3.4.4)

By symmetry,

|{θ ∈ [0, 2π) : sin |φi− θ| ≤ e−2tσj−ki−1}| = 4|{θ ∈ [φi, π/2 +φi) : sin |φi− θ| ≤ e−2tσj−ki−1}|.
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Then when |φi − θ| ≤ π
2

we have sin |φi − θ| > 2
3
|φi − θ|. Since the θi are spread evenly over

[0, 2π), we can estimate

#{i ∈ {1, . . . , e2t} : σki+1et

≤ |vi| ≤ σkiet, |gtrθiv′i| > σ
j

2N } = e2t |{θ ∈ [0, 2π) : sin |φi − θ| ≤ e−2tσj−ki−1}|
2π

≤ 4e2t

2π

∣∣∣∣{θ : |φi − θ| ≤
3

2
e−2tσj−ki−1}

∣∣∣∣
= O(e2t · e−2tσj−ki) = O(σj−ki).

Next, we want a bound on the number of vi with this specific ki. Using quadratic growth

from [Mas90], the number of possible vi with length at most σkiet is O(σ2kie2t). Since ki ≥ j,

we have σki ≤ σj, so

Mj ≤ O(σ2kie2t) ·O(σj−ki) ≤ O(σ2je2t).

Now for each i in N II
j we want to count the number of pairs of saddle connections of

length at most
√

8(1 + 2A)π. Indeed this is sufficient to understand pairs (z, w) ∈ PA(z, w)

by Lemma 3.4.7 and Lemma 3.4.6.

Set ε0 =
√

8(1 + 2A)π to match notation of Lemma 3.4.4. In the first case, the number

of pairs is bounded by the length of the second shortest saddle connection. In our case the

second shortest saddle connection satisfies |gtrθiv′i| > σ
j

2N , so

#{(z, w) ∈ Λω(ε0)} = O

((
σ

j
2N

)−2N
)

= O(σ−j).

Hence for each j the number of pairs of length at most
√

8(1 + 2A)π is N II
j ·#{(z, w) ∈

Λω(ε0)} = O(σje2t).

Set G
(
j, j

2N

)
to be be the set where there is a saddle connection of length at most σj

and non homologous saddle connection of length at least σ
j

2N , and the shortest vector does

not bound a cylinder or bounds a cylinder of width at least
√

8(1 + 2A)π. Then we have

#

{
(z, w) ∈ PA(ω, et) : ∃i, j(i) so that θz ∈ I(θi), gtrθi(X,ω) ∈ G

(
j,

j

2N

)}
≤ O

(
∞∑
j=0

O(σje2t)

)
= O(e2t).
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To finish the proof we need to cover the last case from Lemma 3.4.4. In this case we

don’t have a count for the number of pairs, but we have a bound on the measure. Namely,

µ(H(ε0, σ
j)) = O

(
σ3j
)

= O
(
σ2j+ j

N

)
.

In this case we can use the estimates from Case I. Namely the set Hj = H(ε0, σ
j) is the set

of surfaces with shortest saddle connection at most σj that bounds a cylinder with distance

across at most
√

8(1 + 2A)π, and the length of the second shortest saddle connection is at

least σpj where p = 1
2N

. Then µ(Hj) = O(σ2j+ j
N ), and we follow the exact method as in

Case I to get a bound of O(e2t) on the number of pairs in this case.

This concludes the proof of the theorem, where we note T in the statement must be

large enough to apply Theorem 3.4.5 in both Case I and Case II. Moreover when applying

Lemma 3.4.5 and Lemma 3.4.4, the constant C depends on A.
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Chapter 4

DECAY RATE FOR THE GAPS IN ANGLES BETWEEN
SADDLE CONNECTIONS

This chapter is joint work with Jonathan Chaika.
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4.1 Problem Statement and Conjectured Theorem Statement

Let Λω(R) ⊆ C be the set of holonomy vectors of saddle connections on a translation surface

ω which have length at most R. Masur ([Mas90]) showed that |Λω(R)| grew quadratically

like R2.

Let Θω(R) ⊆ [−π, π) be the set of directions of holonomy vectors in Λω(R). If the angles

of the holonomy vectors were all equally distributed throughout [−π, π), then all of the gaps

between points in Θω(R) would be on the order of 1
R2 . Indeed [AC12] showed that for almost

every surface the smallest gap in Θω(R) shrinks faster than 1
R2 . Specifically for almost every

surface,

lim
R→∞

R2 min
θi,θj∈Θω(R)

|θi − θj| = 0.

We want to better understand the decay rate of the smallest gap for generic surfaces,

which would give us information about how the holonomy vectors are distributed in the

plane. In order to understand the smallest gap, we will first work to understand the smallest

gap about a point. Specifically in this chapter we will study the smallest gap in directions

of holonomy vectors about zero. In other words define the smallest gap about zero out to

radius R by

ζω(R) = min{φ ∈ Θω(R) : φ ≥ 0} −max{φ ∈ Θω(R) : φ ≤ 0}.

We want to understand the rate at which ζω(R) shrinks. To that end, we want to create

a 0− 1 law which gives precise conditions on the shrinking rate of ζω(R).

Conjecture 4.1.1. Fix H a connected component of the stratum with probability measure µ,

the Masur–Veech measure. Let ψ : [1,∞)→ [1,∞) be a nondecreasing continuous function.

� If
∫∞

1
1

ψ(t)2
dt <∞, then for almost every ω (with respect to Masur–Veech measure)

lim inf
R→∞

ψ(R)R2ζω(R) =∞.

� If
∫∞

1
1

ψ(t)2
dt =∞, then for almost every ω,

lim inf
R→∞

ψ(R)R2ζω(R) = 0.
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4.1.1 Outline

In Section 4.2, we will state Theorem 4.2.2 which gives a partial result towards Conjec-

ture 4.1.1. A key component of Theorem 4.2.2 is appplying a generalized version of the

Borel–Cantelli lemma. In 4.3 we will state the version of the Borel–Cantelli Lemma that we

will use, and provide sets which satsify the assumptions. In Section 4.4 we will prove the last

remaining assumption to apply the Borel-Cantelli generalization. The proof in 4.4 depends

on Corollary 4.5.9 which we will prove in Section 4.5. Finally in Section 4.6 we provide a

proof of the Borel–Cantelli generalization.

4.2 Theorem statement and connection to Conjecture

We have a strong indication that Conjecture 4.1.1 should be true. We will first define the

sets in order to state the main theorem, which captures a 0 − 1 law with limsup sets. The

main theorem has one very technical assumption that would need modifying in order to

achieve the conjecture. After stating the main theorem, we will give a heuristic argument

for connecting the main theorem to the conjecture.

4.2.1 Defintions and Main Theorem Statement

Fix a stratumH, with complex dimension 2g+s−1 with s the number of distinct singularities.

For ω ∈ H there exists an injectivity radius r so that we can write ω = (x1, x2, x3) ∈

C× C× C2g+s−3. Let `0 be as in Corollary 4.5.9, for 0 < δ < 1, and I
def
= (− π

12
, π

12
). Define

b = e`0 .

Definition 4.2.1 (Definition of the A’s). Fix 0 < σ < 1. Let ω0 = (x0
1, x

0
2, x

0
3) have two

horizontal holonomy vectors of length 1, and let r be the injectivity radius. Choose 0 < c < 1

so that the trapezoids T±c,σ,j are contained inside the ball of radius r in C2g+s−1, where T±c,σ,j are

the trapezoids with corners (c, 0), (1, 0), (1, ±σ
ψ(2j)

), (c, c ±σ
ψ(2j)

). Define the set in C×C×C2g+s−3

by

Hc,σ,j = T+
c,σ,j × T−c,σ,j ×B.
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where B = BC2g+s−3(x0
3, r).

Finally define for k ∈ N,

Ak = glog(bk)Hc,σ,k.

Where

gt =

et 0

0 e−t

 .
Theorem 4.2.2. Let ψ : [1,∞) → R≥0 be a nondecreasing continuous function. For a

connected component H of a stratum, with µ Masur–Veech measure,

� If
∑∞

i=1
1

ψ(2i)2
dt <∞, then µ(lim supAk) = 0.

� If
∑∞

i=1
1

ψ(2i)2
dt =∞, so that

∀i ∀j so that j > i+
4

δ
log

(
1

µ(Ai)

)
, we in fact have e−

δ
4
|i−j| ≤ σ4

74

1

ψ(2j)4
(4.2.1)

then µ(lim supAk) = 1.

The technical assumption of Equation (4.2.1) says that for each i, we want the tail end

to not be too small. The intuition is that the divergence of the series 1
ψ(2j)

, the fact that

e−
δ
4
|i−j| is summable for each fixed i, and monotonicity of ψ should allow for a large family of

ψ where Theorem 4.2.2 is true. The key to this proof will be discussed in Section 4.3 where

we state and verify assumptions of a generalization of the Borel–Cantelli Lemma.

Proof. By Lemma 4.3.5, and the first part of Proposition 4.3.1, the first part is true.

For the second direction, applying Proposition 4.3.1 to the sets with verified properties

in Section 4.3.4, we know µ(lim supj→∞Aj) > 0.

We claim that lim supj→∞Aj is invariant under glog(b−t) for t > 0. Suppose

x ∈ glog(b−t) lim sup
j→∞

glog(bj)Hc,σ,j,

and let n ∈ N. So given n+ t, there exists some j ≥ n+ t so that

x ∈ glog(b−t+j)Hc,σ,j ⊆ glog(b−t+j)Hc,σ,−t+j
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So for each n we have j − t ≥ n so that x ∈ glog(b−t+j)Hc,σ,−t+j. Hence x ∈ lim supj→∞ gjHj.

Since lim supAj is a positive measure set invariant under g− log(bt), by ergodicity we conclude

µ(lim supj→∞Aj) = 1.

4.2.2 Heuristic of connection between Conjecture 4.1.1 and Theorem 4.2.2.

To obtain an idea for Conjecture 4.1.1, suppose ζω(R) ≤ σ
f(R)

for some constant σ > 0. This

means that there are at least two holonomy vectors in the circular wedge where 0 ≤ |z| ≤ R

and arg(z) ∈ (− σ
f(R)

, σ
f(R)

). Since ζω(R) → 0 we want f(R) → ∞ to get asymptotic in-

formation. Recall for small angles tan(φ) ∼ φ. And thus we can approximate our wedge

by the triangle with vertices (0, 0), (R, Rσ
f(R)

). So up to this triangle-to-wedge approxima-

tion, if we can show that almost every surface has two holonomy vectors in the triangle

infinitely often, then for every m ∈ N there exists ρ > m so that ζω(ρ) ≤ σ
f(R)

. And thus

lim supR→∞ f(R)ζω(ρ) ≤ σ. Letting σ → 0 we conclude lim supR→∞ f(R)ζω(R) = 0. In order

for the triangle to be a good approximation of the wedge,the height of the triangle needs to

be small relative to R. In particular it is known from [AC12] that f(R) = R2 is necessary.

To get finer results we set f(R) = R2ψ(R) where ψ(R) is some function non-decreasing in

R. In summary we’ve given a heuristic argument for why small gaps about zero corresponds

to having two holonomy vectors in a triangle.

Now that we’ve made a connection between gaps and trapezoids used to define the Ak

sets, notice that the gap about zero would have width at most the angle of Ak. So if

ω0 ∈ lim supAk would give a subsequence Rk where

ζω0(Rk) ≤
σ

R2
kψ(Rk)

.

Since the lim inf is the smallest possible cluster point of a sequence, we conclude

lim inf
R→∞

R2ψ(R)ζω0(R) ≤ σ.

Then taking σ → 0 we obtain the second part of Conjecture 4.1.1, and the first part is similar

in strategy.
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4.3 Properties of Borel–Cantelli Sets

In this section, we will define sets which give us geometric information about gaps, and show

they have the properties desired to apply Proposition 4.3.1.

4.3.1 Statement of Borel–Cantelli Generalization

The following captures the Borel-Cantelli lemma, and a version a converse statement.

Proposition 4.3.1 (Exponential Decay Borel-Cantelli). Let C ≥ 1, 0 < δ < 1, and (Ak)
∞
k=1

be measurable sets.

If
∑∞

k=1 µ(Ak) <∞, then µ (∩∞N=1 ∪∞i=N Ai) = µ(lim supAi) = 0.

Conversely, suppose the following hold:

1.
∑∞

k=1 µ(Ak) =∞

2. For all i ≤ j, µ(Ai) ≥ µ(Aj).

3. For all i, for all j so that j > i+ C log( 1
µ(Ai)

) we have

µ(Ai ∩ Aj) ≤ Cµ(Ai)[µ(Aj) + e−
δ
4
|i−j|]

4. For all i, for all j so that i < j ≤ i+C log( 1
µ(Ai)

) we have that there exists measurable

sets Bi, Cj so that

(a) Bi ⊂ Ai and Aj ⊂ Cj

(b) µ(Bi) >
1
C
µ(Ai)

(c) µ(Cj) < Cµ(Aj)
1
2

(d) µ(Bi ∩ Cj) < Cµ(Bi)
(

2−(j−i)(1−δ) + µ(Cj)
1+δ
2

)
.

Then ∩∞N=1 ∪∞i=N Ai = lim supAi has positive measure.
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4.3.2 Definitions

Definition 4.3.2 (Definition of the B’s). For k ∈ N define

Bk = glog(bk)g
log

(√
ψ(2k)
σ

)⋃
θ∈I

rθWk

where we have the following definitions. We first pull back the set Ak so that trapezoids in

Hc,σ,k makes a 45 degree angle so

W̃k = g
log

(√
σ

ψ(2k)

)g−log(bk)Ak.

Then we restrict to a smaller subset of W̃k which is rotation invariant up to a certain set of

angles, I
def
= (− π

12
, π

12
), which involves restricting angles as well as lengths. That is Wk is the

set of ω with two holonomy vectors v1 and v2 satisfying

c

√
2σ

ψ(2k)
≤ |v1|, |v2| ≤

√
σ

ψ(2k)
arg(v1) ∈

( π
12
,
π

6

)
and arg(v2) ∈

(
−π

6
,− π

12

)
.

In the graphic below, the gray shaded region corresponds to the region W̃k and the pink region

corresponds to Wk.
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Definition 4.3.3 (Definition of the C’s). Define

Ck = glog(bk)g
log

(√
ψ(2k)
σ

)S1(c, σ, 2k)

where

Sj(c, σ, t) =

{
ω : ω has j h.v. length in

(
c

√
σ

ψ(t)
,

√
2σ

ψ(t)

)}
.

4.3.3 Measure bounds

In this section we will state two measure bounds for the measure of the set Hc,σ,j. We will

make use of the following lemma due to [MS91] , which we quote from [AC12].

Lemma 4.3.4 (H.Masur, J. Smillie). There is a constant M such that for all ε, κ > 0, the

subset of H consisting of those flat surfaces, which have saddle connection of length at most

ε, has volume at most Mε2. The volume of the set of flat surfaces with a saddle connection

of length at most ε and a nonhomologous saddle connection with length at most κ is at most

Mε2κ2.

Lemma 4.3.5. Given a connected component of the stratum H containing ω0, there is a

constant m = m(α, r) where r is an injectivity radius for ω0 so that

µ(Hc,σ,j) =
mσ2

ψ(2j)2
.

Proof. Since the injectivity radius of ω0 is r and c is chosen small enough so that Hc,σ,j is

within the injectivity radius, the measure µ on H is locally lebesgue. Hence if mj is Lebesgue

measure on Cj, by symmetry of T±c,σ,j,

µ(Hc,σ,j) = m1(T+
c,σ,j)

2m2g+s−3(B).

Note that

m1(T+
c,σ,j) =

1

2

(
σ

ψ(2j)
+ c

σ

ψ(2j)

)
(1− c) =

σ

ψ(2j)

(1− c2)

2
.

Hence using the fact that c = c(r), m = 1−c2
2
m2g+s−3(B) gives desired measure.
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4.3.4 Properties

In this section we verify that the sets satisfy the assumptions of Proposition 4.3.1 under the

assumption that ψ : [1,∞)→ R is nondecreasing, satisfies Equation (4.2.1) and

∞∑
k=1

1

ψ(2k)2
=∞,

Notice the assumption of Equation 4.2.1 is a techinical assumption that is necessary only

for Lemma 4.3.6.

1. We claim
∑∞

k=1 µ(Ak) =∞.

Proof. By the measure bounds of Lemma 4.3.5 and the fact that gt preserves measure,

∞∑
k=1

µ(Ak) ≥
∞∑
k=1

m
σ2

ψ(2k)2
=∞.

2. We claim for all i ≤ j, µ(Ai) ≥ µ(Aj).

Proof. By Lemma 4.3.5, i ≤ j implies ψ(2i) ≤ ψ(2j), so

µ(Ai) =
mσ2

ψ(2i)2
≥ mσ2

ψ(2j)2
= µ(Aj).

3. Exponential Decay for far away pairs.

Lemma 4.3.6. Fix 0 < δ < 1. There exists a constant C so that for all j > mi where

mi = i+ 4
δ

log
(

1
µ(Ai)

)
,

µ(Ai ∩ Aj) ≤ Cµ(Ai)
[
µ(Aj) + e−

δ
4
|i−j|
]
.

This will be proved in Section 4.4.
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4. Fix i. Now let’s consider j so that i < j ≤ i+ C log
(

1
µ(Ai)

)
.

(a) As constructed Bi ⊆ Ai and Aj ⊆ Cj.

(b) Following the strategy of Lemma 4.3.5 where we compute the area of the sectors

instead of trapezoids,

µ(Wi)
σ2

ψ(2i)2

( π
24

(1− 2c)
)2

m2g+s−3(B).

Thus by Lemma 4.3.5,

µ(Bi) ≥ µ(Wi) = µ(Ai)
1

m

( π
24

(1− 2c)
)2

m2g+s−3(B).

(c) To see this inequality holds, since the measure is invariant under geodesic flow

and by Lemma 4.3.5,

µ(Aj) = µ(Hc,σ,j) = m
σ2

ψ(2j)2
.

By Masur–Smillie Lemma 4.3.4,

µ(Cj) = µ(S1(c, σ, 2j)) ≤M
σ

ψ(2j)
.

Thus

µ(Cj) ≤
M√
m

√
mσ2

ψ(2j)2
=

M√
m
µ(Aj)

1
2 .

(d) To obtain an upper bound for µ(Bi ∩ Cj), by gt-invariance of µ, it suffices to

find an upper bound for µ(B̃i ∩ C̃j) where B̃i =
⋃
θ∈I rθWi = I ·Wi and C̃j =

gf(i,j)S1(c, σ, 2j) where

f(i, j) = log

(
bj−i

√
ψ(2j)

ψ(2i)

)
.

We first use the fact that in S1(c, σ, 2j), the shortest possible saddle connection

has length `(ω) ∈
(
c
√

σ
ψ(2j)

,
√

2σ
ψ(2j)

)
. Choose τ large enough to satisfy the as-

sumption of Corollary 4.5.9. By (4.5.2),

C−1
δ,τ

(
ψ(2j)

2σ

) 1+δ
2

≤ V
(τ)
δ (ω) ≤ Cδ,τ

c

(
ψ(2j)

σ

) 1+δ
2

.
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Thus

µ(B̃i ∩ C̃j)

≤ µ

({
ω ∈ B̃i : V

(τ)
δ (g−f(i,j)ω) ≥ C−1

δ,τ

(
ψ(2j)

2σ

) 1+δ
2

})

≤ Cδ,τ

(
ψ(2j)

2σ

)− 1+δ
2
∫
I·Wi

V
(τ)
δ (g−f(i,j)ω) dµ(ω) (by Markov’s inequality)

≤ Cδ,τ

(
ψ(2j)

2σ

)− 1+δ
2
∫
SO(2)·Wi/SO(2)

∫
I

V
(τ)
δ (g−f(i,j)rθω̃) dθ dµ̃(ω̃)

(Disintegrating the measure µ = dθ dµ̃ on H/SO(2)× SO(2) and increasing to a full SO(2) orbit)

≤ Cδ,τ

(
ψ(2j)

2σ

)− 1+δ
2
∫
SO(2)·Wi/SO(2)

ce−(1−δ)(f(i,j))V
(τ)
δ (ω̃) + bτ |I| dµ̃(ω̃)

(By Corollary 4.5.9 and monotonicity of ψ, f(i, j) ≥ log(bj−i) = `0(j − i) > `0.)

= Cδ,τ

(
ψ(2j)

2σ

)− 1+δ
2
(
ce−(1−δ)(f(i,j))

∫
Wi

V
(τ)
δ (ω) dµ(ω) + bτ |I|µ(Wi)

)
(Since SO(2)Wi is SO(2)-invariant)

≤ Cδ,τ

(
ψ(2j)

2σ

)− 1+δ
2

µ(Wi)

(
ce−(1−δ)(f(i,j))Cδ,τ

c

(
ψ(2j)

σ

) 1+δ
2

+ bτ |I|

)
(Since all holonomy vectors in Wi are contained in the circle the upper bound for V

(τ)
δ applies)

≤ µ(B̃i)

(
ce−(1−δ)f(i,j)C2

δ,τ2
1+δ
2 + bτ |I|Cδ,τ

(
2σ

ψ(2j)

) 1+δ
2

)
(Since Wi ⊆ B̃i.)

Our goal is to compare the equation on the right hand side to the volume of Cj.

Note by the construction of the Masur–Veech measure, there is a constant m so

that

µ(Cj) = µ(S1(c, σ, 2j)) ≥ m

(√
2σ

ψ(2j)

)2

= m
2σ

ψ(2j)
.
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Thus we have

µ(Bj ∩ Cj) = µ(B̃j ∩ C̃j)

≤ µ(Bi)

(
cC2

δ,τ2
1+δ
2 e−(1−δ)f(i,j) + bτ |I|Cδ,τ

(
µ(Cj)

m

) 1+δ
2

)

= µ(Bi)

(
cC2

δ,τ2
1+δ
2 2−(j−i)(1−δ)

(
ψ(2i)

ψ(2j)

) 1−δ
2

+ bτ |I|Cδ,τ
(
µ(Cj)

m

) 1+δ
2

)
(By the definition of f(i, j))

≤ µ(Bi)

(
cC2

δ,τ2
1+δ
2 2−(j−i)(1−δ) +

bτ |I|Cδ,τ
m

1+δ
2

µ(Cj)
1+δ
2

)
(Since ψ(R) is a non-decreasing sequence and i < j, ψ(2i) ≤ ψ(2j))

≤ µ(Bi)
(
c12−(j−i)(1−δ) + c2µ(Cj)

1+δ
2

)
.

(defining c1 = cC2
δ,τ2

1+δ
2 and c2 =

bτ |I|Cδ,τ
m

1+δ
2

)

Thus picking C > max{c1, c2} we obtain the desired inequality.

4.4 Exponential decay of correlations for far away pairs

The goal of this section is to prove Lemma 4.3.6, so for the reminder of this section we will

fix i and suppose j > mi. To do this, we want to use exponential mixing of the geodesic

flow.

Theorem 4.4.1 (Stated from [AEZ12] Theorem C.4, see [AGY06]). Fix H a connected

component of the stratum and µ an SL(2,R)-invariant probability measure. There exists

C > 0 and δ > 0 so that for all h1, h2 Lipschitz and compactly supported, there exists a CK

depending only on the shortest sytole of a surface in the compact set so that for all t ≥ 0∣∣∣∣∫ h1(h2 ◦ gt) dµ−
∫
h1 dµ

∫
h2 dµ

∣∣∣∣ ≤ C(CK+‖h1‖∞+‖h2‖Lip)(CK+‖h2‖∞+‖h2‖Lip)e
−δt.

In order to apply Theorem 4.4.1, we need to use bump functions to approximate the sets

Ai andd Aj. By gt-invariance of µ, µ(Ai ∩ Aj) = µ(Hc,σ,i ∩ gj−iHc,σ,j). So it will suffice to

define our bump function to approximate Hc,σ,i and Hc,σ,j.
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Definition 4.4.2. For each i and each j > i+ 4
δ

log
(

1
µ(Ai)

)
, define

εi,j = e−
δ
4
|i−j|.

Then for ` ∈ {i, j}, define

ρ`i,j(x1, x2, x3) = f `1(x1)f `2(x2)f3(x3)

where

f `1(x1) = min

{
1,

1

εi,j
dist(x1, ∂Tc,σ,ψ(2`))

}
· χT

c,σ,ψ(2`)
,

f `2(x2) = min

{
1,

1

εi,j
dist(x2, ∂Tc,σ,ψ(2`))

}
χT

c,σ,ψ(2`)
,

and

f `3(x3) = min

{
1,

1

εi,j
dist(x3, ∂B(0, 1))

}
χB(0,1).

Lemma 4.4.3. The functions ρ`i,j are 1
εi,j

-Lipschitz.

Proof. Note that f `k for k = 1, 2, 3 are all 1
εi,j

- Lipschitz as

|f `k(xk)− f `k(yk)| ≤
1

εi,j
|dist(xk, ∂Tc,σ,ψ(2`))− dist(yk, ∂Tc,σ,ψ(2`))| ≤

1

εi,j
|xk − yk|

since distance as a function is always 1-Lipschitz.

Now we claim that the function ρ`i,j is 1
εi,j

-Lipschitz with respect to the distance on H

given by

dH((x1, x2, x3)− (y1, y2, y3)) = |x1 − y1|+ |x2 − y2|+ |x3 − y3|.

To see this, let (x1, x2, x3) and (y1, y2, y3) be fixed. We compute

|ρ(x1, x2, x3)− ρ(y1, y2, y3)|

≤ |f1(x1)f2(x2)f3(x3)− f1(y1)f2(x2)f3(x3)|

+ |f1(y1)f2(x2)f3(x3)− f1(y1)f2(y2)f3(x3)|

+ |f1(y1)f2(y2)f3(x3)− f1(y1)f2(y2)f3(y3)|

≤ 1

εi,j
(f2(x2)f3(x3)|x1 − y1|+ f1(y1)f3(x3)|x2 − y2|+ f1(y1)f2(y2)|x3 − y3|)

≤ 1

εi,j
dH((x1, x2, x3)− (y1, y2, y3)). (Since fi ≤ 1)
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We can now use the definition of the ρ`i,j to state a corollary of Theorem 4.4.1.

Corollary 4.4.4. Fix 0 < δ < 1. Then there exists a constant C so that for all j > mi,∫
ρii,j(ρ

j
i,j ◦ gj−i) ≤ Cµ(Ai)

[
µ(Aj) + e−

δ
4
|i−j|
]
.

Proof. We know from definition
∥∥ρ`i,j∥∥∞ = 1, and from Lemma 4.4.3 that

∥∥ρ`i,j∥∥ = 1
εi,j

=

e
δ
4
|i−j|. By 4.4.1, writing CK + 1 = C+

K ,∣∣∣∣∫ ρii,j(ρ
j
i,j ◦ gj−i)−

∫
ρii,j

∫
ρji,j

∣∣∣∣ ≤ C(C+
K + e

δ
4
|i−j|)2e−δ|i−j|

= C(C+
K)2e−δ|i−j| + 2CC+

Ke
− 3δ

4
|i−j| + Ce−

δ
2
|i−j|

(Since e−
δ
2
|i−j| ≥ e−

3
4
δ|i−j| ≥ e−δ|i−j| as e−δ|i−j| < 1)

≤ C̃e−
δ
2
|i−j|.

So we have by construction of ρ`i,j,
∫
ρ`i,j = µ(Hc,σ,`) = µ(A`), so∫

ρii,j(ρ
j
i,j ◦ gj−i) ≤

∫
ρii,j

∫
ρji,j + C̃e−

δ
2
|i−j| ≤ µ(Ai)µ(Aj) + C̃e−

δ
2
|i−j|.

Now since j > mi, we have

e−
δ
4
|i−j| < µ(Ai).

Since C̃ > 1, ∫
ρii,j(ρ

j
i,j ◦ gj−i) ≤ C̃µ(Ai)

[
µ(Aj) + e−

δ
4
|i−j|
]
.

Next our goal is to get a relationship between µ(Ai ∩ Aj) and
∫
ρii,j(ρ

j
i,j ◦ gj−i).

Lemma 4.4.5. For all j > mi,

µ(Ai ∩ Aj) ≤
∫
ρii,j(ρ

j
i,j ◦ gj−i) + µ(Ej) + µ(Ei)

where E` = {ω : ρ`i,j ∈ (0, 1)}.
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Proof. We first make a general claim. Claim If 0 ≤ g ≤ f ≤ 1 then∫
f ≤

∫
g + µ{f 6= g}.

To see this is true, we write∫
f =

∫
g + f − g =

∫
g +

∫
{f 6=g}

f − g ≤
∫
g + µ{f 6= g}

where the last inequality follows since f − g ≤ 1.

The proof now follows from the claim where f = χHc,σ,i∩gj−iHc,σ,j and g = ρii,j(ρ
j
i,j ◦ gj−i),

combined with the fact that f 6= g occurs when ρii,j ∈ (0, 1) or ρji,j ∈ (0, 1). So at worst,

µ{f 6= g} ≤ µ(Ei) + µ(Ej).

Finally to finish the proof of Theorem 4.3.6 we will relate
∫
ρii,j
∫
ρji,j to µ(Ei) + µ(Ej)

from Lemma 4.4.5

Lemma 4.4.6. There exists a constant C > 1 so that

C

∫
ρii,j

∫
ρji,j > µ(Ei) + µ(Ej).

Before proving this lemma, we will first show that this Lemma is sufficient to get

Lemma 4.3.6.

Proof of Lemma 4.3.6. Fix i and let j > mi. Then

µ(Ai ∩ Aj) ≤
∫
ρii,j(ρ

j
i,j ◦ gj−i) + µ(Ai) + µ(Aj) (By Lemma 4.4.5)

≤
∫
ρii,j(ρ

j
i,j ◦ gj−i) + C

∫
ρii,j

∫
ρji,j (By Lemma 4.4.6)

≤ Cµ(Ai)
[
µ(Aj) + e−

δ
4
|i−j|
]

+ Cµ(Ai)µ(Aj)

(by Corollary 4.4.4, and since
∫
ρ`i,j ≤ µ(Hc,σ,`) = µ(A`))

≤ C̃µ(Ai)
[
µ(Aj) + e−

δ
4
|i−j|
]

(Setting C̃ = 2C.)
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Proof of Lemma 4.4.6. Since ρji,j ≤ ρji,j, we have

∫
ρii,j

∫
ρji,j ≥

(∫
ρji,j

)2

≥ µ{ρji,j = 1}2 (4.4.1)

Now we want to get a lower bound for the measure of the set where ρji,j = 1. To do this, we

need to find the area of the subset of the trapezoid T+
c,σ,j where the ρji,j = 1. To do this, note

the horizontal line y = εi,j from c + ε to 1 − ε give the height of the inner trapezoid. The

line which is length εi,j away from the line y = σ
ψ(2j)

x is given by

y =
σ

ψ(2j)
x− ε

√
1 +

σ2

ψ(2j)2
.

Thus the four corners of the trapezoid where ρji,j = 1 are given by (c+ ε, ε), (1− ε, ε),

(
1− ε, σ

ψ(2j)
(1− ε)− ε

√
1 +

σ2

ψ(2j)2

)
,

(
c+ ε,

σ

ψ(2j)
(c+ ε)− ε

√
1 +

σ2

ψ(2j)2

)
.

Hence the area of subset of T+
c,σ,j where ρji,j = 1 is given by

(1− c− 2εi,j)

2

(
σ

ψ(2j)
(1 + c)− 2εi,j

√
1 +

σ2

ψ(2j)2
− 2εi,j

)

By symmetry, the area of T−c,σ,j where ρji,j = 1 is the same as the area for T+
c,σ,j. Thus the total

area is the product of the two trapezoids with the product of the ball where n+4 = 2g+s−1
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and σ(n) is gives the volume of the n-ball. That is

µ({ρji,j = 1}) =
(1− c− 2εi,j)

2

4

(
σ

ψ(2j)
(1 + c)− 2εi,j

√
1 +

σ2

ψ(2j)2
− 2εi,j

)2

· σ(n)(r − εi,j)n

≥ dn(1− c− 2εi,j)
2

(
σ

ψ(2j)
(1 + c)− 2εi,j

√
1 +

σ2

ψ(2j)2
− 2εi,j

)2

(Assuming r − ε ≥ r
2

so dn is some constant depending only on n)

≥ dn

(
1

2
− 2εi,j

)2
(

σ

ψ(2j)
− 2εi,j

√
1 +

σ2

ψ(2j)2
− 2εi,j

)2

(Assuming 1− c ≥ 1
2

which we can do by making c larger if neccessary)

≥ dn
16

[
σ

ψ(2j)
− 6εi,j

]2

(εi,j <
1
8

implies 1
2
− 2εi,j >

1
4
)

≥ dn
16
ε
1
2
i,j

(Since 6εi,j + ε
1
4
i,j ≤ 7ε

1
4
i,j ≤ σ

ψ(2j)
by assumption on ψ Equation (4.2.1).)

Combining this fact with equation 4.4.1, we obtain

∫
ρii,j

∫
ρji,j ≥

d2
n

162
εi,j. (4.4.2)

Now from the other end we want an upper bound for µ{ρi ∈ (0, 1)} + µ{ρj ∈ (0, 1)} ≤

2Cεi,j.

Given ` = i or ` = j, we have the area of the εi,j-boundary of one of the trapezoids T±
c,σ,2`
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is given by

µ(∂εi,jT
±
c,σ,2`

)

=
σ

2ψ(2`)
(1− c2)−

(
1− c

2
− εi,j

)(
σ

ψ(2`)
(1 + c)− 2εi,j

√
1 +

σ2

ψ(2`)2

)
(Taking area of T±c,σ,` less the area where ρ`i,j = 1)

= εi,j

[
σ

ψ(2`)
(1 + c) + (1− c− 2εi,j)

[
1 +

√
1 +

σ2

ψ(2`)2

]]
≤ εi,j

[
1 + c+ (1− c)(1 +

√
2)
]

(Assuming σ < ψ(2`) which is easy since σ < 1 is fixed and ψ ≥ 1 is non-decreasing)

≤ εi,jC. (Where C depends on c)

Thus

µ({ρii,j ∈ (0, 1)}) + µ({ρji,j ∈ (0, 1)}) ≤ 2Cεi,j (4.4.3)

Combining Equation 4.4.3 with Equation 4.4.2,∫
ρii,j

∫
ρji,j ≥

d2
n

162
εi,j ≥

d2
n

162(2C)

[
µ{ρii,j ∈ (0, 1)}+ µ{ρji,j ∈ (0, 1)}

]
(4.4.4)

So setting C̃ = 162(2C)
d2n

, we can assume C̃ > 1 since dn is bounded above by a fixed

constant, and we can make C larger if necessary.

4.5 Construction and Properties for averages of lengths of complexes

The main goal of this section is to prove Corollary 4.5.9, which requires combining[Ath06]

and [Doz19] with a few modifications to fit the goals of this paper.

Definition 4.5.1. A complex K in ω is a closed subset of X whose boundary ∂K consists of

a union of disjoint (in the interior) saddle connections such that if ∂K contains three saddle

connections bounding a triangle, then the interior of that triangle is in K. Given a complex

K the complexity of K is the number of saddle connections needed to triangulate K. For any
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δ > 0 and k ∈ N, if M is the complexity of ω,

αk(ω) = max
K complexity k

area(K)<2k−M−1

1

|∂K|1+δ
.

If the set over which we take the maximum is empty, then we set αk(ω) = 0.

Definition 4.5.2. Given a function f on H and a point ω ∈ H, we let

Avet(f)(ω) =
1

2π

∫ 2π

0

f(gtrθω) dθ.

Note that α1(ω) = 1
`(ω)1+δ

where `(ω) is the length of the shortest saddle connection.

Since M is finite for all k large enough, αk(ω) = 0. For more information and intuition for

the αk, see Section 5.3 of [Doz19]. From Proposition 5.3 of [Doz19], we have

Proposition 4.5.3. Fix a stratum H, and 0 < δ < 1
2
. We can find a constant b such that

for any interval I ⊆ S1, there exists a constant cI such that for all ω ∈ H and T ≥ 0,∫
I

αk(gT rθω) dθ < cIe
−(1−2δ)T

∑
j≥k

αj(ω) + b|I|.

The strategy we will take is to extend this theorem to a function Vδ which is a weighted

average of the αk functions. We want to weight the average to have nice properties, so our

goal is to recreate the following theorem for integrating over an interval I instead of [0, 2π).

Lemma 4.5.4 (Lemma 6.2 [AG13], Proof in [Ath06]). Let V be a neighborhood of the identity

in SL(2,R). Fix H a conncted stratum of H(α). For every 0 < δ < 1 there exists c1 > 0

so that for all t > 0 there exists a function V
(t)
δ : H → [1,∞) and a scalar bt satisfying the

following properties. For all ω ∈ H,

(Ave)t(V
(t)
δ )(ω) =

∫ 2π

0

V
(t)
δ (gtrθω) dθ ≤ c1e

−(1−δ)tV
(t)
δ (ω) + bt.

Moreover, Vδ is logsmooth. That is

V
(t)
δ (gω) ≤ c3V

(t)
δ (ω) (4.5.1)
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for all ω ∈ H and g ∈ V.

Finally, there exists a constant Cδ,t so that

V
(t)
δ (ω)

Vδ(ω)
∈ [C−1

δ,t , Cδ,t] (4.5.2)

where Vδ = max{1, α1(ω)} = max{1, 1
`(ω)1+δ

}

We want to change Lemma 4.5.4 to restricting over an interval I.

We now explicitly construct Vδ using the following result.

Proposition 4.5.5 (Proposition 5.4 [Doz19]). Fix H and 0 < δ < 1. There exists C > 0 so

that for any t > 0, there exists constants bt and wt so that for any k and any ω ∈ H,

Avet(αk)(ω) ≤ Ce−t(1−δ)αk(ω) + wt
∑
j>k

αj(ω) + bt. (4.5.3)

Definition 4.5.6. Fix δ and t > 0. Define

λ
(t)
k =

(wt
C

+ 1
)k

where wt and C are the constants of 4.5.3. Define

V
(t)
δ (ω) =

M∑
k=0

λ
(t)
k αk(ω)

where M is the maximum complexity of ω.

Proof of Lemma 4.5.4. We first claim

λkCe
−(1−δ)t + wt

k−1∑
j=0

λj ≤ 2Cλke
−(1−δ)t. (4.5.4)

To see this holds, note that e−(1−δ)t ≥ 1. Thus since λk ≥ 1, we have

1− 1

λk
≤ 1 ≤

(wt
C

+ 1− 1
) C
wt
e−(1−δ)t.

Simplifying and using the finite geometric series formula, this implies

k−1∑
j=0

λj =
λk − 1

λ1 − 1
≤ λk

C

wt
e−(1−δ)t.
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Multiplying by wt and adding λkCe
−(1−δ)t to each side yields Equation 4.5.4.

We now want to prove that on average Vδ shrinks over circles of radius t. To see this, we

compute

Avet(Vδ)(ω) =
n∑
k=0

λkAvet(αk)(ω)

≤
n∑
k=0

λk

(
Ce−t(1−δ)αk(ω) + wt

∑
j>k

αj(ω) + bt

)
(By 4.5.3)

=
n∑
k=0

λkCe
−t(1−δ)αk(ω) + wt

n∑
k=1

αk(ω)
(∑

j = 0k−1λj

)
+ bt

(Replacing bt = bt

(∑n
j=1 λj

)
)

≤ 2Ce−t(1−δ)λ0α0(ω) +
n∑
k=1

αk(ω)

[
λkCe

−t(1−δ) + wt

k−1∑
j=0

λj

]
+ bt

(By Equation 4.5.4 and replacing C with 2C)

≤ Ce−t(1−δ)
n∑
k=0

λkαk(ω) + bt

= Ce−t(1−δ)Vδ(ω) + bt.

The logsmoothness of the Vδ follows from [EM01].

Now that we have defined Vδ with the logsmooth property, we now proceed to extending

the results of [Doz19] to include the Vδ function.

Lemma 4.5.7. There exists a constant c2 > 0 so that for any τ ≥ 0 and I ⊆ S1 an interval,

there exists t0(τ, |I|) ≥ 0 so that for any ω ∈ H and t > t0, we have∫
I

V
(τ)
δ (gt+τrθω) dθ ≤ c2

∫
J

Aveτ (V
(τ)
δ )(gtrθω) dθ

where J ⊆ S1 is an interval (that could depend on all other parameters) with |J | = |I|.

Proof. Note that this result would follow directly from linearity combined with Lemma 5.2 of

[Doz19], except as stated in Lemma 5.2 the interval J could depend on αi. However following
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the proof exactly using linearity to replace each αi with V
(τ)
δ , we take the interval 2I with

the same center as I and twice the length. Then in the last 5 lines of the proof, we write

2I = J1 ∪ J2 as a union of two intervals with |J1| = |J2| = |I|. Then

max
j=1,2

∫
Jj

Aveτ (V
(τ)
δ (gtrθω) ≥ 1

2

∫
2I

AveτV
(τ)
δ (gtrθω).

Now define J (which now depends on V τ
δ instead of individual αk to be the interval on which

the maximum is achieved, and the proof follows by linearity as desired.

Now we state Proposition 5.3 of [Doz19] for the Vδ functions.

Proposition 4.5.8. Fix a stratum H and 0 < δ < 1. Let c1 and c2 be the constants of

Lemma 4.5.4 and Lemma 4.5.7, respectively. Choose τ ≥ 0 large enough so that

c1c2e
−(1−δ)τ <

1

2
.

Let I ⊆ S1 be an interval and by Lemma 4.5.7 let m be the smallest possible integer so that

(m− 1)τ > t0(τ, |I|). That is m = 1 +
⌈
t0(τ,|I|)

τ

⌉
. There are constants c = c(τ, δ, |I|) > 0 and

bτ = b(τ, δ) so that for all n ≥ m and for any ω ∈ H,∫
I

V
(τ)
δ (gnτrθω) dθ < ce−(1−δ)nτV

(τ)
δ (ω) + bτ |I|. (4.5.5)

Proof. Let n ≥ m and ω ∈ H. Our goal is to construct the constants c and bτ to that

Equation 4.5.5 holds. Indeed applying Lemma 4.5.7 followed by Lemma 4.5.4, we have∫
I

V
(τ)
δ (gnτrθω) dθ ≤ c2

∫
Jn−1

Aveτ (V
(τ)
δ )(g(n−1)τrθω) dθ

≤ c2

(∫
Jn−1

c1e
−(1−δ)τV

(τ)
δ (g(n−1)τrθω) dθ + bτ

)
= c2c1e

−(1−δ)τ
∫
Jn−1

V
(τ)
δ (g(n−1)τrθω) dθ + c2bτ |I|

where the last equality follows from the fact that |Jn−1| = |I|.
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Now repeatedly applying this inequality for n − 1, n − 2, . . . ,m with I replaced by

Jn−1, Jn−2 through Jm which all have length |I|, we obtain∫
I

V
(τ)
δ (gnτrθω) ≤

(
c1c2e

−(1−δ)τ)n−m+1
∫
Jm−1

V
(τ)
δ (g(m−1)τrθω) dθ

+ |I|bτc2

n−m+1∑
j=0

(
c1c2e

−(1−δ)τ)j
(By our choice of τ the geometric sum is at most 2, so replacing bτ with 2c2bτ ,)

≤
(
c1c2e

−(1−δ)τ)n−m+1
∫
Jm−1

V
(τ)
δ (g(m−1)τrθω) dθ + |I|bτ

By the logsmooth property of Vδ from Lemma 4.5.4, splitting into small steps, there exists

some k(m, τ) so that

V
(τ)
δ (g(m−1)τrθω) ≤ c

k(m,τ)
3 V

(τ)
δ (ω).

Thus we can write our constant c as

c = (c1c2)n−m+1
(
e−(−1δ)τ

)−m+1
c
k(m,τ)
3 |I|

where we note m depends on τ and |I|, so c depends only on δ, τ and |I|.

Thus we obtain ∫
I

V
(τ)
δ (gnτrθω) dθ ≤ ce−τn(1−δ)V

(τ)
δ (ω) + bτ |I|.

Corollary 4.5.9. Fix a stratum H and 0 < δ < 1. There exists τ ≥ 0 so that for any

interval I ⊆ S1, there exists constants c = c(τ, δ, |I|) > 0 and bτ = b(τ, δ) so that there exists

an `0 so that for all ` ≥ `0 and for any ω ∈ H,∫
I

V
(τ)
δ (g`rθω) dθ ≤ ce−(1−δ)`V

(τ)
δ (ω) + bτ |I|.
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Proof. We choose τ to satisfy the assumption of Proposition 4.5.8. Choose ` ≥ mτ where m

is defined in Proposition 4.5.8. Pick

n0 = min{n ∈ N : nτ > `},

and note n0 − 1 ≥ m. Let r = n0τ − `. Choose step sizes of r0 so that r = kr0 for some

k ∈ N and g−r0 ∈ V so we can apply (4.5.1).

Then from Proposition 4.5.8,∫
I

V
(τ)
δ (g`rθω) dθ =

∫
I

V
(τ)
δ (g−kr0gn0τrθω) dθ

≤ ck3

∫
I

V
(τ)
δ (gn0τrθω) dθ (By (4.5.1))

≤ ck3

[
ce−(1−δ)n0τV

(τ)
δ (ω) + bτ |I|

]
(By (4.5.5))

≤ ck3

[
ce−(1−δ)`V

(τ)
δ (ω) + bτ |I|

]
(Since n0τ ≥ `)

≤ c
τ
r0
3

[
ce−(1−δ)`V

(τ)
δ (ω) + bτ |I|

]
(Since r ≤ τ)

Thus the final constants only depend on τ and not ` and we obtain the desired result.

4.6 Proof of Generalized Borel–Cantelli

To prove Proposition 4.3.1, we build from [Pet02], which invokes the Chung-Erdös Inequality.

Lemma 4.6.1 (Chung-Erdös Inequality). If (Ak)
∞
k=1 is a sequence of measurable sets with

µ
(⋃N

k=1Ak

)
> 0, then

µ

(
N⋃
k=1

Ak

)
≥

(∑N
k=1 µ(Ak)

)2∑n
k,j=1 µ(Ak ∩ Aj)

.

Proof. Beginning with the numerator on the right hand side, multiply by a fancy 1 which is

the characteristic function of the set where the sum of the characteristic functions is nonzero(
N∑
k=1

µ(Ak)

)2

=

[∫ ( N∑
j=1

χAj

)
χ{∑χAj>0} dµ

]2

.
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Using Schwarz’s inequality and the fact that∫
χ2
{
∑
χAj>0} dµ =

∫
χ{
∑
χAj>0} dµ = µ

(
N⋃
j=1

Aj

)
,

we have(
N∑
k=1

µ(Ak)

)2

≤
∫ ( N∑

j=1

χAj

)2

dµµ

(
N⋃
j=1

Aj

)
=

[
N∑

j,i=1

µ(Ai ∩ Aj)

]
µ

(
N⋃
k=1

Ak

)
.

Rearranging we obtain the desired inequality.

Proof of Proposition 4.3.1. Since for all i there are Bi ⊆ Ai, we have

lim supBi ⊆ lim supAi.

So it suffices to show that µ(lim supBi) > 0.

We first claim there exists some C̃ ≥ 1 depending only on C large enough so that if

m̃i = i+ C̃ + C̃ log
(

1
µ(Bi)

)
,

1̃.
∑∞

k=1 µ(Bk) =∞.

Proof. Follows from 1 and 4b.

2̃. For all i ≤ j, µ(Bi) ≥ 1
C
µ(Bj).

Proof. Follows from 2 and 4b.

3̃. For all i and for all j so that j > m̃i,

µ(Bi ∩Bj) ≤ C̃µ(Bi)
[
µ(Bj) + e−

δ
4
|i−j|
]
.

Proof. Combine assumption 3 with 4a and 4b.

4̃. For all i and for all j with i < j < m̃i,

µ(Bi ∩Bj) < C̃µ(Bi)
[
2−|i−j|(1−δ) + µ(Bj)

1+δ
4

]
.
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Proof. Combine conditions 4b and 4c with that fact that 1+δ
4
∈ (1

4
, 1

2
) and C ≥ 1 to

obtain

µ(Cj)
1+δ
2 ≤ Cµ(Aj)

1+δ
4 ≤ C(Cµ(Bj))

1+δ
4 ≤ C̃2µ(Bj)

1+δ
4 .

We will now show that that the measure of lim supBn has positive measure. To do this

we will adapt the proof of Theorem 2.1 of [Pet02].

By the Chung-Erdös inequality,

µ

(
N⋃
k=n

Bk

)
≥

(∑N
k=n µ(Bk)

)2

∑N
i,j=n µ(Bi ∩Bj)

. (4.6.1)

We want to find an upper bound for the denominator, and

N∑
i,j=n

µ(Bi ∩Bj)

= 2
N∑
i=n

∑
j>i

µ(Bi ∩Bj) +
N∑
k=n

µ(Bk)

≤ C̃

[
N∑
k=n

µ(Bk) + 2
N∑
i=n

N∑
j>m̃i

µ(Bi)µ(Bj) + µ(Bi)e
− δ

4
|i−j|

+ 2
N∑
i=n

∑
i<j≤m̃i

µ(Bi)2
−|i−j|(1−δ) + µ(Bi)µ(Bj)

1+δ
4

]
(By 4.6 and 4.6 and since C̃ ≥ 1)

≤ C̃

 N∑
k=n

µ(Bk) +

(
N∑
k=n

µ(Bk)

)2

+
2

1− e− δ4

N∑
k=n

µ(Bk)

+
2

1− 2−(1−δ)

N∑
k=n

µ(Bk) + 2CC̃
N∑
k=n

µ(Bk) + 2CC̃C ′ + 2CC̃
N∑
k=n

µ(Bk)

]
(By justifications 1,2,3,4 below.)

= C̃

D N∑
k=n

µ(Bk) +D′ +

(
N∑
k=n

µ(Bk)

)2
 (4.6.2)
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where D′ = 2CC̃C ′ and D = 1 + 2

1−e−
δ
4

+ 2
1−2−(1−δ) + 4CC̃.

Justification 1 Since the measures are always non-negative,

2
N∑
i=n

N∑
j>mi

µ(Bi)µ(Bj) ≤ 2
N∑
i=n

N∑
j>i

µ(Bi)µ(Bj)

=

(
N∑
i=n

µ(Bi)

)2

−
N∑
i=n

µ(Bi)
2

≤

(
N∑
i=n

µ(Bi)

)2

.

Justification 2 Making the change of variables k = j−i, by the geometric series formula

N∑
j>m̃i

e−
δ
4
|i−j| =

N−1∑
k=1+m̃i−1

e−
δ
4
k ≤

∞∑
k=0

e−
δ
4
k =

1

1− e− δ4
.

Thus

2
N∑
i=n

N∑
j>m̃i

µ(Bi)e
− δ

4
|i−j| ≤ 2

N∑
i=n

µ(Bi)
1

1− e− δ4
.

Justification 3 Similar to Justification 2, by the geometric series formula,

2
N∑
i=n

∑
i<j≤m̃i

µ(Bi)2
−|i−j|(1−δ) ≤ 2

N∑
i=n

∞∑
k=0

2−(1−δ)k ≤ 2

1− 2−(1−δ)

N∑
i=n

µ(Bi).

Justification 4 First note for any j > i by assumptions 2, 4(a) and 4(b),

µ(Bj) ≤ µ(Aj) ≤ µ(Ai) ≤ Cµ(Bi).

Note also that 5+δ
4
∈
(

5
4
, 6

4

)
so 5+δ

4
is a power bigger than 1 with µ(Bi) ≤ 1, so

µ(Bi)
5+δ
4 ≤ µ(Bi).

Thus

2
N∑
i=n

∑
i<j≤m̃i

µ(Bi)µ(Bj)
1+δ
4 ≤ 2C

N∑
i=n

µ(Bi)
5+δ
4 (m̃i − i)

≤ 2CC̃
N∑
i=n

µ(Bi) + 2CC̃
N∑
i=n

µ(Bi)
5+δ
4 log

(
1

µ(Bi)

)
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So to finish this justification it suffices to show there is a constant C ′ so that

N∑
i=n

µ(Bi)
5+δ
4 log

(
1

µ(Bi)

)
≤ C ′ +

N∑
i=n

µ(Bi),

Indeed to see this, choose n0 large enough so that for all i ≥ n0,

log

(
1

µ(Bi)

)
≤ µ(Bi)

−1−δ
4 .

Then if n ≥ n0,
N∑
i=n

µ(Bi)
5+δ
4 log

(
1

µ(Bi)

)
≤

N∑
i=n

µ(Bi).

Otherwise if n ≤ n0

N∑
i=n

µ(Bi)
5+δ
4 log

(
1

µ(Bi)

)
≤

n0−1∑
i=n

µ(Bi) log

(
1

µ(Bi)

)
+

N∑
i=n0

µ(Bi) ≤ C ′ +
N∑
i=n

µ(Bi).

where C ′ > 0 is the bound for the finite sum.

Now that the 4 justifications are complete, we now combine Equation 4.6.1 and 4.6.2 to

get

lim inf
N→∞

µ

(
N⋃
k=n

Bk

)
≥ lim inf

N→∞

(∑N
k=n µ(Bk)

)2

C̃

[
D
∑N

k=n µ(Bk) +D′ +
(∑N

k=n µ(Bk)
)2
]

= lim inf
N→∞

1

C̃

[
D∑N

k=n µ(Bk)
+ D′

(
∑N
k=n µ(Bk))

2 + 1

]
=

1

C̃
(By assumption 1 and 4(b) we have

∑∞
k=1 µ(Bi) =∞.)

Hence µ (
⋃∞
k=nBk) ≥ 1

C̃
.

Setting Dn =
⋃∞
k=nBk, we have a nested decreasing sequence of sets and thus

µ(lim supBn) = µ

(
∞⋂
n=1

Dn

)
= lim

n→∞
µ(Dn) ≥ 1

C̃
> 0.
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flow on the space of lattices. Int. Math. Res. Not. IMRN, (10):2643–2690, 2014.

[ACM19] Jayadev S. Athreya, Yitwah Cheung, and Howard Masur. Siegel-Veech trans-
forms are in L2. J. Mod. Dyn., 14:1–19, 2019. With an appendix by Athreya and
Rene Rühr.

[AEZ12] Jayadev S Athreya, Alex Eskin, and Anton Zorich. Right-angled billiards and
volumes of moduli spaces of quadratic differentials on CP 1. arXiv preprint
arXiv:1212.1660, 2012.
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[BM10] Irene I. Bouw and Martin Möller. Teichmüller curves, triangle groups, and Lya-
punov exponents. Ann. of Math. (2), 172(1):139–185, 2010.

[BNRW19] Claire Burrin, Amos Nevo, Rene Rühr, and Barak Weiss. Effective count-
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