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Abstract

Counting social interactions for discrete subsets of the plane

Samantha Fairchild

Chair of the Supervisory Committee:
Professor Jayadev Athreya
Mathematics

We will use dynamical, geometric, and analytic techniques to study translation surfaces.
A translation surface is, informally, a collection of polygons in the plane with parallel sides
identified by translation to form a surface with a singular Euclidean structure. Understanding
the geometry and behavior of flows on translation surfaces and their moduli spaces has lead
to the development of many new and revolutionary techniques, including the work of award
winning mathematicians like Mirzakhani, McMullen, Eskin, Yoccoz, and Zorich.

My work studies geodesic flows on translation surfaces by analyzing subsets of R? corre-
sponding to saddle connections, which are special trajectories of this low. Saddle connec-
tions are straight line trajectories on a translation surface connecting two singular points,
with none in their interior. Saddle connections are the driver for the parabolic behavior of
geodesic flows on translation surfaces, as two nearby parallel lines behave differently under
dynamics of the geodesic flow once a saddle connection comes between them.

This thesis will consider discrete subsets of the plane usually arising from saddle connec-
tions on translation surfaces. The following results are all partial answers to the following

question: Given a surface, how are saddle connections distributed in the plane?
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Chapter 1
INTRODUCTION AND PRELIMINARIES



1.1 Background

1.1.1  Translation surfaces

A translation surface is a surface formed by taking a finite number of polygons in the plane
and gluing opposite sides by translation, where surfaces are equivalent up to cutting and
pasting of these polygons via translation. Equivalently a translation surface is a closed
Riemann surface X with a nonzero holomorphic 1-form w. For more background see [Mas06],

[HS06], [Esk06).

Given A € SL(2,R) and (X,w) a translation surface, we produce a new translation
surface A- (X, w), which is the surface with charts of (X, w) composed with A acting linearly
on R2. The Veech group is the stabilizer subgroup of this action

SL(X,w) & {Ae SLE2,R): A (X,w) = (X,w)}.

The Veech group is always discrete and in fact trivial for almost every translation sur-
face [GJ96]. Chapters 2 and give results for closed SL(2,R) orbits where there is a large
Veech group and natural invariant probability measure inherited from the Haar measure on

SL(2,R).

Chapters 3 and 4 will focus on generic surfaces with a trivial Veech group. The moduli
space 2, of compact genus g area 1 translation surfaces (where (X, w;) ~ (X2, ws) if there
is a biholomorphism f : X; — X, with fiws = wy) is stratified by integer partitions of
2g — 2 (fixing the orders of the zeros of w). These strata have at most 3 connected com-
ponents [KZ03], and each connected component H carries a natural Lebesgue probability
measure p = uy [Mas82, Vee82]. The measure uy constructed by Masur and Veech is er-
godic and invariant under the SL(2,R)-action, and can be thought of as Lebesgue measure

in appropriate coordinates on H.



1.1.2  Saddle connections and holonomy vectors

Saddle connections on a translation surface (X, w) are geodesics in the flat metric determined
by w connecting two zeros of w with no zeros in its interior. Let SC, be the set of saddle
connections on (X,w) (we will now abbreviate our translation surfaces by w, as there is a

unique Riemann surface structure X for which w is holomorphic), and for v € SC,, let
2y = / weC
vy

A, = {2z, :7€8C,}

its holonomy vector. Let

denote the set of holonomy vectors of saddle connections. A, is a countable discrete subset

of the plane C. The length {() of a saddle connection 7 is

£(y) = |2

For R > 0, let A, (R) be the collection of saddle connections with holonomy vector of length

at most R. Note that the assignment
w = A,
is SL(2,R)-equivariant, that is
Agw = gAw-

A central theme of these results is to understand how the points in A, are distributed
in the plane. In particular each result considers the limit as R — oo for functions counting
the number of points in A, (R)* for k > 1 with specific relationships between the points.
The Siegel-Veech transform is a useful tool for connecting geometry of (R?)* to counting

problems for subsets of A, (R)F.

1.1.8  Siegel-Veech transform

For k > 1, set V1, = (A,)*, and let B.((R?)*) be the set of bounded measurable functions

with compact support on (R?).



Figure 1.1: Top is the square torus, and bottom is the golden L, with side length the golden
ratio ¢ = %5 On the right are the corresponding holonomy vectors in A, (100). The
saddle connections start and end at the black dots which all map to the same point under
identification. In both of these cases, the Veech group is non-trivial given by SL(2,7Z) = Hj
and Hj the third and fifth Hecke triangle groups described in Chapter 2



Definition 1.1.1. For f € B.((R*)*) and a translation surface w, we define the Siegel-Veech

transform by

f(w): Z f(ur, oo vp).

In the above definition k£ = 1 is the classical Siegel-Veech transform, and for particualar
f € B.((R2)¥) of the form f(zy,--- ,x) = h(zy)---h(zy) for h € B.(R2), f corresponds
to the kth power of the classical Siegel-Veech Transform of h on R?. Veech [Vee98| proved
that the classical Siegel Veech transform is integrable, that is f € L'(x) and moreover there

exists a constant ¢ called the Siegel-Veech constant so that

Theorem 1.1.2. For f € B.(R?),

[Fan=c | sea
R2
where for the purpose of this thesis either

o 1 is the SL(2,R) invariant probability measure on a closed SL(2,R)-orbit for non-
trivial SL(X,w).

e 11 is the probability measure on a connected component of the stratum H.

On connected strata of translation surfaces, the Siegel-Veech transform is in L? with re-
spect to the Masur—Veech measure [ACM19]. The transform has also been used on connected
strata of translation surfaces to get asymptotic counting information for A,(R) ([EMO1],
which was latter effectivized by [NRW20]. Similar strategies were used in [AC12] to show

that for generic surfaces, the smallest gap in angle between two holonomy vectors in A, (R)

1

shrinks faster than 2

For closed SL(2,R)-orbits, understanding of the Siegel-Veech transform was focused on
generalizing to SL(nR)/SL(n,Z) via work of Siegel, Schmidt, and Rogers [Sie45, Sch60,
RogbH5], or more recently in [BNRW19] generalizing and effectivizing Veech’s work from
[Vee89] and [Vee98].



1.2 OQutline

1.2.1  Higher moments for Hecke triangle groups

In Chapter 2, we compute higher moments of the Siegel-Veech transform over sets of surfaces

with the Hecke triangle groups as their stabilizer group.

Definition 1.2.1. The Hecke triangle group H, for integers q > 3 is the discrete subgroup
of SL(2,R) generated by

0 -1 1 A T
S = and T = , where \y =2cos | — | .
1 0 0 1 4

Note H3 = SL(2,7Z) and for all ¢ > 3, H, has finite co-volume in SL(2,R). For more
information on Hecke triangle groups see [LL16].

Let V, be the discrete subset of R? defined by

1
VZI:HQ' ’
0

which corresponds to a subset of saddle connections of a translation surface when ¢ is odd

see section 2.2.2). Define Y, = SL(2,R)/H, with corresponding Haar probability measure
q q

L.
The main theorem of this section gives a higher moment formula for the Siegel-Veech

transform for a single orbit of H,,.

Theorem 1.2.2. Let g > 3 and f € B.((R*)¥) for k € N. Let the corresponding Siegel-Veech
transform (Definition 1.1.1) for [g] € SL(2,R)/H, be given by

f(g): Z f(gvla"'agvk)‘

Then there is an exact formula for

[ ) duto)
SL(2,R)/H,
given when k = 2 in Theorem 2.1.3, and for all k > 2 in Theorem 2.1.4.



1.2.2  Pairs for generic surfaces

Continuing with applications of an L? formula, we now work with counting in a connected
component of the stratum, H. As an application of the fact that the Siegel-Veech transform
is in L? (JACM19]), we will outline a mostly complete proof towards the following conjecture
about a function N4 (w, R) that counts pairs of holonomy vectors in A, (R) with determinant

at most A.
Conjecture 1.2.3. There is a constant ¢ = c¢(A, H) such that for p-almost every w € H,
Ny (w7 R)

hm — = C
R—o0 R2

1.2.3  Gaps around 0 for generic surfaces

Finally, as we remain focusing on pairs of points, we will stay on a connected component
of the stratum H, but instead of counting pairs with a bounded determinant, we will look
at the angle between two points in A, (R). So we define the smallest gap about zero out to

radius R by
((R) =min{¢ € O,(R) : ¢ > 0} — max{¢p € O,(R) : ¢ <0}.

We will then present an outline of proof and key generalization of the Borel-Cantelli Lemma
in order to prove the main conjecture of this chapter, which fine tunes the convergence

information obtained in [AC12].

Conjecture 1.2.4. Let ¢ : [1,00) — [1,00) be a nondecreasing continuous function.
o If floo ﬁ dt < 0o, then for almost every w (with respect to Masur—Veech measure)

lim. inf ) (R)R*C,(R) = oco.

o If floo W dt = oo, then for almost every w,

lim inf (R)R*¢,(R) = 0.



Chapter 2

A HIGHER MOMENT FORMULA FOR THE SIEGEL-VEECH
TRANSFORM OVER QUOTIENTS BY HECKE TRIANGLE
GROUPS

Online first publication at Groups, Geometry and Dynamics, to appear in print ([Fai20]).



2.1 Introduction

Building on work of Siegel, Schmidt, and Rogers [Sie45, Sch60, Rogh5] we compute higher
moments of the Siegel-Veech transform over sets of surfaces with the Hecke triangle groups

(See Definition 1.2.1) as their stabilizer group. In Theorem 1.1.2, the corresponding Siegel—

Veech constant is given by ¢ = qu) where

We will first prove the following theorem which computes the square of the classical
Siegel-Veech transform on B.(R?). To state the theorem, we introduce the following two

definitions:
Definition 2.1.1 (Set of non-vanishing determinants). Let
N, «f {n € ZI ) \ {0} : there ezists v1,v2 € V, with det(v,v2) =n}

m
= cn € Z[A]\ {0} : there exists 0 < m < A\j|n| with eV, (2.1.1)

where Equation 2.1.1 will be proved in Lemma 2.3.5.

Definition 2.1.2 (g-geometric Euler totient function). For b € Z[\,] define
a
0 b)) =# 1 <a <\ : eV,
b

Note that A3 = 1 and V3 = SL(2,Z) - e; so 3 reduces to the standard Euler totient

function.

Theorem 2.1.3. Let f € B.(R* x R?), N, be the set of non-vanishing determinants, and ¢,

the q-geometric Fuler totient function. Then,

fdp(g) =
Yy neNy

‘Pq(n)
c(q)

1
/SL(Q’R)f(an) dn+@/w (f(x,—2) + f(z,2)) dz  (2.1.2)
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where J, = , v is the Haar probability measure on Yy, n is Haar measure on SL(2,R)
0 n
normalized so n(Y3) = %2, and dx is the Lebesque measure on R? normalized so the area of

the unit square is 1.

Note f is uniformly bounded by Lemma 16.10 of [Vee98], so both sides of Equation 2.1.2
are finite. The proof of Theorem 2.1.3 will use Schmidt’s outline of proof (see section 2.2.1).
It is a useful exercise to consider this proof in the case of Schmidt with ¢ = 3. That is where
N3 =7\ {0} and the constant ¢(3) = == = ((2). In section 2.5 we will see how the formula
in Theorem 2.1.3 allows us to understand the asymptotic densities of saddle connections of
translation surfaces with Veech group H, for ¢ odd. Theorem 2.1.3 is in fact a special case of

the main theorem, which calculates the kth moment of the classical Siegel-Veech transform.
Theorem 2.1.4. Let f € B.((R?)*) and define

1 m
Jn,m =
0 n

Then

DD SED SO Iy BN eI N S WY KT

nENg 0<m<ig|n| 1<j<k N o B 0
(m,n)T eV,

where for each 1 < j < k we have X\ € R is of the form (1,£1,...,4+1) and o =

(0,00,...,00—5) and = (1, B, ..., Br—;) where for each 2 < i < k — j we have

eJ V. (2.1.3)

n,m

Bi
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2.1.1 Owutline

In Section 2.2 we give an overview of the history of the problem, followed by the necessary
background Veech groups, and the geometric Euler totient function. In Section 2.3 we prove
Theorem 2.1.3, followed by Section 2.4 where we prove Theorem 2.1.4. Finally in Section 2.5

we explain how we found numerical evidence for the result.

2.1.2  Acknowledgments

I thank Jayadev Athreya for proposing the project and many useful discussions. I thank
Bianca Viray and Claire Burrin for useful comments and discussions about the totient func-
tion. Thanks to Anthony Sanchez for useful comments on the paper. Finally I would like to
thank Kimberly Bautista, Maddy Brown, and Andrew Lim of the Washington Experimen-
tal Mathematics Lab for their contributions to my numerical experiments and discussion in

generalizing to higher moments.
2.2 Background and history

We first give a summary of previous related results in the geometry of numbers, followed by

background on translation surfaces, Veech groups, and the g-geometric Euler totient function.

2.2.1 Geometry of numbers

We will first focus on the mean and variance of the primitive Siegel transform, which is
a special case of the Siegel-Veech transform defined in the previous section. First we set
up some notation and definitions, then state the theorems of Siegel, Rogers, and Schmidt
computing the mean and variance of the primitive Siegel transform.

Consider f € B.(RY). We aim to understand f evaluated on wisible lattice points in R,
where a point v = (vy,...,vq)T € Z% is primitive or visible if ged(vy, .. .,vg) = 1. We denote

d
‘prim?

1
=SL(d,Z)- . Define
0

which one can show Z¢

the set of primitive vector points by Z orim
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Xy = SL(d,R)/SL(d,Z). By abuse of notation, for an equivalence class g = [g] € X4, we

define the primitive Siegel transform by

flor=Y_ flov).

veZd

In 1945, Siegel [Sie45], sections 5-6 showed

@ ante) = 5 [ s)as (2.2.1)

where the standard Lebesgue measure on R? is dz,  is the Riemann zeta function, and p is
probability Haar measure on Xj.

In order to understand higher moments of f , we split into the cases where d = 2 and
d > 2. We address the latter case first.

For understanding higher moments of f, C. A. Rogers’ 1955 paper [Rogh5], Theorem
5 solved the case for f’“ with d > 2 and k£ < d. For simplicity, we will only consider the
case k = 2 of Rogers’ result. Recall for f € B.(RY), and defining h € B.(R* x R?) by

W, y) = f(x)f(y) we have

Yo hlguigu) = > flgu)flgw) = | Y. flev)| =)

v1,v2€Z4 v1,v2€Z4 vezZd

prim prim prim

Rogers showed that for f € B.(RY), and h(z,y) = f(z)f(y), the second moment of f is given
by

| @@t = [ 3 hlav.gu)duto)

Xa d

V1,02 GZPMm

= ﬁ /Rdx]Rd h(x,y)dx dy + ﬁ /Rd [h(z, ) + h(z, —z)] dz. (2.2.2)

For a modern proof of Equation 2.2.2, see section 4 of [AMO09].
For k > d > 2 and f € B,(R%), the function f* is not integrable (Proposition 7.1 of
[KM99]). However when d = 2 we have f is bounded on X», and thus f* integrable for any

k > 1. So we now exclusively study the case d = 2. Rogers had a mistake in his paper
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claiming Equation 2.2.2 held for d = 2, which we can see does not work by setting hy to be

the characteristic function of the set given by
{(UhUQ) : max(|vl|, ’U2|) < R7 det(?}1v2> ¢ Z}

Applying Equation 2.2.2 to hg, the left hand side of Equation 2.2.2 will be identically zero

2

as for any vy, vy € Zy .,

det(gvy gve) = det(g) det(viv2) € Z,

and the right hand side will be nonzero as the vectors with integer determinant are a Lebesgue
measure zero subset of R? x R2,

In correction to Rogers, Schmidt addressed the case where d = 2 (see [Sch60] Section 6).

Theorem 2.2.1. Let f € B.(R* x R?). Then

f = #(n) L T, —x z,x)dx
S 3 01 fun 001 G S e 223

where ¢ is the standard FEuler totient function.

Note this formula does not look exactly like the formula in Schmidt [Sch60] as we have
a different normalization of the Haar measure n. Note also that Theorem 2.2.1 is a special

case of Theorem 2.1.3.

2.2.2  Hecke triangle groups as Veech groups

We will consider surfaces whose Veech group is given by SL(X,w) = H, for ¢ > 3. When
q = 3, Hy = SL(2,Z) which is the Veech group for the square torus. In general given
a translation surface (X,w) where we glue two regular (2n + 1)-gons and then identify
opposite sides, Veech showed in [Vee89] that SL(X,w) = Hany1. For even Hecke triangle
groups, Bouw and Moller [BM10] followed by a constructive proof of Hooper [Hool3] were

able to show that there exists a translation surface (X,w) with SL(X,w) conjugate to an
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index 2 subgroup of Hs,, but there is no translation surface with Veech group containing
Hs,.

Notice the set of holonomy vectors for the square torus are

7. =SL(2,7Z)- ! = Hj -
0 0
The characterization is not as clean for other surfaces, but if (X,w) is a translation surface
with SL(X,w) a lattice, then the set of holonomy vectors will always be given as a finite
union of SL(X,w)-orbits [Vee89], 5th paragraph section 3. By studying the Siegel-Veech
transform over V, we will be able to understand asymptotic density of saddle connections

for a class of translation surfaces [Vee98].

2.2.3 Geometric Fuler totient function

Recall we define the q-geometric Euler totient function by
a
a(b) =# 1 <a< A b eV, oy,
b

where p3 = ¢ is the standard Euler totient function. Since V/ is discrete and thus ¢, is finite
and well defined. Though ¢, generalizes the standard Euler totient function, ¢, does not
agree with the more standard Euler totient function defined for the ring of integers over a
number field in terms of the product formula over prime ideals.

Following [LL16|, we can define a greatest common q-divisor denoted (a,b), for a,b €
Z[\,) using a Euclidean pseudo-algorithm. This greatest common g-divisor has many similar

properties to the ged function, including for any ¢ # 0,
(ta,tb)y =t - (a,b),. (2.2.4)

With this definition we also have the following useful characterization of elements of H, as

proved in Proposition 3.7 of [LL16].
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a c
Proposition 2.2.2. A matriz € SL(2,Z[\,]) isin Hy if and only if (a,b), = (¢, d), =
b d

1. In fact if (a,b), < 1 or |b| < 1, then (a,b)” cannot be a column of a matriz in H,.

2.3 Orbits and integrals

The goal of this section is to prove Theorem 2.1.3.
Let f € B.(R? x R?), and define f as in Definition 1.1.1. Consider the map
f— fd,u.
Yq
This mapping is a positive linear functional which is SL(2,R)- invariant, where SL(2, R) acts
diagonally by g-(vi,v2) = (gv1, gvo) for (vy,v9) € R?* x R?. Hence by the Riesz representation

theorem, there exists a measure v so that

/ fdl/:/ fd,u for any f € B.(R? x R?).
R2 xR2 Y,

Since v is SL(2, R)-invariant, we can write v as a combination of measures on SL(2, R) orbits
of R? x R% So to understand v we need to understand our integral over SL(2,R) orbits.
The outline of the proof is as follows. In section 2.3.1 we split R? x R? into SL(2,R) orbits
under the diagonal action and find the possible SL(2, R)-invariant measures on these subsets.
In section 2.3.2 we will reduce the uncountable number of orbits which occur in our setting
to two linearly dependent orbits, and a countable number of linearly independent orbits.
After setting up notation in section 2.3.3, in section 2.3.4 we reduce the linearly dependent

case to Theorem 1.1.2, finally addressing the linearly independent case in section 2.3.5.

2.3.1 Decomposition into orbits
Let Ry =R\ {0}, similarly Zj = Z™ \ {0}, and Zo[\,] = Z[\,] \ {0}.

Lemma 2.3.1. The following decomposes R? x R? into disjoint SL(2,R) orbits:

R? x R? = (|_| Dn) L <|_| LDt> UH UV {0},

neRy teRg
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where we have the linearly independent determinants,
D, = {(v,w) € R? x R? : det(v w) = n},
the linearly dependent subsets
LD; = {(v,tv) : v € R},
and two special cases of linearly dependent vectors: horizontal and vertical
H={(v,0):veR} V={00v):veR:.
Proof. We will realize each subset as an orbit of SL(2,R) under the diagonal action on
R? x R%. Since g - {0} = 0 for all g € SL(2,R), the point {0} is an entire orbit.

1
Now notice that g - = R2. Using this fact, for any ¢ € Ry,
0

1 t
SL(2,R) - , = {(v,tv) 1 v € R}} = LD;.
0 0

Similarly for H and V, it suffices to see that they are both given by

1| |o 0
H = SL(2,R) - : V = SL(2,R) - :
0| o 0| o

Finally, for n # 0, since nRZ = R2,

SL(2,R) - ! : ’ = {(v,nu) : det(vu) =1} = D,,.
0 n

Thus we have shown each of these subsets is an SL(2,R) orbit. Finally, since every
pair of elements in R? is either linearly independent and thus have a nonzero determinant or
linearly dependent and thus are scalar multiples we conclude every element (v;,v;) € R? x R?
is contained in one of the given sets. Thus we have a decomposition of R? x R? into SL(2,R)

orbits. O
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The last task of this subsection is to determine the possible measures on each of our
subsets. We will freely use the fact that Haar measure is unique up to scaling. In this
section we will fix a particular scaling of Haar measure for each measure, and then by taking
a linear combination of these different measures we can obtain v.

On {0}, there is only one probability measure given by &y, which is trivially SL(2,R)
invariant.

On H,V, and LD, for t € Ry, we have a copy of R3. Notice Lebesgue measure my
on R? is SL(2,R)-invariant. So we will fix the standard Lebesgue measure giving the unit
square [0,1]? volume 1 on each of the subsets H, V, and LD, for t € Ry. Since {(0,0)}
is a measure zero subset, without loss of generality we can write integrals with respect to
my over all of R%. To see this measure is the unique SL(2,R)-invariant measure (up to
scaling), consider the induced Haar measure under the quotient of SL(2,R)/N = RZ where

1 ¢
N = teR
0 1

To find a Haar measure on D,,, we will first find a Haar measure on SL(2,R), then we
will show how this can be viewed as a Haar measure on D,,. To construct a Haar measure
on SL(2,R), consider SL(2,R) as a subset of (R* m,) where m, is Lebesgue measure on R*.

As a result, for measurable A C SL(2,R), we can define the cone measure
n(A) = my(C(A)) where C(A) = {ag: a € (0,1],9 € A}.

Under matrix multiplication, my4 is SL(2,R) invariant. Hence 7 is an SL(2,R) invariant
measure on SL(2,R). Under this measure, the set of matrices with a zero in the top left
corner is a null set. Thus we can write the measure dn = da dbds under the coordinates
10 a b
s 1 0 a!
With this normalization, in the quotient by SL(2,7Z), we can compute the pushforward

defined in terms of the projection map 7 and fundamental domain F' [AC14]

2

(m).(¥a) = n(x (V) N F) = = = ((2).
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With this fixed normalization, n gives the Poincaré volume. This means that we in fact have

Now having fixed Haar measure on Dy, for D,, with n # 0, we identify D,, with D; =
SL(2,R) as D, = D;J,. Since we can write D,, = D;.J,,, we choose the coordinates on D,, to
be the same as those on D;. In this manner, we have 7 is the Haar measure we will choose
as our normalization of Haar measure on D,,.

We’ve now decomposed R? x R? into SL(2,R) orbits, and fixed a normalization of Haar
measure on each of these orbits.

Since Haar measure is unique up to scaling, we can now write our SL(2,R) invariant

measure on R* as

v = ady + Z btmg—i-Zc,m

teRU{oco} n€Rg

for some constants a, by, ¢,,. where by, corresponds to V' and by corresponds to H.

2.3.2  Reduction to visible determinants and removal of zero term

We have shown

Fdu = d 2.3.1
/Y p /R _fa (2.3.1)
=af(0,0) —|—/ b, f(z,tz)dx + . Cn /SL(ZR) f(gJy)dn,

teRU{oo} R2

(where we define (z,00x) = (0, z).)

The purpose of this section is to prove the following.
Lemma 2.3.2. In Equation (2.5.1), a =0, t € {£1}, and n € N,,.

Proof. To see that t € {£1}, consider the function f supported on LD; for
t € RU{oo} where LDy = H and LD, = V. That is, for some large R and B(0, R) denoting
the Euclidean ball in R*, let

fre(®,y) = XBo,RNO0} (@, ¥) XL, (T, y) for z,y € R?.
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On the left hand side of Equation 2.3.1, notice

fralg) = D fralgor, gvo)

v1,v2€Vy
= #{v1,v3 € V,NB(0, R) : gv; = tguvs}

= #{v1,v2 € V,NB(0,R) : v; = tuy}.

a
If € V, by Proposition 2.2.2, we have (a, c), = 1, and thus by Equation (2.2.4), (ta,tc), =
c

ta
t. So by Proposition 2.2.2 cannot be an element of V, unless ¢ = +£1. Or more
te

geometrically since V, are the set of vectors visible from the origin, tv is never visible from

the origin unless ¢ = +1. Hence we’ve shown

. 0 t#+1
frt = :
#{veV,NB(0,R)} t==l1
On the right hand side of Equation (2.3.1), the only nonzero term will be the coefficient of
b for if z € B (0, %), then tz € B(0,R). Thus [4, fr¢(x, tx) dz > mo (Bge(0, %)) > 0. But
when ¢t # +1, the left hand side of Equation 2.3.1 is zero since fr = 0. Hence b, = 0 for
t# +1.

We now want to show that the set of possible determinants is N,. For the determinant

n loci (n # 0), we similarly define

fra(®,9) = XBoO.R) (T, ¥)XD, (T, y) for z,y € R®.

We compute

frallg) = D> fralgvr,gv)

v1,01 €V

= #{v1,v3 € V, N B(0, R) : det(vy v2) = det(gvy, gv2) = n}.
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Since [V, is the set of determinants that can arise as the determinant of two elements in V,,

we can write

R #{v1,v5 € V,N B(0, R) : det(vyva) =n} n €N,
Rn —

0 n ¢ N,.

On the right hand side of Equation (2.3.1), the only nonzero term corresponds to ¢,, and

/ Fr(g) dn > 0
SL(2,R)

since D,,NB(0, R) has positive cone measure. In order to match the left hand side of Equation
(2.3.1) for fr,, we conclude ¢, = 0 for all n ¢ N,.

We conclude this proof by showing a = 0. To see this, consider the characteristic function
over the set {(0,0)} C R?* x R?. That is set fo(z,y) = x{(0,0)}(z,y). Then on the right hand
side of Equation (2.3.1), we have fy(0,0) = 1, all other integrals are zero since {(0,0)} is
a measure zero subset of R?, and cannot show up in SL(2,R).J, for any n. Thus the right
hand side of Equation (2.3.1) for fy is a. On the left hand side of Equation (2.3.1), (0,0) is
not a pair of visible vectors since (0,0) cannot be the first column of a matrix in H,, so the

left hand side is zero. Thus we conclude a = 0. ]
To summarize, in this section we reduced our Equation (2.3.1) to

Corollary 2.3.3.

fdM = /IR2 blf(x,x) + bflf(l', —l’> dx + Z Cn /;L(27R) f (an) d77

Y neNg
2.8.8 Notation and division into smaller lemmas

In the proceeding sections, we will compute the values for b;,b_;, and ¢, for n € N,. In
order to do this, we introduce the following notation: for D a discrete subset of (R?)* which
is V-invariant under the diagonal action, define fp : ¥Y; — R by

folla) = > flgv)

veDk
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In a similar manner define the functional Tp : B.((R?)¥) — R by

Tp(f) = y fo(lg]) du(lg]).

We now define the following sets:
DY =D, NV, xV,) ={(v,w) € V, x V : det(vw) = n},

LDY, = {(v,+v) :v € V,}.

Then we can rewrite the left hand side of Corollary 2.3.3 as

/ frpy + frpv, + Z foy | du
Y,

q n€Ng

= Typy (f) + Topv, (f) + Y Toy (f).

neNy

Thus finding the coefficients in Corollary 2.3.3 is reduced to finding coefficients individually

in each of these equations:

TLDil(f) = bil f(.r,:l:x) dx, (232)

R2

and for each n € N,

n

Tov(f) = e / 7 (g,) dn. (2.3.3)
SL(2,R)

2.3.4  Reducing to Siegel—Veech formula in linearly dependent case

In this section, we will prove that the coefficients b; and b_; in Equation (2.3.2) are given by
by =01 = ﬁ by reducing to the Siegel-Veech Primitive Integral Formula (Theorem 1.1.2).

That is, we will prove the following:

Lemma 2.3.4. For any f € B.(R* x R?),

TLDgl(f) = qu) . f(v, £v) dv

where ¢(q) is the Poincaré volume of the unit tangent bundle over H?/H,,.
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Proof. Given f € B.(R? x R?), define f € B.(R?) by

fa(uw) = f(u,£u).

So we now compute

Topy, (F) = | Y flgu,+gu)du((g))

Yy veVy

:/Y > Falgu) du(lg))

7 ueVy

1

= @/ fui(z)d (by Theorem 1.1.2)

= C(l—q) . f(z, £x) dz.

This concludes the proof of the lemma. O

-1

We’ve now shown by = ¢(q)~', in the next section, we address the coefficients ¢, for

n € Ny.

2.3.5  Coefficients on loci with fized determinant

The goal of this section is to prove that each ¢, = ¢(q) tp,(n) for n € N,. We will first
decompose D) into H, orbits under the diagonal action, showing there are ¢,(n) orbits
which each contribute equally to Tpy. After showing this, we will find the value over a single

orbit.

Lemma 2.3.5. Let n € Zy[\,|. There exists vi,vo € V, with det(viva) = n if and only if

m
there exists m € Z[\;] with 0 < m < A\jn| and eV,
n

In particular, the equality in Equation (2.1.1) for N, holds.

m
Proof. First, suppose there exists m € Z[\;] with 0 < m < \|n| and € V,. Set

m
v = , which is in V, since Tv; = vy, and set vy = . Then vy,v, € V, with
0 n

determinant n, so n € IN,.



Conversely suppose vy, vy € V, with det(v1v2) = n. Let g € H, so that ge; = vy

g o1 vg] = [er g™ o).
Since the determinant is n,
l
g vy =
n

for some ¢ € Z[\,]. Applying the matrix T to the left j times for some j € Z gives

T7g oy va] = [er TV g™ 'y
where
, {4 jnA
Tjgflv2 _ JNAq
n

Thus we can find j € Z so that m = ¢ + jn), satisfies
0 <m < A\gn|,

and the proof is complete.

Lemma 2.3.6. Forn € N, The subset DY is the union of p,(n) different orbits

py= || E™,

n
0<m<|n|\q
(m,n)T eV,

where

(m) 1 m
E"Y = ¢y cy € H,
0 n

23

. Then,

Proof. We will first show that the decomposition of every element in DY can be written as

an element E,(Lm) for some m.

Let
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From the proof of Lemma 2.3.5, there exists a matrix h € H, with

a b I m
h = for 0 <m < A\y|n|.
c d 0 n
b m b
Since € V,, we also have =h € V,. We have now shown every element in D)
n

m
is in B for some m with 0 < m < Ag|n| and eV,
n

To see that we have no duplicate representatives of our orbits, let 0 < my,mgy < A\j|n|

my ma

with my # my and , € V,. Without loss of generality suppose my > m;. If the
n n
representatives
1 mi 1 ma
an
0 n 0 n

a b
were in the same H, orbit, there would exist an element € H, such that

a bl |1 my 1 my

c dl [0 n 0 n

This implies @ = 1,¢ = 0,d = 1, and b = ™2, Since 0 < my — my < Agn, we have
0 < b < A;. This is a parabolic element with upper right entry smaller than the generating

matrix 7', and thus not in H,. Therefore we conclude that ES™ are ©q(n) distinct H, orbits

whose union is all of D). O

m
Lemma 2.3.7. For a fized m with 0 < m < A\;|n| and eV,
n

1

o= [ o
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Proof. Let m: SL(2,R) — Y, be the projection map ¢g — [g]. Recall we normalize 1 so that
m.(n)(Yy) = ¢(q). Hence 7, (c(q)~'n) = u. Moreover, to push a function from SL(2,R) to a

function on Xy, we have to sum over the orbits H,. Thus,

1 1 m 1 m
@/SL(Q,R)JC g dT]_/YZf g7 d/i:TEr(lm(f).

4 yEHq 0 n

For the last part of the lemma, we compute the following

1 1 m
— / Ily dn
c(q) SL(2,R) 0 n

1
= — d
c(q) /SL(27]R) e 0 n 1(9)

where the last equality follows from the fact that SL(2,R) is a unimodular group, so the

Haar measure 7 is both left and right invariant under the action of SL(2,R). []

Lemma 2.3.7 shows that T (f) is constant for with respect to m. Hence we conclude

Toy= Y, Tym= ((q?;) /S L(zyR)f(an) dn(g).

0<m<Ag|n|
(m,n)TGVq

In conclusion, we’ve now shown that

Tpy = i"(((;) /S . f(gJn) dn(g)

1
LDy = @ -
Putting these results together with Corollary 2.3.3, we have now shown Theorem 2.1.3
holds.

As well as

f(z, £x) dz.
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2.4 Higher moments

We will prove Theorem 2.1.4 which is the generalization of Theorem 2.1.3 which corresponds

to higher moments of the classical Siegel-Veech Transform on R2.

2.4.1 Decomposition into orbits

We first decompose (R?)* into SL(2,R) orbits. Given a point in (R?)*, either all the terms

are linearly dependent, or there exist two terms in the k-tuples which are linearly dependent.

Lemma 2.4.1. The following decomposes (R*)* into disjoint SL(2,R) orbits:

(R?)F = <|_| LDA> L ( | | Dn,k,aﬁ> .

n,\ a8
In the linearly dependent case,

LDy ={\x:z € R*}

for X € R¥ with first nonzero entry (if it exists) given by 1.

In the linearly independent case,
def
Dn,)\,a,ﬂ - {()"Ta ax + ﬁy) : det(x y) - n}u

where n € Ry is the determinant of the first nonzero vector with the first linearly independent

vector. For 0 < j < k we have A € RJ where the first nonzero entry is 1 and o, 3 € RFJ
where o = (0, g, ..., ;) and B = (1, Ba, ..., Br—j)-

Proof. We first claim that LD, and D, » o s can be written as SL(2,R) orbits. Indeed since

SL(2,R) acts transitively and linearly by matrix multiplication on R? \ {0} we can write

1
SL(2,R)-A | | = LD,.
0
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Similarly since SL(2,R) acts transitively on determinant n subsets as proved in Lemma 2.3.1

and linearly on R?, we can write

1 1 0
SL2,R)- [A]| |,a| |+8 = Dnxa,s-
0 0 n
Next we show that the union of the orbits in fact covers all of (R?)*. To do this consider
a vector v = (vy,vq, ..., ) € (R*)F. If all v; = 0 then v € LDy. Otherwise there is some
first nonzero v; which we will call x. If dim(span(vy,...,v;)) = 1, then every other element
will be a linear multiple of z. Hence v € LD, where A has first nonzero entry is 1 and all
remaining entries are real numbers.
If however dim(span(vy,...,vx)) = 2, then set y to be the first vector after x which
is linearly independent of x. For all v; which occur after y, v; can be written as a linear
combination of x and y, thus written as a;x + B;y for some real numbers. Since LD, and

Dyaap are subsets of (R?)* we conclude that

(R?)F = (U LDA> U ( U Dn,A,aﬁ) .
A n,\a,8

Finally we finish the proof by proving each of these orbits is distinct. Since all pairs of
entries in LD, have determinant 0 and SL(2,R) preserves determinants, we know that the
LD and D,y must be disjoint.

Now suppose that LDy = LD,,. Since the first nonzero vector must have a coefficient of
1, if A; = 1 is the first nonzero element, then \; = 1 as well. Now every vector after the first
vector is linearly dependent on the first nonzero vector, so there is a unique coefficient and
A=\,

Similarly, since we choose a coefficient of 1 for the first nonzero vector, and a coefficient
of 1 for the first vector which is linearly independent, we have a unique representation of the
linear combinations a;x + f;y. Hence the D, 5 o 3 are also all disjoint. This completes the

proof. O]
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2.4.2  Reduction to smaller lemmas

Using the notation of section 2.3.3 we will rewrite fyq f du, reducing the proof of Theo-
rem 2.1.4 to smaller lemmas.

Define DY, , 5 = Dnas N (Vy)* and LDY = LDy N (V)" Moreover for 1 < m < |n
with (m,n)T € V, define

(m) 1 «
En)\a,ﬁ _Hq' A aJm,n
0 B
«
where is a 2 x (k — j) matrix and
B
1 m
Jn,m =
0 n

corresponds to J, = J, 1 in the k = 2 case. By Lemma 2.3.6, we can write

_ (m)
Dn,)\,a,ﬁ - |_| En,)\,a,ﬂ‘

0<m<Agln|

(m,n)T eV,
Lemma 2.4.2. We have

[RLED S TD VD VD S
nENg 0<m<ig|n| A\,
(m,n)T eV,
where in the linearly dependent case X € R*, where the first element of X must be 1, and any
remaining elements of X must be +1.
In the linearly independent case, given n € Ny, there exists a unique 0 < m < \j|n| so

that the two vectors lie in the Hy orbit of J,,,, Givenn and m, we have A\ € R? with first entry

1 and all remaining elements £1. Moreover o = (0, aa, ..., —;) and B = (1, B, ..., Br—j)

where o and B satisfy Equation 2.1.3 for each 2 < i <k — j.

Proof. By Lemma 2.4.1, given v € (V,)", we must have v € LDY or D), , 5 for some X or

(n7>\70476)'
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If v € LD}, first note that the zero vector is not in V. Hence the first entry in A must
be 1. Since the vectors are in V, and must be constant multiples of the first vector, all other
vectors must be +v;. Thus A must have the specified form.

Moving onto the linearly independent case, if v € DX, \aps then we can write v =
(v, avy + foj) for some 1 < j < k where v; is the first vector after v; which is not
co-linear with v;. Since all the vectors in Av; must be in V,, A must have first entry 1 and
all other entries +1.

Setting det(vy vj) = n by the definition of N, we have n € N,.

Finally we need to determine the criterion for a = (0, s, ..., aj—;), B = (1, Ba, ..., Bu—j)-
So that for all 1 <1i <k — j we have a;v, + Bv; € V.

By Lemma 2.3.6, there exists v € H, and 0 < m < \j|n| with (m,n)” € V, so that

1 m
7 (vifvy) =
0 n
So we have
4 + TTLBZ
v - (v + Bivy) =
nS;
Since H, acts transitively on V,, a;v1 + Biv; € V, is equivalent to
1 m| oy a; + mp;
=" €V,
0 n| |8 np;

Multiplying by the inverse of J, ,, we see a and § must satisfy equation 2.1.3.
So for each n, there exists m with 0 < m < A\|n| so that (m,n)? € V,. Given this m,
we already have the requirement for A, and the o and § must satisfy Equation 2.1.3. This

concludes the proof. O

Now that we have decomposed fY f du, the higher moments case is complete once we
q

prove the following two lemmas.

Lemma 2.4.3. Given the restrictions of A in Lemma 2.4.2,

Tipy = % . f(Aw) do.
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Proof. The proof strategy is identical to the strategy in Lemma 2.3.4 O

Lemma 2.4.4. Given the restrictions of n,m, A\, «, 5 in Lemma 2.4.2

1 Q

1
T (m) = _/ f )\g aan,m dn 9)-
Bnxas  ¢(q) SL(2,R) 0 5 )

Proof. This proof strategy is identical to the proof in Lemma 2.3.7. Note we cannot use the

change of variables to get equal contribution for each T, as in the case of Lemma 2.3.7

because the criterion for which a and 3 can occur depends on m. O]

Combining Lemma 2.4.2 with Lemma 2.4.3 and Lemma 2.4.4, we have now concluded

the proof of Theorem 2.1.4.

2.5 Numerical evidence

This section discusses how to interpret Theorem 2.1.4 in terms of a counting problem. We
will focus on the case k = 2, that is Theorem 2.1.3. The following proposition is from section

16 of [Vee98].

Proposition 2.5.1. For B(0, R) the ball of radius R in R?,
VNBORY 1

li .
R TR ()

We will use the notation #{V, N B(0,R)} ~ 2(—12; where f(R) ~ g(R) if and only if
limgr oo f(R)/g(R) = 1.

In the case ¢ = 3 this can be interpreted as the probability a randomly chosen integer

vector is primitive is = See Figure 2.1 and Figure 2.2 for visualization of the points of V,

(2
for ¢ = 3,4,5.
To construct the set V,, we used a Farey tree construction in the first quadrant and then
used the 4-fold symmetry of V,, that is (a,b) € V, implies (a, —b),(—a,b), (—a, —b) € V.

The generalization of the Farey tree construction as found in [LL16] begins with the vectors

1 10 1 0 0 -1 1
= . €V, and = : eV,
0 0 1 0 1 1 0 0
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I
‘;lg
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Figure 2.1: For R = 100, the left hand plot includes all integer pairs (a,b) and the right hand

plot includes all primitive integers pairs (a, b) with ged(a,b) = 1 where a® + b* < 1002. This

demonstrated the expectations that for large R, the number of points on the left should be
71002

approximately 71002, but on the right the number of points should be R

Then for i = 2,...,¢g — 1 we add the vectors

ai- B /\qai—l_ai—Q
o N W
where -~
ay _ 1 and ag _ 0
by 0 bo -1

Iterating this step between each pair of adjacent vectors we obtain the elements of V.

Now that we’ve generated plots for V,, we can now count pairs of elements in V, cor-
responding to the square of the Siegel-Veech transform. Specifically for f = Xxp_,(0,r) the
characteristic function of the Euclidean ball in R*, we want to understand Ty (f) which will

asymptotically grow like the function

. a b
Count,(R,n) e/ # eD):a®+bV+F+d* <R

Theorem 2.1.3 states that
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Figure 2.2: On the left is a plot of the vectors Vj, and on the right is a plot of the vectors
V5. These plots were generated using the Farey Tree construction.

which is not useful for understanding data without more knowledge about |. SLER) f(gJyn)dn.
Newman [New88| showed that Countz(R, 1) ~ 6R?. In particular combining with Theo-

rem 2.1.3, we obtain
/ f(gJy)dn ~ 7*R?.
SL(2,R)

Next using the result of Schmidt [Sch60], we can extend this result to the fact that when
q=3,
T,
/ f(gJn) dn ~ —R".
SL(2,R) n

Thus we deduce that for any ¢ > 3,

Count, (R, n) 1 (n) 2 pu(n)-7?
~J . n —_— = —,
R ) 7MW T el
Indeed in our numerical experiments we obtained the desired results. In Figure 2.3, we
show the convergence for k = 1,2, 3,4. Recall D} can be decomposed into ¢,(n) orbits E™

where 0 < m < A;|n|, and on each orbit we were able to verify we had density asymptotic
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Count(R,k)/R™2 All Orbits

5t k=4

.t

3 -

2 -

14
. . , , . R (radius)
20 20 60 80 100

Figure 2.3: For ¢ = 3 this is a plot of R on the horizontal axis, and a plot of %

the vertical axis. Notice that kK = 2 and k = 4 both converge to 3 since WT@‘) = GwT(Q) =3.

on

to #a) as desired. Finally in Figure 2.5, we provide a visualization for pairs of elements in

Vg for ¢ =3 and ¢ = 5.
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Count(R,k,1)/R™2

Single Orbit
[ . Y Y

k=1
5t k=2
NS

3 -—.—'-%"L,ﬁé-w-wﬂ-lﬁpwn-w-nm«ﬂ-m%

‘ ‘ ‘ . . R (radius)
20 40 60 80 100

Figure 2.4: For ¢ = 3, a plot of R on the horizontal axis, and a plot of COLQ(R’"’D on the

vertical axis, where Count(R, n, 1) is number of elements within the ball of radius R, which
are in the orbit SL(2,Z) - J,.

08{
0.6{

04t

0.2

TTT8T
IiLin
2y

¥
Yee

0 02 0.4 0.6 0.8

Figure 2.5: For each element (a,b) in V,, we can visualize these points by considering a/b,
which for simplicity we will consider the pairs with a/b € [0,1]. These pictures plot the
points in D} by placing a point if the point a/b on the z-axis and the point ¢/d on the
y-axis have the corresponding pairs (a,b) and (b, c) in D). On the left are pairs of primitive
vectors, and on the right are pairs of vectors in V5 where in the legend u = ¢, the golden
ratio.



Chapter 3

COUNTING PAIRS OF SADDLE CONNECTIONS FOR
TYPICAL TRANSLATION SURFACES.

This chapter is joint work with Jaydev Athreya and Howard Masur.
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3.1 Introduction

We are interested in the distribution of pairs of saddle connections, in particular the growth
rate of the following counting function, the count of pairs of bounded wirtual area. Fix A > 0,

and define
Na(w, R) = #{(21,22) € Au(R)*: 0 < |21 A 2| < A, |20| < |21},
where for z = x + 1y, w = u + v,
z2ANw = zv —yu = F(Zw)

is the (signed) area of the parallelogram spanned by z and w. Our main results are on the
R — oo behavior of these functions. We fix H to be a connected component of a stratum.
Our main result is an almost sure asymptotic growth result for the set of pairs of saddle

connections with bounded virtual area.

Conjecture 3.1.1. There is a constant ¢ = c(A, H) such that for p-almost every w € H, so
that

3.1.1 History and prior results

The study of counting problems for saddle connections is very active, and connected to
many different areas of mathematics, from low-dimensional dynamical systems to algebraic
geometry. Motivated by problems in counting special trajectories for billiards in rational

polygons, Masur [Mas90] proved that the counting function
Ny, (R) = # (A, N B(0, R))

has quadratic upper and lower bounds for all w, that is, there are 0 < ¢; = ¢;(w) < ¢3 = co(w)
so that for all R,
aR? < N(w,R) < c,R%
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Subsequently, Veech [Vee98| showed there is a constant ¢ = ¢(#) such that

N(w, R)

T dpn(w) =0,

lim
R—o00 u

— CTt

an L'-quadratic asympotic result. Inspired by Veech’s approach, Eskin-Masur [EMO1]
adapted ideas from homogeneous dynamics (specifically, the work of Eskin—-Margulis—Mozes
[EMM95, EMM98] on quantitative versions of Oppenheim’s conjecture) and an ergodic the-
orem of Nevo [Nev17] to improve this to a pointwise asymptotic result, showing that for
almost every w € H,

N(w, R)

lim ——~ = cr.
R—o0 R2

More recently, Nevo—Rithr—Weiss [NRW20], using error term estimates in Nevo’s ergodic
theorem coming from mixing properties of the Teichmiiller geodesic flow, showed that there

is an a < 2 such that for almost every w € H,
N(w, R) = crR* + o( R®).

Our approach uses crucially ideas from all of these results: we will, using ideas similar
to Eskin-Masur [EMO1], set up our counting problem as an integral over a piece of an
SL(2,R)-orbit on H, and then apply the ergodic theorem of Nevo [Nev17|. To implement
our strategy, we will need upper bounds in the spirit of [Mas90], and approximation ideas

carefully implemented in [NRW20).

The Siegel-Veech transform

Given a bounded, compactly supported function f € B.(C), the Siegel-Veech transform
for k = 1 (Definition 1.1.1) f € L'(#, yt%). In fact a crucial ingredient in Eskin-Masur’s
asymptotic result is that f € L' for some 8 > 0. We will need similar results for the
generalized Siegel-Veech transform. Given a bounded compactly supported function h €
B.(C?), we define the Siegel-Veech transform by

hw)= > h(z,2).

21,22€Ay
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For example, if h is the indicator function of the set
Dra={(z,w) € C*: |w| < |2] < R,0< |z Aw| < A},

h(w) = Na(w, R).

In our proof of our asymptotic counting result for N4, we will use a result of Athreya-Cheung-
Masur [ACM19] which shows that h € L' for h € B.(C?) (which is essentially equivalent
to showing that for f € B.(C), f € L***(H).)

3.1.2  Strategy of proof

We now outline the strategy of proof of Conjecture 3.1.1. First, we recall the strategy of
Eskin-Masur for understanding the counting function N(w, R): they construct a function

f € B.(C) (essentially the indicator function of a trapezoid), which satisfied

1 2w
% o f(gtrez) ~ 6_2tXA(et/2,et)(Z)7
where the matrices
et 0 cos(f) —sin(0)
gt = ro = (3.1.1)
0 et sin(6)  cos(f)

act R-linearly on C, and A(Ry, Ry),0 < Ry < Ry is the annulus
A(Rl,Rg) = {Z eC: R; < |Z| < Rg}

Putting ¢! = R, and adding the above expression over all z € A, we obtain

1 1 [7 .
= (N, R) = N(w, R/2)) =~ o /0 Flgiraw)do.
This reduces the counting problem to a problem of understanding the sequence of integrals
1 2
— de.
o J, f(girow)

Nevo’s ergodic theorem deals precisely with integrals of this form, but with some compactness

and smoothness assumptions on the integrand. A series of approximation arguments is
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required to implement Nevo’s theorem, and the final convergence relies on Masur’s upper

bounds as well as the fact that f € L. We will construct a function hy € B.(C?) so that

1 2

py ha(gire(z,w)) =~ e * xpet,a) (2, w), (3.1.2)
0

where the action of SL(2,R) on C? is by R-linear transformations in each coordinate, that
is,
a b

(x4 iy) = (ax + by) +i(cx + dy).

Adding (3.1.2) over all (z,w) € A2, we obtain

1 1 2r
ﬁNA(w,R) ~ %/o ha(girow)dd. (3.1.3)

Once again, we will need a series of approximation arguments to implement Nevo’s theorem,
and the final convergence will rely on the result of Athreya-Cheung-Masur that h e L1HP ,

and an upper bound result similar to Masur’s that we prove in §3.4.

3.1.3  Organization of Preliminary Results

In §3.2, we carefully construct our function h 4 and show it is very close to having the desired
properties. In §3.3, we will address the error terms not accounted for in §3.2, and state a
sufficient condition on the error terms to obtain Conjecture 3.3.1. Finally in §3.4 we show
quadratic upper bounds, using a proof strategy that in future work will be modified to

complete Conjecture 3.3.1 by proving Lemma 3.3.2.

Acknowledgments. We’'d like to thank the Mathematical Sciences Research Institute
where this work originated in the Fall 2019 program on Holomorphic Differentials in Math-
ematics and Physics. We’d like to thank the Fields Institute where we had preliminary
discussion in Fall 2018 during the program on Teichmiiller Theory and its Connections to
Geometry, Topology and Dynamics. We'd like to thank David Aulicino, Yair Minsky, and

John Smillie for useful discussions.
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3.2 Approximation function and properties

In this section, we construct the function hs and show that for a large set h4 capture the

stated goal of (3.1.2). Fix A > 0, and define the following sets:

T = {( eC: % <Im(¢) <1, [Re(Q)| < Im(o}

and for each ¢ € C let
Rac={neC:0<|CAnl <A, [Im(n)| <Im(¢)}.
Finally for a set § C C define the fibered set
S¥={(¢n)eC*: (eS8 neRac}
Now we set hy = XTR-

Lemma 3.2.1. The fibered set T} has the following properties

1. Equivariance under geodesic flow. That is fort > 0 if g, as defined in Equation (3.1.1)

acts diagonally on C?,

g(TL) = (9T

2. Computation of endpoints under geodesic flow. Sett > 0. Then the trapezoid g_, T has
endpoints

—t t

:I:% + i%) +et + el
Moreover for each ¢ € g_T the parallelogram R4 has endpoints

+A + Im(¢) Re(€)
Im(¢)

+A4 — Im(¢) Re(¢)
Im(¢)

+iIm(Q), —iIm(().

Proof. 1. This follows from the fact that g, € SL(2,R) so |g_+( Ag—n| = |¢ An|. Moreover
Im(g—¢) = e’ Im(().



41

2. To find the endpoints of R4 ¢ for ¢ € g_;T we will compute the intersection of the lines
¢ Al = Aand [Im(n)] = Im(¢).
Thus the possible solutions for Re(n) are given by

+A + Im(C) Re(¢)
Im(() '

Re(n) =
O

Next we will define a quantity to capture a magnitude so that whenever we consider pairs
where the first is rotated by 6 to be in g_;7, the second will have small enough magnitude
to be in the fiber. That is given ({,n) € C? and ¢t > 0, we want |n| small enough so that
n € Ra,,c whenever ¢ € g_;7. To this end, define

L?En = min min  [{].

0€[0,2m) Im(&)=Im(rg¢)
reCEG—tT |EArgC|<A

Lemma 3.2.2. Fix A. Then there exists c4 > 0 and there exists T > 0 so that for any
(eCandt>T,

L 2 /T eae ™

Proof. Fix 0 so that r — 8¢ € g_,T. Choose & so that

|&| = min [].
Im(&)=Im(rg¢)
[EATeC|<A

Notice that part (2) of Lemma 3.2.1 gives bounds for Re(&) by taking the top side of the

parallelogram R4 ,,¢, SO

[€6] = v/Re(8)? + Im(rg()?
m(rgC) 0 € |l + Re(rgC), mmirts + Re(rgC)

2
\/’Imélo |Re(rgC)|| + Im(rg¢)? otherwise.

(3.2.1)
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Now to minimize Equation 3.2.1 over 6 € [0, 27) such that ro¢ € g_,T.
In the first case, whenever 1o € g_, 7T, the smallest possible imaginary part must occur

when r¢¢ makes angle 6, with the vertical axis. Thus

012 tirac) = [¢leos(8) = ol > [(VT= e

Notice the condition on the first case is equivalent to
| Re(re¢) [ Im(rs¢) < |A].

So using the fact that | Re(ry¢)| Im(re¢) < |¢[*sin(h;) < 1, we know that we are in the first

case whenever |A| > 1. In the second case, we have

o] = |C|\/ |C|2(|A| — 2| Re(r9¢)| Im(74(¢)).

Using the estimates from the first case, and the fact that | Re(ry()| < |(]sin(6;) = \/l%,

ek

Note the estimate above requires ¢ large enough so that 1 + e=*|A|(]A] — 2) > 0. Moreover

) > VT T e FAT(A = 2)

since we are only concerned with |A| < 1, this lower bound satisfies

€11+ e#|A[(JA] - 2) < [¢].
Thus ¢y = 1if |A| > 1 and |A|(2 — |A]) if |4| < 1. O
We now work to understand the average of hy over expanding circles.

Lemma 3.2.3. Fort >0 and (z,w) € R? x R?,
1 2

L 92t
2

ha(giroz, girgw) dd < e

Proof. We note that g_,7 is contained in the sector {(r,0) : § € [J — 0,5 + 6]} where

tan(6;) = e?!. Thus for any z,

{0 : roz € g T} < 26,.
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Thus

1 27 t —2t
5o ha(girez, girow) df < arctan(e™") <e
2m Jo T

]

This next lemma captures the fact that for a set close the the set we care about hy
captures the right information. The next section will account for the errors between Equation

3.2.2 and the Heuristic argument of section 3.1.2.

Lemma 3.2.4. Fort > 0 if
¢
%\/1 +e <zl <€ and |w| < LPP, with |z Aw| < A (3.2.2)

then
_arctan(e”*)

1 27
%/o ha(gire(z,w)) df =

™

Proof. By Lemma 3.2.3 we have one inequality. So to obtain equality we want to show
{0 : 19z € g T}| = 26,.

Note in the first component, since rotations preserve length, the set K(z) = {rgz: 0 €
0, 27)} will intersect g_,T for the full angle 26,.

We now consider the second component. For each 6 so that r9z € g_,7, consider rpw.
Note |z A w| < A and moreover the condition on |w| < L™ guarantees that rgw € Rap,s.
Thus re(z,w) € (94T)% = g_+TF. Hence the full angle 20, = arctan(e )7 ~! is the

resulting integral. O
3.3 Error terms

Our eventual goal will be to prove

Conjecture 3.3.1.

(Na(w, €) = Na(w,€'/2)) — 7re2t%/0 ' ha(gerow) d@‘ = o(e*), (3.3.1)
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In particular,

lim = lim —
t—00 et t—o0 27T

(Na(w,e') = Na(w,e'/2)) 1 /027T ha(gerew) db.

Proof. To prove this lemma, we first rewrite the LHS of 3.3.1 as

62t

2m
Z Z |: XD, A XDet/z,A>>(Z7w> - %/0 h‘A(gtT9Z>gtr9w) d9‘| > (332)

J=0 (zw)eM]
where

MY = {(z,w) € Ay(e")? : (2, w) satisfy Equation (3.2.2)},
t

t
Mtl = {(Zyw) S Aw(6t>2 . (Zaw) c .Det7A\-Det/27A7 Wlth % S |Z| < %m})

M} =
et .
{(z,w) € Au(e)?: (2,w) € Det s \ Det 2,4, 5\/1 +e <z <€, L < |w| < |z|},

¢
M? = {(z,w) € Ay(e")? : 30 with (gir9z, girew) € T and |2| > €' or |z]| < %},

and
M} = {(z,w) € Ay(e")? : 30 with (gi79z, girew) € T and €' /2 < |z| < €' but |w| > |2|}.

The idea is that M? is the main set which should be large with |M?| on the order of e,
but in which the difference is strictly smaller than e?!. All other sets are “small” in that the
possible area in R? x R? in which these points could live is O(e=2*), and |M7| is strictly less

than e?.
Claim 1: Equation (3.3.2) is equal to the left hand side of Equation (3.3.1).
First define

7T62t 2

fi(zw) = (xp,. ,(1 = Xp,0,, )(zw), [y (z,w) = o ha(giroz, girow) df.
0

Then notice

7T€2t

(Na(w,€") — Na(w,€'/2)) — —/0 ﬂ—iLA(gtTQ(U) dQ’ = Z [z w) = f(z,w)|.

2m
(z,w)€EA (et)?
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For (z,w) € A,(e')?, we claim f;"(z,w) = f; (z,w) = 0 unless (z,w) € M/ for some
j=0,1,2,3,4.

Indeed by definition we must have (z,w) € Dt 4 \ Detj2 4 in order for f;(z,w) > 0.
However MY and M? capture a large subset of the possible |z| with restrictions on |w|. Then
M} captures all other possible |z| and all the corresponding possible w.

So now we only need to show that when (z,w) ¢ Det o \ Detjoa, then f7(z,w) =0
unless (z,w) € M} or (z,w) € M}. But as in the definition of M} and M;' we can only have
fr (z,w) > 0 if there exists some § with (g;rgz, gsrew) € TX. Then the only possibilities
since (z,w) & Det 4 \ Detjo 4 is either |z| > e’ or |z| < €'/2 as in M}, or as in M;' we have
e'/2 < |z| < e’ but |w| > |z|.

Lastly by definition it is quick to see that Mtj are all pairwise disjoint for j = 0,1, 2,3, 4.

Considering M. By Lemma 3.2.4, and by the Taylor series expansion of arctan(z) we
have the LHS of 3.3.1 when restricting to each (z,w) € MY C Dgt 4 \ Detj2 4 is

o, arctan(e™?)

1 —me =1—-1+¢e*"-0(e).

s
Thus using Proposition 3.4.1, |M?| < |Deta \ Detj2,4] = Na(w,€') — Na(w, e'/2) = O(e*),
S0

2.

(z,w)eMP

62t

2

2
[o@et,A—xDet/Q,A>><z,w>— / hA<gtmz,gtrew>deHst£|o<e—4t>:o<e2f>.

(3.3.3)
Considering ]\/[tj for j =1,2,3,4. We notice that

4 4
lime ™| > fif(zw) — f (2 w)| < lime Y M),
—00

t—o00 - ) -
=1 (zw)e M J=1

since by Lemma 3.2.3 we have 0 < f;” < 1, and the fact that f,"(z,w) € {0,1},

max | f; (z,w) — f (z,w)| < 1.
(z,w)eM

Thus to conclude the proof of this Lemma, we require the following Lemma which in

future work will be proved generalizing the proof in Section 3.4.
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Lemma 3.3.2. Let j € {1,2,3,4}. For all e > 0, there is a T > 0 so that for allt > T,
|M]| < ec®.

So for any € > 0, by Lemma 3.3.2 with £ and Equation (3.3.3), there is a T' > 0 so that
fort > T,

4
e + Z |M7| < ee®.

j=1

1 21 .
(atoe) = Natore'/2)) = o [ () 9] < &
T Jo )

Thus, we can conclude that for all ¢ > T,

’(NA(W,et) — Na(w,e'/2)) 1 /027T hoa(gerow) d@’ e

me2t 27

Therefore, we have

- (Naw,e') = Naw,€¢/2)) _ h
tlggo Te2t a tliglo o 0 ha(gerow) df
and Theorem 3.3.1 is proved. O

3.4 Upper bounds

We want to show that in general we would expect at most quadratic upper bounds for pairs
of saddle connections with bounded virtual area (Proposition 3.4.1). The techniques used in

the proof will be extended in future work to prove Lemma 3.3.2.

Proposition 3.4.1. Given A > 0, for a.e (X,w) there exists C' and T' > 0 such that for all
t>T,
Na(w,e') — Na(w,e'/2) < Ce*.

3.4.1 Notation

For the remainder of this section we adopt the following notation. On a base surface (X, w)

we refer to a holonomy vector of a saddle connection z without subscripts. On the surface
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g179(X,w) the image holonomy vector g;ry(z) will be denoted zp;. We denote 6, to be angle
so that g,z is vertical, that is ry, = |z]i.

We fix a stratum and let N be the maximum number of edges in any triangulation by
saddle connections of any surface in the stratum. The number N only depends on the
stratum. Choose

1

§< .
< oN

Fix0<o<1.
Define the set

Pa(w,e") = {(z,w) € Ay(e') 1 €' /2 < |z|, |w| < |2],0 < |z Aw| < A}

So |PA(W7 et>’ = NA(w7et) - NA(WJ et/z)‘

3.4.2  Collection of referenced theorems

In this section we state the theorems that we use from [Nev17], [MS91], and [ACM19].

Theorem 3.4.2. For almost every w € H, for e > 0, and a smooth ¢ : R — R so that

Ol i—os+0.d = O Ol rogzo = 1 / ¢ =log(2) +e.

If h = xg for some set E in the stratum, then

i [ o(r—s) (% / 7 h(garae) de) ts= [ ols)ds [ = og) + (),

T—00
—00

Next we state a result originally due to Masur—Smillie [MS91], which we recall from

[EMZ03].

Lemma 3.4.3. For all e,k > 0, the subset of H which have a saddle connection of lenght at

most €, and a non-homologous saddle connection with length at most  is O(e*k?).

Finally we state a counting lemma which is taken from sections 3.6.2 and 3.6.3 of

[ACM19].
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Lemma 3.4.4. 1. Fiz a surface (X,w) with shortest saddle connection v and second
shortest saddle connection v'. Consider pairs of saddle connections (z,w) € A,(€o)%.
If the shortest saddle connection v does not bound a cylinder or the shortest saddle
connection v does bound a cylinder, but the cylinder has width at least €y, then the
number of pairs saddle connections depends on the length of the second-shortest vector

'I. Namely the number of pairs is

0 <(|U,1|N)2> — O,

2. Let1 >0 >0,5 €N, ¢ >0. Define H(ep,07) to be the set of surfaces where the

lv

shortest saddle connection has length in (0771, 67) and bounds a cylinder of width at

most €y, and the second shortest saddle connection is longer o?? for some p > 0. Then
u(H (e, 07)) = O(c¥),

where the the implied constant depends on €q.

3.4.8 Counting bounds with Systoles

The following is a slight modification of Theorem 5.1 of Eskin Masur.

Lemma 3.4.5. For any Ly > 0 and 6 > 0 there exists C = C(0, Lg) such that for any

L < Lo and any surface (X,w) in the stratum

146
Apew N B(0,L)| < C (m) (3.4.1)

where A(x . is the set of holonomy vectors of saddle connections, C' = C(0, P) and {(X,w)
is the length of the shortest saddle connection of (X,w).

Proof. Fix Ly >0, > 0, let L < Ly, and let (X,w) be a surface in the stratum .
By Theorem 5.1 of [EMO1] there is some x > 0 depending only on H and some constant
C(6,H) so that whenever L < &,

L 146
|A(X,w) n B(O, L)| <C .
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So we must now consider what happens if Ly > x. In this case, divide [0, 27) into intervals
J; of radius % and center ¢;. Note that there are O(L2) such intervals.
0
Now for any z € A(x) N B(0, L) choose ¢; with angle 0, € J;. We rotate z to almost

vertical via r_gy,, and then shrink r_4 z to have length less than x by applying ¢,r_4, where

K> K2

¢! = 2L After rotating by —¢;, r_4,z must lie in B(0, L) with angle in (—+, 7). Hence
0 0

the largest possible imaginary component for r_,z is bounded above by |z| < L < Ly, so

K KR
Im(gtr—dh'z) = 2_[/0 IIII(T’_@Z) < 5

Moreover the real component of 7_,, 2 must satisfy

2L

R

Re(gtr_@.z) =

2L 2 202 K?
Re(r_g4,2) < —OIm(r_d)iz) tan ( i ) <= A
K

412 K AL2 2

where we used tan(z) < x for 0 < z < ;. Thus
\gi7—p,2| < K.

Moreover, for each i the systoles satisfy

oL
U(X,w) < Ugyre,(X,w)) - 70
So

O(L3)

i=1

This completes the proof where we note the new constant C' must depend on L, as

well. O

3.4.4 Reducing to finitely many surfaces

This next Lemma we will use to only consider finitely many surfaces. Indeed the lemma
shows that within a fixed range of angles for 6 and times for t, |g;r9z| cannot change too

much.
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Lemma 3.4.6. Let t > 0 and consider an interval 1(0y) = [0y — 5,00 + Z5). For any

holonomy vector z of a saddle connection, and any 6 € I(6y), and ' < e* < 2e* we have

1 |gs7ﬂ92|
< < /87
\/gﬂ_ |gt7‘902|

Proof. The ratio achieves its maximum when rg, z is vertical and |0 — 6| = Z7. Without loss

of generality, suppose 6 = 0y — 7.

So we have rg,z = |z|i and |g;re, 2| = €7t|z|. So we compute gz = r—|2li; and thus

lgsroz| = |z|\/625 sin® <%) + €725 cos? (%)

Since ef < e® < 2¢!, sin(x) < x and cos(z) < 1, we have

2
|gs767] < \/62(t+s) (W_) + e2(t=9) < V47r2 +1 < /8.

|gt7“902| N et

The argument for the minimum is similar.

3.4.5 Geodesics flow length bounds for pairs

In this section we collect bounds that hold under certain assumptions for pairs of holonomy

vectors.

Lemma 3.4.7. Given (z,w) € Ps(w, R), set 0, to be the angle so that ry, z is vertical. Then

o 5 <lamo.z| <1,

® lgero.w| <|gire.2[ + 24,

Proof. Since % < |2| < €' the first conclusion is clear. Since |w| < |z|, the vertical component
of ro_,w is at most |z|, so Im(gyre.w) < |gire.z|. Since SL(2,R) preserves determinants,

< A. Hence

| Re(gerg.w)| - |gire. 2

+

|9t7’6zw| < |Im(9t7“9zw)| + | Re(giro.w)| < |gira, 2 < |girg, 2| + 2A.

|9:70.
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3.4.6  Proof of Proposition 3.4.1

Proof. For each t so that e*" € Z partition [0, 27) into e* intervals I(6;) of radius %; centered
at points 0; for i = 1,...,e%. If e* ¢ 7Z, take |e*] intervals instead, but WLOG we will
work with e?. We will do our counting on this finite set of surfaces g;ry,(X,w), and the
Lemma 3.4.6 ensures error terms when computing lengths in a fixed interval change by at
most a multiplicative constant which will be absorbed in our estimates.

Next for each ¢ consider the holonomy vectors v;, v; on (X,w) so that g;rg,v; and gur, v}
are the shortest and second shortest saddle connections on g7y, (X,w). Define j = j(i) so
that

o/t < grevi] < o’

Now for each j we will break up the set of 6; into two subsets depending on |g,rg,v;
the length of the second shortest saddle connection on the image surface g;ry,(X,w). In the
first case, |g47g,v;| will have a certain small prescribed upper bound, and we will use Nevo’s
ergodic theorem 3.4.2 to show that the set of 6; is a small set. We then use Lemma 3.4.5 to
count pairs of saddle connections for this small set of 6;. In the second case, |g7,v;| will not
satisfy the upper bound of the first case. Here we will count pairs using a bound in [ACM19]

and then use some standard quadratic estimates to count the number of possible such 6;.

Case I For each j define

le =# {Z €{1,...,e*}: 07 <|grg,vi| < 07, and |gire,v)| < Uﬁ}.

We first bound N/ using Theorem 3.4.2. Set E (j, L) to be the set of (Y,w) with a
saddle connection of length at most v/8r¢’, and a non homologous saddle connection of
length at most \/gﬂaﬁ. Similarly let F’ ( 7, ﬁ) be the set where there is a saddle connection

of length at most o7 and non homologous saddle connection of length at most oz~ .

By Lemma 3.4.3,

" (E (j, ﬁ)) =0 (o423 = 0 (o¥ot).
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By setting h to be the characteristic function of F (j, #), then by Theorem 3.4.2, there is

some 7y large enough so that for ¢ > 7y,

/ ot — s) ( (gsrgw)d9> ds§2/hd,u:O<02jazj§).

Bounding the integral of ¢ below we have ¢ = 1 for—log(2) < ¢t — s < 0. Hence we get

switching the order of integration

e?t t+log(2) t+log(2) 2
Z/ / h(gsrow) ds df = / (/ h(gsrgw)dﬁ) ds =0 (U%N> . (34.2)
i=1 1(91) t t 0

Now if there is some i € {1,...,e?} so that g,re,(X,w) € F (j, ﬁ) , 50 i contributes to N]-I,

then Lemma 3.4.6 guarantees that gsrew € E(7, ﬁ) whenever
(6,5) € 1(6;) x [t,¢ + log(2)].

Since for each ¢ contributing to N we have a full Annulus of integration, Equation (3.4.2)
gives an upper bound
2m
NJ o[t +log(2) =] = O (U%—N) .
Hence
Nj[ =0 (6%02]01\7) .

Now suppose we are given (z,w) € Pa(w,e’). Choose i so that 6, € 1(6;). Lemma 3.4.7
and Lemma 3.4.6 show that |g,rg,2| < /87 and |g,rg,w| < v/87(1 +2A). We will now apply
Lemma 3.4.5 with Ly = v/87(1 + 2A4).

Thus for each j and i, if g,;rg,(X,w) € F (j, 5% ), then

#{(Z,w)EPA(w,e) 0, €10 )}<|Agm (xw) N B(0, Lo)|?

1 2(1+6) '
-o{ () ™) ot
t 02 [

The number of possible i is given by N jl , so for t large enough and any j

# {(z,w) € Py(w,e") : Fiso that 0, € 1(6;), girg,(X,w) € F (j, #)}

< N;0 (O'_j(2+26)) =0 (e toi(x 25))
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Summing over all possible 7, since % —20>0and o <1,

# {(z,w) € Py(w,e") : Ji, and j(i) so that 0, € I(6;), gire,(X,w) € F <j, ﬁ)}

=0 (e% Z Jj(§_25)> = O(e*). (3.4.3)
j=1

Case II Now we consider the case where the second-shortest vector is bigger than ozv.

For each j define
NjH =#{ie{1,...,e"}: 07" <|grovs| < o7, and |gere,v] > Uﬁ}‘

If 7 contributes to N;', then we first get an estimate on N/' by deducing the fact that

19,v; must be close to vertical. Specifically |rg,v;| = |v;| satsifies

|r91' (% |

[roivil e
6t|gt7ﬂ9ivi|

eto.j+1 S |,UZ| S
et|gire, vil

Iro, vil

Notice < 1, so we can choose k; > j so that

etlgerg,vi| —

ghitlet < lv;| < ogkiet,

Notice the horizontal component (rg,v;); satisfies

¢ (rav < J e (ro,0 )} + e (ra, )3 = lgima] < o,

So if ¢; is the angle which makes 7y,v; vertical, then

((ro,vi)1| _ o? 1

|sin |p; — 0;]| = = Hgihiml, (3.4.4)

Irovi| ~ et okitlet

By symmetry,

{0 € [0,27) : sin|gr — 0] < e %0751} = 410 € g1, m/2+ ) : sin|gy — 0] < ¢ HgTH 1.
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Then when |¢; — 0] < T we have sin|¢; — 0] > 2|¢; — 0]. Since the 6; are spread evenly over

[0,27), we can estimate

#{ic{1,... e} :oFitle

j 0 € |0,2m) : si F— 0] < e giThil
< ‘Uz| < Jkiet7|gtr6ivz{| > Uﬁ} :€2t|{ [ ) 77) Sln’¢; ’ ~€ "0 }|
T

4% 3 .
< 9 . ;= 9 < = =2t _j—k;—1
|16 -0l < e h Y

= 0(e* - e 2gi7 k) = O(o7 7).

Next, we want a bound on the number of v; with this specific k;. Using quadratic growth
from [Mas90], the number of possible v; with length at most o*e! is O(c*1€?). Since k; > j,
we have 0% < 07, so

M; < O(o®e?) - O(a? ) < O(c¥e?).

Now for each ¢ in N jH we want to count the number of pairs of saddle connections of
length at most v/8(1 + 2A4)m. Indeed this is sufficient to understand pairs (z,w) € Pa(z,w)
by Lemma 3.4.7 and Lemma 3.4.6.

Set €g = v/8(1 4 2A)7 to match notation of Lemma 3.4.4. In the first case, the number
of pairs is bounded by the length of the second shortest saddle connection. In our case the

second shortest saddle connection satisfies |g;rg,vi| > aﬁ, SO
#H(zw) € At} = 0 (o5) ™) =00

Hence for each j the number of pairs of length at most v/8(1 + 2A4)7 is NIT-#{(z,w) €
Au(e0)} = O(a7e?).

Set GG (j, #) to be be the set where there is a saddle connection of length at most o/

and non homologous saddle connection of length at least aﬁ, and the shortest vector does

not bound a cylinder or bounds a cylinder of width at least v/8(1 4 2A)7. Then we have

4 {(Z,w) € Pa(w,e') : Ji, j(i) so that 0. € I1(6;), gro,(X,w) € G <J’ L)}

"2N
<0 (Z O(UjCQt)) = 0(e?).

J=0
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To finish the proof we need to cover the last case from Lemma 3.4.4. In this case we

don’t have a count for the number of pairs, but we have a bound on the measure. Namely,
1(H (e, 07)) =0 (6¥) =0 (azﬂ%) :

In this case we can use the estimates from Case I. Namely the set H; = H (e, 07) is the set
of surfaces with shortest saddle connection at most ¢’ that bounds a cylinder with distance
across at most v/8(1 + 2A4)m, and the length of the second shortest saddle connection is at
least o®/ where p = 3. Then pu(H;) = O(c%+%), and we follow the exact method as in
Case I to get a bound of O(e*) on the number of pairs in this case.

This concludes the proof of the theorem, where we note 7" in the statement must be
large enough to apply Theorem 3.4.5 in both Case I and Case II. Moreover when applying

Lemma 3.4.5 and Lemma 3.4.4, the constant C' depends on A. n



Chapter 4

DECAY RATE FOR THE GAPS IN ANGLES BETWEEN
SADDLE CONNECTIONS

This chapter is joint work with Jonathan Chaika.

o6
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4.1 Problem Statement and Conjectured Theorem Statement

Let A, (R) C C be the set of holonomy vectors of saddle connections on a translation surface
w which have length at most R. Masur ([Mas90]) showed that |A,(R)| grew quadratically
like R?%.

Let ©,(R) C [—m, m) be the set of directions of holonomy vectors in A, (R). If the angles
of the holonomy vectors were all equally distributed throughout [—m, ), then all of the gaps
between points in ©,,(R) would be on the order of . Indeed [AC12] showed that for almost
every surface the smallest gap in ©,(R) shrinks faster than %. Specifically for almost every
surface,

lim R*> min |
R—o0 Qi,OjEGM(R)

0, —6;| =0.

We want to better understand the decay rate of the smallest gap for generic surfaces,
which would give us information about how the holonomy vectors are distributed in the
plane. In order to understand the smallest gap, we will first work to understand the smallest
gap about a point. Specifically in this chapter we will study the smallest gap in directions

of holonomy vectors about zero. In other words define the smallest gap about zero out to

radius R by
(w(R) = min{¢ € O,(R) : ¢ > 0} —max{p € O,(R) : ¢ < O0}.

We want to understand the rate at which ¢, (R) shrinks. To that end, we want to create

a 0 — 1 law which gives precise conditions on the shrinking rate of {,(R).

Conjecture 4.1.1. Fiz H a connected component of the stratum with probability measure p,

the Masur—Veech measure. Let ¢ : [1,00) — [1,00) be a nondecreasing continuous function.

o If 7 W dt < 0o, then for almost every w (with respect to Masur—Veech measure)

lim inf ¢ (R)R?(,(R) = oo.

o If floo W dt = oo, then for almost every w,

lim inf ¢ (R) R*¢,(R) = 0.

R—o00



o8

4.1.1  Outline

In Section 4.2, we will state Theorem 4.2.2 which gives a partial result towards Conjec-
ture 4.1.1. A key component of Theorem 4.2.2 is appplying a generalized version of the
Borel-Cantelli lemma. In 4.3 we will state the version of the Borel-Cantelli Lemma that we
will use, and provide sets which satsify the assumptions. In Section 4.4 we will prove the last
remaining assumption to apply the Borel-Cantelli generalization. The proof in 4.4 depends
on Corollary 4.5.9 which we will prove in Section 4.5. Finally in Section 4.6 we provide a

proof of the Borel-Cantelli generalization.
4.2 Theorem statement and connection to Conjecture

We have a strong indication that Conjecture 4.1.1 should be true. We will first define the
sets in order to state the main theorem, which captures a 0 — 1 law with limsup sets. The
main theorem has one very technical assumption that would need modifying in order to
achieve the conjecture. After stating the main theorem, we will give a heuristic argument

for connecting the main theorem to the conjecture.

4.2.1 Defintions and Main Theorem Statement

Fix a stratum H, with complex dimension 2g+s—1 with s the number of distinct singularities.
For w € H there exists an injectivity radius r so that we can write w = (21,29, 23) €

C x C x C29+5-3. Let {, be as in Corollary 4.5.9, for 0 < § < 1, and I & (==, =), Define

120 12
b=eb,

Definition 4.2.1 (Definition of the A’s). Fiz 0 < o < 1. Let wy = (29,23, 23) have two
horizontal holonomy vectors of length 1, and let r be the injectivity radius. Choose 0 < ¢ < 1

so that the trapezoids Tfm are contained inside the ball of radius r in C*97*~1 where Tcia j are

the trapezoids with corners (c,0), (1,0), (1, wﬂ(:;)) (c, Cw(w ). Define the set in C x C x C297s73

by
Hew; =T}  xT. . xB.

c,0,] c,0,]
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where B = Beag+s—3(x3, 7).
Finally define for k € N,
Ak = glog(bk)Hc,a,k-

Where

Theorem 4.2.2. Let ¢ : [1,00) — Rsq be a nondecreasing continuous function. For a

connected component H of a stratum, with p Masur—Veech measure,
o If>275 m dt < oo, then p(limsup Ag) = 0.

o IfY7, m dt = oo, so that

ot 1

T p(20)t

4 o
ViVj so that j > 1+ 5 log ( ) , we in fact have e~ 4li=l < (4.2.1)

1
1(As)
then p(limsup Ag) = 1.

The technical assumption of Equation (4.2.1) says that for each ¢, we want the tail end

to not be too small. The intuition is that the divergence of the series the fact that

1
$(27)°
e~ 11i=3l is summable for each fixed 7, and monotonicity of 1) should allow for a large family of
1 where Theorem 4.2.2 is true. The key to this proof will be discussed in Section 4.3 where

we state and verify assumptions of a generalization of the Borel-Cantelli Lemma.

Proof. By Lemma 4.3.5, and the first part of Proposition 4.3.1, the first part is true.
For the second direction, applying Proposition 4.3.1 to the sets with verified properties
in Section 4.3.4, we know p(limsup, ., A;) > 0.
We claim that limsup;_,,, A; is invariant under gi,g-+) for £ > 0. Suppose
T € Gog(b—r) IMSUD Giog(pi) He,o,5
j—o0

and let n € N. So given n + t, there exists some j > n +t so that

T e glog(b*t+j)Hc,0',j - glog(b*iH)Hc,a,—H—j
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So for each n we have j —t > n so that © € giogp-t+i)He,o,—t+;- Hence x € limsup;_, . g;H;.
Since limsup A; is a positive measure set invariant under g_io(¢), by ergodicity we conclude

p(limsup; ,  A;) = 1. O

4.2.2 Heuristic of connection between Conjecture 4.1.1 and Theorem 4.2.2.

To obtain an idea for Conjecture 4.1.1, suppose (,(R) < ﬁ for some constant o > 0. This

means that there are at least two holonomy vectors in the circular wedge where 0 < |2| < R

and arg(z) € (—ﬁ,ﬁ). Since (,(R) — 0 we want f(R) — oo to get asymptotic in-

formation. Recall for small angles tan(¢) ~ ¢. And thus we can approximate our wedge

by the triangle with vertices (0,0), (R, %). So up to this triangle-to-wedge approxima-

tion, if we can show that almost every surface has two holonomy vectors in the triangle

infinitely often, then for every m € N there exists p > m so that (,(p) < 7 And thus
limsupg_, o f(R)((p) < 0. Letting 0 — 0 we conclude limsupy_, . f(R)(,(R) = 0. In order
for the triangle to be a good approximation of the wedge,the height of the triangle needs to
be small relative to R. In particular it is known from [AC12] that f(R) = R? is necessary.
To get finer results we set f(R) = R*)(R) where ¥(R) is some function non-decreasing in
R. In summary we’ve given a heuristic argument for why small gaps about zero corresponds
to having two holonomy vectors in a triangle.

Now that we've made a connection between gaps and trapezoids used to define the A

sets, notice that the gap about zero would have width at most the angle of Ag. So if

wo € limsup A, would give a subsequence Ry where

g

Rib(Ry)

Since the liminf is the smallest possible cluster point of a sequence, we conclude

Cwo (Rlc) S

lim inf R*(R)(,, (R) < o.

R—o0 -

Then taking o — 0 we obtain the second part of Conjecture 4.1.1, and the first part is similar

in strategy.



4.3 Properties of Borel-Cantelli Sets

In this section, we will define sets which give us geometric information about gaps, and show

they have the properties desired to apply Proposition 4.3.1.

4.3.1 Statement of Borel-Cantelli Generalization

The following captures the Borel-Cantelli lemma, and a version a converse statement.

Proposition 4.3.1 (Exponential Decay Borel-Cantelli). Let C' > 1,0 < § < 1, and (Ax)2,

be measurable sets.
If S0 w(Ag) < oo, then p (N UR v A;) = p(limsup 4;) = 0.
Conversely, suppose the following hold:

1300 m(Ak) = 00
2. For alli < j, u(A;) > pu(4;).

3. For all i, for all j so that j > i+ C’log(#(z,)) we have

(A N Ay) < Cu(A)[u(Ay) + e~1191]

4. For all i, for all j so thati < j < i+ Clog(— )) we have that there exists measurable

w(A;
sets B;, C; so that

(a) B; C A; and A; C C}
(b) w(Bi) > Gu(A)
(¢) n(Cy) < Cu(A;)?

(4) 1(B; N C) < Cpu(By) (27079079 4 u(Cy)'F*).

Then NF_; U2y A; = limsup A; has positive measure.



62

4.3.2  Definitions

Definition 4.3.2 (Definition of the B’s). For k € N define

By = Gog ()9 ( \/@) U roWi

el

where we have the following definitions. We first pull back the set Aj so that trapezoids in

H. 1 makes a 45 degree angle so

Wi, :glog( _ )g—log(bk)Ak-

¥(2k)

Then we restrict to a smaller subset of Wk which is rotation invariant up to a certain set of

s s

—15+ 13), which involves restricting angles as well as lengths. That is W), is the

angles, 1 et (

set of w with two holonomy vectors v, and vy satisfying

2
¢y _w(zak) < o, fvo] < ,/ﬁ arg(vy) € (112’ %) and arg(vq) € <—g, _17T_2> _

In the graphic below, the gray shaded region corresponds to the region Wi, and the pink region

corresponds to Wy,.
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Definition 4.3.3 (Definition of the C’s). Define

Ck = Gioa(v)9 ( M)&(C;U,?k)

log

Si(c,0,t) = {w :w has j h.v. length in (c‘ /ﬁ, 1/%) } :

4.3.3  Measure bounds

where

In this section we will state two measure bounds for the measure of the set H., ;. We will

make use of the following lemma due to [MS91] , which we quote from [AC12].

Lemma 4.3.4 (H.Masur, J. Smillie). There is a constant M such that for all €,k > 0, the
subset of H consisting of those flat surfaces, which have saddle connection of length at most
€, has volume at most Me*. The volume of the set of flat surfaces with a saddle connection

of length at most € and a nonhomologous saddle connection with length at most k is at most

Me? k2.

Lemma 4.3.5. Given a connected component of the stratum H containing wqy, there is a
constant m = m(«, r) where r is an injectivity radius for wy so that

mo?

He,j)=—.
,U( 3 ,]) w(2j)2
Proof. Since the injectivity radius of wy is r and c is chosen small enough so that H,.,; is
within the injectivity radius, the measure 1 on H is locally lebesgue. Hence if m; is Lebesgue

measure on C’, by symmetry of T;EUJ,

(Heq5) = ma(T, ;) Magsas(B).

Note that

my (cho,j) =

o o o= (1—¢c?)
<w<2ﬂ‘>“w<2j>>“ =@y 2

2

N | —

2

Hence using the fact that ¢ = ¢(r), m = Mag+s—3(B) gives desired measure. O
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4.3.4  Properties

In this section we verify that the sets satisfy the assumptions of Proposition 4.3.1 under the

assumption that v : [1,00) — R is nondecreasing, satisfies Equation (4.2.1) and

Notice the assumption of Equation 4.2.1 is a techinical assumption that is necessary only

for Lemma 4.3.6.

1. We claim Y2, pu(Ay) = oo.

Proof. By the measure bounds of Lemma 4.3.5 and the fact that g; preserves measure,

[e.e] oo 2
o
DA 2 Y mas = o
i o ve
0
2. We claim for all i < j, u(A;) > p(A;).
Proof. By Lemma 4.3.5, ¢ < j implies ¥(2°) < 1(27), so
mo? mo?
A;) = — > — = [(A;).
M( l) w(2z)2 - w(2])2 ,U( J)
O

3. Exponential Decay for far away pairs.

Lemma 4.3.6. Fiz 0 < § < 1. There exists a constant C' so that for all j > m; where
_ 4 1
my; —Z+§10g <m>,

_Syi—s
AN A)) < Cp(Ay) |p(Ay) + e

This will be proved in Section 4.4.



65

4. Fix i. Now let’s consider j so that i < j < i+ C'log ( 1 )

(a)
(b)

w(Ai)
As constructed B; C A; and A; C Cj.

Following the strategy of Lemma 4.3.5 where we compute the area of the sectors

instead of trapezoids,

p() =2 (o (1 =20)) magenal(B).

Thus by Lemma 4.3.5,

p(B) > pW) = (A (271 =20)) g o(B).

To see this inequality holds, since the measure is invariant under geodesic flow

and by Lemma 4.3.5,
2

o
1(A;) = p(Heos) = mm-
By Masur—Smillie Lemma 4.3.4,
, o
) = 2) <M —.
M(C]) M(Sl(c? g, )) — ¢<2j>

Thus
M mao? M
C;) < — = Aj)z.
:u( J) — \/m 2/}(2]>2 \/ﬁ:u( J)
To obtain an upper bound for u(B; N C;), by gi-invariance of pu, it suffices to
find an upper bound for u(B; N C;) where B; = Uges moWi = I - W; and C; =

9551 (¢, 0,27) where

¥(2Y)
We first use the fact that in S;(c,,27), the shortest possible saddle connection

has length ((w) € (c‘ /ﬁ, %) . Choose 7 large enough to satisfy the as-
sumption of Corollary 4.5.9. By (4.5.2),

f(i,j) = log <b7’—i ‘D(Qi)) :

146

c;l <¢(2j))1;(5 < V() < Csr (@D(Qj))?'

20 c o
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Thus

Y)Y\ () s i i
Vi (9= ra.jw) dp(w) (by Markov’s inequality)
w;

<o (P2 T 1AL 1) dO dii(&
> Uo7 5 (gff(Z,J)TGW) N(w)
20 SO(2)W;/80(2) J1
1

= dfdji on H/SO(2) x SO(2) and increasing to a full SO(2) orbit)

_ 1446

2 . .
) / ce”CMVIN @) + b, |T) dji(&)
SO(2)-W;/SO(2)

(By Corollary 4.5.9 and monotonicity of ¥, f(i,7) > log(b'™") = lo(j — 1) > {y.)

, 145
23\\ "2 . .
= Cs. <wéa )) (06(16)(f(w))/ VE( )(w) dp(w) + bT’[’N(Wi))
W.
(Since SO(2)W; is SO(2)-invariant)

i\ R B i\ B
< Csr (M) w(W;) <C€(16)(f(m))% (@) 4 M]‘)

20 c

Since all holonomy vectors in W, are contained in the circle the upper bound for V) applies
Yy pp 5 pp

1+6
- . L 2 =2 .

Our goal is to compare the equation on the right hand side to the volume of Cj.
Note by the construction of the Masur—Veech measure, there is a constant m so

that
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Thus we have
u(B; N Cy) = u(B; N Cy)

143
< u(By) | 2 275 ¢~ (1-0)1(d) +bT|I|C&T<u(0j)> )
’ m

= u(Bi) <cc§,7212”2<“><15> (—Wi.) ) S b, (—“ (:;j )) )
¥

()
(By the definition of f(i, 7))
< i) (ecg 2 staomana o PG )
mz
(Since ¥(R) is a non-decreasing sequence and i < j, 1(2%) < (27))
-
(defining ¢; = 60372# and ¢y = bfg’)

Thus picking C' > max{cy, c2} we obtain the desired inequality.

4.4 Exponential decay of correlations for far away pairs

The goal of this section is to prove Lemma 4.3.6, so for the reminder of this section we will
fix ¢ and suppose j > m;. To do this, we want to use exponential mixing of the geodesic

flow.

Theorem 4.4.1 (Stated from [AEZ12] Theorem C.4, see [AGY06]). Fiz H a connected
component of the stratum and p an SL(2,R)-invariant probability measure. There exists
C >0 and § > 0 so that for all hy, he Lipschitz and compactly supported, there exists a Cg

depending only on the shortest sytole of a surface in the compact set so that for allt > 0

[ two gy [hide [ neau] < €Ot Ml 4l Cot Tl Wil e

In order to apply Theorem 4.4.1, we need to use bump functions to approximate the sets
A; andd A;. By gi-invariance of pu, u(A; NA;) = p(Hep; N gj—iH. s ). So it will suffice to

define our bump function to approximate H,.,; and H., ;.
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Definition 4.4.2. For each i and each j > i + ZSllog (M(i‘_)>, define
Eij = 6_%|i_j|.

Then for ¢ € {i,j}, define

Pf,j(iﬂla%al's) = ff(xl)fze(xz)fs(ﬂfs)

where
fiz)) = mln{l ;dzst w1, 0T, 5 (20 } XT,, oty
fo(z3) = min {1 E—dzst T2, 0T 5 (20 } XT, | ooty
i.j
and

f:f(xg) = min {1 —dist(x3,0B(0, 1)) }XB(Ol

€ j
Lemma 4.4.3. The functions pfj are = -Lipschitz.
y €i,j

Proof. Note that f; for

) 1
| fr(zn) = felye)| < E_|d18t(‘rkvaT¢:a'¢) ory) — dist(ye, OT, 5 p(20))| < :’xk — Y|

2Y) 2y

since distance as a function is always 1-Lipschitz.
Now we claim that the function pfvj is #—Lipschitz with respect to the distance on H
given by
dy (21,22, 23) — (Y1, 42, ¥3)) = |21 — y1] + |22 — yo| + |w5 — wsl-

To see this, let (x1, 22, z3) and (y1, ys,y3) be fixed. We compute

|p(21, 22, 03) — p(Y1, Y2, Y3)|
< | fi(@n) faw2) fa(zs) — fr(yr) fa(m2) f3(23)|
+ | filyr) fa(2) f3(xs) — fi(yn) fa(ye) f3(23)]

+ [f1(y) f2(y2) f3(w3) — fi(yn) fo(ve) f3(ys)]

; (fa(m2) f3(xs) |1 — | + fi(ya) f3(@3)|ze — ya| + fi(v1) f2(y2) |23 — ys])
< &dH((xbﬁszfﬂ) — (Y1, 42, 93)). (Since f; <1)

IN
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0
We can now use the definition of the pfjj to state a corollary of Theorem 4.4.1.
Corollary 4.4.4. Fiz 0 < < 1. Then there exists a constant C' so that for all j > m;,
[ #istoly 0010 < Cuan [uay) + e 141,
Proof. We know from definition ||pf,|| = 1, and from Lemma 4.4.3 that ||of,| = eij =

eili=il By 4.4.1, writing Cx + 1 = C,

‘/pij(pi,jogj—i) —/pﬁ,j/p?,j

< O(Cf + eili=ily2e=dli=il

= C(Cf)2e 1l L 2cCre Tl 4 Cem3lid]
(Since e~ 21171l > ¢=10li=il > ¢=0li=il a5 ¢=dli=il < 1)

< @;%IH\_
So we have by construction of pf;, [ pf; = p(Heor) = p(As), s0
i (. i j A —Si—j A —Si—j
/Pi,j(ﬂg,jogj—i) < /Pi,j/PZ,j“‘Ce 2l < (A u(A;) + Ce 2l

Now since j > m,;, we have

el < p(A;).

Since C' > 1,

/Pﬁ,j(ﬂg,j o gj—i) < Cp(Ay) [u(Aj) + e’%”’j'] :

Next our goal is to get a relationship between 1(A; N A;) and [ pi(pl; 0 gj—i).
Lemma 4.4.5. For all j > m;,
p(AiNA;) < /pi,j(pi,j © gji) + u(Ej) + n(Ei)

where Ey = {w : pi; € (0,1)}.
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Proof. We first make a general claim. Claim If 0 < g < f <1 then
/fé/gﬂt{f#g}n
To see this is true, we write

/fz/g+f—g=/g+/{#g}f—g§/g+u{f7ég}

where the last inequality follows since f — g < 1.
The proof now follows from the claim where f = xp, g, 1., and g = pi.(pl; 0 gj_s),

combined with the fact that f # g occurs when pi; € (0,1) or pl; € (0,1). So at worst,
w{f # g} < p(E:) + p(E;).
0

Finally to finish the proof of Theorem 4.3.6 we will relate fpﬁ’j fpij to p(E;) + p(E;)

from Lemma 4.4.5
Lemma 4.4.6. There exists a constant C > 1 so that
C/pi,j/pf,j > p(E;) + p(E;).

Before proving this lemma, we will first show that this Lemma is sufficient to get

Lemma 4.3.6.
Proof of Lemma 4.5.6. Fix ¢ and let 7 > m;. Then
(AN Aj) < /pi,j (050 gj—i) + n(Ai) + u(A;) (By Lemma 4.4.5)
< [t oo+ [ o, [ o, (By Lemma 4.4.6)
< Cp(A) |i(Ay) + e 5]+ Cp(Ai(Ay)
(by Corollary 4.4.4, and since [ pf; < p(Heor) = p(Ar))

< Cu(Ay) |p(Aj) + e’%“*j‘] (Setting C' = 2C.)

]
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Proof of Lemma 4.4.6. Since pij < pzd-, we have

2
e | .
ot [ sz ([ols) =ty =1 (14.1)

Now we want to get a lower bound for the measure of the set where pg‘,j = 1. To do this, we
need to find the area of the subset of the trapezoid 7] :U’j where the pij = 1. To do this, note

the horizontal line y = ¢;; from ¢ + € to 1 — € give the height of the inner trapezoid. The

line which is length ¢; ; away from the line y = ﬁx is given by
’ I
Yy = —T — € —.
»(29) $(29)?

Thus the four corners of the trapezoid where ,of,j =1 are given by (c+€,¢), (1 — €, ¢€),

<1—6,M(1—e)—e”1—|—m>,(c%—e,m(cjte)—e 1—|—W>.

Hence the area of subset of T/, ; where pfj =1 is given by

(1—c—2¢,) o o2
5 ’ <¢(2j)<1+c) —2¢ 5 1+W —2€z‘,j>

By symmetry, the area of T . where pZ,j = 1 is the same as the area for 7' .. Thus the total

070-7] 070-7] :

area is the product of the two trapezoids with the product of the ball where n+4 = 2g+s—1
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and o(n) is gives the volume of the n-ball. That is

o Oemre (o o [T N
plipl, =10 = = (Wj)m) 21+ S 2) (W) — i)

2
9 o o?
Z dn(l — C— 261‘73‘) (M(l + C) - 2€i,j 1+ —77[)(2])2 - 261‘73‘)

(Assuming r — € > 7 so d,, is some constant depending only on n)

2
1 o2

(Assuming 1 — ¢ > 1 5 which we can do by making c larger if neccessary)

dy, 2
" 16 Lﬁéj - 66”} (6,; < L implies 1 — 2¢,; > 1)
> s
— 16 i

(Since 6¢; ; + e ;< 7e by assumption on ¥ Equation (4.2.1).)

< 5@

Combining this fact with equation 4.4.1, we obtain

d2
/pzj/pl] — 162 (442)

Now from the other end we want an upper bound for u{p’ € (0,1)} + u{p’ € (0,1)} <
2062'7]'.

Given ¢ = ¢ or £ = j, we have the area of the ¢; j-boundary of one of the trapezoids Tcig ot
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is given by

= W(l —C ) — (T —Gi,j) (W(l-i-c) —2610‘ 1+ m)

(Taking area of T

c,o,l

v o]

less the area where p}; = 1)

——(14+c¢)+ (1 —c—2¢)

o
=€ ;
S ELCl
<€y [1 fe+(1—o)(1+ \/5)]
(Assuming o < 9(2%) which is easy since o < 1 is fixed and 1) > 1 is non-decreasing)

<e¢,C. (Where C depends on c)

Thus
p({pi; € (0,)}) + p({pl; € (0,1)}) < 2Ce; (4.4.3)

Combining Equation 4.4.3 with Equation 4.4.2,

/pu/p” > Te5cis 2 16;22 o) [1{pi; € (0, 1)} + ufpl; € (0,1)}] (4.4.4)

So setting C = 162(1(22 C), we can assume C' > 1 since d,, is bounded above by a fixed
constant, and we can make C' larger if necessary. O

4.5 Construction and Properties for averages of lengths of complexes

The main goal of this section is to prove Corollary 4.5.9, which requires combining[Ath06]
and [Doz19] with a few modifications to fit the goals of this paper.

Definition 4.5.1. A complex K in w is a closed subset of X whose boundary OK consists of
a union of disjoint (in the interior) saddle connections such that if 0K contains three saddle
connections bounding a triangle, then the interior of that triangle is in K. Given a complex

K the complexity of K is the number of saddle connections needed to triangulate K. For any



74

0 >0 and k € N, if M is the complexity of w,

(w) e

arplw) = max .

k K complezity k |8K| 1+6
area( K )<2k—M-1

If the set over which we take the mazimum is empty, then we set ag(w) = 0.

Definition 4.5.2. Given a function f on H and a point w € H, we let

Avey(f)(w) = %/0 ' f(girew) db.

Note that a;(w) = W where /(w) is the length of the shortest saddle connection.
Since M is finite for all k large enough, a(w) = 0. For more information and intuition for

the ay, see Section 5.3 of [Doz19]. From Proposition 5.3 of [Doz19], we have

Proposition 4.5.3. Fix a stratum H, and 0 < § < % We can find a constant b such that

for any interval I C S*, there exists a constant c¢; such that for allw € H and T > 0,
/ak(gTrgw) df < cre= (17207 Z aj(w) + b|I|.
! >k
The strategy we will take is to extend this theorem to a function Vj which is a weighted

average of the ay functions. We want to weight the average to have nice properties, so our

goal is to recreate the following theorem for integrating over an interval I instead of [0, 27).

Lemma 4.5.4 (Lemma 6.2 [AG13], Proof in [Ath06]). Let V be a neighborhood of the identity
in SL(2,R). Fiz H a conncted stratum of H(a). For every 0 < § < 1 there exists ¢; > 0
so that for all t > O there exists a function V;;(t) : H — [1,00) and a scalar b, satisfying the

following properties. For all w € H,
27
(Ave)t(Va(t))(w) = / Vé(t) (girow) df < cle—<1—5>t1/5“) (W) + by.
0
Moreover, Vs 1s logsmooth. That is

Vi (gw) < o5V () (4.5.1)
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forallw e H and g € V.

Finally, there exists a constant Cs; so that
€[G5, Csdl (4.5.2)
where Vs = max{1, a;(w)} = max{1, f(w)++5}

We want to change Lemma 4.5.4 to restricting over an interval I.

We now explicitly construct Vs using the following result.

Proposition 4.5.5 (Proposition 5.4 [Doz19]). Fiz H and 0 < § < 1. There ezists C' > 0 so
that for any t > 0, there exists constants by and w; so that for any k and any w € H,,

Avey(ag)(w) < Ce 19 —|—th04] + b (4.5.3)

i>k

Definition 4.5.6. Fiz 6 andt > 0. Define

AW = (% + 1)k

where w; and C' are the constants of 4.5.3. Define

(t) Z )\ Oék

where M s the mazimum complezity of w.

Proof of Lemma 4.5.4. We first claim

k—1
ACe 0 paw, Y 7N < 20N O (4.5.4)

j=0
To see this holds, note that e~ (=9t > 1 Thus since A\, > 1, we have
-t o< (ﬁ +1- 1) C -0
k C Wt

Simplifying and using the finite geometric series formula, this implies

k—

,_\

M=l G-

A
7 /\1—1_ wy

=0

<.
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Multiplying by w; and adding A,Ce~(1=9* to each side yields Equation 4.5.4.

We now want to prove that on average Vs shrinks over circles of radius ¢. To see this, we

compute
Ave, (Vs)(w Z/\kAvet (o) (w)
< Z )\k <Cet(15 —|— Wy Z Ctj + bt> (By 453)
k=0 >k
= S MO o) Y ane) (5= 0508+
k=0 k=1
(Replacing b; = b, (Z] LA >)
n k—1
< 2Ce "N gag(w) + Y an(w) [MCe 0 1w > TN | 4 by
k=1 =0
(By Equation 4.5.4 and replacing C' with 2C')
S Ce_t(1_5) Z /\kOék(w> + bt
k=0
= Ce U=0V5(w) + by
The logsmoothness of the Vj follows from [EMO1]. O

Now that we have defined Vs with the logsmooth property, we now proceed to extending

the results of [Doz19] to include the Vj function.

Lemma 4.5.7. There exists a constant c; > 0 so that for any 7 > 0 and I C St an interval,

there exists to(T, |I|) > 0 so that for any w € H and t > tq, we have
/V(S(T)(gtJrTrgw) do < CQ/AU@T(V ))(gtrgw) do
I J
where J C St is an interval (that could depend on all other parameters) with |J| = |I|.

Proof. Note that this result would follow directly from linearity combined with Lemma 5.2 of

[Doz19], except as stated in Lemma 5.2 the interval J could depend on «;. However following
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the proof exactly using linearity to replace each «; with V(;(T), we take the interval 27 with
the same center as I and twice the length. Then in the last 5 lines of the proof, we write
2] = J; U Jy as a union of two intervals with |J;| = |J2| = |I|. Then

1
max/ AveT(Va(T)(gtTew) > 5/ AV@TVCS(T)(QtTGW)
J; 21

=12 /.
Now define J (which now depends on Vy instead of individual oy, to be the interval on which

the maximum is achieved, and the proof follows by linearity as desired. O

Now we state Proposition 5.3 of [Doz19] for the V; functions.

Proposition 4.5.8. Fix a stratum H and 0 < § < 1. Let ¢; and ¢y be the constants of

Lemma 4.5.4 and Lemma 4.5.7, respectively. Choose T > 0 large enough so that

1-0)1

clch’( <

N | —

Let I C St be an interval and by Lemma 4.5.7 let m be the smallest possible integer so that

T

(m — 1)1 > to(7, |I|). That ism =1+ {M—‘ There are constants ¢ = ¢(t,0,|I|) > 0 and
b, = b(1,9) so that for alln > m and for any w € H,

/VzS(T) (gn7r9w> d9 < cei(lia)n‘rv(i(‘r) (w) + br\f’- (4'5'5)
I

Proof. Let n > m and w € H. Our goal is to construct the constants ¢ and b, to that

Equation 4.5.5 holds. Indeed applying Lemma 4.5.7 followed by Lemma 4.5.4, we have

/V;S(T) (gm_rgw) df < CQ/ AVeT(V;s(T))(g(n—l)TTGW) do
I Jn—l
< e ( / 1”0V (g yorew) dO + bT)
Jn—l

= cycpe” 1707 / V(;(T) (gn—1)rrow) db + cob;|I|
Jnfl

where the last equality follows from the fact that |J,_1| = |I].
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Now repeatedly applying this inequality for n — 1,n — 2,...,m with I replaced by
Jn—1, Jn—g through J,,, which all have length ||, we obtain

T —(1=8)r\—m+1 T
/I‘/&( )(gnﬂ”ew) S (01026 (1=9) ) /] ‘/5( )<g(m—1)TT9w) do

n—m-+1 " )
+ |1|brco Z (clcge_(l_é)T)]
=0

(By our choice of 7 the geometric sum is at most 2, so replacing b, with 2¢,b,,)

—(1=§)r\n—m+1 T
< ((31626 (1-9) ) / V:S( )(g(mfl)Tlr‘Hw) do + |]|b7'
Im—1

By the logsmooth property of Vs from Lemma 4.5.4, splitting into small steps, there exists
some k(m, T) so that

T k(m,T T
Vi (gmoryrrow) < &IV ().
Thus we can write our constant c as
n—m —(=18)r\ "™t k(m,T
¢ = (creo)" " (e T L]

where we note m depends on 7 and |I|, so ¢ depends only on ¢, 7 and |I|.

Thus we obtain

/V;;(T) (gnrrow) df < ce*m(lf‘s)‘/&(ﬂ (w) + b |1].
I

O

Corollary 4.5.9. Fix a stratum H and 0 < 6 < 1. There exists T > 0 so that for any
interval I C S*, there exists constants ¢ = ¢(7,0,|I|) > 0 and b, = b(7,0) so that there exists

an Ly so that for all £ > {y and for any w € H,

/V(;(T) (gerow) df < ce_(l_‘s)g‘/;;(ﬂ (w) + b 1]
I
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Proof. We choose 71 to satisfy the assumption of Proposition 4.5.8. Choose ¢ > m7 where m
is defined in Proposition 4.5.8. Pick
no = min{n € N: nr > (},

and note ng — 1 > m. Let r = ngr — £. Choose step sizes of ry so that r = kry for some
k € N and g_,, € V so we can apply (4.5.1).
Then from Proposition 4.5.8,

/‘/;5(7—) (g[l"@u)) df = /‘/:3(7—) (g—krognoTT0w> do
I I

<& [V gyt do By (45.1)
< Jee VO w) 4 b 1] (By (4.5.5))
< ck [ce—<l—5>ﬁ/§” (w) + bT|[|} (Since nor > ¥)
< cj“ [ce’(l"s)e‘/g(ﬂ (w) + bT|I\} (Since r < 7)

Thus the final constants only depend on 7 and not ¢ and we obtain the desired result. [
4.6 Proof of Generalized Borel-Cantelli
To prove Proposition 4.3.1, we build from [Pet02], which invokes the Chung-Erdos Inequality.

Lemma 4.6.1 (Chung-Erdés Inequality). If (Ax)52, is a sequence of measurable sets with

1 (ngl Ak> > 0, then

v SN (4
' (g Ak) - Z<Z,j1 1( Ay 0>AJ)'

Proof. Beginning with the numerator on the right hand side, multiply by a fancy 1 which is

the characteristic function of the set where the sum of the characteristic functions is nonzero

@;M”)Q B l/ (i XAJ-) (S, 500 dﬂr.

J=1



30

Using Schwarz’s inequality and the fact that

N
/X%ZXAj>0} dp = /X{ZXA]->0} dp = p (U Aj) )
j=1

we have
N 2 N 2 N N N
(Z N(Ak)> < / (Z xAj> dppt <U Aj) - LZ (A VA | p (U Ak) :
k=1 j=1 j=1 ji=1 k=1
Rearranging we obtain the desired inequality. O]

Proof of Proposition 4.3.1. Since for all ¢ there are B; C A;, we have
limsup B; C limsup A;.

So it suffices to show that u(limsup B;) > 0.

We first claim there exists some C' > 1 depending only on C' large enough so that if
~ ~ ~ 1
i = i+ C + Clog <—#(Bi)>,

L >0, w(By) = oo,

Proof. Follows from 1 and 4b. O

DO

For all i < j, u(B;) > &u(B;).

Proof. Follows from 2 and 4b. O

wn

For all 7 and for all j so that 7 > m;,

p(B: 0 B;) < Cu(By) |p(By) +e571]

Proof. Combine assumption 3 with 4a and 4b. O

;:lkl

For all ¢ and for all j with ¢ < 7 < m;,

146

u(B; N B;) < Cu(B,) [2—“—”1—5) + u(Bj)T] .
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Proof. Combine conditions 4b and 4c¢ with that fact that 22 € (1,1) and C > 1 to

obtain

O

We will now show that that the measure of lim sup B,, has positive measure. To do this
we will adapt the proof of Theorem 2.1 of [Pet02].
By the Chung-Erdos inequality,

’ (O Bk> , ZitE) (161)

We want to find an upper bound for the denominator, and

N
> wB:NB
1,j=n .
i=n j>’£ k=n
N
¢ Z (By) +2ZZ )+ u(By)e i
k= i=n j>m;
+ 22 S u(B)2 0D (BB
i=n 1<j<m;

(By 4.6 and 4.6 and since C' > 1)

<C Zu(BkH(ZM(Bk)) - 2, > u(By)

)
k=n k=n —c 1 k=n
9 N N 3 N
+ 0 ; u(By) +2CC kz_: w(By) +2C0CC" +2C0C kz_: w(By)

(By justifications 1,2,3,4 below.)

=C |D) u(By)+D + (Z u(Bk)> (4.6.2)
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2+ 2 +4CC.

l—e 4

where D' = 2CCC" and D =1 +
Justification 1 Since the measures are always non-negative,

23 w(Bu(By) <2303 w(Bi)u(B;)

i=n j>i

= (Z u(&)) - ZM(Bz')2
< (Z M(Bz)>

NS

Justification 2 Making the change of variables &k = 7 —i, by the geometric series formula
1

N-1 )
) )
eflk < Zefik =
k=0 L—e

2

N
}: e~ 1li=il —
G>1i; k=1+m;—1

Thus NN
2> ) u(By)

i=n j>m;
Justification 3 Similar to Justification 2, by the geometric series formula,

5 N 1
—qli=jl
e 1 §2§ (B
— ( )1—6’

LY

N N
QZ Z M(Bi)Q*Iifﬂ(l%) < 2222*(1*5)’6 <
i=n k=0

i=n i<j<ri,
Justification 4 First note for any j > i by assumptions 2, 4(a) and 4(b),

w(Bj) < p(A;) < pu(Ai) < Cu(By).

Note also that 54& € (g, g) SO STH
W(B) T < u(By).
Thus
N 1448 N 5448
145 548, ..
22 Z p(Bi)u(B;) © < QCZM(Bi) + (i — i)
i=n 1 <j<m; i=n
N N
<20C)  u(B:) +2CC Y u(B:)

i=n

9 N
1— 2_(1_5) Z /’I’(Bl)

is a power bigger than 1 with u(B;) < 1, so

549
* log

1(Bi)

)
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So to finish this justification it suffices to show there is a constant C” so that

N N
546 1
w(B; 4log<—>§0/+ 1(B;),
2 1B log | [ 2 1B
Indeed to see this, choose ng large enough so that for all ¢ > ny,

o () <87

Then if n > ny,

ZN(Bz‘)¥ log (M(%)) < ZN(BZ)

Otherwise if n < nyg
N ; 1 no—1 1 N N
5+
p(B;) 1 log (—) < > u(Bi)log (—) + > u(B) <C'+ ) u(Bi).
; M(Bi) ; M(Bi) Z:Zno ;
where C’ > 0 is the bound for the finite sum.

Now that the 4 justifications are complete, we now combine Equation 4.6.1 and 4.6.2 to

get

N 2
.. N Lo (Zk:n N(Bk)>
lim inf U B, | > liminf —
N—o00 N—oo ~ N N 2
¢S utt + 0+ (S, uB0) |

1
= lim inf

N—oo ~ [ D D’
C _ZkN:n #(Bk) + (ZkN:n M(Bk))z + 1:|

(By assumption 1 and 4(b) we have Y -, u(B;) = 00.)

Qi =

Hence p (o, Bi) > é

Setting D,, = J;—, Bk, we have a nested decreasing sequence of sets and thus

~ 1
p(limsup B,) = p (ﬂ Dn> = lim u(D,) > = > 0.
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