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The human brain may be the most complicated thing in the discovered universe. Now is an

exciting time, when the capabilities of computing and neural recording technologies provide

unprecedented opportunity to use advanced machine learning models to begin understanding

it. The two main goals of such models are to successfully predict neural data withheld from

training and to provide scientific insight into the functioning of the neural system. To this

end, I introduce two model designs, each of which achieves these goals by incorporating a

scientific hypothesis about the brain into the structure of the model.

First, in Chapter 2, I train models of individual neurons with the assumption that these

models are well described by a finite number of cell-types. A hierarchical model that uses

the expectation-maximization algorithm to simultaneously learn parameters associated with

individual neurons and a description of the cell-types allows parameters associated with each

neuron to borrow strength from other neurons’ data. I use simulated data to show that this

allows the hierarchical model to recover true model parameters and cell type identities better

than single-cell models that make no assumption about cell types and are clustered after

being fit independently. I apply this hierarchical model to recordings from 634 neurons and

show that, compared to the naive approach described above, it yields better predictions of

held out data for the overwhelming majority of neurons and discovers cell types that are

more robust to the exclusion of different neurons from the training data. These discovered



cell types also relate to available information about the gene-expression, morphology, and

location of each neuron.

Then, in Chapter 3, I “joint-train” neural networks to simultaneously predict the activity

of a neural population and perform an auxiliary task, hypothesized to be related the the

function of those neurons. I find analytic conditions for when the inclusion of an auxiliary

task can improve prediction of neural responses in a linear network, and derive an expression

for the degree of improvement, which reveals that the most useful auxiliary tasks are those

most predictable from the neural data. I then show that this result is born out in deep,

nonlinear, structured networks via numerical analyses with simulated data. These analyses

also reveal that joint-training allows the model to precisely and accurately associate simulated

neurons with a subset of model units. Finally, I use further theory and numerical analysis

with the linear model to show how a derived condition on network structure necessary for

an auxiliary task to yield improved neural response prediction is modified by nonlinearities,

constraints on network parameters, and finite training time, providing insight into how the

numerical results differ from those predicted by our theory.

Overall, this work provides insights into how we might incorporate specific hypotheses

about brains into statistical models in order to best explain neural data and gain insight into

the functioning of neural systems.
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3.6 Joint-training provides better prediction of simulated neural re-
sponses and selects higher-dimensional auxiliary tasks, relative to
task-training. Each panel shows how relative improvement over response-
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B, TTT , (3.8)) is related to how well the task outputs can be predicted directly
from the neural responses (3.21). Line (fill) color encodes the true (auxiliary)
task used to train the data generator (fit the model). Simulated data for a
given true task is identical across trials and auxiliary tasks, so each solid line
joins predictions of the same simulated data. When ℓ2 regularization is used
in place of an auxiliary task, a dashed horizontal line is used (whose color
encodes true task), since there is no task to predict. Error bars indicate the
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3.7 Diagram of layer-wise accuracy (3.23) and bias (3.24) metrics for the
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the layer-wise accuracy of the map between model units and simulated neurons,
θy, (3.23) versus the improvement in loss of held out neural data, Cval

resp, relative
to the baseline, Cval

resp(0, λ̂). Columns are normalized to sum to one, and the
solid black line shows the mean of data in each column. The dashed red
line shows chance levels (1/3, since there are 3 layers). B: Layer-prediction
accuracy, averaged over models fit with the optimal hyperparameters, for each
true and auxiliary task. D: Same as panel A, except showing the absolute
value of bias in layer prediction (3.24) on the y-axis. The dashed red line here
is at 0. Note that joint-training selects hyperparameters that maximize Cval

resp,
and thus find maps between units and neurons that are as accurate as possible
and have low bias. E: Layer-prediction bias, averaged over models fit with the
optimal hyperparameters, for each true and auxiliary task. Red (blue) color
of a cell denotes a θ̂y with too many connections from units deeper (shallower)
in the model than the neuron they map to, in the red (blue) blocks in Figure
3.7. C and F: Same as B and E, but using β →∞ (task-training). . . . . . . 105
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3.9 Joint-training provides less improvement with a dense units-to-
neurons map, but that still corresponds with predictability of aux-
iliary task from responses. Same results as Figure 3.8, but without any
constraints placed on the units-to-neurons map θy. The main trend is upheld,
that joint-training, more than task-training, is greatest when the auxiliary
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3.13 Nonlinearites, early stopping, and constraints on model parame-
ters at least partially explain improvement in a network with no
dimensionality bottleneck. Panels A and B show how nonlinearity (line
color) and shorter training time (x-axis) generally increase TJT (y-axis) for
two different versions of the CNN model used in Section 3.4. Panels C and D
then highlight the specific effects of varying the number of simulated neural
responses. A: Dense map between units and neurons, with only 5% of neurons
(M = 41) supplied as data. B: A maximally sparse map between units and
neurons (see (3.19) and (3.20)), with all neurons used results in higher TJT

overall. C: Relative improvement in response validation loss TJT ((3.7), y-axis)
is greater, when fewer simulated neurons are provided as input to nonlinear
networks with maximally sparse unit-to-neuron maps. D: Layer-wise accuracy
of mapping between model units and simulated neurons ((3.23), y-axis) does
not show as clear a trend for these same networks. All panels show the mean
± SEM over 40 fits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

3.14 Networks with no bottleneck yield no improvement, but only after
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Chapter 1

INTRODUCTION

1.1 Using computational models to understand brains

The primary goal of computational neuroscience is to use mathematical techniques to advance

our understanding of nervous systems. Like other sciences, this is accomplished largely

through the use of models that can explain data while providing a relatively simple insight

into how something works. In this context, a model is a system of equations with parameters

that are learned from (fitted to) data in order to allow the model to capture the structure

of the data as well as possible. The choice of what equations to use corresponds to a set of

assumptions about the system producing the data, with stricter assumptions generally yielding

a simpler model that cannot capture the data as accurately, but is easier to understand. We

prefer models that are as simple as possible, and thus yield the clearest understanding, but

can still accurately predict the behavior of the system we wish to understand.

The early use of such models to describe neural activity focused on understanding

individual neurons, and achieved unprecedented success with the Hodgkin-Huxley model in

1952 [43]. This work used an electrical circuit model to explain the dynamics that produce

action potentials, or spikes, the primary means by which neurons communicate with each

other. While it only described this process taking place in a single spatially homogeneous

region and in response to a single electrical current injection, it represented an unprecedented

level of biological realism, providing the field with new understanding about the mechanisms

driving neural dynamics and setting a high bar for how accurately models can predict neural

activity. Since then, there have been many new single-cell models, which generally fall into

two categories. There are models that use the electrical circuit approach, but consider neurons

as having more complex spatial extent, both in terms of heterogeneous local dynamics and

complicated morphology, which is modelled by many connected compartments that influence

each other’s dynamics. Such models have helped us better understand how the complex and
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diverse physical structure of different neurons contributes to their activity and functioning.

Likewise, some Hodgkin-Huxley-style models incorporate additional variables not present in

the original work in order to better understand different types of dynamics, like bursting

and adaptation (see [42] for a review of these more detailed Hodgkin-Huxley-style models).

The other category of work seeks to find simpler models than Hodgkin and Huxley’s, which

sacrifice some accuracy in order to produce a single-cell model that is easier to fit to data

and/or understand using dynamical systems analysis [6, 9, 13,20,28,35,44,52,59,64,70].

This latter category has been especially useful for modelling populations of many neurons

interacting with each other, using the simplicity of these single-cell models to compensate

for the diversity of single cells and the complexity of network structure, thereby allowing

for easier analysis of the functioning of these neural circuits. Even so, finding appropriately

complex models is difficult, and as a result much early work focused on the involvement of

relatively simple neural circuits in producing observed behaviors that are tightly controlled

by the experimenter [15], or theoretical behavior that is presumed to be optimal [4,58]. While

this makes it easier to propose a simpler model that can explain the data, it can be difficult

to integrate many such models of different neural circuits and different behaviors into a

cohesive explanation. This observation was made as early as 1973 [63], and the field has

since come a long way in terms of producing models that explain a much wider range of

more naturalistic behaviors. However, it remains very important for those who are creating

new models to consider how their work fits into the bigger picture.

1.2 A framework for computational neuroscience

In general terms, computational neuroscience poses meta-problem, where many individuals

work on separate, small problems, and the solutions need to be woven together. In such

situations, it is necessary to have a framework - some structure that specifies what the

big-picture solution will look like and how the narrower solutions can fit together to build

towards it. In 1982, David Marr proposed three levels of analysis as the first such framework

for understanding complex information processing systems like brains [57], and, although

many of the ideas have evolved, they are still useful today. Marr’s framework stipulates that

a complete explanation of how an information processing system produces a given behavior
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must describe the system at three levels of abstraction, as well as how each more abstract

level arises from the one below it (see Figure 1.1). These levels are:

1. Computation, wherein we must describe the behavior in terms of an input to the

system and the output it produces as a function of that input;

2. Algorithms, wherein we must describe how the input is represented by the system,

and what sequence of operations transforms it into a representation of the output; and

3. Implementation, wherein we must describe the physical components of the system

and how they interact.

It is important to note that the input and output do not necessarily need to be directly

observed in the behavior of the animal. For example, we might wish to describe a neural

circuit like the hippocampus, that receives no direct inputs from external senses and sends no

direct outputs to motor neurons. In this case, both the input and output might be variables

that are related to the behavior of the animal, but not directly observable from it.

Since Marr proposed this framework, many have argued that the desired understanding

required at the middle level is not appropriate. Brains perform computations through an

inherently continuous process that cannot, in general, be broken down into a sequence of

discrete operations like the classical algorithms of computer science. In some cases, the best

we can do may be to describe the architecture of the neural circuit and the rules by which it

changes to learn an accurate transformation from the input to the output, i.e. a learning

algorithm [71]. Even in cases where we might be able to understand the behavior of a neural

circuit as an algorithm performing a computation, it is still useful to understand how such

an algorithm can arise from the learning algorithm responsible for producing it.

Evaluating the extent to which specific architectures and learning rules can model a

specific neural circuit has become increasingly possible and popular in recent years, due to

the increase in computing power that allows us to train a special class of models, artificial

neural networks (ANNs). These models loosely mimic the structure and learning processes

of neural circuits, defining the activity of each of its “units” as some function g of a linear

combination of unit activities and inputs to the model. In the supervised learning context, a

computation is defined by a data set Dtrain of training samples of input-output (xi, zi) pairs,

and the ANN learns to generate accurate predictions of what the output associated with a
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Figure 1.1: A framework for understanding the brain: Marr’s three levels of

abstraction. Understanding a given neural system at each level of abstraction is required

for full understanding, and can be obtained through two paths, or some combination of

them. In the top-down path, behavioral data is used to inform abstract models that make

coarse predictions about neural implementation. In the bottom-up path, neural data is used

to inform mechanistic circuit models that can be analyzed or reduced to gain insight into

abstract variables they are representing, and how those variables are manipulated to perform

a computation.

given input will be (z̃i(xi; θ)) by adjusting parameters, θ, of the network. ANNs choose these

adjustments in order to minimize a cost function, which describes how accurately the model

predicts the input from the output for some appropriate loss function L, where lower values

correspond to more accurate predictions:

C =
∑

i∈Dtrain

L(zi, z̃i(xi; θ)). (1.1)
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Alongside the increase in computing power, there has also been dramatic improvement in

neural recording technology, increasing both the quantity and quality of data that can be

collected during an experiment. Some experiments sample neural circuits with incredible

density, recording simultaneously from over 10,000 neurons at a time [91], allowing us to

better evaluate how well a given model characterizes the functioning of that circuit at the

computational and algorithmic levels. Other experiments [1, 37] accurately measure the

rich dynamics of large numbers of individual neurons with incredible temporal resolution,

allowing us to create a more comprehensive and accurate account of the fundamental physical

components that make up the brain’s implementation.

1.3 The big question:

Marr’s framework provides a substrate for comparing models of similar phenomena and

merging models of different phenomena, by setting goals for what any given model should

attempt to explain. What it does not do, however, is make recommendations about how to

actually design such models. This then brings us the the big question that drives this work:

How should we define models that will harness the power of modern computers and

neural datasets to accurately predict neural data and help us understand the brain

in terms of implementation, algorithms, and computations?

In this work, I focus on the assumptions we make when we define models of neural activity.

In this context, we are ultimately interested in models that predict the activity of N neurons

in a circuit, yt ∈ RN , measured at many times t, in response to inputs from outide the circuit.

This can be achieved by minimizing a cost function identical to (1.1), except that the term

to be predicted is yt instead of zi. While the specific choices of L and g also constitute

assumptions, we focus on those that consist of constraints placed on θ. Every additional

constraint placed on the model parameters θ limits how well the dataset used to train the

model can be explained, but it does so more when the assumption is inaccurate. What’s

more, when the amount of data available to train a model |Dtrain| is small (relative to the

expressive power of the model), then the model can overfit to the training data, predicting

that data very well but failing to generalize to data that was held-out from training. In
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this case, additional, sufficiently accurate assumptions can prevent overfitting and raise the

generalization performance of a model, while making the model easier to interpret.

It is important to recognize that these model assumptions reflect scientific hypotheses

about the structure of the data, either implicitly or explicitly. This promotes a level of caution

when choosing model assumptions, but also allows us to test the hypothesis underlying a

specific assumption by looking for an improvement in generalization performance when it

is included in a model, compared to when is is not. This view supports a cycle, where

hypotheses are incorporated as model assumptions, and then the results of applying that

model to data are used to generate new hypotheses that can be incorporated into the next

generation of model assumptions. This process is, on the one hand, “bottom-up” research that

seeks to ground explanations of neural systems in models of neural activity, and attempts

to explain the systems in more abstract terms by analyzing these models and reducing

them to craft a more abstract explanation of the neural activity. On the other hand, this

process can also have a flavor of “top-down” research that grounds explanations in models

of behavior, and postulates how such models might be implemented by neural circuitry.

Linderman and Gershman [55] specifically advocate for assumptions that achieve this by

encoding hypotheses that describe the brain at the computational level. Both top-down

and bottom-up research are valuable on their own, but Marr’s levels provide a framework

wherein they can contribute to a unified understanding of a neural system through different

approaches. Moreover, Linderman and Gersman highlight a methodology for achieving this

unification in a statistically rigorous way.

Consider, as an example of this process, a “vanilla” recurrent neural network, a simple

form of ANN that feeds the model input and all unit activities from the previous time-step

into the generation of each unit’s current activity. Suppose that we want to use this model to

predict the activity of a neural circuit, and ultimately understand its functioning at a more

abstract level. For simplicity, let’s also assume that we’re associating each of N of the model

units directly with a recorded neuron (I’ll have more to say on this assumption later):
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ỹt(xt; θ) = [ut]1,...,N ,

ut = g(θxxt + θuut−1). (1.2)

Now suppose we want to test the hypothesis that having more synapses between neurons

is costly for the brain. Because we’ve associated neurons directly with model units, we

might incorporate this hypothesis into our model assumptions by constraining our matrix of

connections between neurons θu to be sparse by including an ℓ1 penalty,
∑

r,c |[θu]r,c|, in our

cost function. The addition of this penalty necessarily means that the training data will not

be predicted as well, since it is best predicted by the cost function that only optimizes for

those predictions. However, this penalty might result in better prediction of validation data

that was held out from training, in which case we might conclude that, indeed, maintaining

synapses is costly for brains.

However, there are limits to how precisely we can test a specific hypothesis. In this

example we interpreted the ℓ1 penalty as reflecting the costliness of synapses, but this cost

might be metabolic in nature, or maybe due to improved performance of the circuit when it

has fewer synapses. Worse yet, as far as understanding synapses is concerned, another model

assumption may be having a harmful effect on predictions that the ℓ1 penalty is ameliorating.

For example, real neurons are far more complex than these artificial units, but a large number

of artificial units in the ANN might be accurately representing the dynamics of a single

neuron. Beniaguev, Segev, and London [8] addressed this specific problem and estimated that

on the order of 100-1000 units are required to accurately model a specific kind of neuron, and

work by Jones and Kording [48] demonstrated that units whose connections are constrained

to mimic a single dendritic tree are capable of solving machine learning problems as well

as when they are not constrained. In our setup, the ℓ1 penalty might then be understood

as grouping together artificial units that are working together to model a single neuron,

while limiting between-neuron interactions to a small fraction of these units (that might be

understood as corresponding to synapses) and limiting within-neuron interactions of some

units (modelling the dendritic tree) to have a tree-like arrangement. Most likely, it would

be very difficult to find such a pattern, and conclude anything beyond the claim that ℓ1’s
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general utility in avoiding overfitting extends to this problem. In general, one must be careful

in interpreting model assumptions as specific hypotheses, due to such interactions between

different assumptions and limits on how specifically a given assumption actually describes

the hypothesis we are interested in. This is a key reason why evaluating models for their

interpretability should be tested on data where ground truth is known about whatever it is

that we would like to conclude from our interpretation, which in this case is the physical

structure of the neural circuit.

Our example also highlights the importance of a specific type of model assumption about

the relationship between terms in the model and components in the brain. Such assumptions

are encoded in the structure of how the final prediction of neural activity is made, and limit

how well one can explain the functioning of neural circuits at the level of implementation. For

the greatest understanding of how the brain’s implementation relates to its functioning, we

would like to identify each functionally distinct component of the brain with a single variable

in our model, and be able to understand the interaction between model variables in terms of

dynamics that occur within and between neurons. In practice, this is very difficult to achieve

with recordings from real neural circuits due to the high number of unmeasured variables

that affect the system, or put another way, the high amount of noise. It is also not always

obvious what a “functionally distinct component” of a neural system is. While the neuron

doctrine posits that the neuron is this fundamental component, much research has highlighted

cases where sub-components of a single neuron can play functionally distinct roles [42]. On

the other hand, much experimental [66] and theoretical [23, 29, 40, 72] work argues that

individual neurons are often too small a component to be considered functionally distinct, as

the activity of large populations of neurons tends to be low-dimensional, such that there is

redundancy among individual neurons in representing abstract variables. This redundancy is

shown to also arise in ANNs trained to perform tasks, and is understood to allow for better

generalization performance in some settings. Therefore, many modelling approaches [25]

seek to make use of this observation and predict a dimension-reduced representation of the

activity of a neural circuit, instead of individual recordings.

In this work, I do not model any components smaller than a neuron, and presume that

a more precise correspondence between neurons and model units will generally facilitate
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interpretation of the neural system, provided that this correspondence is accurate. However,

we must contend with the reality that the level of precision that is accurately achievable may

be limited by the quality and dimensionality of available data.

First motivating hypothesis: neurons can be categorized into types Generally,

studies that seek to understand the brain at the level of implementation model data from

single neurons in isolation or pairs connected by a synapse. While neurons are incredibly

complicated and are present in larger brains in incredible diversity, experiments suggest

that much may be gained by attempting to understand the diversity of neurons using a

cell-types framework. The central idea behind all conceptualizations of cell types is that

there are relatively few types and each neuron is more similar to other neurons of the same

type than neurons of a different type. Different research has focused on different aspects

of individual neurons that may be described this way, such as their morphology [37], gene

expression [79,80,84], electrical properties [22,81], and connectivity with other neurons of

specific types [47]. However, all these studies share this common framework, and thus use

an unsupervised clustering approach, which generally takes features of data collected from

each neuron (or pair of neurons in the case of clustering by connectivity [47]), and seeks

to discover an arrangement of clusters that best explains the distribution of these features

across all neurons. Usually, these features are not directly related to models that predict

neural activity, but recent work [81] has made this connection, using the fitted parameters of

such models as the features of each neuron to be clustered. Such work opens a door towards

using research into neural cell types to help us understand the activity of neural circuits in

terms of the implementation details of their constituent neurons. In chapter 2, I propose a

statistical framework for such functional-model based cell-types research, and ask how we

can most accurately discover cell types within it.

Second motivating hypothesis: neural circuits perform computations Other

research that seeks to understand the functioning of neural circuits at an algorithmic

or computational level records data from a large number of neurons, and uses a linear

combination of model terms to predict their measured activity. One such approach that
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has gained traction in recent years is training an ANN to predict the output of a com-

putation zi, then using the responses of the trained units to predict the responses of

recorded neurons yi to some input xi [62, 88]. Such work seeks to identify an input-

output relationship (computation) that explains neural activity. In chapter 3, I pro-

pose a general framework that describes such approaches and ask how we can obtain

the best models within that framework. By “best,” I mean predicting the activity of

each neuron correctly and by using a small and appropriate subset of units in the ANN.

In each chapter, the “fundamental ingredient” that I introduce consists of identifying

the hypothesis driving an area of research (in chapter 2, that individual neurons belong

to cell types; in chapter 3, that neural circuits can be understood as performing a specific

computation), and incorporating that hypothesis into a predictive model of neural activity as

an assumption. In both cases, the primary goal is using theoretical tools and simulated data

to understand what exactly the improved performance of such a model allows us to learn

about our driving hypothesis. In chapter 2, I focus on determining how the discovered clusters

of putative cell types depend on the true distribution of the underlying data. In chapter 3, I

focus on understanding which putative computations are most useful for improving predicted

neural activity and how well individual neurons can be understood as playing specific roles

in that computation.

In both chapters, there must be a baseline model that the hypothesis-motivated assumption

of interest is added to. The remainder of this introduction focuses, in general terms, on

introducing those baseline models and describing how our assumption modifies them. Because

the focus of this work is on understanding the improvement that comes from including these

hypothesis-motivated assumptions, I choose baseline models that are both simple and common

in the literature, allowing for a deeper understanding of the effect the assumptions have

and effective contextualization of this work within the broader field, both in terms of the

significance of performance improvements and interpretation of elements of the baseline

model. Accordingly, in chapter 2, I use a single-neuron model that is relatively expressive

to seek understanding at the implementational level, and, in chapter 3, I use a network

model with many, much simpler units to seek understanding at Marr’s computational level.
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As described earlier, this trend (whereby simpler single-neuron models are used to model

larger networks) is prevalent in the literature and is sensible in that it leads to models that

are as simple as possible and still explain the phenomenon of interest. However, ultimate

understanding of the brain will consist of explanations that bridge Marr’s three levels; in the

concluding chapter, I will explore how the models I have presented might be combined to

seek integrated explanations of how specific cell types work together in a neural circuit to

perform a computation.

1.4 Baseline Models

In chapter 2, the baseline model consists of a Generalized Linear Model (GLM) predicting

single-cell neural activity, and a Gaussian Mixture Model (GMM) predicting the fitted

parameters of those GLMs from a cluster distribution.

The GLM is a standard extension of linear regression that can be understood as a

single-layer ANN with a single output unit, which in our case predicts the activity of a single

recorded neuron yt. Compared to the generic ANN, the nonlinearity, g, and loss function

L(yt, ỹt) are restricted to a subset of such possible pairs, allowing for a convenient guarantee

that the corresponding loss function is convex, and thus has a single local minimum. In

contrast, ANNs in general may have many local minima, making finding the global one more

difficult for an optimizer.

In computational neuroscience, the GLM refers to a specific choice of g and L, as well as

what the input to the GLM represents [14, 64]. Firstly, it is assumed that the neural data yt

takes the form of how many times a neuron spiked in the tth time bin, since these spikes or

action potentials are the fundamental unit of communication between neurons. Accordingly,

this output is modelled with a Poisson distribution, i.e.

L(yt, ỹt) = −yt log ỹt + ỹt ∝ − log
ỹytt e−ỹt

yt!
. (1.3)

Likewise g(x) = ex is the corresponding canonical nonlinearity that allows for the key

convexity property. The input is composed of the stimulus incident on the neuron and the

previous spiking activity from the last several time bins:
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ỹt = e[xt,...,xt−dx ,yt−1,...,yt−dy ,1]θ, (1.4)

where θ is the column vector of parameters learned during training. This means that each

input feature (xt, ..., yt−dy , 1) has a corresponding element of θ that learns how much to scale

it by to produce an good prediction of the output, ỹt (the 1 feature allows the model to learn

a constant offset).

Compared to the simple ANN units we considered before, this model allows for some

interesting dynamics by including feedback from the spiking history, and guarantees that

we will find the globally optimal parameter estimate θ̂. However, it is still quite simple yet

expressive [87], compatible with more general ANN architectures, and widely used to study

single neuron activity (see [65] for a review), making it a good choice of baseline model –

even if it is not the best model of neural activity according to many metrics [2].

The GMM is likewise a standard choice for unsupervised clustering across many domains

and in neuroscience. In this context, it attempts to explain the distribution of GLM parameter

estimates θ̂n across many different neurons n, using a mixture of Gaussians distribution.

This problem can be summarized by its cost function:

C = −
∑
n

log[
K∑
k=1

πkf(θn;µk,Σk)], (1.5)

where πk, µk, and Σk are the weight, mean, and covariance matrix of the kth cluster, and f

denotes the probability density function of a multivariate normal distribution. It is worth

noting that while the other optimization problems introduced here can be solved by methods

that descend the gradient of the corresponding cost function, this cluster structure in this cost

function allows it to be most effectively solved by the expectation-maximization algorithm

(EM).

In chapter 3, the baseline model consists of training a feedforward ANN to perform

a computation, followed by a linear regression of the trained unit activities onto neural

recordings. A feedforward ANN has its artificial units arranged in a sequence of L layers,

and the activities of the units in each layer are determined as follows:
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u
(1)
i = g1(θ

(1)[xi, 1]),

u
(l)
i = gl(θ

(l)[u
(l−1)
i , 1]) if l > 1,

z̃i = gz(θz[u
(L)
i , 1]). (1.6)

Here, u(l)i is the vector of unit activities in the lth layer in response to the ith sample,

θ(l) is the learned matrix of weights connecting that layer to the previous one, and the 1

appended to the input to each layer allows the network to learn constant offset terms. As

before, g is a fixed nonlinearity, which we here assume may be different for each layer. We

will also use a specific feedforward architecture, the convolutional neural network (CNN), for

a baseline model. CNN’s are used with inputs that have some spatiotemporal structure like

an image, sound, or video, and arranges each layer correspondingly, such that each has many

units that respond homogeneously to local features in a specific spatiotemporal region of the

previous layer. These groups of homogeneous units are referred to as channels, where layer l

has Cl different channels that derive their activites from all channels in the previous layer.

All this generally amounts to placing a certain restriction on each θ(l) for l ≤ LC , where LC

is the number of layers in which this spatiotemporal structure is preserved (L ≥ LC ≥ 1).

This restriction can be written as follows:

u
(1,c,d1,d2)
i = g1(θ

(1,c)[x
(d1−s,d2−s)
i , ..., x

(d1+s,d2+s)
i , 1]),

u
(l,c,d1,d2)
i = gl(θ

(l,c)[u
(l−1,1,d1−s,d2−s)
i , ..., u

(l−1,Cl−1,d1+s,d2+s)
i , 1]) if LC ≥ l > 1,

u
(l)
i = gl(θ

(l)[u
(l−1)
i , 1]) if l > LC ,

z̃i = gz(θz[u
(L)
i , 1]), (1.7)

where for simplicity and consistency with the baseline model I use, there are only two spatial

dimensions (indexed by d1 and d2) and one value of s that determines the spatiotemporal

extent of the weights associated with each unit. The key element of CNNs is that many

different units in the same layer l and channel, c, i.e. u(l,c,d1,d2) for many different values of

d1 and d2, have their activities determined by the same matrix of parameters θ(l,c), which is

often called a filter.



14

Another feature common in CNNs is that the nonlinearies g often make reductions across

the spatiotemporal dimensions, the most common of which is simply taking the maximum of

all unit activities in a given region. These are known as “pooling” operations, and ensure

that unit activites are not affected by small translations of the input in the spatiotemporal

dimensions; if there are pooling operations in several subsequent layers, then the deeper

layers will be invariant to larger translations.

It is this sharing of parameters and reduction across spatiotemporal dimensions that gives

CNNs their ability to make accurate predictions on held out data from a smaller number

of training samples than is possible for fully-connected feedforward networks. Consistent

with the theme of this work, this benefit only arises when the assumptions underlying these

constraints on θ and g are appropriate, namely that the data is arranged spatiotemporally

and possesses invariances along those spatiotemporal dimensions.

Note that in (1.6) and (1.7) we have used an increasing number of superscripts to index

our input x, units u, and parameters θ, corresponding with the increased structure of the

model. However, keep in mind that these are just indexing a single vector (or matrix in

the case of θ) to help us stay organized. So when we want to predict neural responses yi to

stimuli xi using the responses of our trained units to the same xi, it is entirely consistent

to consider them as a single vector ui(xi; θ̂), no matter how the units are arranged. The

baseline model I use for this prediction is linear regression:

ỹi = θyui(xi; θ̂), (1.8)

where θ̂ has already been estimated in training the ANN, and θy is optimized to minimize

the mean-squared error between the true and predicted neural responses:

L(yi, ỹi) = (yi − ỹi)
2 (1.9)

Both of the baseline models above consist of two sequential stages of model fitting, each

with their own cost function, and in both cases this implies an assumption that the results

of the first stage of fitting are appropriate for feeding into the second. In chapter 2, this

assumption is that the parameters of single-cell models can be well described by a cluster
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distribution. In chapter 3, it is that a model trained to perform the chosen task will also be

able to predict neural activity. In each chapter, I properly incorporate the assumption into

an integrated model of neural activity, that simultaneously optimizes both of the constituent

cost functions. This is achieved using a novel adaptation of the EM algorithm in chapter 2,

and the auxiliary task framework from machine learning in chapter 3. I show that we can

use these integrated models to more accurately predict data held out from training and more

reliably interpret the fitted parameters (relative to these baseline models). I conclude by

discussing future potential for combining the models presented in chapters 2 and 3, as well

as other assumptions that might be similarly incorporated into models of neural activity.
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Chapter 2

MODELING FUNCTIONAL CELL TYPES IN SPIKE TRAIN DATA

Abstract

A major goal of computational neuroscience is to build accurate models of the activity of neu-

rons that can be used to interpret their function in circuits. Here, we explore using functional

cell types to refine single-cell models by grouping them into functionally relevant classes.

Formally, we define a hierarchical generative model for cell types, single-cell parameters, and

neural responses, and then derive an expectation-maximization algorithm with variational

inference that maximizes the likelihood of the neural recordings. We apply this “simultaneous”

method to estimate cell types and fit single-cell models from simulated data, and find that

it accurately recovers the ground truth parameters. We then apply our approach to in

vitro neural recordings from neurons in mouse primary visual cortex, and find that it yields

improved prediction of single-cell activity. We demonstrate that the discovered cell-type

clusters are well separated and generalizable, and thus amenable to interpretation. We then

compare discovered cluster memberships with locational, morphological, and transcriptomic

data. Our findings reveal the potential to improve models of neural responses by explicitly

allowing for shared functional properties across neurons.

Publication Note

An early version of this work was presented at the NeurIPS 2019 Neuro↔AI Workshop [89],

and this Chapter was published in PLOS Computational Biology [90].

Author Summary

Computational neuroscience has its roots in fitting and interpreting predictive models of the

activity of individual neurons. In recent years, more attention has focused on models of how

ensembles of neurons work together to perform computations. However, fitting these more
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complex models to data is challenging, limiting our ability to use them to understand real

neural systems. One idea that has improved our understanding of populations of neurons

is cell types, where neurons of the same type have similar properties. While the idea of cell

types is old, recent work has focused on functional cell types, where the properties of interest

are derived from fitted predictive models of the activity of single neurons. In this work, we

develop a method that simultaneously fits a predictive model of each neuron’s activity and

groups neurons into functional cell types. Compared to existing techniques, this method

produces more accurate models of single-cell neural activity and better groupings of neurons

into types. This method can thus contribute the use of cell types in better understanding the

components of neural systems based on our increasingly rich observations of their functional

responses.

2.1 Introduction

A primary goal of computational neuroscience is to formulate simplifying assumptions on

neural structure and activity that allow for models that are both tractable to fit to data and

useful for understanding neural systems. One such simplifying assumption that is gaining

traction is that all neurons in the brain belong to a one of a finite number of cell types,

and that neurons of the same type have similar properties. Many studies have sought to

cluster neurons into putative cell types according to properties of their morphology [37], gene

expression [79,80,84], electrophysiology [22,81], and connectivity [47].

We are interested here in functional cell types that group neurons with similar properties

of functional output, which we consider to be their spiking response. Clearly, there is a

strong relationship between this notion and cell types defined on more specific properties of

electrophysiological responses, and potentially transcriptomic and morphological types as well.

However, this functional view of cell types only imputes value to differences between neurons

that are useful in predicting their spiking responses to stimuli. The work of Teeter et al. [81]

took an important step towards identifying functional cell types from electrophysiology data

with a sequential approach. Specifically, these authors fit functional models of single-neuron

responses, and then clustered the resulting parameter estimates. By using functional model

parameters as features to be clustered, these authors explicitly relate functional cell types to
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prediction of neural responses. Like the authors of that work, we believe that this relationship

is crucial to identifying cell types that will help us understand the brain’s function.

The present work has two primary goals: to use the idea of functional cell types to improve

parameter estimates for predictive models of individual neural responses, and to discover the

best possible grouping of cells into types. To meet these twin goals, we develop an approach

that simultaneously estimates single-cell model parameters and cell types (clusters of those

parameters). All of the previous studies on discovering cell types cited above, except [47],

take a sequential approach to defining cell types: they extract features of interest from each

neuron’s data, and then cluster these features using an unsupervised clustering algorithm.

Unlike these sequential approaches, our method allows estimates of each individual neuron’s

parameters to “borrow strength” from other neurons’ data. As we will show, our simultaneous

method leads to more accurate single-cell models and cell-type clusterings than a matched

sequential approach. Even in real-world situations where there are no “ground truth” cell

types, the simultaneous method yields improved prediction of single-cell responses and clusters

that are more robust to the exclusion of different neurons from training, providing validation

for this approach to discovering cell types.

In greater detail, we define a hierarchical generative model of functional cell types, single-

cell parameters, and neural responses. In our model, each neuron belongs to one of several

possible (unknown) functional cell types; the distribution of parameters for that neuron’s

response model is governed by the (unknown) cell type to which it belongs. This is a mixture

model in which each sample is the entire spike train from a single neuron, and the distribution

of this sample, conditional on its cluster membership, requires marginalizing out parameters

of the response model. To fit this hierarchical model, we adapt the expectation-maximization

(EM) algorithm [27] to simultaneously estimate the parameters for each neuron’s response

model and the functional cell types, in order to provide a good fit to the spiking response of

the recorded neurons.

We apply our method to simulated data, as well as to the Allen Cell Types Database

collected by the Allen Institute for Brain Science [1] (also used in [81]). We verify that our

approach accurately recovers the ground truth model underlying a simulated dataset, and

demonstrate that it discovers robust and interpretable cell types that improve prediction of
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neural recordings. In particular, we show that the benefits of applying our method to predict

neural activity depend on the training data in a way that is consistent with the notion of

“borrowing strength”; the improvement is greatest when the training dataset includes more

neurons.

For comparison with the simultaneous method, we use a version of the sequential method

with the same model structure, but where single-cell parameters are first fit, then clustered

into cell types. This comparison reveals the potential improvement of borrowing strength

between neurons.

2.2 Methods

We begin by formalizing the goals of this work, and then detail two approaches to meet

them: a “sequential method,” based on approaches pervading existing cell-types research,

and a “simultaneous method,” our proposed improvement. We then adapt the EM algorithm

for our model in order to estimate the parameters of the model from data, and use the

Bayesian information criterion (BIC) to select hyperparameters. All code used to carry out

the analyses in this paper is available at https://github.com/zdeblick/ClusteredGLMs.

Throughout, we use bold symbols (e.g. xi) to denote vectors where the tth element is

denoted e.g. xi(t), and capital Latin letters to denote natural number constants (N,K, Ti).

We use f(z;µz,Σz) to denote the probability density function of a multivariate Gaussian

distribution, and a hat (e.g. β̂i) to denote an estimate.

2.2.1 Goals

In this work we seek a clustering of neurons into cell types that best explains their functional

(spiking) responses. We consider a dataset of spiking responses to stimuli xi(t), yi(t), t ∈

{1, ..., Ti}, i ∈ {1, ..., N}, where N is the number of neurons, yi(t) is the number of spikes

that the ith neuron fires in the tth time bin, xi(t) is the value of the stimulus to that neuron

in that time bin, and Ti is the duration of that neuron’s recording (in time bins). Our goals

can then be formalized as estimating two quantities from our dataset:
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1. For each neuron, i, . . . , N , parameters β̂i of a predictive model for the ith neuron’s

response, P (yi|xi, β̂i).

2. Functional cell-type assignment of each neuron into one of K types, k̂i ∈ {1, ...,K},

that best capture the distribution of β̂ across all neurons.

We compare two approaches for achieving these goals: a “sequential method” of first

estimating β̂1, . . . , β̂N , and then clustering these point estimates into cell-type assignments;

and a “simultaneous method” that uses an expectation-maximization algorithm to estimate

both β̂i and k̂i in tandem. The sequential method is motivated by the approach of Teeter et

al. [81], although implementation details differ.

2.2.2 Sequential Method

The sequential method defines functional cell types in two steps. In the first step, the data

xi,yi for the ith neuron are fit with a single-cell model, which we describe below, that is

parameterized by some vector of parameters βi. In the second step, the estimated parameters

β̂i are clustered with a Gaussian mixture model. See Algorithm 1.

Single-Cell Model

The goal of the single-cell model is to predict yi from xi, using some learned vector of

parameters βi. We assume the conditional independence of time bins in order to decompose

this probability as follows:

PSC(yi|xi;βi) =

Ti∏
t=1

PSC(yi(t)|yi(1), ..., yi(t− 1), xi(1), ..., xi(t);βi). (2.1)

Here, we use PSC to denote the probability distribution of spiking for a single-cell. While

there are many options for models of single-cell spiking that parameterize this probability, in

this work we use the generalized linear model (GLM) [86], illustrated in Fig 2.1A. Specifically,

we fit a Poisson GLM on a transformed set of covariates:
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yi(t) ∼ Poisson

exp

T stim−1∑
τ=0

βstim
i (τ + 1)x̃i(t− τdstim) +

T self∑
τ=1

βself
i (τ)yi(t− τ) + β0

i

 .

(2.2)

In (2.2):

• βstim
i ∈ RT stim is called the stimulus filter for the ith neuron, as it filters the stimulus

provided to that neuron.

• x̃i(t) =
∑dstim−1

s=0 xi(t−s) is the pre-filtered stimulus, using a rectangular filter of length

dstim. Accordingly, note that the stimulus filter’s coefficients are effectively spaced dstim

time bins apart. The stimuli we will consider vary much more slowly than the timescale

of spiking, and this feature reduces the dimensionality of βstim
i to combat overfitting

by effectively downsampling the stimulus. As such, we refer to dstim as the stimulus

downsampling factor.

• βself
i ∈ RT self is called the self-interaction filter for the ith neuron, as it filters that

neuron’s own history of recent spiking activity.

• β0
i is the offset term for the ith neuron.

• Collectively, βi ≡ [βstim
i ,βself

i , β0
i ]

⊤, yielding a total of dim(βi) = T stim + T self + 1

parameters of the single-cell model. We use these superscripts with many symbols

throughout this document, clarifying the component(s) of βi with which they are

associated (the absence of a superscript corresponds to all of βi).

• We take xi(τ) = yi(τ) = 0 for τ < 1. That is, we zero-pad our data.

When we maximize the corresponding log-likelihood with respect to βi, we include ℓ2

regularization on all parameters except the offset:

β̂i(λ
stim, λself) = argmax

β

{
1

T train
i

logPSC(y
train
i |xtrain

i ;β)−1

2
λstim||βstim||22−

1

2
λself ||βself ||22

}
.

(2.3)
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In (2.3), || · ||2 denotes the ℓ2-norm of a vector, and the superscript “train” indicates that

we are using a training set to fit the parameters βi. This optimization problem is convex.

We solve it with the trust-region Newton-conjugate-gradient algorithm (trust-ncg in the

scikit-learn minimize function [68]).

To select the regularization hyperparameters λstim and λself , we use cross-validation.

That is, each neuron’s data is partitioned into L equally-sized bins of adjacent time-

points, (x1
i , ...,x

L
i ) and (y1

i , ...,y
L
i ). For a logarithmically spaced grid of choices of λstim ∈

[10−7, 1], λself ∈ [10−7, 1], we then compute the cross-validated log-likelihood, averaged over

all data points from all N neurons:

V ALL(λstim, λself) =

N∑
i=1

1

NTi

L∑
l=1

logPSC(y
l
i|xl

i; β̂i(λ
stim, λself)). (2.4)

In (2.4), β̂i(λ
stim, λself) is computed using (2.3), where the other partitions of the data

((x1
i , ...,x

l−1
i ,xl+1

i , ...,xL
i ) and (y1

i , ...,y
l−1
i ,yl+1

i , ...,yL
i )) are used for training.

The λstim, λself that maximize this quantity are selected and used to fit β̂i to all of the

data used for cross-validation (i.e. not including test data).

We choose a Poisson GLM in (2.2) because its log likelihood is convex with respect to its

parameters βi, simplifying estimation. Additionally, the GLM has been widely used to model

single-cell responses (see [65] for a review), and is able to produce a wide variety of spiking

dynamics observed in neural data [87]. The GLM parameters are also relatively amenable to

interpretation: βself
i (τ) (or, respectively, βstim

i (τ + 1)) determines how a spike (the stimulus)

that happened τ time bins in the past affects the probability that the neuron will spike in

the present. Very negative values of βself
i (τ)yi(t− τ) or βstim

i (τ + 1)x̃i(t− τdstim) suppress

spiking at time t; very positive values promote spiking.

Cluster Model

After fitting the single-cell model (2.3), we cluster the fitted self-interaction filters, {β̂self

1 , ..., β̂
self

N },

to produce cell-type assignments for each neuron. See Section S2.2.1 for consideration of the

case where all of {β̂1, ..., β̂N}, including the stimulus filters, are clustered.

To cluster the coefficient estimates, we fit a Gaussian mixture model (GMM) with
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weights πk, means µself
k , and covariances Σself

k , k ∈ {1, ...,K}. The weights must sum to 1

(
∑K

k=1 πk = 1), and additionally we assume that the covariance matrices are diagonal. We

fit the GMM with the GaussianMixture class from scikit-learn [68], enforcing diagonal

covariance matrices (covariance_type=‘diag’), initializing the optimizer with the solution

of K-means clustering (init_params=‘kmeans’), and choosing the best optimization of

those obtained from 20 random initializations (n_init=20). Collectively, we refer to these

parameters of the clustering as ΩK ≡ {π1, ...πK ,µself
1 , ...,µself

K ,Σself
1 , ...,Σself

K }. Thus we write

the clustering as:

Ω̂K ← argmax
ΩK

N∑
i=1

log

K∑
k=1

πkf(β̂
self

i ;µself
k ,Σself

k ). (2.5)

Once we have fit the GMM to the parameter estimates {β̂self

1 , ..., β̂
self

N }, the maximum

likelihood estimate (MLE) for the cell type of each neuron is

k̂i ← argmax
k

π̂kf(β̂
self

i ; µ̂self
k , Σ̂self

k ), i = 1, ..., N. (2.6)

2.2.3 Simultaneous Method

In the simultaneous method, we define a generative model for the data xi(t), yi(t) over

all neurons, given that there are K classes. In this model, the response to stimuli will

be determined by latent variables, which we denote by βi = [βstim
i ,βself

i , β0
i ]

⊤, that are

distributed according to a Gaussian distribution, f(β;µk,Σk), given membership in class k.

Class membership is given by the categorical distribution with parameters π1, ..., πK .

We take {x1, ...,xN} as fixed inputs, and let ΩK = {π1, ..., πK ,µself
1 , ...,µself

K ,Σself
1 , ...,Σself

K }

denote the set of all parameters of the generative model with K classes. We use the same

symbols for the simultaneous and sequential methods to emphasize their shared structure

and facilitate comparisons.

We write the joint likelihood of a combination of latent variables and data for the ith

neuron as

Pjoint(k,β,yi|xi; ΩK) = P (yi|k,β,xi; ΩK)P (β|k,xi; ΩK)P (k|xi; ΩK). (2.7)
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Data: xi(t), yi(t), t = 1, ..., Ti, i = 1, ..., N, K, dstim

Result: Ω̂K ≡ {π̂k, µ̂self
k , Σ̂self

k }, k = 1, ...,K, β̂i, k̂i, i = 1, ...N

/* Step 1: Estimate response model parameters β1, ...,βN */

for a logarithmically spaced grid of λstim, λself do
V ALL(λstim, λself)← 0

for i = 1, ..., N do
Partition the ith neuron’s data into L equally-sized bins of adjacent time

points, (x1
i , ...,x

L
i ) and (y1

i , ...,y
L
i )

for l=1,...,L do
β̂i(λ

stim, λself)←

argmaxβ

{
L

(L−1)Ti

∑
l′ ̸=l logPSC(y

l′
i |xl′

i ;β)− 1
2λ

stim||βstim||22 − 1
2λ

self ||βself ||22
}

.

V ALL(λstim, λself)←

V ALL(λstim, λself) + 1
NTi

logPSC(y
l
i|xl

i; β̂i(λ
stim, λself)).

end

end

end

λ̂stim, λ̂self ← argmaxλstim,λself V ALL(λstim, λself).

β̂i ← argmaxβ logPSC(yi|xi;β) +
1
2 λ̂

stim||βstim||22 + 1
2 λ̂

self ||βself ||22, i = 1, ..., N .

/* Step 2: Cluster estimated βself
i into cell types ki. */

Ω̂K ← argmaxΩK

∏N
i=1

∑K
k=1 πkf(β̂

self

i ;µself
k ,Σself

k ) (Fit a standard GMM)

k̂i ← argmaxk π̂kf(β̂
self

i ; µ̂self
k , Σ̂self

k ), i = 1, ..., N
Algorithm 1: Sequential method.

We then make the following assumptions:

1. P (yi|k,β,xi; ΩK) ≡ PSC(yi|xi;β), where PSC was defined in (2.1) and (2.2). Thus,

the spiking response of the ith neuron given its stimulus and single-cell parameters βi

is conditionally independent of ki and is not a function of ΩK .

2. P (β|k,xi; ΩK) ≡ f(β;µk,Σk), so that the single-cell parameters for the ith neuron are
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independent of xi.

3. The matrix Σk is diagonal for k = 1, ...,K, so that the elements of βi are mutually

independent, given ki.

4. P (k|xi; ΩK) = P (k; ΩK) ≡ πk. Thus the cluster label for the ith neuron is independent

of xi,µk, and Σk.

With these assumptions, we re-write (2.7) as

Pjoint(k,β,yi|xi; ΩK) = PSC(yi|xi;β)f(β;µk,Σk)πk. (2.8)

Recalling that we used superscripts to represent the components of βi ≡ [βstim
i ,βself

i , β0
i ]

⊤,

we denote the components of the cluster means as µk = [µstim
k ,µself

k , µ0
k]

⊤, and likewise for the

covariances, with Σstim
k ,Σself

k , (σ0
k)

2 diagonally stacked to form Σk (recall that Σk is diagonal).

As with the sequential method, we assume that βstim
i and β0

i are independent of the

cell type ki. (See Section S2.2.1 for the case where all parameters are cell-type-dependent.)

Specifically:

• µstim
1 = ... = µstim

K = 0, Σstim
1 = ... = Σstim

K = (1/λstim) ∗ I. This amounts to applying

ℓ2 regularization to the stimulus filters, as in the sequential method.

• The prior for β0
i , f(β

0
i ;µ

0
k, (σ

0
k)

2), is flat. That is, no regularization is applied to the

offset term; we can think of this as taking (σ0
k)

2 →∞.

Thus (2.8) may be further factorized as

Pjoint(k,β,yi|xi; ΩK) ∝ PSC(yi|xi;β)f(β
stim
i ; 0, (1/λstim) ∗ I)f(βself

i ;µself
k ,Σself

k )πk. (2.9)

This hierarchical model has two hyperparameters, K and λstim, a set of global parameters

describing the cell types, ΩK , and latent variables for the ith neuron, ki and βi. Note that

there is no λself hyperparameter for ℓ2 regularization of βself
i with a Gaussian prior, as the

the clustering induces regularization on these parameters.
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To obtain the likelihood of the data, we marginalize over the latent variables:

P (yi|xi; ΩK) =

K∑
k=1

∫
Pjoint(k,β,yi|xi; ΩK)dβ. (2.10)

We further assume that the spiking activity of each neuron is independent, and so the

likelihood of an entire dataset is simply a product over neurons:

P (y1, ...,yN |x1, ...,xN ; ΩK) =

N∏
i=1

P (yi|xi; ΩK). (2.11)

EM Algorithm

We adapt the expectation-maximization (EM) algorithm [27] for the generative model in

(2.9) to find the MLE of ΩK ,

Ω∗
K = argmax

ΩK

P (y1, ...,yN |x1, ...,xN ; ΩK) (2.12)

(see (2.11)). Each yi and xi correspond to a single independent neuron (each yi is a

sample, in common EM language), with associated latent variables ki and βi; the global

parameters of our model are ΩK .

We outline the two steps of the EM algorithm here, and unpack them in detail in Section

S2.1:

• E-step: for i = 1, ..., N , we compute the posterior distribution over latent variables

ki,βi, given the data and the current estimate of global parameters Ω̂K . We call this

Qi(k,β):

Qi(k,β) ≡ P (k,β|xi,yi; Ω̂K)

=
Pjoint(k,β,yi|xi; Ω̂K)

P (yi|xi; Ω̂K)
=

Pjoint(k,β,yi|xi; Ω̂K)∑K
k=1

∫
Pjoint(k,β,yi|xi; Ω̂K)dβ

. (2.13)

Due to the complexity of the denominator of the right hand side of (2.13), we cannot

compute the right-hand side exactly. Therefore we employ a weighted Gaussian

approximation for Pjoint(k,β,yi|xi; Ω̂K):
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A

B

Figure 2.1: Diagrams of models fitted to spiking data. A: The Poisson GLM (2.2) used

to model the spiking response of a single neuron. B: The generative model (2.11) for the

simultaneous method.
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Pjoint(k,β,yi|xi; Ω̂K) ≈ Zi,kf(β;mi,k, ci,k). (2.14)

This approximation allows us to simplify (2.13) as follows:

Pjoint(k,β,yi|xi; Ω̂K)∑K
k=1

∫
Pjoint(k,β,yi|xi; Ω̂K)dβ

≈
Zi,kf(β;mi,k, ci,k)∑K

k=1

∫
Zi,kf(β;mi,k, ci,k)dβ

=
Zi,k∑K
k=1 Zi,k

f(β;mi,k, ci,k). (2.15)

The normalized weights Zi,k∑K
k=1 Zi,k

appear repeatedly in what follows, so we denote them

Z̃i,k ≡
Zi,k∑K
k=1 Zi,k

. (2.16)

This, along with (2.13) and (2.15), allows us to write

Qi(k,β) ≈ Z̃i,kf(β;mi,k, ci,k). (2.17)

Our E-step now consists of finding the optimal Zi,k,mi,k, ci,k to make the approximation

in (2.17) as good as possible (more detail in Section S2.1.1). We note that many other

approximations may be suitable here, such as mean field variational inference [11], but

have chosen this one for its simplicity and the low computational cost of the resulting

algorithm (see Section S2.1.3 for details).

• M-step: update the estimate of the global parameters Ω̂K by maximizing an approxi-

mation to a lower bound on log(P (y1, ...,yN |x1, ...,xN , Ω̂K)):

Ω̂K = argmax
ΩK

N∑
i=1

K∑
k=1

∫
Z̃i,kf(β;mi,k, ci,k) logPjoint(k,β,yi|xi; ΩK)dβ. (2.18)
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Latent Variable Estimates Once the EM algorithm has converged to a final point estimate

of ΩK , which we denote Ω∗
K , we may also want to compute point estimates of ki and βi. While

it is tempting to estimate both simultaneously as (k̂i, β̂i) = argmaxk,β Pjoint(k,β,yi|xi; Ω
∗
K),

this approach will tend to assign neurons to clusters with smaller estimated variances.

Instead, we estimate ki for each neuron by maximizing the likelihood with βi marginalized

out:

k̂i = argmax
k

∫
Pjoint(k,β,yi|xi; Ω

∗
K)dβ ≈ argmax

k

∫
Zi,kf(β;mi,k, ci,k)dβ

= argmax
k

Zi,k. (2.19)

After estimating ki, we estimate β̂i by maximizing the likelihood with respect to it,

β̂i = argmax
β

Pjoint(k̂i,β,yi|xi; Ω
∗
K) ≈ argmax

β
Zi,k̂i

f(β;mi,k̂i
, ci,k̂i)

= mi,k̂i
. (2.20)

Summary of EM algorithm The overall EM algorithm is spelled out in Algorithm 2.

We perform this algorithm 20 times from different random initializations and use the results

from the optimization with the lowest loss (see Section 2.2.4). This choice mirrors that used

for the sequential method (see Section 2.2.2). We also note that the initialization of the

cluster parameters (ΩK ← GMM fit to β̂1, ..., β̂N ) uses the same settings as for the sequential

method, except that only 10 random initializations are used.

2.2.4 Model Selection

Since the true value of K is generally unknown, we consider two separate criteria for

estimating K̂, as well as the other hyperparameter λ̂stim for the simultaneous method:

Bayesian information criterion (BIC) and cross-validation log-likelihood on held-out neurons

(CVLL, considered in Section S2.5.1). For the simultaneous method, both criteria are applied

to the approximate marginal log-likelihood for the hierarchical model, LLi ≡ log
∑K

k=1 Zi,k ≈

logP (yi|xi; Ω̂k), as computed in (S2.3). For the sequential method, both criteria are applied
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Data: xi(t),yi(t) for t = 1, ..., Ti, i = 1, ..., N, K, dstim

Result: π̂k, µ̂k, Σ̂k for k = 1, ...,K, k̂i, β̂i for i = 1, ..., N

For i ∈ {1, . . . , N}, β̂i ← argmaxβ P (yi|xi,β), using (2.2)

ΩK ← GMM fit to β̂1, ..., β̂N

repeat

/* E-Step: approximate distributions over latent variables ki,βi */

for i = 1, ..., N do
mi,k = argmaxβ logPjoint(k,β,yi|xi; ΩK) k = 1, ...,K

c−1
i,k = −diag(∇2

β logPjoint(k,β,yi|xi; ΩK))
∣∣
β=mi,k

k = 1, ...,K

Zi,k ← Pjoint(k,β,yi|xi; ΩK)
∣∣
β=mi,k

√
(2π)dim(β)|ci,k| k = 1, ...,K

Z̃i,k ← Zi,k/
∑K

k′=1 Zi,k′ k = 1, ...,K

end

/* M-Step: update estimates of global parameters π̂k, µ̂k, Σ̂k */

for k = 1, ...,K do
π̂k ← 1

N

∑N
i=1 Z̃i,k

µ̂self
k ←

∑N
i=1 Z̃i,km

self
i,k∑N

i=1 Z̃i,k

Σ̂self
k ←

∑N
i=1 Z̃i,kdiag(c

self
i,k +mself

i,k mself⊤
i,k −µ̂self

k µ̂self⊤
k )∑N

i=1 Z̃i,k

end

until convergence;

k̂i ← argmaxk Z̃i,k, i = 1, ..., N

β̂i ←mi,k̂i
, i = 1, ..., N

Algorithm 2: EM algorithm for simultaneous model. See Sections S2.1.1 and S2.1.2 for

detailed derivations of each step.

to the GMM log-likelihood, LLi ≡ log
∑K

k=1 π̂kf(β̂i; µ̂k, Σ̂k). (The λ hyperparameters were

already selected using (2.4).) Both BIC and CVLL are evaluated for a range of K (and λstim

for the simultaneous method), to select the optimal set of hyperparameters.

We use the following heuristic for BIC:
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BIC =

N∑
i=1

LLi −
dof(Ω̂K)

2
log(N). (2.21)

Above, dof(Ω̂K) is the number of degrees of freedom in Ω̂K , equal to dof({π̂k}) +

dof({Σ̂k}) + dof({µ̂k}) = K − 1 +K ∗ T self +K ∗ T self = K ∗ (2 ∗ T self + 1)− 1 (recall that∑K
k=1 π̂k = 1 and that each Σ̂k is diagonal).

We note here that these model selection criteria assume a specific form of model, and

thus do not admit direct comparisons between the simultaneous and sequential methods, or

with the alternative model we consider in Section S2.2. All plots displaying model criteria

are normalized so that the best value attained is at 0 to facilitate judging the scale of the

plot. All direct comparisons between methods must therefore rely on the evaluation metrics

we consider in the following Section.

2.2.5 Evaluation Metrics

Throughout the results, we use several metrics to assess how accurately each method estimates

clustering and parameters.

To assess clustering, we use the adjusted Rand score (ARS) (see [60] 25.1.2.2), which

compares two labelings of a set of neurons. The ARS is symmetric in its inputs, equals 1 if

the two labelings agree perfectly, and equals 0 if the two labelings are as similar as expected

by chance. In Section 2.3.1, we compute ARS to compare estimated clusters to ground truth

labels of simulated data. In Section 2.3.2, we use ARS to compare two sets of estimated

clusters, obtained using two different sets of training neurons. This gives us a measure of

how robust the clustering is to the inclusion or exclusion of subsets of neurons from training.

To assess accuracy of parameter estimation, we use the root-mean-squared error (RMS),√
1

T stim

∑T stim

t=1 (βstim(t)− β̂stim(t))2, when ground truth is available. For the self-interaction

filter, we exclude coefficients whose true value is less than −4, as parameter inaccuracies in

this regime have a minimal effect on the likelihood.

When the ground truth is not available, we use two separate metrics to evaluate GLM

parameter estimates for a given neuron based on how well they explain held-out test data.

We use the average negative log-likelihood (ANLL) to evaluate the performance of each GLM
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on test data, in terms of the same quantity that was used to train it,

ANLLi ≡ −
1

T test
i

log(PSC(y
test
i |xtest

i ; β̂i)). (2.22)

We also compute the explained variance ratio (EVratio), following [81]. To compute

EVratio, we require that the test data consists of neural responses to repeated presentations

of a single stimulus waveform. Calculating the EVratio for the parameter estimate of a given

neuron then consists of three steps:

1. Simulate the response of a GLM with the estimated parameters to the test stimulus.

Because our model is stochastic, we simulate a large number (3000) of responses by

repeatedly sampling from (2.2), and average the simulated spike trains to produce the

average model prediction.

2. Smooth the spiking response to each presentation of the test stimulus, as well as the

average model prediction, with a Gaussian kernel with a standard deviation of 10ms.

We refer to the neuron’s smoothed response to the jth of P presentations of the test

stimulus as stPSTHj , which is an abbreviation for single peristimulus time histogram.

We average these quantities to obtain the smoothed average response, defined as

PSTHD ≡ 1
P

∑P
j=1 stPSTHj . We let PSTHM denote the smoothed average model

prediction.

3. Define EVratio as the ratio of the trial averaged explained variance between PSTHM

and stPSTHj to that between PSTHD and stPSTHj. That is,

EVratio =

∑P
j=1EV (stPSTHj , PSTHM )∑P
j=1EV (stPSTHj , PSTHD)

, (2.23)

where

EV (PSTH1, PSTH2) =
var(PSTH1) + var(PSTH2)− var(PSTH1 − PSTH2)

var(PSTH1) + var(PSTH2)
.

(2.24)
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Note that (2.24) will equal 1 if PSTH1 = PSTH2, and will equal zero if PSTH1 and

PSTH2 are independent; it can be seen as the scaled covariance across time points between

the PSTH1 and PSTH2. A very high value of EVratio (near 1) would thus indicate that the

average model prediction covaries across time with the individual trial responses almost as

well as the trial-averaged response (and thus that the model fits the data well); a very low

value (near 0) would indicate that the average model prediction has low covariance with the

individual trial responses.

2.3 Results

In Section 2.2, we detailed two methods to identify cell types from neural spiking responses,

the sequential approach and our simultaneous approach. The sequential approach consists

of individually tuning the parameters of a generalized linear model (GLM, Section 2.2.2)

to fit each neuron’s responses and then clustering those parameters (Section 2.2.2). The

simultaneous approach makes use of a hierarchical probabilistic framework to simultaneously

estimate both the GLM parameters and their cluster labels (Section 2.2.3). Crucially, the

simultaneous approach “borrows strength” from other neurons’ data, allowing for improved

estimates of the GLM parameters, in addition to improved estimates of cell types.

In this section, we first demonstrate that the simultaneous method recovers the ground

truth parameters used to generate simulated data (Section 2.3.1). We then apply it to the

Allen Cell Types Database collected by the Allen Institute for Brain Science [1] (Section

2.3.2). Specifically, we model the spiking response of chemically-isolated neurons in mouse

primary visual cortex to an injected pink noise current. This dataset provides an excellent

benchmark for these methods, as it contains large amounts of high-quality data collected

from many different neurons.

Importantly, these neurons were chosen from a variety of different transgenic lines in an

attempt to sample a diverse set of cells that will be useful for characterizing cell types. To

this end, the transgenic line of each recorded neuron has been made available in the dataset,

as well as information about the cell’s location and morphology. This enables us to compare

the putative cell types we extract to these other recorded properties of neurons, (Section

2.3.2, see [81] for a similar analysis on the same data).
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We demonstrate that our novel simultaneous method produces single-cell models that

generally predict spiking responses in the Allen Cell Types Database better than individually

fitted models. We further show that the choice of metric used to quantify this improvement

leads to different implications regarding which neurons’ models are most improved, and how

the improvement scales with the number of neurons and amount of data used per neuron.

We demonstrate that the clusters of Allen Cell Types Database neurons discovered by our

simultaneous method have properties that generally make them amenable to interpretation.

We also interpret the discovered clusters by comparing membership in each with the available

information about each cell’s transgenic line, location, and morphology. For all of these

analyses, we use the sequential method and its individually fit GLMs for comparison.

Throughout, we fix the dimensions of βstim
i and βself

i to T stim = 10 and T self = 20,

respectively, and use a downsampling factor of dstim = 5 for stimulus filters. We use 2 ms

time bins, so this corresponds to filtering the last 40 ms of spiking history and the last 100

ms of stimulus.

2.3.1 Application to simulated datasets shows that the simultaneous method

accurately recovers ground truth parameters

First, we compare how well each method recovers the true parameters of a generative model

from simulated data. To create these data, we use the same stimuli that were presented in the

Allen Cell Types Database, and simulate responses of GLMs with identical, fixed stimulus

filters βstim
i and offsets β0

i = −5, and with self-interaction filters βself
i sampled from a GMM

with equal cluster sizes π1 = · · · = πK (for simplicity we just simulate 40 neurons per cluster)

and fixed µself
k (see Fig 2.2A,B for fixed parameters, Section S2.4 for more details). We vary

the number of clusters K and the within-cluster variance σ2 (σ2I = Σself
k , ∀k ∈ {1, ...,K}).

We fit the simultaneous and sequential methods to the data, and then plot several accuracy

metrics for σ ∈ [10−2, 10−5/6]. We use an “oracle” approach to determine the hyperparameters

for both methods, using the K that was used to generate the data, and λ hyperparameters

that most accurately recover β (by RMS, see Section 2.2.5) on 10 held-out “oracle” datasets.

Because only the sequential method applies ℓ2 regularization to self-interaction filters, those
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estimates particularly are biased towards 0 (for example, see Fig 2.2B), especially for very

negative filter coefficients. However, the exact magnitude of such negative coefficients does

not affect the GLM’s spiking likelihood much, so we exclude these coefficient estimates from

measures of self-interaction filter accuracy (see Section 2.2.5 for details).

Our simultaneous method outperforms the sequential method in terms of clustering

accuracy (Fig 2.2C), recovery of single-cell parameters βstim
i (Fig 2.2D) and βself

i (Fig 2.2E),

and estimation of within-cluster variance (Fig 2.2F). Note that as σ → 0, the estimated

cluster spread saturates, reflecting the width of the posterior distribution of the clustered

GLM parameters βself
i . This saturating value is about

√
40 times lower for the simultaneous

method because it essentially pools the data across all 40 simulated neurons in each cluster

to estimate the posterior for a single one. These results demonstrate that, by borrowing

strength across neurons, the simultaneous method provides better estimates of single-cell

model parameters and cell types.

To determine how well each method can recover the true K, we evaluate the Bayesian

information criterion (BIC) for both methods (Fig 2.3, see Section S2.5.1 for validation loss

on held-out neurons). Here we use oracle to select the λ hyperparameters, but fit models

with K = 1, ..., 8 and select the value of K with the highest BIC (see Section 2.2.4). We see

in Fig 2.3 that the simultaneous method is better able to recover the true number of clusters.

2.3.2 Application to neural data shows that the simultaneous method is a useful

tool for modeling and understanding real neural data

To evaluate the simultaneous method on neural data, we apply Algorithm 2 to spiking data

recorded from 634 cells in mouse primary visual cortex (Allen Cell Types Database [1],

region ‘VISp’). These spikes are in response to repeated current injections of pink noise

stimuli. Across the entire dataset, only two specific instantiations of pink noise are used,

which we refer to as “Noise 1” and “Noise 2”; we selected only cells that received at least

three presentations of both, and were labeled with a transgenic cre-line. In order to evaluate

how well our method generalizes to new stimuli, all fitting and model selection was done on

Noise 1 stimuli, and Noise 2 stimuli were withheld for testing. In applying Algorithm 1, we
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A B

C D

E F

Figure 2.2: Performance of sequential and simultaneous methods on simulated

data.

A: The true stimulus filter βstim
i for each simulated neuron.

B: The true cluster means µself
k used to generate simulated datasets, and those estimated by

the sequential and simultaneous methods, µ̂self
k , fit with the correct K = 5.

C-F: Mean ± SEM over 50 simulated datasets of accuracy measures, as a function of σ

and shown for both K = 3 and K = 5. When K = 3, the three clusters with leftmost

µself
k in panel B are used. For each condition (K and σ) and for each measure of accuracy,

the simultaneous method’s performance is statistically significantly better than that of the

sequential method, except for ARS with K = 3 and σ = 10−5/6 (evaluated using the Wilcoxon

signed rank test: uncorrected P-value<0.002).
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A B

Figure 2.3: Model selection of K̂. Frequencies of K̂ estimated via Bayesian information

criterion over 50 simulated datasets with the same µk as in Fig 2.2, and σ = 10−2 (A) or

10−5/6 (B), the maximum value that does not result in degenerate simulations. Black lines

indicate the true value of K. The summary below each plot reports the mean ± SEM of the

estimated value of K̂ across the 50 datasets, for each value of K and each method.

partitioned each neuron’s data into equally-sized bins of adjacent time points so that each

element of the partition contains a separate presentation of the Noise 1 stimulus.

We used BIC to perform model selection with the simultaneous method, selecting K̂ = 12

(Fig 2.4A, see Section S2.5.1 for model selection using cross-validation on held-out neurons).

The discovered cell types are distinct, have smoothed self-interaction filters, and suggest

different computational roles for some of the types, as their self-interaction filters have

qualitatively different shapes (Fig 2.4B).

We compare these results to those obtained from individually fitting GLM models for each

neuron and then clustering those models’ self-interaction filters βself
i (the sequential method).

The GLM models are fitted with an ℓ2 regularization, with hyperparameters selected using

cross-validation, where individual presentations of the stimulus are used to define the partition

of time bins (see (2.4)). Autocorrelations of the residuals (after subtracting the smoothed

trial average) indicated very low temporal correlations and the trial correlations of residuals

were low for the majority of cells. We find that the estimated K̂ is much higher, at least 19

(Fig 2.4C). The resulting cluster centers for the K = 12 (same K as Fig 2.4B) are all bunched

on top of each other near 0 and have higher variances (Fig 2.4D). We hypothesize that this
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difference arises from the simultaneous method’s ability to borrow strength across different

neurons in the same cluster, pulling their parameters closer together toward an improved

estimate of their center. By contrast, the sequential method weakly pulls all parameter

estimates into a region near 0 with its standard ℓ2 penalty, and then fits highly overlapping

clusters that are densely packed to fill this region. The cluster weights, πk, shown in the

legend, also support this description: the simultaneous method’s clusters have much more

variable weights (<0.03-0.2), as well as shapes, compared to the sequential method’s (weights

0.06-0.13).

Generalization performance demonstrates improved parameter estimates

In order to demonstrate that the differences in parameter estimates between the simultaneous

and sequential methods reflect meaningful differences in the descriptions of the underlying

biological system, we show that the simultaneous method generalizes better to held-out data.

We examine two types of generalization to assess how well each method accomplishes each

goal (Section 2.2.1): namely, generalization to held-out time bins and to held-out neurons.

Without knowledge of ground truth single-cell parameters or cell types, this is the best

assessment we can make of each method’s accuracy. To accomplish this, we partition the

neurons into four sets, using each in turn for evaluation after fitting and performing model

selection with BIC on the other three, in addition to withholding Noise 2 responses from

training.

The simultaneous method discovers individual parameters for each neuron β̂i (2.20)

that allow for better prediction of the held-out responses to Noise 2 than those found by

the sequential method (2.3). We measure this using each fitted GLM’s average negative

log-likelihood (ANLL) of the held-out data ((2.22), Fig 2.5A), as well as its explained variance

ratio, (EVratio, how well the mean smoothed model prediction captures the variability in

smoothed spike trains across trials, relative to the true cross-trial mean, see (2.23), Fig 2.5C).

Likewise, we use ARS to measure stability of the cluster assignments k̂i when each of the

folds of neurons are held-out from training, and find that the simultaneous method generally

finds more stable clusters (positive values in the cells of Fig 2.5F).
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A B

C D

Figure 2.4: Allen Cell Types Database: The simultaneous method explains the

data with a smaller number of less overlapping clusters. A: BIC for the simultaneous

method over a range of K; BIC determines K̂ = 12 as optimal. Each dot reports the

result of running Algorithm 2 from a different random initialization. B: Cluster centers

µk of self-interaction filters fit to data using the simultaneous method; shaded region is

±
√

diag(Σk). Only the 9 clusters with at least 20 neurons are shown from the model with

BIC-selected K = 12. C: By contrast, the standard BIC of a GMM fit to individually fitted

self-interaction filters (the sequential method) suggests an optimal K̂ of at least 19. Each dot

reports the result of performing the GMM fit, (2.5), from a different random initialization.

D: The clusters of self-interaction filters with at least 20 neurons found by the sequential

approach with K = 12 are bunched up closer to the origin, such that the clusters overlap

significantly.

Next, we restricted our analysis to subsets of training trials and subsets of neurons. Recall

that each presentation of the Noise 1 stimulus was applied at least three times; we subset
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the trials so that exactly one, two, or three presentations of Noise 1 was retained per neuron.

Furthermore, earlier we split the neurons into four folds and fit the model on three of the

four folds; here we instead fit the model on only one, two, or three of the four folds. Finally,

we used all Noise 2 presentations for all of the remaining folds as test data.

We find that the relative improvement of the simultaneous method is greater when data

from more neurons is used (Fig 2.5B, D, and F, although not significantly in F). This has

a simple interpretation: providing more neurons allows for more borrowing of strength to

improve parameter estimates, and thus improves all generalization measures.

The results of varying the number of stimulus presentations per neuron are more ambiguous:

ARS benefits the most from the use of the simultaneous method rather than the sequential

method when there are fewer presentations, ANLL when there are more, and effects for

EVratio are not significant. These discrepancies can be linked to the observation that different

populations of neurons are responsible for the improvement of each metric between methods

(Fig 2.5E). Neurons with fewer spikes in their response will naturally have a good ANLL (see

Fig 2.5A; it is easy to predict zero spikes) and bad EVratio (see Fig 2.5C; the inter-spike

intervals are very high, so relative jitter in predicted spikes hurts more). Therefore, the

simultaneous method improves the EVratio of these neurons the most, while it improves the

ANLL of those with many spikes the most, as in each case those neurons leave the most room

for improvement. Given that different populations of neurons are responsible for changes in

ANLL and EVratio, it is no surprise that these metrics scale differently with the number of

presentations used for training. One potential reason for this is that one of these populations

may have a less variable response to the repeated stimulus, yielding a narrower posterior over

GLM parameters, than the other. ARS is not computed on a neuron-by-neuron basis, so we

cannot easily attribute its difference in scaling to a different population of neurons, but it

is clearly assessing performance in a very different way than ANLL and EVratio. Together,

these results show that the choice of evaluation metric can drastically affect conclusions about

model performance and how it scales with dataset sizes, suggesting that the best practice is

to consider many metrics, as we do here.

Additional details about Fig 2.5 are provided in Section S2.3.
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Figure 2.5: Allen Cell Types Database generalization performance: the simultane-

ous method produces single-cell models and clusterings that generalize better,

especially when fitted to more neurons. Additional details about this figure are available

in Section C in S2.3.

A: ANLL (lower is better) for each held-out neuron’s single-cell model, evaluated on responses

to the test stimulus (Noise 2), using the MAP β̂i (2.20) of the simultaneous method with

(hyper)parameters K,λstim, Ω̂K estimated from the training neurons, versus those found by

the sequential method. Color encodes number of spikes for each neuron in the evaluation

data.

B: Median relative difference between methods in ANLL of held-out neurons, evaluated on

responses to the test stimulus, as a function of how many neurons and how much data from

each were used in training (more negative values indicate that the simultaneous method is

better). White asterisks indicate a significant relative difference; white bars indicate adjacent

cases of training data subselection where the relative differences were significantly different.

Differences pooled across all vertically (horizontally) adjacent conditions showed a significant,

p = 3 × 10−4, (p = 5 × 10−26) trend, with more presentations (neurons) yielding greater

improvement by the simultaneous method.

C: Same analysis as A, but with EVratio (see (2.23); higher values indicate that the simulta-

neous method is better).

D: Same analysis as B, but with EVratio. Pooled vertical differences showed no significant

trend (p > 0.1); horizontal differences showed a significant (p = 5× 10−3) trend, with more

neurons yielding greater improvement by the simultaneous method.

E: Relative differences between methods of EVratio (shown in C) versus ANLL (shown in A);

color encodes number of spikes. Neurons with many (few) spikes show only improved ANLL

(EVratio) in the simultaneous method.

F: Same analysis as B, but for the similarity of cluster assignments k̂i between model fits

with different held-out neurons, measured by ARS (more positive values indicate that the

simultaneous method is better). Pooled vertical differences showed a significant (p = 5×10−2)

trend, with fewer presentations yielding greater improvement by the simultaneous method;

horizontal differences showed no significant trend (p > 0.1).
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Comparison to metadata suggests relationships between discovered cell types

and measured genetic and anatomical properties of neurons

The Allen Cell Types Database contains limited morphological, locational, and transcriptomic

information about each cell in addition to the electrophysiological recordings. We will now

investigate whether the electrophysiological cell types that we discover are related to these

metadata, in the same spirit as [79] and [81]. Note, however, that these metadata do not

constitute a “ground truth” for functional cell types as we have defined them: they merely

provide different dimensions along which neurons can be clustered; any similarities (or

lack thereof) between discovered types and the metadata do not suggest better or worse

performance of the clustering algorithm. However, as none of the metadata is supplied to

either clustering algorithm, any similarities that do exist may provide insights into how

functional properties of cells relate to morphological, transcriptomic, or location factors.

Many metadata labels belonged to certain clusters discovered by the simultaneous method

much more or less often than expected by chance: namely, dendrite types, most transgenic

lines, and some cortical layers (Fig 2.6A). Dendrite types and especially cortical layer reflect

a quantization of an inherently continuous variable, and accordingly these plots display a

horizontal gradient, which is to be expected if each cluster ID has some spread in distribution

over the underlying continuous variable. It is worth noting that many columns (attributes)

display a vertical gradient (cluster IDs are ordered by the mean values of their estimated

self-interaction filters so that
∑T self

t=1 µ̂self
1 (t) > · · · >

∑T self

t=1 µ̂self
K (t), and used in Figs 2.4B

and D and 2.6). This is consistent with the reality that our notion of cell types is also a

quantization of an inherently continuous space. Both such quantizations, however, can be

useful - for example, certain layers (2/3, 4, and 6b) and transgenic lines (Pvalb, Tlx3, and

many others to a lesser extent) are strongly overrepresented in a very small number of clusters

and strongly underrepresented in the others. These results suggest that there are meaningful

relationships between the functional cell types discovered by our method and these genetic

and anatomical factors, beyond what would be expected if cells were uniformly distributed

throughout the continuous spaces of functional parameters, dendrite density, depth, and

transgenic expression.
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Results obtained using the sequential method’s clusters are generally similar, albeit

reflecting differences in cluster structure seen in Fig 2.4. Because the cluster means are

relatively bunched, the ordering of their indices,
∑T self

t=1 µ̂self
1 (t) > · · · >

∑T self

t=1 µ̂self
K (t), is

messier than that of the simultaneous method, limiting our ability to observe the vertical

gradients described above.

We see from Fig 2.6 that certain attributes tend to be characterized by a small number

of clusters in both the simultaneous and sequential methods. For example, neurons in the

Pvalb cre line tend to be assigned to clusters 0 and 1 by the simultaneous method, and to

clusters 0 and 4 by the sequential method.

2.4 Discussion

In this work, we leverage a hierarchical probabilistic framework to advance our ability to

identify cell types from neural responses and improve our models of individual neurons.

We find that, even applied to relatively noiseless in vitro recordings, our method provides

substantial gains over independently fit single-cell models, in terms of its ability to predict the

response to a held-out stimulus. We demonstrated that these gains increase as our method is

applied to datasets of increasingly many neurons, and highlighted the importance of using

multiple evaluation metrics. Compared to clustering individually fitted neuron models, our

method discovers cell types that are more robust to the exclusion of different groups of

neurons from training, are more amenable to interpretation, and reveal trends of scientific

interest in terms of correlations between cluster membership and other information available

about each neuron.

We argue that these improvements stem from the simultaneous method’s ability to “borrow

strength” between the spike trains of different neurons. That is, while both approaches can

be thought of as applying regularization to the estimation of single-cell parameters for each

neuron, β̂i, in the simultaneous case this regularization is informed by the spiking responses

of other neurons, bringing more data to bear on the estimation problem.

Compared with using sequential approaches that separately fit single neuron models

and then cluster their parameters, using this hierarchical generative model framework

requires more advanced statistical methods for parameter estimation and model selection.
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A: Simultaneous

B: Sequential

Figure 2.6: Allen Cell Types Database metadata is related to discovered cell types.

Z-scored fraction of cells with an attribute in each cluster. Cluster identities in panel A

(B) are the same as in Fig 2.4B (D), obtained using the simultaneous (sequential) method

(fitted with BIC-selected K = 12 clusters, showing only clusters with at least 20 neurons).

Attributes are spiny or aspiny dendrites, location (hemisphere and cortical layer), and Cre

line. Z-scores are calculated as Z(a)
i = (p̂

(a)
i − p̂i)/

√
p̂
(a)
i (1− p̂

(a)
i )/N (a) + p̂i(1− p̂i)/N , where

p̂i is the empirical probability that a cell is in cluster i and p̂
(a)
i is the empirical probability

that a cell with attribute a is in cluster i, N is the number of cells, and N (a) is the number

of cells with attribute a.

However, appropriate choices of models and approximations allow for tractable and improved

parameter estimation. We make particular choices for the single-cell response model (GLM),

which parameters are related to cell type (self-interaction filters, βself
i ), and how (normal

distribution), but our algorithm can generalize to any choices for these. However, these

choices, along with the choice to use a Gaussian approximation for variational inference,
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allow for a simpler, faster algorithm that can make use of off-the-shelf convex optimizers.

Overall, our method provides an unsupervised approach to the categorization of dynamical

properties that differ among neurons. This approach complements well-established dynamical

categories such as “Type I” and “Type II” neurons, as discussed in e.g. [31, 45, 73] that

are established based on mathematical properties of their underlying differential equations

models: specifically, the bifurcation that leads to a neuron’s spiking. An interesting avenue

for future work would be to compare these categories with what we find with the present

approach.

Hierarchical generative models can easily be modified to incorporate multimodal data

(as in [47]), so long as appropriate distributions for each modality can be specified. Thus

our method could be used to identify multimodal cell types in terms of their transcriptomic

and/or morphological properties as well as their functional ones, as an alternate approach to

previous work ( [34, 36]). Indeed, our approach can be easily applied to clustering problems

outside of neuroscience, whenever there exists a cluster structure among individual entities,

and each entity generates many samples of data, requiring only a change of how the data is

described by a GLM.

That our approach provides the greatest performance improvements with data from

many neurons may make it well-suited for application to in vivo recordings of brain activity.

Modern recording technologies allow experimenters to simultaneously measure the activity of

hundreds to thousands of neurons at a time. However, the noise inherent to the data and the

effect of unmeasured inputs on in vivo activity limit the accuracy of fitted parameters of

single-cell neural dynamical models. In this work, our simultaneous method improves the

accuracy of fitted parameters, suggesting that it may be able to overcome these challenges.

Applying this algorithm to in vivo neural recordings is an exciting avenue for future work.

This would require expanding the framework to include connections between observed neurons

and noisy inputs from unobserved ones. There has been much research on cell-type-specific

connectivity suggesting that certain types are more likely to synapse on each other, and

affect each other in stereotyped ways [10, 12, 21, 46, 78]. Including aspects of connectivity

and/or noisy inputs with the cell-type-specific parameters β may thus lead to improved

estimates of network effects on neural activity. For example, Jonas and Kording use a similar
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generative model and simultaneous approach that predicts connectivity between cells as

well as data about each cell’s position [47]. Although their method was applied to data

about measured anatomical connectivity, such approaches could be modified to work with

inferred connectivity instead. Given the long-term goal of identifying functional cell types

from in vivo data, using this method to identify cell types according to inferred intrinsic

electrophysiological parameters together with inferred connectivity parameters is a promising

direction.

Such network models with functional cell types that such an algorithm may produce

can complement the growing body of theoretical literature regarding such networks [3, 29].

Such work provides ideas about how to interpret cell-type-specific properties and interactions

that our method may discover in the context of a neural circuit; in return, our method’s

discovery of cell-type structure in neural data would highlight the biological relevance of such

theoretical work.
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Chapter S2

SUPPLEMENTARY INFORMATION FOR MODELING FUNCTIONAL
CELL TYPES IN SPIKE TRAIN DATA

Code Availability All code used in this study is available at

https://github.com/zdeblick/ClusteredGLMs.

S2.1 Extended EM Methods

Here we provide a more detailed account of how our adapted EM algorithm fits our hierarchical

generative model (2.11) to data.

S2.1.1 E-Step

Our expectation (E) step consists of finding the Zi,k,mi,k, ci,k that best approximate the

posterior distribution over the latent variables, Qi(k,β) (2.17).

For fixed i and k, we first set mi,k so that the modes of the left and right hand sides of

(2.14) are equal. To do this, we apply the trust-region Newton-conjugate-gradient algorithm

to solve the convex optimization problem

mi,k = argmax
β

logPjoint(k,β,yi|xi; Ω̂K). (S2.1)

Next, so that the Hessians of the logs of the left and right hand sides of (2.14) are equal,

we compute

c̃−1
i,k = −∇2

β logPjoint(k,β,yi|xi; Ω̂K)

∣∣∣∣
β=mi,k

. (S2.2)

The Hessian of a GLM log-likelihood function is often used during optimization (see [60]

9.3.2 for details), and we make use of the statsmodels package to efficiently compute it. We

further approximate c̃−1
i,k by retaining only its diagonal elements, i.e. c−1

i,k = diag(c̃−1
i,k ).
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Finally, noting that f(β;mi,k, ci,k)

∣∣∣∣
β=mi,k

= 1√
(2π)T stim+T self+1|ci,k|

, we take

Zi,k = Pjoint(k,β,yi|xi; Ω̂K)

∣∣∣∣
β=mi,k

√
(2π)T stim+T self+1|ci,k|, (S2.3)

where |ci,k| denotes the determinant, so that the left and right hand sides of (2.14) are

equal when β = mi,k. Collectively, (S2.1), (S2.2), and (S2.3) are known as the Laplace

approximation (see [60] 8.4.1).

This concludes the set of operations needed to perform the E-step.

S2.1.2 M-Step

The maximization (M) step consists of finding ΩK that maximizes the lower bound on the

log-likelihood, (2.18). In light of (2.8), the bound being maximized in the M-step factors as

follows:

N∑
i=1

K∑
k=1

∫
Z̃i,kf(β;mi,k, ci,k) logPjoint(k,β,yi|xi; ΩK)dβ

=
N∑
i=1

K∑
k=1

∫
Z̃i,kf(β;mi,k, ci,k)[logPSC(yi|xi,β) + log πk + log f(β;µk,Σk)]dβ.

Absorbing into C terms that do not depend on the optimization variables ΩK , this equals
N∑
i=1

K∑
k=1

∫
Z̃i,kf(β;mi,k, ci,k)[log πk + log f(β;µk,Σk)]dβ + C.

Rearranging the sums and integrals, this equals
K∑
k=1

∫
[
N∑
i=1

Z̃i,kf(β;mi,k, ci,k)][log πk + log f(β;µk,Σk)]dβ + C.

Distributing the product and using
∫

f(β;mi,k, ci,k)dβ = 1 to simplify the first term, this equals

K∑
k=1

[

N∑
i=1

Z̃i,k] log πk +

K∑
k=1

∫
[

N∑
i=1

Z̃i,kf(β;mi,k, ci,k)] log f(β;µk,Σk)dβ + C. (S2.4)

We maximize the first term in (S2.4),
∑K

k=1[
∑N

i=1 Z̃i,k] log πk, with respect to π1, ..., πK ,

subject to πk ≥ 0, k = 1, ...,K and
∑K

k=1 πk = 1. Algebraic manipulation reveals that
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π̂k =
1

N

N∑
i=1

Z̃i,k. (S2.5)

Each summand in the second term in (S2.4),
∫
[
∑N

i=1 Z̃i,kf(β;mi,k, ci,k)] log f(β;µk,Σk)dβ,

is maximized independently with respect to µk and Σk. We use the probability density

function for a multivariate Gaussian to rewrite this term as

∫ [ N∑
i=1

Z̃i,kf(β;mi,k, ci,k)

][
−
(β − µk)

⊤Σ−1
k (β − µk)− (T stim + T self + 1) log(2π) + log(|Σ−1

k |)
2

]
dβ.

(S2.6)

Differentiating (S2.6) with respect to µk reveals that

0 =

∫ [ N∑
i=1

Z̃i,kf(β;mi,k, ci,k)

]
Σ−1
k (β − µk)dβ

=

N∑
i=1

Z̃i,kΣ
−1
k

[∫
f(β;mi,k, ci,k)βdβ −

∫
f(β;mi,k, ci,k)µkdβ

]

=
N∑
i=1

Z̃i,kΣ
−1
k [mi,k − µk] .

This gives us

µ̂k =

∑N
i=1 Z̃i,kmi,k∑N

i=1 Z̃i,k

. (S2.7)

To maximize (S2.6) with respect to Σk, we note that it is concave in Σ−1
k . We can then

solve for Σk by setting the derivative with respect to Σ−1
k equal to zero:
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0 =

∫ N∑
i=1

Z̃i,kf(β;mi,k, ci,k)

[
−1

2
(β − µk)(β − µk)

⊤ +
1

2
Σk

]
dβ,

making use of the fact that
d

dX
log(|X|) = (X−1)⊤, and that Σk = Σ⊤

k . That is,

Σk =

∑N
i=1 Z̃i,kE

[
(β − µk)(β − µk)

⊤]∑N
i=1 Z̃i,k

,

where the expectation is with respect to β ∼ N (mi,k, ci,k).

We can decompose this expectation as

Eβ∼N (mi,k,ci,k)

[
(β − µk)(β − µk)

⊤
]

= Eβ∼N (mi,k,ci,k)

[
(β −mi,k +mi,k − µk)(β −mi,k +mi,k − µk)

⊤
]

= Eβ∼N (mi,k,ci,k)

[
(β −mi,k)(β −mi,k)

⊤ + (mi,k − µk)(mi,k − µk)
⊤

+(β −mi,k)(mi,k − µk)
⊤ + (mi,k − µk)(β −mi,k)

⊤]
= ci,k + (mi,k − µk)(mi,k − µk)

⊤.

Plugging this expression back in for the expectation, we have

Σk =

∑N
i=1 Z̃i,k(ci,k +mi,km

⊤
i,k + µkµ

⊤
k −mi,kµ

⊤
k − µkm

⊤
i,k)∑N

i=1 Z̃i,k

=

∑N
i=1 Z̃i,k(ci,k +mi,km

⊤
i,k − µkµ

⊤
k )∑N

i=1 Z̃i,k

,

where in the last step we make use of (S2.7) to simplify the last two terms in the numerator.

Finally, subjecting this expression to the constraint that Σk must be diagonal, we have:

Σ̂k =

∑N
i=1 Z̃i,kdiag(ci,k +mi,km

⊤
i,k − µ̂kµ̂

⊤
k )∑N

i=1 Z̃i,k

. (S2.8)

In the main manuscript, the solutions (S2.7) and (S2.8) are applied only to µself ,Σself , as

the other components are held fixed during EM.

S2.1.3 Computational complexity, runtime information, and job load

Each iteration of the E step must perform N ×K convex gradient descent sub-optimizations,

for every neuron and every cluster, through a space of T stim +T self +1 parameters on T data

points. This operation is the most costly, as the M step is a simple calculation.
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In practice, using a warm start for these convex gradient descent sub-optimizations, where

the results of last iteration’s sub-optimizations are used to initialize those of this iteration,

dramatically reduces the runtime of subsequent iterations. Concretely, for Case B applied to

T = 20, 000 time bins of Allen Cell Types Database data, each sub-optimization took about

40ms after the warm start had kicked in.

The number of iterations necessary for the EM algorithm to converge is difficult to

predict theoretically. In practice, the relative change in loss (Loss(iter−1)−Loss(iter)
Loss(iter) , where

Loss ≡
∑N

i=1 LLi, with LLi defined in Section 2.2.4) reached 10−7 in at most 55 iterations

for K = 20 applied to all N = 634 Allen Cell Types Database neurons. For smaller values of

K, fewer iterations are necessary.

The total runtime for a single initialization of the EM algorithm on Allen Cell Types

Database data with K = 20 was around 5 hours or less for Case A (for a single choice of λstim)

and 21 hours or less for Case B. All optimizations were performed on individual compute

nodes with at least 32 cores and 256G of memory. We performed separate optimizations in

parallel on separate nodes to produce different hyperparameter combinations and random

initializations. For Case A with the Allen Cell Types Database data, we varied K ∈

{1, ..., 20}, λstim ∈ {10−9, 10−8 2
3 , ..., 10−1}, and ran the EM algorithm for 20 different random

initializations, yielding a total of 20× 26× 20 = 14000 separate runs.

S2.2 Alternative Model: all parameters depend on cell-type

Here, we consider an alternate formulation of both sequential and simultaneous methods,

where instead of just βself
i being related to cell-type, as considered in the main manuscript,

we consider the case where all of βi is related to cell-type. We call the former, in main, case

A, and the latter, detailed here, case B.

We note here that providing analysis of the relative benefits of case A and case B is not a

major objective of this work. Rather, we seek to demonstrate only that there are options for

how one chooses to define a hierarchical model within our general framework, and each may

have its own benefits and drawbacks, depending on the line of inquiry. As the rest of this

section will elaborate, this option is equally present for both the simultaneous and sequential

methods.
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We focus on case A in the main primarily because it provides a simpler model than B:

it selects fewer clusters, lower within-cluster variances (Σk), and by its definition is a lower

dimensional model. All of these factors give case A an advantage over case B in terms of

interpretability. Additionally, case A performs better than B in terms of model selection

on simulated data (compare Figs 2.3, S2.8A, and S2.8B with Figs S2.2, S2.8C, and S2.8D).

Finally, the shared variables in case A, the self-interaction filters, are more strongly associated

with intrinsic neural dynamics, whereas, at least in the IVSCC dataset, the stimulus-filters

may depend more on other factors, such as the impedance of the electrode-neuron interface

used to administer the stimulus. This, along with the fact that case A is lower dimensional,

may account for any relatively better performance by case A. However we also acknowledge

that there are cases where case B may be preferable, such as when one specifically wishes to

distinguish the stimulus processing properties of neurons.

S2.2.1 Alternative Methods

Below we detail how the sequential and simultaneous methods change for case B. For both,

the main difference is that instead of fitting a cluster model with means µself
k and covariance

matrices Σself
k that describes the distribution of βself

i , they now fit one with means µk and

covariance matrices Σk that describes the distribution of βi. For convenience, we will refer

to the appropriate components of µk and Σk using superscripts, e.g. µstim
k , just as we do

with βi.

Sequential Method

Because, in the sequential method, the fitting of single cell models does not depend on

cell-types, that first stage is identical between cases A and B. For the second stage, clustering,

the only difference is that GMM clustering is performed on all of β̂i, instead of just β̂
self

i :

Ω̂K ← argmax
ΩK

N∑
i=1

log
K∑
k=1

πkf(β̂i;µk,Σk) (S2.9)

k̂i ← argmax
k

π̂kf(β̂i; µ̂k, Σ̂k), i = 1, ..., N (S2.10)
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Algorithm 1 is thus unchanged except for changing the last two lines accordingly.

The computation of the BIC also changes accordingly:

BIC ≡
N∑
i=1

log

[
K∑
k=1

π̂kf(β̂i; µ̂k, Σ̂k)

]
− K − 1 + 2Kdim(β)

2
log(N) (S2.11)

Simultaneous Method

For the simultaneous method, case B is much simpler, as all parameters of the single

cell models use the learned cluster structure as priors, so there is no longer a need for ℓ2

regularization.

The joint probability of the data and parameters simplifies instead to:

Pjoint(k,β,yi|xi; ΩK) ∝ PSC(yi|xi;β)f(β
stim
i ;µstim

k ,Σstim
k )f(βself

i ;µself
k ,Σself

k )f(β0
i ;µ

0
k,Σ

0
k)πk.

(S2.12)

With this adapted Pjoint the results derived in the main manuscript, i.e. (2.12)-(2.21), all

apply to case B, without making the exceptions for constrained cluster means and covariances,

as was done for S2.7,S2.8. Algorithm 2 is thus unchanged except that all of µk and Σk

are updated in the M-step instead of just µself
k and Σself

k . For (2.21), in case B we have

dof(Ω̂K) = K ∗ (2 ∗ (T self + T stim + 1) + 1) − 1, reflecting the change in number of free

parameters.

S2.2.2 Results on Simulated Data

Here we show the equivalent results to those presented in Figs 2.2 and 2.3, but for the

alternative model where all parameters depend on cell-type. For these results, the simulated

dataset was sampled from GLMs whose true µstim and µ0 were clustered by cell-type, in

addition to µself (Fig S2.1A and S2.1B).

Fig S2.1C-S2.1F show very similar results for parameter recovery to those in Fig 2.2, the

only salient difference being that the recovery of βstim
i is also much better in the simultaneous

method, and for lower σ. This is to be expected now that the true values of these parameters
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depend on sigma, and their estimates in the simultaneous method make use of cell-type

specific priors.

A B

C D

E F

Figure S2.1: Performance of simultaneous and sequential methods with all param-

eters shared on data simulated from a fixed cluster structure.

A, B: The true cluster means µstim
k ,µself

k used to generate simulated datasets and those

estimated by the sequential and simultaneous methods, fit with the correct K = 5.

C-F: same plots as Fig 2.2, but with the alternative model. In all metrics and conditions

except ARS with K = 3 and the two highest values of σ, the simultaneous method is

significantly better.

Model selection, however, has markedly worse performance with the all-parameters-shared

model, and we can no longer say that the simultaneous method is better (Fig S2.2). Since
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the µself are the same in all cases we consider, we can interpret this result by saying that for

our choice of ΩK , the additional differences between clusters in µstim and µ0 do not make it

easier enough to separate the clusters to overcome the increased complexity penalty in BIC

with increased dof(Ω̂K).

A B

Figure S2.2: Model selection of K̂ using BIC with the alternative model. Frequencies

of K̂ estimated via BIC over 50 simulated datasets with the same µk as in Fig S2.1, and

σ = 10−2 (A) or 10−5/6 (B), the maximum value that does not result in degenerate simulations.

Black lines indicate true K. Summary below plots gives the mean ± SEM of estimated K̂

across the 50 datasets for each case and each method.

S2.2.3 Results on Allen Cell Types Database Data

Here we show results like those shown in Figs 2.4,2.5, and 2.6, but using the alternate model

where all parameters are cell-type-dependent (case B).

In Figs S2.3, S2.4, and S2.5, we compare between simultaneous and sequential methods

the discovered cluster structure, the generalization performance of fitted models, and the

link between cluster labels and metadata, respectively, resulting from fitting to the Allen

Cell Types Database data.

To assess how similar the cluster assignments discovered by this alternate method are to

those presented in main, we show the confusion matrix in Fig S2.6A for the simultaneous

method, and in Fig S2.6B for the sequential method. For completeness, we also show the other

4 pairs of comparisons between different clusterings. In each panel, the rows and columns
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are ordered independently to maximize the sum along the main diagonal. This is achieved

using the Hungarian algorithm, implemented in scipy.optimize.linear_sum_assignment.

Afterwards the values are normalized by the geometric mean of the row- and column-sums,

so that the plot is not dominated by the larger clusters.

All four combinations of method and case produce very different clusterings, but the two

results of the sequential method produce the most similar results. This might be expected

from the fact that these use identical estimates of self-interaction filters β̂
self

i , which are

used in both clusterings. The fact that there is such good agreement may be taken to mean

that the other GLM parameters do not convey much useful information about cell type, as

the heavy overlap between clusters in the stimulus filter dimensions would suggest (see Fig

S2.3F).

The greater change is seen for the simultaneous method, both in the clustering assignments

(see Fig S2.6A), and in the increased spread of clusters along the self-interaction filter

dimension (
√

Σself
k , shaded bars in Fig S2.3B). The latter may be explained by the fact that

here we are clustering in a higher-dimensional space, and therefore clusters will generally

spread wider along an existing dimension to account for the extra variability added in the

new dimensions. This explanation presumes that the new dimensions provide new variability

that is different enough from that in the existing dimensions to meaningfully change cluster

assignments, as is indeed the case (see Fig S2.6A). Why the variability in stimulus filter

dimensions is different from in self-interaction filter dimensions is a difficult question to

answer rigorously, but we propose that the self-interaction filters may truly be more purely

related to intrinsic dynamics, whereas the stimulus filter may also be accounting for elements

of the electrode-neuron interface. These elements may include electrical properties of the

interface and the electrode placement in relation to the morphology of the neuron.

The fact that a similar pattern does not emerge for the sequential method may be a

result of the fact that the discovered clusters overlap heavily in the stimulus filter dimensions,

as shown in Fig S2.3F, whereas there are distinct differences between clusters for the

simultaneous method (Fig S2.3E). This pattern is expected from our general observation that

the simultaneous method can use borrowed strength between neurons to collapse clusters

and increase their separation. As such, the addition of stimulus filters to the clustering does
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not change the cluster assignments very much (see Fig S2.6B), and thus the positions of the

clusters in the self-interaction filter dimensions do not change substantially.

A B

C D

E F

Figure S2.3: Allen Cell Types Database Dataset, Alternative Model. A-D: Same

analysis as in Fig 2.4, but with the alternative model (case B) where all parameters are

cell-type dependent. Here, K̂ = 19 is selected by BIC for both methods. In addition, panels

E and F show comparable information to B and D, but for the stimulus filters.
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A B

C

Figure S2.4: Allen Cell Types Database Generalization Performance, Alternative

Model. Same analysis as Fig 2.5A, 2.5C, and 2.5E, but with the alternative model (case B)

where all parameters are cell-type dependent. Results here are comparable to those in the

main manuscript.

S2.3 Additional Details for Figs 2.5 and S2.4

The following descriptions apply to both Figs 2.5 and S2.4, except for panels B, D, and F,

which do not exist in Fig S2.4, as these analyses have not been performed. The results in Fig

2.5 are from models where only the self-interaction filters are shared (“Case A” - see Sections

2.2.2 and 2.2.3), whereas those in Fig S2.4 are from models where all parameters are shared

(“Case B” - see Sections S2.2.1 and S2.2.1).

To generate panels A, C, and E, we split the neurons into four folds, and applied both

simultaneous and sequential approaches and performed model selection on three of the four

folds using the Noise 1 stimulus. We then fit GLM models for each neuron in the test fold

using the Noise 1 stimulus with the results of training (selected hyperparameters, as well

as the fitted hierarchical model for the simultaneous method). Then, we use the Noise 2
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A: Simultaneous

B: Sequential

Figure S2.5: Allen Cell Types Database Metadata, alternate model. Same analysis as

Fig 2.6, but with the alternative model (case B) where all parameters are cell-type dependent.

Results here are comparable to those in the main manuscript.

stimulus to evaluate those test neurons. We repeat this process for each choice of test fold to

evaluate all neurons.

To generate panels B, D, and F:

• We fix all hyperparameters to their values selected when using all presentations of

Noise 1 to all neurons.

• We split the neurons into four folds, and applied both simultaneous and sequential



61

A B

C D

E F

Figure S2.6: Similarity of clusterings from the four method-case combinations.

Each panel shows the confusion matrix of the clusterings from two of the four method-case

combinations.
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approaches to subsets of the folds: either one fold, or two folds, or three folds. These are

the columns of panels B, D, and F. We also used only one, two, or three presentations

of the Noise 1 stimulus: these are the rows of panels B, D, and F. We then estimate the

GLM parameters and cluster assignments for all neurons in the test fold(s), using all

presentations of the Noise 1 stimulus with the fixed hyperparameters and the results of

training (the fitted hierarchical model for the simultaneous method or the fitted GMM

for the sequential method). We then evaluated ANLL and EVratio on all presentations

of Noise 2 to these test neurons. This process is then repeated for each possible division

of the folds into training and testing, and ANLL and EVratio for each neuron are each

averaged over all divisions in which that neuron was in the test fold(s).

For instance, to obtain the top left square of panel B, we repeatedly applied both

simultaneous and sequential approaches to 1/4 of the neurons (one fold) using only one

presentation of the Noise 1 stimulus. Then, for the remaining 3/4 of the neurons (three

folds), we estimated their GLM parameters using all presentations of Noise 1 (along

with the fitted hierarchical model for the simultaneous method), and finally evaluated

them using all presentations of the Noise 2 stimulus.

• In each cell of panels B and D, we define a sample as the relative difference (simultaneous

minus sequential, divided by their sum) in ANLL and EVratio, respectively, of a single

neuron.

• In each cell of panel F, we define a sample as the relative difference (simultaneous

minus sequential, divided by their sum) in ARS of cluster assignments between a pair

of different divisions of the neurons into training and testing.

• In each cell, the color is the median across samples, and we place an asterisk if the

simultaneous method is significantly better (negative relative difference for panel B,

positive for D and F), i.e. if a one-sided Wilcoxon signed-rank test of the samples

produces an uncorrected p-value less than 0.001.

• Between each pair of adjacent cells, except horizontal pairs in panel F, we computed a
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two-sided Wilcoxon signed-rank test on the paired differences between their samples.

We placed a dash if the p-value is less than 0.001.

• The p-values reported in the caption for trends in horizontal and vertical differences,

except for the horizontal trend in panel F, are calculated by a one-sided Wilcoxon

signed-rank test on the paired differences between samples, aggregated across all six

pairs of either horizontally or vertically adjacent cells. P-values greater than 0.1 are

reported as “not significant.”

• Between each pair of horizontally adjacent cells in panel F, samples cannot be paired,

so we used a two-sided, two-sample t-test between the samples from the left and right

cells to measure significance, and placed a dash if the p-value is less than 0.001.

• Likewise, the p-value for the horizontal trend in panel F is computed by a one-sided

two-sample t-test between the aggregated samples from the six leftmost cells and the

six rightmost cells (it was greater than 0.1 and thus labeled “not significant”).

S2.4 Further Details for Simulated Data

This section details our process for simulating datasets from hierarchical models in both

cases A and B. These datasets were used to generate Figs 2.2 and 2.3 and Figs S2.1 and S2.2

respectively.

Instead of truly sampling the cell-types, ki, from {πk} we simply assign an equal number

(40) of neurons to each class. To set the filters, we use functions that parameterize the

stimulus filters as a decaying exponential,

g(t; astim, τstim) ≡ astime
− t

τstim , (S2.13)

and the self-interaction filters as the sum of a negative decaying exponential and a

Gaussian bump,

h(t; tref , τref , aISI , µISI , σISI) ≡ −e
−

t−tref
τref + aISIe

− (t−µISI )
2

2∗σ2
ISI . (S2.14)
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In both cases A and B, µself
k are determined with tref , τref , aISI , µISI , σISI that are set

to uniformly spaced values for each k. In case A, astim, τstim, and β0
k are each fixed to a

single value for all neurons, whereas in case B they are also set to uniformly spaced values for

each µk. All relevant constants that parameterize this spacing are enumerated in Table S2.1.

Evenly spaced params for µself
k in both cases A and B

Parameter Value for µ1 Increment

tref 2 1.75

τref 2 0.5

aISI 0.2 −0.05

µISI 3 2

σISI 3 0.25

Evenly spaced for µk in case B, fixed to one value for all βi in case A

Parameter Value for µ1 (case B) Increment (case B) Value for all βi (case A)

astim 0.5 0.125 0.9

τstim 4 0 4

µ0
k −4.5 0.25 -5

Table S2.1: Spacing of the parameters used to simulate datasets for cases A and B.

We also used the same stimulus downsampling factor, dstim = 5, in our simulations. In

order that its value does not affect the simulation much, we compute g(t), t ∈ {1, .., T stim ∗

dstim}, and then sum the τth block of dstim values,
∑τ∗dstim

t=(τ−1)∗dstim g(t) to assign to βstim
i (τ)

(case A) or µstim
i (τ) (case B).

Once all µk have been set, βi are sampled from f(βi;µk, σ
2 ∗ I), where they have not

already been determined (case A). Once all of βi has been determined, the spike train for

the ith neuron is then simulated by sampling from the GLM’s distribution for yi(1), then

yi(2), all the way up to yi(Ti) (using eq 2.2).

When σ > 10−5/6 is used, the simulation becomes unstable, because some βself
i (τ) values

become high enough to cause runaway feedback, whereby the number of spikes in bins spaced
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τ apart diverge to infinity with increasing time. This critical value of βself
i (τ) is around

−[β0
i +maxt xi(t)

∑T stim

t=1 βstim
i (t)], such that a single spike τ time bins ago can raise the spike

rate above 1 if it occurs during an extended period of high stimulus values. To prevent this

scenario, we impose y(t) ∈ {0, 1} while simulating (as in [87]), and do not consider such

high values of σ that would lead to such severe model misspecification that the true model

parameters cannot be recovered. It is worth noting that this problem can arise even for filters

fitted to real neural data because of model misspecification - specifically, there is a maximum

number of times any neuron can spike in a given time bin because of its absolute refractory

period, whereas the (Poisson) GLM makes no such assumption.

S2.4.1 Simulating spike trains from fitted models

Here, we consider the spike trains generated from GLM models whose parameters are taken

from fits to the Allen Cell Types Database, and models fitted to those spike trains. This

analysis provides an extension of the simulation studies in Sections 2.3.1 and S2.2.2, asking

how accurate the simultaneous method is in the parameter regime appropriate for the Allen

Cell Types Database.

As discussed in Section S2.4, certain GLM parameter regimes will lead to severe model

misspecification because of the truncation of Poisson-generated spike counts to at most 1

spike per bin. Therefore we first select the five clusters from those fitted and displayed in

Fig S2.3B and S2.3F that we expect to produce a sufficient number of spikes, while requiring

the fewest instances where the truncation of the Poisson distribution affects the simulated

data. To do this, we compute the maximum spiking rate that could arise from simulating a

GLM with the kth cluster mean as parameters, following an isolated spike:

log(ratemax) = max
τ

µ̂self
k (τ) + µ̂0

k +max
t

x(t)

T stim∑
t=1

µ̂stim
k (t).

As discussed in Section 2.3.1, when this quantity is above 0 the spike rate τ time bins

after a spike will be greater than 1, leading to model misspecification. We thus choose the five

clusters with the smallest log(ratemax), provided it is two standard deviations (determined

using the fitted Σ̂k) above -2. The results of fitting the sequential and simultaneous methods
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to the data simulated from these clusters is shown in Fig S2.7, and generally shows that,

while imperfect, the simultaneous method outperforms the sequential method. It also appears

that the major mistake the simultaneous method makes in this instance, merging two clusters

with very similar self-interaction filters, is a reasonable one.

A B

Figure S2.7: Simulated data from cluster models with fitted parameters. The

simultaneous method adequately recovers the true cluster structure of simulated data. Here,

the true cluster structure is that fitted using the simultaneous method.

S2.5 Model Selection

S2.5.1 Alternative Model Selection: Validation Log-Likelihood

In addition to using BIC to perform model selection, we also investigate using the validation

log-likelihood (VLL) on held out neurons (see section 2.2.4 detailed method).

For our simulated data, we use the exact same models that the BIC analysis was applied

to (Figs 2.3 and S2.2), but evaluate the model log-likelihood, averaged over a new validation

set of 10 neurons per true cluster. Unlike with BIC, this VLL increases monotonically with

K towards an asymptote for both the simultaneous and sequential methods.

For each of the 50 simulated datasets, we selected the lowest K whose VLL was within

one standard error of the maximum, where this standard error was measured over the 50

datasets, after subtracting off each dataset’s VLL for K = 1. This last step improves

performance because each dataset has an offset in VLL that results from the spike density

in the validation neurons (compare Figs S2.9 and S2.10 for an illustration of this effect in
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the Allen Cell Types Database data). Overall, this approach can be thought of as a variant

of the one-standard-error (1SE) rule [41]. These results are shown in Fig S2.8, and can be

compared to those obtained via BIC in Figs 2.3 and S2.2. For case A, BIC is better, but

for case B, the results are more mixed. Across all cases, BIC tends to select a lower K̂ than

VLL.

A B

C D

Figure S2.8: Model selection of K̂ using validation loss. Frequencies of K̂ estimated

via the loss on held out neurons over 50 simulated datasets with the same µk as in Fig 2.2

(case A, panels A and B) or Fig S2.1 (case B, panels C and D), and σ = 10−2 (A and C) or

10−5/6 (B and D), the maximum value that does not result in degenerate simulations. Black

lines indicate true K. Summary below plots gives the mean ± SEM of estimated K̂ across

the 50 datasets for each case and each method.

For real data, where the true distribution of neurons is unknown, we must use cross-

validated log-likelihood (CVLL) to get a metric that is not biased by our choice of test

neurons. To compute CVLL, we randomly partition the neurons into L equally-sized sets

A1, ..., AL. Each set Al in turn is held out while the parameters are fit using K clusters to
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the remaining neurons, and then the validation loss is simply 1
|Al|
∑

i∈Al
LLi (see Section

2.2.4 for our definition of LLi). CVLL is then evaluated as the average validation loss over

the L different sets.

When this approach is applied to the Allen Cell Types Database data, we observe the same

issue with monotonic improvement in VLL with K (Fig S2.9). Additionally, the simultaneous

method yields VLLs for each validation fold that are offset far away from one another (Fig

S2.9A and S2.9B). These offsets stem from large differences between the spike trains of

individual neurons: some (with many spikes) yield a much higher ANLL, while others (with

few spikes) yield a low ANLL (see Figs 2.5 and S2.4 for an illustration of this phenomenon).

Since the ANLL of all the validation cells factors into the validation loglikelihood (VLL) in

the simultaneous method, a random partition of the neurons into different validation sets

produces some sets with higher VLL and some with lower VLL.

To account for the offsets between these curves, we first shift them by subtracting off

their values at K = 1 before using the standard 1SE rule to select K̂ (Fig S2.10). That is,

we pick the lowest K whose CVLL is within one standard error of the maximum, where the

standard error is computed over the shifted VLLs of the different partitions of the neurons

into training and validation.

Just as with the simulated datasets, CVLL selects a much higher K̂ than BIC for each

case (compare to Fig 2.4A and 2.4C and S2.3A and S2.3C). It is worth noting that as the

VLL curves have not fully plateaued, repeating this analysis with a greater range of K would

likely result in a higher selected K̂.

S2.5.2 Generalization Performance of Model Selection Metrics

We have now shown two different approaches to model selection and how they differ, both in

method and results on simulated and real data. For the simulated data, as we know the true

K, we are able to assess how the accuracy of selected K̂. For the Allen Cell Types Database

data, we cannot do this directly as there is no ground truth for K, but we can attempt a

similar approach to that used in Figs 2.5 and S2.4, using the same measures of performance

on predicting responses to the test stimulus of neurons that were held out from fitting the
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A B

C D

Figure S2.9: Validation Log-Likelihood on Allen Cell Types Database Dataset. Each

color represents a specific split of the neurons into training and testing. All log-likelihoods

increase monotonically with K. The different folds of the simultaneous method are heavily

offset relative to one another as a result of the variety of spike counts in each fold’s validation

set (see Figs 2.5 and S2.4).

A: Case A, Simultaneous

B: Case B, Simultaneous

C: Case A, Sequential

D: Case B, Sequential

cluster models. Just as we argued that improvements in these metrics implied improved

estimation of model parameters, βi, we can look for differences in these metrics, evaluated on

test neurons, with respect to the K used to fit the simultaneous method, and compare them

to model selection criteria computed on the train/validation neurons. The βi estimated by
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A B

C D

Figure S2.10: Validation Log-Likelihood on Allen Cell Types Database Dataset.

Same colors as Fig S2.9. The One-Standard-Error rule (1SE) applied to the Cross-Validated

Loss (CVL) selects very high K̂ for all methods (red stars). To account for the large offsets

shown in Fig S2.9, each VL curve is first shifted (as shown here) so that its value for K = 1

is 0 before 1SE is applied.

A: Case A, Simultaneous

B: Case B, Simultaneous

C: Case A, Sequential

D: Case B, Sequential

the sequential approach do not depend on K, so this analysis is limited to the sequential

method.

However, these metrics do not show sufficient dependence on K to warrant such an

analysis (Fig S2.12). With the possible exceptions of K ∈ {1, 2}, there is very little difference
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between the two cases, A and B, or between fitted K, relative to the variation between

neurons.

S2.6 Cluster Distribution for Sequential Method with BIC-selected K

In Fig 2.4, we showed the cluster distributions for K = 12 for both sequential and simultaneous

methods to facilitate comparison between the two. However, K = 19 is the BIC-selected

value for the sequential method, so, for completeness, we show those clusters in Fig S2.11.

The results are much like those for K = 12, with highly overlapping clusters bunched near 0.

A

Figure S2.11: Clusters discovered by the sequential method with K = 19 are highly

overlapping and tightly bunched near 0.
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Figure S2.12: Model Comparison using CVL on Allen Cell Types Database Dataset.

Validation metrics for each fold are shown, with the same colors as in Fig S2.9. A-D: Error

bars are one SE across neurons in the validation fold. E-H: The curves are shifted so that

their values at K = 1 are 0, to facilitate judging their (lack of) change w.r.t. K. Error bars

are one SE across validation neurons of the shifted metrics.

A,E: Case A, ANLL

B,F: Case B, ANLL

C,G: Case A, EVratio

D,H: Case B, EVratio
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C D

E F

G H
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Chapter 3

USING JOINT-TRAINING ON NEURAL DATA AND AUXILIARY
TASKS TO IMPROVE MODELS OF NEURAL CIRCUITS

Abstract

Recent years have seen many successful attempts to capture properties of specific brain

circuits with artificial neural networks (ANNs) that are trained to perform a task that is

hypothesized to be relevant to the circuit at hand. Here, we analyze the “joint-training”

approach, where an ANN is trained to learn a computation and model data from a neural

circuit simultaneously, treating the computation as an auxiliary task. Conceptually, the aim

of the approach is to impose task demands that will encourage the development of features

that better predict neural responses. We first conduct a theoretical study of joint-training,

in the context of linear networks. This yields analytic conditions under which the auxiliary

task will improve performance in predicting neural responses, most notably that the model

must possess a dimensionality bottleneck, and allows us to describe auxiliary tasks that will

yield greatest possible improvement. We then conduct numerical studies of simple nonlinear

networks to test the applicability of our analytical results. Specifically, we numerically fit

ANNs to simulated deep, nonlinear neural circuits, demonstrating several insights from our

analysis and allowing us to investigate how appropriately joint-trained models allocate units

to predict the activity of specific neurons. Finally, we return to the dimensionality bottleneck

condition and use further numerical simulations and theory to explain how it is modified by

the presence of nonlinearites, constraints on model parameters, and finite training time.

3.1 Introduction

In computational neuroscience, the “computation” or function of a neural circuit is char-

acterized in terms of what input it is provided and what output it produces. In Marr’s

foundational three levels of analysis [57], it is the most abstract level at which we must be
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able to describe a system in order to truly understand it.

With increases in computing power, recent years have seen many attempts to leverage

machine learning to investigate computations in the brain. In the supervised context, a

computation is defined by a dataset of (xi, zi) sample pairs, and learning consists of fitting a

model on some training data, i ∈ Dtrain, to predict zi from xi, and evaluating it on other

data, i ∈ Dval. The model generally consists of many “units,” arranged in some network

architecture, connected by weights whose values are tuned during training. Recent work has

sought to use the unit activities of such “task-trained” networks, trained with a suitable choice

of input and output, for comparison with [24,49] or prediction of [62,88] neural responses, yi,

providing a “top-down” approach to analyzing neural circuits by specifying a computation

and investigating how well the features learned to perform that computation relate to neural

activity. On the other hand, the ready availability of software packages for modern machine

learning methods has also allowed for more complex “response-trained” models that predict

neural activity from input as an example of a “bottom-up” approach to understand the brain.

Both top-down and bottom-up uses of neural networks are valuable; the work of Cadena

et. al. [16] specifically focuses on comparing these two related approaches. However, both

task-training and response-training have their own shortcomings. Response-training often

results in models that have limited generalizability and interpretability. Task-training relies

on the assumption that the representation an ANN learns to solve a task is closely related

to the representation of the neural circuit. However, in most relevant settings, the solution

space for a computation is very large, such that the two representations will have limited

similarity, especially at the level of individual features.

In this work, we consider training networks in a joint “bottom-up” and “top-down” manner,

which we refer to as “joint-training”. Specifically, we consider a cost function for training

that consists of a term for the neural response loss and another for the loss of predicting the

output of a chosen computation. These two terms are balanced by a hyperparameter, β, that

controls how much each term affects the overall cost function. At the β → 0 extreme, the

computation term disappears and the cost function reduces back to response-training; at the

β →∞ extreme, the computation dominates the features learned by the network, which are

then used for neural data prediction, equivalent to task-training. Intermediate values of β
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compromise between the two approaches; we treat the “task-trained” term as an auxiliary

task (see [75] section 7 for a review) for the “response-trained” term, selecting the β that

minimizes prediction error of held out responses (see Figure 3.1 for a graphical representation

of this framework).

Other work [32, 54] has investigated using such a joint cost function, but with the

distinction of focusing on using the addition of neural data to task-training to improve how

well a trained model can perform a desired computation. Indeed, the joint-training approach

can be seen as an example of multi-task learning [18, 75], where the present work differs

from [32, 54] primarily in which task is considered to be of interest, and which plays an

auxiliary role.

In the present context, unlike in [32, 54] or in generic multi-class learning (see [26, 51]

for theoretical analyses similar to ours in other transfer learning paradigms), we consider

the neural data, yi, to be a given, as it is the main quantity we are trying to understand,

while the auxiliary task, zi, represents a hypothesis that this computation is related to the

functioning of the neural circuit. This allows for us to test multiple candidate zi, and select

one that best allows us to predict the neural data. Here we ask the question of whether a

given task will improve neural prediction and which will yield the greatest improvement.

We also wish to understand specific neurons as playing a role in the chosen computation,

and joint-training provides a greater opportunity to do this by encouraging sparsity during

training in the map between model units and recorded neurons. This mapping then allows

the researcher to make targeted hypotheses about the role of specific neurons in terms of

the chosen architecture and auxiliary task, to the extent that this mapping precisely and

accurately links a recorded neuron to a subset of units in the model. While a maximally precise

one-unit to one-neuron map may not be possible in practice, incorporating regularization and

thresholding into network training should allow joint-training to learn a more precise map

than task-training by encouraging the model to learn features that can be sparsely mapped

onto the neural recordings during training, as opposed to attempting sparse selection of

features from an already trained model. We ask the question of how the precision of this

map, as well as its accuracy and bias (to the extend that such things can be meaningfully

determined), is related to the prediction of held-out neural activity across the spectrum of
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Figure 3.1: Unifying framework for response-training, joint-training, and task-

training, where a hypothesized computation functions as an auxiliary task

weighted by the hyperparameter β. Top: The three modeling paradigms, each corre-

sponding to a specific choice of β. Also shown is the cost function, C, which is minimized with

respect to parameters of the model θ = {θu, θy, θz}. This figure introduces a color scheme

that is respected by all diagramatic figures in this chapter, where green denotes a stimulus

(xi), yellow denotes model units (ui), red denotes neural data (yi, boxes) or parameters fitted

solely to that output (arrows), blue denotes an auxiliary task (zi, boxes) or parameters fitted

solely to that output (arrows), and purple arrows denote parameters fitted jointly to both

neural and auxiliary task outputs. Bottom: We quantify the relative improvement obtained

by joint-training over response-training as TJT . We will explore how this quantity depends

on the relationship between the given data and chosen auxiliary task.
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response-, joint-, and task-training. To this end, we will employ a range of assumptions about

how precision is obtained during learning, including both extremes of maximally sparse and

dense (minimally sparse) maps. While the minimally sparse extreme in particular may not

be achievable in many situations, we will make use of it as an endpoint of this spectrum that

is particularly amenable to a variety analyses.

3.1.1 A hypothetical application of joint-training to neural data

Data from any of the above studies could serve for an application of joint-training, but for

clarity and consistency with our analyses (in which we consider data in the form of (xi, yi, zi)

triplets), we consider a concrete hypothetical example of applying joint-training to neural

data from a visual change detection experiment performed by the Allen Institute [38] in

Figure 3.2. In this example, the input xi consists of a pair of flashed images that were shown

to a head-fixed mouse, and the neural data yi is the mean calcium signal during the second

flash. This neural data is the primary target for modelling, and several auxiliary tasks are

tested, consisting of output labels zi associated with the same inputs xi shown to the mouse.

One such task would be the one that the mouse was trained to perform, change detection, but

others, which one might hypothesize that the mouse learned during training, before training,

or through evolution, would be considered as well. For example such auxiliary tasks could be

determining the identity of the second flashed image, or whether it is an image of a predator.

We expect, due to the results of our subsequent analyses, that the auxiliary task that

is most predictable from the neural data will be the most useful as an auxiliary task in

improving neural prediction. This relationship relies on the assumption that our data consists

of (xi, yi, zi) triplets, as opposed to separate neural and auxiliary task datasets with similar

inputs. This is in contrast to much work which seeks to leverage the power of huge online

datasets, like ImageNet or CIFAR, to provide a greater boost in neural data prediction.

While our framework can certainly accommodate this nuance, we exclude it from our analysis

for the sake of cleaner results, and consider how it would affect our results in the discussion.

In this example, one might choose a conventional feedforward Convolutional Neural

Network (CNN), such as VGG16, for a model, with the two image flashes represented as
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different channels in the input layer. The auxiliary task would be predicted from the deepest

layer, while the neural recordings would be predicted using the units in every hidden layer.

If the model can learn to predict each neuron’s activity from a sparse subset of the units, we

might be able associate individual neurons with specific stages of processing, corresponding

to depth in the VGG16 model, to the extent that specific neurons have distinct roles that

roughly correspond to those of units at a specific depth in a CNN. For example, one might

expect to see primary visual cortex neurons predicted from earlier layers, and prefrontal

cortex neurons from later ones. One might also expect to see differential advantages of

different auxiliary tasks for neurons in different brain regions, as these stages of processing

might be well described as a sequence of computations. For example, neurons in primary

visual cortex might be better helped by a low-level auxiliary task like image identification,

while those in prefrontal cortex might be better helped by a higher-level, goal-oriented one

like change detection.

3.1.2 Outline of analyses

Under our framework, we analyze the performance of joint-training along three dimensions:

improvement in prediction of neural activity, appropriateness of the selected auxiliary task,

and quality of the mapping between units and neurons. In Section 3.2, we define our

framework and in Section 3.3, we analytically investigate a simple linear model, deriving

analytical expressions for performance metrics. Our two main results are:

1. Joint-training cannot improve prediction of held out neural responses unless the model

architecture contains a dimensionality bottleneck.

2. The better we can predict the task outputs from the neural data, the more joint-training

improves prediction of held out neural responses.

Then, in Section 3.4, we apply joint-training numerically to simulated data, using a three-layer

CNN model to assess performance in a more structured, nonlinear network. Here we use our

analytical results from Section 3.3 as a lens to better understand these numerical results. We

can also investigate more phenomena that are only meaningful to study in more complex

networks, such as the mapping between units and neurons. In Section 3.5, we qualify and
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Figure 3.2: A hypothetical application of joint-training to neural data. Data is

collected from an animal observing a series of image flashes and reporting a detected change

to receive a water reward. The primary goal is to predict the average activity of every

recorded neuron during a flash from the two most recent image flashes. To accomplish this,

we make use of an auxiliary task, a function of the flashed images that we think may be

related to the functioning of the recorded neurons.

address the fact that our first main result from the linear theory does not seem to hold in

the numerical, nonlinear case. We use theoretical and numerical techniques to demonstrate

how nonlinearities, constraints on model parameters, and finite training time affect the

determination of when a dimensionality bottleneck is present. We conclude with a discussion

of possible interpretations of our results, limitations and extensions of our method, and the

potential for its application to neural data.

3.2 The Joint-Training Approach

We begin by defining the joint-training approach in technical terms as a four-step process

and using those terms to restate our research questions more precisely.
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3.2.1 Model Definition.

Given many samples of a stimulus xi ∈ RS×1, and neural response data, yi ∈ RM×1, we

choose an auxiliary task, defined by the output, zi ∈ RQ×1, corresponding to each stimulus

input. We consider a single partition of these data into training, validation, and testing sets

(i ∈ Dtrain, i ∈ Dval, or i ∈ Dtest). We also specify a network architecture with parameters

θ = {θu, θz, θy}, defined by

ui = F (xi; θu), (3.1)

z̃i(xi; θ) = G(ui; θz), (3.2)

ỹi(xi; θ) = θyui, (3.3)

where we call ui the unit activities of the network. Here we consider only feedforward

architectures, although the framework could be easily extended to recurrent networks. Here,

we also assume a linear relationship between unit activities and neural responses, as (3.3)

specifies, although this could also be relaxed.

Finally, we define appropriate cost functions for the neural responses and auxiliary task,

Cresp(yi, ỹi) and Ccomp(zi, z̃i) respectively. Optionally, we may also impose regularization on

θy, the linear map between units and neurons, via a cost function Cmap(θy) that pushes θy,

for example, towards a sparser map. A diagram of this setup can be found in Figure 3.1.

3.2.2 Optimizing Network Parameters.

We then minimize the joint cost function on training data with respect to the model

parameters:

θ̂β,λ = arg min
θ={θu,θy ,θz}

∑
i∈Dtrain

Cresp(yi, ỹi(xi; θ)) + βCcomp(zi, z̃i(xi; θ)) + λCmap(θy), (3.4)

where β ∈ [0,∞) and λ ∈ [0,∞) are hyperparameters that control how much weight to give

to each of the three cost functions. If there is no regularization on θy, we do not include the

third term.
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3.2.3 Selecting Optimal Hyperparameters.

Since we are primarily interested in modeling neural activity, we then select the β and, if

present, λ, that minimize neural response loss of the validation data:

β̂y, λ̂ = argmin
β,λ

Cval
resp(β, λ), (3.5)

Cval
resp(β, λ) ≡

∑
i∈Dval

Cresp(yi, ỹi(xi; θ̂β,λ)). (3.6)

3.2.4 Evaluation.

To get a nicely scaled measure of how successful joint-training (β = β̂y) was on this data

with this architecture and auxiliary task, we evaluate the improvement in neural response

validation loss relative to that produced by an entirely response-trained network (β = 0):

TJT ≡
Cval
resp(0, λ̂)− Cval

resp(β̂y, λ̂)

Cval
resp(0, λ̂)

. (3.7)

For comparison, we can also evaluate the corresponding relative improvement obtained by

the task-training approach as:

TTT ≡
Cval
resp(0, λ̂)− Cval

resp(∞, λ̂)

Cval
resp(0, λ̂)

. (3.8)

Note that, in the task-training limit, β →∞, only θy is influenced by the neural response

term in the cost function (3.4).

These improvement metrics are 1 if the corresponding method reduces Cval
resp all the way

to zero, 0 if it produces identical Cval
resp to response-training, and negative if it is worse

than response-training (note that this is impossible by construction for joint-training as

hyperparameter optimization would set β̂y = 0 in the worst case).

3.2.5 Questions.

We can now define the three main questions we ask of the joint-training approach in terms of

this relative improvement TJT :

1. When does joint-training improve neural response prediction? Specifically, for what

data, auxiliary task, zi, and model properties, is TJT > 0?
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2. What auxiliary task(s) does joint-training select? That is, for what auxiliary task,

{zi|i ∈ Dtrain}, is TJT maximized?

3. What quality of map from units to recorded neurons, θy, does joint-training dis-

cover? That is, how few nonzero elements does θy have, and do they link neurons

to appropriate model units, to the extent that appropriateness can be established?

In this work, we consider two relatively simple network models fitted to data with a

known distribution, so that we can quantify the performance of joint-training as accurately as

possible. In Section 3.3, both the data-generating network and the joint-trained model have

a fully-connected, two-layer structure with no nonlinearities. This simple system allows us to

perform the above procedure for joint-training analytically, so that we may gain a better

theoretical understanding of the method. However, the simple structure of this network

means that all artificial units in the model are interchangeable, as any permutation of the

units could be accompanied by the same permutation of the rows of θu and columns of θy

and θz. Therefore we cannot use this model to address our third question of joint-training.

In Section 3.4, we use a convolutional neural network for both data generation and modeling.

This system allows us to numerically demonstrate joint-training’s performance with respect

to question 3, and test how well the analytical results from the first case generalize to a more

complicated structure with nonlinearites.

3.3 Analytical Treatment of a Simple Linear Network

Here we analyze a simple linear network with a dense θy map predicting each neuron from

all units and derive precise conditions for when joint-training will provide an improvement,

addressing our first motivating question. We will then define a special case of this network

that has a fixed, maximally sparse map (θy = I), and use it to derive an expression for TJT ,

allowing us to more directly address our second question, and demonstrating a continuity of

results across models with different assumptions about the precision of the unit-to-neuron

map.
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3.3.1 Model Definition.

We define this simple two-layer model with joint cost function (schematized in Figure 3.3):

θ̂u, θ̂y, θ̂z = arg min
θu,θy ,θz

P∑
i=1

∥yi − θyθuxi∥2F + β∥zi − θzθuxi∥2F ,

= arg min
θu,θy ,θz

∥∥∥∥∥∥
 Y
√
βZ

−
 θy
√
βθz

 θuX

∥∥∥∥∥∥
2

F

(3.9)

where, in the terms defined in Section 3.2

• P = |Dtrain| is the number of training samples;

• θu ∈ RN×S are the weights of the first layer, mapping the S-dimensional stimulus onto

the N hidden units (ui = F (xi; θu) ≡ θuxi, see (3.2));

• θy ∈ RM×N are the weights predicting the M neural responses from the N hidden

units (ỹi = θyui, see (3.3));

• θz ∈ RQ×N are the weights predicting the Q-dimensional auxiliary task from the N

hidden units (z̃i = G(ui; θz) ≡ θzui, see (3.3));

• X ≡ [x1, ..., xP ];

• Y ≡ [y1, ..., yP ];

• Z ≡ [z1, ..., zP ];

• and there is no regularization term λCmap.

We restrict our focus to cases where the number of samples P is greater than the input

dimension S, so that the solution is overdetermined. Otherwise, both (3.9) and (3.10) will

have multiple solutions that correspond to different predictions for validation data. If S > P ,

then the first term in (3.10) will have a solution space of dimension (S − P )M , with every

solution in this space potentially producing a different prediction for validation data. Such

underdetermined cases therefore might or might not result in a successful auxiliary task,

depending on details of the optimization routine that determine which solution is found.

We have posed this as one problem consisting of two tasks (neural responses and auxiliary

task) to be solved jointly, but it may be reducible to two separate linear regression problems:
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θ̂xy, θ̂xz = arg min
θxy ,θxz

P∑
i=1

∥yi − θxyxi∥2F + β∥zi − θxzxi∥2F ,

= arg min
θxy ,θxz

∥∥∥∥∥∥
 Y
√
βZ

−
 θxy
√
βθxz

X

∥∥∥∥∥∥
2

F

. (3.10)

Note that the first term can be minimized solely with respect to θxy, while the second can

be minimized solely with respect to θxz. If we can indeed reduce (3.9) to (3.10) by finding a

θ̂u, θ̂y, θ̂z such that θ̂y θ̂u = θ̂xy and θ̂z θ̂u = θ̂xz, then we can show that all global minima of

the joint cost function (3.9) are translatable to a global minimum of the two separate linear

regressions (3.10), since the added constraints of the former can only increase the value of

the cost function. This means that the performance of solutions to the two problems will be

the same on validation data as well as the training data, and there cannot be a helpful effect

provided by the auxiliary task. We will consider two cases where this reduction is possible

and show that it is impossible in the remaining case (see Figure 3.3 for a visualization of

these reductions). For this last case, we then determine how the performance on validation

data is affected by joint-training.

Case 1: N ≥M +Q

In this case, we can obtain a solution to (3.9) from the solution to (3.10) via:

θ̂u =


θ̂xy

0

θ̂xz

 ; θ̂y =
[
IM 0 0

]
; θ̂z =

[
0 0 IQ

]
. (3.11)

This reduction (or any orthogonal transformation thereof) allows for M hidden units

to learn a representation of the neural output, and Q different hidden units to learn the

auxiliary task output (see Figure 3.3A).

Case 2: N ≥ S

In this case, we can obtain a solution to (3.9) from the solution to (3.10) via:
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A B

C

Figure 3.3: When the linear network does not contain a “bottleneck,” it can be

reduced to two separate problems. Each panel shows the model used in Section 3.3, a

specific architecture of the form shown in Figure 3.1 and outlined in Section 3.2. See (3.9).

A: When there are too few output dimensions, separate features of the input for the two

problems are learned in the first layer.

B: When there are too few input dimensions, all input features are preserved, and the two

problems are solved separately in the second layer.

C: When there is a bottleneck, input features that would be used by one of the outputs must

be discarded, yielding an inseparable problem.
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θ̂u =

IS
0

 ; θ̂y =
[
θ̂xy 0

]
; θ̂z =

[
θ̂xz 0

]
. (3.12)

This reduction (or any orthogonal transformation thereof) allows for S of the hidden

units to perfectly represent the input, such that the second layer consists of two separate

linear regressions from the full input onto the two separate outputs (see Figure 3.3B).

Remaining case

Similarly, we can show that the only remaining case, min(M +Q,S) > N does not admit

this reduction, as the matrix product that predicts the outputs Y and Z is of different

rank for (3.9) and (3.10). That is, in the general case where all parameter matrices are full

rank, rank

 θy
√
βθz

 θuX

 = N and rank

θxy
θxz

X

 = min(M +Q,S) (recall we have

assumed P > S). If, in general, the two models make different predictions, it is impossible to

systematically reduce one into the other (see Figure 3.3C).

We can therefore say that N ≥ min(M + Q,S) is a necessary and sufficient condition

for being able to reduce (3.9) to (3.10), given that both problems are overdetermined and

matrices of model parameters are full rank. However, to fully answer our first question, when

joint-training with an auxiliary task will improve performance of the primary task, we must

determine when in this remaining case we will actually see improvement.

To that end, we make the following assumptions about the true distribution of the data,

p(xi, yi, zi):

xi ∼ N (0, σ2
xI),

yi = θ∗xyxi + ξy,i,

zi = θ∗xzxi + ξz,i,

where ξy,i ∼ N (0, σ2
yI) and ξz,i ∼ N (0, σ2

zI) are independent Gaussian random variables. A

diagram of this process may be found in Figure 3.4B, and contrasted with the model (Figure

3.3C). Note that we may have θ∗xz = θzθu, θ
∗
xy = θyθu for some θz, θy, and θu, in which case
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we say that the auxiliary task (θ∗xz) and neural data (θ∗xy) are “compatible,” otherwise we say

they are “incompatible.” We will also use these terms to describe whether specific rows of

θ∗xz admit this description.

A B

Figure 3.4: Diagrams of the model and data generator used to derive an expression

for TJT (3.15). A: The simplified model used to derive our main result, which assumes a

perfect correspondence between model units and recorded neurons.

B: The process used to generate data throughout Section 3.3 (See (S3.1)). Note that this

process may or may not match the model assumptions, depending on whether θ∗xz and θ∗xy

are “compatible”.

In Section S3.1.3, we simulate data and fit networks with S = 30, N = 10, and Q ∈ {1, 4, 8}.

3.3.2 Optimizing Network Parameters and Selecting Optimal Hyperparameters.

We refer to Sections S3.1.1 and S3.1.2 for the analytical treatment of steps 2 and 3, which

use the stated model and assumptions to derive quantities describing how much the inclusion

of an auxiliary task improves prediction of held out neural activity.
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3.3.3 Evaluation.

Necessary condition for a lack of improvement in the general model Under this

general model, we can compute how rapidly prediction of held-out responses improves as

we increase β from zero (response-training). If the rate of change in this validation loss is

negative, then joint-training will yield better performance than response-training.

As derived in Section S3.1.2, this change in validation loss can be approximated as:

d

dβ
Cval
resp(β)

∣∣∣∣
β=0

=
−2Sσ2

y

P − S − 1
||θzθ

⊤
y ||2F , (3.13)

where θy and θz are fixed matrix approximations for θy and θz, rather than results of

optimization θ̂y and θ̂z (see Sections S3.1.1 and S3.2 for more details).

Thus, when P > S, there will be an improvement (decrease) in validation loss relative to

β = 0 (response-training), unless at least one of the following is true:

1. the number of training samples, P →∞;

2. the noise in neural recordings σy → 0;

3. the mapping between neural activity and auxiliary task output, θzθ
⊤
y → 0; or

4. the dimension of the hidden layer provides a “bottleneck,” N ≥ min(M +Q,S) (recall

Section 3.3.1).

All of these are conditions when one would not think that including a task in joint-training

would improve neural response validation loss: if the neural data is noiseless or there is infinite

training data, then neural responses can be predicted as well as possible, if the auxiliary task

is incompatible with the neural data, it will not be helpful, and if the network can learn the

two tasks separately, then it will do so. While none of these points are counter-intuitive,

the exact impact each term has on the cost function is not obvious a priori. This analytical

approach allows us to derive such relationships, and thus come to a deeper understanding of

joint-training.

The fact that (3.13) is always non-positive is not trivial, as one might imagine that the

gradual addition of a completely inappropriate auxiliary task would immediately start hurting

prediction of neural responses. The solution suggests that this does not happen because in

such a case, θzθ
⊤
y → 0, reflecting the lack of information about the neural responses in the
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auxiliary task, and preventing an effect at β = 0.

However, the implications of (3.13) are limited in multiple ways. Firstly, even if
d
dβC

val
resp(β)

∣∣∣∣
β=0

= 0, we have not proven that Cval
resp(β) won’t dip below Cval

resp(0) for a

higher value of β, and thus (3.13) being negative is a sufficient, but not necessary, condition

for joint-training to produce improvement. Secondly, we cannot make any claims about the

model selected by joint-training because we cannot easily compute the optimal value of β.

This prevents us from using this model to address our second motivating question about

what auxiliary tasks lead to optimal performance. In the next section, we investigate a

simplified version of the model that will leave these problems behind. We will still rely on

the approximation that the second layer of weights is set to its expected value as P →∞,

and thus employ numerical evaluation to measure its effect in Section S3.1.3.

The final, “bottleneck,” condition was derived in such a way that it is a necessary and

sufficient condition for joint-training to yield no improvement, but it relies on set of model

assumptions (linear, fully connected layers) that are generally violated in practice (we will

see an example of this in Section 3.4 where TJT >> 0 despite the absence of a bottleneck, as

defined above). In Section 3.5, we explore relaxations of these assumptions and take a deep

dive into the dynamics of joint-training to understand how early stopping of the optimization

routine can lead to improved performance in the full model (3.9) despite the presence of a

bottleneck.

Improvement in neural data prediction for a simplified model, and its dependence

on auxiliary task Here, we turn our attention to our second motivating question - what

choice of auxiliary task will allow for the best prediction of neural data under joint-training?

To this end, we make a further model simplification within the remaining case where

improvement is possible:

N = M

θy = IN (3.14)

This assumes that our model contains one unit for each recorded neuron, and a perfect
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correspondence between model units and recorded neurons has been established (see Figure

3.4A for a diagram). This perfect correspondence, however, is a convenience that we can

assume without loss of generality, provided θy is square and fixed to some full-rank matrix.

In this context, it is a model assumption that θy is not learned during training but rather

held fixed, whereas before we employed an approximation with similar effect when deriving

(3.13).

In Section S3.1.2, we approximate the relative improvement in neural response validation

loss (see (3.7)) as:

TJT =

Sσ2
y

N(P−1) tr[θ
⊤
z θz]

2

3σ2
ytr[θ

⊤
z θzθ

⊤
z θz] + σ2

z tr[θ
⊤
z θz] +

P−S−1
S σ2

xtr[(θ
∗
xz − θzθ∗xy)

⊤θzθ
⊤
z (θ

∗
xz − θzθ∗xy)]

(3.15)

First note that, as expected and by construction, TJT is non-negative (in the least-improvement

case, joint-training could select β = 0), and approaches zero (no improvement) if and only

if at least one the following conditions hold, while all other scalar quantities in (3.15) remain

finite and nonzero:

1. the number of training samples, P →∞;

2. the noise in neural recordings σy → 0;

3. the spread of the input σx →∞;

4. the noise in the auxiliary task output σz →∞; or

5. the mapping between neural activity and auxiliary task output, θz → 0

The last point in this list is modified slightly from the last set of conditions, reflecting

the change in model, and the two before it are new, although they effectively quantify the

second point from the first set of conditions: σy must approach zero, relative to σx or σz.

The last point requires some additional insight, as in that limit, TJT is undefined; however,

if θz = 0, then the auxiliary task output will not effect how the rest of the network learns,

which is effectively response-training. Note also that N →∞ is not another such condition

because we have assumed that N < S, and thus we cannot have N →∞ without S →∞.

Equation 3.15 provides an analytic expression for whether the inclusion of a task will improve

the performance of a neural response model and quantifies the extent of the improvement.

Compared to the conditions for zero-improvement we were able to obtain from the full model,
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via (3.13), these are more refined and are sufficient conditions, as well as necessary.

We now consider how TJT varies with the choice of auxiliary task, zi. Under our

assumptions about data generation, there are two factors that influence the values zi will

take: the noise added to it, σ2
z , and the linear transformation from the input, θ∗xz, which

effects the optimal transformation from neural activity, θz that we use to approximate the

results of model fitting.

Note that TJT increases with decreasing σ2
xtr[(θ

∗
xz−θzθ

∗
xy)

⊤θzθ
⊤
z (θ

∗
xz−θzθ

∗
xy)]. This term

is closely related to how well one can predict the auxiliary task output directly from the

neural activity (see Figure 3.4B):

σ2
xtr[(θ

∗
xz − θzθ

∗
xy)

⊤θzθ
⊤
z (θ

∗
xz − θzθ

∗
xy)] = Ei[tr[x

⊤
i (θ

∗
xz − θzθ

∗
xy)

⊤θzθ
⊤
z (θ

∗
xz − θzθ

∗
xy)xi]]

= Ei[tr[(z
∗
i − θzy

∗
i )

⊤θzθ
⊤
z (z

∗
i − θzy

∗
i )]], (3.16)

where y∗ and z∗ denote the true responses and auxiliary task output before noise is added

(y∗i = θ∗xyxi and z∗i = θ∗xzxi). Crucially, when θ∗xz and θ∗xy are compatible, (as we have defined

it, i.e. θ∗xz = θzθ
∗
xy), (3.16) disappears. Thus TJT is maximized when the neural response

problem and the auxiliary task are compatible.

TJT also increases monotonically with decreasing noise in the auxiliary task output, σ2
z ,

and increasing tr[θ
⊤
z θz] (note that, in general, tr[A⊤A]2 ≥ tr[A⊤AA⊤A]). Recalling that we

have defined θz = θ∗xzθ
∗+
xy , the latter term, tr[θ⊤z θz], can be increased either by stretching θ∗xz

while holding θ∗xy fixed (resulting in θz ← aθz, scaling all eigenvalues of θ⊤z θz by a2), or by

adding dimensions to θ∗xz that are compatible with θ∗xy (resulting in the introduction of new,

positive eigenvalues to θ
⊤
z θz). We can thus conclude that TJT is maximized by an auxiliary

task output that has as many dimensions, Q, as possible, all of which are represented in the

neural data, and has as high a signal (scaling of θ∗xz) to noise (σ2
z) ratio as possible.

We can also derive the approximate relative improvement in neural response validation

losses obtained by task-training, TTT (see (3.8) for a definition and (S3.9) for a derivation),

as:

TTT ≈
S

P − 1

(
1− σ2

z tr[(θzθ
⊤
z )

−1]

Nσ2
y

)
− P − S − 1

P − 1

σ2
x

Nσ2
y

tr[(θ
+
z θ

∗
xz − θ∗xy)

⊤(θ
+
z θ

∗
xz − θ∗xy)]

(3.17)
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This quantity, unlike TJT , can be negative, i.e. task-training can be worse at predicting held

out neural responses than a purely response-trained model. However, TTT obeys the same

relationships as TJT with many of the parameters, i.e. it increases with respect to σ2
y and N

and decreases with respect to σ2
x and σ2

z .

The most important difference is that TTT decreases monotonically with increasing

dimension of the auxiliary task, Q, (as both tr[(θ
⊤
z θz)

−1] and tr[(θ
+
z θ

∗
xz− θ∗xy)

⊤(θ
+
z θ

∗
xz− θ∗xy)]

increase with increasing Q), whether the dimensions added to θ∗xz are incompatible or

compatible with θ∗xy. This means that if TTT were used to pick the most appropriate auxiliary

task, zi, it would be biased towards lower-dimensional outputs. However, it would pick one

that is compatible (eliminating the second term) and has the lowest possible SNR (lowest

σ2
z , greatest scaling of θ∗xz). In the discussion, we address the implications of this distinction

between joint- and task-training.

To obtain (3.15) and (3.17), we made use of several approximations, so in Section S3.1.3 we

perform joint-training numerically with instances of this simplified network ((3.9), assuming

(3.14)), and show that the analytical results are borne out. These analytical results also

depend on a very simple model, so in the next Section, we perform joint-training numerically

with more complicated models and show that in this case too, the auxiliary task that yields

greatest TJT tends to be the one that is best predictable from the neural responses. This

setup will also allow us to address our third motivating question regarding the quality of

fitted unit-to-neuron maps θy. However, we will see that the bottleneck condition derived in

Section 3.3.1 appears to be violated, with a network whose input dimensionality (S) exceeds

that of a hidden layer (N) allowing substantial improvement in validation loss through joint

training (TJT > 0), a discrepancy we will address in Section 3.5.

3.4 Numerical Treatment of More Complex Networks with Simulated Data

In the previous Section, we used a very simple network model for the sake of theoretical

analysis. Namely, its architecture was linear, shallow, fully-connected, and (for the simplified

model) perfectly matched to the neural data (there were an equal number of neurons and

units, and the map between them was fixed). Here, we relax these assumptions and show

numerically that improved prediction of neural responses is still determined by how well the
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auxiliary task output can be predicted from those responses, thereby confirming a central

prediction of (3.15) from our theoretical analysis above.

Additionally, because last Section’s network model possessed one hidden layer only, and

its layers were fully-connected, there were no meaningful difference between all the possible

mappings θy from artificial units to recorded neurons. This is evidenced by the fact that

a network with any full-rank θy can be transformed into one with any other θy through

an appropriate linear transformation of all the network parameters. Here, we use a more

structured architecture to show that joint-training tends to find a mapping that is optimal

at the layer-to-layer resolution, while task-trained networks cannot do so because their unit’s

activities are fixed before they have access to the neural responses.

3.4.1 Model Definition.

Just as in Section 3.3, we have a joint probability distribution over inputs, neural activities,

and task outputs, as well as a model we fit to P samples from that distribution. Here,

we define a multi-layer, nonlinear, convolutional, ANN for both the data distribution and

the joint-training model. We will call this data-generating ANN the “data-generator,” with

“simulated neurons,” whose activities, yi, will be supplied to our joint-training model as if

they were neural recordings. We assume that the specific architecture of the joint-training

model (entailing layer sizes, nonlinearities, and convolutional structure; F , in the terms of

Section 3.2) is correctly specified to match that of the data-generator. We consider data

generated by an ANN that has already been trained on a task, which we refer to as the “true”

task. This task may or may not be the same as the auxiliary task, zi, used in fitting the

joint-trained model (see Figure 3.5).

In order to robustly demonstrate our results, we use a low-dimensional input, xi, so that

we can easily simulate many networks with many different experimental conditions. For

this we choose the digits dataset of labeled images of handwritten digits, (accessed via

sklearn.datasets.load_digits [68], see Figure 3.5 for an example sample) and specify

a feedforward, three-layer, convolutional ANN architecture used to both simulate neural

data and fit the joint-training model (see Figure 3.5 and Table 3.1). For both the true and
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auxiliary tasks, using the labels (di ∈ {0, ..., 9}) provided in the digits dataset, we consider

four potential task outputs:

• digit classification (zi = di),

• parity classification (zi = 1(di ∈ {0, 2, 4, 6, 8})),

• “loop” classification (zi = 1(di ∈ {0, 6, 8, 9})), and

• random network for the data generator, ℓ2 regularization for the model,

where 1 denotes the indicator function, which is 1 if its argument is true and otherwise 0.

While the parity classification task is not associated with any relationship to the shape of

the handwritten digits, loop classification focuses on the presence of a topological feature

(a closed loop) in the form of a digit. As the last option, we consider the absence of a true

or auxiliary task as control cases: for the data generator, we use an untrained ANN with

parameters sampled from a Gaussian distribution in place of a true task; for the joint-training

model, we replace the auxiliary task with standard ℓ2 regularization (Ccomp = 1
2 ||θu||

2
F ).

Layer Input 1 (conv1) 2a (conv2) 2b (mp) 3 (fc1) Output (fc2)

Dimensionality 48 384 256 64 128 10, 2, or 0

channels×rows×columns 1× 8× 6 16× 6× 4 32× 4× 2 32× 2× 1

Nonlinearity N/A ReLU ReLU 2× 2 MaxPool ReLU Softmax

Table 3.1: CNN architecture used for both the data generator and joint-training

model with the digits dataset. The activities of Layers 1-3 are concatenated and

“recorded” from the data generator as yi; in the model they are referred to as the “unit

activities,” which are mapped onto yi via θy. In our analysis, units/neurons from layers 2a

and 2b are grouped together.

Just as in Section 3.3, we use the mean squared error loss for our (simulated) neural

responses:

Cresp =
1

2P

P∑
i=1

||yi − ỹi||2F . (3.18)
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Figure 3.5: Auxiliary tasks and nonlinear CNN architecture used for generating

data and joint-training in Section 3.4. The digits dataset consists of xi ∈ R8×6 greyscale

images and di ∈ [0, ..., 9] labels of digit identity. We use this convolutional architecture for

both the data generator (bottom half) and the joint-training model (top half) - see Table

3.1 for details. Before generating data, the data-generator is trained on one of four “true”

tasks; one of four auxiliary tasks, which may or may not correspond to the true task, is used

for joint-training the model. The model is a specific instance of the general formulation

presented in Section 3.2 and Figure 3.1.

We do have a θy matrix that learns the mapping from units to simulated neurons (3.3). In

Section 3.4.5, we will consider models with minimal (paralleling the full (3.9) version of our

linear model) and variable precision in the units-to-neurons map, demonstrating continuity of

the main results that follow across this precision spectrum and introducing some new results

that are unique to those models.

Here, we focus on a maximally sparse θy, with one nonzero element in each row and

column. Doing so provides the greatest consistency with the simplified model ((3.14)) we

used to derive our main results, (3.15) and (3.17) and the most straightforward answer to our

third motivating question regarding the quality of the units-to-neurons map. Even though

we will only assess the accuracy and bias of θy at a layer-to-layer resolution, constraining θy

to be maximally sparse facilitates this. To push θy towards maximal sparsity, we constrain
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the elements of θy to be non-negative, and use a penalty Cmap(θy) (with hyperparameter λ)

during the first half of training:

Cmap(M) =
∑
r,c

Mr,c

∑
r′ ̸=r

Mr′,c +
∑
c′ ̸=c

Mr,c′

 . (3.19)

Note that this penalty is zero when, for each row and for each column of M , there is only

one nonzero element. Note that this assumes that the same unit will not be used to predict

multiple neurons, an assumption that is not necessary to achieve maximal sparsity, but may

be desirable. During the second half of training, we replace this regularization with hard

threshholding on θy, which we denote θy ← H(θy), setting all elements to zero, except for

the greatest in each row:

H(M)r,c =


Mr,c if Mr,c > Mr′,c ∀r′ ̸= r

0 otherwise
(3.20)

3.4.2 Optimizing Model Parameters

We use pytorch [67] with the Adam optimizer to minimize our joint-cost function with respect

to the network parameters θ. To maintain an appropriate learning rate for each parameter

group (θu, θz, and θy), we divide the base learning rate (10−3) by the summed weight of

the terms of the joint cost function that affect that parameter group. That is, the learning

rate for θu is 10−3/(1 + β), that for θy is 10−3, and that for θz is 10−3/β. Optimization

proceeds for the first half of training with regularization (3.19), and then switches to hard

threshholding (3.20) for the second half. Learning rates are further halved if the loss has not

decreased in 20 epochs (not including the transition between regularization and thresholding),

down to a minimum rate of 10−4/(1 + β). Unless otherwise noted, the network is trained for

300 epochs in total.

3.4.3 Selecting Optimal Hyperparameters

We train the model (Step 2) for a grid of logarithmically spaced β ∈ [10−5, 105] and

λ ∈ [10−6, 10−2] on a training set of 1024 samples, then evaluate the response loss Cval
resp on
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the remaining 773 samples. In order to reduce the effect of randomness inherent in fitting

neural networks, we train 40 separate networks on the same simulated data with the same

hyperparameters, and average Cval
resp across them. We select the β, λ pair that produces

the lowest Cval
resp, and use them to compute TJT , according to (3.7). While in practice, one

might want to select as a single final model the one with the lowest loss, the selection of

hyperparameters should be more robust when the average loss (over the 40 separate networks)

is used, since taking the minimum would be much more prone to noise. A single final model

could still be chosen as the one with the lowest Cval
resp(β̂y, λ̂) (using the β̂y, λ̂ selected using

the averaged loss).

3.4.4 Evaluation

We perform joint-training for all 16 combinations of true and auxiliary task. For each true

task, the same generated data is used for all four auxiliary tasks. We first ask whether

the trends in neural response prediction improvement, TJT , match what we would expect

from our analytical treatment in Section 3.3, i.e. (3.15). Namely, we ask whether we

observe improvement, and for which auxiliary task that imporvement is maximized. We then

evaluate the learned mapping from model units to simulated neurons, θ̂y, in terms of how

accurately and fairly it links neurons from a given layer of the data generator with units in

the corresponding layer of the model.

When is TJT positive?

In our analytical treatment, TJT is non-negative by construction, approaching 0 in specific

circumstances. In the present empirical context, we generally find a positive TJT , as can be

seen in the y-axis of Figure 3.6A. By contrast, task-training produces predictions that are

worse than those of the response trained model (TTT < 0 in Figure 3.6B).

We note that extrapolating our derived dimensionality bottleneck condition to this context,

using the layer sizes in Table 3.1, one would conclude that joint-training should not produce

positive TJT . We will address this apparent discrepancy in Section 3.5, but presently address

our second question, which auxiliary task maximizes this improvement.
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Which auxiliary task maximizes TJT?

From our analysis in Section 3.3, we expect TJT to be inversely related to the loss of predicting

the output zi directly from the simulated neural recordings yi (see (3.16)). To compute this

quantity from our generated data, we use logistic regression with ℓ2 regularization, using the

same training-validation split as is used for the model.

Because, as described in Section 3.3.3 above, the term describing this loss of predicting zi

from yi in (3.15), tr[(θ∗xz−θzθ∗xy)⊤θzθ
⊤
z (θ

∗
xz−θzθ∗xy)], increases linearly with the dimensionality

of the auxiliary task output, Q, (if we assume that each dimension added to the auxiliary

task is equally incompatible with the neural data), we consider the scaled negative validation

loss of predicting zi directly from yi,

scaled negative loss =
1

Q|Dval|
∑

i∈Dval

log(P (zi|yi)), (3.21)

where |Dval| is the number of samples in the validation set, and P (zi|yi) is the prediction of

the logistic regressor described above.

Figure 3.6A shows that indeed this quantity correlates very well with TJT , although

neither corresponds with whether the true and auxiliary tasks match. Each solid line shows

the TJT values obtained for a single dataset of simulated neural responses, using three different

auxiliary tasks. The upward trend with the negative rescaled loss (3.21) for each of these

is consistent with our analytical result using a simple linear network (3.15), interpreted via

(3.16). Performance using the “control auxiliary task,” which is not really an auxiliary task

but just ℓ2 regularization, is encoded in the height of the dashed line, whose color, like that of

the solid lines, encodes the simulated neural dataset (note that it is not meaningful to predict

this task using the simulated neural data). We did not address this in our linear theory,

but expect that this control task should provide some improvement, since ℓ2 is generally

useful regularization, and that it should be most useful, relative to the non-control auxiliary

tasks, for the simulated neural data taken from the untrained network. This is indeed the

case, although the full digits classification task is still more useful than the control task, for

simulated neural data from the untrained network.

By contrast, task-training in this instance produces worse response predictions than
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response-training (negative TTT ), generally yields better performance from the control task

than the non-control tasks, and does not demonstrate such a clear relationship between the

accuracy of these predictions and how well the auxiliary task can be predicted from the

neural data (Figure 3.6B). Worse performance than joint-training is to be expected, since by

construction joint-training selects models with the most improvement, and the weaker trend

is consistent with task-training’s preference for lower-dimensional tasks derived using the

linear theory (3.17).

We claim that the result that the auxiliary tasks that yield higher TJT do not correspond

to the true tasks (where the line and fill color match in Figure 3.6) is due to the fact that

every network trained to classify a subset of digits is actually learning to perform full digit

classification. This is directly evidenced by the x-axis position of the blue dots in Figure 3.6.

We will return to this point later in Section 3.4.4, after we have presented more results that

allow for a more complete treatment of this subject.

Does joint-training correctly map simulated neurons to units in the appropriate

layer?

Here, we investigate properties of the mapping between model units and simulated neurons, θ̂y,

discovered by training with a joint cost function, and show that models that achieve greater

improvement in Cval
resp (joint-training, by construction, achieves the greatest improvement)

also lead to better such mappings.

Generally, we desire a mapping θ̂y that allows for improved model interpretability, such

that one can attempt to understand the role of populations of recorded neurons in terms of

populations defined by the model architecture. Here, we evaluate how well θ̂y corresponds

with ground truth at the resolution of layers in our feedforward structure (with layers 2a

and 2b considered as one layer), as invariances introduced by the model architecture make

measurement at any higher resolution much more complicated. Specifically, we will evaluate

layer-wise accuracy, measuring how often neurons from a given layer of the data-generator

are mapped to units in the corresponding layer of the model, and layer-wise bias, measuring

how much neurons tend to be mapped to a layer in the model that is deeper or shallower
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A B

Figure 3.6: Joint-training provides better prediction of simulated neural responses

and selects higher-dimensional auxiliary tasks, relative to task-training.

Each panel shows how relative improvement over response-training afforded by joint-training

(panel A, TJT , (3.7)) or task-training (panel B, TTT , (3.8)) is related to how well the task

outputs can be predicted directly from the neural responses (3.21). Line (fill) color encodes

the true (auxiliary) task used to train the data generator (fit the model). Simulated data for a

given true task is identical across trials and auxiliary tasks, so each solid line joins predictions

of the same simulated data. When ℓ2 regularization is used in place of an auxiliary task,

a dashed horizontal line is used (whose color encodes true task), since there is no task to

predict. Error bars indicate the mean ± SEM over 40 model fits.

than their corresponding layer.

In order to come up with appropriately scaled metrics that describe θ̂y at layer-to-layer

resolution, we measure the fraction of neurons in layer i of the data-generator that are

mapped to units in layer j in the model as:

Wi,j =
1

|Li|
∑
n∈Li

∑
u∈Lj

1([θ̂y]n,u ̸= 0), (3.22)
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where Li is the set of indices for units/neurons in the ith layer of the network architecture

(in this case, i ∈ {1, 2, 3}), and 1 is the indicator function. See Table 3.1 for the layer sizes,

|Li|. Using this measure, we define the class-balanced, layer-wise accuracy of θ̂y:

accuracy =

∑
i

1
|Li|

Wi,i∑
i,j

1
|Lj |

Wi,j
. (3.23)

Note that unless there is exactly one non-zero element of θ̂y per row and column, this is

not the standard class-balanced classification accuracy. However, it is always an appropriately

normalized accuracy metric (between 0 and 1) in terms of the density of connections between

layers of the data-generator and model. Similarly, we define the class-balanced layer-wise

bias as:

bias =
∑

i<j
1

|Lj |
Wi,j−

∑
i>j

1
|Lj |

Wi,j∑
i̸=j

1
|Lj |

Wi,j
. (3.24)

Note that bias is positive when θ̂y contains too many connections from too deep in the

model to too shallow in the data-generator, and vice-versa (ranging from -1 to 1). See Figure

3.7 for a graphical representation of these metrics.

We find that, across all true and auxiliary tasks and hyperparameter settings, the layer-

wise accuracy and bias of θ̂y both show dramatic improvement with increasing ability to

predict held out neural activity (Figure 3.8A and D, respectively). We quantify the latter,

which is represented by the x-axis in these panels, similarly to TJT and TTT :

T ≡
Cval
resp(0, λ̂)− Cval

resp

Cval
resp(0, λ̂)

. (3.25)

Like TTT (and unlike TJT ) this value can be positive or negative, depending on whether the

model in question predicts held out neural responses better or worse than response-training.

While layer-wise accuracy improves monotonically with T , the absolute value of layer-wise

bias initially increases (worsens) with increasing T as the mapping becomes more structured

than one would expect by chance (the dashed red line in Figure 3.8A). It is only right around

T = 0, when there is actually an improvement in Cval
resp, that the bias begins to decrease. This
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Figure 3.7: Diagram of layer-wise accuracy (3.23) and bias (3.24) metrics for the

fitted units-to-neurons map, θ̂y. The matrix shown represents a fitted θ̂y, and each

block corresponds to connections from a specific layer of the model to a specific layer of the

data-generator. The non-zero values of θ̂y in the i, jth block are counted and normalized

to measure the fraction of units in the ith layer of the model mapped to the jth layer of

the data-generator (see (3.22)). Accuracy is the class-balanced sum of these values from

diagonal blocks, normalized to [0, 1] (grey, see (3.23)). Bias is the difference between the

class-balanced sum over the red blocks and that over the blue blocks, normalized to [−1, 1]

(see (3.24)).

relationship between quality of the mapping θ̂y and improvement in neural prediction loss T ,

means that the process of joint-training effectively finds models whose structure corresponds

as closely as possible with that of the neural data by choosing the β̂y that produce the

largest T . While this is a sensible result, it is by no means trivial - in general there are many,

meaningfully different solutions to network training that will produce similarly accurate
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predictions of held out neural data, but joint-training is able to find those that best align

with the true structure of the data-generator. We will see in Section 3.4.5 that indeed such

trends are not always guaranteed, as making networks sparser can lead to better prediction

of held out neural activity, but only up to a point.

We can also ask directly what quality of mappings are produced by joint-training by

looking only at the models with selected hyperparameters. When we restrict our view to

these, we see that the trends in accuracy and bias better match what we would expect from

the relationship between true and auxiliary task, rather than the pattern we observed for TJT

(Figure 3.8B and E). That is, accuracy is high and bias is of low magnitude when the true

and auxiliary tasks match. We also note that, when the auxiliary task is digit classification

([0− 9]), the bias is from too deep in the model to too shallow in the data-generator, and

otherwise it is the opposite, when it differs greatly from no bias. When ℓ2 regularization is

used in place of an auxiliary task, in particular, there is a very strong bias from too shallow

in the model to too deep in the data generator.

In contrast, the units-to-neurons map discovered by task-training obtains only chance

levels of accuracy (Figure 3.8C) and is biased towards using model units in early layers

(Figure 3.8F). This can be understood as a result of the task-trained network learning its

representation without the influence of the representation present in the neural data. Thus the

two representations of the input should diverge as the depth from the shared input increases,

making units in earlier layers of the model more useful for predicting neural activity.

Why is the true task used for training the data-generator not always the best

auxiliary task?

We are now prepared to ask why those selected computations that are best represented (and

thus produce the highest TJT ) in the simulated neural data are not always the same as the

“true” task used to train the data-generator. While a thorough treatment of this phenomenon

is beyond the scope of this work, we propose that it arises because of specific relationships

among the tasks. That is, the digit classification task ([0− 9]) best captures the structure of

the input, in such a way that it might be discovered by an unsupervised clustering algorithm.
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A B C

D E F

Figure 3.8: Joint-training discovers best map between model units and simulated

neurons when neural response loss is most improved.

A: Heatmap across different true and auxiliary tasks, hyperparameters, and model fits, of the

layer-wise accuracy of the map between model units and simulated neurons, θy, (3.23) versus

the improvement in loss of held out neural data, Cval
resp, relative to the baseline, Cval

resp(0, λ̂).

Columns are normalized to sum to one, and the solid black line shows the mean of data in

each column. The dashed red line shows chance levels (1/3, since there are 3 layers).

B: Layer-prediction accuracy, averaged over models fit with the optimal hyperparameters, for

each true and auxiliary task.

D: Same as panel A, except showing the absolute value of bias in layer prediction (3.24) on

the y-axis. The dashed red line here is at 0. Note that joint-training selects hyperparameters

that maximize Cval
resp, and thus find maps between units and neurons that are as accurate as

possible and have low bias.

E: Layer-prediction bias, averaged over models fit with the optimal hyperparameters, for each

true and auxiliary task. Red (blue) color of a cell denotes a θ̂y with too many connections

from units deeper (shallower) in the model than the neuron they map to, in the red (blue)

blocks in Figure 3.7.

C and F: Same as B and E, but using β →∞ (task-training).
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The other two task outputs (parity and loop classification), however, are not as natural a

division of the inputs into classes, but can be easily computed from the outputs of digit

classification.

This means that a natural way for a feedforward network to learn the parity (or loop)

task may be to learn digit classification in its lower layers, and then trivially compute parity

(or loopiness) in the final layer. Not only would this explain why digit classification is so well

represented in networks trained on a different task (blue dots are the farthest right in Figure

3.6), but also the layer bias obtained by joint-training (Figure 3.8E). When one network

that is trained on digit classification is matched with another that is trained on parity (or

loop) classification, there will be high similarity between the last layer in the former and

the penultimate layer of the latter, because in both that is where the digit classification

outputs are best represented. This will produce the pattern of layer bias observed in Figure

3.8E, in which a model trained with full digit classification as an auxiliary task is biased

towards using units layers that are too deep to predict data from a model trained on parity

classification, and vice versa.

It is also worth noting that ℓ2 regularization uniformly pulls all weights of the model

towards 0, such that supporting a large signal deeper in the network incurs penalties from

more layers. This leads to the regularized model using its lower layers to model simulated

neurons from all layers, resulting in the observed bias.

3.4.5 Models of the digits dataset with different precision of the units-to-neurons

map

To this point, we have enforced maximal sparsity of our units-to-neurons map, θy, using a

regularization (3.19) and thresholding (3.20) scheme. We have done this to present a clean

set of results from a model most similar to the one in which we derived our main result,

(3.15), (which assumed a perfect correspondence between units and neurons – see (3.14),

Figure 3.4A), that admits simple measurement of the quality of the units-to-neurons map.

However, in practice such precision may not be attainable or desirable, so here we explore

results from models with less precise units-to-neurons mappings.
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We will demonstrate that generally, the main results using the maximally sparse map

carry over to when a dense map or a variable-sparsity map is used. However, prediction of

simulated neural data using the dense map shows less improvement under auxiliary tasks,

compared to the control task, ℓ2 regularization. The variable-sparsity map also allows us

to show that joint-training selects models with maps that are relatively sparse (in terms of

associating each simulated neuron with fewer model units), as well as accurate and unbiased,

compared to response-training and task-training.

Minimally sparse (dense) units-to-neurons map θy

First, we will consider the least sparse mapping, where all units are mapped onto all neurons,

and no sparsity at all is promoted in θy. This corresponds more closely to our unsimplified

linear model (3.9), which we found theoretically to have similar conditions for when joint-

training would result in improvement in response prediction (compare (3.13) and associated

discussion with (3.15)). Here, we explore numerically how similarly they perform in terms of

which auxiliary tasks produce the most improvement, and how improvement is related to the

quality of the units-to-neurons map, θy.

Which auxiliary task maximizes TJT? Figure 3.9 shows the same results as those in

3.6, relating the improvement in neural prediction afforded by an auxiliary task to how

predictable it is from the neural data, but for models with a minimally sparse θy. The main

result derived in (3.15) and observed in Figure 3.6A, that an auxiliary task yields greater

improvement under joint-training when it is better predictable from the responses, is also

generally observed in Figure 3.9A (although notably it does not hold when the true task is

the even/odd task). Likewise, this trend does not hold when task-training is used (Figure

3.9B), with higher-dimensional auxiliary tasks generally yielding lower improvement, despite

higher predictability, as expected from (3.17) and observed in Figure 3.6B. As with the results

using the maximally sparse units-to-neurons map (Figure 3.6), the “control” auxiliary task,

ℓ2 regularization of θu, yields the greatest (least) improvement under joint (task) -training,

when simulated neurons are recorded from a random, untrained network.

The key difference here is that with the dense map, the improvement joint-training
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produces with the non-control tasks is much lower, and specifically lower than when ℓ2

regularization is used. These decreases in relative performance can be understood in terms of

the dimensionality bottleneck criterion: when a maximally sparse mapping is used, neurons

predicted by model units that are deeper in the network than a bottleneck where information

in the stimulus must be discarded will admit improvement in their responses due to joint-

training. However, when a dense mapping is used, as it is here, model units in the layers

before the bottleneck can be recruited to predict all responses, to some extent eliminating

what would be a bottleneck if the model units deeper in the network were required. Since the

bottleneck is necessary for an auxiliary task but not ℓ2 regularization to yield improvement,

this explanation can account for the observed shift.

While task-training produced worse performance than response-training with the maxi-

mally sparse map (negative TTT in Figure 3.6B), now it is astronomically worse, in relative

terms (note the 107 scale of the y-axis in Figure 3.9B). This large scale demonstrates the

level of overfitting that is possible using all task-trained features together to predict neural

activity.

Does joint-training correctly map simulated neurons to units in the appropriate

layer? To answer this question, because θy is not sparse in this case, we first adjust our

layer-to-layer connectivity score accordingly (see (3.22):

Wi,j =
1

|Li|
∑
n∈Li

∑
u∈Lj

[θ̂y]n,u. (3.26)

Layer-wise accuracy and bias metrics for this case are defined as before (see (3.23),

(3.24)), but using this new connectivity score which takes the magnitude of connections into

account, as opposed to just their existence (as before in (3.22)). Note that this is not a trivial

difference, as differences in the magnitude of [θ̂y]n,u may reflect differences in the scale of the

nth neuron’s activity and/or the uth unit’s activity, and thus the resulting metrics may be

harder to interpret.

Indeed, we see that joint-training’s bias towards using units from too deep in the network

(Figure 3.10E) does not match our expectation from Figure 3.8E, but this may be due
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Figure 3.9: Joint-training provides less improvement with a dense units-to-neurons

map, but that still corresponds with predictability of auxiliary task from re-

sponses.

Same results as Figure 3.8, but without any constraints placed on the units-to-neurons map

θy. The main trend is upheld, that joint-training, more than task-training, is greatest when

the auxiliary task is best predicted from the responses. However, here the resulting values

of TJT produced by all auxiliary tasks are much lower, especially relative to the control, ℓ2

regularization.

smaller activities of those units or the fact that their activities represent features of the input

aggregated across greater portions of the image. This is consistent with the difference in

bias produced by task-training between the two models: whereas the maximally sparse map

apparently uses units that are too shallow (Figure 3.8F), the dense map uses units that are

too deep (Figure 3.10F). The difference in metric for the dense map may also account for the

generally lower layer-wise accuracies depicted in Figure 3.10A, 3.10B, and 3.10C, compared

to the corresponding panels in Figure 3.8.

Despite these differences, we see that the main result from Figure 3.8 is upheld: model fits
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that attain greater improvement in prediction of responses also obtain unit-to-neuron maps

that are more accurate (Figure 3.10A) and less biased (Figure 3.10D) at the layer-to-layer

resolution.

Variable-sparsity units-to-neurons map θy using ℓ1 regularization

Now that we have investigated models with units-to-neuron maps at both extremes of the

spectrum from lowest sparsity (dense θy, Figures 3.9 and 3.10) to highest (maximally sparse

θy, Figures 3.6 and 3.8), we consider an intermediate level of sparsity, obtained by using

standard ℓ1 regularization and thresholding. This is achieved using the scheme described in

Section 3.4.1, but with

Cmap(M) =
∑
r,c

|Mr,c|, (3.27)

H(M)r,c =


Mr,c if Mr,c > 10−6

0 otherwise
. (3.28)

Which auxiliary task maximizes TJT? As expected, the results for models with inter-

mediate sparsity in θy interpolate between those using the dense and maximally sparse θy.

Most importantly, the main trend of better response prediction by joint-training associated

with greater predictability of the auxiliary task from responses is preserved (Figure 3.11A,

even clearer than the trend in Figure 3.6A). When ℓ1 regularization is used to sparsify the

units-to-neurons map, the best auxiliary tasks yield greater improvements than ℓ2 regular-

ization of θu, except when the data generator was not trained on a task. The results for

task-training (Figure 3.11B), relative to those using maximally sparse and dense maps, are

intermediate, in scale of TJT , relative positions of results for the different datasets (line

colors), and selected auxiliary task for each dataset.

Does joint-training correctly map simulated neurons to units in the appropriate

layer? Because the ℓ1 penalty promotes a high degree of sparsity, we can use the original

formulation of layer-to-layer connectivity (3.22) to define our accuracy and bias metrics for
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Figure 3.10: Joint-training discovers best dense map between model units and

simulated neurons when neural response loss is most improved. Same results as

Figure 3.8, except using an unconstrained θy, and a correspondingly different method for

computing layer-wise metrics (3.26). The main trend, that accuracy and bias improve with

improving response prediction, is shared by both models. However, the level of accuracy

achieved and the specific pattern of bias as a function of true and auxiliary task is very

different, possibly due to the necessarily less precise formulation of these metrics.
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Figure 3.11: Joint-training provides intermediate improvement with a variable

sparsity map, but TJT still corresponds with predictability of auxiliary task

from responses. Same results as Figure 3.8, but using ℓ1 regularization and thresholding

to promote sparsity in the units-to-neurons map θy. The main trend is upheld, that the

improvement in predictions of held-out neural data afforded by joint-training is greatest

when the auxiliary task is best predicted from the responses, unlike with task-training. The

improvement afforded by auxiliary tasks, relative to the control, is more consistent with

the desired relationship (greater improvement from the auxiliary tasks, compared to ℓ2

regularization, except when simulated neural recordings are from an untrained network)

than using either maximally or minimally sparse maps (compare to Figures 3.6A and 3.9A

respectively).

θ̂y, consistently with those used in Figure 3.8. Additionally, because the level of sparsity

achieved varies across model fits, we can investigate how the level of sparsity achieved

using ℓ1 corresponds with improvement in response prediction (Figure 3.12G). As with the

maximally sparse and dense maps, we observe that the layer-wise bias decreases as response

predictions improve past the performance of response-training (Figure 3.12D), but layer-wise
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accuracy is too low to discern a trend (Figure 3.12A). Similarly, better response predictions

correspond with more sparse mappings, but only up to a point - the most sparse maps result

in predictions slightly worse than those made by response-trained networks, but the best

response predictions are made using maps that are almost as sparse.

While some features of how layer-wise bias is related to true and auxiliary task (Figure

3.12E and F) were present when a maximally sparse mapping was enforced (Figure 3.8E

and F), the overall patterns are quite different. This difference may be related to the lower

scale of bias associated with the layer-wise accuracy that is closer to chance levels (larger

denominator in (3.24)). It may also be that an uneven allocation of nonzero elements of θ̂y

across layers of the model and/or data-generator may be skewing the results, similarly to

what we observed with the dense units-to-neurons map.

Takeaways from comparing models with different levels of sparsity in their

units-to-neurons map

Comparing all these numerical results across the three different levels of sparsity in the

units-to-neurons map we investigated (maximally, minimally, and variably sparse) highlights

the important role that constraints on this map may play. The main result that auxiliary

tasks better predictable from neural data lead joint-training to make better predictions of

held out neural data holds across each of these cases, although this trend clearer in some cases

than others. However, the unregularized, dense map resulted in much worse performance in

terms of improved prediction of held out responses (lower TJT in Figure 3.10 than Figure 3.8

or 3.12) and selection of an appropriate auxiliary task (highest TJT for every dataset (line

color) in Figure 3.10 is ℓ2 regularization (dashed line), whereas in Figure 3.8 and 3.12 this

is only the case for data from an untrained (random) network). In Section 3.5, especially

Section 3.5.1, we will further explore the importance of constraints on the units-to-neurons

map and seek to understand it in terms of our analytical results from Section 3.3.1 regarding

dimensionality bottlenecks.
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G H I

Figure 3.12: Joint-training discovers best ℓ1-sparsified map between model units

and simulated neurons when neural response loss is most improved.

Same results as Figure 3.8, except using ℓ1 regularization (3.27) and thresholding (3.28) to

constrain θy. Additionally, panels G, H, and I show the level of sparsity achieved by all fits,

joint-training, and task-training respectively, in the same style as the other rows of this figure.

Differences in layer-wise accuracy are too small to observe a trend, but greater improvement

in response prediction corresponds with unit-to-neuron maps that are sparser (up to a point)

and less biased.
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3.5 Is a dimensionality bottleneck necessary for joint-training to yield improved
response prediction?

Here, we consider in more detail the “bottleneck” condition, N ≥ min(M + Q,S) (recall

Figure 3.3), which stipulates that an auxiliary task will not provide improved prediction of

neural responses unless the dimensionality of the hidden layer is less than that of both the

input and combined output (see Section 3.3.1). We first note that this result can easily be

extended to a network with more hidden layers, in which case N will be replaced by the

smallest dimensionality of any hidden layer. To see this, we can simply consider θu to be

the matrix product of the network layers up to this narrowest layer, and θy and θz to be the

product of subsequent layers leading to each respective task. This assumes that only the

last layer is used to predict both outputs, as we will do for much of this section. If instead

earlier layers are used to predict recordings, and there are no restrictions on which unit(s)

can be used to predict a given neuron, than this amounts to replacing N with the width of

the shallowest layer used to predict recordings.

When we consider deep, nonlinear networks, this bottleneck condition is violated by

most standard architectures, including the one we use in Section 3.4.5 (see Table 3.1), and

yet, as we have seen, there is still the potential for joint-training to produce a significant

improvement in predictive accuracy. We consider three potential reasons why a feedforward

network model can effectively possess a bottleneck, even when a hidden layer has more units

than the input or combined outputs:

• Nonlinearities can provide an information bottleneck through noninvertible transforma-

tions.

• Constraints on model parameters induced by architecture or regularization can induce

a bottleneck by requiring some level of redundancy among units in a layer in terms of

how they represent the input.

• Early stopping of training can provide an effective bottleneck because modes of the

input-output cross-covariance matrix with the largest singular values are learned first.
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In Section 3.5.1, we explore the extent to which each of these three factors allowed for

successful joint-training in our simulations with the digits dataset. In Sections 3.5.2 and

3.5.3, we restrict our focus to the third explanation, learning dynamics, and undertake a

more thorough analysis using simulations and theory respectively.

3.5.1 How do nonlinearities, regularization, and early stopping affect joint-

training on the digits dataset?

At first glance, the results of Section 3.4, namely the large improvements in response prediction

through joint-training, seem inconsistent with the bottleneck condition, as the number of

stimulus dimensions (6× 8 = 48) is less than the dimensionality of the smallest hidden layer

(64 units in layer 2b). Therefore we ask the natural question: which of the ways in which this

CNN differs from a linear, fully-connected network give rise to this discrepancy?

For greatest consistency with the model we used to derive the bottleneck condition, we

consider first a version of our CNN with a dense units-to-neurons map (no regularization term

Cmap(θy)) and where only M = 41 neurons (about 5% of the total number) are recorded, so

that both bottleneck conditions are violated (Figure 3.13A, but see also Figure 3.13B, where

a maximally sparse map is used to predict all recorded neurons, and Figure 3.13C and D,

where we consider a range of recording densities with the maximally sparse map). We use full

digit classification as both the true and auxiliary task (Q = 10). We record the TJT values

obtained for a range of learning durations to test how much of the improvement comes from

earlier stopping. For comparison, we also perform this analysis for a linearized version of our

CNN architecture, where the ReLU nonlinearity is replaced by the identity transformation,

and the MaxPool layer is replaced by an AveragePool layer of the same dimension, in order

to test how much of the improvement is due to information discarded by the nonlinearities.

The difference achieved by joint-training in improvement between the dense map (y-scale

of Figure 3.13A, also of Figure 3.6A) and the maximally sparse map (y-scale of Figure 3.13B,

also of Figure 3.9A) may be understood in terms of a constraint on parameters promoting

a bottleneck. This is easiest to understand for the linearized model: when a dense map is

used, the first layer will be capable, alone, of making a prediction for neural activity that
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Figure 3.13: Nonlinearites, early stopping, and constraints on model parameters

at least partially explain improvement in a network with no dimensionality

bottleneck. Panels A and B show how nonlinearity (line color) and shorter training time

(x-axis) generally increase TJT (y-axis) for two different versions of the CNN model used

in Section 3.4. Panels C and D then highlight the specific effects of varying the number

of simulated neural responses. A: Dense map between units and neurons, with only 5% of

neurons (M = 41) supplied as data. B: A maximally sparse map between units and neurons

(see (3.19) and (3.20)), with all neurons used results in higher TJT overall. C: Relative

improvement in response validation loss TJT ((3.7), y-axis) is greater, when fewer simulated

neurons are provided as input to nonlinear networks with maximally sparse unit-to-neuron

maps. D: Layer-wise accuracy of mapping between model units and simulated neurons ((3.23),

y-axis) does not show as clear a trend for these same networks. All panels show the mean ±

SEM over 40 fits.
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uses any combination of units in the model. Thus the constraint of maximal sparsity in

the units-to-neurons map makes it possible for the architecture of the deeper layers of the

network to introduce a bottleneck. In this architecture, the pooling layer takes inputs from

four units and reduces them to one unit, effectively throwing away three units worth of

information. Even though the resulting number of units (64) is greater than the number of

input dimensions (48), the way the convolutional layers feed signals into the pooling layer

prevents the network from creating the redundancy that would be necessary to preserve all

of the stimulus information in this layer.

We also see that, indeed, the linear network (orange lines in Figure 3.13A and B) and

longer training time (greater x-axis values) generally result in less improvement (lower TJT ),

but that TJT does not approach zero. The fact that TJT does not approach zero for later

stopping with the unregularized linear network (blue line in Figure 3.13A) may be due to finite

training time or other factors related to the optimization process we have not considered.

We also observe in Figure 3.13C that in general a smaller number of recorded neurons

M leads to greater relative improvement in predictions of their activity, although there is

not a clear trend for changes in layer-wise accuracy (Figure 3.13D). As we proposed above,

our example CNN has a bottleneck built into the architecture at the pooling layer. Thus,

as long as any recorded neurons come from the output of the pooling layer or deeper, this

bottleneck will remain. Otherwise, we might expect a steep drop in TJT when then the

number of recorded neurons falls below a certain number.

Our analysis of the full model (3.9) predicts the rate of improvement in predicting held-out

neural responses with β from β = 0, and this formula (3.13) suggests that adding recorded

neurons should always yield greater initial improvement, by appending columns to the

argument of the Frobenius norm. Thus, extrapolating the result in (3.13) to attempt to

predict TJT does not account for this trend.

However, we might also employ our result for TJT with the maximally sparse map (3.15)

by considering a reduction of the number of recorded neurons M without changing the

number of hidden units N . After this reduction, there are N −M hidden units that are not

associated with a recorded neuron, and are thus free to represent any N −M dimensions

of the auxiliary task. Suppose that they learn to represent dimensions of the task that are
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not compatible with the neural data, as all compatible dimensions can be learned from the

other units that are associated with recorded neurons. We could then effectively reduce

this case back to our simplified model by removing these N −M hidden units and at the

same time removing the N −M dimensions of the auxiliary task they represent. Since

these dimensions were incompatible with the neural data, this will reduce the rightmost

term in the denominator of (3.15) more than the reduction in N and correspondingly in

tr[θ
⊤
z θz], amounting to a reduction in TJT . This explanation of course assumes that there are

incompatible dimensions of the auxiliary task to remove. This implies that the improvement

in TJT that results from a removal of neurons from yi should be smaller when the auxiliary

computation is well chosen, effectively making it harder to select an appropriate computation.

Here, we have only investigated this effect when both the true and auxiliary task are digit

classification, but it is of interest to future work whether or not this prediction holds across

a variety of auxiliary tasks.

So far, our analysis has allowed us to make claims about to what extent each specific factor

(architecture, nonlinearities, training time) contributes to improvement under joint-training.

We have already provided some commentary for how parameter constraints from architecture

and regularization might introduce a bottleneck by preventing all the information in the

stimulus from reaching a certain depth in the network. Nonlinearities accomplish this in a

more straightforward way when they are noninvertible by mapping many input values to

the same output value, discarding information about which of those input values produced a

given output. Training time is considerably trickier to understand without further analyis,

but fortunately is quite amenable to analysis using the linear model (3.9) from Section 3.3

which we used to derive the bottleneck result. In Section 3.5.2, we will numerically fit this

model to simulated data, isolating the effect of training time and painting a clearer picture

of what the learning trajectories of joint-training are that allow for improved prediction of

neural responses. Then, in Section 3.5.3, we will use a theoretical treatment of these learning

dynamics to help understand why joint-training produces such dynamics.
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3.5.2 Simulations with linear networks reveal positive TJT up until late in

training, due to slow growth in effective network dimensionality

To assess whether the absence of a dimensionality bottleneck (N ≥ min(S,M + Q)) in a

fully-connected, linear network performing joint-training prevents performance improvements,

and how this depends on when training is stopped, we simulated learning in many instances

of (3.9).

Model Setup

In order to test many different cases with and without bottlenecks, we sampled the shape of

the network and data as uniformly distributed random variables. Specifically, where U(a, b)

denotes a random variable that takes on one of the integers between a and b (inclusive) with

equal probability:

• P ∼ U(35, 50),

• S ∼ U(10, 41),

• N ∼ U(10, 32),

• M ∼ U(5, 20),

• Q ∼ U(5, 20).

Because of the multiplicity of solutions discussed in Section 3.3, we then excluded

combinations with P ≤ max(S,M +Q), yielding a total of 131 dimensionality combinations

with a bottleneck (N < min(S,M +Q)) and 170 without N ≥ min(S,M +Q).

For each of these combinations, we then randomly generated the matrix of P samples of

inputs X by sampling each element from the standard normal distribution (σx = 1). We

likewise generated the matrices that produce the outputs, θ∗xy and θ∗xz, by sampling each

element from the standard normal distribution, and then used these to generate the outputs,

Y and Z, with standard normal noise added (σy = σz = 1, see (S3.1)). We also generated

2000 samples of validation data using the same θ∗xy, θ∗xz, and σ values.

In order to investigate how any results depend on the depth of the network, for each

of these 301 dimensionality combinations and corresponding datasets, we consider three

networks with one, two, or four hidden layers of equal dimension N . Note that this will allow
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us to perform paired comparisons across depth.

We fit each network to its training data using (3.9) for 20000 epochs using pytorch [67]

with a learning rate of 10−3/(1 + β). This learning rate scaling accounts for the combined

weight of the response- and task-related terms in the joint cost function, and was also

employed in our numerical analysis with the digits dataset (see Section 3.4.2). Every 100

epochs, we recorded the validation loss on the 2000 held out (x, y) samples and the effective

network dimensionality. The latter is the effective rank [74] of the matrix product of all

hidden layers of the network, i.e., the matrix that produces the representation in the deepest

hidden layer from the input.

Results

As expected, we see that early on in training, there is no difference between networks with

and without a dimensionality bottleneck in terms of improvement in validation loss (Figure

3.14A). However, a clear difference emerges by the end of training, where all networks that

lack a bottleneck produce a very small relative improvement (< 10−3), while only a few with

the bottleneck produce such a low improvement (Figure 3.14B). These few are not unexpected,

as there are other criteria that can lead to vanishing improvement (see (3.13), section 3.3.3).

The temporal evolution of this separation for each network depth is shown in Figure 3.14C.

The main feature to note is that the two cases do not separate much until after validation

loss has reached a minimum (around 2000 epochs, see Figure 3.14D). This is important, since

it implies that a reasonable early-stopping criteria might result in joint-training whether or

not the network contains a dimensionality bottleneck.

However, there are other notable features of the time course, especially the negative

overshoot just before 10000 epochs for depth 1 and 2 networks, and the greater final separation

achieved by shallower networks. To better understand these features of the learning trajectory,

we compare it to the evolution of β̂, the value of β that is selected by joint-training to minimize

the prediction loss of held out neural responses, (Figure 3.14E) and the effective network

dimensionality (Figure 3.14F) at each epoch. We note that the timing of the overshoot in

TJT aligns well with variation in β̂y and that the dependence of asymptotic TJT on depth is
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consistent with the asymptotic depth-dependence of network dimensionality as a fraction of

the dimensionality of the data, min(S,M +Q). This correspondence is logical, since when the

effective network dimensionality is much less than the data dimensionality, there is effectively

a bottleneck in the network, whether it is imposed by the shape of the network or learning

dynamics.

However, so far we have not addressed why the effective dimensionality or the estimated

β might evolve in such ways, or why learning trajectory should relate to these measured

quantities. In order to provide intuition for what is going on here, we delve deeper into a

theoretical exploration of these relationships in the next Section.

3.5.3 Learning dynamics of joint-training

Here, we conduct a final analysis to help explain how the slow increase in network dimension-

ality and particular timecourse of the estimated hyperparameter β̂y observed in joint-training

may arise from the structure of the data, and why this allows for positive TJT up until a

certain point in training. To achieve this, we study the dynamics of learning across epochs.

We focus on the eigenvalues of the cross-covariance matrix between the input X and the

output R, where

R =

 Y
√
βZ

 .

(3.29)

We will seek a solution in terms of the cross-covariance matrices between the input and

each individual task output (primary or auxiliary):

ΣY X = Y X⊤ = UY XSY XV ⊤
Y X

ΣZX = ZX⊤ = UZXSZXV ⊤
ZX (3.30)

Both U and V matrices are unitary, and the S matrices are nonzero only on the diagonal

elements; we refer to the ith element as syx,i or szx,i.

We assume that the singular values of both matrices have been ordered such that the

first Ns right singular vectors are equal ([VY X ]1,1 = [VZX ]1,1; ...; [VY X ]S,Ns = [VZX ]S,Ns), and
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Figure 3.14: Networks with no bottleneck yield no improvement, but only after

excessive training. A,B: Distribution of TJT values achieved after 100 or 20000 epochs

of learning, for networks with (blue) and without (orange) a dimensionality bottleneck. C:

Separation in TJT between the bottlenecked (solid) and unbottlenecked (dashed) networks

emerges only after about 3000 epochs. D: Validation loss stops improving at around 2000

epochs. This means that a reasonable early stopping criterion would halt training before the

bottleneck comes into play. E: Selected value of β during learning - note the complex shape

that closely aligns with the time course of TJT . F: Effective dimensionality of the network

increases up to saturation over the course of training. For the unbottlenecked case, this is

the dimensionality of the data; for the bottlenecked case it is the hidden layer size. Note

that the deeper networks do not saturate as fully, corresponding to their higher TJT . Panels

B-F each display the median trace across 301 networks for each network depth and type,

along with shading an interval between appropriate percentiles.
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the remaining right singular vectors are all mutually orthogonal. Generally, we will use the s

subscript to denote these “shared” dimensions of various matrices. Note that this represents

a strict assumption on the relationship between the two covariance matrices. Because VY X

and VZX contribute M and Q singular vectors respectively that reside in an S-dimensional

space, we can observe that max(0,M +Q− S) ≤ Ns ≤ min(Q,M).

We are now ready to write and decompose the cross-covariance matrix learned by joint-

training:

ΣRX = RX⊤ =

 Y X⊤

√
βZX⊤

 =

 ΣY X

√
βΣZX


ΣRXΣ⊤

RX =

 UY XS2
Y XU⊤

Y X

√
βUY XSY XV ⊤

Y XVZXSZXU⊤
ZX

√
βUZXSZXV ⊤

ZXVY XSY XU⊤
Y X βUZXS2

ZXU⊤
ZX


=

 UY XS2
Y XU⊤

Y X

√
βUY XsSY XsSZXsU

⊤
ZXs

√
βUZXsSZXsSY XsU

⊤
Y Xs βUZXS2

ZXU⊤
ZX


(3.31)

To find the eigenvalues of this matrix, we set

0 = det

 UY X(S2
Y X − λI)U⊤

Y X

√
βUY XSY XsSZXsU

⊤
ZX

√
βUZXSZXsSY XsU

⊤
Y X UZX(βS2

ZX − λI)U⊤
ZX


= det(UY X(S2

Y X − λI)U⊤
Y X)×

det(UZX(βS2
ZX − λI)U⊤

ZX − βUZXSZXsSY XsU
⊤
Y X(UY X(S2

Y X − λI)U⊤
Y X)−1UY XSY XsSZXsU

⊤
ZX)

= det(S2
Y X − λI)det((βS2

ZX − λI)− βSZXsSY XsU
⊤
Y XUY X(S2

Y X − λI)−1U⊤
Y XUY XSY XsSZXs)]

= det(S2
Y X − λI)det(βS2

ZX − λI − βS2
ZXsS

2
Y Xs(S

2
Y X − λI)−1)]

(3.32)

The first step makes use of the relationship for block matrices det

A B

C D

 =

det(A)det(D − CA−1B) (or alternatively det(D)det(A − BD−1C)). The argument of

the second determinant in (3.32) is a diagonal matrix. The ith element has a value of

βs2zx,i(1−
s2yx,i

s2yx,i−λ
)− λ if i ≤ Ns, and βs2zx,i − λ if i > Ns. The determinant will be zero if
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any diagonal element is zero. For any i > Ns, this happens if λ = βs2zx,i. For any i ≤ Ns,

this happens if

0 = βs2zx,i

(
1−

s2yx,i
s2yx,i − λ

)
− λ

0 = βs2zx,i((s
2
yx,i − λ)− s2yx,i)− λ(s2yx,i − λ)

0 = λ2 − (s2yx,i + βs2zx,i)λ

λ = s2yx,i + βs2zx,i or 0 (3.33)

By using the alternative determinant simplification in (3.32), we can similarly show that

λ = s2yx,i for i > Ns is also a solution.

From here, we will use the substitution β = α
1−α , since this incorporates the learning rate

scaling we use when optimizing with a specific value of β (see Section 3.4.2). Each singular

value of ΣRX is just the square root of the corresponding eigenvalue of ΣRXΣ⊤
RX , so we have

four possible forms for the singular values:

•
√
(1− α)s2yx,i + αs2zx,i

• syx,i
√
1− α

• szx,i
√
α

• 0

To understand how a learning trajectory might arise in joint-training, we make use of the

main result in work by Saxe, McClelland, and Ganguli [76], that a multi-layer network learns

each singular mode of the input-output cross-covariance matrix separately, after a duration

of training inversely proportional to the corresponding singular value. Additionally, Saxe,

McClelland, and Ganguli found that training happens more quickly in deeper networks, until

the finite step size used by the optimizer becomes too big to support approximating learning

as continuous. This detail may explain the differences in learning trajectories we observed

between networks of different depths (between red, blue, and black curves in Figure 3.14).

Moreover Saxe, McClelland, and Ganguli show that, the time course of learning for a single
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eigenmode is sigmoidal, with the learned strength of a mode growing from near zero and

approaching its corresponding singular value. This means that the model will finish learning

larger modes while barely starting to learn smaller ones.

In our setup, there is a range of mode strengths that can be attained after any given

amount of training, controlled by the hyperparameter β (equivalently, α). The training set

of (x, y, z) data determines the singular vectors of the cross-covariance matrix and the range

of corresponding singular values possible. The validation set of (x, y) data determines, for

each of these singular vectors, what the optimal singular value is for minimizing the loss of

predicting held-out y. At any given point in training, an α is selected that minimizes the

aggregated differences between these optimal singular values and the learned mode strengths.

Figure 3.15 depicts how a joint-training learning trajectory would be shaped by an

example landscape of the singular values that are optimal and possible as a function of α.

Because learning time is inversely proportional to singular value, we can consider a learning

trajectory by moving downwards through this landscape, adjusting α as we go to minimize

the loss of predicting held out neural data.

The variation in α over time that results from such a landscape not only can recapitulate

corresponding trends observed in simulations (Figure 3.14E), but also results for variation

in validation loss (Figure 3.14C,D) and network dimensionality (Figure 3.14F) over time.

Validation loss, as mentioned, is related to the differences between the estimated and optimal

mode strengths, aggregated across all modes. This will generally improve as modes are

learned (Figure 3.15A-E), until the network is forced to learn (or avoid learning) modes

that it would be better off ignoring (G-H). The latter phase is especially common when

N ≥ min(S,M +Q), as in this case all singular vectors of the input-output cross-covariance

are learned (including ones like the green mode in the example), whereas a smaller N only

allows the first N to be learned.

Network dimensionality for a given value of α at a particular time roughly corresponds to

the number of singular value curves above that point. This quantity is guaranteed to increase

for a given α, and will generally do so along the joint-training trajectory, although temporary

decreases are possible, as changing α can move the trajectory above a curve that it was

previously below, without crossing below another curve (e.g. to “avoid” another curve, like
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the green one in Figure 3.15G). The exception is that at the beginning of training, measured

dimensionality will be high, since all modes have similarly low strength. When the first mode

is learned, the dimensionality will decrease to 1. If the trajectory is below N singular value

curves, it cannot learn any more modes and training is over.

It is worth noting that the assumption about the relationship between VY X and VZX in

general will not hold. However, even with this strict assumption, many learning trajectories

are possible for different singular value landscapes. For the more general case, the singular

vectors would change as well as the singular values, and the modes from each task would

not be paired off so nicely, but one could draw a similar picture to Figure 3.15. The curves

could take on more varied shapes due to interactions between many more modes, and the

optimal point on the curve would represent an optimal singular value as well as singular

vector. Aggregating differences in estimated mode strengths would also be more complicated,

due to the changing singular vectors. Despite all this, the same general principles still apply,

and the resulting trajectories should be largely similar to those in our simplified case.

In this Section, we have used theoretical perspectives on training linear networks to

explain the detailed learning trajectories we observed in Figure 3.5.2, demonstrating how

finite training time can effectively introduce a bottleneck into a model. This, combined

with our observations in Section 3.5.1 regarding how nonlinearities and constraints on model

parameters may also introduce a bottleneck, provides a thorough qualification of the main

idea we derived for a dimensionality bottleneck from our linear model in Section 3.3.1.

3.6 Discussion

In this work, we analyzed joint-training of a neural circuit model as an intermediate approach

between response-training and task-training that treats a hypothesized computation as

an auxiliary task. We analytically derived conditions under which joint-training improves

predictions of held out neural activity and showed that maximizing this improvement selects

computations that are most predictable from the neural data. We performed these derivations

for networks with both maximal and minimal sparsity of the units-to-neurons map, and also

verified their applicability to a nonlinear CNN architecture, under a range of assumptions

about the sparsity of the units-to-neurons map. These numerical experiments also allowed
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Figure 3.15: A hypothetical learning trajectory of joint-training suggests mech-

anisms that produce the results in Figure 3.14. Each panel shows the state of the

joint-trained model (dashed magenta line) on a landscape of the eigenvalues (y-axis; blue,

orange, and green correspond with three eigenmodes) of the cross-covariance matrix between

the input X and combined output

 Y
√
βZ

. The value of the eigenvalue as a function of

α = β
1+β (x-axis) is the solid line; the value that corresponds to the best predictor of held out

neural data is marked by a star. Joint-training consists of moving downward through this

landscape (since the speed at which an eigenmode is learned is proportional to its eigenvalue),

adjusting α to the value that best predicts held out neural data by minimizing the aggregated

differences between each optimal eigenmode strength (height of each star) and its learned

value (0 if above the corresponding solid curve, otherwise the value of that curve at that

α). A: Initially, α = 0, because the blue eigenmode is learned fastest. B: Once the blue

eigenmode has been learned to the correct degree, α increases to keep the learned strength

as close as possible to optimal. C: Once the blue eigenmode has been fully learned at a value

of α that yields the optimal mode strength, α remains fixed. The orange eigenmode does

not yet have an influence because to increase α to a value where it has been learned would

have a worse impact on the blue eigenmode. D: Now α accommodates the orange eigenmode,

as doing so no longer requires switching to an α where the blue one is not yet learned (i.e

where the orange curve is above the blue). E: As the orange eigenmode becomes learned for

lower values of α, α decreases accordingly improving the blue eigenmode strength’s accuracy

more than it hurts the orange one’s. F: Having achieved the best balance of the blue and

orange eigenmodes, α remains constant. G: In order to avoid a sharp increase in the green

eigenmode strength, α decreases to a value where its learned strength is still 0 (above the

green curve), near the optimal value (the height of the green star). H: When continuing to

decrease α would do more harm to blue and orange combined than help to green, it gives in

to learning green and increases to better accommodate blue and orange. I: We have reached

the end of training.
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us to show that joint-training maps recorded neurons to model units as accurately and

(almost) as precisely as possible, allowing for easier interpretation of the model in terms

of how specific recorded neurons might contribute to a computation. We demonstrated

that improved neural data prediction requires a bottleneck in the network, whose presence

depends on nonlinearities and constraints on model parameters imposed by the architecture,

regularization terms such as those that constrain the units-to-neurons map, and especially

early stopping.

A central result from our analysis is that tasks which are “compatible" with the neural

data maximally improve neural response prediction, and we have provided a quantification

of the expected improvement. Joint-training and task-training both prefer such tasks, as

well as those with relatively low output noise. However, joint-training will tend to select

higher-dimensional auxiliary tasks, while task-training will select lower-dimensional ones.

While it may be that a lower-dimensional auxiliary task facilitates interpretation, finding one

is better achieved by appropriately restricting the space of tasks to search.

In Section 3.4.4, we explored how the application of joint-training to data can lead to

interesting questions and answers about the relationships between computations, a domain

now known as “taskology” [56]. Indeed, using tasks defined by datasets of paired inputs and

outputs to understand neural activity will require understanding the candidate tasks and

how they are related to each other. Many studies have shown how using task datasets that

are biased or problematic in their selection of samples, labels, or pairings of the two, can

lead to undesirable results in models trained on them [19,33,82,92]. Such problems could

affect the sort of analysis we carry out here, and, generally, a better understanding of tasks

would allow for them to be better used as tools in models of neural activity.

Naturally, one would rely on the intuition of a domain expert in choosing candidate tasks

for a given neural dataset, such as the guidance that visually responsive areas of cortex

encode information about visual features like contours, frequencies, or object properties.

Task-training with these kinds of features has led to extremely high performing neural

response models [88]. Alternatively, the conditions we derive can be used in principle as the

basis for a differentiable search strategy over a limited space of tasks, potentially providing a

means for machine-learning-based identification of computations.
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Either way, the researcher requires some amount of intuition in proposing a bounded set of

tasks to evaluate that might be related to the function of a particular neural circuit. Indeed,

one could level this criticism at regularization in general, especially noting that the results of

many neural network studies, including many response-trained models, depend critically on

a precisely mixed regularization cocktail, with many different terms each weighed by its own

hyperparameter [77]. In contrast, joint-training treats the computation like one regularization

term, weighed by a single hyperparameter β. Regularization on the map between neurons

and units may be desirable to achieve a more interpretable mapping, as we have shown that

it is capable of doing, but this is not necessary for the other improvements in performance.

However, all the assumptions that affect model definition regarding any regularization, the

architecture, nonlinearities, and even details like early stopping may have an impact on the

improvements afforded by joint-training. We have argued that joint-training can only provide

any improvement at all when some combination of these factors create a bottleneck in the

flow of information through the network. This idea of creating a bottleneck can thus serve

as a model design principle for those seeking to use joint-training to improve predictions of

neural responses. Joint-training requires less fiddling with assumptions of the researcher to

build a useful model, compared to response-training, while providing them greater intuition

in doing so.

That being said, there are still numerous other details that the researcher must attend

to when applying joint-training, and it is to be expected these challenges should only be

greater when using real neural data. Generally, these details are common to all research that

uses neural networks: weight initialization, learning rate scheduling, and, especially relevant

here, architecture selection. However, the gradient descent performed in joint-training is

really just multi-task learning, which is equivalent to regular gradient descent with a specific

form of output. This affords joint-training easy access to all existing and future methods

for automating this fiddling. For example, one could use joint-training with an architecture

learning method [7,39]. While one could use such an approach with task-training, one would

expect that the learned architecture would not resemble true neural structure as closely.

Additionally, the framing of the problem as auxiliary task learning also allows for the use of

any tools specific to that domain (e.g. [83]) or multi-task learning in general.
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Another problem that may arise when applying this method to real world data is that

instead of data samples consisting of (xi, yi, zi) triplets, as we assume here, one may have

separate neural samples (xi, yi) and task samples (xi, zi). Indeed this may be desirable, since

it allows for an auxiliary task with many more samples than is often possible with neural

data collection, potentially allowing for a greater benefit to neural data predictions. This

does not affect the training procedure, except that the sum in (3.4) must be split in two,

and one may want to rescale the individual cost terms to account for any difference in the

number of samples. Any differences between the distributions over the xi associated with

neural data and task would also effect our results, especially when nonlinearities are present.

In this case, neural data prediction would be improved when there is alignment between task

and neural data in the domain of the (xi, zi) task samples (although without data triplets it

is not easy to define exactly what is meant by “alignment”).

In sum, have demonstrated a theoretical foundation for understanding the performance of

joint-training and a concrete example of its general utility with complex nonlinear networks,

both under a range of assumptions about the precision of the units-to-neurons map. These

results promise to support the development of improved models of neural responses that

connect neural activities to principles of computation.
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Chapter S3

ADDITIONAL ANALYSES FOR USING JOINT-TRAINING ON
NEURAL DATA AND AUXILIARY TASKS TO IMPROVE MODELS

OF NEURAL CIRCUITS

Code Availability All code used in this study is available at

https://github.com/zdeblick/JointTraining.

S3.1 Derivations and Numerical Verification of Results in Section 3.3

Here we provide the analytical derivations for joint-training that lead up to the main results

for the general (3.13) and simplified (3.15) linear models, and numerical verification of the

accuracy of the approximations involved in producing the latter. In Section S3.1.1, we derive

the parameters obtained by minimizing the loss function for the general model (3.9). In

Section S3.1.2, we derive the expected validation loss of predicting neural responses. We

use this first to derive the main result for the general model, (3.13), and then to use the

simplified model to permit approximations that allow us to derive (3.15).

Notation: Recall from Section 3.3 that our model consists of an S dimensional stimulus,

xi, fed into an N dimensional hidden layer whose unit activities we call ui, which is used to

predict the responses of M neurons, yi (main task) and a Q dimensional auxiliary task output

zi. The learned parameters of these three linear operations are θu, θy, and θz, respectively,

and we assume that the data comes from a true distribution specified by

xi ∼ N (0, σ2
xI),

yi = θ∗xyxi + ξy,i,

zi = θ∗xzxi + ξz,i, (S3.1)

where ξy,i ∼ N (0, σ2
yI) and ξz,i ∼ N (0, σ2

zI) are independent Gaussian random variables. A

diagram of this process may be found in Figure 3.4B, and contrasted with the model (Figure
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3.3C).

Here, we introduce the term Q∗ = dim(C(θ∗xz) ∩ C(θ∗xy)) as the dimension of the inter-

section of the column spaces for the matrices that generate the data zi and yi, respectively,

from xi (dim() denotes dimension of a subspace, C() denotes the column space of a matrix).

If θ∗xz and θ∗xy are compatible, Q∗ = Q, otherwise Q∗ < Q. We thus call Q∗ the “compatible

dimensionality.” We also make use of the matrices Ξy ≡ [ξy,1, ..., ξy,P ], and Ξz ≡ [ξz,1, ..., ξz,P ].

S3.1.1 Optimizing Network Parameters

We can find the MLE for θu by taking the derivative of the joint cost function (3.9) w.r.t. θu

and setting it equal to zero:

dC

dθu
= 0 = 2

P∑
i=1

θ⊤y θyθuxix
⊤
i − θ⊤y yix

⊤
i + β[θ⊤z θzθuxix

⊤
i − θ⊤z zix

⊤
i ].

(S3.2)

Using matrix notation and dividing by 2, this can be rewritten as

0 = θ⊤y θyθuXX⊤ − θ⊤y Y X⊤ + β[θ⊤z θzθuXX⊤ − θ⊤z ZX⊤],

which can be solved with

θ̂u = (θ⊤y θy + βθ⊤z θz)
−1(θ⊤y Y X⊤ + βθ⊤z ZX⊤)(XX⊤)−1. (S3.3)

Note that this final step relies on the assumptions P ≥ S (to invert XX⊤; otherwise the

solution would require the pseudoinverse), which we have already made, and M +Q ≥ N (to

invert θ⊤y θy + βθ⊤z θz), which we have already identified as a necessary condition for (3.9) to

have a distinct solution from (3.10).

Instead of finding the MLE for θy and θz, in our approximate analysis we simply assume

that they are fixed matrices θy and θz. When computing a numerical value for TJT or TTT ,

as we will in Section S3.1.3, we specifically assume that θy = IM (assuming the number of

artificial units, N , equals that of recorded neurons M , and the model is configured such that

each unique neuron is associated with a unique unit) and θz ≡ θ∗xzθ
∗+
xy , which is the MLE as
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P →∞ (superscript + denotes the Moore-Penrose pseudoinverse). This approximation is

nontrivial, so we derive in Section S3.2 exactly what terms are left out of this approximation,

and numerically assess the aggregate effect of all approximations in Section S3.1.3. This

specific form of θy and θz is only valid in our simplified model where N = M , but this is

the only time we use such a specification to directly compare analytically and numerically

derived quantities. We can plug these θy and θz, along with the assumed structure of our

data, (S3.1), into (S3.3), obtaining

θ̂u = (θ
⊤
y θy + βθ

⊤
z θz)

−1(θ
⊤
y (θ

∗
xyXX⊤ + ΞyX

⊤) + βθ
⊤
z (θ

∗
xzXX⊤ + ΞzX

⊤))(XX⊤)−1

= (θ
⊤
y θy + βθ

⊤
z θz)

−1(θ
⊤
y (θ

∗
xy + ΞyX

+) + βθ
⊤
z (θ

∗
xz + ΞzX

+)). (S3.4)

S3.1.2 Selecting Optimal Hyperparameters

Given a particular θ̂u, we can then compute the expected neural response loss on given

validation data, Cval
resp(β), by taking the expectation over held-out samples, (xi, yi, zi) for

i ∈ Dval (denoted Ei∈Dval
for simplicity). However, θ̂u is also a random variable, as its value

depends on the training data, and so we also take the expectation with respect to it (denoted

Eθ̂u
, or simply E when there is no ambiguity). In sum:

Cval
resp(β) = Ei∈Dval,θ̂u

∥yi − θy θ̂uxi∥2F . (S3.5)

Recall that we are approximating θy as a fixed matrix θy, which is not learned in training,

and thus we do not take the expectation with respect to it. We can plug in our assumption

for yi = θ∗xyxi + ξy,i (S3.1), and reorganize these terms to obtain

Cval
resp(β) = Ei∈Dval,θ̂u

[x⊤i (θ
∗
xy − θy θ̂u)

⊤(θ∗xy − θy θ̂u)xi + ξ⊤y,iξy,i]

= Ei∈Dval
[x⊤i Eθ̂u

[θ
∗⊤
xy θ

∗
xy − θ̂⊤u θ

⊤
y θ

∗
xy − θ

∗⊤
xy θy θ̂u + θ̂⊤u θ

⊤
y θy θ̂u]xi + ξ⊤y,iξy,i]

= Ei∈Dval
[x⊤i (θ

∗⊤
xy θ

∗
xy − E[θ̂u]⊤θ

⊤
y θ

∗
xy − θ

∗⊤
xy θyE[θ̂u] + E[θ̂⊤u θ

⊤
y θy θ̂u])xi] +Mσ2

y

= σ2
xtr[θ

∗⊤
xy θ

∗
xy − E[θ̂u]⊤θ

⊤
y θ

∗
xy − θ

∗⊤
xy θyE[θ̂u] + E[θ̂⊤u θ

⊤
y θy θ̂u]] +Mσ2

y . (S3.6)
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The last step makes use of the relationship E[x⊤Ax] = tr[AVar(x)] + E(x)⊤AE(x)

(equation 328 in [69]). To evaluate this expression, we need only to solve for E[θ̂u] and

E[θ̂⊤u θ
⊤
y θy θ̂u]. We can easily solve for the first by noting that E[X+] = 0:

θu ≡ E[θ̂u] = (θ
⊤
y θy + βθ

⊤
z θz)

−1(θ
⊤
y θ

∗
xy + βθ

⊤
z θ

∗
xz). (S3.7)

The second however, takes a little work:

E[θ̂⊤u θ
⊤
y θy θ̂u] = E[R⊤(θ

⊤
y θy + βθ

⊤
z θz)

−1θ
⊤
y θy(θ

⊤
y θy + βθ

⊤
z θz)

−1R],

R ≡ (θ
⊤
y (θ

∗
xy + ΞyX

+) + βθ
⊤
z (θ

∗
xz + ΞzX

+))

Approximately, R ∼MN (θ
⊤
y θ

∗
xy+βθ

⊤
z θ

∗
xz, σ

2
yθ

⊤
y θy+β2σ2

zθ
⊤
z θz,

1
(P−S−1)σ2

x
I), whereMN

denotes the matrix normal distribution [61]. This reduction assumes P is large enough for

the central limit theorem to apply, and uses properties of the pseudoinverse of a matrix

with zero-mean i.i.d. Gaussian entries, namely that it has independent elements with mean

E[X+
ij ] = 0 and variance E[(X+

ij )
2] = 1

P (P−S−1)σ2
x

(see Section S3.2). We can then say

E[θ̂⊤u θ
⊤
y θy θ̂u] = (θ

⊤
y θ

∗
xy + βθ

⊤
z θ

∗
xz)

⊤(θ
⊤
y θy + βθ

⊤
z θz)

−1θ
⊤
y θy(θ

⊤
y θy + βθ

⊤
z θz)

−1(θ
⊤
y θ

∗
xy + βθ

⊤
z θ

∗
xz)

+
1

(P − S − 1)σ2
x

tr[(σ2
yθ

⊤
y θy + β2σ2

zθ
⊤
z θz)(θ

⊤
y θy + βθ

⊤
z θz)

−1θ
⊤
y θy(θ

⊤
y θy + βθ

⊤
z θz)

−1]I.

= θ
⊤
u θ

⊤
y θyθu +

1

(P − S − 1)σ2
x

tr[(σ2
yθ

⊤
y θy + β2σ2

zθ
⊤
z θz)(θ

⊤
y θy + βθ

⊤
z θz)

−1θ
⊤
y θy(θ

⊤
y θy + βθ

⊤
z θz)

−1]I.

(S3.8)

Plugging (S3.7) and (S3.8) back into (S3.6), we get

Cval
resp(β) = σ2

xtr
[
θ
∗⊤
xy θ

∗
xy − θ

⊤
u θ

⊤
y θ

∗
xy − θ∗⊤xy θyθu + θ

⊤
u θ

⊤
y θyθu

+
1

(P − S − 1)σ2
x

tr[(σ2
yθ

⊤
y θy + β2σ2

zθ
⊤
z θz)(θ

⊤
y θy + βθ

⊤
z θz)

−1θ
⊤
y θy(θ

⊤
y θy + βθ

⊤
z θz)

−1]I
]
+Mσ2

y

= σ2
xtr[(θ

∗
xy − θyθu)

⊤(θ∗xy − θyθu)]

+
S

P − S − 1
tr[(σ2

yθ
⊤
y θy + β2σ2

zθ
⊤
z θz)(θ

⊤
y θy + βθ

⊤
z θz)

−1θ
⊤
y θy(θ

⊤
y θy + βθ

⊤
z θz)

−1] +Mσ2
y .

(S3.9)
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Deriving the slope in validation loss at β = 0 We can now compute the change in this

validation loss with respect to β by moving the derivative inside the trace and applying the

chain rule, plugging in for θu where necessary:

d

dβ
Cval
resp(β) =

2σ2
xtr

[(
θy

d

dβ
[(θ

⊤
y θy + βθ

⊤
z θz)

−1](θ
⊤
y θ

∗
xy + βθ

⊤
z θ

∗
xz) + θy(θ

⊤
y θy + βθ

⊤
z θz)

−1 d

dβ
[θ

⊤
y θ

∗
xy + βθ

⊤
z θ

∗
xz]

)⊤
(θyθu − θ∗xy)

]
+

S

P − S − 1
tr

[
d

dβ
[σ2

yθ
⊤
y θy + β2σ2

zθ
⊤
z θz](θ

⊤
y θy + βθ

⊤
z θz)

−1θ
⊤
y θy(θ

⊤
y θy + βθ

⊤
z θz)

−1

+(σ2
yθ

⊤
y θy + β2σ2

zθ
⊤
z θz)

d

dβ
[(θ

⊤
y θy + βθ

⊤
z θz)

−1]θ
⊤
y θy(θ

⊤
y θy + βθ

⊤
z θz)

−1

+(σ2
yθ

⊤
y θy + β2σ2

zθ
⊤
z θz)(θ

⊤
y θy + βθ

⊤
z θz)

−1θ
⊤
y θy

d

dβ
[(θ

⊤
y θy + βθ

⊤
z θz)

−1]

]
,

= 2σ2
xtr

[(
− θy(θ

⊤
y θy + βθ

⊤
z θz)

−1θ
⊤
z θz (θ

⊤
y θy + βθ

⊤
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,

To obtain the above, we have made use of the derivative of an inverse: d
dbA

−1 = −A−1 dA
db A

−1

[69]. The trace is invariant to transposition of its entire argument and cyclic permutations

of matrix products, which we can use to show that the last two lines are equivalent. This

allows us to add the last three lines together, and we can also substitute in our shorthand θu

where indicated to obtain a much simpler expression:

= −2σ2
xtr

[
(θzθu − θ∗xz)

⊤θz(θ
⊤
y θy + βθ

⊤
z θz)

−1θ
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S

P − S − 1
tr

[
2[βσ2

z − (σ2
yθ

⊤
y θy + β2σ2

zθ
⊤
z θz)(θ

⊤
y θy + βθ

⊤
z θz)

−1]θ
⊤
z θz(θ

⊤
y θy + βθ

⊤
z θz)
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]
.

And, finally, we can compute the value of this derivative at β = 0 (note that θu reduces
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to θ
+
y θ

∗
xy). This will indicate whether incorporating the second term in (3.9) improves the

validation loss corresponding with the first term:

d

dβ
Cval
resp(β)

∣∣∣∣
β=0

= −2σ2
xtr[(θzθ

+
y θ

∗
xy − θ∗xz)

⊤θzθ
+
y (θyθ

+
y θ

∗
xy − θ∗xy)] +

S

P − S − 1
tr[−2σ2

yθ
⊤
z θzθ

⊤
y θy]

=
−2Sσ2

y

P − S − 1
||θzθ

⊤
y ||2F , (S3.10)

where we made use of a property of the pseudoinverse, θ+y θyθ
+
y = θ

+
y , to eliminate the first

term.

Deriving TJT using the simplified model To find β̂y, can now take the derivative with

respect to β, set it to zero, and solve for β. To make this step tractable, we first make use of

the simplified model (θy = I) and these second order approximations in β:

• (I + βA)−1 ≈ (I − βA+ (βA)2), and

• (I + βA)−2 ≈ (I − 2βA+ 3(βA)2)

It is worth noting that these approximations are only accurate for small β. However,

we have already made an approximation for θ̂z ≈ θz = θ∗xzθ
∗+
xy , and this term is multiplied

by β everywhere it appears in (S3.9). This means that our approximation is already

inaccurate for large β, even without employing a second order approximation in β. With

these approximations, we can write the second order (in β) approximation of (S3.9) as:
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(S3.11)

Now we can easily find the minimal β, which we write as β̂y:

dCval
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dβ
= 0 = O(β2) + 2βσ2

xtr[(θ
∗
xz − θzθ

∗
xy)

⊤θzθ
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∗
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∗
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z
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⊤
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⊤
z θz]

3tr[θ
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z θzθ
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z θz] +
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S
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(S3.12)

We can then use (S3.11) and (S3.12), to write down the relative improvement in neural

response validation loss (3.15).

S3.1.3 Numerical Verification of Analytical Results for the Linear Network

In the above analysis, we made use of many approximations in order to make the deriva-

tions tractable and the results simpler and easier to understand. Here, we compare these

approximate results to those obtained by performing joint-training numerically on specific

instantiations of this network.

For each network, we set P = 50, and pick a specific θ∗xy and θ∗xz with dimensions S = 30

and N = 10, and we vary both the dimensionality of the computation Q ∈ 1, 4, 8 and
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the greatest possible compatibility dimension Q∗
max ∈ 1, 4, 8. Thus if Q < Q∗

max, Q∗ = Q,

otherwise Q∗ = Q∗
max. For each unique pair of (Q∗, Q), we pick a single θ∗xz that satisfies

the definition of Q∗, given θ∗xy, and then simulate training and validation data using σx = 1,

σy = 0.3, and σz = 1.

We then perform the joint-training process numerically. First, we use the SLSQP algorithm

to minimize the joint cost function on the training data with respect to θu and θz. We then

repeat this minimization for many training sets sampled from the same distribution, and

average the resulting validation loss over these different training sets. We then repeat this

process for logarithmically spaced values of β (β ∈ {0, 10−6, 10−5.5, ..., 103.5, 104), and use the

averaged validation loss to select β̂y. We can then calculate TJT and TTT numerically, from

the validation losses obtained with β = β̂y and β = 104, respectively, along with β = 0. We

then compare these to the analytical approximations of these quantities, (3.15) and (3.17),

respectively.

The results of this process for each unique θ∗xz are shown in Figure S3.1A. While there

is not a perfect relationship between the numerical and analytical approximations of TJT

and TTT , there is a strong positive trend, especially for Q > 1. This trend also preserves our

main theoretical result from this analysis, that the auxiliary task that produces the highest

TJT is the one with the most output dimensions, all of which are compatible with the neural

responses (highest Q∗).

S3.2 Supporting derivations

Here we include several derivations which are necessary for a complete treatment of our

analysis in Section 3.3, but are not necessary to understand the basic principles.

Inverse of a Gaussian random matrix: Here, we are interested in the first and second

moments of the distribution of R+, where the elements of R ∈ Rm×n,m + 1 < n are i.i.d

Gaussian random variables with zero-mean and variance σ2. Note that if instead m > n+ 1,

we can perform a similar derivation by considering R+⊤.

First, we note that the elements of R+ must be i.i.d. because permuting the rows

(columns) of R and thus the columns (rows) of R+ should not affect the distribution of

R+ since it does not affect the distribution of R (its elements are i.i.d.). The mean of the
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A B

Figure S3.1: Numerical verification of analytical derivations of TJT (3.15) and TTT

(3.17). Relationship between numerical and analytical derivations of relative improvement over

response-training obtained by joint-training (panel A; TJT (3.15)) and task-training (panel B;

TTT (3.17)). Agreement is not perfect, but mostly preserves the qualitative conclusions made

from (3.15) and (3.17). In particular, TJT is maximized when there is a higher dimensional

computation (higher Q), without adding dimensions that are not represented in the neural

activity (Q > Q∗). Conversely, TTT is maximized for lower dimensional computations. See

Section S3.1.3 for simulation details.

distribution of [R+]ij must be zero because negating R must negate R+, but this also does

not change the distribution of R, since the distribution of each element is symmetric about 0.

To compute the variance of the distribution of [R+]ij , we make use of the Inverse-Wishart

distribution. If m + 1 < n, then (RR⊤)−1 = (R+⊤R+) is an Inverse-Wishart random

variable with mean 1
(n−m−1)σ2 I. Each element of this matrix is the expected dot product of

two columns of R+. Off-diagonal elements correspond to the dot product of two different

columns, and are accordingly zero, since the elements of R+ are independent and zero-mean.

On-diagonal elements correspond to the sum of n independent, squared elements of R+.

Thus E[[R+]ij ] =
1

n(n−m−1)σ2 , the diagonal value of the Inverse-Wishart random matrix’s

mean divided by n.
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Validity of the approximation θ̂z ≈ θz: If we were instead solving for θ̂z by taking

the derivative of (3.9) with respect to θz and setting it to zero, we would have:

dC

dθz
= 0 = 2β

P∑
i=1

θzθuxix
⊤
i θ

⊤
u − zix

⊤
i θ

⊤
u ,

0 = θzθuXX⊤θ⊤u − ZX⊤θ⊤u ,

θ̂z = ZX⊤θ⊤u (θuXX⊤θ⊤u )
−1,

θ̂z = (θ∗xzX + Ξz)X
⊤θ⊤u (θuXX⊤θ⊤u )

−1,

θ̂z = (θ∗xzθ
+
u θuX + θ∗xz(I − θ+u θu)X + Ξz)X

⊤θ⊤u (θuXX⊤θ⊤u )
−1,

θ̂z = θ∗xzθ
+
u (θuXX⊤θ⊤u )(θuXX⊤θ⊤u )

−1 + E,

θ̂z = θ∗xzθ
+
u + E, (S3.13)

where E = (θ∗xz(I−θ+u θu)X+Ξz)X
⊤θ⊤u (θuXX⊤θ⊤u )

−1. Using (S3.4), we can see that the

error between θu and θ∗xy is zero-mean and dominated by ΞyX
+ for small β, or (βθ̂⊤z Ξz+Ξy)X

+

when θ∗xz and θ∗xy are compatible. We can then say that the error in our approximation

is zero-mean, and has a variance on the order of 1
P−S−1(

σ2
x

σ2
y
+ σ2

z
σ2
x
) when θ∗xz and θ∗xy are

compatible. Otherwise, there is also a bias in the approximation error on the order of

θ∗xz(I − θ∗+xy θ
∗
xy), as well as additional variance terms. Thus the error is smaller when we have

compatibility, σz << σx << σy, and P >> S.

S3.3 Compute Info

All numerical experiments were performed on a cluster with a heterogeneous collection of

computing nodes; the smallest nodes had 32 cores and 256G of memory. We ran two types

of jobs on these nodes, those described in Section S3.1.3, and those described in Sections

3.4. Of the former, 180 jobs were run, with a typical job taking about an hour and a half to

complete. Of the later, 129600 jobs were run, with a typical job taking about 8 minutes to

complete. It is worth noting that the code allows for GPU usage for these later jobs, but it

did not provide a speedup in our case, due to the small network size.
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Chapter 4

CONCLUSION

In this work, I have used Linderman and Gershman’s perspective on incorporating

scientific hypotheses into statistical models as assumptions to develop models that build

towards an ideal model of neural activity, as described my Marr’s three levels of abstraction.

I have presented two examples of such hypotheses, that a given population of neurons can be

well described as participating in some computation, and that individual neurons belong to

one of a finite number of types. For each, I started with a baseline model that describes the

basic methodology employed by the field to address that hypothesis, then showed how an

improved model that properly incorporates the hypothesis as an assumption leads to fitted

models that better predict neural activity and can be more reliably interpreted.

Although the focus here has been on neural systems, it is worth noting that many of

these ideas could be widely applicable to many fields that use computational models to

understand complex systems. Marr developed his framework for neuroscience, but generally

it is desirable to understand complex systems at many levels of abstraction. For example,

in weather modelling, it is useful to have detailed mechanistic models that explain how

local atmospheric dynamics lead to specific weather patterns at the resolution of hours and

kilometers (or better), but it is also useful to understand seasonal and multi-year weather

cycles like El Niño. Similarly, if we wish to fully understand a given political system, we must

understand the behaviors of individuals in that system, as well as how the system shapes and

aggregates those behaviors. Generally, levels of abstraction are connected with the idea of

proximality of causation, where more mechanistic levels correspond to understanding more

proximal causes, and more abstract levels correspond to understanding more ultimate causes.

In neuroscience, this connection is made via the theory of evolution - a computation is the

ultimate cause of neural activity because the need to perform that computation provided

evolutionary pressure on the circuit. Linderman and Gershman’s proposal for incorporating
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scientific hypotheses into statistical models as assumptions is also directly applicable to

statistical models of any phenomena. Indeed, all of chapter 3 could be rewritten about some

entity other than cells, which is modelled via a likelihood function (especially a GLM) and is

believed to have unknown types.

Of course, the ultimate goal of computational neuroscience is an integrated model of a

brain that can accurately predict neural activity and behavior across a wide range of brain

regions and behavioral contexts, and can be understood in terms of Marr’s three levels. The

two methodologies that I have proposed can be understood as improved tools for defining

models that fit neatly into Marr’s framework, making them easy to integrate with each other.

Here I explore in more detail how one would actually go about integrating models defined in

this way, building towards a comprehensive model of the brain. One such hypothetical path

is shown in Figure 4.1.

Integrating across levels of abstraction The first type of integration to consider is

between two models that describe a system at different levels of abstraction, such as the two

models discussed in this work (see, e.g. Figure 4.1 A-D). In general, there will be a range of

options in terms of how rich an integration may be, ranging from a single fully integrated

model to two models pieced together, like the baseline models we looked at. In this case, a

simple option would be to use an ANN with an auxiliary task to predict spiking activity by

appending a GLM to the neural prediction end, whose parameters could then be optimized

along with the ANN’s. After the ANN is fitted, the GLM parameters could be re-fit with

the GMM-based cell-types assumption, using the EM algorithm for discovering cell types

detailed in chapter 2, while holding the rest of the ANN parameters fixed. A more complete

integration might adapt the EM algorithm further to include fitting the ANN parameters,

and/or expand the set of parameters that are considered cell-type-dependent to include θy,

which would determine which ANN unit activities are presented as input to each GLM. A

reasonable way to do accomplish the latter in a CNN architecture might be to hypothesize

that units of the same channel in the same layer get mapped to neurons of the same cell

type, as these units play identical functional roles, but applied to translated regions of the

stimulus. Such an approach could be strengthened by defining channels to allow for further
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A B

C D

E F

Figure 4.1: A hypothetical sequence of model integrations, leading toward a whole-

brain model.

invariance, such as rotation of the stimulus (see [30,85]).

While a more complete integration is preferable in terms of the resulting model, it may

become prohibitively costly in terms of the computational resources necessary. In each chapter,

the better integrated model takes more computational resources to fit than the baseline
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model, but in each case the use of advanced statistical tools and computing techniques makes

the improved performance well worth this increased cost. However, fully integrating many

such models will eventually lead to intractability, so it may be necessary to use increasingly

simplifying heuristics where appropriate (such as how we used variational inference in chapter

2) to keep the time needed to fit a model within reason.

Another prospect for future integration is relying on other modalities of data to reduce

the number of parameters that need to be fitted in the model. For example, modern

experiments are capable of tracing the exact morphology of neurons, including their dendritic

trees and synapses [50], allowing for the data to define the ANN architecture from the

connections between neurons and even between specific regions of the same neuron. This

could also allow for a data-defined identification of each neuronal recording with an ANN

unit, and even contribute to determination of cell types. Other experiments measure gene

expression [53] after recording their activity, allowing for an even more accurate and potentially

less computationally intensive determination of cell type. While there are limits to how

accurately many such modalities of data can be collected from the same experiment, in

principle much is possible, and experimental technology is improving every year.

Integrating across brain regions and functional specializations The other type of

integration necessary to build towards a model of a whole brain is piecing together models of

different brain regions during different behaviors (see e.g. Figure 4.1 E-F). In some ways,

such integrations should be more straightforward, provided that each network model explains

neural activity in terms of computation and implementation. If the neurons in each brain

region have been described using the same basic model of a single neuron, then no integration

is necessary; otherwise, it may be desirable to substitute in an appropriate single neuron

model that is expressive enough to perform the necessary functions in each network model,

for example to maintain a cohesive idea of cell types.

How exactly the network models are connected together may depend on the imputed

computations for each region; if the two computations can be understood as two sequential

or parallel algorithmic stages of a single, more abstract computation, then that may inform

a specific sequential or parallel arrangement. This is consistent with the idea of regional
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specialization of function within the brain [5], or even the idea of the cortical microcircuit [17]

as a discrete functional unit. Such ideas can be understood as hypotheses about the brain,

and could even be tested by making assumptions about the architecture of a neural circuit

that spans brain regions or cortical columns. In general, it may not always be possible

to cleanly divide computations along anatomical lines, and determining how to connect

two network models together may be less straightforward. However, any understanding

of each network at the computational and/or algorithmic level should guide this process,

as well as the process of describing the function of the bigger circuit computationally and

algorithmically. Data that directly measures inter-regional connectivity can also assist with

this integration, to the extent that each network model identifies model units with physical

neurons at a resolution comparable to the connectivity data or better.

One challenge for the field is that it may be very difficult to understand some set of brain

regions without properly incorporating the function performed by another region. In general,

it will be easier to gain an integrated understanding of the functioning of many brain regions

the better all brain regions are understood at each level of abstraction. Likewise, the more

densely individual experiments record from brains and the more complex the set of behaviors

they observe or evoke, the better we will be able to test models that seek to explain a wide

range of brain activity and/or animal behavior. In turn, as more such experimental data

becomes available, it will be more profitable for modellers to attempt to fit and test such

integrated models. Such experiments may even allow for well-tested models that span many

behaviors or brain regions, but do not explain functioning across Marr’s three levels. This

could lead to a different path towards an integrated model of a whole brain from the one

shown in Figure 4.1.

Regardless of the experimental data available, or how comprehensive a model one seeks

to define, using a framework like Marr’s three levels of analysis should facilitate future

model development and integration with other models. Further, this work suggests, similarly

to that of Linderman and Gershman, that a productive way to define models under this

framework is by including hypotheses of any level of abstraction about the functioning of a

neural circuit as assumptions in statistical models fitted to data, and testing whether those

assumptions result in improved prediction of data held out from fitting. In particular, this
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work demonstrates the value of using simulation studies and theoretical analysis to establish

how reliably the fitted models can be interpreted, and suggests that, in this sense, models

with such assumptions are more reliable.
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