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Abstract

Theoretical models of hybrid light-matter systems and their applications

Kevin C. Smith

Chair of the Supervisory Committee:
Professor David J. Masiello
Department of Chemistry

Controllable light-matter interactions are of central importance to a broad range of problems
at the heart of modern theoretical, experimental, and applied physics, particularly in the
rapidly expanding areas of nanoscale and quantum science. The past few decades have seen
incredible advances in this area, heralding a new era in quantum optics and cavity quantum
electrodynamics (QED) characterized by chip-scale, hybrid light-matter platforms with engi-
neered properties. In tandem to providing a rich platform for fundamental study of quantum
physics, such systems have been shown to support an incredible variety of applications rang-
ing from quantum communication and quantum information science to biomolecular sensing
and cavity-controlled chemistry. This thesis compiles a diverse set of theoretical work in-
volving first-principles mathematical modeling of cavity QED and nanophotonic platforms
both for fundamental study and for application. In some cases, a classical description is
sufficient. In others, quantum effects are considered. Part I of this dissertation contains
introductory material which underpins the published works appearing in Parts II and III.
Topics discussed in these four preliminary chapters include a Lagrangian-based approach
to modeling light-matter interactions (Chapter 1), oscillator model descriptions of photonic
cavities, plasmonic nanoresonators, and quantized light-matter interactions (Chapter 2),
theoretical modeling of experimental observables (Chapter 3), and, finally, a survey of phe-
nomena in various parameter regimes realizable in cavity QED and nanophotonic platforms

(Chapter 4). Parts II and III enclose six chapters of mostly published work, each focus-



ing on a particular platform realizable in a laboratory setting. Chapters 5 and 6 detail
collaborative, joint experimental-theoretical work on hybrid photonic-plasmonic resonators,
while Chapter 7 follows with a theoretical analysis of an experimentally probed coupled
plasmonic dimer supporting infrared Fano resonances. Chapter 8 extends this work with a
theoretical treatment of coupled dielectric cavities, followed by collaborative application to a
heterogeneous photonic molecule in Chapter 9. We conclude in Chapter 10 with an in-depth
analysis of effective photon-photon interactions in cavity and circuit QED systems, with a
particular focus on the realization of quantum many-body phenomena in these platforms.
Taken together, the chapters herein comprise a set of varied approaches for theoretically
modeling and understanding a diverse range of nanophotonic and cavity QED platforms for

the fundamental study, control, and technological application of light-matter interactions.
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PREFACE

This dissertation compiles the notes, writings, and first/co-first authored publications of
Kevin C. Smith. It is broken into three distinct Parts, each of which begins with a detailed,

introductory description of its content. A summary in brief:

e Part I contains background information and mathematical derivations pertinent to
the published portions of this dissertation. Topics covered include the light-matter
Lagrangian (Chapter 1), modeling of photonic cavities, plasmonic nanoresonators and
light-matter interactions (Chapter 2), analytic calculation of experimental observables
(Chapter 3), and a survey of parameter regimes in cavity quantuam electrodynamics

and nanophotonics experiments (Chapter 4).

e Part II includes three published manuscripts, each composing a single chapter. All
concern the common theme of observation and theoretical modeling of Fano resonances
in nanophotonic platforms. In the first two Chapters, the platform of interest is a
hybrid photonic-plasmonic resonator. The first details the utility of such a platform for
realizing large Purcell enhancements (Chapter 5), while the second describes a detailed
accounting of energy flow in the system via simultaneous measurement of observables
(Chapter 6). Part II concludes with the first observation of Fano resonances in an

all-plasmonic system using electron energy-loss spectroscopy (Chapter 7).

e Part IIT includes two manuscripts (one published and one under review), each of which
is a single Chapter, as well as a set of notes which serves as the basis for a third
manuscript currently in preparation. All three concern physical phenemena in which
light, roughly speaking, behaves like matter. Part III begins with a theoretical frame-
work for describing strongly coupled photonic molecules — systems of two or more
dielectric cavities in close proximity which hybridize (Chapter 8). This is followed

by an account of this theoretical framework’s application to a heterogeneous photonic



molecule composed of a photonic crystal nanobeam cavity coupled to a ring resonator,
illustrating potential for controllable light-matter interactions (Chapter 9). Part III
then concludes with an exposition of the many-body character underlying the Jaynes-
Cummings Hamiltonian with a particular focus on application to analog quantum

simulation of many-body phenomena using interacting photons (Chapter 10).
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Part I

CONFINING LIGHT: CAVITY QED, NANOPHOTONICS, AND THE
HARMONIC OSCILLATOR AS A BUILDING BLOCK FOR
REDUCED ORDER MODELING

A brief history of light. The pursuit to understand and manipulate light spans much
of recent human history, with crafted optical artifacts such as mirrors and burning lenses
first appearing in antiquity over 3,000 years ago [1]. These early tools long predate the
first documented attempts to understand the physical nature of light by Greek and Indian
philosophers in the sixth century BC, yet convey basic understanding of a fundamental
feature of modern optics: Light and matter interact, and the latter can influence the behavior
of the former.

It would take thousands of years for these ideas to be formalized. The mathematical
foundation for geometric optics appeared in the influential writings of Euclid in the third
century BC [2], followed by a millenium of refinement by Greek and Islamic scholars. This
culminated with Ibn al-Haytham’s seminal Book of Optics in the 11th century AD [3],
containing explanations of reflection and refraction of light via mirrors and lenses as well as
a working theory of vision and color — contributions so monumental that today al-Haytham
is considered both the father of modern optics and an early pioneer of the scientific method.

In time it became clear that certain phenomena such as diffraction and interference could
not be explained with geometric optics, leading to the emergence of an improved description
known as physical optics. Particularly influential works during this period include particle
and wave theories contributed by Isaac Newton and Christiaan Huygens and the formative
experiments by Francesco Grimaldi and Thomas Young investigating diffraction and two-slit
interference, respectively [1]. Our understanding of light was again revolutionized in 1865
when James Clerk Maxwell published his famous Maxwell’s equations, leading to the unifi-
cation of electromagnetism and optics [4]. Perhaps most notably, Maxwell illustrated that

these equations suggest the existence of electromagnetic waves propagating at the speed of



light and therefore proposed that these solutions and light are one in the same, later proven
to be true by the pioneering experiments of Heinrich Hertz between 1886 and 1889. Quite
comically, when asked of the possible applications of this discovery, Hertz simply replied
“Nothing, I guess” |5]. Today, electromagnetic waves (particularly at radio frequencies) are
the backbone of the entire global telecommunication industry, facilitating wireless commu-
nication for a wide array of historically momentous technologies from radio and television
to cellular networks and the wireless internet.

By the 20th century, it was generally (and quite incorrectly) agreed upon that the funda-
mental laws of physics were established and only minor details remained incomplete. How-
ever, it was noticed that certain phenomena — the energy spectrum of blackbody radiation
and the photoelectric effect, in particular — could not be explained by Maxwell’s equations,
and our understanding of light (and electromagnetic radiation, in general) was once again in
question. The fallout of these inconsistencies is well-chronicled [6] — Max Planck put forth
a basic quantum theory in 1900 and in 1905 Einstein demonstrated that it explained the
photoelectric effect [7], illustrating that light is composed of particles called photons. The
success of this quantum theory soon evolved into quantum electrodynamics — a quantum
field theoretic description introduced by Paul Dirac, whereby light-matter interactions are
understood through exchange of quanta between matter and the quantized electromagnetic
field [8]. This work resulted in the notion of the quantum vaccuum field and furthermore ex-
plained phenomena such as spontaneous emission. The quantum theory of electrodynamics
was later generalized to its relativistic form in large part through the efforts of Tomonaga,
Schwinger, and Feynman who shared the Nobel Prize in 1965 for their contributions [9].
Today, quantum electroynamics is considered one of the most successful theories in all of
physics, having been repeatedly tested via precision measurements of various quantities such
as the fine-structure constant |10, 11] and the Lamb shift [12, 13|, and serves as a founda-
tion upon which other quantum field theories are constructed. Quantum optics, the term
typically applied to the nonrelativistic, optical frequency limit of quantum electrodynamics,
remains an extremely active field of experimental and theoretical research today, in large
part due to the outsized role of optical systems in the burgeoning areas of nanoscale and

quantum science [14].



Engineering the photonic environment. One of the most import discoveries of the
quantum era is the existence of the quantum radiation field, capable of populating and
depopulating upon emission and absorption of photons by individual atoms. Similar to the
realization of early civilizations that the behavior of light could be altered by engineering
objects to reflect and refract in a particular way, in 1946 Edward Purcell published a seminal
American Physical Society abstract which suggested the opposite effect was true in the
quantum world. In particular, he showed that the lifetime of a single magnetic spin could be
reduced through coupling to a resonant circuit [15]. It was soon realized that this result was
quite general for various quantum systems, suggesting the possibility to alter the lifetime of
an emissive atom by engineering its photonic environment. This discovery heralded a new
era of studying light-matter interactions in a controllable context and marked the birth of
cavity quantum electrodynamics (CQED), the study of light-matter interactions between
individual atoms and the spatially confined resonances of an electromagentic cavity [14].

In years since, advances on multiple fronts have broadened CQED to encompass various
subdisciplines which involve a diversity of electromagnetic resonators and so-called “artificial
atoms”. Notable examples of active research include circuit QED in the microwave domain,
involving superconducting cavities and Josephson-junction enabled superconducting qubits
[16, 17|, and optical frequency solid-state QED, entailing the study of interactions between
solid-state quantum emitters (such as quantum dots) and dielectric optical microcavities
[14]. In parallel, the study of nanophotonics — involving interactions between light and
matter at the nanoscale — has evolved into a thriving adjacent field of research [18, 19,
with plasmonic nanoresonators gaining particular interest for their ability to confine light
to the nanoscale and facilitate strong light-matter interactions [20, 21]. In all, these rapidly
advancing areas of research offer a rich diversity of exciting applications that range from
advanced optical sensing [22, 23, 24, 25| and cavity-controlled chemistry [26, 27, 28, 29,
30, 31| to the realization of scalable quantum computers, such as those based upon circuit
QED systems [32, 33, 34| currently in development at IBM and elsewhere. CQED systems
additionally provide an ideal setting for studying quantum physics at a fundamental level
[14, 16], the forefront of which now involves (i) using CQED platforms to study quantum

many-body phenomena [35, 36, 37|, and (ii) studying light matter interactions in extreme



parameter regimes, such as ultrastrong and deep ultrastrong coupling [38|.

A Summary of content ahead. Crucial to all of the aforementioned applications is an
extensive theoretical understanding of the underlying experimental platform. Theoretical
modeling is thus an important element for development and application of hybrid light-
matter systems, both for the purpose of interpreting experiment and informing future av-
enues. The first part of this dissertation includes a presentation of the basic building blocks
for modeling CQED and nanophotonic systems. The techniques introduced here are used
throughout Parts II and III, the former focusing on hybrid photonic-plasmonic resonators
for large Purcell enhancements and the emergence of Fano resonances in a plasmonic dimer,
and the latter concerning hybridization of photonic modes in coupled dielectric cavities and
photon-photon interactions in cavity QED platforms.

In Chapter 1, we present the standard procedure for deriving a Lagrangian-based de-
scription of coupled light-matter systems starting from Maxwell’s equations. The general
approach closely follows standard techniques in cavity quantum electrodynamics, but here
is generalized for arbitrary, non-dispersive dielectric environments. The final Lagrangian of
this Chapter serves as a substrate for all hybrid light-matter systems considered throughout
this dissertation.

In Chapter 2, we demonstrate how the field theoretic description of light-matter interac-
tions can be mapped onto simplified models through analogy to simple mechanical systems.
Particular focus will be given to optical frequency platforms comprising photonic cavities
and/or plasmonic nanoresonators, as both appear as components of complex nanophotonic
systems in Part II. As will be shown, the equations which govern the behavior of these sys-
tems are identical to those of a harmonic oscillator. Consequently, the presented analysis is
applicable to a wide array of resonant systems displaying oscillatory behavior and, wherever
possible, the specifics of the underlying system will be left general. Chapter 2 concludes
with a discussion on modeling quantized light-matter interactions.

Chapter 3 focuses on the connection between dissipation and spectral observables, build-
ing upon the theoretical models of Chapter 2. In particular, we present a unified framework

for computing absorption, scattering, and extinction spectra for a driven, damped oscil-



lating dipole using a classical description. We extend this framework to coupled systems,
and furthermore illustrate how radiative interference effects can be modeled by introducing a
complex coupling strength. We then follow this with a brief introduction to input-output the-
ory, a theoretical formalism used to compute one- and two-sided sided transmission through
resonant cavities. Both of these techniques are used in Part II.

In Chapter 4, we present a survey of several parameter regimes of interest in nanophotonic
and cavity QED experiments. Focusing first on weakly coupled systems, we introduce an
original derivation of Purcell enhancement using only classical arguments. This is followed by
a discussion of the Fano lineshape, of central importance to all three publications enclosed in
Part II. We then continue on to strong coupling and introduce the concept of hybridization.
We conclude with an introduction to P7T-symmetric physics.

Taken together, these first four Chapters introduce many of the core concepts and tech-
niques which underpin the published work appearing in Parts II and III. While many of the
derivations contained herein follow standard techniques in cavity quantum electrodynamics
and quantum optics used throughout the literature, several results (particularly the model-
ing of radiative interference and the classical derivation of Purcell enhancement) constitute

original derivations presented here for the first time.



Chapter 1

THE ELECTROMAGNETIC LAGRANGIAN: A BOTTOM-UP
APPROACH

The goal of this first chapter is to construct a general theory which is capable of describing
systems of atoms interacting with the electromagnetic field. Ideally, this construction will
be adaptable to various nanophotonic platforms comprising electromagnetic and material
degrees of freedom, without specifying the underlying details a priori, and can facilitate
either a classical or quantum mechanical description depending on the particular problem
of interest. The approach presented here draws inspiration from several textbooks, most
notably Refs. [39, 40]. However, the focus herein will be on light-matter interactions in
optical microcavities composed of dielectric media, whereas the aforementioned references
are primarily concerned with light-matter interactions between individual molecules and
the free-space radiation field. As a result, several important generalizations will need to be
introduced to account for the polarizable media which supports the cavities, and to facilitate

quantization of the electromagnetic fields in a dielectric environment.

1.1 Maxwell’s equations and the Newton-Lorentz force law

As with any electromagnetic theory, we begin with Maxwell’s equations. Defining E and B

to be the electric and magnetic fields, they may be written, in Gaussian units, as

V-B=0
10B
¢ ot (1.1)
V-E =4mp
10E 4r
VxB—--"—=
% c Ot c ¥

where p and j are charge and current densities, and ¢ the speed of light. Following Refs.

[41, 42| Let us now imagine that the matter which sources Gauss’s and Ampere’s laws



10

(third and fourth equations, above) can be partitioned into two distinct subsets, the first
corresponding to the bound charges and currents of a macroscopic, dielectric medium and
the second comprising independent, freely moving charged particles. In particular, we define
pP=Pf+Po
(1.2)
J=Jir+
where the subscripts f and b denote the free and bound charge/current density. The former

may be written in terms of the charge ¢; and position r; of its constituent particles as

pr(r) =Y qirid(r —r;)
' (1.3)
jf(r) = Z qitid(r —r;).

Defining the macroscopic polarization density P, the bound charge density may be written

in the usual way as

=V -P. (1.4)

As the temporal variations in the bound charge density are related to the current density,
we would therefore expect ji, to be related to P in some way. This can be seen most clearly

by appealing to the continuity equation

., O
, . 1.
Vet 5o =0 (1.5)

Rewriting the second term in terms of the polarization density P, we find
V.-G, —P)=0. (1.6)

Thus j, may be broken into two pieces, one with nonzero divergence equal to P (i.e., the
polarization current), and the second a divergenceless contribution known as the magne-
tization current. For simplicity, we will specialize to nonmagnetic materials with relative
permeability g = 1, in which case it may be shown that this second contribution vanishes

[4], leading to

Il
ek

Jb (1.7)
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We can now rewrite Maxwell’s equations to reflect the separation of matter into free and
dielectric contributions. Starting with Gauss’s law, the right-hand side can be broken into

two pieces and rearranged such that
V- (E —47P) = 4rmpy. (1.8)

Assuming our dielectric medium is isotropic and linear (i.e., P = x(r)E where x is the linear

susceptibility, here a scalar function of space), Gauss’s law may be further rewritten as
V -e(r)E = 4mpy, (1.9)

where £(r) is an inhomogeneous dielectric function defined by e(r) = 1+4mx(r). In a similar

fashion, Ampere’s law may be rearranged using the fact that j = j; + P to find

OB _dm, (1.10)

VxB-— Ty -

Thus we have arrived at the macroscopic form of Maxwell’s equations,

V-B=0
10B
VXE—{—f%:O
¢ ot (1.11)
V- e(r)E = 4mpy
e(r)OE  Ar,
VxB- o _ AT
% c Ot ¢

albeit with the restriction p = 1. These equations, along with the Newton-Lorentz equations

for the free matter (accurate only in the nonrelativistic limit #; /¢ < 1),

dzl‘i i'i

fully describe the interacting matter-field system. In this form, however, it is not readily ap-
parent how to quantize the system — following Dirac’s procedure [8], this is typically achieved
by (i) identifying the distinct degrees of freedom and corresponding pairs of canonical vari-
able pairs, and (ii) replacing Poisson brackets by canonical commutation relations, steps
which are typically carried out in the Lagrangian and Hamiltonian formalism, the latter
deriving from the former through Legendre transform. Thus it is apparent that we must

first cast the physics described by Egs. (1.11 — 1.12) into a Lagrangian framework.
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1.2 The matter-field Lagrangian

The most obvious initial obstacle toward writing a Lagrangian consistent with Eqs. (1.11 —
1.12) is the fact that the Euler-Lagrange equations provide equations of motion which are
second order in time [43], while Maxwell’s equations contain only first order time derivatives
of the fields. This is resolved by rewriting the fields in terms of the scalar and vector

potentials,

E-_vo_2
c (1.13)

B=VxA.
It is important to note that these relations define ® and A only up to some arbitrary gauge
function v such that the replacement
1.
b —P——
¢ (1.14)
A — A+ V),
leaves the fields (and by extension, Maxwell’s equations), unchanged. This is remedied by
fixing to a particular gauge, a choice which we will leave unspecified until the next section.
One advantage of introducing the potentials is that the definitions in Eq. (1.13) automat-

ically satisfy the two sourceless Maxwell’s equations. Thus we have reduced four equations

to two:
1 .
-V - e(r)Vo — EV -e(r)A = 4mpy (1.15a)
.4 )
VxvxAy DA AT fWgy (1.15b)
C & C

Egs. (1.15a) and (1.15b), together with the Newton-Lorentz equation (Eq. (1.12)), consti-
tute the three equations which govern the dynamics of our system. Paired with them are
the dynamical variables ®, A and r; and their time derivatives, all together forming the
necessary ingredients for a Lagrangian description of the system dynamics.

It can be shown that the Lagrangian

L—Zlm-r*ZJr &[e(r)E2—B2]+ @ |3 A~ o (1.16)
N —~ 2 v 8 c Ps ’
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yields the three requisite equations upon application of the Euler-Lagrange equations for
each of the three dynamical coordinates. In particular, application of the principle of least
action with respect to r, ®, and A leads to Eq. (1.12), Eq. (1.15a), and Eq. (1.15b),
respectively. For explicit calculations see Ref. [39], there carried out for e(r) = 1 but
proceeding in the exact same way as the more general case.

While Eq. (1.16) satisfies our goal of finding a Lagrangian which describes the dynamics
of a system of charged particles coupled to the electromagnetic field, it is readily obvious
that by introducing the potentials, we have introduced additional degrees of freedom — at
each point in space, the field variables and their time derivatives {A, A, P, CI’} comprise
eight total degrees of freedom while the electric and magnetic fields are described by just
Six.

Removing these redundancies is achieved through two steps. First, because ® does not
appear in the Lagrangian it can be removed [43|. This is evident through application of the
Euler-Lagrange equations as Eq. (1.15a) is not a dynamical equation of motion, but rather a
constraint between ®, the longitudinal part of s(r)A, and the free charge p;. Second, ® and
the longitudinal part of A are interrelated via gauge freedom (see Refs. [39, 40] for a more
in-depth discussion on this). A particularly natural gauge choice which cleanly separates

field and matter degrees of freedom is defined by the condition
V-e(r)A =0, (1.17)

often termed the generalized Coulomb gauge |44, 41| due to its close relation to the Coulomb
gauge (also called the transverse or radiation gauge) defined by the same condition with
e(r) — 1[39].

In the generalized Coulomb gauge, Gauss’s law (Eq. (1.15a)), becomes

V.e(r)Ve = —4mpy, (1.18)

a generalized form of Poisson’s equation which accounts for the polarization of bound matter
characterized by the inhomogeneous dielectric function €(r). Thus the generalized Coulomb
gauge serves to decouple ® and A, such that the dynamics of ® are determined by the

dynamics of the free matter, and the field degrees of freedom are entirely contained in
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the contributions of the vector potential which satisfy V - e(r)A = 0. This choice is a
natural generalization of the regular Coulomb gauge, whereby the scalar potential becomes
dependent on the total matter in the system and the transverse components of A encode
the field degrees of freedom.

We now aim to remove ® entirely from the Lagrangian, leaving in its place quantities
which depend explicitly on matter coordinates. To that end, we first focus on the contri-
bution to the second term due to the electric field. Rewriting in terms of potentials and

integrating by parts (discarding surface terms as the fields/potentials vanish at infinity),

/ Cgs(r)Eﬂ _ / & (r)‘i‘;+ / gs(r)(V@)2+ / ijrs(r)A-Vq)

81 T
37" A 2 37" 37,
:/‘éwg(r)é2 —/Céw(VE(I’)V@)@—/CLT(V'E(I')A)CD (1.19)

d3r A 1 3
:/87{'6(1‘)62_2/(1 Tpfq),

where we have applied the generalized Poisson equation to simplify the second term and used
the generalized Coulomb gauge condition to show that the third term vanishes. Inserting

this rearranged form back into the Lagrangian, we now find

L= Lmatter + Lﬁeld + Lint (1.20)
where
1 .
Latter = Z §miri2 — Veoul
i
d3r A2
Lfiela = / = [e(r)2 —(V x A)2] (1.21)
s C
1 3 .
Lint:* d?"_]f'A.
C
Here,

1
Veoul = 2/6133301”<I> (1.22)

is the Coulomb potential energy of the system of charges defined by p; [4]. Thus the
generalized Coulomb gauge has led to an electromagnetic matter-field Lagrangian which
cleanly separates into three contributions describing the matter, dielectric-dressed field and

matter-field interactions. The matter degrees of freedom are described by the generalized
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coordinates r; and their time derivatives, related to the free charge density via Eq. (1.3).
Separately, the field degrees of freedom are tied to the vector potential A and its time

derivative.

1.3 The minimal coupling Hamiltonian

With the scalar potential removed entirely from the Lagrangian and a gauge chosen, it is
now straightforward to compute the system Hamiltonian. Noting that the interaction term

of the Lagrangian may alternatively be written in the form

1 .
Lint = E Z qiY; A(ri)a (123)
(2
it can be seen that the kth component of the momenta conjugate to r; and A are given by
oL )
Pik = 5— = Mifie + qiAx(ri)/c
ik 1.24)
0.2  e(r) (L.
DA,  Amc?

where & is the Lagrangian density defined by L = [ d®r.#Z. Following Legendre transform
of the Lagrangian, we arrive at the matter-field Hamiltonian

3y mc)?
I Z 217ni(pi — qiA(ri)/c)* + Veou + / 62137 [(i(r))

Notably, the momentum conjugate to r; is not the mechanical momentum, but rather in-

1% + (V x A)?| . (1.25)

cludes an additional contribution from the field. In contrast, the field momentum depends
only upon the first time derivative of the vector potential. As will be discussed in the next
section, gauge freedom of the potentials allows for these roles to be reversed, such that the

field momentum depends upon the matter (leading to concept of the displacement field),

and the particle momenta become p?eCh = myr;. The present framework is referred to as
the minimal coupling formalism, named as such due to the minimal terms needed in the
starting Lagrangian Eq. (1.16) needed to reproduce the Maxwell-Lorentz equations.

At this stage, it is feasible to quantize the Hamiltonian in Eq. (1.25), most easily achieved

[39] by transforming into k-space and enforcing the commutation relations

[ik> Djm] = 1A 0km

(1.26)
[A:(K), 7], (K')] = ihd.0(k — k'),
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where {k, m} label vector components and {e, ¢’} index the two independent polarizations
of the field. Alternatively, quantization can be directly carried out in coordinate-space by

introducing the transverse delta function [39, 40, 44|
2 1 31T,
1 %
d;;(r) = 55@‘5(1‘) i <5ij - T2j> (1.27)
and imposing the field commutation relation
[Ai(r), IL;(x")] = ih&i#(r —1'). (1.28)

In later sections, we will pursue an alternate approach to quantization. This involves a
rewriting of the fields as a sum over orthogonal modes, each scaling with a dynamical coor-
dinate which determines the overall field amplitude. Canonical commutation relations are
then imposed on the dynamical coordinates rather than on the fields at each point in space.
This “mode centric” approach is particularly useful in systems which involve a discrete set
of field modes, as is the case for an electromagnetic cavity, and will be further discussed in
Chapter 2. At present, we will hold off on carrying out quantization in an explicit manner

to first discuss alternate representations of the matter-field Lagrangian and Hamiltonian.

1.4 Alternate descriptions of the matter-field Lagrangian

While the Lagrangian in Eqgs. (1.20-1.21) (and the corresponding Hamiltonian in Eq. (1.25))
ultimately provide a complete and general description of the matter-field interactions in an
arbitrary system (assuming g = 1), it is not by any means a unique description. We have
thus far seen that the minimal coupling framework provides a straightforward path toward
forming an initial description. However, gauge freedom ensures that alternate formulations
exist and, depending on the particular system of interest, they can be significantly simpler
to analyze and leverage for application.

Separately, we have thus far treated the free matter as an arbitrary collection of charged
particles. For most systems of interest, however, these charged particles are not completely
unstructured, and instead involve a localized distribution comprising an atom, nanoparticle

or quantum dot, for example. It is therefore advantageous to repackage the matter degrees
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of freedom into a formulation which capitalizes on the collective behavior of the particles,
in lieu of the particle-by-particle approach considered thus far.

In this section, we will describe a simplified version of what is more generally known as the
multipolar formalism of electrodynamics. Whereas the minimal coupling formulation yields
a description where the conjugate momenta associated with the matter depend upon field
variables and conjugate fields which are independent of the matter, the multipolar formalism
leads to the opposite: conjugate momenta for the matter equivalent to the mechanical
momenta, and conjugate field variables which depend on matter coordinates. Most often, the
free matter is then decomposed into its multipole expansion, and matter-field interactions
appear as a sum over multipole-field interactions which may be truncated at the desired
order. The general procedure for arriving at this alternate description is known as the
Power-Zienau-Woolley (PZW) transformation, and we defer to existing literature for a
detailed discussion of its application and consequences both in free space [45, 46, 39, 40, 47|
and its generalization for dielectric media [41].

Here, we present the simplest limit of this theory where only the dipolar term is retained
via the long-wavelength approximation. First, let us assume that the system of charges is

globally neutral
Y ai=0 (1.29)

and is clustered around some central location rg. In addition, we assume that the spatial
extent of the charges, characterized by some length scale a, is much less than the wavelengths

of the electromagnetic field considered (A > a). Then, to first approximation,
L =23 gt Al ~ =3 g A( 1.30)
int — E : qir; - (rz) ~ E : qir; - rO)a ( .
(] K3

where we have approximated the field “felt” by each individual particle by its value at the
center of the distribution. The vector potential may now be factored out of the sum, and
we find that

Lint = %d - A(ro), (1.31)

where

d=)> gr; (1.32)
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is the dipole moment about the central coordinate rg. Separately, we recall that one may
always add a total time derivative to the Lagrangian, leaving the equations of motion unaf-
fected according to the principle of least action [43]. Adding to the above Lagrangian the

total time derivative of —d - A(rp)/c, we find

Ling=-d-A—-—(d-A(r
. T (ro)) (1.33)

=—-d-Ale

Writing the full Lagrangian, we have

1 ) d37‘ A2 2
L= zz: St = Vooul + o s(r)c—2 —(VxA)? +d-E (r), (1.34)
where the subscript L designates the “transverse” portion of the electric field E; = —A /¢,

here in quotes as it obeys the generalized transversality condition
V-e(r)E; =0, (1.35)
rather than the true transversality condition
V-E| =0, (1.36)

thus generalizing the usual result [39, 40] to allow for an inhomogeneous dielectric back-
ground other than vaccuum. Regardless of the specific condition obeyed by E |, its physical
significance remains the same for ¢(r) # 1 or otherwise — it contains the portion of the
electric field which is entirely independent of the (free) matter, and thus encodes the true,
independent degrees of freedom of the (dielectric-dressed) field.

With the multipolar Lagrangian of Eq. (1.34) in hand, we now have at our disposal an
alternate description of the matter-field interaction that involves the first time derivative of
the field variable rather than that of the matter coordinates. To that end, computing the
momenta conjugate to matter and field coordinates now yields

Pik = MiTik

Mt = £ A — (dy/e)3(r — xo)

thus verifying that the conjugate momenta for the matter are now equivalent to the mechan-

(1.37)

ical momenta, and the field momentum picks up contributions from the matter. While the
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minimal coupling and multipolar frameworks are equivalent in that both produce identical
measurable quantities [39], the latter picture, where the field is dressed by the matter rather
than the opposite, is often simpler to interpret as the Hamiltonian can be entirely written
in terms of the transverse electric and magnetic fields, in place of the vector potential which
plays a featured role in the minimal coupling framework [39, 40, 47]. In addition, canonical
quantization yields an easily interpretable description of the matter unplagued by additional
terms contributed by the fields, and it is therefore simplest to model interactions between
distant dipoles mediated by the fields in the multipolar framework (see, for example, Ref.
j40]).

For much of the remainder of this thesis, the Lagrangian in Eq. (1.34), either in full
or certain portions thereof, will be the starting point for modeling various cavity QED and
nanophotonic systems. In the next chapter, we will take a closer look at the field and matter
portions of the Lagrangian independently. Central to our analysis will be the harmonic
oscillator. In particular, we will show that the modes of a simple Fabry Pérot cavity may
be mapped onto a set of harmonic oscillators. Similarly, we will also show that a metal
nanoparticle can support a dipolar resonance which also behaves as a harmonic oscillator.
This duality between material and photonic resonances and oscillator modes is much more
general than just these two examples, and we thus follow with two additional Chapters
entirely dedicated to techniques and analysis pertaining to coupled oscillator models in
nanophotonic systems, before moving onto the main scientific accomplishments detailed in

Parts II and III.
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Chapter 2

MODELING NANOPHOTONIC COMPONENTS WITH
OSCILLATORS: PHOTONIC CAVITIES, PLASMONIC
NANOPARTICLES, AND LIGHT-MATTER COUPLING

Central to modern nanophotonic systems and applications is the ability to confine light
to the nanoscale at optical frequencies. Fueled in part by developments in fabrication tech-
niques, the last few decades has seen an explosion of micro- and nano-scale structures of
varying geometries and materials that provide unprecented ability to control and locally en-
hance light-matter interactions for a wide array of applications. In this Chapter, we develop
theory for both photonic and plasmonic cavities. Each has its own particular advantages —
photonic cavities support long-lived resonances with lifetimes that can exceed hundreds of
microseconds at optical frequencies. Plasmonic nanoresonators, on the other hand, support
resonances which typically live on the order of tens of femtoseconds, yet can confine light to
sub-diffraction limit length scales unattainable with conventional photonic cavities. Today,
photonic and plasmonic resonators play a complementary role in modern cavity QED ex-
periments, encompassing two distinct strategies for achieving enhancement of light-matter
interactions — the former involving long-lived photons, and the latter involving short-lived
excitations with exceptionally large fields confined to sub-wavelength length scales.

In the first half of this chapter, we present a general theory of a three-dimensional
cavity composed of perfectly conducting walls enclosing vacuum. This formalism serves as
a foundation for the extension to optical microresonators composed of dielectric media, a
problem further discussed in Chapters 8 and 9, the former containing a formal treatment
and the latter an application to an experimentally realized system. In the back half of this
Chapter, we develop a basic theoretical understanding of the dipolar plasmonic resonance
of a spherical metal nanoparticle. Here, the general aim is not to present a rigorous, all-
encompassing theoretical treatment, but rather motivate one of the primary theoretical

tools in modeling the optical response of plasmonic nanoparticles: the harmonic oscillator.
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We then conclude with a discussion on quantized light-matter interactions, leading to two
extremely important models for cavity QED: quantum coupled oscillators and the Jaynes-

Cummings Hamiltonian.

2.1 An ideal photonic cavity

In the previous Chapter, we briefly described (without actually carrying out the procedure
to completion) how one can quantize the electromagnetic field at the level of field operators.
Here, we will demonstrate an alternate route using the concept of a mode expansion. Ulti-
mately, this will allow us to integrate out the spatial information in the field and arrive at
a dynamical description in terms of field amplitudes which is significantly simpler than that
which centers on the field operators.

For simplicity, we will carry out this calculation for a three-dimensional cavity with per-
fectly conducting walls. The more general case of a dielectric microresonator, characterized
by a piecewise dielectric function &(r), is detailed in Chapter 8. In addition, we will assume
no free charge in the system and therefore the only degrees of freedom are those of the field.
Then, drawing upon our discussion in Chapter 1, the Lagrangian for the system is

L:/CF)T[M—(VXA)Q]. (2.1)

8t | ¢2

Working in the Coulomb gauge V - A = 0, absence of free charge allows us to take the
scalar potential as vanishing without loss of generality. Then the electric field is related to
the vector potential by

E=-Alc, (2.2)

and the fundamental equations of the system become the wave equation (i.e., the equation

of motion for A), .
A

and the corresponding boundary conditions at the conducting walls of the cavity,

an\5:0 (24)
n-Blg=0,

where n labels the unit vector normal to the surface.
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2.1.1 The mode expansion

Let us now decompose the vector potential A into a set of orthogonal modes which individ-

ually satisfy Eq. (2.3). To that end, we write

Alr,t) =Y Cvi” G () (T) (2.5)

m
where ¢, (t) is a time-dependent dynamical amplitude, f,,(r) the mode function which char-
acterizes the spatial profile of each mode, and V,, is the mode volume of the mth mode,

defined by [48, 49, 50|
_ [ &l (r)?)
- max{[f, (r)[?}

The electric and magnetic fields may also be written in terms of this mode expansion as

(2.6)

VR,

E(r,t) = TQm(t)fm(r)
m 4m 2.7)
B(I‘,t) = Z CVmﬂ-qm@)v X fm(r)'

We note that the mode functions f,,,(r) and dynamical coordinates ¢, () may be arbitrarily
rescaled at the expense of one another, without loss of generality. For simplicity, we will
proceed with the convention

max{|£,(r)2} =1, (2.8)

leading to the simplified form of the mode volume,

Vi = /d3r|fm(r)|2. (2.9)

This constitutes a deviation from the usual choice in the literature, where the mode volume
itself is normalized to unity [14, 51] (i.e., [ d3r|f,(r)|* = 1). We will soon see, however, that
this alternate choice brings the physical importance of the mode volume V,,, to the forefront,
both in the present example as well as for the extension to dielectric microresonators in
Chapter 8.

Substituting the mth term of Eq. (2.5) into Eq. (2.3), we find

A () V2 (1) = G () En (1), (2.10)
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implying

.. . OémC2 -
G (t) = m¢ qm(t) 2.11)

V2f,,(r) = apfin (1)
where a,, is some to-be-determined separation constant. The differential equation for g, (t)
admits two qualitatively distinct types of solutions: oscillatory and exponential growth /decay.
The former class corresponds to au, < 0, while the latter corresponds to «;, > 0. We now
aim to show that only oscillatory solutions are physical. Appealing to the definition of the

mode volume in Eq. (2.9), we can use the second line in Eq. (2.11) to write

1
Vin=— [ &rf(r) V£, (r)

_ _ai &PrEh(r) - (V X V x (1) (2.12)
= _ai /d?’rv (F2(r) x V x f,(1))) — L /d3r|v x £ (1)

where in the last step we integrated by parts. Applying Gauss’s theorem and invoking

boundary conditions, we find

Vin = ai dS - (f5,(r) x V x fi,(r)) — al/d?’r\v % £ (1) |2
_ alm (V X £ (r)) - (dS x £ (r)) — alm/d?”"'v (1) 213
= —ai d*r|V x £, (r) .

According the definition of the mode volume in Eq. (2.9), V,, is positive. Likewise, the
integrand in the final form of the above equation is positive. Consequently, it must be true

that a,;, < 0 and we may therefore assign it the value
am = —k2, (2.14)
where ky, is real-valued. Substituting into the two equations in Eq. (2.11) leads to

Gm(t) = —w%qm(t)
V2, (r) = —k2 £, (r).

(2.15)

Thus we see that each individual cavity mode behaves dynamically as a harmonic oscillator

with resonant frequency w,, = ck,,, and is further characterized by a spatial mode profile
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obeying the Helmholtz equation. For simplicity, we can assume the mode functions f,,(r)
to be completely real. No generality is lost in enforcing this, as Eq. (2.15), paired with the
fact that k,, is real, implies that the complex conjugate of any solution to the Helmholtz
equation is also a solution. As a result, completely real solutions may always be formed
through linear combination of complex conjugate pairs.

The mode functions obeying the Helmholtz equation are mutually orthogonal, as can be
seen through the following argument. Using the fact that V2f,,(r) = —k2 f,,(r), the overlap

integral between two mode functions f,,,(r) and f,(r) can be rewritten as

1
/ d3r £, (r) - £, (r) = - d3r £, (r) - V3£, (r)
1
=13 d3r V2 f,(r) - £,(r) (2.16)
k2 '
=5 d3r £, (r) - £, (1),

where we have integrated by parts twice to arrive at the second line, and applied the
Helmholtz equation in simplifying to the third. Comparing this final expression to the
original, it is clear that, unless k,, = k, (and, by extension, f,,(r) = f,(r)), it must be
true that the starting integral vanishes. Thus the distinct modes of the cavity are mutually

orthogonal,

/ 1 £, (r) - £ (1) = Vi (2.17)

2.1.2  Canonical quantization of the cavity fields

As previously discussed, there are two commonly used strategies to quantize the electromag-
netic field. The first involves direct quantization of the field variables, while the second is
achieved through mode expansion of the fields and quantization of the mode amplitudes. In
this section, we will carry out the latter procedure.

To begin, we recall the form of the electromagnetic Lagrangian,

L= / i [AQ —(V x A)2] : (2.18)

8t | 2
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Substituting in the mode expansion for the vector potential in Eq. (2.5), we find
L= | oo imin / Br () £0) — =i / Br (V % £ (x)) - (V % £2(r))
[2Vin Vi 2V, Vi
1 k2,
- ImGn — 'mn d> . -f,
; 2V, v, T gy, ]/ rn(r) - £ (r)
[ 1 c2 2
= ] .n_ n V 6 ns
; 27,7, I gy, v, 0 ] m

(2.19)

where the second line was obtained through integration by parts and application of the
Helmholtz equation in Eq. (2.15), and the orthogonality relation in Eq. (2.17) was used in

arriving at the final expression. Applying the Kronecker delta, we find

L=3 | ) (2.20)

thus illustrating that the dynamics of the electromagnetic modes of a cavity are isomorphic
to a set of independent, harmonic oscillators of resonant frequency w,, and effective mass
1/Vin.

We now turn our attention to computation of the Hamiltonian. The momenta conjugate

to the generalized coordinates g, are given by

Pm = Qm/vm (2.21)

Interestingly, we see that p,, determines the scaling of the electric field, just as the vector

potential scales with g,

cV/4n
v, Qm(t)fm(r) (2.22)

E(r,t) = =47 piu (t)En (r),

A(r,t) =

confirming what is otherwise found through direct quantization at the level of the fields:
the vector potential A and electric field E are, up to some prefactors, dynamically conju-
gate to one another. As we will see in Chapter 8, a similar relation is found for dielectric

microresonators, except there it is the displacement field D = ¢(r)E which is conjugate to

A.
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Computing the Legendre transform of Eq. (2.20), we find the Hamiltonian governing the

system dynamics to be exactly that of a set of independent harmonic oscillators,
H= Z 2+ —w,?ann. (2.23)

Following the procedure set forth by Dirac [8|, quantization is achieved by promoting the
dynamical variables ¢,, and p,, to operators obeying the canonical commutation relation
[Gm, Pn] = ©hdpmy. For simplicity, we will not introduce any additional notation (such as a
hat) to distinguish operators from classical variables, and will instead rely on context for
when the distinction is needed.

In place of Hamilton’s classical equations, the dynamics of the system are encoded by

Heisenberg’s equations of motion, yielding

)
= 7[H7 Qm] = Vinbm

dm

h

. ) (2.24)
o = —[H, pm] = — -2 gy
P h[ Pm) T

These two coupled first order equations can be rewritten as two uncoupled second order
equations through substitution, yielding equations identical to those expected of a classical

harmonic oscillator, albeit in terms of operators,

éim = _W?an
(2.25)
jjm = _ngpm
with the initial conditions
Qm(o) = dm Qm(o) = Vinbm (226)
. 1
pm(o) = Pm pm(o) = _7w3ana (227)
m

where all expressions on the right-hand side refer to the static, Schréodinger picture operators.
Unless otherwise stated, any operator with an explicit time dependence (e.g., gm (t), pm(t))
denotes an operator in the Heisenberg picture. The current representation of the system in
terms of conjugate pairs {¢m, pm }, while correct, is not unique. In particular, the first-order
equations supplied by Heisenberg’s equations of motion are not diagonal, suggesting the

possibility for a different basis in which Heisenberg’s equations are diagonal, constructed
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by casting the Hamiltonian in terms of particular linear combinations of ¢, and p,, (or,
at the level of the fields, A and E). This leads to the well-known concept of creation and
annihilation operators and, by extension, the photon. For completeness, we will briefly
sketch a typical strategy for computing the creation and annihilation operators.

The most direct route toward computing the correct linear combination of ¢, and p,,
which decouples Heisenberg’s equations involves analyzing the solutions to Eq. (2.25) which,

taking into account the corresponding initial conditions in Eq. (2.27), yields

v .
am (t) = qm cos(wmt) + wﬁpm sin(wyy,t)

m

1 V ; V, ,

= 5 |:Qm - Z‘wmpm] elmt + {Qm + Zwmpm:| e tmt
" " (2.28)

w .
pm(t) = —qmv—m sin(wmt) + pm cos(wmt)
m
w V, : w V. )
== |:Qm _,L'mpm:| giwmt _ ; &m |:Qm —I—impm] e—zwmt’
2Vm Wm W
where we have rewritten trigonometric functions as linear combinations of complex expo-

nentials and grouped terms accordingly. Next, we define the operator

1

V
am = [Qm +1 mpm:| ) (229)
200, Wm

where ., is some constant that will be chosen such that the operators a,, obey the com-
mutation relation

[am al] = Gmn, (2.30)

allowing us to identify a,, and al, as bosonic annihilation and creation operators. The

generalized coordinates and momenta can then be expressed in terms of a,, and a;rn as

gm(t) = afal e“mt + o a,,e”mt
2.31)
pm(t) = zv—m *al elomt — iv—mamame*”’mt.
m m

Crucially, the commutation relations imposed on the creation and annihilation operators
must be consistent with the canonical commutation relations obeyed by ¢, (t) and p,(t) for
which we find, after some algebra,

(0 (8)] = i

Re{a, ape@m—wn)ths (2.32)



28

Thus we find that in order to have preserve [¢n(t), qn(t)] = iAdy,, for all times, we require
Qo = \/%e_i‘b, where ¢ encodes an arbitrary phase which we are free to choose. The
standard definitions of a,, and a,, (for example, those found in Ref. [52]) derive from the
choice ¢ = 0. However, it is often convenient to keep in mind the more general solution
with arbitrary ¢, as in certain situations another choice can facilitate freedom in choosing
the light-matter coupling strength to be real-valued. This will be shown more explicitly in
Section 2.3.

We conclude by writing some general expressions for the generalized coordinates, mo-
menta, and fields in terms of creation and annihilation operators. As expected, the Hamil-

tonian may be shown to equal the well-known result
1
H= § i, |al am + =1 . 2.
> [ama + 2] (2.33)

with time-dependent generalized coordinates and momenta given by

am(t) = 1 o [a;ei(wmt+¢) - ame—i(wmt+¢)]
2w,

Pm(t) = z\/? [ainei(wmﬁrd?) _ ame—z’(wmtm)}

and corresponding annihilation operators

- = M i )
n =\ opy |:Qm+Zprm:| e'?, (2.35)

with creation operators defined as the Hermitian conjugate of a,,. Extrapolating to the

fields, we find

2h . .
Ax,t) =) /% [ame—zwmtw) +a ez<wmt+¢>} £, (r)

(2.34)

I hicky, By .
E(X, t) _ IZ ﬂ-‘}iCk [ame z(wmt-i-d)) _ ainez(wmt+¢)i| fm(r) <236)
2mhe Ci(wmttd) | A i(wmttd)
B(x,t) = Z Y [ame m +a),e"m } V x £ (r).

2.2 A plasmonic nanoresonator

When subjected to an electric field, the conduction band electrons of a metal nanoparticle

will become displaced relative to the ionic background, screening the applied field as a
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Figure 2.1: The dipolar localized surface plasmon mode of a metallic sphere driven by an
oscillating external field Eqy. The conduction band electrons of the sphere medium respond
to the applied field, setting up an an induced dipole moment d. The relative displacement
between the electrons and the ionic background produces a restoring force, causing the
electrons to accelerate toward their equilibrium positions once the sphere is at the node of
the applied field. At steady-state, oscillatory evolution of the dipole ensues, mirroring the

mechanical motion of a damped harmonic oscillator.

result. If the incident field is then turned off, the restoring force exerted by the ionic
background will cause those displaced electrons to accelerate toward, and possibly overshoot,
their equilibrium positions, provoking continued oscillation until all energy is dissipated due
to electron-ion collisions. Alternatively, applying an oscillatory electric field of wavelength
A much larger than the dimensions of the nanoparticle, as illustrated in Fig. 2.1, can,
depending on the morphology and material of the nanoparticle, create sustained, steady-
state oscillations encapsulated by the time dependent evolution of the net dipole moment
d. The dynamics described above hint at a qualitative similarity between the collective
response of the conduction band electrons of a metal nanoparticle — known as a localized
surface plasmon (LSP) [53] — and a damped harmonic oscillator upon application of an
external applied force. The goal of this section is to make this connection more quantitative
using simple mathematical and physical arguments.

Let us imagine that we have a perfectly spherical metal nanoparticle of radius a, subjected
to an oscillatory electric field of frequency w. In the limit where the wavelength of the applied

field is much larger than the particle radius (A = 2w¢/w > a), the dominant contribution to
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the induced response is that of an electric dipole [54, 55]
d=a(w)E (2.37)

characterized by the Clausius-Mossotti polarizability [4]
ew) — 1Y 3
= 2.38
o) (E(w) +2) “ (2.58)
where e(w) is the dielectric function which characterizes the nanoparticle material. Here,
we assume the nanoparticle is metallic and thus invoke Drude theory [56], leading to the

dipersive dielectric function

w2

P
e(w) =€o0 — 5, 2.39
() = e = e (239)
where w, and v are the material dependent plasma frequency and characteristic scattering
frequency, and e, incorporates the instantaneous response of high-frequency core electrons.

Substituting Eq. (2.39) into Eq. (2.38), we find
€00 — wf)/(w2 —iwy) — 1a
oo — w2/ (w? +iwy) + 2

(oo — D(w? —iwy) —w? 4

3

= - a 2.40
(eo +2)(w? — iwy) — w2 (2.40)
_ER i -,
w? — wd + iwy
where we have made the definition
2
w
Wi = . 12. (2.41)
o

We now aim to separate the instantaneous (i.e., frequency-independent) portion of a(w)
from the dynamical (i.e., frequency-dependent) contribution. To achieve this, we add and
subtract w3 (€00 — 1)/ (€00 + 2) to the numerator, yielding (after some simplification)

Eoo— 1 4 e?/m
= a
€oo +2 —w? + wg — iwy (2.42)

a(w)

= Oltatic + QLSP (w)
where the effective mass m is defined by

e (eno +2)

2.43
3wia’ (243)
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Eq. (2.42) demonstrates that the response of the metal nanoparticle to an external field
can be broken into two distinct contributions: one which is instantaneous and furthermore
vanishing in the limit where the interband transitions are neglected (i.e., eoc — 1), and one
describing an inertial, frequency-dependent response. This latter contribution is known as

the the dipolar localized surface plasmon (LSP) [53].

2.2.1 Modeling the dipolar LSP as a harmonic oscillator

The analytic form of apsp(w) demonstrates that the response of the dipolar LSP of a spher-
ical metal nanoparticle is identical to that of a damped harmonic oscillator. To illustrate
this more explicitly, we imagine harmonically driving a dipole resonance characterized by
effective mass m, resonant frequency wp, and damping rate . For simplicity, let us define
the applied external field as Eeyy = Ege ™'z such that the dynamics of the induced dipole

are described by the one-dimensional equation of motion
mi + myi + mwiz = eEge ™", (2.44)

where x is the generalized coordinate related to the dipole moment by d = exz.

Seeking a steady-state solution of the form z(t) = z(w)e~™? substituting x(¢) into Eq.

(2.44) and solving for z(w) yields

eEyg/m
r(w)=—F—5——. (2.45)
—W* + Wy — Wy

Recasting this solution in terms of the polarizability a(w) = ex/Ey, we arrive at an expres-

sion identical to argp,

e /m (2.46)

a(w) = ,
() —w? + Wi — iwy

thus demonstrating the equivalence between the dipolar plasmonic response of a metal
nanoparticle and a damped, harmonic oscillator with effective parameters m, =, and wq
informed by the nanoparticle material and size.

While we have specialized to the ideal case of a spherical nanoparticle, it is worth noting
that the derived result Eq. (2.46) is general for any dipolar resonance driven by an external

electric field, including those describing the LSP response of nonspherical nanoparticles.
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However, the analytic forms presented for wp and m in Eqs. (2.41) and (2.41) are specific
to a spherical morphology, though generalizations can be derived for oblate and prolate
spheroidal particles [57, 58, 59| — particularly useful for approximate modeling of metallic
nanorods and nanodisks. Separately, it is possible to construct oscillator models for the
higher order multipole plasmon resonances. Such a procedure is beyond the scope of the
simple arguments presented here, however, and we thus defer to the existing literature |60, 61|

for a more complete discussion.

2.2.2  Inclusion of radiation losses

Central to the above derivation is the Rayleigh (or long-wavelength) approximation A >>
a, allowing us to apply the Clausius-Mossotti polarizability in Eq. (2.38) which, strictly
speaking, is a solution to Maxwell’s equations in the so-called quasistatic approximation
defined by the limit ¢ — oo [54], in effect ignoring retardation effects resulting from the
finite speed of light. In this limit, the field of the induced dipole is given by

Baip(r, 1) = - (36 — 1) - d(t). (2.47)

r

However, it is clear from Eq. (2.44) that the induced dipole is not static, but rather os-
cillates at a frequency corresponding to that of the applied harmonic field. From classical

electrodynamics, we know that the field of an oscillating dipole is given by

1 A ik ~n k2 An ikr
Egip(r,t) = r—3(3rr —-1)— T—2(3rr —-1)— 7(1‘1‘ —1)] " - d(t), (2.48)

where the first, second, and third terms correspond to the near, intermediate, and far fields.

Crucially, the far field is entirely transverse and therefore represents a transfer of energy
from the dipole oscillator to the free radiation field [4]. From the viewpoint of the dipole
dynamics, this indicates that the oscillating dipole radiates energy, suggesting the presence
of an additional dissipative pathway not previously included in Eq. (2.44). Its absence is a
consequence of taking the quasistatic limit where ¢ — 0o, causing the intermediate and far
fields to vanish, leaving just the near field portion in agreement with Eq. (2.47). For large
enough particles (which still obey the Rayleigh limit A > a), such radiative or scattering

losses can become important [54]. We thus wish to “patch up” the dynamical equation Eq.
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(2.44) with the aim of constructing a more accurate description which accounts for radiation
losses, but otherwise neglects retardation effects that can influence, for example, the exact
value of LSP resonant frequency wy [54].

To achieve this, we rely on the arguments presented in Ref. [4]. In particular, it may be
shown that the instantaneous power radiated by a oscillating dipole is given by the Larmor
power,

2e? ,

Prad = ggx . (249)

Over the course of a single period of oscillation 7, the average power radiated is equal to

1 /2 262
Prad) = — S —%2dt. 2.50
Pai) = 7 [ 5o (250)

To account for this, we introduce the radiation reaction force F.,q which, over the course of

an oscillation cycle, does work on the dipole at a rate equal to

aw 1 (72
W = _7'/ /2 Frad . th (251)

Equating Egs. (2.50) and (2.51),

1 T/2 1 T/2 2 2
/ Fmd-)'cdt:—/ SRt

T J-7/2 T 77/230
i (2.52)
:—/ 5 3 X - xdt,
T _7-/2 3c

where we have integrated by parts in arriving at the second line, using the fact that z(7/2) =
x(—7/2) to eliminate the boundary terms. Thus we see that the appropriate choice for F,,q
is

2e?...

Frad - —ggx (253)

Inserting this force into Eq. (2.44) and relabeling the nonradiative Drude damping rate

by ~nr, the equation of motion for the oscillator becomes
; . 2 2¢% .. —iwt
mE + Mype® + mwie = 337 + eEge ", (2.54)
c
In this form, the role of F,,q is somewhat mysterious, particularly due to the presence of the
third time derivative of x. To that end, it is helpful to specialize to a steady-state scenario

such that ¥ = —w?#, allowing us to write

mi 4+ myord + mwiz = eEpe” ", (2.55)
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where
Ytot = Ynr + Vrad- (2.56)
Here, vaq is the effective frequency-dependent radiative damping rate

2 e2w?

3 me3

Yrad (W) (2.57)

which takes into account the size of the nanoparticle via the effective mass m, indicating
that smaller nanoparticles (larger m) radiate comparatively less than larger nanoparticles
(smaller m). Importantly, the size dependence of m and the form of 7;,q together ensure
that in the extreme end of the Rayleigh limit where a/A — 0, 71aq also tends towards zero,
deeming the radiative corrections negligible.

Conservation of energy has allowed us to write an effective equation of motion which
accounts for the radiation reaction force, but it is not obvious at present the underlying
mechanism which causes it. We thus conclude this Section with a brief discussion regarding
an alternate, more physical interpretation of Eq. (2.53). Introducing the dyadic Green’s
function A(r) (also known as the dipole relay tensor), we can write the full electric field of

the dipole as Egip(r,t) = A(r) - d(t), where

A(r) =K

(3% — 1) — (ki)z(:;f«f —1) - %(ff — 1) et (2.58)

(kr)?
While prior expressions were derived using the fact that the dipole feels only the external
field Eeyt, in reality the dipole is subjected to the total field Eqo = Eext + Eqip, including
both external contributions and the self-field of the dipole, evaluated at the origin where the
dipole is located. At first glance, this suggests trouble — in the limit where » — 0, A(r) (and

by extension Egi,) diverges. This may be remedied by breaking the force Fyq = eEqjp into

two phase-orthogonal contributions,
Fraq = ¢ Re{A(r)} - x + *Im{A(r)} - x, (2.59)

where we have used the fact that d = ex. At steady-state, x(t) and x(¢) are 7/2 out-of-
phase. The divergent contribution to Fy,q proportional to Re{A(r)} is therefore also 7/2
out-of-phase with x and thus does zero net work on the dipole over the course of a complete

cycle. In contrast, the second term proportional to Im{A(r)} does do work on the dipole
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and therefore must be included in the equation of motion. Computing the appropriate limit,
we find
2¢? 3

— T 2 x =
Fiaqa = }1_1}(1)6 Im{A(r)}-x 339 % (2.60)

agreeing exactly with Eq. (2.53) upon application of the steady-state limit and use of the
identity k = w/c. Thus we see that the radiation reaction force may be interpreted as the
work done on the dipole by its own self-field.

Finally, we note that revisiting the radiation reaction force through this lens facilitates
a valuable gain in intuition regarding the oscillator polarizability. At first glance, it appears
that the Clausius-Mossotti relation used at the outset of the section was unable to capture
the alteration of the dynamics due to the radiation reaction force. However, this is not the
case — instead, it is clear that a distinction must be made between the bare polarizability
and the radiation dressed polarizability, the former relating to the total field and the latter

to the external field alone. In other words, we can write
d= Oé()Etot (261)

and, separately,

d = aEex, (2.62)

where qq is the Claussius-Mossotti polarizability, and « is the radiation dressed polarizabil-
ity. Using the previously derived relations, one can show that the dressed polarizability is

related to the bare form by
oo

__ @ 2.63
1— z%k:“‘ag ( )

(07

effectively allowing us to renormalize the dipole response to take into account interactions
with the free radiation field. This idea of a dressed polarizability is incredibly powerful, and
will be further utilized in Section 4.2 to gain an understanding of Fano resonances in coupled

oscillator systems.
2.3 Quantized light-matter interactions

In Chapter 1, we showed that the Lagrangian of a hybrid light-matter system consisting of

a set of charges coupled a photonic cavity (in the long-wavelength approximation) is given
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L= Lmatter + Lcav + Lint (264)

where

1
-2
Liatter = E imirz‘ — Veoul
7

Leay = / f;: [5(r)§ —(V x A)] (2.65)
Liyg = —d - A(CI‘O)

While, at its most general, Liatter describes an arbitrary set of charges confined to a spatial
region much smaller than a wavelength, for most problems of interest these individual charges
support a particular resonance of interest. It is often advantageous to “zoom out” and replace
the microscopic degrees of freedom of Lyatter by a description at the level of the collective
degrees of freedom which play a role in the particular problem of interest. One example of
this is the localized surface plasmon of Section 2.2 — if we wished to model an LSP mode
interacting with the photonic modes of a resonant cavity, this would amount to making the
replacement Lyatter — Lisp Where Ligp is just that of a harmonic oscillator, describing the
collective oscillation of the conduction band electrons.

Through similar arguments, modeling light-matter interactions in quantum optical and
cavity QED systems often involves reducing the material degrees of freedom to one of two ide-
alized descriptions: the harmonic oscillator and the two-level system. The former approach
is most often taken to describe behavior which involves resonant, near-equilibrium phenom-
ena involving acceptance of multiple quanta of energy — e.g., vibrational modes of a molecule
or the phononic modes of a crytalline solid. In the Thomson-Lorentz approximation, atoms
themselves are modeled as harmonic oscillators, successfully explaining phenomena such as
the scattering of light [14]. In the theory of superradiance, a large number of identical
two-level atoms interacting with a single cavity mode are modeled as a “super oscillator”
describing the collective in-phase behavior of the constituent atoms [62]. For many of these
cases, however, faithful agreement with harmonic oscillator behavior begins to break down

when the system is subjected to a strong driving field. In this case, the atom must be imbued
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with some nonlinearity, often achieved (to good approximation [14]) by modeling the atomic
resonance of interest as a two-level system.

In this section, we will demonstrate how the Lagrangian in Eq. (2.65) may be used to
arrive at a general system Hamiltonian capable of describing quantized light-matter inter-
actions with the matter degrees of freedom mapped onto either a harmonic oscillator or a
two-level system. For simplicity, we will take £(r) — 1 so that the results of Section 2.1
can be directly applied. Extension to the case of an inhomogeneous dielectric function is
straightforward using the generalized mode expansion presented in Chapter 8. In addition,
let us imagine that the system consists of a just a single mode. Following the setup of Section

2.2, the vector potential may therefore be written as

A(r,t) =S a(OE) (2.66)

Turning now to the matter, let us assume that the Coulomb potential in Eq. (2.65) is

well-approximated by the harmonic potential

Veoul = ngQ (267)

1
2
where d = ex is the dipole moment defined in Eq. (1.32), x a generalized coordinate, and

w, the transition frequency. Furthermore, let us replace the kinetic energy term by
1 5 1
z@: gmiti = omd (2.68)

where m is some effective mass characterizing the oscillator strength of the transition.
Combining these approximations and carrying out the Legendre transform, the resulting

Hamiltonian may be written as
2

Ve
H= % + —mw?x? + pC + w 2¢2 + /mV.hape, (2.69)

where all cavity parameters include a subscript ¢ and the constant A is defined as

47
mVe

A=e f(ro) - %, (2.70)

not to be confused with the wavelength of the cavity mode. In arriving at Eq. (2.69), we

have made the assumption that A < {wp,w,}, neglecting an additional perturbative term
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proportional to A2z which shifts the resonance frequency of the atom. Neglect of this term
is analogous to the usual procedure of discarding the diamagnetic A? term in the minimal
coupling framework [14].

Next, we promote the generalized coordinates and corresponding momenta to canonically

conjugate pairs obeying the commutation relations

[QmPc] =ih
(2.71)
[x,p] = ih
and reexpress in terms of creation and annihilation operators as
i . .
qe = ‘/C |:CT62¢ + C€_Z¢}
2w,
hw . .
Pe=1 2—‘}% [cTew5 - ce_“b]
‘ (2.72)

T V 27:0‘),1 [aT+a}
=i o]

where, as discussed in the text surrounding Eq. (2.34), we have left the phase ¢ arbitrary
for the cavity modes and have adopted the usual definitons for the dipole oscillator — the
reason for the generality of ¢ will be made clear shortly. Substituting these expressions into

the Hamiltonian, we find
H = hwaa'a + hwec'c + ilin/we/wa(cTe’® — ce ) (a + a) (2.73)

The two counter-rotating terms proportional to ¢fal and ca oscillate at a frequency we + wq
much faster than the time-scale of light-matter interactions, and thus contribute negligibly
and may be discarded via the so-called “rotating wave approximation” [39] as long as A\ <

Wa,wp is satisfied. Then the Hamiltonian becomes
H = hwaa'a + hweele + (gcfa + g*eal) (2.74)

where the light-matter interaction strength g is given by

, 2
g =ie h | %f(rg) % (2.75)
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We can now see that it is advantageous to choose a phase other than zero. In particular,
the choice ¢ = 7/2 ensures that the coupling strength is real, simplifying calculations and

allowing us to express the Hamiltonian in the simplified form

H = hwaa'a + hwee'e + g(cta + cal) (2.76)
where
me2w,
=h f - X. 2.
g mwg Ve (ro) - % (277)

While the above analysis specialized to consideration of the matter as a quantum har-
monic oscillator, the two-level approximation follows the same exact strategy, albeit with

the modification

h
T=1/35 [0y +0-]
M1a (2.78)
. [hmuw,
p=1 9 [0y — o]
in place of the expressions in Eq. (2.72), where
oy =04+ 10
Y (2.79)

O_ =05 — 10y

are two-level analogues of raising and lowering operators constructed from Pauli matrices.

With this modification, the system Hamiltonian becomes
foy X f
H = hw.c'c + §hwaaz + hg(c'o_ 4+ coy) (2.80)

Thus we have arrived at the Jaynes-Cummings Hamiltonian, one of the most important
models in all of quantum optics and cavity QED. We will return to a detailed analysis of
this Hamiltonian and its utility for analog quantum simulation of many-body phenomena in

Chapter 10.
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Chapter 3

LINKING THEORY WITH EXPERIMENT: USING OSCILLATOR
MODELS TO COMPUTE OBSERVABLES

In the previous chapter, we illustrated how one can reduce complicated equations describ-
ing photonic cavities and plasmonic nanoresonators to those of simple harmonic oscillators.
The advantages of such a procedure are numerous. For one, harmonic oscillator equations
are often simpler to analyze and manipulate compared to Maxwell’s equations. This is
especially true for coupled systems — it is fairly straightforward to decouple coupled oscil-
lator equations of motion, whereas coupled partial differential equations are comparatively
more complex to interpret. Second, reduction of dynamical systems to harmonic oscillator
equations facilitates a clear pathway to canonical quantization and analysis of quantum phe-
nomena. The importance of quantum harmonic oscillators permeates many subdisciplines of
physics and, as a result, a rich and varied toolbox (e.g. creation and annihilation operators,
coherent states, quasiprobability distributions, etc.) can be leveraged to study cavity QED
and quantum nanophotonic platforms through this lens. Lastly, oscillator models provide
an intuitive, reduced physical picture which can be used to understand core behavior under-
lying experimental measurements. Most often, quantitative exactness is less desirable than
a qualitative, physical understanding. Oscillator models are especially impactful at offering
the latter, allowing for interpretation of complicated physical systems through analogy to
simple mechanical models. For all of these reasons, oscillator models have become a popular
and versatile tool to understand complex phenomena in nanophotonic [63, 64, 65|, cavity

QED [66, 67, 68|, and optomechanical systems [69, 70, 71, 72].

In this Chapter, we will develop simple methods for relating oscillator models to various
observables. As will become clear, inextricably linked to these observables is dissipation,
as detection of a photon, for example, requires energy to leave the system in question via

coupling to the environment.
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Section 3.1 introduces a basic and intuitive method for computing common optical ob-
servables (absorption, scattering and extinction) for a single oscillating dipole. In large part,
the resulting expressions are well-known, but here presented in a unique, simple, and unified
manner. We then extend these calculations in Section 3.2 to a coupled system comprising
two coupled dipoles interacting through the electromagnetic field. We emphasize, however,
that the presented methods are fairly general, and can be adapted to describe any system
well-modeled as coupled oscillators such as those appearing in cavity QED, optomechanics,
etc. For one example, see Chapter 6 where these methods are applied toward analysis of
a hybrid plasmonic-photonic resonator. In Section 3.3 we introduce input-output theory,
used to compute transmission through systems involving photonic cavities. As this frame-
work commonly leverages a quantum mechanical description, we will also make some brief

remarks on different approaches to modeling open quantum systems.
3.1 Optical observables for a single dipole oscillator

We start with the equation of motion for a single dipole d = exz with natural frequency wy,

effective mass m, and nonradiative damping 7y, driven by the external field Eoy; = Ege ™'z,

2
e’... ;

mi = —mwie — maynd + 337 + eEge™ ™", (3.1)

c
As before, let us specialize to a steady-state scenario where z(t) = z(w)e ™! In total,
the oscillating dipole experiences four unique forces: the restoring force Fies = —mw%a:, the
nonradiative damping force Fy, = —m~yn &, the radiation reaction force Fioq = —mMYad,
and the external, optical driving force Foyy = eEpe ™",

At steady-state, the average power contributed to the system by each of these forces over

the course of a single period 7 is given by

1 T/2
(Py) = / F; - xdt. (3.2)

T —7/2
Imagine we now wish to experimentally probe the dynamics of the system. One strategy for
achieving this involves detection and spectral analysis of the energy which is dissipated into

the environment. For the toy system modeled by Eq. (3.1), two dissipative pathways exist:

nonradiative absorption and radiation, as illustrated in Fig. 3.1. Each of these pathways is
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Figure 3.1: The flow of energy at steady-state for an oscillating dipole. Power input by the
harmonic driving field Ege " is equally matched by the total radiative and nonradiative
outflow of energy, each characterized by the rates v.,q and ~,,. Measurement of the scat-
tering and absorption cross-sections requires direct or indirect detection of energy decayed
through radiative and nonradiative channels, respectively. Conservation of energy dictates
that the sum of ous and ogcat, i.€., the extinction cross-section oeyt, corresponds to both
the total extinguished power and the (normalized) rate at which work is done on the dipole

by the external driving field. All three cross-sections depend upon the polarizability and are

therefore useful experimental tools for probing spectrally-dependent system dynamics.

associated with a particular observable — detection of radiation probes the scattered power,
while nonradiative decay corresponds to loss of energy which is ultimately dissipated as heat

via absorption of the composing matter (via plasmon-phonon coupling, for example).

Eq. (3.2) provides a means for computing the impact of each of these pathways, with
the ultimate goal of relating the dipole dynamics back to measurable quantities. As an
example, we explicitly compute the average absorbed power (i.e., the power dissipated via
nonradiative decay) by substituting Fy,, into Eq. (3.2). As the integrand contains a product

of complex time dependent variables, care must be taken in first taking the real part of both
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F,; and x, yielding

1 /2
(Paps) = / Re{Fy; } - Re{x} dt
T —7/2

1 [7/2 .
= —/ My Re{ —iwz(w)e ™} dt
T J-1/2

T/2
= e I eos(t) — Re(e()) sin(u) d (33)
T/2
— [ e [m{a ()} cos(w) + Refa(w) P sin*(w)]
T J-7/2

1
= _imw27nr(E0/€)2‘a(w)‘27
where we have cast the final form in terms of the oscillator polarizability

e?/m

—w2 + wg - iw’ytot

a(w) = (34)

with the total damping rate defined as Yiot = Ynr + Yrad- Somewhat inconvenient (but
unsurprising) is the fact that (P,,s) depends upon the intensity of the incident field. To
remedy this, we define the absorption cross-section, computed by normalizing (Ppps) to
the incoming energy flux defined by the time-averaged Poynting vector (S) = cE32/8n.
Intuitively, the absorption cross-section characterizes the fraction of the total incoming power
absorbed and dissipated into heat, reported as an area which may be much larger (or smaller)

than the physical dimensions of the dipole. Computing this, we find

i <Pabs> . 47rw2
Ta() = gt = T m /) (35)

Following a similar calculation (with the substitution Fy, — Fi.q), it may be shown that

the scattering cross-section is given by

Arw?

Oscat (W) = (m/€2)Ypad |x(w)]?. (3.6)

C

Finally, we turn to the extinction cross-section, characterizing the total power extinguished
by the dipole. Because the total energy is conserved at steady-state, the rate of work done
on the dipole by the external driving field must be equal to the rate at which energy is

dissipated. This is most easily seen by substituting Eq. (3.1) for F; in full into Eq. (3.2).
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As both the net force Fe and the restoring force Fyes are /2 out-of-phase with the velocity

&, the integrals associated with each of these terms vanishes. Remaining is the equality

<Pext> = <Pabs> + <Pscat> (37)

which is simply a statement of conservation of energy. Normalizing to the incident flux leads

to the corresponding relation in terms of cross-sections,
Oext = Oabs T Oscats (38)
which, combining Egs. (3.5) and (3.6), provides the analytic form for the extinction cross-

section

Arw?

(m/e)potla(w) . (3.9)

Uext(w) = c

Separately, we could have computed oey directly from Eq. (3.2) with the substitution

F; — Fey. This leads to the more familiar form for the extinction cross-section [54]
Oext(W) = Tlm{a(w)} (3.10)

which, using the fact that |a(w)|? = (e2/mwytor)Im{a(w)} for the polarizability defined in

Eq. (3.4), suggests the alternate forms for the absorption and scattering cross-sections,

4w or
Oabs — — — <’7 ) Im{a<w)}
C Vtot (3.11)
4 .
Oscat = e <’Yrad> Im{a(w)}
c Ytot

We note that caution must be exercised in applying Eq. (3.11) to systems with a polar-
izability more complicated than that of a simple oscillator — one such example being the
sphere polarizability Eq. (2.40) in the limit where the static term is non-negligible and ulti-
mately contributes to the scattered fields. Still, for the simple oscillating dipole considered
at present, these alternate definitions provide an additional degree of physical intuition and
clarity not afforded by the forms derived prior: the imaginary part of a(w) encodes the
component of the oscillator that is 7/2 out-of-phase with the driving force, and the rate at

which work is done by the driving field therefore scales with Im{«a(w)}. Combining this with
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Figure 3.2:  Absorption (blue), scattering (red), and extinction cross-sections of an oscil-
lating dipole. All parameters are consistent with the dipole plasmon mode of a 40 nm gold
sphere [73]. Parameters: hwg = 2.55 €V, hyn, = 60 meV, m = 8.31 x 1077 m, where m, is

the mass of the electron.

the prefactor w and assuming that the oscillator is driven close enough to resonance such

that w 4+ wp &~ 2w, we see that each cross section is proportional to

9 W Yrot
i)l = I a = v oz, (3.12)
~ (€2/2m) ik |

(W —wo)? + (Mot /2)?
characterizing a Lorentzian centered at wy with a linewidth (i.e., full width at half maximum)
of viot and overall amplitude inversely proportional to the effective mass m. Finally, o.ps and
Oscat Scale with the corresponding fractions Yy /Yot and Vrad/Vtot, €ncoding the proportion
of the total extinguished energy that is then ultimately absorbed and converted into heat
vs. rerouted to the radiation field.
While the exhaustive treatment presented here is perhaps somewhat excessive for such

a simple system, the physical insight gained and mathematical tricks employed lays the
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groundwork for more complicated analyses of the more complex, hybrid photonic-plasmonic

and all-plasmonic systems studied in Part II of this dissertation.

3.2 Optical observables for two electromagnetically coupled dipole oscillators

We now wish to extend the methods of the previous section to two electromagnetically

coupled dipoles. To that end, we begin by writing the general equations of motion

mi¥y + miymX1 + miwix; = eB(ry, t)
(3.13)

Mo + MaYomXa + Mawsxs = eB(ry, t)
where each dipole is related to its corresponding generalized coordinate by d; = ex; and
E(r;,t) is the total field incident on the ith dipole located at r;. Summing all individual

contributions, this total field may be written as
E(r,t) = Eexe™ ™" 4+ By qip(r, t) + Eg 4ip(r, 1) (3.14)
where, as in Eq. (2.58), and E; qip(r,t) = A(r —r;) - d;(t) where

1 A
(3fF — 1) — —(FF — 1) | €. (3.15)

1
Alr) =K | —— (3t — 1) —
(r) (3t — 1) o

i
(kr)3 (kr)?
For simplicity, let us define the dipole-dipole separation vector R = ry — r1. Following the
discussion in Section 2.2.2; the real part of the self-field does zero work on the ith dipole

and need not be included in the equation of motion. Given these considerations and noting

that A(R) = A(—R), Eq. (3.13) can be rewritten as
miX1 + M1y neX1 + mlw%xl = eEeyx(r1,t) + lil\I%) e2Im{A(r, t)}-x1+ €2A(R, t) - xo
r

maXa + May2nrXa + mQW%XQ = eEoyxt(ro,t) + }1_1}(1) eQIm{A(r, t)} - xo+ ezA(R, t)-xq.
(3.16)
Let us now imagine that we drive the system with a plane wave polarized in the z-direction
and that both dipoles are closely spaced enough such that they experience the same applied
field Eexs(r,t) = FEoe ™'eé,. Projecting the ith equation onto the axis along the dipole

orientation X; and assuming a steady-state scenario, we find

miZ1 + M1yl tot 1 + mlw%xl — g9 = eE) cos(cbl)e*i“’t (317)

. . 2 —iwt
Moy + Mmaya totda + Mows T — g1 = eEj cos(pa)e ",
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where g = e?(X1 - A(R,t) - X2) defines the coupling strength between the two oscillators,
cos(¢;) = (X; - €,) accounts for the relative angle between the polarized incident field and

the dipole, and 7; tot = 7i,ur +7Vi,rad 1labels the total dissipation rate, combining contributions

. . . . 2 .2
from the nonradiative and nonradiative rates «; nr and 7; raqa = %;“23
T

3.2.1 The dressed polarizability

In the case of a single oscillator, we found that the notion of a polarizability could be
generalized to internally account for coupling to the radiation field. In effect, this allowed

us to reexpress the relation

x = ap(w)Egot, (3.18)

as

X = a(w)Eext- (3.19)

Here, the radiation-dressed polarizability «(w) differs from its bare counterpart ap(w) in
how each accounts for the self-field — the former via the radiation reaction force and the
latter explicitly on the right-hand side as a contribution to Eist. The notion of a dressed
polarizability thus allows us to, in a sense, describe the renormalized oscillator response
where the effects of radiation are accounted for as an effective linewidth broadening.

It is useful to generalize this idea even further to multiple oscillators, particularly in the
scenario where they are weakly coupled and only one oscillator is driven. As an illustrative
example, we return to the scenario of two coupled oscillators and orient the dipoles as ¢; = 0
and ¢y = /2 such that only the first dipole is driven. Assuming a steady state scenario

where z1(t) = o1 (w)e”™®? and z2(t) = a(w)e~™* Eq. (3.17) can be reexpressed as

(—w? + wi — w1 tot)T1 — (9/m1)72 = eFy

(3.20)
(—w? + Wi — iwyatot) T2 — (g/ma)x1 = 0.
Solving for x5 using the second equation and substituting into the first, we find
2 2 _ g% /mimz
—w* 4+ Wi — WY1 ot — 5 5 x1 = ekFy. (3.21)
—W* + Wy — W2 tot
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Partitioning the fraction proportional to g2/mims into real and imaginary parts, this may

be further rewritten as

(—w2 + (Zz% - ioﬁl’tot) x1 = ek, (3.22)

where w; and 7y are the dressed resonant frequency and linewidth defined by

2
~ g /m1m2
Of =i + 2 2\2 0 22 (w® —wi)
(W? —w3)? +w V2 tot
) (3.23)
g°/mims
Y2,tot -

f'?l,tot = ’Yl,tot + 2 2\2 2.2
(W —wi)? +w Y2 tot

At first glance, the response of the driven oscillator is identical in form to a single oscillator
with resonant frequency w; and total dissipation rate 7 tor. However, the dressed parameters
are frequency dependent and thus in general can encode complex dynamics dissimilar to that
of a simple damped harmonic oscillator. However, several limits exist in which they may
be treated as approximately frequency-independent: e.g., when the driving frequency w is
far-detuned from the resonance of the second oscillator wy relative to the coupling strength
(ie., |w? —w3| > g/mims), or alternatively when the coupling strength is much smaller
than the dissipation rate (i.e., g?/mims < Y2.tot)- In either of these cases, w1 and 71 tot
differ from their bare counterparts by perturbative corrections due to outcoupling to the
second oscillator. In other words, both of these parameter regimes limit the ability for
coherent energy exchange between the two oscillators, in effect ensuring that any energy
that is transferred to oscillator 2 from oscillator 1 is dissipated and oscillator 2 effectively
acts as an additional pathway for dissipating energy.

Ultimately, this reframing of the physical system allows us to write the dressed polariz-

ability as

€2m
A(w) = — [

— (3.24)

- CNU% - Z‘W%,tot7
repackaging the impact of the second oscillator on the response of the first through the
effective oscillator parameters wy and 71 or. This strategy will prove especially useful in
Chapter 4, where we present a derivation of the Fano lineshape using a coupled oscillator

model, and Chapter 6, where a similar analysis is applied to a hybrid photonic-plasmonic

resonator.



49

3.2.2  Correctly modeling interference

We now turn to the problem of computing optical observables for a coupled system. While
our approach largely follows that previously applied to a single oscillator in Section 3.1,
interesting questions arise for the case of multiple dipole oscillators. For one, how is in-
terference handled by the radiation reaction force? Intuition tells us that for two in-phase
dipoles nearly on top of one another, the scattered fields should constructively interfere,
thus necessitating a larger radiation reaction force relative to the single oscillator case to
maintain steady-state evolution. Oppositely, two dipoles perfectly out-of-phase will decon-
structively interfere — in this case, intuition suggests that radiation reaction forces should
vanish entirely.

It is clear that interference plays an important role in the dynamics of coupled dipole
oscillators, but it is not at first glance obvious how such effects should be handled. Phe-
nomenological models have previously been introduced to account for interference effects (for
example, see Ref. [74]), but often at the expense of introducing additional terms without
clearly motivating their physical basis. Here we will show that the dynamical equations in
Eq. (3.17) can already account for such behavior without the need for additional terms.

Following the procedure carried out in Section 3.1, we first aim to use the equations of

)

motion to gain insight into the energy “flow” in the system at steady-state. Integrating the

ith equation of Eq. (3.17) against x; and discarding terms which do zero net work, we find

(P + (P + (PO, = (P o
(P +(P2) + (P2),) = (P,

where (Pé}?s} and <Pr(;31> correspond to the rate at which the nonradiative and radiative
dissipative force do work on oscillator ¢, respectively, and <Pc(21p> equals the rate at which
work is done on the ¢th oscillator by the field of the opposite dipole. The total extinguished

power is then calculated by summing both equations,
o 1 2 1 2
(Pi) = (PR + (PR)) + (P + (P + (POl + (PR (3.26)

At first glance, it is tempting to assume the equality <P§33p> = —<Pc(§l)lp) and cancel the final

two terms via (a naive application of) Newton’s third law. However, one must remember
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that the coupling force is not directly applied by the dipoles, but is rather mediated by
the electromagnetic field which itself can carry energy. We will now show that the applied
coupling forces are not equal and opposite, particularly when the effective coupling strength
contains an imaginary part. Computing <PC(§1)IP> explicitly via Eq. (3.2), we find
1 [7/2 A
(PG =+ [ Relgrae )Refin)

s (3.27)
B _% [Re(g)Im(z123) — Im(g)Re(z123)]

Through an analogous calculation, it may be shown that
w * *
(PGl = —5 [Re(g)Im(z722) — Im(g)Re(z122)] . (3.28)

Noting that Im(ziz3) = —Im(zjxz), it is evident that this first term of <P§§3p> and its
counterpart in <PC(31)1p> describe energy transfer between the two oscillators — any energy
gained by oscillator one is reciprocated by energy loss in oscillator two. In contrast, the pair

of terms proportional to Im(g) are not equal and opposite as Re(xi1z3) = Re(zjza). As a

result, Eq. (3.26) can be rewritten as
(i) = (Pl + (Pl + (PLy) + (P + wln(g)Re(aiz). (3.29)

As absorption and radiation provide the only two pathways for dissipation, this final term
must contribute to the total scattered power. Evaluating the individual absorption and
scattering contributions independently, we find that the total absorbed, scattered and ex-

tinguished power is given by

1 1

(Pyps) = §mlw2’ﬂ,nrlﬂﬁl(W)I2 + §m2w2’v2,nr|$2(W)!2
1 1

(Pow) = §m1w271,rad|931(W)\2 + §m2w272,rad\$2 (w)]* + wIm(g)Re(z} (w)z2(w))  (3.30)
1

(Pyy) = §wEolm($1(w) + z2(w)),

where the final term of (P%) encodes interference effects. Notably, the proportionality

to Im(g) suggests that it is incorrect to discard intermediate and far-field terms via the

approximation
2

g=e%(%1 - A(R) - %2) ~ %xl "(3RR —1) - %o (3.31)
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even in the limit where the two dipoles are very close together (kR < 1) as this would
imply Im(g) vanishes for closely spaced dipoles. Instead, care must be taken in applying the

previously computed limit

lim lm{A ()} = 2%
lim Im{A(r)} = 25w

(3.32)
such that interference effects are correctly modeled. Naturally, this limit agrees well with
intuition — for two superimposed, identical dipoles oscillating perfectly in-phase, zj(w) =

x2(w) and

N N 1 1
wlm(g)Re(z](w)z35) = §m1w2717t0t|x1(w)|2 + §m2w2’yg7tot|x2(w)\2, (3.33)

leading to a classical analogue of the superradiant effect |75, 76] via an effective doubling of

the radiative loss rate,

1 1 .
<Pst(f’;t> = §m1w2(2’yl’rad)]a:1(w)\2 + §m2w2(2’yzrad)\x2 (w)]2 (Superradiant)  (3.34)

In contrast, for two superimposed, identical dipoles oscillating perfectly out-of-phase we find

z1(w) = —zo(w) and

y " 1 1
wIm(g)Re(w}(w)a5) = — 5 miwaetlan @) = 5maw? 1 orlz2()] (3.35)

Accordingly, the total scattered power vanishes due to destructive interference,

(P2EY =0 (Subradiant), (3.36)

scat

classically analogous to the phenomena of subradiance.
Finally, we conclude this section by noting the form of each cross-section, computed by

normalizing the expressions in Eq. (3.30) to the time-averaged incident flux (S) = cE3 /87

4drw? » 4rw? -
(o) = p (ma1/€*) v meldn (w)]* + 5 (m2/€*)y2.nr|d2(w)]?
Amw? - Amw? - 8w ks N~
(7i2h) = o (m /€2) 1 a1 ()2 + T (1€, (0) P + T Re (@ ()2 ()
tot 4w

<Uext> = Tlm(al(w) + &2(0‘}))’

(3.37)
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Figure 3.3: Real and imaginary parts of g as a function of dipole-dipole separation. The left
panel corresponds to two coupled dipoles oriented perpendicular to the separation vector R,
while the right panel displays a colinear configuration. For kR < 1, the near field coupling
dominates and the real part of g diverges, as expected. In contrast, the imaginary part

asymptotes to a finite value, encoding the dynamical influence of interference in the radiated

fields.
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where the dressed polarizabilities are defined as
2
~ e”/my m3
o (1)
—w* + Wi — WY1 tot —W? + Wy — W2 tot

_ e?/my g/m1 > ‘

Qg = ~9 L~ : <1 + 9 .
—w? + W5 — 1wV tot —w? + Wi — WY1 tot

(3.38)

Notably, these expressions differ in form from the dressed polarizability defined in Eq. (3.24)
as, in the present scenario, both dipoles are driven. As a result, both &1 (w) and as(w) contain
an additional multiplicative factor which accounts for an additional dressing by the external
driving field acting on the opposite dipole. We can further repackage the above expressions

by defining the effective, dressed masses

g/ma )1

2 .
—w? + w5 — WY2 tot

g/m1 )1

2 .
—w? + Wi — WY1, tot

7711 (w) =ma <1 +
(3.39)

o (w) = my (1 +

such that the usual form of the oscillator polarizability is recovered, but care must be taken
with this approach even in parameter regimes where my and ms are well-approximated as
constant due to the fact that the renormalizing factor is complex. Consequently, the dressed

mass influences not only the amplitude of the response, but also the phase.

3.3 Input-output theory

In the previous two sections, we constructed a general framework for computing optical
observables for systems composed of oscillating dipoles coupled through the electromagnetic
field. As later chapters will focus on systems supporting photonic resonances, it will prove
helpful (particularly for Chapters 6 and 9) to have a basic theoretical understanding of input-
output theory, commonly used to model transmission through a resonant cavity. Here, we
introduce the basic concepts with a simple illustrative example based upon the arguments
of the classic work of Gardiner and Collett [77]. A comprehensive body of literature exists
on the topic and we thus defer a more thorough treatment to Refs. |78] and [79].

Let us begin by imagining a system consisting of a photonic cavity supporting just a

single mode, such that the system Hamiltonian is given by

Hyys = hwoa'a. (3.40)
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Figure 3.4: (a) A one-sided cavity, containing just a single port with incoming and outgoing
fields characterized by the bosonic operators ai, and aoyt. (b) A two-sided cavity, containing

two ports both with incoming and outgoing fields.

Alone, this Hamiltonian describes perfectly unitary evolution in a closed system without any
dissipation. We therefore must extend this description to include coupling to the environ-
ment. To that end, we assume the cavity mode interacts with the environment at a finite
number of ports, facilitating both input and output of energy at each. Fig. 3.4 shows both
one-sided and two-sided cavities, with the former containing just one port and the latter
containing two. For simplicity, we will specialize to the one-sided case and conclude with

some brief remarks on the two-sided geometry.

Open quantum systems are typically modeled using one of two strategies [80]. The
first involves constructing a master equation at the level of the density operator, with the
Lindblad super operator contributing both population decay and decoherence. The pri-
mary advantage of this approach is that the environmental degrees of freedom are entirely
traced out, with all dissipative effects described in terms of system operators. The second is
via application of Heisenberg-Langevin theory where the operator equations of motion are
appended with both damping terms and noise operators, the latter introducing stochastic
fluctuations. Notably, because this second approach does not rely on tracing out environ-
mental degrees of freedom, it provides a route for computing the properties of the emitted

light and is therefore well-suited for modeling experimental observations |77].



95

3.3.1 One-sided transmission

Using the Heisenberg-Langevin framework and assuming a single port, the equation of mo-

tion describing the dynamics of the cavity field may be extended to

da i
L e Hyl — 2a+T
= —iwa — %a + T,

where v is a constant describing the rate at which energy flows across the port (from cavity
to environment and vice-versa), and I' is the noise operator. Following Ref. [77], let us
denote the incoming and outgoing parts of the bath field by the amplitudes a;, and agyt as
shown in Fig. 3.4a. It is natural to then assume that the noise operator is proportional to

the amplitude of the incoming field, i.e.,
I' = Bain.- (3.42)

Furthermore, the field in the cavity must be proportional to the external field at steady-state

with some fixed proportionality constant,
a = k(ain + aout)- (3.43)

We can separately consider the time-reversed situation where aqy represents some incoming

field and the first term of Eq. (3.41) is complex-conjugated. Then, altogether we have

d
ditL = —jwpa — %a + Bain
q (3.44)
? —iwea— La+ Ba
a0 iwoa — @ out

along with the boundary condition in Eq. (3.43). Consistency requires that the first line is

equal to the negative of the second. Enforcing this, we find

ya = /B(Gin + aout)y (345)

and comparison with Eq. (3.43) then requires that & = §/~. Substituting this solution back

into the forward and time-reversed equations of motion, we find

d

ga_ —iwoa — o+t kvyain

dt 2 (3.46)
= —iwga + %a + kyaout-
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Just as in previous sections where we aimed to relate to dissipated power to the incident
driving field, the present goal is now to relate aoyt and ai, in terms of the known parameters
wp and 7. To do this, we must first solve for the proportionality constant k£ by enforcing the
bosonic commutation relation [a(t), af(t)] = 1.

While we cannot directly solve for a(t) without specifying a;y,, we can simplify our analysis
by turning to the frequency domain. To that end, a(t) is related to its Fourier transform
a(w) by

a(t) = /;l:emﬁ(w). (3.47)
Separately, Eq. (3.46) yields the frequency-domain solution

—iky ~
= in(w)- 3.48
alw) —w+wo — i’y/?am(w) (3.48)
Combining these allows us to rewrite the desired commutation relation as
dwdw” _, 4 st~
alt).al ()] = [ Goope e i(w). ol ()
dwdw ., . k2~2
= [y (@) T (349)
(2) [w—wo —i7/2][w — wo + i7/2]
_ / diwefiw(tft’) k272
27 [w—wo —iv/2)[w — wo +iv/2]’

where we have used the input field bosonic commutation relation [ai,(w), E;rn(w’ )] =270(w—
w') in arriving at the final line. The integrand of Eq. (3.49) contains two simple poles,
easily accounted for through countour integration and application of the residue theorem.
For t > ¢’ (¢t < t') we integrate in the lower-half (upper-half) plane, enclosing one pole in

each case. Ultimately, we find

la(t), al ()] = k2ye~iwot=t) (e*%@*t’)e(t ) e 3y — t))
(3.50)
— k27€—wo(t—t')e—%‘t—t/‘.

Thus we see that enforcing [a(t),al(t)] = 1 is equivalent to enforcing k = 1/,/7. Conse-

quently, the noise operator may be rewritten as

F - ﬁaina (351)

and may be understood as an instance of the quantum fluctuation-dissipation theorem [78|,

relating the damping rate v to the noise operator I'. Finally, we can use this relation to
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relate dous(w) to the spectral content of @i, (w) through combination of Egs. (3.48) and the

boundary condition a = (ain + aout)/+/7, yielding

w—wy—iy/2_

oot m/2ain(w). (3.52)

Eiout (W) =

We note that the ratio of outgoing to incoming energy is given by @, (w)dout (w)/ EiTn (w)ain(w)
1 and, accordingly, the rate at which energy enters the system is also the rate at which it
exits, in accordance with steady state. Consequently, Eq. (3.52) merely describes a relative
phase between the input and output field. This situation is made more interesting if we
consider the cavity to have an additional intrinsic damping rate 7y, which we model as a
pure damping effect without consideration of quantum fluctuations. For clarity, we make

the replacement v — 7,4t for the single port outcoupling. Carrying out the prior calculation

with this additional effect leads to the one-sided transmission coefficient,

T(W) — alut(w)aOUt(w) _ W —wo — Z'(’Yint - ’70ut)/2 2
’d;rn(w)fiin(w) W —wo — i(’Yint + ’Yout)/2 (353)
“Yint Yout
(w = wo)? + (10t/2)?

:1—

describing the fraction of the input power which is output at that same port, where ot =
Yint + Yout 1S the total cavity damping rate. We note that, depending upon the particular
geometry of the port and cavity, 7 (w) may actually correspond more intuitively to a reflec-
tion coefficient — here, by “transmission”, we simply mean that energy passes from the input
to the output in an abstract, goemetry independent sense. As illustrated in Fig. (3.5)a,
T (w) is simply an inverted Lorentzian with peak position wy, linewidth ~;0t, and amplitude
proportional to the product intYout- Interestingly, we see that on resonance (i.e., w = wy),
tuning Yint = Yout ensures that 7 (wp) vanishes. Physically, this corresponds to the situation
of critical coupling, whereby the intrinsic dissipation of the cavity entirely extinguishes the
incident field and all energy is “lost” within the cavity. Separately, one can have a system
that is under- or over-coupled, corresponding to the situations Yout < Yint and Yout > “Vint,
but it is experimentally advantageous to achieve critical coupling as this ensures the optimal

signal-to-noise upon measurement of the transmitted field.
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Figure 3.5: (a) One-sided transmission for a resonant cavity with intrinsic and outcoupling
damping rates Yint /2™ = Yout/2m = 100 MHz. Because the cavity is critically coupled to
the environment, perfect transmission occurs at w = wy. (b) Two-sided transmission for a
resonant cavity with characteristic damping rates v; /27 = 100 MHz and 7, /27 = 50 MHz.

Because the two ports are asymmetric with 71 # 79, imperfect transmission occurs at w = wy.



99

3.8.2 Two-sided transmission

We will now briefly turn to the problem of two-sided transmission, characterizing the re-
sponse of a resonant cavity with two input-output ports, as shown in Fig. 3.4b. To handle
this, we define ay, and b;, to be the incoming fields at the first and second port, and aqyt and
bout to be the corresponding outgoing fields. Following the same strategy as in the one-sided

case, we can write the Heisenberg-Langevin equation as

d
d—j = —ina — %a — %CL + \/’Wain + \/’%bin (354)

with the corresponding boundary conditions,

5out(w) = ﬁla(w) - ain(w)

_ (3.55)
bout (w) = v/7,a(w) — bin(w).

Similar to before, these equations can be used together to compute, for example, two-sided
transmission (e.g., conversion of input signal aj, to output signal byyt ). To do this, we specify
the incoming amplitude at the second port to be vanishing, i.e., by, = 0. Using the boundary
conditions together with the Eq. (3.54), this leads to

_ bl (@)bout (@) _ Y172
Tlw) = il (W)am(w)  (W—wo)?+ (n +12)2/4 (3:56)

m

yielding an upright Lorentzian spectrally centered at wg with lindewidth 1 4+ 2. Intuitively,
the amplitude scales with the product v1y2, and therefore sending either outcoupling to zero

will cause the transmitted power to vanish.
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Chapter 4

FROM WEAK-TO-STRONG COUPLING: PURCELL
ENHANCEMENT, FANO PHYSICS, HYBRIDIZATION, AND MORE

In the half century following Purcell’s discovery that the radiative properties of a spin
could be altered through interaction with a resonant circuit [15], progress in cavity QED
has become synonymous with the experimental realization of ever increasing light-matter
coupling strengths. Early single-emitter experiments of the 1980s were confined to the weak
coupling regime, where the light-matter coupling strength g is less than the maximum of the
cavity and emitter linewidth (¢ < max{~cav,Yem}) [14, 81, 82]. In the weak coupling regime,
the cavity and emitter influence one another only perturbatively, unable to coherently ex-
change energy prior to decay. Depending on the overlap between the cavity density of states
and the frequencies at which it radiates, the emitter can experience either an enhancement

or suppression of its lifetime [83].

In the strong coupling regime, the rate at which energy is exchanged between the cavity
and emitter exceeds the maximal rate of dissipation (¢ > max{~cay,Vem}). Consequently,
coherent exchange of energy occurs and the fundamental excitations of the system become
polaritonic, mixing together light and matter degrees of freedom and blurring the distinction
between cavity photon and emitter. Experimentally, this regime is challenging to realize —
it wasn’t until the invention of very high quality factor @ superconducting cavities and
high @, small V' microresonators that this limit became achievable for single emitters in the
microwave [84] and optical [85] frequency domains, respectively. Prior to this, realization
of strong coupling depended upon the collective oscillation of N identical atoms coupled to
a single cavity mode with strength g, a scenario which can be shown to be equivalent to
two coupled oscillators with interaction strength geg = v/ Ng [14], providing a pathway for
experimental realization of strong coupling for sufficiently large N [86, 87]. Modern cavity

QED experiments have continued the trend of increasing light-matter coupling strengths
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even further. The last decade in particular has seen burgeoning interest in the so-called
ultrastrong (g = 0.lwg) and deep ultrastrong (g 2 wg) coupling regimes, characterized by
coupling strengths which approach/exceed the average resonant frequency wq of the coupled
cavity-emitter system. In both of these cases, the rotating wave approximation fails and,
as a result, the very nature of the ground is altered and can be shown to contain virtual
excitations [38].

Just as qualitatively distinct parameter regimes are achieved by tuning the ratio
g/max{Ycav, Yem }, Physically interesting behavior has been identified in coupled nanopho-
tonic systems with mismatched loss rates. One noteworthy limit involves a spectrally broad
mode that is weakly coupled to another that is comparatively narrow (i.e., 71 > 2 and
g < 71). This scenario resembles the limit of a discrete mode coupled to a continuum, and
consequently has been shown to produce sharp, asymmetric spectral features known as Fano
resonances |88, 89].

Another interesting possibility involves coupled systems with equal and opposite dis-
sipation rates 7y; = —~9, one describing gain and the other loss. Such a configuration —
realized for example with coupled optical microresonators [90] — is a realization of an ef-
fective parity-time-symmetric (P7T-symmetric) Hamiltonian. P7T-symmetric systems are of
both fundamental and applied interest, with P7T-symmetric quantum mechanics offering a
fascinating extension to conventional quantum mechanics [91], and its experimental imple-
mentations having been argued to offer advantages for certain applications such as sensing
[25] and nonreciprocity {92, 93].

In this Chapter, we present a brief survey of parameter space through the lens of a
coupled oscillator model, with each individual section focused on a particular effect. As dis-
cussed throughout this dissertation, coupled oscillator models provide an effective means for
interpreting many hybrid light-matter systems including both photonic and material (e.g.
atomic, plasmonic, excitonic, phononic) components. While our approach — particularly
toward weak and strong coupling — differs from the spin-oscillator model typically adopted
for cavity QED, the core arguments remain intact with the advantage of significantly sim-
plified mathematics. Aside from Section 4.1, the methods presented will be, for the most

part, presented for an abstract set of coupled oscillators without specialization a particu-
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lar experimental platform. As a result, the generality of the arguments presented will be
evident.

Section 4.1 contains a derivation of Purcell enhancement using purely classical argu-
ments. The strategy used is original and, in the opinion of the author, simpler to carry out
analytically than methods typically used in the literature [94]. Furthermore, this method can
easily be extended to coupled nanophotonic structures such as the hybrid photonic-plasmonic
resonator of Chapters 5-6. Section 4.2 details an oscillator model based discussion of the
Fano lineshape. Section 4.3 then moves on to the strong coupling regime, containing a brief
discussion of hybridization. Section 4.4 concludes the chapter with a short introduction to

effective PT-symmetry in a coupled oscillator system.

4.1 Weak coupling: A classical derivation of Purcell enhancement

Before delving into the derivation, it is important to emphasize that spontaneous emission
and, by extension, Purcell enhancement, are purely quantum mechanical phenomena. This

is most easily seen by considering the light-matter interaction energy
Hi,, = —d - E. (4.1)

Classically, vacuum implies a complete absence of the radiation field (E = 0), causing the
above interaction energy to vanish. Quantum mechanically, however, the radiation field

permits zero point fluctuations [80] which scale as

27‘(‘77&)0
V 9

Ezpr = (4.2)

suggesting that the interaction energy is nonvanishing even for vacuum. Interestingly, we see
that decreasing the mode volume V' causes a relative increase in Ezpp, thus increasing the
interaction energy and, as a result, the rate of spontaneous emission — this is the qualitative
basis for why Purcell enhancement occurs.

While classical physics is unable to account for spontaneous emission, the radiation
reaction force provides a route for computing the radiated power of an oscillating dipole
via introduction of a self-interaction. This is achieved without explicit consideration of the

radiation field as its own dynamic entity. To that end, it is instructive to explicitly compare
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the rate of spontaneous emission in free-space with the rate at which power is radiated by a
classical, oscillating dipole.
From Fermi’s golden rule, the rate of spontaneous emission is given by [80]

dwi 2
[se = %|dfz| ) (43)
where f and 7 label some final and initial states, wg = (£ —E;)/h is the transition frequency,

and dg; = (f|d|i) is the matrix element of the dipole operator connecting initial and final

states. Modeling the transition as that of a harmonic oscillator,

h
d=eyf Smon (a+al), (4.4)

Eq. (4.3) can be rewritten, after some manipulation, as

_ 22w

I —
7 3mhc3

(E — Egna) (4.5)

where E = (n + 1/2)lwy is the energy of the oscillator and Egy,q its ground state value.
Turning now to the classical description, central to the interpretation of radiation reaction
is the Larmor power (see Section 3.1) which, for an oscillating dipole at steady-state, can be
expressed as
Wl

(Praa) = 3?16”27 (4.6)
where angle brackets indicate a time-average. To compute the rate at which photons are
emitted, we normalize this to the energy of a photon resonant with the dipole frequency,

(Prad) _ 62w8
ﬁwo 3hc3

[pag = 2|2, (4.7)

where we have rewritten the dipole moment in terms of a generalized coordinate, i.e., d = ex.
Assuming the dipole is oscillating at its resonant energy, the coordinate x can be reexpressed
in terms of the energy of a harmonic oscillator E = (1/2)mi? + (1/2)mw3z?. Using this to

rewrite I'1aq, we find
2e2wp
g = 220 4.8
ad = S hed (48)

Comparing Eqgs. (4.5) and (4.8), it is evident that the only distinction is the absence of

the ground state energy Fg,q in the latter. For a weakly coupled system, we do not expect
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Figure 4.1: (a) A dipole oscillating at wy, radiating into free space at a rate Praq. (b) A

dipole transferring energy to an optical cavity mode at a rate oscillating Pjirans

this ground state energy to be appreciably modified in the presence of a resonant cavity.
Likewise, we assume the energy of the oscillator E to be independent of its surroundings
(which certainly breaks down for strong coupling). It stands to reason, then, that this minor
difference will play no role upon computation of the Purcell enhancement defined by

11cav
F P = )
I‘flree

(4.9)

where I'c,y is the rate at which photons are liberated into a resonant cavity and I'fee into

free space, suggesting a classical modeling based on the radiation reaction force is sufficient.

4.1.1  Purcell enhancement due to a resonant cavity

We will now demonstrate a method for computing the analytic expression for Purcell en-
hancement in the presence of a photonic cavity using methods from Chapter 3. To do this,
we imagine two scenarios: (i) a resonantly driven, oscillating dipole is radiating into the
free-field at steady-state and (ii) a resonantly driven, oscillating dipole is coupled to an op-
tical cavity to which it can transfer energy, also at steady-state. Both of these scenarios are
illustrated in Fig. 4.1. Importantly, in the latter case we assume the dipole cannot couple
to the modes of the free-field, and therefore we do not include the radiation reaction force
in our description of the dynamics. In addition, we assume weak coupling — once energy is

transferred to the cavity, it has negligible probability of being reabsorbed by the emitter.
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No additional calculations need to be carried out for this first scenario — the rate at
which energy is liberated into the free-field is already provided by the Larmor power in Eq.
(4.6). For the second scenario, we can write the system Lagrangian in terms of its individual

contributions L = Lmatter + Leay + Lint, Where

1 2 1 2,2

Lmatter = 5771:1,‘ — imwox
1 . 1
Lcav = qu - ngqz (410)

m .
Lint = 94/ qu’

As in Section 2.1, the vector potential of the cavity mode is given by

¢ V47Tq(t)f(r), (4.11)

A(r,t) =
where the mode function f(r) is assumed to be real, and is further normalized such that

max{[£(r)”} = 1

(4.12)
V= /d?’r f(r)|%,
and the dipole-field coupling strength is defined as
4
g=e mi‘r/f(ro) % (4.13)

Note that this notation has changed relative to Section 2.3 as A will later be used to denote
the cavity mode wavelength.

Computing the equations of motion from Eq. (4.10), we find
mx + Myned 2 M= —iwot
YnrZ -+ MwyT + g Vq =eFe

l..+k.+wj_ me_g
% Vq Vq g Vq_

where we have introduced a fictitious driving field acting on the dipole to force steady-state

(4.14)

oscillation at its resonant frequency. In addition, we have added dissipation to both the
cavity and dipole oscillator with damping rates . and 7y, respectively. The first of these

is necessary to create the situation of weak coupling — without cavity dissipation, energy
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would be coherently exchanged between the dipole and cavity mode, allowing for higher-
order processes beyond spontaneous emission. The added nonradiative dipole rate vy, will
play no role in the following calculation, and is merely included for generality.

Following the technique of Section 3.1, the power transferred from the dipole to the cavity

mode may be computed as

1 /2
<Ptrans> = _7_/ dt Fcoup(t) X(t)
e (4.15)

= L[ e (~oymVin) -Re (60

T Jr/2
where we have assumed the steady state solutions z(t) = re~™0t ¢(t) = ge~*0t. Using the

cavity mode equation of motion, ¢ can be rewritten in terms of = as

—twgvmV

2 ~ :
—w§ + w2 — iwoe

q= (4.16)

Substituting this into Eq. (4.15), carrying out quite a bit of algebra and taking the integral,

we find simplifies to
2

2me wé’yc\f(ro)‘ﬂ? |x]2

P =
Flown) = 7 (g — w4l

(4.17)

where we have substituted in the definition Eq. (4.13) for g.
We can now compare this to the steady-state free space radiation rate Pr,q evaluated at

the resonant frequency wg

62(,04
<Prad> - 3630 ‘x’2 (418)

Dividing (Pirans) by (Prad) yields the enhancement (or suppression) factor

6’ Yelf (ro) -)2\2
V @Rl Bl

Fp = (4.19)

From this expression alone, it is evident that Fp can be made arbitrarily small (and the
emitter lifetime arbitrarily long) by increasing the emitter-cavity detuning wg — w.. This is
unsurprising, as we have modeled the cavity as having just a single mode — a large detuning
(relative to ~.) therefore ensures a vanishing photonic density of states around wy, inhibiting
emission as a result.

Let us now assume optimal conditions to maximize (Piapns). For starters, let us assume

that the dipole is perfectly aligned with the field and located at its maximum. Then, using
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the normalization condition in Eq. (4.12),
If(ro) - %> = 1. (4.20)

As an aside, for the more typical normalization condition [ d®r|f(r)| =1 this step must be
combined with the definition of the mode volume (see Eq. (2.6)) to produce a factor of 1/V.
Here, our normalization condition imbued the cavity mode oscillator with an effective mass
of 1/V and, as a result, (Pirans) already contains an explicit factor of 1/V. This result is
therefore entirely independent of the choice of convention for the normalization, as should
be the case.

Finally, we assume the cavity mode to be resonant with the emitter w. = wy and apply

the definition of the quality factor, @ = w./v. to write

_ 6mc Q

F
P wSV

(4.21)

Rewriting the emitter resonant frequency as the wavelength A = 2mwc/wg, we arrive at the
standard definition for the Purcell enhancement [14]

3N Q

Fp=—2Z. 4.22
P 4T 'V ( )

We will now remark on some simple generalizations to Eq. (4.22). For one, it is straight-
forward to extend this result to the case of a dielectric cavity. Although we have not explicitly
discussed the generalization of the cavity oscillator framework for this case (see Chapter 8),
the only difference pertinent here is that the squared field is multiplied by (r) in the nor-
malization condition of Eq. (4.12). Consequently, placing the cavity at the maximum of
the field (approximately) corresponds to adjusting the right-hand side of Eq. (4.20) to 1/n?
where n is the index of refraction at the location of the emitter. Separately, the Larmor

power is reduced by a factor of n for an emitter embedded in a dielectric. Combining these

3 /AN’ Q

another common expression for the Purcell enhancement.

considerations, we find

We can also envision a scenario where the dipole emits both into free space as well as

into the cavity modes. In the approximation where the former rate is not influenced by the
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presence of the cavity, we can write

_ <Prad> + <Ptrans> . 3 A 3 Q
fr= <Prad> =1t E <n> V (424)

4.1.2  Purcell enhancement due to a plasmonic nanoresonator

As can be seen from Eq. (4.22), there is an obvious strategy for maximizing Purcell en-
hancement: simultaneously make @) as large and V' as small as possible. Modern approaches
to large Purcell enhancement often involve ultrahigh-@ whispering gallery mode optical res-
onators, with quality factors in excess of @ > 10® (and even @ > 10'? in extreme cases)
[95, 85]. However, these platforms are typically hundreds of microns in scale and thus come
at the cost of a large mode volume. Separately, plasmonic nanoparticles have been exten-
sively studied for their ability to confine light to sub-diffraction length scales, offering a
complementary solution to achieve large Purcell factors. Nothing is free in Nature, however
— this comes with the tradeoff of very poor @, typically on the order of only @ < 100 or so
for a gold nanoparticle [96].

Given this, it is instructive to apply the above procedure to the case of an emitter coupled
to a plasmonic nanoparticle. For simplicity, we will specialize to a gold sphere in the dipole
approximation so that the results of Section 2.2 can be used. Furthermore, we assume
that (i) the plasmon mode is of small enough radius such that dissipation is dominated by
nonradiative pathways and radiative decay will be neglected, (ii) the emitter feels only the
near-field of the plasmon and (iii) the emitter is located at the surface of the nanoparticle
(i.e., the maximum value of the field). The calculation of Purcell enhancement then follows

exactly as before, with the equations of motion

.. . 2 —i
Mmoo + MoYurdo + Mows — gro = eBe 0!

(4.25)
mi#1 + M1y + miwd — gry =0

used to compute (Pirans), the rate at which energy is transferred from the dipole to the plas-
mon. Here, the subscripts 0 and 1 denote the emitter and LSP, respectively. Furthermore,

the coupling strength is equal to

g = 62 )A(() . ANF(R) . f(l, (426)
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where Anp(R) is the near-field contribution to the dipole relay tensor in Eq. (2.58) and R
the vector pointing from the emitter to the nanoparticle center.
Explicit calculation of (Pians) and normalization to the free-space rate (P.,q) yields the

usual expression
_ 3N Q

Fp=—=2 4.27
P Ar V'’ ( )

where casting Fp into this form has allowed us to identify the dipole LSP mode volume as

Twa 6

Visp = 720 mia’, (4.28)

where a is the radius of the sphere. Using the derived form of the effective mass in Section

2.2, this can be further reexpressed as

Visp = ga3(5oo +2), (4.29)

illustrating that the mode volume scales with the physical nanoparticle volume, differing

only by a numerical prefactor. Interestingly, this result agrees with the direct calculation

fd3TD'E

Viep — 2 &7 =2
LSP max{D - E}

(4.30)

upon substitution of the standard electrostatic expressions for D and E for a metallic sphere
found in Jackson [4], adding validity to the oscillator-based approach presented here.
Finally, we emphasize that, in general, caution must be exercised in applying the standard
Purcell expression to plasmonic systems as it has been previously shown that the one-mode
approximation can lead to inaccurate results [96]. Still, in cases where analytic exploration
is more valuable than quantitative agreement, the procedure presented here is of broad use.
When quantitative accuracy is desired, numerical computation of the local density of states

[94] is a more appropriate approach.

4.2 Weak coupling: The Fano resonance

In 1957, sharp asymmetric lineshapes were observed in the inelastic electron scattering spec-
trum of helium gas by Lassettre et al. [97]. These peculiar and puzzling features stood in
distinct contrast to the Lorentzian lineshape that typically characterizes resonant phenom-

ena. Just two years later, these observations were explained in a seminal publication by
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Ugo Fano [88], demonstrating quantum interference to be the central cause. Today, Fano
resonances are understood to occur in any system comprising a discrete transition weakly
interacting with a continuum and have been observed in a wide breadth of optical, atomic
and solid-state systems [89]. While originally considered a purely quantum mechanical effect
involving interference of quantum wavefunctions, electromagnetic interference can support
the Fano effect in purely classical systems to great advantage for various applications such
as sensing and optical switching [98, 65].

The physics underlying the Fano resonance is remarkably straightforward and can be
simply understood using a classical model of two coupled harmonic oscillators. One oscillator
is assumed to describe some discrete transition (i.e., a delta function in frequency-space) and
the other is taken to be describe a quasi-continuum of states (i.e., with a large spectral width).
Furthermore, we will assume the coupling between the two oscillators to be weak and real-
valued. Some of these assumptions are essential, while others (such as a finite linewidth for
the discrete mode and complex coupling) may be relaxed — such generalizations are discussed
in Part II of this dissertation, where we analyze Fano resonances appearing in the spectra
of a hybrid photonic-plasmonic resonator (Chapters 5 and 6) and an infrared, plasmonic
coupled nanostructure (Chapter 7). Here, we will specialize to the simplest scenario possible
known to produce Fano interference.

Fig. 4.2 illustrates the system in question, with the broad, harmonically forced mode
represented by the orange oscillator, and the discrete mode in blue. The equations of motion

of this system can be written as

moZo + moYodo + mowgo + gy/momizy = Fexe ™™ (431)
miZ1 + mlw%xl + g/momiza =0
Let us now compute the power absorbed via the dissipative force Fyamp = —moyoco using

the techniques of Chapter 3. As we have carried out several similar calculations up to this

point, we will skip to the result

1
<Pabs> - §m0w2"}/0|$0(W)’2, (432)

where we have assumed the steady state solution xq(t) = x¢(w)e~**. While the concept of

a polarizability isn’t directly applicable here as we have not specialized to an electromagnet-
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ically driven dipole, it is helpful to introduce an oscillator response function. In particular,

let us define a(w) and @(w) such that
ro(w) = a(w)Fet (g9 #0) (4.33)

describes the dressed quasi-continuum oscillator response when coupled to the discrete mode
and

ro(w) = a(w)Fext  (9=0) (4.34)
defines the bare, uncoupled quasi-continuum oscillator response. From Eq. (4.31), the
dressed response function can be shown to be equal to

1/m0

—w? + Wi —iwyy —

a(w) = — (4.35)

g
_w2+w%
Our goal is now to relate this back to the bare response a(w). Multiplying and dividing by

—w? + w%, the above result can be reexpressed as

2 2
~ —w* tw
a(w) = a(w) 5 —
I Gy S (4.36)

— o) (),

—w? + @} — iwy

where, in going from the first to the second line, we have defined the dressed frequency and

damping rate of the discrete mode as

2/, 2 2
~2 _ 2 g°(w —Wo)
A A W

) (4.37)
g7
w? —wd)? + w2’

%1(&)) = (

Note that, because the discrete mode has no inherent damping, the dressed rate 7; in-
cludes only a contribution inherited via coupling to the broad mode. Finally, we define the

asymmetry factor

52 2
Wi W
w)=——=—, 4.38
arw) = (438)
allowing us to express a(w) in the form
2_ 524 %
a(w) = a(w) <w 5 “r “’71:““) : (4.39)
w* —wy +w
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Substituting this back into Eq. (4.32), we find
(Pavs) = F(w)(Py5) (4.40)

where (Pégg) is the unperturbed absorbed power (i.e., Eq. (4.32) with ¢ — 0) and F(w) is

the Fano lineshape,

€+ qF 2

€+1

F(w) =

(4.41)

Here, F(w) is expressed in terms of the reduced frequency e(w) = (w? — &?)/w¥;. Crucially,
qr is frequency dependent, as are the dressed parameters w; and 7;. However, none of these

parameters appear in (Pég;

). Separately, analysis of Eq. (4.39) suggests that a(w) rapidly
converges to a(w) at frequencies away from w; (note that this is only true for g < 7). It
is therefore appropriate to replace the frequency-dependent parameters gp, wi, and ;7 by

their value at w = wy,

~2 2 92(“’% - W%)
Wy RWit+ 59 2.2
(Wi — w§)? + wivg
2
~ g o
)~ (4.42)
(w} — wd)? + Wi
0 —w? Wi
qr =~ =
w171 w170

It is important to note that the form of Eq. (4.40) is completely general, independent
of the relative values of the parameters g and ~y. However, in the quasi-continuum weak
coupling limit g < 79, F(w) sharply varies around w = wy and is close to unity everywhere
else. As a result, the absorption spectrum of the composite system (P,ps) is nearly identical

to that of the bare, uncoupled continuum mode <P(O)

 be)» aside from a spectrally sharp feature

near the discrete mode frequency, show shown in Fig. 4.2b. As illustrated in Fig. 4.2d, the
exact shape of this perturbation is dependent upon the value of the asymmetry parameter
qr. Separately, the dressed frequency wy and linewidth 77 define the Fano resonance location
and width. For systems where the discrete mode has a finite inherent linewidth ~;, these
conclusions remain true, albeit with an additional requirement 7o/y; 2 10 that must be

satisfied for a Fano-like lineshape to appear. Generalizations to the Fano lineshape for this

scenario are presented in Part II.
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We conclude our introduction to Fano resonances by appealing to the simple model of

Fig. 4.2a for an intuitive explanation of why the asymmetric spectral lineshape emerges.
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Figure 4.2:  Continued on following page.
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Figure 4.2: (a) Two oscillators, one damped (79 # 0) and one undamped (y; = 0), coupled
with rate g. In the limit where ¢ > g, a Fano resonance appears in the system absorption
spectrum. (b) Left panel: the absorption spectrum of the above coupled oscillator system
(black curve), with the bare uncoupled spectrum of the spectrally broad oscillator mode
overlaid (orange curve). The spectrum of the coupled system follows that of the bare quasi-
continuum mode, aside from a sharp spectral feature at the discrete mode resonant frequency
(blue dotted line). Right panel: zoomed-in plot of the region enclosed by the gray box in
the left panel, normalized to the bare spectrum of the lossy oscillator. The normalized
spectrum reveals a Fano lineshape with asymmetry factor qp ~ —2.05, centered at the
dressed frequency wj. (c) Illustration of constructive and destructive forces acting on the
broad mode. The red box corresponds to the vertical red line in the right panel of (b), while
the green box corresponds to the green line. (d) The Fano lineshape and its dependence
on the asymmetry factor gp. A vanishing value of ¢r, corresponding to the case wy = wy,
yields a perfectly symmetric dip in absorption. While not shown, gr can also be negative,

resulting in the same lineshapes shown but reflected about ¢ = 0.

From Eq. (4.31), the spectrally broad oscillator is directly driven by an external force, while
the discrete mode is (indirectly) driven via the coupling force alone. At steady-state, the
phase of a harmonically driven oscillator depends entirely on the driving frequency w. Taking
the broad oscillator as an example, the three limits w < wy, w = wy and w > wy correspond
to ¢ = 0, ¢po = /2 and ¢g = 7, where ¢ is the relative phase between the driving force and
the harmonic response of the driven oscillator. While the discrete mode is not driven by an
external force, we can still extrapolate on the above limits to determine the phase response
of oscillator 1 relative to oscillator 0. Because the response of oscillator 1 is spectrally
narrow, varying w across wj leads to a relative phase A¢ = ¢1 — ¢¢ that rapidly varies
from A¢ = 0 to A¢ = m. As a result, the phase of the coupling force —g,/mimax; rapidly
changes from constructively interfering with Fey to destructively interfering as w is swept
across the region near wy. For 71 = 0, complete destructive interference is possible, causing a

dip in the spectrum where the absorbed power vanishes completely — physically, this special
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frequency corresponds to a situation where energy is “trapped” in the discrete mode, unable
to dissipate through the broad mode’s decay channel due to destructive interference. This
phenomenon is also the basis for electromagnetic induced transparency, typically realized

for the configuration w; = wy, leading to a symmetric dip with gp = 0 [65].
4.3 Strong coupling: Hybridization

The content of the previous two sections concerns phenomena achievable in the weak coupling
regime, where dissipation overwhelms the rate of energy exchange in a coupled system. When
the opposite is true — i.e., the rate of energy exchange exceeds the rate of dissipation — the
system is said to be in the strong coupling regime. There, dissipation becomes unimportant
and the system becomes hybridized, meaning the fundamental excitations of the system are
no longer those of the independent coupled modes, but rather concern the normal modes
(also sometimes called supermodes) of the system.

Because hybrid light-matter systems comprise both photonic and material components,
the hybridized excitations of such a system — termed polaritons — mix light and matter
degrees of freedom. The physical properties of the polaritons are highly dependent upon
the nature of the underlying material excitations. For realizations of the Jaynes-Cummings
Hamiltonian, for example, the polaritonic excitations inherit nonlinearity of the two-level
system, allowing for the realization of nonlinear phenomenon such as photon-blockade [99,
100]. As Chapter 10 concerns a more complete discussion of such topics in regards to the
Jaynes-Cummings Hamiltonian, here we will specialize to the comparatively simpler scenario
described by the linear dipole-cavity Hamiltonian of Eq. (2.69),

Pa

1 %4 1
H= om T §mw2x(2l + 5292 + W(ﬂng +VmVAzape. (4.43)

Here, cavity and atomic parameters are denoted by the subscript ¢ and a where distinction
is necessary. Separately, the light-matter coupling strength is defined as

A=e %f(ro)  Xa. (4.44)

We will now illustrate how unitary transformations can be used to nonperturbatively

reexpress the above Hamiltonian in an alternate basis that highlights the underlying mixed
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light-matter excitations. Similar techniques are used consistently throughout Part II and
Part III, motivating the brief, high-level treatment here.

There are generally two equivalent approaches to unitary transformation of a Hamil-
tonian: (i) transform the Hamiltonian itself, and rewrite in terms of “old” operators, or
(ii) transform the independent operators and rewrite the “old” Hamiltonian in terms of the
“new” operators [101]. Both strategies give equivalent results, and personal taste often dic-
tates which is chosen. Here, and throughout this dissertation, we will favor approach (ii).

All unitary transformation are expressable in the form
U=e¢e", (4.45)

where, clearly, unitarity dictates that the generator S is anti-Hermitian, i.e. ST = —S. Each
operator O transforms according the Baker-Campbell-Hausdorff formula [101]
O =e 506

1 1 (4.46)

=0+[0,5] + 5[[0,5’},5] + 5[[[0,5],5’],5] + ...
Because the interaction term in Eq. (4.43) appears as the dipole coordinate z, coupled
to the cavity mode momentum p., diagonalization is significantly simpler in the basis of
creation and annihilation operators where, following Section 2.3, the Hamiltonian is written

as

H = hwaa'a + hwee'e + g(cfa + cal). (4.47)

As in Section 2.3, we have made the rotating-wave approximation and the light-matter

interaction strength g is defined as

mew,

g= mancf(ro) - X. (4.48)

We wish to apply the transformation generated by

S =60(a'c— ach). (4.49)

Individually transforming the atomic and cavity operators a and c is achieved by computing

and resumming the series of commutators in Eq. (4.46) — for two coupled oscillators (as we



7

have here), this can be carried out exactly. In contrast, the prototypical cavity QED frame-
work of a two-level system coupled to an oscillator is comparatively much more complicated
as the relevant commutation relations of the individual operators do not analytically close.
For an in-depth analysis of that particular problem, see Chapter 10.

Returning to the problem at hand, direct transformation of the annihilation operators

yields the relations

by =c=ccosf+asinb

(4.50)

bo =a=acosf —csinf,
where we have defined by and bs to denote transformed cavity and dipole annihilation oper-
ators, respectively. Inverting these relations and substituting into Eq. (4.47), we find that

the choice
1 2
= tan"! (g) (4.51)

reduces the Hamiltonian to its diagonal form,
H = hQbiby + hQubl by, (4.52)
where the normal mode resonant frequencies are

0 = wecos? 0 + w, sin? 0 + 2gsin 6 cos O
(4.53)
0y = w, cos? 0 + w,sin’ 6 — 2gsin 6 cos 6.

The parameter 6 is known as the mixing angle. Analysis of its analytic form suggests
two qualitatively distinct parameter regimes. For g > (w. — wg), we see that light and
matter degrees of freedom become hybridized. In this scenario, 6 tends toward /4 and
the operators b; (bJ{) and by (b;) describe annihilation (creation) of polaritonic excitations.
Separately, when ¢ < (w. — wq), @ — 0. Consequently, b; and by revert to the bare cavity
and dipole operators ¢ and a. The limit of small mixing # < 1 is often referred to as the
dispersive coupling regime — in the context of the Jaynes-Cummings Hamiltonian (which
follows quite similarly [102]), dispersive copuling is particularly important for applications

such as quantum nondemolition measurement [14, 103].
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4.4 A brief introduction to PT-symmetry

In standard quantum theory, a valid Hamiltonian must satisfy two essential properties: it
must produce (i) real eigenvalues and (ii) unitary evolution. Conventional wisdom then
leads to the conclusion that any valid Hamiltonian must be Hermitian. However, at the
close of the 20th century it was discovered that another class of Hamiltonians — obeying
PT-symmetry rather than Hermiticity — also satisfy these requirements [104]. Four years
later, quantum theory was formally extended to encompass P7-symmetric Hamiltonians
[91], and not long after it was discovered that optical systems provided a unique platform
for realizing classical analogues of non-Hermitian P7-symmetric Hamiltonians [90].

One of the prototypical examples of a PT-symmetric system is that of two coupled
optical resonators with balanced gain and loss, as shown in Fig. 4.3. Upon spatial and
temporal reflection, the global system is unchanged, satisfying the basic requirement for
PT-symmetry. Importantly, this is not a realization of a true P7-symmetric Hamiltonian,
as the inherent non-Hermiticity clearly emerges from tracing out environmental degrees of
freedom which account for loss and gain. However, we can approximate the physics of this

system by the effective Hamiltonian
Heg = R(wo — i71/2)a]£a1 + R(wo — Z"}/2/2)CL£(12 + hg(aiag + alag), (4.54)

where we have assumed just a single mode in each resonator with frequency wg. We now
wish to compute the eigenvalues of Hog through calculation of the normal mode frequencies
w+, a task which may be achieved either using unitary transformations (as in the previous
section) or, alternatively, at the level of the Heisenberg equations of motion. Regardless of
the path chosen, we find

1 _ 2
wi:wg—iWiz\/llg?—W. (4.55)

For a system of two lossy resonators (y; > 0 and 2 > 0), the normal mode resonant
frequencies wy (and by extension, the eigenvalues of Heg), are clearly complex. However, if
one resonator has gain (achieved, for example, by adding an ionic dopant [90]) that balances

loss, w4 can be completely real for large enough coupling g. To see this, we imagine the
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Figure 4.3: (a) For certain parameter regimes, P7-symmetric Hamiltonians have entirely
real eigenvalues, and thus offer an alternative to the more conventional scenario of a Hermi-
tian Hamiltonian. Both Hermitian and P7T-symmetric Hamiltonians include real, symmetric
Hamiltonians as a subset. (b) An experimental realization of a P7T-symmetric system (see
Ref. [90]) consisting of two coupled resonators, one with loss (77 > 0) and the other with
gain (72 < 0). (c) Real and imaginary parts of the eigenvalues Eq. (4.55) as a function of
9/ gerit Where gerit = |71 —2|/4. For g < gerit, PT-symmetry is broken and the normal mode
frequencies wy are complex. Unbroken PT-symmetry occurs for g > geit, characterized by
completely real eigenvalues. At the interface between broken and unbroken regimes is the
exceptional point (EP). There, g = guit and both real and imaginary parts of the eigenvalues

coalescence.
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scenario illustrated in Fig. 4.3b with 73 = —v9 = 7. Substituting this choice into Eq.

(4.55), we find
1
wi =wp* 5\/4g2 — 8. (4.56)

Eq. (4.56) suggests the existence of two distinct parameter regimes exist: for g > 70/2,
both w4 and w_ are completely real, while g < /2 yields complex eigenfrequencies with
equal real contributions. The former is known as the unbroken PT-symmetry regime, and the
latter the broken PT-symmetry regime. At the crossover between the two is the exceptional
point, in general defined by

o 71 — 7
Jerit 1

(4.57)
or, with the choice 71 = —y2 = 70, gerit = 7Y0/2. At the exceptional point, both the real and
imaginary parts of w4 coalesce — notably, this leads to a degeneracy with properties distinct

from conventional degeneracies and advantageous for sensing applications [25].

4.5 Summary

Throughout this Chapter, we have used simple coupled oscillator models to survey a breadth
of physical behavior of interest in quantum optics and nanophotonics. For completeness, Fig.
4.4 illustrates the regions of parameter space where these physical regimes can be realized.
Not shown is ultrastrong and deep ultrastrong coupling, both achieved through realization

of coupling strengths on the order of or exceeding the average system resonant frequency.
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Part II

FANO RESONANCES IN HYBRID LIGHT-MATTER AND
ALL-PLASMONIC PLATFORMS

Part II of this dissertation includes the following publications verbatim:

e Chapter 5: *Thakkar, N., *Rea, M.T., *Smith, K. C., *Heylman, K.D., Quillin,
S.C., Knapper, K.A., Horak, E.H., Masiello, D.J., Goldsmith, R.H. Sculpting Fano
resonances to control photonic-plasmonic hybridization. Nano Letters 17, 6927-6934.

(2017). [105]

e Chapter 6: *Pan, F., *Smith, K. C., Nguyen, H.L., Knapper, K.A., Masiello, D.J.,
Goldsmith, R.H. Elucidating Energy Pathways through Simultaneous Measurement of
Absorption and Transmission in a Coupled Plasmonic—Photonic Cavity. Nano Letters

20, 50-58. (2019). [106]

e Chapter 7: Smith, K. C., Olafsson, A., Hu, X., Quillin, S.C., Idrobo, J.C., Collette,
R., Rack, P.D., Camden, J.P., Masiello, D.J. Direct Observation of Infrared Plasmonic
Fano Antiresonances by a Nanoscale Electron Probe. Physical Review Letters 123,

177401. (2019). [107]
* indicates co-first authorship

All three publications concern Fano resonances in experimentally realized nanophotonic
platforms. In the first two, Fano resonances serve as a diagnostic tool for studying photonic-
plasmonic mixing in a hybrid resonator composed of a gold nanorod deposited on the surface
of a toroidal whispering-gallery mode resonator. Such platforms are advantageous for real-
izing large Purcell enhancements, as the mixed photonic-plasmonic modes of the composite
structure can partially inherit both the large @ of the whispering-gallery modes and the

nanoscale mode volume of the plasmonic nanoparticle. It must be noted that the second
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paper builds upon the first — one consequence of this is that the theoretical modeling is much
improved in the second publication and is consistent with the approach taken throughout
this dissertation.

The third and final publication included in Part II details the first observation of Fano res-
onances in electron energy-loss spectroscopy of an all plasmonic system. This work is of broad
experimental and theoretical interest, taking advantage of recent advances in monochro-
mated scanning transmission electron microscopy and presenting theoretical generalizations
to the Fano lineshape for quasi-discrete and quasi-continuum modes with complex coupling.

Finally, we remark that all three publications enclosed herein were carried out in close
collaboration with experimentalists. All publications therefore include both theoretical and
experimental contributions, both of which are included here for completeness. Supplemen-
tary information/material, while referenced in the text, is not included here and can instead

be found with the journal posting online.
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Chapter 5

SCULPTING FANO RESONANCES TO CONTROL
PHOTONIC-PLASMONIC HYBRIDIZATION

Reprinted with permission from:

Niket Thakkar, Morgan T. Rea, Kevin C. Smith, Kevin D. Heylman, Steven C. Quillin,
Kassandra A. Knapper, Erik H. Horak, David J. Masiello, and Randall H. Goldsmith.
Sculpting Fano resonances to control photonic—plasmonic hybridization. Nano Letters,

17(11):6927-6934, October 2017.
Copyright 2017 American Chemical Society.

Hybrid photonic-plasmonic systems have tremendous potential as versatile platforms for the
study and control of nanoscale light-matter interactions since their respective components
have either high quality factors or low mode volumes. Individual metallic nanoparticles
deposited on optical microresonators provide an excellent example where ultrahigh-quality
optical whispering-gallery modes can be combined with nanoscopic plasmonic mode volumes
to maximize the system’s photonic performance. Such optimization, however, is difficult
in practice because of the inability to easily measure and tune critical system parame-
ters. In this Chapter, we present a general and practical method to determine the coupling
strength and tailor the degree of hybridization in composite optical microresonator-plasmonic
nanoparticle systems based on experimentally measured absorption spectra. Specifically, we
use thermal annealing to control the detuning between a metal nanoparticle’s localized sur-
face plasmon resonance and the whispering-gallery modes of an optical microresonator cavity.
We demonstrate the ability to sculpt Fano resonance lineshapes in the absorption spectrum
and infer system parameters critical to elucidating the underlying photonic-plasmonic hy-
bridization. We show that including decoherence processes is necessary to capture the evo-

lution of the lineshapes. As a result, thermal annealing allows us to directly tune the degree
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of hybridization and various hybrid mode quantities such as the quality factor and mode

volume and ultimately maximize the Purcell factor to be 10%.
5.1 Introduction

Hybrid photonic-plasmonic nanosystems, where optical modes of a dielectric cavity couple
to collective charge oscillations of a metal nanoparticle, are gaining broad research interest
as platforms for maximizing light-matter interactions [108, 109, 110, 111, 112, 113, 114],
enabling directional control of emission [115, 116], low-power nonlinear optics [117], versatile
optical interconnects {118, 119, 120, 121, 122], and label-free single-molecule detection [123,
124, 125]. In particular, the Purcell factor [126], a measure of an optical cavity mode’s ability
to enhance the spontaneous decay of a nearby emitter, has been shown to dramatically
increase in hybrid systems over uncoupled photonic and plasmonic components [127].

In his original work, Purcell showed that this enhancement is proportional to the mode’s
quality factor, @, which describes its temporal decay rate and therefore its ability to localize
light in time, and inversely proportional to the mode’s volume, V', which describes the volume
occupied by the mode’s field and therefore its ability to localize light in space [126, 128].
Thus, hybrid photonic-plasmonic structures offer especially high Purcell enhancements due
to their ability to combine a microphotonic cavity’s unparalleled quality factor (over 10%)
[129, 130] with a plasmonic system’s nanoscopic mode volume (down to 1075)3) [131, 132].

This divide-and-conquer strategy, where individual components with high @ and low V'
are coupled to maximize near-field enhancement, has found considerable success in a variety
of implementations [133, 127, 108, 112, 114, 123, 124, 134, 135]. Still, in most cases, there
is little control over the resulting enhancement factor and the frequency at which maximum
enhancement occurs, limiting the use of these hybrid cavities in applications. Moreover,
while @ and V' are straightforward to determine in isolated, noninteracting systems [136,
130, 137, 138|, their determination in the hybridized case requires accurate estimation of
the components’ coupling strength, g, and resulting degree of hybridization, 8, both defined
explicitly in the text below. Typically, this estimation is done via computationally expensive,
multi-material, multi-scale, full-wave electrodynamics simulations [127, 139, 133]. A more

versatile method to control and estimate components’ coupling strength from experiment,
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as well as accounting for the largely unexplored role of decoherence in hybrid systems, is
needed before photonic-plasmonic cavities can be used on a wider-scale in nanophotonics
applications.

In this Chapter, using a plasmonic, metal nanorod (NR) and a toroidal whispering-gallery
mode (WGM) microresonator [129] (SI Section 1), where Fano resonances are diagnostic of
photonic-plasmonic hybridization [140, 141], we report a general method for the experimental
determination of g and control of 8, as well as downstream quantities such as the hybridized
Q@ and V, from the system’s absorption spectrum. Our method entails the sculpting of Fano
resonances by controlled thermal annealing of the metal nanorod. We demonstrate that
proper inclusion of both photonic and plasmonic loss channels and the consequent role of
decoherence in determining the Fano lineshape is critical for accurate determination of the
coupling strength. Finally, using an experiment-based approach, we show how the degree of
hybridization can be optimized in practice to achieve Purcell enhancements on the order of

10*, in agreement with purely simulation-based studies of similar systems [127].
5.2 Fano resonances in a hybrid photonic-plasmonic resonator

The hybridized system’s absorption spectrum contains the required information needed to
determine its photonic properties, and here we demonstrate this by mixing the dipolar local-
ized surface plasmon (LSP) of an individual gold nanorod with the optical modes of a silica
toroidal WGM microresonator. Since the plasmonic nanorods examined are non-luminescent,
a means of performing single-particle absorption spectroscopy on non-luminescent targets
is required to investigate the hybridization [142, 143, 144, 140, 145, 146]. As described
previously [140], we use the microresonator as a single-particle, photothermal absorption
spectrometer by monitoring via a coupled fiber the shift in a WGM that is detuned from the
NR due to local heating from the laser excited NR. As the pump laser frequency is scanned,
local heating by the NR varies in proportion to the particle’s absorption cross section, re-
sulting in observable shifts in the WGM transmission. Using a double-modulation scheme,
this method offers both high sensitivity, allowing us to resolve shifts in the WGM resonance
of less than 100 Hz, and high spectral resolution, with fine spectra acquired at a resolution

of ~5 peV [140].
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Figure 5.1: Fano resonances in a coupled toroidal WGM microresonator-plasmonic NR
system. a) Spectroscopic characterization of the coupled system is alternated with ther-
mal annealing of the NR; at each annealing temperature, a separate absorption spectrum
is recorded. b) Increasing the thermal annealing temperature decreases the aspect ratio of
the NR, increasing the plasmon resonance energy (top) and reshaping the Fano interfer-
ence between a fixed WGM of the microresonator and the LSP (bottom). Note that NR
aspect ratio changes are exaggerated to highlight the effects of thermal annealing. c) Fits
to experimental data (black) using the Fano lineshape with a real g (grey dashed) cannot
capture the incomplete destructive interference (vanishing absorption signal) while using the

complex gr in Eq. (5.8) (pink dashed) results in an excellent fit.
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As shown in Fig. 5.1, characteristic Fano resonances appear in the NR absorption spec-
trum due to coherent interaction between the spectrally broad LSP and the spectrally narrow
WGMs [140]. Each Fano resonance corresponds to a hybrid mode of the NR-microresonator
cavity. Asymmetric lineshapes in the electron energy loss study of the auto-ionization of
helium [147] were originally described by Fano, and have since been found in a variety of
optical [141, 148, 149] and transport [150] experiments where interaction between a discrete
state and a broad continuum results in characteristic, asymmetric spectral features. In the

original work and since then, Fano resonances take the form

2
; (5.1)

o(w) qr + €

€+

O'()(o.))

where in our case o(w)/op(w) is the absorption spectrum of the composite system normal-
ized to that of the isolated NR, o¢(w), and €(w) is a dimensionless reduced frequency. ¢r is
the so-called Fano asymmetry parameter, which characterizes the degree of asymmetry in
the resonance’s lineshape as a function of detuning between a discrete state and the contin-
uum [147, 141, 140] and determines the spectral location (e(w) = —qr) where destructive
interference between the discrete state and the continuum results in a total loss of absorption.
Because the shape of the Fano resonance is tied to the LSP resonance frequency [140],
we can control the lineshape by reducing the initially high aspect ratio (1 : 10) of the gold
nanorod to shift the plasmon resonance. To that end, the entire resonator chip is annealed
on a hotplate (Fig. 5.1a) at ten distinct temperatures ranging from 140 — 175 °C. Between
annealing steps, the chip is allowed to cool to room temperature before measuring the
corresponding absorption spectrum. At these annealing temperatures, NR melting causes a
self-limiting, monotonic, and irreversible blueshift in the LSP resonance [151, 152, 153| while
changes to the silica microresonator are negligible. Over the thermal range explored, the
shifts in LSP resonance frequency suggest a softening in the aspect ratio from approximately
(1:10) to (1:8) [154, 155]. This sculpting method was determined to be more controllable
than other methods such as chemical etching [156, 157| and laser heating [158, 159, 160].
Spectroscopic characterization can then be cycled with thermal annealing steps. In
Fig. 5.2a, low resolution spectra (where Fano resonances are not visible) taken at room

temperature after heating the chip to the indicated temperature display a systematic blue
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Figure 5.2: Sculpting Fano resonances by thermal annealing. a) Low resolution absorption
spectra of a gold NR acquired at room temperature after annealing to the indicated tem-
perature. b) Evolution of three Fano resonances located within the gray region pictured in
a), with colors in b) representing the same temperatures as in a). Panels are centered at (i)
0.9496 eV, (ii) 0.9497 eV, and (iii) 0.9498 eV, and each panel is ~80 peV wide. Each panel
within (i) tracks the same Fano resonance acquired at different annealing temperatures, thus
each panel in (i) is of the same spectral region; the same is true for (ii) and (iii). The dashed

line in (i) indicates the observed non-monotonic envelope of Fano resonance depths.
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shift in the LSP absorption profile as expected; see Fig. 5.1b top. Repeated high resolution
spectra of the same coupled WGM-LSP feature in a narrow spectral window (~80 peV)
show that Fano resonances due to WGM-LSP interaction change shape as the LSP profile
passes through the narrow window (Fig. 5.2b) with the expected shift in asymmetry [140],
Fig. 5.1b bottom, easily apparent. Surprisingly, no Fano resonances exhibit total destructive
interference between the WGM and LSP, behavior repeated across multiple Fano resonances
for multiple WGMs and across multiple NRs (SI Section 6). Thus, the lineshape cannot be
adequately fit by Eq. (5.1) because the equation predicts that the spectral line will always
vanish at some point in the spectrum, Fig. 5.1c, left. Indeed, when repeatedly displaying
a normalized resonance in the same spectral window while the LSP energy is shifted via
thermal annealing, an envelope is seen defining the depth of the Fano resonance where
the depth appears to be a non-monotonic function of the LSP energy. This experimental
behavior challenges the canonical Fano interference mechanism and motivates development

of a more comprehensive theory.

5.3 Theoretical modeling

Deformation of the Fano resonances as a function of LSP energy can be quantitatively

understood by first considering the total electromagnetic field energy of the system [161],
av | o
= ; / 87 |:8w<w6(x7w))mem ' En + Bm : Bn 3 (5.2)

where e(x,w) is the piecewise dielectric constant defined to be a free-electron gas in the NR
[162], 1.44 for silica in the resonator, and 1 elsewhere, and the total electric and magnetic
fields are composed of contributions from the dipolar LSP mode (m,n = 0) and the mutually
orthogonal resonator modes (m,n = 1,2,...). Restricting to a single WGM for simplicity
and including a driving force on the LSP, the equations of motion associated with H are (SI

Section 2)

o+ Y0Po + whpo + g wipr = wi/ Vo Eexte ™ (53)
B1 +np1 + wipr + g wipo = 0,
where only electric field mediated LSP-WGM interaction is considered. Here, pg is the gen-

eralized momentum describing the LSP’s electric field (Eg), p1 is the generalized momentum
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of the WGM (E;), and the LSP is driven by a harmonically varying external source, Fext,
modeling the frequency w pump laser polarized along the NR long axis (Fig. 5.1a). Both
modes have associated frequencies, wy or wy, and mode volumes, Vj or V7. Furthermore, via
the cross terms in Eq. (5.2), they exchange energy through coupling characterized by g, a

dimensionless constant defined by

oo = [ | 55 (e, Ba) - Ba )

(5.4)

+% (we(w, %)), Er(x) - Eo(x) |,

where Ey(x) - Ej(x) = E;(x) - Eg(x) depends on the spatial overlap of the modes’ fields and
therefore on the NR’s location and orientation on the microresonator surface (SI Section
2). As will be shown below, LSP and WGM losses are critical to describe the observed
Fano interferences. Thus, we further model LSP and WGM losses with damping rates
characterized by vy and ; added to the equations of motion.

It is instructive to first consider the frictionless limit (i.e., 79 = 71 = 0). In that case,
Eq. (5.3) can be solved exactly through a coordinate rotation (SI Section 3), defining a set

of noninteracting normal modes, p1, related to the original py and p; by a rotation angle

1 _ 292w0w1
0= —tan ! | 2= 5.5
o <w(2) ) (55)

which describes the degree of hybridization between the LSP and WGM modes. As expected,
0 depends on both the LSP-WGM coupling g and detuning, w; — wqg. In the weak coupling
limit (g%wow: /(wg—w?) < 1), & = 0 and no hybridization occurs, while in the strong coupling
limit (gwow1/(wi — w}) > 1), = 7/4 and the normal modes are maximally mixed. 0,
therefore, can be controlled via thermal annealing which will influence the detuning. In the
more general case with losses (79 # 0,71 # 0), 0 is not an exact degree of hybridization
but can be used as a qualitative indicator of hybridization (SI Section 4). We find that our
annealing process does not significantly modify the overlap of fields, which is proportional to
g, but does alter the detuning between modes by shifting wp (SI Section 7). Thus, thermal
annealing allows us to optimize and understand the degree of hybridization for a given NR

location and orientation on the resonator while keeping g constant.
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The absorption cross section can be calculated with losses (friction) using standard meth-
ods to solve Eq. (5.3), giving the exact expression (SI Section 5)

2

qr —i|* Tmgp

€+1

o(w)
oo(w)

qr + €
€+1

(5.6)

1 —Imgp’
where og(w) = (4nww@Vo/c)Im Z; ' is the uncoupled LSP absorption cross section with
Zy = wg — w? — w7 and the second term characterizes a modification to the Fano profile
(Eq. (5.1)) which vanishes when the WGM is frictionless as Im ¢ /(1 —Imgp) = 71 /I". The
spectral location and width of the Fano resonance, here denoted by € and I, respectively,
are defined by

0% = wi - glwiwiRe Z, !

(5.7)

wl' = w1 + gfwiwim ZO_I,

both in general functions of w but approximately constant in the weak coupling limit ap-

plicable here (SI Section 5). €(w) = (w? — Q?)/wI is again a dimensionless reduced pump

frequency in units of the Fano resonance line width away from resonance location and

02— w% Y1
— 14 ;1 5.8

is the now complex-valued Fano asymmetry parameter [141]. Its real part characterizes
shift in WGM frequency due to coupling with the LSP and its imaginary part describes the
fraction of the total Fano resonance line width attributed to WGM losses. In the limit where
v1 — 0 and the WGM has Q — oo, Im gr — 0 and the well-known purely real-valued Fano
profile expression, Eq. (5.1), is recovered in Eq. (5.6). In that case, ¢r ~ 2(w1 — wo)/70,
qualitatively explaining the observed shape change in Fig. 5.2 as wg, and the resulting degree
of mixing, 6, are modified by thermal annealing. However, in this limit, the composite
system absorption drops to zero when ¢(w) = —gp implying w = wp, on resonance with
the WGM, in stark disagreement with experiment. In contrast, use of a complex-valued
qr, arising from the inclusion of loss in both WGM and LSP channels, enables excellent
fitting of the Fano features including the incomplete destructive interference as shown in
Fig. 5.1c. More generally, since the zero that appears in the original Fano expression is

due to complete destructive interference between WGM and LSP, any process that degrades
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the phase relationship associated with the WGM and LSP oscillators would then manifest
itself as a recovery of the vanishing spectral feature. Complex-valued ¢r have also appeared
in models of molecular and mesoscopic transport [163, 164, 150] and in strongly coupled
plasmonic systems [165, 166, 167, 168]. While this formalism has general applicability to
other phenomena, this is the first time that it has been applied in hybrid photonic-plasmonic

systems.

In analogy with the Redfield equation governing the spectroscopy of a two-level system
coupled to an environment, decoherence can derive from population relaxation (7}), where
energy is transferred from one level to another, or from pure dephasing (75*), where phase
degrades without transition between states due entirely to fluctuations of the environment
[169]. Our treatment connects the complex Fano resonance with relaxation in both the
photonic and plasmonic channels without the need to include pure dephasing. Much as pop-
ulation relaxation and pure dephasing can both contribute to homogenous linewidths, both
processes can also be thought of as mechanisms of breaking time-reversal symmetry, which
has previously been associated with complex Fano parameters [141]. Indeed, transport mea-
surements have connected complex gr to pure dephasing by demonstrating sharp reductions

of pure dephasing at low temperatures leading to recoveries of destructive interference [150].

In many past studies [140, 141], including Fano’s original work, spectral resolution limi-
tations also contributed to the Fano profile’s shape and prevented a total loss of signal when
€(w) = —qp. As a result, statistical analysis of spectra could be done with real-valued ¢p
but required additional scaling and offset parameters to accurately model measurements.
Here, however, spectral resolution can not explain the systematic envelope in peak depths,
Fig. 5.2b (dotted black line). In fact, we see that the Fano profiles are better modeled by
complex gp shapes even as the spectral resolution is increased (SI Section 6), indicating that
the finite WGM @ factor plays a crucial role in determining the Fano lineshape. Thus, as
we show in detail below, Eq. (5.6) is an important generalization of Fano’s original work

that is amenable to statistical analysis without scaling and offset parameters.
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Figure 5.3: The (a) real and (b) imaginary parts of the Fano asymmetry parameter qp as
a function of the detuning, w; — wg, for a single Fano resonance. Using wi, 79, 71 and g¢
as free parameters, experimentally measured Fano resonances are fit to Eq. (5.6) and ¢p
is computed using Eq. (5.8) (black squares). Theoretical predictions (red and blue lines)
are generated using Eq. (5.6) in conjunction with the fit to the Fano lineshape at a single
intermediate temperature, here chosen to be 156 °C where the WGM and LSP modes are
nearly degenerate (w; =~ wp). Uncertainties in these predictions, which are here shown as
one standard deviation intervals (shaded regions), are computed by randomly sampling w,
Y0, 71 and ¢ from a normal distribution whose width is determined from uncertainties in
the fit parameters. Horizontal error bars are determined from the uncertainty in wg at each

temperature (SI Section 7).
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5.4 Thermal evolution of the complex asymmetry parameter

We can use our new theory to predict the evolution of the Fano profile throughout the
thermal Fano sculpting process. Statistical fitting to the data is done in two steps (SI
Section 7). First, low resolution spectra, Fig. 5.2a, are fit to o¢(w) to determine wy at each
annealing temperature. While these spectra are measured for the composite microresonator-
NR system, the resolution is low enough such that only the broad Lorentzian envelope due
to the plasmon resonance, and not the spectrally narrow Fano resonances, can be resolved.
Next, we fit individual Fano resonances, experimentally measured via high resolution spectra,
to Eq. (5.6) with wy, 70, 71 and g as fit parameters, allowing us to use Eq. (5.8) to determine

the measured dependence of gr upon wy.

Comparison of the measured (black dots) and predicted (solid curve) evolution of the
Fano profile’s shape is illustrated for a single Fano resonance in Fig. 5.3. Here, fit results
from a single Fano resonance at an intermediate temperature (Tannea = 156 °C) are used
to specify the LSP and WGM parameters and their coupling, g. Then, Eq. (5.8) is used to
extrapolate and predict the Fano profile’s shape for higher and lower LSP energy assuming
the annealing process has no effect on the other parameters. Figures 5.3a and b show that
the measured evolution (black dots) for the real and imaginary parts of ¢r agree well with
the model’s prediction (red and blue curves). This agreement tells us that the dominant
effect of thermal annealing is to shift the LSP energy with little effect on the LSP-WGM
field overlap, g. Comparisons to other Fano profile’s evolutions yield similar agreement (SI

Section 7).

A broader comparison of the model and data is carried out by calculating the distribution
of all experimentally observed complex g given parameters from the experiment. This test
is done for the real and imaginary parts of gr in Fig. 5.4, which shows the results from fits to
225 Fano resonances across three different NR-microresonator systems (red, blue and green
squares). Evolution is plotted as a function of detuning between w; and wp, and in both
cases the data displays a definitive trend. Theoretical distributions of gr are calculated by
taking Ao to be the average value from the data, and calculating g for randomly sampled

WGM parameters and coupling. Resulting distributions are plotted as an average value
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Figure 5.4: The (a) real and (b) imaginary parts of the Fano asymmetry parameter gp as
a function of WGM-LSP detuning, w; — wyq, for a collection of 225 Fano lineshapes. Results
from statistical fitting to Eq. (5.6) are shown for three separate NR-microresonator systems
(red, blue, and green squares). Blue squares correspond to a NR with a smaller relative
unannealed LSP resonance frequency and thus represent data at higher detuning relative
to red and green squares. Theoretical distributions of both the real and imaginary parts
of qr are determined from Eq. (5.8) using fiyp = 56.8 meV, the average value from the
data, along with randomly sampled WGM parameters and couplings. More specifically, wq
is sampled from a uniform distribution on the spectral range, -y is sampled randomly from
the fit results, and g is sampled from the estimated distribution of the couplings from the

fit results (inset). (caption continued on following page)
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Figure 5.4: (continued) This sampling process models the random location and orientation
of the NR on the toroid surface and allows us to calculate 10* randomly generated Fano
resonances to determine the theoretical distribution of real and imaginary gr as a function
of detuning. We show both the average (solid line) as well as 95% confidence intervals

(dashed lines) of the resulting distributions.

(solid line) and 95% confidence interval (dashed lines) in both panels a and b. We see that
for both the real and imaginary parts the model captures the observed behavior under the
assumption that all parameters but wy are constant throughout the annealing process.

The excellent agreement between theory and observation in Figs. 5.3 and 5.4 indicates
that estimates of the LSP-WGM interaction energy based on our fit procedure are accurate,
and indeed, our average coupling energy based on 225 Fano resonances is 22.0 meV, in the
same range as other studies of hybridized photonic-plasmonic systems [140, 170, 127]. For
a particular Fano resonance, statistical fitting to determine the coupling energy allows us
to calculate a variety of important hybrid mode properties. Given the LSP energy and line
width, the WGM energy and line width, and g, the parameters on the left-hand-side of Eqgs.
5.3 are fully specified. This system can then be rewritten as a set of coupled, first-order
differential equations and the corresponding coefficient matrix, A, can be diagonalized to
specify the quasi-hybrid modes (QHMSs) of the NR-microresonator system (SI Section 4).
The QHMSs, hybrid modes which incorporate losses and therefore have complex eigenvalues
[137, 171, 172], can then be used to calculate the hybrid mode fields, mode volumes, Purcell
factors, and other properties.

We calculate the Purcell factor as an example of this procedure. LSP-WGM coupling
produces two QHMs, one WGM dominated and the other LSP dominated. In both cases, the
QHM electric field is a linear combination of LSP and WGM fields, Equu = coEq + c1Eq,

with ¢p and ¢; extracted from the eigenvectors of A. The QHM mode volume [171] is then

J AV g (we(w, %))y 1Equm (x)[?
Vaum = 5 :
max { 2 (w2 (0, %)), g [Bauni ()2 |

(5.9)

where wqmw is determined from the eigenvalue associated with the set of ¢g and ¢; for each
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Figure 5.5: The Purcell factor for one photonic-plasmonic QHM is displayed as a function
of a microresonator WGM coupled to the LSP of an individual gold NR. Statistical fitting
to the Fano resonance in Fig. 5.3 at low annealing temperatures is used to determine the
coupling of the nanorod to the WGM and predict the mode volume, quality factor, and
Purcell factor of the hybridized system. The mode volume, determined by Eq. (5.9), is
minimized when the LSP energy is degenerate with the WGM at wy = w; = 0.9544 V.
This minimum in the mode volume corresponds to a maximum value exceeding 10* for the
Purcell factor of the QHM. The insets show the change in the Fano lineshape as the LSP
energy moves from below the WGM (wy < w1), to degenerate with the WGM (wp = w1), to

above the WGM (wp > wy).
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hybridized mode. Expansion of |[Eqmu|? results in three terms proportional to Vg, Vi, and
the overlap of Ey = —pofy and Eq1 = —p1f;, where fy and f; are the mode functions of
the nanorod and toroid as dictated by the Helmholtz equation (SI Section 2). Both Vj and
Vi can be determined through experiment [136, 139]| or simple, single-material, single-scale
electrodynamics simulations, circumventing the need for computationally intensive multi-
scale methods. Meanwhile, the overlap term can be rewritten in terms of the statistically

inferred coupling, g, as expressed in Eq. (5.4). Finally, the Purcell factor, F', can be

[ <AQHM>3Re{QQHl‘4}, (5.10)

a W n VQHM

calculated using Vguw:

where Aquum is the wavelength associated with wqmuwm, n = 1 is the refractive index at the
location of the emitter proximal to the hybridized cavity (assumed to lie in the junction
between the WGM resonator and the NR), and Qqum = wqum/27qum is the QHM quality
factor, also determined from the eigenvalue associated with ¢y and ¢; (SI Section 8).

We can use this method to estimate the Purcell factor as a function of LSP energy
throughout the Fano sculpting process. This process is shown in Fig. 5.5 for the Fano
resonance in Fig. 5.3. We see that the Purcell factor is maximized when wy = wy, where the
Fano lineshape is symmetric (inset) while asymmetry in the Fano resonance indicates LSP-
WGM hybridization is sub-optimal. Due to the high density of WGM resonances supported
by the resonator, the frequency at which this maximum occurs can be altered through
selection of a different Fano resonance, thus allowing control over the spectral location of
the maximum Purcell enhancement. Our maximum Purcell factor for the resonance shown
is ~ 10* with Voum ~ 10° nm?® and Qqum ~ 104, in agreement with other estimates based
on full-wave, multi-scale simulation of this system [127] and estimates of similar systems

[171]. Notably, our estimate of the coupling is inferred from an experimental spectrum.

5.5 Conclusion

Using thermal annealing we have experimentally demonstrated how to sculpt the Fano reso-
nances and control the degree of hybridization in a photonic-plasmonic system composed of

a coupled WGM microresonator cavity and a plasmonic NR. Guided by analytical modeling,
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we find that decoherence from losses from both the WGM and LSP degrees of freedom are
needed to capture the lineshape of the Fano resonance, generalizing the Fano asymmetry
parameter to be complex-valued. Further statistical treatment enables the prediction of the
Fano lineshape as a function of the experimentally controlled detuning between LSP and
WGM resonances, in excellent agreement with experimental data. Taken together, our com-
bined experimental, analytic, and statistical approach allows for extraction of critical optical
parameters from experimental data, yielding new insights into the fundamental properties
of hybridized photonic-plasmonic systems and enabling maximization of the light-matter

interaction.
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Chapter 6

ELUCIDATING ENERGY PATHWAYS THROUGH SIMULTANEOUS
MEASUREMENT OF ABSORPTION AND TRANSMISSION IN A
COUPLED PLASMONIC-PHOTONIC CAVITY

Reprinted with permission from:

Feng Pan, Kevin C. Smith, Hoang L. Nguyen, Kassandra A. Knapper, David J. Masiello, and
Randall H. Goldsmith. Elucidating energy pathways through simultaneous measurement of
absorption and transmission in a coupled plasmonic—photonic cavity. Nano Letters, 20(1):50-

58, August 2019.
Copyright 2019 American Chemical Society.

Control of light-matter interactions is central to numerous advances in quantum communi-
cation, information, and sensing. The relative ease with which interactions can be tailored
in coupled plasmonic-photonic systems makes them ideal candidates for investigation. To
exert control over the interaction between photons and plasmons, it is essential to identify
the underlying energy pathways which influence the system’s dynamics and determine the
critical system parameters, such as the coupling strength and dissipation rates. However, in
coupled systems which dissipate energy through multiple competing pathways, simultane-
ously resolving all parameters from a single experiment is challenging as typical observables
such as absorption and scattering each probe only a particular path. In this work, we si-
multaneously measure both photothermal absorption and two-sided optical transmission in
a coupled plasmonic-photonic resonator consisting of plasmonic gold nanorods deposited on
a toroidal whispering-gallery-mode optical microresonator. We then present an analytical
model which predicts and explains the distinct line shapes observed and quantifies the con-
tribution of each system parameter. By combining this model with experiment, we extract
all system parameters with a dynamic range spanning 9 orders of magnitude. Our combined

approach provides a full description of plasmonic-photonic energy dynamics in a weakly
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coupled optical system, a necessary step for future applications that rely on tunability of

dissipation and coupling.
6.1 Introduction

In 1946 Purcell theoretically demonstrated that the spontaneous emission rate of an emitter
can be enhanced by its dielectric environment [15], prompting the birth of what is now known
as cavity quantum electrodynamics (cQED). Following this discovery and its subsequent ex-
perimental confirmation [81], cQED has remained an active area of both theoretical and
experimental research and has found application in a variety of fields such as quantum com-
munication and information [173, 174, 175, 176, 177, 178, 179], sensing [180, 181, 90, 92|, and
cavity-controlled chemistry |27, 28, 29, 182, 30, 26, 183, 31]. The development of cQED is in-
tertwined with developments in nanoscience and nanofabrication. In particular, recent years
have seen a boom in cQED experiments due to the emergence of sophisticated techniques
for fabrication of high-quality-factor, chip-scale optical microcavities [85], and deterministic
positioning of “artificial atoms” such as quantum dots and plasmonic nanoparticles on optical
microcavities [184, 185, 50, 186, 187|.

Whispering-gallery-mode (WGM) microcavities are especially attractive due to the at-
tainable ultrahigh quality factor (up to 10%) [85, 188] of their optical modes which can allow
for Purcell factors as large as 190 [189]. In recent work, it has been predicted that this factor
may be improved even further by coupling the cavity modes to the localized surface plasmon
(LSP) of a metal nanoparticle, effectively creating a hybrid plasmonic-photonic resonator
which inherits the ultrasmall mode volume of the LSP while retaining the large quality factor
of the WGMs [105, 190, 191, 192, 193, 194, 195]. In order to both understand and leverage
the light-matter interactions in such a system, it is imperative to accurately determine the
multiple intrinsic damping rates, the LSP-WGM coupling strength, and additional extrinsic
dissipation rates introduced through the measurement. However, these quantities can span
many orders of magnitude, particularly in weakly coupled systems, making it difficult for a
single experiment to capture all of the information.

Many methods have been used to probe light-matter interactions in cavity-matter sys-

tems, including far-field detection of emitted or reflected photons [185, 196, 49, 197, 198,
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199, 200, 201, 202, measurement of transmitted /reflected photons in a waveguide coupled to
the system [184, 203, 204, 205, 206] and single-particle absorption measurements [105, 207].
Specifically, photoluminescence or scattering measurements collect radiated energy in the
far field, transmission /reflection measurements using a waveguide detects energy transferred
from the WGM to the tapered fiber, and absorption measurements probe nonradiative dis-
sipation. While these techniques are individually capable of revealing spectral signatures
of the underlying light-matter interaction, each serves as a readout for only a particular
dissipative pathway and cannot simultaneously resolve all parameters that govern energy
flow within the system. For example, nonradiative and radiative damping rates can be in-
ferred from absorption and scattering spectra, respectively, whereas a fiber-based one-sided
transmission experiment inherently depends upon the rate of energy exchange between an
optically pumped waveguide and the cavity to which it is coupled. Crucially, the line width
of any spectral feature contains information about the total dissipation rate of the system
but does not distinguish between the various dissipative pathways regardless of the observ-
able. Thus, simultaneous measurement of multiple spectroscopic observ- ables is needed for
one to understand how energy is both distributed and dissipated via multiple pathways in
a coupled cavity-matter system.

In this work, we demonstrate the ability to simultaneously measure both photothermal
absorption and optical transmission in a coupled plasmonic-photonic cavity consisting of
plasmonic gold nanorods (AuNRs) deposited on a silica toroidal WGM microresonator [85].
Specifically, the transmission is measured in a two-sided manner |78], where energy is input
through a free-space pump laser and output through a fiber to which the LSP-WGM system
is coupled. In contrast to previous studies on single AuNRs or quantum dots which have
relied on measurements of scattering or photoluminescence, we measure photothermal ab-
sorption and two-sided transmission using a single photonic waveguide, where an individual
AuNR is optically pumped by a frequency-tunable free-space laser. AuNRs of a high aspect
ratio (10:1) are used so that the longitudinal dipolar LSP is efficiently excited by our tun-
able, narrow-line-width near-infrared free-space pump laser. Taken together, absorption and
transmission encode sufficient information about the individual damping rates and mutual

coupling strength of the LSP and WGM such that all relevant system parameters (see Fig.
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6.1) may be determined. Fig. 6.1 illustrates these system parameters as well as the complete

set, of observables that both determine and are defined by their specific values.
6.2 Absorption and two-sided transmission

As described previously [105, 207, 208], photothermal absorption spectroscopy is performed
with separate pump and probe beams. As shown in the experimental scheme of Fig. 6.2,
a narrow-band tunable probe laser coupled to a tapered optical fiber interrogates the mi-
croresonator WGMs via evanescent coupling. At the other end of the optical fiber is an
avalanche photodiode (APD) to allow monitoring of probe beam transmission. The probe
beam is phase-modulated at radio frequencies (RF) and locked to the WGM resonance via the
Pound-Drever-Hall locking scheme [207]. Simultaneously, a pump beam is focused to a near
diffraction-limited spot and overlapped with individual nanoparticles on the microresonator
surface. The pump beam is amplitude-modulated at kilohertz frequencies to maximize the
signal-to-noise ratio. This double modulation scheme is capable of resolving resonance shifts
down to under one attometer [207]. The amount of resonance shift is then used to com-
pute the power absorbed by the AuNRs with the aid of a FDTD (COMSOL) simulation
of the steady-state temperature increase within the microresonator [207]. The pump laser
is raster-scanned over the microresonator to search for single AuNRs sparsely deposited on
the resonator. Once located, an absorption spectrum is obtained by wavelength-scanning
the tunable continuous-wave pump laser polarized along the long axis of the AuNR. High-
resolution photothermal absorption spectra show distinctive sharp Fano antiresonance line
shapes (shown schematically as o,ps in Fig. 6.1), indicative of mutual interaction between
photonic and plasmonic modes [105, 207, 88|.

Concurrent with photothermal absorption, we now measure the two-sided transmission
(o7 in Fig. 6.1), that is, the power transmitted from the free-space pump laser through the
plasmonic-photonic system and into the same tapered fiber used for the above photothermal
measurement. In order to implement the simultaneous measurement of photothermal ab-
sorption and two-sided transmission, we first relied on the use of an electrical signal diplexer
in an electrical separation scheme that can discriminate RF signal from much slower os-

cillatory signal (kHz to DC, hereafter called DC), as shown in Fig. 6.2. Both signals are
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pump laser

Oext = Oabs + Oscat + O1

Figure 6.1:  Schematic of dissipative coupled AuNR-microresonator system with all pa-
rameters (wo, Y0,NR, Y0,Rad, 9> W1, Y1,NR, V1,Rad, 70,Fib) as well as experimental observables
(inset spectra). Energy enters the coupled system via pump laser excitation of the dipolar
LSP of the AuNR and is dissipated through various pathways. Once excited, the LSP de-
cays through both radiative (Y9 rad) and nonradiative (yo,ng) means, and in addition may
exchange energy with the microresonator via LSP-WGM coupling (g). The WGM likewise
may exchange energy with the LSP or decay via outcoupling to the waveguide (v pip) in
addition to radiative (7y1 Rrad) and nonradiative (y; nr) dissipation channels. The conserva-
tion of energy through these various pathways in the steady state is reflected by the equality
between the extinction cross- section (oext), which is a measure of the rate at which energy
enters the system, and the sum of the absorption (oaps), scattering (ogscat), and transmission

(o) cross sections (inset equation), each of which probes a particular dissipative pathway.
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generated by the APD detector. As above, the photothermal absorption signal is decoded
from pump-induced phase shifts in the RF signal through both the local oscillator used for
phase-modulation of the probe beam and a lock-in amplifier. At the same time, the DC sig-
nal is directly connected to a second lock-in amplifier for measurement of the kHz-modulated
two-sided transmission. This strategy relies on the fact that while the photothermal and
two-sided transmission signals are both modulated via the pump beam’s (kHz) modulation,
only the photothermal signal is additionally modulated at RF frequencies. However, high-
resolution spectra collected over several spectral ranges show that signal measured through
the DC channel (Fig. 6.3a, middle) closely follows the asymmetric Fano line shapes mea-
sured through the RF channel (Fig. 6.3a, top). In addition, low-resolution spectra measured
through the two channels both show broad spectral signatures of the LSP (see Figure S2).
The similar spectral line shapes in absorption and transmission (Fig. 6.3a, top and middle)
can be understood by examining the resonance shift induced by photothermal response of
the microresonator, shown in Fig. 6.3b. The DC channel measures the amplitude differ-
ence (labeled with Tgjectrical) in the vertical direction which is proportional to the WGM
resonance shift (labeled with A) in the horizontal direction due to photothermal effect, and
therefore, the DC signal provides a scaled replica of the photothermal absorption spectrum.
Thus, this scheme cannot discriminate the two-sided transmission from the photothermal
signal.

In comparison, the simple optical separation scheme shown in Fig. 6.2 enables the dis-
tinction between photons transmitted through the coupled plasmonic-photonic cavity system
from the pump beam (A = 1275—1355 nm) and those photons originating in the probe beam
(A = 1550 — 1570 nm) and employed for photothermal spectroscopy. A combination of a
wavelength division multiplexer (WDM), short-pass optical filter, and second photodetector
(PDA) then allows for a simultaneous direct measurement of photons of different wavelengths
traveling through the taper, revealing dramatically distinct spectral features, as shown in
the bottom row of Fig. 6.3a. At each WGM energy position lies a resonant line shape that
is conspicuously different from the Fano antiresonance seen in the absorption spectra. Mea-
surements on different AuNRs and microresonators show these same phenomena (see Figure

S1). Intermediate-resolution spectra over a full spectral range taken through the two chan-
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Diplexer
APD DIPIEXer

Experimental setup for simultaneous measurement of absorption and two-

sided transmission. LI, lens I; LII, lens II; GM, galvo mirrors; FXN, function generator;

Lock-in, lock-in amplifier; HWP, half-wave plate; OBJ, objective; LB, lock box; WDM,

wavelength division multiplexer; SP, short-pass optical filter; PDA, adjustable-gain photo-

diode detector; APD, avalanche photodiode detector; DAQ, National Instruments LabView

data acquisition card; RF, radio frequency electrical signal generated from APD; DC, kHz

to DC electrical signal generated from APD. The red box indicates where either an elec-

trical separation (top) or optical separation (bottom) is implemented. Arrows of different

colors represent photothermal absorption (orange) and transmission (green) measurements

or references (black).
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Figure 6.3: Simultaneous spectral measurements. (a) Photothermal absorption (A) mea-
sured through the RF channel from APD (top); transmission (Tgjectrical) measured through
DC channel from APD (middle); transmission (Toptical) measured with the WDM included
and detected via the PDA (bottom). Note that the resonance “teeth” of transmission
(Toptical) are not exactly lined up with other two observables. In this case, Thicctrical and A
were measured simultaneously, but Toptical Was measured later and the laser scanning actu-
ator experienced minor motion hysteresis. (b) Schematic illustration of how photothermal
and transmission measurements are conveyed through RF and DC channels when the pump

laser induces a resonance shift.
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nels also show distinct spectral features where the spectrally broad LSP resonance measured
via photothermal absorption is replaced by a series of resonance “teeth” in the two-sided
transmission spectra (see Figure S3). These distinct spectral behaviors are also robust over
a range of pump laser modulation frequencies (Figure S4). The two-sided transmission signal
is highly dependent on taper position relative to the microresonator with certain positions
rendering some WGMs inaccessible while other modes are viable channels for outcoupling
photons to the taper (see Figures S8 and S12), as expected [209]. Taken together, adding
a WDM-filtered detection channel enables one to realize the simultaneous measurement of
absorption and two-sided transmission for a coupled LSP-WGM system using a single optical

waveguide.

6.3 Theoretical modeling

The spectral features exposed by simultaneous absorption and transmission measurements
can be well-understood through mathematical modeling of the various energy pathways
available to the coupled LSP-WGM system. To that effect, we develop a coupled oscillator
model which includes physically independent system parameters relevant to each dissipative
process and, as will be shown, each spectral observable. Although this model is derived from
first-principles (SI), simplifications informed by experimental results are made. For exam-
ple, the distinct line shapes in transmission spectra indicate that the tapered fiber does not
simply play a passive role in the interrogation of the coupled LSP-WGM system. Instead,
the propagating modes of the tapered fiber are coupled to the WGMs of the microresonator
through the mutual overlap of their evanescent fields. Because this coupling is weak, it man-
ifests itself in the LSP-WGM dynamics as a taper-induced loss mechanism and the dynamics
of the fiber modes need not be explicitly considered. In addition, quantum fluctuations, while
typically included in input-output theory as a manifestation of the fluctuation-dissipation
theorem |78|, are ignored here as all excitations are in the many-quanta limit where clas-
sical effects dominate. Lastly, only a single WGM need be considered because the modes
of the toroid are mutually orthogonal and therefore do not interact directly. Taking all of

these considerations into account, the equations of motion for the LSP-WGM system may
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be written as

2
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where z and m are the oscillator amplitude and effective mass of the dipolar LSP along the
AuNR’s long axis, ¢ is the speed of light, Eege ™! is the field of the pump laser incident
on the AuNR, and the radiation reaction force (proportional to @ and e is the elementary
charge) acting on the LSP has been included [4]. Where appropriate, the subscripts 0 and
1 are used to signify LSP and WGM parameters, respectively. On the second line, V' is the

mode volume of the WGM and q is related to its associated electric field by

Br.t) = (08 (62)

where the mode function [210, 41] f(r) is a solution to a generalized form of the vector
Helmholtz equation appropriate for an isolated WGM resonator. Finally, appearing in both
equations of motion is a term proportional to the coupling strength, g, determined (up to
scaling factors) by the projection of the WGM mode function onto the long axis of the AuNR

at its center rq,
4

RIS {CORES (6.3)

g=e

Whereas the equations of motion (Eq. (6.1)) are similar to those used in our previous
work [105, 207]| here we explicitly differentiate between the various physical processes which
contribute to the decay of both the LSP and WGM excitations. Each distinct damping
rate is labeled by « with a subscript denoting the relevant dissipative pathway. The LSP
dissipates energy via nonradiative absorption (yonr) and radiation into the far field (yo nr =
2e?w? /3mc?), whereas the WGM can decay through energy transfer to the fiber (v1 pib)
in addition to dissipative processes intrinsic to the WGM, including material absorption,
bending loss, and surface inhomogeneity scattering. Additionally, energy may be transferred
from the WGM to LSPs of undriven AuNRs on the surface of the toroid which in turn can
absorb and radiate. While these taper-independent WGM decay pathways are each the

result of physically distinct processes, all terminate in either heating the microresonator or



111

liberating energy into the far-field via radiation, and therefore can be aggregated into a total
nonradiative (y; nr) and radiative () rad) damping rate.

Each dissipative pathway is associated with a distinct experimental observable; absorp-
tion measurements probe nonradiative dissipation, scattering measurements collect radiated
energy in the far field, and the previously described two-sided transmission measurement
detects energy transferred from the WGM to the tapered fiber. Accordingly, expressions for
various cross sections may be derived by computing the power dissipated in the steady state
by the corresponding damping force in Eq. (6.1) and normalizing to the intensity of the
pump laser incident on the AuNR (SI). Carrying out this procedure leads to the following

expressions for the reduced absorption, scattering, and extinction (i.e., total) cross sections

Tabs  YONR Oscat  7Y0,Rad Oext 70, Tot
28 S _ Y F(w) zca _ Y a F(w gx _ Y e} F(w) (64)
O abs Yo,NR Ogscat 7Y0,Rad Oext 70, Tot

where the superscript 0 denotes the cross-section of the isolated LSP and

Yo,5(wW) = 0, + (@ —o2)? 5 VL (6.5)

is the WGM-dressed LSP damping rate where j indicates a particular decay pathway (non-

radiative, radiative, or total). Each reduced cross-section scales with the function

QF+€2

Flw)= e+1

(6.6)

which depends on the scaled and shifted pump frequency e(w) = (w? —Q?) /wT where explicit
forms for Q(w) and I'(w) are given in the SI. In the limit where LSP damping dominates
the coupled LSP-WGM dynamics (i.e., 70,10t > 71,Tot, ¢), the complex-values function
qr(w) = (2% — w} + iwy1 Tot) /wl becomes approximately constant over the spectral width
of the WGM and can thus be identified as a complex generalization of the Fano asymmetry
parameter [105|, while F'(w) becomes the familiar Fano line shape [207, 88, 89| describing
an antiresonant effect at pump frequencies near the WGM resonant frequency.

Because the two-sided transmission measurement is unique to the LSP-WGM system
and not of the LSP itself, it is not sensible to normalize the transmission cross-section to

that of the bare LSP. Instead, it can be shown (SI) that it takes the form

Y1, Tot 70, Tot
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Figure 6.4: Simultaneous fits to reduced absorption cross-section (top) and transmission
cross-section (bottom). Though relative energies are plotted here, absolute energies are used

for further analysis.

Table 6.1: Mean and standard deviation of the mean for all fit parameters.

hwo (eV) hwi (V) hyonr (meV) Fyo,rad (meV) hg (meV) hyinr (#€V) hyirad (neV) Avi i (neV)

mean  0.9326 0.9426 62.20249 5.293 0.332 1.74 0.18 26
S.D.  0.0001 0.0002 0.00009 0.002 0.004 0.04 0.02 1
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Figure 6.5: (a) All fit parameters in log scale (left side) obtained from simultaneous fits

to experimental data in well-separated spectral windows indicated by dark dashed lines.

Scaling these parameters between frequency and energy units is accomplished by an implicit

factor of h. Zoom-in plots in linear scale (right side) for better clarity. The arrow on the

second panel indicates a range of 5 x 1076 V. (b) Computed spectra (left side) based on the

global mean of all fit parameters and pie charts (right side) for the parameters’ contributions

to the corresponding cross sections.
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This expression, although different in form from the other cross sections previously discussed,
can be intuitively understood by considering the pathway taken by the transmitted energy
prior to its detection in the tapered fiber: the extinction cross-section oey characterizes the
total fraction of energy imparted into the LSP by the incident pump laser per unit time in
the steady state, while the two preceding factors (from right to left) describe the fraction of
that energy that is transferred to the WGM and, finally, the fraction that is dissipated into
the tapered fiber.

6.4 Extracting system parameters

Although the above model alone yields a qualitative understanding of the physics underlying
the coupled LSP-WGM system and the observables which probe its dissipative pathways,
quantitative estimates of the parameters relevant to those observables may be obtained
through a combination of theory and experimental data through least-squares fitting. Such
a quantitative characterization of the system is compelling for a variety of reasons. An
order-of-magnitude comparison between various parameters elucidates the breadth of time
scales which play a role in the system dynamics, whereas an analysis of the coupling strength
in relation to the dominant dissipative rates reveals where the system lies in the range of
weak-to-strong coupling (our system is clearly in the weak coupling regime). In addition, an
accurate parameter estimation is important for optimizing hybrid cavity design to control
light-matter interactions, such as for maximum Purcell enhancement [105].

Because of the multiple order-of-magnitude mismatch between LSP and WGM line
widths, both low- and high-resolution absorption spectral measurements are taken into con-
sideration. The low-resolution scan characterizes the spectrally broad Lorentzian “envelope”
of the LSP, while the high-resolution scan reveals spectrally narrow Fano line shapes in ab-
sorption [105, 207, 88, 89| and sharp resonance “teeth” in transmission, as discussed above.
Parameter estimates are obtained through a two-step fitting procedure. First, LSP parame-
ters (wo, 70,NR, Y0,Rad) are extracted by fitting low-resolution absorption spectra to the bare
LSP absorption cross-section

2

dmw Y0,NR
2 22 22
c (w?—wi)?+uw Y5 Tot

Ohesl) = (6.8)
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Subsequently, remaining parameters (w1, ¥1,NR, Y1,Rad,Y1,Fib, ) are obtained through si-
multaneous fitting of high-resolution absorption and two-sided transmission spectra to Eqgs.
(6.4) and (6.7) with LSP parameters bound within 95% confidence intervals. Notably, all
fits are carried out on absolute measurements without artificial scaling parameters. Simul-
taneous fits over several spectral ranges that contain a large number of WGM resonances all
show an excellent agreement between experimental measurements and the model, a few of
which are shown in Fig. 6.4 and Figure S7.

The plasmon natural frequency (wp) and nonradiative damping rate (yonr) obtained
from fits vary minimally between WGM resonances, as shown in Fig. 6.5a. The stepwise
trend of wi results from the fact that individual, well-separated spectral windows are sur-
veyed, each containing multiple WGM resonances. Likewise, a similar stepwise trend is
observed for the frequency-dependent LSP radiative damping rate o rad(w) which here is
evaluated at w = wi. Analyzed WGMs consist of those at resonant frequencies both higher
and lower than the frequency of the LSP (wp). Cavity intrinsic (79 Rad and 71 Rad) and
taper-induced (fyLFib) loss rates are less than those contributed by the LSP by over 3 orders
of magnitude. We calculate the global mean of individual damping rates obtained from
the fitting for each parameter. As shown in Table 6.1, fits to simultaneous absorption and
transmission measurements make it possible to extract a high dynamic range of damping
rates spread over 6 orders of magnitude. The LSP damping rates are comparable to those
reported by Refs [202, 211, 212] reported for single AuNRs, while WGM damping rates are
in accordance with typical Q-factors (~106) of higher-order modes measured in toroidal mi-
croresonators with AuNRs deposited on the surface. As expected, the coupled LSP-WGM
system is well within the weak coupling regime as the interaction energy g is multiple orders-
of-magnitude smaller than the system’s total damping rates (hg ~ 107% eV, hyo, ot ~ 1072
eV, Ay Tot ~ 106 eV). Iy pib is the smallest among WGM loss rates, suggesting the taper
is undercoupled and can act as a weakly perturbative readout to examine those WGMs that
interact with the LSP.

As seen by examining the standard deviation of the mean, the variation among LSP
parameters is minimal in comparison to the WGM parameters. This is expected as all

measurements were carried out for a single LSP with a well-defined resonance frequency
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and line width. In contrast, the mean and standard deviation of the mean for the WGM
parameters compiles results across 12 distinct WGM resonances and variation is therefore
expected. In particular, the fiber-induced loss rate 1 pip, and the coupling strength g depend
crucially on the field profile of the particular WGM in question and therefore the standard
deviation of the mean conveys important information about the range of attainable values
for these parameters. Among all parameters, the most uncertain is the WGM radiative loss
rate 1 Rad- This is expected as we do not measure scattering and therefore do not directly
probe the energy dissipated through radiative means. In other words, the absorption and
two-sided transmission measurements provide sufficient information to extract the individual
rates y1 NRr and 71 Fib, respectively, whereas the line shape in either observable may be used
to determine the total line width ~1 1. The radiative rate 71 raq is inferred through a
combination of these independent measurements along with the relation i Raqa = V1,Tot —
Y1,NR — V1,Fib- A more direct determination of v; raq Would be possible through a scattering
measurement simultaneous with the absorption and transmission measurements.

In order to evaluate the sensitivity of each observable on the coupling strength and the
various damping rates, we compute all derived observables using the global mean of all fit
parameters and examine the effect of the parameters’ variation upon that observable (SI), as
shown in Fig. 6.5b. The LSP damping rates, particularly 7o Nnr, dominate the contribution
tO Oabs, Oscat, and gext. However, o is more sensitive to the variations of WGM damping
rates and coupling strength. Overall, through simultaneous measurement of absorption
and transmission, we are able to fully describe this weakly coupled system even though its
parameter space spans nearly 9 orders of magnitude in energy. This capability provides a
foundation for deterministic control and design of specific dissipative channels for specific
purposes.

One example of an application would be to tailor far-field radiation by controlling the
influence of the photonic environment on a single nanorod’s polarizability. A similar scheme
was used in an array of nanorods coupled to a single WGM through backaction [200]. With
the addition of a far-field scattering measurement and theoretical modeling, a complete
accounting of every photon entering and exiting the system would be possible. As dictated

by energy conservation, the sum of the powers scattered, absorbed, and transmitted must
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equal the laser power extinguished when averaged over an optical cycle. This conservation

is made explicit through the sum rule obeyed by the observables in Eqs. (6.4) and (6.7)

Oext (W) = Uabs(w) + Oscat (w) + UT(W) (69)

which can be derived by appealing to Newton’s equations (SI). Nevertheless, even without
a scattering measurement, it is possible to extract parameter values from absorption and
transmission measurements and subsequently extrapolate the system’s scattering behavior
from the model. This method of determining system parameters can be combined with
previously reported methods for tuning the plasmonic resonance based on thermal annealing
[105] to exert unprecedented control over plasmonic-photonic mode mixing and energy flow.

In general, the emergent properties of cavity-matter systems are determined by the dis-
sipation rates and couplings such as those quantitatively determined in this work. The
balance of these parameters must often be precisely controlled in order to achieve certain
functionality across a breadth of applications. For example, tunability of LSP and WGM
resonance energies in a coupled plasmonic-photonic cavity is crucial for maximizing Purcell
enhancement [105]. A perfect balance of gain and loss is imperative for creation of excep-
tional points in parity-time symmetric systems [90, 104|. To achieve strong cavity-matter
coupling, a significant disparity between coupling and total loss is necessary (213, 214|. The
ability to dial-in specific coupling strengths and resonance energies is a critical requirement
for creation of nonlinear coupled cavities arrays for quantum simulation [215, 216, 35|, quan-
tum error correction [217|, and optical signal processing [218|. Creation of routing systems
in photonic circuits requires precise control of photon transfer rates between component
cavities [219]. Realization of all these applications depends upon convenient experimental
techniques, such as those presented here, to determine intrinsic system parameters across

many time scales.

6.5 Conclusion

In summary, using a single tapered optical fiber, we demonstrate the simultaneous mea-
surement of photothermal absorption and two-sided transmission from individual plasmonic

nanorods coupled to an optical microresonator. These observables allow us to track down
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the distribution and dissipation of energy through multiple competing pathways. We also
present a model of the coupled plasmonic-photonic system that we use to fit the measured
data and extract the damping parameters as well as the LSP-WGM coupling strength with
a high dynamic range spanning up to 9 orders of magnitude, fully describing the LSP-
WGM dynamics in a weakly coupled system. These combined experimental and theoret-
ical techniques may be useful for future spectroscopic investigation of weakly or strongly
coupled plasmonic, excitonic, and photonic systems with dissipation and coupling span-
ning a wide range of time scales. This quantitative understanding is necessary to lever-
age light-matter interactions through manipulating specific dissipation channels and/or
coupling for applications in quantum communication and quantum information science
[220, 173, 174, 175, 176, 177, 178], single-molecule detection [221, 222], and cavity-controlled
chemistry [27, 28, 29, 182, 30, 26, 183, 31].
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Chapter 7

DIRECT OBSERVATION OF INFRARED PLASMONIC FANO
ANTIRESONANCES BY A NANOSCALE ELECTRON PROBE

Copyright (©) 2019 by American Physical Society. All rights reserved.

In this Chapter, we exploit recent breakthroughs in monochromated aberration-corrected
scanning transmission electron microscopy (STEM) to resolve infrared plasmonic Fano an-
tiresonances in individual nanofabricated disk-rod dimers. Using a combination of electron
energy-loss spectroscopy (EELS) and theoretical modeling, we investigate and characterize
a subspace of the weak coupling regime between quasi-discrete and quasi-continuum lo-
calized surface plasmon resonances where infrared plasmonic Fano antiresonances appear.
This work illustrates the capability of STEM instrumentation to experimentally observe
nanoscale plasmonic responses that were previously the domain only of higher resolution

infrared spectroscopies.
7.1 Introduction

Since the pioneering work of Ruthemann in 1941 [223], inelastic electron scattering ex-
periments using collimated electron beams have made enormous advances in their ability
to simultaneously combine and correlate spectroscopic information with spatial imaging at
the nanoscale. Today, electron energy-loss spectroscopy (EELS) performed in a monochro-
mated aberration-corrected scanning transmission electron microscope (MAC STEM) can
resolve energy losses below 5 meV, with a focused fast electron probe that possesses qualities
similar to an ultrafast, near-field, white light source and is only a few atoms in diameter
[224]. Paired with modern developments in instrumentation, these properties of the elec-
tron probe have made possible the simultaneous spectroscopy and nanometer-scale imaging
of optically bright and dark electronic, and even vibrational excitations in nanoparticles

[225, 226, 227, 228, 229, 230, 231, 60, 232, 233, 234], plasmonic energy and charge transfer
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[235, 236, 228], and magneto-optical metamaterials [237, 238, 239, 240, 241], heralding a

new frontier of materials discovery that is inaccessible to far-field optical spectroscopies.

Despite these advances, the asymmetric Fano lineshape [88], first observed in 1959 in the
EEL autoionization spectrum of He gas [97, 242|, remains elusive in the EELS of plasmonic
systems. In his seminal 1961 work [88], Fano interpreted the observed lineshapes in terms
of a configuration interaction between Helium’s discrete 2s2p double electronic excitation
and the scattering continuum. In recent years, so-called Fano interferences or antiresonances
have been observed in a variety of optical [89, 243, 105, 207, 244, 65, 245, plasmonic [246,
247, 248, 74, 249, 250, 251, 252|, and transport [253, 254, 255| experiments that involve
weak coupling between spectrally narrow and broad resonances as generalizations of Fano’s
original discrete and continuum states. Theory has debated the ability of EELS to capture
the Fano antiresonance in plasmonic systems [256, 257, 258|, providing impetus for a careful

experimental investigation.

Motivated by a new generation of STEM monochromators, we construct and measure
the spectral response of a plasmonic nanostructure that satisfies two critical requirements for
the Fano antiresonance: (1) the individual plasmonic “configurations” are weakly coupled to
each other, and (2) there is roughly a factor of ten or greater between the linewidths of each
configuration, corresponding to the discrete and continuum channels of Fano’s original anal-
ysis. These requirements are achieved through the design of a gold disk-rod dimer possessing
a series of sharp, experimentally resolvable mid-infrared Fano antiresonances arising from
the perturbative influence of the rod’s spectrally narrow infrared Fabry-Pérot (FP) surface
plasmon polariton (SPP) resonances [259, 260, 261, 262, 263, 57| upon the comparably broad
dipole plasmon of the disk. We also present an analytical model that generalizes the Fano
lineshape to account for the finite linewidth of both broad (quasi-continuum) and narrow
(quasi-discrete) modes, as well as the inherently lossy nature of the interaction between rod
and disk modes through the electromagnetic field. Finally, we apply the model to the exper-
imentally measured dimer spectra, showing that it explains the observed features in terms of
the incoherent interaction between the rod and disk plasmons in rationally-designed dimers

of variable disk diameter and rod length.
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7.2 EEL spectra of a plasmonic disk-rod dimer

Fig. 7.1a shows a schematic of the coupled disk-rod system studied, designed such that
the dipole plasmon resonance of the disk spans a progression of narrow FP rod modes of
alternating parity. Tuning the rod length controls the number of rod modes that overlap with
the disk dipole, while both the rod length and disk diameter together determine the degree
of spectral overlap between disk and rod modes. Weak coupling is achieved at relatively
large disk-rod separations (~ 50 nm edge-to-edge), with the parameters necessary for Fano
antiresonances falling into a subset of this space where, in addition, there is a factor of ~ 10
or greater between the disk dipole plasmon and FP rod resonance linewidths. Extensive
preliminary experimental and theoretical studies were performed to optimize the plasmon
energies and linewidths of the disk and rod monomers such that the disk-rod dimers meet
these criteria while retaining the smallest detuning possible between the disk dipole and
lower-order rod modes.

The top panel of Fig. 7.1b shows the point EEL spectrum of a disk-rod dimer composed
of an 800 nm diameter disk and a 5 um rod separated by a 50 nm gap, measured at a beam
location 10 nm radially outward from the disk edge along the axis of the rod (green x). For
comparison, the bottom panel of Fig. 7.1b displays the EEL spectra for an isolated disk
(blue curve) and rod (red curve) of the same size, collected at beam locations indicated by
the blue and red x, respectively. The disk monomer spectrum (Fig. 7.1b) reveals a broad
resonance around 500 meV attributed to the dipolar disk mode, while the rod monomer
spectrum shows a succession of spectrally narrow FP SPP resonances beginning around 200
meV. As anticipated, the spectrum of the coupled system collected on the disk end is not a
simple sum of the two monomer spectra, but instead follows the Lorentzian-like “envelope”
of the isolated disk dipole peak with narrow asymmetric dips at the spectral location of each

rod mode, indicative of weak coupling.

7.3 Theoretical modeling

Analysis and interpretation of measured EEL spectra is facilitated by analytical modeling of

the disk-rod dimer. Considering only the interaction between a single FP mode of the rod
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Figure 7.1: (a) Schematic of a gold disk-rod dimer indicating the relevant system parameters
and electron-beam location where spectra are acquired (red x). (b) Experimental EEL
spectrum of a dimer consisting of a 800 nm diameter gold disk and a 5 pum long gold rod
separated by a 50 nm gap (green curve). Blue and red curves show the monomer spectra
for a near-identical disk and rod, respectively. The dimer spectrum is not a simple sum of
the two monomer spectra, but instead exhibits a narrow dip at the spectral location of each
rod mode (dashed lines). A typical example of the EEL spectrum acquired at the rod end

is shown in Fig. 7.5.
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with the dipole plasmon of the disk, the surface plasmon resonance solutions of Maxwell’s

equations can be mapped onto the following set of coupled harmonic oscillators [60, 239,

o - Yorbo — =2 T + ™ / dtg(t — pi(F) = S E5 (0,1
e — w, — JE— — e p— ,
Po T TarPo 3moc® 0 0Po mo ) g p1 o el
. . . 2 mo t ’ / /
P14 YorP1 + VradP1 + wiD1 — p— dt'g(t —t')po(t') = 0.
—0o0

Here p; labels the x-oriented surface plasmons of the disk (i = 0) and rod (i = 1) of

(7.1)

natural frequency w;, nonradiative dissipation rate -, and effective mass m; [60, 239].
Radiation-reaction forces have been included to account for radiative losses by the system,
which in the frequency domain can be repackaged into the total dissipation rates yo(w) =
Yar + 2€2w?/3moc® for the disk dipole mode [4] and 1 = ~ur + Yraq for the rod mode;
here ~;,q4 has been used in place of the frequency-dependent Larmor rate due to the non-
dipolar nature of the rod modes, which are sufficiently spectrally narrow such that .4 is
well-approximated as frequency-independent.

The disk dipole plasmon is driven by the electric field Eq(x,t) = —e(x—Ro—vt) /v [(z —
vt)? + (R/v1)?]3/? of the fast electron moving uniformly with velocity v = é,v evaluated
at the center of the disk, taken to be the origin. Here 77, = [1 — (v/¢)?]~'/? is the Lorentz
contraction factor, Ry = —€; Ry the electron beam position (Fig. 7.la red x), and R =

(x 4+ Ro)? + y? is the lateral distance between electron probe and field observation point in
the impact plane (z = 0). Due to the relatively large disks studied (2 650 nm in diameter),
the rod modes are not directly driven by the evanescent field of the electron when the electron
probe is positioned at the disk end of the dimer. No EEL signal is observable above the
background when the disk is removed, illustrating the disk’s role as an antenna that transfers
energy from the electron probe to the rod.

The coupling strength between the disk and rod plasmon modes depends upon the relative
separation and orientation of the disk and rod as well as their respective polarizabilities. In
the frequency domain, the coupling is characterized by the complex parameter g(w), arising
from the interaction energy Ui,y = —Eq - po, where E; is the induced electric field of the rod
mode evaluated at the disk dipole center. The real part of g(w) defines the rate of energy
transfer between the disk and rod plasmon modes, while the imaginary part accounts for the

lossy nature of this interaction and is related to the degree of interference between the fields of
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the coupled modes (see Chapter 3.2). Because the rod modes are spectrally narrow, the real
part of the coupling strength g(w) may be treated as approximately frequency-independent.
Likewise, the imaginary part is taken to be linear in w as g(w) is purely real for static fields
(i.e., w = 0) and therefore does not have a frequency-independent contribution. Lastly, only
the coupled plasmon dynamics oriented parallel to the rod’s long axis need be considered due
to the high aspect ratio of the rod, justifying the use of the quasi-one dimensional dynamical
equations in Eq. (7.1) with all other collective electronic motion occurring at much higher
energy.

The EEL probability P(w) per unit frequency w of transferred quanta between electron
beam and target is obtained by computing the work done on the electron probe by the field
induced in the polarized target [264],

_ “1
|E%(0,w)]? e (5 o5 . g9
Plw) = 2l @I 1 (2 2y — , 7.2
(w) s m (@i Wt o T o o (7.2)

while the EEL probability for the isolated disk Py(w) is obtained from the above expression
by taking g = 0. The ratio between P(w) and Py(w) at the same beam position Rg can be

cast into the reduced form

]]330((0:))) _ (1 + Im [w% _giéwjoiw71]>

which generalizes Fano’s original lineshape to account for dissipation in both broad and

q+el?

€+1

(7.3)

narrow plasmon resonances as well as complex coupling. Here q(w) = (Q%(w) — w? +
iwy1(w))/wl(w) and €(w) = (w? — N%(w))/wl(w) are respectively the complex-valued asym-
metry function and reduced frequency expressed in terms of the modified frequency Q2(w) =
w? — Re[g?(wd — w? —iwyp) Y] and linewidth T'(w) = 71 (w) + (1/w)Im[g? (w3 — w? —iwyo) 1]
of the spectral feature described by the interaction of disk dipole and rod plasmon modes.
For true Fano antiresonances, the function ¢(w) & g(w) is approximately constant and rep-
resents the asymmetry parameter originally proposed by Fano to distill the physics of the
antiresonance into a single number that depends upon the basic system parameters [88].
Here, since both disk and rod modes are dissipative, the asymmetry parameter generalizes
to a complex-valued number, the real part of which characterizes the degree of asymmetry

of the antiresonance. It is important to note that without the second term proportional
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to 71, q(w) would be real-valued and the reduced EEL probability spectrum in Eq. (7.3)
would vanish at those frequencies where €(w) = —¢(w) [105]. However, this is not observed
experimentally at any coupling strength due to the finite linewidth of the spectrally narrow
rod resonances. Lastly, the standard form of the Fano lineshape is scaled by a frequency-
dependent prefactor which accounts for the additional non-disk dissipation channels of the
dimer.

Since each rod has multiple plasmon modes that spectrally overlap the disk dipole plas-

mon resonance, the EEL probability is further generalized as

ESO.0P (5 o 9 -
P(w) = eilm[(wo —w?—iwy — Y } 7.4
h zj:w]?—wZ—zwvj) (7.4)

and the reduced EEL probability may be cast into the approximate form,

P(w)
Py(w)

~ Fi (ql(w), €1 (w))]-'g (qg(w), €9 (w)) o FN (qN(w), eN(w)), (7.5)

where F;(g;(w), €j(w)) is the Fano lineshape describing the interaction between the jth rod
plasmon mode and the disk dipole plasmon mode (labeled by the subscript 0) given by Eq.
(7.3). This product factorization of the reduced spectrum, which allows for an estimate of
the asymmetry function g;(w) for each individual rod plasmon mode, is approximate as the
rod resonances overlap weakly, causing their individual contribution to the dimer spectrum
to depend upon neighboring rod modes through their mutual interaction with the disk dipole
plasmon. Nonetheless, the exact form of the reduced EEL spectrum inferred from Eq. (7.4)
can be used to demonstrate the accuracy of the simple product form in the weak coupling
regime when all rod modes are well-separated spectrally (see Appendix). Lastly, while the
model parameters (including g;) could be obtained by approximating the disk and rod by
oblate and prolate spheroids and adding the contributions from radiation damping, doing
so adds little additional insight into the measurements; thus we obtain these parameters by
numerically fitting the experimental spectra.

Measured EEL spectra are collected at Rg for a set of fabricated gold disk-rod dimers of
varying rod length and disk diameter. All system parameters (wo, mo, wj, 7v;, and g;) are

obtained for each dimer by least-squares fitting the analytic form for P(w) defined by Eq.
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(7.4) to the spectra. The nonradiative (Drude) dissipation rate of the disk dipole is set prior
to fitting according to the value for gold at optical frequencies (hya, = 69 meV [265]). Initial
guesses for the natural frequency wy and effective mass mg of the disk plasmon are estimated
for each dimer by fitting the measured EEL spectra collected at R of an isolated disk, while
initial guesses for w; and «y; of the N rod plasmons are estimated from the EEL spectra of an
isolated rod. As a check of the fitting procedure, the parameters obtained from each dimer
spectrum are used to reconstruct the disk monomer spectrum Py(w), rod monomer spectrum
Proa(w) = >_; Pj(w) (where Pj(w) is identical in form to Py(w) with indices interchanged
where appropriate), and the reduced EEL probability spectrum P(w)/Py(w) for each struc-
ture. We note that, while any spectrum can be fit by an arbitrary collection of oscillators,

the approach here is restricted by the number of oscillators present in the monomer spectra.
7.4 Revealing Fano resonances

Fig. 7.2 shows the result of this analysis for a dimer composed of a 650 nm diameter gold
disk and a 5 pm gold rod separated by a 50 nm gap. The dimer point EEL spectrum,
collected at a beam position 10 nm radially outward from the disk edge (green x), is shown
in the upper panel of Fig. 7.2a (green bullets) with the fit to Eq. (7.4) overlaid (black
curve). The bottom panel of Fig. 7.2a compares the experimental EEL spectra obtained
from a 650 nm disk monomer (blue bullets) and a 5 pym rod monomer (red bullets) to
the theoretical monomer spectra reconstructed from parameters obtained from fitting the
dimer spectrum (black curve). Due to small geometrical variations between the isolated
monomer rods and disks versus those which compose the dimers, the monomer spectra will
not, in general, exactly match those corresponding to the dimer disk and rod. In addition,
deviation between the reconstructed and experimental disk monomer spectra is expected on
the higher-energy side of the disk dipole peak where the quadrupole plays a non-negligible
dynamical role. Despite these limitations, Fig. 7.2a shows excellent agreement between
reconstructed and experimental spectra, which further validates our ability to extract the
monomer parameters from the dimer spectra. To compare with our theoretical analysis,
Fig. 7.2b displays the reduced EEL probability (green bullets) obtained by dividing the

experimental spectrum by the theoretically reconstructed isolated disk spectrum Py(w) (top),
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Figure 7.2: EEL point spectrum of a gold disk-rod dimer composed of a 650 nm diameter
disk and a 5 pum rod separated by a 50 nm gap. The spectrum exhibits a progression of
infrared Fano antiresonances due to the interaction between the broad disk dipole plasmon
resonance and the spectrally narrow plasmon modes of the rod. The upper panels display
the (a) experimental (green) and fit (black) EEL spectrum and (b) reduced EEL spectrum
of the dimer collected at the disk end. The lower panel of (a) shows the experimental
monomer spectra of an isolated disk (blue) and rod (red). As an independent check of
the fitting procedure, the theoretical monomer spectra are reconstructed from the dimer fit
parameters (black curves), showing excellent agreement. The lower panel of (b) displays
the decomposition of each antiresonance in the reduced spectrum into a product of Fano
lineshapes F;(q;,€;) as described in Eq. (7.5) with the corresponding value of the real part

of the asymmetry parameter ¢, ; = Reg;(w;) indicated above each feature.
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along with the decomposition into a progression of individual Fano lineshapes F;(gj, €;)
(bottom).

This analysis is repeated for a set of four unique disk-rod combinations and summarized
in Fig. 7.3 to illustrate the variation in coupling strength and relative linewidth as a function
of disk and rod size. Underlying each data point is a particular rod FP mode (labeled j)
which interacts with the disk dipole plasmon (labeled 0). Dimers denoted by D1 (D2) consist
of a 650 (800) nm disk while those denoted by R1 (R2) contain 2.5 (5) pm long rods. In all
cases, the disk and rod are separated by a gap of 50 nm and EEL spectra are collected 10 nm
radially outward along the rod long axis from the disk edge (Fig. 7.1a, red x). As each dimer
contains multiple overlapping disk and rod modes, these four structures generate 12 modes
available for analysis. For all dimers, the lowest and highest energy rod resonances are not
included as explicit data points due to uncertainties imposed by subtraction of the zero-loss
peak and interactions with the SiOg substrate phonon mode at lower energies (< 200 meV)
and the influence of the disk quadrupole at higher energies (2 650 meV). The full spectra
are displayed in Fig. (7.4).

All disk-rod mode pairs are found to be in the weak coupling regime as each data point
satisfies the inequality Re g;/v0(w;)/wow; < 1 [64, 63]. Additionally, multiple disk-rod mode
pairs are found to obey the linewidth condition v; ~ v9/10 (Fig. 7.3 red region), including
those highlighted in Fig. 7.2, thus satisfying both requirements for the emergence of Fano
antiresonances in the coupled spectrum. Additionally, these results indicate that the size of
both the rod and disk play a crucial role in determining whether the disparity in linewidths
between the disk and rod modes is sufficient to observe a sharp antiresonance. We find that
the longer 5 pm rods (R2) in combination with the 650 nm diameter disk (D1) optimally
balance the two criteria for sharp Fano antiresonances, while supporting a progression of
rod modes which are minimally detuned from the disk dipole such that disk-rod interaction

is non-negligible.
7.5 Conclusion

In conclusion, we resolve for the first time Fano antiresonances in the EEL spectrum of a

plasmonic nanostructure. This is achieved by rationally designing a gold disk-rod dimer
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Figure 7.3: Graphical summary of the interaction between individual rod resonances and
the disk dipole plasmon in a collection of disk-rod dimers. Each mode pair is represented by
a distinct symbol and is characterized by its relative coupling strength Re g; /fyO(wj)\/uij
and dissipation rate v;/vo(w;j). Dimers denoted by R1 (R2) consist of 2.5 ym (5 pm) long
rods, while those denoted by D1 (D2) consist of 650 (800 nm) diameter disks. In all dimers,
the disk and rod are separated by a gap of 50 nm and since Re g;/7o (wj)\/cij = 1 denotes
the boundary between weak and strong coupling, all dimers are in the weak coupling regime.

The gray triangle symbols indicate specific Fano antiresonances shown explicitly in Fig. 7.2.
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supporting rod resonances that are spectrally narrow relative to the disk dipole. Obser-
vation of the asymmetric lineshapes is facilitated by a new generation of monochromated
and aberration-corrected STEMs which open the infrared spectral region to interrogation.
We develop a theoretical model which generalizes the original Fano lineshape to account for
dissipation in both the quasi-discrete and the quasi-continuum channels in STEM-EELS.
This analysis makes explicit the classification of the observed dimer lineshapes in terms of
the asymmetry parameter ¢, as discovered in the autoionization spectrum of He by Fano in
1961 [88]. This combined experimental and theoretical work not only resolves an ongoing
discussion in the literature about the existence of Fano lineshapes in the EELS of plasmonic
systems 256, 257, 258], but also showcases the ability of the latest generation of monochro-
mated STEMs to observe spectrally narrow plasmonic responses that were previously the

domain only of higher resolution optical spectroscopies.
7.6 Appendix

7.6.1 Data preparation

Each EEL spectrum reported in this work was obtained from 100 frames of data, each
corresponding to an independent measurement. For each individual frame of data the peak
of the ZLP was shifted to 0 eV. The 100 shifted frames were subsequently summed and
the resultant spectrum was normalized to unity. Full spectra for each dimer studied in the

main text is shown in Fig. 7.4.

7.6.2 Dimer spectrum at rod end

Additional evidence that the disk and rod modes are weakly coupled is revealed through
inspection of the dimer spectrum collected at the distal end of the rod, here shown in Fig.
7.5a for a gold disk-rod dimer composed of a 650 nm diameter disk and a 5 pm long rod (black
curve). The dimer spectrum is overlaid onto the rod monomer spectrum for comparison (red
curve). Indicative of weak coupling, the dimer spectrum is nearly identical to that of the rod

monomer excluding a small spectral shift resulting from the perturbative interaction with
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Figure 7.4: Full EEL spectrum for each of the four gold disk-rod dimers studied in the main

text collected 10 nm radially outward at the disk end. Due to the influence of the SiO2

substrate phonon below 0.2 €V and the importance of the disk quadrupole above 0.85 eV

(0.65 eV) for D1 (D2), we restrict our analysis to the region between these spectral bounds.
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the disk dipole. The dissimilarity between the dimer spectrum collected at either end of the
dimer (rod end Fig. 7.5a, disk end Fig. 7.5b) may be understood by considering the driven-
dissipative dynamics of the weakly coupled modes. When the disk dipole is excited by the
field of the electron, it responds according to its polarizability except at energies near a rod
resonance, in which case that particular rod mode is driven by the field of the disk dipole.
Due to their narrow linewidth, the spectrally-dependent phase response of the rod modes
vary much more sharply than that of the comparatively broad disk dipole. This results in
sharp asymmetric features at the spectral position of each rod mode. As shown in Fig. 7.5b,
these sharp asymmetric spectral features disappear when the gap size is increased from 50
nm to 200 nm, indicating the important role of the rod modes in determining the spectral
response of the disk-rod dimer, even when the electron beam is positioned 2 700 nm away
from the rod and therefore unable to drive its resonances directly. In contrast, positioning
the electron beam at the rod end leads primarily to excitation of the rod modes which may
then incoherently transfer energy to the disk dipole. Because the spectrally narrow rod
modes “filter” the broadband frequency content of the electron field, the disk dipole merely
perturbs the response of the rod, resulting in a nearly imperceptible spectral shift of each

resonance peak.

7.6.8  Product Approximation

Fig. 7.6 shows a comparison between the exact expression for P(w) and its decomposition
into a product of Fano lineshapes (Eq. 5 in the main text) describing the reduced EEL
spectrum for the disk-rod dimer for all dimers included in Fig. 3 of the main text. As
discussed in the main text, the latter form is not exact due to the interaction between neigh-
boring rod modes mediated by the disk plasmon. In the weak coupling regime, however, this
approximation is both accurate and useful as it allows for the extraction of the asymmetry

parameter for each individual Fano lineshape.
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Figure 7.5: (a) Comparison between the point EEL spectra of a 5 um gold rod monomer
and a dimer composed of a 650 nm diameter gold disk and 5 um gold rod separated by a
50 nm gap. In both cases, spectra are collected at a beam position 10 nm from the rod
end (red, black x). The dimer spectrum is nearly identical to the rod monomer spectrum
aside from a small spectral shift, indicative of weak coupling. (b) EEL spectra of the same
disk-rod dimer collected 10 nm radially outward from the disk edge (green x) for 50 nm

(top) and 200 nm (bottom) gap sizes.
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Figure 7.6: Comparison between P(w) and its approximate decomposition into a product
of Fano lineshapes. In all panels, the experimental EEL spectrum is shown as green circles,
while the fit to Eq. 2 of the main text is shown as a black line. For comparison, the red
dotted line displays the approximation to P(w) on the second line of Eq. 5 of the main text,

multiplied by the reconstructed disk monomer spectrum Py(w).
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Figure 7.7: Comparison between the fit of P(w) and a modified form P(w) + L(w) to R2D1
(Fig. 7.2 in the main text). P(w) + L(w) is computed by first fitting P(w) in a narrow fit
window where the disk quadrupole may be neglected, and subsequently fitting P(w) + L(w)
to the data within an expanded window using only the resonance position (w,), width (v,)

and amplitude (A4,) as free parameters.

7.6.4 FEzample: Fitting Full R2D1 Spectrum

As explained in the main text, the fit window is chosen such that only the interaction
between rod modes and the disk dipole need be considered. At energies 2 0.65 eV, the
disk quadrupole becomes important and must be considered in order to accurately fit the
full spectrum. As a first approximation, the simplest route is to treat the quadrupole as
an independent oscillator uncoupled from the rest of the system by fitting data within
an expanded window to the sum P(w) + L(w), where P(w) is the result of the primary fit
within the truncated window shown in Fig. 7.2 of the main text and L(w) is the independent

oscillator response
Aq

L = .
@) —w? 4 w2 —iwy,

(7.6)

While agreement is not perfect, the resulting fit shows that inclusion of the quadrupole only

considerably alters the fit at energies higher than those considered in the main text.
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Part II1
COUPLED CAVITIES AND PHOTON-PHOTON INTERACTIONS

Part IIT of this dissertation includes two papers verbatim (one published, one under
review) as well as a set of notes that form the basis for a third manuscript currently in

preparation:

e Chapter 8: Smith, K. C., Masiello, D.J. Coupled dielectric cavities beyond standard

coupled mode theory. In preparation.

e Chapter 9: *Smith, K. C., *Chen, Y., Majumdar, A. Masiello, D.J. Active tuning of
hybridized modes in a heterogeneous photonic molecule. Physical Review Applied 13,

044041. (2020). [266]

e Chapter 10: Smith, K. C., Bhattacharya, A., Masiello, D.J. Exact k-body representa-
tion of the Jaynes-Cummings interaction in the dressed basis: Insight into many-body

phenomena with light. Under review. arXiv:2103.07571 [267]
* indicates co-first authorship

Broadly speaking, the entirety of Part III concerns physical behavior in which cavity-
confined photons mimic phenomena observed in matter. Chapter 8 introduces a theoretical
understanding of hybridization in strongly coupled photonic molecules — i.e., structures
composed of two or more coupled dielectric cavities. The presented formalism is an elec-
tromagnetic analog of molecular orbital theory, the theoretical tool used to understand the
quantum states of a molecule given complete knowledge of the constituent atomic orbitals.
Much like their atomic counterparts, photonic molecules support hybridized “super-modes”
which can have properties distinct from that of the constituent individual cavities. The pri-

mary motivation of developing this theory is to gain an understanding of how super-mode
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properties (i) evolve under basic system parameters (such as cavity-cavity separation and
mode detuning) without relying on computationally intensive electromagnetic simulations
and (ii) can be tuned to achieve controllable light-matter interactions. Chapter 9 extends
this work with a simple application to a heterogeneous photonic molecule composed of a
ring resonator coupled to a photonic crystal nanobeam cavity.

Chapter 10 concludes with a detailed theoretical analysis of the Jaynes-Cummings Hamil-
tonian as a building block for realization of an analog quantum simulator, particularly in a
cavity QED setting. Photons are relatively easy to control and measure experimentally, but
lack a crucial characteristic necessary for emulating complex many-body phenomena — they
do not interact with one another. This may be remedied by introducing an intermediary
nonlinear element, such as a two-level atom, capable of absorbing at most one photon and
causing additional photons to “feel” the influence of the first. Thus, matter can mediate
effective photon-photon interactions which mimic those of naturally occurring materials,
albeit with a mathematical description which shares little resemblance to that of directly
interacting particles. To that end, we present a new representation of hybrid light-matter
systems which analytically translates effective, atom-mediated interactions into a form that
facilitates direct comparison to many-body models in condensed matter physics and quantum

chemistry.
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Chapter 8

A THEORETICAL FORMALISM FOR COUPLED DIELECTRIC
CAVITIES

The ability to confine light to an electromagnetic cavity allows for a degree of control
over light-matter interactions that is not possible in free space. Consequently, design and
fabrication of better (high @, small V) cavities has become an increasingly important venture
of the years, equally as important as the development of new and improved quantum emitters.
At microwave frequencies, superconducting cavities reign supreme, able to store photons for
up to a tenth of a second [14]|. At optical frequencies, however, sufficiently good conducting
materials do not exist and high quality factors must be achieved through alternate means.
To that end, high-contrast dielectrics surfaces provide an attractive route for confinement at
optical frequencies [268|, with optical microcavities — an all encompassing term for dielectric
structures that confine optical frequency light using this approach (e.g., whispering gallery
mode resonators and photonic crystal cavities) — able to achieve ultrahigh quality factors
in excess of 108. Separately, several dielectric cavity designs have been proposed to achieve
ultrasmall mode volumes orders of magnitude below the diffraction limit (for example, see

Refs. [269, 270]).

Among the innumerable applications of dielectric optical microcavities, many have explic-
itly relied upon interactions between the photonic modes of adjacent cavities. A particularly
influential example is the proposal by Yariv et al. to form coupled-resonator optical waveg-
uides (CROWs) in order to achieve slowly propagating light for enhancement of nonlinear
phenomena [271]. In the two decades following this formative work, numerous theoretical
and experimental investigations have focused on applications which rely on a finite num-
ber of coupled dielectric cavities, commonly termed photonic molecules by analogy to their
atom based counterparts, such as low-threshold lasing [272, 273|, electromagnetic-induced

transparency [274, 275, 276|, nonclassical light generation [277, 278, 279, 280|, quantum
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simulation [281, 35, 37|, and parity-time symmetry [90, 282].

Since individual cavity modes are often modeled through their isomorphism to harmonic
oscillators (see Chapter 2), it stands to reason that systems of electromagnetically interacting
dielectric cavities must be well described by coupled oscillator equations. Such is the idea of
time-dependent coupled mode theory (CMT) [283, 79], a heuristic workhorse which has been
used near-ubiquitously in experimental and theoretical investigations of photonic molecules,
including many of those referenced above. While it has proved to be an invaluable tool for
facile modeling of coupled cavity systems, CMT is empirical in nature and typically relies
on numerical fits to either simulation or experimental data to determine model parameters,

with only vague attempts to reconcile those parameters with first principles theory.

The primary goal of this Chapter is to present a first principles generalized coupled-
oscillator formalism for modeling coupled dielectric cavities with analytic predictive power
and applicability beyond the limits of standard CMT. This is approached through the lens
of Lagrangian mechanics and is therefore readily adaptable to modern applications such as

photonics-based quantum simulation due to ease of quantization.

8.1 A single dielectric cavity

We begin by considering a single dielectric cavity and show how it may be mapped onto a
Lagrangian isomorphic to that of a set of independent harmonic oscillators. It is assumed
that the cavity is of high quality factor and therefore dissipation may be neglected except
as a correction to be added perturbatively through standard techniques. We note that this
assumption is not strictly necessary and much progress has been made in recent years in the
understanding of quasinormal modes of leaky cavities [284, 285], but these treatments are

beyond the scope of this work.

The electric and magnetic fields of a dielectric cavity obey the macroscopic form of
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Maxwell’s equations

V-e(r)E=0
V-B=0

1. (8.1)
VxE=--B

c

VxB= 4—ﬂ-g(r)E,
c

where 1 = 1 has been enforced as only non-magnetic materials are of interest in this work,
and the spatial and time dependence of E and B is implied. The inhomogeneous dielectric
function e(r), here assumed to be dispersionless, accounts for contributions to the fields due
to the polarizable media which support the cavity.

While Maxwell’s equations provide sufficient information for solving the modes of a
particular cavity, it is convenient to cast them in terms of the potentials defined by the usual
relations E = —A /c—V¢ and B =V x A. This reformulation comes at a cost, however, as
redundancies arise in the description and must be properly removed. As discussed in Chapter
1, this is typically achieved in nonrelativistic quantum electrodynamics via specialization to
the Coulomb gauge (V-A = 0), followed by algebraic elimination of the scalar potential from
the electromagnetic Lagrangian [39]. In the present case, however, we are not interested
in the free-space electromagnetic degrees of freedom, but rather those supported by an
electromagnetic cavity composed of bound matter characterized by the macroscopic dielectric
function (r). The analog to the Coulomb gauge in this context is the so-called generalized
Coulomb gauge, defined by the condition V - ¢(r)A = 0 [44, 41]. With this choice, the
scalar potential becomes entirely dependent upon the free matter degrees of the system and
may therefore be taken to zero without loss of generality in the present case. Consequently,
Maxwell’s equations reduce to just a single partial differential equation — the generalized

wave equation for the vector potential

VxvxA+ TR o (8.2)

c2

the solutions of which fully encode the complete set of cavity modes of a cavity in the

dielectric environment described by £(r).
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The vector potential may be written as a sum over these independent solutions as

Ar,t) = ’}frqma)fm(r), (3.3)

m
where ¢, (t) is a time-dependent amplitude, f,,,(r) is the mode function, and V,, is the mode
volume. Crucially, the mode functions are solutions to the generalized Helmholtz equation

w2

VX VX (1) = £(1) S5 (x). (8.4)

It is important to note that the label m is really a composite label {k, A\} where different

k = w/c correspond to distinct eigenvalues, and A labels the polarization.

8.1.1 Properties of the mode functions

Following Ref. [44], the properties of the mode functions f,,(r) (particularly orthogonality
and completeness) are most easily proven by introducing their rescaled counterparts u,,(r) =
Ve(r)fy(r). Substituting this definition into Eq. (8.4), we find that the functions u(r) solve

an eigenvalue equation at every point in space,

w2
O(r)un,(r) = C—;”um(r), (8.5)
where
Or) = 2V x V x ——. (8.6)

e(r) e(r)

Because O(r) is Hermitian, it follows that the functions u,,(r) are orthogonal,

/d3r uy, (1) - up(r) o - (8.7)

Consequently, the mode functions f,,,(r) obey the generalized orthogonality relation

/d3r e(r)f) (r) - £,.(r) = VinnOmn, (8.8)

where we have chosen the normalization max{e(r)f*(r) - f(r)} = 1, generalizing the normal-
ization condition of Section 2.1 to include the dielectric function e(r).
In place of a formal proof of completeness, we rely on the arguments of Ref. [44]: the

functions f,,,(r) are evidently complete over the subspace of functions that satisfy that gauge
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condition V- /e(r)u,,(r) = 0 and, as a result, the sum >, u,,(r)-u}, (x") forms an identity

on this subspace. Returning to the mode functions proper, we may define
1 . .
55, (r,r') = zm: me(fm(r) i) (B (x) - 7). (8.9)

which projects any vector field V(r) onto the component V¢ (r) that obeys the gauge con-

dition V - (r)V(r) = 0 via the integral equation

Vi (r) = /d?’r’s(r')éfj(r,r')V(r’). (8.10)

Clearly, the distribution d; (r, x') is a generalization of the transverse delta function in free-

space quantum electrodynamics [39, 40|, here generalized for an inhomogeneous dielectric

medium described by e(r). Similar to the free-space scenario, it follows that the functions
f..(r) are complete over in the subspace of functions {V(r)} that obey V -e(r)V(r) = 0.

For reference, the properties of the mode functions f,,(r) can be succinctly listed as

follows:

1. Normalization: £,(r) is normalized such that max{e(r) |f,|°} = 1, and therefore the
mode volume is naturally defined by

B fd3re(r) |Em|2 B

~ wax{e(r) (B}

m

/d3r€(r) £, (r) | (8.11a)
2. Orthogonality: The set of mode functions {f,,(r)} form an orthogonal basis:

/d3r e(r)f),(r) - £,(r) = Vindmn (8.11b)

3. Completeness: This basis is complete over the set of L? functions which obey the

transversality condition

V.e(r)fn(r)=0 (8.11c)
and may be used to construct a generalization of the transverse ¢ function [44, 39|

OG- =Y ——(fu(r) - &) (En(r) - &) (8.11d)

which projects any vector field V(r) onto the component V&t (r) which obeys the

gauge condition V - £(r)Ve+(r) = 0 via the integral equation

Vil(r) = /dgrs(r/)éff(r,r/)V(r’). (8.11e)
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8.1.2 System Lagrangian and Hamiltonian

In Chapter 1, we showed that the Lagrangian for the electromagnetic field in the presence

of an inhomogeneous dielectric function e(r) is given by

L= /ﬁ: [e(r)A(r)2 —(V x A(1))?] . (8.12)

We would now like to write the Lagrangian in terms of the individual eigenmodes of
Eq. (8.2). For the present moment, we take f,,(r) to be a complex function, though this
assumption will be relaxed at a later point. This distinction is important as complexity of
f,(r) introduces several subtleties which we deal with using notation developed in Ref. [44].
In a future manuscript we will present a simpler form of the theory assuming purely real
mode functions, but choose to use the present Chapter as an exposition of the more general
treatment with complex mode functions.

Hermiticity of the electric field requires AT = A, suggesting that the mode functions

f,.(r) and their complex conjugates £, (r) are not linearly independent. As a result, it must

be true that

3 ) = 3 g fnlr) (8.13)

m m

This relation enforces that the total vector potential A is Hermitian. However, the indepen-
dent modes need not be individually Hermitian in the most general case. Projecting both

sides of this equation onto a particular mode, we have

S et 6@ =S [Erewhe 6o @

Using the orthogonality relation in Eq. (8.11b), we find

Q:L = ZQmUmna (8.15)
where
Upnn = VL /d37“ e(r)f,(r) - £,(r). (8.16)

Similarly, the reciprocal relationship is given by

I = GUnn- (8.17)
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Multiplying the two above equations together leads to the conclusion that
Z UnnUsy; = 6nj. (8.18)

One important fact to note is that, unlike the definition of U, presented in Ref. [44],
the form defined here is not symmetric due to the chosen normalization condition. Upon

interchange of the two indices, it obeys the relationship
Upnin = —Upm. (8.19)

We now aim to show that U,,, and U}, are expansion coefficients relating the functions
f,,(r) to their complex conjugates. Substituting Eq. (8.17) into the right-hand side of Eq.
(8.13), we find

;1 1
SR =3

(8.20)

Because the set of coeflicients ¢}, are independent, it must then be true that

= Upnfa(r) (8.21)

and, by complex conjugation,

where we have made relabelled dummy indices to avoid confusion. We emphasize that, in
the limit where all mode functions f,,(r) are real, U, becomes the Dirac delta function
Omn, leading to significant simplifications in the following analysis.

We are now ready to write the Lagrangian in terms of mode expansions via substitution

of the mode expansion for A into Eq. (8.12). Carrying this out, we find

= ;Z/d?’r I:ff(r) 3:(‘1/7; fm(I‘) . fn(r) — CQ 3:(‘1/7; (v X fm(r)) . (V X fn(r)) (8.23)

Focusing on the first term and using the fact that £,(r) = >_ Upmf;(r), it can be shown
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that

3 [ itig, @) g, = 5 0 Pt [t £,

mn mnp

- Z meanV 5

mnp

1 Z meme
Z mem

(8.24)

where we have used the generalized orthogonality relation Eq. (8.11b) in going from the
first line to the second, and used the relation in Eq. (8.15) to arrive at the final form.

Simplification of the second term follows similarly, yielding

Z/dS 2Qan fo())-(fon(r)) Z/dS 2C]an £0(r) - (V % V % £, (r))

1 m4n
=52 w2, %n?/n / &1 e(r)fp(r) - fu(r)

1 w?

(8.25)

where integration by parts has been used in tandem with the generalized Helmholtz equation

(see Eq. (8.4)), but otherwise following arguments similar to the kinetic energy term.

Combining these simplifications, the system Lagrangian becomes

1
L= Z{ |Gm —Wwfn\qu . (8.26)

For completeness, we now compute the system Hamiltonian. Computation of the momenta

pp conjugate to g, is somewhat messier than usual, but can be simplified using previously
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derived relations. Carrying out the relevant partial derivative, we find
oL 0 1 )
Pn=47."= 7.~ o qkUk
" Bl i 2 TV |2 B

1
%;m/m kern [k + GmOkn]

dm

) v (8.27)
= m Zk: Ukn‘]k + ; VimUanm
1 . .
= m Zk: Uank + %: Umn‘]m
As k and m are simply dummy indices, this final expression simplifies to yield
dn
n = —2. 8.28
Pn =7 (8.28)

Legendre transform of the Lagriangian in Eq. (8.26) results in the single cavity Hamiltonian

m

where we have promoted p,, and ¢,, to operators. As this Hamiltonian is a complex gen-
eralization of a sum of independent harmonic oscillators, reexpression in terms of creation
and annihilation operators must be carried out somewhat carefully. Here, our primary goal
is to extend this analysis to two coupled cavities, and we therefore defer discussion of such

subtleties to Ref. [44].

8.2 Gauge transformation of the cavity mode expansion

We now turn to the problem of two dielectric cavities, each supporting an arbitrary number
of modes. This may be approached in two distinct ways. The first involves directly solving
the generalized Helmholtz equation in Eq. (8.4), replacing the dielectric function by that
of the composite, two-cavity system. While technically correct, this approach is not very
flexible — any change in the separation of relative orientation of the two cavities, for example,
alters e(r) and, by extension, the solutions to Eq. (8.4). Furthermore, it is not a given that
Eq. (8.4) can be efficiently solved using standard electromagnetic solvers — this is the case
for the heterogeneous photonic molecule in Chapter 9 comprising two dielectric cavities of

vastly different characteristic length scales.
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A much more flexible strategy involves solving for the modes of each cavity, characterized
by dielectric functions €1 (r) and e2(r), and subsequently “blending” them together in a way
that is consistent with Maxwell’s equations to find the super-modes of the composite system.
Nuances arise, however, as the modes of each cavity correspond to different gauges — for the
ith cavity, we have the generalized Coulomb gauge condition V - g;(r)f;,(r) = 0, yet for a
Coulomb-gauge description of the composite system we require individual mode functions
that obey V - &(r)fi, (r) = 0 where £(r) is the diclectric function of the global system. This
issue may be preempted by gauge transforming the isolated cavity mode functions f;,,(r) to
solve for their modified counterparts Em(r) As will be discussed in a future publication,
such a transformation corresponds to a repartitioning of matter into “bound” and “free”

contributions. Explicit demonstration of this is rather complicated and subtle, however, so
here we avoid such a detour for the sake of brevity.

We will now explicitly carry out the appropriate gauge transformation for the ith cavity
characterized by the dielectric function g;(r), assuming complete knowledge of its mode

function f,,(r). Recalling the mode expansion of the vector potential

cVamr

A(I‘,t) = Vi

Qim(t)fi (I‘), (830)

m

obeying V - £1(r)A = 0, we wish to compute its gauge transformed counterpart obeying
V- £(r)A' =0, (8.31)

where £(r) is an arbitrary function of space. Carrying out a gauge transformation with

respect to the arbitrary scalar field F(r,t), we find

A'(r,t) = A(r,t) + VF(r,t)

‘ (8.32)
¢/(r7t) = —F(r,t)/c
To simplify A’ as much as possible, we can make the choice
cVar
F(r,t) = (t)im (). (8.33)

7 dim
Vi,
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Correspondingly, the gauge transformed vector and scalar potential can be written as

A1) = 30 S g (0o 1)

(8.34)

cVAan .

‘/im dim (t)wim (I‘)

¢/(r7 t) -

where £, (1) = £, (r) + Vb (r) is the gauge generalized mode function. Enforcing A’ to
the gauge condition in Eq. (8.31) yields the constraint

V- E(0)Viim(r) = V - [ei(r) — £(r)]fim (r). (8.35)

Eq. (8.35) is essentially a generalized form of the Poisson equation with a fictitious dielectric
function £(r) and free charge peg = —V - P where P = [£(r) — &;(r)]fi,(r)/47. In other
words, the true dielectric function (r) has essentially been repartitioned into (i) an effective
dielectric environment defined by £(r) and (ii) polarizable media that induces an effective
free charge in the region where ¢;(r) — £(r) # 0.

At present, the above relations are quite abstract as we are still imagining the scenario
of just a single cavity defined by £;(r). However, this is all made much more concrete if
we specialize to the case of two cavities with a composite dielectric function £(r). Making
the replacement £(r) — ¢(r) in the above description, we find that the contribution to the
vector potential from the ith cavity may be written as

Ag(rv t) = Z c‘\//iﬂ%m(t)?im(r), (8.36)

where £, (r) = £, (r) + Vb (r) as before and
V- e(r)Vim(r) = =V - [e(r) — gi(r)]fim(r). (8.37)

Here, we can see that ;,(r) simply accounts for additional longitudinal contributions to
A ;(r) which result from the polarization of “external” media (i.e., belonging to a different
cavity) brought into the region of the ith cavity. Through inclusion of such terms, we can
build a theory capable of describing strongly coupled photonic molecules composed of cavities
whose modes appreciably “spill” into the dielectric makeup of adjacent cavities. Notably,

the total scalar potential need not be considered as it necessarily vanishes in the generalized
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Coulomb gauge (i.e., V - £(r) = 0) where £(r) represents the total dielectric function of the
multi-cavity system.
While we will not belabor the properties of the longitudinal corrections V), (r), it

follows from the properties of the generalized coordinates gip,(t) that

n (8.38)
Vin(®) =D Ul tin(r).

From this, it follows that the gauge generalized mode functions Em(r) obey relations analo-

gous to Egs. (8.21)-(8.22),

Em(r) = Z Unm?ztn
N " B (8.39)
£5,(0) = > Upufim:

8.3 Two coupled dielectric cavities

We now turn to the problem of two coupled dielectric cavities. For the most part, our
approach follows closely to the single cavity case, albeit with the more complicated mode

expansion defined by

A(r,t) = Ai(r,t) + Aa(r, t), (8.40)
where
A0 = 3 ST (0lfin 5) + T ()
Z (8.41)
Aol ) = 3 X (0t0) + ()
and
V- e(r)Vihim(r) = =V - [e(r) — e1(r)]fim(r)
(8.42)
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Recalling the form of the electromagnetic Lagrangian in Eq. (8.12) and using the fact that
A =A% and Ay = A},

L= /dgr [5@/*(;“)2 —(V x A(r))2]

3 * A
szfikﬁ”f”<wmmuw&w]

iSTad BT ‘ (8.43)
37. * A * r) - A r
+/2WFMA()AA);%()ANq

3
~ [ SV X AT (V % Aale) + (VX A3r) - (V X A1)

It is simplest to deal with the various integrals term-by-term. Focusing first on the diagonal

electric field term, we have

ffy Z%ﬂf re(r)E, (r) - fin(r)

— 1 ;Z:?}:L /d%g(r) [f;';n(r) + VA:m(r)] . [fm(r) + VAm(I‘)] (8.44)

Z Il [Vémémn + Simn Vi Vin |,
lm

where

i — &i(0)] £, (x) - £in(x) (8.45)

imn — d3
V Vlm‘/ln /

is the intracavity coupling strength. Thus we see this first terms yields two contributions:
one which is equivalent to the single cavity case, and another that describes interactions
between the modes of a single cavity. Qualitatively, these latter terms emerge because the
mode functions are orthogonal over the single-cavity dielectric environment defined by &;(r),
but not the composite dielectric environment £(r), resulting in intracavity interactions. In
the limit where the mode function f;,,(r) does not appreciably spill into the region where
e(r) and g;(r) are different, these contributions vanish.

Next, we simplify the diagonal contributions from the magnetic portion of the La-
grangian. Because V x Em(r) = V X f;,(r), this proceeds in an identical manner as the

single cavity case, yielding

d3 * 0\ 1 *
/ & (VxA})(VxA;)= Z V. W G im (8.46)
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The only remaining terms are the electric and magnetic cross-terms. Starting with the

former, it can be shown that

d3r . . 1 1
ar * i (B)g* 4 (Bt o
/ 87T €(I')A1 A2 + h'C' 2 ; W1mw2n‘/1m‘/2n (gmn QImQQn + ngL qlqun) (847)
with
WimW2n * *
glB) = | [Timeen / dPre(r) [, (1) - fan (1) — Vbl (r) - Vaban (1)), (8.48)
VimVan
(E)

where ¢y has been simplified through generous use of integration by parts, along with
properties such as V - 5(1')?1- (r) = 0. Applying similar tricks to the to the magnetic cross-

term, we find

d>r 1 A/ W1mwo
il A*) . A h._:,E:# (M) x4 gMDxg g 4
/ 8’/T (V X 1) (V X 2) + C 2 o /7‘/1771‘/2” (gmn qlmq2 + gmn q1 QQn) (8 9)

where

1 1
0D =~ &r [wi + w3 £, (1) - fan (x). 8.50
o) = e [ [t () + o)) 1) Elr). (850)

Compiling all of these simplifications, the full Lagrangian can be written as

1 i L Wi
L=—- Z |:‘/zm5mn + Eimn V;,mV;n:| - 5 Z |qu‘

2 i=1,2 mn VimVin — Vi
1 1
2 ; Wlmw2nV1mV2n (gmn md2n T Imn Q1mq2n) ( )

1 [WImW2n (M) « (M)« *
9 ; Vlm‘/Qn (gmn q1mq2n + gmn qlqun)

where

1 e
Do = e / Brle(r) — &0 (1) - fin(r)
) =[5 [ (o) B (1) B (1) = Vi) - V(1) (8.52
(M) _

1 1 .
QW/CF’T [wine1(r) + wi,ea(r)] £, (r) - fon(r).

gmn
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=g

Figure 8.1: The coupled-cavity Lagrangian as coupled oscillators. As discussed in the
main text, each independent cavity mode acts as a simple harmonic oscillator with resonant
frequency wi,;, where ¢ and m label the cavity and mode, respectively. Due to the change
in the dielectric environment from the one to the two cavity case, orthogonality is broken
between the various modes of the ¢th cavity, inducing an intracavity coupling between modes
m and n with strength 3.;,,,,. Separately, two intercavity couplings arise: one stemming from

the electric field portion of the Lagrangian (g,(ﬁ)) and one from the magnetic field terms

(gﬁ;%)). The former results in an effective velocity-velocity coupling, and the latter a more
typical coordinate-coordinate coupling, leading to a physical model analogous to “doubly”

coupled oscillators with physical properties distinct from the “singly” coupled case.
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8.4 Two single-mode cavities

Let us now proceed in the limit where each cavity contains just a single mode. For simplicity,
let us assume that both mode functions are completely real. This can be done without loss
of generality, as seen through the following argument: first imagine the field of a cavity is
described by the single complex mode function f(r). It is straightforward to show that if
f(r) is a solution to Eq. (8.4), its complex conjugate £*(r) must also be a solution with the

same eigenvalue. We can then construct the completely real functions through superposition
agr(r) = [f(r) +£"(r)]/2

ai(r) = [£(r) — £(r)] /2.

Because f(r) and f*(r) are both solutions to Eq. (8.4), ag(r) and aj(r) must also be

(8.53)

solutions with the same eigenvalue. Therefore, we can conclude that ag(r) and ar(r) are
scalar multiples of one another, i.e., ar(r) = caj(r) for some real scalar c. Consequently,
f(r) can be made real via the rescaling

1—1c

f _—
()= 17 BE

£(r). (8.54)

Because A = AT, this also ensures the corresponding dynamical coordinate ¢(t) is also real.
With just a single mode per cavity, the coupled-cavity Lagrangian simplifies drastically.

In particular, we find
=1 Z [q’?(l + ;) — w—?qf +—TE gy - QM\/mtth- (8.55)

2 ay Vi Vi wiwa V1 Vo ViVa

Similar to the more general Lagrangian in Eq. (8.51), the single mode coupled cavity La-
grangian depends on the three distinct coupling parameters ¥;, gg, and gas. The first of
these corresponds to a self-interaction, while the latter two correspond to intercavity elec-
tric and magnetic couplings, respectively. Interestingly, we see that the above Lagrangian
differs from that of standard coupled oscillators, containing terms that couple both gener-
alized coordinates (x g1¢2) and generalized velocities (o ¢1¢2). The simultaneous presence
of both of these terms is not simply cosmetic, instead having fascinating physical conse-
quences (particularly upon quantization) that will be discussed in greater detail in a future

manuscript.
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It is advantageous to define the renormalized mode volumes, frequencies and coupling

strengths,

i =Vi/(1+ %)

@izm/\/l—‘rzi

(8.56)
ge = Vi/[(1+ 1) (1 + 59)**
gv = Vi/[(1+21)(1 + o) M4,
such that the system Lagrangian simplifies to
1 5 _ Jg . . _ Wiw2
I = ~ (a2 — 0%2¢?] + — 2 — —— . 8.57
> 27 47 — w7q7] + R A VRt (8.57)

i=1,2

We now are in a position to begin answering the question which first motivated the present
theoretical treatment: what are the properties of the super-modes? To that end, we now
aim to diagonalize the above Lagrangian. While this can be achieved at the level of the

Lagrangian, we will instead turn to the equations of motion,

V= —-Cq, (8.58)
where
vl 1/ 9B/ V@102V1 Vo
9B/ V w1wo V1 Vo 1/Vs (8.50)
Cc_ @i /i g/ @12/ ViVa
|G/ @102/ Vi Va @3 /Va
and q = [¢ QQ]T. Crucially, V™! and C do not in general commute, and therefore are

not, in general, simultaneously diagonalizable. However, we can force Eq. (8.59) to look
like “regular” coupled oscillators (i.e., coupled via coordinates) by multiplying through by
V. Carrying this out, we find

d2 Q2 g
q1 _ 1 12 q1 (8.60)

142
dt q2 G 3| |
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where

02 — w? — Grdm

1 — g2 /@109
_ eV (WigM -~ wng>
Gij =

w;iV; \ 1 — g% /w12

(8.61)

define effective resonant frequencies and couplings. Notably, each of these is much more
complicated compared to a typical formulation of coupled oscillators, as the effective resonant
frequencies themselves depend on the couplings gys and gg. Similarly, the effective couplings
G;j depend upon the renormalized cavity frequencies in a complicated way. As will be shown
below, one consequence of the complicated form of €; is the appearance of coupling-induced
shifts in the eigenfrequencies of two closely spaced single mode cavities (see Eq. (8.68)). This
effect was previously noted in Ref. [286], there explained through introduction of additional
parameters to CMT. Here, such an effect is explained via first principles as a consequence
of simultaneous velocity-velocity and coordinate-coordinate coupling.

Diagonalization of Eq. (8.60) is achieved through similarity transform with respect to
X = TRS where

(Gr2/Gor) M4 0

T = (8.62)
0 (Ga1/Gr2) /4

is a scaling matrix which forces the couplings to be symmetric,

cosf) —sind
R = (8.63)
sinf cosf

rotates the scaled coordinates into the supermode basis, and

S = (8.64)

encodes a final scaling transformation. While S plays no role in diagonalizing the system,
a4 and a— will be chosen at a later point to specify the relative scaling of the super-mode
coordinates ¢+ and mode functions fy (r) to preserve the desired normalization condition in

analogy to Eq. (8.11a).
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Left multiplying Eq. (8.60) by X! and inserting the identity XX ! on the right-hand

side, we find

d? 0 g
a4+ _ _x-1 1 12 < 4+ (8.65)

2
d q— G 03 q—

where [¢, ¢_]7 =X !¢, ¢]7. Diagonalization of Eq. (8.65) is achieved via the choice

1 1 2\/@;29 + 9312 — gegm (0F + ©3)

0 = —tan~ 8.66
2 an @% _ @% ) ( )
yielding
&2 a+| wi 0| |g+ (3.67)
dt2 N 0 2 '
q— w2 | |q-
with supermode frequencies defined as
W +ws 1 o
w? == 5 2 _GEdm £ 5\/(01% — @2)2 4+ 4G12Ga1. (8.68)
Here, we have adopted the additional shorthand
@Z-:@Z-/ 1—@%/@1@2
§E = QE/ 1— QQE/(chJQ (8.69)

gm = gu /1 = gp/@nn
to indicate further rescaling by y/det(V—1).

8.5 Hybridized mode functions and mode volumes

While much of the above discussion has involved a theoretical framework which depends
upon integrating out all spatial information, we will now show that the transformation X
contains sufficient information to solve for the super-mode field profiles fi (r). To illustrate

this, we first write the vector potential in the form

A(r,t) = Virc [ﬁ(r)/vl f(r)/Va| XX alt) : (8.70)

(1)
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where we have inserted the identity XX ~!. As shown in the previous section, X ! transforms
the dynamical coordinates into the super-mode basis. It then stands to reason that what

remains must transform the left-hand vector into the super-mode basis. In other words,

Alrt) = Vire g, (r)/Vy £ (x)/V-| w0 (8.71)

q-(1)
where

Em)/ve @)V = [Rom BE)/w] X (8.72)

Carrying out the algebra, we find,

£y (r) = 2+ [@i)m () g (gﬂ>1/4 fa(r) sin@]

o Wi Gi2 Va (8.73)
f (r)= E - <g12> v E(r) sin 6 + (gm) v E(r) cos b |
B o Go1 %1 G2 Va '

We note that this transformation alone does not uniquely determine either the mode func-
tions or the mode volumes, only their ratio fi(r)/Vi. A unique solution therefore requires
a particular normalization of fi (r). Ideally, the super-mode solutions to the two-cavity sce-
nario should be consistent with the treatment of a single-cavity, albeit now defined by some
composite dielectric function e(r). Naturally, we wish to enforce the properties identified in

Section 8.1.1. In particular, we desire solutions which obey the following
L. max{e(r)fs(r) - fi(r)} = 1 (normalization)

2. /d?’rs(r)fi(r) -f1(r) = Vi (mode volume)

3. /d3ra(r)fi(r) - f=(r) = 0 (orthogonality)
4. V x V x f1(r) = &(r)(w? /c*)fL(r) (Helmholtz equation)

The desired normalization (Property 1) is enforced through appropriate choice of oy and

a_, the elements of the scaling transformation matrix S. Carrying out the algebra, we find
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the solutions

1 Gio\ /* [Va= G\ i
fi(r) = A0 (%1) v fi(r) cos 0 + <g12> EfQ(r) sin @
» » (8.74)
f (r)= L <g21> \/ o Vig f5(r) cos 6 — <gl2> Effl(r) sin 0
B(0) Gio Vs Go1 Vi

and their associated mode volumes

v | Ve (G2 214+, Ga1\2 1+ 3 9B/ \/wiws
Vi=W1 V1<g21> A(0)2 cos? 0 + Vs <g12> A(0)2 sin 9+\/V1V2[ A0?
o E @ %1+21 .92 Vl @ %1+22 2, gE/,/wlwg
V=W 7 <g21> B0)? sin“ 0 + V4 Vg<912> B() cos“ 0 — \/ V1 Vs [3(0)2 S
(8.75)
where
- 12
EERAZ\ 2N G\ V4 [Va % Gor \ 4 Vi .
A0) = ay V. Max ¢ £(r) - Gor 7 f1(r) cos 0 + G i fo(r )sm@_
r 1/4 _ 1/4 B 72
B(#) = a_ Kl_vz = |MaxQ{ e(r) -<gi;> “;;fg(r) cosf — (gz) “;?fl(r) sinﬁ_
(8.76)

Importantly, the above definitions are also consistent with Properties 2 and 3, both of
which can be verified through brute force algebraic calculation. Essential to a proof of Prop-
erty 3 is enforcement of a mixing angle 6 consistent with Eq. (8.66), adding validity to the
uniqueness of the determined solutions. Finally, proof of Property 4 is fairly straightforward

through the following argument. Prior to transformation, the vector potential is expanded

A(r,t) = Ve [‘hv(f)’fl (r) + qz’vf)’fz(r)] (8.77)
and post-transformation becomes
A(r,t) = Vinrc [q{/(f) £ (r) + q;/(_t)f(r)} (8.78)

The vector potential must be a solution to the sourceless wave equation

VXVXA+i?A=0 (8.79)
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Importantly, A is completely unchanged upon transformation, so we are free to substitute in
either its pre- or post-transformation form. However, because ¢; and g2 are coupled (see Eq.
(8.60)), substitution of the pre-transformation form of A will yield coupled wave equations.

In contrast, substitution of the mode expansion in normal coordinates results in

0= f/—*v XV x f+(r)+%v (VX E(r) + S0 e (r)+€g)‘j‘f_(r)

2 Vv, V.
¥ . © o P (8.80)
= % {V x V xfi(r)— E(r)gﬁ(r)} + 3/—: {V x Vxf_(r)— E(r)c;f_(r)} ,
where we have used the fact that r = —w3qs. Noting that (i) the mode functions are
orthogonal and (ii) the coordinates ¢4+ and ¢_ independent, it must be true that
w2
VxVxfi(r)= a(r)—;—f+(r)
“ (8.81)
V x Vxf(r)= 5(1‘)%&(1‘).

In summary, we have successfully constructed solutions to the Helmholtz equation

V XV x £y (r) = g(r)%fi(r) (8.82)

given only knowledge of the solutions to
V X V x fi(r) = ;(r) £ (r). (8.83)

Such a framework has grand implications for theoretical analysis of photonic molecules —
typically, one would use FDTD electromagnetic solvers to determine the modes of these
structures. Depending on the specifics of the photonic molecule, the computational cost of
brute force simulation is, at best, extremely expensive and, at worst, completely prohibitive.
An example of the latter situation is presented in Chapter 9 where we analyze a hetero-
geneous photonic molecule composed of individual cavities of vastly different length scales.
However, the formalism presented here provides an alternate pathway for analysis where one
need only solve for the modes of the independent cavities and “stitch” them together using
analytics. The next Section concludes this Chapter with an example of this being carried

out for a simple photonic molecule composed of two photonic crystal cavities.
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8.6 Example: Two photonic crystal nanobeam cavities

As an example, we apply the above theory to a system consisting of two coupled photonic
crystal cavities. Photonic crystals are a broad class of fabricated structures with a spatially
periodic dielectric function. Similar to their solid-state namesake, this periodicity can create
an electromagnetic bandgap, disallowing propagation of light through the structure across
a particular range of frequencies. If the dielectric function is defected (e.g., tapering of the
holes in Fig. 8.2a), however, light can become “trapped”, confined along (perpendicular to)
the direction of periodicity due to Bragg reflection (total internal reflection) [287]. When
well-designed, defected photonic crystals (sometimes referred to as nanobeams in the one-
dimensional case [288]) serve as high @ realizations of a single-mode cavity, ideal for testing
the theoretical formalism presented here. In computing super-mode resonant frequencies

(Fig. 8.2b) and mode functions (Fig. 8.3), only two pieces of information were used:

1. The dielectric function of a single nanobeam resonator go(r)

2. The field profile of the nanobeam resonator mode fy(r) (solved for using finite-difference

time-domain methods, carried out by collaborator Yueyang Chen)

Both super-mode frequencies and mode functions show excellent agreement with simulation.
Mode volumes are not shown as they aren’t especially interesting in the present case due to
the high symmetry — both Vi and V_ are approximately equal to twice the mode volume of
the isolated nanobeam, 2V}, with only a slow decrease across the cavity-cavity separations
studied resulting from field build-up across the gap (see Fig. 8.3). For a more interesting

study of mode volume evolution, see Chapter 9.
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Figure 8.2: (a) An illustration of a photonic crystal nanobeam cavity. (b) Comparison
between theoretically predicted and simulated normal mode energies. The dashed line labels

the bare resonant frequency wg of an isolated nanobeam cavity. Only cavity separations up

to 200 nm were computed due to issues of convergence.
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Figure 8.3: Comparison between the y-component of the theoretically predicted and simu-

lated super-mode field profiles for (a) 500 nm and (a) 200 nm, showing excellent agreement.
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Chapter 9

ACTIVE TUNING OF HYBRIDIZED MODES IN A
HETEROGENEOUS PHOTONIC MOLECULE

Copyright (©) 2020 by American Physical Society. All rights reserved.

From fundamental discovery to practical application, advances in the optical and quan-
tum sciences rely upon precise control of light-matter interactions. Systems of coupled
optical cavities are ubiquitous in these efforts, yet design and active modification of the
hybridized mode properties remains challenging. Here, we demonstrate the design, fabrica-
tion, and analysis of a tunable heterogeneous photonic molecule consisting of a ring resonator
strongly coupled to a nanobeam photonic crystal cavity. Leveraging the disparity in mode
volume between these two strongly coupled cavities, we combine theory and experiment to
establish the ability to actively tune the mode volume of the resulting super-modes over a
full order of magnitude. As the mode volume determines the strength of light-matter inter-
actions, this work illustrates the potential for strongly coupled cavities with dissimilar mode
volumes in applications requiring designer photonic properties and tunable light-matter cou-

pling, such as photonics-based quantum simulation.
9.1 Introduction

Coupled optical microcavities serve as a basic building block for many integrated photonic
systems and technologies. Similar to the way bound electronic states of individual atoms
couple to form those of a molecule, confined photonic excitations of two or more optical
cavities can electromagnetically interact to form so-called “photonic molecules” [289, 290,
291, 292, 293, 294]. Electronic excitations in molecules are described through hybridization
of the orbitals of the constituent atoms and, in analogy, the electromagnetic super-modes of
photonic molecules can be constructed by blending the resonances of the individual cavities.

While single cavities are instrumental to a diverse set of applications ranging from single
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photon generation [295, 296, 297, 99| and strong light-matter coupling [298, 299, 300, 301]
to sensing [180, 302, 303, 304, 305, 23, 22, 24, 207| and cavity-controlled chemistry [27,
29, 31, 28, 30, 26|, systems of two or more cavities have shown promise in a number of
applications, including low-threshold lasing [272, 273, 306], cavity optomechanics [307, 308,
309], nonclassical light generation [277, 278, 310, 311, 279, 280, 312|, quantum simulation
[36, 281, 35, 313, 37|, and biochemical sensing [314, 315].

Critical to the advantages of photonic molecules over individual cavities is the ability
to engineer designer super-modes with properties that differ from those of the constituent
components. Of particular interest are coupled cavity structures whose optical properties
evolve with tunable parameters such as cavity-cavity separation and detuning. In recent
years, the active tuning of such photonic molecules has been demonstrated in several exper-
iments [294, 90, 309], but all have focused on coupled structures composed of near-identical
individual cavities. While these devices are useful for many applications, homogeneity of the
constituent cavities limits the dynamic range of the resulting super-mode properties such
as the mode volume, important both for the scaling of light-matter coupling and Purcell
enhancement.

In contrast, a heterogeneous photonic molecule composed of two distinctly different cav-
ities allows for a richer set of emergent properties with a wider scope of applications, such as
improved single photon indistinguishability of quantum emitters [312, 280]. However, lack of
a theoretical framework analogous to molecular orbital theory that is capable of elucidating
the dependencies of the composite system upon single cavity parameters makes design and
analysis of coupled optical cavities difficult. Absent such a formalism, prediction of super-
mode field profiles and other downstream properties such as hybridized resonant frequencies
and mode volumes must be left to numerical simulation. The latter can be costly for all
but the simplest coupled cavities and impossible for many heterogeneous systems, providing
impetus for theoretical advances in understanding cavity mode hybridization.

In this Chapter, we demonstrate thermally tunable hybridization of optical cavity modes
in a heterogeneous photonic molecule composed of a ring resonator and a nanobeam pho-
tonic crystal (PhC) cavity. This is achieved by embedding the coupled cavity structure in

a high thermo-optic coefficient polymer that preferentially blue-shifts the nanobeam reso-
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nance relative to the ring due to the “air-mode” design of the PhC cavity [316]. To better
understand the resulting super-modes of this heterogeneous optical system, we introduce a
theoretical framework which provides rigorous underpinnings to the more familiar coupled
mode theory for hybridized cavity systems and, for the first time, derive analytic expres-
sions for the super-mode field profiles and mode volumes expressed in terms of the single
cavity field profiles. Using this formalism, we demonstrate the ability to extract crucial
system parameters, such as the bare resonant frequencies and couplings, as a function of the
temperature-dependent detuning. Lastly, we use this theory to predict the evolution of the
resonant frequencies, field profiles, and hybridized mode volumes of the two super-modes,
revealing a temperature-dependent progression which spans a full order of magnitude and

results in the coalescence of the two mode volumes near zero detuning.
9.2 Experiment: thermal control of mode detuning

Fig. 9.1a. displays a scanning electron microscope (SEM) image of the heterogeneous,
coupled cavity system fabricated on a 220 nm thick silicon nitride film, grown on thermal
oxide on a silicon substrate. The pattern is defined by e-beam lithography and reactive ion
etching [317]. The nanobeam cavity is designed such that a significant portion of the cavity
field is concentrated in SU-8 polymer, which both forms a cladding for the entire device
and fills the holes of the PhC [316] (see Fig. 9.1b). In contrast, the ring resonator mode is
predominantly confined within the silicon nitride. Due to the relatively high thermo-optic
coefficient of the polymer (~ —107%/°C), which is nearly an order of magnitude larger than
that of silicon nitride, heating the entire device leads to a blue-shift of the nanobeam cavity
mode relative to that of the ring. The detuning between the ring and nanobeam modes can
therefore be reversibly controlled by changing the temperature.

To investigate the effect of ring-nanobeam mode detuning, the transmission spectrum
is measured through the nanobeam PhC cavity for a range of temperatures spanning
33.5 — 73.5°C. Spectra are measured using a supercontinuum laser which is coupled to
the system via an on-chip grating (see Fig. 1a). The transmitted light is collected through
the opposite grating and is sent to the spectrometer. While the gratings already provide a

spatial separation to improve the signal to noise ratio, a pinhole is used in the confocal mi-
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croscopy setup to collect light only from the output grating. The temperature of the entire
chip is controlled using a hot-plate. Fig. 9.1c displays the resulting transmission spectra
(gray circles) for a subset of temperatures, with additional measurements included in the
Supplemental Material. As the cavity modes of the ring and nanobeam are coupled, it is
difficult to distinguish how much of the energy separation between transmission peaks at
each temperature is due to detuning versus mode splitting resulting from coupling.
Understanding the impact of these individual contributions and analysis of emergent
properties requires a theoretical formalism capable of describing the super-modes of the
coupled ring-nanobeam structure. Coupled mode theory provides one such approach, but
typically relies on several phenomenological rates which simplify modeling, often at the ex-
pense of over-simplifying the underlying physics. Furthermore, coupled mode theory does
not provide a means to predict super-mode properties of interest for heterogeneous photonic
molecules, such as hybridized mode volumes. To amend these deficiencies we develop a first
principles theory that provides analytic understanding of the super-mode resonant frequen-
cies, field profiles, and volumes based only upon knowledge of the individual, uncoupled

cavities.

9.2.1 Theoretical model

The resonant modes of an optical cavity are given by the independent harmonic solutions of

the wave equation

V x V x A(x,t) + ES)A(X,t) =0, (9.1)

where A is the vector potential related to the cavity fields by the usual relations E = —A /c
and B =V x A, e(x) is the dielectric function of the structure of interest, and ¢ is the speed
of light. As is typical for cavity quantum electrodynamics calculations, we work entirely in
the generalized Coulomb gauge defined by V-e(x)A (x) = 0 which leads to a vanishing scalar
potential for systems without free charge [44, 41|. While optical cavities may alternatively
be described at the level of the fields themselves, the vector potential accommodates a
more natural basis for both a Lagrangian formulation of the cavity dynamics and canonical

quantization [39].
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Figure 9.1: (a) SEM image of the SU-8 cladded, coupled ring resonator-nanobeam device
with a 500 nm gap between ring and nanobeam at the point of closest separation. Scale
bar: 5 pm. (b) y-component of the electric field profiles for the nanobeam cavity mode
(bottom) and ring resonator mode (top) studied. The system is modeled as a coupled
oscillator, parameterized by an effective coupling strength /G12Go1 and effective frequencies
; distinct from the bare resonant frequencies w;. (c¢) Transmission spectra collected for four
equally-spaced temperatures (gray circles) with simultaneous least-squares fits to the model

overlaid (red lines).
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Given £(x), it is in principle straightforward to numerically solve for the modes of the
two-cavity structure in Fig. 9.1a. Such an approach, however, offers limited predictivity
and insight into the interaction between the individual ring resonator and nanobeam modes.
In addition, the vastly different length scales of the ring resonator and nanobeam cavity
make electromagnetic simulations of the coupled structures computationally challenging,
rendering a purely numerical exploration of parameter space infeasible. A more flexible
strategy is to numerically solve for the modes of the individual, uncoupled cavities. With
the aid of analytics, these individual modes may then be appropriately mixed to form super-
modes dependent on basic system parameters such as the spectral detuning and physical
separation between the cavities.

Considering just a single cavity mode of both the ring resonator and nanobeam, the
vector potential for the double cavity structure can be expanded as

Axt)=Y" é?cqi(t)fi(x). (9.2)
i=12 "

Here, i = 1,2 corresponds to the ring and nanobeam, respectively, while f;(x) is a mode
function of the ith cavity and ¢;(¢) a time-dependent amplitude. The former are normalized

such that the mode volume [48, 49, 50| is given by

2

S ECLOR 93

The mode expansion in Eq. (9.2) is approximate and, in general, requires additional terms to

v [ Pz ei(x) |Ei(x)
max[e; (x) |E;(x)|

ensure Gauss’s law is obeyed [318, 319]. However, these contributions only become physically
relevant at small inter-cavity separations where the evanescent field of one cavity “spills”
into the dielectric medium composing the other, and therefore may be ignored for the ring-
nanobeam resonator studied (see Supplemental Material).

The resonant super-mode frequencies are most easily computed through diagonalization
of the equations of motion for the generalized coordinates ¢;. Deriving such equations is
straightforward using standard techniques of Lagrangian mechanics (see Appendix A), but
an equivalent route involves directly integrating Eq. (9.1) [271]. Regardless of the approach,

the coupled equations of motion are
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2 02 G
% q1 _ 1 12| | ’ (9.4)
q2 G 93| |q
where Q7 = (0 — gpgm)/(1 — g3/@1@2) and Gy = \/@;Vi/@iV; (@ign — @ige) /(1 —

g% /w1@2) define effective resonant frequencies and couplings.

These coupled equations of motion differ from those often assumed in application of
coupled mode theory to multiple cavity systems [79, 320, 294]. In particular, the diagonal
elements of the above coefficient matrix are distinct from the bare resonance frequencies
w;. This is a consequence of the absence of a weak coupling approximation, resulting in
coupling-induced resonance shifts [286] that scale as higher-order products of the three dis-
tinct coupling parameters corresponding to the electric (gg) and magnetic (gas) inter-cavity

couplings, and the polarization-induced intra-cavity self-interaction (X;) defined by

wiw2

g = /d3x e(x)f1(x) - f2(x)

Viva

M = ;m/d% [wie1(x) + wiea(x)] £i(x) - £2(x) (9-5)
¥ = \/g/d?’x [e(x) — &i(x)] |f:(x)].

The intra-cavity self-interaction ¥; does not explicitly appear in Eq. (9.4) as all inter-

cavity couplings, resonant frequencies (w;), and mode volumes (V;) have been replaced by
renormalized counterparts (indicated by a bar), defined explicitly in Appendix A.

While coupled mode theory often reduces cavity-mode interactions to a single coupling
parameter independent of the detuning, we note that this is not completely accurate, and
more rigorous first-principles treatments relying on tight-binding methods [271, 321] have
revealed three distinct coupling parameters in agreement with those defined above. However,
as shown in Eq. (9.4), these three parameters may be combined, along with the resonant
frequencies, to form effective coupled oscillator equations which account for these subtleties.
Notably, all parameters may be computed given only the dielectric function composing the

individual cavities along with associated field mode profiles.
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9.3 Extracting system parameters

Aided by the effective oscillator equations in Eq. (9.4), the transmission spectrum is derived

through standard input-output methods [79, 77|, yielding

K
T(W) = o Ql it gngl_/ég;lQQ . (9.6)

Simultaneous least-squares fits are performed to transmission spectra at the eight exper-
imentally probed temperatures shown in Fig. 9.1c and the Supplemental Material. To
minimize the number of free parameters, 1, >, V1 and Vs are calculated using the the-
ory, supplemented by numerically calculated single cavity field profiles. Similarly, gg and
gn are constrained to within £1% of their theoretical values, while the waveguide-induced
dissipation rate k is estimated from electromagnetic simulation of the nanobeam.

The remaining free parameters, displayed in the top row of Table 9.1, are extracted
through a simultaneous least-squares fit to all measured transmission spectra. Among them
is the resonant frequency of both the ring resonator and nanobeam at room temperature
Ty and associated intrinsic dissipation rates, the latter of which may be introduced via
input-output theory in the standard way by generalizing 21 and 29 to be complex-valued
[79]. We find that the temperature dependence of the resonant wavelength of each cavity
is well-approximated as linear. All other parameters are assumed to depend negligibly
upon temperature and are treated as constant. Even with these simplifying approximations,
agreement between experiment (circles) and theory (solid lines) is excellent, as evident in
Fig. 9.1c.

Fig. 9.2a displays the full set of transmission measurements (circles) and fits (curves) for
all eight probed temperatures, while Fig. 9.2b shows the super-mode resonant frequencies
(ws) as a function of energy detuning fuws — fuw;. For each temperature measured, resonant
frequencies are estimated from the peaks in transmission spectra and are shown as black
circles. Theory curves (red and blue) are computed through diagonalization of the effective
oscillator model in Eq. (9.4) which we parameterize according to Table 9.1. Because both
ring and nanobeam modes blue-shift with increasing temperature, plotted curves and points

are shifted with respect to the average resonant energy waye = (w4 +w-)/2 for both panels.
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Table 9.1: Parameter Estimates

hwoy(To)  hws(Tp) d\y /dT dXs/dT hy Frys

1.6922 ¢V 1.6918 ¢V —39 pm/°nC —50 pm/°nC  0.16 meV  0.23 meV

Vi Va K hgr hgn ¥ )

5.0 pm3  0.49 pm? 9.7 peV —16.4 meV  —15.6 meV 1.1x107° 8.5x107

The resonant frequencies undergo an anticrossing as the system nears zero detuning
around T = 40 °C, with upper and lower cavity polariton energies differing by ~ 0.8 meV.
Because the coupled oscillator model is parameterized by the effective frequencies €2; and
s, and not the bare cavity resonances wy and ws, the anticrossing occurs where the former,
and not the latter, are co-resonant. Thus, the anticrossing in Fig. 9.2 is slightly shifted
from zero detuning. In addition, the super-mode resonances w- tend towards the effective
frequencies (dotted lines) at large positive and negative values of the detuning. Strong
coupling is confirmed quantitatively through comparison of the computed effective coupling
strength with the dissipation rates reported in Table 9.1 [64, 63]. In particular, we find
that ’ﬁ\/m ‘ ~ 0.40 meV, nearly double the dominant intrinsic dissipation rate
hy; = 0.23 meV.

9.4 Analysis of super-mode properties

Hybridization is further investigated through inspection of the super-mode profiles

£ (x) = Aze) <gi>l/4 \/Efl(x) cos — (gi)w \/Efg(x) sm9] o
£ (x) = BEH) @i)w \/Efg(x) cos 6 + <gi>l/4 \/Efl(x) sin 9] |
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Figure 9.2: (a) Anticrossing resulting from strong coupling between the ring resonator
and nanobeam cavity modes. Experimental data are shown as circles, while colored solid
lines display the resulting least-squares fit to Eq. (9.6). Gray lines overlay the theoretical
values of wy, extrapolated via parameter values obtained from the fits. (b) Evolution of
the super-mode resonant frequencies as a function of detuning. Black points correspond to
experimentally measured peak transmission energies, while error bars indicate uncertainty
in the peak energy due to the finite density of transmission energies measured. Solid curves
display theoretical super-mode energies computed from Eq. (9.4), parameterized through

simultaneous fits to transmission measurements.
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and their associated mode volumes

Vo [Gia14%, 2 Vi [Gal4+2a| . 5 gE//wiw ]| .
= =1/ 5= 0 — /== 60—/ __= 26
Ve=W ,\ Gor A(0)2 + Vs %\ Gy A0 sin ViVa A(0)? sin
Vi [Ga1 1+ 3 2 Vo [Greal4+21| . 5 gE//wiwz ]| .
= — /== 0 — /== 0+ +/ 7 26
Vi="V; %\ Gra B0 cos” 0 + V1 i\ Gor B0 sin® 0 + / V1 V> B(0)2 sin 26,
(9.8)
where A(f) and B(#) are normalization factors defined by
i 1/4 1/4 72
2 _ G12 V2 o4 (92 Vig s
A(0)” = Max } e(x) <g21) i f1(x) cos € + (g12) 7 f5(x) sin 0
i (9.9)

- 12

1/4 1/4
B(Q)Q = Max < e(x) (gi) “gfg(x) cosf — <g;j> \/Efl(x) sin 8 ,

0 = (1/2) tan=1(2v/G12Ga1/[Q23 — ©3]) is the mixing angle, and the upper (lower) subscript
corresponds to the case § > 0 (# < 0). The mixing angle has two distinct regimes; when the
detuning is much larger than the effective coupling strength (# — 0), the above mode func-
tions reduce to those of the bare ring resonator and nanobeam cavity. In contrast, for small
detuning relative to the coupling (§ — +m/4) the mode functions become a superposition
of f1(x) and fa(x).

Fig. 9.3a shows the evolution of the y-component of the upper (top) and lower (bottom)
cavity polariton field profiles across the experimentally measured temperature range. Be-
cause the limits of this range constrain the mixing angle to —7/8 < 6 < 7/6, neither fi (x)
nor f_(x) entirely localize to one of the constituent cavities at any probed temperature.
For all mode profiles shown, a significant portion of the field is contributed by the mode
function of the nanobeam f3(x). We note, however, that there is no fundamental reason
that the device could not be heated past the maximum temperature studied here (73 °C),
or cooled below room temperature.

Notably, the super-mode profiles are not equal superpositions of fi(x) and f3(x) near
zero detuning (7" = 40 °C). This may be understood by considering the large mismatch in
mode volume between the ring resonator and nanobeam modes (Vi/Va ~ 10). According

to Eq. (9.7), the nanobeam contribution to both fi (x) and f_(x) scales like (V;/V5)Y4,
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Figure 9.3: (a) Field profile for the upper (top) and lower (bottom) cavity polaritons at
various temperatures. Both super-modes are dominated by the nanobeam field at all ob-
served temperatures due to the weighting of f;(x) and f5(x) in Eq. (9.7). (b) Hybridized
mode volumes V, (blue curve) and V_ (red curve) of the upper and lower cavity polaritons.
The gray region indicates the range of experimentally measured temperatures, while dotted
lines specify Vi, Vo, and V; 4+ V5. Due to the predominant localization of both modes in the
nanobeam cavity, both V, and V_ coalesce at a value less than 5 times the mode volume of

the isolated ring resonator mode.
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while that of the ring resonator scales like (Va/V1)Y/4. As a result, both super-modes are
predominantly localized to the nanobeam.

Fig. 9.3b shows theoretical predictions for the hybridized mode volumes as a function of
temperature-controlled detuning, calculated using Eq. (9.8) paired with the experimentally-
informed parameter values in Table 9.1. As before, blue and red curves correspond to the
upper and lower cavity polaritons in Fig. 9.2a. The gray region indicates the range of
experimentally probed temperatures. Both hybridized mode volumes tend towards those of
the individual cavities at large positive and negative detuning and coalesce at a value of
Vi ~ 0.95 pum3, more than a factor of 5 less than the mode volume of the isolated ring
resonator.

While the nanobeam mode volume V5 clearly serves as a lower bound for V., analysis
of Eq. (9.8) indicates a maximum near V; + V5. V. slightly exceeds this value due to
constructive interference between the two modes, while V_ peaks at a value below V7 + V5
due to destructive interference. Both mode volumes display a “turning point” at values of
the mixing angle € such that f;(x) and fy(x) are equally-weighted in either fi (x) or f_(x).
Due to the large mismatch between Vi and Vs, between these two points is a full order-of-
magnitude of attainable values for both hybridized mode volumes, illustrating the potential

of this heterogeneous device for actively-tunable photonic properties.
9.5 Conclusion

In conclusion, for the first time we have demonstrated actively tunable hybridization in
a heterogeneous photonic molecule consisting of a ring resonator coupled to a photonic
crystal cavity. Critically, we establish an ability to exert control over the coupled cavity’s
mode volumes, spanning over a full order of magnitude. Aided by a theoretical formalism
developed to study hybridized cavity states, we rigorously extract system parameters from
experiment and derive analytic expressions for the super-mode resonant frequencies, field
profiles, and mode volumes, elucidating their evolution with temperature. As the mode
volume is a critical parameter dictating the degree of Purcell enhancement and scaling of
light-matter interaction, these results bear impact upon diverse efforts in the emerging fields

of quantum simulation and quantum information processing.
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9.6 Appendix

9.6.1 Dynamics for two single mode cavities

As mentioned in the main text, the equations of motions for coupled cavity modes may be
computed either through integration of the wave equation [271], or via an Euler-Lagrange

approach. Here, we follow the latter strategy and use the standard electromagnetic La-

L= / & [g(x)‘i‘; —(V x A)2] (9.10)

grangian

8
in the modified Coulomb gauge (and in the absence of free charge). Plugging in the expansion
Eq. (9.2) for the vector potential leads to
1 i 1 w? 5 9E .. wiwa
L= —1+3]-= g+ —=—— — —= , )
5 zz: v, [ il 5 Zl: v, q; m@l(h IM V1V2Q1QQ (9.11)
where the analytic forms of gg, gy, and ¥; are given in the main text. Application of the

Euler-Lagrange equations then gives

—l— ah Bn I+ gm L = @2 =0
Vl VwiwaV; _1 Va A%
(9.12)
~2 (J2 -0

240 —F————q1 + g
2 2V2 \/wlb(JQ 1 2 VV

where renormalized mode volumes, frequencies and coupling strengths are defined as
Vi=WVi/(1+%1) Va=Vo/(1+3y)

@1:(;.)1/\/1—}—21 (I)QZ(UQ/\/I—I-EQ

(9.13)
e = gu/[(1+ 1) (1 + S
an = gar/[(1+ S1)(1+ Zp)] 4.
Further algebra yields the equations of motion defined in the main text,
2 02 g
% Qi 1 Yi2| |@ (9.14)
q2 G Q| |

where Q? = (02 — grgm)/(1 — g% /ww2) and Gij = /@w;Vi/@;V; (@igm — @igr) /(1 —

G2 /@1@2).
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9.6.2 Physical importance of the mode volume

The mode volume is a critical figure-of-merit for dielectric cavities which determines the
strength of light matter interactions [270, 50, 49]. Here, we show that this remains true
in the basis of super-modes of a photonic molecule, lending physical meaning to Vi. The

interaction energy between a dipole emitter and the two-cavity field is given by
Hint =-d- E(I’o). (9.15)

where d is the dipole moment of the emitter and rg its position. Upon transformation to

the super-mode basis, the field of the cavity may be written as

B %= Y 0n 00 - ¥ 0F (9.16)

Plugging this into the interaction Hamiltonian and writing the dipole moment in terms a

generalized coordinate d = ex,

evar evar

) K, —

Hine = — £ (ro) - X]zd_, (9.17)

which clearly reveals the dependence of the coupling strength on the mode volume V..
Importantly, the mode functions are normalized such that max[e(x)fy(x) - f1.(x)] = 1, and
therefore the limit fi(rp) - x — 1 corresponds to the case of maximal coupling when &(x) is

real and dispersionless.

9.6.3 Effective Hamiltonian approach for calculation of transmission spectra

Computation of the power transmitted through the coupled ring-nanobeam system is most
easily achieved in the basis of creation and annihilation operators. Standard canonical quan-
tization techniques rely on computation of the Hamiltonian associated with the Lagrangian
in Eq. (9.11). Due to the coupling between ¢; and ¢2, however, this leads to conjugate
momenta which themselves are coupled in the Hamiltonian. The result of this is that the
rotating-wave approximation is no longer valid, and standard techniques of input-output

theory for coupled systems become ineffective.
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The most straightforward path to quantization is via the effective Lagrangian

1 g 24} G12G21
L == L QFr | — 9.18
5 EZ: [Vi By Yy, 14 (9.18)

where 1/V; = (921/@@2)/\/@ and 1/Vy = (gu/a)l@)/\/m. While different in form
from the standard Lagrangian in Eq. (A1), application of the Euler-Lagrange equations
yields the exact same equations of motion. Notably, there is no direct coupling between ¢
and ¢o, significantly simplifying quantization.

Legendre transform of the above Lagrangian yields the effective Hamiltonian

Vi 02 G12G21
HZE 22 i 42
: |:2 D; + 2V1q1:| + VlVQ q1492 ( )
9.19
G12021

401

= Z hQiazTai +h (aJ{ag + alag)
i
where a; = /Q;/2hV;[q; + i(V;/Q)pi] and counter-rotating terms have been discarded in
accordance with the rotating wave approximation. This procedure also allows us to identify
\/m as the “effective coupling strength” to be compared with the dissipation
rates in quantitatively testing for strong coupling. The transmission spectrum may then be
computed through standard input-output methods [79, 77|, yielding
2
K

) = w— Q + i  D2020/400 | (9.20)

w—S
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Chapter 10

EXACT K-BODY REPRESENTATION OF THE
JAYNES-CUMMINGS INTERACTION IN THE DRESSED BASIS:
INSIGHT INTO MANY-BODY PHENOMENA WITH LIGHT

Analog quantum simulation — the technique of using one experimentally well-controlled
physical system to mimic the behavior of another — has quickly emerged as one of the
most promising near term strategies for studying strongly correlated quantum many-body
systems. In particular, systems of interacting photons, realizable in solid-state cavity and
circuit QED frameworks, for example, hold tremendous promise for the study of nonequi-
librium many-body phenomena in part due to the capability to locally create and destroy
photons. These systems are typically modeled using a Jaynes-Cummings-Hubbard (JCH)
Hamiltonian, named due to similarities with the Bose-Hubbard model. While comparisons
between the two are often made in the literature, the JCH Hamiltonian comprises both
bosonic and psuedo-spin operators, leading to physical deviations from the Bose-Hubbard
model for particular parameter regimes. Here, we present a non-perturbative procedure for
transforming the Jaynes-Cummings Hamiltonian into a dressed operator representation that,
in its most general form, admits an infinite sum of bosonic k-body terms where & is bound
only by the number of excitations in the system. We closely examine this result in both
the dispersive and resonant coupling regimes, finding rapid convergence in the former and
contributions from &k > 1 in the latter. Through extension to the simple case of a two-site
JCH system, we demonstrate that this approach facilitates close inspection of the analogy
between the JCH and Bose-Hubbard models and its breakdown for resonant light-matter
coupling. Finally, we use this framework to survey the many-body character of a two-site
JCH for general system parameters, identifying four unique quantum phases and the pa-
rameter regimes in which they are realized, thus highlighting phenomena realizable with
finite JCH-based quantum simulators beyond the Bose-Hubbard model. More broadly, this

work is intended to serve as a clear mathematical exposition of bosonic many-body interac-
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tions underlying Jaynes-Cummings-type systems, often postulated either through analogy
to Kerr-like nonlinear susceptibilities or by matching coefficients to obtain the appropriate

eigenvalue spectrum.

10.1 Introduction

Efficient simulation of strongly correlated many-body systems remains one of the most im-
portant unsolved problems in the physical sciences today, promising advances in a diverse
set of fields ranging from high-energy physics and cosmology to quantum chemistry and
condensed matter physics [322, 323]. It is also one of the most challenging, as such sys-
tems involve dynamics within a Hilbert space whose size increases exponentially with added
degrees of freedom, rendering brute force study of many-body systems impractical with
even the most powerful classical computers. Feynman famously recognized this problem
nearly four decades ago and proposed what is now termed a quantum simulator — a pro-
grammable machine whose underlying degrees of freedom are quantum mechanical, circum-
venting the exponential scaling problem and thus enabling efficient simulation of quantum
systems [324, 325, 326, 327|. These devices generally fall into two classes: digital and ana-
log quantum simulators. The former are an application of universal quantum computers
which, despite rapid advancement in recent years, are likely decades away from a practical,
fault-tolerant realization [328, 329, 330, 322, 331]. In contrast, the latter are specialized,
comparatively less ambitious devices comprising a well-controlled quantum system which
mimics a particular quantum system of interest with some degree of tunability [323, 332].
Analog quantum simulators thus offer a viable near-term solution for study of quantum
many-body phenomena, and consequently a wide array of physical systems have been ex-
perimentally and theoretically studied as platforms for analog quantum simulation in recent
years (333, 334, 335, 336, 337, 338, 339, 340, 341, 329, 323, 342, 343, 344, 345, 346|.

One of the most unique classes of proposed platforms entails emulation of quantum
many-body physics with light. As photons do not naturally interact, replicating an inter-
acting many-body system relies on experimental realization of single-photon nonlinearities,
a difficult task particularly in the optical domain. In cavity and circuit QED settings,

one strategy for achieving nonlinearity involves realization of the Jaynes-Cummings model,



181

which describes a single quantized cavity mode interacting with a two-level system (TLS).
If the rate of dissipation to the environment is exceeded by the rate of coherent energy ex-
change between the cavity mode and TLS, the system is said to be in the strong coupling
regime and a phenomenon known as photon blockade can occur whereby absorption of a
single photon of a particular frequency prevents further absorption at that same frequency,
thus enabling single photon nonlinearity and, consequently, Kerr-type photon-photon inter-
actions [347, 348, 349, 350, 351, 352]. A suitable platform for quantum simulation is then
realized by an array of TLS-enabled nonlinear cavities, where the pure photonic modes of
adjacent cavities are coupled through the mutual overlap of their evanescent fields. Such a
system shares similarities with the Bose-Hubbard model and is commonly referred to as the
Jaynes-Cummings-Hubbard (JCH) model [353, 354, 36, 355, 356], combining Hubbard-like
on-site interactions (mediated by the TLS) with bosonic hopping between adjacent sites.

Unlike other notable quantum simulation platforms, such as those composed of ultracold
atoms in optical lattices [357, 358, 359|, an array of TLS-enabled nonlinear cavities does
not provide an exact analog of the Bose-Hubbard model. For one, the JCH Hamiltonian is
composed of both bosonic and psuedospin operators, while the Bose-Hubbard Hamiltonian
contains only the former. In addition, whereas the insulator-to-superfluid phase transition of
the Bose-Hubbard model is understood through analysis of the competition between on-site
repulsion U and hopping strength J, the various phases of the JCH model are determined
by three competing energy scales: on-site repulsion U, hopping strength J, and TLS-cavity
detuning A. Despite these differences, it has been shown that the JCH model admits an
insulator-to-superfluid phase transition much like that of the Bose-Hubbard model [353, 354,
360, 355, 36, 361, 362, 363, 364| and, consequently, the two have been closely compared in
a number of publications 353, 354, 365, 360, 366, 355, 367, 36, 368, 369, 362, 363, 364, 370,
371, 372, 373, 374, 375].

Here, we present a thorough analysis of the many-body character underlying the Jaynes-
Cummings Hamiltonian and ultimately revisit the analogy between the JCH and Bose-
Hubbard models for the simplest possible implementation: a two-site system. We begin by
considering just a single Jaynes-Cummings system and introduce a parameter-independent

strategy for exposing an infinite hierarchy of bosonic many-body interactions at the level of
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dressed operators. In contrast to similar methods prominent in the literature [376, 377, 16|,
our approach is non-perturbative and is therefore valid for general system parameters, facil-
itating analysis of both dispersive and resonant light-matter coupling regimes and provid-
ing explicit mathematical relations between the parameters and operators appearing in the
Jaynes-Cummings Hamiltonian and its many-body representation. We apply this method-
ology toward analysis of a two-site JCH model in both photonic and polaritonic regimes,
and show that the dispersive coupling limit provides an approximate analog to the Bose-
Hubbard model, albeit with weak nonlinearities. In the resonant regime, we illustrate the
disconnect between these two models, and make explicit the polaritonic-to-photonic transi-
tion which accompanies the two-site analog to the familiar insulator-to-superfluid transition
of the Bose-Hubbard model. To that end, we show that the resonant coupling case admits
of a third, intermediary phase consistent with a polaritonic superfluid, highlighting the dis-
tinct possibilities afforded by the JCH model over the Bose-Hubbard case. Taken together,
the goal of this paper is to present a unique, parameter-independent approach for studying
the effective many-body interactions realizable in Jaynes-Cummings-type systems and, via
extension to a two-site system, fully explore the various parameter regimes of a simple, finite
Jaynes-Cummings-Hubbard system with an eye towards experimental study of many-body
phenomena using photonics-based platforms.

The subsequent sections are organized as follows. In Section 10.2 we derive a many-body
representation for the Jaynes-Cummings Hamiltonian in terms of dressed operators and
discuss its limiting cases for various parameter regimes. This is carried out in three parts:
Section 10.2.1 contains a derivation of the dressed operator representation of the Jaynes-
Cummings Hamiltonian, followed by a discussion of the behavior of the dressed operators
in 10.2.2 and, in Section 10.2.3, a derivation and analysis of our main result — an exact,
many-body representation of the Jaynes-Cummings Hamiltonian. Section 10.3 extends our
methods to the two-site JCH model, beginning with a brief comparison between the Bose-
Hubbard and JCH models in Section 10.3.1. This is followed by a more thorough analysis
of the two-site JCH in the dispersive and two excitation limits in Sections 10.3.2 and 10.3.3.
We then examine the various quantum phases of the two-site JCH in Section 10.3.4 before

concluding with a summary of our findings in Section 10.4.
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10.2 Non-perturbative many-body representation of the Jaynes-Cummings
Hamiltonian

We begin by examining the hidden bosonic many-body nature of the Jaynes-Cummings
Hamiltonian, one of the simplest and most versatile models in quantum optics describing
the coherent interaction between a single cavity mode and a TLS, as shown in Fig. 10.1.
Defining a' and @ as creation and annihilation operators for the bosonic cavity mode and
ot = le){g| and o~ = |g) (e| as psuedo-spin raising and lowering operators describing
transitions between the ground |g) and excited |e) states of the TLS, the Jaynes-Cummings

Hamiltonian is given by
1
H = hweala + ihwaaz + hgla'o™ +ac™). (10.1)

Here, w, is the resonant frequency of the cavity mode and w, that of the TLS or “atom” -
terminology which will be used interchangeably for the remainder of this work. We emphasize
that the physical implementation of the TLS need not be an atom, and may instead describe
the energy levels of a so-called artificial atom such as a superconducting qubit [378, 379, 17,
16] or quantum dot [380, 381, 382, 383]. The rate of energy exchange between the cavity
and TLS is defined by the coupling strength g, here assumed to be fast enough such that the
atom and cavity are strongly coupled and dissipation may be neglected at first approximation
[384, 383], yet not so fast that the counter-rotating terms of the Rabi model be considered
(i.e., g < {we,wqa}) [38, 385]. Finally, 0% is the Pauli operator 0% = [oF,07] = |e) (e|—|g) {g].

The eigenvectors and eigenvalues of Eq. (10.1) are most easily found by recognizing that

the Hamiltonian conserves the total number of quanta
N=da+oto". (10.2)

Consequently, only states within the same excitation number manifold couple and Eq. (10.1)
may be rewritten as a block-diagonal matrix with each 2 x 2 block independently diagonal-

izable. Following Ref. [376], we define

A=g/A (10.3)
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Figure 10.1: (a) A realization of the Jaynes-Cummings model consisting of a single cavity
mode and a two-level system (TLS) of resonant frequency w. and w,, respectively. The
two interact, exchanging quanta at a rate determined by the coupling strength g. (b) The
eigenspectrum of the Jaynes-Cummings Hamiltonian for A > 0. The left set of horizontal
black lines indicates the eigenenergies of the bare cavity mode and TLS, while the right
portrays the impact of light-matter coupling. Pairs of states with the same total number
of excitations n hybridize, yielding pairs of dressed eigenstates |n, =) which are split by the

frequency €. (caption continued on following page)
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Figure 10.1: (continued) If the system begins in the ground state |0, —), absorption of one
photon of frequency (Ej - — Ep,—) prohibits absorption of a second of the same frequency
due to the additional energy cost U. This phenomenon is known as photon blockade, and

may be used to realize effective photon-photon interactions.

where A = w, — w, is the atom-cavity detuning. Then the eigenvalues may be written as
1 h —

with associated eigenvectors

|n,—) = cosf|n,g) —sinf |n—1,e)
(10.5)

In,+) =sinf|n,g) + cosf|n—1,e),
where n are eigenvalues of the total number operator N which label the excitation manifold
and the mixing angle # = tan~!(2\\/n)/2 describes the degree of hybridization between
photonic and atomic degrees of freedom, taking values in the range —7w/4 < 0 < 7/4 with
upper and lower bounds corresponding to maximal mixing and 8 = 0 indicating an uncoupled
System.

The eigenspectrum of Eq. (10.1) is often referred to as the Jaynes-Cummings ladder
[386, 387, 388, 389]|, shown in Fig. 10.1b. Crucially, this spectrum is nonlinear in n, leading
to a phenomenon known as photon blockade [347, 349|, whereby absorption of a photon at a
particular frequency inhibits further absorption of photons at that same frequency (see Fig.
10.1¢). In this way, the Jaynes-Cummings Hamiltonian facilitates effective photon-photon
interactions in the few photon limit. Caution must be exercised, however, in attempting
to write down an effective Hamiltonian which accounts for these effects. In particular, it
is clear from Fig. 10.1b that transition to the state |2, —) through absorption of successive
photons of frequency w = (Ej _ — Ey _)/h requires an additional energy of U > 0, leading to
an effective repulsion of the second photon. This effect is similar to a Kerr-type nonlinearity

of the form

HKerr = Ueff N(N - 1) (106)
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and therefore parallels the on-site interactions of the Bose-Hubbard model [390, 353, 367|.
However, this comparison must be approached with caution due to two key subtleties. First,
applicability for an arbitrary number of excitations requires that U.g itself depends on the
number operator NV, as in the large excitation limit the Jaynes-Cummings ladder approaches
a linear spectrum [391, 392|. This idea — defining an explicit, excitation number dependent
Uesr — has been explored in several publications to date [353, 355, 370] but, as noted in
Ref. [355], leads to inaccuracies in the dispersive coupling regime. Second, the operators
appearing in Eq. (10.6) correspond not to the number of photons in the cavity, but the
number of dressed photons. As a result, the very nature of the underlying excitations
themselves depend upon the parameter regime, changing from photonic in the dispersive
regime to polaritonic for resonant coupling, behavior which is not apparent from Eq. (10.6).
A useful effective bosonic many-body representation of Eq. (10.1) therefore requires a more

careful consideration of these subtleties.

In the following subsections, we present a transformed representation of Eq. (10.1)
which makes explicit the bosonic many-body interactions generated through photon-blockade
for general system parameters. In contrast with similar methods in the literature relying
on Schrieffer-Wolff perturbation theory [376, 377, 16|, our approach is applicable for both
resonant (A < g) and dispersive (A > g¢) light-matter coupling. Through techniques
of unitary transformation, we systematically develop an exact many-body description of
the Jaynes-Cummings Hamiltonian and expose a hierarchy of normally ordered, effective
k-body interactions and their parameter-dependent scaling. The end result is an exact
generalization of Eq. (10.6) which is absent of excitation number dependent coefficients.
Particular attention is given in identifying the physically appropriate basis for the many-body
interactions as it has been shown that insulator-to-superfluid quantum phase transitions of
the JCH model are accompanied by a polaritonic-to-photonic transition in the nature of the

excitations [353, 354, 361].
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10.2.1 Unitary diagonalization of the Jaynes-Cummings Hamiltonian

While it is straightforward to find the eigenvalues and eigenvectors of the Jaynes-Cummings
Hamiltonian by considering each excitation number manifold individually, an alternate route
toward diagonalizing Eq. (10.1) involves unitary transformation of the canonical operators.
This approach was first reported in Ref. [393] and has since been adopted in a number
of more recent works [377, 376, 16]. At first glance, this strategy appears to be a more
complicated pathway toward computing the well-known eigenvalues and eigenvectors of Eqs.
(10.4—10.5). However, it provides additional physical insight into the diagonal form of the
Hamiltonian through an analytic understanding of the dressed canonical operators and will
allow us to more clearly compare between Hamiltonians endowed with Jaynes-Cummings
interactions and those having two-body bosonic interactions of the form of Eq. (10.6).

We begin by writing the Jaynes-Cummings Hamiltonian as
H = Hy+ hgl,, (10.7)

where we have adopted the shorthand notation [376]

1
Hy = hwala + ihwaaz

(10.8)
I.=ad'o” +ac™.
Defining the unitary transformation operator
U=en-, (10.9)

we aim to find the appropriate choice of A for which the Hamiltonian is diagonal once cast
in terms of the transformed operators @ = Ufalf and = = UTo~U. Due to the unitarity of
U, all commutation relations are invariant under transformation.

Here we employ the method of explicit transformation, whereby the Hamiltonian H is
rewritten in terms of transformed operators. This strategy typically entails finding closed
analytic relationships between each canonical operator O and its transformed pair O using
the Baker-Campbell-Hausdorff formula [394],

O =utou

. ) (10.10)
= 0+(0,5)+ 5[0, 5], 5] + [0, 5,51, 8] + ...
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where U = e°. In the case of the Jaynes-Cummings Hamiltonian, however, direct application
of Eq. (10.10) to the canonical operators a and o~ leads to an infinite series of commutation
relations which do not close, and a “nonunitarian short circuit” must be employed to obtain
closed form expressions through this approach [394]. Instead, it is advantageous to transform

Hy and I in their entirety. Using the commutation relations

[HOa ] = _hAI+
(10.11)
[I+,I_]=2No~
along with the inverted form of Eq. (10.10), it can be shown that
~ - A2
Hy = Hy+ A[H(),I_] + i[[HO’I_]’I_] + ...
- A -
= HO — hAZ Fanl
=t (10.12)
~ ~ A2 -
L = L + ALy, L]+ ([T, -] I+
YA
= nl
where F), is the nth order commutator of f+ and /_ given by
_ (—1)"2 (2VN)"15%/2 n odd
E, = (10.13)

(—1)%(2\/]V)”f+ n even
and transformed operators are indicated by tildes. Note that both N and I_ commute with
U and, consequently, tildes on these operators are neglected for simplicity.
Using the relations in Eq. (10.13), the commutator expansions of Hy and Iy may be

formally summed and substituted into Eq. (10.7), yielding

H:hwc<N—;>

Q\ﬁ [A sm<2A\/>) — 2g\/>cos(2A\/>)] (10.14)
+ g [A cos (2A\/N) + 29\/Nsin<2A\/N>} o

Diagonalization is achieved through elimination of the second term proportional 11, leading

to the constraint

e 1
AN =~ = ot L (zA\/N) , (10.15)
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defined here in terms of the mixing angle 6, previously introduced in Eq. (10.5) but now
appearing as a function of the number operator N rather than its eigenvalue n. Critically, A
is also a function of the operator IN. This is allowed only because N commutes with Hy and
I+ and therefore may be effectively treated as a scalar in writing the commutation series of
Eq. (10.12). We emphasize, however, that caution must be exercised in endowing A with
arbitrary operator dependence.

With the above choice of A, simplification of Eq. (10.14) yields
1 h o~

The above Hamiltonian is now entirely diagonal written in terms of the dressed bosonic
and TLS operators, the former appearing via the total number operator N = a'a + o5 .
While it is evidently clear that this Hamiltonian returns the same eigenvalues previously
reported in Eq. (10.4), this procedure allows for an exact operator representation of Jaynes-
Cummings Hamiltonian in terms of the dressed operators rather than a description of the
dressed states provided by the manifold-by-manifold approach. As will be shown in later
sections, the dressed operator form of the Jaynes-Cummings Hamiltonian provides a deeper
understanding of the underlying bosonic many-body interactions mediated by the TLS.
More immediately, it is imperative to first understand how the dressed operators act on the

composite Hilbert space of the dressed states of the Jaynes-Cummings Hamiltonian.

10.2.2 Behavior of the dressed operators

As previously discussed, direct transformation of the bosonic and TLS operators a and o~
does not yield easily interpretable closed-form expressions for the dressed operators a and o~ .
Despite this, one may still determine the action of the dressed operators on the eigenstates
of Eq. (10.5) by transforming both the states and operators to the original basis where the
action of the bare operators is known. Given the unitary transformation Eq. (10.9), the

state |U) transforms according to

|0) g = e ) (10.17)
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where the subscript identifies a state transformed with respect to the generating function
S = —AI_. In order to work out transformations of the states explicitly, it is helpful to first

S

cast the unitary operator U = e~ in an alternate form via Taylor expansion and subsequent

resummation. In particular, it may be shown that

¢S — cos(0) T \/% sin(0)1_, (10.18)

where 6 is the mixing angle defined in Eq. (10.15). Then the basis states {|n,g),|n,e)}

transform as

In,9)g = [n, —) = cos(0) [n, g) — sin(0) [n — 1, ¢)
(10.19)
In—1,e)g = |n,+) = sin(f) |n, g) + cos(#) |n — 1,€),
where we have made explicit the equivalence between the transformed states and the well-
known eigenstates of the Jaynes-Cummings Hamiltonian introduced in Eq. (10.5). As
expected, then, the unitary operator U maps the bare basis states onto the set of eigenstates
{In,9)g.|n,e)g}. It is important to note that the ground state is included within the set
{|n, —)} which corresponds to the “lower branch” of the Jaynes-Cummings ladder for A > 0"
(0 > 0) and to the “upper branch” for A < 0~ (6 < 0), where superscripts indicate the
direction of approach for the case A = 0. We note, however, that the choice of which branch
includes the ground state is arbitrary, and the roles of |n, —) and |n, +) may be reversed by
adding an overall minus sign to S or, equivalently, swapping & and U' in the convention
adopted for the similarity transform Eq. (10.10). Nonetheless, a choice has been made in
identifying |0, —) with the ground state and, because the n = 0 manifold consists of only
one state, |0,4) does not represent a physical state of the system.
Turning now to the action of the dressed operators, one may show that for a general
operator O,

Oln,m)g = e 50 |n,m) = (O|n,m))s (10.20)

where m = {g,e}. Accordingly, the action of the operator O in the basis of transformed
states |n,m) g is exactly analogous the action of O in the original basis spanned by the Fock
states |n, m). The action of the dressed operators on the conventionally labeled states |n, £),

however, is more subtle as here n indicates the excitation manifold or, equivalently, the total
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number of combined bosonic and TLS excitations rather than the number of dressed bosonic
excitations alone as in the labeling |n,m)g. We emphasize that these subtleties are solely
a consequence of notation and are of little physical importance, and as a result it is often
simpler to work with the more physically apparent notation |n,m)g labeling Fock states
in the dressed boson/TLS basis. Still the action of the dressed operators on the states
|n,+) may be easily worked out through combination of Egs. (10.19—10.20), with results
summarized for reference in Table 10.1 and Fig. 10.2.

Although the description of the dressed operators thus far has been exact for general
system parameters, it is instructive to contrast two important parameter regimes of the
Jaynes-Cummings model: resonant coupling (A > 1) and dispersive coupling (A < 1). In
the former case, the mixing angle 6 approaches +7/4 and the eigenvectors of Eq. (10.19) are
maximally mixed superpositions of bosonic cavity and atomic excitations. Consequently, the
dressed bosonic and TLS operators induce transitions between the hybridized light-matter
eigenstates of the system and the fundamental excitations of the system are polaritonic.
In contrast, the dispersive regime is most easily analyzed by first recognizing that Taylor
expansion of the rightmost side of Eq. (10.15) yields A &~ X and therefore the unitary
transformation operator may be approximated as U = e~™- ~ e~M-. Approximate forms
of the transformed operators are then obtained through Schrieffer-Wolff perturbation theory
for A < 1 [376, 16], leading to

ax~a— Ao~
(10.21)
o ~o — Aao”,

where only first order corrections in A have been kept. Here, the bosonic operators a' and
a create and destroy photons weakly perturbed by the presence of the TLS. Likewise, the
perturbed operators ¢+ and o~ include the expected action of raising or lowering the bare
TLS and additionally inherit a small photonic contribution conditioned on the state of the
bare TLS via 7.

It is important to note that the transformed operators @ and o~ form an appropriate
operator basis regardless of the parameter regime, and their action on the transformed

states is independent of whether the system is resonantly or dispersively coupled. However,
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In,—) =1n,g9)g | In,+)=|n—1,€)g

a Vvnln—=1,-)| Vn—1|n—1,+)
af Vn+1in+1,-) vnln+1,+)
a'a nin, —) (n—1)|n,+)
o~ 0 In—1,—)
ot In+1,+) 0
o —n, =) I, +)
oto~ 0 In, +)
o o" In, —) 0
N nln,—) n|n,+)

Table 10.1: Behavior of the dressed operators acting on the Jaynes-Cummings ladder states

n, £).

the underlying character of the transformed operators and states changes as a function of
system parameters, most easily seen by relating the transformed operators and states back
to those describing the uncoupled system as shown above. For example, it is clear that the
bosonic operators @ and a' describe either creation and annihilation of polaritons or photons
depending on the value of the mixing angle 6 (or equivalently, A). As a result, the dressed
operator description of the Jaynes-Cummings Hamiltonian is appropriate independent of
the parameter regime under consideration. Still, it is crucially important to maintain an
understanding of the parameter-dependent underlying physical character of the excitations
described by the transformed operators and states. This will hold especially true in Section
10.3 where it will be shown that the physical interpretation of the distinct quantum phases
of a two-site JCH model requires knowledge of the underlying nature of the transformed

states across parameter space.
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Positive Branch

aTI a

Negative Branch

Figure 10.2:  Action of the dressed operators on the Jaynes-Cummings ladder. Upon
diagonalization, the Jaynes-Cummings Hamiltonian may be repackaged into a positive and
negative branch, the former comprising the states |n, —) and the latter |n,+). The dressed
bosonic operators a! and @ induce transitions between states of the same branch, raising
and lowering the total number of excitations by one, respectively. In contrast, the dressed
psuedospin operators o and &~ facilitate transitions between the two branches. Similar
to the bare pseudospin operators o™ and o~ acting on the states |e) and |g), respectively,

applying o+ to a state denoted by the same sign returns zero.
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10.2.3 Revealing the hidden many-body nature of the Jaynes-Cummings Hamiltonian

Paired with the results of the previous section, the Hamiltonian of Eq. (10.16) provides a
complete description of the Jaynes-Cummings Hamiltonian in the dressed operator basis. In
its present form, the second term clearly endows the system with a nonlinear dependence on
the total number of excitations, reminiscent of the Kerr-like, two-body bosonic interactions
of the Bose-Hubbard model in Eq. (10.6). The goal of this section is to make this analogy
more apparent by casting Eq. (10.16) in a form which accentuates the underlying many-body
bosonic interactions. One route for achieving this involves Taylor expansion of Eq. (10.16)
about small values of A and truncating at finite order [376]. Alternatively, identical results
are attained by direct Schrieffer-Wolff transformation of the Jaynes-Cummings Hamiltonian
in its original representation, whereby the unitary operator i = e M- is replaced by its
approximate form U = e~M- [376, 16] and all transformations are carried out to finite order.
However, the two described strategies are only applicable in the dispersive limit where A < 1,
and it is therefore the purpose of this section to leverage the exact solution of Eq. (10.16)
toward a non-perturbative method equally applicable in both the dispersive and resonant
coupling regimes.

Focusing on the nonlinear portion of Eq. (10.16) alone, it is useful to define the function

f(x) =V1+4X\x (10.22)

such that the dressed operator representation of the Jaynes-Cummings may be written as

H = hw, (N - ;) + gAf(N)&'Z. (10.23)

Using the identity ° = 676~ — ¢ o+ and defining the projection operator P =

|n, £) (n, |, the product f(IN)d* may be further reexpressed as
F(N)G* ==Po+ > _ f(n)(P} = Py). (10.24)
n=1

As shown in Appendix 10.5, one may Taylor expand f(n) about n = ny and recast in terms
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of dressed operators to find

f(N)G* :i r <1£2> (;) (202" F(ng) 2" (—np)™—™
e 1 . (10.25)
Fore e -]

i

where {Z} are Stirling numbers of the second kind. Taking care to adjust upper and lower
bounds as needed, the three sums appearing in Eq. (10.25) may be reordered such that the

total Hamiltonian becomes

1 = 1 e it ik~
- 2) + kz_ok! [C¥ote™ +Cro "] @k @)k, (10.26)

H = hw, <N
where the coefficients of the k-body terms include the remaining sums over m and r in Eq.
(10.25). After partial resummation and further manipulation (see Appendix 10.5), it may

be shown that these k-body interaction coefficients are given by

k

Cotn=-5 3 (F)vrrviTi
S (10.27)
’ .
Cy/h= %Z (D(l)’“*” 1+4X2(p + 1).
p=0

Together, Egs. (10.26 — 10.27) form an exact bosonic many-body representation of the
Jaynes-Cummings Hamiltonian and constitute one of the primary results of this manuscript.
Critically, this final form of the Hamiltonian is independent of the expansion point ng. We

note that

@ @ )= (1) )
1

g (10.28)
@@ ) = (" ins

and thus each k-body term scales as C’,zt multiplied by a combinatorial factor. When applied
to the eigenstates |n, £), the infinite sum of k-body interactions may be evaluated, resulting
in the closed form

=1
> =Cr ¥ n, £) j:gA\/1+4)\2n|n,j:>, (10.29)
k=0

k!
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thus verifying that the dressed operator many-body form of the Jaynes-Cummings Hamil-
tonian in Eq. (10.26) returns the well known eigenvalues in Eq. (10.4).

Critical to the usefulness of Eq. (10.26) is a clear partitioning of the Hilbert space into
two branches, each spanned by either set of states [n —1,e)g = [n,+) or |n,g)g = |n, —).
Because the two branches are uncoupled, one may consider each subspace independently.
As previously discussed, it is the latter set which includes the global ground state |0, g)g =
|0, —), and we thus focus our analysis on the “negative” branch, noting that much of the
discussion follows similarly for the “positive” branch with the caveat that, there, the state
|0,e)g = |1, +) effectively serves as the ground state within the subspace spanned by |n,+).
We reemphasize, however, that the states |n, —) are the lower energy eigenstates of each
excitation number manifold for A > 0% (# > 0) only, and the eigenstates |n, —) exceed
|n,+) in energy for A <0~ (# < 0). As a result, one may access the entirety of the Jaynes-
Cummings ladder for the resonant coupling case simply by choosing to approach A = 0
either from the positive or negative direction, yielding § = 7/4 or § = —m /4, respectfully.
We will find that this freedom allows for a mathematical description of either repulsive or
attractive many-body interactions within the subspace of states |n, —) depending on the sign
of f. Separately, in the dispersive regime, the negative branch comprises perturbed photonic
excitations with the weakly dressed TLS in its unexcited state.

Before proceeding with a closer analysis of the coefficients Ci, it is important to note
that the effects of environmental coupling have, up to this point, not been considered. As a
result, the many-body terms of Eq. (10.26) seemingly play an important role for all C’ki # 0
and, as illustrated in Fig. (10.1b), perfect photon blockade is achieved as long as g # 0.
In an experimental setting, however, coupling to the environment broadens the levels of the
Jaynes-Cummings ladder such that photon blockade is impaired when the dominant rate
of dissipation I' = max{k,v} exceeds the light-matter coupling strength g, where x and
~ denote the cavity and atomic linewidth, respectively. As a consequence, strong effective
many-body interactions are realizable only in the strong coupling regime (i.e., g > I'),
as the impact of each k-body term depends not on C’,;t alone, but rather on the ratio
C,;t /RT. Although the effects of environmental coupling will not be explicitly considered

in the present work, given the discussion above it is convenient to consider all parameters
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in units of I' as it determines the appropriate time scale for a specific realization of the
Jaynes-Cummings Hamiltonian, allowing for a general discussion agnostic of the particulars

of each experimental platform.

While Egs. (10.26-10.27) provide an exact bosonic many-body representation of the
Jaynes-Cummings Hamiltonian for general system parameters, the infinite sum over com-
peting k-body terms obscures simple interpretation. It is therefore advantageous to closely
analyze several limiting cases to gain insight into the contributions of the hierarchy of many-
body terms appearing in Eq. (10.26). In the following, we restrict analysis to the few excita-
tion limit and investigate both the dispersive and resonant coupling regimes independently.
We then conclude the current section with a brief discussion of the more general n excitation

case.

The few excitation limit: n < 2

We begin by examining the Hamiltonian in Eq. (10.26) in the limit where the total number of
excitations is fixed to two or fewer. In this scenario, the normally ordered terms (a')*(af)*
do not contribute for k£ > 3 for the negative branch and k > 2 for the positive branch.
Consequently, the n < 2 limit allows for analysis of the Hamiltonian in the scenario where the
highest order contributing many-body interactions correspond to two-body terms, leading

to the effective Hamiltonian

. a1
Hng =5to~ [(hwc +Ca'a + §ﬁwc + C’J]

B (10.30)
. e Oy i 1
+o ot [(hwc +Cp)a'a+ 72@ a'aa — §hwc + Co} ,
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where the first and second lines correspond to the effective Hamiltonian projected onto the

positive and negative branches, respectively, and

_ A
A
Cr/h=-5(-1+ V1+4)2)
Cy /h= +%(—1 +2V1+4X2 — V/1+8)2) (10.31)

Cf /h= —%(\/1 +422)

A
C/h = —5(—\/1 +4X2 4+ /1 +8)2)

are the explicit forms of the interaction coefficients. In all cases, the above coefficients are
written in such a way that the factor in parenthesis is positive for all values of A and therefore
the overall sign of the coefficient is indicated explicitly in the prefactor. Notably, the overall
sign of the coefficients CijE depends upon the sign of the detuning A. Two-body bosonic
interaction terms appear only for the negative branch as the positive branch consists of
states with the dressed TLS in its excited state, and limiting the total number of excitations
to two or fewer therefore ensures at most one dressed photonic excitation.

Focusing only on the negative branch, the Hamiltonian may be written within this sub-
space as

off(— B Cy 1 B
H) = (hwe + CTIN + “ENWN = 1) = Shwe + Cy (10.32)

where we have used the fact that N and a'@ are identical for the negative branch. This
effective Hamiltonian is, up to an overall energy shift, identical in form to the on-site terms

of the Bose-Hubbard model [353],
U
Hpn on-site = —puN + §N(N - 1), (10.33)

where the on-site interaction strength U is determined by C; and N describes the number
of dressed bosonic excitations. Despite the fact that the linear energy hw. 4+ Cy is strictly
positive for realistic parameters and thus naturally describes a system with pu < 0, we note
that one may transform to a rotating frame via the unitary operator e~iwed'@t gch that Cr,
which is negative for A > 07, becomes analogous to the chemical potential. As discussed in

Section 10.2.2, the dressed operators af and @ describe creation and annihilation of bosonic
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excitations whose character varies from polaritonic (A > 1) to photonic (A < 1) depending
on the choice of g and A. Furthermore, as the overall sign of C5 is determined by the sign of
A, the interaction energy U can be either positive or negative. The former case results in an
effective polariton-polariton (or photon-photon) repulsion, whereas the latter corresponds
to polariton-polariton (or photon-photon) attraction.

Fig. 10.3a shows the absolute value of C5 as a function of system parameters g and A,
all relative to a fictitious dissipation rate I' which sets the relevant energy scale pertaining
to a particular experimental platform, as discussed previously. As expected, the scaling of
the two-body interaction is largest for resonant coupling where the bosonic modes and TLS

maximally mix. Evaluating C5 for the perfectly resonant case leads to
Cy Jh=+(2-V2)g, (resonant) (10.34)

where the sign of C5 is determined by the direction in which A = 0 is approached and it
is assumed that g > 0. Then for resonant coupling, C5 scales linearly with ¢ and strong

two-body interactions (C, 2 AL') are achieved for
6T 2 1/(2- V), (10.35)

a slightly higher threshold than strong coupling.
In the dispersive regime, C, depends nonlinearly on A and, as a result, spans many
orders of magnitude for constant A depending upon the value of g. Expanding C; about

small values of \ leads to the result
Cy Jh~ 2\, (dispersive) (10.36)

indicating that the fall off of two-body interactions for decreasing ¢ is dependent on how
far into the dispersive regime the system is tuned. To realize strong two-body interactions
(i.e., C5 Z hI') in the dispersive coupling regime, exceptionally large values of g/I" must be
attained such that the condition

g/T > 1/2)3 (10.37)

is satisfied, a limit which has been approached in circuit QED platforms (for A ~ 0.1),
reaching values of g/I" in the several hundreds [379]. Eq. (10.37) may be thought of as a
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Figure 10.3: (a) Sign and magnitude of the two-body coefficient C; as a function of A
and g. For practical purposes, all parameters are normalized to I' which sets the relevant
frequency scale for the particular experimental platform in consideration. Regardless of the
parameter regime, C;, always takes the same sign as A. As discussed in the main text, C;
is discontinuous at A = 0 and may take on a positive or negative values depending on the
direction of approach. For all g, C; is maximized for resonant coupling (A > 1), and is
comparably smaller for dispersive coupling (A < 1), requiring g/T" > 1/2A3 to achieve strong

photon-photon interactions (C;, /T' 2 1). (caption continued on following page)
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Figure 10.3: (continued) The dashed line indicates A = 0.1, typically considered the onset of
the dispersive regime. (b) Sign and magnitude of the three-body coefficient C5 as a function
of A and g, all normalized to I'. C5 displays a qualitatively similar trend to C5 , taking on
a maximal magnitude at A = 0 and falling off rapidly for decreasing A. For all parameters,

|C5 | < |C5 | and, in contrast to Cy, the sign of C5 is opposite to that of A.

higher order generalization of the strong-dispersive regime [395, 396|, defined by the condition
g/T 2 1/X (for A < 0.1) which characterizes the portion of parameter space in which the
first order frequency shift C’fc exceeds Al'.

While boson-boson interactions are most easily attained in the case of resonant coupling,
it is in the dispersive parameter regime in which the bosonic many-body interactions take
on a photonic nature. As we shall see in Sec. 10.3 where the present analysis is extended
to a two-site Jaynes-Cummings-Hubbard system, it is photonic two-body interactions in the
dispersive regime, rather than polaritonic two-body interactions on resonance, which will

mostly clearly provide a route for analog quantum simulation of Bose-Hubbard physics.

The few excitation limit: n < 3

The Hamiltonian in Eq. (10.30) is exact for n < 2. Consideration of states with n = 3

requires inclusion of three-body terms, leading to the effective Hamiltonian

e 1 Oy
Hf;fég, = H, + 575 [;aTaTaa] +o ot [gaTaTaTaaa] , (10.38)

where

A
Cy/h=—5(-1+ 3V144X2 = 3v/1+8X2 + /14 12)2)
(10.39)

Cf /h = +%(—¢1 FAX2 + 214 8X2 — V14 12)2)

describe the strength of three-body (two-body) interactions within the negative (positive)
branch of the Jaynes-Cummings ladder. Similar to the the n < 2 case, three-body terms
do not appear for the positive branch as the states considered allow for up to two bosonic

excitations. We note that the trends followed by the positive branch for n < 3 are similar
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to those of the negative branch for n < 2 (with signs reversed), and therefore will not be
explicitly discussed.

Fig. 10.3b shows the magnitude of C5 as a function of A and g, again relative to the
maximal dissipative rate I' = max{x,v}. Notably, Cy and C5 differ by an overall sign with
the latter of smaller magnitude for all parameters. Otherwise the two follow a similar trend,
albeit with C'5° declining much more rapidly with decreasing g.

Following the analysis of the two-body interaction strength C5, it is helpful to derive ex-
pressions for C; for the cases of resonant and dispersive coupling. For the former, evaluating

C3 for A =0 leads to
s =TF(3 - 3V2 + \/g)g (resonant), (10.40)

where, similar to Eq. (10.34), the sign of C5 is dependent on the direction in which A =0
is approached and the overall expression is proportional to g, here with a smaller prefactor
such that [C5 | > |C5].

In contrast, evaluating C5 for small values of A via Taylor expansion yields
Oy =~ —12X\%g (dispersive), (10.41)

similar to the result Eq. (10.36) yet scaling at fifth order in A rather than third. Conse-
quently, C5 falls off much more rapidly than C5 in the dispersive regime, indicating that
the strength of three-body interactions are small relative to their two-body counterparts and
may therefore be discarded for small enough A. For all g and A, C; and C3 are of opposite
sign and therefore counteract one another in systems with at least three excitations, with

positively and negative valued interactions describing repulsion and attraction, respectively.

Nature of the many-body coefficients for arbitrary n

Following the preceding analysis of the parameter dependent strength of two- and three-body
interactions in the few excitation limit, extension to the general n excitation limit is straight-
forward. Focusing again on the negative branch, it is convenient to independently analyze
the form of the k-body coefficient € for the cases of resonant and dispersive coupling. It

is worth emphasizing again that for any finite n, each k-body term will only contribute if
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k <mn, and the sum in Eq. (10.26) therefore always terminates. However, the n — oo limit
of the Jaynes-Cummings Hamiltonian is important to analyze as the eigenspectrum becomes
approximately linear, inhibiting photon blockade for large values of n [391, 392|. Evaluating
the general form of C,~ for A = 0 (see Eq. (10.27)), we find

k
Cp =+(-DF [~ (k)(—np“\/ﬁ g  (resonant), (10.42)

p=1 p

where the upper and lower signs corresponds to the limit A — 0 and § = +x /4. Therefore
the linear relationship with g previously found for C5 and Cj is general for all k. Further-
more, the factor in parentheses is positive and convergent for all k. The overall sign of the
coefficients € therefore alternate in k, a trend which can be shown more generally from Eq.
(10.27) without specializing to the case of resonant coupling. In the limit of very large k, the
above sum asymptotically trends toward the closed expression [397] C; = (—1)Fg/+/7 In(k)
and thus vanishes in the limit k& — oo.

For the case of dispersive coupling (A < 1), C;” may be written as
C, /h~ —k! 1/2 (20)%-1 (dispersive) (10.43)

where only the lowest order term in A has been retained. In deriving this expression,
\/m was evaluated using a binomial expansion which, strictly speaking, is conver-
gent only for p < k < 1/4\?, setting an upper bound of A < \/m for which Eq. (10.43)
is valid.

Panels (a) and (b) of Fig. 10.4 contrast the behavior of C,~ for resonant (Eq. (10.42))
and dispersive (Eq. (10.43)) coupling. As stated previously, the sign of the C  alternates
in k independent of parameter regime, indicated by the color of the markers. In particular,
blue (red) markers represent coefficients which are positive (negative) for A > 0%, with
signs inverted for A < 07. For dispersive coupling, the relative strength of |C, /AI'| falls
off rapidly due to the A**~1 dependence in Eq. (10.43) and, as a result, the sum in Eq.
(10.26) may be truncated at some cutoff order kpax dependent upon the coupling strength
g, dispersive parameter A, and the desired accuracy. For kyax = 2, Eq. (10.26) becomes an

approximate analog to the on-site portion of the Bose-Hubbard Hamiltonian in Eq. (10.33).
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Figure 10.4: Top panels: sign and magnitude of the k-body coefficient €} normalized to
hg for (a) resonant and (b) dispersive coupling, plotted for discrete values of k. Red circles
correspond to a negative value, blue a positive value, and gray a value of zero, with black
interpolating lines shown as a guide. (a) Resonant coupling is characterized by a relatively
slow fall off in magnitude of C, for increasing k, asymptotically approaching the value
g/+/7In(k) for very large k and vanishing for & — oo. (b) In contrast, |C; | falls off very
rapidly for dispersive coupling, allowing for truncation of the sum over k-body interactions
at a small, finite value of k according to the accuracy desired. The three lines show this
trend for distinct values of A, with smaller A displaying a faster fall off. (caption continued

on following page)
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Figure 10.4: (continued) (c) The region of parameter space for which |C /AT'| > 0.1, with
each colored region corresponding to a particular value of k. As seen explicitly for C;
and Cj in Fig. 10.3, each coefficient follows a similar trend, with areas of highest (lowest)
magntitude coinciding with A > 1 (A <« 1). For increasing k, the subset of parameter
space in which the threshold |C}  /AI'| > 0.1 is met tightens, with each region corresponding
to order k encompassing the smaller region corresponding to k + 1. The maximal value
k = 20 was chosen for simplicity, with higher values of k continuing the same trend. (d) The
evolution of |C, /AT’| from resonant to dispersive coupling, shown as a function of A/T" for
constant coupling strength tuned to the onset of strong coupling ¢g/I" = 1 (white dashed line
in panel (c)). Red and blue lines display the alternating sign of C, . All large k coefficients
experience a similar, rapid fall-off as A is increased from the resonant case. In comparison,
smaller k coefficients decrease in magnitude more slowly. A “fan out” effect is observed as
the detuning trends toward A = 10g, corresponding to the onset of dispersive coupling (i.e.,

A = 0.1). In contrast, all coefficients take on values comparable in magnitude for A = 0.

In contrast, perfectly resonant coupling is characterized by many-body coefficients C,~ which
fall off slowly in k& and, consequently, the sum in Eq. (10.26) cannot be truncated unless

only a finite number of excitations n are considered.

For all £, the trend followed by the coefficients C as a function of g and A resembles that
of C5 and C5 shown in Fig. 10.3, differing only in the rapidity with which the magnitude
of €} falls off as A trends away from zero. Fig. 10.4c illustrates the relative magnitude of
various coefficients €~ across all parameter space, with colored sections corresponding to
regions where |C} /hI'| > 0.1. Note that this threshold is somewhat arbitrary and therefore
should not be taken as an exact measure of the importance of each term, as this is dependent
upon the particular system and context under study. Still, the relative importance of higher
order k-body interactions is clearly evident both for perfect resonant coupling (A = 0) and
for near-resonant coupling (A > 1). This is further illustrated by Fig. 10.4 showing the
magnitude of the many-body coefficients C, (relative to AI') at the onset of strong coupling,

g/T" = 1, indicated by a white dotted line in Fig. 10.4c. Similar to panels (a) and (b),
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blue (red) lines indicate a positive (negative) value of C} for A > 0T, with signs reverse for
A<0.

Finally, we note that the presented many-body form of the Jaynes-Cummings Hamil-
tonian must become approximately linear in the limit n — oo, inhibiting photon blockade
entirely. This behavior of the Jaynes-Cummings Hamiltonian is well-known [391, 392, 353]
and can most easily be seen by analyzing the difference E,41+ — E, + (see Eq. (10.4))
in the large n limit. In the form Eq. (10.26), however, this limiting behavior is not at all
obvious, particularly for resonant coupling, as the contributions of the individual, normally
ordered k-body products (a')*(a’)*/k! return the binomial coefficient (}) when acted on a
dressed Fock state and therefore diverge for n — oco. Despite this, Eq. (10.29) shows that

the k-body interactions sum together to produce the correct eigenvalues and, as a result,

n—o0

lim 3 %c,;t(af)k(a)kqn F 1,4 — [n, ) = 0. (10.44)
k=0

More qualitatively, this behavior is understood as a consequence of the alternating sign of
the many-body coefficients Cct, causing all odd k-body interactions to counteract those with
even k. As a result, the individual nonlinear interactions together conspire to give a purely
linear spectrum, in alignment with the known behavior of the Jaynes-Cummings ladder in

the large n limit.

10.3 Extension to a two site Jaynes-Cummings-Hubbard system and analysis
of its quantum phases

The results of the previous section hint at a similarity between the on-site portion of the
Bose-Hubbard and Jaynes-Cummings Hamiltonians — the former containing bosonic two-
body interactions, and the latter k-body interactions up to some order kp.x dependent
upon the ratio A = ¢g/A and maximum number of excitations considered. Because only a
single site was under study, the most interesting aspects of the Bose-Hubbard model, e.g.,
the superfluid to insulating quantum phase transition, were not discussed. The purpose of
the present section is to revisit this comparison for the simplest extension possible: a two-site
system. We note that qualitative and quantitative analogies between the Bose-Hubbard and

Jaynes-Cummings Hubbard (JCH) models are numerous in the literature [353, 354, 365, 360,
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366, 355, 367, 36, 368, 369, 362, 363, 364, 370, 371, 372, 373, 374, 375| and, as such, we refer
to these other works for a mathematically rigorous analysis of the quantum phase transition
admitted by the JCH model for both a finite [36, 364] and infinite [353, 355, 367, 398] number
of sites. Here, our aim is to illustrate the unique and complementary perspective afforded
by the many-body form of the Jaynes-Cummings Hamiltonian presented in Eq. (10.26).
Furthermore, we hope that the analysis and discussion contained herein can provide guidance
for analog quantum simulators which aim to simulate many-body bosonic Hamiltonians using

Jaynes-Cummings nonlinearities.

10.8.1  Comparison between the Jaynes-Cummings-Hubbard and Bose-Hubbard models

The two-site Bose-Hubbard model is given by

_ } : (%)
HBH - HBH,on—site + HBH,hOP
1=1,2

(4) 10.45
HB’LH,on—site ( )

— —ublb; + %bjb}bibi
Hpiihop = J (blba + bybb).

Here, b and b' are bosonic annihilation and creation operators, J the hopping rate between
the two sites labeled ¢ = 1,2, and U and p are the on-site interaction strength and chemical
potential, here assumed to be identical for both sites for simplicity. It is well known that
this Hamiltonian admits a quantum phase transition facilitated by tuning the ratio J/U at
zero temperature [399, 357|. For J > U, the system is said to be in a superfluid phase,
characterized by a large variance in single site particle number and a delocalized many-body

ground state of the form
n

[Tsp) o [ D (F) | [0), (10.46)
i=1,2

where n is the total number of particles in the ground state (fixed through choice of 1) and the
upper (lower) sign corresponds to J > 0 (J < 0). For simplicity, the convention J > 0 will
be assumed for the remainder of this manuscript. In the opposite limit J < U, the repulsive
interaction dominates site-to-site tunneling and single site particle number fluctuations are

suppressed as a result. Consequently, the ground state becomes the localized Mott-insulating
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state,

(o) o [ (bj)n/2 10) . (10.47)

i=1,2
Similar to Eq. (10.45), the two-site JCH model may be written as

Hycu =) H{ + Hiop
i=1,2

; 1 _ _ 10.4
HYC) = hwcaza,; + §hwaaf + hgl-(a;rai + a;o; ) (10.48)

Hhop = J(GJ{CLQ + alag),

where on-site parameters w., w,, and g have been taken to be identical for both sites for
simplicity. The parallel structure of Eq. (10.45) and Eq. (10.48) underscores an obvious
connection between the Bose-Hubbard and JCH models: both contain identical bosonic tun-
neling terms and similar on-site interactions, with the only distinguishing features appearing
as the source of nonlinearity in H]%H’On_site and H307 the former naturally including bosonic
two-body terms, and the latter comprising an additional degree of freedom in the form of a
TLS which ultimately mediates effective photon-photon interactions. Still, qualitative com-
parison between the two is merited and previous works have shown the JCH model to admit a
superfluid-to-insulator quantum phase transition similar to that of the Bose-Hubbard model
[353, 354, 360, 355, 36, 361, 362, 363, 364], albeit with some key differences. For one, while
the quantum phases of the Bose-Hubbard model are realized at opposing limits of the ratio
J/U, the JCH model involves three distinct tunable parameters (J, A, ¢g) and, consequently,
multiple pathways exist for tuning across a phase transition (353, 36, 355, 367|. In addition,
the very nature of the interacting bosonic excitations are themselves dependent upon the
parameter regime, leading to a photonic-to-polaritonic transition which accompanies the
superfluid-to-insulator transition in the JCH model [361, 36|, behavior which is absent in
the Bose-Hubbard case. Finally, as noted previously, the JCH Hamiltonian becomes approx-
imately linear in the limit of large n, while the Bose-Hubbard model maintains nonlinearity
for all n. These distinguishing features have received qualitative recognition in the litera-
ture, yet have not been formally analyzed in the context of dressed operators where bosonic
many-body interactions are brought to the forefront, as in Eq. (10.26). The findings of

the previous section therefore compel a closer reexamination of the differences between the
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JCH and Bose-Hubbard models, and consequences thereof, using the techniques of unitary
transformation.

Following the procedure of Section 10.2.1, we begin analysis by transforming Eq. (10.48)
into the dressed polariton basis. Here, we apply the transformation operator U = e51 152

where the generator S; is defined as
S; = —A(N;)I? (10.49)

where I and A(N;) = 0(N;)/\/N; are defined exactly as before (see Egs. (10.8) and
(10.15)) with the subscript ¢ inserted where appropriate to label quantities which differ
between sites. For example, here N; represents the total number operator at site ¢ alone,
and the total number of excitations in the system is therefore given by N = N; + Ny. It is
important to emphasize that the generators S; and Sy commute and the operator U may
therefore be rewritten as a product of unitary operators U = U;Us where U; = €' and
Uy = e%2. Critically, U; commutes with all operators associated solely with the opposite site
and, as a result, transformation of the on-site contributions to the JCH proceeds exactly as
in Section 10.2.1. The two-site JCH Hamiltonian may therefore be written as

1 =1 e R
Hycn = Hyop +;1:2 hew, <N,~ — 2) +i21:2k20k! [C 667 + Crar o] @)k @)",

(10.50)

where notation has been maintained from the previous section such that the coefficients Clzt
are defined by Eq. (10.27) and

@i =UtaU

(10.51)

o, =Ulo U
are the transformed operators describing annihilation of the dressed excitations at site 3.
We remark that Eq. (10.50) is similar in form to the effective Hamiltonian presented in Ref.
[361] 1. There, on-site contributions to the JCH model are written for the case A = 0 in

terms of branch-dependent polaritonic operators obeying neither bosonic nor psuedo-spin

'n particular, see Eq. (5) of the referenced paper by Noh and Angelakis
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commutation relations. The form presented here is therefore unique in that the dressed
operators describe the true quasiparticle excitations at each site, maintaining the appro-
priate commutation relations, and all many-body interactions are described without use of

excitation number dependent coefficients for general g and A.

Because Hyop describes an exchange of purely photonic quanta, writing this explicitly in
terms of dressed operators for general system parameters yields an infinite set of terms which
are not obviously expressible in a closed form. Up to first order in A alone, transformation
of Hyop yields terms corresponding to polariton hopping J (a{ag + 5{&;), linear cross-site
interactions JA(Nl)(Zi;&f +ago;] ) + JA(Ng)(ZiI&E + @155 ), and, in addition — because the
hopping term preserves the total number of excitations Ni + Ns but not the number of
excitations at each site IN; — a number of nonlinear terms which vanish in the dispersive
regime (where A(N;) &~ ) but become important near resonant coupling. Matters are
further complicated at second order in A, primarily due to a cascade of additional two-site
terms which do not commute with IV;. As a result, there is little to be gained by attempting
to write Hyop in terms of dressed operators for general system parameters as the physics of
the site to site hopping is most apparent in the bare photonic basis, and it is advantageous

to instead consider several limiting cases independently.

10.3.2  Dispersive coupling: A < 1

As previously discussed in Section 10.2.3, when projected onto the negative branch the on-
site terms of the JCH model directly mirror those of Bose-Hubbard model for dispersive
coupling due to a sharp drop off in the coefficients €} for increasing k. Neglecting terms

second order and higher in A, the full two-site JCH Hamiltonian may be expressed as
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et Ui IS
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.

- ot o
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| Ugfi~t~ it~
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+ IN@lGy +@oT) + JN@hsT + asay)

(10.52)
where Qoi = w, + Cf /h denotes an effective resonant energy, U eiﬁ = C’i an effective inter-
action strength, EgE = C'(jf + hw./2 a constant energy shift, and Pii =0; aqc the projector
onto the positive (upper sign) or negative (lower sign) branch of the ith site.

In writing Eq. (10.52), the on-site terms were cast into the dressed basis using the tech-
niques of Section 10.2.3, while the hopping Hamiltonian Hj,p was reexpressed in terms of
dressed operators using the transformed form of the relations Eq. (10.21). Thus, using
the techniques presented here, we have made the analogy between the two-site JCH and
Bose-Hubbard models for A < 1 as explicit as possible — Eq. (10.52) illustrates that, in
the dispersive limit, the two-site JCH describes physical behavior which mirrors the Bose-
Hubbard model independently within each of its four branches. Interestingly, these four
branches allow for realization of either a symmetric (oc P¥P¥) or an asymmetric (oc PEPT)
Bose-Hubbard type system. Unlike the single Jaynes-Cummings Hamiltonian, however, tran-
sitions between the various branches are allowed due to the cross-site boson-TLS couplings
induced by transformation of Hyp. This effect was previously noted and analyzed in Refs.
[36] and [355], there described in the context of polariton operators as an interconversion
between + and — polariton types. Due to their scaling with A < 1, these terms only weakly
contribute in comparison to the dressed bosonic hopping term .J (ZL’J{ZL’Q + Eil'dg) for arbitrary
J. This fact is not unsurprising as, in the dispersive regime, the dressed bosonic operators

are photon-like. As a result, the purely photonic hopping term Hj,p, is well-approximated by
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a photon-like dressed bosonic hopping and, consequently, the influence of the last two terms
of Eq. (10.52) may be approximated using second-order perturbation theory or, depending
on the value of A\ and the accuracy desired, entirely neglected.

It is clear from a qualitative argument alone that the Hamiltonian in Eq. (10.52) admits
an insulator-to-superfluid transition analogous to that of the Bose-Hubbard model largely
unaltered by the final two inter-branch terms: focusing on the branch corresponding to
the projector P; P, and recalling that C; /h ~ 2X\3¢g in the dispersive regime, the limit
J/Uegt < 1 (equivalent to J/hg < 2\ in terms of basic system parameters) yields a localized,
insulator-like n particle ground state identical to Eq. (10.47). In the opposite limit J/U_ 4 >
1 (or identically, .J/hg > 2A3), the influence of the inter-branch terms is felt only at second
order perturbation theory in A. For A <« 1, the n particle ground state becomes identical to

the delocalized, superfluid-like, state Eq. (10.46).

10.5.3 Then <2 limit

As evidenced in Section 10.2.3, another useful strategy for theoretical analysis involves trun-
cating the composite Hilbert space by restricting the total number of excitations to a finite,
maximal value. This approach is particularly relevant for comparison with the Bose-Hubbard
model, where the chemical potential p naturally determines the total number of particles
in the many-body ground state [400]. Fixing to a particular excitation number in the JCH
Hamiltonian therefore facilitates a straightforward comparison. Furthermore, truncating the
Hilbert space allows for closer inspection of the resonant coupling regime which, as previ-
ously discussed, is challenging to analyze for general n due to the difficulty of casting Hyp,
in terms of dressed operators for general system parameters. For simplicity, we specialize to
the case of n < 2. As shown in Section 10.2.3, this limit results in an exact analogy between
the on-site terms of the Bose-Hubbard model and the negative branch of the many-body
representation of the Jaynes-Cummings model for both resonant and dispersive coupling.

It is convenient to first reexpress the two-site JCH Hamiltonian in terms of projectors
onto the positive and negative branch at each site:

Hjycy = Z }5’1, sh) <s'1,s’2| H |s1, s9) (s1, s2] . (10.53)

’oo
51,52,571,89
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Here, each s; is summed over the values + and —, the first and second entry of each bra/ket
indicate the state of the TLS at the first and second sites, and the subscript “JCH” has
been dropped from the various matrix elements for simplicity. For convenience, we define
the notation #s,s, to represent to subspace spanned by the states {|m1, ma, s1, s2)}, where
the four indices denote, in order, the eigenvalues of Ei];’dl, 5;52, o7, and 05. Note that here
we are adopting notation for the states which is slightly modified from Section 10.2, as the
first index no longer corresponds to the total number of excitations at the 7th site but rather
the number of quanta in the dressed bosonic mode alone. This simplification is made both
to avoid confusion with the prefactors returned by dressed operators (see Table 10.1), but
also because N1 and Ny are no longer independently conserved quantities and therefore their
notational utility is diminished.

Drawing upon the discussion of the Jaynes-Cummings Hamiltonian in Section 10.2.3, it is
the subspace H__ which includes the vacuum state. Consequently, our analysis will focus on
the many-body physics within this subspace. As previously shown for the case of dispersive
coupling, the two site JCH Hamiltonian differs from the single site Jaynes-Cummings Hamil-
tonian in that inter-branch transitions can occur due to nonzero off-diagonal elements of Eq.
(10.53) contributed by the purely photonic hopping term. In order to simplify discussion of

these matrix elements in the present formalism, we introduce the notation
‘HE <_7_|H‘_7_> (1054)

to denote the block of Hjcg which contributes to dynamics confined within the target

subspace H__. Similarly, let

Vorss = <81732| H|_7 _> (10.55)

denote the set of matrix elements describing allowed transitions from H__ to its complement
Hi_ UH_4 UH4y. Because Hycy is Hermitian, for every allowed transition from H__ to
Hs,s,, there exists a transition of equal probability describing the inverse process described

by the matrix elements of VST1 so-

Constraining the full Hilbert space to two or fewer excitations, the projection of H onto
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Figure 10.5: (a) The top panel shows the one and two excitation effective hopping strengths
J éflf) and Jé? while the bottom panel displays the value of the three unique linear (M, M,
M3) and nonlinear (K7, K3) transition amplitudes My, Ma, M3, K; and Ko. All are plotted
as a function of A and normalized to the bare photonic hopping rate J. Notably, the first set
of parameters Jég describe the amplitude of intra-branch transitions within the subspace
‘H__, while the second set describes the amplitudes of inter-branch transitions between the
subspace H__ and its complement H_ UH_ UH via cross-site light-matter interactions
in the dressed representation. In the dispersive limit, all inter-branch transition amplitudes
become small and the effective hopping strengths tend toward J. In the opposite regime, J, e(flf)
and J e(fo) differ by scalar prefactors and the coefficients M; and K; become comparable to .J,
leading to appreciable dissimilarity with the two-site Bose-Hubbard model. (b) Illustration
of the two-site JCH Hamiltonian Hjcy in the dispersive (top panel) and resonant (bottom

panel) coupling regimes. (caption continued on following page)
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Figure 10.5: (continued) For the truncated space of two or fewer total excitations, each panel
represents a 13 x 13 matrix comprising the four branches shown along each diagonal and
denoted by the state of each dressed TLS. Note that in place of “——"is the 6 x 6 matrix H,
defined via the projection of the two-site JCH onto the target subspace H__. In general, the
ten nonvanishing matrix elements of V5, yield five unique values given by the coefficients
M; and K; defined in Eq. (10.60). In the dispersive regime, Hjcy becomes approximately
block diagonal in the dressed basis as M;/J < 1 and K;/J < 1 and inter-branch transitions
become negligible. As a result, H becomes an appropriate effective Hamiltonian and analogy
to the Bose-Hubbard model is realized. In the resonant regime, inter-branch transitions
become important and, consequently, direct correspondence with the Bose-Hubbard model

collapses.

the subspace H__ may be expressed in the block-diagonal form

H,—o 0 0
H=| 0 Hy, 0 (10.56)
0 0 Hp

where H,, is a square matrix of dimension 2" corresponding to the subspace of n excitations,
containing diagonal and off-diagonal entries given by the on-site and hopping terms of Eq.
(10.50), respectively. Because the JCH conserves the total number of excitations, transitions
between states of different total particle number n are not allowed, hence the block-diagonal
form of Eq. (10.56). Discarding the vacuum energy H,—o = 2C; — hw,, the single and

double excitation blocks of H may be written in the form

a_ | I
T oy
20 + Usgr 0 V27 (10.57)
Hy—y = 0 20 + Ut V257
V2% V2JE) 2n0,

Here, the effective on-site resonant energy and interaction strength are Qo = w.+C; /h and
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Uesr = C5 , where negative sign superscripts have been removed from €29 and U.g relative to
Eq. (10.52) for simplicity. In addition, the effective hopping strengths are defined by

Jéflf) = Jcos? (1)

(10.58)

JE) = Jcos(1)[cos 6(1) cos (2) + sin 6(1) sin 6(2) /V2],
where §(N) is the mixing angle previously defined in Eq. (10.15) and the vector space is
ordered as {|10),|01)} for n = 1 and {|20),]02),|11)} for n = 2. We emphasize again
that Eq. (10.57) does not fully describe the dynamics of the two-site JCH, even for the
limit n < 2, due to possible transitions to and from the target subspace H__ described
by Viys,. Still, it is useful to first examine the similarities between Eq. (10.57) and the
Bose-Hubbard model in isolation. Making as explicit a comparison as possible, projecting

the Bose-Hubbard Hamiltonian onto the subspace n < 2 leads to

Hpn =1 =
J  —u
—2u+U 0 V2J (10.59)
Hpyp=2 = 0 —2u+U 2J

V2J V2J =2

Though nearly identical in form to Eq. (10.57), a few key differences must be highlighted.
First, the one and two excitation manifolds of the two-site JCH are characterized by differ-
ent tunneling strengths Jéflf) and Jéfzf) which identically approach J in the dispersive limit,
but plateau to different values for the resonant case (see Fig. 10.5a, top panel). Second, as
already emphasized, underlying the two-site JCH is a larger range of independently tunable
parameters (w., A, g, J) compared to the two-site Bose-Hubbard model which is char-
acterized by p, U and J alone. At the level of the effective parameters in Eq. (10.57),
however, it is important to be mindful — particularly for the purpose of quantum simulation
of Bose-Hubbard models with JCH systems — that tuning U.g while holding J.¢ constant,
for example, requires the explicit understanding of how these effective parameters depend
upon those in the fundamental parameters (e.g., A, g) as demonstrated here. Likewise,

changing g while holding A constant can impact not only the effective repulsion strength
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U, as expected, but also the effective two excitation tunneling strength Je%). Thus, the
analytic forms for these parameters is not of just theoretical, but also experimental interest.

To better illustrate the nontrivial relationship between the effective parameters (Ueg and
Je(fo)) and their base parameter counterparts (¢ and J), Fig. 10.6a displays the ratio Jéff)/Ueg
as a function of A and J/hg. In computing these values, the cavity resonant frequency and
light-matter coupling strength were fixed at w./I' = 10% and g/T' = 1 while A and J were
allowed to vary. Notably, the limits Je(? /Ut < 1 and J e(fo) /Uegt > 1, relevant for realization
of Mott-insulating-like and superfluid-like phases, are reached not just through choice of
J/hg but also A. Fig. 10.5b therefore serves to illustrate the complexity in navigating the
comparably larger parameter space of the JCH model for realization of behavior analogous
to the Bose-Hubbard model, while also serving as a useful guide for achieving a particular
effective parameter regime of interest.

In isolation, Egs. (10.57) and (10.59) define Hamiltonians closely mirroring one another
and thus describe analogous physical behavior. However, a more honest comparison must
take into account the matrix elements of Vs, 5,. In total, there are ten unique transitions
(twenty including the reverse processes described by VS]L1 s2), all of which may be divided
into two categories: linear cross-site bosonic-TLS couplings and more complicated nonlinear
interactions involving both on-site and cross-site exchange of quanta. Symmetry of the two
sites dictates that each transition is accompanied by a parity reversed pair. All twenty

allowed transitions may therefore be summarized by the outcoupling coefficients

= (0,0| V4_ [0,1) = (0,0| V_4 |1,0

071|V+— |072 170|V—+|250

0,1/ V4_ 2,0

My = ( )= )
My = ( )= )
Mz = (1,0 Vi_ [1,1) = (0,1| Vo [1,1) (10.60)
K1 = ) = (L0 V_110,2)
Ky = ( )= )

0,0 V44 [2,0) = (0,0 V44 0,2

and their Hermitian conjugates, where M; denotes a linear cross-site interaction (i.e., ex-
change of a single quantum) and K; labels a nonlinear process (i.e., exchange of multiple
quanta). All are similar in form to the effective hopping strength J gf) — proportional to J

but otherwise dependent only on the mixing angle # or, equivalently, A = g/A, via products



218

of trigonometric functions. For explicit analytic forms of each coefficient, see Sec. 10.6.

As shown in the bottom panel of Fig. 10.5a, the magnitude of the coefficients M; and
K; depend drastically on A and, as a result, the transition rate out of the subspace H__
differs between the dispersive and resonant coupling regimes. In the former case, the various

outcouplings may be approximated to lowest order as

M1 ~ M3 ~ )\J
(10.61)
My ~ V2A\J,

where the nonlinear transition amplitudes K; ~ O()\3) and K3 ~ O(\*) are comparatively
small and may therefore be neglected. This result is in agreement with the more general
Hamiltonian of Eq. (10.52). As previously established, tunneling within the subspace H__
clearly dominates outcoupling for A < 1 and, to first approximation, Eq. (10.56) serves as an
appropriate effective Hamiltonian without consideration of outcouplings. It is interesting to
note, however, that the outcouplings which contribute most meaningfully — namely, M7, My
and M3 — all resemble single excitation losses from the perspective of the dressed bosons. This
suggests the possibility for a non-perturbative treatment via projective methods, ultimately
leading to a repackaging at the level of effective dissipation rates and energy shifts which
renormalize the matrix elements of Eq. (10.56) [384]. This approach would not qualitatively
alter the parallel structure with the Bose-Hubbard model, however, so we leave the described

strategy as a possible future avenue for analyses where quantitative agreement is desired.

In contrast with the dispersive case, resonant coupling is characterized by nonvanishing
linear and nonlinear transition amplitudes which plateau to values of order J. In the limit
Usg > J, these contributions are unimportant as M;, K; < J for all A and the system
is therefore dominated by on-site interactions, leading to a Mott-insulating, two particle
ground state comprising polaritonic excitations. In the opposite limit Ug < J, however,
Eq. (10.57) fails to capture the entirety of the dynamics due to the importance of inter-

branch transitions, as illustrated in Fig. 10.5c.
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Figure 10.6: (a) Ratio of the analytically derived effective two excitation hopping rate Je(?f)
and dressed boson-boson interaction strength Ueg as a function of A and J/hg. (b) Variance
of the total number of excitations at site i as a function of A and J/hg. Due to symmetry
there is no distinction in the variance at site one or two. This quantity serves as a useful
order parameter for finite lattice systems, with var(JV;) vanishing for a Mott-insulating state
but taking a finite value for a superfluid, reaching var(N;) = 0.5 for an ideal n = 2 superfluid
state. Clearly, panel (b) suggests the possibility for both an insulating and superfluid phase
in either the dispersive or resonant regimes independently. Comparing to panel (a), regions
of Je(f?f) /Uet < 1 and Jé? /Uet > 1 correlate near perfectly with regions of vanishing and
nonvanishing variance, respectively, with Je(é) /Uegt ~ 1 demarcating the boundary. (c—f)
Overlap of the two-particle ground state |¥o) with the idealized (c) dressed Mott-insulating,
(d) photonic Mott-insulating, (e) dressed superfluid and (f) photonic superfluid states, de-
fined in Eq. (10.62), as a function of A and J/hg. Depending on the value of A, the dressed
states take on a either a photonic (A < 1) or (A > 1) polaritonic character, where this

former limit is responsible for the noticeable agreement between top and bottom panels for

A < 1. (caption continued on following page)
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Figure 10.6: (continued) In the dispersive regime, tuning from small to large values of
J/hg facilitates a transition from a photonic Mott-insulating phase to a photonic superfluid
phase. In the resonant coupling regime, tuning J/hg results in three distinct phases, with a
polaritonic Mott-insulating state occuring for Jog < 1, a polaritonic superfluid for Jeg ~ 1,

and a photonic superfluid Jeg > 1.

10.3.4 The n = 2 ground state: quantum phases in the dispersive and resonant coupling

regimes

To better understand the turn on of these inter-branch transitions and their impact on
the quantum phase transition admitted by the two-site JCH, we numerically compute the
two-particle ground state as a function of J/hg and A taking into account both intra- and
inter-branch dynamics of Eq. (10.50). In general, this ground state is a superposition
of the eight possible two excitation states {|2,0,—,—), [0,2,—,—), |1,1,—, =), |1,0,+, —),
0,1,4+,—), |1,0,—,+), [0,1,—,4+), [0,0,+,+)}, gaining contributions not only from the
target subspace H__ but also its complement. Similar to Fig. 10.5b, all calculations were
carried out for the fixed values w./T' = 10® and g/T' = 1, allowing A and J to independently
vary. Following Ref. [36], we use the variance in particle number at the ith site, var(lV;), as
an order parameter. The computed variance for the two particle ground state is shown in

Fig. 10.6b as a function of J/hg and .

Comparing Figs. 10.6a and 10.6b, it is clear that the variance tracks the value of J, éfo) [Uett,
as would be expected in the Bose-Hubbard model, with regions of vanishing variance (i.e., a
Mott-insulator) corresponding to Je(? /Uegt < 1 and regions which plateau to var(N;) = 0.5
(i.e., a superfluid) where Jéfo) /Uegt > 1. In the dispersive regime, the onset of the superfluid-
like phase occurs at increasingly smaller values of J/hg as A is decreased. This phenomenon
is easily understood through appeal to the analytic correspondence Ueg = C; and reference
to previously derived results. In particular, in Section 10.2.3 it was shown that C; /h ~

2)\3¢ in the dispersive regime. Then simultaneously maintaining a constant photon-photon

interaction strength (C, ) while increasing A (i.e., decreasing \) requires a relative increase
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in g, pushing the regime where photon-photon interactions dominate over photonic hopping
toward smaller values of J/hg as as the system moves further into dispersive coupling.
Oppositely, on resonance, it was found that C; /h = (2 — v/2)g. Then U is equivalent to
g up to some scalar prefactor and the phase transition will occur at roughly the same value
of J/hg for all A > 1.

It is important to reemphasize that IN; commutes with the unitary transformation op-

erator U = 51152

, and thus Fig. 10.6b may equally well be interpreted as the variance
in the total number of bare or dressed photonic and atomic excitations. Given this, it is
notable that the ‘“phase boundary” is qualitatively demarcated by the Je(? /Uegt = 1 line,
entirely dependent on effective parameters appearing in the dressed basis. This agreement
therefore indicates not only that the effective parameters Je(fzf) and Ueg analytically derived
here are the appropriate JCH model counterparts of the Bose-Hubbard parameters J and
U, but also that the dressed operator basis provides the most approrpriate representation
for understanding the many-body phenomena of the JCH.

Because the order parameter var(N;) does not distinguish between excitations which
are photonic in nature and those which are polaritonic, Fig. 10.6b provides little insight
into the physical makeup of the excitations composing the two-particle ground state. For
instance, the black, var(N;) = 0 region of Fig. 10.6b clearly suggests that the system is
in an insulating state, characterized by a constant number of quanta at each site. It does
not, however, provide any information about whether these excitations are fundamentally

photonic or polaritonic. In order to gain a deeper understanding of the ground state, we

compute its squared overlap with the four distinct states

‘(IV’MI> = alal jo) (10.62a)

|Uair) = ala} 0) (10.62b)

~ 1 » »

‘PSF> = ﬂ(ai —@h)?|0) (10.62¢)
LR R o

[Wsp) = —=(a; —a3)°|0) (10.62d)

which denote Mott-insulating (a,b) and superfluid-like (c,d) states in both the bare and

dressed dressed excitation bases via action of the appropriate creation operators on the
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vacuum state |0) = (0,0, g,9) = 0,0, —, —).

Figs. 10.6¢ and 10.6e show the squared projection of the computed ground state onto
the dressed Mott-insulating and superfluid states, while Figs. 10.6d and 10.6f show the
corresponding projections onto their bare photonic counterparts. Focusing first on the dis-
persive regime (i.e., roughly the bottom third of each plot), comparison of the upper and
lower panels agrees with theoretical intuition — for A < 1, the dressed basis is a merely
perturbed version of the bare basis due to the weak light-matter mode mixing and, as a
result, there is little distinction between the bare and dressed photons. Using Fig. 10.6a
as a visual guide, regions where Jog/Usg < 1 correspond to near unity overlap with the
photonic Mott-insulating state |Uyr) while regions of Jeg/Ues > 1 perfectly conform to the
photonic superfluid state |¥gr). The phase boundary occurs roughly at Jog/Uesr ~ 1, further
establishing the utility of the analytic mapping between basic system parameters and the
effective Bose-Hubbard like parameters presented here. Thus, the quantum phase transition
as J/hg is tuned for constant A < 1 behaves exactly as predicted in Sec. 10.3.3.

In the resonant coupling regime (roughly the top third of each plot), the physical char-
T

acter of bare and dressed excitations fundamentally differ as § ~ /4 and the operators a;
and a; therefore describe creation and annihilation of polaritons. This divergence in phys-
ical character between dressed and bare excitations is evident in Figs. 10.6¢-10.6f as top
and bottom panels bear little resemblance for A > 1. Interestingly, the ground state over-
lap with the dressed Mott-insulator, dressed superfluid and photonic superfluid all display
regions of near-unity as J/hg is tuned, indicating a much more complicated phase tran-
sition in comparison to the dispersive case. Referring again to Fig. 10.6a, regions where
the polariton-polariton repulsion strength Ue.g dominates the effective tunneling strength
Jgf) coincide with a polaritonic Mott-insulating ground state ‘\TIMI>, as expected. In the
far-opposite regime, where the effective tunneling dominates, it is evident that the dressed
Mott-insulating and superfluid states fail to accurately capture the character of the ground
state. Instead, it is the photonic superfluid state |¥gp) which characterizes the ground state
in the regime J/hg > 1, A > 1. To understand this phenomenon, it is helpful to consider the

original, untransformed form of the JCH Hamiltonian in Eq. (10.48) where the cross-site tun-

neling appears in terms of purely photonic operators. For J > hg, the on-site light-matter
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interactions contribute only perturbatively and may be neglected at first approximation. In
this limit, then, the dressed operators no longer describe the fundamental excitations of the
system and purely photonic character underlies the resulting superfluid-like ground state.

Remarkably, Fig. 10.6e indicates that a third phase, consistent with a polaritonic super-
fluid, appears between the regions coinciding with a polaritonic Mott-insulator and photonic
superfluid for A > 1. The existence of such a phase in the JCH model has been both the-
oretically [363] and experimentally [371] examined in the literature, and may be explained
as follows: as the ratio between the photonic hopping strength and light-matter coupling
rate is tuned from its far limit J/hg < 1 (leading to localized polaritonic excitations) to
its counterpart J/hg > 1 (resulting in delocalized photonic excitations), the system passes
through an intermediate region J/hg ~ 1 where J is large enough such that the cross-site
cavity-TLS couplings Ms and M3 become appreciable, yet not so large that the photonic
hopping completely dominates light-matter interactions and the atomic degrees of freedom
are eliminated. The result is a two particle ground state which assumes a near-unity over-
lap with the polaritonic superfluid state, reaching | <\TISF|\P0’\IISF|\PO> |2 2~ 0.95 at its peak.
It is interesting to note that in this parameter regime, the dynamics are not entirely re-
strained to the subspace H__ as was the case for dispersive coupling. Yet, the ground state
is well-characterized by ’\TJSF> which is composed of the three individual states 2,0, —, —),
|0,2,—,—), and |1, 1, —, —), which collectively span the two excitation manifold of H__. In-
spection of the excited states illustrates that this is not the case in general, indicating that
quantum interference between the inter-branch transitions likely plays an important role in
the system dynamics near the ground state energy.

We conclude our analysis by making a few remarks on additional phenomena of the JCH
model not explored here. The preceding calculations are restricted to the case A > 0 which,
as discussed in Section 10.2.3, corresponds to repulsive on-site boson-boson interactions. Not
included in the present analysis is the A < 0 limit of the two-site JCH, where attractive on-
site boson-boson interactions are realized and, consequently, multiple photon (or polariton)
bound states may be formed. We defer discussion of these effects to existing literature on
this subject (see, for example, Refs. [401] and [402] for theoretical analyses pertaining to
JCH systems and Refs. [403] and [404] for related studies in atomic Rydberg platforms),
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and leave an in-depth analysis through the lens of the bosonic many-body form of the
JCH model presented here as an interesting potential future avenue. Separately, dispersive
coupling offers additional possibilities not explicitly discussed here, such as the realization
of XY spin models by either (i) mapping polariton operators onto psuedo spin operators in
the Mott regime [36, 355| or, alternatively, (ii) explicit separation of photonic and atomic
degrees of freedom and realization of photon mediated spin-spin like interactions between the
weakly dressed atoms [405, 406]. Here, the former approach is equivalent to consideration
of Eq. (10.52) in the hardcore limit Uejff — 00, while the latter involves inclusion of terms
proportional to 5, &, + &; 0,5 which appear at second order in A in Eq. (10.52) and play
a particularly important role in the low energy dynamics of the atomic dispersive limit
(]A| < 1 with A < 0). Thus the results presented here not only provide a direct route for
comparison between the two-site JCH and Bose-Hubbard models, but also demonstrate a
more general utility as a potential aid for theoretical discovery and experimental realization
of other quantum Hamiltonians of interest for analog quantum simulation using cavity and

circuit QED platforms.
10.4 Conclusion

Systems of interacting photons are among the most promising experimental platforms for
studying quantum many-body phenomena. As photons do not naturally interact with each
other, however, a nonlinear element, such as a quantum emitter or superconducting qubit,
is required to mediate effective photon-photon interactions. Here, we have presented a com-
prehensive theoretical study of the effective many-body interactions underlying the Jaynes-
Cummings model, the prototypical description of light-matter coupling in cavity and circuit
QED systems. This was achieved through techniques of unitary transformation, ultimately
resulting in a reexpression of the Jaynes-Cummings Hamiltonian in terms of dressed bosonic
and psuedo-spin operators. Upon non-perturbative expansion of its diagonal form, we have
shown that the resulting dressed operator representation of the Jaynes-Cummings Hamil-
tonian includes an infinite sum of bosonic k-body interactions partitioned into two distinct
branches. We have demonstrated that this many-body representation facilitates a close in-

spection of the parameter-dependent analogy between the Jaynes-Cummings Hamiltonian
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and the on-site portion of the Bose-Hubbard model. While prior studies have qualitatively
compared the two — even going so far as to define an effective Hubbard-like interaction
strength Ueg for the Jaynes-Cummings Hamiltonian [370, 355, 361] — our approach is unique
in that the resulting many-body form is exact for both resonant and dispersive regimes for
an arbitrary number of excitations. Furthermore, our results provide a novel interpreta-
tion of the breakdown in this analogy for resonant coupling, occurring due to the emergent
role of higher effective k-body interactions which suppress the influence of the two-body
terms. These findings thus not only serve as a unique lens for comparison with the onsite
interactions of the Bose-Hubbard model, but also provide a theoretical avenue for explicit
study of large effective k-body interactions facilitated by the Jaynes-Cummings interaction
for potential realization of exotic quantum behavior not realizable in conventional quantum
systems [407, 408|.

In addition, we have extended our analysis to the two-site Jaynes-Cummings-Hubbard
(JCH) model and have demonstrated that, in the dispersive coupling regime, unitary trans-
formation to the dressed operator representation allows for a near exact realization of the
two-site Bose-Hubbard model, complete with explicit, analytic forms for all effective pa-
rameters. To better understand the resonant coupling case, we then restricted to a total of
two excitations or fewer, derived an explicit form for the dressed state representation of the
two-site JCH, and identified the block of matrix elements which map to Bose-Hubbard-like
dynamics, deriving effective two excitation hopping (Jé?) and effective two-body interac-
tion (Ueg) strengths in the process. Drawing upon this theoretical foundation, we have
illustrated that, for resonant coupling, the turn on of inter-branch transitions induced by
cross-site dressed light-matter couplings is ultimately the downfall of analogy with the two-
site Bose-Hubbard model. We then concluded with an analysis of the quantum phases
of the two-site JCH model for n = 2 excitations, illustrating the possibility for either a
photonic (dispersive coupling) or polaritonic (resonant coupling) Mott-insulating state for
Jé?f) JUet < 1, while J é?f) /Uegt > 1 uniformly leads to a photonic superfluid state. Finally, we
identified the possibility for a third quantum phase near Jé? /Uegt ~ 1 for resonant coupling,
corresponding to a polaritonic superfluid-like state. While these four unique quantum phases

have been identified in the literature previously [353, 354, 363, 361], the dressed operator
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picture developed here provides an explicit analytic mapping between the parameters of the
JCH model and those of the effective many-body representation through which its quantum
phases are easily understood, resulting in a clear, all-encompassing exposition of the various
parameter regimes and their association with the quantum phases of the JCH model. The
present work thus demonstrates the general utility of the dressed many-body description
of the Jaynes-Cummings model and its extensions to a lattice, opening avenues for further

exploration of quantum many-body phenomena realizable in coupled light-matter systems.

10.5 Appendix A: Derivation of the many-body coefficients C’,:f

The purpose of this appendix is to expand upon the steps taken in arriving at Eqs. (10.26—
10.27). As mentioned in the main text, a crucial step involves Taylor expanding f(n) not
about small \ as is typical for studies in the dispersive regime [376, 16|, but about n = ng
where ng is an undetermined constant chosen to be sufficiently large such that the conver-

gence condition ng > (n — 1/4\?)/2 is satisfied. Carrying out this expansion leads to

o0

) =3 (2) @V ) 2 (0 = nay

r=0

= i Zr: ( ) <7;> (20)*" f(no)' =2 (=no)" ™0™,

(10.63)

where the binomial theorem was used in going from the first to second line. Reexpressing

in terms of operators using Eq. (10.24),

5° —ZZ( ) () @0 =2 oy

r=0 m=0 (1064)

X [(aaf)kaﬁ, + (afa’)ma,a] :

where the commutator [a, ET] = 1 has been used in rewriting the projected number operator
No,o_ =a'a+1 as aaf. The above relation can be further rewritten using the identity

[409]

(@'a)™ i { } (@)*, (10.65)
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where the coefficients {T,?} are Stirling numbers of the second kind, related to the binomial

{} HZ() 1)pkpm (10.66)

Similarly, through combination of Eq. (10.65) and the binomial theorem, the following

coefficients via

identity may be derived:

@ahm =% {m * 1}(5T)k(a)k. (10.67)

prt k+1

Then Eq. (10.64), using the above identities, may be written in the form given by Eq.
(10.25), restated here for clarity:

fN)F* =3 Zr: (%) <;> (20" f(no)'~*" (—=ng)"~™

r=0m=0 (10.68)

S (@) @)" [{’Z:ll}ﬁ&— - {Z}&-&ﬂ .

As currently written, the above expression is nearly in the desired form, containing terms
proportional to the normally-ordered product (af)*(@)* describing effective k-body bosonic
interactions. In order to write a Hamiltonian as a sum over these interactions, the three
nested sums of Eq. (10.68) must be reordered such that all k-body terms can be factored.
Noting that the indices obey 0 < k < m < r < oo, the ordering of the nested sums may be

reversed by rewriting the upper and lower bounds, leading to Eq. (10.26) of the main text:

H = hw, (N— ;) + kl, (O -+ Cro_54] @)*@)", (10.69)
=0
where
Cy B~ [m >
m=—2A2{k}< onseo 2 (2) ()
" . o 1 (10.70)
m + 5 r
P A *A —m 2 T
Z{kH} om0 Y (2) ()
and 8 = —4X*ng/f(ng)?. The above expressions may be simplified through explicit evalua-

tion of the sum over m using properties of the generalized binomial coefficients. In particular,
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it can be shown that

2 ()= ()t

. (10.71)
= (2) @ n s
Focusing on C, evaluating the sum over m gives
Ck_ _ h = m % 2\m
e QAmZ:k{k}<m>(4)‘ )
i o 1 (10.72)
h k 5
= - _1)p—k 2 2,\m
Y (5)en > (2@

where the identity in Eq. (10.66) has been applied and the two sums reordered. Evaluating
the rightmost sum (and ignoring issues of convergence as the double sum, taken together,

must be convergent) yields the desired result

k
Cy = —%AZ <k> (=1)PR /1 + 4A2p, (10.73)

which is identical to the form of C; Eq. (10.27). The derivation of C; follows in an
analogous fashion and is therefore not made explicit here.

Finally, we verify the form of C}  through explicit action of the sum over all k-body
terms on the a generic basis state |n, —). The methods here may again be trivially extended
to verify C’,j through action on the positive branch |n,+). Using the properties of bosonic

creation and annihilation operators,

Hyln, =) = 3 2 G @)@, -)
F=0 (10.74)
= 2 (k) Cy In,—).

Substituting the definition for €, and reordering the two resulting sums, again taking care

to change the bounds as needed, yields,

tnln, =) = =58 CVIEE Y () (o o)
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Applying the identity

- k
(1) (0) -0k = -aa (10.76)
k) \p
k
the above relation becomes

Hygln,—) = —gA\/1+4)\2n\n, -, (10.77)

thus verifying that the form of the Jaynes-Cummings Hamiltonian given in Eq. (10.26)

returns the known eigenvalues for the negative branch states |n, —).

10.6 Appendix B: Explicit forms for M; and K;

The following lists the explicit analytic forms for the coefficients M; and K;, each of which
describes the amplitude of an allowed transition from the Hilbert space H__ to its comple-
ment as well as its inverse process:
M = Jcosf(1)sinf(1)
= Jsinf(1) [\/icos 0(1) cos6(2) + sinf(1) sin (2

= Jcosf(1) |vV2cosH(1)sinH(2) — sinA(1) cos H(2 ] (10.78)
02|

= Jcosf(1 [2s1n9 )cosB(2) — cos f(1) sin
= Jsinf(1 [

2sin6(1) cos#(2) — cos (1) sin (2 ]
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