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Abstract

Advances in Proximal Inference for Continuous Exposures, Estimation of Ill-Posed
Regression, and Non-Inferiority Assessment in Active-Controlled Trials

Antonio Olivas-Martinez

Chair of the Supervisory Committee:
Andrea Rotnitzky

Department of Biostatistics

This dissertation advances proximal inference methods for continuous exposures and ill-posed

regression problems, alongside non-inferiority assessment in active-controlled trials.

An introduction to the topics is provided in Chapter 1. Chapter 2 develops a unify-

ing framework for non-inferiority evaluation in active-controlled trials, where placebo arms

are unavailable, enabling systematic comparison of existing methods in terms of type I er-

ror, power, and robustness to transportability misspecifications. Chapter 3, motivated by

the analysis of immune correlates of protection in COVID-19 vaccine trials, extends the

proximal inference framework to identify and estimate the mean outcome under modified

treatment policies, enabling causal analysis of continuous exposures in the presence of un-

measured confounding. Chapter 4 addresses the challenge of estimating ill-posed nuisance

functions in proximal inference and related settings, developing a novel finite-sample anal-

ysis of kernel-based regularized adversarial stabilized estimators and establishing conditions

under which debiased, influence-function-based one-step estimators for a broad class of esti-

mands, achieve root-n consistency and asymptotic normality. Together, these contributions

support more robust inference in complex causal problems with unmeasured confounding or

design constraints.
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Chapter 1

INTRODUCTION

Active-controlled trials with non-inferiority objectives are well-suited for phase 2b/3 stud-

ies when existing interventions are effective and available, but new options offer advantages

(Rothmann et al., 2011; Fleming et al., 2011; FDA et al., 2016). Traditional non-inferiority

criteria require new interventions to preserve a high proportion of the active control’s effect.

However, when the control is highly effective, alternative criteria based on sufficient efficacy

versus a hypothetical placebo may be appropriate. A key challenge in these trials is the

absence of a placebo arm, requiring reliance on historical data to estimate the active control

effect and making assumptions about the extent to which this effect transports to the target

population. A wide variety of methods exist for analyzing data from a non-inferiority trial

(Wang et al., 2002; Hung et al., 2003, 2007; Snapinn and Jiang, 2008; Brittain et al., 2012;

Odem-Davis and Fleming, 2013), and different non-inferiority criteria may be considered

(Hung et al., 2003; Fleming, 2008; FDA et al., 2016; Fleming et al., 2021). An evaluation

of the operating characteristics of the different analysis methods and non-inferiority criteria

is lacking. In Chapter 2, we introduce a framework for non-inferiority assessment that en-

compasses all existing methods for analysis and accommodates traditional and alternative

success criteria. Our framework facilitates the comparison of methods based on type I error,

power, and robustness to misspecification of the transportability assumption. We apply this

framework to design an HIV prevention trial with a highly effective active control.

Proximal causal inference has advanced the identification and inference of causal effects in

scenarios involving unobserved confounding and two disjoint sets of observed strong proxies



2

for the unmeasured confounders—commonly referred to as negative control treatments and

negative control outcomes (Miao et al., 2018; Tchetgen et al., 2020; Cui et al., 2024). It has

predominantly been explored in the context of target estimands that contrast counterfac-

tual worlds, where subjects undergo specific pre-specified treatment regimes, which may be

randomized and could depend on observed covariates (Ghassami et al., 2022; Kallus et al.,

2021). However, when dealing with continuous exposures, a compelling alternative estimand

exists—the mean under a modified treatment regime (Haneuse and Rotnitzky, 2013; Dı́az

et al., 2023). This concept envisions a world in which each individual receives a treatment

dose corresponding to their actual dose but modified in a pre-specified manner. In Chapter 3,

we extend the proximal causal inference framework to identify and estimate the mean of an

outcome under a modified treatment regime for continuous point-exposures, bridging an im-

portant gap in the literature. We illustrate our approach by applying it to immunobridging

trials of COVID-19 vaccines, with focus on identifying correlates of protection.

In many applications, the target parameter depends on a nuisance function defined by

a conditional moment restriction, whose estimation often leads to an ill-posed inverse prob-

lem (Santos, 2011; Severini and Tripathi, 2012; Escanciano and Li, 2013; Freyberger and

Horowitz, 2015; Miao and Tchetgen Tchetgen, 2016; Miao et al., 2018; Tchetgen et al., 2020;

Kallus et al., 2021; Ghassami et al., 2022; Bennett et al., 2022, 2023b; Li et al., 2023; Miao

et al., 2024; Cui et al., 2024). Classical approaches, such as sieve-based GMM, approximate

the restriction using a fixed set of test functions and may fail to capture important aspects of

the solution (Newey and Powell, 2003; Ai and Chen, 2003, 2007). Adversarial estimators ad-

dress this limitation by framing estimation as a game between an estimator and an adaptive

critic (Bennett et al., 2019; Muandet et al., 2020b,a; Dikkala et al., 2020; Liao et al., 2020;

Kallus et al., 2021; Ghassami et al., 2022; Mastouri et al., 2021; Bennett et al., 2022; Zhang

et al., 2023; Bennett et al., 2023a,b; Park et al., 2024). In Chapter 4, we study the class of
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Regularized Adversarial Stabilized (RAS) estimators that employ reproducing kernel Hilbert

spaces (RKHSs) for both estimation and testing, with regularization via the RKHS norm.

Our first contribution is a novel analysis that establishes finite-sample bounds for both the

weak error and the root mean squared error of these estimators under interpretable source

conditions, in contrast to existing results. Our second contribution is a detailed comparison

of the assumptions underlying this RKHS-norm-regularized approach with those required

for (i) RAS estimators using L2 penalties, and (ii) recently proposed, computationally stable

Kernel Maximal Moment estimators.
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Chapter 2

A GENERAL FRAMEWORK FOR ASSESSING
NON-INFERIORITY IN ACTIVE-CONTROLLED TRIALS

2.1 Introduction

Active-controlled trials are the most frequently used phase 2b/3 trial design when a current

intervention is known to be effective and is available, but new interventions are still war-

ranted (Rothmann et al., 2011; Fleming et al., 2011; FDA et al., 2016). The new intervention

may have superior or clinically-relevant efficacy and advantages in terms of reduced cost or

toxicity, improved tolerability, adherence, or ease of implementation; or additional interven-

tions may be needed to serve public health needs. In such contexts, a placebo-controlled

design is likely not justified. In active-controlled trials, participants are randomized to one

or more experimental interventions or to an active control, without a placebo arm. They may

be designed to assess whether the new intervention is superior or non-inferior to the active

control, where being non-inferior commonly is defined as preserving a fraction of the active

control effect, often 50% (Fleming, 2008; FDA et al., 2016). Active-control trials designed

to assess non-inferiority are often called non-inferiority trials.

A significant challenge in drawing inferences from active-controlled trials is the absence

of a placebo arm. Assessing non-inferiority traditionally involves estimating the active con-

trol effect relative to placebo based on historical data, preferably from randomized trials,

necessitating assumptions about the extent to which the historical estimate of active control

effect applies to the target population. These assumptions must take into account possible

effect modification by both measured and unmeasured modifiers, as well as factors such as
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advancements in concomitant care, shifts in disease etiology or diagnostic criteria, evolv-

ing trial endpoints, and changes in the dose or regimen of the active control as its clinical

use evolves (Fleming et al., 2011). The predominant assumption used is constancy, which

essentially posits that the active control effect estimated in the historical trial(s) remains

unchanged in the target population. Regrettably, any deviations from this assumption may

undermine the validity of conclusions drawn from non-inferiority trials (Wang et al., 2002;

Fleming et al., 2011; Rothmann et al., 2011; Odem-Davis and Fleming, 2013; FDA et al.,

2016).

The primary methods for assessing non-inferiority based on active-controlled trials are

the fixed-margin and synthesis methods (Wang et al., 2002; Rothmann et al., 2011; FDA

et al., 2016). The fixed-margin method utilizes a predetermined margin to evaluate the effi-

cacy of the experimental intervention against the active control, while the synthesis method

integrates data from both the active-controlled trial and historical trial(s) in order to as-

sess non-inferiority. Both methods have been extensively evaluated under constancy and

non-constancy conditions. While the traditional synthesis method only controls type-I error

under constancy, the fixed-margin method is demonstrated to be robust to deviations from

constancy (Wang et al., 2002; Hung et al., 2003, 2007; Snapinn and Jiang, 2008; Brittain

et al., 2012; Odem-Davis and Fleming, 2013). A generalization of the synthesis method

(Odem-Davis and Fleming, 2013) improves robustness to non-constancy. A unified approach

for comparing the operating characteristics of the various approaches is lacking.

Another challenge with non-inferiority design arises in the context of a highly effective

active control. In such a context, an experimental intervention may still have public health

impact even if it would not satisfy commonly employed preservation of effect non-inferiority

criteria. For example, if the active control is 95% effective, a common 50% preservation

of effect criterion would stipulate that a new intervention be more than 77.6% effective in
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order to achieve success. This high bar may not be appropriate if the new intervention

has advantages in terms of individual preference, cost, or feasibility of implementation. A

compelling success criterion may be that the new intervention meets the success criterion

that would have been used had a placebo-controlled design been possible. This is the spirit

of a criterion proposed for supporting the design of COVID-19 vaccine non-inferiority trials

(Fleming et al., 2021).

To address the aforementioned challenges, we propose a general framework for evaluating

the non-inferiority of experimental interventions compared to active controls. Our framework

accommodates traditional and new non-inferiority criteria and all existing methods for non-

inferiority analysis, and facilitates systematic evaluation and comparison across methods

based on operating characteristics that are either defined conditional on the historical data

or unconditional. It also enables quantification of the degree of non-constancy accommodated

by each method, and offers a design approach that formally factors in uncertainty in the active

control effect based on historical data. We demonstrate the applicability of our framework

by designing a future HIV prevention trial with a highly effective active control.

2.2 Motivational Example

Much success has been seen in recent years in biomedical prevention of HIV, with oral (Grant

et al., 2010; Baeten et al., 2012; Thigpen et al., 2012; Van Damme et al., 2012; Marrazzo

et al., 2015) and now injectable (Landovitz et al., 2021; Delany-Moretlwe et al., 2022; Bekker

et al., 2024; Gilead Sciences, 2024) antiretrovirals proven effective for prevention, known as

pre-exposure prophylaxis (PrEP). Long-acting Cabotegravir (CAB-LA) has proven highly

effective and superior to oral PrEP in both women and men who have sex with men (Lan-

dovitz et al., 2021; Delany-Moretlwe et al., 2022). However, rollout, uptake, and adherence

remain significant challenges, and additional interventions are clearly needed to achieve the
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Joint United Nations Programme on HIV/AIDS (UNAIDS) targets for HIV incidence (UN-

AIDS, 2023; van der Straten et al., 2014; Henderson et al., 2023), including an effective HIV

vaccine. HIV monoclonal antibodies, on-demand products, and alternative antiretrovirals

and delivery devices are under investigation (Corey et al., 2021; Walker, 2021). In a setting

where CAB-LA is licensed and available for use, a potential trial design to evaluate a novel

antiretroviral as PrEP could be an active-controlled trial with CAB-LA as the active control,

which seeks to establish that the novel antiretroviral is non-inferior to CAB-LA.

A key target population for such a trial would be women in sub-Saharan Africa, who

remain at high risk of HIV despite advances in HIV prevention (UNAIDS, 2023; Murewan-

hema et al., 2022; Moyo et al., 2022). In this population, CAB-LA prevention efficacy (PE)

have been recently estimated at 92.8% with a 95% confidence interval (CI): 76.1%–97.8%

(Donnell et al., 2023). Given this high efficacy, the conventional 50% preservation of ef-

fect criterion may be unduly stringent. For instance, under this criterion, a new intervention

would need to exceed a 73.2% PE to be deemed non-inferior—a threshold that could preclude

promising interventions with important practical advantages. An alternative and arguably

more appropriate criterion would be to assess whether the new intervention meets the same

success threshold that would have applied in a placebo-controlled trial. In previous phase 3

placebo-controlled PrEP trials, this threshold corresponded to a minimum efficacy of 30%

PE (Grant et al., 2010; Van Damme et al., 2012; Baeten et al., 2012; Marrazzo et al., 2015).

A new antiretroviral that achieves at least 30% PE and offers advantages such as lower cost,

improved adherence, reduced toxicity, or greater ease of implementation could have substan-

tial public health impact. This example motivates the need for a flexible framework that

accommodates such alternative non-inferiority criteria while maintaining rigorous statistical

evaluation.
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2.3 Non-Inferiority Hypothesis and Identification Challenges

We begin by introducing notation and framing the null hypothesis within our statistical

framework. Let A be an intervention of interest, and let ψA denote a function characterizing

the distribution of an outcome of interest in a population receiving intervention A. We define

the effect of intervention A relative to intervention B as γAB := ψA − ψB. This formulation

accommodates various types of outcomes, including binary, continuous, count, and censored

event-time outcomes.

For example, in HIV prevention trials, the outcome of interest is often time to HIV

acquisition, a censored event-time outcome. In such settings, the effect of intervention A

relative to B is commonly summarized using the log hazard ratio (log HR), either assumed

constant over time or evaluated at a fixed landmark time. Let hA(t) and hB(t) denote

the hazard functions under interventions A and B, respectively, where hA(t) represents the

instantaneous risk of HIV acquisition at time t for individuals receiving intervention A.

At a fixed time t0, e.g., two years, the effect contrast γAB, i.e., the log hazard ratio, can

be written as ψA − ψB where ψA := log{hA(t0)}. While our framework focuses on effect

measures expressible as γAB = ψA − ψB, a commonly reported quantity in HIV prevention

trials is prevention efficacy (PE), often defined as 1− HR = 1− exp(γAB). Although PE is

not itself in the additive form we target, it is a monotonic transformation of the log HR and

is thus implicitly included in analyses based on this contrast.

We denote the placebo, active control, and experimental intervention as P , C, and X

respectively. Let γXP , γCP , and γXC represent their relative effects in the target population,

i.e., in the population from which the active-controlled trial is sampled. The effect of the

experimental intervention relative to placebo can be decomposed as γXP = γXC+γCP . When



9

negative values of the effect indicate a benefit, the scientific null hypothesis is:

H0 : γXC + γCP ≥ ∆, (2.1)

where ∆ denotes the null efficacy that must be ruled out. For the traditional preservation of

effect non-inferiority criterion, ∆ = fγCP , with f ∈ (0, 1) denoting the fraction of the active

control effect to be preserved. For the novel inferred efficacy criterion, ∆ = ∆0, where ∆0 is

a fixed minimally acceptable level of efficacy. Under an inferred efficacy criterion, the goal

is to determine if the experimental intervention meets the success criterion that would have

been used, had a placebo-controlled design been possible.

The scientific null hypothesis (2.1) hinges on γCP , a parameter unidentifiable from the

active-controlled trial alone. However, historical placebo-controlled trials provide evidence as

to the active control effect in the historical setting. Let γCP,H denote the active control’s effect

in the historical setting, reflecting its performance in the population from which the historical

trials were drawn, administered following those trials’ protocols, including adherence and

relevant modifiers. The traditional synthesis method assumes γCP = γCP,H , a premise known

as the constancy assumption (Wang et al., 2002; Hung et al., 2003; Fleming, 2008; FDA

et al., 2016). The fixed-margin method assumes γCP = γCP,H + a, where a ≥ 0 reflects a

conservative adjustment based on the precision of the historical estimate and tends to zero as

that estimate becomes more precise. Importantly, this adjustment is defined in the context

of a conditional null hypothesis that depends on the observed historical data, whereas the

null hypothesis we consider in this work is unconditional and accounts for uncertainty in the

historical estimate. The specific form of a and this distinction will be detailed in Section 2.4.1.

A standard assumption is also that normally distributed and consistent estimators γ̂XC for

γXC and γCP,H for γ̂CP,H exist with variances VXC and VCP,H , and that γ̂XC and γ̂CP,H are
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independent. While the assumptions regarding the estimators are justifiable, being based

on independent data from large-scale trials, the validity of the constancy assumption is

questionable, and requires careful scrutiny. In the context of HIV prevention, disparities

may arise due to variations in participants’ adherence or in the susceptibility of circulating

HIV viruses to the active control intervention.

Returning to the HIV prevention example, a reasonable estimate for the effect of CAB-

LA among sub-Saharan African women is provided by Donnell et al. (2023), who used data

from three contemporary studies conducted across five countries (Botswana, Kenya, Malawi,

South Africa, and Zimbabwe). Their analysis adjusted for potential effect modifiers such

as age and baseline diagnosis of sexually transmitted infections, specifically gonorrhea or

chlamydia, to account for differences in sexual behavior. They estimated a log HR of

γ̂CP,H = log(0.072) ≈ −2.64 (corresponding to a 92.8% prevention efficacy), with an es-

timated standard error of
√
VCP,H = 0.61. Assuming constancy and setting γCP = γ̂CP,H ,

preserving 50% of the active control effect yields a null-efficacy threshold of ∆ = −1.32.

Under the inferred efficacy criterion corresponding to 30% prevention efficacy, the thresh-

old becomes ∆ = log(0.7) ≈ −0.36. This illustrates how different non-inferiority criteria

translate into substantially different benchmarks for success.

2.4 The General Framework

This section introduces our general framework for evaluating non-inferiority methods. We

begin by defining key parameters that allow us to translate a range of existing methods

into this unified structure. The interpretations of these parameters are made relative to the

scientific null hypothesis of interest considered in this framework, which may differ from the

original motivations or hypotheses underlying those methods. We clarify these differences

where relevant.
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To quantify the degree of non-constancy that a given method can accommodate, we

parameterize deviations from constancy. Let λ0 := (γCP − γCP,H) /γCP,H denote the true

relative effect deviation. Here, λ0 = 0 corresponds to constancy. Assuming that negative

effect values indicate benefit, λ0 < 0 means that the active control is less effective in the target

population than in the historical population, while λ0 > 0 indicates greater effectiveness.

This parameterization yields γCP = (1+λ0)γCP,H , allowing the scientific null hypothesis (2.1)

to be written as

H0 : γXC + (1− f)(1 + λ0)γCP,H ≥ ∆0.

While this formulation replaces the unidentifiable parameter γCP with the relative effect

deviation λ0, the latter remains unidentifiable. To address this, we introduce the parameter

λ1, referred to as the assumed relative effect deviation. This assumption may be made

explicitly—for example, by fixing λ1 = 0 or assigning it a negative value—or implicitly

through the way historical data are incorporated into the analysis.

Using λ1, we define the operational null hypothesis as:

Hop
0 : γXC + (1− f)(1 + λ1)γCP,H ≥ ∆0. (2.2)

This is the hypothesis that is actually tested using data from both the active-controlled

trial and historical trials, as opposed to the scientific null hypothesis (2.1), which relies on

unidentifiable parameters. Distinguishing between scientific and operational null hypotheses

is important for comparing type-I error rates under non-constancy across methods, as these

rates are evaluated at the boundary of the scientific null hypothesis.

Although one might object that we are simply replacing one unidentifiable parameter with

another, working with λ1 offers practical advantages. It provides a scale-free, interpretable

way to characterize departures from constancy across different settings and clarifies how
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methods incorporate historical data. Our framework makes these assumptions explicit and

place them on a common scale. This will become clearer in the next subsection.

Within this general framework, we assess the operational null hypothesis (2.2) using the

following test statistic:

Tv,w,λ1,f,∆0 =
γ̂XC + (1− f)(1 + λ1)γ̂CP,H −∆0√‹V , (2.3)

where ‹V = VXC + 2vw(1− f)(1 + λ1)
√
VXCVCP,H + w2(1− f)2(1 + λ1)

2VCP,H .

Here, v ∈ [0, 1] is the unifying parameter, accommodating both fixed-margin (v = 1) and

synthesis methods (v = 0); and w ≥ 0 serves as a variance inflation parameter, allowing

variations and extensions of these methods. As discussed, λ1 encapsulates our assumption

about the relative effect deviation λ0, while f and ∆0 specify the success criterion. In

particular, ∆0 = 0 and f ∈ (0, 1) yields the preservation of effect criterion, whereas f = 0

and ∆0 < 0 corresponds to the new inferred efficacy criterion.

In Appendix A.1, we show that at the boundary of the operational null hypothesis, i.e.,

when γXC + (1− f)(1 + λ1)γCP,H = ∆0, the test statistic Tv,w,λ1,f,∆0 is normally distributed

generally with mean zero and variance σ2 = [VXC + (1− f)2(1 + λ1)
2VCP,H ] /‹V . We reject

the operational null hypothesis when Tv,w,λ1,f,∆0 falls below −Z1−α, where Z1−α denotes the

(1− α) quantile of the standard normal distribution.

2.4.1 Special Cases within Our Framework

We now show that our general framework accommodates most existing methods for assessing

non-inferiority (see Table 2.1).
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Table 2.1: Common methods for assessing non-inferiority and their robustness to type I error
control under constancy

Method Parameter UTIE control∗

Unifying (v) Variance inflation (w) Relative effect deviation (λ1)

Traditional synthesis method1

0
1 0 Yes

Bias-adjusted synthesis method2,3 1 λ1 Yes†
Odem-Davis method3 1/(1 + λ1) λ1 Yes†

Fixed-margin 95-95 method1
1

1 0 Yes
Fixed-margin 0-95 method1 0 0 No

UTIE, unconditional type-I error. ∗Control indicates that the UTIE does not exceed the significant level α.
For the 95-95 and 0-95 methods, α = 0.025. †This condition is satisfied when λ1 < 0, which is comon for
these methods. References: 1. Wang et al. (2002); 2. Rothmann et al. (2003); Odem-Davis and Fleming
(2013); and 3. Odem-Davis and Fleming (2013)

Synthesis Methods

Synthesis methods represent a simple strategy to incorporating historical information. These

methods directly combine data from the historical and active-control trials, and importantly,

their operational null hypothesis aligns exactly with that of (2.2).

The so-called bias-adjusted synthesis method assumes a relative effect deviation of λ1 and

directly combines γ̂XC and γ̂CP,H to construct an estimator of γXC+(1−f)(1+λ1)γCP,H , with

corresponding variance VXC+(1−f)2(1+λ1)2VCP,H . The operational null hypothesis (2.2) is

rejected if the upper bound of the (1− 2α)% CI for this quantity lies below ∆0. Specifically,

this method rejects (2.2) when

γ̂XC + (1− f)(1 + λ1)γ̂CP,H + Z1−α

»
VXC + (1− f)2(1 + λ1)2VCP,H < ∆0,

which is equivalent to the following test statistic

TSM,λ1 =
γ̂XC + (1− f)(1 + λ1)γ̂CP,H −∆0√
VXC + (1− f)2(1 + λ1)2VCP,H
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being less than −Z1−α. This corresponds to our general test statistic in (2.3) with parameters

(v, w, , λ1) = (0, 1, λ1). When constancy is assumed—i.e., when λ1 = 0—we refer to this as

the traditional synthesis method.

Given that synthesis methods lack robustness to deviations beyond the assumed relative

effect deviation λ1—particularly in their control of type I error (as will be clarified in the next

section)—Odem-Davis and Fleming (2013) proposed a modification that avoids contracting

the variance (1−f)γ̂CP,H by the factor (1+λ1)
2. This variant uses the same point estimator

for γXC + (1 − f)(1 + λ1)γCP,H , but assumes a larger variance VXC + (1 − f)2VCP,H . The

resulting test statistic is

TOD,λ1 =
γ̂XC + (1− f)(1 + λ1)γ̂CP,H −∆0√

VXC + (1− f)2VCP,H
,

which corresponds to the general form (2.3) with parameters (v, w, λ1) = (0, 1/(1 + λ1), λ1).

Notably, this method is only applicable and meaningful when λ1 ̸= 0. We refer to it as the

Odem-Davis method.

Fixed Margin Methods

Fixed-margin methods are the most widely used methods for incorporating historical infor-

mation in non-inferiority testing (Wang et al., 2002; Fleming, 2008; Rothmann et al., 2011;

FDA et al., 2016). Unlike synthesis methods, a fixed-margin method treats the historical

data as fixed and known, and assumes that γCP can be conservatively approximated by

γ̃CP := γ̂CP + a where a = Z1−θ
√
VCP,H and θ ∈ (0, 0.5], typically θ = α. The term a

represents the absolute deviation from the point estimate γ̂CP,H used to construct the up-

per bound of a 100(1 − 2θ)% CI for γCP,H . This serves as a conservative adjustment to

account for uncertainty in the historical estimate. A fixed success margin is then defined as
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δ := ∆0−(1−f)γ̃CP . The method tests the following conditional operational null hypothesis:

HFM
0 : γXC ≥ δ. (2.4)

This null hypothesis is defined conditional on the historical data and corresponds to rejecting

the scientific null (2.1) under the assumption that γCP ≤ γ̃CP—i.e, that any possibly down-

ward deviation from constancy has already been absorbed into the conservative margin δ.

A fixed-margin method rejects (2.4) if the upper bound of the 100(1 − 2α)% CI for

γXC falls below δ, i.e, if γ̂XC + Z1−α
√
VXC < ∆0 − (1 − f)

[
γ̂CP,H + Z1−θ

√
VCP,H

]
. This is

equivalent to the test statistic

TFM,θ,λ1 =
γ̂XC + (1− f)γ̂CP,H −∆0√
VXC + Z1−θ

Z1−α
(1− f)

√
VCP,H

.

being less than −Z1−α. Within our framework, this corresponds to setting (v, w, λ1) =

(1, Z1−θ/Z1−α, 0) in the general statistic (2.3). When θ = α = 0.025, this yields the well-

known 95-95 method. When θ = 0.5 and α = 0.025, it corresponds to the 0-95 method,

which assumes no effect deviation from the historical estimate.

An important subtlety arises when placing fixed-margin methods within our framework.

While these methods coherently define and test a conditional null hypothesis based on the

observed historical data, their translation into our unconditional framework may initially

seem inconsistent—but this is not the case. The conservative estimate γ̃CP used to define δ

reflects an implicit belief that γCP may fall below its historical estimate. In our framework,

this is captured by assuming no effect deviation, i.e., λ1 = 0, and inflating the variance

to account for uncertainty in the historical estimate. In this sense, fixed-margin methods
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resemble synthesis methods with λ1 = 0 but with an adjusted variance, scaled by:

VXC + 2(1− f) Z1−θ

Z1−α

√
VXC VCP,H +

Ä
Z1−θ

Z1−α

ä2
(1− f)2VCP,H

VXC +
Ä
Z1−θ

Z1−α

ä2
(1− f)2VCP,H

,

which depends on both the uncertainty in the historical estimate of γCP,H and that of γXC

in the active-controlled trial. Because this scaling depends on an unknown quantity, fixed-

margin methods are not formally considered synthesis methods within our classification.

The Unified Framework of Snapinn and Jiang (2008)

Snapinn and Jiang (2008) proposed a unified class of methods that encompasses many ex-

isting non-inferiority procedures for the specific success criterion defined by ∆0 = 0 and

f = 0. This class is fully nested within our general framework when the parameters are

set to (w, f,∆0) ≡ (1, 0, 0). However, even within this restricted setting, their class does

not accommodate certain procedures—most notably, the Odem–Davis method—which fall

outside the structure they considered.

2.5 Operating Characteristics within the General Framework

Two types of operating characteristics are pertinent for evaluating non-inferiority in active-

controlled trials: conditional and unconditional. Both account for stochasticity in the active-

controlled trial, but conditional characteristics assume a fixed and known active control effect

in the historical population, while unconditional ones treat γ̂CP,H as a random variable with a

known variance VCP,H . Since unconditional operating characteristics incorporate uncertainty

in estimating the active control effect, robustness to constancy assumption violations is most

naturally evaluated in terms of unconditional type-I error. We evaluate unconditional op-

erating characteristics and facilitate designing an active-controlled trial to achieve adequate
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unconditional power while controlling unconditional type-I error.

Under the assumptions outlined in the preceding sections, the unconditional power of the

statistic (2.3) to reject the scientific null hypothesis (2.1) when the experimental intervention

has an effect size γXP is

Φ

(
∆0 + {(1 + λ0)− (1− f)(1 + λ1)} γCP,H − γXP − Z1−α

√‹V√
VXC + (1− f)2(1 + λ1)2VCP,H

)
, (2.5)

where Φ is the cumulative distribution function of the standard normal distribution. Its

unconditional type-I error at the boundary of the scientific null hypothesis (2.1) is

Φ

Ñ
(1− f)(λ0 − λ1)γCP,H − Z1−α

√‹V»
VXC + (1− f)2 (1 + λ1)

2 VCP,H

é
. (2.6)

Similarly, the conditional power and type-I error are

Φ

(
∆0 + {(1 + λ0)− (1− f)(1 + λ1)} γ̂CP,H − γXP − Z1−α

√‹V√
VXC

)
(2.7)

and

Φ

(
(1− f)(λ0 − λ1)γ̂CP,H − Z1−α

√‹V√
VXC

)
. (2.8)

For completeness, we provide the derivations of expressions (2.5)–(2.8) in Appendix A.1.

To explore the implications of these expressions in practical settings, we focus on a specific

region of the parameter space where power is at least 50% and type-I error is below 50%. In

Appendix A.2, we show that the parameter space of interest satisfies

γXP < ∆0 + (1 + λ0)γCP,H − (1− f)(1 + λ1)
¶
γCP,H + wZ1−α

√
VCP,H

©
(2.9)
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and

λ1 ≤ λ0 −
(1 + λ0)wZ1−α

√
VCP,H

γCP,H + wZ1−α
√
VCP,H

. (2.10)

We further assume that the active control is efficacious in the historical population, i.e.,

γCP,H < 0.

Under these conditions, conditional power always exceeds unconditional power, and con-

ditional type-I error is always lower than unconditional type-I error. This occurs because

conditional characteristics ignore the uncertainty associated with estimating the active con-

trol effect from historical data. Mathematically, this follows from two key observations: first,

expressions (2.5) and (2.6) reduce to (2.7) and (2.8) when VCP,H = 0 and γ̂CP,H = γCP,H ;

and second, under constraints (2.9) and (2.10), the numerators inside the standard normal

arguments of (2.5) and (2.6) are strictly positive and strictly negative, respectively.

Moreover, both power and type-I error decrease as λ0 increases. Mathematically, this

inverse relationship arises because the numerators inside the standard normal arguments

of (2.5) and (2.6) depend inversely on λ0, given that γCP,H is assumed negative. Clinically,

this makes sense: an increase from λ0 to λ′0 implies either (i) less deviation from constancy

if λ′0 < 0, or (ii) that the active control is more effective in the target population than in

the historical one if λ′0 ≥ 0. In the first case, the historical estimate becomes more accurate,

and in the second, it serves as a conservative approximation of the active control effect in

the target population. In both cases, this leads to reduced type-I error. However, it also

reduces power, since the null hypothesis becomes harder to reject when the active control is

more effective in the target population.

In the following section, we derive additional insights from expressions (2.5)–(2.8) and

introduce further operating characteristics relevant to trial design—both conceptually and

through an application of the proposed framework to the design of an HIV prevention trial.
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2.6 Application to Designing an HIV Prevention Trial

As introduced in Section 2.2, the goal is to design an HIV prevention trial in sub-Saharan

African women using CAB-LA as the active control. The outcome of interest is time to

HIV acquisition, with the log hazard ratio used as the measure of effect throughout our

methodological framework and for computing all operating characteristics. However, because

results on the log HR scale are difficult to interpret clinically, we present all relevant quantities

on the prevention efficacy scale. Given that CAB-LA has demonstrated high efficacy in the

historical population (PE of 92.8%, 95% CI: 76.1%–97.8%), we consider both type of non-

inferiority success criterion: i) the 50% preservation of effect criterion, parameterized in

our framework as (f,∆0) = (0.5, 0), and ii) the inferred 30% prevention efficacy criterion,

parameterized as (f,∆0) = (0, log(0.7)) on the log HR scale.

We explore five analytical methods: i) the traditional synthesis method, ii) the bias-

adjusted synthesis method with λ1 = −0.23, iii) the Odem-Davis method with λ1 = −0.23,

iv) the 95-95 method, v) and the 0-95 method. The value λ1 = −0.23 used in the bias-

adjusted synthesis and Odem-Davis methods corresponds to a CAB-LA PE of 86.8%, which

is one standard deviation below the estimated active control effect on the log HR scale.

2.6.1 Maximum Unconditional Power

Incorporating the uncertainty in estimating the active control effect from historical data

reduces power. For a design alternative within the restricted parameter space specified in

Section 2.5, a study can be carried out to achieve any conditional power above 50%. However,

there is an upper bound to the corresponding unconditional power, given by

Φ

Ç
−wZ1−α +

∆0 + {(1 + λ0)− (1− f)(1 + λ1)} γCP,H − γXP

(1− f)(1 + λ1)
√
VCP,H

å
.
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Details of this derivation are shown in Appendix A.2. This means that some design alterna-

tives cannot be detected unconditionally with the desired power, affecting the interpretation

of findings from active-controlled trials designed to control conditional power.

Figure 2.1 shows the maximum unconditional power for detecting interventions with

prevention efficacy between 65% and 98% across the five analytical methods. We see, for

example, a 90% PE intervention cannot be detected with 90% unconditional power with most

methods, except with the 0-95 method, while a 95% PE intervention can be detected with

90% unconditional power across all methods and criteria. This underscores the challenges of

non-inferiority designs when the active control is highly effective.

Figure 2.1: Maximum unconditional power for detecting design alternatives across our se-
lected methods and criteria. SM, synthesis method; BA-SM, bias-adjusted synthesis method;
OD, Odem-Davis method. The horizontal dashed line represents an unconditional power of
0.90. The vertical dotted line represents an experimental intervention with a PE of 95%.
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2.6.2 Trial Design Controlling Unconditional Power

Active-controlled trials for assessing non-inferiority are typically designed to achieve a target

conditional power. However, as previously discussed, conditional power is systematically

lower than unconditional power. This discrepancy may result in trials being underpowered,

leading to the failure to approve interventions that are in fact non-inferior. We refer to this

conventional practice as the traditional approach to clinical trial design.

To mitigate the loss of power due to potential deviations from the constancy assumption

(i.e., increases in λ0), a common ad hoc strategy is to assume that the active control is

more effective in the target population than suggested by historical data. This assumption

increases the conditional power during planning and is referred to here as the ad hoc approach.

While calculating the sample size to achieve a desired level of conditional power is a well-

established procedure (see, e.g., Rothmann et al. (2011)), our framework also enables the

design of trials that control unconditional power—the probability of rejecting the scientific

null hypothesis when both historical and trial data are treated as random, assuming a fixed

deviation from constancy, i.e., a fixed value of λ0. We refer to this as the novel approach.

Designing a non-inferiority trial to ensure a target level of unconditional power to detect

a given design alternative is a multi-step approach. First, determine if the desired power for

a design alternative can be achieved through conditions in the preceding section. Second,

if achievable, calculate the numerical value for VXC by solving formula (2.5) equated to the

desired power. Third, determine the sample size N based on the relationship between VXC

and sample size in the active-controlled trial. Fourth, evaluate the accommodated level of

non-constancy using expression (2.12) as described in subsection 2.6.4.

We apply this procedure to evaluate three trial design strategies: 1) the traditional

approach, which ensures 90% conditional power, 2) the novel approach, which guarantees

90% unconditional power, and 3) the ad hoc approach that controls conditional power under
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the assumption that CAB-LA has 94.7% PE—an effect half a standard deviation above the

estimated active control effect on the log scale. Our design alternative is an experimental

intervention with 95% PE, which we confirmed to be feasible in the previous subsection. The

required number of events is computed under constancy, i.e., λ0 = 0, and 1:1 allocation. Total

sample size is then determined assuming a fixed two-year follow-up period, a 3% baseline

incidence under placebo, 7.5% annual loss to follow-up, and constant incidence and PE in

both groups.

The trial design specifications and operating characteristics for the various approaches,

methods, and success criteria considered in the HIV prevention trial are summarized in

Table 2.2 for the preservation of effect criterion and in Table 2.3 for the inferred efficacy cri-

terion. To facilitate interpretation, we first introduce two additional operating characteristics

within our general framework: the success margin and the tolerable level of non-constancy.

We also provide guidance on comparing different success criteria, which is important to

consider before reviewing the results presented in the tables.

2.6.3 Establishing a Success Margin

Our framework elucidates that any method within its scope can be regarded as a fixed-margin

method. From the definition of our general test statistic (2.3), we find that the rejection

region Tv,c,f,∆0 < −Z1−α is equivalent to γ̂XC + Z1−α
√
VXC < δ, where

δ = ∆0 − (1− f)(1 + λ1)γ̂CP,H − Z1−α

{√
Ṽ −

√
VXC

}
. (2.11)

Notably, in general, the margin depends on VXC , and thus relies on data from the active-

controlled trial. However, for fixed margin methods (v = 1), the margin simplifies to

∆0 − (1 − f)(1 + λ1)
{
γ̂CP,H + wZ1−α

√
VCP,H

}
, which only depends on historical data and
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design parameters. Having a defined form for the success margin enables the investigator

to characterize at the design stage the size of the experimental to active control effect that

would constitute success, for potential values of VXC .

The success margins in our HIV prevention trial design example are reported in the second

column of Tables 2.2 and 2.3, expressed on the relative hazard ratio scale. These margins

represent the upper bound for the relative hazard ratio between the experimental and active

control interventions, below which the experimental intervention is deemed successful.

2.6.4 Quantifying Controlled Non-Constancy

Given the need to ensure strict control over type-I error in phase 2b/3 trials and the result

that non-constancy can inflate this error, quantifying the level of non-constancy accommo-

dated is crucial. As the true extent of non-constancy remains unknown, our best course of

action is to establish thresholds on the maximum degree of non-constancy—or, in simpler

terms, the minimum value of λ0—where the unconditional type-I error remains at or below

α. We call this the tolerable level of non-constancy which is shown in Appendix A.3 to be:

λ0,min = λ1 +

√‹V −
√
VXC + (1− f)2(1 + λ1)2VCP,H

(1− f)γCP,H
Z1−α. (2.12)

The tolerable level of non-constancy allows practitioners to evaluate and compare the ro-

bustness against non-constancy of different designs and success criteria (see Table 2.1). The

traditional synthesis method has λ0,min = 0, ensuring protected type-I error under constancy

but inflated error when λ0 < 0. The 95-95 method has λ0,min strictly smaller than 0. Hence,

it has protected type-I error under constancy, and allows for some degree of non-constancy.

The amount of non-constancy accommodated depends on the uncertainty in γ̂CP,H as shown

in Appendix A.3. The 0-95 method has λ0,min > 0, making it anti-conservative under con-
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stancy. The bias-adjusted synthesis method has λ0,min = λ1; the Odem-Davis method has

λ0,min strictly smaller than λ1. Hence, both methods have protected (conservative) type-I

error when the non-constancy level is less extreme than the assumed non-constancy level λ1.

Notably, λ1 < 0 means that the active control in the target population is assumed to be less

effective than in the historical population.

The tolerable levels of non-constancy for the different methods examined in our HIV

prevention trial design example are provided in the CNC—controlled non-constancy—column

of Tables 2.2 and 2.3, expressed on the prevention efficacy scale. These values represent the

lowest true prevention efficacy of CAB-LA in the target population for which unconditional

type I error is controlled when rejection is based on the success margin.

2.6.5 Comparing Success Criteria

A final insight emerges from the general framework. While the formulas (2.5)–(2.8) en-

able numerical comparisons of operating characteristics across different success criteria, it

is essential to ensure that their scientific null hypotheses are aligned numerically for a fair

comparison in terms of type-I error. Without such alignment, the type-I error rates are not

comparable, as they correspond to different scientific null hypotheses.

For the preservation of effect criterion, the scientific null hypothesis depends on the

true active control effect within the target population. Thus, even if a preservation of

effect criterion and an inferred efficacy criterion are aligned so that they correspond to

the same scientific null hypothesis, this alignment only holds for a particular value of the

active control effect. Consequently, we advocate for selecting the success criterion based on

scientific rationale rather than solely based on a comparison of operating characteristics.

In our HIV prevention trial design example, this consideration informed our use of two

distinct criteria. Preserving 50% of a 92.8% CAB-LA PE on the log scale corresponds
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to a 73.2% inferred PE, while requiring an inferred PE of 30% preserves only 13.6% of

the CAB-LA effect. These targets are not numerically aligned, but they reflect different

scientific goals and policy questions—one prioritizing relative preservation of an established

intervention’s efficacy, the other focusing on achieving a minimum level of absolute protection

with meaningful public health impact.

2.6.6 Systematic Comparison within the General Framework

We now walk through the trial design results in Tables 2.2 and 2.3, highlighting important

comparisons. For example, using the 95-95 method with the 50% preservation of effect

criterion, achieving 90% unconditional power requires 15,516 participants (7,758 per arm)

to accrue 52 events. The experimental intervention is deemed successful if the hazard of

HIV acquisition in this group is up to 2.05 times that in the control group. This design

controls unconditional type-I error below 0.025 as long as CAB-LA PE is at least 85.9%

(λ0,min = −0.26), and it reaches 70% unconditional power when the true CAB-LA PE is

higher than expected, at 94.7%. In contrast, the conditional approach requires 11,012 but

achieves only 83% unconditional power under constancy and 60% unconditional power if

CAB-LA PE is 94.7%.

Evaluating these trial designs shows that sizing a trial to achieve 90% conditional power

yields unconditional power below 90%, confirming the risk of underpowered trials. The ad

hoc approach, targeting 90% conditional power under a higher CAB-LA PE of 94.7%, gener-

ally requires sample sizes 1.5 times larger than the traditional approach based on conditional

power, often achieving over 90% unconditional power but at a higher resource cost. The

approach controlling unconditional power strikes a balance between the two aforementioned

approaches. Additionally, the unconditional approach demonstrates greater robustness to

non-constancy in terms of unconditional power compared to the traditional approach. Un-
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conditional power consistently exceeds 70% using the preservation of effect criterion, and

exceeds 75% with the inferred efficacy criterion, when CAB-LA PE is 94.7%. This under-

scores its utility in ensuring adequate power while maintaining manageable sample sizes and

ensuring robustness to non-constancy across various scenarios.

When comparing the five methods within the same success criterion and design approach,

the 0-95 method yields the most lenient margin and the smallest sample size, while demon-

strating the greatest robustness to non-constancy in terms of loss of power. However, as

anticipated, it inflates type-I error even under constancy (λ0,min > 0). In contrast, the

Odem-Davis method accommodates the highest level of non-constancy while maintaining

proper type-I error control.

Lastly, for a given method and design approach, the 50% preservation of effect criterion

sets stricter margins and typically requires larger sample sizes compared to the inferred 30%

efficacy criterion, except with the Odem-Davis method under unconditional power control.

Overall, this application shows that: 1) with reasonable assumptions, the bias-adjusted

synthesis method is efficient and accommodates substantial non-constancy, 2) the 95-95

method does not generally outperform others in robustness to non-constancy, 3) the inferred

efficacy non-inferiority criterion is attractive for its interpretability and practicality, and 4)

the approach that controls unconditional power effectively addresses uncertainty in the active

control effect.
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Table 2.2: Trial design specifications and operating characteristics for detecting 95% pre-
vention efficacy with 90% power under the 50% effect preservation criterion, across methods
and design strategies.

Traditional approach: Controlling conditional power and assuming CAB-LA PE = 92.8%

Method Margin∗ RNE Sample size† CNC‡ UP0 UPa
Traditional SM 3.12 19 (8:11) 5,766 (2,883/arm) 92.8% 0.86 0.69
BA-SM, λ1 = −23% 2.42 27 (11:16) 8,008 (4,004/arm) 86.8% 0.86 0.65
OD with λ1 = −23% 2.21 32 (13:19) 9,510 (4,755/arm) 84.4% 0.86 0.63
95-95 method 2.05 37 (15:22) 11,012 (5,506/arm) 85.0% 0.83 0.60
0-95 method 3.73 15 (6:9) 4,504 (2,252/arm) 94.8% 0.87 0.72

Novel approach: Controlling unconditional power and assuming CAB-LA PE = 92.8%

Method Margin∗ RNE Sample size† CNC‡ UP0 UPa
Traditional SM 3.07 24 (10:14) 7,208 (3,604/arm) 92.8% 0.90 0.75
BA-SM, λ1 = −23% 2.40 33 (14:19) 10,090 (5,045/arm) 86.8% 0.90 0.70
OD with λ1 = −23% 2.17 40 (16:24) 12,012 (6,006/arm) 84.3% 0.90 0.69
95-95 method 2.05 52 (21:31) 15,516 (7,758/arm) 85.9% 0.90 0.70
0-95 method 3.73 17 (7:10) 5,046 (2,523/arm) 94.9% 0.90 0.77

Ad hoc approach: Controlling conditional power and assuming CAB-LA PE = 94.7%

Method Margin∗ RNE Sample size† CNC‡ UP0 UPa
Traditional SM 2.98 33 (16:17) 11,558 (5,779/arm) 92.8% 0.95 0.83
BA-SM, λ1 = −23% 2.32 53 (26:27) 18,738 (9,369/arm) 86.8% 0.97 0.91
OD with λ1 = −23% 2.06 71 (35:36) 25,226 (12,613/arm) 83.8% 0.97 0.82
95-95 method 2.05 72 (35:37) 25,226 (12,613/arm) 86.8% 0.95 0.78
0-95 method 3.73 23 (11:12) 8,160 (4,080/arm) 95.1% 0.95 0.85

SM, synthesis method; BA-SM, bias-adjusted synthesis method; OD, Odem-Davis method; RNE, required
number of events assuming 1:1 randomization. The numbers in parentheses correspond to the expected
number of events in each group. CNC, controlled non-constancy; UP0, unconditional power under constancy
(when CAB-LA PE is 92.8%); UPa, unconditional power when CAB-LA PE is 94.7%. ∗The experimental
intervention is deemed successful if the hazard ratio of HIV acquisition for the experimental intervention
relative to the active control is lower than this margin. †Assuming 3% underlying placebo incidence, a fixed
2-year follow-up, 7.5% loss to follow-up per year, and constant incidence and PE. ‡This is the lowest CAB-LA
PE such that the unconditional type-I error is below 0.025. It corresponds to 1− exp ([1 + λ0,min]γ̂CP,H).
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Table 2.3: Trial design specifications and operating characteristics for detecting 95% pre-
vention efficacy with 90% power under the 30% prevention efficacy criterion, across methods
and design strategies.

Traditional approach: Controlling conditional power and assuming CAB-LA PE = 92.8%

Method Margin∗ RNE Sample size† CNC‡ UP0 UPa
Traditional SM 6.13 9 (4:5) 2,882 (1,441/arm) 92.8% 0.83 0.73
BA-SM, λ1 = −23% 3.72 15 (6:9) 4,504 (2,252/arm) 86.8% 0.83 0.69
OD with λ1 = −23% 2.88 22 (9:13) 6,506 (3,253/arm) 83.7% 0.81 0.65
95-95 method 2.94 21 (9:12) 6,486 (3,243/arm) 87.0% 0.78 0.63
0-95 method 9.72 7 (3:4) 2,162 (1,081/arm) 95.2% 0.85 0.76

Novel approach: Controlling unconditional power and assuming CAB-LA PE = 92.8%

Method Margin∗ RNE Sample size† CNC‡ UP0 UPa
Traditional SM 5.67 14 (6:8) 4,324 (2,162/arm) 92.8% 0.90 0.81
BA-SM, λ1 = −23% 3.51 24 (10:14) 7,208 (3,604/arm) 86.8% 0.90 0.78
OD with λ1 = −23% 2.50 49 (20:29) 14,514 (7,257/arm) 83.2% 0.90 0.76
95-95 method 2.94 48 (20:28) 14,414 (7,207/arm) 88.8% 0.90 0.79
0-95 method 9.72 8 (3:5) 2,502 (1,251/arm) 95.3% 0.90 0.83

Ad hoc approach: Controlling conditional power and assuming CAB-LA PE = 94.7%

Method Margin∗ RNE Sample size† CNC‡ UP0 UPa
Traditional SM 5.72 13 (6:7) 4,760 (2,380/arm) 92.8% 0.89 0.81
BA-SM, λ1 = −23% 3.47 25 (12:13) 8,840 (4,420/arm) 86.8% 0.91 0.80
OD with λ1 = −23% 2.52 45 (22:23) 15,856 (7,928/arm) 83.2% 0.90 0.76
95-95 method 2.94 33 (16:17) 11,558 (5,779/arm) 88.1% 0.86 0.74
0-95 method 9.72 8 (4:4) 2,882 (1,441/arm) 95.4% 0.91 0.84

SM, synthesis method; BA-SM, bias-adjusted synthesis method; OD, Odem-Davis method; RNE, required
number of events assuming 1:1 randomization. The numbers in parentheses correspond to the expected
number of events in each group. CNC, controlled non-constancy; UP0, unconditional power under constancy
(when CAB-LA PE is 92.8%); UPa, unconditional power when CAB-LA PE is 94.7%. ∗The experimental
intervention is deemed successful if the hazard ratio of HIV acquisition for the experimental intervention
relative to the active control is lower than this margin. †Assuming 3% underlying placebo incidence, a fixed
2-year follow-up, 7.5% loss to follow-up per year, and constant incidence and PE. ‡This is the lowest CAB-LA
PE such that the unconditional type-I error is below 0.025. It corresponds to 1− exp ([1 + λ0,min]γ̂CP,H).
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2.7 Discussion

In this chapter, we present a general framework for the design of active-controlled trials eval-

uating the non-inferiority of an experimental intervention that encompasses a wide variety

of methods and success criteria, and accommodates binary, continuous, count, and censored

event-time outcomes. A key contribution of our framework is facilitating rational decision-

making: it allows researchers to select the most suitable design based on the trade-off between

type-I error and power and to evaluate the level of non-constancy that is accommodated by

the design. The framework includes the novel inferred efficacy non-inferiority criterion as

a special case. Additionally, it introduces a novel approach to trial design, prioritizing the

control of unconditional power to ensure robustness to non-constancy.

The development of a framework for designing non-inferiority trials to evaluate the in-

ferred efficacy criterion will advance future trial design. In particular, when an active control

is highly efficacious, and an experimental intervention offers advantages in terms of accept-

ability or feasibility, a traditional preservation of effect margin may be overly stringent. The

inferred efficacy criterion is also highly interpretable.

While our framework encompasses both the traditional preservation of effect criterion

and the innovative inferred efficacy criterion, caution is warranted when directly compar-

ing these criteria, as they typically correspond to different scientific null hypotheses. This

distinction is important because previous studies suggest that preservation of effect criteria

may demonstrate greater robustness to non-constancy violations than the inferred efficacy

criterion (Wang et al., 2002). However, our work suggests that this is not true in general.

Moreover, even if attempts are made to align the scientific null hypotheses, as shown in

our illustrative example, this alignment is only valid for a specific value of the active control

effect. This underscores the need to carefully consider the nuances of each criterion and their

associated scientific null hypotheses when designing the trial and interpreting its outcomes.
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Importantly, we considered the setting in which an active control is effective and available

to the population of interest. However, in settings where the active control is not available

or not acceptable to the population, a placebo-controlled design remains the gold standard

for generating evidence regarding efficacy of the experimental intervention.

Overall, our framework advances the understanding and application of statistical meth-

ods for non-inferiority assessment, offering researchers a powerful toolkit for rigorous non-

inferiority study design.
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Chapter 3

PROXIMAL CAUSAL INFERENCE FOR MODIFIED
TREATMENT POLICIES

3.1 Introduction

The methodological developments in this article are motivated by challenges arising in vac-

cine research. The development of vaccines requires rigorous assessment, including phase 3

efficacy randomized trials that often involve lengthy follow-up periods, delaying the rapid

deployment of new, effective vaccines. To address this challenge, researchers aim to iden-

tify early vaccine-induced immune markers that predict later outcomes, known as correlates

of protection (Plotkin, 2010; Fleming and Powers, 2012). These correlates can serve as

surrogates in future studies, potentially expediting vaccine development and approval pro-

cesses while maintaining safety and efficacy standards. Identifying correlates of protection

involves characterizing the causal effect of a continuous exposure—the immune marker—on

the outcome of interest. A natural approach to assessing this effect is through the causal

dose-response curve, which assigns to each immune marker level the mean outcome that

would be observed in a hypothetical scenario where everyone’s immune marker level is set

to that value.

An alternative approach that has gained popularity in recent years involves the shift-

intervention-response curve (Hejazi et al., 2021; Huang et al., 2023). This curve assigns to

each possible shift the mean outcome that would be observed if everyone’s level of immune

markers were set to their actual vaccine-induced value, adjusted by the specified shift. These

interventions are of interest because for reasonable shift values, the modified immune marker
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levels could realistically be achieved with alternative vaccine formulations.

A shift intervention is an example of a modified treatment policy (MTP) (Robins, 1986;

Dı́az Muñoz and Van Der Laan, 2012; Haneuse and Rotnitzky, 2013). Quite generally, an

MTP is an intervention that assigns each individual a treatment dose corresponding to their

observed dose in the study but modified in a pre-specified manner. Importantly, MTPs

allow treatment assignment to depend on baseline covariates, enabling more flexible and

personalized interventions. For example, the amount of dose shift could vary based on

individual characteristics such as age, immunocompetency status, or other relevant factors.

An additional complication when assessing immune markers as correlates of protection

is that vaccine-induced immune marker levels cannot be randomized, making any analysis

with immune marker levels as the exposure susceptible to confounding, possibly due to

unmeasured confounders. In particular, an individual’s underlying immunity level is likely a

strong unobserved confounder. A promising solution to this challenge is the proximal causal

inference framework, recently introduced by Miao et al. (2018); Tchetgen et al. (2020); and

Cui et al. (2024). This framework enables the identification and inference of causal effects

in scenarios involving unobserved confounders, provided one has access to two disjoint sets

of observed strong proxies for the unmeasured confounders. These proxies are commonly

referred to as negative control treatments and negative control outcomes. Negative control

treatments are proxies of the unmeasured confounders that lack a direct impact on the

outcome of interest, while negative control outcomes are proxies that remain unaffected by

both the negative control treatments and the primary treatment of interest. Figure 3.1

provides a visual representation of a causal diagram incorporating these negative control

variables, illustrating their relationships within the framework. The proximal causal inference

framework is well-suited for identifying correlates of protection in vaccine efficacy studies,

as these trials routinely measure variables that qualify as negative controls, making the
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framework’s application both feasible and relevant. While estimators of the counterfactual

MTP mean under the assumption of no unmeasured confounders have been extensively

studied (Dı́az Muñoz and Van Der Laan, 2012; Haneuse and Rotnitzky, 2013; Hejazi et al.,

2021), to our knowledge, estimators under the proximal causal inference assumptions have

not yet been developed for this context. In this chapter, we address this gap by proposing a

novel estimator of the counterfactual MTP mean that leverages the proximal causal inference

framework to assess immune markers as correlates of protection in vaccine efficacy studies.

In Section 3.2, we present our motivating example, the ENSEMBLE trial, highlighting

the proxies used to address unmeasured confounding. Section 3.3 introduces the causal

estimand of interest and the assumptions that allow for its identification. In Section 3.4, we

describe our estimator and provide its asymptotic analysis. Section 3.5 evaluates the finite

sample properties of our estimator through numerical experiments. In Section 3.6, we apply

our estimator to identify correlates of protection in the ENSEMBLE trial. Finally, we offer

general conclusions and future research directions in Section 3.7.
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Figure 3.1: A causal directed acyclic graph of proximal causal inference. A and Y represent
the exposure and outcome of interest; L and U the observed and unobserved confounders;
and Z and W the negative control treatments and negative control outcomes, respectively.

3.2 Motivating Example

We aim to investigate vaccine-induced neutralizing antibody levels at day 29 (D29) post-

vaccination as correlates of protection against symptomatic COVID-19 infection in the first

7 months post antibody measurement. This immune marker has been identified as a correlate

of protection across various vaccine platforms through multiple research approaches (Feng

et al., 2021; Gilbert et al., 2022a,b; Fong et al., 2022, 2023). Our analysis utilizes data

from the ENSEMBLE trial, a multinational, randomized, placebo-controlled phase 3 study

assessing the efficacy of a single dose of Ad26.COV2.S in preventing symptomatic SARS-

CoV-2 infection (Sadoff et al., 2022).

Potential observed confounders include age, participant’s region of residence, and a pre-

defined risk score for acquiring symptomatic COVID-19 infection, while an individual’s im-

munity level is likely a strong unmeasured confounder. The ENSEMBLE trial measured
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strong proxies of the immune system level that can serve as negative controls: the anti-spike

binding antibody level at D29 as negative control treatment and the burden of respiratory

symptoms unrelated to SARS-CoV-2 infection during trial follow-up as negative control out-

come.

Measuring anti-spike binding antibodies is a more accessible alternative to assessing neu-

tralizing antibodies, as it does not require biosafety level 2 or 3 facilities. However, the

anti-spike binding antibody assay has a key limitation: it only detects antibodies that bind

to the SARS-CoV-2 spike protein without distinguishing those with actual neutralizing ac-

tivity. Thus, while it can identify the presence of antibodies, it cannot measure their ca-

pacity to neutralize the virus (Sholukh et al., 2020). In our analysis, we treat anti-spike

binding antibodies as suitable negative control treatments. This approach aligns with an

immunological model where binding to the spike protein is a necessary intermediate step

in antibody-mediated protection, but only neutralizing antibodies directly block host cell

infection. Under this model, anti-spike binding antibodies should not have an independent

effect on the outcome once neutralizing antibodies are accounted for.

Similarly, SARS-CoV-2-specific antibodies should not protect against other respiratory

infections, making non-COVID respiratory symptoms suitable negative control outcomes.

The burden of these symptoms serves as a proxy for an individual’s general susceptibility

to respiratory infections, which may correlate with their underlying immunity level without

being directly affected by SARS-CoV-2 antibodies.

3.3 Target of Inference and Identification

Consider an observational study comprising n individuals randomly selected from a target

population. For each subject i = 1, . . . , n, we observe a continuous exposure Ai, an out-

come Yi, and m potential confounders Li = (Li,1, . . . , Li,m). Let Yi(a) be the counterfactual
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outcome when subject i receives exposure level Ai = a. We are interested in estimating

ψ0 = E [Yi {q(Ai, Li)}] ,

where q : supp (A,L) → R is a given function. For instance, if q(a, l) = a + δ, then ψ0 is

the expected value of the outcome in a hypothetical scenario where every subject receives

an exposure that is δ units higher than the exposure they actually received.

In our motivating application, the sample consists of the participants randomized to the

vaccine arm in the ENSEMBLE trial who actually received the vaccine and were sero-negative

at enrollment (i.e., had no detectable levels of antibodies against the SARS-CoV-2 virus).

The variable A is the vaccine-induced neutralizing antibody levels in D29 on a logarithmic

scale of base 10, Y is the indicator of symptomatic COVID-19 infection between 7 and 210

days after D29, and L is the vector of observed variables deemed as potential confounders

as described earlier. Thus, in this application, when q(a, l) = a + δ, ψ0 corresponds to the

probability of symptomatic COVID-19 in a hypothetical world where the levels of neutralizing

antibodies of each participant are 10δ times higher than those observed in the trial. The

shift-intervention-curve δ → E [Yi(Ai + δ)] provides a useful perspective for assessing the

causal effect of neutralizing antibody levels on the outcome. Unfortunately when, as in the

ENSEMBLE study, the support of A is bounded, we cannot identify, and therefore hope

to find consistent estimators of E [Yi(Ai + δ)] for any δ ̸= 0 even in the favorable scenario

in which the measured covariates, say denoted with L, suffice to control for confounding

between A and Y . To see this, suppose [c, d] is the support of A, and write:

E[Y (A+ δ)] =

∫
p(l) dl

∫ d

c

E[Y (a+ δ) | A = a, L = l]p(a | l) da.

When L suffices to control for confounding, we can infer the counterfactual mean E[Y (A+



37

δ) | A = a, L = l] from the observed data for any a and a+ δ in [c, d] since

E[Y (A+ δ) | A = a, L = l] = E[Y (a+ δ) | A = a, L = l]

= E[Y (a+ δ) | A = a+ δ, L = l]

= E[Y | A = a+ δ, L = l].

where the third equality follow if, as we assume throughout, Y (A) = Y , and the second

follows by Y (a∗) conditionally independent of A given L. However, if a ∈ [c, d] but a + δ /∈

[c, d], the conditional mean E[Y | A = a + δ, L = l] does not exist and the conditional

counterfactual mean cannot be inferred from the observed data.

The preceding discussion illustrates the important fact that for arbitrary q, E [Y {q(A,L)}]

is not identified by the observed data if there exists a in the support of A such that q(a, l)

falls outside the support. To address this complication, two strategies can be employed.

The first is to restrict the population over which we compute the mean of Y {q(A,L)}. The

second, is to change the policy in a meaningful way so that for the new policy, say q∗, q∗(a, l)

always lies within the support of A. The following examples illustrate these strategies for

policies of the form q(a, l) = a+ δ.

Example 3.1 (First strategy: Restrict the population). For a range of values of δ of interest,

compute the mean of Y {q(A,L)} over a subpopulation defined by (A,L) ∈ S, where S is a

subset of the support of (A,L) satisfying the condition that (a+δ, l) is in the support of (A,L)

whenever (a, l) ∈ S. For example, if the conditional support of A given L is constant and

equal to [c, d], and δ ∈ [0, 10], we can choose S = [c, d− 10]× supp(L), provided c < d− 10.

Example 3.2 (Second strategy: Change the target policy). Suppose that for each l in the

support of L, the support of A is a known finite interval which we denote with [c(l), d(l)].
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Then, we may consider target policies of the form

qε(a, l) =

{
a+ δ if a ∈ [c(l), d(l)− δ − ε(l)),

a+ δ
δ+ε(l)

{d(l)− a} if a ∈ [d(l)− δ − ε(l), d(l)].

for a specified positive function l → ε(l) such that for all l ∈ supp(L), c(l) < d(l)− δ − ε(l).

The policy qε(a, l) shifts each individual’s observed exposure value by δ if the observed exposure

is lower than d(l)− δ− ε(l), and by δ
δ+ε(l)

{d(l)− a} otherwise. Notably, for individuals with

an observed exposure value within δ+ε(l) units from d(l), the shift decreases in proportion to

the exposure value. For individuals with an observed exposure value of d(l), the policy makes

no shift.

The tradeoffs between these two strategies are evident. The first strategy focuses on

simple and interpretable shift policies but restricts the analysis to a truncated subpopulation,

limiting generalizability. In contrast, the second strategy evaluates effects across the entire

population but introduces slightly more complex and less intuitive policies.

To minimize distracting notational complexity, in the main text we shall focus on target

parameters defined using the second strategy, alternatively, parameters as in the first strategy

in which S is the full support of (A,L). The more general case corresponding to S being a

specified strict subset of the support of (A,L) is deferred to Appendix B.1.

3.3.1 Proximal Identifying Assumptions

In studies of correlates of protection, as in observational studies more broadly, the estimation

of counterfactual MTP means is often hindered by unmeasured confounders, such as the

unobserved immune status of individuals in the aforementioned studies.

Building on the foundational contributions of Miao et al. (2018); Tchetgen et al. (2020);

and Cui et al. (2024) (see also Kallus et al. (2021)), we demonstrate in this section that,
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under certain regularity conditions, the counterfactual MTP mean ψ0 becomes identifiable

if, in addition to baseline covariates L, we also measure a negative control treatment Z and

a negative control outcome W . Heuristically, a negative control treatment Z is a variable

influenced by the unmeasured confounder U that, either has no direct effect on the outcome

Y or has an effect on Y that is entirely mediated through the exposure A. Similarly, a

negative control outcome W is a variable influenced by the unmeasured confounder U , and

potentially by Y , but which is unaffected by the treatment X and the negative control

treatment Z. These relationships are depicted in Figure 3.1.

We assume that (Ui, Li, Zi,Wi, Ai, Y
c
i ) where Y c

i := {Yi(a) : a ∈ support of A} are n

i.i.d. copies of a random vector (U,L, Z,W,A, Y c), and for each subject i, we observe

Oi = (Li, Zi,Wi, Ai, Yi) where Yi = Yi(Ai) as stated in Assumption 3.1. That is, we never

observe U and, of the vector of potential outcomes under all possible treatment doses, we

only observe the outcome corresponding to the dose actually received. We make the following

assumptions:

Assumption 3.1 (Consistency). Y (A) = Y .

Assumption 3.2 (Randomization of policy related populations). For all (a, l, u) ∈ supp(A,L, U)

and a′ = q(a, l), it hols that law {Y (a′)|A = a, L = l, U = u} = law {Y (a′)|A = a′, L = l, U = u}.

Assumption 3.3 (Common support). For all (l, u) ∈ supp (L,U), supp (A|L = l, U = u) ≡

suppA|L = l).

Assumption 3.4 (Negative control treatment). Z⊥Y |A,L, U .

Assumption 3.5 (Negative control outcome). (A,Z)⊥W |U,L.

Above and hereafter, for any random vectors V and L, supp(V ) and supp(V |L = l) denote

the supports of the distributions of V and of V given L = l respectively. AlsoW⊥R|S stands

for W conditionally independent of R given S.
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The first assumption is standard in causal inference. The second assumption is tanta-

mount to the exchangeability between the population with the given observed exposure and

the population whose observed exposure matches the exposure the first population would

have under the policy. This condition must hold for every possible observed exposure level.

Assumption 3 is analogous to the positivity assumption of the propensity score in the prox-

imal causal inference literature for binary treatments, which similarly requires positivity

conditional on unmeasured confounders (Miao et al., 2018; Tchetgen et al., 2020; Kallus

et al., 2021; Ghassami et al., 2022; Cui et al., 2024). This assumption cannot be empiri-

cally tested because U is unobserved. Assumptions 3.4 and 3.5 are implied by the negative

control relationships depicted in Figure 3.1. In our motivating example, anti-spike bind-

ing antibodies act as negative control treatments within an immunological framework where

they influence the outcome solely through their neutralizing activity. Meanwhile, the bur-

den of non-COVID-19 respiratory symptoms serves as a negative control outcome, as these

symptoms should not be affected by SARS-CoV-2 antibodies.

We also impose the following assumption on the policy:

Assumption 3.6 (Monotone and smooth policy). For each l ∈ supp(L), q(·, l) is strictly

monotone and differentiable almost everywhere with respect to the distribution of A given

L = l.

This assumption ensures that for each l, the policy map q : a 7→ q(a, l) has an inverse that

is almost everywhere differentiable with respect to the distribution of A given L = l. Both

the shift intervention policy and its modified version, as discussed in Example 3.2, satisfy

this assumption.

Lastly, following Miao et al. (2018) and Cui et al. (2024), we make assumptions that allow

us to leverage the negative controls to address the unobserved confounding. Specifically, as

established in Theorem 3.2 below, identifiability of the counterfactual MTP mean is possible
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if, in addition to Assumptions 3.1–3.6, one of the Assumptions 3.7 or 3.8 below holds.

Hereafter, for any random vector V , L2(V ) denotes the space of functions of V with finite

second moment. Additionally, hereafter we assume that for every l in the support of L, the

support of the distribution of A given L = l is an interval which we denote as [c(l), d(l)].

Assumption 3.7 (Existence of latent outcome bridge and observed treatment bridge functions).

i) There exists h0 ∈ L2(A,L,W ), hereafter called “latent outcome bridge function”, solv-

ing for all (a, l, u) ∈ supp (A,L, U), the integral equation

E (Y |A = a, L = l, U = u) =

∫
h (a, l, w) pW |A,L,U (w|a, l, u) dw. (3.1)

ii) There exists g0 ∈ L2(A,L, Z), hereafter called “observed treatment bridge function”,

such that for all (a, l, w) ∈ supp (A,L,W ) satisfying that the map a′ 7→ q−1(a′, l) is

differentiable at a′ = a and a ∈ q([c(l), d(l)], l), g0 solves the integral equation

α0 (a, l, w) =

∫
g (a, l, z) pZ|A,L,W (z|a, l, w) dz, (3.2)

where

α0 (a, l, w) := I {a ∈ q ([c(l), d(l)], l)} dq
−1(a, l)

da

pA|L,W {q−1 (a, l) |l, w}
pA|L,W (a|l, w)

.

and g0(a, l, z) = 0 otherwise.

Assumption 3.8 (Existence of latent treatment bridge and observed outcome bridge functions).

i) There exists g0 ∈ L2(A,L, Z), hereafter called “latent treatment bridge function”, such
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that for all (a, l, u) ∈ supp (A,L, U) satisfying that the map a′ 7→ q−1(a′, l) is differen-

tiable at a′ = a and a ∈ q([c(l), d(l)], l), g0 solves the integral equation

α0 (a, l, u) =

∫
g (a, l, z) pZ|A,L,U (z|a, l, u) dz, (3.3)

where

α0 (a, l, u) := I {a ∈ q ([c(l), d(l)], l)} dq
−1(a, l)

da

pA|L,U {q−1 (a, l) |l, u}
pA|L,U (a|l, u)

(3.4)

and g0(a, l, z) = 0 otherwise.

ii) There exists h0 ∈ L2(A,L,W ), hereafter called “observed outcome bridge function”,

solving for all (a, l, z) ∈ supp (A,L, Z), the integral equation

E (Y |A = a, L = l, Z = z) =

∫
h (a, l, w) pW |A,L,Z (w|a, l, z) dw. (3.5)

The existence of the bridge functions postulated in Assumptions 3.7 or 3.8, encodes the

precise sense in which the negative control variables suffice to capture the variability of the

unmeasured U in order to control for unmeasured confounding. To gain some intuition,

consider Assumption 3.7 (a similar interpretation applies to Assumption 3.8 but with the

roles of W and Z reversed). Following Miao et al. (2018) and Cui et al. (2024), and using

Piccard’s theorem (see Theorem 15.18 in Kress (2014)), we show in Appendix B.1.2 that

equation (3.1) has a solution if for all (a, l):

η(a, l, U = u) = 0 ∀u whenever E{η(A,L, U)|A = a, L = l,W = w} = 0 ∀w. (3.6)

This condition is sufficient whenW and U are discrete and finitely valued; otherwise, it must
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be combined with a regularity condition provided in Appendix B.1.2. Condition (3.6) is often

referred to as a completeness property. It asserts that, within any fixed level of (A,L), no

function of U can be orthogonal to the information provided by W . In other words, W must

be sufficiently informative about U such that any transformation of U that averages to a

constant when conditioned on W must itself be constant. In particular, this implies that,

within any fixed level of (A,L), the first, second, and all higher moments of U vary with

W . Put differently, W has predictive value for every possible direction of variation in U .

Similarly, it can be shown that under regularity conditions, equation (3.2) has a solution if

for all (a, l)

η(a, l,W = w) = 0 ∀w whenever E{η(A,L,W )|A = a, L = l, Z = z} = 0 ∀z

which indicates that, conditional on (A,L), Z must have predictive value for every possible

direction of variation in W . Under the conditional independence postulated by Assump-

tion 3.5, this is only possible due to dependence of U and Z. For additional insights, see

Miao et al. (2018); Tchetgen et al. (2020); Shi et al. (2020); Kallus et al. (2021), and Cui

et al. (2024).

The following result establishes that for negative control variables, latent bridge functions

are also observed bridge functions.

Theorem 3.1.

i) [Kallus et al. (2021)] Under Assumptions 3.4 and 3.5, any latent outcome bridge func-

tion h0, i.e. satisfying the conditions in Assumption 3.7 (i), is also an observed outcome

bridge function, i.e. it satisfies the conditions in Assumption 3.8 (ii).

ii) Under Assumption 3.5, any latent treatment bridge function g0 is also an observed

treatment bridge function.
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With these premises, building on the approaches of Miao et al. (2018); Tchetgen et al.

(2020); Kallus et al. (2021); Ghassami et al. (2022), and Cui et al. (2024), we are now in

position to derive the identification result for the MTP counterfactual mean. Hereafter, we

define for any h ∈ L2(A,L,W ) and g ∈ L2(A,L, Z),

ϕ(O;h, g) := h {q (A,L) , L,W}+ g(A,L, Z) {Y − h(A,L,W )} .

Theorem 3.2. Suppose Assumptions 3.1–3.6 hold. If, in addition, either Assumption 3.7

holds or Assumption 3.8 holds, then ψ0 is identified by the observed data and it satisfies all

of the following:

ψ0 = E [h0 {q (A,L) , L,W}] (3.7)

= E {Y g0 (A,L, Z)} (3.8)

= E
{
ϕ(O;h†, g†)

}
(3.9)

where h0 is an observed outcome bridge function, g0 is an observed treatment bridge function

and, either h† is an observed outcome bridge function or g† is an observed treatment bridge

function but not necessarily both functions are observed bridge functions.

The identifying expressions in Theorem 3.2 parallel those that hold when U is observed.

In that case, ψ0 equals any of the three expressions in Theorem 3.2, with h0(a, l, w) replaced

by E(Y |A = a, L = l, U = u), g0(a, l, z) by α0(a, l, u) as defined in (3.4), and h† and g† by

functions of e(a, l, u) and α(a, l, u) such that α = α0 or e(a, l, u) = E(Y |A = a, L = l, U = u)

(Dı́az Muñoz and Van Der Laan, 2012; Haneuse and Rotnitzky, 2013). In fact, when Z = W ,

the three representations of the counterfactual MTP mean in Theorem 3.2 are exactly equal

to the corresponding representations in the absence of unmeasured confounding. We refer to
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the expressions in the right hand sides of (3.7), (3.8) and (3.9) as outcome regression (OR),

density-quotient-weighted (DQW) and doubly-robust (DR), respectively.

The results in Theorem 3.2 also align with those in the proximal causal inference litera-

ture for other target parameters. For example, Miao et al. (2018), Kallus et al. (2021) and

Cui et al. (2024) established the identifiability of the counterfactual mean in a hypothet-

ical scenario where everyone receives the same treatment, under conditions similar to the

assumptions in Theorem 3.2, but with α0 replaced by the inverse of the propensity score.

Notably, as in their work, the identifying expressions in Theorem 3.2 remain valid even if

equations (3.2) and/or (3.5) have multiple solutions, provided g0 and h0 are any solutions to

these equations, respectively.

3.4 Estimation

Theorem 3.2 suggests three potential estimators for the target parameter ψ0, namely

ψ̂OR = En
î
ĥ{q(A,L), L,W}

ó
,

ψ̂DQW = En [Y ĝ(A,L, Z)] ,

and

ψ̂DR = En
î
ϕ(O; ĥ, ĝ)

ó
,

where ĝ and ĥ are estimators of some solutions g0 and h0 of equations (3.2) and (3.5)

respectively, and throughout En[·] denotes the empirical mean operator, i.e. En [t(O)] =
1
n

∑n
i=1 t(Oi) for n i.i.d. copies O1, . . . , On of O.

The estimators ψ̂OR and ψ̂DQW generally fail to achieve
√
n-consistency unless ĥ and ĝ

converge to some respective observed bridge functions at parametric rates. However, this

requires correctly specified parametric models for the bridge functions—an often unrealis-
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tic assumption. In contrast, as established in Theorem 4.1 below, the estimator ψ̂DR can

achieve
√
n-consistency and asymptotic normality, under regularity conditions, even when

the bridge functions are estimated non-parametrically. For these reasons, hereafter we focus

exclusively on ψ̂DR with bridge functions estimated non-parametrically. In particular, we

adapt recently proposed non-parametric methods to estimate the bridge functions that are

specific to our problem. Nevertheless, for completeness, in the Appendix B.3.3, we provide

unbiased estimating equations for parametric bridge function estimation. Furthermore, we

describe the construction of doubly-robust confidence intervals, i.e. intervals whose asymp-

totic coverage probability equals the nominal one as long as one parametric bridge estimator

converges in probability to a solution of the corresponding observed bridge equation, regard-

less of which one. Following the modern theory of debiased machine learning (Robins et al.,

2008; Chernozhukov et al., 2018), we describe a cross-fitted version of the estimator ψ̂DR.

For both ψ̂DR and its cross-fitted version to converge to a normal distribution with mean

zero at a
√
n–rate, a certain random quantity—defined later—must be of order op

(
n−1/2

)
.

The estimator ψ̂DR further requires that the estimators ĥ and ĝ, along with the observed

bridge functions h0 and g0 they are converging to, lie within function classes subject to spe-

cific size constraints, such as Donsker classes. In contrast, this condition is not necessary

for the cross-fitted version of ψ̂DR to achieve
√
n convergence. We focus on the cross-fitted

estimator because this relaxation broadens the set of data-generating processes under which

the estimator of the target parameter is asymptotically normal.

To construct the cross-fitted DR estimator, we partition the sample intoK approximately

equal-sized subsets, denoted I1, . . . , IK , where K is a small number, such as K = 5. For each

k ∈ {1, . . . , K}, using data from all subsamples except Ik, we obtain estimators ĥ(−k) and
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ĝ(−k) for the bridge functions h0 and g0. The cross-fitted DR estimator is then calculated as

ψ̂DRCF =
1

n

K∑
k=1

∑
i:Oi∈Ik

ϕ
¶
Oi; ĥ

(−k), ĝ(−k)
©
.

The next theorem establishes results on the asymptotic behavior of ψ̂DRCF . Hereafter, for

any function f of the random vector O, we let ∥f∥∞ := supo∈supp (O) |f(o)| and ∥f∥2 :=

[E{f(O)2}]1/2 respectively. Note that ∥ ∥2 is the 2-norm in the space L2(O).

Theorem 3.3. Suppose that the Assumptions of Theorem 3.2 hold. Let h0 and g0 de-

note observed outcome and treatment bridge functions respectively. If for some B > 0,

|α0(A,L,W )| ≤ B, |Y | ≤ B and for each k, ∥ĥ(−k)−h0∥2 = op(1), ∥ĝ(−k)− g0∥2 = op(1) and

either ∥h0∥∞ + ∥ĝ(−k)∥∞ ≤ B or ∥ĥ(−k)∥∞ + ∥g0∥∞ ≤ B, then

√
n
¶
ψ̂DRCF − ψ0

©
=

√
nEn {ϕ(O;h0, g0)− ψ0}+

√
nRn + op(1).

where Rn =
∑K

k=1
nk

n

∫
{ĥ(−k)(a, l, w)−h0(a, l, w)}{g0(a, l, z)− ĝ(−k)(a, l, z)}dP (a, l, w, z) and

nk denoting the cardinality of Ik. In particular, if E {ϕ(O;h0, g0)2} <∞ and Rn = op(n
−1/2),

then
√
n
{
ψDRCF − ψ0

} d−→ N (0, τ 2), (3.10)

where τ 2 = E
î
{ϕ(O;h0, g0)− ψ0}2

ó
.

In the next section we provide non-parametric estimators ĥ(−k) and ĝ(−k) that, under

certain regularity conditions, are L2–norm for the observed bridge functions that minimize

the norm induced by the function class used for estimation, among all observed bridge

functions lying in that class. These estimators yield Rn = op
(
n−1/2

)
, thus resulting in ψ̂DRCF
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satisfying (3.10). The expression for τ 2 suggests estimating it with

τ̂ 2 =
1

n

K∑
k=1

∑
i:Oi∈Ik

î
ϕ
¶
Oi; ĥ

(−k), ĝ(−k)
©
− ψ̂DRCF

ó2
Under regularity conditions, τ̂ 2 is a consistent estimator of τ 2 and consequently, the Wald

interval ψDRCF ± n−1/2 Φ−1(1 − ξ/2) τ̂ , where Φ−1(1 − ξ/2) is the 1 − ξ/2 quantile of the

standard normal distribution, covers ψ0 with probability that converges to 1− ξ.

3.4.1 Estimation of the Bridge Functions

To estimate the observed bridge functions, we employ kernel regularized adversarial stabilized

estimators, a class of adversarial methods recently introduced by Dikkala et al. (2020) and

Ghassami et al. (2022). In Chapter 4, we review these methods and develop a novel conver-

gence analysis for these estimators, establishing finite-sample bounds on both the root-mean

squared error and the weak error.

The estimation procedure is as follows. Define

Ψ
(−k)
H,n (h, g) := E(−k)

n

[
g(A,L, Z) {Y − h(A,L,W )} − g(A,L, Z)2

]
,

Ψ
(−k)
G,n (g, h) := E(−k)

n

[
h {q(A,L), L,W} − Iq(A,L)h(A,L,W )g(A,L, Z)− Iq(A,L)h(A,L,W )2

]
,

where Iq(a, l) := I{a ∈ q([c(l), d(l)], l)} and E(−k)
n denotes the empirical mean over all the

observations excluding those in fold Ik. Let H,H′ ⊆ L2(A,L,W ) and G,G ′ ⊆ L2(A,L, Z) de-

note function classes, each of them included, in possibly distinct, reproducing kernel Hilbert

spaces (RKHSs) specified by the data analyst. Let ∥ · ∥H, ∥ · ∥H′ , ∥ · ∥G, and ∥ · ∥G′ denote

the norms of the RKHSs where H, H′, G, and G ′ are included. For each k ∈ {1, . . . , K}, we

compute the estimators ĥ(−k) and ĝ(−k) of the bridge functions, using all the observations



49

but those in fold Ik, as follows:

ĥ(−k) = argmin
h∈H

max
g∈G′

¶
Ψ

(−k)
H,n (h, g)− λG′∥g∥2G′ + λH∥h∥2H

©
, (3.11)

ĝ(−k) = Iq(A,L) · argmin
g∈G

max
h∈H′

¶
Ψ

(−k)
G,n (g, h)− λH′∥h∥2H′ + λG∥g∥2G

©
, (3.12)

where λH, λH′ , λG, and λG′ are positive tuning parameters. By restricting attention to

function classes within RKHSs, the estimators ĥ(−k) and ĝ(−k) admit closed-form expressions.

Before presenting these expressions, a few remarks are in order.

Remark 3.1. The min-max optimization problems (3.11) and (3.12) defining the estima-

tors include penalization terms in both the outer and inner optimization components. The

outer terms, λH∥h∥2H and λG∥g∥2G, known as Tikhonov regularization terms, primarily serve

to control the complexity of the solutions and enhance their stability. Tikhonov regular-

ization is a standard technique for solving Type I integral equations like (3.2) and (3.5),

which are ill-posed because their solutions are highly sensitive to small perturbations in the

equations’ left-hand sides. The inner terms, λG′∥g∥2G′ and λH′∥h∥2H′, are included solely for

computational tractability. Penalizing with RKHS norms—rather than, for example, empiri-

cal L2(Pn) norms—avoids the inversion of nearly ill-posed matrices and ensures numerically

stable computations. See Chapter 4 for further discussion.

Remark 3.2. The estimators ĥ(−k) and ĝ(−k) converge to the observed bridge functions with

minimum RKHS norm, denoted by h0 and g0, within their respective function classes. The

theoretical bounds on their rates of convergence rely on a “source condition” imposed on these

minimum-norm solutions, which relates their smoothness to the smoothing properties of the

associated conditional expectation operators. In particular, under regularity conditions and

with λH and λG selected to converge to zero at appropriate rates, the upper error bounds

established in Chapter 4 imply that the remainder term Rn is op(n
−1/2), as required for the
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asymptotic normality of the MTP mean estimator. Importantly, this theoretical analysis

remains valid regardless of whether multiple solutions to the observed bridge equations exist,

as the estimators consistently target the minimum RKHS norm solutions. A more detailed

treatment of the source conditions required on h0 and g0 is provided in Chapter 4.

Remark 3.3. The selection of the tuning parameters in practice remains an open problem,

the investigation of which is beyond the scope of this work. While a natural approach is to

select them by cross-validation, a key challenge lies in the choice of the risk estimator to

minimize. See Section 3.5 for the strategy we used in the simulations and data analysis to

select the tuning parameters.

We now derive the close form expressions for ĥ(−k) and ĝ(−k). To simplify notation, we

shall omit the superscript (−k) from the estimators of the bridge functions and denote with

n the size of the sample from which they are computed. Let KH, KH′ , KG, and KG′ denote

the kernel functions associated with the RKHSs and let KH,n, KH′,n, KG,n, and KG′,n be the

n×n matrices whose (i, j)-th entry corresponds to the value of the respective kernel function

evaluated at observations i and j. By the “Representer Theorem” (Schölkopf et al., 2001),

ĥ and ĝ admit closed form expressions which are of the form:

ĥ(a, l, w) =
n∑
i=1

γiKH {(a, l, w), (Ai, Li,Wi)} ,

ĝ(a, l, z) = I
{
x ∈ q ([c(l), d(l)], l)

}
·

n∑
i=1

θiKG {(a, l, z), (Ai, Li, Zi)} ,

for some constants γi and θi, i = 1, . . . , n. In Appendix B.2.1 we show that γ := (γ1, . . . , γn)

and θ := (θ1, . . . , θn) are given by:

γ =
(
KH,nΓG′KG′,nKH,n + n2λHKH,n

)−1
KH,nΓG′KG′,n

‹Yn,
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θ =
(
KG,nJnΓH′KH′,nJnKG,n + n2λGKG,n

)−1
KG,nJnΓH′‹KT

H,n1n.

Here, ‹Yn = (Y1, . . . , Yn)
T is the vector of observed outcomes, 1n = (1, . . . , 1)T is the vector of

ones, Jn is the n×n diagonal matrix with diagonal values I {Ai ∈ q ([c(Li), d(Li)], Li)} for i =

1, . . . , n, ‹KH,n is the n×nmatrix with (i, j)-entry equal toKH′ {(q(Ai, Li), Li,Wi), (Aj, Lj,Wj)}.

ΓG′ = 4−1 [n−1KG′,n + λG′In]
−1

and ΓH′ = 4−1 [n−1KH′,nJn + λH′In]
−1

where In is the n × n

identity matrix.

3.5 Numerical Experiments

We conducted several simulation experiments to assess the finite-sample performance of

ψ̂DRCF under varying levels of correlation between the negative controls (Z and W ) and the

unmeasured confounder (U), given observed confounders (L). For comparison, we evaluated

two existing estimators of the MTP mean that assume no unmeasured confounding: the

augmented inverse probability weighted estimator (Non-proximal AIPW) and the targeted

minimum loss-based estimator (Non-proximal TMLE) (Dı́az Muñoz and Van Der Laan,

2012; Dı́az et al., 2023). Each simulation experiment had 500 replications. We repeated the

experiments for sample sizes n = 750, 1500, 3000, and 6000.

Let T N [b1,b2](µ, σ
2) denote the N (µ, σ2) distribution truncated within the interval [b1, b2].

Define T N c(µ, σ
2) as its centered version truncated at three standard deviations around the

mean, i.e., T N [µ−3σ,µ+3σ](µ, σ
2). For each i = 1, . . . , n, we generated Li ∼ T N c(0, 1), Ui ∼

T N c(0.5Li, 1), Zi ∼ T N c(0.2Li+βzUi, 1),Wi ∼ T N c(0.5Li+βwUi, 1), Ai ∼ T N [−2,2](0.3Li+

Ui, 1), and Yi ∼ Bernoulli (pi) where pi = {1 + exp(1− 0.5Li + Ui + 1.5Ai + 0.75A2
i )}

−1
.

We generated data across nine scenarios by combining βz ∈ {2, 1, 0.5} (corresponding to

Cor(Z,U |L) = 0.894, 0.707, and 0.447) and βw ∈ {−2,−1,−0.5} (which corresponds to

Cor(W,U |L) = −0.894,−0.707, and −0.447). The target parameter was E [Y {q(A)}] with
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q(a) = a + 0.4I {−2 ≤ a ≤ 0.6} + 0.4(2−a)
1.4

I {0.6 < a ≤ 2}, the shift intervention policy in

Example 3.2, with δ = 0.4 and ε = 1. Assuming (U,L) suffice to control for confounding,

then E [Y {q(A)}] = 0.2512 under any of the data generating scenarios we considered. Addi-

tionally, the assumptions of Theorem 3.2 hold. The expressions for outcome and treatment

bridge functions are provided in Appendix B.3.1.

We evaluated ψ̂DRCF computed with bridge functions estimated as in (3.11) and (3.12), using

Gaussian RKHSs. We standardized A, L, Z, and W before implementing the estimation

of the bridge functions in order to prevent any of these variables from disproportionately

influencing the estimation due to differences in scale. We used tuning parameters λH =

c1
¶

log(n′)
n′

©1/2
, λG′ = c2

log(n′)
n′ , λG = c3

¶
log(n′)
n′

©1/2
, and λH′ = c4

log(n′)
n′ , where n′ = n/3,

c1, c3 ∈ {10−5, 10−4, 10−3, 10−2, 10−1} and c2, c4 ∈ {0.1, 1, 10, 100}, and fixed specified kernel

bandwidths (σ2
H, σ

2
G′ , σ2

G, σ
2
H′). The bandwidth σ2

G′ (σ2
H′) was fixed at 1/4 times the median

of the pairwise euclidean distance between the observed vectors (Ai, Li, Zi) [(Ai, Li,Wi)]

(Garreau et al., 2017). The bandwidths σ2
H and σ2

G were also computed with the median of the

pairwise Euclidean distances between observations, but multiplied by c5 ∈ {1/4, 1/2, 1, 2, 4}.

We used 3-fold cross-fitting, i.e. we partitioned the sample into three folds I1, I2 and I3 and

proceeded as explained in Section 3.4. To compute ĥ(−1), we first used fold 2 data to estimate

the minimum RKHS norm solution h0 using the various combinations of hyperparameters

and bandwidths. In fold 3, we selected the configuration that minimized a specific empirical

loss function detailed in Appendix B.3.2. Finally, ĥ(−1) was set as the estimator from fold 2

corresponding to the selected configuration. This procedure was similarly applied to compute

ĥ(−2), ĥ(−3), and ĝ(−k) for k = 1, 2, 3.

For implementing the non-proximal MTP estimators of Dı́az Muñoz and Van Der Laan

(2012) and Dı́az et al. (2023), we used the open-source R package lmtp with several li-

braries for estimation of the outcome regression and density ratio functions. In addition
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to adjusting for the observed confounder L, the non-proximal estimators also adjusted for

the negative controls Z and W , which correspond to precision variables under the specified

data-generating mechanisms. We included these adjustments for a fair comparison with the

proximal estimators.

The performance of our estimator (Proximal DR) and its competitors is summarized in

Figures 3.2–3.4. In the majority of the scenarios, the estimator ψ̂DRCF exhibits low bias, and the

average estimated asymptotic variance closely aligns with the empirical variance of ψ̂DRCF . The

coverage of the Wald confidence intervals centered at ψ̂DRCF is close to the nominal level of 0.95.

Thus, the proposed estimator performed as predicted by theory across various scenarios with

differing correlations between the negative controls and the unmeasured confounder, with

the performance deteriorating as these correlations decrease. As expected, it outperformed

conventional non-proximal methods that cannot account for unmeasured confounding.

In Appendix B.3.3, we also present results for a doubly-robust estimator that employs

parametric estimators of the bridge functions. These simulations illustrate that estimation

of the counterfactual MTP mean also deteriorates as the conditional correlation between

the negative controls and the unmeasured confounder weakens, even when the estimation is

based on correctly specified parametric models for the bridge functions.
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Figure 3.2: Boxplots of the estimators from numerical experiments with data generated
under varying conditional correlations between the proxies Z and W and the unmeasured
confounder U , with sample sizes n = 750, 1500, 3000, and 6000. The dashed line represents
the true parameter value. Non-proximal estimators rely on the (incorrect) assumption of no
unmeasured confounding.
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Figure 3.3: Ratio of empirical variance to the mean estimated asymptotic variance for each
estimator, based on numerical experiments with data generated under varying conditional
correlations between the proxies Z and W and the unmeasured confounder U , across sample
sizes n = 750, 1500, 3000, and 6000. The dashed line indicates a variance ratio of 1.
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Figure 3.4: Coverage probabilities of the confidence intervals from numerical experiments
with data generated under varying conditional correlations between the proxies Z and W
and the unmeasured confounder U , across sample sizes n = 750, 1500, 3000, and 6000. The
dashed line indicates the nominal coverage level of 0.95. Non-proximal estimators rely on
the (incorrect) assumption of no unmeasured confounding.



57

3.6 Application to the ENSEMBLE Trial

We applied our methodology to investigate neutralizing antibody levels 29 days (D29) post-

vaccination as correlates of protection against symptomatic COVID-19 infection in the

ENSEMBLE trial. The analysis included 1,164 vaccine recipients who were SARS-CoV-2

seronegative at baseline, had D29 antibody measurements and came from the six partici-

pating countries (out of eight) which had at least 50 subjects with antibody measurements.

These subjects were selected using a two-phase case-cohort sampling design, as outlined in

Gilbert et al. (2022b). To account for this sampling design, we employed a weighted version

of our estimator, as detailed in Appendix B.2.2. The outcome of interest was the binary

indicator of developing symptomatic, molecularly confirmed COVID-19 infection with onset

between 7 and 210 days after D29. During this follow-up period, 366 symptomatic COVID-19

cases were observed among vaccine recipients with antibody measurements.

Our analysis included the baseline covariates L: age, geographic region, and a pre-

specified risk score for acquiring symptomatic COVID-19. Anti-Spike binding antibody levels

were used as a negative control treatment, and the burden of non–SARS-CoV-2 respiratory

symptoms during follow-up served as a negative control outcome. The burden of respira-

tory symptoms was calculated as the average number of symptoms per day not attributed

to SARS-CoV-2, normalized by the maximum average within each country to account for

seasonal variations across trial locations.

We evaluated five shift intervention policies from Example 3.2 with δ ∈ {0.2, 0.4, 0.6, 0.8, 1},

ε ≡ 1, and constant c(·) and d(·). Neutralizing antibody levels at D29 (log10 scale) ranged

from 0.3889 to 4.2175. The percentages of vaccine recipients with observed antibody levels

within the range of each policy were 42.5%, 38.2%, 27.3%, 18.8%, and 11.3%, respectively.

We applied our doubly robust cross-fitted estimator using the same folds, function classes,

and tuning parameters as in the numerical experiments in Section 3.5.
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The probability of symptomatic COVID-19 infection between 7 and 210 days after D29 for

the analyzed sample was estimated to be 0.0235, (95% CI 0.0204 - 0.0265). This probability

was estimated to decrease to 0.0105 (95% CI 0.0070 - 0.0140) under the policy associated

with δ = 1. Figure 3.5 presents the results for the policies corresponding to the values of δ

that we considered. Additionally, for each considered policy q we computed estimators of

V E(q) := 1− E[Y {X = 1, q(A)}]
E[Y (X = 0)]

,

as well as V E := V E(Id). Here, Y (X = 0) represents the outcome under placebo, Y {X =

1, q(A)} represents the outcome under a vaccine formulation that induces an antibody level

q(A) instead of the current level A, and Id is the no-shift MTP, so that V E is the usual vac-

cine efficacy measure. The measure V E(q) quantifies the relative reduction in the probability

of symptomatic COVID-19 infection between a hypothetical world where everyone receives

the vaccine and develops neutralizing antibody levels according to the specified policy q and

one where everyone receives placebo. We estimated E[Y (X = 0)] with the sample mean of

the outcomes of the 17,108 placebo recipients from the same six countries as the analyzed

vaccine recipients. Among these placebo recipients, there were 805 COVID-19 cases during

the same follow-up period, resulting in an observed probability of symptomatic COVID-19

infection of 0.0471 (95% CI 0.0439 - 0.0503). Combining this information with that from the

analyzed vaccine recipients, the observed VE in the trial was 0.502 (95% CI 0.428 - 0.575).

Under a policy that increases each participant’s antibody levels by one logarithmic unit,

the VE improved to 0.777 (95% CI 0.701 - 0.853). Vaccine efficacy estimates for the other

policies are also presented in Figure 3.5.
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Figure 3.5: Results from application to data from the ENSEMBLE trial. (Panel A) Ob-
served and counterfactual probabilities of symptomatic COVID-19 infection and (Panel B)
observed and counterfactual vaccine efficacy (VE) against symptomatic COVID-19 infection
for policies that shift everyone’s observed antibody levels by 0 (no shift), 0.2, 0.4, 0.6, 0.8,
and 1 logarithm. The bars indicate the 95% confidence interval at each shift without any
correction.
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3.7 Discussion

In this chapter, we established identification conditions for causal estimands involving modi-

fied treatment policies in the presence of unmeasured confounding, assuming the availability

of negative control treatment and outcome variables.

Unmeasured confounding is a significant concern in the immunobridging studies moti-

vating our methodology, as individual immunity levels are likely important but unobserved

confounders.

We studied an asymptotically normal, cross-fitted estimator that relies on nonparametric

estimation of observed bridge functions. The bridge functions were estimated using re-

cently developed RKHS-norm regularized adversarial stabilized methods for solving integral

equations. A separate theoretical analysis of these estimators—presented in Chapter 4—

establishes convergence guarantees under smoothness assumptions on the target solution,

without requiring uniqueness. In the present work, we employed these estimators to con-

struct and analyze the bridge-function–based procedure, demonstrating their practical value

for causal inference in the presence of unmeasured confounding.

Our numerical experiments demonstrated that the estimator performed as predicted by

theory across various scenarios with differing correlations between the negative controls and

the unmeasured confounder. As expected, it outperformed conventional non-proximal meth-

ods that cannot account for unmeasured confounding. We applied our methodology to the

ENSEMBLE trial data, further showcasing its utility.

Future research directions include extending this work to accommodate censored time-

to-event outcomes and developing proximal methods for longitudinal modified treatment

policies. These extensions would enable the optimization of sequential treatment decisions

while addressing time-varying unmeasured confounding.
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Chapter 4

SOURCE CONDITION-BASED ANALYSIS AND
ASSUMPTION COMPARISONS FOR RKHS-NORM
PENALIZED KERNEL ADVERSARIAL STABILIZED

ESTIMATORS

4.1 Introduction

In many scientific and policy-relevant applications, target parameters depend on nuisance

functions identified through conditional moment restrictions. Estimating such functions often

leads to ill-posed inverse problems, where small perturbations in intermediate quantities can

cause large estimation errors. These settings arise prominently in causal inference under

unmeasured confounding (Santos, 2011; Severini and Tripathi, 2012; Escanciano and Li,

2013; Freyberger and Horowitz, 2015; Miao et al., 2018; Tchetgen et al., 2020; Kallus et al.,

2021; Ghassami et al., 2022; Bennett et al., 2022, 2023b; Cui et al., 2024) and in analyses of

missing-not-at-random data (Miao and Tchetgen Tchetgen, 2016; Li et al., 2023; Miao et al.,

2024).

Classical approaches—such as series or sieve-based Generalized Method of Moments

(GMM)—replace the infinite set of implied moment equations with a finite system, obtained

by testing against a pre-chosen set of functions. While computationally straightforward,

these methods can miss key structural components of the solution when they lie in direc-

tions poorly represented by the chosen test space.

Adversarial estimators (Bennett et al., 2019; Muandet et al., 2020b,a; Dikkala et al.,

2020; Liao et al., 2020; Kallus et al., 2021; Ghassami et al., 2022; Mastouri et al., 2021;

Bennett et al., 2022; Zhang et al., 2023; Bennett et al., 2023a,b; Park et al., 2024) address
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this limitation by framing estimation as a two-player zero-sum game: a candidate solution

is pitted against an adaptive critic that searches for the most challenging directions of vio-

lation. Within this framework, Regularized Adversarial Stabilized (RAS) estimators apply

Tikhonov regularization to stabilize estimation. Of particular interest are variants that use

reproducing kernel Hilbert spaces (RKHSs) for both estimation and testing. When regular-

ized via the RKHS norm—hereafter referred to as KRAS estimators—they admit closed-form

solutions without the numerical instability suffered by their L2(Pn)–penalized RAS counter-

parts. The latter, while also closed-form, require solving nearly ill-conditioned systems and

can be computationally fragile.

Theoretical analysis of L2(Pn)–penalized RAS estimators, hereafter referred to as LRAS

estimators, has yielded sharp finite-sample bounds under interpretable source conditions that

link solution smoothness to operator smoothing properties. In contrast, existing theory for

KRAS estimators is limited: available bounds rely on abstract ill-posedness measures that

are hard to interpret or verify and often impose strong conditions such as uniqueness of the

solution.

This paper has two goals of equal importance. First, we develop a new theoretical frame-

work for KRAS estimators that yields finite-sample bounds for both weak error and RMSE

under transparent source conditions, without requiring uniqueness of the inverse problem

solution. These conditions describe the smoothness of the minimal-norm solution relative

to the smoothing effect of the composite operator formed by the conditional expectation

and the RKHS kernel integral operator. Second, we place KRAS estimators in the broader

landscape by systematically comparing their assumptions underpinning their error bounds,

and the convergence rates that each deliver, with those of LRAS estimators and with those

of recently proposed, computationally stable Kernel Maximal Moment (KMMR) estimators.

This comparative perspective situates our results within the spectrum of available methods,
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clarifying the trade-offs each entails and the contexts in which their respective assumptions

are most plausible.

The rest of the paper is organized as follows. Section 4.2 introduces the general class

of target parameters and formulates their identification through conditional moment equa-

tions, which often give rise to ill-posed inverse problems. Section B.1.4 reviews the debiased

machine learning (DML) framework for estimating the target parameter, emphasizing the

importance of controlling both weak error and RMSE in the estimation of nuisance functions.

Section 4.4 outlines the broad class of regularized estimation strategies, with a particular fo-

cus on adversarial estimators. Section 4.5 presents our main theoretical results: finite-sample

bounds on weak error and RMSE of KRAS estimator under interpretable source conditions,

without requiring uniqueness of the solution to the inverse problem. Section 4.6 provides

comparative analysis of KRAS, LRAS and KMMR estimators. We conclude in Section 4.7

with a discussion of open problems.

4.2 Target Parameter

Let O1, . . . , On be independent copies of a random vector O with unknown probability distri-

bution P0 assumed to belong to a class P—to be specified later—of mutually absolutely con-

tinuous laws P on some sample space to be defined later. LetW := (W ′, X) and Z := (Z ′, X)

be two subvectors of O, where X contains the variables common to both W and Z, if any,

and W ′ and Z ′ contain the remaining, non-overlapping variables. We assume W ′ and Z ′ are

both non-empty, so that W and Z are distinct but may share the components collected in

X.

For any random vector V distributed according to PV , we let L2(PV ) denote the space of

real-valued measurable functions on the sample space of V with finite second moment under

PV . We use calligraphic upper case letters to denote the, assumed common, support of
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random variables under any law P in P , i.e. if V is a subvector of O, V denotes the common

support of V under any P in P . We denote with ∥ · ∥2 and ⟨·, ·⟩2 the norm and the inner

product in the L2 space with respect to the relevant probability law. For any real-valued

map f : V 7→ R, ∥f∥∞ := supv∈V |f(v)|. We let En denote the empirical mean operator.

We are concerned with inference based on O1, . . . , On about the value taken at P0 of

functionals P 7→ θ(P ) that admit the following triple representation:

θ(P ) = ΨP (h0,P ) = ΦP (g0,P ) = EP {r(O)h0(W )g0,P (Z)} (4.1)

where

1. ΨP (h) := EP {‹m(O;h)} ,ΦP (g) := EP {m(O; g)} with ‹m : O × L2(PW ) → R and

m : O×L2(PZ) → R are known mappings such that for each o, the maps h 7→ m̃(o;h)

and g 7→ m(o; g) are linear, and the functionals h 7→ ΨP (h) and g 7→ ΦP (g) are bounded

(and linear) on L2(PW ) and L2(PZ) respectively, with Riesz representers denoted by

ρ̃P (W ) and ρP (Z); and

2. h0,P and g0,P solve respectively the integral equations

EP {r(O)h(W )|Z} = ρP (Z) a.e.(PZ), (4.2)

and

EP {r(O)g(Z)|W} = ρ̃P (W ) a.e.(PW ), (4.3)

where r is a known measurable function of O satisfying ∥r∥∞ <∞.

We make no additional assumptions on the data generating process other than the ex-

istence of solutions to equations (4.2) and (4.3) at P = P0. Therefore, the aforementioned

model P is the set of all laws P on the sample space of O such that equations (4.2) and (4.3)
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have a solution. Importantly, we assume that solutions to these equations exist but we do

not require these solutions to be unique. Nevertheless, when both equations admit solutions,

the parameter θ(P ) is well-defined, in the sense that its value remains the same regardless

of the specific solutions h0,P and g0,P that are used in (4.1). This well known fact (see,

e.g. Severini and Tripathi (2012)) can be seen as follows. Let T : L2(PW ) → L2(PZ) and

T ∗ : L2(PZ) → L2(PW ) denote the operators

T h(Z) := EP {r(O)h(W )|Z} and T ∗g(W ) := EP {r(O)g(Z)|W} .

The operator T ∗
P is the adjoint operator of TP . If h0,P and h⋄0,P are two solutions of

equation (4.2), then h0,P − h⋄0,P is in the null space of TP and consequently is orthogonal

to the range of the adjoint operator T ∗
P . On the other hand, the existence of a solution to

equation (4.3) implies that ρ̃P (W ) is in the range of the operator T ∗
P , and consequently is

orthogonal to h0,P−h⋄0,P . Therefore, we have EP{‹m(O;h0,P )}−EP{‹m(O;h⋄0,P )} = EP{(h0,P−

h⋄0,P )ρ̃P (W )} = 0. The same reasoning can be used to argue the uniqueness of EP{m(O; g0,P )}

regardless of the solution g0,P of (4.3).

For some estimands θ(P0), see for instance Example 4.2 below, it just happens that it is

a-priori known that for some non-empty subset X0 ⊊ X it holds that ρP (Z) = 0 a.e. (PZ)

if and only if Z = (Z ′, X) a.e. (PZ) and X /∈ X0. In such a case, to enforce this restriction

we will restrict attention to solutions of equation (4.2) of the form h0,P (w) = I0(x)h
†
0,P (w)

where h†0,P is any function in L2(PW ) that satisfies TP (h)(z) = ρP (z) whenever z = (z′, x)

and x ∈ X0, where here and throughout

I0(x) := 1 if x ∈ X0 and I0(x) := 0 otherwise.

We follow the same rule for defining the solutions g0,P whenever the Riesz representer ρ̃P (W )
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has structural zeros at some subset of the support of X.

Estimands of the form θ(P0) are ubiquitous in causal inference, including settings with

unobserved confounding—where identification is achieved by means of instrumental vari-

ables (Santos, 2011; Severini and Tripathi, 2012; Escanciano and Li, 2013; Freyberger and

Horowitz, 2015) or by means of proxy variables (Miao et al., 2018; Tchetgen et al., 2020;

Kallus et al., 2021; Cui et al., 2024)—as well as in missing-not-at-random data scenarios,

where shadow variables enable identification (Miao and Tchetgen Tchetgen, 2016; Li et al.,

2023; Miao et al., 2024). We review three examples next. Inference for general estimads

θ(P0), under weak assumptions on h0,P0 and g0,P0 , has been the focus of extensive recent

work (Ghassami et al., 2022; Bennett et al., 2022; Chernozhukov et al., 2023; Bennett et al.,

2023b). The general approach adopted in these papers, often referred to as debiased machine

learning (DML), is reviewed in the next section.

4.2.1 Examples

In this section, we provide several examples of parameters satisfying the representation (4.1).

Example 4.1 (Proximal Inference for Generalized Average Causal Effects). Suppose that

O = (L,A,Z ′,W ′, Y ), where A is a discrete or continuous treatment, Y an outcome, and

L a vector of observed baseline covariates, and Z ′ and W ′ are correlates of an unmeasured

confounder U , referred to as negative control treatments and negative control outcomes, re-

spectively, satisfying Z ′ ⊥ Y | A,L, U and (A,Z ′) ⊥ W ′ | L,U . For each a ∈ A, let

Y (a) denote the potential outcome under treatment level a and Y (·) := {Y (a) : a ∈ A}. Let

Ofull = (L,A,Z ′,W ′, Y, Y (·)). Let P0 and Pfull,0 denote the unknown distributions of the fac-

tual random vector O and the factual/counterfactual vector Ofull. Suppose the goal is to esti-

mate a parameter γ(Pfull,0) := EPfull,0
{Y (A)π(A,L)} where π : A×L 7→ R is a given specified

weighting function. In particular, when A is binary and π(a, l) = 2a−1, γ(Pfull,0) is the aver-
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age treatment effect (ATE), and when π(a|l) = a, γ(Pfull,0) = EPfull,0
{Y (1)}. Under the con-

sistency assumption Y (A) = Y and additional regularity conditions which essentially ensure

that Z ′ andW ′ are strong proxies of the unmeasured confounder U , it can be shown (see Miao

et al. (2018); Tchetgen et al. (2020); Kallus et al. (2021); Ghassami et al. (2022); Cui et al.

(2024)) that γ(Pfull,0) is identified and equal to θ(P0) of the form (4.1), with W = (L,A,W ′),

Z = (L,A,Z ′), r(o) = 1, m̃(o;h) = π(a, l) · h(w), m(o; g) = y · g(z) and corresponding Riesz

representers ρ̃P0(w) = π(a, l)/p0,A|L,W ′(a|l, w′) and ρP0(z) = EP0 (Y | Z = z), where p0,A|L,W ′

denotes the conditional density or probability mass function of A given (L,W ′). In this ex-

ample X := (A,L). Note that while ρP0 does not have structural zeros, ρ̃P0 will have exactly

the same structural zeros as the weight function π(a, l). For instance, if A is binary and

π(a, l) = a, then ρ̃P0(w) = 0 for w = (a = 0, l, w′).

Example 4.2 (Proximal Inference for Policy Shift Interventions). Suppose that under the

same assumptions as in Example 4.1, with A being continuous, we are interested in estimating

the parameter γ(Pfull,0) := EPfull,0
[Y {q(A)}] where q : A → A is a known function of the

actually received treatment (Haneuse and Rotnitzky, 2013; Dı́az et al., 2023). For instance,

q may take the form q(a) = (a+ δ) I{a ∈ [c, d − δ − ε)} + {a+ δ(d− a)/(δ + ε)} I{a ∈

[d − δ − ε, d]} where [c, d] is the support of A and δ and ε are fixed pre-specified constants

such that d−δ−ε > c. In Chapter 3, we showed that under certain regularity conditions which

include the requirement that q be invertible and differentiable almost everywhere, θ(Pfull,0)

is identified and admits the representation (4.1), with r(o) = 1, m̃(o;h) = h{q(a), l, w′},

m(o; g) = y · g(z) and corresponding Riesz representers ρP0 as in Example 4.1—since the

map m(o; g) is the same as in that example—and ρ̃P0(w) = I{a ∈ [c + δ, d]} · dq−1(a)
da

·
p0,A|L,W {q−1(a)|l,w′}

p0,A|L,W (a|l,w′)
. Recalling that in this problem X := (L,A), we see that ρ̃P0 is zero outside

the set {(l, a) : a ∈ [c+δ, d]}, so this last set plays the role of X0 for estimation of the solution

of equation (4.3).
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Example 4.3 (Missing Not At Random Data with Shadow Variables). Suppose that O =

(∆,∆Y,X,Z ′), where ∆ is binary, Y is an outcome observed if and only if ∆ = 1, X is a

vector of covariates, and Z ′ is a variable informative of Y , referred to as shadow variable,

satisfying Z ′ ⊥ ∆ | X, Y and Z ′ ̸⊥ Y | X,∆ = 1. Let Ofull = (∆, Y,X, Z) denote the

full data vector. Let P0 and Pfull,0 denote the unknown distributions of the observed random

vector O and the full data vector Ofull. Suppose the missingness mechanism is not at random

and that the goal is to estimate a parameter γ(Pfull,0) := EPfull,0
{(1−∆)π(X, Y )} where

π : X × Y 7→ R is a given function. In particular, when π(X, Y ) = Y , γ(Pfull,0)/P0(∆ = 0)

is the mean outcome among individuals with missing outcomes. Under certain structural

assumptions on π,—namely, that π(X, Y ) depends only on features of Y that are indirectly

captured through Z ′ given X—it can be shown (Miao and Tchetgen Tchetgen, 2016; Li et al.,

2023; Miao et al., 2024) that γ(Pfull,0) is identified and equals θ(P0) of the form (4.1), with

W = (X,∆Y ), Z = (X,Z ′), r(o) = δ, ‹m(o;h) = δπ(x, δy)h(x, δy), m(o; g) = (1 − δ)g(x, z)

and corresponding Riesz representers ρ̃P0(x, δy) = π(x, δy)E(∆ | X = x,∆Y = δy) and

ρP0(x, z) = E(1−∆ | X = x, Z = z).

4.3 Debiased Estimation of θ(P0)

In this section we review the general debiased-machine learning estimation strategy for es-

timating parameters of the form θ(P0) as defined in (4.1). It is well known that if an

estimator ĥ is obtained using flexible statistical methods, the plug-in estimator Ψ̂(ĥ) :=

n−1
∑n

i=1m(Oi, ĥ) does not generally achieve
√
n–rate convergence to θ(P0) even when ĥ

converges in L2(P0,W ) to a solution h0,P0 . The main reason is that the dependence of

ΨP0(ĥ)−ΨP0(h0,P0) =

∫
(ĥ− h0,P0)(w) ρ̃P0(w) dP0(o)
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on ĥ− h0,P0 causes the plug-in estimator to inherit the bias of ĥ. Writing

∫
(ĥ− h0,P0)(w) ρ̃P0(w) dP0(o) =

∫
ĥ(w)ρ̃P0(w)dP0(o)−

∫
m(o, g0,P0)dP0(o)

=

∫
r(o)ĥ(w)g0,P0(z)dP (o)−

∫
m(o, g0,P0)dP0(o)

suggests estimating the bias of the plug-in estimator with n−1
∑n

i=1{r(Oi)ĥ(Wi)ĝ(Zi) −

m(Oi, ĝ)}, where ĝ is an estimator converging to a solution g0,P constructed using flexi-

ble statistical methods. Subtracting this estimated bias from the plug-in estimator, yields

the bias-corrected estimator of θ(P0) given by n−1
∑n

i=1 ϕ(Oi; ĥ, ĝ), where for any h and g,

ϕ(O;h, g) := m̃(O;h) +m(O; g)− r(O)h(W )g(Z).

The map o 7→ ϕ(o;hP0 , gP0)−θ(P0) corresponds to an influence function at P0 of the functional

P 7→ θ(P ) in model P (see, e.g., Kennedy (2024) and references therein).

The preceding debiased estimator may still fail to be asymptotically linear when flexible

machine learning methods are employed to compute ĥ and ĝ due to overfitting. A popular

approach to addressing this issue is to integrate debiasing with a technique called cross-

fitting. Specifically, the sample is partitioned into K roughly equal sized subsamples, the

data in all but one sample, say the kth sample, is used to compute the estimators of the

nuisance functions, denoted as ĥ(−k) and ĝ(−k), and the estimator of θ(P0) is computed as

θ̂ = n−1
∑K

k=1

∑
i in sample k ϕ(Oi; ĥ

(−k), ĝ(−k)). This estimator belongs to the class of DML

estimators (Chernozhukov et al., 2018), and it is also commonly described as an influence-

function-based one-step estimator with cross-fitting (Robins et al., 2008).

The following theorem establishes the asymptotic behavior of θ̂, a result that is now

standard in the literature on semiparametric and DML estimation, and whose proof we

consequently omit (see Robins et al. (2008); Chernozhukov et al. (2018, 2023) and Kennedy
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(2024)).

Theorem 4.1. Suppose that h0,P0 and g0,P0 solve equations (4.2) and (4.3), respectively, at

P = P0. Suppose that
∫
{ϕ(o; ĥ(−k), ĝ(−k)) − ϕ(o;h0,P0 , g0,P0)}2dP0(o) = oP (1) holds for each

k ∈ {1, ..., K}. Then,
√
n{θ̂ − θ(P0)} =

√
nEn [ϕ(O;h0,P0 , g0,P0)− θ(P0)] +

√
n Rn + oP (1),

where

Rn :=
K∑
k=1

nk
n

∫
r(o)
¶
ĥ(−k)(w)− h0,P0(w)

©¶
g0,P0(z)− ĝ(−k)(z)

©
dP0(o),

with nk denoting the size of the kth subsample. In particular, if EP0{ϕ(O;h0,P0 , g0,P0)
2} <∞

and Rn = op(n
−1/2), then

√
n{θ̂ − θ(P0)}

d−→ N (0, τ 20 ), where τ
2
0 = EP0 [{ϕ(O;h0,P0 , g0,P0)−

θ(P0)}2].

Theorem 4.1 highlights the importance of constructing estimators ĥ(−k) and ĝ(−k) that

converge sufficiently quickly to solutions h0,P0 and g0,P0 of the integral equations (4.2) and (4.3),

respectively, in order to ensure that Rn = oP (n
−1/2). As noted in Bennett et al. (2022) and

Chernozhukov et al. (2023), a sufficient condition on the convergence rates of the nuisance

estimators to ensure that Rn = oP (n
−1/2) can be derived from the following derivation:

|Rn| ≤
K∑
k=1

nk
n

∣∣∣∣∣
∫ [ ∫

r(o)
¶
ĥ(−k)(w)− h0,P0(w)

©
dP0(o|z)

]¶
g0,P0(z)− ĝ(−k)(z)

©
dP0(z)

∣∣∣∣∣
≤

K∑
k=1

nk
n

∥∥∥TP0(ĥ
(−k) − h0,P0)

∥∥∥
2

∥∥∥ĝ(−k) − g0,P0

∥∥∥
2

where the inequality follows from the Cauchy–Schwarz inequality. A symmetric bound can
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be obtained by integrating first with respect to dP0(o|w). Combining both bounds, yields:

|Rn| ≤
n∑
k=1

nk
n

min{∥TP0(ĥ
(−k)−h0,P0)∥2∥ĝ(−k)− g0,P0∥2, ∥T ∗

P0
(ĝ(−k)− g0,P0)∥2∥ĥ(−k)−h0,P0∥2}

Thus, we upper bound Rn with the minimum of two products: the weak error of one estimator

times the RMSE of the other–by weak error, say of estimator ĥ(k), we mean ∥TP0(ĥ
(k) −

h0,P0)∥2. We can also upper bound Rn using the looser inequality:

|Rn| ≤ ∥r∥∞
n∑
k=1

nk
n

∥∥∥ĝ(−k) − g0,P0

∥∥∥
2

∥∥∥ĥ(−k) − h0,P0

∥∥∥
2

This later bound is less sharp than the former, since weak errors tend to be substantially

smaller than RMSEs. This observation highlights a limitation of the existing analyses of

KMMR estimators because they provide only bounds for RMSE: relying exclusively on RMSE

bounds can lead to overly stringent smoothness conditions when establishing
√
n–consistency

of the DML estimator of θ(P0).

4.4 Adversarial Estimation of the Nuisance Functions

For the remainder of the paper, we focus on estimating the nuisance function that solves

equation (4.2). The same analysis applies to equation (4.3) after an appropriate redefinition

of the relevant objects. Furthermore, to simplify notation, throughout we will omit the

subscript P from the operator TP , the solution h0,P , the Riesz representer ρP , and all other

operators and quantities, e.g. expectations, defined throughout that depend on P .

Estimating solutions to integral equations is inherently challenging due to their ill-posed

nature: small perturbations in the input function ρ can lead to large deviations in the

solution. A naive way to circumvent this instability is to restrict attention to a sufficiently

small subspace H of L2(PW ) in which the inverse problem becomes well-posed. When H
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is finite-dimensional, the resulting estimator is computationally tractable, but the approach

is theoretically unsatisfying as it relies on the strong assumption that a solution lies in the

small subspace H.

A broadly applicable alternative strategy is to regularize the estimation problem. This can

be done by either allowing the finite-dimensional space H to grow with the sample size, as in

sieve-based methods, or by penalizing the complexity of functions in an infinite-dimensional

space H, such as an RKHS. Both strategies yield estimators that approximate the solution

of the original ill-posed problem as the level of regularization is gradually reduced (Carrasco

et al., 2007; Cavalier, 2011). From a unified perspective, several regularization approaches

can be viewed as targeting solutions to surrogate regularized optimization problems of the

form

argmin
h∈H

{
∥ρ− T I0h∥2 + λH∥h− h♦∥2

}
, (4.4)

where h♦ is a fixed reference function, typically set to zero. These estimators differ in their

choice of function class H (typically a subset of a normed space), in whether they include

a penalization term (i.e., whether λH is positive), and in the choice of norms used for both

the loss term ∥ρ− T I0h∥2 and the regularization term ∥h− h♦∥2.

When λH = 0, a common choice is to take H as a finite-dimensional subspace spanned by

the first p elements of an orthonormal basis of L2(PW ) and to use the L2(PW )–norm for the

loss. In this setting, regularization is relaxed by allowing the dimension p to grow with the

sample size. Estimators constructed in this way are referred to as sieve-based and include

methods proposed in Newey and Powell (2003) and Ai and Chen (2003, 2007). In contrast,

when λH ̸= 0, the approach is referred to as Tikhonov regularization. An influential earlier

example of this approach is the work of Chen and Pouzo (2012), who consider nonparametric

conditional moment models and apply Tikhonov regularization by penalizing the L2–norm
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of the solution in a sieve space.

In more recent proposals, H is typically taken to be an infinite-dimensional function class,

often restricted via a norm constraint, or a very high-dimensional normed space, like shape

constrained functions, neural networks (NN), RKHSs, and random forests. The penalty

parameter λH is strictly positive and regularization is relaxed by letting it decrease to 0. For

instance, Dikkala et al. (2020) allow H to be any of the aforementioned spaces; Ghassami

et al. (2022) focus on RKHSs; and Bennett et al. (2022) consider both RKHSs and NNs.

In all of these papers the loss is measured with the L2–norm, while the penalty is defined

via the norm of the function space H with h♦ = 0. By contrast, other recent approaches

use the L2–norm for both the loss and the penalty terms. This includes Liao et al. (2020),

who choose H as NNs; and Bennett et al. (2023b), who consider norm-constrained high-

dimensional linear models, RKHSs, and NNs. The latter also considers an iterated Tikhonov

approach, starting with an initial estimator targeting the solution h
(0)
λ to the regularized

problem with h♦ = 0. At each subsequent step, the estimator targets the solution h
(k)
λ to the

same problem but with h♦ set to the previous iterate h
(k−1)
λ . This process is repeated for a

fixed number of iterations or an adaptively chosen stopping point.

In the Maximal Moment Restriction (MMR) proposals of Muandet et al. (2020a); Mas-

touri et al. (2021); Kallus et al. (2021); Zhang et al. (2023); and Park et al. (2024), the

surrogate problem takes the form:

argmin
h∈H

max
g∈G

[E{m(O; g)− h(W )g(Z)}]2 + λH∥h∥2.

We discuss the MMR proposals in Section 4.6.2.

In the next subsection, we review the class of RAS estimators. To avoid notational bur-

den, we will drop the superscript (−k) from ĥ(−k) and the subscript k from nk. Furthermore,
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we will use En to denote the empirical mean operator calculated with data in the entire

sample but the kth sample.

4.4.1 Motivation and Rationale for Regularized Adversarial Stabilized Estimation Strategies

In addition to the statistical advantages discussed in the introduction—most notably, their

ability to adaptively focus on directions where the conditional moment restriction is most

difficult to satisfy—adversarial estimation strategies offer two key computational benefits.

First, they bypass the need to estimate the conditional mean operator T . Second, they do

not require prior knowledge of the functional form of the Riesz representer ρ, which facilitates

greater automation of the estimation procedure. Methods that do not require knowledge of

the functional form of the Riesz representer are referred to in the literature as auto-debiased

machine learning (auto-DML). They were first proposed in the case where X = W = Z

by Chernozhukov et al. (2022a,b,c), and later extended to the setting where W and Z are

distinct subvectors of O by Bennett et al. (2022, 2023b).

The RAS estimation strategies we introduce next, unlike the alternative MMR class of

adversarial estimators studied in Muandet et al. (2020a); Zhang et al. (2023); Mastouri

et al. (2021); and Park et al. (2024), have the advantage that existing analytical results

provide bounds for the weak error. As discussed in Section B.1.4, this makes it possible to

establish root–n consistency of the resulting estimator of θ(P0) under weaker conditions on

the solutions to equations (4.2) and (4.3).

Quite generally, RAS estimators are of the form ĥ(W ) = I0(X)h̃(W ) where

h̃ := argmin
h∈H

max
g∈G

[En{m(O; g)− I0(X)r(O)h(W )g(Z)− c2I0(X)g(Z)2} − λG∥g∥2 + λH∥h∥2]

(4.5)

for some constant c ̸= 0 and, G and H specified function classes (Muandet et al., 2020b;
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Dikkala et al., 2020; Liao et al., 2020; Kallus et al., 2021; Ghassami et al., 2022; Bennett

et al., 2022, 2023b). As noted earlier, Bennett et al. (2023b) also consider iterated Tikhonov

estimators with penalties centered at the estimator from the previous iteration. The afore-

mentioned proposals differ on the choice of norms ∥ · ∥ for g and h. Additionally, some

proposals set λH = 0 and/or λG = 0. See Appendix C.3.1.

To motivate the RAS approach we first observe that for any g ∈ L2(PZ), it holds that

E[m(O; g)] = E[ρ(Z)g(Z)] = E[r(O)h(W )g(Z)], where the first equality is because ρ is the

Riesz representer, and the second is by h0 satisfying equation (4.2). In particular, this implies

that for any g ∈ L2(PZ), the residual

m(O; g)− I0(X)r(O)g(Z)h(W ) (4.6)

has mean equal to 0 at h = h†0 where h0 = I0h
†
0 is a solution of equation (4.2). Consequently,

QJ(h) :=

J∑
j=1

{E[m(O; gj)− I0(X)r(O)gj(Z)h(W )]}2

for given functions gj, j = 1, . . . , J where J ⊆ N, attains its minimum at h†0. One can then

use the empirical version of QJ(h) as the basis for deriving estimators of h†0–a strategy that

underlies the classical GMM approach. The functions gj are known in the machine learning

literature as test functions. The question then is: how many and which test functions do we

choose? The following result sheds light into the answer. In what follows, given a subspace

G of L2(PZ), we let I0 G := {I0 g : g ∈ G} and we let I0G denote its closure in L2(PZ).

Proposition 4.1. Suppose {gj = I0g
†
j : g†j ∈ G, j ∈ J} is an L2(PZ)–orthonormal basis of

I0G. Let PI0G : L2(PZ) → I0G denote the projection operator. Then QJ(h) = ∥PI0GT I0(h
†
0 −

h)∥22.
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To understand the relevance of this result avoiding distracting heavy notation, suppose

for the purpose of this discussion that I0 = 1 and that the integral equation (4.2) admits a

unique solution h0 lying in a known function class H. Proposition 4.1 implies that estimators

minimizing QJ(h) over H implicitly target solutions to the projected equation

PG ◦ T h = PG ρ, (4.7)

where G denotes the closure of the linear span of the test functions {gj}j∈J. If G is a strict

subspace of L2(PZ), then any function of the form h0 + h⋄, with T h⋄ ∈ Null(PG), also

solves (4.7). Consequently, minimizing QJ does not distinguish h0 from these alternatives.

This ambiguity cannot be resolved by selecting the minimum norm solution of (4.7), as

this solution will generally differ from h0, the unique solution of the original problem (4.2). To

see this, suppose thatW and Z have no overlap (i.e., X is null), in which case T : L2(PW ) →

L2(PZ) is compact. Let (µi, φi, ψi) for i = 1, 2, . . . denote the singular value decomposition

of T . Since, by assumption, equation (4.2) has a solution, then the Riesz representer ρ lies in

the range of T , and can therefore be written as ρ =
∑

i:µi ̸=0⟨ρ, ψi⟩2 ψi. The minimum-norm

solution to the projected equation (4.7) is then hproj0 =
∑

i: µi ̸=0 , ψi∈G µ
−1
i ⟨ρ, ψi⟩2φi, while the

solution of the equation of interest (4.2) is h0 =
∑

i:µi ̸=0 µ
−1
i ⟨ρ, ψi⟩2 φi. If ρ /∈ G, then there

exists some i for which ⟨ρ, ψi⟩2 ̸= 0 and ψi /∈ G, meaning that hproj0 omits the corresponding

direction φi. In the machine learning literature, this is referred to as misspecification of the

test class G. In particular, if ρ has nonzero projection onto infinitely many directions ψi, then

any finite-dimensional test class G will necessarily be misspecified. This is the case in sieve-

based GMM estimation, where the dimension of G increases with sample size, and the test

functions {gj} are chosen to minimize approximation error. However, for any fixed sample

size, the sieve space cannot capture all directions—especially the high-frequency components
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of ρ—and as a result, the corresponding estimator will fail to recover those components of

the true solution h0.

To avoid misspecification, the test class G must be dense in L2(PZ). However, when Z

has continuous components, this requires indexing the class by the entire natural numbers,

i.e., J = N, implying that the objective function QJ involves an infinite sum. As a result,

the empirical version of this criterion becomes computationally infeasible, since one cannot

evaluate or minimize an infinite sum in practice. Remarkably, when T (h0 − h) lies in G

there exists an equivalent reformulation that avoids direct evaluation of the infinite sum.

Specifically, let c be any non-zero constant and define

MP (h) := 4c2max
g∈G

EP
{
m(O; g)− I0(X)r(O)h(W )g(Z)− c2I0(X)g(Z)2

}
.

Proposition 4.2. For any constant c ̸= 0, any h†0 such that h0 = I0h
†
0 is a solution of

equation (4.2), and any h ∈ L2(PW ), it holds that:

1. If G ⊂ L2(PZ) such that (2c2)−1T (h†0 − h) ∈ G then MP (h) = ∥I0T (h†0 − h)∥22.

2. Suppose G is a subspace of L2(PZ). Let I0G := {I0g : g ∈ G} and let I0G denote its

closure in L2(PZ). Let {gj = I0g
†
j : g†j ∈ G, j ∈ J} denote an L2(PZ)–orthonormal

basis of I0G where J ⊆ N. If PI0G ◦ TP I0(h†0 − h) ∈ I0 G, then QJ(h) =MP (h).

Proposition 4.2 is ultimately a consequence of the Fenchel conjugate formulation of the

square function (Borwein and Lewis, 2006). Part 1 of this proposition has been shown by

Dikkala et al. (2020) and Kallus et al. (2021). Part 2 of the proposition has been established

in the finite-dimensional setting by Bennett et al. (2019) and Muandet et al. (2020b), for the

specific case m(O; g) = Y g(Z), with Y and Z denoting distinct components of O. To the

best of our knowledge, the extension of this result to infinite-dimensional function classes has

not yet been reported in the literature. Proposition 4.2 has the following key implication.
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Corollary 4.1. Let G ⊂ L2(PZ) and let c ̸= 0 be a constant. If there exists h†0 such that

h0 = I0h
†
0 solves equation (4.2), and for any h ∈ H it holds that (2c2)−1TP (h†0−h) ∈ G, then

argmin
h∈H

{
∥ρ− T I0h∥22 + λH∥h∥2

}
= argmin

h∈H

[
max
g∈G

EP
{
m(O; g)− I0(X)r(O)h(W )g(Z)− c2I0(X)g(Z)2

}
+ λH∥h∥2

]
.

It is now clear from Corollary 4.1 that when G is a linear space, under the closeness

condition

T (h†0 − h) ∈ G holds for every h ∈ H, (4.8)

the RAS estimators (4.5) with λG = 0 are estimating solutions of surrogate problems of the

form (4.4) that employ the L2(PZ)–norm for the loss term. If H is a normed space and it is

known than ∥h∥H < B for some constant B, then the outer minimization can be restricted

to functions in H with norm at most B. In this case, the closeness condition (4.8) only needs

to hold over that restricted subset.

On the other hand, when the closeness condition (4.8) does not hold, part 2 of Propo-

sition 4.2 tells us that the RAS estimators can still be interpreted as regularized GMM

estimators over a class of test functions that are dense in the L2(PZ)–closure of the class

I0 G. The requirement that the projection of TP I0(h†0 − h) onto I0G lies in I0G is equivalent

to requiring that the maximum over G of the expected stabilized residuals exists. Existing

finite-sample error bounds for RAS estimators have been established only under the stronger

closeness condition (4.8), but the preceding discussion on test-class misspecification suggests

a potential relaxation: if one is willing to assume that ρ ∈ G, then it may be possible to

derive analogous bounds under the weaker condition that the projection of T I0(h†0−h) onto

I0G belongs to I0G.



79

KRAS estimators h̃ of the form (4.5) with λH > 0, λG > 0, H and G taken as RKHSs, and

penalization based on the corresponding RKHS norms were first studied by Dikkala et al.

(2020) in the special casem(o; g) = y ·g(z), and by Ghassami et al. (2022) in the more general

setting m(o; g) = s(o)g(z), where s(·) is a known function satisfying ∥s∥∞ < ∞. In both

works, the set X0 was taken to be the entire domain X , equivalently assuming I0 ≡ 1. Choos-

ing H and G as RKHSs and penalizing via their respective RKHS norms is attractive because

it yields computationally stable estimators that admit a closed-form expression. In contrast,

omitting the λG∥g∥2G penalty or replacing RKHS norms with empirical L2(Pn) norms for the

penalization of h may still result in closed-form estimators, but their computation typically

involves inversion of nearly ill-posed n× n matrices. Including the λG∥g∥2G penalization and

using RKHS norms for penalizing h leads instead to inversion of well-posed matrices, thus

stabilizing the computation. See Appendix B.2.1 for the closed form expression of KRAS

estimators.

Dikkala et al. (2020) and Ghassami et al. (2022) provided a finite-sample analysis of KRAS

estimators. Their analyses begin by showing that, under suitable regularity conditions and

with appropriately chosen tuning parameters λG and λH, the weak error ∥T (ĥ− h0)∥2 is of

order O(δn), where δn is an upper bound on the critical radius of the classes H and G, and

h0 is any solution to equation (4.2). They then assume that the solution h0 to equation (4.2)

is unique and derive a bound on the RMSE of the form

∥ĥ− h0∥2 ≤ τ(δn), (4.9)

where, for any δ > 0, τ(δ) := sup {∥h∥2 : h ∈ H, ∥h∥H ≤ 2B, ∥T h∥2 ≤ δ} with B being a

universal constant such that ∥ĥ∥H ≤ B and ∥h0∥H ≤ B. Note that τ(δ) is a measure of the

ill-posedness of equation (4.2) that depends both on the data generating process and on H.
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Unfortunately, if there exists a nonzero function h(0) ∈ N (T ) ∩H, where N (T ) denotes

the null set of the conditional mean operator T , then the bound (4.9) becomes vacuous; that

is, τ(δn) > C > 0 for some universal constant C. Indeed, h(0)
∗
:= B h(0)/∥h(0)∥H satisfies

T h(0)∗ = 0 and ∥h(0)∗∥H = B < 2B, implying that τ(δ) ≥ ∥h(0)∗∥2 =: C for all δ > 0. Similar

comments were made by Kallus et al. (2021) and Bennett et al. (2023b).

Even under the condition N (T ) ∩ H = 0, there is no known general methodology for

expressing or bounding τ(δ) as a function of δ. Dikkala et al. (2020) obtained such a bound

in a particular setting, relying on a strong structural assumption on the data-generating

process that, in effect, requires Z to be a strong predictor of W . While this result illustrates

that bounding τ(δ) is possible in certain special cases, to our knowledge no general approach

is currently available.

In contrast, more satisfactory finite-sample analyses exist for the computationally unsta-

ble RAS estimators that employ H and G as RKHSs with L2(Pn) penalties (Liao et al., 2020;

Bennett et al., 2023b). These analyses adopt a different notion of ill-posedness that does not

require uniqueness of the solution to the integral equation, focusing instead on the minimum

L2(PW )–norm solution satisfying the so-called β–source condition.

To review the definition of the β–source condition and its implication for controlling the

regularization bias in complete generality, consider an arbitrary bounded linear operator

A : E1 → E2, where E1 and E2 are Hilbert spaces, and suppose we aim to solve the equation

A h = ρ for some ρ ∈ E2. Assume a solution to the equation exists, and let h0 denote the

solution with minimal E1–norm. Let A∗ : E2 → E1 denote the adjoint of the operator A. The

β–source condition posits that h0 lies in the range of the fractional power operator (A∗A)β/2;

that is,

h0 = (A∗A)β/2h∗ for some h∗ ∈ E1. (4.10)

When A is a compact operator, this condition amounts to assuming that h0 concentrates
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its energy in the well-identified directions of the inverse problem—i.e., the directions along

which the operator A∗A is most stable (see Chapter 3 of Carrasco et al. (2007) for the

interpretation of the source condition when A is compact and Chapter 4 of Hohage (2002)

for the definition of the power of a bounded operator). By excluding the possibility that h0

has substantial components in directions with near-zero singular values of A, the assumption

facilitates control over ∥hλ − h0∥E1 where

hλ := argmin
h∈E1

∥Ah− ρ∥2E2 + λ∥h∥2E1 (4.11)

is the solution to the surrogate Tikhonov-regularized problem. The error bounds are given

by the following classical result from the theory of inverse problems (see Theorem 5.2 of

Hohage (2002)).

Theorem 4.2. Let A : E1 → E2 be a bounded linear operator between the Hilbert spaces

E1 and E2 and let ρ ∈ E2 be in the range of A. Suppose the solution h0 to the equation

Ah = ρ with minimal E1–norm satisfies the β–source condition (4.10). Let hλ be defined

as in (4.11). Then, there exist constants c1 and c2 such that ∥h0 − hλ∥2E1 < c1 λ
min{β,2} and

∥A(h0 − hλ)∥2E2 < c2 λ
min{β+1,2}.

In the next section, we provide an alternative finite-sample analysis for estimators of the

form ĥ = I0h̃, where h̃ is a KRAS estimator. We derive informative finite-sample bounds on

both the weak error and the root mean squared error, under two variants of the β–source

condition imposed on the solution with minimal H–norm. Crucially, we do not assume

N (T ) ∩H = 0, nor do we rely

In Section 4.6 we argue that while adversarial stabilized estimators with L2(Pn) penalties

can achieve faster convergence rates under comparable smoothness assumptions, these rates

rely on a strong condition that KRAS does not require—and may fail entirely when that
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condition is violated. We conjecture that, under these assumptions, the slower rates of KRAS

are not a limitation of our analysis—i.e., they do not stem from overly loose bounds—but

rather reflect an intrinsic feature of the KRAS methodology itself: by penalizing with the

RKHS norm instead of the L2(Pn) norm, the KRAS estimator implicitly tackles a more

severely ill-posed inverse problem. Thus, KRAS trades statistical speed for computational

stability and less stringent assumptions.

4.5 Finite-sample Bounds on the Errors of the KRAS Estimators

In this section we will focus on the KRAS estimator ĥKRAS(W ) := I0(X)h̃KRAS(W ), where

h̃KRAS := arg min
h∈HB

max
g∈G

[
En{m(O; g)− I0(X)r(O)h(W )g(Z)− c2 I0(X)g(Z)2} (4.12)

− λG∥g∥2G + λH∥h∥2H
]
,

H and G are RKHSs with kernels KH and KG, and HB := {h ∈ H | ∥h∥H ≤ B} with B a

constant defined later after Assumption 4.2.

We shall introduce two distinct β–source conditions and derive finite-sample bounds for

both the RMSE and the weak error under each condition and additional regularity conditions.

The source conditions differ in the operators that define them. The first arises directly from

an application of Theorem 4.2. The second is obtained after a transformation that clarifies

the implicit inverse problem actually being targeted, providing insight into its structure

and enabling a qualitative comparison with other kernel-based adversarial estimators, as

discussed in Section 4.6.

In our derivation of the finite-sample bounds, we make a number of assumptions, which

we now introduce and discuss. Our first assumption is a realizability condition:

Assumption 4.1. There exists a solution to equation (4.2) of the form I0h where h ∈ H;



83

equivalently, the set H0 := {h ∈ H : I0h solves equation (4.2)} is nonempty.

When I0 ̸= 1, Assumption 4.1 does not require a solution to equation (4.2) to lie in

H itself. This is important in cases where ρ has a structural zero on X \ X0: then no

solution lies in H unless the RKHS contains functions that vanish exactly on X \ X0. Since

most RKHSs used in practice do not have this property, existing KRAS estimators from the

literature—which implicitly assume H contains the exact solution—are generally unsuitable

in such cases. This motivates our modified KRAS estimators, which explicitly accommodate

instances with structural zeros.

When X0 = X , so that I0 ≡ 1, the realizability condition above reduces to the standard

assumption used in Dikkala et al. (2020) and Ghassami et al. (2022). Note that the condition

H0 ∩ N (T ) = {0} required for the bound on the RMSE computed by Dikkala et al. (2020)

and Ghassami et al. (2022) to be non-vacuous rules out that H0 has more than one element.

In contrast, we do not assume that H0 is a singleton. Instead, we allow equation (4.2) to

admit multiple solutions and derive error bounds on ∥h̃KRAS − h†0,KRAS∥2, where

h†0,KRAS := arg min
h∈H0

∥h∥2H. (4.13)

To ensure that h†0,KRAS in (4.13) is well-defined—meaning the argmin exists and is

unique—we will make the following assumption.

Assumption 4.2. W is compact and the kernel function KH : W ×W → R is continuous.

In Lemma C.2 of Appendix C.2 we show that under this assumption, the operator Iop0 ◦

T |H : H → L2
2(PZ) is bounded and linear, where Iop0 : L2(PZ) → L2(PZ) is the operator

(Iop0 g) (z) := I0(x) · g(z) where z = (x, z′), T |H : H → L2(PZ) is the restriction of the

conditional mean operator to H, and the boundedness of Iop0 ◦ T |H is with respect to the

topology defined by the norm of H. The boundedness and linearity of Iop0 ◦ T |H implies that
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its null space is closed and linear, so the projection of any element of H0 onto it exists. The

residual from such projection is the unique element of H0 with minimum H–norm.

The constant B in the class HB in the definition of h̃KRAS is any constant satisfying

∥h†0,KRAS∥H < B.

It is important to note that under Assumption 4.2, the integral operator TH : L2(PW ) →

L2(PW ) defined for any h ∈ L2(PW ), as

THh(w) :=

∫
KH (w, w̃)h(w̃)dPW (w̃) (4.14)

is a self-adjoint, Hilbert-Schmidt operator (see Theorem 2.34 of Carrasco et al. (2007)), and

therefore compact, with respect to the topology defined by the L2(PW )–norm in the domain

and the image. On the other hand, it is well known that the range of TH is included in

H. However, the operator TH : L2(PW ) → H is not compact with respect to the topology

defined by the H–norm in the image.

We introduce our two source conditions by first noting that the surrogate regularized

problem that the KRAS estimator h̃KRAS targets, where for simplicity we take c = 1, is

h†λH,KRAS := arg min
h∈HB

ß
1

4
∥ρ− Iop0 ◦ T |H h∥22 + λH ∥h∥2H

™
=argmin

h∈H

ß
1

4
∥ρ− Iop0 ◦ T |H h∥22 + λH ∥h∥2H

™
. (4.15)

For a proof of the second equality see Lemma C.3. Now, in Lemma C.2 of Appendix C.2

we show that the adjoint (Iop0 ◦ T |H)∗ : L2(PZ) → H of Iop0 ◦ T |H is given by TH ◦ T ∗ ◦ Iop0

where, recall, T ∗ : L2(PZ) → L2(PW ) is the adjoint of the conditional mean operator T :

L2(PW ) → L2(PZ).

Identifying in Theorem 4.2 the operator A with Iop0 ◦ T |H, the target function h0 with

h†0,KRAS, and the regularized solution hλ with h†λH,KRAS, and noting that for any h ∈ H,
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T ∗ ◦ Iop0 ◦ Iop0 ◦ T |H h = T ∗ ◦ Iop0 ◦ T h naturally leads to the following source condition

Assumption 4.3. There exists β > 0 such that h†0,KRAS = (TH ◦T ∗ ◦ Iop0 ◦T )β/2 h∗ for some

h∗ ∈ H. Equivalently,

h†0,KRAS = (TH ◦ T ∗ ◦ Iop0 ◦ T )β/2 T
1/2
H h∗∗ for some h∗∗ ∈ L2(PW ). (4.16)

To motivate our second source condition, consider the operator T
1/2
H : L2(PW ) → H.

This is a surjective operator that is bounded when H is endowed with the topology induced

by the RKHS inner product. Furthermore, when restricted to the orthogonal complement

to the null space of TH, the operator T
1/2
H is an isometry. That is, ∥T 1/2

H h∥H = ∥h∥2 for

all h ∈ N (TH)
⊥ (see Lemma C.1 (d) in Appendix C.2). In addition, the linear operator‹T := Iop0 ◦ T ◦ T 1/2

H : L2(PW ) → L2(PZ) is bounded (see Lemma C.2 in Appendix C.2).

Then, letting h′λH,KRAS := argminh∈L2(PW ){1
4
∥ρ− ‹T h∥22 + λH∥h∥22}, we have that

h†λH,KRAS := argmin
h∈H

ß
1

4
∥ρ− Iop0 ◦ T |Hh∥22 + λH ∥h∥2H

™
= T

1/2
H

ï
arg min

h′∈N (TH)⊥

ß
1

4

∥∥∥ρ− Iop0 ◦ T ◦ T 1/2
H h′

∥∥∥2
2
+ λH

∥∥∥T 1/2
H h′

∥∥∥2
H

™ò
= T

1/2
H

ï
arg min

h′∈N (TH)⊥

ß
1

4

∥∥∥ρ− ‹T h′∥∥∥2
2
+ λH ∥h′∥22

™ò
= T

1/2
H

ï
arg min

h′∈L2(PW )

ß
1

4

∥∥∥ρ− ‹T h′∥∥∥2
2
+ λH ∥h′∥22

™ò
:= T

1/2
H h′λH,KRAS,

where the second to last equality follows because the minimum over h′ ∈ L2(PW ) of the

expression in curly brackets is attained at an element of N (TH)
⊥. Note that the first line in

the display indicates that the KRAS regularized problem combines a L2–loss with an RKHS-

norm penalization. The second to last equality establishes that, by applying a suitable
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transformation to the underlying operator T , we can rewrite the KRAS problem so that

the penalization is also in L2. This reframing makes the KRAS estimators and the LRAS

estimators directly comparable as solutions to regularization problems with the same norm

structure but different operators. Specifically, h̃KRAS is the image—under the isometry

T
1/2
H —of the Tikhonov-regularized solution h′λH,KRAS (with an L2 penalty) to the operator

equation ‹T h = ρ. (4.17)

This observation has two important implications. First, since T
1/2
H is a compact operator

(see Lemma C.1 (f) in Appendix C.2), regularization in the RKHS norm—as used in the

computation of the KRAS estimators—amounts to solving a more severely ill-posed problem

than the original integral equation (4.2), because the modified operator ‹T smooths more

aggressively than T . Second, by assuming a β–source condition on the minimal L2(PW )–

norm solution h′0,KRAS to equation (4.17), we can derive bounds on the regularization bias

∥h′λH,KRAS−h
′
0,KRAS∥2. Lemma C.4 in Appendix C.2 establishes that h†0,KRAS = T

1/2
H h′0,KRAS.

This then implies that with such source condition we can also control the regularization bias

∥h†λH,KRAS − h†0,KRAS∥2 of the regularized solution to the original problem T I0h = ρ(Z).

The first point is key to understanding the distinction between RMSE bounds for LRAS,

i.e. RAS estimators over RKHS classes H and G that use L2(Pn) penalization, versus KRAS

estimators, i.e. those that employ RKHS penalization—a topic we return to in Section 4.6.1.

The second point, in turn, motivates our announced second source condition. To state it, we

first note that the adjoint ‹T ∗ : L2(PZ) → L2(PW ) of ‹T satisfies ‹T ∗ = T
1/2
H ◦ T ∗ ◦ Iop0 .

Assumption 4.4. There exists β > 0 and h∗∗ ∈ L2(PW ) such that

h†0,KRAS = T
1/2
H ◦

Ä‹T ∗ ◦ ‹T äβ/2 h∗∗ = T
1/2
H ◦

Ä
T

1/2
H ◦ T ∗ ◦ Iop0 ◦ T ◦ T 1/2

H

äβ/2
h∗∗. (4.18)
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Assumption 4.4 is tantamount to requiring the standard β–source condition on h′0,KRAS

with respect to the operator ‹T . When ‹T is compact—a property that is satisfied when W

and Z do not share common components—this requires that h′0,KRAS decays rapidly in the

directions corresponding to small singular values of ‹T , with larger values of β implying greater

smoothness and better alignment with the stable directions of ‹T . The final application of T
1/2
H

in Assumption 4.4 further smooths h′0,KRAS with respect to the singular value decomposition

of the integral operator TH. Thus, Assumption 4.4 encodes smoothness of h†0,KRAS relative

to both the operator ‹T and the geometry of the RKHS H.

As we will see in the next theorem, Assumptions 4.3 and 4.4 lead to identical bounds on

the regularization bias. The assumptions coincide when β = 2 but impose different smooth-

ness requirements otherwise. We find Assumption 4.4 particularly useful for comparisons

with RAS estimators that penalize using the L2(Pn)–norm, as it posits a β–source condi-

tion related to the operator ‹T acting between L2 spaces, rather than for an operator whose

domain is the RKHS H.

Theorem 4.3 (Regularization Bias). Suppose that Assumptions 4.1 and 4.2 hold. If, in

addition, Assumption 4.3 or Assumption 4.4 hold, then there exist constants c∗1 and c∗2 such

that

∥h†λH,KRAS − h†0,KRAS∥
2
H ≤ c∗1 λ

min{β,2}
H and ∥T I0(h†λH,KRAS − h†0,KRAS)∥

2
2 ≤ c∗2 λ

min{β+1,2}
H .

Under Assumption 4.3, Theorem 4.3 follows by a direct application of Theorem 4.2. In

Appendix C.1, we provide the proof of Theorem 4.3 under Assumption 4.4. Having estab-

lished conditions under which the regularization bias can be controlled, we now turn to the
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additional assumptions required to bound the estimation error. Our derivation follows the

framework of Bennett et al. (2023b), and therefore relies on conditions closely aligned with

theirs. The resulting bounds will be expressed in terms of the critical radius of appropri-

ately defined subsets derived from G. In the course of our derivations, we identified a few

instances—particularly in the application of a Lemma in Foster and Syrgkanis (2023) (see

Appendix C.2)—where the assumptions made by Bennett et al. (2023b) on these subsets

can be slightly relaxed. The first such assumption, stated below, slightly weakens a similar

condition made by all existing analyses of RAS estimators as we discuss subsequently:

Assumption 4.5 (Local closeness and boundedness of T ). There exists B >
∥∥h†0,KRAS∥∥H

and B′ > 0 such that if ∥h∥H ≤ 2B then T h ∈ G and ∥T h∥G ≤ B′.

The local closeness condition, i.e., that T h ∈ G for h in some sufficiently large RKHS

ball is used in the derivation of the error bounds to connect h†λH,KRAS with the population

version of the regularized optimization problem targeted by the KRAS estimation procedure.

Specifically, by part 1 of Proposition 4.2, it follows that under this assumption,

h†λH,KRAS = argmin
h∈H

max
g∈G

E
{
m(O; g)− I0(X)r(O)h(W )g(Z)− c2 · I0(X)g(Z)2

}
+ λH∥h∥H.

(4.19)

Note that the right-hand side of (4.19) is a population optimization problem that parallels

the empirical optimization problem solved by the proposed KRAS estimator h̃KRAS, except

that the estimation also includes the penalty term λG∥g∥2G in the inner maximization part.

The boundedness condition in Assumption 4.5, i.e. that if ∥h∥H ≤ 2B then T h ∈ G and

∥T h∥G ≤ B′, is invoked to ensure that ∥T (h̃KRAS − h†0,KRAS)∥G = O(1) which, in turn, is

used to control the influence of the penalization λG ∥g∥2G of the inner maximization in the

computation of (4.12). In their analysis of the KRAS estimator, Dikkala et al. (2020) and

Ghassami et al. (2022) imposed the related global closeness that T (h− h†0,KRAS) ∈ G for all
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h ∈ H—together with the related Lipchitz/boundedness condition that ∥T (h−h†0,KRAS)∥G ≤

C∥h− h†0,KRAS∥H for some constant C. Bennett et al. (2023b) also adopted a similar condi-

tion when deriving error bounds for the LRAS estimator. When, as we assume throughout,

h†0,KRAS ∈ H this requirement is stronger than Assumption 4.5. Dikkala et al. (2020) dis-

cuss conditions under which their assumption, and consequently our Assumption 4.5, holds.

Nonetheless, Assumption 4.5 remains, in our view, the most conceptually opaque and difficult

to justify among those used in the analysis of RAS estimators.

We will also make the following assumption:

Assumption 4.6. Z is compact and the kernel function KG : Z × Z → R is continuous

Assumptions 4.2 implies that k1 := {supw∈W KH(w,w)}1/2 < ∞ and Assumption 4.6

that k2 := {supz∈Z KG(z, z)}1/2 < ∞. An important implication that is used repeatedly

in the derivation of the error bounds, is that, if we let FB := {f ∈ F : ∥f∥F ≤ B} where

F is either H or G and ∥f∥F is the norm in the corresponding RKHS, then since ∥f∥∞ ≤

∥f∥F {supv∈V KF(v, v)}1/2, the class FB is uniformly bounded in the sense that ∥f∥∞ ≤ C

for some universal constant C and for all f ∈ FB.

To state the results that provide the announced finite-sample bounds, we introduce ad-

ditional notation and review important concepts from the theory of concentration inequal-

ities. Let V denote a random vector and let F denote a class of real-valued measurable

functions f : V → R included on a normed space. The class F is called star-shaped

if for any f ∈ F and α ∈ [0, 1], the scaled function αf also belongs to F . We define

star (F) := {αf : f ∈ F , α ∈ [0, 1]}, which is the smallest star-shaped class that contains

all the functions in F . For any function f ∗ ∈ F , we define F − f ∗ := {f − f ∗ : f ∈ F}.

For a given δ > 0, the localized Rademacher complexity of radius δ of a function class F
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is defined as

Rn (F , δ) := Eε,V1,...,Vn

[
sup

f∈F :∥f∥2≤δ

∣∣∣∣∣ 1n
n∑
i=1

εif(Vi)

∣∣∣∣∣
]
,

where V1, . . . , Vn are independent and identically distributed copies of a random variable V

and ε1, . . . , εn are independent Rademacher random variables (Bartlett et al., 2005), inde-

pendent of V1, . . . , Vn. The localized Rademacher complexity of the function class F − f ∗ is

a measure of the complexity of a class of functions within a neighborhood of a given target

function f ∗. This measure focuses on functions that are close to the target, thereby avoid-

ing unnecessary increases in complexity by ignoring functions that are far from the target.

Intuitively, this measure captures the capacity of the functions in F in a neighborhood of f ∗

to fit noise sequences of size n.

The critical radius of a function class F , uniformly bounded by b, is defined as the

smallest positive radius δ for which the following inequality holds Rn (F , δ) ≤ δ2

b
. We are

now ready to state our first main result.

Theorem 4.4. Suppose m(o; g) = I0(x)s(o)g(z) for some fixed real-valued function s sat-

isfying ∥s∥∞ < ∞. Suppose Assumptions 4.1, 4.2, 4.5, 4.6 hold and either Assump-

tion 4.3 or 4.4 hold when P = P0. Suppose that the constant B in Assumption 4.5 is

taken large enough so that
∥∥h†0,KRAS∥∥H ≤ B. Let B1 = B′/c2. Define the function class

I0 · GB1 := {I0 · g : g ∈ GB1} and let δn be an upper bound on the critical radius of I0 · GB1.

If λH ≤ 1, and λG ≥ 157c2δ2n/B
2
1 , then with probability at least κ(δn) := 1− [36 + 18 · I{δn <

5b/6} · ⌊{log(6/5)}−1 log(b/δn)⌋] exp(−c1nδ2n) where c1 = {8b2(1 + 17e)}−1 and b = k2B1, it

holds that ĥKRAS := I0 h̃KRAS and h0,KRAS := I0 h
†
0,KRAS satisfy

∥∥∥ĥKRAS − h0,KRAS

∥∥∥2
2
≤ c2

Å
δ2n
λH

+
λG
λH

+ λ
min{β,1}
H

ã
, (4.20)
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and ∥∥∥T ÄĥKRAS − h0,KRAS
ä∥∥∥2

2
≤ c3

Ä
δ2n + λG + λ

min{β+1,2}
H

ä
, (4.21)

where c2 and c3 are universal constants that depend neither on n nor on δn.

Notice that the bounds in (4.20) and (4.21) depend on the critical radius of only one

function class, namely the class I0 · GB1 . When I0 = 1, this reduces to the critical radius of

GB1 itself, which is well understood for many function classes, including various RKHSs; see,

for example, Chapters 13 and 14 of Wainwright (2019).

Theorem 4.4 provides bounds on the weak error ∥T (ĥKRAS − h0,KRAS)∥2 as well as the

RMSE, ∥ĥKRAS − h0,KRAS∥2, for the special case in which m(o; g) = I0(x)s(o)g(z). Our

next result gives bounds on the weak error and the RMSE when the map g 7→ m(o; g) is an

arbitrary linear map for each fixed o ∈ O satisfying the following additional condition:

Assumption 4.7.

1. There exists B2 > 0 such that, for any g ∈ L2(PZ), it holds that ∥m( · ; g)∥2 ≤

B2 ∥I0 g∥2 .

2. The function class m ◦ G := {o 7→ m(o; g) : g ∈ G} can be equipped with a metric d

under which it is separable. Moreover, d is controlled by the RKHS norm in the sense

that d(m( · ; g),m( · , g′)) ≤ ∥g − g′∥G for all g, g′ ∈ G and it dominates the metric

induced by the sup-norm on O, meaning there exists a constant B3 > 0 such that

supo∈O |f(o)− f ′(o)| ≤ B3 · d(f, f ′) for all f, f ′ ∈ m ◦ G.

In Appendix C.1, we verify that Assumption 4.7 holds in Example 4.2 under suitable

conditions of the map q and the data-generating process.

Theorem 4.5. Suppose Assumptions 4.1, 4.2, 4.5, 4.6, 4.7 hold and either Assumption 4.3

or 4.4 hold for P = P0. Suppose that the constant B in Assumption 4.5 is taken large enough
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so that
∥∥h†0,KRAS∥∥H ≤ B. Let B1 = B′/c2. Define m ◦ GB1 := {o 7→ m(o; g) : g ∈ GB1} , and

let the function class I0 · GB1 be defined as in Theorem 4.4. Let δn be an upper bound on

the critical radius of I0 · GB1 and of star(m ◦ GB1). If λH ≤ 1, and λG ≥ 157c2δ2n/B
2
1 , then

inequalities (4.20) and (4.21) hold for some universal constants c2 and c3, with probability

at least as κ(δn) as given in Theorem 4.4 with c1 as defined in that Theorem, but with

b := B1max{k2, B3}, where B3 is the constant specified in Assumption 4.7.

The distinction between Theorems 4.4 and 4.5 is that in Theorem 4.4, δn appearing in

the bounds (4.20) and (4.21) is an upper bound on the critical radius of the class I0 · GB1 ,

whereas in Theorem 4.5, δn stands for an upper bound of the critical radius of I0 · GB1 and

star(m ◦ GB1). In the special case m(o; g) = g{q(z)} for a measurable map q : Z → Z, the

following result shows that the critical radius of star(m ◦ ·GB1) is dominated by that of GB1 .

Lemma 4.1. Suppose m(o; g) = g{q(z)} for some measurable map q : Z → Z, where z is a

subvector of o. Let δn and δ′n denote the critical radii of star(m ◦ GB1) and GB1, respectively.

Then, there exists a universal constant c
′′
1 such that δn ≤ c

′′
1δ

′
n.

Remark 4.1. When δn ≥ 5b/6 for b = k2B1 (= B1max{k2, B3}), the bounds on ∥ĥKRAS −

h0,KRAS∥22 and ∥T (ĥKRAS − h0,KRAS)∥22 provided in Theorem 4.4 (Theorem 4.5) hold with

probability at least 1 − 36 exp (−c1nδ2n). On the other hand, if c0 log(log(n))/n ≤ δ2n <

(5b/6)2 with c0 = max{b2/ log(log(3)), 2/c1}, and n ≥ 3, the bounds in Theorem 4.4 and

Theorem 4.5 remain valid with probability at least 1 − 18 · {log(6/5)}−1 exp
(
− c1

2
nδ2n
)
, (see

Appendix C.1), which tends to 1 as n → ∞ because n δ2n ≥ c0 log(log(n)) → ∞. The

condition c0 log(log(n))/n ≤ δ2n holds for a sufficiently large n, in particular, when G is an

RKHS with Gaussian kernel because in such case δ2n = O(log(n)/n).

Theorems 4.4 and 4.5 have the following important corollary.
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Corollary 4.2. Suppose that the conditions of Theorems 4.4 or 4.5 hold. If the penalization

parameters are chosen as λH = O(δ
2/(1+min{β,1})
n ) and λG = O (δ2n), then

∥∥∥ĥKRAS − h0,KRAS

∥∥∥
2
= Op

Å
δ

min{β,1}
1+min{β,1}
n

ã
and

∥∥∥T (ĥKRAS − h0,KRAS)
∥∥∥
2
= Op (δn) .

Recall from Theorem 4.1 that in order for the debiased machine learning estimator θ̂ of

θ(P0) to be asymptotically linear, the remainder term Rn must be of order op(n
−1/2). In view

of Corollary 4.2, it follows that if: (i) h̃ and g̃ are the KRAS estimators h̃KRAS and g̃KRAS,

(ii) the conditions of Theorems 4.4 or 4.5 hold for the problem of estimating the solutions

h0,KRAS := I0 h
†
0,KRAS and g0,KRAS := I0 g

†
0,KRAS of equations (4.2) and (4.3), (iii) h†0,KRAS

and g†0,KRAS satisfy Assumption 4.3 or Assumption 4.4 (for their corresponding operators)

with parameters βKRASh and βKRASg , (iv) the relevant critical radius in Theorems 4.4 or 4.5 for

the classes used in the estimation of h0,KRAS and g0,KRAS are the same (up to multiplicative

constants) and equal to universal constants times δn, and (v) the tuning parameters are

selected as indicated in Corollary 4.2, then

Rn = O(min{∥ĥKRAS − h0,KRAS∥2 ∥T ∗(ĝKRAS − g0,KRAS)∥2 ,

∥ĝKRAS − g0,KRAS∥2∥T (ĥKRAS − h0,KRAS)∥2}) = Op

Ç
δ
1+ βKRAS

1+βKRAS

n

å
,

where βKRAS = min{max{βKRASh , βKRASg }, 1}. In particular, if the RKHSs used in the

internal maximization in both estimation problems are Gaussian, then δn = O(
√

log(n)/n),

which yields Rn = op(n
−1/2). In contrast, if they are d-dimensional RKHSs with Sobolev

kernels of order ν = (l+d)/2 where l is a positive integer, then δn = O(n−ν/(2ν+d)), which then

yields Rn = op(n
−1/2) whenever d < l and β ∈ (d/l, 1]. Thus, we observe double robustness
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in the smoothness of the minimum RKHS–norm targets h†0,KRAS and g†0,KRAS. Specifically,

even if one of h†0,KRAS or g†0,KRAS has low smoothness (i.e., the corresponding parameter of

the source condition in Assumption 4.3 or Assumption 4.4 is small), the remainder term Rn

can still be controlled as long as the other nuisance is sufficiently smooth.

As in the work of Bennett et al. (2023b), we could in principle improve upon the KRAS

estimators h̃KRAS and g̃KRAS by using an iterated Tikhonov strategy. The details of such

procedure will be reported elsewhere. We conclude with a final comment on the computa-

tional implementation of our proposed estimator to ensure it satisfies the conditions required

by Theorems 4.4 and 4.5.

Remark 4.2. The errors bounds established in Theorems 4.4 and 4.5 require that the estima-

tor h̃KRAS has RKHS norm at most B, where B is the constant specified in Assumption 4.5.

While this constant is not typically known in practice, one can select a sufficiently large B

and solve the optimization problem in (4.12) over the constrained class HB. The computation

of the solution in the restricted class HB reduces to the problem of optimizing a quadratic

objective function in Rn subject to a quadratic constraint. As such, enforcement of the con-

straint ∥h̃KRAS∥H < B can be conducted as follows. First a solution to the unconstrained

optimization problem is found. If the solution satisfies the constraint, then this is the so-

lution to the constrained problem. If not, the unconstrained optimization problem is altered

as indicated in Exercise 4.22 of Boyd (2004), and the unconstrained solution to this new

problem agrees with the solution to the original constrained problem.

4.6 Contrasting Kernel based Adversarial Estimation Strategies

In this section we investigate the advantages and limitations of the three prominent recently

proposed kernel-based adversarial approaches: (i) LRAS estimators, i.e. kernel adversarial

stabilized estimators with L2(Pn) penalization; (ii) KRAS estimators, i.e. kernel adver-



95

sarial stabilized estimators with RKHS penalization; and (iii) the kernel maximal moment

restriction (KMMR) estimators studied in Muandet et al. (2020a); Mastouri et al. (2021);

Kallus et al. (2021); and Zhang et al. (2023). We compare these methods in terms of the

assumptions they impose (see also Appendix C.3.2), the scope and sharpness of their avail-

able finite-sample error bounds, and—most importantly—the nature of the inverse problems

they implicitly solve. This perspective brings into focus the trade-offs between statistical con-

vergence rates, computational stability, and the degree of ill-posedness each method must

confront. To keep the notation light, we assume throughout this section that I0 = 1.

4.6.1 L2(Pn)-penalized Kernel Regularized Adversarial Stabilized Estimators

An LRAS estimator uses RKHS classes H and G, and L2(Pn)–penalization:

h̃LRAS := arg min
h∈HD

max
g∈G

[
En
{
m(O; g)− r(O)h(W )g(Z)− r(X)g(Z)2

}
− λGEn

{
g(Z)2

}
+ λHEn

{
h(W )2

} ]
,

for some constant D and where, for simplicity, we take c = 1. When λG is negligible in

relation to λH, and the closeness condition (4.8) holds, the LRAS estimator aims at the

solution to the surrogate regularized problem:

hλH,LRAS := arg min
h∈HD

∥T h− ρ∥22 + λH∥h∥22.

Bennett et al. (2023b) derived bounds for ∥h̃LRAS−h0,LRAS∥22 and ∥T (h̃LRAS−h0,LRAS)∥22 for

estimators with λG = 0 where h0,LRAS := argminh∈L2(PW ): h solves (4.2) ∥h∥22 under the critical



96

assumption:

arg min
h∈L2(PW )

∥T h− ρ∥22 + λH∥h∥22 ∈ HD for all λH in a neighborhood of 0. (4.22)

Under this assumption, hλH,LRAS = argminh∈L2(PW ) ∥T h − ρ∥22 + λH∥h∥22. To invoke Theo-

rem 4.2 to derive bounds for the regularization errors ∥hλH,LRAS−h0,LRAS∥2 and ∥T (hλH,LRAS−

h0,LRAS)∥2 these authors imposed the β–source condition that posits that there exists β > 0

such that

h0,LRAS = (T ∗T )β/2 h∗∗ for some h∗∗ ∈ L2(PW ). (4.23)

Unlike for KRAS estimators, establishing bounds for LRAS does not require the realiz-

ability condition in Assumption 4.1 that posits the existence of a solution to equation (4.2)

within H. However, bounds for LRAS estimators rely critically on the validity of condi-

tion (4.22)—a condition that the analysis of KRAS estimators does not impose. Thus,

the analysis of KRAS estimators requires a more natural assumption that directly places the

smoothness requirement—i.e., membership in the RKHS H—only on the true solution of the

integral equation itself. In contrast, the analysis of LRAS estimators demands this smooth-

ness property to hold for the solutions of infinitely many surrogate regularized problems,

making it a less natural and generally more stringent condition.

The β–source conditions (4.16) or (4.18) assumed for KRAS estimators also differ from the

source condition (4.23) invoked for analyzing LRAS estimators in two key ways. Consider,

for instance, the source condition (4.18) made in analyzing KRAS estimators. First, the

smoothness assumptions in the conditions (4.18) and (4.23) are placed on potentially different

solutions to equation (4.2): in the KRAS case, it is the minimum-norm solution inH, whereas

in the LRAS case, it is the minimum-norm solution in L2(PW ). Second, the fractional power

is taken with respect to different operators: ‹T in the KRAS case, and T in the LRAS case.
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For the same value of β, condition (4.18) imposes a stronger smoothness requirement than

condition (4.23), due to the presence of the additional operator T
1/2
H in the definition of ‹T .

This is not surprising, since—as discussed in Section 4.5—regularization in the RKHS norm

is ultimately equivalent to solving the more severely ill-posed problem (4.17) rather than the

original problem (4.2).

We note that the finite-sample bounds for estimators that use optimal tuning parameters

in Bennett et al. (2023b) have the same functional form as those in Corollary 4.2. However,

this similarity should not be taken to imply that the bounds for the KRAS and LRAS

estimators achieve the same convergence rate under comparable smoothness levels of their

respective minimum-norm solutions. This is so because, qualitatively, a given value of β in

Assumption (4.23) corresponds to a smaller β in Assumption (4.18) when representing an

equivalent level of smoothness in the solution.

A few additional remarks are in place.

• All existing RAS estimators in the literature are for the case I0 = 1. Our paper appears

to be the first that incorporates structural zeros into RAS estimation.

• Existing analyses of LRAS estimators, and more generally, of any RAS estimator re-

gardless of the specific function classes H and G used, rely on a closeness and bound-

edness condition of the type in Assumption 4.5. The assumption is invoked to justify

the equality MP (h) = ∥I0T (h†0 − h)∥22. An interesting open question raised by Propo-

sition 4.2 is whether part 2 of this proposition can be used to relax this assumption.

• Bennett et al. (2023b) also analyzed the iterative Tikhonov version of LRAS estimators.

For LRAS with t Tikhonov iterations, they established weak and strong error bounds

analogous to those in Theorem 4.4, but with the exponents min{β, 2} and min{β+1, 2}

replaced by min{β, 2t} and min{β + 1, 2t}, respectively. This is as expected since it

is well known that iterative Tikhonov regularization with t iterations offers a tangible
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benefit in regularization bias when the smoothness parameter β is between 2 and

2t. We conjecture that a parallel theoretical analysis of t–iterated Tikhonov KRAS

estimators should be doable under either Assumption 4.3 or 4.4. As in the non-iterated

case, we anticipate that such an analysis will produce finite-sample bounds with the

same structural form as those obtained by Bennett et al. (2023b) for their t–iterated

procedure.

• Bennett et al. (2023b) also analyzed an adaptive version of the iterated Tikhonov

LRAS estimator, deriving weak and strong error bounds with exponents β + 1 and

β, respectively—thereby fully eliminating the saturation phenomenon and enabling

convergence rates to improve without bound as smoothness increases. We conjecture

that an analogous result holds for adaptive iterated KRAS estimators. We note that

while adaptive procedures represent a notable theoretical advance, their practical im-

plementation introduces additional computational challenges that have yet to be fully

examined.

4.6.2 Kernel Adversarial Maximal Moment Restriction Estimators

Like regularized adversarial stabilized estimation strategies, maximal moment restriction

methods also leverage the fact that the residual (4.6) has mean zero for any g in a given

function class g ∈ G ⊂ L2(PZ). A kernel maximal moment estimator (KMMR) estimator

(Muandet et al. (2020a); Mastouri et al. (2021)) is defined as

ĥKMMR := argmin
h∈H

max
g∈G:∥g∥G≤1

[En{m(O; g)− h(W )g(Z)}]2 + λH∥h∥2H.

where H and G are RKHSs with associated norms ∥h∥H and ∥g∥G and λH > 0. Park

et al. (2024) adopts a similar strategy to construct solutions to integral equations needed
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for estimation of target parameters that fall outside the class defined in (4.1). Like KRAS

estimators, KMMR estimators admit a closed-form expression and avoid inversion of ill-posed

matrices.

To facilitate the comparison with KRAS estimators we will re-express the surrogate prob-

lem that the KMMR estimator targets in terms of the weak error relative to some operator.

To do so, we start by noting that an immediate generalization of the results in Zhang et al.

(2023) yields:

max
g∈G,∥g∥G≤1

[E{m(O; g)− h(W )g(Z)}]2 = ∥TG (ρ− T h) ∥2G

where TG : L2(PZ) → G is the integral operator associated with the kernel KG that defines

the RKHS G, analogously to the operator defined in (4.14). Writing TG = T
1/2
G ◦ T 1/2

G and

noticing that, under Assumption 4.6, T
1/2
G : L2(PZ) → G is an isometry when restricted to

the orthogonal complement to the null space of TG, and therefore when restricted to the

range of T
1/2
G , we have that ∥TG (ρ− T h) ∥2G = ∥T 1/2

G (ρ− T h) ∥22. Then, recalling that

T
1/2
H : L2(PW ) → H is surjective, we conclude that the regularized solution targeted by the

KMMR estimator ĥKMMR is

h†λH,KMMR
:= argmin

h∈H
max

g∈G:∥g∥G≤1
[E{m(O; g)− h(W )g(Z)}]2 + λH∥h∥2H

= argmin
h∈H

∥TG (ρ− T h) ∥2G + λH∥h∥2H (4.24)

= T
1/2
H

[
arg min

h′∈N (TH)⊥
∥TG ρ− TG ◦ T ◦ T 1/2

H h′∥2G + λH∥h′∥22
]

= T
1/2
H

[
arg min

h′∈L2(PW )
∥T 1/2

G ρ− T
1/2
G ◦ T ◦ T 1/2

H h′∥22 + λH∥h′∥22
]

(4.25)

:= T
1/2
H h

′

λH,KMMR
.

Just as it was the case for the analysis of KRAS estimators, the preceding display implies
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two ways of analyzing the integral equation that the KMMR estimators are implicitly tar-

geting. Specifically, identity (4.24) implies that the objective is the solution to the equation

in h ∈ H,

TG ◦ T h = TG ρ. (4.26)

On the other hand, identity (4.25) implies that the objective is the image under T
1/2
H of the

solution to the equation in h′ ∈ L2(PW )

T
1/2
G ◦ T ◦ T 1/2

H h′ = T
1/2
G ρ. (4.27)

If a solution to equation (4.26) exists in H, then under Assumption 4.6, a solution h0,KMMR

with minimal H–norm also exists and is unique. This is because, under such assumption,

the map TG ◦ T : H → G is bounded and linear. In Appendix C.1 we show that its adjoint

(TG ◦ T )∗ : G → H is given by TH ◦ T ∗ where T ∗ : L2(PZ) → L2(PW ) is the adjoint of the

conditional mean operator T : L2(PW ) → L2(PZ). By the identity (4.24) and Theorem 4.2

we then have that if h0,KMMR satisfies the source condition that posits the existence of β > 0

such that

h0,KMMR = (TH ◦ T ∗ ◦ TG ◦ T )β/2 h∗ for some h∗ ∈ H (4.28)

equivalently,

h0,KMMR = (TH ◦ T ∗ ◦ TG ◦ T )β/2 ◦ T 1/2
H h∗∗ for some h∗∗ ∈ L2(PW ) (4.29)

then, there exist constants c1 and c2 such that

∥h0,KMMR−h†λH,KMMR
∥2H ≤ c1 λ

min{β,2}
H and ∥TG ◦T (h0,KMMR−h†λH,KMMR

)∥2G ≤ c2 λ
min{β+1,2}
H

(4.30)
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On the other hand, the identity (4.25) points out to a second possible source condition

for arriving at the bounds (4.30). Specifically, consider the equation (4.27) in h′ ∈ L2(PW ).

It is easy to show that the adjoint of the operator T
1/2
G ◦T ◦T 1/2

H : L2(PW ) → L2(PZ) is given

by T
1/2
H ◦ T ∗ ◦ T 1/2

G : L2(PZ) → L2(PW ). Thus, arguing as in Section 4.5, it can be shown

that under the β–source condition that posits the existence of β > 0 such that

h0,KMMR = T
1/2
H (T

1/2
H ◦ T ∗ ◦ TG ◦ T ◦ T 1/2

H )β/2 h∗∗ for some h∗∗ ∈ L2(PW ) (4.31)

the bounds (4.30) hold for some constants c1 and c2.

As in the KRAS case, Assumption (4.31) is especially convenient because it rephrases

the β–source condition in terms of the operator T
1/2
H ◦ T ∗ ◦ TG ◦ T ◦ T 1/2

H acting between

L2 spaces. This transformation shifts the problem from its original formulation—where

the relevant operator has domain in the RKHS H—to one where both the loss and the

penalization are expressed in L2 norms. In doing so, it places the KMMR estimator on the

same footing as the LRAS and the KRAS estimators—the latter regarded as estimators of

the image under T
1/2
H of the solution of the transformed equation (4.17)—enabling a direct

comparison of the operators that implicitly define their associated integral equations.

Let us now compare the advantages and limitations of the KRAS and KMMR estimators.

• KRAS estimators implicitly require equation (4.17) to admit a solution in L2(PW ),

whereas KMMR estimators require a solution to equation (4.27). The former condition

implies the latter, but not conversely—unless the integral operator TG is injective.

Injectivity holds when the kernel KG is Matérn, but not necessarily otherwise.

• Unlike KMMR estimators, deriving bounds for KRAS estimators requires Assump-

tion 4.5 on closeness and boundedness, which, as noted earlier, can be hard to justify.

• Even when TG : L2(PZ) → L2(PZ) is injective, so that equations (4.17) and (4.27)
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share the same solutions, the formulation (4.27) poses a more ill-posed problem. This

is because T
1/2
G : L2(PZ) → G is compact when G is endowed with the L2(PZ)–norm.

Thus, T
1/2
G in equation (4.27) applies additional smoothing beyond T ◦ T 1/2

H . Intu-

itively, solving a more ill-posed problem to a given level of accuracy demands stronger

smoothness assumptions on the true solution. This added difficulty is reflected in the

source condition imposed on the minimal H–norm solution: for the same value of β,

the source condition condition (4.31) (condition (4.28)) entails stronger smoothness

than the source condition in Assumption 4.4 (Assumption 4.3), because the former is

formulated in terms of the fractional power of an operator that smooths more strongly

than the operator appearing in the latter.

• To the best of our knowledge, the sharpest available bounds for the RMSE of ĥKMMR

under Assumption (4.28) were obtained by Park et al. (2024), refining the earlier anal-

ysis of Mastouri et al. (2021). Specifically, Park et al. (2024) showed that, with an

appropriately chosen λH,

∥∥∥ĥKMMR − h0,KMMR

∥∥∥
2
= Op

(
n− min{β,2}

2(1+min{β,2})

)
.

At present, no results provide sharper bounds for the weak error ∥T (ĥKMMR−h0,KMMR)∥2.

This may be due to the fact that applying Theorem 4.2 yields bounds on the weak reg-

ularization error with respect to the transformed operator TG ◦ T (as in the second

inequality in (4.30) rather than T itself). The lack of a sharper bound on the weak er-

ror has the following consequence. Suppose we estimate the solutions to equations (4.2)

and (4.3) using KMMR estimators, and that the minimal RKHS-norm solutions sat-

isfy the β–source condition (4.28) or (4.29) with parameters βKMMR
h and βKMMR

g re-

spectively. Let θ̂KMMR be the resulting DML estimator of θ0. Using the existing
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finite-sample bounds we can establish that Rn = op(n
−1/2) if min{βKMMR

h , 2}/(1 +

min{βKMMR
h , 2} + min{βKMMR

g , 2}/(1 + min{βKMMR
g , 2}) > 1, Thus, we cannot en-

sure that Rn = op(n
−1/2) and thus, that θ̂KMMR is

√
n–consistent when, for instance,

βKMMR = 1 where βKMMR := max
{
βKMMR
h , βKMMR

g

}
.

In contrast, suppose that to estimate the solutions of equations (4.2) and (4.3) we use

KRAS estimators with the RKHSs in the inner maximization for the two estimation

problems having the same critical radius δn. Suppose that the minimum RKHS norm

solutions satisfy the β–source condition of Assumption 4.3 or Assumption 4.4 with

parameters βKRAS
h and βKRAS

g . Let θ̂KRAS be the DML estimator of θ0 using the optimal

choice of tuning parameters as given in Corollary 4.2. Then, using the bounds in that

corollary we can establish that Rn = op(n
−1/2) if

δ
1+

min{βKRAS,1}
1+min{βKRAS,1}

n = op(n
−1/2) (4.32)

where βKRAS := max{βKRASh , βKRASg }. As noted in Section 4.5, when the inner max-

imization RKHSs are Gaussian, condition (4.32) is always satisfied because δn =

O(
√
{log(n)/n}). When these are d-dimensional RKHSs with Sobolev kernels of order

ν = (l + d)/2 where l > d is a positive integer, then δn = O(n−ν/(2ν+d)), which yields

Rn = op(n
−1/2) whenever βKRAS ∈ (d/l, 1].

A rigorous comparison of the smoothness requirements under which the remainder Rn

is oP (n
−1/2) for θ̂KMMR and θ̂KRAS is not possible for the following reasons:

1. Qualitatively, we expect that a given βKRAS corresponds to a smaller βKMMR for

roughly the same smoothness of the minimal H–norm solution, though the exact

correspondence between the two parameters remains unknown.

2. The absence of sharp bounds on the weak error of the KMMR nuisance parameter
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estimators means that current error analysis for θ̂KMMR relies on bounding the

product of their RMSEs. In contrast, the analysis for θ̂KRAS relies on bounds

on the minimum of two terms, each being the product of the weak error of one

nuisance estimator and the RMSE of the other. Since weak errors are typically

much smaller than RMSEs, yet-unavailable sharper bounds on the weak error of

the KMMR nuisance estimators could potentially lead to a substantially different

error characterization for θ̂KMMR.

3. Beyond the lack of weak error bounds, it also remains an open question whether

existing RMSE bounds for KMMR estimators can be improved. This is because,

the current RMSE bounds, derived by Mastouri et al. (2021) and Park et al.

(2024), were obtained via an application of the Bennett–Bernstein inequality in

Hilbert spaces (Theorem 6.14 of Steinwart and Christmann (2008)), which pro-

vides a global bound that does not account for variation in the complexity of

the RKHS induced by different kernels. In contrast, following the approach of

Bennett et al. (2023b), we instead leveraged the critical radius—a localized mea-

sure of complexity—which enabled bounds that adapt to the effective size of the

RKHS. This raises the question of whether a similarly localized analysis could

yield sharper convergence rates for the RMSE of KMMR estimators.

4. All that said, we conjecture that no refinement of the current analysis will show

that θ̂KMMR estimators outperform θ̂KRAS estimators in terms of rates of conver-

gence of the remainder Rn, as the fundamental issue remains: KMMR estimators

target the solution of a more severely ill-posed problem, inherently limiting their

precision relative to KRAS estimators.
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4.7 Discussion

We have introduced a new theoretical framework for analyzing KRAS estimators arising

from an auto-DML scheme. Our analysis provides finite-sample bounds on both their weak

error and RMSE, under source conditions. A key strength of this framework is that it avoids

reliance on hard-to-quantify measures of ill-posedness and does not require the solution to

be unique. Several important directions for future research remain open.

First, our analysis has focused on single-step Tikhonov regularization. As indicated in

Section 4.6.1, we conjecture that under our source conditions it will be possible to derive

results for (adaptive and non-adaptive) iterated Tikhonov KRAS estimators, along the lines

of Bennett et al. (2023b).

Second, our current analysis of KRAS estimators—and of all RAS estimators for that

matter—relies on the closeness and boundedness condition in Assumption 4.5. It remains

an open question whether this Assumption can be relaxed, perhaps by exploiting part 2 of

Proposition 4.2.

Third, to our knowledge, the minimax optimality of LRAS estimators under source con-

ditions has not yet been established. Likewise, it would be important to investigate if KRAS

estimators are minimax optimal under our proposed source conditions.

Finally, while RAS estimators have gained popularity in recent years, the literature offers

little guidance on how to tune their hyperparameters in practice. When hyperparameter

selection strategies are discussed, they are often heuristic and lack theoretical guarantees.

Developing principled, data-driven methods for selecting regularization parameters—and

establishing their statistical properties—is a critical step toward making these estimators

truly practical.
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Appendix A

TECHNICAL DETAILS OF CHAPTER 2

A.1 Formulas for Unconditional and Conditional Power

Given that γ̂CP,H ∼ N (γCP,H , VCP,H) and γ̂XC ∼ N (γXC , VXC), the unconditional distribu-

tion of γ̂XC + (1− f)(1 + λ1)γ̂CP,H is

N
(
γXC + (1− f)(1 + λ1)γCP,H , VXC + (1− f)2(1 + λ1)

2VCP,H
)
.

Hence, the unconditional distribution of Tv,w,λ1,f,∆0 is

N
Ç
γXC + (1− f)(1 + λ1)γCP,H −∆0√

Ṽ
, σ2

å
,

where σ2 = [VXC + (1− f)2(1 + λ1)
2VCP,H ] /Ṽ and

Ṽ = VXC + 2vw(1− f)(1 + λ1)
√
VXCVCP,H + w2(1− f)2(1 + λ1)

2VCP,H .

Moreover, at the boundary of the operational null hypothesis (2.2), the distribution of

Tv,w,λ1,f,∆0 has mean zero for synthesis methods (v = 0) and mean −Z1−θ

»
VCP,H

Ṽ
for fixed-

margin methods (v = 1).

Next, the unconditional power of Tv,w,λ1,f,∆0 to reject the scientific null hypothesis (2.1)

when the experimental intervention has an effect size γXP is

P (Tv,w,λ1,f,∆0 < −Z1−α) = P

®
γ̂XC + (1− f)(1 + λ1)γ̂CP,H −∆0√

Ṽ
< −Z1−α

´
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= P
{
γ̂XC + (1− f)(1 + λ1)γ̂CP,H < ∆0 − Z1−α

√
Ṽ
}

(i)
= P

{
Z <

∆0 − (1− f)(1 + λ1)γCP,H − γXC − Z1−α

√
Ṽ√

VXC + (1− f)2(1 + λ1)2VCP,H

}

= Φ

(
∆0 − (1− f)(1 + λ1)γCP,H − γXC − Z1−α

√
Ṽ√

VXC + (1− f)2(1 + λ1)2VCP,H

)
(ii)
= Φ

(
∆0 + {(1 + λ0)− (1− f)(1 + λ1)}γCP,H − γXP − Z1−α

√
Ṽ√

VXC + (1− f)2(1 + λ1)2VCP,H

)
,

where in the step (i) we first subtracted γXC + (1 − f)(1 + λ1)γCP,H and then divide by√
VXC + (1− f)2(1 + λ1)2VCP,H in both sides, and in (ii) we used that γXC = γXP − γCP =

γXP − (1 + λ0)γCP,H .

In contrast, conditioning on the historical data, the conditional power of Tv,w,λ1,f,∆0 to

reject the scientific null hypothesis (2.1) when the experimental intervention has an effect

size γXP is

P (Tv,w,λ1,f,∆0 < −Z1−α)

= P

®
γ̂XC + (1− f)(1 + λ1)γ̂CP,H −∆0√

Ṽ
< −Z1−α

´
= P

{
Z <

∆0 − (1− f)(1 + λ1)γ̂CP,H − γXC − Z1−α

√
Ṽ√

VXC

}

= Φ

(
∆0 − (1− f)(1 + λ1)γ̂CP,H − γXC − Z1−α

√
Ṽ√

VXC

)

= Φ

(
∆0 + {(1 + λ0)− (1− f)(1 + λ1)}γ̂CP,H − γXP − Z1−α

√
Ṽ√

VXC

)
,

where in the last step, we used the relationship γXC = γXP − γCP = γXP − (1 + λ0)γCP,H

along with the assumption that γCP,H = γ̂CP,H . This equality is justified since we treat γ̂CP,H

as fixed and its mean is equal to γCP,H .
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For fixed-margin methods, where v = 0, w = Z1−θ

Z1−α
, and λ1 = 0, it follows that

√
Ṽ =

√
VXC + Z1−θ

Z1−α
(1− f)

√
VCP,H . Hence, the previous expression can be simplified as follows:

Φ

(
∆0 − (1− f)γ̂CP,H − γXC − Z1−α

√
Ṽ√

VXC

)

= Φ

Ç
∆0 − (1− f)

{
γ̂CP,H + Z1−θ

√
VCP,H

}
− γXC√

VXC
− Z1−α

å
= Φ

Å
−Z1−α +

δ − γXC√
VXC

ã
,

where δ is the success margin defined in (2.11). This expression is commonly used to compute

the required precision, VXC , of the relative effect of experimental versus active control inter-

vention that ensures adequate conditional power and type I error control under constancy.

A.2 Detectable Design Alternatives and Maximum Unconditional Power

Define x :=
√
VXC , a = ∆0+ {(1 + λ0)− (1− f)(1 + λ1)} γCP,H − γXP , and ε := (1− f)(1+

λ1)
√
VCP,H . For ε > 0, x > 0, and v, w ≥ 0, it follows that wε <

√
x2 + 2vwεx+ w2ε2.

Thus, if a− wεZ1−α ≤ 0, we have

a− Z1−α
√
x2 + 2vwεx+ w2ε2 < a− wεZ1−α ≤ 0 ∀x > 0,

implying that both conditional and unconditional powers are less than 0.5. Conversely, for

any v ∈ [0, 1] and x > 0, the following holds:

a− Z1−α
√
x2 + 2vwεx+ w2ε2

x
=
a

x
− Z1−α

…
1 +

2vwε

x
+
w2ε2

x2

≥ a

x
− Z1−α

(
1 +

wε

x

)
= −Z1−α +

a− wεZ1−α

x
.
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Therefore, if a− wεZ1−α > 0, this expression can be made arbitrarily positive by an appro-

priate choice of x. Consequently, conditional power can exceed 0.5, meaning that to detect

a design alternative with 50% or greater conditional power, the inequality a − wεZ1−α > 0

must hold. This condition is equivalent to γXP being less than

∆0 + (1 + λ0)γCP,H − (1− f)(1 + λ1)
¶
γCP,H + wZ1−α

√
VCP,H

©
.

Additionally, for any x > 0, it holds that ε <
√
x2 + ε2, which implies that

a− Z1−α
√
x2 + 2vwεx+ w2ε2√
x2 + ε2

<
a− wεZ1−α

ε
.

Thus, the unconditional power is bounded above by Φ
Ä
a−wεZ1−α

ε

ä
. Expressing this bound in

terms of the original parameters yields

Φ

Ç
−wZ1−α +

∆0 + {(1 + λ0)− (1− f)(1 + λ1)} γCP,H − γXP

(1− f)(1 + λ1)
√
VCP,H

å
.

Finally, to detect a design alternative with an unconditional power of (1− β), the following

condition must be satisfied:

a− wεZ1−α

ε
> Z1−β,

which is equivalent to γXP being less than

∆0 + (1 + λ0)γCP,H − (1− f)(1 + λ1)
¶
γCP,H + (wZ1−α + Z1−β)

√
VCP,H

©
.
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A.3 Acceptable Assumed Level of Non-Constancy and Tolerable Level of Non-
Constancy

To ensure that the unconditional type I error remains below 0.5, the numerator in expression

(2.6) must be negative. This leads to the requirement (1− f)(λ0−λ1)γCP,H −Z1−α

√
Ṽ < 0.

Given that VXC could take any positive value, we want the inequality above to hold for all

VXC > 0. This condition is satisfied if

(1− f)(λ0 − λ1)γCP,H ≤ w(1 + λ1)(1− f)Z1−α
√
VCP,H (A.1)

If λ1 ≤ λ0, the inequality (A.1) always hold. On the other hand, when λ1 > λ0, assuming

that γCP,H + wZ1−α
√
VCP,H < 0, (A.1) holds if

λ1 ≤ λ0 −
(1 + λ0)wZ1−α

√
VCP,H

γCP,H + wZ1−α
√
VCP,H

.

The assumption that γCP,H + wZ1−α
√
VCP,H < 0 is reasonable given that the active con-

trol was effective in the historical setting. Specifically, if γCP,H = γ̂CP,H , then γCP,H +

wZ1−α
√
VCP,H < 0 represents the upper bound of a confidence interval for γCP,H , which we

expect to lie below zero.

To quantify the level of non-constancy that a given method in the general framework

properly accommodates, we solve the following inequality for λ0:

(1− f)(λ0 − λ1)γCP,H − Z1−α

√
Ṽ»

VXC + (1− f)2 (1 + λ1)
2 VCP,H

≤ −Z1−α.

Given that γCP,H < 0, the solution to this inequality yields λ0 ≥ λ0,min, where

λ0,min := λ1 +

√
Ṽ −

√
VXC + (1− f)2(1 + λ1)2VCP,H

(1− f)γCP,H
Z1−α.
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This value, λ0,min, defines the tolerable level of non-constancy.

For the bias-adjusted synthesis method,
√
Ṽ =

√
VXC + (1− f)2(1 + λ1)2VCP,H . In this

case, λ0,min = λ1. For the Odem-Davis method, we find that

√
Ṽ =

»
VXC + (1− f)2VCP,H >

»
VXC + (1− f)2(1 + λ1)2VCP,H

for any λ1 ∈ (−1, 0). Therefore, since γCP,H is negative, it follows that λ0,min < λ1.

For the fixed-margin method, where λ1 = 0 and
√
Ṽ =

√
VXC + Z1−θ

Z1−α
(1− f)

√
VCP,H , we

obtain

λ0,min =

√
VXC + Z1−θ

Z1−α
(1− f)

√
VCP,H −

√
VXC + (1− f)2VCP,H

(1− f)γCP,H
Z1−α. (A.2)

Since γCP,H is assumed to be negative, the right hand side of (A.2) is negative for the 95-95

method (with θ = α = 0.025), indicating that λ0,min < 0. In contrast, for the 0-95 method

(where Z1−θ = 0), the right hand side of (A.2) becomes positive, resulting in λ0,min > 0.
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Appendix B

SUPPLEMENTARY MATERIAL OF CHAPTER 3

B.1 Proximal Identification and Estimation in a potentially restricted popu-
lation

Throughout we let P denote the distribution of O = (L,Z,W,A, Y ). The symbol E stands for

expectation under P . In this Appendix we extend the identifiability results and estimators

in Chapter 3 to target estimands of the form

ψ0 = E [Y {q (A,L)} |(A,L) ∈ S] , (B.1)

where q : supp (A,L) 7→ R is a specified map and S is a specified subset of supp (A,L)

such that P {(A,L) ∈ S} > 0 and that for every (a, l) ∈ S, (q(a, l), l) belongs to supp(A,L).

Of course, the estimands studied in Chapter 3 are also of the form (B.1) but with S =

supp (A,L).

Note that the target estimand in Example 1 of Chapter 3 is of this form where q(a, l) = a+

δ and S = {(a, l) : l ∈ supp(L), a ∈ [c(l), d(l)− δ]}. However, subpopulations {O : (A,L) ∈ S ′},

where S ′ is a strict subset of S, may also be of interest, particularly for comparing the coun-

terfactual MTP mean across different policies within a common population {O : (A,L) ∈ S ′}.

B.1.1 Proximal Identifying Assumptions

For each l ∈ supp (L), define S(l) := {a ∈ supp (A) : (a, l) ∈ S}.

Assumption B.1 (Consistency). Y (A) = Y .
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Assumption B.2 (Randomization of policy related populations). For all (a, l, u) ∈ supp(A,L, U)

such that x ∈ S(l) and a′ = q(a, l), the conditional distribution of Y (a′)|A = a, L = l, U = u

is equal to the conditional distribution of Y (a′)|A = a′, L = l, U = u.

Assumption B.3 (Common support). For all (l, u) ∈ supp (L,U), supp (A|L = l, U = u) =

supp (A|L = l).

Assumption B.4 (Negative control treatment). Z⊥Y |A,L, U .

Assumption B.5 (Negative control outcome). (A,Z)⊥W |U,L.

Assumption B.6 (Monotone and smooth policy). For each l ∈ supp (L), the map q(·, l) :

S(l) 7→ supp (A) is strictly monotone and differentiable almost everywhere with respect to

the distribution of A given L = l.

Assumption B.6 ensures that, for each l ∈ supp (L), the policy map q : a 7→ q(a, l) has

an inverse q−1 : q (S(l), l) 7→ S(l) that is well-defined and almost everywhere differentiable

with respect to the distribution of A given L = l.

Assumption B.7 (Existence of latent outcome bridge and observed treatment bridge functions).

i) There exists h0 ∈ L2(A,L,W ), hereafter called “latent outcome bridge function”, solv-

ing for all (a, l, u) ∈ supp (A,L, U) such that a ∈ S(l)∪ q (S(l), l), the integral equation

E (Y |A = a, L = l, U = u) =

∫
h (a, l, w) pW |A,L,U (w|a, l, u) dw. (B.2)

ii) There exists g0 ∈ L2(A,L, Z), hereafter called “observed treatment bridge function”,

satisfying g0(a, l, z) = 0 if a ∈ S(l)− q (S(l), l) and such that at every a ∈ q (S(l), l) at
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which the map a′ 7→ q−1(a′, l) is differentiable at a′ = a, g0 solves the integral equation

α0 (a, l, w) =

∫
g (a, l, z) pZ|A,L,W (z|a, l, w) dz, (B.3)

where

α0 (a, l, w) := Iq(a, l) ·
dq−1(a, l)

da

pA|L,W {q−1 (a, l) |l, w}
pA|L,W (a|l, w)

and Iq(a, l) := {a ∈ q (S(l), l)}.

Assumption B.8 (Existence of latent treatment bridge and observed outcome bridge functions).

i) There exists g0 ∈ L2(A,L, Z), hereafter called “latent treatment bridge function”, sat-

isfying g0(a, l, z) = 0 if a ∈ S(l) − q (S(l), l) and such that at every a ∈ q (S(l), l) at

which the map a′ 7→ q−1(a′, l) is differentiable at a′ = a, g0 solves the integral equation

α0 (a, l, u) =

∫
g (a, l, z) pZ|A,L,U (z|a, l, u) dz, (B.4)

where

α0 (a, l, u) := Iq(a, l)
dq−1(a, l)

da

pA|L,U {q−1 (a, l) |l, u}
pA|L,U (a|l, u)

ii) There exists h0 ∈ L2(A,L,W ), hereafter called “observed outcome bridge function”,

solving for all (a, l, w) ∈ supp (A,L,W ) such that a ∈ S(l) ∪ q (S(l), l), the integral

equation

E (Y |A = a, L = l, Z = z) =

∫
h (a, l, w) pW |A,L,Z (w|a, l, z) dw. (B.5)
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B.1.2 Conditions for Existence of the Latent Bridge Functions

We consider first sufficient conditions for the existence of solutions to equations (B.2) and (B.4)

when the variables Z,W , and U are discrete and take values in finite sets. For equation (B.2),

sufficient conditions were discussed in Miao et al. (2018); Tchetgen et al. (2020), and Shi

et al. (2020). For equation (B.4), conditions can be derived by mimicking the analysis given

in Cui et al. (2024) and Kallus et al. (2021) for the existence of solutions to the treatment

bridge equations corresponding to the average treatment effect (ATE) and generalized ATE

respectively. Here, we review these analyses.

Suppose thatW , Z, and U take a finite number of values, denoted by wi, zj, and uk for i =

1, . . . , nW , j = 1, . . . , nZ , and k = 1, . . . , nU , respectively. For any (a, l, u) ∈ supp (A,L, U)

such that a ∈ S(l) ∪ q(S(l), l), let P (W|U, a, l) denote the nW × nU matrix whose (i, k)-

entry is P (W = wi|U = uk, A = a, L = l). Similarly, let P (Z|U, a, l) be the nZ × nU matrix

with (j, k)-entry P (Z = zj|U = uk, A = a, L = l). Define r0(a, l,U) and a0(a, l,U) as

the nU -dimensional column vectors whose k-th entries are E (Y |A = a, L = l, U = uk) and

α0(a, l, uk), respectively. With this notation, the outcome bridge equation (B.2) is:

r0(a, l,U) = P (W|U, a, l)T h(a, l,W),

and the treatment bridge equation (B.4) is

a0(a, l,U) = P (Z|U, a, l)T g(a, l,Z).

It follows that a solution to equation (B.2) exists if only if r0(a, l,U) lies in the vector

space spanned by the row vectors of P (W|U, a, l). Likewise, a solution to equation (B.4)

exists if and a0(a, l,U) is in the vector space spanned by the rows of P (Z|U, a, l). If nW ≥
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nU (nZ ≥ nU) and the matrix P (W|U, a, l) (P (Z|U, a, l)) is of full row order, then the

solution to the outcome bridge equation (B.2) (treatment bridge equation (B.4)) always

exists. If nW > nU then equation (B.2) may have many solutions. Likewise, if nZ > nU then

equation (B.4) may have many solutions.

WhenW , Z, and U are continuous, as noted in Miao et al. (2018) and Cui et al. (2024), we

can deduce sufficient conditions for the existence of solutions to equations (B.2) by invoking

Picard’s theorem (Theorem 15.18 in Kress (2014)). Specifically, equation (B.2) can be written

as

T W
a,l h(a, l, U) = E(Y |A = a, L = l, U), (B.6)

where for each (a, l) ∈ supp (A,L), we let T W
a,l : L2(W |A = a, L = l) 7→ L2(U |A = a, L = l)

denote the conditional expectation operator defined by T W
a,l h(a, l, U) := E{h(A,L,W )|A =

a, L = l, U} and throughout we assume that E(Y |A = a, L = l, U) ∈ L2(U |A = a, L = l).

Then, equation (B.6) has a solution if and only if E(Y |A = a, L = l, U) lies in the range

of the, continuous and linear, operator T W
a,l . Now, the closure of the range of a continuous

and linear operator is equal to the orthogonal complement of the null space of the adjoint

of the operator. For T W
a,l , its adjoint is the operator T U

a,l : L2(U |A = a, L = l) 7→ L2(W |A =

a, L = l) defined as T U
a,lg(a, l, w) := E{g(A,L, U)|A = a, L = l,W = w}, whose kernel is

{η(a, l, U) : E[η(A,L, U)|A = a, L = l,W ] = 0}. Thus, in particular, the closure of the range

of the operator T W
a,l equals L2(U |A = a, L = l) if and only if kernel of T U

a,l is the set {0},

equivalently, if and only if

η(a, l, U = u) = 0 ∀u whenever E {η(A,L, U)|A = a, L = l,W = w} = 0 ∀w. (B.7)

Condition (B.7) is the completeness condition discussed in Chapter 3. So, we conclude

that the completeness condition ensures that the closure of the range of the operator T W
a,l
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is the entire space L2(U |A = a, L = l). However, this is not sufficient to ensure that

E {Y |A = a, L = l, U} is in the range of T W
a,l , as it may fall in the boundary of the range.

Picard’s Theorem provides a sufficient condition for a given element of L2(U |A = a, L = l),

in our case E {Y |A = a, L = l, U}, to not fall in the boundary, provided the operator T W
a,l is

compact. Compactness of T W
a,l holds under the regularity condition that (see Examples 2.2

and 2.3 in Carrasco et al. (2007)):

∫∫
pW |A,L,U(w|a, l, u)pU |A,L,W (u|a, l, w)dwdu <∞. (B.8)

Under (B.8), the operator T W
a,l admits a singular value decomposition (σa,l,j, φa,l,j, ϕa,l,j)

∞
j=1

(see Theorem 15.16 in Kress (2014)). Under completeness and compactness, Piccard’s suffi-

cient condition for E {Y |A = a, L = l, U} to fall outside the boundary of the range of T W
a,l

is
∞∑
j=1

σ−2
a,l,j

ß∫
E(Y |A = a, L = l, U = u)ϕa,l,j(a, l, u)pU |A,L(u|a, l)du

™2

<∞. (B.9)

Thus, we conclude that the completeness condition (B.7) together with the regularity

conditions (B.8) and (B.9) suffice for equation (B.6) to have a solution.

Likewise, we can invoke Picard’s theorem to derive sufficient conditions for the existence

of a solution to equation (3.3). These are the completeness condition

η(a, l, U = u) = 0 ∀u whenever E {η(A,L, U)|A = a, L = l, Z = z} = 0 ∀z

and the regularity conditions

∫∫
pZ|A,L,U(Z|a, l, u)pU |A,L,Z(u|a, l, z)dzdu <∞,
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and
∞∑
j=1

σ̃−2
a,l,j

ß∫
α0(a, l, u)ϕ̃a,l,j(a, l, u)pU |A,L(u|a, l)du

™2

<∞,

where (σ̃a,l,j, φ̃a,l,j, ϕ̃a,l,j)
∞
j=1 is the singular value decomposition of the compact operator

T Z
a,l : L2(Z|A = a, L = l) 7→ L2(U |A = a, L = l) defined as

T Z
a,lg(a, l, U) := E {g(A,L, Z)|A = a, L = l, U} .

B.1.3 Proximal Identification Results

Next, we extend the identification result in Chapter 3 for the counterfactual MTP mean

within the population {O : (A,L) ∈ S}. Define

ϕ(O;h, g) := h {q (A,L) , L,W} · I {(A,L) ∈ S}+ g(A,L, Z) {Y − h(A,L,W )} . (B.10)

Theorem B.1. Suppose Assumptions B.1–B.6 hold. If, in addition, either Assumption B.7

holds or Assumption B.8 holds, then ψ0 is identified by the observed data and it satisfies all

of the following:

ψ0 =
E [h0 {q (A,L) , L,W} · I {(A,L) ∈ S}]

P {(A,L) ∈ S}
(B.11)

=
E {Y g0 (A,L, Z)}
P {(A,L) ∈ S}

(B.12)

=
E
{
ϕ(O;h†, g†)

}
P {(A,L) ∈ S}

where h0 is an observed outcome bridge function, g0 is an observed treatment bridge function

and, either h† is an observed outcome bridge function or g† is an observed treatment bridge

function but not necessarily both functions are observed bridge functions.
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Theorem B.1 offers a slight weakening of the conditions for the outcome regression rep-

resentation (B.11) of the preceding theorem that would follow if one were to apply the

identification strategy in Kallus et al. (2021) to our target parameter ψ0. Specifically, fol-

lowing the identification analysis in Kallus et al. (2021) we arrive at the conclusion that the

representation holds under Assumption B.7. Theorem B.1 establishes that this representa-

tion is valid even when Assumption B.7 fails as long as Assumption B.8 holds. Likewise, for

the representation (B.12), Theorem B.1 establishes its validity even if Assumption B.8 fails,

provided that Assumption B.7 holds.

B.1.4 Estimation

The estimator ψ̂DRCF of Chapter 3 extends to the following estimator for the target parameter

defined in (B.1) of this Appendix:

ψ̂DRCF :=

∑K
k=1

∑
i:Oi∈Ik ϕ

¶
Oi; ĥ

(−k), ĝ(−k)
©∑n

i=1 I {(Ai, Li) ∈ S}
.

where ĥ(−k) and ĝ(−k) are defined as in Chapter 3 except that their computation is restricted

to the units in all the sample but sample Ik and that satisfy that (A,L) ∈ S.

Note that when S = supp (A,L), i.e., when I {(A,L) ∈ S} ≡ 1, this estimator ψ̂DRCF

coincides with the estimator proposed in Chapter 3.

The following theorem extends the Theorem 3.3 in Chapter 3.

Theorem B.2. Suppose that the Assumptions of Theorem B.1 hold. Let h0 and g0 de-

note observed outcome and treatment bridge functions respectively. If for some B > 0,

|α0(A,L,W )| ≤ B, |Y | ≤ B and for each k, ∥ĥ(−k)−h0∥2 = op(1), ∥ĝ(−k)− g0∥2 = op(1) and

either ∥h0∥∞ + ∥ĝ(−k)∥∞ ≤ B or ∥ĥ(−k)∥∞ + ∥g0∥∞ ≤ B for some B, then the estimator
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ψ̂DRCF satisfies

√
n
¶
ψ̂DRCF − ψ0

©
=

√
nEn

[
p−1
0 ϕ(O;h0, g0)− ψ0p

−1
0 I {(A,L) ∈ S}

]
+
√
nRn + op(1).

where Rn = p−1
0

∑K
k=1

nk

n

∫
{ĥ(−k)(a, l, w)−h0(a, l, w)}{g0(a, l, z)− ĝ(−k)(a, l, z)}dP (a, l, w, z)

with p0 := P {(A,L) ∈ S} and nk denoting the cardinality of Ik. In particular, if Rn =

op
(
n−1/2

)
and E {ϕ(O;h0, g0)2} <∞, then

√
n
¶
ψ̂DRCF − ψ0

©
d−→ N (0, τ 2),

where τ 2 = E
{î

ϕ(O;h0,g0)
P{(A,L)∈S} − ψ0

I{(A,L)∈S}
P{(A,L)∈S}

ó2}
.

B.2 Estimation of the Bridge Functions

The estimators for the bridge functions introduced in Section 3.4.1 correspond to the ker-

nel regularized adversarial stabilized (KRAS) estimators proposed by Dikkala et al. (2020);

Ghassami et al. (2022), and further studied in Chapter 4. We assume that the observed

bridge equations (B.5) and (B.3) admit solutions within the RKHSs used for estimation, and

let h0 and g0 denote the corresponding solutions with minimum RKHS norm. Under this

assumption, and under additional regularity conditions on the RKHSs—most of which are

automatically satisfied by the RKHSs we use—Theorems 4.4 and 4.5 of Chapter 4 establish

upper bounds on the root-mean-squared errors ∥ĥ−h0∥2 and ∥ĝ−g0∥2, as well as on the weak

errors ∥E{ĥ(A,L,W )− h0(A,L,W )|A,L, Z}∥2 and ∥E{ĝ(A,L, Z)− g0(A,L, Z)|A,L,W}∥2.

These rates hold under a source condition that imposes a smoothness constraint on h0 and

g0 tailored to the geometry of the RKHSs H and G. The only assumption not automatically

guaranteed by our setting—beyond the smoothness conditions imposed on h0 and g0—is

the local closedness and boundedness condition on the RKHSs involved in the inner and
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outer maximization problems, which ensures the conditional expectation operator behaves

regularly when restricted to bounded subsets. We make this assumption here to apply the

theoretical results from Chapter 4. See Chapter 4 for further discussion.

In particular, when h0 and g0 belong to Gaussian RKHS or to Sobolev RKHSs of suf-

ficiently high order, the corresponding estimators ĥ and ĝ are norm-consistent and attain

convergence rates such that the product of the weak error of one estimator and the root-mean-

squared error of the other is op(n
−1/2), thereby satisfying the conditions of Theorem B.2.

B.2.1 Estimators Using Reproducing Kernel Hilbert Spaces

In this section, we derive closed-form expressions for the estimators of the bridge functions

using reproducing kernel Hilbert spaces. Recall that the estimator ĥ for h0 is defined as the

solution to the regularized minimax problem

ĥ = arg min
h∈HB

max
g∈G′

En
[
g(A,L, Z) {Y − h(A,L,W )} − g(A,L, Z)2

]
− λG′∥g∥G′ + λH∥h∥2H.

Importantly, to satisfy the assumptions required by Theorems 4.4 and 4.5 of Chapter 4, we

restrict the outer optimization to the class HB := {h ∈ H : ∥h∥H ≤ B}, where B is a

sufficiently large constant chosen so that ∥h0∥H < B.

We begin by analyzing the inner maximization. Specifically, for any function h ∈ H, we

show that the inner problem satisfies

max
g∈G′

En
[
g(A,L, Z) {Y − h(A,L,W )} − g(A,L, Z)2

]
− λG′∥g∥2G′ (B.13)

=
1

4
{ξn(h)}T

ï
1

n
KG′,n + λG′In

ò−1

KG′,n ξn(h),

where KG′,n is the n× n matrix with (i, j)-th entry given by KG′ {(Ai, Li, Zi), (Aj, Lj, Zj)},
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ξn(h) :=
1
n

î‹Yn − h̃n
ó
, ‹Yn = (Y1, . . . , Yn)

T and h̃n = [h(A1, L1,W1), . . . , h(An, Ln,Wn)]
T .

By the generalized representer theorem (see Schölkopf et al. (2001)), the solution to the

maximization problem (B.13) has the form

g(a, l, z) =
n∑
j=1

αjKG′{(a, l, z), (Aj, Lj, Zj)},

where α = (α1, . . . , αn)
T ∈ Rn. This result ensures that the solution is fully characterized by

the observed data through the kernel evaluations. For i = 1, . . . , n, we can write g(Ai, Li, Zi)

as:

g(Ai, Li, Zi) = eTi KG,nα

where ei is the i-th standard basis vector in Rn. Using this representation, the terms in (B.13)

evaluated at functions g as in the last display, can be written as follows:

En [Y g(A,L, Z)] =
1

n

n∑
i=1

Yie
T
i KG′,nα =

1

n
‹Y T
n KG′,nα,

En [g(A,L, Z)h(A,L,W )] =
1

n

n∑
i=1

h(Xi, Li,Wi)e
T
i KG′,nα =

1

n
h̃TnKG′,nα,

En
[
g(A,L, Z)2

]
=

1

n

n∑
i=1

[
αTKG′,neie

T
i KG′,nα

]
=

1

n
αTK2

G′,nα,

∥g∥2G′ =
n∑
i=1

n∑
j=1

αiαjKG′{(Ai, Li, Zi), (Aj, Lj, Zj)} = αTKG′,nα.

Substituting these expressions into (B.13), we obtain

En
[
g(A,L, Z) {Y − h(A,L,W )} − g(A,L, Z)2

]
− λG′∥g∥2G′

=
1

n
αTKG′,n

î‹Yn − h̃n
ó
− αT

ï
1

n
K2

G′,n + λG′KG′,n

ò
α.
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This is a concave quadratic function of α with a unique maximizer, equal to

α∗ =
1

2n

ï
1

n
KG′,n + λG′In

ò−1 î‹Yn − h̃n
ó
.

which can be derived by taking the derivative of the quadratic function with respect to α

and setting it to zero. We then arrive at

max
g∈G′

En
[
g(A,L, Z) {Y − h(A,L,W )} − g(A,L, Z)2

]
− λG′∥g∥2G′

=
1

2n2

î‹Yn − h̃n
óT ï 1

n
KG′,n + λG′In

ò−1

KG′,n

î‹Yn − h̃
ó

− 1

4n2

®ï
1

n
KG′,n + λG′In

ò−1 î‹Yn − h̃n
ó´T

KG′,n

î‹Yn − h̃n
ó

= {ξn(h)}T ΓG′KG′,n {ξn(h)} ,

with ΓG′ = 1
4

[
1
n
KG′,n + λG′In

]−1
.

The original optimization problem in h reduces to the following:

ĥ = arg min
h∈HB

{ξn(h)}T ΓG′KG′,n {ξn(h)}+ λH∥h∥2H.

By the representer theorem, the solution to this minimization problem takes the form

ĥ(a, l, w) =
n∑
j=1

γjKH{(a, l, w), (Aj, Lj,Wj)},

where γ = (γ1, . . . , γn)
T is the coefficient vector to be determined. Substituting this repre-

sentation into the objective function, we obtain:

1

n2
‹Y T
n ΓG′KG′,n

‹Yn − 2

n2
γTKH,nΓG′KG′,n

‹Yn + γT
ï
1

n2
KH,nΓG′KG′,nKH,n + λHKH,n

ò
γ.
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where KH,n is the n× n matrix with (i, j)-th entry given by KH {(Ai, Li,Wi), (Aj, Lj,Wj)}.

This is a convex quadratic function of γ, whose unique minimizer—found by solving the first

order equation—is

γ∗ =
(
ΓG′KG′,nKH,n + n2λHIn

)−1
ΓG′KG′,n

‹Yn.
It remains to ensure that ∥ĥ∥H ≤ B for some pre-specified B. If (γ∗)T KH,nγ

∗ ≤ B2, the

condition is satisfied. Otherwise, by Exercise 4.22 of Boyd (2004), the optimal γ∗ is given by

γ∗ =

Å
P +

ũ

B2
KH,n

ã−1

q̃,

where P = 1
n2KH,nΓG′KG′,nKH,n + λHKH,n, q̃ = 1

n2KH,nΓG′KG′,n
‹Yn, and ũ is the largest

solution to the nonlinear equation:

q̃TK
−1/2
H,n

(
K

−1/2
H,n PK

−1/2
H,n +

u

B2
In

)−2

K
−1/2
H,n q̃ = B2.

We now derive the closed-form expression of the estimator ĝ for g0. Recall that

ĝ(a, l, z) = Iq(a, l) · g̃(a, l, z),

where g̃ is the solution to the regularized minimax problem

g̃ = arg min
g∈GB

max
h∈H′

En
[
h {q(A,L), L,W} I {(A,L) ∈ S} − Iq(A,L)h(A,L,W )g(A,L, Z)

− Iq(A,L)h(A,L,W )2
]
− λH′∥h∥H′ + λG∥g∥|2G.

We first show that for any g ∈ G, the inner maximization satisfies

max
h∈H′

En
[
h {q(A,L), L,W} I {(A,L) ∈ S} − Iq(X,L)h(A,L,W )g(A,L, Z)
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− Iq(A,L)h(A,L,W )2
]
− λH′∥h∥H′ (B.14)

=
1

4
{ζn(g)}T

ï
1

n
KH′,nRnKH′,n + λH′KH′,n

ò−1

{ζn(g)} ,

where KH′,n is the n×n matrix with (i, j)-th entry equal to KH′ {(Ai, Li,Wi), (Aj, Lj,Wj)},

ζn(g) := 1
n

î‹KT
H,nd̃n −KH′,nRng̃n

ó
, d̃n is the vector with entries di = I {(Ai, Li) ∈ S} for

i = 1, . . . , n, g̃n = [g(A1, L1, Z1), . . . , g(An, Ln, Zn)]
T , Rn is the diagonal matrix with diagonal

values ri = Iq(Ai, Li) for i = 1, . . . , n, and ‹KH′,n is the n×n matrix with (i, j)-th entry given

by KH′{(q(Ai, Li), Li,Wi), (Aj, Lj,Wj)}.

By the generalized representer theorem, the maximizer of the optimization problem (B.14)

has the form

h(a, l, w) =
n∑
j=1

αjKH′{(a, l, w), (Aj, Lj,Wj)},

where α = (α1, . . . , αn)
T ∈ Rn. The terms in the optimization problem can be expressed as

follows:

En [h {q(A,L), L,W} I {(A,L) ∈ S}] = 1

n

n∑
i=1

di‹KH′,nα =
1

n
d̃Tn
‹KH′,nα,

En [Iq(A,L)h(A,L,W )g(A,L, Z)] =
1

n

n∑
i=1

g(Ai, Li, Ai)rie
T
i KH′,nα =

1

n
g̃TnRnKH′,nα,

En
[
Iq(A,L)h(A,L,W )2

]
=

1

n

n∑
i=1

[
αTKH′,neirie

T
i KH′,nα

]
=

1

n
αTKH′,nRnKH′,nα,

∥h∥2H′ = αTKH′,nα.

Substituting these expressions into (B.14), we have

max
h∈H′

En
[
h {q(A,L), L,W} I {(A,L) ∈ S} − Iq(A,L)h(A,L,W )g(A,L, Z)

− Iq(A,L)h(A,L,W )2
]
− λH′∥h∥H′
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=
1

n
αT
î‹KT

H′,nd̃n −KH′,nRng̃n
ó
− αT

ï
1

n
KH′,nRnKH′,n + λH′KH′,n

ò
α.

The solution to this optimization problem is

α∗ =
1

2n

ï
1

n
KH′,nRnKH′,n + λH′KH′,n

ò−1 î‹KT
H′,nd̃n − ‹KH′,nRng̃n

ó
.

Hence, we obtain that

max
h∈H′

En
[
h {q(A,L), L,W} I {(A,L) ∈ S} − Iq(A,L)h(A,L,W )g(A,L, Z)

− Iq(A,L)h(A,L,W )2
]
− λH′∥h∥H′

=
1

4n2

î‹KT
H′,nd̃n −KH′,nRng̃n

óT ï 1
n
KH′,nRnKH′,n + λH′KH′,n

ò−1 î‹KT
H′,nd̃n −KH′,nRng̃n

ó
=

1

4
{ζn(g)}T

ï
1

n
KH′,nRnKH′,n + λH′KH′,n

ò−1

{ζn(g)} .

The original optimization problem simplifies to:

g̃ = argmin
g∈G

1

4
{ζn(g)}T

ï
1

n
KH′,nRnKH′,n + λH′KH′,n

ò−1

{ζn(g)}+ λH∥h∥2H.

By the representer theorem, the solution to this optimization problem has the form

g̃(a, l, z) =
n∑
j=1

θjKG((a, l, z), (Aj, Lj, Zj)),

where θ = (θ1, . . . , θn)
T ∈ Rn is the vector of coefficients to be determined. Let ΓH′ =

1
4

[
1
n
KH′,nRn + λH′In

]−1
. Substituting the representation of g̃ into the objective function,
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the objective becomes

1

4n2
d̃Tn
‹KH′,n

ï
1

n
KH′,nRnKH′,n + λH′KH′,n

ò−1

KT
H′,nd̃n

− 2

n2
θTKG,nRnΓH′‹KT

H′,nd̃n + θT
ï
1

n2
KG,nRnΓH′KH′,nRnKG,n + λGKG,n

ò
θ,

where KG,n is the n × n matrix with (i, j)-th entry equal to KG {(Ai, Li, Zi), (Aj, Lj, Zj)}.

This unique solution to this convex quadratic function of θ is:

θ∗ =
(
RnΓH′KH′,nRnKG,n + n2λGIn

)−1
RnΓH′‹KT

H′,nd̃n.

If (θ∗)T KG,nθ
∗ ≤ B2 for some pre-specified B, it follows that ∥g̃∥G ≤ B. If (θ∗)T KG,nθ

∗ >

B2, the optimal θ∗ ensuring ∥g̃∥G ≤ B is given by

θ∗ =

Å
P +

ũ

B2
KG,n

ã−1

q̃,

where P = 1
n2KG,nRnΓH′KH′,nRnKG,n + λGKG,n, q̃ = 1

n2KG,nRnΓH′‹KT
H′,nd̃n, and ũ is the

largest solution to the nonlinear equation

q̃TK
−1/2
G,n

(
K

−1/2
G,n PK

−1/2
G,n +

u

B2
In

)−2

K
−1/2
G,n q̃ = B2.

B.2.2 Estimators Accounting for Two-Phase Sampling

In the ENSEMBLE trial, the exposure—neutralizing antibody levels (A)—was measured

only on a subset of study participants. For these participants, A was obtained by thawing

and analyzing, at the end of follow-up, previously frozen blood samples. Subjects were

selected to have A measured based on specified probabilities that depended on the outcome

Y and a vector of measured baseline covariates V that included some of the variables in L.
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Letting ∆i denote the indicator that subject i is selected to have Ai measured, we then

have that the observed data are n i.i.d. copies of the vector (∆A,L, V, Z,W, Y ). By design,

the missingness probabilities satsify

P (∆ = 1|A, V, L, Y, Z,W ) = P (∆ = 1|V ). (B.15)

Then, letting S := P (∆ = 1|V )−1, and with ϕ(O;h, g) defined in (B.10) where, recall O :=

(A,L, Z,W, Y ), we have that under the assumptions of Theorem B.1 and the equality (B.15),

it holds that

ψ0 :=
E
{
∆Sϕ(O;h†, g†)

}
E [∆S · I {(A,L) ∈ S}]

,

where either h† is an observed outcome bridge function or g† is an observed treatment bridge

function, but not necessarily both. The equality, which follows by taking conditional expec-

tation given (V, L, Z,W, Y ) inside the outer expectations in the numerator and denominator,

suggests the following doubly-robust cross-fitted estimator

ψ̂DRCF =

∑K
k=1

∑
i:Oi∈Ik ∆iSiϕ

¶
Oi; ĥ

(−k), ĝ(−k)
©∑n

i=1 ∆iSiI {(Ai, Li) ∈ S}
,

where I1, . . . , IK is a partition of the entire sample into roughly equal size subsamples and

ĥ(−k) and ĝ(−k) are estimators of the observed negative control treatment and outcome func-

tions computed using units from the entire sample but the subsample Ik.

The next theorem extends Theorem 4.1 to the present setting with missing covariates.

Theorem B.3. Suppose that the observed data are n i.i.d. copies of the vector (∆A,L, V, Z,W, Y )

that (B.15) holds, and that there exists σ > 0 such that S := P (∆ = 1|V )−1 < σ (a.e.).

Suppose that the Assumptions of Theorem B.2 hold for some observed outcome and treatment
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bridge functions h0 and g0. Then the estimator ψ̂DRCF satisfies

√
n
¶
ψ̂DRCF − ψ0

©
=

√
nEn
ï
∆S

ß
ϕ(O;h0, g0)

P {(A,L) ∈ S}
− ψ0

I {(A,L) ∈ S}
P {(A,L) ∈ S}

™ò
+
√
nRn + op(1).

where O = (A,L, Z,W, Y ), ϕ(O;h, g) is defined in (B.10), and

Rn =
K∑
k=1

nk
n

∫ ¶
ĥ(−k)(a, l, w)− h0(a, l, w)

©¶
g0(a, l, z)− ĝ(−k)(a, l, z)

©
dP (a, l, w, z)

with nk denoting the cardinality of Ik. In particular, if E {ϕ(O;h0, g0)2} < ∞ and Rn =

op
(
n−1/2

)
, then

√
n
{
ψDRCF − ψ0

} d−→ N (0, τ 2)

where τ 2 = E
{
S
î
ϕ(O;h0,g0)
P{(A,L)∈S} − ψ0

I{(A,L)∈S}
P{(A,L)∈S}

ó2}
.

To construct estimators of an observed outcome bridge function we first note that for

any such function h0 it holds that

h0 ∈ arg min
h∈L2(A,L,W )

max
g∈L2(A,L,Z)

E
[
∆ · S

{
g(A,L, Z) [Y − h(A,L,W )]− g(A,L, Z)2

}]
.

Thus, in analogy with the case in which A is always observed, we propose the estimator

ĥ(−k) = arg min
h∈HB

max
g∈G′

E(−k)
n

[
∆S

{
g(A,L, Z) [Y − h(A,L,W )]− g(A,L, Z)2

}]
−λG′∥g∥2G′+λH∥h∥|2H.

where, E(−k)
n stands for the empirical mean over all sample units except those in the subsample

Ik, and H and G ′ are the reproducing kernel Hilbert spaces described in Chapter 3 for the

case that A is always observed. It can be shown that the bounds on the root-mean-squared

error ∥ĥ − h0∥2 and on the weak error ∥E{ĥ(A,L,W ) − h0(A,L,W )|A,L, Z}∥2 established

in Chapter 4 continue to hold up to constants depending on σ (as defined in Theorem B.3),
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with δn replaced by δm. Here, δm denotes an upper bound on the critical radius—a localized

measure of complexity—of certain function classes, corresponding to a sample size ofm units,

where m is the number of observations for which A is observed.

Likewise, for any treatment bridge function Iq(a, l)g0(a, l, z), it holds that

g0 ∈ arg min
g∈L2(A,L,Z)

max
h∈L2(A,L,w)

E
[
∆ · S

{
h {q(A,L), L,W} · I {(A,L) ∈ S}

− Iq(A,L)h(A,L,W )g(A,L, Z)− Iq(A,L)h(A,L,W )2
}]
.

Hence, we propose the estimator ĝ = Iq(A,L) · g̃(A,L, Z), where

g̃ = arg min
g∈GB

max
h∈H′

E(−k)
n

[
∆S
{
h {q(A,L), L,W} I {(A,L) ∈ S} − Iq(A,L)h(A,L,W )g(A,L, Z)

− Iq(A,L)h(A,L,W )2
}]

− λH′∥h∥2H′ + λG∥g∥2G,

and G and H′ are the reproducing kernel Hilbert spaces described in Chapter 3.

Finally, we derive the closed-form expressions for ĥ(−k) and ĝ(−k). As in Chapter 3, we

delete the superscript (−k), and n stands for the cardinality of the entire sample minus

the subsample Ik. Let m =
∑n

i=1∆i denote the number of observations for which A was

observed, and let ℓ1, . . . , ℓm be the indexes of those observations. Using an approach similar

to the one described in Appendix B.2.1, the closed-form solution for ĥ is given by

ĥ(a, l, w) =
m∑
j=1

γ∗jKH((a, l, w), (Aℓj , Lℓj ,Wℓj)),

where

γ∗ =
(
SmΓG′KG′,mSmKH,m + n2λHIm

)−1
SmΓG′KG′,mSm‹Ym.

In this expression, KH,m and KG′,m are the m×m empirical kernel matrices evaluated at the
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observations indexed by ℓ1, . . . , ℓm, Sm is an m×m diagonal matrix containing the weights

sn1 , . . . , snm on its diagonal, ΓG′ = 1
4

[
1
n
SmKG′,m + λG′Im

]−1
, and ‹Ym = (Yℓ1 , . . . , Yℓm)

T . If

(γ∗)T KH,nγ
∗ > B for apre-specified B, we obtain a constrained solution as outlined in

Appendix B.2.1.

Similarly, the closed-form expression for g̃ is given by

g̃(a, l, z) =
n∑
j=1

θ∗jKG((a, l, z), (Aℓj , Lℓj , Zℓj)),

where the coefficients are

θ∗ =
(
SmRmΓH′KH′,mRmSmKG,m + n2λGIm

)−1
SmRmΓH′‹KT

H′,mSmd̃m.

Here, KG,m and KH′,m are the m×m empirical kernel matrices evaluated at the observations

indexed by ℓ1, . . . , ℓm, ‹KH′,m is given by ‹KH′,m :=
[
KH′

[
(q(Aℓi , Lℓi), Lℓi ,Wℓi), (Aℓj , Lℓj ,Wℓj)

] ]
,

Rm is an m × m diagonal matrix containing the entries I
{
Aℓj ∈ q(S(Lℓj), Lℓj)

}
for j =

1, . . . ,m on its diagonal, ΓH′ = 1
4

[
1
n
KH′,mSmRm + λH′Im

]−1
, and d̃m is the m-dimensional

column vector with entries di = I {(Aℓi , Lℓi) ∈ S} for i = 1, . . . ,m. If (θ∗)T KG,nθ
∗ > B,

a constrained solution can be obtained as described previously. The estimator ĝ for g0 is

ĝ(a, l, z) = I {a ∈ q(S(l), l)} · g̃(a, l, z).

B.3 Additional Numerical Experiments and Implementation

Recall that T N [b1,b2](µ, σ
2) denotes the probability distribution obtained from truncating

a normally distributed variable N (µ, σ2) within the interval [b1, b2], and that T N c(µ, σ
2)

denotes a specific case where b1 = µ− 3σ and b2 = µ+ 3σ. Here, we present a more general

data-generating process. For each i = 1, . . . , n, we generated variables with bounded sup-

port as follows: the observed confounder Li ∼ T N c(0, 1), the unobserved confounder Ui ∼
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T N c(β1Li, 1), the negative controls Zi ∼ T N c(β2Li+β3Ui, 1) andWi ∼ T N c(β4Li+β5Ui, 1),

the exposure Ai ∼ T N [c,d](β6Li+β7Ui+β8Zi, 1), and the outcome Yi ∼ Bernoulli (pi) where

pi = [1 + exp {− (µ+ β9Li + β10Ui + β11Ai + β12Wi + γA2
i )}]

−1
. The data-generating pro-

cess described in Section 3.5 used (β1, . . . , β12) = (0.5, 0.2, βz, 0.5, βw, 0.3, 1, 0, 0.5,−1,−1.5, 0),

c = −2, d = 2, µ = −1, and γ = −0.75. The data-generating process presented here ad-

ditionally includes the parameter β8 that allows the negative control treatment to have

an effect on the primary treatment, and the parameter β12 that allows the negative con-

trol outcome affect the outcome of interest. We also consider a more general shift policy

q : [c, d− (1− x)(ε+ δ)] → [c+ δ, d− (1− x)ε] defined as

qδ,ε,x(a) := a+δI{c ≤ a ≤ d−ε−δ}+ x · δ
δ + ε

(d−a)I{d−ε−δ < a ≤ d−(1−x)(ε+δ)}, (B.16)

for parameters δ > 0, ε ≥ 0, and x ∈ {0, 1}, satisfying c + δ < d − ε. In Chapter 3, we

studied the policy qδ=0.4,ε=1,x=1. On the other hand, policies qδ,ε,x with x = 0 correspond to

standard shift intervention policies restricted to the population {A ∈ [c, d− δ − ε]}.

B.3.1 Verifying Assumption B.1–B.8

The data-generating process was constructed to reflect the structure implied by Assump-

tions B.1–B.5, so these assumptions are satisfied by design. Regarding Assumption B.6,

expression (B.16) shows that qδ,ε,x is strictly monotone and almost everywhere differentiable

over [c, d− (1− x)(δ+ ε)]—that is, over [c, d] when x = 1 and over [c, d− δ− ε] when x = 0.

Its inverse is well-defined on [c+ δ, d− (1− x)ε] and is given by

(qδ,ε,x)−1(x) = a− δV (a),

with V (a) = I {c+ δ ≤ a ≤ d− ε}+ x · d−a
ε
I {d− ε < a ≤ d− (1− x)ε}.
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To verify Assumptions B.7 and B.8, we provide explicit solutions or good approximations

to the bridge equations (B.2) and (B.4). Under the data-generating process, when β10/β5 is

small and β12 = 0 (i.e., no direct effect of W on Y ), a good approximation to an outcome

bridge function is:

h(a, l, w) ≈
ï
1 + exp

ß
µ− log

(
1 + 0.9733φ2

3

)
+ β10 a+

Å
β9 −

β4β10
β5

ã
l +

β10
β5
w + γ a2

™ò−1

.

Appendix B.6.1 provides a more general derivation that applies when β10/β5 is not small or

when β12 ̸= 0. Even though this expression is only an approximation to a solution of the

outcome bridge equation (B.2), in Appendix B.3.3 we show that using this parametric model

for estimation leads to excellent finite-sample performance

For the treatment bridge function, an exact solution to equation (B.4) exists when β8 = 0

(no effect of Z on A), and is given by:

g(a, l, z) = ρ(a) exp

ï
δ

ß
a−
Å
β6 −

β2β7
β3

ã
l − β7

β3
z − δ

2

Å
1 +

β2
7

β2
3

ã
V (a)

™
V (a)

ò
,

where

ρ(a) =
Φ(3)− Φ(−3)

Φ
¶
3 + δβ7

β3
V (a)

©
− Φ
¶
−3 + δβ7

β3
V (a)

© ÅI {c+ δ ≤ a ≤ d}+ x · δ
ε

· I {d− ε < a ≤ d}
ã
,

and Φ(·) denotes standard normal CDF.

When β8 ̸= 0, we provide an approximate solution in Appendix B.6.2.

B.3.2 Cross-Validation to Select the Bridge Functions

To implement the cross-validation procedure described in Section 3.5 of Chapter 3, we use

the following empirical risk functions, defined for any functions h ∈ L2(A,L,W ) and g ∈
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L2(A,L, Z) as:

R1
n(h) := sup

g∈G′
En
[
g(A,L, Z) {Y − h(A,L,W )} − g(A,L, Z)2

]
− λG′∥g∥2G′ ,

and

R2
n(g) := sup

h∈H′
En
[
h {q(A,L), L,W} · I {(A,L) ∈ S}

− I {A ∈ q(S(L), L)} · h(A,L,W )g(A,L, Z)

− I {A ∈ q(S(L), L)} · h(A,L,W )2
]
− λH′∥h∥2H′ .

When the function classes G ′ and H′ are reproducing kernel Hilbert spaces generated by

Gaussian kernels, the solutions to the observed bridge equations can be shown to minimize

the population version of these risk functions, making them suitable for cross-validation.

Next, we describe the cross-validation procedure when a set of candidate bridge functions

are estimated using fold 2 (training set) and tested in fold 3 (testing set). Let n3 denote

the number of observations in folds 3, and let ℓ
(3)
1 , . . . , ℓ

(3)
n3 represent their indices. When the

function classes are reproducing kernel Hilbert spaces, the empirical risk functions take the

following forms:

R1
n(h) :=

1

4
{ξn3(h)}

T

ï
1

n3

K0
G′,n3

+ λH′In3

ò−1

K0
G′,n3

{ξn3(h)}

and

R2
n(g) :=

1

4
{ζn3(g)}

T

ï
1

n3

K0
H′,n3

Rn3K
0
H′,n3

+ λH′K0
H′,n3

ò−1

K0
H′,n3

{ζn3(g)} .

Here, K0
G′,n3

and K0
H′,n3

are n3×n3 matrices whose (i, j)-th entries are obtained by evaluating

the kernel functions K0
G′ and K0

H′ at observations ℓ
(3)
i and ℓ

(3)
j , and Rn3 is the diagonal matrix
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with values I
{
A
ℓ
(3)
i

∈ q
(
S(L

ℓ
(3)
i
), L

ℓ
(3)
i

)}
for i = 1, . . . , n3 in its diagonal. The terms ξn3(h)

and ζn3(g) are defined as

ξn3(h) =
1

n3

(‹Yn3 − h̃n3

)
and ζn3(h) =

1

n3

{(‹K0
H′,n3

)T
d̃n3 −K0

H′,n3
Rn3 g̃n3

}
,

where ‹Yn3 = (Y
ℓ
(3)
1
, . . . , Y

ℓ
(3)
n3

)T is the vector of observed outcomes in fold 3. The term

h̃n =
[
h(A

ℓ
(3)
1
, L

ℓ
(3)
1
,W

ℓ
(3)
1
), . . . , h(A

ℓ
(3)
n3

, L
ℓ
(3)
n3

,W
ℓ
(3)
n3

)
]T

represents the evaluations of h at the

observations of fold 3, while g̃n =
[
g(A

ℓ
(3)
1
, L

ℓ
(3)
1
, Z

ℓ
(3)
1
), . . . , g(A

ℓ
(3)
n3

, L
ℓ
(3)
n3

, Z
ℓ
(3)
n3

)
]T

represents

the evaluations of g at the same observations. The matrix ‹K0
H,n3

is the n3 × n3 is an matrix

whose (i, j)-entry is given by K0
H′

{
(q(A

ℓ
(3)
i
, L

ℓ
(3)
i
), L

ℓ
(3)
i
,W

ℓ
(3)
i
), (A

ℓ
(3)
j
, L

ℓ
(3)
j
,W

ℓ
(3)
j
)
}
. The band-

width for the kernel function K0
G′,n3

is set to 1/4 times the median of the pairwise euclidean

distance between the observed vectors (Aℓi , Lℓi , Zℓi). The bandwidth for K0
H′,n3

is chosen

analogously. The parameters λ′G and λH′ are set both to log(n3)
n3

.

B.3.3 Proximal Parametric Estimators

The data-generating mechanism suggests the following parametric model for h0:

h(a, l, w;φ) =

Å
1 +

0.9733

2
φ2
3

ã{
1 + exp

(
−[φ0 + φ1a+ φ2l + φ3w + φ4a

2]
)}−1

and the following model for g0:

g(a, l, z; η) = ρ(x; η) exp {[η0a+ η1l + η2z + η3V (a)]V (a)} ,

where V (a) = I{c+ δ ≤ a ≤ d− ε}+ d−a
ε

· I{d− ε < a ≤ d} and

ρ(a; η) =
Φ(3)− Φ(−3)

Φ (3− η2V (a))− Φ (−3− η2V (a))

ï
I {c+ δ ≤ a ≤ d}+ δ

ε
· I {d− ε ≤ a ≤ d}

ò
.
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Additionally, the integral equations (B.5) and (B.3) motivate parametric estimators φ̂

for φ and η̂ for η , obtained by solving the following estimating equations:

En
[
{Y − h(A,L,W ;φ)} (1, A, L, Z,A2)T

]
= (0, 0, 0, 0, 0)T ,

En
î
I {(A,L) ∈ S} ·

(
1, qδ,ε,x(A)L,W

)T − g(A,L, Z; η)(1, A, L,W )T
ó
= (0, 0, 0, 0)T .

Once estimators φ̂ and η̂ have been obtained, we compute the following three parametric

estimators for ψ0:

ψ̂p,OR = En
[
h{qδ,ε,a(A,L),W, L; φ̂}

]
,

ψ̂p,DQW = En [Y · g(A,Z, L; η̂)] ,

ψ̂p,DR = En
[
h{qδ,ε,a(A,L),W, L; φ̂} · I{(A,L) ∈ S}+ g(A,Z, L; η̂) · {Y − h(A,W,L; η̂)}

]
.

For each estimator, we construct 95% confidence intervals using influence-function-based

standard errors that account for the estimation of the nuisance functions. Specifically, the in-

fluence functions for the target parameter under each estimator were derived using standard

results from estimating equations theory, accounting for the plug-in estimation of the nui-

sance parameters. The asymptotic variance of each estimator is estimated via the empirical

variance of the corresponding estimated influence function evaluated at the fitted nuisance

models. This yields the variance estimator ”var(ψ̂) = 1
n
(ϕ̂i − ψ̂)2 from which we compute

Wald-type 95% confidence intervals as ψ̂ ± 1.96
»”var(ψ̂. These intervals are asymptotically

valid under standard regularity conditions, even when the nuisance functions are estimated,

provided the corresponding models are correctly specified. For ψ̂p,DR, only one of the two

parametric models needs to be correctly specified to ensure consistency and valid inference.

We performed the numerical experiments for the data-generating process described in
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Section 3.5. Given that the parametric approach is less computationally demanding, we con-

sidered sample sizes n ∈ {750, 3000, 12000, 48000} across 16 scenarios formed by combining

β3 ∈ {2, 1, 0.5, 0.25} and β5 ∈ {−2,−1,−0.5,−0.25}. The values β3 = 0.25 and β5 = −0.25

correspond to conditional correlations Cor(Z,U |L) = 0.235 and Cor(W,U |L) = −0.235.

For each configuration, we performed 500 repetitions of the data-generating and estima-

tion procedures described here. For each nuisance function, we used a correctly specified

and a misspecified parametric model. The misspecified model for h ignored the quadratic

contribution of A, while the misspecified model for g replaced the term η3V (a) inside by η3.

Figures B.1 and B.2 present boxplots and coverage probabilities of the confidence intervals

for the three parametric estimators described above. Under the data-generating mechanisms

considered, we find that the plug-in estimators based on correctly specified models and the

double-robust estimators—provided at least one of the bridge function models is correctly

specified–exhibit excellent finite-sample performance. These estimators show low bias and

achieve coverage probabilities close to the nominal level. As expected, estimators relying

on misspecified models are biased and have poor coverage. Furthermore, consistent with

the findings in the Section 3.5 for nonparametric estimators, we observe that the challenge

of estimating the bridge functions under weak conditional correlation between the negative

controls and the unmeasured confounder decreases as the sample size increases
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B.3.4 Performance of the Proximal Estimator Under No Unmeasured Confounding

To assess the performance of our estimator in the absence of unmeasured confounding, we

generated data under a data-generating mechanism similar to that described Section 3.5 of

Chapter 3, but with β7 set to zero. We focused solely on the scenario where βz = 2 and βw =

−2, in which both proxies are highly correlated with the variable U . Under this configuration,

Z and W act as precision variables. The target parameter for the same policy under was

0.2081. Data were generated for sample sizes n ∈ {750, 1500, 3000}. For each configuration,

we performed 500 repetitions of the data-generating and estimation procedures. Figure B.3

displays boxplots, variance ratios, and coverage probabilities for the proximal doubly-robust

cross-fitted estimator and its competitors. In this setting, both proximal and non-proximal

estimators show low bias, estimated asymptotic variances closely aligned with empirical

variances, and coverage probabilities at the nominal level.

B.3.5 Proximal Estimation of the Counterfactual MTP Mean in a Restricted Population

To illustrate the performance of our proximal estimator for a target parameter as described in

Strategy I—outlined in Example 3.1 of Chapter 3—we conducted numerical experiments us-

ing the data-generating processes described there, but only for βz = −βw ∈ {2, 1, 0.5}. Here,

however, we focus on estimating E {Y (A+ 0.4)|A ∈ [−2, 1.6]}, the counterfactual MTP mean

under a shift intervention applied to the restricted population {A : A ∈ [−2, 1.6]}, which un-

der all data-generating mechanisms is 0.2728. This corresponds to the policy qδ=0.4,ε=0,x=0(a)

defined in (B.16), for which Assumptions B.1–B.8 hold. For each setting, we performed 500

repetitions of the data-generating and estimation procedures. Figure B.4 presents boxplots,

variance ratios, and coverage probabilities of the proximal doubly-robust cross-fitted estima-

tor. Its performance is comparable to that observed for the estimand under Strategy II.
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Figure B.3: Finite-sample performance of ψ̂DRCF and competitors based on numerical experi-
ments without unmeasured confounding. Panel A: boxplots of the estimator across simula-
tions. Panel B: ratio of the empirical variance to the mean estimated asymptotic variance.
Panel C: empirical coverage of 95% confidence intervals. The dashed line indicates the true
parameter value (Panel A), a variance ratio of 1 (Panel B), and nominal 95% coverage (Panel
C).
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Figure B.4: Finite-sample performance of ψ̂DRCF for estimating the counterfactual MTP mean
in a restricted population, based on numerical experiments with data generated under un-
measured confounding. Panel A: boxplots of the estimator across simulations. Panel B:
ratio of the empirical variance to the mean estimated asymptotic variance. Panel C: em-
pirical coverage of 95% confidence intervals. The dashed line indicates the true parameter
value (Panel A), a variance ratio of 1 (Panel B), and nominal 95% coverage (Panel C).
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B.3.6 Performance of the Proximal Estimator Under A Data Generating Mechanism where

Z affects X and W affects W

We also conducted numerical experiments to evaluate the performance of our estimator under

a data-generating mechanism where Z influences X and W affects Y . Specifically, we simu-

lated data using the data generating process described at the beginning of Appendix B.3 with

(β1, . . . , β12) = (0.5, 0.2, βz, 0.5, βw, 0.3, 1, 0.3, 0.5,−1,−1.5,−0.3), c = −2, d = 2, µ = −1,

and γ = −0.75. We considered four scenarios with βz = −βw ∈ {3, 1.5, 1, 0.75}, which corre-

spond to conditional correlations cor(W ′, Z ′|L) = −0.90, -0.69, -0.50, and -0.36, respectively.

The target estimand remained the same as in the Chapter 3, namely E[Y
{
qδ=0.4,ε=1,x=1(A)

}
]

which equals 0.1943 when βz = −3, 0.2297 when βz = 1.5, 0.2400 when βz = 1, and 0.2466

when βz = 0.75. Each setting is evaluated using 500 replications. We repeat the experiments

for sample sizes n ∈ {750, 1500, 3000, 6000}.

Figure B.5 presents boxplots, variance ratios, and confidence interval coverage of the

proximal doubly-robust cross-fitted estimator. Across all settings, the estimator exhibits low

bias and it decreases as sample size increases. The estimated asymptotic variances closely

track the empirical variances, and the confidence intervals achieve coverage near the nominal

0.95 level. As expected, estimation performance deteriorates when the conditional correlation

between the negative controls and the unobserved confounder weakens, leading to increased

bias and variance—consistent with the findings reported in Section 3.5 of Chapter 3 for

comparable sample sizes.

B.3.7 Vignette Application to a Single Data Set

We provide R code and a mock dataset simulating data from the ENSEMBLE trial in the

GitHub repository github.com/aolivasm/proxi-mtp to demonstrate the use of our pmtp R

function for implementing the proximal doubly-robust cross-fitted estimator.

https://github.com/aolivasm/proxi-mtp
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Figure B.5: Finite-sample performance of ψ̂DRCF across varying levels of conditional correlation
between the proxies Z and W and U . Panel A: boxplots of the estimator across simula-
tions. Panel B: ratio of the empirical variance to the mean estimated asymptotic variance.
Panel C: empirical coverage of 95% confidence intervals. The dashed line indicates the true
parameter value (Panel A), a variance ratio of 1 (Panel B), and nominal 95% coverage (Panel
C).
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The mock dataset sim trial data.csv include the following variables:

• Outcome: Y (taking values 0 or 1).

• Covariates: L1, L2, L3.

• Biomarker: univariate biomarker A.

• Negative control treatment: Z.

• Negative control outcome: W.

• Sampling weights: wt.

The function pmtp() estimates the counterfactual MTP mean E [Y {q(A)} |A ∈ S] for a

policy q(a) over a population of interest S ⊂ supp (A), using the proximal doubly-robust

cross-fitted estimator described in Section B.1.4. It estimates the bridge functions using re-

producing kernel Hilbert spaces generated by Gaussian kernels as outlined in sections B.2.1,

B.2.2, and B.3.2. The function supports both binary and continuous outcomes, but does not

handle time-to-event (censored) outcomes. Additionally, pmtp() only uses complete cases.

For data arising from a two-phase sampling design, providing NA values for the treatment

variable for observations outside the reduced sample and supplying the corresponding sam-

pling weight is sufficient.

The pmtp() function requires the following inputs:

• data: A data.frame with the dataset to analyze.

• trt: String for the biomarker (treatment) variable name.

• outcome: String for outcome variable name.

• covariates: String or vector of strings for covariate(s) name(s).

• nct: String or vector of strings for negative control treatment variable(s) name(s).

• nco: String or vector of strings for negative control outcome variable(s) name(s).
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• policy: A list of policy functions. Functions should depend only on the treatment

variable.

The following inputs are optional. If not provided, default values will be used:

• weights: String for weights variable name.

• ind S: A numeric vector of 0s and 1s indicating membership in the target population

S. Default is a vector of 1s (i.e., all units are in S).

• theta: Scaling factor c0 for the regularization parameter c0 · log(n)
n

in the risk function

used during cross-validation to select the optimal bridge functions. Default is 1.

• K folds: Integer indicating the number of folds used for cross-fitting. Must be at least

3. Default is 3.

• lm H list, lm G list: Lists of scaling factors c1 for the regularization parameters

c1
Ä
log(n)
n

ä1/2
in the outer minimization step of the outcome and treatment bridge func-

tion estimation, respectively. Defaults are 10^seq(-5, -1, by = 1).

• lm Gh list, lm Hg list: Lists of scaling factors c2 for the regularization parameters

c2
log(n)
n

in the inner maximization step of the outcome and treatment bridge function

estimation, respectively. Defaults are 10^seq(-1, 2, by = 1).

• bw0 H, bw0 G: Optional initial bandwidths for the function classes H and H′, and G

and G ′, respectively. Default is NULL. If not provided, the initial bandwidths are set

to the median (or weighted median, if weights are provided) of the pairwise Euclidean

distances between the corresponding observed vectors.

• bw int scale list, bw ext scale list: Lists of scaling factors for the bandwidths

of the Gaussian kernels used in the internal and external steps of the bridge function

estimation procedure. Defaults are 1/4 and c(1/4,1/2,1,2,4), respectively.



147

• bw int fixed scale: Scale factor used for the internal bandwidth of the Gaussian

kernel used in the risk function for cross-validation. Default is 1/4.

• inf.fun: Logical flag indicating whether to return the influence function evaluated at

the sample observations. Default is FALSE.

• show.prog: Logical flag indicating whether to display progress messages. Default is

FALSE.

• control.folds: Logical flag indicating whether fold assignment in cross-fitting should

be stratified based on the distribution of the treatment variable. Default is FALSE.

The function outputs a data.frame with the proximal doubly-robust cross-fitted estima-

tor for each specified policy and also returns a proximal.mtp object with detailed informa-

tion about the estimation procedure. In addition, the summary.proximal.mtp() function

reports, for each specified policy, the proportion of observations with treatment value within

the image of the policy, the proportion of observations whose treatment values fall within

the image of the policy, along with standard errors and 95% confidence intervals for the

estimators.

Input to conduct analysis on the mock dataset

We illustrate our estimator for the following two policies:

policy_q1 <- function(x) {

(x+0.4)*(x+0.4<=3.5-1)+(0.4*3.5+1*x)/(0.4+1)*(x+0.4>3.5-1)

}

policy_q2 <- function(x) {

(x+0.8)*(x+0.8<=3.5-1)+(0.8*3.5+1*x)/(0.8+1)*(x+0.8>3.5-1)

}

obj.pmtp = pmtp(data = sim_trial_data,
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trt = "A",

outcome = "Y",

covariates = c("L1", "L2", "L3"),

nct = "Z",

nco = "W",

weights = "wt",

policy = list(policy_q1, policy_q2),

control.folds = TRUE)

Output using the summary.proximal.mtp() function

summary(obj.pmtp)

Summary of Proximal MTP Estimation

--------------------------------------------------

Number of observations: 1000

Number in target population: 1000 (100%)

-Proportion in the image of Policy_q^1: 38%

-Proportion in the image of Policy_q^2: 27%

--------------------------------------------------

Proximal Estimators and 95% Confidence Intervals:

--------------------------------------------------

Estimator: Proximal doubly-robust cross-fitted

Estimate Std.Error CI.Lower CI.Upper

Policy_q^1 0.0139 7e-04 0.0126 0.0152

Policy_q^2 0.0101 7e-04 0.0088 0.0114
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B.4 Proofs of Main Results

Proof of Theorem 1. Proof of part i). Take (a, l, z) ∈ supp(A,L, Z) such that a ∈ S(l) ∪

q(S(l), l). Hence, if h0 (a, l, w) solves the integral equation (B.2), we have

∫
h0 (a, l, w)pW |A,L,Z (w|a, l, z) dw =

∫
h0 (a, l, w)

ß∫
p(W,U)|A,L,Z (w, u|a, l, z) du

™
dw

=

∫
h0 (a, l, w)

∫
pW |A,L,U (w|a, l, u) pU |A,L,Z (u|a, l, z) dudw by Assumption B.5

=

∫ ß∫
h0 (a, l, w) pW |A,L,U (w|a, l, u) dw

™
pU |A,L,Z (u|a, l, z) du

=

∫
E (Y |A = a, L = l, U = u) pU |A,L,Z (u|a, l, z) du h0 solves (B.2)

=

∫
E (Y |A = a, L = l, U = u, Z = z) pU |A,L,Z (u|a, l, z) du by Assumption B.4

= E (Y |A = a, L = l, Z = z) .

Thus, h0 (a, l, w) solves the integral equation (B.5).

Proof of part ii). Take (a, l, w) ∈ supp(A,L,W ) satisfying x ∈ S(l)∪ q(S(l), l), and such

that, if a ∈ q(S(l), l), the map x′ 7→ q−1(a′, l) is differentiable at a′ = a. Hence, if g0 (a, l, z)

solves the integral equation (B.4), we have

∫
g0 (a, l, z)pZ|A,L,W (z|a, l, w) dz =

∫
g0 (a, l, z)

ß∫
p(Z,U)|A,L,W (z, u|a, l, w) du

™
dz

=

∫
g0 (a, l, z)

∫
pZ|A,L,U (z|a, l, u) pU |A,L,W (u|a, l, w) dudz by Assumption B.5

=

∫ ß∫
g0 (a, l, z) pZ|A,L,U (z|a, l, u) dz

™
pU |A,L,W (u|a, l, w) du

=

∫
α0(a, l, u)pU |A,L,W (u|a, l, w) du g0 solves (B.4)

=

∫
I
{
a ∈ q(S(l), l)

}dq−1(a, l)

da
·
pA|L,U {q−1 (a, l) |l, u}

pA|L,U (a|l, u)
pU |A,L,W (u|a, l, w) du

(i)
= I
{
a ∈ q(S(l), l)

}dq−1(a, l)

da

∫
pU |A,L,W (u|a, l, w)
pA|L,U,W (a|l, u, w)

pA|L,U,W
{
q−1 (a, l) |l, u, w

}
du
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= I
{
a ∈ q(S(l), l)

}dq−1(a, l)

da

∫
pU |L,W (u|l, w)
pA|L,W (a|l, w)

pA|L,U,W
{
q−1 (a, l) |l, u, w

}
du

= I
{
a ∈ q(S(l), l)

}dq−1(a, l)

da

1

pA|L,W (a|l, w)

∫
p(A,U)|L,W

{
q−1 (a, l) , u|l, w

}
du

= I
{
a ∈ q(S(l), l)

}dq−1(a, l)

da

pA|L,W {q−1 (a, l) |l, w}
pA|L,W (a|l, w)

= α0(a, l, w),

where the equality in (i) follows from Assumption B.5. Thus, g0 (a, l, z) solves equation (B.3).

Theorem B.1. Case 1. Assumption B.7 holds and equation (B.3) has at least one solution.

Let h0 and g† be solutions to equations (B.2) and (B.3), respectively. Then,

ψ0 = E
[
Y {q(A,L)} |(A,L) ∈ S

]
=

E
[
Y {q(A,L)} · I {(A,L) ∈ S}

]
P {(A,L) ∈ S}

=
E
{
E
[
Y {q(A,L)} |A,L, U

]
· I {(A,L) ∈ S}

}
P {(A,L) ∈ S}

=
E
{
E
[
h0 {q(A,L), L,W} |A,L, U

]
· I {(A,L) ∈ S}

}
P {(A,L) ∈ S}

by Lemma B.3

=
E
[
h0 {q(A,L), L,W} · I {(A,L) ∈ S}

]
P {(A,L) ∈ S}

.

By Theorem 3.1, h0 also solves equation (B.5), then, by Lemma B.2,

E
{
Y g† (A,L, Z)

}
P {(A,L) ∈ S}

=
E [h0 {q (A,L) , L,W} · I {(A,L) ∈ S}]

P {(A,L) ∈ S}
= ψ0,

which is the treatment bridge representation.
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Now, let h† be any solution to equation (B.5). By Lemma B.2,

E
[
h† {q (A,L) , L,W} · I {(A,L) ∈ S}

]
P {(A,L) ∈ S}

=
E
[
Y g† (A,L, Z)

]
P {(A,L) ∈ S}

= ψ0,

which is the outcome bridge representation.

Lastly, for any h ∈ L2(A,L,W ) and any g ∈ L2(A,L, Z), by Lemma B.2,

E
{
ϕ(O;h, g†)

}
= E

{
ϕ(O;h†, g†)

}
= E

[
h† {q (A,L) , L,W} · I {(A,L) ∈ S}

]
,

and

E
{
ϕ(O;h†, g)

}
= E

{
ϕ(O;h†, g†)

}
= E

{
Y g† (A,L, Z)

}
.

Hence

E
{
ϕ(O;h, g†)

}
P {(A,L) ∈ S}

= ψ0 =
E
{
ϕ(O;h†, g)

}
P {(A,L) ∈ S}

,

which is the double robust representation.

Case 2. Assumption B.8 holds and equation (B.5) has at least one solution. Let g0 and

h† be solutions to equations (B.4) and (B.5), respectively. Then,

ψ0 = E
[
Y {q(A,L)} |(A,L) ∈ S

]
=

E
{
E [Y {q(A,L)} |A,L, U ] · I {(A,L) ∈ S}

}
P {(A,L) ∈ S}

=

∫∫∫
I {(a, l) ∈ S}
P {(A,L) ∈ S}

E {Y |A = q(a, l), L = l, U = u} pA,L,U(a, l, u)dadldu

=

∫∫ ï∫
I {(a, l) ∈ S}
P {(A,L) ∈ S}

E {Y |A = q(a, l), L = l, U = u} pA|L,U(a|l, u)da
ò
pL,U(l, u)dldu

(i)
=

∫∫∫
I {ã ∈ q(S(l), l)}
P {(A,L) ∈ S}

E
(
Y |A = ã, L = l, U = u

)dq−1(ã, l)

dã
pA|L,U{q−1(ã, l)|l, u}pL,U(l, u)dãdldu

=
1

P {(A,L) ∈ S}

∫∫∫
E
[
Y |A = ã, L = l, U = u

]
· α0(ã, l, u) · pA,L,U(ã, l, u)dãdldu
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(ii)
=

1

P {(A,L) ∈ S}
E
[
E
(
Y |A,L, U

)
· E
{
g0(A,L, Z)|A,L, U

}]
g0 solves (B.4)

=
E {Y g0(A,L, Z)}
P {(A,L) ∈ S}

,

where the equality in (i) follows from Assumption B.6, which justifies applying the change

of variable ã = q(a, l) in a for each l, and from the fact that (a, l) ∈ S if and only if

q(a, l) ∈ q(S(l), l). For the equality in (ii), note that ã ∈ q(S(l), l) implies ã = q(a, l) for

some a ∈ S(l), and by the definitions of S and S(l), ã ∈ supp (A|L = l). Then, for any u ∈

supp (U |L), Assumption B.3 implies ã ∈ supp (A|L = l, U = u), and consequently (ã, l, u) ∈

supp (A,L, U). Therefore, (ã, l, u) lies in the domain where g0 solves equation (B.4). By

Theorem 3.1, g0 also solves equation (B.3). Thus, by Lemma B.2,

E
[
h† {q (A,L) , L,W} · I {(A,L) ∈ S}

]
P {(A,L) ∈ S}

=
E {Y g0 (A,L, Z)}
P {(A,L) ∈ S}

= ψ0,

which is the outcome bridge representation. From here, the other two representations are

derived analogously to Case 1.

Proof of Theorem B.2. Let p̂ := 1
n

∑n
i=1 I {(Ai, Li) ∈ S} and

Un :=
1√
n

K∑
k=1

∑
i:Oi∈Ik

î
ϕ
¶
Oi; ĥ

(−k), ĝ(−k)
©
− E {ϕ(O;h0, g0)}

ó
.

Noting that ψ0 = p0
−1E {ϕ(O;h0, g0)}, where p0 := P {(A,L) ∈ S}, we have

√
n
Ä
ψ̂DRCF − ψ0

ä
:=

√
n

[
1

p̂
· 1
n

K∑
k=1

∑
i:Oi∈Ik

ϕ
¶
O; ĥ(−k), ĝ(−k)

©
− ψ0

]

=
1

p0
Un +

Å
1

p̂
− 1

p0

ã
Un +

√
n

Å
1

p̂
− 1

p0

ã
E {ϕ(O;h0, g0)} . (B.17)
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By the Delta Method,

√
n (p̂−1 − p−1

0 ) = −p−2
0 GnI {(A,L) ∈ S} , (B.18)

where for any t(O), Gn(t) =
√
n
[
n−1

∑n
i t(Oi) − E{t(O)}

]
. Likewise, letting nk denote the

cardinality of Ik, k = 1, . . . , K, we let Enk
(t) := n−1

k

∑
i:Oi∈Ik t(Oi) denote the empirical mean

of t(O) over the sample Ik, and Gnk
(t) :=

√
nk
{
Enk

(t)−
∫
t(o)dP (o)

}
. Then

Un =
K∑
k=1

…
nk
n

Gnk

¶
ϕ(·; ĥ(−k), ĝ(−k))− ϕ(·;h0, g0)

©
+

K∑
k=1

…
nk
n

Gnk
{ϕ(·;h0, g0)}

+
√
n

K∑
k=1

nk
n

∫ ¶
ϕ(o; ĥ(−k), ĝ(−k))− ϕ(o;h0, g0)

©
dP (o).

Now, let I(−k) := {Oi : 1 ≤ i ≤ n,Oi /∈ Ik} and let mk denote the cardinality of I(−k). For

any ϵ > 0, we have

Dmk
:=P

[∣∣∣Gnk

¶
ϕ(·; ĥ(−k), ĝ(−k))− ϕ(·;h0, g0)

© ∣∣∣ ≥ ϵ
∣∣∣I(−k)]

≤ E
[{

Gnk

¶
ϕ(·; ĥ(−k), ĝ(−k))− ϕ(·;h0, g0)

©}2∣∣∣I(−k)]/ϵ2
≤ E

[¶
ϕ(O; ĥ(−k), ĝ(−k))− ϕ(O;h0, g0)

©2 ∣∣∣I(−k)]/ϵ2
=

∫ ¶
ϕ(o; ĥ(−k), ĝ(−k))− ϕ(o;h0, g0)

©2
dP (o)

= oP (1),

where the first inequality is by Markov’s inequality, the second is because given I(−k),

G(k)
nk

{
ϕ(·; ĥ(−k), ĝ(−k)) − ϕ(·;h0, g0)

}
is a sum of nk independent and identically distributed

random variables, the second to last equality is by independence of I(−k) and Ik and the last

equality follows from Lemma B.4. We then conclude that E(Dmk
) converges to 0 as mk → ∞
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because Dmk
, mk = 1, 2, ... is a sequence of positive random variables bounded above by 1

that converges in probability to 0. But

E(Dmk
) = E

{
P
[∣∣∣Gnk

¶
ϕ(·; ĥ(−k), ĝ(−k))− ϕ(·;h0, g0)

© ∣∣∣ ≥ ϵ
∣∣∣I(−k)]}

= P
[∣∣∣Gnk

¶
ϕ(·; ĥ(−k), ĝ(−k))− ϕ(·;h0, g0)

© ∣∣∣ ≥ ϵ
]
.

Then, assuming as we do, that nk/n → 1/K as n → ∞ we have that mk → ∞ as n → ∞,

and therefore
∑K

k=1

√
nk

n
Gnk

¶
ϕ(·; ĥ(−k), ĝ(−k))− ϕ(·;h0, g0)

©
= op(1) as n→ ∞.

Next, by Lemma B.2, for each k, it holds that

∫ ¶
ϕ(o; ĥ(−k), ĝ(−k))− ϕ(o;h0, g0)

©
dP (o)

=

∫
{ĥ(−k)(a, l, w)− h0(a, l, w)}{g0(a, l, z)− ĝ(−k)(a, l, z)}dP (a, l, w, z).

Thus,
∑K

k=1
nk

n

∫ ¶
ϕ(o; ĥ(−k), ĝ(−k))− ϕ(o;h0, g0)

©
dP (o) = p0Rn where Rn is defined in the

statement of the theorem. From (C.1) we thus conclude that

Un = Gn {ϕ(·;h0, g0)}+
√
n p0 Rn + op(1) (B.19)

By the Cauchy-Schwarz inequality and the norm consistency assumption on h(−k) and g(−k),

we have

|Rn| ≤ p−1
0

K∑
k=1

nk
n
∥ĥ(−k) − h0∥2 ∥ĝ(−k) − g0∥2 = op(1).

Because Gn {ϕ(·;h0, g0)} = Op(1) and (B.18) implies that p̂−1 − p−1
0 = Op(n

−1/2), it follows

that

(p̂−1 − p−1
0 ) Un = op(1). (B.20)

Replacing the equalities (B.18), (B.19), and (B.20) into (B.17), we arrive at



155

√
n
(
ψDRCF − ψ0

)
= p−1

0 Gn {ϕ(·;h0, g0)}+
√
n Rn

− p−2
0 GnI {(A,L) ∈ S}E {ϕ(O;h0, g0)}+ op(1)

= p−1
0 Gn

{
ϕ(·;h0, g0)− I {(A,L) ∈ S} ψ0

}
+
√
n Rn + op(1).

This concludes the proof of the Theorem.

B.5 Supporting Lemmas

In this section, we present Lemmas that are used in the proofs of the results provided in B.1.

Lemma B.1 below implies that α0(A,L,W ) is the Riesz representer of the linear functional

given by h 7→ E [h {q (A,L) , L,W} · I {(A,L) ∈ S}].

Lemma B.1. Under Assumption B.6, for any h ∈ L2(A,L,W ), it holds that

E [h {q (A,L) , L,W} · I {(A,L) ∈ S}] = E {h(A,L,W )α0(A,L,W )} .

Proof. For any h ∈ L2(A,L,W ), we have

∫∫∫
h(a, l, w)α0(a, l, w)pA,L,W (a, l, w)dadldw

=

∫∫∫
h(a, l, w)I

{
a ∈ q (S(l), l)

}dq−1 (a, l)

da

pA|L,W {q−1 (a, l) |l, w}
pA|L,W (a|l, w)

pA,L,W (a, l, w)dadldw

=

∫∫ ï
h(a, l, w)I

{
a ∈ q (S(l), l)

}dq−1 (a, l)

da
pA|L,W

{
q−1 (a, l) |l, w

}
da

ò
pL,W (l, w)dldw

(i)
=

∫∫∫
h {q(ã, l), l, w} I {(ã, l) ∈ S} dq

−1 {q(ã, l), l}
da

· dq (ã, l)
dã

pA|L,W (ã|l, w)pL,W (l, w)dãdldw

(ii)
=

∫∫∫
h {q(ã, l), l, w} I {(ã, l) ∈ S} pA,L,W (ã, l, w)dãdldw,
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where the equality in (i) follows from Assumption B.6, which allows us to apply the change

of variable ã = q−1(a, l) in a for each l ∈ supp (L), and from the fact that a ∈ q(S(l), l) if

and only if (q−1(a, l), l) ∈ S. For the equality in (ii), we used that for each l ∈ supp (L),

1 =
dã

dã
=
d [q−1 {q(ã, l), l}]

dã
=
dq−1 {q(ã, l), l}

da
· dq (ã, l)

dã
.

This concludes the proof.

Lemma B.2. Let h† and g† be observed outcome and treatment bridge functions respectively.

Under Assumption B.6, for any h ∈ L2(A,L,W ) and g ∈ L2(A,L, Z), it holds that

E
{
ϕ(O;h, g)− ϕ(O;h†, g†)

}
= E

[{
(h− h†)(A,L,W )

}{
(g† − g)(A,L, Z)

}]
.

Furthermore,

E
[
h† {q (A,L) , L,W} · I {(A,L) ∈ S}

]
= E

{
ϕ(O;h†, g†)

}
= E

{
Y g† (A,L, Z)

}
.

Proof. Let h† and g† be observed outcome and treatment bridge functions respectively; and

take any h ∈ L2(A,L,W ) and g ∈ L2(A,L, Z). Then,

E
{
ϕ(O;h, g)− ϕ(O;h†, g†)

}
=E

[
(h− h†) {q(A,L), L,W} · I {(A,L) ∈ S}

]
+ E [g(A,L, Z) {Y − h(A,L,W )}]

− E
[
g†(A,L, Z)E

{
Y − h†(A,L,W )|A,L, Z

}︸ ︷︷ ︸
=0 since h† is an outcome br fcn

]

=E
{
(h− h†)(A,L,W )α0(A,L,W )

}
+ E

{
g(A,L, Z) · E (Y |A,L, Z)

}
by Lemma B.1

− E
{
g(A,L, Z) · h(A,L,W )

}
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=E
[
(h− h†)(A,L,W )E

{
g†(A,L, Z)|A,L,W

}︸ ︷︷ ︸
g† is a trx br fcn

]
+ E

[
g(A,L, Z)E

{
h†(A,L,W )|A,L, Z

}︸ ︷︷ ︸
h† is an outcome br fcn

]

− E [g(A,L, Z) · h(A,L,W )]

=E
[{

(h− h†)(A,L,W )
}{

(g† − g)(A,L, Z)
}]
.

Taking h ≡ h† and g ≡ 0 gives

E
[
h† {q (A,L) , L,W} · I {(A,L) ∈ S}

]
= E

{
ϕ(O;h†, 0)

}
= E

{
ϕ(O;h†, g†)

}
,

and taking h ≡ 0 and g ≡ g† gives

E
{
Y g†(A,L, Z)

}
= E

{
ϕ(O; 0, g†)

}
= E

{
ϕ(O;h†, g†)

}
.

This concludes the proof.

Lemma B.3. Under Assumptions B.1–B.3, for any (a, l, u) ∈ supp(A,L, U) such that a ∈

S(l), it holds that

E [Y {q (A,L)} |A = a, L = l, U = u] = E {Y |A = q (a, l) , L = l, U = u} .

Moreover, if Assumption B.5 holds, then for any latent outcome bridge function h0 it holds

that

E [Y {q (A,L)} |A = a, L = l, U = u] = E [h0 {q(A,L), L,W} |A = a, L = l, U = u] .

Proof. Take (a, l, u) ∈ supp (A,L, U) such that a ∈ S(l). By the definitions of S and S(l),
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q(a, l) ∈ supp (A|L = l). Then, by Assumption B.3, q(a, l) ∈ supp (A|L = l, U = u), which

implies that (q(a, l), l, u) ∈ supp (A,L, U). Then,

E [Y {q (A,L)} |A = a, L = l, U = u] = E [Y {q (a, l)} |A = a, L = l, U = u]

= E [Y {q (a, l)} |A = q(a, l), L = l, U = u]

= E {Y |A = q(a, l), L = l, U = u} ,

where the second equality follows from Assumption B.2 and the last one from Assump-

tion B.1.

Now, let h0 be a solution to equation (B.2). Since (q(a, l), l, u) ∈ supp (A,L, U) and

q(a, l) ∈ q(S(l), l), (q(a, l), l, u) lies in the domain where h0 solves equation (B.2). Then,

E [Y |A = q(a, l), L = l, U = u] =

∫
h0{q(a, l), l, w}pW |A,L,U{w|q(a, l), l, u}dw

=

∫
h0{q(a, l), l, w}pW |A,L,U(w|a, l, u)dw by Assumption B.5

= E
[
h0{q(A,L), L,W}|A = a, L = l, U = u

]
.

This concludes the proof.

Lemma B.4. Under the assumptions of Theorem B.2, for each k, it holds that

∥∥ϕ(O; ĥ(−k), ĝ(−k))− ϕ(O;h0, g0)
∥∥
2
= op(1).

Proof. From the definition of ϕ in (B.10), we have

ϕ(O; ĥ, ĝ)− ϕ(O;h0, g0) =
(
ĥ− h0

)
{q(A,L), L,W} · I {(A,L) ∈ S}+ Y (ĝ − g0) (A,L, Z)
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− ĥ(A,L,W )ĝ(A,L, Z) + h0(A,L,W )g0(A,L, Z),

and by the triangle inequality…
E
[¶
ϕ(O; ĥ, ĝ)− ϕ(O;h0, g0)

©2]
≤
…

E
[¶Ä

ĥ− h0
ä
{q(A,L), L,W} · I {(A,L) ∈ S}

©2]
+
√
E
î
{Y (ĝ − g0) (A,L, Z)}2

ó
+

…
E
[¶
ĥ(A,L,W )ĝ(A,L, Z)− h0(A,L,W )g0(A,L, Z)

©2]
Since |α0(A,L,W )| ≤ B it follows that…

E
[¶Ä

ĥ− h0
ä
{q(A,L), L,W} · I {(A,L) ∈ S}

©2]
≤

√
B
∥∥ĥ− h0

∥∥
2
= O(

∥∥ĥ− h0
∥∥
2
).

This result is proven in Appendix C.1 of Chapter 4. Also, since |Y | ≤ B, it follows that

√
E
î
{Y (ĝ − g0) (A,L, Z)}2

ó
≤ B ∥ĝ − g0∥2 = O(∥ĝ − g0∥2).

Furthermore, the term…
E
[¶
ĥ(A,L,W )ĝ(A,L, Z)− h0(A,L,W )g0(A,L, Z)

©2]
=
∥∥ĥ · ĝ − h0 · g0

∥∥
2

is upper bounded by

min
{∥∥ĥ(ĝ − g0)

∥∥
2
+
∥∥g0(ĥ− h0)

∥∥
2
,
∥∥ĝ(ĥ− h0)

∥∥
2
+
∥∥h0(ĝ − g0)

∥∥
2

}
≤ min

{
∥ĥ∥∞

∥∥ĝ − g0
∥∥
2
+ ∥g0∥∞

∥∥ĥ− h0
∥∥
2
, ∥ĝ∥∞

∥∥ĥ− h0
∥∥
2
+ ∥h0∥∞

∥∥ĝ − g0
∥∥
2

}
= O
Ä∥∥ĥ− h0

∥∥
2
+
∥∥ĝ − g0

∥∥
2

ä
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where the last equality follows because by assumption ∥ĥ∥∞ + ∥g0∥∞ ≤ B or ∥ĝ∥∞ +

∥h0∥∞ ≤ B.

Thus, we conclude that…
E
[¶
ϕ(O; ĥ, ĝ)− ϕ(O;h0, g0)

©2]
= O
Ä∥∥ĥ− h0

∥∥
2
+
∥∥ĝ − g0

∥∥
2

ä
which is op(1) since ∥ĥ− h0∥22 = op(1), ∥ĝ − g0∥22 = op(1).

B.6 Existence of Bridge Functions for our Data Generating Mechanism

B.6.1 Derivation of an Outcome Bridge Function

Under our data-generating mechanism, the outcome bridge equation (B.5) becomes

E (Y |A,L, U) =
[
1 + exp

{
−(µ+ β9L+ β10U + β11A+ β12W + γA2)

}]−1
.

This structural form motivates the following parametric model for h:

h(A,L,W ;φ) = κ(φ)
[
1 + exp

{
−(φ0 + φ1A+ φ2L+ φ3W + φ4A

2)
}]−1

.

First, consider the expression

φ0 + φ1A+ φ2L+ φ3W + φ4A
2 = φ0 + φ3W̃ + φ1A+ (φ2 + φ3β4)L+ φ3β5U + φ4A

2,

where W̃ = W −β4L−β5U is a random variable with distribution T N c(0, 1). We treat W̃ as

a mean-zero perturbation and use a second-order Taylor expansion to approximate the effect

of W on the expected value of h(A,L,W ;φ) given (A,L, U). Specifically, we consider the
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function f(v, t) = v {1 + exp(−t)}−1, which second-order Taylor approximation at (v0, t0) is

given by:

f(v, t) ≈ f(v0, t0) + (v − v0)
∂f(v0, t0)

∂v
+ (t− t0)

∂f(v0, t0)

∂t
+

(t− t0)
2

2

∂2f(v0, t0)

∂t2

+ (v − v0)(t− t0)
∂2f(v0, t0)

∂v∂t

= f(v0, t0) + (v − v0)
f(v0, t0)

v0
+ (t− t0)f(v0, t0)

ß
1− f(v0, t0)

v0

™
+

(t− t0)
2

2
f(v0, t0)

ß
1− f(v0, t0)

v0

™ß
1− 2f(v0, t0)

v0

™
+ (v − v0)(t− t0)

f(v0, t0)

v0

ß
1− f(v0, t0)

v0

™
Applying the Taylor approximation with v0 = 1, t0 = φ0+φ1A+(φ2+φ3β4)L+φ3β5U+

φ4A
2, v = κ(φ), and t = t0 + φ3W̃ , and taking expectations with respect to (A,L, U) yields

the following expression:

E {h(A,L,W ;φ)|A,L, U}

= E {f(1, t)|A,L, U}

≈ f(1, t0) + {κ(φ)− 1} f(1, t0) +
φ2
3

2
f(1, t0){1− f(1, t0)}{1− 2f(1, t0)}E[W̃ 2]

≈
ß
κ(φ) +

φ2
3

2
E[W̃ 2]

™
f(1, t0)

=

ß
κ(φ) +

φ2
3

2
E[W̃ 2]

™ [
1 + exp

{
−(φ0 + φ1A+ (φ2 + φ3β4)L+ φ3β5U + φ4A

2)
}]−1

.

Using a similar analysis, an approximation of E (Y |X,L, U) is given byÅ
1 +

β2
12

2
E[W̃ 2]

ã [
1 + exp

{
−(µ+ β11A+ (β9 + β12β4)L+ (β10 + β12β5)U + γA2)

}]−1
.

This suggests the following condition must be approximately satisfied to match both sides
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of the integral equation (3.1):Å
1 +

β2
12

2
E[W̃ 2]

ã [
1 + exp

{
−(µ+ β11A+ (β9 + β12β4)L+ (β10 + β12β5)U + γ4A

2)
}]−1

≈
ß
κ(φ) +

φ2
3

2
E[W̃ 2]

™ [
1 + exp

{
−(φ0 + φ1A+ (φ2 + φ3β4)L+ φ3β5U + φ4A

2)
}]−1

,

where E[W̃ 2] ≈ 0.9733369 is a constant.

This approximation suggests (φ1, φ2, φ3, φ4) ≈
Ä
β11, β9 − β4β10

β5
, β12 +

β10
β5
, γ
ä
and κ(φ) ≈

1 + (β2
12 − φ2

3)E[W̃ 2]/2. When β12 = 0, i.e., when W does not affect Y , i.e., the previous

approximation provides a parametric form for κ(φ) provided E[W̃ 2] is known, an assumption

that we make. Unfortunately, this choice can be problematic as κ(φ) may become negative

when β5 is small—i.e., when W is a weak proxy for U—leading to unstable estimates. To

address this issue, we instead choose κ(φ) = 1+
φ2
3

2
E[W̃ 2]. Under this selection, when β10/β5

is small, setting

φ0 ≈ µ+ log

Å
1 +

β2
12

2
E[W̃ 2]

ã
− log

®
1 +

Å
β12 +

β10
β5

ã2
E[W̃ 2]

´
ensures that the proposed function h approximately solves the integral equation (3.1). In

the general case, using the same model for κ(φ), i.e., κ(φ) = 1 +
φ2
3

2
E[W̃ 2] with E[W̃ 2] ≈

0.9733369, an approximation of φ can be found by solving a non-linear system of equations.

We used such equations for the parametric estimation φ described in Section B.3.3. Our

numerical experiments described in Appendix B.3.3 showed that this choice of κ(φ) yields

good finite-sample performance for estimating ψ0 when β12 = 0. We also observed good

performance under a more challenging setting with β9 = 0.3 and β12 = −0.3 (see Figures B.6

and B.7).
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B.6.2 Derivation of a Treatment Bridge Function

Under our data-generating mechanism and policy (B.16), when β8 = 0, the expression for

α0(a, l, u) becomes

α0(a, l, u) = I {a ∈ q [S(l)]} dq
−1(a, l)

da

pA|L,U (q−1(a, l)|l, u)
pA|L,U(a|l, u)

= ρ0(a) exp

ï
−1

2

{
q−1(a)− a

] {
q−1(a) + a− 2 (β6l + β7u)

}ò
= ρ0(a) exp

ï
δV (a)

2
{2a− δV (a)− 2 (β6l + β7u)}

ò
= ρ0(a) exp

ï
δV (a)

ß
a− β6l − β7u−

δ

2
V (a)

™ò
where ρ0(a) = I {c+ δ ≤ a ≤ d} + δ

ε
I {d− ε ≤ a ≤ d} and, recall, V (a) = I{c + δ ≤ a <

d−ε}+ d−a
ε
·I{d−ε ≤ a ≤ d}. Since the latent treatment bridge equation (B.3) has α0(a, l, u)

on its left-hand side, the expression above suggests the following parametric model for g:

g(a, l, z; η) = ρ(a; η) exp [{η0a+ η1l + η2z + η3V (a)}V (a)] .

Noting that the moment generating function of Z|A,L, U is

E {exp(tZ)|A,L, U} =
Φ(3− t)− Φ(−3− t)

Φ(3)− Φ(−3)
exp

Å
[β2L+ β3U ] t+

t2

2

ã
,

where t could be a function of (a, l, u), it follows that

E {g(A,L, Z; η)|A,L, U} = ρ(a; η) exp [{η0X + η1L+ η3V (X)}V (X)] · E {η2V (X)Z|X,L, U}

= ρ1(a; η) exp

ïß
η0A+ (η1 + η2β2)L+ η2β3U +

Å
η3 +

η22
2

ã
V (A)

™
V (A)

ò
,

where ρ1(a; η) =
Φ(3−η2V (a))−Φ(−3−η2V (a))

Φ(3)−Φ(−3)
ρ(a; η).
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Hence, taking

ρ(a; η) =
Φ(3)− Φ(−3)

Φ
{
3− η2V (a)

}
− Φ

{
− 3− η2V (a)

} · ρ0(a)

and

η =

ï
δ,−δ

Å
β6 −

β2β7
β3

ã
,−δβ7

β3
,−δ

2

2

Å
1 +

β2
7

β2
3

ãòT
,

ensures that the proposed function ĝ(a, l, u; η) solves the integral equation (3.3).

When β8 ̸= 0, using the identity pA|L,U(a|l, u) =
∫
pA|L,U,Z(a|l, u, z)pZ|L,U(z|l, u)dz, it can

be shown that

α0(a, l, u) = ρ̃0(a) exp

ï
δ

1 + β2
8

V (a)

ß
a− (β6 + β2β8)l − (β7 + β3β8)u−

δ

2
V (a)

™ò
,

where

ρ̃0(x) = ρ0(a) ·
θ
(
a− δV (a), l, u

)
θ(a, l, u)

,

and

θ(a, l, u) :=

∫ 3+β2l+β3u

−3+βl+β3u

exp
Ä
−1+β2

8

2

î
z − 1

1+β2
8

{
β8a+ (β2 − β6β8)l + (β3 − β7β8)u

}2óä
Φ(2− β6l − β7u− β8z)− Φ(−2− β6l − β7u− β8z)

dz.

Similarly, it can be shown that

E
[
g(A,L, Z; η)|A,L, U

]
=

= ρ(a; η) exp [{η0A+ η1L+ η3V (A)} V (A)] · E [η2V (A)Z|A,L, U ]

= ρ1(a; η) exp

([Å
η0 +

η2β8
1 + β2

8

ã
A+

ß
η1 +

η2(β2 − β6β8)

1 + β2
8

™
L
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+
η2(β3 − β7β8)

1 + β2
8

U +

ß
η3 +

η22
2(1 + β2

8)

™
V (A)

]
V (A)

)
,

where

ρ̃1(a; η) := ρ(a; η) ·
θ
Ä
a+ η2V (a)

β8
, l, u
ä

θ(a, l, u)
.

Now define, for fixed (a, l, u), r(β8) :=
θ
(
a−δV (a),l,u

)
θ
(
a+

η2V (a)
β8

,l,u
) . Since r′(0) ≈ 0 under the parameters

considered in our data-generating process, a first-order Taylor approximation gives

r(β8) ≈ r(0) =
Φ(3)− Φ(−3)

Φ
{
3− η2V (a)

}
− Φ

{
− 3− η2V (a)

} .
Hence, taking

η =

ï
δβ3

β3 − β7β8
,−δ(β3β6 − β2β7)

β3 − β7β8
,−δ(β7 + β3β8)

β3 − β7β8
,− δ2

(β3 − β7β8)2

ß
β2
3 + β2

7

2

™ò
,

and

ρ(a; η) =
Φ(3)− Φ(−3)

Φ
{
3− η2V (a)

}
− Φ

{
− 3− η2V (a)

} · ρ0(a),

yields a good approximation to the true bridge function when β8 is small. In the general case,

using the same model for ρ(a; η), an approximation of η can be found by solving the non-linear

system of equations described in Section B.3.3. Our numerical experiments, using parametric

models for estimating the bridge functions under a more challenging data-generating mech-

anism wit β8 = 0.3 and β12 = −0.3 demonstrated that the proposed parametric model for g

yields good finite-sample performance for estimating ψ0.
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Figure B.6: Boxplots of the correctly specified parametric estimators from numerical exper-
iments under a more challenging data generated-generating mechanism, where Z directly
affects A and W directly affects Y . Results are shown across varying conditional cor-
relations of the proxies Z and W with the unmeasured confounder U , and sample sizes
n = 750, 3000, 12000, and 48000. Dashed lines indicate the true parameter values.
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Figure B.7: Empirical coverage of 95% confidence intervals of correctly specified parametric
estimators from numerical experiments under a more challenging data generated-generating
mechanism, where Z directly affects A and W directly affects Y . Results are shown across
varying conditional correlations of the proxies Z and W with the unmeasured confounder U ,
and sample sizes n = 750, 3000, 12000, and 48000. Dashed lines indicate the true parameter
values. The dashed line indicates the nominal coverage level of 0.9.
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Appendix C

SUPPLEMENTARY MATERIAL OF CHAPTER 4

C.1 Proofs of Mathematical Statements

Proof of Proposition 4.1. If {gj = I0g
†
j : g

†
j ∈ G, j ∈ J} is an orthonormal basis of I0G, then

∥PI0G◦T I0(h
†
0−h)∥22 =

∑
j∈J⟨I0T (h†0−h), I0g

†
j⟩22 =

∑
j∈J{E[ρ(Z)g

†
j(Z)−I0(X)r(O)h(W )g†j(Z)]}2 =∑

j∈J{E[m(O, g†j)− I0(X)r(O)h(W ) g†j(Z)]}2 = QJ(h)

Proof of Proposition 4.2. To show part 1, write

MP (h)
(i)
= 4c2max

g∈G
E
{
ρ(Z)g(Z)− I0(X)r(O)h(W )g(Z)− c2I0(X)g(Z)2

}
(ii)
= 4c2max

g∈G
E
{
I0(X)g(Z)T

(
h†0 − h

)
(Z)− c2I0(X)g(Z)2

}
= 4c2max

g∈G
E
[
I0(X)g(Z)T

(
h†0 − h

)
(Z)− c2I0(X)g(Z)2 − 1

4c2
I0(X)

{
T
(
h†0 − h

)
(Z)
}2]

+ E
[
I0(X)

{
T
(
h†0 − h

)
(Z)
}2]

= max
g∈G

−E
[
I0(X)

{
2c2g(Z)− T

(
h†0 − h

)
(Z)
}2]

+ E
[
I0(X)

{
T
(
h†0 − h

)
(Z)
}2]

(iii)
= E

[
I0(X)

{
T
(
h†0 − h

)
(Z)
}2]

where the equality (i) holds because ρ is the Riesz representer of the map g 7→ E [m(O; g)],

the equality (ii) is because I0h
†
0 is a solution to equation (4.2), and the equality (iii) is

because by assumption, (2c2)−1 · T (h†0 − h) ∈ G. Note that if G was unrestricted, part 1

would be, on expectation, the Frenchel conjugate representation of the squared function.



169

This concludes the proof of part 1. To show part 2 write

max
g∈G

− E
[
I0(X)

{
2c2g(Z)− T

(
h†0 − h

)
(Z)
}2]

+ E
[
I0(X)

{
T
(
h†0 − h

)
(Z)
}2]

(i)
= −min

g∈G
E
[{
I0(X)g(Z)− I0(X)T

(
h†0 − h

)
(Z)
}2]

+ E
[
I0(X)

{
T
(
h†0 − h

)
(Z)
}2]

(ii)
= −

∥∥I0T (h†0 − h
)
− PI0G ◦ T I0(h†0 − h)

∥∥2
2
+
∥∥I0T (h†0 − h

)∥∥2
2

(iii)
=
∥∥PI0G ◦ T I0(h†0 − h)

∥∥2
2

where the equality (i) holds because G is a linear space, the equality (ii) holds by the

definition of the projection operator and the assumption that PI0G ◦ T I0(h†0 − h) ∈ I0G,

and the equality (iii) holds by Pythagorean Theorem. Hence, by Proposition 4.1, we have

MP (h) = ∥PI0G ◦ T I0(h†0 − h)∥22 = QJ(h). This concludes the proof of part 2.

Theorem 4.3 under Assumption 4.4. Recall that h′0,KRAS is the solution to equation (4.17)

with minimal L2(PW )–norm and that h′λH,KRAS = argminh′∈N (TH)⊥{∥ρ−‹T h′∥22+4λH∥h′∥22}

(see Section 4.5). Now, Lemma C.4 establishes that h′0,KRAS ∈ N (TH)
⊥ and h†0,KRAS =

T
1/2
H h′0,KRAS. On the other hand, we know that h′λH,KRAS ∈ N (TH)

⊥ and h†λH,KRAS =

T
1/2
H h′λH,KRAS. It then follows from Lemma C.1 (d) that ∥h†λH,KRAS−h

†
0,KRAS∥H = ∥h′λH,KRAS−

h′0,KRAS∥2 and ∥‹T (h′λH,KRAS − h′0,KRAS)∥2 = ∥Iop0 ◦ T (h†λH,KRAS − h†0,KRAS)∥2. Hence, under

Assumption 4.4, Theorem 4.2 with A = ‹T ensures that there exist constants c∗1 and c∗2 such

that

∥h†λH,KRAS − h†0,KRAS∥
2
H = ∥h′λH,KRAS − h′0,KRAS∥2 ≤ c∗1λ

min{β,2}
H and

∥Iop0 ◦ T (h†λH,KRAS − h†0,KRAS)∥
2
2 = ∥‹T (h′λH,KRAS − h′0,KRAS)∥2 ≤ c∗2λ

min{β+1,2}
H .
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Theorem 4.4. We adapted the proof of Theorem 4 of Bennett et al. (2023b) to our estimator.

To simplify notation, we omit the subscript KRAS from the functions h†0,KRAS, h
†
λH,KRAS

,

and h̃KRAS defined in (4.13), (4.15), and (4.12). Define

L(τ) :=
1

4c2
∥∥I0T {h†0 − h†λH − τ

(
h̃− h†λH

)}∥∥2
2
+ λH

∥∥h†λH + τ
(
h̃− h†λH

)∥∥2
H.

L(τ) attains its unique global minimum at τ = 0 because h†λH is the unique minimizer

in H of the criterion in (4.15). Then, L′(0) = 0 and since L(τ) is quadratic, a Taylor’s

expansion yields

L(1)− L(0) = L′(0) · 1 + 1

2
L′′(0) · 12 = 1

2
L′′(0) =

1

4c2
∥∥I0T (h̃− h†λH

)∥∥2
2
+ λH

∥∥h̃− h†λH
∥∥2
H.

On the other hand, L(0) = 1
4c2

∥I0T (h†0−h
†
λH

)∥22+λH∥h
†
λH

∥2H and L(1) = 1
4c2

∥I0T (h†0− h̃)∥22+

λH∥h̃∥2H. Thus, we arrive at

1

4c2
∥∥I0T (h̃−h†λH)∥∥22 + λH

∥∥h̃− h†λH
∥∥2
H (C.1)

=
1

4c2

{∥∥I0T (h†0 − h̃
)∥∥2

2
−
∥∥I0T (h†0 − h†λH

)∥∥2
2

}
+ λH

(∥∥h̃∥∥2H −
∥∥h†λH∥∥2H).

To control the right-hand side of (C.1), we invoke Lemma C.10 which establishes that

with probability at least κ(δn) the following event happens

1

4c2

{∥∥I0T (h†0−h̃)∥∥22 − ∥∥I0T (h†0 − h
)∥∥2

2

}
+ λH

(∥∥h̃∥∥2H −
∥∥h∥∥2H)

≤ 1

2c2
∥∥I0T (h†0 − h

)∥∥2
2
+ c0δn

∥∥I0T (h̃− h
)∥∥

2
+ λGB

2
1 + c′0δ

2
n

where c0 = 9 ·max{∥s∥∞, ∥r∥∞ · k1B, 2c2b}/(c2b) and c′0 = c2 · c0(23c0 +max{2, 2c0/9}).
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Hence, identity (C.1) implies that, with probability at least κ(δn), the following holds

1

4c2
∥∥I0T (h̃− h†λH

)∥∥2
2
+ λH

∥∥h̃− h†λH
∥∥2
H

≤ 1

2c2
∥∥I0T (h†0 − h†λH

)∥∥2
2
+ c0δn

∥∥I0T (h̃− h†λH
)∥∥

2
+ λGB

2
1 + c′0δ

2
n.

By the AM-GM inequality, c0δn∥I0T (h̃−h†λH)∥2 ≤ 2c2 · c20δ2n+ 1
8c2

∥I0T (h̃−h†λH)∥
2
2, which

combined with the right-hand side of the last display yields that

λH
∥∥h̃− h†λH

∥∥2
H +

1

8c2
∥∥I0T (h̃− h†λH

)∥∥2
2
≤ 1

2c2
∥∥I0T (h†0 − h†λH

)∥∥2
2
+ λGB

2
1 + c′′0δ

2
n, (C.2)

with c′′0 = c′0 + 2c2 · c20, happens with probability at least κ(δn), which, in turn, implies that

λH∥h̃ − h†λH∥
2
H ≤ 1

2c2
∥I0T (h†0 − h†λH)∥

2
2 + λGB

2
1 + c′′0δ

2
n also holds with probability at least

κ(δn).

Applying the inequality ∥h1 + h2∥2H ≤ 2∥h1∥2H + 2∥h2∥2H we then obtain that the event

∥∥h̃− h†0
∥∥2
H ≤ 2

∥∥h̃− h†λH
∥∥2
H + 2

∥∥h†λH − h†0
∥∥2
H

≤ 1

c2 · λH
∥∥I0T (h†0 − h†λH

)∥∥2
2
+

2λGB
2
1

λH
+

2c′′0δ
2
n

λH
+ 2
∥∥h†λH − h†0

∥∥2
H,

happens with probability at least κ(δn). Because h̃ − h†0 ∈ H, it follows that ∥h̃ − h†0∥22 ≤

k21 ∥h̃−h
†
0∥2H. Hence, invoking Theorem 4.3 to bound the terms ∥I0T (h†0−h

†
λH

)∥22 and ∥h†λH−

h†0∥2H, we conclude that, with probability at least κ(δn), ∥h̃−h†0∥22 ≤ c2
( δ2n
λH

+ λG
λH

+λ
min{β,1}
H

)
,

where c2 = k21 ·max{2c∗1+ c∗2c−2 , 2B2
1 , 2c

′′
0}, and c∗1 and c∗2 are the constants of Theorem 4.3.

To derive the bound for ∥I0T (h̃ − h†0)∥22, first note that from inequality (C.2) we have

that the event

1

8c2
∥∥I0T (h̃− h†λH

)∥∥2
2
≤ 1

2c2
∥∥I0T (h†0 − h†λH

)∥∥2
2
+ λGB

2
1 + c′′0δ

2
n
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happens with probability at least κ(δn). Combining this inequality with the inequality

∥I0T (h̃− h†0)∥22 ≤ 2∥I0T (h̃− h†λH)∥
2
2 + 2∥I0T (h†λH − h†0)∥22 we conclude that

∥∥I0T (h̃− h†0
)∥∥2

2
≤ 10

∥∥I0T (h†0 − h†λH
)∥∥2

2
+ 16c2B2

1λG + 16c2c′′0δ
2
n

holds with probability at least κ(δn). Invoking again Theorem 4.3 to bound ∥I0T (h†0 −

h†λH)∥
2
2, we conclude that the event ∥I0T (h̃ − h†0)∥22 ≤ c3

Ä
δ2n + λG + λ

min{β+1,2}
H

ä
happens

with probability at least κ(δn) where c3 = max{10c∗2 , 16c2B2
1 , 16c

2c′′0}. This completes the

proof.

Verifying Assumption 4.7 for the Map ‹m(o;h) from Example 4.2. We denote the support of

random variables (V1, . . . , Vk) and their conditional versions V1|(V2 = v2, . . . , Vk = vk), for

k ≥ 2, as supp(V1, . . . , Vk) and supp(V1|V2 = v2, . . . , Vk = vk).

Observe that q, defined in Example 4.2, is strictly monotone and differentiable a.e. with

respect to P0,A, and admits an inverse that is differentiable a.e. with positive derivative.

Suppose that ρ̃P0(a, l, w) = I0(a, l) · dq
−1(a)
da

· p0,A|L,W {q−1(a)|l,w}
p0,A|L,W (a|l,w) , where I0(a, l) := I{a ∈

[c+ δ, d]}, is bounded by some B0 > 0. Then, for any h ∈ L2(A,L,W ),

∥‹m(O;h)∥22 =
∫∫ ï∫

h{q(a), l, w}2p0,A|L,W (a|l, w)da
ò
dP0(l, w)

(i)
=

∫∫∫
h(ã, l, w)2 · I{ã ∈ [c+ δ, d]} · dq

−1(ã)

dã
p0,A|L,W (q−1(ã)|l, w) dã · dP0(l, w)

(ii)
=

∫∫∫
h(ã, l, w)2 · I0(ã, l) · ρ̃P0(ã, l, w)p0,A|L,W (ã|l, w) dã · dP0(l, w)

(iii)

≤ B0

∫∫∫
I0(ã, l) · h(ã, l, w)2p0,A|L,W (ã|l, w) dã · dP0(l, w) = B0 · ∥I0h∥22,

where the equality in (i) follows from the change of variable ã = q(a), which is valid since

q has an a.e. differentiable inverse with strictly positive derivative and maps [c, d] onto

[c+ δ, d]. Equality (ii) follows directly from the definition of ρ̃P0 , and the inequality (iii) uses
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the assumption that |ρ̃P0(a, l, w)| ≤ B0 for all (a, l, w) ∈ supp(A,L,W ). This proves the first

inequality in part 1 of Assumption 4.7 with constant B2 =
√
B0.

To verify part 2 of Assumption 4.7, we impose the following common support assumption:

supp(A|L = l, U = u) = supp(A|L = l) for all (l, u) ∈ supp(L,U), which is standard

in proximal inference (see Section 3.3 of Chapter 3). This assumption, together with the

fact that W is a negative control outcome—i.e., (A,Z) ⊥ W |L,U—imply that supp(A|L =

l,W = w) = supp(A|L = l) for all (l, w) ∈ supp(L,W ). Moreover, supp(A,L,W ) =

[c, d]× supp(L,W ) given that supp(A|L = l) = [c, d] for all l ∈ L.

Next, we define an equivalence relation on H as follows: h↔ h′ if and only if h(a, l, w) =

h′(a, l, w) for all (a, l, w) ∈ [c+ δ, d]× supp(L,W ). Let ‹H := {[h] : h ∈ H} denote the set of

equivalences classes in H under this relation. Define the map d : ‹H× ‹H 7→ R by

d̃([h1], [h2]) := inf{∥h′1 − h′2∥H | h′1 ∈ [h1], h
′
2 ∈ [h2]}.

We now verify that d is a metric on ‹H. By construction, d is symmetric. To see that the

triangle inequality holds, take [h1], [h2], [h3] ∈ ‹H, and any representatives h1 ∈ [h1], h2 ∈ [h2],

and h3 ∈ [h3]. Then, ∥h1 − h2∥H ≤ ∥h1 − h3∥H + ∥h3 − h2∥H. Taking the infimum over

representatives on both sides yields d([h1], [h2]) ≤ d([h1], [h3])+d([h3], [h2]), so d satisfies the

triangle inequality.

Finally, we show that d([h1], [h2]) = 0 if and only if [h1] = [h2]. The if direction is

trivial since d([h], [h]) = 0 for all [h] ∈ ‹H. To show the only if direction suppose that

d([h1], [h2]) = 0 but [h1] ̸= [h2]. Then there exist representatives h1 ∈ [h1], h2 ∈ [h2], and a

point (a0, l0, w0) ∈ [c + δ, d] × supp(L,W ) such that h1(a0, l0, w0) ̸= h2(a0, l0, w0). Let ϵ :=

|h1(a0, l0, w0)− h2(a0, l0, w0)| > 0, and k := [sup(a,l,w)∈supp(A,L,W )KH{(a, l, w), (a, l, w)}]1/2 <

∞. By the definition of d and the fact that d([h1], [h2]) = 0, there exists h′1 ∈ [h1] and
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h′2 ∈ [h2] such that ∥h′1 − h′2∥H < ϵ/k. Then we arrive at the following contradiction:

k∥h′1 − h′2∥H < |h1(a0, l0, w0)− h2(a0, l0, w0)| = |h′1(a0, l0, w0)− h′2(a0, l0, w0)| ≤ k∥h′1 − h′2∥H,

where the equality holds because h1 ↔ h′1 and h2 ↔ h′2, and the final inequality because for

any h ∈ H, ∥h∥∞ ≤ k ∥h∥H. Hence, d([h1], [h2]) = 0 implies [h1] = [h2], so d is a valid metric

on ‹H.

We now show that (‹H, d) is separable. Since KH is continuous and supp(A,L,W ) is

compact, H is separable under the metric induced by its norm (see Proposition 11.7 of

Paulsen and Raghupathi (2016)). Let {hn} ⊂ H be a countable dense subset, and consider

the set of equivalence classes {[hn]}. We claim this set is dense in ‹H. Indeed, for any [h] ∈ ‹H
and ϵ > 0, there exists a representative h′ ∈ [h] and some hn ∈ H such that ∥h′ − hn∥H < ϵ.

Then d([h], [hn]) ≤ ∥h− hn∥H < ϵ, so {[hn]} is dense in ‹H, and thus ‹H is separable.

Next, consider the class ‹m◦H := {o 7→ h(q(a), l, w)}, which is in a one-to-one correspon-

dence with ‹H. More precisely, the map h 7→ ‹m(·, h) is well-defined on equivalence classes,

since ‹m(o;h1) = ‹m(o;h2) ∀ o ∈ O

⇐⇒ h1(q(a), l, w) = h1(q(a), l, w) ∀ (a, l, w) ∈ [c, d]× supp(L,W )

(i)⇐⇒ h1(a, l, w) = h2(a, l, w) ∀ (a, l, w) ∈ [c+ δ, d]× supp(L,W )

⇐⇒ h1 ↔ h2,

where (i) follows because q ([c, d]) = [c + δ, d]. Thus, we can equip ‹m ◦ G with the metric d

defined as:

d(f1, f2) := d̃([hf1 ], [hf2 ]) for any f1, f2 ∈ ‹H,
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where [hf1 ] and [hf2 ] are their corresponding equivalence classes in ‹H. This yields (‹m ◦H, d)

a separable metric space. By construction, the metric d is controlled by the RKHS norm.

Finally, we show that the metric d dominates the sup-norm on ‹m◦H. For any f1, f2 ∈ ‹m◦

H, let [hf1 ] and [hf2 ] be their corresponding equivalence classes, and take any representatives

hf1 ∈ [hf1 ] and hf2 ∈ [hf2 ]. Then, for any o ∈ O, we have

|f1(o)− f2(o)| := |‹m(o;hf1)− ‹m(o;hf2)| = |hf1(q(a), l, w)− hf2(a, l, w)| ≤ k∥hf1 − hf2∥H.

Since the representatives were arbitrary, we conclude that supo∈O |f1(o) − f2(o)| ≤ k ·

d̃([h1], [h2]) = k · d(f1, f2), implying that d dominates the metric induced by the sup-norm

with constant B3 = k. This completes the verification of part 2 of Assumption 4.7.

Theorem 4.5. The proof follows analogously to that of Theorem 4.4, but applies Lemma C.11

in place of Lemma C.10, and uses the updated constants defined in Lemma C.11.

Lemma 4.1. Let P q
0 := P0 ◦ q−1 be the pushforward measure of P0 under q. For any g ∈ GB1 ,

the composition m( · , g) = g ◦ q(·) satisfies

∥m( · , g)∥2L2(P0)
= ∥g ◦ q∥2L2(P0)

=

∫
Z
g{q(z)}2dP0(z) =

∫
q(Z)

g(z̃)2d(P0 ◦ q−1)(z̃) = ∥g∥2L2(P q
0 )
,

so the map g 7→ g ◦ q = m( · , g) is an isometry between (GB1 ,L2(P q
0 )) and (m ◦ GB1 ,L2(P0)).

Observe that the Rademacher complexity is preserved under reparameterization: if

Z1, . . . , Zn ∼ P0, Z̃1, . . . , Z̃n ∼ P q
0 , and ε1, . . . , εn are i.i.d. Rademacher variables, then

1
n

∑n
i=1 εig{q(Zi)}2 =

1
n

∑n
i=1 εig(Z̃i)

2, so for all δ > 0, Rn(m◦GB1 , P0, δ) = Rn(GB1 , P
q
0 , δ).

Since o 7→ m(o, g) = g(q(z)) is linear in g and GB1 is star-shaped, m◦GB1 is also star-shaped.

Thus, Rn(star(m ◦ GB1), P0, δ) = Rn(GB1 , P
q
0 , δ). Then the critical radius of m ◦ GB1 under

P0 equals the critical radius of GB1 under P q
0 . The result follows because the critical radius
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of an RKHS class is preserved up to multiplicative constants under changes of measure.

Ensuring Bounds in Theorems 4.4 and 4.5 are Achieved with High Probability. When δn <

5b/6, we show that log(log(b/δn)) ≤ c1nδ
2
n/2, where c1 is the constant defined in Theorem 4.4,

for a suitable choice of δn. Suppose δ
2
n ≥ c0 log(log(n))/n with c0 = max{b2/ log(log(3)), 2/c1}.

Since δn/b < 1, it holds that δn/b ≥ (δn/b)
2 ≥ c0 log(log(n))/(nb

2). If n ≥ 3, the assumption

c0 ≥ b2/ log(log(3)) implies δn/b ≥ log(log(n))/{n log(log(3))} ≥ 1/n which then implies

n ≥ b/δn. Furthermore, since c0 ≥ 2/c1, we have log(log(b/δn)) ≤ log(log(n)) ≤ nδ2n/c0 ≤

c1nδ
2
n/2, as desired.

Deriving the adjoint of TG ◦ T : H → G. For h ∈ H and g ∈ G, applying Lemma C.1(g)

with the integral operators induced by KH and KG yields ⟨TG ◦ T h, g⟩G = ⟨T h, g⟩L2(PZ) =

⟨h, T ∗g⟩L2(PW ) = ⟨h, TH ◦ T ∗g⟩H. Hence, the adjoint of TG ◦ T is TH ◦ T ∗.

C.2 Supporting Lemmas

The following Lemma establishes several important properties of the operator T
1/2
H that

are invoked in the proofs of Lemmas C.2 and C.4, Theorem 4.3, and in the derivation of

expression (4.15). Let N (TH) := {h ∈ L2(P0,W ) : THh = 0} denote the null space of the

operator TH, and let N (TH)
⊥ denote its orthogonal complement in L2(P0,W ).

Lemma C.1. Suppose Assumption 4.2 holds. The following holds:

a) N (TH) = N (T
1/2
H ).

b) For any h ∈ L2(P0,W ), it holds that T
1/2
H h ∈ H.

c) The linear operator T
1/2
H : L2(P0,W ) → H is bounded and satisfies ∥T 1/2

H h∥H ≤ ∥h∥2.

d) The restriction of T
1/2
H to N (TH)

⊥ is an isometry, i.e.
∥∥∥T 1/2

H h
∥∥∥
H
= ∥h∥2 for all h ∈

N (TH)
⊥.
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e) The operator T
1/2
H : N (TH)

⊥ → H is bijective.

f) The operator T
1/2
H : L2(P0,W ) → H, with its range endowed with the L2(P0,W )–norm,

is compact.

g) For any h′ ∈ L2(PW ) and h ∈ H, it holds that ⟨THh′, h⟩H = ⟨h′, h⟩L2(PW ).

Proof. As discussed in Section 4.5, Assumption 4.2 implies that the integral operator TH :

L2(P0,W ) 7→ L2(P0,W ) is compact and positive. Therefore, by the spectral decomposition

theorem (see, e.g., Theorem 4.3 of Hohage (2002)) there exists eigenfunctions (φj)
N
j=1 cor-

responding to all the non-zero eigenvalues (ηj)
N
j=1 of TH, where N ∈ N ∪ {+∞}. Such

eigenfunctions are orthonormal in L2(P0,W ) and satisfy that for any h ∈ L2(P0,W ), it holds

that THh =
∑N

j=1 ηj⟨h, φj⟩2φj. Because the integral operator TH is positive, its non-zero

eigenvalues (ηj)
N
j=1 are positive. When N = ∞, ηj → 0 as j → ∞ and the sequence (ηj)

N
j=1

is arranged in decreasing order. The square root of TH, denoted by T
1/2
H , is defined by

T
1/2
H h :=

∑N
j=1

√
ηj⟨h, φj⟩2φj.

Assertion (a) follows from the fact that for any h ∈ L2(P0,W ): THh =
∑N

j=1 ηj⟨h, φj⟩2φj =

0 iff ⟨h, φj⟩2 = 0 ∀j = 1, . . . , N iff T
1/2
H h =

∑N
j=1

√
ηj⟨h, φj⟩2φj = 0.

Another result (see Theorem 11.18 of Paulsen and Raghupathi (2016)), establishes that

under Assumption 4.2, the sequence (
√
ηjφj)

N
j=1 forms an orthogonal basis of the RKHS H.

Furthermore, H admits the representation

H =

{
h =

N∑
j=1

γjφj : for some (γj)
∞
j=1 with

N∑
j=1

γ2j
ηj

<∞

}
, (C.3)

where if N = ∞, the limit of the finite sums is with respect to the L2(P0,W )-metric. Ad-

ditionally, its inner product decomposes as (see Theorem 11.3 of Paulsen and Raghupathi

(2016)) ⟨h, h′⟩H =
∑N

j=1⟨h, φj⟩2⟨h′, φj⟩2/ηj.

Assertion (b) follows from the representation of H in (C.3) and the definition of T
1/2
H h.
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Specifically, for any h ∈ L2(P0,W ), we have T
1/2
H h =

∑N
j=1

√
ηj⟨h, φj⟩2φj, so to show that

T
1/2
H h is in H we need to show that

∑N
j=1(

√
ηj⟨h, φj⟩)2/ηj <∞. This holds because

N∑
j=1

(√
ηj⟨h, φj⟩

)2
ηj

=
N∑
j=1

⟨h, φj⟩22 ≤ ∥h∥22 <∞. (C.4)

Assertion (c) follows from (C.4) since ∥T 1/2
H h∥2H =

∑N
j=1

(√
ηj⟨h, φj⟩

)2
/ηj, thus proving that

T
1/2
H is bounded with operator norm at most one. The linearity of T

1/2
H is immediate from

the linearity of the inner products ⟨h, φj⟩2, completing the proof of (c).

To show Assertions (d) and (e), we use that N (TH)
⊥ = span(φ1, . . . , φN). Assertion (d)

follows because, for h ∈ span(φ1, . . . , φN), the first inequality in (C.4) becomes an equality.

To prove Assertion (e), we first show that T
1/2
H : N (TH)

⊥ → H is injective. Let h1, h2 ∈

N (TH)
⊥ be such that T

1/2
H h1 = T

1/2
H h2. Then, h1 − h2 ∈ N (T

1/2
H ). By part (a), N (T

1/2
H ) =

N (TH). Then, h1 − h2 ∈ N (TH) ∩ N (TH)
⊥ = {0}. This shows injectivity. Surjectivity

follows from the representation of H in (C.3). Specifically, any h ∈ H can be written as

h =
∑N

j=1 γjφj with
∑N

j=1

γ2j
ηj
<∞. Then T

1/2
H h′ = h where h′ :=

∑N
j=1 γjφj/

√
ηj ∈ N (TH)

⊥.

Assertion (f) follows from the definition of T 1/2
H : L2(P0,W ) 7→ L2(P0,W ), as it is the

norm-limit of finite-rank operators (see Proposition 5.6.5 of Conway (2012)).

To prove assertion (g), observe that for any h′ ∈ L2(PW ) and h ∈ H, it holds that

⟨THh′, h⟩H =
∑N

j=1⟨THh′, φj⟩2⟨h, φj⟩2/ηj =
∑N

j=1⟨h′, φj⟩2⟨h, φj⟩2 = ⟨h′,
∑N

j=1⟨h, φj⟩2φj⟩2.

For every h ∈ H, h =
∑N

j=1⟨h, φj⟩2φj. Hence, the last expression equals ⟨h′, h⟩2, as claimed.

Lemma C.2. Suppose Assumption 4.2 holds. Then the operators Iop0 ◦ T |H: H → L2(PZ)

and Iop0 ◦ T ◦ T 1/2
H : L2(PW ) → L2(PZ) are bounded and linear, and their adjoints (Iop0 ◦ T |H

)∗ : L2(PZ) → H and (Iop0 ◦ T ◦ T 1/2
H )∗ : L2(PZ) → L2(PW ) are given by TH ◦ T ∗ ◦ Iop0 and

T
1/2
H ◦ T ∗ ◦ Iop0 .



179

Proof. Linearity is immediate from that of Iop0 , T , and T
1/2
H . Boundedness of Iop0 ◦ T |H

follows because for h ∈ H, it holds that ∥Iop0 T h∥22 ≤ ∥r∥2∞∥h∥22 ≤ ∥r∥2∞∥h∥2∞ ≤ k21∥r∥2∞∥h∥2H,

where k21 = supw∈W KH(w,w) < ∞. Boundedness of Iop0 ◦ T ◦ T 1/2
H follows because T

1/2
H (by

Lemma C.1(f)), T , and Iop0 are all bounded, and so is their composition.

To determine the adjoint of Iop0 ◦ T |H, let h ∈ H and g ∈ L2(PZ). Then, apply-

ing Lemma C.1(g) yields ⟨Iop0 ◦ T h, g⟩L2(PZ) = ⟨T h, Iop0 g⟩L2(PZ) = ⟨h, T ∗ ◦ Iop0 g⟩L2(PW ) =

⟨h, TH ◦ T ∗ ◦ Iop0 g⟩H. Hence, (Iop0 ◦ T |H)∗ = TH ◦ T ∗ ◦ Iop0 . Now let h ∈ L2(PW ) and

g ∈ L2(PZ). Since T
1/2
H is self-adjoint, we have ⟨Iop0 ◦ T ◦ T 1/2

H h, g⟩L2(PZ) = ⟨T 1/2
H h, T ∗ ◦

Iop0 g⟩L2(PW ) = ⟨h, T 1/2
H ◦ T ∗ ◦ Iop0 g⟩L2(PW ). Thus (Iop0 ◦ T ◦ T 1/2

H )∗ = T
1/2
H ◦ T ∗ ◦ Iop0 . This

completes the proof.

Lemma C.3. The second equality in display (4.15) holds.

Proof. To show the second equality in (4.15) it suffices to show that ∥h††λH,KRAS∥H ≤ B where

h††λH,KRAS := argminh∈H
¶

1
4
∥ρ− Iop0 ◦ T |H h∥22 + λH ∥h∥2H

©
. This holds because ∥h†0,KRAS∥H <

B by definition of B and ∥h††λH,KRAS∥H ≤ ∥h†0,KRAS∥H because otherwise 1
4c2

∥I0T (h†0,KRAS −

h†0,KRAS)∥22 + λH
∥∥h†0,KRAS∥∥2H < 1

4c2
∥I0T (h†0,KRAS − h††λH,KRAS)∥

2
2 + λH

∥∥h††λH,KRAS∥∥2H violating

the definition of h††λH,KRAS.

Lemma C.4. Under Assumptions 4.1 and 4.2, h†0,KRAS = T
1/2
H h′0,KRAS and h′0,KRAS ∈

N (TH)
⊥.

Proof. To simplify notation, we drop the subscriptsKRAS from h†0,KRAS and h
′
0,KRAS. Under

Assumptions 4.1–4.2, h†0 in (4.13) is well-defined, and the ‹T is bounded (see Section 4.5).

By Lemma C.1 (e), there exists a unique h′0 ∈ N (TH)
⊥ such that h†0 = T

1/2
H h′0. Since

ρ = T
Ä
I0h

†
0

ä
= Iop0 ◦ T h†0 = Iop0 ◦ T ◦ IdHh†0 = Iop0 ◦ T ◦ IdH ◦T 1/2

H h′0 = ‹T h′0 it follows that h′0
solves equation (4.17). It remains to show that it is the solution of minimal L2(PW )−norm.

Let h1 ∈ L2(PW ) be any solution to (4.17). Decompose h1 as h
′
1+h

⊥
1 , where h

′
1 ∈ N (TH) and
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h⊥1 ∈ N (TH)
⊥. Since ‹T h⊥1 = ‹T h1, it follows that h⊥1 also solves equation (4.17). Moreover,

ρ = ‹T h⊥1 = Iop0 ◦ T ◦ IdH ◦ T 1/2
H h⊥1 = Iop0 ◦ T ◦ T 1/2

H h⊥1 = T (I0T
1/2
H h⊥1 ), so T

1/2
H h⊥1 ∈ H0.

By Lemma C.1 (d), T
1/2
H restricted to N (TH)

⊥ is an isometry, so ∥h⊥1 ∥2 = ∥T 1/2
H h⊥1 ∥H ≥

∥h†0∥2H = ∥h′0∥22 with equality iff T
1/2
H h⊥1 = h†0 = T

1/2
H h′0, which by Lemma C.1 (e) implies

h⊥1 = h′0. Therefore, ∥h1∥22 = ∥h′1∥22 + ∥h⊥1 ∥22 ≥ ∥h′0∥22, with equality, i.e., ∥h1∥2 = ∥h′0∥2, if

and only if h′1 = 0 and h⊥1 = h′0. This shows that h
′
0 is the unique solution to equation (4.17)

of minimal L2(PW )-norm.

Next we will present several results that are used in the proofs of Theorems 4.4 and 4.5.

In the following Lemmas C.5–C.9, O1, . . . , On are n independent identically distributed

copies of a random variable O on the sample space O. Furthermore, F is an index set

such that for each f ∈ F , tf : O 7→ R is a measurable, real-valued function satisfying

E[tf (O)2] <∞.

Lemma C.5 (Talagrand inequality, Theorem 3.27 of Wainwright (2019)). Suppose F is

countable and {tf : f ∈ F} is uniformly bounded by b. Define Z := supf∈F
{

1
n

∑n
i=1 tf (Oi)

}
.

Then, for all u > 0, P {Z ≥ E(Z) + u} ≤ 2 exp
(
− nu2

16ebE(Z)+8e supf∈F E{tf (O)2}+4bu

)
where

e := exp(1).

The proof of Lemma C.5 is given in Wainwright (2019) under the assumption that F

is countable. However, the proofs of Theorems 4.4 and 4.5 require applying the lemma to

uncountable sets F . This extension is valid when {tf : f ∈ F} are Caratheodory sets, i.e.

when F can be equipped with a separable metric under which the evaluation map f 7→ tf (o)

is continuous for each o ∈ O, a condition satisfied by the function classes we consider. For

completeness, we now state and prove some results that imply that the Lemma C.5 remains

valid under this more general setting.

To facilitate the extension of Lemma C.5 to certain uncountable uniformly bounded
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function classes {tf : f ∈ F} used in the proof of Theorem 4.4, in the next Lemma we adapt

a result from Steinwart and Christmann (2008).

Lemma C.6. Suppose that:

1. F is a separable metric space with metric d, and let S ⊂ F be a countable dense set,

2. For each f ∈ F , tf : O 7→ R is a measurable function, where O is the sample space of

a random vector O,

3. For each o ∈ O, the map f 7→ tf (o) is continuous with respect to d at all f ∈ F .

Then for all o1, . . . , on ∈ O, supf∈F
{

1
n

∑n
i=1 tf (oi)

}
= supf∈S

{
1
n

∑n
i=1 tf (oi)

}
and, conse-

quently, for O1, · · · , On i.i.d. copies of O, supf∈F
{

1
n

∑n
i=1 tf (Oi)

}
is a well-defined random

variable.

Proof. Fix o
∼
:= (o1, . . . , on) ∈ On and define g(o

∼
; f) := 1

n

∑n
i=1 tf (oi), A1(o∼

) := supf∈F g(o∼
; f),

and A2(o∼
) := supf∈S g(o∼

; f). We will show that A1(o∼
) = A2(o∼

).

Clearly A2(o∼
) ≤ A1(o∼

) because S ⊂ F . Suppose that A2(o∼
) < A1(o∼

) and set ε :=

A1(o∼
) − A2(o∼

) > 0. By the definition of the supremum, there exists fε ∈ F such that

A1(o∼
) − ε

2
< g(o

∼
; fε). Now, the map f 7→ g(o

∼
; f) is continuous because the map f 7→

tf (oi) is continuous for each i. Then, there exists δ > 0 such that d(f, fε) < δ implies

|g(o
∼
; f) − g(o

∼
; fε)| < ε

2
. Since S is dense in F , there exits fs ∈ S such that d(fs, fε) < δ.

Then, g(o
∼
; fs) > g(o

∼
; fε)− ε

2
> A1(o∼

)− ε = A2(o∼
), which contradicts the definition of A2(o∼

).

We thus conclude that A1(o∼
) = A2(o∼

).

Next, since g(·; f) : On 7→ R is measurable for all f ∈ S, and the map f 7→ g(o
∼
; f)

is continuous for all o
∼

∈ On, Lemma A.3.17 of Steinwart and Christmann (2008) en-

sures that the mapping (o
∼
, f) 7→ g(o

∼
; f) is measurable on On × S. Then, the map o

∼
7→

supf∈S g(o∼
; f) is also measurable because S is countable. Hence, supf∈S g(O1, . . . , On; f) =

supf∈F g(O1, . . . , On; f) is a well-defined random variable. This completes the proof.
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Corollary C.1. Let O0 ⊂ O be a measurable set. Suppose that:

1. F is a separable metric space with metric denoted by d such that F ⊂ L2(PO), and let

S denote a countable dense subset of it,

2. For each f ∈ L2(PO), tf : O 7→ R is a measurable function, where O is the sample

space of a random vector O,

3. For each o ∈ O, the map f 7→ tIO0
·f (o) is continuous with respect to d at all f ∈ F .

4. The map f 7→ tIO0
·f is continuous from (F , d) into L1(PO).

For given fixed β ∈ R and any o ∈ O, define the map f ∈ F 7→ hf (o) := tIO0
·f (o) − β ·

E{tIO0
·f (O)}. Given F ′ ⊂ F , define S ′ := F ′ ∩ S. Then,

i) supf∈F ′

∣∣ 1
n

∑n
i=1 hf (Oi)

∣∣ = supf∈S′

∣∣ 1
n

∑n
i=1 hf (Oi)

∣∣. In particular, the left-hand side is

a well-defined random variable.

ii) When β = 0, the conclusion in i) holds even if assumption 4 fails.

Proof. Fix o ∈ O. First, we show that the map f 7→ hf (o) is continuous with respect

to the metric d. Take f1, f2 ∈ F . By triangle inequality, we have |hf1(o) − hf2(o)| ≤

|tIO0
·f1(o)− tIO0

·f2(o)|+ |β| · EP{|tIO0
·f1(O)− tIO0

·f2(O)|}.

Let ε > 0. By assumption 3, there exists δ > 0 such that if d(f1, f2) < δ, then∣∣∣tIO0
·f1(o)− tIO0

·f2(o)
∣∣∣ < ε/2. By assumption 4, there exists δ′ > 0 such that if d(f1, f2) < δ′,

then |β| · EP{|tIO0
·f1(O) − tIO0

·f2(O)|} < ε/2. Then, if d(f1, f2) < min{δ, δ′}, we have

|hf1(o)− hf2(o)| < ε.

By Assumption 1 and definition of F ′, F ′ is separable with respect to d with dense subset

S ′. Then, it follows from Lemma C.6 that

sup
f∈F ′

{ 1
n

n∑
i=1

hf (Oi)
}
= sup

f∈S′

{ 1
n

n∑
i=1

hf (Oi)
}
, sup
f∈F ′

{
− 1

n

n∑
i=1

hf (Oi)
}
= sup

f∈S′

{
− 1

n

n∑
i=1

hf (Oi)
}
,
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and the left hand sides of both equalities are well-defined random variables. Therefore

sup
f∈F ′

∣∣∣ 1
n

n∑
i=1

hf (Oi)
∣∣∣ = max

{
sup
f∈F ′

[ 1
n

n∑
i=1

hf (Oi)
]
, sup
f∈F ′

[
− 1

n

n∑
i=1

hf (Oi)
]}

= max

{
sup
f∈S′

[ 1
n

n∑
i=1

hf (Oi)
]
, sup
f∈S′

[
− 1

n

n∑
i=1

hf (Oi)
]}

= sup
f∈S′

∣∣∣ 1
n

n∑
i=1

hf (Oi)
∣∣∣

and the leftmost hand side is a well-defined random variable. This concludes the proof.

Lemmas C.7–C.9 below are minor variations of results in Wainwright (2019) and Foster

and Syrgkanis (2023). The following Lemma provides a weaker bound than Lemma 14.21 of

Wainwright (2019).

Lemma C.7. Suppose that:

1. The assumptions of Corollary C.1 hold with F satisfying: (1.1) F is uniformly bounded

by b, (1.2) for each o ∈ O, the evaluation functional f 7→ f(o) is continuous relative

to d, and (1.3) f = 0 belongs to F .

2. tf satisfies tf = 0 when f = 0.

3. There exists a constant L such that for any f1, f2 ∈ L2(PO), |tf1(o) − tf2(o)| ≤ L ·

|f1(o)− f2(o)| for all o ∈ O (o ∈ O0).

Define hf as in Corollary C.1 with β = 1. For any r > 0 define Fr := {f ∈ F : ∥IO0 · f∥2 ≤ r}

and Zn(r) := supf∈Fr

∣∣ 1
n

∑n
i=1 hf (Oi)

∣∣. Then, Zn(r) is a well-defined random variable and

for all u > 0, P {Zn(r) ≥ 4LRn (IO0 · F , r) + u} ≤ 2 exp
(
− nu2

8eL2r2+128ebL2Rn(IO0
·F ,r)+8bLu

)
,

where e = exp(1) and Rn(IO0 · F , r) is the localized Rademacher complexity of radius r

of the function class IO0 · F := {IO0 · f | f ∈ F}. Moreover, if δn is any solution to

the inequality Rn (star (IO0 · F) , δ) ≤ δ2

b
, then for each r ≥ δn, P{Zn(r) ≥ 4Lrδn

b
+ u} ≤

2 exp
(
− nu2

8eL2r2+128eL2rδn+8bLu

)
.

Proof. By assumption 1, the conclusion of Corollary C.1 holds; i.e., Zn(r) is well-defined.
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Furthermore,

Zn(r) = sup
f∈Sr

∣∣∣ 1
n

n∑
i=1

hf (Oi)
∣∣∣

where Sr := S ∩ Fr. Now define the function class C := {αhf : α ∈ {−1, 1}, f ∈ Sr} which

is countable by construction. With C so defined we have that Zn(r) = suph∈C
1
n

∑n
i=1 h(Oi).

For any h ∈ C, write h = αhf for some α ∈ {−1, 1} and f ∈ Sr. Letting f ′ = 0, we have

|h(o)| ≤ |tIO0
·f (o)|+ E

{∣∣tIO0
·f (O)

∣∣}
= |tIO0

·f (o)− tIO0
·f ′(o)|+ E

{∣∣tIO0
·f (O)− tIO0

·f ′(O)
∣∣}

≤ L · IO0(o)
∣∣f(o)− f ′(o)

∣∣+ L · E
{
IO0(O)

∣∣f(O)− f ′(O)
∣∣} ≤ 2Lb,

where the first inequality is by the triangle inequality, the first and second equalities are by

assumptions 1.3 and 2, the second inequality is by assumption 3, and the third inequality

is by assumption 1.1. We thus conclude that C is uniformly bounded by 2Lb. Since C is

countable, applying Talagrand inequality (Lemma C.5) we obtain that, for any u > 0,

P [Zn(r) ≥ E {Zn(r)}+ u] ≤ 2 exp

Å
− nu2

8e suph∈C E[h(O)2] + 32ebLE {Zn(r)}+ 8bLu

ã
.

Again, take h ∈ C and write h = αhf for some α ∈ {−1, 1} and f ∈ Sr. Thus E[h(O)2] =

var[tIO0
·f (O)] ≤ E[{tIO0

·f (O)}2] ≤ L2E[{IO0(O)·f(O)}2] ≤ L2r2, where the second inequality

follows by invoking assumption 3 applied to f1 = IO0 · f and f2 = 0 and noting that by

assumption 2, tf2 = 0, and the third inequality is because f ∈ Fr.

We now bound E{Zn(r)} = E{supf∈Sr
| 1
n

∑n
i=1[tIO0

·f (Oi)− E{tIO0
·f (O)}]|} using a sym-

metrization argument. Letting {O′
i}ni=1 be independent copies of O and independent of

{Oi}ni=1, we can write E{Zn(r)} = E{supf∈Sr
|E[ 1

n

∑n
i=1{tIO0

·f (Oi) − tIO0
·f (O

′
i)}]|}. By the

inequality supd∈D E {|d(O)|} ≤ E {supd∈D |d(O)|}, which is valid for any countable class D
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of real-valued measurable functions, we conclude that

E{Zn(r)} ≤ E
[
sup
f∈Sr

∣∣∣ 1
n

n∑
i=1

{
tIO0

·f (Oi)− tIO0
·f (O

′
i)
}∣∣∣].

Now, let ε1, . . . , εn be n i.i.d. Rademacher random variables, independent of Oi and O
′
i

for all i = 1, . . . , n. Given this independence assumption, for any function f ∈ F , the n× 1

random vector with ith component εi{tIO0
·f (Oi)− tIO0

·f (O
′
i)} has the same joint distribution

as the n× 1 random vector with ith component tIO0
·f (Oi)− tIO0

·f (O
′
i). Hence,

E
[
sup
f∈Sr

∣∣∣ 1
n

n∑
i=1

εi

{
tIO0

·f (Oi)− tIO0
·f (O

′
i)
}∣∣∣] ≤ 2E

{
sup
f∈Sr

∣∣∣ 1
n

n∑
i=1

ϵitIO0
·f (Oi)

∣∣∣}
= 2E

{
sup
f∈S′

r

∣∣∣ 1
n

n∑
i=1

ϵitf (Oi)
∣∣∣}

where S ′
r := {IO0 · f : f ∈ Sr}. Next, invoking the Ledoux-Talagrand contraction inequality

(see inequality (5.61) of Wainwright (2019)), we obtain

2E
{
sup
f∈S′

r

∣∣∣ 1
n

n∑
i=1

ϵitf (Oi)
∣∣∣} ≤ 4LE

{
sup
f∈S′

r

∣∣∣ 1
n

n∑
i=1

ϵif(Oi)
∣∣∣}

= 4LE
{
sup
f∈Sr

∣∣∣ 1
n

n∑
i=1

ϵiIO0(Oi) · f(Oi)
∣∣∣}

= 4LE
{
sup
f∈Fr

∣∣∣ 1
n

n∑
i=1

ϵiIO0(Oi) · f(Oi)
∣∣∣} = 4LRn (IO0 · F , r) ,

where the second equality follows by applying Corollary C.1 to the functions tf (o, ε) := εf(o)

and β = 0, noting that assumption 3 of the corollary holds because the map f 7→ f(o) is

continuous (assumption 1.2). Thus, E {Zn(r)} ≤ 4L · Rn (IO0 · F , r). Therefore,

P[Zn(r) ≥ 4L · Rn(IO0 · F , r) + u] ≤ P[Zn(r) ≥ E{Zn(r)}+ u]
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≤ 2 exp
(
− nu2

8eL2r2 + 32ebLE {Zn(r)}+ 8bLu

)
≤ 2 exp

(
− nu2

8eL2r2 + 128ebL2Rn(IO0 · F , r) + 8bLu

)
.

Because star (IO0 · F) is star-shaped, by the arguments in the proof of Lemma 13.6 of Wain-

wright (2019), the function δ 7→ Rn(star(IO0
·F),δ)

δ
is non-decreasing on the interval (0,∞).

Also, since IO0 · F ⊂ star (IO0 · F), then, for any r ≥ δn, it holds Rn (IO0 · F , r) /r ≤

Rn (star (IO0 · F) , r) /r ≤ Rn (star (IO0 · F) , δn) /δn ≤ δn
b
. Then, P{Zn(r) ≥ 4Lrδn

b
+ u} ≤

P{Zn(r) ≥ 4LRn(IO0 · F , r) + u} ≤ 2 exp
(
− nu2

8eL2r2+128eL2rδn+8bLu

)
.

Lemma C.8 (Lemma 12 of Foster and Syrgkanis (2023)). Suppose the assumptions of

Lemma C.7 hold. Let hf and Zn(r) be defined as in Lemma C.7 and let δn be any so-

lution to Rn (star (IO0 · F) , δ) ≤ δ2

b
. For fixed θ > 1 define the event E := {∃f ∈ F :

∥IO0 · f∥2 ≥ δn and
∣∣ 1
n

∑n
i=1 hf (Oi)

∣∣ ≥ 5θLδn
b

∥IO0 · f∥2}. Also, set c1 = {8b2(1 + 17e)}−1
.

Then, P(E) ≤ 2{1 + I{δn < b/θ}⌊{log(θ)}−1 log(b/δn)⌋} exp(−c1nδ2n) where ⌊x⌋ denotes the

greatest integer smaller than or equal to x.

Proof. This proof uses a peeling argument as in the proof of Lemma 12 of Foster and Syrgka-

nis (2023). Since ∥IO0 · f∥2 ≤ ∥f∥2 ≤ ∥f∥∞, Assumption 1.1 of Lemma C.7 implies that

∥IO0 · f∥2 ≤ b for any f ∈ F . Then, any f ∈ F satisfying ∥IO0 · f∥2 ≥ δn belongs to

the set Sm := {f ∈ F : θm−1δn ≤ ∥IO0 · f∥2 ≤ θmδn} for some m ∈ {1, · · · ,M}

where M is the smallest integer satisfying b ≤ θMδn. We find such M as follows. If

δn ≥ b/θ then M = 1 is such constant because θ > 1. If δn < b/θ then b ≤ θMδn

iff log(b/δn) ≤ M log(θ) iff {log(θ)}−1 log(b/δn) ≤ M . Therefore, we conclude that M =

1 + I{δn < b/θ}⌊{log(θ)}−1 log(b/δn)⌋. Note that M is a positive integer because θ > 1 and

b/δn > θ when δn < b/θ.

Now, if the event E ∩ Sm occurs for some m ∈ {1, . . . ,M}, then there exists f with
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θm−1δn ≤ ∥IO0 · f∥2 ≤ rm := θmδn such that | 1
n

∑n
i=1 hf (Oi)| ≥ 5θLδn

b
∥IO0 · f∥2 ≥

5θLδn
b

rm
θ

=

5Lδnrm
b

. Consequently, we have P (E ∩ Sm) ≤ P
[
Zn(rm) ≥ 5Lδnrm

b

]
. Applying Lemma C.7

with r = rm and u = Lδnrm
b

, and setting c1 = {8b2(1 + 17e)}−1
, we obtain that Pr (E ∩ Sm)

happens with probability at most 2 exp
{
− nL2r2mδ

2
n

8b2(eL2r2m+16eL2δnrm+L2δnrm)

}
≤ 2 exp (−c1nδ2n)

where the inequality holds since δn ≤ rm. Then P(E) ≤
∑M

m=1 P(E∩Sm) ≤ 2M exp(−c1nδ2n) =

2{1 + I{δn < b/θ}⌊{log(θ)}−1 log(b/δn)⌋} exp (−c1nδ2n).

Lemma C.9 (Lemma 14 of Foster and Syrgkanis (2023)). Suppose the assumptions of

Lemma C.7 hold. Let hf and Zn(r) be defined as in Lemma C.7 and let δn be any solu-

tion to the inequality Rn (star (IO0 · F) , δ) ≤ δ2

b
. Set c1 = {8b2(1 + 17e)}−1

. Then,

∣∣∣ 1
n

n∑
i=1

hf (Oi)
∣∣∣ ≤ 6Lδn

b
{∥IO0 · f∥2 + δn} ∀f ∈ F (C.5)

happens with probability at least 1−{4+2I{δn < 5b/6}⌊{log(6/5)}−1 log(b/δn)⌋} exp(−c1nδ2n).

Proof. Consider the events E0 = {Zn(δn) ≥ 5Lδ2n/b} and

E1 =
{
∃f ∈ F : ∥IO0 · f∥2 ≥ δn and

∣∣∣ 1
n

n∑
i=1

hf (Oi)
∣∣∣ ≥ 6Lδn

b
∥IO0 · f∥2

}
.

If (C.5) is violated, then either E0 or E1 must occur. Applying Lemma C.7 with r = δn

and u = Lδ2n
b

implies that E0 happens with probability at most 2 exp(−c1nδ2n) where c1 =

{8b2(1 + 17e)}−1. Applying Lemma C.8 with θ = 6/5 we conclude that E1 happens with

probability at most {2+2I{δn < 5b/6}⌊{log(6/5)}−1 log(b/δn)⌋} exp(−c1nδ2n). Thus, (C.5) is

violated with probability at most {4+2I{δn < 5b/6}⌊{log(6/5)}−1 log(b/δn)⌋} exp(−c1nδ2n).

This concludes the proof.

To state the next lemma, let B and B′ be the constants defined in Assumption 4.5, and B1,
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b, and c1 as in Theorem 4.4. Let k1 := {supw∈W KH(w,w)}1/2, k2 := {supz∈Z KG(z, z)}1/2,

c0 := 9max{∥s∥∞, ∥r∥∞ · k1B, 2c2b}/(c2b), and c′0 := c2 · c0(2 + 3c0 + 2max{1, c0/9}). The

following lemma extends Lemma 10 of Bennett et al. (2023b) to allow for λG ̸= 0.

Lemma C.10. Under the assumptions of Theorem 4.4 and with the constants defined as in

that Theorem, the following event happens for any h ∈ HB:

1

4c2

{∥∥I0T (h†0−h̃)∥∥22 − ∥∥I0T (h†0 − h
)∥∥2

2

}
+ λH

(∥∥h̃∥∥2H −
∥∥h∥∥2H)

≤ 1

2c2
∥∥I0T (h†0 − h

)∥∥2
2
+ c0δn

∥∥I0T (h̃− h
)∥∥

2
+ λGB

2
1 + c′0δ

2
n.

Proof. For any h ∈ HB, define gh :=
1
2c2

T (h†0 − h). Since ∥h†0 − h∥H ≤ ∥h†0∥H + ∥h∥H ≤ 2B,

Assumption 4.5 of the main text implies that gh ∈ GB1 where B1 := B′/c2. In addition, for

any h ∈ HB, we have supw∈W |h(w)| ≤ k1B, so the function class HB is uniformly bounded

by k1B. Similarly, the function class GB1 is uniformly bounded by k2B1.

By part 1 of Proposition 4.2 and Assumption 4.5, we have

1

4c2
∥∥I0T (h†0 − h̃

)∥∥2
2
= EP0

{
I0(X)s(O)gh̃(Z)− I0(X)r(O)h̃(W )gh̃(Z)− c2 · I0(X)gh̃(Z)

2
}
,

where the expectation in the right hand-side is with respect to O, and h̃ is regarded as a

fixed, non-random function.

Next, we apply Lemma C.9 to bound the expectation of each of the three terms in the

right hand side of the last display. Specifically, with c1 := {8b2(1 + 17e)}−1
, c2 := 6L′/b,

b := k2B1, ξ(δn) := {4 + 2I{δn < 5b/6}⌊{log(6/5)}−1 log(b/δn)⌋} exp(−c1nδ2n), and

L′ = max{∥s∥∞, ∥r∥∞ · k1B, 2c2 · b}, (C.6)
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applying Lemma C.9, we can conclude that

I. With probability at least 1− ξ(δn), the following event happens

∣∣∣En[Io(X)s(O)g(Z)−EP0 {I0(X)s(O)g(Z)}
]∣∣∣ ≤ c2δn {∥I0g∥2 + δn} ∀g ∈ GB1 . (C.7)

In particular, EP0{I0(X)s(O)gh̃(Z)} ≤ En{I0(X)s(O)gh̃(Z)}+c2δn{∥I0gh̃∥2+δn} holds

with probability at least 1− ξ(δn).

II. With probability at least 1− ξ(δn), for all g ∈ GB1 , the following event happens

∣∣∣En[I0(X)r(O)h̃(W )g(Z)− EP0{I0(X)r(O)h̃(W )g(Z)}
]∣∣∣ ≤ c2δn{∥I0g∥2 + δn}. (C.8)

Notably, −EP0{I0(X)r(O)h̃(W )gh̃(Z)} ≤ −En{I0(X)r(O)h̃(W )gh̃(Z)}+c2δn{∥I0gh̃∥2+

δn} holds with probability at least 1− ξ(δn).

III. With probability at least 1− ξ(δn), the following event happens

∣∣∣En[c2I0(X)g(Z)2 − EP0{c2I0(X)g(Z)2}
]∣∣∣ ≤ c2δn{∥I0g∥2 + δn} ∀g ∈ GB1 . (C.9)

In particular, −EP0{c2I0(X)gh̃(Z)
2} ≤ −En{c2I0(X)gh̃(Z)

2}+c2δn{∥I0gh̃∥2+δn} holds

with probability at least 1− ξ(δn).

To apply Lemma C.9 to prove (I), (II), and (III), we define convenient function classes

F , maps f ∈ L2(P0,O) 7→ tf , and sets O0. For these objects, we argue that the following

conditions hold:

a. F is a separable metric space with metric denoted by d such that F ⊂ L2(P0,O) and:

(a.1) F is uniformly bounded by b, (a.2) for each o ∈ O, the evaluation functional

f 7→ f(o) is continuous relative to the metric d, and (a.3) f = 0 belongs to F .
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b. For each f ∈ L2(P0,O), tf : O 7→ R is a measurable function.

c. For each o ∈ O, the map f 7→ tIO0
·f (o) is continuous with respect to d at all f ∈ F .

d. The map f 7→ tIO0
·f is continuous from (F , d) to L1(P0,O).

e. tf satisfies tf = 0 when f = 0.

f. ∃L such that for any f1, f2 ∈ L2(P0,O), |tf1(o)− tf2(o)| ≤ L |f1(o)− f2(o)| ∀ o ∈ O.

(i) Application of Lemma C.9 to show (I). Define F := GB1 , tf (o) := s(o) · f(z), and

O0 := {o ∈ O : the subvector x of o is in X0}. We endow F with the metric d associated

with the norm ∥ · ∥G of the RKHS G. To show that condition (a) holds first note that

F = GB1 ⊂ L2(P0,Z) ⊂ L2(P0,O), and GB1 is separable because G is a separable RKHS by

Assumption 4.6 (see Proposition 11.7 of Paulsen and Raghupathi (2016)). We already argued

that (a.1) holds with b = k2B1, (a.2) holds because the evaluation functionals are continuous

in RKHSs, and (a.3) trivially holds.

Condition (b) is trivially satisfied. Condition (c) holds because |tIO0
·f1(o)− tIO0

·f2(o)| =

|IO0(o)s(o) {f1(z)− f2(z)} | ≤ ∥s∥∞|f1(z) − f2(z)| ≤ ∥s∥∞k2∥f1 − f2∥G, where the last in-

equality holds because ∥f∥∞ ≤ k2∥f∥F ∀f ∈ F . Condition (d) holds because EP0{|tIO0
·f1(O)−

tIO0
·f2(O)|} ≤ supo∈O |tIO0

·f1(o) − tIO0
·f2(o)| ≤ ∥s∥∞ · k2 · ∥f1 − f2∥G. Condition (e) trivially

holds. Arguing as in the proof of (c), condition (f) holds with L = ∥s∥∞.

Before applying Lemma C.9, note that I0 · GB1 is star-shaped because GB1 is star-shaped

and multiplication by I0 preserves this. Hence, its critical radius equals that of its star-shaped

hull, so the lemma applies with an upper bound on the critical radius of I0 · GB1 .

Applying Lemma C.9, we obtain that the display (C.7) happens with probability at least

1− ξ(δn) with c2 = 6 · ∥s∥∞/b and b = k2B1. Consequently, the display (C.7) also happens

with probability at least 1− ξ(δn) with c2 now equal to 6L′/b where L′ is defined in (C.6).

(ii) Application of Lemma C.9 to show (II). Define F , the metric d, and O0 as in (i).
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Define tf (o) := r(o) · h̃(w) · f(z). Condition (a) holds as shown in (i). Condition (b) holds

trivially. Conditions (c) and (d) hold as shown in (i), using in addition that supw∈W |h̃(w)| ≤

k1B. Condition (e) is immediate. Arguing as in the proof of condition (c) in (i), (f) holds

with L = ∥r∥∞ · k1B. Applying Lemma C.9, we obtain that the display (C.8) happens with

probability at least 1−ξ(δn) with c2 = 6∥r∥∞k1B/b and b = k2B2. Then, (C.8) also happens

with probability at least 1− ξ(δn) with c2 now equal to 6L′/b where L′ is defined in (C.6).

(iii) Application of Lemma C.9 to show (III). Define F , d, and O0 as in (i). Define

tf (o) := c2 · f(z)2. Condition (a) holds as shown in (i), (b) holds trivially, (c) holds because

|tIO0
·f1(o) − tIO0

·f2(o)| = |c2IO0(o) {f1(z)2 − f2(z)
2} | ≤ c2 |f1(z) + f2(z)| · |f1(z)− f2(z)| ≤

2c2k2B1 |f1(z)− f2(z)| ≤ 2c2k22B1∥f1−f2∥G, and (d) holds because EP0{|tIO0
·f1(O)−tIO0

·f2(O)|} ≤

supo∈O |tIO0
·f1(o)− tIO0

·f2(o)| ≤ 2c2 ·k22 ·B1 · ∥f1−f2∥G. Condition (e) is trivial and condition

(f) holds with L = 2c2 · b arguing as in the proof of (c).

Applying Lemma C.9, we obtain that the display (C.9) happens with probability at least

1− ξ(δn) with c2 = 6 · 2c2 · b/b and b = k2B1. Consequently, the display (C.9) also happens

with probability at least 1− ξ(δn) with c2 now equal to 6L′/b where L′ is defined in (C.6).

Setting c3 = 3c2 = 18L′/b with L′ defined in (C.6), with probability at least 1−3ξ(δn), we

have 1
4c2

∥I0T (h†0 − h̃)∥22 ≤ En{I0(X)s(O)gh̃(Z)− I0(X)r(O)h̃(W )gh̃(Z)− c2I0(X)gh̃(Z)
2}+

c3δn∥I0gh̃∥2 + c3δ
2
n.

Then, the following event happens with probability at least 1− 3ξ(δn), for any h ∈ HB:

1

4c2
∥∥I0T (h†0 − h̃

)∥∥2
2
≤ En

{
I0(X)s(O)gh̃(Z)− I0(X)r(O)h̃(W )gh̃(Z)− c2I0(X)gh̃(Z)

2
}

− λG∥gh̃∥
2
G + λG∥gh̃∥

2
G + c3

(
δn∥I0 · gh̃∥2 + δ2n

)
≤ sup

g∈G

[
En
{
I0(X)s(O)g(Z)− I0(X)r(O)h̃(W )g(Z)− c2I0(X)g(Z)2

}
− λG∥g∥2G

]
+ λGB

2
1 + c3

(
δn∥I0 · gh̃∥2 + δ2n

)
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≤ sup
g∈G

[
En
{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)− c2I0(X)g(Z)2

}
− λG∥g∥2G

]
+ λGB

2
1 + λH

(∥∥h∥∥2H −
∥∥h̃∥∥2H)+ c3

(
δn∥I0 · gh̃∥2 + δ2n

)
. (C.10)

Note that the second inequality is always true because gh̃ ∈ GB1 , and the third inequality

is also true because h̃ is the empirical risk minimizer defined in (4.12).

Set c4 := max{c3[1 + c3/(2c
2)], 5c22/c

2}. For any h ∈ HB, we define

Tn(h) := sup
g∈G

EP0

{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)− c2

2
· I0(X)g(Z)2

}
+ c4δ

2
n,

An(h) := sup
g∈GB1

[
En
{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)− c2I0(X)g(Z)2

}
− λG∥g∥2G

]
Bn(h) := sup

g∈G\GB1

[
En
{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)− c2I0(X)g(Z)2

}
− λG∥g∥2G

]
,

and

Cn(h) := sup
g∈G

[
En
{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)− c2 · I0(X)g(Z)2

}
− λG∥g∥2G

]
.

Below we will show that, with probability at least 1− 3ξ(δn), each of the following event

happens: An(h) ≤ Tn(h) and Bn(h) ≤ Tn(h). This will then imply that with probability at

least 1− 6ξ(δn) for any h ∈ HB:

Cn(h) ≤ Tn(h). (C.11)

Assume for now that the last assertion holds. By part 1 of Proposition 4.2 and Assump-

tion 4.5, we have that supg∈G EP0{I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)− c2

2
I0(X)g(Z)2} =

1
2c2

∥I0T (h†0 − h)∥22. Combining this equality with the inequalities in (C.10) and (C.11), we
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then conclude that with probability at least 1− 9ξ(δn), for any h ∈ HB:

1

4c2
∥∥I0T (h†0 − h̃

)∥∥2
2
≤ 1

2c2
∥∥I0T (h†0 − h

)∥∥2
2
+ λH

(∥∥h∥∥2H −
∥∥h̃∥∥2H)+ λGB

2
1

+ c3 · δn∥I0 · gh̃∥2 + (c3 + c4) δ
2
n. (C.12)

Furthermore, by the triangle inequality ∥I0T (h†0− h̃)∥2 ≤ ∥I0T (h†0−h)∥2+∥I0T (h̃−h)∥2

and since ∥I0 · gh̃∥2 = 1
2c2

∥I0T (h†0 − h̃)∥2, the inequality (C.12) implies that the following

event happens with probability at least 1− 9ξ(δn) for any h ∈ HB

1

4c2
∥∥I0T (h†0 − h̃

)∥∥2
2
≤ 1

2c2
∥∥I0T (h†0 − h

)∥∥2
2
+ λH

(∥∥h∥∥2H −
∥∥h̃∥∥2H)+ λGB

2
1

+
c3
2c2

{
δn
∥∥I0T (h†0 − h

)∥∥
2
+ δn

∥∥I0T (h̃− h
)∥∥

2

}
+ (c3 + c4)δ

2
n.

By the AM-GM inequality c3
2c2
δn∥I0T (h†0 − h)∥2 ≤ 1

4c2
∥I0T (h†0 − h)∥22 +

c23
4c2
δ2n. Hence, the

following event happens with probability at least 1− 9ξ(δn) for all h ∈ HB:

1

4c2

{∥∥I0T (h†0 − h̃
)∥∥2

2
−
∥∥I0T (h†0 − h

)∥∥2
2

}
+ λH

(∥∥h̃∥∥2H −
∥∥h∥∥2H)

≤ 1

2c2
∥∥I0T (h†0 − h

)∥∥2
2
+

c3
2c2

δn
∥∥I0T (h̃− h

)∥∥
2
+ λGB

2
1 +

(
c3 + c4 +

c23
4c2

)
δ2n,

thus, arriving at the desired inequality.

We now turn to prove that An(h) ≤ Tn(h) holds with probability at least 1 − 3ξ(δn).

Fix h ∈ HB and take g ∈ GB1 . Applying Lemma C.9 as we did to show (I), (II), and (III),

and noting that −λG∥g∥2G ≤ 0, we have that the following event happens with probability at

least 1− 3ξ(δn),

En
{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)− c2I0(X)g(Z)2

}
− λG∥g∥2G (C.13)
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≤ EP0

{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)− c2I0(X)g(Z)2

}
+ c3δn∥I0 · g∥2 + c3δ

2
n.

By the AM-GM inequality, c3δn∥I0 · g∥2 ≤ c2

2
∥I0 · g∥22 +

c23
2c2
δ2n. Hence, the right-hand side

of (C.13) is upper bounded by

sup
g∈G

EP0

{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)− c2

2
I0(X)g(Z)2

}
+

Å
c3 +

c23
2c2

ã
δ2n ≤ Tn(h).

Since g ∈ GB1 was arbitrary, An(h) ≤ Tn(h) happens with probability at least 1− 3ξ(δn).

Turn now to prove that Bn(h) ≤ Tn(h) holds with probability at least 1 − 3ξ(δn). Fix

h ∈ HB and take g ∈ G \ GB1 . Then, ∥g∥G > B1. Define g̃ := B1 · g/∥g∥G. Since G

is star-shaped and B1/∥g∥G ∈ (0, 1), g̃ ∈ G. Furthermore, ∥g̃∥G = B1, and so g̃ ∈ GB1 .

Applying Lemma C.9 as we did to prove (I) and (II), we obtain that, with probability at

least 1− 2ξ(δn), the following happens:

En
{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)

}
=

∥g∥G
B1

· En
{
I0(X)s(O)g̃(Z)− I0(X)r(O)h(W )g̃(Z)

}
≤ ∥g∥G

B1

·
[
EP0

{
I0(X)s(O)g̃(Z)− I0(X)r(O)h(W )g̃(Z)

}
+ 2c2δn∥I0 · g̃∥2 + 2c2δ

2
n

]
= EP0

{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)

}
+ 2c2δn∥I0 · g∥2 +

2c2
B1

∥g∥G · δ2n,

where c2 = 6L′/b, with L′ defined in (C.6). Applying Lemma C.9 as we did to prove (III),

with probability at least 1− ξ(δn), the following event happens:

−En
{
c2I0(X)g(Z)2

}
= −

∥g∥2G
B2

1

En
{
c2I0(X)g̃(Z)2

}
≤

∥g∥2G
B2

1

[
−EP0

{
c2I0(X)g̃(Z)2

}
+ 12c2δn (∥I0 · g̃∥2 + δn)

]
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= −EP0

{
c2I0(X)g(Z)2

}
+

12c2

B1

δn∥g∥G · ∥I0 · g∥2 +
12c2

B2
1

∥g∥2G · δ2n.

Hence, with probability at least 1− 3ξ(δn), the following event happens:

En
{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)− c2I0(X)g(Z)2

}
− λG∥g∥2G

≤ EP
{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)− c2I0(X)g(Z)2

}
− λG∥g∥2G (C.14)

+ 2c2δn∥I0 · g∥2 +
2c2
B1

∥g∥G · δ2n +
12c2

B1

δn∥g∥G · ∥I0 · g∥2 +
12c2

B2
1

∥g∥2G · δ2n.

Applying the AM-GM inequality, we obtain

2c2δn∥I0 · g∥2 ≤
c2

4
∥I0 · g∥22 +

4c22
c2
δ2n,

2c2
B1

∥g∥G · δ2n ≤ c22
c2
δ2n +

c2

B2
1

∥g∥2G · δ2n, and

12c2

B1

δn∥g∥G · ∥I0 · g∥2 ≤
c2

4
∥I0 · g∥22 +

144c2

B2
1

∥g∥2G · δ2n.

Using these inequalities and the fact that λG ≥ 157c2 ·δ2n/B2
1 , the right-hand side of (C.14)

is upper bounded by

EP0

{
I0(X)s(O)g(Z)− I0(X)r(O)h(W )g(Z)− c2

2
I0(X)g(Z)2

}
+

5c22
c2
δ2n

≤ sup
g∈G

EP0

{
m(O; g)− I0(X)r(O)h(W )g(Z)− c2

2
I0(X)g(Z)2

}
+

5c22
c2
δ2n ≤ Tn(h).

Thus, Bn(h) ≤ Tn(h) holds with probability at least 1−3ξ(δn). This completes the proof.

We now state a more general version of Lemma C.10 that applies for an arbitrary mea-

surable map m(o; g), linear in g, that satisfies Assumption 4.7.

Lemma C.11. Under the assumptions of Theorem 4.5 and with λG ≥ 157c2/B2
1 , with proba-
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bility at least 1−{36+18 ·I{δn < 5b/6}⌊{log(6/5)}−1 log(b/δn)⌋} exp(−c1nδ2n), the following

event happens for any h ∈ HB:

1

4c2

{∥∥I0T (h†0−h̃)∥∥22 − ∥∥I0T (h†0 − h
)∥∥2

2

}
+ λH

(∥∥h̃∥∥2H −
∥∥h∥∥2H)

≤ 1

2c2
∥∥I0T (h†0 − h

)∥∥2
2
+ c0δn

∥∥I0T (h̃− h
)∥∥

2
+ λGB

2
1 + c′0δ

2
n,

where h̃ = argminh∈HB
maxg∈G{En[{m(O; g) − I0(X)r(O)h(W )g(Z) − c2I0(X)g(Z)2}] −

λG∥g∥2G+λH∥h∥2H}, c0 := 3·max{3, B2+2}·max{1∥r∥∞·k1B, 2c2b}/(c2b), b = B1max{k2, B3},

with B2 and B3 the constants specified in Assumption 4.7, and c1 and c′0 are defined as in

Lemma C.10.

Proof. The proof proceeds similarly to that of Lemma C.10, with minor changes to handle the

terms EP0{m(O; g)} and En{m(O; g)}. Here, ξ(δn) is as defined in C.10, and the constants c1

and c2 are as in Lemma C.10, except that L′ and b are now L′ := max {1, ∥r∥∞ · k1B, 2c2 · b}

and b := B1max{k2, B3}, with B3 being the constant specified in Assumption 4.7.

To use Lemma C.9 to bound EP0{m(O; gh̃)}, define F := {f(·) := m(·; g) : O 7→ R | g ∈

GB1}, tf := f , and O0 := O (equivalently IO0 = 1). We verify conditions (a)–(f) listed in the

proof of Lemma C.10, which are required for Lemma C.9. Condition (a) follows immediately

from part 2 of Assumption 4.7. Condition (a.3) holds because g = 0 belongs to GB1 and

therefore f0 := 0 = m(·, 0) belongs to F by the linearity of m. Next, for any f ∈ F ,

f = m( · , gf ) for some g ∈ GB1 . Then,

|f(o)| = |f(o)− f0(o)| ≤ B3 · d(f, f0) = B3 · d(m(o; gf ),m(o, 0)) ≤ B3∥gf − 0∥G ≤ B3B1,

where the first and second inequalities follow by part 2 of Assumption 4.7, and the third holds

because gf ∈ GB1 . Thus, F is uniformly bounded by B3B1 ≤ b, and so it satisfies condition
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(a.1). Condition (a.2) follows from part 2 of Assumption 4.7, which implies for all o ∈ O and

f1, f2 ∈ F that |f1(o)− f2(o)| ≤ supo∈O |f1(o)− f2(o)| ≤ B3 · d(f1, f2). Condition (b) holds

by the assumption on m specified in Section 4.2. Condition (c) holds because tIO0
·f = f and

therefore (c) is the same as (a.2) that we have already argued to hold. Condition (d) holds

because the last display implies EP0{|f1(O)−f2(O)|} ≤ supo∈O |f1(o)−f2(o)| ≤ B3 ·d(f1, f2).

Condition (e) trivially holds because tf = f . Likewise, (f) trivially holds with L = 1 ≤ L′.

By Lemma C.9, EP0{m(O; gh̃)} ≤ En{m(O; gh̃)}+ c2δn{∥m(O; gh̃)∥2 + δn} happens with

probability at least 1− ξ(δn). Also, ∥m(O; gh̃)∥2 ≤ B2∥I0 · g̃∥2 by part 1 of Assumption 4.7.

Then, EP0 {m(O; gh̃)} ≤ En {m(O; gh̃)}+B2c2 · δn ∥I0 · gh̃∥2 + c2δ
2
n holds with probability at

least 1 − ξ(δn). Combining the latter with the events in (C.8) and (C.9) from the proof of

Lemma C.10, each of which holds with probability at least 1− ξ(δn), we conclude that, with

probability at least 1− 3ξ(δn),

1

4c2
∥∥I0T Äh†0 − h̃

ä∥∥2
2
≤ En

{
I0(X)s(O)gh̃(Z)− I0(X)r(O)h̃(W )gh̃(Z)− c2 · I0(X)gh̃(Z)

2
}

+ c2δn∥I0 · gh̃∥2 + c2δ
2
n,

where c3 := max{B2 + 2, 3} · c2. The remainder of the proof then follows exactly as in

Lemma C.10, with this updated constant c3 replacing the value c3 = 3c2 = 18L′/b used

there.

C.3 Summary of Existing Regularized Adversarial Estimation Proposals

C.3.1 Specifications of Existing Adversarial Estimation Approaches

In the following Table C.1 we summarize existing adversarial proposals. The columns H and

G indicate the estimation class H and the test class G used by each proposal. The symbol +

indicates that in addition to the listed classes, the proposals were made for additional function
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classes. The column RMSE provides the derived finite-sample bounds for the optimal choices

of the tuning parameters in terms of the critical radius, the coefficient β of the assumed source

condition, if any, or the measure of ill-posedness τ(δn) as a function of δn.

The column entitled λH > 0 analysis/impl.? indicates whether the estimator for which

the theoretical analysis was presented penalizes the estimated function h, i.e., whether λH >

0, and whether the estimation proposal for implementation penalizes as well, and the norm

used in the penalization. The column λG > 0 analysis/impl.? provides the same information

but this time for the test function class G. The last column indicates whether numerical

experiments were provided in the paper.

Table C.1: Existing Adversarial Estimation Approaches

Reference H G RMSE λH > 0 analysis/impl.? λG > 0 analysis/impl.? Sims

Regularized Adversarial Stabilized Estimators

Bennett et al. (2019) NNs NNs op(1) No/No No/No Yes
Muandet et al. (2020b) RKHS RKHS op(1) No/Yes (∥ · ∥H) No/Yes (∥ · ∥G) Yes
Dikkala et al. (2020) RKHS+ RKHS+ τ(δn) Yes/Yes (∥ · ∥H) Yes/Yes (∥ · ∥G) Yes

Liao et al. (2020) NNs NNs Op

Å
δ

min{β,2}
2(1+min{β,2})

ã
Yes/Yes (∥ · ∥2) No/No No

Kallus et al. (2021) NNs+ RKHS+ Op(τ∗ · δn) No/Yes (∥ · ∥H) No/Yes (∥ · ∥G) Yes

Bennett et al. (2022) NNs+ NNs+ Op

Ä
δ
1/2
n

ä
Yes/Yes (∥ · ∥H) Yes/Yes (∥ · ∥G) Yes

Ghassami et al. (2022) RKHS RKHS τ(δn) Yes/Yes (∥ · ∥H) Yes/Yes (∥ · ∥G) Yes

Bennett et al. (2023a) RKHS+ RKHS+ Op(n−1/4) Yes/Yes (∥ · ∥2) No/No No

Bennett et al. (2023b) RKHS+ RKHS+ Op

Ç
δ

min{β,2t}
2+min{β,2t}
n

å
Yes/Yes (∥ · ∥2) No/Yes (∥ · ∥G) No

This work RKHS RKHS Op

Ç
δ

min{β,1}
1+min{β,1}
n

å
Yes/Yes (∥ · ∥H) Yes/Yes (∥ · ∥G) Yes*

Adversarial Maximal Moment Restriction Approaches

Zhang et al. (2023) RKHS+ RKHS+ Unclear Yes/Yes (∥ · ∥H) No/No Yes

Mastouri et al. (2021) RKHS RKHS Op

Å
n
−min

¶
β

2β+4
, 1
4

©ã
Yes/Yes (∥ · ∥H) No/No Yes

Park et al. (2024) RKHS RKHS Op

Å
n
− min{β,2}

2(1+min{β,2})

ã
Yes/Yes (∥ · ∥H) No/No Yes

*Numerical experiments provided in Chapter 3.
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C.3.2 Comparison of Assumptions Across Regularized Adversarial Stabilized Estimation

Approaches

Table C.2 below summarizes the key assumptions made in the listing papers for deriving

finite-sample bounds. The column Realizability refers to whether or not it is assumed that

the target solution to the ill-posedness problem is assumed to lie in the estimation class H.

In the row corresponding to the paper of Bennett et al. (2023b), the caption indicates that

these authors assume that the solutions to the surrogate regularized problem (4.4) is in H

for all λH. These authors did not assume that the solution to the ill-posed problem belongs

to H. The columns Uniqueness, Closedness, and Boundedness are clear. The column HB

indicates that the outer minimization is conducted over the set of functions in H with norm

of the class bounded by B. Analogously, the column GB′ refers to the test function class

in the inner maximization. The last column summarizes the key assumption that enable

derivation of RMSE bounds.

Table C.2: Comparison of Assumptions for Finite-Sample Bounds

Reference Realizability Uniqueness Closedness Boundedness HB GB′ Condition Enabling RMSE Bounds

Dikkala et al. (2020) Yes Yes Global Lipschitz Yes No Measure of ill-posedness
Liao et al. (2020) Yes Yes Local Yes Yes Yes Source-conditon
Kallus et al. (2021) Yes Yes Local Yes Yes Yes Measure of ill-posedness
Bennett et al. (2022) Yes No Local Yes Yes Yes Source-condition (β = 1)
Ghassami et al. (2022) Yes Yes Global Lipschitz Yes No Measure of ill-posedness
Bennett et al. (2023b) For all hλH No Local Yes Yes Yes Source-condition

This work Yes No Local Yes Yes No Source-condition
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