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Abstract
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Scott Coggeshall

Chair of the Supervisory Committee:
Professor Xiao-Hua (Andrew) Zhou

Biostatistics

Behavioral therapies are a class of interventions with a wide array of applications.

Because of the complicated nature of these interventions, however, conducting ran-

domized controlled trials of these interventions poses unique challenges compared to

the classical blinded, placebo-controlled RCT. The primary issue is that RCTs of

behavioral interventions often use treatment-as-usual (TAU) control groups, due to

the lack of a feasible “placebo” equivalent to the active intervention. As a result,

control groups in these trials are typically heterogeneous with respect to the form of

treatment received, making causal inference under the standard assumption of “no

multiple versions of treatment” no longer applicable. In this dissertation, we develop

frameworks for causal inference in single-site and multi-site RCTs with multiple ver-

sions of control due to the use of a TAU control group. We define causal estimands

of interest based on a principle stratification approach. We show that these causal

estimands are only partially identified with data from a single-site RCT, but can

be identified under certain assumptions with data from a multi-site RCT. We then

propose methods for performing inference for these causal estimands, either through

bounding (in the case of partial identifiability) or point estimation (in the case of

identifiability). Finally, we apply these methods to an RCT of a behavioral therapy

intervention for children with autism. Additional work in this dissertation includes an

examination of identifiability issues with methods for causal inference in RCTs with

partial compliance, a tutorial for a Bayesian approach to binary non-compliance in

RCTs, and a systematic review of behavioral interventions for children with autism.
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Chapter 0

INTRODUCTION

This dissertation represents my contributions to what I believe are three key roles

for statisticians: researchers, educators, and scientists. First, as statisticians we are

primarily responsible for the continued development of the field of statistics. This

involves both the development of novel methodologies to address gaps in the liter-

ature, as well as the investigation and critique of existing methods. In Chapters 1

and 2, I study in-depth the case of RCTs that violate the standard assumption in

causal inference of “no multiple versions of treatment/control” due to the use of a

treatment-as-usual (TAU) control group in place of a placebo-based control group. I

propose a novel framework for performing causal inference for RCTs with multiple

versions of control. Using this framework, I define two causal estimands of interest and

examine their identifiability in both single-site and multi-site trials. I then develop

methodology for performing inference about these estimands, either through bounds

(when they are unidentified) or through point estimation (when they are identified).

The motivation for this work comes from an RCT of the Early Start Denver Model,

a behavioral intervention for children with autism [Dawson et al., 2010].

In Chapter 3, I critically examine some previously published methods for compliance-

based causal analyses when compliance is treated as a continuous variable. I demon-

strate that these methods produce unreliable estimates of their target for inference,

and hence are not suitable for use. I then propose and investigate an alternative

method, but show that identifiability issues inherent in models for partial compliance

in RCTs prevent this method from being useful in practice.

In addition to our role as developers of statistical methodology, statisticians also

have an important role to play as educators. The demand for statistical analyses far

exceeds the supply of trained statisticians, meaning that many statistical analyses are

performed by researchers without extensive statistical or mathematical backgrounds.
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Statisticians often lament the statistical errors and misconceptions that appear in the

scientific literature. At the same time, e↵orts at improving statistical education seem

primarily focused on reforms in the classroom or textbooks, e↵ectively placing the

burden of improving statistical education on the comparatively few statisticians with

the proclivity for teaching and writing textbooks. It is my view that every statistician

can serve a valuable role as a statistical educator through the writing of clear, tutorial-

style articles for more advanced methodologies. Chapter 4 presents the results of a

tutorial-style paper aimed at clearly explaining to non-statisticians how an analysis

of data from a randomized controlled trial with non-compliance can be conducted. In

conjunction with this tutorial, I have developed the R package noncomplyR, which

allows for simple implementation of special cases of the data augmentation algorithm

for fitting binary non-compliance models to data from RCTs.

Finally, statisticians also have a role to play as scientists and subject-matter spe-

cialists in our own right. By having a deep understanding of a particular field of

scientific research, we improve our applied statistical analyses and have a better op-

portunity to identify areas where new statistical methodology is needed. Equally

important, by showing that we can come to the table as fellow scientists, we gain cred-

ibility with our scientific collaborators and thus can make a greater impact. Since my

dissertation work has been heavily influenced by issues related to conducting RCTs of

behavioral interventions for children with autism, in Chapter 5 I present a systematic

review of the literature related to these interventions.

In Chapter 6 I summarize the main points of this dissertation and discuss some

possibilities for future research.
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Chapter 1

CAUSAL INFERENCE FOR RCTS WITH MULTIPLE
VERSIONS OF CONTROL

1.1 Introduction

A key consideration in the design, implementation, and interpretation of a random-

ized controlled trial (RCT) is the choice of the control group to which the group

receiving the intervention of interest will be compared. In RCTs of pharmacological

interventions, it is common to use a placebo, an inert version of the intervention, as a

control condition [Millum and Grady, 2013]. Using a placebo for the control condition

o↵ers several advantages. First, it aids in blinding the investigators and participants

to treatment assignment, which reduces the potential for bias [Juni et al., 2001]. Sec-

ond, it can typically be produced with a great deal of uniformity. This uniformity

of the control condition helps to ensure that the individuals assigned to the control

group receive the same version of that control, an important requirement for con-

ducting standard causal inference using the potential outcomes framework [Schwartz

et al., 2012]. For many types of intervention, however, a placebo-type version of the

intervention is not available to serve as the control condition. An important category

of interventions that lack a placebo-type control are behavioral therapy interventions.

These interventions involve structured interpersonal interactions in sessions that may

last for hours at a time. A placebo-type equivalent to this type of intervention is thus

di�cult to develop or implement. As a result, RCTs for these interventions employ

alternative forms of control groups that are more likely to su↵er from control group

heterogeneity. Control group heterogeneity in this context refers to the situation

where individuals assigned to the control group receive one of several di↵erent ver-

sions of the control condition post-randomization. In this paper, we develop a novel

framework for analyzing data from randomized trials that exhibit a particular pattern

of heterogeneity in the control group that can arise when a study uses assignment to

treatment-as-usual (TAU) as the control condition.
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Our framework is motivated by a specific pattern of control group heterogeneity

often seen in behavioral therapy interventions for children with autism spectrum dis-

order (ASD). These interventions typically involve children receiving multiple hours

per week of one-on-one therapy over a span of multiple months. Implementing a

placebo-equivalent to these types of interventions is therefore infeasible. As an alter-

native, researchers often use a TAU (sometimes called community-based care) control

condition [Dawson et al., 2010] [Rogers et al., 2012]. The parents of children assigned

to the control group receive information about and referrals to treatment options

available in the surrounding community. The actual care received by children in the

control group is therefore determined by the children’s caretakers post-randomization

and may be rather heterogeneous. Some children assigned to the control condition

may receive no treatment for their ASD. Some may receive a type of behavior ther-

apy treatment that is identical or highly similar to the intervention being studied.

Finally, some children in the control arm may receive a form of treatment that is

distinct from the intervention being studied. Each of these scenarios represents a

distinct version of the TAU control condition. Furthermore, we would expect that

a child assigned to TAU who receives no treatment for his or her ASD would likely

have a di↵erent outcome than if that same child had been assigned to TAU but had

received some form of treatment. Using the terminology of the Rubin causal model

[Rubin, 1974], the potential outcomes for the children in the control group are not

determined solely by their assignment to the control group. As a result, the hetero-

geneous character of the community-based control can be viewed as a violation of the

“no-multiple-versions-of-treatment” component of the Stable Unit Treatment Value

Assumption (SUTVA) [Rubin, 1980]. In this chapter, we introduce a framework for

causal inference for binary outcomes when the SUTVA is violated due to the type of

control group heterogeneity just described, in which individuals in the control group

can be classified as having received either no treatment, treatment very similar to the

intervention being studied, or treatment distinct from the intervention being studied.

We demonstrate how certain causal estimands of interest can be bounded based on

the observed data and construct consistent estimators for these bounds.

The SUTVA contains two key components: non-interference and no multiple ver-

sions of treatment. Non-interference states that an individual’s potential outcomes

are not a↵ected by the treatment status of the other individuals in the population.
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Violations of this assumption, and methods for addressing it, have received attention

in the literature on statistical methods for assessing the e�cacy and e↵ectiveness of

vaccines [Hudgens and Halloran, 2008]. The “no multiple versions of treatment” com-

ponent of the SUTVA states that there is only a single version of the treatment and

a single version of the control, so that formulating the potential outcomes in terms

of the potential outcome under treatment and the potential outcome under control

is well-defined. When the “no multiple versions of treatment” component of the

SUTVA is violated, this articulation of the potential outcomes is no longer applica-

ble. Hence, much of the initial focus on addressing violations of the SUTVA has dealt

with the related question of consistency, or how to connect the potential outcomes to

the actual observed outcomes in the data [Pearl, 2010] [VanderWeele, 2009] [Cole and

Frangakis, 2009]. More recently, general frameworks for causal inference with mul-

tiple versions of treatment have been proposed by Hernán and VanderWeele [2011],

VanderWeele and Hernan [2013], with Petersen [2011] discussing how treatments with

multiple versions can be understood in terms of causal graphs. Hasegawa et al. [2017]

consider randomization-based inference in the case of a treatment or control with

two versions. These previous works have primarily focused on estimation of marginal

causal e↵ects in situations where observational data are collected on an outcome of

interest, an indicator for the treatment assignment, and additional variables that may

or may not include the version of treatment received. In VanderWeele and Hernan

[2013], the authors focus on defining and identifying several types of marginal causal

e↵ects. Their approach to identification and estimation is based on conditioning on

and subsequently averaging over relevant confounding variables. They delineate iden-

tification and estimation of these marginal e↵ects in several scenarios, including when

information on the version of treatment is observed or unobserved. Crucial to their

approach are the assumptions that data are available on all relevant confounders, and

that the confounders can be reliably categorized into two groups: confounders of the

treatment-outcome relationship and confounders of the treatment-version relation-

ship. While their approach could in theory be used to account for the control group

heterogeneity scenario we consider, the reliance on confounder adjustment would fail

to take advantage of the randomized nature of the treatment assignment, essentially

treating the randomized trial as if it were an observational study. The assumption

that all relevant confounders have been both measured and reliably identified as either
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a treatment-version confounder or version-outcome confounder is strong and unlikely

to hold in practice.

A novel contribution of our approach is to work within a principal stratification

framework [Frangakis and Rubin, 2002a] and exploit the randomized treatment as-

signment as an instrumental variable [Angrist et al., 1996], thereby avoiding the need

to consider confounding variables when accounting for the version of treatment re-

ceived. As a result, our method only requires collecting data on the outcome, the

assigned treatment, and the version of treatment received. Another contribution of

our framework is that it aids researchers in understanding how the results from an

RCT with control group heterogeneity may generalize to other populations of inter-

est. Hernán and VanderWeele [2011] discuss how the presence of multiple versions of

treatment a↵ects the generalizability or transportability of causal e↵ects. While the

authors do mention the case where the data come from a randomized experiment,

they deemphasize this scenario in favor of focusing on the case of observational data.

The reason for this is that certain causal estimands of interest, most notably the

Intent-to-Treat (ITT ) e↵ect, can be shown to still be identifiable and estimable from

a randomized experiment, even when multiple versions of treatment are present. The

implication is that the presence of multiple versions of treatment can be safely ig-

nored in the setting of a randomized trial by focusing on the ITT e↵ect. However, we

demonstrate in the following that the ITT e↵ect estimated by an RCT with multiple

versions of control is a “local” ITT e↵ect, in the sense that it depends not only on

the distribution of the outcomes but also on the distribution of the versions of con-

trol that holds in the population in which the RCT was performed. As a result, the

generalizability issues discussed in the context of observational data remain present

even when the data arise from a randomized experiment. We discuss how conditional

causal e↵ects from a principal stratification approach can aid in understanding how

the results from an RCT conducted in one population may generalize to another,

similar population that di↵ers with respect to the underlying distribution of versions

of control.

1.2 Notation

In the following, we assume that we have a sample of independent observations from

n individuals participating in a randomized trial. The observations take the form of
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triples (Y
i

, Z

i

, D

i

). The outcome Y

i

is assumed to be binary. The binary treatment

assignment Z
i

is assumed to be randomized such that P (Z
i

= 1) = p

Z

is known. The

categorical covariate D

i

is observed post-randomization and represents information

related to the version of treatment Z
i

actually received. The possible values that D
i

can take will vary based on the value of Z
i

.

Causal inference will be conducted using the potential outcomes framework [Ru-

bin, 1974]. Adjustment for the post-randomization covariate D

i

will be done using

a principal stratification approach [Frangakis and Rubin, 2002a]. We assume that

each individual has a pair of potential treatment versions (D
i

(0), D
i

(1)). We will

let D1 = {0, 1} designate the versions of treatment available to individuals assigned

to the Z = 1 treatment arm. The potential treatment version D

i

(1) = 1 indicates

that an individual assigned to receive the intervention will receive the intervention,

while D

i

(1) = 0 indicates that an individual assigned to receive the intervention will

not receive the intervention. Our framework thus allows for potential non-compliance

to the active intervention. We will let D0 = {0, 1, 2} designate the versions of con-

trol available to individuals assigned to the Z = 0 treatment arm. The potential

treatment version D

i

(0) = 0 indicates an individual assigned to the control arm will

not receive any type of community-based treatment. The potential treatment ver-

sion D

i

(0) = 1 indicates that an individual assigned to the control arm will receive

community-based intervention that is judged to be essentially equivalent to the active

intervention under study. The potential treatment version D

i

(0) = 2 indicates that

an individual assigned to the control arm will receive community-based treatment

that di↵ers in some substantial way from the active intervention under study. As an

example, suppose that the intervention of interest is a type of one-on-one therapy. In

this case, D
i

(0) = 1 might indicate that the individual in the control arm will receive

one-on-one therapy from community providers, while D

i

(0) = 2 might indicate that

the individual will receive group-based therapy from community providers.

The presence of multiple versions in the control arm and non-compliance in the

treatment arm means that the potential outcomes depend on both the treatment

assignment and the version of treatment received. Thus, the potential outcomes for

the ith individual must be written as Y (z, d), a function of both z 2 {0, 1} and d 2 D
z

.

Conditional on a particular principal stratum, however, the version of treatment or

control received is determined by the treatment assignment z. Because we will be
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working within a principal stratification framework, we will suppress this notational

dependence of the potential outcomes on the version received going forward and

simply define Y (z) ⌘ Y (z,D(z)).

The causal model can thus be parameterized in terms of two sets of parameters: the

causal principal strata parameters, which determine the distribution of the principal

strata, and the causal outcome parameters, which determine the distribution of the

potential outcomes within each principal stratum. We will let !

d0d1 = P (D(0) =

d0, D(1) = d1) indicate the probability of belonging to the principal stratum (D(0) =

d0, D(1) = d1). We will let p

d0d1·z = P (Y (z) = 1 | D(0) = d0, D(1) = d1) indicate

the probability of recovery (as defined by the outcome under consideration) under

treatment assignment Z = z for those in the principal stratum (D(0) = d0, D(1) =

d1).

1.3 Assumptions

In this section, we outline the assumptions that we will make and their e↵ect on

the causal model parameters. First, we will make the three commonly used assump-

tions of non-interference, exchangeability due to randomization, and independence

and identical distribution of observations. Non-interference states that the counter-

factual quantities for the ith individual are not related to the counterfactual quantities

for the other individuals. Exchangeability states that the counterfactual values are

independent of the treatment assignment, which follows from the assumption that Z

is randomized. Finally, the independence and identical distribution assumption states

that the joint distribution of the observed data for each individual (Y
i

, Z

i

, D

i

) can be

modeled as coming from a common true distribution function F .

Assumption 1 a.) Non-interference.

Let z and d be vectors of treatment assignments and treatment versions for the n

individuals in the sample. Then for all i = 1, 2, . . . , n,

Y

i

(z,d) = Y

i

(z
i

, d

i

) and D

i

(z) = D

i

(z
i

).

b.) Exchangeability/randomization.
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For all i = 1, 2, . . . , n, z 2 {0, 1}, and d 2 D
z

Z

i

?? D

i

(z), Y
i

(z, d).

c.) Independence.

For all i = 1, 2, . . . , n,

(Y
i

, D

i

, Z

i

)
iid⇠ F

for some distribution F .

Later, we will examine in more detail the form that the distribution F takes.

In addition to these standard assumptions, we will make the following extended

consistency assumption, which establishes the connection between the counterfactual

values and the observed data.

Assumption 2 Extended Consistency assumption.

For all i,

D

i

= D

i

(0)⇥ (1� Z

i

) +D

i

(1)⇥ Z

i

and

Y

i

= Y

i

(0, 0)⇥ (1� Z

i

)1(D
i

= 0) + Y

i

(0, 1)⇥ (1� Z

i

)1(D
i

= 1) + Y

i

(0, 2)⇥ (1� Z

i

)1(D
i

= 2)

+ Y

i

(1, 0)⇥ Z

i

1(D
i

= 0) + Y

i

(1, 1)⇥ Z

i

1(D
i

= 1)

This extended consistency assumption di↵ers from the typical consistency assumption

in that the connection between the observed outcome and the potential outcomes

depends both on the observed treatment assignment and the observed version of

treatment received. Hence, if we are unable to observe the version of treatment

received by an individual then we cannot determine which potential outcome we have

observed, even if the treatment assignment is known. As mentioned in Section 3.2,

we will define Y

i

(z) ⌘ Y

i

(z,D(z)) to simplify notation.

We will make a positivity assumption for the principal strata probabilites !01 and
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!21.

Assumption 3 Positivity assumption.

The principal strata probabilities !01 and !21 are both non-zero.

We will also make the following assumption about the potential versions of treat-

ment in the Z = 0 and Z = 1 arms.

Assumption 4 Self-motivated treatment assumption.

For all i,

D

i

(0) � 1 =) D

i

(1) = 1.

This assumption is based on the idea that the community-based treatment chosen

by an individual in the TAU control group corresponds to treatment that the in-

dividual must seek out on their own. It is reasonable, then, to assume that if an

individual would seek out a type of active treatment on their own, then they would

similarly accept a treatment being o↵ered to them as part of a study. We note that

this assumption is similar to the commonly invoked monotonicity assumption in the

binary non-compliance literature [Imbens and Rubin, 1997] [Angrist et al., 1996].

The self-motivated treatment assumption has the e↵ect of reducing the number of

principal strata from six to four. Table 1.1 summarizes the principal strata and the

corresponding probability parameter for each stratum allowed under this assumption.

Going forward, we will let D stand for the subset of pairs (d0, d1) in the Cartesian

product D0⇥D1 that are permissible under the self-motivated treatment assumption.

Finally, we will have reason to consider situations where the following exclusion

restriction assumption holds.

Assumption 5 Exclusion restriction assumption.

If d0 = d1, then p

d0d1·1 = p

d0d1·0 ⌘ p

d0d1.

This assumption states that the assignment mechanism has no e↵ect on the potential

outcomes Y (0) and Y (1) except through the version of treatment actually received.
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This assumption is related to instrumental variable analyses often seen in the econo-

metrics literature [Angrist et al., 1996]. When appropriate, it allows for improved

estimation and inference. However, it is not necessary for all of the results that

follow.

To summarize, going forward we will assume that Assumptions 1-4 hold in all of

the scenarios we consider. For certain scenarios, we will also assume that Assumption

5, the exclusion restriction assumption, holds. When this assumption is needed, it

will be explicitly mentioned.

D(1) = 0 D(1) = 1
D(0) = 0 !00 !01

D(0) = 1 - !11

D(0) = 2 - !21

Table 1.1: Principal strata and their associated probability parameters. Dashes indi-
cate the principal strata that are ruled out by the self-motivated treatment assump-
tion.

1.4 E↵ect of Control Group Heterogeneity on Generalizability of the
ITT E↵ect

An important aspect of interpreting the conclusions from an RCT is evaluating the

extent to which the e↵ects observed in a sample from one population can be used to

inform policy decisions in other populations of interest. This is referred to as general-

izability or transferability in the causal inference literature [Hernán and VanderWeele,

2011]. In this section, we examine how the presence of multiple versions of control can

a↵ect the generalizability of the ITT e↵ect. This examination of the generaliziblity of

the ITT e↵ect under multiple versions of control will motivate the causal estimands

on which we will focus.

Continuing with the motivating example, suppose that a group of researchers at

a research university in City A conducts an RCT of a behavioral intervention for

children with autism using a sample drawn from the population of the metropolitan

area in which the university is located. Because of the lack of a placebo-type control

condition, the researchers use a TAU control condition. In addition, suppose that
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City A has well-established community-based treatment options, so that control group

heterogeneity of the type we have considered here is present. The authors of the study

estimate a positive ITT e↵ect, which we designate as ITT
A

to emphasize that it comes

from a study using a sample drawn from the population in City A. Now suppose that a

practitioner or decision maker in City B is interested in implementing a new treatment

program for children with autism in their city. Reading the results of the study done

in City A, they notice that the reported demographic characteristics of the sample of

children with autism from City A are nearly identical to the characteristics of children

with autism in City B. Given these similarities, it is natural to ask whether the

estimated e↵ect ITT
A

can be used to inform policy in City B. In other words, can the

e↵ect estimated in this population (defined mainly by geographic area) be generalized

to this other, highly similar population. This question is highly relevant, since many

RCTs for behavioral interventions (and other classes of interventions as well) use

samples drawn from a single geographic area. Of course, these studies would be of

limited utility if the goal were just to understand the e↵ect of the intervention when

applied in a particular geographic area. Conducting a new study in every geographic

location in which an intervention might be implemented would be costly and time

consuming. Ultimately, researchers would like to be able to use the results from a

limited number of studies to understand the e↵ect of the intervention on a collection

of similar populations, even if those populations happen to be geographically distinct.

As discussed in Hernán and VanderWeele [2011], ITT
A

is a valid estimate of the ITT

e↵ect within City A, even in the presence of control group heterogeneity. To examine

how applicable ITT

A

is to understanding the ITT e↵ect that might be found in a

study conducted in City B, we can consider the following decomposition of the ITT

e↵ect in the presence of control group heterogeneity
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ITT = E[Y | Z = 1]� E[Y | Z = 0]

= E[Y (1)]� E[Y (0)]

=
X

(d0,d1)2D

P [Y (1) = 1, D(0) = d0, D(1) = d1]� P [Y (0) = 1, D(0) = d0, D(1) = d1]

=
X

(d0,d1)2D

p

d0d1·1!d0d1 � p

d0d1·0!d0d1

=
X

(d0,d1)2D

(p
d0d1·1 � p

d0d1·0)!d0d1

⌘
X

(d0,d1)2D

�
d0d1!d0d1

where we let �
d0d1 represent the within-strata ITT e↵ect p

d0d1·1 � p

d0d1·0. Thus

the ITT e↵ect for a particular population can be expressed as a weighted average

of the within-strata e↵ects �
d0d1 , where the weights are given by the distribution

! = (!00,!01,!11,!21) of principal strata for that population. This decomposition

makes clear how useful estimating ITT

A

will be as a way of making decisions about

ITT

B

. Even if the populations of children with autism in City A and City B are

so similar that each of the within-strata causal e↵ects �
d0d1 are equal between the

two cities, ITT
A

will likely not generalize to ITT

B

unless the distribution of principal

strata (i.e. the pattern of control group heterogeneity) is the same between the two

cities. By looking at stratum-specific causal e↵ects, we can gain insight into how

the results from a study performed in one population might generalize to populations

that di↵er in the availability of community-based treatment options but are otherwise

similar. The causal estimands we will focus on are the stratum-specific e↵ects �01

and �21:

�01 = P (Y (1) = 1 | D(0) = 0, D(1) = 1)� P (Y (0) = 1 | D(0) = 0, D(1) = 1)

= p01·1 � p01·0,
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�21 = P (Y (1) = 1 | D(0) = 2, D(1) = 1)� P (Y (0) = 1 | D(0) = 2, D(1) = 1)

= p21·1 � p21·0.

Similar to the Complier Average Causal E↵ect (CACE) in the binary non-compliance

literature, the causal estimand �01 corresponds to the causal e↵ect among those who

would receive the active intervention if assigned to it and no intervention otherwise.

This causal estimand is useful for understanding the e↵ect of the intervention if imple-

mented in an area without well-established community-based treatment options. The

causal estimand �21 corresponds to the causal e↵ect among those who would receive

the active intervention if assigned to it and some alternative form of treatment if as-

signed to the control group. This causal estimand is useful for understanding the e↵ect

of the intervention if implemented in an area with well-established community-based

treatment options that are distinct from the intervention being studied.

1.5 Identifiability of �01 and �21

Under the assumptions outlined in Section 1.3, the causal estimands �01 and �21

lack point identifiability. Lack of point identifiability of the causal estimands �01 and

�21 follows from a disparity between the number of causal parameters in the model

for the counterfactual values and the number of statistical parameters in the model

for the observed data. In this section, we demonstrate the identifiability issue with

a numerical example. We then examine which of the causal model parameters are

identified and which are not, both under Assumptions 1-4 and Assumptions 1-5.

We will parameterize the observed-data distribution in terms of the joint proba-

bilities

q

dy·z = P (Y = y,D = d | Z = z).

which fully determine the distribution of the observed data. In all that follows,

we will parameterize the observed-data distribution in terms of the eight element

vector q = (q01·0, q11·0, q10·0, q20·0, q21·0, q00·1, q01·1, q11·1)T . This eight element vector
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completely parameterizes the observed-data distribution since the missing elements

q00·0 and q10·1 can be written in terms of elements of q. The elements q
dy·z of q can

be easily estimated by their sample counterparts

q̂

dy·z =

P
n

i=1 1(Di

= d)1(Y
i

= y)1(Z
i

= z)P
n

i=1 1(Zi

= z)

where 1(·) represents the indicator function that is equal to 1 if the condition in the

parentheses is satisfied and 0 otherwise. We will let q̂ = (q̂01·0, q̂11·0, q̂10·0, q̂20·0, q̂21·0, q̂00·1, q̂01·1, q̂11·1)T

represent the vector of estimated observe-data quantities.

Because the estimator q̂ of the observed-data quantities q will play an important

role in estimation and inference for the bounds on �01 and �21, we describe its

asymptotic behavior in the following lemma.

Lemma 1 The estimator q̂ is a consistent estimator for q,

q̂

p! q

with asymptotic distribution given by

p
n(q̂ � q)

d! N8(0,⌃q

)

where

⌃
q

=

 
1
p0
⌃0 0

0 1
p1
⌃1

!

with

⌃0 =

q01·0 q11·0 q10·0 q20·0 q21·00

BBBBBB@

1

CCCCCCA

q01·0 q01·0(1� q01·0) �q01·0q11·0 �q01·0q10·0 �q01·0q20·0 �q01·0q21·0

q11·0 �q01·0q11·0 q11·0(1� q11·0) �q10·0q11·0 �q11·0q20·0 �q11·0q21·0

q10·0 �q01·0q10·0 �q10·0q11·0 q10·0(1� q10·0) �q10·0q20·0 �q10·0q21·0

q20·0 �q01·0q20·0 �q11·0q20·0 �q10·0q20·0 q20·0(1� q20·0) �q20·0q21·0

q21·0 �q01·0q21·0 �q11·0q21·0 �q10·0q21·0 �q20·0q21cdot0 q21·0(1� q21·0)
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and

⌃1 =

q00·1 q01·1 q11·10

B@

1

CA
q00·1 q00·1(1� q00·1) �q00·1q01·1 �q00·1q01·1

q01·1 �q00·1q01·1 q01·1(1� q01·1) �q01·1q11·1

q11·1 �q00·1q11·1 �q01·1q11·1 q11·1(1� q11·1)

.

Importantly, the consistency and asymptotic normality of the estimators q̂
dy·z do

not depend on the exclusion restriction assumption. Thus, the results in Lemma 1

can be used in studying the large sample behavior of the bounds estimators for �01

and �21 under either Assumptions 1-4 or Assumptions 1-5.

We now provide a numerical example demonstrating that �01 and �21 are not

point identified. Our numerical example will incorporate the exclusion restriction as-

sumption. Non-identifiability can likewise be established in cases where the exclusion

restriction does not hold. In fact, the identifiability issue is arguably even more severe

when the exclusion restriction assumption does not hold, since it implies the presence

of additional causal parameters but no additional observed-data quantities. Letting

✓ = (p00·1, p01·1, p11·1, p21·1, p00·0, p01·0, p11·0, p21·0,!00,!01,!11,!21)T represent the full

vector of causal parameters, we can consider the two possible parameter vectors for

the underlying causal model

✓1 = (.03, .3, .2, .2, .03, .03, .2, .15, .1, .4, .1, .4)T

✓2 = (.03, .2, .2, .3, .03, .03, .2, .15, .1, .4, .1, .4)T

which di↵er with respect to the causal outcome parameters p01·1 and p21·1. These

causal parameter vectors can be used to explicitly compute the corresponding observed-

data distributions P
✓1 and P

✓2 (see Table 1.2). Under this setup, the observed-data

distributions implied by ✓1 and ✓2 are identical. However, �✓1
01 = .3 � .03 = .27

while �✓2
01 = .2 � .03 = .17, and �✓1

21 = .2 � .15 = .05 while �✓2
21 = .3 � .15 = .15.

Since di↵erent underlying values for �01 and �21 can lead to the same observed-data

distribution, we can conclude that �01 and �21 are not point identified.

Having demonstrated the identifiability issues surrounding �01 and �21, we now

derive point identified upper and lower bounds on these causal estimands. To establish
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Causal Parameter q01·1 q00·1 q11·1 q01·0 q00·0 q11·0 q10·0 q21·0
✓1 0.003 0.097 0.220 0.015 0.485 0.020 0.080 0.060
✓2 0.003 0.097 0.220 0.015 0.485 0.020 0.080 0.060

Table 1.2: Observed-data distributions implied by causal parameter vectors ✓1 and
✓2. The agreement between the two observed-data distributions despite di↵erent
underlying values for �01 and �21 demonstrates the identifiability issue.

these bounds, it will be useful to know which of the causal model parameters are point

identified and which are not. This will allow us to know which parameters can be

treated as fixed, and which parameters we must maximize or minimize with respect to

when deriving the upper and lower bounds on �01 and �21. In Appendix A, we give

results for the identifiability of all causal parameters described in Section 3.2, both

under Assumptions 1-4 and under Assumptions 1-5. We summarize the identifiability

results for the causal model parameters relevant to deriving the bounds on �01 and

�21 in the following lemma.

Lemma 2 a.) Under both sets of assumptions given in Section 1.3, the strata mem-

bership probabilities ! = (!00,!01,!11,!21) are point identified and expressible in

terms of the observed data quantities q

dy·z as follows. For d0 = 1, 2 and d1 = 1,

!

d01 = q

d0·0 + q

d1·0.

For d0 = 0 and d1 = 0,

!00 = q00·1 + q01·1.

For d0 = 0 and d1 = 1,

!01 = 1� (q10·0 + q11·0 + q20·0 + q21·0 + q01·1 + q00·1).

b.) Under Assumptions 1-4, the causal outcome parameter p21·0 is point identified and

expressible in terms of observed data quantities as follows

p21·0 =
q21·0

!21
.
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The causal outcome parameters p00·0, p01·0, p01·1, p11·1, and p21·1 are unidentified under

Assumptions 1-4.

c.) Under Assumptions 1-5, the causal outcome parameters p01·0 and p21·0 are point

identified and expressible in terms of observed data quantities as follows

p21·0 =
q21·0

!21

p01·0 =
q01·0 � q01·1

!01
.

The causal outcome parameters p01·1 and p21·1 are unidentified under Assumptions

1-5.

Estimators for the point identified parameters can be constructed by replacing

the observed data quantities q
dy·z on the right hand side of the identifying equations

with their sample-based equivalents q̂
dy·z. These estimators will appear in the bounds

estimators for �01 and �21. Their asymptotic behavior is described in the following

lemma.

Lemma 3 a.) Under both sets of assumptions given in Section 1.3, the estimator !̂

is a consistent and asymptotically normal estimator of !.

b.) Under Assumptions 1-4, the estimator p̂21·0 is a consistent and asymptotically

normal estimator of p21·0.

c.) Under Assumptions 1-5, the estimators p̂

ER

01·0 and p̂

ER

21·0 are consistent and asymp-

totically normal estimators for p01·0 and p21·0, respectively, where the superscript ER

indicates that these estimators are based on the expressions for p01·0 and p21·0 derived

under the exclusion restriction assumption.

The proofs of Lemmas 2 and 3 appear in Appendix A. We note that the identifia-

bility results for the principal strata membership probabilities follow chiefly from the

consistency and self-motivated treatment assumptions. As a consequence of this, the

identifiability results for the principal strata probabilities hold regardless of whether

the Exclusion Restriction assumption is made.

1.6 Linear Programming Bounds for �01 and �21

Although the causal parameters �01 and �21 are not point identified, we show in this

section how they can be bounded based on observed-data quantities. The simplest
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approach would be to simply replace any unidentified causal parameter in �01 and

�21 with its corresponding natural bound. Under Assumptions 1-5, for instance,

this would give an upper bound on �01 of 1 � p01·0 and a lower bound of �p01·0.

Since p01·0 is point identified under Assumptions 1-5, the upper and lower bounds

constructed in this way are estimable from the data. While these bounds would

likely be an improvement on the natural bounds of [�1, 1], they are not desirable for

several reasons. Similar to the bounds derived in Manski [1990], the bounds derived

in this way would necessarily have to cover 0, and thus the direction of the e↵ect

could never be determined based on them. In addition, these bounds fail to exploit

all of the information available in the data about the identified regions of �01 and

�21. An alternative approach that does take advantage of additional information

in the data is to determine the upper and lower bounds as the solutions to a linear

programming problem. In a linear programming problem, the goal is to maximize (or

minimize) a linear function of one or more unknown variables, known as the objective

function, subject to a set of constraints on those variables. The constraints can be

in the form of inequalities or equalities, but must again be linear in the unknown

variables. Linear programming techniques are a common approach to finding bounds

on partially identified causal parameters based on the available data [Balke and Pearl,

1997] [Cheng and Small, 2006] [Yang and Small, 2016].

1.6.1 Linear Programming Bounds without Exclusion Restriction

We wish to find minimum and maximum values for �01 = p01·1 � p01·0 and �21 =

p21·1 � p21·0 under Assumptions 1-4. From Lemma 2, we know that the unidentified

causal parameters under Assumptions 1-4 are p01·0, p01·1 and p21·1. We also have the

following relationships between the observed data quantities q and these unidentified

causal outcome parameters

q11·1 = !01p01·1 + !11p11·1 + !21p21·1

q01·0 = !00p00·0 + !01p01·0.

Thus, the minimization/maximization of �01 and �21 subject to the constraints im-

plied by Assumptions 1-4 can be viewed as two linear programming problems with
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objective functions p01·1 � p01·0 and p21·1. We now outline how this linear program-

ming problem can be solved to obtain the upper and lower bounds on �01 and �21.

Because the quantities q,!, and p21·0 are point identified under Assumptions 1-4,

they can be treated as known constants. By considering the extreme values that

the unidentified causal parameters p01·1, p01·0, p00·1 and p21·1 can take, we obtain the

following unrestrained bounds on p01·0 and p21·0

p

U

01·1 =
q11·1

!01

p

L

01·1 =
q11·1 � !11 � !21

!01

p

U

01·0 =
q01·0

!01

p

L

01·0 =
q01·0 � !00

!01

p

U

21·1 =
q11·1

!21

p

L

21·1 =
q11·1 � !01 � !11

!21
.

While these are valid upper and lower bounds on their respective causal parameters,

they are unrestrained in the sense that they may be greater than 1 (in the case

of the upper bounds) or less than 0 (in the case of the lower bounds). The linear

programming-based upper and lower bounds on �01 and �21 can be expressed in

terms of these unrestrained bounds

�U

01 = min{1, pU01·1}�max{0, pL01·0}

�L

01 = max{0, pL01·1}�min{1, pU01·0}

�U

21 = min{1, pU21·1}� p21·0

�L

21 = max{0, pL21·1}� p21·0



21

with corresponding estimators

�̂U

01 = min{1, p̂U01·1}�max{0, p̂L01·0},

�̂L

01 = max{0, p̂L01·1}�min{1, p̂U01·0},

�̂U

21 = min{1, p̂U21·1}� p̂21·0,

�̂L

21 = max{0, p̂L21·1}� p̂21·0.

1.6.2 Linear Programming Bounds with Exclusion Restriction

We now show how to find minimum and maximum values for �01 = p01·1 � p01·0

and �21 = p21·1 � p21·0 under Assumptions 1-5. From Lemma 2, the unidentified

causal parameters under Assumptions 1-5 are p01·1 and p21·1. We additionally have

the following relationship between these unidentified causal outcome parameters and

the observed data

q11·1 � q11·0 = !01p01·1 + !21p21·1.

Thus, the minimization/maximization of �01 and �21 under the constraints implied

by Assumptions 1-5 can be viewed as two linear programming problems with objective

functions p01·1 and p21·1. We now outline how this linear programming problem can

be solved to obtain upper and lower bounds on �01 and �21. Because q and ! are

point identified under Assumptions 1-5, they can be treated as known constants in

the linear programming problem. By considering the extreme values that p01·1 and

p21·1 can assume, we have the following unrestrained lower and upper bounds on p01·1

and p21·1 under Assumptions 1-5.
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p

L,ER

01·1 =
q11·1 � q11·0 � !21

!01

p

U,ER

01·1 =
q11·1 � q11·0

!01

p

L,ER

21·1 =
q11·1 � q11·0 � !01

!21

p

U,ER

21·1 =
q11·1 � q11·0

!21

where the superscript ER emphasizes that these bounds are dependent on the exclu-

sion restriction assumption. While these upper and lower bounds are valid bounds

for their respective parameters, they are unrestrained in the sense that they may be

greater than 1 (in the case of upper bounds) or less than 0 (in the case of lower

bounds). Thus, bounds on �01 and �21 based on these unrestrained bounds may not

be the tightest bounds possible. The linear programming-based bounds on �01 and

�21 give the tightest bounds and are given by

�U,ER

01 = min{1, pU,ER

01·1 }� p01·0

�L,ER

01 = max{0, pL,ER

01·1 }� p01·0

�U,ER

21 = min{1, pU,ER

21·1 }� p21·0

�L,ER

21 = max{0, pL,ER

21·1 }� p21·0.

with corresponding estimators

�̂U,ER

01 = min{1, p̂U,ER

01·1 }� p̂01·0

�̂L,ER

01 = max{0, p̂L,ER

01·1 }� p̂01·0

�̂U,ER

21 = min{1, p̂U,ER

21·1 }� p̂21·0

�̂L,ER

21 = max{0, p̂L,ER

21·1 }� p̂21·0

where again the superscript ER is used to emphasize that these upper and lower

bounds are based on Assumptions 1-5. It can be shown that the bounds derived

under Assumptions 1-5 are tighter than the bounds derived under Assumptions 1-4,
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so that being able to make the exclusion restriction does indeed provide an advantage.

In a later section, we discuss model checks that can be performed to see whether the

observed data violate the exclusion restriction assumption.

The types of bounds on p01·1 and p21·1 that can result from the set of constraints

can be visualized in two dimensions as in Figure 1.2. The di↵erent combinations

shown in Figure 1.2 demonstrate how narrower bounds for one of either p01·1 or

p21·1 necessarily implies wider bounds for the other parameter. In particular, if the

identified region for one of these parameters is contained within the open interval

(0, 1), then the identified region for the other parameter must be the full interval

[0, 1].

1.6.3 Relative Degrees of Identifiability of �01 and �21

We now introduce some terms to better clarify the di↵ering levels of information

available in the data in the partial identifiability setting we are considering. In this

case, there are natural bounds on the quantities of interest. For the probabilities p
d0d1·z

these natural bounds are 0 and 1, while for the causal estimands �01 and �21 the

natural bounds are -1 and 1. We will refer to a parameter as fully unidentified if the

identified subset corresponds to the natural bounds. We will refer to a parameter as

asymmetrically partially identified if the identified subset contains one of the natural

bounds. For instance, a probability parameter with identified subset equal to [0, .4)

would be asymmetrically partially identified, since the lower bound corresponds to

the natural lower bound of 0. We will refer to a parameter as partially identified if

its identified subset contains neither of the natural bounds, e.g. the interval [0.4, 0.6]

for a probability parameter, or [�.4, .2] for a di↵erence in probabilities. Finally, for

parameters that can take on both positive and negative values, we will use the term

informative to refer to an identified subset that does not include 0 (and thus can be

used to determine the direction of an e↵ect).

Under both sets of assumptions we have considered, the causal estimands �01

and �21 have the potential to be either fully unidentified, asymmetrically partially

identified, or partially identified. However, certain degrees of identifiability are ar-

guably more or less likely to occur in practice depending on the set of assumptions

made in the analysis. Under Assumptions 1-4, the causal estimand �01 arguably

has the greatest potential to be fully unidentified, due to the fact that both causal
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p21·1

p01·1

0 1

1

A

p21·1

p01·1

0 1

1

B

p21·1

p01·1

0 1

1

C

p21·1

p01·1

0 1

1

D

Figure 1.2: Visualization of the linear constraints on p01·1 and p21·1 under Assumptions
1-5. The panels show the examples of possible combinations of identifiability. In
Panel A, p01·1 is partially identified while p21·1 is fully unidentified. In Panel B, p21·1
is partially identified while p01·1 is fully unidentified. In Panel C, both p01·1 and p21·1
are fully unidentified. In Panel D, both p01·1 and p21·1 are asymmetrically partially
identified.
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parameters p01·1 and p01·0 are unidentified under these assumptions. In contrast, �21

is arguably unlikely to be fully unidentified under Assumptions 1-4 since p21·0 is point

identified. Similarly, under Assumptions 1-5 both �01 and �21 are unlikely to be fully

unidentified in practice since both p01·0 and p21·0 are point identified under this set of

assumptions.

The scenario of greatest interest for researchers is the one in which �01 and �21

are not just partially identified, but the bounds on them are actually informative as to

the direction of the e↵ect as well. Informative bounds seem least likely to be obtained

in practice under Assumptions 1-4, due to the wider bounds that result from lack

of the exclusion restriction assumption. In particular, we would expect informative

bounds for �01 under Assumptions 1-4 to be unlikely due to the fact that both of

the causal outcome parameters p01·1 and p01·0 are not point unidentified under these

assumptions. Under Assumptions 1-5, informative bounds can be obtained on both

�01 and �21 in situations such as the one shown in Panel D of Figure 1.2. On the

other hand, the fact that the width of the bounds for a given stratum-specific estimand

is inversely proportional to the probability of belonging to that stratum suggests that

informative bounds are only likely to be obtained if a relatively large percentage of

the population belongs to that stratum. As a result, we would not expect to be able

to obtain relatively narrow, informative bounds on �01 and �21 simultaneously.

1.6.4 Consistency of the Bounds Estimators

We now show that the estimators for the bounds on �01 and �21 derived under

Assumptions 1-4 and Assumptions 1-5 are consistent for the true bounds. To begin,

we note that the upper and lower bounds derived under Assumptions 1-4 can be

written as

�U

01 = p

U

01·1 ⇥ 1(pU01·1 < 1) + 1(pU01·1 � 1)� p

L

01·0 ⇥ 1(pL01·0 > 0)

�L

01 = p

L

01·1 ⇥ 1(pL01·1 > 0)� p

U

01·0 ⇥ 1(pU01·0 < 1)� 1(pU01·0 � 1)

�U

21 = p

U

21·1 ⇥ 1(pU21·1 < 1) + 1(pU21·1 � 1)� p21·0

�L

21 = p

L

21·1 ⇥ 1(pL21·1 > 0)� p21·0
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and the upper and lower bounds under Assumptions 1-5 can be written as

�U,ER

d1 = p

U,ER

d1·1 ⇥ 1(pU,ER

d1·1 < 1) + 1(pU,ER

d1·1 � 1)� p

d1·0,

�L,ER

d1 = p

L,ER

d1·1 ⇥ 1(pL,ER

d1·1 > 0)� p

d1·0

for d 2 {0, 2}.
The asymptotic behavior of the linear programming-based bounds estimators thus

depends on the asymptotic behavior of the estimators of the unrestrained bounds on

p01·0, p01·1 and p21·1 mentioned earlier. We will make use of the following lemmas

describing the asymptotic behavior of these estimators.

Lemma 4 Under Assumptions 1-4, the estimators p̂U01·1, p̂
L

01·1, p̂
U

01·0, p̂
L

01·0, p̂
U

21·1, p̂
L

21·1 are

consistent and asymptotically normal estimators of the upper and lower bounds pU01·1, p
L

01·1,

p

U

01·0, p
L

01·0, p
U

21·1, p
L

21·1, respectively.

Lemma 5 Under Assumptions 1-5, the estimators p̂

U

01·1, p̂
L

01·1, p̂
U

21·1, p̂
L

21·1 are consis-

tent and asymptotically normal estimators of the upper and lower bounds pU01·1, p
L

01·1, p
U

21·1, p
L

21·1,

respectively.

The proofs for these lemmas are given in Appendix A. We now state the consis-

tency results for the bounds estimators.

Theorem 1 a.) Under Assumptions 1-4, �̂t

d1 is a consistent estimator for �t

d1

�̂t

d1
p! �t

d1

for d 2 {0, 2} and t 2 {L,U}.
b.) Under Assumptions 1-5, �̂t,ER

d1 is a consistent estimator for �t,ER

d1

�̂t,ER

d1

p! �t,ER

d1

for d 2 {0, 2} and t 2 {L,U}.

Proof. a.) Under Assumptions 1-4, the estimators of the upper and lower bounds on
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�01 can be written as

�̂L

01 = p̂

L

01·1 ⇥ 1(p̂L01·1 > 0)� p̂

U

01·0 ⇥ 1(p̂U01·0 < 1) + 1(p̂U01·0 � 1),

�̂U

01 = p̂

U

01·1 ⇥ 1(p̂U01·1 < 1) + 1(p̂01·1 � 1)� p̂

L

01·0 ⇥ 1(p̂L01·0 > 0).

Similarly, the estimators of the upper and lower bounds on �21 can be written as

�̂U

21 = p̂

U

21·1 ⇥ 1(p̂U21·1 < 1) + 1(p̂21·1 � 1)� p̂21·0,

�̂L

21 = p̂

L

21·1 ⇥ 1(p̂L21·1 > 0)� p̂21·0.

By Lemma 4, each quantity on the right hand sides of these equations individually

converges in probability to its population parameter equivalent. Thus by Slutsky’s

theorem we can conclude that the full expression on the right hand side converges in

probability to the equivalent expression with the estimators replaced by their pop-

ulation parameter equivalents, namely the upper and lower bounds on �01 and �21

derived under Assumptions 1-4.

b.) Under Assumptions 1-5, the estimators of the upper and lower bounds on �01

and �02 can be written as

�̂U,ER

d1 = p̂

U,ER

d1·1 ⇥ 1(p̂U,ER

d1·1 < 1) + 1(p̂U,ER

d1·1 � 1)� p̂

d1·0,

�̂L,ER

d1 = p̂

L,ER

d1·0 ⇥ 1(p̂L,ER

d1·0 > 0)� p̂

d1·0

for d 2 {0, 2}. By Lemma 5, each quantity on the right hand sides of these equations

converges in probability to its respective population parameter. Thus, by Slutsky’s

theorem the entire expression on the right hand side converges in probability to its

population equivalent, namely the upper and lower bounds on �01 and �21 derived

under Assumptions 1-5. ⌅

1.6.5 Inference for Linear Programming-based Bounds

Inference for the upper and lower bounds on �01 and �21 can be performed in several

ways. Bootstrap-based approaches to inference are a common approach in the partial

identifiability literature [Cheng and Small, 2006, Horowitz and Manski, 2000, Imbens

and Manski, 2004] because the large sample distributions of estimators for bounds
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are often cumbersome to deal with. We will consider the use of the non-parameteric

bootstrap [Efron, 1979] as one method for performing inference. A 100 ⇥ (1 � ↵)%

Bonferroni-type confidence interval for the identified region [�L

d1,�
U

d1], d 2 {0, 2} can

be constructed by obtaining a bootstrapped sample of bounds estimators, constructing

separate 100⇥ (1�↵/2)% confidence intervals for the upper and lower bounds based

on the quantiles of the bootstrap distributions, and then using the lower end of the

confidence interval for the lower bound and the upper end of the confidence interval

for the upper bound to form the confidence interval for the identified region. As

discussed in Cheng and Small [2006] and Horowitz and Manski [2000], an alternative

Horowitz-Manski style bootstrap confidence interval that takes into account the joint

distribution of the estimators of the upper and lower bounds can be formed in the

following way. First, an approximation to the joint sampling distribution of (�̂L

d1, �̂
U

d1)

is obtained through repeated bootstrap sampling. This approximation can then be

used to find a critical value z

⇤
n

such that P (�̂L

d1 � z

⇤
n

, �̂U

d1 + z

⇤
n

) = 1 � ↵, where the

probability is assessed with respect to the bootstrap distribution. The 100⇥ (1�↵)%

confidence interval for the identified region is then given by [�̂L

d1 � z

⇤
n

, �̂U

d1 + z

⇤
n

].

As an alternative to inference based on the bootstrap, an approach based on

the large sample distributions of the estimators of the individual components of

�̂L

01, �̂
U

01, �̂
L

21 and �̂U

21 can be used. That is, we can consider the asymptotic be-

havior of alternative estimators of the upper and lower bounds on �01 and �21 that

we obtain by removing the indicator functions that appear in the expressions for

the upper and lower bounds on �01 and �21 given in the proof of Theorem 1. For

d 2 {0, 2}, we let (�̂L

d1, �̂
U

d1) represent the alternative bounds estimators under As-

sumptions 1-4 and (�̂L,ER

d1 , �̂U,ER

d1 ) represent the alternative bounds estimators under

Assumptions 1-5. These alternative bounds estimators will be in agreement with the

linear programming-based bounds estimators when the conditions in the indicator

functions are satisfied. If these conditions are not satisfied, then the estimators still

give valid upper and lower bounds for their respective causal estimand; they simply

will not be as tight as the linear programming-based bounds. By Lemma 3, the esti-

mators of the point identified causal outcome parameters as well as the unrestricted

upper and lower bounds on the partially identified causal outcome parameters are all
p
n consistent and asymptotically normal. The alternative bounds estimators just

discussed are therefore continuous functions of asymptotically normal estimators and
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so by a delta method argument it follows that for d 2 {0, 2} the bounds estima-

tors (�̂L

d1, �̂
U

d1)
T under Assumptions 1-4 are asymptotically normal, and similarly the

bounds estimators (�̂L,ER

d1 , �̂U,ER

d1 )T under Assumptions 1-5 are asymptotically normal.

Furthermore, the asymptotic variances have the general form �

2 = rh(q)⌃
q

rh(q)T

for an appropriate choice of function h, where rh(q) represents the (row vector)

gradient of the function h evaluated at q. The choice of function h will depend on

the set of assumptions made in the analysis, the causal estimand of interest as well

as whether it is the upper or lower bound being estimated. In Appendix A Sec-

tion A.2, we give detailed expressions for these functions. The expressions for the

gradients of these functions are notationally cumbersome and so we do not present

them. However, we note that the derivatives involved are straightforward and easily

computed by a computer algebra system. Given an estimate q̂ of q, the asymp-

totic variances can be estimated as �̂

2 = rh(q̂)⌃̂
q

rh(q̂)T . An asymptotically valid

100 ⇥ (1 � ↵)% confidence interval for the identified region can then be constructed

as
h
�̂L

d1 � z1�↵/2 ⇥ �̂

L

d1/
p
n, �̂U

d1 + z1�↵/2 ⇥ �̂

U

d1/
p
n

i
where z1�↵/2 is the (1 � ↵/2)th

quantile of the standard normal distribution.

1.7 Checking the Model Assumptions

Assumptions about the underlying casual model play a key role in any causal analysis.

Assumptions often provide analytical advantages, and thus it is important that the

set of assumptions used in the analysis be justifiable. While the sample data cannot

be used to prove that a given set of assumptions holds, in many instances they can

be used to check whether the observed data are inconsistent with certain assump-

tions. In the instrumental variable literature, the question of empirical tests of the

exclusion restriction assumption has received much attention. In the case of a binary

outcome and binary instrument, it has been shown [Pearl, 2000] [Bonet, 2013] that

the exclusion restriction assumption implies a set of inequalities that the observed

data distribution must satisfy in order to be consistent with this assumption. Thus,

the observed data can be used to potentially falsify the exclusion restriction assump-

tion. Similarly, in our framework the self-motivated treatment assumption and the

exclusion restriction assumption together impose restrictions on the set of permissible

observed-data distributions, which can be used to test whether the sample data at

hand are in violation of these model assumptions. Under the self-motivated treatment
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assumption and the exclusion restriction,

q01·0 � q01·1 = p00·0!00 + p01·0!01 � p00·1!00

= p01·0!01

� 0

q11·1 � q11·0 = p01·1!01 + p21·1!21

� 0

q00·0 � q00·1 = (1� p00·0)!00 + (1� p01·0)!01 � (1� p00·1)!00

= (1� p01·0)!01

� 0

q10·1 � q10·0 = (1� p01·1)!01 + (1� p11·1)!11 + (1� p21·1)!21 � (1� p11·0)!11

= (1� p01·1)!01 + (1� p21·1)!21

� 0

These restrictions provide a way to check whether the observed data violate the

model assumptions, by checking whether the sample quantities q̂ satisfy

q̂01·0 � q̂01·1 � 0

q̂11·1 � q̂11·0 � 0

q̂00·0 � q̂00·1 � 0

q̂10·1 � q̂10·0 � 0.

If all four of these inequalities are satisfied, then we can conclude that the self-

motivated treatment and exclusion restriction assumptions are not contradicted by

the sample data. On the other hand, if any of the inequalities are violated, then we

wish to know whether the fact that the sample data violate the inequalities indicates

that the true observed data distribution violates the inequalities as well. Tests of this

hypothesis can be based on the large sample distribution of q̂.
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1.8 Simulations

In this section we give results from simulations performed under di↵erent settings

for the underlying causal model parameters. There are several things which we wish

to demonstrate with these simulations. First, by considering a range of di↵erent

scenarios for the underlying causal model parameter values, we wish to show how the

bounds we have derived can be highly informative in certain scenarios. Second, we

wish to examine the extent to which the consistency of the bounds estimators and the

coverage probabilities of the confidence intervals for the identified regions vary with

respect to the degree of identifiability of the causal estimands �01 and �21. In the

simulations presented here, we focus on the estimators for upper and lower bounds

on the causal estimand �01 under Assumptions 1-5. An analogous simulation study

for estimators of upper and lower bounds on �21 gave results similar to the ones we

present below.

To assess the consistency of the estimators, we generated datasets at sample sizes of

n = 100, 200, . . . , 20000. Data were generated under three di↵erent parameter settings

corresponding to three di↵erent identifiability scenarios for the causal estimand �01:

asymmetrically partially identified with uninformative bounds, partially identified

with uninformative bounds, and partially identified with informative bounds. These

three scenarios correspond to di↵ering levels of information about the causal param-

eter p01·1, which makes up the unidentified portion of the causal estimand �01. This

was accomplished by varying the stratum membership parameters !
d0d1 . For all infor-

mativeness scenarios, the potential outcome probabilities in the treatment arm were

set to (p00·1, p01·1, p11·1, p21·1) = (0.03, 0.3, 0.2, 0.2) and the potential outcome proba-

bilities in the control arm were set to (p00·0, p01·0, p11·0, p21·0) = (0.03, 0.03, 0.2, 0.15).

For the fully unidentified scenario, the stratum membership parameter vector was set

to (!00,!01,!11,!21) = (0.05, 0.19, 0.05, 0.71), resulting in lower and upper bounds

on p01·1 of 0 and 1, respectively. For the asymmetrically partially identified sce-

nario, the stratum membership parameter vector was set to (!00,!01,!11,!21) =

(0.05, 0.5, 0.05, 0.4), resulting in lower and upper bounds on p01·1 of 0 and .46, respec-

tively. For the fully informative scenario, the stratum membership parameter vector

was set to (!00,!01,!11,!21) = (0.05, 0.85, 0.05, 0.05), resulting in lower and upper

bounds on p01·1 of 0.25 and 0.31, respectively. For each combination of principal
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strata distribution ! and sample size n, potential outcomes (Y
i

(0), Y
i

(1)) and poten-

tial treatment types (D
i

(0), D
i

(1)) were generated for all n individuals based on the

parameter values given above. The observed data were then obtained by randomly

assigning n/2 individuals to the Z = 1 arm and n/2 individuals to the Z = 0 arm.

The observed data were then used to estimate the upper and lower bounds on �01

under Assumptions 1-5.

The estimators �̂U,ER

01 and �̂L,ER

01 converged to the true values for �U

01 and �L

01

in all three data-generating scenarios (Figure 1.3), indicating that the consistency of

the bounds estimators is not a↵ected by the degree of identifiability of the causaul

estimands. In addition, it is clear from Panel C of Figure 1.3 that the upper and

lower bounds for �01 can be quite narrow when the principal strata parameter !01 is

su�ciently large.

To assess the performance of the confidence intervals described in Section 1.6, we

performed simulations at sample sizes of n = 1000 and n = 10000. To investigate

the e↵ect of the informativeness of the bounds on the coverage probabilities of the

confidence intervals, we varied the principal strata probability !01 from 0.05 to 0.85

by increments of 0.05. As discussed in the description of the consistency simulations,

as !01 increases from 0.05 to 0.85, the causal outcome parameter p01·1 goes from

fully unidentified to asymmetrically partially identified to partially identified. Given

a value for !01, the principal strata probability !21 was then set to !21 = 0.9 � !01.

The principal strata probabilities !11 and !00 were both set to 0.05. The potential

outcome probabilities for Y (0) and Y (1) were the same as those used in the consistency

simulations. For each combination of sample size and data-generating mechanism, we

generated 1000 data sets corresponding to the randomized experiment setup described

previously. For each data set, we estimated upper and lower bounds on �01 and

�21 using the linear programming-based bounds. We then constructed two types

of 95% confidence intervals for the estimated identified regions. The first type was

constructed using the nonparametric bootstrap, while the second type was constructed

using the asymptotic distributions of the bounds estimators.

Figure 1.5 shows the estimated coverage probabilities for both types of confi-

dence intervals at both sample size settings. For values of !01 above approximately

0.70, the coverage probabilities are approximately 95% for both the bootstrap- and

asymptotics-based confidence intervals at both sample sizes, indicating that both
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Figure 1.3: Trace plots showing consistency of estimates of �U,ER

01 and �L,ER

01 under
several identifiability scenarios for the causal parameter p01·1. In the upper lefthand
panel, the causal estimand �01 is asymmetrically partially identified with uninfor-
mative bounds. In the upper righthand panel, �01 is partially identified, but the
bounds are uninformative. In the lower lefthand panel, p01·1 is partially identified,
with informative lower and upper bounds. In each panel, the red (solid) horizontal
lines are the true values for �U,ER

01 and �L,ER

01



34

●

●

●

●

●

●

● ● ●

●
● ●

●

● ●
●

● ●

0.2 0.4 0.6 0.8

0.
5

0.
6

0.
7

0.
8

0.
9

1.
0

ω01

C
ov
er
ag
e

●
● ●

●

● ●
● ●

●
●

● ●

●

● ●
● ● ●

0.2 0.4 0.6 0.8

0.
5

0.
6

0.
7

0.
8

0.
9

1.
0

ω01

C
ov
er
ag
e

Panel A: Bootstrap confidence intervals for linear programming-based bounds on �01.
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Panel B: Asymptotic confidence intervals for unrestricted bounds on �01.

Figure 1.5: Estimated coverage probabilities for 95% confidence intervals as a function
of the parameter !01. Panel A shows coverages for the bootstrap confidence intervals
for the linear programming-based bounds. Panel B shows coverages for the confidence
intervals based on asymptotic distributions. In both panels, the figure on the left
shows estimated coverages at n = 1000, while the figure on the right shows estimated
coverages at n = 10000.
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approaches perform as expected once a su�cient amount of information about the

unidentified causal estimand �01 (as reflected in the proportion !01 of the popula-

tion belonging to the (D(0) = 0, D(1) = 1) principal stratum) is contained in the

observed data. However, for values of !01 below 0.70, we can see that the behavior of

the bootstrap- and asymptotics-based confidence intervals di↵ers. The asymptotics-

based confidence intervals are conservative, with coverages greater than 95%. On

the other hand, the bootstrap-based confidence intervals are anti-conservative, with

coverages below 95%. Furthermore, at smaller sample sizes the extent of improper

coverage clearly becomes worse as the value of !01, and hence the relative degree of

information about �01, decreases. This issue appears to disappear asymptotically,

as evidenced by the coverage rates of the bootstrap-based confidence intervals when

n = 10000, which exhibit coverages of at least 95% fairly uniformly across all values

of !01. These simulations indicate that when the estimated proportion of individu-

als in the (D(0) = 0, D(1) = 1) principal stratum is relatively low, bootstrap-based

confidence intervals are likely to not have correct coverage probabilities. At the same

time, when !̂01 is estimated to be small the resulting bounds on �01 are likely to be

quite large anyway, making the question of inference for these bounds of relatively

little interest.

1.9 Application to Early Start Denver Model RCT

In this section we demonstrate our proposed method using data from an RCT of

an early intensive behavioral intervention for children with autism [Dawson et al.,

2010]. This RCT was conducted at the University of Washington over a period of

two years. The original study found evidence for a beneficial ITT e↵ect of the Early

Start Denver Model behavioral intervention when compared to a community-based

care control group. As noted in Dawson et al. [2010], the city of Seattle, in which

the study was conducted, has well-established community-based treatment options for

children with ASD. Thus, the generalizability of the estimated ITT e↵ect found in this

study to other populations of children with ASD may be a↵ected by the heterogeneity

of treatment received by children in the control group. To aid in understanding how

the results from this study might generalize to similar populations with di↵ering

availability of community-based care treatment options, we re-analyze the data from

the ESDM study using the methodology we have developed for addressing the presence
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of multiple versions of control due to a community-based care control condition.

1.9.1 Description of the sample

Data were available for analysis on a total of 45 children with a diagnosis of autism

spectrum disorder (ASD) or Pervasive Developmental Disorder-not otherwise specified

(PDD-NOS). Children were randomized to either an active treatment group (n = 23)

or an assess-and-monitor (A/M) group (n = 21). Children in the active treatment

group were assigned to receive 20 hours per week of the Early Start Denver Model,

a naturalistic developmental behavioral intervention for children with ASD. Children

in the A/M group did not receive any treatment from the researchers, but did receive

information about and referrals to treatment options in the Seattle area. Outcome

data were collected at baseline, one year post-randomization, and two years post-

randomization. Data on the type of treatment received were collected on a weekly

basis. For this analysis, we focus on estimating bounds on �01, a comparison between

individuals who would have received the ESDM intervention under assignment to

treatment and no intervention under assignment to control. As mentioned earlier, such

an e↵ect would be of most interest to researchers in an area without well-established

treatment options for ASD.

For this analysis, the outcome of interest was an increase in the Mullen Com-

posite score, a measure of cognitive development, of at least 15 points at one year

post-randomization compared to baseline. First, we performed the standard Intent-

to-Treat analysis, comparing the average outcome in the ESDM intervention group to

the average outcome in the community-based control group, without consideration of

the type of community-based treatment received by this group. We then analyzed the

data using our proposed methodology to take into account both the varying treatment

levels in the ESDM group due to non-compliance and the variability in the type of

treatment received by those in the control group. For this analysis, we categorized

the type of treatment received as follows. Individuals assigned to the ESDM inter-

vention group (Z = 1) were categorized as having received the intervention (D = 1)

if they received an average of 10 hours or more per week of the ESDM intervention

during the intervention period. Individuals assigned to the ESDM intervention group

who received fewer than 10 hours per week on average of ESDM intervention were

categorized as having not received intervention (D = 0). For individuals assigned to
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Figure 1.6: Scatterplot of individual versus group average treatment hours at one
year post-randomization. The ESDM treatment group is shown in red, while the
TAU control group is shown in blue.

the community-based care control group (Z = 0), the level of individual treatment

was based on the number of hours of individual intensive applied behavioral analysis

(ABA) therapy. Children who received greater than 10 hours per week on average of

individualized treatment were categorized as having received individual-based treat-

ment (D = 1). Children who received fewer than 10 hours per week on average

of individualized treatment and greater than 10 hours per week of group treatment

were categorized as having received group-based treatment (D = 2). Children who

received fewer than 10 hours per week of individualized treatment and fewer than 10

hours per week of group treatment were categorized as having not received treatment

(D = 0).

Among those assigned to the ESDM intervention (Z = 1), the proportion with an

increase in Mullen Composite Score of at least 15 points at one-year post-randomization

compared to baseline was 0.54. Among those assigned to the A/M control group

(Z = 0), the proportion with an increase in Mullen Composite Score of at least 15

points at one-year post-randomization compared to baseline was 0.14. The estimated

ITT e↵ect was 0.40 (95% CI: 0.14, 0.66).
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We applied the model checks to the observed-data and found that they were not in

violation of Assumptions 1-5, so we will base our analysis on those assumptions. The

estimated principal strata probabilities were (!̂00, !̂01, !̂11, !̂21) = (0, 0.67, 0.19, 0.14).

The identified region for the �01 was (�̂L

01, �̂
U

01) = (0.31, 0.60), with a 95% bootstrap

confidence interval of (�0.13, 0.94) and an asymptotic 95% confidence interval of

(�0.10, 0.99).

Estimand Estimate 95% Confidence Interval
ITT 0.4 (0.14, 0.66)

�01 (with asymptotic-based CI) (0.31, 0.60) (-.10, 0.99)
�01 (with bootstrap-based CI) (0.31, 0.60) (-0.13, 0.94)

Table 1.3: Point and interval estimates for the ITT e↵ect and �01 at 1 year post-
randomization.

The analysis of the baseline to 1 year post-randomization data shows how the

methods we have developed can be applied to real data sets to go beyond the standard

ITT analysis when analyzing data from RCTs with multiple versions of control. The

estimated upper and lower bounds on �01 resulted in an estimate of the identified

region that was both informative and relatively tight, showing that our methods

can provide a good deal of additional information about causal estimands of interest

despite the lack of point identifiability. At the same time, the width of the bootstrap

and asymptotic confidence intervals for the estimated identified region shows how

the additional uncertainty around partially identified parameters can a↵ect precise

inference once sampling variability is taken into account.

1.10 Discussion

Many interventions of interest lack a feasible placebo version that can be used as a

control condition in an RCT. Behavioral interventions are an important class of such

interventions. We have developed a framework for causal inference in RCTs with con-

trol conditions based on the community-care or treatment-as-usual model often used

in RCTs of behavioral interventions. In a randomized trial using a community-based

care control condition, the distribution of the community-based treatment options in
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the sample will be representative of the distribution of community-based treatment

options in the population. Thus, even in the presence of control group heterogeneity,

the ITT e↵ect provides valuable information about the e↵ect of the intervention in

the community in which the study was performed. Additionally, the ITT e↵ect can

be generalized to other communities with the same distribution of community-based

treatment options as the community in which the study was performed. Issues arise,

however, when trying to generalize to a population with a di↵erent availability of

community-based treatment choices. By looking at stratum-specific e↵ects, the ap-

proach presented in this paper can aid in understanding the generalizability of results

from randomized trials with control group heterogeneity. This is especially important

in the case of behavioral interventions since RCTs of these interventions are typically

conducted in settings where control group heterogeneity under the community-based

care protocol is likely to be present, such as cities with established community-based

treatment options or areas near major research universities. For researchers in a com-

munity with very few community-based treatment options, the causal estimand �01

is arguably more appropriate when interpreting the results of a study done in a pop-

ulation with well-established community-based treatment options. Conversely, the

causal estimand �21 may be more appropriate for researchers in a community with

well-established treatment options that di↵er from the intervention being studied. In

this article, we have demonstrated the identifiability issues that are present when data

from a single population are available. We have derived bounds on these partially

identified causal estimands of interest expressible in terms of identified quantities.

The bounds can then be estimated using sample equivalents to the observed-data

quantities and inference can be based on large sample approximations or resampling

methods such as the bootstrap.

By focusing on conditional causal e↵ects in a principal stratification framework,

our approach di↵ers from previous approaches that have focused on estimating marginal

e↵ects through covariate adjustment. In theory, one could use these adjustment-based

approaches in our setting as well to estimate the marginal causal e↵ects of receiving

the intervention compared to receiving each of the possible versions of control available

in the community. However, this approach relies on having data on all confounding

variables, thus eliminating one of the key advantages of a randomized design. The ap-

proach we have proposed takes advantage of the randomized design and only requires
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that data be available on the versions of treatment received. One of the drawbacks

of focusing on principal strata e↵ects, of course, is that one cannot know which prin-

cipal stratum a particular individual belongs to, as principal stratum membership is

an unobserved latent characteristic. As a result, the question of how to use estimates

of principal causal e↵ects to inform policy is a complicated one. We have motivated

our examination of RCTs with multiple versions of control with the example of a

researcher or practitioner trying to decide whether the results of an RCT conducted

in another geographic using a TAU control can be generalized to the population that

he or she works with. The availability of community-based care in this researcher’s

geographic area may be very limited, or there may be an established form of treat-

ment being used in typical practice that is very di↵erent from the intervention being

studied. In the former case, the researcher may find �01 to be of primary interest,

since he or she can reasonably infer that most potential recipients of the intervention

would not receive any form of treatment otherwise due to the lack of community-based

care options in his or her geographic area. In the latter case, �21 could be of interest,

since the researcher may infer that most individuals would receive an alternative form

of care if not given the intervention. Thus, we see causal e↵ects such as �01 and �21

as having potential for practical use as a way of understanding how the intervention

e↵ects observed in one area may generalize to other areas.

Our approach can also be used in situations where the exclusion restriction is either

unlikely to hold theoretically or is directly contradicted by the data. Obtaining results

that do not rely on the exclusion restriction is especially important for analyzing

results from RCTs of behavioral interventions that use the TAU control condition,

since the lack of a placebo means that blinding participants and investigators to

treatment assignment may not be possible.

Although we have focused on frequentist inference, Bayesian inference for this

problem could be performed in several ways. Bayesian inference for the point iden-

tified bounds could be conducted by specifying a prior distribution for the observed

data quantities, similar to the approach used in Richardson et al. [2011]. Alterna-

tively, the partial identification framework for Bayesian analysis outlined in Gustafson

[2015] could be applied.

When constructing confidence intervals in a partial identification setting, the an-

alyst must choose between intervals for the entire identified region and intervals for
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the unidentified parameter. In Imbens and Manski [2004], the authors give a method

for constructing the latter type of intervals. However, their approach relies on the un-

derlying model satisfying certain regularity conditions that do not hold for the model

given here. We have therefore focused on the entire identified region as our target for

inference. Finding a way to construct intervals for the partially identified estimands

�01 and �21 themselves, possibly by modifying the approach given in Imbens and

Manski [2004], is an area for future research.

Another area for future research is the extension of this framework from a three

category representation for the control group heterogeneity to a more general k cate-

gory representation. We have focused on the three category representation (in which

those assigned to the control group are categorized into either not receiving any treat-

ment, receiving treatment similar to the intervention, or receiving treatment distinct

from the intervention) based on observed patterns of control group heterogeneity in

our motivating example of RCTs of behavioral interventions for autism. Finer classi-

fications of control group heterogeneity may be more appropriate for other contexts.

Extending the model described here to include a finer representation of control group

heterogeneity would involve increasing the number of principal strata. However, as

formulated here, the width of the identified region for the causal e↵ect within a prin-

cipal stratum tends to increase as the proportion of the population that belongs to

that principal stratum decreases. Thus, a straightforward extension of the model de-

scribed here will likely lead to wide bounds on the within-strata causal e↵ects. One

way to address this issue would be to incorporate available covariate information in

order to give sharper bounds.

A common criticism of approaches based on partial identifiability is that they

are not as useful for decision making due to the additional uncertainty about the

parameters of interest. However, in situations where the data are limited, approaches

based on partial identifiability may be the only available options that do not rely on

imposing additional, potentially unrealistic assumptions. Methods such as the ones

proposed here o↵er a way to gain information from otherwise limited data with a

minimal number of assumptions. Although not as definitive as providing a single

point estimate, placing bounds on parameters of interest can still be used for many

of the same purposes, such as determining the relative magnitude of an e↵ect or

addressing the question of whether an e↵ect exists. At the very least, researchers
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should be aware of the generalizability issue introduced by the use of TAU control

conditions. At the same time, authors of studies using TAU control conditions can

assist other researchers and decision makers in interpreting the results by providing

detailed information about the distribution of community-based treatment options

available in the population in which their study was conducted, in addition to the

standard sample demographic characteristics.
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Chapter 2

CAUSAL INFERENCE IN RCTS WITH MULTIPLE
VERSIONS OF CONTROL WITH DATA FROM

MULTIPLE POPULATIONS

2.1 Introduction

In this chapter, we consider an extension of the framework developed in Chapter

1 when data from multiple populations are available. The extension we consider is

based on the idea of a multi-site RCT, in which the same intervention is implemented

in two or more similar but geographically distinct populations. Multi-site trials are

often used as a way to increase sample sizes [Friedman et al., 2015], an especially

important issue for behavioral therapy interventions [Howlin and Magiati, 2009]. In

this chapter, we examine the impact that the natural variability between sites in the

distribution of community-based care options can have on the identifiability of the

causal estimands �01 and �21 that are unidentified when data from only a single pop-

ulation are available. Identifiability is fundamentally an issue of a lack of su�cient

information in the data. Often this manifests as a discrepancy between the number of

model parameters and the number of functionally independent observed-data quanti-

ties. One common approach to obtaining identifiability in situations where the data

do not provide enough information is to make additional assumptions that reduce the

number of parameters. A classic example of this “model contraction” approach is

the exclusion restriction assumption, which reduces the number of parameters neces-

sary for characterizing the underlying causal model. The exclusion restriction plays

a vital role in identifying the Complier Average Causal E↵ect (CACE) in the binary

non-compliance framework (see Yau and Little [2001], Zhou and Li [2006], and Taylor

and Zhou [2009] for examples of the exclusion restriction used in di↵erent contexts to

identify the CACE, as well as Imbens and Rubin [1997] and Hirano et al. [2000] for

discussion of the e↵ect of relaxing the exclusion restriction).

The drawback of the model contraction approach is that the assumptions neces-
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sary for obtaining identifiability may not be reasonable. And, as seen in the previous

chapter, even fairly strong assumptions such as the exclusion restriction assumption

and the self-motivated treatment assumption are sometimes not su�cient to obtain

identifiability. As discussed in Gustafson [2005b], an alternative, somewhat counter-

intuitive approach to obtaining identifiability is to actually expand the model to

include more parameters. This approach has been used in the literature on diagnostic

testing as a way to address the known identifiability issues for sensitivity and speci-

ficity parameters in the absence of a gold standard [Hui and Walter, 1980] [Jones

et al., 2010]. As noted in Jones et al. [2010], the sensitivity and specificity of an

imperfect diagnostic test are not point identified in the absence of a gold standard

test when data are only available from a single population. To solve these identifia-

bility issues, the authors consider an approach based on applying multiple imperfect

tests to multiple populations. While this expands the model by introducing new pa-

rameters, it also introduces additional observed-data quantities. Importantly, their

model expansion approach assumes that certain parameters are equal across popu-

lations. Recently in the causal inference literature, Jiang et al. [2016] used a model

expansion-type approach similar to the one we consider here to obtain identifiability

of principal causal e↵ects in the setting of an RCT with a binary surrogate outcome

measured post-randomization. As in Jones et al. [2010], the approach used in Jiang

et al. [2016] required additional assumptions about the parameters introduced in the

expanded model. Thus, both the model contraction approach and the model expan-

sion approach generally require additional assumptions above and beyond those made

for the original unidentified model. The key di↵erence between the two approaches

is that the model expansion approach makes additional assumptions due to the ad-

dition of extra sources of data, while the model contraction approach uses additional

assumptions in the place of additional data.

We will begin by establishing general notation, assumptions and preliminary re-

sults that will be used in all of the scenarios we consider in this chapter. We then

examine several scenarios of interest. The first scenario is the case of a two-site trial

where the exclusion restriction can be assumed to hold. The second scenario is the

generalization of the results obtained in the two-site case to the general case of a trial

with two or more sites. The third scenario is the case of a two-site trial where the ex-

clusion restriction assumption is not made. The fourth scenario is the generalization
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of the results obtained in the two-site case to the general case of a trial with two or

more sites.

As in Chapter 1, our motivating example will be an RCT of a behavioral inter-

vention using a TAU control group due to the lack of a plausible placebo, which leads

to individuals in the control group receiving one of several versions of the control

condition post-randomization. We will again assume that the versions of control can

be categorized as either 1.) receiving no treatment, 2.) receiving a form of active

treatment equivalent to the intervention being studied, or 3.) receiving a form of

active treatment distinct from the intervention being studied.

2.2 Notation

We assume that we have data available from a multi-site RCT of an intervention of

interest subject to control group heterogeneity. The observations take the form of

quadruples (Y
i

, D

i

, Z

i

, S

i

). We will assume that observations are independent both

within and across sites. The random variables Y
i

, D

i

, and Z

i

are defined in the same

way as in Chapter 1. The variable S
i

is a categorical variable indicating the site that

the i

th individual belongs to. Thus, S
i

takes values in {1, 2, . . . , K} where K is the

number of sites participating in the RCT. To simplify notation, we will assume that

the treatment assignment probability is the same across sites, P (Z
i

= 1 | S
i

= k) = p

z

.

Site-specific randomization probabilities can be easily accounted for as well. We will

let n

k

, k 2 {1, 2, . . . , K} be the sample size for the k

th site, and n =
P

K

1 n

k

be the

total sample size.

We will parameterize the causal model in terms of the causal parameters condi-

tional on site. We will let !

d0d1·k = P (D(0) = d0, D(1) = d1 | S = k) represent the

probability of belonging to the principal stratum (D(0) = d0, D(1) = d1) for individ-

uals at site k. We will let p

d0d1·zk = P (Y (z) = 1 | D(0) = d0, D(1) = d1, S = k)

represent the conditional probability of success (as defined by the intervention of in-

terest) for potential outcome Y (z), where we condition on both the principal stratum

(D(0) = d0, D(1) = d1) and the site S = k. Similar to Chapter 1, we will let

q

dy·zk = P (Y = y,D = d | Z = z, S = k) designate the observed-data quantities in

the k

th site.



46

For the k

th site, we will let

✓

k

= (p00·0k, p01·0k, p11·0k, p21·0k, p00·1k, p01·1k, p11·1k, p21·1k,!00·k,!01·k,!11·k,!21·k)
T

designate the vector of causal model parameters and

q

k

= (q01·0k, q11·0k, q10·0k, q20·0k, q21·0k, q00·1k, q01·1k, q11·1k)
T

designate the vector of observed-data quantities in the k

th site implied by the un-

derlying causal model ✓
k

. We will let q = (q1, q2, . . . , qK

)T represent the combined

vector of observed-data quantities from the K sites.

2.3 Assumptions

In this section, we detail the assumptions we will make going forward. The assump-

tions can be divided into two categories. The first category pertains to assumptions

about the causal model that are assumed to hold within each site. The second cat-

egory pertains to assumptions about the relationship between the sites themselves.

We begin by detailing the within-site assumptions. First, we will make the three

commonly used assumptions of non-interference, exchangeability due to randomiza-

tion, and independence and identical distribution of observations. Non-interference

states that the counterfactual quantities for the i

th individual are not related to the

counterfactual quantities for the other individuals. Exchangeability states that the

counterfactual values are independent of the treatment assignment, which follows

from the assumption that Z is randomized. Finally, the independence and identical

distribution assumption states that the joint distribution of the observed data for each

individual (Y
i

, Z

i

, D

i

, S

i

) can be modeled as coming from a common true distribution

function F .

Assumption 1 a.) Non-interference.

Let z and d be vectors of treatment assignments and treatment versions for the n

individuals in the sample. Then for all i = 1, 2, . . . , n,

Y

i

(z,d) = Y

i

(z
i

, d

i

) and D

i

(z) = D

i

(z
i

).
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b.) Exchangeability/randomization.

For all i = 1, 2, . . . , n, z 2 {0, 1}, and d 2 D
z

Z

i

?? D

i

(z), Y
i

(z, d).

c.) Independent, identically distributed (iid) data.

For all i = 1, 2, . . . , n,

(Y
i

, D

i

, Z

i

, S

i

)
iid⇠ F

for some distribution F .

The distribution F of the observed-data, and in particular the associated conditional

distributions F
k

of the observed-data within each site k 2 {1, 2, . . . , K}, will be dis-

cussed in greater detail later in this chapter. We will also make the following extended

consistency assumption, which establishes the connection between the counterfactual

values and the observed data.

Assumption 2 Extended consistency assumption.

For all i,

D

i

= D

i

(0)⇥ (1� Z

i

) +D

i

(1)⇥ Z

i

and

Y

i

= Y

i

(0, 0)⇥ (1� Z

i

)1(D
i

= 0) + Y

i

(0, 1)⇥ (1� Z

i

)1(D
i

= 1) + Y

i

(0, 2)⇥ (1� Z

i

)1(D
i

= 2)

+ Y

i

(1, 0)⇥ Z

i

1(D
i

= 0) + Y

i

(1, 1)⇥ Z

i

1(D
i

= 1).

This formulation of the consistency assumption emphasizes how the potential outcome

that is observed through the sampling process is only known to us so long as we have

data on the version of the assigned treatment actually received. If this information is

missing, then we cannot determine which potential outcome we have observed. For

instance, suppose that for the i

th individual we observe Z

i

= 0 and Y

i

= 1. Given

this information alone, we cannot link the observed data for the i

th individual to his
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or her potential outcome because we cannot determine whether we have observed

Y

i

(0, 0), Y
i

(0, 1), or Y
i

(0, 2).

We will make a positivity assumption for the principal strata probabilities !01·k

and !21·k for each site k 2 {1, 2, . . . , K}.

Assumption 3 Positivity assumption.

For the k

th site, k 2 {1, 2, . . . , K}, the principal strata probabilities !01·k and !21·k are

both non-zero.

We will also make the following assumption about the potential versions of treat-

ment in the Z = 0 and Z = 1 arms.

Assumption 4 Self-motivated treatment assumption.

For each individual i in the k

th site, k 2 {1, 2, . . . , K}, we have that

D

i

(0) � 1 =) D

i

(1) = 1.

This assumption is based on the idea that the community-based treatment chosen by

an individual in the TAU control group corresponds to treatment that the individual

must seek out on their own. It is reasonable, then, to assume that if an individual

would seek out a type of active treatment on their own, then they would similarly

accept a treatment being o↵ered to them as part of a study. We note that this

assumption is similar to the commonly invoked monotonicity assumption in the binary

non-compliance literature. The self-motivated treatment assumption has the e↵ect

of reducing the number of principal strata from six to four. Table 1.1 in Chapter 1

summarizes the principal strata and the corresponding probability parameter for each

stratum. Going forward, we will let D stand for the subset of pairs (d0, d1) in the

Cartesian product D0 ⇥ D1 that are permissible under the self-motivated treatment

assumption.

Finally, we will have reason to consider situations where the following assumption

holds.
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Assumption 5 Exclusion restriction assumption.

For each site k 2 {1, 2, . . . , K}, if d0 = d1, then p

d0d1·1k = p

d0d1·0k ⌘ p

d0d1·k.

This assumption states that the assignment mechanism has no e↵ect on the potential

outcomes Y (0) and Y (1) except through the version of treatment actually received.

This assumption is related to the instrumental variable analysis often seen in the

econometrics literature [Angrist et al., 1996]. When appropriate, it allows for im-

proved estimation and inference. However, it is not necessary for all of the results

that follow.

We will additionally make the following assumption about the comparability of

the causal parameters between sites

Assumption 6 Comparable Strata E↵ects.

For each pair of sites k1, k2 and for d 2 {0, 2} , p
d1·1k1�p

d1·0k1 = p

d1·1k2�p

d1·0k2 = �
d1

and !

d1·k1 6= !

d1·k2.

In other words, we will assume that the site populations share common within-

strata intervention e↵ects for strata (D(0) = 0, D(1) = 1) and (D(0) = 2, D(1) = 1),

but di↵er with respect to the distribution of those strata. This assumption does not

require that the causal outcome parameters p
dy·zk be equal between sites, but simply

that p01·1k � p01·0k = p01·1k0 � p01·0k0 and similarly that p21·1k � p21·0k = p21·1k0 � p21·0k0 .

This assumption will be crucially important for the identifiability results we obtain.

We discuss its implications for the overall model in a later section.

We will also make the following assumption about the behavior of the sample sizes

in each of the K sites.

Assumption 7 Proportional Sample Sizes The sample sizes across sites are chosen

in such a way that for all n

P (S
i

= k) = p

k

2 (0, 1), k 2 {1, 2, . . . , K}

where
P

k

p

k

= 1. This assumption ensures that no single site can dominate the other

sites in terms of its contribution to the total sample size as we consider the large

sample behavior of the estimators we derive in this chapter. As stated, the underlying

probability that an individual belongs to a particular site does not depend on the
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total sample size n. Typically in situations where data from multiple populations

are available (e.g. the two sample t-test), this assumption is instead formulated in

terms of a statement about the limiting ratio of the sample sizes in each group as

the total sample size goes to infinity, thus allowing for the probability of belonging

to a particular site to change depending on the total sample size. We could have

formulated this assumption in those terms as well, but have chosen to forego this for

the sake of simplicity. An extension to allow for changing site proportions would be

straightforward.

As stated above, the assumptions made in this chapter can be categorized into

within-site assumptions (Assumptions 1- 5) and between-site assumptions (Assump-

tions 6 -8). As in Chapter 1, we will have reason to consider situations in which

the exclusion restriction does and does not hold. Going forward, we will use WS-

ER (Within-Site Exclusion Restriction) to refer to the set of within-site assumptions

including the exclusion restriction (Assumptions 1-5) and the set of between-site as-

sumptions (Assumptions 6-8) collectively, and WS-NER (Within-Site No Exclusion

Restriction) to refer to the set of within-site assumptions not including the exclusion

restriction (Assumptions 1-4) and the set of between-site assumptions (Assumptions

6-8) collectively.

2.4 Estimation and Inference for Observed-data Quantities

Similar to Chapter 1, we will parameterize the observed-data distribution within each

site in terms of the joint probabilities q
dy·zk = P (Y = y,D = d | Z = z, S = k). We

will let q

k

= (q01·0k, q11·0k, q10·0k, q20·0k, q21·0k, q00·1k, q01·1k, q11·1k)T represent the vector

of observed-data quantities for the k

th site, and q = (q1, q2, . . . , qK

)T represent the

combined vector of observed-data quantities for all K sites.

The observed-data quantities q

dy·zk = P (Y = y,D = d | Z = z, S = k) can be

estimated by their sample counterparts

q̂

dy·zk =

P
n

i=1 1(Zi

= z)1(D
i

= d)1(Y
i

= y)1(S
i

= k)P
n

i=1 1(Zi

= z)1(S
i

= k)
.

We will let q̂
k

be the vector of estimated observed-data quantities for the kth site,

and q̂ = (q̂1, q̂2, . . . , q̂K

) be the combined vector of observed-data quantities for all

sites. The asymptotic behavior of q̂ is given in the following lemma.
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Lemma 6 Under either Assumptions WS-ER or Assumptions WS-NER,

a.) q̂ is a consistent estimator for q

q̂

p! q

and

b.)
p
n(q̂ � q) is asymptotically normal with distribution

p
n(q̂ � q)

d! N8K(0,⌃q

)

where ⌃
q

is the 8K ⇥ 8K block diagonal matrix

⌃
q

=

0

BBBBB@

⌃
q1 0 . . . 0

0 ⌃
q2 . . . 0

... . . .

. . .
...

0
...

... ⌃
qK

1

CCCCCA

consisting of the site-specific covariance matrices ⌃
qk

, k 2 {1, 2, . . . K}.

The site-specific covariance matrices ⌃
qk

have the form of a block diagonal matrix

as well,

⌃
qk

=

 
1

p0k
⌃0 0

0 1
p1k

⌃1

!

where p

zk

= P (Z = z, S = k) = P (Z = z | S = k)P (S = k) = p

z

p

k

,

⌃0k =

q01·0k q11·0k q10·0k q20·0k q21·0k0

BBBBBB@

1

CCCCCCA

q01·0k q01·0k(1� q01·0k) �q01·0kq11·0k �q01·0kq10·0k �q01·0kq20·0k �q01·0kq21·0k

q11·0k �q01·0kq11·0k q11·0k(1� q11·0k) �q10·0kq11·0k �q11·0kq20·0k �q11·0kq21·0k

q10·0k �q01·0kq10·0k �q10·0kq11·0k q10·0k(1� q10·0k) �q10·0kq20·0k �q10·0kq21·0k

q20·0k �q01·0kq20·0k �q11·0kq20·0k �q10·0kq20·0k q20·0k(1� q20·0k) �q20·0kq21·0k

q21·0k �q01·0kq21·0k �q11·0kq21·0k �q10·0kq21·0k �q20·0kq21cdot0k q21·0k(1� q21·0k)
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and

⌃1k =

q00·1k q01·1k q11·1k0

B@

1

CA
q00·1k q00·1k(1� q00·1k) �q00·1kq01·1k �q00·1kq01·1k

q01·1k �q00·1kq01·1k q01·1k(1� q01·1k) �q01·1kq11·1k

q11·1k �q00·1kq11·1k �q01·1kq11·1k q11·1k(1� q11·1k)

.

The proof of this lemma is given in Appendix B.

2.5 Identifiability with Data from Two Populations under the Exclusion
Restriction

We now consider the case of a two-site RCT under Assumptions WS-ER, so that data

are available from k = 2 sites and the exclusion restriction is assumed to hold within

each site. The impact of the Comparable Strata E↵ects assumption combined with

the exclusion restriction on the identifiability of the causal estimands �01 and �21 can

be seen by recalling the following relationship between the observed-data quantities

and the unidentified causal model parameters p01·1 and p21·1 from a single-site RCT

under the exclusion restriction :

q11·1 � q11·0 = p01·1!01 + p21·1!21.

When data from two sites are available, this relationship holds within each site

q11·11 � q11·01 = p01·11!01·1 + p21·11!21·1,

q11·12 � q11·02 = p01·12!01·2 + p21·12!21·2. (2.1)

Subtracting p01·01!01·1 + p21·01!21·1 from the first equation in (2.1) yields

q11·11 � q11·01 � p01·01!01·1 � p21·01!21·1 = p01·11!01·1 + p21·11!21·1 � p01·0!01·1 � p21·01

= (p01·11 � p01·01)!01·1 + (p21·11 � p21·01)!21·1

= �01!01·1 +�21!21·1.

Similarly, subtracting p01·02!01·2 + p21·02!21·2 from the second equation in (2.1)



53

yields

q11·12 � q11·02 � p01·02!01·2 � p21·02!21·2 = p01·12!01·2 + p21·12!21·2 � p01·02!01·2 � p21·02

= (p01·12 � p01·02)!01·2 + (p21·12 � p21·02)!21·2

= �01!01·2 +�21!21·2.

This gives the following two equations

q11·11 � q11·01 � p01·01!01·1 � p21·01!21·1 = �01!01·1 +�21!21·1,

q11·12 � q11·02 � p01·02!01·2 � p21·02!21·2 = �01!01·2 +�21!21·2.

The only unidentified quantities in these equations are the causal estimands �01

and �21. All other quantities are point identified under Assumptions WS-ER. Hence,

these equations can be treated as a system of two equations in two unknowns. Letting

A =

 
!01·1 !21·1

!01·2 !21·2

!

b =

 
q11·11 � q11·01 � p01·01!01·1 � p21·01!21·1

q11·12 � q11·02 � p01·02!01·2 � p21·02!21·2

!

and � = (�01,�21)T , the system of equations can be written in matrix notation as

A� = b. The identifiability results for �01 and �21 with data from two populations

are given in the following theorem.

Theorem 2 Under Assumptions WS-ER, if the matrix A is invertible, then the

causal estimands �01 and �21 are point identified, with identifying equations given by

� = A

�1
b

Proof. The proof of this theorem follows immediately from the invertibility of

A. ⌅
We now consider how the point identified � = (�01,�21)T can be estimated, and

how inference for the resulting estimator can be performed.

Considering A = A(q) and b = b(q) as functions of q suggests the natural

estimators bA = A(q̂) and b̂ = b(q̂). We can then construct an estimator for � =
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(�01,�21)T as

b� = b
A

�1
b̂.

The consistency and asymptotic distribution of b� are given in the following the-

orem.

Theorem 3 Under Assumptions 1-6, if A is invertible then

a.) b� = b
A

�1
b̂ is a consistent estimator of �, and

b.) the asymptotic distribution of
p
n( b���) is given by

p
n( b���)

d! N2(0,r(A�1(q)b(q))⌃qr(A�1(q)b(q))T ).

Proof. a.) By applying Lemmas 1 and 5 from Chapter 1 to the data from each

of the two populations, we have that the individual elements of bA and b̂ converge in

probability to their respective population parameters. Thus, by Slutsky’s theorem,

the invertibility of A, and the Continuous Mapping Theorem we have that bA
�1

p!
A

�1 and b̂

p! b. Applying Slutsky’s theorem again to the full expression yields
b� = b

A

�1
b̂

p! A

�1
b. The proof is completed by noting that b = A�.

b.) By Lemma 6 with k = 2, the (scaled and centered) combined vector of estimated

observed-data quantities for the two populations
p
n(q̂� q) is asymptotically normal

with mean 0 and asymptotic variance ⌃q. Viewing A(q) and b(q) as functions of

q, it follows by a delta method argument that
p
n( b���) is asymptotically normal

with mean 0 and variance r(A�1
b)⌃qr(A�1

b)T .

2.6 Identifiability with Data from k > 2 Populations under the Exclusion
Restriction Assumption

In this section, we generalize the results obtained in the previous section for a two-site

RCT to the case of a multi-site trial with K > 2 sites.
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Under Assumptions WS-ER, we have the following set of K identifying equations

q11·11 � q11·01 � p01·01!01·1 � p21·01!21·1 = �01!01·1 +�21!21·1

q11·12 � q11·02 � p01·02!01·2 � p21·02!21·2 = �01!01·2 +�21!21·2

...
...

...

q11·1k � q11·0k � p01·0k!01·k � p21·0k!21·k = �01!01·k +�21!21·k.

Using conventions similar to the previous section, this system of K equations can

be written in matrix form as

b = A�

Replacing the point identified quantities in this matrix equation with their corre-

sponding estimators yields the matrix equation b̂ = b
A�. With data fromK > 2 sites,

this matrix equation can be viewed as a system of K equations in two unknowns. As

this system is overdetermined, we do not attempt to find an exact solution. Instead,

we consider estimating � with the least-squares estimator

�̂
LS

= (bA
T b
A)�1 b

A

T

b̂

which yields an approximate solution to the system of equations. The large sample

behavior of this estimator is given in the following theorem.

Theorem 4 Under Assumptions WS-ER, if the matrix A is full rank, then

a.) the estimator �̂
LS

is consistent for �

�̂
LS

p! �

and

b.)
p
n(�̂

LS

��) is asymptotically normal with distribution

p
n(�̂

LS

��)
d! N2

�
0,r((AT

A)�1
A

T

b)⌃qr((AT

A)�1
A

T

b)T
�

Proof.
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Consistency.

By applying Lemmas 1 and 5 to the data from each site, it is clear that the indi-

vidual elements of Â and b̂ all converge in probability to their respective population

parameter. By Slutsky’s theorem, the assumption about the rank of A, and the

Continuous Mapping Theorem, it follows that Â

p! A, (Â
T

Â)�1 p! (AT

A)�1
, and

b̂

p! b. Thus, by applying Slutsky’s theorem to the full expression for �̂
LS

we obtain

�̂
LS

p! (AT

A)�1
A

T

b. Finally, noting that b = A� completes the proof.

Asymptotic Normality.

By Lemma 6,
p
n(q̂ � q) is asymptotically normal with asymptotic variance ⌃q.

Viewing A and b as functions of q, it follows by a delta method argument that
p
n(�̂

LS

��) is asymptotically normal with mean 0 and asymptotic variance

r((AT

A)�1
A

T

b)⌃qr((AT

A)�1
A

T

b)T . ⌅
The consistency result from Theorem 4 establishes �̂

LS

as a valid estimator for�,

while the asymptotic normality result indicates how inference for this estimator can be

performed. Given an estimate q̂ of the combined vector of within-site observed-data

distributions, we can construct an estimator of the asymptotic covariance matrix of

�̂
LS

as dV ar(�̂) = r((bA
T b
A)�1 b

A

T

b̂)b⌃qr((bA
T b
A)�1 b

A

T

b̂)T . Letting �̂

2
LS,01 and �̂

2
LS,21

stand for the corresponding estimators of the asymptotic variances associated with

�01 and �21, respectively, the interval [�̂
LS,d1 � z1�↵/2 ⇥ �̂

2
LS,d1, �̂LS,d1 + z1�↵/2 ⇥

�̂

2
LS,d1] will be an asymptotically valid 100 ⇥ (1 � ↵) confidence interval for �

d1, d 2
{0, 2}. Similar to the asymptotic distributions of the lower and upper bounds given

in Chapter 1, then, inference for �̂
LS

based on large sample approximations involves

evaluating conceptually simple but notationally cumbersome partial derivatives. For

simplicity, we avoid dealing with them here and instead focus on the non-parameteric

bootstrap as our basis for producing confidence intervals for �01 and �21. Given

some large number B of bootstrapped estimates for �01 and �21 based on resampling

observations with replacement, we can construct a 100⇥ (1�↵)% confidence interval

for �
d1, d 2 {0, 2} as (�L

d1,�
U

d1) = (�⇤
d1,↵/2,�

⇤
d1,1�↵/2), where �⇤

d1,q is the 100 ⇥ q%

quantile of the empirical distribution of the B bootstrapped estimates for �
d1.

2.7 Simulations for �̂ and �̂
LS

In this section, we present simulation results for the estimators �̂ and �̂
LS

. We

will focus our simulations on estimation and inference for the causal estimand �01.
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Estimation and inference for �21 is conceptually similar, and simulations conducted

to assess the behavior of estimators for �21 yielded results highly similar to those we

present here. Similar to the simulations presented in Chapter 1, we will use these

simulations to examine the influence of the parameters !01·k on the performance of

the estimators for �01.

We will begin by presenting simulation results related to the consistency of the

estimators �̂01 and �̂
LS,01. We will then present simulation results assessing the per-

formance of confidence intervals for these estimators under a range of data-generating

mechanisms. To assess the consistency of �̂01 and �̂
LS,01, we generated datasets un-

der three di↵erent data-generating scenarios. In the first scenario, the proportion of

the population at each site belonging to the (D(0) = 0, D(1) = 1) principal stratum

was set to be relatively low (less than or equal to 25% of the overall population in

each site). In the second scenario, this proportion was set to a medium level (between

50-60% of the overall population in each site). In the third scenario, this propor-

tion was set to a high level (between 75-85% of the overall population in each site).

In each scenario, we generated datasets with sample sizes ranging from n = 300 to

n = 300, 000 in increments of 300. At each sample size, we simulated a three-site

RCT with control group heterogeneity; in each simulation, there were n/3 subjects

per site. The underlying causal models for each site were chosen in such a way that

the exclusion restriction and comparable strata e↵ects assumptions hold. In addition,

confounder-style site e↵ects were included by making the causal outcome parameter

vectors for Site 2 and Site 3 equal to the causal outcome parameter vector for Site

1 plus an constant. Table 2.1 shows the full causal model for each site under the

three scenarios for the underlying data-generating mechanism. The underlying causal

model parameters correspond to a causal e↵ect of �01 = .2 across all sites.

For each combination of data-generating mechanism and sample size, we generated

full sets of counterfactuals for the n/3 individuals in each site based on the site-specific

causal model parameter values. We then generated the observed data for each site

by randomly assigning half of the individuals in each site to the Z = 0 arm and half

of the individuals to the Z = 1 arm. We obtained estimates for �̂
LS,01 based on the

observed data from all three sites. Additionally, we obtained estimates for �̂01 based

on the observed data from the first two sites only. Figure 2.1 shows a trace plot of

�̂
LS,01 as a function of increasing sample size, while Figure 2.2 shows a trace plot of
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Scenario Site !00 !01 !11 !21 p00· p01·0 p01·1 p11· p21·0 p21·1
Small !01 Site 1 .05 .19 .05 .71 .1 .1 .3 .2 .15 .2

Site 2 0 .15 .05 .8 .15 .15 .35 .25 .2 .25
Site 3 .03 .25 .05 .67 .18 .18 .38 .28 .23 .28

Medium !01 Site 1 .05 .5 .05 .4 .1 .1 .3 .2 .15 .2
Site 2 0 .6 .05 .35 .15 .15 .35 .25 .2 .25
Site 3 .03 .55 .05 .37 .18 .18 .38 .28 .23 .28

Large !01 Site 1 .05 .85 .05 .05 .1 .1 .3 .2 .15 .2
Site 2 0 .75 .05 .2 .15 .15 .35 .25 .2 .25
Site 3 .03 .8 .05 .12 .18 .18 .38 .28 .23 .28

Table 2.1: Underlying causal model parameter values for the three sites under the
three di↵erent data generating scenarios.

�̂01 as a function of increasing sample size.

The trace plots in Figures 2.1 and 2.2 demonstrate how both estimators converge

to the true underlying value of �01 under all three data-generating scenarios we have

considered. However, it is also obvious from these plots that the speed of convergence

does depend on the underlying values of !01·k. When !01·k is relatively large in all

three sites, both estimators converge rapidly to the true value. On the other hand,

when !01·k is relatively small in all three sites, the estimators continue to exhibit a

noticeable amount of variance around the true value of �01 even at sample sizes as

high as n = 300, 000. This influence of the parameters !01·k on the performance of

the estimators mirrors the simulation results given in Chapter 1 in the single-site

case.

The simulation results for the two-site estimator �̂01 highlight an unfortunate

characteristic that the estimators �̂ and �̂
LS

share with method-of-moments esti-

mators, namely that the estimators can sometimes yield values that lie outside of the

parameter space. By inspecting the top panel of Figure 2.2, we can see that for small

sample sizes the values of �̂01 occasionally exceed 1, the maximum value for �01.

However, this appears to mainly be an issue when small sample sizes are combined

with relatively small values for !01·k. When the values of !01·k are in the medium to

large range, the estimators exhibit much better behavior.
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Figure 2.1: Trace plots showing the convergence of the estimator �̂
LS,01 to the true

value of the general multi-site estimator �01 (indicated by the red solid line) as the
sample size increases. The top panel shows results from the scenario where !01, the
proportion of individuals belonging to the D(0) = 0, D(1) = 1) principal stratum, was
set to a relatively low value in all three sites. The middle value shows results from
the scenario where !01 was set to a value around 0.5 in all three sites. The bottom
panel shows results from the scenario where !01 was set to a relatively high value in
all three sites.
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Figure 2.2: Trace plots showing the convergence of the two-site specific estimator �̂01

to the true value of �01 (indicated by the red solid line) as the sample size increases.
The top panel shows results from the scenario where !01, the proportion of individuals
belonging to the D(0) = 0, D(1) = 1) principal stratum, was set to a relatively low
value in all three sites. The middle value shows results from the scenario where !01

was set to a value around 0.5 in all three sites. The bottom panel shows results from
the scenario where !01 was set to a relatively high value in all three sites.
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Total Sample Size Magnitude of !01 Bias 95% CI Coverage
300 Small -0.07 0.99
300 Medium -0.03 0.99
300 Large -0.003 0.98
3000 Small -0.02 0.98
3000 Medium 0.001 0.98
3000 Large -0.0002 0.95
30000 Small -0.003 0.96
30000 Medium 0.001 0.95
30000 Large 0.0003 0.94

Table 2.2: Estimated coverage of 95% confidence intervals for �01 with data from
multiple populations under Assumptions WS-ER.

We now perform simulations to examine the bias and coverage probabilities for the

bootstrap-based confidence intervals for b�01,LS. We use the same parameter values as

in the consistency simulations. Using these parameter values, we generate data sets

at sample sizes of n = 300, n = 3000, and n = 30000. In each case, the sample size

per site is set to n/3. At each sample size and for each data-generating scenario, we

generate 1000 datasets. For each dataset, we calculate a point estimate and a 95%

bootstrap-based confidence interval for b�01,LS based on 1000 bootstrap replications.

In Table 2.2, we report estimates of the bias and 95% confidence interval coverage

rates at each sample size and data-generating scenario.

When the proportion of the population belonging to the (D(0) = 0, D(1) = 1)

principal stratum is high ( 70% or greater), the finite sample bias is negligible even

at the lowest sample size setting and continues to decrease as the sample size in each

site increases. On the other hand, there is considerable bias when the proportion of

the population belonging to the (D(0) = 0, D(1) = 1) is low (bias of around 0.07

compared to a causal e↵ect of 0.20). Thus, even when we have point identification of

the causal estimand �01, the associated parameter !01 exerts a noticeable influence

on how well estimators of �01 will perform in finite samples. Coverage probabilities

show a tendency to be conservative at small sample sizes regardless of the proportion

of the population belonging to the (D(0) = 0, D(1) = 1) stratum.
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2.8 Re-analysis of the ESDM RCT data

Unfortunately, data from a multi-site RCT subject to control group heterogeneity

from a TAU control group were not available for analysis. However, our approach

to obtaining identifiability of �01 and �21 is just as valid when conditioning on an

appropriately chosen categorical covariate S rather than a variable indicating which

site an observation belongs to. Thus, the data do not necessarily have to come from

a multi-site RCT in order for our method to apply, so long as Assumptions WS-ER

are satisfied for some baseline covariate S. We can therefore re-analyze the single-

site ESDM RCT data analyzed in Chapter 1 using the techniques developed in this

chapter by finding an appropriate covariate and treating the sample strata defined by

that covariate as if they came from their own separate sub-populations.

As in the analysis from Chapter 1, we define the analysis variables as follows.

The outcome of interest was an increase in the Mullen Composite score, a measure of

cognitive development, of at least 15 points at one year post-randomization compared

to baseline, so that the outcome Y is an binary variable taking the value of 1 if the

Mullen Composite score was 15 points greater at 1 year post-randomization compared

to baseline and 0 otherwise. Individuals assigned to the ESDM intervention group

(Z = 1) were categorized as having received the intervention (D = 1) if they received

an average of 10 hours or more per week of the ESDM intervention during the inter-

vention period. Individuals assigned to the ESDM intervention group who received

fewer than 10 hours per week on average of ESDM intervention were categorized as

having not received intervention (D = 0). For individuals assigned to the community-

based care control group (Z = 0), the level of individual treatment was based on the

number of hours of individual intensive applied behavioral analysis (ABA) therapy.

Children who received greater than 10 hours per week on average of individualized

treatment were categorized as having received individual-based treatment (D = 1).

Children who received fewer than 10 hours per week on average of individualized

treatment and greater than 10 hours per week of group treatment were categorized as

having received group-based treatment (D = 2). Children who received fewer than

10 hours per week of individualized treatment and fewer than 10 hours per week of

group treatment were categorized as having not received treatment (D = 0).

In addition to these variables from the original analysis, we will also introduce
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as our conditioning covariate S an indicator for whether the child was less than 24

months of age at baseline, S = 1(AgeBaseline  24 Months). The choice of this variable

is motivated by the likely presence of a relationship between the age of a child and

the type of community-based treatment that the child’s caretaker may choose for

him or her. Thus, we would expect the distribution of the principal strata to di↵er

between the S = 0 and S = 1 groups. The estimated distribution of the principal

strata for children greater than 24 months of age at baseline S = 0 was estimated as

!̂0 = (0, 0.5, 0.17, 0.33). The estimated distribution of the principal strata for children

less than 24 months of age at baseline S = 1 was estimated as !̂1 = (0, 0.73, 0.13, 0.13).

Thus, the distribution of the principal strata does indeed appear to di↵er between

these two subgroups of the overall sample. Children younger than 24 months of age

at baseline are more likely to not receive any community-based treatment if assigned

to the control group compared to children older than 24 months of age at baseline.

Both groups have similar proportions estimated to belong to the !11 strata, while

the older group is estimated to have more children who would primarily receive some

form of group-based care if assigned to the treatment group. These di↵erences seem

plausible, as older children are more likely to be enrolled in educational programs

that may feature some sort of group-based treatment (e.g. special needs classes). We

note that the proportion of children who would receive no care under either treatment

arm is estimated to be 0 in both groups. This does not a↵ect our analysis, as the

positivity assumption on the principal strata parameters is only required for !01 and

!21.

The observed-data distributions for the two groups q̂0 and q̂1 both pass the model

checks for the exclusion restriction assumption given in Chapter 1. Hence, we will pro-

ceed under Assumptions WS-ER and compute a single point estimate and bootstrap-

based confidence interval for �01. The point estimate for �01 based on this two-group

analysis is �̂01 = 0.47, with a 95% bootstrap confidence interval of (�0.84, 1.87),

based on 10,000 bootstrap resamplings. Similar to the analysis in Chapter 1, this

analysis highlights both the potential of our approach and its limitations. In this

case, the small sample sizes and the presence of only two levels in the conditioning

covariate lead to high variability in the estimate of �01. This results in the bootstrap

confidence interval extending into values greater than 1, which are not possible for

�01. The conclusion is that we cannot have much confidence in this particular esti-
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mate of �01 based on this sample. Still, this analysis serves as a useful illustration

of how our method can be applied in practice. As demonstrated in the simulations

in Section 2.7, we would expect to obtain a less variable estimator and hence better

bootstrap-based confidence intervals with larger samples.

2.9 Identifiability with Data from Two Populations without the Exclu-
sion Restriction

We now consider what identifiability results can be obtained for �01 and �21 with

data from multiple populations after relaxing the exclusion restriction assumption.

As in Section 2.5, we will begin with the specific case of a two-site RCT before

considering the more general case of multi-site RCT with K � 2 sites.

In Chapter 1, we demonstrated the non-identifiability of �01 and �21 in a single-

site trial under the exclusion restriction assumption with a numeric counterexample.

We now demonstrate the non-identifiability of �01 and �21 in the case of a single-site

RCT without the exclusion restriction. That is, we wish to show that there exist

causal model parameter vectors ✓ and ✓

0
with associated observed-data distributions

q and q

0
such that �01 6= �

0
01 and �21 6= �

0
21 but q = q

0
. The equation q = q

0

implies the following set of equations relating ✓ and ✓

0
:

0 = (1� p00·0)!00 + (1� p01·0)!01 � ((1� p

0

00·0)!
0

00 + (1� p

0

01·0)!
0

01),

0 = p00·0!00 + p01·0!01 � (p
0

00·0!
0

00 + p

0

01·0!
0

01),

0 = (1� p11 · 0)!11 � ((1� p

0

11 · 0)!
0

11),

0 = p11·0!11 � p

0

11·0!
0

11,

0 = (1� p21·0)!21 � (1� p

0

21·0)!
0

21,

0 = p21·0!21 � p

0

21·0!
0

21,

0 = (1� p00·1)!00 � (1� p

0

00·1)!
0

00,

0 = p00·1!00 � p

0

00·1!
0

00,

0 = p01·1!01 + p11·1!11 + p21·1!21 � (p
0

01·1!
0

01 + p

0

11·1!
0

11 + p

0

21·1!
0

21),

0 = (1� p01·1)!01 + (1� p11·1)!11 + (1� p21·1)!21 � (1� p

0

01·1)!
0

01 + (1� p

0

11·1)!
0

11 + (1� p

0

21·1)!
0

21.

This is a set of eight equations that are nonlinear in the 24 unknowns. If we set !



65

Causal Parameter Vector q01·0 q11·0 q10·0 q20·0 q21·0 q00·1 q01·1 q11·1
✓ 0.14 0.008 0.092 0.19 0.01 0.095 0.005 0.24
✓

0
0.14 0.008 0.092 0.19 0.01 0.095 0.005 0.24

Table 2.3: Observed-data distributions implied by the underlying causal parameter
vectors ✓ and ✓

0
. The equality of the two observed-data distributions despite the

di↵erent underlying values for �01 and �21 demonstrates the identifiability issue for
these causal estimands without the exclusion restriction assumption.

and !

0
to some specific values, then this becomes an underdetermined system of eight

linear equations in 16 unknowns. Hence, we are free to set p01·1, p
0
01·1, p01·0, p

0
01·0, p21·1, p

0
21·1, p21·0

and p

0
21·0 so that �01 6= �

0
01 and �21 6= �

0
21. We are then left with a system of eight

equations in eight unknowns. Solving this reduced system will then lead to causal pa-

rameter vectors ✓ and ✓

0
with di↵erent values for �01 and �21 but identical observed-

data distributions. As a specific numerical example, we can consider the two possible

causal outcome parameters ✓ = (0.2, 0.2, 0.08, 0.05, 0.05, 0.3, 0.2, 0.2, 0.1, 0.6, 0.1, 0.2)

and ✓

0
= (0.8, 0.1, 0.08, 0.05, 0.05, 0.3, 0.4, 0.1, 0.1, 0.6, 0.1, 0.2). The observed-data

distributions implied by these two causal outcome parameters are identical (see Table

2.3), but �01 6= �
0
01 and �21 6= �

0
21.

The causal estimands �01 and �21 are thus unidentified based on data from only a

single site without the exclusion restriction. Of course, these causal estimands are also

unidentified based on data from a single-site RCT with the exclusion restriction, but

become point identified under certain additional assumptions when data from other

sites are available, so long as the exclusion restriction assumption can be made. This

is accomplished by exploiting the assumption of common treatment e↵ects across sites

along with the exclusion restriction to construct multiple equations in which the only

unidentified quantities are the causal estimands �01 and �21. We now examine why a

similar approach cannot work for a multi-site RCT without the exclusion restriction.

From Lemma 2 from Chapter 1, we know that under Assumptions WS-NER the

unidentified causal parameters are related to the observed-data quantities within each
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site by the following equations:

q11·1k = p01·1k!01·k + p11·1k!11·k + p21·1k!21·k,

q01·0k = p00·0k!00·k + p01·0k!01·k (2.2)

for k 2 {1, 2}. Subtracting q01·0k + p21·0k!21·k from the first equation in (2.2) gives

q11·1k � q01·0k � p21·0k!21·k = p01·1k!01·k + p11·1k + p21·1k!21·k � p01·0k!01·k � p00·0k!00·k � p21·0k!21·k

= �01!01·k +�21!21·k + p11·1k!11·k � p00·0k!00·k.

This equation shows how point identification for the causal estimands �01 and

�21 is not obtainable with data from two populations without the exclusion restric-

tion assumption. Although the addition of an extra site has provided an additional

equation relating �01 and �21 to observed data quantities, it comes at the price of

adding two additional causal parameters p01·12 and p21·12, neither of which is point

identified based on the observed data from their respective sites.

2.10 Identifiability with Data from K � 2 Populations without the Ex-
clusion Restriction

Having considered the case of a two-site study as a motivating example for the contin-

ued identifiability issues that come from relaxing the exclusion restriction assumption,

we now generalize these results to the case of a multi-site trial with K � 2 sites.

First, we note that the lack of identifiability for �01 and �21 based on data from a

two-site trial cannot be remedied by adding data from additional sites. The reason for

this is that each additional site we add contributes essentially only a single identifying

equation relevant to �01 and �21 but two additional unidentified parameters, namely

the parameters p00·0k and p11·1k. Hence, the number of unidentified parameters will

always be greater than the number of identifying equations no matter the number of

sites in the RCT.

We now consider whether the additional sources of data in a multi-site RCT can

lead to improved upper and lower bounds on �01 and �21 under Assumptions WS-

NER, when compared to the bounds derived in Chapter 1 in the case of a single site

RCT without the exclusion restriction assumption. One straightforward approach
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would be to apply the bounds derived in the previous chapter to each of the sites

separately, and then choose the lower and upper bound that provide the tightest

bounds on the causal estimand of interest. Letting b�L

d1·k and b�U

d1·k stand for the

estimated lower and upper bounds on �
d1, d 2 {0, 2} based on the data from the k

th

site, we simply set b�L

d1 = max
k

b�L

d1·k and b�U

d1 = min
k

b�U

d1·k. These bounds are self-

evidently at least as good as the bounds that would be estimated from any single site

alone (although in small samples we may be concerned with getting a pathological

data set in which the maximum of the lower bounds exceeds the minimum of the upper

bounds). Furthermore, although the actual estimated values for the bounds appear to

only be based on data from at most two of the sites, we note that the entirety of the

data from all k sites is used in determining which sites’ lower and upper bounds are

used. As noted in Koenker [2005], a similar phenomenon occurs in quantile regression;

a quantile regression with p regression parameters will necessarily have an exact fit

to p points in the data set. As a result, the actual value of the estimate of the

quantile regression parameters for a given quantile is essentially determined by those

p points. The fact that the full data set contributes to determining which of the

p points are included in the exact fit saves the quantile regression estimators from

having an e↵ective sample size of n = p. Intuitively, then, we might expect that

the estimators for the lower and upper bounds on �01 and �21 just described would

have lower variance compared to the lower and upper bounds based on data from any

single site alone, even though the actual value for the estimate of the lower/upper

bound is based on data from a single site alone.

While these bounds estimators are simple to implement, they have two main

drawbacks, both related to the fact that we are e↵ectively estimating K separate sets

of bounds. The first drawback, already mentioned, is that in finite samples we may

observe data in which the maximum estimated lower bound across all sites actually

exceeds the minimum estimated upper bound across all sites. The second drawback

is that this approach fails to consider all constraints imposed on �01 and �21 by the

data from all K sites simultaneously. Thus, while these bounds are potentially an

improvement on the bounds based on any single site, they are not necessarily the best

bounds we can obtain. By instead formulating the bounds as the solutions to a set

of linear programming problems, we address both of these drawbacks.

In the case of the linear programming problems considered in Chapter 1, analytic
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expressions for the resulting bounds were straightforward to obtain. This is not

the case for the upper and lower bounds based on data from a K-site RCT, due

to the increased number of constraints and variables. It will therefore be necessary

to introduce more formally the concept of a linear program and the techniques for

solving them. We will then show how the problem of finding bounds on �01 and �21

with data from a multi-site RCT subject to the constraints implied by Assumptions

WS-NER can be expressed in terms of a canonical linear program. Once that is

accomplished, algorithms from the linear programming literature can be applied to

obtain the bounds.

Optimization problems can be described generally as the problem of finding the

maximum/minimum of a function of one or more variables (known as the objective

function) subject to a set of constraints on those variables. When both the objective

function and the constraints on the variables are linear in the unknown variables, the

resulting optimization problem is called a linear program. More specifically, an opti-

mization problem is known as a linear program if it can be expressed in the following

canonical form.

Canonical form linear programming problem. (Adapted from Moutesek and Gart-

ner [2005])

Let x be an n�element vector of non-negative variables, A be an m ⇥ n matrix

of known real-valued coe�cients, and finally let c and b be n� and m� element

real-valued vectors, respectively. A canonical form linear program is an optimization

problem that has the following form:

Maximize c

T

x

subject to Ax = b

x � 0.

Here, cTx describes the objective function, and A and b together describe the

constraints on the (non-negative) unknown variables x, typically referred to as the

decision variables.

Once a problem is stated in canonical form, there are many algorithms available to
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compute a solution. Of course, many problems of interest do not immediately conform

to this canonical form. Decision variables may be unrestrained in sign, for instance,

or some constraints may be formulated in terms of inequalities rather than equalities.

Luckily, there are numerous ways to transform non-canonically stated problems into

canonical form (Moutesek and Gartner [2005] and Sallan et al. [2015] provide a wide

range of examples).

In many situations, the decision variables represent the only true unknowns, while

the coe�cients correspond to some known value. In a business context, for instance,

the decision variables may correspond to the number of units of di↵erent products to

produce. The constraints on these variables would then be based on known production

costs and budget constraints. In our setting, the “true” underlying linear program

will depend completely on the unknown model parameters. However, the identifica-

tion results from Chapter 1 give us guidance as to which variables must be treated

as the unknown decision variables and which can be treated as the known coe�cients

or constants in the constraints. The decision variables correspond to the causal pa-

rameters that are unidentified under Assumptions WS-NER. Any causal parameter

or observed-data quantity that is point identified under Assumptions WS-NER can

be treated as a known quantity in the linear program.

We now describe how the problem of bounding �01 and �21 based on data from

a K-site RCT can be put into the form of a canonical linear program. Given data

from K � 2 sites, we have K equations (one per site) of the form

q11·1k � q01·0k � p21·0k!21·k = �01!01·k +�21!21·k + p11·1k!11·k � p00·0k!00·k.

The left-hand side of this equation consists of quantities that are all point identified

for each site under Assumptions WS-NER. On the right hand side, the quantities �01,

�21, p11·1k and p00·0k are unidentified under Assumptions WS-NER. However, the

coe�cients associated with these unidentified parameters, namely the site-specific

distribution of principal strata !

k

, are point identified under these assumptions. In
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addition, the unidentified parameters are constrained by the following inequalities:

�1  �01  1,

�min
k

p21·0k  �21  1�max
k

p21·0k

0  p11·1k, p00·0k  1,

where the tighter bounds on �21 follow from the fact that the causal parameters p21·0k

are point identified under Assumptions WS-NER. Importantly, these equations and

inequalities are linear in the unidentified parameters. Thus, the problem of finding

bounds on �01 and �21 under Assumptions WS-NER can be viewed as a set of linear

programs with 2K + 2 decision variables �01,�21, p11·1k, p00·k, k 2 {1, 2, . . . , K} and

constraints determined by the observed-data distributions q

k

and the natural lower

and upper bounds on probabilities and di↵erences in probabilities. This formulation

of the linear program is not in canonical form due to �01 and �21 being unrestrained

in sign and some of the constraints being in the form of inequalities rather than

equalities. However, it can easily be put into canonical form as follows. First, we

replace�01 and�21 with the non-negative decision variables�
0
01,�

00
01,�

0
21,�

00
21, which

relate to the original decision variables through the relationships �01 = �
0
01 � �

00
01

and �21 = �
0
21 ��

00
21. Then, for the decision variables p00·0k, p11·1k, k 2 {1, 2, . . . , K}

and �
0
d1,�

00
d1, d 2 {0, 2} we add corresponding slack variables p

0
00·0k, p

0
11·1k, �

0
d1, and

�

00
d1. The canonical form of the bounds problem for �01 and �21 is then given by the

following:
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Maximize a(�
0

d1 ��
00

d1)

subject to

q11·1k � q01·0k � p21·0k!21·k = �01!01·k +�21!21·k + p11·1k!11·k � p00·0k!00·k,

p00·0k � p

0

00·0k = 1,

p11·1k � p

0

11·1k = 1,

�
0

d1 ��
00

d1 � �

0

d1 = 1,

�
00

d1 ��
0

d1 � �

00

d1 = 1,

p01·0k, p01·1k, p21·1k � 0,

�
0

d1,�
00

d1, d
0

d1, d
00

d1 � 0,

for k 2 {1, 2, . . . , K} and d 2 {0, 2}. Setting a = 1 gives the linear program for finding

the upper bound on �
d1, while setting a = �1 gives the linear program for finding the

lower bound on �
d1. Having put the linear program for bounding �

d1 into canonical

form, well-known algorithms can now be applied to find solutions. Of course, the

values of the constraints in the “true” linear programs determining the true lower

and upper bounds on �01 and �21 based on data from a K�site RCT without the

exclusion restriction are based on point identified but still unknown parameters. We

obtain estimates for these lower and upper bounds on �01 and �21 by replacing the

point identified quantities in the linear program by their corresponding estimators

and then solving this modified linear program. For d 2 {0, 2}, we will let b�L,MS

d1 and
b�U,MS

d1 represent the resulting lower and upper bound, respectively, on �
d1, where

the superscript MS indicates that these bounds are based on data from a Multi-Site

RCT. In all that follows, we will use the lpSolve package in R to obtain solutions to

the specific linear programs we will consider. The lpSolve package uses the revised

simplex method, a more e�cient but mathematically equivalent implementation of

Dantzig’s simplex method [Nash, 2000]
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Site p00·0 p01·0 p11·0 p21·0 p00·1 p01·1 p11·1 p21·1 !00 !01 !11 !21

Site 1 0.1 0.1 0.2 0.15 0.15 0.3 0.25 0.2 0.05 0.85 0.05 0.05
Site 2 0.15 0.15 0.25 0.2 0.2 0.35 0.3 0.25 0.04 0.75 0.05 0.16
Site 3 0.13 0.13 0.23 0.18 0.18 0.33 0.28 0.23 0.05 0.85 0.05 0.05

Table 2.4: True values for the causal parameter vectors for a three-site randomized
trial with multiple versions of control. The values of the causal parameter vectors
were set so that Assumptions WS-NER hold.

2.11 Simulations for Multi-site Bounds on �01 and �21 without the Ex-
clusion Restriction

We now examine through simulations what sort of improvement we can see in the

estimators for these bounds. The simulation setup is as follows. We will simulate

data from a three site RCT. The causal outcome parameter values for the three sites

will be equal to those given in Table 2.4, so that the exclusion restriction assumption

no longer holds and therefore �01 and �21 are no longer point identified. For each

scenario, we simulate 1000 data sets. For each data set, we calculate the following:

the multi-site bounds on �01 based on the data from all three sites and the single-site

bounds on �01 given in Chapter 1 based on data from each of the individual sites. We

will let b�L,MS

01 and b�U,MS

01 represent the lower and upper linear programming-based

multi-site bounds on �01.

Figures 2.3 - 2.5 show the average bound widths for the multi-site bounds and

each of the single-site bounds for the high, medium, and low !01 scenarios, respec-

tively. From these figures, we can see that having data from multiple sites leads to a

considerable tightening of the bounds on �01 in all three data generating scenarios.

In some cases, we obtain a reduction in average bound width of nearly 50% relative

to the tightest single site bounds. Furthermore, the tightening of the bounds occurs

even at small sample sizes. The influence of the !01 parameter on the width of the

bounds is also apparent. When !01 is large in value, the resulting bound width can

be as low as 0.10, a reasonably tight bound considering that the exclusion restric-

tion has not been made. However, when !01 is in the low to medium range, the

bounds can become very wide (although we note that even in the low !01 scenario,

the multi-site bounds are still tight enough to determine the direction of the e↵ect).
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!01 Magnitude Sample Size per Site Bias(b�L,MS

01 ) Bias(b�U,MS

01 )

Small 100 0.098 0.102
300 0.076 0.078
500 0.071 0.067
1000 0.051 0.054
3000 -0.024 -0.030

Medium 100 0.117 0.121
300 0.095 0.097
500 0.090 0.086
1000 0.070 0.073
3000 0.030 0.026

Large 100 0.040 0.030
300 0.022 0.020
500 0.017 0.018
1000 0.015 0.013
3000 -0.0001 -0.0003

Table 2.5: Estimated empirical bias of b�L,MS

01 and b�U,MS

01 at di↵erent sample sizes and
for di↵erent values of !01

.

Of course, tighter estimated bounds are not useful in and of themselves unless the

estimated bounds are relatively unbiased for the true bounds. In Table 2.5, we show

the empirical bias for b�L,MS

01 and b�U,MS

01 for the three data generating scenarios at

sample sizes of n = 100, 300, 500, 1000 and 3000. From these estimates, we can see

that when !01 is in the high range, the finite sample empirical bias in the lower and

upper bounds for �01 is not too severe, and there is a clear trend towards decreasing

empirical bias with increasing sample size. When !01 is in the low to medium range,

the finite sample bias is worse. This is especially true at small sample sizes, where

the empirical bias can be considerable.

These simulations demonstrate the advantage that can be gained in terms of tight-

ening the width of the bounds by having data available from multiple populations.

Once again, we see that the parameter !01 exerts a considerable influence on both

the usefulness of the bounds in terms of their width, as well as the performance of

the bounds estimators in finite samples.

The results shown in this section are conditional on the linear programming-based
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Figure 2.3: Average width of the identified region when the magnitude of the param-
eters !01 is relatively large within each site.
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approach giving a non-degenerate solution. Unfortunately, there is a tendency for the

linear program as currently implemented to produce degenerate solutions, in which

the upper and lower bounds are both estimated to be 0. Based on simulations,

the probability of a degenerate solution of this type goes to 0 as the sample size

increases. The exact reason for these degenerate solutions is not currently known and

needs further investigation. If, for a particular sample, the linear programming-based

bounds give a degenerate solution, then the bounds discussed at the beginning of

Section 2.10 can be used as an alternative.

2.12 Comparable Strata E↵ects Assumption and Treatment E↵ect Het-
erogeneity

The identifiability results obtained in this chapter depend crucially on the Compara-

ble Strata E↵ects assumption. A natural question is how reasonable the Comparable

Strata E↵ects assumption is likely to be in practice, in particular the assumption

of comparability of the causal estimands �01 and �21 between the two sites. The

assumption that the distributions of the principal strata vary across sites seems likely

to hold in practice given the natural variability in the availability of community-based

options that one would expect to see in di↵erent geographic areas. The assumption

that �01 and �21 are comparable between sites, on the other hand, requires more

careful consideration. This assumption is closely connected to the question of how

to model site e↵ects, a question that has received considerable attention in the lit-

erature on the analysis of multi-site RCTs (see, for example, Fleiss [1986], Kraemer

and Robinson [2005], Friedman et al. [2015],and Localio et al. [2001]). The crux of

the matter is whether site e↵ects should be modeled simply as confounders of the

treatment/outcome relationship, or whether possible treatment-by-site variability in

the e↵ect of the intervention should be allowed for. In regression terms, the question

can be viewed as an issue of whether a main e↵ects model or an interaction model

should be used. The advantage of the main e↵ects or simple confounding modeling

approach is that the intervention e↵ect can be summarized by a single parameter once

adjustment for site has been made. However, the appropriateness of this approach

relies on there being true uniformity of the intervention e↵ect across sites. If, on

the other hand, intervention e↵ect variability exists between sites, then representing

the intervention e↵ect in terms of a single parameter is no longer appropriate. Our
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formulation of the Comparable Strata E↵ects assumption corresponds to the main

e↵ects/simple confounding approach to modeling site e↵ects. That is, our approach

assumes that there is a single intervention e↵ect across sites for each of the relevant

principal strata. Thus, a careful consideration of the potential for site-level variabil-

ity in the e↵ect of treatment should be made prior to using the approach detailed

here. Unfortunately, checking this assumption with the observed data is di�cult, as

separate point estimates for �01 and �21 from each site cannot be directly computed.

Thus, we cannot simply inspect site-specific estimates of �01 and �21 to assess how

greatly they vary. If data from enough sites are available, one potential data-based

approach to assessing the Comparable Strata E↵ects assumption would be to compute

estimates of �01 and �21 for each pairwise combination of sites. Under the Compa-

rable Strata E↵ects assumption, each of these point estimates is estimating the same

underlying causal estimand. As a result, these point estimates should not vary too

greatly. If too much variability in the estimates is observed, then the Comparable

Strata E↵ects assumption may be rejected as unreasonable. As an example, if data

from k = 4 sites are available, then there are
�
4
2

�
= 6 distinct point estimates for

�01 and �21 that can be computed. These estimates could be inspected to see to

what extent they agree with each other. A formal test for heterogeneity of treatment

e↵ects, however, would likely be di�cult to derive and lacking in power, due to the

fact that estimates using data from the same site would be correlated.

One point on which the literature seems unified is that the impact of having data

from di↵erent sites should not be simply ignored in the analysis. By allowing the

causal outcome parameters p

dy·z to vary across sites, we allow for confounder-type

site e↵ects and thus avoid this potential pitfall.

Interestingly, the Comparable Strata E↵ects assumption, while ruling out treat-

ment e↵ect heterogeneity within the principal strata, does not necessarily rule out

treatment e↵ect heterogeneity for the overall ITT e↵ect. The following decomposi-

tion of ITT
k

, the ITT e↵ect within the k

th site, makes this clear:

ITT

k

= P (Y = 1 | Z = 1)� P (Y = 1 | Z = 0)

= P (Y (1) = 1)� P (Y (0) = 1)

=
X

(d0,d1)2D

�
d0d1!d0d1·k.
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Under the Comparable Strata E↵ects assumption, for any two sites k, k
0
, the distri-

butions of principal strata !

d0d1·k and !

d0d1·k0 will di↵er. Hence, ITTk

will only equal

ITT

k

0 in situations where the summands in ITT

k

combine in such a way as to equal

the total of the summands in ITT

k

0 . Otherwise, the ITT e↵ects will di↵er across sites

and thus treatment e↵ect heterogeneity will be present marginally, though not condi-

tionally within principal strata. Thus, we would not be surprised to see heterogeneity

between the sites in terms of the estimated ITT e↵ects, even when the Comparable

Strata E↵ects assumption holds. In this way, the Comparable Strata E↵ects assump-

tion can be viewed as an assumption that the heterogeneity in marginal treatment

e↵ects can be attributed to di↵erences in the distribution of community-based care

options.

The importance of assuming both common causal e↵ects within sites and di↵erent

principal strata proportions across sites was recently noted in Jiang et al. [2016],

who considered using a multi-site RCT to obtain identifiability of principal causal

e↵ects for a binary-valued surrogate endpoint. We note that the development of our

framework and the assumptions necessary for it to work occurred independently of

their work. It was encouraging to see that similar results regarding the necessity and

implications of our assumptions were discovered in other contexts as well. In their

work, the authors explore departures from the Comparable Strata E↵ects assumption

as part of a sensitivity analysis. Such an approach could be likely be applied to our

framework as well.

2.13 Discussion

The point identifiability of the causal estimands �01 and �21 obtained in Sections

2.5 and 2.6 is based on the assumption that the distribution of community-based

treatment options, which leads to the control group heterogeneity, varies across sites.

As noted in Theorems 2 and 4, there are additional restrictions as well on the

distributions of the principal strata within each site that must be satisfied in order to

obtain identifiability. Thus, the model expansion approach we have considered does

not produce identifiability over the full parameter space of the expanded model, but

rather a subspace of that parameter space. This finding is consistent with the findings

of Gustafson [2005a], who referred to this phenomenon as essential identifiability to

distinguish it from the standard definition of identifiability.
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While we have framed the development of this model expansion approach in the

context of a multi-site RCT, we noted in our re-analysis of the ESDM data that

it could alternatively have been developed in the context of performing subgroup

analyses given data from a single population after conditioning on an appropriately

chosen covariate. That is, the results we have obtained do not inherently depend

on the data arising from a multi-site trial. The data could instead come from a

single-site trial, so long as an appropriate baseline covariate S is available such that

the assumptions detailed in Section 2.3 are satisfied after conditioning on S. We

have chosen to motivate this work specifically in the context of a multi-site trial

because it is a common choice of study design in which the necessary assumptions

for the identifiability results we have obtained in this chapter seem fairly reasonable

(e.g. variability of principal strata distributions across sites). The role of covariates

in obtaining tighter bounds on partially identified principal strata e↵ects has been

explored elsewhere in the literature. Long and Hudgens [2013] considered whether

a baseline categorical variable can sharpen the bounds on principal strata e↵ects

when the post-randomization variable is binary. They concluded that incorporating

covariate information into the bounds can lead to significant reduction in the width

of the identified region, a finding that aligns with the findings of this chapter.

The results in this chapter demonstrate how vital the exclusion restriction assump-

tion is to obtaining identifiability of the causal estimands �01 and �21. Without the

exclusion restriction assumption, these causal estimands remain unidentified even

with the addition of data from arbitrarily many populations. Still, even without the

exclusion restriction assumption we are able to exploit the additional data from a

multi-site study to obtain better bounds on these unidentified estimands. Consider-

ing the case where the exclusion restriction fails to hold is especially important in

the context of RCTs using a TAU control condition, as the lack of blinding proce-

dures will make the exclusion restriction assumption less likely to hold compared to

blinded RCTs. We have shown how model checks for the exclusion restriction as-

sumption can be performed, so that the sample data can at least be checked to see if

they are consistent with this assumption. Even if the data do not directly contradict

the exclusion restriction assumption, however, investigators may feel uncomfortable

making this assumption given the aforementioned lack of blinding procedures. One

potential compromise would be to make the exclusion restriction for only one of the
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principal strata to which it could be applied. As we have formulated it, the exclusion

restriction assumption applies both to the (D(0) = 0, D(1) = 0) stratum and the

(D(0) = 1, D(1) = 1) stratum. One area for future research would be to investigate

whether similar results are obtainable under a weaker version of this assumption,

in which an exclusion restriction assumption is only made about one of the strata.

For instance, we might choose to make the exclusion restriction assumption about

the (D(0) = 0, D(1) = 0) stratum but allow for e↵ects of intervention assignment

in the (D(0) = 1, D(1) = 1) stratum. Such an approach was examined in Hirano

et al. [2000] in the case of binary non-compliance in a randomized encouragement

design, due to a belief that the exclusion restriction seemed more justifiable for the

Never-Taker stratum than the Always-Taker stratum. Similarly, in the framework we

have developed here it is arguably more likely that the exclusion restriction holds for

those who would never receive treatment under either treatment assignment rather

than those who would receive some form of the intervention of interest under either

treatment assignment. This is especially true if those in the control group who are

categorized as having received the equivalent of the intervention of interest have in

fact only received a type of treatment that is highly similar to the intervention of

interest.

Unlike the lower and upper bounds on�01 and�21 derived in Chapter 1, the lower

and upper bounds considered in this chapter do not have an easily derived analytic

expression, and formal results for the consistency of the associated estimators of these

lower and upper bounds have not yet been established. While the simulation results

presented in this chapter are suggestive that these lower and upper bounds based on

multi-site data can be consistently estimated, further research is needed to confirm

this.

Even when enough assumptions hold as to make the causal estimands �01 and �21

point identified, the ability to obtain good estimates of these quantities, especially

at lower sample sizes, depends greatly on their associated principal strata parameter

being large enough. If the associated principal strata parameter is too small, then

larger samples sizes are needed to obtain convergence and eliminate bias. This makes

sense, as these principal strata parameters act as indexes of how much information

we would expect there to be about their associated causal estimand in any given

sample. Thus, we should not expect to be able to make precise inference about these
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causal estimands unless the versions of control associated with them are present in

the underlying population at su�cient levels.

Throughout this chapter, we have made a simplyfing assumption of independence

between subjects both between and within sites. A natural extension of this approach

would be to allow for correlation between individuals in the same site.
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Chapter 3

CAUSAL INFERENCE WITH PARTIAL COMPLIANCE
TO TREATMENT

3.1 Introduction

Causal inference for randomized trials with binary non-compliance is a well-explored

topic in the causal inference literature. Inference has often focused on estimation of

the Complier Average Causal E↵ect (CACE), defined as the di↵erence in counterfac-

tual means among individuals whose treatment assignment matches their compliance

behavior under both assignment to the control arm and the intervention arm. An-

grist et al. [1996] showed how the CACE can be identified by treating the randomized

treatment assignment as an instrumental variable. Imbens and Rubin [1997] and Hi-

rano et al. [2000] considered Bayesian approaches to the analysis of RCTs with binary

non-compliance. Zhou and Li [2006] and Taylor and Zhou [2009] developed methods

for estimation of the CACE in the presence of missing data.

In contrast to the well-explored literature on binary non-compliance, methods for

causal inference in the presence of partial compliance have not received as much at-

tention in the literature. Interestingly, one of the earliest papers to explore the role

of noncompliance as an explanatory variable did in fact consider the case of partial

compliance [Efron and Feldman, 1991]. However, the approach used in Efron and

Feldman [1991] relied on assuming a deterministic relationship between the potential

compliance behaviors. In this way, the missing compliance behaviors could be directly

imputed. More recent papers have focused on estimating partial compliance-based

causal e↵ects under less restrictive assumptions. In Jin and Rubin [2008], the au-

thors proposed a Bayesian framework for inference under monotonicity assumptions.

Two recent papers [Bartolucci and Grilli, 2011] [Ma et al., 2011] have sought to re-

lax assumptions on the joint distribution of the potential compliance behaviors even

further. Both papers used copula-based approaches to model the joint distribution of

the potential compliance behaviors. Bartolucci and Grilli [2011] considered the case
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of a continuous outcome using a Normal model, with a Plackett copula to model the

potential compliance behaviors. Ma et al. [2011] looked at a general approach for

outcomes from exponential family distributions, but focused on the case of a binary

outcome for simulations. In both cases, inference for the causal parameters of inter-

est was carried out using two-stage procedures. Parameters related to the marginal

distributions of the potential compliance behaviors were first estimated, then treated

as fixed during estimation of the causal parameters related to the outcome.

Missing from these previous approaches to partial compliance models are the sort

of rigorous identification results for causal estimands that are found in the binary

non-compliance literature. In this chapter, we cast a critical eye on these previously

published methods. We demonstrate that likelihood-based approaches such as those

proposed in Ma et al. [2011] and Bartolucci and Grilli [2011] lead to estimators that

are either inconsistent for the desired causal estimand even under no model misspec-

ification or almost certain to be biased when used in practice.

3.2 Notation and Assumptions for Counterfactuals

In the following we assume that we have a sample of n individuals taking part in a

randomized trial. We let Y
i

represent the observed outcome and Z

i

represent the ran-

domized treatment assignment for the ith individual. We consider the scenario where

individuals in the study may fail to comply with their treatment assignment. We let

D

i

represent the observed compliance behavior for the i

th individual. In contrast to

binary noncompliance, where D
i

2 {0, 1}, we consider the case of partial compliance.

Under partial compliance, the compliance behavior represents the proportion of the

assigned treatment actually received by the individual. The observed compliance D

i

therefore lies in the interval [0, 1].

We will work within the potential outcomes framework [Rubin, 1974] and use a

principal stratification approach [Frangakis and Rubin, 2002a] to account for the fact

that the observed compliance behavior is observed post-randomization. For individual

i, we will let Y

i

(0) and Y

i

(1) represent what the outcome for that individual would

be under assignment to Z

i

= 0 and Z

i

= 1, respectively. We will let D
i

(0) and D

i

(1)

represent what the compliance behavior for that individual would be under assignment

to Z

i

= 0 and Z

i

= 1, respectively. We will make the same assumptions about these

counterfactual values as in Ma et al. [2011]: SUTVA, consistency, exchangeability,
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and the exclusion restriction (as these assumptions were detailed in Chapters 1 and

2 we do not repeat their definitions here).

The causal estimand of interest is the principal causal e↵ect PCE surface, de-

fined as the intent-to-treat e↵ect within strata defined by the potential compliance

behaviors (D(0), D(1))

PCE(d0, d1) = E[Y (1)|(D(0), D(1)) = (d0, d1)]� E[Y (0)|(D(0), D(1)) = (d0, d1)].

(3.1)

3.3 Identifability Concerns in Partial Compliance Models

The target of inference in Ma et al. [2011], Jin and Rubin [2008], and Bartolucci and

Grilli [2011] is the full PCE surface. However, an investigation of the identifiability of

the full PCE surface is missing from these previous works. Concerns about identifia-

bility in partial compliance models are based on the fact that the pairs (D(0), D(1))

are never jointly observed. Thus, we must assume a model for the joint distribu-

tion of (D(0), D(1)), which will depend on an unidentified correlation parameter.

Furthermore, as D(0) and D(1) are both continuous, identifying the PCE surface

is equivalent to identifying principal strata e↵ects for an infinite number of strata.

Given that principal stratification-based approaches often have identifiability issues

even with a small number of strata, it is reasonable to ask whether identification of

causal e↵ects with an infinite number of strata is possible, even if parameteric as-

sumptions about the PCE surface are used to make the problem of estimation and

inference more tractable. In Efron and Feldman [1991], model identifiability follows

from the assumption of a deterministic relationship between the potential compliance

behaviors. In Jin and Rubin [2008], the authors do not address model identifiability

for their Bayesian approach. It is sometimes argued that identifiability is not a con-

cern for Bayesian inference, since inference based on the posterior distribution can

proceed regardless of whether the model is identifiable or not. However, as noted in

Richardson et al. [2011], unidentified models can lead to posterior distributions that

are highly sensitive to the choice of prior. Bartolucci and Grilli [2011] fails to address

the basic identifiability of their proposed model. In Ma et al. [2011], the authors

acknowledge concerns about the identifiability of the individual parameters in their

model for the PCE, but conclude that inference for the overall PCE is still possible.
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This conclusion is based on low values for mean squared error obtained in the simula-

tion scenarios they considered. However, reliance on simulation results such as these

can be misleading. For instance, we can consider the example of having independent,

identically distributed observations X1, X2, . . . Xn

⇠ N(µ, �2), and using the sample

mean 1
n

P
n

i=1 Xi

to estimate the variance parameter �2. The MSE in this case is given

by (µ� �

2)2 + �

2

n

. In particular cases where µ ⇡ �

2, the resulting MSE can be quite

low. However, this hardly implies that the sample mean is an appropriate estimator

of a variance parameter. This example demonstrates the inherent danger in using

simulation results to make general confirmative conclusions about statistical prop-

erties of an estimator. On the other hand, simulations can be useful for producing

counter examples or demonstrating where methods fail.

In the following section, we will consider two approaches to likelihood-based infer-

ence for the PCE. The first approach is the one used in Ma et al. [2011], which is a

two-stage approach based on direct maximization of the likelihood for the regression

parameters of the PCE surface after first estimating the parameters for the marginal

distributions of the potential compliance behaviors. The second approach, more simi-

lar to Bartolucci and Grilli [2011], performs full maximum likelihood estimation using

a variant of the Expectation-Maximization (EM) algorithm. In the next section, we

describe these models in greater detail. We then demonstrate through simulations

that neither the two-stage nor the full maximum likelihood approaches are appropri-

ate for inference about the PCE under two of the most common outcome models,

the linear regression model and the logistic regression model.

3.4 Likelihood-Based Approaches

3.4.1 Complete-data Likelihood

We now describe how a likelihood-based approach to modeling partial compliance in

RCTs can be carried out. We first consider the complete-data likelihood contribution

from a single individual, i.e. the likelihood term for individual i if we were able

to observe both D

i

(0) and D

i

(1). This likelihood will depend on the distribution

of the potential outcomes conditional on the potential compliance behaviors as well

as the joint distribution of the potential compliance behaviors. We first consider

the distribution of the potential outcomes conditional on the potential compliance
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behaviors. We assume that the distribution of the potential outcomes comes from

an exponential family, so that the density functions f0 and f1 of Y (0) and Y (1),

respectively, have the form

f

z

(y | d0, d1) = h(y, d0, d1)exp[y⌫z � A(⌫
z

)]

for z = 0, 1. Using the generalized linear model framework developed by Nelder and

Wedderburn [1972], we assume that ⌫
z

has the form of a linear predictor

⌫

z

= d

T

�

z

for some p ⇥ 1 vector of regression covariates d and a p ⇥ 1 vector of regression

coe�cients �
z

= (�0z, �1z, . . . , �pz

)T . For concreteness and simplicity in notation, we

will focus on the case of a regression model with main e↵ects terms only, so that

d

T = (1, d0, d1)
T

and

�

z

= (�0z, �1z, �2z)
T

.

We note that in the context of partial compliance models, the exclusion restriction

assumption implies that �00 = �01. The causal estimand PCE(D(0), D(1)) can then

be expressed as

E[Y (1) | D(0), D(1)]� E[Y (0) | D(0), D(1)] = g

�1(⌫1)� g

�1(⌫0)

= g

�1(�01 + �11D(0) + �21D(1))

� g

�1(�00 + �10D(0) + �20D(1))

for some link function g.

As in Ma et al. [2011] and Bartolucci and Grilli [2011], the joint distribution of

the potential compliance behaviors (D(0), D(1)) will be modeled through a copula.

We will model the marginal distributions of D(0) and D(1) using Beta distributions,

D(0) ⇠ Beta(↵01,↵02)

D(1) ⇠ Beta(↵11,↵12). (3.2)
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Given these marginal distributions F
D(0)(d0) and F

D(1)(d1), we will model the depen-

dence between D(0) and D(1) using a Gaussian copula

F (d0, d1) = C( F
D(0)(d0), FD(1)(d1) )

⌘ �2( �
�1(F

D(0)(d0)), ��1(F
D(1)(d1)) ) (3.3)

where �2 is the distribution function for a bivariate normal random vector with mean

0 and correlation matrix R with correlation parameter ⇢, and � is the distribution

function for a standard normal random variable. It can be shown [Fan and Patton,

2014] that the probability density function of (D(0), D(1)) is given by

p(d0, d1) = c

⇢

(d0, d1)fD(0)(d0; ↵0)fD(1)(d1; ↵1) (3.4)

where c

⇢

is the copula density function for the Gaussian copula and ↵z = (↵
z0, ↵

z1)

is the vector of parameters that determines the marginal distribution of D(z). As

D(0) and D(1) are never jointly observed, the correlation parameter ⇢ is unidentified.

Letting ✓ = (�0,�1,↵0,↵1, ⇢) represent the full vector of model parameters, the

complete-data likelihood contribution from a single individual in treatment arm Z

i

=

z is given by

L(✓|Y
i

(z), D
i

(0), D
i

(1)) = f

z

(Y
i

(z)| D
i

(0), D
i

(1))c
⇢

(D
i

(0), D
i

(1))f
D(0)(Di

(0))f
D(1)(Di

(1))

(3.5)

The observed-data likelihood L

⇤ is then given by integrating the complete-data

likelihood with respect to the missing compliance behavior. For either treatment arm,

the missing compliance behavior is given by D

i

(1� z), so the observed likelihood can

be written as:

L

⇤(✓|Y
i

(z), D
i

(z)) =

Z 1

0

f(Y
i

(z)| D
i

(z), d1�z

)p(D
i

(z), d1�z

) dd1�z

, (3.6)

where it is understood that p(D
i

(z), d1�z

) = f(D
i

(z), d1�z

) if z = 0 and p(D
i

(z), d1�z

) =

f(d1�z

, D

i

(z)) if z = 1.

The two-stage approach to estimation and inference as described in Ma et al.

[2011] is carried out as follows. First, maximum-likelihood estimates ↵̂0 and ↵̂1 of
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the marginal compliance parameters ↵0 and ↵1 are found based on the observed

compliance behaviors in the control and treatment arms, respectively. These values

can then be substituted into (3.6), and the integral in the observed likelihood can then

be estimated by means of a quadrature method, yielding an approximate observed

likelihood which is maximized with respect to � directly to give an estimate �̂.

Alternatively, we can work with the complete-data likelihood and use the EM

algorithm [Dempster et al., 1977] to obtain parameter estimates. We now detail how

the Expectation step (E-step) and Maximization step (M-step) can be carried out for

this model.

3.4.2 E-Step

The complete-data log-likelihood is given by

l(✓|Y (z), D(z), D(1� z)) = log f(Y (z)|D(z), D(1� z)) + log f

D(z),D(1�z)(D(z), D(1� z))

= log f(Y (z)|D(z), D(1� z)) + log c

⇢

(D(z), D(1� z))

+ log f

D(z)(D(z)) + log f

D(1�z)(D(1� z)) (3.7)

The Expectation step (E-step) of the EM algorithm consists of finding the expected

value of the complete-data log-likelihood, conditional on the observed data and the

current estimate ✓

t of the parameter ✓. The observed quantities in the log-likelihood

are Y (z) and D(z), so the contribution of an individual assigned to treatment arm

Z = z to the E-step, Q
i

(✓|✓t) is given by

Q

i

(✓|✓t) = E[l(✓)|Y
i

(z) = y,D

i

(z) = d, ✓

t]

=

Z 1

0

l(✓)f(d1�z

|y, d, ✓t) dd1�z

(3.8)

Because the regression parameters (�0, �1) and the marginal compliance parameters

(↵0, ↵1) appear in additively separable terms of the log-likelihood, the linearity of

expectation allows us to express Q
i

as a sum of two terms, one depending only on the
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regression parameters and the other depending only on the compliance parameters

Q

i

(✓|✓t) =
Z 1

0

l(✓)f(d1�z

|y, d, ✓t) dd1�z

=

Z 1

0

log f(y|d, d1�z

;�z) f(d1�z

|y, d, ✓t) dd1�z

+

Z 1

0

log c

⇢

(d, d1�z

)f(d1�z

|y, d, ✓t) dd1�z

+

Z 1

0

log f(d;↵z)f(d1�z

|y, d, ✓t) dd1�z

+

Z 1

0

log f(d1�z

;↵1�z)f(d1�z

|y, d, ✓t) dd1�z

⌘ Q

i

(�z|✓t) +Q

i

(↵|✓t) (3.9)

We focus first on evaluating Q

i

(�z|✓t). This integral generally does not have a

closed form solution. Following the approach of Ibrahim and Weisberg [1992] we will

approximate it using a quadrature method. The integral can be written

Z 1

0

log f(y|d, d1�z

;�z)f(d1�z

|y, d, ✓t) ⇡
JX

j=1

a

j

log f(y|d, ⌘
j

)f(⌘
j

|y, d, ✓t) (3.10)

for weights a
j

and zeros ⌘
j

depending on the number of nodes j = 1, 2, . . . , J chosen for

the quadrature. The density function ofD(1�z) conditional on Y (z) = z,D(z) = z, ✓

t

can be written as

f(d1�z

|y, d, ✓t) = f(y, d, d1�z

)

f(y, d)
(3.11)

Plugging 3.11 into 3.10, we can approximate Q

i

(�z|✓t) as

Z 1

0

log f(y|d, d1�z

;�z)f(d1�z

|y, d✓t) ⇡
JX

j=1

a

j

log f(y|d, ⌘
j

)f(⌘
j

|y, d, ✓t)

=
JX

j=1

w

j

f(y|d, ⌘
j

) (3.12)

where the weights w
j

are given by

w

j

=
f(y|d, ⌘

j

; ✓t)f(d, ⌘j)

f(y, d; ✓t)
(3.13)
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Evaluating Q

i

(↵|✓t) can be done in a similar manner. We then have that

Q

i

(↵|✓t) =
Z 1

0

(log c

⇢

(d, d1�z

) + log f(d|↵z) + log f(d1�z

|↵1�z)) f(d1�z

|y, d, ✓t) dd1�z

⇡
JX

j=1

w

j

(log c

⇢

(d, ⌘
j

) + log f(d|↵z) + log f(⌘
j

|↵1�z))

where the weights w
j

are given by 3.13. Given a sample of n independent observations,

where individuals are randomized to either receive the treatment Z = 1 or the control

Z = 0, we can write the E-step for the entire sample as

Q(✓|✓t) =
X

i:Zi=0

Q

i

(✓|✓t) +
X

i:Zi=1

Q

i

(✓|✓t)

=
X

i:Zi=0

�
Q

i

(�0|✓t) +Q

i

(↵|✓t)
�
+
X

i:Zi=1

�
Q

i

(�1|✓t) +Q

i

(↵|✓t)
�

3.4.3 M-step

We now consider how the Maximization step (M-step) of the EM algorithm can be per-

formed to obtain an updated estimate of the parameter ✓. Because the regression pa-

rameters � and the compliance parameters ↵ appear in separate terms of Q(✓|✓t), we
can consider separately how to update them. It can be shown [Ibrahim and Weisberg,

1992] that the updated regression parameters �0
t+1 and �1

t+1 can be found by fitting

a weighted logistic regression to an augmented version of the observed data. The aug-

mented dataset consists of J⇥n observations, where for the ith individual we construct

j = 1, 2, . . . , J observations with Y

ij

= Y

i

, Z

ij

= Z

i

, D

observed

ij

= D

i

, and D

missing

ij

= ⌘

j

.

The weight assigned to each observation Y

ij

is given by (3.13).

Maximizing the expected log-likelihood related to the ↵ parameters is complicated

by the presence of the copula density c

⇢

. If the potential compliance behaviors were

assumed to be independent, then the updated ↵ parameters could be found as the

MLEs from two independent beta distributions. The copula density term in the

expected log-likelihood, however, depends on the ↵ parameters in a complicated way

due to the fact that the distributions functions F
D(0) and F

D(1) appear in the copula
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density, as shown in 3.14.

c

⇢

(d0, d1) =
1p

1� ⇢

2
exp

⇢
�1

2
u(R�1 � I)uT

�
(3.14)

where

u = (��1(F
D(0)(d0;↵0)),�

�1(F
D(1)(d1;↵1)))

The updated potential compliance parameter estimates ↵t+1 can be found by maxi-

mizing Q(↵|✓t) through a numerical optimization procedure.

3.5 Simulations Demonstrating Inconsistency of Maximum likelihood-
based Partial Compliance Methods

Having discussed how likelihood-based inference can be performed for partial com-

pliance models through either the two-stage model proposed by Ma et al. [2011] or

the weighted EM algorithm, we now present simulations demonstrating consistency

issues for estimators based on either of these approaches.

First, we consider the case of a normally distributed outcome Y

i

. The potential

outcomes Y

i

(z), z = 0, 1 conditional on D

i

(0) = d0 and D

i

(1) = d0 were simulated

from the following distribution:

Y

i

(z) ⇠ N(�0 + �1zDi

(0) + �2zDi

(1), �2),

with �0 = (�0, �10, �20, �11, �21) = (1.3, 2.1, 1.4,�.5, 2.5) and �

2 = 1. The correlation

between potential outcomes Y

i

(0) and Y

i

(1) is set to 0.3. The potential versions of

treatment were simulated from a Gaussian copula model with marginal Beta(3, 2)

distributions and correlation parameter ⇢ = 0.4.

Using these settings, we generated datasets at sample sizes of n = 1000, 2000, . . . , 100000.

At each sample size, we estimated the regression parameters � using both the two-

stage maximum likelihood approach and the weighted EM algorithm approach. In

fitting both methods to the data, we used the true value for ⇢ as our working cor-

relation value and used a Gaussian copula for modeling the joint distribution of the

potential versions of treatment. In addition, we fit a regression model matching the

true underlying regression model. Hence, there was no model misspecification. In

Figure 3.1, we show traceplots of the regression parameter estimates from the two-
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stage maximum-likelihood and the weighted EM algorithm methods. It is clear from

this figure that the two-stage maximum-likelihood method is producing inconsistent

estimates for the individual regression parameters, even under the best-case scenario

of no misspecification of both the model for the potential versions of treatment and

the model for the potential outcomes. In Ma et al. [2011], the authors note that their

simulations also indicate an inability to estimate the individual regression parame-

ters; however, they argue that accurate estimation of the overall PCE surface is still

possible. Figure 3.2 shows a 3x3 array of trace plots for estimates of selected points

on the PCE surface. From this figure, we can see that the two-stage maximum like-

lihood procedure produces inconsistent estimation of the PCE surface in addition to

inconsistent estimation of the individual regression parameters. On the other hand,

the weighted EM algorithm appears to produce consistent estimates of the regres-

sion parameters and the points on the PCE surface. As we noted before, however,

it is dangerous to make a�rmative conclusions regarding consistency of estimators

based solely on results from specific simulations. Furthermore, in the next section

we present simulations under misspecification of the correlation parameter ⇢ demon-

strating that estimation of the PCE surface based on the weighted EM algorithm

is likely to lead to misleading results in practice, even if the weighted EM algorithm

produces consistent estimates for a linear model under the best-case scenario of no

model misspecification.

We now present simulation results for the case of a binary outcome Y
i

. The model

for the potential outcome Y
i

(z) conditional on D

i

(0) = d0 and D

i

(1) = d1 is given by

the following logistic regression model:

log
(P (Y

i

(z) = 1)

1� P (Y
i

(z) = 1)
= �0 + �1zDi

(0) + �2zDi

(1),

where � = (�0, �10, �20, �11, �21) = (1.3, 2.1, 1.4,�.5, 2.5). As in the previous

simulations, the distribution of the potential versions of treatment was based on

a Gaussian copula model with correlation parameter ⇢ = 0.4 and marginal distribu-

tions given by a Beta(3, 2) distribution. We generated datasets at sample sizes of

n = 1000, 2000, 3000, . . . , 100000. For each dataset, we used the two-stage maximum

likelihood and weighted EM algorithm methods to produce estimates of the regres-

sion parameters. Figure 3.3 shows trace plots for the estimates of the individual
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Figure 3.1: Trace plots showing linear regression parameter estimates from the two-
stage maximum-likelihood approach and the weighted EM algorithm approach as a
function of increasing sample size. In each panel, the blue line shows the two-stage
estimates, the black line shows the weighted EM estimates, and the red line shows
the true underlying value for the regression parameter.
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Figure 3.2: Array of trace plots showing estimates of selected points on the PCE

surface from a linear outcome model as a function of increasing sample size. Each cell
in the 3x3 array shows estimates for PCE(D(0), D(1)), e.g. the upper left-hand cell
shows estimates for PCE(0.6, 0.6). In each cell, the blue line shows estimates from
the two-stage maximum-likelihood approach, the black line shows estimates from the
weighted EM algorithm, and the red line shows the true value for PCE(D(0), D(1)).
In each cell, the x-axis ranges from n = 1000 to n = 100000.
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regression parameters as a function of increasing sample size, while Figure 3.4 shows

similar trace plots for estimates of selected points on the PCE surface.

From these figures, we can see that the consistency issues present in the case of a

linear model only become worse as we move to a model with a non-linear link func-

tion. The weighted EM algorithm is now clearly producing inconsistent estimates of

both the individual regression parameters and certain points on the PCE surface.

The estimates of the regression parameters from the two-stage maximum likelihood

approach, on the other hand, still exhibit such a degree of variability even at sample

sizes as large as n = 100000 that it is not clear what, if any, value they are converging

to. Inspection of the traceplots for the PCE estimates shows that the two-stage max-

imum likelihood approach produces either inconsistent or highly variable estimates of

points on the PCE surface generated by this logistic regression model.

3.6 Simulations Demonstrating Bias under Misspecification of Correla-
tion between Potential Compliance Behaviors

In the previous section, we conducted simulations assuming that the true value of ⇢,

the correlation between D(0) and D(1), was known. These simulations demonstrated

that the two-stage maximum likelihood procedure is inappropriate for both a linear

or logistic model for the potential outcomes, even with no model misspecification. On

the other hand, the weighted EM algorithm, while clearly inconsistent even with no

model misspecification under a logistic model, appears to yield consistent estimators

of the regression parameters for a linear outcome model when there is no model mis-

specification. However, we now demonstrate that the regression parameter estimates

(and by extension the estimates of the PCE surface) from the weighted EM algorithm

exhibit non-neglible bias when the correlation parameter ⇢ is misspecified.

To demonstrate the bias introduced by misspecification of the correlation param-

eter ⇢, we performed simulations using the same data-generating mechanism for a

linear outcome model described in the previous section. Under this setup, we gen-

erated 1000 datasets with a sample size of n = 1000 However, we now allowed for

misspecification of the correlation parameter ⇢ when fitting the weighted EM algo-

rithm model to the data. We used assumed values of ⇢ ranging from 0.1 to 0.7 in

increments of 0.1.

Figure 3.5 shows the average values for the regression parameters across the
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Figure 3.3: Trace plots showing logistic regression parameter estimates from the two-
stage maximum-likelihood approach and the weighted EM algorithm approach as a
function of increasing sample size. In each panel, the blue line shows the two-stage
estimates, the black line shows the weighted EM estimates, and the red line shows
the true underlying value for the regression parameter.
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Figure 3.4: Array of trace plots showing estimates of selected points on the PCE

surface from a logistic outcome model as a function of increasing sample size. Each
cell in the 3x3 array shows estimates for PCE(D(0), D(1)), e.g. the upper left-hand
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weighted EM algorithm, and the red line shows the true value for PCE(D(0), D(1)).
In each cell, the x-axis ranges from n = 1000 to n = 100000.
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1000 simulations plotted against the assumed value for ⇢ that was used in fitting the

model. When ⇢ = 0.4 (i.e. the model is correctly specified), the regression parameter

estimates are on average fairly close to the true values. However, when the value of the

correlation parameter is misspecified, there is clear bias introduced in the estimation

of each of the regression parameters. As the assumed value of ⇢ moves further from

the true value in either direction, the magnitude of the bias becomes greater. In

practice, of course, we have no way of learning about the true value of ⇢ from the

data, and it is extremely unlikely that we would actually specify the true value for

this correlation parameter. Thus, even if we are willing to take the simulations from

the previous section as definitive and conclude that the weighted EM algorithm gives

consistent estimates of the regression parameters from a linear model under no model

misspecification, we are still left with the fact that in practice we will have biased and

inconsistent estimates due to the near certainty of misspecification of ⇢. While the

degree of bias shown in these simulations is not particularly severe, we speculate that

this is likely due to the choice of model parameters for these specific simulations. For

other choices of the underlying model parameters, the degree of bias may be quite

severe.

3.7 Discussion

In this chapter, we have demonstrated that the approach to causal inference in RCTs

with partial compliance proposed by Ma et al. [2011] produces clearly inconsistent

estimates of the PCE surface under a linear outcome model. Furthermore, under a lo-

gistic regression model for a binary outcome, their method produces estimates whose

consistency or inconsistency is not clear due to continued variability even at sample

sizes as large as n = 100000. Since two-stage maximum likelihood approaches are

known to have other issues [Murphy and Topel, 2002], one might ask whether these

consistency problems can be solved by using a full maximum likelihood approach.

However, we have additionally demonstrated that a full maximum likelihood-based

approach using a weighted EM algorithm leads to clearly inconsistent estimation of

the PCE surface when the outcome variable is binary and a logistic regression model

is assumed. All of these results demonstrating the deficiency of these models were pro-

duced in the best-case scenario assuming no misspecification of either the model for

the potential outcomes or the model for the potential compliance behaviors. The fact
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that these methods fail for common outcome models even in these best-case scenarios

does not bode well for their utility when applied to real-world data sets where some

degree of model misspecification is nearly guaranteed, particularly misspecification

of the unidentified correlation between the potential compliance behaviors. Further-

more, we have demonstrated that misspecification of this correlation parameter leads

directly to biased estimates of the regression parameters and by extension the PCE

surface.

For many interventions, compliance behavior is more naturally described in terms

of the proportion of the assigned treatment that was received. In pharmaceutical

trials, the assigned treatment may in fact be a treatment regimen spanning several

months. For trials of behavioral interventions, the intensity of the treatment as mea-

sured by the number of hours spent in therapy may be of interest. Applying the

standard all-or-none non-compliance methods to these RCTs requires deciding how

to dichotomize these continuous measures of compliance behavior. Hence, the desire

for methods that treat compliance behavior in RCTs as a continuous rather than

binary variable is understandable. However, just because something is desired does

not mean it can be obtained. Given the deficiencies of these maximum-likelihood

based methods as well as their total reliance on the unidentified joint distribution of

the potential versions of treatment, we must conclude that the use of these models is

more likely than not to lead to unjustifiable and potentially misleading conclusions.
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Chapter 4

ANALYZING RANDOMIZED TRIALS WITH
NON-COMPLIANCE USING THE NONCOMPLYR R

PACKAGE

4.1 Preface

In this chapter, we present a tutorial on Bayesian methods for performing causal

inference with data from RCTs in the presence of binary non-compliance. The tuto-

rial can be seen as a companion piece to noncomplyR, a software package for the R

statistical programming language that I developed as a way for researchers to easily

implement the methods for causal inference in RCTs with noncompliance described

in Imbens and Rubin [1997]. The noncomplyR package is publicly available from the

Comprehensive R Archive Network (https://cran.r-project.org). The tutorial gives a

conceptual overview of causal inference using potential outcomes in the presence of

non-compliance to treatment assignment, and then gives detailed explanations of how

compliance-based methods can be implemented with noncomplyR.

Unlike the previous chapters, which were written with a statistically and math-

ematically sophisticated audience in mind, this chapter has been written with the

intended audience of the scientist with a basic statistical education. Thus, this target

audience should be kept in mind when reading this tutorial. Researchers such as these

comprise a significant portion of the people performing statistical analysis in the real

world. For these researchers, there are two main barriers to implementing more ad-

vanced methods such as the ones presented in this tutorial. First, these methods are

often not a part of their statistical training, and they may lack the mathematical back-

ground necessary to learn about these methods on their own from statistical research

papers. Second, ready-to-use statistical software for these more advanced methods

may not be available. This tutorial addresses both of these issues by explaining the

concepts in an approachable way and by providing the necessary software tools to

immediately implement the methods with real data. Tutorials such as this one, tai-
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lored to a specific audience and published in non-statistical subject matter journals

that scientists and researchers read, can do a great service in improving the statistical

sophistication of the scientific world.

4.2 Introduction

Randomized clinical trials (RCTs) are considered the gold standard for assessing the

e�cacy of behavioral interventions. Randomization protects against confounding,

and as a result RCTs allow researchers to determine causal e↵ects of interventions.

Non-adherence to the intervention protocol, a frequently encountered issue in RCTs,

complicates the analysis of data from RCTs. In this tutorial, we show how informa-

tion about individual-level adherence to treatment assignment can be incorporated

into the analysis of data from an RCT in a statistically rigorous way. We begin by

discussing limitations to three common approaches to analyzing data from RCTs in

the presence of non-adherence to the intervention protocol. We argue that, when non-

adherence is present, these common analysis approaches may inadequately estimate

the causal e↵ect of actually receiving the intervention. We then give a conceptual

overview of an approach to estimating the causal e↵ect of receiving the intervention

that can overcome these limitations in the presence of non-adherence. We then give

a detailed explanation of how this approach can be applied to real data using the

R package noncomplyR. We note that the reasons for non-adherence are multiple,

encompassing factors both inside and outside the control of study participants and

researchers (e.g., research design specifying hours of treatment delivery vs. child ill-

ness or weather events). Hence, the term non-adherence is not meant to imply that

the individuals themselves have made a conscious decision to not adhere to their

treatment assignment. The most common approach to analyzing data from RCTs

is the intention-to-treat (ITT) analysis. In an ITT analysis, comparisons are made

between groups defined solely by intervention assignment without taking adherence

to intervention assignment into account. An ITT analysis gives a valid estimate of the

causal e↵ect of assignment to intervention. This e↵ect is often of interest to policy-

makers, since it resembles the expected e↵ect of recommending an intervention for

use to the population of interest. In the case of perfect adherence to intervention

assignment, an ITT analysis also provides a valid estimate of the e↵ect of receiv-

ing the treatment with a causal interpretation. However, when non-adherence to
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intervention assignment is present, an ITT analysis no longer estimates the e↵ect of

receiving the intervention, since some individuals assigned to intervention may not

have actually received the intervention, or may have received a lower intensity or

modified form of the intervention that potentially violates the intervention protocol.

In addition, it is also possible that individuals assigned to the control condition may

have received the active intervention. As a result, comparison groups based on inter-

vention assignment are no longer synonymous with the treatment actually received.

To address this shortcoming of the ITT analysis when non-adherence has occurred,

various alternative analytic approaches have been used. One such alternative is to

perform an As-Treated analysis, which makes comparisons between groups defined by

the intervention actually received, rather than the original intervention assignment.

This approach is limited by the fact that the amount or intensity of intervention is

observed at the end of the trial, after randomization has occurred. If adherence to the

intervention protocol is perfect, then the As-Treated analysis is equivalent to the ITT

analysis. However, if there is non-adherence present in the data, then the comparison

groups in an As-Treated analysis will not be randomized. If adherence behavior is

related to factors that influence intervention response and outcomes, then this would

introduce confounding factors. There may be imbalances between the comparison

groups in key variables related to the things that determine intervention protocol

adherence, such as the number of intervention hours received. As a result, this ap-

proach discards one of the main strengths of an RCT (protection against confounding)

and significantly limits the ability to interpret the estimated intervention e↵ect in a

causal manner. Another alternative analysis approach is a Per-Protocol analysis. A

Per-Protocol analysis discards data on individuals who did not follow the study pro-

tocol. In contrast to the As-Treated Analysis, this approach does not reorganize the

comparison groups based on participant behavior post-randomization. However, it

does introduce non-random factors into the sample composition that will a↵ect the

resulting estimate of the e↵ect of intervention. For example, if individuals that do

not follow the intervention protocol are those for whom the protocol is ine↵ective,

the treatment e↵ect will be overestimated. Alternatively, if an intervention is most

e↵ective for low-resource families, but those families tend to have lower adherence

due to transportation issues, the treatment e↵ect could be under-estimated. Thus,

this type of analysis is likely to give biased estimates of the e↵ect of intervention. In
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summary, each of the approaches outlined above has limitations for addressing the

question of the causal e↵ect of actually receiving an intervention when non-adherence

to treatment assignment is present. The ITT analysis ignores non-adherence, and

therefore does not estimate the e↵ect of actually receiving the intervention. The As-

Treated analysis takes information on non-adherence into account in the analysis, but

does so in such a way that a causal interpretation of the results is no longer valid.

The Per-Protocol analysis introduces bias by removing a subset of the sample non-

randomly. All approaches reduce or eliminate the strength of the RCT design and

the ability of investigators to answer questions related to the causal e↵ect of receiving

an intervention when non-adherence has occurred. We now outline an approach that

overcomes many of these limitations and allows us to make stronger causal inferences

in the presence of non-adherence.

4.3 Causal Inference, Potential Outcomes and Adherence

We begin by introducing the basic statistical framework for causal inference that will

be used to develop the adherence-based causal analysis approach. This framework

is based on the idea of potential outcomes, also known as counterfactuals, and is

sometimes referred to as the Rubin causal model [Rubin, 1974]. We suppose that

we have a sample of N individuals taking part in a randomized controlled trial. We

let Z denote assignment to either the control group (Z = 0) or the active interven-

tion group (Z = 1) and Y denote the outcome of interest. For example, Y may be

the score of an assessment test administered at a follow-up visit. In addition to the

observed outcome Y, we will assume that each individual has potential outcomes, a

pair of values (Y (0), Y (1)) that represents an individuals hypothetical outcomes

if the person were assigned to the control group (Y (0)) or active intervention (Y

(1)). We express causal e↵ects of treatment in terms of the potential outcomes be-

cause (Y (0), Y (1)) represent the responses of an individual under circumstances

that are identical except for the intervention assignment. The fundamental prob-

lem of causal inference with potential outcomes is that we can only observe at most

one of the two potential outcomes for any individual. If an individual is assigned to

the active intervention, for example, the observed outcome Y for that individual is

equal to that individuals potential outcome under assignment to active intervention,

Y(1). The potential outcome under assignment to control, Y(0), will consequently be



106

missing for that individual. Individual-level causal e↵ects would require knowledge

of both potential outcomes, which are not observable except under unusual or spe-

cial circumstances such as the intervention having the same e↵ect in all individuals.

Therefore, individual-level causal e↵ects will typically be unidentified. However, we

are often interested in quantities such as averages that describe characteristics of a

population, rather than individual-level causal e↵ects. This, combined with the sta-

tistical properties that result from randomization of intervention assignment, allows

us to estimate average causal e↵ects of treatment by making comparisons between

groups of individuals in the study. The potential outcomes framework rests on some

assumptions that must hold in order for the potential outcomes, as defined above,

to be well defined. The first assumption is known as the Stable Unit Treatment

Value Assumption (SUTVA) (Rubin, 1980). This assumption states that an individ-

uals potential outcomes depend only on his or her treatment assignment, not on the

treatment assignment of any other individuals in the study. This is often called the

non-interference assumption. The second assumption, sometimes considered a part

of SUTVA, is known as the consistency assumption [VanderWeele, 2009]. This as-

sumption states that if an individual is assigned to treatment group Z = z, then their

observed outcome is equal to their potential outcome under that treatment group

assignment. This gives us the following relationship between the observed outcome

Y and the potential outcomes

Y = Y (z)

The non-interference and consistency assumptions will be assumed to hold in all of

the examples that follow. We will also have reason to consider two other assumptions.

Although they are not necessary for the basic potential outcomes framework outlined

above, they will play an important role in the estimation of adherence-based causal

estimates. These assumptions are known as the exclusion restriction and the strong-

access monotonicity assumption. The exclusion restriction assumption states that

the treatment assignment has no e↵ect on the outcome except through the treatment

actually received. The exclusion restriction assumption is typically hard to justify

in observational studies but is often reasonable in RCTs, especially when treatment

assignment is blinded. The strong-access monotonicity assumption states that indi-
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viduals assigned to the control group have no way of receiving the active intervention.

This assumption is most likely to hold in RCTs where the active intervention is under

the direct control of the investigators. To see how causal e↵ects defined in terms of

potential outcomes can be estimated using the observed data, we can consider the

ITT analysis described above in a study where every individual adheres to his or her

treatment assignment. Recall that this analysis makes comparisons between those

assigned to active intervention and those assigned to control. From randomization of

treatment assignment and the consistency assumption, we can say that the average

observed outcome within the active intervention group is equal to the average po-

tential outcome under assignment to the active intervention. Similarly, the average

observed outcome within the control group is equal to the average potential outcome

under assignment to control. Therefore, the comparison in outcomes between the

active intervention and control groups gives us an estimate of the causal e↵ect of

intervention assignment at the population level. Letting E designate the expectation

of a random variable, we have more formally that

E[Y (1)� Y (0)] = E[Y (1)]� E[Y (0)]

= E[Y (1) | Z = 1]� E[Y (0) | Z = 0]

= E[Y | Z = 1]� E[Y | Z = 0] (4.1)

where the second equality holds through randomization, and the third equality holds

from the consistency assumption. This example demonstrates one of the main el-

ements of a causal analysis: expressing the causal e↵ect of interest (in this case

E[Y (1)] � E[Y (0)]) in terms of quantities found in the observed data (in this case

E[Y | Z = 1] � E[Y | Z = 0]). We now consider the scenario where some indi-

viduals in the study do not adhere to the intervention to which they are assigned.

The treatment assignment, denoted by Z, is assumed to be under the control of the

investigators and randomized. However, the intervention actually received by an in-

dividual, denoted by D, may not be under the control of the investigators and may

in fact di↵er from the treatment that individual was assigned to receive. This is re-

ferred to as non-adherence to treatment assignment. We let D = 0 indicate that the

individual received the control or did not receive the active intervention, according to

how the control is defined in the context of the study. Similarly, D = 1 indicates that
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the individual received the active intervention, according to how receiving the active

intervention is defined in the context of the study. If an individual adheres to their

treatment assignment, then their value for Z will equal their value for D. However,

when an individual does not adhere to the study protocol then D will not equal Z for

that individual. When non-adherence is present in the data, the question becomes

how to take information about adherence into account while still preserving a causal

interpretation of the e↵ect of receiving the intervention. The observed adherence D

occurs post-randomization. Consequently, results from an analysis that simply con-

ditions on D cannot be interpreted causally, due to the fact that comparison groups

based on D are no longer randomized. A technique in causal inference known as prin-

cipal stratification o↵ers a general framework for adjusting for post-randomization

variables while maintaining a causal interpretation of the results [Frangakis and Ru-

bin, 2002a]. We now outline how the principal stratification framework is applied

to the setting of an RCT with non-adherence. We begin by extending the idea of a

potential outcome (the outcome that would be observed under assignment to active

intervention or control) to the idea of a potential adherence behavior. An individuals

potential adherence behavior reflects their adherence to the study protocol that would

be observed under assignment to active treatment or that observed under assignment

to control. Similar to the potential outcomes defined for the outcome of interest Y,

we can think of a pair of values (D(0), D(1)) representing an individuals adherence

to treatment assignment had they been assigned to the control group (D(0)) or the

active treatment group (D(1)). If the pair of values (D(0), D(1)) were known for

each individual, the potential adherence values could be used to classify individuals

into subgroups based on adherence behavior, as shown in Table 1. Individuals with

(D(0),D(1)) = (1,1), the Always Taker adherence subgroup, are individuals who will

always receive the treatment, regardless of which treatment arm they are assigned to.

Individuals with (D(0),D(1)) = (0,0), the Never Taker adherence subgroup, are indi-

viduals who will never receive the active intervention, regardless of which treatment

arm they are assigned to. Individuals with (D(0),D(1)) = (1,0), the Defier adherence

subgroup, are individuals who will receive the active intervention when assigned to

the control arm but will not receive the active intervention when assigned to the active

intervention arm. Finally, individuals with (D(0),D(1)) = (0,1) represent individuals

who will not receive the active intervention when assigned to the control arm but
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D(1) = 0 D(1) = 1

D(0) = 0 Never Taker Complier
D(0) = 1 Defier Always Taker

Table 4.1: Possible compliance types in the binary non-compliance framework.

will receive active intervention when assigned to the active intervention arm. This

subgroup is known as the Complier subgroup, and will be particularly important in

the analysis approaches that follow.

Of the four adherence subgroups, only the Complier and Defier subgroups provide

us with information about the e↵ect of actually receiving treatment. This is because

only the individuals in the Complier and Defier groups will actually receive or not

receive the intervention depending on which intervention arm they are assigned to.

The Always Taker and Never Taker groups, on the other hand, do not di↵er between

the control and active intervention arms in terms of what intervention they receive.

Individuals in the Always Taker group will always receive the active intervention re-

gardless of which intervention arm they are assigned to, while the Never Takers will

never receive the intervention regardless of which intervention arm they are assigned

to. For both of these adherence subgroups, any di↵erences between those assigned to

the control condition and those assigned to the active intervention would be due to

the e↵ect of the intervention assignment itself. Thus, an estimate of the causal e↵ect

of actually receiving treatment can be obtained by making comparisons between the

average potential outcomes among individuals in either the Complier or Defier adher-

ence subgroups. It is common in adherence-based analyses to make the assumption

that no individuals fall into the Defier adherence subgroup. We will make this as-

sumption as well, so that all of the information about the casual e↵ect of actually

receiving the treatment is contained within the Complier adherence subgroup. This

causal e↵ect is referred to as the Complier Average Causal E↵ect (CACE)

CACE = E[Y (1) | Complier]� E[Y (0) | Complier ] (4.2)

Unlike the causal e↵ect defined in Equation 4.1, the CACE is not as easily calcu-
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lated from the observed data due to the fact that the adherence subgroups are not,

in general, observed for every individual. We now outline how this di�culty can be

overcome using a Bayesian modeling approach. Bayesian Approach to Estimation of

the CACE In a Bayesian analysis, a probability model for the data that depends on

one or more unknown parameters is first specified. The parameters that determine

the form of the probability model (e.g. the mean and variance from a normal distribu-

tion, or the probability of a success for a dichotomous outcome) are then given prior

distributions. The prior distributions represent the investigators prior knowledge or

belief. The choice of priors can range considerably, from very precise (for instance, if

results from a large number of previous studies are available) to non-informative (e.g.

when investigating a previously unstudied intervention). The key step in a Bayesian

analysis is finding the posterior distribution of the model parameters, which can be

thought of as the result of updating the prior distribution based on the information

contained in the data. Formally, the prior distribution ⇡(✓) and the data model

f(y | ✓) can be combined by Bayes Theorem to find the posterior distribution

⇡(✓ | y) = ⇡(✓)f(y | ✓)R
⇡(✓)f(y | ✓)d✓

Estimation and inference in a Bayesian analysis are then based on quantities computed

from the posterior distribution. A common approach is to generate a sample of

parameter values from the posterior distribution. Quantities of interest can then be

directly computed based on this sample. We now present a Bayesian framework for

adherence-based analyses of data from RCTs. This framework is based on the models

described in Imbens and Rubin [1997]. In addition to the observed variables Y, Z, and

D, we will let C indicate the adherence subgroup that an individual belongs to, where

C = c indicates that an individual belongs to the Complier subgroup, C = n indicates

that an individual belongs to the Never Taker subgroup, and C = a indicates that

an individual belongs to the Always Taker subgroup. Our approach will be to take

advantage of the fact that estimation of the CACE would be straightforward if each
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individuals adherence group C were actually observed. In that case, we would have

CACE = E[Y (1) | C = c]� E[Y (0) | C = c]

= E[Y (1) | C = c, Z = 1]� E[Y (0) | C = c, Z = 0]

= E[Y | C = c, Z = 1]� E[Y | C = c, Z = 0] (4.3)

where the second and third equalities again follow from randomization and consis-

tency, respectively. In other words, if adherence subgroup C were known, then the

CACE could be computed as the ITT e↵ect within the subset of the sample belonging

to the Complier adherence subgroup. Our model for the data will therefore consist

of two parts: a model for the unobserved adherence subgroup C and a model for the

observed outcome Y within each combination of adherence subgroup C and treatment

assignment Z. We first describe the data model and parameters for C
i

, the adherence

subgroup of the i

th individual in the study. Since each individual can belong to only

one adherence subgroup, Ci can be modeled by a Multinomial distribution of size 1,

the form of which will depend on whether the strong access monotonicity assumption

is made

C

i

⇠ Multinomial(!
c

,!

n

,!

a

) (No strong access monotonicity)

C

i

⇠ Multinomial(!
c

,!

n

) (strong access monotonicity)

The parameter !
t

indicates the probability that an individual belongs to adherence

subgroup C = t. While a two-parameter Multinomial model is more typically rep-

resented as a single-parameter Binomial model, we maintain the Multinomial repre-

sentation for notational consistency between the two cases. Given this model for the

adherence subgroup C

i

, we must specify a prior distribution for its parameters. The

Dirichlet distribution is a convenient prior for the parameters t of the Multinomial

distribution

(!
c

,!

n

,!

a

) ⇠ Dirichlet(�
c

, �

n

, �

a

) (No strong access mononicity)

(!
c

,!

n

) ⇠ Dirichlet(�
c

, �

n

) (strong access monotonicity)

The hyperparameters �

t

control the shape of the prior distribution over the adher-
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ence subgroup parameters. Thus the Multinomial-Dirichlet model for C

i

has either

3 parameters with 3 associated hyperparameters or 2 parameters with 2 associated

hyperparameters. We now describe the models we will use for the outcome Y condi-

tional on C and Z. We will focus on two commonly encountered types of outcome

models: the binary outcome model and the normal outcome model. For the binary

outcome model, the outcome for an individual belonging to adherence subgroup C = t

under treatment assignment Z = z is modeled by the Bernoulli distribution

f(y | p
tz

) ⇠ Bernoulli(p
tz

)

This distribution depends on a single parameter p
tz

representing the probability that

the outcome will be equal to 1. Since it is a probability, this parameter must take

values between 0 and 1. The Beta distribution can be used to flexibly model such

quantities, and so our prior on p

tz

is given by

⇡(p
tz

) ⇠ Beta(↵
tz

, �

tz

)

where ↵

tz

and �

tz

are the hyperparameters that determine the shape of the prior

distribution. By specifying values for the hyperparameters, the analyst is able to

change the shape of the prior, thereby giving greater prior belief to certain regions of

the parameter space and lesser prior belief to other regions. For example, a Beta(1, 1)

prior would give equal prior belief to all possible parameter values, while a Beta(12, 4)

prior would place almost all of the prior belief on parameter values between 0.6 and 1.

For the normal outcome model, the distribution of the outcome Y for an individual

belonging to adherence subgroup C = t assigned to treatment Z = z is modeled

by the normal distribution, which depends on a mean parameter µ and a variance

parameter �2

f(y | µ
tz

, �

2
tz

) ⇠ Normal(µ
tz

, �

2
tz

)

Since there are two parameters determining the normal distribution, prior distribu-

tions must be specified for both parameters. A frequently used prior distribution is
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the Normal-Inverse Gamma distribution

⇡(�2
tz

) ⇠ Inv.Gamma(a
tz

, b

tz

)

⇡(µ
tz

| �2
tz

) ⇠ Normal(✓
tz

, �

2
tz

⌧

tz

)

As in the binary outcome case, the analyst can specify the hyperparameters to

reflect prior information about the mean and variance parameters. For instance, there

may be an existing body of scientific literature suggesting what a reasonable range

for the mean of the outcome will be. The number of total parameters and hyper-

parameters related to the outcome model will vary depending on which assumptions

are made in the analysis. In the case of the binary outcome model, if neither the

exclusion restriction nor strong access monotonicity are assumed, then the full out-

come model consists of 6 parameters, one for each combination of adherence type

(Complier, Never Taker, and Always Taker) and treatment assignment (control or

intervention). There are then 2 hyperparameters associated with each of the 6 pa-

rameters, giving 12 hyperparameters in total for the outcome model. If the exclusion

restriction is assumed, then both the Never Takers assigned to the intervention group

and the Never Takers assigned to the control group can be modeled with a single

parameter, and similarly for the Always Takers. Thus the total number of outcome

model parameters is reduced to 4, and the total number of outcome model hyperpa-

rameters reduced to 8. If the strong access monotonicity assumption is additionally

made, then the parameters and hyperparameters for the Always Takers drop out of

the model, leaving 3 parameters with 6 associated hyperparameters. Table 2 gives

a complete listing of the model parameters and hyperparameters under the di↵erent

combinations of outcome models and assumptions.

If each individuals adherence subgroup were known, then the model parameters

could be easily estimated by performing separate analyses within each adherence

subgroup. In particular, the CACE could be estimated by simply comparing the

mean outcome among Compliers in the treatment group to the mean outcome of

Compliers in the control group, as suggested by Equation 4.3. Since the adherence

subgroups are not known in general, they must be imputed based on the data. Data

augmentation [Tanner and Wong, 1987] is an algorithmic approach to performing

Bayesian inference when missing data values must be imputed. Informally, the data
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augmentation algorithm proceeds by alternating between two steps. In the first step,

we fill in the missing adherence subgroup values based on our best guess as to their

distribution given the observed data and current values for the model parameters.

In the second step, we draw new values for the model parameters from the posterior

distribution defined by our data model and assumed prior distributions, treating the

imputed adherence subgroup values as if they were the (unobserved) true values.

We then go back to the first step, using the new values of the model parameters to

perform the next imputation of adherence subgroups. Going back and forth between

these two steps creates a chain of parameter values that eventually converges to the

desired posterior distribution. In this way, we obtain a sample of parameter values

that can be used to approximate the posterior distribution of the model parameters

given the observed data. Typically, several independent chains will be run, and a

certain number of the initial iterations from each chain will be discarded to reflect the

fact that the chain does not actually begin at the desired posterior distribution. The

remaining samples from each chain will then be combined to form a single sample

from the posterior distribution.

4.4 Implementation of the Data Augmentation Algorithm with the noncomplyR

Package

In this section we work through two applied examples using real datasets to show how

the Bayesian adherence-based analysis described above can be implemented using the

noncomplyR package in R, a free scientific programming language and statistical anal-

ysis environment [R Core Team, 2015]. Several software programs are available for

running R. A basic version is available from the Comprehensive R Archive Network

(https://cran.r-project.org), while a version with some additional user-friendly fea-

tures is available from RStudio (https://www.rstudio.com). The noncomplyR package

provides a set of functions for fitting non-adherence models for two commonly encoun-

tered types of outcomes: dichotomous outcomes and outcomes that are well-modeled

by a Normal distribution. When using the noncomplyR package for the first time, it

must first be installed. This can be accomplished by running the following code in

the R console

1 i n s t a l l . packages ( ”noncomplyR” )
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Once installed, the package can be loaded into an R session using the library()

function

1 l i b r a r y ( ”noncomplyR” )

Running this command makes all of the functions in the noncomplyR package avail-

able for use. The main function in the noncomplyR package is the compliance chain

function, which performs a single run of the data augmentation algorithm for drawing

from the posterior distribution of the model parameters. This is the most complex

function in the noncomplyR package. We therefore spend some time now detailing

each of the arguments that the user can supply to it. The compliance chain func-

tion takes the following arguments: dat, outcome model, exclusion restriction,

strong access, starting values, hyper parameters, n iter, and n burn. The dat

argument should be a data frame object containing three columns. The first column

should contain the values for the outcome of interest. The second column should con-

tain the treatment assignment variable, with assignment to the active intervention

coded as 1 and assignment to control coded as 0. The third column should contain

the variable indicating the treatment actually received, with 1 indicating that the

intervention was received and 0 indicating that the intervention was not received.

The outcome model argument should be a character string, either binary or nor-

mal, indicating what outcome model should be used. The exclusion restriction

argument takes a logical value (either TRUE or FALSE) indicating whether the exclu-

sion restriction assumption should be assumed or not when fitting the model. The

strong access argument also takes a logical value indicating whether the strong ac-

cess monotonicity assumption should be made or not when fitting the model. The

starting values argument should be a vector of numbers giving the initial parameter

values for starting the data augmentation algorithm. If no value is supplied, the initial

parameter values are based on either a random draw from the prior distribution (for

the binary outcome model) or the sample means and variances in the two treatment

groups (for the normal outcome model). The hyper parameters argument should be

a vector of numbers that gives the hyper parameters for the prior distributions. If

no value is supplied for this argument, the default is a non-informative uniform or

reference prior. When supplying either the starting values or hyper parameters
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arguments, the order of the values should follow the same conventions as those shown

in Table 2. The n iter argument is a number determining how many iterations of the

data augmentation algorithm should be performed. If no value is supplied, then 10,000

iterations are performed as a default. The n burn argument is a number determining

how many of the initial iterations should be discarded. Discarding some portion of

the initial iterations is standard practice, the rationale being that the early draws are

less likely to be representative of the posterior distribution due to the time it takes

for the algorithm to converge. The default is to discard the first 1,000 iterations. We

now demonstrate the use of this function as well as several other useful functions by

analyzing two data sets from actual RCTs. The first analysis will demonstrate the use

of these functions with a binary outcome. The second analysis will demonstrate the

use of these functions with a continuous outcome. The dataset we will use to demon-

strate the analysis of binary outcome data is based on data described in Imbens and

Rubin [1997]. The data come from a randomized trial performed in Indonesia in-

vestigating the e↵ect of Vitamin A supplements on child mortality. The dataset is

included in the noncomplyR package and is automatically saved into the R session

as a data frame named vitaminA when the package is loaded. The dataset contains

23,682 observations on 3 dichotomous variables: survived, an indicator of whether

the subject survived; vitaminA assigned, an indicator of whether the subject was

assigned to receive vitamin A supplements; and vitaminA received, an indicator of

whether the subject actually received vitamin A supplements. No individuals in the

control group were recorded as having received the intervention. Thus, the strong

access monotonicity assumption can be made. With only the Complier and Never

Taker adherence subgroups, the data model is fully described by 6 probability pa-

rameters: !

c

and !

n

, the probability of belonging to the Complier or Never Taker

subgroups, respectively; p
c0 and p

c1, the probabilities of survival among Compliers

assigned to either the control or intervention groups, respectively; and p

n0 and p

n1,

the probabilities of survival among Never Takers assigned to either the control or in-

tervention groups, respectively. We will perform two analyses, one with the exclusion

restriction assumption and one without the exclusion restriction assumption. When

the exclusion restriction assumption is made, the probabilities p
n0and p

n1 are assumed

to be equal and the model therefore reduces to only 5 parameters. Both analyses will

involve running a chain of the data augmentation algorithm for 10,000 iterations each.
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The first 1000 iterations from each chain will be discarded, leaving 9,000 samples in

each case to estimate the posterior distribution of the parameters. The two chains

are fit using the following code

1 # Chain with Exc lus ion Re s t r i c t i o n

chain1 <� compliance chain ( vitaminA , outcome model = ”binary ” , e x c l u s i on

r e s t r i c t i o n = T, s t rong ac c e s s = T)

3

# Chain without Exc lus ion Re s t r i c t i o n

5 chain2 <� compliance chain ( vitaminA , outcome model = ”binary ” , e x c l u s i on

r e s t r i c t i o n = F, s t rong ac c e s s = T)

This code runs two data augmentation chains on the data and stores the results

in matrix form in the two variables chain1 and chain2. The columns of the matrices

correspond to the di↵erent model parameters, ordered according to the conventions

shown in Table 2, while each row represents a draw from the posterior distribution

of the model parameters. Since the variables n iter, n burn, starting values, and

hyper parameters were not specified, the compliance chain function automatically

supplies their default values. In this way, a Bayesian adherence-based analysis can

be implemented with relatively simple syntax. Once a sample from the posterior

distribution of all of the model parameters has been generated, the corresponding

sample from the posterior of the CACE can be obtained by calling the cace function:

cace 1 <� cace ( chain1 , outcome model = ”binary ” , s t rong ac c e s s = T)

2

cace 2 <� cace ( chain2 , outcome model = ”binary ” , s t rong ac c e s s = T)

Inferential quantities of interest can now be directly calculated from these samples

from the posterior distribution of the CACE. For convenience, the noncomplyR pack-

age provides the function summarize chain, which automatically calculates several

common inferential statistics. An example is shown below:
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1 summarize chain ( cace 1 )

# Pos t e r i o r Mean : 0 .003

3 # Pos t e r i o r Median : 0 .003

# Pos t e r i o r 50% Cred ib l e I n t e r v a l : (0 , 0 . 005 )

5 # Pos t e r i o r 90% Cred ib l e I n t e r v a l : (�0.001 , 0 . 007 )

# Pos t e r i o r 95% Cred ib l e I n t e r v a l : (�0.001 , 0 . 007 )

7 summarize chain ( cace 2 )

# Pos t e r i o r Mean : 0 .003

9 # Pos t e r i o r Median : 0 .003

# Pos t e r i o r 50% Cred ib l e I n t e r v a l : ( 0 . 0 02 , 0 . 004 )

11 # Pos t e r i o r 90% Cred ib l e I n t e r v a l : ( 0 . 0 01 , 0 . 005 )

# Pos t e r i o r 95% Cred ib l e I n t e r v a l : ( 0 . 0 01 , 0 . 005 )

Histograms of the posterior distribution of the CACE from the two models are

shown in Figure 4.1. The e↵ect of the exclusion restriction assumption is evident from

the di↵erence in peakedness between the two histograms. The posterior histogram

from the model with the exclusion restriction assumption has a steep, distinct peak.

This implies that we can be reasonably certain that a point estimate such as the

posterior mean or median will be a good summary of our beliefs about the magni-

tude and direction of the CACE given the observed data. In contrast, the posterior

histogram from the model without the exclusion restriction assumption has a flatter,

table-like appearance. This implies that we have roughly equal evidence given the

observed data for all of the values of the CACE in the flat range of the posterior (in

this case, from about -0.001 to about 0.006). This example illustrates two important

aspects of a Bayesian adherence-based analysis. First, it shows the importance of the

exclusion restriction assumption for making precise inference about the CACE. At

the same time, it demonstrates how a Bayesian approach can still be used even in

situations where the exclusion restriction cannot be assumed in order to learn from

the data about the relative direction and magnitude of the CACE.

We now demonstrate how continuous outcome data from a randomized trial with

non-adherence be analyzed using the noncomplyR package. The data in this section

come from an RCT investigating the Early Start Denver Model (ESDM), an early

intensive behavioral intervention for children with autism [Dawson et al., 2010]. While

this data set is not available for public use, we describe the analysis and present the
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Figure 4.1: Posterior distributions of the Complier Average Causal E↵ect, both with-
out the exclusion restriction assumption (left panel) and with the exclusion restriction
assumption (right panel).
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analysis code as an illustrative example. Participants in this study were randomized

to one of two groups. The intervention group received one-on-one treatment according

to the ESDM intervention protocol. The control group received information about

community-based care opportunities. Information on several measures of interest was

collected at baseline, one year post-randomization, and two years post-randomization.

This analysis will focus on the e↵ect of the ESDM intervention on the Mullen Scales of

Early Learning (MSEL) composite score, a measure of cognitive functioning (Mullen,

1995). We will take as our outcome of interest the di↵erence in the Mullen composite

score at baseline and two years post-randomization

Y = Mullen score at 2 year followup � Mullen score at baseline

Data were also collected on the number of weekly ESDM hours received by par-

ticipants in the active intervention group. Based on these data, we can classify the

observed adherence behavior of participants in the active intervention group. We cre-

ated an observed adherence variable, D, for each individual in the active intervention

group based on the cuto↵ value of 10 hours per week on average over the course of

the study,

D =

(
1 if ESDM hours � 10

0 if ESDM hours < 10

In this study, the ESDM intervention was not available from community-based

providers and thus inaccessible by individuals in the control group, so that D = 0 for

all individuals assigned to the control group. Thus the strong access monotonicity

assumption holds, and we only need to model the Complier and Never Taker adherence

subgroups. In addition, we will make the exclusion restriction. Similar to the binary

outcome example, we will run multiple chains of the data augmentation algorithm

under di↵erent settings for 10,000 iterations each, discarding the first 1000 draws

from each chain as burn-in. Unlike in the previous example, we will not use these

multiple chains to demonstrate the e↵ect of the exclusion restriction. Instead, we will

demonstrate how the analyst can use the noncomplyR package to place informative

priors on the model parameters, as well as the e↵ect that these informative priors have
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on the results of the analysis. We first run a single chain of the data augmentation

algorithm using the default settings for many of the function arguments. The code

for this chain is very similar to the code for the binary outcome example, but with

the outcome model argument set to ”normal” instead of ”binary”:

chain r e f e r e n c e <� compliance chain ( esdm dat , outcome model = ”normal” ,

e x c l u s i on r e s t r i c t i o n = T, s t rong ac c e s s = T)

Because no values were supplied to the hyper parameters argument, the compliance chain

function automatically selects the reference prior for the Normal-Inverse Gamma dis-

tribution as the default prior. This prior can be thought of as an uninformative or flat

prior that is suitable in situations where there is no strong background information on

the problem at hand (for instance, in the early stages of investigation of a new type of

intervention). In the case of behavioral interventions for children with autism, there is

an existing body of literature on the e�cacy of these interventions. Thus, researchers

may wish to incorporate this prior information into their analysis. This can be accom-

plished through the selection of an informative prior. We now demonstrate how this

can be done by supplying our own hyperparameter values to the hyper parameters

argument of the compliance chain function. We note that these hyperparameter

values have been chosen simply as an illustrative example and are not intended as a

summary of the scientific consensus on the e↵ects of early intervention for children

with autism.

1 chain in f o rmat ive <� compliance chain ( esdm dat , outcome model = ”normal”

, e x c l u s i on r e s t r i c t i o n = T, s t rong ac c e s s = T,

hyper parameters = c (1 , 1 , 5 , 50 , 5 , 100 , 15 , 50 , 5 , 100 , 2 , 1 , . 1 , 4) )

We note again that the order in which the hyperparameters are listed is important

and will vary depending on the outcome model and the set of assumptions made.

The conventions for the ordering of hyperparameters for both the binary and normal

outcome models are detailed in Table 2. In this case, the chosen hyperparameters

translate to a prior distribution for the CACE centered around 5 with a standard

deviation of 10. This codifies a prior belief for a small beneficial e↵ect of the ESDM

intervention among the Complier subgroup, with su�cient uncertainty in the prior
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to allow for a range of both negative and positive e↵ects. This prior represents

a balance between the desire to incorporate prior evidence for a positive e↵ect of

ESDM intervention and the need to let the data speak in the analysis. The di↵erence

in the resulting inference can be seen by examining posterior summaries from the two

chains.

cace r e f e r e n c e <� cace ( chain r e f e r en c e , outcome model = ”normal” , s t rong

ac c e s s = T)

2

cace in f o rmat ive <� cace ( chain in format ive , outcome model = ”normal” ,

s t rong ac c e s s = T)

4

summarize chain ( cace r e f e r e n c e )

6 # Pos t e r i o r Mean : 11.83704

# Pos t e r i o r Median : 11 .96331

8 # Pos t e r i o r 50% Cred ib l e I n t e r v a l : ( 8 . 245964 , 15 .49876)

# Pos t e r i o r 90% Cred ib l e I n t e r v a l : ( 2 . 820263 , 20 .66022)

10 # Pos t e r i o r 95% Cred ib l e I n t e r v a l : (0 . 7812756 , 22 .49723)

12 summarize chain ( cace in f o rmat ive )

# Pos t e r i o r Mean : 11 .0748

14 # Pos t e r i o r Median : 11 .06049

# Pos t e r i o r 50% Cred ib l e I n t e r v a l : ( 8 . 051141 , 14 .08166)

16 # Pos t e r i o r 90% Cred ib l e I n t e r v a l : ( 3 . 577411 , 18 .58465)

# Pos t e r i o r 95% Cred ib l e I n t e r v a l : ( 2 . 010731 , 20 .07434)

While overall the inferences from the two posteriors are similar, there are some

noticeable di↵erences. The posterior mean of the CACE is slightly smaller under the

informative prior compared to the reference prior, due to the weight placed by the

informative prior on values of the CACE around the prior mean of 5. In addition, the

informative prior results in posterior credible intervals that are tighter compared to the

reference prior. This can be seen as well by graphically examining posterior densities

of the two chains ( 4.2). Both densities have approximately the same posterior peak

(somewhere between 11 and 12), but the posterior density based on the informative

prior concentrates greater mass around this peak compared to the posterior based on

the reference prior.
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Figure 4.2: Left panel: Posterior distribution of the CACE from the ESDM dataset
under an uninformative prior. Right panel: Posterior distribution of the CACE from
the ESDM dataset under a user-specified informative prior.
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These examples illustrate the general workflow of an adherence-based analysis us-

ing the noncomplyR package. This workflow can be summarized as follows

1. Organize the data set. The first column of the data set should contain the values

of the outcome variable. The second column of the data set should contain the values

for the treatment assignment. The third column should contain the values for the

treatment actually received.

2. Use the compliance chain function to generate a sample from the posterior dis-

tribution of the model parameters. The first argument to this function should be

a data frame organized as described. The other arguments to the function can be

determined by going through the following checklist:

a. Determine the appropriate outcome model

b. Determine if the exclusion restriction is reasonable to assume

c. Determine if the strong access monotonicity assumption is reasonable to assume

d. Decide if starting values other than the default should be used for the initial

parameter values

e. Decide if an informative prior should be used

f. Decide on the total number of iterations of the data augmentation algorithm to

perform

g. Decide how many of the initial iterations should be discarded

3. Use the cace function to transform the posterior sample from the full model

parameters into a posterior sample for the CACE. 4. Use the summarize chain

function to obtain estimates of posterior quantities of interest.

4.5 Discussion

Non-adherence to treatment assignment is an almost unavoidable issue in studies

involving human participants. Because it cannot be accounted for in the study de-

sign stage and is beyond the control of the investigators once the study has begun,
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non-adherence to treatment assignment is typically addressed at the analysis stage.

However, taking information about non-adherence into account in the analysis must

be done carefully due to the risk of introducing bias and confounding. With this tu-

torial, we have provided both a conceptual introduction to the causal analysis of data

from randomized trials with non-adherence, and a practical guide to implementing

these analyses with the noncomplyR package. As with any piece of statistical software,

there is a trade-o↵ between ease of use and flexibility. In developing this software, we

have tended towards the former. The reason for doing this was so that researchers

would be able to implement these methods by focusing on the higher-level aspects

of the data and study design (e.g. Could individuals in the control group access the

intervention? Is the outcome approximately Normally distributed?), rather than the

mathematical details of the Bayesian sampling method. However, the ability to spec-

ify di↵erent sets of assumptions provides researchers control over the type of model

being fit. In addition, by including the option to specify the hyperparameters that

determine the prior distributions of the model parameters, we have given researchers

flexibility with respect to the informativeness of the prior distributions, one of the

key aspects of a Bayesian analysis.
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Chapter 5

A SYSTEMATIC REVIEW OF EFFECTIVENESS
STUDIES OF BEHAVIORAL INTERVENTIONS FOR

CHILDREN WITH ASD

5.1 Introduction

Autism Spectrum Disorder (ASD) has begun to be diagnosed at earlier ages [Daniels

and Mandell, 2014]. A study of ten birth cohorts of California children found that

the median age at autism diagnosis had decreased from approximately 4.4 years in

1992 to approximately 3.3 years in 2001 [Fountain et al., 2011]. This decrease has

created a corresponding need for interventions designed for younger children with

ASD. A seminal study of a comprehensive behavioral intervention conducted for 24

months at 40 hours per week for children under the age of four with ASD reported

accelerated development and achievement of typical levels of cognitive functioning in

a large proportion of the sample, spurring interest in intervention for individuals with

ASD [Lovaas, 1987]. Since that time, evidence for the e�cacy of a wide array of early

behavioral interventions has been reported [Howlin and Magiati, 2009, Kasari and

Patterson, 2012, Rogers and Vismara, 2008]. Comprehensive interventions for young

children with ASD, defined as interventions that focused on treating the full range of

core ASD symptoms rather than a single domain, have been demonstrated to have

both short-term and long-term e↵ects [Pickles et al., 2016, Estes et al., 2015, Howlin

and Magiati, 2009]. Targeted interventions have also been found to improve outcomes

on specific behaviors such as initiation of joint attention and peer response and may

have short and longer term e↵ects [Kasari and Patterson, 2012, Gulsrud et al., 2014].

Thus, research has established early intervention as e�cacious for children with ASD,

particularly when utilizing applied behavioral analysis principles [Rogers and Vis-

mara, 2008, ?]. Based on this evidence, practice guidelines have been developed and

recommend that intervention begin as early as possible, further supporting the move

toward earlier diagnosis and intervention [Zwaigenbaum et al., 2015]. Although there
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is a consensus that behavioral interventions can improve outcomes among young chil-

dren with ASD, extensive research has not yet been conducted to test the e↵ectiveness

of these interventions in community settings. The existing evidence largely relies on

e�cacy studies that estimate the e↵ect of intervention conducted in highly-controlled

environments under optimal circumstances. In these types of settings, children tend

to receive intervention overseen by specialized, expert therapists at a high level of

fidelity and consistency [Mandell et al., 2013]. In contrast, e↵ectiveness studies es-

timate the e↵ect of an intervention as delivered in real-world settings, outside of

research clinics and laboratories from therapists who may have less specialized train-

ing [Gartlehner et al., 2006]. In community-based e↵ectiveness studies intervention

fidelity is less closely monitored and is likely to be lower than in e�cacy studies. Chil-

dren in e�cacy studies may not be representative of the ASD population due to strict

inclusion criteria and recruitment that takes place through academic research settings

rather than typical community sources that employ minimal inclusion criteria [Kasari

and Patterson, 2012]. The purpose of this systematic review and meta-analysis was to

evaluate existing research on the e↵ectiveness of early behavioral interventions admin-

istered in community settings, and where possible, combine evidence across studies

through meta-analytic techniques. We found three outcome domains that were com-

mon across three or more studies and were included in a meta-analysis: adaptive

behavior, cognitive functioning, and joint attention.

5.2 Methods

Database Search The PubMed database was searched on July 30, 2016 for peer-

reviewed manuscripts related to early interventions for children with ASD. The search

terms used were (autism or autism spectrum disorder) AND e↵ectiveness AND inter-

vention. Study abstracts were reviewed to ensure studies met the inclusion criteria

below. Studies were included if: 1. Participants were children with ASD below the

average age of six. 2. The study used a group design. 3. The study focused on a

behavioral intervention. 4. The intervention was delivered by a person (i.e., commu-

nity service provider, parent, teachers). 5. The study was conducted in a community

setting (i.e., a school, home, or community-based care center) 6. The study was pub-

lished in English. Studies were excluded if: 1. The study used single-subject design.

2. The intervention utilized biomedical, complementary and alternative medicine, or
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pharmaceutical agents. 3. Interventions were delivered through media (e.g. viewing

a video). The search of the PubMed database yielded 345 papers for review. Of

these, 263 papers were excluded from the review after an examination of the abstract

revealed that inclusion criteria were not met. Bibliography searches of the papers

identified by the PubMed database search and consultation with co-authors identi-

fied an additional three papers, bringing the total number of papers for inclusion to 23.

Of these, thirteen papers were excluded after review of the manuscript revealed that

the studies did not meet inclusion criteria, leaving ten total studies for review. Study

Assessment and Abstracting Studies included in the review were assessed on study

design, intervention protocol characteristics, outcomes measures, and estimated treat-

ment e↵ects. Two independent coders abstracted the results of these assessments on

pre-written forms. The coding results were compared to ensure that agreement on at

least 80% of items was achieved per study. If this 80% threshold was not reached, then

the coders met to come to a consensus through discussion. Consultation with senior

authors was conducted to resolve any further discrepancies. E↵ectiveness character-

istics that were assessed include: 1. Inclusion/exclusion criteria: Participants were

excluded only for conditions that would make delivery of the intervention unfeasible.

2. Setting: The primary setting for delivery of the intervention was a community

setting.

Methodological characteristics that were assessed include:

1. Whether a control group was included.

2. Whether intervention assignment was randomized.

3. Whether fidelity to intervention was assessed.

4. The size of the sample.

Study participant characteristics that were assessed: 1. The ages of the participants.

2. The percentage of males and females.

3. The racial/ethnic characteristics of the participants.

Intervention characteristics that were assessed:

1. Whether the intervention was targeted or comprehensive.

2. Whether there was parental involvement in the delivery of the intervention.

3. The time period during which participants received intervention.

Outcome measures and estimated treatment e↵ects were coded to compare study
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findings and, where appropriate, combine to assess through meta-analysis. Outcome

characteristics that were assessed:

1. Whether the outcome was measured as a continuous or categorical variable.

2. What domains the outcome assessed (i.e., cognitive functioning, core ASD symp-

toms, adaptive behavior).

3. How often the outcomes were measured during the study.

Data Analysis

E↵ect sizes were calculated for main outcome measures from each of the studies. We

used the standardized mean di↵erence as the e↵ect size statistic for all studies [Lipsey

and Wilson, 2001]. Although some studies reported study-specific e↵ect sizes, we

re-calculated e↵ect size to put each on the same metric across studies and to pro-

vide standard error estimates so that confidence intervals could be calculated. As a

result, the e↵ect sizes reported in this review may di↵er from e↵ect sizes reported

in the original studies. Confidence intervals for the e↵ect sizes were set at the 95%

confidence level. E↵ect sizes for outcomes that assessed similar domains (adaptive

behavior, cognitive development, and joint attention skills) were combined through

meta-analysis techniques. Random e↵ects meta-analysis models were used to account

for variation in choice of outcome measure, intervention method, and demographic

characteristics of study participants. Inverse variance weighting was used to account

for varying sample sizes. Combined e↵ect size estimates and 95% confidence intervals

were calculated from the meta-analyses.

5.3 Results

The full table of study characteristics appears in Appendix D. Characteristics related

to the methodological quality of the studies are given in Table 5.1.

E↵ectiveness Criteria

Inclusion/exclusion criteria: Nine of the ten studies allowed for inclusion of children

with comorbidity with other syndromes or disease unless that comorbidity would

preclude delivery of the intervention as intended. Setting: Studies in this review

either used a school (3), community-based care center (4), or the home (3) as the

setting for implementation.

Methodological Characteristics

Control group: Seven of ten reviewed studies had a control condition for comparison
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purposes [Kasari et al., 2014, Lawton and Kasari, 2012, Peters-Sche↵er et al., 2010,

Salt et al., 2002, Stadnick et al., 2015, Vivanti et al., 2014, Wetherby et al., 2014].

Three of ten studies used a single group pre- and post-test design [Eapen et al., 2013,

Ingersoll and Wainer, 2013, Smith et al., 2010].

Randomization: Randomization of participants into active intervention or control

groups was used in three of ten studies [Lawton and Kasari, 2012, Kasari et al., 2014,

Wetherby et al., 2014]. Among the studies that had a control or comparison group

but lacked randomization, reasons given for not using random assignment were either

ethical concerns about withholding treatment or logistical concerns.

Fidelity: Seven of ten studies reported that clinician fidelity was assessed [Ingersoll

and Wainer, 2013, Kasari and Patterson, 2012, Lawton and Kasari, 2012, Smith et al.,

2010, Stadnick et al., 2015, Vivanti et al., 2014, Wetherby et al., 2014], either at the

beginning of the study (three studies) or periodically throughout the intervention

(four studies). However, only two studies reported results related to fidelity measures.

Ingersoll and Wainer [2013] assessed parents ability to successfully implement the

Project ImPACT intervention using the Project ImPACT Fidelity Rating Scale and

reported pre- and post-intervention fidelity statistics for five subscales, as well as an

overall score. Wetherby et al. [2014] rated fidelity at the beginning of the study and

during approximately 20% of sessions.

Sample size: Sample sizes at the time of enrollment ranged from 16 to 112. The

average sample size was 45.9 (SD=30.9). Seven of the ten studies utilized a control

group. Sample sizes were evenly balanced between the intervention group and the

comparison group in all seven controlled studies. The average sample size for the

intervention groups was 27.5 (SD=18.0) compared to an average sample size of 25.8

(SD=16.1) for the comparison groups with a range from 5 to 30 for control groups

and 9 to 51 for active intervention groups.

Participant Characteristics

Participant age: All studies reported participant age. The average age of participants

ranged from 19.6 months to 55 months, with a median average age of 47.25 months.

Participant sex: Eight of ten studies reported the sex of the participants [Eapen et al.,

2013, Ingersoll and Wainer, 2013, Kasari et al., 2014, Salt et al., 2002, Smith et al.,

2010, Stadnick et al., 2015, Vivanti et al., 2014, Wetherby et al., 2014].

Participant race/ethnicity: Seven of ten studies reported the race/ethnicity of the
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participants [Eapen et al., 2013, Ingersoll and Wainer, 2013, Kasari et al., 2014, Law-

ton and Kasari, 2012, Salt et al., 2002, Stadnick et al., 2015, Wetherby et al., 2014].

Studies did not report ethnicity and race in a consistent way. Some studies reported

race/ethnicity as a binary characteristic (e.g. white vs. non-white) while other studies

included a range of racial/ethnic categories.

Intervention Characteristics

Targeted vs Comprehensive: Six of ten studies were of comprehensive interventions

[Eapen et al., 2013, Peters-Sche↵er et al., 2010, Salt et al., 2002, Smith et al., 2010,

Vivanti et al., 2014, Wetherby et al., 2014]. Of these, four were intensive interventions

(over 15 hours per week) and two were low intensity, comprehensive interventions.

Four of ten studies were of targeted interventions of low intensity (weekly sessions of

1-2 hours) [Ingersoll and Wainer, 2013, Kasari et al., 2014, Lawton and Kasari, 2012,

Stadnick et al., 2015]. Parental involvement: Eight of ten studies included some

parental component in the intervention [Ingersoll and Wainer, 2013, Kasari et al.,

2014, Peters-Sche↵er et al., 2010, Salt et al., 2002, Smith et al., 2010, Stadnick et al.,

2015, Vivanti et al., 2014, Wetherby et al., 2014]. However, the extent to which

primary caregivers were involved in implementing the intervention varied. In five

studies, parents or caregivers were a primary intervention agent [Ingersoll and Wainer,

2013, Kasari et al., 2014, Smith et al., 2010, Stadnick et al., 2015, Wetherby et al.,

2014]. In three studies, parents were o↵ered training and encouraged to implement

the intervention strategies in the home, but were not a primary intervention agent

[Peters-Sche↵er et al., 2010, Salt et al., 2002, Vivanti et al., 2014]. Intervention

length: Length of intervention varied depending on the type of intervention under

study. Comprehensive behavioral interventions had longer intervention durations,

from 3 months to 12 months. Targeted interventions focused on teaching specific

skills had shorter intervention durations, ranging from 5 to 12 weeks.

Outcome Characteristics

Types of outcomes: The types of outcomes assessed and the measures used varied

across studies depending on the type of intervention under investigation. Comprehen-

sive early interventions that aim to improve outcomes across a wide range of devel-

opmental characteristics assessed a wide range of developmental outcomes, including
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intellectual functioning, social skills, severity of ASD symptoms, and development

of adaptive behaviors. Targeted interventions tended to assess a more limited range

of outcomes including the specific skill domains targeted by the intervention. The

most frequently used outcome measure was the Vineland Adaptive Behavior Scales

(VABS). Five of ten studies used the Vineland Adaptive Behavior Composite as an

analysis outcome [Eapen et al., 2013, Peters-Sche↵er et al., 2010, Salt et al., 2002,

Vivanti et al., 2014, Wetherby et al., 2014], while one study used the Communication

and Socialization subscales [Stadnick et al., 2015]. Six of ten studies measured cogni-

tive development; three used the Mullen Scales of Early Learning [Eapen et al., 2013,

Vivanti et al., 2014, Wetherby et al., 2014], two used measures of mental age [Peters-

Sche↵er et al., 2010, Smith et al., 2010], and one used the Bayley Scales of Infant

Development [Salt et al., 2002]. Six of ten studies assessed ASD symptom sever-

ity as an outcome; two used the Autism Diagnostic Observation Schedule [Vivanti

et al., 2014, Wetherby et al., 2014], one used the Social Communication Question-

naire [Eapen et al., 2013], two used the Social Responsiveness Scale [Ingersoll and

Wainer, 2013, Smith et al., 2010], and one used the Pervasive Development Disorder

in Mentally Retarded Persons scale [Peters-Sche↵er et al., 2010]. Three of ten studies

used measures of specific behaviors; all three included a measure of joint attention

[Kasari et al., 2014, Lawton and Kasari, 2012, Salt et al., 2002].

5.4 Forest Plots and Meta-Analyses

Adaptive behavior: For adaptive behavior as measured by the VABS, results from

five studies were able to be included in the meta-analysis. One study that used VABS

as an outcome measure was excluded due to lack of a control group for comparison.

All five studies were controlled, but only one of the five was randomized. A forest

plot of the e↵ect size estimates and 95% confidence intervals, and the combined e↵ect

size estimate, is shown in Figure 5.1. Based on the estimated combined e↵ect size of

0.67 (95% CI: (0.08, 1.26)), we conclude there is evidence for a moderate association

between intervention and improvement in adaptive behavior.

Cognitive development: For cognitive development, results from three studies were

able to be included in a meta-analysis. Two studies that used a measure of cogni-

tive development as an outcome were excluded due to lack of a control group for
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Figure 5.1: Forest plot of estimates for the Vineland Adaptive Behavior Scale out-
come.

comparison, while another was excluded because data on cognitive development were

only reported at baseline. All included studies were controlled, but only one was

randomized. A forest plot of the e↵ect size estimates and 95% confidence intervals,

along with the combined e↵ect size estimate, is shown in Figure 5.2. The estimated

combined e↵ect size was 0.8 (95% CI: (-0.01, 1.61)). We conclude that there is evi-

dence for a moderate association between intervention and improvement in cognitive

development, although this association was not significant at the 0.05 significance

level.

Joint attention: For joint attention skills, results from three studies were able to

be included in a meta-analysis. All of the studies were controlled, and two out of the

three were randomized. A forest plot of the e↵ect size estimates and 95% confidence

intervals, along with the combined e↵ect size estimate, are shown in Figure 5.3.

Based on the estimated combined e↵ect size of 1.06 (95% CI: (0.26, 1.86)), there is

evidence to suggest a large association between behavioral therapy interventions for

improving joint attention skills.
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Figure 5.2: Forest plot of estimates for the cognitive development outcome.

Figure 5.3: Forest plot of estimates for joint attention outcome.
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Table 5.1: Characteristics of the review studies related to methodological quality.

Author (Year)
Control Arm
(Yes/No)

Randomization
(Yes/No)

Sample
Size

Fidelity
Measured

Manualized
Intervention

Eapen (2013) No No 26 No Yes
Ingersoll (2013) No No 27 Yes Yes
Kasari (2014) Yes Yes 112 Yes Yes
Lawton (2012) Yes Yes 16 Yes Yes
Peters-Sche↵er (2010) Yes No 34 No Yes
Salt (2002) Yes No 20 No No
Smith (2010) No No 53 Yes Yes
Stadnick (2015) Yes No 30 Yes Yes
Vivanti (2014) Yes No 59 Yes Yes
Wetherby (2014) Yes Yes 82 Yes Yes

5.5 Discussion

Evidence from studies of early ASD interventions conducted in community settings

provide strong meta-analytic evidence that behavioral interventions for young chil-

dren with ASD are associated with improved adaptive functioning and joint attention.

Weaker evidence was found for improved cognitive function. These results are consis-

tent with those of highly controlled e�cacy trials that also demonstrate evidence of

significantly improve developmental outcomes for children with ASD who participate

in early ASD intervention. Previous reviews have called for greater methodological

rigor in studies of early ASD intervention (Howlin Magiati, 2009) (Warren et al.,

2011). Although many of the studies conducted in community-based settings had

control groups for comparison, only three of ten featured randomization of partic-

ipants to treatment groups. Lack of randomization may be due to reluctance on

the part of community care providers to exclude a subset of individuals from the

intervention program being tested. This sometimes results in the perception that

community care provider goals are in conflict with the goals of academic researchers

(Vivanti et al., 2014). Ethical concerns over withholding treatment were often cited

as a primary reason for using a wait-list control group rather than utilizing a random-

ized control group. As researchers move increasingly toward implementing studies in

community-based settings, attention to establishing collaborative partnerships and
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communication about the critical role of randomization for determining e↵ectiveness

may be able to increase the number of randomized trials in community-based studies.

However, even conclusions from methodologically strong studies will be limited if

the sample size is small. Issues related to the di�culty of conducting large-scale stud-

ies of ASD intervention are well-known [Howlin and Magiati, 2009, Wetherby et al.,

2014]. Sample sizes in studies of behavioral interventions for children with ASD are

constrained by both the nature of these interventions and the cost of conducting these

types of studies. The interventions require a large time commitment from those im-

plementing and participating, thus restricting the number of children that can feasibly

be enrolled. In addition, finding a su�cient number of children with ASD to enroll in

a small geographic area can be di�cult due to the prevalence of ASD in the overall

population. Given these natural limitations on study size, combining quantitative

evidence across studies through meta-analyses will be crucial for understanding the

impact of these interventions. Meta-analytic techniques provide a way to improve the

strength of the evidence for behavioral interventions in the near-term future, without

the need for drastic increases in the sample sizes of individual studies. However, the

key consideration in performing a meta-analysis is whether it is appropriate to com-

bine e↵ect size estimates across studies. Future investigators should consider using

a core battery of common outcome measures and include crucial information when

report study results. Specifically, the size of the sample at recruitment as well as the

number of individuals included in each analysis should be explicitly stated. Means and

standard deviations of outcome measures at baseline and all follow-up times should

be reported. Since treatment e↵ects are often quantified in terms of the di↵erence

between the outcome measured at follow-up and the outcome measured at baseline,

means and standard deviations of these di↵erences are also needed. Planning, con-

ducting, and disseminating results with an eye toward inclusion in a systematic review

or meta-analysis will support progress in this critical area. One concern when moving

from e�cacy to e↵ectiveness studies is whether fidelity to the intervention is main-

tained. Implementation fidelity may need special attention in e↵ectiveness studies due

to the challenges of conducting research in community settings. Progress in this area

will rely on creative solutions for measuring implementation fidelity and for studies

that include fidelity measures, reporting this data will improve future e↵ectiveness

studies. The majority of studies reported some form of fidelity data but this often
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took the form of a single summary measure of fidelity assessed once during the study.

Less common were detailed statistics on the nuanced components of fidelity such as

adherence, dose, and quality of intervention delivery (Proctor et al., 2011) as well as

longitudinal fidelity data collection throughout the duration of the study. As behav-

ioral intervention studies move from tightly controlled environments to community

settings, detailed information on the extent to which the interventions as developed

were actually delivered will aid in understanding their e↵ectiveness. Additionally,

this information could contribute to the identification of ASD sub-types as well as

the refinement of existing interventions [Stahmer et al., 2016]. However, as discussed

in Kendall and Beidas [2007], researchers may need to allow for greater flexibility in

fidelity (p. 13) when implementing interventions in community settings.

5.6 Limitations

The meta-analyses presented in this review provide evidence for the e↵ectiveness of

early behavioral interventions. However, the small number of studies that were able

to be included in the meta-analyses was a limitation. As a result, the combined

e↵ect size estimates are not as precise as they would be with a greater number of

studies. As more controlled trials of behavioral interventions in real-world settings

accumulate in the literature, it will be important to perform updated meta-analyses

to obtain more precise e↵ect-size estimates. The studies used in the meta-analyses

were all controlled trials. However, most studies were not randomized. Future reviews

with more randomized trials could restrict meta-analyses to only those studies with

randomization, thereby increasing the reliability of the results.

5.7 Conclusion

Preliminary evidence suggests that early ASD interventions may be e↵ective in im-

proving adaptive functioning and joint attention, and possibly IQ. Our review demon-

strated a need for more community-based trials of early ASD intervention and for

continued attention to increased methodological rigor in future e↵ectiveness studies,

with an emphasis on utilizing random assignment when possible and increasing sam-

ple sizes. Randomization may be challenging to implement in community settings

due to concerns about withholding potentially e↵ective treatment from children but
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as Vivanti et al. [2014] stressed, establishing partnerships and shared understanding

between academic researchers and community care providers may increase opportuni-

ties for random assignment. As more studies focused on e↵ectiveness are conducted,

meta-analytic techniques can be used to address issues related to small sample sizes

and to increase confidence in the overall evidence.
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Chapter 6

DISCUSSION

In Chapter 1, I considered the case of a single-site RCT with multiple versions

of control and potential treatment-arm noncompliance. The framework for model-

ing the versions of control was based on a particular pattern of control group het-

erogeneity often seen in trials of behavioral interventions. This pattern of control

group heterogeneity motivated the extensions and modifications of the consistency

and monotonicity assumptions beyond their usual formualations. I demonstrated

that the causal estimands �01 and �21 remain unidentified even with these modi-

fied assumptions and the exclusion restriction assumption. I then derived identifiable

bounds on these quantities, and showed how estimation and inference for these bounds

can be performed. An area for future research would be seeing how baseline covariates

can possibly tighten the bounds. Another area for future research is extending the

results obtained here for a binary outcome to the case of a continuous but bounded

outcome.

In Chapter 2, I considered identification of these causal estimands when data

are available from multiple populations, using the case of a multi-site RCT as a

motivating example. I showed that point identification of these causal estimands is

possible with data from multiple populations when a constant treatment e↵fect is

assumed across the populations so long as the exclusion restriction holds in each site

and the distributions of the principal strata across sites satisfy certain conditions. I

also showed how tighter bounds on �01 and �21 can be obtained using data from

multiple populations when the exclusion restriction assumption does not hold. Areas

for future research include evaluation of the theoretical properties of these tighter

bounds, as well as extension of this framework to the case where outcomes within the

same site are considered correlated.

In Chapter 3, I showed that previously proposed likelihood-based methods for

adjusting for partial compliance to treatment in RCTs lead to inconsistent estimation

of their target of inference under two of the most commonly specified outcome mod-
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els, the linear regression model for a normally distributed outcome and the logistic

regression model for a binary outcome. I proposed an alternative likelihood-based

method, but demonstrated that it has issues with consistency and bias as well. The

conclusion I reached was that the problems lie not so much with the estimation pro-

cedures but more so with the partial compliance models themselves. These models

simply rely too much on the unidentified joint distribution of potential compliance

behaviors. As such, they are more likely than not to produce misleading results and

should be avoided in practice.

In Chapters 4 and 5, I presented more applied work aimed at two important

but sometimes overlooked roles for statisticians when working with collaborators:

educator and fellow scientist. In Chapter 4, I presented a tutorial along with sta-

tistical software for impementing a Bayesian approach to causal inference in RCTs

with binary non-compliance. Both the tutorial and the software were written with

the intended audience of a researcher or scientist interested in these methods but

without the statistical or mathematical training necessary to fully understand the

source materials or implement the methods themselves. Such researchers likely make

up a significant portion of the people actually performing data analysis in the real

world. Hence, I believe it is vital that all statisticians, not just those in charge of

classrooms, embrace the role of educator. At the same time, I believe it is important

that statisticians make an e↵ort to understand the science behind the projects that

they are involved in. Such e↵orts will not only lead to improved analyses, but will also

help prevent statisticians from being viewed by their collaborators as mere ”number

crunchers”.
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Appendix A

A.1 Proofs

Proof of Lemma 1

Consistency.

Each estimator q̂
dy·z can be written as a ratio of sample means
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= y)1(Z
i

= z)]

= E

Z

[1(Z
i

= z)E[1(D
i

= d)1(Y
i

= y) | Z
i

= z]]

= P (Z
i

= z)P (Y
i

= y,D

i

= d | Z
i

= z)

= P (Z
i

= z)q
dy·z.

Similarly, by the WLLN the denominator converges in probability to its expecta-

tion

1

n

nX

i=1

1(Z
i

= z)
p! E[1(Z

i

= z)]

= P (Z
i

= z).
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Thus by Slutksy’s Theorem and the Continuous Mapping Theorem, the ratio of these

quantities converges in probability to the ratio of their respective limits,

1
n

P
n

i=1 1(Di

= d)1(Y
i

= y)1(Z
i

= z)
1
n

P
n

i=1 1(Zi

= z)
p! (P (Z

i

= z))�1
P (Z

i

= z)P (Y
i

= y,D

i

= d | Z
i

= z)

= q

dy·z.

Asymptotic Normality.

Let p̂1 = 1
n

P
n

i=1 1(Zi

= 1) and p̂0 = 1
n

P
n

i=1 1(Zi

= 0). The quantities q̂

dy·z � q

dy·z

can be written

q̂

dy·z � q

dy·z =
1
n

P
n

i=1 1(Di

= d)1(Z
i

= z)1(Y
i

= y)
1
n

P
n

i=1 1(Zi

= z)
� q

dy·z

= (
1

n

nX

i=1

1(Z
i

= z))�1 1

n

nX

i=1

1(D
i

= d)1(Y
i

= y)1(Z
i

= z)� q

dy·z

= (
1

n

nX

i=1

1(Z
i

= z))�1(
1

n

nX

i=1

1(D
i

= d)1(Y
i

= y)1(Z
i

= z)� q

dy·z
1

n

nX

i=1

1(Z
i

= z))

= (
1

n

nX

i=1

1(Z
i

= z))�1 1

n

nX

i=1

(1(D
i

= d)1(Y
i

= y)� q

dy·z)1(Zi

= z)

⌘ (p̂
z

)�1
q̃

dy·z.

and thus the vector q̂ � q can be written as

q̂ � q = P̂

�1
q̃
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where P̂ is the 8⇥ 8 diagonal matrix with entries

P̂ =

0

BBBBBBBBBBBBBB@

p̂0 0 0 0 0 0 0 0

0 p̂0 0 0 0 0 0 0

0 0 p̂0 0 0 0 0 0

0 0 0 p̂0 0 0 0 0

0 0 0 0 p̂0 0 0 0

0 0 0 0 0 p̂1 0 0

0 0 0 0 0 0 p̂1 0

0 0 0 0 0 0 0 p̂1

1

CCCCCCCCCCCCCCA

. The elements of q̃ are sample means of the centered random variables X

dy·z =

(1(D = d)1(Y = y)� q

dy·z)1(Z = z) which have expectation and variance

E[X
dy·z] = 0

V ar[X
dy·z] = p

z

q

dy·z(1� q

dy·z).

For d, y, d0, y0 where either d 6= d

0, y 6= y

0 or both, the covariance is given by

Cov(X
dy·z, Xd

0
y

0·z) = �p

z

q

dy·zqd0y0·z.

By the CLT,

p
nq̃

d! N8(0,⌃
⇤
q

)

where

⌃⇤
q

=

 
p0⌃0 0

0 p1⌃1

!

By the WLLN

p̂

z

p! p

z
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and thus by the Continuous Mapping Theorem

P̂

�1
p! P

�1

where

P =

0

BBBBBBBBBBBBBB@

p0 0 0 0 0 0 0 0

0 p0 0 0 0 0 0 0

0 0 p0 0 0 0 0 0

0 0 0 p0 0 0 0 0

0 0 0 0 p0 0 0 0

0 0 0 0 0 p1 0 0

0 0 0 0 0 0 p1 0

0 0 0 0 0 0 0 p1

1

CCCCCCCCCCCCCCA

.

We can therefore conclude that

p
n(q̂ � q) = P̂

�1p
nq̃

d! N8(0,P
�1⌃⇤

q

P

�1)

= N8(0,⌃q

)

by Slutsky’s theorem. ⌅

Proof of Lemma 2

Identifiability of Causal Parameters !

d0d1 and p

d0d1·z

First, we note that the quantities

q

dy·z = P (Y = y,D = d | Z = z)

are defined completely in terms of the observed triples (Y,D, Z) and thus are self-

evidently identified. We now show that the causal parameters ! = (!00,!01,!11,!21)

which determine the distribution of the principal strata are point identified. For

d = 1, 2,
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!

d1 = P (D(0) = d,D(1) = 1)

= P (D(0) = d)P (D(1) = 1 | D(0) = d)

= P (D(0) = d) by the self-motivated treatment assumption

= P (Y = 0, D = d | Z = 0) + P (Y = 1, D = d | Z = 0) by consistency

= q

d0·0 + q

d1·0

The parameter !00 can be written

!00 = P (D(0) = 0, D(1) = 0)

= P (D(1) = 0)P (D(0) = 0 | D(1) = 0)

= P (D(1) = 0) by the self-motivated treatment assumption

= P (Y = 1, D = 0 | Z = 1) + P (Y = 0, D = 0 | Z = 1) by consistency

= q01·1 + q00·1

Finally, since the strata membership probabilities must sum to 1, we have that

!01 = P (D(0) = 0, D(1) = 1)

= 1� (!00 + !11 + !21)

= 1� (q01·1 + q00·1 + q10·0 + q11·0 + q20·0 + q21·0)

Since the strata membership probabilities !

d0d1 are expressible in terms of the ob-

served quantities q, it follows that they are point identified.

We now examine the identifiability of the causal outcome parameters p

d0,d1·z =

P (Y (z) = 1 | D(0) = d0, D(1) = d1) for z 2 {0, 1} and (d0, d1) 2 D, first under

Assumptions 1-4 only and then under Assumptions 1-5.

Identifiability of Causal Outcome Parameters under Assumptions 1-4

For d = 1, 2,
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p

d1·0 =
P (Y (0) = 1, D(0) = d,D(1) = 1)

P (D(0) = d,D(1) = 1)

=
P (Y (0) = 1, D(0) = d)P (D(1) = 1 | Y (0) = 1, D(0) = d)

!

d1

=
q

d1·0

!

d1
(self-motivated treatment and consistency assumptions).

For d0 = 0, d1 = 0 and z = 1, we have

p00·1 =
P (Y (1) = 1, D(0) = 0, D(1) = 0)

P (D(0) = 0, D(1) = 0)

=
P (Y (1) = 1, D(1) = 0)P (D(0) = 0 | Y (1) = 1, D(1) = 0)

!00

=
q01·1

!00
(self-motivated treatment and consistency assumptions).

Thus, under Assumptions 1-4 the causal outcome parameters p11·0, p21·0 and p00·1

are point identified. For the remaining causal outcome parameters, we have that

q00·0 = P (Y = 1, D = 0 | Z = 0)

= P (Y (0) = 1, D(0) = 0) (consistency assumption)

= P (Y (0) = 1, D(0) = 0, D(1) = 0) + P (Y (0) = 1, D(0) = 0, D(1) = 1)

= !00p00·0 + !01p01·0

and

q11·1 = P (Y = 1, D = 1 | Z = 1)

= P (Y (1) = 1, D(1) = 1) (consistency assumption)

= P (Y (1) = 1, D(0) = 0, D(1) = 1) + P (Y (1) = 1, D(0) = 1, D(1) = 1)

+ P (Y (1) = 1, D(0) = 2, D(1) = 1)

= !01p01·1 + !11p11·1 + !21p21·1.

Hence, the causal outcome parameters p01·1, p01·0 and p21·0 are unidentified under
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Assumptions 1-4.

Identifiability of Causal Outcome Parameters under Assumptions 1-5 We now

examine the identifiability of the causal outcome parameters under Assumptions 1-5.

For d = 1, 2, we have that

p

d1·0 =
P (Y (0) = 1, D(0) = d,D(1) = 1)

P (D(0) = d,D(1) = 1)

=
P (Y (0) = 1, D(0) = d)P (D(1) = 1 | Y (0) = 1, D(0) = d)

!

d1

=
q

d1·0

!

d1
(self-motivated treatment and consistency assumptions).

For d0, d1 = 0 and z = 1, we have that

p00·1 =
P (Y (1) = 1, D(0) = 0, D(1) = 0

P (D(0) = 0, D(1) = 0)

=
P (Y (1) = 1, D(1) = 0)P (D(0) = 0 | Y (1) = 1, D(1) = 0)

P (D(0) = 0, D(1) = 0

=
q01·1

!00
.

By Assumption 5 (exclusion restriction), p00·0 = p00·1 and so p00·0 is point identified

as well. Finally, since

P (Y (0) = 1) = P (Y = 1 | Z = 0)

= !00p00·0 + !01p01·0 + !11p11·0 + !21p21·0

we can see by rearranging terms that p11·0 is expressible in terms of point iden-

tified quantities and thus is point identified as well. By Assumption 5, p11·1 is point

identified as well. Thus, under Assumptions 1-5, the causal outcome parameters

p00·0, p01·0, p11·0, p21·0, p00·1, and p11·1 are point identified.
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For p01·1 and p21·1, we can see from the relationship

q11·1 � q11·0 = P (Y = 1, D = 1 | Z = 1)� P (Y = 1, D = 1 | Z = 0)

= P (Y (1) = 1, D(1) = 1)� P (Y (0) = 1, D(0) = 1)

= !01p01·1 + !11p11·1 + !21p21·1 � !11p11·0

= !01p01·1 + !21p21·1 (exclusion restriction assumption)

that the causal outcome parameters p01·1 and p21·1 are not point identified.

Proof of Lemma 3

Each of the estimators given in this lemma can be written as a function f of the

estimators q̂, where the function f is given by the identifying equations presented in

Lemma 2. By inspecting the right-hand sides of these identifying equations, it is

obvious that these are continuous functions. It was established in Lemma 1 that q̂

is a
p
n consistent and asymptotically normal estimator for q. Hence, it follows from

the Continuous Mapping Theorem and the Delta Method that each of the estimators

considered in Lemma 3 must be a
p
n consistent and asymptotically normal estimator

for its respective population parameter.

A.2 Functions Related to Large Sample Distributions of Bounds Esti-
mators

In this appendix, we give detailed expressions for the functions that relate the vector

of observed-data quantities q to the expressions for the modified upper and lower

bounds on �01 and �21 described in Section 1.6. These functions can in turn be

used to approximate the asymptotic distribution for the upper and lower bounds. We

start with the form of the upper and lower bounds under Assumptions 1-4.

Let g01 : R8 7! R2 be the function given by

g01(x1, x2, . . . , x7, x8) =

 
g

1
01(x1, x2, . . . , x7, x8)

g

2
01(x1, x2, . . . , x7, x8)

!

=

 
x8�x1�x6�x7

1�(x2+x3+x4+x5+x6+x7)
x8�x3�x2�x4�x5�x7

1�(x2+x3+x4+x5+x6+x7)

!
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and let g21 : R8 7! R2 be the function given by

g21(x1, x2, . . . , x7, x8) =

 
g

1
21(x1, x2, . . . , x7, x8)

g

2
21(x1, x2, . . . , x7, x8)

!

=

 
x8�x5
x4+x5

x8�x3�x2�(1�
P7

i=2 xi)�x5

x4+x5

!

If the unrestrained upper and lower bounds on the parameters p01·1, p01·0 and p21·1

all fall in the interval [0, 1], then evaluating g01 at q yields the upper and lower bounds

(�U

01,�
L

01)
T for �01 derived under Assumptions 1-4, while evaluating it at q̂ yields

the estimators (�̂U

01, �̂
L

01)
T . Similarly, evaluating g21 at q yields the upper and lower

bounds (�U

21,�
L

21)
T for �21 derived under Assumptions 1-4, while evaluating it at q̂

yields the estimators (�̂U

21, �̂
L

21)
T .

We now describe the form of the upper and lower bounds on �01 and �21 under

Assumptions 1-5. Let h01 : R8 7! R2 be the function given by

h01(x1, x2, . . . , x7, x8) =

 
h

1
01(x1, x2, . . . , x7, x8)

h

2
01(x1, x2, . . . , x7, x8)

!

=

 
x8�x2�x1+x7

1�(x2+x3+x4+x5+x6+x7)
x8�x2�x1+x7�x4�x5

1�(x2+x3+x4+x5+x6+x7)

!

and let h21 : R8 7! R2 be the function given by

h21(x1, x2, . . . , x7, x8) =

 
h

1
21(x1, x2, . . . , x7, x8)

h

2
21(x1, x2, . . . , x7, x8)

!

=

 
x8�x2�x5
x4+x5

x8�x2�(1�(x2+x3+x4+x5+x6+x7)�x5

x4+x5

!
.

If the unrestrained upper and lower bounds on the parameters p01·1 and p21·1 both

fall in the interval [0, 1], then evaluating h01 at q yields the upper and lower bounds
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(�U

01,�
L

01)
T for �01 derived under Assumptions 1-5, while evaluating it at q̂ yields

the estimators (�̂U,ER

01 , �̂L,ER

01 )T . Similarly, evaluating h21 at q yields the upper and

lower bounds (�U

21,�
L

21)
T ) for �21 derived under Assumptions 1-5, while evaluating

it at q̂ yields the estimators (�̂U,ER

21 , �̂L,ER

21 )T .
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Appendix B

Proof of Lemma 6.

Consistency.

The estimators q̂
dy·zk can be written as a ratio of sample means

q̂

dy·zk =
1
n

P
n

i=1 1(Yi

= y)1(D
i

= d)1(Z
i

= z)1(S
i

= s)
1
n

P
n

i=1 1(Zi

= z)1(S
i

= s)
.

By the Weak Law of Large Numbers (WLLN), the numerator converges in prob-

ability to E[1(Y
i

= y)1(D
i

= d)1(Z
i

= z)1(S
i

= s)] = P (Y = y,D = d, Z =

z, S = s). Similarly, by the WLLN the denominator converges in probability to

E[1(Z
i

= z)1(S
i

= s)] = P (Z = z, S = s). Thus, by Slutsky’s Theorem and the

Continuous Mapping Theorem we have that

q̂

dy·zk
p! P (Y = y,D = d, Z = z, S = s)

P (Z = z, S = s)

= P (Y = y,D = d | Z = z, S = s). ⌅

Asymptotic Normality.

By the assumption of independence between sites, we can consider the asymptotic

behavior of the observed-data vectors q

k

separately. We let p̂1k = 1
n

P
n

i=1 1(Zi

=

1)1(S
i

= k) and p̂0k = 1
n

P
n

i=1 1(Zi

= 0)1(S
i

= k). For the k

th site, the quantities
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q̂

dy·zk � q

dy·zk can be written

q̂

dy·z � q

dy·z =
1
n

P
n

i=1 1(Di

= d)1(Z
i

= z)1(Y
i

= y)1(S
i

= k)
1
n

P
n

i=1 1(Zi

= z)1(S
i

= k)
� q

dy·zk

= (
1

n

nX

i=1

1(Z
i

= z)1(S
i

= s))�1 1

n

nX

i=1

1(D
i

= d)1(Y
i

= y)1(Z
i

= z)1(S
i

= k)� q

dy·zk

= (
1

n

nX

i=1

1(Z
i

= z)1(S
i

= k))�1 1

n

nX

i=1

(1(D
i

= d)1(Y
i

= y)� q

dy·zk)1(Zi

= z)1(S
i

= k)

⌘ (p̂
zk

)�1
q̃

dy·zk,

and thus the vector q̂
k

� q

k

can be written

q̂

k

� q

k

= Ẑ

�1

k

q̃

k

where Ẑ

k

is a 8⇥ 8 diagonal matrix with entries

Ẑ =

0

BBBBBBBBBBBBBB@

p̂0k 0 0 0 0 0 0 0

0 p̂0k 0 0 0 0 0 0

0 0 p̂0k 0 0 0 0 0

0 0 0 p̂0k 0 0 0 0

0 0 0 0 p̂0k 0 0 0

0 0 0 0 0 p̂1k 0 0

0 0 0 0 0 0 p̂1k 0

0 0 0 0 0 0 0 p̂1k

1

CCCCCCCCCCCCCCA

.

The elements of q̃
k

are sample means of the centered random variables X
dy·zk =

(1(D = d)1(Y = y)� q

dy·zk)1(Si

= k)1(Z = z) which have expectation and variance

E[X
dy·zk] = 0

V ar[X
dy·zk] = p

zk

q

dy·zk(1� q

dy·zk).
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For d, y, d0, y0 where either d 6= d

0, y 6= y

0 or both, the covariance is given by

Cov(X
dy·zk, Xd

0
y

0·zk) = �p

z

q

dy·zkqd0y0·zk.

By the CLT,

p
nq̃

k

d! N8(0,⌃
⇤
qk

)

where

⌃⇤
q

=

 
p0k⌃0k 0

0 p1k⌃1k

!
.

By the LLN

p̂

zk

p! p

zk

and thus by the Continuous Mapping Theorem

Ẑ

�1

k

p! Z

�1
k

where

Z

k

=

0

BBBBBBBBBBBBBB@

p0k 0 0 0 0 0 0 0

0 p0k 0 0 0 0 0 0

0 0 p0k 0 0 0 0 0

0 0 0 p0k 0 0 0 0

0 0 0 0 p0k 0 0 0

0 0 0 0 0 p1k 0 0

0 0 0 0 0 0 p1k 0

0 0 0 0 0 0 0 p1k

1

CCCCCCCCCCCCCCA

.
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We can therefore conclude that

p
n(q̂

k

� q

k

) = Ẑ

�1

k

p
nq̃

k

d! N8(0,Z
�1
k

⌃⇤
q

Z

�1
k

)

= N8(0,⌃qk

)

by Slutsky’s theorem. Thus, by the independence of the data from the K sites it

follows that

p
n(q̂ � q)

d! N8K(0,⌃q). ⌅
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