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Optical Neural Networks (ONNs) offer a promising alternative to electronic networks for

artificial intelligence computing by leveraging the speed of light, providing lower power

consumption and latency. However, implementing ONNs remains challenging due to high

energy cost of nonlinear operations and the precise alignment required for multi-layer optical

systems. Previous research introduced hybrid approaches that combine an optical frontend

for fast computation with an electronic backend for nonlinear processing. While end-to-

end optimization for hybrid ONNs has been demonstrated on specific datasets and optical

configurations, these approaches typically lack generalization across tasks and hardware

design. This is primarily due to the optical frontend’s inability to reliably mimic the feature

extraction capabilities of state-of-the-art electronic networks.

In my research, I proposed to transfer knowledge from electronic networks to hybrid

electro-photonic convolutional neural networks, enabling the optical frontend to capture

features similar to electronic networks while simplifying the model architecture. I trained

the hybrid network using a teacher-student transfer learning framework, where a nonlinear

electronic teacher network guided the optical frontend to learn features while circumventing

nonlinearity. Next, I collaborated with colleagues to compress the convolutional layers of

electronic networks (e.g., AlexNet) into a single layer, reducing the need for precise optical

alignment and lowering computational costs. Compared with previous works, this approach



reduced latency and power consumption while improving feature alignment via transfer

learning.

Furthermore, considering a continual learning setting, I introduced a novel tangent

kernel loss as an effective approach for a transfer learning framework. Then, I integrated

the approach based on tangent kernel loss into ONNs to form a unified pipeline, Neural

Tangent Knowledge Distillation (NTKD). This task-agnostic and hardware-agnostic framework

supports image classification and segmentation across diverse optical systems. Experiments

on multiple datasets and hardware configurations show that NTKD pipeline consistently

enhances accuracy and enables practical deployment in both pre-fabrication simulations and

physical implementations.
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Chapter 1

INTRODUCTION

1.1 Background

Optical Neural Networks (ONNs) are optical computing systems leveraging the properties of

light to perform neural network operations, offering an alternative to AI computations [4].

ONNs have the potential to enhance computing speed and energy efficiency [5]. Compared

to electronic networks, which require high power consumption, ONNs consume significantly

less power making them well-suited for large-scale computations. Moreover, ONNs enable

high-speed processing due to the rapid propagation of light, which is instrumental in reducing

latency [6]. Furthermore, the inherent parallelism of optical systems allows ONNs to process

large volumes of data simultaneously, enhancing both efficiency and computational capacity

over electronic systems [7].

The adoption of ONNs has been limited by challenges such as large device sizes, sensi-

tivity to misalignment, and nonlinearity [7]. During 1980s and 1990s, electronic computing

and software technologies advanced rapidly, outperforming optical technologies in practical

applications [8, 9, 10]. These limitations of optical technologies, combined with limited

research and development of neural networks, slowed progress in optical computing during

this period [11, 12, 13]. Recent developments in photonics have begun to address these

obstacles, introducing solutions such as miniaturization, tunability, and nonlinear photonic

interactions [14, 15]. Meanwhile, the growing limitations of electronic computing, especially in

terms of power consumption and latency, have renewed interest in optical computing as a so-

lution to the rising computational demands of AI, particularly in fields such as computational

imaging and computer vision.

Recent advances have led to the development of three primary approaches for implement-
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Figure 1.1: Summary of Research Contributions. This figure presents a unified transfer-

learning framework for optical neural networks (ONNs) that I have introduced. The framework

is built upon two core algorithmic components: knowledge distillation and tangent kernel

based optimization. It demonstrates four applications: one-time optical transfer, meta-optical

encoder compression, class incremental learning with GTK loss, and NTK guided optical

convolutional networks.

ing ONNs: fully optical systems, physically nonlinear ONNs, and hybrid optical-electronic

ONNs. Fully optical systems employ multiple layers of diffractive optics and achieve com-

petitive classification accuracy under coherent illumination at terahertz and near-infrared

wavelengths [16, 17, 18]. Their operations are linear, as optical components naturally perform

linear transformations on light waves. Physically nonlinear ONNs introduce nonlinearity

through mechanisms such as atomic vapor cells [19, 20] or image intensifiers [21]. While these

methods incorporate nonlinearities, they require repeated conversion between optical and
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electronic domains, leading to increased latency and power consumption compared to fully

optical systems [22, 23]. Precise alignment between multiple layers is also required since small

misalignments can significantly degrade performance [21]. Hybrid optical-electronic archi-

tectures have emerged as a promising approach for implementing ONNs [24, 25, 26, 27, 28].

Such approaches leverage a high-speed optical frontend for feature extraction while utilizing

an electronic backend to introduce nonlinearity and correct optical misalignment.

Training optical frontends in hybrid networks presents a significant challenge, as linear

optical components typically don’t effectively mimic electronic neural networks [29]. To

address this, compression and model reduction techniques are essential for adapting electronic

networks to ONNs while maintaining performance. Various approaches, including pruning and

low-rank approximation, have been proposed to enhance efficiency while maintaining accuracy

under optical constraints [30, 31, 32]. Pruning, despite effectively removing redundant

parameters, is unsuitable for optical frontends as it still relies on multi-layer networks and

nonlinear activations. Low-rank approximation does not adequately capture the complexity

of datasets, thereby limiting its effectiveness in hybrid ONNs.

Transfer learning offers a promising approach to optimize optical frontends by leveraging

knowledge from pre-trained electronic networks, enabling efficient feature learning in optical

networks. Among transfer learning techniques, Knowledge Distillation (KD) has been widely

used to compress large models that have been validated on various datasets, making it an

effective strategy for optimizing optical frontends [33]. By distilling knowledge from an

electronic teacher network into an optical student model, KD enables feature learning in

optical networks.

1.2 Summary My Research Contributions

In my research, I introduced a knowledge transfer approach to optimize hybrid ONNs,

enabling them to better mimic electronic neural networks. Specifically, I demonstrated a

hybrid optical-electronic Convolutional Neural Network (CNN) that employed a single optical

frontend to mimic the convolutional layers, which was followed by a calibration layer to correct
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optical misalignment errors and an electronic backend that introduced nonlinear operations.

To enable the optical frontend to learn feature representations similar to those of a nonlinear

electronic teacher network, I introduced a teacher-student-based transfer learning approach to

enhance network accuracy. This approach leveraged KD loss through a three-step process: (1)

pre-training a large electronic teacher model to learn high-quality feature representations, (2)

transferring its weights to a smaller optical model to compress convolutional layers and bypass

nonlinear activations, and (3) incorporating a calibration layer to mitigate alignment errors

and fabrication noise in the optical system [JX1, JX2, JX4]. To validate this approach in

experiments, I collaborated with colleagues to implement it in multiple optical architectures.

Specifically, we tested the method on 4f -based ONNs, which used Fourier-based lens systems

for spatial filtering and transformation (discussed in Chapter 4), and metasurface-based

ONNs, which relied on nanostructure-based planar lenses for wavefront shaping and feature

encoding (discussed in Chapter 5– 6).

Furthermore, I propose a novel Gradient Tangent Kernel (GTK) loss as an alternative

to KD, which addresses limitations in training hybrid ONNs on large-scale datasets such as

ImageNet. In particular, one major limitation of KD is that it encourages the student model

to match the teacher’s output distribution rather than guiding its parameter updates, leading

to suboptimal learning dynamics, especially in hybrid ONNs. To address this challenge,

GTK loss explicitly guides the student model’s updates to follow the teacher model training

trajectory, ensuring that the student learns similar feature representations and converges

more consistently. I validated the GTK loss in a Continual Learning (CL) setting, as

discussed in Chapter 7. CL allows models to learn new tasks sequentially while retaining

prior knowledge, leading to a more comprehensive evaluation framework than a one-time

transfer [34]. Demonstrating the effectiveness of GTK loss in CL suggests its potential to

improve one-time transfer in hybrid ONNs as well.

Building upon the development of the GTK loss, I further extended the tangent-kernel-

based transfer learning to optical systems through the proposed Neural Tangent Knowledge

Distillation (NTKD) pipeline. I proposed a task-agnostic and hardware-agnostic pipeline
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that supported both image classification and segmentation across diverse optical systems. To

assist optical system design before training, the NTKD pipeline designed the metasurface

layout according to fabrication constraints. During training, it aligned optical models with

electronic teacher networks, thereby narrowing the accuracy gap. After fabrication, the NTKD

pipeline further guides fine-tuning of the digital backend to compensate for implementation

errors. Experiments across multiple datasets (e.g., MNIST, CIFAR, and Carvana Image

Masking) and hardware configurations demonstrated that our pipeline consistently improved

ONN performance and enabled practical deployment in both pre-fabrication simulations and

physical implementations.

In summary, in Figure 1.1, I illustrate an overview of my research contributions, including

transfer learning algorithms and their two primary applications. The key contributions of my

current research are as follows:

• I introduced a teacher-student transfer learning framework using knowledge distillation

to circumvent the nonlinearity in optical convolutional neural networks. I implemented

this framework with 4f -based optical networks, transferring knowledge from a nonlinear

electronic network to a linear optical counterpart [JX1].

• I worked with collaborators to compress the convolutional layers in electronic networks

(AlexNet) into a single layer, implemented using a metasurface lens. Through this ap-

proach, we demonstrated that knowledge distillation reduced computational operations

by approximately 24,000× on CIFAR-10 and 200× on MNIST [JX2, JX3, JX4].

• I proposed a gradient tangent kernel loss as an alternative knowledge transfer loss and

validated it in a continual learning scenario [JX5]. Building upon this foundation, I

further proposed the Neural Tangent Knowledge Distillation (NTKD) framework, a

task-agnostic and hardware-agnostic pipeline for designing and training ONNs, and

evaluated its efficacy in both image classification and segmentation tasks [JX6].



6

1.3 Thesis Outline

This thesis is organized as follows. Chapter 2 introduces the fundamental concepts and

related works, including the 4f optical system, meta-optical architectures, and transfer

learning techniques such as knowledge distillation that form the theoretical foundation of this

work. Chapter 3 presents the teacher–student transfer learning framework, beginning with

knowledge distillation (KD) and extending it to the proposed tangent kernel loss. Chapters 4

through 6 demonstrate the applications of KD in physical ONN architectures. Specifically,

Chapter 4 focuses on knowledge transfer to 4f -based optical neural networks, Chapter 5

extends this study to metasurface-based ONNs, and Chapter 6 introduces a transferable

polychromatic optical encoder for efficient optical processing. Chapters 7 and 8 concentrate

on the tangent kernel loss and its extension to hybrid optical–electronic systems. Chapter

7 presents balanced incremental learning under imbalanced data distributions using the

tangent kernel loss, while Chapter 8 builds upon this concept to develop the Neural Tangent

Knowledge Distillation (NTKD) pipeline, a task-agnostic and hardware-agnostic pipeline

that generalizes the tangent kernel based training approach across computer vision tasks,

including classification and segmentation, demonstrating robustness and scalability in both

simulations and fabricated optical systems. Chapter 9 concludes the thesis by summarizing

the key findings and contributions. This thesis includes the material in the author’s previous

papers published at Nature Communications [JX4], Advanced Photonics Nexus [JX3], Applied

Optics [JX1], Conference on Neural Information Processing Systems (NeurIPS) [JX6, JX7],

Conference on Lasers and Electro-Optics (CLEO) [JX2], and Proceedings of the IEEE/CVF

International Conference on Computer Vision Workshops (ICCVW) [JX5]1.

1In reference to IEEE copyrighted material which is used with permission in this thesis, the IEEE
does not endorse any of University of Washington’s products or services. Internal or personal use of this
material is permitted. If interested in reprinting/republishing IEEE copyrighted material for advertising or
promotional purposes or for creating new collective works for resale or redistribution, please go to http:
//www.ieee.org/publications_standards/publications/rights/rights_link.html to learn how to
obtain a License from RightsLink. If applicable, University Microfilms and/or ProQuest Library, or the
Archives of Canada may supply single copies of the dissertation.

http://www.ieee.org/publications_standards/publications/rights/rights_link.html
http://www.ieee.org/publications_standards/publications/rights/rights_link.html
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Chapter 2

FUNDAMENTAL CONCEPTS AND RELATED WORKS

In this chapter, I present the fundamental concepts and related works that form the

foundation of this thesis. This material encompasses the principles of Optical Neural Networks

(ONNs), including the 4f optical system and meta-optical architectures, as well as their

integration into hybrid optical–digital pipelines for computer vision tasks. I further review

transfer learning and knowledge distillation techniques for optimizing ONN frontends, and

discuss compensation strategies addressing fabrication imperfections and physical noise in

practical systems. These concepts collectively provide theoretical and methodological basis

for the approaches proposed in this thesis.

2.1 Optical Neural Networks

ONNs leverage the parallelism of light to process large-scale data efficiently, making them

well-suited for diverse computational tasks. ONNs have been applied to various applications,

including image compression and encryption [6], classification [14], and depth sensing [35, 36].

Leveraging the inherent speed of light, these systems enable passive, high-throughput data

manipulation [37, 38, 39, 29]. Our work focuses on two primary ONN architectures: the 4f

optical system and the meta-optical system.

The 4f optical system is a fundamental optical architecture that utilizes Fourier optics

to modulate and filter the spatial frequency components of an image [40]. By leveraging the

principles of Fourier optics, this system decomposes an image into its frequency components,

facilitating image processing techniques such as filtering and pattern recognition. The 4f

optical system is employed in various applications, including signal processing and medical

imaging. Moreover, these systems can be customized for specific requirements by adjusting
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parameters such as lens focal lengths and the types of masks utilized in the Fourier plane,

enabling a wide array of tailored solutions for various applications.

The convolution operation can be implemented using the 4f optical system by leveraging

the convolution theorem, which states that convolution in the spatial domain is equivalent

to pointwise multiplication in the frequency domain [41]. Let x denote the input (e.g., a

signal or image), k denote the convolutional kernel, and y = x ∗ k denote their convolution.

In the spatial domain, the convolution is defined as

y(i, j) =
∑
m

∑
n

x(m,n) · k(i−m, j − n), (2.1)

Using the Fourier Transform (the first lens in the 4f system), the same operation can be

expressed in the frequency domain as

Y (u, v) = X(u, v) ·K(u, v) = F(x(i, j)) · F(k(i, j)), (2.2)

where F denotes the Fourier Transform, and · indicates elementwise multiplication in the

frequency domain. (u, v) represent the frequency-domain indices corresponding to the spatial-

domain indices (i, j), where u and v denote the horizontal and vertical frequency components,

respectively. Then, the result is transformed back to the spatial domain via the inverse

Fourier Transform (the second lens in the 4f system)

y(i, j) = F−1(Y (u, v)). (2.3)

Meta-optics manipulates light at the nanoscale using engineered metasurfaces, offering

a compact alternative to traditional bulky optical elements [36]. Unlike traditional optical

systems that rely on bulky lenses and mirrors, meta-optics utilizes ultrathin, planar structures

made up of subwavelength nanostructures. These metasurfaces, which consist of arrays of

engineered nanoparticles, nanorods, or nanoholes, exhibit unique optical properties that allow

control over the amplitude, phase, polarization, and direction of light.

The convolution operation can be performed using Meta-optics, where the resultant image

corresponds to the input convolved with the system’s point spread function (PSF) [42, 43, 44].
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Figure 2.1: PSF and Convolution illustrated with discrete matrices. (a) Illustrates a point

source. (b) Represents an arbitrary PSF which may be obtained by imaging (a) through

a realistic lens system. (c) An arbitrary source, or input image, which is an array of point

sources. (d) The expected image produced by imaging the arbitrary source (c) through the

lens system with PSF shown in (b). (Figure from [JX3])

The PSF characterizes the response of an optical system to a point source, determining how

the system processes and blurs light. For a discrete input O[n,m] and a discrete point spread

function PSF [n,m], the intensity in the image plane I[n,m] is given by

I[n,m] =
∞∑

j=−∞

∞∑
i=−∞

O[i, j] · PSF [n− i,m− j]. (2.4)

The two-dimensional discrete convolution is formally defined as

(f ∗ g)[n,m] =
∞∑

j=−∞

∞∑
i=−∞

f [i, j] · g[n− i,m− j], (2.5)

where f [i, j] represents the input function (e.g., the pixel intensity values of the input image),

and g[i, j] represents the kernel function (e.g., the point spread function, PSF, of the optical

system).
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Table 2.1: Summary of previous ONN works categorized by task type (classification, segmen-

tation) and implementation level—either simulation only (denoted as Sim) or with physical

fabrication and experimental validation (denoted as Fab). (Table from [JX6])

ONN Capability Works
Classification

(Sim)

Classification

(Fab)

Segmentation

(Sim)

Segmentation

(Fab)

Monochromatic 2018–2025: [51, 29, 45, 52, 53, 46, 47, 48, 49, 16, 17, 54, 18, 55, 50, 56, 57, 1][JX2, JX3] ✓ ✓ ✗ ✗

Polychromatic

2023–2025: [14, 58, 59, 54] [JX4] ✓ ✓ ✗ ✗

ExtremeMETA (2025) [3] ✗ ✗ ✓ ✗

NTKD [JX6] ✓ ✓ ✓ ✓

By comparing Eq. 2.4 and Eq. 2.5, it is evident that the image produced by an optical

system is equivalent to the convolution of the input object with the system’s PSF. In Fig.

2.1a, we illustrate an input point source which produces an arbitrary example PSF in Fig.

2.1b. Figure 2.1d demonstrates a discrete convolution between an arbitrary input source (Fig.

2.1c) and optic PSF (2.1b).

2.2 Hybrid Optical/Digital ONNs for Computer Vision

Table 2.1 categorizes ONN applications into two tasks (classification and segmentation) and

two optical implementations (monochromatic and polychromatic systems). Most previous

work focused on monochromatic ONNs for MNIST image classification, including fully optical

systems that performed linear transformations [16, 17], physically nonlinear ONNs that used

atomic vapors or intensifiers [45, 46, 47], and hybrid architectures that combined an optical

frontend with a digital backend [48, 49, 50]. Previous polychromatic ONNs for classification

were limited to small datasets such as CIFAR-10, as ONN architectures faced challenges in

scaling to complex benchmarks [14][JX4]. Segmentation tasks are still in the early stages,

with a previous study based only on simulation [3]. Our work considers both classification

and segmentation tasks. In our pipeline, image reconstruction is implicitly incorporated by

encouraging the optical frontend output to align with the simulated result, as the physical

output deviates from simulation and requires correction.
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Figure 2.2: Transfer learning is machine learning with an additional source of information

apart from the standard training data: knowledge from one or more related tasks.

2.3 Transfer Learning for Hybrid ONNs

Efficient optimization techniques are crucial for overcoming optical hardware limitations in

hybrid ONNs, enabling compact and computationally efficient optical frontends that can

mimic electronic neural networks. To develop an optical frontend that is both efficient and

practical—matching or surpassing the compactness of electronic networks—while reducing

computational complexity and memory demands without substantially compromising accuracy,

various optimization techniques can be utilized. These include pruning [30, 31], quantization

[60], low-rank approximation [61], and transfer learning [62]. However, pruning and low-rank

approximation are often less effective for optical applications, as they rely on multi-layer

architectures and struggle with the complexity of optical datasets.

Transfer learning improves the accuracy of ONNs by leveraging knowledge from pre-trained

models, reducing computational cost and data requirements [63, 64]. Transfer learning is

a machine learning technique where a model developed for a specific task is reused as the

starting point for a model on a second, related task [62, 65]. Instead of training a model

from scratch—which can be computationally expensive and data-intensive—transfer learning

leverages knowledge gained from one task to improve learning efficiency on another (also shown

in Figure 2.2). Transfer learning encompasses various approaches to facilitate knowledge
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transfer [66, 67, 68, 69]. These include instance-based methods (transferring data instances

through weighting or sampling), feature-based methods (transforming and aligning latent

features across domains), parameter-based methods (leveraging model parameters, such as

weights, from large pre-trained teacher models), and relation-based methods (transferring

relational or structural knowledge between domains).

Knowledge Distillation (KD) is a specialized form of transfer learning that compresses the

knowledge of a large teacher model into a smaller student model, enabling efficient learning

for the same task with reduced computational cost [63]. Unlike traditional transfer learning,

knowledge distillation aims to compress the knowledge of the teacher model into the student

model for the same task. This approach enables the student model to achieve performance

close to that of the teacher model while requiring fewer computational resources.

2.4 Compensation Strategies for Practical ONNs

Fabrication imperfections and system noise in physical ONNs often lead to significant perfor-

mance drops compared to simulations. Some used deep learning to model the system directly

in a data-driven manner [70], including ONN auto-learning [71, 72], where ONNs were trained

to fit experimental input-output mappings. Other methods introduced physical information

via hardware-in-the-loop training. For example, physics-constrained frameworks embedded

fabrication-aware models and losses to better align learning with optical behavior [54]. More-

over, some approaches avoided simulation entirely by randomly fabricating optical kernels

and training a digital backend to adapt to the fixed frontend structure [73, 74, 75, 76, 77].

This simplified fabrication but placed the learning burden entirely on the backend. It is also

not clear if such random surfaces perform better than an ordinary lens. In contrast, our work

identifies sources of physical errors and introduces an NTK alignment strategy for effective

compensation.
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Chapter 3

TRANSFER KNOWLEDGE WITH TEACHER-STUDENT
STRUCTURE

3.1 Knowledge Distillation Loss

Knowledge Distillation (KD) is a machine learning method introduced for compression of

neural networks [78, 79, 80]. In particular, it defines the transfer of knowledge from a large

neural network model, called the teacher, to a small model, called the student [81, 32].

Figure 3.1 shows the schematic flow of KD. KD assumes that the teacher model is already

trained on the given task with high test accuracy. Then the student model is trained with both

the approach of minimization of the loss between the model prediction and the training data

(Student loss) and, in addition, compares the outcome of the student model with the teacher

model through a temperature loss (Temp loss) using the KL divergence [82]. The optimization

of both losses is performed through the back-propagation, which adjusts the parameters of

the student model using Stochastic Gradient Descent, or ADAM optimization [83].

It was shown that student models trained with KD approach can achieve significantly

higher accuracy than the same model trained on the data alone without a teacher network.

The advantage of KD stems from the proposal to compute the temperature loss which

treats the prediction of the teacher model as “soft labels” that inform the student model.

In particular, conventional learning considers exclusively the labels in the training data as

“hard labels” and for tasks such as classification computes the probabilities distribution vector

phl, where each element phli in the vector corresponds to the probability of the student input

belonging to the class i. The softmax function is used to compute probabilities

phli = exp(zi)/
∑
j

exp(zj), (3.1)
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Figure 3.1: Illustration of KD training. Student network (green-bottom) parameters Φ

are updated according to an interpolation of two losses: the Student loss (cross-entropy

loss between data and the student model output) and Temp loss (cross-entropy loss or KL

divergence) between the teacher network (blue-top) and student class distribution with a

temperature parameter T . (Figure from [JX1])

where zi are the student logits after the last fully connected layer [63]. Training with hard

labels is a sensitive process, especially for compact networks, such as the student model. This

typically results in inefficient networks and in convergence to poor local optima. To overcome

this limitation, KD proposes to add soft labels generated by the teacher model. These labels

are the probabilities that the teacher model generates. In particular, for each input, at the

same time of computing phl with the student model, KD computes the soft probabilities

vector, psl, with the teacher model according to

psli = exp(yi/T )/
∑
j

exp(yj/T ), (3.2)
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where, yi are the logits of the teacher after the last fully connected layer [63]. Through psl the

teacher model contributes the probability estimates to the student model. This knowledge is

unavailable from the data alone and is helpful for the student since provides extra information

of the similarities between classes. The similarities are important since these indicate the

effective knowledge of the teacher model and subsequently assists in achieving a similar

knowledge and performance in the student model. The two probability distributions psl and

phl are taken into account (as an interpolation) to compute the overall loss used in training

of the student model.

The probabilities contributed by the teacher are defined as soft since the softmax function

has a softening parameter, T , named as the distillation temperature. The success of KD

depends on the choice of T . In a well-trained teacher model, the correct class has a much

higher probability than other classes. For a low value of T , the probability of the correct class

will approach 1 while probabilities of other classes will be negligible and will not influence

the training, due to psl being similar to phl. On the other hand, when T is too high, psli will

approach a uniformly distributed vector and will lose the distinction between the correct

and incorrect classes. It is therefore important to chose T in between these two extreme

cases such that psl would pass the similarities detected by the teacher to the student. We

also present an example in Figure 3.2. In this case, we have five classes: homework (0.997),

cake (0.00), book (0.002), school (0.001), and car (0.00). These numbers in parentheses

represent the output probabilities from the teacher model for each class. The soft labels not

only indicate that “homework” is the correct prediction but also guide the student model by

conveying that “homework” is more similar to “book” and “school” than to the other classes.

When the temperature is set to 1, the probabilities of the other classes (car, book, school,

cake) are small, having minimal influence on the training process. On the other hand, when

the temperature is high or approaches infinity, the probabilities of all classes converge to

approximately 0.2, removing any distinction between them. By setting the temperature to

5, the subtle similarities identified by the teacher model can be meaningfully preserved and

transferred to the student.



16

Figure 3.2: Temperature values impact the probability distributions in KD. The plots represent

four distinct temperature settings: T = 1, T = 2, T = 5, and T =∞. As T increases, the

probability distribution becomes more uniform, and at very high T , the distinction between

correct and incorrect classes diminishes. Thus, selecting an appropriate T is crucial for

effectively transferring knowledge from teacher to student.

In practice, the distillation of knowledge from the teacher to the student is particularly

effective when the differences in the overall architecture between the two networks are

minimal [84, 85]. In network compression, it is typically the case that the architectural blocks

are kept the same and the only change that is implemented is the reduction of the number

of neurons in each block. This leads us to the proposition of the implementation of KD

between nonlinear and linear CNNs, where besides exclusion of nonlinear components, the

linear network will be kept as similar as possible to the nonlinear one.

3.2 Neural Tangent Kernel and Gradient Tangent Kernel Loss

NTK offers a framework for analyzing the training dynamics of neural networks under gradient

descent [86]. This framework becomes particularly insightful as the network’s width—defined

as the number of channels in convolutional layers and the number of neurons in fully connected

layers—approaches infinity. These kernels offer key insights into why sufficiently wide neural

networks reliably converge to a global minimum while minimizing empirical loss.

In this section, we adopt the formal definition of the NTK from previous works, followed

by an extension of NTK theory to include finite-width neural networks. We then introduce

the Gradient Tangent Kernel (GTK) loss, designed specifically for the finite-width neural
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networks, functioning under a teacher-student framework similar to knowledge distillation, to

transfer knowledge effectively. This new GTK loss is further tailored for linear optical neural

networks, providing a novel approach to applying NTK-based methods in cutting-edge neural

network architectures.

3.2.1 Neural Tangent Kernel

We adopt the definition of the NTK based on previous works [86, 87, 88]. Let F (θ,x)

represent the output of a neural network, where θ denotes the network parameters, x is the

input and y is the ground truth. Given a training dataset (x,y) = {xi, yi}ni=1, we consider

training the neural network by minimizing the squared loss over the training data. The

loss ℓ is defined as

ℓ(θ) =
1

2

n∑
i=1

(F (θ, xi)− yi)
2. (3.3)

The parameters θ evolve according to the differential equation

dθ(τ)

dτ
= −∇ℓ(θ(τ)) = −

n∑
i=1

(F (θ(τ), xi)− yi)
∂F (θ(τ), xi)

∂θ
, (3.4)

where τ ≥ 0 is a continuous time index (iterations). Under Eq. 3.4, the evolution of the

network output F (θ(τ), xi) can be written as

dF (θ(τ), xi)

dτ
= −

n∑
j=1

(F (θ(τ), xj)− yj)

〈
∂F (θ(τ), xi)

∂θ
,
∂F (θ(τ), xj)

∂θ

〉
, ∀i ∈ [n]. (3.5)

Since u(τ) = (F (θ(τ), xi))i∈[n] ∈ Rn is the network output on all xi’s at time t, and y = (yi)i∈[n]

is the desired output, Eq. 3.5 can be written more compactly as

du(τ)

dτ
= −Kτ (x,x)(u(τ)− y), (3.6)

where the neural tangent kernel is

Kτ (x,x)i,j =

〈
∂F (θ(τ),xi)

∂θ
,
∂F (θ(τ),xj)

∂θ

〉
. (3.7)
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Figure 3.3: Illustrates the parameters θ in the LeNet-5 architecture. Input Layer: Grayscale

images of size 32× 32. Convolution 1: Contains 6 filters, each of size 5× 5, with a stride of 1

and valid padding, resulting in an output of size 28 × 28 × 6. Pooling 1: Applies average

pooling with a 2×2 filter and stride of 2, reducing the output size to 14×14×6. Convolution

2: Consists of 16 filters of size 5 × 5, with a stride of 1 and valid padding, producing an

output of 10× 10× 16. Pooling 2: Applies average pooling with a 2× 2 filter and stride of

2, reducing the output size to 5 × 5 × 16. Dense 1 (Fully Connected Layer): Flattens the

previous output and connects it to 120 units, followed by an output of 84 units. Dense 2:

Connects to 84 units with an output of 10 units for final classification.

Using LeNet as an example (as illustrated in Figure 3.3) to calculate the NTK, the NTK

Kτ (x1,x2) is computed using the Jacobian matrices ∂F (θ(τ),x1)
∂θ

and ∂F (θ(τ),x2)
∂θ

for two input

sets x1 and x2. Each Jacobian has dimensions corresponding to the number of inputs and

the total number of network parameters. For N inputs in x1 and M inputs in x2, the NTK

matrix size is N ×M , and the number of parameters is P . In LeNet, the total number of

parameters, including those from both convolutional and fully connected layers, is P = 9760,

while d represents the output size. The first Jacobian has dimensions N × P × d, and the

second Jacobian has dimensions M × P × d. Consequently, the NTK matrix has a size of

N ×M , where each entry corresponds to the pairwise inner product of the respective rows in

the Jacobians.



19

3.2.2 Neural Tangent Kernel Property

We summarize key theorems of the NTK from previous theoretical works [89, 86]. As the

layer widths approach infinity, the NTK exhibits the following properties. At initialization,

the NTK becomes deterministic, meaning it is independent of the specific initialization values

and is determined solely by the network architecture [86, 88]. Moreover, the parameters of

the neural network and the NTK change very little throughout the training process [86, 88].

We also offer the proof in Appendix. The mathematical formulation of the NTK Theorem is

as follows

For a network of depth l at initialization and in the limit as the layer widths m, and

m1, . . . ,ml → ∞, the NTK K converges in probability to a deterministic limiting kernel

and this kernel remains constant throughout the training process. The detailed proof of the

deterministic nature of the NTK is also provided in Appendix A.2.

Kτ=0 (x,x)→ Kτ=∞ (x,x) . (3.8)

To verify the NTK theorem, we implement a neural network for regression tasks. In this

example, we demonstrate linear fitting using two data points: (−3, 2) and (0.5,−1). This

task demonstrates how different network widths affect weight updates during training. The

network is a fully connected neural network with two hidden layers and a ReLU activation

function. We denote the network as f(width = m, bias = b, hidden_layers = 2). The width

m of the network is varied across three configurations: m = 10, m = 100, and m = 1000,

allowing us to observe how increasing the network’s capacity influences the magnitude of

weight updates.

In Figure 3.4, the experimental results confirm the theoretical prediction that as the width

of the network increases, the norm of the weight changes decreases. For m = 10, we observe

substantial changes in the weights during training. As the width increases to m = 100, the
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Figure 3.4: Weight Change Comparison for Different Network Widths: We compare the norm

of weight changes during training for three different network widths m = 10, m = 100, and

m = 1000. As the width increases, the weight updates become smaller, with the network

experiencing the least change at m = 1000.

norm of the weight change decreases, but noticeable adjustments are still present. However, at

m = 1000, the weight changes are minimal, and the norm of the weight updates is significantly

lower than in the smaller configurations. These results provide evidence that, as the network

width approaches infinity, the weights remain nearly static, validating the hypothesis derived

from NTK theory.

3.2.3 Neural Tangent Kernel for Finite-Width Neural Networks

While NTK theory provides theoretical support for the infinite-width limit, practical neural

networks operate in finite-width conditions. Under these real-world constraints, the property

that the NTK remains constant during training no longer holds.

In the finite-width networks, the NTK evolves and grows over time, as illustrated in

Figure 3.5. This shift from static to evolving NTKs introduces the need for deeper investi-

gation into their behavior in finite-width settings. NTK theory still offers valuable insights,

demonstrating that infinite-width neural networks essentially perform kernel regression, where
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Figure 3.5: Illustration of NTK evolution for finite-width and wide-width neural networks.

Top: In the finite-width case (2-layer network with width m = 10), the NTK grows significantly

over time. Bottom: In the wide-width case (2-layer network with width m = 1000), the NTK

remains almost constant during training. The training dataset consists of 100 images from

MNIST.

the NTK serves as the kernel. We investigate this evolution and provide an investigation of

the training dynamics in finite-width neural networks.

Infinite-width condition: We begin by considering the dynamics in Eq. 3.6, which are

identical to those of kernel regression under gradient flow (assuming u(0) = 0) [90]. The

NTK is almost unchanged in the limit of infinite width, i.e., K0 = K∞. Thus, we can directly

use the closed-form solution for this network F (x)∞ with kernel regression for any testing

input x′

F (x)∞ = K0(x,x
′)K−1

0 (x,x)y,where θ0 = θ∞, under infinite-width limits, (3.9)

where K0(x,x
′) represents the kernel matrix between the testing input x′ and the training

inputs x, and y is the vector of training labels. Then, we obtain training predictions when
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we set the inputs to be the training data points, i.e., x′ = x,

F (x)∞ = K0(x,x)K−1
0 (x,x)y,where θ0 = θ∞, under infinite-width limits. (3.10)

Finite-width condition: For a trained finite-width neural network, the output at time

τ for any testing input x′ can be expressed in a similar manner. Assuming the parameters θτ

at time τ have converged and no longer change (θτ → θτ→∞), the NTK in this finite-width

neural network becomes constant. Under this assumption, the prediction can also be obtained

using kernel regression. Thus, the output of a trained neural network at time τ for any

testing input x′ is

F (θ(τ),x′) = Kτ (x,x
′)TKτ (x,x)

−1y,where θτ = θ∞, under finite-width limits. (3.11)

From Eq. 3.11, we obtain training predictions when we set the inputs to be the training data

points, i.e., x′ = x,

F (θ(τ),x) = Kτ (x,x)
TKτ (x,x)

−1y,where θτ = θ∞, under finite-width limits. (3.12)

From Eqs. 3.6 and 3.12, we observe that the only variable in training predictions is

the kernel function Kτ (x,x) determined by the Jacobian matrix ∂F (θ(τ),x)
∂θ

. Therefore, the

Jacobian matrix solely determines the training output u(τ). This motivates us to employ

the Jacobian matrix from the teacher model to assist with training a student model. Since

the teacher model does not need to be retrained, its NTK and the Jacobian matrix are both

deterministic. In this case, the teacher labels are the teacher model’s NTK and student

predictions are the student model’s NTK. Based on this observation, we introduce a novel

loss for teacher-student structure transfer learning.

3.2.4 Tangent Kernel Loss

We transfer the trained teacher model Fteacher by regulating the neural tangent kernel in

the student model Fstudent with GTK loss. When training the student model with a trained
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teacher model, we minimize the difference between their outputs to transfer knowledge from

Fteacher to Fstudent. This is described as

min
θstudent

(Fteacher(θteacher,x), Fstudent(θstudent,x)) . (3.13)

Then we plug Eq. 3.12 into Eq. 3.13.

min
θstudent

(
Kteacher(x,x)

TKteacher(x,x)
−1y,Kstudent(x,x)

TKstudent(x,x)
−1y
)
, (3.14)

where the neural tangent kernel Kteacher and the Jacobian matrix ∂Fteacher(x,θteacher)
∂θ

from

the teacher model are predetermined. The only variable is the NTK function Kstudent(x,x)

from the student model. To further simply Eq. 3.14, We note that the Jacobian ma-

trix ∂Fstudent(x,θstudent)
∂θ

solely determines the NTK Kstudent(x,x) and obtain Eq. 3.16, i.e., mini-

mization of the cosine distance between two Jacobian matrices ∂Fteacher(x,θteacher)
∂θ

and ∂Fstudent(x,θstudent)
∂θ

.

min
θstudent

(Kteacher(x,x),Kstudent(x,x)) (3.15)

⇒ min
θstudent

(
∂Fteacher(θteacher,x)

∂θ
,
∂Fstudent(θstudent,x)

∂θ
), (3.16)

Here, we select the cosine distance loss to minimize differences between NTKs, as recent

research demonstrates that cosine distance loss effectively captures the distance between two

NTKs and reduces discrepancies [91]. Therefore, the kernel-based objective function is

LGTK = min
θstudent

(
1− ⟨Gteacher, Gstudent⟩
∥Gteacher∥∥Gstudent∥

)
, (3.17)

Where Gteacher =
∂Fteacher(θteacher,x)

∂θ
and Gstudent =

∂Fstudent(θstudent,x)
∂θ

.

We also show the comparison between KD and GTK loss in Figure 3.6. In the traditional

KD method, the teacher model generates soft labels from the data, and the student model

learns by minimizing the loss between its own predictions and the teacher’s labels. This

focuses on matching output but does not account for the underlying training dynamics. On

the other hand, in our GTK loss approach, both the teacher and student models leverage their

respective neural tangent kernels to capture gradient information. Rather than matching
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Figure 3.6: Comparison between knowledge distillation processes. Left: In the traditional

KD method, the teacher model generates labels based on data, and the student model

learns by minimizing the loss between its predictions and the teacher’s labels. Right: In our

GTK loss approach, both the teacher and student models use their neural tangent kernels to

capture gradient information (Gteacher, Gstudent). The student minimizes the loss by aligning its

gradients with those of the teacher, enhancing training efficiency through this gradient-based

distillation process.

predictions, the student model minimizes the loss by aligning its gradients with those of the

teacher, as described in Eq. 3.17. This gradient-based distillation enhances training efficiency

by better aligning the dynamics of the student with those of the teacher.



25

Chapter 4

KNOWLEDGE TRANSFER TO 4F-BASED OPTICAL NEURAL
NETWORKS

4.1 Motivation

Convolutional Neural Network (CNN) architectures are well known for their ability to compute

visual tasks [92, 93, 94, 33, 95]. Many of these tasks require fast processing of real-time

signals. In autonomous navigation, for example, a network must be capable of identify

obstacles with different textures and lighting conditions in real time. While CNNs are

instrumental in providing high accuracy for such tasks, the time that it takes for the input to

propagate through the trained network (forward propagation time), is large and precludes

real-time operation. The main reason for such inefficiency is the computational complexity

of CNNs, which is O(HWk2), where H and W are the height and width of an image frame

and k2 = k × k is the size of the convolutional kernel. The challenge of enhancing the

computational performance has driven significant development of electronic hardware that

is dedicated to computing convolutions, with graphics processing units (GPUs) and tensor

processing units (TPUs), that deliver an order of magnitude acceleration. Even with such

dedicated hardware, however, effective computation times are still sub-optimal and become

too large for many applications, especially when high-resolution inputs are processed. For

example, when applied to ResNet-18 for autonomous navigation, the Jetson Nano, NVIDIA

hardware development kit, achieves at most 5 frames per second (fps) rate for images of

dimensions 1000× 1000 [96].

Since convolution is the most time-consuming operation in CNNs, a possible gain in

computational efficiency can be achieved by implementing the CNN in the Fourier domain

(spectral domain) [97, 98]. The Fast Fourier Transform (FFT) operation has the complexity
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of O(HWlog(HW ) for the images and the kernels. In the Fourier domain, the convolution is

transformed into an elementwise product with only O(HW ) operations. While promising, the

approach does not boost the forward propagation time in practice. Due to nonlinearities that

follow most of the layers in a CNN, the spectral approach ends up including a large number

of costly forward and inverse Fourier transforms between successive layers. Optimizations of

network architectures to be compatible with spectral operations were proposed, such as FCNN

and Clebsch–Gordan Nets [99, 100]. These architectures, however, appear to suffer from a

reduction in classification accuracy for complex visual tasks. For example, FCNN reaches less

than half of state-of-the-art accuracy on CIFAR-10. Another branch of research developed in

parallel is the introduction of spectral pooling layers for the purpose of adapting the spatially

applied Max-Pooling operation to the spectral domain [101, 102, 103]. These networks still

entail nonlinear activations that require conversions between the spatial and spectral domains.

Removing these nonlinear functions dramatically reduces the computational complexity of

spectral CNNs, which comes at the cost of reduced performance.

Another promising approach for accelerating computation is the development of optical

neural networks (ONNs) that could replace electronic hardware [104]. ONNs utilize the

inherent parallelism of light, which enables passive manipulation of massive amounts of

two-dimensional data at the speed of light [37, 38, 39, 29]. Thus, ONNs can offer time

of computation that is nearly instantaneous in comparison to those provided by the best

electronic hardware available. Specifically, a lens can perform a Fourier transform with O(1)

complexity [105]. In recent years, this promise has resulted in various ONNs for MNIST

classification based on a sequence of diffractive masks in the Terahertz regime [39], vector-

matrix multiplication using integrated photonics [106, 107], and hybrid optical-electronic

networks leveraging the inherent Fourier transform property of lenses exploited in a 4f

architecture [29]. While impressive in their own right, the demonstrated ONNs to date

have been limited in terms of the complexity of the scenes on which they operate, which

have mostly been limited to low-resolution images with simple features like MNIST digits.

When applied to more complex scenes (e.g., CIFAR-10), these implementations exhibit low
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classification accuracy.

A major contributing factor to these limitations is that these networks lack the optical

implementation of a nonlinear activation and were mostly constrained to linear operations

in the optical domain [29]. Achieving an optical nonlinearity requires very large optical

power, a high-quality factor resonator, exotic materials, or a combination thereof. While

some nonlinear functions are readily available, such as the square operation imparted by a

detector, it is unclear how effective it is for achieving comparable performance to that of the

ReLU nonlinearity, which is the most common nonlinear activation for CNNs [108, 46]. If the

nonlinearity is implemented electronically, as a subsequent layer, the electronic signal needs

to be converted back to the optical domain to enable additional optical processing. Such

repeated signal transductions significantly increase the power consumption and latency, thus

obviating the benefits of an ONN versus a more traditional electronic implementation [29].

To compensate for the lack of nonlinearity in an ONN, as well as to find an optimal level

of performance for a fully linear spectral network, here we develop a Knowledge Distillation

(KD) training methodology to transfer the information from a nonlinear network (teacher)

to a SCLC (student). Originally, KD training was introduced for pruning of networks, i.e.,

knowledge from a large teacher network is transferred to a less complex student model [63, 109].

Trained with the KD approach, the student network typically converges faster and obtains

better performance than it would achieve without the KD training. A common example

for successful KD training is object classification in images. In this problem, the teacher

classifies images and provides "soft labels" to the student during training along with the

actual labels. A Kullback-Leibler (KL) divergence loss between the soft labels and the student

model predictions is then optimized to take into account the teacher’s predictions [78]. KD

training is a generic approach and was applied to a variety of problems such as semantic

segmentation in which soft labels are used for classification of each pixel [110, 111].

In this chapter, we adapted the KD training framework to circumvent the need for

nonlinearity by "distilling the nonlinearity" from the nonlinear, teacher CNN, to the linear

counterpart SCLC, which can be easily implemented using free-space optics. We find that
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Figure 4.1: Nonlinear CNN (top) and the proposed substitute, Spectral CNN Linear Coun-

terpart (SCLC) (bottom). Top: An example of nonlinear CNN with layers that include

operations of Convolution, Nonlinear RELU activation, and Max-Pool. Bottom: SCLC of

the CNN shown in top row. The convolution corresponds to the elementwise product in the

spectral domain. The RELU operation is excluded. The Max-Pool layer is represented by a

center-crop operation in the spectral domain. (Figure from [JX1])

for boosting student accuracy the teacher and the student networks are required to be

as architecturally similar as possible. The KD approach allows the student network to
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achieve state-of-art performance, exceeding that of previous training methods or networks

in the spectral domain, and is also easily amenable to optical implementation because light

propagation can be naturally described in Fourier space. The adapted KD training enables

us to design a hybrid optical-electronic architecture for the SCLC network, where the optics

serve as a linear frontend processing unit connected to an electronic backend that typically

includes the last layer that corresponds to a specific task. We train this student network with

KD training and demonstrate the performance of such a network on two common problems in

which CNNs are leading computational methods: object classification and object segmentation.

We show that the KD-trained SCLC can achieve performance easily surpassing that of a

linear network trained with a standard training approach and nearing the performance of the

nonlinear network.

4.2 Methods

We propose to construct a Spectral CNN Linear Counterpart (SCLC), the “Student Network”,

from a spectral nonlinear CNN, the “Teacher Network”, based on a free-space optical 4f

architecture. The “Teacher Network” takes the shape of a common CNN designed for generic

tasks, for example, image classification or object segmentation, as demonstrated in Fig. 4.1.

In the case of object segmentation, we consider a CNN of a “U” shape [112], where

the input passes through similar operations of Convolution, ReLU, and Max-Pool, called

convolution layers, and in addition, the output of each Convolutional layer contracts the input

dimension to a “bottle-neck” layer, called skip connections, from which the representation

is expanded with a set of inverse operations, such as transposed Convolution, ReLU, and

Max-Pool, altogether called transposed convolution layers. To measure the performance of

the proposed architectures, we concatenate them with a backend that corresponds to either a

classification task (softmax fully connected backend layer) or a segmentation task (sequence

of transposed Convolution backend layers).

To obtain a network model that is readily realizable with optical components, the network

requires a conversion to the spectral domain, such that the input into the model is the
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Fourier transform of the input image and the operations such as convolution and pooling are

implemented in the spectral domain. Furthermore, the model should not include nonlinearities

since computing those will require an inverse transform and transition from optical to electronic

components. Moreover, as explained the nonlinear activations will be difficult to implement

optically.

4.2.1 Convolution in SCLC

The convolution is performed as the elementwise product between the input images represented

in the spectral domain and the kernels padded to the same dimensions as the inputs. The

input into the convolution is a four-dimensional tensor (S: batch size, C: number of input

channel, H: height of the image, W: width of the image), and the 2D convolution operation

with a stride of 1 is calculated as

y(i, j) = x ∗ k =
H−1∑
h=0

W−1∑
w=0

x(h,w)× k(i− h, j − w) (4.1)

where x is the input image, k is the kernel and ∗ indicates the convolution operation.

We implement the convolution in SCLC in the spectral domain by using an FFT and an

elementwise product

Y = F(x ∗ k) = F(x)⊙F(k) (4.2)

The function F denotes the FFT operation, and ⊙ indicates the elementwise product, which

requires the input and the kernels to have the same dimension H ×W . During training, the

spectral convolution kernel is updated according to

σX = ∇XL|X=X0 = σY ⊙K0

δk = ∇KL|K=F(0)
= σY ⊙X0

k1 = k0 + λ[F−1(δK)],

(4.3)

where σX(σY ) is the error from the previous (next) layer; X0 and K0 are, respectively, the

input and kernel in the forward propagation; ∇K(∇X) is the gradient operator w.r.t. the
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kernel (input); and L is the loss function. The updates to the elements in the kernel are

computed by applying an inverse FFT (i-FFT) and multiplying by the learning rate λ.

Once the network has been trained, the implementation with spectral convolution compo-

nents has significant benefits for inference latency for a given input (forward propagation).

Indeed, assuming an input image size of (H,W ) and square kernel size of (k, k), the complexity

of one spatial convolution in the image domain is O(HWk2). On the other hand, the spectral

convolution composed of elementwise products is of complexity O(HW ). In the optical setup,

elementwise operations can be performed in parallel and thus the runtime, being independent

of H and W , is further reduced to O(1). In addition, the computational complexity of an

FFT is O(HWlog(HW )), which brings the overall complexity for the spectral convolution

to be O(HWlog(HW )). As the proposed network is in the spectral domain, the FFT and

i-FFT transforms are needed to be applied at the beginning and at the end of the network

for images only, such that the complexity of the intermediate layers will only apply FFT to

kennels, which greatly reduces the transformation times. Additionally, significant acceleration

occurs in the optical implementation since the spectral transforms can be achieved through

phase transforming components at the speed of light. The combination of convolution via

forward and inverse transforms in optical domain would correspond to instantaneous running

time of O(1), when compare to electronic running time for all layers of the network.

4.2.2 Pooling in SCLC

Pooling in the spectral domain needs to take into consideration both mimicking the effect

of the standard Max-Pool used in CNNs and to be practically implementable with optical

components. In a nonlinear CNN, common pooling operations are Average-Pooling or Max-

Pooling, which select the average of the elements or the maximum element, respectively,

from the region of the feature map covered by the pooling filter shown in Fig. 4.1. The

purpose of the pooling layers is to reduce the dimensions of the feature maps and to find

the representative elements to be transferred forward from the feature map. We propose to

substitute the Max-Pool with a different pooling function, called “Spectral pool”, which will
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enable similar functionality in the spectral domain. In particular, we propose to replace the

pooling layer with a linear, low-pass filter in the spectral domain. The forward and backward

propagation in the layer are defined as

y = F−1(CROP (F(x), (H ′,W ′))) (4.4)

z = F−1(PAD(F(y/x∗), (H,W ))) (4.5)

where the CROP operation in forward propagating keeps the center part of the spectral

feature map and reduce the total size from (H,W ) to (H ′,W ′). The PAD operation in

backward propagation matches the dimension of gradients outputs from (H ′,W ′) to (H,W )

by padding zeros instead of cropped elements. The F and F−1are applied if the networks are

in spatial domain. Those operations are similar to max pooling since the idea of Max-Pool

is to find the representative element in each kernel, while it goes over the feature map and

effectively selects the most descriptive features. Spectral-Pool drops the high frequencies in the

Fourier domain such that it achieves a less noisy output and captures the dominant features,

similar to the effect of the conventional Max-Pool operation. It was shown that training with

spectral pooling has better convergence properties compared to Max-Pooling. Furthermore, a

spectral pooling is of lower computational complexity and is inherently amenable to optical

implementation with O(1) complexity, see Table 4.1.

Typically, an activation function, such as ReLU, tanh, or σ is applied to extract the

features after convolution to avoid extremities in neural units values and maintain network

stability. These nonlinearities, however, are nearly impossible to achieve in a practical optical

implementation. Thus, the SCLC skips the nonlinear activation function to make the network

structure amenable to optical implementation. The lack of nonlinearity will be circumvented

by the application of KD to maximize the performance achieved using linear operations only.

4.2.3 Knowledge Distillation in SCLC

KD training requires a teacher and student model both performing the same task and

exhibiting similarity in their architectures. In previous applications, KD training was applied
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Table 4.1: Comparison of forward propagation computational complexity between Nonlinear

CNN, SCLC implemented on electronic hardware, SCLC implemented on optical hardware.

(Table from [JX1])

Structure Nonlinear CNN SCLC (Computational) OSCLC (Optical)

Convolution layers O(HWk2)
Spatial: O(HW log(HW ))

O(1)
Spectral: O(HW log(HW ))

Pooling layers O(HWk2)
Spatial: O(k2 log(k2))

O(1)
Spectral: O(1)

to model pruning, where the teacher and the student models have exactly the same structure

with the student having a fraction of the units of the teacher. Here, we extend KD application

and consider the teacher and the student models with a similar number of units; however, the

student is an adapted version of the teacher operations without the nonlinear activation and

has a revised pooling operator. In particular, the teacher model is a pre-trained nonlinear

CNN, which is a state-of-the-art system for that particular task. The student network is the

SCLC that corresponds to that system with the architectural changes described in the previous

sections. The objective of KD training is to optimize the total loss subject to updating the

weights, Φ, of the SCLC student model only. The total loss is a linear combination of the

Temperature loss and the Student loss. The weights are updated according to implementation

of back-propagation that optimizes the total loss.

We select the Temperature loss to be the KL function between the soft labels (psl,t) from

the pre-trained nonlinear CNN model (teacher) and predictions (psl,s) from SCLC (student)

both distilled with the same temperature T . We chose KL loss over cross-entropy because

it includes an extra penalty on the direction of the loss, which facilitates convergence. The

student loss is the standard cross-entropy loss between the data labels and SCLC probabilities
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Figure 4.2: Using a lenslet array and array of phase and amplitude masks, we can implement

all the convolutions in a parallel fashion. We can also implement Spectral Pooling in such

a structure by placing an amplitude mask in the Fourier plane. Both the lenslet array and

convolutional masks can be implemented using meta-optics. (Figure from [JX1])

(phl). The total loss is then calculated as a weighted summation of the two losses

Loss(x,Φ) = αLC(y, p
hl) + (1− α)LK((p

sl,t;T = τ), (psl,s;T = τ)), (4.6)

where x corresponds to the input, y is the training data, Φ are student model weights, LC

is the cross-entropy loss function, LK is the KL divergence loss function, phl corresponds to

the student model hard predictions, psl,s corresponds to the student predictions under given

teacher model probabilities psl,t, and α is the weighting parameter.

4.2.4 Optical Implementation of SCLC (OSCLC)

In this section, we explore how the proposed SCLC network can potentially be implemented

using free-space optics, i.e. Optical SCLC (OSCLC). The choice of free-space optics is

motivated by the large number of information channels available to us in such an implemen-
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tation [46]. There are three components of the OSCLC that need to be considered for optical

implementation: convolutional layers, spectral pooling, and summation of different channels.

Each convolutional layer can be implemented by a 4f correlator architecture to further

accelerate the forward propagation speed (Figure 4.2) [37, 113, 114, 115]. A typical 4f

correlator architecture comprises two lenses of equal focal length spaced apart at 2f distance

and with input and output planes located in the front and the back focal planes of the first

and second lenses respectively. The first lens produces a Fourier transform of the input

scene at the focal plane. A complex-values phase-mask placed in that focal plane provides

the point-wise multiplication implementing the convolution and the second lens performs

the inverse Fourier transform. Therefore, a 4f correlator architecture is able to function as

an equivalent architecture for a single channel of a linear spectral CNN counterpart. We

note that using coherent light, and phase-only spatial light modulators, we can handle the

negative weights. By creating a lenslet array and an array of convolutional phase-masks we

can parallelize all the convolutional operations. Thus the computational complexity decreases

to O(1) for any operations in spectral domain and will not grow exponentially with the input

image resolution/ pixels. Based on our simulation, with 1mm center-to-distance between

3mm focal length lenses in an array, we have negligible cross-talk between the channels[29].

The spectral pooling in the OSCLC can also be implemented by a low-pass filter, where we

block high frequency components in the Fourier plane. Essentially, we can use a 4f correlator,

with an amplitude mask in the Fourier plane. The highest frequency components in the image

correspond to the largest wavevectors, which in the Fourier plane are distributed further

from the optical axis. By placing a circular aperture in the Fourier plane, we will block

frequency components that reside outside of the central aperture, enabling us to perform

spectral pooling optically. This approach is also amenable to variants of our defined low pass

spectral pooling operator. For example, we could implement a high-pass filter by inverting the

trasmittance of the Fourier plane mask to be opaque at the center and transparent outside

this region. Alternatively, if frequency components from the whole range at the Fourier

plane are desired, we could instead use a mask based on concentric transparent annuli, which
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corresponds to a spectral pooling operator that passes frequency components only at certain

frequency intervals. An additional consideration that must be made with this architecture is

the field of view of the lenses in the lenslet array. In order to limit crosstalk between the

different convolution channels, the field of view will be constrained so that the convolutions

at the output plane will be non-overlapping; this is achievable using an array of field stops

positioned at the input plane.

The summation of different channels is also basic principle in deep neural networks and

is widely used in object classification and segmentation. If there are no summations after

elementwise products, the channels will grow exponentially, requiring a massive number

of kernels after only a few convolutional layers, which makes it impossible for real optical

implementations. Although fewer kernels in the convolution layers can alleviate this challenge,

the overall accuracy, especially in complex scenarios, would suffer. Such a summation can

be implemented using various techniques used for coherent beam combining [116, 117]. We

note that, while free-space optics tends to be bulky and prone to misalignment, recent

demonstrations of meta-optics and volume optics [118, 119] exhibit complicated free-space

optics in a compact form factor, possibly in a monolithic fashion mitigating any misalignment.

We note that, in the current paper, for simulation as assumed perfect alignment and aberration-

free optics, which are ideal conditions, and future works will explore analysis of the proposed

architecture with realistic optics and their robustness against experimental imperfections.

4.3 Experiments and Results

In the case of classification, we consider CNNs that are structured with multiple layers

of repeating operations of Convolution, Nonlinearity (ReLU), and Max-Pool (selecting the

maximum value). In the case of object segmentation, we consider a CNN of a “U” shape, where

the input passes through similar operations of Convolution, ReLU, and Max-Pool, called

convolution layers, and in addition, the output of each Convolutional layer contracts the input

dimension to a “bottle-neck” layer, called skip connections, from which the representation

is expanded with a set of inverse operations, such as transposed Convolution, ReLU, and
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Max-Pool, altogether called transposed convolution layers To measure the performance of the

proposed architectures, we concatenate them with a backend that corresponds to either a

classification task (softmax fully connected backend layer) or a segmentation task (sequence

of transposed Convolution backend layers).

Table 4.2: Forward propagation accuracy and processing-time of different network variants

for classification tasks. AlexNet: nonlinear baseline network (no optical implementation),

SCLC: The linear counterpart of AlexNet. (Table from [JX1])

Dataset Model(input:224× 224) Accuracy Runtime (ms/img)Optical Runtime (ms/img)

Cats vs. Dogs

AlexNet 96.10% 350.66 -

SCLC 79.50% 11.05 0.61

SCLC + KD 90.60% (+11.10%) 11.05 0.61

SQ-Nonlinear 51.70% 12.04 0.61

SQ-Nonlinear+ KD 51.72% 12.04 0.61

Cifar-10

AlexNet 85.09% 350.66 -

SCLC 65.45% 11.05 0.61

SCLC+KD 80.80% (+15.35%) 11.05 0.61

High-10

AlexNet 93.95% 350.66 -

SCLC 70.12% 11.05 0.61

SCLC + KD 81.40% (+11.28%) 11.05 0.61

4.3.1 Object Classification Task

We evaluate the proposed SCLC on different classification datasets to estimate the accuracy

that SCLC can achieve when trained with KD. We compare the accuracy to that of the

teacher network, AlexNet. The first dataset that we consider is the Kaggle Cats and Dogs

Challenge [120] which consists of 125000 images of dimensions 96× 96 associated with two

classes: a cat or a dog. Additional dataset that we consider is Cifar-10 [121] which consists of

60000 images of dimension of 32× 32 including 10 classes. The third dataset that we consider
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is High-10 which is a subset of ImageNet [122] and consists of approximately 10000 annotated

images, equally distributed in 10 classes with images of resolution 500× 300. During training

of AlexNet all images are resized or cropped to dimensions of 224× 224 to match AlexNet’s

input size. To evaluate the performance of SCLC in classification we add a single fully

connected backend layer to it. The backend layer will be implemented in electronics for the

OSCLC since the last layer will include nonlinearity. We employ the KD approach to train

SCLC with AlexNet being the teacher network and when the training converges, we test

SCLC variants against AlexNet.

In particular, we compare the SCLC trained with and without the KD approach and

a variation of AlexNet with a square nonlinearity that could be realized optically using

detectors. We show the results of the comparison for the three benchmarks in Table 4.2.

We observe that for all benchmarks, KD training significantly enhances the accuracy of

the classification achieved by the SCLC (by 12.5% on average). Indeed, KD contribution

appears to be essential in generating an SCLC network with robust accuracy. On Kaggle’s

Cats and Dogs classification SCLC achieves 90.60% (6% below the accuracy of AlexNet),

on Cifar-10 classification it achieves 80.80% (5% below the accuracy of AlexNet) and on

HIGH-10 classification it achieves 81.4% (≈ 12% below the accuracy of AlexNet). These

results are encouraging since SCLC trained with standard training has a much bigger gap

of 16%, 20%, 23% between its accuracy and the accuracy of AlexNet. The KD approach

appears to close this gap by more than half for all benchmarks. Furthermore, when the RELU

nonlinearity is modified to square nonlinearity (SQ-AlexNet) both KD and standard training

do not result with sufficiently accurate network. This is because the square nonlinearity will

magnify the parameters of the model. This observation indicates that the KD approach is

effective in regimes where the network architecture of the student is kept as close to the

teacher as possible.

Notably, to match AlexNet input dimensions, all experiments were implemented with

the same input image resolution of 224× 224. We therefore explore with HIGH-10 dataset

(that includes higher resolution images) how accuracy varies if the resolution of the input is
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Figure 4.3: Accuracy and Forward propagation time for classification task on High-10 dataset.

Left: AlexNet and SCLC accuracy for varying input resolution; Right: Forward propagation

runtime of AlexNet, SCLC, and OSCLC for varying input resolution. (Figure from [JX1])

increased. For each input image resolution down sampling to 224, the teacher (AlexNet) is

first trained and then the student (SCLC/OSCLC) is trained under the supervision of the

teacher model. We show in Fig. 4.3 that increasing the resolution of the input increases the

accuracy of both the teacher and student models (with a linear rate). SCLC trained with

higher resolution inputs can surpass the accuracy of the teacher network trained with lower

resolution dataset, e.g., SCLC with input of 27 × 27 dimensions performs similarly (≈ 80%)

to the teacher with input of 26 × 26 dimensions. While the accuracy of the two is similar, the

runtime of SCLC is expected to be more favorable since teacher’s runtime grows exponentially.

It is impossible to continually increase the input dimension for nonlinear models. Higher

resolution inputs require higher computational power and longer processing time, which

makes it not capable for mobile GPUs or any instant usages. However, SCLC overcomes

those by processing the networks in optical components. The computational efficiency and

computational power increase at much lower rates or even constant when increasing the input

dimension. Indeed, we show that for 80% accuracy both SCLC and OSCLC are at least 5

times faster than (≈ 5ms and ≈ 1ms) than AlexNet (≈ 25ms).

We further demonstrate the efficient runtime of SCLC compared to AlexNet in Table 4.2
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Figure 4.4: Examples of object segmentation for the considered benchmarks of (i) Car

Segmentation, (ii) Face Recognition, and (iii) VOC2012. Left to right: Ground truth, Our

work (SCLC/ OSCLC). (Figure from [JX1])

columns 3 and 4 for input size of 224 × 224. While AlexNet runtime for a single image is

350ms, SCLC runtime drops by an order of magnitude to 11ms for a single image. Simulated

runtime of OSCLC drops by another order of magnitude to 0.6ms. The estimation of OSCLC

forward propagation runtime includes three parts: 1) running time of the optical structure,

2) transduction time between optics and electronics, and 3) running time of the electronic

backend. Since light propagation is very short, ≈ ps, the main contribution comes from the

signal transduction (≈ 0.32ms for 100kb images via USB 3.0 protocol at a rate of 2500Mbit/s)

and the backend propagation time (≈ 0.28ms for a single image on a GPU (Tesla P100).

4.3.2 Object Segmentation Task

For object segmentation, a standard CNN is of a U-shape with a sequence of convolutions,

transposed convolutions and skip connections. The teacher network is U-Net [112]. KD

training corresponds to pixel-level loss for both soft predictions and soft labels. The frontend

for this task is the sequence of contracting convolutions while the backend corresponds to a
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sequence of transposed convolutions.

Kaggle’s Carvana Image Masking Challenge that consists of 5088 cars with an original

resolution of 1920 × 1280. The dataset is randomly split into 4580 and 508 images for

training and testing, respectively. Face Recognition dataset consists of 2000 images with

1700 for training and 300 for testing. VOC2012 consists of 2913 images of original resolution

500× 375, which includes 20 classes and one background class. The images in all datasets

are down-sampled to 960× 640 or smaller due to limitations of GPU memory.

The results are shown in Table 4.3. For both Car and Face datasets Iobserve that the SCLC

performs relatively well and obtains accuracy that falls from that of the teacher U-Net by only a

few percent. Iobserve that consideration of higher resolution inputs corresponds to enhanced

accuracy in classification experiments. For the VOC2012 dataset, which includes lower

resolution images and has more segmentation classes, both the teacher and SCLC perform

with rather low accuracy below 80%. This example demonstrates that in such problems,

it is crucial to consider the fully available image resolution. Icompare the computational

efficiency of the SCLC against the teacher in terms of frames per second rate and find that

the SCLC is approximately 2× faster than U-Net. While such a speedup is more modest than

in the image classification task, the rate is closer to a real-time operation rate (30 fps) or

alternatively allows for consideration of larger input images that may correspond to enhanced

segmentation with the same frame rate as that of the teacher. The main contribution to

SCLC runtime is the electronic backend that consists of transposed convolution layers, which

have a computational complexity of O(HWk2) (compared to image classification backend,

which is a fully connected single layer).

4.4 Discussion

The SCLC network is a multi-layered model in spectral space, where each layer consists of

a matrix multiplication and a spectral pooling (prior to the backend). Theoretically, the

convolution layers and their corresponding operation in the spectral space can be implemented

as a single matrix that implements an elementwise product operation with the input. In



42

Table 4.3: Accuracy and forward propagation rate (frames per second) for object segmentation

task tested on three benchmarks. (Table from [JX1])

Dataset Network Accuracy Rate (higher is better)

Car Segmentation U-Net 98.02% 7.36 fps

OSCLC 97.1% 12.7 fps

Face Recognition U-Net 95.58% 9.38fps

OSCLC 91.39% 15.6fps

VOC2012 U-Net 75.51% 7.36fps

OSCLC 62.21% 12.7fps

particular, the convolutional kernels in the spectral domain correspond to an elementwise

product between the Fourier transform of the input and the Fourier transform of the kernel

padded to the same size of the input image. The elementwise product yields a matrix for

each layer and the product of the sequence of matrices generates a single matrix reflecting

elementwise product with the input.

O = x⊙ k1 ⊙ ...⊙ ki ⊙ ...⊙ kn, i = 1, 2, ...n (4.7)

Where O is the output, x is the input image and the ki is the padded parameter in each layer.

The spectral pooling is also reduced to a single operation where it crops the center part of

this matrix.

OCROP = CROP (O) = CROP (x⊙ k1 ⊙ ...⊙ ki ⊙ ...⊙ kn), i = 1, 2, ...n (4.8)

Such a setup could be instrumental in implementation of the optical network (OSCLC)

for operation on given inputs (i.e., forward inference). Notably, such a structure would not

be applicable during training. The reason stems from the fact that each element in the

outcome matrix incorporates multiple parameters that originally correspond to multiple

layers and being efficiently trained using the KD approach that we propose in this work.
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Table 4.4: Accuracy of AlexNet SCLC with different teacher models. (Table from [JX1])

Teacher Model SCLC Accuracy

ResNet18 78.50%

VGG16 79.80%

AlexNet 81.40%

As our experiments indicate, for effective approximation of the performance of the baseline

AlexNet by KD, the SCLC needs to have as similar structure as possible to the original

nonlinear network structure (i.e., same number of layers). Therefore, an approach such as

KD is not directly applicable to train the much smaller number of elements in the outcome

single matrix.

We also studied deeper and more complex teacher networks than AlexNet, such as VGG16

and ResNet18, to examine whether the KD could distill “additional knowledge” from these

networks and improve the performance of the SCLC counterpart of AlexNet. Table 4.4 shows

the results of training the SCLC with three different teacher networks: AlexNet, VGG16

and ResNet18 on the High-10 dataset. As can be observed, even when the SCLC student

is trained with a better performing teacher, SCLC still has the best performance when the

teacher network is the network from which it was originated (i.e. AlexNet). These results

reaffirm the need for the student and the teacher networks to be as architecturally similar as

possible to boost student accuracy.

While we have shown that SCLC counterpart reaches accuracy and potential speedup

through OSCLC in forward inference, these results are for networks that are not too deep,

such as AlexNet. When the number of layers increases to a much deeper network, such

performance is not guaranteed to persist. The reason for this limitation is that it is unclear

how to perform the normalization or skip connections operations in the optical setting.

Notably, since optical setup would be mostly applicable to real-time processing situations,
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operations such as batch-normalization may not be required since the batch size for these

applications will be of size 1. However, as deep learning literature indicates, incorporation of

normalization is critical for improving the overall performance of the network.
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Chapter 5

KNOWLEDGE TRANSFER TO METASURFACE-BASED
OPTICAL NEURAL NETWORKS

5.1 Motivation

Convolutional neural networks (CNNs) represent a significant milestone in image classification,

recognition, and tracking [122]. CNNs, for example, AlexNet, are composed of several

convolutional layers that adaptively learn spatial representations from input images. While

powerful, the convolution operation is computationally expensive, leading to high latency

and power consumption. In fact, it has been estimated that about 80% of the total runtime

of CNNs is used in performing convolution operations [123]. Reducing this latency and as

a result power consumption has become an active area of research, with multiple works

proposing free-space optical systems as a solution [25, 124, 22, 19, 125, 126]. Beyond latency

reduction and power consumption, optical information processing features qualities including

high bandwidth, spatial parallelism, and low-loss transmission which have led to a surge of

interest in the field [25].

For decades, it has been known that a 4f lens system can be used to perform convolutions

optically by placing an appropriate filter at the Fourier plane of the lens [127, 128, 23, 124].

This was demonstrated in 2018 [124] using a diffractive optical element as the filtering element

and traditional refractive lenses composing the 4f system. Spatial light modulators [19] and

digital micromirror devices [129] can also be used as the filtering element. However, one

drawback of the Fourier-based 4f approach is that it requires three elements (two lenses and

a spatial filter), resulting in a bulky optical system with greater propensity for misalignments

than single-element optical systems. Such misalignments from each optical convolutional

layer cannot be ignored even when weights are trained with noisy inputs. In addition, the
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filtering optics must be contained within a compact area at the focal plane in the 4f system,

which limits parallel processing ability unless creative measures are taken such as utilizing

naturally present diffraction orders [129] or lenslet arrays [22].

Advantageously, the convolution operation can also be performed using free-space optics

and requires only a single element. The resultant image produced by any optics is the input

convolved with the point spread function (PSF) of the optics [42, 43, 44]. Therefore, by

engineering optics to produce a particular PSF, convolution can be performed optically simply

via passing light through the optics. Further, by passing the input through several of these

optics in parallel, multiple convolution operations can be performed simultaneously at the

speed of light [22, 130]. This approach leverages the inherent parallelism of light enabling the

passive processing of a vast amount of data without increasing computation time [25, 129, 22].

This unique optical capability circumvents scalability issues when handling high-resolution

images in traditional electronic-based CNN systems.

However, a challenge to all optically-implemented CNN approaches is that nonlinear layers

are interspersed with the linear layers. For example, AlexNet consists of five convolutional

layers followed by three fully connected layers [122]. Specifically, each convolutional layer in

the architecture utilizes the rectified linear unit (ReLu) as its non-linear activation function,

followed by the local response normalization and Max Pooling layer, ensuring an effective

mechanism for spatial hierarchy extraction. Therefore, nonlinearity is consistently applied

across all layers, serving as a foundational element of the network’s design to enhance its

learning capability. Without the particular nonlinear layers that are effective in CNNs (e.g.,

ReLu), the classification accuracy of the CNN drops by about 20% [JX1]. The nonlinear

layers cannot be implemented using simple lens-like optics; to implement them optically,

some physical nonlinearity must be introduced, for instance by using an atomic vapor cell

[19, 20] or image intensifier [21]. Hybrid approaches involving repeated transduction of the

signal to perform linear operations in optics and nonlinear operations in electronics provide

little benefit due to large latency and power consumption in signal transduction [22, 21, 23].

Implementing only one of many required convolution operations does not provide much
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benefit in terms of speed and latency. Alternatively, there have been recent breakthroughs

in using end-to-end designs for physical and hybrid networks designs which perform image

classification or other tasks without explicitly using convolution [24, 25, 26, 27, 28]. Such an

approach can effectively implement multiple linear layers in one optical frontend. While novel,

these end-to-end neural networks are computationally expensive to train and are applicable

only to the physical system for which they were specifically designed. In another approach,

all-optical classifiers composed of several layers of diffractive optics have achieved reasonable

classification accuracy using coherent illumination at terahertz [16, 17] and near-infrared [18]

wavelengths. Further, a metasurface-based on-chip diffractive neural network has also been

demonstrated [131]. However, these all-optical approaches are limited to implementing only

linear operations.

In this chapter, we experimentally demonstrate a hybrid optical-electronic CNN consisting

of a single optical convolution layer with an electronic single fully connected layer to achieve

similar accuracy as AlexNet on hand-written digit classification tasks. To overcome the

limitation from the absence of optical nonlinearity, we apply knowledge distillation to remove

the nonlinear layers, and compress multiple layers into a single linear layer [JX1]. Knowledge

distillation (more details in Methods) circumvents the need for nonlinearity without a

significant reduction in the performance by transferring knowledge from a larger, pre-trained

network (the “teacher” network) to a more compact network (the “student” network). Here,

we use a modified AlexNet, denoted AlexNet-Mod, as the teacher network and a single

convolutional layer coupled with a single fully connected layer as the student network. We

use this architecture to demonstrate a hybrid meta-optical platform, wherein an optical

frontend based on a single meta-optic performs the linear convolution operation, followed by

an electronic backend which contains a linear calibration layer and a fully connected layer. In

such a way, the most computationally expensive operation is performed optically to leverage

the benefits of optical computing, namely high spatial bandwidth and low power consumption.

The use of a single meta-optic layer drastically simplifies the experimental setup and provides

a compact geometry.
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Figure 5.1: Schematic of convolutional neural networks for image classification tasks. (a)

All-electronic multi-layered CNN. (b) All-electronic compressed CNN. (c) Hybrid CNN which

combines an optical meta-optic front end and electronic backend. (d) The number of multiply-

accumulate (MAC) operations of each network configuration, with convolutional MACs in

green and fully-connected (FC) MACs in brown. (Figure from [JX3])

The optical frontend of this network is realized using inverse-designed meta-optics. The

meta-optics are arrays of sub-wavelength scatterers which act as phase masks, imparting

spatially-coded phase shifts to incident light. Here, we design meta-optics to realize a

phase mask which performs the desired convolutional steps of the CNN by engineering the

PSF. We fabricate and experimentally validate the performance of the designed optics using

incoherent green light illumination from a light emitting diode, centered at 525 nm. Further,

we experimentally demonstrate the classification accuracy of the entire hybrid CNN on

the MNIST dataset. The hybrid CNN is described in Figure 5.1, where we compare the

architectures of multi-layer electronic CNNs, compressed electronic CNNs (a linear single layer

CNN), and our hybrid system. The number of multiply-accumulate (MAC) operations in
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the entire network is reduced by over two orders of magnitude through compressing multiple

convolutional layers into a single layer and implementing them optically. The classification

accuracy of the compressed hybrid CNN is reduced by only 5% from AlexNet-Mod (98%

accuracy) to achieve 93% classification accuracy on the MNIST dataset.

5.2 Methods

The hybrid CNN is described in Figure 5.1, where we compare the architectures of multi-layer

electronic CNNs, compressed electronic CNNs (a linear single layer CNN), and our hybrid

system. The number of multiply-accumulate (MAC) operations in the entire network is

reduced by over two orders of magnitude through compressing multiple convolutional layers

into a single layer and implementing them optically. The classification accuracy of the

compressed hybrid CNN is reduced by only 5% from AlexNet-Mod (98% accuracy) to achieve

93% classification accuracy on the MNIST dataset.

5.2.1 Transfer Knowledge to Linear Networks

The knowledge distillation (KD) algorithm is designed to compress neural networks. KD

accomplishes this by transferring knowledge from a larger, pre-trained network (referred to as

the “teacher model”) to a more compact network (referred to as the “student model”). In our

implementation, we use AlexNet-Mod (a modified version of AlexNet) as the teacher network

and a linear electronic network as the student network. The student network only comprises a

single CNN coupled with a single fully connected layer. Straightforwardly training this linear

network tends to easily converge to sub optimal saddle points; however, with the knowledge

distillation approach, the student network converges faster and obtains better performance

than it would achieve without the knowledge distillation training.

The KD algorithm optimizes the linear student network by combining two types of losses:

temperature loss and student loss. Therefore, the total loss is then calculated as a weighted
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summation of the two losses

L(x,Φ) = αLC(y, p
hl) + (1− α)Lk((p

sl,t;T = τ), (psl,s;T = τ)) (5.1)

where x corresponds to the input, y is the training data, Φ are the student model weights,

LC is the cross-entropy loss function, Lk is the Kullback-Leibler (KL) Divergence Loss

function [132], phl corresponds to the student model hard predictions, psl,s corresponds to

the student predictions under given teacher model probabilities psl,t, and α is the weighting

parameter.

5.2.2 Calibrating Optical Experiment Results with Limited Data

The calibration function is designed to remap the optical convolution outputs to align with

those of the previously trained backend. This addition addresses a variety of differences which

may occur between the optical and electronic counterparts, including scaling, translation,

rotation, and optical noise. With the addition of the calibration layer, the weights of the fully

connected layer are preserved, and the optical frontend can be integrated into the existing

network framework without retraining the backend or fine-tuning the optical alignment.

Specifically, the backend includes a calibration layer and the original backend layer used

in the “compressed CNN”, which are both fully connected layers. The input of the original

backend layer is 288, and the output is 10, where 288 is the flattened image size after the

optical convolutional layer. The input and output of the calibration layer are both 288 to

align with the optical frontend and the original backend. The network’s performance could

be further enhanced by adding additional calibration layers, but incorporating more fully

connected layers might risk gradient vanishing or explosion. The loss function used in this

process is defined as

L = min(fcalibrate(ON),EN), (5.2)

where ON is the network with the optical experiment results and EN is the all-electronic

network. This approach aims to refine the experiment output to align more closely with the

pre-designed electronic network. To prevent overfitting, we strategically limit our training
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to only 10% of the available data, ensuring that our model remains efficient [JX5, JX10].

The calibration layer addresses diverse types of noise encountered in the optical system, thus

ensuring a more robust hybrid network.

To obtain the accuracy, the model generates scores for each input image These scores are

output of the last FC layer (denoted as logits, size 10 by 1). We use the following equation

to convert the logits to accuracy

Accuracy =
1

N

N∑
i=1

(argmax(logitsi) == labeli) , (5.3)

where N is the is the total number of samples. We convert these logits into predicted class

indices by selecting the class with the highest score for each data point. Next, we check if the

predicted class for each data point matches the true class. Finally, we sum the number of

matches to determine how many predictions were correct.

5.2.3 Meta-optics Design

The meta-optics are designed with our experiment setup in mind. Due to the sensitivity

of our camera (GT-1930C) and available light sources, we design the optics specifically for

525 nm illumination. For all electromagnetic simulations, we use a simulation grid size of

586 nm to be both comparable to the wavelength of the light and evenly divisible by the

size of the camera pixels (5.86 µm per pixel). Each sub-optic is square, 800x800 simulation

pixels in size, which provide compact footprint and reasonable computation time. While it

is not necessary to propagate the electric fields on a sub-wavelength grid, it is necessary to

design the meta-optic scatterers with sub-wavelength periodicity. Therefore, we divide each

meta-optic pixel into a 2x2 block of square meta-optic scatterers each with a period of 293

nm. With 750 nm SiN (n = 2.06) pillars, we select a set which provides 0 to 2π phase shift at

the desired wavelength. The scatterer unit cells were simulated using S4 RCWA [133]. More

details on the meta-optic design are available in the Supplement.
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Figure 5.2: Schematic of the optical system. (a) PSF measurement setup using a monochro-

matic point light source (left) and optical convolution measurements using a micro-LED

display (right). (b) A photograph of the fabricated meta-optics. The meta-optic contains 16

different sub-optics, spatially distributed in a single layer, operating in parallel for classifica-

tion tasks. (c) Phase maps and SEM images of exemplary sub-optics corresponding to the

positive and negative parts of a particular convolutional kernel. (d) The positive and negative

parts of an example convolutional kernel (left) and the corresponding PSF simulation (middle)

and right (experiment). (e) The simulated electronic output (left) and optical experiment

(right) convolved output for the example kernel, for the case of an input “7” from MNIST.

(Figure from [JX3])
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5.2.4 Meta-optics Fabrication

The convolutional meta-optics are fabricated on a silicon nitride layer on a quartz substrate.

We first deposited silicon nitride on a double-side polished quartz wafer using plasma-enhanced

chemical vapor deposition (Oxford; Plasma Lab 100). Then we patterned on a positive-tone

resist (ZEP-520A) using e-beam lithography (JEOL; JBX6300FS). We used alumina as a hard

mask for etching the silicon nitride layer, so we deposited the alumina using e-beam evaporator

(CHA; SEC-600) and did liftoff with 1-methyl-2-pyrrolidinone. We etched the silicon nitride

layer with a plasma etcher (Oxford; PlasmaLab 100, ICP-180) using fluorine-based gases. In

order to minimize the stray light of the meta-optics, we blocked the light except for the 16

kernel sub-optics by putting apertures around each one using photolithography (Heidelberg;

DWL66+) and metal deposition followed by a liftoff process.

5.2.5 Optical Measurements

Two-dimensional point spread functions of 16 different optical kernels are measured simulta-

neously with a simple measurement setup. Single-mode optical fiber-coupled light source acts

as a point source, and the meta-optics are placed 92 mm apart from the source. As we put

the meta-optics on a three-axis linear stage and a kinetic mount with two rotation adjusting

knobs, both the position and angle of the meta-optics can be well-defined with respect to

the designed setup. Then we put a high-resolution color camera (GT-1930C with 5.86 µm

per pixel resolution) 2.4 mm from the meta-optics to collect the point-spread functions of

the kernels. We simply replaced the light source from the single-mode optical fiber to a

micro-display presenting MNIST dataset of handwritten digits to get the convolved images.

The camera could capture all 16 convolved images from different kernels at the same time,

and we used Python code to automatically collect convolved images from 10,000 number of

MNIST dataset.
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5.3 Experiments and Results

In each convolutional layer of a CNN, an optimized kernel is convolved with the input to

generate a feature map which is then passed to the next layer. Using the knowledge distillation

approach, we optimize eight convolutional kernels (each 6× 6 pixels in size) for the MNIST

dataset of handwritten digits. The selected number and size of the kernels are based on

previous experimental results [134]. As described in the next section, we design the optics

to implement these optimized convolutional kernels and combine them with an electronic

backend for image classification.

5.3.1 Compressing Multiple Convolutional Layers with Knowledge Distillation

To select the ideal network architecture for the linear optical-electronic hybrid system,

underfitting and overfitting issues must be avoided. Smaller networks face underfitting

concerns, particularly in optical settings that limit the system to just 8 kernels and remove

nonlinear functions [135]. This is in stark contrast to AlexNet, which uses over 300 kernels [122].

However, complex models are prone to overfitting, and practical issues such as fabrication

noise and misalignments introduce further challenges for optically implementing a large

number of kernels. Our Schematic of the optical system is in Figure 5.2

Therefore, to obtain a balanced network that could be implemented optically, we use

knowledge distillation to compress a AlexNet-Mod as a base model. AlexNet-Mod consists

of 5 convolutional layers and 3 fully connected layers (8 total layers) which we compress to

the desired structure of one convolutional layer and one fully connected layer (2 layers). The

knowledge distillation approach assumes that the teacher network is already trained and

performs the desired task with high accuracy; in this case, we use AlexNet-Mod as the teacher

network, which achieves 98.9%± 0.33% on training and 98.4%±0.32% on testing classification

accuracy MNIST datasets over repeated trials. Additionally, AlexNet-Mod employs nonlinear

activation functions (ReLU) to optimize performance; these are circumvented by knowledge

distillation for a result that is compatible with our optical setting. In the compressed network,
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we limit the number of kernels in the compressed convolutional layer to 8, and each kernel is

6×6 pixels in size. After training, the compressed electronic network achieves an approximate

classification accuracy of 96% on both training and testing datasets.

To verify the performance of the optics, we measured the PSF of each sub-optic using

a single-mode fiber as a point light source, as shown in the Fig. 5.2(a). The PSFs from

all 16 sub-optics are simultaneously captured by the two-dimensional CMOS camera (more

details in Materials and Methods). Accordingly, the convolved images from all 16 sub-

optics are also captured at the same time when we replaced the single mode fiber with

the display, as described in Fig. 5.2(a). Exemplary electronic convolutional kernels, which

represent the ground truth PSFs for the optically-implemented kernels, are shown in Fig.

5.2(d). We also present the simulated PSFs from the meta-optics using angular spectrum

propagation [136, 137]. The experimentally measured PSF shown in Fig. 5.2(d) match well

to the simulated PSFs, confirming fabrication accuracy. However, due to the constraints on

physically realizable PSFs, there are notable differences between the ground truth PSFs and

experimentally measured PSFs. To correct for these differences, as well as slight noise and

misalignments in the optical system, we introduce a calibration layer to the computational

backend, further discussed in Section 5.2.2.

5.3.2 Hybrid Network Classification Results

To address optical noise and misalignment affecting image classification performance, an

additional calibration layer is introduced to adjust optical representations for compatibility

with the computational backend. Specifically, this calibration layer is a single fully connected

neural network layer with an input dimension of 288 and an output dimension of 288. We

fine-tune it with only 10% of the training dataset and ensures that the computational backend

does not need to be retrained. Therefore, the electronic backend of the hybrid network

consists of the calibration layer followed by the original compressed electronic backend.

We compare three CNN architectures (AlexNet-Mod, compressed electronic network,

and hybrid optical-electronic network) in Table 5.1. The MAC for the convolutional layer



56

depends on the image size (H,W ), kernel size (k), number of kernels (cout), and input channels

(#k), and the MACs are calculated as cinHWk2#k. The MAC for fully connected layer

depends on the input size (m) and output size (n), and the MACs are calculated as mn. The

AlexNet-Mod achieves classification accuracy exceeding 98% on both training and testing

datasets. The number of MAC operations of this network is 17 million with 8 bit precision.

The compressed electronic CNN achieves greater than 96% accuracy; this 2% decline reflects

the inherent challenges of compressing multiple layers into a single layer. Primarily due

to the compression of the convolution layers, the number of MAC operations is reduced

to 228,672. The hybrid network, which integrates the optical convolution layer with the

calibration layer and single fully connected layer electronic backend, experimentally achieves

classification accuracy of 93.9% (± 0.25%) and 93.4% (± 0.22%) on the training and testing

datasets, respectively, and requires only 85,824 MAC operations, which is 0.5% and 37% of

that required for AlexNet-Mod and the compressed electronic networks, respectively.

Table 5.1: Classification accuracy and computational complexity of different neural network

architectures on the MNIST dataset. (Table from [JX3])

Network Architecture Train (%) Test (%) MAC Operations

AlexNet-Mod 98.9 ± 0.33 98.4 ± 0.32 17,323,520

Compressed electronic CNN (without KD) 84.2 ± 0.47 82.1 ± 0.69 228,672

Compressed electronic CNN (KD) 97.2 ± 0.35 96.2 ± 0.29 228,672

Hybrid CNN (KD) 93.9 ± 0.25 93.4 ± 0.22 85,824
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Figure 5.3 illustrates the confusion matrices for three neural network configurations. Each

matrix visually represents the model’s tested performance across different classes (in this

case, digits labeled 0 through 9), with the true labels on the rows and the predicted labels on

the columns. The multi-layer electronic CNN, AlexNet-Mod, displays high values along the

diagonal, exceeding 98.1% accuracy on each class. The compressed electronic CNN, while

having a slight decline in diagonal values, still demonstrates robust classification accuracy with

a minimum of 94.3%. The hybrid network exhibits a more diverse range of values along the

diagonal, with some classes exhibiting lower predictive accuracy compared to the compressed

electronic network. We attribute this slight decline to noise in the optical experiment, which

may be due to optics fabrication, camera sensor noise, and optical noise due to vibrations

that cannot be fully compensated by the calibration layer. Despite these factors, the hybrid

network still performs reasonably well with the network correctly predicting each class with a

minimum of 87.6% accuracy. This indicates that the hybrid network maintains a reasonable

level of accuracy against these noises and discrepancies.

5.4 Discussion

5.4.1 Ablation Study and Principal Component Analysis

To understand the contribution of each component of the hybrid optoelectronic CNN, we

perform an ablation study and principal component analysis. In the ablation study, we evaluate

the classification accuracy when using only the electronic backend structure for classification.

We summarize the ablation study results in Table 5.2 and the numbers in brackets represent

the accuracy gain compared to “Backend Only” and “Calibration + Backend”, respectively. For

a fair comparison, the backend layer here is the same structure as used in the hybrid network

but re-optimized for the best performance in the absence of any convolutional frontend.

Specifically, we compare the performance of a backend layer only (a single fully-connected

layer), the calibration and backend layers together (two fully-connected layers), and the entire

hybrid network. For a single fully-connected layer alone, an accuracy of 89% was attained,
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Figure 5.3: Confusion matrices for different network architectures. (a) Classification results for

AlexNet-Mod (multiple-layer electronic CNN). (b) Classification results for the all-electronic

CNN compressed without using knowledge distillation. (c) Classification results for the

all-electronic CNN compressed with knowledge distillation. (d) Classification results for the

hybrid optical-electronic CNN. (Figure from [JX3])

which is less than that of the hybrid network; this highlights the utility of the optical frontend.

Further, for two fully-connected layers (representing the calibration and backend layer)
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Figure 5.4: PCA of the hybrid CNN. (a) PCA of the uncalibrated experimental hybrid CNN

classification data. (b) PCA of the calibrated experimental data, which has been re-mapped

and exhibits clustering behavior similar to that of the compressed electronic CNN data. (c)

PCA of the compressed electronic CNN data. (Figure from [JX3])

without any convolutional frontend, the accuracy is reduced to 84%. This can be attributed

to the fact that two layers are fully-connected and, in the absence of nonlinear activation

functions, tend to converge towards a “saddle point” in the optimization landscape [88]. We

Table 5.2: Ablation study of different network configurations, highlighting the contribution of

calibration and optical components. (Table from [JX3])

Configuration Train accuracy Test accuracy

Backend Only 89% 87%

Calibration + Backend 84% 80%

Optics + Calibration + Backend 94% (+5% / +10%) 93% (+6% / +13%)

hypothesize that the calibration layer only re-maps the optical representations and does

not improve the performance of the electronic backend alone. To examine this, we further

analyze the effect of the calibration layer and the overall performance of the hybrid network

as compared to an all-electronic network using Principal Component Analysis (PCA). PCA is

a statistical method widely used in various fields, especially in analyzing the quality of neural
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networks [138], to project original, high-dimensional data into a new, simpler coordinate

system for explicit interpretation. Specifically, PCA computes the eigenvalue decomposition

of the covariance matrix or the singular value decomposition of input data to determine the

principal direction (known as “principal components”). Principal component 1 denotes the

axis of maximum variance, encapsulating the most substantial relationships among variables,

while principal component 2, orthogonal to principal component 1, captures the second

most significant variance direction. Notably, the first two principal components typically

contain the most crucial information. In this study, we compress the output dimensions

from electronic and optical convolutional layers into two principal components, respectively,

to compare the classification efficacy of each approach; this is observed by comparing the

clusters observed in PCA visualizations [139].

In Fig. 5.4, we use PCA to show that the raw experimental data do identify the fundamental

components necessary for classification, but that the calibration function is necessary to shift

optical representations to a form that is compatible with the pre-designed electronic backend.

As shown in Fig. 5.4a and 5.4c, we observe that both the all-electronic CNN outputs and

the uncalibrated hybrid network experimental results can effectively distinguish between

different classes due to the clustering behavior of specific classes, e.g. light blue (number 6)

and navy blue (number 7). This clustering behavior indicates that despite any observable

shifts in the PCA plot, the fundamental capacity of the hybrid network to classify data

remains comparable to that of all-electronic networks. However, due to differences between

the optical experiment output and the expected input to the electronic backend, directly

using the original backend network results in a notable drop in accuracy, down to 16.3%.

The calibration layer is designed to re-calibrate the outputs from the optical convolution

layer back to the original outputs, thereby enabling the use of the original backend without

retraining. As shown in Fig. 5.4b and 5.4c, the calibrated experiment result exhibits very

similar clustering behavior to the all-electronic network, further demonstrating that the

hybrid network classification is comparable to that of the all-electronic network.
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5.4.2 PSF-Engineered Meta-Optics

We emphasize two advantages of our PSF-engineering method to perform optical convolution.

Firstly, we highlight the simplicity of the optical system, as this method requires only a display,

a single layer of optic, and a camera, making it compact and simple to execute. Incoherent

illumination is used, so this approach can be applied to real-world image classification scenarios.

Secondly, we highlight the ease of integration with the optimized electronic system. One of

the challenges faced by optical computing is that electronic computing is already extremely

powerful, having had decades of research and development into algorithms and hardware

[25]. In our approach, the optics are designed to implement the electronically-optimized

kernels. These kernels may be modified to reflect improvements in electronic CNN models

and architectures, and the optics can accordingly be adapted to implement convolutions with

arbitrary kernel matrices.

Furthermore, the Gerchberg-Saxon (GS) algorithm [140] used to design the optics is

a well-established technique. The GS algorithm is an iterative phase retrieval algorithm

to determine the phase (in the optic plane) that produces an intensity pattern in another

desired plane (the focal plane). In other words, the meta-optics are phase-only holograms

producing the desired PSFs as their images. Due to the fact that only amplitude, and

not phase, contributes to the intensity pattern, the iteratively designed phase masks are

not unique. More details on the implementation of the GS algorithm are available in the

Supplement. In the Supplement, we also discuss an alternative design method based on

automatic differentiation, which also produces viable optics but we found the GS-designed

optics to produce slightly brighter, clearer images.

There are, however, two major limitations of the PSF-engineering approach. One limitation

is that there is no guarantee that the desired PSF is physically realizable. That is, a single

phase mask that satisfies the desired amplitude constraints may not exist. However, by

introducing an electronic calibration layer, the resultant PSF does not need to be perfect in

order to effectively classify the data. Alternatively, to ensure physically realizable PSFs, one
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could adopt an end-to-end optimization scheme wherein the phase mask is simultaneously

optimized with a backend. However, training this large phase mask (on the order of 105− 106

unit cells per kernel optic) is prohibitively costly and the design space is potentially too large

to attain convergence. In contrast, separately training the electronic convolutional kernels

and the optics are both reasonable steps, which as demonstrated are effective when combined.

A second limitation of the described approach is that we assume the PSF is spatially

invariant. In reality, light from different spatial locations on the imaging object intersects the

meta-optic at various angles of incidence, resulting in a different PSF for the off-axis rays.

In contrast, we design the optics assuming a normal incident illumination. To mitigate this

discrepancy, we ensure the incoming angles of incidence are relatively small by placing the

display far away from the optics (90 mm) relative to the focal length (2.4 mm). Therefore, for

a displayed image size of 8 mm × 8 mm, we ensure that the maximum deviation from normal

incidence is 3.6◦, and therefore the assumption of spatial invariance is reasonable for our

system. However, for a large field of view imaging system, we may need to explicitly model

the spatially varying PSF. We note that Wei et al. [130] use reparameterization techniques

to design spatially varying kernel optics and report higher classification accuracy using this

method (73.8%) versus designing optics with the assumption of spatial invariance (71.6 %)

on the CIFAR-10 dataset. In another variation of a PSF-engineering technique, Zheng et al.

[28] engineer the PSF of polarization-sensitive meta-optics to provide an array of focal spots

which produce images of intensities relative to the kernel weights. However, we note that

this approach requires a more complex optical system and incurs transmission losses under

ambient light due to polarization sensitivity.

5.4.3 Outlook - Computational Effectiveness of the Hybrid Convolutional Neural Network

The number of MAC operations required of a network serves as a metric of computational

complexity which is independent of the employed hardware technology. In a modern digital

system, one MAC operation consumes approximately 1pJ [27, 21], so the hybrid network is

expected to reduce the required power to classify an input from 17µJ to 85nJ based on the
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reduction in MAC operations. The latency of such a classification task is also expected to

decrease proportionately. For input which is already in the optical domain, the power and

latency required to capture an image and convert it to digital input is the same regardless of

the network. Specifically, the hand-written digits of MNIST were captured using a standard

camera, and the optical frontend of our network uses a standard camera sensor with meta-

optics replacing the refractive camera lens. The network’s performance could be further

enhanced by adding additional calibration layers, but incorporating more fully connected

layers might risk gradient vanishing or explosion [141]. We also find that a larger number

of kernels could increase overall accuracy, but this would require increasing the number of

sub-optics in the meta-optic layer and thereby the overall footprint of the meta-optical layer.

This footprint is ultimately limited by the camera sensor size.

The benefit of optically implementing the convolutional step becomes more significant as

the number of input pixels is increased. The electronic computational complexity of each

convolutional layer is determined by the height and width of the input images (H,W ), as well

as the size of the kernels (k2), and is O(HWk2) [JX1]. However, the computational complexity

decreases to O(1) in the optical convolutional layer. For example, when the MNIST dataset’s

typical image size of 28×28 pixels is increased to 100×100 pixels, the electronic computational

complexity of each convolutional layer is expected to increase 12.76 times (assuming the

kernel size remains unchanged), but an optically implemented convolution would not incur

any increase in computation time. Therefore, as the resolution of real-world images continues

to increase, hybrid networks such as the one described offer a promising solution to scaling

problems incurred by all-electronic networks.

In summary, we demonstrate single-layer optical convolution with an electronic backend

to achieve similar accuracy as AlexNet-Mod on MNIST hand-written digit classification, with

99.5% reduction in computational complexity. To circumvent the nonlinearity of AlexNet-

Mod, we use knowledge distillation to compress the CNN into linear layers which are then

implemented in a hybrid format. As a further innovation, we implement the convolution

optically via engineering the PSF of meta-optics, which results in a more compact and



64

resilient optical frontend than the commonly used 4f lens system and does not require

coherent illumination or polarization control. This hybrid approach integrates seamlessly

with existing CNN architectures, utilizing simple optical design and requiring no re-training

of the electronic backend to classify the data in experiment. This approach is also suitable for

scaling to higher-resolution datasets; unlike in all-electronic networks where the convolution

time scales with the number of input pixels, for optical convolution the processing time is

independent of the resolution of the dataset. This chapter serves as a baseline for other

optical and hybrid neural networks for higher bandwidth as well as lower power and latency

in increasingly prevalent CNN applications.
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Chapter 6

TRANSFERABLE POLYCHROMATIC OPTICAL ENCODER

6.1 Motivation

Visual information plays a crucial role in human response, particularly in situations where

reaction time is limited to a few tens to hundreds of milliseconds [142]. Though the human

brain has efficiency far exceeding that of any other human-made computing systems, it still

cannot process the entire collected visual data due to its massive amount of information.

Most likely, our brain performs early visual processing to extract essential features for efficient

and rapid interpretation without handling the entire visual data [143, 144, 145].

With the dramatic development of artificial intelligence (AI), computers can process the

visual information like human brain, thanks to artificial neural network (ANN), enabling

computer/machine vision [146, 147, 4, 148, 149]. Despite impressive progress, real-time

inference with limited computational resources remains very challenging even with more

efficient algorithms. For example, in a flying object (i.e., habitat drones [150]) on-site data

processing is plagued by severe heating, battery capacity and weight handling challenges.

Utilizing cloud based systems poses challenges associated with data security and additional

data transfer latency [151, 152].

Optical neural networks have emerged as a potential platform to circumvent these trade-offs,

since an optical system can process multidimensional information with large spatio-temporal

bandwidth [7]. Recently, integrated photonics and free-space or fiber optics have been

employed to implement some parts of an ANN for image compression/encryption [6, 153] and

classification [14, 154, 15, 155, 156]. However, most of them are highly restricted on solving

a relatively simple gray-scale datasets (i.e., MNIST and fashion-MNIST) and only a couple

of systems have shown their implementation for more complicated multichannel datasets
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Figure 6.1: Schematic process flows of different image classification methods using original

CNN, compressed all-electronic CNN, and hybrid optical/digital CNN. (Figure from [JX4])

(i.e., CIFAR-10 and ImageNet) [14, 15]. For these complex datasets, the optical system

often become extremely large (with multiple stacks of the photonic circuits) [15], otherwise

the classification accuracy remains low (∼ 60% accuracy for CIFAR-10 classification tasks)

[14, 58, 59]. In addition, the most successful ANN architectures utilize nonlinear activation

functions that are challenging to implement optically. Proposed solutions, including atomic

vapor cells [19, 20] and image intensifiers [47], introduce significant experimental complexity,

and additional power consumption.

To leverage the strengths of both optical and digital computing systems, an encoder-

decoder inspired hybrid optical/digital architecture is a promising approach [4, 5, 149, 157].

Specifically, an analog linear optical frontend (denoted as the optical encoder) performs bulk
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of linear computational tasks, while the digital backend implements the nonlinear operations.

One intriguing possibility is to employ a static optical frontend, which is data agnostic,

whereas the backend is trained and reconfigured. This resolves usual issues of modulation

speed, errors, and system size in all-optical systems. An optical encoder is particularly

suitable for convolutional neural network (CNN) architectures, where convolutional layers act

as feature extractors, encoding high-dimensional images into low-dimensional features [JX1].

In fact, every free-space optic inherently performs a two-dimensional convolution operation

during the imaging under incoherent light. The captured image is a convolution of the scene

and the optic’s incoherent point-spread-function (PSF) [105]. Thus, by engineering the PSF,

an optical encoder can perform the desired convolution and replace the initial layers of a

CNN.

Recently, PSF-engineered optical encoder has been employed to classify MNIST hand-

written dataset and a reasonable classification accuracy with much less computational costs

compared to the AlexNet is demonstrated [1]. We note that, however, MNIST images are

monochrome, and is almost linearly separable (0.84% loss without any nonlinearity [158]).

The monochrome nature of the images makes the PSF-engineering approach wavelength

agnostic. On the other hand, datasets such as CIFAR-10 [159] or ImageNet subset (High-10)

[160][JX1] are not separable by linear layers. Moreover, they consist of colored images, where

the actual color information is exploited in classification.

Here, we demonstrate a polychromatic optical encoder with PSF-engineered meta-optics to

classify the CIFAR-10 dataset. We first compressed the architecture into a single convolutional

layer and two fully-connected layers using Knowledge Distillation. Then, we physically realized

the convolution layer using an array of metasurfaces, where each metasurface, thanks to the

inherent chromaticity, performs a separate convolution for each color channel. As a result, the

hybrid CNN with an optical encoder reduces the total number of multiply–accumulate (MAC)

operations at the digital backend by an factor of ∼ 24, 000. The reduction of number of MAC

operation directly corresponds to the computational costs, i.e., power and latency [161]. It is

worth noting that we always require an imaging system (i.e., lens and camera) to capture the
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image under ambient illumination, before we deliver the image data to the computational

backend. Hence, with a single meta-optical encoder, we are not adding any additional optics,

but simply replacing a conventional lens with PSF-engineered meta-optics. This makes our

optical system compact and fully compatible with conventional optical imaging systems, while

the other systems such as, integrated-photonic systems require pre-processing of the data[15]

and in-sensor computing needs a customized sensor design [162].

Furthermore, we adopt the same meta-optics (optical convolutional layer) which was

optimized for CIFAR-10 dataset to High-10 dataset to explore the generality of optical

encoders. In practice, a static optical encoder should be applicable for any scene. While,

one approach is to employ reconfigurable frontend, e.g. based on non-volatile phase change

materials [163] or liquid crystals [164], the performance of these reconfigurable front end in

terms of individual pixel control, power consumption, and operating speed are still inferior

for practical deployment. Remarkably, with the same passive optical encoder (optimized

for CIFAR-10 dataset), we achieved a high classification accuracy (for High-10 dataset) by

fine-tuning the digital backend with additional fully-connected layer (via transfer learning

approach). This ability to generalize the frontend is crucial for any ANNs as it enhances

their versatility, efficiency, and robustness. A network that generalizes well can be applied

to different tasks without extensive re-training, saving time, reducing costs for meta-surface

fabrications, and conserving computational resources for real-world applications.

6.2 Methods

6.2.1 Optical Encoder Pipeline

Our optical encoder concept is described in Figure 6.1. The original CNN, i.e., AlexNet,

has five convolutional layers and three max pooling layers at the front, followed by three

fully-connected layers at the end. Replacing all individual five convolutional layers with five

sequential optics is extremely difficult because of misalignment, large system size, lack of

nonlinearity, and low signal-to-noise ratio, issues that compound with increasing number
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of optical elements. Therefore, we compressed the AlexNet to a single convolutional layer

and two fully-connected layers using knowledge distillation method [63], which reduces the

complexity of the architecture with a minimal compromise in accuracy.

6.2.2 Knowledge Distillation and Computational Back-end

As previously discussed, the Knowledge distillation loss is calculated as a weighted summation

of the two losses

L(x,Φ) = αLC(y, p
hl) + (1− α)Lk((p

sl,t;T = τ), (psl,s;T = τ)) (6.1)

where x corresponds to the input, y is the training data, Φ are the student model weights,

LC is the cross-entropy loss function, Lk is the Kullback-Leibler (KL) Divergence Loss

function [132], phl corresponds to the student model hard predictions, psl,s corresponds to

the student predictions under given teacher model probabilities psl,t, and α is the weighting

parameter.

The optical fabrication and alignment noise are unavoidable in meta-surface kernels. These

include scaling, translation, rotation, image aberration, and optical noises. To address this

issue, we propose adding a calibration function to remap the optical convolution outputs to

align with those of the previously trained back-end. Specifically, we use a fully connected

layer as the calibration function and corresponding loss function is defined as

L = min(fcalibrate(Hybrid optical/digital CNN,Compressed CNN). (6.2)

This approach aims to refine the experimental outputs to align more closely with the

pre-designed electronic network. To prevent overfitting, we strategically limit our training to

only 20% of the available data, ensuring that our model remains efficient [JX5, JX10].

6.2.3 Meta-optics design

For 16 digital kernels for each R, G, and B channels, we have 32 meta-optical kernels as

we use a single meta-optics for all RGB channels but we cannot represent both positive
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and negative weights with optics. Hence, we create 16 positive kernels and 16 negative

kernels, then perform digital substraction on the digital backend. Each of our convolutional

meta-optics has 3200× 3200 scatterers, with 2× 2 scatters constitute a group to enhance the

robustness of fabrication. Based on the ground-truth digital convolutional kernels, we defined

optical PSFs for each RGB channels, and inverse-design the meta-optics having those PSFs

at each RGB wavelengths using TensorFlow Adam optimizers.

6.2.4 Meta-optics fabrication

Our meta-optics operate at visible wavelength (λ ∼ 400 nm − 700 nm). We use silicon

nitride on quartz substrate for the meta-optics to have high transparency at the whole visible

regime. We deposit a thick silicon nitride layer (800 nm) on top of the double-polished

quartz substrate using plasma-enhanced chemical vapor deposition (Oxford; Plasma Lab 100).

We spin coat and bake electron beam resist (ZEP-520A) on top of the silicon nitride layer,

followed by a spin coat anti-charging agent (DisCharge H20). We pattern using electron

beam lithography (JEOL; JBX6300FS), and develop the resist using amyl acetate. After

that, we deposit via electron beam evaporation (CHA; SEC-600) and do lift-off an alumina

layer (∼ 65 nm) for hard mask . Finally, we etch the silicon nitride with an alumina hard

mask using plasma etcher with fluorine-based gas (Oxford; PlasmaLab 100, ICP-180). The

sub-wavelength structured meta-optics has a period of 293 nm, which is a half of the camera

pixel size collecting the image.

6.2.5 Optical measurements

We measure the PSF by placing a laser and a pinhole (ϕ = 25 µm), representing a point

source. Then we place the convolutional meta-optics on 3-axis stage with rotational knobs to

align the meta-optics centered and parallel to the beam path. High resolution color camera

(GT-1930C) which has a pixel size of 5.86 µm is placed 2.4mm away from the meta-optics.

We measure the PSFs for each RGB color light by replacing the laser with three different

wavelengths (Thorlabs; CPS450, CPS532, and CPS635). For image convolution measurements
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of the CIFAR-10 dataset, we put the micro-display at the pinhole position, then connect

to the computer to show the color images. Since a single meta-optics can represent three

different RGB kernels at the same time, a color camera which have RGB color pixels can

extract the convolved images at three different channels. This can eventually save the space

of the meta-optics and camera, which is critical in real-world applications. The point source is

replaced by an arbitrary two-dimensional image, f(x, y). We can express the image as a sum of

the three color channels, fR(x, y)+fG(x, y)+fB(x, y). The convolutional meta-optics perform

a convolution for each color, and as a result, a convolved image,
∑

i=R,G,B

fi(x, y) ∗ PSFi(x, y),

will be imaged on the camera. Since we determined the enlargement factor of 2 for the PSF,

we use the same enlargement factor for the CIFAR-10 image as well. According to the camera

pixel size, 5.86 µm, and and CIFAR-10 image size, 32× 32, the projected image size on the

camera has to be about 374 µm × 374 µm. At the given values of distance between the

display and meta-optics and meta-optics to the camera, we can end up with the CIFAR-10

image size on the display to be 16.0 mm × 16.0 mm. We use 10,000 images for training

(subset of original 50, 000 images )and 10,000 images for testing, with an exposure time of

500 ms. Among the 10,000 images of training and testing dataset, 186 and 201 images are

not involved on training and testing, respectively, due to the overexposure issue. All the

measurement parameters and number of images are the same for the High-10 dataset for

transfer learning process.

Another critical factor is the exposure time. Since the optical features are captured by a

CCD camera, the exposure time significantly influences the final performance. If the optical

features are overexposed, texture information, such as the fur of a cat, might be missing.

Conversely, if the optical features are underexposed, most information may also be lost,

resulting in a lack of distinction between highlights and shadows in the image. To find the

most appropriate exposure, we could use a similar approach to modern cameras, where “18%

gray” is considered as the mid-point between black and white on a logarithmic or exponential

curve. This standard can help us achieve balanced exposure, ensuring that the captured

optical features are neither overexposed nor underexposed.
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Figure 6.2: Schematics of the transfer learning process. (Figure from [JX4])

6.2.6 Computational backend

As previously discussed, optical fabrication and alignment noise are unavoidable in meta-

surface kernels. These include scaling, translation, rotation, image aberration, and optical

noises. To address this issue, we propose adding a calibration function to remap the optical

convolution outputs to align with those of the previously trained backend. Specifically, we

use a fully connected layer as the calibration function and corresponding loss function is

defined as:

L = min(fcalibrate(Hybrid optical/digital CNN,Compressed CNN)) (6.3)

This approach aims to refine the experimental outputs to align more closely with the

pre-designed network. To prevent overfitting, we strategically limit our training to only 20%

of the available data, ensuring that our model remains efficient.

6.2.7 Transfer Learning

Generalization performance is a key feature to test our hybrid optical/digital CNN. Ensuring

that the network can generalize well to new, unseen data is crucial for several reasons. First,

our hybrid network is compressed from AlexNet, which was originally designed with a large

dataset. The pre-trained AlexNet achieves high accuracy across various datasets and can be

easily adapted or fine-tuned to out-of-distribution datasets. This adaptability is essential for
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practical applications where the data distribution may differ from the training set. Second,

exploring the generalization capabilities of hybrid models is important because designing

and fabricating different meta-surface kernels for different tasks is inefficient. By enhancing

generalization, we can use a single hybrid model for multiple tasks, reducing the need for

extensive redesigns and fabrications. Figure 6.2, we deploy the optical frontend as the

pre-trained model and adapt it to a new dataset, ImageNet sub-dataset, High10.

To implement the transfer learning, we add two types of losses: feature loss and label loss.

The feature loss minimizes the discrepancy between the optical features and the electronic

features, ensuring that the representations learned by the optical and electronic components

are aligned. The label loss minimizes the discrepancy between the model’s predictions and

the actual labels, improving the overall prediction accuracy. During the transfer learning

process, the optical front-end and electronic back-end remain unchanged. we add two fully

connected layers between the optical front end and back-ends and fine-tune these layers using

the two losses. Specifically, the function is:

L = αLfeature + βLlabel, (6.4)

where Lfeature is the feature loss and Llabel is the label loss, with α, β as the respective

weights balancing these losses.

6.3 Experiments and Results

A photograph of the fabricated chip is shown in Figure 6.3a. A single chip contains a total

of 32 convolutional meta-optics (corresponding to 16 positive and 16 negative convolutional

kernels) and additional 5 metalenses which are focusing light at the focal plane, ensuring the

alignment (e.g., tilt, rotation, and distance) between the meta-optics and the camera. Figure

6.3b shows the schematic of the PSF measurement setup. By changing the laser diodes,

we illuminate individual RGB coherent light onto the camera through the meta-optics and

experimentally characterize the polychromatic PSFs. A pinhole of 25µm diameter creates
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Figure 6.3: Optical characterizations of the meta-optic encoder. (a) Photograph of the

fabricated optical encoder, consisting of 16 positive and 16 negative convolutional kernels and

5 algnment metalenses. (b) Schematics of the polychromatic PSFs measurement setup. (c)

Ground-truth and measured RGB PSFs for a particular polychromatic kernel (positive kernel

number 7). (d) Schematics of the meta-optical convolved image measurement setup with a

micro-display. A color camera capture convolved convolved images with a single shot. (e)

Electrically (above) and optically (below) convolved images of a particular CIFAR-10 image

in individual RGB colors. (f) Confusion matrices of CIFAR-10 dataset classification tasks

with different network architectures. (Figure from [JX4])
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an approximate point source and the position of the optics, i.e., pinhole, meta-optics, and

camera, remains the same while changing the laser diodes.

Figure 6.3c shows both the ground-truth PSFs and measured PSFs for a particular kernel

(positive kernel number 7) for individual RGB wavelengths, which are not exactly the same.

To quantitatively analyze the difference between two PSFs, we define a cosine similarity (η)

as

η = Σi(AiBi)/
√

Σi(A2
i )
√
Σi(B2

i ), (6.5)

where Ai and Bi are the ground-truth and measured intensity profiles of the PSF for RGB

wavelengths, respectively. The calculated η for RGB wavelengths are about 0.88, 0.56, and

0.81, respectively. Imperfections in the fabrications and measurements can be one reason.

At the same time, there is a fundamental limit originated from the polychromatic nature,

in which not all the polychromatic PSFs are physically reliable as the phases at different

wavelengths are not completely independent (but actually dependent) to each other with

the ϕ− w relationships. Creating more physically-reliable PSFs by taking account both the

optical front-end and computational back-end altogether, instead of optimizing only in the

computational side and replacing the convolutional layer with optics, may increase the η.

However, most importantly, we achieve fine classification accuracy (compared to the other)[14]

with minimal additional losses from the imperfect meta-optical convolutional layer, which

represents that the following calibration layer and two fully-connected layers of computational

back-end can compromise the minor errors coming from the optical front-end.

Then, we test the polychromatic optical encoder for CIFAR-10 dataset. By replacing the

pinhole with a micro-display, we can convolve the CIFAR-10 images with the characterized

PSFs of the meta-optics (Figure 6.3d). The displayed image size is carefully adjusted according

to the convolutional kernel size and the enlargement factor on the camera. Figure 6.3e shows

the electronically and meta-optically convolved RGB images of one of the CIFAR-10 dataset.

The meta-optically convolved image loses some of the high resolution components, probably

due to the imperfect fabrication and alignment errors which are already recognisable from

the PSF measurements. Because the input intensity of the light at each meta-optics varies
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depending on their spatial position and we separately normalized the intensity of the PSF

for each color, and we introduce an additional layer, so called calibration layer, which

accounts for these factors and adds only minimal computational cost before going through

the fully-connected layers.

Table 6.1: Classification performance of different network architectures on the CIFAR-10

dataset. (Table from [JX4])

Network Architecture Train accuracy (%) Test accuracy (%)

AlexNet 83.04 ± 0.87 81.03 ± 0.89

Compressed electronic CNN 76.94 ± 0.52 76.59 ± 0.50

Compressed optical/digital CNN (without calibration) 56.78 ± 0.91 56.39 ± 0.92

Compressed optical/digital CNN (with calibration) 73.18 ± 0.58 72.06 ± 0.57

Figure 6.3f shows the confusion matrices of the classification accuracy of the CIFAR-10

data with original CNN (AlexNet), compressed CNN using knowledge distillation, and hybrid

optical/digital CNN using convolutional meta-optics after the compression. Even though there

are slight differences between the optical and electronic convolution results (Figure 6.3e), after

tuning the calibration layer, we can still get similar (less than 5%) accuracy for both training

and testing dataset (Table 6.1). Additionally, this hybrid approach significantly reduces

computational costs which can be represented by the number of multiply-accumulate (MAC)

operations. From the original CNN to compressed CNN we can reduce the computational

load, which is represented by a number of MAC operations, by a factor of ∼ 1, 400, while we

can reduce further by a factor of ∼ 17 after replacing a convolutional layer with meta-optics.

To analyze the effectiveness of the meta-optical convolutional layer, we utilize principal

component analysis (Figure 6.4). For the original CNN and compressed all-digital CNN,

each class is well-separated (Figures 6.4 a and b), implying that we can extract out the key

features of the CIFAR-10 image dataset after convolution. On the other hand, after the

optical convolution using meta-optics, without calibration, different classes of the image were



77

Figure 6.4: Principal component analysis for CIFAR-10 image dataset. (a) Original CNN,

AlexNet. (b) Compressed all-electronic CNN. (c) Hybrid optical/digital CNN without

calibration layer. (d) Hybrid optical/digital CNN with additional calibration layer. (Figure

from [JX4])

very difficult to distinguish (Figure 6.4c). Additionally, some clusters exhibit larger sizes

and overlapping regions than Figure 6.4(a-b), e.g., the navy blue, brown, and red clusters

(confidence ellipses). However, after introducing the calibration layer, the clustering regions

become smaller, and the separations between classes increases. As shown in Figure 6.4d,

each class becomes well-separated and distinguishable, similar to the compressed CNN. This

critical role of the calibration layer is consistent with the classification accuracy without and

with the calibration layer (Table 6.1). We note that the calibration layer can potentially be

compressed into the pretrained digital backend via additional training and will not affect the

number of MAC operation for inference.

Our convolutional meta-optics implements convolutional kernels which came from com-

pressed CNN for CIFAR-10 data. Unlike computational neural networks, optical implementa-

tions are extremely difficult to modify once they are fabricated. This necessitates different

convolutional meta-optics for different datasets. However, we found that the convolutional

layer that we optimized for CIFAR-10 can be readily adapted to classify another dataset

High-10, with a transfer learning process. We added an additional fully-connected layer, which

we call a “transfer learning layer”, that is located in between the former fully-connected layers
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and convolutional layer. By training the transfer learning layer, we can fit the other dataset,

i.e., High-10, to the CNN which is pre-optimized for a particular dataset, i.e., CIFAR-10, with

only fine-tuning a small part of the original network without changing the former network

structure (see details in Methods). The High-10 image dataset is polychromatic (RGB) and

has a size of 224× 224 size. To use the former CNN optimized for CIFAR-10 data for High-10

data, we resize the High-10 images to 32× 32 size, same as the CIFAR-10 data.

Table 6.2: Transfer learning results on High10 (Table from [JX4])

Network Architecture Train accuracy (%) Test accuracy (%)

AlexNet 85.31 ± 0.27 84.95 ± 049

Compressed CNN (without Transfer Learning) 41.43 ± 0.26 40.44 ± 0.39

Compressed CNN (with Transfer Learning) 67.43 ± 0.22 66.01 ± 0.13

Hybrid optical/digital CNN (with Transfer Learning) 63.46 ± 0.46 59.73 ± 0.91

Without applying a transfer learning method, the training and testing accuracy is rather

low around 40%. However, after transfer learning, we achieve much higher training and testing

accuracy (∼ 67.43% and ∼ 66.01%, respectively) on the High-10 data with the convolutional

layer and two fully-connected layers. We further experimentally verified this approach works

in our hybrid optical/digital CNN using the same convolutional meta-optics that we used for

the CIFAR-10 data digital backend structure with one additional fully-connected layer. The

average training and testing experiment accuracy of the High-10 data are similar (less than

5% loss) to the compressed all-digital CNN, which is about the same of the CIFAR-10 case.

6.4 Discussion

6.4.1 Multichannel dataset

The advantages of the knowledge distillation and meta-optical encoder are a dramatic

reduction of computational complexity, which is represented by the MAC operation. For the
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CIFAR-10 dataset, our hybrid optical/digital CNN reduced the number of MAC operation

by a factor of ∼ 24, 000. This reduction is about an order of magnitude higher than that of

the MNIST hand-written dataset, where the meta-optical encoder reduced the number of

MAC operation only by a factor of ∼ 5, 400 [1].

On the other hand, the classification accuracy drops are more significant for the CIFAR-10

dataset compared to the MNIST dataset. The train (test) accuracy for CIFAR-10 dataset of

our hybrid CNN drops by ∼ 9.86% (∼ 8.97%) from the original CNN. For MNIST dataset,

the train (test) accuracy of our hybrid CNN drops by ∼ 5.0% (∼ 5.0%) from the original

CNN [1]. While this classification accuracy drop in CIFAR-10 dataset is not negligible, our

PSF-engineered optical encoder has significantly large classification accuracy compared to the

other free-space optical neural network architectures (which are compatible with conventional

camera systems). Our encoder has a classification test (train) accuracy of ∼ 73.2% (∼ 72.1%)

for CIFAR-10 dataset without retraining the backend and only projecting by a calibration

layer. These test (train) accuracy can be improved further up to ∼ 75.1% (∼ 73.2%) if

we retrain the backend, which is better than the previous state-of-the-art result (∼ 72.8%)

which used a complex end-to-end optimization as well as the backend retraining with 50

number of kernels. Our hybrid optical/digital CNN can be further improved by using complex

meta-atoms to reproduce better PSFs optically and using advanced compression method to

reduce the loss during the knowledge distillation. The other reports have much less accuracy

∼ 63% compared to ours.

For a ImageNet subset, High-10, we have the same amount of reduction in number of

MAC operation as the CIFAR-10 dataset since we used the identical CNN architecture. The

train (test) accuracy of our hybrid CNN heavily drops by ∼ 21.85% (∼ 25.22%) compared

the original CNN. The majority of losses occur during the network compression as we share

the convolutional layer and fully-connected layers optimized for CIFAR-10 dataset. However,

albeit to the losses, our transfer learning results has a classification accuracy of ∼ 61%,

still better than the other free-space optical neural networks system [14]. Here, we selected

the ImageNet dataset which has more complicated and distinct classes from the CIFAR-10
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dataset. We did not change the optical frontend, but only fine-tuned the digital backend of

two fully-connected layers and an additional transfer learning layer, to show the versatility of

our hybrid CNN system.

6.4.2 Energy consumption

In practice, we can implement our hybrid optical/digital CNN simply by replacing a lens

with meta-optics during imaging. Hence, the energy consumption will solely be determined

by the number of MAC operations. However, it is important to also consider the power from

the sensor. Specifically the sensor power depends on the number of pixels being passed to the

digital backend. For an original CNN, we only need 32× 32 pixels to capture the image. On

the other hand, hybrid CNN needs 6× 6 pixels for imaging one convolved image, considering

the average pooling, which ends up with 32× 6× 6 pixels for all positive and negative kernels.

Hence, our hybrid CNN requires a bit larger number of pixels for imaging compared to the

original CNN.

The color camera we used (Allied Vision Prosilica; GT 1930 C) has a total power

consumption of 3.4W with 50.70 frames per second and 1, 936 × 1, 216 pixels, which ends

up with 28nJ per frame and pixel. Thus we estimate that the original CNN and hybrid

CNN requires an energy of about 29.1µJ and 32.8µJ , respectively, for the image capturing

process per a single image. However, the energy consumption for the computational backend

is much larger for the original CNN compared to the hybrid CNN. For state-of-the-art

computational system, an energy consumption per a single MAC operation is ∼ 1pJ . Thus

the energy consumption for a single object classification task for the hybrid CNN is about

150nJ , which is more than four orders of magnitude smaller than that of the original CNN,

3.65mJ . Considering the sensor power, the total system level energy consumption for a single

object classification task dropped from 3.68mJ to 0.03mJ . We note that, we can trade-off

the sensor power (by reducing the number of kernels) with computational backend power (by

increasing MAC operations). However, having more operation in the optical encoder with a

simple computational backend will always be preferred to reduce the latency.
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6.4.3 Applications

The hybrid CNN has a strong advantages in terms of latency and energy consumption

compared to the original CNN. Additionally, it can be adequately integrated on the commercial

imaging system (e.g., camera) without modifying the physical architecture other than the lens

with a PSF-engineered meta-optics. Moreover, the ability to encode a colorful image brings

up a potential to utilize the encoder for real-world scenes. However, sacrifice of the accuracy

is extremely crucial and not negotiable for cases where the safety matters (e.g., autonomous

driving vehicles). In other words, if the object classification is applied for statistical analysis

(where the ensemble average can minimize the individual inaccuracy), we can endure the loss

of classification accuracy. Habitat monitoring drones can be an example. Especially, in case

of drones, restrictions to minimize their weight is crucial, which force it store only essential

features. Then on-site data processing can be beneficial. As our optical encoder can minimize

the latency and energy consumption for the on-site data processing, the habitat drones can

investigate much larger areas with a single flight.
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Chapter 7

BALANCED NEURAL TANGENT KNOWLEDGE
DISTILLATION FOR INCREMENTAL LEARNING

7.1 Motivation

While knowledge distillation and small neural networks have shown promising results on

MNIST and CIFAR-10, their effectiveness diminishes when applied to large-scale datasets.

The challenge lies in their limited capacity to retain rich feature representations and generalize

across complex distributions. As dataset complexity increases, the performance gap between

distilled models and full-scale architectures widens, making existing distillation techniques

insufficient for high-dimensional tasks (as shown in Figure 7.1).

Here, we propose a novel Gradient Tangent Kernel (GTK) loss, inspired by tangent

kernel theory. Neural tangent kernels describe the evolution of a neural network’s weights

during training [165, 166]. To transfer learned generic representations, we use the previous

tangent kernel to regulate the student model’s tangent kernel. We define GTK loss as a cosine

similarity loss that minimizes discrepancies between the gradients (with respect to parameters)

of the previous and current tangent kernels. GTK differs from previously proposed tangent

kernels, as NTK is designed only for infinite-width neural networks, while GTK is applicable

to finite-width networks [86, 34].

To validate the effectiveness of GTK loss, we applied it to Class Incremental Learning

(CIL), which focuses on methods where agents are expected to learn incrementally as new

tasks arrive, with only limited exemplars from previous tasks [167, 168]. This learning

scenario differs significantly from conventional learning, especially for classification tasks,

due to the data imbalance between current and previous tasks [79]. Since full past data

are not retained, the available data for previous tasks is significantly less than that for the



83

Figure 7.1: Continual Learning Framework: Models are trained sequentially across multiple

tasks. Each model is associated with a specific set of tasks, and loss functions are used to

update model parameters for the current tasks. As the training progresses, new models

incorporate knowledge from previously learned tasks, culminating in a generalized pseudo-task.

During inference, the current model is able to make predictions based on the accumulated

knowledge. (Figure from [JX5])

current task. Therefore, the CIL aims to achieve an equilibrium between current and previous

representations [34].

Instead of training a fixed model for all tasks, we propose to learn a set of generalized

parameters and consolidate them into a generic model. The model predicts the task that

is at hand and would adapt to the corresponding task automatically during inference. To

achieve that, the gradients with respect to the parameters of the generic model are supposed

to consider the contributions of all tasks in a balanced way [169]. Thus, we propose a novel

Tangent Kernel Optimization approach for Incremental Learning (TKIL). During updates

of the generic model, TKIL tunes different task-specific models representing current and

previous tasks using GTK loss, then averages the task-specific gradient updates to update

the generic model. Since TKIL updates the task parameters separately, it overcomes the

bias towards the current task by design. In these updates, the GTK loss transfers knowledge

from the previous model to task-specific models, preventing them from diverging. During

inference, the generic model collaborates with the inference pipeline to predict the task at
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hand when given testing points and adapts itself to that task for classification.

In summary, our main contributions in this section are: 1) We propose a novel class incre-

mental learning approach, TKIL, that addresses the imbalances in memory-based incremental

learning. 2) The core of TKIL is a novel tangent kernel (GTK) loss for finite-width neural

networks. We show that minimizing GTK loss associated with TKIL achieves more balanced

representations. Such representations allow TKIL to generate robust task predictions and to

update corresponding task-specific models during inference. 3) Extensive experiments on

MNIST, SVHN, CIFAR-100, and ImageNet show that TKIL achieves robust accuracy on

task predictions and this accuracy translates to outperforming existing incremental learning

methods.

7.2 Methods

We denote a sequence of data as a batch of datasets D={D1, D2, . . . , DT , . . . }. DT is T -th

dataset in D, which contains the training images x={xi}ni=1 and labels y={yi}ni=1. Each DT

dataset includes m classes, with total m×T classes. At T -th incremental stage, only complete

data for current classes DT and a small set of previous exemplars MT ={M1 ⊆ D1,M2 ⊆

D2, . . . ,MT−1 ⊆ DT−1} in a fixed memory buffer are available for training. We denote the

T -th generic model in incremental learning as FT =F (θT ,x), where bold θT = {ϕT , θT} is

all parameters in the network.

Incremental learning progressively learns N tasks with m classes per task. We con-

sider FT (θT ) as T -th stage generic model with feature extractor layers and fully connected

layers. Training for the first task (T = 1) is straightforward. We initialize the parameters

of the generic model (θ1) with Gaussian distribution and optimize the model with D1 with

BCE classification loss.

The tangent kernel optimization approach (see Algorithm 1) is used to train subsequent

T -th tasks (T ∈ [2, N ]). In particular, we collect current data DT and memory buffer MT

as the training data and divide them into multiple large batches. Our approach combines

Task-Specific Model Training and Generic Model Update as a single step, and then,
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repeats the step for all batches. Task-Specific Model Training aims to preserve learned

representations from the previous generic model. We separate different task images from one

large batch into T mini-batches and feed them to T task-specific models only once. Generic

Model Update aims to find an unbiased updating direction for all T tasks. To accomplish

this, T task-specific models are collapsed into a single generic model that can accommodate

T tasks. We describe the training procedures in detail below.

Task-Specific Model Training: When a new task is considered for the T -th incremental

learning stage, TKIL first trains T task-specific models. Each task-specific model FT,task i(i ≤

T ) is initialized with parameters of the current generic model (θT ). One large batch BT from

MT ∪ DT is being separated into different tasks as T mini-batches. For each task i, an

i-th task-specific model FT,task i is created and is updated only with i-th mini-batch that

corresponds to this task. To transfer learned representations from the previous generic model

to task-specific models, we employ different losses as follows.

(1) For task-specific models representing previous tasks (FT,task i, i ∈ [1, T − 1]), we use

three losses: Classification, Knowledge Distillation and GTK. Classification loss minimizes

the difference between predicted logits F (x) and labels y. KD Loss penalizes the change

with respect to the output from the previous generic model as a BCE loss. GTK loss rectifies

the gradients and avoids divergence from the learned feature representations. Thus, the

overall objective function Lall contains three loss functions, expressed as (also described in

Algorithm 1, lines 8-12)

LClass = L(FT , task i(x),y), (7.1)

LKD = L(FT−1(x), FT , task i(x)), (7.2)

LGTK = L(GT , task i, GT−1), (7.3)

min
θ

E(x,y)[αLClass + βLKD + γLGTK], (7.4)

Where α, β and γ are hyperparameters.

(2) For the T -th task-specific model, FT,task T, we employ the classification loss only as

at the first time that this task is being learned. The loss is expressed as (also shown in
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Algorithm 1, lines 14-15)

min
θ

E(x,y)[L(FT , task T (x),y)]. (7.5)

When sequentially introducing more tasks, imbalances in training data points result in a

larger mini-batch size for the current task model FT,task T ( e.g.„ 512 samples) compared to

other tasks ( e.g.„ 128 samples). Since TKIL updates the task parameters separately, it

inherently overcomes the bias of task imbalances.

Generic Model Update: At the end of batch training, the trained task-specific models

are collapsed to a single generic model FT , which represents the average direction of tasks [170,

171]. Since dynamic expansion methods show that each task-specific model represents one

gradient updating direction, we obtain the generic model by computing the average of these

updates [172] (also shown in Algorithm 1, line 19)

FT =
1

T

T∑
i

FT,task i. (7.6)

Due to imbalanced distribution of data between the current data and the memory buffer,

training a fixed model becomes more biased towards the current task, e.g.„ BIC and SS-IL train

mixed samples from the memory buffer and the current data together [173, 174]. Dynamic

expansion approaches train separate task parameters to mitigate overfits to the current task

( e.g.„ iTAML, KD), but they fail to maintain learned representations in the previous generic

model [172, 79]. TKIL trains task models and leverages GTK loss to avoid dramatic changes

in feature representations. Therefore, as the training progresses, the generic model is enhanced

by learning new tasks while simultaneously preserving previous representations.

7.3 Experiments and Results

7.3.1 Results: CIFAR-100, ImageNet-100, MNIST, and SVHN

We test TKIL on various incremental learning scenarios and compare it with existing methods

on CIFAR-100 and ImageNet-100 in Table 7.1. TKIL achieves more optimal accuracy than

other compared methods in all scenarios. The margin in the accuracy of TKIL vs. existing
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Algorithm 1 TKIL Algorithm in one batch
Require: Dataset: DT , Memory: MT , batch BT ⊆ {DT ∪MT}, Hyperparameters: α, β, γ

1: Initialize the current Model (For the first mini-batch):

2: FT−1(ϕT−1, θT−1) −→ FT (ϕT , θT )

3: Task-Specific Model Training:

4: Separate BT into T mini-batch

5: for i = 1, 2, 3, ..T do

6: FT −→ FT,task i

7: if i < T then

8: LClass =
∑task i

j LBCE(FT,task i(xj),yj)

9: LKD =
∑task i

j LBCE(FT,task i(xj), FT−1(xj))

10: LGTK =
∑task i

j LBCE(GT,task i(xj), GT−1(xj))

11: Lall = αLClass + βLKD + γLGTK

12: Backpropagation for FT,task i

13: else if i = T then

14: LClass =
∑task T

j LBCE(FT,task T (xj),yj)

15: Backpropagation for FT,task T

16: end if

17: end for

18: Generic Model Update:

19: FT ←− 1
T

∑T
i FT,task i

approaches is particularly evident in large tasks (stages) scenarios, and is consistent with the

intent of TKIL to balance performance across tasks and classes. For example, on CIFAR-100

with 25 incremental stages, TKIL achieves an improvement of 9.4% in accuracy vs. the

second-best method, AFC. In such a scenario, the accuracy of the existing state-of-the-art

method, iTAML, drops to 55.9% from 77.6% due to unstable prediction of tasks, where AFC

becomes leading method among existing methods with 64.1%. In Table 7.2, we conduct
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Table 7.1: Performance comparison between TKIL and other SOTA methods on CIFAR-100

(left-half) and ImageNet-100 (right-half). (Table from [JX5])

Methods CIFAR-100, Memory sizeM = 2k ImageNet-100, Memory sizeM = 2k

Stages 25 10 5 5 10 25 10 5 5 10

New classes per stage 2 5 10 20 10 2 5 10 20 10

Joint Training (Upper Bound) 86.3% 84.6% 81.3% 76.8%

iCaRL [34] 50.6% 53.8% 58.1% 57.2% 52.6% 54.6% 60.8% 65.6% 60.1% 59.6%

iTAML [172] 55.9% 74.9% 75.4% 74.5% 74.6% 64.7% 69.5% 71.9% 69.3% 70.4%

RMM [175] 59.5% 60.9% 69.5% 62.7% 60.6% 68.8% 71.4% 73.8% 70.5% 69.4%

SS-IL [173] 58.0% 71.5% 75.1% 74.8% 71.1% 69.5% 71.7% 73.5% 68.8% 67.6%

Mnemonics [176] 61.0% 62.3% 64.1% 63.3% 62.2% 69.7% 71.4% 72.6% 70.6% 70.4%

PODNet [81] 62.7% 64.1% 64.5% 58.9% 59.7% 68.3% 74.3% 75.6% 72.5% 71.5%

AFC [79] 64.1% 64.3% 65.9% 64.9% 64.4% 73.4% 75.8% 75.9% 72.9% 71.7%

TKIL (Ours) 73.5% 80.5% 83.6% 80.6% 82.5% 77.3% 78.5% 79.7% 75.7% 75.3%

similar experiments on MNIST and SVHN. TKIL achieves 97% or higher accuracy on these

benchmarks when learning 2 classes each time. We also observe that the accuracy of TKIL

is approaching the upper bound in both two datasets (76% for ImageNet-100 and 85% for

CIFAR-100). As a result, TKIL translates to more optimal accuracy for multi-class problems.

7.3.2 Results: ImageNet-1k

Table 7.3 shows the results of CIL algorithms and TKIL on a large-scale dataset with different

memory settings. Our results indicate that TKIL is the most accurate method in all settings.

The second accurate baseline, SS-IL, is lower by about 5% when applied to a compact model,

ResNet-18. This gap indicates that the forgetting constraints strategies fail to maintain the

generalization in feature layers. Since SS-IL trains a fixed model and only tunes classification

layers for all tasks, the generic parameters in feature extractor layers are not learned. We
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Table 7.2: Performance comparison between the TKIL and other state-of-the-art methods on

MNIST and SVHN (5 stages, 2 new classes per stage, Memory size = 2k). (Table from [JX5])

Methods MNIST SVHN

EWC [177] 19.80% 18.21%

RPS-net [178] 96.16% 88.91%

iTAML [172] 97.15% 92.93%

TKIL (Ours) 97.91% (+0.76%) 97.51% (+5.58%)

Figure 7.2: T-SNE visualization (colors indicate classes) of feature representations from the

last feature extractor on MNIST with 5 Tasks and 2 new classes introduced in each stage.

Representations by GTK (bottom) are clustered more efficiently (supported by Davies-Bouldin

Index (DBI - lower better)) than representations that do not use GTK (top). (Figure from

[JX5])

reaffirm it with more comparisons in the ablation study, which shows that TKIL is more

robust than SS-IL and outperforms SS-IL in all incremental learning settings in CIFAR-100
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Table 7.3: Performance comparison between TKIL and other SOTA methods on ImageNet-1k.

Memory size: M, Upper Bound: Joint Training. (Table from [JX5])

Methods ImageNet-1k ImageNet-1k

M = 10k M = 20k M = 20k

Stages 10 5 10

New classes per Stages 100 200 100

Joint Training (ResNet-18) 67.9%

Joint Training (ResNet-34) 71.2%

iCaRL (ResNet-34) [34] 44.8% 51.5% 46.8%

BIC (ResNet-34) [174] 48.5% 62.6% 58.7%

Mnemonics (ResNet-34) [176] 48.6% 64.5% 63.5%

PODNet (ResNet-34) [81] 48.8% 64.1% 62.0%

SS-IL (ResNet-18) [173] 57.3% 59.6% 59.4%

SS-IL (ResNet-34) [173] 64.5% 65.5% 65.2%

TKIL (ResNet-18) 64.9% 66.9% 65.7%

TKIL (ResNet-34) 65.6% 68.9% 67.9%

and ImageNet-100.

7.3.3 Qualitative Results

In Figure 7.2, we illustrate t-SNE visualization of features representation with MNIST dataset.

The feature representations are taken from the final layer of the feature extractor and are

projected into a 2D space. We find that the features without GTK (top) are not well clustered

when adding more stages, while representations obtained with GTK loss (bottom) are more

efficiently clustered, as indicated by the lower Davies-Bouldin Index. The possible reason for
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the successful clustering in TKIL could be that GTK Loss reduces divergence between task

models. Despite the utilization of dynamic expansions in the non-GTK approach, a high level

of variation among task-specific models results in an overfitted generic model, especially when

scaling up to more stages. In this scenario, the non-GTK approach separates only the newly

added classes (i.e., the brown class), but fails to classify the previously learned tasks (i.e., the

navy blue class). Therefore, we observe that GTK loss has a more robust effect on preserving

learned representations compared to conventional methods such as KD or MSE loss.
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Chapter 8

NEURAL TANGENT KNOWLEDGE DISTILLATION FOR
OPTICAL CONVOLUTIONAL NETWORKS

8.1 Motivation

Optical Neural Networks (ONNs) offer a promising approach to achieve efficient computation

and energy use compared to digital implementations such as Convolutional Neural Networks

(CNNs) and Vision Transformers (ViTs), making them well-suited for resource-constrained,

real-time physical systems [179, 180]. For example, ONNs have been proposed for power-

limited applications (illustrated in Figure 8.1.a), including satellites [181], unmanned aerial

vehicles [182], smart home devices [183], autonomous driving systems [3], and wearable

electronics [184].

Among different ONN implementations, hybrid optical-electronic architectures are practical

options under current hardware constraints [179]. In such systems, the optical frontend

accelerates computation at the speed of light, while the digital backend refines predictions to

improve robustness [29]. The optical frontend generally consists of a single linear layer (as

shown in Figure 8.1.a), since: (1) implementing nonlinear activation functions in physical

optics remains extremely challenging due to material and device limitations; and (2) without

nonlinearity, multiple linear transformations can be mathematically compressed into a single

linear transformation. Moreover, from a theoretical standpoint, the universal approximation

property (UAP) could still be satisfied by shallow networks, suggesting that hybrid ONNs

retain sufficient expressive power for a wide range of tasks when appropriately optimized [185,

186, 187].

Despite their promises, ONNs remain difficult to design and train due to both architec-

tural limitations and fabrication-related challenges. First, existing ONN architectures
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Figure 8.1: Overview of potential applications for ONNs and our proposed deployment

pipeline. (a) ONNs for real-time decision-making in power-constrained scenarios. (b) Our

proposed pipeline includes user-driven design, knowledge transfer training, fabrication, and

error compensation. (Figure from [JX6])

are typically significantly simpler than modern deep CNNs or ViTs. These simplifications

cannot be directly obtained through pruning or quantization [30, 31, 188]. Second, physical

fabrication and experimental deployment inevitably introduce various sources of noise, such

as optical misalignment, material variability, and measurement noise, further degrading

performance [54]. While some end-to-end optimization strategies have been proposed to

address these challenges, they are typically designed for a specific dataset (e.g., MNIST)

and tailored to a particular optical system, rather than providing a generalized solution (as

also summarized in Related Works). In contrast, we aim to develop a task-agnostic and

hardware-agnostic pipeline that can generalize across different datasets and optical hardware

setups.

To address these challenges, knowledge transfer, particularly Knowledge Distillation (KD),

offers a promising solution by transferring knowledge from pre-trained digital networks to

optical models [JX1]. Moreover, recent work shows that successful KD implicitly leads to

student-teacher Neural Tangent Kernel (NTK) similarity, where NTK captures how the



94

network’s predictions change with respect to small changes in its parameters [189]. As we

show here, utilizing NTK for matching is particularly effective for ONNs, as the NTK provides

a linear approximation of network behavior, naturally aligning with the linear operations

performed by optical systems.

Thus, we propose a Neural Tangent Knowledge Distillation (NTKD) pipeline that gener-

alizes across different optical network designs and datasets to support multiple tasks such

as classification and segmentation (also shown in Figure 8.1.b). The pipeline starts with

specifying the task, the dataset, and the optical structure. Then, NTKD optimization

transfers knowledge from digital teacher models to hybrid ONNs by matching their NTKs,

effectively transferring the relational structure between classes rather than just matching final

predictions. Furthermore, the pipeline compensates for errors introduced during fabrication

and experimental deployment by aligning the student’s and teacher’s NTKs through a small

fraction (e.g., 10%) of real experimental data.

In summary, our contributions are as follows:

• We introduce a Neural Tangent Knowledge Distillation (NTKD) pipeline that supports

diverse tasks and optical structures, addressing the challenges of shallow architectures and

physical imperfections.

• We experimentally validate our pipeline with different ONN implementations on both

classification and segmentation tasks, demonstrating its effectiveness through both simulations

and fabrications.

• We leverage NTK analysis to estimate the achievable accuracy of given hybrid ONNs,

providing theoretical guidance on their design and optimization.

8.2 Methods

8.2.1 Optical Frontend Design

At the initialization of the pipeline, user inputs are required to define the optical system

(also shown in Figure 8.2.1). Specifically, the user specifies (1) the physical size of the optical
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Figure 8.2: Overview of the pipeline. It consists of three steps: (1) Optical Frontend Design

based on user-specified inputs, (2) Knowledge Transfer Training using Neural Tangent Kernel

(NTK) matching, and (3) Error Compensation for fabricated optical frontends. (Figure from

[JX6])

frontend (e.g., the number of meta-optic kernels), (2) the target dataset for the task, and

(3) the desired network structure, such as the number of layers and channels. The optical

convolution is realized either through a 4f system or via point spread function (PSF)-based

free-space propagation [JX4][51].

Optical Frontend Layout: We consider a metasurface of size (h,w), onto which we aim

to place nkernels square optical kernels, each of size k (in mm), with a minimum edge-to-edge

spacing d to satisfy fabrication constraints. To compute the maximum number of kernels

that can be placed while preserving symmetry, we define

ncols =

⌊
w − d

k + d

⌋
, nrows =

⌊
h− d

k + d

⌋
, nkernels = ncols × nrows. (8.1)

Performance Estimation: Once the physical layout of the ONN is determined, we

aim to estimate its expected performance without empirical training. We adopt the Neural

Tangent Kernel (NTK) framework, which captures the training dynamics of infinitely wide

neural networks under gradient descent. In particular, we introduce a reference network that
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shares the same architecture as the designed ONN (e.g., number of layers and connectivity)

but has infinite width at each layer. Under this assumption, the predictions of the reference

network correspond to NTK regression [86, 190]. Let the reference network f(x; θ) be a

neural network parameterized by θ, which maps an input x to an output f(x; θ). The NTK

is defined as

Θ(x, x′) = ∇θf(x; θ)
⊤∇θf(x

′; θ), (8.2)

where ∇θf(x; θ) is the Jacobian of the network output with respect to its parameters. Let

{xtrain
i , ytrain

i }ntrain
i=1 be the training data and {xtest

i }ntest
i=1 be the test data. We compute

Θtrain,train = Θ(xtrain, xtrain) ∈ Rntrain×ntrain , Θtest,train = Θ(xtest, xtrain) ∈ Rntest×ntrain . (8.3)

and use kernel regression to predict outputs on the test set

f(xtest; θ) = Θtest,train (Θtrain,train + λI)−1 ytrain, (8.4)

where λ is a regularization parameter, which is selected via grid search on a validation set.

The NTK-based performance estimation serves as a diagnostic tool to evaluate whether

the specified ONN architecture is expressive enough for the given task. While this estimation

is not used for training or loss computation, it provides an early signal to guide architectural

decisions and allows users to iteratively refine the optical design before full training and

fabrication. For example, if the estimated test accuracy is much lower than the expected

performance, it may suggest a mismatch between the ONN’s capacity (e.g., depth) and task

complexity.

8.2.2 Knowledge Transfer Training

After the user specifies the ONN architecture, we train the system for the target task. We

define a supervised learning problem with input-output pairs (x, y), where x represents the

input samples and y denotes the corresponding ground-truth labels. The network parameters

(θ), including the optical frontend and the digital backend, are initialized and optimized

jointly (shown in Figure 8.2.2).
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End-to-end loss: The first loss term we consider is a standard end-to-end supervision

loss, which directly minimizes the discrepancy between the network’s predictions and the

ground-truth labels. Formally, we optimize the following objective

LE2E = E(x,y)∼D [ℓ(fONN(x; θ), y)] , (8.5)

where ℓ(·, ·) is a standard loss function such as cross-entropy for classification tasks, fONN(x; θ)

denotes the output of the network with parameters θ, and D represents the training dataset.

Neural Tangent Knowledge Distillation (NTKD) Loss: In addition to the standard

end-to-end loss, we introduce a knowledge transfer loss based on Neural Tangent Kernel

(NTK). Specifically, we assume access to a pretrained teacher network, such as LeNet for

MNIST, AlexNet for CIFAR-10, or U-Net for image segmentation tasks.

Given a minibatch of input samples {xi}nbatch
i=1 , we compute the Jacobian matrices of both

the teacher network (fteacher) and student ONN (fONN) with respect to their parameters

(θteacher, θONN)

Jteacher =

[
∂fteacher(xi)

∂θteacher

]nbatch

i=1

, JONN =

[
∂fONN(xi)

∂θONN

]nbatch

i=1

. (8.6)

The Jacobians Jteacher ∈ Rnbatch×pteacher×nclass and JONN ∈ Rnbatch×pONN×nclass may differ in width

depending on the number of trainable parameters in each network. Here, pteacher and pONN

denote the number of parameters in the teacher and ONN, respectively. Their corresponding

NTK matrices,

Θteacher = JteacherJ
⊤
teacher, ΘONN = JONNJ

⊤
ONN, (8.7)

are both of size nbatch × nbatch. We define the NTKD loss by minimizing the discrepancy

between the NTK matrices of the teacher network and the ONN (e.g., MSE)

LNTKD = E{xi}
nbatch
i=1 ∼D [ℓ (Θteacher,ΘONN)] . (8.8)

Then, we minimize a weighted sum of two losses, controlled by hyperparameters α and β

min
θ

(αLE2E + βLNTKD) . (8.9)
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8.2.3 Error Compensation

The physical fabrication uses the optimized simulation parameters obtained through the

process described in Section 8.2.2. The fabrication fixes the optical frontend, and only the

digital backend remains tunable. Due to unavoidable fabrication and experimental errors,

discrepancies arise between the designed and realized optical system. Given an input image a

and convolution kernel k, the ideal output is y = a ∗ k. The fabricated optical convolution

output with noise at location (i, j) is

ỹi,j = αβ

ksize∑
m=1

ksize∑
n=1

ai+m−1,j+n−1 (km,n + δm,n) + ϵi,j. (8.10)

Here, the scaling factors α (image brightness) and β (image–kernel misalignment) can

be experimentally calibrated to match the designed system, while the sensor noise ϵ is

primarily determined by the imaging device characteristics. We further quantify the impact

of fabrication noise δ (with proof provided in the Appendix). In particular, we show that

perturbations in the NTK caused by kernel fabrication errors (δij) scale as

∥∆ΘONN∥ ∼ O

(
∥δ∥
m

)
, (8.11)

where ∆ΘONN denotes the NTK perturbation, and m is the number of kernels (i.e., the

network width). This result indicates that networks with more kernels are inherently more

robust to fabrication noise. Indeed, if m ≫ ∥δ∥, the impact of fabrication noise on the

prediction can be considered negligible. If δ is interpreted as a gradient descent step, Eq. 8.11

is consistent with NTK theory: as m→∞, the NTK (Θ) remains constant during training,

implying ∆Θ→ 0 [86].

To correct these errors, we re-apply minimization in Eq. 8.9, but restrict optimization to

the unfrozen backend parameters (shown in Figure 8.2.3). The teacher network takes the raw

input images and computes its NTK matrix over a batch of samples, as defined in Eq. 8.7.

The student network receives feature maps from the fixed optical frontend, which processes

the same batch of input images and produces an NTK matrix of size nbatch × nbatch.
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Figure 8.3: Optical systems. (a) Compressed Meta ONN on MNIST [1]; (b) Polychromatic

Meta ONN on CIFAR-10 [2]; (c) ExtremeMETA for segmentation with dual optical fron-

tends [3]; (d) Customized Polychromatic Meta ONN for segmentation (Ours); (e) Optical

measurement setup; (f) Fabricated PSF-engineered meta-optics; (g) Scanning electron mi-

croscopy image of the meta-optics. (Figure from [JX6])

8.3 Experiments and Results

8.3.1 Optical Settings, Pre-trained teachers, Datasets and Evaluation Metrics

Optical Settings: Figure 8.3 demonstrates four different optical systems used in the

experiments. For monochromatic image classification, we conducted experiments on the

Compressed Meta ONN architecture [1] using the MNIST dataset [191]. This system consists

of a single optical frontend with 8 kernels (7× 7) and a compact digital backend composed

of two fully connected layers. For polychromatic image classification, we evaluated the

Polychromatic Meta ONN [JX4] on the CIFAR-10 dataset [121]. This model consists of a

single optical frontend with 16 kernels (7× 7) and a digital backend consisting of three fully

connected layers.

For image segmentation, we performed experiments on both the Extreme Meta ONN [3]

and a modified version of the Polychromatic Meta ONN [JX4], using Kaggle’s Carvana

Image Masking dataset. ExtremeMETA consists of two parallel polychromatic optical

frontends, followed by a dual-path digital backend composed of CoarseNet for global feature
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extraction and FineNet for detail enhancement, with their outputs fused to produce the final

segmentation. Our customized polychromatic segmentation system extends the Polychromatic

Meta ONN by incorporating a single optical frontend with 56 kernels (8, 16, and 32 kernels

to capture hierarchical depth representations, each of size 3× 3) and a backend composed of

upconvolutional layers to support dense prediction tasks. For a fair comparison between the

two systems, we matched the number of optical kernels.

In experiments, we manipulate polychromatic−red, green, and blue−point spread functions

(PSFs) of the meta-optics using a gradient descent algorithm. Physical shapes and dimensions

of the PSF-engineered meta-optics are shown in Figure 8.3. Since the meta-optics are designed

with PSFs that function as convolutional kernels, optical convolution occurs naturally during

image capture. Our experimental setup is straightforward: we replace a conventional imaging

lens with PSF-engineered meta-optics. The meta-optics are carefully positioned and aligned

with the color camera, enabling the capture of PSFs and convolved images using a laser

pointer and an OLED display, respectively. A schematic representation and a photograph of

the setup are provided in Figure 8.3.

Pre-trained teachers and Datasets: The MNIST and CIFAR-10 datasets each consist

of 50, 000 training images and 10, 000 testing images. The Carvana dataset, originally

introduced in Kaggle’s Carvana Image Masking Challenge, contains 5,088 high-resolution

1920× 1280 car images. We adopt LeNet (99.1% accuracy on MNIST), AlexNet (84.5% on

CIFAR-10), and a full U-Net (95.4% mIoU on Segmentation) as teacher models for their

respective tasks.

Evaluation Metrics: For classification tasks, we ran each experiment five times with

different random seeds and reported the mean and standard deviation (std) of the classification

accuracy. For segmentation tasks, we similarly conducted five independent runs and reported

the mean Intersection over Union (mIoU) along with the standard deviation.
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Figure 8.4: Simulation: T-SNE and confusion matrices in MNIST (a-d) and CIFAR-10 (e-h).

(Figure from [JX6])

8.3.2 Main Results

Simulation Results: Table 8.1 summarizes the accuracy of different ONN training strategies

in classification and segmentation tasks. For monochromatic classification, NTKD achieved

97.3% accuracy and outperformed both KD-based transfer (95.9%) and the non-transfer

baseline (91.4%). Similar trends were observed in the more challenging polychromatic

Table 8.1: Performance comparison of ONN methods across different tasks and training

strategies. (Table from [JX6])

Methods Monochromatic Classification (%) Polychromatic Classification (%) Polychromatic Segmentation (mIoU)

Compressed Meta (2025) [1] Polychromatic Meta (2025) [JX4] Extreme Meta (2025) [3] Polychromatic Meta (Ours)

Simulation, No Transfer 91.4 ± 0.8% 56.4 ± 1.9% 68.3 ± 0.5% 74.3 ± 0.4%

Simulation, KD 95.9 ± 0.6% 72.5 ± 2.1% 75.3 ± 0.2% 86.7 ± 0.4%

Simulation, NTKD 97.3 ± 0.6% 75.6 ± 0.9% 80.1 ± 0.2% 91.5 ± 0.4%
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classification setting, where NTKD achieved 75.6%, surpassing KD (72.5%) and baseline

(56.4%). For segmentation tasks, we evaluated models on both the Extreme Meta and our

proposed Polychromatic Meta datasets. NTKD consistently achieved higher mIoU scores

across both optical systems, surpassing KD-based transfer and end-to-end training without

transfer (75.3% and 86.7%, respectively).

These results indicate that training ONNs end-to-end without transfer often leads to

suboptimal performance. Incorporating knowledge transfer through KD or NTKD improves

learning efficacy and overall segmentation quality. In particular, the NTKD approach

outperformed KD in different tasks, demonstrating its ability to guide representation learning

in optical neural networks.

Figure 8.4 demonstrates knowledge transfer strategies on MNIST and CIFAR-10 represen-

tations and classification performance. Compared to the no-transfer baseline, these strategies

improve class separability in t-distributed Stochastic Neighbor Embedding (t-SNE) visualiza-

tions and reduce noise in confusion matrices. NTKD transfer shows improved clustering and

accuracy in experiments.

Fabrication and Compensation Results: Table 8.2 summarizes the impact of error

compensation strategies on ONN performance in classification and segmentation tasks. Due to

unavoidable fabrication and experimental errors, optical frontends suffer significant accuracy

drops, especially in the polychromatic setting. Without compensation, the monochromatic

system exhibits an 8.1% drop, and the more fabrication-sensitive polychromatic system shows

Table 8.2: Evaluation of ONN error compensation methods on fabricated optical systems

across both classification and segmentation tasks.

Method Monochromatic Classification (%) Polychromatic Classification (%) Polychromatic Segmentation (mIoU)

Compressed Meta (2025) [1] Polychromatic Meta (2025) [JX4] Polychromatic Meta (Ours)

No compensation (baseline) 89.2% 47.3% 49.7%

Error compensation (End-to-End) 93.2 ± 0.1% 70.4 ± 2.1% 62.7 ± 0.9%

Error compensation (NTKD) 95.1 ± 0.1% 74.9 ± 1.3% 81.2 ± 0.6%
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Figure 8.5: Fabrication: T-SNE and confusion matrices on MNIST (a–d) and CIFAR-10

(e–h). (Figure from [JX6])

a 28.3% drop on CIFAR-10 and a 41.8% reduction in mIoU on the Carvana segmentation task.

This performance gap highlights the increased challenge of fabricating RGB-sensitive kernels

in polychromatic ONNs compared to monochromatic ONNs. Our results demonstrate that

knowledge transfer methods are able to assist with denoising that gap. NTKD compensation

yields higher accuracy in both cases (95.1% for monochromatic, 74.9% for polychromatic and

81.2% for image segmentation task), outperforming end-to-end deep learning compensation,

and validating its effectiveness in robust corrections for fabrication.

Figure 8.5 compares the t-SNE visualizations and confusion matrices of MNIST and

CIFAR-10 representations under different compensation strategies. Without compensation

(Figures 8.5 a, c, e, g), both optical systems exhibit class overlap in the feature space and

reduced classification accuracy, primarily due to fabrication errors and optical misalignments.

The NTKD correction (Figures 8.5 b, d, f, h) compensates for these errors and improves the

clustering structure and classification accuracy, demonstrating robustness and generalization
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Table 8.3: Random PSF kernel design across different tasks. (Table from [JX6])

Monochromatic Classification (%) Polychromatic Classification (%) Polychromatic Segmentation (mIoU)

8 kernels 96.12% 36.73% 49.3%

500 kernels 96.81% 49.32% 64.1%

1000 kernels 97.24% 56.23% 69.9%

∞ kernels 97.72% 67.33% 72.1%

across datasets and optical systems.

8.4 Discussion

Backend Complexity of ONNs: The complexity of the backend plays a critical role in

the performance of optical systems, particularly in hybrid optical-digital architectures. When

a strong digital backend is employed, it can effectively denoise and recover accurate outputs,

even when the optical frontend introduces significant noise. However, a strong backend

not only diminishes the contribution of the optical frontend but also significantly increases

power consumption—undermining the core motivation for adopting optical computing in

resource-constrained environments. In such scenarios, digital networks (e.g., ViT or U-Net)

are often a more practical and effective choice than hybrid ONNs with disproportionately

strong backends. For practical deployment, we need to carefully balance the computational

load between optics and computational backend and find a tradeoff between acceptable

energy consumption/ latency and acceptable accuracy, which will be an application dependent

trade-off.

Random vs. Designed Parameters: Another possible direction for designing and

training ONNs is to use randomly initialized optical parameters while training only the digital

backends. This approach aims to avoid the need for extensive simulation and hardware-in-

the-loop optimization of the optical frontends. We conducted experiments using a single

optical convolutional layer and a lightweight backend—consisting of a single fully connected

layer for classification, or a single upsampling layer for segmentation. As shown in Table 8.3,
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increasing the number of random kernels consistently improves performance across tasks.

For example, in polychromatic classification, accuracy improves from 36.73% (8 kernels) to

56.23% (1000 kernels), and further to 67.33% in the NTK regime, which approximates an

infinite number of random kernels. Similarly, in polychromatic segmentation, mIoU rises from

49.3% to 69.9% and reaches 72.1% under NTK estimation. These results demonstrate that

while increasing the number of random PSFs improves performance, they still underperform

our approach (designed kernels with knowledge transfer).

Scalability of ONNs: Scaling current ONNs remains challenging, as most designs rely

on shallow structures with limited linear computational capacity. Implementing nonlinear

operations in ONNs is especially difficult due to physical constraints, such as the limited

pixel size. These hardware limitations make it hard for ONNs to support deep and expressive

architectures like those used in digital networks. We observed that using different kernels to

simulate multiple layers of a digital network leads to better performance, compared to simply

compressing a deep CNN into a single-layer ONN. To test the scalability of ONNs under these

limitations, we evaluated a polychromatic ONN on the ImageNet-100 dataset and achieved a

top-1 accuracy of 46.32%. In summary, scalable and expressive ONNs will ultimately rely on

physical advances enabling deep and nonlinear optical computations. To that end, image

intensifiers present an interesting opportunity for cascading multiple metasurfaces, as they

can provide both nonlinear activation and signal regeneration [47].

Parameter-Space Compressibility: To examine redundancy of the convolutional layer,

we compute the Jacobian J ∈ Rn×p of LeNet outputs with respect to its 2,572 convolutional

parameters. We then form the parameter Gram matrix J⊤J ∈ Rp×p and analyze its cumulative

eigenvalue spectrum to quantify the parameter effective dimensions. Figure 8.6.a plots the

cumulative eigenvalue power of J⊤J . 108 parameters account for 95% of the total power,

and 288 parameters account for 99%, indicating strong compressibility. To validate this, we

trained compressed models with varying parameter counts (Figure 8.6.b), and analyzed the

trade-off between model size and accuracy. For example, a model with just 98 parameters in

the convolutional layer achieved 95.2% accuracy, closely matching the 95% cumulative NTK
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Figure 8.6: NTK compressibility analysis. (a) Cumulative eigenvalue power of the Parameter

matrix g = J⊤J for LeNet’s convolutional layers, showing that 95% and 99% of power are

concentrated in just 108 and 288 parameters. (b) Accuracy of models with varying parameter

counts. (Figure from [JX6])

power threshold. Notably, when the cumulative matrix power exceeded 99%, further increases

in parameter count without changes to the model structure yielded diminishing returns. For

example, increasing parameters from 98 to 784—twice that of Compressed Meta [JX2]—only

improved accuracy by 0.5%. This marginal gain did not surpass the accuracy predicted by

NTK analysis, highlighting the inefficiency of overparameterization and suggesting the use

of dimensionality reduction. The Gram matrix can help estimate the efficient number of

parameters for a given task.

Fabrication Analysis: Several factors may help explain the discrepancy between the

designed and measured kernels. First, the local periodic approximation — which simplified

the metasurface optics (MO) design by assuming the scatterers were arranged periodically

— neglected the coupling between adjacent dissimilar scatterers and could introduce phase

errors. Second, unavoidable fabrication errors further contributed to the observed discrepancy.

Third, the pre-designed kernel needed to be properly matched to the sensor’s pixel array; any

misalignment between the metasurface optics and the camera could also lead to deformation

of the measured kernels. Regarding the polychromatic versus single-wavelength kernels,

metasurfaces inherently suffered from strong chromatic aberrations, a universal characteristic

of diffractive optics. While we co-optimized the kernel across multiple wavelengths during
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the design process to ensure consistent behavior, the performance remained limited by the

intrinsic material properties.

MACs and Power Consumption: We estimated the multiply–accumulate operations

(MACs) and power consumption of hybrid ONNs using our polychromatic ONN as an example.

The total number of MAC operations in the simulated digital network is approximately 239

MMACs (while the full U-Net requires 65.9 GMACs and Efficient U-Net reaches 1.37 GMACs),

which is reduced to 65 MMACs after incorporating optical frontends [192]. The total energy

consumption includes both image capture and digital computation. The full U-Net (pre-

trained teacher) consumes 2.03 J for computation and 2.36mJ for image capture, totaling

2.04 J per image. The compact digital network requires 7.37 mJ for computation and 2.36 mJ

for image capture, totaling 9.73mJ per image. In contrast, our hybrid ONN consumes

3.82 mJ for image capture and 2.01 mJ for backend processing, totaling 5.83 mJ—representing

over a 40% reduction in system-level energy consumption compared to the simulated digital

network, and over 300× energy compression compared to the pre-trained teacher U-Net.
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Chapter 9

CONCLUSION

In this thesis, I developed knowledge distillation methods to transfer knowledge from deep

electronic neural networks into ONNs, with the goal of enhancing ONN performance under

realistic physical constraints and narrowing the gap between ONNs and digital networks.

I first applied knowledge distillation to different optical systems with the goal of designing

transferable and scalable architectures. Chapter 4 demonstrated knowledge transfer from

nonlinear electronic models into 4f -based ONNs, validating that teacher–student distillation

can circumvent nonlinearity. Chapter 5 extended this approach to metasurface-based ONNs,

showing that deep electronic convolutional layers can be compressed into a single optical

layer while retaining strong performance. Chapter 6 further generalized these studies by

introducing a polychromatic optical encoder, broadening the applicability of ONNs and

enabling efficient multi-wavelength processing.

Furthermore, I introduced the Tangent Kernel Loss, a novel loss function that leverages

tangent kernel theory to improve knowledge transfer in neural networks. Chapter 7 validated

this method within a balanced continual learning framework, addressing incremental adapta-

tion under imbalanced data distributions and achieving stable performance across sequential

tasks. In Chapter 8, I extended this concept to ONNs by developing the NTKD pipeline.

NTKD enables the transfer of feature representations from electronic teacher networks to

optical students, providing scalable and architecture-agnostic guidance for hybrid electro-

optical systems. The framework was evaluated across diverse computer vision tasks, including

image classification and segmentation, demonstrating its effectiveness in both simulated and

fabricated ONNs.

In summary, this thesis demonstrates that knowledge distillation, especially NTKD, can
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enhance the overall performance of optical neural networks. These methods help narrow

the gap between ONNs and electronic neural networks, while also mitigating fabrication

errors, proving effective across both simulated and fabricated ONN systems. In the future, a

promising direction is to design more complex ONN architectures that incorporate optical

nonlinearity and knowledge distillation, thereby further approximating the representational

power of modern deep neural networks.
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Appendix A

APPENDIX

A.1 Connection with Gaussian Processes

We provide a detailed proof, using NTK, demonstrating how it guarantees that infinite-width

networks converge to a global minimum when trained to minimize empirical loss. Let us

consider a fully-connected neural networks with parameter θ, f(.; θ) : Rn0 → RnL . Layers are

indexed from 0 (input) to L (output), each containing n0, . . . , nL neurons, including the input

of size n0 and the output of size nL. There are P =
∑L−1

l=0 (nl + 1)nl+1 parameters in total

and thus we have θ ∈ RP . The training dataset contains N data points, D =
{
x(i), y(i)

}N
i=1

.

All the inputs are denoted as X =
{
x(i)
}N
i=1

and all the labels are denoted as Y =
{
y(i)
}N
i=1

.

For l = 0, . . . , L−1, each layer l defines an affine transformation A(l) with a weight matrix

w(l) ∈ Rnl×nl+1 and a bias term b(l) ∈ Rnl+1 , as well as a pointwise nonlinearity function σ(.),

which is Lipschitz continuous. We show the pre-activations and post-activations in detail

below

A(0) = x, (A.1)

Ã(l+1)(x) =
1
√
nl

w(l)⊤A(l) + βb(l) ∈ Rnl+1 , (A.2)

A(l+1)(x) = σ
(
Ã(l+1)(x)

)
∈ Rnl+1 . (A.3)

Note that the NTK parameterization applies a rescale weight 1/
√
nl on the transformation

to avoid divergence with infinite-width networks. The constant scalar β ≥ 0 controls how

much effort the bias terms have.

Deep neural networks have a deep connection with Gaussian processes [274]. The output

function of a L-layer network, fi(x; θ) for i = 1, . . . , nL, are i.i.d. centered Gaussian process

of covariance Σ(L), defined recursively as
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Σ(1) (x,x′) =
1

n0

x⊤x′ + β2, (A.4)

λ(l+1) (x,x′) =

 Σ(l)(x,x) Σ(l) (x,x′) ,

Σ(l) (x′,x) Σ(l) (x′,x′)

 , (A.5)

Σ(l+1) (x,x′) = Ef∼N(0,λ(l)) [σ(f(x))σ (f (x′))] + β2. (A.6)

Proof of Case 1: Let’s start with L = 1, when there is no nonlinearity function and the

input is only processed by a simple affine transformation

f(x; θ) = Ã(1)(x) =
1
√
n0

w(0)⊤x+ βb(0), (A.7)

where Ã(1)
m (x) =

1
√
n0

n0∑
i=1

w
(0)
imxi + βb(0)m for 1 ≤ m ≤ n1. (A.8)

Since the weights and biases are initialized i.i.d., all the output dimensions of this network

Ã
(1)
1 (x), . . . , Ã

(1)
n1 (x) are also i.i.d. Given different inputs, the m-th network outputs Ã

(1)
m (.)

have a joint multivariate Gaussian distribution, equivalent to a Gaussian process with

covariance function. We know that mean µw = µb = 0 and variance σ2
w = σ2

b = 1. Then, we

can obtain

Σ(1) (x,x′) = E
[
Ã(1)

m (x)Ã(1)
m (x′)

]
(A.9)

= E

[(
1
√
n0

n0∑
i=1

w
(0)
i,mxi + βb(0)m

)(
1
√
n0

n0∑
i=1

w
(0)
i,mx

′
i + βb(0)m

)]
(A.10)

=
1

n0

σ2
w

n0∑
i=1

n0∑
j=1

xix
′
j +

βµb√
n0

n0∑
i=1

wim (xi + x′
i) + σ2

bβ
2 (A.11)

=
1

n0

x⊤x′ + β2. (A.12)

Proof of Case 2: Using induction, we first assume the proposition is true for L = l, a

l-layer network, and thus Ã(l)
m (.) is a Gaussian process with covariance Σ(l) and

{
Ã

(l)
i

}nl

i=1
are

i.i.d.
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Then we need to prove the proposition is also true for L = l+1. We compute the outputs

by

f(x; θ) = Ã(l+1)(x) =
1
√
nl

w(l)⊤σ
(
Ã(l)(x)

)
+ βb(l), (A.13)

where Ã(l+1)
m (x) =

1
√
nl

nl∑
i=1

w
(l)
imσ

(
Ã

(l)
i (x)

)
+ βb(l)m for 1 ≤ m ≤ nl+1. (A.14)

We can infer that the expectation of the sum of contributions of the previous hidden

layers is zero

E
[
w

(l)
imσ

(
Ã

(l)
i (x)

)]
= E

[
w

(l)
im

]
E
[
σ
(
Ã

(l)
i (x)

)]
= µwE

[
σ
(
Ã

(l)
i (x)

)]
= 0, (A.15)

E
[(

w
(l)
imσ

(
Ã

(l)
i (x)

))2]
= E

[
w

(l)
im

]
E
[
σ
(
Ã

(l)
i (x)

)2]
= σ2

wΣ
(l)(x,x) = Σ(l)(x,x). (A.16)

Since
{
Ã

(l)
i (x)

}nl

i=1
are i.i.d., according to the central limit theorem, when the hidden layer

gets infinitely wide nl →∞, Ã
(l+1)
m (x) is Gaussian distributed with variance β2+Var

(
Ã

(l)
i (x)

)
.

Note that Ã(l+1)
1 (x), . . . , Ã

(l+1)
nl+1 (x) are still i.i.d. Ã

(l+1)
m (.) is equivalent to a Gaussian process

with covariance function

Σ(l+1) (x,x′) = E
[
Ã(l+1)

m (x)Ã(l+1)
m (x′)

]
(A.17)

=
1

nl

σ
(
Ã

(l)
i (x)

)⊤
σ
(
Ã

(l)
i (x′)

)
+ β2 ;similar to how we get Σ(1). (A.18)

When nl →∞, according to central limit theorem,

Σ(l+1) (x,x′)→ Ef∼N(0,Λ(l))
[
σ(f(x))⊤σ (f (x′))

]
+ β2. (A.19)

The form of Gaussian processes in the above process is referred to as the Neural Network

Gaussian Process (NNGP) in [89, 86, 88].

A.2 Deterministic NTK

When n1, . . . , nL →∞ (network with infinite width), the NTK converges to be:(1) determin-

istic at initialization, meaning that the kernel is irrelevant to the initialization values and
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only determined by the model architecture; and (2) stays constant during training.

Proof of Case 1: First of all, we have K(0) = 0. When L = 1, we can get the

representation of NTK directly. It is deterministic and does not depend on the network

initialization. There is no hidden layer, so there is nothing to take on infinite width. Thus,

we can obtain

f(x; θ) = Ã(1)(x) =
1
√
n0

w(0)⊤x+ βb(0), (A.20)

K(1) (x,x′; θ) =

(
∂f (x′; θ)

∂w(0)

)⊤
∂f(x; θ)

∂w(0)
+

(
∂f (x′; θ)

∂b(0)

)⊤
∂f(x; θ)

∂b(0)
(A.21)

=
1

n0

x⊤x′ + β2 = Σ(1) (x,x′) . (A.22)

Proof of Case 2: When L = l, we assume that a l-layer network with P̃ parameters in

total, θ̃ =
(
w(0), . . . ,w(l−1),b(0), . . . ,b(l−1)

)
∈ RP̃ , has a NTK converging to a deterministic

limit when n1, . . . , nl−1 →∞. Then, we obtain

K(l)
(
x,x′; θ̃

)
= ∇θ̃Ã

(l)(x)⊤∇θ̃Ã
(l) (x′)→ K(l)

∞ (x,x′) . (A.23)

Note that K(l)
∞ has no dependency on θ. Next, let’s check the case L = l+1. Compared to

a l-layer network, a (l + 1)-layer network has additional weight matrix w(l) and bias b(l) and

thus the total parameters contain θ =
(
θ̃,w(l),b(l)

)
. The output function of this (l+ 1)-layer

network is

f(x; θ) = Ã(l+1)(x; θ) =
1
√
nl

w(l)⊤σ
(
Ã(l)(x)

)
+ βb(l). (A.24)

And we know its derivative with respect to different sets of parameters. Let denote

Ã(l) = Ã(l)(x) for brevity in the following equation
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∇w(l)f(x; θ) =
1
√
nl

σ
(
Ã(l)
)⊤

∈ R1×nl , (A.25)

∇b(l)f(x; θ) = β, (A.26)

∇θ̃f(x; θ) =
1
√
nl

∇θ̃σ
(
Ã(l)
)
w(l), (A.27)

=
1
√
nl


σ̇
(
Ã

(l)
1

)
∂Ã

(l)
1

∂θ̃1
. . . σ̇

(
Ã

(l)
nl

)
∂Ã

(l)
nl

∂θ̃1
...

σ̇
(
Ã

(l)
1

)
∂Ã

(l)
1

∂θ̃p̃
· · · σ̇

(
Ã

(l)
nl

)
∂Ã

(l)
nl

∂θ̃p̃

w(l) ∈ RP̃×nl+1 . (A.28)

where σ̇ is the derivative of σ and each entry at location (p,m), 1 ≤ p ≤ P̃ , 1 ≤ m ≤ nl+1

in the matrix ∇θ̃f(x; θ) can be written as

∂fm(x; θ)

∂θ̃p
=

nl∑
i=1

w
(l)
imσ̇

(
Ã

(l)
i

)
∇θ̃p

Ã
(l)
i . (A.29)

The NTK for this (l + 1)-layer network can be defined accordingly

K(l+1) (x,x′; θ) (A.30)

= ∇θf(x; θ)
⊤∇θf(x; θ) (A.31)

= ∇w(l)f(x; θ)⊤∇w(l)f(x; θ) +∇b(l)f(x; θ)⊤∇b(l)f(x; θ) +∇θ̃f(x; θ)
⊤∇θ̃f(x; θ) (A.32)

=
1

nl

[
σ
(
Ã(l)
)
σ
(
Ã(l)
)⊤

+ β2 (A.33)

+w(l)⊤


σ̇
(
Ã

(l)
1

)
σ̇
(
Ã

(l)
1

)
K

(l)
11 . . . σ̇

(
Ã

(l)
1

)
σ̇
(
Ã

(l)
nl

)
K

(l)
1nl

...

σ̇
(
Ã

(l)
nl

)
σ̇
(
Ã

(l)
1

)
K

(l)
nl1

. . . σ̇
(
Ã

(l)
nl

)
σ̇
(
Ã

(l)
nl

)
K

(l)
nlnl

w(l)

 . (A.34)

where each individual entry at location (m,n), 1 ≤ m,n ≤ nl+1 of the matrix K(l+1) can

be written as

K(l+1)
mn =

1

nl

[
σ
(
Ã(l)

m

)
σ
(
Ã(l)

n

)
+ β2 +

nl∑
i=1

nl∑
j=1

w
(l)
imw

(l)
in σ̇

(
Ã

(l)
i

)
σ̇
(
Ã

(l)
j

)
K

(l)
ij

]
. (A.35)
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When nl →∞, the section has the limit

1

nl

σ
(
Ã(l)
)
σ
(
Ã(l)
)
+ β2 → Σ(l+1). (A.36)

A.3 Noise Robustness in Wide Finite-Width Networks

Let the single-layer neural network be parameterized by θ, and its output for input x be

f(x; θ). The NTK for inputs x and x′ is defined as

Θ(x, x′) = ∇θf(x; θ)
⊤∇θf(x

′; θ), (A.37)

where ∇θf(x; θ) represents the gradient of the network output with respect to the parameters.

A.3.1 Noise Perturbation to Parameters

Suppose a small noise δ is added to the parameters, resulting in θ′ = θ + δ. The perturbed

NTK is expressed as

Θδ(x, x
′) = ∇θ′f(x; θ

′)⊤∇θ′f(x
′; θ′). (A.38)

Expanding ∇θ′f(x; θ
′) using a first-order Taylor approximation

∇θ′f(x; θ
′) ≈ ∇θf(x; θ) +H(x; θ)δ, (A.39)

where H(x; θ) is the Hessian matrix of f(x; θ) with respect to θ.

Substituting this into Θδ(x, x
′)

Θδ(x, x
′) ≈ Θ(x, x′) + δ⊤H(x; θ)⊤∇θf(x

′; θ) + δ⊤H(x′; θ)⊤∇θf(x; θ) (A.40)

+ δ⊤H(x; θ)⊤H(x′; θ)δ. (A.41)

The perturbation ∆Θ(x, x′) is given by

∆Θ(x, x′) = Θδ(x, x
′)−Θ(x, x′). (A.42)
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A.3.2 Bounding the Perturbation

The magnitude of ∆Θ(x, x′) satisfies

∥∆Θ(x, x′)∥ ≈ ∥δ∥ · (∥H(x; θ)∥ · ∥∇θf(x
′; θ)∥+ ∥H(x′; θ)∥ · ∥∇θf(x; θ)∥) (A.43)

+ ∥δ∥2 · ∥H(x; θ)∥ · ∥H(x′; θ)∥. (A.44)

For small perturbations ∥δ∥ ≪ 1, the second-order term is negligible, and we obtain

∥∆Θ(x, x′)∥ ∼ O

(
∥δ∥
m

)
, (A.45)

which vanishes as m→∞.
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