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The thesis studies convex optimization over the Banach space of regular Borel measures
on a compact set. The focus is on problems where the variables are constrained to be prob-
ability measures. Applications include non-parametric maximum likelihood estimation of
mixture densities, optimal experimental design, and distributionally robust stochastic pro-
gramming. The theoretical study begins by developing the duality theory for optimization
problems having non-finite-valued convex objectives over the set of probability measures. It
is then shown that the infinite-dimensional problems can be posed as non-convex optimiza-
tion problems in finite dimensions. The duality theory and constraint qualifications for these
finite dimensional problems are derived and applied in each of the applications studied. It
is then shown that the non-convex finite-dimensional problems can be decomposed by first
optimizing over a subset of the variables, called the “weights”, for which the associated opti-
mization problem is convex. Optimization over the remaining variables, called the “support
points”, is then considered. The objective function in the reduced problem is neither convex
nor finite-valued. For these reasons, a smoothing of this function is introduced. The epi-
continuity of this smoothing and the convergence of critical points is established. It is shown
that all known constraint qualifications fail for this problem, requiring a detailed analysis
of the behavior of optimal solutions as the smoothing converges to the original problem.

Finally, proof of concept numerical results are given.
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NOTATION

This section gives an overview of notation used throughout the thesis. Some of the

notation introduced in Chapter 2 only to define further notation does not appear in the list

below.

Z
Z.

gm
ST

STy

Sm

Sm_

A=<B

A> B

Lin(V1, Va)
Bilin(V4, V4)
Bilin(V1, V2, U)

13
13
13
13
13
13
13
13
14
14
14
14
14
14
14
14
14
14

The integers

The non-negative integers

The real numbers

The extended real numbers R = R U {400} U {—oc0c}.

The non-negative reals

The strictly positive reals

The non-positive reals

The strictly negative reals

The m x m real symmetric matrices

The m X m positive semi-definite real symmetric matrices
The m x m positive definite real symmetric matrices

The m x m negative semi-definite real symmetric matrices
The m x m negative definite real symmetric matrices

If A, B € ST, then A X B if and only if B — A € ST

If A,B €8T, then A= B if and only if A — B € ST

The linear operators from a vector space Vi to a vector space V5
The bilinear forms from V; x V5 to R

The bilinear forms from V; x V5 to U
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Aff(C
Par(C)
riC

~—

V1 © V2

Ran

1c

levy(a)

lev; (o)
COO

cone C
coC

cl M
cl* M
T(c|C)
epi f
dom f
IS

14
14
14
15
14
15

15

15
15

17
18
18
18
19
19
19
19
19
20

The smallest affine space containing the set C

The subspace parallel to Aff(C')

The relative interior of a set C'

The Hadamard product between two vectors vy, v, € R™ for some n
The image of a linear operator under its domain

The convex indicator function of a set C,

0 ceC
dc(c) =
+oo c¢C

The (set) indicator function of a set C,

1 ceC
1o(c) =

0 c¢C
The a lower level set of f, i.e. levy(a) := {x € X| f(z) < a}
The a equality level set of a function f, i.e.
levi(a) ={z € X| f(z) =a}
The horizon cone of a set C'
The polar cone of a cone K
The cone containing C, i.e. cone(C) = {ac|a € Ry, c € C}
The convex hull of a set C
The closure of a set M in a given topology
The weak™* closure of a set M
The tangent cone to C' at ¢
The epigraph of a function f
The domain of a function f
The convex conjugate f*: U — R of a function f:V — R,

where V' and U are paired in duality.
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ext C 22
ag 23
AdL 23
e

of 26
of 20, 26
of 26
of 27
Q 36
B

x

B() 36
P(Q) 36
c(92)

& 36
(0 36
F 36
S 36
n

expit(a) 39
logit(p) 45
Primal 36
Dual 26
F-Primal 59

The extreme points of a convex set C

The atomic measure, or point mass, at

The (d — 1)-dimensional unit simplex in R?

The vector of all ones

The regular subdifferential of a function f : R? — R
The subdifferential of a function f: R¢ — R

The subdifferential of a function f: R* — R

The Clarke subdifferential of a function f : R? — R

A convex, compact space 2 C R?

An element of ©, i.e. 5 € Q

A point z = (B4,...,B4) € Q¢

The set of all (regular) Borel measures on (2

The set of all (regular Borel) probability measures on €2
The set of all continuous real-valued functions on €2

A finite dimensional real inner product space

A proper Isc convex function ¢ : £ = R

A differentiable function F': €2 — &, the integral kernel of S
A linear function S : B(2) — £ given by

S = Jo F(B)uldp)

Some integer n with n > n

The function expit : R — R given by

expit(a) = logit () = (1 + exp(—a))™*

The function logit : (0,1) — R given by logit(p) = log (1%)
The problem inf,cpq) 1 (Su)

The convex dual to Primal

A non-convex finite-dimensional embedding of Primal



F-Dual 61 The convex composite dual to F-Primal
A 59, 85,87 Weight vector A € R™ for columns of Ap(r) in F-Primal.
Also the primal variable A € R? of weights for columns of A,(x)

in BendersPrimal(z) and BendersPrimal(z,t)

S 36 The set . C B(Q2) of optimal solutions to Primal

NPMLE 42 The non-parametric maximum likelihood problem

NPMLEDual 72 The dual to NPMLE

OptD 44 The optimal experimental design problem

OptDDual 76 The dual to OptD

DRSP 46 The distributionally robust stochastic programming problem

DRPSDual 78 The dual to DRSP

MER 49 A relaxation of the maximum entropy problem

Ap(x) 58 For x € Q" where x = (84, ..., 3z), then Ap(x)is the n x 1
matrix Ap(z) = F(B) F(B) - F(B)|-

[0) 83 A proper convex lsc function ¢ : R® — R

E 83 The Euclidian space R x R™ x S™

F 83 The Euclidian space RP x {0}"# x R™ x S"™

K 83 The cone {0}"F x R" x S"M

1.(B) 82 A smooth function f, : @ — R"

f=(B) 82 A smooth function f; : Q — R"

1(B) 82 A smooth function f; : 2 — R™

fu(B) 82 A smooth function f;, : Q@ — S™M

Ay(z) 82 For z € Q% the linear operator A4(z) € Lin(R? R") is
given by Ay(2)A = 20, M (5)

Ap(x) 82 For z € Q% the linear operator A4(z) € Lin(R? R"#) is

given by Ag(z)A = S0 Nifo(5;)
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2

2

w(z,t)
Wg
wg(z,t)
Wy

wy(z, 1)

82

82

87

87
85,87

85,87

For x € Q¢ the linear operator Ag4(z) € Lin(R?, R" )is
given by Ag(2)A = 30, Aifi (5)

For z € Q% the linear operator A4(z) € Lin(R?,S™) is
given by Ag(z)A = Y0, Aifi(5:)

The function 1b : RM — R given by

M .
—> iqlogp; B; >0 for each i,
Ib(z) = 2im

00 else
The relaxation/homotopy parameter in BendersPrimal(z,t)
Slack variable s € R™ for inequality constraints
in BendersPrimal(z) and BendersPrimal(x,t)
For ¢ > 0, the unique optimal solution s to BendersPrimal(x,t)
Slack variable S € S™™ for semidefinite constraints
in BendersPrimal(x) and BendersPrimal(z,t)
For ¢ > 0, the unique optimal solution S to BendersPrimal(x,t)
Defined by the constraint z = Ag(x)A
Defined by the constraint z; = Ag(x)A
Defined by the constraint z = A,(z)\
Defined by the constraint z, = Ay (z)A
Dual variable to the constraint z = Ag(x)A
For ¢ > 0, the unique optimal solution w to BendersDual(x,t)
Dual variable to the constraint z, = Ag(z)A
For ¢ > 0, the unique optimal solution wy to BendersDual(z,t)
Dual variable to the constraint z = A;(x)A

For ¢ > 0, the unique optimal solution w, to BendersDual(z,t)

vil



Whr

wy(x, 1)

g
G(z)
G(x,t)

BendersPrimal(x)

BendersPrimal(z,t)

D(x)

D(z,t)
BendersDual(x)
BendersDual(z,t)
p(A, s, S, t)
Distinct(x)
Sol,(x)

I(z, )

AL(,6)

A(z)

88,88
98

88,38
85
87
85

126

Dual variable to the constraint z, = Ay (z)A

For t > 0, the unique optimal solution wy,

to BendersDual(x, t)

Dual variable to the constraint e\ =1

Optimal value function for BendersPrimal(x)
Optimal value function for BendersPrimal(x,t)

An instance of Primal with ¥(21, 22) = ¢(z1) + Ik (22)
and fixed support points, so that u = Z‘jzl Aiag,

A convex relaxation of BendersPrimal(z)

with homotopy parameter t

Optimal value function for BendersDual(z)

Optimal value function for BendersDual(z,t)

The (convex) dual problem to BendersPrimal(x)
The (convex) dual problem to BendersPrimal(z,t)
Objective function for BendersPrimal(x,t)

The set {5 € Q| = z; for some i € {1,...,d}}

The set { A\| A optimal solution to BendersPrimal(z)}
The indices {i|z; = 5, 1 <i < d}

Defined by Az(; ) = Zie_’[(r,ﬁ) \i

Superset of the subgradient 0G(z)
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Chapter 1

INTRODUCTION

The general problem studied is the constrained optimization problem

oin o) (Sp) + dp(e) (1) (1.1)

where Q C RP is compact, B(£2) is the linear space of (regular) Borel measures over (2,
P(Q) C B(Q) are the probability measures, 1 : £ — R is convex with £ a finite dimensional
real inner product space, S : B(Q2) — & is the linear transformation Sy = [, F(3) u(dp),
with F': QQ — & continuous. Specific applications are captured by specifying the functions

1 and F. In many of these applications, ¥ takes the form

V(21,22) = (21) + 0k (22),

where & = & x &,, the function ¢ : & — R is convex and K C &, is a non-empty closed

convex cone. Note that any convex set constraint of the form

Amewmeo

can be replaced by the convex cone constraint

l;Ff)uwmed@deXHD%

for p € P(Q2). Therefore we need only consider cone constraints.

The problem structure (1.1) includes many applications, for example non-parametric



maximum likelihood for mixture models, optimal experimental design, and distributionally
robust stochastic programming. In non-parametric maximum likelihood estimation for mix-
ture densities, ¢ is the negative log-likelihood of the marginal density [, f(y|8) u(df) of the
observed values y. In optimal design the objective function is a convex permutation-invariant
function of the eigenvalues of the Fisher information matrix, e.g. the log-determinant or the
trace of the inverse matrix. In distributionally robust stochastic programming, 1 is the
identity and F' gives the loss for a given realization of 3 distributed as p. In addition, the
function v is not necessarily finite-valued, and can encode constraints on p. Potential con-
straints on p include mean constraints, mean-variance constraints, quantile constraints, and

chance constraints. These applications are discussed in Section 3.2.

Problem (1.1) is a convex optimization problem on P(2) C B(f2). In convex optimiza-
tion, duality theory plays a central role. In this regard we are interested in computing and
analyzing an appropriately specified dual convex program to (1.1). Importantly, any duality
theory should answer when the primal and dual optimal values are finite and when they
are attained. When the optimal values coincide, the primal-dual pair of problems is said to
exhibit strong duality, that is, there is zero duality gap. Furthermore, testable certificates of
optimality should be given. The duality theory developed here requires some care, as B(f2)
is a non-reflexive Banach space. In convex analysis, duality theory is based on spaces that
are paired in duality [53]. The natural duality pairing for B(2) is with C(2), the space of
continuous functions on 2, with the sup-norm topology on C'(£2) and the weak* topology on
B(2). The duality pairing occurs through integration of functions in C'(§2) over measures in
B(2). This duality pairing ensures that every continuous linear functional on B(f2) can be
represented as integration against a (fixed) continuous function. This limits, for instance,

the possible separating hyperplanes on B(2).

The dual problem to (1.1) is developed using similar techniques to those used in finite
dimensions. A comparison with the derivation of the duality theory for finite-dimensional

linear programming is instructive. This duality theory can be derived through a convex



perturbation function f : R? x R? x R? — R given by
fl@,y",s%) = (¢, ) + 6(Az — b+ y[{0}) + 6(z|R)

with (z,y*, s*) € RP x R? x R? and A € R?*P. The inf-projection of f in z is defined to be
the convex function p(y*,s*) := inf, f(x,y*, s*). This is the optimal value function for the

linear program

inf 'z

T

st. Arx+y =0b

r+ s >0.

The variables y* and s* represent perturbations of the constraints with the base problem
occurring for (y*,s*) = (0,0). In the case of linear programming, the duality theory is
developed by comparing p(0, 0) with p**(0, 0), where p** is the bi-conjugate of p. In particular,
p*(0,0) = £*(0,v, s), where f*: R? x R? x R? — R is the convex conjugate of f and is given
by

f*(x*ayas) = Sup <($,y*,8*), (‘T*vy?S)) - f(x,y*,s*)

*® ok
z,y",s

= (b, y) + 0(z* — c — AT + s|{0}) + 0 (s|R%),

so that
p(0,0) = inf 'z p™(0,0) =inf by
T Y,s
st. Arx =0 st ATy+c=s
z >0 s> 0.

The optimization problem defining p(0, 0) is referred to as the primal problem, and that for



p**(0,0) is called the dual problem.

Similarly, we can define a perturbation function f : B(Q) x £ — R for (1.1) by setting

fQ,2) :=(Sp+ 2) + 6(u|P(Q)).

Importantly, the associated optimal value function p(z) := inf,cp) f(i, 2) is a convex func-
tion with a finite-dimensional domain, as shown in Theorem 3.11. By focusing on p(z), some
of the difficulties in working with non-reflexive Banach spaces can be simplified, or avoided
entirely. Theorem 3.11 uses the perturbation function f(u, z) and associated optimal value
function p(z) to derive the dual problem

min 07, (S*w) + ™ (—w). (1.2)

wes€

Furthermore, it is shown that (1.1) and (1.2) satisfy strong duality if ri.S [P(2)]Nridom 1) # ()
with attainment in (1.2). Theorem 3.11 also uses the sequential compactness of P(2) to

demonstrate that the optimal value of (1.1), if finite, is attained by some measure u € P(£2).

Properties of the solution set to (1.1) are also examined. The convex duality established
in Theorem 3.11 allows the derivation in Theorem 3.18 of first-order necessary and sufficient

optimality conditions for (1.1) and (1.2). These optimality conditions are

—w € OP(Sp)

where S* : £ — C(9) is given by (S*w)(:) = (w, F(+)) for all w € £ and

0op(a) (1) = {a € C(Q) | suppr C argmaxg.q a(ﬁ)}



for p € P(Q2). It is also shown in Theorem 3.25 that the solution set . to (1.1) is
SiH(e7H(p(0))) N Sy K NP(Q).

Theorem 3.25 also establishes expressions for T'(u|-#). In particular, if (21, 22) = ¢(21) +
dk (z2) with ¢ strictly convex, K polyhedral, and p finitely supported, then

T (po|)=ker SiNT (po | S5 ' K)NT (1o | P()). (1.4)
It is shown in the proof of Lemma 3.10(2) that

(0| P(8) = {1 € )

/QIM(B) = 07 M’Q\Suppuo > O} .

In addition, it is often useful to establish when the solution set is a singleton, as multiple
solutions complicate our understanding of the variational behavior of the optimal value
function. However, (1.4) suggests the solution set . will typically be ”large” since it is
the intersection of a three sets, each of which is defined by a finite number of equality and

inequality constraints on B(f2) along with a non-negativity constraint.

It is well-known that the infinite dimensional optimization problem (1.1) has an em-
bedding into an finite-dimensional problem. However, the finite-dimensional problem is not
convex. The reduction to finite dimensions is achieved by applying the Krein-Milman theo-
rem to the extreme points of P(€2), which are known to be the atomic measures on 2. This
shows that the image of the probability measures P(£2) under the linear operator S is the
convex hull of the image of €2 under the function F'. The Caratheodory theorem gives an
upper-bound d on the number of points in F(2) required to represent an element of the
convex hull of F(€2), namely d must be greater than the dimension of £. In terms of the
original infinite-dimensional problem, this representation of S[P(€2)] and the Caratheodory
theorem shows that if the optimal solution set to (1.1) is non-empty, then it contains a mea-

sure with finite support. Encoding the embedding of (1.1) into finite dimensions using the



representation given by the Carathedory theorem yields

m/\in P(2) (1.5)
st. z=Ap(z)A
e Ar!

el
where

d>dimé&

13:(61,...7661)69(1

d
Ap(z)\ = Z F(B)

A >0, ZAZ-:1}.

Adl:{AeRd

A pair (z,\) € Q% x AL in (1.5) corresponds to the probability measure Zle Aiag,, where

ag is the atomic probability measure with mass at 3.

The finite-dimensional problem (1.5) is non-convex due to the constraint z = Ap(x)A.
More specifically, the problem is a convex-composite optimization problem [14]. Recall the
objective function of a convex-composite optimization problem is the composition of a con-
vex function with a smooth nonlinear mapping, e.g. non-linear least squares. Convex-
composite problems have a local duality theory that, in general, does not satisfy strong
duality. However, in this case the relationship between the convex optimization problem
(1.1) and (1.5) gives hope that there exist stronger relationships between (1.5) and its
convex-composite dual. Theorem 3.15 shows the convex-composite dual of (1.5) and the
convex dual of (1.1) coincide. An immediate consequence is that if the constraint qualifica-

tion 1S [P(2)] Nridom # ) is satisfied, then strong duality exists between (1.5) and its



convex-composite dual.

Recall the constraint qualification ri S [P(Q)] Nridom # () is required to obtain strong
duality between (1.1) and (1.2). This condition does not relate directly to the objects in

(1.5). Instead, we propose the alternative constraint qualification

Ap(z)riA Nridomy # (), and

Par(SP) x R C Ran
oT
In Theorem 3.21 it is shown this alternative constraint qualification implies riS [P(£2)] N

ridom ¢ # (), and hence strong duality between (1.1) and (1.2).

The relationship between (1.5) and (1.1) also allows the optimality conditions for (1.1)
to be used as a test for global optimality of locally optimal solutions to (1.5). This is
an important distinction, as the convex optimization problem (1.1) has no locally optimal
solutions that are not globally optimal, while the non-convex optimization problem (1.5)
could very well have locally optimal solutions that are not globally optimal. This distinction
is explored in Example 3.17, and made explicit in Theorem 3.18. In particular, the (local)

first-order stationary conditions for (1.5) are

VFB) we N(B|Q), i=1,....d (1.6)
Ap(x)"w € O6pa-1(N)
—w € O(Ap(x)N).

The first-order stationary conditions in (1.6) relate to the first-order optimality conditions of
(1.1) given in (1.3) in the following way: the condition S*w € 9dp(q)(1), a global optimality
condition on (w, F(-)) € C(), is replaced with the local optimality condition VF(8;)Tw €
N (B;|92) fori=1,...,d and how those local optima relate to each other through Ap(z)Tw €
0pa-1(A).



The specific structure in (1.5) accommodates a decomposition-based approach based on
the optimal value function G : Q¢ — R given by
G(z):= r{\lin P(z) (1.7)
st. z=Ap(z)A
e AT

This decomposition isolates the convexity in (1.5) into the convex optimization problem
defining G(x). Ideally, G(x) can then be optimized over Q% using standard nonlinear op-
timization techniques. Unfortunately, G(z) may not be differentiable or finite-valued. In
fact, when (21, 29) = ¢(z1) + dx(z2) with non-trivial cone constraints (i.e., K # &), then

Proposition 4.1 shows G(r) is necessarily non-finite-valued on Q<.

The poor regularity properties of G(x) motivate introducing a smoothing G(x,t) of G(x)
for t > 0 when the objective 1 has the form (21, 20) = ¢(21) + 0k (22) where ¢ : R* — R
is proper second-order differentiable strictly convex lsc and K = {0}"# x R™ x S"™™. The
resulting function G(x,t) is shown to be second-order smooth in z and t for ¢ > 0. In this

case, the function F' takes the form




and we can define a relaxation of (1.5) by

G(z,t):= (f\nig) o(z) + t1b(X) + t1b(—s) — tlogdet(—S) (1.8)
(z,zI:ZI;,zM)

1 1 1
+ o el + o Ml = sl” + - Hlaw = SI°

st. efA=1

20 = Ay (),
where Ay(x) = [f,(B1) -+ f4(Ba)] and

M .
— > iqlogp; B; >0 for each i,
Ib(x) = 2i=i ‘ (19)

00 else

An application of Theorem 2.42 to parametrized optimization problems with linear con-
straints shows that, as a function of x for fixed ¢, G(z,t) has the differentiability properties
of ¢. Propositions 4.18 and 4.19 show that if ¢ is second-order differentiable, then so is
G(z,t) in x, and gives explicit formulas for the first and second derivatives of G(x,t). In

particular,

d,G(z, 1) [Az] = dp(Ag(x) N, 1)) dp Ap () [Az] N (, 1) (1.10)
+ = (Ap(2)M\ (a2, 1))" dpAp(2)[Az|A (2, t)

+ (A ()N, 1) — s(x, 1) d A (z) [Az] N (2, 1)

Sl S N I

+ —tr [(Au () Az, t) — S(x,1))) (deAu () [Az] A (2, 1))],
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where (A(z,t),s(z,t), S(z,t)) are the optimal solutions to the optimization problem defining
G(z,t), and d,F(x)[Az] denotes the derivative of F' with respect to = evaluated at Ax.

For G(x,t) to be a useful relaxation of G(z), it must be the case that the functions
G(z,t) converge in some sense to G(z) as t \ 0, and, in addition, for the solutions to the
problems mingcqs G(,t) converge to solutions of min,cqs G(x). A notion of convergence
that is suitable for these objectives is that of epi-convergence [55]. In Theorem 4.10 it is
shown that G(z,t) is epi-continuous for ¢ > 0, where G(z,0) = G(x) by definition. In
particular, this implies that if the optimal solution sets of min,cqs G(x,t) converge as t \, 0,
then they converge to solutions of min,cqs G(z).

However, in practice, it is typical to only know first-order critical points of G(z,t) instead
of global optima. So it is also very important to understand the limiting behavior of the
critical points of min,cqs G(x,t) as ¢t ~\, 0. Theorem 4.22 shows that, subject to certain
regularity conditions, if (z,t") — (Z,0) and 0 € V,G(z",t") + Nqa(x”) for all v, then T is
a Clarke first-order critical point of G(x). Furthermore, if G(z) has regular subgradients at
T, then 7 is in fact a regular critical point.

The proof of Theorem 4.22 requires several ingredients. The expression for d,G(x,t)
in (1.10) shows the limiting behavior as ¢ N\, 0 is closely tied to the limiting behavior of
(A(z,t), s(x,t),S(x,t)), the optimal solutions to the optimization problem defining G(z,1).
Analysis of this behavior is complicated by the possibility of coalescence in z as t ~\, 0. More
specifically, if (z¥,t") — (7,0) with ¥ = (8Y,...,54), then elements of 2 can ”coalesce”
in the sense that lim,_, 87 = lim, B;’ where ¢ # j. This behavior is commonly seen in
practice, and when present will cause all typical regularity conditions to fail.

In order to handle the coalescence problem, we define Z(z, 8) := {i|x; = 5, 1 <i < d},
the set of indices of x = (f4,...,q) such that §; = 5. Regularity conditions related to
the ranks of A,(z), Ag(z), A(x), and A, (x) are given in Definition 4.6. Theorem 4.7
shows how these regularity conditions relate to uniqueness of the limiting solutions. The
values of A\(x",t"), the (unique) optimal solution to the problem defined by G(z¥,t”), might

not converge as (z¥,t”) — (7,0). However, it is shown in Theorem 4.17 that the limit of
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> ez p) i@, 1) does exist and is unique as (2", ") — (7, 0).

The formula (1.10) for d,G(z,t) also contains the expressions dg(Ags(x)A(x, 1)),
T (As()A(2,1)), 1 (A(2)A(z,t) — s(x,t)), and 1 (Ay(z)A(z,t) — S(z,1))). Thus, their limit-
ing behavior as (z¥,t") — (7,0) must be analyzed for the proof of Theorem 4.22. This is
accomplished by considering the convex dual to the optimization problem defining G(z,t).

This convex dual is derived in Theorem 4.3. Written as a function D(z,t) of (z,t), the

convex dual is

D(x,t):= min v+ ¢*(—w) (1.11)
(w,wg ;wr ;war ) EF
vER

+t1b (ve — Ag(z) w — A/ (z) w, — Ap(z) wy — A (z) wy)
+ t1b(—wy) — tlogdet(—wy,)

t
+ 5 (s l|” + lwrl|” + [l )

+t (log(t) — 1) (d+ny + ny) .

The dual variables w, wg, wy, and w,, correspond, respectively, to dp(Ags(x)A\(x, 1)),
2 (Ap(2)A(2,1)), § (A(z)X(z,t) — s(x,t)), and 7 (Ay(x)A(z,t) — S(2,t))). The precise rela-
tionship is given in Proposition 4.4, which exhibits the first-order necessary and sufficient op-
timality conditions for the primal-dual pair of optimization problems defined by G(x,t) and
D(z,t). Proposition 4.16 establishes that the optimal dual solutions w(z”,t"), wg(x",t"),
w(z¥,t”), and wy,(z¥,t”) for D(z”,t) are, subject to regularity conditions, bounded as
(x¥,t") — (7,0). In conjunction with non-degeneracy conditions in Definition 4.6, bound-
edness from Proposition 4.16 is used in Theorem 4.17 to show the limit of optimal dual
variables w, wg, wy, and w,, exists.

Finally, proof of concept numerical comparisons are performed on simulated data. The
problems examined are the non-parametric mixture likelihood estimator problem for mixtures

of Poisson and Gaussian densities, and the D-optimal design problem. These experiments

collectively show that the algorithm suggested by the above decomposition method, namely
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performing the optimization min,cq« G(x,t) for successively smaller values of ¢, takes longer,
though less than an order of magnitude longer, than potential competing methods and typi-
cally yields objective values at least as good and often better than the potential alternatives.
However, these comparisons are very preliminary, and further comparisons against a wider
range of alternative algorithms and on a more comprehensive suite of problems is necessary.

The following outlines the topics covered by chapter.

Chapter 2: A review of convex analysis, variational analysis, and calculus notation, defini-

tions, and results used in later chapters.

Chapter 3: The main problem of study is formally stated, and several instances of it are
discussed. The problem is then explored both in infinite and finite dimensions. A
reduction to finite dimensions and first-order optimal conditions are also described,

and applications of the duality theory are demonstrated.

Chapter 4: A decomposition based on a partition of the variables of the non-convex finite
dimensional embedding from the previous chapter is presented. This decomposition is
then smoothed to provide a better-behaved function. The properties of this smoothing

as the homotopy parameter defining the smoothing goes to 0 are derived and discussed.

Chapter 5: Proof of concept numerical results are given for the smoothed decomposition

method discussed in Chapter 4.

The original contributions in the thesis are the duality theory and conditions given in
Chapter 3, the relaxation analyzed in Chapter 4, and the convergence results given in Chapter
4. The numerical results presented in Chapter 5 are also novel. Much of the analysis in
Chapter 4 is a generalization of results in [2], but that analysis used a different relaxation
and only considered the case when (21, 22) = — Y ., 1log((z1):) + dx(22), for some closed

convex cone K. Additionally, the assumptions stated in several theorems were corrected.



13

Chapter 2

BACKGROUND MATERIAL

2.1 Introduction

This chapter introduces notation and reviews results used in later chapters. After introducing
general notation, the main objects of study in convex analysis in infinite and finite dimensions
are reviewed. Their generalizations to non-convex functions are then reviewed. Finally,

results for taking derivatives of optimal value functions are given.

2.2 General Notation

This section briefly reviews notation for common sets, vector spaces, and functions.

The following sets, subsets, and supersets of the real line are used throughout:

Z  the integers (2.1)
Z.  the non-negative integers (2.2)
R the real numbers (2.3)
R;  the non-negative real numbers (2.4)
R_  the non-positive real numbers (2.5)
R, the strictly positive real numbers (2.6)
R__  the strictly negative real numbers (2.7)
R the extended real numbers, R:=R U {400} U {—oc} (2.8)
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Similar notation is also used for the symmetric matrices,

S™  the m x m real symmetric matrices (2.9)
S the m x m positive semi-definite real symmetric matrices (2.10)
S, the m x m positive definite real symmetric matrices (2.11)
S™  the m x m negative semi-definite real symmetric matrices (2.12)
S™_ the m x m negative definite real symmetric matrices (2.13)

Symmetric matrices are given an ordering =< from the positive semi-definite cone S'. That
is, it A,B € S™, then A =< B if and only if B — A € S} and, similarly, A = B if any
only if A — B € ST. Further, symmetric matrices are endowed with the inner product

(A, B) =tr(AB) =}, . Ai;Bjj for A, B € 8™, and the norm [|A[| :=+/(A, A).

If V., Vi, V4 are vector spaces, not necessarily finite dimensional, and C' C V, then we

have the following sets

Lin(V3,V5) the space of all linear functions from V; to V5, (2.14)
Bilin(V3,V2)  the space of all bilinear forms from V; x V5 to R, (2.15)
Bilin(V3, V5, U)  the space of all bilinear forms from V; x V3 to U, (2.16)
Aff(C) the smallest affine space in V' containing C, (2.17)

Par(C) the subspace of V' given by Aff(C') — ¢ for any ¢ € C, (2.18)

ri(C) the relative interior of C. (2.19)

An alternative definition for Par(C) is Par(C) = Aff(C) — v for any v € Aff(C'). The relative
interior of C'is the interior of C' viewed as a subset of Aff(C'). If L € Lin(V;, V,), then the
range Ran L is the image of Vi, so Ran L := LV;.
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The Hadamard product v; o vy is defined for any vectors vy, v9 € R™ for some n by

(v1 0 va); := (v1)i(v2); (2.20)

The vector e € R™ is the vector of all ones, where the dimension of e is implicit from the
context.
For any subset C' C V we associate two functions d¢ : V — R and 1o : V — R, which

characterize the set. They are given by

;

0 vel

Sc(v) = (2.21)
+oo végC
1 vel

1c(v):= (2.22)
0 ved

The function d¢ is referred to as the convex indicator of C' while the function 1. is referred
to as the set indicator of C. The convex indicator is often used in convex duality theory,
while the set indicator is useful in integration and summation formulas.

For any function f:V — R and a € R, the following level sets are defined:

levi(a):={veV|f(v) <a} (2.23)
levi(a):={veV|f(v) =a} (2.24)

2.3 Convex Analysis

This section provides a brief review of convex analysis in vector spaces of arbitrary dimension.
Several more specific results relevant to later chapters are also presented.

Convex analysis in infinite dimensions presents several technical hurdles. Although many
basic separation theorems extend to infinite dimensions, certain biconjugation theorems do

not extend if the spaces are non-reflexive. Nonetheless, a rich duality theory can be con-
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structed using the notion of spaces paired in duality. Additionally, this section also briefly

reviews convex duality in finite dimensions.

2.3.1 Paired Spaces

Some regularity is necessary for convex analysis in infinite dimensional vector spaces. Locally
convex topological vector spaces provide sufficient regularity, though we shall only use Banach

spaces, which are a more restrictive setting.

Definition 2.1. A real vector space V' endowed with a topology T is a topological vector
space if the operations (vi,ve) — v1 + ve and (a,v) — av for v,v,v3 € V and o € R
are continuous in the product topologies on 'V x V and R x V. A topological vector space
is locally convex if T is Hausdorff and any (open) neighborhood of 0 € V' includes an open
barrel set. (Recall that a barrel set is a balanced, absorbing convex set, where a subset M C 'V

is balanced if —M = M and absorbing if U2 (kM =V.)

Note that any normed vector space endowed with the norm topology is a locally convex
topological vector space. This is an immediate consequence of the norm topology being the
topology generated by the open norm balls and that norm balls about the origin are barreled.

Obtaining duality results in arbitrary topological vector spaces requires a way to connect
two spaces. This is done via a bilinear form placing the two topological vector spaces in
symmetry, in a the sense defined below. This generalizes the notion of duality obtained

when an inner product is present.

Definition 2.2 ([11], Definition 2.26). A pairing of two (real) linear spaces V and U is a
(real-valued) bilinear form (-, -) on V x U. A topology on V is compatible with this pairing if
it 18 locally convex and a linear functional f -V — R is continuous in this topology if and only
if f(+) = {(u, -) for some uw € U. Compatible topologies on U are likewise defined. Finally, V
and U are paired in duality with respect to a particular bilinear form and topologies on V

and U when the topologies are compatible with respect to the pairing.
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The following theorem gives an easy way to construct spaces paired in duality from a

Banach space and its dual.

Theorem 2.3 ([11], Theorem 2.25). Let V' be a Banach space and let f € Lin(V*,R) be a
linear functional on V* that is continuous in the weak® topology. Then there exists v € V
such that f(v*) = (v*, v) for all v* € V*. That is, the dual of V* , endowed with with weak

topology, is isomorphic to V.

The following gives a more concrete example.

Ezample 2.4. For any topological space V', let C'(V') denote the continuous functions f : V' —
R and B(V') denote the (regular) Borel measures on V. It is a standard result that if Q C RP
is compact then C(€2) with the sup-norm topology is a Banach space, and (C(Q2))* = B(Q2)
23, Proposition 4.13,Corollary 7.18]. We can immediately apply Theorem 2.3 to get that
C(€2) with the sup-norm and B(Q2) with the weak* topology are paired in duality.

2.3.2 Cones in Finite Dimensions

Cones are a fundamental object in both convex and variational analysis. They are used
as local approximations of the boundaries of sets at points where the boundary cannot be
written as the image of a half-space under a smooth mapping with smooth inverse. A local

approximation of R’ at the origin is a prototypical example.
Definition 2.5. A set K C R" is a cone if \K C K for all A > 0.

For any set, the horizon cone is a set representing the directions the set stretches out in
infinitely. In other words, the horizon cone is the directions in which a set is unbounded.

When C'is a closed convex set, the horizon cone is also called the (global) recession cone.

Definition 2.6. For a set C' C R", the horizon cone is the closed cone C* C R™ given by

(oo {x € R"| there exists x¥ € C, N\ 0, with \’z¥ — x} when C # 0,

{0} when C = 0.
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The polar cone is the conical analogue of a perpendicular subspace. It is often useful

when translating equivalent statements tangent cones and normal cones.

Definition 2.7. If K C R" is a cone, the polar cone K° C R" to K 1is
K:={veR" (v,w) <0 forallwe K}. (2.25)

In the same way it is sometimes convenient to consider the smallest affine space containing

a set, it is also sometimes convenient to consider the smallest cone containing a set.

Definition 2.8. If C C R", then cone(C) is defined by

cone(V') := U tC, (2.26)

t>0

2.3.3 Convez Sets

Convex functions often do not possess many of the more standard notions of smoothness,
particularly at the boundary of the set where their values are finite. Experience has shown

it’s often simpler to study convex functions through convex sets associated with the function.
Definition 2.9. A set C' is convex if ¢1,co € C and t € [0, 1] implies tc; + (1 —t)eo € C.

It is often convenient to work with ”convexified” versions of sets. The following definition

formalizes this notion.

Definition 2.10. For any set C, the convex hull, coC, of C' s the smallest conver set

containing C'.

Tangent cones are a local approximation to a convex set at a point. They are a conical

generalization of tangent spaces. For example, consider the tangent space to R’} at the origin.

Definition 2.11. [11, Proposition 2.55] If C C V is a closed convex set and ¢ € C, then the
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tangent cone to C' at c is the set
T(c|C):= cl(cone(C —¢)), (2.27)
where cl denotes the closure is taken in the topology of V.

If V has the weak* topology, then we denote the closure in that topology by cl* instead

of cl.

2.3.4 Convexr Functions

The definition and study of convex functions often reduces to studying the epigraph, a set

associated with any function that uniquely characterizes the function.

Definition 2.12. If f : V — R, then the epigraph epi f C V x R is the set

epi fi={(v,t) e VxR| f(v) <t}.

Many theorems about convex functions require the mild regularity conditions defined

below.

Definition 2.13. The (effective) domain dom f of f is

dom f:= {v e V| f(v) < +o0}

Definition 2.14. A function f : V — R is proper if dom f # 0 and f(v) > —oo for all

veV

Convex functions are not differentiable everywhere, even on the interior of their domain.
However, there is a useful generalization of derivatives of convex functions based on linear

lower bounds for convex functions.
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Definition 2.15. For a convex function f :V — R with© € V, the subdifferential 0f(v) of
f atv s

Of(w):={ueU|f(v)> f@) + (u,v—71) forallveV}. (2.28)
FElements of 0f (v) are called subgradients.

Associated with any convex function f : X — R is its convex conjugate. Though not
proven here, the convex conjugate of f is a "dual” representation of f obtained by writing

the epigraph of f as the intersection of hyperplanes.

Definition 2.16. If f : V — R is a convex function, then the convex conjugate f*: U — R

1s defined by
S () == sup [(u, v) — f(v)] (2.29)

veV

forueU.

The following theorem is the fundamental underpinning much of convex analysis and

duality theory.

Proposition 2.17. [11, Proposition 2.112] If V' and U are two spaces paired in duality and
f:V — R is proper lsc convez, then f** = f, where f* :=(f*)*.

Theorem 2.18. [11, Theorem 2.113] If V and U are two spaces paired in duality and f :

V — R is proper lsc convex, then f* is proper lsc conver.
A useful strengthening of convexity is strict convexity.

Definition 2.19. A function f : R® — R is strictly convex if for all vi,v, € R" and
a € (0,1),
flavy + (1 — a)va) < af(v1) + (1 — a) f(va). (2.30)

Strictly convex functions are useful because their optimal solution set is either empty or

a singleton.
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Proposition 2.20. [7, Proposition 3.1.1] If f : R® — R is strictly convexr and V C R is

convex, then there exists at most one global minimum of f over V.
Strict convexity also has a close relationship with differentiability of the convex conjugate.

Theorem 2.21. [55, Theorem 11.13] The following properties are equivalent for a proper,

Isc, convex function f:R™ — R and its conjugate function f*:

(a) f is almost differentiable, in the sense that f is differentiable on the open, convex set
int(dom f), which is non-empty, but df(x) =0 for all points x € dom f \ int(dom f), if

any,

(b) f* is almost strictly convez, in the sense that f* is strictly conver on every convex subset

of dom O f* (hence on ri(dom f*), in particular).

Likewise, the function f* is almost differentiable if and only if f is almost strictly convex.

2.3.5 Lagrangian Duality and First Order Optimality Conditions

One of the most important applications of convex analysis is proving results about convex
optimization problems and their dual problems. The theorem below is a version of the

celebrated Fenchel-Rockafellar duality between two convex optimization problems.

Theorem 2.22. [55, Evample 11.41] Assume k : R” — R and h : R™ — R are proper, Isc,

conver, and A € R™*" b e R™. Then the two problems
min k(x) + h(b — Ax)

and

max (b, y) — h*(y) — k*(ATy)

have the same optimal value if

b € int(Adomk + dom h)
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and optimal solutions are characterized by

7 € Oh(b — AT)
A"y € Ok(T).

In practice, it is often easier to derive dual programs using Lagrangians. This formulation

is equivalent to Fenchel-Rockafellar duality, but less convenient for theoretical computations.

Theorem 2.23. [55, Example 11.47] The Lagrangian for the dual problems formulation in
Theorem 2.22 is given by

and the optimality conditions can be equivalently written as

0 € 9,1(7,7)

0 € 0,[-1)(@.7).

2.3.6  Convexity and Ezxtreme Points

With some caveats, it’s possible to represent non-boundary points of a convex set as a
"weighted centroid” of points on the boundary of that set. This subsection reviews results
making this intuition rigorous. Central to this idea is the notion of an extreme point, which

are points that cannot be represented as lying between any other two points in a convex set.

Definition 2.24. If C' C V is convez, then ¢ € C' is an extreme point of C' if c1,co € C' and
A€ (0,1) with c = ey + (1 — X)eg implies ¢y = co = c¢. The set of all extreme points of C' is
denoted ext C'.

The theorem below gives the extreme points for the probability measures on a compact
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set. It uses the atomic probability measures ag, defined by

1 ifpgeC
[ 2= - (2.31)

0 else.

Theorem 2.25. [3, Proposition II1.8.4]' If Q C R? is compact and P () is the set of (Borel)
probability measures on €, then ext P(Q) = {ag| s € Q}.

Extreme points are exactly the notion needed to express how a convex set is related to

its boundary points.

Theorem 2.26 (Krein-Milman). [11, Theorem 2.19] Let C' be a nonempty convex compact
subset of a locally convex topological vector space V. Then C = cl(co(ext C)).

The above relationship can be refined in finite dimensions. To do so requires the notion

of how to combine points in a convex set to obtain another point in the set.

Definition 2.27. The n — 1-dimensional unit simplex A"~' C R" is the set

A“—l:_{AeR” Z/\i—land)\izo,i—l,...,n}. (2.32)
i=1

Definition 2.28. If V is a wvector space and vy,...,v, € V, a convex combination of

Vi, ..., U 1S any sum Yy i A, where A € A"

Now we can state Caratheodory’s Theorem, which puts an upper bound, depending only
on the dimension of the convex set, for how many extreme points are required to represent

any non-extreme point.

Theorem 2.29 (Caratheory). [55, Theorem 2.29] For a set C' C R™ with C # 0, if ¢ € coC,

then c is a convex combination of at most n + 1 points in C.

!The reference proves this only for the case Q = [0,1] C R, but the proof generalizes to an arbitrary
compact subset of RP.
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2.4 Variational Analysis

Complimenting the previous section, this section reviews the variational analysis of non-
convex functions. These constructions and results generalize much of convex analysis to a

less restrictive setting, at the cost of less powerful results.

2.4.1 Set Convergence

As in convex analysis, variational analysis uses similar concepts to study both functions and
the geometry of sets. Unlike in convex analysis, this requires studying limiting properties of
sets and set-valued mappings.

For the definitions below we make use of the set of subsequences of Z, which eventually

includes all integers past some finite cut-off:
No={N CZ.|Zy\ N is finite } .

Additionally, if {a"},cz, is a sequence, in some space, and indexed by the positive integers,
then the notation a” < a for N C Z, means the subsequence {a"},cy converges to a.
The definitions below rigorously establish what it means to take a limit of set-valued

mappings.

Definition 2.30. The outer limit of a set-valued mapping S : R™ = R™ at T is the set

limsup S(z) = {u|3z” - T, u” € S(z") with u” — u} .
T—T

Similarly the inner limit s the set

liminf S(x) = {U‘VIV — T, IN € N, u” € S(z"), with u”?u}

T—=T

The limit of S(x¥) — S(T) is said to exist if both of the above limits are equal, and the limit

1s that common set.
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The above definitions can be used to define generalizations of upper-semicontinuity and

lower-semicontinuity of real-valued functions to set-valued mappings.

Definition 2.31. The mapping S is outer semicontinuous (osc) at T if

limsup S(z) C S(T).

T—T

Similarly, S is inner semicontinuous (isc) at T if

liminf S(z) D S(7),

T—T

and S s continuous at T if it is osc and isc at 7.

2.4.2  Tangent and Normal Cones

The set limits in the previous subsection allow for somewhat natural definitions of tangent

and normal cones for non-convex sets.
Definition 2.32. [55, Proposition 6.2] At any point T of a set C C R", the set To(T) of all

tangent vectors is the closed cone

1
To(T) = lim\Sélp ;(C’ — ).

Definition 2.33. /55, Definition 6.3 and Proposition 6.5/ Let C C R™ and T € C. The

reqular normal vectors ]vc(f) is the close cone of vectors v such that
(v, —T) <o(lx —Z|) forxeC.
The normal vectors No(T) is the closed cone

Ne(Z) = limsup Ne(z),
x?i
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where x E> T indicates the limit is taken only over x € C.

2.4.8  Subdiffential Calculus

The definitions of subdifferential below generalize the subdifferential for convex functions.

Though not proven here, the two definitions agree for convex functions.

The definition below uses the concept of f-attentive convergence, where
x ? T (2.33)

denotes

r— 7T and f(z) — f(T). (2.34)

This notation is necessary for non-continuous functions.

Definition 2.34. [55, Definition 8.3] Consider a function f : R® — R and a point T € R"

with f(x) finite. For a vector v € R", one says that

(a) v is a regular subgradient of f at x, written v € 5f(f), if

f(@) = f(T) + (v, 2 = T) + oz — T]); (2.35)

(b) v is a subgradient of f at z, written v € Of(T), if there are sequences

g ? T and v” € Df(a") with v” — v; (2.36)

(c¢) v is a horizon subgradient of f at x, written v € 0® f(T), if there exist sequences

z” 7> z, A"\ 0, and v € 5f(x”) with \"v” — v. (2.37)
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The set O f(Z) is the regular subdifferential. Similarly, ) f(Z) is the subdifferential and
0 f(T) is the horizon subdifferential.

The Clarke subdifferential is another generalization of the subdifferential to non-convex

functions.

Definition 2.35. The Clarke normal cone Ny ;(T, f(T)) is the set

Nepi (T, f(T)) := cl(co (Nepir (T, f(T)))) (2.38)

and the Clarke subdifferential Of (T) is the set
o0f(@):= {veR"|(v,-1) € Nepis(T, f(Z)) } . (2.39)

The Clarke subdifferential is always a closed convex set. Under mild regularity conditions

the Clarke subdifferential is also the convex hull of the subdifferential.

Theorem 2.36. [55, Theorem 8.49] Let f : R® — R be locally Isc and finite at T € R".
Then Of (T) is a closed conver set. If, in addition, 0 f(T) = {0}, then

Ff (@) = co (Af(T)). (2.40)

2.4.4  Epi-Convergence

Many notions of a convergent sequence of functions are not useful for studying a sequence of
optimization problems. For example, neither pointwise or mean squared convergence imply
convergence of the optimal values or the optimal solutions. Epi-continuity, defined below, is
a method for taking limits of functions that implies optimal values and optimal solution sets
converge as well. Epi-continuity is particularly useful for characterizing how a parameterized

family of optimization problems behaves as the parameters converge to a limit.
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Definition 2.37. For f : R x R™ — R, the function-valued mapping u — f(-,u) is epi-
continuous at u if

fC,u) > f(-,) as u — .

That is, the set-valued mapping u — epi f(-,u) is continuous at u.

2.4.5 Amenability and Convex-Composite Duality

Amenable functions are compositions of a convex function with a smooth nonlinear change
of variables with sufficient regularity for the subdifferential calculus chain rule to hold. The

definition below makes this rigorous.

Definition 2.38. A function f : R” — R is amenable at T € R" if f(T) is finite and there
1s an open neighborhood V of © on which f can be represented in the form f = go F for a
C' mapping F : V — R™ and a proper, lsc, convex function g : R™ — R such that, in terms
of D = cl(dom g), the only vector y € Np(F(T)) with DF(T)Ty =0 is y = 0.

Amenable functions have many applications, such as providing a natural extension of the
Gauss-Newton method for least-squares. Optimization problems with amenable functions

also have a duality theory that can be associated with them [14, 15]. Such problems are

often called convex composite.

Definition 2.39. Suppose V. C R”, the function g : R™ — R is convex, and F : R* — R™ is

C'. Then the convex composite Lagrangian L : R” x R™ — R associated with the (primal)

problem
min g(F(v)) (2.41)
L(v,u) = (u, F(v)) — g*(u) + dy(v) (2.42)

The dual problem associated with the above primal problem is

sup ( inf L(v, u)) (2.43)

u€ER™ veER”
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It is straightforward to verify that switching the order of the supremum and infimum
above recovers the primal problem, so

min g(F(v)) = inf (Sup L(v,u)).

veV veER™ uER™

In general, the convex composite dual problem provides only a local dual, in the sense that
only local optimality is established. Thus strong duality does not hold in general between

convex composite primal and dual problems.

2.5 Derivatives of Optimal Value Functions

This section reviews the notation used for derivatives and the rules for taking derivatives of

optimal value functions.

2.5.1 Calculus

Suppose V, U are normed vector spaces and V; C V is open. For a mapping f : Vi — U, the
Frchet derivative df : V) — Lin(V, U) is the mapping satisfying

fo+e) = fv)+df(v)e+ofllel])

for v,e € V. In some cases it is simpler to write df (v) applied to an element Av € V| which
is denoted by df (v)[Av] € U. If V. = V; x Vi, the derivative of f with respect to only its
first argument v; is typically denoted by d,, f. In cases when confusion may arise, such as
applications involving the implicit function theorem, the derivative of f with respect to its
first argument, d,, f, may also be denoted simply by d; f. This notation extends arguments
other than the first, as well as when V' is the cartesian product of more than 2 spaces. When
U =R and V is a Euclidian space, then the gradient V f(v) € V is the element of V identified
with df (v) € Lin(V,R).

Similar notation is used for second derivatives. If f is as in the previous paragraph, the
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second derivative d2f : V; — Bilin(V, V,U) is the symmetric bilinear form such that
1
J+e) = f(v) +df (w)e + Sd*[(v)[e €] + O([le]),

for v,e € V. As with the first derivative, in some cases it is simpler to express the second
derivative d?f(v) when applied to Av € V, which is denoted by d?f(v)[Av, Av]. Also as
with the first derivative, if V' = V] x V5, then the second derivative with respect to only the
first argument is denoted by d,,,, f or, in cases when confusion may arise, by dj; f. Mixed
second derivatives can also occur, such as d,,,,f : V — Bilin(Vj, V5, U) or, equivalently,
diof. Sometimes the second derivatives will be associated with their matrix representation
in the standard basis. For mixed second derivatives, if U = R the convention followed is if

dyyvy f(0102) € Bilin(Vi, V,), then d,,,, f (v1, v2) is associated with a linear map in Lin(V5, V7).

2.5.2  Derwatives of Optimal Value Functions

The computational methods discussed in Chapter 4 rely on a relaxed optimization problem
with an optimal value function that is smooth with respect to a parameterized set of con-
straints. To prove it is smooth and compute its derivatives requires the implicit function
theorem and a computation based on it.

Two definitions are necessary to state the version of the implicit function theorem that

will be used.

Definition 2.40. The point o € M is a strong local minimizer of f : M — R, where
M C R?, if there exists some § > 0 such that f(x) > f(x0)+06 ||z — xo||* for all z sufficiently

near To.

Definition 2.41. A manifold Q C R? x R? is a transversal embedding at (yo, 20) € @ if
(w,0) € Ng(yo, 20) = w = 0.

The variant of the implicit function theorem stated below is well-suited for studying
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optimization problems.

Theorem 2.42 ([36, Theorem 5.5]). Let Q@ C R? x R? be a smooth manifold and for each
y € R? define Q, = {z € RY (y,2) € Q}. Suppose fl|q is twice continuously differentiable
about (yo,20) € Q, that Q is a transversal embedding at (yo,20), and zo s a strong local
minimizer of fylq,,, defined by fylq,, () = flo(yo, 2). Then there are open neighborhoods
U CRP and V C R? and a continuously differentiable function ¥ : U — V such that
U(yo) = 20 and for all y € V' the function f,|qg,nv has a unique critical point W(y), which is

furthermore a strong local minimizer.

The above theorem can be used to show the optimal value function of a strictly convex
program with linear equality constraints is differentiable. The chain rule and KKT conditions

can be used to derive the first and second derivatives of the optimal value function.

Theorem 2.43. Assume that f : RP x R? — R is twice continuously differentiable, A : R —

R? is linear, b € R*, and define g : R? — R by

g(y) = min f(y,z).

Furthermore, assume that f(y, z) is strictly convez in z € R? for fized y € RP.

1. The set of optimal solutions to min,.a,— f(y, z) is either empty or a singleton. The

optimal solution is denoted z(y) when it exists.

2. If (yo, 2(yo)) € int(dom f) and z(yo) is a strong local minimizer for f(yo,z), then the

optimal solution z(y) and the function g(y) are continuously differentiable functions of

Y.

3. 1If, in addition, A is surjective, then g is twice continuously differentiable at yo with
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first and second derivatives

dg(yo) = d1f (o, 2(¥0)),
d*g(yo) = du1f (Yo, 2(y0)) + draf (Yo, 2(y0))dz(yo),

where dz(yo) is vy in the solution to

dzzf(yO,Z(yo)) —AT U1 —d21f(yo,2(yo))

A 0 V2 0

Proof. (1) This follows directly from strict convexity of f(y, z) in z for fixed y.

(2) We obviously have g(y) = f(y,2(y)) when g(y) < +00. So g is smooth at y if z(y)
is smooth at yy. This follows by applying Theorem 2.42; using

Q= {(y,2)[(y,2) € dom f, Az =10}.

The transversality condition of Theorem 2.42 is trivially satisfied for this Q.

(3) The chain rule applied to f(y, z(y)) gives

dg(y) = dif(y, 2(y)) + dof (y, 2(y))dz(y). (2.44)

Surjectivity of A implies the constraint qualification b € int(A{z|z € dom f(y, z)}) is sat-
isfied for y in an open neighborhood of yy. For each y in that neighborhood, Theorem 2.22

shows the first-order conditions for min,. 4,— f(y, 2) are

dof(y,2) —a’A=0
Az=1b
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for some a € R®. Inserting do f(y, 2(y)) = o’ A into (2.44) gives

dg(y) = di f(y,2(y)) + a" A(dz(y)).

But Az(y) = b for all y, so dz(y) € ker A. Therefore

dg(y) = dif(y, 2(v)),

proving the first formula.

Since A is surjective, the condition a’ A = dyf(y, z) implies there exists a unique « for
each y. Thus for a neighborhood about y, there exists a function «a(y) taking values in R*
and satisfying the first-order optimality conditions stated above. In particular, a(y) satisfies
a(y)TA = daof(y,2(y)). So daf(y,2(y))" € Ran(AT) for each y in a neighborhood of ¥,
implying «(y) is the linear image of a continuously differentiable function, and hence is itself
continuously differentiable.

Differentiating both dg(y) and the first-order optimality conditions for g(y) with respect

to y yields
d*g(y) = dii f(y, 2(y)) + dia(y, 2(y))d=(y)
dnf(y,2(y)) —AT| |d2(y)| _ | =duf(y,2())
A 0 | |da(y) 0 ’
proving the second formula. O

The following example to demonstrates Theorem 2.43.

Ezample 2.44. Given non-negative integers wy, ..., w, define P : R%, — R"*? given by

w;
Yi g,

P(y)i; = w.]

For each y € R% |, P(y) is the matrix of the Poisson distribution density for all combinations
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of observed values w; and rates y;. Define Ib : R? — R by

M .
— > i—1logB; B >0 for each i,
Ibz) = = : (2.45)

00 else

and define f : R? x RY — R by

f(y,2) =b(P(y)z) +tlb(z),

Then for z with z; > 0 for i = 1,...,q and > ], z; = 1, the function f(y, z) is t1b(z) plus

the log-likelihood of a Poisson mixture model whose components have rates yi, ..., y,.

The function ¢ : R? — R is defined by

g(y) = min f(y,2),

zieTz=1

where e € RY is the vector of all ones. This function ¢ is an specific example of a class of
problems that will be examined in detail in Chapter 4. The following notation is introduced
for use in computing the derivatives of g. Use o to mean the Hadamard product and diag(z)
for z € R? to mean diagonal ¢ x ¢ matrix with diag(z); = z;. Then zy € RY, vy € R",
Vo € R™™ and B € R™*P are defined to be

20 = 2(Yo)
Zy = diag(2o)

vo o (P(yo)z0) = 1

Vo = diag(vo)
Bi' - Y

AP,

Ci' — Y

J d25j

(%o)-



With those definitions,
dg(yo) = (vg B) o 25

and the hessian d?g(y) can be calculated using the derivatives

dllf(ya Z) = ZOBTVE)ZBZO - WCZy,
di2f(y, 2) = ZoB"VG P(y) + Vo B,

daa f(y, 2) = P(yo) V& P(yo) + tZ3.

For completeness, note
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Chapter 3

DUALITY THEORY

3.1 Introduction

36

In this chapter we define the optimization problem under study. A duality theory in finite

and infinite dimensions, and the relationship between these problems is explored. Finally,

we examine the consequences for the applications described in Section 3.3.

3.2 Problem Statement

We consider optimization problems of the form

where

i S 0 .
nin P(Sp) + opy (1)

) C R? is compact,
B()) are the Borel measures over €2,
P(2) C B(Q2) are the probability measures over €2,
£ is a finite dimensional real inner product space,
Y : & — R is proper convex lsc,
F: Q — & is differentiable,

S : B(2) — &£ is the continuous linear transformation

Sui= [ F(B) ulap)

(Primal)



37

To be consistent with later applications and theorems a convex indicator function is used
for the constraint that p € P(€2). Further restrictions on the set € can arise in specific
applications, but, in general, it is only assumed to be compact. If Q) is finite, then the
continuity and differentiability of functions on €2 are defined in terms of the discrete topology,
and are trivially satisfied. In the sequel, we let . denote the set of optimal solutions to
Primal, which may be empty.

In applications, 1 often takes the form

V(z1,22) = (21) + 0k (22), (3.8)

where £ = &£ X &, the function ¢ : & — R is convex and K C &, is a non-empty closed
convex cone. General convex set constraints can easily be written as convex cone constraints

by exploiting fQ 1 u(dB) = 1. In particular, the constraint

/Q F(8) u(dp) € C

can be replaced by the constraint

F(B)

wu(dB) € cl(cone(C x {1})).
Q 1

This implies that any functional constraint of the form x(Su) < € for k convex can be

expressed as a cone constraint using C' = lev:(e). In this case, the first-order conditions

for Primal that use normal cone conditions on cl (cone(C' x {1})) easily translate to normal

cone conditions on C', as shown below.

Proposition 3.1. Suppose that C' C &, is a closed convez set and let K = cl (cone(C x {1})).
Then, for any ¢ € C,

N((E,1)|K):{(v,—(v,5>€2)|v€N(E|C’)}.
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Proof. For ease of notation, (-, ) means (-, -)o for the remainder of this proof. By the

definition of the normal cone, (v,a) € N ((¢,1) | K') if and only if
(v, c—2¢)+at—1) <0 for all (¢, t) € K. (3.9)

Taking (c,t) = (0,0) gives (v, ¢) + a > 0, while taking ¢ = ¢¢ and dividing by t — 1 shows
(v,8) +a <0. Soa=— (v, ), and (3.9) becomes

(v, c —te) <0 for all (¢,t) € K. (3.10)

For ¢ = 1, (3.10) is equivalent to (v, c—¢) < 0 for all ¢ € C. Thus if (v,— (v, ¢)) €
N((¢1)|K), thenv e N (¢|C). So N((¢,1)|K) C{(v,—(v,2)|veN(c|C)}.
Conversely, suppose v € N (¢|C'). Then (v, ¢ —¢) < 0 for all ¢ € C'. Multiplying through
by t shows (v, ¢ — t¢) < 0 for all (¢,t) € K with t > 0, since (¢, t) € K with £ > 0 if and only
if (c,t) = (tc,t) for some ¢ € C. If t = 0 and (¢, t) € K, then ¢ € C*. But (v, ¢) <0 for
all v € N (¢|C) and ¢ € C* [55, Proposition 6.35]. Thus (v, ¢ —t¢) < 0 for all (¢,t) € K,
showing (v, — (v, ¢)) € N ((¢,1) | K) and completing the proof. O

When ¢ (v,w) = ¢(v) + dx(w), we decompose S : P(Q2) — & x & as

5 Jo F1(8) p(dp)
su— |7 = , (3.11)

Saft
Jo F2(8) p(dp)

with F} : Q — & and Fy : Q — & both continuously differentiable. The product space
notation chosen in (3.11) allows a formal manipulation of operators as matrices. We interpret
the real vector spaces &;, the cone K C &, the operators 5;, and the functions F; : Q — &;

for 1 = 1,2 as above.

Several of the most common constraints are listed below.
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(i) Mean constraints:

L< /Qﬁu(dﬁ) <U (3.12)

with lower and upper bounds L and U given, and < taken component-wise.
(ii) Mean-Variance constraints:
(6= 0utan =0 and 21 = [ (5-0)5 - 6)7ulas) = 5
with 0 < X < Yy given.
(iii) Approximate (univariate) quantile constraints:
[ o za-c [ 1, @ms = 0-a)-
with 7 > 0, a € (0,1) is the constrained quantile and
Tir.0)(B) = expit(—(8 — 0)) and 7, (8) = expit(y(8 — 0))
where expit : R — R is given by
expit(a) = (1 + exp(—a))~". (3.13)

See Figure 3.1 examples of T(J,; 0)- The functions 7~ and 77 are used rather than 1o

and 1pp 1) because the theory requires integration against continuous functions on (2.

(iv) Approximate chance constraints:

/Q To(8) u(df) > 1— ¢

for some ¢ € (0,1) and any continuous approximation 1c : R? — [0,1] of the set
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Figure 3.1: A graph of the functions 7.°,(5) used for approximate quantile constraints for

various values of ~.

indicator function 1¢(5) for C' C RP. This approximates chance constraints [51] of the

form

PeC)>1—e.

(v) ¢-divergence constraints: Given observed data yi,...,yp we can require a statistic
related to the data, such as the log-likelihood of a related model, meets a minimum

threshold. For example,

D

> —log ( / f(yil/@)ﬂ(dﬁ)) <

i=1

where [, f(y|B) u(dp) is the marginal density of the data and the value of € can be
chosen by appealing to the asymptotic distribution of the statistic. The marginal
likelihood will be discussed further in the next section. This is a convex set constraint,
where the convex set is the lower level-set of the negative log-likelihood. It can be
transformed to a convex cone constraint using Proposition 3.1. This form of constraint
is referred to as likelihood robust optimization [60]. It can be generalized to ¢-divergence
constraints, such as the Kullback-Leibler divergence, and to penalizing the distance

from an arbitrary reference density [4, 17, 40].
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3.3 Applications

3.3.1 Non-parametric Mizture Models

A mixture model is a hierarchical statistical model

Y8~ f(ylB)
B~ pueP(),

where f(:|) is a parameterized family of distributions and p € P(2). The density f(y|u) =
Jo f(W|B) u(dp) is the marginal density of Y for the mixing measure p. For fixed y the
non-parametric likelihood L : P(Q2) — R is the function L(p) = f(y|n). A mixing measure
is finite if its support, supp(u), is finite and a finite mixture model is a mixture model
with a finite mixing measure. Finite mixture models are widely used to model data from
heterogenous populations, or to approximate unknown densities as a mixture of simpler
densities, e.g., see [9, 20, 21, 25, 27, 45]. It has long been know that the non-parametric
likelihood can be optimized using finite mixing measures, e.g. [37, Theorem 3.1]. We review

this result in Section 3.4.2 using modern techniques of convex analysis.

Suppose (y1,d1), - - ., (yn, dy) are the (value, count) pairs of the number of times d; value
y; has been observed from D = Zf\il d; independent observations of a finite mixture model.
Note d; = 1 for all i almost surely if, for fixed (3, the density f(y|#) has no point masses.
For ease of exposition, f(y|8) will, depending on the context, denote either the probability
density function of a continuous-valued random variable or the probability mass function of

a discrete-valued random variable.

The mixing measure p can be estimated using only observed data by maximizing the non-
parametric log-likelihood ¢(u) = log L(u). In particular, supp u C €2 is the only assumption

made on . The likelihood factors as a product of terms corresponding to the independent
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observations, giving the following maximum likelihood problem:

min — ﬁ:di log (/Q f(yi\ﬁ)u(d6)> + dpay (1)

LEB(Q)

If one adds constraints of the form dx (Sau), as discussed in Section 3.2, the non-parametric

mazximum likelihood (NPMLE) problem becomes

HEB()

N

min — > d;log ( [ stis) u(dﬁ)) 40 (Sp) + Opey(p). (NPMLE)
i=1 Q

The NPMLE problem is an instance of Primal with & = RV,

P(21,29) = B <ZZ]\L1 d; 10g<21)i> +0k(z2) (21); >0 for each i,

00 else,

and F', the integral kernel of S, is

F5(B)

The following two examples illustrate these ideas.

Ezample 3.2. [42] Let n(y|vy, 0?) denote the normal density with mean ~ and variance o?:

n(yly,0*) = \/%eXp (—(y2;3)2>.
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If

7,03, 012] € Ry, with 07 < 0(2],

Q= [-7,9] x [0L, 071,

FWlB) = n(yly, o) with 5 = (v,0%),

then the NPMLE problem is finding a non-parametric mixture of Gaussians with upper and

lower bounds on the variance of each component.

Ezample 3.3. [43]. Suppose s(z) is a smooth function, possibly implicitly depending on a
covariate. Then the model y|8 ~ n(s(531),53), i.e. f(y|B) = n(yls(B1), %), can be extended
to allow 2z to be a random variable whose density comes from a known parameterized family
of densities. For example, this is often done in hierarchical or mixed effects models. Doing

so yields a non-parametric maximum likelihood problem.

3.3.2  Optimal Design

The problem of optimal design is to specify values of design parameters [ that maximize a
given function of the Fisher information matrix [10, 13, 16, 22, 41, 47, 48]. In the general
problem, we are given a family of probability densities f(y|6, 3) associated with an outcome
y, where the parameters 6 are to be estimated through repeated experiments while the pa-
rameters [ can be set by the experimenter. For a single observation y the Fisher information
matrix for 6 given [ is

Iy(B) = Elgg"], 9= Vof(Y10,5),

with the expectation taken over Y. Under mild conditions, if 3 is given and 9, N 1S maximum
likelihood estimate for the true value of # based on N independent samples of Y, then
VN <§N - 9) is asymptotically normal with mean 0 and covariance Iy(3)~" [58, Theorem
5.39]. So the quality of the estimate /Q\N is improved by making the inverse Fisher information

matrix smaller, in some sense. The parameter 3 yielding the best optimal design for a single
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observed value y is taken to be a solution to an optimization problem of the form

%161(121(13(]9(5)),

where the function ® : S} — R is a convex loss function on the symmetric semi-positive
definite matrices S?}. This problem can be relaxed to a constrained optimization problem
on P(Q) where rather than picking a single 5 € Q we choose a measure over ), potentially

satisfying a finite number of moment constraints, that optimizes the experimental design:

min B(Ip(1)) + b (Sapt) + pe) (0. (optD)
HEB(Q)

where Ip(u) = [, 16(8) u(dB). This is an instance of Primal, with & = §", (X,Y), =
tr(X7Y), and

P(21,20) = P(21) + 0k (22), F(B) =

Usually ® takes the form ® = f o A, where f : R® — R is a permutation invariant (i.e.,
symmetric) proper convex function and A : §" — R™ is the vector of eigenvalues in non-
decreasing order. Common choices for the function f are listed in Table 3.1 [13, 48, 52]. In

the table, the log(-) and /- functions are assumed to be +0o off their standard domains.

Ezample 3.4. A simple example is the linear model with Gaussian errors. Let ¢(8) =
(@1(B),...,qa(B)), where each ¢; : 2 — R is differentiable, and let w : @ — R, also
be differentiable. Consider the model

y=0"q(8) + ¢, eNN(o,ﬁ).

A straight-forward computation shows the Fisher Information matrix for such a model ob-
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Table 3.1: Names of common optimal design criteria and the eigenvalue functions ® = fo A
they optimize, along with their conjugates.

Scalarization f(N) (N (1)
D-optimal — > log A —n =" log(—A}) —log det Iy
E-optimal max; \; dan-1(A%) Amax (19)
A-optimal SN =230 A tr(l,")

p'"* Mean-optimal Yo A p<0 %Zyzl(—)\f)p/(”_l) tr(1})
®,-optimal ||)\||p, I1<p op,(\), pt+qg =1 tr(15)Y/P
served at f1,..., By is

Iy <% Z%) = % izlw(ﬁi)Q(ﬁi)Q(ﬁi)T

i=1
In this case there is no dependence of the Fisher information on the model parameters 6.

Example 3.5. Another common model is logistic regression,
logit(E[y]) = 0" q(B),
where logit : (0,1) — R is defined by
logit(p) = log [ —2— (3.14)
1—p

The Fisher information matrix takes a similar form [44],

I @gaﬁ) = 57 2 wl6. Pa(B)a(5”

with w(6, 3;) = expit(073;)(1 — expit (67 3;)).
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3.8.3  Distributionally Robust Stochastic Programming

Many common stochastic programming problems have the form

where g : X X E > Risa given loss function and U is a random variable takings values
in a Euclidian space & and distributed according to v € P(g ). It is assumed U has density
f(ulBy), where f(ul|B) is a family of densities with parameters in Q and fy € Q is fixed.

Suppose, on the other hand, [y is unknown but it is known U is distributed as v =
Jo f(u|B) u(dB) for some € F C P(Q). In this case we can consider minimizing the

function

or(§) = Hﬁ? ) By [9(&,U)] + 07 (1) (DRSP)

Stochastic programming problems of this type are robust to our ignorance of the true dis-
tribution of U, and so fall into the framework of robust optimization [5]. Distributionally
robust stochastic programming has been intensively researched [18, 29, 50, 62, 57], and a

wide variety of both constraints and loss functions have been considered.

The set F can be specified in a number of ways. For example, the elements of F may

simply satisfy a finite collection of moment constraints and so take the form

Fi= {uep '/F2 u(dp) EK}

If the Fubini theorem can be applied so that

Eveuloe.0) = [ ( [atewsas du) u(dp).
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then DRSP problem is an instance of Primal where & = R,

(21, 22) = 21 + 0k (22) and F(B) = J9(&w)f(ulB)du : (3.16)

F5(B)

It is important to note that the above requires the expression

/ g(&,u) f (ul 8) du

to be continuous as a function of 3, which does not require that f(u|3) is continuous as a

function of 8. This can be generalized to expressions of the form

/ 9(&,u)h(B)(du),

where h : ) — P(E), as long as the expression is continuous as a function of g. For example,
if g(&, u) is continuous, Q C &, and h(B) = ag, then [ g(&, u)h(B)(du) = g(&, B) is continuous
in 5.

Ezxample 3.6. [8, Section 1.1¢]

The classic News Vendor problem is a simple example of distributionally robust stochastic
programming. Suppose that a news vendor buys & newspapers from a publisher at cost c.
The news vendor cannot buy more than u newspapers, so £ € [0,u], and sells newspapers
to customers at price g. Any unsold newspapers can be returned to the publisher at price
r, with » < ¢. The demand U > 0 for newspapers is random, and follows distribution

v = fQ (u|B) 1(B). The loss the news vendor suffers given demand U and newspapers z is
g(ga U) = Cr — qmln(U, 5) - rmax(§ - Uv O)a

i.e. cost of the newspapers minus the revenue from selling them. In this example, F is

commonly taken to be all densities on € that specify a given mean u and variance o7, for U,
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i.e.
Jzuf(ulf)du—T

FQ(ﬁ) =
Jelu =) f(ulB) du — of,

and K = (0,0) € R”.

Ezample 3.7. [60] The news vendor example above can be extended to include historical
data. Suppose U € Z and demands u; > 0, have each occurred N; times previously, for
i=1,...,n, and fix v € R. We can require v = [, f(u|8) u(dB), the distribution of U, to

be close to the observed data with the constraint
— Z N;logv(u) <7,

where v(u) is the probability density on u € Z.

3.3.4  Maximum Entropy

Let

;

rloge , x>0,
g(z) =<0 , v =0,

400 , v <0.

The maximum entropy problem for a parametric family of distributions f(y|3) for a random

variable Y taking values in % is

BeEN

wmin / o(f(y18)) dy
OJ

This problem has many applications [6, 13, 26]. This problem can be generalized to mixture
densities with cone constraints by using the marginal density f(y|u) = [, f(y|8) 1(dB). The

maximum entropy problem then takes the form

min ([ atrwydy) + o ([ ) )} + ey,
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The goal is to maximize the entropy over mixtures of the parametric family f(y|8). By

applying Jensen’s inequality, observe that

9 (fylw) = g (ELfWlA)]) < Elg(f(ylA))] Z/g(f(ylﬁ))u(dﬁ)-

Q

This suggests the following relaxation of the maximum entropy problem:

(MER)

win [ ( / g(f(ylﬁ))dy) u(dB) + bk ( | E6) u(dﬁ)) £ Spia ().

neEB()

This relaxation can also be derived as a convexification of the original problem since

cl(co{ag|f € Q}) = P(). MER is an instance of Primal with a similar form to DRSP, namely

& =R,

Jo 9(f(y18)) dy
F5(B)

The integral [, g(f(y|B)) dy is the negative entropy of Y, typically denoted —H (Y'|3). Closed

(21, 22) = 21 + 0k (22) and F () = (3.17)

form expressions for H(Y'|3) exist for several well-known distributions.
3.4 Duality Theory

3.4.1 Infinite Dimensional Convex Duality

We now derive a general duality theorem for Primal using the theory of convex perturba-
tion functions. This result parallels those in [55, Theorem 11.39] and [11, Theorem 2.142].
However, we provide a somewhat different statement and proof that takes advantage of the
special structure of Primal. Specifically, Primal is only partially infinite dimensional and
the set of probability measures P(§2) is weak* compact.

Deriving the dual problem to Primal requires a space paired in duality with B(Q2). As in
example 2.4, B(£?) is paired in duality with C'(2), the space of continuous functions on 2. The
Borel space C'(2) is given the strong topology induced by the norm || f|| = supgcq | f(8)| and
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B(Q) is given the associated weak* topology. The duality pairing is (f, ) = [, f(8)p(dB).

Theorem 3.8. Let f : B(Q) x & — R be proper, lower semicontinuous, and convex, with

dom f C P(Q) x &, and define

9(p) = f(p,0)
h(z") := —f*(0, 2")

p(z) = inf f(, 2)

U := domp.
Consider the primal problem
inf g(u),
m
along with the dual problem
sup h(z").
z*eRd

Then g is lsc convex, h is usc concave, p is lsc convex, and U is convez.
1. The function p is proper. If z € U, then there exists u € P(Q) such that p(z) = f(u, 2).

2. The weak duality inequality inf, g(p) > sup,. h(z*) always holds, and
infg(pu) < +oo <= 0€U.
n
Moreover, if 0 € U, then the duality gap is zero, that is

inf g(p) = sup h(z").
H *

z

3. If 0 € riU, then argmax,. h(z*) = dp(0) # 0.

4. The set argmax,. h(z*) is non-empty and bounded if and only if 0 € int U.
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5. Optimal solutions are characterized jointly through primal and dual forms of Fermat’s

rule:

fi € argmin,, g(f)
Z* € argmax,. h(z*) < (0,z%) € 9f(1,0) <= (11,0) € f*(0,2%).
inf,, g(p) = max,- h(z*)

Proof. By their definitions, p*(z*) = —h(z*) and p**(0) = sup,. h(z*). Likewise, convexity
of p and U follow because p is the inf-projection in the y component of the convex function

f [53, Theorem 1]|. The dual objective h is concave and usc because f* is convex and lsc.

The probability measures P(2) are sequentially compact by Prohorov’s theorem [58,
Theorem 2.4]. Thus p(z) = f(., 2) for some p, € P(N2) for all z € domp. Furthermore, if

2, — Z, then, passing to a subsequence if necessary, (u.,,zx) — (@1, Z) for some @ € P(£2), so

Thus p is Isc. We now prove the remaining claims in sequence .

(1) Attainment was shown in the previous paragraph. If z € £, then sequential compactness

of P(Q) implies there exists a convergence sequence {u,} C P(Q), u, — @, with

p(2) = lim f(pn, 2).

n—oo

But f is proper lsc, so

p(z) = lm f(pn,2) > [, 2) > —o0.
Since f is proper, there exists (fi, Z) with f(@,z) < 400, and hence p(Z) < +o00. Therefore
p is proper.

(2) This follows by the finite-dimensional biconjugacy theorem [55, Theorem 11.1]. In par-
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ticular, p is proper convex, so

sup h(2") = p™(0) < p(0) = inf g(p),

z

proving weak duality. Equality holds if 0 € U since p is lsc.

(3) Since p is proper, convex, lsc, if 0 € ridomp, then dp(0) # @ [54, Theorem 23.4] and
is given by argmin,.p*(z*) [55, Proposition 11.3]. Hence dp(0) = argmax,. h(z*) since
h(z) = —p*(2").

(4) The function p is Isc, convex, and proper, hence so is p* and p** = p [55, Theorem 11.1].
So U = domp**. Then 0 € int(U) if and only if p* is level bounded [55, Theorem 11.8¢c|. If
p* is level bounded, then argmin,. p*(z*) = argmax,. h(z*) is non-empty and bounded [55,
Theorem 1.9], while if argmax,. h(z*) is non-empty and bounded, then p* is level bounded
[55, Proposition 3.23].

(5) This is an immediate consequence of Fenchel’s inequality and the case where equality

holds [53, Corollary 12A]. In this case Fenchel’s inequality states

g(p) = h(z") = f(p,0) + £7(0,2%) > (u, 0) + (0, z*) =0,

and equality holds if and only if (0,z*) € 0f(u,0) or, equivalently, (u,0) € Jf*(0,z*). If
equality holds for 7z and 2%, then g(m) = h(z*). But g(u) > h(z*) for all pu,z*, so equality
holding implies ¢(fr) = min, g(x) and h(z*) = max,» h(z*). Conversely, if g(@) = h(z*), then
equality holds in Fenchel’s inequality.

Recall the optimization problem Primal is

i S 1) .
Jnin Y (Sp) + dp(ay (1)

Applying the previous theorem to Primal gives a duality theory specific to our problem.
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Before stating this result, we discuss a constraint qualification for Primal, by which we

mean a testable condition under which 0 € ridom p.

Definition 3.9. The Basic CQ for Primal is satisfied if
ri S [P(Q2)] Nridom ¢ # 0.

When ¢ takes the form ¢ (z1, 20) = ¢(z1) + 0k (22) and Su = (Sip, Sou) then the Basic
CQ requires there exists p € P(€2) such that

Sip € 115, [P(2)] Nridom ¢,
SQ,M € 1159 [P(Q)] Nri K.

In the following lemma we collect several straight-forward or well-known results for future

reference.

Lemma 3.10. The following formulas hold.
1. [11, Ezample 2.122]

05p() = ;oz € C(Q) | suppr C argmaxgeq o(3)} @'J;,/ e P(Q)
else

2. If up € P(Q) is a finite sum of atomic measures, then

P(Q) - Mo'
t

T (1o |P(Q) =
3. For a € C(Q),

Op(a) (@) = max a(B).
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4. Let S : B(Q) — & be the linear operator given in Definition 3.7. Then S* : & — C(Q)
is given by (S*w)(:) = (w, F(+)) for all w € £, where the inner product is that of £.

5. Define p(z) = inf .ep) Y(Sp + 2). If the Basic CQ is satisfied, then 0 € ridom p.

Proof. (2) By [11, Proposition 2.55], T (o | P(Q)) = cl* [Ut>0 : ] Assume py € P(Q)
is a finite discrete measure with suppug = {8; : ¢« = 1,...,k}, and suppose that v €
T (o | P@)).

If A C Q\ supppp is closed, then Urysohn’s lemma [23, 4.15] implies there exists a
continuous function g : Q — [0,1] with g|4 = 1 and glsuppu, = 0. If {v,} C P() and ¢, > 0

are a sequence such that ¢ 1(v, — pg) weakly converges to v, then

—/ ) (wn(dB) — po(dB)) %/

= | 9(0) ) = potds)) = - [ g(B)nlds) = Fn(d) 2 0,

tTL n

and

SO

[ﬁwwMMzo

Since A was arbitrary, this proves v|o\suppu, > 0. Additionally, since v, € P(2) for each n,
[ (@) ~ ol =11 =0,
Q
SO fQ v(dp) = 0.
The Lesbesgue-Radon-Nikodym Theorem [23, 3.8] implies there exists unique measures
vt p € B(Q)() satisfying

v=v"~+p, V' suppu, =0, and suppp C supp po.

In particular this implies v |o\supppo = V|o\supppo SO that v* is a non-negative measure.
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Define (pg); and p; fori =1,...,k by
k k
0= Y (o and p= 3" .

i=1 =1

Let ¢ > 0 be chosen such that %\pi + (po); > 0fori=1,... k. Then v+ 4o 1S a non-negative

measure with

| @tas) + ma(as) —?( / u(dm) ¢ [t =0+1-1

So U = tv + g is a probability measure such that ¢ (7 — ) = v, proving the statement.

(3) Observe that for every continuous function o € C(€2),

Sp(a) =sup [ a(3)(d9) = maxa(),

HEP JQ Beq
since () is compact.

(4) We temporarily use the notation (u, g = [ g(B) pu(dp) for integrating g € C'(2) with
respect to 1 € P(§2), and (-, -). for the usual inner product in £. Then

(w, Su)s = <w, / F(ﬁ)u(dﬂ)>g
= [ tw. F®)e ulap)

= <<w7 F(B»ga U)B(Q)a

showing that S*w(p) = (w, F(8)). € C(9).

(5) Suppose v € domp so that, by the definition of p, there exists w € SP such that
w + v € dom. By the Basic CQ, there exists ug € riSP N ridom, and €1, €3 > 0 such
that

up + €1(up — (w4 v)) € domv and ug + €(ug — w) € SP.
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Choose € = min{ey, €2}. Since SP is convex and

€ €
uo + €(ug —w) = (1——) uo + — (ug + €2(up — w)),
€9 €9

there exists py € P(2) such that Spg = ug + €(ug — w) and

p(—ev) < P(Spo — ev) = [ug + €1(ug — (w + v))] < +oo.

Since v € dom p was arbitrary this shows 0 € ridom p. O

Theorem 3.11. Assume v is lsc proper convex. The (pre-)dual problem to

i S ) : Primal
Mrerllgl(r;nw( f) + op (1) (Primal)
18
mi? 0p(S*w) + ¢*(—w), (Dual)
we
or, equivalently,
i *(— Dual
plin 7y + 9 (—w) (Dual)

(w, F(B)) <v VBe,

where the inner product is the inner product on &.

1. If S[P(QY)] ndomp # (O, then there exists an optimal solution to Primal.

2. (Weak Duality) For all i € B() and y € &,

[(S) + Sp(e) (11)] + [Opay(S*w) + 9 (—w)] > 0. (3.18)

3. If p € B(Q) and w € € are such that the equality is achieved in (3.18), then u solves
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Primal and w solves Dual.

4. (Strong Duality) If the Basic CQ is satisfied, then the optimal values of Primal and

Dual are finite, attained at some p and w respectively, and equality is achieved in (3.18)

at (p,w).

5. (Coercivity) If int (S [P(2)] Ndomp) # O, then the Basic CQ is satisfied and the

optimal solution set of Dual is compact.

Proof. The first form of Dual is derived from Theorem 3.8 using the dualizing parameteri-

zation f(u,2) = (Su+ 2) + 6(u|P(2)). By Lemma 3.10 parts (3) and (4),

Op(ey (S7w) = max (w, F(5)),

so the dual problem can be rephrased as

i *(— Dual
wég}geR7+w (—w) (Dual)

(w, F(B)) <~ VB €.

(1) The given condition is equivalent to 0 € dom p, so the result follows from Theorem 3.8(1).

(2) By the definition of the convex conjugate,

(S*w, p) < Op(oy (S™w) + dp(e) (1), (3.19)
(—w, Sp) <P (—w) +P(Sp), (3.20)

where € P(2) and w € £. Adding the above inequalities proves (3.18), weak duality.
(3) Inequality (3.18) can be rearranged to

Y(Sp) + opy (1) > — [5}3(9)(5*10) +¢*(—w)]  for all p € B(Q) and w € £.
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In that form it is clear that if yp € P(§2) and w € & exist such that equality is achieved in
(3.18), then u is optimal for Primal and w is optimal for Dual.

(4) The optimal value function for our dualizing parameterization is p(z) = inf,, f(u, 2). By
Lemma 3.10(5), 0 € ridom p. Hence, by Theorem 3.8(3,5), the optimal values of Primal and
Dual are finite, equal, and attained in the dual. The existence of primal solution is given in
Theorem 3.8(1).

(5) If int(SP Ndom 1)) # 0, then 0 € int(dom p), and so the result follows by from Theorem
3.8(4). O

Remark 3.12. Note Dual is a semi-infinite program. Therefore, one approach to under-
standing the duality is through results on semi-infinite programming, e.g. [11, Section 5.4].

However, the direct approach taken here is significantly more transparent and expedient.

3.4.2  Finite Dimensional Reduction

Since S is a continuous linear transformation and P(2) is a weak® compact set, the set
S(P(Q2)) C & is a compact convex set. Hence the infinite dimensional convex problem

Primal has the same optimal value as the finite-dimensional convex problem

i . F-Primal
26%1(19))@/)(2) (F-Primal)

This reformulation of Primal has two obvious drawbacks. First, we do not have a manageable
representation of the set S (P(£2)) for the purposes of computation, and second, even if we
are given the solution w to F-Primal, we have no method for recovering a solution u to
Primal.

A remedy for both drawbacks can be found through an application of the Krein-Milman
and Caratheodory Theorems. For = (B, ..., ) € Q7, define

Ap(z) € Lin(R™, &), Ap(z)\ = 2”: N F(Bi). (3.21)
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In this notation, the dimension of the domain of Ap(x) implicitly depends on the dimension
of the argument x, i.e. Ap is a function Ap : Q" — Lin(R", ).

The following theorem is a generalization from [2].

Theorem 3.13. Let v, S, and 2 be as in Primal. Then for any integer n > dim &,
S(P(Q) = {Ap(z)\z € Q" and A € AT '}, (3.22)

Hence, for any integer n > dim &, the problem Primal has the same optimal value as the

finite dimensional problem

min  (2) (F-Primal)
s.t. z=Ap(z)\,

Ae A" and x € Q.

Futhermore, a solution (\,x) € A"! x Q" to F-Primal ewists, and for each such solution

the discrete measure p := Z?:l Xiag, € P(Q) is a solution to Primal.

Proof. First we establish the representation (3.22). For convenience let P denote P(€2). By
the Krein-Milman Theorem, P = cl*co(ext P), where cl* denotes the weak® closure and co

denotes the convex hull. Since S is a continuous linear operator and P is weak* compact,
SP C cl(S(co(extP))) C cl(SP) = SP.

So SP = cl(S(co(ext P))).

The extreme points of P are ext P = {ag| 8 € Q} [3, Proposition 8.4], so

amwn:{AF@mﬂmﬂﬁeQ}:me
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Since F(§2) is compact, cl(co S(ext P)) = co S(ext P) and so
SP =co[S(extP)],

Using Caratheodory’s Theorem, we may represent co[S(extP)] as in (3.22) for any fixed
integer with m > dim&. Finally, replacing SP with this representation of SP gives the
equivalent finite-dimensional optimization problem F-Primal.

The optimal value in F-Primal is finite and attained by Weierstrass’ Theorem [7, Propo-
sition 3.2.1], since the objective is proper lower semicontinuous and the constraint region is
compact. The measure 1 = Ziﬁzl ia 3, is optimal for Primal if (/):, ) is optimal for F-Primal

-~

because ¥(Si) = Y (Ar(Z)A), so the optimal values coincide . O

Remark 3.14. In the proof of Theorem 3.13 only n > dim S [P(£2)] is required. This reduction
in the number of required support points required is useful if F' maps €2 to a lower dimensional

affine set in &.

An immediate consequence of the above theorem is that the primal infinite dimensional
problem has a finite optimal value, and this optimal value is attained by a finite sum of atomic
probability measures. The reduction using Caratheory’s Theorem has appeared many times
in the literature related to the applications given, for example see [22, Theorem 2.1.2]. The
price paid to achieve this finite dimensional reformulation of Primal is that F-Primal is not
convex. It is also interesting to note the addition of cone constraints to objectives, as in
(21, 22) = ¢(21) + 0k (22), increases the maximum number of support points required for a

finitely supported optimal measure.

3.4.8  Convex-Composite Duality

Writing the objective in F-Primal as

min _ (Ap(z)X),

€N, AeAT-1
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we see that F-Primal is convex-composite.

Theorem 3.15. The convex-composite dual F-Dual to F-Primal is equivalent to the infinite
dimensional dual problem Dual. Consequently strong duality holds for the (non-convex dual)
problems F-Primal and F-Dual when strong duality holds for the (infinte dimensional) convex

problems Primal and Dual.

Proof. The convex-composite dual problem takes the form

sup inf (w, Ap(z)\) —¥*(w) =sup —¥*(w) + inf (w, Ap(x)A) p . (F-Dual)
wEE AeA;;:l weE )\GA(;:I
zeQ™ zeQ™

We can further simplify the inner term:

inf (w, Ap(z)\) = inf ( inf (w, AF(:C))\))
AeAn—t zeQ™ \ AeAn—1
Z‘GQ”L

z€QR \ AeAR-1 4
=1

— inf ( inf i (w, F(@)))

= inf min (w, F(5;))

reQn i=1,....,n

So F-Dual can be restated as

sup { 0 (w) + f (w, F(9) (F-Dual)
= — (ggfg {w*(w) sup (—w, F(ﬁ))})

By removing the outer minus sign and replacing w by —w gives the equivalent problem

inf [@/}*(—w) + sup (w, F(@))} = inf ¢*(~w) + 7

wee€ BeEQ weE

(w, F(B)) <v VBeQ,
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which is the convex dual of Primal. O

3.4.4  First-order Stationarity Conditions

Theorem 3.15 tells us that the problems Primal and F-Primal have the same dual even
though F-Primal is non-convex. In this section we investigate the implications of this re-
lationship on the first-order stationarity conditions for Primal and F-Primal. We begin
by defining first-order conditions and then prove they are necessary conditions for their re-
spective problems. Recall that ddpq) was computed in Lemma 3.10(1) and that, as in the

notation section, the normal cone N (3 |2) is defined even when € is non-convex.
Definition 3.16. 1. We say that the first-order stationarity conditions for Primal are

satisfied at p € P(Q) if

S*w € dp(oy (1) (3.23)
—w € (Sp). (3.24)

Any pair (u, w) satisfying these conditions is called a first-order (stationary) point for

Primal.

2. We say that the first-order stationarity conditions for F-Primal are satisfied at

A, (Bi,..., Ba),w) € A1 x Q" x & if

VEB)'weN(B|Q), i=1,...,n (3.25)

Ap(z)Tw € ddpm-1(N) (3.26)

—w € OY(Ap(z)N) (3.27)

where Ap(x) is as defined in 3.21. Any triple (X, (Bi1,..., Ba),w) satisfying these

conditions is called a first-order stationary point for F-Primal.

For brevity, we will say first-order conditions to mean first-order stationary conditions.



63

0.7

f(0lB) 0.4

0.1

Figure 3.2: The graph of the function used in Example 3.17

Before showing that these conditions are necessary first-order optimality conditions for the
problems (Primal) and (F-Primal), we examine the relationships between the conditions in
Definition 3.16. Consider the discrete measure p = 2111 Aiag, where (A, (B1,..., fa)) €
A" x Q7 and set © = (B1,...,53s). Then Spu = Ap(x)\. Hence, for w € &, the first-order
condition (3.24) applied to the pair (pu,w) is exactly the same as the condition (3.27). On
the other hand, the condition (3.23) corresponds to the two conditions (3.25) and (3.26)
combined. In order to see this, note that condition (3.23) applied to u = Ziﬁ:1 Aiag, is

equivalent to

{Bj}r20 C argmaxgeq (w, F'(B)) , (3.28)

by the representations for S* and ddp given in Lemma 3.10 parts (4) and (1), respectively.
By comparison, for each ¢ = 1,...,n, the inclusion in (3.25) is the first-order necessary
optimality condition for the optimization problem on the right-hand side of (3.29), and one

can show that (3.26) is equivalent to
{Bi}r20 Cargmaxge s 54 (w, F(B)).

While the first-order conditions for Primal and F-Primal have strong similarities, there
can exist local minima to F-Primal which satisfy (3.25) — (3.27) but are nonetheless not

global minima. The following simple example illustrates how this can occur.

Example 3.17. Consider the NPMLE mixture model problem. As in Example 3.2, let n(w|y, o%)
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denote the normal density with mean v and variance 2. Define
1 1 1
flw|p) = gn(w| —144,0.3) + gn(w|ﬁ,0.2) + gn(w|1 + 3,0.3),

and = [—-10, 10]. We suppose there is a single observation, w = 0, set n = 2, and add no
cone constraints. The graph of f(0|3) as a function of 3 is depicted in Figure 3.2.

Then 9(z) = {—27'} where the inverse is element-wise. The conditions —w € 9 (Su)
and —w € 0Y(Ar(x)A) both simplify to w; =

m. In the later case p is the discrete
density pu = Ajag, + Aag,.

The condition S*w € 0dp)(i) implies the support points of p belong to the global
maximum set of f(0|3), as a function of 5. Thus p = ag is the only p € P(Q) satisfying the
first-order conditions.

Next consider the finite dimensional problem F-Primal. The globally optimal solution to
Primal is ag, and (A, (81, 32)) is a globally optimal solution to F-Primal if 3., , A\jag, = ao.
But these aren’t the only first-order stationary points. Take B\l and B\Q to be the two modes
of f(0|3) near 1. Then for any A € A", the point (), (31» B\g)) is a first-order stationary
point for F-Primal, but (A, (B\l, BAQ)) is not globally optimal and »_,_, , A;a 5, is not a first-order
stationary point for Primal.

We conclude this section by showing that the first-order conditions given in Definition

3.16 are, respectively, the first-order optimality conditions for Primal and F-Primal.

Theorem 3.18. 1. If (u,w) is a first-order stationary point for Primal, then p solves

Primal and w solves Dual.

2. If S[P(Q)] Ndomp # O, then a solution to Primal always exists. If, in addition, the
Basic CQ) is satisfied, then for every optimal solution p to Primal there exists w € £

such that (u,w) is a first-order stationary point and w solves Dual.

3. A (global) optimal solution to F-Primal always exists. If the Basic CQ is satisfied

and § is convex, then for every globally optimal solution (A, (1, ..., Ps)) to F-Primal
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there exists a w € & such that (X, (B1,...,Bs),w) is a first-order stationary point for

F-Primal and (Zle Xidg,, w) is a first-order stationary point for Primal.

Proof. (1) If (u, w) is a first-order stationary point for Primal, then equality is achieved in
(3.19) and (3.20), so by Theorem 3.11(3) u is an optimal solution for Primal and w is an
optimal solution for Dual.

(2) A solution to Primal always exists by Theorem 3.11(1). If the Basic CQ is satisfied, then
by Theorem 3.11(4) there exist u € P(2) and w € & satisfying (3.18), so —w € 9y(Su) and
S*w € 0dpy(p), i.e. (p,w) is a first-order stationary point.

(3) By Theorem 3.13 a global optimal solution (A, (f1,...,53)) to F-Primal always exists,
and p = Z?:l Aiag, solves Primal. So by part (2) there exists an optimal solution w for
Dual. Thus (i, w) is a first-order stationary point for Primal. Set z = (51, ..., 87) so that
Sp = Ap(z)X. In particular, this shows that equations (3.24) and (3.27) are equivalent for
= Z?:l Aiag,. Condition (3.23) applied to u = Z?:l Aiag, is equivalent to

{B}x,#0 C argmaxgeq (w, F(f)), (3.29)

by the representations for S* and ddp given in Lemma 3.10 parts (4) and (1), respectively.
By [55, Corollary 10.9], every 8 € argmingcq, (—w, F(f)) satisfies

VF(B) weN(3|9Q),
from which (3.25) follows. O

3.4.5  Finite Mixture C(Q for Primal

In this section we exploit the close connection between the primal and dual problems in the
infinite and finite dimensional representations to obtain a constraint qualification in terms
of the structures associated with the finite dimensional problem F-Primal. We show that

this constraint qualification implies the Basic CQ for Primal given in Definition 3.9.
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Definition 3.19. Finite Mixture Constraint Qualification We say that the Finite Mix-
ture CQ for Primal is satisfied if there exists d >0 and x = (B1,...,B4) € Q¢ such that

Ap(z)ri At Nridomy # 0, and (3.30)
Ap()
Par(SP) x R C Ran . : (3.31)
e

The dimension d in the above definition is unrelated to the maximum number of support
points required for a finitely supported solution in Theorem 3.13. That theorem concerns
solutions of Primal while the above constraint qualification concerns the finite dimensional
problem F-Primal. Conditions similar to (3.31) have appeared elsewhere for moment con-
strained probability measures 34, 61].

The connection between the (3.30) and (3.31) and the Basic CQ is revealed by the

following lemma and theorem.

Lemma 3.20. Let A € 1iAYY and 2 = (By,...,04) € Q4. If (3.31) is satisfied, then
Ap(z)\ € 11 SP(Q).

Proof. Set u = Zle Xiag, and v = S, and let v € SP. By [54, Theorem 6.4], the result
follows once we show there exists a,, > 0 such that v+ «,(v—v) € SP. By assumption there

exists z € R? such that (0 —v) = Ap(z)z and ez = 0. So for all a € R,
e"AN+az)=1 and T+ a@—v)=Ar(z)(A+ az).

Since A > 0 there exists @, > 0 with A + @,z > 0. Hence pu = Z?:1<>‘i + @yz)ag € P(Q)
and

V4 (0 —v) = Ap(z)(A+apz) = Sp e SP .

Theorem 3.21. The Finite Mizture C(Q implies the Basic CQ.



67

Proof. If the Finite Mixture CQ for Primal is satisfied, then there exists A € ri A%~! and
r = (B1,...,84) € Q7 such that (3.30) and (3.31) are satisfied. Consequently, Ap(z)\ €
SP(Q) Nridom1p, and the previous lemma shows Ag(z)A € 1i SP(Q). Set = 327, Nag,
so that Ap(z)A\ = Sp. This gives Sy € riSP(Q2) N ridom, showing the Basic CQ is
satisfied. O

In the applications considered in Section 3.3 the set dom ¢ is a convex cone. In this case

there is a simple way to check (3.30).

Proposition 3.22. Let x € Q". If dom ) is a convex cone with
[Ap(z)"w >0 and w € (dom)°] = w =0,

then (3.30) is satisfied.

Proof. The hypothesis can be restated as

ker [AF(;E)T Idxd] (M (dom¥)° x R = {0}. (3.32)
Define
A ~
L = Ran #(@) and K = cl (dom ) x R%.
Laxa

A standard theorem [54, Corollary 16.4.2] shows taking the polar of both sides of (3.32)
yields
od(L+E)=&xR

If
Lmri[?:@,

then a standard separation theorem [54, Theorem 11.2] implies there exists v € £ x R? such
that (v, ) = 0 for all z € L and (v, y) > 0 for all y € K. This obviously implies (v, z) > 0
forall z € L+ IA(, contradicting cl (L + l?) = & x R?. Therefore LN1i K # (). In particular,
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this immediately implies there exists (z,A) € ridom¢ x riR? such that z = Ap(z)A. So
Ap(z)\ € ridom. Since dom1) is a convex cone we may scale A so that A € A?"! and

Ap(z)\ € ridom ¢ remains true. O

The condition (3.31) is often established by showing the matrix on the right-hand side
is surjective. We return to this issue in the final section of the paper, where we revisit the

application in Section 3.3.
3.5 Structure of the Solution Set

Since the set of optimal solutions to a convex optimization problem is itself convex, the
optimal solution set is infinite whenever it is not a singleton. When the optimal solution
is not unique, understanding the properties of the set of optimal solutions is important for
both a deeper understanding of the application and the performance of a numerical solution
method. In this section, we focus on the problem structure specified by (3.8) and (3.11) and
characterize the optimal solution set . for Primal. This characterization shows that unique
solutions are unlikely. This should be no surprise since the linear operator S necessarily
contains a non-trivial kernel.

There are two notions of non-uniqueness that appear for solutions of mixture models:
identifiability vs. uniqueness of optimal measures. We focus on the uniqueness of the optimal

measure, but to avoid confusion we briefly review identifiability.

Definition 3.23. A family of mizture densities

F={p(): puly) = / Py, ) puldw),p € C C P(Q)}
is identifiable if
Pur = Puy = M1 = M2.

The following concrete example demonstrates how a non-identifiable family can lead to

non-uniqueness of mixing measures.
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Example 3.24. Consider a family F of mixtures of uniform densities given by

LeR,
Q=[-L, L CR?

C={nePQ)]suppu C {(a,b) € Qa<b}}

1
p(y,W) = ml[a,b] (y)a where w = (a7 b)

Then F is not identifiable since, for example, both of the mixing measures a(g ;) and %a 0,1yt

1
2

%a (L) give the same mixture density, 1], almost everywhere.

Identifiability is principally a concern for the statistical model rather than the fitting
procedure. We refer the reader to [24, 30, 31, 63] and their references for more information
on identifiability. We merely note its distinction from whether optimal measures are unique.

Given the optimal value we can characterize the entirety of .%, the optimal solution set

for Primal.

Proposition 3.25. Assume that (z1, 22) = ¢(21) + dx(22) and S = (S1,S2). If a* is the

optimal value of Primal and py € B(Q2) is an optimal solution, then
S = S levy () NSy T K NP(Q), (3.33)
and
T(mo|) CT (po| S (levi(a™)) NT (po| Sy K) N T (10| P(Q))- (3.34)

If ¢ is strictly convex and ug € .7, then Sfl(leV;(a*)) may be replaced with py + ker Sy. If
¢ 1is strictly convex, K is polyhedral, and py € 7 is finitely supported, then (3.34) can be
strengthened to

T(po|S)=ker SiNT (po |95 ' K)NT (1o | P()). (3.35)



70

Proof. Formula (3.33) is straightforward. If p € ., then we must have ¥(Sip) = o,
Sop € K, and p € P(Q2). Conversely if u € P(Q2), Sop € K, and ¢(S1pu) = o then p € .
The inclusion (3.34) follows immediately from the definitions and (3.33).
If ¢ is strictly convex, then S is unique, so levy(a*) may be replaced with po + ker S;.
If K is polyhedral, then so is S, ' K. Thus, in particular, the tangent cone to S, ' K does
not require taking the closure, so that T(v|S; ' K) = Upsot 1S, 'K — v) for all v € S;'K.
Lemma 3.10(2) shows the same is true of P(2) at finitely supported measures. Since the
tangent cone does not require taking a closure for each of the sets which intersect to form .7,

the tangent cone to the intersection is the same as the intersection of the tangent cones. [J

By Lemma 3.10(2), if = ", Mag, € P(2) with A\; > 0, then

(0 | P(©)) = {10 BO)| [ 15) =0, oo =0},

consequently the tangent cone for finite discrete measures is very large. This makes it very
difficult for the intersection in (3.34) to be trivial. However it can still occur, as the following

example shows.

Example 3.26. In Example 3.17 the solution ag was unique. The uniqueness is easy to verify

because the first-order condition (3.23) is

supp p C argmaxgeo(S*w)(f8) = argmaxseq f(0|8)w = {0},

where the last equality follows because w > 0 by (3.24). Since the solution is unique, 1) is
strictly convex and there are no constraints, the previous theorem tells us that T'(ag | ) =

{0}. In particular,
T (ap|P(Q)) = {veP)| (v, la) =0, vloo =0},

while ker S; = {v € P(Q)| (v, f(0|5)) =0}, where f(0|3) is given in Example 3.17. Since
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the global maximum of f(0|3) occurs at 0, no measure except 0 can assign equal but opposite

weight to Q \ {0} and have (v, f(0|8)) = 0. Hence T (ag|-") = {0}.

A more restricted question is uniqueness over all finite discrete measures,

d
Minite 1= {Zpkaﬁk

k=1

B €, pe AL d>0},

or all finite discrete measures with d or fewer components,

d
Md = { Zpkalgk
k=1

6k€Q,p€Ad_1}.

See [39] for theorems on uniqueness of the non-parametric MLE. Below, we consider the
uniqueness of the weights when the support points are given and fixed.

If ¢ is strictly convex and we know the optimal value, then determining unignuess of
an optimal solution over a fixed support set reduces to computing the intersection of three
tangent cones. To show this the following notation is required. Suppose Q= {B1,--.,Ba} C
Q is fixed. We consider B(Q) as a subset of B(Q) by identifying measures Z?zl Aiag; € B(Q)

with the same measure in B(€2).

Corollary 3.27. Assume that ¢(z1,22) = ¢(21) + 0k (22) and S = (S1,52). The optimal

value o of Primal over B(2) and Primal over B(Q) agree if and only if ¥ N B() # 0.

Further, an optimal solution & = S.*_ Nag, is unique over B(Q) if
T (X AT levi () NT (X A'K)NT (X AY) = {0}, (3.36)
where A; € Lin(R™ &) and A, € Lin(R", &) are defined by

AN =D NFI(B) and Ak = NiFy(By).
i=1 =1

Moreover, if ¢ is strictly convexr and K is polyhedral, then pg is unique over B(2) only if
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(3.36) holds.

Proof. 1t is easy to see the optimal values of Primal over B(f)) and B(f2) agree if and only
if they share a common solution. To obtain the tangent cone formulas we simply apply

Proposition 3.25 to B(€). O

3.6 Applications Revisted

We apply the theory outlined in the previous sections to each of the applications in Section

3.3. Unless otherwise noted, the notation in Section 3.3 is employed.

3.6.1 Non-parametric Mazimum Likelihood

In the case of NPMLE, the dual problem (Dual) in Theorem 3.11 is given by

i — S dilog(z/d;) — D +
o™ > i dilog(z/d;) v

8.t FB) 4 (w, Fa(B))g, <v VBEQ (NPMLEDual)

we —K°,

where D = va d;. In this application it is important to note the dual variable v can be

eliminated.

Proposition 3.28. The pair (Z,w) is an optimal solution to

2€RN weés
st AL +(w, B(B)s, <D Ve
we —K°.

if and only if (Z,w, D) is a solution to NPMLEDual, and their optimal values coincide.
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Proof. Replace (z,w,~) with (t2/,tw’,ty') for ¢ > 0. Then NPMLEDual becomes

g i =35 dilog(5i/di) — Dlog(t) = D+t
o H)F(B) + t{w, Fa(B))g, St/ VB E€Q
tw' € —K°
t>0.

The constraints are homogenous in ¢, and so they may be ignored when optimizing over ¢t > 0

for fixed (2/,w’,7’). Doing so gives ¢ = D/~'. Substituting this into the objective gives the

problem
i — 3" d; log (tz//d;
omin =Y og (tz}/d;)
s.t. ) f(B)+T (W', Fy(B))g, <D Ve
tw' € —K°

Converting (2/,w’,t) back to the original variables (z,w) with this optimal value for ¢ com-

pletes the proof. O

Additionally, a straight-forward computation shows, by Theorem 3.18, that the first-order
conditions (3.23) and (3.24) for NPMLE at (u, (z,w)) are

supp(p) C argmaxgeq 2 f(8) + (w, Fo(B))s,
d;
 Jo £(B) w(dB)’

—weN(AFM%MMﬂK)-

i=1,...,N

Zi

The Finite Mixture CQ can be employed to yield a strong duality result between F-Primal
and F-Dual based on Theorems 3.11 and 3.21. To see how this is done let us first consider
the case where there are no cone constraints, that is, /' = Fj in (3.11). Recall that N is the

number of distinct observations.

Proposition 3.29. Consider problem NPMLE where the term dx(Saop) is absent.
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1. If there exists ¥ = (P, ..., Bn) such that

FwilB) > > fwilBy), (3.37)
1<j<N
i#]

then Ap(Z) = [f(vilB;)]i; € RN s invertible.

2. The Finite Mixture CQ for NPMLE is satisfied if there exists x = ([y,Z) with T =
(B, .., Bn) satisfying (3.37), and By such that 1 — eT Ap(Z)~f(Bo) # 0.

Proof. The first statement follows immediately from the Gershgorin Circle theorem [32,

Theorem 6.1.1]. For the second, condition (3.31) follows because

f(Bo) Ar(Z)

1 el

is invertible. This can be seen by doing a block row reduction:

Ap(@)™ 0] | f(B) Ar(@) Ap(@) 7 f(Bo)
—elAp(T)™t 1 1 el 1—eTAp(@) f(Bo) 0

The later matrix is invertible if and only if 1 —e? Ap(Z) ™' f(By) # 0. Condition (3.30) follows
because the matrix Ap(Z) can have no row of zeros, as it is invertible, so Ap(x) (HLN) e>0

since all entries of Ap(x) are non-negative. O

Informally, Proposition 3.29 says Ar(Z) can be made invertible if the family of densities
f(y|p) is sufficiently rich. That is, if the family can separate points in the sense that is
there exist {ﬁ]}ﬁl for which the ' observation y; has high probability under ; and low
probability under g8; with 7 # j. If, in addition, there exists a parameter 3, where all
observations have sufficiently low probability, then the Finite Mixture CQ is satisfied.

The interpretation of the Finite Mixture CQ in the presence of cone constraints depends

on the particular structure of these constraints. The following example shows the application
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of the Finite Mixture CQ), either directly or using Proposition 3.22, can be straight-forward

in practice.

Example 3.30. If NPMLE is given the mean constraint

LLEB LU,

where L,U € Q0 C R? and L < U component-wise, then

U-p
8- L

FQ(B) =

and K, = R?. In this case, the relative interior condition (3.30) is satisfied if there exists
x = (P1,...,04) such that Ap(x) has no row of zeros and L < f; < U componentwise
for i« = 1,...,d. This condition can also be reached by applying Proposition 3.22, which

specialized to this problem requires that if (21, 29, 23) € RY x R” x R” with
f(ﬁj)Tzl + (U - /Bj)TZQ + (BJ - L>T23 >0 for all j = 1, ce ,ﬁ,
then (21, 22, 23) = (0,0,0). So it follows easily that if for each j = 1,... 7 we have

U— B 0
>
Bi—L| |0
and there exists ¢ € {1,..., N} with f(y;|8;) > 0, then the hypotheses of Proposition 3.22

are satisfied.

Note that with constraints the conditions of Proposition 3.29 no longer applies to show

(3.31), so this must be verified directly.
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3.6.2  Optimal Design

Following Section 3.3.2, assume ® : S8 — R is given by ® = f o A, where f : R* — R is
permutation invariant (i.e., symmetric) proper convex and A : S" — R™ is the eigenvalue

mapping. In [35, Theorems 2.3 and 3.1] it is shown (f o A)* = f* o A and
O(f o M(X) = {Y € SL[A(Y) € 0f(A(X)), Y ~o X }

where Y ~p X denotes X and Y can be simultaneously orthogonally diagonalized.

The dual problem to OptD is

i (= XV OptDDual
. 3161827w€£27+f( (V) (OptDDual)

(V, I6(8))gn + (w, F2o(B))g, <v VB EQ

we —-K°
and the first-order conditions (3.23) and (3.24) are

<Vv ]9(/8»8" + <w7 F2(5)>52 € 8673(”)
—V € 0(foX) (Io(n))

—weN (/QF2<ﬁ>u<dﬁ> \ K)

The following proposition is analogous to Proposition 3.29.

Proposition 3.31. Consider the OptD problem with the term & (Sopu) absent.

n+1 n+1
1. If there exist {Bz}fzf ) such that {q(ﬁz)q(ﬁz)T}Lf ) are linearly independent, then
Ran(Ar(Z)) =S", where x = (f, . .. ,5(n+1)).

2. Let x = (Bo,7) with T as above so that Ap(Z) is invertible on S™. If, in addition,

el Ar (@) (q(Bo)q(Bo)T) # 1 then the Finite Mizture CQ is satisfied at x.



Proof. The first statement follows directly from comparing dimensions. As

("3")
AF(f)A = Z )\iQ(ﬁi)Q(ﬁi)T>

n+1
if {q(ﬁi)q(ﬁi)T}i(:i ) are linearly independent, then Ran(Ax (7)) C S™ and

n—+1

dim Ran(Ap(7)) = ( ,

) = dim(S™).

7

We show the second statement in two steps. Condition (3.31) of the Finite Mixture CQ

follows from a block reduction argument similar to Proposition 3.29. To show the relative

interior condition, let = Ap(@) M. If h) < 0, then AF(:/B\)/)\\ is negative semi-definite, a

contradiction. Thus A £ 0, so we may define N\ = /)\\1 - /):2 where Xl > 0 and XQ > 0 and

A; = AF(/x\)Xz Since q(3;)q(B;)" for j =1,..., ("H) is a rank-1 positive semidefinite matrix

2

for all 5 with ¢(8) # 0, we have A; is positive semi-definite for i = 1,2. Therefore A; is

positive definite, as I,,«,, is positive definite and I,,,, = A; — As. Since A; is positive definite,

sois (1 —e€)A; + eAp(z) <("+})+1€> for small enough € > 0. If,

then

which shows condition (3.30) is satisfied.

Intuitively, the above theorem is similar to Proposition 3.29, but using {f;} such that

{a(B)a(Bi)"} approximates {(e; + €;)(e; + €;)" }.
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3.6.3  Distributionally Robust Stochastic Programming

As in Section 3.3.3, set
F(B) = [ ¢ u)s(ul)du

Then the dual to DRSP is

i DRPSDual
ke, (DRPSDual)
st. — F1(B) +(w, F2(B)), < forall 8 €,
—w € K°

and the first-order conditions (3.23) and (3.24) for DRSP are

—F(B) + (w, F2(B))¢, € 00p)(i),

—weN (/QFz(ﬁ)u(dﬁ) ‘ K) -

The structure of the objective in DRSP is much simpler because the outer convex function
is linear. However, the constraints are no simpler, so satisfying the Finite Mixture is not

trivial. A similar condition to Propositions 3.29 and 3.31 can formulated, as below.

Proposition 3.32. Suppose T € QOF, where k = dim &, and 31, B2 € Q. Let

B=R(8) Fa)]

o 4@
eT
o[BG RG)
I 1 1

Then condition (3.31) of the Finite Mixture CQ is satisfied if Ap,(T) and D — CAp,(Z)"'B

are invertible. The Finite Mixzture CQ is satisfied if, in addition, there exists A € ri AF+!
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such that Ag, (T, 81, B2)N € 11 K.

Proof. Observe that by exchanging the first and second block rows of

AFlf Fi(51) Fi(P2
Ap(@, b1, B2) (@) F(B) Fi(5)

T = | AR (T) Fy(B1) FaBe) (3.38)
e
el 1 1
we obtain
An@) B
C D
Then
~CAR (@)~ I C D 0 D — CAp(32)"'B

Hence the hypotheses imply the matrix in (3.38) is invertible, and the result follows from

the definition of the Finite Mixture CQ. O]

As observed in subsection 3.6.1, this result can be refined by specifying F» and K. (See
Example 3.30.)

3.6.4 Maximum Entropy

Comparing the structure of DRSP in (3.16) and MER in (3.17), the convex function ¢ and
the linear map S defining DRSP and MER take the same form. Therefore the results of the

previous section can be applied to the MER problem.

3.7 Conclusion

This chapter has introduced and discussed a framework for convex optimization over P(£2)
and a finite dimensional convex-composite embedding of the problem amenable to computa-

tional algorithms. We have also developed a duality theory for these optimization problems,
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given first-order conditions, investigated the solution set, and discussed several specific ap-

plications of the framework.



81

Chapter 4

INTERIOR POINT RELAXATIONS OF BENDERS’
DECOMPOSITION

4.1 Introduction

In applications, the function v in the problem

win v ([ F0)ua9) + dmayls) (Prinal)

HEB(Q)

often takes the form

V(21,22) = d(21) + 0k (22),

where ¢ : R® — R is proper convex lsc and K C R¥ is a closed convex cone. In this chapter
we consider solving such problems in the special case when K = {0}"2 x R™ x S™ and ¢

satisfies regularity conditions described below.

For ¢ of this form, F () is
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where

f:Q—R" (4.1)
fe i QQ— R (4.2)
Qo RM (4.3)
Ju 1 Q@ — 8™ (4.4)

are smooth. Recall for a Euclidian space £, an arbitrary smooth function g : 2 — &, and

z=(B,...,04) € Q% the linear operator A,(z) € Lin(R% €) is defined by

Ag(@)A = Z Aig(Bi) (4.5)

for A € RY. Furthermore, a convenient abuse of notation is to treat A,(z) as a matrix, for

instance by writing

Ag(2) = |g(B1) -+ 9(Ba)]-

Then for x € Q°,

()

() > i (B
() DAL

Ap @A) [ A (8)

N
>

S N (B

A~
>

AF(.CE))\ =

>

)
)
)

A
=

. (4.6)

To simplify notation, write Ag4(z) instead of Ay (z), and similarly Ag(x) for Ay, A/(z) for
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Ay, and A, (z) for Ay, so that

(A, [Au@)]
RPN VAT R R
A | | A
A (@)|  [Aula)

The argument z is sometimes omitted in contexts where it is fixed to a specific value.

The object A, (z) is the linear operator whose action on A is given by
Av(z)N = S5 Nifu(B:) € ™. Furthermore, Ay (z)7 is taken to mean the transpose of
Ay (z) as a linear operator between inner product spaces rather than the transpose of a

matrix. Thus A, (z)? is a mapping A, (x)T : S" — R? given by

<ei> AM($)TX> = <fM(Bi)7 X>

for X € S"m,

For later user, the following spaces are also introduced to simplify notation:

E = R? x R™ x S™ (4.7)
F=R" x {0}"" x R x S§"™ (4.8)
K = {0}"" x R™ x S"™. (4.9)

Then (A, s,5) € E denotes A € R%, s € R™, and S € ", and similarly for (2, 2, 2, z,) € F
or (2g, 2z, 2n) € K.

For the entirety of this chapter we assume ¢ satisfies the following assumptions:

1. The function ¢ : R® — R is proper, convex, lsc

2. That dom ¢ N Ag(z)A%~1 #£ @ for all z € Q°
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3. The domain dom ¢ has non-empty interior, i.e. int dom ¢ # ()

4. The function ¢ is differentiable on the interior of its domain.

4.2 Benders Decomposition

The special case of Primal analyzed in this chapter is

min ¢< / £(8 > (4.10)

st. peP)

/ f(P)u(ds) € {0}

/Q £(8)u(dB) € R
/Q fu(B)u(dp) € S™.

Recall from Theorem 3.13 that the above infinite-dimensional convex problem is, for
sufficiently large d, equivalent to the following finite-dimensional non-convex instance of

F-Primal,

min o(Ag(@)) (4.11)
st (2, A) € x Al

Ap(z)X € {0}

A(z)\ € R™

Ay (z)\ € ™.

The above optimization problem is non-convex. However, for fixed x € ) the problem
is a nonlinear convex optimization problem over the finite-dimensional probability simplex

A1 This is an example of a more general class of optimization problems which possess
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complicating variables that, when held constant, yield optimization problems that are cheap
or easy to solve. This structure was studied in [28], where it was suggested that the overall
optimization problem be partitioned out so that the complicating variables were optimized
separately. Such a partition of the variables was called a Generalized Benders Decomposition,
in reference to the Benders Decomposition in linear programming. To apply the Generalized
Benders Decomposition to F-Primal, define G : Q¢ — R by
G(z):= (A?;?EE d(Ag(x)N) (BendersPrimal(x))
st. efd=1

Ap(z)A =0

A(z)\ =5

Ay(x)A =S

A>0

s<0

S =<0,

where G(z) is the optimal value while BendersPrimal(z) is the optimization problem. Then
finding the optimal solution to F-Primal reduces to optimizing G' on Q¢. Unfortunately,
as shown in the next proposition, the function G is not well-behaved. In particular, if

G(x) < +oo for all z € Q¢ then the constraints are trivially satisfied.

Proposition 4.1. If G(x) is finite for all z € Q¢, then

G(r) = min  ¢(As(x)N) (BendersPrimal(x))
(\,8,5)€E
st efA=1

A>0
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Proof. Fix € Q and consider T = (8,..., ). If G() is finite, then f,(8) =0, f;(5) <0,

and f,(8) = 0. Since 8 was arbitrary, this holds for all 5 € Q. Then Ag(z)\ = 0 for all
r € Q4 and A € AL and similarly for 4,(z)\ and A, (z)A. O

In addition, there is no guarantee G is convex or smooth, as the following example shows.

Ezxample 4.2. Let

Q=[-1,1] CR,
d=2,

B =1,

8(z) = 57

with no equality, inequality, or semidefinite constraints. Then

G5B = min = (ufh + )’

It is simple to show
(

0 B1 <0< By
G(B1,B2) =10 Ba <0< fy

| min(462,463)  else

In particular, G is non-convex and is not second-order differentiable on the interior of its

domain.

Proposition 4.1 and Example 4.2 show G is a poorly behaved function. There is no
guarantee many standard constrained optimization algorithms would find good solutions
when applied to G. The next section explores a relaxation of BendersPrimal(x) that yields

an optimal value function with improved behavior.
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4.3 Interior Point Relaxation

As shown in the previous section, the optimal value function G(z) for the optimization prob-
lem BendersPrimal(x) is non-convex, has limited smoothness properties, and is non-finite-
valued. This section introduces an relaxation of BendersPrimal(x) whose corresponding
optimal value function is smooth and finite-valued. This relaxation will be used to introduce

a practical algorithm for optimizing G(x) at the end of the chapter.

For t € R, t > 0, consider the relaxation of BendersPrimal(z)

G(z,t):= ()\rgﬁi&E ¢(2) +tIb(A) + tlb(—s) — tlogdet(—S)  (BendersPrimal(x,t))
(%,21,7,20)€F
1 1 1
+ o el + o Ml = sl” + o Hlaw = SI°
st. ef\=
z = Ag(x)\
25 = Ap(T)A
2z = A (x)A
2y = Ay (),

where the function 1b : R™ — R is, for any M, given by

M .
- iqlogp; B; >0 for each i,
b{z) = = : (4.12)

00 else

and, as before, G(z,t) refers to the optimal value while BendersPrimal(z,t) is the optimiza-
tion problem. As shown later, for fixed ¢ > 0 the constraint relaxations imply G(z,t) is a
smooth function of x on Q. Thus optimization of G(x,t) over = for fixed ¢ > 0 is possible
using standard optimization algorithms. Understanding the behavior of min, G(x,t) and its

optimal solutions as t N\, 0 is the major focus of this chapter.
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Both BendersPrimal(x) and BendersPrimal(z,t) are convex programs for fixed z and

t. So it’s natural to consider their dual programs.

Theorem 4.3. 1. For fived v € Q% the dual program to BendersPrimal(x) is

D(z):= min o*(—w) + (BendersDual(x))
(w7wE7wII,éUM)€F
e

st Ag(x)w + Ap(z) ws + A (2) w4+ Au(z) wy < ve

where D(x) is the optimal value and BendersDual(x) is the dual optimization problem

taken as a whole.

2. For fized (z,t) € Q% x R, the dual program to BendersPrimal(z,t) is

D(z,t):= min v+ ¢*(—w) (BendersDual(x,t))
(w,wEwaévM)GF
e

+¢lb ('76 - A¢(x)Tw — A(x)"w, — Ap(x) wy — AM(:E)TwM)
+ t1b(—w,) — tlogdet(—wy,)

+ 5 (s ll” + [l + [l )

+t (log(t) — 1) (d + n; + na),

where D(z,t) is the optimal value and BendersDual(z,t) is the optimization problem.

Proof. We use the Lagrangian duality in Theorem 2.22 to derive the dual problems.
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(1) Eliminating the variables s and S, the Lagrangian L : R x F x F x R x R — R is

L, 2,2, 2, 21, W, We, Wy, War, Y, )
1= ¢(2) + 6(2m, 2, 2 [K)
+ (w, 2 — Ap(x)\) + (W, 25 — Ax(x)N)
+ (wy, 2z — A(@)N) + (W, 2 — A ()N
+ ("X = 1)+ oTA — §(0]|R?)
=—((z, —w) — ¢(2))
— ({28, —ws) — 6(2[{0}""))
— ({7, —w) — 6(2|R™))
— ({2, —wu) — 0(2[S™))
+ (A e+ = Ag(0)w = Ag(x) wy — A(e) wr — Au(x) wyr)

— 7= 6(c[RZ)

where the later expression shows the Lagrangian decouples over the primal variables
(A, 2, 25, 2 2 ), simplifying minimization over them. Maximizing
L(X, 2, 25, 21, 201, W, Wy, Wy, Wy, 7Y, ) OVEr (W, Wy, Wy, Wy, 7Y, 0) recovers the primal problem, while

minimizing jointly over (), z, zz, 2 2,) gives the dual program in the theorem statement.

(2) The dual program BendersDual(z,t) can be derived directly from the Lagrangian

L:ExFxFxR—R,
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given by

L(A, 8,5, 2, 21, 2, 2, W, Wy, Wy, Why, )
=¢(z) + t1b(A) + t1b(—s) — tlogdet(—S)
b ol ol — sl + ol — 5P
F(w, 2= A@N) + (s 2 — Au(@))
+ (wry 2 — A ()N + (W, 20 — Au ()N
+ (e A= 1)
)

(er =) = 5 Dl

(o o=
= (a0 b = g = sl = t16(=))
(

1
(ar, —tir) = o Il = S|I” + 1ogdet<—s>>

where the second expression for L shows how the Lagrangian decouples over the primal

variables (A, s, S, z, zg, 21, 21 )- ]

We also define G(z,0) = G(z) and similarly for D(z,t), BendersPrimal(x,t), and
BendersDual(x,t). For notational simplicity in later arguments, we let p : Ex Q% x R — R

be the objective of BendersPrimal(z,t),

p(\, 8,52, t) = p(Ay(xz)N) + t1b(N) + t1b(—s) — tlogdet(—S5) (4.13)

1 2 1 2 1 2
+ o 4@ + 5 4@ = I + 5 1Au(@)A - 5|
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and let d: F x R x Q% x R, — R be the objective for BendersDual(z, 1),

d(w, Wy, Wy, Wy, V; T, 1) =7 + ¢ (—w) (4.14)
+tlb ('76 - Acb(x)Tw - A1(17>Tw1 - AE(x)TwE - AM(I)TU)M)
t
+ t1b(—w;) — tlogdet(—wy,) + 5 ([lwsl|* + [lwrl|” + [fene]|*)

+t (log(t) — 1) (d + nr +nur) .

Then, for t > 0,

G(z.t) = mi N s S:x.t
(z,t) (Ag}gl@p( .8, S5 2, 1)

and

D(z,t) = min d(w, Wy, Wy, Wy, Y; T, ).
(w,wg ,wr wpr ) EF
veER

The next proposition states the first-order conditions for primal-dual solutions of
BendersPrimal(x,t) and BendersDual(z,t). These conditions give useful relationships be-
tween the variables in a primal-dual solution. In particular, the first-order conditions are

continuous as a function of the primal and dual variables.

Proposition 4.4. Suppose x € Q¢ t > 0, and there exists (), s,S) strictly feasible for
BendersPrimal(x,t). Then

(Aa87S7Z)ZI7ZEaZM)QU)wanIwaa’Y) EEXFXFXR

is a primal-dual solution pair to BendersPrimal(x,t) and BendersDual(x,t) if and only if

A>0,5<0,S =<0 and there exists y € R with

F(:):,t)(yv >\a S, Sv 2y g, ZIszawvwE7wIawM7,7) =0 (415)



where

F(x,t)(ya >\787S7Za 215 2B ZMaw7wanI7wM7’Y)

Aoy —te

y+ AyTw + ATw, + ATw, + AT, — e

w+ Vo(z)
Zp + twg
z — S+ twy;
2y — S+ twy,
sow;, —te
Sw,, —t1
z— AgA
zm — A
z — A
2 — Ay
e —1
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(4.16)

Proof. The stated conditions are the standard first order conditions for a convex problem,

as stated in Theorem 2.23.

In more detail, the first derivatives of the Lagrangian

L:ExFxFxR—R,
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given by

L()\a8757Z7Z172EaZM7w7wan17wMa7)
= ¢(z) + tIb(N\) + t1b(—s) — tlogdet(—S5)
1 9 1 9 1 2
bl 4 o = sl ol = S
+ (w, z — Ap(x)\) + (We, 25 — Ax(T)A)
+ (wy, z — A (2)N) + (W, 20 — Au(T)A)

+ (e A= 1)

are given below. The notation % was used instead of d, is used for readability due to the
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primal and dual variables with subscripts. (See Subsection 2.5.1.)

where A™! and s™! mean the vectors of component-wise inverses. The conditions in (4.16)

are obtained by introducing a new variable y = t\~! and rearranging
41 41
—ts —|—¥(s—z,):() and —1tS —|—¥(S—ZM):0
into

respectively. O

An immediate consequence of the first-order conditions in Theorem 4.4 is that to every
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dual solution there corresponds a unique primal solution, when ¢ > 0.

Corollary 4.5. Ift > 0, then there is a unique primal solution \ associated with each dual

solution (w, Wy, Wy, Wy, ).

Proof. The result follows immediately from the optimality conditions

Aoy =te

Y+ A¢Tw + Alw, + AlTwy, + ALw,, = ve

The following sets and regularity conditions will be important for analyzing the behav-
ior of solutions to BendersPrimal(z) and BendersDual(x). In particular, they are neces-
sary for understanding non-singleton solution spaces as well as the behavior of solutions to

BendersPrimal(z,t) and BendersDual(z,t) as ¢t \, 0.

Definition 4.6. 1. For each x € Q%, A € A% and p € Q, define

Distinct(z) := {5 € Q|5 = x; for some i € {1,...,d}} (4.17)
Soly(z) := {A| X optimal solution to BendersPrimal(x) } (4.18)
Z(z,p):={i|lx; =0, 1 <i<d} (4.19)

Mes = Y M\ (4.20)

i€Z(x,B)
2. The point x is objective non-degenerate if the vectors
{ f(B)| B € Distinct(z), IX € Soly(x) with Az(z >0}

are linearly independent.
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3. The pair (A, ) is constraint non-degenerate if the set

{(fE(B)v fl(ﬂ)a f]\l(ﬁ))l B € Distinct(:p), )‘I(x,,B) > 0} C R"® x RM x §™M

spans R™® x R™ x S"M,

4. The point z is constraint non-degenerate if (A, ) is constraint non-degenerate for every
A € Soly(z).

Typically the solutions to BendersPrimal(z) are not unique. For example, if z =
(Bi,...,B4) € Q% and B; = B; for some i # j, then the corresponding weights \; and ),
in BendersPrimal(z) are not uniquely determined. The theorem below shows that, subject
to strict convexity of ¢, this is the only way in which the primal solution can be non-unique.
It also shows that, under various strict convexity and regularity assumptions, the solutions
to BendersDual(x) and primal-dual solutions to BendersPrimal(z) and BendersDual(x) are

unique.

Theorem 4.7. The following are true.

1. If ¢ is strictly convez, then Ay(x) A = Ay(2)A\? for all N, \? € Soly(x).

2. If ¢ 1s strictly convex and x € () is objective non-degenerate, then )\%(x 5 = /\%(I 8 for

all \', \? € Soly(z).

3. If ¢* is strictly convex, then the optimal solutions w and v to BendersDual(z) are

unique.

4. If ¢* is strictly convex, x € () is constraint non-degenerate, and
N w' wl,wi w4 € AT X FE xR, i=1,2,

are two primal-dual solution pairs to BendersPrimal(z) and BendersDual(z) with

1 _\2 1,02 o1 _ 02 1 _ 2
AZep) = M(a,p)s then wy = wy, wp = wy, and w,, = wy.
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5 Ift >0 and x € Q¢ then the optimal solution to BendersPrimal(x,t) exists and is

unique.

6. If ¢* is strictly convex, t > 0, and x € Q% then the optimal solution to BendersDual(z,t)

exists and is unique.

Proof. (1) It is a standard fact for optimizing strictly convex functions over convex sets.

(2) This follows from (1) and that the expression

As@r =" D LB @)

BeDistinct(x)
A (2,8)>0

is the same for all A € Sol,(z). By assumption
{ f(B)| B € Distinct(z) and I\ € Soly(x) with Az, > 0} is a linearly independent set, which

implies the Az(, g)’s are uniquely defined.

(3) If ¢* is strictly convex then the optimal solution w is unique. If (w,7) are optimal
solutions, then 7 = D(x) — ¢*(w), so 7 is also unique.

(4) This follows from the KKT conditions

yoA=20

Y+ A¢,(x)Tw + AE(a:)TwE + A,(:U)Tw, + Ay, (x)TwM —~ve = 0.

Let A € Soly(z), and define C' = {Z‘X > 0}. Then C # () because A € A%! so there
exists at least one index i with \; > 0. Letting A(:, C') denote restricting a linear operator
A € Lin(R?, X) to the elements of R? with indices in C| the second KKT condition above

implies

(Ap(@)(:;, O w + (Ap(2) (5, C)) ws + (A (2) (5, C) w4+ (A (2) (2, C)) wy, — e = 0.
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Finally, the optimal solutions w and ~ are unique by (3) and

(Ag(2)(:, )"
(Ai(2)(:;, C)
(A () (-, C)"

is injective by the definition of constraint non-degeneracy. So the solution set of (wg, wy, w,)
that satisfy the KK'T conditions is a singleton.
(5) The objective p(A, s, S; x,t) is strictly convex in (A, s,.S), so the optimal solution ex-

ists and is unique.

(6) The objective d(w,wg,wy, wy,y; x,t) is strictly convex in (w,wg, wy,wy,), so their

optimal solutions are unique. Then the first-order primal-dual optimality conditions

Aoy —te=0

y—i—AqSTw—l—AgwE—i—A?wj—l—AgwM—ve:O

from Proposition 4.4 combined with uniqueness of the optimal solution A from (5) imply the

optimal solution set for v is unique. O

Since the optimal solutions for BendersPrimal(z,¢) and BendersDual(z,t) are unique
for t > 0, there is a well-defined mapping from (z,t) € Q x R, to the optimal solution
(A(z,t), s(x,t),S(x,t)) of BendersPrimal(z,t). Similarly, for ¢ > 0 let
(w(z,t), wg(x,t), w (x,t), wy(x,t),y(x,t)) denote the unique optimal solution to
BendersDual(x,t).

The next proposition shows that, for t > 0, solutions along the central path distribute
weight equally to components of A corresponding to the same support point 5. However,

this corollary does not imply the weights are equally distributed at ¢ = 0.
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Proposition 4.8. If x € Q% and t > 0, then
Xi(z,t) = \j(x,t)

whenever x; = ;.

Proof. The proof amounts to the simple observation that the KKT conditions (4.16) include
the conditions

Aoy =te

and

Yy =ye— (A¢,Tw + Alwy, + Alw, + AA:;wM) .

The linear operators Ay, A, Az, and A, all take the form Axr = Zj f(B;)z; for some
continuous f. So components of y corresponding to columns of Ay, Ay, A;, and A,, with the

same (8 will be equal. Then A o y = te implies this is also true for . O]
4.4 Limiting Behavior of Solutions to BendersPrimal(x,t) and BendersDual(x,t)

The following section builds up an understanding of how the optimal values and opti-
mal solutions to BendersPrimal(x,t) and BendersDual(x,t) behave as (x,t) — (T,0).
In particular, it is shown that, subject to regularity conditions, the limit of solutions to
BendersPrimal(z,t) and BendersDual(z,t) as t — 0 are solutions to BendersPrimal(z,0)
and BendersDual(z,0), respectively.

The following result shows that the solutions to BendersPrimal(z,t) are bounded as
t \, 0. This is straight-forward for A\ since A € Al for all ¢ > 0, but slightly more

complicated for the primal variables s and S.

Proposition 4.9. Suppose (2V,t") — (Z,1), with 2 € Q¢ and t¥ > 0. The corresponding

sequence (N, s”,S") of optimal solutions, i.e.

(A", 87, 5") € argminp(\, s, S; ", "),
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1s bounded. Furthermore, the sequence
(2", 20, 2" 20) = (Ag ()N, Ag ()N, A (x”) N7, Ay (2¥)NY),

18 also bounded.

Proof. The sequence {\"} is bounded because \¥ € A?"! for all v. Since {z"} is convergent
it is also a bounded sequence. Boundedness of {\"} and {2} combined with the continuity
of the map = — (Ay(x), Ax(x), A(z), Ay (z)) immediately implies z, 2, %, and z, are also
bounded. All that remains is showing the slack variables s and S are bounded. If t* = 0 then
s¥ =2z and S = 2. If t > 0, then the first-order equation for optimizing p(A, s, S;x,t) in
s; only is

t 1

_s_j + ) (s; = (2);) = 0.

This can be re-arranged into a quadratic in s;,

s? — ()85 —2t =0,

so that the quadratic formula yields the following bound:

|Sj|§%(|(zf)j|+\/m).

This shows s is bounded because z and t are. Now consider the optimal S for given 2, and

t > 0. Differentiating p(A, s, S;z,t) with respect to S gives
4 1

Since S is real symmetric there exist a real orthogonal matrix () and real diagonal matrix A
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with S = QAQT. Substituting this into the above equation gives

~QATQT + 1 (QAQT — 2,) =0,

Rearranging gives

—tA™! + % (A—Q"2,Q) =0.

This shows Q7 2,Q is diagonal and each eigenvalue A;; of S satisfies
A?j — Ay (QTZMQ)]']' — 2 =0.

Solving for Aj; using the quadratic formula shows

1Ay < % <‘(QT2N1Q)jj‘ + \/(QTZMQ)% + 4t2> )

Since @) is orthogonal, z}/ is bounded, and t” is bounded, this shows S* is bounded. ]

In addition, the function G(-,t) is an epi-continuous mapping as a function of ¢. This
fundamental property shows that a homotopy-based algorithm, where G(z,t) is succes-
sively optimized for values of ¢ with ¢ \, 0, might yield a sequence of optimal solutions
to BendersPrimal(x,t) which converge to an optimal solution to BendersPrimal(z). This

is explored in the remainder of the chapter.
Theorem 4.10. The mapping t — G(-,t) fort > 0 is epi-continuous (see Definition 2.37).

Proof. We use the limit definition in [55, Exercise 7.40]. This requires we show for every

t¥ — t and 7 € Q7 that for all sequences z¥ — T,

liminf G(2¥,t") > G(T, 1),

V—00
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and there exists a sequence ¥ — T such that

limsup G(z¥,t") < G(T, t).

V—00

There are three distinct cases: ¢ > 0, t = 0 and 7 feasible, and ¢ = 0 and 7 infeasible.

We show each in turn. Throughout the proof (A\”,s”,S") denotes the optimal solutions to

BendersPrimal(z”,t").

t > 0: Suppose z¥ — 7. If liminf, ,,, G(z",t”) = +oo, then there is nothing to prove.
So assume liminf, ., G(z",t") < 4+00. By Proposition 4.9, (A", s”,S") is a bounded
sequence. So, taking a subsequence of the subsequence attaining liminf, ., G(z",t")
if necessary, we further assume ¢t > 0 for all v and (\”,s",5") — (\,5,5). Lower-
semicontinuity of p(\, s, S;x,t) then gives

liminf G(z", ") = liminf p(\”, 8", S”; ", t")

vV—r00 v—00

Now consider the sequence ¥ = T for all v. If (), 3,5) € argmin G(Z,?), then since

p(A, s, S;x,t) is continuous in ¢ for ¢ > 0,

limsup G(7, t*) < limsup p(), 3, S; 7, t*)

V—00 V—00
=p(\,3,5;7,1)

= G(T,1).
t = 0 and BendersPrimal(Z,0) infeasible: It suffices to show for any 2 — T that

liminf G(z",t") = +oc.

V—r00
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We temporarily define

Ap(x) Ap(z¥) Ap(T)
Ac(x) = | A(x) |, C"=|A(@") Al and C = A(T) A1
Ay () Ay (z”) A ()

Continuity of A, implies A.(z")e; — A-(T)e; for each standard basis vector e;. Then
[55, Proposition 4.30(b)] implies

C” = co{Ac(z")ey, ..., Ac(x")eq} — co{Ac(T)ey, ..., Ac(T)eq} = C.

Let ||| temporarily be the norm on R"# x R™ x §"™. If V' C R"2 x R™ x S"™ and

u € R"8 x R™ x S"™ | then define

d(u,V):= 5g‘f/ lv—ul.

The triangle inequality implies for any ¢ € C, ¢ € C¥, and b € K = {0}"# x R™ x S™
that
e —bll <le =l + llc” — o]

Taking the infimum of both sides over ¢ € C yields
d(b,C) < d(",C) + ||c¢" —b]| .
Now, taking the infimum on both sides over b € K

[ inf Hz—bu] < d(¢!,C) + d(¢, K).

ceC, beK

The infeasibility of BendersPrimal(Z) implies inf, .z yex [[€— 0[] > 0 > 0 for some
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0 > 0, so that
§ <d(¢’,C)+d(c,K)

for v sufficiently large.

Since C* — C with C” and C compact, [55, Theorem 4.35(b)] implies sup,.ccv d(c¢”, C) <
d/2 for all v sufficiently large. So d(¢”,K) > §/2 for all v sufficiently large. Hence any
feasible solution (A”,5,S") to BendersPrimal(z”,t") satisfies d(Aq(z")\,K) > §/2
for v sufficiently large. Using convexity of ¢, Ib, and logdet, there exist subgradients

gi, 1 =1,...,4 and a constant a € R, such that

p(X,s¥, 8" ")
> o+ (g1, Ap(x”)N") + 1" (g2, N) + 1" (g3, —=5") =" (g2, =5")

L HAc@)x = (0,57, 8)]
ot '

Proposition 4.9 implies the optimal solutions (A", s¥, S”) to BendersPrimal(z",t") are
bounded, hence for the sequence of optimal solutions (A", s”, S¥) there exists o/ € R
with
52
()\”,g’l,iSI’lf)eEp()\U7 sV, SV b 1Y) > o + 5 Y.

This shows p(\, sV, S";x",t") — 0o as v — 0.

t = 0 and BendersPrimal(7,0) feasible: Suppose ¥ — Z. As in the argument for ¢ > 0,
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we may assume (A, s”, S¥) is a convergent sequence, with \¥ — X. Then

lim inf G(z", ")

vV—r00

= liminf p(\", 8", S"; 2", ")

V—00

> liminf ¢p(Ay(2")A)

v—00

+ liminf ¢ 1b(>\”) 1 lb(—s”) — tlogdet(—SY)

V—r00

+hm1nf 2 AN + o HA( N =P o HA (a")A = 8"
> lirginf ¢(A¢(x”))\”)

> ¢(Ay(T)N)

> G(7,0),

where the constraint relaxation terms are taken as 0 if ¥ = 0. The second to last

inequality follows because, by Proposition 4.9, the sequence {\”,s”,S”} is bounded
hence

V—00

lim inf ¢ Ih(\") + ¢ lb(—s”) — tlogdet(—S") > 0

hyfgmf 14s(z) A" +—HA( v HAM( A= S|P > 0.

This proves liminf, ., G(z¥,t") > G(Z,0).

Next we must show there exists a sequence ¥ — oo such that limsup,_,. G(2",t") <

G(z,0). To do his we take #¥ = T for all v and bound G(Z, ") above. Let ), 5, and .S
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be optimal solutions to G(Z,0). Define

A= (1= ()X + ()%
s” = (1 — (t)H)5 — (t")%

S = (1—(t")HS — (t")°1.

Then

G(z,t") < p(\",s",S";7,t")
= ¢ (Ap(T)A")
+ tV1b(\") + ¢V Ib(—s")
— t" logdet(—S")
tv _ tv _
+ 1A @el? + L 1A@e o
tl/
+ o Au@e - 117
where we interpret ¢ Ib(\*) = 0 if ¥ = 0, and similarly for ¥ Ib(s") and —t" logdet(S").
Taking the limsup of the rightmost expression as v — oo, and using the continuity of

¢, we obtain

limsup G(7, ") < ¢(Ay(T)N) = G(7,0).

v—00

The following proposition shows that the existence of a strictly feasible point for
BendersPrimal(z) ensures that the limit of solutions of BendersPrimal(z,t) as ¢t N\, 0 will

be feasible for BendersPrimal(z).

Proposition 4.11. Lett” > 0 and (N, s”, S”) be the optimal solutions to BendersPrimal(z",t").

Suppose (x¥,t") — (Z,0) and there exists a strictly feasible point to BendersPrimal(Z,0) .
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Then

lim Ag(z")\” =0,

V—r00
lim A (z")\ — s” =0,
V—r00
lim A, (z")\" — S” = 0.
V—00

Proof. By Proposition 4.9 the sequence {(\”, s¥, 5”)} is bounded. Furthermore, {¢(Ags(x")A\")}
is bounded below because ¢ and A, are smooth, ¢ is proper and continuous on its domain,
and z € Q% and A € A% ! are bounded. Therefore there exists oy € R with

o+ 5 AV P 4 o AN = P 4 o Au(a)N = S < p(X, 87, S5 2, #)

2t 2tv 2t

for all v.

Let (A\*,s*,5%) be a strictly feasible point for BendersPrimal(7,0). Then for v large

enough there exists as € R with

* * * |2 1 * * *
p(X, 8%, 5% 2%, %) < an + o || As(2¥)A "+ 5 IIA( N =S IIAM( AT =S

2t 2t

Since p(A”, 87,87, 2", t") < p(A*, s*, S*; ", t) for each v, the above inequalities give
1 v\ V|2 1 A\ sY A\ V|2
g N g AN +—||A (@) 5|

2tv

1 A G
<ozt o [As@INP + o TAEA = 5717 + oo (A ()3 = 71

2t” 2t”

Multiplying both sides through by ¢” yields

tan + | Ap ()N |° + A (@) = s"|° + [ Au ()N = 87|
< tag + | Ap (@)X + |4 (2N = 5% + [ Au ()X — S
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Taking the limit as v — oo gives
Tim (| Ap ()N |+ A ()N = ") + | Au(a)X = 7|1 < 0,

completing the proof. O

The lemma below proves that if BendersPrimal(Z,0) has a strictly feasible solution and
(x¥,t") — (7,0), then BendersPrimal(x”,t") has a strictly feasible solution for v sufficiently
large. Furthermore, in a sense made precise below, it’s possible to uniformly bound such

strict solutions away from the boundary of the feasible region.

Lemma 4.12. Suppose ¥ — T, Ay(T) is surjective, and there exists X which is strictly

feasible for BendersPrimal(T,0), i.e.

Then for any € > 0 there exists a sequence {\"} and a vy such that each N is strictly feasible
for BendersPrimal(x”,0) if v > vy. Furthermore, vy can also be chosen so that there exists

0 > 0 such that
A > de,

Ay (2N < 61, (4.21)
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for all v > 1.

Proof. Define
Clx)y={Xe Rd} Ap(z)A=0}.

Then [55, Thm 4.32(b)] implies lim, o, C(z") = C(Z). In particular this means there exists
a sequence \” such that \ — X with Ag(z¥)\” = 0 for all v. So for large enough v we have
A > 0. By scaling if necessary, assume without loss of generality that eZ\* = 1 for all v.

The remaining inequalities follow because (z¥, \) — (Z, \) and the mappings

(z, A) = Ay(z)A
(2, \) = A(x)A
(2, \) = Ay(z)A

are all continuous. O

Lemma 4.12 above is used in the next proposition to show any limit as ¢t ~\, 0 of opti-
mal solutions to BendersPrimal(zx,t) is an optimal solution to BendersPrimal(z,0). This

strengthens Proposition 4.11, which only showed the limit, if it exists, is feasible.

Proposition 4.13. Suppose there exists a strictly feasible point to BendersPrimal(Z,0),
(x¥,t") — (Z,0) with t* > 0, and A(T) is surjective. Then any limit point of optimal solu-

tions (N, s”,S”) to BendersPrimal(z”,t") is an optimal solution to BendersPrimal(Z,0).

Proof. To simplify notation, assume the entire sequence of primal optimal solutions (\”, s*, S")
converges to (), 3,S). Proposition 4.11 implies (A, 3, .9) is feasible for BendersPrimal(Z, 0).
Suppose (), 3,5) is not an optimal solution for BendersPrimal(%,0). A point D* =
(A%, s*,5%) which is strictly feasible for BendersPrimal(Z,0) and satisfies ¢p(A,(T)A\*) <
¢(Ay(T)N\) will be constructed. Let D = (X, 5, 5) be an optimal solution for BendersPrimal(z, 0)
and D = (/):, s, §) be strictly feasible for BendersPrimal(z,0). If D is strictly feasible, then
define D*:= D. If D is not strictly feasible, then define D* := (1—a)D+aD, where a € (0,1)
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is chosen sufficiently small so that

6 (As@)((1 = )X+ ad))) < 9(Ag(@)N),

Such an « exists by continuity of ¢.

A sequence of strictly feasible solutions to BendersPrimal(x”, ) approximating D* will
be constructed. The objective function at these approximating points will eventually be lower
than those of (A", s”,.5”), contradicting the optimality of (A\*, s, S¥) for BendersPrimal(z",t")

for every v. This will complete the proof.

Define n = ¢(Ay(T)A) — ¢(Ay(T)A*), so n > 0, and choose € such that if v € R and
lv — Ay (T)N*|| < € then |p(v) — ¢(Ay(T)A*)| < 1/2. Lemma 4.12 applied to € and D* yields
a sequence of points ((A*)”, (s*)", (S*)”) strictly feasible for BendersPrimal(z",¢") with

(3ﬁ V< —de
(SHY = —gel
[(AF)” =X < e

for some § > 0.

Since
P(OA)Y, (57, (S92, 87) = ¢(Ag (") (NF)) + £/ Ib((A)") + tIb((s")") — tlogdet((S*)"),

the later three terms go to 0 as v — 0o and ¢(Ag(z)(\)¥) < ¢(A4(F)A). So, for v sufficiently
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large,

p(z”, 1", (Du)”) < p(a”,t", D).

This contradicts optimality of (A, s”, S¥) for BendersPrimal(x”,#"). Thus (),3,5) is opti-

mal for BendersPrimal(z,0). O

In Proposition 4.13 the assumption A(T) is surjective cannot be removed. The following

provides a counter-example.

Example 4.14. Let Q = [-5,5]*> C R? and

P(z) =z
10
Ag(z¥) =
01
AE(HCV) = [V_l —V_l}
tl/ — V74

and there are no inequality or semidefinite constraints, then

1
PGS, 5327 8) = N+ s (@A
1/2

= )2
1+2

(AL — Ag)2.

So the limit of optimal solutions A\ as v — oo is (0.5,0.5) rather than the optimal solution

(0,1).

To prove corresponding results for the dual variables we require a technical lemma.

Lemma 4.15. For (7,1) € QxR , if (A, 3,5) is the optimal solution to BendersPrimal(Z, )
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P(Ap(@)A) + (N, =7 — Ap(T) Wy — A (@) W — A (T) W + 7e)
> ¢(A¢(E)X) + <§7 w> )

where, as in Proposition 4.4, Z = A4(T)\ and X o7 = Te.

Proof. Let f : R? — R be f(\):=¢(As(T)A). Then f is convex and differentiable at .

Proposition 4.4 implies

Ay(@) "W = —F - A@) T — A@) T — Au(T) T + Te,

w

S0,

(VIO), ) = (=A@, X)
= (=, A(®)%)
=—(w, 2)

(VIN), N) = (—Ags(@)"w, \)

= (4 As(T) "W + A(T) w0, + Au (@) W — e, )

Substituting the above into the subdifferential inequality f(X) > f(A) + (Vf(X), A = X),
which holds for for all A € R?, completes the proof.
m

The following proposition is the dual version of Proposition 4.9. It shows that as ¢ \, 0

the optimal solutions of BendersDual(z,t) are bounded.

Proposition 4.16. Suppose (z¥,t”) — (Z,0) and BendersPrimal(7,0) is strictly feasible.

Define the corresponding sequence {(A\”,s”,S")} and {(w”, wy,w’, wl,v")} of primal-dual
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solutions to BendersPrimal(z”,t) and BendersDual(x”,t”). The sequence {(w",~")} is
bounded. If Ay(T) is surjective, then the sequence {(wy,w!, w,y")} is also bounded, where,

as in (4.16), y* o NV —t"e = 0 and for each v.

Proof. We prove this in several pieces.

w is bounded: Suppose w” is not bounded. Taking a subsequence, if necessary, we may
assume |w”| — oo. By Proposition 4.9 we may also assume, taking a further subse-
quence if necessary, z¥ — Z for some Z where Z is part of an optimal solution to p(Z, 0).
So

lim w” = lim —V¢(2") = =V¢(z)

V—r00 vV—00

where the first equality follows from the first-order optimality conditions and the second
because ¢ is continuously differentiable. This contradiction shows that w” must be

bounded.

~ is bounded: Recall the first-order optimality condition
ve =y + Ag"w + ATw, + Alw, + Alw,

from Proposition 4.4. Taking the inner-product of that condition with A and applying
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Proposition 4.4 again gives

v =1y, \) +(w, 2) + (2, w) + (2, we) + (2, War)
=1t(y, \) +(w, 2) + (2, wg)
+(z — s, wy) + (s, wy)
+ (2 = S, W) + (S, W)
= td+ (w, )~ [
— % |z — s||> + tng

1
— |20 — S||2+tnM

The final expression is bounded by Proposition 4.9.

y, w;, and w,, are bounded: This follows by applying Lemma 4.15, which implies for any

A that

¢(A¢($V))‘> + <)\, -y = AE(xV)TwEV - A1($V)Twzy - AM(xV)Twzl\;[ + 7V€>
> p(Ag(x”)N) + (27, w") .

Let {A”} and § > 0 be obtained from Lemma 4.12 so that (4.21) is satisfied. Inserting

A” into the above inequality yields

O(As(@)N) + (N, =y = Ag(a”) Tt = A (e") w) = Ay(2”) T, +9%)
= O(Ag)X) + (3, =y = Ala") Ty — Ay(a) )+

> ¢(Ap(2”)N) + (27, w”) .

If (y”,w!,w},) is not bounded then, taking a subsequence if necessary to ensure
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|(y”, w’, wy,)|| — oo, divide both sides above by ||(y”, w/, w},)||. Since M is bounded,

as are \”, 2V, v and w", as ¥ — oo we may take a convergence subsequence if necessary

so that
(X —7- A@" S - Au(@) T )
= (% -9) + (~A@X @) + (-A@X, @ ) (4.22)
>0,
where
lim <yy’ w’y’wlf) = (y,w;,wy;) and  lim o=\
v=roo || (y, wy, wip) | v

By construction A and —A, (Z)A are entry-wise positive, while — A, (E)X is positive def-
inite. By the definition of BendersDual(z,t), y¥ > 0, w/ < 0, and w}, < 0. Therefore
each term in(4.22) is non-positive, and hence each term must be zero. This is a contra-
diction because (7, @, iy ) has unit norm while A and — A, (%)X have all positive entries
and —A,,(T)\ is positive definite. This contradiction shows that (y”,w”,w?,) must be

bounded as v — oo.

wg 1s bounded: This follows because
A (e )wy = y"e —y" — AgT (2w — Al (")) — Al (2" )wy,

and Az (7) has full rank. In particular, because singular values depend continuously on

a matrix, this implies that there exists vy > 0 and C' > 0 such that for all v > 1y
[wy]] < Cllve = A" (a")w” — AT (z")wy — A (a”)w}]| -

But 7%, w”, w}/, and w}, are bounded and A,(z") — A,(T), A(z") — A(T), and

Ay (x”) = Ay (T). So the above inequality implies wY is also bounded.
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O

The theorem below builds on all of the previous propositions to give results on the
behavior of optimal solutions to BendersPrimal(x,t) and BendersDual(z,t) as ¢ N\, 0. In
addition, it shows the optimal value function G(z,t) is differentiable for ¢ > 0 and, subject

to regularity conditions, continuous at ¢ = 0.

Theorem 4.17. Assume that ¢ is twice differentiable strictly convex on its domain dom ¢,
which we assume to be open. Moreover, assume there exists a set O with 0 C O on which f,,
[z, fi, and f,, are continuously differentiable. Also, assume Ay(O)int A®' C dom ¢, that
(¥, t") — (%,0) with t* > 0 for each v, and that BendersPrimal(x,0) is strictly feasible.

1. For (z,t) € Q% x R, , the primal-dual solutions
(A, 8,5, 2, 21y 2, 200, W, W, Wy, Wy, Y) EEXF X F xR

and G(z,t) are continuously differentiable.

2. Let {(\",s”,S"), (w”, wy,w’, w,,~v")} be the sequence of primal-dual solutions to
BendersPrimal(z”,t") and BendersDual(x”,t"). If Ax(T) is surjective, then there is
a convergent subsequence of this sequence of primal-dual solutions. Any limit point of
primal-dual solution pairs to BendersPrimal(z¥,t”) is a primal-dual solution pair for

BendersPrimal(7,0).

3. Let {(\,s",8"), (w”, wy,wy,wt,,v")} be the sequence of primal-dual solutions to
BendersPrimal(z”,t”) and BendersDual(z”,t") and assume Ag(T) is surjective. Then
{27}, {24}, {w"}, and {+"} are convergent sequences. If T is objective non-degenerate,
then {\7(z 5} is convergent for each 3 € Distinct(Z). If T is objective and constraint

non-degenerate, then {y*}, {wy}, {w'}, and {w},} are also convergent.

. If Ag(T) is surjective and T is constraint non-degenerate, then lim, . G(z",t") =
J g

G(7,0).



117

Proof. (1) This is a consequence of Theorem 2.42, an instance of the implicit function the-
orem. In the notation of that theorem, take Q = (int A"t x R™_ x S"") x (04 x R )
and f to be p(A,s,S;z,t). Then p is obviously smooth for ¢ > 0, and the transversality
condition on @ is trivially true. The final requirement to apply the theorem is (), s) is a
strong minimizer of p(z,t, \, s). This follows because V?/\’s’ )P 1s positive definite. This can

be seen by writing p(\, s, S; z,t) as
p(A, s, S;2,t) = tlb(A\) + t1b(—s) — tlogdet(—S) + p(A, s, S; x, t), (4.23)

where p is convex and the hessian of the first 3 terms is positive definite on its domain.
So we may apply Theorem 2.42. This gives a local continuously differentiable function
O(z,t) = (A(z,t), s(x,t),S(x,t)). Moreover, since the minimizers A(z,t), s(z,t), and S(z,t)
are unique for each (z,t) € O? these local mappings can be used to construct a global
continuously differentiable extension of ® to all of O x R, , by continuation. Thus \(z, 1),
s(x,t) and S(z,t) are continuously differentiable on Q¢ x R,,. Finally, The optimality
conditions in Proposition 4.4 demonstrate the remaining primal and dual variables are also
continuously differentiable. It follows immediately that G(x,t) is continuously differentiable

on Qd X R++.

(2) Boundedness follows from Propositions 4.9 and 4.16. Continuity of the first order
optimality conditions, (4.16) in Proposition 4.4, prove any limit of solutions is an optimal

solution of the limit.

(3) Recall that any bounded sequence with a single limit point must converge to that
limit point. By (2), limit points of the optimal solutions to BendersPrimal(z”,t") or
BendersDual(z",t”) are optimal solutions to BendersPrimal(Z,0) or BendersDual(Z,0).
So convergence follows for a component of the primal-dual solutions when the correspond-
ing component of the optimal solution to BendersPrimal(Z,0) or BendersDual(T,0) is

BendersDual(Z,0). By definition, Z; is zero, and hence unique. By Theorem 4.7(1), the
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optimal solution Z is unique. By [55, Theorem 11.13|, ¢* is strictly convex. Hence, by
Theorem 4.7(3), the optimal solutions W and 7 are unique as well. If T is also objective
non-degenerate, then Theorem 4.7(2) shows {A7; 5} is unique. Finally, if 7 is constraint

non-generate, then Theorem 4.7(4) gives that the optimal solutions wg, w;, and W, are also

and w,; are unique, then ¥ is also unique.

(4) Applying the first-order optimality conditions in Proposition 4.4 to the definition of
G(z,t) gives

G(z,t) = ¢(z(z,t)) + t1b(A(z,t)) + t1b(s(x,t)) — tlogdet(S(z, 1))

t 2 1 2 1 2
Do 0 + & a0 + £ (o 01 (420

The first term tends to ¢(z(7,0)) as v — oo. Boundedness of {w/}, {w}/}, and {w},} as
v — oo implies the last three terms tend to zero. To complete the proof we need only show

the logarithmic barrier terms vanish as v — oo. For all (z,¢) € Q¢ x R, ,, the equation

Az, t); = t/y(z,t); holds. So

Taking the limit as v — oo gives

lim ¢”log(AY) + ¢ log(yy) = 0.

V—00

By Proposition 4.9 and 4.16, both {\"} and {y”} are bounded, so the above implies ¢ Ib(\*) —
0. A similar argument can be applied to {s”} and {S”} using, respectively, that s(z,t); o
wy(z,t); =t and S(x,t)wy,(x,t) = t1.
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4.5 Variational Analysis

The previous section showed that the optimal value function G(z,t) is continuously differ-
entiable as a function of x for ¢ > 0. This section considers the variational properties of
G(z,t) as a function of x for ¢ > 0 and ¢t = 0. Finally, it is shown that the limit of first-order

stationary points for G(z,t) in x as t N\ 0 is a first-order Clarke stationary point for G(z,0).

If £ is a Euclidian space and g : Q — &, matrix-valued functions A4, : Q% — & of the
form A,(z)e; = g(p;) for i = 1,...,d have particularly simple first and second derivatives.
In particular, this applies to the linear operator-valued functions Ay, Ag, A;, and A,,. For
future reference, these derivatives are derived below. This proposition uses the notation for

differentials introduced in Section 2.5.1

Proposition 4.18. Let £ be a Fuclidian space and g : Q — £ smooth on an open set
containing Q). Define A, : Q% — Lin(R% ) as in (4.5). Then the first and second derivatives
of Ay at x = (B1,...,B4) € Q% are given by

4 Ay @A) = [dag(B)IAB] - dag(Ba)AB]|
and
d;, Ag(2)[Az, Az] = [d%gg(@)[ﬁﬁl,Aﬁl] d%ﬁg(ﬁd)[ABdu Aﬁd]] :
Proof. The given derivatives are straight-forward from the form of A,. ]

The proposition below gives the first and second derivatives of the optimal value function
G(z,t). These derivatives involve both the chain rule and, if written formally, tensors. This
proposition uses the notation for differentials introduced in Section 2.5.1. The differential is

used instead of the more traditional gradient to simplify the notation for the chain rule.
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Proposition 4.19. Fort > 0 the first and second derivatives of G(x,t) are given by

d,G (2, t)[Az] = dd(Ay(2) M, t))dy Ag(2)[Az] A(z, ) (4.25)

+ % (As(@)A (@, 6)7 dy A (2)[A]A (2, 1)

+ (A ()M, 1) — s(z, 1) d A (z) [Az) (2, )

| = | =

+ < (Au(@)A(z, 1) = S(2, 1)), doAu(2)[Az]A (2, 1))

= —w(a, )T d, Ay(z)[Az]\ (@, 1) (4.26)
— () d Ay () [ A\ (2, 1)

— wy(w, )T dy A () Az \(z, )

— (wu (2, 1), do Ay (2)[Az]A (2, 1)) .

and

Ao G(x,t) = dpup(Nz, 1), s(2,t), S(x,t); 2, 1) (4.27)
+ dyrs,9P(AN, 1), s(x, 1), S(x,t); 2, t)dy (N2, t), s(x, t), S (2, 1))

where

doap| A, Az] = (dpAg(2)[A]N)T (A (2)N)d Ay () [Ax] A (4.28)
+ dp(Ap(x)N)der Ag(x)[Az, Ax]A
7 e As(r) AT + 1 (As(0)V) s Au () A, Aa]A

+ % do Ay (2) [ Az]A? + %(AI(:U))\)TdmAI(x)[A:c, A\

+ % ”dIAM(IL‘)[AiL'])\H2 + % (Ay ()N, dpr Ay () [Az, Ax]N)

_ %sTdmA,(x)[Ax, Ax]) — % (S, duu Ay (2)[A, Ax]A)



AP AN, A] = (Ag(2) AN)Td( Ay (2)N)d A () [ Aa]A
 dp(Ag(2)N)dy Ay () [Az] AN
7 (AN o A () A1 AN+ (A As () AN An(r) 2]
+- [(A,(x))\)T do A (2)[AZ) AN + (do A (z)[Az]N)T A,(x)A/\]
(A (@), dyAy (2)[A2]AN) + (dy Ay (2)[Az]A, Ay (2)AN)]

sTd, A (z)[Az] AN — % (S, dy Ay (z)[Ax]AN)

1
ds:p|As, Ax] = —;AsTdIAI(x) [Az]A

ds.plAS, Aa] = — (AS, dAy()[Ar])

and d;(A(z,t),s(x,t),S(z,t)) is given by solving

dawp dxp dasp —e| |dA(,1) —dyap
dop dssp dssp 0 | | dps(z,t) | | —dsp
dsxp dssp dssp 0 | [d.S(z,1) —dsyp
_eT 0 0 0] [dy(z,t)] 0

where

AwPIAN, AN = (Ag(2) AN d*$(Ay()A) (Ag(2) AN)
+ tAXdiag(A)T2AN

1 1 1
1 1A ANE + 5 A AN] + 5 [ A (2)AN]
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(4.29)

(4.30)

(4.31)

(4.32)

(4.33)



1
desp[As, As] = tAsT diag(s) 2As + n | As]|?

dssplAS, AS] = £{S7(AS), §7HAS)) + 1 A5

1
dasp[AN, As] = ;ASTA,(QE)A)\

1
drsp[AX, AS] = n (AS, Ay (z)AN)

dsSp[AS7 AS] =0
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(4.34)

(4.35)

(4.36)
(4.37)

(4.38)

Proof. Before deriving (4.25)-(4.27), several derivatives of p(\, s, S;x,t) are necessary. The

following derivatives are straight-forward, though tedious, to verify:

dp[Azx] = dp(Ay(2)N)dy Ay (z)[Az] A
+ % (A ()N do A (2)[ A2

+ % (A (2)A = )" dA(a)[Ax]A

+ % <AM (CL’))\ — 5, d Ay (CL’) [Al’])\) ’

dAp[AN] = dp(Ay(x)N) Ag(z) AN — t(AHT AN

- 1(AE(x))\)TAE(x)A)\
+ = (A ()X — 5)T A (z) AN

+ - (A ()N = 8, Ay(z)AN),

| = k| =

(4.39)

(4.40)
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dsp[As] = —t(s )T As (4.41)
— (A @A - ) As,
dsp[AS] = =t (S7, AS) (4.42)
1

— > {Au(@)r = 5, AS).

Similarly, the derivatives (4.28)-(4.31) and (4.33)-(4.38) can be computed directly.
Theorem 2.43(3) applied to p(A, s, S;z,t) yields (4.25) and (4.27). In the theorem’s
notation, z is (A, s,5) and y is . Furthermore, in the constraint Az = b, take A(\,s,S) =

e\ and b = 1. In particular, Theorem 2.43(3) gives
do Gz, t)[Ax] = dop(M(x, 1), 5(2, 1), S (2, 1); 2, t)[Ax], (4.43)

(4.27), and (4.32). Equations (4.39) and (4.43) yield (4.25). The alternative expression
(4.26) for d,G(x,t)[Ax] is derived from the first-order conditions in Proposition 4.4.
[l

The optimal value function G(x,t) is not differentiable when ¢ = 0. To compute the
subdifferential will require the subdifferential of the objective of BendersPrimal(z,0) as a

function of A. This is derived in the following proposition.

Proposition 4.20. If
p()\, xZ, O) = ¢(A¢(23))\) + 5{0}”E (AE(.QT))\) + (SRT (AI(.Q?))\) + 6§7i]\4 (AM(ZC))\) + 5Ad—1 ()\)

and
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1. Ag(x)X € int dom ¢

2. p(A\;2,0) is finite at (A, x)

3. The pair (A, ) is constraint non-degenerate,

then p(X\; x,0) is amenable at (A, x). In particular, this implies p(\; x,0) is subdifferentially
reqular at (A, x) with

Ag(x)Tv; + Ap(z)Tvg + Ar(x) o3 + Ay (2) vy + s

€ Oh(\, x)
di(Ap(2)N) 01 + dp(Ap(2)N) g + dy (A (2)N) o3 + dp (A (2)N) T oy
and
Ap(x) va + Aj(x) vg + Ay (x) vy + vs c °h().2)
dy(Ag(2)N) vy + dp (A (2)N)Tvg + (dp (A (2)N), v4)
for all

v1 € 9p(Ag(x)A)

Vo € N{O}”E (AE(ZE))\)
v3 € Npni (A (2)N)
Vg4 € NS':LJVI (AM<.I‘>/\)

Vs € Npad—1 (/\)

Finally, if (0,y) € 0®h(\, x), then y = 0.

Proof. We apply [55, Definition 10.23] to show p(A; z,0) is amenable as a function of (\, z).

The function p(\; x,0) can be written as g o F' with g : F x R? — R proper lsc convex and
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F: A1 x Q% 5 F x R? smooth by setting

g(a1, az,as, a4, a5) = ¢(a1) + doynw (az) + dgrr(as) + dgnar (as) + Gad-1(as), (4.44)
[ Ay(2))\]
Ap(z)A
F\x)= | A(x)\ | - (4.45)
Ay ()
A

All that remains is to show if

v = (Ula V2, V3, V4, U5)

- Ndom¢(A¢(ZL‘))\) X N{O}nE (AE(J})A) X NRT’ (A,(ac))\) X NS:LIM (AM(J}))\) X NAd71<)\)
and dF(x, \)Tv = 0, then v = 0.

We immediately have v; = 0 since Ag(x)\ € int dom ¢. Since
Npa-1(A) = Re + Nga (A),

there exists & € R and v} € Nga (\) such that vs = ae + vi. If dF(z,\)"v = 0 then
dyF(z,\)Tv = 0. So

0=MdyF(z,\)Tv

= )\TA¢(;17)TUQ + A A (2) o3 + AT Ay (2) vy + aXTe + Mo

:a’

using that a’b = 0 if a € Ng(b) for K = {0}"s, R S"™ [12, Exercise 5.11]. Since
A € A%1 there exist indices B C {1,...,d} such that \; > 0 for all i € B. Then (v}); =0
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for all 2 € B. So
[A\F (2, \)T0]; = [Ag(z) vy + A(x) vz + Ay () v4); foralli € B. (4.46)

Then non-degeneracy on constraints implies vy, vs, v4 = 0, so v = 0. Thus p(\;x,t) is

amenable.

Amenable functions are subdifferentially regular by [55, Exercise 10.25(a)]. So the chain
rule, [55, Theorem 10.6], applies to amenable functions, which yields the formulas for the
subdifferential and horizon subdifferential given. The previous paragraph proves the only

element in °h(\, z) whose first component vanishes is (0, 0). O

We can combine the previous proposition with the perturbation theory of optimal value

functions to compute the subdifferential of G(z) = G(z,0).

Proposition 4.21. For any T € dom G,

0G(T) C A()

A@) = {—da(Ap(2)N) T — du( Ap(@)N) W5 — do (A (2)N) 5 — (du( Ay (2)N), Tr)  (4.47)

A € argminy a1 h(A, @), (W, Wy, Wy, Wy;) dual optimal} )

If T is constraint non-degenerate, then 0°G(T) = {0} and 0G(T) # 0.
If T is both objective non-degenerate and constraint non-degenerate, then for each [ €
Distinct(Z) and v',v? € A(T),

1_ 2
E v; = E ;.

i€Z(z,B) i€Z(z,5)
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Also, if v € A(T), then

1
T | 2 € A@),

i€Z(x,x;)
and this also is true when A(T) is replaced with 56’(5) or 0G(T).

Proof. The derivative formula an immediate consequence of [55, Theorem 10.13] combined
with the KKT conditions in Proposition 4.4. The assumptions of [55, Theorem 10.13] are
satisfied because A € A%"! and hence is bounded for all z € dom G.

Similarly, [55, Theorem 10.13] also implies
0°G(T) C {y|(0,y) € 0°h(X,T), X € argmin,cpa 1 h(A,T)}.

If T is constraint non-degenerate, then Proposition 4.20 implies 9®°h(X,7) = {(0,0)}, so
0°G(7) = {0}. Then [55, Corollary 8.10] implies OG(T) # 0.
Note that if v € A(Z) and 8 € Distinct(T), then

D v =M@ (defi(B) W + dp fo(B) W5 + d fi(8) wi + (s fu(B), War))
i€T(z,B)
If 7 is both objective non-degenerate and constraint non-degenerate, then Theorem 4.7 im-
plies A7z and the dual solutions (W, ws,w;,W,;) are unique, hence the above sum is the
same for all v € A(T).
Finally, note that elements of A(Z) are invariant under permutations of indices i € Azz g

with 8 € Distinct(Z). If v € A(T), then

L S € A®),

is simply the average of v over all such permutations. It is also an element of A(Z) by
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convexity. This same argument applies if v € 5G(E) or v € 9G(T). O

The next theorem shows that a limit of stationary points in z for G(x,t) as t \, 0 is
Clarke stationary for G(z,0). This shows that any limit point T of a numerical method which
finds a local optimum z¥ to G(z,t) for a sequence of ¥ \, 0 will give a Clarke stationary
point for BendersPrimal(Z). Note that if G(x,t) was convex over z € €, then Theorem
4.10 and Attouch’s Theorem [55, Theorem 12.35] would give the desired result. However,

Attouch’s Theorem does not apply as G(x,t) is not convex in z.

Theorem 4.22. Suppose (z¥,t") — (Z,0) and
0 € V.G(z",t") + Nqa(z") V.
Then
1. With A(zx) as in Proposition 4.21,

0 € A(T) + Nqa(T).

2. 1If, in addition, T is objective non-degenerate and constraint non-degenerate, then

0 € 0G(T) + Nqa(T).

3. If, in addition to the previous assumptions, 5G(T) £ (), then

0 € IG(T) + Nou(T).

Proof. We prove the claims in the order (1), (3), (2), since the proof of (3) is a simpler

version of the proof of (2).
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(1) By Proposition 4.19,

d,G(z, ) Az = —w(z, )T d, Ay (2)[Az]A (@, 1)
— (i, 1) dy Ay () A2\ (1, 1)
— wy(a, )T dy A () [Az] A (z, )
— (w2, 1), dp Ay (2)[AT]A (2, 1)) -

Theorem 4.17(2) implies there exists a subsequence .J C N such that

lim  d,G(z",t")Ar = —w’d, A4(T)[Ax]\

v—o0, VEJ
— wldy Ap(T)[Az]\
— wl dp A (T)[ Az A
— (W, dp Ay (T)[Az]N)

where A is a solution to BendersPrimal(Z) and (w, wg, w;, w,,) are dual solutions to
BendersDual(Z). That expression is the same as for elements of A(Z) in Proposition 4.21,
SO

lim JV;EG(x”,t”) € A(7).

v—00, VE

The normal cone Nqa(z) is outer semi-continuous as a function of z, so —V,G(x" ") €

Nqa(z") for every v implies

— lim  V,G(z",t") € Nqa(T).

v—00, VEJ

So
0 € A(T) + Nqa(T).

(3) The general strategy will be to combine the components of z¥ with the same limit,

since then the corresponding sum of weights Az, 3) will have a meaningful limit. Then
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Proposition 4.21 can be used to unpack this limit into components in Q.

To make the above more concrete, note for every § € Distinct(T),

wz, ) [ Y do(Ay(@)). [Az)\ (@, 1),

JE€L(Z,B)

=w(z, )" [ Y dsf(B)IAB]A (. t);

JEL(T,B)
=w(z,t) ds f(B) Mgz (@, t) + w(a, ) | Y (daf(B))[AB] — dsf (B)AB)]) Aa, 1),
JEL(T,B)

The second term in the final expression evaluated at (z¥,t") goes to zero as ¥ — oo because
{A(z¥,t")} and {w(z”,t")} are bounded while dg f(8Y) — dgf(5). Then continuity of w(z,?)
and Az 3)(7,1) at (,0) gives

w@”, ) da(Ag(@¥))5[Az] N (2, 1) | = w(Z,0)"ds f(B)A
JEL(z,B)

125 (T, 0)

as v — oQ.

The same reasoning can be applied when Ay and w are replaced by A, and wg or
A, and w; or A, and w,. Doing so gives that for each § € Distinct(Z) the sequence
{3 jer@m VoG (2", t")];} has a limit, namely

Y. (VG #)); = Age) (T 0)dsf, (63) (T, 0)

JEL(@,B)
+ A =z5) (T, 0)ds fo(8:°) "we(, 0)
+ Mgz (T, 0)ds fi(B°) wi (T, 0)
+ Az ) (T, 0)dg fu (B5°) wn (T, 0).

If v € OG (7,0), then comparing the above expression with the expression in Proposition
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4.21 shows

and, furthermore,

1 ~
|I<aj’xj)| z’eI%z;xj)
On the other hand, —V,G(z",t") € Nqa(x") for each each v. So the limit from the previous

paragraph implies

—lim Y (V.G 1)), € No(B),
J€L(z,8)

where the inclusion follows because the normal cone operator is osc. In particular, this shows

1

) | 2 U] € Nal@)

1€L(x,x;)

for each j € {1,...,d}, so 0 € OG(T) + Noa(T).

(2) This can be proven using nearly the exact same proof as for (3), with the fol-
lowing modification. By assumption T is constraint non-degenerate, so Proposition 4.47
implies 0°G(Z) = {0}. Then [55, Theorem 8.49] implies dG(Z,0) = co (0f(T)). So if
v € 0G(7,0), then by Caratheodory’s Theorem there exist dp 4 1 vectors v* € dG(Z, 0),
where £ € {1,...,dp+ 1}, and @ € RP™ with o > 0 and Y, ; = 1, such that

As in (3),
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SO

dp+1
Yo=Y Zagv]‘f)
J€L(@,B) jET(®,B) \ =1
dp+1
=D | >
=1 JEL(z,B)
dp+1
=) lim > (VLG 1),
=1 JEL(Z,B)
= lim Z, (V.G(a", 1)), -
JEL(Z,B)

The above argument shows lim, o0 Y5757 (VoG (2", 87)); = D 75 vj- Otherwise the

argument for (2) is the same as for (3).

4.6 Conclusion

This chapter presented a homotopy method using Benders’ Decomposition for obtaining
optimal solutions to BendersPrimal, a specialized case of F-Primal. The convergence prop-
erties of iterates of this algorithm were investigated along with the optimality properties of
any limit points of the iterates. Under regularity conditions it was shown the primal-dual
solutions of the relaxed problems are bounded as the homotopy parameter decreases to 0,
any primal limit point is a solution, and any limit of first-order critical points is itself a

Clarke first-order critical point.

There are several extensions of the material that can be investigated in future work. In
practice, only approximate critical points of G(x,t) will be found. For such cases, Theorem
4.22 should be extended to use approximate critical points. Additionally, Theorem 4.22
examined the limit of critical points of G(z,t), but not those of the related problem D(x,t).
Extending the analysis of the limiting behavior of critical points of D(z,t) ast \, 0 is another



133

open question.
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Chapter 5
NUMERICAL EXPERIMENTS

5.1 Introduction

This chapter presents numerical results of the algorithm presented in Chapter 4 applied to
the non-parametric maximum likelihood (NPMLE) and optimal experimental design (OptD)
problems. The experiments were run on Ubuntu 14.04 with a Core i5-2500K 3.3 GHz pro-
cessor. All code was written using Python 3.4 and the packages numpy 1.9.1 [59], scipy
0.15.0 [33], cvxopt 1.1.7 [1], and scikit-learn 0.15.2 [49]. Numpy, scipy, and scikit-learn used
the Intel Matrix Kernel Library (MKL) 11.1 for matrix operations.

5.2 Algorithms

5.2.1 Algorithm for BendersPrimal(x)

The results in Chapter 4 suggest the following general algorithm for finding an approximate
optimal solution to BendersPrimal(x).
Require: z € Q4 ¢t >0, a € (0,1)
repeat
x 4— argmin, . G(x, 1)
t <+ at

until Converged

The test for convergence is left unspecified. It could be, for example, measuring a suffi-
ciently small change in optimal solution argmin, G(z,t) or decrease in the the optimal value
of t. Unfortunately, the theory in Chapter 4 does not give guidance on good choices for an

initial ¢ or when t is sufficiently small. Determining a good initial value of z € Q¢ is likewise
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problem dependent.

The optimization min,cqs G(z,t) can be done with standard black-box methods. In the
examples below, box-constrained Newton and L-BFGS-B methods were used [46, 64]. The L-
BFGS-B implementation is from [64] and is called from the scipy.optimize package. The box-
constrained Newton algorithm modifies the hessian matrix by adding adding a sufficiently
large non-negative number to the diagonal to ensure the resulting matrix is positive-definite
with condition number less than 103. This number is determined by computing the minimum
and maximum eigenvalues of the hessian using scipy. If the pure Newton step is feasible,
then an Armijo line search is performed in that direction. Otherwise, the direction of descent
is found by solving a bound-constrained quadratic program using cvxopt, and the Armijo

line search is used on that direction. The algorithm is halted when any of

—d"V,G(z,1)
2max(1, G(zPrev,t))

G(a:curr’ t) _ G(:L,prev’ t) ||xcurr _ l.prevHOO

max(1, G(zPrev t)) |’ max(||zPrev]| 1)

» (IVeG(2, 1)

are less than 10~%, where d is the descent direction.

5.2.2  EM Algorithm

The EM algorithm [19] is a framework for creating likelihood maximizing algorithms for
statistical models with missing data. The EM algorithm alternates between expectation
steps, which take the expected valued of the log-likelihood given estimated parameters,
and mazimization steps, which maximize the expected log-likelihood. The expectation step
takes a particularly simple form for mixture models with a fixed number of components.
Using the notation of Section 3.3.1, if there are D observations y;, K components, and

indicator variables z;. for whether the , then the log-likelihood for the observations y; given
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the unobserved component indicators z;, is

(N z,2) = (

::]b

K
H Akp Z/z|sz =1 Bk))zk>

1 k=1

<.
I

Zit, (log A, +1og (p(vilzie = 1, Br))) -

I
M
Mw

-
I
—
=
Il
i

The expected log-likelihood for previously estimated parameters A\P™¥ and zP™V is

WE
]~

E [€(>\7 z, Z)|y7 )\prev’ xpreV] = E[zlklylv )\preV7 xpreV] (log /\k + IOg (p(yz|2’1k = 17 ﬁk))) )

1

3

% 1

where the expected value E[zy|y;, A, ] is given by

NeP(Yi|zie = 1, Br)
S Ap(ilz = 1, ;)

E[Z¢k|yi,>\7$] =

With no further constraints on the mixture model, the optimization of E' [¢(\, z, z)|y, AP*V, 2P|
can be done over A and z separately. To simplify notation, define py, := E[zi|yi, A, x]. A
straight-forward computation shows the optimal weights A for E [((\, x, z)|y, APV, zP*"] such

that A € AK—1 are N
A — > i1 Pij
j N K :
Zi:l Zk:l Pik

In several common models, such as Poisson and Gaussian mixture models, there is a closed

form solution for max,eqrx S0 S°0 | pi log (p(yi| 2 = 1, Br)). These closed forms are given
in later sections. Note that these closed form solutions do not exist in the presence of

additional constraints on the mixture model.

5.2.3  Multiplicative Algorithm

The multiplicative algorithm [41] finds weights for given matrices in optimal design problems.

Specifically, given matrices Ay,..., Ay € S} and a differentiable convex loss function ® :
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ST — R, it solves
d
inf & A A;
e ()
via multiplicative updates
d
ABEXE o gy (d@ (Z A;?feVAj) Ai> Aprev
j=1

to give the next iterate A"** from the previous iterate A\P*" That is, each component A
is multiplied by — tr (dCD (Z?Zl A?reVAj> Ai>, and the resulting vector is re-normalized to

sum to one, i.e.

fr <d<I> (ZL A;?“”Aj) AZ->
d d prev 4 prev A§rev'
S e (a0 (S0 A A,) Ax) A]

next __

5.3 Non-Parametric Maximum Likelihood

5.3.1 Mixture of Poisson Distributions

The Benders decomposition algorithm was applied to a mixture of Poisson distributions for
the non-parametric maximum likelihood problem NPMLE. The Poisson distribution Poiss(f),

where g € R, ., is a distribution on the non-negative integers with probability mass function
B s
p(ylB) = Sqe

Using this notation, the maximization step in the EM algorithm over z = (34,. .., 8x) € QF
is N
Zi:l PikYi
N 9
> i1 Pik

This has the simple interpretation of 3, being updated as the weighted mean of the data

By = k=1,... K.

points y; according to the weights pix = E[zix|ys, A, x]. The weights p;, can be interpreted

as the probability observation ¢ belongs to component k based on the previous iteration’s
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components.

A sample of size 200 was drawn from the mixture distribution
0.1Poiss(2) 4 0.15Poiss(10) + 0.05Poiss(12) 4 0.2Poiss(15) + 0.25Poiss(37) + 0.05Poiss(41).

Three different algorithms were used to fit the mixture likelihood: Benders decomposition
using L-BFGS-B to optimize G(z,t) for fixed t, Benders decomposition using a bound-
constrained Newton method to optimize G(z, t) for fixed ¢, and the EM algorithm to optimize
the likelihood for a fixed number of mixture components. For the Benders decomposition,
Q = [0.5,50] and penalty parameters ¢ in the Benders algorithms were ¢t = 1, 107!, 1072
1073, 1074, 107°, 5 x 1078 with associated stopping tolerances tol = 107, 107 107,
1071°,10719 1071°. The penalty values were truncated at 5 x 107¢ because the optimization
frequently failed at ¢ = 107%. The Benders algorithm were initialized with a mesh grid of
points between 0.5 and 50 that were spaced 0.5, 1.5, and 4 apart. The EM algorithm with
N components was initialized to be the middle N points of an N+2 evenly spaced mesh
between the smallest and largest observed values. No convergence tests were run on the EM
algorithm, and it was stopped after 400 iterations.

As the results in the table show, for the unconstrained Poisson mixture measure problem
the Benders decomposition gives results with similar negative log-likelihood and marginal
means and variances. The computational cost is, depending on the optimization method

used and the number of support points, between 2x and 10x as expensive computationally.

5.3.2  Mixture of Normal Distributions

The Benders decomposition algorithm and the EM algorithm were also applied to a mixture
of Gaussian distributions for the non-parametric maximum likelihood problem NPMLE. The

Gaussian distribution n(m, ¥) is a distribution on R™ with probability density function

p(y|m, %) = m exp (—%(y —m)T'S y — m)) .
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Method cpu time (s) | objective value | mean | variance
Benders-LBFGSB-99 3.82 3.8500 Te-5 0.0067
Benders-LBFGSB-33 1.75 3.8521 8e-5 0.0066
Benders-LBFGSB-13 0.79 3.8500 3e-5 0.0069

Benders-Newton-99 1.35 3.8500 4e-7 0.0070
Benders-Newton-33 0.55 3.8500 3e-6 0.0069
Benders-Newton-13 0.38 3.8500 6e-7 0.0070
EM-4 0.16 3.8501 <le-15 | 0.0061
EM-5 0.19 3.8501 <le-15 | 0.0061
EM-6 0.22 3.8501 <le-15 | 0.0061
EM-7 0.26 3.8500 <le-15 | 0.0070
EM-8 0.29 3.8500 <le-15 | 0.0071

Table 5.1: Algorithm Comparison for Poisson Mixture Model. Benders-LFBGSB-N is the
Benders decomposition algorithm on an N-point mesh using L-BFGS-B to optimize G(x,t).
Benders-Newton-/N is the same as Benders-LBFGSB-N, except a bound constraint Newton
metod is used to optimize G(x,t). EM-N fits the sample using the EM algorithm with N
components. The column "mean” gives the relative error between the mean of the fitted
distribution and the sample, and likewise for ”variance”.

Similar to the Poisson distribution, the maximization step in the EM algorithm over x =

(B, ..., BK) € QF where ), = (my, i) gives

N
= = PRV

N
> ic1 Pik

Similar to the EM algorithm for mixtures of Poisson distributions, the above formulas have
simple interpretations as weighted sample means and sample variances where the weights are
the probability that y; was generated by component k according to the means and variances

in the previous iteration.
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A sample of size 500 was drawn from the mixture distribution

1 10 1 1 0.5 0 0.5 —0.25
0.7n , 4+ 0.2n , +0.1n )

2 01 0 05 1 3 —-0.25 0.5

Three different algorithms were used to fit the mixture likelihood: Benders decomposition
using L-BFGS-B to optimize G(z,t) for fixed ¢, the EM algorithm to optimize the likelihood
for a fixed number of mixture components, and a hybrid algorithm that optimizes G(x,t)
for fixed t using L-BFGS-B and that is initialized for the first (i.e., largest) ¢ using the
output of the EM algorithm. For Benders decomposition, 2 C R® uses the parameterization

(mq,ma, £1, s, 3) for the normal distribution

my 0y O 6y /3
n ’

mo by U] |0 4y
That is, the means are parameterization directly while the covariance matrices are param-
eterized using their Cholesky factorization. Doing so ensures points § € €2 yield valid
parameters for a normal distribution. In particular, the covariance matrices are always
positive definite. A lower bound of -10 was placed on the means and off-diagonal entries
of the Cholesky factors, and a lower bound of 0.1 was placed on the diagonal entries of
the Cholesky factors. An upper bound of 10 was placed on each component of 3. The
non-hybrid Benders decomposition initialized means by uniformly randomly sampling from
the box whose lower bounds were the entry-wise minima over all the data, and similarly
whose upper bounds were the entry-wise maxima over all the data. The non-hybrid Ben-
ders decomposition covariance matrices were initialized as diagonal matrices with diagonals
equal to the entry-wise sample variance of the data. The hybrid Benders decomposition
was initialized by using the EM algorithm with parameters as described below, except
with a maximum of 100 iterations rather than 400 iterations. The penalty parameters ¢

used for the non-hybrid Benders were ¢t = 1071,1072,1073,107%, 10~ with associated stop-
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ping tolerances of tol = 107%,107°,107°,107°,107°. The hybrid Benders algorithm used
t = 1073,107%,107° with stopping tolerances tol = 1075,1075,1075. The EM algorithm
used was sklearn.mixture. GMM from scikit-learn and was run for up to 400 iterations with
unstructured (i.e., full’) covariance matrices. The default convergence test for the EM algo-
rithm was used, namely the EM algorithm was terminated when the change in the objective
in subsequent iterations was less than 1073,

Compared to the Poisson mixture model problem, the Benders decomposition for the
Gaussian mixture model problem takes substantially longer compared to the EM algorithm.
There are several potential reasons. One is that evaluation of G(z,t) is more complex due
to transformations between the parameterization, a flat vector of means and variances, and
extracting the means and covariance matrices to form A,(z). Another is the usage of a
Quasi-Newton method instead of a Newton method. The number of function evaluations
of G(z,t) becomes much larger as ¢ N\, 0 at the same time the cost of each such evaluation
becomes more expensive. For example, G(z,t) typically takes 5 primal-dual iterations in

cvxopt for larger ¢, but closer to 25 primal-dual iterations for smaller ¢.
5.4 Optimal Experimental Design

The Benders decomposition algorithm described in Chapter 4 was applied to an instance of
the optimal design problem OptD. The specific instance was determining a D-optimal design

for a model as in Example 3.4, with

Q=1[0,3] CR
q4(B) = (e, B, e7, pe)
w(f) = 1.

This example is taken from [41].
The Benders decomposition algorithm is compared against the multiplicative algorithm

for D-Optimality. The Benders decomposition implementation used L-BFGS-B to optimize



Method

cpu time (s)

objective value

objective value stderr

Benders-LBFGSB-2 0.70 1.5181 9e-3
Benders-LBFGSB-3 1.15 1.5104 3e-3
Benders-LBFGSB-4 1.17 1.5050 2e-3
Benders-LBFGSB-5 1.45 1.5013 2e-3
Benders-LBFGSB-6 1.64 1.4959 4e-3
Benders-LBFGSB-7 2.44 1.4905 4e-3
Benders-LBFGSB-8 2.45 1.4845 4e-3
Benders-EM-LBFGSB-2 0.25 1.5146 le-6
Benders-EM-LBFGSB-3 0.34 1.5123 le-16
Benders-EM-LBFGSB-4 0.37 1.5062 le-17
Benders-EM-LBFGSB-5 0.83 1.4980 le-6
Benders-EM-LBFGSB-6 1.01 1.4951 3e-4
Benders-EM-LBFGSB-7 1.27 1.4944 le-4
Benders-EM-LBFGSB-8 2.31 1.4821 4e-3
EM-2 0.05 1.5147 le-6

EM-3 0.07 1.5124 le-16

EM-4 0.10 1.5062 6e-7

EM-5 0.32 1.4989 le-6

EM-6 0.37 1.4968 le-5

EM-7 0.60 1.4946 3e-4

EM-8 0.64 1.4894 le-3
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Table 5.2: Algorithm Comparison for Gaussian Mixture Model. Benders-LFBGSB-N is the
Benders decomposition algorithm on N randomly initialized points 8 € €2 using L-BFGS-
B to optimize G(z,t). Benders-EM-LBFGSB-N is the Benders decomposition algorithm
initialized with the output of the EM algorithm as described in the text. EM-N fits the
sample using the EM algorithm with N components. The column ”objective valued stderr”
gives the standard error of the objective value when the algorithm, including initialization,
was run multiple times on the same data.
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Method cpu time (s) | objective value
Multiplicative-50 0.09 21.232
Multiplicative-100 0.09 20.871
Multiplicative-500 0.16 20.582

Multiplicative-1000 0.19 20.546
Benders-LBFGS-10 0.44 20.509

Table 5.3: Algorithm Comparison for Optimal Design. Benders-LBFGS-10 is the Benders
decomposition algorithm optimized using L-BFGS-B with 16 support points. Multiplicative-
N is the multiplicative algorithm with N support points.

G(z,t) for fixed t. The penalties t = 10, 5, 1, 1071, 1072, 1073, 10~* were used with the
default stopping tolerance. The multiplicative algorithm requires fixed support points. The
support points used are {q(s;), 1 <i # n} where s; = %

As the table shows, the Benders decomposition algorithm took longer than the multi-

plicative algorithm but terminated with a lower objective value. Furthermore, the Benders

decomposition algorithm terminated with only 4 distinct support points.

5.5 Conclusion

This chapter has presented numerical experiments on problems without convex cone con-
straints comparing the Benders decomposition algorithm to popular alternative algorithms
on similar problems. These experiments suggest that, in general, the Benders decomposition
algorithm found lower objective values, but was slower than the alternative algorithms. The
Poisson mixture model experiment suggests using a Quasi-Newton solve to optimize G(z,t)
for fixed ¢t will take long and reach a similar objective value compared to using a Newton
method.

There are several open questions regarding the numerical performance of the Benders
decomposition algorithm presented. The performance of the Benders decomposition algo-
rithm on problems with moments constraints needs quantified. For the NPMLE problem, the

effect of sample size on the algorithms compared, distances between the components, and
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selection procedures for the number of components are all areas of further study. For the
OptD problem, numerical comparisons on problems with larger design matrices and different

design criteria require further investigation.
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