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Quantum chemistry is the field of study that uses quantum mechanics to make chemical

predictions. The chemistry of the systems of interest (atoms and molecules) is faithfully

described by the electronic Dirac equation. The equation describes the relativistic dynamics

of the electrons in a molecule subject to electric forces from the nuclei and other electrons.

For virtually all systems of practical interest, the equation is impossible to solve by means

of exact analytical techniques. Thus, the use of numerical methods becomes inevitable.

The most accurate such method is configuration interaction (CI), which yields the exact

formal solution of the Dirac equation in the complete-basis-set limit. Due to the factorial

growth in the resource requirements of CI calculations, they have historically been applied

to the smallest of chemical systems. In this dissertation, we introduce categorical com-

pression of CI vectors within the small tensor product distributed active space (STP-DAS)

CI framework. We demonstrate its capabilities by conducting a CI calculation consisting

of over one quadrillion determinants, the largest CI calculation to date. We then explore

strategies to accelerate STP-DAS CI calculations by adapting the STP-DAS σ-build step

to graphics-processing units (GPUs). Finally, we use the developed framework to conduct

previously untenable benchmark studies of two state-of-the-art quantum chemical methods,

namely coupled cluster (CC) and density matrix renormalization group (DMRG).
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Chapter 1

INTRODUCTION

1.1 Quantum Mechanics

The very scientific understanding of the universe we inhabit underwent a tumultuous rev-

olution in the eighteenth and nineteenth centuries. Before then, the physical sciences were

simply a collection of seemingly unrelated empirical laws that were deduced by meticulous

observationalists. A canonical example is the formulation of Kepler’s laws [139], which

quantify the motion of stars in orbits around the sun. After extensive analysis of precise

astronomical data observed by Tycho Brahe [140], astronomer Johannes Kepler was able

to effectively fit the data into a mathematical pattern, thereby arriving at the correct ex-

pressions for the elliptical orbits of planets and the time-independence of the area they

sweep.

In 1687, Sir Issac Newton revolutionized the relationship between physical models and

experimental observations. In his landmark work Principia Mathematica [206], he formu-

lated the mathematical laws of classical mechanics, from which one can derive the equations

of motion governing the dynamics of arbitrary objects from the net force applied on them.

Classical mechanics marks a complete paradigm shift: instead of fitting specific observa-

tional data into a post-hoc model to explain specialized phenomena, it constructs a universal

model out of first principles rooted in empirical observations. These axioms, Newton’s three

laws of motion, were then used to derive theoretical predictions such as Kepler’s laws. This

paradigm shift crowned Newton as the father of classical physics.

The remarkable success of axiomatic physical models continued well into the nineteenth

century with Maxwell’s theory of electrodynamics [192] and the theory of thermodynamics

pioneered by Carnot [34], Clausius [40], Gibbs [98], and others. These theories exhibited

remarkable predictive successes and arguably ushered in the industrial revolution with the

invention of the steam engine, electrical grids, and telephone communication lines [33, 123,
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198,276]. For a brief moment in time, it seemed as though the physical laws governing the

universe were completely understood.

Despite its unprecedented successes, the foundations of classical physics began show-

ing cracks by the end of the nineteenth century with the discoveries of the photoelectric

effect [112], blackbody radiation [142], and Einstein’s landmark explanation of Brownian

motion [74]. The latter implied the existence of atoms and molecules which contradicts the

theoretical foundations of classical physics. In a classical model of an atom, in which a

negatively charged electron orbits a positively charged nucleus, the electron experiences a

net force and is therefore accelerating, per Newton’s second law of motion. One can then

use Larmor’s formula [164] to calculate the radiation power of the electron as a function of

its acceleration as

P (t) =
2

3

e2

c3
a(t)2, (1.1)

where e is the charge of the electron and c is the speed of light. This expression can then be

used to obtain the equation of motion of the electron within the Newtonian framework. The

prediction is the complete collapse of the electron into the nucleus in about 10−11 seconds

[214]. Simply put, atoms, molecules, and therefore chemistry, do not exist in the realm of

classical physics. This necessitated a complete rejection of the axioms of classical physics

which had previously been accepted as absolute truths.

The first 27 years of the twentieth century saw some of the brightest minds, such as

Planck [226], Einstein [73], Debye [54], Bohr [24], and de Broglie [51], try to dig physics out

of this catastrophic hole. While these efforts certainly inched us closer to the understanding

of the microscopic world, they did not constitute a theory of the same, and more closely

resembled Kepler’s empirical model rather than an axiomatic one. The first successful such

theory was Schödinger’s theory of quantum mechanics [253]. This theory describes the pos-

sible configurations of all physical systems as a complex Hilbert space H of states. In this

theory, physical observables are Hermitian operators on H . The eigenvalues of the observ-

ables are the possible outcomes of measurements, which are made real by the Hermiticity

requirement. For a given observable, H includes its eigenstates, as well as arbitrary lin-

ear combinations of the same. Such linear combinations do not have definite values with
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respect to the observable, and the predictive extent of the theory is the expectation value

and variance of the measurement.

The dynamics of the system are described by the trajectory its quantum state takes

in the Hilbert space. In accordance with classical physics, the time evolution of states is

generated by the Hamiltonian Ĥ, which is an operator representing the total energy of

the system. Given an initial quantum state |ψ⟩ ∈ H , its dynamics obey the Schödinger

equation,

iℏ
∂

∂t
|ψ(t)⟩ = Ĥ |ψ(t)⟩ . (1.2)

Besides its axiomatic approach to the dynamics of systems, Schödinger’s theory bears little

resemblance to classical mechanics. Newton’s theory is deterministic, that is, once the initial

conditions (position and velocity) of the system are known, the second-order differential

equation of motion can be solved to predict its exact trajectory. This way, a set of initial

conditions corresponds to exactly one trajectory, and vice versa. This is one of the core

axioms completely abandoned by quantum mechanics: a given set of initial conditions

admits a Hilbert space of possible solutions, containing a (possibly infinite) set of basis

states and all of their linear combinations. A full description of the trajectories can never

be determined, and instead, the theory predicts statistical expectation values and moments

of observables.

In the quantum theory, the role of the initial conditions is served by the initial quantum

state of the system. For closed systems, those for which Ĥ is time independent, a set of such

steady states is provided by the eigenstates of the Hamiltonian (energy eigenstates). This

is because the time dependence of energy eigenstates is realized as a simple multiplicative

phase:

iℏ
∂

∂t
|ψ(t)⟩ = E |ψ(t)⟩ =⇒ |ψ(t)⟩ = e−iEt/ℏ |ψ⟩ . (1.3)

These are steady states because for any observable A,

⟨An⟩ (t) = ⟨ψ(t)|An |ψ(t)⟩ = ⟨ψ|An |ψ⟩ e+iEt/ℏe−iEt/ℏ = ⟨ψ|An |ψ⟩ , (1.4)

rendering all expectation values, variances, and higher-order statistical moments time-
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independent.

Concrete predictions can therefore be made by calculating the spectrum of the Hamil-

tonian, that is, the set of energy eigenstates and eigenvalues. This is done by solving the

time-independent Schödinger equation

Ĥ |ψ⟩ = E |ψ⟩ . (1.5)

The solution is commonly found by expressing Eq. (1.5) as a differential equation in position

space and adopting the non-relativistic form of the Hamiltonian:

⟨x| Ĥ |ψ⟩ =

∫
dx′ ⟨x| Ĥ |x′⟩ ⟨x′|ψ⟩ =

∫
dx′δ

(
x− x′)

(
− ℏ2

2m
∇′2 + V

(
x′)
)
⟨x′|ψ⟩

=

(
− ℏ2

2m
∇2 + V (x)

)
⟨x|ψ⟩ = E ⟨x|ψ⟩ . (1.6)

A quantum theory of atoms and molecules was then obtained by substituting Coulomb’s

electrostatic potential [52] for V (x). Due to its simple two-body nature, the first atomic

system to be modeled and solved in this framework was the hydrogen atom [253]. The

Hamiltonian was shown to admit a discrete spectrum of energy eigenvalues, meaning the

steady state solutions have a restricted set of energy quanta they can occupy. Consequently,

states cannot continuously dissipate energy, and the hydrogen atom is stable. The stability

of atoms is in stark contrast with the classical theory and is one of quantum mechanics’s

most celebrated achievements to date.

1.2 Relativity

Around the time the quantum nature of reality was being discovered by the pioneering work

of Planck, Einstein, de Broglie, and others, an orthogonal set of challenges was launched at

classical mechanics from both theoretical and experimental directions.

On the theoretical front, the two main classical theories, classical mechanics and elec-

trodynamics, were shown to be inconsistent with one another. The equation of motion of

classical mechanics,

F (x⃗(t)) = m¨⃗x(t), (1.7)
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is invariant under the following change of coordinates, called a Galilean boost [92]:




x⃗ → x⃗′ = x⃗− v⃗0t,

t → t′ = t+ t0,

(1.8)

for any constant velocity vector v⃗ and time shift t0. Together with spatial translations and

rotations, these transformations form a mathematical group of coordinate changes that leave

the equations of motion invariant. The existence of such a group has profound consequences:

by Noether’s theorem [207], each of the aforementioned transformations corresponds to a

conserved quantity. In the case of classical mechanics, these correspond to the conservation

laws of energy, momentum, and angular momentum. The conserved quantity associated

with Galilean boosts can be shown to be the uniform motion of a system’s center of mass,

a result known as the center of mass theorem.

The equations governing electrodynamics, namely Maxwell’s equations, are not invariant

under Eq. (1.8). Instead, they are invariant under the more cumbersome Lorentz boosts

[182]: 



x → x′ = γ (x− v0t) ,

t → t′ = γ
(
t− vx/c2

)
,

y → y′,

z → z′,

(1.9)

where γ = 1√
1−(v/c)2

is the Lorentz factor, and a boost in the x-direction was chosen without

loss of generality.

The inconsistency between the symmetry groups of both theories cannot be reconciled.

Eq. (1.8) implies a universally agreed-upon time coordinate t for all observers and the

invariance of physical laws under the addition of arbitrarily high velocities, while Eq. (1.9)

does away with a universal notion of time, allows transformations that “rotate” time into

spatial coordinates, and conserves the speed of light c in all reference frames, ensuring that

the trajectories of objects cannot exceed the speed of light in any frame.

The need to abandon the principles of classical mechanics became even more apparent
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after the Michelson-Morley experiment [196] disproved the existence of the luminiferous

aether in 1887. This result served as empirical evidence for the inadequacy of classical

mechanics and ultimately led to the adoption of Einstein’s theory of special relativity [75].

In special relativity, just as in electrodynamics, equations of motion are invariant under the

Lorentz boosts depicted in Eq. (1.9).

1.3 Relativistic Quantum Mechanics

Despite the remarkable success of the Schrödinger equation in predicting properties of atoms

and molecules [253], its manifestly non-relativistic form Eq. (1.6) cannot constitute a com-

plete quantum theory of the microscopic world. The failure to account for relativistic effects

ultimately diminishes its domain of validity, making it unsuitable for the study of heavy

late-row chemical elements. This is because the speed of the electrons is proportional to the

charge of the nucleus they orbit. Upon solving Eq. (1.6) for a hydrogen-like atom consisting

of one electron and one nucleus of charge Z, one can compute the root mean square (RMS)

value of the speed of the electron in the ground state |n = 1, l = 0,m = 0⟩ as [209]

√
⟨v2⟩ =

1

m

√
⟨p2⟩ = Zαc, (1.10)

where α ≈ 1/137 is the fine structure constant. Therefore, the non-relativistic prediction

for the average speed clearly breaks down when Z ≫ 1, as is the case with heavy chemical

elements. For instance, the RMS speed of a ground-state electron in Tellurium is over a third

of the speed of light, exhibiting strong relativistic effects and the inadequacy of Eq. (1.6).

Furthermore, although relativistic effects are strongest in the electronic core, the valence

electrons do not escape unscathed: since the valence electronic states are orthogonal to the

core electronic states, significant relativistic corrections to the core states necessarily affect

the valence electronic states. Put another way, the core and valence electronic states are

not independent. Therefore, relativistic effects have profound consequences for the valence

electrons, and may even alter the very nature of chemical bonds [68]. Other implications

include the liquidity of mercury and the yellow color of gold [209,231,232,288]. All of these

suggest that the incorporation of relativity into quantum theory is crucial for the correct
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qualitative and quantitative description of heavy-element chemical systems.

To account for relativistic effects, one must somehow equalize the footing of the spatial

and the time coordinates in Eq. (1.6). Specifically, the goal is to replace the non-relativistic

Hamiltonian in Eq. (1.6), in which the kinetic energy takes the form p2

2m , by a Lorentz-

covariant counterpart. In accordance with the classical Hamiltonian, the corresponding

quantum operator should obey the operator-valued relativistic energy-momentum relation

pµpµ = E2/c2 − P 2 = m2c2 =⇒ Ĥ2 − c2P̂ 2 = m2c41. (1.11)

Klein and Gordon proposed a relativistic quantum theory [143] which implemented

Eq. (1.11) indirectly by squaring both sides of Eq. (1.2):

−ℏ2 ∂
2

∂t2
|ψ⟩ = Ĥ2 |ψ⟩ =

(
c2P̂ 2 +m2c4

)
|ψ⟩ =

(
−ℏ2c2∇2 +m2c4

)
|ψ⟩ . (1.12)

By using the relativistic energy-momentum relation, the resulting second-order partial dif-

ferential equation is manifestly Lorentz invariant. However, this equation is not a suitable

quantum wave equation because it is not norm-preserving: it can be shown [277] that the

Klein-Gordon wavefunction dissipates probability over time. Simply said, while the Klein-

Gordon equation obeys relativity, it does not obey quantum mechanics!

A different approach was pursued by Dirac [57], in which the energy-momentum relation

of Eq. (1.11) is explicitly implemented into the construction of the Hamiltonian operator.

To do so, a general form of the Hamiltonian is guessed by dimensional analysis:

Ĥ = cα⃗ · p⃗+ βmc2, (1.13)

where ⟨x′| p⃗ |ϕ⟩ = −iℏ∇⃗ ⟨x′|ϕ⟩ is the usual momentum operator and α⃗ and β are some

constant factors. The factors are to be chosen such that Eq. (1.11) is satisfied:

Ĥ2 =
(
cα⃗ · p⃗+ βmc2

)2
= c2 (α⃗ · p⃗)2 + β2m2c4 +mc3 (α⃗ · p⃗β + βα⃗ · p⃗) . (1.14)
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Comparing Eqs. (1.11) and (1.14), the constant factors must satisfy:

{αi, αj} = 2δij , {αi, β} = 0, β2 = 1, (1.15)

where {X,Y } = XY +Y X is the anticommutator. Trivially, the coefficients α⃗ and β cannot

be c-numbers, because {αi, β} = 2αiβ = 0 would imply that α⃗ = 0 or β = 0, making the

implementation of the other two conditions impossible. Furthermore, it can be shown that

the smallest objects satisfying Eq. (1.15), known as the Clifford algebra [41], admit a four-

dimensional matrix representation [57]. It is trivial to verify that Eq. (1.15) is satisfied

by

αi =


 0 σi

σi 0


 , β =


1 0

0 −1


 . (1.16)

Finally, the Dirac equation is obtained by substituting the Hamiltonian defined by Eqs. (1.13)

and (1.16) into the abstract Schrödinger in Eq. (1.2):

iℏ
∂

∂t
ψ = −iℏcα⃗ · ∇⃗+ βmc2ψ. (1.17)

Unlike the Klein-Gordon equation in Eq. (1.12), the Dirac equation successfully meshes

relativity and quantum mechanics together. The former is satisfied because the Dirac ma-

trices, as composed out of Pauli matrices, form a representation of the group SU(2)⊕SU(2)

with the spin quantum numbers (1/2, 0) ⊕ (0, 1/2). As the algebra of the Lorentz group

SO(3, 1) can be “diagonalized” into the algebras of two non-overlapping copies of SU(2)

[277], the Lagrangian corresponding to the Dirac equation turns out to be Lorentz invariant.

The latter can be seen by taking the time derivative of the probability density and applying

Eq. (1.17):

∂t

(
ψ†ψ

)
= ψ† (∂tψ) + c.c = ψ†

(
−cα⃗ · ∇⃗ψ − i/ℏβmc2ψ

)
+ c.c

= 2Re
(
−cψ†α⃗ · ∇⃗ψ − i/ℏmc2 |ψ|2

)
= 2Re

(
−cψ†α⃗ · ∇⃗ψ

)

= −c
(
ψ†α⃗ · ∇⃗ψ + ψα⃗ · ∇⃗ψ†

)
= −c∇⃗ ·

(
ψ†α⃗ψ

)
, (1.18)
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where we used the fact that ∥ψ∥2 ∈ R in the fourth step. This is the continuity equation [78],

and the total conserved charge is the wavefunction norm:

∂t

∫

R3

d3xψ†ψ =

∫

R3

d3x∂t

(
ψ†ψ

)
= −c

∫

R3

d3x∇⃗ ·
(
ψ†α⃗ψ

)
= −c

∫

∂R3

da⃗ ·
(
ψ†α⃗ψ

)
= 0.

(1.19)

By satisfying both Lorentz covariance and probability conservation, the Dirac equa-

tion became the first successful relativistic quantum theory. Further investigation of its

properties [57] reveals that it describes a spin-one-half fermionic particle. It admits both

negative and positive energy solutions, today interpreted as the existence of both electrons

and positrons in the spectrum of the theory [3, 58]. Its four-component nature, due to the

dimensionality of the Dirac matrices of Eq. (1.16), corresponds to the simultaneous and

coupled description of electronic and positronic degrees of freedom as a single quantum

state.

1.4 Relativistic Electronic Structure Theory

The ability of the Dirac equation to successfully describe a relativistic spin-one-half fermion

makes it a natural choice in the study of the electronic relativistic effects in atomic and

molecular systems mentioned in Section 1.3. Steady-state solutions can in principle be

obtained by solving the time-independent Schrödinger equation with the molecular Dirac

Hamiltonian, the many-body equivalent of Eq. (1.13), containing the kinetic energies and

electric interactions of all electrons and nuclei in the system. This approach, while formally

exact, is impractical: no exact solutions exist to the molecular Dirac equation beyond the

hydrogen atom [290]. The need to employ approximations in solving the molecular Dirac

equation is apparent.

One such approximation is the Born-Oppenheimer approximation [26], in which the nu-

clei are treated as classical degrees of freedom. Because the mass of the nuclei is significantly

larger than that of the electrons, it is assumed that the effect of electronic motion on the

nuclei is negligible, and the kinetic nuclear terms are simply omitted from the equation.

By doing so, one arrives at the electronic Dirac equation, in which the nuclear degrees of
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freedom are external parameters:


V

({
R⃗i

})
+mec

2 cσ⃗ · p⃗

cσ⃗ · p⃗ V
({
R⃗i

})
−mec

2




ψ

L
e

({
R⃗i

}
; {r⃗j}

)

ψS
e

({
R⃗i

}
; {r⃗j}

)


 = E


ψ

L
e

({
R⃗i

}
; {r⃗j}

)

ψS
e

({
R⃗i

}
; {r⃗j}

)


 .

(1.20)

Here,
{
R⃗i

}
are the parametric nuclear positions, {r⃗j} are the electronic positions, and

V is the net electric potential energy of the system, consisting of Coulomb (and possibly

Breit [28]) interactions. Crucially, the momentum operator p⃗ in Eq. (1.20) is only with

respect to the electronic positions {r⃗j}. This considerably reduces the dimensionality of

the configuration space, and is the ubiquitous starting point of electronic structure theory

[68,283].

Notably, the Born-Oppenheimer approximation is insufficient for the analysis of many-

body electronic systems at low temperatures [141]. The Einstein-Debye model [54] demon-

strates that at temperatures below the Debye temperature, the heat capacity of solids devi-

ates from the classical Dulong–Petit law [62]. This is because at such temperatures, nuclear

quantum effects become significant, and nuclei may access vibrational degrees of freedom. A

possible treatment of such low-temperature regimes relies on the nuclear-electronic orbital

(NEO) framework [105] and is beyond the scope of this manuscript.

A further reduction in dimensionality can be achieved by decoupling the electronic and

protonic degrees of freedom in the electronic Dirac equation. Because of its Hermiticity,

this can be achieved by unitarily transforming the four-component Dirac Hamiltonian:

U †Ĥ4CU = U †


ĤLL ĤLS

ĤSL ĤSS


U =


Ĥ+ 0

0 Ĥ−


 . (1.21)

Such a transformation expresses Eq. (1.20) as two decoupled sets of equations for the neg-

ative and positive sectors of the system. With the exception of positronic scattering in

molecular systems, the typical chemical energy scale (1 Å) renders the positronic degrees of

freedom ignorable. Consequently, for our purposes, the electronic Dirac equation may be

solved in the positive energy sector alone, resulting in a two-fold reduction in the dimension

of the Hilbert space.
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One approach to apply such a unitary transformation is the Douglas-Kroll-Hess (DKH)

method [60,113,200,220,234,235,294,309,310]. The method formally decouples Ĥ4C by ap-

plying a sequence of unitary transformations based on the free-particle Foldy-Wouthuysen

(FW) transformation [88]. The procedure is perturbative, because successive transforma-

tions decouple the Hamiltonian to an additional order in the electric interaction V .

Another method, which we employ throughout this manuscript, is the exact two-component

(X2C) method [64, 69, 70, 100, 121, 126, 131, 155, 163, 171, 178, 180, 181, 221, 222, 250, 286].

The X2C method seeks to explicitly construct the unitary matrix U by forming two in-

dependent sets of basis vectors for the large and small blocks (see Eq. (1.21)). Since

the exact construction of the decoupling unitary transformation is computationally in-

tractable, one often uses various approximations as proxies for U . One such approxi-

mation is the one-electron X2C (1eX2C) method which only uses the one-electron portion

of Ĥ4C to approximately decouple the Hamiltonian into positive and negative energy sec-

tors [64–67, 69, 70, 100, 119, 126, 155, 163, 171, 177, 178, 180, 181, 183, 221, 222, 260]. The one-

electron portion of the Hamiltonian contains the kinetic energies and the electron-nuclear

interactions, and is computationally easier to decouple than the two-body electric interac-

tion present in V .

1.5 Spectral Methods: Electronic Structure Theory in a Basis

Even after employing the Born-Oppenheimer and 1eX2C approximations, solving the many-

body electronic Dirac equation is still computationally challenging. As exact solutions do

not exist beyond the hydrogen atom [290], one often resorts to numerical methods to solve

the eigenvalue equation Eq. (1.20). A naive approach would be to discretize the Ne-body

electronic position space as a grid and express all derivative and multiplicative operators

as matrices, thereby reducing the problem into an ordinary matrix eigenproblem. Besides

the inability to enforce boundary conditions at spatial infinity, which are critical to ensure

the normalizability of the solutions, the main problem with this approach is its explosive

dimensionality. In this paradigm, the Ne-electron Dirac Hamiltonian is represented by a

DNe ×DNe-dimensional matrix, where D is the size of the grid. Such exponential growth

makes this approach incapable of handling even modestly-sized chemical systems.
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An alternative approach is to use spectral methods, in which one-electron wavefunctions

are represented as a linear combination of pre-defined, analytical spinor orbitals, {ϕPi}No
i=1.

Here, No > Ne, allowing the set of one-electron orbitals to describe electrons in ground

and excited states. Throughout this dissertation, we will focus on the methods suitable

for wavefunctions which decay at spatial infinity. Such methods yield wavefunctions which

faithfully describe localized atoms and molecules. This is in contrast with the family of

methods suitable to treat infinite systems, which employ periodic boundary conditions.

The one-electron orbitals can be used to construct Ne-electron wavefunctions as Slater

determinants:

⟨r⃗1 . . . r⃗Ne | a†P1
· · · a†PNe

|∅⟩ ≡
∣∣ϕP1 · · ·ϕPNe

∣∣ =
1√
Ne!

∣∣∣∣∣∣∣∣∣

ϕP1 (r⃗1) · · · ϕPNe
(r⃗1)

...
. . .

...

ϕP1 (r⃗Ne) · · · ϕPNe
(r⃗Ne)

∣∣∣∣∣∣∣∣∣
. (1.22)

Note that Slater determinants of this form are totally antisymmetric in their arguments

by construction, and are therefore suitable Ne-electron wavefunctions obeying the Pauli

exclusion principle. Expressing the determinant states via creation operators acting on a

vacuum, one can verify that the total antisymmetry yields the anti-commutation relations

[68]
{
aPi , aPj

}
= 0;

{
a†Pi

, aPj

}
= δPiPj , (1.23)

thereby defining a fermionic Fock space. The vacuum state |0⟩ contains no electrons, and

the action of a†Pi
is to occupy the orbital ϕPi (r⃗) with an electron. Using the Slater-Condon

rules [42,273], the electronic Dirac Hamiltonian in Eq. (1.20) can be expressed as

Ĥ =
∑

pq

hpqa
†
paq +

1

2

∑

pqrs

gpqrsa
†
pa

†
rasaq. (1.24)

The coefficients hpq and gpqrs can be determined by the appropriate one- and two-electron
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integrals

hpq ∝
∫
d3x ϕ∗Pp

(x⃗)


σ⃗ · ∇⃗ or

1∥∥∥x⃗− R⃗
∥∥∥


ϕPq (x⃗) ,

gpqrs ∝
∫
d3x1d

3x2 ϕ
∗
Pp

(x⃗1)ϕ
∗
Pr

(x⃗2)

(
1

∥x⃗1 − x⃗2∥

)
ϕPq (x⃗1)ϕPs (x⃗2) , (1.25)

where R⃗ is a nuclear position.

Notably, the number ofNe-electron Slater determinants constructed from the set {ϕPi}No
i=1

is equal to the number of ways to construct a totally-antisymmetric Ne-variable function

out of No basis functions, which is
(
No

Ne

)
. Consequently, the set of all Slater determinants

forms a complete basis for all totally-antisymmetric Ne-variable wavefunctions constructed

from the given orbitals. Therefore, the spectral solution of the Ne-electron Dirac equation

can be expressed as

⟨r⃗1, . . . r⃗Ne |ψ⟩ =
∑

P1···PNe

CP1···PNe
∣∣ϕP1 · · ·ϕPNe

∣∣ (1.26)

for some complex coefficients CP1···PNe . By projecting Eq. (1.20) onto the basis of Slater de-

terminants, the task of solving theNe-electron Dirac equation reduces to an
(
No

Ne

)
-dimensional

matrix eigenproblem. Because the low-lying spectrum is most pertinent to chemistry, this

dimension is often significantly smaller than that of the grid-based approach (DNe) in prac-

tical applications.

Evidently, the successful use of spectral methods hinges on the construction of a set

of orbitals {ϕPi}No
i=1 capable of accurately expressing the low-lying spectrum of the system

via Slater determinants. It is convenient to construct such a set as linear combinations of

atomic orbitals (AOs), which describe the wavefunctions of a hydrogen-like system (in which

a single electron orbits a single nucleus). Because such a system is one of the few example

of exactly-solvable quantum systems, exact expressions for AOs are obtainable [48]. The

solutions can be expressed as

χnlm (r, θ, ϕ) = Rnl(r)Ylm(θ, ϕ), (1.27)
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where r = 0 is the nuclear position, R is the radial function, and Ylm are the usual spherical

harmonics. Similarly to the non-relativistic hydrogen atom [253], the leading-order behavior

of the solutions near the nucleus is [48]

χnlm ≈ rle−r/(2a0)Ylm(θ, ϕ). (1.28)

While formally exact, such one-electron functions (called Slater-type orbitals or STOs [274])

are seldom used in computational spectral methods. This is because projecting Eq. (1.20)

onto STOs entails the evaluation of Eq. (1.25) with exponential functions. Because there are

no closed-form expressions of such integrals, the adoption of STOs requires the (generally

undesirable) numerical evaluation of one- and two-electron integrals.

An alternative set of AOs can be constructed by replacing the exponential in Eq. (1.28)

with a Gaussian centered around the nucleus, resulting in a Gaussian-type orbital (GTO)

[27]:

ξαlm ≈ rle−αr2Ylm(θ, ϕ). (1.29)

A major advantage of GTOs is that the one- and two-electron integrals become simple

Gaussian integrals, which have closed-form expressions obtainable from known recursion

relations [107,210]. Therefore, in contrast with STOs, no numerical integration is required.

This saves computational costs and avoids numerical accuracy and stability issues. As GTOs

are not theoretically motivated and are used merely for convenience, we expect a suitable

AO to be expressed as a linear combination of GTOs,

χnlm =
∑

il′m′

Ail′m′
nlm ξαil′m′ . (1.30)

The choice of contraction coefficients Ail′m′
nlm and exponents αi defines a basis set of AOs.

GTO basis sets are often sufficient for practical computations, but are not without

pathologies. An infamous example is its failure to satisfy Kato’s cusp condition [136]. As

evident in Eq. (1.28), the s-orbital STO (for which l = 0) exhibits a cusp at r = 0 stemming

from the singularity of the Coulomb potential at the nucleus. The Gaussians used in GTOs,

on the other hand, are smooth at r = 0, and no linear combination of them is capable of
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reproducing the cusp. More severely, purely electronic cusps also arise from the singularity

inherent in the electron-electron interaction. Thus, the computational advantages of GTOs

come at the cost of a complete description of the sought-after electronic wavefunction.

1.6 The Mean-Field Solution

Equipped with a set of AOs describing the wavefunction of a single electron orbiting a

single nucleus, we seek a set of molecular orbitals (MOs) that describe the wavefunction of

a single electron orbiting multiple nuclei. A common choice is to construct a set
{
ϕ′Pi

}No

i=1
of

MOs that minimizes the energy expectation value of a single Slater determinant. Expressed

in terms of the AOs, we seek a unitary (inner-product-preserving) transformation ϕ′Pi
=

∑
j Uijϕ

′
Pj

such that

⟨0| Ĥ |0⟩ ≡ ⟨∅|a′PNe
· · · a′P1

Ĥa′†P1
· · · a′†PNe

|∅⟩ (1.31)

is minimized, where the identification between the orbitals ϕ′Pj
and the Fock-space creation

operators a′†Pj
of Eq. (1.22) was used.

To this end, we parameterize the sought-after unitary transformation in Fock space as

U = eκ̂, where κ̂ is an anti-Hermitian generator of orbital rotations (ensuring the unitarity

of Û). Without loss of generality, we take κ̂ to be of first order:

κ̂ =
∑

pq

κpqa
†
paq, (1.32)

where the anti-Hermiticity of κ̂ and the anticommutation relations of Eq. (1.23) imply that

κpq = −κ∗qp. (1.33)

We seek rotation parameters that minimize Eq. (1.31). Plugging in Eq. (1.32) and
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applying the Baker–Campbell–Hausdorff (BCH) formula [11,32,106], we obtain [68]:

E′ = ⟨0| e−κ̂Ĥeκ̂ |0⟩ = ⟨0|
(
Ĥ +

[
Ĥ, κ̂

]
+

1

2!

[[
Ĥ, κ̂

]
, κ̂
]

+ . . .

)
|0⟩

= ⟨0| Ĥ |0⟩+ ⟨0|
[
Ĥ, κ̂

]
|0⟩+ ⟨0|

[[
Ĥ, κ̂

]
, κ̂
]
|0⟩

= E +
∑

pq

κpq ⟨0|
[
Ĥ, a†paq

]
|0⟩+

∑

pqrs

κpqκrs ⟨0|
[[
Ĥ, a†paq

]
, a†ras

]
+ . . .

≡ E +
∑

pq

κpq ĝpq +
∑

pqrs

κpqκrsĜpq;rs + . . . (1.34)

We thus obtain an expression for the energy E′ of the Slater determinant of the rotated

MOs as an infinite expansion in powers of the rotation parameters. The first term in the

expansion is the energy of the original Slater determinant. The factors multiplying the

first- and second-order terms, ĝpq and Ĝpq;rs, are therefore called the orbital gradients and

Hessians.

The expression for the energy of the transformed Slater determinant can then be mini-

mized by setting its derivatives with respect to all rotation parameters κpq equal to zero:

0 =
∂E′

∂κpq
= ĝpq +

1

2

∑

rs

κrs

(
Ĝpq;rs + Ĝrs;pq

)
+ . . . (1.35)

Truncated at the order presented here, Eq. (1.35) is a linear equation for the rotation

parameters κpq. These linear equations can be solved iteratively until the solution to the

untruncated equation is obtained, at which point the orbital gradients will vanish.

To interpret the solution prescribed by the procedure above, we use Eq. (1.24) to obtain

the explicit orbital gradient as [68]

gpq = ⟨0|
[
Ĥ, a†paq

]
|0⟩ = · · · =

(
hqp +

∑

r

grrqp − gqrrp
)
−
(
hpq +

∑

r

grrpq − gprrq
)∗

= fqp−f∗pq,

(1.36)

where

fqp ≡ hqp +
∑

r

grrqp − gqrrp (1.37)

is the Fock matrix. Exact solutions of Eq. (1.35) correspond to gpq = fqp−f∗pq = 0, satisfied
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by a set of MOs that diagonalize the Fock matrix. As Eq. (1.37) contains contributions from

all orbitals r ̸= p, q, it is readily understood as capturing the average electric interaction

an electron experiences due to the electric field generated by all other electrons. For this

reason, this solution is called the mean-field (or Hartree-Fock) solution to Eq. (1.20).

1.7 Configuration Interaction and Electronic Correlation

Armed with the mean-field MOs, we can now solve Eq. (1.20) by projecting it onto the

corresponding
(
No

Ne

)
-dimensional basis of Slater determinants. In the configuration interac-

tion (CI) method, all possible Slater determinants (configurations) are generated from the

reference mean-field determinant as

|ψ⟩CI =
∑

K

CK |K⟩, (1.38)

|K⟩ ∈ {|0⟩, |0ai ⟩, |0abij ⟩, ...},

where {|0ai ⟩, |0abij ⟩, ...} are Slater determinants generated from the reference mean-field de-

terminant |0⟩ by applying the excitation operators:

|0ai ⟩ = Êai |0⟩ ≡ a†aai |0⟩ ; |0abij ⟩ = êaibj |0⟩ ≡ a†aa†bajai |0⟩ . (1.39)

The coefficients CK are then obtained by diagonalizing the
(
No

Ne

)
×
(
No

Ne

)
-dimensional Hamilto-

nian matrix H ≡ ⟨L| Ĥ |K⟩. The inclusion of all possible excited configurations in Eq. (1.38)

leads to the full CI (FCI) solution of Eq. (1.20).

FCI offers the most complete and accurate description of the electronic structure of

chemical systems within a given basis set, providing the exact spectral solution to the non-

relativistic electronic Schrödinger equation [134,263,264,268,284,295]. Due to its variational

nature, FCI is particularly well-suited for treating strong relativistic effects, such as spin-

orbit and spin-spin couplings [2,17,18,120,121,130,132,146–149,183,238,260,270,289,300].

At its core, solving the FCI problem reduces to diagonalizing a large many-electron

Hamiltonian matrix. This matrix is Hermitian, sparse, and typically diagonally dominant,

making it well-suited for iterative diagonalization techniques that can efficiently converge
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a few eigenstates without requiring the full storage or construction of the entire matrix.

However, as the number of determinants grows factorially with system size (reflecting the

combinatorial nature of Slater determinant enumeration within the full Hilbert space), even

iterative methods become intractable beyond a certain threshold.

One approximate method that aims to approximate the FCI solution is complete ac-

tive space CI (CASCI). In the CASCI method [85–87, 95, 145–147, 150, 213, 243, 302], it is

assumed that only a subspace of the full Hilbert space of the system contains meaningful

correlation, and the FCI wavefunction is approximated as the CI wavefunction in the trun-

cated space (the so-called active space). The truncation often leads to an underestimation

of dynamic correlation. Applying more computationally demanding methods such as mul-

ticonfigurational self-consistent field (MCSCF) [17, 94, 132, 144, 174, 185, 187, 188, 238, 270,

284, 289, 301, 305, 306, 319], multireference configuration interaction (MRCI) [115, 121, 174–

176,189,246,284,304], and many-body perturbation theory (MRPT2, CASPT2, NEVPT2,

MC-PDFT) [5–7, 35, 172, 183, 186, 244, 270, 300] is typically required to achieve qualitative

and quantitative agreement with experiment.

In both the FCI and CASCI cases, the Hamiltonian matrix is usually diagonalized by

Krylov subspace methods [159] suitable for large sparse matrices. One such method is the

iterative Davidson method [49], which diagonalizes the Hamiltonian in a linear subspace

spanned by CI coefficient vectors {{C⃗1}, . . . , {C⃗N}}. The method requires the evaluation

of the computationally-intensive matrix-vector product

σK =
∑

pq

∑

L

hpq ⟨K| Êpq |L⟩CL

+
1

2

∑

pqrs

∑

L

gpqrs ⟨K| êpqrs |L⟩CL

=
∑

pq

∑

L

h′pq ⟨K| Êpq |L⟩CL

+
1

2

∑

pqrs

∑

L,J

gpqrs ⟨K| Êpq |J⟩ ⟨J | Êrs |L⟩CL, (1.40)

where we used [150,271]

êpqrs = ÊpqÊrs − δqrÊps (1.41)
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and

h′pq = hpq −
1

2

∑

r

gprrq. (1.42)

The result of this contraction, called the σ-vector, is then used to project the configuration-

space Hamiltonian matrix onto the selected subspace. Upon diagonalizing the subspace

Hamiltonian matrix, one computes the Ritz residual [239] of the subspace eigenvector C⃗ as

r⃗ ≡ HC⃗ − EC⃗ = HC⃗ −
(
C⃗†HC⃗

)
C⃗. (1.43)

The residual measures the vectorial deviation between the subspace eigenvector C⃗ and its

true configuration-space counterpart. Because the residual is orthogonal to C⃗, it is often

used to expand the subspace. Thus, Krylov methods iteratively expand the subspace,

thereby converging to the true configuration-space solution.

The factorial growth of the configuration space with the number of correlated MOs

and electrons renders the explicit construction of the Hamiltonian matrix practically im-

possible. Therefore, within the Davidson procedure, Eq. (1.40) is evaluated using one-

electron excitation lists. These lists map each Slater determinant K to a list of all con-

figurations L connected to K by exciting a single electron. Because K is connected to

exactly Ne× (No −Ne + 1) configurations, the total size of the one-electron excitation lists

is
(
No

Ne

)
×Ne×(No −Ne + 1). Thus, the use of excitation lists drastically reduces the memory

footprint of the iterative diagonalization, which otherwise would require the explicit storage

of the
(
No

Ne

)
×
(
No

Ne

)
Hamiltonian matrix.

Software implementations of Eq. (1.40) based on excitation lists must assign a binary

code, namely an address, to each determinant K in the configuration space. Under a

generic addressing scheme, the addresses of all relevant determinants would need to be

computed and stored before the diagonalization procedure, and the evaluation of Eq. (1.40)

would require the list of all determinant addresses to be sorted. To circumvent these

computationally-expensive steps, Knowles and Handy [150, 152] introduced their string-

based paradigm based on a graphical representation of the orbital space [61].

The strings, which correspond to walks in the graph, form a contiguously-ordered one-
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to-one map between configuration determinants and integer-valued addresses. To generate

the addresses, the graph vertices (labeled by the number of electrons e and the number

of orbitals o) are assigned a weight w(e, o). Edges connecting two vertices are assigned

edge weights w((e, o), (e′, o′)). Under the usual lexical ordering, the tail vertex (Ne, No)

is assigned a weight of 1. The weights of all other vertices are then computed recursively

as [150,152,267]

w(e, o) = w(e+ 1, o+ 1) + w(e, o+ 1). (1.44)

Edges of the form ((e, o), (e, o + 1)) correspond to a configuration in which MO o + 1 is

unoccupied and are assigned zero weight. The other type of edge occupies MO o + 1 with

electron e+ 1 and is weighted as

w((e, o), (e+ 1, o+ 1)) = w(e+ 1, o+ 1) + · · ·+ w(e+ 1, e+ 1). (1.45)

The address strings are then generated from a walk in the graph {eo}No−1
o=0 as

|K⟩ 7→
No−1∑

o=0

w ((eo, o), (eo+1, o+ 1)) . (1.46)

The generation of the excitation lists and the corresponding determinant addressing

scheme, which will be discussed in detail throughout this dissertation, are at the core

of any software implementation of the CI procedure. The purpose of implementing this

computationally-nontrivial procedure is ultimately to recover electronic correlation energy

into the mean-field solution discussed in Section 1.6, defined as the difference between the

true and mean-field energies,

Ecorr = Eexact − EMF. (1.47)

Other methods to recover electronic correlation energy back into the mean-field solution

include density-functional theory (DFT) [19, 20, 55, 56, 71, 103, 116, 127, 135, 154, 166, 167,

173, 219, 223, 225, 257, 278, 324], multireference second-order perturbation theory (MRPT2,

CASPT2) [5, 6, 35, 183, 186, 244, 270, 300], coupled cluster (CC) [14, 15, 47, 208, 230, 256],

the GW and Bethe-Salpeter equation (BSE) methods [23, 29, 109, 125, 215, 241, 279], as
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well as stochastic methods such as quantum Monte Carlo (QMC) [25, 36, 37, 89, 193, 195,

237]. Nevertheless, CI serves as the most accurate post-mean-field method, recovering the

formally-exact spectral solution to Eq. (1.20) in the limit of a complete basis set. Therefore,

CI is highly useful in the benchmarking of the aforementioned methods. As will be shown in

Chapter 5, such benchmark studies can reveal the domain of validity and general convergence

behavior of more approximate state-of-the-art electronic structure methods.
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Chapter 2

REVIEW OF THE STP-DAS FRAMEWORK

2.1 Introduction

Full configuration interaction (CI) provides the most accurate electronic structure descrip-

tion of a molecular system in a given basis [134, 263, 264, 268, 284, 295]. However, its com-

putational cost grows factorially with the system’s size due to the combinatorial increase in

the number of configurations, as it includes all possible excited states within the complete

orbital space. Significant work has been invested in developing approximate CI techniques,

as exemplified by the complete active space (CAS) approach [213,243] along with its numer-

ous variants and enhancements. The CAS approach specifically focuses on configurations

that arise from a limited active space, which consists of a selection of orbitals and electrons

deemed chemically significant. While the CAS framework effectively addresses static cor-

relation, it often fails to capture a substantial portion of the dynamic correlation arising

from excitations beyond the active space. This limitation can be overcome by incorporating

multireference configuration interaction (MRCI) to account for the missing dynamic cor-

relation. [115, 121, 174–176, 284, 304] and multireference second-order perturbation theory

(MRPT2, CASPT2) [5, 6, 35,183,186,244,270,300].

To minimize the number of configurations in the CI expansion further, implementing

limitations on excitation operators is effective, resulting in the development of the restricted

active space (RAS) [144,190,213] and occupation restricted multiple active space (ORMAS)

methods [128,129]. A more generalized strategy involves dividing the total correlation space

into smaller generalized active spaces (GASs) [85–87, 146, 147, 185, 213, 301]. The primary

benefit of GAS lies in its ability to apply a broad framework of excitation constraints,

providing a flexible framework for truncated CI types of electronic structure calculations.

Recent advancements in CI-based relativistic methods, which variationally incorporate

both scalar relativity and spin-orbit couplings at the molecular orbital level, have spurred a
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new era in multi-reference electronic structure theory [2,17,18,120,121,130,132,146–149,183,

238,260,270,289,300]. This progress is largely motivated by improvements in core-electron

spectroscopies, research in magnetic and spintronic materials, as well as the chemistry of

rare-earth and heavy elements. Employing two- and four-component complex-valued or-

bitals within Kramers’ unrestricted framework [68,236] inherently results in increased com-

putational requirements for CI-based relativistic methods, as manifested by a significantly

larger configurational space, a less sparse CI vector, and a higher count of floating-point

operations compared to their non-relativistic counterparts.

In computations using CI or its various approximations, constructing the Hamiltonian

matrix demands an algorithm capable of efficiently navigating through all determinants,

with constraints on excitation operators and the active space. This process is commonly

referred to as the CI addressing scheme. Since the CI addressing scheme is the core en-

gine of any high-performance CI calculation, considerable efforts have been directed toward

developing highly vectorized CI algorithms optimized to take advantage of the capabilities

of modern computational infrastructures. Handy’s string-based addressing scheme [150]

stands out as one of the most effective methodologies and is implemented in almost all

high-performance CI programs. The string-based addressing scheme can efficiently produce

a unique address for each configuration, leading to a precomputed list of non-zero exci-

tations that facilitates a highly vectorized construction of the CI Hamiltonian. However,

the storage of the excitation list from calculations involving large active spaces presents a

significant computational challenge. For a CI problem with N configurations, the size of

each CI vector grows linearly with respect to N while the size of the one-electron excitation

list expands quadratically. For example, in a CAS calculation involving 42 Kramers’ un-

restricted orbitals and 24 electrons, the combinatorial factor
(
42
24

)
implies that the storage

requirement for each CI vector is 1 TB (using complex-valued double precision). However,

to store the non-zero elements of the one-electron excitation list, an estimated 1.8 petabytes

(PB) of memory would be needed even with bit-wise compression. The size of this list is

proportional to ne× (nh +1)×N , where ne is the number of electrons and nh is the number

of holes (unoccupied orbitals) in the complete active space.

Simply put, the bottleneck for CI methods is the memory requirement arising from the
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storage of the excitation list, which practical CI-based methods must work to circumvent.

The seminal works for direct CI calculations aimed to optimize memory storage and locality

[150, 212, 271, 318] sometimes at the cost of additional computation. In the modern era

of heterogeneous computation, this bottleneck is particularly critical for performance on

accelerators such as graphical processing units (GPUs), as the memory on accelerators is

limited and data transfer with the accelerator might be constrained by the bandwidth and

latency [83,84]. A straightforward solution is to distribute the excitation list among multiple

computing nodes [59]. Indeed, several recent efforts have focused on developing a distributed

CI framework, albeit at the cost of utilizing several hundreds of high-memory computing

nodes [95,146,147,302]. Nonetheless, this approach does not alleviate the demand for large-

scale CI applications that can be executed on conventional workstations or small computing

clusters.

Minimizing the memory needs for extensive CI calculations on a single workstation or

laptop, while simultaneously enhancing scalability for massively parallel computing, may

appear as divergent goals. Yet, they form the central objective of this work, and we demon-

strate that optimizations for both small-scale and large-scale resources can complement each

other. Additionally, we aim to establish a versatile framework capable of supporting various

CI methods such as CAS, RAS, GAS, MRCI, and MRPT2, applicable to both relativistic

and non-relativistic theories.

In this work, we advance CI methods by introducing a novel small-tensor-product (STP)

addressing scheme that dramatically reduces storage requirements while being fully compat-

ible with distributed computing environments. This advancement leverages the proposed

distributed active space (DAS) framework, which separates inter-space and intra-space ex-

citations in the loop structure, as well as global and local phase factors in the symbolic

matrix elements. Through a carefully designed three-tiered addressing structure, the STP-

DAS framework eliminates the necessity of storing a global excitation list. Instead, it adopts

a small-tensor-product algorithm using a localized addressing strategy and is tailored for

efficient vectorization and parallel processing. The hallmark of this research is the STP-

DAS framework’s seamless support for large-scale CI calculations, applicable across both

single-node systems with constrained memory resources and expansive, distributed super-
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computing infrastructures.

2.2 Distributed Active Space Configuration Interaction

2.2.1 Statement of the Problem

As stated above the σ vector formation is the most expensive part of a CI calculation.

Eq. (1.40) can be readily partitioned into one-electron and two-electron contributions,

σK = 1eσK + 2eσK

1eσK =
∑

pq

∑

L

h′pq ⟨K| Êpq |L⟩CL

2eσK =
1

2

∑

pqrs

∑

L,J

gpqrs ⟨K| Êpq |J⟩ ⟨J | Êrs |L⟩CL (2.1)

The bulk of the computational effort comes from the two-electron part of Eq. (2.1). As such

the efficient construction of the two-electron contribution to the σ vector formation has

been the focus of several studies over the years primarily for nonrelativistic Hamiltonians

[150,212,271,318]. The emergent state of the art methods for large-scale CI problems from

the decades of effort can be characterized as direct methods which generate matrix elements

on-the-fly from one-electron excitation lists ⟨K| Êpq |J⟩ with differing orders of contraction

in Eq. (2.1). However, for extremely large CI calculations distributed over many nodes the

storage of the excitation lists becomes unmanageable.

In this work, we aim to reformulate the structure of the loops in Eq. (2.1) by factorization

into many small tensor products and considering only nonzero combinations – which is

henceforth referred to as a tensor-looping algorithm – facilitated by a distributed active

space partitioning scheme. The goal is to identify a partitioning of the orbital space which

allows us to circumvent the storage of extremely large excitation lists by writing the two-

electron contribution solely in terms of small tensor products local to the partitioned space.

If such a partitioning is possible, one would be able to reuse excitation lists between spaces

and additionally store much smaller excitation lists. Crucially, we seek a partitioning which

is exact and does not introduce any approximations relative to the full space when all

excitations between the partitioned space are allowed.
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In the CI community, ORMAS [128, 129] and GAS are common orbital partitioning

schemes [85–87, 146, 147, 185, 213, 301]. These partitioning schemes differ based on their

occupation schemes. ORMAS bounds the minimum and maximum occupation for each

space, and GAS places bounds on the accumulated electron occupation number for each

successive orbital space. These methods have been successful when forming approximate

full CI spaces, however neither partitioning scheme provides a computational advantage

when exactly partitioning a full CI space, i.e., when there is no limit on the interspace

excitations.

As we will demonstrate in the following sections, the STP-DAS framework can provide

a computational advantage even in the limit of full interspace excitations, by breaking the

sigma build into small tensor products. The following sections are technical but lay out

important foundations of the STP-DAS framework for CI-based calculations. Readers who

are primarily interested in the final STP-DAS σ build expressions may skip directly to

Section 2.2.7.

2.2.2 The Distributed Active Space Framework

In the DAS framework, the total correlation space is defined with a collection of active

orbitals {ϕ} whose cardinality is M = |{ϕ}| (i.e., the total number of orbitals), a total

number of active electrons ne, and the determinants |K⟩ generated either by the CAS or

MRCI method.

Analogous to the generalized active space (GAS) approach, the total correlation space

can be partitioned into an arbitrary number of distributed active spaces (DASs). In the

absence of excitation constraints between these spaces, DAS becomes equivalent to CAS.

On the other hand, imposing limits on the number of electrons or holes within each DAS

creates a situation reminiscent of RAS, ORMAS, and GAS.

In the CI σ build, the global address of each K is uniquely defined. Addressing each

determinant in CAS can be efficiently done with a string-based method, leading to a highly

vectorized algorithm. A similar string-based addressing scheme has been extended to RAS

with excitation restrictions [121]. However, for large CAS calculations, it is not feasible to
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save the complete global address with the excitation list. An efficient addressing scheme is

critical for the large-scale parallelization of CI codes, and reducing the memory demands

for the excitation list is essential for their broad practical use. Our strategy to accomplish

these objectives involves fully separating global and local addresses to enable small tensor

products in the σ build.

Figure 2.1 illustrates the STP-DAS mapping scheme, using CAS as example. In this illus-

tration, a CAS problem is mapped onto multiple DASs. In contrast to the RAS addressing

scheme where excitation restrictions are enforced in the map that generates strings [121],

the first step in the STP-DAS framework involves differentiating between excitations within

a space (intra-space) and those between different spaces (inter-space). This separation is

achieved through a process known as categorical excitations, which creates various con-

figuration categories by promoting electrons from one DAS to another, following specific

excitation constraints. This process is shown schematically in Figure 2.1.

For CAS, there are no limitations on inter-space excitations. Imposing constraints on

these excitations transforms the approach into RAS, ORMAS, GAS, or MRCI methods,

thus rendering STP-DAS a versatile structure suitable for a broad spectrum of multicon-

figurational techniques. Following the separation of inter-space and intra-space excitations,

each DAS is treated as an intra-space complete active space. This approach incorporates

every possible excitation, making it compatible with the efficient string-based addressing

scheme for computational processing, allowing for small tensor products embedded in a

tensor looping algorithm.

The STP-DAS framework does not result in decreased accuracy as the total number of

excitations, and thus the total number of determinants, remains unchanged. However, the

advantage of STP-DAS comes from the fact that it is only necessary to store strings for intra-

space excitations used in small tensor products and tensor looping. This means that when

two DASs share the same configuration, even if they belong to different categories or consist

of different orbitals, they can utilize the same intra-space excitation list and small tensor

products. For instance, in CAS calculations involving 40 spinor orbitals and 20 electrons,
(
40
20

)
, 637 TB of memory would be required to store the excitation list. By adopting the DAS

approach illustrated in Figure 2.1, where the correlation space is segmented into four DASs
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Figure 2.1. Space Partitioning in STP-DAS. Boxes symbolize active regions. Within these boxes, shaded
portions indicate electron occupations, while white areas represent empty orbitals. A CAS problem is mapped
onto multiple DASs. Distinct categories of configurations are produced by categorical excitations, depicted
by green arrows. In every category, each DAS is treated as a complete active space, including all possible
excitations, illustrated by blue arrows.

each containing 10 orbitals, the memory requirement is dramatically reduced. In this case,

one only needs to store intra- and inter-space excitation lists for
(
10
1

)
,
(
10
2

)
, · · · ,

(
10
9

)
CAS

strings, which collectively only require 200 MB of memory. Note that any type of space

partition will reduce the total number of strings generated from the smaller combinatorics.

However, we advocate for equal space partitioning to maximize the reduction and take

advantage of the reuse of the excitation list (see Section 3.4 for a detailed discussion).

The discussion above highlights the efficiency of the STP-DAS framework in managing

computational resources through the reuse of intra-space excitation lists in small tensor

products. Nonetheless, the process of identifying and reutilizing these lists is a challenging

task. The complexity arises because, within the excitation list, the symbolic matrix elements

vary across different DASs, even when they utilize identical local addressing strings. This

complexity presents a significant challenge and restricts the application of the RAS/GAS

approach to merely imposing excitation constraints, rather than achieving a reduction in

computational demands.

2.2.3 Space Partitioning and Organization of Excitations

In this section, the following notations are used, unless otherwise specified:

• µ, ν, κ, λ: DAS indices
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• A,B, C: configuration category

• |K⟩ , |L⟩: determinants in the full space

• |K⟩ , |L⟩: sub-determinants in DAS

• p, q, r, s: general MOs

Distributed Active Space

A DAS, Xµ ≡ {{ϕ}µ, nµ,Kµ}, is defined by a set of orbitals {ϕ}µ, an electron occupation

number nµ in the space, and sub-determinants Kµ. Each DAS is a complete active space

where the total number of determinants is given by

Nµ =

(
Mµ

nµ

)
(2.2)

where Mµ = |{ϕ}µ| is the cardinality of the orbital set in Xµ, i.e., the number of orbitals.

Here, we assume the Kramers’ unrestricted two-component or four-component condition

where each orbital is a singly occupied spinor.

It’s important to emphasize that within the STP-DAS framework, intra-space excitations

are not subject to any constraints, as the excitation types typically associated with RAS

or MRCI, known as inter-space excitations, are separated and utilized for the creation of

configuration categories.

Configuration Category

Applying inter-space excitations, also referred to as categorical excitations, on the ref-

erence electron configurations leads to the formation of different electron configuration cat-

egories (see Figure 2.1 for an example). These categories will from now on be referred to as

either configuration categories or simply as categories.

A configuration category A = {XA
µ ,XA

ν , ...} is constructed from a set of DASs with

unique electron occupation numbers. Note that the DAS orbital partitioning is unchanged.

Therefore, it is important to associate each DAS with its parent category through the
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notation, XA
µ . Categorical excitation operators are defined as:

ÊXµXν
pq =

{
Êpq : p ∈ Xµ, q ∈ Xν

}

ÊXµXνXλXκ
pqrs = {êpqrs : p ∈ Xµ, q ∈ Xν , r ∈ Xλ, s ∈ Xκ}

· · ·

Figure 2.1 shows three examples of different categories generated from categorical excita-

tions.

A full-space determinant in category A can be constructed using sub-determinants from

each DAS space

|KA⟩ = |KA
µ ⟩ ⊕ |KA

ν ⟩ ⊕ · · · (2.3)

The total number of determinants in category A is:

NA = NA
µ ·NA

ν · · · (2.4)

Considering the definition of a configuration category and its constituent DASs, it be-

comes apparent how they relate to the overall number of determinants (N), the total electron

count (ne), and the complete set of orbitals ({ϕ}) in the entire correlation space:

N =
∑

A
NA (2.5)

ne =
∑

µ

nAµ (2.6)

{ϕ} = {ϕ}µ ∪ {ϕ}ν ∪ ... (2.7)

It’s important to note that the notation for categories is not applied in the DAS orbital

representation, ϕµ, since every category employs the same scheme for orbital partitioning.
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2.2.4 Small-Tensor Addressing in String-Based DAS

The objective is to develop an STP addressing algorithm that exclusively utilizes and reuses

local address strings, thereby avoiding the need for explicitly constructing and storing the

complete global list of excitations. In the STP-DAS framework, a three-level addressing

protocol is adapted from Kozlowski and Pulay’s RAS addressing scheme [157].

For a determinant K that belongs to category B, its global address can be defined as

A(K) = A(B) +A(KB) (2.8)

Here, we define A as an address function. A(B) returns the global offset for all determinants

in category B. It can be easily calculated as

A(B) =
∑

A<B
NA (2.9)

which naturally arises from Eq. (2.5). Figure 2.2 illustrates the address mapping strategy

utilized in the STP-DAS framework. In order to compute the global offset for each category,

it is necessary to systematically organize all categories for efficient record-keeping. A(KB)

returns the address of the determinant K in category B.

Eq. (2.8) serves as the outer loop in constructing the STP-DAS σ build, where it is

also possible to achieve effective load balancing across categories in a parallel computing

environment. Although Eq. (2.8) successfully divides global addresses into more manageable

categorical address sections, it does not reduce the overall size of the excitation list. This is

due to the uniqueness of each category, requiring that each A(KB) be stored individually.

From Eq. (2.3), we can effectively write the categorical address A(KB) via separations

of active and inactive DASs, based on its usage in the σ build. Since only the one-electron

excitation list is saved, we only need to consider local addresses associated with

⟨LA| Êpq |KB⟩ , p ∈ XA
µ , q ∈ XB

ν (2.10)

Only two scenarios are possible:
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Figure 2.2. A comparison between a traditional indexing scheme and the indexing scheme used in STP-
DAS. In DAS, the global address of a determinant is found by combining a global offset of the category of a
given determinant with the local index of that determinant within the category. Boxes symbolize determinant
categories.

• µ = ν, i.e., braket excitations between an identical DAS in different categories.

A(LA) = · · ·+A(LA
µ ) ·

∏

κ<µ

NA
κ + . . .

A(KB) = · · ·+A(KB
µ) ·

∏

κ<µ

NB
κ + . . . (2.11)

where “. . . ” refers to concurrent looping over addresses in DASs that are not associated

with the excitations, i.e. inactive DASs, for both A(LA) and A(KB).
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• µ ̸= ν, i.e., braket excitations between two different DASs in different categories.

A(LA) = · · ·+A(LA
µ ) ·

∏

κ<µ

NA
κ + . . .

+A(LA
ν ) ·

∏

κ<ν

NA
κ + . . .

A(KB) = · · ·+A(KB
µ) ·

∏

κ<µ

NB
κ + . . .

+A(KB
ν ) ·

∏

κ<ν

NB
κ + . . . (2.12)

Eq. (2.11) and Eq. (2.12) efficiently separate out the inactive DASs linked to the ex-

citation list in ⟨LA| Êpq |KB⟩. For single-electron excitations, the local addresses within

the inactive DASs must be identical for both bra and ket. This requirement facilitates an

efficient tensor looping design, where a single outer loop iterates over the addresses of de-

terminants within the inactive DASs, enabling concurrent tensor looping for both bra and

ket. The address structure of Eq. (2.11) and Eq. (2.12) allows the inner tensor loop to use

only the local addresses of sub-determinants A(LA
µ ) and A(KB

µ), leading to the small-tensor-

product algorithm.

It is readily seen that when two DASs share the same configuration, characterized by

an identical number of orbitals and electrons, they can utilize the same set of small-tensor

address strings. This is true even if the orbitals and electrons between the two DASs differ

in physical character. This principle is fundamental to the shift from a single, large global

excitation list to numerous, smaller, shared local excitation lists.

In adopting this approach to streamline determinant addressing, a new challenge emerges.

The CI excitation list features a symbolic matrix ⟨LA| Êpq |KB⟩, where each element is de-

termined by the global positions of the orbitals involved in the excitation operator. This

global dependency poses a conflict with the local addressing framework. To address this, the

subsequent section will present an algorithm designed to differentiate between global and

local phase factors during the construction of the symbolic matrix ⟨LA| Êpq |KB⟩, enabling

the storage of solely local excitation lists in small tensor products.



34

2.2.5 Local One-Electron Excitation List

To account for the sparsity of the Hamiltonian, a one-electron excitation list that contains

the information of non-zero elements of ⟨L| Êtu |K⟩ is pre-computed and stored in memory.

Only elements that are non-zero in the excitation list are summed in Eq. (1.40). Based

on the addressing scheme shown in Eqs. (2.10) to (2.12), the local excitation list can be

defined, and the symbolic matrix element ⟨LA
µ | Êpq |KB

ν ⟩ can be computed as

• µ = ν: 



A(LA
µ )

p ∈ XA
µ

q ∈ XB
ν

A(KB
ν )

⟨LA
µ | Êpq |KB

ν ⟩





(2.13)

In this intra-space one-electron excitation scenario, for each |KB
ν ⟩, there are n−µ (n+µ +1)

number of non-zero elements, where n−µ and n+µ are the number of electrons (occupied

orbitals) and holes (unoccupied orbitals), respectively, in DAS Xµ = Xν . The non-zero

element is computed as

∀p > q : ⟨LA
µ | Êpq |KB

ν ⟩

=





+1, if
(∑p−1

i=q+1 bi

)
is even

−1, if
(∑p−1

i=q+1 bi

)
is odd

(2.14)

where bi = 0 or 1 is the electron occupancy.

• µ ̸= ν: This inter-space one-electron excitation list involves four sub-determinants in

different DASs, 



A(LA
µ ), A(LA

ν )

p ∈ XA
µ

q ∈ XB
ν

A(KB
µ), A(KB

ν )

⟨LA
µ ⊕ LA

ν | Êpq |KB
µ ⊕KB

ν ⟩





(2.15)
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Figure 2.3. Examples of excitations between categories. Boxes symbolize active regions. Within these
boxes, shaded portions indicate electron occupations, while white areas represent empty orbitals. All partially
filled DASs have an identical number of electrons and holes.

The non-zero one-electron symbolic matrix elements can be computed as:

∀µ < ν : ⟨LA
µ ⊕ LA

ν | Êpq |KB
µ ⊕KB

ν ⟩

=





+1, if
(∑Mµ

i=p+1 bi +
∑q−1

j=0 bj

)
is even

−1, if
(∑Mµ

i=p+1 bi +
∑q−1

j=0 bj

)
is odd

(2.16)

Eq. (2.13) and Eq. (2.15) define the one-electron excitation lists in the context of STP-

DAS using local addresses. These lists are free of global addresses, enabling their reuse

across excitations with identical DAS configurations. As illustrated in Figure 2.3, the green

and purple excitations (excitations A and B), although associated with different orbitals

and electrons, have identical DAS configurations, allowing them to share the same local

excitation lists used in the small tensor product. This commonality highlights that dividing

the correlation space evenly among numerous DASs can significantly reduce the number

of unique local excitation lists. Achieving this efficiency is a principal objective in the

conceptualization of STP-DAS.
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2.2.6 Global Phase Factor in the Small Tensor Product algorithm

Equipped with determinantal addresses and one-electron excitation lists completely defined

in STP-DAS, the CI σ build can be ideally performed with small tensor products using

local excitation lists. Nevertheless, two critical aspects need to be considered for enabling

the σ matrix assembly with small tensor products using these local lists.

One issue is distinguishing between different types of excitations, such as excitations A

and B, as shown Figure 2.3, during the σ matrix construction. This process requires global

symbolic matrix elements, which are derived from the global positioning of the orbitals.

Another challenge is identifying invalid excitations, such as excitation C in Figure 2.3.

The excitation lists mainly provide local DAS specifics, leading to a loss of global context.

However, STP-DAS’s architecture facilitates the straightforward retrieval of global address-

dependent information during the CI σ matrix construction, resolving both issues.

The distinction between excitations A and B in Figure 2.3 stems from a difference in the

phase factor between the global ⟨LA| Êpq |KB⟩ and local ⟨LA
µ ⊕ LA

ν | Êpq |KB
µ ⊕KB

ν ⟩ symbolic

matrix element. To address this, we define a global phase factor Pµν as:

p ∈ XA
µ , q ∈ XB

ν , ∀µ ≤ ν :

Pµν =





+1, if
(∑Xν−1

Xκ=Xν+1
n−κ

)
is even

−1, if
(∑Xν−1

Xκ=Xν+1
n−κ

)
is odd

(2.17)

where n−κ is the number of electrons in DAS Xκ. Pµν takes into account the contributions

of DASs that are not directly involved in the excitation to the symbolic matrix element.

In Figure 2.3, excitation C is an invalid excitation because it cannot be defined with one-

electron excitation lists. To determine the validity of an excitation, ⟨LA| Êpq |KB⟩, we need

to check if the non-excitation DASs between categories are identical. Here, we introduce

a Kronecker δ function δX̄A
µ X̄B

ν
where X̄A

µ refers to all but Xµ DASs in category A. The δ

function is non-zero only when non-excitation DASs between categories are identical.
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2.2.7 σ Build using Small Tensor Products

Taking everything discussed above into consideration, we now have the final working ex-

pressions for the CI σ build using the STP algorithm with only local excitation lists:

σLA = 1eσLA + 2eσLA (2.18)

1eσLA =
∑

B

∑

KB
µ⊕KB

ν

∑

pq

PµνδX̄A
µν X̄B

µν

h′pq ⟨LA
µ ⊕ LA

ν | Êpq |KB
µ ⊕KB

ν ⟩CKB (2.19)

2eσLA =
1

2

∑

BC

∑

JBµ⊕JBν

∑

JBκ⊕JBλ

∑

KC
κ⊕KC

λ

∑

pqrs

PµνPκλ

δX̄A
µν X̄B

µν
δX̄B

κλX̄
C
κλ
gpqrs ⟨LA

µ ⊕ LA
ν | Êpq |JBµ ⊕ JBν ⟩

⟨JBκ ⊕ JBλ | Êrs |KC
κ ⊕KC

λ⟩CKC (2.20)

where p ∈ XA
µ , q ∈ XB

ν , r ∈ XB
κ , s ∈ XC

λ.

Eqs. (2.18) to (2.20) are completely formulated in terms of small tensor products using

local DAS one-electron excitation lists. These expressions can be adapted to any σ build

algorithm in any CI-based method. In this chapter, we used the Knowles-Handy algorithm

[150] for the categorical σ build. The outer loop is over JBµνκλ, and maximum sparsity is

utilized to avoid large intermediates.

2.3 Computational Details

All calculations in this chapter are performed with a development version of the Chronus

Quantum software package [308] with the STP-DAS framework. The speed of light uti-

lized in this study is 137.035999074 a.u. All calculations utilized the standard Gaus-

sian nuclear model [299]. Relativistic calculations are done in the Kramers’ unrestricted

exact-two-component (X2C) framework where all spinor orbitals are singly occupied. The

one-electron X2C transformation is a one-electron-Hamiltonian-based one-step procedure

that “folds” small component wave function into a pseudo-large component so that the

four-component Dirac equation becomes an effective two-component eigenfunction prob-
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lem. [64–67, 69, 70, 100, 119, 126, 155, 163, 171, 177, 178, 180, 181, 183, 221, 222, 260] The one-

electron X2C approach makes use of the effective one-electron spin–orbit Hamiltonian and

avoids the four-component self-consistent-field procedure. In this work, we use the new

Dirac–Coulomb–Breit-parameterized effective one-electron spin–orbit Hamiltonian in the

X2C approach [72].

STP-DAS stands as a scalable, high-performance CI framework supporting various elec-

tronic structure theories – including CAS, RAS, GAS, ORMAS, MRCI, and MRPT2 – in

both relativistic and non-relativistic domains. The fundamental characteristics and dimen-

sionalities of these electronic structure methods remain unchanged within this framework.

In the current work, we benchmark the performance and analyze the memory requirement

of the DAS framework applied to X2C-CASCI calculations.

To benchmark the STP-DAS framework, we use molecular thallium monohydride (TlH),

the heaviest stable monohydride species observed experimentally [292, 303]. An accurate

electronic structure characterization of TlH requires the use of a relativistic many-body

approach [81,254]. In this study, we concentrate on evaluating the algorithm’s performance

as the correlation space expands. Furthermore, we investigate the load balance among nodes

within a high-performance computing environment, as well as the reduction in memory

demands when computing resources are constrained, such as on a laptop. In the following

benchmark calculations, the Tl atom used the x2c-TZVPall-2c basis set [227] and the H

atom used the aug-cc-pVTZ basis set [63,138].

When forming Slater determinants in the Kramers’ unrestricted two-component or four-

component no-virtual-pair CASCI method, the number of possible determinants is given

by

NCAS =

(
Mspinor

ne

)
(2.21)

where Mspinor is the number of active spinor orbitals. Since the spin-symmetry is no longer

enforced, for a same number of active electrons and molecular orbitals, the CI dimension in

the Kramers’ unrestricted relativistic CAS is much bigger than that in the non-relativistic

calculation. In relativistic computations, the floating point operations (FLOP) count for
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constructing the σ matrix experiences a sixfold increase, arising from complex-valued arith-

metic, compared to a non-relativistic (NR) calculation.

The calculation of the memory requirement in all test cases takes into account both

the sparsity of the excitation list, i.e., non-zero elements only, and bit-wise compression of

the determinant address, representing the minimum requirement in a CAS calculation. For

X2C-CASCI calculations, the size of this list (in Bytes) can be calculated as nsave × ne ×
(nh + 1) × NCAS, where ne is the number of electrons and nh is the number of holes in

the complete active space. Here, nsave represents the amount of information saved in the

excitation list, including the address of small tensors, p, p, and the phase factor. Depending

on the level of bit-wise compression, nsave varies from 4 to 11 Bytes for most applications.

2.4 Results and Discussion

2.4.1 A Large-Scale X2C-CASCI Calculation on a Laptop

A significant benefit of the STP-DAS framework lies in its capacity to facilitate large-

scale CI computations using constrained computational resources, like a laptop. This was

illustrated through the performance of X2C-CAS calculations on the TlH system, utilizing

the STP-DAS framework on an Apple M3 Max laptop equipped with 14 compute cores and

128 GB of RAM.

Table 2.1. The storage needs for the one-electron excitation list in a
(
44
36

)
X2C-CASCI calculation (Apple

M3 Max laptop with 14 compute cores and 128 GB of RAM). The total number of X2C determinants
is 177 × 106, which is comparable to the computational cost of 1.1 × 109 determinants in non-relativistic
calculations when measured by the number of FLOPs.

# of DASs Excitation σ Build
(Orbital Partitions) List Storagea Time

1 (44) 402. GB –
2 (22,22) 210. GB –
6 (7,7,7,7,7,9) 7.91× 10−3 GB 2981 s
9 (5,5,5,5,5,5,5,5,4) 9.06× 10−5 GB 5788 s

a Only non-zero elements are considered in the one-electron excitation list. Bit-wise compression of the
determinant address is used.

Table 2.1 illustrates the STP-DAS framework’s capability to reduce storage demands,

thereby enabling large-scale CI calculations on a laptop. For a
(
44
36

)
X2C-CASCI calcula-
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tion with STP-DAS, the resulting 177 × 106 X2C determinants (1.1 × 109 non-relativistic

determinants equivalent in terms of FLOP count) would require 402 GB of RAM to hold

the excitation list with non-zero elements. This requirement makes the task impractical for

a personal laptop and many smaller workstations.

As shown in Table 2.1, partitioning the correlation space into multiple DASs significantly

reduces the storage needs. Once the number of DASs hits 6, the storage demands for

one-electron excitations become minimal, making it feasible to conduct the X2C-CASCI

calculations on a laptop with ease. Each σ build only takes 0.8 hours on the latest Apple

laptop for a 177× 106 determinant X2C-CASCI calculation.

With the introduction of additional STP-DAS for space partitioning using small tensor

products, the storage requirement continues to decrease. However, this leads to an increase

in the time required to build the σ vector. The primary reason for this is the increased

overhead associated with extensive tensor looping necessary to locate each local address

within the global framework, as indicated in Eq. (2.11) and Eq. (2.12). This analysis

reveals that while STP-DAS is effective in reducing memory requirements, excessively fine

partitioning might result in added costs associated with small tensor mapping from local to

global addresses.

2.4.2 A Large-Scale X2C-CASCI Calculation on a Supercomputer

In high-performance computing, especially for large CI calculations on a supercomputer,

it’s crucial to ensure that the workload is evenly distributed across all compute nodes. This

is where the STP-DAS framework is particularly effective. The STP-DAS framework is

capable of decreasing memory demands while concurrently leveraging distributed memory

on a massively parallel high-performance computing system.

As illustrated in Table 2.2 with a
(
44
29

)
X2C-CASCI calculation example, the STP-DAS

approach achieves memory reduction by employing localized excitation lists within the dis-

tributed active space. Expanding the X2C-CASCI of
(
44
29

)
results in over 230 billion de-

terminants (1.4 × 1012 non-relativistic determinants equivalent in terms of FLOP count),

requiring 1,173 terabytes (TB) of memory to maintain the one-electron excitation list within
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the conventional CAS setup. Assuming that each compute node allocates 0.5 TB of mem-

ory for this purpose, it would require over 2,346 compute nodes with distributed memory

systems to perform a CI calculation. A configuration with 4 DASs can lower the memory

needs to a manageable 1.7 GB for a small distributed computing system.

# of DASs Excitation # of
(Orbital Partitions) List Storagea Categories

1 (44) 1,173 TB 1
2 (22,22) 563 TB 16
4 (11,11,11,11) 2 GB 736
6 (7,7,7,7,7,9) 1×10−2 GB 11,292
8 (6,6,6,6,6,6,6,2) 4×10−4 GB 80,823
9 (5,5,5,5,5,5,5,5,4) 9×10−5 GB 260,656

Table 2.2. The storage needs for the one-electron excitation list in a
(
44
29

)
X2C-CASCI calculation. The

total number of X2C determinants is 230× 109, which is comparable to the computational cost of 1.4× 1012

determinants in non-relativistic calculations when measured by the number of FLOPs.

a Only non-zero elements are considered in the one-electron excitation list. Bit-wise compression of the
determinant address is used.

In the STP-DAS framework, we allocate workloads among the compute nodes according

to different configuration categories. As we introduce more categories, we can achieve a more

balanced distribution of the total workload for constructing the σ matrix. The effectiveness

of the STP-DAS framework is illustrated in Table 2.2, which demonstrates a rapid increase

in the number of configuration categories as additional DASs are introduced into the system

for space and tensor partitioning. This expansion significantly enhances the efficiency of

the σ matrix construction. A figure of merit for computational work distribution is the

percent difference of the median number of determinants per node relative to the theoretical

ideal mean distribution of determinants. The observed distribution of determinants to each

node in a 600-node calculation is illustrated in Figure 2.4. The 8 DAS distribution is

markedly more extended with a much longer tail. This results in a few nodes with many

more determinants than all of the other nodes shifting the median number of determinants

further from the ideal distribution. When increasing the number of DASs from 8 to 9, the

percent difference in the work distribution drops from 4% to 0.15% resulting in a nearly

ideal division of determinants among the nodes. With the resulting balanced workload, each

σ build for the
(
44
29

)
X2C-CASCI calculation with 9 DASs containing 230×109 determinants
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Figure 2.4. Distribution of determinants per node for a

(
44
29

)
X2C-DASCI calculation using 600 nodes

with (top) 8 DAS spaces and (bottom) 9 DAS spaces. The theoretical ideal distribution of determinants is
denoted by the red line in both plots, and the solid line denotes the median of the observed distributions.

(1.4×1012 NR equivalent determinants) only took 7 hours. This calculation was run on the

Department of Energy’s Perlmutter high-performance super computer with a total of 16000

compute cores (AMD EPYC 7763 Milan, 200 GB/s NIC, 1 MPI per node and 16 SMP

threads per MPI process). This analysis shows the scalability and efficiency improvements

in computational performance that can be realized through optimized workload distribution

in the STP-DAS framework.

2.4.3 Massively Parallel Performance

In this section, we examine how the STP-DAS framework functions within extensive su-

percomputing environments. In order to demonstrate the massively parallel performance of

the STP-DAS algorithm, we performed X2C-CASCI calculations on the TlH molecule with

increasing size active spaces of 35 to 40 spin orbitals using 24 correlated electrons.

Table 2.3 lists the total number of determinants in a X2C-CASCI calculation and the

equivalent number of non-relativistic determinants measured by the number of FLOPs.

The minimal memory storage requirement for each case is also computed should all active
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Table 2.3. Number of determinants in an X2C-CASCI calculation using the STP-DAS framework of TlH
with 24 correlated electrons and a varying number of active spinor orbitals.

# of # of X2C Determinants Excitation

Orbitals (NR Equivalenta) List Storageb

35 417,225,900 (2.5×109) 841 GB
36 1,251,677,700 (7.5×109) 2,733 GB
37 3,562,467,300 (2.1×1010) 8,378 GB
38 9,669,554,100 (5.8×1010) 38 TB
39 25,140,840,660 (1.5×1011) 106 TB
40 62,852,101,650 (3.8×1011) 282 TB

a Non-relativistic (NR) equivalent number of determinants in non-relativistic calculations when measured
by the number of FLOPs.
b Only non-zero elements are considered in the one-electron excitation list. Bit-wise compression of the
determinant address is used.

# of Orbitals # of
(Orbital Partitions) Categories

35 (5,5,5,5,5,5,5) 9,142
36 (5,5,5,5,5,5,5,1) 21,259
37 (5,5,5,5,5,5,5,2) 36,526
38 (5,5,5,5,5,5,5,3) 54,853
39 (5,5,5,5,5,5,5,4) 75,846
40 (5,5,5,5,5,5,5,5) 98,813

Table 2.4. STP-DAS space partition schemes and the resulting numbers of configuration categories used
in the benchmark for the massively parallel performance of the STP-DAS framework.
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orbitals and electrons be included in a single active space, e.g., in a conventional CASCI

calculation. Table 2.3 shows that as the active space expands, the memory needed to store

non-zero elements of the excitation list increases rapidly, becoming exceedingly demanding.

Table 2.4 lists the STP-DAS partition schemes employed in the following HPC bench-

mark study. The excitation list storage requirement is not presented because it is reduced to

less than 100 KB for all test cases. Two high-performance computing (HPC) systems were

used in this benchmark study. The first is a medium size HPC system, Hyak, managed by

the University of Washington (UW). Each Hyak node has two Intel Xeon 6230 Gold CPUs

with a single 100 GB/s network interface card. A maximum of 250 nodes on this medium

sized HPC system were available to the authors. The second system is the Department of

Energy’s Perlmutter high-performance super computer with up to 512 nodes (AMD EPYC

7763 (Milan), 200 GB/s NIC).

Strong scaling

We first study the strong scaling of the X2C-CASCI calculation using the STP-DAS frame-

work on a medium size HPC system, the UW Hyak. Figure 2.5 shows the strong scaling

performance of the STP-DAS σ build on varying active space sizes for the TlH test case.

For the log-log presentation of runtime versus number of nodes, an ideally scaling algorithm

would be represented by straight, decreasing line. As such, one can observe excellent strong

scaling of the STP-DAS implementation for a variety of problem sizes.

For real world applications, an important feature that can be extracted from a strong

scaling plot is a stagnation point where one can observe that speedups have ceased despite

an increase in computational power. This is usually a sign that the amount of work is

insufficient for the number of nodes. Focusing on the
(
35
24

)
problem, one can observe this

stagnation point at around 75 nodes. As one increases the problem size, this stagnation

point shifts to a greater node count as more work is available to divide amongst the nodes.

This can be observed for the
(
39
24

)
X2C-CASCI problem, which still benefits from extra

computational resources and scales up to 250 nodes.
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Figure 2.5. Execution time of a single σ build using the STP-DAS framework for the TlH test case with
increasing CAS space sizes with respect to the number of nodes (1 MPI per node, 20 SMP threads per MPI).

Relative speed-up

A strong scaling analysis is helpful at understand the overall behavior of an algorithm, but

this does not yield an understanding of the origins of the stagnation point. For a detailed

understanding of the STP-DAS framework, we turn to a detailed analysis of the speed up of

a certain problem size with respect to the number of nodes. Ideally the concept of speedup

would require a definition of a serial run time, however since the size of the CI calculations

described in Table 2.3 would not fit on a single node, we instead present a strong scaling

as a relative speed-up with respect to the performance on 16 nodes. We study this speedup

in detail for two problem sizes
(
37
24

)
and

(
38
24

)
to extract the salient features of the STP-DAS

algorithm.

Figure 2.6 (top) shows the relative speed up of an X2C-CASCI calculation using the

STP-DAS framework of TlH with an active space of (37o,24e). We additionally plot the

relative speedup of the computation of the σ build and the MPI communication idle time

as the total runtime is a combination of these two times. It is immediately apparent that for

this problem size the strong scaling stagnation onset occurs around 125 nodes. Additionally,

one can observe that the MPI communication idle time does not scale with the number of

nodes and that the actual computation time scales extremely well with the number of nodes.
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Figure 2.6. Relative speedup of a single σ build for TlH (top)
(
37
24

)
and (bottom)

(
38
24

)
with respect to the

number of nodes (1 MPI per node, 20 SMP threads per MPI). Relative speed-up is defined with respect to
the performance on the smallest node count capable of solving the problem.
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It is important to recognize that a superlinear scaling of the computation, the σ build time,

is not an indication of a superlinear scaling of the algorithm as this does not include the

MPI communication idle time. Additionally, it is important to stress that the onset of the

strong scaling stagnation is not an indication that the calculation takes the same amount of

time irrespective of the number of nodes beyond that point. Beyond the stagnation point,

one observes deviation from ideal scaling, but there is still a reduction in total runtime as

the computation scales with the number of nodes while the MPI communication idle time

does not.

By increasing the problem size, one shifts the location of the strong scaling stagnation

point. Figure 2.6 (bottom) shows the relative speedup of an X2C-CASCI calculation using

the STP-DAS framework of TlH with an active space of (38o, 24e). The behavior now differs

from the smaller (37o, 24e) case. For the range of calculations presented, ideal scaling is

observed for the full range of the number of nodes. One may often see scaling plots such as

this one rather than the previous case, which does not show the stagnation point. However,

it is important to note that this does not imply that the stagnation point does not exist

only that it has shifted to larger node counts.

Computation time, MPI communication idle time, and load balancing

To further understand the communication versus computation time of the STP-DAS algo-

rithm, we plot the raw execution time as a function of problem size. These calculations

were run on the large Department of Energy’s Perlmutter HPC system. From Figure 2.7,

it is evident that the total execution time exhibits a linear relationship with the number of

determinants. This linear scaling is due to the fact that, with a fixed number of electrons,

the number of non-zero elements in the one-electron excitation list increases linearly as the

number of unoccupied orbitals grows. Additionally, it is observed that the MPI communi-

cation idle time grows very slowly with problem size. In the largest test case
(
40
24

)
, the MPI

communication idle time is only 18% of the total σ build time.

In the STP-DAS algorithm the σ build computation time and the MPI communication

idle time vary slightly per MPI process as each MPI process receives a different set of
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Figure 2.7. Execution time of a single σ build using the STP-DAS framework for the TlH test case with
increasing CAS space sizes (Perlmutter 256 Nodes, 1 MPI per node, 64 SMP threads per MPI).

categories to process. To study the load balancing performance of the STP-DAS algorithm,

Figure 2.8 (top) shows the build time for each of the X2C-CASCI calculations. The solid

line represents the mean of the σ build times from each process, and the shaded region

represents the histogram of the σ build times from each MPI process. The small range of

times over which the histogram is spread, irrespective of the calculation size, is an indicator

of the strong load balancing in the current iteration of the STP-DAS algorithm. This shows

that breaking the problem into smaller DAS spaces allows for a balanced distribution of

categories of determinants.

Once each MPI process has completed the assigned work for the σ build, it must idle

and communicate its result with the other processes. The distribution of the MPI com-

munication idle times is represented in Figure 2.8 (bottom). The MPI communication idle

time tends to be closely grouped around the average for most problem sizes. However, for

the largest calculation,
(
40
24

)
, the distribution exhibits a minor tail. It is anticipated that

the incorporation of Remote Memory Access into MPI will enhance both the efficiency of

MPI communication idle time and the load balancing, especially in cases of such substantial

computational magnitude.
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Figure 2.8. (top) σ build time (seconds) and (bottom) the distribution of the MPI communication idle
time of each process during the σ build process of the TlH test case with a increasing numbers of correlated
orbitals (Perlmutter 256 Nodes, 1 MPI per node, 64 SMP threads per MPI).
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Effect of the active space partitioning

To test the effect of active space partitioning on the performance of the STP-DAS algo-

rithm, we used four different DAS partitionings for a small test case
(
28
18

)
(13 million X2C

determinants) to run the calculations on a single node. The runtimes for one σ-build are

collected in Table 2.5.

We observed a decrease in the σ-build time from one to four DAS partitionings. This

reduction is due to shifting work from internal loops (over excitations within DAS spaces)

to the outer loop over categories. However, when the space is partitioned into seven DASs,

the runtime increases significantly due to the extra work required to locate each local ad-

dress, as seen previously in Section 5.1. This observation suggests that there is an optimal

condition for STP-DAS, but it is strongly dependent on the system size and the nature of

the computing architecture.

Table 2.5. The storage needs for the one-electron excitation list and runtimes for one σ build in a
(
28
18

)
X2C-CASCI calculation.

# of DASs Excitation σ Build
(Orbital Partitions) List Storagea Time

1 (28) 18.12 GB 876 s
2 (14,14) 0.86 GB 404 s
4 (7,7,7,7) 1.98× 10−3 GB 86.7 s
7 (4,4,4,4,4,4,4) 1.06× 10−5 GB 365.4 s

a Only non-zero elements are considered in the one-electron excitation list. Bit-wise compression of the
determinant address is used. 2 Intel Xeon Gold 6148 processors with 20 physical cores each and 250 GB of
memory.

2.5 Conclusions

In this work, we introduced a small tensor product distributed active space (STP-DAS)

framework, characterized by adjustable space partitioning and many small tensor products

with an efficient tensor loop used in the σ build. This framework is designed to support a

variety of configuration interaction (CI) methodologies. It is also compatible with both rel-

ativistic (2-component and 4-component) and non-relativistic electronic structure methods.

The CI engine within the STP-DAS framework leverages this adjustable partitioning to

significantly reduce the memory requirements for large-scale multiconfigurational calcula-
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tions, offering scalability from single workstations to massively parallel computing environ-

ments.

Our benchmark tests, conducted on two different supercomputers using realistic X2C-

CASCI calculations using the STP-DAS framework with determinant numbers ranging from

109 (billion) to 1012 (trillion), consistently demonstrated robust parallel scalability and

excellent load balancing.

A standout feature of the STP-DAS framework is its capacity to facilitate extensive

CI calculations with limited computational resources. Illustrating this, we performed a

relativistic CI calculation involving 177 million X2C determinants, a task computationally

equivalent to 1.1 billion non-relativistic determinants based on FLOP count, on a laptop.

This capability showcases the STP-DAS framework’s potential to broaden the applicability

of CI methods in computational science research.

Although determinant-based algorithms vary in their contraction order and the size

of the intermediates they form, they all benefit from the STP-DAS framework through

significantly reduced excitation list sizes and the ability to express contractions solely in

terms of local sub-determinants. Benchmarking these different algorithms requires fine-

tuning each one within the STP-DAS framework, an ongoing research endeavor that will be

presented in a future publication.

The STP-DAS algorithm provides an opportunity to optimize CI-based methods for spe-

cific hardware architectures. Although the optimal STP-DAS scheme cannot be determined

a priori, benchmarking various space partitioning schemes enables users to tailor the algo-

rithm to a particular large-scale high-performance computing facility. This approach helps

to leverage hardware configurations effectively and minimize the impact of communication

latency on overall computational efficiency.
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Chapter 3

CATEGORICAL COMPRESSION WITHIN THE STP-DAS
FRAMEWORK

3.1 Introduction

Full configuration interaction (FCI) offers the most complete and accurate description of a

molecule’s electronic structure within a given basis set, providing the exact spectral solution

to the non-relativistic electronic Schrödinger equation [134, 263, 264, 268, 284, 295]. Due to

its variational nature, FCI is particularly well-suited for treating relativistic effects, such as

spin–orbit and spin–spin couplings beyond perturbation theory [2, 17, 18, 120, 121, 130, 132,

146–149,183,238,260,270,289,300], which are fundamentally rooted in the electronic Dirac

equation.

At its core, solving the FCI problem reduces to diagonalizing a large many-electron

Hamiltonian matrix. This matrix is Hermitian, sparse, and typically diagonally dominant,

making it well-suited to iterative diagonalization techniques that can efficiently converge

on a few eigenstates without requiring full storage or construction of the entire matrix.

However, as the number of determinants grows factorially with system size, reflecting the

combinatorial nature of Slater determinant enumeration within the full Hilbert space, even

iterative methods become intractable beyond a certain threshold.

The CI wavefunction is often expressed as a linear combination of Slater determinants,

typically generated by excitations from a mean-field self-consistent field (SCF) ground-state

reference. In the relativistic regime, this framework must be reformulated using complex-

valued 2- or 4-spinor wavefunctions, as required by the Dirac formalism [68,236].

Figure 3.1 illustrates the historical progression of CI implementations, highlighting ma-

jor breakthroughs in the achievable scale of determinants. Prior to this work, over a span of

35 years (1990–2024), the field advanced from handling billions to trillions of determinants,

driven largely by advances in computer hardware technologies. Although CI is amenable to
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Figure 3.1. The evolution of the state-of-the-art for CI calculations over time [8,93,95,122,211,302].
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hardware of the time (in blue). ∗ Only one CI iteration was performed.

large-scale parallel processing schemes [8,93,95,122,211,302], the explosive growth in mem-

ory requirements has historically restricted its applicability to only the smallest chemical

systems. Relativistic CI is even more limited, due to the intrinsically larger spinor configu-

ration space associated with complex-valued 2- or 4-component wavefunctions. Simply put,

enabling CI for practical quantum chemistry applications demands alternative theoretical

frameworks and data representations that can circumvent the brute-force enumeration of

the CI space.

Many CI-based wavefunction methods aim to approximate the FCI solution. These

methods use different types of approximations, which affect the accuracy of the resulting

wavefunction. The two main approaches are complete active space CI (CASCI) and selected

CI (SCI). While both CASCI and SCI methods effectively truncate the Hilbert space of the

system to a subspace of significant determinants, this significance is determined differently
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and at different stages of the computation.

In the CASCI method [85–87, 95, 145–147, 150, 213, 243, 302], it is assumed that only a

subspace of the full Hilbert space of the system contains meaningful correlation, and the

FCI wavefunction is approximated as the CI wavefunction in the truncated space (the so-

called active space). The truncation often leads to an underestimation of dynamic correla-

tion. Applying more computationally demanding methods such as multiconfigurational self-

consistent field (MCSCF) [17,94,132,144,174,185,187,188,238,270,284,289,301,305,306,319],

multireference configuration interaction (MRCI) [115, 121, 174–176, 189, 246, 284, 304], and

many-body perturbation theory (MRPT2, CASPT2, NEVPT2, MC-PDFT) [5–7, 35, 172,

183,186,244,270,300] is typically required to achieve qualitative and quantitative agreement

with experiment.

SCI-based methods estimate the importance of each configuration in the total wavefunc-

tion based on a predefined significance criterion, which depends on the chemical problem

of interest [4, 21, 31, 80, 99, 102, 117, 118, 124, 168, 179, 252, 262, 291, 307, 320, 321]. Once the

most significant determinants are identified, the Hamiltonian is constructed and diagonal-

ized within this reduced space to approximate the FCI wavefunction. As in CASCI, SCI

approaches are often combined with perturbation theory to recover contributions from ne-

glected configurations and improve quantitative accuracy [80,117,124,252,291].

Even with advances in dimensionality reduction, CI remains fundamentally constrained

by memory limitations. State-of-the-art implementations still require explicit storage of

either Hamiltonian matrix elements or excitation lists to support on-the-fly matrix–vector

operations, commonly referred to as the σ-build [150, 212, 271, 318]. For large CI spaces,

storing the full Hamiltonian matrix and performing direct diagonalization is clearly im-

practical. In on-the-fly CI algorithms, the one-electron excitation list, which encodes the

allowed excitations between determinants for efficient Hamiltonian construction, scales as

ne× (nh + 1)×N , where N is the number of determinants, and ne and nh denote the num-

bers of electrons and holes (unoccupied orbitals), respectively. Since N increases factorially

with system size, the associated memory requirements grow rapidly, making conventional

CI calculations infeasible for anything beyond the smallest systems.

For a CI problem involving N determinants, the size of each CI expansion vector scales
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linearly with N . For instance, a relativistic CI problem with one quadrillion (1015, 100 or-

bitals, 88 electrons) determinants would require approximately 16 petabytes (PB) of memory

just to store a single CI vector composed of complex-valued double-precision coefficients.

While this memory footprint alone makes such problems challenging to tackle, the memory

required to store the excitation list can easily scale to the exabyte (EB) regime. This poses

a fundamental barrier to scalability, even before considering computational cost.

A recently introduced CI matrix–vector product algorithm [122] leverages the exact fac-

torization of the active space into small tensor products of distributed active spaces—an

approach known as the small-tensor product distributed active space (STP-DAS) frame-

work, illustrated in Figure 3.2(A). The STP-DAS algorithm reformulates the large CI

matrix–vector product into a sequence of small tensor products, each embedded within

a distributed active space, computed on-the-fly using string-based methods. This advance

exploits the mathematical condition governing the phase relationship between the global

address and the local DAS address of any CI matrix element, enabling the use of only

small local determinant address strings in the CI matrix–vector build and overcoming the

memory bottleneck associated with storing the full excitation list. This formulation enables

extensive reuse of Hamiltonian excitation lists, leading to a dramatic reduction in memory

demands. For a CI problem involving one quadrillion (1015) determinants, the STP-DAS

framework reduces the excitation list memory requirement from 12 exabytes (EB) to 25

gigabytes (GB), an 8-orders-of-magnitude reduction! In addition, by evenly distributing

the computation of small tensor products, the STP-DAS algorithm achieves excellent load

balance with minimal node-to-node communication overhead, ensuring strong scalability

across both single-node and large-scale parallel architectures.

Since the excitation list typically dominates the storage requirements in CI calculations,

the STP-DAS framework overcomes a longstanding memory bottleneck and enables CI com-

putations that were previously deemed intractable. By effectively eliminating the memory

footprint of the excitation lists, the storage of CI vector coefficients now emerges as the

bottleneck in many large-scale CI problems.

Revisiting the earlier CI example of 1015 determinants: even after eliminating the mem-

ory bottleneck associated with storing excitation lists, the same calculation still demands



56

Table 3.1. Details of the convergence of the X2C-CASCI calculation (100 2-spinor orbitals, 88
electrons, 1015 2-spinor determinants) of the ground state of HBrTe (x2c-TZVPall [227]). Each
row corresponds to a Davidson iteration. The fourth and fifth columns track the changes in the
computed Rayleigh–Ritz eigenpair across iterations, and the sixth column tracks the residual norm,
∥r∥ = ∥HC− EC∥, where H is the Hamiltonian, C is the CI vector, σ is their product, and E is the
corresponding energy. The preconditioning dropping threshold was taken to be ε = 1.0× 10−5.

Iteration Duration (s) Energy (Eh) ∆E (Eh) max{|∆Ci|} ∥r∥ (Eh)

1 122 −9812.080102321897 − − 2.62× 10−1

2 111 −9812.129587025540 4.95× 10−2 5.45× 10−2 8.73× 10−2

3 262 −9812.133341658482 3.75× 10−3 1.36× 10−2 3.23× 10−2

4 710 −9812.133735698319 3.94× 10−4 2.26× 10−3 1.40× 10−2

5 1536 −9812.133784486688 4.88× 10−5 1.08× 10−3 7.14× 10−3

6 3293 −9812.133790409140 5.92× 10−6 4.97× 10−4 4.09× 10−3

7 6432 −9812.133791245860 8.37× 10−7 1.31× 10−4 2.54× 10−3

8 11565 −9812.133791408300 1.62× 10−7 9.17× 10−5 1.61× 10−3

9 20384 −9812.133791451150 4.28× 10−8 4.25× 10−5 9.71× 10−4

16 PB of memory to store the numerically exact coefficients of a single CI expansion vector

in an iterative solver. Given that practical CI calculations typically require multiple sub-

space vectors for convergence, it becomes clear that storing these expansion vectors now

represents the dominant memory bottleneck in large CI calculations. To address this chal-

lenge, we leverage the locally compressed nature of the STP-DAS framework to efficiently

compute ultra-large-scale CI problems involving up to a quadrillion (1015) determinants.

This approach yields deterministic, numerically exact solutions and effectively shifts CI

calculations from being memory-bound to compute-bound.

3.2 Results

Before presenting methodological details and performance benchmarks, we highlight the

largest CASCI calculation to date for the ground state of HBrTe, enabled by the compression-

compatible STP-DAS framework to be introduced herein. HBrTe is a substituted form

of a hydrogen chalcogenide where one of the hydrogens was substituted with a bromine

atom to decrease the symmetry to the molecule. We performed a relativistic exact two-

component [64,65,70,119,126,155,163,177,180,181,183,221,222,260] CASCI (X2C-CASCI)

calculation (100 2-spinor orbitals, 88 electrons, complex-valued 1.05 × 1015 2-spinor deter-
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minants) of the ground state of HBrTe using the compression-compatible STP-DAS frame-

work. We also performed a calculation with the same number of determinants for the

ground state of a magnesium atom (see Section S3 of the Supplementary Information). The

calculation ran on the National Energy Research Scientific Computing Center’s Perlmut-

ter high-performance supercomputer with a total of 1000 nodes (AMD EPYC 7763 Milan,

128,000 compute cores, 512 GB of RAM per node, 200 GB/s NIC, 2 message passing inter-

face (MPI) processes per node, and 64 symmetric multiprocessing (SMP) threads per MPI

process).

The excitation list is generated without assuming any symmetry of the target state.

Consequently, the calculation is formally performed in a quadrillion-determinant space,

with all determinants explicitly included. Because the CI coefficients are complex, the

memory footprint is twice that of an analogous nonrelativistic calculation. Moreover, the

complex arithmetic makes the computational cost (in FLOP count) equivalent to that of a

nonrelativistic calculation with more than twice as many determinants.

Table 3.1 summarizes the results of the HBrTe calculation. The ground-state energy

converged in 9 iterations to microhartree precision (< 10−6 a.u.) with a total runtime of

34.5 hours. In each iteration, an additional CI expansion vector was introduced to accel-

erate convergence, while the compression algorithm dynamically adapted to the expanding

vector space, leading to a gradual increase in computational cost. A total of 9 expansion

vectors were involved in the σ-build. Despite the enormous configuration space of over one

quadrillion (1.05 × 1015) complex-valued 2-spinor determinants, the average σ-build time

per vector remained just 3.8 hours.

The ground-state energy of the HBrTe molecule from this CI calculation is−9395.0280045

a.u. Leveraging the gap theorem [50, 217], we determine that our
(
100
88

)
X2C-CASCI result

lies within 10×10−6 a.u. of the true x2c-TZVPall [227] ground state energy within that ac-

tive space, well below any chemically meaningful threshold. A detailed analysis is provided

in Methods.

This work represents a 3-orders-of-magnitude increase in CI space and a 6-orders-of-

magnitude increase in FLOP count, which is estimated using O(N2), compared to the

previous state-of-the-art in CI calculations [95, 122]. Compared to previous state-of-the-
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art CI calculations, this work also achieves a 6-orders-of-magnitude speedup in time-to-

completion, as measured in core seconds per exaFLOP ( core·secondexaFLOP , see Section S2 in the

Supplementary Information for analysis). This ultra-large-scale CI calculation is enabled

by the STP-DAS-based numerically exact categorical compression scheme, which reduces

the memory required to store the 9 CI expansion vectors from 134 PB to less than 500

TB while maintaining a good load balance [122], making the computation feasible on most

existing supercomputing infrastructures.

We now describe the algorithmic developments that enable such CI calculations to be

performed on existing supercomputing resources. Detailed algorithms, parallel implemen-

tation strategies, and error bound analyses are provided in the Supplementary Information.

The central concept of the STP-DAS framework is the systematic partitioning of the full CI

orbital space into a collection of distributed active spaces. Within each active space, con-

figurations are further classified into categorical subspaces, rigorously defined by distinct

electron occupation patterns, as illustrated in Figure 3.2(A) [122]. The STP-DAS framework

reformulates the CI σ-build as a sum of small-tensor products, each uniquely addressed via

a global tensor looping structure. The major memory bottleneck associated with storing

the excitation list is eliminated by allowing categorical subspaces to share compact, local

excitation lists.

In the largest CASCI calculation (1015 determinants) presented here, employing 13 dis-

tributed active spaces, the STP-DAS approach reduces the excitation list memory require-

ment from 12× 109 GB to just 25 GB. However, storing all nine CI expansion vectors for a

system with 1015 determinants would require approximately 134 PB of memory. On a high-

performance computing system such as Perlmutter, this translates to more than 275,000

nodes, each equipped with 512 GB of memory. A straightforward element-wise sparsity

treatment, however, does not meet the STP-DAS condition. To overcome this limitation,

the following section introduces a categorical compression scheme that achieves the neces-

sary memory reduction, making it possible to carry out large relativistic CI calculations on

a medium-sized computing cluster.

With the STP-DAS framework, the memory bottleneck associated with storing CI expan-

sion vectors is effectively eliminated by applying numerically exact categorical compression.
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The STP-DAS CI expansion vectors take the form

C =
⊕

B
CB, (3.1)

where B is a category, defined by a unique electron occupation pattern within the distributed

active spaces [122].

The compression scheme, categorical compression (see Figure 3.2(D)), stores the CB vec-

tors as compressed sparse column (CSC) vectors. In this format, each categorical expansion

vector CB is represented by two equally sized arrays: one, V CB
CSC ≡ {CKB : CKB ̸= 0}, stores

the values of the nonzero coefficients, while the other, ACB
CSC ≡ {KB : CKB ̸= 0}, stores

their corresponding local addresses. The tensor-loop structure in the STP-DAS σ-build al-

gorithm is reformulated in terms of categorically compressed local addresses together with

their corresponding global phase factors (see Figure 3.2(E)).

In contrast to element-wise compression, categorical compression can eliminate all con-

figurations within a category, i.e., skip an entire category at once. This approach is better

able to preserve the vectorized structure compared to element-wise compression. The major

difficulty of any sparse matrix-vector product algorithm is the lack of a priori knowledge

of the location of the nonzero elements. This difficulty leads to a major bottleneck rooted

in the nonuniform accesses to memory. The categorical compression localizes nonuniform

memory accesses within a category, which is always orders-of-magnitudes smaller than the

size of the full CI space. This localized memory access pattern is the central strength of the

categorical compression scheme.

Within each category, element-wise compression is still applicable to maximize spar-

sity. Most importantly, a category-based compression scheme naturally supports distributed

small tensor products, taking advantage of the reduced memory footprint and improved par-

allel load balance of the STP-DAS framework.

In summary, the numerically exact categorical compression introduced here allows the

STP-DAS σ-build algorithm to bypass entire categories of determinants while preserving

both the vectorized structure and the local addressing scheme of STP-DAS. Because the

compression is fully lossless, the omitted determinants have no impact on the resulting Ritz
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eigenvalue–eigenvector pair.

The final hurdle in reducing CI memory demands lies in the iterative solver. In CI, the

Hamiltonian operator is diagonalized iteratively within the full Hilbert space of the system.

As a result, the error in the computed Ritz value directly reflects the missing correlation

energy in the associated approximate wavefunction. This enables the Ritz residual, defined

as r ≡ ∥HC − EC∥, to be computed and appended as an additional CI expansion vector.

The norm of the residual provides rigorous bounds on the missing correlation energy relative

to the true eigenpair (eigenvector and eigenvalue) of the Hamiltonian in the chosen basis

[46,50,151,152,197,217,239,242,325]. A widely used approach that leverages this principle

is the Davidson iterative solver [49]. Other related methods that use residual norm as the

convergence criterion include the locally optimal block preconditioned conjugate gradient

(LOBPCG) method [153], the Jacobi-Davidson [91] method and generalized preconditioned

locally harmonic residual (GPLHR) method [135,297].

By applying numerical or convergence thresholds at various stages of the Davidson

method [49], one can exploit the sparsity of newly generated CI expansion vectors. With

sufficiently tight thresholds, these vectors can span the part of the Hilbert space required to

accurately represent the desired wavefunction and drive the iterative diagonalization to any

desired level of precision. The Davidson method [49] utilized the Davidson preconditioner,

which generates the ith component of the next trial expansion vector according to

ti ←





0, if |λ−Hii| is small

ri
λ−Hii

, else

(3.2)

Here, λ is the Ritz value of the current iteration, Hii is the ith element of the diagonal of

the Hamiltonian H, and ri is the ith component of the current residual. Among the various

preconditioners employed in the Davidson method [46,151,152,173,218,326], compression-

compatible preconditioners, which discard terms ti below a numerical threshold ε, have

been shown to achieve convergence to the exact same results as the traditional Davidson

preconditioner [111,151,152,197,242].
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In this work, we apply the compression-compatible categorical preconditioner

si ←





ri
λ−Hii

, if |λ−Hii| ≥ 10−12

0, else

ti ←




si, if |si| ≥ ε∥s∥

0, else

(3.3)

using the nonzero residual elements ri. We do this on-the-fly to avoid explicitly storing the

prohibitively large diagonal of H (a dense vector of size Ndets). Figure 3.2(F) illustrates

the expansion of the CI vector space enabled by the compression-compatible categorical

preconditioner used in the Davidson method implemented here.Eq. (3.3) closely resembles

the preconditioner proposed in Ref. 111, with the key distinction being the inclusion of

the Davidson-preconditioned residual norm ∥s∥ in the dropping criterion. This facilitates

dynamic threshold adjustment: as the iterations progress and ∥s∥ decreases, the criterion

becomes more stringent. More importantly, the factor of ∥s∥ ensures that numerical thresh-

olding is applied to the generated expansion vectors relative to the total norm of their exact

(traditional Davidson) counterparts, rather than some fixed cutoff on the absolute values of

their entries. This results in a very accurate CI space expansion scheme at the cost of com-

puting and contracting a significant number of Hamiltonian matrix elements (to evaluate s

exactly), which would be intractable without the STP-DAS framework.

Algorithms and pseudocodes of the compression-compatible STP-DAS method are pre-

sented in Methods, along with discussions on load balancing and parallel implementation.

The convergence behavior of the STP-DAS framework equipped with the compression-

compatible preconditioner defined in Eq. (3.3) was evaluated across three systems with

varying degrees of electron correlation: the magnesium atom, diatomic nitrogen, and a

model carbon nanotube. The results are provided in Section S1 of the Supplementary

Information.

The analysis reveals that overly aggressive thresholding can cause the Davidson proce-

dure to stagnate, thereby preventing convergence to the correct electronic wavefunction.
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When thresholds are too loose, newly generated trial vectors quickly become linearly de-

pendent on the existing subspace vectors, signaling that the span of the modified subspace

has saturated before achieving convergence. However, when the preconditioning threshold

satisfies

ε ⪅
10√
Ndets

, (3.4)

the resulting energies agree with their exact values to better than 10−7 Eh, and the residual

norms become correspondingly small, demonstrating successful and reliable convergence.

The CI wavefunction of highly correlated systems is comprised of a large number of

determinants with small CI coefficients. Because the Hilbert space of the problem is never

truncated, and no determinants are discarded from the wavefunction itself. As a result,

the compression-compatible preconditioner easily facilitates convergence to the exact wave-

function, provided that the preconditioning threshold ε is sufficiently small for the true

eigenvector to be accurately represented in the subspace spanned by the modified expan-

sion vectors.

With the capability to perform large CI calculations, energetic extrapolation to the

correlation limit becomes feasible for many-electron systems. Figure 3.2(B) illustrates the

correlation-consistent extrapolation for the Mg2+ ion using double-zeta (DZ, 36 orbitals),

triple-zeta (TZ, 68 orbitals), and quadruple-zeta (QZ, 118 orbitals) basis sets, involving

2.54× 108, 2.91× 1011, and 9.75× 1013 2-spinor determinants, respectively. The complete

basis set limit of −199.16704295 a.u. was obtained using a mixed Gaussian extrapolation

scheme tailored for correlation-consistent basis sets [224].

To demonstrate the strong scaling behavior of the compression-compatible STP-DAS σ-

build algorithm, we performed relativistic X2C-CASCI calculations on the thallium hydride

(TlH) molecule using active spaces of 40 and 41 2-spinor orbitals and 24 electrons,
(
40
24

)

and
(
41
24

)
, corresponding to 63 and 152 billion 2-spinor determinants, respectively. Five

distributed active spaces (DASs) were employed. These calculations were executed on the

University of Washington’s Hyak HPC system, a small-sized cluster where each node is

equipped with two Intel Xeon 6230 Gold CPUs and a single 100 GB/s network interface

card. As shown in Figure 3.2(C), even with just 5 compute nodes, relativistic X2C-CASCI
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calculations involving tens to hundreds of billions of determinants require only 4-6 minutes

per σ-build on average. Increasing to 30 nodes further reduces the cost to just over one

minute. Past 30 nodes, the communication time dominates the runtime and the calculations

no longer scale. This benchmark demonstrates that billion- and even trillion-determinant

CI calculations are now feasible on a small-scale computing cluster.

Additionally, we performed X2C-CASCI calculations for the ground states of two highly

correlated systems, showcasing the applicability of the compression-compatible STP-DAS

framework to highly correlated systems. These systems were chosen from opposite ends of

the correlation spectrum from strongly statically correlated to strongly dynamically corre-

lated. Square Rb4, a relativistic analogue of H4 [9,43,97,110,137,201,202,249,251,255,258,

272, 293], displays strong static correlation and Xe2 is a dynamically correlated noble gas

dimer [30,101,133,160,165,275,287,323,328].

Tables 3.2 and 3.3 summarize the results of the Rb4 and Xe2 calculations. The Rb4

calculation (50 2-spinor orbitals, 28 electrons, 8.9 × 1013 2-spinor determinants) ran on

the National Energy Research Scientific Computing Center’s Perlmutter high-performance

supercomputer with a total of 100 nodes (AMD EPYC 7763 Milan, 12,800 compute cores,

512 GB of RAM per node, 200 GB/s NIC, 2 MPI processes per node, and 64 SMP threads

per MPI process) and took 6 iterations and 11.8 hours to converge. The Xe2 calculation (60

2-spinor orbitals, 12 electrons, 1.4× 1012 2-spinor determinants) ran on the same platform

with 256 nodes and took 7 iterations and 36.1 hours to converge.

The ground-state energies of the Rb4 and Xe2 molecules from these calculations are

−11916.1527249 a.u. and −14889.6466956 a.u., accordingly. The gap theorem [50, 217]

guarantees that these X2C-CASCI results lie within 0.53× 10−6 a.u. and 17.56× 10−6 a.u.

of the true ground state energies within the corresponding active spaces and basis sets (see

Methods).

In summary, by combining compression-compatible preconditioners with compression-

compatible categorical CI vectors, the STP-DAS framework drastically reduces the memory

footprint of both the excitation lists and the CI expansion vectors. In the largest relativistic

CASCI calculation presented here, spanning 1015 determinants across 13 distributed active

spaces, the STP-DAS approach reduces the memory required for the excitation list from
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Table 3.2. Details of the convergence of the X2C-CASCI calculation (50 2-spinor orbitals, 28 electrons,
8.9×1013 2-spinor determinants) of the ground state of Rb4 (cc-pvtz-x2c [114]). Each row corresponds
to a Davidson iteration. The third and fourth columns track the changes in the computed Rayleigh–Ritz
eigenpair across iterations, and the fifth column tracks the residual norm, ∥r∥ = ∥HC − EC∥, where
H is the Hamiltonian, C is the CI vector, σ is their product, and E is the corresponding energy. The
preconditioning dropping threshold was taken to be ε = 1.0× 10−6.

Iteration Energy (Eh) ∆E (Eh) max{|∆Ci|} ∥r∥ (Eh)

1 −90.038089795466 − − 4.48× 10−2

2 −90.048919589524 1.08× 10−2 1.21× 10−1 1.74× 10−2

3 −90.049940164869 1.02× 10−3 1.64× 10−2 4.95× 10−3

4 −90.050002638482 6.25× 10−5 2.53× 10−3 1.20× 10−3

5 −90.050006376495 3.74× 10−6 1.37× 10−3 2.96× 10−4

6 −90.050006593144 2.17× 10−7 1.55× 10−4 7.36× 10−5

Table 3.3. Details of the convergence of the X2C-CASCI calculation (60 2-spinor orbitals, 12 elec-
trons, 1.4 × 1012 2-spinor determinants) of the ground state of Xe2 (x2c-TZVPall-2c [227]). Each
row corresponds to a Davidson iteration. The third and fourth columns track the changes in the
computed Rayleigh–Ritz eigenpair across iterations, and the fifth column tracks the residual norm,
∥r∥ = ∥HC− EC∥, where H is the Hamiltonian, C is the CI vector, σ is their product, and E is the
corresponding energy. The preconditioning dropping threshold was taken to be ε = 1.0× 10−5.

Iteration Energy (Eh) ∆E (Eh) max{|∆Ci|} ∥r∥ (Eh)

1 −21.059579374232 − − 4.76× 10−1

2 −21.194173478231 1.35× 10−1 3.90× 10−2 1.86× 10−1

3 −21.206728805229 1.26× 10−2 8.89× 10−3 5.62× 10−2

4 −21.207569776081 8.41× 10−4 8.74× 10−4 1.75× 10−2

5 −21.207634517148 6.47× 10−5 4.51× 10−4 7.88× 10−3

6 −21.207644283591 9.77× 10−6 1.19× 10−4 4.48× 10−3

7 −21.207646647756 2.36× 10−6 3.90× 10−5 2.93× 10−3

12 × 109 GB to just 25 GB, and for 9 CI expansion vectors from 134 PB to less than

500 TB. These reductions make quadrillion-determinant calculations tractable on current

supercomputing architectures. While most of the community may not have access to the

hundreds of compute nodes required for such runs, this work also demonstrates the practical

feasibility of trillion-determinant calculations on just a few nodes and even on a laptop.
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3.3 Methods

3.3.1 Lossless σ-Build using the Categorical Compression of Small Tensor Products

The categorical σ-build algorithm within STP-DAS [122] can be reformulated to exploit the

categorical compression of the expansion vectors. The compact nature of the categorical

representation enables fast and memory-efficient computation of σ-vectors. The categorical

σ-build algorithm implements the evaluation of

σLA = 1eσLA + 2eσLA , (3.5)

1eσLA =
∑

B

∑

KB
µ⊕KB

ν

∑

pq

PµνδX̄A
µν X̄B

µν

h′pq ⟨LA
µ ⊕ LA

ν | Êpq |KB
µ ⊕KB

ν ⟩CKB , (3.6)

2eσLA =
1

2

∑

CB

∑

JCµ⊕JCν

∑

JCκ⊕JCλ

∑

KB
κ⊕KB

λ

∑

pqrs

PµνPκλ

δX̄A
µν X̄C

µν
δX̄C

κλX̄
B
κλ
gpqrs ⟨LA

µ ⊕ LA
ν | Êpq |JCµ ⊕ JCν⟩

⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩CKB , (3.7)

where p ∈ XA
µ , q ∈ XC

ν , r ∈ XC
κ, s ∈ XB

λ , ⟨XA
µ ⊕ XA

ν | Êpq |XB
µ ⊕ XB

ν ⟩ are categorical one

electron excitation lists, Pµν are global phase factors, and h′pq (gpqrs) are one (two) body

Hamiltonian elements. See Ref. 122 for algorithmic details.

Eqs. (3.5) to (3.7) define the categorical σ-vector in terms of local STP-DAS one-electron

excitation lists and the categorical CI expansion vector. Notably, when the expansion

coefficients CKB are categorically compressed, the resulting σ-vector coefficients σLA are also

categorically compressed. In such cases, the categorical σ-build reduces to a contraction

between a categorically compressed expansion vector and categorically compressed STP-

DAS one-electron excitation lists. Thus, Eqs. (3.5) to (3.7) yield a categorically compressed

σ-vector, in a manner directly analogous to the compression-preserving behavior of sparse

matrix–sparse vector products (SpMSpV). Importantly, this compression preservation is

general and independent of the specific storage format used for the categorically compressed

representations.
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The categorically compressed representation can be implemented in various forms, with

the choice of storage format guided primarily by computational efficiency. Since the categori-

cal σ-build algorithm often involves reading numerous expansion coefficients with increasing

local addresses during contraction, it is natural to adopt a compressed sparse column (CSC)

format for storing the categorical expansion coefficients.

3.3.2 Eigenvalue Bound Analysis

We wish to apply the gap theorem [50, 217, 327] to bound the error in the computed X2C-

CASCI ground state energy:

|δE| ≤ ∥r∥
2

γ0
, (3.8)

where r is the Ritz residual of the computed ground state and the gap γ0 ≡ E1 − Ẽ0 is

the difference between E1, the (unknown) exact energy of the first excited state, and Ẽ0,

the computed Ritz value of the ground state. Because γ0 is unknown, one can estimate

its order-of-magnitude using approximate methods or use experimental values to compute

a surrogate for the true gap. One can also obtain an exact lower bound on the gap by

including the posterior error bound of the first excited state [247,313,327] in the Davidson

calculation [325]:

γ0 = E1 − Ẽ0 ≥
(
Ẽ1 − ∥r1∥

)
− Ẽ0 ≡ γ−0 , (3.9)

where r1 is the residual associated with the Ritz value Ẽ1.

Using the gap theorem [50, 217, 327], we can place an exact bound on the error in the

computed X2C-CASCI ground-state energy. This requires an estimate of the energy gap

between the ground and first excited states of the X2C-CASCI Hamiltonian. To obtain

this, we performed an X2C-CISD calculation for the two lowest-lying states and determined

a gap of approximately 0.095 a.u., in good agreement with experimental values. Based on

this estimate, the gap theorem bounds the error in our X2C-CASCI ground-state energy to

within 10 microhartree, which is well below any chemically meaningful threshold.
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3.3.3 Compression-Compatible STP-DAS Algorithm

Algorithm 1 shows the categorically compressed STP-DAS algorithm, in which only nonzero

elements contribute to the categorical σ-vector. Its advantage over the traditional STP σ-

build algorithm [122] is twofold: in the outermost loop, where we skip entire categories

whose expansion vector vanishes (see line 2-3), and in the inner loop of line 7, where we

only process excitations ⟨JCκ ⊕ JCλ|Êrs|KB
κ ⊕KB

λ ⟩ for which CKB ̸= 0.

There is a potential workload imbalance associated with Algorithm 1: because the collec-

tion of categorical expansion vectors is distributed among computing nodes, the contraction

workload of a given node is proportional to the number of nonzero categorical expansion

coefficients it has. We alleviated some of the resulting computational delay by implementing

passive one-sided MPI communication of categorical expansion vectors using remote mem-

ory access (RMA). This allows idle nodes to contract more categorical expansion vectors

with their excitation lists without waiting for the corresponding busy nodes to broadcast

them. Ultimately, overcoming this load-balancing issue requires dynamically redistributing

categorical expansion vectors according to their sparsity, which changes during the iterative

diagonalization.

As illustrated in Algorithm 1, the computational cost, both in memory and runtime, of

the compression-compatible STP-DAS σ-build procedure increases with the density of the

expansion vectors. Therefore, it is essential to maintain maximal compression in these vec-

tors. To achieve this, we replace the traditional Davidson preconditioner with a compression-

compatible alternative for generating new trial expansion vectors. This modification alters

only the subspace expansion strategy in the Davidson algorithm, while preserving exact

treatment of the full determinantal space. As a result, the computed matrix–vector prod-

uct HC and the corresponding residual norm ∥r∥ = ∥HC − λC∥ remain exact, unlike in

selected CI and other truncated approaches, where both the Hamiltonian and CI vectors

are explicitly approximated.

The compression-compatible STP-DAS σ-build algorithm significantly reduces the over-

all workload associated with the σ build. The reduction in workload can be nonuniform:

the contraction workload associated with a determinant JCµνκλ is proportional to the num-
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Algorithm 1: Two-electron σ-build using categorical compression. Bold text rep-
resents algorithmic logic and typewritten text represents comments.

Data: the categorically compressed expansion vector C =
⊕
B

(
V CB
CSC, A

CB
CSC

)
and

integrals gpqrs
Result: the categorically compressed contraction 2eσ

1 for categories A,B, C and DAS indices µ, ν, κ, λ for which δX̄A
µν X̄C

µν
δX̄C

κλX̄
B
κλ

= 1

parallel do

2 if |ACB
CSC| = 0 then

3 continue to next iteration

4 for JCµνκλ do

// Obtain the sorted DAS one-electron excitation list of JCµνκλ
5 A← {KB

κ ⊕KB
λ : ∃r ∈ XC

κ , ∃s ∈ XB
λ S.T. ⟨JCκ ⊕ JCλ| Êrs |KB

κ ⊕KB
λ ⟩ ̸= 0}

// Intersect ACB
CSC with A to contract nonzero expansion

coefficients

6 i, j ← 0

7 while i < |A| and j < |ACB
CSC| do

8 if A[i] < ACB
CSC[j] then

// Advance i to the lowest i′ for which Ai′ ≥ ACB
CSC[j]

9 exponentialSearch(A, i, ACB
CSC[j])

10 else if A[i] > ACB
CSC[j] then

// Advance j to the lowest j′ for which ACB
CSC[j

′] ≥ A[i]

11 exponentialSearch(ACB
CSC, j, A[i])

12 else
// Process the σ contribution at the address LA into a

thread-safe hash table belonging to category A
13 for p ∈ XA

µ , q ∈ XC
ν do

14 2eσLA ← 2eσLA + PµνPκλgpqrs ⟨LA
µ ⊕ LA

ν | Êpq |JCµ ⊕ JCν⟩
15 ×⟨JCκ ⊕ JCλ| Êrs |KB

κ ⊕KB
λ ⟩V CB

CSC[j]

16 i← i+ 1
17 j ← j + 1

18 Subroutine: exponentialSearch(A, i, x)
Result: An index i < j < |A| such that A[j] ≥ x or j = |A| if nonexistent

19 δ ← 1
20 while j < |A| and A[j] < x do
21 j ← j + δ
22 δ ← 2δ

23 jmin ← j − δ/2
24 jmax ← min{j, |A| − 1}

// Return the lower bound of x in the range A[jmin . . . jmax]
25 return binarySearch(A[jmin . . . jmax], x)
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ber of local addresses containing both nonzero categorical expansion vectors elements and

Hamiltonian matrix elements. To improve the load-balance, we implemented dynamic SMP

thread-level parallelism in the outermost loop (line 1 in Algorithm 1) instead of in the

loop over determinants {JCµνκλ} (line 4 in Algorithm 1). Under dynamic parallelism, some

threads execute many light contractions, while others execute fewer heavy contractions, re-

sulting in a more uniform distribution of contraction workload. Such dynamic parallelism

is ineffective in the loop over determinants {JCµνκλ} due to the small tensor product nature

of the STP-DAS framework.
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3.4 Conclusions

In this work, we conducted a relativistic configuration interaction (CI) calculation for the

ground state of HBrTe in a quadrillion-determinantal space. This calculation was enabled

by numerically exact categorical compression within the STP-DAS framework, which ef-

fectively eliminates the memory bottlenecks associated with storing both excitation lists

and CI expansion vectors. Compared to previous state-of-the-art CI calculations, this work

represents a 3-orders-of-magnitude increase in CI space, a 6-orders-of-magnitude increase

in FLOP count, and a 6-orders-of-magnitude improvement in computational speed.

We introduced a categorically compressed representation of the CI expansion vectors

and reformulated the STP-DAS σ-build algorithm to take advantage of this structure. By

expressing the global expansion vector as a direct sum of compressed local components,

the algorithm efficiently skips all coefficients that do not contribute to the categorical σ-

vector. This approach is further enabled by a compression-compatible preconditioner, which

generates compressed expansion directions within the Davidson procedure.

The resulting categorically compressed STP-DAS σ-build algorithm demonstrates ex-

cellent strong scaling behavior and yields dramatic reductions in both runtime and memory

footprint. These benefits extend seamlessly to both relativistic (two- and four-component)

and non-relativistic CI calculations. To highlight this capability, we computed the
(
100
88

)

X2C-CASCI ground-state energy of HBrTe using over one quadrillion (1015) complex-valued

2-spinor determinants. The categorically compressed STP-DAS approach spans 1015 deter-

minants across 13 distributed active spaces, reducing the memory required for the excitation

list from 12×109 GB to only 25 GB, and for nine CI expansion vectors from 134 PB to under

500 TB. It converges the ground-state wave function of HBrTe in just nine iterations over a

34.5-hour runtime. This achievement represents the largest CI calculation reported to date.

Additionally, we achieved σ-build times of just 5 minutes for systems with approximately

150 billion complex-valued 2-spinor determinants using only a few compute nodes. The

capability to perform large CI calculations makes basis set extrapolations to the complete

basis set limit and computations on highly correlated molecular systems readily achievable

with CI.
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The integration of categorical compression with STP-DAS marks a paradigm shift in

tackling large-scale CI problems. As quantum chemistry continues to push the limits of

system complexity, the ability to carry out quadrillion-determinant calculations within

tractable resource bounds establishes a powerful foundation for studying highly corre-

lated, multireference, relativistic systems. While access to hundreds of compute nodes

for quadrillion-determinant calculations may remain out of reach for most of the commu-

nity, this work demonstrates the practical feasibility of trillion-determinant calculations on

a small cluster.

For transition-metal, rare-earth, and heavy-element complexes, such large-scale CI cal-

culations enable predictive simulations of electronic structure properties (bond order, co-

valency, polarization, etc.), spectroscopic observables (UV/Vis, X-ray, etc.), and reaction

pathways, with the full orbital space consisting of both metal and ligand orbitals, treated

on an equal footing.

The ability to simulate a full CI space of 100 orbitals on a classical computer not only

challenges current notions of quantum supremacy, but also establishes a robust platform for

developing and benchmarking quantum algorithms aimed at achieving chemical accuracy.
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Figure 3.2. Categorical Compression within the small-tensor-product distributed active space (STP-
DAS) framework. (A), The STP-DAS framework decomposition of a complete active space configura-
tion interaction (CASCI) calculation into a direct sum of categorical excitations. The large excitation
lists can be factored into much smaller categorical excitation lists. Purple sections within active spaces
represent electron-occupied orbitals. (B), The exact two-component full configuration interaction (X2C-
FCI) ground state energy of the Mg2+ ion within the cc-pVNZ-DK [53, 229](N = 2, 3, 4) basis sets,
along with the extrapolated complete basis set limit. (C), Average execution time (in seconds) of the
compression-compatible STP-DAS algorithm per Davidson iteration of a thallium hydride (TlH) test
case versus the node count (5 iterations, 1 message passing interface (MPI) process per node, 40 symmet-
ric multiprocessing (SMP) threads per MPI process). Here, H is the Hamiltonian, C is the CI vector,
and σ is their product. The dashed lines illustrate the ideal strong scaling behavior of each CASCI
calculation. (D), The representation of the subspace expansion vector in a traditional configuration
interaction (CI) picture, the decomposed subspace vector in the STP-DAS framework, and the numer-
ically exact compression of the subspace expansion vector in the categorically compression-compatible
STP-DAS representation. The color of CI coefficients indicates their configuration category, while
their brightness symbolizes their magnitude. White indicates a magnitude of zero. (E), A schematic
representation of the lossless, compression-compatible, STP-DAS σ-build algorithm. The Hamiltonian
matrix is represented as a heatmap, where brighter elements have larger magnitudes. The color of the
vector elements indicates the configuration category of the corresponding CI coefficients. Note that
the σ-build preserves categorical compression. (F), An illustration comparing the traditional Davidson
preconditioner with the compression-compatible preconditioner to generate successive subspace expan-
sion vectors. The compression-compatible preconditioner appends the subspace with the same effective
search direction as the traditional Davidson preconditioner without compromising its compression.
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Chapter 4

ACCELERATING SMALL TENSOR PRODUCT DISTRIBUTED
ACTIVE SPACE (STP-DAS) CONFIGURATION INTERACTION

USING GRAPHICS PROCESSING UNITS (GPUS)

4.1 Introduction

The formal description of all quantum mechanical systems is governed by the abstract

Schrödinger equation,

iℏ
∂

∂t
|ψ⟩ = Ĥ |ψ⟩ , (4.1)

where |ψ⟩ is the state of the system and Ĥ is the Hamiltonian governing it. In the context

of the electronic structure theory of molecules in finite basis sets, the solution to Eq. (4.1)

is given by the full configuration interaction (FCI) method [134,263,264,268,284,295]. The

many-body state |ψ⟩ is computed in a given basis set by explicitly diagonalizing the corre-

sponding electronic Hamiltonian matrix. Its straightforward nature makes FCI applicable

to a wide range of many-body problems. For instance, its adaptation to the two- and four-

component Dirac formalisms [68,236] enables the non-perturbative description of relativistic

quantum effects [2, 17,18,120,121,130,132,146–149,183,238,260,270,289,300].

The explicit diagonalization of the Hamiltonian matrix has historically rendered its ap-

plicability to small chemical systems. This is because the number of possible configurations

increases factorially with the system size, causing the dimension of the Hilbert space to

explode. As such, even with its special properties (sparse, Hermitian, and diagonally-

dominant), the diagonalization of the Hamiltonian matrix quickly becomes intractable.

Due to the explosive growth of the dimension of the space of configurations, practical

calculations often rely on approximate configuration interaction (CI) wavefunction methods.

The two main families of methods are complete active space CI (CASCI) [85–87,95,145–147,

150,213,243,302] and selected CI (SCI) [76,80,99,117,118,124,168,179,252,262,291,320,321].

Both methods work by effectively truncating the Hilbert space of the system to a subspace
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of significant determinants.

The CASCI method approximates the FCI wavefunction as the CI solution within the

configuration space generated by a subset of MOs (called the active space). The outright

exclusion of occupied and unoccupied orbitals often leads to an underestimation of dynamic

correlation. Therefore, to attain quantitative agreement with experimental results, it is often

required to apply additional methods on top of CASCI to recover the missing correlation.

Such methods include multiconfigurational self-consistent field (MCSCF) [17, 94, 132, 144,

174,185,187,188,238,270,284,289,301,305,306,319], multireference configuration interaction

(MRCI) [115,121,174–176,189,246,284,304], and many-body perturbation theory (MRPT2,

CASPT2, NEVPT2, MC-PDFT) [5–7,35,172,183,186,244,270,300].

A recent CI framework [122] remedies the explosive memory footprint of the Hamiltonian

matrix by factorizing the active space into small tensor products of distributed active spaces

(DASs). In the small tensor product distributed active space (STP-DAS) approach, the com-

putation of the large matrix-vector product associated with the iterative diagonalization of

the Hamiltonian matrix is decomposed into the evaluation of a sequence of small tensor

products. By employing an addressing scheme compatible with the small-tensor-product

approach, the on-the-fly evaluation of matrix-vector products can significantly reuse the

address strings local to each DAS to emulate the full excitation list. This reuse leads to

dramatic reductions in the memory footprint of the Hamiltonian excitation list. This frame-

work was shown to successfully facilitate CI calculations consisting of over one quadrillion

(1015) determinants [265].

The engine that powers CI is the matrix-vector product algorithm within the iterative

diagonalization procedure, also known as the σ-build. As such, CI is amenable to large-

scale parallel processing paradigms [8, 93, 95, 122, 211, 302], so long as subtle issues such

as load balancing are properly addressed. Beyond the traditional host-centered paradigms

of multi-threading (OpenMP, OpenACC) and message passing interface (MPI), electronic

structure method development is increasingly adopting the use of graphics processing units

(GPUs) and other accelerators to maximize throughput and parallelism [13, 77, 82, 84, 162,

191,194,228,259,266,314]. Such accelerators consist of (tens of) thousands of cores purpose-

fully designed to perform vectorized operations with peak efficiency. Their hardware design
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implements the “single instruction, multiple data” (SIMD) principle, in which all cores exe-

cute the exact same operation on different data elements concurrently. While this limits the

functionality of GPU cores compared to traditional central processing unit (CPU) cores, the

design drastically reduces the per-core cost of vectorized operations such as matrix-vector

products. Despite this remarkable capability, the effective exploitation of the SIMD cores

of the accelerator requires careful consideration of the data flow and processing patterns

of the underlying algorithm. This includes the clever distribution of the computational

workload between the host and the accelerator and the implementation of pipelining. The

latter is a technique that hides the overhead associated with data transfers to and from the

accelerator by overlapping them with host and accelerator computation. In addition, the

adoption of batched processing and coalesced data transfers is often needed to maximize

GPU throughput and performance.

Despite their vast computational power, the video random-access memory (VRAM)

capacity of GPUs is rather limited, hindering their ability to accelerate certain applications.

This general restriction does not apply in the case of STP-DAS: the framework decomposes

the large matrix-vector product into a sequence of small tensor products, each of which can

comfortably fit into the limited memory of GPUs!

In this work, we accelerate the STP-DAS framework by adapting the two-electron portion

of the small-tensor-product σ-build algorithm to GPUs. The resulting algorithm implements

batched processing and coalesced data transfers within the Knowles-Handy approach [150,

152] to contract the Hamiltonian excitation list with CI expansion vectors. It supports multi-

GPU and cooperative multi-process execution via MPI and Multi-Process Service (MPS).

To showcase its features and performance, we use the accelerated small-tensor-product σ-

build algorithm to conduct exact two-component CASCI (X2C-CASCI) calculations for the

relativistic ground states of Au2 and Xe2.
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4.2 Methods

4.2.1 Accelerating STP-DAS σ-Build using GPUs

The σ-build algorithm within STP-DAS [122] implements the evaluation of

σLA = 1eσLA + 2eσLA , (4.2)

1eσLA =
∑

B

∑

KB
µ⊕KB

ν

∑

pq

PµνδX̄A
µν X̄B

µν

h′pq ⟨LA
µ ⊕ LA

ν | Êpq |KB
µ ⊕KB

ν ⟩CKB , (4.3)

2eσLA =
1

2

∑

CB

∑

JCµ⊕JCν

∑

JCκ⊕JCλ

∑

KB
κ⊕KB

λ

∑

pqrs

PµνPκλ

δX̄A
µν X̄C

µν
δX̄C

κλX̄
B
κλ
gpqrs ⟨LA

µ ⊕ LA
ν | Êpq |JCµ ⊕ JCν⟩

⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩CKB , (4.4)

where p ∈ XA
µ , q ∈ XC

ν , r ∈ XC
κ, s ∈ XB

λ , ⟨XA
µ ⊕ XA

ν | Êpq |XB
µ ⊕ XB

ν ⟩ are categorical one

electron excitation lists, Pµν are global phase factors, h′pq and gpqrs are one- and two-

body Hamiltonian elements, and CKB are CI coefficients of determinants K belonging to

configuration category B (see Ref. 122 for definitions and algorithmic details). From the

summation structure of Eq. (4.4), it is evident that the computational bottleneck is the

evaluation of the two-electron portion of the σ-build. Consequently, it has historically been

the focus of algorithmic optimization efforts [150,152,213].

One such optimization is inspired by the Knowles-Handy approach [150, 152], which

evaluates Eq. (4.4) using vectorized operations, thereby enabling the full exploitation of

state-of-the-art cache optimization techniques. Vectorization, which comes at the cost of

additional memory requirements, is achieved by organizing the Hamiltonian elements and

the CI coefficients into intermediates and matrix-multiplying them:
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XLA,JC
rs,pq ← gpqrs ⟨LA

µ ⊕ LA
ν | Êpq |JCµ ⊕ JCν⟩ ⟨JCκ ⊕ JCλ| Êrs |KB

κ ⊕KB
λ ⟩ , (4.5)

ΩJC ,KB

rs,K̄B
κλ

← CKB such that ⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩ ̸= 0, (4.6)

ΛLA

pq,K̄A
κλ
←
(
XLA,JC

rs,pq

)⊺
× ΩJC ,KB

rs,K̄B
κλ

, (4.7)

where K̄ and L̄ are the local addresses of the portion of the determinant K not belonging

to the DASs numbered κ or λ. The locality of the addresses renders the column dimensions

of the intermediates in Eqs. (4.6) and (4.7) small, making the evaluation of Eq. (4.4) on

GPUs possible despite VRAM limitations. This small dimensionality, however, presents

challenges in maximizing GPU computational throughput and minimizing frequent data

transfers between the CPU and the accelerator.

Computational throughput can be maximized by the incorporation of batching in the

evaluation of Eq. (4.4). Instead of successively forming Eqs. (4.5) and (4.6) and computing

Eq. (4.7) for every connecting determinant JC , one can form a batch
{
XLA,JC

rs,pq ,ΩJC ,KB

rs,K̄B
κλ

}
JC

of intermediates and evaluate Eq. (4.7) for the entire batch concurrently. While this ap-

proach has a larger memory footprint than naive successive evaluation, its computational

advantages are twofold: the increased utilization of the compute cores of the accelerator,

and the coalescence of data transfers between the CPU and the accelerator [169].

Because the batching technique organizes the evaluation of Eqs. (4.5) and (4.6) into large

computational tasks, it also enables the implementation of GPU pipelining, which hides the

cost of large data transfers by overlapping them with significant CPU and GPU computa-

tion. To this end, we adopted the use of asynchronous operations in our implementation, in

which the CPU submits a task to be executed by the GPU without needing to wait for the

GPU to complete it. Consequently, upon forming Eqs. (4.5) and (4.6) for batch n, the CPU

can form intermediates for batch (n + 1) while, concurrently, the intermediates of batch n

are transferred to the GPU, the GPU evaluates Eq. (4.7) for batch n, and the computed

contractions for batch n are transferred back to the CPU for processing into the σ-vector, as

prescribed in Eq. (4.4). This pipelined processing of batches of intermediates not only effec-
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tively hides the latency associated with large and frequent data transfers between the CPU

and the accelerator, but also dramatically shrinks the idle time the CPU spends waiting for

the GPU to complete the contractions of intermediates. The precise execution pattern that

yields these optimizations is depicted in Algorithm 2.

The computational load distribution structure within the STP-DAS algorithm [122]

naturally enables the multi-GPU acceleration of the evaluation of Eq. (4.4). By assigning

each MPI rank to a unique GPU, Algorithm 2 can be executed on multiple accelerators

to compute and populate distinct sectors of the σ-vector concurrently. Cooperative multi-

process execution can also be realized by assigning multiple MPI ranks to the same GPU

and partitioning it by utilizing technologies such as NVIDIA’s MPS or multi-instance GPU

(MIG). This can maximize the performance of Algorithm 2 on multi-node, single-accelerator

systems. Notably, this approach to multi-GPU multi-process execution does not require

communication among the accelerators. Therefore, in contrast with other implementations

[1], Algorithm 2 does not require the use of GPU-aware MPI libraries.

4.3 Results

To showcase the dependence of the intermediates batch size on the runtime of Algorithm 2,

we conducted a sequence of calculations for the X2C-CASCI ground state of Au2 with

varying batch sizes within the compression-compatible STP-DAS framework [265]. The

calculations were executed on the University of Washington’s AI-accelerated research com-

puting platform Tillicum, a small-sized cluster where each node is equipped with an Intel

Emerald Rapids CPU, eight NVIDIA Hopper–H200 SXM GPUs, a 400 GB/s network in-

terface card, and an NVLink™ 4.0 GPU interconnect providing 900 GB/s GPU-to-GPU

bandwidth.

As seen in Figure 4.1, the contraction speedup greatly depends on the batch size used in

Algorithm 2. This is expected: the larger the batch size, the more likely the calculation is to

fully saturate all compute cores of the GPU, resulting in ideal throughput and performance.

This way, the GPU computation overlaps with the intermediate batch formation on the

hosting CPU, resulting in the complete hiding of GPU computation and data transfers

latency. Past a certain point, further increasing the size of the batch has at most marginal
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Algorithm 2: The GPU-accelerated two-electron STP-DAS σ-build. Bold text
represents algorithmic logic and typewritten text represents comments. Curly
brackets represent code-interfacing operations.

// Process first batch B1 of JC’s
1 B1 ←

{
0, . . . ,min

(
Sbatch,

∣∣{JC}∣∣)}

// Form Eqs. (4.5) and (4.6) for all JC ∈ B1

2 for JC ∈ B1 do

3 XB1 ← XB1 ∪
{{

gpqrs ⟨LA
µ ⊕ LA

ν | Êpq |JCµ ⊕ JCν⟩ ⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩
}}

ΩB1 ← ΩB1 ∪
{{

CKB : ⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩ ̸= 0
}}

4 {Asynchronously task GPU with contracting intermediates in B1}
// Continue processing next batch Bn without waiting for the GPU

5 for n = 2, . . . ,
∣∣{JC}∣∣ /Sbatch do

6 Bn ← {(n− 1)× Sbatch, . . . , n× Sbatch}
7 XBn ,ΩBn ,ΛBn ← ∅

// Form Eqs. (4.5) and (4.6) for all JC ∈ Bn

8 for JC ∈ Bn do

9 XBn ← XBn ∪
{{

gpqrs ⟨LA
µ ⊕ LA

ν | Êpq |JCµ ⊕ JCν⟩ ⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩
}}

ΩBn ← ΩBn ∪
{{

CKB : ⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩ ̸= 0
}}

10 {Asynchronously task GPU with contracting intermediates in Bn}
11 {Wait for the GPU to finish processing batch Bn−1 }

// Process completed batch ΛBn−1 into 2eσ
12 for JC ∈ Bn−1 do

13 2eσLA+ = ΛLA

pq,K̄A
κλ

such that ⟨LA
µ ⊕ LA

ν | Êpq |JCµ ⊕ JCν⟩

14 Bleftover ←
{(∣∣{JC}∣∣ /Sbatch − 1

)
× Sbatch, . . . ,

∣∣{JC}∣∣}

15 {Wait for the GPU to finish processing batch Bleftover }
// Process the leftover batch into 2eσ

16 for JC ∈ Bleftover do

17 2eσLA+ = ΛLA

pq,K̄A
κλ

such that ⟨LA
µ ⊕ LA

ν | Êpq |JCµ ⊕ JCν⟩

benefits, as the compute capabilities of the GPU are already fully saturated. The modest

increase in speedup at this regime can be attributed to the coalescence of data transfers,

since at 900 GB/s, the NVLink™ 4.0 GPU interconnect may still be unsaturated.

To study the strong-scaling behavior of Algorithm 2, we conducted compression-compatible

STP-DASCI [265] calculations for the X2C-CASCI ground state of Xe2 with varying num-

ber of MPI ranks, each assigned a unique GPU. As seen in Figure 4.2, the excellent strong-
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Figure 4.1. (Red: 8 CPU cores + 8 GPUs) Marginal runtime of the GPU portion of Algorithm 2
(matrix multiplications and data transfers) for various batch sizes of the fourth σ-build iteration for an
Au2 test case using an active space of 48 orbitals and 8 electrons within the x2c-TZVPall-2c [227] basis
set. (Blue: 8 CPU cores) The reference runtime of an identical calculation with a CPU-only version
of Algorithm 2 [122]. A preconditioning dropping threshold of ε = 10−16 was used in all calculations.
Both axes are log-scaled for convenience.

scaling behavior inherent in the STP-DAS framework [122] directly transfers to the GPU-

accelerated version of the same. Moreover, the depicted strong-scaling behavior clearly

illustrates that Algorithm 2 does not require inter-GPU communication, resulting in excel-

lent load balancing and minimal communication latency.

4.4 Conclusions

In this work, we showcased the acceleration of the STP-DAS σ-build algorithm using GPUs.

By adopting traditional GPU optimization techniques such as batching and pipelined ex-

ecution, the algorithm significantly speeds up the evaluation of matrix-vector contractions

and enables rapid CI calculations. The algorithm naturally supports multi-GPU processing
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Figure 4.2. (Red) Marginal speedup of the GPU portion of Algorithm 2 (matrix multiplications and
data transfers) as a function of the number of GPUs used. (Blue) The corresponding ideal strong-scaling
behavior. The data used the fourth σ-build iteration of an Xe2 test in an active space of 48 orbitals
and 8 electrons within the x2c-TZVPall-2c [227] basis set. A preconditioning dropping threshold of
ε = 10−16 was used in all calculations.

and exhibits excellent strong scaling behavior.

Our benchmark studies demonstrate the ability of the GPU-accelerated STP-DAS σ-

build algorithm to massively accelerate the execution of compressed CI calculations. The

batched processing of intermediates within the algorithm implementation delivers excel-

lent throughput and maximizes GPU utilization. Such a workload distribution is demon-

strated to effectively hide the latency associated with data transfers, making the use of

accelerators highly efficient. The accelerated algorithm is also shown to exhibit excellent

strong-scaling behavior, similarly to the original STP-DAS σ-build procedure [122]. This

enables multi-GPU processing of compressed CI calculations with minimal communication

overhead, capable of facilitating large-scale calculations at previously-unattainable speed.
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Together with categorical compression within the STP-DAS framework [265], the ability

to carry out accelerated large-scale CI calculations in an inherently relativistic level-of-

theory facilitates the accurate simulation of the electronic structure properties and observ-

ables of strongly-relativistic systems such as transition metals, rare-earth complexes, and

heavy elements.
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Chapter 5

BENCHMARKING COUPLED CLUSTER AND DENSITY MATRIX
RENORMALIZATION GROUP: ACCURACY AND CONVERGENCE

TRENDS AGAINST LARGE SCALE NUMERICALLY EXACT
CONFIGURATION INTERACTION

5.1 Introduction

Full configuration interaction (FCI) provides the formally exact description of the electronic

structure of a chemical system within a given basis set by explicitly solving the eigenvalue

problem that arises from the quantum equation of motion [134,263,264,268,284,295],

Ĥ |ψ⟩ = E |ψ⟩ , (5.1)

where Ĥ is the Hamiltonian governing the dynamics of the system, |ψ⟩ is the electronic

quantum state, and E is its energy. The non-perturbative nature of FCI enables the treat-

ment of strong relativistic effects, such as spin-orbit and spin-spin couplings [2, 17, 18, 120,

121,130,132,146–149,183,238,260,270,289,300].

The FCI solution, therefore, is obtained by diagonalizing a sparse many-electron Hamil-

tonian matrix. Due to its size, the Hamiltonian matrix is almost never stored explicitly,

and the low-lying spectrum is computed iteratively. However, because the dimension of

the Hilbert space grows factorially with the system size, even iterative methods become

intractable for all but the smallest chemical systems. The relativistic regime is even more

restrictive because of the larger configuration space associated with complex-valued two-

and four-component wavefunctions. The dimensionality problem of FCI can be partially

alleviated using parallel processing schemes, algorithmic optimization, and data compres-

sion techniques [8, 93, 95, 122, 211, 265, 302]. Even after these optimizations, however, the

diagonalization procedure requires enormous amounts of computational resources and time,

pushing practitioners and users towards alternative computational methods.
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Many alternative wavefunction-based methods were developed to address the inherent

memory limitations of CI. These methods seek approximate solutions to the FCI problem

by utilizing various approximations to truncate the dimensionality of the system. Within

the CI framework, a straightforward strategy is to take the Hartree-Fock determinant as

the reference and to truncate the determinant excitation level up to double or triple exci-

tations. This leads to the CISD and CISDT methods with polynomial scaling at O(n2on
4
v)

and O(n3on
5
v), where no and nv denote the number of spin-orbitals that are occupied and

unoccupied in the reference determinant, respectively. However, truncated CI methods suf-

fer from slow convergence to FCI and size-consistency problems [14]. Two other ubiquitous

classes of methods approximating FCI are coupled cluster (CC) and density matrix renor-

malization group (DMRG). Both methods are post-Hartree-Fock methods, generating an

approximated wavefunction solution from a mean-field reference Slater determinant. We

refer the readers to Ref. 15 for a thorough review of the CC family of methods.

At the same scaling as truncated CI methods, the coupled cluster series of methods

provides more rapid convergence towards FCI [14]. In CC methods, electron correlation is

recovered into the mean-field reference determinant by including excited configurations in

the form of an exponential ansatz [296]:

|ψ⟩ = eT̂ |Φ⟩ = eT̂1+T̂2+··· |Φ⟩ , (5.2)

where Φ is the Hartree-Fock determinant and Tn is the n-body cluster operator, defined as

T̂n ≡
(

1

n!

)2 n∑

ij···ab···
tab···ij··· â

†b̂† · · · ĵ î, (5.3)

where tab···ij··· are cluster amplitudes and â†b̂† · · · and îĵ · · · are creation and annihilation oper-

ators of unoccupied ab · · · and occupied ij · · · orbitals, respectively. Often, the expansion is

truncated at a particular excitation level, with the most common choices being T̂ = T̂1 + T̂2

and T̂ = T̂1 + T̂2 + T̂3, resulting in the coupled cluster singles and doubles (CCSD) [47,230]

and coupled cluster singles, doubles, and triples (CCSDT) [208, 256] methods. The cluster
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amplitudes tab···ij··· are usually solved iteratively in a projectional manner by requiring

⟨Φab···
ij··· | H̄ |Φ⟩ = 0 ∀ |Φab···

ij··· ⟩ , (5.4)

in which H̄ = e−T̂ ĤeT̂ is the similarity-transformed Hamiltonian and Φab···
ij··· are excited

determinants where electrons are excited from occupied orbitals ij · · · to unoccupied orbitals

ab · · · . The CC correlation energy is computed as

E(CC) = ⟨Φ| H̄ |Φ⟩ . (5.5)

While the CCSD method is widely used in medium-size quantum chemistry calculations

with hundreds of electrons and orbitals, the CCSDT method is much less commonly utilized

due to its iterative O(n3on
5
v) FLOPs scaling and M(n3on

3
v) memory requirement to store

the tabcijk amplitudes. Methods of greater accuracy than CCSD and smaller computational

footprint than CCSDT have been developed, among which is the CCSD(T) method [15].

In the CCSD(T) method, after a converged CCSD calculation, the correlation energy is

improved by a one-shot O(n3on
4
v) calculation without explicit storage of the tabcijk amplitudes

[16,233]. We refer readers to Ref. 233 for the details of this non-iterative approximation.

Correlation energy is usually artificially separated into two parts [15]:

1. Dynamic correlation, which keeps electrons apart, and is composed of small contribu-

tions from a large number of determinants;

2. Static correlation (or non-dynamic correlation), which describes near-degenerate con-

figurations, and is composed of large contribution from a small fraction of determi-

nants.

All CC methods mentioned above are in the category of single-reference methods, in which

dynamic correlation is described well by the exponential ansatz. However, their single-

reference nature is not efficient in describing static correlation. Many multi-reference CC

methods have been reported to describe static and dynamic correlation equally well [79,184,

216], but they are beyond the scope of this chapter.
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A common alternative to the truncated CI and coupled cluster approaches is the density

matrix renormalization group (DMRG) method, in which the wavefunction is represented

by a tensor network [10, 38, 311]. Tensor-network wavefunctions are factorizations of the

exponentially-large FCI coefficient tensor that come in various flavors, including the matrix

product state (MPS) [10,38,311], the tree tensor network (TTN) state [45,199,203,269,285],

and the projected entangled pair states (PEPS) [298]. The DMRG algorithm allows for the

efficient variational optimization of MPS wavefunctions. The MPS ansatz is given by

|Ψ⟩ =

N∑

σ

m∑

a1

· · ·
m∑

aN−1

Mσ1
1,a1

Mσ2
a1,a2 · · ·M

σN
aN−1,1

|σ1, σ2, · · · , σN ⟩ , (5.6)

where σ are sites with |σ1, σ2, · · · , σN ⟩ representing an occupation vector, N is the number

of sites, M are site tensors with auxiliary indices a that are truncated at a given bond

dimension m. For quantum chemical problems, the orbitals are mapped directly to sites.

Because electronic-structure Hamiltonians are weakly-coupled (rendering perturbative

methods [5–7, 35, 172, 183, 186, 244, 270, 300] applicable), the MPS ansatz scales polynomi-

ally in the number of parameters and the DMRG optimization scales polynomially in the

system size. This combination makes DMRG an attractive method for electronic structure

problems, as it allows for a polynomially-scaling algorithm with a compact ansatz and a

controllable convergence to the FCI result (by increasing the bond dimension m). Notably,

the DMRG approach approximately solves a corresponding CI problem, and therefore may

suffer the same lack of dynamic correlation if the underlying CI space is truncated. There-

fore, methods to recover dynamic correlation into truncated CI solutions may be used to

recover the same into the DMRG tensor-network wavefunction [22,39,104,108,161,204,205,

240,248,261,312].

The practical validity of approximate methods such as CC and DMRG can ultimately

be assessed by their predictive accuracy relative to experiments [322]. Such experimental

benchmarks, however, cannot resolve the error due to approximations underlying a given

method, because the discrepancy with experimental results will also include errors sourced

in the finite atomic basis set and the level of theory used in the studies. Alternatively, more

controlled benchmark studies can be conducted by comparing the chemical observables
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computed using various computational methods with those of FCI. Because FCI yields

the formal wavefunction solution of the chemical system within a given atomic basis and

level of theory, such comparisons trivially control for the effects these truncations have

on the computed observables relative to experiments. Because of the explosive growth

in memory requirements associated with FCI, such studies have been restricted to only

the smallest chemical systems. To overcome this limitation, one could in principle obtain

benchmark values from approximated CI methods, such as the various flavors of selected

CI (SCI) [76, 80, 99, 117, 118, 124, 168, 179, 252, 262, 291, 320, 321]. While such studies can

provide useful insights into the convergence behavior of the benchmarked methods, their

conclusiveness is limited. This is because approximated CI methods have an unknown

domain of validity at large scale, as they themselves rely on approximations within the CI

expansion to reduce memory and computational costs.

Unlike benchmarks against approximated CI methods, the results presented here defini-

tively classify the error in the computed coupled-cluster and DMRG states. This is due to

the lossless nature of the compression-compatible STP-DAS method [265]. The small-tensor-

product decomposition of the Hamiltonian excitation list and the categorical compression of

CI expansion vectors allow for the exact computation of σ-vectors, even in extremely large

Hilbert spaces. This then facilitates the exact computation of the Ritz residual of the CI

vector, which can be used to obtain exact error bounds on the true eigenvalue of the Hamil-

tonian matrix within the given basis [325]. Of these bounds, the gap theorem [50,217,327]

often offers the tightest lower bound, which is computed using the Ritz eigenvector and

eigenvalue as

|δE| ≤ ∥r∥
2

γ0
, (5.7)

where r is the Ritz residual of the desired state and the gap γ0 ≡ E1 − Ẽ0 is the difference

between E1, the (unknown) exact energy of the first excited state, and Ẽ0, the computed

Ritz value of the ground state. Because γ0 is unknown, one can estimate its order of

magnitude using approximate methods or use experimental values to compute a surrogate

for the true gap. This is often sufficient for gapped systems, for which γ0 is much larger

than the values ∥r∥2 reasonably attains after a few Davidson iterations [49].
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In more pathological cases, such as ground-state near-degeneracy, one can instead obtain

an exact lower bound on the gap γ0 by including the posterior error bound of the first excited

state [247,313,327] in the Davidson calculation [325]:

γ0 = E1 − Ẽ0 ≥
(
Ẽ1 − ∥r1∥

)
− Ẽ0 ≡ γ−0 , (5.8)

where r1 is the residual associated with the Ritz value Ẽ1. Combined with the variational

bound associated with all Krylov subspace methods [325],

E0 ≤ Ẽ0, (5.9)

one can place tight upper and lower bounds on the true eigenvalue:

Ẽ0 −
∥r∥2
γ0
≤ E0 ≤ Ẽ0. (5.10)

In this chapter we use the exact eigenvalue bounds provided by (5.10) within the

compression-compatible STP-DAS framework [265] to analyze the convergence properties

and absolute accuracy of relativistic CC and DMRG. To this end, we used the methods to

compute the ground states of three systems of varying degrees of symmetry and correla-

tion: HBrTe, Rb4, and Xe2. Relativistic effects were incorporated variationally within the

Dirac formalism using the one-electron exact two-component (1eX2C) variant of the exact

two-component (X2C) method along with a Dirac-Coulomb-Breit-parameterized Boettger

factor [72]. The 1eX2C method uses the one-electron portion of the Hamiltonian to ap-

proximately reduce the four-component Dirac equation into a two-component eigenvalue

problem for the positive energy (electronic) sector of the Hamiltonian [64–67, 69, 70, 100,

119,126,155,163,171,177,178,180,181,183,221,222,260].

The ability to obtain exact error bounds for the results of large-scale CI calculations

opens the door to previously intractable precise benchmarking of various computational

chemistry methods beyond small systems. These bounds reveal the range in which the true

energy eigenvalue falls, and thus allow the benchmarked methods to be faithfully judged at

various correlation regimes.
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5.2 Results

The relativistic coupled-cluster ground state energies of HBrTe (100 2-spinor orbitals, 88

electrons, x2c-TZVPall [227]), Rb4 (50 2-spinor orbitals, 28 electrons, cc-pVTZ-x2c [114]),

and Xe2 (60 2-spinor orbitals, 12 electrons, x2c-TZVPall-2c [227]) were computed using the

X2C-CC method at various excitation-truncation levels. These results were obtained from

the coupled-cluster code [12, 44, 156, 170, 315–317, 322] within the Chronus Quantum soft-

ware package [308]. The relativistic DMRG energies were calculated using the X2C-DMRG

method within PySCF [280–282]. All calculations were conducted on the National Energy

Research Scientific Computing Center’s Perlmutter high-performance supercomputer (AMD

EPYC 7763 Milan, 128 compute cores per node, 512 GB of RAM per node, and 200 GB/s

NIC). The largest X2C-DMRG calculation (HBrTe, 100 2-spinor orbitals, 88 electrons, bond

dimension m = 1000) was conducted on 30 such nodes, while the corresponding X2C-CC

calculation was conducted on 4 nodes.

Table 5.1 shows the discrepancy between the computed X2C-CC energies and the cor-

responding X2C-CASCI energies, which were previously obtained using the compression-

compatible STP-DAS method [265]. It is evident that while all benchmarked excitation-

restriction levels attain near-chemical accuracy, none attain microhartree accuracy. The

latter is crucial when the resolution of individual wavenumbers is needed, such as in spec-

troscopy simulations.

Unsurprisingly, the most accurate coupled-cluster energies are obtained by CCSDT,

which incorporates triple-excitation amplitudes converged iteratively rather than one-step

perturbatively (as is the case with CCSD(T)). Notably, the error in the X2C-CCSDT ground

state energy of Rb4 is an order of magnitude larger than in the other two systems. This

behavior is expected because coupled cluster is inherently a single-reference method. Be-

cause the ground state of Rb4 is a relativistic analogue of the H4 system [96], it is highly

multireference, and coupled cluster will not accurately capture its static correlation.

Additionally, these benchmarks showcase the non-variational nature of coupled-cluster-

based methods. This is evident in the negative entry in Table 5.1 corresponding to the X2C-

CCSDT ground state energy of Xe2. At first glance, because of Eq. (5.9), one might assume
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that it is plausible that the X2C-CCSDT energy is closer to the true energy eigenvalue

of the exact two-component Hamiltonian of Xe2 (60 2-spinor orbitals, 12 electrons, x2c-

TZVPall-2c [227]) than the benchmark X2C-CASCI value [265]. However, that is not the

case: applying the result of Eq. (5.10) reveals the following bounds on the error between

the computed X2C-CASCI energy and the true eigenvalue of the Hamiltonian matrix [265]:

0 ≤ Ẽ0 − E0 ≤ 1.756× 10−5. (5.11)

This result definitively shows that the X2C-CCSDT ground state energy of the Xe2 system

demonstrates the nonvariational nature of coupled-cluster-based methods: the X2C-CCSDT

value is guaranteed to be at least 29.7 µEh below the exact energy eigenvalue.

Table 5.2 shows the discrepancy between the computed X2C-DMRG energies and the

corresponding X2C-CASCI benchmark values [265]. The results demonstrate the variation-

ality of DMRG energies with increasing bond dimension. Furthermore, the DMRG energies

converge monotonically to the benchmark values. This is because the formal solution of

the eigenvalue problem can be obtained by DMRG at infinite bond dimension. In contrast

with the coupled cluster results of Table 5.1, it is evident that DMRG performs significantly

better on Rb4, a multireference system dominated by static correlation, than on Xe2, which

is dominated by dynamic correlation. This is because the finite bond dimension trunca-

tion associated with DMRG limits the entanglement between sites (orbitals), thus failing to

accurately capture dynamic correlation.

Table 5.1. The discrepancy (in Hartree), ECC − ECASCI, between X2C-CC ground state energies
and the corresponding X2C-CASCI values for HBrTe (100 2-spinor orbitals, 88 electrons, x2c-TZVPall
[227]), Rb4 (50 2-spinor orbitals, 28 electrons, cc-pVTZ-x2c [114]), and Xe2 (60 2-spinor orbitals, 12
electrons, x2c-TZVPall-2c [227]).

HBrTe Rb4 Xe2

CCSD 1.26× 10−3 7.06× 10−4 2.52× 10−3

CCSD(T) 1.97× 10−4 2.27× 10−4 3.41× 10−4

CCSDT 1.62× 10−5 1.61× 10−4 −4.73× 10−5
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Table 5.2. The discrepancy (in Hartree), EDMRG−ECASCI, between X2C-DMRG ground state energies
and the corresponding X2C-CASCI values at various bond dimensions. The systems are HBrTe (100
2-spinor orbitals, 88 electrons, x2c-TZVPall [227]), Rb4 (50 2-spinor orbitals, 28 electrons, cc-pVTZ-
x2c [114]), and Xe2 (60 2-spinor orbitals, 12 electrons, x2c-TZVPall-2c [227]).

Bond dimension HBrTe Rb4 Xe2

m = 50 4.01× 10−3 1.44× 10−4 3.82× 10−2

m = 100 1.71× 10−3 4.99× 10−5 1.22× 10−2

m = 200 6.31× 10−4 1.63× 10−5 9.93× 10−3

m = 500 1.50× 10−4 2.08× 10−6 5.58× 10−3

m = 1000 5.24× 10−5 5.32× 10−7 2.40× 10−3

5.3 Conclusions

The ability to perform extremely large-scale numerically exact CI calculations, enabled

by categorical compression within the STP-DAS CI framework [265], facilitates previously

intractable precise benchmarking of the convergence behavior and accuracy of all other

computational quantum chemistry methods. In this work, we performed such benchmark

studies on two common (and complementary) computational chemistry methods: coupled

cluster and DMRG. The former relies on an exponential ansatz to capture dynamic corre-

lation with unparalleled efficiency, and the latter approximates the underlying eigenvalue

problem by a tensor network of a finite bond dimension, easily capturing multireference

effects. The benchmark studies were conducted using the HBrTe, Rb4, and Xe2 systems.

These systems exhibit relativistic effects such as spin-orbit coupling and various degrees of

point-group symmetry and correlation. Because these systems have a significant number of

correlated orbitals and electrons, obtaining accurate benchmark energies (along with exact

error bounds) is only made possible by the compression-compatible STP-DAS framework.

The benchmark study of coupled cluster showcases its ability to capture the dynamic

correlation of single-reference systems. At the highest order tested (CCSDT), coupled clus-

ter can reproduce the CI energies of single-reference systems (HBrTe and Xe2) to within a

few wavenumbers. The same benchmark study, however, also reveals an order-of-magnitude

worse performance on multireference systems (Rb4), as expected. Additionally, the non-

variational nature of coupled cluster is definitively demonstrated by proving that the X2C-
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CCSDT energy of Xe2 is at least 29.7 µEh lower than the true energy eigenvalue of the

Hamiltonian in the given basis.

The benchmark study of DMRG reveals an expected, complementary convergence be-

havior to that of coupled cluster. As shown in Table 5.2, DMRG can easily recover the CI

energy of Rb4 even at modest bond dimensions. At the same time, even large bond dimen-

sions are insufficient to recover the CI energy of the dynamically-correlated systems (HBrTe

and Xe2) to the level of accuracy often needed in quantum chemical applications. While

expected, these results help quantify the error made by the tensor network approximation

within the DMRG method.

Benchmark studies such as those reported here allow for the accurate assessment of

the plethora of computational methods in quantum chemistry on systems of varying levels

of molecular symmetry and correlation. This allows for the determination of the domain

of validity of these methods, which ensures their predictive capabilities within simulations

of electronic structure properties (bond order, covalency, polarization, etc.), spectroscopic

observables (UV/Vis, X-ray, etc.), and reaction pathways.
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Chapter 6

CONCLUSIONS AND OUTLOOK

In Chapters 2 and 3, we presented the STP-DAS framework and its ability to drasti-

cally shrink the memory footprint of the Hamiltonian matrix and state vectors required to

obtain the solution of the electronic wave equation via configuration interaction. The re-

duction in memory footprint, rooted in the small-tensor-product factorization of the active

orbital space and the corresponding categorical compression of CI expansion vectors, results

in a nontrivial indexing and processing patterns when computing the σ-vector defined in

Eq. (1.40). This shifts some of the overall computational burden away from memory require-

ments and toward sheer processing time, ultimately facilitating CI calculations consisting

of over one quadrillion determinants. As shown in Chapter 5, the CI results computed us-

ing categorical compression within STP-DAS yield better results than other state-of-the-art

quantum chemistry methods. Moreover, equipped with the ability to compute exact error

bounds on the CI energy by means of the Ritz residual, the categorically-compressed STP-

DAS calculations can reveal important trends in the behavior of other quantum chemistry

methods. This is showcased in Section 5.2 by the proof that the CCSDT energy of Xe2 falls

below the true FCI value of the same, thereby demonstrating the non-variational nature of

the coupled cluster method.

As computing power emerges as a new bottleneck in quantum chemistry calculations,

the adoption of heterogeneous computing paradigms presents ample opportunity to explore

previously unthinkable frontiers. Such platforms are capable of accelerating data processing

by asynchronously offloading workloads to designated accelerator chips such as GPUs and

application-specific integrated circuits (ASICs). These accelerators specialize in particular

data-processing patterns, such as vectorization, making the workload-sharing between them

and the hosting CPU ideal for tasks consisting of heterogeneous processing patterns, such

as iterative diagonalization. Therefore, the rapid development of new data centers and
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acceleration technologies due to the artificial intelligence economic boom also presents many

promises for the future of quantum chemistry and other sciences.
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[294] C. van Wüllen. Relation Between Different Variants of the Generalized Douglas-Kroll
Transformation through Sixth Order. J. Chem. Phys., 120(16):7307–7313, 2004.
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Appendix A

SUPPLEMENTARY INFORMATION TO CATEGORICAL
COMPRESSION WITHIN THE STP-DAS FRAMEWORK

A.1 Convergence Behavior of Compression-Compatible Preconditioning

Table A.1 presents the convergence behavior of the STP-DAS framework using a

compression-compatible preconditioner. The error in energy (|δE|) and the norm of the

residual (∥r∥) with varying truncation level (ε) are explored. Three systems with varying

degrees of electron correlation, including a magnesium atom, a diatomic nitrogen, and a

model carbon nanotube (CNT), were studied using relativistic X2C-CASCI calculations

across different active space sizes. Diatomic nitrogen calculations were performed using a

bond length of 1.097 Å. The CNT geometry was generated using TubeGen 3.4 with two unit

cells and a chirality index of (3, 3) [90]. Results are compared against exact X2C-CASCI

calculations performed with the traditional Davidson preconditioner [49].

It is evident in Table A.1, where all three systems, regardless of the level of correlation,

attain eigenvalues within 10−7 Eh of their exact X2C-CASCI counterparts when the residual

norms ∥r∥ are small. For loose thresholds, new trial expansion vectors quickly become

linearly dependent on the existing subspace expansion vectors, indicating that the span of

the modified expansion vectors has grown to its limit before convergence. The resulting

energies at these thresholds differ significantly from their exact counterparts, as expected.

Furthermore, the residual norm remains fairly high, indicating that the Ritz vector is still

far from the true eigenvector.
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Table A.1. The error |δE| (in Hartree) in X2C-CASCI ground state energies attained by the
compression-compatible preconditioner (relative to the corresponding energies attained by the con-
ventional Davidson preconditioner) for magnesium (cc-pVTZ-DK [53, 229]), diatomic nitrogen (ANO-
RCC [245]), and a carbon nanotube (6-311G(d,p) [158]). Active spaces are labeled as (number of
orbitals, number of electrons). The truncation threshold is ε and the residual norm is ∥r∥. Red
indicates errors above 10−7 Eh.

Threshold Active Space

Mg (64, 8) (38, 8) (22, 8)

Ndet ≈ 4.4× 109 ≈ 4.9× 107 ≈ 3.2× 105

ε |δE| ∥r∥ |δE| ∥r∥ |δE| ∥r∥

1× 10−1 1.4× 10−2 2.5× 10−1 5.8× 10−3 1.7× 10−1 3.4× 10−4 3.9× 10−2

1× 10−2 6.0× 10−4 6.0× 10−2 8.3× 10−5 2.4× 10−2 < 10−7 6.0× 10−5

1× 10−3 1.3× 10−6 3.6× 10−3 < 10−7 9.7× 10−5 < 10−7 8.10× 10−6

1× 10−4 < 10−7 1.2× 10−4 < 10−7 4.3× 10−5 < 10−7 4.0× 10−6

1× 10−5 < 10−7 4.6× 10−5 < 10−7 6.5× 10−5 < 10−7 2.9× 10−6

N2 (44, 10) (30, 10) (22, 10)

Ndet ≈ 2.5× 109 ≈ 3.0× 107 ≈ 6.5× 105

ε |δE| ∥r∥ |δE| ∥r∥ |δE| ∥r∥

1× 10−1 1.7× 10−2 1.7× 10−1 5.5× 10−3 1.0× 10−1 3.4× 10−4 2.7× 10−2

1× 10−2 4.3× 10−3 3.7× 10−2 1.0× 10−5 5.9× 10−3 < 10−7 8.7× 10−5

1× 10−3 5.9× 10−7 1.8× 10−3 < 10−7 7.5× 10−5 < 10−7 7.6× 10−5

1× 10−4 < 10−7 5.5× 10−5 < 10−7 7.7× 10−5 < 10−7 4.7× 10−5

1× 10−5 < 10−7 5.1× 10−5 < 10−7 6.5× 10−5 < 10−7 4.6× 10−5

CNT (40, 12) (28, 12) (20, 12)

Ndet ≈ 5.6× 109 ≈ 3.0× 107 ≈ 1.3× 105

ε |δE| ∥r∥ |δE| ∥r∥ |δE| ∥r∥

1× 10−1 6.9× 10−2 1.9× 10−1 4.9× 10−2 1.6× 10−1 1.7× 10−2 9.2× 10−2

1× 10−2 8.4× 10−3 8.5× 10−2 3.4× 10−3 5.5× 10−2 3.7× 10−6 2.0× 10−3

1× 10−3 4.9× 10−4 2.5× 10−2 1.1× 10−7 4.3× 10−4 < 10−7 8.3× 10−5

1× 10−4 < 10−7 4.6× 10−4 < 10−7 7.2× 10−5 < 10−7 6.9× 10−5

1× 10−5 < 10−7 5.0× 10−5 < 10−7 5.7× 10−5 < 10−7 6.9× 10−5
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A.2 Cost Analysis

Table A.2. Computational Cost Analysis.

Ref. Time-to-Completion (hours) # of dets # of Nodes # of Cores per Node Costa

This Work 34.5 1.05× 1015 1,000 128 2.4× 10−3

This Work 0.8 6.29× 1010 25 40 1.2× 102

This Work 1.1 1.52× 1011 25 40 2.9× 101

95 113.6 1.31× 1012 256 80 4.9× 103

122b 7.0 2.30× 1011 1,000 16 –

302c 13.9 9.14× 1011 256 32 –

a The computational cost is estimated using Core-Time-to-Completion

(# of dets)2
and Core-Time-to-Completion

6(# of dets)2
for non-

relativistic and relativistic calculations, respectively. The unit is core·second
exaFLOP

.

b Only a single iteration was performed using the full CI vector without any screening or sparsity applied.

c Only a single iteration was performed using the full CI vector with sparsity.

A.3 Exploiting Symmetry

To showcase the performance of the compression-compatible STP-DAS framework on highly-

symmetric systems, we performed an X2C-FCI calculation for the ground state of a magne-

sium atom within the aug-cc-pVTZ-DK [53,229] basis set. Table A.3 summarizes the results

of this calculation. The ground-state energy converged in 7 iterations to microhartree preci-

sion (< 10−6 a.u.), with a total σ-build time of 8.6 hours. A total of 7 expansion vectors were

involved in the σ-build. Despite the enormous configuration space of over one quadrillion

(1.05 × 1015) complex-valued 2-spinor determinants, the average σ-build time per vector

remained just 1.2 hours.

The energy of the magnesium atom computed from this large CI calculation is

−199.973455458424 a.u. Leveraging the gap theorem [50,217], we determine that our X2C-

FCI result lies within 7 × 10−6 a.u. of the true aug-cc-pVTZ-DK [53, 229] ground state

energy, well below any chemically meaningful threshold.
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Table A.3. Details of the convergence of the X2C-FCI calculation (100 2-spinor orbitals, 12 electrons,
1015 2-spinor determinants) of the ground state of a Mg atom (aug-cc-pVTZ-DK [53, 229]). Each
row corresponds to a Davidson iteration. The fourth and fifth columns track the changes in the
computed Rayleigh–Ritz eigenpair across iterations, and the sixth column tracks the residual norm,
∥r∥ = ∥HC− EC∥, where H is the Hamiltonian, C is the CI vector, σ is their product, and E is the
corresponding energy. The preconditioning dropping threshold was taken to be ε = 1.0× 10−5.

Iteration Duration (s) Energy (Eh) ∆E (Eh) max{|∆c|} ∥r∥ (Eh)

1 8 −199.919557510276 − − 3.83× 10−1

2 11 −199.968406808290 4.88× 10−2 6.34× 10−2 1.25× 10−1

3 255 −199.973110240682 4.70× 10−3 1.77× 10−2 4.12× 10−2

4 1429 −199.973426870322 3.17× 10−4 3.71× 10−3 1.36× 10−2

5 3211 −199.973453427878 2.66× 10−5 1.29× 10−3 4.67× 10−3

6 7920 −199.973455300845 1.87× 10−6 2.56× 10−4 1.74× 10−3

7 18202 −199.973455458424 1.58× 10−7 7.56× 10−5 8.31× 10−4


