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Scientific analyses of time series data are often formalized as statistical investigations
targeting one or more aspects of a complex underlying dependence structure. In the multi-
variate time series setting, there are three main aspects of interest: dependence over time,
between components of the multivariate observations, and across repeated trials of the ex-
perimental protocol. Classical methods for these data may not be equipped to account for
issues such as long-range dependence or unexpected variation across experimental settings.
On the other hand, it can be difficult to evaluate whether more recent methods, such as
those that make use of deep neural networks, have made quantitatively verifiable progress
towards alleviating these issues. There is thus an opportunity to develop tools that extend
principled statistical perspectives to meet the demand of current practices and problems in
applied time series analysis.

Motivated by these considerations, this dissertation develops methodology for the iden-
tification, estimation, and prediction of scientifically relevant features in the dependence
structure of multivariate time series data. While these contributions apply to a wide range
of data-analytical settings, corresponding to the broad prevalence of time series data across
the sciences, they are motivated in particular by the challenges raised in the analysis of brain
activity data. Neuroscientists measure the locally aggregated activity of cortical neurons as

electromagnetic waveforms, recording from multiple locations on the brain surface and across



repeated recording trials for various subjects or conditions. The resulting data raise chal-
lenging, scientifically important questions that can be phrased in terms of the three aspects
of time series dependence enumerated above.

We first address the topic of dependence over time through the lens of long-range de-
pendent multivariate time series. We develop a statistical criterion for long memory in deep
recurrent neural networks, thus offering a principled alternative to the heuristic evaluations
based on synthetic data. We show negative results that suggest even deep recurrent neural
network models explicitly designed to capture long-range dependencies fail to do so in a stan-
dard language modeling setting. This motivates the development of a model for multivariate
long memory time series data, which we define in the frequency domain and apply to the
analysis of brain activity in different states of consciousness.

Second, we develop a framework to model changes in the dependence structure, or func-
tional connectivity, in recordings obtained from a repeated-stimulation experiment in the
rhesus macaque cortex. The analysis flexibly captures nonlinear effects and incorporates
information about the connectivity between brain regions prior to stimulation. It is further
equipped to address questions of stability, informativeness, and similarity among the learned
features. The method improves the prediction accuracy of stimulation-induced connectivity
change and provides new insights on the factors mediating this response.

Finally, we continue our analysis of the brain-stimulation data to reveal previously unre-
ported variation both between subjects and across experimental trials. We show that exten-
sions to a simple regression model, either accounting for a more complex variance structure
or estimating unmodeled confounders, can successfully mitigate the dramatic loss in pre-
dictive accuracy that results from applying the model to predict the results of previously
unobserved experimental trials. Together, the contributions of this dissertation develop the
capacity to detect, estimate, and predict scientifically meaningful aspects of the dependence

structure in multivariate time series data.
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Chapter 1

INTRODUCTION

A great deal of methodological development in time series analysis is driven by the vari-
ety and complexity of motivating applications in the sciences. Such is the ubiquity of time
series data gathered from natural and social phenomena that these applications span the
history and breadth of science itself, from measurements of the Nile river dating from 622
AD (Toussoun, 1925) to micro-voltage fluctuations capturing neural activity thousands of
times per second in a live brain (Yazdan-Shahmorad et al., 2018). Representation of se-
quentially ordered items such as written words or musical notes via dense vectors (Mikolov
et al., 2013; Logan, 2000) renders such data amenable to time series analysis and thus brings
further applications and their associated challenges into view. The steady advance of compu-
tational hardware capabilities for machine learning and ongoing refinement of measurement
technologies in the sciences together give rise to datasets of unprecedented scale, coverage,

and resolution.

Meanwhile, the methods developed to analyze these data are as diverse as the applications
themselves. Deep neural networks dominate the state of the art for language and music
modeling (Brown et al., 2020; Thickstun et al., 2018), yet it remains difficult to assess whether
they have captured the statistical properties of interest in the underlying data (Takahashi
and Tanaka-Ishii, 2017). On the other hand, analyses of neural recording data continue to
use simple models, typically linear in a small number of theory-motivated features (Keller
et al., 2018; Betzel et al., 2019), that may not make full use of the information available. Each
in their own way, these unresolved questions point the way towards new opportunities for
statistical investigation, and thus towards opportunities to more precisely define the broad

scientific goals that motivate them.



From a statistical standpoint, the scientific objectives of a data analysis can often be cast
in terms of the dependence structure of an underlying model. In the multivariate time series
setting, such dependence may extend over time, between observed components, or across
experimental replicates. This dissertation addresses instances of each of these cases as they
arise in the analysis of modern sequence data, including natural language, music, and neural
recordings. The latter application, focused in particular on multivariate waveforms obtained
from a recording technique known as electrocorticography, features as a recurring source of
scientific and statistical motivation for this research.

In this chapter, we introduce three concepts central to the work presented in this dis-
sertation. First, in Section 1.1, we introduce the notion of long-range dependent time series
from both the time and frequency domain perspectives, including their extension to the
multivariate setting. Continuing the emphasis on multivariate time series, in Section 1.2 we
discuss definitions and estimation of interaction, or connectivity, between the components.
Finally, we give a brief introduction to electrocorticography in Section 1.3. We conclude with

an overview of the main research contributions and an outline of the remaining chapters.
1.1 Long-range Dependence

For over a century, scientists have recorded data across a surprising range of disciplines that
not only exhibit serial correlation, but whose correlations fail to decay at the rate implied
by existing models for such phenomena. In astronomy, Newcomb (1895) observed that
errors among consecutive observations dramatically inflate the standard error of the mean
versus its expected o/+/n behavior, a finding confirmed by subsequent statistical analyses
(Pearson, 1902; Student, 1927) that rule out explanations via simple trends. Wheat yield
data collected by Smith (1938) demonstrates an empirical law whose spatial autocorrelations
violate assumptions of independence or even summability. This unusual behavior motivated
subsequent development of space-time models with hyperbolically decaying autocorrelations
(Whittle, 1956), and similar properties were explored early on in the development of the field

of geostatistics (Matheron, 1973). Famously, the fluctuations of the Nile river were observed



by Hurst (1951) to exhibit nontrivial dependence over extremely long timescales and to make
long excursions from the empirical mean, ultimately leading to his recommendation that the
height of the Aswan High Dam far exceed the original plan based on conventional forecasts.
In economics, Granger (1966) showed that many important variables have autocorrelations
that admit a power-law representation in the frequency domain, subsequently motivating
statistical models for such processes (Granger and Joyeux, 1980; Hosking, 1981) that remain
prominent in econometric data analysis.

The statistical phenomenon underlying these discoveries is long-range dependence, a topic
notable in time series analysis for its impact on theoretical foundations, statistical method-
ology, and in practical applications spanning a diverse range of scientific fields. Across what
is now an expansive literature, long-range dependence (or long memory) is associated with
several non-equivalent definitions. Our emphasis in this dissertation will be on the most
common approach, which defines long memory in terms of the second-order dependence
structure of a weakly stationary process. The definition can be specified in the time domain,
in which case it concerns the autocovariance sequence, or in the frequency domain, in terms

of the behavior of the spectral density function.

Long memory in the time and frequency domains. Weak stationarity of the scalar
process X; € R, t € Z implies that the autocovariance Cov(Xy, X;1x) depends on the indices
t and t +k only through the lag k. We can thus denote the autocovariance sequence yx (k) =
Cov(Xy, Xy1x); throughout the text, we will drop the subscript when there is no confusion
over the corresponding process. Long memory in the time domain is defined in terms of the

slow decay of v(k).

Definition 1.1.1. Long memory in the time domain (Pipiras and Taqqu, 2017). The second-
order stationary process X, € Rt € Z has long memory if its autocovariance function (k)
satisfies

v(k) = L,(k)k** ', k=0,1,2,...,

where d € (0, %) and L. (k) is a slowly varying function at infinity.



The emphasis in this definition is on the £??~! term in the expression for the autocovari-
ance, which guarantees that the sequence decays slowly (i.e. hyperbolically) as a function
of the lag. The other term, L.(k), functions in a merely technical way, namely to allow
for a broader range of autocovariance functions while ensuring that (k) still asymptotically

k%=1 as k tends to infinity. The slow decay of (k) implies that relatively sub-

behaves like
stantial correlations persist across long periods of time, justifying in a colloquial sense the
use of the phrase “long memory.”

In many scientific areas, it is preferable to work in the frequency domain. For example,
in neuroscience prior knowledge of neuronal cell biology indicates that electrophysiological
recordings will only contain scientifically relevant information within a certain frequency

window (Cohen, 2014). The main quantity of interest in such analyses is the spectral density

function f(\) € C, obtained as the discrete Fourier transform of the autocovariance

o0

D ey (k)X € (0,7).

k=—00

1

" or

f)

The spectral density function represents the autocovariance sequence in a complex sinusoid
basis; the magnitude of f(\) reflects the power of the autocovariance, viewed itself as a
discrete-time signal, at the frequency \. Long memory in the frequency domain is charac-

terized by divergent behavior of the spectral density function near the origin.

Definition 1.1.2. Long memory in the frequency domain (Pipiras and Taqqu, 2017). Let
X, € R,t € Z be a second-order stationary process with spectral density function f(X). Then

Xy has long memory if

FO) = LyM)A™, X e (0,7),
where d € (0, %) and L¢(1/X) is a slowly varying function at infinity.

As in the time domain definition, the second term in the expression above is most im-
portant, as it controls the asymptotic behavior of f(A). In this case, the relevant asymptotic

regime is at low frequencies, as A approaches zero. Near the origin, the spectral density be-



haves like a power law with exponent —2d; equivalently, the graph of the function in log-log
coordinates is approximately linear with slope —2d (see Figure 1.1, right panel).

It is important to note that Definitions 1.1.1 and 1.1.2 are not equivalent in general;
Samorodnitsky (2016) provides counterexamples in both directions. Mutual implication re-
quires the further condition that the slowly varying functions L. (k) and L¢(\) are also quasi-
monotone (Pipiras and Taqqu, 2017, Propositions 2.2.14, 2.2.16). However, some stochastic
processes, such as those obtained by fractional differencing of white noise (Granger and

Joyeux, 1980; Hosking, 1981), are known to satisfy both definitions.

Contrasting long vs. short memory time series. Both the time and frequency do-
main definitions of long memory imply that the absolute partial sums of the autocovariance
function diverge; informally, we may write Y .~ |y(k)| = oo. This yields a simple criterion
by which we can define the contrasting case: a short memory process is one for which the au-
tocovariance sequence is absolutely summable. Absolute summability of the autocovariance

implies that the spectral density function is bounded and continuous at the origin, hence
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Figure 1.1: Time and frequency domain views of a short memory AR(1) process (blue, d = 0)
and its long memory counterpart obtained by fractional differencing (orange, d = 0.25). Left:
Autocorrelation sequences (solid lines) of the two processes, along with their partial sums
(dotted lines). Right: Log-log plot of the spectral density function versus frequency.



short memory implies fundamentally different asymptotic behavior in both the time and fre-
quency domains. Many well-known and widely used statistical time series models have short
memory, including autoregressive moving average (ARMA) and Markov models (Brockwell
and Davis, 1991). For an illustration of the contrast between long and short memory in both

the time and frequency domains, see Figure 1.1.

Long memory in multivariate time series. It is common to obtain data as a multi-
variate (or multiple) time series, wherein the measurement at each time index is vectorial
rather than scalar. In this setting, the weakly stationary process X; € RP is characterized
by a matrix-valued autocovariance sequence I'(k) € RP*P and matrix-valued spectral density
function f(A) € CP*P. While multivariate notions of long memory were first considered some
time ago (Robinson, 1994; Lobato, 1997), the general case of bivariate long memory and
its subsequent multivariate extension are somewhat more recent (Robinson, 2008; Kechagias

and Pipiras, 2015). We will use the frequency-domain definition from the latter.

Definition 1.1.3. Multivariate long memory (Kechagias and Pipiras, 2015). A weakly sta-
tionary process X; € RP has long memory if for every j, k € {1,....p} the (j, k)" component

fix(X) of its spectral density can be written as
Fir(N) = Gip(W)[A| 7@
such that
Gir(\) = gre™®*  as |\ — 0 (1.1)
for some d € (0,1/2)".

The multivariate LRD spectrum consists of two components: a long memory vector d
controlling the behavior of the spectral components near zero frequency, and a complex
matrix-valued function G(\) that specifies the behavior at higher frequencies. Basic condi-

tions on G(\) are enforced to ensure the validity of f(\) as a spectral density function.



1.2 Interactions in Multivariate Time Series

The memory of a multivariate time series characterizes its dependence structure across time,
but it remains to address the question of dependence between the component series. Char-
acterization of this dependence structure provides information as to how and to what de-
gree these components interact, in the sense of influencing the behavior of other series. In
neuroscience applications involving multiple time series of neural activity recorded from dif-
ferent areas of the brain, statistical interaction between the component series is known as
functional connectivity. Functional connectivity is distinct from the literal, anatomical con-
nection between brain regions, yet it reproduces similar network structures and is known to
be informative for network-level neural behaviors such as the response to stimulation (Wang
et al., 2013; Younce et al., 2021). Statistical interactions between multiple time series thus

play a central role in modern analyses of neuroscience data.

Directed vs. undirected measures of interaction. Interactions between time series
can refer either to a directed relationship, in which component i influences component j but
not necessarily vice versa, or an undirected relationship, measuring the overall association
between the series. The simplest undirected measure of interaction in a stationary time
series is given by the autocovariance I'(k). The (i,j) entry of I'(k) represents the linear
dependence between the two series at lag k; it is zero at all lags for uncorrelated compo-
nents. In the frequency domain, the Fourier transform of the cross-covariance I';;(k) yields
the cross-spectrum S;;(\), which decomposes the cross-covariance across frequencies. The
cross-spectrum is complex in general as the off-diagonal terms of the autocovariance are not
necessarily an even function of the lag. Therefore, it is typical to work with the normalized
magnitude of the cross spectrum,

1Si;(M)|?

R FOVEN)

known as the coherence. We have |C;;(A\)| < 1 by the Cauchy-Schwarz inequality.



The most popular directed measure of interaction in multiple time series is Granger
causality, which despite its name does not denote a causal relationship (Imbens and Rubin,
2015) but instead is defined in terms of prediction: if component i is useful for forecasting
component 7, then a directed association from ¢ to j is established. Typically, the prediction
question at the heart of this definition is assessed by estimation of a linear vector autoregres-
sive (VAR) model, where a zero coefficient at index (i, j) for all lags yields a conclusion of
no Granger causality from ¢ to j. Granger causality has also been studied in the frequency
domain (Geweke, 1982) and remains a popular choice for inferring directed functional con-

nectivity in neuroscience (Seth et al., 2015).

Network view of time series connectivity. A key perspective in multiple time series
is that the dependency structure among components, represented in either the time or fre-
quency domains, can be viewed as an edge-weighted graph in which nodes represent the
components and edges their corresponding pairwise dependency measure. This view extends
the framework of graphical modeling in multivariate statistics (Lauritzen, 1996) to multiple
time series analysis. Dahlhaus (2000) established that a graphical model in which edges
encode partial correlation relations among components satisfies the global Markov property,
and thus can be used to reason about the conditional independence structure of the joint
distribution of observed variables.

Let {X;}2° . and {X;}:°., be two components of the time series X; € R?, and let
X, € R%-2 represent the time series with components ¢ and j removed. The partial correlation
between these components at time ¢, denoted as p;;(k), is given by p;;(k) = Cov(ei, €j1k),

where ¢;;, = X;, — P.

o((Xuyee ) (Xir) and Pyy(7)(Y) denotes orthogonal projection of the ran-

dom variable Y onto the linear span of the random variable Z. Colloquially, then, the partial
correlation thus quantifies the second-order dependence that obtains between components i
and j after controlling for the (linear) influence of all other observed components. In prac-
tice, the partial correlation structure is estimated through its frequency-domain analogue,

the partial coherence, defined as the rescaled cross-spectral component S’ij()\) of S(\), the



spectral density function of the bivariate process (i, ;)7 € R2.

Estimation of graphical structure from time series data is key in many scientific data
analyses, as it reveals how information may propagate around the elements of the complex
system under investigation. In neuroscience, functional connectivity networks reveal distinct
patterns of coordination across disparate brain regions during the performance of different
tasks (Hermundstad et al., 2013), and atypical patterns of functional connectivity are an
emerging indicator of psychiatric disorders (Garrity et al., 2007).

Despite the prominence of functional connectivity as an object of statistical and scientific
investigation, there is little consensus on how functional connectivity is defined as a statistical
relation between the recorded activity in different brain regions, and in practice a wide
variety of working definitions are observed (Bastos and Schoffelen, 2016; Noble et al., 2019).
A recent comparative analysis of functional connectivity metrics (Mohanty et al., 2020)
found that while the correlation failed to capture known patterns of coordination across
brain regions, several other measures, including standard and wavelet coherences, were more
successful and largely consistent in their results. From the scientific standpoint, this suggests
a relative deprioritization of the debate over which single metric best characterizes functional
connectivity in favor of defining in each case an analytical framework well suited to the
problem at hand. Multiple metrics may be used in the same analysis, as for example in the
simultaneous coherence and partial coherence analysis of Sun et al. (2004), with replication

across metrics a positive indicator for the scientific robustness of the result.

Estimation. Given an observed sequence (1, xa, ..., zr), the autocovariance I'(k) may be

estimated for 0 < k < T by

where /i is the empirical mean (Brockwell and Davis, 1991, §11.2). Since this sum runs over

only T'— k observations, less data is available for longer lags k£ and the estimator consequently
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suffers from higher variance. Frequency domain estimators are based on the periodogram

I(\;), defined at Fourier frequencies \; = 275 /T as

1(A)) = d;dj,

1
d; =

Z exp(—itAj)xy,

t=1

ﬁ
=)
~

where the d; are obtained from the discrete Fourier transform of the observed sequence and
d; denotes the conjugate transpose. Under assumptions of short memory, the periodogram is
asymptotically unbiased but inconsistent (Brockwell and Davis, 1991). The typical solution
is to smooth the periodogram ordinates by convolving across frequencies with a local window
function. Despite the complexity apparent in its definition, Dahlhaus (2000) showed that the
partial coherence can be straightforwardly computed as the rescaled inverse of the spectral

density.

In the long memory case, more serious challenges arise in estimation of the covariance and
spectral density. Indeed, the slow decay of serial correlations leads to significant challenges
for even the simplest estimators for long memory time series: the sample mean converges at
the rate T97%° as opposed to the usual 7-%° rate, implying severe issues when the process
has long memory towards the higher end of the stationary regime (Hosking, 1996). This in
turn affects the asymptotics of the sample autocovariance, both in terms of the rate and
limiting distribution. Interestingly, in the case of the multivariate sample autocovariance
these aspects separate over two distinct regimes: in the strong long memory regime 0.25 <
d; < 0.5, the convergence rate accelerates from 7% %% to T0° as d; decreases; in the weak
long memory regime 0 < d; < 0.25, the convergence rate settles and the limiting distribution
changes from nonnormal to normal as d; decreases (Chung, 2002, Corollary 1). The situation
is similarly challenging in the frequency domain: in contrast to the short memory case,
the long memory periodogram is asymptotically biased, and even at Fourier frequencies a

finite collection of periodogram ordinates have a nonstandard, non-i.i.d. limiting distribution
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(Beran et al., 2013, §4.6.3). Fortunately, these issues tend to be restricted to a region near
the origin, leaving the higher-frequency ordinates to behave approximately as in the short
memory case.

Alternatives beyond the plug-in estimators for the autocovariance and spectral density
include recursive and likelihood-based methods. For linear autoregressive models, the Yule-
Walker equations define both an estimation strategy for the model parameters and a re-
cursive formula for computation of the autocovariance sequence given a set of parameter
estimates. Optimal convergence rates were established by Cai et al. (2010) for a tapered
maximum likelihood estimator of the covariance under a model of independent Gaussian
observations, then extended to the case of serial short memory dependence. In the frequency
domain, likelihood-based methods are typically based on the Whittle approximation to the
Gaussian likelihood (Whittle, 1953), and they can be penalized to provide component-wise
data-adaptive smoothness of the spectrum, a feature not available to periodogram-based

estimators (Dai and Guo, 2004; Krafty and Collinge, 2013).
1.3 Electrocorticography: Neural Recordings from the Cortical Surface

Throughout this dissertation, we emphasize in particular the analysis of a specific type of
multivariate waveform data generated by a method in experimental neuroscience known
as electrocorticography, or ECoG. The data consist of voltage measurements from a set of
electrodes, typically arranged in a grid pattern and embedded in a biocompatible material,
that are placed directly on the surface of the brain. At a high level, these measurements
represent a summary of the local “activity” in the brain with high temporal and spatial
resolution. Our recurring emphasis on this data, however, motivates a slightly more detailed

discussion of ECoG and its associated concepts.

Neuronal activity and local field potentials. The outermost layer of neural tissue in
the mammalian brain, the cerebral cortex, contains the regions responsible for many complex

information processing activities, including sensory processing, motor planning, and abstract
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conceptual association (Lerner and Schenk, 2014). The elementary processing units at the
cellular level are neurons, which are highly interconnected via specialized anatomical struc-
tures. Neuronal networks are extremely dense, containing on average 10* cells and several
kilometers of connective material per cubic millimeter (Gerstner and Kistler, 2002). Neurons
communicate by electrochemical signaling, introducing or removing specific compounds from
the area immediately outside the cell, and this “activity” gives rise to measurable currents
due to the polarization of these compounds. At any location suitably close to a population
of active neurons, their currents superimpose and generate a potential, which is measured in
terms of microvolts (1V) and referred to as the local field potential, or LEP (Buzsdki et al.,
2012).

Scientific applications of ECoG data. The method of recording LFP directly from the
cortical surface via grid electrodes is called electrocorticography. The immediate proximity
of the recording electrode to the neural populations of interest yields a signal of significantly
higher quality versus recording modalities based on sensors outside the skull, and as a result
ECoG data are prized in signal processing and statistical applications. For example, ECoG
has proven to be a highly successful signal modality in the brain-computer interface (BCI)
literature, which emphasizes real-time decoding of recorded brain signals to control comput-
ers or external devices (Leuthardt et al., 2006; Miller et al., 2007). Separately, statistical
analyses of ECoG data from rhesus macaque monkeys show that this information can be
used to classify different states of consciousness (Yanagawa et al., 2013; Wen and Liu, 2016).

More recently, ECoG has been combined with stimulation techniques to understand how
the brain responds to perturbations from its baseline activity (Yazdan-Shahmorad et al.,
2016; Caldwell et al., 2019). The network perspective on multivariate time series is par-
ticularly relevant for these studies, as a long-term scientific objective is to predict changes
in functional connectivity resulting from various interventions, and ultimately to design in-
terventions to achieve targeted network reorganization. This could have significant impact

in clinical practice, as aberrant functional connectivity underlies a variety of severe neural
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disorders (Garrity et al., 2007; Nakai et al., 2021).

Advantages and limitations of ECoG. The main advantage of ECoG is the quality
of the LFP signal and its relative lack of vulnerability to measurement artifacts (Nicolas-
Alonso and Gomez-Gil, 2012). The source of this advantage is also its limitation; since the
electrodes must be placed directly on the cortical surface, ECoG is necessarily an invasive
method requiring access inside the skull of a live subject. This has limited ECoG studies
to two main sources of subjects: humans undergoing brain surgery, typically for intractable
epilepsy, and monkey subjects raised and trained in highly specialized labs. Thus ECoG
datasets tend to contain few replicates across different subjects, and it is often difficult or

impossible to collect more data should the need arise.

1.4 Contributions and Thesis Outline

The work presented in this dissertation is divided into three chapters. At a high level, each
in turn emphasizes one of the three dimensions of dependence in multivariate time series
data: first, along the time axis via long memory; second, across components in terms of the

coherence; and third, between entire series obtained by replicated experimental trials.

Long memory analysis of language, music, and ECoG data. In Chapter 2 we present
two complementary pieces of work concerned with long memory in modern sequence data.
First, we develop a framework for addressing the question of long memory in language and
music data based on semiparametric estimation and hypothesis testing of the long memory
parameter d. This framework is extended to study whether recurrent deep neural networks
trained on such data capture this property, where we find evidence for a negative conclusion.
Second, we complement this negative result with a positive modeling contribution: a flexible
model for the multivariate long memory spectral density. We demonstrate the model on an
ECoG dataset from monkey subjects, showing that it can reproduce and extend the results

of a previous analysis.
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This chapter is joint work with Zaid Harchaoui. The first part was presented at the
Statistics for Learning and Data Science conference and subsequently published at the Inter-
national Conference on Machine Learning (Greaves-Tunnell and Harchaoui, 2019), both in
Summer 2019. The second part was presented at the Joint Statistical Meetings in Summer

2021.

Prediction of stimulation-induced connectivity changes. In Chapter 3 we turn our
attention to connectivity in multivariate time series, and specifically to the changes in band-
limited coherence between ECoG signals induced by brain stimulation. We propose to frame
this problem in terms of prediction of the change over two different, experimentally relevant
timescales that may depend on both aspects of the stimulation procedure and the original
state of the underlying coherence network. We equip this approach with a resampling-
based assessment of the stability of the penalized estimator, importance rankings for features
or feature groups based on their predictive contribution, and similarity scores for features
based on their estimated components in an additive model. Our results show substantial
improvements in prediction accuracy over a baseline method and provide novel perspective on
the importance of the baseline coherence network in predicting stimulation-induced changes.

This chapter is part of a project with UW Bioengineering and includes collaboration
from Julien Bloch, Zaid Harchaoui, Eric Shea-Brown, Ali Shojaie, and Azadeh Yazdan-
Shahmorad. A preliminary version was presented at the Society for Neuroscience conference

in Winter 2021, and a journal-length version is now under review (Bloch et al., 2021).

Characterizing experimental heterogeneity in neural recordings. In Chapter 4
we address the question of variation at the level of experimental replicates, that is, how
observations collected from repeated trials of an ECoG experiment over time may deviate
from a naive assumption of group-wise independence. We demonstrate that a prediction
rule estimated under the assumption of group independence performs very poorly when

the data are stratified at the group level, illustrating the practical consequences of this
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statistical consideration. We survey and implement a broad variety of regression techniques
that attempt to account for group-level heterogeneity under various assumptions on the data
generating process. We find promising results for models accounting for heteroskedastic noise,
and for methods that attempt to adjust for unmodeled confounders across trials.

This chapter is joint work with Zaid Harchaoui.
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Chapter 2

TESTING AND ESTIMATION OF LONG-RANGE
DEPENDENT REPRESENTATIONS FOR MULTIVARIATE
TIME SERIES

2.1 Introduction

Modern analyses of sequence data aim to characterize complex phenomena by the statistical
properties of an idealized underlying data-generating process. In applications ranging from
natural language and music to neuroscience, the data have consistently been found to ex-
hibit long-range dependence. It is consequently expected that models adequate to explain
and predict these sequences will capture this property. Whereas this criterion may have
been simple to evaluate for classical tools in time series analysis, a dramatic expansion in
data collection and computing infrastructure has driven the field towards models that are
significantly more challenging to analyze. Standard training corpuses for natural language or
music data contain millions of observations (Marcus et al., 1993; Thickstun et al., 2017), while
methodological advances in neuroscience enable high-frequency recording from electrode ar-
rays spanning large regions of the cortical surface (Yazdan-Shahmorad et al., 2018). The
sequence models most often used to model this data, particularly recurrent neural networks

(RNNs), are routinely trained with millions of parameters (Melis et al., 2017).

Beyond their popularity and empirical success, RNN models are a notable case to study as
a great deal of their historical development has focused explicitly on the challenge of capturing
long-range dependencies (Bengio et al., 1994; Hochreiter and Schmidhuber, 1997a). Despite
this focus, the current standard for evaluation is highly empirical; if a model’s capacity to
represent long-range dependence is measured at all, it is typically evaluated heuristically

against some set of tasks in which success is taken an indicator of “memory” in a colloquial
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sense. Though undoubtedly informative, such heuristics are rarely defined with respect to
an underlying mathematical or statistical property of interest, nor do they necessarily have
any correspondence to the data on which the models are subsequently trained.

The result of these developments is a state of current practice in which solid analytical
tools lag significantly behind the current empirical methodology. There is thus an opportu-
nity to address the following questions from a statistical perspective: Do the models fit to
these data learn to represent long-range dependencies? Can it be established quantitatively
that this property is indeed present in the data itself? Can we specify a model that explicitly
represents long-range dependencies while also flexibly capturing higher-frequency behavior?

The broad aim of this chapter is to develop statistically principled tools connecting the
current state of practice in applied time series analysis to the mathematical foundations
of long-range dependence developed in the stochastic process literature. We first develop
and illustrate a method for the estimation, visualization, and hypothesis testing of long
memory in RNNs, based on an approach that mathematically defines and directly estimates
long-range dependence as a property of a multivariate time series. We thus contextualize
a core objective of sequence modeling with deep networks against a well-developed but as-
yet-unexploited literature on long memory processes. We subsequently propose a model for
the spectral density function of a multivariate long-range dependent time series. We provide
an analysis demonstrating the relation of this model to recent theoretical development of
multivariate LRD processes and establishing an estimation procedure through an alternating
minimization framework.

We complement these developments with a variety of empirical analyses. For the long
memory analysis of RNNs, we report experimental results obtained on a wide-ranging col-
lection of real-world music and language data, confirming the (often strong) long-range de-
pendencies that are observed by practitioners. However, we find that this property is not
adequately captured by a variety of RNNs trained to benchmark performance on a lan-
guage dataset. Meanwhile, the frequency-domain model is applied to a public repository

of ECoG recordings and assessed in the context of both previous statistical analysis and
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domain-specific expectations based on a well-established literature.

The remainder of this chapter has the following structure. In Section 2 we give an account
of the historical and current literature related to our work. In Section 3 we demonstrate
a statistical testing procedure for long memory in language and music data. In Section
4 we define and evaluate a statistical criterion for long memory in RNN models trained
on these data. Code corresponding to these two sections is publicly available at https:
//github.com/alecgt/RNN_long_memory. In Section 5 we define and analyze a frequency-
domain model for multivariate long-range dependent time series. In Section 6 we apply this

model to ECoG recordings from a rhesus macaque in different states of consciousness.
2.2 Related Work

The motivation and context for the work presented in this chapter can be traced to three
separate themes in the literature: the historical emphasis on long-range dependence in the
development of recurrent neural network models, statistical approaches to the analysis of
natural language and music data, and mathematical constructions of long-range dependent
processes that gave rise to formal estimation and testing procedures. This section discusses
each of these themes, along with the statistical modeling background and connections to

neuroscientific data that motivate the second half of the chapter.

2.2.1 Definitions and evaluation of “long-range dependence” in the RNN literature

The RNN literature is notable for its early and explicit focus on learning to represent long-
range dependencies in sequence data. Somewhat curiously, despite this focus, the definition
of “long-range dependence” in this literature is itself lacking in mathematical detail, and
consequently a wide variety of potentially non-equivalent and typically indirect methods have
been used to evaluate its presence in a given model. The seminal reference in this literature is
that of Bengio et al. (1994), who state “[a] task displays long-range dependence if prediction
of the desired output at time ¢ depends on input presented at an earlier time 7 < t.” Even

ignoring its imprecision, the suggested definition is extremely broad. In the simple setting of
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linear one-step prediction of a stationary process X; € R, the optimal coefficients ¢; € R? are
given by projection of X;,; onto the linear span of X, X5, ..., X;, equivalently represented
by the Yule-Walker equations I';¢; = 74, (Brockwell and Davis, 1991, §5.2) where the real
Toeplitz matrix I'; has entries (I';);; = Cov(X;_;, Xo) for 4,7 = 1,...,t and v € R’ has
entries y;; = Cov(Xj;, Xo) for j = 1,...,¢t. The optimal prediction is )A(Hl = >_; ¢;X; and
is thus seen to depend on every X;, j = 1,...,t for which ¢;; # 0. It is thus the lack of

long-range dependence, rather than its presence, that is a special case under this definition.

This perspective was the foundation for analysis of the “vanishing gradient problem,”
which describes a dilemma for gradient-based estimation of the parameters in a recurrent

neural network (Bengio et al., 1994; Pascanu et al., 2013). The RNN recursions

yr = o(hy)
ht = WhO'(ht_l) + Wx.ilﬁt + b,

are considered as a nonlinear dynamical system in the hidden state h; with parameters
W, € R™>4 W, € R™P b € R? and element-wise nonlinear mapping o¢. The proposed
definition of long-range dependence motivates the concept of a “robustly latched” system,
in which the hidden state h; remains in the subset of the basin of some attractor on which
the eigenvalues of the Jacobian are strictly less than one. The relevance of this property
derives from the fact that a robustly latched system remains in the same basin of attraction
so long as x; is bounded, so that it colloquially can be said to remember past information
despite long intervening sequences of irrelevant input (Bengio et al., 1994, Theorem 3). The
dilemma arises upon considering the gradient of a loss function & = ¢(h;) with respect to

one of the parameters, here denoted by 6:

t—1

0& _ 08 0hy _ 9& Ohy Ohy_y

96 Ohy 00 Ohy &= Ohyy 96

where the second equality results from evaluation of the total derivative of h; considered as a
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Ohy
Oh¢_,

function of the parameter 6. The term is itself a product that can be upper-bounded by
a term decaying exponentially to zero with £ under the assumption that the model is robustly
latched. The contribution of information from time t — k& to the gradient thus vanishes, so
that it is difficult to estimate a model in which the output ; depends significantly on z, for
T L.

The framework and conclusions of this analysis, including the underlying definition of
long-range dependence, have been of central importance in subsequent methodological de-
velopments. Many seek to modify the recurrence relations of the hidden state so that the
vanishing gradient problem is (potentially) ameliorated. A prominent example is the Long

Short-Term Memory (LSTM) of Hochreiter and Schmidhuber (1997a), which augments the

simple RNN model by introduction of a cell state ¢,

¢t = a0 fo(hy—1, @) + Brocia
Qy = O'(Aaht,1 + Baa:t + ba>

5,5 = U(Aﬂht_l + ngt + bﬁ)

where o denotes the Hadamard product and «y, §; are known as the “input” and “forget”

gates, respectively. The cell state partial derivatives 2% -, analogous to the hidden state

Ocy g
partial derivatives in the simple RNN, are in this case at least not guaranteed to decay

exponentially in k.

A complementary probabilistic perspective on the RNN hidden state is available through
the lens of iterated random functions (Diaconis and Freedman, 1999). Iterated random func-
tions define a stochastic process X; on (X, X) by the recurrence relation X; = fz,(X; 1),
where the potentially nonlinear mapping f depends on Z;, which is itself a stochastic process
on (Z,Z). This definition generalizes to the nonlinear case the study of random coefficient
autoregressions, for which Z, = (A;,b,) and fz,(x) = Ayx + b;. Assuming Z; is strictly sta-
tionary and ergodic, a sufficient condition for the existence of a unique stationary solution to

the above recurrence is “contraction on average,” i.e. the existence of a measurable function
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z — K, satistying d(f.(z), f.(2")) < K.d(z,2"), E[max{log Kz,,0}] < oo, and E[log Kz,| <
0 for all (z,2',2) € X x X x Z, where d is a metric on X. Meanwhile, contraction in the
L, norm, |[d(fz,(2), fz,(2'))|l, < ad(z,2’) for some a € (0, 1), is sufficient for X; to admit
moments of order p > 1 (Douc et al., 2014, §4.3). Despite their suitability as a model for the
hidden state, iterated random functions are not widely known in the RNN literature, which
has tended to prefer deterministic analyses.

Finally, evaluation of methods or architectures proposed to improve RNN capture of
long-range dependencies has tended to prioritize the demonstration of high predictive per-
formance on a synthetic task. This approach originates in a preceding literature on learnable
“grammars” for finite-state automata (Tomita, 1982). In the RNN context, it stems from the
identification by Bengio et al. (1994) of minimal tasks that satisfy heuristic criteria for long-
range dependence. Prominent examples include sequence classification when the subsequence
relevant to the class is followed by a long realization of white noise (the “latch” problem) or
computation of the parity of a temporally distant binary substring (the “parity problem). A
simple demonstration by Hochreiter and Schmidhuber (1997b) showed that these tasks can
often be solved quickly by random parameter search, casting doubt on their informativeness.
However, these and related synthetic tasks have remained popular in the literature (Mikolov
et al., 2015; Pascanu et al., 2013). In other cases, despite explicit modeling emphasis on
long-range dependence, evaluation is focused entirely on the application of interest, such as
language or music modeling, where it is assumed that the data are long-range dependent
and that improved performance indicates more successful capture of this property (Mikolov

et al., 2015; Boulanger-Lewandowski et al., 2012).

2.2.2  Statistical analyses of natural language and music

In this chapter we focus in particular on RNNs as the main components of stochastic models
for language or music. The statistical analysis of these data, however, predates the entire
history of RNNs and offers a complementary viewpoint by building from a descriptive analysis

focused on the specific data-generating process of interest.
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In the case of natural language, the unifying perspective in this literature is of written
text as realizations of a discrete process X; € V, with V the finite set of words (i.e. the
vocabulary) in the language. Early analyses revealed empirical “laws” corresponding to
simple characterizations of this process, most notably Zipf’s law (Zipf, 1949), which identifies
a power-law relation f(r) oc 7! between the rank r and corresponding frequency f(r) of
words in English text. Shannon (1951) initiated an information-theoretic investigation of

natural language in terms of the entropy rate

_ 1
H(X) = lim —H(Xy,...,X,)

n—oo M,

where H(X) is the entropy H(X) = — [ p(z)log p(z)dz of the random variable X with den-
sity p. Such statistical characterizations of natural language provide a reference against which
to evaluate text generated by RNN models. While RNN-generated text is generally found to
reproduce Zipf’s law, often after minimal training (Takahashi and Tanaka-Ishii, 2017), even

state-of-the-art language models fail to achieve the expected entropy rate (Braverman et al.,

2020).

Assuming stationarity of the generating process, a notion of long-range dependence can

be formulated in terms of the decay of the mutual information at a fixed lag
](Xt7 Xt—k) = H(Xt) - H(Xt|Xt—k)7

where H(X|Y) denotes the conditional entropy H(X|Y) = — [ p(x,y)logp(z|y)dzdy. Lin
and Tegmark (2017) construct a simple recursive grammar model that attains slow decay
of the mutual information between words, analogous to long memory. This formulation is
extended by Braverman et al. (2020) to evaluate long-range dependence in an RNN language

model, via the conditional mutual information

I(Xp, X Ximprraa1) = HX| Xy—prra—1) — H(X | X1m1). (2.1)
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Here, )?t denotes the language model prediction at time ¢, which is generated conditionally
given Xq,;_1. It follows from basic rules of the conditional entropy that this quantity is
non-negative and equal to zero if and only if )?t is conditionally independent of X7, , given
Xtk 1:t-1-

The main disadvantage of analyses based on mutual information is that it is difficult to
estimate. The first conditional mutual information term in Eq. (2.1) involves a sum over the
conditional density p()?t|Xt_k+1:t_1), which in turn requires marginalization of the language
model density p()?t]X 1.t—1) over the distribution of word k-grams. Despite the massive size of
modern language corpora, this is infeasible even for modest k, to say nothing of the lengths
required for a reasonable assessment of long-range dependence. Even in less data-intensive
settings, the mutual information is not straightforward to estimate. The standard plug-in
estimator is biased, and the variance can be large when the data have poor coverage of the
true support of the generating distribution, as is inevitable for word sequences drawn from
a large vocabulary (Paninski, 2003).

Unlike language, music (and audio data in general) is naturally modeled as a continuous-
time process, discretized for digital representation at a frequency high enough to cover the
standard range of human perception. The effects of this discretization, along with key
musical properties, are often easier to study in the frequency domain. Discretization raises
the familiar problem of aliasing, whereby the spectral density fx of the discretized process
X is related to that of the original, continuous-time process Y, via fx(A) = o fy(A+
27k /AT), with A7 the discretization interval. Meanwhile, musical harmonies and the timber
of instruments yield unique profiles of peaks in the (log-)periodogram computed from the
duration of a note or chord (Beran, 2003).

The question of long-range dependence in music data was raised by Voss and Clarke
(1975), who identified “1/f” behavior of the spectrum across a broad range of genres and
styles. The process X; € R is considered a “1/ f-type process” if its spectral density function
fx(X) satisfies fx(A) oc A* for some o < 0 (Percival and Walden, 2006). The process is

stationary for —1 < a < 0 and nonstationary for a < —1, in which case the notion of the
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spectral density is extended by relation to a valid spectral density function corresponding
to a stationary process after suitable differencing. Recent work on the transcription of
musical scores from raw audio has established a perspective that has significant overlap
with language modeling. The introduction of large, accurately annotated datasets such
as MusicNet (Thickstun et al., 2017) has enabled the training of large-scale recurrent or
convolutional neural network models that achieve state-of-the-art prediction performance

(Sigtia et al., 2015; Thickstun et al., 2018).

2.2.3 Hypothesis testing for long memory processes

Mathematical formalization of long memory stochastic processes paved the way for statistical
hypothesis testing procedures. The classical parametric approach involves joint estimation
of the parameters © = {®, 0, d} in the ARFIMA model ®(B)(1— B)™%X, = 0(B)Z; by max-
imum likelihood. Consistency and asymptotic normality of the MLE under the assumption
of Gaussian Z; and d > 0 were established by Li and McLeod (1986). However, the com-
putational challenge of calculating this estimator and the relative rigidity of the parametric

assumption motivate investigation of semiparametric, frequency-domain estimators.

The main challenge with estimators defined in the frequency domain is the poor behavior
of the long memory periodogram. Whereas the periodogram ordinates of a stationary short-
range dependent process are asymptotically unbiased, asymptotically uncorrelated at Fourier

frequencies \; = 2mj/T, j =1,...,T, and satisfy

(IX(A]-I) Ix(Aji)

fX(Ajl)’.“,fX()\jk)) —d (Zla"'7Zk)7

where Aji,...,\j, are distinct Fourier frequencies and Zi, ..., Z; are i.i.d. standard expo-
nential random variables, their long memory counterparts enjoy none of these properties
(Brockwell and Davis, 1991; Beran et al., 2013). The issue originates in a classical formula

for the product of discrete Fourier transform ordinates d; = (2r7)~%/2 Zthl Xy exp(it))
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(Priestley, 1981):
BT = [ Kr(h= ) i)

where K7(\) = (27T) ! (sin(T'\/2)/ sin(A\/2))? is the Fejér kernel. The convolution converges
uniformly to fx when fx is continuous on [—, 7], as in the short-range dependent case (Stein
and Shakarchi, 2011), but it can be shown that a bias term depending on A results under
long memory conditions (Beran et al., 2013).

Estimation of the long memory parameter is often semiparametric, in that the model for
the data consists of the finite-dimensional parameter of interest d and an infinite-dimensional
nuisance parameter fy specifying the behavior of the spectrum away from the origin. By
restricting focus to an interval near the origin (so-called “narrowband” estimation), we can
leverage the local behavior of the spectrum fx(A\) & c¢s|1 — exp(—i)\)|™? to reduce the
nuisance parameter to the scalar ¢y # 0. One approach to estimating d then comes from
consideration of the logarithm of this local behavior, which yields an equation linear in d.
Replacing the unknown fx with the periodogram and assuming log Ix(\;) = log fx()\;) +

log Z; yields the regression equation
log Ix();) = logcy — 2dlog |1 — exp(i);)| + log Z;

from which d can be estimated by least squares (Geweke and Porter-Hudak, 1983). A
second approach makes use of the Whittle approximation to the time-domain Gaussian like-
lihood Ly (0) ~ 2n~1 Zle (log fx(A;) + Ix(Aj)/fx(A;)) (Whittle, 1953). Restricting to a
region near the origin enables the approximation fx()\) & c¢;A72? where we have also used
|1 —exp(i\)[/A — 1 as A =, 0. The parameter ¢y can be profiled out to yield an approxi-
mate profile likelihood K (d), from which the “local Whittle” or “Gaussian semiparametric”
estimator is computed as d = arg MiN e (_1/9.1/2) K (d) (Kunsch, 1987). Asymptotic normality
of the Gaussian semiparametric estimator was established by Robinson (1995).

The Gaussian semiparametric estimator (GSE) admits a straightforward extension to the

multivariate case X; € RP, which is of relevance to the particular applications in this chapter.
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It is again based on restriction of the Whittle likelihood to the m lowest Fourier frequencies,

1 & . ey —1
LG~ — [logdetA JGA*(d) + Tr [(Aj(d)GAj(d)) I(Aj)} }
7=1
where we define A(d) = diag(A~%e'™"N/2) and G € RP*? is real, symmetric, and positive-
definite. The profile likelihood is obtained by first computing @(d) as the solution to
OL™W /G = 0 and substituting into the above equation. The long memory vector d € R? is

estimated as

p m
. ~ 1
d“F = arg minlog det G(d) — 2 d;— log \;, 2.2
g min log (d) E mg gA; (2.2)

over the feasible set © = (—1,2)P. A key result due to Shimotsu (2007) establishes that the

OZGSE

estimator is consistent and asymptotically normal under mild conditions, with

Vm(d®SF — dy) —q N(0,Q71), (2.3)

where

Q=2|,+GoG "+ — (G@G1 L),

dy is the true long memory, and ® denotes the Hadamard product.

Some recent work applying the long memory perspective to RNN models complements or
builds from the contributions of this chapter. Belletti et al. (2018) and Zhao et al. (2020) both
analyze conditions on the input sequence x; and parameterization of the recurrent architec-
ture such that the hidden state sequence h; is guaranteed to have short memory. However, in
proposing modifications to RNN architecture to improve the memory, both papers abandon
the long memory framework and instead focus on a different criterion: Belletti et al. (2018)
analyze the mutual information between hidden states under a Gaussian assumption, while
Zhao et al. (2020) enforce the slow decay of coefficient magnitudes over time in a linearized

version of the network.
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2.2.4  Frequency-domain modeling and applications in neuroscience

Most models for long memory processes are defined in the time domain, often by straightfor-
ward extension of a class of short memory models. Common examples include the (vector)
ARFIMA model (Tsay, 2010; Sowell, 1992) and the linear autoregressive conditionally het-
eroskedastic (LARCH) model (Robinson, 1991), which extend ARMA and ARCH processes
such that the observations or conditional variances, respectively, provably exhibit long mem-
ory. While popular in certain fields, these models may be difficult to estimate and can be an
awkward choice in applications preferring a frequency-domain representation of the signal.
In these settings, one simple and appealing approach is given by the fractional exponential
(FEXP) model (Beran, 1993), which proposes an additive structure for the univariate long

memory spectral density:

fx(A) = g(A)' " exp (Z Ujhj(A)) :

The model parameters are the weights 7; and long memory parameter d; the functions h;
and g are selected in advance such that the h; are continuous and symmetric around A = 0
and g : [—m, 7] — Ry satisfies lim, o g(z)/x = 1. An approximate likelihood is constructed
via the relation Ix(\)/f(\) &~ Z, which converts the problem to that of maximum likelihood
estimation in a generalized linear model with logarithmic link function and multiplicative
exponential errors. Unfortunately, this approach does not extend readily to the multivariate

setting.

Even in the short-range dependent case, the periodogram has poor asymptotic properties
and is thus of limited value as an estimator for the spectral density. The standard solu-
tion is to construct an estimator by smoothing of the periodogram ordinates over a local
window of frequencies (Brillinger, 2001). However, this approach is somewhat restrictive
in the multivariate case as the same degree of smoothing is applied to all components of

the cross-spectrum. An alternative framework modeling the Cholesky decomposition of the
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multivariate spectral density function (Dai and Guo, 2004) allows for different degrees of
smoothing component-wise and has been adopted in nonparametric approaches based on
spline regression (Rosen and Stoffer, 2007; Krafty and Collinge, 2013). These models explic-

itly assume short-range dependence of the generating process.

The motivation to model multivariate, long-range dependent data in the spectral domain
derives from a growing body of literature in computational neuroscience, which has identified
power-law behavior consistent with long memory in the observed spectra across a wide range
of electrophysiological data collection modalities and experimental settings (Timmermann
et al., 2019; Wen and Liu, 2016; Maxim et al., 2005). While the biological origins of these
long memory dynamics remain under investigation, they are believed to be generated through
mechanisms distinct from the more classically analyzed oscillatory patterns (He et al., 2010).
Furthermore, measures of long-range dependence have been shown to be predictive of specific
patterns in neural activity, including states of consciousness or pathological conditions such

as Alzheimer’s disease (Yanagawa et al., 2013; Maxim et al., 2005).

The statistical tools used to study this data have been limited to date. Maxim et al.
(2005) model individual fMRI voxels as a fractional Gaussian noise. An ad-hoc estimator
for the long memory is developed by Wen and Liu (2016) in terms of the resampled time
series th with resampling rate f and corresponding periodogram I }2()\) The authors define
ST\ = \/fﬁ()x)f)l(/f()\) and estimate the long memory component S()) of the spectrum as
the pointwise median of the functions S/t ()\),..., S/ ()), where f1,..., f, are a collection of
non-integer resampling factors. We emphasize that in each case, the methods assume that
the data is a scalar time series, despite their subsequent application to multivariate fMRI,
MEG, or ECoG data. The multivariate case is handled via repeated, independent univariate
analysis of the components, corresponding to the implicit assumption that all cross-spectral

terms are identically zero and precluding an analysis of interactions between signals.



29

2.2.5 Contributions

This chapter develops a perspective drawing on the themes of both Sections 2.2.2 and 2.2.3
to analyze long-range dependence in RNN models of natural language and music data. We
focus in particular on a set of highly popular RNN models whose motivation originates with
the vanishing gradient analysis of Bengio et al. (1994). These include the LSTM of Hochreiter
and Schmidhuber (1997a), the structurally constrained recurrent network (SCRN) of Mikolov
et al. (2015), and the recurrent additive network of Levy et al. (2018).

In contrast to the heuristic performance-based approaches developed in the RNN litera-
ture, we follow Takahashi and Tanaka-Ishii (2017) in evaluating the models in terms of the
relevant statistical property of the data on which they are trained. Here, the main point
of contrast is that we focus on long memory, as opposed to definitions based on the mu-
tual information (Lin and Tegmark, 2017; Braverman et al., 2020), and thereby avoid the
attendant limitations that have confined those approaches to approximate or inconclusive
analyses. The key idea is to use word or music embeddings - real, vector-valued represen-
tations of the sequence to be modeled - which can then be analyzed as a multivariate time
series. This is not merely a convenient workaround; such embeddings are ubiquitous across

modern, state-of-the-art applications of deep neural network models to these data.

Our analysis of the trained RNN models focuses on the hidden state as a stochastic
process. Rather than analyze this process in terms of its recurrence equations, which is
attempted under various assumptions by Belletti et al. (2018) and Zhao et al. (2020), we
estimate the long memory from sample paths generated by the trained model. We study
a simple transformation of the estimator proposed by Shimotsu (2007), which retains the
asymptotic normality used to calibrate a testing procedure, and which as a semiparametric
estimator allows for direct investigation of the long memory without needing to specify the

higher-frequency behavior of the model.

We obtain negative results with regard to long memory in trained RNN models that

motivate a positive modeling contribution in the second half of the chapter. Unlike Belletti
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et al. (2018) and Zhao et al. (2020), who propose new developments for the RNN architecture
at the expense of changing focus away from a long memory analysis, we develop a frequency-
domain approach. We illustrate the model in a detailed re-analysis of the ECoG data from
Wen and Liu (2016), both reproducing their results on the marginal short and long-range
dependence properties of the data and extending the analysis to reveal interactions between

the components via the partial coherence.
2.3 Long Memory in Language and Music

In the first two sections of this chapter, we develop a framework for visualization and hypoth-
esis testing of long memory in RNNs, based on an approach that mathematically defines and
directly estimates long-range dependence as a property of a multivariate time series. Much
of the development of deep recurrent neural networks has been motivated by the goal of
finding good representations and models for text and audio data. It is therefore scientifically
appropriate to first ask whether long memory is even a relevant consideration in the context

of these applications.

Representation of language and music via vector embeddings

A key methodological perspective throughout this section is the identification of raw language
and music data with real, vector-valued time series observed at a regular interval. This
perspective is only novel from the standpoint of statistical testing for language data; it is
not introduced out of convenience, but rather as a recognition of what has become a nearly
universal approach to modeling sequence data with RNNs.

In language modeling, the basic unit of observation is a word “token,” which may rep-
resent a word in the English vocabulary or a unit of punctuation. Extremely rare words or
those not typically assumed to belong to the finite vocabulary, such as proper names, are
assigned to a common UNK token, for “unknown.” While classical approaches to language
modeling attempted to estimate conditional distributions directly on this state space, for

example through Markov models, much greater empirical success has been obtained by iden-



31

tifying each token with a unique vector in a high-dimensional Euclidean space. Such “word
embeddings” were first justified heuristically (Mikolov et al., 2013) but subsequently shown
to correspond to weight vectors in a matrix factorization of the pointwise mutual information
between word-context pairs (Levy and Goldberg, 2014).

Audio data, including music, is real-valued but univariate in its raw form, corresponding
to air pressure measurements sampled at a discrete but very high rate, typically around
44kHz. This corresponds to the Nyquist rate for the upper frequency range of human per-
ception of speech, which extends to around 20 kHz (Monson et al., 2012). Classically, multi-
variate representations of this data derive from a time-frequency decomposition such as the
short-time Fourier or wavelet transforms. These representations are often engineered such
that the parts of the spectrum most relevant for human hearing are increased in saliency, as
is the case for mel-frequency cepstral coefficients (Logan, 2000). As with language modeling,
more recent empirical success has been driven in part by learning vector representations

for a windowed sequence of raw audio data as part of an end-to-end model for prediction

(Thickstun et al., 2018).

Optimization. Relatively little discussion of optimization procedures for the problem in
Eq. (2.2) is available in the time series literature. For instance, we are not aware of any
proof that the objective is convex in the multivariate setting. To compute the estimator
JGSE, we apply L-BFGS-B, a quasi-Newton algorithm that handles box constraints (Byrd
et al., 1995). L-BFGS-B is an iterative algorithm requiring the gradient of the objective; this

is derived in Appendix A.

Bandwidth selection. The choice of the bandwidth parameter m determines the tradeoff
between bias and variance in the estimator: at small m the variance may be high due to few
data points, while setting m too large can introduce bias by accounting for the behavior of
the spectral density function away from the origin.

When it is possible to simulate from the target process, as will be the case when we
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evaluate criteria for long memory in recurrent neural networks, we can naturally control
the variance simply by simulating long sequences and computing a dense estimate of the
periodogram. Without knowledge of the shape of the spectral density function, however, it
is difficult to know how to set the bandwidth to avoid bias, and thus we prefer the relatively
conservative setting of m = v/T. This choice is justified by a bias study for the bandwidth

parameter, which is given in Appendix A.

Total memory

It is common for sequence embeddings and RNN hidden layers to have hundreds of di-
mensions, and thus long memory estimation for these sequences naturally occurs in a high-
dimensional setting. This topic is virtually unexplored in the time series literature, where
multivariate studies tend to have modest dimension. Practically, this raises two main is-
sues. First, if p ~ m for dimension p and bandwidth m, then the approximation of the test
statistic distribution by its asymptotic limit will be of poor quality, and the resulting test is
likely to be miscalibrated. Second, it becomes difficult to interpret the long memory vector
d, particularly when the coordinates of the corresponding time series are not meaningful

themselves.

We resolve both issues by considering the total memory statistic d, defined as
1 p
7 SGSE
d= 5 > d§sE (2.4)
j=1

Computation of the total memory is no more complex than that of the GSE, and it has
an intuitive interpretation as the coordinate-wise aggregate strength of long memory in a

multivariate time series, where “aggregate” here refers to the average instead of the sum.

The total memory is a simple linear functional of the GSE, and thus its consistency

and asymptotic normality can be established by a simple argument. In particular, defining

g(d) = -

; ?:1 d;, we see that Vg(d) = 1/p, which is clearly nonzero at zero, so that by Eq.
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(2.3) and the delta method we have

i (d = do) = N (o,%ii@,j), (2.5)

where dy = ]lj ?:1 d; is the true total memory of the observed process. To validate this
proposed estimator, we provide a “sanity check” on simulated high-dimensional data with

known long memory in Appendix A.

Visualizing and testing for long memory in high dimensions. The visual time-
domain summary of long memory in Figure 1.1 can be extended to the multivariate setting.
In this case, the autocovariance I'(k) = Cov(Xy, X;1x) is matrix-valued, which for the purpose
of evaluating long memory can be summarized by the scalar Tr|I'(k)|, where the absolute
value is taken element-wise. Recall that a sufficient condition for short memory is the abso-
lute convergence of the autocovariance series, whereas this series diverges for long memory

processes.

From a testing perspective, a statistical decision rule for the presence of long memory
can be derived from the asymptotic distribution of the corresponding estimator. However,
when the dimension p is large and we conservatively set the bandwidth m = /T, we may

have m = p even when the observed sequence is relatively long.

The classical approach to testing for the multivariate Gaussian mean is based on the
Wald statistic
m(d — do)"Q(d — dy),

which has a x?(p) distribution under the null hypothesis Hg : d = dy. In Appendix A, we give
a demonstration that the standard Wald test can be seriously miscalibrated when m =~ p,
whereas testing for long memory with the total memory statistic remains well-calibrated in
this setting. These results are consistent with previous observations that the Wald test for

long memory can have poor finite-sample performance even in low dimensions (Shimotsu,
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2007; Hurvich and Chen, 2000), though these studies suggest no alternative.
Testing for long memory. For all experiments, we test the null hypothesis
Ho:do=0
against the one-sided alternative of long memory,
Hq : dy > 0.

We set the level of the test to be a = 0.05 and compute the corresponding critical value ¢,
from the asymptotic distribution of the total memory estimator.

Given an estimate of the total memory d(z,.7), a p-value is computed as P(d > d(z1.7)|dy =
0); note that a p-value less than a = 0.05 corresponds to rejection of the null hypothesis in
favor of the long memory alternative. In all tables, we indicate that that a test rejects null

hypothesis H with a checkmark (v'), and that a test fails to reject Hg by a cross (X).

Ezxperiments

A full summary of results is given in Table 2.1, and autocovariance partial sums are visualized
in Figure 2.1. We note that the total memory, as an average over the components of a
multivariate time series, is naturally suited for comparison of the estimated long memory

across multiple time series of different dimension.

Natural language data. We evaluate long memory in three different sources of English
language text data: the Penn TreeBank training corpus (Marcus et al., 1993), the training
set of the Children’s Book Test from Facebook’s bAbI tasks (Weston et al., 2016), and the
King James Bible. The Penn TreeBank corpus and King James Bible are considered as single
sequences, while the Children’s Book Test data consists of 98 books, which are considered

as separate sequences. We require that each sequence be of length at least 7' = 2, which
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Figure 2.1: Partial sum of the autocovariance trace for embedded natural language and music
data. Left: Natural language data. For clarity we include only the longest of the 98 books in the
Facebook bADI training set. Right: Music data. Each of the five tracks from both Miles Davis and
Oum Kalthoum is plotted separately, while the Bach cello suite is treated as a single sequence.

ensures that the periodogram can be estimated with reasonable density near the origin.
Finally, we use GloVe embeddings (Pennington et al., 2014) to convert each sequence of
word tokens to an equal-length sequence of real vectors of dimension £ = 200.

The results show significant long memory in each of the text sources, despite their ap-
parent differences. As might be expected, the children’s book measured from the Facebook
bAbI dataset demonstrates the weakest long-range dependencies, as is evident both from the

value of the total memory statistic and the slope of the autocovariance partial sum.

Music data. Modeling and generation of music has recently gained significant visibility
in the deep learning community as a challenging set of tasks involving sequence data. As
in the natural language experiments, we seek to evaluate long memory in a broad selection
of representative data. To this end, we select a complete Bach cello suite consisting of 6
pieces from the MusicNet dataset (Thickstun et al., 2017), the jazz recordings from Miles
Davis’ Kind of Blue, and a collection of the most popular works of famous Egyptian singer
Oum Kalthoum. For the Bach cello suite, we embed the data from its raw scalar wav file

format using a reduced version of a deep convolutional model that has recently achieved near



36

Table 2.1: Total memory in natural language and music data.

Data Total memory  p-value Reject Hy?
Penn TreeBank 0.163 <1 x10716 v
Natural Facebook CBT 0.0636 <1 x10716 v
Language King James Bible 0.192 <1 x10-16 v
J.S. Bach 0.0997 <1 x10716 v
. Miles Davis 0.322 <1 x10716 v
Music
Oum Kalthoum  0.343 <1 x10716 v

state-of-the-art prediction accuracy on the MusicNet collection of classical music (Thickstun
et al., 2018). Details of the model training, including performance benchmarks, are provided

in Appendix A.

We are not aware of a prominent deep learning model for either jazz music or vocal
performances. Therefore, for the recordings of Miles Davis and Oum Kalthoum, we revert to
a standard method and extract mel-frequency cepstral coefficients (MFCC) from the raw wav
files at a sample rate of 32000 Hz (Logan, 2000). A study of the impact of embedding choice
on estimated long memory, including a long memory analysis of the Bach data under MFCC
features, is provided in Appendix A. The results show that long memory appears to be even
more strongly represented in music than in text. We find evidence of particularly strong
long-range dependence in the recordings of Miles Davis and Oum Kalthoum, consistent with

their reputation for repetition and self-reference in their music.

Overall, while the results of this section are unlikely to surprise practitioners familiar with
the modeling of language and music data, they are scientifically useful for two main reasons:
first, they show that our long memory analysis is able to identify well-known instances of
long-range dependence in real-world data; second, they establish quantitative criteria for the

successful representation of this dependency structure by RNNs trained on such data.
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2.4 A Statistical Criterion for Recurrent Neural Networks

The results of the previous section establish that long memory is present, and often strong,
across a broad variety of natural language and music data sources. We now address the
question of whether RNN models trained on these data are able to capture this property. It
is worth emphasizing that nonlinear transitions of the previous state alone are no guarantee
that the dependence structure is any more complex than a simple linear autoregressive or

Markov model; this is demonstrated in the proposition below.

Proposition 2.4.1. Define the scalar nonlinear autoregressive process
Xipv1 = f(Xy) + &,

where {;} is a white noise sequence with positive density with respect to Lebesque measure
and satisfying Eley| < oo, while f: R — R is bounded on compact sets and satisfies
o),

x

sup
|z|>r

for some r > 0. Then X; has a unique stationary distribution 7, and the sequence of random
variables {X;,t > 0} initialized with Xy ~ m is strictly stationary and geometrically ergodic.
Furthermore, if

E|X,|*™ < oo

for some § > 0, then {X;} is a short memory process.

Proof. The proof proceeds by analysis of X; as a Markov chain on a general state space
(R, B), where B is the standard Borel sigma algebra on the real line. Define the transition
kernel P(z, B) = P(X; € B|X;_1 =) for any z € R and B € B.

We first establish that X, is aperiodic. A d-cycle is defined by a collection of disjoint sets
{D;},0=1,...,d — 1 such that

1. Forx € D;, P(x,D;y1) =1,i=0,...,d — 1 mod d.
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2. The set [U;D;]¢ has measure zero.

The period is defined as the largest d for which {X;} has a d-cycle (Meyn and Tweedie,
2012). Clearly, however, since ¢; has positive density with respect to Lebesgue measure,
p(z, D) =1 only if D = R up to null sets. Thus the period is d = 1, so {X;} is aperiodic.

Strict stationarity and geometric ergodicity are established by showing that the aperiodic
chain {X;} satisfies a strengthened version of the Tweedie criterion (Meyn and Tweedie,
2012), which requires the existence of a measurable non-negative function g : R — R, ¢ > 0,

R > 1 and M < oo such that

Blo(Xel X = o] < L5 s e i

Elg(Xer)) H{Xepn € KXy =a] <M, z€K

for some set K satisfying
m

inf P"(xz,B) >0
xEKn 7

Under the conditions of f and &; assumed above, this criterion is established for the process
X; by Tjgstheim (1990, Thm 4.1), with g(z) = |z|.

Geometric ergodicity implies that the
IAP" = 7l < O,

with C' < oo, p € (0,1), and where |||, denotes the total variation distance between
measures. A well-known result in the theory of Markov chains (Nummelin and Tuominen,
1982) establishes that geometric ergodicity is equivalent to absolute regularity, which is

parameterized by

ZZ (A: U B)) — P(A)P(B)),
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where the supremum is taken over all finite partitions {Ay,..., A;} and {By,..., By} of the
sigma fields A = o(X;) and B = o(Xyx). In particular, 8(k) decays at least exponentially
fast. Furthermore, for any two sigma fields A and B we have (Bradley et al., 2005, §2.1)

BAB) = sup 3 3037 IP(4: U B) — P(4) P(B)

i=1 j=1

> sup%]P(AU B) — P(A)P(B)|, A€ A, B€B

= 20‘(~’47 B)a

so that the a-mixing parameter is also bounded by an exponentially decaying sequence.
Finally, if E|X|*"° for some § > 0, then the absolute covariance obeys (Ibragimov and

Linnik, 1971, Thm. 17.2.2)
(k)] = o 2|p(k)| < Calk)*/®H),
which completes the proof. O]

RNN hidden state as a nonlinear model for a long memory process.

The standard tool for statistical modeling of multivariate long memory processes is the vector
autoregressive fractionally integrated moving average (VARFIMA) model, which represents

the process X; € R? with long memory parameter d as
®(B)(1 — B)'X, = 0(B)Z,,

where Z; is a white noise process and (1 — B)? = diag((1 — B)%), i = 1, ..., p (Lobato, 1997;
Sowell, 1992). Under the standard stationarity and invertibility conditions on the matrix

polynomials ®(B) and ©(B), respectively, the process can be represented as

Xi=(1-B)"® (B)O(B)Z,
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which shows that the X; has a composite representation in terms of linear “features” of
the input sequence and an explicit fractional integration step ensuring that it satisfies the

definition of multivariate long memory in Eq. (1.1).

We extend this view to deep network models for sequences with long range dependencies.
The key difference is that RNN models are not constrained to work with a linear represen-
tation of the data, nor do they explicitly contain a step that guarantees the long memory of

X;. To evaluate long memory in an RNN model, we study the stochastic process
Xt = ‘;[I<Z—oo:t)7 (26)

where Z; is again a white noise, and the nonlinear transformation ¥ describes the RNN
transformation of inputs to the hidden state. In a typical RNN model, a decision rule is
learned by linear modeling of the hidden state; this framework thus aligns with a broader
theoretical characterization of deep learning as approximate linearization of complex decision
boundaries in input space by means of a learned nonlinear feature representation (Bruna and

Mallat, 2013; Mairal et al., 2014; Jones et al., 2019; Bietti and Mairal, 2019).

Testable criteria for RNN capture of long-range dependence.

The complexity of W(-) corresponding to even the most basic RNN sequence models precludes
a fully theoretical treatment of long memory in processes described by Eq. (2.6). Nonetheless,
this characterization suggests an approach for the statistical evaluation of long memory in
RNNs, as it establishes testable criteria under which a model of the form Eq. (2.6) describes
a process X; with long memory. In particular, to satisfy the definition in Eq. (1.1) we must
have

Xy = U(Z_ooy) = (1 — B (Z_oo)

for some d # 0 and process Y; = V(Z_,.;) with bounded and nonzero spectral density at

zero frequency. Semiparametric estimation of d in the frequency domain provides a means
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to evaluate this condition such that the results are agnostic to the behavior of W(Z_..,) at
higher frequencies. If U(Z_..;) admits a representation in terms of an explicit fractional

integration step, then this can be investigated in two complementary experiments:

1. Integration of fractionally differenced input. Define
Xt — (1 _— B)dZt,

where Z; is a standard Gaussian white noise and d is the long memory parameter
corresponding to the source X; on which the model was trained. If the sequence Zy.7

is drawn from X;, then we expect to find that
CZGSE(iLI:T) ~ 07

where hyp = (U(21),¥(Z1:2) ..., ¥(Z1.r)) is the RNN hidden representation of the
simulated input. On the other hand, nonzero long memory in the hidden state indicates
a mismatch between fractional integration learned by the RNN and long memory of

the data X;.

2. Long memory transformation of white noise. Conversely, we expect to find that
the RNN hidden representation of a white noise sequence has a nonzero long memory
parameter. White noise has a constant spectrum and thus a long memory parameter
equal to zero. If U(-) performs both the feature representation and fractional inte-
gration functions that are handled separately and explicitly in the VARFIMA model,
then a zero-memory input will be transformed to a nonzero-memory sequence of hidden

states.
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Table 2.2: Language model performance by RNN type

Model Test Perplexity
Zaremba et al. 114.5
LSTM 114.5
Memory cell 119.0
SCRN 124.3

2.4.1 Long memory analysis of language model RNNs

We now turn to the question of whether RNNs trained on one of the datasets evaluated
above are able to represent the long-range dependencies that we know to be present. We
evaluate the criteria for long memory on three different RNN architectures: long short-term
memory (LSTM) (Hochreiter and Schmidhuber, 1997a), memory cells (Levy et al., 2018), and
structurally constrained recurrent networks (SCRN) (Mikolov et al., 2015). Each network is
trained on the Penn TreeBank corpus as part of a language model that includes a learned
word embedding and linear decoder of the hidden states; the architecture is identical to the
“small” LSTM model of Zaremba et al. (2014), which is preferred for the tractable dimension
of the hidden state. Model performance is evaluated in terms of the perplexity, defined as the
exponentiated average cross-entropy between the predicted and true next-word distributions,
on a held-out test set; see Table 2.2. Note that our objective is not to achieve state-of-the-art
results, but rather to reproduce benchmark performance in a well-known deep learning task.
Finally, for comparison, we will also include an untrained LSTM in our experiments; the

parameters of this model are simply set by random initialization.

RNN integration of fractionally differenced input. Having estimated the long mem-
ory parameter d corresponding to the Penn TreeBank training data in the previous section,
we simulate inputs Z1.0 with 7' = 2'¢ from by fractional differencing of a standard Gaus-
sian white noise and evaluate the total memory of the corresponding hidden representation

U(Z1.7) for each RNN. Results from n = 100 trials are compiled in Table 2.3, with standard
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Table 2.3: Residual total memory in RNN representations of fractionally differenced input.

Model Total memory p-value Reject Hy?
LSTM (trained) —8.36 x 1073 (0.00475) 4.07 x 1072 v
LSTM (untrained) —6.20 x 1072 (0.00387) <1 x10716 v
Memory cell —1.18 x 1072 (0.00539) 1.52 x 1072 v
SCRN —2.62 x 1072 (0.00631) 3.32 x 1075 v

errors reported in parentheses. We test the null hypothesis H, : d = 0 against the one-sided
alternative H; : d < 0, which corresponds to the model’s failure to represent the full strength

of fractional integration observed in the data.

RNN transformation of white noise. For a complementary analysis, we evaluate whether
the RNNs can impart nontrivial long-range dependency structure to white noise inputs. In
this case, the input sequence zj.r is drawn from a standard Gaussian white noise process,
and we test the corresponding hidden representation ¥(zy.r) for nonzero total memory. As in
the previous experiment, we select 7' = 2%, choose the bandwidth parameter m = /T, and
simulate n = 100 trials for each RNN. Results are detailed in Table 2.4. We test Ho : dp = 0
against H; : dy > 0; here, the alternative corresponds to successful transformation of white
noise input to long memory hidden state.

We summarize the main experimental result as follows: there is a statistically well-

Table 2.4: Total memory in RNN representations of white noise input.

Model Total memory p-value Reject Hy?
LSTM (trained) —8.59 x 10~* (0.00405) 0.583 X
LSTM (untrained) —4.17 x 107* (0.00223) 0.572 X
Memory cell —5.96 x 107* (0.00452) 0.552 X
SCRN 2.37 x 1073 (0.00522) 0.324 X
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defined and practically identifiable property, relevant for prediction and broadly represented
in language and music data, that is not present according to two fractional integration criteria
in a collection of RNNs trained to benchmark performance. Tables 2.3 and 2.4 show that each
evaluated RNN fails both criteria for representation of the long-range dependency structure
of the data on which it was trained. The result holds despite a training protocol that
reproduces benchmark performance, and for RNN architectures specifically engineered to

alleviate the gradient issues typically implicated in the learning of long-range dependencies.

2.5 DModeling Multivariate Long Memory Time Series in the Frequency Do-
main

In the second part of this chapter, we define, analyze, and numerically illustrate a model

for the spectral density function of a multivariate long-range dependent process. This topic

arises naturally as a positive methodological contribution to complement the negative result

of the previous section. Before defining the model, we briefly review the definitions and

conditions required for valid specification of such a process via its spectral density function.

Conditions for short-range spectral components. The structure of the short-range
dependent spectrum can be used to identify a broad function space from which to draw
flexible representations of spectral behavior away from the origin.

It follows from basic properties of the complex exponential that the spectral density func-
tion fy(A) corresponding to a short-range dependent process Uy is periodic and Hermitian,
that is, fu(\) = fu(A+ 2m) and fy(A) = fu(—A)*. By Parseval’s theorem, the short-range
dependence condition Y7 ||y (n)|| < co implies [T Tr(fu () fu(A)*)dA < oo so that the
component functions (fy);x(A), and therefore their real and imaginary parts, are elements
of Ly(—m, ) for each j, k € {1,...,p}.

If each component also has a square-integrable derivative with respect to A, then it is an

element of the periodic Sobolev space

s

P AlgeP g e 79,/ ' (\)]2dA < oo},

—T
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where P is the set of real-valued functions of period 27. Equipping this space with the inner

product defined for any f and ¢ in P; as

1 [T/ 0 0
9 =5 [ (500) (55700) aa
yields the reproducing kernel Hilbert space of Cogburn and Davis (1974) with kernel

EAv)= Y (2mm) " exp(im(A — v)).

meZ\{0}

Since fy(A) is Hermitian, its real and imaginary components must be even and odd, re-
spectively. Restriction of the reproducing kernel to these subspaces results in (Krafty and

Collinge, 2013)

BRI\, v) = Z(Zﬁm)_l cos(mA) cos(mv)

3
Il

(2rm) ! sin(mA) sin(mv).

NE

M v) =

3
I}

The real and imaginary parts of the short-range spectrum can thus be represented in

cosine and sine bases of periodic functions, respectively.

Multivariate long-range dependence in the frequency domain. Here we recall the
general framework for long memory in the multivariate and frequency-domain setting due
to Kechagias and Pipiras (2015), which was briefly introduced in Chapter 1. A weakly
stationary process X; € RP is long-range dependent if for every j, k € {1,...,p} the (j, k)"

component f;,(A) of its spectral density can be written as

Fie(A) = Gip(N) 7B
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such that
ij()\)‘)\’*(derdk) ~ gjkewjksign(x)’)\r(dﬁdk) (2.7)

as |A| = 0 for some d € (0,1/2)P.

The matrix G(\) € CP*? is Hermitian positive definite for each A, and g;, € R, g;; > 0,
¢ji € (—m, ] for each j,k € {1,...,p}. Moreover, the mapping A — G(A) is Hermitian, that
is, G(—=\) = G(\)*.

The multivariate LRD spectrum therefore consists of two components: a long memory
vector d controlling the behavior of the spectral components near zero frequency, and a
complex matrix-valued function G(X) that specifies the behavior of the spectrum at higher
frequencies. The conditions on G(A) and d ensure the validity of f(\) as a spectral density

function.

Decomposition of the fractional spectrum. We focus in particular on processes X; €
R?P that can be represented as fractionally integrated. The main advantage of considering
such processes is that fractional integration, and therefore long-range dependence, is defined
as a convolution with a linear filter. This implies that the spectral density function of X,

can be written as

fx(N) = Ad) fu(MA),

where A(d) = diag ((1 — )%, ..., (1 — €?)™%) and fy(\) is the spectral density function
of the short-range dependent process Us.

A natural approach to modeling the long-range dependent spectrum fx () is therefore to
separate the short-range dependent (or high-frequency) behavior of the process from the long-
range dependence exhibited at low frequencies and parameterized in the case of fractionally

integrated processes by the long memory vector d.

Model definition. We propose to model the multivariate LRD spectrum f(\) as f(A) =

[H(A\)H(N)*]T, where H()\) € CP*P is a lower-triangular matrix with real, non-negative diag-
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onals and t denotes the Moore-Penrose pseudoinverse. The product H(A)H (\)* is positive

semidefinite, so its pseudoinverse is as well. The pseudoinverse is unique and equal to the
inverse when H () is positive definite, which occurs when it has strictly positive diagonals.
Parameterization of the spectral density through a decomposition of the inverse has been
proposed for short memory spectra by Rosen and Stoffer (2007) and Krafty and Collinge

(2013); here we extend this approach to the long memory case.

The nonzero entries of H(\) are parameterized as

Hji(N) = [1 = e85 (\)
R{H (N} = R{(L — ™)V }SGe(N)
S{H (N} = S{(1 — )P 1S (N,

with 7 € {1,...,p}, k< 7.
The short-range components S7;°(A) and Sj*(\) have a simple additive form correspond-

ing to a truncated basis expansion in the even and odd subspaces, respectively, of P;
L
SN = ajecos(tA) j=1,....pik <j
=0
L
SN = Buesin(Eh) j=1,....pik <,
=1

with j € {1,...,p}, k< 7.

The model parameters are thus § = {a, 8,d} with

o = (ajk07 s 705jkL)j:1,...,p;k§j
B = (5;%1; e ,ﬂjkL)j=1 ..... p;k<j
d= (dl,...,dp).

The diagonal of H () is strictly positive if, for each j = 1,...,p, the polynomial r;(\) =
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Zf:o a;jecos(fA) does not have a real root in (0,2r]. This is not guaranteed, though the
penalized estimation scheme discussed below, which guarantees hierarchical sparsity in the
estimate of the vector (ajjo, ...,y ;1), eliminates some simple cases in which positive defi-
niteness may not be achieved. Regardless, we emphasize that by construction the spectral

density is guaranteed to be positive semidefinite at every frequency.

Moreover, the short-range component of the inverse Cholesky factor H(\) is Hermitian
and periodic, as required for a valid model of the fractionally integrated multivariate spec-
trum. This can be viewed as implicit enforcement of a constraint on the gradient of the
real and complex components of the short-range spectrum with respect to the frequency A
at integer multiples of 1/2. The term (1 — ) controls the behavior of the model at low

frequencies and thus constitutes the long-range component.

Proposition 2.5.1. Let f(A\) = A(d)G(N)A(d)* be the spectral density matriz function of a
process obtained by fractional differencing of a short-range dependent process with positive
definite spectral density G()\). Then the function G(\)~Y2, defined as the lower-triangular
Cholesky factor of G(N\)™, is periodic with even real part and odd complex part, and the
lower-triangular Cholesky factor of f(\)~' has the form f(\)~'/2 = [A(d)*|"'G(N\)~Y/? with
[A(d)*]! = diag (1 —eP)h, (1 —e?)h).

Proof. By definition of f(\), G()) is the spectral density matrix function of some second-
order stationary process U;. Its periodicity then follows from a basic property of the complex

sinusoid

o0 o0 o0

1 —i 1 —i,—1 1 —1
G(\) = o Z e Ry (k) = o Z el Ay (1) = > Z e *O Dy (k) = G(A +1).
k=—00 k=—o00 k=—00

Periodicity of G()\) implies periodicity of G(\)~'/2, as the inverse and the Cholesky decom-

position are well-defined and unique.
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Furthermore, G(\) = G(—\)* implies

RGN} = R{G(=N)}
G} = =S{G(=N)}-

Finally,
O =A@ G A (D)

so that [A(d)*]~*G()\)~"/? is the unique lower-triangular Cholesky factor of f(X\)~'.
Moreover,

[(1- e”"\)*d]fl = |1 — e P |deid ara(l=e™) _ (] _ mid)d

and [(1—e ) 79]" = (1 — )™ see Appendix A for details. Thus

[A(d)*] ™! = diag (1 — ™)™, ..., (1 — e™)™) .

Proposition 2.5.2. Let f(\) = A(d)G(N\)A(d)*, where G()\) is such that G(\)jx ~ g € R
forevery j=1,....p, k <7 as A\ — 0. Then

FN)je ~ N\~ (di—dk) o =i Sign(k)g(dj—dk)gjk as A — 0

so that f(X\) has the asymptotic behavior of a multivariate LRD spectrum under the specific
setting of the phase parameters ¢, = — 75 (d; — dy).

Proof. We have
—iA . AN iy
1 —e " =1-cos(\)+isin(A\) = 2sin 5 )€ ,

where the second equality follows from the application of basic product-sum and translation
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identities for trigonometric functions. Then given f(\) = A(d)G(N\)A(d)* we have

Fp =L —e) 41— )" G\

A\ —(dj+de)
= [2 sin (5)] e_Z(W_A)(dj_dk)/2G<>\)jk’

so that

TNk ~ )\_(dj+dk)e_iﬂ(dj_dk)/ngk7 as A — 0T

and

f()\)jk: ~ _/\—(dj-*'dk)em(dj—dk)/ngk7 as A\ — 07,

where we have used lim,_,osin(x)/z = 1.

2.5.1 Penalized estimation

Tree-structured penalization of a Whittle likelihood-type objective.

an observed sequence with corresponding discrete Fourier transform

T
y] _ T—l/2 E ajte_i)\jt
t=1

Let z1.7 be

and periodogram I()\;) = y;y; evaluated at the Fourier frequencies \; = 27j/T, j =

1,....|T/2).

The model parameters are estimated by minimization of a hierarchically penalized ob-

jective function related to the multivariate Whittle likelihood

T,(0) = L(6) + Q,(6).

(2.8)
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The loss function L(6) is defined as

[7/2]
L) = Z Tre(L;f (X)) —log | f(A;) 7]

and can be seen as a version multivariate negative Whittle log-likelihood.
Meanwhile, we penalize the short-range spectral components Sh. () and S7¥ (\) individu-
ally via a sum of hierarchically ordered ¢s-norm penalties on their coefficients in the relevant

basis expansion:

p L P L
Q,(0) =p LZ > wellagrecll, + D> D wellBikesl,| - (2.9)

>k=1 (=1 j>k=1 =1

Here we use the notation oy e.r, and B; .1, to denote the sub-vectors

T
ket = (O gy Qjgeprts s QGkL)

T
/Bj,k,Z:L = (/Bj,k,fv IBj,k,£+17 s 7/6j,k,L> ;

respectively, for every ¢ < L. The weights wy are given by w, = £3 — (¢ — 1)3, consistent with
the penalization scheme of Haris et al. (2019).

For each coordinate index (7, k) of the multivariate spectrum, the penalty €2, enforces the
regularization of a tree-structured grouping of the corresponding real and imaginary basis
coefficients. The proximal operator corresponding to such penalization schemes is studied

by Jenatton et al. (2010), who also provide efficient implementations in the SPAMS toolbox.
Proposition 2.5.3. The penalized Whittle objective J,(8) is jointly convex in the short-range
parameters (o, B) of the multivariate LRD spectral model over the set on which S;;(A\) > 0

for each j =1,...p.

Proof. The penalized Whittle objective is written as the sum of multivariate Whittle likeli-
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hood and roughness penalty terms

T,(0) = L(6) + ,(6).

First consider the likelihood term

£(0)

/2
Z Tr(1;f(A)~") —log | f(A;) ']

g o=
N =
&M

Tr(H(\j) wywiH(A;)) = 2log | f(A;) 7]

<.
Il
-

where parameterize the unique lower-triangular matrix H(\) satisfying f(A\)~™' = H(A)H(\)*

Hjj(\) = [1 — U SHe(N)
R{H;x(A\)} = R{(1 — ) (1 — e ) ®*}SHe(N)
S{Hjx(\)} = S{(1 = eM)H (1 — e )LV,
Then

H()\) = ®(\,d)*S(N),

with ®()\, d) = diag ((1 — ™)™, ..., (1 — e*)%). The real and complex elements of S(\) are
linear as a function of (e, 3), so the mapping (a, 3) — (R{S(A\)},S{S(N)}) is convex in

each component.

AL

To show convexity of £(6) in (a, ) it suffices to show convexity of the term L;(0)
Tr(L; f(N\)™') —log|f(A\;) 7! for a fixed Fourier frequency A;.
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The log-determinant — log | f(A\) ™| decomposes as
—log|f(N)7!] = = log|®(A, d)"S(N)S(A)* (A, d)|
= —log|®(X,d)"| — log[®(), d)| —log [S(\)S(A)"
p P
= —2log|l — ™Y d; -2 log S;;(N), (2.10)
j=1 j=1

where we have used the fact that S(\) is triangular and positive along the diagonal. This

term is thus convex in (e, 3) as the composition of a linear and convex function. Let I = yy*
be a periodogram ordinate. The term Tr(If(A\)~!) can be written as

Tr(1f(A)71) = Tr(L;2(X, d)"S(N)S(A) @ (N, d))
=y ®(A,d)"S(N)S(N) R\, d)y

and is again convex in (e, 3) by composition rules. It follows that £(#) is convex in (o, 3).

2

v e\, d)*S(N)

F

Finally, the penalty €,(#) is convex as the sum of convex functions of o and 3. Each term
in the sum is convex by composition rules, as the composition of a linear operation selecting

the appropriate sub-vector of e or 3, and a norm. O

We include some further considerations of the conditions under which the objective is also
convex in the long memory parameter d. Recall from Eq. (2.10) that the log-determinant

term is linear and thus convex in d. It remains to consider the trace term. Writing

(A, d)*S(\)SA) D\, d) = S(NS(A)* © dady
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with ¢4 = diag(®(),d)) € CP and where ® denotes the Hadamard product, we have

Tr(Lf(N) ") = y;P(A, d)*S(A)S(A) (N, d)y;
= y;[S(N)SN)* © dadyly;
= Te(Y;S(A)S(A)'Y;¢a07)
= 0aY; S(AN)S(A)Yjda

_ ZZ (1= )0 (1 = =) [V S(A)S(A) Ve

hS]

=D =P V7SS Y]

m=1

P
Y 2R{(1 =M1 = NP YTSA)S(A) Y]}
m=1n<m
Analysis of the convexity of £(6) in d reduces to analysis of the conditions rendering this
sum convex. Since the matrix M; = Y S(A)S(A)Y; is Hermitian, it has positive diagonals,
and thus the sum over diagonal elements is always convex. One condition for convexity is
thus (M;)mn =0 Vm # n. If all components of the long memory vector d are equal, then

this can be relaxed to the condition ) _ R{(M;)m,} >0 Vm.

Estimation via alternating minimization. The convexity of the objective in (a, 3)
and (under additional conditions) d suggests an alternating minimization scheme. Following
recent work on the convergence of alternating minimization to second-order stationary points
(Li et al., 2019), we regularize the alternating minimization problems with a proximal term.

The minimization over the short-range parameters (o, 3) is solved by accelerated prox-
imal gradient descent, with the step-size selected via backtracking line search (Nesterov,
1983; Beck and Teboulle, 2009), while the minimization over the long memory parameter d
is solved by L-BFGS (Byrd et al., 1995). Since the objective is convex in (e, 3), we enforce
a stopping criterion in terms of the norm of the gradient, whereas for the long memory pa-

rameter we stop when the change in objective falls below the threshold 1 x 1072 or when a
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maximum number of iterations is reached. The stopping criterion for the outer loop of the

alter

nating minimization is given by HG(U - H(t_l)H , < &. For the simulation study below,

we set € = 1 x 1079 and observe convergence within 150 iterations.

Algorithm 1 Alternating minimization for the spectral-LRD model.

Require: Data zi.r

Require: Initial values a®, B 4©

Require: Hierarchical penalization parameter p > 0
Require: Tolerance € > 0

1
2
3
4:
5:
6
7
8

: Compute periodogram I(\;) for j =1,...,|T/2]

:Sett=0

: while not converged do
Update (o), 30D = argmin, 4 L(a, B,d") + Q,(a, B)
Update d®*Y = arg min, £(a**, 30+ q)
Sett =t+1

: end while

. Return (a®, 8®), 4

As the objective is not jointly convex in the parameters, the estimator will depend on

our choice of initialization. We use the following scheme:

1.

For each component ¢ = 1,...,p, compute the (scalar) local Whittle estimator of d;:

CiiLW = arg min [log (711 ZTzl I;*__Q;) —d (% Z;”Zl log )\j)} ,
de(_%’%) J

where the bandwidth parameter m is typically set as m =T /2 Note that this scalar

optimization problem is convex in d and so the estimator can be computed efficiently

and to high accuracy.

. Initialize d; = dXW for each component i = 1, ..., p of the LRD spectrum.

Set ay;p = 1 for each @ = 1,...,p, and set the remaining elements of (a, 3) to zero.
The initial setting for the short-range spectrum is thus real, constant, and diagonal.

We observe that it lies within the nullspace of the penalty €,(6).



Numerical illustration

o6

We illustrate the automatic model selection and support recovery properties of the penalized

estimator through a simulation study. Data of length T" = 22 are generated from a true model

of dimension p = 3 with hierarchically sparse parameterization of the real and imaginary

spectral components. The components vary in order, from a minimum of 1 to a maximum

of 6; details are provided in Appendix A. We then estimate a spectral LRD model given the

generated data, with an order upper bound of L = 10.

Support recovery as a function of p The experiment in this section is modeled on the

support recovery experiments of Bach (2008). We compute the spectral LRD estimate over

Real components
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Figure 2.2: Probability of component selection over n = 100 trials for the spectral LRD support
recovery experiment. The true order of each component is indicated by a red outline of the heatmap
cells corresponding to nonzero coefficients.
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a log-linearly spaced grid of values for the regularization parameter p, for each of n = 100
sample datasets drawn from the same hierarchically sparse model. For each value of p,
we plot a heatmap of the model parameters where the intensity at a given grid location
represents the proportion of the n experiments in which the parameter was included in the
estimated model; see Figure 2.2. For reference, we also show the true order of each spectral
component. The results demonstrate the component-wise hierarchical structure that results
from penalization as in Eq. (2.9) and indicate the potential for accurate support recovery

when the generating process is itself hierarchically sparse.

Selection of the regularization parameter. Next we demonstrate a holdout validation
procedure for selection of the regularization parameter p. Again generating data of length
T = 2'2, we use the first half of the sequence to train the model while reserving the second
half as a holdout set on which to estimate out-of-sample spectral prediction performance. By

construction, the validation set will be correlated with the training set, which is of nontrivial
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Figure 2.3: Whittle pseudo-likelihood of the training (blue) and held-out validation data (orange)
as a function of the regularization parameter p. Error bars indicate standard error over n = 5
replicate datasets.
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concern for a potentially long memory time series; nonetheless we accept some level of bias
here in order to better estimate the long memory parameter. We estimate the spectral LRD
model over a range of values for p and compute the Whittle pseudo-likelihood of both the
train and validation sets under the model. The parameter p is selected over a grid of 21
logarithmically spaced values between p = 1 x 1077 and p = 1 x 1073, We repeat the
procedure over n = 5 simulated datasets and plot the training and validation results in
Figure 2.3.

We select the largest regularization parameter p such that the mean validation loss over
the n = 5 trials is within one standard error of the minimum mean validation loss over all
values of p in the grid. This “one standard error” rule is a standard heuristic that aligns with
our preference for parsimonious model estimates (Friedman et al., 2001). For the simulated

data, the selected value is p = 2.51 x 1072,

Model estimation. We estimate a spectral LRD model using the selected value of p and
again setting the order upper bound L = 10. The final estimated sparsity pattern is plotted
in Figure 2.4. We observe that the validation procedure yields a level of penalization that
results in accurate recovery of the component-wise support, despite their varying orders. The
selected value of p agrees with the support recovery results shown in Fig. 2.2, which suggest
that a value of 1 x 1073 < p < 1 x 10~ will yield an estimate close to the truth.

At high frequencies, the asymptotic distribution of the the normalized periodogram
I(Nj)kk/ f(Nj)kk is well-approximated by the standard exponential distribution, which is the
exact asymptotic distribution in the short-memory case (Brockwell and Davis, 1991; Beran
et al., 2013). Therefore, a measure of goodness-of-fit at high frequencies can be obtained vi-
sually by Q-Q plots of the component-wise normalized periodogram against the quantiles of
the standard exponential distribution. This is plotted in Figure 2.5. Finally, the components
of the estimated spectral density are plotted against both the true model and the raw peri-
odogram computed from the simulated data in Figure 2.6. We note that the magnitude of

the auto and cross-spectra varies over several orders of magnitude, and the model estimates
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Figure 2.4: Sparsity pattern of the estimated model. Selected components are indicated in black,
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against the quantiles of the standard exponential distribution.
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triangle, with the corresponding imaginary components on the lower triangle.

closely track this variation.
2.6 Analysis of Macaque ECoG Recordings

Electrophysiological recordings of the brain are observed in a naturally multivariate format,
as a collection of waveforms corresponding to local field potentials measured by a num-
ber of electrodes extending over some area of interest. There is growing recognition that
these measurements, in addition to exhibiting well-known oscillatory behavior across certain
power bands, also tend to feature a non-oscillatory component with power-law behavior in
the frequency domain. Evidence from a variety of experimental settings and data modalities

indicates that the latter component may be a useful signal for classifying states of conscious-
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ness or distinguishing between healthy and pathological resting-state behavior (Maxim et al.,
2005; Timmermann et al., 2019; Wen and Liu, 2016).

In practice, these “oscillatory” and “non-oscillatory” components are identified as distinct
features of the estimated spectral density function. The “oscillatory” components correspond
to relatively well-separated peaks in the spectral density function, particularly in the range
of approximately 1-200 Hz consistent with plausible biological neural activity. The “non-
oscillatory” component refers to a broadband pattern that tends to be well-modeled by a
power law as the frequency approaches zero. The model proposed in the previous section
decomposes the spectral density function into short and long-range terms that can repre-
sent each of these respective behaviors. Here, we demonstrate its potential to aid modern
investigations in neuroscience by reproducing and extending recent results from the spectral

analysis of an ECoG dataset.

Experimental data and baseline results. The data consists of ECoG measurements
from a rhesus macaque recorded during different states of consciousness (Yanagawa et al.,
2013). It is published online and publicly available as part of the Project Tycho initiative
(http://www.neurotycho.org/). We focus on the data derived from the “natural sleep”
experiment, in which ECoG signals were recorded at 1kHz as the subject transitioned between
two states of consciousness: sleep and awake with eyes closed (AEC). In addition to the ECoG
signals themselves, the data contains temporal labels for the subject’s state of consciousness.
The authors defined the sleep state by the degree of spatial synchronization in slow-wave
oscillations across electrodes in the ECoG array. The spatial layout of the ECoG electrodes
is shown in Appendix A. Our analysis is focused on the temporal lobe, which was covered
by 22 electrodes.

The data was collected and initially analyzed by Yanagawa et al. (2013), then subse-
quently analyzed by Wen and Liu (2016) specifically in terms of the long-range dependence
of the ECoG signal. Yanagawa et al. (2013) train a support vector machine classifier on the

tapered periodogram to distinguish between awake and unconscious states, then examine
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the learned weights to identify biologically plausible aspects of the decision rule. Wen and
Liu (2016) propose a shifting and averaging scheme for the periodogram to estimate the
long-range dependent component of the spectrum. They implicitly estimate the short-range
dependent component of the spectrum as the difference between this long-range dependent

component and the observed (smoothed) periodogram.

Both studies analyze the ECoG data as a collection of univariate time series, averaging
over electrodes within an anatomical region. They each find evidence of increased power in
the alpha frequency band (8-13 Hz) during the awake state versus unconscious states. Fur-
thermore, Wen and Liu (2016) estimate a decrease in the slope of the estimated “fractal” or
“non-oscillatory” component in log-log coordinates for the AEC versus sleep condition, sug-
gesting that long-range dependence of ECoG signals decreases in strength upon the transition

from sleep to AEC.

Objective. In light of these previous findings, along with the limitations of the methods

used, our data analysis has two major objectives:

1. To show that estimation of the multivariate spectrum with our model can recover the
same qualitative and scientifically validated conclusions as reported previously in the
literature (Yanagawa et al., 2013; Wen and Liu, 2016). In particular, this requires
that the analysis simultaneously identify both a short-range dependent phenomenon in
the differential behavior between AEC and sleep in the alpha band and a long-range

dependent phenonmenon in the long memory decrease between sleep and AEC.

2. To demonstrate an extension beyond the methodological limits of these studies by
generating an explicit estimate of the multivariate spectral density function. We use our
estimate of the spectral density to visualize the differences in functional connectivity

across the temporal lobe in the transition from sleep to AEC via the partial coherence.



63

Mean LFP power, Sleep
0.20 6 Mean LFP power, AEC
0.15 9 =0 Alpha band
< 5
0.10
Q
[0}
0.05 % 44
0.00 S g
. E 53]
-0.05 ¢
1S
2 4
-010 @
o
-0.15 4 1
-0.20
0 4

0 1 2 3 4
Log frequency (Hz)

Figure 2.7: Difference in estimated long memory between sleep and awake-eyes open state for
the activity recorded at each electrode (left) and marginal estimates of the spectral density,
averaged across all electrodes, (right) with alpha band highlighed.

Modeling details. We isolate two segments of the data, each corresponding to a 10 second
window, within a continuous temporal sequence in which the subject transitioned from sleep
to AEC state. A one minute buffer is included on either side of this transition to avoid
measurement of any transition effects between states.

As is standard practice in the analysis of ECoG data, we fit our models to the spectral
window corresponding to the 1-200 Hz range, which is the relevant region for analyzing
neural activity. We fit one model for each state, setting L = 20. The models are trained by
batch proximal alternating minimization. Training curves and goodness of fit visualizations

are reported in Appendix A.

Results. We first analyze the results in terms of the marginal characteristics of the esti-
mated spectra. In particular, we are interested in contrasting both long-range (as parame-
terized by the long memory estimate) and short-range (as measured by estimated power in
the alpha band 8-13 Hz) components between states. Results are plotted in Figure 2.7. We
successfully reproduce the previously reported results that long memory strength decreases

and alpha power increases on average in the transition from sleep to AEC states.
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Figure 2.8: Partial coherence (left) and connectivity networks obtained from the thresholded
mean partial coherence over frequencies in the alpha band 8-13 Hz (right). Results are
compared for sleep (top row) and awake-eyes closed (bottom) states. An edge is plotted
in the connectivity network at left if the corresponding mean partial coherence exceeds a
threshold of 0.3. The network is visualized over the spatial layout of the ECoG electrodes
in the right column; edges are proportional in width to the magnitude of the mean partial
coherence.

Second, we go beyond marginal analyses (and consequently the method of Wen and Liu
(2016)) to investigate the network behavior of the recordings in both sleep and AEC states.
We use our fitted models to estimate the partial coherence in the alpha range 8-13 Hz and plot

the results in Figure 2.8. We make two main observations about the results. First, in both
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states, the estimated functional connectivity in the alpha band has a structure that closely
reflects patterns of spatial proximity in the electrodes. This reproduces a known biological
result, namely that functional connectivity reflects underlying anatomical structure (Wang
et al., 2013), and thus functions as a positive sanity check. Second, functional connectivity

is increased across the network in the AEC state versus sleep.
2.7 Discussion

In this chapter we have introduced a framework for evaluation of long memory in RNN
models of natural language and music. Application of this framework to a variety of RNN
architectures yielded evidence that these models fail to capture the long memory in the
data on which they are trained. We subsequently proposed a model for the spectral density
function of a multivariate long memory process, along with a penalized estimation framework
to automatically select the smoothness of the real and imaginary components. We showed
that the model reproduces previous findings on the marginal spectral behavior of macaque
ECoG data while offering new insights in terms of the functional connectivity between the
regions measured in the ECoG array.

The testing framework proposed for long memory evaluation in RNNs is easily adapted to
recurrent architectures beyond those studied in this chapter. The idea of studying embedded
sequences, rather than the raw input, may also be of value in extending this framework to
more general data sources, such as images or graphs. At the same time, developments in
deep learning for modeling natural language and music data continue apace, including the
advent of non-recurrent architectures that pose challenges for our long memory analysis,
which takes as its object a learned representation with explicit temporal ordering.

In particular, transformer networks (Vaswani et al., 2017) have achieved state-of-the-art
performance tasks on a variety of language tasks (Radford et al., 2019; Brown et al., 2020),
attaining in some cases a quality of conditionally generated text indistinguishable from hu-
man writing (K&bis and Mossink, 2021). Music modeling and generation has benefitted

significantly from the incorporation of multi-scale convolutional structures, often as a sub-
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stitute for recurrent hidden representations (Oord et al., 2016). It remains for future work
to identify if and how the long memory perspective taken in this chapter may be extended

to study these models.
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Chapter 3

PREDICTION OF STIMULATION-INDUCED FUNCTIONAL
CONNECTIVITY CHANGES IN LARGE SCALE NEURAL
RECORDINGS

3.1 Introduction

Complex patterns of activity in the brain are coordinated across large, spatially distinct
regions that contain millions of neurons. The network structure of coordinated activity at
this scale has become a major focus of modern neuroscience, motivated in part by the fact
that certain signatures in network-level neural activity are reliable indicators of pathological
conditions. Remarkably, medical interventions involving the implantation of electrodes to
provide deep brain stimulation have been found to have significant therapeutic effect, often
when other approaches have failed (Lozano and Lipsman, 2013). While this suggests that
stimulation may encourage the reorganization of cortical networks, there remains relatively
little understanding of the exact mechanism underlying these results, or indeed a clear view
of what factors mediate the network-level response to stimulation in general (Kringelbach
et al., 2010; Saenger et al., 2017). There is thus significant motivation to investigate this
phenomenon in greater detail, both from the perspective of basic science and with a view

towards improved clinical technologies.

Until recently, the main challenge to this line of research lay in the inadequacy of avail-
able technology for experimentation or measurement. However, advances in bioengineering
have provided solutions in the form of two complementary tools, optogenetics and electrocor-
ticography, that together enable large-scale, high-quality recordings from neural populations
while precise stimulation protocols are applied. Optogenetics (Boyden et al., 2005) renders

the neuronal machinery responsible for its spiking activity sensitive to light, so that it can be
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activated with high spatial and temporal precision by a laser. Electrocorticography (ECoG)
offers a means to record the aggregated activities in a population of neurons via the local
field potential (LFP), typically measured in microvolts, induced by their spiking behavior
(Leuthardt et al., 2006). In contrast to other electrophysiological measurement techniques,
ECoG signals are recorded from an electrode array placed directly on the surface of the
brain, yielding relatively higher-quality signals and spatial resolutions. These technologies
have been recently combined to measure network-wide response to stimulation in the pri-
mary sensorimotor cortex of the rhesus macaque, a non-human primate model species highly
similar to humans (Yazdan-Shahmorad et al., 2016, 2018).

Measurement of neural activity as a multivariate time series enables formalization of
the scientific investigation using signal processing and statistical techniques. In particular,
the notion of connectivity between groups of neurons is extended from a literal, anatomical
definition to a statistical definition, whereby groups of neurons are considered connected if
they exhibit correlated activity. In computational neuroscience this concept is known as
functional connectivity and is associated with multiple, non-equivalent mathematical formu-
lations. Functional connectivity is commonly defined in the frequency domain, as there is
particular scientific interest in understanding the behavior of neuronal activity within specific
frequency bands (Fornito et al., 2016).

In this chapter, we present a framework to quantify, model, and predict stimulation-
induced changes in functional connectivity observed in a novel dataset of ECoG recordings.
We detail a method for signal processing by which this change is evaluated in terms of
differences in the band-limited coherence between pairs of electrodes in the ECoG array.
Guided by the main scientific objectives of the analysis, we propose a nonlinear additive
model that primarily aims for accurate out-of-sample prediction yet remains amenable to
feature-wise investigation. We detail further tools to investigate the stability and feature-
wise predictive importance of the model estimates, and to quantify the similarity between
the additive components of two different model estimates.

Our results show that the proposed model achieves good predictive accuracy on unseen
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data. Moreover, we provide quantitative evidence addressing important scientific questions
on the relative importance of various factors hypothesized to affect changes in functional
connectivity, leading to novel insights not previously reported in the literature. A hierarchical
penalization scheme yields component functions that are often simple and interpretable when
they correspond to basic features. The framework is extended to account for potential

evolution of the conditional mean after repeated stimulation.
3.2 Related Work

The problem of modeling LFP time series can be assessed both in relation to previous works

in computational neuroscience and from a broader statistical perspective.

3.2.1 Network responses to stimulation and functional connectivity

The advent of ECoG recording technology has led to the development of numerous experi-
mental platforms designed to investigate responses to stimulation over relatively large areas
of the brain surface. Modeling approaches tend to be simple and closely tied to scientific
hypotheses of interest. For example, Keller et al. (2018) use a linear model to show that the
stimulation-induced activity at a specific location can be predicted by a small set of features
describing the stimulation protocol. Yang et al. (2021) extend this perspective to a time
series context, estimating a linear state space model to predict the evolution of LFP power
from a controllable sequence of stimulation inputs. While there is considerable focus on as-
pects of the stimulation protocol as the salient features driving induced responses, deriving
in part from classical models of stimulation response at the cellular level, a growing amount
of evidence suggests that the network structure of the brain plays a strong mediating role at
larger scales (Keller et al., 2011; Huang et al., 2019).

The linear models described above model activity at a single location on the cortical
surface. A key advantage of ECoG recording, however, is that the network-wide response
to stimulation is measured simultaneously, which provides the opportunity to study the

change in connections between the regions measured by each electrode. In this context,
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such “connections” do not necessarily refer to anatomical structure linking two regions but
rather to the notion of functional connectivity, which measures the statistical association
between their recorded activities. The precise statistical feature used to define functional
connectivity varies somewhat in the literature, from cross-correlation in the time domain
(Chu et al., 2012), to coherence in the frequency domain (Betzel et al., 2019), to directed
measures such as Granger causality (Seth et al.; 2015). Frequency-domain measures are
particularly useful as it is often of scientific interest to separate the study of neural activity
across distinct frequency bands. Band-limited ECoG coherence has been shown to change
significantly after stimulation (Huang et al., 2019) and has been predicted in the absence of

stimulation by a linear combination of anatomical and genetic factors (Betzel et al., 2019).

3.2.2  Stochastic models of multiple time series with structured covariance

The LFP data is a multiple time series whose components correspond to spatially distinct
regions of the brain surface. Conditional independence relations among Gaussian time series
components correspond to sparsity patterns in the partial autocovariance sequence or partial
coherence (Dahlhaus, 2000). Frameworks for estimation of the dependence structure there-
fore include model selection approaches among simplified families of spectral densities (Bach
and Jordan, 2004) or vector autoregressions with sparsity-inducing penalties (Davis et al.,
2016). Spatially stationary models such as Gaussian Markov random fields (Rue and Held,
2005) offer an alternative approach. Abrupt changes in time series structure, for example due
to the onset of stimulation, are commonly modeled by switching processes or changepoint
models with stationary components.

Alternatively, a graph-valued measure of connectivity can be modeled directly as it evolves
over time or in response to stimulation. Prediction of structured objects such as graphs can
be formulated in the context of max-margin learning (Taskar et al., 2005), where smoothing
approaches can accelerate the otherwise combinatorial optimization problem (Pillutla et al.,
2018). Spatiotemporal sequences have also been predicted with neural networks combining

convolutional and recurrent architectures (Shi et al., 2015).
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3.2.3  Sparse additive modeling

Among related works in the neuroscience literature analyzing ECoG responses to stimula-
tion, there is almost exclusive focus on linear modeling of the response. While these models
are conceptually straightforward and may offer reasonable approximations for simple fea-
tures, there is little reason to believe they adequately describe the influence of complex
quantities such as genetic factors or structural aspects of the underlying network. However,
many “black-box” nonlinear methods currently popular in machine learning either do not
correspond to an explicit stochastic model or lack rigorous tools to quantify influence, uncer-
tainty, or similarity on a feature-wise basis. In the context of scientific data analysis, these

properties are not merely helpful but rather priorities in themselves.

Additive modeling offers a middle ground by constraining the structure of the conditional
mean such that E[Y'|X] = >0, f;(X;), where f;, j = 1,...,p are univariate continuous func-
tions (Hastie and Tibshirani, 2017; Gu, 2013). The development of additive modeling in the
statistical literature grew out of interest in nonparametric smoothing techniques for regres-
sion; early algorithms for estimation included projection pursuit and backfitting (Friedman
and Stuetzle, 1981; Hastie and Tibshirani, 1987). The advantage of flexible representation of
the conditional mean comes at the expense of efficiency or in the worst case identifiability of
the model due to concurvity, a nonlinear analogue of linear dependence in the design matrix

(Donnell et al., 1994).

Convex penalization of the additive modeling objective enabled the use of fast iterative
algorithms and extension to the high-dimensional setting (Ravikumar et al., 2009). Prac-
tically, the component functions f; can be represented by truncation of a representation in
some fixed basis of functions. Haris et al. (2019) propose a hierarchical penalty that controls
the order of this representation and establish minimax convergence rates. The penalty is
an example of a tree-structured regularization function, the fast computation of which is

demonstrated by Jenatton et al. (2011) and implemented in the SPAMS toolbox.
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3.3 Signal Processing and Feature Representation of ECoG LFP Time Series

The data consist of ECoG recordings collected across 33 sessions on 17 unique days, spanning
a total of 9 months (Yazdan-Shahmorad et al., 2018). Experiments were conducted on two
awake macaque monkeys, identified as subjects G and J. Each session consisted of exactly 5
experimental blocks. All blocks within a session featured both a baseline period of passive
recording and a stimulation protocol involving alternating optogenetic stimulation at two
laser sites in the primary sensorimotor cortex. We refer to the baseline periods as resting state
blocks and the stimulation periods as stimulation blocks. Both the baseline and stimulation
blocks varied in length, with the baseline periods typically 3-5 minutes and stimulation

roughly 7-10 minutes.

The raw data are time series measurements of the local field potential in micro-volts
(uV'), recorded at a frequency of 10kHz across 96 electrodes. Within each block, the raw
data can therefore be represented as a 96 x T matrix with rows corresponding to electrodes
and columns corresponding to time-ordered observations of the LFP. The frequency of the
recordings far exceeds the maximum relevant rate of roughly 200Hz for neural activity. The
time series are therefore decimated by convolution with an order 8 Chebychev type I filter

and downsampling by a factor of 10.

Within each block, the data are partitioned into non-overlapping 20-second windows,
corresponding to an assumption of local stationarity in the LFP on this timescale (see Fig.
3.1). We compute an estimate of the coherence between all non-faulty electrodes for each
20-second window in every block. Denote by E the number of electrodes and denote the
multivariate LFP time series for a given window by the two-dimensional array x,., € RF*T,
which consists of the time-ordered concatenation of the LFP recordings @; = (214, ..., 7g)7
for each electrode at time t. We estimate the multivariate spectral density function S(\) €
CE*E for a the time series x;.7 by Welch’s method (Welch, 1967), whereby a time series is

partitioned into overlapping blocks, a periodogram is computed from tapered data in each

block, and a final estimate is produced by averaging the periodogram ordinates at each
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Figure 3.1: Overview of experimental session structure and ECoG signal processing. Data
are collected from an electrode array on the cortical surface. Two sites are selected for laser
stimulation. The stimulation protocol is applied in five blocks, which are interleaved with
rest periods. The raw LFP time series is decimated and band-limited coherence is computed
across nonoverlapping 20 second windows.

frequency over all blocks. We set the block length to correspond to 10 seconds of recording

time and use a standard 50% overlap between blocks and Hann window.

The coherence between electrodes ¢ and j at frequency A is denoted as C;;(\) and com-
puted from the estimated spectral density via C;;(A) = [S;;(N)]?/S:(N)S;;(A). We compute
the coherence at 400 linearly spaced frequencies in the interval (0,200) Hz.

Summaries over four frequency bands, 4-7 Hz (Theta), 12-30 Hz (Beta), 30-70 Hz (Gamma),
and 70-200 Hz (High Gamma), are computed by averaging the coherence estimates within
each band. Thus, for each session, the raw LFP time series is transformed into a sequence of
matrix-valued quantities representing the average band-limited coherence in each 20-second
interval. Since the coherence is symmetric and the diagonal conveys no information on pair-
wise behavior of the LFP electrode signals, we retain only values in the upper triangle above

the diagonal for modeling and prediction.

The stimulation-induced functional coherence change (SIFCC) is defined as the difference

in mean coherence between two electrodes relative to their coherence measured during the
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previous resting state block. We consider coherence changes over two timescales: changes
observed during a stimulation block and changes observed between successive resting state
blocks. Let C’Z(Jw )(/\k) be the coherence between electrodes 7 and j at frequency Ay in the
20-second window w, as estimated by the procedure described above. The band-limited
coherence is obtained by averaging over the indices k£ € K, corresponding to frequency
band b: Cb(;“;) = [Ky| ™" Y ek, Cé;;)()\k). Within an experimental session, we denote by Wjg,,
0 e€{1,2,3,4,5,6} and Wg,, £ € {1,2,3,4,5}, the collections of 20-second windows belonging
to resting state block ¢ or stimulation block ¢, respectively. Note that the additional resting

state block corresponds to a final recording period after the 5th stimulation block. The

electrode coherences are summarized for each of these blocks by their mean values:

~ 1
C(ZB_e) _ C(;l{) (3_1)
b |WBg | we;Be v
~ 1
C(ie) _ C(i“{) (3'2)
b4 |WBg | wEZWsZ b

The SIFCC during stimulation is then computed as

Yvije = ééff) - 01554) (3.3)

and the SIFCC after stimulation is

y{nﬂ _ C«(Bul) _ C«(Bz). (3.4)

bij bij
3.3.1 Feature representation of processed data

In the next section, we adopt a nonlinear regression framework for prediction of the SIFCC.
Under this approach, a single observation is denoted by the pair (y,, x,), n = 1,..., N, with
yn € R an SIFCC measurement and x,, € R? the corresponding features. In switching to

the single index n we indicate that the data is aggregated over all unique electrode pairs
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and all experimental blocks (except when modeling the whole-session SIFCC, defined in
the next section, which is not recorded per-block). The dependence on the band b remains
but is dropped for notational simplicity; the same analysis is repeated for the data in each

frequency band.

The features are constructed to satisfy two objectives: first, that the subsequent analysis
can separate the influence of the protocol parameters from that of the network structure of
the functional connectivity; second, that all information in the features is available prior to
stimulation. To satisfy the first objective, we partition the features into two groups: proto-
col features, which summarize aspects of the experimental setting and protocol; and network
features, which summarize information in the electrode coherences during baseline recording.
The designation “network features” derives from consideration of the estimated band-limited
coherence as the adjacency matrix of an undirected, edge-weighted graph. The protocol fea-
tures describe the key parameters of the experimental framework of Yazdan-Shahmorad et al.
(2018). The network features are intended to serve as simple but informative summaries of
the connectivity information available in recordings of baseline activity prior to stimula-
tion. They correspond to summary statistics computed over spatial or temporal ranges,
basic quantities pertaining to the estimated spectrum, or network features that have found

previous application in graph analysis (Barrat et al., 2004; Salton and McGill, 1983).

Network features

All features in this category (apart from the phase, Eq. (3.5)) are computed from the resting

state coherences ngj), w € Wpg,. Most features in this section and the next are computed

on a per-window basis, and then summarized by their mean across the total collection of

windows By in the resting state period corresponding to the given observation. Precisely,

w)\ 96

let f: C%*% — R map the window spectral estimate {C’lgij ;-1 to a given feature. Then

unless otherwise noted, each quantity in this section and the next is reported both in terms
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of the mean feature

The spectral features are enumerated below. As the features are computed in the same

way for each band, we drop the indexing by band b.
1. The initial coherence is given by C’;fd.

2. The L=2 path strength. Define the vector

82@) = (61(132)7 C"(QBZ)v SRR C;fﬁz))T

(2

for each electrode i« = 1,..., N and block ¢. Then the L = 2 path strength for the
observation Yjj, is (82@, 8§£)>. This is an inner product, and as such a measure of
similarity. It also has an interpretation from the graph perspective as the sum of

weights of all length-2 paths between electrodes i and j (Onnela et al., 2005).

3. The pair coherence to network summarizes the average coherence between elec-

trodes ¢ and j and the remaining electrodes in the array:

20, 20

N

This corresponds to the normalized sum of vertex strengths of nodes i and j (Barrat

et al., 2004).

4. The pair MAD (mean absolute difference) to network measures the average dif-

ference in connectivity between electrodes ¢ and j to other electrodes in the network:



7

5. Themean electrode coherence to stimisthe average coherence between electrodes
7 and j to stimulation sites A and B. The indices a and b below refer to the electrode

sites corresponding to the laser locations for a given experiment.

1 . 3 _
[C (Be) + C(Bzz) + C«J(fz) 4 C(;Be)]

J

e~ |

6. The pair electrode covariance and pair time covariance capture the variability
of the coherence measurements over the electrode array and over the total number of
20-second time windows in a baseline period, respectively. We define the vectors

Coteaiy = (C1”, -, CY)

elec()

and

CB (o ey

time(4,5)

Then the pair electrode and time covariance are given by

TimeCov (s, j,/ Z Cov Ct(lige)(z k) Ct(lﬁfe)(g K)
EleCCOV(L]v = ? Z COV elec () Cele():( ))
wEB[

7. Finally, the phase feature captures spectral information not available in the coherence.

Writing the (i, 5)" cross-spectral component computed within window w as

l@(“’)

SET () = 1857 () e?on

[
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the phase feature ¢;; is given by the average
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Figure 3.2: Correlation heatmap between the real-valued features of the high gamma band
of the ECoG coherence dataset. Correlations within the protocol and network feature groups
are higher on average than correlations between the feature groups.
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Protocol features

The protocol features first include the categorical measurements Subject, Region, Delay,
and Block number. Subject is a binary variable encoding the identity of the experimental
subject. Region indicates whether the two electrodes corresponding to a given measurement
are both in region M1, both in region S1, or if one is in each region. Delay encodes three
levels of time-delay in the pulse of the paired laser stimulation: 10, 30, or 100 ms. While the
delay parameter in the stimulation protocol is real-valued, in the context of our data it is only
measured at three distinct settings. We therefore choose to estimate an effect for each setting
individually rather than to estimate a nonlinear function of the delay given observations at
only three points. Block number indicates the time-order position of the experimental block
in which the observation was recorded. In the “block analysis” regression design, we remove
this feature and instead allow all feature mappings to vary with the block number, thus
investigating the predictive impact of allowing the entire model to evolve dynamically over
the discrete time-stages of an experimental session. In Appendix B we provide summaries of

the data by the level of each categorical feature.

Physical distances between the relevant components of the stimulation-recording setup
are incorporated in five additional, real-valued features. Distance measures the distance be-
tween the two electrodes. The four remaining features, Laser1-to-Nearest, Laserl-to-Farthest,
Laser2-to-Nearest, and Laser2-to-Farthest, encode distances between the electrodes

and the locations of the two lasers.

3.4 Additive Modeling of Stimulus-Induced Functional Connectivity Changes

Let (y;, @;),i € {1,..., N} denote a single observation in the data, so that y; € R represents
the change in coherence for a given electrode pair and experimental block, while x; € RP

represents the corresponding protocol and graph features defined above.
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We model the relationship between features and response as

p
Yi = Po+ Z fi@ij) + & (3.6)
j=1
The model consists of a fixed intercept 3y, p nonlinear functions f; controlling the impact of

each feature 7 = 1,...,p on the response, and an error term ;.

The utility of the model derives from the nonlinearity of the component functions and the
additive procedure through which they are combined to yield a prediction for the change in
coherence. The additive structure of the model allows us to visualize and interpret individual
feature-response relationships. For each feature j = 1, ..., p, this is represented by the compo-
nent function f;. The nonlinearity of these component functions enables the identification of
more complex relationships between coherence changes and the experimental features than
can be captured by a linear model. Linearity is a strong modeling assumption that is both
difficult to justify scientifically and, as we show in the results, significantly harmful in terms

of predictive accuracy.

Each nonlinear component function is itself modeled as a sum of polynomial basis func-

tions, up to maximum order K:

f](I) = /lel' + ,Bj2$2 + ...+ BjKZL‘K (37)

Automatic order selection. We leverage the recent proposal of Haris et al. (2019) to
automatically select the order of each component function in the model. This approach
augments the standard square loss with a penalty term ;(3;) for the coefficient vector

B; € RE corresponding to each component j, defined via

Q,(8;) = Zwk (Z(ﬁjkxfjf o+ (ﬂijg)Z) (3.8)

k=1 i=1
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The penalty induces hierarchical sparsity in the parameter estimates 1, ..., 8;x while shrink-
ing the magnitudes of the non-sparse components towards zero. Hierarchical sparsity guar-
antees that if an estimated coefficient Bjk = 0, then all higher-order coefficients for that
component Bjk’ = 0, with £ < k¥’ < K; this is equivalent to selection of an order k& — 1

representation for the component function f;.

Handling of categorical features. All categorical features are dummy-coded such that
the C' categories for each feature are represented by C' — 1 indicator variables. Polynomial
expansion of these variables generates identical columns and thus rank-deficiency in the
design matrix, which leads to instability in the optimization routine. This problem is avoided
by truncating the polynomial expansion of all categorical variables to order 1 rather than

order K.

Objective function. Let Uy € RY*(EP+D denote the design matrix (with intercept)
induced by this choice of basis and maximum order, with ¥, € RV*X the columns corre-

sponding to feature j. The estimation problem is given by

/8(), hler’ L 7Bhier — arg mln y /BO - \Ij + Pen)\,&(ﬁ)? (39)
b Bo,B1,.-,BpERE 2N Z 2
with
Penyo(8) = A 3O(4) + A1 - )N ”QZH\P Bill,- (3.10)

7j=1

The penalty is a convex combination of Z?:l Q;(5;) and a group lasso penalty on the co-
efficients of each additive component. The overall degree of penalization is controlled by
A, while a controls the tradeoff between these penalty terms. It is straightforward to see
that the objective function is convex in the parameters of the nonlinear additive model.

Numerically, we solve Eq. (3.9) by proximal gradient descent (Bertsekas, 2015, §6.3).
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Experimental designs. We apply the nonlinear modeling framework to three different
configurations of the design matrix, each corresponding to a specific hypothesis explored in
the results.

Full data: First we investigate the performance of the nonlinear model on the full data,
which includes all experimental blocks from all sessions. This yields 481505 observations of 17
features, expanded to 22 features after dummy-coding of the categorical variables Subject,
Delay, Region, and Block number.

Block interactions: In the full data analysis, the influence of the block number on the
prediction is restricted to a constant shift. We subsequently investigate the impact of allowing
the shape of the component functions to vary with the block number. This constitutes
an interaction design, whereby the categorical feature Block number is removed, and the
remaining features are each augmented with interaction terms for binary indicators that
denote whether the measurement was made in each of blocks 2, 3, 4, and 5. The number of
observations remains 481505, while the number of features expands to 94.

Whole session: Finally, we investigate whether the nonlinear model can predict the
net coherence change for a given pair of electrodes across an entire session consisting of 5
consecutive experimental blocks. Here, the features correspond to the protocol and graph
features as calculated in the baseline period before the first experimental block. As the net
coherence change is calculated per-session and not per-block, the design matrix is reduced to
96301 observations of 16 features. The decrease from 17 features in the full setting is due to
the removal of the Block number feature, which doesn’t apply for whole-session observations.
Whole session results for each frequency band are reported in Appendix B; for the remainder

of this chapter, we will focus on the full data and block interaction designs.

Selection of regularization parameters. The penalized loss function requires specifi-
cation of two regularization parameters A € R, and a € [0, 1], which control the overall
regularization strength and tradeoff between terms inducing hierarchical and component-

wise sparsity, respectively. The parameter « is selected over the range from 0 to 1, inclusive,
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in increments of 0.1. The parameter A is selected over 100 log-linearly-spaced values between

Amax X 107 and A\jpax.

The value A, is selected such that all estimated components are equal to zero for every
value of investigated «. It is obtained by backtracking line search from an initial value A,
defined as any value of A > 0 such that B = 0 for all grid values of a.. Starting from A = A,
we compute ,[; for each «; if in each case B = 0, we reduce A by a factor of 1.2 and repeat

the procedure. We find that \g = 0.1 suffices for all designs and frequency bands.

We select the pair (a*, \*) by first finding the (a, \) pair minimizing the average R? on the
validation set over 5-fold cross-validation on the training data. The details of this procedure
are provided in Alg. 2. We select a* as the a-coordinate of this pair, and select \* as the
largest value of A such that the mean validation R? of (a*, \) is within one standard error of
the mean validation R? at (a*, \*). This mimics the “one standard error” strategy for one-
dimensional cross-validation (Friedman et al., 2001) and represents a conservative approach

to regularization corresponding to our preference for smoother component estimates.

Algorithm 2 Hierarchically penalized estimation with k-fold cross-validation.

Require: Training data (y,z) € R™%PH!

Require: Model order upper bound K

Require: Cross-validation folds C'

Require: Regularization parameter grid (A\p, ), ¢ =1,...,L,m=1,..., M
1: forc=1,...,C do

2. Define ¢ fold as (z"*4, y'#lid) remainder (', gtrain)

3: for/=1,...,L do

4: form=1,....M do

5: Set (A, ) = (Mg, )

6: Estimate parameters 8\, ..., 8\ from (x™in, y®in) as in (3.9)
7 Evaluate model prediction performance on (zvaid, yvalid)

8: end for

9: end for

10: end for

11: Select (A, ) = (A&y, ady) via the “one standard error” rule
12: Compute By, ..., 3, by solving (3.9) over the entire training data (y, x)
13: Return By, ...,08,
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Component function stability and feature importance via resampling

The main advantage of an additive modeling approach is that it preserves feature-wise anal-
ysis of the estimated model even as we extend to a nonlinear conditional mean. Our col-
laborators are interested in two further aspects of this feature-wise analysis: equipping the
parameter estimates, and consequently the estimated nonlinear component functions them-
selves, with a notion of uncertainty; and ranking the features in terms of their importance

for prediction.

We address the first question through subsampling of the training data. The rationale
for this procedure derives from the analysis of Meinshausen and Biihlmann (2010), who
show that subsampling may have distinct advantages with respect to model selection in the
high-dimensional regime. For S = 100 trials, we generate a dataset {y,, X;}>_, by subsam-
pling | N/2| observations uniformly at random and compute point estimates by solving Eq.
(3.9) on this data. Stability of the estimated component functions is assessed by pointwise

visualization of upper and lower quantiles of the S component functions.

To measure feature importance, we solve the reduced regression problem

2
s L 1 y .
B BC) = argmin — y—ﬁo—zkllkﬁj/ +Pen 7 (8), (3.11)
" pobipperi 2N ' “
Ll J'#J 2
with
Peng\’_of) (B) = )\aZQj/ (Bj) + A1 —a)N/2 Z H\P%(B‘j/ .
J'#7 J'#7
The procedure is repeated for each feature j = 1,...,p. The importance of feature j is

calculated as the change in square loss on the training data,

between the full model and the model estimated without feature j. Furthermore, since this

N o~ 12
}/train - \Il(_])ﬁ(_j)

train

—~|12
}/train - \Ptrain;BH2 - ‘

I

2

procedure generalizes to any partition of the features, it is also used to investigate the relative
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predictive importance of the network features versus the protocol and distance features. We
apply the same subsampling procedure as above to estimate the uncertainty in our estimates

of the feature (or feature group) importance.

Comparison of component functions across frequency bands

Let f]“ and f]’-’ be the estimated feature mappings for feature j on the data corresponding
to frequency bands a and b, respectively. We introduce a quantitative measure of their

similarity,

ab <Ja’fJb>

w2 J I 3.12
N FEIA (312

The quantity s?b is the cosine similarity of the estimated feature mappings, considered as
elements of a common Hilbert space of functions. By definition, s?b € [—1,1]. Similarity
increases as s;-‘b approaches 1 or —1 (which indicates fi and — f]’? are identical up to a positive
constant) and is minimized at 0.

The inner product (f¢, f?) = fXj fo(@) f2(x)de and norm || f;|| = (f;, f;) are given by
integrals whose domain &} depends on the feature j. For real-valued features, we take
X; to be the interval [—5,5], which after standardization corresponds to the range of all
observed measurements within 5 standard deviations of the mean. Due to the polynomial

representation of the nonlinear feature mappings, these can be computed exactly.
3.5 Experimental Results

We evaluate the method in terms of the scientific objectives stated at the beginning of this
chapter. The primary goal is to obtain good prediction accuracy on held-out test data, a
proxy for the clinical prediction setting that motivates this line of research. This is balanced
by the need to evaluate specific scientific hypotheses regarding the factors that contribute to
SIFCC, their relative importance, and their variation across frequency bands or prediction

settings. In contrast to typical black-box nonlinear modeling of neuroscience data, we further
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equip our estimates of component functions and feature importances with a notion of stability
via resampling.

As the dataset is unique and obtained from a novel experimental method, we must also
provide a means of calibrating expectations with respect to prediction performance. We
address this in two ways: first, by estimating a linear model as a baseline for prediction
performance; second, by reference to recent analyses involving prediction of ECoG data in
similar settings. The linear model offers a direct comparison for our results and establishes
a minimum condition for success.

For recent analyses, we refer to Yang et al. (2021) and Betzel et al. (2019). In Yang et al.
(2021), the authors use a linear state-space model to predict the response to stimulation in
a univariate time series corresponding to LFP power measurements; thus whereas we pre-
dict the edges of a coherence network, they predict the (non-normalized) nodes themselves.
Their model achieves a test B2 of 0.58 on step-ahead prediction corresponding to a 0.5 — 1s
interval, but performance degrades rapidly (R? = 0.20) over timescales on the order of our
experimental blocks. Betzel et al. (2019) model ECoG coherence in the absence of stimu-
lation, achieving prediction accuracy of up to R? = 0.43 in a linear model that combines
anatomical, distance, and genetic predictors. While neither study’s results are directly com-
parable to our own, they at least provide some relevant context: Yang et al. (2021) suggest
that prediction of the response to stimulation over longer timescales is expected to be more
challenging, while Betzel et al. (2019), who predicts ECoG coherence in a simpler setting (i.e.
without stimulation) and from a broader set of predictors, establish an optimistic standard

for coherence prediction in our setting.

3.5.1 Fxperimental details

In all experiments we set the polynomial order upper bound K = 10 and the lower bound
for the regularization parameter Apin = Amax/10°. We provide evidence in Appendix B
that these settings are reasonable for our data, as the order and hyperparameter selection

procedures automatically select values in the interior of their respective ranges. The training
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set is obtained by selecting 70% of the data uniformly at random; the remainder is withheld
as the test set. The test set is held fixed across resampling trials, that is, resampled datasets
are drawn from the training set only. The real-valued features are standardized to have zero
mean and unit standard deviation prior to estimation of the model. The linear transformation
corresponding to this standardization is computed from the training set only, and applied to

the test set during prediction.

3.5.2 Results

Additive modeling with hierarchical penalization outperforms the linear baseline.
We begin by comparing prediction results for the additive model against the linear baseline;
these are summarized in Table 3.1. The nonlinear model outperforms the linear model in
each frequency band. Moreover, the nonlinear model fit to network features only achieves
a relatively larger fraction of the full-model prediction accuracy than in the linear case,
suggesting that nonlinear modeling is particularly advantageous for deriving useful prediction
rules from these features.

These results are not merely a consequence of estimation within a strictly larger class of
functions, as they report error on held-out test data while estimation and hyperparameter
selection are performed entirely on the test set. While they are not particularly surprising in
view of the well-known advantages of nonlinear modeling for prediction in other applications,
this has not yet been demonstrated for ECoG data, where linear modeling remains the
dominant paradigm and negative results for nonlinear extensions have been recently reported

(Yang et al., 2021).

Network-derived features are important for prediction. The results in Table 3.1
also show that the set of network-derived features are particularly important for prediction.
This result is scientifically important as it provides strong evidence that the “baseline”
network structure prior to stimulation mediates the response to stimulation. The relative

inadequacy of the protocol-only models shows that the traditionally emphasized features
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Figure 3.3: Comparison of nonlinear model predictions of SIFCC during stimulation with and
without network features for a single representative experimental block. Black dots indicate
the locations of electrodes in the ECoG array. Model predictions are plotted as edges between
the electrodes in the left and center panels. The true SIFCC for the experimental block is
plotted on the right.

of stimulation studies in neuroscience are insufficient on their own to explain the brain’s
response to stimulation at this scale. We emphasize this point in Figure 3.3 by contrasting
protocol-only and full nonlinear model predictions across the entire ECoG array in Block
1 of the session MonkeyG_20150925_Sessionl S1. Whereas the protocol-only model largely
fails to capture meaningful variation in the SIFCC, incorporating network features yields
expressive and network-wide predictions that more closely correspond to the ground truth.

Beyond demonstrating the aggregate importance of the network features, we apply the

proposed methods to study the importance, stability, and similarity of the individual com-

Table 3.1: Prediction performance (R?) of linear baseline and the proposed nonlinear additive
model on held-out test data.

Linear Nonlinear

Band Full model Network-only Protocol-only Full model Network-only Protocol-only

Theta 0.164 0.059 0.027 0.240 0.139 0.045
Beta 0.104 0.034 0.013 0.130 0.092 0.057
Gamma 0.157 0.043 0.020 0.221 0.162 0.026

High gamma  0.244 0.074 0.014 0.323 0.255 0.045
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ponent functions in the estimated nonlinear models; results are presented in Figure 3.4.
Consistent with the results for protocol-only and network-only models, we note generally
larger importances for the network features. No individual network feature dominates, sug-
gesting that it is really the full collection of these features providing relevant, if possibly
somewhat redundant, information with respect to SIFCC. The single most important fea-
ture appears to be the Subject ID, consistent with the significant inter-subject variation
observed broadly in neuroscience.

In the middle row of Figure 3.4, we show the estimated component functions for five of
these features. The learned component functions appear generally stable. Network features
tend to have more complex functions, while simple features such as the distance have corre-
spondingly low-order components. The model reproduces some basic expected relationships,
such as the smooth decay of the SIFCC with the distance between the two electrodes. Fi-
nally, we compare the similarity of the component functions across different frequency bands
(Fig. 3.4, bottom row). We show the average similarity over all components in addition
to group averages for the protocol and graph features. Overall, the estimated components
are largely similar according to our measure. Disaggregating over protocol and network fea-
tures reveals that the protocol features are highly similar, while there is greater variation in
network features. Adjacent frequency bands tend to have learned more similar component

functions than more distant bands.

Block-interaction modeling provides evidence for a time-dynamic conditional
mean. Properly considered, the SIFCC is a graph-structured time series whose mean con-
ditional on the protocol and baseline network features could reasonably be expected to evolve
over the course of repeated stimulation periods in an experimental session. The method pur-
sued thus far does not allow for variation in this conditional mean beyond the block-specific
intercept estimated by the protocol feature block number. On the other hand, time series
modeling of this high-dimensional quantity at the frequency of its recording would involve

significant modeling effort to capture structure highly unlikely to be relevant for prediction
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Figure 3.4: Feature-wise investigation of the nonlinear additive model. Top row: Feature im-
portances, clustered by group (protocol or network) and sorted by median. Intervals span the
2.5 — 97.5"" quantiles of the resampling distribution. Middle row: Example component functions
for each frequency band. Bands indicate the pointwise 2.5 — 97.5!" quantiles of the resampled
component functions. Bottom row: Average feature similarities across bands, and average feature
similarities within the protocol and network groups of features.
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over the timescales of interest in this work, as seen for example in the poor forward prediction
results obtained in a relatively simpler context by Yang et al. (2021).

Here we consider an intermediate solution corresponding to a coarse discretization of the
experimental session into five time steps consisting of successive baseline and stimulation
blocks, and we extend the model to estimate a distinct nonlinear additive conditional mean
per block. As the baseline coherence is available to the model as the initial coherence
feature, the model can be thought of as a nonlinear time-inhomogeneous autoregression with
exogenous variables. In practice, it is estimated by extending the polynomial design matrix
to include interaction terms for the block number.

Results for this modeling approach are shown in Figure 3.5. The top row shows prediction
accuracy on the test set by block number. Prediction accuracy is uniformly improved over
the static model and relatively more consistent. The significant variability in prediction
error of the static model across blocks suggests that a more expressive model would be more
suitable to capture the time variation of the conditional mean. Meanwhile, the hierarchical
penalization method extends naturally to this setting by discouraging block-variation of
the component functions unless they significantly contribute to improving the validation
error. We plot the estimated block-varying component functions for two features in the
second and third rows of Figure 3.5. Finally, we compute the average component function
similarities between each pair of frequency bands over the five blocks. The result, shown in
the bottom row of Figure 3.5, indicates that while the SIFCC conditional mean is relatively
similar across all frequency bands at the start of a session, these similarities decrease with
repeated stimulation. As in the static modeling case, adjacent frequency bands continue to

demonstrate higher similarity than those farther apart.

SIFCC can be accurately predicted after stimulation has ended. We consider
nonlinear additive modeling of the SIFCC over longer timescales. Whereas the SIFCC

between electrodes ¢ and j in frequency band b and block ¢ was originally defined as

Ypije = C’éfj[) - C’ég“), we further consider modeling the response y,., = C’ég“l) CLBo

bij -
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Figure 3.5: Results for nonlinear additive modeling with block interactions. Top row: Prediction
accuracy of the block-interaction and static models by frequency band and block number. Sec-
ond and third rows: Variation over blocks of the component functions estimated for the initial
coherence and time covariance features. Bottom row: Average component similarities by block.
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Figure 3.6: Results for prediction of SIFCC computed during versus after stimulation. Top
left: Scatter plots of during and after SIFCC in each frequency band. Top right: Comparison
of nonlinear prediction results on the test set. Bottom row: Example component functions
in the high gamma band.

This corresponds to the coherence change between two successive baseline periods, rather
than the coherence change between stimulation and baseline, and as such represents a sig-
nificantly longer timescale over which to predict the evolution of functional connectivity.
We distinguish between ,;, and y{,w in this section by referring to them as the during

stimulation and after stimulation SIFCC, respectively.

We estimate the nonlinear additive model using the same penalization and cross-validation
framework as above. We find that the after simulation SIFCC can still be predicted with

relative accuracy on held-out data, particularly in the theta and high gamma bands, though
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in each band the performance is diminished with respect to the shorter-timescale during
stimulation SIFCC prediction task; results are plotted in the top row of Figure 3.6. It is
of scientific interest to understand what factors contribute to the changes in functional con-
nectivity over different timescales. We thus compare the estimated component functions of
models fit to both versions of SIFCC for a given frequency band; examples corresponding to
the high gamma band are plotted in the bottom row of Figure 3.6. The close correspondence
of these component functions shows that the models not only achieve similar prediction ac-
curacy, but also that they do so by means of an estimate for the conditional mean in which
each feature plays a very similar role. This suggests that the underlying mechanisms between

SIFCC at these timescales may be largely similar.

Concurvity of additive features in the high gamma band. As a final and comple-
mentary analysis, we implement the additive principal component (APC) method of Donnell
et al. (1994) to investigate nonlinear dependence in the regression features. This method
is concerned with identifying concurvity in the features, which extends the usual notion of
linear dependence to the additive setting. Exact concurvity corresponds to the existence
of component functions ¢; € H;,j = 1,...,p, with H; a closed subspace of centered Lo

variables (e.g. the linear span of some basis functions), such that
p
> (x5 =0.
j=1

In this case, the data lies on an additive manifold and the model proposed in Eq. 3.6 is not

identifiable, as for any f; € H;,j =1,...,p, we have
p p
Y =B+ Y F(X) +e=B+ D [fi(X)) +6;(X))] +e.
j=1 j=1

Concurvity is diagnosed by investigation of the smallest additive principal component of
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the training data, which is given by

ArgMingcyy, ... xp, Var (Z ij(Xj))

s.t. Zvar(qu(xj)) =1,

where ® = (¢, ...,¢,). Subsequent APCs ®*) are subject to the additional orthogonality

condition

p
(@0, 00) =3 Cov ({(X;), 6" (X)) =0, V¢ <k.
j=1

Exact concurvity obtains (up to a shift in the intercept term) when the eigenvalue
Var (> ¢;(X;)) = 0, while approxzimate concurvity indicates that caution should be exer-
cised in the interpretation of nonlinear component functions estimated from these features.
We compute the complete set of additive principal components and their corresponding
eigenvalues for the additive model features on the training data for the high gamma band.
The minimum eigenvalue is Amin ~ 1 x 107* and significantly separated from the second-
smallest eigenvalue at 4 x 1073, Investigation of the APC corresponding to the minimum
eigenvalue reveals approximate concurvity among two main features, L=2 path strength

and mean coherence to network. Results are plotted in Figure 3.7.

The additive principal component analysis provides a cautionary perspective against
overinterpretation of the specific form of the estimated component functions in the additive
model of SIFCC, particularly for the L=2 path strength and pair coherence to network
features. Aspects of the foregoing analysis related to prediction, including the improvement in
prediction quality on the held-out set and demonstration of the network feature importance,
are not affected. While convex penalization of the additive modeling objective function
guarantees the existence of a unique solution even under exact concurvity of the features,
the concurvity analysis may be useful in clarifying nonlinear dependence relations between

features and in guiding future iterations of feature development.
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Figure 3.7: Concurvity analysis for additive modeling of the ECoG features. Top: relative contribu-
tion of each feature to the smallest APC. Bottom: nonlinear components of the APC corresponding
to the features L=2 path strength (left) and mean coherence to network (middle). A scatter-
plot (right) shows strong (negative) linear association between these nonlinear transformations of
the original features, indicating approximate concurvity.

3.6 Discussion

In this chapter we have presented a data analysis of ECoG recordings emphasizing prediction
of stimulation-induced functional connectivity changes and investigation as to the aspects
of the experimental protocol or initial connectivity structure that mediate the network-wide
response. We define and estimate the SIFCC via the band-limited coherence between elec-
trode LFP time series, then propose a nonlinear model with additive contributions from a
diverse range of features. We apply a hierarchically penalized estimation scheme to control
the complexity of the model components and identify additional tools to address their sta-

bility, importance, and similarity. Our results demonstrate good prediction accuracy that
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significantly improves over a linear baseline, and they highlight in particular the importance
of the baseline network structure as summarized by the network features. We show that ex-
tension to a coarse time-varying model over blocks yields further improvements in prediction,
and that the SIFCC can be accurately predicted even after the end of stimulation.

The complexity of the raw time series data and the underlying process that generated
it leave significant room for development of more sophisticated modeling approaches. One
opportunity lies in explicit modeling of the LFP data as a time series, with stimulation
details modeled as exogenous inputs. Challenges for such an approach would include the
high dimension of the time series, the inadequacy of linear modeling for prediction, and the
challenging forms of nonstationarity in the data, which likely involve both global drift and
structural breaks during stimulation. A separate line of extension might consider more clin-
ically realistic prediction settings, in which entire blocks, sessions, or even subjects are held
out for test evaluation. This may lead to consideration of distributionally robust estimation
schemes that can handle differences in the data generating distribution between training and

test data.
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Chapter 4

TOWARDS CLINICAL READINESS: STATISTICAL TOOLS
FOR DATA HETEROGENEITY AND COUNTERFACTUAL
SIMULATION

4.1 Introduction

In the previous chapter we proposed and implemented a data analysis for prediction of co-
herence changes between regions spanned by an ECoG electrode array using features derived
from both the stimulation protocol and the baseline coherence network prior to stimulation.
This analysis represents a first effort to formalize and estimate a statistical relationship
between the coherence change and the raw data collected in the experiment of Yazdan-
Shahmorad et al. (2018), namely a large collection of multivariate time series recordings of
the local field potential on the cortical surface. The methods applied or developed reflect
the main scientific questions that arise from comparison of this novel experimental protocol
to the computational approaches adopted in the recent literature (Betzel et al., 2019; Keller
et al., 2018; Huang et al., 2019; Yang et al., 2021): whether coherence changes could be
accurately predicted in this experimental setting, how to quantify the relative impact of fea-
tures relating to either the baseline network or the experimental protocol, and if nonlinear

modeling could improve prediction quality under an appropriate scheme for model selection.

One weakness of this approach is that the data collection process itself is treated in a
relatively abstract manner. Implicit in Eq. 3.6 is an assumption of independence between
the observed coherence changes conditional on the features, but this is an idealistic assump-
tion that masks the complexity of modern experimentation in neuroscience. The novelty
of the experimental protocol in Yazdan-Shahmorad et al. (2018) heightens the importance

of careful exploratory data analysis; while the biological validity of the experiments is well-
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established, there is notably less emphasis, both for this data and in related studies, on
statistical evaluation of the assumptions implicit in assembly and analysis of the processed

dataset.

At the same time, the ultimate goal of brain stimulation research from the clinical per-
spective is to develop data-driven approaches to intervention on a cortical network to achieve
a target connectivity associated with some therapeutic outcome (Jackson et al., 2006; Ed-
wardson et al., 2013). Our results from the previous chapter show that the state of functional
connectivity at baseline is highly predictive of subsequent changes due to stimulation. The
challenge is then to identify a configuration of the protocol variables (i.e. a stimulation
protocol within some parameterized set) likely to yield a target outcome, given the current
state of the network. The availability of relevant data is limited by the massive cost of in
vivo experimentation. One potential alternative is simulation of neuronal networks under
various stimulation conditions, which can be used to investigate outcomes under alternative

Interventions.

In this chapter we present two studies that, while methodologically distinct, are related by
their motivation to develop statistical perspective on the complex observational realities and
inferential goals that will arise in translating brain stimulation research to the clinical setting.
First, we conduct a careful exploration of the ECoG data in the high gamma frequency band,
with an emphasis on potential sources of heterogeneity in the data generating process. Our
results motivate a survey of regression techniques accounting for heterogeneity across levels of
a (known) partition of the observed data, with an emphasis on prediction for entirely unseen
sessions or subjects. Second, we review the recent literature on simulation of stochastic
spiking neurons. We implement a Poisson spiking network and show how it can be used to

identify an optimal stimulation protocol to achieve a target connectivity.
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4.2 Evidence for Session and Subject-Level Heterogeneity

4.2.1 Details of the optogenetic ECoG data collection process

Yazdan-Shahmorad et al. (2018) introduced not only a novel dataset but an entirely new
approach to stimulation of and recording from the macaque cortex. While the details of
the stimulation protocol are described in the previous chapter, here we emphasize the tech-
nological differences that distinguish this experiment from others in the literature, and we
document some challenging aspects of the data collection process that are often omitted in
published work.

Technologically, there are three aspects of the experiment that together distinguish it from
other contemporary studies: the use of macaque subjects, recording via ECoG array, and
localized stimulation of the cortex via optogenetics. Macaque subjects are relatively uncom-
mon for ECoG studies of stimulation-induced response; the standard source of ECoG data is
human subjects whose severe epilepsy warrants the invasive neurosurgery required for direct
access to the cortex (Rao, 2013; Leuthardt et al., 2006). Macaque subjects allow for broader
and longer-term experimentation, and they are not restricted to a sub-population with severe
neurological issues. One challenge, however, is that ethical considerations and constrained
resources lead nearly all macaque studies in this area to evaluate just two individuals (Yana-
gawa et al., 2013; Yazdan-Shahmorad et al., 2018; Yang et al., 2021), so that quantification
of inter-subject variation is very limited from a statistical standpoint. The combination
of optogenetic stimulation and ECoG recording renders the protocol of Yazdan-Shahmorad
et al. (2018) significantly less invasive than comparable studies of stimulation-induced re-
sponse in macaque subjects, such as Yang et al. (2021). The result is longer-running trials,
greater flexibility to troubleshoot and modify the experiment in progress, and ultimately
more experimental sessions per subject.

The reality of data collection in a novel experimental paradigm in neuroscience is that
it occurs to some extent in parallel with procedural fine-tuning and equipment malfunc-

tion. Yazdan-Shahmorad et al. (2018) collected data on 15 separate days spanning roughly 9
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Table 4.1: Summary of ECoG data collection details by subject.

Subject Sessions Timespan Total obs. Missing Pct. missing data
(days) electrodes
G 15 10 266125 11.9 (10.7) 22.2
J 18 67 215380 28.0 (15.2) 47.5

months. The two subjects were studied sequentially rather than in parallel, and over notably
different timespans. For each subject, the ECoG array was set to cover roughly the same
regions - the somatosensory and motor cortex - but its placement was not fixed across ses-
sions, effectively removing a “geographic” interpretation of the electrode indices. Moreover,
electrode failure was common; in every session fewer than the 96 total electrodes in the array
provided a viable signal, and by the chronologically latest sessions over half the electrodes
were missing. We show in Appendix C that the nonlinear additive model fit separately to
each subject varies significantly in its predictive accuracy at every frequency band.

A simple summary of the data collection process is provided in Table 4.1. For each sub-
ject, we report the number of sessions, timespan covering these sessions, total observations
of coherence change, mean and standard deviation of missing electrodes per session, and
overall percent missing data (as a fraction of the total possible observations with 96 work-
ing electrodes). Throughout, we will assume that electrode malfunction is independent of
the stimulation and network features, and thus that the unobserved coherence changes are

missing completely at random.

4.2.2  Ezploratory analysis reveals heterogeneity at the subject and session levels

We begin with an exploratory analysis in which the pairwise distance between elements of the
session or subject-level partitions are quantified and compared against a permutation-based
null distribution. For each partition, denote by Ng the number of partition elements and

assign to each alabel 1,..., Ng. Forg € {1,..., Ng}, denote by P, the empirical distribution
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of the ECoG features in partition element g, and let P, refer to the corresponding population
distribution. We compute and summarize the pairwise distances between these subgroup

distributions using four different distance metrics:

1. The mean distance

Dmean(gag,) = ||“g - IU“9/|| )

where p1, = [xdP,. The corresponding estimator is ﬁmean(s, s") = |ty — fgr||, with
[Lg = nLg Zi:Gi:g XZ

2. The Bhattacharya distance

Di(9, ) = —log ( / \/pg@)pg«:c)d:c) |

where p, is the density of P,. We approximate each P, by a Gaussian distribution
with mean i, and covariance ¥, = % > iici—g(Xi = f1g)(Xi — fig)", such that the

Bhattacharya distance can be estimated as

~ 1 1 det X

Dg(g,9') = g(ﬂg - /lg’)TZ_l(/lg - ﬂg’) + 2 log ~ = )
y/det X, det Xy

where ¥ = % (i]g + f]g/>. Under these assumptions the Bhattacharya distance is equiv-

alent to the Mahalanobis distance between the distribution centers, penalized by the

difference in distribution covariances.

3. The Jensen-Shannon distance

Djs = = (Dku(Fy||P) + DxL(Pyl|P)) ,

N | —

with P = %(Pg + P,), where we use the Gaussian approximation to P, and P, as

above.
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Table 4.2: Pairwise distance summary for session and summary-level partitions of the ECoG data.

Session Subject
Metric Distance p-value Reject Hy? Distance p-value Reject Hy?
Mean 3.85 x 100 <1 x1072 v 748 x 1071 <1 x1072 v
Bhattacharya  1.01 x 10! <1 x1072 v 5.07 x 100 <1 x1072 v
Jensen-Shannon 4.81 x 100 <1 x1072 v 1.97 x 10 <1 x1072 v
MMD 8.73x 1072 <1 x1072 v 542 x 1073 <1 x1072 v

4. The maximum mean discrepancy (MMD)

Db (9, 9') = HEXNPg [p(X)] —Ey~p, [SO(Y)]HH

with feature map ¢ : X — H and reproducing kernel Hilbert space H. We take ¢

corresponding to the Gaussian radial basis function kernel

k(z,y) = (p(@), o(y))n = exp(— |z — yll3 /p),

where p is the dimension of X'. The mean distance is a special case of the MMD, with
identity feature map go(:v) = x. Somewhat less trivially, the Ly distance between kernel
density estimates p,(z ft z)dP, and py(y ft y)dPy is a special case
of the MMD with kernel k(m y) = [ k(z —2)k(y — z)dz (Muandet et al., 2017, §5.1).

There are only two subjects and thus a single pairwise distance for the subject partition.
For the session partition, the (323) = 578 pairwise distances are summarized by their mean.
We compare these distance measurements to their distribution under a permutation-based
null hypothesis. For n = 100 trials, we randomly partition the ECoG data into subgroups
of the same size as the original subject or session partitions, then summarize the distance
between the empirical distributions of the permuted partition elements. We compare the

distance summary computed for the subject and session partitions to their permutation-based
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Figure 4.1: Prediction performance of the least squares estimator under naive and session-
stratified randomization.

null distributions. Results are summarized in Table 4.2; we observe significant heterogeneity

at both the subject and session levels.

4.2.83  Predictive failure of the least squares estimator

The observed heterogeneity across sessions motivates a session-stratified analysis in which
the observations in the train and test sets have disjoint session membership. Importantly,
this setting also corresponds to a much more realistic framework for application in clinical
practice: given a trained model for stimulation-induced changes of functional connectivity,
the objective is to generate useful predictions in future settings that will necessarily have been
absent from the training data. We evaluate results from a simple linear model estimated
by ordinary least squares under this stratified split; results are plotted in Figure 4.1 and
compared to the “naive” method of randomizing train and test data across all splits. Results
show the distribution in predictive accuracy, as measured by R?, over 100 train-test splits

computed by both methods.

Together, the exploratory results in this section provide evidence for significant hetero-
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geneity in the ECoG data across sessions, and demonstrate that naive approaches to predic-
tion on unseen sessions are likely to fail, regardless of their goodness-of-fit on the session-
aggregated training data. Therefore, in applying the regression methods to be discussed
below to the ECoG data, we will consider how to account for group heterogeneity at the
session or subject levels and evaluate prediction results on held-out sessions corresponding

to either chronological or subject-based splits.
4.3 A Survey of Likelihood-based Methods for Heterogeneous Data

We conduct a survey of modern regression methods for estimation and inference of the condi-
tional mean parameters for data exhibiting group-heterogeneous structure. The motivating
context and focus of the applied analysis is prediction of stimulation-induced functional con-
nectivity changes from the data introduced in the previous chapter. We restrict the analysis

to the after-stimulation coherence change observed in the high gamma frequency band.

4.3.1 General modeling framework

We begin by introducing notation for a general framework encompassing the range of meth-
ods investigated below. We posit the following hierarchical data generating process for the

stimulation-induced coherence change Y, for subject s in session r, given observed features

X

Ps ~ Lsubject (41)
Qgp ~ Psession('; 908) (42)
Yo = ﬂ(Xsraﬁ) +77(Xs7";0587”) + Esr- (43)

At the highest level, experimental subjects are drawn from a hypothetical superpopu-
lation. Session-specific parameters are drawn from a distribution that may depend on the
subject parameter. Finally, the observed data are generated as the sum of three terms: the

population mean u(Xs,; 5), a session and subject-specific term 7(Xg,; ), and the session
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eITor Eg;.

For each subject s and recording session r, Yy, € R"™ and X, € RP*", where n =
S5E(E —1)/2 and E = 96 is the number of electrodes in the ECoG array. While n is
fixed across sessions, not all data is observed for each session; we assume the missingness
pattern is independent of Y, and X,,. The session errors ¢, are drawn independently from
the distribution P. across all sessions and subjects. The covariance of the session noise is
assumed to be diagonal; it remains for future work to investigate richer models for within-
session covariance that may arise from the spatiotemporal structure in the observations.

The functional form of p and 7 is known and may depend on the session features Xj,.
Throughout this chapter we will emphasize the case of the linear population mean u(X,,; 5) =
X3, but in many cases extensions to the nonlinear setting are straightforward. The term
n(Xsr; asr) will be specified for each regression method. Finally, while the full data generating
process specifies a three-level hierarchy, in reality we have data from only two subjects. We

therefore focus mainly on heterogeneity at the session level.

4.3.2  Feature-dependent heteroskedasticity

We first investigate two likelihood-based procedures for estimating 3, both of which arise from
modeling the covariance of the observations Yj,.. The first of these models the observation
variance as a function of the features, so that heteroskedasticity is realized at the level of
individual observations. In particular we assume a linear population mean and random

session-specific term 7( X, ; ) satisfying

]E[n<Xsr; asr)] =0

Var('r](Xsr; asr)) = diag(exp(Xsroz)),

where the exponential is applied element-wise. Note that we have dropped the indices on
the variance parameter «, indicating that they are the same across sessions, and that there

is no additional session error under this model, i.e. e, = 0. In the context of the ECoG
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Figure 4.2: Log residual variance plotted against the three features with largest estimated effect
size under the conditional variance model.

data, the model structure is motivated by an exploratory analysis of the residual variance
of the ordinary least squares estimator, which exhibits visible trends with respect to several

features; see Fig. 4.2.

We compute estimates B and & of the mean and covariance parameters, respectively, in
alternating fashion; see Alg. 3 for details. Estimation of these parameters via a single update
after initialization is known in econometrics as “feasible weighted least squares” (Baltagi,
2008, §10.2) and is equivalent in the context of Alg. 3 to enforcing a stopping criterion
based on iteration number. The results we report are for this estimation strategy. We also

2
< 7 with 7 = 1 x 1075; for the ECoG
2

investigated the convergence criterion HB“H) — 3®
data in the high-gamma band, we find that this criterion is met within 20 iterations. Our

implementation uses the Python package statsmodels (Seabold and Perktold, 2010).

The estimator B computed above is an instance of a general class of “weighted least
squares” estimators (Shao, 2003, §3.5). It is consistent for 5 and asymptotically efficient in
the class of linear unbiased estimators only if 3, = diag(exp(X,@)) is consistent for the
true session-wise covariance >,.. However, B may still be consistent, though not necessarily

A~

asymptotically efficient relative to the OLS estimator, so long as Y. converges to some

f];}S - ]H —, 0 (Chen and Shao, 1993).

S € R *"sr with convergence defined as

Moreover, unbiasedness of /3 is only guaranteed under the assumptions that e, is symmetric
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around zero and that isr is unchanged by changing e, to —eg,. (Shao, 2003, Examples 3.29-
30). Note that neither of these conditions is necessarily satisfied in the general formulation
for simultaneous estimation of the mean and variance parameters in §2.5.2 of Wakefield
(2013).

Meanwhile, the estimator & can be understood as the result of a particular approach to
variance function regression (Carroll and Ruppert, 1988, Chapter 3), where the standard
log-linear form for the variance function guarantees positivity for any setting of the features.
Particularly in an applied setting in which predictions and not estimates are of primary im-
portance, such as the clinical application hypothesized at the start of this chapter, estimation
of the variance function is itself of major interest as this controls the probabilistic behavior
of predictions under the model. Under the setting in which observations are Gaussian and
the variance parameters depend on the features but not the mean, as posited above, the
asymptotic variance of the generalized least squares estimator for the mean — that is, the
estimator B(t) from Alg. 3 — depends additively on the asymptotic variance of the variance
parameters; thus improved estimation of the variance positively impacts estimation of the

mean (Rothenberg, 1984).

Algorithm 3 Parameter estimation under feature-dependent heteroskedasticity.

Require: Data (Y., X5 )
Require: Tolerance level 7

1: Initialize 5 = arg min, Do 1Yer — X8|

2: Initialize &©) =0

3: Sett =0

4: while not converged do

5: Compute residuals €5, = Y — X430

6: Form covariance estimates isr = esreg ,
7: Update covariance parameters &) = arg min,, > er |log (diag(isr» — X ,
8 Update mean parameters 3(*+) = arg min, Dosr Hi;l (Yer — XorB) Z

: Sett=t+1
10: end While
11: Return g®, a®
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As an aside, we note that this modeling approach is related to, but more general than, the
classical quasi-likelihood framework for generalized linear models. The difference lies in the
parameterization for the conditional variance. In quasi-likelihood, the conditional variance

is modeled as the product

Val"(Y;r) = ¢9(M(Xsr; 5))7

with ¢ > 0 an unknown dispersion parameter and g a known function of the conditional

mean. This form implies that the estimating equation
X7 Var(Ye) ™ (Yo — Xor8) = 0

depends only on the mean parameter 3. In particular, this leads to two consequences that
do not necessarily hold under the more general modeling framework proposed here: first, the
estimator B does not depend on the variance parameter «; second, consistency of B requires

only that the mean model be correctly specified.

4.3.83  Session-weighted least squares

As an alternative to parameterization of the conditional variance in terms of the features,

we consider instead an assumption of session-wise heteroskedasticity, such that

E[U(Xsra asr)] =0

Var(n(Xsr; asr)) = Qg L.

Heteroskedasticity is thus realized at the session level, parameterized per session by the scalar

a- > 0, rather than at the observation level as above. As before, 4. = 0.

The estimator is computed by the same method as in Alg. 3, where we instead initialize

ecach &Y =1 and update as

At+1) o~
asr - -1 ST
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Figure 4.3: Session-wise distribution of residuals from a linear model of the after-stimulation
coherence change.

with e, defined as in the section above and ng. the number of observations in session r for
subject s. As with the feature-dependent heteroskedastic model, this approach investigates
a hypothesis obtained from exploration of the ordinary least squares residuals. Plotting the
residuals by session reveals significant heterogeneity in the residual variance at the session
level; see Fig. 4.3. We note, however, that visualization is insufficient to draw statistical
conclusions about this heterogeneity, especially as this corresponds to a fourth-order property
of the data generating process. We therefore apply Levene’s test for equality of variance
among the session residuals, using the median as the measure of centrality for robustness
against skewness of the residual distribution (Levine, 1960; Brown and Forsythe, 1974). The
test is rejected with p < 1 x 10716 in favor of the alternative that at least two sessions have

unequal residual variance.
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4.8.4  Anchor regression

Rothenhéusler et al. (2021) suppose a setting in which the data (Y., X.) are observed
across heterogeneous environments, here indexed by s and r, where the heterogeneity is
driven by ay.. In contrast to the other methods investigated in this section, it is assumed

that o, € R™*9 is observed. The model for the data is

q
Yo = XS?“/B + Z Qs + Esr, (44)

k=1
with 5 the parameter of interest, M = (my,...,m,) € R?”*?is a fixed, unknown shift matrix,

Eles] = 0, and Var(e,,.) = 0%I,,,.. The model is interpretable as a linear structural equation
model in which ay, may influence the distribution of X,,, Yj,, or both, but is itself uncaused
by these variables. It thus has the interpretation as the driver of environment or experiment-
based heterogeneity and is termed the anchor variable.

The proposed anchor regression estimator is given by

o= arg min D =N = Tag) (Yor = XanB)[5 + 7 e, (Yor = X B3

where 11, denotes the orthogonal projection matrix ozsr(ostrasr)*lozz;;

again, this can be
computed because we assume that ay,. is observed in this setting. The parameter v €
[0,1] controls a tradeoff between projection of the residuals of the linear model onto the
columnspace of «ay, versus its orthogonal complement.

At v =0, the 37 coincides with least squares “adjusted for” g, by replacing X, and Y,
with their residuals after regressing each against «,; at v = 1/2 it coincides with ordinary
least squares; and at v = 1 it coincides with the two-stage least squares estimator in an
instrumental variables framework, with ay,. as the instrumental variable. Informally, v can
be understood to represent the degree to which the information available in «, is a nuisance

source of variation to be removed (v < 1/2), irrelevant for the estimation problem at hand

(v = 1/2), or a useful source of variation for determining the effect of X, on Y, in the
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presence of potential confounders (v > 1/2).

Simple linear algebra shows that, for v € (0, 1), BV can be computed analytically as a

session-weighted generalized least squares estimator. In particular, define

Wo =KG1=NI+ (/7 —V1—7),,.

Then
B = argmin |W,, (Ve — Xo )12
B

We will be particularly interested in the case where oy, is a dummy-coded observation of a

categorical variable indicating the session. Then 11, = n_ 117,

WSTTWST = (1 =1, +n, (27 - 1)1 17

Nsr ~ngr?

and by the Sherman-Morrison-Woodbury formula,

1 2y —1
(W‘;I’I:WST)il = (1 - P)/)il[ns'r - /7— 177/57“15 *
Nsr 7(1 - ’7) ”

As the setting v = 1/2 reduces to ordinary least squares estimation, and correspondingly
to irrelevance of the anchor variable A, a model selection procedure can be applied to identify
whether and how the anchor variable can be used to improve prediction over an OLS baseline.
For the ECoG data, we apply a leave-one-session-out validation procedure, evaluating for
each v the goodness-of-fit in terms of the coefficient of determination R? on the held-out
session. Results are shown in Fig. 4.4; we find that a nontrivial level of anchor penalization
yields a slight but consistent improvement in predictive accuracy over the OLS estimator.

Theoretically, the anchor parameter 57 is characterized as a distributionally robust esti-

mator, that is, one optimizing the worst-case risk over a certain class of distributions.

Theorem 4.3.1. (Rothenhdusler et al., 2021, Theorem 2) Suppose the data are generated

according to Eq. 4.4, with Yy and X centered. Denote by Pipin the joint distribution
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Figure 4.4: Validation results for selection of the anchor regression penalty v on the ECoG data.
The blue line indicates mean R? and bands show standard error over all held-out sessions. The
selected value of ~ is indicated in red, while the value corresponding to ordinary least squares is in
black.

of Yar, Xsr), Eprain the corresponding expectation. Define P, (X)) = By Xor|as] and
POCST (}/87") = Etmin[Ysr|asr]~ Let v e (0, 1) Then

Etrain | > 11 =N = Pay, ) (Yer = XaoB)3 + 7 | Py (Yer = XD 15| = sup E[(Ye—XoB),
where the expectation E, is with respect to the shifted distribution obtained by replacing
b apsmy with v € R™ in Eq. 4.4, and we define

C"={rveR" :w’< %ME[QSTQZ;}MT}.
-7
Relation to linear mixed effects. The generalized least squares formulation for the

anchor regression estimator shows that the quantity Wy, implicitly functions to specify a

model for the within-session covariance depending on the anchor variables as,; specifically,
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isr = (WSTTWST)*I. Here we show that isr corresponds to the same clustered-dependence
structure that is induced by a random intercept term in a linear mixed-effects model. The
linear mixed effects model writes the conditional mean of Y}, given features X, and random

effect by, as
E[}/S"'“)ST] - XST/B + Zsrbsr + 557‘,

where Z,. € R™*9 are observed features that may coincide with the X,,.. It is typical to

assume that the random effect and noise terms and independent and distributed as &, R

N(0, E(«)) and by, BV (0, D(«)), so that marginalizing over the random effect yields

E[Yt@'rlxsr] = ij;ﬁ
Var(Ye | Xor) 2 Vir(a) = ZoD() ZE + E(a).

Maximum likelihood estimators for the fixed effects § and variance components « are

then obtained as

~ 1 1
(B,@) = argmin—2 > " log [Ver(@)| = 5 (Yer = X58) Var(@) ™ (Yor — X36).
B 2 s,r 2

In the random intercept model, Z,,. = 1,,, is simply a constant, by, € R, E(a) = 021I,_,,
D(«a) = o7, and thus the covariance parameters are given by ay, = (0., 03). The resulting

model for the session-wise covariance is ezchangeable (Wakefield, 2013, §8.4):

1 p ... p

1 ...
Var(v,) =0 |
PP 1_

where 02 = 02 +0? and p = 0 /0*. Matching terms to Sy = (WIW,,)~! as computed above,
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we find an equivalence between the log-likelihood function for the linear mixed effects model
with random session intercepts and the anchor regression objective with o = (1 —~)~! and

02 = (1—27)(ngy(1—=))~!. This is limited to the setting v < 1/2, as we must have a2 > 0.

4.3.5 Estimating equations with cluster dependence

The relation between anchor regression and estimation in the linear mixed effects frame-
work suggests a comparison to a model in which the within-session dependence structure is
explicitly represented and estimated. As the focus of estimation is on the population-level

parameters 3, we adopt the generalized estimation equations approach with linear mean and

E[n(Xa; as)] =0
Var(n(Xs; as)) = o R(p).

The covariance parameters are thus a = (0, p); we set e5. = 0. The matrix R(p) € R™sr*"sr
encodes the structure of the working covariance model. We make the exchangeable assump-

tion for within-session data such that

R(p) = (1 - p)Ins'r _I_ plnsrlg‘gr;

this is selected to correspond to the implicit within-session covariance of the anchor regression
estimator derived above. Exchangeability is the simplest non-trivial model for within-session
covariance, specifying a constant correlation between all pairs of observed coherence changes
in a given session. The spatial layout of the ECoG electrodes and anatomical structure of
the region they cover suggest that more complex covariance models may be worth exploring
in future work.

The generalized estimating equation framework bares some similarity to the likelihood-
based methods described above, and more generally to quasi-likelihood methods for estima-

tion, in that assumptions are limited to the first two moments of the observation. Here,
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however, we investigate the case of dependence between observations within a single session.

Computation of estimators B and & again proceeds iteratively, as in Alg. 3. Here we
initialize & = (6@, 5®) = (1,0) and at iteration ¢ estimate the session covariances as
S, = O R(pM). Given B® we form the residuals €5, = Y — X3 and estimate a+D

by a second estimating equation
> EL(T, - C@") =0,
s,T

where T, € Rrsr+nsr(mer=1)/2 are covariance “data” obtained from the residuals, C(a) €
R7srtnsr(sr=1)/2 gre their corresponding expectation under the working covariance model,
and E,, € Rrertner(ner=1)/2x2 — 7 (O(a) is the matrix of partial derivatives with respect to

the variance components:

2 2 T
Tsr = [631"1637“27 <o s €sr(ng—1)€srngrs €gp1y - - - 765Tnsr] )
C _ T
(@) =[ap,...,ap,a,...,a]",
p ... p 1 ... 1
E, =
o ... o 0 ... 0

The estimator 3 is consistent so long as & converges to some fixed value as n,,. — oo, while
consistent estimation of the variance further requires that the covariance model is correct,

so that E[Ty,] = C(as,.) (Wakefield, 2013, §8.7). The sandwich estimator of the variance

ST 8T

— ~ -1 ~ ~ ~ -1
Var(ﬂ) = Z (XTE?IXST> (XgnE}lVar(}Qr)Z;ler) <XTZ?1X57‘> )

S,r

with isr = 6R(p) and @(YST) = (Ys — XSTB)(YST — XSTB)T7 is consistent under the as-

sumption that the cluster units, i.e. sessions, are independent.
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4.3.6  Surrogate variable analysis

Surrogate variable analysis (SVA) (Leek and Storey, 2007) attempts to account for obser-
vation heterogeneity due to unmodeled factors across experimental trials. The method was
originally developed in the context of gene expression analysis, in which the fluctuations of
expression measurements across arrays are colloquially known as “batch effects.” It can be
situated within a broader literature in biostatistics concerned with estimation and removal
of latent sources of variation that might otherwise bias the regression analysis of interest; an
alternative method assuming access to data from a negative control experiment is developed

by Gagnon-Bartsch et al. (2013).

In surrogate variable analysis, batch effects are assumed to arise when outcomes at a
collection of sites of interest (corresponding, for example, to genes or microarray locations)
are observed repeatedly across potentially heterogeneous experimental settings. Adapting
this to the ECoG data requires that the indices of the observed vector Y, be scientifically
interpretable across subjects s and sessions r. While this is not the case for observations at
the session level, we can recover a level of interpretability by further partitioning Y, according
to the stimulation block b € {1,2,3,4,5} during which the observation was recorded. At the
block level, the indices of Y, € R™r/5 correspond to unique pairs of electrodes in the ECoG
array and can thus be identified across subjects s, sessions r, and blocks b. The SVA model

is then
Ysrb = Xsrb/g + Qgrp + Egrp, (45)

with €45 ~ N(0,0%I,_,). The “batch effects” a,, € R™/% are considered a source of
unwanted variation and modeled as ag., = Zle ’yggifﬂ)b, where ggp = (gii?,, . ,gifg ) € RE is
a vector of latent factors realized per experiment (in this case, each unique combination of

subject s, session r, and block b).

The SVA algorithm computes a set of orthogonal surrogate variables {fz(k)}le that ap-
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proximately span the linear subspace defined by the latent factors {g}

L K
¢ > (k
ngirzn ~ Z Akhir?ﬂ
=1 k=1
The number of surrogate variables K is selected by the user. Following Leek and Storey

(2007), we adapt the SVA algorithm to the ECoG data via the procedure detailed in Alg. 4.

“Consistency” for SVA refers to convergence of the column space of the estimates {iz(k)}szl
to that of the true latent variables {g,}Z ,. In general, consistency of the surrogate variables
is not guaranteed, but it is established in the special case of mutual orthogonality between

the features and latent variables.

Theorem 4.3.2. (Leek, 2007, Theorem 9) Let Yy, be generated according to the model in
Eq. 4.5 and suppose that for every subject s, session r, and block b the features X, are
orthogonal to the vector gs. of latent factors. Suppose the true number K* of latent factors

18 known.

Then the column space of the estimated surrogate variables {ﬁ(k)}sz*l converges almost
surely to that of the true latent factors {ge}t_, as the number of observed experiments m =

SX1rXb— 00.

The requirement that the number of true latent factors K™* be known can be relaxed under
additional assumptions; the authors use the algorithm of Bai and Ng (2002) to estimate K*

prior to estimation of the surrogate variables.
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Algorithm 4 Estimation of surrogate variables for ECoG data.

Require: Data (Ysp, Xsp)
Require: Number of surrogate variables K
Require: Family-wise error threshold «a

e e
e e

15:
16:
17:

Compute the naive estimator ,@0 = argming Zsmb | Yers — Xsrb/8||§

Form the residuals €44 = Y — XS,,bBO
Concatenate €4 over s,7,b to obtain matrix E
Compute the singular value decomposition £ = UXVT
Concatenate X, over s,r,b to obtain matrix X
fork=1,...,K do
Let V}, be the k' column of V, sorted by magnitude of the singular values
for all s,r,b do
Regress V. against X,
Store the p-value resulting from the two-sided t¢-test of the estimated slope
end for
Apply Bonferroni correction at level « to all p-values
Form Xp from columns of X that remain significant after correction
Compute the singular value decomposition Xp = Ug¥gVi
Set h(k) = Vgj+, with j* = arg max; Corr(Vi, Vr;)
end for
Return surrogate variables (ﬁ(l), ceey iz(K))

After estimation of the surrogate variables, estimates B, A of the parameters in the ad-

justed model

K
Y:erb = Xsrbﬁ + Z Aéﬁgﬁz + Esrb
k=1

are obtained by ordinary least squares. The estimator B of the population mean parameter

is considered the “final” estimate after correction for batch effects. We implement this

procedure for the ECoG data, setting K = 5. Unsurprisingly given the construction of

the surrogate variables and the observed session-level variation in the data, the final model

explains much more variation in the training data than the naive linear model estimated by

OLS: the R? value is 0.649 versus 0.204, and the median absolute error is 1.25 x 1072 versus
1.83 x 1072,

Finally, we note that SVA is not naturally suited to prediction on new “experiments” as
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the surrogate variables h®) are defined only on observed subjects s, sessions 7, and blocks b.
Given features X from a new setting, we compute predictions simply as Y = X 3, implicitly

setting A = 0. This corresponds to an assumption of negligible batch effects.

4.8.7 Mazximin estimation

The mazimin framework of Meinshausen and Biithlmann (2015) is proposed for estimation

of a common effect over data generated from the mixture model
Y:sr = Xsrasr + Esr, (46)

with session-level coeficients v, and additive errors e, =" A (0,021I,,,,.). Under the maximin
model, u(Xs;58) = 0, so that there is no true population-level effect. Nonetheless, the
objective is to compute a single statistic that in some sense captures the part of the session-
level effects that is common across the observed sessions. This is formalized by the “maximin”

criterion

ﬁmaximin = argmaxﬁ Hsnrn V(ﬁa asr);

where

V(ﬂ? as'r’) = EXS’MESTI:HS/;THE] - EXSTygsT[H-}/;T - XSTBH;:I
= QBTZXQST - BTZX/Ba

with % = IE[XSI;XST] the feature covariance; XX is not indexed by s or r, reflecting the
assumption that the features X, are drawn independently from a common distribution Py
in each session. The scalar quantity V(3, ay,.) can be interpreted as the variance explained
by [ for the data from subject s and session r with true parameter ay,., and the maximin
parameter Sraximin as the coefficient maximizing this quantity under the most adversarial
setting observed in the data.

Estimates of a, for each subject s and session r are computed by ordinary least squares on
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the session-specific data (Y, X,.). The covariance ¥ is estimated by SX = (nsny) Y., n XTI X,
From these, we estimate V (3, ay,) as Vi, (8) = 2875% &, — B£SX 4. Finally, the minimum

in the definition of fyaximin can be smoothed via

min V5, a,) & 3 (V(5, 00)) ¢

for small values £ > 0, which yields a weighted least squares estimator for f,aximin as

Bmaximin = arg min Z V(B, asr)g_l(}/sr - XST/B)-
B

S,r

Theoretical exposition relies on the following alternative characterization of the maximin

parameter.

Theorem 4.3.3. (Meinshausen and Biihlmann, 2015, Theorem 1) For each session and

subject, let X, ~ Px with covariance ¥~ . Define

M(B,Y) = argmin %8,
BeCVX(B)

where ¥ = 0, B = (by,...,b,) is a collection of vectors in RP, and CVX(B) denotes the
convex hull of the set B. Then

Bmamimin = M(aa ZX):

where o = (o )sr 18 the collection of true regression coefficients across all sessions and

subjects.

Rothenh&usler et al. (2016) show that M (4, iX) is consistent for Bumaximin = M (a, X%)

and asypmtotically normal. In applying this definition of the maximin estimator to the
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ECoG data, we obtain a negative result. It follows from this characterization that
As, ), (s',17) = sgn([r];) # sgn([dsr];) = (Bmaximin)j = 0,

where [dy,]; is the j%* component of the OLS estimator &, computed from (Y., X,). This
is indeed the case for the ECoG data, for every feature; see Appendix C. In this application,
therefore, conservatism to the degree of maximin estimation results in a pessimistic evaluation

of the population-level effect.

4.3.8  Superquantile regression

An alternative approach to robust estimation of the conditional mean that does not yield a
trivial estimate for the ECoG data can be obtained by superquantile regression. As with the
maximin formulation, the superquantile estimator does not seek to optimize a likelihood or
generalized likelihood criterion. Instead, this procedure aims to minimize the superquantile,
also known as the conditional value at risk (CVaR) (Rockafellar et al., 2014) of a given loss
function L. Under a stochastic model in which (Y, X)) ~ P, the loss function L = ((Y, f(X))

is itself a random variable with distribution F7, and the superquantile is given by

_ 1 1
Qp(L> = E / Qp’(L)dpla
o'=p

with Q,(R) = min{x € R : F(x) > p} the p'" quantile of the loss. Denote by Q, ,(L) the
empirical version of @,(L), obtained by taking (Y, X) ~ P,. Furthermore, suppose that the
loss function L is parameterized by § € RP. The superquantile equivalent of risk consistency

is then established in the following theorem.

Theorem 4.3.4. (Laguel et al., 2021, Theorem 1) Fiz p € (0,1). Let L be parameterized

by B € B, where B is bounded and admits an e-cover. Furthermore, suppose L is P-almost



123

surely bounded for each € B and M-Lipschitz as a function of the features X. Denote by

By eargminQ,(L) and [ , € argminQ, (L)
BeB BEB

exact minimizers of the population and empirical superquantiles of the loss, respectively.

Then Qmp(L(ﬁ;;p)) — QP(L(B;‘)) almost surely.

The superquantile admits a dual formulation as the supremum over a set of measures
absolutely continuous with respect to P. In the case of the discrete measure P,, and square

loss L = (Y — Xf3)?%, it can be written as

Qn, = sup wz i XZT 2a

p wekK, z; )

with K, = {w € R" : > ,w; = 1,w; € [0, (n(1l — p))~*|Vi}. The superquantile regression
estimator Bp = argminﬁQmp(L) thus takes the form of a weighted least squares estimator,
with weights selected adversarially from K,. Laguel et al. (2020) show that Bp can be

efficiently computed by first-order optimization methods using a smoothed version of Q,, ,(L).

The superquantile approach optimizes over the worst-case reweighting of data on an
individual level, but can be modified in a straightforward manner to address reweighting on
a session level. Specifically, the per-observation loss L; = (Y; — XT3)? is replaced by the

per-group loss Ly, = n! ||V — X, B||;, and the session-superquantile estimator is given by

ﬁ —argmln sup Z z ||Ysr—Xsr5||§a

wEKST Uz

with K37 = {w € R™"™ : 37wy = 1w, € [0, (n,ns(1 = p))~']Vs,r}. We use the package
SPQR of Laguel et al. (2020) to compute this estimator and select L-BFGS for the optimizer

as the loss is smooth; the algorithm converges within 500 iterations.
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4.3.9 Results

We apply each of the preceding frameworks to estimation of a linear conditional mean for
the ECoG data. Throughout, we maintain a focus on heterogeneity at the level of recording
sessions. In keeping with both the statistical objective of generalization from heterogeneous
data and the clinical objective of accurate coherence prediction from future ECoG recordings,

the methods are evaluated on hold-out sets consisting of entire sessions.

Hold-out settings. We investigate two hold-out settings in particular. In the chronological
hold-out setting, the test set consists of all recording sessions that occurred on the chrono-
logically latest two days of experiments for each subject. In the subject hold-out setting,
the test set consists of all sessions recorded from the second of two macaque experimental

subjects (“Subject J”).

Evaluation metrics. Denote by B, Y = XB, and R =Y — Y the parameter estimate,
predictions given features X, and residuals given true outcomes Y, respectively, obtained by
a given regression method. We report the following metrics for prediction on the hold-out

set (¥, X0)}i

e The coeflicient of determination

R2—1— 21%1
>
with Y = 5 S Y
e The 50" and 90" quantiles of the absolute error E = (|Ry], ..., |Ry|)T
Q(E), =min{zx € R: Fg(x) > p}, pe€ {0.50.09},

with Fig(z) = L S 1{E; < z}.
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e The balanced accuracy of a binary classifier predicting S = sign(Y') by S = sign(f/)

1 <Z?;1 si=15=1} YIS =05- 0}>
2\ ZLusi=1 >, 1{S = 0)

The variety of metrics is intended to provide a robust summary of prediction perfor-
mance: the R? and median absolute errors as summaries of average performance, the 90
quantile of the absolute error as a measure of the upper tail, and the balanced accuracy as an
assessment of the model’s capacity to predict the sign of the coherence change, adjusted for
class imbalance. Finally, we estimate the variance of each metric computed by a session-wise

jackknife procedure.

Chronological hold-out

Train and test set residuals for the chronological hold-out setting are plotted in Fig. 4.5, and
evaluation metrics on the test set are reported in Table 4.3. We observe a significant range in
the prediction metrics across methods. The best performance is achieved by the likelihood-
based methods accounting for heteroskedasticity and the surrogate variable analysis, which

estimates the effect of unmeasured confounders across sessions.

Subject hold-out

Train and test set residuals for the subject hold-out setting are plotted in Fig. 4.6, and
evaluation metrics on the test set are reported in Table 4.4. In contrast to the chronological
hold-out setting, the prediction results in this application are uniformly of low quality. This
suggests that the subject-level heterogeneity in the ECoG data may be even more extreme
than the session-level heterogeneity that is the main focus of this analysis. The distribution
of the residuals in Fig. 4.6 show that every method investigated exhibits significant bias in

its predictions on the new subject.
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Figure 4.5: Residuals on training and held-out test sessions for each regression method.
9 Median Q90 Balanced
Method Test R
abs. error abs. error accuracy
, -0.170 0.032 0.090 0.590
Baseline Least squares
(0.169) (0.002) (0.009) (0.009)
Feature-dependent 0.070 0.025 0.078 0.590
Modeled
.. heteroskedasticity  (0.079) (0.001) (0.005) (0.005)
Heteroskedasticity
Session-weighted 0.162 0.021 0.072 0.623
least squares (0.033) (0.001) (0.002) (0.006)
Modeled Surrogate 0.057 0.022 0.076 0.567
Confounding  variable analysis (0.025) (0.001) (0.001) (0.005)
Anchor -0.062 0.031 0.082 0.568
Clustered
regression (0.073) (0.001) (0.004) (0.008)
Dependence
Linear -1.751 0.047 0.151 0.512
Structure
mixed effects (0.456) (0.003) (0.016) (0.014)
Sample Superquantile -0.411 0.035 0.102 0.576
Reweighting regression (0.206) (0.002) (0.010) (0.010)

Table 4.3: Prediction results on held-out sessions in the chronological hold-out setting. Numbers
in parentheses indicate jackknife estimates of the standard error.
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Figure 4.6: Residuals on training and held-out test subjects for each regression method.
9 Median Q90 Balanced
Method Test R
abs. error abs. error accuracy
, -2.258 0.031 0.071 0.496
Baseline Least squares
(0.322) (0.003) (0.003) (0.002)
Feature-dependent -1.640 0.024 0.066 0.492
Modeled
. heteroskedasticity (0.229) (0.003) (0.002) (0.004)
Heteroskedasticity
Session-weighted -1.581 0.025 0.064 0.498
least squares (0.378) (0.004) (0.003) (0.004)
Modeled Surrogate -1.036 0.017 0.057 0.490
Confounding  variable analysis  (0.426) (0.005) (0.006) (0.006)
Anchor -3.322 0.042 0.078 0.499
Clustered
regression (0.326) (0.002) (0.003) (3.51 x 107%)
Dependence
Linear -4.681 0.053 0.084 0.480
Structure
mixed effects (0.920) (0.006) (0.006) (0.002)
Sample Superquantile -2.221 0.030 0.071 0.490
Reweighting regression (0.332) (0.003) (0.003) (0.004)

Table 4.4: Prediction results on held-out sessions in the subject hold-out setting. Numbers in
parentheses indicate jackknife estimates of the standard error.
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Interpretation of the prediction results

The contrast between the largely negative results reported here and the predictive success
of the nonlinear model in the previous section merits some discussion. It is clear that
the difference in prediction results is due to the construction of the training and test sets.
When the test set is drawn uniformly at random from the data, it is guaranteed to be close
in distribution to that of the training set when both are of sufficient size. The resulting
nonlinear model is interpretable as an explanation for the variation in the observed data,
though not as a prediction rule expected to generalize to new sessions or subjects. The
major scientific conclusions of the chapter, including the relative importance of the graph
features and similarity of nonlinear features across frequency bands, are not affected by this
qualification and may be useful to the neuroscience community as previously unreported

insights derived from a novel dataset.

On the other hand, when the test set is obtained by subject or session-level stratification,
then it can differ significantly from the training set, regardless of their sizes, if the features
or response are not both independent of the stratification factor. This more closely reflects
the reality of clinical deployment of a prediction model, which will necessarily be trained on
past sessions or even different individuals. Our approach in this chapter is to document the
experiment-level variation in ECoG recordings and implement a survey of modern regression
methods that may serve as a reference for explicitly accounting for this phenomenon in
future analyses. We find in particular that accounting for session-level heterogeneity either as
heteroskedastic noise or as an unobserved confounder yields promising results in the session
hold-out setting. Robust methods such as maximin or superquantile regression perform
poorly and are likely too conservative, though this is in itself informative as to the severe
dissimilarity across sessions and subjects. Accounting for within-group dependence, as in
linear mixed effects and implicitly through anchor regression, is ineffective with respect to
prediction, though such dependence surely exists. More sophisticated models for the spatial

and temporal structure of this dependence may be warranted.
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4.4 Statistical Approaches to Simulation of Spiking Neurons

In the second part of this chapter, we review stochastic methods for simulation of neural ac-
tivity and implement an approach tailored to the problem of identifying optimal stimulation
interventions. The broad term “neural activity” refers to some quantitative characterization
of the specialized, coordinated activity of neuronal populations by which they exert influence
on each others’ cell states through electrochemical signaling. Mathematically, this activity -
the result of highly complex biological mechanisms - is summarized by the membrane poten-
tial v(t) € R, typically measured in millivolts (mV’), which describes the gradient in electric
potential between the interior and exterior of the neuron. Of particular interest are discrete
events known as action potentials or spikes, where the cell membrane rapidly depolarizes
and the membrane voltage is consequently reset. Spikes form the basis of an extensively
developed and tested theory of neuronal communication (Gerstner and Kistler, 2002). This
theory is fundamentally statistical: spike patterns are characterized in information-theoretic
terms (Dayan and Abbott, 2001, §4.3) and considered as realizations from an underlying
process that can be estimated under standard Bayesian or frequentist frameworks (Gerstner
et al., 2014, §10.2). The spiking neuron model has itself motivated certain lines of investi-
gation in applied probability, including superpositions (Srinivasan and Sampath, 2013, §4.2)

and information capacity (Johnson, 1996, §3.1) of point processes.

Given a set of spike times S = {t1,...,t;} € [0,T]* for an individual neuron, its activity
can be represented by the spike train S(t) = _, s 0(t—ts). Where appropriate, we will index
the membrane potential v;(t), spike set S;, and spike train S;(t) by 7 to denote measurements
for neuron ¢ within a population of size N. The spike train of an individual neuron carries
information to other neurons in a population by virtue of their anatomical connection, known
as a synapse. The neuron that spikes is denoted as presynaptic, while the neuron receiving
the spike is postsynaptic. Anatomical connectivity is not necessarily (or even typically)
symmetric; neuron ¢ can synapse onto neuron j without the reverse being true. For a

population of N neurons, we denote by C(t) € R™" the connectivity matrix at time ¢, where
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C;;(t) # 0 indicates a connection from neuron ¢ to j, and sign(Cy;(t)) indicates whether a
spike in neuron ¢ increases or decreases the chance of a subsequent spike in neuron j. For all

i=1,...,Nand te0,T], we set Cj(t) =0.

(Classical approaches to simulation of neural activity hewed closely to biophysical models
for the electrochemical state of a neuron in continuous time, most prominently the Hodgkin-
Huxley model (Hodgkin and Huxley, 1952), a system of partial differential equations for the
membrane potential within each spatial compartment of an individual neuron. The simplified
integrate-and-fire (IF) model (Lapique, 1907; Hill, 1936) reduces the cell to a single point,

and thus to a single value for the membrane potential, which evolves according to

ov;(t
Cmva—t() = notwork(t> + Iinput<t) + Ilcak(t)v (47)

where C,, is the membrane capacitance in farads (F) and I(¢) denotes the current, in amps
(A), from various sources at time ¢. In particular, the leak current lea(t) = —Chp /T (03 (t) —
Vo), Tm > 0, models a background decrease in voltage towards a resting potential vy; the input
current [y (t) represents injected current exogenous to the network, for example from ex-
perimental stimulation; and the network current Ietwork (t) = Cry ! Z;VZI >or.es, Cilt) exp((t—
ts)/7s)O(t —ts) captures the influence of presynaptic network spikes. The Heaviside function
O©(t) ensures that a spike at time t5 only affects the postsynaptic membrane potential at
t > t,, or equivalently, that the filter relating presynaptic spikes to membrane potential is
causal. Finally, a spike is generated (5;(t) = 1) from the IF model at time ¢ if v;(t) > Vspike,
after which v;(t) is reset to wvp; thus under the IF model a neuron “integrates” presynaptic
and external stimulation in its membrane potential and “fires” when this quantity exceeds

a fixed threshold, after which the process repeats.

A taxonomy of stochastic models for spiking neurons can be constructed in terms of
increasing abstraction from the deterministic IF setup. At the most basic level, a stochastic
spiking model is obtained by combining the deterministic IF mechanism with stochastic spike

inputs. These are almost universally modeled as a Poisson process, which is considered a
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reasonable approximation to the superposition of incoming spike trains » 110 S;(t) even if
not for an individual neuron’s spiking activity. Under the simple assumption of homogeneous
Poisson spiking input, certain properties of the IF model are analytically tractable, including
the spiking rate and interspike interval length (Burkitt, 2006a). Empirically, however, more
complex stochastic input is required to reproduce observed neuronal behavior. For example,
Jackson (2004) demonstrates that superposed doubly stochastic Poisson spike trains with
fractional Gaussian noise intensities induce long-range dependence in the spiking output
of an IF model, and that both the input and output processes better match the observed

statistics of spike trains from cortical neurons.

At a further level of abstraction, the membrane potential v(t) is itself modeled as a
stochastic process. This approach can be thought of as modeling the combined noise from
both intrinsic (e.g. biological mechanisms) and extrinsic (e.g. spike arrival times) sources
directly in terms of their influence on v(t). One common choice is the Ornstein-Uhlenbeck
model, which replaces the right hand side of Eq. 4.7 can be replaced with —(v(t) —vg)+u(t)+
o(t)v2CE(t), where () is a Gaussian white noise. The drift term g (#) can be used to model
input to the neuron; simple models such as the periodic input p(t) = uo + w1 cos(wt + ¢o)
can be studied analytically in terms of their spiking behavior (Burkitt, 2006b). A final
level of abstraction is obtained by ignoring the IF model’s mechanistic approach to spike
generation via membrane potential thresholding, and instead directly modeling a neuron’s
instantaneous propensity to fire, or firing rate. This is identified with the intensity A(¢) of

an inhomogeneous Poisson process. A typical parameterization (Gilson et al., 2010) is

Mt =ut) + 33 Gt - ts)%exp <t ‘Tt> , (4.8)

jF#i ts ES]'

where v;(t) represents a contribution to the firing rate from sources exogenous to the network
(e.g. stimulation) and 7 > 0 is a time constant, in milliseconds, controlling the time decay

of excitement from incoming spikes.

A major topic of study in modern neuroscience, including some work presented in this
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thesis, is that of network plasticity, which refers to the evolution of the connectivity matrix
C'(t) and its consequent impact on the behavior of the spiking network. At sufficiently long
timescales, the main biological mechanism driving this evolution is spike timing dependent
plasticity (STDP), first postulated by Hebb (1949) and by now validated through extensive
experimentation (Bi and Poo, 1998). STDP specifies a mechanism by which changes to the
connectivity component C;;(t) depend on the relative timing of spike pairs from neurons ¢
and j. Let t € S;, t' € S; and define At =¢ —t/, t* = max{¢,t'}. Then for a given time step

0t and learning rate n > 0, the STDP rule can be expressed as

Ci;(t+6t) = Cy(t) +n Ozf(C'ij(t))‘é—tl exp (—@)] , (4.9)

p Tp

where £(Cy(t)) = (1= Cy(t)/Cona) i At > 0 and f(Cyg(#)) = (Ci(t)/Cmas)? i At < 0
(Gilson et al., 2010; Lajoie et al., 2017). Thus for a single pair of spikes in neurons ¢ and j,
C;;(t) increases if j spikes before i and decreases otherwise. The magnitude of this change
depends on At and f(C;;(t)), the latter of which models saturation of connectivity as it

approaches some value Cp. > 0.

The theory of neuronal communication and network plasticity is developed almost ex-
clusively in terms of the spiking model, but it is rare for spikes to be directly recorded in
modern experimental neuroscience. Most often, the observed quantity is a (multivariate)
waveform measuring electromagnetic fluctuation associated with neural activity at specified
locations on the cortical surface, as for example in electrocorticography (ECoG), electroen-
cephalography (EEG), and magnetoencephalography (MEG). This motivates a model and
set of associated statistical procedures for converting between spikes and waveforms. Here, it
is important to note the transition from characterizing the spiking behavior of individual neu-
rons to that of collections of neurons within the spatial region recorded by a single electrode.
Denote by {A,}2 | a partition of N recorded neurons into R regions. Let y,(t),r =1,..., R
indicate LFP measurements at region r and time ¢, with y(t) = (y1(¢), ..., yr(t)) € R® and
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S(t) = (Si(t),...,Sy(t)) € RN. Then the multivariate LFP recording can be modeled as

y(t) = /T2 H(7)S(t+ 7)dr, (4.10)

1

where H(7) € RE*N is a matrix of convolution filters. Hall et al. (2014) estimate H(7) by
least squares and propose a method to estimate S(t) given y(t) based on Weiner decon-
volution. More recent proposals for simulation of LFPs from spiking neurons attempt to
account for biological details such as neuron morphology and the spatial layout of recording
electrodes with respect to neuron cell bodies (Telenczuk et al., 2020). A proposal for jointly
modeling observed waveforms and the latent activity of the underlying neurons was proposed
by Friston et al. (2003) under the name “dynamic causal modeling;” however, estimation in
this nonlinear, continuous-time state space framework is challenging and the method has
not been widely used for simulation (Daunizeau et al., 2011). Despite clear scientific inter-
est in relating spiking neurons to the waveform measurements of modern recording devices,

methodological development and validation is limited by the lack of publicly available data.

Finally, we consider the experimental evidence justifying simulation-based approaches to
understanding neural responses to stimulation. Interestingly, this literature is particularly
well-developed for human subjects, where deep-brain stimulation (DBS) is already used to
treat some neurodegenerative diseases. Computational models of pathological activity and
degeneration at the neuronal level have become standard for testing hypotheses regarding
the DBS mechanism (Wang et al., 2015), which remains unknown, and point the way to-
wards closed-loop systems in which stimulation is tailored to specific patterns of activity
observed in the patient (Widge et al., 2018). For nonhuman primate subjects, Lajoie et al.
(2017) demonstrate that a Poisson spiking model based on Eq. 4.8 reproduces the long-
term plasticity reported experimentally by Jackson et al. (2006) upon stimulation with an
implanted electrode. Subsequent work based on a network of stochastic IF neurons predicts
the network activity resulting from four different stimulation paradigms, without the need

to individually tune simulation parameters for each trial (Shupe and Fetz, 2021)
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4.5 Identification of Optimal Stimulation Protocol in a Poisson Spiking Net-
work

We propose and implement an algorithm for identifying the optimal parameters for the stim-
ulation protocol of Yazdan-Shahmorad et al. (2018), as applied to a simulated population
of Poisson spiking neurons. A major clinical objective of research into stimulation-induced
neuroplasticity can be stated as follows: given a current connectivity structure ¢ € RV*V,

RN*N " and intervention protocol f; parameterized by controllable

target connectivity C e
inputs § € RP, identify an intervention #* such that fy.(C) ~ C. Ethical and resource
constraints heavily limit the amount of data that can be gathered from live experimenta-
tion. Simulation-based models of network activity, studied under conditions of exogenous

stimulation and incorporating network plasticity via STDP rules, thus emerge as a useful

alternative.

Our simulation framework adopts the Poisson spiking model introduced in the previous
section. Each neuron in our simulated network generates spikes as an inhomogeneous Poisson
process with intensity given by Eq. 4.8; we set the time constant 7 = bms. In the context
of an optogenetic stimulation protocol (Yazdan-Shahmorad et al., 2018), the exogenous in-
put term v;(t) represents the instantaneous modification to the firing rate induced by laser
stimulation at a given site. We implement a generalized version of the STDP update rule in

Eq. 4.9, under which C;;(t + 0t) = Cy;(t) + nW(At, C;;(t)) with

1— Gu®) o+ oxp(—|AL/7H) At <0
W(At, Czj(t» — ( Cﬂlax> g ( | |/ )

(G2) o Blexp(—|at)/r)  At>0

This allows the parameterization of the connectivity change to depend on the sign of At,
in line with experimental evidence that STDP is asymmetric around zero in the time delay
(Kempter et al., 1999; Gilson et al., 2010); we follow these references in setting o = 30, =

10,77 = 8.5ms, 7~ = 16ms.
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4.5.1 Illustration of model components

We illustrate the simulation framework through an example based on the “functional sub-
group” study of Lajoie et al. (2017). This computational study proposes to simulate from
N = 60 neurons, initially connected via a random realization of the sparse connectivity

matrix C'(0) with edges

c Ujk <p
Cii(0) = 7
0 otherwise
where Uj, j,k = 1,..., N are ii.d. standard uniform random variables, ¢ = 0.005 is the

initial connection strength, and p = 0.3 is the expected sparsity level. The neurons are

divided into three equal groups g € {1, 2,3}, each driven by a truncated sinusoidal pulse vt)
vy(t) = max{0, asin(2w At + w,) },

with amplitude a = 100, frequency A = 2Hz. The pulses are offset from one another by
the phase shift w, = 2(g — 1)m. This setup is designed to illustrate the effect of the STDP
update rule on the connectivity matrix: despite the random, group-unaware initialization
of the connectivity, repeated synchronous activation of each subgroup is expected to result
in greater within-group connections and relatively diminished between-group connections in
the final connectivity matrix. We simulate from this system for 7" = 60s, at a discretization

interval of ot = 0.5ms. A summary of the experiment and outcome is shown in Figure 4.7.

4.5.2  Identification of optimal stimulation protocols

We apply the simulator to the problem of identifying the optimal parameters for the opto-
genetic stimulation protocol of Yazdan-Shahmorad et al. (2018) to achieve a desired connec-

tivity structure C. The optogenetic stimulation protocol consists of short (5 ms) pulses of
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Figure 4.7: Simulator output under the “functional subgroup” stimulation protocol. Top: visual-
ization of the exogenous stimulation signal n4(t) for each group g € {1,2,3}. Middle: Simulated

spike trains for each neuron under the stimulation protocol.

Bottom left: Initial connectivity

matrix, with connections selected uniformly at random and initialized to a constant value. Bot-
tom middle: Evolution of the nonzero connectivities over the simulated stimulation trial. Bottom
right: Final connectivity matrix. The within-group connections are relatively enhanced, while the

between-group connections are diminished.
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The parameters are the location indices j,k € {1,..., N} and the delay d > 0 between
pulse trains. The stimulation size s, which models the instantaneous effect of optogenetic
stimulation on the neural spike rate, is currently unknown but could be estimated from spike
train data. We set s = 200. Note that in contrast to the example above, stimulation is
sparse both spatially (i.e. in terms of neurons directly stimulated) and in time.

Given an initial connectivity C(0) and target connectivity C, we propose to identify a
stimulation protocol by brute-force search over the parameter space. For each spatial config-
uration of the laser locations j # k and delay level d, we simulate from the spiking Poisson
population model for T" seconds with a discretization interval of 6t. The stimulation protocol
parameters minimizing the Frobenius norm of C(T) — C are selected as the optimal inter-
vention. Multiple trials for each setting can be run in parallel to characterize the uncertainty

induced by the stochastic model for spike generation.

4.5.8  Results
We apply the method to a network of N = 6 neural regions. The target connectivity C

is generated from a single simulation run, initialized at C'(0) and with true stimulation
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Figure 4.8: Heatmap of best-peforming protocol parameters 6 over 100 trials. The “true”
laser location generating the target matrix C' is highlighted in red.
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parameters 0* = (5%, k*,d*), with (j*, k,*) = (1,4) and d* = 30ms. For n = 100 simulation
trials, we simulate the trajectory of the connectivity matrix C(¢), initialized at C(0), under
the stimulation protocol with parameters 6 = (j,k,d) for each j # k € {1,...,N} and
d € {10,30,100}ms. Runs are simulated for 7" = 300s and discretized at 6t = 0.5ms. For
each trial, we record the best-performing parameter é; the result over many trials yields an
empirical distribution for 6 under the simulation mechanism. A heatmap of these results,

per delay value, is shown in Figure 4.8.

We observe that the method recovers the true arrangement of the laser stimulation sites
as the configuration selected with greatest frequency across trials. There is relatively less
capacity to distinguish the correct delay, though we note that for d = 100ms the results are
more diffuse, as the delay-dependent effects of STDP begin to decay in magnitude. We also
observe that the second-most-likely configuration in each setting involves reversing the laser
placements. Finally, we compare the average final connectivity under the selected protocol

to that of the target connectivity in Figure 4.9.
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Figure 4.9: Initial (left), target (center), and predicted final connectivity under the selected
protocol (right) for the protocol search method.
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4.6 Discussion

In this chapter we have taken a statistical perspective on two major statistical challenges for
real-world deployment of brain stimulation technologies. First, we identified and addressed
the problem of group-level heterogeneity in a novel dataset derived from ECoG recordings
of the macaque cortex. We have shown that the average pairwise distance between the ele-
ments of both session and subject-level partitions of the data are significant with respect to
a permutation-based null distribution. This is of practical importance from the prediction
standpoint, as session-level stratification of the train-test split dramatically decreases pre-
diction performance of the least squares estimator. We survey and implement a broad range
of statistical proposals to account for known, group-level heterogeneity in the estimation
of a linear conditional mean. Our results demonstrate that extension to a heteroskedas-
tic variance model or an estimation scheme accounting for unmodeled confounders results
in a significantly improved linear prediction rule on unseen sessions. On the other hand,

prediction results for the subject-level hold-out are uniformly negative.

As a consideration for future work, we note that the regression methods surveyed involved
either trivial or crude models of the within-session dependence structure; in reality, there
is likely to be both spatial (across electrodes) and temporal (across stimulation blocks)
dependence among the observed coherence changes. Parameterization and estimation of
this structure is of scientific interest in its own right. Additional “control” data from the
experiments of Yazdan-Shahmorad et al. (2018), in which recordings were made while no
stimulation occurred, is available but unused in the analyses thus far. While this data
is itself significantly heterogeneous across control sessions, it may be useful for estimating

session-level variation, as in Gagnon-Bartsch et al. (2013).

In the second part of the chapter, we offer a statistically oriented overview of spiking
models and implement a simulator that combines inhomogeneous Poisson neurons, spike
timing dependent plasticity in the connectivity matrix, and an exogenous stimulation signal

based on recent experimental work. We demonstrate a simple search procedure by which the
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simulator is used to identify optimal interventions given an initial and target connectivity
state.

There are several considerations for subsequent development of this approach. First,
the brute-force search method is computationally infeasible for large-scale networks or more
complex parameterizations of the stimulation protocol. Control-based approaches based on
deterministic models have been proposed for both spike train (Li et al., 2012) and functional
connectivity (Menara et al., 2019) targets, but like our approach these have only been val-
idated in synthetic settings. Second, the simulation-based approach can be developed to
further distinguish between processes that occur at the cellular versus regional scale. In the
optogenetic protocol, stimulation and recording takes place at the regional scale, while STDP
occurs at the level of individual cells. One solution is to simulate a collection of artificial
neurons for each region, each of which receives roughly the same stimulation input. Lajoie
et al. (2017) find that the regionally-averaged connectivity dynamics under such a setup
closely reproduce what would be expected at the cellular level by STDP.

Finally, further effort is required to reconcile spike simulations with waveform data. As
the data itself is obtained as a waveform, it is tempting from a statistical perspective to
ignore the spiking paradigm entirely and simply estimate a model for stimulation-induced
structural change in a multivariate ECoG time series. Unfortunately this is unlikely to be
satisfactory to neuroscientists, as the scientific interest lies in exploring the consequences of
stimulation under a known (though flexibly parameterized) biological mechanism specified
at the spiking level, namely STDP. Using the ECoG data analyzed previously, a method
to convert waveforms to spikes could be used to estimate the magnitude of v;(t), i.e. the
instantaneous increase in spike intensity due to optogenetic stimulation. On the other hand,
converting from spikes to waveforms would allow us to simulate artificial ECoG data and
explore the connection between (simulated) anatomical connectivity among spiking neurons

and statistical notions of connectivity between cortical regions.
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Chapter 5

CONCLUSION

This dissertation presents research contributions in two areas: long-range dependent
multivariate time series and statistical analysis of neural recording data. At a high level,
these contributions are unified in their focus on the development and implementation of
statistical tools for complex, sequentially dependent data, ranging from natural language
and music to high-frequency voltage measurements in the cerebral cortex. We contribute a
statistical perspective on the fundamental question of memory in neural networks; introduce
a new model for the spectrum of a multivariate long memory time series; develop a signal
processing and nonlinear modeling pipeline for a novel dataset at the forefront of brain
stimulation research; address major sources of heterogeneity in the data with an emphasis
on prediction in clinically relevant settings; and develop a simulation-based approach for

targeted reorganization of the connectivity between spiking neurons.

The applied areas spanned by this research continue to develop rapidly and thus motivate
several directions for further investigation. In Chapter 2, our analysis of long memory in deep
neural networks focuses on recurrent architectures. The largest and most successful language
models now make use of the transformer architecture (Vaswani et al., 2017; Brown et al.,
2020). Unlike the RNN or LSTM architectures, the hidden state of a transformer does not
admit a causal representation in terms of the input sequence, nor is it inherently sensitive to
the order of the inputs. Analogous to our analysis of recurrent architectures, recent analysis
of self-attention reveals representational deficiencies that challenge the currently popular
notion of its sufficiency in practice (Dong et al., 2021). In light of the remarkable generative
capabilities of these models, a next step for our work would be to investigate long memory

in the hidden representations or (embedded) output of transformer-based language models.
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Aside from investigation of the models themselves, there remains the linguistic question
of how the statistical property of long memory relates to qualitative aspects of language
as evaluated by human listeners. Many simple statistical summaries of text have thus far
demonstrated only weak correlation with human evaluations of their naturalness or quality
(Novikova et al., 2017; Chaganty et al., 2018). In developing a framework for long memory
analysis of language and music data, we have enabled the extension of this descriptive work
to more sophisticated statistical features. It is of course unlikely that language “quality” is
reducible to any scalar summary, but statistical perspectives may be useful in summarizing
or diagnosing specific aspects that are qualitatively relevant to a human audience. For ex-
ample, long memory may be worth investigating as an indicator of long-range coherence in
text, which continues to be a limitation distinguishing algorithmically generated text from
the capabilities of human writers (Holtzman et al., 2020). Looking farther ahead, advances
in brain-computer interface technology demonstrate the possibility of natural language gen-
eration directly from real-time human ECoG signals (Moses et al., 2021), directly connecting
two applied topics in this dissertation and raising new methodological challenges for decoding

of sentence and paragraph-length text.

In the frequency-domain model, we have contributed a positive solution for long memory
time series to complement the largely negative results for recurrent neural networks demon-
strated earlier in Chapter 2. This model may be suitable in particular for the analysis of
neural recording data, for which both frequency-domain and long memory analysis are of on-
going scientific interest. The next step will be to extend the model to the nonstationary case;
as a simple example, we could rephrase the study in Section 2.6 as a problem of changepoint
estimation that may affect both low frequency (via the long memory) and higher frequency
(particularly in terms of the cross-spectrum) components of the spectrum. A nonstationary
extension to the spectral model could be defined in terms of the wavelet transform, which
offers a principled decomposition of the second-order structure of a time series, and which
naturally gives rise to decorrelated representations in the presence of long memory (Percival

and Walden, 2006; Achard and Gannaz, 2016).
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The analysis in Chapter 3 advances the state of the art for prediction of the large-
scale changes in functional connectivity that result from local stimulation of the cortex.
Nonetheless, it represents just a preliminary step towards comprehensive understanding of
the brain’s response to stimulation at a network level. The scientific directions for future
investigation often bear useful formulation as time series problems. For example, as an
immediate next step it will be worth investigating the question of nonstationarity in the
ECoG data, which must be addressed to distinguish stimulation-induced connectivity change
from potential background drift. Some “control” data is available from this experiment, but
it is itself heterogeneous. Alternatively, we could use recently published recordings from
a large-scale study involving passive or “naturalistic” ECoG observation in humans (Singh
et al., 2021). Beyond nonstationarity, there is longstanding interest in distinguishing the
effects of cortical stimulation over various timescales (Hariz, 2017; Zarzycki and Domitrz,
2020), towards which our simple distinction between during-stimulation and resting-state

SIFCC can be considered an initial effort.

In Chapter 4 we show that even greater care in the statistical analysis of brain stimulation
data will be required to translate these advances to the clinical setting. The main challenge
lies in the significant heterogeneity of the data across experimental sessions and subjects; the
origin of this heterogeneity is unknown but may include variations in the noise level, con-
founding due to unobserved factors, covariate shift, or other sources. While the statistical
evidence we show is specific to ECoG recordings of brain stimulation, where it has not been
addressed previously, this is a problem widely encountered in the life sciences (Leek et al.,
2010). Given the success of the heteroskedastic or estimated-confounder approaches for linear
prediction, a clear next step is to extend this work to the nonlinear setting. The methodolog-
ical alternatives that we survey could also be augmented with the additional availability of
“control” sessions to estimate session variation (Gagnon-Bartsch et al., 2013), or with more
recent statistical tools that relax assumptions on the residual covariance (McKennan and

Nicolae, 2020) or exploit invariance to estimate causal relationships (Rojas-Carulla et al.,

2018).
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Finally, research on brain stimulation is motivated in part by the clinical objective of
designing stimulation interventions to achieve a desired connectivity pattern. This suggests
a framing as control of a dynamical cortical network by a sequence of stimulation inputs
that may depend on the present state of the network; this “closed-loop” framework stands in
contrast to the always-on, state-agnostic “open-loop” implementation of current deep brain
stimulation systems (Widge et al., 2018). At present, such control-based approaches seem
confined to demonstration in simplified and simulated settings, as for example in the single-
location linear state space approach of Yang et al. (2021) or the deterministic dynamical
system of Menara et al. (2019). In our approach, simulation is used as an alternative to
explicit specification of system evolution, with network-level dynamics emerging from the
collective behavior of stochastic spiking neurons whose connectivity evolves in accordance
with biologically validated rules. The main drawback of this approach is its computational
expense, including the naive search over the stimulation parameter space. Further improve-
ments to spiking neuron simulators in terms of their biological realism and reproduction of
known responses to stimulation (Shupe and Fetz, 2021) can easily be incorporated into this

framework for identification of stimulation interventions.
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Appendix A
APPENDIX TO CHAPTER 2

A.1 Gradient of the GSE Objective

The Gaussian semiparametric estimator is defined as

A N m 1 m
d = argminlogdet G(d) — 2 d;— log \;,
GSE %e@ g (d) ; mjz_; g Aj

with
~ 1 & B o

G(d) = ~ z;Re [Aj(d) " Iy (\)AL(d) Y]
=

Aj(d) = diag(A; % ™)/

1 T
* —iAj .
]T,X()\j) =YY, Y;j = m ;ZL}@ Jt, )\j = 27T]/T.
Denote by

R m 1 m
L,(d) =logdet G(d) — 2> di— > log A,
i=1 j=1

the objective to be minimized, given a fixed choice of the bandwidth parameter m.
The partial derivative of £,,(d) with respect to the element d, of the long memory vector

d, forany £ =1,....p, is
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Note that Fourier frequencies A; are strictly positive for j > 1, so that log \; is well
defined.
For the term ai@(j(d)v note that the (h, k) element of the matrix G(d) can be written as

%]ZT:;RG {[()\j)m exp ((dh +dy) log \j + i(m — >\j)2(dh — dk>>:| :

and therefore the derivative 8%2@ (d) is given by

)
=30 Re [I(A\)erce; exp(cfdi) exp(cydy)]  for h=0,h#Fk

Y

(i@(d)> B L5 Re [I(A\j)nect exp(c; dp) exp(cfde)]  for k=L, h #k
od hok > Re [21(Aj) e log Aj exp(2dplog A)] fort=h=k

\ 0 otherwise

where

_ (T =N
cjzlog/\j—z( 5 j)

— X\
C;rleg/\j—Fi(ﬂ- 9 J).

A.2 Bias Study for the Bandwidth Parameter

We demonstrate the potential for semiparametric estimation to incur bias when the band-
width parameter m is set too high relative to the length T of the observed sequence. The bias
results from inclusion of periodogram ordinates in the long memory estimator that capture
behavior in the spectral density function not local to the origin.

We give an illustration for univariate time series, which allows us to take advantage
of a convenient visual interpretation of the long memory as the slope of log I();) against

—2log(A;) as A; — 0. Figure A.1 shows the spectral density function corresponding to three
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ARFIMA(1,0.25,1) King James Bible Bach Cello Suite
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Figure A.1: Spectral density function of an ARFIMA(1,d,1) process (left) and smoothed estimates
of the periodogram for the first coordinate of the embedded Bible text and Bach cello suite (center
and right, respectively). Cutoff points associated with four choices of the bandwidth m are plotted
as vertical dashed lines; the semiparametric estimate of the long memory for each sequence is
essentially a measure of the slope based on the subset of points (—2log A, log I()\)) to the right of
this line.

scalar processes: an ARFIMA(1,d,1) process with d = 0.25, a univariate projection of the
embedded text from the King James Bible, and a univariate projection of the embedded
Bach cello suite. For the ARFIMA process, the spectral density function can be computed
exactly; for the other two sequences, it is estimated by the smoothed periodogram.

By marking the cutoff points —2 log \,,, associated with different choices of m, we indicate
the subset of points (—2logA;,log I();)) to the right of this cutoff used to compute the
semparametric estimate of d. In the scalar case, this is essentially the slope of the SDF as A
approaches zero; thus it becomes clear that bias can be introduced when points sufficiently
far from the origin are included. On the other hand, choosing m too small introduces the
risk of high variance in the estimator; note for example that the estimate with m = 7°4
for the Bach cello suite would be strongly influenced by a single point just to the left of
—2log A = 15.
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A.3 Simulation Study for the Total Memory Statistic

We compute the total memory statistic

for simulated fractionally differenced Gaussian white noise sequences of dimension k& = 200.

We simulate four different settings for the long memory parameter:

Zero: Each coordinate of d is equal to zero.

Constant: Each coordinate of d is set to the same value, d = 0.25.

Subset: 90% of the coordinates are set to 0, while the remaining 10% are set to have

strong long memory with d = 0.4.

Range: The elements of d are drawn from a scaled Beta distribution with support on

(0,0.25) and centered at 0.125.

For each setting, we simulate n = 100 sequences and compute the total memory. Results
are plotted in Figure A.2, while in Table A.1 we compare the sample mean and variance of

the estimator compared to the asymptotic value stated in Eq. (2.3).

Table A.1: Comparison of the sample mean and variance for the total memory estimator with
the true total memory of the generating process and the asymptotic variance of the total memory
estimator (both given in parentheses).

Setting Mean Variance

Zero 2.82 x 10~* (0.0) 0.00801 (0.00698
Constant 0.249 (0.25) 0.00793 (0.00698
Subset 0.382 (0.04) 0.00804 (0.00698
Range 0.101 (0.1029) 0.00696 (0.00698

~— ~— ~— ~—
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Zero d: Constant d: Subset d: Variable d:
True total memory = 0.000 True total memory = 0.250 True total memory = 0.040 True total memory = 0.103
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Figure A.2: Sample distribution of the total memory estimator d in four different simulation
settings.

In each of these four diverse simulation settings, the total memory estimator accurately

recovers the true underlying parameter of the data generating process.
A.4 Miscalibration of the Wald Test in High Dimension

Here we demonstrate that the standard Wald test can be badly miscalibrated in the high-
dimensional regime, whereas testing for long memory with the total memory statistic remains
well-calibrated. Recall that, given an estimate dgsr of the multivariate long memory param-

eter, the Wald statistic for the null hypothesis Hg : d = 0 is computed as
twald = digp(Q/m)dese.

This quantity is distributed as a x?(p) random variable under H,.

For the total memory, we compute
d = 1"dgsg,

and in the main paper we have shown that this quantity is distributed as a N(0,Q/m)

random variable when the true total memory dy = 0.
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Figure A.3: Sample distribution of the test statistic over n = 100 trials for m = v/T' = 256 (top
row), m = 512 (middle), and m = 1280 (bottom). Empirical type-I errors are computed using the

critical value corresponding to a nominal type-I error of 0.05.
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We simulate n = 100 realizations of length 7" = 26 from a standard Gaussian process
(thus d = 0) of dimension p = 200, computing both the Wald and total memory test
statistics. In Figure A.3, we plot the a comparison of the sample distribution of each test
statistic against its asymptotic distribution over a range of values for m. For values of m
close to p, we see that the empirical type-I error of the Wald test is severely inflated relative
to the nominal level o = 0.05; in other words, the test spuriously rejects the null and claims
to find long memory when none exists at a rate much higher than accounted for. The total
memory test, by contrast, largely avoids this issue, even in the case where there are barely
more observations than dimensions.

Of course, with enough data, the Wald test becomes increasingly well-calibrated, but
this is not at all an easy condition to satisfy while maintaining the integrity of the statistical
analysis. We have already seen in Appendix A.2 that simply increasing m is not an option
for real-world data, as this is likely to induce significant bias. On the other hand, the length
T of the observed sequence would have to be enormous, even by machine learning standards,
to achieve m > p with the reasonable choice m = /T when the dimension p is large. Finally,
even if such data were available, we would likely prefer a method that allows valid inference

at lower m for computational reasons.

A.5 DModel Details for Music Data

The reduced version of the MusicNet model of Thickstun et al. (2018) used to obtain an
embedding for the Bach cello suite is derived from the convolutional model implemented in
musicnet module.ipynb, a PyTorch interface to MusicNet available at https://github.
com/jthickstun/pytorch_musicnet. We reduce the number of hidden states to 200, both
for computational tractability in the optimization procedure and to achieve consistency with
the embedding dimension for our natural language experiments.

The model is trained on the MusicNet training corpus with no further modification of
the tutorial notebook. Successful training and an informative feature mapping are indicated

by the competitive performance of the model, even despite the reduced dimension of the
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hidden representation, in terms of the average precision of its predictions on the test set (see
Table A.2). Results for our trained model (longmem-embed) are favorable in comparison to
both short-time Fourier transform (STFT) and commercial software (Melodyne) baselines,
while approaching the quality of the fully learned filterbank (Learned filterbank; Thickstun
et al. (2017)) and state-of-the-art translation invariant network (Wide-translation-invariant;

Thickstun et al. (2018)).

Table A.2: Performance Comparison for Models of MusicNet Data

Model Avg. Precision
STFT 60.4
Melodyne 58.8
longmem-embed 65.1
Learned filterbank 67.8
Wide-translation-invariant 77.3

A.6 Impact of Embedding Choice on Long Memory Analysis

We evaluate the impact of embedding choice on estimated long memory from two perspec-
tives. First, we include a re-analysis of the Bach cello suite data using the same MFCC
features as used for the Miles Davis and Oum Kalthoum recordings. This allows us to state
results for long memory estimation uniformly across a single choice of embedding, and to
evaluate the impact of embedding choice on the long memory analysis across two very dif-
ferent but informative representations of the raw time series. The results (see Table A.3)
show that the Bach data has long memory under both representations, though the average
strength as measured by normalized total memory is somewhat variable.

Second, we consider a “negative control” experiment in which we re-estimate the long
memory vector for the embedded Penn TreeBank training set after permuting the sequential

ordering of the data. This addresses the question of whether our positive result truly captures
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Table A.3: Long memory of Bach data by choice of embedding.

Embedding Norm. total memory p-value Reject Hy?

Mel-frequency cep- 0.308 0.003 v
stral coeflicients

Convolutional features 0.0997 < 1x 10716 v

a sequence-dependent property of the data, or if it could have been produced spuriously as the
consequence of other decisions related to the data analysis (including, for example, the choice
of embedding). We compute the total memory statistic for n = 100 random permutations
of the Penn TreeBank training data.

The results (see Figure A.4) show that the total memory of the permuted data is concen-
trated near zero, with a sample mean of 1.90 x 10~° and standard error 0.00136; a one-sample

test of the mean correspondingly fails to reject the null hypothesis H, : d = 0 with p = 0.494.

17.5 1

15.0 1

12.5

10.0

Count

7.5 1

5.0 1

2.5 1

0.0 -
-0.003 -0.002 -0.001 0.000 0.001 0.002 0.003
Norm. total memory

Figure A.4: Histogram of normalized total memory computed from n = 100 permutations of the
Penn TreeBank training data.
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A.7 Gradient Computations for the Spectral LRD Model

We compute the gradient of the penalized Whittle objective

J(0) = L£(0) + Q,(0)

with respect to the model parameters § = (a,3,d). Let 6, be an arbitrary element of the

parameter vector 6. Then

9 P |T/2) .
aak‘](e) 90, le Te(L;f(A;:0)7") —log|f(A;:0) 7| +Q(0)
[T/2]
9 B
Z ag FG0)7h) = a6, 108 1F 10)7'| + 5. 20).

so that it suffices to compute the partial derivatives with respect to the penalty () and to

each of the trace and log-determinant terms in the pseudo-likelihood components
L;(0) = Te(Lf(A;;0)7") —log | f(N;:0)7'].
From the model definition, we have

F:0)7H = 0(N;d) SN a, B)P(N; d)*



so that

log | f(Xj;0) 7] = log |®(Aj; d)S(\j; e, B)P (N3 d)|
= log [|®(N\;; d)®(N\j;d)*| |S(Aj; e, B)]]
= log|®(\j; d)P(Aj; d)*| + log |S(Nj; e, B))]|

p
= logH 11— e % 4 log |H(A\j; o, B)H (N @, B)|
k=1

p
= logH 11— e *% + 2log |H(\j; o, B)
k=1

P L
_ logH 1 — b2 2logH [Z Qkke cos(f)\j)]
k=1 k

—1 Le=0
p .
= 22 [dk\l — €| + log

Z Okt cos(é)\j)] ] )

=0

Next, considering the trace term, we write
Tr(L; f(A;0)7") = y; (N )S (N5 e, B)B(Nj; d) "y,
and define
2 £ y;’f@()\j; d)H(\j;; o, B)"
for ease of notation. Then the partial derivative is obtained as

a . -1\ __ a * ) 6 *
a—gkr]:‘['(fjf()\pe) ) = |:a—9kZ]:| Zj + Zj |:8ng']:| .

For 0, = d; we have

9
ady  ~ ddy

0
ody,

5= 2 [0 ) H 0, 8)] = o [—@w; d>] H(Xj 00, B)"
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Noting that

0

o=y = 2 o (3) o (S ) s (6|

we have

sin (%)™ [cos (% = A,)) + isin (%7 = A,)]
0 \9E oy sy . A
a0 = 4 e ()" () sn () —ieon (3)] p=a=k

0 otherwise.

For 0, = ayyne or 0, = fmnt we have

0

50,9 = a0, [y (N d)H (N o, B)] = y; (N5 d) {%Ho‘ﬁaﬁ)*]
with
a@in[H(Aj; a,B),, = oSt} B = m’q. -
0 otherwise.
and
0 isin(f\;) p=m,q=n

——H(\j;a, 8),, =
OBrmnt 0 otherwise.

A.8 Details of Trigonometric and Complex Exponential Calculations

Here we provide the line-by-line arithmetic calculations that contribute to the proofs of
Propositions 2.5.1 and 2.5.2. First, we calculate the inverse and complex conjugate of the

quantity (1 —e=#)~4,
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Let z € C such that z # 0. The inverse can be written as 27! = ﬁ We first wish to

show that we can write

(1 — e*i)\)*d _ ‘1 _ e*i)\‘fde—id arg(lfefik).

When z,w € C, the expression 2z is defined as €“!'°¢%, where log z indicates the complex
logarithm, which itself is defined either as a multivalued function or through a principal
value. Here we shall take the principal value definition. Let z = 1 — e~ and w = —d. We
write the polar form z = |1 — e~ |ef #80-¢"") The principal value of log z is log |1 — e ™| 4
i arg(1—e~*), while the other values of the logarithm, considered as a multivalued function,
are obtained by adding 2mik to this quantity for any integer k # 0. Multiplying by w = —d
yields wlog z = —dlog |1 — e~?| — id arg(1 — e~*). Finally, exponentiating, and using the

property etV = e%e¥ along with the definition 2% = e*1°8%  yields

—iN|_,; —iX

eV log z e dlog|1—e " —id arg(l—e~*")
—iA . —iA
e dlog|1—e |€ id arg(l—e=*")

_ |1 . e—i)\|—de—id arg(l—e~")

as desired. Therefore, for the inverse computation we can write

Hl _ e—i)\‘—de—id arg(l—e*”‘)]*

—iA\—d]—1 _
[(L—e™) 7 = 1 — |2
_ |1 o efi)\’d[efid arg(lfe_i’\)]*

_ ’1 . efi/\’deid arg(l—e™ ™)

= (1 — e ™).



For the complex conjugate, we have

[(1 _ e—’L)\)—d]* — [|1 _ €_Z>\|—d6—ld arg(l_efik)]*

— Hl . ei)\|—d€—id arg(l—e‘i’\)]*

_ Hl . ei)\‘fdefid(f arg(lfei)‘))]*

_ Hl . €i/\‘_d6id arg(l—eM)]*

_ |1 i 61‘)\|—de—z‘d arg(1—e*?)

= (1—e™M
Next,

1 —e ™ =1—cos(\) +isin(N)

_1—5111(%—)\)—1—@603()\—%)

_sm< ) sm(”;)ﬂ{cosgﬁz”)ios(
—>Sin (W;

)Hmn(z
)i

B
(et
_25m(2) i(m— >\)/7

which justifies the first line in the proof of Proposition 2.5.2.

™
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A.9 Details of the Simulation Experiment for the Spectral LRD Model

We generate data from a multivariate time series of dimension p = 3 whose short-range

spectral density function S(\) has components

SRe(N) = 0.2cos(2mA) + 0.1 cos(4m)) + 0.2 cos(67N)

SRe(N) = —0.2cos(2m\) + 0.3 cos(47))

She(A) = —0.2cos(2m\) + 0.3 cos(47\) + 0.1 cos(87A) — 0.1 cos(10m\) + 0.2 cos(127))

STe(N) = 0.5cos(2mA) + 0.1 cos(47\)

SRe(N) = —0.2cos(27\)

S(A) = —0.2sin(27)) — 0.1sin(47\)

Sae (A

(A)
(A) =
(A) =
(A) =
SRe(X) = 0.5cos(2mA) + 0.1 cos(4m)) — 0.2 cos(6m\) + 0.3 cos(8TA)
(A) =
0 (A) =
M(\) = 0.5sin(27)) 4 0.1sin(47\) — 0.2sin(67)\) + 0.3 sin(8w\)
(A) =

Si(A) = —0.2sin(27\)

To generate a simulated periodogram ordinate at Fourier frequency \;, we generate Z; =
SY2();)Y, where Y is a standard complex Gaussian random variable, and subsequently form

the periodogram ordinate I; = Z;Z] .
A.10 Details of the Rhesus Macaque ECoG Dataset

The ECoG data used in this numerical analysis are obtained from the “natural sleep” ex-
periment of Yanagawa et al. (2013), in which ECoG recordings were obtained from a rhesus
macaque subject during two states of consciousness: natural (i.e. achieved without the ad-
ministration of sedatives) sleep while blindfolded in a dark room, and an awake state after
the light was turned on but while the blindfold remained in place. ECoG recording occurred
continuously throughout this transition; the total experiment lasted roughly 100 minutes.

The full data is available via the NeuroTycho project at http://www.neurotycho.org/


http://www.neurotycho.org/data/20120705slpanesthesiaandsleepchibitoruyanagawa
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data/20120705slpanesthesiaandsleepchibitoruyanagawa. We focus on the transition
between sleep and awake states over all 22 electrodes covering the temporal lobe; see Fig.
A.5. In order to mitigate the impact of transition effects between the two states, we enforce a
60 second buffer on either side of the labeled transition time. For both states of consciousness,

we obtain a time series of dimension p = 22 and length 7" = 10000.

Figure A.5: Location of the ECoG electrodes on the macaque temporal lobe.

A.11 Further Modeling Results for the Multivariate ECoG Spectrum

We examine the marginal fit of the spectral LRD models for the sleep and AEC data,
respectively, in Figures A.6 and A.7.

As in the numerical example of Section 2.5, we further investigate goodness-of-fit by
boxplots of the log-residuals (Figs. A.8 and A.9), Q-Q plots for the normalized marginal
periodogram at high frequencies (Figs. A.10 and A.11), and comparison to the local GPH
model at low frequencies (Figs. A.12 and A.13).


http://www.neurotycho.org/data/20120705slpanesthesiaandsleepchibitoruyanagawa
http://www.neurotycho.org/data/20120705slpanesthesiaandsleepchibitoruyanagawa
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Figure A.6: Marginal spectral fits for temporal lobe electrodes during sleep.
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Figure A.8: Boxplot of marginal log-residuals for the model fit to macaque ECoG recordings
in sleep state.
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Figure A.9: Boxplot of marginal log-residuals for the model fit to macaque ECoG recordings
in awake-eyes closed state.
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Figure A.10: Quantile-quantile plots of the component-wise normalized periodogram for
macaque sleep data against the quantiles of the standard exponential distribution.
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Figure A.11: Quantile-quantile plots of the component-wise normalized periodogram for
macaque awake-eyes closed data against the quantiles of the standard exponential distribu-
tion.
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Figure A.12: Comparison of model fit to macaque sleep data at low frequencies to the local
semiparametric model implied by the consistent GPH estimator.
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Appendix B
APPENDIX TO CHAPTER 3

B.1 Summary of the ECoG Data by Categorical Features

We report summaries of the number of observations in the ECoG data per level of the
categorical features. The categorical features Subject and Delay vary at the session level.
We report these values, along with total observation counts and information on the length
of the stimulation and rest periods per block, in Table B.2. The variation in observations
between sessions is due entirely to variation in the number of electrode failures in the ECoG
array per session; see Chapter 4 for a detailed discussion of session-wise heterogeneity in the
data collection process. For each session, there are an equal number of observations for all
five levels of the categorical feature Block number.

The Region feature describes the location of the two electrodes corresponding to each
observation of SIFCC; counts are summarized in Table B.1.

Finally, we note that the observation counts are equal across all frequency bands, as
separation of the data by frequency band is downstream of the categorical features describing

the experimental protocol.

Region Observations

Both M1 134910
Both S1 159425
M1 / S1 187170

Table B.1: Summary of ECoG observation counts by electrode regions.
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Date Session # Subject Delay (ms) Stim. (s) Rest (s) # Blocks # Obs.

9/15/2015 2 G 30 310 610 5 18705
9/15/2015 G 10 310 610 5 20025
9/15/2015 4 G 30 310 610 5 21390
9/15/2015 5 G 10 310 610 5 17850
9/16/2015 4 G 10 310 610 5 19580
9/17/2015 1 G 10 310 610 5 13140
9/17/2015 2 G 10 310 610 5 13140
9/17/2015 3 G 100 310 610 5 20930
9/21/2015 3 G 10 310 610 5 21855
9/21/2015 5 G 10 310 610 5 21855
0/22/2015 1 G 10 310 610 5 21855
0/22/2015 2 G 10 310 610 5 18275
9/22/2015 3 G 100 310 610 5 18275
9/25/2015 1 G 10 310 610 5 10400
0/25/2015 2 G 10 310 610 5 8850
4/26,/2016 1 J 30 310 610 5 13875
4/26/2016 2 J 10 310 610 5 14630
4/26/2016 3 J 10 310 610 5 13505
4/28/2016 2 J 100 310 610 5 12425
4/28/2016 3 J 10 310 610 5 12075
4/29/2016 1 J 10 310 610 5 11055
4/29/2016 3 J 100 310 610 5 10725
5/2/2016 1 J 10 310 610 5 10400
6,/24/2016 3 J 10 310 610 5 20025
6,/24,/2016 4 J 100 310 610 5 20025
6/25/2016 4 J 10 310 610 5 20025
6/25/2016 5 J 10 310 610 5 17015
6/27/2016 1 J 10 310 610 5 10080
6,/27/2016 2 J 100 310 610 5 9765
6,/30/2016 1 J 100 310 610 5 4515
6,/30/2016 3 J 10 310 610 5 4305
7/2/2016 2 J 10 310 610 5 4305
7/2/2016 4 J 100 310 610 5 6630

Table B.2: Breakdown of session-specific experimental details and total observations con-
tributing to the full ECoG dataset.
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B.2 Prediction Results for the Whole-session Design

We report prediction results for the nonlinear model on the whole-session design. These
results represent a third, longer timescale for SIFCC prediction, as the regression target is
the net connectivity change over an entire experimental session, roughly one hour in length.
The whole-session analysis is secondary to the scientific objectives of Chapter 2 and was thus
investigated in a preliminary way only, without resampling or similarity comparisons across
frequency bands.

Nonetheless, we report results in Figure B.1 that warrant a more thorough investigation
in future work. Two aspects deserve particular emphasis. First, prediction of connectivity
changes over a full experimental session, given only information on the stimulation protocol
and connectivity prior to any stimulation (i.e. resting block 1), is not only possible, it is in

fact more accurate both for the linear and nonlinear methods than for the shorter timescale

0.51
Linear Nonlinear model
-- w/o Protocol feats. -- w/o Protocol feats.
-- w/o Network feats. -- w/o Network feats.
0.4
0.3 1
x
0
(0]
'_
0.2 1
0.1+
0.0 -
High gamma Gamma Beta Theta

Figure B.1: Prediction accuracy, in terms of R? on the held-out test set, of the linear
and nonlinear model on the whole-session design. Relative importance of the network and
protocol features is measured by test prediction performance for a model estimated without
these feature groups.
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analyses reported in Chapter 2. Second, the relative significance of the network and protocol
features remains the same as in the main chapter: the network features are much more
important, in the sense that prediction quality is much worse in their absence than for the
protocol features.

Taken together, these results are somewhat surprising, as it would typically be expected
that prediction of changes over a shorter timescale, and in particular while stimulation is
ongoing, should be easier than over longer timescales. One hypothesis for these results is
that repeated stimulation reinforces connectivity changes in a manner still largely dependent
on the initial connectivity, but with a larger effect size that is easier to distinguish from

background variation.

B.3 Order Selection Results for the Hierarchically Penalized Additive Model

In Figures B.2 - B.5 we plot heatmaps showing the (hierarchically structured) estimated
support for each additive model fit to the full data design in Chapter 2. White space indicates
coefficient values equal to zero. For all components of the models fit to each frequency band
and regression target, we observe that the coefficient at order L = 10 is either identically or

approximately zero, indicating the suitability of this choice of upper bound.
B.4 Additive Principal Components in the High-gamma Band

We include further details on the calculation of additive principal components (APCs) and
the APC analysis of the ECoG data in the high gamma band. The APCs are constructed from
the design matrix X € R"*? by the method outlined by (Donnell et al., 1994, §5); here, we
reproduce the exact steps and results of the specific application to the ECoG data in greater
detail. For each continuous feature, we expand the observation vector X; € R" polynomially
up to maximum order K = 10 and remove the column-wise mean. The polynomial features
U; € R are orthogonalized via the QR decomposition ¥; = Q;R;, and we concatenate the
matrices \/nQ; column-wise to produce a matrix ¥, € R™*®?¢ of feature-wise orthogonalized

polynomial features, where p. is the number of continuous features. The discrete features
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X are first dummy-coded to a binary matrix B; whose columns are indicators for each
level of the discrete feature. We compute the column-wise normalized matrix Bj by dividing
each column b; of B; by m, and we concatenate the matrices E’j column-wise
across all discrete features. The final matrix ¥ is obtained by concatenating the discrete and
continuous feature matrices; it has dimension 384095 x 143. The APCs are computed as the
principal components of this design matrix, that is, as the eigenvectors of the positive-definite
matrix %\IIT\I/.

For each additive principle component, the relative contribution of the individual fea-
tures is defined in terms of their empirical variance. Recall that for each APC & with
nonlinear components {¢y,...,¢,}, we must have 3 _, Var(¢;) = 1. Let v € RFP=*Pd he
the eigenvector corresponding to a given APC. For a continuous feature X, we compute
the nonlinear APC component ¢; = /nQ;v; € R", where v; € R¥ is the sub-vector of
v corresponding to the orthogonalized features ();. For a discrete feature X;, we compute
o, = v;/ m € RY%, where [; is the number of levels taken by X;. The relative
contributions for each feature are then estimated by the empirical variance of ¢,.

The full set of components of the minimum APC is plotted in Figure B.6, expanding on
the results partially visualized in Figure 3.7. As reported in Chapter 2, the contributions
from all features other than the L=2 Path Strength and mean coherence to network,
including the discrete features, are either identically or approximately zero. By contrast,
the components of the maximum APC are shown in Figure B.7, and the maximum APC
component weights are plotted in Figure B.8. These show that, in contrast to the minimum
APC and thus the potential sources of concurvity, the maximum-variance APC contains

significant contributions from most features.
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Figure B.2: Selected order for each continuous component function of the additive model
fit to the full data design and SS-FCC target in high gamma band (top) and gamma band

(bottom).
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Figure B.3: Selected order for each continuous component function of the additive model fit

to the full data design and SS-FCC target in beta band (top) and theta band (bottom).
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Figure B.4: Selected order for each continuous component function of the additive model
fit to the full data design and RS-FCC target in high gamma band (top) and gamma band

(bottom).
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Figure B.5: Selected order for each continuous component function of the additive model fit
to the full data design and RS-FCC target in beta band (top) and theta band (bottom).
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Figure B.6: Full set of APC component functions for the minimum APC of the ECoG data
in high gamma band.
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Figure B.7: Full set of APC component functions for the maximum APC of the ECoG data
in high gamma band.
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Appendix C
APPENDIX TO CHAPTER 4

C.1 Subject-level Prediction Results for the Nonlinear Additive Model

We provide evidence for heterogeneity at the subject level by comparison of the prediction
results for the nonlinear additive model of Chapter 3 when the model is estimated separately
for each of the two subjects. We split the original ECoG data by subject, maintaining for
each subject the same separation between train and test data as in the original experiment.
We fit the nonlinear additive model for both during and after stimulation regression targets,

over all frequency bands. Error bars are obtained from 100 resampling trials.
C.2 Session-wise Results for Mlaxmin Estimation

We confirm the negative result for maximin estimation of the linear model across sessions
in the training data. The maximin coefficient of a given feature is zero if, when the linear
model is fit separately to each group of data in a known partition, the range of coefficient
values estimated for that feature includes zero. We plot this range for each feature across all
of the 24 sessions in the training data of the chronological session hold-out experiment. Two
features, Subject and Delay, do not vary within a session and thus are omitted from the
analysis. Results are plotted in Figure C.2. We see that while at least some features tend
to have linear coefficients of the same sign across sessions, there is no feature for which this
holds in all sessions. Maximin estimation thus conservatively selects the zero vector for the

high gamma band ECoG data.
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Figure C.1: Prediction accuracy on the test set for the nonlinear additive model estimated
and evaluated separately for each subject. Results are shown for both for SIFCC during
stimulation (top) and SIFCC after stimulation (bottom). Error bars are obtained from 100
trials of the subsampling procedure described in Chapter 3.



209

ot = %%—I—%*f%%%%‘%f%—

Coefficient values

Init. Distance L=2 Phase Mean Elec. Time Coh. Region Region Laserl Laserl Laser2 Laser2 Conn. Block2 Block3 Block4 Block5
Coh. Path Elec. Coh. Cov. Cov. to M1 S1 Near Far Near Far Diff.
Strength Stim. Site

Feature
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the 24 sessions in the ECoG training data with high gamma frequency band and during-
stimulation SIFCC regression target.
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