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Abstract

Analytical and Computational Modeling of Mechanical Waves in Microscale Granular
Crystals: Nonlinearity and Rotational Dynamics

Samuel P. Wallen

Chair of the Supervisory Committee:
Assistant Professor Nicholas Boechler
Mechanical Engineering

Granular media are one of the most common, yet least understood forms of matter on earth.
The difficulties in understanding the physics of granular media stem from the fact that they
are typically heterogeneous and highly disordered, and the grains interact via nonlinear
contact forces. Historically, one approach to reducing these complexities and gaining new
insight has been the study of granular crystals, which are ordered arrays of similarly-shaped
particles (typically spheres) in Hertzian contact. Using this setting, past works explored the
rich nonlinear dynamics stemming from contact forces, and proposed avenues where such
granular crystals could form designer, dynamically responsive materials, which yield beneficial
functionality in dynamic regimes. In recent years, the combination of self-assembly fabrication
methods and laser ultrasonic experimental characterization have enabled the study of granular
crystals at microscale. While our intuition may suggest that these microscale granular crystals
are simply scaled-down versions of their macroscale counterparts, in fact, the relevant physics
change drastically; for example, short-range adhesive forces between particles, which are
negligible at macroscale, are several orders of magnitude stronger than gravity at microscale. In
this thesis, we present recent advances in analytical and computational modeling of microscale
granular crystals, in particular concerning the interplay of nonlinearity, shear interactions,

and particle rotations, which have previously been either absent, or included separately at



macroscale. Drawing inspiration from past works on phononic crystals and nonlinear lattices,
we explore problems involving locally-resonant metamaterials, nonlinear localized modes,
amplitude-dependent energy partition, and other rich dynamical phenomena. This work
enhances our understanding of microscale granular media, which may find applicability in
fields such as ultrasonic wave tailoring, signal processing, shock and vibration mitigation, and

powder processing.
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Chapter 1
INTRODUCTION

1.1 DMotivation

Granular media are one of the most common forms of matter on earth, and can be found
naturally in the forms of sand, soil, and snow, as well as in man-made applications, such
as foods, pigments, and explosives. Yet, despite the abundance of granular media in the
world around us, we still lack a satisfactory understanding of the physics that govern their
properties. For example, while it has been long known that a sand bag can stop a bullet,
it can also easily be penetrated by a slowly-moving pencil; this seemingly simple example
illustrates a complex, rate-dependent energy dissipation phenomenon, and is still an area of
active study.

The difficulties in modeling granular media stem from the fact that they are typically
highly disordered and heterogeneous, with particles interacting via highly nonlinear contact
forces [1, 2]. These particles may be of uniform or varying size and shape (“mono-" and “poly-”
disperse, respectively). In addition, the particles can interact via normal and tangential forces,
translate and rotate in three dimensions, and undergo their own deformations. Furthermore,
the relevant physics change when considering different length scales; for example, while
gravity plays a significant role at macroscale (particle lengths on the order of millimeters or
larger), adhesion is dominant at microscale (by several orders of magnitude, in fact) [3]. By
considering these variables alone, one can get a feeling for the vastness of the parameter space
accessible in the study of granular media, and conclude that there are many open problems
yet to be solved.

One of the ways in which this complexity has been addressed is to study ordered systems



[4]. These ordered systems, often referred to as granular crystals, have proven interesting
because they offer a simplified context from which to draw conclusions, and also form a
type of phononic crystal or metamaterial, which can be used to manipulate and control
mechanical waves [5]. Furthermore, they provide a model system for the study of nonlinear
dynamical systems, and offer the opportunity to answer open questions concerning, for
example, the interplay between rotation and nonlinearity, and energy partition in nonlinear
lattices, within an applied context. These topics are further complicated by the type of
nonlinearity involved (i.e. contact nonlinearity relating the force applied to the spheres to

their distance of approach), which is usually modeled as a power law, and is also tensionless.

In addition to macroscale granular crystals, which have been widely studied, microscale
granular crystals have recently become more accessible to experiment via a combination of
self-assembly fabrication techniques [6, 7] and laser-ultrasonic photoacoustic characterization
methods [8, 9, 10]. These media are composed of ordered arrays of monodisperse spheres,
which have diameters on the order of 1- to 100 um. In this dissertation, we present recent
progress in theoretical and computational modeling of wave dynamics in microscale granular
crystals. The frequencies of the waves considered are well below the intrinsic spheroidal
vibrational modes of the spheres, such that they may be treated as rigid bodies interacting via
discrete springs that model normal and shear contact forces. The contact forces are modeled
using Hertz-Mindlin theory [11, 12, 13]. In contrast to previous works on microscale GCs,
this work considers nonlinear dynamics, which have been well-studied in macroscale GCs
[5], as well as particle rotations, which have been studied in linear theoretical models and
macroscale experiments (see Sec. 1.3). Particular attention is given to the interplay between
nonlinearity and rotation. The remaining sections of this introduction contain a historical
review of the works that enabled the study of microscale GCs, as well as an outline of the

dissertation.



Figure 1.1: Images of example macroscale granular crystals. (a) One-dimensional. (b)
Two-dimensional, hexagonal-close-packing. (c¢) Three-dimensional, hexagonal-close-packing.

1.2 DMacroscale Granular Crystals

Mechanical waves in granular media have been studied extensively in ordered arrays of
contacting particles (usually spheres), as shown in Fig. 1.1. These systems, called granular
crystals (GCs), have been shown to exhibit linear to strongly nonlinear dynamics stemming
from the contacts between neighboring particles [4, 5]. Granular crystals provide a means
to conduct experiments on granular media in highly ordered and/or reduced dimensional
settings, which facilitate comparison between models and experimental systems. Granular
crystals have also been proposed for applications such as acoustic diodes [14], lenses [15], and

impact absorbers [16].

1.2.1 Hertzian Contact

The interparticle contacts, which are typically assumed to be Hertzian [11, 13], have a

nonlinear force-displacement relationship because the contact area increases with increasing



compressive force. In the Hertz contact model, the contact force vs. displacement relationship
is given by [11, 13]

F(6) = Aldo — 05 (1.1)
where the contact force I is taken to be positive in compression, ¢ is the relative separation
between the centers of the contacting particles, the static overlap dy is the interpenetration
distance between particles at equilibrium (determined by an applied static load, for instance),
A is a stiffness parameter that depends on material and geometric properties, and the subscript

+ sign indicates that the term [-], vanishes if the quantity inside the brackets is negative

n
(indicating loss of contact). Note that the static overlap is much smaller than the particle
size.

As seen in Eq. 1.1, the static overlap dy acts as a characteristic length for the contact
force, and the ratio max [0|/dy (where max |d| is the maximum dynamic overlap of the GC)
determines the relative strength of nonlinearity [4, 5]. If the maximum dynamic overlap
is much smaller than the static overlap (i.e. max|d|/dy << 1), the resulting dynamics are
near-linear, and the contact force can be described by a first-order Taylor expansion of Eq.
1.1. In the case where the dynamic overlap is close to (but still less than) the static overlap
(i.e. max|0]/dy < 1), the dynamics are “weakly-nonlinear,” i.e. the nonlinearity can be
accounted for by including terms up to second or third order in the Taylor expansion of Eq.
1.1. Finally, if max |0]|/dp >> 1, the dynamics are considered “strongly-nonlinear,” and the
full nonlinear contact force law must be considered.

An important distinction must be made between contact nonlinearity, which is a di-
rect consequence of nonlinear force-displacement relationships, and geometric nonlinearity
stemming from large deformations of the lattice (i.e. when small angle approximations are
no longer valid): contact nonlinearities are significant when the interparticle separation is
on the order of the static overlap, while geometric nonlinearities become significant when
deformations are on the order of the particle size (i.e. a few orders of magnitude larger).

Thus, contact nonlinearities can enable strongly nonlinear behavior without displacements on



Figure 1.2: Schematic of a 1D granular crystal. Crosses denote the equilibrium positions of
the sphere centers, and dots denote the current positions. The deformed contact regions are
highlighted in red.

the order of the particle size. It should be noted that the contact nonlinearity is, in itself, a
type of geometric nonlinearity, where the shape of the contact results in a nonlinear-force
displacement relationship, while the particles can be considered to behave linearly elastic.
However, we use “contact nonlinearity” to distinguish from geometric nonlinearity describing

displacements on the order of the particle size.

1.2.2  One-Dimensional Granular Crystals

One-dimensional (1D) GCs are composed of chains of particles in contact. A schematic of a

1D GC is shown in Fig. 1.2, and the corresponding equations of motion are given by Eq. 1.2.

muz =A [(50 + Ui — ’U,Z]i_/Z —A [(50 + u; — ui+1]i/2 (12)

Wave dynamics in 1D GCs have been studied extensively in near-linear, weakly-nonlinear,
and strongly-nonlinear regimes [4, 5|. For a precompressed chain (i.e. Fy > 0, resulting in
dp > 0), the near-linear regime behaves as a 1D lattice of discrete masses connected by linear

springs. Such lattices have been studied since the eighteenth century, when Newton attempted



to derive a formula for the propagation of sound [17]. The primary difference between wave
propagation in the discrete lattice and a similar continuous medium (longitudinal waves in
a thin rod, for example) is that the former is dispersive, while the latter is not. That is,
the group velocity of waves in the lattice (or equivalently the phase velocity and frequency)
depends on wavelength. This arises because the lattice has a characteristic length scale (in
this case, the interparticle spacing), which has an increasing effect on wave propagation as the
wavelength approaches this value. Dispersion causes a wave packet, which may be initially
localized in space, to spread out; in the case of the 1D lattice, the components with long

wavelengths and low frequencies travel fastest.

In the weakly nonlinear regime (i.e. |u;—1 —u;| < &g in Eq. 1.2), the chain can be modeled
using a 1D lattice with anharmonic springs, where the spring force-displacement relationship
has linear and quadratic parts [4]. This nonlinear lattice model is a special case of the
Fermi-Pasta-Ulam (FPU) lattice [18], which is a classical system in the study of nonlinear
waves. It has long been known that for wavelengths well above the lattice spacing, waves
in the FPU chain may be described by the Korteweg de Vries (KdV) equation, which is
a nonlinear, dispersive partial differential equation that has been integral to the study of
nonlinear wave propagation, and has a wide body of associated literature [19]. One of the most
well-known features of the KdV equation is that it supports the propagation of solitary waves,
which are packets of wave energy that are localized in space and propagate without changing
shape (despite the presence of dispersion), with amplitude-dependent wave speeds and spatial
widths. This unchanging shape is the result of a perfect balance between dispersion and
nonlinearity; while dispersion would tend to spread out the wave packet, nonlinearity causes
a localizing effect, and the balance between these phenomena enables the solitary wave.

In the strongly-nonlinear regime (i.e. |u;_1; — u;| >> g in Eq. 1.2), the nonlinear contact
forces cannot be well-described using a Taylor series with a few nonlinear terms. Thus, the
complete power law nonlinearity of the Hertz model must be used. While the problem is
significantly more complicated than the weakly-nonlinear case, solitary waves have been modeled

analytically and observed in many experiments [4, 5, 20, 21]. In contrast to the KdV-type



solitary waves of the weakly-nonlinear regime, which decay exponentially to zero intensity and
have variable width, these strongly nonlinear analogues decay more rapidly in space have a
fixed spatial width (on the order of five particle lengths) [4]. However, theoretical descriptions
of the decay profile have been (and continue to be) debated. In the earliest theoretical analyses,
a continuum approximation of the strongly nonlinear chain yielded compactly supported solitary
wave solutions; that is, they decay from the peak intensity to zero in finite distance [4]. In later
works, use of the fully discrete model, combined with an iterative numerical scheme, resulted in
solitary waves with double exponential decay profiles [20, 21].

Examples of the dynamics in the near-linear, weakly-nonlinear, and strongly-nonlinear
regimes are illustrated by results from simulations of a 1D GC composed of 80 spheres,
as shown in Fig. 1.3(a-c) for near-linear, weakly-nonlinear, and strongly-nonlinear cases,
respectively. In each simulation, the first particle in the chain is given an initial velocity, the
magnitude of which determines the dynamical regime. Time histories of the velocity of the
30th sphere are shown in Fig. 1.3(d-f), corresponding to the cases in 1.3(a-c).

For an uncompressed chain (i.e. Fy = 0), wherein the individual particles are barely
touching at equilibrium, there is no resistance to tension, and therefore no linear sound
speed; thus, uncompressed chains exhibit strongly nonlinear dynamics, even at vanishing
amplitudes. This property is known as a “sonic vacuum” [4]. The speed of wave propagation
in a sonic vacuum depends on amplitude, and goes to zero as the amplitude vanishes. A
connection can be made between the sonic vacuum and the strongly-nonlinear regime of a
precompressed chain: the two systems are equivalent at very high amplitudes, for which the

static compression is insignificant to the dynamic behavior.

1.2.8 Two- and Three-Dimensional Granular Crystals

Granular crystals have also been studied in 2D and 3D. Past works have included computa-
tional [22, 23] and experimental [24, 25] studies of nonlinear waves in uncompressed GCs, as
well as experiments on compressed GCs in the linear regime [26, 27].

Analytical models have been developed in the linear regime for GCs with shear interactions
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Figure 1.3: (a-c): Spatiotemporal plots of particle velocity for a simulated chain of 80
microscale spheres, for (a) near-linear, (b) weakly-nonlinear, and (c) strongly-nonlinear cases.
(d-f): Time histories of velocity of the 30th sphere corresponding to (a-c). Dashed black lines
in (a-c) indicated the lattice site whose time history is shown in (d-f).



and rotations, focusing especially on the dispersion of bulk modes for various packings in
2D [28, 29] and 3D [30]. Very recently, this theory has been extended to membrane modes
[31], as well as to surface and edge states [32, 33]. The effects of shear contact forces and
rotations are discussed in more detail in the following section.

While these past works have studied both linear and nonlinear GCs in 2D and 3D,
sometimes including shear and rotation, the interplay between nonlinearity and rotation

remains an open problem, and will be addressed in this thesis.

1.3 Influence of Shear Interactions and Particle Rotations

Intuitively, one should realize that Hertzian normal forces alone do not fully describe the
interactions between particles in a granular medium; shear forces and rotations must be
accounted for in general. In the case of a 1D GC that is uncompressed or undergoes exclusively
longitudinal motion, the contributions from shear interactions and rotations should be minimal
(due to vanishing contact surface area and symmetry considerations, respectively). However,
for a precompressed GC in 2D or 3D, or a 1D GC attached to a substrate (or some other
boundary), the effects of shear and rotation can dramatically influence wave propagation.

This section contains a brief review of the phenomena that can arise due to these effects.

1.8.1 Shear Contact Interactions

Resistance to shearing deformation between two particles in contact can be modeled by
Hertz-Mindlin theory [12, 13], which provides a relationship between the relative transverse
displacement between the particles (i.e. in a direction parallel to the contact plane) and
the elastic restoring force. This restoring force is derived from linear elasticity and neglects
friction and sliding at the contact interface. The effective shear stiffness depends on the
compression normal to the contact surface, which is assumed to obey Hertz theory. The shear

force, as a function of both transverse and normal displacements, is given by

Fy(6;,0,) = B3; [6,]"%, (1.3)
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where ¢; and 9,, are the transverse and normal relative displacements, respectively, and B
is a constant that depends on material and geometric properties of the particles. As shown
by Eq. 1.3, the shear force varies linearly with the transverse displacement J;, and varies
nonlinearly with the normal displacement.

While the shear force-displacement relationship given by Eq. (1.3) is relatively simple,
which makes it amenable for use in theoretical and computational models, it possesses an
important limitation that should be kept in mind; namely, that linear elasticity predicts
singularities in the stress at the edges of the contact interface [13]. This causes microslip
that initiates at the edge of the contact, and propagates inward if transverse loading is
increased. This microslip has been accounted for in more complex models, and causes a
softening nonlinearity for large transverse loading [12, 13, 35]. Despite this, the simplified

model given by Eq. (1.3) is a good approximation for small transverse displacements.

1.3.2  Rotational Waves in the Linear Regime

The presence of particle rotations causes changes in wave propagation, and must be considered
when the characteristic size of the particles is on the order of the interparticle separation
distance [36]. This is in contrast to a standard elastic solid, in which it is typically assumed
that the particle size is negligibly small compared to the spacing. In the theory of 2D and
3D GCs, rotations have been shown to create additional dispersion of waves, as well as to
give rise to additional plane wave modes, which may have purely rotational motion, or have
a combination of rotational and translational displacements [28, 29, 30, 31, 34]. Note that,
for plane waves traveling in high-symmetry directions of the GC, the longitudinal motion is
often decoupled from the transverse and rotational motions. Rotational waves have also been
observed in macroscale experiments [27].

Recently, rotational modes have been modeled and observed experimentally in chains of
magnetically precompressed spheres on a substrate [37, 38]. This system differs from the
precompressed, 1D GC studied previously in that the rotational and transverse translational

degrees of freedom give rise to more modes and the presence of the substrate creates an on-site
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potential, which gives rise to a low-frequency band gap (that is, waves cannot propagate at

frequencies below a certain threshold).

1.8.3 Theory of Generalized Continua

While granular media are composed of discrete particles, it is often desirable to model them
as continuous media. This way, the medium can be modeled using a few partial differential
equations, as opposed to the theoretically infinite number of ordinary differential equations
that are needed in discrete element models (DEMs). However, the process of obtaining an
accurate continuum model (so-called “homogenization”) of a GC is far from trivial, as the
effects of particle size and rotation (not present in classical linear elastic solids) must be taken
into account. To achieve such a model, past works have relied on the theory of “generalized
continua,” which pertains to a broad area of continuum mechanics in which some of the
constraints of classical elasticity are relaxed [39).

One of the more well-known examples of a generalized continuum, which is often chosen
to model granular media, is the “Cosserat medium.” The Cosserat medium was first studied
in the early 1900s [40], and treats the material points of a deformable solid as rigid bodies,
instead of infinitesimal points (as in classical elasticity). The use of rigid bodies permits
micro-rotations (i.e. rotations of individual material points, unlike so-called “macro-rotations,”
which exist in classical elasticity as the curl of the displacement field). An important
consequence of micro-rotation is that the stress tensor becomes asymmetric, and additional
restoring moments (known as “couple stresses”) must exist to maintain the conservation of
angular momentum. The assumption of rigid bodies also imposes a characteristic length scale
(the particle size), which manifests itself in wave propagation as dispersion, and causes a
static state of stress to deviate from that of a classical elastic solid if the size of the structure
is on the order of the particle size [41].

It should be noted that, while the Cosserat medium has historically been accepted as a
model for granular media, it is not without its shortcomings: in a recent work, it was observed

that the dispersion of rotational waves in macroscale GCs did not agree with the predictions
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of Cosserat theory [27]. To address this issue, an enhanced micropolar continuum model,
which includes additional dispersive terms to account for the periodicity of GCs, has recently
been developed [42]. These higher-order dispersive terms may have important ramifications
for nonlinear dynamics as well, as the formation of solitary waves is reliant upon a balance
between dispersion and nonlinearity. Thus, continuum modeling of granular media remains a

developing problem, even in the linear regime.
1.4 Microscale Granular Crystals

While the macroscale GCs that have been well-studied thus far have provided an excellent
platform to study nonlinear dynamics, their potential for future applications may be limited
by their large size (on the order of meters). In the years leading up to the work in this thesis,
microscale granular crystals have emerged as an intriguing research field. Using spheres with
diameters on the order of microns, one can create a GC containing millions of particles, that
fits on the surface of a small glass slide, as shown in Fig. 1.4. Using conventional, “top-down”
microfabrication methods, the time of assembly scales linearly with the number of particles
needed; this results in an impracticably large fabrication time for a structure with millions
of particles. To solve this problem, past studies have turned to self-assembly techniques,
which use a “bottom-up” approach [6, 7, 43, 44, 45, 46]. Using this approach, large numbers
of particles can be assembled simultaneously, resulting in much more rapid fabrication. A
scanning electron microscope image of a typical microscale GC is shown in Fig. 1.5.

Waves propagating in microscale GCs have contact-based modes with characteristic fre-
quencies up to hundreds of megahertz [8]. Thus, they have potential applications for signal
processing or ultrasonic wave tailoring. Additionally, their small overall system size makes them
candidates for shock or vibration mitigation in these regimes, and have potential for use in smaller
devices than their macroscale counterparts. While it would be convenient if the dynamics of
microscale GCs were simply time re-scaled analogues of the well-known macroscale dynamics,
this is not the case: the relevant physics are different at microscale. For example, microscale

granular crystals are affected by interparticle adhesion, which is several orders of magnitude



Figure 1.4: Macroscopic view of a microscale GC, fabricated using a convective self-assembly

technique.
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stronger than the force exerted by gravity on particles at that length scale [3]. In the works
presented here, the Derjaguin-Muller-Toporov (DMT) adhesion model [47, 48] is used. In the
DMT model, which is valid for small, stiff particles, the adhesive force is assumed to be a static,
short range, attractive force, which induces a static precompression of the GC. If the spheres were
more compliant, it may be necessary to instead use a different adhesion model; for example, the
Johnson-Kendall-Roberts model accounts for hysteresis due to necking near the contact interface
during unloading, and is valid for large, soft spheres [49]. Other characteristics of adhesion
can be included via more complex models, such as the Maugis-Dugdale model [50], which is
parameterized by the dimensionless Tabor parameter [51] and has the DMT and JKR models as
its extremes, or various elasto-plastic models [52, 53, 54]. Note that precompression induced by
adhesion differs from the external precompression used in the macroscale case: here, the GC is
compressed by internal forces, so contacts may be broken and reformed elsewhere, which can
result in widespread structural rearrangement without collapse, and lower density structures.
This compression also linearizes the dynamics at low amplitudes, and the uncompressed, sonic
vacuum system does not exist.

To examine the dynamical behavior of microscale GCs in experiments, recent works [8, 55, 56,
57] have utilized photoacoustic characterization techniques, typically involving laser ultrasonic
pump-probe methods. These include transient grating spectroscopy [9, 10], in which a single
wavelength can be excited and selectively probed using the interference fringe pattern of two
intersecting laser beams; knife-edge photodeflectometry [58], which is sensitive to changes in the
slope of a probed surface; and grating interferometry [59], which is sensitive to displacements
perpendicular to the probe beam.

The recent (and continuing) experimental realization of microscale GCs, along with the
complexities brought on by changing physics at microscale, call for concurrent advances in
modeling from the near-linear to strongly-nonlinear regimes. In particular, the inclusion of shear
interactions and rotation, which are necessitated by the powerful compression induced by adhesive

forces, as well as their interplay with nonlinearity, should reveal rich dynamical behavior.
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1.5 Organization of this Thesis

The work in this thesis extends the body of knowledge concerning the dynamics of microscale

granular media by examining the following topics:

e In Chapter 2: “A Self-Assembled Metamaterial for Lamb Waves,” we extend the work
of Ref. [8] by modeling a locally-resonant metamaterial composed of a microscale GC
adhered to an elastic membrane. Since the substrate used in this model has finite
thickness, the contact-based modes of the GC couple to Lamb waves (as opposed to

the Rayleigh waves as in Ref. [8]).

e In Chapter 3: “Discrete Breathers in a Mass-in-mass chain with Hertzian Local Res-
onators,” we examine the dynamics of locally-resonant metamaterials composed of
microscale GCs adhered to substrates when the microsphere vibration amplitude is
large enough to engage nonlinearity of the Hertzian contact between the spheres and
the substrate. The substrate is modeled as a discrete chain of lumped masses connected
by linear springs, and the microspheres are modeled as local resonators attached with
nonlinear springs. We examine the specific phenomena of nonlinear intrinsic localized

modes or “discrete breathers.”

e In Chapter 4: “Dynamics of a Monolayer of Microspheres on an Elastic Substrate,” we
develop an improved linear monolayer model (compared to the models of Ch. 1 and
Ref. [8]) by including the effects of interparticle interactions, shear contact forces, and
rotational dynamics. The contact-based modes of the monolayer involve 2D translations

and rotations in the sagittal plane.

7

e In Chapter 5: “Nonlinear Dynamics of a 1D Granular Crystal Adhered to a Substrate,
we extend the improved monolayer model presented in Ch. 4 into the weakly nonlinear
regime. The Nonlinear Schrodinger equation is derived and used to model slow, nonlinear

modulations of the contact-based modes developed in the previous chapter.
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e In Chapter 6: “Shear to Longitudinal Mode Conversion via Second Harmonic Generation
in a 2D Microscale Granular Crystal,” we model weakly-nonlinear plane waves in a 2D
microscale GC with shear interactions and rotation. In this model, the spheres undergo

2D translations in the plane of the monolayer and rotations about an axis out of plane.

e Finally, in Chapter 7: “Energy Partition in a 2D Microscale Granular Crystal Subject to
an Impulsive Point Load: Multibody Dynamics Simulation,” we simulate the response
of a halfspace composed of microspheres to an impulsive point source and examine the

characteristics of bulk and surface waves as a function of amplitude.

Acknowledgments of collaborators and funding sources are found in Appendix A. Details
of the computational methods used, as well as commentaries on the effectiveness of these

techniques as applied to the study of microscales GCs, are found in Appendix B.
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Chapter 2
A SELF-ASSEMBLED METAMATERIAL FOR LAMB WAVES!

2.1 Introduction

Locally resonant acoustic metamaterials are a type of composite material that have been the
subject of intense study over the past fifteen years [60] due to their ability to exhibit extreme
[61], anisotropic [62], negative [63, 64, 65], strongly absorbing [66], and locally-tailorable
[67] effective properties. These unique properties stem from the interaction of propagating
acoustic waves with subwavelength resonant elements forming the composite [68, 69]. This can
present fabrication challenges as wavelengths are reduced, including challenges involved with
constructing the resonators themselves, and in making large areas of composite containing
such complex microstructure. In this respect, as described in Ch. 1, colloidal self-assembly
is a promising solution, as it has been shown to enable the simple, inexpensive, and fast
fabrication of complex, ordered structures composed of nano- or microscale elements in one to
three dimensions [43, 44, 45]. These advantages have driven the use of self-assembly strategies
in multiple areas, particularly in the design of phononic crystals [70, 71], photonic crystals
[70, 72, 73], plasmonic sensors and nanostructures [74, 75, 76], and surfaces with tailored
wettability [77]. Despite this wide use, there are few examples of locally resonant acoustic
metamaterials fabricated using self-assembly techniques [8, 78, 79, 80, 81].

Lamb waves are a type of acoustic waveguide mode that occur in thin elastic plates and
membranes [82] that play an important role in nanomechanical resonator [83] and sensing
applications [84]. They have also been utilized in studies of sub-THz phonon transport
with implications for the understanding of nanoscale thermal phenomena [85]. Recently,

several examples of locally resonant metamaterials for Lamb waves have been explored

!The work in this chapter is adapted from Ref. [55].
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in both theoretical [86, 87, 88] and experimental [89, 90, 91, 92| settings. However, in
each of the experimentally realized cases, the resonant elements forming the metamaterial
had frequencies ranging from the audible regime to a few megahertz and were made using
conventional machining or microfabrication techniques.

In this work, we present a theoretical model of a self-assembled, locally resonant metamaterial
for Lamb waves. This work extends the work of Ref. [8], which described a locally-resonant
metamaterial for Rayleigh SAWSs, composed of a microsphere array (microscale granular crystal)
on a thick substrate. The metamaterial herein is composed of a self-assembled monolayer of
microspheres, forming a microscale granular crystal, adhered to the surface of a thin silicon
membrane. As a result of the adhesion, the microspheres have a contact resonance where the
microsphere oscillates like a rigid body, with a localized region of elastic deformation around the
point of contact with the substrate. In our system, the contact resonance plays the role of the
metamaterial locally resonant element and has a frequency of 200 MHz. This type of metamaterial
may have potential advantages for acoustic wave tailoring applications, as arrays of macroscale
spherical particles have been shown to support unique nonlinear dynamical phenomena due to

the Hertzian relationship [11] between spherical elastic particles in contact [4, 5].
2.2 Theoretical Model

To study Lamb wave propagation in our metamaterial, we adopt a similar approach as the
one used previously to describe the interaction of a contact resonance of microspheres with
Rayleigh SAWs [8]. We note that the spheroidal resonance may similarly couple to SAWs
in the substrate, however we do not consider this in our current model. We model the
microspheres as an array of linear surface oscillators (without interparticle coupling) that
move in the Z direction, with mass m and linearized normal contact stiffness K attached
to the top surface of the thin silicon membrane with thickness 2H = 1.3 pm, as illustrated
in Fig. 2.1. The thickness of the membrane was measured with ellipsometry in Ref. [55].
The microsphere mass m is calculated from the polystyrene density ps = 1.06 g/cm? [55].

Because the frequency of the lowest frequency spheroidal mode is much higher than the
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Figure 2.1: Schematic of the membrane metamaterial.

contact resonance frequency and the elastic deformation highly localized, we describe the
entire mass of the microsphere moving in a rigid-body-like motion at frequencies near the
contact resonance. Since the acoustic wavelength is much larger than the sphere size, we use
an effective medium approach and approximate the average normal stress at the surface as

the force exerted by the microsphere divided by the area of a unit cell [8].

2.3 Derivation of the Lamb Wave Dispersion Relation

. . . 2
Elastic waves in the membrane are described by wave equations V2¢ = 522 and V) =
cy Ot
1 9%

— 5z, Where  is time, and ¢ and ¢ are dilational and transverse potentials, respectively,
T
which are related to the displacement components u, and u, as follows: u, = % — g—f

and u, = % + %' Assuming a traveling wave solution of the form ¢ = f(2)e’®~**) and

Y = g(2)e’@=F2) e obtain solutions to the wave equations of the form [93]:

d(z, z,t) = [Cy sinh (g kH) + C cosh (¢ kH)]e' @t —k) -
Y(x, z,t) = [Cssinh (grkH) 4+ Cy cosh (qrkH)]e! @), '

where qr, = /1 — %, qr = 4/1 — %, and H is the membrane half-thickness. The stress
L T
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boundary conditions at the upper and lower membrane surfaces are:

K
0..(x,+H,t) = Z(Z — Uy p)

0..(x,—H,t) =0 (2.2)
0.z, +H,t) =0
0z (x,—H,t) =0,

where A = \/3D? /2 is the area of a primitive unit cell in the hexagonally packed monolayer.

The equation of motion for the surface oscillator can be written as:
mZ + K(Z —u.p) = 0. (2.3)
We assume a traveling wave solution for the oscillator motion of the form
7 = Fe'wi=ho), (2.4)

By substituting Eq. 2.1 and Eq. 2.4 into Eq. 2.2 and using isotropic linear elastic stress-strain

relations [93], we obtain (after algebraic manipulation) the dispersion relation in the form

0 0 By cosh (qpkH) By cosh (qrkH) %
0 0 Pssinh (qpkH)  Besinh (qrkH) 0
Bisinh (qpkH)  Bysinh (qgrkH) i cosh (qpkH)  Bycosh (grkH) 0 =0,
Pscosh (qpkH)  Pocosh(qrkH) pssinh (qpkH)  Bosinh (¢rkH) 0
—kqr cosh (qpkH) kicosh (grkH) kqpsinh (qpkH) —kisinh (¢grkH) i—z -1

(2.5)
where the contact resonance frequency w, = \/K/m, 81 = 1+ ¢4, B2 = —(1+¢%), B3 = —2iqr,
and [y = —2iqr. After expanding and simplifying the determinant in Eq. 2.5, we express the

dispersion relation in the reduced form?

2See Appendix B for comments on algebraic manipulation of determinants.
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w? —muw? , _
(F - 1) DDy = m [sinh (¢r,kH) sinh (¢rkH) Dy + cosh (¢ kH) cosh (qrkH)Ds]
(2.6)

where D, are determinants whose zeros comprise the dispersion relations of uncoupled,
purely flexural and dilatational modes (respectively) in a membrane with stress-free boundary

conditions [93], and can be written as:

D, - Pisinh (qpkH) Bysinh (¢rkH)
Ps cosh (g kH) P cosh (qgrkH) 27)
D, — p1 cosh (qLkH) By cosh (qrkH) |
Bssinh (qLkH) Bz sinh (¢rkH)

The term in parentheses on the left-hand side of Eq. 2.6 describes the contact resonance of
the oscillators. The right-hand side is responsible for the coupling between the oscillators,

and flexural and dilatational Lamb waves.

2.4 Discussion

In Ref. [55], the contact resonance frequency was determined from experimental data to
be f, = 200 MHz. We plot the theoretical dispersion curves calculated® using this fitted
contact resonance frequency in Fig. 2.2, which is reproduced from Ref. [55]. The theoretical
dispersion curves show coupling between the flexural and dilatational modes due to the
presence of the spheres adhered to one side of the membrane. In contrast to the coupling
between Rayleigh SAWs and the microsphere contact resonance [8], the middle branch (as
denoted in Fig. 2.2) does not stop at the line corresponding to transverse polarized bulk waves,

and remains non-leaky due to the confinement of the membrane. This results in a second

3See Appendix B for details about numerical solution of dispersion equations.
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Figure 2.2: Dispersion relations. The circle and triangle markers are the measured frequency
peaks for membranes with and without spheres, respectively. The solid red line is the
dispersion calculated using our model. The dashed black line corresponds to the calculated S
modes and the dashed blue line to Ay modes in the without-spheres case. The black dash-dot
lines correspond to bulk waves in silicon. The horizontal lines denote the frequencies of the
fitted microsphere contact resonance and identified spheroidal resonance. The inset shows a
closer view of the predicted avoided crossing with the Sy branch.

hybridization between the middle and the Sy branch. The inset in Fig. 2.2 shows a closer
view of this intersection, which is smaller than the avoided crossing near the Ay branch. The
larger avoided crossing with the Ay branch demonstrates stronger coupling between flexural
motion and the contact resonance than with dilatational motion. This stronger coupling is a
result of flexural modes having large out-of-plane displacement that couples with the vertical
motion of the surface oscillators, in contrast to dilatational modes, which have predominantly

in-plane displacements.
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2.5 Conclusion

We have presented a theoretical model of a self-assembled, locally resonant metamaterial
for Lamb waves, which is formed from a 2D microscale granular crystal adhered to thin
substrate. The model describes an array of uncoupled oscillators as in Ref. [8], but in
contrast, considers the particles to be adhered to a thin, instead of thick, substrate. With
high characteristic frequencies and small length scales, this metamaterial holds promise
for the development of new types of devices involving Lamb waves. Since the response is
sensitive to the state of the contact, these metamaterials may have potential applications as
sensors for humidity, temperature, and micro/nanoscale material properties, and serve as
a platform for the exploration of microscale contact mechanics. Because of the scalability
enabled by self-assembly, this type of metamaterial may enable future studies that explore
the interaction of local mechanical resonances with even higher-frequency phonon transport.
Finally, the use of self-assembly approaches may offer significant advantages for producing

acoustic metamaterials inexpensively and on a large scale.
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Chapter 3

DISCRETE BREATHERS IN A MASS-IN-MASS CHAIN WITH
HERTZIAN LOCAL RESONATORS!

In this chapter, we report on the existence of discrete breathers in a one-dimensional,
mass-in-mass chain with linear intersite coupling and nonlinear, precompressed Hertzian local
resonators, which is motivated by studies of the dynamics of microscale granular crystals
adhered to elastic substrates (such as the linear models of Ref. [8] and Ch. 2). This
chapter builds upon the previous chapter, and the model presented in [8], by considering
dynamic phenomena stemming from nonlinearity and damping in the particle-substrate
contact. We analyze the frequency-amplitude dependence of the breathers by performing
numerical continuation on a linear eigenmode (vanishing amplitude) solution of the system
near the upper band gap edge. Finally, we use direct numerical integration of the equations
of motion to demonstrate the formation and evolution of the identified localized modes in
energy-conserving and dissipative scenarios, including within settings that may be relevant to

future experimental studies.

3.1 Introduction

Materials containing local resonators, such as the adhered microscale granular crystals of
Ref. [8] and Ch. 2, are known to support unique dynamic phenomena, such as negative,
highly anisotropic, and extreme effective properties [60, 95]. One well-known model for
locally-resonant materials is a chain of “mass-in-mass” unit cells, which consists of a lattice
of interconnected lumped masses, each with coupled local resonators [96]. By incorporating

nonlinearity into locally resonant metamaterials, their dynamics become more complex.

!The work in this chapter is adapted from Ref. [94]. Copyright 2017 by the American Physical Society.
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For example, metamaterials for both acoustic [60, 97] and electromagnetic [97] waves have
demonstrated numerous nonlinear phenomena, including tunability, harmonic generation,
and the existence of nonlinear localized modes.

A promising means to create nonlinear acoustic metamaterials is provided by granular
media, which have been used to demonstrate numerous nonlinear effects, including solitary
waves, shocks, discrete breathers, tunable band gaps, frequency conversion, and non-reciprocal
wave propagation [4, 5, 98, 99]. Recent theoretical and experimental works have combined the
concepts of locally resonant metamaterials with granular media. Relevant contexts include,
but are not limited to, frequency shifting, harmonic generation, and localized band gap modes
[100], traveling waves, including ones with non-vanishing tails [101, 102], wave interaction
[103], and localized and extended modes [104], as well as temporally periodic breathing
states [105, 106] (to which we will return in what follows). In each of these examples, the
granular media provided a nonlinear intersite coupling, while the local resonators were linear.
Less attention has been paid to cases in which granular particles play the role of nonlinear
local resonators.

In this work, we consider a one-dimensional, mass-in-mass system with linear intersite
coupling and nonlinear local resonators that follow the Hertzian contact model with precom-
pression. One motivation for considering this model is its relevance in describing a granular
metamaterial consisting of a monolayer of microscale spheres adhered to a substrate, wherein
surface localized elastic waves, such as Rayleigh surface acoustic waves (SAWs) and Lamb
modes, have been shown to hybridize with the contact resonances of adhered microsphere
arrays (microscale granular crystals) in thick [8, 56] and thin (Ch. 2 and[55]) substrates,
respectively. Within this context, we imagine the portion of the substrate through which the
localized elastic wave is traveling to be a linearly coupled chain that is locally coupled to an
array of nonlinear resonators representing the microspheres.

Systems similar to the one-dimensional, linearly coupled chain with nonlinear local res-
onators considered here have been previously explored. For example, amplitude-dependent

band-gaps have been studied in a one-dimensional linear chain with local resonators con-
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taining a cubic nonlinearity [107]. Other relevant works have also considered linear chains
with nonlinear coupling to a rigid foundation [108], or a nonlinear local attachment [109],

demonstrating heavily enriched dynamics caused by small nonlinear perturbations.

The structure of interest in the present work is the discrete breather (DB). Discrete
breathers are solutions that are periodically oscillating in time and exponentially localized in
space [110, 111] that have been studied theoretically and experimentally in many settings,
involving a wide array of physical mechanisms [112, 113]. More recently, DBs have been
demonstrated in theoretical [114, 115] and experimental [116, 117, 118] studies of ordered
granular chains without local resonators, and theoretically in the presence of linear local
resonators [105, 106], as well as in nonlinear, locally resonant magnetic metamaterials

[119, 120, 121] and systems of electromechanical resonators [122].

We use our model to describe a locally resonant granular metamaterial for Rayleigh SAWs,
consisting of a monolayer of microspheres adhered to a thick elastic substrate. The two
independent model parameters are fit to an experimental system used in past work [8], so
as to provide realistic parameter values to the model wherever possible. Beginning with
the Hamiltonian version of our model, we examine the frequency-energy dependence of the
DBs along a numerically computed branch of solutions. We then study the formation and
evolution of the DBs via direct numerical simulations, considering both energy-conserving
and dissipative cases, including within contexts that may be relevant to future experimental
studies. While these results are presented in the context of a specific microscale system, we
note that our model is given in dimensionless form, such that the results presented herein can
be applied and extended to related systems via a suitable choice of parameters (for example,
one could create a model macroscale, locally-resonant chain similar to the one studied in Ref.
[100], but instead use linear springs to connect the main chain and Hertzian contacts in the

internal resonators).
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3.2 DModel

3.2.1 Motiwating Physical Scenario

Our chosen motivating physical scenario is shown in the schematic of Fig. 3.1(a), which
describes sagittally-polarized, plane SAWs traveling along the surface of a thick substrate.
Rayleigh SAWSs are surface localized elastic waves that travel along a solid surface (represented
as an elastic half space in theoretical descriptions), and have both in- and out-of-plane (with
respect to the sample surface plane) displacement components [93]. Previous studies on
monolayers of microspheres adhered to thick substrates have shown that Rayleigh SAWs in
the substrate hybridize with, and excite, microsphere contact resonances having translational
out-of-plane [8], and coupled, in-plane, translational and rotational motion [56, 137] (as will
be described in further depth in Ch. 4). The hybridization with each of these resonances leads
to classic “avoided crossing” phenomena [155] characteristic of locally resonant metamaterials
and mass-in-mass chains. For the analysis herein, we focus on the avoided crossing with the
contact resonance having solely out-of-plane motion [8, 56, 137]. Because a plane SAW is
confined to the surface of the medium, it can be considered as traveling in one dimension,
and as such, we represent the portion of the substrate through which the SAW is traveling as
an infinite lattice of lumped masses m; connected by springs with linear stiffness k;. Because
the contact-based modes of the microspheres [8, 56, 123, 156] have frequencies much lower
than the intrinsic spheroidal vibrational frequencies of the isolated spheres [124] (e.g. for
the microspheres studied in Ref. [8], the out-of-plane contact resonance was measured to
be 215 MHz, while the spheroidal resonance was predicted to be 2.9 GHz), we model the
microspheres as point masses (of mass ms) connected to the main chain by nonlinear springs
modeling Hertzian contact with a static adhesive load. The resulting discrete model of our
locally resonant granular metamaterial is shown in Fig. 3.1(b). As can be seen in Fig. 3.1(b),
the chain elements are both drawn such that their motion is in the horizontal direction. We
note that this depiction simply represents the coupling between a substrate (or chain) and a

resonator, each having a single degree of freedom with the same, albeit arbitrary, direction
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of motion. Within the context of the previously described physical scenario, this degree of
freedom represents out-of-plane motion of the substrate and the microsphere, as the SAWs

propagate along the sample surface indexed by j.

>
Direction of Propagation

(b) Vj—1—> Vj— Vj41—>
W\ _\lz\c/\/_ M1 WA e

Figure 3.1: (a) Granular metamaterial composed of a monolayer of microspheres on an elastic
halfspace. (b) Schematic of the 1D, discrete granular metamaterial model.

3.2.2 Hamiltonian 1D Discrete Model

In dimensionless form, the associated Hamiltonian equations of motion of the system shown

in Fig. 3.1(b) read

Mu] + K (_ujJrl + QUJ' — Ujfl)

2
+5 (= v+ U2 1) =0 (3.1)

2

R (I — v+ U7 1) =0, (3.2)

where u; and v; are, respectively, the displacements from equilibrium of the main chain and

resonators; M = %§ K = W% characterizes the relative strength of the elastic and
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Hertzian terms, where the Hertzian coefficient A depends on the geometry and material
properties of the particles in contact [11]; and Jy is the static overlap induced by the adhesive

force at equilibrium. The dimensionless time variable 7 is defined in terms of the physical

time ¢t by 7 = wl*t, where wl* = \/(3/2)A\/dy/ms is the resonant frequency of the local
oscillator on the elastic halfspace (measured as 215 MHz for the system in Ref. [§8]), and the
displacements u; and v; are normalized to . The subscript [ |4 indicates that the contact
force vanishes for resonators that lose contact with the main chain, i.e. when the relative

displacement v; — u; exceeds the static overlap. The Hamiltonian (energy) corresponding to

Egs. (3.1) and (3.2) is

ujz UjQ K 2 2
H: Z M7+7+3(U1~+1—2u1'+1u]'+uj)+
J
2 (2 5/9 4
3 (5[%‘ — v+ 157 = (u; — Uj)) - 1—5} : (3.3)

Upon linearization, this system is identical to the one-dimensional mass-in-mass chain

discussed in [96]. Its dispersion relation is given by

M <w°6‘is)4 —[2K (1 — cos (kD)) + M + 1] (:ZS)Q
+2K (1 — cos (kD)) = 0, (3.4)

where k is the Bloch wave number, w is the angular frequency, and D is the unit cell width,

defined as the width of the granular particles.

3.2.8  Parameter Fitting

The resulting model, Eqs. (3.1)-(3.2), possesses two effective lumped parameters, namely M
and K. We now attempt to fit these discrete model parameters to describe the microgranular
metamaterial of Ref. [8], using the material and geometric properties specified therein. We
intend for the discrete model to provide an adequate representation of dynamical evolution for
wavelengths significantly larger than the sphere diameter, such that the dispersion relations

for our discrete model and the model with a continuous substrate from Ref. [8] are in close
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agreement at long wavelengths, and effects found at the Brillouin zone boundary [17] are
avoided [96]. The dispersion relations for a continuous substrate (from Eq. (2) of Ref. [8])
and the discrete model of Egs. (3.1) and (3.2) are superimposed in Fig. 3.2. We first
choose the ratio K/M such that the long-wavelength sound speed of the discrete lattice,
given by D\/K/—M [17], matches the speed of Rayleigh waves in the substrate for the model
from Ref. [8]. This can be seen graphically in Fig. 3.2, as the lower branches of the two
dispersion relations have equal slopes at the origin. Second, making use of the analytical
expression for the dispersion relation of the continuous system in Ref. [8], we select K, such
that the dispersion relations coincide at the intersection with the line of slope c¢r, where cr is
the transverse sound speed of the substrate material. Using these two criteria, we find the
approximate fitted values M = 30 and K = 160.

The physical significance of these parameter values, M and K, is as follows. For large
mass ratios (M >> 1), waves in the main chain (corresponding to Rayleigh SAWs in the
substrate) are only perturbed at frequencies very close to the local resonance; this is confirmed
in Fig. 3.2, by the relatively narrow band gap encompassing w/wj® = 1. The large stiffness
ratio (K >> 1) indicates strong coupling between lattice sites, compared to the coupling
between the main chain and the resonators. Intuitively, parameters much greater than unity
are indeed expected for this system. This is because the spheres are much smaller and less
massive than the region of the substrate beneath them that is influenced by Rayleigh waves,
which have displacements decaying exponentially from the surface with a characteristic decay
length on the order of one wavelength [93]. Similarly, the effective stiffness for the region
of bulk material of the substrate influenced by the Rayleigh wave can be thought to have a
significantly greater effective stiffness than the relatively soft microsphere-substrate Hertzian
contact. While the fitted constants depend on material and geometric properties, a simple
estimate can be used to show that M and K are generally larger than unity when considering

long waves in realistic materials, as described in Appendices A and B of Ref. [94].
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Figure 3.2: Blue solid and red dotted curves denote the dispersion relations for the model
with a continuous substrate from Ref. [8] and our discrete granular metamaterial model,
respectively. Black dash-dotted lines have slopes equal to the transverse (¢r) and Rayleigh
(cgr) wave sound speeds of the substrate. The black dashed line denotes the linear natural

frequency of the Hertzian local resonators. The discrete model uses the fitted parameters
M = 30 and K = 160.

Both of the dispersion relations shown in Fig. 3.2 are split, as a result of the hybridization
with the local resonance, into two branches: the lower (“acoustic”) branch, in which the
vertical motions of the substrate surface and the spheres are in phase, and the upper (“optical”)
branch, in which the motions are out of phase. The two branches of the discrete model are

separated by a band gap of width Aw, given by

1+ M
Aw = wh ( L (3.5)

\/4K+M+1—\/(4K+M+1)2—16KM
2M

For the parameters values M and K used herein, this band gap results in an upper cutoff

frequency of the acoustic branch 0.08% below w{* and a lower cutoff frequency of the optical



32

branch 1.65% above w{*. In the continuous model, for phase velocities greater than the sound
speed of transverse bulk waves (cr) in the substrate, the optical branch terminates; this is
because the modes above that phase velocity are so-called “leaky modes.” Such leaky modes
have complex frequency, which represents the radiation of energy into the bulk [8, 125, 126],
and are a major source of dissipation in this system. Despite the presence of leaky modes, the
one-dimensional, discrete model used in this work was chosen over continuous and/or higher-
dimensional models because it captures many of the important features of the dispersion
relation (linear dispersion at long wavelengths and a band gap created by a local resonance),
facilitates theoretical prediction and numerical computation of discrete breathers, and can
easily be adapted to account for dissipation in a chosen experimental system (as will be

demonstrated in Sec. 3.4).
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3.3 Numerical Investigation of Breathers

Using the fitted parameter values M = 30 and K = 160, we compute exact breather profiles
of a chain with 201 unit cells, and vary the breather frequency @, using a pseudo-arclength
continuation procedure [129, 130]. This allows us to visualize the frequency-energy dependence of
the breathers, as may be studied in an experiment with varied excitation amplitude. As a seed for
the continuation, we use the eigenmode of the linearized system nearest the lowest optical band
edge, which is a time-periodic solution of the full nonlinear equations of motion under conditions
of vanishing amplitude. We have included a check in our computations to detect a loss of contact

between the main chain and resonators, and continue the solution branch until this point.

As shown in Fig. 3.3, the continuation reveals a family of DBs that extends from the linear
eigenmode at vanishing amplitude and traverses the band gap (and into the passband). In
Fig. 3.4(a), we show the maximum magnitudes of the Floquet multipliers of the branch. This
family of DBs exhibits behavior similar to that found in previous studies of diatomic granular chains
[114], where the DBs are linearly stable for frequencies very close to the lower cutoff frequency of
the optical branch. As the frequency decreases, the breather profiles become progressively more
localized in space, as can be seen in Fig. 3.3(b-d). The Floquet multipliers corresponding to the
modes shown in Fig. 3.3(b-d) are shown in Fig. 3.4(b-d), with small deviations from the unit circle
emphasized in the latter panel. For breather frequencies below the band gap, interactions with
the acoustic band generate oscillating tails, as is shown in Fig. 3.3(e), and Floquet multipliers
depart from the unit circle along the real axis, as shown in Fig. 3.4(e). We note that boundary
effects are significant in the presence of oscillating tails, so the finite-length DBs do not accurately
approximate the case of an infinite lattice. As an aside, we also point out that contrary, e.g.,
to what is the case in the work of [114, 116] for a granular crystal, here the dependence of the
energy (Hamiltonian) on the frequency is monotonic, hence in accordance with the recent criterion

of [131], no instability arises from changes of monotonicity in this dependence.

2See also Ref. [94], in which we predict the existence of DBs in the extreme limits of vanishing and strong
intersite coupling, and numerically compute a family of DBs connecting the two regimes.
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Figure 3.3: (a) Hamiltonian energy-frequency plot of the family of breather solutions bifur-
cating from the lowest eigenmode of the optical band. Black dashed lines indicate the edges
of the linear phonon band gap. Red star corresponds to a breather shown in Fig. 3(b) of Ref.
[94], which was computed during a continuation in coupling stiffness, K. (b) - (e) Breather
displacement profiles corresponding to the points labeled I - IV, respectively, in (a). The
main chain displacements u; are shown as black points, and those of the local resonators v;

are shown in red.
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Figure 3.4: (a) The blue solid curve shows the maximum magnitude of the breather Floquet
multipliers. Black dashed lines indicate the edges of the linear phonon band gap, and the
inset shows a magnified view of the data in this range. (b)-(e) Floquet multipliers (blue dots)
of the solutions labeled I - IV respectively, in (a), corresponding to the same points in Fig.
3.3. In (d) and (e), axes limits are chosen to emphasize the deviation from the unit circle,
which is shown as a visual aid (red dashed lines).
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3.4 Numerical Simulations

3.4.1 Hamiltonian Case

To explore the dynamics of DBs in our model, we simulate a lattice with 201 unit cells via
direct numerical integration of the equations of motion® given by Egs. (3.1) and (3.2). We
consider initial conditions in two shapes: the profile of the DB with frequency @, = 1.01 and
maximum Floquet multiplier magnitude max(|\;|) = 1.001 (as is denoted by the star in Fig.
3.3(a)), as well as the profile of the seeding eigenmode used in Sec. 3.3. B.

For each of these shapes, we scale the amplitude in two ways. In the case of the DB shape,
we consider the exact breather shape computed via continuation (high), and then consider a
rescaled DB shape, such that the initial displacement vy9; of the local resonator at the central
lattice site is equal to one-hundredth of that of the exact solution (low). Similarly, we consider
the shape of the seeding eigenmode scaled such that the initial displacement v1g; of the local
resonator at the central lattice site is matched to the low-amplitude, rescaled DB shape (low),
and then finally consider a rescaled eigenmode shape, such that the initial displacement vy, of
the local resonator at the central lattice site is equal to that of the exact DB solution (high).
Thus, there are four sets of initial conditions: the DB shape with high amplitude (Fig. 3.5(d)),
which results in an exact periodic solution of Egs. (3.1) and (3.2); the eigenmode shape with low
amplitude (Fig. 3.5(a)), which closely approximates a periodic solution; the DB shape rescaled
to low amplitude (Fig. 3.5(b)), which is not a true periodic solution; and the eigenmode shape
rescaled to high amplitude (Fig. 3.5(c)), which also is not a periodic solution. The duration of
all simulations is 2007}, where T, = 27 /@, is the period of the exact DB solution.

Spatiotemporal plots of the relative displacements v; — u; of the simulated lattice, using
the low and high amplitude DB profiles as initial conditions (i.e. the rescaled DB and exact
solution) are shown in Fig. 3.5(b) and Fig. 3.5(d), respectively, and the corresponding cases
using the eigenmode shape (i.e. the approximate periodic solution and corresponding rescaled

profile) are shown in Fig. 3.5(a) and Fig. 3.5(c).

34th-order Runge-Kutta method. See Appendix B for details.
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Figure 3.5: Spatiotemporal plots of the relative displacements v; — u; of the simulated
lattice for high and low amplitude excitations, using eigenmode and DB profiles as initial
shapes. Side panels contain spatial profiles of v; —u; at the final time step, normalized to the
maximum value. (a) Eigenmode shape with low amplitude (approximate periodic solution).
(b) DB shape rescaled to low amplitude. (¢) Eigenmode shape rescaled to high amplitude.
(d) DB shape with high amplitude (exact periodic solution).

As shown in the right column of Fig. 3.5, the breather shape spreads out from the central
lattice sites at low amplitude, but remains highly localized when initiated with the energy of
the exact solution. Conversely, as shown in the left column of Fig. 3.5, the eigenmode shape
shows no noticeable distortion at low amplitude, but self-localizes and eventually breaks
up at high amplitude. In this break-up, many smaller DBs are formed, a process arguably
reminiscent of multiple filamentation in nonlinear optics [132], which also move in space.

Thus, in future experiments on this system (e.g. using photoacoustic techniques, as in [8]),
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DBs could be detected by impulsively exciting a large spot on the substrate surface, and

observing the formation of smaller, highly localized wave packets.

3.4.2 Elffects of Energy Leakage

While we have considered a Hamiltonian model in this work as a foundation, energy losses
may play an important role in the dynamics. The effects of losses have previously been
examined in macroscopic granular systems [5, 14, 117, 133, 134], and also in the study of
the attenuation of Rayleigh waves by randomly distributed surface resonators [57, 126]. In
this section, we conduct a preliminary study of energy losses on the DB dynamics, focusing
on losses caused by radiation of energy into the bulk of the material, which is incurred
by the long wavelength “leaky modes” satisfying w > kcr considered in previous sections.
We first estimate the strength of dissipation by considering the rate of energy leakage into
the substrate in the system studied in Ref. [8], in the long wavelength limit. For a plane
wave with real wave number k& and complex frequency w + i1, the amplitude decays in time
proportionally to e~ thus, the rate of decay is found by solving the dispersion relation for
this complex frequency, with wavenumber & = 0. The dispersion relation (reproduced from

Ref. [8] and substituting our own variable names) is given by

2 2\ 2 2\ 1/2 2\ 1/2
2 )oY () (-2
whe k?c k?cy k?cs

where my and wf* are the mass and undamped natural frequency of the local resonator,

4 w? 1/2
(-
 Aepr k3¢, ’
(3.6)

respectively; A, = v/3/2D? is the area of a unit cell containing a single microsphere of
diameter D; p; is the density of the substrate; and ¢y and cr are the longitudinal and
transverse bulk sound speeds of the substrate, respectively. We find a decay rate at k = 0 of
Ny = m2w382 /(2A.p1cr). To facilitate comparison of the decay rate with other systems, we
define the normalized decay rate 77 = 27n/w, where 1/7 can be interpreted as the number

of oscillation cycles needed to reduce the amplitude by a factor of e (at some characteristic
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frequency w). For the material and geometric properties considered in this work, we estimate
the normalized decay rate to be 7jy = 27y /wl® ~ 0.4.

Effects related to disorder, which have been discussed [8] and studied [57, 126] in prior
works on interactions between Rayleigh waves and surface oscillators, are also a major
potential source of loss; however, in this study, we consider a highly ordered system. In
addition to radiative and disorder-related sources of loss, other types of dissipation will be
present, but we expect them to be relatively small. For example, acoustic absorption in glass
is about 0.5 dB/cm at frequencies near 200 MHz and room temperature [135]; assuming a
Rayleigh wave with frequency w?® and velocity of 3409 m/s [8], this results in 7 = 9*107°.
Aerodynamic drag in air (modeled by Stokes’” Law, assuming 1 gum diameter spheres [136])
results in 77 = 3*10~%. Finally, plastic deformation due to contact forces, if present (e.g. from
fabrication or high-amplitude vibrations, etc.), will not cause significant hysteresis because

subsequent loading-unloading cycles will be elastic.



40

To account for energy losses, in a way that is consistent with radiation into the bulk in the
continuous granular metamaterial model, we modify our conservative system of Eqgs. (3.1)-(3.2)
by placing a linear damper in each local resonator (as is shown in Fig. 3.6) with a damping
coefficient defined as I' = 7/m, such that the exponential decay in time is proportional to

e CmM7 and Ty = fjy/m. With the damping included, the equations of motion become

M'U,] + K( Uj+1 —+ 2Uj — Ujfl)
) » (3.7)
+ 3 ([UJ v 1Y - 1> +T(u; —05) =0
2
UEE (I = v+ 1% = 1) = T = 35) = 0 (3.8)

Using Egs. (3.7)-(3.8), we repeat simulations of the 201-cell mass-in-mass chain, using the
high-amplitude eigenmode and exact DB shapes (as in Fig. 3.5(c, d)) as initial conditions.
The case I' = I'y is shown in Fig. 3.7(a, b), where it can be seen that the oscillations die out
after only a few oscillation cycles; this estimate indicates that the leakage of energy into the
substrate may prohibit the observation of a standing localized mode in experiments on the
particular system of Ref. [8], without adding additional energy into the system to support
the DB structure. However, this does not necessarily prohibit localized structures stemming
from non-leaky modes. In this system, this corresponds to wavenumber-frequency pairs below
the line with slope cr in Fig. 3.2. Such solutions would be traveling breathers, and can be
easily obtained from the theoretical analysis performed in Ref. [94]*. A detailed investigation

of such solutions would be a topic for future study.

4Specifically, by choosing a non-zero wavenumber in Eq. (16) of Sec. III B.
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Figure 3.6: Schematic of a single unit cell of the damped mass-in-mass lattice, with dimen-
sionless parameters.

In addition, while the attenuation due to energy leakage is significant for the monolayer
of Ref. [8], it is straightforward to modify the system to reduce these losses by orders
of magnitude; for example, if the spheres were instead placed with a spacing of 10D, the
unit cell area A, would increase by a factor of 100, causing a proportional reduction in the
damping coefficient T'. As shown in Fig. 3.7(g, h), for the case I' = I'3/100, the dynamics
of the Hamiltonian model are retained for roughly half the simulation time (on the order
of one hundred oscillations), and localization around the central lattice site persists. Two
intermediate cases are shown in Fig. 3.7(c, d) and Fig. 3.7(e, f), corresponding to damping
coefficients I' = Ty /4 (sphere spacing 2D) and T' = T'y/16 (sphere spacing 4D), respectively.
Very light damping could also be achieved in systems with different geometries, such as a
thin substrate (e.g. the locally-resonant membrane of Ref. [55]) without altering the unit
cell spacing, because energy would not be able to radiate. Additionally, we note that light
damping (specifically, attenuation rates one order of magnitude smaller than Ref. [8]) has
already been achieved experimentally in macroscale granular crystals. For example, both Ref.
[14] and Ref. [117] characterized dissipation in experiments and found time constants on the
order of a few milliseconds, at frequencies near 5 kHz, resulting in 1 = 0.08 and 1 ~ 0.04,

respectively, which suggests possible future realizations of our model at the macroscale.
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Figure 3.7: Spatiotemporal plots of the relative displacements v; — u; of the simulated lattice
for several damping coefficients: (a, b) I' =T, (¢, d) I' =T'y/4, (e, f) I' =T'y/16, and (g, h)
[' = T'y/100. Left and right panels correspond to the eigenmode (rescaled to high amplitude)
and DB excitations used in Fig. 3.5(c, d).
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3.5 Conclusion

In this chapter, we have demonstrated the existence of discrete breathers in a mass-in-mass
chain that models a locally resonant, granular metamaterial composed of microsphere arrays
adhered to a substrate. This work built upon previous models of microsphere arrays adhered
to substrates (as described in Ch. 2 and Refs. [8, 55]), but includes nonlinear and damping
effects in the particle-substrate contact. This model consists of a linearly-coupled main chain
(representing the substrate) with nonlinear local resonators that follow the Hertzian contact law
(representing the spheres). After fitting the two independent model parameters to a microscale
system studied in previous works, we numerically analyze the resulting energy trapping in the
Hamiltonian version of our model, in the form of discrete breathers, by using the oscillation
frequency as a continuation parameter. Finally, we simulate the formation and filamentation—in
the form of discrete breathers—of single-humped wavepackets using direct numerical integration
of the equations of motion. The simulations suggest that discrete breathers may be observed
in experiments on granular metamaterials by generating a long-wavelength excitation at high
amplitude, and detecting its breakup into many small discrete breathers. Simulations including
energy losses suggest that the dynamics of the Hamiltonian model are mostly preserved in
cases with light damping. However, in cases where the substrate is very thick, energy losses
due to radiation into the bulk may inhibit the experimental observation of discrete breathers,
though the leakage may be mitigated significantly by choosing suitable system parameters
(e.g. the unit cell spacing, in the specific system discussed above). We expect this work to aid
in future studies of nonlinear granular systems, as well as to the more general class of media
composed of a linear material with local nonlinear resonant attachments. Indeed, the dynamics
and interactions of discrete breathers (as well as their potential filamentation and dispersion)
in one- to three-dimensional analogs of such systems, may yield numerous topics that could
be both theoretically intriguing, as well as experimentally accessible for further study. Also,
it should be borne in mind that here we only explored the focusing variants of the relevant

models and their bright solitons. Yet, in line with recent explorations in granular crystals [117]
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and in systems with resonators [105], the self-defocusing case may also be interesting and

equally accessible in different parametric regimes.
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Chapter 4

DYNAMICS OF A MONOLAYER OF MICROSPHERES ON
AN ELASTIC SUBSTRATE!

We present a model for wave propagation in a monolayer of spheres on an elastic substrate,
which builds upon the work of Ref. [8] and Ch. 2. The model, which considers sagittally
polarized waves, includes: horizontal, vertical, and rotational degrees of freedom; normal
and shear coupling between the spheres and substrate, as well as between adjacent spheres;
and the effects of wave propagation in the elastic substrate. For a monolayer of interacting
spheres, we find three contact resonances whose frequencies are given by simple closed-form
expressions. For a monolayer of isolated spheres, only two resonances are present. The contact
resonances couple to surface acoustic waves in the substrate, leading to mode hybridization
and “avoided crossing” phenomena. We present dispersion curves for a monolayer of silica
microspheres on a silica substrate, assuming adhesive Hertzian interactions, and compare
calculations using an effective medium approximation (including elasticity of the substrate)
to a discrete model of a monolayer on a rigid substrate. While the effective medium model
does not describe discrete lattice effects occurring at short wavelengths, we find that it is
well suited for describing the interaction between the monolayer and substrate in the long
wavelength limit. We suggest that a complete picture of the dynamics of a monolayer adhered
to an elastic substrate can be found by combining the dispersion curves generated from
the effective medium model for the elastic substrate and the discrete model for the rigid
substrate. This model is potentially scalable for use with nano- to macroscale systems, and
offers the prospect of experimentally extracting contact stiffnesses from measurements of

acoustic dispersion.

!The work in this chapter is adapted from Ref. [137]. Copyright 2015 by the American Physical Society.
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4.1 Introduction

Experimental configurations used to study mechanical wave propagation in ordered granular
media typically involve spherical particles confined by elastic media. This type of arrangement
is particularly common in one- and two-dimensional configurations, and includes macro- to
microscale particles. For example, at the macroscale, elastic rod structures, tracks, and
tubes have been used to confine the particles in one-dimensional [138, 139, 140, 141, 142]
and quasi-one-dimensional [143, 144, 145] configurations, and elastic plates have been used
in two dimensions [146, 147]. More recently, the dynamics of two-dimensional monolayers
of microscale spheres adhered to elastic substrates have been studied using laser ultrasonic
techniques [8, 55, 57].

As shown in Ch. 2, analytical models used to describe the dynamics of these systems
typically only include the interaction between the particles (often just the normal Hertzian
contact interaction) and disregard the effect of the substrate. In reality, even for the simple
case of a particle monolayer on a substrate, more complex dynamics involving interactions

between the particles and elastic waves in the substrate should be expected.

A notable theoretical work [148] provided a model for the dynamics of crystals with
adsorbed monolayers that accounted for both normal and horizontal motion and interaction
between the particles, but did not take into account particle rotation. Several recent studies
have demonstrated, in both theoretical [28, 29] and experimental [27] contexts, that the
rotational degree of freedom has a profound effect on the dynamics of ordered granular media.
In particular, the study of Ref. [28] focused on the dynamics of granular monolayers (whereas
Refs. [27, 29] explored bulk granular structures), including cases involving interaction between
the monolayer and a substrate. However, Ref. [28] only considered normal contact interactions
between the particles and the substrate, and the substrate was modeled as rigid.

The aim of this chapter is to provide a theoretical model for the contact-based dynamics of

a two-dimensional layer of spheres on a substrate, accounting for the elasticity of the substrate,

translational and rotational motion of the spheres, and both normal and shear stiffnesses of
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sphere-to-sphere and sphere-substrate contacts. This extends prior work on systems with
uncoupled oscillators as described in Chapters 2 and 3, and Refs. [8, 55]. We focus on a system
with microscale particles that interact with each other and with the substrate via van der Waals
adhesion forces. Rather than postulate the contact stiffness constants, we derive them from
Hertzian contact models. This imposes certain constraints on the values of the constants: for
example, the ratio of the normal and shear contact stiffness between the spheres is a constant
only weakly dependent on Poissons ratio. We consider contact-based modes having frequencies
significantly below the intrinsic spheroidal vibrational modes of the spheres, such that they can
be described as spring-mass oscillators. Furthermore, we focus on dynamics involving particle
and substrate displacements in the sagittal plane, as would be detectable in a laser-based
experiment [8].

We start with the case of a rigid substrate, where we find three eigenmodes involving vertical,
horizontal and rotational motion of the spheres. In the long-wavelength limit these modes yield
three contact resonances, for which simple analytical expressions are obtained. One of the
resonances involves motion of the spheres normal to the substrate surface, whereas the other two
involve mixed horizontal-rotational motion. We then present our effective medium model, which
describes the interaction between the spheres and the substrate, and show hybridization between
the contact resonances and Rayleigh surface waves. We discuss cases involving both isolated
(non-touching) and interacting spheres, and demonstrate the important role of rotations in
both cases. We also examine the validity of the effective medium approximation, by comparing
calculations using discrete and effective medium models. Finally, we discuss the implications of

our findings for past and future studies of granular monolayer systems.

4.2 Model

We consider a monolayer of elastic spheres on a substrate, which can be either close-packed
and in contact, or isolated, as shown in Fig. 4.1(a). In either case, the spheres are assumed to

form a square lattice, with the wave propagation direction aligned with the lattice vector, as
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Figure 4.1: (a) Side-view schematic of an amplified wave profile for cases with isolated and
interacting spheres. (b) Top-down view of the square-packed monolayer, with the arrow
indicating the direction of wave propagation. (c¢) Schematic for the model of a monolayer of
spheres coupled to an elastic halfspace.
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shown in Fig. 4.1(b). We model the layer as an infinite lattice of rigid spheres with diameter
D = 2R and mass m, coupled to a semi-infinite, isotropic elastic substrate by normal and
shear stiffnesses Ky and K, and to nearest-neighbor spheres by stiffnesses G and Gg, as
schematically shown in Fig. 4.1(c). The subscript N corresponds to forces acting normal
to the surface of the sphere, and S to forces acting transverse to the surface of the sphere.
The shear springs generate an associated torque about the sphere center, while the normal
springs do not. The absolute horizontal, vertical, and angular displacements of sphere j
from its equilibrium state are given by ();, Z;, and 0;, respectively, and the displacements of
the substrate are denoted by u(z, ), corresponding to displacement in the z-direction, and

w(z, z), corresponding to displacements in the z-direction.

4.2.1 Contact Stiffness

We derive the stiffnesses Ky, Kg, G, and Gg using Derjaguin-Muller-Toporov (DMT) [3, 47]
and Mindlin contact models [12]. The DMT theory is typically applicable in weakly-adhesive
systems with small, stiff particles [149], and assumes that the deformation profile is Hertzian.
The Mindlin model describes the shear stiffness of particles in contact, assuming an applied
normal force [12]. At the microscale, adhesive contact mechanics has been studied using
atomic force microscopy and nanoindentation approaches [150].

For contact between two spheres (or a sphere and a halfspace) having elastic moduli F4
and FEs,, and Poisson’s ratios v and vs, the Hertzian restoring elastic force Fy corresponding
to displacement 0y of the particle center in the direction normal to the contact surface is

given by

4
Fy = gE*R;/%j”V/Q, (4.1)

where R, is the effective radius (equal to R for sphere-halfspace contacts and R/2 for sphere-
sphere contacts), and E* = [(1—v?)/E;+(1—v3)/Ey) ! is the effective modulus. Considering

the DMT adhesive force Fpyr = 2mwR,. acting normal to the contact surface [3, 47] (where
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w is the work of adhesion between two surfaces), the net normal force is given by
Fnnet = Fn — Fpur. (4.2)

To describe the shear contact, we utilize the Mindlin model [12], which assumes small relative
displacements and no slip at the contact surface. For two elastic bodies with shear moduli
(GG1 and (s, the restoring elastic force Fg to displacement dg of the particle center in the

direction transverse to the contact normal is given by
Fg = 8G*RY?546), (4.3)

where G* = [(2 —11)/G1 + (2 — 1»)/G5] 7! is the effective shear modulus [12]. Here, the factor
of 6]1\,/2 arises from the Hertzian relation between the contact radius and Fy given by Eq.
(4.1).

By substituting the relative displacements 0y = Z — wp and dg = @ — ug + RO (where
up,; and wy ; are horizontal and vertical displacements of the substrate surface at the point of
contact, respectively) into Eqs. 4.2 and 4.3, and linearizing about the equilibrium configuration
of Ono = [3Fpur/(4E* (1;/2)]2/3 and dgp = 0, we derive linearized normal and shear contact

stiffnesses

, 1/3
Ky = (6E* RCFDMT)

: 1/3 (4.4)
3G
KS =38 (Z?RCFDMT> .

Stiffnesses Gy and Gg are given by equations of the same form as Eq. (4.4), but with E*,
G*, R., and Fpyr adjusted for sphere-sphere contacts. In the special case where the spheres
and substrate are composed of the same material, the relative magnitudes of the stiffness

constants are determined exclusively by Poisson’s ratio v of the material,
Gy =2""PKy
Ks=v'Kn (4.5)
Gg =27V Ky,

where v* = 2(1—v)/(2—v).
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4.2.2  FEquations of Motion of the Spheres

Assuming small displacements (i.e. Q);, Z;, and Rf; are much less than D), the j*" sphere

obeys the equations of motion

mQ; = —Ks(Q; —uo;+ RO;) + Gn(Qy1 — 2Q; + Q1)
mZ; = —Kn(Z;—wo;)+ Gs|Zj —22;+ Z; 1 — R(0;11 — 60;_1)] (4.6)
10; = —KsR(Q; —uo;+ RO;) — GsR[R(0;41 +20; + 60, 1) — (Z;11 — Z;1)).

4.2.8  Effective Medium Approximation

Considering wavelengths much longer than the sphere diameter, we treat the monolayer as
an effective continuous medium?. By substituting the center difference formulas [(-);41 —
(+)-1]/(2D) = 0(-)/0x and [(-)j1 — 2(-); + (-)j1]/(D?) = 0*(-) /02 into Eq. (4.6), we

arrive at the equations of motion of the monolayer in effective medium form:

82Q aZQ

mon = —Ks(@Q—uot RO +4GyR S5
822 822 ag

"oz T —Kn(Z —wo) + 4G5 R? (w - %> (4.7)
Iﬁ = —KSR<Q_U0+R9>—4G5R <R @—i‘@"—%)

The coupling between the monolayer and substrate is defined by the following boundary
conditions at the surface z = 0, which describe the average force acting on the surface due to

the motion of the spheres:

0o = 75(@ — ug + RO)
(4.8)
_ ﬁ(z — wp)
O,y = A 0/

where 0., and 0., are components of the elastic stress tensor [93] and A = D? is the

area of a primitive unit cell in our square-packed monolayer. The combination of Eq.

2See Sec. 4.4.2 (particularly Fig. 4.7) for a discussion of the range of validity of the effective medium.
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(4.7) and the linear elastic wave equations describing waves in the substrate [93], coupled

by the boundary conditions of Eq. (4.8), comprises the complete effective medium model.

4.3 Dispersion Relations

4.3.1 Rigid Substrate
Discrete Model

We calculate the dispersion relation for a monolayer on a rigid base using Eq. (4.6), by

i(wt—kDj) (with similar

assuming spatially-discrete traveling wave solutions of the form Qe
terms for the other displacements) and setting the displacements of the substrate surface w
and wy ; to zero. Here, (-A ) is the amplitude of a plane wave in the displacement variable
(), w is the angular frequency, and k is the wave number. After algebraic manipulation, Eq.
(4.6) is reduced to a homogeneous system of three linear algebraic equations in terms of the
amplitudes (A) This system possesses non-trivial solutions only for pairs of £ and w that
cause the determinant of the system to vanish. Enforcing this condition, we arrive at the
following dispersion relation, where the three rows of the determinant correspond to the three

equations of Eq. (4.6):

(1 - cos(kD)) + ¢sw? 0 R
0 (1~ cos(kD)) + o — % isin(kD) =0,
Rw% %i sin(kD) %[%(1 — cos(kD)) + ¢gwi]

(4.9)

where ¢y = 1 —w?/wi, s = 1 —w?/wg, ¢p = 1 —w?/wj, ey = /Gn/m(2R) and cg =
VGs/m(2R) [151], ¢z = —mR*c% /I, w3 = Ky/m, w%: = Kg/m, and w} = (Kg + 4Gs)R?/1.
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Effective Medium

To obtain dispersion relations assuming an effective medium, we substitute spatially-continuous

traveling wave solutions of the form Qe/(“t=+%) (

with similar terms for the other displacements)
into @), Z, and 6 in Eq. (4.7) with up = wy = 0. Following the same procedure used to obtain

Eq. 4.9, we obtain

e k? + pswi 0 Rw?
0 Ak + pywi; —ikc% = 0. (4.10)
Rw? ikc?, L(cBk* + ppuwp)

It is particularly instructive to examine the behavior of the effective medium model in the
long wavelength limit £ — 0. In this limit, the displacements vary slowly in space, and the
spatial derivative terms of Eq. (4.7) may be neglected. For the case of a rigid base, Eq. (4.7)

reduces to the form

32
2
m%—tf =—KnZ (4.11)
0%0
Iw = — KsR(Q + RO) — 4GsR?0.

The equation for Z decouples from the other two equations and yields a vertical vibrational
mode. The two other equations remain coupled, yielding two modes containing both horizontal
and rotational motion. Using the moment of inertia of a solid sphere I = (2/5)mR?, we find

three resonance frequencies

-KN:| 1/2

WN = | —

| m
K 1/2

WrE = (ﬁ) (207 + 7+ /40072 + 1207 + 49)} (4.12)
_ i 1/2

WHR = (ﬁ) <207—|—7— \/40072+1207+49>] )
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where v = Gg/Kg. Here, wy corresponds to a mode with exclusively vertical motion. The
other two modes wry and wyg exhibit both rotational and horizontal (but not vertical)
motion, with relative amplitudes determined by . The higher of the two horizontal-rotational
modes is predominantly rotational and the lower is predominantly horizontal, hence we have
used the notations wry and wgygr, where the first letter in the subscript denotes the dominant
motion. If the spheres and substrate are made of the same material, then, by using Eq. (4.5),
we can relate the horizontal-rotational frequencies of Eq. (4.12) to the vertical resonance
frequency, with the expressions wry = 3.0181/*1/2wN and wgp = 0.832y*1/2wN.

In the limiting case of isolated spheres (v = 0), wgy and wyg of Eq. (4.12) become
WRH, Iso = \/mws and wypr s = 0, respectively. For identical materials, wrpy 50 =
\/WWN. The dependence of wry and wygr on v is shown in Fig. 4.3.1 (a), where
it can be seen that wrpy originates at wrm 150 for v = 0 and grows unbounded, while wgr
originates at wyg 150 = 0, and approaches wg asymptotically. In Fig. 4.3.1 (b), we plot the
horizontal and rotational displacement amplitudes as functions of v for these two modes.
Different signs of the rotational amplitude indicate that the wry and wyr modes have different
motion patterns. In the former, a positive displacement is accompanied by a counterclockwise
rotation, while in the latter, it is accompanied by a clockwise rotation.

We note that the zero-frequency mode, wgr, 150, corresponds to the rolling motion of an
isolated sphere. With the inclusion of a bending rigidity, the sphere would not be allowed to
freely roll, and instead would undergo rocking motion of a finite frequency. While non-zero
bending rigidity exists in real systems (for instance, a microsphere adhered to a substrate
does not freely roll), the frequency of resulting rocking vibrations has been shown [152, 153]
to be over an order of magnitude lower than the other contact resonances discussed here.
Bending rigidity would thus act as a small perturbation to the predictions of our model, and
we do not include it in our analysis.

To illustrate the importance of particle rotations in the model, we note that in the
limiting case of I — oo, when there is no rotation, Eq. (4.11) yields two resonances: a

vertical resonance with frequency wy, and a horizontal resonance having frequency wg. For
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Figure 4.2: (a) Resonance frequencies wrpy (red line) and wyg (black line) as functions of the
stiffness ratio . (b) Displacement amplitudes of the resonant modes with frequencies wry (red
lines) and wy g (black lines), as functions of the stiffness ratio . Solid and dotted lines correspond
to (@ and R@, respectively. For each resonance, the amplitudes are normalized such that the sum
of squares is unity. The positive sign of Rf corresponds to counterclockwise rotation.

isolated spheres, the effect of rotations can be thought of as a reduction of the “effective
mass” of the sphere to (2/7)m, which increases the horizontal resonance frequency. On the
other hand, for interacting spheres, rotations dramatically change the dynamics, yielding
two horizontal-rotational modes whose frequencies depend on the relative strengths of the

sphere-to-sphere and sphere-substrate interactions.

4.3.2  Elastic Substrate

As in the case of the effective medium approximation for a rigid substrate, we assume

wt—kx) (

traveling wave solutions of the form Qei( with similar terms for the other displacements)
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into @, Z, and 0 in Eq. (4.7). Likewise, we express the variables wuy, wg, 0., 0., in
terms of surface wave solutions for the elastic potentials [93] ¢(x, z,t) = pekozFilwi=ke) anq
W(x, 2, t) = PeMPtilwi=ke) and then substitute these expressions into Eq. (4.7) and Eq. (4.8).
Here, (-A ) is the amplitude of a plane wave in the displacement or potential variable (-),

1 —w?/(2k?), 8 = /1 —w?/(c2k?), and ¢f, and cr are the longitudinal and transverse
sound speeds of the substrate, respectively. After algebraic manipulation, Eq. (4.7) and
Eq. (4.8) are reduced to a homogeneous system of five linear algebraic equations in the five
plane wave amplitudes (-A ), with coefficients depending on k and w. We obtain the dispersion
relation by seeking nontrivial solutions of this system, which exist only for pairs of £ and w

for which the determinant of the following coefficient matrix vanishes:

ikw? kpw? 3k + psw? 0 Rw?
—kaw?  ikwd 0 cEk* + w3 —ikc?
ikRw%  kRBw? Ruw? ikc?, L(2k? + dpw})
1+ 52 —2if3 0 ,;AZLW@%N + oywi — wi) Wikcfg
—2ic —(1+ B?) JW(C?\,/@Q + psw? — w?) 0 0
(4.13)

where p is the density of the substrate, and A = D? is the area of a primitive unit cell in our
square-packed monolayer. We note that the coupling between the spheres and the substrate
is represented by elements (4,4), (4,5), and (5, 3) of the matrix in Eq. (4.13). Thus, the
strength of the coupling can be quantified by the ratio m/(pA); if this term is made to vanish
(e.g. by making the mass of each sphere much less than that of the portion of the substrate
below it, extending to the depth of material influenced by Rayleigh waves), then the substrate
and monolayer will be effectively decoupled. We note that if rotations are disregarded (e.g.
by letting I — 00), Eq. (4.13) reduces to the same form as that of the adsorbed monolayer
of Ref. [148].

It is instructive to consider the long-wave limit when the spatial derivatives in Eq. (4.7)

can be disregarded. In this case, we find the simplified dispersion relation
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ikw? kBw? Psw 0 Rw?
—kaw?; ikw? 0 PNWA 0

ikRw?  kRfw? Ruw% 0 Logwy | =0.  (4.14)
1+p5* —2ip 0 AcmE(@nwy —wi) 0

—2iac —(1+ B?) ﬁ(qbswg — w?) 0 0

For isolated spheres, there is no approximation in Eq. (4.14) with respect to Eq. (4.13),
because, in this case, the terms generated by the spatial derivatives in Eq. (4.7) are identically
zero. For interacting spheres, the accuracy of dispersion relations calculated with Eq. (4.14)
will be assessed below by a comparison with results obtained with Eq. (4.13). We will see
that Eq. (4.14) essentially describes the interaction of contact resonances given by Eq. (4.11)

with Rayleigh surface waves.

4.4 Numerical Results and Discussion

In the following calculations, we consider silica spheres of 1.08 pym diameter on a silica
substrate, and use the elastic constants (Ref. [154]) £ = 73 GPa, v = 0.17, and work of
adhesion (Ref. [3]) w = 0.063 J/m?.

4.4.1 Rigid Substrate

We plot numerical solutions® of Eq. (4.9), to obtain the dispersion curves for the discrete
model of interacting spheres on a rigid base, as shown in Fig. 4.3(a). In our description of a
rigid substrate, we assume that no elastic waves propagate in the substrate, but allow local
deformation at the points of contact for the purpose of the contact stiffness calculation; this
preserves the same contact stiffnesses as in the elastic substrate analysis. We note that due
to the periodicity of the system, all three branches have zero-group velocities at the edge of

the first irreducible Brillouin zone [17] of the monolayer.

3See Appendix B for details about numerical solution of dispersion equations.
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Figure 4.3: (a) Dispersion relation of a monolayer of microspheres adhered to a rigid base. Blue
solid and red dotted lines denote, respectively, the discrete and effective medium monolayer
descriptions. Black dashed lines denote the contact resonances. (b)-(d) relative amplitudes of
the displacement variables @) (black dotted lines), Z (red dotted lines), and R (blue dotted
lines), corresponding to the branches of the same numeral for the dispersion of the discrete
monolayer adhered to the rigid base shown in (a). The amplitudes are normalized such that
the sum of the squared amplitudes is unity.
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By substituting the solutions shown in Fig. 4.3(a) into the coefficient matrix of the
corresponding algebraic system, we numerically determine the amplitudes of the sphere
displacements, which we plot in Fig. 4.3(b-d). By comparing the calculated displacements of
with the dispersion curves, we see that each branch takes on the character of its respective
contact resonance in the limit £ — 0. One can see that each of the three modes generally
involves both vertical and horizontal, as well as rotational motion (albeit the rotational com-
ponent of mode II is quite small). The existence of the three modes with mixed displacements
is a consequence of the inclusion of the rotational degree of freedom: without rotations, there
would be two modes, one vertical and one horizontal.

We note that, in the special case Ks = 0, the mode originating at wgr becomes purely
horizontal and decouples from the other two modes. The remaining modes (characterized
by vertical translation and rotation) are generally consistent with the results of Ref. [28],
for the case of normal contact with a rigid surface and no bending rigidity. Since Ref. [28]
considered hexagonal packing, the behavior is analogous at long wavelengths, but diverges at
short wavelengths due to discrete lattice effects.

The dotted lines in Fig. 4.3(a) show dispersion curves calculated with the effective medium
model as per Eq. (4.10). The effective medium approximation yields accurate results at long
wavelengths but fails at shorter wavelengths with the unphysical behavior of the first mode,
whose frequency goes to zero. At even shorter wavelengths, as shown in Fig. 4.4, the effective
medium dispersion curves of modes II and IIT asymptotically approach straight lines with
slopes given by ¢y and cg; such behavior has been described by Kosevich and Syrkin [148].
However, this asymptotic behavior is unphysical, because it arises as a short-wavelength
asymptotic of a long-wavelength approximation. Indeed, as can be seen from the dispersion
curves generated using the discrete model in Fig. 4.4, this asymptotic behavior does not occur
in our system. Thus, the inclusion of the first- and second-order spatial derivative terms of
Eq. (4.7), while improving the accuracy of the effective medium model at long wavelengths,

does not yield much additional understanding of the dynamics of the system.
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Figure 4.4: Dispersion relation of a monolayer of microspheres adhered to a rigid base, using
an extended plotting range. Blue solid, red dotted, and black dashed lines are the same as in
Fig. 4.3(a). Black dash-dotted lines denote the asymptotic slopes ¢y and cg.

4.4.2  Elastic Substrate
Isolated Spheres

We numerically solve Eq. (4.14) for the isolated spheres case using Gg = 0 and plot the
resulting dispersion relation for the effective medium model, as shown in Fig. 4.5. This
dispersion relation exhibits classic “avoided crossing” behavior [155] about the resonance
frequencies wy and wrw 150 = \/7/_2w5. In this model, surface acoustic waves (SAWSs) in the
substrate behave as classical Rayleigh waves at frequencies far from the contact resonances,
and the dispersion curves follow the line corresponding to the substrate Rayleigh wave speed
cr [93]. Conversely, sphere motions dominate those of the substrate at frequencies close
to the contact resonances. For phase velocities greater than ¢y, which correspond to the
region w > crk, the wave numbers that solve Eq. (4.13) are complex valued; these solutions

are “leaky” modes for which energy leaves the surface of the substrate, and radiates into
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Figure 4.5: Dispersion relation of SAWs in an elastic half space coupled to a monolayer of
isolated microspheres, denoted by the blue solid lines. Black dashed lines denote the contact
resonances, and black dash-dotted lines denote the transverse and Rayleigh waves speeds of
the substrate.

it. This isolated spheres case is particularly applicable in systems where adhesion between
particles is negligible, e.g. for: macroscale particles without lateral compression where the
dominant static compression is due to gravity and is between the particles and substrate; or
for microscale particles, if the separation distance between particles is larger than the range

of adhesion forces.

Interacting Spheres

In Fig. 4.6(a), we plot numerical solutions of Eq. (4.14). The amplitudes of the sphere

and substrate displacements are calculated in the same manner as in Fig. 4.3, and are plotted
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Figure 4.6: (a) Blue solid lines denote the dispersion relation of SAWs in an elastic halfspace
coupled to a monolayer of interacting microspheres. Black dashed lines denote the contact
resonances, and black dash-dotted lines denote wave speeds in the substrate. (b)-(e) relative
amplitudes of the displacement variables wuq (black solid lines), wy (red solid lines), @ (black
dotted lines), Z (red dotted lines), and Rf (blue dotted lines), corresponding to the branch
denoted by the same numeral in (a). The amplitudes are normalized such that the sum of
the squared amplitudes is unity.
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in Fig. 4.6(b-e). In Fig. 4.6(a), we observe features qualitatively similar to the dispersion
relation for isolated spheres in Fig. 4.5, with the exception of a third avoided crossing at
frequency wygr. The mode shapes reveal the ways in which each of the branches are influenced
by the contact resonances, as well as long and short wavelength asymptotic behavior of our
system. In the long wavelength limit, the substrate motions closely resemble Rayleigh SAWs.
Since the frequencies of waves in this regime are well below the contact resonances, the effect
of the spheres is negligible, and the monolayer moves in phase with the substrate surface. At
short wavelengths, it can be seen that the first, second, and third lowest branches exhibit
motions dominated by the displacements @), Z, and 0, respectively (each corresponding to a
resonant mode of the monolayer), while the highest branch tends toward the Rayleigh SAW.
The effects of proximity to the contact resonances are well illustrated, for example, by branch
III of Fig. 4.6(a), which exhibits large vertical sphere motions at its starting point near wy,
resembles the Rayleigh SAW as it approaches and crosses the cg line, and transitions into

large rotational sphere motions after the avoided crossing with wgy.

In order to examine the behavior of our system throughout the entire Brillouin zone, we
superimpose the dispersion curves for the effective medium model of interacting spheres on
an elastic base including higher order spatial derivative terms (the full Eq. (4.13)) with the
dispersion curves for the discrete monolayer on a rigid substrate (Eq. (4.9)), as shown in Fig.
4.7. At long wavelengths the discreteness of the monolayer is insignificant, and the dispersion is
well described by the effective medium model. Furthermore, we note that at long wavelengths
the dispersion curves calculated using the effective medium model including higher order
terms shown in Fig. 4.7, only slightly deviate from the dispersion curves calculated using
the effective medium model with the higher order terms neglected, which are shown in Fig.
4.6(a). The only noticeable effect is a downshift in frequency of the avoided crossing between
the Rayleigh wave and the wgy resonance. Since the latter intersects at the highest wave
vector of the three contact resonances, calculations with Eq. (4.14) are the least accurate.
In Fig. 4.7, at short wavelengths (beyond the avoided crossings with the Rayleigh wave

branch), the elasticity of the substrate has little effect on the dynamics, and the dispersion
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Figure 4.7: Blue lines denote the SAW dispersion relation with spatial derivative terms
included and red lines denote the dispersion relation of a discrete monolayer adhered to a
rigid base. Solid and dotted lines denote, respectively, valid and invalid ranges for the two
models. Black dashed and dash-dotted lines are the same as in Fig. 4.3(a).

can be described using the discrete model for interacting spheres on a rigid substrate. We
suggest that by “stitching together” the effective medium model for spheres on an elastic
substrate with the discrete model for spheres on a rigid substrate, we can simultaneously
capture the interaction of SAWs with the monolayer at long wavelengths and effects caused
by the discreteness of the spheres at short wavelengths. Past the avoided crossings, the two
sets of curves in Fig. 4.7 stitch together smoothly, resulting in a full picture of the monolayer

dynamics on the elastic substrate.
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4.5 Experimental Implications

We expect the presented results to be useful for predicting complex dynamic responses and
extracting effective contact stiffnesses from measurements of acoustic dispersion in a manner
similar to Boechler et al. [8]. The findings described above invite several questions, including
whether our model of a square lattice is applicable to results on hexagonally packed monolayers,

and why horizontal-rotational resonances were not observed in the experiment [8].

We believe that the assumption of the square lattice is not essential. For isolated spheres,
Egs. (4.7) and (4.8) with G and Gg set to zero are applicable for any arrangement of the
spheres, periodic or random, with the only parameter depending on the arrangement being the
surface area per sphere A. For interacting spheres, the results generally do depend on the lattice
structure and the propagation direction. However, the contact resonances given by Eq. (4.12)
correspond to the £ = 0 limit and, consequently, do not depend on the propagation direction.
The relative positions of the three contact resonances may be different in the long wavelength
limit between a hexagonal and square packed lattice, but their presence should still be expected

in both cases.

We suggest that the reasons why horizontal-rotational resonances were not observed in Ref.
[8] may be the following. Since the measurements were not sensitive to horizontal motion, the
wry and wy g resonances could only be detected when they hybridized with SAWs near avoided
crossings, and since the avoided crossings with wry and wygr resonances are more narrow than
the one with the wy resonance, they could have been missed. Furthermore, our model assumes
that all spheres are either connected by identical springs or are isolated. If the contact stiffness
between spheres were to vary widely (some neighboring spheres being in contact and others not,
for example), then distinct resonances may be absent. In addition, the upper (wgp) resonance
may have been outside the range of the measurements in Ref. [8]. Further experimental studies
of monolayer dynamics in conjunction with exploration of ways to control sphere-to-sphere

contacts should help resolve the discrepancy between the theory and experiment.
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While the main focus of this work has been on microgranular monolayers, our theory is
equally valid for nano- to macroscale systems. Contact resonances of isolated nanoparticles
have been previously demonstrated for spheres as small as 120 nm in diameter, and their
frequencies have been shown to scale in agreement with adhesive contact models based on
Hertzian mechanics [156]. Conversely, at the macroscale, contact springs would be determined
by gravity and, possibly, applied lateral static compression [140, 141, 142], rather than by
adhesion forces. We note that several past experimental works on macroscale granular systems
[140, 141, 142] have observed systematic upshifts in frequency relative to theoretical predictions,
and have suggested uncertainties in material parameters and experimental setups, as well as
deviations from Hertzian contact behavior as possible causes. As per the results from our
model, the presence of additional degrees of freedom and interactions between spheres and
substrate may also be possible causes. In the absence of the external lateral compression, highly
nonlinear “sonic vacua” [4] should also be expected. Generally, as amplitudes are increased,
interesting nonlinear dynamics are expected for granular monolayers due to nonlinearity of

Hertzian contacts between the particles [4, 5] and between the particles and the substrate [157].
4.6 Conclusion

We have developed a model for wave propagation in granular systems composed of a monolayer
of spheres on an elastic substrate. Our model expands on those used in previous works, and
Chapters 2 and 3, by including the elasticity of the substrate, horizontal and rotational sphere
motions, shear coupling between the spheres and substrate, and interactions between adjacent
spheres. We have shown that a monolayer of interacting spheres on a rigid substrate supports
three modes involving vertical, horizontal, and rotational motion. In the long-wavelength
limit, these modes yield three contact resonances, one purely vertical and two of mixed
horizontal-rotational character. On an elastic substrate, these resonances hybridize with the
Rayleigh surface wave yielding three avoided crossings. For isolated spheres, the frequency of
the lower horizontal-rotational resonance, in the absence of bending rigidity, tends to zero

and only two contact resonances with two respective avoided crossings remain.
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By comparing the effective medium (valid for long wavelengths) to the discrete formulation
of our model, we have demonstrated that for the presented microsphere monolayer example,
the effective medium model can be used to describe the interaction of the contact resonances
with the Rayleigh waves in the substrate, but loses accuracy at shorter wavelengths. In
that case, the substrate can be considered rigid, and the discrete model is more appropriate.
This model is scalable in that it can be adapted for use with nano- to macroscale systems,
and provides a means to experimentally extract contact stiffnesses from dynamic measure-
ments. Opportunities for future studies include exploration of analogous models for granular
monolayers in the nonlinear regime, as well as analysis of the transverse modes of a granular
monolayer or granular chain on a substrate. Further experiments on nano- to macroscale

granular monolayers will help guide the modeling effort.

4.7 Related Experimental Work*

In this section, we highlight experimental works that have been supported by the analytical
model in this chapter. The three contact resonances were observed in recent experiments on a
monolayer of silica microspheres adhered to a substrate [56], wherein the horizontal-rotational
resonance frequencies were selectively increased via the deposition of a thin layer of aluminum,
which stiffened the interparticle contacts without affecting the sphere-substrate contacts.
The resonances were measured using a knife-edge photodeflection detection technique [58].
To match the resonance peaks identified in the frequency domain experimental data to the
correct motion (vertical or horizontal-rotational), the experiments were repeated using a
grating interferometer [59] in place of the knife-edge technique. While the knife-edge method
is sensitive to the motion of all three resonances, the grating interferometer is only sensitive
to the vertical resonance, which allows the unique identification of the vertical resonance. In
an additional experimental study [158], as well as an accompanying theoretical work [159],

this model is adapted to examine a hexagonally-packed monolayer. In contrast to previous

4This content is not adapted from Ref. [137]
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works on microgranular monolayers [8, 56, 55, 57|, the monolayer studied therein is very
well-ordered, which allows the measurement of contact-based vibration modes well into the

Brillouin zone, outside the regime where a long-wavelength approximations are valid.
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Chapter 5

NONLINEAR DYNAMICS OF A 1D GRANULAR CRYSTAL
ADHERED TO A SUBSTRATE

5.1 Introduction

In Ch. 4, it was shown that a monolayer of microspheres adhered to a substrate possesses
three sagittally-polarized modes. The analysis in Ch. 4 was restricted to the linear regime.
In this chapter, we study an extension of the linear model that includes contact nonlinearity,
for the case of a rigid substrate. We focus on the weakly-nonlinear regime, where the relative
displacements are not small compared to the static overlap (but not large enough to cause
loss of contact). Using a quasi-discreteness approximation, we derive a Nonlinear Schrodinger
(NLS) equation [128] that describes the slow modulation of a single, high-amplitude carrier
wave in any of the three linear modes. Previous works have used the NLS equation to
describe nonlinear diatomic lattices [160] and analogous behavior in macroscale, diatomic
GCs [114], as well as an asymptotic limit of the 1D, mass-in-mass chain presented in Ch. 3
[94]. Closely related discrete variants of the NLS equation have also been used to describe
diatomic chains [161] and monatomic chains with on-site potentials [162]. The NLS equation
derived in this work may be of either focusing or defocusing type, depending on the frequency
and wave number of the carrier wave. Finally, we simulate a nonlinear monolayer chain via
direct numerical integration, and find that nonlinear, localized modes of the chain are well
approximated by both bright and dark breather solutions of the derived nonlinear Schrodinger
equation. This work extends the prior models of 1D, precompressed GCs, which lack either
shear and rotation [5] or nonlinearity [38, 137], and is applicable to recent experimental setups
involving self-assembled microsphere monolayers [8, 56] and macroscale granular chains with

magnetic precompression [37].
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Figure 5.1: Schematic of the nonlinear monolayer model.

5.2 Model

A schematic of the monolayer model is shown in Fig. 5.1. The model consists of a chain
of spheres with mass M and moment of inertia I, which are connected to each other and
to a rigid substrate by nonlinear normal and shear springs. The spheres have diameter
D = 2R, and the horizontal, vertical, and angular displacements of the sphere with index
J are given by ¢;, z;, and 0}, respectively. The spacing between adjacent sphere centers is
considered to be D. For ease of notation in the following equations, we define 5= (On,0g) as
a vector whose components are the normal and transverse components (respectively) of a
change in displacement between the centers of two spheres. The “normal“ and “transverse
directions are defined relative to the contact plane; they are not fixed in the inertial reference
frame. For example, the normal component is in the (vertical/horizontal) direction for

sphere-(substrate/sphere) contacts.

5.2.1 Normal contact: Hertz/DMT model

The contact force in the normal direction is given by the Hertz contact law [13]:
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-

Fy(9)

where (-) is a placeholder for superscript g or i (denoting sphere-ground and intersphere

]3/2, (5.1)

A0 [53" N
Jr

contacts, respectively), A®) is a stiffness constant that depends on geometric and material
properties, and 5(()') is the static overlap induced by precompression (e.g. via adhesive or
magnetic attraction or a static external load). The subscript + indicates that the contact is

tensionless (that is, the bracketed term vanishes if its argument becomes negative).

5.2.2 Shear contact: Mindlin Model

The contact force in the transverse direction is given by the Hertz-Mindlin model with the

assumption of no slip [13]:

=

) ) 1/2
FY(8) = BOsg [5(3)—5N]+, (5.2)

where B®) is another stiffness constant that depends on geometric and material properties.

5.3 Equations of Motion

Force and moment balances about sphere j give the equations of motion:

mi; = —F4(8") + Fa(dh) — Fa(d) (5.3)
mz; = F{(6%) — F{(65) + F5(8)) — F5(5%) (5.4)
16; = R(-F) + Fi@) + FE)). (5.5)
where
59 = (2, q; + RO;) (5.6)
0 = (g1 — 4y zj41— 2 — R(0j51 +0))) (5.7)

0L = (g5 —qj—1, 25— 21— R(O; +0;1)). (5.8)
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5.3.1 Nondimensionalization

We normalize the translational displacements by the interparticle static overlap as Z; = z;/d

and Q; = ¢;/0}, and the angular displacement as ®; = R6;/(6imR?/I). We normalize the

time variable as 7 = wyt, where wy = \/(3/2)AG\/53/m is the frequency of the normal

contact resonance in the linear limit.

5.3.2  Fxpansion of Nonlinear Forces

=

Since we are concerned with only weak nonlinearity, we expand the forces FJS, (0) and F (5)

in Taylor Series to the third order:

3/2 ) s()1/2 3

oy + §A<'>53>

T 16A 1507533 + 055 1p.9)

Sn20s + O(6x5s).  (5.10)

FY@6) ~ A<~>5g> 2A )58

S 1

N)=3/2

5.8.3 Dimensionless Equations of Motion

Substituting (5.1) - (5.2) and (5.6) - (5.8) into (5.3) - (5.5) and switching to the normalized

variables, we find the dimensionless equations of motion given in Appendix C.
5.4 Dispersion Relation

In the linear (small amplitude) limit, the nonlinear terms in (C.1) - (C.3) can be neglected.
By assuming solutions of the form Q;(7) = Qe!*P~+7) (with similar expressions for Z; and
®;), where k is the wave number and w is the angular frequency, we derive the dispersion

relation det(M;(k,w)) = 0, where

—w? + K, —2G, (o1 — 1) 0 WK
Ml - 0 —CL)2 -+ Kn — QGS(QOl — 1) 21ﬂG5¢1
K, —2iG —w? 4+ uK, + 2uG (o1 + 1)

(5.11)
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RH

kD

Figure 5.2: Dispersion relation of the monolayer in the linear limit.

1 = cos(kD), and ¢y = sin (kD). This dispersion relation has three branches: the “N”
mode, which consists primarily of displacements in the direction normal to the substrate (i.e.
Z;), the “HR” mode, which is predominantly horizontal translational motion (but with some
rotation), and the “RH” mode, which is composed of mostly rotational motion, but with

some horizontal translation [137].



74

5.5 Derivation of the Nonlinear Schrodinger Equation

5.5.1 Slow Modulation of an Envelope

In the weakly nonlinear regime, the waves can be described as a slow modulation of a carrier
wave. To find the NLS equation, we seek an approximate solution of Egs. (C.1) - (C.3) in
the form Q; = S(X, T)e!®P=w7) 4 h o.t. [128], where the envelope S is described by the “slow”

variables

= &(jD — 1) (5.12)
T = & (5.13)

Here, € is a small, dimensionless parameter, and v is a speed to be determined. The higher order

terms (h.o.t.) are chosen to eliminate the error of the approximation to a desired order of .

5.5.2  Quasi-Discreteness Approximation

Since the rescaled displacement X varies slowly relative to the sphere spacing D (e.g. an
increment in j causes a very small change €jD in X)), the envelope function at an adjacent

lattice site can be approximated via Taylor series as

S(X +eD,T) = S(e((j £ 1)D —vr),T) ~ S(X,T) & (D) Sx + (512))28)@( + O, (5.14)

Thus, we consider the envelope to vary continuously in the slow spatial variable X, while the

carrier wave depends on the discrete variable j.

5.5.8 Ansatz

kiD=wT) " To derive approximate

For ease of notation, we abbreviate the carrier wave as F = ei(
the system using the NLS equation, we will need several higher order terms. The complete

ansatz is
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Qan = clamSE+cc]+e” [aS’E* + asSxE + c.c. + a3SS]

+e3 [a4SSE3 + agSSx E* + a7SSx + agSrE + agSxx E + ai|S|>SE + c.c@.lS)
Zan = e[biSE +c.c]+ & [ngQE2 +bsSxE + c.c. + ngg]

+&% [04SPE® + bsSSx E* 4 b75Sx + bsSTE + bgSx x E + b1o| S|*SE + c.c.|5.16)
Py = elctSE+cc]+e? [C2S2E2 + Sy E +cc. + 0355]

+e3 [C4S3E3 + ¢SS E? 4+ 7SSy + csSTE + coSxx E + c10|S|*SE + c.c.b.l?)
where (a,, b,, ¢,) are frequency-dependent constants that must be determined.

5.5.4  Solvability Conditions

To avoid cluttered notation in the following derivation, we define the following constants as

the dimensionless Taylor series coefficients:

a; =K, ay=-K,/4 a3=-K,/24 (5.18)
br=Ks po=—-K/2 B3=—-K/8 (5.19)
Nn=Gn 7n=-G /4 v3=-G,/24 (5.20)
m=Gs m=-Gs/2 n=-G/8, (5.21)

and the following periodic functions of the wave number k:

©m = cos (mkD) (5.22)
Yy, = sin (mkD), (5.23)

where m may take the value 1 or 2. By substituting the ansatz (5.15) - (5.17) into (C.1)
- (C.3) and applying the continuum approximation (5.14), and after moving all terms to
the left-hand side of each equation, we obtain three residuals, which must be eliminated

to achieve error on the order of €*. This results in a hierarchy of solvability conditions at
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each order of ¢, which are used to find the unknown coefficients aq, as, etc. The results are
highlighted in Appendix C. By satisfying the solvability conditions, we arrive at a single NLS

equation to describe the modulation of the envelope:

i\eST + AoSxx + Ao S|2S = 0, (5.24)

where Ag, Ag, and Ay are functions of wave number and frequency, and are generally complex.
Equation (5.24) can be put into a form in which Ag, Ag, and Ajg are all real by uniformly shifting
the complex phase of all terms (for example, by multiplying Eq. (5.24) by exp (—=i£(\g)). In

the following sections, without loss of generality, we assume that Ag, Ag, and Ay are all real.

5.5.5  Focusing and Defocusing Behavior

The NLS equation is considered “focusing” or “defocusing,” depending on the ratio of the
dispersive and nonlinear terms. Let o = sign(Ao/Xg). If 0 = (+1, —1), the NLS is (focusing,
defocusing). The ratio o usually corresponds to the concavity of the dispersion curves, i.e.

Sign(agzgk)). The focusing NLS equation has so-called “bright” soliton solutions, for which

energy is localized in space. Conversely, the defocusing NLS equation has “dark” soliton
solutions, for which a localized, low-energy “dark spot” appears against a bright background

carrier wave.

For this system, the NLS equation for a carrier wave in the N mode is focusing when
k = 0, and transitions to defocusing behavior near the middle of the Brillouin zone. The
(HR/RH) modes are (focusing/defocusing) at low k, and (defocusing/focusing) for k = m. A
special case occurs for the HR and RH modes in the limit k& — 0: the nonlinearity coefficient
Ao vanishes. No nonlinear effects are present in this limit because the carrier wave has no
vertical displacement and no relative horizontal displacement between spheres. Physically
speaking, the contact areas do not change in these modes of deformation, so the effective

stiffness is constant.
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5.5.6 Breather Solutions

Some well-known solutions of Equation (5.24) are the so-called breather solutions, which are
spatially localized and oscillate in time, and are known in analytical form [128]. In particular,
the bright and dark breather solutions, which are solutions of the focusing and defocusing

NLS equations, respectively, are given by

Sy(X,T) = VA& sech (VAEX e AT (5.25)

and

Sy(X,T) = VA tanh (VAGX )T (5.26)

where v = o sign(Xs/Ag), &1 = 20/, & = VPAs/ Ao, G = /VAs/ Ao, and G =
v/ —(v/2)As/Ng. Plots of the lattice profile resulting from a few example breather solutions
are shown below in Fig. 5.3. From these profiles, we observe that the envelopes are not all
symmetric about the central lattice site; this asymmetry is due to the presence of both even-

and odd-power nonlinearities in the equations of motion [163].
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Figure 5.3: Spatial profiles of breather solutions of the monolayer for the cases (a) N mode,
kD = 0 (focusing); (b) N mode, kD = 7 (defocusing); (¢) HR mode, kD = 7 (defocusing);
(d) RH mode, k = 7 (focusing). In all panels, the black, blue, and red dots correspond the
the displacements @);, Z;, and ®;. Connecting lines in the corresponding colors are shown as
a visual aid. For all cases, we use the parameters ¢ = 0.01 and A = 36.

5.6 Numerical Results

The validity of the NLS approximation is tested by comparing breather solutions with the direct
numerical solution of the equations of motion (5.3) - (5.5), with periodic boundary conditions.
Spatiotemporal plots of the dimensionless kinetic energy KE = (1/2)Q3 4 (1/2)Z7 + (1/2)®3
are shown in Fig. 5.4. We find that the breather profiles result in very little radiation or
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shape change over hundreds of oscillations, indicating that the fully nonlinear dynamics of
the discrete chain are well described by the NLS. However, the accuracy of the approximation
could be better quantified via analysis of the stability of intrinsic localized modes of the fully

nonlinear lattice, which we leave for future work.
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Figure 5.4: Spatiotemporal plots of breather kinetic energy for the following cases: (a) N
mode, kD = 0; (b) HR mode, kD = m; RH mode, kD = 7; (d) N mode, kD = 7 /4. For all
cases, we use the parameters ¢ = 0.04 and A = 1.
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5.7 Conclusions

In this chapter, we have extended the monolayer /rigid substrate model to include weak contact
nonlinearity. This model differs from past analyses of weakly-nonlinear wave propagation in
granular chains in that it includes shear interactions and rotations, which introduce more
propagation modes, as well as a substrate, which causes coupling between longitudinal and
transverse motions. Slow modulations of a carrier wave in any of the three modes can
be modeled using the NLS equation, which can be of either focusing or defocusing type,
depending on the mode of the carrier wave. Finally, we have simulated breather solutions from
the NLS model using the full nonlinear equations of motion, and shown that the theoretical
approximation works well for small and large wave numbers.

Our analysis opens up several opportunities for future studies. First, the model applies to
existing experimental setups, such as a monolayer of microspheres adhered to a substrate,
in regimes where interactions with surface acoustic waves in the substrate are minimal. It
would also be very interesting to model the interaction between two or three envelopes, as
the current NLS model only accounts for one at a time, and it may be difficult to excite only
a single mode in experiments. A closely-related setup would be a damped-driven variation of
our model, which would be more experimentally relevant in a macroscale setup with a shorter
chain (i.e. tens of spheres instead of hundreds or thousands). Finally, the stability of the
intrinsic localized modes of our monolayer should be analyzed, which could be done using a

continuation method (e.g. in the spirit of Ch. 3).



81

Chapter 6

SHEAR TO LONGITUDINAL MODE CONVERSION VIA
SECOND HARMONIC GENERATION IN A 2D MICROSCALE
GRANULAR CRYSTAL!

This chapter builds upon the prior chapters, which considered wave propagation in 2D
microscale granular crystals adhered to elastic substrates having motion in the saggital plane,
to consider plane wave propagation in a 2D microscale model without a substrate (accounting
for nonlinearity, normal and shear interactions, and particle rotation). In contrast to the
previous chapters, this type of model considers 2D particle translations within the monolayer
plane, and particle rotations with the axis of rotation out of plane. This type of model is
a step closer towards describing plane wave propagation in 3D microscale granular crystals.
Here, the specific phenomena of shear to longitudinal mode conversion via second harmonic
generation is studied theoretically and computationally for plane waves in a two-dimensional,
adhesive, hexagonally close-packed microscale granular medium. We consider fundamental
frequency plane waves in all three linear modes, which have infinite spatial extent and travel
in one of the high-symmetry crystal directions. The generated second harmonic waves are
longitudinal for all cases. For the lower transverse-rotational mode, an analytical expression
for the second harmonic amplitude, which is derived using a successive approximations
approach, reveals the presence of particular resonant and antiresonant wave numbers, the
latter of which is prohibited if rotations are not included in the model. By simulating a lattice
with adhesive contact force laws, we study the effectiveness of the theoretical analysis for
non-resonant, resonant, and antiresonant cases. This work is applicable to the analysis of

microscale and statically compressed macroscale granular media, and should inspire future

!The work in this chapter is adapted from Ref. [164].
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studies on nonlinear two- and three-dimensional granular systems in which interparticle shear

coupling and particle rotations play a significant role.
6.1 Introduction

As described in Ch. 1, models involving Hertzian normal contact (i.e. not having shear
contact interactions) have been used to explore highly nonlinear mechanical wave propagation
in uncompressed 2D granular crystals [4, 22, 23, 24, 25, 165]. While this type of model
works well for uncompressed granular media, for statically compressed granular systems
it is important to consider interparticle shear interactions and particle rotations. Several
recent theoretical works, based on earlier discrete lattice models of elastic media [34], have
introduced linear models of 2D [28, 29, 31] and 3D [30] granular crystals that account for
interparticle shear interactions and particle rotations. These studies demonstrated how the
additional degrees of freedom and modes of particle coupling can drastically influence the
granular crystal dynamics, and yield unique effects such as the rotational waves experimentally
observed in statically compressed macroscale granular systems [27]. Shear interactions and
particle rotations also play a similarly important role in the emerging field of microscale
granular crystals, as has been demonstrated theoretically in Chapters 4 - 5 and experimentally
in another recent study [56], for quasi-1D microgranular systems in linear dynamical regimes.

In this work, we explore the nonlinear phenomena of second harmonic generation for plane
waves traveling in a model of a 2D hexagonally-close packed lattice of microspheres, which
includes interparticle adhesive effects, particle rotations, and elastic shear interactions.The
spheres undergo 2D translations within the monolayer plane and rotations about an axis out
of the plane. Second harmonic generation is a well-known phenomenon that has been studied
extensively in nonlinear optics [166] and acoustics [167]. Past works have also examined
second harmonic generation in 1D discrete granular chains [168, 169] and fluid-saturated
granular media [170]. Using a successive approximations approach in the manner of Refs.
[168, 169], we theoretically analyze the second harmonic generation for cases where the

fundamental frequency (FF) wave is purely longitudinal or transverse-rotational in character,
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and find that the generated second harmonic waves are longitudinal in both scenarios. Such
shear-to-longitudinal mode conversion via second harmonic generation has been previously
studied in nonlinear elastic solids [171], observed experimentally in 3D granular packings
[172, 173], and modeled in quasi-1D nonlinear phononic crystals [174]. We show that the
second harmonic generated by a FF wave in the lower transverse-rotational mode may resonate
or vanish for particular wavelengths, but the latter phenomenon is not predicted if rotations
are excluded from the model. Finally, we compare our theoretical predictions with dynamic
discrete element simulations of a microscale granular crystal. We find that the theoretical
predictions are quantitatively accurate for non-resonant wavelengths, and provide qualitative
understanding of the behavior at resonance. This paper extends the already rich body of
work on nonlinear waves in 2- and 3D ordered granular media by exploring the interplay of

multiple degrees of freedom and nonlinear particulate interactions.

6.2 Theory

6.2.1 Model

We consider a 2D, hexagonally close-packed lattice of spheres, as shown in Fig. 6.1(a). The
interactions between spheres follow the Derjaguin-Muller-Toporov (DMT) adhesion model
[3, 47], which includes Hertzian normal contact forces [11, 13|, and a static adhesive force
Fpyur = 2rwR, due to van der Waals interactions, where w is the work of adhesion [3],
R. = R/2 is the effective radius for two spheres in contact, and R is the microsphere radius.
To describe the shear contact interactions, we use the Hertz-Mindlin model [12, 13], assuming
no slip occurs in the contact surface. Because the characteristic sound speeds of waves in the
lattice are much slower than those of the bulk material of the spheres, we treat the spheres
as rigid bodies with radius R, mass m, and moment of inertia I = (2/5)mR?, interacting
via nonlinear spring elements [4]. In terms of the displacements w;, vy, and 6}, which
represent horizontal, vertical, and angular displacements from equilibrium, respectively, the

equations of motion of the sphere with index (j, k) are given by
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(b)

Figure 6.1: (a) Schematic of the model of a 2D, hexagonally close-packed granular membrane.
The black arrow indicates the direction of wave propagation. (b-d) Illustrations of longitudinal,
shear, and rotational motions activating normal and shear nonlinear contact springs.

milgs = Jx(82) ~ fu(B5) + S (n(B0) — w8 + ) — i (5e)

+ 50— 1500 — F5(6) + Fs(dn) 61
mi = fs(82) ~ fs(8) + 5(fs() — Fs(00) + Fo(8s) — Fs(6)

o L6 = 10l — I + (o) (62
@$:R;h@, (6.3)

where §;, = (01, 01,9) is the vector of relative normal and tangential displacements between
particles labeled [ and 0, as is defined in Sec. 6.5. The normal spring force (positive away
from particle 0) and shear spring force (positive when inducing a counter-clockwise moment

about particle 0) are given by
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_ 4
fn(d) = —gE*Riﬂ Ay — 5l,N]§_/2 (6.4)
fs(&) = 8G*RY*6,5 (Ao — ain]}7, (6.5)

respectively. Here, Ag = [3Fpyr/ (4E*R};/ 2)]2/ 3 is the static overlap due to adhesion, and
E* = E/(2(1 —v?)) and G* = G/(2(2 — v)) are the effective elastic and shear moduli,
respectively, of a solid with elastic modulus E, shear modulus G, and Poisson’s ratio v. As
shown in Fig. 6.1(b-d), the normal springs are activated by axial sphere displacements, while

the shear springs can be activated by both transverse displacements and rotations.

We expand the nonlinear spring forces given by Eqgs. (6.4) and (6.5) in Taylor series up to

quadratic order as

—ANY? + gAAg”(sm - 2AA51/25;{N + 03} y) (6.6)

=
S
2

1
fs(8) ~ BAY*6.5— 5B Y25, 50w + 001,582 y), (6.7)

where A = (4/ 3)E*Ri/ 2 and B = 8G*R:>. We name the linear and quadratic stiffnesses
k= (3/2)AAY?, g1 = BAY?, ky = —(3/8)AA; "%, and g, = —(1/2)BA;""?, and define the
nonlinearity parameter € = (3/2)Dy(g2 + 3k2)/(g1 + 3k1).

We restrict our analysis to plane waves traveling in the positive y direction; hence,
the equations of motion take the form of an effective 1D lattice with three degrees of
freedom, and we adopt the single index n, where n = k. We also transform the system to

dimensionless variables p = v/Dy, ¢ = —u/Dy, ¢ = RO/D,, where Dy is a characteristic

displacement amplitude, and 7 = twy, where wr, = 2+/(g1 + 3k1)/(2m) is the cutoff frequency
for longitudinal waves in the linearized system. Finally, the equations of motion are reduced

to a simpler form, which is valid for small nonlinearity (¢ << 1):
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" 1 1 1
Pn = _D2pn + E[g(DQPn)(Dlpn) - EQ(DQQn)<DIQn)

4
3\/— (¢nD2Qn QnD3¢n+D3(QH¢n))] (6.8)

v V3u
4, = 41 DQC]n - 9 21)1§bn - [ (an1Qn + anlpn Dl (ann))
+ \/gﬁ(_pnp4¢n + ¢nD3pn + D3(¢npn))] (69)

21
+ Ezﬁj[%(_QnDﬂ)n - anSQn + D3(ann>> + (an1¢n - anDlpn - Dl (anpn))], (610)

where the (-)” notation denotes the second derivative with respect to 7, the parameters
= (391 + k1)/(g1 + 3k1), p2 = g1/(g1 + 3k1), @ = (92 — k2) /(g2 + 3k2), B = g2/ (g2 + 3k2),
v = (g2 + k2)/(g2 + 3ks), and I = I/(mR?), and the operators Dy (- ) = (- )1 — (- o1,
Dy()n = (Jnt1=2(- )nt( Jn-1, Ds(- Jn = (Jng1+( o1, and Da(- ) = (- Jng1+2(- Jnt (- o1
We note that the rescaled variables p,, and ¢, represent displacements parallel and transverse
to the direction of propagation, respectively.

In all numerical results that follow, we use, as a case study, the geometric and material
properties of 1 pum silica spheres: elastic constants F = 73 GPa and v = 0.17 [154], and work
of adhesion w = 0.063 J/m? [3].

6.2.2 Quasi-linear Regime

In the limit of vanishing amplitude, the dynamics are linear, and the medium behaves as
the 2D hexagonal lattice studied in [34] (neglecting rotational springs). Using Eqgs. (6.8) -
(6.10) with e = 0, we derive the dispersion relation, and find three modes, as shown in Fig.
6.2(a): one that involves only longitudinal motion, and two involving coupled transverse and

rotational motions [31, 34]. The dispersion equations are:
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Q0 = sin (g) (6.11)

det (M) = 0, (6.12)

where ¢ and Q are the dimensionless wave number and angular frequency (normalized to the
lattice spacing in the y direction and longitudinal mode cutoff frequency [17], respectively),

and the transverse-rotational dispersion matrix M is given by

| Bl—es@ -2 VB | 613

—VBipgsin(€)  2ua[2 + cos(€)] — 1Q?

Following conventions used in previous works [27, 30], we denote the longitudinal mode
“L,” and the lower and upper transverse-rotational modes as “T'R” and “RT,” respectively,
where the first letter corresponds to the predominant displacement of each mode. While
models for 3D hexagonally close-packed granular crystals [30], which include shear interactions
and particle rotations, predict faster wave speeds, due to additional interparticle coupling
terms, and additional plane wave modes due to periodically alternating layers (including
purely rotational modes), we suggest that our model may also be utilized to gain qualitative
understanding of certain 3D scenarios. This is due to the similarity of acoustic-type L and

TR modes, as well as one of the optical-type RT modes, present in both 2D and 3D systems.

6.2.3  Weakly-nonlinear Regime: Second Harmonic Generation and Nonlinear Mode Conver-

sion

For |e¢|] << 1, the nonlinear response can be predicted using a successive-approximations
approach, in the manner of Refs. [168, 169], where we represent the displacements as power

series? in e:

2Here we use regular perturbation theory, which is sufficient for the behavior we wish to model.
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Figure 6.2: (a) Dispersion of plane waves traveling in the direction indicated in Fig. 1(a).
Longitudinal (black), TR (blue), and RT (red) modes are denoted by the solid lines. The blue
dashed curve is a frequency- and wave number-doubled representation of the TR mode, which
is shown to intersect with the L mode. The black dash-dotted curve defines the antiresonance
condition, wherein its intersection with the TR branch denotes the antiresonance frequency
and wavenumber. (b,c) Amplitudes of second harmonic longitudinal waves (black solid curves)
generated from fundamental waves in the RT and TR modes, respectively. Blue and red
dashed curves show the transverse and rotational displacements, normalized such that the sum
of squares is unity. The second harmonic amplitudes are normalized by the small parameter e.

Pu(T) = Pon(7) + €Pin(T) + EPoy(T) + ... (6.14)
(7)) = Qon(T) + €Q1n(T) + €Qan(T) + ... (6.15)
On(T) = Pou(7) + €@ () + €Dy () + ..., (6.16)

and explore second harmonic generation in the granular medium, separately considering the
cases of TR/RT and L modes as FF waves. While previous works employing this approach
have focused on finite-length and semi-infinite lattices [168, 169] with a harmonic boundary

condition, we consider an infinite lattice, and use a single plane wave of infinite extent that
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travels in the positive-n direction as the initial condition; that is,

p(0) = Py, (0) = Ppe®™, (6.17)
p,(0) = P§,(0)=—iQPe ", (6.18)

where P, is a constant amplitude, with similar expressions for the other displacements.
Thus, the second harmonic response is a function of wave number. This configuration closely
resembles the conditions of several recent experiments on microscale granular crystals [8, 9, 55]
that utilize the laser-induced transient grating spectroscopy technique [10], which excite
waves with specific, defined wavelengths via the projection of a spatially periodic optical
interference pattern.

We note that, for the expansions given by Eqs. (6.14) - (6.16) to be valid, each function
Py, P, etc. should be of order O(1); this imposes limits on the range of wave numbers for

which the analysis is valid, as will be discussed later.

TR and RT Modes as Fundamental Waves

We first consider TR and RT modes as FF waves, i.e.

pa(0) = p(0)=0 (6.19)
0 (0) = Qon(0) = Qoe™ ™™ |, _o, ¢,(0) = —iQq,,(0) (6.20)
$n(0) = Dg,(0) = Do @] g, ¢),(0) = =i, (0). (6.21)

We proceed by substituting the power series given by Egs. (6.14) - (6.16) into Egs. (6.8) -
(6.10). At order O(e"), we find that Py, Qo.n, and @, must be plane waves satisfying the
linear dispersion relations given by Eqs. (6.11) and (6.12). To satisfy the initial condition
given by Eq. (6.19), it follows that Fp,(7) = 0. Furthermore, the ratio of amplitudes of
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the Qo, and &g, plane waves is constrained; in particular, a vector composed of these
two amplitudes must be an eigenvector of the dispersion matrix M corresponding to the
eigenvalues ¢ and ). Because we have chosen a plane wave in the TR or RT mode as the

initial condition, this constraint is trivially satisfied.

At order O(e'), we find

1
Plll,n_Z(Pl,n—l-l — 2P+ Pip) =

S D2y )(P1Po) = 5a(DaQ0)(PiQu)

1
+——=08(Pon,D2Qo.n — QonDsPo.,, +D nPon 6.22
3\/35( 0,0 D2Qo,n — Qo,n D3 Po, 3(Qon®Pon)) ( )

3
llln_&D2Q1,n + \/_MQ,qu)l,n ==
) 4 2
1
_1[7 (PonD1Qo.n + Qo D1 Py — Di(QonFon))
+V33(=PynDs®0 + Pon D3Py + D3(PonPoy))] (6.23)

@Y,n—%[—Z(Z%CI)Ln + 2P ,) + \/§D1Q1,n] =

1
%[ﬁ(_QO,nD2PO,n — PonD3Qo.n + D3(QonFon))

+(PynD1Pon, — Po.n D1 Py — D1(PonFon))l- (6.24)

Since Py, = 0, the right-hand side of Eq. (6.22) is composed of quadratic products of Qg
and @, while the right-hand sides of Eqgs. (6.23) and (6.24) vanish. Thus, the second
harmonics at order O(e') generated by fundamental plane waves in the TR and RT modes
are purely longitudinal in character. Furthermore, from the initial conditions given by Eqgs.
(6.20) and (6.21), it follows that (1, (7) = ®1,(7) = 0.

We derive an expression for P; ,,(7) by seeking a solution of the form
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Pro(r) = ]51(;) H(26n—0(28)7) | ]51(;) 1 (26n+026)7) | pl(zR)ei(%nf?QT), (6.25)

where 2(2¢) is found using Eq. (6.11). The first two terms of ansatz given by Eq. (6.25) are
the homogeneous part of the solution, with the (+) and (—) superscripts corresponding to
positive- and negative-n traveling waves, respectively. The third term is generated by the
FF wave terms on the right-hand side of Eq. (6.22), and the superscript (T'R) signifies that
the generating FF wave is in either transverse-rotational mode. To derive an expression for
the amplitude of the generated second harmonic wave, we substitute into Eq. (6.22) the
expressions P ,, = PﬁR)e’@f”*mT), Qon = Qoe'€97) and @, = @oe’€»=97) and adopt the
convention that the FF amplitudes Qo and ég have been normalized, such that the sum of
their squares is unity. After simplification, we find an expression for the amplitude of the
longitudinal second harmonic wave that depends on the amplitudes of the FF waves (either

TR or RT), as well as the wave number:

5in(€)Qo [~ sin(€)o + fasin®(¢/2) Qo
sin’(€) — (29)? 7

P ) =

1n

(6.26)

where the ratio Qg / ®y is a function of €. This expression is applicable for FF waves in both
the TR and RT modes, and is plotted for each case in Fig. 6.2(b-c).

In Fig. 6.2(c), we observe a resonance near £ ~ 7/2; this arises because the generated
second harmonic wave of the TR mode (i.e. the third term of Eq. (6.25)) has a wave number
and frequency that intersect the L mode, as shown in Fig. 6.2(a). Such resonances indicate
perfect phase matching [166, 167] between the generated and homogeneous second harmonic
waves, and the conversion of energy from the TR mode to L. the mode is most efficient at this

)

wave number. Since the value of Pl(fLR near the resonance is larger than O(1), the expansion

given by Eq. (6.14) is no longer valid, as the generated harmonics would grow to the same
order of magnitude as the FF wave®. The wave number at which this resonance occurs

depends on the mass and stiffness properties of the lattice, but the resonance must exist in

3Multi-scale perturbation theory is required for an accurate solution in this case.
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our model, because the generated second harmonic wave will always possess an intersection
with the L mode, though it may occur outside the first Brillouin zone. In the limiting case of
infinitely large rotational inertia or vanishing shear contact stiffness (i.e. neglecting rotations
or shear interactions), the resonance still exists, albeit at a different wave number.

We also note the presence of an antiresonance in Fig. 6.2(c); this implies that the quadratic
nonlinearities vanish at order O(el), for a particular wavelength. Near the antiresonance, the
harmonics generated by higher-order nonlinearities can be of the same order of magnitude
as the second harmonic waves; thus, these nonlinearities would need to be included in Eqgs.
(6.8) - (6.10), and additional terms of the expansions given by Eqgs. (6.14) - (6.16) should be
included, to obtain accurate results. The wave number of this antiresonance is dependent on
mass and stiffness properties, but is not guaranteed to exist for arbitrary parameter values;
indeed, the numerator of Eq. (6.26) is not guaranteed to vanish, except for values of ¢ that
are integer multiples of 7 (corresponding to the edges of the Brillouin zones). We note that
the antiresonance cannot exist in the limit of infinitely large rotational inertia, i.e. dy = 0,
which highlights the importance of particle rotations in our model.

Considering finite rotational inertia, we derive a condition on the wave number ¢ and
frequency w that must be satisfied at the antiresonance. The dispersion relation given by Eq.
(6.12) is a solvability condition of the matrix equation

| Qo] (6.27)
0N 0
Thus, by manipulating either of the two scalar equations in this system, the ratio @ / Qo can

be written in terms of &, 2, and lattice stiffness and mass parameters. We find

B0 _ (/D01 —cos(€)) ~
. NN . (6.28)

By substituting Eq. (6.28) into the bracketed term in the numerator of Eq. (6.26), equating

this expression to zero, and rearranging, we derive the expression
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Q = sin (g) S — 3M2%, (6.29)

which defines a condition for the antiresonance. Thus, if the TR dispersion branch intersects
the curve defined by Eq. (6.29), the antiresonance exists at the corresponding wave number
and frequency, as shown in Fig. 6.2(a). Furthermore, when the Hertz-Mindlin contact model
is assumed, the stiffness parameters contained in Eq. (6.29) are all related by Poisson’s ratio
v [13]. By manipulating Eqgs. (6.12) and (6.29), it can be shown that the TR mode has a
higher cutoff frequency at £ = 7 than the curve defined by Eq. (6.29), but has a lesser slope
at the origin. It follows that the intersection is guaranteed to exist for physically realizable

materials (i.e. —1 < v <0.5).

From these resonance and antiresonance conditions, it follows that when the FF wave is in
the RT mode, neither is permitted because the frequency of the generated second harmonic
wave is always above the cutoff frequency of the L mode. The effect of the cutoff frequency
can also be seen by comparing the generated second harmonic amplitudes for the TR and
RT modes. As shown in Fig. 6.2(b,c), for wave numbers below the resonance, the generated
second harmonic amplitude ]-:’ﬁR) of FF waves in the RT mode is generally lower than that
of the TR mode, while for wave numbers above the resonance, the amplitudes are generally
of similar order (excepting the effects of the antiresonance). This is due to the relative
proximities of the generated second harmonic waves to the propagation band of the L mode:
as shown in Fig. 6.2(a), at low wave numbers, the generated second harmonic waves from
the RT mode are far above the cutoff frequency of the L. mode, while those of the TR mode
are in the propagation band. Above the resonance, both the TR and RT modes generate

second harmonic waves above the cutoff, but have similar proximity to the pass band.

Enforcing the initial condition given by Eq. (6.19), which implies that there is no second
harmonic at time 7 = 0 (i.e. P,,(0) = P/,(0) = 0), we derive the amplitudes of the

homogeneous terms as a function of the generated second harmonic amplitude:
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8 O(26) + 20 -
P = _%TPfﬁR) (6.30)
L Q(2¢) — 20 -
Bl = - (29)(25)_13 o (6.31)

We note that, for an experimental setup, the FF wave would contain components traveling
in both the positive and negative directions. In a region where these two components interact,
two additional longitudinal second harmonic waves would be present: a negative-n traveling
wave analogous to the third term of Eq. (6.25), which also has the same dependence on &,
and a standing wave with wave number 2¢ and vanishing frequency, which arises due to the

interaction between FF waves.

L Mode as Fundamental Wave

We now conduct a similar analysis using a plane wave in the L mode as the FF wave, i.e.

Pn(0) = Pypn(0) = P o, pl(0) = —ip,(0) (6.32)

n(0) = ¢n(0) = 0, ¢,(0) = ¢;,(0) = 0. (6.33)

By inspecting the quadratic terms in Eqgs. (6.9) - (6.10), we observe that no motion in the
transverse and rotational displacements can be generated via nonlinearity, because these
terms are all products containing ¢, and ¢,,. Thus, the remaining equation of motion given
by Eq. (6.8) reduces to a form that is mathematically equivalent to that in [169], while the
boundary conditions differ.

After substituting the power series of Eq. (6.14) into Eq. (6.8), we equate the coefficients
of order O(%), seck solutions of the form Py, (7) = Pye®*=97) and find that Py, (1) satisfies
Eq. (6.11), the dispersion relation of the L mode. At order O(e'), we find

1 1
P/, — Z(Pl,n—‘,-l — 2P+ Pip) = g(PO,n—i—l — 2Py + Poj—1)(Pont1 — Po—1).  (6.34)
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This is a linear equation for P, , with a generation term that is quadratic in F,. Thus, we

seek a solution as the sum of homogeneous and generated second harmonic waves in the form

Pyo(7) = pl(;)ei(anfg(QE)T) + ]51(;1)67;(25TL+Q(2§)T) + pl(i)ei(zgnﬁm)’ (6.35)
where each term is analogous to the corresponding term in Eq. (6.25). Here, the superscript

(L) signifies that the generating FF wave belongs to the L mode. The amplitude of the
L)

s

generated term P2 which is analogous to Eq. (6.26), can be derived as in [169], where a

detailed analysis has been performed. While the system considered in [169] is 1D and clearly

L)
N

not identical to our own, the calculation of }51( is mathematically equivalent.

Because this solution must satisfy the initial conditions given by Eqs. (6.17) and (6.18),
the amplitudes of the homogeneous terms may by derived in the same way as for FF waves
in the TR and RT modes, and appear in the same form as Eqgs. (6.30) and (6.31), with the

exception that the superscript (7'R) must be replaced by (L).
6.3 Simulations

6.3.1 Numerical Setup

To examine the validity of our theoretical analysis with a complete Hertzian nonlinearity,
we simulate second harmonic generation from an FF wave in the TR mode by numerically
solving Egs. (6.1) - (6.3) for 1 < n < 201. We use initial conditions of the form given in Egs.
(6.20) - (6.21), with fixed boundaries. For each case, we probe the response of the central
lattice site (n = 101), and end the simulation before disturbances caused by the boundaries

reach this site. We present the results in terms of the normalized variables pio1(7), q101(7),
and ¢101 (7’)
6.3.2 Numerical Results

As shown in Fig. (6.3), we simulate the lattice using three wave numbers, each representing a

qualitatively different case: 1) & = 0.802, which is far from the resonance and antiresonance;
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Figure 6.3: (a-c) Transverse and rotational displacements for & = 0.80, & = 1.475, and
&3 = 2.127. Black and blue solid lines correspond to simulated transverse and rotational
displacements, while red dashed and magenta dash-dotted lines show the corresponding
theoretical predictions. (d-f) Simulated (black solid) and theoretical (red dashed) curves
showing longitudinal displacements for the wave numbers of (a-c).

2) & = 1.475, which is approximately the resonant wave number; and 3) {3 = 2.127, which is
approximately the antiresonant wave number. We have chosen the characteristic amplitude

Dy = 0.2A¢, which results in the nonlinearity parameter €g;,, ~ —0.1.

For case 1), the perturbation analysis is valid (note from Fig. 6.2(c) that pl(,Y?;R) ~ O(1)),
and the simulated time histories are well-approximated by the theoretical predictions, as
shown in Fig. 6.3(a,d). In Fig. 6.3(d), it can be seen that the second harmonic amplitude
exhibits “beating” at a frequency Qpe,; = 2(2€) — 2Q2; this phenomenon is a well-known
characteristic of second harmonic generation [166, 169]. For case 2), the oscillations of

p1o1 grow linearly in 7, as shown in Fig. 6.3(e). While the theoretical prediction for pjg
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appears to match the simulation reasonably well, it is evident from Fig. 6.3(b) that there
is significant error in ¢io; and ¢101; in fact, the second harmonic is visibly present in the
simulated signals. This is because, while the approximation works well for small 7, the
generated second harmonic longitudinal wave eventually reaches the same order of magnitude
as the FF wave, thereby violating the assumption of weak nonlinearity. While even-order
harmonics are not common for transverse waves in elastic media [171], they are supported in
our model, because the normal springs (and therefore the even-order nonlinearity necessary for
second harmonic generation) are activated by transverse motion in a hexagonally close-packed
granular crystal. For case 3), the predictions for ¢i0; and ¢10; are accurate, as shown in
Fig. 6.3(b). However, as shown in Fig. 6.3(f), there is significant error in pyg; generated by

higher-order nonlinearities, which have larger contributions than order O(e').
6.4 Conclusion

In this work, we have analyzed shear to longitudinal mode conversion via second harmonic
generation for plane waves in a 2D, adhesive, hexagonally close-packed microscale granular
crystal, accounting for translational and rotational degrees of freedom, as well as normal
and shear contact interactions. In the case of a FF wave in the L mode, we show that
the generated second harmonic is also longitudinal, and can be described using the same
equations as for a 1D chain studied in earlier works. For the case where the lowest TR
mode is treated as the FF wave, the generated second harmonic wave is longitudinal, and an
analytical expression for the second harmonic amplitude reveals the presence of resonant and
antiresonant wave numbers. This antiresonance is not predicted if rotations are excluded from
the model, which demonstrates that, while the TR mode is predominantly transverse for most
wavelengths, particle rotations produce a qualitative change in the nonlinear lattice dynamics.
By simulating a lattice with DMT and Hertz-Mindlin particle interactions, we verify the
accuracy of the theoretical analysis for a non-resonant case, and find that it effectively predicts
the qualitative behavior of the resonant and antiresonant cases. Future generalizations of this

work to off-symmetry directions of propagation and extension to strongly nonlinear dynamical
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regimes may yield particularly interesting phenomena. This work is particularly suitable
for the analysis of both microscale granular crystals, which are naturally precompressed by
adhesive forces, and statically compressed granular crystals with macroscale particles. We
expect that future studies of such 2- and 3D granular media will yield unique dynamics
stemming from the interplay of interparticle shear coupling and particle rotations with highly

nonlinear phenomena such as solitary waves [4] or hysteretic contact mechanics [175].
6.5 Contact Spring Displacements*

The normal component of the relative displacement between the particles labeled 0 and [ (see
Fig. 6.1), denoted d; x, is considered positive with increasing distance between the particle

centers. The normal relative displacements are given by

Uy — Ug i \/3(01 - Uo)

) =
1,N 5 5
52,1\/ = U2 — U
5 _ uz — U \/3(1)3 - Uo)
3,N 5 5
5 _ _Ug — U \/5(114—1)0)
LN 2 2
55,N = —(U5 - Uo)
Ug — U 3(vg — v
567N:_62 0+\/_(62 o).

4This section is adapted from the appendix of Ref. [164].
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The tangential component of the relative displacement, denoted ¢; g, is considered positive

if the shear force fg(d) (which is proportional to d;5) induces a counterclockwise moment

about particle 0. The tangential displacements are given by

V1 — Vg

—\/§(U1 - Uo) 4

5 5 R(01 + 6)
Vg — Vg — R(eg + 60)
\/g(u:;_ to) | v - — R0+ 60)
\/g(u4 - UO) _ Vg4 — Yo - R<64 + 90)
2 2
—(’U5 — Uo) — R(95 + 60)
_ Vs — o) v~ _ R(05 + 6p).

2 2
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Chapter 7

ENERGY PARTITION IN A 2D MICROSCALE GRANULAR
CRYSTAL SUBJECT TO AN IMPULSIVE POINT LOAD:
MULTIBODY DYNAMICS SIMULATION

7.1 Introduction

Much like classical elastic solids, 2- and 3D granular media support bulk longitudinal and
shear waves [28, 29, 34, 176, 177], as well as Rayleigh-like SAWs [32, 178, 179]. A recent
theoretical work analyzed the dispersion of SAWSs in a semi-infinite, 2D, precompressed GC
with square packing [32]. Given an excitation in the form of an impulsive point source at the
surface of an elastic halfspace, all bulk and surface acoustic modes can be excited. In past
works, analytical solutions to this problem have been found via a Green’s function approach
for linear elastic, isotropic [180] and anisotropic [181, 182] halfspaces. For the isotropic case,

the fraction of the total energy partitioned into each mode was also found analytically [180].

In this chapter, the amplitude dependence of energy partition and wave speed in a
2D, microscale GC with hexagonal close-packing is investigated via multibody dynamics
simulations. In contrast to Ch. 6, where we studied bulk plane waves in a 2D GC with
infinite spatial extent, the GC studied here has a free interface subjected to an impulsive
point source. Point loading of 2D GCs has been studied previously [24, 25]; however, the GCs
in these works differs from ours in that they were uncompressed, so they always operated in
the strongly nonlinear regime, and had negligible shear interactions. We note that a point
source in a 2D medium approximately corresponds to the behavior of a line source in a
3D medium. We analyze the partition of energy by observing the components of kinetic
energy in longitudinal, transverse, and rotational motions throughout the spatial domain,

and find qualitative changes as a function of impulse amplitude. We observe an increase in
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longitudinal bulk wave speed with increasing excitation amplitude, which agrees qualitatively
with existing theory, as well as a non-monotonic dependence of longitudinal surface wave
speed on amplitude. Finally, we observe non-smooth variations of particle velocity at high
excitation amplitudes, which we attribute to severed contacts near the excitation point. This
work gives insight into the behavior of waves in GCs with localized excitation sources, which
should be applicable to future experiments on microscale GC multilayers, and also extends

the growing body of work on energy partition in nonlinear lattices.
7.2 Multibody Dynamics Simulation

For the simulations in this chapter, we use CHRONO, an open-source physics engine for
multibody dynamics simulation (MDS) [183]. The Hertz, Hertz-Mindlin, and DMT models
have been implemented in the CHRONO framework for normal contact, shear contact, and
adhesion, respectively. CHRONO was chosen over the MATLAB-based methods used in
Chapters 3-6 because it is accurate for a more general simulation setting, in which the
deformation is large enough for contacts to be broken.

The numerical simulations of GCs in Chapters 3-6 were all performed on quasi-1D systems
and did not involve any loss of contact (i.e. it was assumed that the relative interparticle
displacements did not exceed the static overlap). Based on these assumptions, the geometric
nonlinearity associated with large particle displacements could be neglected. However, when
simulating GCs at amplitudes that may cause loss and initiation of contact, these assumptions
are no longer valid.

To see this, consider two contacting spheres, as shown in position I of Fig. 7.1. After some
time, suppose these two spheres have undergone some relative tangential displacement (with
or without rotation), as shown in position II of Fig. 7.1, and are then pulled apart, resulting
in loss of contact, as shown in position III. If the spheres are placed back in contact, with their
centers in the same positions as in position III, there will be no tangential displacement, as
shown in position IV. If the numerical implementation treated the contact forces as functions

of only the relative displacements between nearest neighbors (with respect to the undeformed
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lattice), then there would be a non-zero shear contact force in position IV, which is non-
physical: the tangential displacement should have been reset when contact was re-initiated.
As another example, consider a scenario where the spheres in position I simply underwent a
large rigid body rotation, as shown in position V. Then, the orientation of the contact plane
would change significantly. However, in the numerical implementation mentioned above, the
action of the contact forces would be orthogonal to (for normal contact forces), or within (for
shear contact forces) the original contact plane, whose orientation now deviates from the true
contact plane by large angles. These simple thought experiments illustrate that the contact
forces generally depend on the entire contact history, rather than on the current state only.
In addition, effects causing hysteresis, such as microslip and plasticity, may depend on the
entire contact history (even without particle separation or large rotations), though we do not

consider them here.

V

Figure 7.1: Hlustration of loss and subsequent re-initiation of contact between two spheres.
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7.3 Numerical Setup

The simulation domain for the results of this chapter is a 2D, HCP multilayer with one free
and three fixed boundaries, as shown in Fig. 7.2. The domain has 51 rows of 101 spheres.
The silica microspheres have diameter D = 1 um, Young’s Modulus £ = 73 GPa, Poisson’s
ratio v = 0.17, and mass density p = 2.0 g/cm3. We model an impulsive point source as an

initial velocity imparted to the middle sphere of the top row.
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Figure 7.2: Schematic of the simulation setup for a 2D, HCP multilayer of microspheres.

We transform the cartesian velocity components v, and v, from the simulation output
into polar form, with the origin placed at the site of the excited sphere, as shown below in
Fig. 7.3. We define the longitudinal velocity vy, as the radial component, and the transverse
velocity vr as the tangential component. Also, we define the rotational velocity vg = Rw,,
where w, is the angular velocity of the sphere from the simulation output. This velocity is
the tangential velocity of a point on the surface of the sphere, in the zy plane, and has the

same scaling as the tangential velocity in terms of the relative motion of contacting sphere
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surfaces; thus, it holds greater physical relevance than the angular velocity w, itself. The

transformation from the simulation output velocities to the quantities used here is given by

v sin(#) —cos(d) 0 Uy
vp | = | cos(f) sin(d) O vy |- (7.1)
VR 0 0 R W,

Figure 7.3: Diagram depicting the transformation from cartesian velocity components (simu-
lation output) to longitudinal, transverse, and rotational velocity components.

7.4 Results and Discussion

The results presented here were obtained from simulations with a time step of 1.4 ps. This

time step satisfies the convergence criterion!

max (|E, — Ty|/Tp) < 1le™?,

'See Appendix B for an explanation of this convergence criterion.
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where E,, is the total energy at the n'™ time step and Ty = (1/2)mu? is the kinetic energy of
the excited sphere at the initial time step. That is, the largest variation in total energy over
all time steps should be greater than five orders of magnitude less than the energy input by

the excitation.

7.4.1 Spatial Distribution of Kinetic Energy

We observe qualitative differences in the distribution of kinetic energy for different excitation
amplitudes. We normalize each part of the kinetic energy by the input kinetic energy
Ty, such that the normalized longitudinal, transverse, and rotational parts are defined as
Ty, = (1/2)mv3 /Ty, Tr = (1/2)mw2 /Ty, and Tr = (1/2)(I/m)v /Ty, respectively. The
spatial distribution of normalized kinetic energy after 50 ns of simulation time (just before the
fastest-moving waves first reach the lower boundary) is shown below for the initial velocities
V0, 1ow = 0.355 m/s and o, pign = 10 vg, 10, in Fig. 7.4 and Fig. 7.5, respectively. Since the
excitation and domain are symmetric about the line X = 0, only the right half of the domain

is shown.

0 20 40 0 20 40 0 20 40
X X X

Figure 7.4: Spatial distributions of normalized kinetic energy for the case vy = 1. Panels (a),
(b), and (c) correspond to longitudinal, transverse, and rotational parts of the kinetic energy.

In the distributions of longitudinal kinetic energy, shown in panels (a) of Fig. 7.4 and

Fig. 7.5, we observe a longitudinal wave front that travels primarily downward in the low
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0 20 40 0 20 40 0 20 40
X X X

Figure 7.5: Spatial distributions of normalized kinetic energy for the case vy = 10. Panels (a),
(b), and (c) correspond to longitudinal, transverse, and rotational parts of the kinetic energy.

amplitude case, but extends upward to the surface in the high amplitude case. The front
also travels slightly faster in the high amplitude case, which is in agreement with established
theory of granular crystals [4, 5]. For the transverse kinetic energy, as shown in panels (b),
the low amplitude case shows a strong concentration along the lattice symmetry direction
30° below the surface, and also in surface-localized waves. These regions are less prevalent in
the high amplitude case, where the surface waves show less transverse kinetic energy, and the
concentrated region along the 30° symmetry direction has disappeared. Finally, the rotational
parts of the kinetic energy, shown in panels (c) of Fig. 7.4 and Fig. 7.5, exist in the same
general region as the transverse parts, but the amplitude dependence is different: in the high
amplitude case, there is more rotational kinetic energy near the surface, and also along the
30° symmetry direction. While it is known that the transverse and rotational motions are
coupled along the symmetry directions (and decoupled from the longitudinal motion) [34],
nonlinear effects that may govern energy transfer between these motions have been much less

explored.
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7.4.2  Amplitude Dependence of Propagation and Particle Velocity

To obtain more detailed information about the amplitude dependence, we probe the maximum
particle velocity and the arrival time of the first peak at two sites: the vertical site (sphere
on the line X = 0, at the 30" layer from the free surface), and the surface site (sphere in the

5" site from from the point source). Due to symmetry, in the vertical

surface layer, at the 1
case, only the longitudinal velocity will be non-zero. Sample time histories of the velocities at
these two sites, for the case v = vo, nign, are shown in Fig. 7.6 and Fig. 7.7 for the vertical
and surface sites, respectively. We vary the initial velocity of the source sphere from 0.2v;,,,

to 12050y, in increments of 0.2v;,,. The normalized maximum particle velocities and peak

arrival times are shown for the vertical and surface sites in Fig. 7.8 and Fig. 7.9, respectively.

0.03

0 20 40 60
Time [ns]

Figure 7.6: Time history of the longitudinal velocity of the sphere along the line X = 0, at
the 30" layer. The red circle indicates the first local maximum.

At the vertical site, we find an increasing peak particle velocity and decreasing arrival
time with increasing source amplitude. This agrees qualitatively with established theory
of 1D, precompressed GCs [4, 5]. We note that along this line, the velocity decays as the

wave propagates, because the energy is radiating outward, in a manner similar to Ref. [25].
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Time [ns]

Figure 7.7: Time history of the longitudinal (black solid curves), transverse (blue dash-dotted
curves), and rotational (red dashed curves) velocities of the sphere in the surface layer, at
the 15 sphere from the point source. The circle markers of corresponding colors indicate
the first local maximum (longitudinal velocity) and global maxima (transverse and rotational
velocities).

However, while the uncompressed GC of Ref. [25] would have vanishing sound speed at
infinite distance from the source, the sound speed in our precompressed GC approaches the

linear sound speed instead.

At the surface site, we observe an increase in the maximum longitudinal velocity with
increasing source amplitude, while the maximum transverse and rotational velocities decrease
initially, and then undergo rapid fluctuations, as shown in Fig. 7.9(a). The peak arrival
time is shown in Fig. 7.9(b) for the longitudinal velocity only, because it has a distinct
first local maximum, while the transverse and rotational velocity histories travel as wave
packets, with no unique peaks to compare across many amplitudes. The longitudinal peak
arrival time first increases with source amplitude, then levels off and eventually begins to
decrease. The qualitatively different characteristics of the three velocity components are not

unexpected, as multiple linear SAW modes have been shown to exist in GCs with square
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packing [32] and in Cosserat media [176, 177], in contrast to classical Rayleigh waves in a
linear elastic, isotropic solid, for which only one mode exists [93]. It is intuitive that different
linear modes could depend differently on amplitude in the nonlinear regime. Theories of
nonlinear SAWSs in isotropic and anisotropic elastic solids have existed for some time, but
they typically describe either non-dispersive media or media with dispersion induced by an

adhered layer [184, 185, 186], and do not consider particle rotations. An erratic amplitude

~ 0.025¢
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Figure 7.8: Amplitude dependence of (a) maximum particle velocity and (b) first peak arrival
time for longitudinal waves along the vertical line below the excited sphere, at the 30" layer.

dependence of the maximum particle velocities, though most obvious for the transverse and
rotational components in Fig. 7.9(a), can be seen for all components, and at both sites, for
source amplitudes above 1 m/s. Specifically, noticeable fluctuations can be seen near vy ~ 1
m/s and vo &~ 3 m/s in Fig. 7.8(a) and in both panels of Fig. 7.9. We speculate that these
fluctuations are caused by broken contacts, which create defects in the lattice, and happen

with greater frequency at higher amplitudes.
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Figure 7.9: (a) Amplitude dependence of maximum particle velocity at the surface layer,
at the 15" sphere. Black, blue, and red circles correspond to longitudinal, transverse, and
rotational velocities. (b) Amplitude dependence of first peak arrival time for longitudinal
velocity, for the same sphere as (a).

7.5 Conclusion

In this chapter, we used multibody dynamics simulations to investigate amplitude dependence
of wave propagation in a 2D, HCP multilayer of microspheres subjected to an impulsive
point load. Varying the source amplitude over two orders of magnitude, we observed drastic
qualitative changes in the spatial distribution of kinetic energy, as well as the partition of
energy into longitudinal, transverse, and rotational motions. We found that the amplitude
dependences of maximum particle velocity and arrival time for bulk longitudinal waves agree
qualitatively with existing theory for precompressed GCs, while the results for surface waves

could only be compared loosely to applicable linear theories. Finally, we observed an erratic
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amplitude dependence for the higher source amplitudes, which we attribute to broken contacts.
In future studies, a more detailed analysis of the broken contacts, as well as a more careful
comparison between this system and past works (for example, varying the strength of adhesion
and the shear stiffness slowly from zero to the theoretical value), would be highly insightful.
It would also be useful to develop theories for nonlinear, dispersive surface waves in GCs,
where the dispersion is induced by structural periodicity and particle rotation. This work
opens the door for future investigations of wave propagation in 3D microscale granular media.
We expect this work to be applicable to future experiments on microscale GC multilayers,

particularly those including localized sources and surface waves.
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Appendix B
COMPUTATIONAL METHODS

B.1 Solution of Ordinary Differential Equations

The numerical simulations of ordinary differential equations (ODEs) shown in Chapters 3, 5,
and 6 were performed using a fourth-order accurate Runge-Kutta method [187]. The method
was implemented in MATLAB. While MATLAB has a built-in integrator with the same
accuracy (the ode45() function), direct control of the step size is not allowed; thus, we chose

to use an in-house implementation.

B.1.1 Fourth-Order Explicit Runge-Kutta Method

Consider the system of first-order ODEs

y =f(t.y), (B.1)
where y is a vector of states, ¢ is the time, and f(¢,y) is the time derivative of y. For the
systems simulated in this thesis, the equations of motion are second-order in time; thus, they

must be converted into first-order form as

y=[" (B.2)
v=1{ "] . (B.3)

where x is a vector of positions and v is a vector containing the associated velocities. The
accelerations v are generally a sum of forces or moments on a body, and depend on the

system.
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For the numerical solution of Eq. (B.1), let the state vector at the i** time step be denoted

y;. The solution at the next time step ¢ + 1 is approximated as

yie1 = yi + hf(t, 1), (B.4)
where h is the step size and f (t;,y:) is an approximation to the average derivative over the
interval [t;,t; + h].

The error of the scheme (for some h) is determined by the choice of f(t,y,). For the
fourth-order Runge-Kutta method (RK4), this is given by

~ h

kl =f tnaYn)

ks =1

(

ko = f(t, + h/2,y, + h/2ky)
(tn + h/2,y, + h/2ks)
(

ky=f*

tn + h,y, + hks).

The local truncation error is proportional to h°, and the global truncation error (accumulated
over the entire solution interval) is proportional to h*. We use an explicit scheme, i.e. the
left-hand side of Eq. (B.4) is entirely known based on the state of the systems at the previous
step. While the use of an implicit scheme would guarantee stability of the integrator, this would
involve the solution of a system of nonlinear algrebraic equations (often involving hundreds of

unknowns) at each time step, which would drastically increase computational costs.
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B.1.2  Step Size Selection

To ensure that our numerical integrations have been carried out with acceptable accuracy, we

choose step sizes sufficiently small for the following energy balance criterion to be satisfied:

max (

where m is a vector containing the masses of the bodies with corresponding velocities v; (or

%<m@vi>-vi—2[<m®vi>-m

/E0> <1le?, (B.5)

moments of inertia for angular velocities), the symbol ® denotes element-wise multiplication,
and Fj is a reference value, which is usually taken to be the initial total energy of the system.
In Eq. (B.5), the first term in the numerator on the left-hand side is the kinetic energy at
step 7, and the summation represents the total work done by all forces leading up to step 1.
Thus, the criterion states that the largest deviation of the total energy from the ideal balance
must be at least five orders of magnitude smaller than the reference energy. While most
conventional methods of step size selection involve some numerical estimate of the truncation
error, either by using a higher-order step during the integration (e.g. for an adaptive step
size) [187] or simply reducing the step size until the results converge, our method relies on
direct observation of the simulated physics. Thus, by simply examining a plot of the kinetic
energy and total work as function of time, we can easily (almost immediately, in most cases)
discern issues with simulation time steps and errors in the code for the equations of motion.

The criterion of Eq. (B.5) can be evaluated using either of two methods. In the first
method, the energy terms can be evaluated in post-processing, using the time history output
from the simulation. This method requires that both the kinetic energy and total work be
known in closed form, at any time step. While the calculation of the kinetic energy is trivial,
the work term is usually known only for conservation systems, in which it is simply the
potential energy. In the second method, the energy terms are evaluated during the integration
itself; this allows the work term to be computed directly, using the accelerations v; and
incremental displacements y;, at each time step. This method is valid for both conservative

and nonconservative systems, but requires significant modifications to the integrator code.
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B.2 Solution of Dispersion Equations

Dispersion equations having the form
det (M (k,w)) =0, (B.6)

where M is a matrix whose elements are functions of the wave number k£ and frequency w, can
be solved using the built-in MATLAB function fzero(). This is accomplished by first choosing
a fixed value of k, then using the fzero() function to solve for the corresponding value of w.
A complete curve can be computed by incrementally increasing the fixed value of k, using
the previous solution as the initial guess in the fzero() function. To determine the first initial
guess, it is often possible to find an analytical solution of Eq. (B.6) for some special cases
(usually & = 0 or at the Brillouin edge). More generally, an initial guess can be made by
plotting the contours! of det (M (k,w)) and choosing a (k,w) pair close to a zero-contour?.

It is possible for the left-hand side of Eq. (B.6) to be complex-valued. In this case,
the equation can be solved by applying this procedure to the squared magnitude of the
determinant, |det (M (k,w))|*.

B.3 On the Use of Mathematica, etc. for Algebraic Manipulation

For the perturbation analysis in Chapter 6 and the derivation of the Nonlinear Schrodinger
Equation in Chapter 5, the program Mathematica was used to manipulate the long equations.
This was done because the perturbation expansions have many terms, and can be quite
cumbersome to work with. Furthermore, if an error is made early on in a derivation,
Mathematica can simply re-evaluate the script, whereas in a hand-written derivation, it would
take hours to re-derive many pages of work.

Another situation that requires cumbersome algebra is the derivation of dispersion relations,

when expanding determinants of the dispersion matrices. In this thesis, some of the dispersion

!This can be done using the built-in MATLAB contour(), for example.

2 Alternatively, one can visualize the magnitude of det (M (k,w)) using a surface plot instead of locating a
zero-contour.
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matrices are as large as fifth-order (as in Chapters 2 and 4); thus, the expansion of these
determinants, as was needed in Chapter 2 to obtain Eq. (2.6) from Eq. (2.5), can be quite
time consuming. However, Eq. (2.6) was not derived using Mathematica; this is because
the software, which is not programmed to recognize physically-relevant terms, expands the
determinant without using sensible simplifications along the way. Using a hand-written
derivation, the physically-relevant terms (such as the sub-determinants D; and Ds in Eq.
(2.6)) can be retained in the process, resulting in a much more elegant result than the

Mathematica expansion.
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Appendix C

DETAILS FOR CHAPTER 5: NONLINEAR DYNAMICS OF A
1D GRANULAR CRYSTAL ADHERED TO A SUBSTRATE
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C.1 Dimensionless Equations of Motion

Substituting (5.1) - (5.2) and (5.6) - (5.8) into (5.3) - (5.5) and switching to the normalized

variables, we find the dimensionless equations of motion

Q= — K(Qj+n®;) +Gu(Qjr1 —2Q; + Q1)

+ 1Gn(Qj—l — Qj+1)(Qjr1 —2Q; + Q) + %5,29KSZ]-(Q]- + ;)

b B+ B G+ Q) @203 ]

+ gfsngst(Qj + 1®;) (C.1)
Zj= — KuZj+GiZ g+1 2Z; + Zj1 + (P — Dj11)]

+ K VAR Gs (Qi1Zj+1 — Qj1Zj—1 — Zj(Qj41 — Qj—1) — Qj(Zjs1 — Zj-1)
= (Qjﬂq’jﬂ + Q1P + 2(Qjn + Q1) — QP + 285 + ©;1))]

ﬁfsng z} -~ ;G Qi1 Zjn + Q71 Zja — Zi(QF + Q7)) = 2Q5(Qj11 Zjsa + Qj-1Z51)
+ 2Q;7i(Qji1 + Q1) + Q1 (Zj1 — 225+ Zj)

— Q7 P — Q7 Py + 05(Q7,, — QF 1) — 2Q5(Qi1 Py — Qi1 Pj)

— 2Q;%i(Qj11 — Qj1) + Q5 (Pj1 — Pj_1))] (C2)
b= — K(Q;+n®)+Gy(Z g+1 Zi oy — p(@jy1 + 20,4+ D;_4))

+ %5129K5Zj(Qj + ud;) — §Gs Qi1 Zj1 + Q171 — Qj(Zjyr — 225+ Zj 1) — Zi(Qj11 + Q1)

= Q1P — Qj1®jo1 + Pj(Qj41 — Q1) — Qj(Pj1 — Pj))]

+ %%KSZJ?(@ + p®;) — éG Q51 Zj — Q51 Zj — Zi(QF, — Q7))

— 2Qi(Qj+1Zj41 — Qj—1Z5-1) +2Q; Z;(Qj41 — Qj—l) + Q?(Zj—&-l — Zj1)
— Q1P + Q5 D1 + P(QF 1 + Q1) — 2Q(Qj+1 Py + Q1P 1)
— 2Q;%(Qj11 + Qi) + QF(Pjur + 28, + D;4))], (C.3)
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where the normalized stiffnesses are K,, = 1, Ky = (2/3)B/AY, G, = 6;,A"/AY, and
Gs = (2/3);yB'JAY, p = mR*/I, and the double dot notation (+) is the second derivative in
the normalized time, 7. The inertia ratio p is a parameter that defines the coupling between
translation and rotation: in the limit gy — 0 (corresponding to infinitely large rotational
inertia), the rotational terms in Eqgs. (C.1) - (C.2) vanish, and Eq. C.3 governs infinitessimal

rotations that are essentially decoupled from translation.
C.2 Solvability Conditions for the NLS Derivation

C.2.1 Solution at O(e")

From the coefficients of eSFE, we find

—w? 4+ B — 271 (p1 — 1) 0 1B ay
0 —w? + oy — 2m (1 — 1) 21ty b
B —2im 1y —w? + by + 2pm (o1 + 1) 1

(C.4)

The coefficient matrix on the left-hand side is the dispersion matrix M;. From this, we recover
the dispersion relation det(M;(k,w)) = 0, and the constants a1, by, ¢; can be calculated for a
particular pair (k,w). Since the dispersion relation has three modes, for a single wave number

k, we can find a different set of constants for each mode (and hence a different NLS equation).
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C.2.2  Solution at O(g?)

From the coefficients of ¢25%2E?, we find

—dw? + By — 2m(p2 — 1) 0 pB a2
0 —4w? + a; — 2m (2 — 1) 2ipm by ba
By —2init —4w?® + pby 4 2um (92 + 1) Cy

7b1(ar + per) By — 4iatya(er — 1)y
- (Sggb%O{Q + 2@1772(”01(@2 - 1) + 1b1<2lp1 — 1/12))
Op,br(ar + pucr) o + 2a1m2 (b1 (2001 — 2 — 1) + ipcr1yh)

(C.5)
From the coefficients of e2Sx E, we find
as )
a ; im0 0 a
. 5
Ml, 21w bl =2D 0 in1¢l —un1e1 bl . (06)
Cs
1 0 mer  —ipmys C1
v
From the coefficients of €255, we find
pr 0 e as 53951(a1 + pc1) By + c.c.
0 aq 0 bg = - 25?g|b1|2C¥2
51 0 M(ﬁl + 4771) C3 (512961 (a1 + ILLCl)/BQ + 4?72(61(11 (ng — 1) + i,uélalwl) + c.c.

(C.7)
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C.2.3 Solution at O(&3)

From the coefficients of e3S3E3, we find

—9w? + B1 — 271(p3 — 1) 0 e a4
0 —9w? + oy — 2m (3 — 1) 2ipm s b
B —2im s —9w? + By + 20 (3 + 1) Ca

07, Ba[b2(a1 + per) + by(as + puea)] + 5f953bf(a1 + pcy)

— divaaras(pa — 1)1 + (o1 — D)ba] — 29°a7[3p1 — 32 + 03 — 1]
207, 002b1by + 63, 003b7 + 2mafaz(per (— @1 + 02 4 o3 — 1) 4 by (Y1 + 2 — 3))

+ ay(pca(pr — o + 3 — 1) +iba (Y1 + b2 — 13))]

== + 21307 [=b1 (31 — 32 + 3 — 1) — iper (Y1 + 2 — P3)]
03 Balba(ar + per) + biag + pes)] + 8 8303 (a1 + pey)

+ 2mlaz (b1 (1 + w2 — 3 — 1) — ipcr (Y1 — P2 — ¢3))

+ ar(ba(p1 + 02 — @3 — 1) + ipca (Y1 — 2 + ¥3))]

— 2nzaffpcr(pr + 02 — 3 — 1) + b1 (31 — 3¢y + 1)3)]

(C.8)
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From the coefficients of €3S Sx E?, we find

—4w? + f1 = 27 (p2 — 1) 0 b1 as

0 —4w? + ay — 211 (py — 1) 2ipmy 1o be

B —2in1)9 —4w? + By + 2um (o2 + 1) Ceé
—2ivw + 1Dy 0 0 as
=4 0 —2ivw + 1Dn11 —uDny o by
0 Do —2ivw — ipDniiby C2

—5§g62 lasby + a1bs + p(bscy + bics)]
— dypan[~2ias(p1 — 1)1 + Dai (1 — ¢ + 7))
—267 asbrbs 4 n2lar (4Dby (—p1 + pa) — 2ibs (21 — 12)) — 2lasby (21 — 1s)
+ p(=2as5c1(p2 — 1) + 2a1(—c5(p2 — 1) = 2iDcyis))]
—(5?952 lasby + a1bs + p(bscy + bics)] + m2[2as5b1 (=201 + w2 + 1)
21 (bs (=21 + 03 + 1) — 20Dby (1 — tbs)) — Zip(asertys + ar(=2iDergps + sibs))]
(C.9)

From the coefficients of £35Sy, we find

51/2 0 Mﬁl/Q az
0 a1/2 0 by
ﬁ1/2 0 ,U/(ﬁl/z + 27]1) Cr

85, Balby (a5 + pucs) + bs(ar + per)] + 4Dysaq* (91 — 1)
25§ga255b1 + (D/2)np(es + €3) + 2Dma[brar (o1 — 1) +ipcrayy + ai(by (o1 — 1) — iperay)]
87, B2[b1 (@5 + pcs) + bs(ar + per)] — (D/2)nu(bs + bs) + 2m2[2asbi (91 — 1) + 2a1b5(01 — 1)
+ Dpayci(pr + 1) — Dparéy (o1 — 1) —iD(arby + a1by )y + 2ip(aiés — ascy )]
(C.10)
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Three NLS equations are found from the terms proportional to €3Sz, e3Sxx, and £3|S]2S as

as ) a1o
M| by | —9s| S+ |Mi| by | —%o| Sxx+|Mi| by | — 0] [S?S=0. (C.11)

Cg Cy C10

The vectors ¥s, 79, and 719 are given by

3]
Js = 2iw | by (C.12)
(&1
—v? + D2y, 0 0 a;
Jo = 0 —v* + D’y —iD*umiy b
0 iD?n1, —v? — D?un oy c1
(C.13)
2i(—vw + Dy1¢) 0 0 as
+ 0 2i(—vw + Dmyhy) —2Dpun 1 bs

0 2Dn1p1 —2i(vw 4 Dpmir) Cs
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87, B[ — biag + pez) — biaz + pes) — ba(ar + pcr) — by(ay + pcy)]
— 8, B3b1[2b1 (a1 + picr) + by (@1 + pcr)] — 4ivaaras|(p2 — 1)1y — (1 — 1)1o]
— 6lar[a1ys(—4p1 + 2 + 3)
—25Z~29a2(l_)1b2 + b1b3) — 35?ga3|bl|261
+ no[—4paics(pr — 1) + 2uaica(—2p1 + po + 1)
Yio = + ag(—2u1 (2 — 1) + 2ib1 (20, — 12)) + 2ia1ba (201 — 15)]
+ 2n3a1[(brar + 2a1b1) (4p1 — o — 3) + ip(ar&r — 2a1¢1) (291 — )]
03y B2 = biag + peg) — bu(as + pics) — ba(ay + per) — bs(ay + pcy)]
— iy Bab1[201 (a1 + per) + by (ar + pcy)]

+ Mo[—2a1ba(0y — 1) — diparcsthy + 2ipa; corhy + as(—2b1 (0o — 1) — 2ipuey (2001 + 1))

+ 27}3&1[—/1(0,151 — 2@161)(@2 — 1) + i(all_)l + 2@11)1)(2'{#1 — wg)]
(C.14)

where we have used the fact that as, b3, and cz are real (due to the fact that the matrix and
right-hand side of Eq. (C.7) are real). Since we are modeling the modulation of a single carrier
wave, these three NLS equations should be equivalent. Therefore, the unknown coefficients of

Eq. (C.11) must be chosen to be of the form

iAg 1 ST+ Ag 1 Sxx + Ao 1 ‘S|2S =0. (015)
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This is accomplished by solving the appended systems

ag
1
bs
M17 —1 1 == _»8 (C16)
Cg
1
Ag
Qg
1
by ~
My,—| 1 = 1o (C.17)
Co
1
Ag
Q10
1
bio .
My,—| 1 = Yio- (C.18)
C10
1
Ao

Finally, we arrive at a single NLS equation to describe the modulation of the envelope:

i\eST + AoSxx + Ao S|2S = 0, (C.19)

where Ag, A\g, and A\ are functions of wave number and frequency, and are generally complex.





