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Biostatistics

The effect of an intervention or exposure on time-to-event is most commonly estimated

with the Cox model, which assumes proportional hazards. When heterogeneity in risk is

present, the assumption of proportionality is violated and the Cox model’s population-

averaged estimate of the hazard ratio can underestimate the effect for an individual. In this

dissertation, we develop Bayesian hierarchical frailty models that adjust for heterogeneity in

risk in a way that reflects the sources of heterogeneity. We focus on the compound Poisson

distribution, as it models a biological risk mechanism seen in many applications where an

individual’s risk of an event is the result of independent, competing exposure processes

and it allows that some individuals have no risk of an event. In Chapter 2, we outline

a hierarchical definition of the compound Poisson distribution and demonstrate Bayesian

estimation of a hierarchical compound Poisson frailty model. In Chapter 3, we extend the

model proposed in Chapter 2 to allow frailty distributions to vary across latent risk classes,

resulting in a compound Poisson mixture frailty distribution. Risk-related covariates are

used to classify participants into latent risk groups. We conclude with a discussion of

future work, including ideas for a gamma frailty model with subject-specific parameters for

situations in which exposure processes are observed.
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Chapter 1

INTRODUCTION

1.1 Population- vs. Individual-Level Effectiveness

In studies where the outcome is time-to-event, the hazard ratio associated with an inter-

vention or exposure is typically estimated with the Cox proportional hazards model [18].

Under the assumption that the effect of a covariate on the hazard is multiplicative, the

Cox model produces a population-level estimate of the hazard ratio. When risk of an event

varies across study participants, an intervention or exposure that acts multiplicatively on an

individual’s risk will not have a proportional impact on the population-level. Consequently

a population-level estimate from the Cox model does not estimate the individual-level ef-

fect of an intervention or exposure when heterogeneity in risk is present. In this sense, the

hazard ratio estimated by the Cox model is actually a biased estimate of the measure we

may be most interested in, the reduction of risk for an individual receiving the intervention.

The impact of unobserved heterogeneity is most often discussed in the context of obser-

vational studies, but it also affects survival analysis of data from randomized trials. While

randomization of treatment assignment at baseline offers some assurance that heterogene-

ity is balanced across study arms, the risk profiles of each arm do not necessarily remain

comparable over the study duration. In the proportional hazards model, assessment of in-

tervention effectiveness is made over time. When heterogeneity in risk is present, survival

is compared across groups with different distributions of risk. As a result, the population-

average effect of an intervention differs from the effect an intervention has on an individual

level.

Consider a randomized trial for an intervention that reduces an individual’s risk of an

event. If heterogeneity in risk is present, risk of an event will vary within study arms, but

the distribution of risk in each arm will be similar at baseline, due to randomization. As

the study progresses, however, and events accrue, the distribution of risk in each arm will
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not remain similar. Specifically, at a later time point, the intervention arm will contain

participants with higher risk, on average, due to the intervention’s protective effect. Partic-

ipants in the control arm with comparably high risk will be more likely to have an event, or

have an event sooner, as they are not benefitting from the intervention. As the proportion

of individuals at higher risk of an event in the control arm is depleted, the intervention

appears less effective. If this scenario is extended to include individuals with no risk of an

event, a population-level analysis can find a truly effective intervention to be harmful. If the

intervention is highly effective at prolonging survival, all at-risk participants in the control

arm should experience an event before all those in the intervention arm do. After this point,

incidence in the control group will necessarily be zero while incidence in the intervention

arm remains positive such that the intervention appears to increase risk.

The degree to which Cox population-level estimates differ from the true effect of a co-

variate on an individual’s hazard depends on the distribution of heterogeneity in the study

population, as first explored by Aalen (1988). To illustrate this difference, we consider two

models for heterogeneity: gamma and compound Poisson. The gamma distribution is the

traditional choice for a mixing distribution modeling heterogeneity in risk. A compound

Poisson random variable is equal to zero with some positive probability and otherwise dis-

tributed on the positive half-line. (We will discuss the construction of a compound Poisson

random variable extensively in this dissertation but provide this example first without fur-

ther details.) The key distinction between these two distributions is the presence of a point

mass at zero, representing a subset of the population with no risk of an event. We calculated

the population-averaged hazard ratio (HR), i.e. the expected HR estimate from the Cox

model, for each mixing distribution using the formula for population intensity presented by

Hougaard (1984) and used by Aalen (1988), which we detail in Appendix A.

Figure 1.1 shows the population-averaged HR over time when heterogeneity is gamma-

distributed and compound Poisson-distributed for a covariate that reduces risk for an in-

dividual by 50%, i.e. HR=0.5. In both scenarios, population-averaged HRs are greater

than 0.50 and closer to the null value of HR=1 (no effect), underestimating the covariate’s

effect for an individual. Estimate attenuation occurs more quickly when the variance of

the mixing distribution is greater (i.e. there is increased heterogeneity). This discrepancy
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is further pronounced when heterogeneity follows the compound Poisson distribution. In

fact, when a larger proportion of the study population is not at risk of an event, we see

that the population-averaged HR may actually be greater than one, indicating that the

covariate increases risk. It can by shown that the limit (as time goes to infinity) of the

population-averaged HR is one under a gamma mixing distribution and greater than one

under a compound Poisson mixing distribution. (The exact limit for the compound Poisson

depends on specific parameter values.)

1.2 Modeling Heterogeneity

There are several approaches that adjust for heterogeneity in risk in time-to-event models.

The most common method is to include additional risk-related covariates in a Cox regression

model. However, this approach is often insufficient for several reasons. First, complete and

accurate data on all risk factors is often not available. Even if this information were available,

the assumption of proportionality would be necessary for all covariates. Furthermore, in

situations where some participants are not at risk, the model for heterogeneity should reflect

this possibility. Yet, it would be difficult to constrain the Cox regression model so as to

guarantee that near-zero risk would be predicted for some individuals. These limitations

exist in both clinical trial and observational data settings.

Frailty and cure rate models offer alternative approaches to account for heterogeneity in

risk. Consider the proportional hazards model:

λ(t)exp(xβ)

where λ(t) is a baseline hazard function, x is a vector of covariates and β is a vector of

coefficients. Frailty modeling refers to the addition of a frailty term, denoted here with Z,

to the hazard function in order to account for unobserved heterogeneity [50]:

λ(t)Z exp(xβ).

For identifiability, the expectation of frailty, E(Z), is set equal to one. Hence, the frailty

term is simply a risk modifier, scaling the hazard up or down, and the baseline hazard,

λ(t), can be interpreted as the average baseline hazard across the population. The survival
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function under the proportional hazards model with frailty is:

S(t|x, Z) = exp
(
− Z exp(x′β) Λ(t)

)
,

where Λ(t) =
∫ t

0 λ(t) dt is the cumulative baseline hazard at time t.

Cure rate models are a method for modeling heterogeneity when a fraction of the pop-

ulation is not at risk of an event or is cured [10]. We assume that a proportion of the

population, %, is cured or not at risk of an event, while the remaining 1 − % are non-cured

and have some positive risk. The standard cure rate model is:

S(y) = %+ (1− %)S∗(y),

where S∗(y) is the survival function for the at risk proportion of the population. Covariates

can be included in S∗ through a proportional hazards model. However, proportionality will

not hold if these covariates are also used to model the cured fraction, %, through logistic

regression. It is also possible to incorporate frailty into S∗(y).

Frailty modeling requires specification of a mixing, or frailty, distribution for Z. The

gamma distribution is commonly used for modeling frailty, but this choice is typically made

for the sake of mathematical convenience and not based on biological rational [26]. It

is preferable, however, to select a frailty distribution that reflects the possible sources of

heterogeneity in risk. Furthermore, when it is likely that some participants have no risk

of an event, the model for heterogeneity should allow for that possibility, either through a

cured fraction or implicit in the specified frailty distribution.

In Chapter 2, we consider the compound Poisson distribution for modeling frailty, which

models an individual’s risk of an event as the result of independent, competing exposure

processes, a risk mechanism common in medical contexts. The use of the compound Poisson

distribution as a frailty distribution was first suggested by Aalen (1988) and has been used

in many applications [2, 3, 38, 39, 43, 45, 48]. We add to the existing literature by providing

a hierarchical definition of the compound Poisson distribution, which highlights how the

construction of compound Poisson frailty can reflect the risk mechanisms that result in

heterogeneity. The number of exposure processes for each individual, frequently either

measured with error or unknown, is modeled as a Poisson random variable, which allows
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for a participant to have no risk (i.e. no exposure). Unlike a cure rate model, however, the

parameter dictating the probability of risk for an individual, the mean parameter for the

Poisson distribution, also influences the distribution of risk among those who are at risk.

Each exposure process is assumed to present a some level of risk, which is modeled as a

Gamma random variable. Under the compound Poisson model, separate exposure processes

pose independent, competing risks for an individual; given exposure, one of the processes

eventually leads to an event. An individual’s risk of an event during a specified time period

is the sum of these competing risks. A more technical definition of the compound Poisson

random distribution is given in Chapter 2. This research is also the first to implement

Bayesian estimation of a compound Poisson frailty model.

A limitation of current frailty methods for univariate survival data is that only informa-

tion available in event time and study arm is used to model heterogeneity. While additional

data collected on participants’ risk factors could improve frailty estimation, existing meth-

ods for univariate survival data provide no mechanism for using risk-related covariates to

inform individuals’ frailties. With this motivation in mind, we have developed a mixture

frailty model that uses risk-related covariate data to determine distinct frailty distributions.

In Chapter 3, we propose a model that adjusts for heterogeneity in risk by varying frailty dis-

tribution parameters as a function of individual covariates, resulting in a mixture of frailty

distributions. Ordinal latent class regression is used to identify groups of participants with

similar risk characteristics. The compound Poisson distribution is used to model frailty for

all classes. This distribution allows that some participants have no risk of an event and

generally reflects how risk is accrued. Following our hierarchical definition of the compound

Poisson distribution, risk-related covariates will be used to model two parameters: each class

will have a different mean number of exposure processes and different shape parameter for

the gamma random variable modeling risk associated with each process. The compound

Poisson mixture frailty model invites comparison with the cure rate model, which can sim-

ilarly model the probability of cure with risk-related covariates. However, the inclusion of

frailty for those at risk in a cure-rate model is also subject to the limitations of frailty models

for univariate survival data discussed above. In the proposed model, participant risk factors

influence both the probability and level of exposure through the mean parameter of the
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Poisson distribution of number of exposure processes, which reflects a natural expectation

that characteristics that increase an individual’s risk of exposure likely also increase the

level of risk given exposure.

In Chapter 4, we outline ideas for a related model to account for heterogeneity in scenar-

ios where the number of exposure processes is observed, instead of latent, but events are still

observed on the individual-level. In previous chapters, the number of of exposure processes

is not observed, so it is necessary to model the risk associated with each on an individual’s

exposure processes with the same distribution. In this context, with the number of exposure

processes known, it is possible to model the risk associated with each exposure process sep-

arately. In this chapter, we propose a model that uses risk-related covariates measured at

the exposure process-level, in addition to those measured at the individual-level, to model

risk of an event. As a result, the effect of exposure process-level characteristics on an indi-

vidual’s risk can be assessed, in addition to estimation of an individual-level hazard ratio

for the intervention or condition of interest.

While we arrive at this model from a competing risks framework, the method outlined

in Chapter 4 addresses another problem in survival analysis, that of clustered time-to-event

data where the event is observed on the cluster- (individual-) level while the unit (exposure

process) experiencing the event is unknown. Existing methods for clustered time-to-event

data assume that event time is observed for each unit within a cluster. Additionally, current

frailty models for clustered time-to-event data do not accommodate unit-level covariate

information. The model considered in Chapter 4 addresses these limitations.

1.3 Motivating Examples

1.3.1 HIV Prevention Trials

The possible discrepancy between intervention effectiveness for at-risk individuals and the

Cox model population-level estimate of effectiveness is particularly concerning in the context

of HIV prevention trials, where heterogeneity is expected. A study participant’s risk of

seroconversion depends on the number and type of sex acts with infected partners, infected

partners’ viral load, and other factors that will vary across individuals. Furthermore, in
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general population studies, participants with no HIV-infected sexual partners during the

study period are not at risk of seroconversion. Even in serodiscordant partner studies, a

participant may have essentially no risk of seroconversion if their partner’s viral load is very

low or if they always use condoms.

Heterogeneity in risk offers a possible explanation as to why interventions that were

highly effective in reducing risk of seroconversion in some recent trials have shown a neg-

ligible impact in others. While attention has recently turned to the possibility that anti-

retroviral therapy (ART), known to be effective in treating HIV, may also prevent HIV infec-

tion, studies of this approach have been inconclusive. Several trials have shown topical mi-

crobicides and oral chemoprophylaxis to be effective in reducing HIV transmission [4,8,47].

However, other trials of similar interventions have found no effect [5, 33, 35, 49]. These

inconsistent results are often attributed to low adherence, but they may also be due to

heterogeneity. Certainly, the presence of heterogeneity in a trial with poor adherence will

lead to further underestimation of intervention effectiveness. We also note that heterogene-

ity may influence effectiveness estimates of interventions where adherence is not a concern,

e.g. vaccines. In fact, heterogeneity in risk has been suggested as a possible reason for the

apparent waning effectiveness of the RV144 vaccine [42].

Accounting for heterogeneity in risk in survival models used to analyze data from HIV

prevention trials may enable better estimation of an intervention’s effect on an exposed

individual’s risk of seroconversion. The various factors that influence an individual’s risk of

seroconversion are not observed during HIV prevention trials, so they cannot be included as

covariates in a Cox regression model. Moreover, even if all factors were measured without

error, inclusion in the Cox regression model would still require the assumption of propor-

tional hazards. Using frailty methods to model unobserved heterogeneity is an appealing

alternative in this context. Frailty modeling has previously been used in the analysis of HIV

vaccine efficacy [31] but otherwise remains absent from HIV prevention research.
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1.3.2 Studies of Atherosclerosis and Coronary Heart Disease

The competing risks framework we have developed to motivate use of the compound Poisson

distribution for modeling frailty is also applicable to research on the relationship between

atherosclerotic lesions and risk of coronary heart disease (CHD) related events. Each lesion

presents a distinct exposure process that may result, eventually, in a CHD event. Then,

assuming the risks posed by each lesion are independent of each other, an individual’s

risk of a CHD event is the sum of risks across all lesions. In comparison to our previ-

ous application, however, in this setting, it is possible to observe the number of exposure

processes. Computed topography (CT) can be used to identify calcified lesions as well as

lesion characteristics such as location, volume, diameter, and the amount of coronary artery

calcium present. These lesion-level factors likely influence the risk associated with each le-

sion. Individual-level factors such as hypertension, diabetes, or smoking habits also affect

an individual’s risk of an event.

An ideal model for the risk of CHD-related events would reflect both individual- and

lesion-level sources of risk. Yet, it is not possible to estimate the effect of lesion-level factors

on CHD event-free survival with existing frailty methods because events are not observed

at the lesion-level but, instead, are observed at the level of the individual and the lesion

that experienced the event is unknown. As a consequence, survival must be modeled on

the individual-level, and the individual-level model is not able to accommodate lesion-level

covariates. So, lesion-level characteristics are either ignored or some aggregate measure of

these characteristics are used. As an alternative, we outline ideas for a hierarchical frailty

model that models the risk associated with each lesion and sums over that risk to obtain

an individual’s frailty.

1.4 Notation

We briefly detail the conventions followed for notation in this dissertation. Observed data

are typically denoted with lower case Latin letters. For example, time-to-event is denoted

by t. The only exception to this rule is δ, which is commonly used to indicate status in time-

to-event data, so we adopt that convention here as well. Latent variables are represented
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by uppercase Latin letters. As seen above, Z denotes unobserved frailty.

All model parameters are represented by lowercase Greek letters. For example, β is used

throughout to represent the log-hazard ratio and λ(t) denotes the baseline hazard function.

Note, the cumulative baseline hazard function is denoted by Λ(t), as is convention.

Prior distributions for model parameters are indicated with π(·) and hyperparameters

are represented with uppercase Greek letters (many of which appear identical to uppercase

Latin letters). In Chapter 2, we use hyperpriors to correlate baseline hazard functions

across strata. In this case, uppercase Greek letters are only used at the highest level of

prior specification.

Finally, Latin letters are also used to index data as well as model parameters and their

associated hyperparameters. For example, the vector of covariates in a Cox regression, x,

is indexed by p: x = [x1, . . . , xP ]. The corresponding log hazard ratio vector, β, also has

P components: β = [β1, . . . , βP ]. It follows that the hyperparameters for the priors on β,

π(β) = Normal(M,Σ2), have P elements as well: π(β1) = Normal(M1,Σ
2
1), . . . ,π(βP ) =

Normal(MP ,Σ
2
P ), assuming independent normal priors for each component of β.
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Chapter 2

BAYESIAN HIERARCHICAL COMPOUND POISSON FRAILTY
MODEL

2.1 Introduction

Modeling heterogeneity in risk is necessary in order to estimate the individual-level effect of

an intervention, exposure, or condition on survival. Including a frailty term in a Cox model

is an approach that accounts for heterogeneity while maintaining proportional hazards.

The gamma distribution is a common choice for the frailty distribution, primarily due to

mathematical convenience rather than biological rationale. As an alternative, we prefer to

select a frailty distribution that better reflects the sources of heterogeneity in risk. In this

chapter, we focus on the use of the compound Poisson distribution. We contribute to existing

literature by offering an alternative, application-motivated, and hierarchical definition of

the distribution. This research is also the first to demonstrate Bayesian estimation of a

compound Poisson frailty model.

Using the compound Poisson distribution to model frailty was first suggested by Aalen

(1988), although the general effect of heterogeneity on survival estimates was recognized

previously [25, 32, 51]. This recommendation for a compound Poisson frailty model was

motivated by the fact that the divergence of population-level estimates from individual-level

effects that occur the presence of heterogeneity is more drastic when some portion of the

population is not at risk of an event. (Aalen’s presentation is replicated in Chapter 1, Figure

1.1.) Modeling frailty with the compound Poisson distribution both allows for a proportion

of the population to have no risk as well as for variability in the level of risk among those

at risk. Similar models, such as cure-rate [10] and mover-stayer [51] models, accommodate

a cured or surviving fraction but do not provide a unified model for heterogeneity among

all participants that guarantees proportional hazards.

The definition of a compound Poisson random variable, the sum of a Poisson-distributed
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random number of Gamma-distributed random variables, invites explicit biological inter-

pretation. Despite Aalen’s early advocacy for the compound Poisson distribution’s use in

frailty modeling, Aalen did not emphasize the possible interpretations for the distribution,

stating in a 1992 paper that “one should obviously not interpret it too literally in any given

practical case” (p 953). Instead of a more natural parameterization of the model, one that

reflected the distribution’s construction and enabled straightforward estimation of the un-

derlying Poisson and gamma distributions, Aalen’s initial estimation of the model relied on

the Laplace transformation of the compound Poisson density, a construction in which the

parameters have no meaningful interpretation. Later applications of the compound Poisson

frailty model have followed this example [38, 39, 43] while applications that highlight the

model’s interpretation are rare [9].

We argue that a more explicit interpretation of the frailty model is an advantage of using

the compound Poisson distribution, which reflects a risk mechanism common in medical con-

texts where an individual’s risk of an event is the result of independent, competing exposure

processes. Examples include patterns of risk behavior resulting in HIV infection, atheroscle-

rotic lesions causing a cardiovascular event, and tumors leading to cancer recurrence. The

number of exposure processes for each individual, frequently either measured with error or

unknown, is modeled as a Poisson random variable, which allows for a participant to have

no risk (i.e. no exposure). Each exposure process is assumed to present a constant level of

risk over time, which is modeled as a gamma random variable. Separate exposure processes

pose independent, competing risks; given exposure, one of the processes eventually leads to

an event. It follows that an individual’s risk of an event during a specified time period is

the sum of these competing risks.

As an example, consider the risk of HIV seroconversion. First, an individual must

have sexual contact with an HIV positive partner to have any risk of seroconversion. This

contact occurs in the context of that individual’s patterns of sexual behavior, which are not

fully observed. Second, the risk of seroconversion is not equal for each exposure or sexual

partnership, rather, it depends on the number and type of acts, viral load of the infected

partner(s), and other factors that may be unobserved. Here, we can consider separate

behavior patterns to be distinct exposure processes that present constant risk over time. For
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example, unprotected vaginal sex with an infected partner constitutes one exposure process,

while unprotected anal sex with the same partner may be another. Of course, the number

of exposure processes for any individual is unknown, but is assumed to follow a Poisson

distribution. For individuals with nonzero exposure processes, the risk associated with each

exposure process is a random variable distributed continuously over the positive half-line.

Finally, we assume that the risks associated with each exposure process are independent

competing risks, that is, we assume that the exposure processes act independently to cause

seroconversion, such that the sum of these competing risks represents an individual’s risk

of seroconversion during a specified interval of time.

The chapter proceeds as follows. First, we propose a hierarchical definition of the com-

pound Poisson frailty model and outline Bayesian model estimation procedures, including

consideration for prior distributions. Model assessment is also briefly discussed. Then,

model performance is evaluated via simulation. Finally, we illustrate the use of this model

to estimate the individual-level effectiveness of an intervention in an HIV prevention trial.

2.2 Methods

We first present a survival model with frailty before defining the compound Poisson distri-

bution. Our survival model follows the typical formulation for a frailty model where a frailty

term, Zi, scales the hazard for individual i, i = 1, . . . , n. We define the ith participant’s

hazard function as λi(t|xi) = λ(t)Zi exp(x′iβ) where λ(t) is a baseline hazard function com-

mon to all participants and β = (β1, . . . , βP ) is a P -length vector of the log-hazard ratio

associated with covariates x1, . . . , xP , respectively. The vector xi = (x1i, . . . , xPi) is the

observed values of these covariates for participant i. It follows that the subject-specific

density (2.1) and survival function (2.2) are:

f(t|xi, Zi) = λ(t)Zi exp(x′iβ)S(t|xi, Zi) (2.1)

S(t|xi, Zi) = exp
(
− Zi exp(x′iβ) Λ(t)

)
, (2.2)

where Λ(t) =
∫ t

0 λ(t) dt is the cumulative baseline hazard at time t.

The distribution of frailty in a survival model is frequently chosen based on mathematical

convenience. Instead, we propose the use of the compound Poisson distribution, which
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reflects the sources of heterogeneity in risk in contexts where an individual’s risk of an

event is the result of independent, competing exposure processes. The number of exposure

processes, Ni, for the ith participant, i = 1, . . . , n, follows a Poisson distribution:

Ni ∼ Poisson(ρ).

Each exposure process presents a constant, unobserved risk over time and the risk arising

from each exposure process varies, such that the ith participant’s mth exposure process is

associated with a hazard for seroconversion, λ(t)Uim, where

Uim ∼ Gamma(η, ν) m = 1, . . . , Ni

and Gamma(η, ν) is a gamma distribution with shape parameter η and rate parameter ν.

Multiple exposure processes for an individual pose competing risks. Assuming these risks

are independent, that is, that each process acts independently to cause an event, the risk of

seroconversion is additive across processes and a participant’s baseline risk of seroconversion

at time t equals λ(t)
∑Ni

m=1 Uim. We define Zi such that

Zi =


∑Ni

m=1 Uim ∼ Gamma(Niη, ν) if Ni > 0

0 if Ni = 0.

Formally, the frailty term Zi follows a compound Poisson distribution [1]. To ensure identi-

fiability of the frailty model, we set the expectation of Zi, E(E(Zi|Ni)) = ρη/ν, equal to one

by defining ν in terms of the other frailty distribution parameters, ρ and η: ν = ρη. We also

note that the probability that the frailty for an individual is greater than zero, P (Zi > 0),

is equal to P (Ni > 0) = 1 − exp(−ρ). In application, this probability corresponds to the

proportion of participants with some positive risk of an event during the time frame under

consideration.

Having defined an appropriate survival model and frailty distribution, we next define the

model likelihood given time-to-event data. For each participant, we observe (ti, δi) where ti

is potentially censored time to event and δi is an indicator variable equaling one if an event
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is observed and zero otherwise. The likelihood for the proposed model is:

L
(
β, λ(t), ρ, η|(ti, δi,xi, Ni, Zi), i = 1, . . . , n

)
=

n∏
i=1

f(Ni|ρ) f(Zi|Ni, ρ, η) f(ti, δi|xi, Zi,β, λ(t))

=
n∏
i=1

f(Ni|ρi)
[
f(Zi|Ni, ρ, η) f(ti, δi|xi, Zi,β, λ(t))

]1[Ni>0]

×
[
f(Zi|Ni, ρ, η) f(ti, δi|xi, Zi,β, λ)

]1[Ni=0]

=
n∏
i=1

ρNi

Γ(Ni + 1)
exp(−ρ)

[ ρηNiη

Γ(Niη)
ZNiη−1
i exp(−Ziρη)

(
λ(t)Zi exp(x′iβ)

)δi exp
(
− Zi exp(x′iβ) Λ(ti)

)]1[Ni>0]

×
[
∆0(Zi) ∆∞(ti)

]1[Ni=0]

, (2.3)

where ∆0(Zi) and ∆∞(ti) indicate point mass for frailty, Zi, at zero and time-to-event, ti,

at infinity for participant i with Ni = 0, i.e. no risk.

Before discussing prior elicitation and estimation procedures for this model, we make

a few remarks regarding interpretation, model specification, and stratification. First, we

note that the interpretation of the hazard ratio, HR, exp(βp) for p = 1, . . . , P , differs

between the Cox model and compound Poisson frailty model. In the Cox model, the HR

quantifies the change in risk for a population given a one unit increase in covariate xp,

but inclusion of a compound-Poison distributed frailty term changes this interpretation.

Instead, in the compound Poisson frailty model, the HR refers to the change in risk for an

at-risk individual. Participants with no risk do not contribute to the estimate. For example,

in an HIV prevention trial to assess the effectiveness of an intervention, the Cox model HR

compares the risk of seroconversion for a population that receives the intervention to one

that does not while the proposed model’s HR measures the effectiveness of the intervention

for an individual with some positive risk of seroconversion.

In contrast to interpretation of the compound Poisson frailty model’s HR, interpretation

of the baseline hazard function in the compound Poisson model applies to all individuals.

Given that the hazard at time t for individual i is Ziλ(t) and that the expectation of Zi

is one, the baseline hazard, λ(t), represents the average baseline hazard at time t among
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all participants, including those with no risk (for whom Zi = 0). It is possible, however,

to calculate the baseline hazard among only those individuals with non-zero risk of an

event. The average baseline hazard among participants at risk is a function of λ(t) and the

proportion of population at risk: E(Ziλ(t) |Zi > 0) = λ(t)/(1− exp(−ρ)).

The form of the baseline hazard in this model’s presentation is intentionally general and

can accommodate a variety of specifications, several of which are discussed here. Specifying a

constant baseline hazard function, for example, assumes that each participant has a constant

risk of an event throughout the trial with the level of risk for individuals varying according

to a compound Poisson distribution. Several previous applications of the compound Poisson

frailty distribution have modeled the baseline hazard with a Weibull function, which assumes

a monotonic trend in hazard for an individual [1, 2, 38, 39]. If we do not want to make

assumptions about the form of the baseline hazard, less parametric alternatives include a

piecewise constant hazard function, spline representation of the baseline hazard, or a Gamma

process model [27]. Yet, estimation of semi- and non-parameteric hazard functions is difficult

without a large number of events observed. When considering these and other options, the

form of the baseline hazard function should be chosen based on scientific rationale and

supported by examination of the data. We note that, in a Cox model without frailty, model

estimation with a partial likelihood approach does not require a baseline hazard function

to be specified. Inclusion of frailty, however, precludes this option.

For some applications, we would consider stratifying the model by site, as is typically

done for analysis of data from multi-site clinical trials. Site-stratification would involve

estimating the baseline hazard, λ(t), as well as the parameters of the frailty distribution,

ρ and ν, separately for each study site. Consequently, the proportion at risk would vary

across site, as would the distribution of frailty among those at risk. The average frailty

within each site would also be constrained to equal one. Finally, the baseline hazard would

also vary across sites, which allows the average baseline hazard to be higher in some sites

and lower in others.
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2.2.1 Prior Elicitation

To complete Bayesian specification of the proposed model, we select prior distributions for

model parameters.

There are several reasonable priors for ρ, the mean parameter for the number of exposure

processes. If prior knowledge about the number of relevant exposure processes in the study

population were available, that information could be incorporated into a gamma prior for

ρ: π(ρ) = Gamma(Oρ, Tρ) where Gamma(O, T ) is the Gamma distribution with shape O

and rate T . Alternatively, the prior on ρ could be specified to reflect prior knowledge about

the proportion at risk in the study population. Recall that the proportion of participants at

risk, which we denote P (Risk), is also a function of ρ: P (Risk) = P (Ni > 0) = 1−exp(−ρ).

We specify P (Risk) ∼ Beta(A,B), where Beta(A,B) is the beta distribution with shape

parameters A and B. The prior distribution for ρ is then:

π(ρ) =
Γ(A+B)

Γ(A)Γ(B)
(1− exp(−ρ))A−1 exp(−ρ)B. (2.4)

Setting A = 1 and B = 1 is equivalent to a Uniform(0,1) distribution on the proportion at

risk, P (Risk), and an exponential prior with mean one on the expected number of exposure

processes, ρ. This prior is appropriate when we do not have, or do not want to specify, any

information about the proportion at risk or the number of risk processes for participants.

Alternatively, a more informative prior for ρ could be determined using previous research

on the study population or even preliminary trial data. We discuss this approach in Section

2.4.1.

The gamma distribution is a natural choice for the prior distribution on η, which deter-

mines the level of risk associated with each exposure process. Data from previous studies

could also be used to inform the prior since the number and timing of events observed would

be more likely under certain values of η.

Prior selection for the baseline hazard function will depend on the form chosen for λ(t).

For example, under the assumption of a constant baseline hazard, λ(t) = λ for all t, the

gamma distribution is a conjugate prior, and we set π(λ) = Gamma(Oλ, Tλ). Similarly,

when the baseline hazard is assumed to be piecewise constant, we place independent gamma

priors on the constant hazard for each of S intervals: π(λs) = Gamma(Oλs , Tλs), s =
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1, . . . , S. A gamma process prior is another appropriate choice for a piecewise constant

baseline hazard. It is also possible to specify a prior on the baseline hazard that is correlated

with the prior on the proportion at risk. We present details about a correlated prior selected

for our particular application in Section 2.4.1.

Finally, we choose a normal prior for each component of β, the P -length vector of log-

hazards ratios, because there is no conjugate prior available, a normal distribution covers

the possible domain for the parameter, and prior knowledge can be easily incorporated:

π(βp) = N(Mβp ,Σ
2
βp

), p = 1, . . . , P , where N(M,Σ2) is a normal distribution with mean

M and variance Σ2. Setting the mean at zero and the variance to be relatively large

for a particular component of β would provide an uninformative prior, which is typically

appropriate in a clinical trial setting. Alternatively, previous research about a covariate’s

effect on risk could be used to determine a more informative prior.

2.2.2 Posterior Estimation Procedure

After specifying priors for all model parameters, we can define the joint posterior density

of the parameters and latent variables as the product of the model likelihood in Equation

(2.3) and each parameter’s prior density:

p
(
β, λ(t), ν, ρ,N,Z|

(
(ti, δi,xi), i = 1, . . . , n

)
, Θ
)

∝ L(β, λ(t), ν, ρ|(ti, δi,xi, Ni, Zi), i = 1, . . . , n)× π(β, λ(t), ρ, η|Θ). (2.5)

where p(·|data) denotes the joint posterior density, N and Z are the vectors of latent

variables [N1, . . . , Nn] and [Z1, . . . , Zn], and π(·|Θ) denotes the joint prior density for model

parameters conditional on hyperparameters Θ.

We use a Gibbs sampling algorithm [21] to sample from each parameter’s full condi-

tional posterior distribution, all of which follow from the joint posterior and are detailed in

Appendix B. Posterior samples for each parameter are updated in turn; slice sampling [40]

is used when conjugate priors are not available.

At each iteration of the sampling algorithm, latent variables Ni and Zi, the number of

exposure processes and frailty for the ith participant, are also sampled for every i = 1, . . . , n.

Conditional likelihoods for Ni and Zi are obtained from the model likelihood in Equation
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(2.3). In order to sample Ni, it is necessary to remove Zi from the conditional likelihood

of Ni, as an individual’s frailty is dependent on her number of exposure processes, per our

hierarchical model. So, we sample Ni from its distribution conditional on observed data

and all parameters but marginalized over Zi:

f(Ni|ρ, η, λ(t), β, ti, δi,xi)

∝ ρNi

Γ(Ni + 1)

∫ ∞
0

( ρηNiη

Γ(Niη)
ZNiη−1
i exp(−Ziρη)(

λ(t)Zi exp(x′iβ)
)δi exp

(
− Zi exp(x′iβ)Λ(ti)

))
dZi

∝ ρNi

Γ(Ni + 1)

( ρη

ρη + exp(x′iβ)Λ(ti)

)Niη( Niη

ρη + exp(x′iβ)Λ(ti)

)δi
(2.6)

The approach for sampling Ni from Equation (2.6) depends on whether seroconversion was

observed. When δi = 0, i.e. seroconversion was not observed for participant i, the con-

ditional distribution of Ni marginalized over Zi is proportional to a Poisson distribution

with mean ρ
(
ρη/(ρη+ exp(x′iβ)Λ(ti))

)η
. We draw from this Poisson distribution to obtain

Ni. When δi = 1, i.e. seroconversion was observed, we use a Metropolis-Hastings type

algorithm to sample Ni from Equation (2.6), with the constraint that Ni must be posi-

tive. (Since seroconversion occurred, the participant must have had at least one exposure

process.)

After sampling the number of exposure processes for an individual, we sample frailty. If

the sampled number of exposure processes for participant i, Ni, is nonzero, the conditional

likelihood of frailty, Zi, is proportional to a gamma distribution with shape = Niη + δi

and rate = ρη + exp(x′iβ)Λ(ti). Hence, to obtain Zi conditional on Ni, observed data, and

all parameters, we simply draw from this gamma distribution. If the sampled number of

exposure processes is zero, then the frailty is necessarily zero.

2.2.3 Model Assessment

Predictive accuracy of Bayesian hierarchical models is commonly assessed with the deviance

information criterion (DIC) [46]. However, some studies have found that the DIC does not

provide correct comparison for high dimension latent variable models (i.e. one or more

latent parameters per observation) by demonstrating that DIC calculations using the like-
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lihood conditional on posterior samples of latent variables does not lead to correct model

comparison [16, 37]. Integrating over latent variables when calculating DIC may improve

performance, but to do so is often difficult and computationally expensive. In our simu-

lations, we found that DIC gave inconsistent results for the proposed model, as did the

Watanabe-Akaike information criteria, a common alternative to the DIC that relies on the

same conditional likelihood [52]. Finally, while criteria based on the posterior predictive dis-

tribution, such as predictive concordance and the L-measure, offer an alternative approach,

these measurements can not be obtained for survival data with a cured fraction [20,27]. As

a consequence, there is not a common measure of predictive accuracy appropriate for our

context.

In this chapter and throughout this dissertation, we will assess model fit using Bayesian

p-values for survival data from the posterior predictive distribution [22]. Specifically, at each

iteration of the Gibbs sampler, frailty and event times are generated using current posterior

samples of all model parameters. The probability of survival between, for example, 6 and

12 months is then compared to observed survival in that same time period. The Bayesian

p-value for an interval is the proportion of posterior replicates where generated survival

was below observed survival. The optimal Bayesian p-value is around 0.5, indicating that

half of the predicted survival is above what was observed and half is below. A Bayesian

p-value below 0.5 indicates that survival is over-estimated by the model, and one above 0.5

indicates that survival is under-estimated. Unfortunately, there is no universally recognized

threshold at which a Bayesian p-value is considered too far from 0.5, limiting the utility of

this measure. Limitations of Bayesian p-values are discussed in Section 4.2.

2.3 Simulations

2.3.1 Methods

We performed a series of simulations to assess the properties of the proposed model. For

each simulation, data were generated from the proposed model for a sample size of n =

3, 000, divided evenly between intervention and control groups. Compound Poisson frailties

were generated using a shared value of ρ, the mean parameter for the number of exposure
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processes. Separate studies were done for a range of values for ρ, which corresponded to

varying proportions at risk of an event, 1 − exp(−ρ) = 0.15, 0.25, . . . , 0.55. The shape

parameter for the frailty distribution, η, was fixed at 2 for all simulation studies. (We chose

to focus on the effects of varying ρ in these simulations instead of η because ρ has a more

direct and interesting interpretation.) Event times were generated based on the simulated

compound Poisson-distributed frailties, a constant baseline hazard function of 10 events per

100 person-years (PY), λ(t) = 0.10, and an intervention effectiveness of 50%, exp(β) = 0.5.

(Values of η and λ were selected in order to observe events at a pace comparable to ARV-

based HIV prevention trials.) For each simulated data set, censoring was done after a

pre-specified number of events- 90, 180, 270, and 360, that is, event rates of 3%, 6%, 9%,

and 12%- so that differences in effectiveness estimates across studies would not be driven by

the number of events observed. Event rates as low as 3% are uncommon and typically only

seen when a trial is stopped early, as in [8]. Event rates as high as 12% are also uncommon

but possible (see [4]). An event rate of about 6% was observed in the trial examined in the

application later in this chapter.

In this set of simulations, the prior mean was set equal to the true value for all parame-

ters, except β, yet prior distributions were broad enough to allow for a wide range of values

for posterior samples. The prior on β was non-informative. We set the following priors on

model parameters.

Prior:



β ∼ N(0, 100)

λ ∼ Gamma(0.05× 50, 50)

P (Risk) = 1− exp(−ρ) ∼ Beta(2× P (Risk)
1−P (Risk) , 2)

η ∼ Gamma(1, 1
2)

(2.7)

At each replication, posterior medians for model parameters and surrounding 95% high-

est posterior density (HPD) intervals were identified for the proposed compound Poisson

frailty model. Calculation of HPD intervals was performed with the HPDinterval func-

tion in the coda package available for R. Cox model estimates of intervention effectiveness

and model-based 95% confidence intervals were estimated using the coxph function in the

survival package available in R. Simulations for each scenario were replicated 250 times.
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Posterior samples were the results of 25,000 replications of the Gibbs sampling algorithm,

of which 10,000 were discarded for burn-in. Convergence was assessed for a few replications

of each simulation by examining trace plots and cumulative quantile plots.

Model performance under various prior specifications was also examined. We repeated

the simulation for 25% of participants at risk and an event rate of 6% under three prior

specification scenarios. (This event rate and proportion at risk were chosen because they

were close to the event rate and seroprevalence, respectively, for the application in Section

2.4.) The scenarios examined were as follows:

(I) Incorrect prior on proportion at risk: The prior distribution for the proportion at

risk had a mean of 50%, π(1− exp(−ρ)) = Beta(2, 2), twice the true value of 25%.

(II) Incorrect prior on baseline hazard: The prior distribution on the constant base-

line hazard was centered at 10 events per 100 person-years, π(λ) = Gamma(0.1 ×

50, 50), twice the true value of 5 events per 100 person-years.

(II) Non-informative priors: Uniform priors were placed on all parameters, including a

flat prior on the proportion at risk, π(1 − exp(−ρ)) = Beta(1, 1), instead of on the

mean number of exposure processes, ρ.

For these simulation scenarios, we identified posterior medians for all model parameters

as well as coverage of quantile-based 95% credible intervals. We also calculated Bayesian

p-values for survival at six month intervals using the method described in Section 2.2.3. For

each simulation replication, event times generated at each iteration of the Gibbs sampler

were compared to those observe for that replication. 500 replications were performed for

each simulation study.

2.3.2 Results

Figure 2.1 shows effectiveness (1-HR) estimates from the proposed model using the priors

in Equation (2.7) and the Cox model given the proportion of participants at risk (upper

panel) as well as the coverage of intervals around the estimated effectiveness (lower panel)
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HR P(Risk) η λ

P(Risk) Est Cov Est Cov Est Cov Est Cov

0.15 0.49 95% 0.17 100% 1.8 100% 5.1 95%

0.25 0.51 96% 0.28 98% 1.8 100% 5.1 97%

0.35 0.50 96% 0.38 96% 1.8 100% 5.0 97%

0.45 0.50 96% 0.48 96% 1.8 100% 5.0 96%

0.55 0.50 96% 0.60 90% 1.8 100% 4.9 98%

Truth 0.5 5 / 100PY 2

Table 2.1: Average posterior median for model parameters and coverage of 95% HPD in-
tervals from 250 replications at 6% event rate.

at a range of event rates and proportion at risk. We see that the proposed estimation

procedure produced unbiased estimates and 95% HPD intervals with nominal coverage for

β. As expected, effectiveness estimates from the Cox model underestimated individual-level

effectiveness and had less than nominal coverage. Estimate attenuation and inadequate

coverage were more pronounced as the proportion of the sample at risk declined. When the

proportion at risk was higher and the number of events lower, however, estimates from the

Cox and compound Poisson models were similar.

Table 2.1 gives the average posterior median and coverage of the 95% HPD intervals for

the compound Poisson frailty model when data were simulated with a 6% event rate. We

see that estimates for the baseline hazard, in addition to those for the HR, were unbiased.

95% HPD intervals for model parameters were generally conservative, with the possible

exception of β. We also see that the proposed model slightly overestimates the proportion

at risk, 1−exp(−ρ) while underestimating η. It is likely that η was underestimated because

the prior for that parameter, while centered at the true value, was quite skewed in order to

allow for more variability in the posterior. Furthermore, as discussed below, the posterior

distribution for η follows the prior closely. Since η was underestimated, it is not surprising

that the proportion at risk was overestimated.
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Scenario
HR P (Risk) η λ

Est Cov Est Cov Est Cov Est Cov

(0): Correct priors 0.50 96% 0.28 99% 1.8 100% 5.0 97%

(I): Incorrect π
(
P (Risk)

)
0.52 96% 0.45 76% 1.3 99% 4.7 94%

(II): Incorrect π(λ) 0.52 96% 0.27 99% 1.7 100% 5.3 96%

(III): Non-informative priors 0.52 94% 0.32 45% 61 17% 4.6 78%

Truth 0.5 0.25 2 5 / 100PY

Table 2.2: Average posterior median for model parameters and coverage of 95% credible
intervals under various prior specification scenarios from 500 replications at 6% event rate.

Scenario
Bayesian p-values

6 mo. 12 mo. 18 mo

(0): Correct priors 0.53 0.48 0.48

(I): Incorrect π
(
P (Risk)

)
0.46 0.47 0.52

(II):Incorrect π(λ) 0.60 0.51 0.49

(III): Non-informative priors 0.43 0.48 0.55

Table 2.3: Bayesian p-values for survival at 6 month intervals under various prior specifica-
tion scenarios from 500 replications at 6% event rate.

The prior and posterior distributions for model parameters from a single replication of

the simulation with 25% at risk and 6% event rate are shown in Figure 2.2. We see that

posteriors for the log-HR (β), baseline hazard (λ) and proportion at risk (1−exp(−ρ)) differ

considerably from their prior distributions. The posterior for η, however, is similar to its

prior distribution, suggesting that this parameter may be more sensitive to prior selection.

Simulation results under non-informative and misspecified priors are given in Tables

2.2 and 2.3. We see that hazard ratio estimation is quite robust to prior misspecification.

While effectiveness may be slightly underestimated, coverage of 95% credible intervals is
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still nominal. Bayesian p-values for survival at 6, 12, and 18 months are also close to the

optimal value of 0.50, indicating that survival data generated under the joint posterior is

consistent with observed survival.

Posterior estimates of other model parameters are less robust. In misspecification sce-

nario (I), the prior distribution on the proportion at risk is centered at 50%, twice as high

as the true proportion at risk of 25%. As a result, the proportion at risk was overestimated.

Subsequently, the baseline hazard, λ, and the shape parameter for the risk associated with

each exposure process, η, are both underestimated. When the expectation of prior distri-

bution on the baseline hazard is twice as high as the true value, as in scenario (II), the

baseline hazard is over-estimated while estimation of ρ and η appears unaffected. When

non-informative priors are used, as in scenario (III), η is greatly overestimated. Since the

mean frailty is constrained to one and the rate parameter for the risk associated with each

exposure process is the product of ρ and η, drastic increases in η can be balanced by de-

creases in ρ and an increase in their product corresponds to a more narrow distribution for

positive frailties. In this scenario, while the average posterior mean for the proportion at

risk is not far from the true value (32% vs. 25%), variability in the posterior distribution

for the proportion at risk across simulations is so great that less than half of the 95% cred-

ible intervals cover the true value. Placing some prior constraints on η would likely reduce

the variability in ρ, even if the prior on the proportion at risk remained non-informative.

Given the similarity between the prior and posterior distributions seen above, it may help

to restrict the range of η while specifying a relatively flat prior within that range if little

information is available to determine an appropriately informative one. Despite biased es-

timates of ρ, η, and λ and poor coverage of their surrounding intervals, estimation of the

HR is only slightly biased and survival data generated under the posterior is similar to that

which was observed.

We note that, although identifiability of this class of frailty models is well established

[19,51], the properties of estimates under this particular parameterization of the compound

Poisson distribution have not yet, to our knowledge, been demonstrated theoretically. Our

simulation-based exploration of estimate properties suggests that identifiability of frailty

distribution parameters may be difficult in the absence of constraints or use of informative
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priors.

2.4 Application

2.4.1 Data and Analysis

We applied the model to data from HPTN 035, a completed Phase II/IIb trial to evaluate

the safety and effectiveness of BufferGel and 0.5% PRO 2000 microbicide gels in preventing

male-to-female transmission of HIV [5]. Beginning in February 2005, 3,099 women were

enrolled in the study from seven sites in Sub-Saharan Africa and one site in Philadelphia,

USA. Participants were randomized to one of four arms: BufferGel, 0.5 % PRO 2000,

placebo gel, and no gel and tested quarterly for seroconversion for twelve to thirty months.

The primary analysis used the Cox proportional hazards model to estimate the hazard ratio

of seroconversion between each candidate gel and both the placebo gel and no gel. BufferGel

did not reduce the risk of seroconversion, nor did placebo gel in comparison to no gel. The

0.5% PRO 2000 gel showed a 28% reduction in HIV acquisition compared to the placebo

gel, but this result was not statistically significant at the 0.05 level.

In our analysis, we estimated the effectiveness of 0.5% PRO 2000 compared to placebo

gel using data from the seven African sites. Our analysis focused on 0.5% PRO 2000

gel because it showed some effect in the primary analysis. Data from Philadelphia was

excluded due to too few events for a stratified analysis. Following the primary analysis

from the trial, we excluded participants who were infected with HIV at baseline but did not

seroconvert until after enrollment. For participants without seroconversion observed, we

used the last negative test as the censored event time. For participants with seroconversion

observed, we sampled event time at each iteration of the Gibbs sampler using slice sampling

techniques and a uniform prior over the interval covering the time between a participant’s

last negative and first positive serology test. Cox model estimation was performed for

comparison, and we used the midpoint between last negative and first positive test for

event time of seroconverters in that analysis. (By comparison, Abdool Karim et al (2011)

used the time of first positive test was used as the event time in the primary analysis.)

We estimated the individual-level effectiveness of 0.5% PRO 2000 gel in reducing HIV se-
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roconversion risk relative to placebo gel under two versions of the proposed compound Pois-

son model: non-stratified and stratified by site. For the non-stratifed model, we estimated a

single, shared value for the baseline hazard, λ(t), and parameters of the frailty distribution,

ρ and η. In the stratified model, these parameters were estimated separately for each site.

Estimates of the intervention’s effect for an exposed individual from the non-stratified and

stratified compound Poisson frailty models were compared to population-averaged estimates

of effectiveness from the non-stratified and stratified Cox models, respectively. 95% highest

posterior density credible intervals were identified for the compound Poisson frailty models

while model-based 95% confidence intervals were calculated for the Cox models.

For both variations of the compound Poisson frailty model, we used screening data to

set the prior on the mean number of exposure processes, ρ, via assumptions about the

proportion at risk, as described in Section 2.2.1. We set the expectation of a beta prior

for the proportion of the study population at risk equal to the proportion of individuals

screened for the study who tested seropositive using the following rationale: The screening

prevalence in the eligible population may provide a reasonable estimate of the prevalence of

HIV among study participants’ current and potential partners. Certainly, participants who

were seronegative at baseline likely differ in their future risk from those who were positive, so

screening prevalence may overestimate the risk of exposure during the trial. Alternatively,

screening seroprevalence may underestimate the proportion at risk since many of those

exposed to HIV never become infected. Ultimately, we choose to set the prior expectation

of the proportion at risk equal to the seroprevalence observed at screening but specify a

broad distribution that allows for considerable variation from this mean.

HIV prevalence among those screened at each site is given in Table 2.4. In the unstratified

model, the prior expectation for the proportion at risk, P (Risk) = 1 − exp(−ρ), was set

equal to HIV prevalence at screening across all sites (an average of the prevalence from each

site, weighted by sample size). In the stratified model, the prevalence from each site was

used to set the prior for site-specific estimates of ρ. The beta distribution on the proportion

at risk was right-skewed, however, to reflect our assumption that the participants enrolled

in the trial likely have a lower risk of exposure during the study period.

We chose a constant baseline hazard- λ(t) = λ in the non-stratified model and λj(t) = λj
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Table 2.4: HIV prevalence at screening and observed seroincidence per 100 person-years
(PY).

Site Prevalence (%) Seroincidence (100PY)

All Sites 22% 3.4

Hlabisa, South Africa 28% 7.0

Durban, South Africa 22% 5.2

Kamwala, Zambia∗ 22% 4.1

Blantyre, Malawi 22% 3.1

Harare, Zimbabwe 21% 1.2

Chitungwiza, Zimbabwe 19% 1.6

Lilongwe, Malawi 18% 0.89

Note: (*) Screening data not available; prevalence estimated based on seroincidence.

for all sites j in the stratified model- because we expected that risk of seroconversion was

constant over time. Examination of the data confirmed that this assumption was reasonable

as no trend in seroincidence over time was apparent. For the non-stratified analysis, we set

a conjugate gamma prior on λ. For the site-stratified analysis, we developed a prior for each

site’s average baseline hazard that was correlated with the proportion at risk in that site. As

defined in Section 2.2, the baseline hazard among at-risk participants in site j is a function

of the baseline hazard for all participants in site j, λj , and the proportion of participants

at risk in site j, 1− exp(−ρj), and is equal to λj/
(
1− exp(ρj)

)
. In our stratified analysis,

we assumed that the probability of exposure to HIV varied across sites due to varying

prevalences but that the risk of seroconversion given exposure was roughly similar. To reflect

this assumption, we set the expectation of the baseline hazard among at-risk individuals to a

single, constant hazard, θ, shared across sites. Hence, the prior assumed λj/
(
1−exp(ρj)

)
= θ

for all sites j. It follows that the prior distribution for the average baseline hazard for all

participants in site j, λj , had expectation θ
(
1− exp(−ρj)

)
for all sites j. Conjugate gamma

priors were specified for λj accordingly: π(λj |ρj , θ, c) = Gamma( θ
(
1− exp(−ρj)

)
× τ, τ ),
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where τ is a rate parameter. A gamma prior was also set on θ, and an inverse gamma prior

was set on τ .

The relationship between the proportion at risk and baseline hazard imposed by this

prior is illustrated in Figure 2.3, which shows the prior distribution of average baseline inci-

dence, λj× 100 person-years, for four hypothetical sites. Each site has a different proportion

of its population at risk, but the average incidence among those at risk is the same. In this

example, θ = 40 per 100 person-years is used as the average seroincidence among those at

risk, and the rate parameter, τ = 50, is also equal across sites. We see that the prior distri-

bution for the average baseline hazard among all participants in a site is higher when the

proportion of the site’s population at risk is larger. The observed relationship makes sense

intuitively; when more of the population is exposed but the probability of seroconversion

given exposure remains the same, we expect to observe a greater seroincidence.

Finally, the prior for our parameter of primary interest, β, was non-informative. Prior

distributions for other parameters were specified in such a way that, under the prior, the

expected distribution of incidence in the placebo arm would be consistent with seroincidence

previously observed in similar trials.

We set the following priors on model parameters. For the non-stratified model,

Prior:



β ∼ N(0, 100)

λ ∼ Gamma(0.0625× 50, 50)

1− exp(−ρ) ∼ Beta(2× Prev
1−Prev , 2)

η ∼ Gamma(4, 1)

where Prev is the overall seroprevalence from Table 2.4. For the stratified model,

Prior:



β ∼ N(0, 100)

λj |ρj , θ, c ∼ Gamma(θ
(
1− exp(−ρj)

)
× c, c) for each site j

1− exp(−ρj) ∼ Beta(2× Prevj
1−Prevj , 2) for each site j

ηj ∼ Gamma(0.5, 2) for each site j

θ ∼ Gamma(20, 25)

τ ∼ InverseGamma(2, 20)

where Prevj is the prevalence for site j, as given in Table 2.4.



30

Figure 2.4 shows the prior distribution of seroincidence in the placebo arm for the non-

stratified and stratified models, produced by 2,500 replications of a simulation that gener-

ated event times under both models for 1,000 participants in each of seven study sites. The

distribution of expected seroconversion for the stratified model is predictably broader than

for the non-stratified model as the former is a mixture of prior distributions from each site.

Rates of seroconversion observed in the placebo arms of similar previously published trials

are indicated by plotting symbols. We note that the incidence observed in the CAPRISA

004 trial [4] is nearly twice as high as that observed in the other studies. This outlying

observation can partly be explained by differences in enrollment criteria. Overall, we see

that the distribution of expected seroincidence in the placebo arm under the prior specified

is consistent with those previously observed. Also, while the distribution of seroincidence

under the prior appears quite informative, we note that prior distributions for individual

parameters were specified to allow for considerable variability. As part of model assessment,

we compared prior and posterior distributions for all model parameters.

To obtain posterior samples from the non-stratified and stratified compound Poisson

frailty models, we repeated the Gibbs sampling algorithm described in Section 2.2.2 for

100,000 iterations. The first 20,000 samples were discarded for burn-in and the remaining

samples from parameters’ posterior distributions were thinned, keeping every tenth sample.

Parallel chains were run from different starting values to confirm that models converged to

the same estimates. Sampling was performed in R version 3.0.3 with independently written

code. Other model diagnostics performed included examining cumulative distribution and

trace plots. Posterior distributions for model parameters were visually compared to prior

distributions using the density function.

We also computed Bayesian p-values for survival at six month intervals using the data

generated from the joint posterior predictive distribution. While Bayesian p-values were

easily calculated and interpretable measures of model fit for simulations (Section 2.3), the

appropriateness and interpretability of Bayesian p-values is questionable in this application

because of interval censoring. Specifically, there is not a known event time against which

to compare predicted event times. Instead, event times are sampled conditional on the

interval in which they occurred and current parameter samples at each iteration of the



31

Cox Model CP Frailty Model

Est. (Interval) Est. (Interval)

Non-stratified 0.28 (-0.11, 0.53) 0.31 (-0.13, 0.58)

Stratified 0.27 (-0.12, 0.52) 0.36 (-0.037, 0.62)

Table 2.5: Estimated effectiveness and 95% interval of 0.5% PRO 2000 gel relative to placebo
gel in reducing risk of seroconversion for the Cox and compound Poisson (CP) frailty model.

Gibbs sampler. Thus, we are comparing model-based samples of the event times to predicted

survival. The Bayesian p-values presented in this application as well as the next chapter’s

(Section 3.4) should be considered with this limitation in mind.

2.4.2 Results

Incidence of seroconversion for 0.5% PRO 2000 and placebo gel groups are displayed in Fig-

ure 2.5. The rate of seroconversion was lower in the treatment group than in the placebo

group for all but one site (Durban, South Africa). We also see that the level of seroinci-

dence varies considerably by site, suggesting that allowing the baseline hazard and frailty

distribution parameters to vary by site should improve model estimation.

Table 2.5 reports estimates of the population- and individual-level effectiveness of 0.5%

PRO 2000 gel in reducing risk of seroconversion in comparison to the placebo gel from the

Cox model and the proposed compound Poisson (CP) frailty model, respectively. Without

stratification, the individual-level effectiveness estimate from the compound Poisson frailty

model was 0.31 (95% HPDI: -0.13, 0.58), compared to the effectiveness estimate from the

Cox model, 0.28 (95% CI: -0.11, 0.53). Under the stratified compound Poisson frailty model,

0.5% PRO 2000 gel was estimated to be 36% effective in reducing the risk of seroconversion

for an exposed individual (95% HPDI: -0.037, 0.62). In comparison, the stratified Cox model

estimate of the effect of the intervention in a population was 27% (95% CI: -0.12, 0.53).

Site-stratification had minimal impact on Cox model estimates; it is likely that the

non-stratified Cox model is relatively robust to site differences because of the flexibility
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of the baseline hazard. Site-stratification did affect results for the proposed model: the

estimated effectiveness from the stratified compound Poisson frailty model was higher than

the estimated effectiveness from the non-stratified model. Since both the stratified Cox and

compound Poisson frailty models allowed the baseline hazard to vary by site, it is likely

that allowing for the proportion at risk to vary by site accounts for this difference, which

would be consistent with theory (Section 1.1) and simulation results (Section 2.3). As seen

in Figure 2.6, there was considerable variation in the estimated proportion at risk across

sites.

Figure 2.6 shows site-specific estimates from the stratified compound Poisson frailty

model of the baseline seroincidence, λj × 100 person-years, and proportion at risk, 1 −

exp(−ρj), plotted against the seroincidence observed in the placebo arm. Unsurprisingly,

estimates of the proportion at risk and the baseline incidence for each site were strongly

correlated with the observed seroincidence. Moreover, the HPD intervals around the non-

stratified estimates of both parameters actually exclude some of the site-specific estimates

or even, as is the case with estimated baseline seroincidence in Lilongwe and Hlabisa, the

entire site-specific interval.

Figure 2.7 shows Kaplan-Meier survival for the observed data (bold line) as well as

survival curves from the posterior predictive distribution (gray lines). Bayesian p-values at

each six month interval are also given. Plots on the left side are from the unstratified model

while those from the stratified model are shown on the right. Separate plots are given for

all study arms combined, the placebo gel arm, and the 0.5% PRO 2000 gel arm (from top to

bottom). The midpoint between last negative and first positive test was used as the event

time for the observed data. 95% confidence intervals are also given for the observed survival

(dashed lines). Bayesian p-values were calculated using every tenth iteration of the Gibb’s

sampler (after burn-in), but survival curves are only shown for every 250th iteration.

For both plots, we see that survival is underestimated in the first 6 months and the

Bayesian p-values for that interval are close to one. This discrepancy between the observed

and predicted survival is not surprising as there is a lag of several weeks between HIV

infection and seroconversion, and all participants who were HIV-infected at baseline were

removed from the analysis. The constant baseline hazard assumed by our model would not
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have been able to accommodate this time-dependence in the rate of events. This initial over-

estimation of risk is generally balanced out over the remainder of follow-up, as the majority

of those p-values are below 0.5. Overall, both the unstratified and stratified models appear

to provide a good fit to the data.

Plots comparing prior and posterior distributions for all model parameters in both the

non-stratified and stratified analyses are given in Figures 2.8- 2.13. We observe that pa-

rameters’ posteriors varied considerably from their priors, with the exception of η. In the

unstratified analysis, the posterior for η (lower-right panel of Figure 2.8) appears nearly

identical to its prior distribution. In the stratified analysis, site-specific posterior distribu-

tions of η (Figure 2.13) are also similar to the prior distributions. The posterior distributions

of η for Durban and Hlabisa (second row), the two sites with the highest seroincidence, only

show slight variation from the prior distribution. We see in Figures 2.11 and 2.12 that the

posteriors for site-specific baseline hazard and proportion at risk vary in both location and

spread from one another.

Finally, we see that the posterior distribution for the proportion at risk in the unstratified

model (Figure 2.8) suggests poor mixing. Examination of trace plots for this parameter

indicates that sampling was concentrated in a small range (for the starting seed shown,

5-15% at risk) before jumping to another area (45-75%). This behavior was observed at

multiple starting seeds for the Gibbs sampler and persisted even in longer chains. By

comparison, site-specific distributions of the proportion at risk in the stratified model do not

show this problem. These posteriors generally show more variability than their respective

prior distributions, and trace plots indicate convergence.

2.5 Discussion

We have presented a Bayesian hierarchical model that adjusts for heterogeneity in risk

when estimating the individual-level effect of a covariate on survival. Unlike the gamma

distribution, which is more commonly chosen for frailty modeling, the compound Poisson

distribution reflects the mechanisms of HIV risk and allows some participants to have no

exposure to HIV and, therefore, no risk of seroconversion. The hierarchical definition of

the compound Poisson distribution presented here is intuitive, and its parameters are in-



34

terpretable. As such, the proposed Bayesian model is a useful alternative to frequentist

analogs. Frequentist formulations of the compound Poisson frailty model have relied on the

Laplace transformation of the compound Poisson density, the parameters of which have no

meaningful interpretation. Furthermore, a computational strength of our model is that it

exploits hierarchical modeling and Bayesian estimation methods to avoid approximating an

infinite series. The density of the continuous part of a compound Poisson random variable

is not available in closed form, which burdens frequentist model estimation. In our sam-

pling procedure, we sample the frailty term conditional on the underlying Poisson random

variable, and this distribution is available in closed form.

A disadvantage of the proposed model, as well as all current frailty models for non-

clustered univariate survival data, is that heterogeneity is modeled with a single frailty

distribution and only information available in event time and study arm are used to sample

individual’s frailties. While additional data collected on participant’s risk factors could

improve heterogeneity modeling, existing methods provide no mechanism for using risk-

related covariates to inform individuals’ frailties. We address this problem in the next

chapter.

The approach proposed also assumes that a participant’s frailty is constant over time.

In the case of HPTN 035, this assumption may be reasonable, since the majority of partic-

ipants remained in the same, sole partnership throughout the study. In general, allowing

participants’ frailties to change over time in order to reflect a change in partnerships or

behavior would likely improve heterogeneity modeling. To do so would present challenges,

however, as current time-varying frailty methods are quite limited for univariate survival

data.

Despite these limitations, we have demonstrated that the inclusion of a compound Pois-

son frailty term into a survival model is able to capture some of the heterogeneity in HIV

risk. When applied to data from HPTN 035, the site-stratified compound Poisson frailty

model estimated that 0.5% PRO 2000 gel is 36% effective in reducing risk of seroconversion

for exposed individuals in comparison to placebo gel. This estimate was larger than the

Cox model estimate of effectiveness.
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Figure 2.1: Estimated effectiveness (upper panel) and coverage of 95% intervals (lower
panel) from simulation studies.
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Figure 2.2: Prior and posterior distributions for model parameters from a single replication
of simulation using priors in Equation (2.7). Data generated with 25% proportion at risk
and a 6% event rate.
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Figure 2.8: Prior and posterior distributions of model parameters from non-stratified anal-
ysis of HPTN 035 data.
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Figure 2.9: Prior and posterior distribution of log-HR, β, from stratified analysis of HPTN
035 data.
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Figure 2.10: Prior and posterior distributions of hyperparameters θ and τ from stratified
analysis of HPTN 035 data.
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Figure 2.11: Prior and posterior distributions of site-specific baseline hazards, λj , from
stratified analysis of HPTN 035 data.
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Figure 2.12: Prior and posterior distributions of the site-specific proportion at risk, 1 −
exp(ρ), from stratified analysis of HPTN 035 data.
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Figure 2.13: Prior and posterior distributions of site-specific η from stratified analysis of
HPTN 035 data.
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Chapter 3

LATENT CLASS APPROACH TO COMPOUND POISSON MIXTURE
FRAILTY MODEL

3.1 Introduction

In studies where the outcome is time-to-event, the Cox proportional-hazards model is often

used to estimate a population-averaged hazard ratio associated with an intervention or

exposure of interest [18]. As discussed earlier, when heterogeneity in risk is present, the

assumption of proportionality does not hold, and the population-level estimate is a biased

estimate of the change in risk for an individual. In order to account for heterogeneity, risk-

related covariates can be included in the Cox regression model, but this approach requires

that all risk factors are known and measured without error and that they have a proportional

impact on the population level. An alternative method is frailty modeling, which uses a

random effect added to a survival model to adjust for unobserved heterogeneity [50]. Frailty

model estimation requires specification of a mixing, or frailty, distribution. Individuals’

frailties are assumed to vary according to this distribution.

A limitation of current frailty methods for univariate survival data is that they provide

no mechanism for using risk-related covariates to inform heterogeneity modeling. While

covariates can be included in the Cox regression model, they are subject to the limitations

discussed previously. When covariates affecting risk are unobserved or the assumption of

proportionality is inappropriate, we may want to use available covariate data to model

frailty.

In this chapter, we propose a novel model that adjusts for heterogeneity in risk by

varying frailty distributions across latent risk classes modeled by participant covariates,

resulting in a mixture of frailty distributions. Via an ordinal latent class regression model,

groups of participants with similar risk characteristics are identified. Individuals within

a class share a frailty distribution, and their frailties vary accordingly. In this way, risk-
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related covariates do not determine an individual’s frailty but rather specify its distribution.

Meanwhile, frailty distribution parameters vary systematically across classes to reflect their

order. That is, frailty distributions for classes in which participants have more risk factors

are specified such that individuals within that class are more likely to have higher risk

i.e. higher frailty. While other classification methods could be used, ordinal latent class

regression is particularly appealing in contexts where we are interested in the resulting risk

classifications, in addition to accounting for heterogeneity.

The proposed model is similar to some approaches for clustered survival data that allow

frailty distributions to vary across clusters. For example, Moger et al. (2004) and Moger

and Aalen (2005) have developed a frailty model where frailty distribution parameters vary

across clusters defined by family; frailty for individuals within a family vary according to that

shared distribution. Frailty methods for clustered data are also often used in the analysis

of time-to-event outcomes from multi-center clinical trials in order to model heterogeneity

across sites. These methods are limited in their applicability because, for many studies,

observations are not clustered on a characteristic, like family, that explains the majority

of unobserved heterogeneity. Furthermore, in some multi-center trials, site may be only

one of several factors influencing an individual’s risk, and solely specifying separate frailty

distributions for each site may not sufficiently account for unobserved heterogeneity. With

this motivation in mind, we have developed a mixture frailty model that, instead of relying

on observable clusters, models latent classes of participants with similar probabilities of

exposure and levels of risk using covariate data.

For the proposed mixture frailty model, we select a frailty distribution that reflects the

sources of heterogeneity in risk. The compound Poisson distribution is used to model frailty

for all latent classes as this distribution models a risk mechanism common in medical con-

texts where an individual’s risk of an event is the result of independent, competing exposure

processes. Examples include patterns of risk behavior resulting in HIV infection, atheroscle-

rotic lesions causing a cardiovascular event, and tumors leading to cancer recurrence. In

Chapter 2, we presented a hierarchical definition of the compound Poisson distribution that

reflects this risk mechanism. The number of exposure processes for each individual, fre-

quently either measured with error or unknown, is modeled as a Poisson random variable,
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which allows for a participant to have no risk (i.e. no exposure processes). Each exposure

process is assumed to present a constant level of risk over time, which is modeled as a

Gamma random variable. Separate exposure processes pose independent, competing risks;

given exposure, one of the processes eventually leads to an event. An individual’s risk of

an event during a specified time period is the sum of these competing risks. Following

this hierarchical definition of the compound Poisson distribution, frailty distributions for

each latent risk class will be specified by two parameters: each class will have a different

mean number of exposure processes and different shape parameter for the gamma random

variable modeling risk associated with each process. Frailty distributions also reflect class

ordering: individuals in a class with more risk factors will have a larger number of expected

exposure processes as well as larger expected risk for each process. This model allows for

some participants, even those in higher risk classes, to have no risk of an event.

While similar to a cure rate model, the compound Poisson mixture frailty model has

multiple advantages over such a model. Cure rate models are used to account for het-

erogeneity when a fraction of the population is not at risk of an event, or cured, and the

probability of cure can be modeled with risk-related covariates. Non-frailty cure rate models

do not account for heterogeneity among those who are at risk, and frailty cure-rate models

are subject to the limitations of frailty models for univariate survival data discussed above.

In the proposed model, participant risk factors influence both the probability and the level

of exposure via classification in risk groups that share frailty distribution parameters. In

particular, the parameter dictating the probability of risk for an individual within each

class, the mean parameter for the Poisson distribution, also influences the distribution of

risk among those who are at risk. This relationship is intuitively appealing: we frequently

expect that many factors that increase an individual’s risk of exposure also increase its

magnitude. The model we present here may better reflect the risk-generating mechanism

in many medical contexts.

3.2 Methods

We have developed a mixture frailty model that uses risk-related covariate information to

model heterogeneity in risk. In this section, we first present a latent class approach for
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identifying groups of individuals with similar risk profiles. Next, we provide a hierarchical

definition of the compound Poisson distribution. Frailties for individuals within a latent

class follow a shared compound Poisson distribution, such that frailties for all individuals,

across all classes, follows a compound Poisson mixture distribution. Then, the compound

Poisson mixture-distributed frailty is incorporated into a survival model. Finally, we discuss

Bayesian estimation procedures for this model, including consideration of prior elicitation.

3.2.1 Latent Class Model

We define an ordinal latent class regression model to identify groups of participants with

similar characteristics influencing risk of an event [36]. Classification for an individual fol-

lows a multinomial distribution and depends on risk-related covariates through a cumulative

link model [7]. In this section, we present a general cumulative link model for latent classi-

fication, which models classification probabilities separately for pairs of adjacent classes.

Let Ri denote the latent class response for participant i in one of K ordered cate-

gories. Latent classes are ordered such that those participants in class k = 1 have char-

acteristics associated with the lowest levels of risk and those in class K have the highest

risk. Let the probability of class membership for participant i in class k be indicated as

φk(wi) = P (Ri = k|wi), k = 1, . . . ,K, where wi is a vector of covariates for participant

i and
∑K

k=1 φk(wi) = 1 for all i = 1, . . . , n. Classification for each participant i follows

a multinomial distribution, Ri|wi ∼ MultK
(
φ1(wi), φ2(wi), . . . φK(wi)

)
. In the cumula-

tive link model, the probabilities for this distribution are defined cumulatively, that is, the

cumulative probability for membership in class k or below can be expressed as:

P (Ri ≤ k|wi) =

k∑
k†=1

φk†(wi).

It follows that the probability of classification in class k for participant i, φk(wi), is the

difference P (Ri ≤ k|wi)− P (Ri ≤ (k − 1)|wi).

Cumulative probabilities for classification are regressed on risk-related covariates via a

link function, G−1, the inverse of a continuous cumulative distribution function (cdf) G.
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The cumulative link model is

G−1
(
P (Ri ≤ k|wi)

)
= αk −wiγk (3.1)

where γk is a D- length vector of parameters common to all subjects and αk is an intercept

parameter which satisfies −∞ = α0 < α1 < · · · < αK−1 < αK =∞. It follows that

φk(wi) = G
(
αk −wiγk

)
−G

(
αk−1 −wiγk−1

)
,

and the parameters αk−1, αk, γk−1, and γk must be constrained such that G
(
αk −wiγk

)
>

G
(
αk−1 − wiγk−1

)
for all k = 1, . . . ,K − 1. Note that probability of classification in the

lowest and highest risk classes, φ1(wi) and φK(wi), respectively, are defined as:

φ1(wi) = G
(
α1 −wiγ1

)
φK(wi) = 1−G

(
αK−1 −wiγK−1

)
since α0 = −∞ and αK =∞.

There are several common options for the cdf, G, including the logistic, normal, and

extreme value distribution functions. The choice of cdf depends on the application and

expected distribution of the linear term on the right-hand side of Equation (3.1). The

logistic cdf is the most common choice [7]; using the logit link function, coefficients can

be interpreted as log-odds. In a cumulative logit model with predictor w, a unit increase

in the value of covariate w is associated with an exp(−γk) times increase in the odds of

membership in class k or below for all k = 1, . . . ,K − 1. If γk is negative, then exp(−γk)

is greater than one, indicating that w is associated with increased odds of being in class k

or below, i.e. is associated with lower risk. Likewise, if γk is positive, then exp(−γk) is less

than one, indicating that w is associated with higher risk. Use of the logistic cumulative

link model is demonstrated in Section 3.4.

3.2.2 Hierarchical Compound Poisson Model

Individuals within a latent class share the same frailty distribution. Because the compound

Poisson distribution allows that some participants have no risk of an event and reflects a

biological mechanism for risk that arises in many applications, we use it here. In this model,
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an individual’s overall risk is the result of independent, competing exposure processes that

each pose varying levels of risk. We expect the number of exposure processes and risk

associated with each to be, on average, lower for participants with fewer risk factors and

higher among those with more risk factors. So, we vary these parameters across latent

classes, resulting in a mixture of compound Poisson distributions.

The number of exposure processes, Ni, for participant i in class k follows a Poisson

distribution with mean ρk such that

Ni|Ri = k ∼ Poisson(ρk) k = 1, . . . ,K, i = 1, . . . , n

where ρk denotes the mean parameter shared by all individuals in class k. This model allows

that some individuals have no exposure processes, Ni = 0, and thus, no risk of an event

and, additionally, that this likelihood of exposure varies by class. For those individuals with

Ni > 0, each exposure process presents a varying level of risk. The mth exposure process

for participant i in class k is associated with a hazard for an event, λ(t)Uim, where λ(t) is

the average baseline hazard function among all individuals,

Uim|Ri = k ∼ Gamma(ηk, ν), m = 1, . . . , Ni, k = 1, . . . ,K, i = 1, . . . , n,

ηk denotes a shape parameter shared by all individuals in class k, and Gamma(η, ν) is a

gamma distribution with shape parameter η and rate parameter ν. The scale parameter ν is

shared by all individuals. Assuming the risk of an event is additive across exposure processes

(i.e. they are independent competing risks), a participant’s risk of an event at time t is a

product of the baseline hazard, λ(t), and the sum of risks associated with each exposure

process, which equals λ(t)
∑Ni

m=1 Uim. We define Zi, the frailty term for participant i, as

follows:

Zi|Ni, Ri = k =


∑Ni

m=1 Uim ∼ Gamma(shape = Niηk, rate = ν) if Ni > 0

0 if Ni = 0

for all classes k = 1, . . . ,K and participants i = 1, . . . , n .

Since the latent classes are ordered with respect to level of risk, we constrain the pa-

rameter values of the compound Poisson distribution for each class to reflect that ordering:
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ρ1 < ρ2 < · · · < ρK and η1 < η2 < · · · < ηK . The resulting compound Poisson distributions

are stochastically ordered, i.e. for Zi, the frailty term representing level of risk for individual

i, P (Zi > z|Ri = k) > P (Zi > z|Ri = k − 1). This framework allows for the possibility

that an individual in a lower risk class has a larger risk than some individuals in a higher

risk class and vice-versa while still sharing information across classes through the ordering

of parameters.

For model identifiability, it is necessary that the expectation of a randomly selected Zi

be equal to one. As the expectation of Zi|Ri = k is equal to (ρkηk)/ν for participant i,

the expected frailty marginalized over all classes, E( (ρkηk)/ν), equals
∑K

k=1
ρkηk
ν φk(wi). It

follows that, for all individuals, the expectation of a randomly selected frailty is set equal

to one by defining ν as a function of all ρk, ηk, and φk(wi):

K∑
k=1

ρkηk
1

n

n∑
i=1

φk(wi). (3.2)

3.2.3 Hazard Regression with Frailty

Having defined a model for frailty conditional on latent classification, we next incorporate

frailty into a survival model. Zi is included in a hazard function for a proportional hazards

model as a frailty term which scales the hazard for individual i, as appropriate. We define

the ith participant’s hazard function as:

λi(t;xi) = λ(t)Zi exp(x′iβ)

where β = (β1, . . . , βP ) is a P -length vector of the log-hazard ratio associated with a

unit increase in covariates x1, . . . , xP , respectively. The vector xi = (x1i, . . . , xPi) denotes

observed values of these covariates for individual i, which may include an indicator of

receiving an intervention or having a condition or some measure of an explanatory variable

whose association with the risk of an event is of interest. The baseline hazard function,

λ(t), represents the average hazard function among all individuals (since the expectation

of a randomly selected Zi is equal to one). It follows that the subject-specific density and
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survival functions are:

f(t|xi, Zi) = λ(t)Zi exp(x′iβ)S(t|xi, Zi)

S(t|xi, Zi) = exp
(
− Zi exp(x′iβ) Λ(t)

)
,

where Λ(t) =
∫ t

0 λ(t) dt denotes the cumulative baseline hazard at time t.

The interpretation of the hazard ratio, exp(βp) for covariate xp, in the proposed model

differs from its interpretation in the standard Cox model. In the Cox model, the hazard ratio

is interpreted as the average relative change in risk for a population given an increase in xp

of one unit. In the compound Poisson mixture frailty model, the hazard ratio measures the

change in risk of an event for an at-risk individual (i.e. Zi > 0). This interpretation remains

the same if frailty is modeled with a single compound Poisson distribution (as in the model

proposed in Chapter 2) instead of a mixture. The interpretation would also be similar if

using a cure rate model with a frailty term for the non-cured fraction. By comparison, if

modeling frailty without including a cured fraction (whether through a cure rate model or

a frailty distribution like the compound Poission distribution that allows for no risk), the

hazard ratio is interpreted as the effect on risk for any individual.

3.2.4 Model Likelihood

We next define the model likelihood. For each participant i, we observe ti, the potentially

censored event time and δi, an indicator variable equaling one if an event is observed and
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zero otherwise. The likelihood for this model can be written as:

L
(
β, λ(t),ρ,η,γ,α|(ti, δi,xi,wi, Ri, Ni, Zi), i = 1, . . . , n

)
=

n∏
i=1

f(Ri|wi,γ,α) f(Ni|Ri,ρ) f(Zi|Ri, Ni,η, ν) f(ti, δi|xi, Zi,β, λ(t))

=
n∏
i=1

( K∏
k=1

(
P (Ri = k|wi,γ,α) f(Ni|Ri = k, ρk) f(Zi|Ri = k,Ni, ηk, ν)1[Ni>0]

f(Zi|Ri = k,Ni, ηk, ν)1[Ni=0]
)1[Ri=k]

)
× f(ti, δi|xi, Zi,β, λ(t))

)1[Ni>0] f(ti, δi|xi, Zi,β, λ(t))
)1[Ni=0]

=
n∏
i=1

( K∏
k=1

( (
G−1(αk −wiγk)−G−1(αk−1 −wiγk−1)

) ρNi
k

Γ(Ni + 1)
e−ρk

( νNiηk

Γ(Niηk)
ZNiηk−1
i e−Ziν

)1[Ni>0] ×∆0(Zi)
1[Ni=0]

)1[Ri=k]

)
(3.3)

×
(

(λ(t)Zie
x′iβ)δi e−Zie

x′iβ Λ(ti)
)1[Ni>0] × ∆∞(ti)

1[Ni=0]

where ρ is the vector of mean parameters [ρ1, ρ2, . . . , ρK ], η is the vector of shape parameters

[η1, η2, . . . , ηK ], α is the vector of intercepts [α0, α1, . . . , αK ], γ denotes parameter vectors

γ1, . . . γK−1, and ∆0(Zi), ∆∞(ti) indicate point mass for frailty, Zi, at zero and time-

to-event, ti, at infinity, respectively, for participant i with Ni = 0 i.e. no risk. ν is the

expectation of ρkηk for a randomly selected individual, as defined in Equation (3.2). While

ν is a function of parameters α, γ, ρ, and η and covariates w1, . . . ,wn, we have suppressed

conditioning in the likelihood above for clarity in presentation.

Site-stratification of the baseline hazard function, λ(t), is common for analysis of data

from multi-center studies and can be accommodated by this model. If, however, site is

included in the ordinal latent class regression model, it would be redundant to stratify

estimation of the baseline hazard by site.

3.2.5 Bayesian Model Estimation

To complete Bayesian specification of the proposed model we specify prior distributions

for modeling parameters before defining the posterior distribution and discussing sampling

methods.
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The application at hand will influence prior selection for ρ, the mean parameter for the

number of exposure processes in each latent class, as well as η, the shape parameter for

the level of exposure associated with each process. Uniform, gamma, and normal priors

are all options for both parameters. In this presentation, we will use a gamma prior for

each component of η, π(η) = Gamma(Oη,Tη), as it naturally bounds the prior values for

η1, . . . , ηK above zero and its parameters can easily be specified to reflect prior knowledge

or to be uninformative. Here, Gamma(O, T ) is the gamma distribution with shape O and

rate T , Oη = (Oη1 , . . . , OηK ), and Tη = (Tη1 , . . . , TηK ).

For each ρk, rather than specifying priors on the mean number of exposure processes

for each class k, we can instead place a prior on the proportion at risk, denoted here as

Pk(Risk) and defined as P (Ni > 0|Ri = k, ρk) = 1 − e−ρk . This approach can be used if

we want to identify participants with a particular likelihood of exposure. For example, to

identify participants with very high risk of an event, the prior distribution for the proportion

at risk in the highest risk latent class should have greatest support closer to one. Setting a

beta prior on the probability of risk in class k, Pk(Risk) ∼ Beta(Ak, Bk), where Beta(A,B)

is the beta distribution with shape parameters A and B, is equivalent to the following prior

on ρk:

π(ρk) =
Γ(Ak +Bk)

Γ(Ak)Γ(Bk)
(1− exp(−ρk))Ak−1 exp(−ρk)Bk .

Prior selection for other model parameters will be application-specific. Priors for the

baseline hazard function, λ(t), and proportional hazards regression model coefficients, β,

can be similar to priors typically used for survival models [27].

After specifying priors on all model parameters, we can identify the joint posterior

distribution of the parameters and latent variables:

p
(
β, λ(t),ρ,η,γ,α,R,N,Z|

(
(ti, δi,xi,wi), i = 1, . . . , n

)
, Θ
)

(3.4)

∝ L
(
β, λ(t),ρ,η,γ,α |(ti, δi,xi,wi, Ri, Ni, Zi), i = 1, . . . , n

)
× π

(
β, λ(t),ρ,η,γ,α |Θ

)
where p(·|data) denotes the joint posterior density, R, N, Z are vectors of latent variables

Ri, Ni, Zi, i = 1, . . . , n, and π(·|Θ) denotes the joint prior density for the model parameters

given hyperparameters Θ. The conditional posterior distributions for each parameter follow
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from this full posterior; these are given Appendix C.1. A Gibbs sampling algorithm [21] is

used to obtain samples from the model’s posterior. Slice sampling [40] is used to update

posterior samples when conjugate priors are not available. At each iteration of the sampling

algorithm, latent variables Ri, Ni, and Zi are also sampled for every participant i = 1, . . . , n.

Conditional posterior distributions for these latent variables are also detailed in Appendix

C.1. Sampling is performed in R with independently written code.

3.3 Simulations

3.3.1 Methods

Simulations were done to assess model performance in a variety of situations. First, data

were generated following the model proposed in Section 3.2 for a sample size of n =3,000

participants divided evenly between intervention and control arms. Then, model estimation

was carried out for each particular scenario. Finally, posterior estimates for model parame-

ters were compared to known values. Bayesian p-values for survival at six month intervals

were also examined, as described in Section 2.2.3. The compound Poisson frailty model

developed in Chapter 2 was also fit, in order to evaluate model performance when ignoring

the latent class structure. We detail each step below.

Data Generation

Data generation occurred in three stages. First, participants were assigned to one of three

risk classes, corresponding to low, medium, and high risk, following the latent class model

presented in Section 3.2.1. For each simulation replication, latent classes were generated

based on four binary risk-related covariates. Covariate values were correlated, i.e. if a

participant had one risk factor, she was more likely to have another. Covariates were also

constant across simulation replications. Classification was done under the proportional

odds model, a version of the general cumulative link model given in Equation (3.1), where

a logistic link is used and covariate effects are constant across classes, γ∗ = γk for all

k = 1, . . . ,K. (The proportional odds model is described in more detail in Section 3.4.2.)

Covariates w∗ = [w∗1, w
∗
2, w

∗
3, w

∗
4] had the following effects on classification: exp(γ∗) =
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[
exp(γ∗1), exp(γ∗2), exp(γ∗3), exp(γ∗4)

]
= [2, 1.5, 3, 0.5]. The intercept vector, α = (α1, α2),

was fixed at [-0.5, 1] so that, given w∗ and γ∗, participants were evenly distributed across

low, medium, and high risk classes. At each simulation replication, latent classes were

sampled for each participant i from the multinomial distribution defined by covariates w∗i ,

effects γ∗, and intercepts α, i = 1, . . . , n. Covariate data and parameter values are given in

detail in Appendix C.2.

Second, compound Poisson frailties were generated conditional on latent class member-

ship, as described in Section 3.2.2. The values of ρ for each class corresponded to a 5%,

20%, and 80% probability of risk for an individual in the low, medium, and high risk classes,

respectively. Values for η were fixed, in order, at 3, 4, and 5.

Third, event times were generated for each at-risk participant under the hazard model

presented in Section 3.2.3. The event time for each participant with positive frailty was

sampled from an exponential distribution with rate equal to the product of her frailty, Zi, a

constant baseline hazard, λ = 5 events per 100 person-years (PY), and a hazard ratio (HR)

of 0.5 for those in the intervention arm, i.e. β = log(0.5). Censoring was imposed after 180

events (a 6% event rate). No other censoring was done.

Model Estimation

After data generation, model estimation was performed as described in Section 3.2.5 for the

following scenarios:

(I) Correct priors: The prior mean was set equal to the true value for all model param-

eters other than the log-HR (which had a diffuse normal prior in all scenarios). Not

all priors were centered around the true value, however, as scale parameters were set

to allow for ample variability in sampling. Priors for the proportion at risk and η, for
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instance, were necessarily skewed. The priors were as follows:

Prior:



β ∼ N(0, 100)

λ0 ∼ Gamma(0.05× 50, 50)

1− exp(−ρk) ∼ Beta( Pk(Risk)
1−Pk(Risk) ×Bk, Bk)

P(Risk) = [0.05, 0.25, 0.80], B = [3, 3, 3], k = 1, . . . , 3

ηk ∼ Gamma(Oηk , Tηk) Oη = [4, 6, 8], Tη = [2, 2, 2], k = 1, . . . , 3

γ∗d ∼ Normal(Mγ∗d
, Σ2

γ∗d
) exp(Mγ∗) = [2, 1.5, 3, 0.5],

Σγ∗d
= 0.5 ∀ d, d = 1, . . . , 4

αk ∼ Normal(Mαk
,Σ2

αk
) Mα = [−0.5, 1], Σαk

= 1∀ k = 1, 2

(II) Non-informative priors: Flat priors were placed on all model parameters. Priors

were uniform on the scale used in (I) for all parameters, i.e. there was a Uniform(0, 1)

prior placed on the proportion at risk in each class k, 1 − exp(−ρk), instead of a

flat prior on the mean number of exposure processes, ρk. Flat priors on all model

parameters were also specified for estimation of the compound Poisson frailty model.

(III) Leave out one predictor: Model estimation was performed with only three covari-

ates. w2, the risk factor associated with the highest risk (exp(γ∗2) = 3), was omitted.

Priors for all other parameters were the same as in scenario (I).

(IV) Fit with two classes: The model was fit assuming two classes instead of three. The

following priors were changed from scenario (I).

Prior:



1− exp(−ρk) ∼ Beta( Pk(Risk)
1−Pk(Risk ×Bk, Bk)

P(Risk) = [0.15, 0.525], B = [3, 3], k = 1, 2

ηk ∼ Gamma(Oηk , Tηk) Oη = [5, 7], Tη = [2, 2], k = 1, 2

α ∼ Normal(0, 12)

(V) Unbalanced classes: Data generation was changed so that class membership was

not balanced. Intercept vector α was set equal to [0.25, 1.25]. As a result, 51%,
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21%, and 28% of participants were assigned to the low, medium, and high risk classes,

respectively. Priors were specified as in scenario (I) except Mα = [0.25, 1.25].

(VI) Single compound Poisson frailty: The latent class model was estimated with co-

variates w∗ and three latent risk classes for data generated with a single compound

Poisson frailty distribution. The data generating mechanism described in Section 2.3.1

was used with 25% of participants at risk and a 6% event rate. Priors for scenario

(I) were used. Posterior estimates for the HR and baseline hazard were compared to

those reported in Section 2.3.2.

The compound Poisson frailty model developed in Chapter 2 was also applied to data

simulated as described in Section 3.3.1. This model was estimated under scenarios (I), (II),

and (V) and compared to estimates from the latent class compound Poisson mixture frailty

model. For scenarios (I) and (V), the priors for the proportion at risk and η were based on

the average proportion at risk and η across all classes. The priors specified for scenario (I)

were:

Prior:



β ∼ N(0, 100)

λ0 ∼ Gamma(0.05× 50, 50)

1− exp(−ρ) ∼ Beta( P̄ (Risk)
1−P̄ (Risk)

× 3, 3) P̄ (Risk) = 36%

η ∼ Gamma(6, 2)

For scenario (II), flat priors were specified for all model parameters.

Posterior medians and 95% quantile-based credible intervals were identified for all model

parameters. Bayesian p-values comparing survival at six month intervals were also calcu-

lated. Each simulation was repeated 500 times. Posterior samples were the result of 25,000

iterations of which the first 10,000 were discarded for burn-in.

3.3.2 Results

Tables 3.1 and 3.2 show simulation study results. Table 3.1 gives estimates and interval

coverage for the HR, exp(β), and the baseline hazard, λ, for both the latent class (LC) com-

pound Poisson mixture frailty model estimation and estimation with a single compound
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HR λ Bayesian p-values

Scenario Model Est Cov Est Cov 6mo 12 mo 18mo

(I): Correct priors
LC 0.50 95% 5.0 97% 0.51 0.49 0.48

CP 0.50 95% 5.0 97% 0.50 0.49 0.48

(II): Non-informative priors
LC 0.50 95% 5.0 92% 0.50 0.49 0.50

CP 0.50 95% 5.0 90% 0.50 0.50 0.50

(III): Leave out 1 predictor LC 0.50 95% 5.0 97% 0.52 0.49 0.47

(IV): Fit with 2 classes LC 0.51 95% 4.8 93% 0.44 0.48 0.52

(V): Unbalanced groups
LC 0.50 94% 5.0 97 0.50 0.49 0.50

CP 0.50 95% 5.0 90% 0.51 0.49 0.49

(VI): Single CP Frailty
LC 0.52 95% 4.7 92% 0.43 0.47 0.55

CP 0.50 96% 5.0 97% 0.53 0.48 0.48

Truth 0.50 5.0 per 100 PY

Table 3.1: Average posterior median for HR and baseline hazard λ and coverage of 95%
credible intervals from estimation with the proposed latent class CP mixture frailty model
(LC) and single CP frailty model (CP) for various simulation scenarios. Bayesian p-values
for survival at six month intervals also given. Results are from 500 replications.

Poisson (CP) frailty model. Both models give unbiased estimates and nominal coverage

of the HR and baseline hazard with correct (I) and non-informative (II) priors when par-

ticipants are evenly distributed across latent classes. We also see unbiased estimation and

nominal coverage of these parameters from both models when groups are less balanced

(V). Furthermore, estimation and coverage of the HR and baseline hazard appear robust to

model misspecification, as seen in scenarios (III) and (IV). Finally, the HR estimate from

the latent class model when data are generated with a single compound Poisson frailty

distribution is only slightly biased while coverage of 95% credible intervals is still nominal.

Bayesian p-values for survival at six-month intervals are also given in Table 3.1 for

both estimation approaches in all scenarios. All hover around 0.50, indicating that survival

under the posterior predictive distribution in all cases is similar to the observed (simulated)
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survival.

Table 3.2 gives estimates and interval coverage for the proportion at risk and η for each

class in all scenarios. We see that the estimated proportion at risk and η for each class are

similar to the true values when correct priors are used (I), as well as when one predictor of

the latent class model is omitted, as in scenario (III). We note that the proportion at risk

and η are both underestimated in the low risk class for both scenarios (I) and (III) and that

coverage of 95% credible intervals is low for the proportion at risk. This bias is likely due in

part to the skewed priors placed on those parameters. Classification probabilities are also

similar to true classification for scenarios (I) and (III). Similar results were seen when data

were generated with unbalanced groups (scenario (V)). Posterior classification probabilities

in scenario (V) were not unbiased estimates of true classification probabilities, however, as

the posterior erred toward a more even distribution across class.

Alternatively, when non-informative priors are used, as in scenario (II), estimation of

class-specific frailty parameters for all classes are biased and 95% credible intervals show

poor coverage. In particular, the estimates for η are quite large, a problem we also encoun-

tered when using non-informative priors on the single CP frailty model in Section 2.3.2.

Posterior classification also shows uneven distribution of participants in this scenario. In

the absence of any prior information, more participants were placed in the middle risk class

and fewer were placed in the higher risk class.

In scenario (IV), the latent class model was fit with two classes instead three (the true

number of classes), we see that nearly all the observations were classified into one group.

In practice, when the number of classes is unknown, such unbalanced classification would

be an indication that a different number of classes should be specified or that the single CP

frailty model may be more appropriate. In this specific study, one may reasonably choose

to assume a single class after observing that the model with two latent classes placed nearly

all participants into one group. There was no indication that the data were generated

using three latent classes and, subsequently, that a model assuming three latent classes was

correct. Similarly, when we fit the latent class model with three classes to data that was

generated with a single CP frailty distribution (scenario (VI)), there is no indication that

the model used for estimation is incorrect, as all parameter estimates and class groupings
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Latent P (Risk) η Class. Prob.

Scenario Class Est Cov Est Cov Est Cov

(I): Correct priors

Low 0.0035 73% 1.5 100% 0.31 99%

Med 0.26 100% 2.8 100% 0.35 100%

High 0.81 96% 4.4 100% 0.33 95%

(II): Non-informative priors

Low 0.33 81% 6.4 78% 0.35 79%

Med 0.61 53% 15 26% 0.47 81%

High 0.82 90% 29 4.8% 0.16 47%

(III): Leave out 1 predictor

Low 0.0042 75% 1.5 100% 0.33 100%

Med 0.31 100% 2.8 100% 0.35 100%

High 0.81 100% 4.3 100% 0.31 98%

(IV): Fit 2 classes

Low 0.071 n/a 2.0 n/a 0.0020 n/a

High 0.52 n/a 3.7 n/a >0.99 n/a

Truth (0.05, 0.25, 0.80) (2,3,4) (0.35, 0.33, 0.32)

(V): Unbalanced groups

Low 0.0058 76% 1.5 100% 0.44 96%

Med 0.29 100% 2.8 100% 0.28 100%

High 0.81 100% 4.4 100% 0.27 99%

Truth (0.05, 0.25, 0.80) (2,3,4) (0.51, 0.21, 0.28)

(VI): Single CP Frailty

Low 0.15 n/a 0.70 n/a 0.34 n/a

Med 0.50 n/a 1.7 n/a 0.40 n/a

High 0.78 n/a 3.1 n/a 0.24 n/a

Truth 0.25 2 n/a

Table 3.2: Average posterior median and coverage of 95% credible intervals for the pro-
portion at risk and η in each latent risk class. The average posterior medians and interval
coverage for the proportion of participants assigned to each class are also given. Results are
from 500 simulation replications.
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seem reasonable. If the true data generating mechanism were unknown, the only suggestion

we would have that the CP frailty model was more appropriate than the LC model would

be that the Bayesian p-values for the CP model (given in Table 3.1) were closer to 0.50 than

those for the LC model at every time interval considered. However, since test quantities

for Bayesian p-values are arbitrarily chosen, it would be unwise to depend soley on these

measures for model selection. Thus, this simulation study gives us limited guidance in

selecting the number of classes.

In this set of simulation studies, we see that model estimation assuming a single CP

frailty distribution provides an unbiased estimate of the hazard ratio and 95% credible

intervals with nominal coverage, even when data are generated with a mixture of com-

pound Poisson frailty distributions. The latent class approach, under this particular data-

generating scheme, does not provide any advantage in the estimation of the hazard ratio

or baseline hazard function. In fact, it appears that the latent class approach’s chief ad-

vantage is that it also identifies latent risk classes. Thus, the compound Poisson mixture

frailty model being presented in this chapter is recommended for modeling heterogeneity

in situations where identifying latent risk classes is of particular interest and appropriate

informative priors are available. To the latter point, placing moderately informative priors

on the majority of model parameters is easily justifiable in many situations. Typically,

prior information about whether covariates increase or decrease risk is readily available.

Furthermore, placing priors on class-specific frailty model parameters is actually a strength

of the proposed model as it informs classification. In particular, specifying more informative

priors on the proportion at risk in each class enables us to identify groups of participants

with relatively low or high risk of an event.

3.4 Application

We illustrate the proposed model with analysis of data from two HIV prevention trials:

Partners PrEP and VOICE.
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3.4.1 Data

The Partners PrEP study was a phase III trial of oral antiretroviral (ARV) treatment as pre-

exposure prophylaxis for HIV-1 transmission in serodiscordant couples [8]. From July 2008

through November 2010, the study enrolled 4,758 heterosexual couples in which one partner

was HIV-infected and the other partner was not from nine sites in Kenya and Uganda.

Seronegative partners were randomized to one of three study arms: oral tenofovir (TDF),

combination tenofovir and emtricitabine (TDF-FTC, also known as Truvada R©), or placebo,

all once-daily, and were tested monthly for seroconversion for up to thirty-six months.

The study’s primary analysis estimated the effectiveness (1-HR) of each intervention in

reducing risk of seroconversion compared to placebo. On July 12, 2011, the trial’s placebo

arm was discontinued because both active drugs demonstrated protection that exceeded

predetermined stopping boundaries. Using data collected through this stopping date, TDF

and TDF-FTC were estimated to reduce risk of HIV acquisition by 67% (95% CI: 44, 81%)

and 75% (95% CI: 55, 87%) , respectively.

The VOICE (Vaginal and Oral Interventions to Control the Epidemic) study was a phase

IIb trial of the safety and effectiveness of two ARV-based approaches for preventing hetero-

sexual transmission of HIV in women: oral ARV tablets or vaginal microbicide containing

ARV in gel form [33]. Beginning in September 2009, 5,029 sexually active women were

enrolled in the study from fifteen sites in and around Durban and Johannesburg, South

Africa, Kampala, Uganda, and Harare, Zimbabwe. Participants were randomized into one

of five study arms: oral TDF, TDF-FTC, oral placebo, tenofovir-based gel, and placebo

gel, all once-daily, and were tested quarterly for HIV seroconversion. The study’s primary

analysis estimated the effectiveness of each active ARV arm in comparison to the appropri-

ate placebo arm. The oral TDF arm was suspended on September 16, 2011, and the TDF

and placebo gel arms were stopped on November 17, 2011, both due to futility. Risk of

seroconversion was reduced among participants in the TDF-FTC arm, but this result was

not significant.
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3.4.2 Model and Prior Specification

As discussed in Chapter 2, the compound Poisson distribution reflects the risk mechanism for

HIV seroconversion. In these analyses, we use the proposed latent class approach to model

frailty with a compound Poisson mixture distribution in order to estimate the individual-

level effect of each intervention (oral TDF and TDF-FTC for Partners PrEP and oral TDF,

TDF-FTC, and gel TDF for VOICE) on risk of seroconversion. Survival for participants

randomized to oral interventions (TDF and TDF-FTC) was compared to survival under

oral placebo for both trials. In the VOICE analysis, the TDF gel arm was compared to

the placebo gel arm. A single model was used for all comparisons in the VOICE trial in

order to share information across participants about site and covariate effects. In both

analyses, xpi = 1 indicated randomization to study arm p for individual i, xpi = 0 indicated

otherwise, and the HR associated with each oral intervention p was exp(βp) while the HR

associated with TDF gel in VOICE was exp(βTDF-gel − βplacebo-gel). Diffuse normal priors

were specified for the log-HR of each intervention.

As was specified in the primary analysis of these studies, participants who were infected

at baseline but did not seroconvert until after starting the study were excluded from the

analysis. For participants without seroconversion observed, time until the date of last

negative test prior to the suspension of a trial arm was taken as the censored event time. For

participants with seroconversion observed before the first trial arm was suspended in each

study, event time was sampled at each iteration of the Gibbs sampler using slice sampling

techniques and a uniform prior on the interval covering time between the participant’s last

negative and first positive serology test.

Due to the low number of events in the Partners PrEP trial, we classified participants into

risk groups with a proportional odds model, a cumulative logistic-link model that assumes

constant covariate effects across classes. The proportional odds model is more efficient than

the general cumulative link model presented in Section 3.2.1, and the mean squared error

may be smaller, even in some cases where the proportional odds assumption is violated if

the difference in estimated effects is small in practical terms [7]. The proportional odds
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model can be expressed as

logit
(
P (Ri ≤ k|w∗i)

)
= αk −w∗′iγ

∗ (3.5)

where γ∗ is a D∗-length vector of effects associated with covariates w∗i that is constant

across all k, k = 1, . . . (K − 1). Comparing the proportional odds model in Equation (3.5)

to the generalized cumulative link model in Equation (3.1) with G−1 as the logit link, we

note that if the effects in parameter vector γk were equal across all k then the parameter

vector we’ve denoted γ∗ would also be equal to all γk. We use the (∗) notation to distinguish

between covariates for which proportionality is assumed, as in Equation (3.5), and when it

is not, as in the more general model given in Equation (3.1).

In a general population study like VOICE, we expect the probability and magnitude of

risk to vary by site based on factors like the area’s seroprevalence, behavioral norms, and

other local characteristics. In fact, seroincidence in VOICE did differ considerably across site

locations. For these reasons, we chose to include site location in the risk classification model

for the VOICE analysis. Additionally, we chose to forgo the proportional odds assumption

for location effect, resulting in a partial proportional odds model. The partial proportional

odds model assumes a constant effect across class for some but not all covariates [7]:

logit
(
P (Ri ≤ k|wi,w

∗
i)
)

= αk − (w′iγk + w∗′iγ
∗)

where γk is a vector of effects associated with covariates wi that varies across k, k =

1, . . . ,K − 1. For the VOICE analysis, wi was a vector indicating site location for each

participant and proportional odds were assumed for all other risk-related covariates, w∗i.

Covariates that (1) have been identified in the literature as risk factors for HIV infection

and (2) were significant predictors of seroconversion in a univariate logistic regression model

were included in the latent class model as covariates w∗ for each analysis [28]. For the

VOICE analysis, these covariates included age, parity, marital status, gonorrhea infection

at baseline, and whether the participant’s primary sexual partner had other partners. In

the Partners PrEP analysis, covariates included gender, age, and number of children of the

seronegative partner and the HIV-infected partner’s CD4 count at baseline. Notably, study

site was not a significant predictor of seroincidence among Partners PrEP participants. This
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lack of association between site and seroconversion in the Partners PrEP trial is mainly

because, in contrast to the VOICE trial, serostatus of a participant’s primary partner is

known and does not vary across sites.

For each proportional covariate effect γ∗1 , . . . , γ
∗
D∗ and intercept α1, . . . , αK−1, a normal

prior with mean zero was specified in the latent class models for both analyses. Normal priors

centered at zero were also used for the non-proportional effects of location on classification,

γkd, in the VOICE analysis, for k = 1, . . . ,K − 1 and site location d, d = 1, . . . , D.

For analysis of data from both trials, participants were classified into three risk groups

reflecting low, medium, and high risk levels. Three classes were chosen in order to minimize

the number of parameters to be estimated while obtaining a more detailed classification

of participants than would be provided by two risk groups. In particular, the aim was

to identify participants with particularly high and low risk. The expected distribution

of participants across classes is influenced by the observed covariate values as well as the

priors on cumulative link model parameters (α, γ∗, and, when applicable, γ1, . . . ,γK−1).

In both models, the prior expected proportion of participants in each class was relatively

even, due to normal priors with mean zero on cumulative link model parameters. However,

classification in the low or high risk class was slightly more likely than in the medium class,

owing to the distribution of covariate values among study participants.

Priors on the compound Poisson frailty model parameters for each latent class were

specified in order to identify three distinct distributions for risk. Specifically, the prior

distribution on the proportion at risk in the lowest risk class had highest probability near

zero, the prior distribution for the medium risk class was centered around 50%, and the

prior distribution for the highest risk class had highest probability close to 100%. Similarly,

the prior distributions for the level of risk associated with each exposure process were

stochastically ordered. The prior densities for the proportion at risk and η for each class

are shown in Figure 3.1. Following the discussion in Section 2.2.1, beta priors were specified

for the proportion at risk in each class, 1− exp(−ρk), and gamma priors were specified for

each ηk, k = 1, 2, 3.

We allowed for flexible estimation of the baseline hazard function in both analyses by
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assuming a piecewise constant function for λ(t):

λ(t) = λs, ts ≤ t < ts+1, s = 1, . . . , S (3.6)

where ts, s = 1, . . . , S, denote the cut points, t1 = 0, and tS+1 = ∞. Cut-points were

determined by events with roughly eight events per interval in the Partners PrEP analysis

and ten events per interval in the VOICE analysis. Since site location was included in the

risk classification model for VOICE, estimation of the baseline hazard function was not

stratified by site because, as previously mentioned, to do so would be redundant. In the

Partners PrEP study, we did not expect site to be an important predictor of exposure or

risk levels for participants and, so, did not use site for classification. While site-stratification

of survival models is the standard for multisite clinical trials and was used in the primary

analysis of this study, we chose not to stratify baseline hazard estimation by site because

there were too few events in many of the sites. (Three of the nine sites had five or fewer

events.) For both analyses, conjugate gamma priors were specified for each λs, s = 1, . . . , S.

Prior distributions for all parameters in both models were specified in such a way that

the expected incidence in the placebo arm under the prior was consistent with the incidence

observed in control arms of recent, similarly conducted HIV prevention trials. Figure 3.2

shows the prior distribution of seroincidence in the placebo arm for the Partners PrEP

and VOICE analyses, produced by 500 replications of a simulation generating event times

given the specified priors and study participants’ covariates under the latent class (LC)

compound Poisson mixture model. Seroincidence observed in placebo arms of similar trials

are indicated with plotting symbols. All trials included for comparison were population-

based studies of ARV-based interventions, except Celum et al. 2008, a serodiscordant

partners study of the effect of HSV-2 treatment on seroconversion, which we include to

provide a comparison to the Partners PrEP study. The lower seroincidence under the prior

for the Partners PrEP trial was intentional because we expect to observe a lower incidence

in serodiscordant partner studies than general population studies. As shown in the figure,

Celum et al. 2008 observed a seroincidence of 3.3 events per 100 person-years in the placebo

arm. We see that the distribution of expected prior incidence in the placebo arm for the

VOICE analysis is consistent with that which has been observed in previous, similar trials.
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The priors on model parameters were specified as follows for the Partners PrEP analysis:

Prior:



βp ∼ N(0, 102) for p = 1, 2

λs ∼ Gamma(0.04× 5, 5) for s = 1, . . . , S = 11

1− exp(−ρk) ∼ Beta(Ak, Bk) A = [1, 4, 6], B = [4, 4, 2], k = 1, . . . , 3

ηk ∼ Gamma(Oηk , Tηk) Oη = [3, 4, 5], Tη = [1, 1, 1], k = 1, . . . , 3

αk ∼ Normal(0, 12) for k = 1, 2.

γ∗d ∼ Normal(0, 0.752) for d = 1, . . . , D∗ = 6

The priors on model parameters for the VOICE analysis were:

Prior:



β ∼ N(0, 102) for p = 1, . . . , 4

λs ∼ Gamma(0.0575× 10, 10) for s = 1, . . . , S = 21

1− exp(−ρk) ∼ Beta(Ak, Bk) A = [1, 4, 6], B = [4, 4, 2] k = 1, . . . , 3

ηk ∼ Gamma(Oηk , Tηk) Oη = [3, 4, 5], Tη = [1, 1, 1], k = 1, . . . , 3

αk ∼ Normal(0, 12) for k = 1, 2

γ∗d ∼ Normal(0, 0.752) for d = 1, . . . , D∗ = 7

γkd ∼ Normal(0, 12) for k = 1, 2, d = 1, . . . , D = 3.

To obtain posterior samples from the compound Poisson mixture frailty model, we re-

peated the Gibbs sampling algorithm (described in Section 3.2.5) for 100,000 iterations. The

first 20,000 samples were discarded as burn-in, and the remaining samples from each pa-

rameter’s posterior distribution were thinned, keeping every tenth sample. Parallel chains

were run from different starting values to confirm that models converged to similar esti-

mates. Model diagnostics performed included examining trace and cumulative distribution

plots. Additionally, Bayesian p-values comparing survival under the posterior predictive

distribution to that which was observed were calculated, as outlined in 2.2.3.

The posterior median was identified for each component of β, as well as the surrounding

95% highest posterior density (HPD) intervals. These estimates were compared to point

estimates and 95% model-based confidence intervals from a stratified Cox model. Posterior

classification probabilities for risk-related covariate values were also summarized, as well as

the posterior incidence, proportion at risk, and mean frailty across classes, using sampled
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values of latent variables (Ri, Ni, Zi), i = 1, . . . , n at every saved iteration of the Gibb’s

sampler.

3.4.3 Stratified Compound Poisson Frailty Model

Data from the Partners PrEP and VOICE trials were also analyzed using the stratified

compound Poisson (CP) frailty model proposed in Chapter 2.

The Partners PrEP analysis was stratified by country (Kenya and Uganda) because there

were too few events in some sites to stratify the analysis by individual sites. A piecewise

constant baseline hazard function, as in Equation (3.6), was used for each country, and

intervals for the piecewise function were shared across strata. Correlated priors on the

baseline hazard function, as presented in Section 2.4.1 were placed on all λsj , the constant

baseline hazard for country j at time t between ts and ts+1.

The VOICE analysis was stratified by site location. As in Chapter 2, we also used a

beta prior on the proportion at risk at each location, with mean equal to the screening

prevalence at that location. Screening prevalence at each site location for VOICE is given

in Table 3.3. Unlike the Partners PrEP analysis in this chapter, we did not use correlated

priors for location-specific piecewise constant baseline hazard functions. Since over 90% of

seroconversions occurred at sites in and around Durban, South Africa, event times from

those sites would dictate intervals for the piecewise function, resulting in many intervals

for non-Durban sites with no events. So, independent priors were used for each location’s

baseline hazard function. We specified a piecewise constant baseline hazard function for

Durban sites and a constant baseline hazard function for the other site locations, as there

were not enough events in these locations to estimate the baseline hazard for multiple

intervals. The number and percent of participants enrolled in each site with seroconversion

observed before censoring are given Table 3.3.

Prior specification for all model parameters was again performed with the intention that

expected seroincidence in the placebo arm be consistent with seroincidence observed in the

placebo arms of previous, similar trials. The expected distribution of seroincidence in the

placebo arm under the priors specified for the Partners PrEP and VOICE analyses are
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Site location Prevalence (%) Sample size # Events (%)

Durban, South Africa 25 3,329 192 (2.7%)

Johannesburg, South Africa 12 670 10 (1.5%)

Kampala, Uganda 15 320 6 (1.9%)

Harare, Zimbabwe 14 626 3 (0.48%)

Table 3.3: HIV prevalence at screening, sample size, and number of events (% of enrolled
individuals with events) for site locations in the VOICE trial.

shown in Figure 3.2. Prior seroincidence for the site-stratified CP frailty models are given

in gray.

The priors on model parameters were specified as follows for the Partners PrEP analysis:

Prior:



β ∼ N(0, 100)

λsj |ρj , θs ∼ Gamma(θs(1− exp(ρj))× τ, τ)

for countries j=1, 2, intervals s = 1, . . . , S

1− exp(−ρj) ∼ Beta(0.8, 2) for j=1,2

ηj ∼ Gamma(2, 0.5) for j=1,2

θs ∼ Gamma(5, 40) for intervals s = 1, . . . , S

τ ∼ InverseGamma(2, 20)

and the VOICE analysis:

Prior:



β ∼ N(0, 100)

λsj ∼ Gamma(0.075× 20, 20)

for locations j = 1, . . . , 4, intervals s = 1, . . . , S

1− exp(−ρj) ∼ Beta(2× Prevj
1−Prevj , 2) for j = 1, . . . , 4

ηj ∼ Gamma(2, 0.5) for j = 1, . . . , 4

where Prevj is the screening prevalence at each site location, given in Table 3.3.
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3.4.4 Results

We applied the proposed model to data from two trials of ARV-based interventions for

the prevention of HIV with two aims in mind: to obtain estimates of each intervention’s

effectiveness for at-risk individuals that are adjusted for heterogeneity and to examine how

participants were categorized based on observed covariates. We first discuss effectiveness

estimates before examining results from the latent risk classification.

Intervention Effectiveness

Table 3.4 reports population- and individual-level estimates of the effectiveness of oral TDF-

FTC and TDF in the Partners PrEP trial. The estimated effectiveness of both interventions

in reducing risk of seroconversion for at-risk individuals obtained from the proposed latent

class-based compound Poisson (CP) mixture frailty model (77% and 70% for TDF-FTC and

TDF, respectively) were slightly higher than the population-averaged effectiveness estimates

from the Cox model (75% and 67%) as well as individual-level estimates from the country-

stratified CP frailty model (75% and 66%). 95% HPD intervals around both estimates from

the proposed model are slightly higher than model-based 95% CIs from the Cox model and

narrower than 95% HPD intervals from the country-stratified CP frailty model.

Model Oral TDF-FTC Oral TDF

Country-stratified Cox 0.75 (0.55, 0.87) 0.67 (0.44, 0.81)

Country-stratified CP Frailty 0.75 (0.55, 0.90) 0.66 (0.40, 0.84)

Latent Class CP Mix. Frailty 0.77 (0.58, 0.88) 0.70 (0.50, 0.83)

Table 3.4: Estimated effectiveness of ARV-based interventions in Partners PrEP trial.

It was unexpected that the difference between estimates from the proposed model and

Cox model was slight. When heterogeneity in risk is present, the individual-level effective-

ness of a beneficial intervention is higher than the effectiveness averaged over the popula-

tion, and we expected estimates from the proposed model to reflect this. Observing too
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few events relative to the degree of heterogeneity present could explain why the country-

stratified CP frailty model estimate of individual-level effectiveness was not higher than

the population-level estimate, especially since the risk may not have varied much across

countries. Furthermore, the Partners PrEP trial was stopped early so the targeted number

of events was not reached. We recall from the simulation studies presented in Chapter 2

that the difference between Cox model population-averaged estimates and individual-level

estimates of effectiveness from the compound Poisson frailty model are more similar at lower

event rates. Yet, for the proposed latent class mixture frailty model, we expected that using

risk-related covariate information to inform frailty modeling would have a greater impact

on estimates of individual-level effectiveness.

Effectiveness estimates for each ARV-based intervention in VOICE are given in Table

3.5. The estimated effectiveness of TDF-FTC for an individual at risk is similar across

all three models (between 12 and 15%). As with the Partners PrEP analysis, we had

expected the estimate to be considerably larger for the frailty model than for the Cox

model. Effectiveness estimates for TDF gel also did not vary much across models (between

3.3 and 4.3%). Furthermore, given poor adherence in the VOICE trial, we suspected that

the negative result for oral TDF was the result of poor adherence rather than actual harm

related to the drug and had anticipated that an estimate adjusted for frailty would show a

smaller negative effect [34]. Yet, both the proposed latent class CP mixture frailty model

and the location-stratified CP frailty model estimated oral TDF to be more harmful on the

individual level than the population level. It is possible that risk-related covariates included

in the latent class model were also associated with adherence such that participants who

were likely to adhere would also be more likely to be classified in lower risk groups and

assigned no risk or lower frailties. Underestimating risk for adherent individuals would

have, subsequently, underestimated the intervention’s effectiveness for those individuals.

This association between adherence and covariates used in risk classification could have

affected HR estimates for all trial interventions, though it was the most obvious in the oral

TDF arm. Also, a similar effect would be expected in the stratified CP frailty analysis if

drug adherence was strongly associated with study site location.
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Model Oral TDF-FTC Oral TDF TDF Gel

Location-stratified Cox 0.14 (-0.40, 0.47) -0.48 (-1.3, 0.037) 0.043 (-0.43, 0.36)

Location-stratified CP Frailty 0.15 (-0.38, 0.46) -0.59 (-1.4, -0.036) 0.033 (-0.49, 0.43)

Latent Class CP Mix. Frailty 0.12 (-0.41, 0.44) -0.67 (-1.5, -0.14) 0.042 (-0.43, 0.44)

Table 3.5: Estimated Effectiveness (1-HR) of ARV-based interventions in VOICE trial.

Latent Risk Classification

In addition to estimating individual-level effectiveness, we wanted to assess how well the

latent class model was able to distinguish between low, medium, and high risk groups. To

do that, we compared the posterior distribution of seroincidence across groups as well as

the average frailty and proportion at risk in each group. Table 3.6 gives posterior medians

(95% credible intervals) for these measures, as well as overall classification frequencies,

obtained from posterior samples of R. This information is also displayed visually in Figures

3.3 and 3.4. We see that, in analysis of data from both trials, the model was successful

in identifying separate risk groups as the incidence, proportion at risk, and frailty vary

considerably between classes. For example, in the analysis of the VOICE data, the median

posterior incidence for participants in the lowest risk group was zero while the median

posterior incidence for participants in the highest risk group was 10 events per 100 person-

years (PY). The percentages of participants in each group with some risk (i.e. frailty above

zero) were also consistent with low, medium, and high risk groups.

For both analyses, we were surprised to see that the vast majority of participants were

classified into the medium and high risk classes. Since we believe that most participants had

no or very low risk during these trials, we expected to see more participants classified into the

low risk group. The distribution of covariates across participants, however, provides some

explanation for the posterior classification distributions. Median posterior classification

frequencies for risk-related covariates, obtained from posterior samples of R, are given in

Tables 3.7 and 3.8. These results are also displayed visually in Figure 3.5 for Partners PrEP
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and Figures 3.6- 3.8 for VOICE. For the VOICE analysis, we see that site location and

marital/cohabitation status are likely driving overall classification frequencies. Participants

from study sites in and around Durban, South Africa had a high probability of being

in the medium or high risk classes because over 90% of the observed events were among

these participants. Since two-thirds of all study participants were in Durban sites, average

posterior classification probabilities also favor medium and high risk classes. A similar

effect is observed for participants who are unmarried and not living with a partner, since

two-thirds of study participants were unmarried or not cohabitating and nearly 90% of

events were observed in that group. In the Partners PrEP analysis (Table 3.7), no subset

of the covariates seems to be driving classification and the median posterior probability of

classification in the high risk group was 56%. Even among low risk covariates like older

age, male sex, and more children, the probability of classification in the high risk group

was nearly half. Yet, since the proposed model allows for no risk even in the highest risk

groups, we see that exposure in the high risk group is not certain as the median posterior

probability of any risk in the high risk group is only 57%.

Latent Risk Classes

Low Medium High

Partners PrEP

Incidence (per 100 PY) 0 (0,0.24) 0.26 (0,1.1) 1.3 (1.7, 3.1)

Percentage at Risk 11% (0.59, 39%) 38% (17, 60%) 57% (44, 73%)

Average Frailty 0.029 (0.0010, 0.18) 0.25 (0.062, 0.95) 1.6 (1.2, 2.8)

Overall Classification Frequency 17% (6.3, 37%) 25% (4.6, 61%) 56% (26, 77%)

VOICE

Incidence (per 100PY) 0 (0, 0.73) 0.76 (0.22, 1.9) 10 (15,23)

Percentage at Risk 15% (0.76, 45%) 21% (47, 69%) 69% (50, 87%)

Average Frailty 0.021 (0.00063, 0.094) 0.13 (0.049, 0.32) 2.4 (1.6, 3.7)

Overall Classification Frequency 13% (2.1, 31%) 48% (22, 67%) 38% (25, 59%)

Table 3.6: Posterior medians (95% credible interval) of summary measures for latent risk
classes.
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n Incidence Classification Probabilities

Covariate (%) (per 100PY) Low Medium High

All 4,707 (100%) 1.0 17% 25% 56%

Age (years)

≤ 20 84 (1.8%) 5.1 7.1% 14% 75%

21-30 1,620 (34%) 1.5 8.6% 18% 72%

> 30 3,003 (64%) 0.73 22% 29% 47%

Sex

Female 1,776 (38%) 1.5 8.7% 20% 70%

Male 2,931 (63%) 0.75 22% 29% 47%

# Children

None 396 (8.4%) 1.6 12% 21% 65%

1 or 2 1,442 (31%) 1.4 10% 18% 70%

≥3 2,869 (61%) 0.83 22% 29% 48%

CD4 count (cells/mm3)

Mean (SE) 555 (3.6) 729 (88) 581 (26) 491 (26)

Table 3.7: Median posterior classification probabilities across covariate values for Partners
PrEP trial.

Model Assessment

Model fit was assessed by comparing predictive posterior survival to observed survival.

Figures 3.9 and 3.11 show Kaplan-Meier curves (bold lines) for observed survival data along

with survival data generated under the posterior predictive distribution of the latent class

compound Poisson mixture frailty model (gray lines) for the Partners PrEP and VOICE

analyses, respectively. Figures 3.10 and 3.12 show observed and predicted survival under

the stratified compound Poisson frailty proposed in Chapter 2 for analyses of the two trials.
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Bayesian p-values comparing observed to predicted survival at six-month intervals are also

given. In analysis of both trials, we see more variability in posterior predicted survival from

the CP frailty model than the latent class CP frailty mixture model. Both frailty models

tend to overestimate hazard when applied to the Partners PrEP data (Figures 3.9 and 3.10).

Survival is underestimated in all trial arms, including the oral placebo arm, implying that

the probability of exposure or level of risk is overestimated rather than the effectiveness of

the candidate interventions being overestimated. In analysis of the VOICE data (Figures

3.11 and 3.12), both frailty models overestimated hazard at the beginning of the trial and

underestimated hazard at the end. This trend is more pronounced in the oral intervention

arms, suggesting some time-dependence in effectiveness. Such a trend would be expected

for beneficial interventions if adherence was better at the start of the trial than at the end.

Plots showing the prior and posterior distributions for all parameters in both models

used to analysis Partners PrEP and VOICE trial data are given in Figures 3.13 - 3.37. The

posterior distribution of most parameters differ substantially from their priors. Notably,

the posterior distributions for class-specific values of η from the mixture models, shown in

the right-hand panel of Figures 3.14 and 3.28, vary considerably from their priors while the

site-specific posteriors of η from the single CP frailty models, 3.20 and 3.35, are more similar

to their priors. Finally, following our discussion in Section 3.2.1 about the interpretation of

cumulative link model coefficients when using a logistic link function, we see that coefficients

for characteristics associated with lower risk (for example, partner’s baseline CD4 count

in Partners PrEP or being married/cohabitating in VOICE) have posterior distributions

centered below zero while coefficients for characteristics associated with higher risk (for

example, no children in Partners PrEP or age at or below 25 years in VOICE) have posterior

distributions centered above zero.

3.5 Discussion

We have proposed a novel compound Poisson mixture frailty model for univariate time-to-

event data that exploits information available in covariates in order to account for hetero-

geneity in risk. Our approach uses ordinal latent class regression to identify participants with

similar risk characteristics. Individuals within a class then share a frailty distribution. The
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compound Poisson distribution was used to model frailty within latent classes as it provides

a mechanistically-motivated model for heterogeneity in risk and allows for some participants

to have no risk of an event. Under a compound Poisson frailty framework, an individual’s

overall risk is the result of independent, competing exposure processes, the number and

nature of which remain unobserved. In the proposed model, the number of exposure pro-

cesses for individuals and the magnitude associated with distinct exposure processes follow

separate distributions for each latent class. Frailty distributions are stochastically ordered

so that average frailty is smaller in lower risk classes and greater in higher risk classes,

yet the frailties of individuals within each class vary so that an individual in a lower risk

class may have greater risk than an individual in a higher risk class and vice-versa. In this

framework, even individuals in high risk classes can have no risk of an event. The resulting

model enables estimation of individual-level hazard ratios for interventions or conditions of

interest, instead of population-averaged hazard ratio estimates, like those obtained from the

Cox proportional-hazards model.

With the proposed model, we estimated the individual-level effectiveness of ARV-based

interventions in two recently completed HIV prevention trials: Partners PrEP and VOICE.

For some interventions, the estimate of effectiveness for an individual at risk obtained from

the proposed model was greater than the population-averaged estimate obtained by the Cox

model, as we would expect when there was heterogeneity in risk of an event. Effectiveness

estimates of particular interventions are not similar across trials; the estimated effectiveness

of both oral TDF and TDF-FTC are higher in the analysis of Partners PrEP data than in

that of the VOICE trial data. These discrepancies were anticipated given that treatment

adherence was very high in Partners PrEP and quite poor among participants in VOICE.

In addition to providing an individual-level estimate of hazard ratios, the proposed

approach is particularly appealing when there is interest in identifying groups of participants

with similar levels of risk. For example, identifying individuals with very high risk of an event

could be helpful in targeting interventions and planning future studies. Additionally, the

proposed model could be easily extended to estimate hazard ratios separately for each risk

class. In our application, we demonstrated that the proposed model clearly distinguished

between low, medium, and high risk classes. While we used covariates that were significant
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predictors of an event in a univariate model, Bayesian model selection methods could be used

to choose risk-related covariates for the latent classification model from a pool of candidate

covariates [14, 22]. The number of classes could also be determined with Bayesian model

selection methods.

In our application we also found that the proposed model may not be ideal in a clinical

trial setting where adherence is expected to be associated with risk of an event. If better

adherence is associated with lower risk, as may have been the case in the VOICE trial, the

model may underestimate the probability of any risk for adherent participants. The result-

ing estimate of intervention effectiveness would then underestimate the true effectiveness.

Further research is necessary to better understand this relationship. In particular, it would

be interesting to examine model performance when adherence is partially observed, as was

the case in the VOICE trial, so that effectiveness among those who adhere can be modeled

through various weighting methods (for example, marginal structural models [24,44]).

In the proposed model, participants within a latent class share a value for both frailty

parameters, ρ and ν. It is possible, however, to model latent risk classes for these parameters

separately such that individuals are classified twice. This modification would be appropriate

if information were available on covariates that predicted the level of risk given exposure, η,

but were not associated with the probability of exposure or number of exposure processes, ρ.

The decision to model separate latent classes depends on the application and data available.

A shared latent class approach was presented here for simplicity in presentation.

While the proposed model does offer a novel approach to incorporating covariate data

in the analysis of time-to-event data, it does not address another limitation of univariate

frailty models: individuals’ frailties are assumed to be constant over time. This constraint

is necessary because, in the absence of multiple event times, information is not available to

model time-varying frailty. In our application, frailty parameters are determined based on

baseline covariates. But, we expect the values of some of these covariates to change over

the study period, and the proposed model has no way or reflecting that change. Certainly,

allowing individuals’ frailties to vary over time, in concert with changes in risk-related

covariates, would improve heterogeneity modeling. It is possible that time-varying covariates

could provide information about changes in an individual’s frailty over time, and that, even
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with a single event time, the proposed model could be extended to use these covariates

to model time-varying frailties. On the other hand, given that the latent class model for

constant frailty presented here did not provide more efficient estimates than the single

compound Poisson frailty model, extending the model to allow for time-varying frailties

would likely yield a negligible improvement in estimation. As an alternative to time-varying

frailty models, we may also consider how to incorporate the proposed compound Poisson

mixture frailty model into a joint model for longitudinal and survival data [12,53].
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n Incidence Classification Probabilities

Covariate (%) (per 100PY) Low Medium High

All 4,945 (100%) 5.1 39% 28% 28%

Study Site Location

Durban, South Africa 3,329 (67%) 7.3 7.3% 41% 51%

Johannesburg, South Africa 670 (14%) 2.1 15% 64% 19%

Kampala, Uganda 320 (6.5%) 1.7 18% 72% 8.1%

Harare, Zimbabwe 626 (13%) 0.45 30% 67% 2.7%

Age (years)

≤ 25 2,857 (58%) 7.7 6.2% 43% 50%

>25 2,088 (42%) 3.5 22% 56% 21%

# Previous live births

None 746 (15%) 6.9 5.2% 42% 51%

1 2,138 (43%) 6.3 8.3% 45% 45%

≥2 2,061 (42%) 3.4 20% 54% 26%

Married and/or Cohabitating

Yes 1,631 (33%) 1.5 29% 60% 10%

No 3,314 (67%) 7.2 5.1% 43% 51%

Gonorrhea test at baseline

Positive 155 (3.1%) 13.4 5.2% 35% 58%

Negative/ None done 4,790 (97%) 4.9 13% 49% 37%

Primary partner has other sexual partners

Yes 757 (15%) 4.6 15% 52% 32%

No 1,218 (25%) 3.3 17% 52% 28%

Don’t know/ No primary partner 2,990 (60%) 6.0 10% 46% 44%

Table 3.8: Median posterior classification probabilities across covariate values for VOICE
trial.
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Figure 3.9: Kaplan Meier curves for observed survival in the Partners PrEP trial (bold, solid

lines) and surrounding 95% confidence intervals (dashed lines) with survival curves generated under

the posterior predictive distribution of the latent class compound Poisson mixture frailty

model. Bayesian p-values comparing observed to predicted survival are given at six-month intervals.
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Figure 3.10: Kaplan Meier curves for observed survival in the Partners PrEP trial (bold, solid

lines) and surrounding 95% confidence intervals (dashed lines) with survival curves generated under

the posterior predictive distribution of the country-stratified compound Poisson frailty model.

Bayesian p-values comparing observed to predicted survival are given at six-month intervals.



89

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.
86

0.
90

0.
94

0.
98

Follow−up Time (Years)

S
ur

vi
va

l
All Study Arms

Observed
95% CI, Observed
Simulated from Posterior

p=0.82

p=0.41 p=0.34

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.
86

0.
90

0.
94

0.
98

Follow−up Time (Years)

S
ur

vi
va

l

Oral Placebo

Observed
95% CI, Observed
Simulated from Posterior

p=0.55

p=0.29
p=0.78

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.
86

0.
90

0.
94

0.
98

Follow−up Time (Years)

S
ur

vi
va

l

Oral TDF

Observed
95% CI, Observed
Simulated from Posterior

p=0.79

p=0.35 p=0.23

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.
86

0.
90

0.
94

0.
98

Follow−up Time (Years)

S
ur

vi
va

l

Oral TDF−FTC

Observed
95% CI, Observed
Simulated from Posterior

p=0.86

p=0.31
p=0.083

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.
86

0.
90

0.
94

0.
98

Follow−up Time (Years)

S
ur

vi
va

l

Placebo Gel

Observed
95% CI, Observed
Simulated from Posterior

p=0.64

p=0.42 p=0.57

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.
86

0.
90

0.
94

0.
98

Follow−up Time (Years)

S
ur

vi
va

l

TDF Gel

Observed
95% CI, Observed
Simulated from Posterior

p=0.39

p=0.80 p=0.51

Figure 3.11: Kaplan Meier curves for observed survival in the VOICE trial (bold, solid lines)

and surrounding 95% confidence intervals (dashed lines) with survival curves generated under the

posterior predictive distribution of the latent class compound Poisson mixture frailty model.

Bayesian p-values comparing observed to predicted survival are given at six-month intervals.
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Figure 3.12: Kaplan Meier curves for observed survival in the VOICE trial (bold, solid lines)

and surrounding 95% confidence intervals (dashed lines) with survival curves generated under the

posterior predictive distribution of the site location-stratified compound Poisson frailty model.

Bayesian p-values comparing observed to predicted survival are given at six-month intervals.
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Figure 3.13: Prior and posterior distributions of log hazard ratio vector, β, from the latent
class compound Poisson mixture frailty model analysis of Partners PrEP data.
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Figure 3.14: Prior and posterior distributions of the proportion at risk and η for each
latent class from the latent class compound Poisson mixture frailty model analysis
of Partners PrEP data.
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Figure 3.15: Prior and posterior distributions of piecewise constant baseline hazard from the
latent class compound Poisson mixture frailty model analysis of Partners PrEP
data.



94

0.00 0.02 0.04 0.06 0.08

0
20

40
60

80
10

0
D

en
si

ty

λ

Interval 7

Prior
Posterior

0.00 0.02 0.04 0.06 0.08

0
20

40
60

80
10

0
D

en
si

ty

λ

Interval 8

Prior
Posterior

0.00 0.02 0.04 0.06 0.08

0
20

40
60

80
10

0
D

en
si

ty

λ

Interval 9

Prior
Posterior

0.00 0.02 0.04 0.06 0.08

0
20

40
60

80
10

0
D

en
si

ty
λ

Interval 10

Prior
Posterior

0.00 0.02 0.04 0.06 0.08

0
20

40
60

80
10

0
D

en
si

ty

λ

Interval 11

Prior
Posterior

Figure 3.16: Prior and posterior distributions of piecewise constant baseline hazard from the
latent class compound Poisson mixture frailty model analysis of Partners PrEP
data.
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Figure 3.17: Prior and posterior distributions for proportional odds model covariate ef-
fects γ∗ from the latent class compound Poisson mixture frailty model analysis of
Partners PrEP data.
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Figure 3.18: Prior and posterior distributions for proportional odds model intercepts α1

and α2 from the latent class compound Poisson mixture frailty model analysis of
Partners PrEP data.
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Figure 3.19: Prior and posterior distributions for log- hazard ratios from the country-
stratified compound Poisson frailty model analysis of Partners PrEP data.
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Figure 3.20: Prior and posterior distributions for proportion at risk and η from the country-
stratified compound Poisson frailty model analysis of Partners PrEP data.
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Figure 3.21: Prior and posterior distributions for piecewise baseline hazards for Kenyan sites
from the country-stratified compound Poisson frailty model analysis of Partners
PrEP data.
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Figure 3.22: Prior and posterior distributions for piecewise baseline hazards for Kenyan sites
from the country-stratified compound Poisson frailty model analysis of Partners
PrEP data.
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Figure 3.23: Prior and posterior distributions for piecewise baseline hazards for Ugandan
sites from the country-stratified compound Poisson frailty model analysis of Part-
ners PrEP data.
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Figure 3.24: Prior and posterior distributions for piecewise baseline hazards for Ugandan
sites from the country-stratified compound Poisson frailty model analysis of Part-
ners PrEP data.
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Figure 3.25: Prior and posterior distributions for the piecewise baseline hazard function for
at-risk participants, θ, from the country-stratified compound Poisson frailty model
analysis of Partners PrEP data.
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Figure 3.26: Prior and posterior distributions for the piecewise baseline hazard function
for at-risk participants, θ, and hyperparameter τ (bottom-right panel) from the country-
stratified compound Poisson frailty model analysis of Partners PrEP data.
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Figure 3.27: Prior and posterior distributions of log hazard ratio vector, β, from the latent
class compound Poisson mixture frailty model analysis of VOICE data.
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Figure 3.28: Prior and posterior distributions of the proportion at risk and η for each
latent class from the latent class compound Poisson mixture frailty model analysis
of VOICE data.
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Figure 3.29: Prior and posterior distributions of piecewise constant baseline hazard from
the latent class compound Poisson mixture frailty model analysis of VOICE data.
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Figure 3.30: Prior and posterior distributions of piecewise constant baseline hazard from
the latent class compound Poisson mixture frailty model analysis of VOICE data.
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Figure 3.31: Prior and posterior distributions for proportional odds model covariate effects,
γ∗, from the latent class compound Poisson mixture frailty model analysis of VOICE
data.
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Figure 3.32: Prior and posterior distributions for non-proportional site location effects, γ1

and γ2, from the latent class compound Poisson mixture frailty model analysis of
VOICE data.
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Figure 3.33: Prior and posterior distributions for proportional odds model intercepts α1

and α2 from the latent class compound Poisson mixture frailty model analysis of
VOICE data.



112

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

0.
0

0.
5

1.
0

1.
5

D
en

si
ty

β

FTC−TDF

Prior
Posterior

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

0.
0

0.
5

1.
0

1.
5

D
en

si
ty

β

Oral TDF

Prior
Posterior

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

0.
0

0.
5

1.
0

1.
5

D
en

si
ty

β

TDF Gel

Prior
Posterior

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

0.
0

0.
5

1.
0

1.
5

D
en

si
ty

β

Placebo Gel

Prior
Posterior

Figure 3.34: Prior and posterior distributions for log- hazard ratios from the site location-
stratified compound Poisson frailty model analysis of VOICE data.
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Figure 3.35: Prior and posterior distributions for proportion at risk and η from the site
location-stratified compound Poisson frailty model analysis of VOICE data.
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Figure 3.36: Prior and posterior distributions for piecewise baseline hazard function for
sites around Durban, South Africa from the site location-stratified compound Poisson
frailty model analysis of VOICE data.
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Figure 3.37: Prior and posterior distributions for piecewise baseline hazard function for sites
around Durban, South Africa (upper 3 rows) and sites around Johannesburg, South Africa,
Kampala, Uganda, and Harare, Zimbabwe (lower row) from the site location-stratified
compound Poisson frailty model analysis of VOICE data.
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Chapter 4

FUTURE WORK

In previous chapters, we have focused on the development of compound Poisson frailty

models to adjust for heterogeneity in survival analysis. In this chapter, we first introduce

ideas for a related model suitable when the number of exposure processes is observed. Then,

we consider other areas of future research related to the compound Poisson frailty models

proposed in Chapters 2 and 3.

4.1 Bayesian Hierarchical Gamma Frailty Model with Subject-specific Param-
eters

4.1.1 Introduction

In this section, we outline a frailty model to adjust for heterogeneity in survival analysis in

a situation where (1) an individual’s risk is the result of independent, competing exposure

processes, (2) the number of exposure processes is observed for each individual, and (3)

covariate data are also available on the exposure processes. Instead of assuming the level of

risk associated with each of an individual’s exposure processes follows the same distribution,

as in the models proposed in Chapters 2 and 3, we introduce ideas here for a model that

enables us to vary the frailty distribution based on characteristics observed at both the

exposure process and the individual level.

As an example, consider the relationship between atherosclerotic lesions in coronary

arteries and coronary heart disease (CHD). An atherosclerotic lesion can lead to the for-

mation of a blood clot which blocks the artery, stopping the flow of blood and triggering

a CHD-related event such as a myocardial infarction or cardiac arrest. In our framework,

atherosclerotic lesions are exposure processes, each with the potential to cause a CHD event.

The level of risk posed by each lesion varies depending on lesion-specific characteristics such

as diameter, volume, and location. There are risk factors common to all lesions within
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an individual as well, such as whether the individual has hypertension or diabetes or is a

smoker. These individual-level risk factors also influence the risk posed by each lesion. The

risk associated with each lesion depends on both observed lesion- and individual-specific

characteristics as well as those which are not observed. Under the assumption that lesions

act independently to trigger an event, an individual’s total risk of a CHD event is the sum

of risks from all lesions. Heterogeneity in risk of an event among individuals is the result of

variability in the number of atherosclerotic lesions and the risk associated with each. We

seek a survival model that reflects this relationship.

In contrast to our previous applications where risk processes are not observed, computed

tomography (CT) enables us to observe the number of atherosclerotic lesions an individual

has, as well as to assess characteristics of each lesion. Since the number of exposure processes

is observed, it is not necessary to model it as an unobserved random variable. Furthermore,

the risks associated with each lesion can be modeled separately, depending on individual- and

lesion-level characteristics. Thus, we can consider frailty partially informed for individuals;

the number of exposure processes is observed but the risk associated with each is not.

Instead of modeling frailty on the level of the individual, we model it for each exposure

process. In the proposed model, the shape parameter of the gamma distribution modeling

frailty for each lesion is regressed on lesion- and individual-level covariates via a generalized

linear model. Thus, the risk associated with each lesion follows a different distribution

depending on these covariates. In this way, the model allows risk-related characteristics to

inform an individual’s risk but, recognizing some risk factors are not observed, still allows

for random variability. Next, we define an individual’s risk hierarchically: the total risk

for an individual is the sum of the independent (but not identically distributed) frailties

associated with each lesion. Said another way, frailty for an individual is the sum of that

individual’s exposure process-level frailties. As a result, frailty is modeled with a gamma

distribution with subject-specific parameters.

While we have motivated this research from a competing risks perspective, the pro-

posed model addresses another problem in survival analysis, that of clustered time-to-event

data where the event is observed on the cluster (individual)-level while the unit (lesion)

experiencing the event is unknown. In the language of our research and application, each



118

individual is a cluster and lesions are exposure processes clustered on the individual level.

Although each lesion could lead to a CHD event, only the first event is typically of interest

in survival studies, and the lesion which experienced the event is not observed.

There are two primary limitations to modeling risk in this setting: First, current frailty

models for clustered data provide no mechanism for using any risk-related information

available on the unit level. While many approaches exist for modeling heterogeneity in

clustered survival data, these methods use only cluster-level information to model frailty;

units within a cluster either share a frailty distribution or a frailty term [30, 38, 39]. The

proposed model better reflects sources of heterogeneity in risk by incorporating unit-level

covariate data.

Second, existing methods for analyzing clustered time-to-event data assume that an

event time is observed for each unit within a cluster. When this is not the case, survival

is typically modeled on the cluster level, enabling estimation of the effect of cluster-level

covariates on hazard but either ignoring or aggregating unit-level covariates. For example,

a recent study by Kuk et al (2014) examined the relationship between ulcer volume in the

carotid arteries and vascular events. While researchers were able to measure the number

of ulcers present as well as the volume of each, their analysis estimated the effect of total

carotid ulcer volume on risk of an event.

In the context of atherosclerosis, CHD-free survival is modeled on the individual level,

despite events occurring at the lesion level. Additionally, the effect of individual-level co-

variates, for example, smoking or diabetes, can be modeled, either in the regression term of

a proportional hazards model or through a frailty distribution (as was proposed in Chapter

3), while lesion-level characteristics must be summarized across all lesions if they are to

be included in the model. For example, the Agatston score, a measure of the amount of

coronary artery calcium present, can be calculated for each lesion using CT, but the sum

of all lesion-specific scores is usually included in individual-level survival models [6]. In the

proposed model, time-to-event is modeled on the individual level but risk is modeled in such

a way as to adjust for both individual- and lesion-level characteristics as well as unobserved

heterogeneity.

We propose a Bayesian hierarchical gamma frailty model with subject-specific param-
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eters to account for clustered time-to-event data where events are observed at the cluster

(individual) level and the unit (exposure process) experiencing the event is unknown. The

proposed model reflects underlying biological risk mechanisms in this setting better than

existing approaches by modeling risk at the level of the exposure process. Exposure process-

specific frailty distributions allow both exposure process- and individual-level covariates to

influence risk while also accounting for unobserved heterogeneity.

This section proceeds as follows. In Section 4.1.2, we present a hierarchical frailty model

in which parameters of the gamma distribution modeling the risk associated with each

exposure process vary according to a generalized linear regression of exposure process- and

individual-level covariates. Bayesian estimation procedures for this model are also outlined.

In Section 4.1.3, we detail a planned application to atherosclerosis and coronary heart

disease. We close with a discussion.

4.1.2 Methods

We begin with a definition of a hierarchical gamma frailty model that models risk of an

event using both individual- and exposure process-level covariates before discussing prior

elicitation and Bayesian estimation procedures for the model.

Hierarchical Gamma Frailty Model with Subject-specific Parameters

Our hierarchical model for risk is motivated by the compound Poisson frailty distribution,

where an individual’s risk is the result of an unknown number of independent, competing

exposure processes. In this situation, the number of exposure processes is known. We model

the risk associated with each exposure process using a distribution that varies depending

on both individual- and exposure process-level covariates. An individual’s risk is then the

sum of risks across exposure processes.

We begin by introducing a model for the risk of event associated with unique exposure

processes that reflects underlying biological risk mechanisms. LetNi be the observed number

of exposure processes for individual i, i = 1, . . . , n. We can define the hazard for the ith
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participant’s mth exposure process as h(t) = λ(t)Uim where

Uim ∼ Gamma(ηim, ν) for m = 1, . . . , Ni,

λ(t) is a baseline hazard function common to all exposure processes, and Gamma(η, ν) is

the gamma distribution with shape η, rate ν, and expectation E(Uim) = ηim/ν. Next, the

risk of an event may vary across exposure processes according to measurable characteristics.

We accommodate this by allowing the parameter ηim to vary across exposure processes via

a generalized linear regression on a Q-length vector of covariates, vim:

g(ηim|vim) = v′imξ (4.1)

where ξ is a Q-length parameter vector common to all exposure processes that relates

covariates, vim, to the shape parameter, ηim. By modeling the effect of covariates on a

frailty model parameter, we allow these covariates to increase or decrease risk in a stochastic

manner. Risk-related covariates determine the distribution of frailty for each exposure

process, but they do not determine frailty. As a result, exposure processes with more risk

factors have, on average, a higher frailty than those with fewer risk factors. However, it

is also possible for an exposure process with fewer risk factors to have frailty greater than

an exposure process with more risk factors. In doing so, this framework also allows for

unobserved heterogeneity.

We first consider the link function g and covariate vector vi from Equation (4.1) before

aggregating exposure process-specific frailties on the individual level. First, the log function

is an obvious choice for link g in Equation (4.1) as it bounds the response above zero, but

other link functions may also be appropriate depending on the application.

Next, the covariate vector vim may include both individual and exposure process-specific

covariates. All risk-related exposure process characteristics should be included in vim be-

cause the individual-level survival model (defined below in Section 4.1.2) does not accom-

modate exposure process-level covariates, as discussed in Section 4.1.1. Individual-level

covariates included in vim will depend on the application but should include factors that

are associated with the level of risk posed by an exposure process and exclude factors for

which a hazard ratio estimate is sought. Effects are not guaranteed to be identifiable for
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covariates included in both the exposure process-level regression model for ηim given in

Equation (4.1) and the individual-level proportional hazards function. Preliminary simu-

lations suggest that the proposed model is not able to distinguish between a covariate’s

indirect effects on the risk associated with each exposure process and its direct effects on

the individual’s hazard. In particular, all effects are attributed to the frailty model while

coefficients in the proportional hazards function are estimated to be zero.

We continue by defining an individual’s frailty hierarchically. While frailty is modeled

separately for each exposure process, it must be aggregated on the individual level to be

included in the survival model because, as discussed earlier in Section 4.1.1, survival must

be modeled on the level at which the event is observed. Assuming that an individual’s expo-

sure processes pose independent, competing risks, these risks are additive across exposure

processes. Thus, a participant’s risk of an event at time t is the sum of risks associated

with each exposure process: λ(t)
∑Ni

m=1 Uim. We define Zi, the individual-level frailty for

participant i, as follows:

Zi =

Ni∑
m=1

Uim ∼ Gamma
( Ni∑
m=1

ηim, ν
)
.

where
∑Ni

m=1 ηim is the shape parameter specific to individual i. If the number of exposure

processes for an individual equals zero, then frailty necessarily equals zero, i.e. no risk. In

comparison to frailty models proposed in Chapters 2 and 3, the frailty for individual i, Zi,

can be considered partially informed because the number of exposure processes is observed

but the risk associated with each is not.

As in previously proposed models, it is necessary for model identifiability that the ex-

pected frailty for a randomly selected individual equals one. In this model, the expectation

of Zi for a particular individual i is
∑Ni

m=1 ηim / ν. For the expectation of a randomly se-

lected Zi to equal one, we set ν equal to the mean of
∑Ni

m=1 ηim, the shape parameter for

the individual-level frailty distribution, over all individuals:

ν =
1

n

n∑
i=1

Ni∑
m=1

ηim

=
1

n

n∑
i=1

Ni∑
m=1

g−1(v′imξ) (4.2)
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where the last equality follows from Equation (4.1).

We conclude our definition of this frailty distribution by examining how defining the

rate parameter ν as a function of all covariates vim affects the interpretation of ξ. Under

this restriction, the expected frailty of exposure process m for participant i with predictor

vim, Uim, is:

E(Uim|vim) =
g−1(vimξ)

1
n

(∑
i′ 6=i

∑Ni′
m=1 g

−1(vi′mξ) +
∑

m′ 6=m g
−1(vim′ξ) + g−1(vimξ)

)
where the numerator is equal to ηim, the shape parameter for the ith participant’s mth

exposure process, and the denominator is equal to ν, the average of the sum of all exposure

process-level shape parameters across all participants. (The first term after the factor of 1
n

in the denominator is the sum of shape parameters for all exposure processes for individuals

other than i, the second term is the sum of shape parameters for all exposure processes for

individual i except m, and the third term is the shape parameter for the ith individual’s

mth exposure process.) If exposure process m for participant i instead has predictor vim+1,

both the shape parameter for that exposure process’s frailty distribution, ηim, and the rate,

ν, change:

E(Uim|vim + 1) =
g−1(vimξ + ξ)

1
n

(∑
i′ 6=i

∑Ni′
m=1 g

−1(vi′mξ) +
∑

m′ 6=m g
−1(vim′ξ) + g−1(vimξ + ξ)

) .
Assuming a log link for g, the expected frailty given vim and vim + 1, respectively, are:

E(Uim|vim) =
exp(vimξ)

1
n

(∑
i′ 6=i

∑Ni′
m=1 exp(vi′mξ) +

∑
m′ 6=m exp(vim′ξ) + exp(vimξ)

)
E(Uim|vim + 1) =

exp(vimξ + ξ)

1
n

(∑
i′ 6=i

∑Ni′
m=1 exp(vi′mξ) +

∑
m′ 6=m exp(vim′ξ) + exp(vimξ + ξ)

) .
It follows that the change in expected value for an exposure process’s frailty associated with

a unit increase in covariate vim is:

E(Uim|vim + 1)

E(Uim|vim)
= exp(ξ)

∑
i′ 6=i

∑N ′
i

m=1 exp(vi′mξ) +
∑

m′ 6=m exp(vim′ξ) + exp(vimξ)∑
i′ 6=i

∑N ′
i

m=1 exp(vi′mξ) +
∑

m′ 6=m exp(vim′ξ) + exp(vimξ + ξ)
. (4.3)

We see here that an interpretation for ξ is not clear when using a log link, at least in small

sample sizes. However, in a setting with a large number of individuals, a large number of
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exposure processes per individual, or both, a single exposure process will have very little

effect on ν. We find the limit of the righthand side of Equation (4.3) to be

lim
n,m→∞

exp(ξ)

∑
i′ 6=i

∑N ′i
m=1 exp(vi′mξ) +

∑
m′ 6=m exp(vim′ξ) + exp(vimξ)∑

i′ 6=i
∑N ′i

m=1 exp(vi′mξ) +
∑

m′ 6=m exp(vim′ξ) + exp(vimξ + ξ)
= exp(ξ)

and conclude that exp(ξ) can be interpreted as the change in the expected frailty for an

exposure process associated with a unit increase in covariate v when the sample sizes or

number of exposure processes per individual is large.

Hazard Regression with Frailty

We next define a survival model with frailty on the individual level. For each participant

i, Zi, the sum of all exposure process-specific frailties, Ui1, . . . , UiNi , is included in the

individual’s hazard function as a frailty term which modifies the hazard as appropriate:

λi(t|xi) = λ(t)

Ni∑
m=1

Uim exp(x′iβ)

= λ(t)Zi exp(x′iβ) (4.4)

where exp(x′iβ) is a proportional hazards function modeling the effects of individual-level

covariates xi on risk. As mentioned in Section 4.1.2, xi should include individual-level

covariates for which a hazard ratio estimate is sought.

Following from Equation (4.4), the individual-specific density and survival functions are:

f(t|xi, Zi) = λ(t)Zi exp(x′iβ)S(t|xi, Zi)

S(t|xi, Zi) = exp
(
− Zi exp(x′iβ) Λ(t)

)
,

where Λ(t) =
∫ t

0 λ(t) dt is the cumulative baseline hazard at time t.

Note that inclusion of frailty in the Cox model changes the interpretation of each param-

eter in vector β from a population-averaged log-hazards ratio to the log-hazards ratio for an

individual. We contrast the interpretation of the HR with that obtained in the compound

Poisson frailty models proposed in Chapters 2 and 3 where exp(β) is the individual-level

hazard ratio for those at risk. In this model, exp(β) is also interpreted as the individual-level

hazard ratio for those at risk with the key distinction being that, in this setting, we observe

which individuals are at risk, i.e. have a positive number of exposure processes.
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Model Likelihood

Following the definition of a hierarchical gamma frailty distribution with subject-specific

shape parameter and survival model, we can define the model likelihood given time-to-

event data. We observe (ti, δi) where ti is potentially censored time-to-event and δi is an

indicator variable equaling one if an event was observed and zero otherwise for individual

i, i = 1, . . . , n. The likelihood for this model can be written as:

L
(
β, λ(t), ξ|(ti, δi,xi,vi, Ni, Zi), i = 1, . . . , n

)
=

n∏
i=1

f(Zi|Ni,vi, ξ) f(ti, δi|xi, Zi,β, λ(t))

=

n∏
i=1

[
f(Zi|Ni,vi, ξ) f(ti, δi|xi, Zi,β, λ(t))

]1[Ni>0]

×
[
f(Zi|Ni,vi, ξ) f(ti, δi|xi, Zi,β, λ(t))

]1[Ni=0]

=
n∏
i=1

[ ν
∑Ni

m=1 ηim

Γ(
∑Ni

m=1 ηim)
Z

∑Ni
m=1 ηim−1

i e−Ziν (λ(t)Zie
xiβ)δi e−Zie

xiβ Λ(ti)
]1[Ni>0]

×
[
∆0(Zi) ∆∞(ti)

]1Ni=0

=

n∏
i=1

[ ν
∑Ni

m=1 g
−1(v′imξ)

Γ(
∑Ni

m=1 g
−1(v′imξ))

Z
∑Ni

m=1 g
−1(v′imξ)−1

i e−Ziν (λ(t)Zie
xiβ)δi e−Zie

xiβ Λ(ti)
]1[Ni>0]

×
[
∆0(Zi) ∆∞(ti)

]1Ni=0

(4.5)

where vi is the matrix of covariate vectors
(
vi1, . . . ,viNi

)
for participant i, Zi is the sum of

exposure-process specific frailties for participant i,
∑Ni

m=1 Uim for i = 1, . . . , n, and ∆0(Zi)

and ∆∞(ti) indicate a point mass for frailty, Zi, at zero and time-to-event, ti, at infinity for

participant i withNi = 0, i.e. no exposure processes. ν is equal to the mean shape parameter

across all individuals, as defined in Equation (4.2), but dependency on all vi′ , i
′ 6= i, is

suppressed in the likelihood above for clarity in presentation.

Bayesian Model Estimation

We complete Bayesian specification of the proposed model by considering prior elicitation,

defining the joint posterior distribution, and discussing sampling methods for model param-

eters and latent variables.
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Prior selection for model parameters will be application-specific. Priors for the baseline

hazard function, λ(t), and proportional hazards model coefficients, β, can be similar to

priors typically used for survival models [27]. If using a log-link for the generalized linear

regression model in Equation (4.1), a multivariate normal prior on ξ would be convenient

and easily accommodate prior belief about covariates’ effects on the magnitude of risk for

each unit.

After specifying priors on model parameters, the joint posterior distribution can be

defined:

p
(
β, λ(t), ξ,Z|

(
(ti, δi,xi, Ni,vi), i = 1, . . . , n

)
, Θ
)

(4.6)

∝ L
(
β, λ(t), ξ|(ti, δi,xi, Ni,vi, Zi), i = 1, . . . , n

)
× π

(
β, λ(t), ξ|Θ

)
where p(·|data) denotes the joint posterior density, π(·|Θ) denotes the joint prior for model

parameters with hyperparameters Θ, and Z is the vector of individual-level frailty terms

(Z1, Z2, . . . , Zn). Conditional posteriors for each parameter follow from Equation (4.6) and

are given in Appendix D. A Gibbs sampling algorithm is used to obtain samples from

the joint posterior [21]. Slice sampling is used to sample from model parameters’ posterior

distributions when conjugate priors are not available [40]. The partially informed individual-

level frailty, Zi, is also sampled for all individuals, i = 1, . . . , n, at each iteration of the Gibbs

sampler. The conditional density for each Zi is a gamma distribution with shape parameter

equal to δi +
∑Ni

i=1 ηim and rate parameter equal to ν + exp(x′iβ)Λ(ti).

4.1.3 Application

Data

To illustrate the proposed method, we will examine data from the Multi-Ethnic Study

of Atherosclerosis (MESA). The MESA is a prospective cohort study with the objective of

identifying characteristics related to progression of subclinical cardiovascular disease (CVD)

[11]. Beginning in July 2000, the study enrolled over 6,500 men and women aged 45-84

years old and free of cardiovascular disease at enrollment from six study sites across the

United States. Ethnic groups under-represented in existing literature on subclinical CVD
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were targeted for enrollment in the MESA. The ethnic distribution of enrolled participants

was 38% White, 28% African-American, 22% Hispanic, and 12% Chinese-American. Study

design, data collection, and study outcomes are detailed in Bild et al (2002).

Chest CT was performed on all participants at the time of study entry. Details on

scanning protocols and procedures for interpreting images are given in Carr et al (2005).

The Agatston method was used to quantify the amount of coronary artery calcium for each

lesion. Other lesion-level covariate information obtained from CT images include: artery

location (left main, left anterior descending, left circumflex, right main), distance from

artery ostium (as defined in Brown et al 2008), maximal diameter, and volume.

Model and Prior Specification

In our analysis, we will use data available on 3,128 participants with at least one calcified

lesion detected by CT to model the time to incident hard CHD event, defined as definite or

probable myocardial infarction, resuscitated cardiac arrest, or fatal CHD. Participants with

no lesions detected are not included in the analysis; an individual with no lesions, according

to this model, necessarily has no risk. For participants with multiple CT scans, one scan

will be randomly selected to use in the analysis.

Since obtaining more information about subclinical CVD in underrepresented ethnic

groups was a goal of the study, we will estimate the relative hazard of incident hard CHD

events for African-American, Hispanic, and Chinese-American individuals in comparison to

White individuals with the proposed model. It follows that xi will be a covariate vector

indicating race or ethnic group for each participant i, i = 1, . . . , n. Diffuse normal priors

will be specified for β, the vector of log-hazard ratios associated with each group. For com-

parison, population-level hazard ratios for each race or ethnic group will also be estimated

with the Cox proportional-hazards model.

Lesion- and participant- level covariates that are significant predictors of an event in

a univariate logistic model will be used to model the shape parameter for the gamma

distribution modeling the level of risk associated with each exposure process, i.e. vim in

Equation (4.1). These covariates include, on the participant-level: age, gender, body-mass
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index (BMI), concentration of low and high density lipoproteins, and current smoking, and,

on the lesion-level: Agatston score and volume. Normal priors will be placed on each

component of ξ, the effect of each lesion m-level covariate, vim, on the shape parameter

ηim, for all m = 1, . . . , Ni, i = 1, . . . , n.

We will allow for flexible estimation of the baseline hazard by assuming a piecewise

constant function for λ(t):

λ(t) = λs, ts ≤ t < ts+1, s = 1, . . . , S

where ts, s = 1, . . . , S, denote cut-points, t1 = 0, and tS+1 = ∞. Cut-points will be

determined by events with approximately 8-10 events per interval. A gamma prior will be

used for each λs as this is a conjugate prior.

Prior specification for model parameters will be done in such a way that expected in-

cidence of CHD events among White participants is comparable to that reported for the

United States (see, for example, [23]) while allowing for ample variability.

Posterior estimates for the proposed model will be obtained with a Gibbs sampling

algorithm, as described in Section 4.1.2. Posterior medians and 95% highest posterior

density intervals will be estimated from posterior samples for each model parameter (after

discarding burn-in). Parallel chains will be run from different starting values to confirm that

the model converges to similar estimates. Other convergence diagnostics will include trace

and cumulative distribution plots. Finally, posterior predictive survival will be compared

to that which was observed visually and via Bayesian p-values, as was done in previous

chapters.

4.1.4 Discussion

In this section, we have proposed a Bayesian hierarchical gamma frailty model with subject-

specific parameters for time-to-event data when an individual’s risk is the result of an

observed number of independent, competing risk processes. The proposed model reflects

the biological risk mechanism in this setting by varying the frailty distribution for each

exposure process according to individual- and exposure process- specific characteristics. In
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this framework, risk-related covariates have a stochastic relationship with frailty, which

allows for unobserved heterogeneity as well.

This situation can also be viewed as one with clustered time-to-event data where the

event is observed on the cluster level and it is unknown which unit experienced the event.

In this context, each exposure process is a unit that can potentially experience an event

and exposure processes are clustered within an individual, the level at which events are

observed. While existing frailty methods for clustered survival data do not use unit-level

covariates to model frailty, the proposed model uses information available in both cluster-

and unit-level covariates to model risk.

The proposed model is appropriate for survival data when the number of exposure

processes is observed. While the model uses information and exposure processes to model

frailty, this approach also has limitations. One limitation of this model is that it assumes

the number of exposure processes is measured without error, which may not always be the

case in practice. For example, in the MESA data, multiple CT scans were performed for a

subset of participants and the number of lesions identified for a participant was not always

the same between scans. In our application, we will randomly select a scan to be used in the

analysis, but there may be alternative approaches to handling uncertainty in the number of

exposure processes while still using exposure process-level data.

Furthermore, the proposed model may insufficiently reflect all sources of risk in some

applications. For example, individuals with no lesions detected by CT still have some, albeit

small, risk of a CHD event. This limitation must be taken into account when discussing

results. In this application, the HR should be interpreted as the individual-level effect on risk

of a CHD event for individuals with a lesion detected by CT. If it is important to the scientific

question at hand to allow for at-risk individuals with no observed exposure processes in the

model, then the method proposed in this chapter would have to be amended to accommodate

that. One possible solution would be to first assign all individuals (even those without any

exposure processes observed) a single exposure process with frailty dependent on individual-

level risk factors. Next, all observed exposure processes, for individuals with at least one

observed, would be in addition to this first exposure process.

Finally, it may be desirable to model the number of exposure processes as an observed
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Poisson random variable with mean dependent on individual-level covariates. This could be

done with a generalized linear regression model of characteristics on the mean parameter

and would enable estimation of the effects of some individual-level covariates on the mean

number of exposure processes. Data from participants with no exposure processes observed

would also be able to contribute to this model.

4.2 Future Work

We conclude with a discussion of some future areas for research.

First, additional research is needed on how to best quantify predictive accuracy for the

compound Poisson frailty and compound Poisson mixture frailty models. As mentioned

in Section 2.2.3, measures of model fit typically used for Bayesian hierarchical models,

DIC and WAIC , do not perform well in latent variable models unless latent variables are

integrated out, which is difficult and computationally expensive [16, 37, 46, 52]. Alternative

methods based on the posterior predictive distribution, such as the L-measure and predictive

concordance, do not accommodate a cured fraction in survival models [20,27].

Since no criterion appropriate for a latent variable model for survival data with a prob-

ability of no risk were available, Bayesian p-values were used throughout this dissertation.

In simulations, Bayesian p-values for survival at six-month intervals provided a good in-

dicator of how predicted survival compared to observed survival. In application to HIV

prevention trials, however, event times were interval censored so that, consequently, there

was no clear observed survival against which to compare predicted survival. In practice,

Bayesian p-values are not an adequate measure of model fit for a number of reasons. First,

test quantities, functions of unknown parameters and data to be compared, are arbitrarily

specified. In this dissertation, the test quantity we chose was survival within six month

intervals as there is not a universal test quantity for Bayesian survival analysis. If we had

chosen a different test quantity, our assessment of model fit may have been different. Next,

calculating multiple Bayesian p-values per model does not give a single numeric measure of

predictive accuracy; there are as many Bayesian p-values as test quantities specified. Ad-

ditionally, Bayesian p-values do not account for over-fitting (as is done in DIC, WAIC, and

other common criteria). Finally, while values near 0.50 are optimal, there is no consensus
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on what Bayesian p-values indicate poor model fit. For all these reasons, Bayesian p-values

do not provide an objective measure of predictive accuracy.

A possible alternative for measuring model fit would be to quantify the distance between

observed and predicted hazard functions. The Hellinger distance, for example, is a type of

f -divergence used to measure the distance between two probability distributions [41]. When

comparing predictive accuracy of multiple candidate models, the model with the smallest

Hellinger distance provides the best fit to the data. As with Bayesian p-values, however,

this measure does not include a penalty for over-fitting the data. Further research is needed

to develop a summary measure of model fit for this context.

Second, a limitation of the compound Poisson frailty and compound Poisson mixture

frailty models as presented is that the priors on the proportion at risk, 1 − exp(−ρ), and

the shape parameter for the distribution of risk associated with each exposure process, η,

are skewed. That is, it is not possible to center the prior distribution for either parameter

around an expected value while, at the same time, allow for sufficient variability in the

prior. The effects of this were seen in simulations; estimates of each parameter were biased,

at least in part, due to skewed priors. Developing hierarchical priors for frailty model

parameters may be able to address this problem. For example, one could start, as in

Chapters 2 and 3, by placing a Beta(A,B) prior on the proportion at risk where A =

PR/(1 − PR) × B so that the expected proportion at risk under the prior is PR. Then,

a symmetrical hyperprior can be specified on the expected proportion at risk- for example,

π(PR) = Normal(MPR,Σ
2
PR)− so that the expected proportion at risk varies but it’s prior

distribution is still centered at the desired value. Finally, a normal hyperprior can also be

placed on B- π(B) = Normal(µB,Σ
2
B)- where MB is relatively large value so that the Beta

prior on the proportion at risk is more symmetrical. Additional exploration of hierarchical

priors for these models could improve model fit and make estimates more robust to prior

specification.
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Appendix A

APPENDIX FOR CHAPTER 1

Calculations of the population-averaged hazard ratios under gamma and compound Pois-

son mixing distributions shown in Figure 1 follow directly from Aalen (1988) and are de-

tailed here. (As a clarifying note, these calculations rely on parameterizations of the Cox

proportional-hazards model and frailty distributions that differ from the parameterizations

used throughout the rest of this dissertation.)

Let Zλ(t) be the hazard function for an individual, where λ(t) is the average hazard

function and the random variable Z is a frailty, a measure of risk, that shifts the hazard up

or down, as appropriate. The distribution of Z is the distribution of heterogeneity in risk,

referred to here as a mixing distribution. Z has a mixing distribution with mean equal to

one and variance equal to ψ, which is also equal to the squared coefficient of variance. This

hazard function for an individual is not observed. Instead, we observe the population-level

hazard:

µ(t) =
λ(t)

(1 + ψ 1
ωΛ(t))ω

(A.1)

where µ(t) is the hazard function for a randomly selected individual from the population,

Λ(t) is the cumulative hazard function at time t, and ω is a parameter that specifies the

mixing distribution. The two classes for the mixing distribution of Z considered in this

chapter are defined as follows:

Gamma distribution (ω = 1): The gamma distribution is the most common choice for

the mixing distribution of Z. Z is continuously distributed over the positive half-line,

implying that all individuals have some positive risk of an event.

Compound Poisson distribution (ω > 1): For Z that follows a compound Poisson dis-

tribution, Z is either equal to zero with positive probability or continuously distributed
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on the positive half-line. This form of heterogeneity reflects that some individuals are

not susceptible to the disease, condition, or event in question. The proportion of

non-susceptible individuals in a population is an increasing function of ω and ψ:

P (Z = 0) = exp
(
− ω

ψ(ω − 1)

)
, ω > 1. (A.2)

The distribution of Z among those who are susceptible also varies with ω and ψ.

(Note, we introduce a more intuitive hierarchical parameterization for the compound

Poisson model in Chapter 2 which we use throughout this dissertation.)

We assume that the average hazard functions for two populations are λ(t) and rλ(t) where

r is a constant less than one, representing a factor that decreases risk of an event propor-

tionally for individuals in the second population. Also assume that the mixing distribution,

specified by ψ and ω, is the same in both populations. The hazard ratio (HR) under the

Cox model is a ratio of the population-level hazards:

µ2(t)

µ1(t)
=

( rλ(t)

(1 + ψ 1
ω rΛ(t))ω

)
/
( λ(t)

(1 + ψ 1
ωΛ(t))ω

)
= r

( 1 + ψ 1
ωΛ(t)

1 + ψ 1
ω rΛ(t)

)ω
(A.3)

We see in (A.3) that the HR under the Cox model would equal the true HR for an individual,

r, if ψ = 0, i.e. there was no heterogeneity in risk. Also, when t is relatively small, the

population HR is close to r. As time increases, however, the population HR increases,

approaching the limit r1−ω. When ω > 1, heterogeneity follows the compound Poisson

distribution and the limiting value of the population HR is greater than one, indicating

increased risk. When ω = 1, heterogeneity follows a gamma mixing distribution and the

HR goes to one, indicating no effect.

Results shown in Figure 1.1 were obtained by estimating the population HR as shown in

Equation (A.3) and using the following parameter specifications. Population HRs for both

mixing distributions were estimated for three variance values, ψ =0.5, 1, 5. The gamma

distribution was specified with ω = 1 and the compound Poisson distribution was specified

with ω = 5. The proportion at risk given ψ and ω for the compound Poisson model was
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calculated via (A.2). The baseline hazard was fixed at 25 events per 100 person-years,

λ(t) = 0.25∀ t ∈ (0, 5).
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Appendix B

APPENDIX FOR CHAPTER 2

We obtain the conditional posterior distribution for each parameter and latent variable

from the joint posterior density, Equation (2.5). The conditional log-density of the posterior

distributions for βp, p = 1, . . . , P, ρ, and η to be used in the Gibb’s Sampler are

log p(βp|·) =
( n∑
i=1

(
δi(xpiβ)− Zi exp(xpiβ)Λ(ti)

)
1[Zi>0]

)
+ logπ(βp|Mβp ,Σ

2
βp)

log p(ρ|·) =
( n∑
i=1

(
Ni(logρ+ ηlog(ρη))− Ziρη

)
1[Ni>0] − ρ

)
+ logπ(ρ|A,B)

log p(η|·) =
( n∑
i=1

(
Niη(log(ρη) + log(Zi)− Zi)− logΓ(Niη)

)
1[Ni>0]

)
+ logπ(η|Oη, Tη)

where (·) represents the parameters, latent variables, and data being conditioned on. We

use a slice sampling algorithm to sample from these conditional posterior distributions.

The conditional log-posterior density for the parameters in λ(t) depend on the form

specified for the baseline hazard function. Under a constant baseline hazard, λ(t) = λ ∀ t,

the gamma distribution is a conjugate prior. With π(λ) = Gamma(Oλ, Tλ), the conditional

posterior distribution for λ is proportional to that of a gamma random variable with shape

parameter Oλ +
∑n

i=1 δi and rate parameter Tλ +
∑n

i=1 Zie
x′iβti. If a more general form is

chosen, e.g. λ(t) =
∑J

j=1Bjh(t), the conditional-log posterior density for each parameter

Bj , j = 1, . . . , J is

log p(Bj |·) =
( n∑
i=1

δilog(Bjh(t))− Ziex
′
iβ

∫ ti

0

J∑
j=1

Bjh(t) dt
)

+ logπ(Bj |OBj , TBj ).

The specific sampling procedure for each N
(m)
i , Z

(m)
i for i = 1, . . . , n at each mth iteration

of the sampling algorithm in m = 2, . . . , B is as follows: (Sampling notation, i.e. (m), is

suppressed for all parameters. The current estimate of the parameters would be used in

each step.)
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1. Sample N
(m)
i using the conditional posterior density of N

(m)
i marginalized over Z,

given in (2.6).

(a) If δi = 0, draw from the specified Poisson distribution

N
(m)
i |δi = 0 ∼ Poisson(ρ

( ρη

ρη + exp(x′iβ)Λ(ti)

)η
)

If N
(m)
i = 0, set Z

(m)
i = 0 and exit algorithm.

If N
(m)
i > 0, move to step 2 of algorithm.

(b) If δi = 1, use a Metropolis-Hastings algorithm to sample N
(m)
i .

Sample candidate value Ňi from a discrete Uniform distribution conditional on

current value, N
(m−1)
i .

p(Ňi|δi = 1, N
(m−1)
i = 1) =

 N
(m−1)
i w.p. 1/2

N
(m−1)
i + 1 w.p. 1/2

(B.1)

p(Ňi|δi = 1, N (m−1) > 1) =


N

(m−1)
i − 1 w.p. 1/3

N
(m−1)
i w.p. 1/3

N
(m−1)
i + 1 w.p. 1/3

(B.2)

Take

N
(m)
i =

 Ňi w.p. %(N
(m−1)
i , Ňi)

N
(m−1)
i w.p. 1− %(N

(m−1)
i , Ňi)

The acceptance probability %(·, ·) is

%(N
(m−1)
i , Ňi) = min

(
f(Ňi|·)

f(N
(m−1)
i |·)

×
p(N

(m−1)
i |Ňi)

p(Ňi|N (m−1)
i )

, 1

)

where the conditional posterior density f(Ni|·) is given in (2.6) and the sampling

probability of a candidate Ňi given N
(m−1)
i , p(·|·), is given in (B.1) and (B.2).

2. For N
(m)
i > 0 found in Step 1, sample Z

(m)
i using conditional posterior density of Zi:

f(Zi|·) ∝
ρηNiηZNiη−1

i

Γ(Niη)
exp(−Ziρη)

(
λ(t)Ziexp(x′iβ)

)δiexp
(
Ziexp(x′iβ)Λ(ti)

)
∝ Z

(Niη−1+δi)
i exp

(
− Zi(ρη + exp(x′iβ)Λ(ti)

)
(B.3)
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We see in (B.3) that the conditional posterior distribution of Zi is a Gamma distri-

bution:

Z
(m)
i |· ∼ Gamma

(
shape = (N

(m)
i η + δi), rate =

(
ρη + exp(x′iβ)Λ(ti)

))
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Appendix C

APPENDIX FOR CHAPTER 3

C.1 Gibb’s Sampler

C.1.1 Posterior Samples for Model Parameters

The conditional posterior density for each model parameter and latent variable is obtained

from the full joint posterior density in Equation (3.4).

The conditional log-posterior density for each βp, the log hazard ratio associated with

covariate xp, p = 1, . . . , P , is:

log p(βp|·) =
( n∑
i=1

(
δi(xpiβp)− Zi expiβpΛ(ti)

)
1[Ni>0]

)
+ logπ(βp|Mβp ,Σ

2
βp)

where (·) represents the parameters and data being conditioned on and (Mβp ,Σ
2
βp

) are the

parameters for the prior distribution on βp, p = 1, . . . , P .

The conditional posterior distribution for the parameter(s) in λ(t) depend on the form

chosen for the baseline hazard function. Under a piecewise constant baseline hazard, λ0(t) =

λ0s, ts ≤ t < ts+1, s = 1, . . . , S, the gamma distribution is a conjugate prior for each λ0s:

π(λ) = Gamma(Oλ, Tλ). Then, the posterior density for each λ0s is proportional to that of a

gamma random variable with shape parameter Oλ+
∑n

i=1(δi1ts≤ti<ts+1) and rate parameter

Tλ +
∑n

i=1 Zie
x′iβ
∑n

i

(
(ti − ts)1ts≤ti<ts+1 + (ts+1 − ts)1ti≥ts+1

)
.

The conditional log-posterior densities for the mean number of exposure processes, ρk,

and the shape parameter for the gamma-distributed random variable associated with each

exposure process, ηk, for each risk class k, k = 1, . . . ,K, are:

log p(ρk|·) =
n∑
i=1

((
Nilogρk − ρk

)
1[Ri=k] +

K∑
l=1

(
Niηl(logν)− Ziν

)
1[Ri=l, Ni>0]

)
+ logπ(ρk|Ak, Bk)

log p(ηk|·) =

n∑
i=1

( K∑
l=1

(
Niηl(logν − logZi)− logΓ(Niηl)− Ziν

)
1[Ri=l, Ni>0]

)
+ logπ(ηk|Oηk , Tηk)
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The value of ν is estimated at each iteration with the current samples of ρ and η, as well

as cumulative link model parameters α and γ, following the definition given in Equation

(3.2): ν =
∑K

k=1 ρkηk
1
n

∑n
i=1

(
G−1(αk −w′iγk)−G−1(αk−1−w′iγk−1)

)
. It follows that the

conditional log-posterior for each ρk and ηk are conditional on all other ρk′ and ηk′ , k
′ 6= k.

Each ρk and ηk are sampled separately. Ordering of parameter values ρ1 < ρ2 < · · · < ρK

and η1 < η2 < · · · < ηK is imposed in the sampling process.

Each component of the parameter vector γk, which models the effect of covariates wi

on classification probabilities, has the conditional log-posterior:

log p(γk,d|·) =
n∑
i=1

( K∑
k=1

log
(
G−1(αk −w′iγk)−G−1(αk−1 −w′iγk−1)

)
1[Ri=k]

+

K∑
l=1

(
Niηl(logν)− Ziν

)
1[Ri=l, Ni>0]

)
+ logπ(γk,d|Mγk,d ,Σ

2
γk,d

)

for d = 1, . . . , D and k = 1, . . . ,K − 1. The conditional log-posterior for each component of

the parameter of intercepts α is:

log p(αk† |·) =
n∑
i=1

( k†+1∑
k=k†

log
(
G−1(αk −w′iγk)−G−1(αk−1 −w′iγk−1)

)
1[Ri=k]

+
K∑
l=1

(
Niηl(logν)− Ziν

)
1[Ri=l, Ni>0]

)
+ logπ(αl|Mαl

,Σ2
αl

)

for k† = 1, . . . ,K − 1, α0 = −∞, and αK = ∞. Order for components of α is imposed

during the sampling process. Again, ν =
∑K

k=1 ρkηk
1
n

∑n
i=1

(
G−1(αk−w′iγk)−G−1(αk−1−

w′iγk−1)
)
.

C.1.2 Sampling Latent Variables

Latent variables, Ri, Ni, and Zi, i = 1, . . . , n are also updated at each iteration of the Gibbs

sampler. We first derive the conditional densities for each latent variable before detailing

the sampling procedure.
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For Ri, the latent risk class for participant i, the conditional density is:

f(Ri|·) ∝
K∏
k=1

((
G−1(αk −w′iγk)−G−1(αk−1 −w′iγk−1)

)
e−ρk

( ρNi
k

Γ(Ni + 1)

νNiηk

Γ(Niηk)
ZNiηk
i

)1[Ni>0]

)1[Ri=k]

.

We sample the class for each participant using a Metropolis-Hastings type algorithm.

Next, in order to sample Ni, it is necessary to remove Zi from the conditional density

of Ni, as an individual’s frailty is dependent on her number of exposure processes, per the

hierarchical definition of the compound Poisson distribution. So, we sample Ni from its

distribution conditional on observed data and all other parameters but marginalized over

Zi:

f(Ni|Ri = k, ti, δi,xi,β, λ(t),η,ρ)

∝
( ρNi

k

Γ(Ni + 1)

) ∫ ∞
0

νNiηk

Γ(Niηk)
ZNiηk−1
i e−Ziν (λ(t)Zie

x′iβ)δi e−Zie
x′iβ Λ(ti)dZi

∝
ρNi
k

Γ(Ni + 1)

( ν

ν + ex
′
iβΛ(ti)

)Niηk
( Niηk

ν + ex
′
iβΛ(ti)

)δi
(C.1)

The approach for sampling Ni from Equation (C.1) depends on whether seroconversion was

observed. When δi = 0, i.e. seroconversion was not observed for participant i, the condi-

tional density of Ni marginalized over Zi is proportional to that of a Poisson distribution

with mean ρ
(
ν/(ν + exp(x′iβ)Λ(ti))

)ηk . We draw from this Poisson to obtain Ni. When

δi = 1, i.e. seroconversion was observed, we use a Metropolis-Hastings type algorithm

to sample Ni from Equation (C.1), with the constraint that Ni must be positive. (Since

seroconversion occurred, the participant must have had at least one exposure process.)

After sampling the number of exposure processes for an individual, we sample frailty. If

the sampled number of exposure processes for participant i, Ni, is nonzero, the conditional

density of Zi is proportional to the density of a gamma distribution with shape = Niηk + δi

and rate = ν + ex
′
iβΛ(ti), as shown below:

f(Zi|·) ∝
νNiηkZNiηk−1

i

Γ(Niηk)
e−Ziν

(
λ(t)Zie

xiβ
)δieZie

xiβΛ(ti)

∝ Z
(Niηk−1+δi)
i e−Zi(ν+ex

′
iβΛ(ti)) (C.2)
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Hence, to obtain Zi conditional on Ni, observed data, and all parameters, we simply draw

from this gamma distribution. If the sampled number of exposure processes is zero, then

the frailty is necessarily zero.

Thus, we have the following sampling procedure for each (R
(m)
i , N

(m)
i , Z

(m)
i ), i =

1, . . . , n, at the mth iteration of the sampling algorithm in m = 2, . . . , B. Here, itera-

tion number notation, i.e. (m) is suppressed for all parameters. The current estimates of all

parameters are used for each step, including ν, which is defined based on current parameter

estimates following the relationship defined in Equation (3.2).

1. To sample latent risk class R
(m)
i , first sample class Ři ∈ k = 1, . . . ,K from a discrete

Uniform distribution conditional on the current class, R
(m−1)
i .

p(Ři|R(m−1)
i = 1) =

 R
(m−1)
i w.p. 1/2

R
(m−1)
i + 1 w.p. 1/2

(C.3)

p(Ři| 1 < R
(m−1)
i < K) =


R

(m−1)
i − 1 w.p. 1/3

R
(m−1)
i w.p. 1/3

R
(m−1)
i + 1 w.p. 1/3

(C.4)

p(Ři|R(m−1)
i = K) =

 R
(m−1)
i − 1 w.p. 1/2

R
(m−1)
i w.p. 1/2

(C.5)

Then, take

R
(m)
i =

 Ři w.p. %(R
(m−1)
i , Ři)

R
(m−1)
i w.p. 1− %(R

(m−1)
i , Ři)

The acceptance probability %(·, ·) is

%(R
(m−1)
i , Ři) = min

(
f(Ři|·)

f(R
(m−1)
i |·)

×
p(R

(m−1)
i |Ři)

p(Ři|R(m−1
i )

, 1

)

where the conditional density of f(Ri|·) is given in Equation (C.1) and the conditional

sampling probability p(·|·) is given in Equation (C.3), Equation (C.4), and Equation

(C.5).
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2. Sample N
(m)
i using the conditional density of N

(m)
i marginalized over Z, given in

Equation (C.1).

(a) If δi = 0, draw from the specified Poisson distribution

N
(m)
i |δi = 0 ∼ Poisson

(
ρk

( ν

ν + ex
′
iβΛ(ti)

)ηk)

If N
(m)
i = 0, set Z

(m)
i = 0 and exit algorithm.

If N
(m)
i > 0, move to step 2 of algorithm.

(b) If δi = 1, use a Metropolis-Hastings algorithm to sample N
(m)
i .

Sample candidate value Ňi from a discrete Uniform distribution conditional on

current value, N
(m−1)
i .

p(Ňi|δi = 1, N
(m−1)
i = 1) =

 N
(m−1)
i w.p. 1/2

N
(m−1)
i + 1 w.p. 1/2

(C.6)

p(Ňi|δi = 1, N (m−1) > 1) =


N

(m−1)
i − 1 w.p. 1/3

N
(m−1)
i w.p. 1/3

N
(m−1)
i + 1 w.p. 1/3

(C.7)

Take

N
(m)
i =

 Ňi w.p. %(N
(m−1)
i , Ňi)

N
(m−1)
i w.p. 1− %(N

(m−1)
i , Ňi)

The acceptance probability %(·, ·) is

%(N
(m−1)
i , Ňi) = min

(
f(Ňi|·)

f(N
(m−1)
i |·)

×
p(N

(m−1)
i |Ňi)

p(Ňi|N (m−1)
i )

, 1

)
where the conditional density f(Ni|·) is given in Equation (C.1) and the condi-

tional sampling probability p(·|·) is given in Equation (C.6) and Equation (C.7).

3. For N
(m)
i > 0 found in Step 2, sample Z

(m)
i from the following Gamma distribution

(as demonstrated in Equation (C.2)):

Z
(m)
i ∼ Gamma

(
shape = (N

(m)
i ηk + δi), rate =

(
ν + ex

′
iβΛ(ti)

))
.
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C.2 Data Generation for Simulations

Survival times were generated for n=3,000 participants under the latent class compound

Poisson mixture frailty model outlined in Chapter 3. Observations were divided evenly

between treatment and control arms:

xi =

 0 i = 1, . . . , 1, 500

1 i = 1, 501, . . . , 3, 000

Covariate values for the proportional odds model were defined as follows. First, covariate A

had three separate levels, divided equally among participants in each arm, i.e. 500 at each

level in each arm. This covariate translates into two indicator variables, w1 and w2:

wi1 =

 0 i = 501, . . . , 1, 500; 2, 001, . . . , 3, 000

1 i = 1, . . . , 500; 1, 501, . . . , 2, 000

wi2 =

 0 i = 1, . . . , 500; 1, 001, . . . , 2, 000; 2501, . . . , 3, 000

1 i = 501, . . . , 1, 000; 2, 001, . . . , 2, 500

Next, covariate B was defined as a binary variable and positively correlated with covariate

A. Among those with w1 = 1, 100 participants in each arm had w3 = 1, among those with

w2 = 1, 80 participants in each arm had w3 = 1, and among those with w1 = w2 = 0, 60

participants in each arm had w3 = 1:

wi3 =



0 i = 101, . . . , 500; 581, . . . , 1, 000; 1, 061, . . . , 1, 500;

1, 601, . . . , 2, 000; 2, 081, . . . , 2, 500; 2, 561, . . . , 3, 000

1 i = 1, . . . , 100; 501, . . . , 580; 1, 001, . . . , 1, 060;

1, 501, . . . , 1, 600; 2, 001, . . . , 2, 080; 2, 501, . . . , 2, 560

Finally covariate C was also defined as a binary variable and positive correlated with co-

variate A. Here, w4 is a bernoulli random variable with probability dependent on covariate

A:

wi4 ∼


Bernoulli(0.25) wi1 = 1, wi2 = 0

Bernoulli(0.5) wi1 = 0, wi2 = 1

Bernoulli(0.75) wi1 = 0, wi2 = 0
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The same sampled values for w4 were used for each simulation. (Values were drawn after

calling the function set.seed(1) in R.) We chose to correlate risk-related covariates in order

to reflect data one would encounter in actual applications. For example, in HIV prevention

we expect age to be associated with risk factors like STIs and marital status.

The multinomial distribution of classification probabilities for each participant was de-

fined by covariates wi, coefficient vector γ, and intercept vector α using the proportional

odds model:

P (Ri = 1|wi) = expit
(
α1 −w′iγ

)
P (Ri = 2|wi) = expit

(
α2 −w′iγ

)
− expit

(
α1 −w′iγ

)
P (Ri = 3|wi) = 1− expit

(
α2 −w′iγ

)
where expit is the inverse logit function, and α and γ are defined as follows:

α = [−0.5, 1]

exp(γ) = [2, 1.5, 3, 0.5].

Classes were generated for each simulation replication based on these classification proba-

bilities. Frailties were then generated conditional on class, following the compound Poisson

mixture model described in Section 3.2.2 and the parameter values

ρ = [−log(0.95), −log(0.75), −log(0.2)]

η = [2, 3, 4] (C.8)

where ρ corresponds to 5%, 25%, and 80% at risk for the low, medium, and high risk classes,

respectively. Finally, event times are generated for each participant conditional on sampled

frailty, a constant baseline hazard of 5 events per 100 person-years, λ = 0.05, and a hazard

ratio associated with the intervention of 0.5.
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Appendix D

APPENDIX FOR CHAPTER 4

The conditional posterior density for each model parameter is obtained from the full

joint posterior density in Equation (4.6).

The conditional log-posterior density for each β, the vector of log relative-risks associated

with covariate vectors x1, . . . ,xn, is:

log p(β|·) =
( n∑
i=1

(
δi(x

′
iβ)− Zi ex

′
iβΛ(ti)

))
+ logπ(β|Mβ,Σ

2
β)

where (·) represents the parameters and data being conditioned on and (Mβ,Σ
2
β) are the

mean vector and covariance matrix for the prior distribution on β, assuming a multivariate

normal distribution. (Other prior distributions are certainly possible.)

The conditional posterior distribution for the parameter(s) in λ(t) depend on the form

chosen for the baseline hazard function. Under a constant baseline hazard, λ(t) = λ ∀t,

the gamma distribution is a conjugate prior: π(λ) = Gamma(Oλ, Tλ). Then, the posterior

density for λ is proportional to that of a gamma random variable with shape parameter

Oλ +
∑n

i=1 δi + 1 and rate parameter Tλ +
∑n

i=1 Zie
x′iβti. This can be extended to a

piecewise constant baseline hazard function as well.

Assuming a multivariate normal prior for ξ, the parameter vector relating unit- and

cluster-level covariates to the shape parameter influencing magnitude of risk for each unit,

the conditional log-posterior density for ξ is:

log p(ξ|·) =
n∑
i=1

( Ni∑
m=1

g−1(v′imξ)logν − logΓ(

Ni∑
m=1

g−1(v′imξ)) +

Ni∑
m=1

g−1(v′imξ)log(Zi)− Ziν
)

+logπ(ξ|Mξ,Σ
2
ξ)

where ν = 1
n

∑n
i=1

∑Ni
m=1 g

−1(vimξ) and (Mξ,Σ
2
ξ) are the mean vector and covariance

matrix specified for the prior distribution.



151

It is also necessary to sample partially informed frailty, Zi, for each cluster i = 1, . . . , n at

each step of the Gibbs sampler. The conditional density of Zi is proportional to the density

of a gamma random variable with shape δi +
∑Ni

m=1 g
−1(v′imξ) and rate ν + exp(x′iβ)Λ(ti),

as shown below:

f(Zi|·) ∝
ν
∑Ni

m=1 g
−1(v′imξ)

Γ(
∑Ni

m=1 g
−1(v′imξ))

Z
∑Ni

m=1 g
−1(v′imξ)−1

i e−Ziν Zδii e
−Zie

x′iβ Λ(ti)

∝ Z
(
∑Ni

m=1 g
−1(v′imξ)−1+δi)

i e−Zi(ν+ex
′
iβΛ(ti))

Hence, to obtain Zi conditional on model parameters and observed data, we simply draw

from this gamma distribution.


