
Feedback Loops in Interactive Machine Learning:

Online Weakly-Submodular Learning and Probing for Missing Labels

Adhyyan Narang

A dissertation

submitted in partial fulfillment of the

requirements for the degree of

Doctor of Philosophy

University of Washington

2026

Reading Committee:

Lillian J. Ratliff, Co-Chair

Maryam Fazel, Co-Chair

Kevin Jamieson

Program Authorized to Offer Degree:

Electrical and Computer Engineering



©Copyright 2026

Adhyyan Narang



University of Washington

Abstract

Feedback Loops in Interactive Machine Learning:

Online Weakly-Submodular Learning and Probing for Missing Labels

Adhyyan Narang

Co-Chairs of the Supervisory Committee:

Lillian J. Ratliff

Department of Electrical and Computer Engineering

Maryam Fazel

Department of Electrical and Computer Engineering

Machine learning systems are increasingly deployed as interactive services that obtain data not by

sampling from a fixed distribution, but through direct and indirect interaction with an environment,

users, and other learners. In recommender engines, language model services, and online platforms,

this interaction makes the learner’s information environment endogenous: the learner’s own actions

or current state determine what feedback and data become available to it. This dissertation studies

two distinct channels through which interactivity induces endogeneity, and develops principled

algorithms with provable guarantees for each.

Chapter I addresses history-dependent feedback in repeated interaction. When a learner constructs

a set of choices over time (for instance, recommending movies sequentially), the value of each

future action depends on what has already been selected: a sequel gains value if the original was

recommended, while similar items exhibit diminishing returns. The learner’s past actions shape

the structure of its own future feedback, creating combinatorial utilities that are neither purely

submodular nor purely supermodular. We extend Gaussian Process contextual bandits to objectives

that are BP-decomposable (a sum of monotone submodular and supermodular terms) or weakly

submodular. We introduce a novel separate-feedback framework where observations are available
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independently for each component, and integrate Nyström sketching to ensure scalability. We prove

sublinear regret bounds in all cases, demonstrating that richer utility structures can be optimized

online with theoretical guarantees.

Chapter II addresses choice-driven data allocation in multi-learner markets. When multiple

learners compete for the same pool of users, who choose based on predictive quality and inherent

preferences (e.g., brand loyalty), the data each learner observes becomes a function of its own

performance, creating a second form of endogeneity. We characterize an overspecialization trap: as

learners optimize for users who already prefer them, they become less attractive to others, further

restricting their data and leading to arbitrarily poor global performance, even when models with low

full-population loss exist. Inspired by knowledge distillation, we propose Peer Probing, an algorithm

that queries peer models to obtain synthetic labels for users outside the learner’s organic base. We

prove that this procedure converges almost surely to a stationary point with bounded full-population

risk when probing sources are sufficiently informative.

Together, these contributions show that accounting for the endogeneity inherent in interactive

learning, through richer function classes and richer data sources, yields algorithms that are both

theoretically principled and practically effective.
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Chapter 1

Introduction

A decade ago, the dominant paradigm in machine learning was largely static: collect a fixed dataset,

train a model, and evaluate it on a held-out test set. The foundational theory that accompanied

this paradigm consisted of uniform convergence generalization bounds, estimation rates, and convex

optimization guarantees; these treated the data source as exogenous, a background assumption

rather than an object of study. This abstraction enabled deep progress, but it also reflected the

reality of how most models were built and deployed at the time.

That reality has changed substantially. Machine learning systems are now deployed as ongoing,

interactive services that obtain data not by sampling from a fixed distribution, but through direct and

indirect interaction with an environment, users, and other learners. Recommendation and ranking

engines are routine infrastructure in media, commerce, and online platforms [71, 89]. Language model

services have become everyday interfaces, with multiple providers competing for the same users [80].

These systems do not fit a model once; they shape user behavior and continuously receive feedback

from it through engagement signals, ratings, prompts, and other behavioral traces. Reinforcement

from human feedback has made user interaction a direct training signal, and knowledge distillation

and synthetic data training [24, 49, 101, 107] mean that models increasingly learn from each other’s

outputs, not just from organic user data. Feedback loops between a learner and its data source,

endogenous data distributions, and multi-agent training dynamics are no longer edge cases; they are

basic features of how machine learning operates in practice.

In all of these settings, data is generated through interaction rather than drawn from a fixed

distribution. A learner’s own actions or current state determine what feedback and data become
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available to it, making the learner’s information environment endogenous. This endogeneity is a

direct consequence of interactivity: when the learner is embedded in an ongoing process with users

and other learners, its information can no longer be treated as exogenous. This dissertation studies

two feedback loops through which interactive deployment induces endogeneity:

1. History-dependent feedback in repeated interaction. When a learner takes actions

sequentially, such as recommending items, selecting interventions, or constructing a set of

choices over time, the value of each future action depends on what has already been selected.

The learner’s past actions shape the structure of its own future feedback.

2. Choice-driven data allocation in multi-learner markets. When multiple platforms

compete for the same pool of users, each user’s choice of platform determines which learner

observes their data. A learner’s current model quality shapes who provides it data, creating a

feedback loop between performance and the data distribution.

A concrete setting illustrates both channels. Consider a movie recommendation platform that

serves users over time. As it recommends items sequentially, the marginal value of each new

recommendation depends on what has already been shown: a sequel gains value if the original was

recommended; repeated exposure to similar genres exhibits saturation; some item combinations

have complementary effects that neither has alone. The resulting utility is combinatorial and

history-dependent, with both diminishing-returns and complementary relationships that purely

submodular models cannot capture [20, 77]. A system that ignores this structure and treats each

recommendation independently will tend to suggest redundant items from the same genre or miss

valuable combinations, because it has no way to account for how past selections change the value of

future ones. Now suppose multiple such platforms compete for the same population of users, who

choose where to engage based on predictive quality, familiarity, or brand affinity. The data each

platform collects becomes a function of its own performance: a platform that serves one audience

well attracts more of those users, reinforcing its strength on that niche while leaving it unable to

learn about users it fails to attract [27, 60]. This self-reinforcing dynamic, the overspecialization

trap, can lead to arbitrarily poor global performance even when good models exist in principle. Once

a platform falls behind on a subpopulation, the users it loses take their data with them, making

recovery progressively harder.
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These two forms of endogeneity are not specific to recommendation. History-dependent feedback

arises whenever an agent acts sequentially in an environment and learns from the consequences: a

language model agent that calls tools, browses the web, and reasons about intermediate results faces

exactly this structure [88, 111]. Choice-driven data allocation arises whenever multiple learning

systems compete for the same pool of users. Competing language model services are a direct

instance: users choose a provider based on quality and preference, and each provider’s training data

is shaped by who chooses to use it [26]. LLM routing systems, which direct user queries to specialized

models based on predicted quality, create the same feedback loop [79]. More broadly, the growing

practice of training models on each other’s outputs [24, 49, 101] couples the data distributions of

multiple learners, with the risk of iterative quality degradation when the process is not carefully

managed [95]. As machine learning moves toward more autonomous, multi-agent deployment, these

feedback structures will become more prevalent, not less.

Sequential decision-making frameworks such as bandits and reinforcement learning have long

studied settings where a learner’s actions affect future observations [20, 96], and a growing literature

on performative prediction, strategic classification, and multi-agent learning addresses endogenous

distribution shift [31, 44, 82, 98]. The specific forms of endogeneity studied in this dissertation,

however, fall outside these standard formulations. In the first setting, the core challenge is not

sequential decision-making per se, but the combinatorial structure of the objective: the utility function

exhibits both submodular and supermodular interactions that existing online methods do not handle.

In the second setting, the challenge is that the information barrier imposed by user choice cannot

be resolved through exploration alone: a learner fundamentally cannot observe users who choose a

competitor, regardless of its exploration strategy. Overcoming this barrier requires a structurally

different mechanism, which motivates the peer probing algorithm developed in this thesis.

This dissertation develops algorithms with provable guarantees for both channels of endogeneity.

Chapter 2 extends Gaussian Process contextual bandits to combinatorial objectives with non-

submodular structure, integrating Nyström sketching for scalability. Chapter 3 analyzes multi-learner

streaming gradient dynamics via stochastic approximation theory, characterizes the overspecialization

trap, and proposes peer probing, inspired by knowledge distillation, as a remedy with convergence and

performance guarantees. The remainder of this introduction summarizes each chapter’s contributions.
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1.1 Contributions of Chapter 2

Chapter 2 studies simultaneous online optimization of m related unknown combinatorial objective

functions {h1, . . . , hm}. The learner operates over T time steps, during which it sequentially builds

m context-dependent sets {S1, . . . , Sm} by selecting items from a finite ground set V . At each time

step t, a function hut ∈ {h1, . . . , hm} arrives. Then, the learner selects an action vt ∈ V to add to

the corresponding set, and receives noisy marginal-gain feedback yt, which depends on both vt and

the items selected so far. The utility functions hk : 2V → R are learned from this feedback over the

rounds. The goal is to minimize α-regret: the gap between the learner’s cumulative utility and that

of an offline greedy algorithm baseline, which possesses full knowledge of the functions. The main

contributions are as follows:

1. Online BP Functions. We consider utility functions that decompose as h = f + g, where f

is monotone submodular and g is monotone supermodular (a “BP” decomposition). We prove

sublinear α-regret bounds, where α depends on the submodular and supermodular curvatures

of the component functions.

2. Separate Feedback Framework. We introduce a novel setting where the learner receives

separate reward signals for the submodular and supermodular components. This models

applications where different aspects of utility (e.g., user satisfaction vs. network effects) can be

measured independently. We show that the richer separate feedback enables stronger regret

guarantees.

3. Online Weakly Submodular Functions. For non-decomposable utility functions, we

consider the class of weakly submodular functions, parameterized by a submodularity ratio

γ ∈ [0, 1]. We prove sublinear α-regret bounds for this broader class.

4. Scalable Computation via Nyström Sketching. We address the computational bottleneck

of Gaussian Process methods by integrating Nyström approximations, reducing complexity

from O(T 3) to O(TN2) where N ≪ T is the sketch size.

5. Empirical Validation. We demonstrate our methods on movie recommendation and training

data subset selection tasks.
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Chapter Outline. Section 2.3 formalizes the problem setting and defines the function classes.

Section 2.4 establishes robustness properties of greedy algorithms that underpin our online analysis.

Section 2.5 presents our main algorithm and regret bounds for the single (monolithic) feedback setting.

Section 2.6 extends to the separate feedback case. Section 2.7 provides numerical experiments.

1.2 Contributions of Chapter 3

Chapter 3 studies online learning dynamics in markets where multiple platforms compete for users.

Consider m learners, each maintaining a model θi, serving a population distributed according to P

over covariates and labels. Users have inherent preferences π(z) over platforms (capturing brand

loyalty, familiarity, or habits) but also consider predictive quality when choosing. Under a mixture

selection rule, users follow their preference with probability τ and otherwise select the platform

minimizing their loss. Learners update via streaming gradient descent on their observed users, but

critically, the data distribution each learner observes depends on all learners’ current models, creating

coupled, endogenous dynamics. The goal is to minimize full-population risk R(θ) = Ez∼P[ℓ(z; θ)],

not just loss on the observed subpopulation.

Prior work on multi-learner dynamics focuses on convergence to stationary points of aggregate

local losses, without analyzing whether these equilibria generalize to unobserved users. We show

that standard dynamics can trap learners in overspecialized equilibria, and propose peer probing as

a remedy. The main contributions are as follows:

1. The Failure of Standard Learning. We analyze Multi-learner Streaming Gradient Descent

(MSGD) and prove that due to user selection, MSGD can converge to “bad” stationary points

where learners achieve low local loss but arbitrarily poor full-population performance.

2. Convergence of Peer Probing. We propose MSGD with Probing (MSGD-P), where learners

augment organic user gradients with pseudo-labeled queries sent to peer models. We prove

that this multi-agent dynamic converges to a stationary point of a modified potential function.

To our knowledge, this is the first analysis of multi-agent dynamics arising from synthetic data

training.

3. Restoring Global Competence. We characterize the stationary points of MSGD-P and
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derive bounds on full-population loss under informational conditions on the probing sources

(e.g., probing a known market leader vs. aggregating diverse peers).

4. Empirical Validation. We validate our findings on the MovieLens and US Census datasets,

showing that peer probing closes the performance gap left by standard learning.

Chapter Outline. Section 3.2 formalizes the market model, user selection rule, and learning

objectives. Section 3.3 analyzes standard MSGD dynamics and establishes the existence of over-

specialized equilibria. Section 3.4 introduces the peer probing algorithm and proves convergence.

Sections 3.4.3 and 3.4.4 characterize when probing restores global competence. Section 3.5 provides

empirical validation.
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Chapter 2

Online Optimization of Weakly

Submodular and BP Functions

As discussed in Chapter 1, interactive learning settings—where a learner repeatedly interacts with

an environment over time—are increasingly important in applications such as recommender systems,

personalized medicine, and advertisement placement.

The mathematical framework adopted in this chapter is that of Gaussian Process Contextual

Bandits (GPCB) [17, 63, 91, 96, 102]. In this setting, an agent observes a context ϕut (indexing one

of m possible contexts at time t), selects an action vt ∈ V , and receives a noisy reward. A Gaussian

process model provides posterior mean and variance estimates for the reward, which are combined in

an Upper Confidence Bound (UCB) rule to balance exploration against exploitation. The standard

performance metric is cumulative regret,

R(T ) =

T∑
t=1

fϕut
(v∗ϕut

)− fϕut
(vt),

comparing the algorithm’s choices against the best action in hindsight for each context.

Chen et al. [20] extended GPCBs to online combinatorial optimization, where the agent incre-

mentally constructs a set over time rather than choosing a single action per round. Since offline

submodular maximization is NP-hard yet admits an α = 1− 1/e greedy approximation [77], Chen

et al. adopt α-regret, comparing the online algorithm’s accumulated utility against the α-approximate

offline solution. Unlike standard pointwise regret, this combinatorial notion captures the interde-
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Offline Pure Online Online + Nyström Online + Sep. FB Online + Nyström
+ Sep. FB

Modular N/A [96]
[63] [113] N/A N/A

SM [77] [20] ✓ N/A N/A
BP [5] ✓ ✓ ✓ ✓

WS [29]
[11] ✓ ✓ N/A N/A

Table 2.1: This chapter’s contributions ( green ✓ which means new algorithms for sublinear regret)
in the context of previous work. Here SM refers to SubModular, BP to suBmodular-suPermodular,
and WS to Weakly Submodular. Sep FB refers to the separate feedback BP setting introduced in
this chapter. N/A means not applicable.

pendencies between elements in the growing set: the function f is unavailable to the algorithm,

which observes only noisy marginal gains yt = f(v|St) + ϵt after each selection is committed. The

history-dependent nature of this feedback—where past selections shape both future marginal gains

and the information available for estimation—makes the online setting substantially more challenging

than its offline counterpart and motivates the smoothness assumptions (Assumption 2.1) employed

in this chapter.

Despite its many benefits, the purely submodular assumption is not sufficiently expressive to

capture essential properties of many real-world environments. As discussed in Chapter 1, user

preferences often exhibit complementary (supermodular) relationships—such as movie sequels or

synergistic drug combinations—that submodular functions cannot represent.

This chapter establishes sublinear α-regret in the GPCB setting for BP, weakly submodular, and

Nyström-accelerated variants of these function classes—none of which had previously been studied

in the online combinatorial setting. The remainder of the chapter is organized as follows. Section 2.1

collects the definitions of submodularity, supermodularity, BP functions, and the associated curvature

parameters. Section 2.2 surveys related work. Section 2.3 formalizes the problem setting. Section 2.4

establishes the robustness of the offline greedy algorithm to approximate selections, which is of

independent interest. Section 2.5 develops the MNN-UCB algorithm and proves sublinear α-regret

for BP and weakly submodular functions under monolithic feedback. Section 2.6 shows that separate

feedback yields stronger guarantees via a distorted greedy approach. Section 2.7 presents numerical

experiments on movie recommendations and training-data subset selection.
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2.1 Preliminaries

A set function h : 2V → R maps any subset of a finite ground set V of size |V | = n to the reals.

Arbitrary set functions are impossible to optimize with any quality assurance guarantee without an

exponential cost, so we restrict attention to set functions with useful structural properties.

A set function f : 2V → R is said to be monotone non-decreasing if f(A ∪ {v}) ≥ f(A) for

all A ⊆ V, v ∈ V . It is normalized if f(∅) = 0. For convenience, we refer to the collection of

Monotone Non-decreasing Normalized set functions as MNN functions. We use the gain

notation f(v|S) = f(S ∪ {v})− f(S) to denote the marginal gain of adding element v to the set S.

A set function f defined over the ground set V is called submodular if for all A ⊆ B ⊆ V and

any element v /∈ B we have f(A ∪ {v})− f(A) ≥ f(B ∪ {v})− f(B). A function g : 2V → R is said

to be supermodular if −g is submodular — g has the property of increasing returns where the

presence of an item can only enhance the utility of selecting another item. The class of functions

defined below is the primary focus of this chapter.

Definition 2.1 (BP Function). A utility function h is said to be BP if it admits the decomposition

h = f + g, where f is submodular, g is supermodular, and both functions are also MNN.

Next, we introduce the notion of curvature for submodular and supermodular functions. This

enables us to state the assumptions required to obtain approximation bounds for offline BP functions,

as established by [5].

Definition 2.2 (Submodular curvature). Denote the curvature for submodular f as κf = 1 −

minv∈V
f(v|V \{v})

f(v) .

Definition 2.3 (Supermodular curvature). Denote the curvature for supermodular g as: κg =

1−minv∈V
g(v)

g(v|V \{v}) .

These quantities are contained in [0, 1] and measure how far the functions are from being modular:

if a curvature is zero, the function is modular. Given the function, these can be calculated in time

linear in |V |. Bai and Bilmes [5] analyzed the greedy algorithm for the cardinality-constrained BP

maximization problem and provided a 1
κf

[
1− e−(1−κg)κf

]
approximation ratio. They also showed

that not all monotone non-decreasing set functions admit a BP decomposition. However, in cases
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where such a decomposition is available, one can easily compute the curvature of submodular and

supermodular terms and compute the bound.

Since not all MNN functions are representable as BP functions, we also study arbitrary MNN

functions in terms of how far they are from being submodular.

Definition 2.4 (Submodularity ratio, [11, 29, 30]). The submodularity ratio of a non-negative set

function h(·) is the largest scalar γ such that
∑

v∈S\A h(v|A) ≥ γh(S|A), ∀S,A ⊆ V.

The submodularity ratio measures to what extent h(·) has submodular properties. For a non-

decreasing function h(·), it holds that γ ∈ [0, 1] always, and h(·) is submodular if and only if

γ = 1.

Definition 2.5 (Generalized curvature, [11]). The curvature of a non-negative function h(·) is the

smallest scalar ζ such that ∀S,A ⊆ V, v ∈ A\S, h(v|A\{v} ∪ S)) ≥ (1− ζ)h(v|A\{v}).

Unlike the submodular and supermodular curvatures, the submodularity ratio and generalized

curvature are information-theoretically hard to compute in general [5]. We refer to MNN set functions

with bounded submodularity ratio γ and generalized curvature ζ as weakly submodular (WS).

Bian et al. [11] analyzed the greedy algorithm for maximizing such functions subject to a cardinality

constraint and obtained a 1
ζ

(
1− e−ζγ

)
approximation ratio.

2.2 Related Work

Submodular maximization with bounded curvature. Nemhauser et al. [77] studied the

greedy algorithm for maximizing a monotone non-decreasing submodular set function subject to a

cardinality constraint and provided a 1− 1
e approximation ratio. While Nemhauser and Wolsey [76]

showed that this factor cannot be improved under a polynomial number of function value queries,

the greedy algorithm usually performs closer to optimal in practice. To quantify this, Conforti and

Cornuéjols [28] introduced the notion of curvature κ ∈ [0, 1] for submodular functions (Definition 2.2)

and showed that the greedy algorithm achieves a 1
κ(1 − e

−κ) approximation ratio. For general

submodular functions (κ = 1), this recovers the 1− 1
e bound; as κ→ 0, the ratio tends to 1. More

recently, Sviridenko et al. [99] obtained a 1− κ
e approximation ratio for the more general matroid
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constraint setting, with matching lower bounds showing optimality. The notion of curvature has

since been extended to continuous submodular functions [85–87, 92].

BP maximization. Bai and Bilmes [5] introduced the problem of maximizing a BP function

h = f + g (Definition 2.1) subject to a cardinality constraint as well as the intersection-of-p-matroids

constraint. They showed that this problem is NP-hard to approximate to any factor without further

assumptions. However, if the supermodular function g has bounded curvature (κg < 1), they

analyzed the greedy algorithm and provided a 1
κf

(
1− e−(1−κg)κf

)
approximation ratio. For general

supermodular functions (κg = 1), the ratio is 0; as κg → 0, the bound recovers that of Conforti and

Cornuéjols [28]. More recently, Liu et al. [70] proposed a distorted version of the greedy algorithm

with an improved min{1− κf

e , 1− κ
ge−(1−κg)} approximation ratio.

Submodularity ratio. Das and Kempe [29] introduced the submodularity ratio γ and generalized

curvature ζ for general monotone non-decreasing set functions (Definitions 2.4 and 2.5) and showed

that the greedy algorithm obtains a 1
ζ

(
1− e−ζγ

)
approximation ratio under cardinality constraints

[11, 29]. Unlike the BP decomposition, these parameters can be defined for any monotone non-

decreasing set function but are, in general, exponentially costly to compute.

Adaptive and interactive submodularity. Chen et al. [20] is the work most closely related to

this chapter—they employ a similar UCB algorithm to optimize an unknown submodular function in

an interactive setting. They define regret as the sub-optimality gap with respect to a full-knowledge

greedy strategy at the final round, and relate it to a pointwise regret that accumulates stage-by-

stage. By viewing the submodular problem as a special case of contextual bandits, they bound

this accumulation using the kernel bandit results of [63]. Golovin and Krause [38], Guillory and

Bilmes [42] also consider adaptive or interactive submodular problems under stronger structural

assumptions.

Kernel bandits. Srinivas et al. [96] consider the problem of optimizing an unknown function f

that is either sampled from a Gaussian process or has bounded RKHS norm. They develop GP-UCB,

an upper-confidence bound approach that achieves sublinear regret depending on an information-gain

term γT . Krause and Ong [63] extend this to the contextual setting where the function fzt depends
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on a time-varying context zt. Valko et al. [102] replace the γT scaling with √γT , and Camilleri et al.

[17] extend experimental design for linear bandits to the kernel setting with batch support. Zenati

et al. [113] use Nyström points to speed up the algorithm with the same asymptotic regret guarantee

as GP-UCB, which directly inspires the algorithms developed in this chapter.

Combinatorial bandits. In [22, 64, 81, 100], the optimizer chooses a set at each time step and

the submodularity is between elements chosen in the single time step. In this chapter, the optimizer

chooses a single item at each time and accumulates a set over time; the submodularity is between

elements chosen at different time steps. While the formulations appear similar, they apply to different

settings.

Comparison with [21, 69]. These papers have titles similar to this chapter but address a different

setting, better described as “streaming” rather than “online” [4, 19, 34]. The approach in [69] assumes

the function h is known with arbitrary queries available and no cost for evaluating it. Items are

revealed one by one in a fixed order, and the algorithm must decide whether to add each item to the

set or discard it forever. There is no statistical estimation component, and competitive ratio bounds

are provided rather than regret bounds.

2.3 Problem Formulation

The optimizer operates in an environment that occurs over T time steps. Specifically, at each time

step t ∈ [T ]:

1. The optimizer encounters one of m set functions from the set {h1 . . . hm} each defined over the

finite ground set V . The optimizer is ignorant of the function but knows its index ut ∈ [m] as

well as a context or feature-vector ϕut for that index at round t.

2. The optimizer computes and then performs/plays action vt ∈ V , and then adds vt to its growing

context-dependent set Stut ,ut of size |Stut ,ut | = tut with
∑

j∈[m] tj = t. The set Stut ,ut contains all

items so far selected for the unknown function hut .

3. The environment offers the optimizer noisy marginal gain feedback. There are two feedback

models:
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(3a) Monolithic Feedback: The optimizer receives yt with yt = hut(vt|Stut ,ut) + ϵt.

(3b) Separate Feedback: In the BP case, pair (yf,t, yg,t) may be available with yf,t = fut(vt|Stut ,ut)+

ϵt/2 and yg,t = gut(vt|Stut ,ut) + ϵt/2.

The separate feedback case (3b) is relevant only for applications (e.g., multiple surveys, etc.) where

it is feasible. Section 2.6 exploits this richer feedback to improve performance. All feature-vectors

ϕut are chosen from set Φ of size |Φ| = m, and we assume that the identity of the utility function hq

is determined uniquely by ϕq; hence, when clear from context, we use hq to refer to hϕq .

Two applications illustrate how this framework may be instantiated. Vignette 2.2 is further

explored in Appendix A.6.

Vignette 2.1 (Movie Recommendations). Each function hq captures the preferences of a single

user q ∈ [m], and the index ut ∈ [m] reveals which user has arrived at time step t. The action

vt performed at time t is the optimizer’s recommended movie to user ut. The feature vector ϕut

contains user-specific information, e.g., age range, favorite movies and genres, etc. The feedback gain

hut(v|A) is the enjoyment user ut has from watching movie v having already watched the movies in

set A.

Vignette 2.2 (Active Learning). The optimizer chooses training points to be labeled for m related

tasks on the same dataset - for instance classification, object detection, and captioning. The function

hq(A) is the test accuracy of a classifier f(A) trained on set A on the qth task. Choosing an action

vt is tantamount to choosing a training point to be labeled for task ut ∈ [m].

Table 2.1 summarizes the results established in this chapter for different function classes and

feedback models, alongside the prior work each result generalizes.

To design low-regret online item-selection strategies for these problems (made precise in Sec-

tion 2.5), the first step is to study the robustness of the greedy procedure for the offline optimization

of Monotone Non-decreasing Normalized (MNN) functions (see Section 2.1) in Section 2.4. Then

Section 2.5 shows that the proposed online procedure approximates the offline greedy algorithm,

leveraging Section 2.4 to obtain online guarantees.
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2.4 Offline Algorithm Robustness

We consider the problem of cardinality-constrained optimization of a MNN objective h : 2V → R.

max
S∈2V

h(S) : |S| ≤ k. (2.1)

Let S∗ denote an achieving set solving Equation (2.1). The most common approximation algorithm

for this problem greedily [77] maximizes the available marginal gain having oracle access to h. In

online settings, however, this oracle access is not available. To analyze the online setting, we consider

a modified offline algorithm where the greedy choices might be good only with respect to a set of

additive “slack” variables rj , exploring the impact of this modification on approximation quality for

different classes of functions. Then in Section 2.5 we develop an online algorithm that emulates

greedy in this way.

2.4.1 Greedy Selection Robustness

We define an approximate greedy selection rule that, given scalars {rj}kj=1, chooses vj for each

j ∈ [k] satisfying

vj ∈ {v : h(v|Sj−1) ≥ argmaxṽ h(ṽ|Sj−1)− rj}, (2.2)

where Sj = {v1 . . . vj} and S∗ the optimal set of size k.

Lemma 2.1. Any output S of the approximate greedy selection rule in Equation (2.2) admits the

following guarantee for BP objectives (Def. 2.1) for Problem (2.1):

h(S) ≥ 1

κf

[
1− e−(1−κg)κf

]
h(S∗)−

k∑
j=1

rj ,

where κf , κg are as defined in Definitions 2.2 and 2.3.

This result is a generalization of Bai and Bilmes [5, Theorem 3.7] which is recovered by setting

∀j, rj = 0. This result is surprising because, with the supermodular part of the BP function,

poor early selections may preclude the ability to exploit potential increasing returns from g — the

curvature κg is crucial for this. The result can also be understood as a generalization of Chen et al.

[20], which studies the robustness of the greedy algorithm to errors in submodular functions. In
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their case, however, they adapt the simple classical greedy algorithm proof [77]. In Appendix A.3,

we provide an alternate proof using a crude bound that incorporates the supermodular curvature

but ignores the submodular curvature, reminiscent of the argument in Chen et al. [20]. However, the

approximation ratio obtained is much worse than that of Bai and Bilmes [5].

The proof below uses the detailed analysis in Bai and Bilmes [5]. This poses a considerable

challenge, since Bai and Bilmes [5] (inspired by Conforti and Cornuéjols [28]) formulate an intricately

designed series of linear programs to show that any selection that has as much overlap with the

optimal solution as the greedy algorithm must achieve the desired approximation ratio. Here, the

errors rj manifest as perturbations to the constraints of the linear programs. We then perform a

sensitivity analysis of the linear programs to argue that these perturbations to the constraints lead

to a linear perturbation to the optimal objective and does not cause it to explode.

We use St to refer to the ordered set of elements chosen for function h until round t, and S to

refer to the ordered final set of items chosen for function h until round T . Hence, Sj refers to the

first j elements chosen for h. Let sj be the jth element of S. Then, we define aj = h(sj |{s1 . . . sj−1})

be the gain of the jth element chosen.

Recall that S is an ordered set. We let C ⊆ [k] denote the indices (in increasing order) of

elements in S that are also in S∗. For instance, for S = {s1 . . . s5} and S ∩ S∗ = {s1, s2, s3}, we

have C = {1, 2, 3}. Hence, j ∈ C ⇐⇒ sj ∈ S ∩ S∗. Further, define filtered sets Ct = {c ∈ C|c ≤ t}

as the subset of the first tth elements of S that are also in the optimal S∗.

Proof of Lemma 2.1. From Lemma A.2 (in Appendix A.4.1), we have that the approximate greedy

procedure obeys k different inequalities, and we wish to show that this is sufficient to obey the

inequality above. In order to complete the argument, we consider the worst-case overall gain if these

k inequalities are satisfied; and show that this worst-case sequence satisfies the desired, and hence

the approximate greedy procedure must satisfy the desired as well.

To characterize the worst-case gains, we define a set of linear programming problems parameterized
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by a set B and constants (ξ, ρ).

T (B, ξ, ρ) = min
b

k∑
j=1

bj

s.t. h(S∗) ≤ ξ
∑

j∈[t−1]\Bt−1

bj +
∑

j∈Bt−1

bj +
k − |Bt−1|

1− β
bt ,∀t ∈ [k].

(2.3)

In the above, the decision variable b = [b1 . . . bk] is a vector in Rk, and satisfies b ≥ 0. The constants

k is a fixed value for the LP. The parameter of the LP, B ⊆ [k], and Bt = {j ∈ B|j ≤ t} is the

filtered set. Note that the constraints are linear in b with non-negative coefficients.

The above LP becomes helpful to our setting when we set (ξ, β) = (κf , κ
g). Additionally, we are

interested in the choices B = C and B = ∅, where C is defined prior to the lemma statement. To

show the result, we hope to show the following chain of inequalities:

h(S) +

k∑
j=1

rj ≥ T (C, κf , κg) ≥ T (∅, κf , κg) ≥ ωh(S∗). (2.4)

In the above,

ω =
1

κf

[
1− e−(1−κg)κf

]
.

Combining the two ends of this chain yields the desired lemma statement. We recognize that T (·) is

exactly the LP considered in [5], modulo notation differences. Since the second and third inequality

are just statements about the linear program, they follow directly from Lemma D.2 in [5] when we

substitute ξ = κf and β = κg.

For the first inequality, we have from Lemma A.2 that bj = aj + rj is a feasible solution for the

linear program T (C, κf , κ
g). Hence,

T (C, κf , κ
g) ≤

k∑
j=1

bj =

k∑
j=1

aj +

k∑
j=1

rj = h(S) +

k∑
j=1

rj .

In the case where h does not have a BP decomposition, we offer the following result generaliz-

ing Bian et al. [11].
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Lemma 2.2. Any output S of the approximate greedy selection rule in Equation (2.2) admits the fol-

lowing guarantee on objectives with submodularity ratio γ and generalized curvature ζ (Definitions 2.4

and 2.5) for Problem (2.1):

h(S) ≥ 1

ζ

(
1− e−ζγ

)
h(S∗)−

k∑
j=1

rj .

We see in Section 2.5 that Lemmas 2.1 and 2.2 are key to the analysis of Algorithm 1. The proof

follows the same LP construction as Lemma 2.1, but with different constants reflecting the weakly

submodular function class. Define S, sj , aj , C as in the proof of Lemma 2.1.

Proof of Lemma 2.2. We consider again the parameterized LP T (·), but this time with the constants

set as ξ = ζ, ρ = 1− γ. To show the result, we hope to show the following chain of inequalities:

h(S) +

k∑
j=1

rj ≥ T (C, ζ, 1− γ) ≥ T (ϕ, ζ, 1− γ) ≥ ωh(S∗). (2.5)

In the above,

ω =
1

ζ

[
1−

(
1− γζ

k

)k
]
.

Similarly to the argument in Lemma 2.1, the first two inequalities follow directly from Lemma

D.2 in [5] when we substitute ξ = ζ and ρ = 1− γ. Under the same choice of constants, we have

from Lemma A.3 (in Appendix A.4.2) that bj = aj + rj is a feasible solution for the linear program

T (C, ζ, 1− γ). Hence,

T (C, ζ, 1− γ) ≤
k∑

j=1

bj =
k∑

j=1

aj +
k∑

j=1

rj = h(S) +
k∑

j=1

rj .

Recognizing that
1

ζ

[
1−

(
1− γζ

k

)k
]
≥ 1− e−ζγ .

completes the argument.

2.4.2 Distorted BP Greedy Robustness

In Liu et al. [70], the authors present a “distorted” version of the greedy algorithm, which achieves a

better greedy approximation ratio than Bai and Bilmes [5] for Problem (2.1) with a BP objective.
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Here, we study its robustness.

As in Sviridenko et al. [99], we define the modular lower bound of the submodular function

l1(S) =
∑

j∈S f(j|V \{j}). Also, define the totally normalized submodular function as f1(S) =

f(S)− l1(S). Note that f1 always has curvature κf = 1 and also that h(S) = f1(S) + g(S) + l1(S).

We define the function πj(v|A) as follows:

πj(v|A) =
(
1− 1

k

)k−j−1

f1(v|A) + g(v|A) + l1(v). (2.6)

In Liu et al. [70], the optimizer greedily maximizes the πj function at step j rather than the original

BP gain. In πj , the submodular part is down weighted relative to the supermodular part. Intuitively,

this is helpful because the supermodular part is initially much smaller than the submodular part, but

ultimately dominates the sum. Thus, it is in the optimizer’s interest to focus on the supermodular

part early, rather than waiting until it becomes large.

We define the approximate distorted greedy selection rule as follows. Given scalars {rj}kj=1,

in each step j = {1, . . . , k}, the optimizer chooses an item vj that satisfies

vj ∈ {v : πj(v|Sj−1) ≥ argmaxṽ πj(ṽ|Sj−1)− rj}. (2.7)

We present a robust version of Liu et al. [70]:

Lemma 2.3. Any output S of the approximate distorted greedy selection rule in Equation (2.7)

admits the following guarantee for Problem (2.1) with a BP objective (Def. 2.1):

h(S) ≥ min
{
1−

κf
e
, 1− κg

}
h(S∗)−

k∑
j=1

rj ,

where κf , κg are as defined in Def. 2.2 and 2.3.

This lemma is the key to the analysis of Algorithm 4 in Section 2.6. We remark that the approxima-

tion ratio above is different from Liu et al. [70]. This is due to a correction of an error in their analysis,

which caused the approximation ratio to change from their α = min
{
1− κf,q

e , 1− κgqe(1−κg
q)
}

to the

bound above. Details are in Appendix A.5.5. Additionally, note that Sviridenko et al. [99] provided a

1− κf

e lower bound for monotone submodular maximization and later on, Bai and Bilmes [5] obtained
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a 1− κg lower bound for monotone supermodular maximization. The corrected approximation ratio

in Equation (2.15) is simply the minimum of these two quantities. In Appendix A.5, we provide

a heat map that compares this approximation ratio to that of Bai and Bilmes [5], showing that

it is strictly greater for all κf , κg. Once their analysis is fixed, we adapt their argument to the

more general case that allows for errors rj at each stage to complete the robust online proofs. We

also define the modular lower bound of the supermodular function l2(S) =
∑

j∈S g(j|∅), the totally

normalized supermodular function g1(S) = g(S)− l2(S), and l = l1 + l2.

Proof of Lemma 2.3. Using the submodular and supermodular curvature definition, we can write

l1(S) =
∑
j∈S

f(j|V \{j}) ≥ (1− κf )f(S)

l2(S) =
∑
j∈S

g(j|∅) ≥ (1− κg)g(S)

Then, we can use the result of Lemma A.5 (in Appendix A.4.3) to write

f(S) + g(S) = f1(S) + g1(S) + l(S)

≥
(
1− 1

e

)
f1(S

∗) + l(S∗)−
k∑

j=1

rj

=

(
1− 1

e

)
(f(S∗)− l1(S∗)) + l1(S

∗) + l2(S
∗)−

k∑
j=1

rj

=

(
1− 1

e

)
f(S∗) +

1

e
l1(S

∗) + l2(S
∗)−

k∑
j=1

rj

≥
(
1− 1

e

)
f(S∗) +

1− κf
e

f(S∗) + (1− κg)g(S∗)−
k∑

j=1

rj

=
(
1−

κf
e

)
f(S∗) + (1− κg)g(S∗)−

k∑
j=1

rj

≥ min
{
1−

κf
e
, 1− κg

}
hq(S

∗)−
k∑

j=1

rj .
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2.5 No-Regret Single Feedback

In the previous section, we considered the robustness of the greedy algorithm in the offline setting.

This section returns to the interactive problem from Section 2.3 and will show how it reduces to the

offline problem.

First, the notion of scaled regret mentioned in the introduction to this chapter is fully defined.

The scaling compares with the appropriate offline algorithm for the relevant function class; it is

standard to consider scaled regret for NP-hard problems (e.g., [20]). Recall the interactive setup

from Section 2.3. Let Tq represent the number of items selected for function hq by the final round, T ,

so that
∑m

q=1 Tq = T . The set STq ,q is the final selection for hq and we set Sq = STq ,q for notational

simplicity. Let S∗
q ∈ argmax|S|≤Tq

hq(S) be a maximizing payoff set for hq with at most Tq elements.

Inspired by Bai and Bilmes [5] and with respect to the approximation ratio obtained for the greedy

baseline for BP functions, we define the regret metric RBP(T ) as follows:

RBP(T ) :=
m∑
q=1

1

κq,f

[
1− e−(1−κg

q)κq,f

]
hq(S

∗
q )− hq(Sq). (2.8)

From Lemma 2.1, if the online algorithm is approximately greedy as in Equation (2.2), then the

regret is bounded by the accumulation of the approximation errors rj . This observation bridges the

gap between the online and offline settings. Hence, the goal is to design an algorithm that satisfies

these properties. Analogously, for functions with bounded submodularity ratio γq (Definition 2.4)

and generalized curvature ζq (Definition 2.5), we define:

RWS(T ) :=
m∑
q=1

1

ζq

[
1− e−ζqγq

]
hq(S

∗
q )− hq(Sq). (2.9)

If we knew all the functions {h1 . . . hm}, we could select the greedy item at each stage and achieve

zero regret. Define ∆(ϕ, S, v) = hϕ(v|S) to encapsulate all m latent objectives succinctly (the

notational shortcuts xt = (ϕut , Sut , vt) and ∆(xt) are also used below). Knowing this function is

equivalent to knowing {h1 . . . hm}. Thus, the task is to design a procedure to estimate ∆(ϕ, v, S)

from data such that the approximation errors rj reduce over time.

To make this possible, we must make additional assumptions on ∆(·). To see why, consider what

we can infer from an observation without any additional assumptions. In the BP case, for instance,
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the q-th BP gain function is uniquely defined by 2|V | function evaluations hq(v|S) for each possible

(v, S). If we observe hq(v|S) for some (v, S), then we can only make inferences about fq(v|A) and

gq(v|A) for all A ⊆ S or A ⊇ S; since we can only choose item v once during the optimization for

user q, this information is not useful practically. This motivates the following assumption.1

Assumption 2.1. The ∆(·) function lives in a Reproducing Kernel Hilbert Space (RKHS) associated

with some kernel k and has bounded norm i.e ∥∆∥k ≤ B.

The assumption ensures the outputs of the ∆(·) function vary smoothly with respect to the

inputs and is standard with GPCBs [20, 63, 91, 96]. E.g., if two related movies are watched by

two similar users, they should provide similar ratings. Thus, each query provides information

about all m · 2|V | other possible queries to all functions, making estimation feasible since the kernel

k((ϕq, S, v), (ϕq′ , S
′, v′)) measures similarity between two inputs.

2.5.1 MNN-UCB Algorithm

Algorithm 1 MNN-UCB
Input set V , kernel function k

1: Initialize Sq ← ∅, Vq ← V, ∀q ∈ [m]
2: Initialize X0 ← ∅, G1 ← ∅
3: for t ∈ {1, 2, 3, . . . , T} do
4: Observe ut from environment.
5: if t = 1 then
6: Choose v1 ∈ Vut

uniformly at random
7: else
8: Calculate µt, σt =
9: MVCalc(Vut

, ϕut
, Sut

, Gt, Gt−1, xt−1, Xt−1,yt−1)
10: Select vt ← argmaxv∈Vut

µt(v) + βtσt(v)
11: end if
12: Obtain feedback yt = ∆(xt) + ϵt
13: Update Sut

← Sut
∪ {vt}, Vut

← Vut
\ vt

14: Update xt ← (ϕut
, Sut

, vt), Xt ← [x1, x2, . . . xt]
15: Update yt ← [y1, y2, . . . , yt]

⊤

16: Decide whether to store new point: Gt+1 = NystromSelect(k, Gt, xt)
17: end for

1See [10] for a comprehensive treatment of RKHS and kernels.
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Algorithm 2 NystromSelect
Input: k, Gt, xt;
Locally stored variables: List L
Hyperparams: Regularization λ, Accuracy η, Budget b

1: If first call, init L to an empty list.
2: Compute leverage score τ̂t(λ, η, xt) from Eq. (2.10)
3: With probability min(b · τ̂t(λ, η, xt), 1) include xt in Gt+1.
4: Append τ̂t(λ, η, xt) to L

Result: Gt+1

Algorithm 3 MVCalc.
Input: Vut , ϕut , Sut , Gt, Gt−1, xt−1, S,yt

Locally stored variables: L1, L2, L3

Hyperparams: Regularization λ
1: // Update K−1

GG,Λt, ỹt.
2: if |Gt| = 1 then
3: Init L1, L2, L3 each to empty lists
4: Init ỹt = ytk(xt−1, xt−1)
5: Init K−1

GtGt
= 1/k(xt−1, xt−1)

6: Init Λt = 1/[k(xt−1, xt−1)
2 + λk(xt−1, xt−1)].

7: else if Gt = Gt−1 then
8: Update Λt using Eq (2.11)
9: // Next line retreives ỹt−1 from L1

10: ỹt = ỹt−1 + ytkGt(xt−1)
11: else
12: // Next two lines use lists L2, L3 resp.
13: Update Λt using Eq. (2.11) with Schur complements.
14: Update K−1

GtGt
using Eq (2.13) with Schur complements

15: ỹt = [ỹt−1 + ytkGt
(xt−1),KS(xt−1)

⊤yt]
⊤

16: end if
17: zt ← (ϕut

, Sut
)

18: Append (ỹt,Λt,K
−1
GG) to L1, L2, L3 lists resp

19: // Calculate mean and variance vectors.
20: for v ∈ Vut

do
21: µ̃t(v)← kGt

((zt, v))
T Λtỹt

22: δt(v)← kGt
((zt, v))

T (Λt − λ−1 K−1
GG)kGt

((zt, v))
23: σ̃t(v)

2 ← λ−1k((zt, v), (zt, v)) + δt(v)
24: end for
Result: {µ̃t(v)}v∈Vut

, {σ̃t(v)}v∈Vut

Algorithm 1 is inspired by [20, 113] based on Upper Confidence Bound (UCB) algorithms for kernel

bandits. At time t ∈ [T ], the optimizer has available the noisy evaluations of the unknown ∆(·)

function in vector yt = (yj)
t−1
j=1 for corresponding inputs held in vector Xt = (xj)

t−1
j=1 — these are

updated at the end of each iteration. These are used by the subroutine MVCalc that, using GP

kernel techniques [96, 102] and the Nyström set of samples Gt ⊂ Xt, efficiently compute estimates of
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the GP posterior distribution’s conditional mean and variance used for the UCB marginal gains in

the maximization (line 10 of Algorithm 1).

That is, the algorithm chooses the item vt that has the highest UCB in line 11 where the parameter

βt controls the algorithm’s propensity towards either exploration or exploitation (see Appendix A.5.2).

We use the notation kA(x) = [k(x1, x) . . . k(x|A|, x)] to measure the similarity between x and every

element in A = {xj}j∈{1,...,|A|}. Hence, kGt((ϕut , Sut , v)) measures the similarity of the input

(ϕut , Sut , v) to the historical data in Nyström set Gt. Notation KAB(v) = [k(x, x′)]x∈A,x′∈B contains

the matrix of pairwise kernel-similarities for elements in A,B and KGtGt is the covariance matrix of

the historical data Gt. Below, we describe the details for the two subroutines used in Algorithm 1,

for the readers who are interested in calculations for kernel updates, and selection of informative

points to improve computation via Nyström sampling.

Efficiency and NyströmSelect In prior submodular bandits work [20], each iteration t ∈ [T ]

needs to invert a t× t matrix since all historical data Xt is used when calculating the conditional

means and variances. Even if online matrix-inverse techniques are used, the run-time becomes O(T 3),

which is impractical. We use Nyström sampling to mitigate this and only use a selected subset

Gt ⊂ Xt of historical data to compute µt(v), σt(v) for all v ∈ Vut [113]. Nyström sampling chooses

the points that are most useful for prediction. To define this precisely, we introduce a bit of notation.

Define G′ = Gt ∪ xt. Define the estimated leverage score τ̂t(λ, η, x) as:

1 + η

λ

[
k(x, x)− k̃G′(x)(K̃G′G′ + λI)−1k̃G′(x)

]
. (2.10)

Define Mt as follows:

Mt =

diag
(
[min(τ̂j(λ, η, xj), 1)]xj∈Gt

)
0

0 1

 .
It is the diagonal scaling matrix of (clipped) leverage scores of past selected points with an extra

entry with value 1 for the hypothetical new point xt. In Equation (2.10) above, we define k̃G′(xt) =

M⊤
t kG′(xt) and K̃G′G′ =M⊤

t KG′G′Mt. The point xt is included into the Nyström set Gt+1 in with

probability proportional to τ̂t(λ, η, xt) (line 3 of Algorithm 2). To understand why this is reasonable,

note that τ̂t(λ, η, xt) is shown to estimate the ridge leverage score (RLS) of a point well [15, 16]. The
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RLS measures intuitively how correlated the new point is to previous points; if it is highly correlated,

it will be sampled with low probability, but if it is orthogonal, it will be sampled with high probability.

This procedure improves the runtime of Algorithm 1 to O(T |GT |2), where |GT | is the number of

selected Nyström points until the final timestep. A discussion on setting the hyperparameters η and

b, controlling the tradeoff between regret and computation, is given in Appendix A.5.1.

MVCalc This subroutine calculates the posterior mean and variance for ∆(·) using Gaussian

process posterior calculations after projecting on the Nyström points Gt. We define the intermediate

quantity

Λt = (KGtStKStGt + λKGtGt)
−1 ,

which is useful in these updates. Note that the algorithms store and track the local variables

K−1
GG,Λt, ỹt across time steps. It needs to incrementally invert K−1

GG and Λt as the time steps

continue. For Λt, if Gt does not change, it does this using the Sherman-Morrison formula:

Λt = Λt−1 −
Λt−1kGt(xt)kGt(xt)

⊤Λt−1

1 + kGt(xt)
⊤Λt−1kGt(xt)

. (2.11)

This update takes |Gt|2 time. In the case that Gt changes, let a = KGt(xt) and c = k(xt, xt), and

set Λt+1 as follows:

Λt+1 =

KGtSKSGt + aa⊤ K⊤
GtS

a+ ca

a⊤KSGt + ca a⊤a+ c2


−1

. (2.12)

We can use the Schur complement block-matrix inverse identity to evaluate the above which takes

O(t|Gt|) time. Similarly, for K−1
GtGt

, we write it in block-matrix form as:

K−1
GtGt

=

 KGt−1Gt−1 KGt−1(xt)

KGt−1(xt)
⊤ k(xt, xt)


−1

, (2.13)

computable using Schur complements in |Gt|2 time.
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2.5.2 Theoretical guarantee

For a given set XT = {x1, . . . , xT }, all our bounds are stated in terms of the effective dimension of

the matrix KT = KXTXT
, as described in [48].

Definition 2.6. The effective dimension of KT with regularization λ > 0 is defined as deff(λ, T ) =

Tr(KT (KT + λI)−1).

Intuitively, the effective dimension is a measure of the number of dimensions in the feature space

that are needed to capture data variations. Having a smaller effective dimension enables learning the

unknown hq with fewer samples. If the empirical kernel matrix KT has eigenvalues (λ1, . . . , λT ), the

effective dimension can equivalently be written as deff(λ, T ) =
∑T

t=1
λt

λt+λ . Thus, if the eigenvalues

decay quickly, the denominator will dominate for most summands and deff will be small. If the

kernel is finite dimensional, with dimension s, then only the first s terms in the summation will be

nonzero and deff ≤ s. Having a small effective dimension makes the problem of learning the unknown

objective function easier and hence improves our regret guarantee. This quantity is inspired by

classical work in statistics [48, 114].

It is instructive to bound deff for different kernels. We relate deff to the information gain γ̃(λ, T )

[96], noting that

deff(λ, T ) =
T∑
t=1

λt
λ

λt
λ + 1

≤
T∑
t=1

log

(
1 +

λt
λ

)
= γ̃(λ, T ),

where we used the inequality x
x+1 ≤ log(1 + x) for x ≥ −1. Srinivas et al. [96] provides bounds on

γ̃(λ, T ) for various kernels. For the (most popular) Gaussian kernel with dimension d, they show that

γ̃(λ, T ) ≤ log(T )d+1 which holds under the assumption that the eigenvalues λt are square summable.

We plot the exact deff(λ, T ) for the Gaussian kernel in Figure A.2 thereby verifying this bound

empirically. For the linear kernel with dimension d, we have γ̃(λ, T ) ≤ d log(T ). In our experimental

results (see Section A.6), we use a composite over three constituent kernels and Theorems 2 and 3

of Krause and Ong [63] bound deff for the product or sums of kernels, when γ̃(λ, T ) is bounded for

each constituent. This all ensures our regret bounds are sublinear in practice.

Now, we are ready to state our main result.
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Theorem 2.4. Let Assumption 2.1 hold and assume that ϵt are i.i.d. centered sub-Gaussian (i.e.,

light tailed) noise. Then MNN-UCB (Algorithm 1) obtains the following regret:

(a) When all hq are BP functions, we have that E[RBP(T )] ≤ O
(√

T
(
B
√
λdeff + deff

))
(b) When all hq are WS functions, we have that E[RWS(T )] ≤ O

(√
T
(
B
√
λdeff + deff

))
We see that Lemma 2.1 and our algorithm design enables us to relate our notion of regret with

the pointwise notion of regret from Zenati et al. [113].

Proof of Theorem 2.4(a). We define Rt =
∑t

j=1 rj where rt = supv∈V hut(v|Stut ,ut)− hut(vt|Stut ,ut).

Notice Rt is different from RBP(t). From Lemma 2.1 for all q, and with RBP(T ) defined in

Equation (2.8), we have RBP(T ) ≤
∑T

t=1 rt = RT . We model the problem as a contextual bandit

problem in the vein of [113]. Here, the context in round t is zt = (ϕut , Stut ,ut). We next invoke

Theorem 4.1 in [113] to complete our result.

Proof of Theorem 2.4(b). Define rt and Rt as in the proof of Theorem 2.4(a). From Lemma 2.2

applied to each hq, it follows that

RWS(T ) ≤
m∑
k=1

T∑
t=1

I(ut = k)rt = RT .

As in the proof of Theorem 2.4(a), combining Theorem 4.1 of [113] with the above inequality, our

argument is complete.

2.6 No-Regret Separate Feedback

Algorithm 4 MNN-UCB-Separate (modified Algorithm 1)
Line 14 of Algorithm 1 replaced with the following:
1: Calculate distortion Dt ← (1− 1

Tut
)Tut−|Sut |−1.

2: Obtain submodular feedback yf,t = fut(vt|Sut) + ϵf,t/2 and yg,t = gut(vt|Sut) + ϵg,t/2.
3: Apply distortion to obtain overall feedback yt = Dtyf,t + yg,t + (1−Dt)lut,1(vt).

In the previous section, we obtained sublinear α-regret with respect to the offline greedy baseline.

Here, we show we can do the same relative to the “distorted" greedy baseline (Section 2.4.2). That

is, our selection-rule should be approximately greedy w.r.t. the distorted π(·) function in Section 2.4.

This is possible under the stronger separate feedback model in Section 2.3. As in Section 2.4, we
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define for each function q the modular lower bound lq,1(S), the totally normalized submodular

function fq,1 and also πj,ϕq(v|A) defined as:

(
1− 1

Tq

)Tq−j−1

fq,1(v|A) + gq(v|A) + lq,1(v). (2.14)

The stronger notion of regret for BP functions with respect to the weighted greedy baseline, RBP,2(T )

is defined as:

m∑
q=1

min
{
1−

κf,q
e
, 1− κgq

}
hq(S

∗
q )− hq(Sq). (2.15)

The algorithm that obtains sublinear regret with respect to this stronger baseline utilizes these πj,ϕq

functions. Also, we use πj,q = πj,ϕq interchangeably for readability.

2.6.1 MNN-UCB-SEPARATE Algorithm.

Algorithm 4 is quite similar to Algorithm 1 — line 14 of Algorithm 1 is modified to the three steps

of Algorithm 4. That is, the feedback, now obtained separately as yf,t for the submodular and as

yg,t for the supermodular part, is aggregated in line 3 of Algorithm 4 as per πj,ϕq . To evaluate these

expressions, the optimizer also requires the following:

Assumption 2.2. (a) The modular lower bound lq,1(·) is known by the optimizer. (b) The

optimizer has access to two oracles that provide it with separate feedback for the submodular fq(·|·)

and supermodular gq(·|·) part. (c) The number of items for each user Tq is known by the optimizer.

For Assumption (2a), lq,1(·) is precisely specified using |V | entries while the submodular function

requires 2|V | entries to be specified. Hence, the submodular fq is still mostly unknown as knowing lq,1

is a weaker assumption than the offline setting. We additionally provide an alternate (slightly weaker)

result in Appendix A.5.6 without this assumption. For Assumption (2b), this can be estimated in

applications using surveys with multiple questions rather than a single rating. For Assumption (2c),

if Tq is not known beforehand, “guess and double" techniques (Appendix A.5.7) can be used, the

effects of which result in a bounded additive term.
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2.6.2 Performance with Separate Feedback

The guarantee for Algorithm 4 is the following:

Theorem 2.5. Let Assumptions 2.1 and 2.2 hold and assume that ϵt are i.i.d centered sub-Gaussian

noise. Then, when all hq are BP functions, Algorithm 4 yields

E[RBP,2(T )] ≤ O
(√

T
(
B
√
λdeff + deff

))
.

The proof follows similar lines as Theorem 2.4, with the key difference being that instantaneous

regret is now defined in terms of the distorted objective.

Proof of Theorem 2.5. First, define the following notation:

lq,1(S) =
∑
j∈S

fq(j|V \{j}),

fq,1(S) = fq(S)− lq,1(S),

lq,2(S) =
∑
j∈S

gq(j|∅),

gq,1(S) = gq(S)− lq,2(S),

lq(S) = lq,1(S) + lq,2(S).

We restrict attention to the q-th function hq. Recall that Sj,q refers to the first j elements chosen

for hq.

Let the distorted objective for user q when selecting the j-th item in the set be:

πj,q(S) =

(
1− 1

Tq

)Tq−j

fq,1(S) + gq,1(S) + lq(S).

Additionally, define Λj,q as follows:

Λj,q(x,A) =

(
1− 1

Tq

)Tq−(j+1)

fq,1(x|A) + gq,1(x|A) + lq(x).

As previously, we define the instantaneous regret at round t as the difference between the

maximum possible utility that is achievable in the round and the actual received utility. However,
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this time, rt is defined in terms of the distorted objective. This is a key difference from the earlier

arguments that is crucial to the current proof. Define the accumulated instantaneous regret until

round t as

Rt =

t∑
j=1

rj ,

where

rt = sup
v∈V

Λq,tut
(v, Sut,t−1)− Λq,tut

(vt, Sut,t−1).

Recognize that Rt is different than Rt. From Lemma 2.3 applied to each hq, it follows that

RT ≤
m∑
q=1

T∑
t=1

I(ut = q)rt = RT . (2.16)

Now, we can model the problem of the present work as a contextual bandit problem in the vein

of [113]. Here, the context in the t-th round is zt = (ϕut , Stut ,ut). Now we invoke Theorem 4.1 in

[113], Thus, we have that

E[RT ] ≤ O
(√

T
(
B
√
λdeff + deff

))
.

Combining this with Inequality (2.16), our argument is complete.

For some applications, there may not be enough information for Assumption (2a). In Ap-

pendix A.5.6, we provide an alternative argument without this assumption where the α is slightly

reduced to min
{
1− 1

e , 1− κ
g
q

}
. However, the heat map in Appendix A.5 illustrates the bounds are

still better than the vanilla greedy α from [5] for most choices of κf,q, κ
g
q .

2.7 Numerical Experiments

From MovieLens [45], we obtain a ratings matrix M ∈ R900×1600, where Mt,j is the rating of the tth

user for the jth movie. Using this dataset, we instantiate an interactive BP maximization problem,

as formulated in Vignette 2.1. We cluster the users into m = 10 groups using the k-means algorithm

and design a BP objective for each user-group. The objective for the qth group is decomposed as

hq(A) =
∑

v∈Amq(v) + λ1fq(A) + λ2gq(A), where the modular part mq(v) is the average rating
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Sep FB BP-UCB
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SM-UCB
Random

Figure 2.1: Algorithm 1 (magenta, green) and Algorithm 4 (gold) applied to the MovieLens dataset.
The highlighted region shows the standard deviation over 10 random trials.

for movie v amongst all users in group k. The concave-over-modular submodular part encourages

the recommender to maintain a balance across genres in chosen suggestions. By contrast, the

supermodular function is designed to encourage the optimizer to exploit complementarities within

genres. The constants λ1, λ2 are chosen so that the supermodular part slightly dominates the

submodular part, since previous work already studies primarily submodular functions. In Figure 2.1,

Algorithm 4 (gold) performs slightly better than Algorithm 1 (magenta), as expected from our

results. If we provide MNN-UCB submodular feedback i.e
∑
mq(v) + fq(A) instead of the entire hq,

then it performs notably worse (green, labeled SM-UCB). This underscores the pitfalls of viewing a

non-submodular problem as purely submodular.

Active learning experiments are given in Appendix A.2.1.
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Chapter 3

Choice-Driven Learning and Peer Model

Probing

Traditional supervised learning theory typically assumes a single learner observing data drawn from

a fixed distribution. However, this assumption is increasingly violated in modern machine learning

markets, such as recommendation platforms and large language model (LLM) services. In these

ecosystems, multiple learners operate on the same pool of users, and data is not assigned randomly.

Instead, users choose which platform to engage with based on how well that platform serves their

specific needs or preferences. Consequently, the data distribution observed by a learner is a function

of the learner’s own performance and the choices available in the market. This setting is increasingly

garnering interest in the machine learning community [13, 31, 36, 94, 98].

This coupling between model performance and user selection creates a feedback loop. As a

learner optimizes for its current user base, it becomes increasingly specialized to that subpopulation.

While this minimizes "local" loss on observed users, it often degrades performance on the unobserved

population, a phenomenon termed overspecialization. Once a learner is overspecialized, it gets caught

in an informational trap: it cannot learn to serve new users because it never observes them, and

it never observes them because it cannot serve them. At a societal level, this dynamic fuels the

formation of algorithmic echo chambers [6, 27, 53, 60], where platforms fragment the population

rather than learning a robust, globally capable model.

Independently, another trend has become relevant in modern machine learning systems that
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has implications for the overspecialization problem: techniques such as knowledge distillation and

training on synthetic data are becoming ubiquitous, particularly in the training of Large Language

Models [49, 107]. While these methods are typically employed to improve reasoning capabilities or

computational efficiency (through compression of data), they introduce a structural change to the

learning dynamic. Models are no longer limited to learning from organic user data, but can also

"probe" other models to acquire synthetic labels. This enables learners to observe signals outside

their siloed data distributions. This chapter studies whether probing mechanisms in machine learning

markets can mitigate overspecialization.

This chapter models a market where users select learners based on a combination of inherent

preference and predictive loss, and analyzes the resulting dynamics through a game-theoretic lens.

The main findings are: (1) standard Multi-learner Streaming Gradient Descent (MSGD) can converge

to overspecialized equilibria with arbitrarily poor global performance; (2) a new algorithm, MSGD

with Probing (MSGD-P), where learners mix organic gradient updates with pseudo-labeled queries

to peer models, provably converges to stationary points of a modified potential; (3) the stationary

points of MSGD-P yield bounded full-population loss under identifiable informational conditions;

and (4) experiments on MovieLens, US Census, and Amazon Sentiment datasets validate these

findings.

The remainder of the chapter is organized as follows. Section 3.2 formalizes the problem setting,

including user preferences, platform choice, and the learning objective. Section 3.3 analyzes the

failure of standard MSGD dynamics and characterizes the overspecialization trap. Section 3.4

introduces peer probing, proves convergence of MSGD-P, and establishes performance guarantees.

Section 3.5 presents numerical experiments.

3.1 Related Work

Our work sits at the intersection of three lines of research. We study a multi-learner setting

where users select among competing platforms based on a combination of inherent preferences

and predictive quality : a model richer than pure loss-minimization or uniform-random selection.

Motivated by modern distillation practices, we analyze peer-model probing as a mechanism to mitigate

overspecialization.
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1 − τ
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(2) User chooses learner

(3) Learner 
updates model

(1) User 
arrives

Figure 3.1: Illustration of the online multi-learner problem setting. The borders of users represent
their highest ranked learner π(z). For further details, see Section 3.2.

Performative Prediction and Endogenous Distribution Shift. Our setting is an instance of

performative prediction [44, 73, 82], where the deployment of a model influences the distribution of

data it subsequently observes. The multi-learner extensions of this framework [37, 66, 75, 83, 104,

105, 117] provide general tools for analyzing endogenous distribution shift, including settings with

explicitly strategic feature manipulation. We specialize to the user-choice setting, where distribution

shift arises purely from selection rather than manipulation. This focus enables us to precisely

characterize overspecialization and to study peer-model probing as a mitigation strategy.

Learning under User Agency. A body of work studies learning dynamics when users are treated

as independent agents rather than passive data points. In single-learner settings, Hashimoto et al.

[47] show that empirical risk minimization can cause minority groups to opt out, creating a feedback

loop that further degrades minority performance. Zhang et al. [115] study a related dynamic where

underrepresented groups receive worse predictions, leading to further data scarcity. James et al. [58]

analyze participatory data collection where users choose whether to contribute data. Ben-Porat

and Tennenholtz [7] study best-response dynamics in strategic classification. Cherapanamjeri et al.

[23] and Harris et al. [46] study settings where data quality or availability depends on the learner’s

past performance. We build on this perspective in the multi-learner setting, where inter-learner

interactions create additional feedback dynamics.

Several works study multi-learner user-choice settings with explicitly strategic users who optimize
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their own utility functions [7, 8, 56, 57, 94]. Ginart et al. [36] provide both empirical and theoretical

analysis of how competition drives specialization: their Theorems 4.1–4.3 establish risk ratio bounds

showing that competing predictors perform worse on the general population than a single predictor

would. Their analysis considers batch retraining dynamics and characterizes the existence of

performance gaps due to competition. We complement this by analyzing streaming gradient-based

dynamics, proving that such dynamics converge to overspecialized equilibria (Theorem 3.3), and

proposing probing as a mitigation. Kwon et al. [65] study a related setting where learners may

purchase user data, providing primarily empirical analysis of the resulting market dynamics.

Most closely related to our work, Dean et al. [31] and Su and Dean [98] analyze gradient-based

dynamics in choice-driven settings. Su and Dean [98] introduce the MSGD algorithm and prove

convergence to stationary points of an aggregate loss across learners. We build directly on their

framework: our Algorithm 5 adapts MSGD to our user selection rule (Definition 3.1), and our

potential function (Equation 3.1) extends theirs. Our Theorem 3.2 reproves their convergence

result using stochastic approximation techniques, which we believe better illuminates the underlying

dynamics. Beyond convergence, we analyze generalization to users outside each learner’s observed

population—a consideration absent from prior work—and introduce peer probing as a mechanism

to restore global competence. Bose et al. [13] propose intelligent initialization schemes to improve

outcomes in similar settings, but also focus on losses on the observed distribution.

Knowledge Distillation and Peer Learning. Our probing mechanism draws inspiration from

knowledge distillation [49] and self-training methods [90, 112], where a learner augments its training

set using pseudo-labels from another model. These techniques are ubiquitous in modern practice,

particularly for compressing large language models or generating synthetic reasoning traces [107,

109, 110]. A natural question is how our work relates to online/mutual distillation; unlike Deep

Mutual Learning [116] and codistillation [3], which assume shared or randomly partitioned data,

our setting couples learning with user-driven selection, yielding endogenous heterogeneity and novel

multi-agent dynamics absent from prior distillation analyses.
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3.2 Problem Setting

Users and Learners. Consider a setting with m service providers (learners) serving a population

of users distributed according to P over Z = X × Y, where X ⊆ Rd denotes covariates and Y

denotes labels (Y ⊆ R for regression, Y ⊆ {1, . . . , C} for classification). We write PX for the

marginal distribution over covariates and PY |X(· | x) for the conditional label distribution. When

densities exist, we denote them by pX and pY |X .

Each learner i ∈ [m] := {1, . . . ,m} maintains a model with parameters θi, and we write

Θ = (θ1, . . . , θm) for the joint parameter vector. The loss ℓ(x, y; θ) measures the cost incurred by a

model with parameters θ on a user with features x and label y. For regression, we consider linear

predictors hθ(x) = x⊤θ with squared loss ℓSQ(x, y; θ) = (y − x⊤θ)2. For classification with C classes,

we use cross-entropy loss ℓCE(x, y; θ) = −
∑C

c=1 yc log hθ(x)c, where hθ(x)c = ex
⊤θc/

∑C
j=1 e

x⊤θj is

the softmax output.

Assumption 3.1. The distribution P has continuous density pZ(z) = pX(x)pY |X(y|x) with pX

supported on {x : ∥x∥ ≤ R} for some R > 0. For regression, pY |X is supported on [−Ymax, Ymax].

Under this assumption, both loss functions satisfy standard regularity conditions; see Lemma B.5

in Appendix B.1.

User Preferences and Platform Choice. A central feature of our framework is that users

have inherent preferences over platforms that exist independently of current model quality. These

preferences capture factors such as brand loyalty, familiarity, network effects, or historical habits. We

encode them via a function π : Z → [m], where π(z) denotes the platform that user z intrinsically

prefers. This function is exogenous and fixed throughout learning.

The preference function π induces a partition of the user space. Let Si = {z ∈ Z : π(z) = i}

denote users who prefer platform i, with Pi = P|Si the corresponding conditional distribution and

αi = Prz∼P[π(z) = i] the fraction of users preferring platform i. Users do not only follow their

inherent preferences; they also consider predictive quality. We model this tradeoff as follows:
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Definition 3.1 (User Selection Rule). Given models Θ, user z selects platform

M(z; Θ) =


π(z) with probability τ,

argmini∈[m] ℓ(z; θi) with probability 1− τ.

The parameter τ ∈ [0, 1] governs how strongly inherent preferences influence user behavior: τ = 1

means users follow intrinsic preferences entirely, while τ = 0 means they select the loss-minimizing

platform. This generalizes Su and Dean [98], who assume users either minimize loss or choose

uniformly at random.

Model quality also induces a partition of users. Let Zi(Θ) = {z : i = argminj∈[m] ℓ(z; θj)} denote

users for whom platform i achieves minimal loss, with Di(Θ) = P|Zi(Θ) the conditional distribution

and ai(Θ) = Prz∼P[z ∈ Zi(Θ)] the population fraction. Under Definition 3.1, learner i observes

users from the mixture

Oi(Θ) = ταiPi + (1− τ)ai(Θ)Di(Θ),

where Oi(Θ) is a sub-probability measure with total mass wi(Θ) = ταi + (1− τ)ai(Θ).

Dynamics and Learning Objective. We consider an online setting where learners interact with

users over T timesteps, illustrated in Figure 3.1. At each step t:

1. A user zt ∼ P arrives and selects platform M(zt; Θt).

2. The selected learner observes zt, incurs loss ℓ(zt; θtM(zt;Θt)), and updates its parameters.

Learning Objective. Each learner’s goal is to minimize the full-population risk

R(θ) = Ez∼P[ℓ(z; θ)].

We write θ⋆ = argminθ R(θ) for the population-optimal model and ϵ = R(θ⋆) for the Bayes risk. This

objective differs from prior work [31, 98], which focuses on the “local” loss over each learner’s observed

distribution Oi(Θ). We focus on full-population risk because the signature of overspecialization is

precisely the gap between local and global performance: a learner may achieve low loss on Oi(Θ)

while performing poorly on users outside its observed base. Understanding when this gap emerges

and how to prevent it is the central question of this chapter.
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Algorithm 5 Multi-learner Streaming Gradient Descent (MSGD) [98]

Require: Loss function ℓ(·, ·) ≥ 0; initial models Θ0 = (θ01, . . . , θ
0
m); learning rate {ηt}t≥1

1: for t = 0, 1, 2, . . . , T do
2: Sample user zt ∼ P

3: User selects learner i =M(zt; Θt)
4: θt+1

i ← θti − ηt∇θℓ(z
t; θti)

5: end for
6: return ΘT

3.3 The Failure of Standard Learning Dynamics

We now analyze Multi-learner Streaming Gradient Descent (MSGD), the standard algorithm for this

setting introduced by Su and Dean [98], Algorithm 5.

3.3.1 Algorithm and Assumptions

In order to study the convergence behavior of the algorithm, we make the following standard

assumptions on learning rates and loss geometry, which are the same as in Su and Dean [98].

Assumption 3.2. The learning rates satisfy
∑∞

t=1 η
t =∞ and

∑∞
t=1(η

t)2 <∞.

Assumption 3.3. For any θ ̸= θ′, there exists d0 > 0 such that for all d < d0, the set {z :

|ℓ(z; θ)− ℓ(z; θ′)| < d} has Lebesgue measure at most d.

3.3.2 Convergence to Stationary Points

In MSGD, each learner i optimizes its expected loss over observed users. Define the potential function

f(Θ) as the sum of the expected losses of all learners on the distributions that they observe.

f(Θ) =

m∑
i=1

EOi(Θ)[ℓ(z; θi)], (3.1)

Note that this is the sum of the “local" losses of each of the learners on their observed distribution,

unlike the global risk R(·) that was introduced above.

In order to show convergence, we make the same boundedness assumptions as in Su and Dean

[98].

Assumption 3.4. The parameter sequence {Θt}t≥0 is almost surely bounded: supt≥0 ∥Θt∥ < ∞.

Moreover, the set {Θ : ∇f(Θ) = 0} is compact.
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Our approach uses stochastic approximation [12] and differs from that of Su and Dean [98]. The

key insight is that f serves as a Lyapunov function: despite each learner optimizing over a different,

endogenously-determined user distribution, the aggregate of local losses forms a coherent potential.

This is surprising because multi-agent gradient dynamics often cycle or diverge [72]; The following

lemma, proved using standard stochastic approximation arguments, establishes this connection.

Lemma 3.1. Let Assumptions 3.1–3.4 hold. Then the iterates {Θt} of Algorithm 5 converge to a

compact connected internally chain transitive invariant set of the ODE Θ̇ = −∇f(Θ).

See Appendix B.1.1 for definitions of the dynamical-systems terms used in Lemma 3.1. The

lemma shows that the discrete stochastic dynamics behave, in the limit, like the continuous gradient

flow on f . Since f decreases along trajectories of this ODE, i.e., d
dtf(Θ(t)) = −∥∇f∥2 ≤ 0, the only

invariant sets are stationary points. This yields our main convergence result.

Theorem 3.2. Let Assumptions 3.1–3.4 hold. Then the iterates {Θt} of Algorithm 5 converge to

the set of stationary points {Θ : ∇f(Θ) = 0} almost surely.

The formal proof follows as a special case of the MSGD-P convergence analysis (Theorem 3.6),

whose proof appears in Section 3.4.

3.3.3 The Overspecialization Trap

While Theorem 3.2 guarantees convergence, the stationary points may be highly undesirable. A

learner cannot improve on users it never observes, and it never observes users it cannot serve well.

This feedback loop is the overspecialization trap.

The following theorem shows that this trap can be severe: MSGD can converge to equilibria where

some learners have arbitrarily poor global performance, even when models with low full-population

loss exist.

Theorem 3.3. Let Assumptions 3.1–3.4 hold. For any τ ≥ 1
2 and any choice of ϵ,Γ with 0 < ϵ < Γ,

there exists an instance G = (P, ℓ, π, τ) such that:

1. There exists θ⋆ with R(θ⋆) ≤ ϵ.

2. The MSGD iterates converge to a unique stationary point Θ̄ where R(θ̄i) ≥ Γ for some learner

i ∈ [m].
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The key mechanism is as follows. When τ ≥ 1
2 , inherent preferences dominate at equilibrium: the

loss-induced partition collapses to the ranking partition, so that Zi(Θ) = Si for all i. Each learner

optimizes exclusively for users who intrinsically prefer it, arriving at

θ̄i = argmin
θ

Ez∼Pi [ℓ(z; θ)].

This specialization occurs regardless of whether a better global model exists. In the constructed

instance below, learner 1 achieves zero loss on its observed population P1 while its full-population

loss exceeds Γ. The learner has perfectly fit its niche while becoming arbitrarily poor globally. This

dynamic formalizes the echo chamber phenomenon that platforms become increasingly specialized to

their existing audience, unable to learn models that serve the broader population.

We now make this precise via a concrete construction.

Example 3.1. Specify the family of instances Gbad(τ, C) as follows.

1. Distribution P: is defined as a mixture of subpopulations. P = αP1 + (1 − α)P2. Here,

{P1,P2} are 2 subpopulations. For either subpopulation, the covariates are generated from the

zero mean and unit-variance uniform distribution:

x ∼ Unif([−
√
3,
√
3]) for (x, y) ∼ Pi, (3.2)

For each subpopulation, the response variable is generated as:

y = Cx1 for (x, y) ∼ P1 (3.3)

y = −x1 for (x, y) ∼ P2 (3.4)

2. Loss function: ℓ(x, y, θ) = (y − θTx)2 is the squared loss

3. Ranking π(z) = i for (x, y) ∼ Pi.

The next lemma quantifies the risk gap between specialists and the global optimum in this family.

Lemma 3.4. Consider the 1-D bad-outcome family in Example 3.1 with mixture weight α ∈ (0, 1)

and slope parameter C > 1, and let R(θ) = E(x,y)∼P[(y − θx)2].
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(i) The least-squares predictor on the full mixture, θ⋆ = αC − (1− α), satisfies

R(θ⋆) = α(1− α)(C + 1)2.

(ii) The specialist trained on P1 is θ̄1 = C, and its mixture risk is

R(θ̄1) = (1− α)(C + 1)2.

(iii) The specialist trained on P2 is θ̄2 = −1, and its mixture risk is

R(θ̄2) = α (C + 1)2.

Proof. We have that E[x] = 0 and E[x2] = 1, so that the squared risk reduces to (β − θ)2 when the

true slope is β.

(i) Global compromise. On the mixture, the conditional label is linear: y = βx with β =

αC + (1− α)(−1) = αC − (1− α). For squared loss with E[x] = 0 and E[x2] = 1, the population

least-squares minimizer is the regression slope, so θ⋆ = β. The corresponding risk is

R(θ⋆) = α (C − β)2 + (1− α) (−1− β)2 = α(1− α)(C + 1)2.

(ii) Specialist for P1. Training least squares on P1 alone yields θ̄1 = C since E[x y] = C and

E[x2] = 1. The mixture risk is

R(θ̄1) = α (C − C)2 + (1− α) (−1− C)2 = (1− α)(C + 1)2.

(iii) Specialist for P2. Training least squares on P2 gives θ̄2 = −1 (its true slope). The mixture

risk is

R(θ̄2) = α (C + 1)2 + (1− α) (−1− (−1))2 = α (C + 1)2.

51



It remains to show that MSGD must converge to these specialists. The following lemma establishes

that when τ ≥ 1
2 , the only stationary points exhibit full specialization.

Lemma 3.5. Let (θ̃1, θ̃2) ∈ {∇f(Θ) = 0} be a stationary point of f(Θ) (Definition 3.1). Then,

under the assumption that τ ≥ 1
2 , it must be true that D1(θ̃1, θ̃2) = P1 and D2(θ̃1, θ̃2) = P2.

Proof. The proof proceeds by considering the decisions of the loss-minimizing users, and shows that

the stationary point condition implies the conditions on Di(Θ) in the lemma statement. Consider

any (x, y) from P1. For any θ ∈ R, we have that

ℓ(x, y, θ) = (Cx− θx)2 = (C − θ)2x2. (3.5)

Hence,

arg min
i∈{1,2}

ℓ(x, y, θi) = arg min
i∈{1,2}

(C − θi)2x2 = arg min
i∈{1,2}

|C − θi|.

Thus every loss-minimizing user in P1 picks the learner whose parameter is closer to C:

M(z; Θ) = arg min
i∈{1,2}

|C − θi|, z ∈ P1.

Likewise, every loss-minimizing user in P2 picks the learner whose parameter is closer to −1:

M(z; Θ) = arg min
i∈{1,2}

| − 1− θi|, z ∈ P2.

Hence, within each subpopulation Pi, all loss-minimizing users make the same choice. Consequently,

for any Θ, the observed-data distributions Di(Θ) can only take one of the following four forms:

1. D1(Θ) = P and D2(Θ) has zero mass under P

2. D1(Θ) has zero mass under P and D2(Θ) = P

3. D1(Θ) = P2 and D2(Θ) = P1

4. D1(Θ) = P1 and D2(Θ) = P2

For any stationary point (θ̃1, θ̃2), we consider each case separately and show that all cases other than

the last one lead to a contradiction.
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Case 1: In this case, the second learner observes only negative labels, and the first observes a mix

of both positive and negative labels. Hence, it should be intuitively true that θ̃1 > θ̃2 > −1. This

would lead to a contradiction since this would imply that users from P2 would strictly prefer the

second learner over the first one. Now, we can verify this formally. Define the total probability

masses seen by each learner

M1 = τ α + (1− τ)α + (1− τ)(1− α) = α + (1− τ)(1− α), (3.6)

M2 = τ (1− α). (3.7)

The stationary conditions are given by

θ̃1 = argmin
θ1

τ αEP1

[
(y − θ1 x)2

]
+ (1− τ)αEP1

[
(y − θ1 x)2

]
+ (1− τ)(1− α)EP2

[
(y − θ1 x)2

]
,

(3.8)

θ̃2 = argmin
θ2

τ (1− α)EP2

[
(y − θ2 x)2

]
. (3.9)

We can solve these optimization problems in closed form:

θ̃1 =
αC − (1− τ)(1− α)

M1
, (3.10)

θ̃2 = −1. (3.11)

Now,

θ̃1 − θ̃2 = θ̃1 + 1 =
α (C + 1)

M1
> 0,

which holds for every τ ∈ [0, 1] since α > 0 and C > 0. Since θ̃2 = −1 and θ̃1 > −1, P2 users would

strictly prefer learner 2 over learner 1, leading to a contradiction.

Case 2: In this case, the first learner observes only positive labels, and the second observes a mix

of both positive and negative labels. Hence, it is easy to verify using a similar procedure as the

previous case that C > θ̃1 > θ̃2, which would lead to a contradiction since P1 users would strictly

prefer learner 1.

Case 3: We follow a similar argument as in Case 1. Define the total probability masses seen by
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each learner

M1 = τ α + (1− τ)(1− α), (3.12)

M2 = τ (1− α) + (1− τ)α. (3.13)

The stationary points in this case are given by

θ̃1 =
τ αC − (1− τ)(1− α)
τ α + (1− τ)(1− α)

, θ̃2 =
(1− τ)αC − τ(1− α)
(1− τ)α + τ(1− α)

.

It is easy to verify that both θ̃1 and θ̃2 are greater than −1. Hence, the distance from −1 is

given by

d1 =
∣∣θ̃1 − (−1)

∣∣ = τ α (C + 1)

τ α + (1− τ)(1− α)
,

d2 =
∣∣θ̃2 − (−1)

∣∣ = (1− τ)α (C + 1)

(1− τ)α + τ(1− α)
.

A straightforward comparison gives

d1 > d2 ⇐⇒ τ M2 > (1− τ)M1 ⇐⇒ (1− α) (2τ − 1) > 0 ⇐⇒ τ > 1
2 .

Therefore, whenever τ > 1
2 , the free users from P2 strictly prefer learner 2 over learner 1. This

contradicts the Case 3 hypothesis that D1(Θ) = P2. Hence Case 3 cannot be a stationary point

when τ > 1/2. Having ruled out Cases 1–3, only the fourth configuration remains, completing the

proof.

Combining these ingredients yields the theorem.

Proof of Theorem 3.3. The proof follows by considering Example 3.1.

Part (i). The proof follows from Lemma 3.4. Choosing α = ϵ
(C+1)2

satisfies the condition.

Characterizing the stationary points. From Lemma 3.2, we have that the MSGD iterates

converge almost surely to the set {∇f(Θ) = 0}. By Lemma 3.5, we have that (θ̃1, θ̃2) ∈ {∇f(Θ) = 0}
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if and only if D1(θ̃1, θ̃2) = P1 and D2(θ̃1, θ̃2) = P2. Hence, any stationary point must satisfy

θ̃1 = argmin
θ∈R

αEz∼P1 [ℓ(z, θ)]

and

θ̃2 = argmin
θ∈R

(1− α)Ez∼P2 [ℓ(z, θ)]

Clearly, (θ̄1, θ̄2) is the unique solution to these equations, and MSGD must converge to this point

almost surely.

Characterizing the loss. From Lemma 3.4, at the stationary point we have θ̄1 = C and θ̄2 = −1,

so the mixture risks are

R(θ̄1) = (1− α)(C + 1)2, R(θ̄2) = α(C + 1)2.

Moreover, the optimal global (compromise) risk satisfies R(θ∗) ≤ ϵ by our choice in Part (i). To

ensure learner 1’s risk exceeds Γ, choose

C =
√
Γ + ϵ − 1, α =

ϵ

(C + 1)2
.

Then α ∈ (0, 1) and

R(θ∗) = α(1− α)(C + 1)2 ≤ α(C + 1)2 = ϵ,

while

R(θ̄1) = (1− α)(C + 1)2 = (C + 1)2 − ϵ ≥ Γ.

Thus the two claims in the theorem are simultaneously satisfied.

However, when τ < 1
2 and quality-based selection dominates, there may be multiple equilibria.

Now, the limit point becomes initialization-dependent, which presents a technical obstacle to

characterizing the limiting risk in closed form; however, experiments in Section 3.5 demonstrate

similar phenomena across different values of τ .
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3.4 Mitigating Overspecialization through Peer Probing

In many practical settings, learners can probe peer models to obtain pseudo-labels on unseen user

segments—a practice increasingly common through knowledge distillation (see Section 2). Despite its

growing practical importance, the theoretical implications of these multi-agent interactions remain

largely unexplored. Under what circumstances can probing help overcome the overspecialization

trap?

3.4.1 Algorithm

We propose MSGD with Probing (MSGD-P), shown in Algorithm 6. The algorithm has two phases.

In the offline phase, each probing learner j ∈ U collects a dataset Dj of pseudo-labeled examples

by querying peer models on sampled covariates. In the online phase, learners interleave standard

MSGD updates (on organic users) with gradient steps on their probing datasets.

More concretely, for each probing learner i ∈ U , we sample covariates (x̃1i , . . . , x̃
n
i ) ∼ Pn

X . Given

a query covariate x, the learner selects a subset of peers Ti(x) ⊆ [m] to consult, and forms a

pseudo-label via median aggregation

yagg,i(x,Θ) = median{hθj (x) : j ∈ Ti(x)}.

We then define ỹqi := yagg,i(x̃
q
i ,Θ

0) and the pseudo-labeled examples z̃qi := (x̃qi , ỹ
q
i ), and collect the

probing dataset Di := {z̃qi }nq=1. The choice of Ti(x) determines which peers are consulted; we discuss

this in Section 3.4.3.

For a probing learner i ∈ U , the update can be interpreted as a stochastic gradient step on the

following instantaneous loss:

Lt
i(θi) = ταiEz∼Pi [ℓ(z; θi)]

+ (1− τ)ai(Θt)Ez∼Di(Θt)[ℓ(z; θi)]

+
p

n

n∑
q=1

ℓ(z̃qi ; θi) +
λp

2
∥θi∥2.

(3.14)

The first two terms capture organic learning from users who select learner i (via inherent preference
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Algorithm 6 Multi-learner Streaming Gradient Descent with Probing (MSGD-P)

Require: loss function ℓ(·, ·) ≥ 0; Initial models Θ0 = (θ01, . . . , θ
0
m); Learning rate {ηt}T+1

t=1 , probing
weight p > 0, set of probing learners U ⊆ [m], regularization weight λ ≥ 0

1: // Offline probing data collection

2: for j ∈ U : do
3: Sample covariates (x̃1j , . . . , x̃

n
j ) ∼ Pn

X .

4: Collect pseudo-labels and store dataset Dj = {
(
x̃1j , yagg,i(x̃

1
j ,Θ

0)
)
. . .
(
x̃nj , yagg,i(x̃

n
j ,Θ

0)
)
}

5: end for
6: // Online updates

7: for t = 0, 1, 2, . . . , T do
8: Sample data point zt ∼ P

9: User selects model i =M(zt; Θt)
10: θt+1

i ← θti − ηt∇ℓ(zt, θti)
11: for j ∈ U : do
12: Sample z̃tj uniformly from Dj

13: θt+1
j ← θtj − ηtp

(
∇ℓ(z̃tj , θtj) + λθtj

)
14: end for
15: end for
16: return ΘT

Pi or quality-based choice Di), while the third term captures learning from probing data. The

parameter p > 0 controls the relative weight of probing gradients: larger p emphasizes pseudo-labels,

smaller p prioritizes organic data.

We assume that probing learners can sample covariates from the full distribution PX , but do

not have access to true labels. This asymmetry is natural: covariates are often publicly available or

easy to generate (e.g., movie metadata, user demographics, or text prompts), while labels require

costly human annotation or reveal private user behavior (e.g., individual ratings or response quality

judgments).

We focus on offline probing, where pseudo-labels are collected once at initialization from a fixed

snapshot of peer models. This mirrors practical distillation workflows where teachers are queried

to create a fixed dataset and student training proceeds independently [107]. Offline probing also

ensures reproducibility by capturing a specific model version’s behavior, avoiding inconsistencies

from querying adapting peers. We discuss online probing in Chapter 4.
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3.4.2 Convergence

With probing, each learner i ∈ U now optimizes a blend of two objectives: the loss on observed users

(as in standard MSGD) and the loss on probing data. This leads to a modified potential function:

f̃(Θ) = f(Θ) + p
∑
i∈U

 1

n

n∑
q=1

ℓ(z̃qi , θi) +
λ

2
∥θi∥2

 , (3.15)

where the second term captures the probing loss (with regularization) weighted by p.

The same stochastic approximation analysis from Section 3.3 extends to this setting: f̃ serves as

a Lyapunov function for the modified dynamics, yielding the following convergence guarantee.

Theorem 3.6. Let Assumptions 3.1-3.3, Assumption 3.4 (as applied to f̃), and Assumption 3.5 hold.

Then, the iterates {Θt} of Algorithm 6 converge to the set of stationary points {Θ : ∇f̃(Θ) = 0}

almost surely.

Proof. The proof follows the stochastic approximation template by showing the iterates track the

ODE Θ̇ = F̃ (Θ) and then using a Lyapunov argument for f̃ . Define the ODE drift

F̃i(Θ) = −
(
ταi Ez∼Pi [∇ℓ(z, θi)]+(1−τ)ai(Θ)Ez∼Di(Θ)[∇ℓ(z, θi)]+p1i∈U

(
∇L̂i(θi)+λ θi

))
. (3.16)

Let z1 ∼ P, z2 ∼ Pi, and z3 ∼ Di(Θ
t). For the on-platform update, define for each coordinate i

the random direction

gti,plat(Θ
t) =


∇ℓ(z2, θti), w.p. ταi,

∇ℓ(z3, θti), w.p. (1− τ) ai(Θt),

0, otherwise.

For the probing update, for each j ∈ U sample z̃tj uniformly from the fixed dataset Dj and set

gti,probe(Θ
t) = p1i∈U

(
∇ℓ(z̃ti , θti) + λ θti

)
.

Let g̃ti(Θ
t) = gti,plat(Θ

t) + gti,probe(Θ
t) and g̃t = (g̃t1, . . . , g̃

t
m). The algorithmic iterate satisfies

Θt+1 = Θt − ηt g̃t(Θt) = Θt − ηt (F̃ (Θt) + vt),
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where vt = g̃t(Θt)− E[g̃t(Θt) | Ft].

Drift identity. By construction and by uniform sampling from Di,

E[g̃ti(Θt) | Ft] = ταi Ez∼Pi [∇ℓ(z, θ
t
i)] + (1− τ) ai(Θt) Ez∼Di(Θt)[∇ℓ(z, θti)]

+ p1i∈U
(
∇L̂i(θ

t
i) + λ θti

)
= −F̃i(Θ

t).

We verify the assumptions of the Borkar tracking lemma (Lemma B.6):

• From Lemma B.5 and Lemma B.9, the drift F̃ (Θ) is locally Lipschitz; the probe part θi 7→

p (∇L̂i(θi) + λ θi) is a finite average of locally Lipschitz gradients plus a globally Lipschitz

linear term.

• From Assumption 3.2, the step sizes satisfy
∑

t ηt =∞ and
∑

t η
2
t <∞.

• From Lemma B.7, augmented to include the probe term, there exists K > 0 such that

E[∥vt∥2 | Ft] ≤ K(1 + ∥Θt∥2).

• From Assumption 3.4, we have supt ∥Θt∥ <∞ almost surely.

By Lemma B.6, the iterates converge almost surely to a compact, connected, internally chain

transitive invariant set of Θ̇ = F̃ (Θ). Since F̃ (Θ) = −∇f̃(Θ), along ODE trajectories

d
dt f̃(Θ(t)) = ⟨∇f̃ , Θ̇⟩ = −∥∇f̃∥2 ≤ 0,

with equality iff ∇f̃ = 0. Thus f̃ is a strict Lyapunov function and the only invariant sets are

stationary points, yielding the claim.

Crucially, the stationary points of f̃ differ from those of f : probing changes where learners

converge, not whether they converge.

3.4.3 When Does Probing Help?

Note that the convergence guarantee above holds for any choice of Ti(x). However, in order for the

probing data to be helpful, the pseudo-labels must be a good proxy for the ground-truth labels.
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Scenario What i knows Peer requirement Ti(x) B

Majority-good Nothing > 50% in Br(θ
∗) [m] R2r2 + 2ϵ

Market-leader Identity of j∗ R(θ0j∗) ≤ ξ {j∗} ξ
Partial knowl-
edge

Subset G > 50% of G in Br(θ
∗) G R2r2 + 2ϵ

Preference-aware π(x) Nothing {π(x)} ϵ

Table 3.1: Probing scenarios with corresponding rules and accuracy bounds. The preference-aware
scenario is notable: it requires no assumption on peer quality, only knowledge of user preferences.

Assumption 3.5 (Accurate Probing). We say that the “accurate probing” condition holds for probing

learner i ∈ [m] if there exists B ≥ 0 such that

E(x,y)∼P

[(
yagg,i(x,Θ−i)− y

)2] ≤ B.
This assumption is stated for a single probing learner i. Different learners may satisfy it via

different scenarios (or not at all); performance guarantees in Section 3.4.4 apply to any learner for

whom the assumption holds.

Below, we identify scenarios under which Assumption 3.5 holds. These scenarios differ along

two axes: what learner i must know about the market, and what must be true about peer models

at initialization. Table 3.1 summarizes these scenarios; the second and third columns display the

knowledge-vs-peer-requirement tradeoff.

Definition 3.2 (Globally good peers). We say learner i can achieve accurate probing via globally

good peers if any of the following scenarios hold:

(i) Majority-good. More than half of the learners satisfy θ0j ∈ Br(θ
∗) for a given proximity

parameter r > 0.

(ii) Market-leader. There exists a single learner j∗ ∈ [m] such that

R(θ0j∗) ≤ ξ,

and the identity of j∗ is known to learner i.

(iii) Partial knowledge. There exists a subset G ⊆ [m]\{i} such that more than half of the learners

in G satisfy θ0j ∈ Br(θ
∗) for a given r > 0, and learner i has knowledge of the subset G.
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Above, the parameter r > 0 in the majority-good and partial-knowledge scenarios controls how

close peers must be to θ∗; smaller r yields tighter bounds. When no globally good learners exist or

can be identified, probing may still be effective if the learner has access to ranking information.

Definition 3.3 (Preference-aware probing). Suppose all learners initialize at the parameters Θ̄ =

(θ̄1, . . . , θ̄m). If learner i has knowledge of the inherent preference function π(z), which identifies

each user’s preferred platform, we call this the preference-aware scenario.

These definitions capture different approaches to probing: Definition 3.2 covers settings where

learners can identify or rely on peers with strong global performance, while Definition 3.3 addresses

settings where learners must instead leverage knowledge of user preferences. The scenarios exhibit a

fundamental tradeoff: when peer models are favorable (e.g., many are globally good), learner i needs

little knowledge to achieve accurate probing; conversely, with stronger knowledge (e.g., knowing

π(x)), the learner can probe in a more targeted way, and probing succeeds even when no peer is

globally competent.

In realistic markets, learners often naturally gain access to information enabling one of these

approaches. For Scenarios (i) or (iii), platforms may observe broad industry benchmarks [9, 25, 67,

78, 84]. For Scenario (ii), there are examples in the LLM literature of this explicitly happening:

for instance, the Alpaca model [101] was explicitly trained on data generated by text-davinci-003

(GPT-3.5), the Vicuna model [24] was trained on data generated by GPT-4, and Gudibande et al.

[40] document the prevalence of this practice. For Definition 3.3, it is natural to maintain knowledge

of user preference patterns [1, 39, 52, 54].

The probing rule Ti(x) (fourth column of Table 3.1) in each scenario is chosen so that median

aggregation is robust: probing all peers when the majority are good, targeting the known leader when

one exists, or routing to the locally-expert peer in the preference-aware case. The preference-aware

scenario is particularly notable: it requires no assumption on peer quality, only knowledge of user

preferences π(x), enabling learner i to aggregate specialized knowledge into global competence even

when every peer suffers from overspecialization.

The next lemma shows that in each scenario, the pseudo-labels obtained via the corresponding

Ti(x) are uniformly bounded in mean-squared error, ensuring that Assumption 3.5 holds.
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Lemma 3.7. For each scenario in Definitions 3.2–3.3, the probing rule Ti(x) in Table 3.1 satisfies

Assumption 3.5 with the stated accuracy parameter B.

Proof. We treat each scenario in turn.

(i) Majority-good. Fix any x with ∥x∥ ≤ R. Write the peer deviations uj := ⟨x, θ0j ⟩ − ⟨x, θ⋆⟩.

If strictly more than half of the peers satisfy ∥θ0j − θ⋆∥ ≤ r, then at least half of the {uj} lie in

[−Rr,Rr], so the median obeys |ỹ(x)− ⟨x, θ⋆⟩| ≤ Rr and hence

(ỹ−y)2 =
(
ỹ−⟨x, θ⋆⟩+⟨x, θ⋆⟩−y

)2 ≤ 2 (ỹ−⟨x, θ⋆⟩)2 + 2 (⟨x, θ⋆⟩−y)2 ≤ 2R2r2 + 2 (⟨x, θ⋆⟩−y)2.

Taking expectation over (x, y) ∼ P yields E[(ỹ − y)2] ≤ 2R2r2 + 2 E[(⟨x, θ⋆⟩ − y)2] = 2R2r2 + 2ϵ.

(ii) Market-leader. Here ỹ(x) = x⊤θj∗ and by assumption E
[
(ỹ− y)2

]
= E

[
(x⊤θj∗ − y)2

]
≤ ξ,

which directly verifies Accurate Probing with B = ξ.

(iii) Partial knowledge. Fix any x with ∥x∥ ≤ R. The probing rule Ti(x) = G uses median

aggregation over the subset G ⊆ [m]\{i}. Write the peer deviations for j ∈ G: uj := ⟨x, θ0j ⟩−⟨x, θ⋆⟩.

Since all learners in G satisfy ∥θ0j − θ⋆∥ ≤ r, all deviations {uj}j∈G lie in [−Rr,Rr]. Because

|G| > (m− 1)/2, the set G contains more than half of the peers (excluding i), and thus the median

over G obeys |ỹ(x)− ⟨x, θ⋆⟩| ≤ Rr. The remainder of the proof follows identically to case (i):

(ỹ − y)2 ≤ 2R2r2 + 2 (⟨x, θ⋆⟩ − y)2.

Taking expectation over (x, y) ∼ P yields E[(ỹ − y)2] ≤ 2R2r2 + 2ϵ.

(iv) Preference-aware. By the probing rule Ti(x) = {π(x)}, we have ỹ(x) = x⊤θ̄π(x), so

E
[
(ỹ − y)2

]
=

m∑
i=1

αi E(x,y)∼Pi

[
(y − x⊤θ̄i)2

]
.

By optimality of θ̄i for the ERM objective on Pi, for every i and any θ (in particular θ⋆),

EPi

[
(y − x⊤θ̄i)2

]
≤ EPi

[
(y − x⊤θ⋆)2

]
.
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Summing over i with weights αi gives

E
[
(ỹ − y)2

]
≤

m∑
i=1

αi EPi

[
(y − x⊤θ⋆)2

]
= ϵ.

3.4.4 Performance Guarantees

We now characterize the full-population risk of MSGD-P stationary points for the squared loss.

Theorem 3.8. Let Assumptions 3.1 - 3.5 hold. For any κ ∈ (0, 1), with probability at least 1− κ,

every stationary point Θ̃ of MSGD-P satisfies, for each probing learner i:

R(θ̃i) ≤ O
((p+ 1

p

)
ϵ+B + λ∥θ⋆∥2

+
(p+ 1)Cgen

pλ

√
log(1/κ)

n

)
.

where Cgen depends on R, Ymax, ∥θ⋆∥, maxj ̸=i ∥θ0j∥, with explicit form in the Appendix.

The four terms admit natural interpretations: (i) p+1
p ϵ is the irreducible Bayes error, scaled by

the ratio of total to probing gradient weight; (ii) B is the probing bias from pseudo-label inaccuracy

(see Table 3.1); (iii) λ∥θ⋆∥2 is the regularization bias; and (iv) the final term captures finite-sample

generalization error from n probing queries.

The regularization parameter λ exhibits a classical bias-variance tradeoff. Larger λ increases

the regularization bias (λ∥θ⋆∥2) but improves generalization by keeping parameter norms bounded,

reducing the O(1/
√
λn) term. Conversely, smaller λ reduces bias but worsens the generalization

bound.

Corollary 3.9. Let Assumptions 3.1–3.5 hold. Fix λ = ϵ/∥θ⋆∥2 and any κ ∈ (0, 1). Define M0 :=

maxj ̸=i ∥θ0j∥. Then, if there are sufficiently many probing samples n ≥ n(p, κ, ϵ, R, Ymax,M0, ∥θ⋆∥),

then with probability at least 1− κ, every stationary point Θ̃ of MSGD-P satisfies, for each probing

learner i,

R(θ̃i) ≤ O

((p+ 1

p

)
ϵ+B

)
.
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Hence, probing breaks the information barrier created by user-choice dynamics. While Theo-

rem 3.3 shows that the risk of a learner under MSGD may be arbitrarily worse than ϵ, the bound

above presents a ceiling on the risk of any probing learner for sufficiently large n.

See Appendix B.3 for the explicit sample complexity n and proof. We note that this sample

complexity bound is not tight in n: we show in Figure 3.8 that strong empirical recovery can occur

with very small probing datasets.

Remark 3.10 (Cross-entropy loss). An analogous performance guarantee holds for cross-entropy loss;

see Assumption B.1 and Appendix B.4 for the bound, and Table B.1 for the corresponding accuracy

parameters.

3.5 Numerical Experiments

Figure 3.2: MSGD full-population performance with random initialization (Preference-
aware scenario). Left: Census test accuracy. Mid: Amazon sentiment test accuracy Right:
MovieLens test loss. The dashed black line represents the performance of a baseline θ∗ trained on the
full dataset, and error bars depict standard error. In all cases, the hyperparameters (τ = 0.3, λ = 10−3)
are used.

We evaluate our approach on three real-world datasets: MovieLens-10M, the ACS Employment

dataset from the US Census (Alabama, 2018), and the Amazon Reviews 2023 corpus.

MovieLens-10M [45]. This dataset contains 10 million movie ratings from 70k users across 10k

movies, providing a natural testbed for multi-learner competition in recommendation. Following

Bose et al. [13] and Su and Dean [98], we extract d = 16 dimensional user embeddings via matrix

factorization and retain ratings for the top 200 most-rated movies, yielding a population of 69,474

users. Each user’s data consists of z = (x, r) where x ∈ Rd is the embedding and r contains their
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Figure 3.3: Effect of probing on full-population performance when initialized at Θ̄
(Preference-aware scenario). Left: Census final accuracy vs probing weight p. Mid: Amazon
sentiment final accuracy vs probing weight p Right: MovieLens final loss vs p. In all cases, the green
learner is the probing learner, and error bars depict standard error. Here we use (τ = 0.7, λ = 10−3).

ratings. Let Ωx denote the set of movies rated by user x with |Ωx| movies. Each learner fits a linear

model θ ∈ Rd×200 using squared loss:

ℓ(z; θ) =
1

|Ωx|
∑
i∈Ωx

(θ⊤i x− ri)2.

ACS Employment [32]. We use the ACSEmployment task from folktables, where the goal is to

predict employment status from demographic features. The population consists of 38,221 individuals

from the 2018 Alabama census (ages 16–90), with d = 16 features describing age, education, marital

status, etc. Each user’s data is z = (x, y) where x ∈ Rd (standardized to zero mean, unit variance)

and y ∈ {0, 1}. Each learner uses logistic regression:

ℓ(z; θ) = −y log(σ(θ⊤x))− (1− y) log(1− σ(θ⊤x)),

where σ is the sigmoid function. The model predicts ŷ = 1[θ⊤x > 0].

Amazon Reviews 2023. We use the McAuley-Lab/Amazon-Reviews-2023 corpus (via Hugging-

Face), constructing a binary sentiment task from review text and star ratings. We sample up to

30,000 reviews from nine product categories and define labels by y = 1[rating ≥ 4] (so 1–3 stars

are negative, 4–5 stars are positive). Features are d = 384 dimensional sentence embeddings of the

review text produced by all-MiniLM-L6-v2, with a stratified 95/5 train-test split. Each learner

uses the same logistic regression setup as Census.
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Parameter Description Census MovieLens Amazon

m Number of learners 5 9
T Total rounds 4000 20000
λ L2 regularization 10−3

n Offline probe dataset size 100

Table 3.2: Hyperparameters by dataset. Shared values are merged across columns.

User Preferences. For Census and MovieLens, we simulate a market with m = 5 learners and

model inherent user preferences π(z) via K-means clustering (K = 5) on user features, assigning each

user’s preferred platform based on their cluster membership. For Amazon, we use category-based

partitions (m = 9 learners, one per product category): each review is assigned to its category group,

and this group index induces the preference partition {Si}mi=1. In all cases, the partition captures

the intuition that users from different demographic or behavioral segments may have systematic

affinities for different platforms. Dataset-specific hyperparameters are summarized in Table 3.2.

3.5.1 Experimental Results

We first present results for the preference-aware scenario from Definition 3.3, then show that

qualitatively similar findings hold in the other scenarios from Definition 3.2.

Experiment 1: MSGD converges to equilibria with poor global performance. Our first

set of experiments validates Theorem 3.3, which establishes that MSGD can converge to poor global

performance. Figure 3.2 shows the full-population performance trajectories of individual learners on

both datasets without probing (p = 0) over T = 4000 rounds.

The results reveal large overspecialization gaps relative to the dashed black baseline in Figure 3.2.

On Census (left), overspecialized learners remain roughly 20–30 percentage points below this baseline

(e.g., about 47% and 50%). On MovieLens (right), the worst-performing learner converges above 6.0

MSE, remaining more than two loss units above the baseline.

This phenomenon is not unique to the preference-aware scenario. We replicate this experiment

in the two globally-good settings from Definition 3.2: market-leader and majority-good. As in the

preference-aware case, standard MSGD without probing (p = 0, τ = 0.3) converges to equilibria with

large full-population gaps to the dashed black baseline (Figures 3.4 and 3.5). In the market-leader

setting (Figure 3.4), the most overspecialized learner is about 0.32 below baseline on Census (≈ 0.47
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vs ≈ 0.79), and more than 2.6 MSE above baseline on MovieLens (> 5.6 vs ≈ 2.95). In the

majority-good setting (Figure 3.5), two learners remain overspecialized with sizable baseline gaps

(Census around 0.22–0.25 below baseline; MovieLens around 2.0–2.9 above baseline).

Figure 3.4: MSGD full-population performance with random initialization (Market-leader
scenario). Left: Census test accuracy. Right: MovieLens test loss. Here τ = 0.3.

Figure 3.5: MSGD full-population performance with random initialization (Majority
good scenario). Left: Census test accuracy. Right: MovieLens test loss. Here τ = 0.3.

Experiment 2: Peer Model Probing Mitigates Overspecialization. We now demonstrate

that Algorithm 6 with peer model probing substantially mitigates the overspecialization problem.

Figure 3.3 shows learner performance as a function of probing weight p ∈ [0, 0.8] with n = 100 probe
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queries in the offline phase of Algorithm 6; here, learner 2 (indicated by triangle markers) uses

preference-aware probing while other learners use standard MSGD.

On Census (left), Learner 2’s accuracy improves from approximately 60% at p = 0 to 78%

at p = 0.8, shrinking its baseline gap from roughly 18 percentage points to about 1 percentage

point. The improvement is monotonic in p: even modest probing (p = 0.2) yields noticeable

gains. On MovieLens (right), the effect is equally pronounced: Learner 2’s MSE loss decreases from

approximately 6.2 to 3.5, reducing its baseline gap from several loss units to well under one. In

Figure 3.9, we show this result is qualitatively unchanged under noisy probing-source selection (see

Expt 4 below). We also evaluate simultaneous probing by multiple learners in Figure 3.10 (see

Expt 5 below).

The same pattern holds in the other scenarios. In the market-leader scenario, Learner 4 probes

the known leader (Learner 1), and its final Census accuracy improves from about 0.55 to about 0.75,

while its MovieLens loss drops from about 5.1 to about 3.1 as p increases (Figure 3.6). Relative to

the dashed baseline, this closes most of the initial gap (roughly from 0.24 to 0.04 on Census, and

from about 2.2 to about 0.1 on MovieLens). In the majority-good scenario, where Learner 4 probes

via median aggregation over all peers, we observe a similar pattern: Census accuracy rises from

about 0.52 to about 0.77, and MovieLens loss decreases from about 4.7 to about 3.1 (Figure 3.7).

This again closes a large fraction of the baseline gap (roughly from 0.27 to 0.02 on Census, and from

about 1.7 to about 0.1 on MovieLens). Well-performing learners change only modestly, indicating

that probing primarily benefits the underperforming learner and mitigates overspecialization.

Experiment 3: How much probing data is needed? Figure 3.8 studies sample efficiency

by sweeping the probing dataset size n on Census, averaged over 10 random seeds. We observe

substantial gains even with very small probing sets: for the probing learner with p ∈ {0.5, 1.0}, final

accuracy rises from about 0.68 at n = 5 to about 0.78 by n = 50, and then saturates near 0.79 at

n = 100; this is a tiny fraction of the full dataset size of 38, 221 examples. As n increases, mean

performance improves and variability across runs decreases, consistent with the finite-sample term

in Theorem 3.8 scaling as 1/
√
n.
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Figure 3.6: Effect of probing on full-population performance (Market-leader scenario).
Left: Final accuracy vs probing weight p on Census. Right: MovieLens final loss vs p. The triangle
markers indicate Learner 4 probes the market leader, learner 1. Here τ = 0.7.

Figure 3.7: Effect of probing on full-population performance (Majority Good Scenario).
Left: Final accuracy vs probing weight p on Census. Right: MovieLens final loss vs p. Triangle
markers indicate Learner 4 is probing via median aggregation over all peers. Here τ = 0.7.
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Figure 3.8: Performance of probing learner on census as a function of n. Error bars show
one standard deviation over 10 random seeds.

Figure 3.9: Effect of probing-noise on full-population performance (Preference-aware
scenario). Left: Census final accuracy vs probing weight p. Mid: Amazon sentiment final accuracy
vs probing weight p. Right: MovieLens final loss vs p. In all cases, the green learner is the probing
learner.

Experiment 4: Impact of noise in selection of probed labels. We test robustness to

noisy probing-source selection. For each probe query x, the probing learner queries π(x) with

probability 1− κ, and with probability κ it queries a random other learner. Across Census, Amazon,

and MovieLens (Figure 3.9), increasing κ causes only mild changes in the probing learner’s final

performance relative to the low-noise case, while preserving strong gains from probing. Thus, the

method is robust to imperfect estimates of the ranking function.

Experiment 5: What happens when multiple learners probe? We also evaluate a preference-

aware setting where multiple learners probe simultaneously. In Figure 3.10, the triangle-marked

learners (Learners 2 and 3) both probe while the dashed black line indicates the full-data baseline.

As p increases, Learner 2 improves from about 0.60 to about 0.78, and Learner 3 improves from

about 0.66 to about 0.79. Equivalently, their baseline gaps shrink from roughly 0.19 and 0.13 at
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Figure 3.10: Effect of probing on full-population performance when multiple learners
probe (Preference-aware scenario). Census final accuracy vs probing weight p. Triangle markers
indicate the probing learners (Learners 2 and 3). The dashed black line denotes the full-data baseline.

p = 0 to about 0.01 and near zero at p = 0.8. The non-probing learners move only slightly, indicating

that simultaneous probing remains stable and still helps underperforming learners recover most of

the overspecialization gap.

71



Chapter 4

Conclusion

Machine learning systems increasingly obtain data through interaction with an environment, users,

and other learners, rather than by sampling from a fixed distribution. This interactivity makes the

learner’s information environment endogenous: its actions create feedback loops that shape the data

it will see in the future. This dissertation developed principled algorithms with provable guarantees

for two distinct channels through which such endogeneity arises.

Chapter 2: Online Optimization beyond Submodularity. Chapter 2 extended online

combinatorial optimization in the Gaussian Process contextual bandit framework to objective

functions that go beyond submodularity. For BP functions (sums of a monotone submodular and a

monotone supermodular component) and for weakly submodular functions, the MNN-UCB algorithm

achieves sublinear α-regret under monolithic feedback. When separate feedback is available for the

submodular and supermodular components, a distorted greedy variant obtains stronger guarantees

with an improved approximation ratio. Nyström sketching reduces the per-iteration computational

cost while preserving the asymptotic regret bounds. The robustness analysis of the offline greedy

algorithm to approximate selections, which underpins the online results, is of independent interest.

Beyond the theoretical contributions, Appendix A.2 compares the proposed BP formulation with

purely submodular models for recommendation systems and active learning, illustrating the practical

value of capturing both diminishing and increasing returns. In recommendation systems, explicitly

modeling complementary preferences could help systems better balance user satisfaction against

the tendency to over-optimize for engagement. In active learning, BP objectives offer additional
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flexibility in expressing and balancing multiple goals when selecting training subsets.

Chapter 3: Choice-Driven Learning and Peer Probing. Chapter 3 showed that standard

multi-learner streaming gradient descent (MSGD) in competitive ML markets converges to over-

specialized equilibria where learners achieve low loss on their observed users but arbitrarily poor

full-population performance, even when models with low global risk exist. Peer model probing

(MSGD-P), inspired by knowledge distillation, provably mitigates this failure: learners augment

organic gradients with pseudo-labeled queries to peer models and converge to stationary points of

a modified potential with bounded full-population risk. Four identifiable informational conditions

(majority-good, market-leader, partial knowledge, and preference-aware) each yield concrete accuracy

bounds on the probing pseudo-labels, and experiments on MovieLens, US Census, and Amazon

Reviews validate the theoretical findings.

The Broader Lesson. The two chapters address different domains, combinatorial set optimization

and multi-learner market dynamics, but share a common structural motif: in both, the learner

is embedded in an interactive process, and the interaction makes its information environment

endogenous. Past item selections determine future marginal gains in Chapter 2; current model

quality determines which users provide data in Chapter 3. Standard algorithms that ignore this

endogeneity produce poor outcomes: purely submodular UCB methods miss complementary value,

and standard MSGD falls into the overspecialization trap. In both cases, the fix is to enrich the

learning problem itself, through richer function classes (BP, weakly submodular) or richer data

sources (peer probing), and the enriched formulations admit algorithms with provable guarantees.

4.1 Immediate Open Questions

Computational scalability of GP methods. Gaussian process model updates remain com-

putationally expensive. Although the Nyström approximation reduces the per-iteration cost to

O(T |GT |2), this may still be prohibitive for some large-scale applications. Alternative uncertainty

quantification techniques, such as the bootstrap or simpler heuristics that balance promising and

underexplored regions of the input space, may be viable replacements in practice.
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Richer decomposable forms. The additive BP decomposition is adopted in Chapter 2 for its

analytical tractability, but other decomposable forms (e.g., quotients or products of submodular and

supermodular functions) may extend the approach. The curvature-based bounds are independent of

the relative magnitudes of the submodular and supermodular components, which matter in practice;

developing guarantees that incorporate this would be valuable.

User choice models. The experiments in Chapter 3 simulate user preferences via K-means

clustering; richer choice models (e.g., multinomial logit with heterogeneous coefficients) merit

exploration.

Beyond convexity and linearity. The theory in Chapter 3 is restricted to convex losses with

linear predictors; extending to non-convex settings with deep networks is an important open direction,

particularly for large language model services where peer probing is already standard practice.

4.2 Longer Term Directions

Recent developments in machine learning are leading to the emergence and prevalence of many

different types of multi-agent ecosystems, each of which is provoking new directions of research.

Here, we consider some of these ecosystems and the types of open questions that they raise. These

ecosystems differ along several axes: (1) who are the learning agents (firms v/s LLMs) (2) how are

the utilities of the agents related (co-operative v/s competitive) (3) what is the information-sharing

protocol between the agents (centralized v/s decentralized). In both chapters in this thesis, we

considered firms as the learning agents. In the first two paragraphs below, we will consider remaining

open questions in this setting. Recently, with the advent of LLM agents [97], there is a proliferation

of autonomous agents, each of which learns via in-context learning. The third and fourth paragraphs

consider open questions that arise in these ecosystems.

Competing learning systems and synthetic data ecosystems. Chapter 3 formalizes m

learners with models θi competing for users z ∼ P, where user choice depends on predictive quality

and inherent preference πi(z), and analyzes peer probing as a one-shot (offline) procedure. In practice,

this setting is already realized in the language model service market: multiple providers compete for

74



users who choose based on quality and preference, and each provider’s training data is shaped by who

chooses to use it [26]. Models increasingly train on each other’s outputs via distillation [24, 49, 101],

coupling the data distributions of multiple learners. Three extensions are open. First, when learners

continuously distill from adapting peers rather than probing once, the target distribution shifts

as peers update. This connects to model collapse [95], but in a competitive multi-agent setting

the dynamics may differ: learners may oscillate between imitation and differentiation rather than

degrade monotonically. Second, the thesis assumes peer models respond honestly to probing queries.

When learners can choose what to reveal or actively mislead, probing becomes a strategic interaction;

characterizing the equilibria of such a probing game connects to mechanism design and information

design.

Platform ecosystems with strategic supply. The thesis models platforms and users, but real

platforms also face strategic content creators who respond to algorithmic incentives, adding a third

source of endogeneity. The platform deploys a recommendation policy π. Users choose content based

on π and their preferences. Creators produce content by solving their own optimization problem

(roughly maxc ucreator(c; π), where creator utility depends on exposure and engagement under

π), and the platform observes the resulting engagement and updates π, closing a three-way loop:

π → (user behavior, creator behavior)→ data→ π′. Jagadeesan et al. [55] show that at equilibrium,

creators specialize to serve distinct user niches, but the equilibrium structure depends heavily on

the recommendation algorithm. On the demand side, Cen et al. [18] find that nearly half of users

report strategically adapting their behavior to shape future recommendations (for instance, ignoring

content they like to avoid over-recommendation). Three questions follow. First, existing theory

(performative prediction, the thesis’s multi-learner model) captures platform–user interaction but

not the supply side; extending endogenous data models to account for strategic content production

is open. Second, creators adapt on slower timescales than users (producing content takes longer than

clicking); how multi-timescale dynamics affect equilibrium characterization and algorithm design is

an open modeling question.

Centralized routing and specialist training. In LLM routing systems, a central router

r : X → [m] directs each query to one of m specialist models [79]. Unlike the thesis’s decentralized
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setting, where users choose independently, data allocation is controlled by a single meta-learner. Let

Di(r) = {x : r(x) = i} be the data assigned to specialist i. Each specialist trains on Di(r); the router

optimizes assignment to maximize aggregate quality. This is a bilevel optimization where routing and

training are coupled. An immediate question is whether greedy routing, always sending queries to the

current best specialist, causes weaker specialists to lose data and degrade, a centralized analog of the

overspecialization trap. The router also faces an exploration–exploitation tradeoff: exploit the best

current specialist, or route some queries to weaker specialists so they can improve. This resembles

a bandit problem, but the arms (specialists) are non-stationary because they are simultaneously

learning from the routed data. Related work on multi-agent coordination has studied how agents can

learn to cooperate through social influence signals [59] and through interaction with generative agent

models [68]; whether similar cooperative mechanisms can improve specialist coordination in routing

systems is an open question. More broadly, under what conditions do centralized (router-controlled)

and decentralized (user-choice) allocation produce the same equilibria, and when does centralized

control avoid the overspecialization trap?

Multi-agent alignment risks in autonomous systems. The deployment of multiple au-

tonomous AI agents in shared environments, such as coding agents on a shared codebase, LLM

agents in market settings, or multiple agents interacting with overlapping user populations, creates

multi-agent systems whose risks go beyond single-agent alignment. Hammond et al. [43] provide a

taxonomy of these risks, identifying three failure modes: miscoordination (agents fail to align their

actions), conflict (agents pursue incompatible objectives), and collusion (agents coordinate against

the interests of principals or society). These failure modes are underpinned by endogenous informa-

tion structures. Each agent’s actions shape the shared state, which determines what every agent

observes next. Recent simulation studies show that these risks are not hypothetical. Fish et al. [35]

find that LLM-based pricing agents in oligopoly settings autonomously converge to supracompetitive

prices without explicit coordination, reaching up to 200% of the Nash equilibrium price. Motwani

et al. [74] demonstrate that LLM agents can employ steganographic methods to coordinate covertly,

evading monitoring.

A broad concern with the simulation studies is that it is difficult to distinguish between phenomena

that are restricted to the specific simulation settings considered in each paper and those that are
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of more general interest. This is a place that theoretical contributions can be valuable to identify

general phenomena. Directions that remain open and exciting include:

1. Can we theoretically characterize when the coupled dynamics studied in the above simulation-

based studies converge to coordinated versus miscoordinated equilibria? The thesis’s stochastic

approximation analysis of multi-learner dynamics (Chapter 3) provides a starting point, but

the sequential-action setting with partial observability introduces new challenges.

2. These LLM agents learn via in-context learning, and persistent memory systems; these differ

significantly from the gradient updates considered in Chapter 3. There are theoretical works

that relate these learning dynamics to those of gradient descent [103] in the single-agent setting.

Can these be extended to understand the multi-agent consequences?

3. There is also a need for developing richer simulation setups that capture the essence of the

practical systems in which these models will be deployed. For instance, can we deploy these

agents in real-world ecosystems and observe consequences? For such work, it will be important

to manage the tradeoff between maintaining safety in real-world deployments and the richness

of the simulation setup, and to develop new methodologies to control for confounding factors

in these more realistic setups.
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Appendix A

Appendix for Chapter 2

A.1 Table of Notation

Notation Description

V Ground set of items
m Number of set functions
hq q-th set function, q ∈ [m]
ut Index of arrived function at time t
ϕut Context vector for function hut at time t
vt Item selected at time t
Sk,q Items selected for function hq up to time k
yt Noisy marginal gain feedback at time t

yf,t, yg,t Separate submodular and supermodular feedback at time t
S∗
q Optimal set for function hq
Tq Number of items selected for function hq by time T

κf , κ
g Submodular and supermodular curvatures

γ, ζ Submodularity ratio and generalized curvature
RBP(T ),RWS(T ) Regret for BP and WS functions

RBP,2(T ) Regret for BP functions with separate feedback
∆(ϕ, S, v) Marginal gain of adding v to S for context ϕ

K Reproducing kernel Hilbert space (RKHS)
B Bound on RKHS norm of ∆
Gt Nyström set at time t
βt Exploration-exploitation tradeoff parameter

deff(λ, T ) Effective dimension
l1, l2 Modular lower bounds for f and g
f1, g1 Totally normalized f and g
πj(v|A) Distorted marginal gain for selecting v given A at step j

Table A.1: Table of key notation used in this chapter.
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Figure A.1: Greedy algorithm selection on submodular (second panel) and BP (third panel) objectives
for subset selection of 100 points of training data from a ground set of 400 points. The first panel
depicts the entire training (ground) set. The details are provided in Section A.6.

A.2 Applications and Role of MNN functions

In this section, we present two examples that illustrate the modeling power of BP functions for

different applications and compare this approach with common approaches from the literature.

A.2.1 Active Learning

From Figure A.1, we see that the BP function (third panel) results in the selection of complementary

points near the decision boundary—i.e., points of opposite class that are proximal. It is impossible

to choose a submodular function that encourages this type of desirable cooperative behavior due to

the diminishing-returns property.

Comparison with approaches for Pool-based Active Learning In their survey paper, [93]

compare submodularity-based approaches with other approaches for active learning. The main

benefit of framing the active learning problem as submodular is that the greedy algorithm can

be employed, which is much less computationally expensive than other common active learning

approaches. While submodularity has been shown to be relevant to active learning [41, 51, 106], [93]

remark that in general, the active learning problem cannot be framed as submodular.

In our paper, by extending the classes of functions that can be optimized online, we take a

step towards addressing this limitation of submodularity. Further, an open question outlined in

[93] is that of multi-task active learning, which has not been explored extensively in previous work.
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However, our formulation in Vignette 2.2 naturally extends to this multi-task setting.

A.2.2 Recommendation Systems

In Table A.2, the BP function enables the desirable selection of movies from the same series in the

correct order. As above, it is impossible to design a submodular utility function that encourages this

type of behavior.

Comparison with approaches for online recommendation For recommender systems, the

dependencies between past and future recommendations may be modeled through a changing

“state variable," leading to adopting reinforcement learning (RL) solutions [2]. These have been

tremendously effective at maximizing engagement; however, [61] highlight that a key oversight of

these approaches is that the click and scroll-time data that platforms observe is not representative

of the users’ actual utilities: “research has demonstrated that we often make choices in the moment

that are inconsistent with what we actually want." Hence, Kleinberg et al. advocate to encode

diminishing returns of addictive but superficial content into the model, in the manner that we do

with submodular functions. Further, RL systems are incentivized to manipulate users’ behavior

[50, 108], mood [62] and preferences [33]; this inspires the use of principled mathematical techniques,

as in the present work, to design systems to behave as we want rather than simply following the

trail of the unreliable observed data.
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SM Objective BP Objective
0 Lion King, The Godfather, The
1 Speed Godfather: Part II, The
2 Godfather, The Godfather: Part III, The
3 Godfather: Part II, The Star Wars: Episode I
4 Terminator, The Memento
5 Good Will Hunting Harry Potter I
6 Memento Star Wars: Episode II
7 Harry Potter I Harry Potter: II
8 Dark Knight, The Star Wars: Episode III
9 Inception Dark Knight, The

Table A.2: Comparison of the selections of the greedy algorithm on submodular and BP objectives
for movie recommendation, on a toy ground set of 23 movies from the MovieLens dataset. The
submodular objective is the facility location objective, chosen from [20]. In the BP objective, there
is an additional reward at each step for choosing a movie that is complementary with previously
selected movies; this results the desirable joint selection of groups of movies from the same
series. The task is formalized mathematically in Section 3.5, and experimental details are provided
in the supplement.

A.3 A simple approach to guarantee low regret: Why it is too weak

In this section, we provide an alternate proof for the approximation ratio that the greedy algorithm

obtains on a BP function in the offline setting. The robustness of this proof can be very simply

studied, in a manner similar to [20]. However, the approximation ratio obtained is worse than that

of [5]; hence, the regret guarantee in the online setting would be provided against a weak baseline.

This motivates why we revisit the proof from [5]. Just for this section, we use simpler notation h for

the BP function and k for the cardinality constraint, since we are presenting the argument for the

offline setting.

Proposition A.1. For a BP maximization problem subject to a cardinality constraint, maxS:|S|≤k h(S)

where h(S) = f(S) + g(S), the greedy algorithm obtains the following guarantee:

h(S) ≥ (1− e−(1−κg))h(S∗),

where S∗ = {v∗1, . . . , v∗k} = argmaxS:|S|≤k h(S) and κg is the curvature of the supermodular function

g.
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Lion King, The Good Will Hunting
Speed Godfather: Part III, The
True Lies Star Wars: Episode I - The Phantom Menace
Aladdin Gladiator
Dances with Wolves Memento
Batman Shrek
Godfather, The Harry Potter I: The Sorcerer’s Stone
Godfather: Part II, The Star Wars: Episode II - Attack of the Clones
Terminator, The Harry Potter II: The Chamber of Secrets
Indiana Jones and the Last Crusade Star Wars: Episode III - Revenge of the Sith
Men in Black Dark Knight, The

Inception

Table A.3: Ground set for Table A.2

Proof. For t < k, let St = {v1, . . . , vt} be the items chosen by the greedy algorithm. We can write:

h(S∗) ≤ h(S∗ ∪ St)

= h(St) +
k∑

j=1

h(v∗j |St ∪ {v∗1, . . . , v∗j−1})

≤ h(St) +
1

1− κg
k∑

j=1

h(v∗j |St)

≤ h(St) +
1

1− κg
k∑

j=1

h(vt+1|St)

= h(St) +
k

1− κg
(
h(St+1)− h(St)

)
,

where the first inequality uses Lemma C.1.(ii) of [5] and the second inequality is due to the update

rule of the greedy algorithm. Rearranging the terms, we can write:

h(S∗)− h(St) ≤
k

1− κg
(
[h(S∗)− h(St)]− [h(S∗)− h(St+1)]

)
h(S∗)− h(St+1) ≤ (1− 1− κg

k
)(h(S∗)− h(St))

Applying the above inequality recursively for t = 0, . . . , k − 1, we have:

h(S∗)− h(S) ≤ (1− 1− κg

k
)k(h(S∗)− h(∅)︸︷︷︸

=0

)
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Using the inequality 1− x ≤ e−x and rearranging the terms, we have:

h(S) ≥ (1− e−(1−κg))h(S∗)

If κf = 1, this approximation ratio matches the obtained approximation ratio for the greedy algorithm

in Theorem 3.7 of [5] without the need to change the original proof of the greedy algorithm.

A.4 Proofs from Section 2.4

A.4.1 Approximate Greedy on BP Functions

This section contains the supporting technical lemmas for the proofs of Lemmas 2.1 and 2.2 (whose

main proofs appear in Section 2.4.1).

Notation We use St to refer to the ordered set of elements chosen for function h until round t, and

S to refer to the ordered final set of items chosen for function h until round T . Hence, Sj refers to the

first j elements chosen for h. Let sj be the jth element of S. Then, we define aj = h(sj |{s1 . . . sj−1})

be the gain of the jth element chosen.

Recall that S is an ordered set. We let C ⊆ [k] denote the indices (in increasing order) of

elements in S that are also in S∗. For instance, for S = {s1 . . . s5} and S ∩ S∗ = {s1, s2, s3}, we

have C = {1, 2, 3}. Hence, j ∈ C ⇐⇒ sj ∈ S ∩ S∗. Further, define filtered sets Ct = {c ∈ C|c ≤ t}

as the subset of the first tth elements of S that are also in the optimal S∗.

The lemma below is a modified version of Equation (19) in [5], which accounts for the deviation

of our algorithm from the greedy policy.

Lemma A.2. Using the notation above and for S as chosen by the approximate greedy procedure, it

follows that ∀t ∈ [k],

h(S∗) ≤ κf
∑

j∈[t−1]\Ct−1

(aj + rj) +
∑

j∈Ct−1

(aj + rj) +
k − |Ct−1|
1− κg

(at + rt)

Proof of Lemma A.2. By the properties of BP functions from Lemma C.2 in [5], it follows for all
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t ∈ [k] that

h(S∗) ≤ κf
∑

j∈[t−1]\C

aj +
∑

j∈Ct−1

aj + h(S∗ \ St−1|St−1) (A.1)

≤ κf
∑

j∈[t−1]\C

(aj + rj) +
∑
j∈C

(aj + rj) + h(S∗ \ St−1|St−1) (A.2)

The inequality above follows because the coefficients on the first two summations are positive and

rj ≥ 0. Now, we must simplify the third term to obtain the desired. For any feasible v,

h(v|St−1) ≤ sup
v
h(v|St−1) ≤ h(st|St−1) + rt. (A.3)

The first inequality follows from the definition of sup and the second follows from the definition

of rt in the proof of Theorem 2.4 above. Now, apply inequality (iv) from Lemma C.1 in [5]:

h(S∗ \ St−1|St−1) ≤
1

1− κg
∑

v∈S∗\St−1

h(v|St−1)

≤ 1

1− κg
∑

v∈S∗\St−1

h(st|St−1) + rt

The second line follows from Equation (A.3).

We have that

|S∗ \ St−1| = |S∗| − |S∗ ∩ St−1| = k − |S∗ ∩ St−1|.

Hence,

h(S∗ \ St−1|St−1) ≤
k − |S∗ ∩ St−1|

1− κg
[h(st|St−1) + rt]

Recognizing that |S∗ ∩ St−1| = |Ct−1| completes the argument.

A.4.2 Approximate Greedy on WS Functions

Define S, sj , aj , C as in the proof for BP functions. The proof of Lemma 2.2 appears in Section 2.4.1.

Below, we present the supporting technical lemma for the WS case, analogous to Lemma A.2. The

proof for Lemma A.3 is different than Lemma A.2 due to the change in the class of functions being
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considered. The similarity of the two proofs suggests the generality of our proof technique and

indicates that it may be analogously applied to other classes of functions as well.

The lemma below is a modified version of Lemma 1 in [11].

Lemma A.3. Using the notation above and for S as chosen by the approximate greedy procedure, it

follows that ∀t ∈ {0 . . . k − 1},

h(S∗) ≤ ζ
∑

j∈[t]\Ct

(aj + rj) +
∑
j∈Ct

(aj + rj) +
1

γ
(k − |Ct|) (at+1 + rt+1)

Proof of Lemma A.3. The proof follows from the definitions of generalized curvature, submodularity

ratio, and instantaneous regret rt.

h(S∗ ∪ St) = h(S∗) +
∑
j∈[t]

h(sj |S∗ ∪ Sj−1)

We can split the summation above to separately consider the elements from St that do and do

not overlap with S∗.

h(S∗ ∪ St) = h(S∗) +
∑

j:sj∈St\S∗

h(sj |S∗ ∪ Sj−1) +
∑

j:sj∈St∩S∗

h(sj |S∗ ∪ Sj−1)︸ ︷︷ ︸
=0

= h(S∗) +
∑

j:sj∈St\S∗

h(sj |S∗ ∪ Sj−1) (A.4)

From the definition of submodularity ratio,

h(S∗ ∪ St) ≤ h(S∗) +
1

γ

∑
ω∈S∗\St

h(ω|St) (A.5)

From the definition of generalized curvature, it follows that

∑
j:sj∈St\S∗

h(sj |S∗ ∪ Sj−1) ≥ (1− ζ)
∑

j:sj∈St\S∗

h(sj |Sj−1)

= (1− ζ)
∑

j:sj∈St\S∗

aj+1 (A.6)

95



Then, plugging the inequalities (A.5) and (A.6) into (A.4),

h(S∗) = h(S∗ ∪ St)−
∑

j:sj∈St\S∗

h(sj |S∗ ∪ Sj−1)

≤

h(S) + 1

γ

∑
ω∈S∗\S

h(ω|S)

+

ζ ∑
j:sj∈St\S∗

aj+1 −
∑

j:sj∈St\S∗

aj+1

 (A.7)

Now, we can rearrange and write

h(S)−
∑

j:sj∈St\S∗

aj+1 =
∑

j:sj∈St∩S∗

aj+1

to simplify Equation (A.7) as

h(S∗) = ζ
∑

j:sj∈St\S∗

aj+1 +
1

γ

∑
ω∈S∗\S

h(ω|S) +
∑

j:sj∈St∩S∗

aj+1

≤ ζ
∑

j:sj∈St\S∗

aj+1 +
1

γ

∑
ω∈S∗\S

(at+1 + rt) +
∑

j:sj∈St∩S∗

aj+1 (A.8)

≤ ζ
∑

j:sj∈St\S∗

(aj+1 + rj) +
∑

j:sj∈St∩S∗

(aj+1 + rj) +
1

γ
(k − |Ct|)(at+1 + rt) (A.9)

Equation (A.8) follows by using the definitions of rt and supremum, and Equation (A.9) follows

since rt ≥ 0.

A.4.3 Approximate Weighted Greedy on BP Functions

We recap notation for ease of reference. Define the modular lower bound of the submodular function

l1(S) =
∑

j∈S f(j|V \{j}). Additionally, define the totally normalized submodular function as

f1(S) = f(S)−l1(S). Note that the f1 will always have curvature κf = 1. h(S) = f1(S)+g(S)+l1(S).

Now, define the function

πj(v|A) =
(
1− 1

k

)k−j−1

f1(v|A) + g(v|A) + l1(v) (A.10)

Also define

πj(A) =

(
1− 1

k

)k−j

f1(A) + g(A) + l1(A) (A.11)
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The proof of Lemma 2.3 appears in Section 2.4.2. Below, we present the supporting technical

lemmas used in that proof.

Lemma A.4.

πj(sj |Sj−1) + rj ≥
1

k

(
1− 1

k

)k−(j+1)

(f(S∗)− f(Sj) +
1

k
l(S∗)

Proof of A.4. From the definition of rj ,

πj(sj |Sj−1) + rj ≥
1

k

∑
e∈S∗

πj(e|Sj−1)

=
1

k

∑
e∈S∗

(
1− 1

k

)k−(j+1)

f1(e|Sj−1) + g1(e|Sj−1) + l(e)

≥ 1

k

(
1− 1

k

)k−(j+1)

(f1(S
∗)− f1(Sj−1)) +

1

k
l(S∗)

The inequality follows from the submodularity of f1 and the supermodular curvature of g1.

Lemma A.5. Any approximately weighted greedy procedure with constants {rj}kj=1 returns a set S

of size k such that

f1(S) + g1(S) + l(S) +

k∑
j=1

rj ≥
(
1− 1

e

)
f1(S

∗) + l(S∗)

Proof. According to the definition of π, we have that π0(∅) = 0 and

πk(S) = f1(S) + g1(S) + l(S)

Applying Lemma 4 from [70], we have
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πj+1(Sj+1)− πj(Sj)

= πj(sj+1|Sj) +
1

k

(
1− 1

k

)k−(j+1)

f1(Sj)

≥ 1

k

(
1− 1

k

)k−(j+1)

f1(S
∗) +

1

k
l(S∗)− rj+1

Above, we applied Lemma A.4 to obtain the inequality. Now, we have that

f1(S) + g1(S) + l(S) =
k−1∑
j=0

πj+1(Sj+1)− πj(Sj)

≥
k−1∑
j=0

1

k

(
1− 1

k

)k−(j+1)

f1(S
∗) +

1

k
l(S∗)− rj+1

≥
(
1− 1

e

)
f1(S

∗) + l(S∗)−
k∑

j=1

rj

A.5 Discussion and Proofs from Section 2.5 and Section 2.6

A.5.1 Remarks on hyperparameters (η, b)

Note that b refers to our budget fraction variable as it serves to limit the final size of Gt, while η

is an accuracy-computation tradeoff variable that tends to produce larger Gt’s. While η and b are

somewhat related (and are partially redundant) we utilize the “budget” and “accuracy” notion as

originally defined in [113] to be consistent with that work

A.5.2 Remarks on step size βt

From on the analysis found in Zenati et al. [113], we set

βt =
√
λB +

√
4 log(T ) + log

(
e+

et

λ

)
deff (A.12)
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Figure A.2: The dependence of effective dimension deff as on the parameter b in the RBF kernel.

which enables our regret bounds to hold where e = exp(1), λ is a hyperparameter, and B is our

RKHS norm bound.

In our empirical simulations, however, we found it much more effective to set βt to a constant

which is then tuned as a hyperparameter. In fact, Zenati et al. [113] found this to be the case in

their simulations as well.

A.5.3 Remark on role of kernel parameters on deff

Consider the RBF kernel k(x, x′) = exp(−b∥x − x′∥2). If the parameter b is very large, then the

kernel function will be very close to zero for all x ̸= x′. Hence, the kernel matrix KT will be close to

the identity matrix, and the eigenvalues will decay very slowly. Hence the effective dimension deff is

likely to be large. Our current regret bound does not capture this, because we wanted to focus on

the scaling of regret with T . However, there is a constant in front that scales as b, which effectively

changes the base of the log(T ) in the regret bound [91, Section 4.B]. In Figure A.2, we see that if

the horizon T is quite small, this effect can dominate and make the T -scaling appear almost linear.

On the other hand, if we make b very small, then the quantity B would increase; this is because

k(x, x′) being large is not very informative about the function values at x and x′. Hence, some care

is required to tune the kernel parameters correctly. This applies to other kernel functions as well.

This effect is present in prior works [63, 96, 113] as well, but these do not address it explicitly which

is why we wanted to offer some clarity about this point.
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κf

κg

Figure A.3: Contour plot of (left) F1(κf,q, κ
g
q) = min

{
1− κf,q

e , 1− κgq
}
− 1

κq,f

[
1− e−(1−κg

q)κq,f

]
and (right) F2(κf,q, κ

g
q) = min

{
1− 1

e , 1− κ
g
q

}
− 1

κq,f

[
1− e−(1−κg

q)κq,f

]
. (Left) compares the α from

Theorem 2.5 with that from Theorem 2.4, and (right) compares α from Proposition A.6 with that
from Theorem 2.4.

A.5.4 Proof of Theorem 2.4(b)

The proof appears in Section 2.5. The main contribution lies in showing Lemma A.3 (above); this

shows that the offline counterpart, Lemma 1 from [11], holds in the online setting as well.

A.5.5 Remarks on [70]

Comparison of α for greedy vs weighted Greedy. In Figure A.3, we compare the α of the

greedy optimization of the BP function in [5] with the distorted greedy variant in Equation (2.15).

In the left panel, we see that the α in Equation (2.15) is everywhere greater.

Error in [70] and proposed fix. In [70] on the bottom of Pg.188, the authors use the inequality:

∑
e∈OPT

g1(e|St) ≥ (1− κg)(g1(OPT )− g1(St))

Consider the following counterexample with |V | = 3 and k = 2 as the cardinality constraint. Define

g(S) = |S|2, which is a concave over modular function, so it is supermodular. We can verify from

definitions that κg = 0.8 and the modular lower bound l2(S) = |S|, so that g1(S) = |S|2 − |S|. For

simplicity, consider the case where t = 0, so that St = ∅. Then, plugging into the equation, we

see that the LHS is 0, whereas the RHS is 0.2× 4 = 0.8 > 0. Hence, this is a contradiction. This
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example can be easily generalized to any concave over modular function, larger ground set sizes or

different t.

We rectify this by swapping this inequality with

g1(e|St) ≥ (1− κg1)(g1(OPT)− g1(St)) = 0

The equality above holds because κg1 = 1 by construction. Hence, the g1 term disappears from the

analysis. The proof of Theorem 2.5, which incorporates this fix, appears in Section 2.6.2.

A.5.6 Analysis without Assumption (2a)

In certain applications, Assumption (2a) on lq,1 may not be reasonable. For these cases, we may

modify the algorithm slightly, and provide an alternative bound, that is slightly weaker. Consider a

modified version of Algorithm 4, where line 3 is substituted with:

Set yt = (1− 1/Tut)
Tut−(tut+1) yf,t + yg,t (A.13)

Recognize that this Algorithm does not require Assumption (2a).

Define

RBP, 3(T ) :=
m∑
q=1

min

{
1− 1

e
, 1− κgq

}
hq(S

∗
q )− hq(Sq). (A.14)

Observe from the right panel of Figure A.3 that the α in the definition above is still better than

that of [5] for most choices of κf,q, κ
g
q . Now, we can state our modified result. The proof follows

similarly to Theorem 2.5.

Proposition A.6. Let Assumption 2.1 and Assumption (2b) and Assumption (2c) hold. Additionally,

let the conditions on ϵt hold as in Theorem 2.5. Then Algorithm 4 with the modification above yields

E[RBP, 3(T )] ≤ O
(√

T
(
B
√
λdeff + deff

))
Proof of Proposition A.6. For the modified version of the algorithm described in equation (A.13),

the analysis is almost identical. Repeating the analysis of Lemma A.5 and Lemma A.4, we obtain:

fq(Sq) + gq,1(Sq) + lq,2(Sq) +

Tq∑
j=1

rmj ≥
(
1− 1

e

)
fq(S

∗
q ) + lq,2(S

∗
q )
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Then, we can follow the same arguments as in Lemma 2.3 to conclude:

fq(S) + gq(S) ≥ min

{
1− 1

e
, 1− κgq

}
hq(S

∗
q )−

Tq∑
j=1

rmj .

A.5.7 Remarks on Guess-and-double technique to replace Assumption (2c)

In this section, we provide a heuristic argument for why we expect that guess-and-double techniques

should not affect the overall regret scaling in Theorem 2.5.

In the traditional multi-armed bandit, when the time horizon T is unknown, the proposed method

of dealing with this is to start with an initial guess T̂ = 1 and then double each time the current

time step crosses our latest guess. Any parameters in the algorithm that depend on T (step size for

e.g) are set based on T̂ instead. This divides the entire horizon into phases, one for each guess T̂ .

Then, for each phase, the regret must be sublinear because this is equivalent to playing a shorter

game with known horizon. Since the regret is the accumulation of the regrets of each phase, the

overall regret must be sublinear as well.

However, in our case, the situation is more intricate because the overall regret is not expressible

as the summation of regret over phases. Hence, the original style of argument does not apply. What

we do then, is to keep track of the change in regret due to setting the distortion co-efficient in terms

of T̂q instead of Tq. We choose T̂q = min{2j : j > t}.

When Tq is known, the distortion Dt =
(
1− 1

Tut

)Tut−tut−1
increases monotonically from(

1− 1
Tut

)Tut−1
to 1 with tut i.e as more elements are added. This monotonicity is used in the

original argument to obtain the sublinear regret guarantee.

However, when the guess-and-double technique is used, the distortion is no longer monotonic in

tut . Within each phase, Dt increases from
(
1− 1

T̂ut

)T̂ut−1

to 1 but then reduces once T̂ut is updated

at the end of the phase. It turns out that the regret actually decreases within the phase (compared

to the situation where we know Tq) due to the increased distortion, but increases in the transitions

between the phases. Below, we characterize the changes in regret in the two cases.
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Define

Λ̂j,q(x,A) =

(
1− 1

T̂q

)T̂q−(j+1)

fq,1(x|A) + gq,1(x|A) + lq(x)

Analogously, we can define

π̂j,q(S) =

(
1− 1

T̂q

)T̂q−j

fq,1(S) + gq,1(S) + lq(S)

Case 1: Within phase Previously Lemma 4 from [70], we had

πj+1,q(Sj+1,q)− πj,q(Sj,q)

= Λj,q(sj , Sj,q) +
1

Tq

(
1− 1

Tq

)Tq−(j+1)

fq,1(Sj,q)

Now, we can replace this conclusion with

π̂j+1,q(Sj+1,q)− π̂j,q(Sj,q)

= Λ̂j,q(sj , Sj,q) +
1

T̂q

(
1− 1

T̂q

)T̂q−(j+1)

fq,1(Sj,q)

= Λ̂j,q(sj , Sj,q) +
1

T̂q

(
1− 1

T̂q

)T̂q−(j+1)

fq,1(Sj,q) +

(
1

T̂q
− 1

Tq

)(
1− 1

T̂q

)T̂q−(j+1)

f1(Sj,q)︸ ︷︷ ︸
Nwithin,j

The term Nwithin,j is a new term. The remainder of the proof goes through as expected, while

these additional terms propagate through the proof.

Case 2: Between phase Note that if step j is in a different phase than step j + 1, it follows that

the distortion at step j is (
1− 1

T̂q

)T̂q−T̂q

= 1.

Since step t+ 1 is the first time step in a phase, it follows that the guess for T̂q just doubled, and is

T̂q = 2i. Then, the distortion for step j + 1 is

(
1− 1

2i

)t−1
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As in the Case 1, we can track the extra term from Lemma 4, which in this case is

Nbetween,j = −

(
1−

(
1− 1

2i

)t−1
)
f1(Sj,q)

As before, this new term propagates through the proof.

Putting it together Accounting for the new terms, our modified final statement of Lemma 2.3

hq(Sq) ≥ min
{
1−

κf,q
e
, 1− κgq

}
hq(S

∗
q )−

Tq∑
j=1

rmj +
∑

j:change

Nbetween,j +
∑

j:no change

Nwithin,j

Above the indices (j : change) include the log(Tq) time steps, which are the first time step in a phase

i.e the first time step after our guess T̂q was recently updated; the indices (j : no change) include all

other time steps. Hence, the new term

N =
∑

j:change

Nbetween,j +
∑

j:no change

Nwithin,j

gets subtracted from the regret. We observe that each of the Nbetween,j terms are positive and there

are many of these: Tq − log(Tq) to be precise. However, the Nwithin,j terms are negative and increase

the regret; however, there are only log(Tq) of these. While it is difficult to quantify the terms exactly,

there is no strong reason to believe that the few negative terms greatly outweigh the positive terms.

From preliminary simulations, we find that the regret remains roughly the same with the doubling

trick; we leave an extensive experimental investigation of this to future work.

A.6 Details on Experiments

Details for Table A.3, Table A.2 The chosen toy ground set of 23 elements is detailed in

Table A.3. The submodular function is the facility location function; we chose this function because

it is used in prior work [20] for the task of movie recommendation. The supermodular part is the

sum-sum-dispersion function, and the weights that capture the complementarity between movies are

specified in the python notebook code/table-1.ipynb in the attached code.

From Table A.2, we notice that with the submodular objective, the greedy algorithm chooses the
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first two movies in the Godfather series but does not choose the third. Similarly, it chooses the first

Harry Potter but not the subsequent ones. In contrast, with the BP function, the greedy algorithm

chooses all elements from the series in both cases. This behavior cannot be encoded using solely a

submodular function, but it is very easy to do so with a BP function.

Setup for movie recommendation in Figure 2.1 From MovieLens and using the matrix-

completion approach in [14], we obtain a ratings matrix M ∈ R900×1600, where Mi,j is the rating

of the ith user for the jth movie; for density of data, we consider the most active users and most

popular movies.

We cluster the users into m = 10 groups using the k-means algorithm and design a BP objective

for each user-group. The objective for the qth group is decomposed as hq(A) =
∑

v∈Amq(v) +

λ1fq(A) + λ2gq(A), where the modular part mq(v) is the average rating for movie v amongst all

users in group k.

Let the set L refer to the collection of all genres in the ground set. The concave-over-modular

submodular part encourages the recommender to maintain a balance across genres in chosen

suggestions: fq(A) =
∑

g∈L
√

1 + uq,g(A). The set L is the collection of all genres. We now specify

what uq,g(·) is. For each element v ∈ V , define a vector r(v) ∈ {0, 1}|L|. Here, each entry corresponds

to a genre and is 1 if the genre is associated with the movie v. Then let Nv = r(v)⊤1 denote the

number of genres for movie v. In fq(·), we specify

uq,g(A) =
∑
v∈A

1(mq(v) > τ)
1(v has genre g)

Nv

Above, 1 is the indicator function.

The supermodular function, in contrast is designed to encourage the optimizer to exploit

complementarities within genres gq(A) =
∑

g∈L (1 + ũq,g(A))
2 , where we define

ũq,g(A) =
∑
v∈A

1(v has genre g(mk(v) > τ))
mq(v)

Nv

We want the complementarities to be amplified when the movies have higher ratings, so notice that

each term in ũq,g is scaled by mq(v) relative to each term of uq,g.

The constants λ1, λ2 were chosen such that the supermodular part slightly dominates the
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submodular part, since previous works already study functions that are primarily submodular. The

code is contained in notebook “Figure 2.”

Kernel Estimation for Figure 2.1 For Algorithm 1, we choose the RBF kernel for movies, the

linear kernel for users and the Jaccard kernel for a history of recommendations. The composite

kernel k((u, v,A), (u′, v′, A′)) = κ1kuser(u, u
′) + κ2kmovie(v, v

′) + κ3khistory(A,A
′) for κ1, κ2, κ3 > 0.

For Algorithm 4, we choose the RBF kernel for ot.

Active Learning. This corresponds to Vignette 2.2 with m = 1 tasks. We apply the Naive-Bayes

formulation of active learning in Equation (5) of [106] and set the submodular part as f(A) = fNB(A).

The supermodular part is the sum-sum-dispersion function as above g(A) =
∑

vt∈A
∑

vj∈A:vj ̸=vt
Bt,j .

Here Bt,j = 0 if (vt, vj) are from the same class, and Bt,j = 1/dist(vt, vj) if (vt, vj) are from the

opposite class; this encourages the selection of proximal points from different classes.

Here, we elaborate on the choice of submodular function. Assume our features are discrete - each

point v ∈ V has features xv ∈X (where X is some finite set) and binary label yv ∈ {0, 1}, denoted

by the orange and blue colors in Figure A.1. Then, for any (x ∈X, y ∈ {0, 1}) and for any subset of

training points S ⊆ V , we can define

mx,y(S) =
∑
v∈S

1(xv = x ∧ yv = y)

as the empirical count of the joint occurrence of (x, y) in S. Then, inspired by the construction in

Wei et al., we define the submodular part f as

f(S) =
∑
x∈X

∑
y∈{0,1}

√
mx,y(V ) log(mx,y(S))

To obtain the finite set X, we discretize our 2-dimensional features into 56 boxes. The square-root

in the expression above does not occur in the original paper and was introduced by us due to better

empirical performance. The intuition for constructing f(·) in this way is that the feature x should

appear alongside label y in the chosen subset with roughly the same frequency as in the ground

training set.
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Appendix B

Appendix for Chapter 3

B.1 Terminology and Preliminary Results

B.1.1 Dynamical systems terminology

This subsection records standard definitions underlying terms such as “invariant set” and “internally

chain transitive” in Lemma B.6. Let ẋ(t) = h(x(t)) be an ODE with locally Lipschitz h, so that

solutions are unique. Let ϕt(x) denote the state at time t ≥ 0 of the solution initialized at x at time

0.

Definition B.1 (Invariant set). A set A ⊆ Rd is (forward) invariant for the ODE if ϕt(x) ∈ A for

all x ∈ A and all t ≥ 0.

Definition B.2 ((ε, T )-chain). Fix ε > 0 and T > 0. An (ε, T )-chain in A from x to y is a finite

sequence of points x = x0, x1, . . . , xk = y in A and times t1, . . . , tk ≥ T such that

∥ϕti(xi−1)− xi∥ < ε for all i ∈ {1, . . . , k}.

Definition B.3 (Internally chain transitive). A compact invariant set A is internally chain transitive

if for every x, y ∈ A and every ε > 0, T > 0, there exists an (ε, T )-chain in A from x to y.
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B.1.2 Regularity of Squared and Cross Entropy Losses

Lemma B.1 (Regularity of the squared-error loss). Let X ⊂ Rd, Y ⊂ R, W ⊂ Rd be compact.

Write

ℓ(x, y; θ) =
(
y − x⊤θ

)2
, B = max

θ∈W
∥θ∥.

Then for all (x, y) ∈X ×Y and all θ1, θ2 ∈W :

(i) ℓ is nonnegative, C∞ in θ, convex, and β–smooth with β = 2R2.

(ii) ℓ is locally Lipschitz on W :

∣∣ℓ(x, y; θ1)− ℓ(x, y; θ2)∣∣ ≤ LW ∥θ1 − θ2∥, LW = R
(
2|y|+ 2RB

)
.

(iii) The Hessian is constant in θ, so ∥∇2ℓ(θ1)−∇2ℓ(θ2)∥ = 0 (i.e. γℓ = 0).

Proof. (i) One computes ∇θℓ = −2x
(
y − x⊤θ

)
and ∇2

θℓ = 2xx⊤ ⪰ 0. Hence ℓ ≥ 0, is C∞,

convex, and ∥∇ℓ(θ1)−∇ℓ(θ2)∥ ≤ 2R2∥θ1 − θ2∥.

(ii) Observe

ℓ(θ1)− ℓ(θ2) =
(
y − x⊤θ1

)2 − (y − x⊤θ2)2 = x⊤(θ2 − θ1)
(
2y − x⊤(θ1 + θ2)

)
.

Since ∥θi∥ ≤ B, |x⊤(θ2 − θ1)| ≤ R∥θ1 − θ2∥ and
∣∣2y − x⊤(θ1 + θ2)

∣∣ ≤ 2|y|+ 2RB, giving the

stated bound.

(iii) Because ∇2
θℓ ≡ 2xx⊤ is independent of θ, its difference vanishes.

Lemma B.2. Under Assumption 3.1, for all z ∈ Z the loss ℓ(z, ·) is non-negative, convex, differen-

tiable, locally Lipschitz and βℓ-smooth with

βℓ = 2R2 for both the squared loss and cross-entropy loss.

Moreover, let

R(θ) = Ez∼P[ℓ(z, θ)], θ∗ = argmin
θ
f(θ), ϵ = f(θ∗).
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Then for any θ with ∥θ − θ∗∥ ≤ γ, the following quadratic upper bound holds:

R(θ) ≤ ϵ+ βℓ
2 ∥θ − θ

∗∥2 ≤ ϵ+R2 γ2.

Proof. The first part (non-negativity, convexity, differentiability, local Lipschitzness, and smoothness)

follows directly by applying Lemmas B.1 and B.3 under Assumption 3.1, which together show each

ℓ(z, θ) is βℓ-smooth with βℓ = 2R2.

Since f(θ) = Ez[ℓ(z, θ)], differentiability and smoothness carry over to f , and we have

∥∇f(θ)−∇f(θ∗)∥ ≤ βℓ ∥θ − θ∗∥.

At the minimizer θ∗, ∇f(θ∗) = 0. Hence for any θ with ∥θ − θ∗∥ ≤ γ, the gradient satisfies

∥∇f(θ)∥ ≤ βℓ ∥θ − θ∗∥ ≤ βℓ γ.

Applying the standard smoothness inequality (second-order Taylor upper bound) around θ∗,

f(θ) ≤ f(θ∗) + ⟨∇f(θ∗), θ − θ∗⟩+ βℓ
2 ∥θ − θ

∗∥2 = ϵ+ βℓ
2 ∥θ − θ

∗∥2,

where we used ∇f(θ∗) = 0 and f(θ∗) = ϵ. Finally, substituting βℓ = 2R2 gives

f(θ) ≤ ϵ+R2 ∥θ − θ∗∥2 ≤ ϵ+R2 γ2,

completing the proof.

Lemma B.3 (Regularity of the multiclass cross-entropy loss). Let X ⊂ Rd, Y = {1, . . . ,K}, W ⊂

RK×d compact, and let ∥x∥ ≤ R for all x ∈X. Define for (x, y) ∈X×Y and Θ = (θ1, . . . , θK) ∈W

ℓ(x, y; Θ) = − log
exp(θ⊤y x)∑K
k=1 exp(θ

⊤
k x)

.

Then for all x, y,Θ1,Θ2 as above:

(i) ℓ is nonnegative, C∞ in Θ, convex, and β–smooth with β = R2.
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(ii) ℓ is (locally) Lipschitz on W :

∣∣ℓ(x, y; Θ1)− ℓ(x, y; Θ2)
∣∣ ≤ L ∥Θ1 −Θ2∥, L =

√
2R.

Proof. The proofs of each subpart are as follows:

(i) Let p = softmax(Θx) ∈ ∆K−1. One checks

∇Θℓ = (p− ey)x⊤, ∇2
Θℓ =

[
diag(p)− p p⊤

]
⊗
(
xx⊤

)
.

Since diag(p)− p p⊤ ⪰ 0 ℓ ≥ 0, is C∞ and convex, and

∥∇2
Θℓ∥ ≤ ∥x∥2 λmax

(
diag(p)− p p⊤

)
≤ R2,

it follows that ℓ is β–smooth with β = R2.

(ii) By the mean-value theorem,

∣∣ℓ(Θ1)− ℓ(Θ2)
∣∣ ≤ sup

Θ∈W
∥∇Θℓ∥ ∥Θ1 −Θ2∥.

But

∥∇Θℓ∥ = ∥p− ey∥ ∥x∥ ≤
√
2R,

giving the claimed Lipschitz constant L =
√
2R.

Lemma B.4. Let {hθ}θ∈Θ be the family of softmax classifiers mapping x ∈ Rd to a distribution

over C classes,

hθ(x)c =
ex

⊤θc∑C
j=1 e

x⊤θj
.

Assume:

(i) ∥x∥2 ≤ R for all x in the support of P.

(ii) There exists α > 0 such that for all x, θ, c, we have hθ(x)c ≥ α.
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(iii) θ, θ∗ lie in a convex set Θ ⊂ RC×d.

Then the mapping θ 7→ hθ(x) is Lipschitz in the ℓ1–norm: for all θ, θ∗ ∈ Θ,

∥hθ(x)− hθ∗(x)∥1 ≤ Lh ∥θ − θ∗∥2, Lh = R
√

2 (1− α).

Proof. By the multivariate mean-value theorem, there exists θ̄ on the line segment between θ∗ and θ

such that

hθ(x)− hθ∗(x) = Dθh(θ̄;x)
(
θ − θ∗

)
,

where Dθh(θ̄;x) ∈ RC×(Cd) is the Jacobian w.r.t. all parameters. Write its cth row as the gradient

vector ∇θhc(θ̄;x). A direct calculation shows for each class c and each block k:

∇θk hc(θ̄;x) = hc
(
1{c = k} − hk

)
x =⇒ ∥∇θhc(θ̄;x)∥2 ≤ ∥x∥2 hc

√
(1− hc)2 +

∑
k ̸=c

h2k.

Using
∑

k hk = 1 and the lower-bound hc ≥ α, one checks

(1− hc)2 +
∑
k ̸=c

h2k = (1− hc)(1 + hc) ≤ 2 (1− hc) ≤ 2 (1− α).

Hence

∥∇θhc(θ̄;x)∥2 ≤ Rhc
√
2 (1− α).

Therefore the operator norm from ℓ2 to ℓ1 satisfies

∥Dθh(θ̄;x)∥2→1 =
C∑
c=1

∥∇θhc(θ̄;x)∥2 ≤ R
√

2(1− α)
C∑
c=1

hc = R
√
2(1− α).

Putting these together gives

∥hθ(x)− hθ∗(x)∥1 ≤ ∥Dθh(θ̄;x)∥2→1 ∥θ − θ∗∥2 ≤ Lh ∥θ − θ∗∥2,

as claimed.

Lemma B.5. Under Assumption 3.1, for all z ∈ Z, the loss ℓ(z, ·) is non-negative, convex,

differentiable, locally Lipschitz, and βℓ-smooth.
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Proof. The result follows by applying Lemmas B.1 and B.3 with |x| ≤ R and choosing βℓ =

max 2R2, R2 = 2R2. Each loss is nonnegative, convex, differentiable, locally Lipschitz, and smooth

under these bounds.

B.2 Convergence of Algorithm 5 and Algorithm 6

B.2.1 Convergence of Algorithm 5

The convergence results for MSGD (Algorithm 5) follow as special cases of the MSGD-P analysis

when the probing set U = ∅. In this case, all probing terms vanish and the augmented potential f̃

reduces to the original potential f .

Lemma 3.1. Let Assumptions 3.1–3.4 hold. Then the iterates {Θt} of Algorithm 5 converge to a

compact connected internally chain transitive invariant set of the ODE Θ̇ = −∇f(Θ).

Proof. This follows from the proof of Theorem 3.6 with U = ∅. When U = ∅:

• The indicator 1i∈U = 0 for all i ∈ [m], so all probing terms vanish.

• The augmented potential reduces to f̃(Θ) = f(Θ).

• The ODE (3.16) becomes Θ̇ = −∇f(Θ).

The stochastic approximation argument proceeds identically: by Lemma B.6, verifying local Lipschitz-

ness of −∇f (Lemma B.5, Lemma B.9), the step-size conditions (Assumption 3.2), the martingale

variance bound (Lemma B.7 with U = ∅, so Kprobe = 0), and bounded iterates (Assumption 3.4),

the iterates converge almost surely to a compact connected internally chain transitive invariant set

of Θ̇ = −∇f(Θ).

Theorem 3.2. Let Assumptions 3.1–3.4 hold. Then the iterates {Θt} of Algorithm 5 converge to

the set of stationary points {Θ : ∇f(Θ) = 0} almost surely.

Proof. Follows directly from Theorem 3.6 with U = ∅.
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Algorithm 7 Multi-learner Streaming Gradient Descent

Require: loss function ℓ(·, ·) ≥ 0; Initial models Θ0 = (θ01, · · · , θ0k); Learning rate {ηt}T+1
t=1

1: for t = 0, 1, 2, . . . , T do
2: Sample data point zt ∼ P

3: User selects model i =M(zt; Θ̃t)
4: θt+1

i ← θti − ηt∇ℓ(zt, θti)
5: end for
6: return ΘT

B.2.2 Convergence of MSGD-P (Algorithm 6)

Define the empirical probing loss and augmented potential:

L̂i(θi) =
1
n

n∑
q=1

ℓ(z̃qi , θi), i ∈ U, (B.1)

f̃(Θ) = f(Θ) + p
∑
i∈U

(
L̂i(θi) +

λ

2
∥θi∥2

)
. (B.2)

Define the ordinary differential equation (ODE) Θ̇ = F̃ (Θ) with:

F̃i(Θ) = −
(
ταi Ez∼Pi [∇ℓ(z, θi)]+(1− τ)ai(Θ)Ez∼Di(Θ)[∇ℓ(z, θi)]+p1i∈U

(
∇L̂i(θi)+λ θi

))
(B.3)

Lemma B.6 (Borkar [12], Chapter 2, Theorem 2). Let {xn} be a sequence generated by the stochastic

approximation algorithm

xn+1 = xn + a(n)[h(xn) +Mn+1], n ≥ 0,

where:

1. h : Rd → Rd is Lipschitz continuous

2. The step sizes {a(n)} satisfy
∑

n a(n) =∞ and
∑

n a(n)
2 <∞

3. {Mn} is a martingale difference sequence satisfying E[||Mn+1||2|Fn] ≤ K(1 + ||xn||2) for some

K > 0

4. supn ||xn|| <∞ almost surely

Then almost surely, the sequence {xn} converges to a (possibly sample path dependent) compact
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connected internally chain transitive invariant set of the ODE

ẋ(t) = h(x(t)).

Lemma B.7 (Martingale variance bound). Suppose that Assumption 3.1 holds and that the probing

datasets {Di}i∈U are fixed finite sets. Let gt(Θt) = (gt1(Θ
t), . . . , gtm(Θt)) be the stochastic update

vector defined by

gti(Θ
t) = gti,plat(Θ

t) + gti,probe(Θ
t),

where

gti,plat(Θ
t) =


∇ℓ(zt, θti), if i = it,

0, if i ̸= it,

gti,probe(Θ
t) = p1i∈U

(
∇ℓ(z̃ti , θti) + λ θti

)
,

with z̃ti sampled uniformly from Di independently of it. Define the filtration Ft = σ(Θ0, z1, . . . , zt−1, {Di}i∈U ),

which contains all information available prior to time t. Define the martingale difference sequence:

vt = gt(Θt)− E[gt(Θt) | Ft].

Then there exists a constant K > 0 (made explicit below) such that:

E[∥vt∥2 | Ft] ≤ K (1 + ∥Θt∥2).

Proof. Gradient bounds. From Lemmas B.1 and B.3, for all (x, y) with ∥x∥ ≤ R and all θ we have

bounds of the form

∥∇θℓ(x, y; θ)∥ ≤ A0 +A1 ∥θ∥,

with

(A0, A1) =


(2RYmax, 2R

2), (squared loss),

(
√
2R, 0), (cross-entropy).

For the probe term under squared loss, labels are pseudo-labels ŷ = median{⟨x, θj0⟩ : j ∈ [m]} so that

|ŷ| ≤ R maxj∈[m] ∥θ
j
0∥ =: Ymax,probe, giving ∥∇θℓ(x, ŷ; θ)∥ ≤ Ã0 + A1 ∥θ∥ with Ã0 := 2RYmax,probe.

114



Including the L2 regularization term (which appears only in the probe update) and using the triangle

inequality,

∥p (∇θℓ(x, ŷ; θ) + λ θ)∥ ≤ p Ã0 + p (A1 + λ) ∥θ∥.

Define the block constants

Kplat := 2max
(
A2

0, A
2
1

)
, Kprobe := 2max

(
(p Ã0)

2,
(
p (A1 + λ)

)2)
,

where for cross-entropy we take A1 = 0 and use the same A0 =
√
2R for both platform and probe.

Variance decomposition. By definition of vt and Var(Y ) = E[∥Y ∥2]− ∥E[Y ]∥2,

E[∥vt∥2 | Ft] ≤ E[∥gt(Θt)∥2 | Ft].

We bound the RHS. Since gt has at most one nonzero platform block and up to |U | nonzero probe

blocks,

∥gt(Θt)∥2 =
m∑
i=1

∥gti,plat + gti,probe∥2 ≤ 2
m∑
i=1

∥gti,plat∥2 + 2
m∑
i=1

∥gti,probe∥2.

Taking conditional expectations and using the selection probabilities for the platform block as in the

MSGD lemma,

E[∥gt(Θt)∥2 | Ft] ≤ 2

m∑
i=1

P(it = i | Ft) E[∥∇ℓ(zt, θti)∥2 | Ft, it = i]

+ 2
∑
j∈U

E[∥p∇ℓ(z̃tj , θtj)∥2 | Ft].

Applying the block bounds gives

E[∥gt(Θt)∥2 | Ft] ≤ 2Kplat

m∑
i=1

P(it = i | Ft) (1 + ∥θti∥2)

+ 2Kprobe
∑
j∈U

(1 + ∥θtj∥2)

≤ 2Kplat (1 + ∥Θt∥2) + 2|U |Kprobe + 2Kprobe ∥Θt∥2

= 2
(
Kplat + |U |Kprobe

)
+ 2

(
Kplat +Kprobe

)
∥Θt∥2.
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Therefore, setting

K := 2max
{
Kplat + |U |Kprobe, Kplat +Kprobe

}
yields

E[∥vt∥2 | Ft] ≤ K (1 + ∥Θt∥2).

This completes the proof.

Lemma B.8 (Gradient of the augmented objective). For every i ∈ [m] the gradient of f̃ with respect

to θi is

∇θi f̃(Θ) = ταi Ez∼Pi [∇ℓ(z, θi)] + (1− τ) ai(Θ) Ez∼Di(Θ)[∇ℓ(z, θi)]

+ p1i∈U
(
∇L̂i(θi) + λ θi

)
.

Proof. We treat a single index i; all other coordinates of Θ are held fixed. The term (1 −

τ)ai(Θ)Ez∼Di(Θ)[ℓ(z, θi)] depends on θi both explicitly (inside ℓ) and implicitly through ai(Θ)

and Di(Θ). Lemma 4.3 of Su and Dean [98] proves that for any differentiable ℓ satisfying the stated

regularity,

∇θi

(
ai(Θ) Ez∼Di(Θ)[ℓ(z, θi)]

)
= ai(Θ) Ez∼Di(Θ)[∇ℓ(z, θi)].

Multiplying by (1− τ) yields the corresponding contribution, while the ταi-term is immediate. Local

L-Lipschitzness of ℓ ensures the required directional limits.

The probing part depends only on θi through the finite average L̂i(θi) =
1
n

∑n
q=1 ℓ(z̃

q
i , θi) and

the regularization term λ
2∥θi∥

2, so ∇θi

(
p (L̂i(θi) +

λ
2∥θi∥

2)
)
= p (∇L̂i(θi) + λ θi) if i ∈ U and zero

otherwise. Summing the contributions gives the stated expression.

Lemma B.9 (Local Lipschitz of ai(Θ)). Let the assumptions for Theorem 3.2 hold. Then ai(Θ) is

locally Lipschitz in Θ.

Proof. From Lemma B.5, we know that the loss function ℓ is locally Lipschitz. In other words: for

every compact set U ⊂ Rk×d there is a constant LU <∞ such that

∣∣ℓ(x, θ)− ℓ(x, θ′)∣∣ ≤ LU ∥θ − θ′∥ ∀x ∈ B(0, R), θ, θ′ ∈ U.
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Fix any compact neighborhood U containing both Θ and Θ′. Let

pmax = sup
x∈B(0,R)

p(x), LU as above.

We will show
∣∣ai(Θ)− ai(Θ′)

∣∣ ≤ CU∥Θ−Θ′∥ for some CU .

Case m = 2. With services i = 1, 2,

a1(Θ)− a1(Θ′) =

∫
X1(Θ)\X1(Θ′)

p(x) dx −
∫
X1(Θ′)\X1(Θ)

p(x) dx,

so ∣∣a1(Θ)− a1(Θ′)
∣∣ ≤ pmax

[
λ
(
X1(Θ) \X1(Θ

′)
)
+ λ

(
X1(Θ

′) \X1(Θ)
)]
.

For any x ∈ X1(Θ
′) \X1(Θ) we have ℓ(x, θ′1) < ℓ(x, θ′2) and ℓ(x, θ2) < ℓ(x, θ1). Hence

0 < ℓ(x, θ1)− ℓ(x, θ2) =
[
ℓ(x, θ1)− ℓ(x, θ′1)

]
+
[
ℓ(x, θ′2)− ℓ(x, θ2)

]
+
[
ℓ(x, θ′2)− ℓ(x, θ′1)

]
,

and each difference is bounded by LU∥θ − θ′∥. Thus ℓ(x, θ1)− ℓ(x, θ2) ≤ 2LU∥Θ−Θ′∥. Define

S =
{
x :
∣∣ℓ(x, θ1)− ℓ(x, θ2)∣∣ ≤ 2LU∥Θ−Θ′∥

}
.

Since λ(S) ≤ (2LU/C)∥Θ−Θ′∥ for some constant C from Assumption 3.3 and X1(Θ
′) \X1(Θ) ⊂ S,

we get λ(X1(Θ
′) \X1(Θ)) ≤ C ′∥Θ−Θ′∥. The same argument applies to the other set difference, so

altogether ∣∣a1(Θ)− a1(Θ′)
∣∣ ≤ 4 pmax LU ∥Θ−Θ′∥.

General m. The same pairwise argument shows for each i and j ̸= i, λ
(
Xi(Θ)∩Xj(Θ

′)
)
≤ CU∥Θ−

Θ′∥. Summing over all j ̸= i gives λ
(
Xi(Θ)△Xi(Θ

′)
)
≤ C ′′

U∥Θ−Θ′∥, and hence
∣∣ai(Θ)− ai(Θ′)

∣∣ ≤
pmaxC

′′
U ∥Θ−Θ′∥.

Since all constants depend only on the compact set U , this proves that ai(Θ) is Lipschitz on U ,

i.e. locally Lipschitz in Θ.
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B.3 Squared Loss: Performance Guarantee

Notation. Let {(xqi , y
q
i )}nq=1 be the probing sample with true labels yqi and pseudo-labels ỹqi . Here,

the true labels yqi are hidden from the learner, and the psuedo-labels ỹqi are observed. For any θ ∈ Rd,

define

L̂i(θ) :=
1

n

n∑
q=1

(
⟨xqi , θ⟩ − ỹ

q
i

)2
,

and

L̂i,true(θ) :=
1

n

n∑
q=1

(
⟨xqi , θ⟩ − y

q
i

)2
.

Additionally, define the empirical pseudo–true discrepancy

∆2
i :=

1

n

n∑
q=1

(
ỹqi − y

q
i

)2
.

B.3.1 Proof of Theorem 3.8

Proof of Corollary 3.9. Set λ = ϵ/∥θ⋆∥2 in Lemma B.10. Define

S(κ, λ) := (4b⋆ + 6C2
0 )
√

2 log(2/κ) + 4(Ymax +BθR)BθR+ bu
√
2 log(2/κ),

where Bθ and bu are the λ-dependent quantities from Lemma B.10. If

n ≥ n :=
S(κ, λ)2

ϵ2
,

then the concentration terms in Lemma B.10 satisfy S(κ, λ)/
√
n ≤ ϵ. With this choice and λ∥θ⋆∥2 = ϵ,

the explicit bound yields

R(θ̃i) ≤ 6B +
(
4 +

2

p

)
ϵ+ ϵ+ ϵ = 6B +

(
6 +

2

p

)
ϵ,

which is O
((p+1

p

)
ϵ+B

)
.

To see the stated scaling of n, note that Bθ = Θ(1/
√
λ) and bu = (Ymax +BθR)

2 = O(1/λ) with

constants depending on (R, Ymax,M0, p). To surface the dominant dependence on (R, Ymax,M0, p),
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write A := Y 2
max + pR2M2

0 so that

BθR = R

√
2A

λp
and (BθR)

2 =
2R2A

λp
.

The leading terms (in terms of ϵ) in S(κ, λ) scale as (BθR)
2, so one can take

n = O

(
R4∥θ⋆∥4

ϵ4

(Y 2
max

p
+R2M2

0

)2
log

1

κ

)
,

where we suppress lower-order terms in ϵ coming from b⋆ and C0.

Theorem 3.8. Let Assumptions 3.1 - 3.5 hold. For any κ ∈ (0, 1), with probability at least 1− κ,

every stationary point Θ̃ of MSGD-P satisfies, for each probing learner i:

R(θ̃i) ≤ O
((p+ 1

p

)
ϵ+B + λ∥θ⋆∥2

+
(p+ 1)Cgen

pλ

√
log(1/κ)

n

)
.

where Cgen depends on R, Ymax, ∥θ⋆∥, maxj ̸=i ∥θ0j∥, with explicit form in the Appendix.

Proof. By Lemma B.10, for any κ ∈ (0, 1) and with probability at least 1− κ,

R(θ̃i) ≤ 6B +
(
4 +

2

p

)
ϵ+ λ ∥θ⋆∥2 + T (κ)√

n
,

where every n−1/2 contribution has been grouped into

T (κ) :=
(
4b⋆ + 6C2

0

)√
2 log(2/κ) + bu

√
2 log(2/κ) + 4(Ymax +BθR)BθR. (B.4)

The terms that depend on λ and p are through Bθ =
√
2(Y 2

max + p Y 2
max,probe)/(λ p), which also

appears inside bu = (Ymax +BθR)
2. Expanding the Bθ-dependent pieces, from (B.4),

T (κ) =
(
4b⋆ + 6C2

0

)√
2 log(2/κ) +

[
(Ymax +BθR)

2
√
2 log(2/κ) + 4(Ymax +BθR)BθR

]
︸ ︷︷ ︸

Bθ-dependent

.

Thus the λ-independent part is already O
(√

log(1/κ)
)
, so it remains to control the bracketed term.
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Expanding gives

(Ymax +BθR)
2
√

2 log(2/κ) + 4(Ymax +BθR)BθR = O
(√

log(1/κ)
[
Y 2
max + YmaxBθR+B2

θR
2
])
.

Plugging in the value of Bθ from Lemma B.15 and assuming λ < 1, we can combine with the

(λ, p)-independent part of T (κ) to get

Cgen = R(Y 2
max + Y 2

max,probe) + 4b⋆ + 6C2
0

Lemma B.10 (Squared-loss performance Full Statement). Let Assumption 3.5 hold with parameter

B. Then, for any κ ∈ (0, 1), with probability at least 1− κ over the probing sample, every stationary

point Θ̃ of MSGD-P satisfies, for probing learner i ∈ [m],

R(θ̃i) ≤ 6B +
(
4 +

2

p

)
ϵ+ λ ∥θ⋆∥2

+
(4 b⋆ + 6C2

0 )
√

2 log(2/κ)√
n

+
4 (Ymax +BθR)BθR√

n
+ bu

√
2 log(2/κ)

n
,

where the constants are defined as follows:

• C0 := Ymax + Ymax,probe.

• Bθ :=

√
2(Y 2

max + p Y 2
max,probe)

λ p
is a radius (independent of θ⋆) with Ymax,probe := RM0, M0 :=

max
j ̸=i
∥θ0j∥, which bounds the pseudo-label magnitudes via |ỹqi | ≤ Ymax,probe.

• b⋆ :=
(
Ymax +R ∥θ⋆∥

)2
.

• bu :=
(
Ymax +BθR

)2
.

Proof. We work on the event Eu ∩ E⋆ where Eu is the event of Lemma B.13 (probability ≥ 1− κ/2

with Bθ from Lemma B.15) and E⋆ is the event of Lemma B.12 (probability ≥ 1− κ/2). By a union

bound,

P(Eu ∩ E⋆) ≥ 1− κ.
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Bound on L̂i(θ̃i). By stationarity, θ̃i minimizes

Φ̂probe
i (θ; Θ̃) = ταi EPi [ℓ(z, θ)] + (1− τ)ai(Θ̃) EDi(Θ̃)[ℓ(z, θ)] + p L̂i(θ) +

λ p
2 ∥θ∥

2.

Thus, comparing the objective at θ̃i and θ⋆,

p L̂i(θ̃i) ≤ ταi EPi [ℓ(z, θ
⋆)] + (1− τ)ai(Θ̃) EDi(Θ̃)[ℓ(z, θ

⋆)] + p L̂i(θ
⋆) + λ p

2 ∥θ
⋆∥2.

Since

ταi EPi ℓ(θ
⋆) + (1− τ)ai(Θ̃)EDi(Θ̃) ℓ(θ

⋆) ≤ ϵ,

dividing by p, we obtain

L̂i(θ̃i) ≤
ϵ

p
+ L̂i(θ

⋆) +
λ

2
∥θ⋆∥2.

By Lemma B.11 and Lemma B.12,

L̂i(θ
⋆) ≤ 2 L̂i,true(θ

⋆) + 2∆2
i ≤ 2 ϵ+ 2Λ⋆ + 2∆2

i .

Hence

L̂i(θ̃i) ≤
ϵ

p
+ 2 ϵ+ 2Λ⋆ + 2∆2

i +
λ

2
∥θ⋆∥2.

Bound on L̂i,true(θ̃i). Applying Lemma B.11 again gives

L̂i,true(θ̃i) ≤ 2 L̂i(θ̃i) + 2∆2
i .

Substituting the bound from Step 1,

L̂i,true(θ̃i) ≤
(
2
p + 4

)
ϵ + 4Λ⋆ + 6∆2

i + λ ∥θ⋆∥2.

By Lemma B.14, on E⋆,

∆2
i ≤ B + C2

0

√
2 log(2/κ)

n
.
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Therefore,

L̂i,true(θ̃i) ≤ 6B +
(
2
p + 4

)
ϵ + 4Λ⋆ + 6C2

0

√
2 log(2/κ)

n
+ λ ∥θ⋆∥2.

Bound on R(θ̃i). Finally, on Eu (with ∥θ̃i∥ ≤ Bθ from Lemma B.15),

R(θ̃i) ≤ L̂i,true(θ̃i) + Λu.

Alternative scaling with explicit λ. If we keep λ explicit and only choose n to control the concentra-

tion terms in Lemma B.10, then for any target tolerance δ > 0 it suffices to take

n ≥ n̄(λ, δ) :=
S(κ, λ)2

δ2
,

which yields

R(θ̃i) ≤ 6B +
(
4 +

2

p

)
ϵ+ λ∥θ⋆∥2 + δ.

Writing Ymax,probe = RM0 and A := Y 2
max + pR2M2

0 , we have

Bθ =

√
2A

λp
and (Ymax +BθR)

2 ≤ 2Y 2
max +

4R2A

λp
.

Using b⋆ = (Ymax +R∥θ⋆∥)2 and C0 = Ymax +RM0, this implies

S(κ, λ)2 = O

(
log

1

κ

)[
(Ymax +R∥θ⋆∥)4 + (Ymax +RM0)

4 +
R4A2

λ2p2

]
,

and therefore a sufficient choice is

n = O

(
log(1/κ)

δ2

[
(Ymax +R∥θ⋆∥)4 + (Ymax +RM0)

4 +
R4(Y 2

max + pR2M2
0 )

2

λ2p2

])
.

Setting δ = ϵ yields the same bias expression as above, but now with n explicit in (R, Ymax,M0, p, λ, ϵ, κ).
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Lemma B.11. We have

L̂i,true(θ) ≤
(√

L̂i(θ) + ∆i

)2
and L̂i(θ) ≤

(√
L̂i,true(θ) + ∆i

)2
.

In particular, L̂i,true(θ) ≤ 2 L̂i(θ) + 2∆2
i and L̂i(θ) ≤ 2 L̂i,true(θ) + 2∆2

i .

Proof of Lemma B.11. Let X ∈ Rn×d be the design matrix, a := Xθ − ỹ and b := ỹ − y. Then

Xθ − y = a+ b.

By the triangle inequality,

√
L̂i,true(θ) =

∥Xθ − y∥√
n

≤ ∥a∥√
n
+
∥b∥√
n

=

√
L̂i(θ) + ∆i.

Squaring yields the first inequality; the second is analogous.

Lemma B.12 (One–point deviation at θ⋆). For any κ ∈ (0, 1), with probability at least 1− κ/2,

∣∣L̂i,true(θ
⋆)−R(θ⋆)

∣∣ ≤ Λ⋆ where Λ⋆ := b⋆

√
2 log(2/κ)

n
, b⋆ :=

(
Ymax +R ∥θ⋆∥

)2
.

Proof of Lemma B.12. For each q, define the random variable

Zq := (⟨x̃qi , θ
⋆⟩ − yqi )

2.

Since |y| ≤ Ymax and ∥x∥ ≤ R a.s., we have

Zq ∈ [0, (Ymax +R∥θ⋆∥)2] = [0, b⋆].

By Hoeffding’s inequality, with probability at least 1− κ/2,

∣∣∣∣ 1n
n∑

q=1

Zq − E[Z]
∣∣∣∣ ≤ b⋆

√
2 log(2/κ)

n
.
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Lemma B.13 (Uniform deviation over {∥θ∥ ≤ Bθ}). Fix any radius Bθ > 0 and let κ ∈ (0, 1).

Define the squared-loss class

FBθ
:=

{
fθ(x, y) =

(
y − ⟨x, θ⟩

)2 ∣∣∣ ∥θ∥ ≤ Bθ

}
.

Then, with probability at least 1− κ/2 (over the draw of the probing sample of size n),

sup
∥θ∥≤Bθ

∣∣L̂i,true(θ)−R(θ)
∣∣ ≤ Λu,

where

Λu :=
4 (Ymax +BθR)BθR√

n
+ bu

√
2 log(2/κ)

n
, bu := (Ymax +BθR)

2.

Proof. We apply Wainwright’s Theorem 4.10.

Uniform bound b for FBθ
. For any ∥θ∥ ≤ Bθ and any (x, y) with ∥x∥ ≤ R, |y| ≤ Ymax, we

have ∣∣y − ⟨x, θ⟩∣∣ ≤ |y|+ |⟨x, θ⟩| ≤ Ymax + ∥x∥ ∥θ∥ ≤ Ymax +BθR.

Hence

0 ≤ fθ(x, y) =
(
y − ⟨x, θ⟩

)2 ≤ (Ymax +BθR)
2 =: bu.

Thus FBθ
is bu–uniformly bounded.

Bound Rn(FBθ
) via contraction to the linear class. Fix a sample S = {(xi, yi)}ni=1 and let

σ1, . . . , σn be i.i.d. Rademacher signs. The empirical Rademacher average of FBθ
on S is

RadS(FBθ
) := Eσ

[
sup

∥θ∥≤Bθ

1

n

n∑
i=1

σi
(
yi − ⟨xi, θ⟩

)2]
.

Define ui,θ := ⟨xi, θ⟩ and, for each i, the recentered function

ψi(u) :=
(
yi − u

)2 − (yi − 0
)2

= u2 − 2 yi u, ψi(0) = 0.
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Since E[σi] = 0, the constant offsets {(yi − 0)2} vanish in the Rademacher average. Thus

RadS(FBθ
) = Eσ

[
sup

∥θ∥≤Bθ

1

n

n∑
i=1

σi ψi

(
ui,θ
)]
.

We now bound the Lipschitz constants of ψi over the relevant range. For any u, v ∈ [−BθR,BθR],

∣∣ψi(u)−ψi(v)
∣∣ = ∣∣ (u−v) [(u−yi)+(v−yi)

] ∣∣ ≤ |u−v| ( |u−yi|+|v−yi| ) ≤ 2(Ymax+BθR) |u−v|.

Hence each ψi is L–Lipschitz with

L := 2(Ymax +BθR), ψi(0) = 0.

By the Ledoux–Talagrand contraction inequality (applied elementwise to {ψi} with common

Lipschitz constant L and ψi(0) = 0), we have

RadS(FBθ
) ≤ L · Eσ

[
sup

∥θ∥≤Bθ

1

n

n∑
i=1

σi ui,θ

]
= L · RadS(GBθ

),

where GBθ
:= {(x, y) 7→ ⟨x, θ⟩ : ∥θ∥ ≤ Bθ} is the linear class (note: dependence on y disappears).

The empirical Rademacher average of GBθ
on S is standard:

RadS(GBθ
) = Eσ

[
sup

∥θ∥≤Bθ

1

n

n∑
i=1

σi ⟨xi, θ⟩
]
=
Bθ

n
Eσ

∥∥∥ n∑
i=1

σixi

∥∥∥ ≤ Bθ

n

√√√√Eσ

∥∥∥ n∑
i=1

σixi

∥∥∥2 = Bθ

n

√√√√ n∑
i=1

∥xi∥2.

Using ∥xi∥ ≤ R, we conclude RadS(GBθ
) ≤ BθR/

√
n. Combining,

RadS(FBθ
) ≤ L · RadS(GBθ

) ≤ 2(Ymax +BθR)
BθR√
n
.

Taking expectation over the sample (or simply noting that this bound holds for any S satisfying

∥xi∥ ≤ R) yields

Rn(FBθ
) ≤ 2(Ymax +BθR)

BθR√
n
.
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Apply Theorem 4.10 and choose δ. By Theorem 4.10, for any δ > 0,

sup
∥θ∥≤Bθ

∣∣L̂i,true(θ)−R(θ)
∣∣ ≤ 2Rn(FBθ

) + δ ≤ 4(Ymax +BθR)BθR√
n

+ δ,

with probability at least 1 − exp
(
− n δ2

2b2u

)
. Set δ = bu

√
2 log(2/κ)

n so that exp
(
− n δ2

2b2u

)
= exp

(
−

log(2/κ)
)
= κ/2. The stated deviation bound Λu follows.

Lemma B.14 (Concentration of ∆2
n under Accurate Probing). Assume that |ỹ| ≤ Ymax,probe almost

surely (e.g., Ymax,probe=R maxj ∥θ0j∥ for linear peers at initialization). Then for any κ ∈ (0, 1), with

probability at least 1− κ/2,

∆2
n ≤ B + C2

0

√
2 log(2/κ)

n
, where C0 := Ymax + Ymax,probe.

Proof. Let W = (ỹ − y)2. By the boundedness assumptions, 0 ≤ W ≤ (Ymax + Ymax,probe)
2 =: U

almost surely, and E[W ] ≤ B by Accurate Probing. By Hoeffding’s inequality,

Pr

 1

n

n∑
q=1

Wq − E[W ] ≥ t

 ≤ exp

(
−2nt2

U2

)
.

Choosing t = U

√
2 log(2/κ)

n yields Pr
(
∆2

n ≥ E[W ] + U

√
2 log(2/κ)

n

)
≤ κ/2. Using E[W ] ≤ B gives the

stated bound with C2
0 = U .

Lemma B.15 (A priori norm bound and choice of Bθ). For any probing learner i ∈ U ,

∥θ̃i∥ ≤ Bθ with Bθ :=

√
2(Y 2

max + p Y 2
max,probe)

λ p
.

Proof of Lemma B.15. At any stationary point Θ̃, θ̃i minimizes the convex function

Φ̂probe
i (θ; Θ̃) := ταi Ez∼Pi

[
ℓ(z, θ)

]
+ (1− τ) ai(Θ̃)Ez∼Di(Θ̃)

[
ℓ(z, θ)

]
+ p L̂i(θ) +

λ p

2
∥θ∥2.

By optimality of θ̃i for Φ̂probe
i (·; Θ̃),

Φ̂probe
i (θ̃i; Θ̃) ≤ Φ̂probe

i (0; Θ̃).
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Using squared loss and |y| ≤ Ymax, we have

L̂i(0) =
1

n

n∑
q=1

(ỹqi )
2 ≤ Y 2

max,probe.

Hence,

λ p

2
∥θ̃i∥2 ≤ ταi Y

2
max + (1− τ) ai(Θ̃)Y 2

max + p L̂i(0) ≤ Y 2
max + p Y 2

max,probe.

Thus

∥θ̃i∥ ≤

√
2(Y 2

max + p Y 2
max,probe)

λ p
= Bθ.

B.4 Cross-Entropy Loss: Performance Guarantee

Notation. In this section, we provide a high-probability upper bound on the full-population

cross-entropy risk for a probing learner in MSGD-P at a stationary point. The proof mirrors the

squared-loss analysis, with key differences arising from the geometry of the softmax and cross-entropy.

Throughout this section, let K denote the number of classes. Let θ ≡ W ∈ RK×d be the

matrix of class-wise linear weights and define logits z(x) = Wx ∈ RK and predicted probabilities

qW (x) = softmax(z(x)). The multiclass cross-entropy loss is

ℓCE((x, y),W ) = −
K∑
c=1

yc log qW (x)c = − log qW (x)Y ,

where y ∈ {e1, . . . , eK} is one-hot and Y is the true class index. We assume ∥x∥ ≤ R almost surely.

For a probing learner i ∈ U (with probing weight p > 0), we define its augmented objective at Θ

(as per MSGD-P) by

Φi(W ; Θ) = ταi E(x,y)∼Pi

[
ℓCE((x, y),W )

]
+ (1− τ) ai(Θ) E(x,y)∼Di(Θ)

[
ℓCE((x, y),W )

]
+ p L̂probe(W ) +

λ p

2
∥W∥2F ,
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where

L̂probe(W ) =
1

n

n∑
q=1

ℓCE

(
(x̃qi , ỹ

q
i ),W

)
= − 1

n

n∑
q=1

K∑
c=1

ỹqi,c log qW (x̃qi )c.

Here {(x̃qi )}nq=1 are probing covariates drawn i.i.d. from PX , and {ỹqi }nq=1 are soft pseudo-labels. For

analysis, let yqi be the (hidden) true labels of x̃qi , and define the empirical “true” probing CE:

L̂true(W ) =
1

n

n∑
q=1

ℓCE

(
(x̃qi , y

q
i ),W

)
= − 1

n

n∑
q=1

log qW (x̃qi )yqi .

Let θ⋆ ∈ argminW R(W ) be a (finite-norm) population minimizer of the unregularized CE risk

R(W ) = E[ℓCE((x, y),W )], with ϵ := R(θ⋆) and ∥θ⋆∥F =:M⋆ <∞.

Aggregation Rule. we define peer logits zj(x,Θ) = θ0jx ∈ RK and the coordinatewise median

of logits

z̃c(x,Θ) := median(zj,c(x,Θ) : j ∈ Ti(x)), c ∈ [K].

Then, we set the probing label as yagg,i(x,Θ) = softmax(z̃(x,Θ)).

B.4.1 Accurate Probing Assumption and Proofs

Scenario Ti(x) B

Majority-good [m] ϵ+ 2Rr
Market-leader {j∗} ξ
Partial knowledge G ϵ+ 2Rr
Preference-aware {π(x)} ϵ

Table B.1: Probing accuracy parameters for cross-entropy loss.

Assumption B.1 (Accurate Probing for CE). There exists BCE ≥ 0 such that

E
[
CE(y, ỹ)

]
= E

[
− log ỹY

]
≤ BCE,

where the expectation is over (x, y) ∼ P and ỹ = ỹ(x) produced by the robust aggregator.

We now present sufficient conditions ensuring Assumption B.1.

Lemma B.16 (Sufficient conditions for Accurate Probing (CE)). Assumption B.1 holds in each

of the following scenarios: (i) Majority-good. Suppose strictly more than half of peers satisfy
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∥θ0j − θ⋆∥F ≤ r. Then

BCE = E
[
− log ỹY

]
≤ ϵ + 2Rr.

(ii) Market-leader. Suppose learner i probes a single peer j⋆ with E[ℓCE((x, y), θ
0
j⋆)] ≤ ξ. If

ỹ(x) = qθ0
j⋆
(x), then BCE ≤ ξ.

(iii) Partial knowledge. If a known subset G of peers satisfies |G| > (m−1)/2 and ∥θ0j−θ⋆∥F ≤

r for all j ∈ G, and the aggregator uses the coordinatewise median over G, the same bound as in

case (i) holds.

(iv) Preference-aware. Suppose each peer j solves the ERM on its preference partition Pj:

θ̄j ∈ argmin
W

E(x,y)∼Pj

[
ℓCE((x, y),W )

]
.

If learner i probes ỹ(x) = qθ̄π(x)
(x), then

BCE ≤
K∑
j=1

αj EPj

[
ℓCE((x, y), θ̄j)

]
≤ ϵ.

Proof. We treat each scenario in turn.

(i) Majority-good. Fix any x with ∥x∥ ≤ R and write z⋆(x) = θ⋆x. For any good peer j (i.e.,

∥θ0j − θ⋆∥F ≤ r) and any class c,

|zj,c(x)− z⋆c (x)| = |(θ0j,c − θ⋆c )⊤x| ≤ ∥θ0j,c − θ⋆c∥2 · ∥x∥ ≤ ∥θ0j − θ⋆∥F · ∥x∥ ≤ r R.

Since strictly more than half of the {zj,c(x)}j ̸=i lie in [z⋆c (x)−rR, z⋆c (x)+rR], their coordinatewise

median must also lie in this interval. Hence

∥z̃(x)− z⋆(x)∥∞ ≤ r R.

Let f(z) = − log softmax(z)Y . By Lemma B.17,

− log ỹY = f(z̃(x)) ≤ f
(
z⋆(x)

)
+ 2 ∥z̃(x)− z⋆(x)∥∞ ≤ − log q⋆Y (x) + 2 r R,
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where q⋆ = softmax(z⋆). Taking expectations over (x, y) ∼ P, we get

BCE = E
[
− log ỹY

]
≤ E

[
− log q⋆Y (x)

]
+ 2 r R = ϵ+ 2 r R.

(ii) Market-leader. Direct: BCE = E[− log ỹY ] = E[ℓCE((x, y), θ
0
j⋆)] ≤ ξ.

(iii) Partial knowledge. The proof is identical to case (i), restricting the median to G. Since

|G| > (m − 1)/2 and all learners in G satisfy ∥θ0j − θ⋆∥F ≤ r, the coordinatewise median over G

satisfies the same bound.

(iv) Preference-aware. By optimality of θ̄j for the ERM objective,

EPj

[
ℓCE((x, y), θ̄j)

]
≤ EPj

[
ℓCE((x, y), θ

⋆)
]
.

Summing over j with weights αj gives

BCE ≤
∑
j

αj EPj ℓCE(θ̄j) ≤
∑
j

αj EPj ℓCE(θ
⋆) = ϵ.

Lemma B.17 (CE is 2-Lipschitz in logits under ∥ · ∥∞). Fix a class Y ∈ [K] and define f(z) :=

− log softmax(z)Y = −zY + logsumexp(z) for z ∈ RK . Then for any z, z′ ∈ RK ,

∣∣f(z′)− f(z)∣∣ ≤ 2 ∥z′ − z∥∞.

Proof. We have ∇f(z) = q(z)− eY , where q(z) = softmax(z) and eY is the one-hot at Y . By the

mean value inequality with dual norms (∥ · ∥∞, ∥ · ∥1),

|f(z′)− f(z)| ≤ sup
ξ∈[z,z′]

∥∇f(ξ)∥1 · ∥z′ − z∥∞ = sup
ξ

K∑
k=1

|qk(ξ)− (eY )k| · ∥z′ − z∥∞.

Since y = eY is one-hot and q ∈ ∆K−1,
∑K

k=1 |qk−(eY )k| = |qY −1|+
∑

k ̸=Y qk = (1−qY )+(1−qY ) ≤

2. Hence |f(z′)− f(z)| ≤ 2 ∥z′ − z∥∞.
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B.4.2 Performance Bound

We will use two probability floors:

γ⋆ :=
1

K
exp
(
−2R ∥θ⋆∥F

)
, Γ⋆ := log

1

γ⋆
= logK + 2R∥θ⋆∥F ,

and

Bθ :=

√
2(1 + p) logK

λp
, γB :=

1

K
exp
(
−2RBθ

)
, ΓB := log

1

γB
= logK + 2RBθ.

Corollary B.18 (Big-O summary). Under the assumptions of Theorem B.19, with probability at

least 1− κ,

R(θ̃i) ≤ O
((p+ 1

p

)
ϵ + λ ∥θ⋆∥2F + Cbias

√
BCE +

(p+ 1)Cgen

p

√
log(1/κ)

λn

)
,

where the constant Cbias = R
(
∥θ⋆∥F +

√
2 logK/λ

)
and Cgen = Cgen(R, ∥θ⋆∥, log(K)) is specified

in the appendix.

Theorem B.19 (CE performance bound with probing). Let Assumptions 3.1, 3.2, 3.3, 3.4, and

B.1 hold. Let Θ̃ be a stationary point of MSGD-P and let θ̃i be the parameter for a probing learner

i ∈ U . Then for any κ ∈ (0, 1), with probability at least 1− κ over the probing sample,

R(θ̃i) ≤
(
1 +

1

p

)
ϵ+

λ

2
∥θ⋆∥2F +R(∥θ⋆∥F +Bθ)

√
2BCE + 4R

√
(1 + p)K logK

λpn

+
(
Γ⋆ + ΓB +R(∥θ⋆∥F +Bθ)

)√ log(3/κ)

2n
.

Proof. We work on the event Epinsker ∩ E⋆ ∩ Eu where:

• Epinsker is the event of Lemma B.22 (probability ≥ 1− κ/3),

• E⋆ is the event of Lemma B.23 (probability ≥ 1− κ/3),

• Eu is the event of Lemma B.24 (probability ≥ 1− κ/3).

By a union bound,

P(Epinsker ∩ E⋆ ∩ Eu) ≥ 1− κ.
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Bound on L̂probe(θ̃i). By Lemma B.20, dividing by p,

L̂probe(θ̃i) ≤
ϵ

p
+ L̂probe(θ

⋆) +
λ

2
∥θ⋆∥2F .

By Corollary B.26 applied at W = θ⋆ and Lemma B.23,

L̂probe(θ
⋆) ≤ L̂true(θ

⋆) + R ∥θ⋆∥F ∆1,n ≤ ϵ + Γ⋆

√
log(3/κ)

2n
+ R ∥θ⋆∥F ∆1,n.

Hence

L̂probe(θ̃i) ≤
ϵ

p
+ ϵ +

λ

2
∥θ⋆∥2F + Γ⋆

√
log(3/κ)

2n
+ R ∥θ⋆∥F ∆1,n.

Bound on L̂true(θ̃i). By Corollary B.26 at W = θ̃i,

L̂true(θ̃i) ≤ L̂probe(θ̃i) + R ∥θ̃i∥F ∆1,n.

Substituting the bound from the previous step,

L̂true(θ̃i) ≤
ϵ

p
+ ϵ +

λ

2
∥θ⋆∥2F + Γ⋆

√
log(3/κ)

2n
+ R (∥θ⋆∥F + ∥θ̃i∥F )∆1,n.

On Epinsker, by Lemma B.22,

∆1,n ≤
√

2BCE +

√
log(3/κ)

2n
.

Therefore,

L̂true(θ̃i) ≤
ϵ

p
+ ϵ +

λ

2
∥θ⋆∥2F + R (∥θ⋆∥F +Bθ)

√
2BCE +

(
Γ⋆ +R (∥θ⋆∥F +Bθ)

)√ log(3/κ)

2n
.

Bound on R(θ̃i). By Lemma B.24, on Eu and since ∥θ̃i∥ ≤ Bθ by Lemma B.21,

R(θ̃i) ≤ L̂true(θ̃i) + 2
√
2RBθ

√
K

n
+ ΓB

√
log(3/κ)

2n
.

Combining with the previous bound and substituting Bθ =
√
2(1 + p) logK/(λ p) (which yields
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2
√
2RBθ

√
K/n = 4R

√
(1 + p)(K logK)/(λ pn)) gives the stated bound.

Lemma B.20 (Stationarity bound). At a stationary point Θ̃, for learner i ∈ U ,

p L̂probe(θ̃i) ≤ ϵ + p L̂probe(θ
⋆) +

λ p

2
∥θ⋆∥2F .

Proof of Lemma B.20. By optimality of θ̃i for Φi(·; Θ̃),

Φi(θ̃i; Θ̃) ≤ Φi(θ
⋆; Θ̃).

Subtracting the two population CE terms at W = θ̃i and W = θ⋆, and using that

ταi EPi ℓCE(θ
⋆) + (1− τ) ai(Θ̃) EDi(Θ̃) ℓCE(θ

⋆) ≤ ϵ,

we obtain the stated bound.

Lemma B.21 (Norm bound and probability floor). We have ∥θ̃i∥F ≤ Bθ =
√
2(1 + p) logK/(λ p).

Consequently, for any x,

min
c∈[K]

qθ̃i(x)c ≥ γB =
1

K
exp
(
−2RBθ

)
, ΓB = log

1

γB
= logK + 2RBθ.

Proof of Lemma B.21. Compare Φi(θ̃i; Θ̃) to Φi(0; Θ̃). For W = 0, qW is uniform and each CE term

equals logK. Thus

λ p

2
∥θ̃i∥2F ≤ (1 + p) logK ⇒ ∥θ̃i∥F ≤

√
2(1 + p) logK

λp
.

For the floor, write for any c, c′:

|zc − zc′ | = |(Wc −Wc′)
⊤x| ≤ ∥Wc −Wc′∥ ∥x∥ ≤ 2 ∥W∥F ∥x∥ ≤ 2R∥W∥F .

Hence qW (x)c ≥ 1
K exp(−2R∥W∥F ).

Lemma B.22 (Pseudo-label discrepancy). Let ∆1,n = 1
n

∑n
q=1 ∥ỹ

q
i − y

q
i ∥1. Under Assumption B.1,
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for any κ ∈ (0, 1), with probability at least 1− κ/3,

∆1,n ≤
√

2BCE +

√
log(3/κ)

2n
.

Proof of Lemma B.22. For one-hot y, CE(y, ỹ) = KL(y∥ỹ) and Pinsker gives E ∥y−ỹ∥1 ≤
√
2 EKL(y∥ỹ) ≤

√
2BCE. Since ∥y − ỹ∥1 ∈ [0, 2], Hoeffding yields the stated bound.

Lemma B.23 (Concentration at θ⋆). With probability at least 1− κ/3,

∣∣L̂true(θ
⋆)− ϵ

∣∣ ≤ Γ⋆

√
log(3/κ)

2n
,

where Γ⋆ = logK + 2R∥θ⋆∥F .

Proof of Lemma B.23. By Lemma B.21 applied toW = θ⋆, minc qθ⋆(x)c ≥ γ⋆, hence ℓCE((x, y), θ
⋆) ∈

[0,Γ⋆]. Hoeffding’s inequality gives the result.

Lemma B.24 (Uniform convergence). With probability at least 1− κ/3,

sup
∥W∥F≤Bθ

∣∣L̂true(W )−R(W )
∣∣ ≤ 2

√
2RBθ

√
K

n
+ ΓB

√
log(3/κ)

2n
.

Proof of Lemma B.24. For any sample {(xi, yi)}ni=1 with ∥xi∥ ≤ R, we bound the empirical Rademacher

complexity of

FBθ
:=

{
(x, y) 7→ ℓCE((x, y),W ) : ∥W∥F ≤ Bθ

}
.

The function f(z, y) = − log softmax(z)Y has gradient ∇zf = q − y with ∥∇zf∥2 = ∥q − y∥2 ≤
√
2.

Thus f is
√
2-Lipschitz in z. By the vector contraction lemma,

Rn(FBθ
) ≤

√
2 · E

[
sup

∥W∥F≤Bθ

1

n

n∑
i=1

K∑
k=1

σi,k (Wxi)k

]
,

with σi,k i.i.d. Rademacher. The inner supremum equals

Bθ

n
E
∥∥∥ n∑

i=1

K∑
k=1

σi,k ekx
⊤
i

∥∥∥
F
≤ Bθ

n

√
E
∥∥∥∑

i,k

σi,k ekx
⊤
i

∥∥∥2
F

=
Bθ

n

√√√√ K∑
k=1

n∑
i=1

∥xi∥2 ≤ BθR

√
K

n
.
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Hence Rn(FBθ
) ≤
√
2BθR

√
K/n. A standard symmetrization and bounded-difference argument

(the per-sample loss range over ∥W∥ ≤ Bθ is at most ΓB by Lemma B.21) yields, with prob.

≥ 1− κ/3,

sup
∥W∥F≤Bθ

∣∣L̂true(W )−R(W )
∣∣ ≤ 2Rn(FBθ

) + ΓB

√
log(3/κ)

2n
,

which gives the stated bound.

Lemma B.25 (Logits bridge for cross-entropy; no probability floors). Let W ∈ RK×d, z(x) =Wx ∈

RK , and qW (x) = softmax(z(x)). For any x ∈ Rd, any one-hot label y ∈ {e1, . . . , eK}, and any

soft pseudo-label ỹ ∈ ∆K−1 (i.e., ỹc ≥ 0,
∑

c ỹc = 1), the cross-entropy difference satisfies the exact

identity

CE(ỹ, qW )− CE(y, qW ) = −⟨ỹ − y, z(x)⟩.

Consequently,

∣∣CE(ỹ, qW )− CE(y, qW )
∣∣ ≤ ∥ỹ − y∥1 · ∥z(x)∥∞ ≤ ∥ỹ − y∥1 ·R ∥W∥F .

Proof. Recall that CE(r, q) = −
∑K

c=1 rc log qc for any probability vector r, and qc =
ezc∑
j e

zj with

z =Wx. Hence

− log qc = log
( K∑

j=1

ezj
)
− zc = logsumexp(z)− zc.

Therefore, for any r ∈ ∆K−1,

CE(r, qW ) =

K∑
c=1

rc
(
logsumexp(z)−zc

)
= logsumexp(z)·

K∑
c=1

rc︸ ︷︷ ︸
=1

−
K∑
c=1

rc zc = logsumexp(z) − ⟨r, z⟩.

Applying this twice with r = ỹ and r = y gives

CE(ỹ, qW )− CE(y, qW ) =
(
logsumexp(z)− ⟨ỹ, z⟩

)
−
(
logsumexp(z)− ⟨y, z⟩

)
= −⟨ỹ − y, z⟩,

which is the claimed identity.
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For the inequalities, use Hölder and the fact that ∥z∥∞ = maxc |zc|:

∣∣CE(ỹ, qW )− CE(y, qW )
∣∣ = |⟨ỹ − y, z⟩| ≤ ∥ỹ − y∥1 ∥z∥∞.

Finally, since zc =W⊤
c x and ∥x∥ ≤ R,

∥z∥∞ = max
c
|W⊤

c x| ≤ max
c
∥Wc∥2 · ∥x∥ ≤

(
max

c
∥Wc∥2

)
R ≤ R ∥W∥F ,

because ∥W∥2F =
∑

c ∥Wc∥22 ≥ maxc ∥Wc∥22. Combining the bounds yields the result.

Lemma B.26 (Empirical bridge on the probing batch). On the probing dataset {(x̃qi , ỹ
q
i , y

q
i )}nq=1,

define

L̂probe(W ) =
1

n

n∑
q=1

CE(ỹqi , qW (x̃qi )), L̂true(W ) =
1

n

n∑
q=1

CE(yqi , qW (x̃qi )), ∆1,n =
1

n

n∑
q=1

∥ỹqi−y
q
i ∥1.

Then for any W , ∣∣L̂probe(W )− L̂true(W )
∣∣ ≤ R ∥W∥F ·∆1,n.

Proof. Apply Lemma B.25 termwise and average.

136


	Introduction
	Contributions of Chapter 2
	Contributions of Chapter 3

	Online Optimization of Weakly Submodular and BP Functions
	Preliminaries
	Related Work
	Problem Formulation
	Offline Algorithm Robustness
	Greedy Selection Robustness
	Distorted BP Greedy Robustness

	No-Regret Single Feedback
	MNN-UCB Algorithm
	Theoretical guarantee

	No-Regret Separate Feedback
	MNN-UCB-SEPARATE Algorithm.
	Performance with Separate Feedback

	Numerical Experiments

	Choice-Driven Learning and Peer Model Probing
	Related Work
	Problem Setting
	The Failure of Standard Learning Dynamics
	Algorithm and Assumptions
	Convergence to Stationary Points
	The Overspecialization Trap

	Mitigating Overspecialization through Peer Probing
	Algorithm
	Convergence
	When Does Probing Help?
	Performance Guarantees

	Numerical Experiments
	Experimental Results


	Conclusion
	Immediate Open Questions
	Longer Term Directions

	Appendix for Chapter 2
	Table of Notation
	Applications and Role of MNN functions
	Active Learning
	Recommendation Systems

	A simple approach to guarantee low regret: Why it is too weak
	Proofs from Section 2.4
	Approximate Greedy on BP Functions
	Approximate Greedy on WS Functions
	Approximate Weighted Greedy on BP Functions

	Discussion and Proofs from Section 2.5 and Section 2.6
	Remarks on hyperparameters (, b)
	Remarks on step size t
	Remark on role of kernel parameters on deff
	Proof of Theorem 2.4(b)
	Remarks on distortedgreedy
	Analysis without Assumption (2a)
	Remarks on Guess-and-double technique to replace Assumption (2c)

	Details on Experiments

	Appendix for Chapter 3
	Terminology and Preliminary Results
	Dynamical systems terminology
	Regularity of Squared and Cross Entropy Losses

	Convergence of alg:msgd and alg:msgdprobe
	Convergence of Algorithm 5
	Convergence of MSGD-P (Algorithm 6)

	Squared Loss: Performance Guarantee
	Proof of cor:sq-performance-bigO

	Cross-Entropy Loss: Performance Guarantee
	Accurate Probing Assumption and Proofs
	Performance Bound



