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The mixing time of a Markov chain describes how fast the Markov chain converges to its
stationary distribution. In this thesis, we survey some of the knowledge and main tools
available in this field by looking at examples. We focus on various models of card shuffling
(random walk on the permutation group S,) and the Swendsen-Wang dynamics of the
mean-field Ising Model. We show that the Card-Cyclic to Random shuffle has mixing time
of order ©(nlogn) (joint work of Ben Morris and Yuval Peres). We also determine the
order of the mixing time of the mean field Swendsen-Wang dynamics at all temperatures.
In particular, at criticality, it mixes at time @(ni) (joint work of Yun Long, Asaf Nachmias,

and Yuval Peres).
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Chapter 1

INTRODUCTION

A finite irreducible and aperiodic Markov chain has an unique stationary distribution
m and the distribution of the chain at time ¢t will converge to m as t — oco. Given two
probability distributions p and v on the state space (2, define the total variation distance
by
i = wilrw = ma u(4) = v(A)] = Sl — vl
Estimating the maximal total variation distance (over all starting states x) between P!(z, -)

and 7 is among our primary objectives. It is therefore convenient to define
d(t) := P! (z,-) — .
(t) = max||P*(z, ) — llzv
One can show that d(t) is non-increasing in ¢. The mixing time is defined by
tmiz(€) := min{t : d(t) < €}

and
tmiz = tmzx(1/4)

There are various methods to bound t,,;;(¢) from above and below. We will explore
some of the available tools as we go through examples. The main examples covered in this
thesis are various card shuffling Markov chains and the Swendsen-Wang dynamics of spin

systems. They are covered in chapter 2 and 3 respectively.



Chapter 2
RANDOM WALK ON THE PERMUTATION GROUP

The card shuffling Markov chains are examples of random walks on the permutation
group S,. A probability distribution g on the permutation group describes a mechanism of
shuffling cards: apply permutation o to the deck of n cards with probability u(c). Repeat-
edly shuffling the deck using this mechanism is equivalent to running the random walk on
Sy, with increment distribution p. If the support of u generates all of S,,, the corresponding
chain is irreducible. If p(id) > 0, the chain is aperiodic. As examples of random walk on
groups, all card shuffling chains have uniform stationary distributions.

Example I: Top to Random Insertion. Let o; be the shuffle of taking the top card
from the deck and inserting it to an uniformly position, which is known as the Top-to-
Random Insertion. Let 74, be the time one move after the first occasion when the original
bottom card has been moved to the top of the deck. One can prove by induction that 7, is
independent of or,,, and o,,, is uniform over S,,. A strong stationary time for a Markov
chain X is a randomized stopping time 7 such that X, has distribution 7, and X, 7 are

independent. Thus 7, is a strong stationary time of the Top to Random Insertion.
Lemma 2.0.1. If 7 is a strong stationary time, then
d(t) < maxP*(r > t).
€T

Observe that the distribution of 7, is the same as the classical coupon collector’s time.
Applying the lemma, one has
d(nlogn + an) < e *.

This gives an upper bound of the mixing time.

For a lower bound, Aldous and Diaconis [I] observed that the event
A; = {the original bottom j cards are in their original relative order}

illustrates the great difference between the uniform distribution and the distribution after

nlogn — an shuffles starting from the identity.

Proposition 2.0.2. For any € > 0, there exists a constant ag such that o > ag tmplies

that for all sufficiently large n,
dp(nlogn —an) > 1 —e.
In particular, there is a constant oy such that for all sufficiently large n,

tmiz = nlogn — an.



Notice that for the Top-to-Random Insertion, combining the results in the upper and
lower bound, one has

lim limsupd(nlogn + an) =0,

=0 p—oo
and

lim limsupd(nlogn+ an) = 1.
Q=00 n—oo

This is an example of the cut-off phenomenon which states that the total variation distance
d(t) drops abruptly from near 1 to near 0 in a time period which is of lower order of the
mixing time. See [23] Chapter 18.

Example IT: Random Transposition. Another example of random walks on S, that cut-
off has been established is the Random Transposition. In this shuffle one picks two uniform
random cards (with probability % the two cards are the same) and transpose them. For a
lower bound of mixing time, we look at the number of cards that have not been picked yet
by the time t. Notice that these cards are the fix points of the permutation if starting from
identity. Since two random cards are picked each time, by the coupon collector problem,
one need %n log n shuffles to get almost all cards picked. Thus it is reasonable to believe for

t < %nlogn — amn, there are still too many fix points of the permutation.

Proposition 2.0.3. Let 0 < € < 1. For the Random Transposition chain,

n—1 1—6)
2 6 )

Diaconis and Shahshahani [12] proved a matching upper bound. Their argument uses

tmiz (6) > log (

representation theory. Roughly speaking, the Lo distance between the distribution of the
permutation after ¢ shuffles and the uniform distribution is bounded from above by an
expression involving all irreducible representation of .S,,, which can be characterized by the
Young diagrams. See [10] for details. The cut-off of the Random Transposition was also
proved by Berestycki, Schramm and Zeitouni using purely probabilistic argument in [§].
They showed that a random walk on S, whose step distribution is uniform on k-cycles
has the mixing time of (1/k)nlogn, with threshold of width linear in n. The Random
Transposition is a special case of this result. Their proof relies on a delicate coupling of
Schramm [38].

An important general question about the mixing times of card shuffling problems is what
happens when we move from the world of random updates, where at each step a card is
chosen at random and updated, to systematic scan, when the updates are done in a more
deterministic fashion. On the one hand, systematic scan is less random, so one might expect
that the mixing time is larger. On the other hand, systematic scan can update n cards in
n steps, whereas with random updates nlogn steps are required by the coupon collector
problem. Mironov [25], Saloff-Coste and Zuniga [40], and Mossel, Peres and Sinclair [2§]
analyzed the Cyclic-to-Random shuffle, which is a systematic scan version of the Random

Transposition:



Example III: Cyclic-to-Random shuffle. At step t the card in position ¢ mod n is
swapped with a randomly chosen card. They found that the mixing time for this chain is
still on the order of nlogmn. The upper bound in [28] follows from a strong stationary time
argument and in [40], the comparison technique is used. For the lower bound of this model,
in [28] the authors generalized an idea of Wilson which first appeared in [42]. The approach

in [42] uses an eigenvector ® of the Markov chain. One has
E(®(Xi41)|Xe) = AP(Xy).

To obtain a good lower bound, one finds a A < 1 but A &~ 1. Since A\ < 1, in stationarity
E®(X) = 0. But since A ~ 1, it takes a long time before E®(X;) ~ 0. If furthermore
the eigenvector is smooth in the sense that E((®(X;11) — ®(X;))?|X¢) is never large, then
we can bound the variance of ®(X}), showing that it is with high probability confined to
a small interval around its expected value. Provided that E®(X;) is large enough, we can
reliably distinguish ®(X;) from ®(X) in stationarity, which implies that the Markov chain
has not yet mixed by the time t.

Example IV: Random to Random Insertion. The Random to Random Insertion is
defined as follows. At each step a card is chosen uniformly at random and then moved to a
uniform random position. It was shown in [I3], [41] and [37] that the mixing time of this
shuffle is on the order of nlogn. The upper bound follows from the comparison technique
introduced by Diaconis and Saloff-Coste. The lower bound is obtained via analyzing the
longest increasing subsequence of the permutation. Notice that the cards that have yet to
be moved form a such subsequence. For the random permutation, the longest increasing
subsequence is typically of length ©(y/n). However, for t < (1 —o(1))nlogn, the number of
cards that have yet to be moved is of higher order by the coupon collector argument. Subag

[37] further refined this argument and improved the lower bound to (3 — o(1))nlog n.

2.1 Card-Cyclic to Random shuffle

Pinsky [34] invented the following model, called the Card-Cyclic to Random shuffle, which
is a systematic scan version of the Random to Random Insertion: at time ¢t move the card
with the label ¢ mod n to a uniform random position. It is not obvious that the mixing
time is greater than n: after n steps each card has been randomized, so one might expect
the whole deck to be close to uniform. However, Pinsky showed that the mixing time is
indeed greater than n, as the total variation distance at this time converges to 1 as n goes
to infinity. We show that in fact the mixing time is on the order of nlogn. This is joint
work with Ben Morris and Yuval Peres [27].

Remark. One can study another systematic scan version of the Random to Random
Insertion where one cycles through the cards by position rather than label. Consider the
shuffle where at time t, the card in position ¢ mod n is removed and inserted in a uniform

random position. Call this the Position-Cyclic-to-Random Insertion. For this shuffle the



coupon collector problem implies a lower bound for the mixing time of order nlogn by the
following argument (Ross Pinsky, personal communication): Note that the time-reversal of
this chain is the shuffle which at time ¢ picks a uniform card and inserts it to location ¢
mod n. Thus, if we start with the cards in increasing order then the cards that have never
been chosen for reinsertion by time ¢ form an increasing subsequence of the permutation
at time ¢. Since the longest increasing subsequence of a uniform permutation is O(y/n)
with high probability, the mixing time must be at least of order nlogn, since this is the
number of steps required to ensure that the number of “uncollected coupons” in the coupon
collector problem is O(y/n). A matching upper-bound of O(nlogn) follows from the work
of Saloff-Coste and Zuniga. See [40, Theorem 4.8].

2.2 Lower bound of the Card-Cyclic to Random shuflle

To prove a lower bound, we show that for some small constant ¢ after cnlogn steps of
shuffles, there exists a certain set of positions that tend to be occupied by a certain set of
cards. This involves some analysis of an interesting ordinary differential equation. Recall
that in the Card-Cyclic-to-Random shuffle, at time ¢ we remove the card with label £ mod n
and then reinsert it into a uniform random location.

Define a round to be n consecutive such shuffles. Note that the Markov chain that
performs a round of the Card-Cyclic-to-Random shuffle at each step is time-homogeneous
with a doubly-stochastic transition matrix, irreducible and aperiodic, hence converges to
the uniform stationary distribution. It follows that the Card-Cyclic-to-Random shuffle
converges to uniform as well. Our main results show that the mixing time is on the order

of logn rounds.

Theorem 2.2.1. There exists co such that for any ¢ < ¢y and 0 < € < 1, when n is
sufficiently large, we have

tmix(€) > cnlogn.

Here cg = where a s the smallest positive solution of equations b = e®sinb and

1
2+2a
a=e%cosb— 1. Numerically co = 0.161875162....

2.2.1 The barrier

The key idea for the lower bound is to imagine a barrier between two parts of the deck, that
moves along with the cards as the shuffling is performed. If a card is inserted into the gap
that the barrier occupies, we use the convention that the card is inserted on the same side
of the barrier as it was in the previous step. We illustrate this with the following example.
Suppose there is a deck of 8 cards with a barrier between cards 3 and 5. In the next step,

card 7 is inserted between cards 3 and 5.

2 1 3 |

5 46 8 7
2 13| 7546 8



Let {0+}72, be a Card-Cyclic-to-Random shuffle. We think of o4(7) as the position of card i
at time ¢, where the positions range from 1 at the left to n at the right. Define the position
of the barrier as the position of the card immediately to its left, and throughout the present
chapter, let B; be the position of the barrier at time t. Use the convention that By = 0
if at time t the barrier is to the left of all cards. We will call the pair process (oy, B;) the
auziliary process.

Note that at any time ¢ > n, every card has been reinserted exactly once in the previous
n steps. Furthermore, if a card is reinserted to the left of the barrier then it stays there
until it is reinserted again. Hence

n

B, = Z 1(the card moved at time t — i is inserted to the left of barrier). (2.1)
i=1

Since the conditional probability that the card at time ¢ is inserted to the left of the barrier,
given B, is %Bt, taking expectations in 1' gives

1 n
E(B:) = - ZE(Btfi)- (2.2)
=1
Define g(t) = E( %Bt). Then g satisfies the following moving average condition:

1 < ,
o) = 13 gt i) (2.3
i=1
for t > n. We shall approximate g(t) by f(¢/n), where f : R — [0,1] is a continuous
function satisfying Our first lemma gives an example of such a function.
Lemma 2.2.2. There ezists a > 0 and b > 2w such that f(z) = % + %e_‘“’ sin(bz) satisfies
fl(@) = f(z) — f(z - 1). (2.4)

Moreover,

fla)= [ riepds, (2.5)
for all z.

Proof. Since properties and are preserved under shifting and scaling, it is enough
to show that they apply to h(z) = e~* sin(bx), for suitable a and b.

First, we show that for suitable choice of a and b we have h/(z) = h(z) — h(z — 1). By
the product rule,

b (z) = —ae” " sin(bz) + be”** cos(bx), (2.6)
and a calculation shows that

h(z) —h(x —1) = (1 — e*cosb)e” “* sin(bx) + (e® sinb)e™** cos(bx). (2.7)



0 05 1 15 2 25 3

Figure 2.1: Graph of f(s)

The quantities (2.6) and (2.7)) are equal if b = e®sinb and —a = 1 — % cosb. Solving for a
in the first equation gives

a =log —,
sin

and substituting this into the second one gives

1 sin b 1 bcosbd

) =1- .

&7 sin b

By the intermediate value theorem, this equation has a solution with b in the interval

[2m + 7,27 4 §], since when b = 27 4 7 the right-hand side is smaller than the left-hand

side, but when b = 27 + 7 the right-hand side is larger. Furthermore, since sinb < b
b

sin b

when b > 0, we have a = log
b="7.4615... and a = 2.0888....)
Next we claim that since h/(z) = h(z)—h(z—1), we must have h(z) = [ | h(s)ds. To see

z—1
this, define g(x) = [ | h(s)ds and note that ¢'(z) = '(z). This implies that h(z)—g(z) = C

for a constant C. But since a > 0, we have h(z) — 0 as x — oco. Consequently ¢(z) — 0 as
x — oo by the definition of ¢, and so C' = 0. O

> 0. (Numerical approximation gives the solution as

Recall that g(t) = E(%B;), where B, is the position of the barrier at time . A key part
of our proof will be to show that g closely follows the continuous function f of Lemma [2.2.2
However, in order for this to be the case we must start with a permutation chosen from a
certain probability distribution. It is most convenient to describe this starting permutation
as being generated in the first n time steps, which we call the startup round. In the startup

round, we begin with only a barrier. At time ¢, for 1 <t < n, we put card ¢ to the left of



the barrier with probability f (%) The location among the already existing cards in the left
(right) side of the barrier is arbitrary. We must modify the definition of ¢ to handle the

startup round. Define g : {1,2,...} — R by

g(t):{ FE) 1<t <n

E(1B;) otherwise.

Thus g satisfies the moving average condition, and, because of the insertion probabilities
used in the startup round, g matches f for the first n steps. (That is, g(-) = f(5) on
{1,---,n}.) As we show below, this is enough to ensure that g is well-approximated by f

for a number of rounds on the order of logn.

Lemma 2.2.3. There exists a constant C' > 0 such that

lg(t) — f(L)] < L2/,
for allt > 0.

Proof. First, note that if ¢ > n then

glt+1) —g(t) = 2> glt+1-i)— 1> g(t—1)
i=1 i=1
= (g —gt—m)
Rearranging terms gives
gt +1) = 1+ )g(t) — gt —n). (2.8)

Recall that f(z) = 5 + e *sin(ba) and a > 0. Some calculus shows that the second

derivative of f is uniformly bounded on [0, c0). Hence
FED =) = () +0Gs)
= L(r&) -1t =) +0(H).

where the first line follows from Taylor’s theorem and the second line follows from Lemma

[2:2.2] Rearranging terms gives
P = (L DF(E) = Lr(52) + O(h). (29)
Combining and and using the triangle inequality gives
gt +1) = F(EL| < (14 1) [g(t) = F(E)| + L gt —m) — (52 + &, (2.10)

for a universal constant C. We claim that for all ¢ we have

lg(t) — F(H)] < &3 (1+2). (2.11)
=0



t

n
if we suppose that (2.11)) holds for 1,...,¢, then the two absolute values on the right-hand
side of l) can be bounded by n% S o1+ 2)i. Hence

We prove this by induction. For the base case, note that ¢g(t) = f(%) for t =1,...,n. Now

n

(2

t
gt +1) - D] < a+H[EIa+H]+ 5
t+1 -
1=0

which verifies (2.11) for t + 1. To finish the proof of the lemma, note that

1+

S

e
n2
%

3w‘ Q

t 1
) )t—i— -1
(1+2) = ’
=0 n

QeQ(H-l)/n‘

IN
[
S

2.2.2 Deviation estimates

In the previous subsection we proved that the expected barrier location is well-approximated
by a continuous function. In the present subsection we show that the barrier stays reasonably
close to its expectation with high probability when the number of rounds is on the order of
logn.

Define a configuration as a pair (o, b), where o is a permutation and b is a barrier location.
(Thus the state space of the auxiliary process is the set of all configurations.) We define the
insertion distance between two configurations as the minimum number of cards we would
need to remove and re-insert to get from one configuration to the other. For example the

insertion distance between the two configurations below is 2. (Move cards 4 and 7.)

2143|5687
2137|546 8
Lemma 2.2.4. Let (o}, B}) and (02, B?) be auziliary processes, and define 6i = (o}, BY)

fori=1,2. Let d be the insertion distance between 6% and 63. Then
t
BB} ~EB}| <d(1+1)"

Proof. There is a natural coupling of o} and o7 that we call label coupling. In label coupling,
at time t we choose a label X uniformly at random. If X = ¢t mod n, then we move card
t mod n to the leftmost position in both processes. Otherwise, we insert card ¢t mod n to
the right of the card with label X in both processes.

Suppose that A = {ay,...,aq} is a minimal set of cards that can be moved to get from

6(% to &8. Note that under the label coupling, only in the case when we move a card not in
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A can the insertion distance be increased. In such moves, if the card is put to the right of a
card in A, the insertion distance increases by 1 and otherwise it stays the same. Thus the

expected insertion distance after one step is at most

(d+1)d+dn_d:d<1+1>.
n n

n

Iterating this argument shows that the expected insertion distance after ¢ steps is at most
d (1 + %)t The lemma follows from this, since the barrier can move by at most one position

with each re-insertion. O
We are now ready to state the main lemma of this subsection.

Lemma 2.2.5. Let (04, B;) be an auziliary process. Fix ¢ > 0 and suppose T satisfies

n <T <cnlogn. Then for any x > 0 we have
P(|LBr — g(T)| = x) < 2exp (—a?n' ).

Proof. Fix T with n < T < cnlogn. Since g(T) = =E(Br), it is enough to show that for

any x > 0 we have

1
n

P(|Br — E(Br)| > z) < 2exp (_g;2n7(1+2c)> .

Let F; be the sigma-field generated by the process up to time ¢, and consider the Doob

martingale
Mt = E(BT ‘ ]:t)

Applying Lemma to the case of two configurations that differ by one insertion gives

|My — My < (1+ %)T_t

)

for ¢t with 1 <t <T'. Thus the Azuma-Hoeffding bound gives

P(|Br —E(Br)| > ) = P(|My —E(Mr)| > z)

< 2exp < o ) (2.12)
< xp| ————— |, .
231 b7

where b; = (1 + %)Tﬁt. Let r = (1 + %)2 The sum in (2.12) can be written as

; or—1

=0

T
< gr, (2.13)
. 2 1 2 . . .
since r —1 =2+ -5 > 2. Since T' < cnlog n, the quantity 1} is at most
1\2cnlogn 1 142
5(1+7) <gn

Substituting this into (2.12)) yields the lemma. O
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2.2.8 Proof of the Lower bound

Recall that f(s) = § + 2e % sin(bs), for a = 2.0888... and b = 7.4615.... The rough
idea for the lower bound is as follows. Note that if ¢ is sufficiently small and s < clogn,
then the fluctuation of f(s) between s and s + 1 is of higher order than n~'/2. Thus in
the corresponding round of the Card-Cyclic-to-Random shuffle, there will be an interval of
cards where the probability of inserting to the left of the barrier is detectably high. Before

we give the proof, we recall Hoeffding’s bounds in [17].

Theorem 2.2.6. Let Xy,..., X be samples from a population of 0’s and 1’s, and let
p = E(X7) be the proportion of 1’s in the population. Then for o > 0,

k
P <Z X;—kp> a) < e 20k, (2.14)

i=1
The bound applies whether the sampling is done with or without replacement.

Proof. Proof of Theorem Let ¢ > 0 be small enough so that

1

< .
“S~ 9%

(2.15)

Fix T with n < T < cnlogn and let = T/n. Suppose that sin(bz) < 0. The case

sin(bx) > 0 is similar. Since b > 27, there exist x1,z9 with x — 1 < 21 < z3 < z, such that
bry =27k + /4, and

bry = 27k + 37 /4,

for an integer k. Note that for s € [x1, x2] we have

f(s) = g+pPe ™

>
> 5+ pnT, (2.16)
where 8 = §sin(m/4). The second inequality holds because z < clogn.

Let A be the event that |LB; — f(t/n)| < gn*‘w for all t with T —n < ¢t < T. Note
that since T' < enlogn, substituting 7" into the upper bound of Lemma implies that
if t < T then |g(t) — f(t/n)| < Bn?~1, for a constant B > 0. Since 2c¢ — 1 < —ac by (2.15)),

for sufficiently large n we have
Bn2c1 < gn—ac7
and hence |g(t) — f(t/n)| < gn_ac for t <T. Hence
P(A°) P(|:B; — g(t)| > gn_‘w for some ¢t with T'—n <t <T)
2
2n exp (— [gn_ac} n1_2c)

= 2nexp (—g—znlﬁc(aﬂ)» (2.17)

<
<
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where the second inequality follows from Lemma and a union bound. Since 1 —2¢(a+
1) > 0 by (2.15)), the quantity (2.17), and hence P(A®), converges to 0 as n — occ.

Let I = {tmodn : nx; <t < nxe} and m = |I|. Since zo — x; = 7/2b, there is a
constant A > 0 such that m > An for sufficiently large n. Let N be the number of cards
in I (that is, cards whose label is in I) placed to the left of the barrier between times nz;
and nxs. Then N is also the number of cards from I to the left of the barrier at time 7.
By , on the event A the insertion probabilities % are bounded below by % + %n_ac
for ¢ with nzy < t < nxy. Hence the conditional distribution of NV given A stochastically

dominates the Binomial(m, % + %n*“) distribution. Thus Hoeffding’s bounds give

—2 (émn_‘w)
P(N<%+§mn_“c|A> < exp !
m
< exp (_%2)\”1—2@> , (2.18)

where the second line follows from the fact that m > An. Since 1 — 2ac > 0 by , the
quantity converges to 0 as n — oo.

Now let Y be the number of cards in I having position less than 5 + gnl_“c at time 7T'.
Since f (%) < %, we have By < § + gnlf‘w on the event A, and hence

P(Y <™+ 2mn®) < B(N <2+ Smn | A) + P(A%), (2.19)

which converges to 0 as n — co.
To complete the proof, let Y,, be the number of cards in I whose position is less than
5 + gnl_ac in a uniform random permutation.

Hoeffding’s bounds imply that

_9 ( Byyn—ac
m , B —ac 2 (4mn )
P(Yy > % +5mn ") < exp -
ﬁQ
< exp (—8)\7112“6) , (2.20)

for sufficiently large n. Since 1 — 2ac > 0, the quantity (2.20)) converges to 0 as n — 0.
Combining this with (2.19)), we conclude that tyix(e) > cnlogn for large enough n. O

2.3 Upper bound of the Card-Cyclic to Random shuffle

To analyze upper bound, we prove the following theorem.

Theorem 2.3.1. For any e > 0 and n > 4, we have

tmix(€) < C(nlogn — 2nloge),
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where
1

C= = 6.58664655...
log2 — log(e — 1)

We use the path coupling method of Bubley and Dyer [6]. Suppose the state space Q of
a Markov Chain is a metric space with given distance p, the transportation metric between

two distributions on €2 is defined by
pr(p,v) == inf{E(p(X,Y)) : (X,Y) is a coupling of p an v}.
The following theorem is from [6]. See also [23] Chapter 14.

Theorem 2.3.2. Suppose that there exists a > 0 such that for each edge {x,y} in G there
exists a coupling (X1,Y1) of the distributions P(x,-) and P(y,-) such that

Ew,yp(Xla Y1) < p(z,y)e .

Then

brin(€) < = loge + 10g(dz’am(G))‘
o
The analysis of Card-Cyclic to Random shuffle is based on the transition of one round
of moves, which is n consecutive shuffles. The underlying graph is S,, with an edge existing
between two permutations that differ by an adjacent transposition. The path metric on G

is defined by
p(x,y) = min{length of 7 : 7 is a path from z to y}.

Define

diam(G) = sup p(z,y).
Y

For a permutation z, define of to be the Card-Cyclic-to-Random shuffle starting at z. Our

mixing time upper bound follows from the following lemma.

Lemma 2.3.3. If permutations x and y differ by an adjacent transposition and n > 4, there

is a coupling of o and oy, such that

Ep(oy,07) < e,

where a = 2(log 2 — log(e — 1)).

Proof. There is another natural coupling of two Card-Cyclic-to-Random processes besides
label coupling; we call this second coupling position coupling. In position coupling, the card
is inserted into the same locations in both processes. Now assume that for some ¢ < j, the
permutation x can be obtained from y by transposing the cards with label ¢ and 7, as shown
below. In the diagram, the kth X in the top row represents the same card as the kth X in

the bottom row.
rz: X X X i j X X X

X X X j i X X X
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The coupling strategy is divided into 3 stages, corresponding to ¢ in {1,--- ,i—1}, {4, -+ ,j—
1}, and {j,--- ,n} respectively.

Stage 1: moving cards 1,...,7 — 1. In this stage use position coupling. As is shown by
diagram 1 below, at the end of this stage we still have two permutations that differ only
by a transposition of ¢ and j. However, there may have been some cards inserted between

cards ¢ and j; we represent these cards with a’s.

T X X 1t oa aj X X
3_1 X X jJ a a 1 X X
diagram 1

Stage 2: moving cards 7,...,j — 1. In this stage we use label coupling. At the end of this
stage, some cards might have been inserted into the group of a’s. We denote such cards
with o’’s. In addition, some cards might have been inserted between card j and the first X
to the right of the card j. We represent them with b’s. Diagram 2 shows a typical pair of

permutations after stage 2.

of 10 X X a d ad j b b X X
a?_lzXijbaa’aa’XX
diagram 2
Stage 3: moving cards j,...,n. Here we use label coupling again. Cards inserted into the

group of a’s and o’’s are represented with a,,’s, and cards inserted into the group of b’s are
represented with ’s. See diagram 3 below. Notice that the a’s, a/’s and a4+’s maintain the

same relative order in o7 and as in ¢”, and similarly for the b’s and 3”’s.

of: X X a o au a awe o b [ b X X
ob: X X b B b a o au a aw o X X

diagram 3
For t < n, let A; be the number of a’s, a’’s and a4’s, and let B; be the number of b’s and
B3"’s, after card ¢t has been moved. Note that

plor, o) < A,By.

Thus we are left to estimate E(A,B,,).
Initially we have Ag = By = 0. Recall that in the first stage we use position coupling.
For t <i¢—1 we have B; = 0 and A; satisfies

n—A;,—1
P(Arr = Al Ar) = =,

and
A +1

P(Ar1 = A+ 140 = =—.
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This implies
1
E(Ai1 + 1|A) = (Ar+ 1) (1 + n) . (2.21)
Hence
1 1—1
EA;,_ 1= (1 + > —1. (2.22)
n

Recall that we use label coupling in the second stage. For ¢ <t < j — 1, we have the

following transition rule:

n—A; — By —1
P(Ai41 = Ap, Biyr = Bi| A, By) = t - L ;

and |
P<At+1 = At + 1’Bt+1 - Bt‘AtaBt) = ;t?
and

By +1
P(As1 = Ag, Biyr = By + 1|Ay, By) = tn :

This implies
E(Ai11(Biy1 + 1)[Ag, Be) = Ay(Br + 1) (1 + Z) :
Recall that B; = 0 for all ¢t <4 — 1. Thus we have
2\77"
EA; 1(Bj—1+1)=EA; 4 <1 + n> . (2.23)

Note that for ¢ with ¢ <t < j we have

E(Ap|Ay) = A, (1 + ) . (2.24)

3=

Thus EA;_y = EA;—1(1+ 2)7=%. Combining this with (2.23) and (2.22) gives

EA; 1B 1 = <<1 + ;)H — 1) ((1 + i)j_i —~ <1 - i)y_> : (2.25)

For j <t < n we have the following transition probabilities:
n — At — Bt .
n )

A
]P)(At+1 — At + 1,Bt+1 — Bt‘Atht) e ?t’

P(Ai41 = Ap, Biyr = Byl Ay, By) =

B
P(At11 = A, By = B + 1|Ag, By) = ;t

This implies
2
E(At+1Bt+1|At, Bt) = AtBt (1 + n> .
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Using ([2.25)), we obtain

1\i! 9\ 1\ 7~ o\ n—itl
EA, B, — <<1+> _1> <1+) _(1+) <1+> |
n n n n

Since 142 < (1 + %)2, the expression in square brackets is at most (1 + %)jii <(1 + %)iij - 1).
Thus if we define 8 and v so that ¢ = fn and j = ~yn, calculation yields that

EA, B, < (¢? —1)e7 B (e7# = 1)e20-7),
if 0 < 8 <log2, and
EA,B, < (¢ —1)e7F (77 — 1)e21=7) (14 2) |

if log2 < B < 1. The former expression is maximized, for v and 8 with 0 < 8 <~y <1, by
(eg—l)2 The maximum occurs when v = 1 and § = log ei—el Notice that logei—e1 < log2.

Therefore, if a = 2(log2 — log(e — 1)), then
E(A,B,) <e %,
forall 0 < 8 <~ <1 and n > 4. which completes the proof. O

Proof. Proof of Theorem We apply Theorem [3.2.1] to a round of the Card-Cyclic-
to-Random shuffle. Since the diameter of S, with respect to adjacent transpositions is
@ < n?, substituting the a of Lemma into Theorem gives

1
tmix (€) (logn — 7 loge).

<
~ log2 —log(e — 1)
U

Remark. Theorem and Theorem together establish that the Card-Cyclic-to-
Random shuffle has a pre-cutoff in total variation distance. It is an interesting open prob-
lem to determine if cutoff occurs in this shuffle. For reference on cutoff and pre-cutoff

phenomenon, see [23, Chapter 18].
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Chapter 3
SPIN SYSTEMS AND THE SWENDSEN-WANG DYNAMICS

3.1 Introduction

Given a graph G = (V, E), a spin system is a probability distribution on Q = {1, -1}V,
For a configuration o, the value o(v) is called the spin at v. The physical interpretation is
that magnets, each having one of the two possible orientations represented by +1 and —1,
are placed on the vertices of the graph; a configuration specifies the orientations of these
magnets. The (nearest-neighbor) Ising Model is the most widely studied spin system. In

this system, the energy of a configuration o is defined to be

Ho)=- Y.  oo(w).
v,weV,v~w
The energy increases with the number of pairs whose spins disagree.
The Gibbs distribution (without the external field) corresponding to the energy H is the
probability distribution p on 2 defined by

1 — o
wlo) = e M1,

Z ()
The partition function Z(3) is the normalizing constant such that p is a probability dis-
tribution. The parameter 8 determines the importance of the energy function. The case
B >0 (resp. 5 < 0) is called ferromagnetic (resp. anti-ferromagnetic) Ising model.
The Potts model is defined in similar fashion except that we assign ¢ possible colors to
each vertex where ¢ > 2 is an integer. The state space is Q = {1,2,3,--- , ¢}V where a color

is an element of {1,2,3, - ,¢}. The energy function is

H)=- Y  Yo)=o(w)}
v,WEV,u~w
The Ising model is the case when ¢ = 2.

Introduced in 1963, the Glauber dynamics are commonly used to sample from the Potts
(Ising) model on graphs. It updates the configuration by picking a vertex w uniformly at
random from V and then generating a new configuration according to p conditioned on
the set of configuration agreeing with o on vertices different from w. At low temperatures,
the mixing time of the Glauber dynamics becomes very large in some cases (sometimes
exponential in the size of the graph), making it computationally hard to sample from the

equilibrium measure. Global Markov chains, which allow moves such as cluster flipping,
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yield much faster mixing sometimes and those are the algorithms of choice when practition-
ers actually sample. The Swendsen-Wang (SW) algorithm and its variations are frequently
used in practice.

Let

E(o) = {{u,v} € E:0(u) =0o(v)}.

The Swendsen-Wang algorithm performs the following two steps.

1. Given a Potts configuration, delete each edge in E(o;) independently with probability

1 —p = e . This gives some open edges in F, which induce some clusters.

2. For each cluster obtained in the previous step, assign a random color from {1,2,3,--- , ¢}

to it. This gives a new configuration ;1.

It is easy to show using Fortuin and Kasteleyn’s Random Cluster model [15] (see Edwards
and Sokal [I4] for this derivation) that the Potts model measure is invariant under the SW
dynamics. Moreover, the SW dynamics is clearly an aperiodic and irreducible Markov chain.
Hence from any starting configuration og, the law of oy obtained after ¢t updates, converges
in distribution to the stationary Potts model.

It worths to mention that the Swendsen-Wang dynamics do not mix rapidly in all cases.
Gore and Jerrum [I6] discovered that for any ¢ > 2, on the complete graph K,, there are
temperatures where the SW dynamics has mixing time of order at least exp(Q(y/n)). Borgs,
Chayes, Frieze, Kim, Tetali, Vigoda and Vu [5] proved a similar lower bound on the mixing
time of the SW algorithm at the critical temperatures, on the d-dimensional lattice torus
for any d > 2 and ¢ sufficiently large.

One natural question is how does the SW algorithm perform when ¢ = 2, i.e., the Ising
model. The first positive result in this direction is due to Cooper, Dyer, Frieze and Rue [9].
They proved that the SW algorithm on the complete graph on n vertices has mixing time
at most O(y/n) for all non-critical temperatures. We improve their result and show that the
mixing time of the SW algorithm on the complete graph of n vertices is of order O(logn) at
the non-critical temperatures (in fact, we will show it is of order ©(1) in high temperatures)
and is of order @(nl/ 4) at the critical temperature. Thus, the chain is rapidly mixing at
all temperatures and critical slowing down indeed occurs, but on a much smaller scale.
Heuristic arguments for the exponent 1/4 at criticality were found earlier by physicists, see
[39] and [35]. This is joint work with Yun Long, Asaf Nachmias and Yuval Peres [21].

Theorem 3.1.1. Consider the SW dynamics on the complete graph K, of n vertices, with

percolation parameter p = =, where c is a constant independent of n. Then,

(1) If ¢ > 2 then Tyix = O(logn).

(ii) If ¢ = 2 then Tyix = @(n1/4).
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(i1i) If ¢ < 2 then Thix = O(1).

It is instructive to compare these results with the mixing time of the Glauber dynamics
for the critical Ising model on K,,. In [22], the authors show that this mixing time is ©(n%/?).
Since in the SW dynamics we update n vertices in each step, the number of vertex updates
up to the mixing time is ©(n®*), that is, it performs faster by n'/* than the Glauber
dynamics.

For the Potts model on any tree with n vertices, we prove the following theorem.

Theorem 3.1.2. The mixing time of the Swendsen-Wang process for the q-state ferromag-

netic Potts model on any tree with n vertices is O(logn).

The main bulk of the research were devoted to study how to prove the upper bound as
it stated in Theorem Coupling is the main technique applied here. A coupling of two
distribution g and v is two random variables X and Y defined on a common space such
that the marginal distribution of X and Y are p and v respectively.

Any coupling of Markov chains with transition matrix P can be modified so that the
two chains stay together at all times after their first simultaneous visits to a single state.
More precisely, if X; =Y, then X; =Y, for all ¢ > s. For such modified coupling, we have

the following theorem.

Theorem 3.1.3. Let (X, Y;) be a coupling satisfying the previous requirement for which
Xo =z and Yo = y. Let 7 be the first time that the two chains meet. Then

HPt(m7 ) - Pt(?/? ')”TV < P(T > t)'
Further,

Lemma 3.1.4. Assume that for every two states z,y € § there exists a coupling {X;,Y:}
with Xog = x, Yo = y such that X; = Y; for some t < L with a constant probability € > 0.
Then, Tix(X,1 —¢€) < L.

3.1.1 Random graph estimates

Due to the percolative nature of the dynamics we require several estimates about percolation
on the complete graph. Recall that G(m, p) is the random graph obtained from the complete
graph on m vertices by retaining each edge with probability p and erasing it with probability
1—p, independently of all other edges. There is rich literature about this model (see [I8] and
the references within). In particular, there is an interesting phase transition when p = %
In this work we required several estimates on the size of the largest connected component
C; for various values of p. In the following we highlight some of these estimates which are

interesting for the random graph community.
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Fix § > 1. It is a well known result of Pittel [32] that for G(m,p) with p = £ we
have that ‘c”% converges in probability to a normal distribution, where /3 is the unique
positive solution of the equation

1—e 7 =g

This does not imply, however, the moderate deviation bound on |C; — fm)|
P(|[C1] — Bm| > Av/m) < Ce™A, (3.1)

for any A > 0, which we prove here, see Lemma

The study of the random graph “inside” the phase transition was initiated by Bollobés
[4] where it is shown that if p = HET(W) when €(m) is a positive sequence satisfying e(m) >
m~1/3logm, then with high probability |C1| = (2 + o(1))em. The logarithmic corrections
were removed by Luczak [24] and this statement holds whenever e(m) > m~/3. A stronger
result was recently proved by Pittel and Wormald [33]. They show that in this regime

of p, the distribution of [1]=2em converges to a normal distribution (this is a corollary of
/m/€

Theorem 6 of [33], but in fact the authors prove much more than this statement).
Surprisingly however, the above results do not give good estimates on E|C;| and on

moderate and large deviations of |C;| — 2em. These are crucial in our analysis of the

Swendsen-Wang chain since these determine the moments of the increments of the chain.

In Section we prove several such estimates, for instance
E|Ci| = 2em + O(e 2 + ¢*m).

See the more accurate inequality in Theorem Another interesting estimate is a bound

on the deviation of |Cy],

P<‘]C1’ - 26m’ > A\/T> < Cem

for any A satisfying 0 < A < Ve3m. See Theorem m

Combining these new results of the Erdos-Renyi random graph, one can deduce that the
magnetization chain X;, which is the sum of all spins, is a random walk with some certain
increment distribution. Using some classical ideas of the overshoot of random walks, a
coupling of two copies of magnetization chains is provided. A rough guide of the whole

proof is given in the next section.

3.2 Outline of the proof of Theorem (3.1.1

Due to the length of the proof of Theorem [3.1.1, we provide here a “road-map” of whole
argument. The reader is advised to follow this outline to get the general idea of the proof

and go to the main contents for further details whenever needed. Let {o:}{°, be the SW
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Markov chain. Consider the chain X; defined by
X, = ‘Zat(v)‘. (3.2)
v

Since the underlying graph is complete, {X;} is a Markov chain with state space {0,...,n}.
Given Xy, the random variable X; is determined by two independently drawn random
graphs G(%X0 £) and G(”_2X° £). If we denote by {C;r}jzl and {C; }j>1 the connected

‘n ‘n

components of the corresponding two random graphs, then X; is distributed as

]Zej|cjy+ze;|cj—y‘, (3.3)
Jj=1 j=1
where {¢;} and {€;} are ii.d. random variables taking 1 with probability 1/2 and —1
otherwise. This is the reason that the moments and large deviation estimates of random
graph component sizes are useful in our approach.
Frequently, to obtain upper bounds on the mixing time of the SW chain we will obtain a
bound on the mixing time of the chain X; and then use the following lemma, which appears

in [9] and is based on the path coupling idea of Bubley and Dyer [6].

Lemma 3.2.1. Suppose {o+} and {o}} are two SW chains such that Xo = X|,. There exists
a coupling of the two chains such that with probability at least % the two chains meet after

O(logn) steps.

3.2.1 Outline of the Proof of Theorem (i)

By Lemmas [3.1.4] and [3.2.1] it suffices to show that we can couple two copies of the mag-
netization chain X; and X, such that they meet in O(logn) with probability Q(1) which
is uniform over all initial values zo and z(. It turns out that the stationary distribution is
concentrated in a window of length y/n around ~yn for some vy = yo(c) € [0, 1]. In fact, the
one step evolution of X; essentially contracts the second moment of | X; — yon|. That is, we

have
E(X1 — von)? < 6(zon — yon)* + Bn, (3.4)

for some constants § € (0,1) and large B. See Theorem It follows quickly that there
exists an interval of values I = [yon — Ay/n,yon+ Ay/n| for some large constant A such that
for any initial value z¢ we have that X; € I with probability (1) whenever t = ©(logn).
Once the two chains are both in the interval I one can show that they can be coupled
to meet in the next step with probability ©(1). This is the content of Theorem The
main idea of that argument is that the random graph G(n, ) has ©(n) isolated vertices
with high probability and that the difference of the sums of the spins of the two chains
before we assign spins to the isolated vertices is O(y/n). Thus, we one can couple the two
chains to correct the O(y/n) error by assignment of those isolated vertices. This follows

from the classical local central limit theorem for the simple random walk.
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3.2.2  QOutline of the Proof of Theorem (iii)

Since we need to prove an O(1) upper bound we cannot use Lemma here. However,
the study of X;’s evolution will still be useful. As in the supercritical case, the stationary
measure is concentrated in a window of width ©(y/n), but this time around 0 and mixing

occurs much faster. We will show, as before, that we have contraction, that is,

E(X7|Xo) < X3 + Bn (3.5)
for some constants ¢ € (0,1) and large B and for all 2 € [0, 1]. Moreover, if 0 < X < %— %,
we have

EX? < Bn, (3.6)

see Theorem The first inequality implies that X; will be in the window [0, (2 — $)n]
in O(1) steps with probability ©(1). The second inequality implies that from this window
X, jumps into [0, Ay/n] with high probability in just one more step. This gives the mixing
time upper bound on the chain X;.

To go further and obtain a mixing time of the SW chain one needs to consider the
following two-dimensional chain. For a starting configuration og, let G1 denote the vertices
with positive spin and Gg be its complement. Let (Y, Z;) be a two-dimensional Markov
chain, where Y; records the number of vertices with positive spin in GG; and Z; records the
number vertices with positive spin in G. By symmetry, the probability of the SW chain of
being at o at time t is the same for all ¢ which have the same two-dimensional chain value.
Consequently, the total variation distance of o from stationarity is the same as the total
variation distance of the two-dimensional chain from its stationary distribution. By Lemma
it suffices to provide a coupling of such two-dimensional chains so that they meet in
O(1) steps with probability ©(1). By our previous argument, Y; + Z; will be in the window
[5 — Ay/n, § + Ay/n] within O(1) steps. One can show that once inside this window, such
a coupling does exist. See Proposition The idea is similar to the proof of part (i) by

considering the isolated vertices in the two random graphs.

3.2.8 OQutline of the Proof of Theorem (ii)

We again use Lemma [3.2.1]and Lemma [3.1.4] to bound the mixing time of the magnetization
chain. However, to simplify our calculations, we will consider a slight modification to the
magnetization chain X;. Instead of choosing a random spin for each component after the
percolation step, we assign a positive spin to the largest component and random spins for
all other components. Let X/ be the sum of spins at time ¢ (notice that we do not take

absolute values here), that is,

X{ 1y = max{|Cf (8)], 167 (8)]} + emin{|C] (1)), IC7 ®)} + D 5105 (B)]+ Y €le; @), (3.7)

j=2 j=2
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where as usual ¢, {¢;} and {€}} are independent mean zero ,,) signs. This chain has state
space {—n,...,n} and its absolute value has the same distribution as our original chain Xj.
As a consequence, any upper bound on the mixing time of X, implies the same upper bound
on the mixing time of X;. For convenience, we will now denote this modified chain by X;.
Let X; and Y; be two such chains such that X; start from an arbitrary location Xg and Y;
starts from the stationary distribution. We will show that we can couple X; and Y; so that
they meet in O(n'/*) steps with probability Q(1). It will become evident that it suffices to

restrict the attention to Xy € [0,n]. We will divide this into two subcases:
(1) Xo € [7’L3/4,’I’L],
(i) Xo € [0,n%/1),

and consider them separately, let us begin with case (i). In this case the coupling strategy
is as follows.

Consider the first crossing time of X; and Yy, that is, the first time ¢ such that sign(X; —
Y:) # sign(X¢—1 — Y;—1). We will show that this is likely to occur only when the two chains
take values @(n3/ 4) and, more importantly, the distance between the chains one step before
the crossing time is of order n°/%. This is the content of Theorem m The fact that
one time step before the crossing time is not a stopping time is problematic and requires
an owvershoot estimate stating that the two chains are not likely to cross each other from
distance larger than O(n®/®). For random walks, these kind of estimates are classical (see
for instance [20]). The key estimate here is Theorem [3.6.8]

Next we show that when the chains take values @(n3/ 4) they satisfying a local central
limit theorem in scale n%/8. In particular, the chain has probability Q(n_5/ 8) to move to
any point x in an interval of size @(n5/ 8) around the starting point. We use the standard
characteristic function technique to show this, see Lemma [3.6.19) Now we are ready to
conclude the proof in this case since we know that a step before the crossing time the chains
have already been at distance O(n%®) from each other, so the local CLT provides a way to

couple them in a few additional steps after the crossing time. See the proof of Theorem 3.6.1

Let us consider now case (i) in which X, € [0,n%/4]. To handle this case define I =
[—An?/3, An?/3] and proceed in two steps.

1. With high probability X, will visit the interval I by time O(n'/*). This is proved in
Theorem [3.6.24) and is based on the fact that the drift of the chain | X}| in this regime

is approximately —n'/? (this is a small negative drift).

2. Once the chain is inside I, it will be pushed above Q(n3/4) within O(n!/4) steps. See
Theorem [3.6.23
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Thus, with these two claims we see that in at most O(nl/ 4) steps the chain is pushed into
the n3/4 regime and we may use the theorems of case (i) to conclude. Let us briefly expand
on the proofs of (1) and (2).

The proof of (1) relies on the fact that the chain has a negative drift of magnitude
Q(n'/?) as long as X; ¢ I. This follows rather easily from the random graph estimate
Theorem Note, however, that Theorem [3.3.15| estimates the expected size of the
cluster discovered in time dem in the exploration process for some small § > 0 and not of
the largest cluster C;. We denote the former cluster by Csen and remark that it has high
probability of being the largest. However, we were unable to prove the estimate of Theorem
for C1; but only for Cgsey,. This is the reason we need to consider yet another slight
modification of the magnetization chain: instead of giving a plus sign to C; and drawing
random signs for the rest of the clusters, we give the plus sign to Csep, and the rest receive
random signs. From this point on the proof of (1) is rather straightforward.

For the proof of (2) one has to show that when X, is in I, even though the drift is
negative there is still enough noise to eventually push X; to the n®?* regime. We were
unable to pursue this strategy since it involves very delicate random graph estimates we
were unable to obtain. Instead we use the following coupling idea. Since the stationary
distribution normalized by n3/% has a weak limit with positive density at 0, the expected

n2/3

number of visits to I by the stationary chain before time 7' is @(—T). In Lemma |3.6.25

n3/4

we show that when T = ©(n'/*) the actual number of visits to I is positive with high

probability. Next, to show that X; is pushed upwards we start a stationary chain Z; and
wait until it enters I. We then couple X; and Z; such that they meet inside I and from
that point they stay together. The only technical issue with this strategy is how to perform
the coupling of Z; and X inside I. This will follow, as before, from a uniform lower bound

stating that for any x,zg € I we have
P(X1=x | Xo=u10)>cn /3.

This estimate is done inside the scaling window of the random graph phase transition and
so the proofs are different from the previous ones and require some combinatorial estimates.
See Lemmas [3.6.26] and Lemma [3.6.27]

3.3 Random graph estimates

In this section we prove some facts about random graphs which will be used in the proof.
These lemmas might also be of sperate interests in random graph theory. Recall that G(m, p)
is obtained from the complete graph on m vertices by retaining independently each edge
with probability p and deleting it with probability 1 — p. We denote by C; the j-th largest

component of G(m, p).
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3.3.1 The exploration process

We recall an exploration process, due to Karp and Martin-Lof (see [19] and [26]), in
which vertices will be either active, explored or meutral. After the completion of step
t € {0,1,...,m} we will have precisely t explored vertices and the number of the active
and neutral vertices is denoted by A; and N; respectively. Fix an ordering of the vertices
{v1,...,um}. In step t = 0 of the process, we declare vertex v; active and all other vertices
neutral. Thus Ap = 1 and Ng = m — 1. Instep ¢t € {1,...,m}, if A,_1 > 0, then let w;
be the first active vertex; if A;_1 = 0, let w; be the first neutral vertex. Denote by n; the
number of neutral neighbors of w; in G(m,p), and change the status of these vertices to
active. Then, set w; itself explored.

Denote by F; the o-algebra generated by {ni,...,m:}. Observe that given F;_; the

random variable 7, is distributed as Bin(/Ny—1 — 1A, =0} p) and we have the recursions
Nt - Nt—l — Nt — 1{At_1=0} ) t S m, (38)

and

A -1, A1>0
At _ t—1+ m t—1 (39)
Mty A1 =0, t<m.
As every vertex is either neutral, active or explored,
Nt:m—t—At, t§m (310)

At each time j < m in which A; = 0, we have finished exploring a connected component.

Hence the random variable Z; defined by

t—1
= Z 1{143:0} )
j=1

counts the number of components completely explored by the process before time ¢. Define
the process {Y;} by Yy = 1 and
Vi=Yi1+m—1.

By (3.9) we have that Y; = A; — Z;, i.e. Y; counts the number of active vertices at step ¢

minus the number of components completely explored before step t.
Lemma 3.3.1. For any t we have

n%Bin(m—1,1—(1—p)t)+1—t, (3.11)
and

d
Y; >Bin(m —t—1,1—(1—p)") +1—t. (3.12)
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Proof. For each vertex v at each step of the process we examine precisely one of its edges
emanating from it unless the vertex is active or explored at this step. Thus, all the vertices
for which the process discovered an open edge emanating from them between time 1 and
t are active, except for at least ¢t of them which are explored. The probability of a vertex
having no open edges explored from it between time 1 and ¢ is precisely (1 —p). This shows
(13.11)).

The reason this bound is not precise is that it is possible that a neutral vertex turns to
be active because there were no more active vertices at this step of the exploration process.

This, however, can only happen at most ¢ times between time 1 and ¢ and this gives the

lower bound ([3.12]). O

At each step we marked as explored precisely one vertex. Hence, the component of vq
has size min{t > 1: A; = 0}. Moreover, let ¢; < ta... be the times at which Ay, = 0; then
(t1,t2 —t1,t3 — ta,...) are the sizes of the components. Observe that Z; = Z;, + 1 for all
te{t;j+1,...,tj}. Thus Yy, =Y, —landift € {t;+1,...,t;41 — 1} then A; > 0, and
thus Y3, ,, <Y:. By induction we conclude that A; = 0 if and only if ¥; < ¥ for all s < ¢. In
other words A; = 0 if and only if {Y;} has hit a new record minimum at time ¢. By induction
we also observe that Y;, = —(j — 1) and that for ¢ € {t; +1,...%;411} we have Z; = j. Also,

by our previous discussion for t € {t; +1,...t;11} we have ming<;1Ys =Y, = —(j — 1),
hence by induction we deduce that Z; = —mins<;—1 Ys + 1. Consequently,
A=Y, — min Y, + 1. (3.13)
s<t—1

Lemma 3.3.2. For all p < % there exists a constant ¢ > 0 such that for any integert > 0,
P(Nt <m— 575) <ect,
Where we recall Ny is the number of neutral points in exploration process at time t.

The proof of Lemma can be found in Lemma 3 of [29].

3.3.2  Random graph lemmas for non-critical cases

Let G(m,p) be the random graph where p = £.

m

Lemma 3.3.3. Suppose 0 < 1 is a constant. Then we have

B> (G < 2 (3.14)

- 1-6
Jj>1

Proof. Observe that >, IC;|? =", |C(v)| since in the right hand side each component

C(v) is counted precisely |C(v)| times. Hence

EY_Ici*) =E)_[C(v)| = mE[C(v)]. (3.15)

Jj=1
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In the exploration process, we can couple Y; with a process W; with i.i.d. increment of
Bin(m,8/m) — 1 and Wy = 1 such that W; > Y;. Thus, the hitting time of 0 for Y; which
equals to |C(v)| is bounded from above by the hitting time of 0 for W;. For W;, we have
Er =1/(1 —0) by Wald’s Lemma. This concludes the proof. O

For 6 > 1 let = (#) be the unique positive solution of the equation
1—e % =g (3.16)

In [32] it was proved that W% converges in distribution to a normal distribution. We
were unable to deduce from that result moderate deviation estimates, and we provide them

in the following lemma.

Lemma 3.3.4. There exists constants ¢ = ¢(0) > 0 and universal constant C' such that for

any A > 0 we have
P(|[C1| — Bm| > Ay/m) < Ce™A, (3.17)

Proof. Assume A < /m otherwise this probability is 0. Let £ = £(f) > 0 be a large

constant that we will determine later. We will show that for some ¢ > 0

P(Ygmsnym = —cAvm) < e (3.18)
and that

P( U Y, < 0) < Ce . (3.19)
cAym<t<pm—EAym
If these two events do not occur, then there exists a component of size in [fm — (§ +
¢)Ay/m, fm+ Ay/m]. The remaining graph is a subcritical random graph and it is a classical
result that the probability that it contains a component of size ©(m) decays exponentially
in m, and this will conclude the proof.
The proof of is based on the stochastic upper bound of Y; in . Plugging in
t = fm + Ay/m and using the fact that 1 — z > e~ for small enough x we get

P(Ymiaym = —cAvm) < P(Bin(m,1 - (1 - %)ﬂerA\/ﬁ) > fm+ (1 —c)Ay/m)

< P(Bin(m,1— g 0P—AIMTIZAGPMTEy 5 3y (1 — c)Avm) .

A quick calculation using the fact that 1 — e~ = /3 gives that the expected value of this

binomial random variable is at most
Bm + ABe=%\/m +0(1).

Since fe % < 1 it follows that we can choose ¢ so small so that this expectation is less than
fm + (1 — 2¢)Ay/m, and then Azuma-Hoeffding inequality (see for instance Theorem 7.2.1
of [2]) gives that

P(Ygscaym = —Avm) < e”A%
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We now turn to prove (3.19). For this we will divide [cAy/m, fm — EAy/m] into two
subintervals [cAy/m, 0fm] and [§8m, fm —EA\/m| where § > 0 is a small constant that will
be chosen later. For convenience write o = % For any t € [cA\/m,§5m] we have by (3.12)
and the fact that 1 — x < e™* for all z > 0 that

P(Y; <0) < P(Bin((l —a)m,1— (1 -
< P(Bin((1 - a)m,1-¢)) <am).

Since 1 — e™* >z — 22 for all # > 0 we deduce that the expectation of the last binomial is

at least
(1—a)(@a —6%a?) > a,

since @ > 1 when a = ¢t/m < § and 6 = §(f) > 0 is chosen small enough. By a standard

large deviation estimate (see for instance, Corollary A.1.14 of [2]), we have that
P(Y; < 0) < e~¢™
for some ¢ = ¢(0) and all ¢ € [cAy/m,dBm]. Tt follows from the union bound that

P( |J  Yi<0)=0(e ™M), (3.20)
cAy/m<t<sBm

For the interval [08m, fm — {Ay/m] we will use the process Y; which approximates Y;
introduced by Bollobas and Riordan [7]. We write

Dy = E(n — 1|F-1),

and define
At =Mt — 1 — Dt.

Let yy = m —t — m(1 — p)* and define the approximation process by
Vi=y+> (1-p)' A (3.21)
i=1

In [7] Lemma 3 it is proved that for any p > 0 and any 1 < ¢ < m we have
Y, - Y| < ptZ,. (3.22)
Put 7 = min{t > §pm, As = 0}. We have

P(r < Bm—EAVm) < P(Y; —Y;| > 0AVm)
+ P(|Y, — Y| < 0AVm, T < Bm — EAVm). (3.23)

By (3.22)) the first term has the upper bound

P(|Y, — Y;| > 0AVm) < B(Z, > Ay/m) = O(e™“4V™),
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since Z; > Ay/m implies that there exists at least one time ¢ in [Ay/m,d8m] such that
Y; < 0. The bound follows immediately from our estimate in .

To bound the second term of observe that on [§8m, Bm—£A\/m], the minimum of
y; is attained at the right end of the interval with value (1 —f0e=%%)¢A\/m(1+o0(1)). Thus if
we choose £ = £(6) large enough such that (1 —fe=%%)¢ > 6 and write ¢ = (1 — e~ 95)¢ — 9,

we have

T

P(|Y; — Y;| < 0AVm, 7 < fm — EAVm) <P(D (1 -p)"'A;i < —cAVm),  (3.24)

i=1
since Y; < 0 by definition. Notice that 7 is at most m, thus it suffices to bound from above
¢

( max ( Z p) A > cAﬂ).

1<t<m -
=1

Notice that (1 — p)! = ©(1), hence it is equivalent to bound

P( max (— zt:(l —p) A > ch/ﬁ).

Let a > 0 be a small number (eventually we will take a = ©(m~1/2)). Direct computation
and the fact that 14+ z > ¢*~ for negative 2 when |z| is small enough and some Taylor
expansion yield

]E(efa(lfp)_iAi‘E_l) — (1 _}_p(efa(lfp)_i . 1))]\71'—1—1{,41._1:0}ea(l—p)fiP(Ni—l—I{Ai_lzo})

a? —92;
> eTp(NiA—l{Ai,l:o})(l—p) 2 > 1 (3‘25)

I

when a is small enough. Thus we conclude e~ iz (1-p)' A ig o submartingale. By Doob’s

maximal inequality (see [11]) we have

E( max e @Zim(17p)A0)2 < yRe—20 5 (1-0) A
1<t<m

On the other hand, the fact that 1 + z < e” for all x yields

—24

E(efa(lfp)_iAi’Fi_l) Se(%“‘o( Np(Ni—1— 1oa, 1=0})(1—P) . (326)

Since Ny < m we get
—2a )" (1-p)iA; Cma?
Ee 2025 (1-p)" A < 4eCma®

where C' = C(0). By Markov’s inequality, we have

~+

Cma2—2acA\/ﬁ
Pz, (- 2,0 —)78) > edvim) < -
i=1
Choosing a = C’é,im‘/m to minimize the right hand side, we conclude

t

P( max (—Z(l —p)'A;) > 0Aym) < de=eA?

1<t<m ‘
i=1

for some ¢ = ¢(6) which is a continuous function of #, and this concludes the proof. O]
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Corollary 3.3.5. Suppose 0 € [a,b] where a > 1. Then, there exists a constant C = C(a,b)
such that for G(m, %) we have

Elcy| - B(B)m| < CVm, (3.27)
Proof. It follows immediately by integrating Lemma O

Corollary 3.3.6. Suppose 6 € [a,b] where a > 1. There exists a constant C = C(a,b) such
that for G(m, 2) we have

E()[C1%) < (BlCi])® + Cm. (3.28)
j>1
Proof. Notice that
ES (G - (BlCi])? = (E\Cl\Q (E|C1]) ) +EY 6% (3.29)
j>1 j>2

We have that
ElC1|* = (E|C1])? = E(IC1| — ElC1])* < E(|C1| — Bm)*.

By integrating Lemma [3.3.4] we get
E|Ci|* — (E|C1])* < Cm.

For supercritical random graph G(m, %), it is a classical result that |Ci| € ((8 — €)m, (8 +
€)m) with probability at least 1 — e~ %™ for fixed e. Conditioned on this and the vertex
set of Cp, the other components are distributed as G(m — |C; ,%) (which is subcritical)
restricted to the event that it does not contain any component larger than |C;|. This event
happens with probability at most e~“"*. Thus we obtain

;|C| (1+o(1 ))m,

O]

Lemma 3.3.7. Let M = > v 14y s isolatedy b€ the number of isolated vertices in G(m, 0/m)

where 8 > 0 is a constant. There exists a constant C > 0 such that
1
P(M >Cm)=1-0(—).
m

Proof. We have
EM = Z P(v is isolated.) = M(1 —
veV
and

EM? = Z P(v is isolated.) + Z P(v,w are both isolated.)
veV v,weV

Dyt pm - 1)1 - AZ)?M—?).

- 1—
M( o
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Thus, we obtain
E(M —EM)? = O(m).

By Markov’s inequality,

E(M -EM)? 1

P(M < 1EM) < IP’((M _EM)? > T (57

> %EM)Q) <

Since EM = ©(m), we finished the proof. O

3.3.83 Random graph lemmas for the near-critical case

1+€
m

In [33], Pittel and Wormald study the near-critical random graph G(m,p) where p =

with € = o(1) but €3m — oo. A direct corollary of Theorem 6 of [33] shows that in this regime

W% converges in distribution to a normal random variable (see also [7] for a recent
m

simple proof of this fact), and that a local central limit theorem holds. Unfortunately, one
cannot deduce from that precise bounds on the average size of |C;| and moderate deviations

estimates on |C1| — 2em. The following two theorems give these estimates.

Theorem 3.3.8. Consider G(m,p) with p = L€ where € = o(1) and there exists a large
constant A > 0 such that e3m > Alogm. Then we have that

8
E|C1| < 2em — §e2m + O(e*m),
and there exists a constant C > 0 such that
E|C1| > 2em — C(e 2 4 2m) .

Theorem 3.3.9. Consider G(m,p) with p = 1;;—6 where €3m > 1. Then there exists some

c > 0 such that
P(‘|C1| - 2em‘ > Aﬁ) = O(e_CA2),

for any A satisfying 2 < A < Ve3m/10.

Corollary 3.3.10. Consider G(m,p) with p = % where €3m > 1, then
k k/2
E|lcy| - 2em| < (%)
€

Theorem 3.3.11. For any large constant A and small § > 0 there exists a constant
q1(A,6) > 0 such that the following hold. Consider G(m,p) with p = HWE where € €
[A=Ym=Y4 Am~1/4), then

P(|Cy| € [2em — omb/8, 2em+5m5/8]) >q1>0.
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Theorem [3.3.11] is a direct corollary of Theorem 6 of [33] which provides a central limit
theorem for the giant component. Next we provide some moment estimates of component

sizes in the subcritical and supercritical regime.

Theorem 3.3.12. Consider G(m,p) with p= 1= and e3m > 1. Then we have
(i) E> s IC;|¥ = O(me=2k+3) for any fized k > 2,
(i) E>, ; Cil*ICj I = O(m?e™2),

(iti) E> 51 IC;|? > eme™t.

Theorem 3.3.13. Consider G(m,p) with p = HWG with e3m > 1. Then we have

(i) E|C(v)|F = O(e*1mF), for any fived k > 2.
(it) B> >0 Cj|F = O(me2+3),
(i11) B, 150 |Cil?|Cs1> = O(m?e™?).

Theorem 3.3.14. Consider G(m,p) with p = =€ where e € [A~'m~1/*, Am=/4]. Then,

m

for any small positive constant 6, there exist K = K(A,d) and g2 = q2(A, ) such that

]P’( 3Pz Km5/4) > o > 0.
ICj|<évm

In the following theorem we derive estimates on the expected cluster size valid as long as
e3m > 1. We believe these estimates should hold for C; but we were not able to prove that.
The difficulty rises because when e3m is large but does not grow at least logarithmically, it
is hard to rule out the possibility that Cy is discovered after time dem for some fixed § > 0.
Luckily, for the main proof it suffices to have these estimate for Csep,, that component
discovered at time dem, rather than C;. This becomes evident in the proof of Theorem
9.0.24]

Theorem 3.3.15. Consider G(m,p) with p = % and assume €3m > 1. For some fized
6 > 0 let Csem, be the component which is discovered by the exploration process at time dem
(in other words, the length of the excursion of Y; containing the time dem). Then there is

some small value of § > 0 such that
(i) E|Csem| < 2em — ce 2.
(1) Ezcjicaem IC;|F < Cme=2k+3 | for k=24,

where C' and ¢ are positive universal constants.

Before proceeding to the proofs of the theorems stated in this section, we first require

some preparations about processeses with i.i.d. increments.
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Processes with i.1.d. increments

Fix some small € > 0 and let p = 1:1—6 for some integer m > 1. Let {f;} be a sequence of

random variables distributed as Bin(m,p). Let {W;}+>0 be a process defined by

Wy =1, Wy=Wi1+ 8 —1.
Let 7 be the hitting time of 0, i.e.

T = mtin{Wt =0}.

Lemma 3.3.16. We have

P(r = 00) = 2¢ — 262 +0(é), (3.30)
and there exists constant C,c > 0 such that for all T > ¢~2 we have

P(T<71<00)< C(e_2T_3/Qe_@) . (3.31)
We say that g is a record minimum of {W;} if W, > Wy, for all ¢t < t.

Lemma 3.3.17. Denote by Z* the number of record minima of Wy. Then

6_1

EZ"=—-+0(1), and E(Z¥)? = O(e7?).

Lemma 3.3.18. Denote by v the random variable
v =max{t : t is a record minimum of W;}.

Then we have

Ey = O(e?).
For the subcritical case we have the following.

Lemma 3.3.19. Assume e < 0 in the previous setting. There exists constant C1, Ca, c1, co >
0 such that for all T > €2 we have

_ (62—c1€3)T>
2
)

P(r>T)<Cy (E_ZT_?’/ 2

and
(€24Co€3)T
€_f>
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The proof of Lemma [3.3.19| can be found in [29] Lemma 4.
For the proof of Lemma [3.3.16| we will use the following proposition due to Spitzer (see
[36]).

Proposition 3.3.20. Let aq,...,ax_1 € Z satisfy Zi':ol a; = —1. Then there is precisely
one j €10,...,k—1} such that for all v € {0,...,k — 2}

> Gty mod k>0

=0
Proof of Lemma [3.3.16] Let § be a random variable distributed as Bin(m,p) and let
f(s) = Es®. It is a classical fact (see [3]) that 1 — P(7 = oo) is the unique fixed point of
f(s)in (0,1). For s € (0,1) we have

m 1+e?(1—s)? (1+€3(1—s)?
B’ = [1-p(1-5)] " = 1= (o)1 -5+ LR LETLZ 6 ((1-gyt),
since (1—x)m:1—mx+m22””2 —mzx3—|—0(m4:v4). Write ¢ = 1 — s and put Es® = 5. We
get that

1 + 2 2 3
1—(1+e)g+ (;)q - % +0(¢") + O(eq®) + O(€¢°) = 1 —q.
Solving this gives that that ¢ = 2¢ — %ez + O(€?), as required.

We now turn to proving 1j By Proposition |3.3.20, P(7 =t) = %P(Wt = 0). Since

Z;Zl B; is distributed as a Bin(mt, p) random variable we have
P(W, = 0) = (tmt1>pt_1(1 -1

Replacing t—1 with ¢ in the above formula only changes it by a multiplicative constant which
is always between 1/2 and 2. A straightforward computation using Stirling’s approximation

gives

P(W, = 0) = @{t*l/Q(l + e)t<1 + ﬁ)t(m_l) (1 - 1;: E)t(m_l)} . (3.32)
Denote z = (1 + ¢) (1 + ﬁ)m_l (1 — %)m_l, then
Pr>T) =Y Pr=1=% %P(Wt —0) =0 ).
t>T t>T t>T

This sum can be bounded above by

LUT
T73/2 Zajt — T*3/27 .

l1—=x
t>T
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Observe that as m — oo we have that x tends to (1+¢)e €. By expanding e~¢ we find that

2 2

xz(l—i—e)(l—e-ﬁ-%)—l—@(e?’) :1—%+@(e3).
Using this and the previous bounds on P(7 = co) we conclude the proof of (3.31]). O

Proof of Lemma This follows immediately since Z% is a geometric random vari-
able with success probability p = P(1 = o0) = 2¢ — %62 + O(e*) by (3.30) of Lemma
3.3.10) ]

Proof of Lemma [3.3.18, At each record minimum the process has probability ©(e) of
never going below its current location by (3.30) of Lemma [3.3.16| It is a classical fact that

the expected size of each excursion between record minimum, on the event that it is finite,
is O(e~!). Thus, by Wald’s Lemma

E(y) < Ce 'EZY = O(e?).

Ezxploration process estimates

In this section we study the process Y; defined in Section [3.3.1] and provide some useful

estimates.

Lemma 3.3.21. Forp= % we have
P(Y; > —d5¢%m forall 1<t < 3em) > 1 -5,
Proof. Denote by v the stopping time
v =min{t : Ny <m — 15em},

and consider the process {W;} which hasi.i.d. increments distributed as Bin(m—15em, p)—1
and Wy = 1. Then we can couple the processes {Y;} and {WW,;} such that Y;n, > Winy and
hence on the event v > 3em we have
min Y; > min W;. (3.33)
t<3€m t<3€m
Note that the expectation of the increment of W; is —15¢ — 15€2, thus for any positive
a > 0 the process —aW, is a submartingale whence exp(—aW,) is a submartingale as well.
We put o = 8¢ and applying Doob’s maximal L? inequality (see [11]) yields that

E| max 6_166Wt] < 4E [6_166W35m] .
t<3€m
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Since Waep, is distributed as Bin(3e(1 — 15¢)m?,p) — 3em + 1 we obtain by direct com-

putation that

— 3
IE[ max e 166Wt} < 4¢672€%m

t<3€Em

Markov’s inequality implies that

P(Elt < 3em with W; < —4562m> < P(t1<ngax e 16EW: > 672063m) < 4e—48€%m
<3em

Note that if there exists ¢ < 3em with Y; < —45¢2m then by (3.33)) either v < 3em or there
exists ¢t < 3em such that W; < —45e2>m. Lemma shows that P(y < 3em) < e " =

o(e*8€¢*m) and this concludes the proof of the lemma. O

We now use the estimates of the previous lemma to amplify Lemma [3.3.2]

Lemma 3.3.22. Forp = ime there exists some fized ¢ > 0 such that
P(Ht < 3em with Ny <m —t — 5062m) < 9o~ €M

Proof. Let «; be independent random variables distributed as Bin(m,p) and we couple
such that n; < «; for all 7. By (3.8)) and the fact that Z; is non-decreasing we have that for
t < 3em

t
Ny=m—1- o — Zsem- (3.34)
=1

Observe that if for some positive k& we have Y; > —k for all t < T then Zp < k. Thus,
Lemma [3.3.21] together with the fact that {Z;} is increasing implies that
P(Zggm > 4562m> < 5e—48€°m

We have that S°!_ «; is distributed as Bin(mt, p) and has mean t 4 ¢t. The same argument
using Doob’s maximal inequality, as in the proof of Lemma [3.3.21] gives that

t
P(Ht < 3em with Z >t A+ 462m) < gecE’m
=1

for some fixed ¢ > 0. The assertion of the lemma follows by putting the last two inequalities

into (3.34). O

Lemma 3.3.23. Assume thatp = HWE and that €3m > 1. Then there exist a constant ¢ > 0
such that for any a satisfying 1 < a < Ve3m we have

P(Yt >0 for all ay/m/e <t < 2em — a\/m/e> >1-— %e~ca” .
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Proof. Denote by « the stopping time
v =min{t : N; <m —t— 50e*m} .
Lemma [3.3.22] states that
P(y < 3em) < 9e €™,

for some constant ¢ > 0. Let {W;} be a process with independent increments distributed
as Bin(m — t — 50e2m, p) — 1 (note that the increments are not identically distributed) and
Wo = 1. As usual we can couple such that Y;,, > Wisy for all t. Hence, if v > 2em and
there exists ¢t < 2em with Y; < 0 then it must be that W; < 0. We conclude that it suffices
to show the assertion of the lemma to the process {W;} and this is our next goal.

For any o > 0 we have
E[efa(Wt*Wtfl) | Wt—l] =e*[1—p(1— efa)]mftf50€2m'
Weuse 1 —2 < e @ withx =p(l —e @) and 1 —e™® > a — o? for a small enough (we will
eventually take o = O(e)) to get

B¢ |y | < (o) malem (b0 -50et(1+e)) (3.35)

Thus, we learn that the process

o aWi o~ (14+6)a2t—(1+€)ar e +€at(1-506(1+€))

)

is a supermartinagle. Write

(1+6)Oé‘

ft) =t[— (1 +e)a®+ea(l —50e(1+e€)| — ¢ o

We apply the optional stopping theorem on the stopping time 7 = min{t > /m/e : Wy = 0}
and get that
Eef(M < 1.

Direct calculation gives that when we put a = %e the function f attains its minimum on

the interval [a\/m/e,em] at T = ay/m/e for any a € [1,Ve3m/3]. Hence
P(a\/mi/e <7< em) < P(ef(T) > ef(a\/mi/ﬁ)).

An immediate calculation shows that f(ay/m/e) > cavme® and we learn by Markov’s
inequality that
P(aym/e <7 <em) < e me < gmea® (3.36)

since a < vVme3.
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We are left to estimate P(em < 7 < 2em — ay/m/e). To that aim we define a new
process {X;}i>0 by Xt = Wem+. By (3.35)), for positive o we have that

E[e—oXe=Xio1) | Xt—l} Se&(ue%ﬂ&%(1+e)f5oe2(1+e)).

This together with a straight forward computation yields that the process

2
_ax, —0t(1+6)-a (%%56%)
e e

)

is a supermartingale. Write 7 for the stopping time
7=min{t >0 : X; =0}.
Optional stopping yields that

2
a2€m(1+6)—a(€Tm—5563m>

—a27(1+e)—a(;i+5562(TA46m)>] < E[e’axo} <e ;o (3.37)

Ele

where the last inequality is an immediate calculation with (3.35) and the fact that Xy =
Wem- Observe that the exponent on the left hand side of the previous display is

f(r) = —a27(1 +e)— a(72/2m + 55627') ,
which is a non-increasing function of 7 on [0, 00). Hence, for any a € [1, Ve3m] we get that
P(r < em —ay/mje) < P<ef(f) > ef(ﬁm—a«/m/é)) . (3.38)

We have that

2 1
flem —ay/m/e) > —2a%em — a(% —av/em + §a2671 + 5563m) .

We use Markov inequality and (3.37) to get

P(ef(T) > @f(em_am)) < 64a26m—o¢<a 6m—%a2€’1—11063m>

2 _
< e404 €Em caa\/ﬁm,

where in the last inequality we used our assumption on a and €. We choose « = a(em)_l/ 2

that minimizes the last expression. This yields
P<ef(7') > ef(Em—an/&)) < e—ca2 )

We put this into (3.38)), which together with (3.36)) yields the assertion of the lemma. [

Lemma 3.3.24. Assume that p = 1:1—6 Write T = min{t : Y; = 0}, then for any small

a>0
E[eO‘YE*Q | 7> 6_2] < Ce2a671+0‘2672 .
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Proof. We have that P(7 > € 2) > ce. To see this we perform the usual argument of
bounding Y; below by a process of independent increments (until a stopping time, using
Lemma and using Lemma This has been done in this section several times so
we omit the details. Thus, it suffices to bound from above Ee®Ye~2 1(;>e-2y. Since we can
bound Y; by a process W; which has i.i.d. Bin(m, p) — 1 increments, it suffices to bound the
same expectation for W;. Write v = min{t : Wy = 0 or W; > e_l}. We have

Ee®We-2 1{7’26*2} < Ee®We-2 1{7’26*27726*2} + Ee®We-2 1{7’26*2;y<€*2} .

For the first term on the right hand side we note that on v > €2 we have that We-2 < ¢!,
SO

-1
EeaWE_Ql{,rZefQﬁZefz} < Cee®® .

For the second term we condition on {7 > ¢ 2 v < ¢ 2} (which implies W, > e ! and
v < €2) to get that

Eeo‘wﬁ—?l{T2672W<672} <P(W, > e HE[eWrecWe—2=W2) | 17, > 7L v < 2], (3.39)

We have that P(W, > e¢~!) = O(e) by Lemma 7 of [31]. We condition in addition on W, and
v and pull out the e®"~ factor. By the strong Markov property we have that conditioned
on all these, the random variable W¢—2 — W, is distributed as the sum of € 2 —~1ii.d. copies

of Bin(m, p) — 1 random variables. Thus,
Eleo e | W,y < ] < e 14 ple - 1) 7.

Furthermore, Lemma 5 of [30] states that conditioned on W, > e~ and v < €2 the distri-

bution of W, — €' is bounded above by Bin(m, p), whence
Ee™ | W, > ety <e?] < € 14+ p(e® —1)]™.
Putting this back into gives
EeaWE*ZI{T2€_2ﬁ<E_2} < Cee_o‘(e_Q_e_l)[l + p(e® — 1)]m(€_2+1) .
Putting all these together we get

E[an5—2 | 7> 6_2] < Ce®€ " 4 Ce—a(€—2_e—1)[1 +p(e® — 1)]m(6—2+1)
< Ce€! 4 O €€ (14E) (ata?) (€77 41)

The lemma follows now by an immediate calculation. O

Lemma 3.3.25. Let p= lime and assume €3m > 1. Then for any ¢ > 0, we have

—ct? (2Em+0)

P(|C(v)| > 2em +¢) < Cee m?
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Proof. We assume that ¢ > 2,/m/e since otherwise the exponential is of constant order
and the assertion of the lemma follows simply from Lemma |3.3.16, Recall that |C(v)| is
distributed as the first hitting time 7 of ¥; at 0. We put T' = 2em + £ and condition on Y¢-2

and on 7 > ¢ 2. That is,
P(r>2em+/¢) =P(r > 672)E[P(T >T | Ye2, 7> 672)] . (3.40)

Since Y; is bounded above by a process with increments distributed as Bin(m, p)—1, we learn
by Lemma that P(1 > € 2) = O(e€). The second term will give us the exponential in
the assertion of the Lemma simply because Y has small probability of being positive at this
time. Indeed, since the increments of Y; are stochastically bounded above by Bin(m—t,p)—1

we have that for any small o > 0

— )

E[ea(Yt*Yt—ﬂ |Y;5_1} < eia[l _|_p(ea _ 1)]m7t < efa+(1+€)(a+a2)(1ft/m)

since e® — 1 < a + o2 for small enough «. Summing this over ¢ ranging from €2 to T gives

B o 72 _e—4
E[anT | Ye—2,7 > 6_2} < e T=€ 2)+(1+€)(°‘+0‘2)(T_6 = )anG*Q

2 N
ea T(1+€) oz[ s ET} an€—2 '

Hence,

v . v L aQT(1+e)fa[%feT}
Ele®T |7>¢?] < E[e*e?|7>¢€"]e "

2 —4
€a2(T+6_2)(1+6)—a [%—ET—%*}

f— )

where the last inequality is due to Lemma[3.3.24] Hence, by Markov’s inequality this is also
an upper bound on P(Yy > 0 | 7 > €¢~2) which is what we aim to estimate. We now choose

(0}

2 -4 o
T%i — T — 21
o= ,

2(T + e72)

which is positive and of order ¢/m since ¢ > 2y/m/e and minimizes the above expectation.
We get that

cT(T—2Em)?

P(Yr>0|r>e?)<Ce” w |

for some ¢ > 0 by a straightforward calculation, concluding our proof. O

Proof of near-critical random graph theorems.

We are now ready to prove the Theorems stated in Section [3.3.3]
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Proof of Theorem m We begin by proving the upper bound on E|C;|. For any
positive integer ¢ define by X, the random variable
X, = ({v L C(v)| zz}).

Observe that if |C1] > ¢, then we must have that |X,| > |C;|. Thus for any positive integer

¢ we have
E’Cl‘ SfP(‘Cl‘ <€)+EX¢. (3.41)

We take £ = g5em and since Lemma implies that P(|C1| < ¢) < Ce €™ and
e3m > Alogm we have that the first term on the right hand side of is o(1). We now
turn to bound the second term on the right hand side of (3.41]). Since EX; = mP(|C(v)| > ¢)
it suffices to bound from above P(|C(v)| > ¢). Recall that |C(v)]| is the hitting time of the
process {Y;} at 0. Let {W;} be a process with independent increments distributed as
Bin(m,p) — 1 and Wy = 1, as in Lemma Let 7 = min:{W; = 0} be the hitting time
of W at 0, then it is clear that we can couple W; and Y; such that |C(v)| < 7. Thus

P(C(v)|>0) <P(r>{)=P(r=00)+ Pl <7< 0).
We now apply Lemma [3.3.16| with T'= ¢ = %em and get by the previous display that

P(|IC(v)| > em/20) < 2e— 262 +0(e) + Che /232 =€ m/4
= 2e— %62 +0(€%),
as long as e3m > Alogm for large enough A. We conclude that

8
EX, < 2em — §e2m + O(¥m),

which together with (3.41)) concludes the proof of the upper bound on E|C;|.
We turn to the proof of the lower bound on E|C;|. Recall that at each record minimum

of the process {Y;} we are starting the exploration of a new component. Write
v = max {t <em : Y, is at a record minimum} ,

and
T =min{t > 0: Yentt < 0}.

Then we have that
ICi| > em —~v+ 7. (3.42)

Thus, in order to complete the proof we will provide an upper bound on E~ and a lower
bound on E7. Let {W;} be a process defined as in Lemma |3.3.18) with i.i.d. increments
distributed as Bin(m(1 — ¢/2),p) — 1. Define the stopping time 3 by

B =min{t : Ny <m(l—¢/2)},
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then it is clear we can couple {Y;rg} with {W;s5} such that the increments of the first are
larger than of the latter process. This guarantees that every record minimum of the first

process is also a record minimum of the second, and thus if we put
~* = max {t : W, is at a record minimum} ,

then we can couple such that

Yo record minima at times [em/10,em]} = 7Y+ emlig<em/io} -

Lemma [3.3.23] shows that the probability that there is a record minimum at some time
between em /10 and em decays faster than m~2 provided that e3m > Alogm for A large
enough. Hence, taking expectations on both sides and using Lemma [3.3.18 and Lemma
gives that Ey = O(e72).

We now turn to give a lower bound on Er. We begin by estimating Er2. As before,
define the process {X;}i>0 by Xt = Yemy+ and note that Xy — Xy 1 = nemye. For any ¢
such that Nyyem > m — (t + em) — 50e>m we have

— 55¢2.

t(l+ e
EXi1— X¢ | F] > _(m)

Thus the process { X + % + 55€2(t AT)} is a submartingale, where 7' is defined
as
T = min{t —em : t > em, N; < m —t — 50e*m} .

Optional stopping yields that

2 11062
E(T/\T)Qzlj_n cm

E[r AT]. (3.43)
By Lemma we have

P(r < em —ay/m/e) < e’

Also by lemma [3.3.23] one can deduce

2

P(r >em+ay/m/e) < P(r>em+ay/m/e Y, >0for te [%\/m/e, em]) +e
< P(|Cq] > 2em + g\/m/e) 4
< CCL2

P(X%ma jesa > 2em) + e

where X2€mam/2 is the number of vertices v such that |C,| > 2em + §+/m/e as defined
in the beginning of the proof. By Lemma [3.3.25] we have

ca2

EXZEma\ /m/€/2 < Cmee”
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Plugging this into the previous inequality and using Markov’s inequality shows that E[7 A
T] = O(em) and

P(|T — em| > ay/m/e) < Ce™’, (3.44)

Lemma [3.3.22] shows that P(T < 2em) < m~2, and so EX o7 = o(1) and E(t A T)? =
E72 + o(1). We get that

Er? > 2mEYe,, — o(1).

We bound from below EY¢,, using the approximating process }N/t defined in (3.21). We

have that EYen, = e2m? + O(e3m) and using 1) and Lemma [3.3.26{ we deduce the same
estimate for EYg,,. This yields that

Er? > e2m? — Cedm?,
for some C' > 0. Inequality (3.44)) gives that for some C' > 0 we have

Var(7) < E[(T - em)Q] < Cm .

€

We conclude

Er = /E72 — Var(r) > emy/1 — Ce — 3i > em — Ce*m — Ce 2,
e3m

since /I —z > 1 —x for z € (0,1). Using this and our estimate on Ev in (3.42)) finishes the
proof. O

Proof of Theorem Since component sizes are excursions’ length above past minima
and Yy = 1, Lemma |3.3.23| immediately yields the bound

P<|c1| < 2em — A, /%) < emeA? (3.45)

valid for any A satisfying 1 < A < Ve?m. For the upper bound we use Lemma |3.3.25
stating that

P(|C(v)| > 2em + Ay/m/e) = O(ee 4.

Write X = |{v: [C(v)] 2 2em + AWH so that EX = O(Gme_CAQ). As usual we have
P(C1] = 2em + Ay/m/e) < P(X = 2em) = O™,

by Markov’s inequality, concluding the proof. O
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Proof of Corollary |3.3.10f Part (i) of the corollary follows immediately from Theorem
by integration. Indeed,

EH|Cl| - 2emm - sz—lpqcl — 2em| > 0)

ct? —ct
< Zek Lho Y Ay Y aE
f {>€Em
where we bounded the second sum on the right hand side using Theorem and the last
sum using Lemma [3.3.25| (which is valid for all £ > 0 and not limited by ¢ < ve3m) and the
usual Markov inequality on the variable X = |[{v : |C(v)| > 2em + £}|. A quick calculation

k/2

now shows each term is of order at most (m/e)" #, concluding our proof. O

Proof of Theorem We begin by proving (i). As before, |C(v)| is stochastically
dominated by the random variable 7 defined in Lemma [3.3.19] This Lemma gives that for
any fixed k > 1

E|C(v)|F = O(e 2F*1).

Number the vertices of G(m,p) arbitrarily vy, ..., v, and observe that
m
k k—
dolelt =Y lcw)l*,
i>1 i=1

because each component C; is counted in the sum in the right hand size precisely |C;| times.
By symmetry we learn that
EY[C;|* =mE[C(v)]*"! = O(me2+9),
Jj=1
finishing the first assertion of the theorem.
We proceed to prove (ii). Recall that . [C; |>=>",1C(v)|. Thus,

IE(X:Wﬂz) —EZ!C NC(w) e w)=c }+EZ|C NCW) 1ie(w)£e(w)) -
i

The first term on the right hand side is >, E|C(v)|® which equals E > |C;|* and is upper
bounded by O(me~%) by part (i) of the theorem. This bound is O(m?e~2) since e3m > 1.
For the second term we note that we can write E} - [C(v)|[C(w)[1{c(w)2cw)y a8

EY [Cw) Y IC(0)[Liugey =EY_[Cw)| > [C)|.
w v w {veC(w)}
Conditioned on C(w) the distribution of the rest of the graph is also subcritical random

graph with €’ bigger than e. Thus the estimate of part (i) of the theorem (together with the
fact that >, |C(v)] = 3_; |C;]?) can be applied and we may bound

EZ CW)IC(w)1{ew)ze) < Cme "B [C(w)| = O(mPe?),
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which finishes the proof of (ii).
To prove part (iii) of the theorem, let W; be a process with i.i.d. increment distributed
as Bin(m — 5¢72,1=€) — 1 and Wy = 1. Let
7 =min{t : Ny < m — 5¢ 2}.
As usual we can couple such that Yin, > Winr. Let v = min{t : W; < 0}. For any 7" We

have

Py>T) = Py>T,7<T)+P(y>T,7>T)
P(r <T)+P(IC(v)| 2 T),

A

which implies
P(C(v)| >T)>P(y>T)—-P(r <T). (3.46)
Put T = €2 we have by Lemma that
P(r<T)<e € .

Furthermore, Lemma [3.3.19| shows that

P(y > €e?) > ce,
for some constant ¢ > 0. Thus, by we get that

2

P(IC(v)] > €7%) > ce —e™* 7,

which implies E|C(v)| > ce~! and concludes the proof. O

Proof of Theorem |3.3.13 The proof of (i) is a calculation using Lemma |3.3.25| We have

€2 10em m
ElC(w)f =3 1P(cw) > 0+ Y. AP(c)| = 0+ Y AIP(Cw)] > k).
=1 (=€—2 (=10€m

For the first sum we use the estimate P(|C(v)| > 1) < O(e 4 £~'/2) appearing in the proof
of Proposition 1 of [31]. We get

€2 €2
S TP(C) = 0) < CY et 77 = O(e ).
=1 =1

For the second sum, since Y; is bounded above by a process with i.i.d. increments Bin(m, p)-
1, each term is of order e by Lemma (3.3.16/ This gives the main contribution of O(e**1m*).
Lastly, the third sum we bound using Lemma [3.3.25| to get

m m

S AIP(CW) 2 k) < Ce Y hlemem

{=10€Em {=10€Em

—2y3
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2/3

Since €3m > 1 we may bound the sum above by summing from m?/3 to m. A straightforward

calculation then gives that

> IP(IC(w)| = k) < Ce(em)FIm?E = O ImF),
(=10€m

which finishes the proof of (i). We proceed to prove (ii). We have that

EY G =ED 1Ci1F ey <t5emy +ED G L ey 1.5¢m) - (3.47)
j>2 Jj>2 Jj=>2

For the first term of (3.47)) we apply FKG inequality to get

EY G e 1<1semy SE D ICF ey <1semy < P(IC1| < Loem)E ) " [Cy[".
i>2 i>1 i>1

By Theorem [3.3.9) we have
P(|C1| < 1.5em) < Ce €™,

and so
E> 161 e 1<15em) < Ce™ M mE|C(v) [P
Jj=2
By part (i) of the theorem this is at most CeFm*e=¢€*™ which is O(me 2¥+3) since € >
m~1/3. This shows the required bound for the first term of .

To take care of the second term of we condition on C; and note that the graph
remaining is distributed as G(m—|C|, p) conditioned on the event of not having a component
larger than |C;|. But since |C1| > 1.5em this random graph is in the subcritical regime, and
the probability of having such a component is smaller than 1/2 (in fact, it is exponentially
small). The required estimate follows by part (i) of Theorem This finishes the proof
of (ii).

The proof of (iii) goes in similar lines of (ii). We have

ECY 1G5 =EO 1C1A* 1qei<15emy +EO I Lgie,51.5¢m) -
j>2 j>2 j=2
As in the proof of (ii), to control the first term we use FKG inequality, extract P(|C1| <
1.5em) and bound the rest by E(3_ -, IC;|?)? (instead of j > 2). The analysis performed
in the proof of part (ii) of Theorem shows that E(3_;5, IC;|?)? is controlled by
E> i1 IC;]?)%. We get that

—C! 3m f—
E(Y 1Ci1%) e <1.5emp < Ce ™ Mmet = O(mPe?).
i>2

To control the second term, as in the proof of (ii), we condition on C; and use part (ii) of
Theorem [3.3.12| to estimate the remaining subcritical graph. This is done identically to part
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(ii) and we omit the details. O

Proof of Theorem [3.3.14. We will use a second moment method. First we show that

E > P = em®,
ICj1<6v/m

for some ¢ = ¢(d) > 0. Indeed, we have

5, b
EICO)Lew)<oymy 2 EICO)Ls meicw<sym = gVMEP(GVM < [C()] < 6vm).

(3.48)
We proceed further by restricting to the case that C, is tree. Indeed, we have
5 g
P(i\/’rTL <|Cw)| < 6ym) > Z P(|C(v)| = k,C(v) is a tree)
k=3/2/m
Sm m—1 k

_ - k=2, k=171 _ \k(m—k)+(5¥)—(k-1)

= > (k_1>k‘ P -p) (a)--n),
k=38/2/m

A quick calculation using Stirling’s formula gives that for all such k, each summand is of
order @(m_4/ 3) and so the probability is of order at least m~1/* and the expectation in
(3.48) is of order at least m!/%. This gives the first moment estimate since

E Y IGPF=E > |CW).
ICj|<dvm vi|C(v)|<6v/m
We continue with the second moment estimate. By Theorem [3.3.12| the second moment

satisfies

E[Y (171 = 0(m*?),

and so the assertion of the Theorem follows by the inequality (see [I1])
(EV — a)?
EV2 7

valid for any non-negative random variable V and a < EV. O

PV >a)>

Now we turn to the proof of Theorem[3.3.15] Recall that Z; counts the number of record

minima of {Y;} before time ¢.

Lemma 3.3.26. For any fized § € (0,1/10), there exists an universal constant C > 0 such

that as long as €3m > 1 we have

1
<
BZsem < 2[(1 — 56 — 56e)e]

+0(1),

and

EZ3e, = O(e ™).



48

Proof. Define the stopping time 7 by
7 =min{t : Ny < m(1 —5de)},

and {WW;} to be the process with increments distributed as Bin(m(1 — 5d¢), p) and Wy = 1.
As usual we can couple such that Y;n > Wia,r and that the increments of the first process
are always larger than of the second. This guarantees that the number of record minimum
of Yiar is bounded from above by the record minimum of Wis,. Denote by Z* the number

of record minima of the process {W,}, then by the above discussion we have
EZsem < 6€mE1{T<66m} +EZY.

The order of the first term can be arbitrarily small since P(7 < dem) is exponentially small
in em by Lemma[3.3:2] Lemma [3.3.17] bound the second term by the required amount. This
concludes the bound on EZs¢,,. For the second moment estimate, note that by the same
argument, we have

EZfem < 6262m2E1{T<56m} +E(Z7)?,

and the exponential decay of P(7 < dem) and Lemma [3.3.17| concludes the proof. O

Lemma 3.3.27. For any fized § € (0,1/10) denote by 75 the stopping time

Ts = min {t is a record minimum of Yt} — dem.
t>0€Em

Then

1
E75§(2—5)em—@.

Proof. Define the process {X;} by Xy = Vet so that
s =min{t >0 : Xy = —Zsem} -

Let {W;} be a process defined by Wy = X and with independent increments distributed
as Bin(m — t — dem, p) — 1 and let 7 denote the stopping time mtin {Wy = — Zsem}. As
usual, X; can be stochastically bounded above by W; and hence E7s < E7 and we are left

to estimate E7. We have

t(1+e€)

E[W; = Wiey | Fia] = (1= 8)e— === — ¢ (3.49)
Put
t2 t(1+€) + et?
= — — (1 — _ _ 52 2 2, 5.2 LT e)r e
f(t) 5 (1—20)et — (6 —67/2)e"m — de“t + o
_ (9 _ 2 9
2m 2m



49

then by (3.49) we deduce that My = W, + f(t) is a martingale. A direct calculation with
(3.11)) gives that

EWy = EYsen < —dem + 6¢?m — §2€*m /2 + O(em)

and so we deduce that EMy < Ce3m. Furthermore, we have that Er = O(em) since after
time 2em the process becomes subcritical with drift —e. Put 7 = 7 — (2 — §)em, then by
the above and optional stopping if follows that

E7?

—— + B — EZse,, < Cm.
2m

This and Lemma [3.3.26] gives that

E7 < ! —E#JFO(2 ) (3.50)
T = 9[(1—50 —oe)e  2em " '

Next, we wish to derive a lower bound on E72. Put T = dm, then for t < T we have
that
E[(M; - Mi1)?| >1-6,

hence the process
Mg —(1=8)(tAT),

is a submartingale and optional stopping gives
(1-0)E[r AT] <EMZ, . (3.51)
We now bound EMTQ/\T from above. We have

Wonr = —Zsem1z<ry + Wrlirsry -
Thus,
EW2,p < EZ3,, + O(m*)P(1r > T).

Since after time dm/2 the process is subcritical with constant negative drift we have that
P(7 > T) decays exponentially in m. Lemma (3.3.17| now yields that EW?,, = EZZ,  +
o(1) = O(e™2). Next we estimate Ef2(7 AT). Write u = (2 — §)em and simplify f(t) to get

— 2 — € € € € €
p = IS o+ R B ot S
C02(1 —
= (tu;ﬂil) +(t—p) [e + 0(62)] + O(e3m).
Hence
f2(t) — (75—#)4(1 - 6)2 + (t_u)3(€+0(62)) + (t—,u)2€2(1 +O(€)) 4+ (t—u)0(64m).

4m? m
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Lemmas [3.3.23 and [3.3.25| imply that E7* is of order (m/€)*/? and hence the third term on

the right hand side is dominant so,

Ef2(r AT) = (1 +o(1))e2E[(mT—u)2}. (3.52)
We also use Cauchy-Schwartz to estimate

‘EWT/\Tf(T/\T)‘ < JEW2 VEP(r AT) = O(v/mje) = o(Ef*(r AT)),
since EW?,, = O(¢72) and y/m/e = o(em). We put this and (3.52) into (3.51) and get

that
(14 o()EE[(r AT = p)2] > (1= 6)u— (1 = OE[r AT — ] = (1+0(1))(1 ~ D),

since EF = O(e~'m) and P(7 > T) decays exponentially in m. We learn that
E72 > (1 — o(1))(1 - 8)(2 — §) 2
€
Putting this into (3.50)) gives that if § > 0 is chosen small enough (but fixed) and m is large
enough

1
Er < ——
T=The

concluding the proof of the lemma. O

Proof of Theorem [3.3.15 Part (i) follows immediately from Lemma since |Csem| <
dem + 75. To prove (ii) we proceed as in the proof of Lemma |3.3.10 and write

E Z CiI* =E Z |Cj|k1{c56m§1.5€m}+EZ|Cj’k1{C(;6m21.5€m}'
Ci#Cs€em Ci#Cs€em §>2

Lemma [3.3.23| shows that P(Csen, < 1.5em) < Ce=€’™ and so FKG inequality gives

E Z Cil* L icse,, <156m) < Ce_CESmEZ Cj* = O(me™+3)
Ci#Csem J
by part (i) of Lemma The second term is handled as in the proof of Lemma
by conditioning on Cse,, and using Lemma for the remaining subcritical graph. [

3.4 Supercritical case

In this section we show that the mixing time of the Swendsen-Wang chain is ©(logn) in
the supercritical case ¢ > 2. This is part (i) of Theorem Let {X;}+>0 be the one
dimensional chain defined in 1) and write zg = Xo/n. For 2 > 2 —1 (so that w > 1),
define

() :6(0(1;@)1;9;, (3.53)

where 3(+) is defined in (3.16]). Since 8 : RT — R we have that ® : [-1,00] — R. We begin

with some preparations for the proof.
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Lemma 3.4.1. For ¢ > 2, there exists an unique fized point v € (1 — 2,1) of ®(x).

c?

Furthermore, we have

1
5 < P'(x) <1 for z >2c7! — 1, (3.54)
and there exists a constant § € (0,1) such that for every x € [0,1] \ {70} we have
d(z) —
1 2@ =% (3.55)
="

Theorem 3.4.2. There exist constants § € (0,1) and B > 0 such that
E(X; — yon)? < §(Xo — von)? + Bn. (3.56)
Proposition 3.4.3. We have
2
E(Xl — ®(z0)n | Xo € [yon, n]) = O(n).

Proposition 3.4.4. If X is distributed as the stationary distribution of the magnetization
Swendsen-Wang chain, then

E(X —yon)? = O(n).

Theorem 3.4.5. Suppose Xq, Yy are two magnetization Swendsen-Wang chains such that
Xo, Yo € [yon — Av/n,yon + Ay/n] where A is a constant, we can couple X1 and Yy such
that X1 = Y1 with probability Q(1) (which may depend on A).

Proof of part (i) of Theorem Rearranging Theorem and taking expectations
gives
B

E(Xiy1 — yon)? — T 6n}

B
5" < 5{E(Xt — on)? —
for all t. We apply this inductively and get
B B
E(X¢1ogn —Y0n)” — ——n < 69187 [E(Xo —on)? — 7”} :
1—-9¢ 1-9
Hence, when C = C(0) is large enough we get that
E(XClogn - 70”)2 = O(n) ’

and so Markov’s inequality gives

P(’XC’bgn - "}/077,‘ S A\/ﬁ) Z (357)

oo

for some large constant A. Let X/ be a magnetization SW chain starting at stationarity.
By Theorem [3.:4.4) and Markov’s inequality we have

(3.58)

oo

IP)(|‘X/C’logn - ’YOn‘ < A\/ﬁ) =
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for some large constant A. Now, to couple X; and X, we first run them independently until
time C'logn. By (]3.57[) and (]3.58[), we have that Xciogn, X’Clogn € [yon— Ay/n,yon+ Ay/n]
with probability at least 1/2. By Theorem we can couple Xc¢iogn+1 and X’Clog a1
such that Xciegnt1 = X,C’logn—i—l with probability €(1). Then by Lemma we have
that {0} and {o}} can be coupled such that o; = o in O(logn) steps with probability
Q(1). The upper bound of mixing time follows from Lemma

For the lower bound, we will show that if Xy = n, then

HXalogn - XWHTV > 1/4

for some small constant a > 0, where X is the stationary distribution of the magnetization
Swendsen-Wang chain. By (3.55]), we have that

P(Xt—H —Yon < %(Xt - ’Yon)) < IED(Xt+1 —Yon < %(‘I’(Xt/n)n - 70"))
= IP(XHI —®(Xy/n)n < %('yon - @(Xt/n)n)> .

When X; > ~on we have that ®(X;/n)n > ~von by , hence Proposition and
Markov’s inequality imply that

O(n)
(®(Xy/n)n —yon)?
Furthermore, if X; —yon > n%, then ®(X;/n)n —yon > n%/Q by . Plugging this into
gives

(X; —on) | X; > 'ygn> < (3.59)

1
P<Xt+1 —n < 1

1
P(Xt+1 —Yon > Z(Xt — Yon)| X¢ — on > n%) >1-— O(n*%). (3.60)
Starting from Xy = n, by applying (3.60) iteratively we have
P(Xalogn - Yon > n%) > (1 - O(n—%))alogn =1- 0(1) ’ (361)

when o > 0 is small enough constant. On the other hand, by Proposition and the
Markov’s inequality, we have ]P’( | X —yon| > A\/ﬁ) < % for some constant A. Putting the

two inequalities together, we get

3
HXalog4n - X7THTV > Z - 0(1) > (362)

1
1
which gives a lower bound on the mixing time of magnetization SW chain X;. This con-
cludes the proof since any lower bound of the mixing time of X; implies the same lower

bound of mixing time of oy. O

Proof of Lemma By the definition of 3(-) in equation (3.16)), we know ®(x) is the

positive solution of

1—
€ r+1
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for all z > % — 1. Taking derivative of both sides yields

2(x+1)9" — 29

—cd F/
o —
e (x4 1)2

By plugging in x 4+ 1 = 172;1—)6@ we get

1—2 —cd —2cd
o = c__*e . (3.64)
2(1 — e ® — cPe—c?)

By 1) we have that % < & if and only if e7°® > 1 — ¢® which is true for all ¢® > 0.
We also have that

P’ <1 <= c® < sinh(c®P) (3.65)

which holds for all ¢® > 0.

Since ¢ > 2 (which implies 2 — 1 < 0), we have that ® < 1 for all z € [0,1]. Since &' is
continuous, we have a constant d; € (0, 1) such that ®'(x) < 4y for all x € [0,1]. Note that
®(0) = 2B(5) > 0, (1) = B(c) < 1 and P is strictly increasing in [0, 1], we have by Rolle’s
theorem that there exists an unique point g € (0, 1) such that ®(vy) = 0. By plugging in
x=1-2/cinto and the definition of 3(-), we get

B(1—2/c) > 1—2/c o 5(c—1)>1_c%1
1

c—1

which is always true for ¢ > 2. It follows immediately that v > 1 — % O

Recall that given Xy = xgn, we have that X; is distributed as in (3.3]). To prove Theorem

[3.4.9] we first state a useful lemma.

Lemma 3.4.6. Let ¢ > 2.

(i) There exists a non-negative function h(-) with h(e) — 0 as € — 0 such that if |xg —
(1-2) < e, then B X,0,1C5 ) < hlen?.

(i) For any fizred ¢ > 0, if o € [0,(1—2—¢)], then]E(ZjZI \c;|2) < (®2(—20) +0(1))n.
(iii) For any fized € > 0, if o € [1 — 2 + ¢, 1], then E<2j21 ]CJ_P) < O(n).

Proof of Theorem By , we have
EX2 = E(Z |cj+12) + E(Z |cj—|2) (3.66)

j=21 j21
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and
EX, = E(Ze]|c+y+z glcy 1| =Elea (D elef 1+ dle )
>1 >1 i>1
> E(q(zej|cj|+263|c;|))
jz1 jz1
- E[|cl+y+el(zejycj+|+Zeg\cj-|)}=E|cl+|. (3.67)
Jj=2 j=1

Combining (3.66) and (3.67)), we get

2
IE(X1 - 'ygn> < E(Z \C;L|2> + E(Z \CJ_|2> — 2von - E|C| + 73n?. (3.68)
i>1 i>1
The random graph G (1+z°n ) is supercritical with 6 = 1+210 n. > 5 > 1. By Corollary
[3.3.6] we have \
E<Z\cj+12) < (E\clﬂ) +O(n). (3.69)
>1
Plugging (3.69) into (3.68), we get
2 2
]E(X1 . yon) < (E\Cﬂ - m) + IE( S yc;|2) +0(n). (3.70)

j>1

By Corollary [3.3.5 we have ’E|Cﬂ - q)(xo)n‘ < O(y/n). Thus,

IA

(Blct |~ 7o) < [BICT] — 2(zo)n| + | @(wo)n — on|
+ 2’E|Cﬂ — ®(xp) nH@(mo)n—'yon‘
< [y —on| +0(m)|@(oln —0n| + 0. 37)
Applying Lemma gives that
(BICH —70n)” < 8z —0Pn® +lao — 20|00 +O(m).  (3.72)
If |zo — 0| = O(nfé), then |zg — Y[n%? = O(n). If |zg — 'yo|n% — 00, we have |zg —

Y0|0(n?/?) = o(|zo — 70|?*n?). Plugging these back into (3.72), we get

E(X1 —yon)? < (61 + o(1))|zo — Y0|*n* + O(n +E(Z C; | ) (3.73)
j>1

To estimate E(Zj21 |C]7|2), choose a small constant e such that §2 + h(e) < 1 where
h(-) is defined in part (i) of Lemma [3.4.6] If |zo — (1 — 2)

< €, we have that

E(X1 — yon)? < (63 + h(e))leo — 70[*n® + O(n) (3.74)
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by plugging part (i) of Lemma [3.4.6|into (3.73)).
If 29 € [0,(1 — 2 —¢)], we have that [®(z0) — 70| is uniformly bounded from below by

2
Lemma|3.4.1, As a result, we have that (E|C]"| —yon) < (®(z0) —70)?n%+ O(n) in (3.71).
Plugging this and part (ii) of Lemma into (3.71)) gives

E(X1 —0n)? < ((®(x0) = 70)? + @*(=20) + 0(1))n* + O(n). (3.75)
By Lemma |3.4.1] and Rolle’s Theorem, we have

®(z0) — P(—20)
2:130

1
> Y
-2

2
which leads to ®%(—xg) < (@(xo) - mo) . This gives
2 ) 2 2
(‘I)(J:()) - ’}/0) + &%(—xp) ((I)(x()) - 70) + (‘I)(x()) — :C()>
<

(z0 —70)? N (z0 —70)?

since zg < ®(xg) < 0. The left hand side of 1D is smaller than 1 for all 2 € [0, (1 — % —
B)], so it is smaller than some constant dy < 1 uniformly. Plugging this into (3.75)), we get

<1, (3.76)

E(X1 —yon)* < da(x0 — 70)°n* + O(n). (3.77)

If 29 € [1 — 2 +¢,1], we plug (iii) of Lemma [3.4.6]into (3.73) and obtain

E(X1 —70n)* < (67 + o(1))|zo — y0/*n* + O(n). (3.78)
Combining (3.74)),(3.77)) and (3.78]) concludes our proof. O

Proof of Lemma We begin with case (ii). In this regime, the random graph
G( 1_210 n, =) is supercritical with 6 > 1 + % In the same way we obtained 1) we also

have

(Y16 P) < (e 1) + 0. (3.79)

j=1
By Corollary we have that |E|C; | — ®(—xzo)n| < O(v/n) showing that
2
E(Z |c;|2) < <<I>(—:U0)n + 0(\/5)) +0(n)
j>1
< B (—mo)n® + O(n) + B(—z0)0(n*?)
= (®*(—z0) + o(1))n?, (3.80)

since |®(zg)| is uniformly bounded from below, as required.

We now prove case (i). Note that we have

(316 7) - (15

j>1
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as in (3.15). Since E|C,| is decreasing in xg, we have that E(Zj21 |C;|2> reaches its
maximum at xg =1 — % — €. Plugging in this value into 1) gives

E( D167 12) < (81 +5) +o(1))n? (3.81)
7>1
Note that 8(z) — 0 as  — 1, so we can take h(z) = f*(1+ <) + o(1).
To prove case (iii) note that M < 1- %, so the random graph G('5

—Z0

n, ) is

subcritical in this regime with 6 bounded from above away from 1. Applying Lemma 3.3.3

E[Z |c;\2] = O(n). (3.82)

Jj=1

we get

O
Proof of Proposition Note that (3.70) is valid for all 7o € [0, 1] and in particular
for ®(xp). Thus,

2
E<X1 —(ID(xo)n) < (E\Clﬂ — ®(z0)n ) +E(Z|C | ) (n). (3.83)
7j>1
2 + 2
Recall that o > 79 > 1— 2. By Corollary we have that (E|C]"|— ®(zo)n)” = O(n).
The random graph of G(l_;con, <) is in regime (iii) of Lemma m Plugging 1' into
(3-83), we get

E<X1 - (I)(xo)n>2 — O(n), (3.84)

as required. ]
Proof of Proposition If Xy follows the stationary distribution of the magnetization
SW chain, so does X;. Taking expectation of both sides of (3.56) gives

E(X1 —yon)* < 6E(Xo — yon)? + Bn,

as required. ]

To prove Theorem we need the following lemma.

Lemma 3.4.7. LetY and Z be two random variables distributed as the sum of n indepen-
dent random T(,,) signs. Then for any fized constant a, there exists a constant k(a) € (0,1]
such that for any —ay/n < y < ay/n, we can couple Y and Z such that Y —y = Z with
probability at least k.

Proof. Direct corollary of the local central limit theorem of simple random walk. O

Proof of Theorem To couple X7 and Y7, we first apply the percolation step of the
Swendsen-Wang dynamics in both chains independently. By Lemma with probability
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1
3ec

Conditioned on this, we assign each component a 7(,,) spin using the following procedure.

n in both chains.

1-0( %), the number of isolated points after percolation is bigger than

First assign the spins of components independently in descending order of their size until

1
3ec

Denote by X; and Y; as the absolute value of the sum of spins at this time respectively.
Note that (3.67) and (3.68)) are still valid if we replace X7 by X;. Consequently, Theorem
is also valid if replacing X by X;. Hence, since | Xy — yon| < Ay/n we have

there are n components left. Note the remaining components are all isolated vertices.

E(X; —vn)? = O(n).
By Markov’s inequality, there exists a constant A; such that

_ 1
P15 onl = A1vi) < 5 (3.85)

and similarly

(3.86)

]P’(!Yi —von| > Al\/@ < i

Consider the event

A = {|X1—yon| < A1vn}n{|Y1—on| < A1v/n}N{There are at least =% isolated vertices} .

3e¢
By and we have that P(A) > 1.

Conditioned on A, we have | X1 —Y;| < 241y/n. Denote by X1 and Y7 the sum of spins of
the rest of the components (all of them being isolated vertices) of the two chains respectively.
Note X; and Y; are i.i.d. sums of T(m) spins. By Lemma we can couple X1 and Y; so

N _ N _ d) - N
that X; + X1 = Y1 + Y1 with probability ©(1). Finally, notice that X @ | X1 + X1 and
d)  — N
Yi @ |Y1 + Y1|, concluding the proof. O

3.5 Subcritical case

In this section, we prove that in the subcritical case ¢ < 2, the mixing time of the Swendsen-
Wang chain is ©(1). This is part (iii) of Theorem

Lemma 3.5.1. Forc € (1,2) there exists a constant § € (0,1) such that for allz € [2—1,1],

we have
®(x)

X

<9 (3.87)
where ®(-) is defined in (3.59).

Theorem 3.5.2. There exist two constants § € (0,1) and B > 0 such that
E(X7 | Xo) <8X§ + Bn. (3.88)
Moreover, if 0 < zg < % - %, we have

EX? < Bn. (3.89)
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To get the constant upper bound of mixing time we need to consider the following two-
dimensional chain. Let G be a fixed subset of the vertices and G2 its complement. Let
(Yy, Z;) be a two-dimensional Markov chain, where Y; record the number of vertices with

positive spin in G; and Z; record the number vertices with positive spin in Gs.

Proposition 3.5.3. Let (Y;,Z;) and (Yi, Z;) be two two-dimensional chains as defined
above. Suppose Yy + Zy and Yo + Zo lie in the window I = (5 — AV/n, 5 + Ay/n] where
A is a constant. Then we can couple (Y1, Z1) and (Y1, Z1) such that (Y1, Zy) = (Y1, Z1) with
probability (1) (which may depend on A).

Proof of part (iii) of Theorem For any starting configuration o, let G1 be the
vertices with positive spin and Go be its complement. Let X; be the magnetization chain
and (Y%, Z;) be the two-dimensional chain as described above. As usual P and 7 are the
transition matrix and the stationary distribution of the Swendsen-Wang chain, respectively,
and let P and 7 be the corresponding transition matrix and stationary distribution of
(Y, Zy), respectively. By symmetry, configurations with same two-dimensional chain value

have same distributions for any ¢. Consequently
0" — 7 llrv = [|(|G1, 0P, 7||7v . (3.90)

Thus, by Lemma it suffices to couple the chains (V;, Z;) and (Y;, Z;) such that they
meet with probability (1) in time ¢ = ©(1). By Lemma we have
B B
E(X?) — T—s" < 5[E(Xt2) - m”}
Applying this inductively we get

B

E(XP) - 7

n < S'E(XE) < otn?

For t > 2logs 3(1 — 1) and large n, we have

1

1,1 2
E(X2) < =(=—2)"n%
()= -3
For such t Markov’s inequality gives
1 1 1
P(X,> (- —5)n) < 1. 91
b= (c 2)n — 4 (3.91)

By Theorem and Markov’s inequality, if X; € [0, (2 — 3)n], then X411 € [0, A\/n]
with probability at least 1/2 for some large constant A. Combining this and , we have
that after constant number of steps, the chain X; will jump into the window I = [0, A\/n]
with probability ©(1).

For any two Swendsen-Wang chains ¢ and &, Let X; and )?'t be the corresponding mag-

netization chains. Running the two Swenden-Wang dynamics independently first, by the
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argument above, we have that X; and X, both jump into [0, Ay/n] after constant steps with
probability ©(1). By Proposition we can couple the two two-dimensional chains so
that (Y3, Z;) = (Y3, Z;) with probability (1), which concludes the whole proof. O

Proof of Lemma Note @ is differentiable on [% —1,1]. Recalling 1’ we have
@ < 1 for all z > 2 — 1. By Rolle’s Theorem, we have ®(z) — 0 < z — (2 — 1) for all
x> % —1. So
i 21 2
LE D
x x c

for all x € [§ —1,1]. O

Proof of Theorem We use the fact that (3.66) is still valid. The random graph
G( 1*2"’“"0 n, =) is subcritical with ¢ = (1*%71)£ = £. By Lemma we have

n

E(Z |c;|2> = O(n). (3.92)
j>1
If ¢ < 1, the random graph G(H%n, <) is subcritical with 6 = (H‘Qﬂn)% <c¢c< 1 By
Lemma [3.3.3] we have
E(Z |cj+|2) = O(n). (3.93)
jz1
If ¢ > 1, then let € > 0 be a small constant that we will determine later and consider the
following three cases.
(i) 0 < 29 < 2 — 1 —e. In this case, the random graph G(H'%n, =) is subcritical with
9 <1—%. By Lemma|3.3.3

E(Z |cj+|2> = O(n). (3.94)

(i) 2 — 1+ € < mp < 1(in case ¢ > 1). In this case, the random graph G(£2n, £) is
supercritical with 8 > 1 + % By Corollary we have

E(YICP) < (Ble/)+0m)

Jj=1

= (@(xo)n>2 + (E\Cﬂ - CIJ(aco)n> (E]Cﬂ + @(xo)n) + O(n).

By Corollary|3.3.5 we have ‘E\Cﬂ —@(mo)n‘ = O(y/n). By Lemma(3.5.1} we have ®(xo)n <

dxon. So we have

E<Z|C;F]2) < 02%2n2 1+ O(n3?) < (8% + o(1))a2n?.
j=1
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(i) 2—-1—-€e <@g <2-1+4e€(orl—e <z <1incasec=1). Recall that
E(ijl |C]+]2> = 20nE|C,|. So E(Zj21 \C;L|2> reaches its maximum at zg = 2 — 1 +¢

for 1 <c¢<2oraxg=1for ¢c=1. In the former case, by the estimate in case (ii), we get

E(YIcHP) < 0%+ 0(1))(2 4o,

Jj=1

2/c—1+€
2/c—1—€

2
Now we choose € to be small enough such that 52( ) < 1, then we choose a constant

2
01 such that 52(2/6_1+6> < 01 < 1. Then We have

2/c—1—€
E(Z |Cj+|2) < dx2n?.

j=1

In the latter case, by Theorem 1 of [30], we have that

E(DICF1?) = o(n?).

Jj=1

The Lemma follows from combining case (i), (ii) and (iii). O

Proof of Proposition Suppose without lost of generality that |G2| < |G1|. Since
Yo + Zo € I, the random graphs G(Yo + Zo, ) and G(n — (Yo + Zo), &) are both subcritical

c

n
for large n. The same is true for the chain (}Z,vat) In the first chain after the percolation
step, denote by {(% A 1)j}121 and {B;};>1 the components with vertices completely in Gy
and G respectively. Note that there are also components that have vertices in boﬂle/l and
Ga. Denote such components by {C;};>1. In the second chain, we denote by (£ A 1)j,E;
and (/7] to be these components. Lemma implies that for some ¢ > 0 with probability
(1) we have that the number of isolated vertices in {A;} is at least ¢|G1| and at least ¢|G5|
for {Z;} Denote this event by (£ A1).

Furthermore, by Lemma we have

B CA) [+ 3160 cal) = oljcal. (3.95)
E(éwugw; Gol?) = O(|G2]), (3.96)
E(§|Aj|2+é|éijl|2) = O(|G1)), (3.97)
E(Z B +]Z>;|c} NGsf?) = 0(IGa). (399)

Now, we first assign spins to all components except the isolated vertices in {A;} and {:4;}
independently in both chains. Let Mj, N1 be the sum of spins in G; and Go respectively

in first chain before assigning the rest of the spins, and similarly ]\Afl, Kfl be the same for
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the second chain at this time. By (3.95)),(3.96)),(3.97)),(3.98)) and Markov’s inequality that

we have

{A,|M; — M| = O(\/|G1]). N1 — Ni| = O(v/|Ga|)}

occurs with probability €(1). Then by Lemma we can couple the sum of spins in
both G; and G2 so that they are the same in both chains with probability €(1). This gives
the required coupling of (Y7, Z;) and (?I, Z) O

3.6 Critical Case

In this section, we prove that the mixing time for the Swendsen-Wang dynamics in the
critical case ¢ = 2 is of order n'/4. This is part (ii) of Theorem

Let X; and Y; be two magnetization chains such that X, starts from an arbitrary location
and Y; starts from the stationary distribution. To prove an upper bound of order n'/* to
the mixing time we show that we can couple X; and Y; so that they meet in time O(n'/4)
with probability (1). For a high level view of this coupling strategy we refer the reader to
Section

Consider the following slight modification to the magnetization chain X;. Instead of
choosing a random spin for each component after the percolation step, we assign a positive
spin to the largest component and random spins for all other components. Let X/ be the

sum of spins at time ¢ (notice that we do not take absolute values here), that is,

11 £ max{|C ()], € ()]} +emin{[CF (@), [CT O+ glC; B+ &ley (1), (3.99)

Jj=2 Jj=2
where as usual ¢, {¢;} and {€;} are independent mean zero 7(,,) signs. This chain has state
space [—n,n| and its absolute value is distributed as our original chain. As a consequence,
any upper bound on the mixing time of the modified chain implies the same upper bound
on the original chain.

The bulk of this section is devoted to the proof of the upper bound on the mixing time
(the corresponding lower bound is much easier to prove and this is done in subsection .
To ease the notation, in this section we will refer to this modified chain by X; and Y;. The
only exception to this in this section is Theorem where another modification to the
chain was required for the proof.

The upper bound asserted in part (ii) of Theorem will follow immediately by the
following two theorems. Though their statement is almost identical, the difference in the
starting point X give rise to completely different proof methods so we chose to specify

them as two separate theorems for convenience.

Theorem 3.6.1. Let X; and Y; be two SW magnetization chains such that Xg > n3/4 and
Yo 2 r. Then we can couple X and Y; so that they meet each other within O(n1/4) steps
with probability Q(1).
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Theorem 3.6.2. Let X; and Y; be two SW magnetization chains such that 0 < Xy < n3/4
and Yy 2 r. Then we can couple X and Y so that they meet each other within O(n1/4)
steps with probability Q(1).

Proof of the upper bound of part (ii) of Theorem Theorem and Theorem
give that for any Xy > 0 we can couple X; and Y; so that they meet within O(n'/4)
steps. If Xy < 0, then by (3.99) and symmetry we have that

1

so we may apply Theorem and Theorem [3.6.2| again. This shows that the mixing time
of X; is bounded above by O(n!/*). Note that |X;| and the original magnetization chain
has the same distribution. Now Lemma gives the required upper bound and concludes
the proof.. O

3.6.1 Starting at the [n3* n] regime: Proof of Theoremm

Theorem 3.6.3. [Crossing and overshoot] Let X; and Y; be two SW magnetization chains
with Xo > n?/* and Yy 2 . Put

T=min{t: X;,Y; € [A7'n%4 An3/4) and | X, — V| < hn5/8} ,

for some constant h > 0 and large constant A. Then we can choose positive constants

h,q, K depending only on A such that
P(T < Kn*/*) > q.

Theorem 3.6.4. [Local CLT] For any constants A > 1 and h > 0, there exist constants
6 = 6(A,h) > 0 and k = k(A,h) € N such that for any zo € [A~'n?* An®/4] and any
x € n+ 27 with |v — zo| < hn®®, we have

P(X;, = z|Xo = 20) > 6n""/8,

Proof of Theorem By Theoremm7 the event T' < Kn'/* occurs with probability
at least q. By Theorem and the strong Markov Property we learn that there exist
6 > 0 and k € N such that for any = € n + 2Z with |z — X7| < hn®/® and |z — Y| < hn®/8,
we have

P(Xpyp=xa | T<Kn'/% >6n=0/8,

and
P(Ypyp = x|t < Kn'/*) > én=5/8,

Thus, for any such x we can couple X; and Y; so that X7, = Yy = = with probability at

least on~5/8. We have at least h”25/8 such x’s so in this coupling we have that X = Yy g
with probability at least hd/2. Lemma concludes the proof. O
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Crossing and overshoot: Proof of Theorem (3.6.3

For any two magnetization chains X; and Y;, define J; = X; — Y;. Let 7 be the first time

the two chains cross each other, i.e.
7 := min{¢ : signJ; # signJy}. (3.100)
The following theorem implies Theorem [3.6.3] immediately.

Theorem 3.6.5. Let X; andY; be two independent magnetization SW chain with Xg > n3/4
and Yy 2 . There exists positive constants 6, K, A and h such that

P(T < Kn1/4; X, 1,Y. 1€ [A_1n3/4, Ang/ﬂ I < hn5/8) >94.
To prove Theorem [3.6.5| we will use the following results.

Theorem 3.6.6. The stationary distribution 7 of the modified magnetization chain satisfies

1 [ 1
lim wlain’/*, agn®*) = Z/ exp(——at)dz,

n—oo L 12
for any constants as > a1 > 0 where Z = fooo ea;p(—%xﬂdx is the normalizing constant.

Lemma 3.6.7. For any constant A > 0 there exists N such that for all n > N we have
that if Xo € [A~'n3/% An3/4], then the following hold:

(i). —Cn'/? <EX; — X <0.

(ii). E|X| — zo|F < Cn®*/8 for k = 2,3, 4.
(iii). BY ;5 Cf |2 > enP/4,
where C'= C(A) and ¢ = ¢(A) are constants.

Theorem 3.6.8. Let X; and Y; be two independent magnetization chains with Xo,Yy €
(01134, ban3/4] for constants by > by > 0. Put h = =05/8% and suppose that h > 0 and that
h = o(nl/s). Let T be the crossing time of Xy and Y; defined in (3.1001). Then there exist
positive constants M and § which only depend on by and by such that

P(r < Mh?)>§.

Lemma 3.6.9. Let X; be a magnetization SW chain and I = [a1n3/4, a2n3/4] where ag >
a1 > 0 are two constants. Let h € (0,a1) and & € [0,a1/4] be two constants. Then for any
b eI, we have

P(sign(X; — b) # sign(Xo — b) | Xo > —&n®/*, | Xg — b| > hn®/*) < Dn=1/3,

where D = D(ay, a2, h,§) is a constant.
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Theorem 3.6.10. For any fixed constants bo > by > 0, ¢ < 1 and K > 0, there exists a
constant B = B(by, by, q, K) such that for every Xo € [b1n®/%, byn®/4], we have

P(X; < Bn® for all ¢ € [0, Kn'/)) > q.

Theorem 3.6.11. Let X, be a magnetization SW chain with Xo > an®/* where a > 0 is a

constant. Define 7, = min{t : X; < an3/4}. Then for any positive constant b > 0 we have

6

Vdy < ] = 101
P(1, > bn'/?) < 7 (3.101)

We begin by showing how these results imply the main theorem of this subsection.

Proof of Theorem Let a1, K and C' be three positive constants to be selected later.
Define

71 = min{t: X; < a1n3/4},

and define A to be the event that

1. Yy € [¢n*/%, an®/] and

2. 71 < Kn'/4 and
3. Y, > ain®/* and
4. Y; < Cn/* for all t < Knl'/4.

First we determine constants aj, d, K and C' so that P(A) > § > 0. By Theorem there

exists a constant ¢ > 0 such that

IP’(YO e [712/4, n3/4]> > q.

By Theorem again, we can choose a; > 0 such that

IP’(YO € [-n, a1n3/4]> < %

Since X; and Y; are independent we have that Y 4 . Thus

n3/4 3/4 3/4 q
]P)()/O € [T,TL ]aYTl > aimn ) > 2

By Lemma [3.6.11| there exists a constant K = K (a1, q) such that

3/4
P(Y; € [”T,n?’/‘*],yn > an®t < Kn'l*) > %. (3.102)
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By Lemma [3.6.10] there is a constant C' = C(K, q) such that

IP’(Yt < Cn* for all t < Kn1/4> >1- 4. (3.103)

(02¢)

Combining (3.102) and (3.103)) shows that P(A) > £. Note that if A occurs, then
<7 < Kn'/* (3.104)

Next we show {JT 1<% n3/ 4} N( t A 1) has positive probability. We do this by proving
Jro1 < Fn n3/% occurs with hlgh probabﬂlty on A. Note that {JT <4 3/4} N ( /\ 1)
implies X, _1,Y,_ 1 € [A7! n3/4, An3/4] for some large constant A.

If {J-—1 > 40?4} N (L A1) occurs, then there exists some ¢t < Kn'/* such that J, >
Un3/* and Jiy1 < 0. This implies that there is a point y € [“2—1713/4, (C+ %)n3/4] with
|1 Xy —y| > ‘Z—ln?’/‘l and |Y; — y| > %n‘q’/‘l and at least one of X;y1 and Y1 crosses y.
Suppose first that Y, _; > —§n3/ 4 where € is a small positive constant. Then Lemma m

and the union bound give that
(.A Jr—1 > 21 Y, > §n3/4) < Dn V3K = o(1). (3.105)

Next suppose that Y;_; < —&n3/%. Then thereisat € [0, Kn1/4] such that Y; < —&n?/4,
By (3.99)), for any starting location, we have

P(X1 < —€n*") < P(emin{[CF (1)), €7 (O]} + Y 61CF ()] + D &le; (0] < —€n™).

3j>2 7>2

By Theorem [3.3.13] we have that

E(emin{]C+( L ler @1+ gler ]+ > dle;( ) —0m¥3),  (3.106)

7j>2 7j>2

so Markov’s inequality gives that
P(X; < —€n3/%) = O(n=1/3). (3.107)
The union bound implies now that
<.A Jr—1 > 21 Y, < —§n3/4) <O YVHKEn* = o(1),

and so together with (3.105) we conclude that {4, X,_1,Y,_; € [A~'n3/*, An®/4]} occurs
with probability €(1) for some constant A. We denote this event by 5.

It remains to prove that {J,_1 < hn®®} N B occurs with probability ©(1) for some
constant h > 0. Suppose first J,_1 > n23/32. Notice that {B, J—1 > n23/32} implies there
is a t < Kn'/* such that X;,Y; € [A~'n?%, An3/4], J; > n?3/32 and J;y1 < 0. This implies
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at least one of X; and Y; has to make a huge jump of order at least n23/32. By part (ii) of
Lemma with k& = 4, Markov’s inequality and the union bound we have

P(J,_1 > n?/32 B) < O(nAG/8=23/32)1/4) — o(1). (3.108)
To handle the case J,_1 < n23/32, let
Wk — [2]{”5/87 2k5+1n5/8]’

and consider the probability P(J._; € Wy, B). Let T,, be the first time that J; € Wy, for

m-th time and .
(CAD = () {Xg,.Y, €[A"'n?" AV,

™ <m/<m

Note that (£ A1) € Fr,,. We have

oo
P(Jr1 € Wi, B) < Y P(Trn <7—1,J7,41 <0,B). (3.109)

m=1
Notice that {75, < 7 —1,J7,,41 < 0,B} implies that for all m’ < m, we have X7 , >
arn3/4, Yr, < Cn3/* and Xt , —Yr ,| < 2k+1p5/8  This in particular implies that
Xr Y1, € [A=1n%/% A3/4). Hence {T,, < 7 —1,Jp,+1 < 0,8} implies {T}, < 7 —
1, Jp,1 < 0, (LA 1),.}. Also, by part (ii) of Lemma and Markov’s inequality, we

have

_ C
P(|Xps1 — Xe| > 2871058 | X = (/1)) < ST
The same inequality holds for Y; by the same reason. Thus
C
P(1Jis = il = 2078 X, ¥ = 0(n¥/)) < o

We now use the strong Markov property on the stopping time T, and plug the above

estimate in (3.109) to get that

> t
P(JTfl € Wk‘7 B) < Z P(Tm <7- 17 JTm+1 < 07 (g A 1) )

m

3
Il

<«

< 4k

P(Ty <71, (%m) ). (3.110)

m

M8

3
I

If {7, <71 - 1,(% A 1)m} occurs, then for any | < m, we have T,,_; < 7 — 1 and
Xr, Y, | € [A='n3/% An®/*] and most importantly, the chains do not cross between
time T,,,_; and T;,,, which is at least [ steps. Now, let M and r be the constants from Lemma
and put [ = M2%¢. The strong Markov property on the stopping time 7, m— o2k and
Lemma |3.6.8| gives that

P(ngf—y(%m) ) < (L= r)P(T, e <7 —1, (2 A1) ).

m m n m—M?22k
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Applying this recursively gives that
L]

P(Tn <7 -1, (E A1) ) < (1—r)laeel,
n

m

Plugging this into (3.110)), we get

C & _m C
IPj(J‘I'fl € Wy, B) < ﬁ Z(l — T)[M22k} = QW
m=1

Combining this and (3.108)) we have for large enough ko, {J,—1 < 2kop5/8, B} occurs with
probability (1), which concludes the proof of the theorem. O

We now proceed with proving the statements we have used so far in the proof of Theorem
To prove Theorem we will use the following small lemmas.

Lemma 3.6.12 (Simon and Griffiths (1973)). Denote by S,, the sum of spins for Ising
model on the complete graph. If the inverse temperature = %, then there exists a random

variable X with density proportional to exp(—%x‘i) such that

Sn d
W_)X’

as n — o0.

Corollary 3.6.13. Consider Ising model on the complete graph with inverse temperature
B = % + O(#) For any fized constants as > a1 > 0, we have

1 [* 1
lim P(|S, 3/4 qon3/4)) = / |
Jim (|Sn| € [a1n”’*, agn®*) A/, exp( T )dz,

where A = [ exp(—5x*)dx is the normalizing constant.

Proof of Corollary By Lemma[3.6.12] we have that the conclusion of the corollary
holds for 81 = L. Thus it suffices to prove that for any configuration ¢ in which |S,(c)| €
[a1n3/*, agn3/4] we have

P(0) = (1+0(1))Ps, (0).

Observe that on complete graph we have that

UV, UFEV

Thus, for any ¢ with S, (0) € [a1n3/*, agn®/*], we have

S%*'n,

Ps(o)  LT5)/z(8) o(INZ
P, (o) eﬁl(@)/z(ﬁl) ={+ell) Z(B) "

(3.111)
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so it is enough to show Z(5) = (14 o(1))Z(f1). Indeed, Lemma [3.6.12] implies that
Pg, (1Sa] = n™/%) = o(1),
but for any configuration o with |S,,(c)| < n”/® we have that

S?Lfn

2_n
A = (14 0(1))eP () |

and the assertion follows. O

Lemma 3.6.14. Let w, be the stationary distribution of the modified magnetization SW
chain X, then we have

lim 7,[—00,0] = 0.
n—oo

Proof of Lemma [3.6.14 Recall that SW dynamics with parameter p has stationary
distribution of Ising model with p = 1 —e~2%. Plugging in p = % we get 8 = % + O(#) By
Corollary for any € > 0, there exists constant b; and by such that 0 < by < by and

7rn([b1713/4, b2n3/4] U [—b2n3/4, —bln3/4]) >1—c

By definition of stationarity, for any set S we have

> TPy, S) = m(S). (3.112)

ye[—n,n]

Put S = [-n,0] and denote 7,[—n, 0] by d,,. For any X, we have
P(X; <0) <1/2,
by symmetry. For X, € [b1n3/ 4 byn/ 4] Lemma m gives that
P(X, <0)< Dn™'/3.
Plugging these into , we have

1
Oy = Z T (y)P(y, S) < §5n + e+ Dn_1/3,

ye[—n,n}

which gives
8p < 2(e+ Dn~/?),

concluding the proof. O

Proof of Theorem Directly follows from Corollary [3.6.13| and Lemma ]

The following is an easy estimate which use frequently to show that the main contribution
from the first term of (3.99) comes from the |C;"| element rather than the |C; | element.
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Proposition 3.6.15. If X, > Cn?/3log?n for some large constant C, then
P(Cr| > |cf]) < O™ =™™).

Proof. By our condition on X, we have that |C;"| is distributed as the size of the largest
component in a supercritical random graph G(m,p) with m = %XO and p = % with
e = Xo/n = Q(n"3log?n). Theorem m gives that

P(‘Cf—’ > CTL2/3 10g2 n) >1-— CC_CIOan,

for some small ¢ > 0. On the other hand |C; | is distributed as a subcritical random graph.
Theorem 1 of [30] gives that

P(|C{ | > en?Plog?n) < C’e*ClogQ",
which finishes the proof. O

Lemma 3.6.16. If X, > Cn?/3logn for some large constant C, then

X
E[Xe | X1 < Xt(l - 67;) (3.113)

Proof. By (3.99) we have E[X;y1 | X¢] = E[|max{|C{"|,|C|}||X¢], hence Proposition
3.6.15| gives that

E[Xp1 | X, =E|Cf | +O(e ™).
Thus, Theorem [3.3.8] yields that

Xen+ Xy TXEPn+ Xy Clog? X,
E[X,, | Xi] < 224 O(e—clog*n <X(1——),
X [ Xi < 225 —=— =gy =5 0 )= Xl\l-5,

when n is large enough. d

Proof of Lemma As in the previous proof we have
EX; = E|C]f| + O(e~¢o8" ") |

Since € = 20 = ©(n~!/4) Theorem m gives that

ron+x9g 8/To\2n+ x0 zo\3n + x9
Bl - 22 - S(2) R o (2) )
C7] n o 2 3\n 2 T 2
2 3 2
_ Lo Lo\ _ o 1/4
- b sofd) g rou,
0 3n+ 2 T 3n+ (n'/%)

which gives part (i) of the lemma since 2o € [A~'n3/4, An3/4]. We now prove part (ii). For
k=2,3,4, by (3.99) and Jensen’s inequality we have that

8

E|X1—xo\k = EHCﬂ—xo—l-Zej\Cjﬂ_|_Z€;|Cj—|‘k+@(efcn1/)

52 5>1

gk-1 (E’]Cﬂ - xo)k + IE’ Y elc |+ Ze;|cj—|‘k). (3.114)
>1

Jj=22

IA
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Theorem |3.3.10| now gives that

/
Ellci - 22250 < C(:;:Z )
< ol) =0

Another application of Jensen’s inequality gives that

Ton + o To N+ o k
o )+ (25— — o)

5;ﬁ1@mw%+@%6gmﬁmy (3.115)

Elic; |- aol" = E|(cf -2

To bound the rest of (3.114)), notice that by Holder’s inequality, we only need to consider
the case k = 4. We have

B e+ | < Sme e w1 (T (D )

i2 j=1 =2 j=1 = j=1
+ E ) IGTPIGIPHE Dl Ple P
7 >2,i] 92T i

By Theorem [3.3.10| we have
-1
SUEICTE < Con(2) = 0
i>2 "

and 5
}:mqﬂgcm(@) = O(n%4).
i>2 "

By Theorem [3.3.12] we have

-1
§jmqﬁgcw(@) = O(n%/%)
i1 "

and ;
}:mqﬂgcm(@) — O(n%%).
i1 "

These together with Theorem |3.3.13|to handle the cross terms finishes the proof of part (ii)

of the lemma. Part (iii) follows immediately by Theorem [3.3.12

- n—Ton no4-1,1/4 5/4
E CT12>e¢ — > c—A"n/* > en?t.
;’] = €2 2 xO_ 24 =

O]

Lemma 3.6.17. Let X be a real valued random variable with EX = 0 and EX? > h? and
EX* < bh* where b > 1. Then for any p € [0,1] we have

(1—p*)?

P(X < —ph) >
(X < —ph) > 5
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Proof of Lemma [3.6.17; By Cauchy-Schwartz

E[X21 (x5 2p2y] < \/EX4IE1{X22p2h2} < V/OHAP(X2 > p2h?).

Hence,

h? <EX? < p?h? + E[X? 1 y2s 2p2y] < p°h® + /bRAP(X2 > p2h2).
We conclude that
(1-p%)?
P(X| > ph) > TP
and the assertion follows by symmetry since P(X < —ph) = P(—=X < —ph). O
The following will be used in the proof of Theorem [3.6.8]

Theorem 3.6.18. Let X; be a magnetization chain with Xy € [b1n3/4,b2n3/4] where by >
by > 0 are two constants. Let T be the first time that X; & [%n®4, (by + 2)n/4]. Then
there exists a constant C' = C(b1,ba) > 0 such that for all constant § > 0 we have

P(r < 5n1/4) < C8°.

Proof of Theorem |3.6.18| Denote by I the interval [%n3/4, (b2 + %)n?’/‘l]. Part (ii) of

Lemma [3.6.7] gives
E{(X(tﬂ)/\n - Xt/\n)k‘ft} < Ono/8 (3.116)

for k = 2,3,4. Define
Z = X(t+1)ATl — Xinr — (EX(tJrl)/\Tl —EXiam)-
Note that |EX (t11)ar — EXiar | < Cn'/? by part (i) of Lemmam hence
E[Z’f‘ft} <Oon¥ (3.117)

for k = 2,3,4. Also, for k =1, part (i) of Lemma [3.6.7] gives that

E[Z|F] < Cv/n. (3.118)
Denote /2
7(t) = (BlXinr, — EXinn]*)
Note that
4
flt+1)* = E[X(41)ar — EX(t+1)/\T1]4 =E {(Xt/\n —EXinm) + Z} . (3.119)

For k =1,2,3,4, we have

4—k k 4—k k
E[(Xinn ~EXinn ) 2*] = E(E[(Xinn —EXir ) 24R])

) [(XM — IEXtMl>4_kE[Z’“\]-}ﬂ .
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Hoélder’s inequality implies that

4—k _
E[(XW1 - IEXt/\Tl) Z’“} < on¥ )T, (3.120)
for k = 2,3,4 and by (3.118))
3 3
E[(XW1 . EXWl) Z] < OVnf(t)s. (3.121)

Expanding the right hand side of (3.119) and plugging (3.120f) and (3.121]) into it, we get
Flt+ 12 < ()2 + CVnf)*? + Cnd/A f(t) + Cn' B ()2 + Cnd/2 (3.122)

Comparing the right hand side of (3.122) with
2

(f(t) +Oonl2F)Y? 1 Cn5/4) (3.123)

we find that the first, second, third and fifth term of (3.122) is dominated by expanding
(3.123). For the forth term, if f(t) = O(n®/*), then it is dominated by (Cn°/*)2. Otherwise
it is dominated by Cn®*f(t). The conclusion is that

ft+1)2%< (f(t) +Cn2f()Y? + C’n5/4>2. (3.124)
Thus, if f(t) = O(n3/?), then we have
FE+1) < f(t) +Cnd/4, (3.125)

Since f(0) = 0, by iterating (3.125)) we get that f(t) < Ctn®/* for all t < én'/* where § > 0

is a constant. Put ¢ = én'/%. Markov’s inequality gives that
b Co)?
IP>(|‘Xv(5nl/4/\’r1 - EX&nl/‘l/\Tl‘ > Zlng/4) < ((b1 ))4 (3126)
4

By part (i) of Lemma we have that
IEX 517407, — Xo| < Con’/4,

Thus, for small enough § we have

b
P(| Xsutranm, - xo‘ < on1) 21— 08, (3.127)
1/4

which means that X; has not jumped out of the window I within dn"/* steps with proba-

bility at least 1 — C'§2. O

Proof of Theorem Recall that J; = Xy — Y;. Let M be a large constant that will
be chosen later. Assume without loss of generality that Jy > 0, we will prove that J;2
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is negative with probability (1), which implies the theorem. Denote by I the interval
(2034, (by + % )n®/4] and define

mm=min{t: X; ¢lorY, &1}.

We will prove our claim by precisely estimating the first, second and forth moment of
Jyn2ar, and then apply Lemma to Jyrnear, — EJpp2ar, - We start with first moment
estimate. By part (i) of Lemma and the optional stopping theorem we get

EXinr, — CvVn <EX(pan < EXinn (3.128)
for some constant C' = C'(by,b2) > 0. Applying recursively gives that
Xo — CMR*Vn <EXppeps, < Xo. (3.129)
The same formula holds for Y;, hence
EJynens, < hn®® 4 CMh2n'/2, (3.130)
We proceed with the second moment estimate. Notice that if Xy € I, we have that
E(Xi - E(Xi|R))? = E|max{|C{],C7|} - Emax{|C{], [c |}

2
+ emin{\Cf|,|Cﬂ}+Z€j’Cﬁ "‘Zeg‘cﬂ]

j=2 j=2

by 1) In the n®/* regime, we have P(|Cy | > |C;|) = O(e_CIOgZ”) by Proposition|3.6.15

hence
E(X) - E(X1]F0))? > (1 - Ce P YRS |C7 P > ern?/*,
j>1

by part (iii) of Lemma (3.6.7)). Also, by part (ii) of Lemma we have that

E(X) — E(X1|Fo))? < Cn®/4,

Now let .
Ay = Z(X(H—l)/\n = Xinn) = E(X(i41)an — Xinn | Fi)
i=0
and
t—1
By = Xo —EXinn + Y E(X(1yan — Xinn [F)-
i=0

Then it is easy to verify that A; + By = Xiar, — EXiar,. Moreover, since the martingale

increments are orthogonal we have that

t—1
EA? =Y E(X(it1yan — E(X(r1yan 1F))>.
=0
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Since h = o(n!/%) Theorem [3.6.18| gives that
P(r < Mh?) =o(1).

This implies that
eMh2n®/4 < EA?WLQ < CMh2n®/4,

By and part (i) of Lemma we get that |B;| < Ctn'/2. This gives
EB? < Ct*n.
Cauchy-Schwarz inequality gives
E|Apn2Bunz| < CMh2n%/8,

Thus, we have

VarXpons, = EA2,. +EBY, 0 + 2EA 2 Bygpe > (¢ — o(1)) Mh*n®/2,

The same estimates hold for Y;. Since X; and Y; are independent we have
VarJypeny, > et Mh*nd/2,
For the fourth moment estimate, by we have
E[Xarm2an — EXpmnzan ]t < (ME2CnP/t)?

and
E[Yanzar — EYanenn ]! < (ME2CnP/*)?.

By the Jensen’s inequality, we get

E[Jan2nr — EJamnepn )t < 16(MA2Cn®/4)2,

(3.131)

(3.132)

Putting (3.131)) and (3.132]) together, taking p = \/]\147(:1 and using Lemma [3.6.17, we get

P(Jrinznm — BJapznn < —hn/®) >4,
where § > 0 is a constant. Combining this with (3.130]), we get
IP’(JMthTl < 0) > 4.

Here we choose M so that Mc; > 2, concluding the proof.

(3.133)

O

Proof of Lemma If Xo < b— hn3/%, then assume first Xo € [€n3/4,b — hn/4]. In
this regime, by part (ii) of Lemma with £ = 4 and Markov’s inequality we have

Cn5/2
hin3

P(sign(X; — b) # sign(Xo — b)) < = 0(n~Y?).
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Assume now X € [—&n3/4, €n?/4]. Recall the distribution of X; in (3.99) and that b >

arn®* and ¢ < a1/4. If X1 < agn®/*, then either
max{|C/], |y [} > 26n*/*,

or

emin{|C{ (D)), [CT (O]} + D elcr @)+ Y éiles (¢ “1 n3/4,

7j>2 j>2
By Theorem and monotonicity of |C1|, we have

1/8

P(max{|C} |, [Cr [} > 26n%/*) < Cem

By Theorem and Markov’s inequality, we have

. a _
P(emin{|CY (1)), [CT (O} + D IC (O] + D le; (0] = 5n®*) = 0(n™'/?).

3>2 3>2

Thus, we have

P(X; > b) = O(n'/3).

If Xo > b+ hn®/%, then assume first X € [b+ h3/4, Bn3/4] for some large constant B.

By part (ii) of Lemma with k& = 4 and Markov’s inequality, we have

P(X; < b) <

Assume Xy > Bn3/4. 1f X; < bn3/4, then either
_ B
max{C | 1C7 1} < S/

or

B
emin{|C}" (t)], |Cy ( |}+26]]C+ |+Z j|C —ag)n3/4.

7>2 j>2

By Theorem [3.3.9] we have

1/8

B
P(max{|C{], [C7 [} < 713/4) < Ce™™
By Theorem [3.3.13| and Markov’s inequality we have

P(emin{|C ()] IC; (D1} + D &1CT (@) + D ejley (1) < O(n~/3).

7>2 3>2

Thus, we have
P(X; <b) =O0(n /3.
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Proof of Theorem [3.6.10; Denote by I the interval [byn®/%, byn®/4] and let B be a large
constant to be chosen later. For any Xg € I, define

A x, = P(X; exceeds Bn®/* within ¢ steps | Xo).

Let
At = max At X
Xo€el 0

Then A; is increasing in t. Let
T =min{t: X; ¢ [%n3/4, Bn®/4}) .
Then X;,, is a supermartingale by part (i) of Lemma[3.6.7 Thus we have
EX e 1/ap, < ban®/4, (3.134)

For simplicity denote g(B) = maxx,er P(X 1740, > Bn3/* | X;). We get from the above
estimate and (3.134)) that g(B) — 0 as B — oo. For all Xo € I and t < Kn'/*, we have

b
A x, < g(B, Xo) + P(XKn1/4/\T < Eln3/4,Xt exceeds Bn®/* before t). (3.135)
Denote . )
(ﬁ A1) = {Xgap, < Eln3/4,Xt exceeds Bn®/* before t}.

Let 7 be the exit time of [%n3/4, (by + % )n3/4]. By Theorem we have
P(r; > on'/*) > 1 — €482,
for any sufficiently small constant § > 0. On the event {7; > dn'/*}, there are three cases:
(i) Xgua € [Zn3/4 b3/
(i) X174 € [bin®/4, ban/4).
(ili) X1 € [bon®/4, (bo + & )n®/4).

1/4

For case (ii), by the Markov property at time dn'/*, we have that

t
IP’((E ALY |7 > o0t Xy € [bin® 4 0on®/1) < A, 5.

For case (i), define
T = min{t > on"/*: X, € [bin®*,ban™/]} .

By monotonicity of A; and the strong Markov property on T we have

t b
P((ﬁ VAN 1) } T > 5711/4, X5n1/4 € [Elng/4’ b1n3/4],T < t) < At—6n1/4'
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The event {(: A1), 71 > dnt/4, X500 € [Bn3/4, 61034, T > ¢} implies that there exists
t < Kn'/* such that X < %1 3/4 and X1 > b2n3/4. By Lemma and the union
bound, this happens with probability at most

Dn 3 Knt/* = O(n=4/12),

For case (iii), the event {(£ A1), 71 > én VA X5 10 € [ban®/4, (by + 3 Y yp3/4] ]} implies that

bl n3/* and then goes above Bn3/%. Let

X, first goes below
T'=min{t:t >71,X; € [}.
By monotonicity of A; and the strong Markov property on T”, we obtain
b1

P(.A ‘ T > 577,1/4,X5n1/4 € [b2n3/4 (ba + — 5 ) 3/4] < t) <A 5174

By similar argument in case (ii), we have
b1

P(A, 71 > 604, X100 € [ben®/, (by + 5 ¥, T > 1) = O(n~ Y1),

Summing up the above estimates, we obtain

IP’((% A1), 1y > onh) < A, s 10+ O(n~12). (3.136)

On the event {(£ A1),7y < on'/*}, which happens with probability at most C'§2, there

are two cases to consider:

(i) X, < Gnd/t,
(i) Xr > (bo + Z)n¥/4

In case (i), let
T = min{t it > Tl,Xt S [}

By monotonicity of A; and the strong Markov property on 77, we have
IP((t A1) |7 < ont/t X, <b2 4T < t) < Ay
A similar argument as before gives us
IP’((t A1), 7 < on't X, < bQ 341 > 1) = O(n~Y12),

In case (ii), let
To =min{t:t>71,X; € I}.

Similar arguments gives

t b
P(( A DI < 0!/ X < Ty <) < Ay,
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and
P((% ALY, < S04 X, < 5713/4 T, > t) = O(n~1/12).

Summing over these estimate, we obtain

P A 1),m < 6n1/%) < O3 (A, + O(n~12)), (3137)

Plugging (3.136)) and (3.137) into (3.135)), we get

A xo < 9(B) + (Ay_gua + O(n~1%) + C5*(A, + O(n™1/12)).

Maximizing over Xy and rearranging give

1

T gz Aana +9(B) + O(n™12)).

Ay < .
Telescoping gives

1

[%-‘ 2 —1/12
A < 1553 (05 +g(B)+ O~ )).

K
Since [5—‘ converges as § goes to 0, we conclude that we can choose § > 0 small

1
1-C42
enough and B so large to make Ay 1,4 arbitrarily small, as required. O

Proof of Theorem [3.6.11k Notice that

ft} = E|:Xt+11{7'a2t+1}+XTa1{Ta§t}’ft:|

= E[Xen| AL, 5001y + X Lp <oy

E [X (t+1)ATq

By Lemma [3.6.16, we have

2

X X
E[X(t+1)/\7,l ]:t] < Xt<1 - 67;)1{Tazt+1} + Xr i<ty = Xinr, — 6721{Tazt+1}~ (3.138)

Taking expectations on both sides of (3.138]), we get

1
EX(i1)nre < EXenr, — eTnEXgl{“?t“}' (3.139)
Note that
E<X31{Ta2t+1}) > a2n3/2P(1, > t + 1),

and

2

a2nd3/2 > E<XTG1{TQS”)
- P(r, <t)
Hence we have
E<X7%a1{7_ast})

2 e ——
E(Xt 1{Ta2t+1}> 2 ]P)(Ta S t) ]P)(Ta Z t + 1)7
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which implies
P(ry <) 9
E<X 1{Ta<t}) = P(r, >t + 1)E(Xt l{TaZt—H})‘

Adding E(Xfl{mztﬂ}) to both sides, we obtain

E[Xfl{f >t+1}}
— >EX2, > (EXinr, )2 3.140
P(Ta 2 t 1) - tATq = ( tA a) ( )
Plugging into (3.139), we get
1
EX(41)am, < EXinr, — oP(ra > t + D(EXinr, )2 (3.141)

Note that EX(;41)rr, > 0. Taking the inverse of (3.141)) leads to

1 1 1
> + —P(r, >t +1).
EX (t+1)ATq IE‘:th/\nl 6n ( ¢ )

Summing ¢ from 0 to [bn!/4] — 1, we get

[bnt/4]-1

1 1
> P(ro > t+1) > —P(r, > bn'/*on!/4, (3.142)
n

1
]Ebenl/4-‘/\Ta — 6n =0

On the other hand, for any x € [0,n], observe that X i/1,, < — implies there exists
t < bnl/* such that X; > an®/* and X¢+1 < —zx. This implies either

max{|C{ ], Cy |} < Sn*/",

or
. a
emin{|C{ (#)], [C; (D)} + D _lCH ()] + D €lc; (¢ 5n3/4.
3>2 j>2

By Theorem we have P(max{|C]|, |C{ [} < 4n®/*) = O(e‘cnl/g). By Theorem [3.3.13

and Markov’s inequality, we have

Cn8/3
(z 4 &n3/4)%

B(emind G ()], 101 (O]} + Y elc] 0]+ D &0 ()] < = = Zn¥/*) <

j>2 3j>2
Hence by union bound we obtain

Cn8/3 1/4.

[ —
) < @+ %n3/4)4bn

]P)(anl/4/\7-a < —X

By a direct computation we obtain

E(| Xp1/4p7 |1 an1/4 Cn®l? = 0(n*?)
bnl/AAaT, {an1/4/\m§0} n3/4) ’
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Thus we get
EXpn1/410r, = P(7a > [ont/4)an* — O(n?3).

Multiplying this and (3.142)) we get

Lo 14 34 /47112
>
1> 6nbn an [P(Ta > [bn 1)} ,

which gives (3.101)). O

Coupling inside the scaling window: Proof of Theorem|[3.6.

Lemma 3.6.19. For any fixed constant A > 1 there exist positive constants ¢ = q(A), =
B(A), such that if Xo € [A~ 0374, An3/4], then

P(X| = z|Xo) > qgn /8
for any x € n + 2Z and |z — Xo| < Bn®/8.

Proof of Theorem We will use induction to prove that for any ¢ > 0 and any
x € n + 27 such that |Xo — x| < B(1/2 + £/2)n5/3, we have

{—1
P(X, = 2| Xo) > q’f(g) n=5/8. (3.143)
This implies Theorem immediately.
We prove this assertion by induction on ¢. Lemma [3.6.19| implies (3.143)) is true for
¢ = 1. Suppose now (3.143)) holds for ¢ and we prove for £ + 1. If z € n + 2Z and
|z — Xo| < B<1/2 + (L + 1)/2>n5/8, then the number of y such that y € n + 2Z and

ly — x| < Bn®® and |y — Xo| < B(1/2+ £/2)n°/% is at least §n5/8. Thus, we have

IP’(|Xg —z| < Bn5/8) = Z P(Xe=1y)
ly—al <pn3/3
G i) o

where we used the induction hypothesis. Since |z — Xo| < 5(1/2 + (0 + 1)/2) nb/3, we get
IP’(XZH =z ‘ | X, — 2| < Bn5/8> > qrf‘r’/8

by Lemma |3.6.19] Together with (3.144) we get (3.143|) for £+ 1, concluding the proof. [

Recall that conditioned on the cluster sizes, Xi is a summation of independent but not
identically distributed random variables. The following is a local central limit theorem for
such sums, tailored to our particular needs, and is used to prove Lemma We have
not found in the literature a statement general enough to be valid in our setting. The proof

is the standard proof of the local CLT using characteristic function.



81

Lemma 3.6.20. Suppose K,, are positive integers such that K, > qn for some constant

qg > 0 and ay,az,--- ,ak, are positive integers such that a; = 1 for 1 < j < gqn and

i <A/ % for all j. Let b(n) = Z Laj and c(n) = \/Z] 1a2/n5/4. Assume that there

are two positive constants 6 and C' such that 6 < c(n) < C for all n. Let X, = Z]K:1 €ja;
where {¢;} is independent random 7, signs. Then for any x € b(n) +2Z and large enough

n, we have

IP’(Xn - x) fczﬁ)rﬁ N ( -5 _ 1/2\/5). (3.145)

Proof of Lemma [3.6.19: We need to show that with probability (1) the percolation
configuration fits the setting of Lemma (3.6.20l Define (£ A 1), and (L A 1), as the following

events:

t & &
(A0, =flei T [Xo— qn®" Xo+ 78], % Jef 2 < e/, 3 Cf | < D™/},

4 . -
Jj=2 Jj=2

(% A1), = D IET < Dt STl P DT ST Ie P = e,

jz1 Jjz1 |cj—‘<£

H SRV

where D and ¢ are constants to be selected later. First we prove that (£ A 1), and (L A 1),
both happen with probability ©(1). To bound from below the probability of (% A 1),, take

0= 7 in Theorem |3.3.14, We get

IP’( Yoz cn5/4) > g = q(A) >0, (3.146)
Ic; |<gvn

for some ¢ = ¢(A) > 0. By Theorem [3.3.12] for k = 2,3 we have

EZ ‘Cj_‘k < Cn(A—ln—1/4)—2k+3 )

j>1
Thus, for
3
p > A (3.147)
q
we have by Markov’s inequality that
“12> ppo/t) < 4 .
P<Z|CJ| > Dn )_4 (3.148)
j=1
and
~3> ppT/t) < 4
P<;|C]] > Dn )_ 1 (3.149)

By Lemma [3.3.7, we have

P(|{j:\c;|:1}\ 21%> 21—0/7121—%. (3.150)
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Putting (3.146)), (3.148), (3.149) and (3.150|) together, we get

P(L 1)) >

n 2

To bound from below the probability of (% A 1)1, we apply Theorem [3.3.11| to get that

RN

T 20yl < £ ET05/8) 5 =
P(|lef | = o1+ 2| < T(H)YE) = g = q(4) > 0.

Since %3 = o(n®/8) and £ < 3pn, we get
IF’(|CT] € {xo — Zn5/8, xo + gnf’/SD >q. (3.151)
By Theorem [3.3.13] for k = 2,3 we have

EZ ’C;_‘k < Ckn(A_ln_1/4)_2k+3.
Jj=2

Again, when D satisfies we get by Markov’s inequality that

IP’(Z cHP > Dn5/4) <4 (3.152)
Jj=2 4
and
P(Z CHP > Dn7/4) < %. (3.153)
Jjz2

By (3.151), (3.152) and (3.153), we have

P((;AD)) >

(3.154)

RS

Since (L A 1), and (LA 1), are independent, we get

2
P(-AD) (A1) 2L

providing D satisfies (3.147). By Proposition [3.6.15(we have P(|C; | > |C{]) = O(e—clog” ),

Hence the event . . .
“AD)={(=A1) ,(=A1),|C7|<|C{D},
(E A1) ={(- A1), (CAT) 1G] <ICT D)
occurs with probability Q(1).
Next we prove that for every € n + 2Z and |z — Xo| < §n5/ 8 there exist a constant
0 > 0 such that

t
P(Xy=z|(~ A1) > on=%/% (3.155)

which will conclude the proof. Denote

Mi=lof |+ eler+ Y dles|
i>2 Cj>v/n/6
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and

ICjl<v/n/6
Note that M; and My are independent conditioned on (% A1). We will first prove that

there exist a constant o > 0 such that

t
P(\Ml — Xo| < gn5/8\(ﬁ A 1)) > a. (3.156)
On (£ A1) we have that
SICHP+ > 16 P < 2pn (3.157)
=2 IC;1>/n/6
and
SeHE+ > 1e P <2Dn™ (3.158)
>2 C51>/n/6

If 2]22 |C]‘.*']2 + Z|Cj|>\/ﬁ/6 \Cj_|2 < %n‘r’/‘l, by Markov’s inequality, we have

10+ 1 p— C 5/8
P(‘Ze]\cj + > e \‘ < In ) >1/2. (3.159)
j22 ICj|>v/n/6
Otherwise
Gl
+)2 —oyiz €
(2322 ’Cj | +Z|Cj\>ﬁ/6 |Cj | )
implies
2
>

and since {|C;|} also satisfy (3.158]), we learn that the Lindeberg condition is satisfied. By
Lindeberg-Feller theorem (see [10], (4.5)), we have

IP’(‘ Saler+ Y e;|c;|( < 2715/8) >a > 0. (3.160)
j=2 101>/ /6

Combining this and ((3.159) yields (3.156]).

To estimate My let
b= Z IC;| and a= n=8pt/2.
Cj1<v/n/6
By Lemma [3.6.20] for every x € b+ 2Z, we have

P(M2:x|(%A1))> V2 (e‘mfrf?ﬂl—1/2).

= Jrand/?
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For all z such that |z| < en®/8, we have

22
L (e*hzns/zx _ 1/2) > L (e—l/2 — 1/2) > 6n /8
Vman®/8 /T Dnb/8
where § is a constant. So for every z € b+ 27 and |z| < ¢n®/®, we have
t
P(My = x|(~ A1) > on /8, (3.161)

By (3.156) and (3.161)), for every x € n + 2Z with |z — zo| < %n5/8, we have

P(M; + M, = x’(% A1))

t
> P(|M; — ol < S0, My = (@ = 20) — (M = o) | (— A D)
n
> adn5/8,
This proves (3.155]), which concludes the whole proof. O

To prove Lemma [3.6.20| we need the following two small assertions. The first is Exercise
3.2 of [10].

Lemma 3.6.21. If P(X € b+ hZ) = 1, where b is a complex number and h > 0 is a real
number. Then for any x € b+ hZ, we have

h w/h )
P(X =) = o- / ., 1P (1)1,

where ®(t) is the characteristic function of X.

Lemma 3.6.22. For any x in R, let m(x) be the integer that is closest to x (if © — % is an

integer, then we put m(z) =z — 5). Then for any x

(z —m(
2

38

2
]COS:E|§eXp(— )7) )
Proof. Since m(%)r € {km}rez, we have [cosz| = |cos(z — m(%)m)|. Also, we have
2

—T <x—m(%)7 < Z. Since cosz < e 7 for all z € [~Z, T] we have that

T

(z —m(Z)m)®

|cosa] = cos (z = m()r) < exp
COSX| =COS|TxT —m\— )T €exX —
s = &XP 2

Proof of Lemma [3.6.20; For simplicity we will abbreviate ¢(n) by c. Let

dj = —2
J cnb/8
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Then we have S 5" d2 = 1 and Cig’}s = S e;d;. Since a; = O(n'/?), we have that

J=1"7 J=1
d; = O(n~Y/®). Thus it satisfies Lindeberg condition (see [10]). Consequently, we have that
Xn
Y 4N (0,1).

Denote the characteristic function of 5 —s by @,(t). A straightforward computation gives
that

D,(t) = (cos n5/8) H cos(td;) (3.162)

2
and we have &, (t) — e~ for all fixed ¢t € R. Taking h = m%/s in Lemma (3.6.21] for
x € b(n) + 2Z we have

T enb/8

P(Xn - a:) - / T et g, (1ot (3.163)

mend/8 —ZenS/8

Let M be a large constant to be selected later. Note that ®,(t) is an even function so

Fon®/S Mo Fon®/S
/ e, (10t = / e D, ()0t + 2 / e D, (1)t
—Zcnb/8 -M M
M ) %cnf’/s
> / e_m@n(t)@t—2/ |®,, ()]0t (3.164)
-M M

We will first bound from above the second term of (3.164). Let m;(t) = m(%)dlj, ie.,

™

m;(t) is the element in {k%}k ” that is closest to t. Note that by Lemma|3.6.22 we have
€

cos(td;) < exp{ - [tdj —m(— } /2} = exp{ d2( 2j(t))2 }

1 1
72 2 c2p5/i_g

For large enough n, we have 027115 7 —. Thus, we get

7 <t—m;~<t>>2}'

2nd/4 —gn 4

’cos(tdj)‘ < exp{ -

Since Z a1 62;:/% =1 and e™% is a convex function, we have by Jensen’s inequality
that

o all 2 o (1))2
H ’COS(th)’ S exp{_ Z an5ij_qn(t nzl‘](t))}

Jj=qn+1 Jj=qn+1
Kn 2 2
aj (t —m;(t))
< Y Sl —ex ( - 7J> (3.165)
- 2,,5/4
Plomef c2nd/ qn 4

1:2
Recall that [t| < Zen®/® and |cos(z)| < e™ % for z € [-%, Z], whence
t ‘qn

t2
| <ew ( - qi). (3.166)
cn

COS
‘ 2c2n1/4
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Plugging (3.165)) and (3.166]) into (3.162f), we get

Ky 2 2 2
as (t —m;(t)) qt
< I ( _ J - >
[©n(t)] < j:%;l 2nslt — g P 4 2c2n1/4
Hence, we have
T on5/8 K 2

gen - a * (t—mi(t))*  af’
o (1)lof < e _ i) >0t. 3.167
/M [®n(2)]0t < j:q2n+1 c2nd/4 — gn /M exXp ( 4 2¢2p1/4 ( )

We will divide the integral into two parts such that the first part converges to 0 as M
goes to infinity and the second part is bounded by a constant. Recall that m;(t) = 0 for

te[— 2d72d] so for any j € [gn + 1, K], we have

> (t—my()* gt
/ exp(— 1 _202711/4)(%

M
e 2 qt?
= /M eXP(‘Z‘W)at
CHD (1) gf? o (3.168)

+ e
z / o o (- o

2
3.168)) is bounded by ffj ¢~ TOt. For the second

The first term of the right hand side of
term, note that for ¢ > 57-(2¢ — 1), we have
J

(_ qt? ) < (_ qr’n(20 — 1)2>
P 2c2n1/a) = &P 8a’
and
+ T
/y Yo itemi )2 gy /de e~ 1(t=m;()? gy
w e
= / e” 10t < 2¢/T. (3.169)
for any y, since (¢ —m;(t))? is a periodic function. Thus, we get
= (t —m;(t) qt? ) /oo _2 . qrin (20 — 1)?
- — ot < 10t 2 ( — —)
/M exp( 1 521/ =/, e +; /T exp 8a§
(3.170)
Recall that a; < \/¢qn/2, hence
qr’n(20 — 1)? 2(20 —1)?
oy (- A S (Y
< e_”2/4 < 1
= 1—em2 78
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Plugging into (3.170)), we get
00 t— ms(£)2 2 M
/ exp(— ( m]( ) qt >at§2\/7?(1—‘1)(7))+ﬁ7

" 4 ©2e2pl/4 V2 4
where ®(-) is the distribution function of N(0,1). Plugging back into (3.167)), we get
Fend/® M JT
/M 1B, (1)t < 2\/7?<1 - @(ﬁ)) + L. (3.171)

Now we go back to the first term of the right hand side of (3.164). Recall that ®,(¢)

converge to e~t/2 for all t. We have the following estimate:

M .
/ e P, (t)Ot

-M
o) —-M 00 M
= / eitTe=t2/2g¢ _ (/ —i—/ )emeﬁ/zat—i-/ e (D, (t) — €7t2/2)3t
—00 —o0 M —-M
(%s) M
> 2me 2 - 2/ e 20t — / | (t) — e_t2/2‘8t. (3.172)
M -M

Note that the second term of the left most side of (3.172)) converges to 0 as M — oo and
2
for fixed M we have fiWM | D () — eft7|8t — 0 by the Dominated Convergence Theorem.

Plugging these and (3.171)) into (3.164)), we get

Zenb/8
lim inf/2 e P, (1Ot > V 2me /2 _ ﬁ,
n—00 —gcn5/8 2
which concludes the whole proof. O

3.6.2 Starting at the [0,n%*] regime: Proof of Theorem

Theorem 3.6.23. Let I = [—An?/3, An?/3] where A is a fized large constant. Then there

exist positive constants K, a,q such that
P(Ta < Kn'4| X, € I) > g (3.173)
where 7, = inf{t > 0: X; > an’/*}.

Theorem 3.6.24. For a constant A put I = [—~An?/3, An®/3] and 7 = inf{t > 0: X; € I}.
Then there exist constant ¢ > 0 such that for sufficiently large A, we have

2| Xo|
cty/n’

P(r >1t) <
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Proof of Theorem Let A, ¢ be constants such that the assertion of Theorem [3.6.24
holds and write I = [~ An%3, An2/3]. Since Xo < n%/*, by Lemma 3.6.24 with t = 42 ' we

[

have

|
c )7
where 7 = min{t : X; € I'}. By Theorem and the strong Markov property, we get
that X; exceeds an’/* within (K + %)nl/ 4 steps with probability at least 1. By Theorem
3.6.1, we can couple X; and with the stationary chain Y; within O(n'/4) steps such that

they meet each other with probability €2(1). Applying Lemma concludes the proof. [

P(r <

We now proceed to the proof of Theorem [3.6.23 We begin with some lemmas.

Lemma 3.6.25. Let A be a large constant and put I = [—An?/3, An?/3]. For any q € (0,1),
there exist a state Z = Z(q) € I and constants a = a(q) > 0, K = K(q) > 0 such that

P(m < Kn'/4|X, = Z) >q (3.174)

where T, = inf{t > 0: X; > an3/4}.

Proof. Let Y; be a SW chain with Y 4 . By Theorem there exists a constant B
such that
l—¢q

ma([B™1n3/%, Bn3/4)) > 1 — (3.175)

We will prove the lemma for ¢ = B~ and K = % where ¢ is the constant in Theorem

3.6.24L Write J = [B~'n%/%, Bn®/%], then by (3.175) we have

IP’(YO € Jand Yy, /s € J) >1- -1 (3.176)

Put 7 =inf{t > 0:Y; € I}. We have

2Bn%* 2
P(r < Kn'*YpeJ)>1- ——"~" =
(r<Kn'lYo € J) 2 cy/nKnt/4 3
by Theorem [3.6.24] Thus we have
1—q\2 1
P(¥ <k = (1-—1)2 =2
o€ J, T<Kn > 1 327

Let

§ = maxP(r, < Kn'*| Xy =W).
g P = KXo = 1)

By the strong Markov property

IP’(YO € J, 7 < Kn'* Yy, < an3/4>
1-46

= P(YO eJ, < Kn1/4)IP’(YKn1/4 < an3/4|T,YT) > 5
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since 7, > Kn'/* implies that Yinia < an3/*. We deduce that

1-96
IP(YO €J, Yo & J) > . (3.177)
Combining (3.176)) and (3.177]) we get that § > ¢, concluding our proof. O

Lemma 3.6.26. Consider the random graph G(%XO, 2) where X € [—An?/3, An?/3] for
some large constant A. Then the intersection of the following events occurs with probability
at least 6 = §(A) > 0:

o [C1] +|Ca| € [4AN3/3,8An%/3], and |Co| > %nz/?’,
e Cy and Cy are trees, and
i ij:a ‘Cj|2 < nt/3,

Proof. Let (£ A1) be the event

o [C1] + [Co| € [4AN?/3,8An?/3],|Cy| > 2803,
e C; and Cy are trees.

By Theorem 5.20 of [I8], we have P((X A1)) > 6 = 6(A) > 0. Conditioned on (£ A1)
and on C; and Cy the remaining graph, {C;};>3, is distributed as G(™5X0 — |C;| — |Ca], 2)
conditioned to the event that it does not have components larger than |Co|. By Theorem 7
of [30] the complement of this event has probability decaying exponentially in A. Let {C;}

be the component size in the unconditioned space G(“5%¢ — |Cy| — |Cal, 2). We have
n+ Xp
]EZ Ci]? = (T — [C1| = |Ca])E[C(v)] .
Jj=21
Since Xo < An?/3 and |Cy| + |C2| > 4An?/3, Theorem 7 of [30] gives that

E|C(v)| < O(e“)n'/?,

and so
2 —cAy, 4/3
EY ICiI* < O(e=)n/?.
Jj=z1
The lemma now follows since in the conditioned space, the event we condition on has prob-

ability exponentially close to 1. O
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Lemma 3.6.27. Let [ = [—An2/3,An2/3] for some large A. There exist a constant ¢ =
c(A) > 0 such that

P(X,=xz|Xgel)>en 23 (3.178)
for any x € n+ 2Z with x € I and z > 0.

Proof. Write (£ A1) for the event of the assertion of Lemma [3.6.26| in {Cf}, so that
P((t A1) > 6(A) > 0. In G(%, 2) we have by Theorem [3.3.13| that
EY |c; > < Dn*/?
Jj>1
where D = D(A) is a constant. We have by Markov’s inequality that
t
P(\ >l 1] < Dn?3| (- A 1)) >1-1/D?,

Jj>3
and

P(| D eilcrl] < Dn??) = 1-1/D%,

j>1

and these two events are independent. Thus, the following event which we denote by B

happens with probability €(1).

o [C|+(CS| € [4An%/3,8An?/3], |CS | > 24n?/3,
° Cfr and C2+ are trees,

° ‘ 2323 ej|C;-“| + 2j21 ej|C]7|‘ < 2Dn?/3.
Note that if a negative spin is assigned to C; then
Xi=[Cf = Ie 1+ eI+ elC; |-
Jj=3 j=1
Thus
P, =) > 2P(Icf | — [c |+ Y6t |+ Y gle | = ).

>3 j>1

O |

So we only need to show that for any z € [~ An?/3, An?/3] we have
P(CF | — CF| = o] B) 2 en?/3, (3.179)

for some constant ¢ = ¢(A) > 0. For any m € [4An?/3,8An?/?] let | = mir By Cayley’s

formula we have that

B(C | - CF] = 2 | ICF | + 165 | = m, €1 UCa, B)
= P(Cf| =LIC| = m—1]ICf| +]C§] = m,C1 UCs, B)

B (Tlfl) l172(m _ l)(mfl)fQ
SN L) (3.180)

k=
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Let
a(k) = <’]Z> kR=2(m — k)m—R)=2,

By Stirling’s formula, there are two constants ¢ and C such that for large enough n and any

ki,ko € [%nwg, %], we have

=

(k1) <c

)

=

This implies
m) j.k—2 —k (m—k)—2
(%) (m — k) > en-

Zm/2 (’,’j) kk=2(m — k)(m—Fk)=2 —

k=

which proves (3.179)). ]

2/3

Proof of Theorem [3.6.23; Let A be large and ¢ € (0,1) will be chosen later very close
to 1. Let Z be the site and K > 0 the number satisfying the assertion of Lemma |3.6.25
Let {X;} be an independent SW chain starting at Z and 7, is as in Lemma [3.6.25| Then
we have

IP’(?G > KnV/ | Xo = Z) <1-gq. (3.181)

Let ¢ > 0 be the constant from Lemma [3.6.27] This lemma implies that we can couple X;
and )A(/t such that X; = )21 with probability at least ¢. From that point we can couple such
that the two processes stay together with probability 1.

P(X, = X, fort > 1) > c. (3.182)
Thus, we have
P(ra < Kn'/*) >P(X, = X, fort >1and 7, < Kn'/*) > c— (1 —q),

so we choose ¢ > 1 — ¢/2 and conclude the proof. O

To prove Theorem [3.6.24| we consider yet another modification of the SW dynamics { X} }.
For any X|), in the supercritical random graph G(%Xoll, %), let Csen, be the component
discovered by the exploration process at time den where € = % and ¢ is a small constant
(see Lemma (3.3.15)). We assign positive spin to this component and random spins to all

7n+|2X°|/, 2) and all components in G(%Xoll, 2). Let X/ be the sum

other components in G( 2 =
of spins after this assigning process.

The reason we require this change is that we were not able to obtain the bounds of
Theorem for Cy, but only for Cs., which is very likely to be C;. This will become

evident in the proof. We first state a key lemma and then use it to prove Theorem

Lemma 3.6.28. For any constant A put I = [—An?/3, An?/3]. Then there exists a constant
c > 0 such that for sufficiently large A we have

E(1X1 1L oxpen + Xilgxen | 1Xpl > An??) < |XG] = ev/n. (3.183)
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Proof of Theorem [3.6.24: Notice that of | Xo| = | X{)| then | X g | X1, and so | X¢| 4 | X
for all t > 1. Thus, we only need to prove the assertion of the Theorem for {X/}. For
simplicity of notation we write X; for X;. Assume that |Xo| > An?® otherwise the assertion

is trivial. We begin by noticing that
E<|Xt+1‘1{7—>t+1} + X‘rl{rgt—l-l}‘]:t) i<y = E(X7lpanlF) = Xolip<y . (3.184)
By Lemma [3.6.28) we have

E(\Xt+1!1{7>t+1} + Xrlir<iq1) ’E) 1>y = E(\Xt+1!1{7>t+1} + X141y ’E)
< Xl Lrsy — evnlrsy. (3.185)

Thus, We have that {X;} satisfies the following inequality:

E(1Xes 1 prorin) + XoLprcrin) | ) < 1XilLpan + Xelpy — ol (3.186)
Taking expectations of both sides of , we get

E<|Xt+1|1{T>t+1} + XTl{T§t+1}) < E<|Xt|1{7—>t} + Xrl{Tgt}> —cy/nP(r > t).

Summing over ¢ from 0 to k — 1, we get

k-1

E(1Xl oy + Xelpary) < 1Kol = Y evilP(r > ¢)
t=0
< | Xo| = kev/nP(T > k). (3.187)

We also have
E(’Xk‘1{7->k} + Xfl{fgk}> > E<X7'1{7-§k}> > —An?? > —|Xo|.
Combining this with , we have
ke/nP(r > k) < 2| Xo|

which implies the required result. ]

Lemma 3.6.29. Let X be a random variable. Then for any b < 0 and positive integer k,

we have | ‘k
E|X
E(’X‘I(ng)) < W

Proof of Lemma [3.6.29: We have
b

b
BIXP > [ (o) [ (Ca)dF() = b EX Ly,

—00



Proof of Lemma [3.6.28: For simplicity write again X; for X]. Notice that
(X1 Tixign + Xalixeny = X1+ 21X {1, < an2isy -
We first bound EX; from above. Recall that in our modified chain we have

EX; = E|Csen| -

By part (i) of Theorem [3.3.15| for sufficiently large A and |Xy| > An?/3, we have

E’666n| S 2

X2 cn?

Xgn—i-Xo_c(&)—?i y
X5

- = Xo+
n 2 n 0

4/C3/4 X§ « n?
If Xo < \/;n ; then we have <f < -

. In this case we have

[=IN

2
cn
EX; = E|Csen| < Xo —

—. (3.188)
2X2
If Xg > & %n?’/‘l, then by Lemma |3.6.16, we have
X2
EX; < Xo— 72 (3.189)

Next we bound E|X1|1;x, o 4,25y from above. Let

M = Z q]Cﬂ—l—Ze}]Cﬂ.
A =
Then

Since [Csen| > 0, if X1 < —An?/3, then M < —An?*/3 and |X;| < —M. Thus,

E<|X1|1{X1<—An2/3}) < E((_M)l{X1<—An2/3}> < E((_M)l{M<—An2/3})-
Lemma [3.6.29| with k& = 4 gives

E((—M)I{M<_An2/3}> < EM

m. (3.190)
We also have
EM* < ) Eyc;\4+ZEyc;y4+6[ > E!CJ\QHZE!C{P}
& s, =

+ 1+ i>1
Cj ?écts(fn J=

6 Y EGPIE+ Y EIGPIG P

i =
chef#Cte, i#i ,j>1,i#]

(3.191)
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By (ii) of Theorem [3.3.15| and Lemma [3.3.12] we have

n6 4 n4

4_ o N _of
EM —O(X05> O(Xg) —O(Xg) (3.192)
since | Xo| > An?/3. Plugging into (3.190)), we have
2
n
E(|X1|1{X1<,An2/3}) - O(ATX(%) . (3.193)

If Xo < {*/gn?’/‘l, then combining (3.193f) with ([3.188) for large enough A, we get

2
cn
]EXl + 2E|X1|1{X1<7An2/3} S X[) - W S XO - C\/ﬁ.
0

If Xo > {/En3/4, then combining (3.193) with (3.189) for large enough A, we get

X2 2
EX; + 2E|X1|1{X1<—An2/3} < Xo— =04 O(Aignf) < Xo — cv/n.

6n Xg

Combining these two cases finishes the proof. O

3.6.3  The lower bound on the miring time

Recall that in this section X; is the original magnetization chain we defined in (3.3]).
Proof of the lower bound of part (ii) of Theorem Suppose X/ is a modified
magnetization chain and 7’ is its stationary distribution. By Theorem we can choose
an interval [a1n3/4, a2n3/4] with 0 < a1 < a9 such that
3
7' (a1n®*, agn3/*) > T (3.194)
Suppose X{, = 3agn3/4. By Theorem [3.6.18| there exists a constant k£ such that
1
P(r > kn'/*) > 3
where 7 is the first time that X; exit [agn®/*, 4an3/4). This implies
1
By Theorem we have 7/(—aon®/*, —ayn®/*) converges to 0 as n goes to infinity. Also,
by (3.107]), we have IP’(X]’ml/4 € [—agn3/*, —a1n®/4) = O(n='/12). Combining these, we get
that

w'[(a1n3/4,a2n3/4), (—a2n3/4, —a1n3/4)]—IP’( ,’ml/4 IS [(a1n3/4,a2n3/4), (—a2n3/4, —a1n3/4)]) >

e

4

for large enough n. Recall that X; = | X]|, so this is equivalent to

1
W(a1n3/4,a2n3/4) —P(X,,1/4 € (a1n3/4,a2n3/4)) > T
ie.,

(3.195)

1
HXIWM B 7THTV > 4
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3.7 Fast mixing of the Swendsen-Wang process on trees

In this section we provide an upper bound estimate of the mixing time of the Swendsen-
Wang process on any tree with n vertices. We will prove in a more general setting for the
Swendsen-Wang process for the g-state ferromagnetic Potts model. Recall that Ising model
is the case ¢ = 2.

For any given graph G = (V, E), consider the set S = {0, 1}/®! of all edge configuration
n: E — {0,1}. We consider the following Markov chain o; on S. At each step, we first color
each component independently and uniformly from the g colors. Then we add all edges that
connect vertices with the same color. Finally, delete each existing edge with probability
(1 —p) to get a new state in S. It is easy to see that this process the dual of the Swendsen-
Wang process for the g-state ferromagnetic Potts model on vertices configurations and the
stationary distribution of oy is the random cluster model. For any two Swendsen-Wang
chains, if we can couple the corresponding edge models so that they are the same(i.e., they
have same clusters) at some time, we therefore couple the original Swendsen-Wang process
at the same time. Consequently, any upper bound of the mixing time of this edge model
implies the same upper bound on ferromagnetic Potts model.

There is an exploration process on trees to present o;. Notice that on trees each edge
with state 0 connects two separate components. For any given n € S, we color each com-
ponents independently and uniformly from the ¢ colors, starting from the root. We add
edges connects vertices with the same color. Notice that this procedure is equivalent to
setting every edge originally has configuration 0 with configuration 1 with probability %
and maintain configuration 0 otherwise. Thus, the process oy can be described as follows:
First change each edge of 0 to 1 with probability % and stay 0 otherwise, independently for
each of them. Then, change each edge of 1 ,including those who have changed from 0 to 1
in the previous step, to 0 with probability 1 — p, and stay 1 otherwise, independently for

each of them. Each bit evolves independently as a Markov chain on {0, 1}, with transition

_r D
P= Q@ Q. (3.196)
l=p p
Proof of Theorem The transition matrix (3.196]) gives that we can couple every

single edge with probability at least 1 — p + % > é. Using the path coupling method of

Bubley and Dyer (see Theorem 14.6 and Corollary 14.7 of [23]), we have

matrix

T < logn—i—logil .
—logp(l - )
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