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Co-chair Jon Wakefield

Epidemic count data reported by public health surveillance systems reflect the incidence or
prevalence of an infectious agent as it spreads through a population. They are a primary
source of information for shaping response strategies and for predicting how an outbreak
will evolve. Incidence and prevalence counts are often the only source of information about
historical outbreaks, or outbreaks in resource limited settings, which are of interest for re-
searchers seeking to develop an understanding of disease transmission during “peace time”,
with an eye on preparing for future outbreaks. The absence of subject-level information and
the systematic underreporting of cases complicate the task of disentangling whether the data
arose from a severe outbreak, observed with low fidelity, or a mild outbreak were most cases
were detected. The magnitude of the missing data and the high dimensional state space of
the latent epidemic process present challenges for fitting epidemic models that appropriately
quantify the stochastic aspects of the transmission dynamics. In this dissertation, we develop
computational algorithms for fitting stochastic epidemic models to partially observed inci-
dence and prevalence data. Our algorithms are not specific to particular model dynamics, but
rather apply to a broad class of commonly used stochastic epidemic models, including models
that allow for time—inhomogeneous transmission dynamics. We use our methods to analyze
data from an outbreak of influenza in a British boarding school, the 2014-2015 outbreak of
Ebola in West Africa, and the 2009-2011 A(HIN1) influenza pandemic in Finland.
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Chapter 1
INTRODUCTION

1.1 Partially Observed Epidemic Count Data

Outbreak data often consist of aggregate counts reported by public health surveillance sys-
tems. The data, which typically reflect the incidence or prevalence of cases in the population,
are used to develop an understanding of the outbreak dynamics, assess the effectiveness of
interventions, and quantify uncertainty about how the outbreak is likely to evolve. The
task of modeling an outbreak is complicated by the limited extent of epidemiological data,
which are recorded at discrete observation times, commonly describe just one aspect of the
disease process, e.g., infections, and usually capture only a fraction of cases. Complete
subject—level data, which would consist of full transmission chains and exact times at which
individuals transition through disease states, are rarely available. Asymptomatic cases and
imperfect surveillance result in systematic underreporting, which makes it difficult to dis-
entangle whether the data arose from a severe outbreak observed with low fidelity, or a
mild outbreak where most cases were detected. The challenges involved in characterizing
the outbreak dynamics are often further exacerbated by changes in the outbreak dynamics
or surveillance over time, which can reduce the effective amount of available information.
Hence, fitting models in the absence of complete data is a complicated missing data/latent

variable problem.
1.2 Compartmental Epidemic Models

Compartmental epidemic models are used to describe the dynamics of an outbreak, to es-

timate how features of the population or environment affect its severity, and to understand



how interventions might help to disrupt transmission. A compartmental model represents
the time—evolution of an outbreak in terms of the infection histories of individuals as they
transition between discrete states, or model compartments. When we use a compartmen-
tal model to describe the transmission dynamics of an outbreak, the compartments encode
structural information about how individuals at different infection states interact to transmit
the infectious agent. In contrast, states in a compartmental model for disease dynamics typ-
ically correspond to discrete stages in the natural history of within—host disease progression

without necessarily referring to a host’s transmissive potential.

A compartmental model is referred to as a mechanistic model when it prescribes physical
laws that govern the transmission dynamics of an outbreak. For example, the model might
specify the rates of infectious contact between classes of individuals, or with an environmental
reservoir that is a vector for transmission. The mechanistic structure of the model specifies
a functional form for the temporal, and possibly spatial, evolution of the epidemic process
that is coarsely reflected in incidence and prevalence data. In contrast with their mechanistic
counterparts, phenomenological models describe the incidence process without explicitly re-
ferring to the physical system that is being observed [48, 50]. The price we pay for adopting
a mechanistic approach is that our models will be obviously “wrong”, at least in the sense
that all models are wrong, so it will be our responsibility to justify their reasonableness. Our
reward is that mechanistic models provide us with interpretable, generative descriptions of
outbreak dynamics. Moreover, the ubiquity of mechanistic models in the epidemiological
literature enables us to incorporate information from previous studies into our own models
to inform our prior beliefs about specific aspects of the transmission dynamics. Historical

overviews of mechanistic models for disease transmission may be found in [8, 28, 119, 139].

Mechanistic compartmental models can be specified at varying levels of fidelity to the
underlying epidemic process. Our models will range in granularity, from agent—based models
in which we explicitly track the disease histories of individuals, to population—level models
defined by the aggregate flow of individuals between model compartments. We refer to

a mechanistic model as a stochastic epidemic model (SEM) when we model stochasticity



in the epidemic process. Compartmental models with complex dynamics have historically
represented the epidemic process as deterministic systems of ordinary or partial differential
equations [119]. All of the models in this dissertation will treat the epidemic process as
evolving continuously in time, but observed at discrete times. The decision to work with
continuous—time models is advantageous when observation times are not evenly spaced, or
when various sub—processes evolve on different time scales [90, 192]. Discrete time models
generally produce results that are not independent of the choice time—step, and can be
problematic when the census interval of the data and the generation time of the epidemic
are misaligned (see [192] for examples). One (very) compelling reason to prefer discrete time
models is that the computational effort required to fit discrete time models can be quite
low in settings where it is possible to approximate the transition densities of the epidemic
process with common statistical distributions [75, 103].

The statistical questions and computational challenges involved in fitting compartmental
models are different in small and large population settings. It is particularly important to
account for stochasticity in the epidemic process when the population size is small since
randomness in the disease process at the subject level can substantially affect the propensity
of an infectious agent to spread. As we shall see, fitting a SEM to partially observed count
data requires that we enumerate the possible epidemic paths from which the data could
have arisen. This can be a daunting task since the set of possible epidemic paths is poten-
tially huge, and the stochastic processes used to model outbreaks in small populations are
not always easily amenable to approximation. In contrast, there are many methods for ap-
proximating the behavior of outbreaks in large, well-mixed populations that enable us to fit
models with complex dynamics. As we shall see, various aspects of these models will interact
in complicated ways, so we must think carefully about computation and parameterization.

In this dissertation, we contribute computational methods for fitting continuous time
SEMs to partially observed epidemic count data in both small and large populations. In
spite of the rather obvious ubiquity and importance of this data setting, there is a dearth

of computational tools for fitting SEMs that are simple, broadly applicable, and computa-



tionally robust. The remainder of this chapter provides an overview of the datasets that

motivate our methods, which will also serve to outline the organization of this dissertation.
1.3 DMotivating Examples

1.3.1 Influenza in a British Boarding School

In our first application, we will analyze data from an outbreak of influenza in a British
boarding school [12, 58]. This outbreak took place shortly after the Easter term began in
January 1978, and was estimated to eventually infect roughly 90% of the 763 boys aged 10—
18. Daily counts of the boys who were confined to the infirmary from January 22" through

February 4" were accessed via the pomp package in R [124].

Boys in school infirmary
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Figure 1.1: Data from an outbreak of influenza in a British boarding school.

Although this dataset is small in scale and duration, reconstructing the true path of the
outbreak and describing its dynamics are highly non-trivial inferential tasks. Complicating
matters is the lack of individual-level information of any sort, and the possibility that not
all of the boys who were infectious on a given day were successfully detected and isolated. In
Chapter 3, we present a computationally efficient algorithm for fitting stochastic epidemic
models to partially observed prevalence data in small to moderate size populations. This

work has been published in Fintzi, et al.[74].



1.3.2  Epidemics in Large Populations
Ebola in West Africa, 2015-2015

Starting in December 2013, the West African countries of Guinea, Liberia, and Sierra Leone
experienced an outbreak of Ebola that was unprecedented in its size and duration compared
to previous Ebola outbreaks. The first cases were thought to have occurred in December
2013 in the Guédéckou prefecture in Guinea, while the first cases in Liberia and Sierra Leone
were detected on March 30 and June 12, 2014, respectively. By March 2016, a total of 28,646
suspected, probable, and confirmed cases had been reported along with 11,323 deaths [223].
The outbreak was exacerbated by a number of factors including insufficient outbreak response
infrastructure, highly transient populations, and failures to engage with communities early

on in the outbreak to implement infection prevention and control measures [52, 63].

Confirmed and probable cases of Ebola in West Africa, December 2013 - June 2015
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Figure 1.2: Weekly incidence of confirmed and probable cases of Ebola in Guinea,
Liberia, and Sierra Leone.

There are several reasons to suspect that the true incidence is significantly under—counted
in the dataset. First, suspected cases accounted for sizable fractions of the total case counts,
particularly in Liberia, but were not available as part of this dataset (Table 1.1). Further-
more, analyses based on phylogenetic data [189] and case fatality ratios [13, 80] suggest that

many cases may have gone undetected, particularly in the early stages, and during the peak,



of the outbreak when health systems were overwhelmed.

Table 1.1: WHO cumulative Ebola incidence by country and case type through
May 24, 2015 [224]. Suspected cases were computed as the difference between the
official CDC total [45], which included all three case types, and the WHO confirmed
plus probable cases.

Guinea Liberia Sierra Leone Total

Confirmed' 3,210 3,342 9,494 16,044
Probable! 419 1,652 1,823 3,894
Suspected? 12 5,672 1,389 7,073
Total 3,641 10,666 12,706 27,013

! Dataset used in the current analysis, cases through 05-24-2015.

2 Not available as part of the dataset for this analysis.

Mathematical models were critical to informing decisions about resource allocation and
interventions throughout the outbreak [52]. A review of 66 modeling studies comprising
125 models for the population—level spread of the outbreak found that modelers typically
relied on pre—existing publicly available epidemiological data, which most often consisted of
aggregate count data such as weekly incidence counts published by the WHO or national
ministries of health [51]. Modelers working with incidence data were most often interested
in describing the transmission dynamics, particularly the basic reproductive number. Other
objectives included forecasting the possible time—evolution of the outbreak, and constructing
models to assess the effects of various interventions on the transmission dynamics. Although
modeling teams working with publicly available data were not always involved in the policy—
making process, the importance of developing outbreak models using real-world data, during
what for those teams would be “peace time”, has been emphasized as a critical exercise in
preparing for future outbreaks [213].

Analyzing data from the Ebola outbreak presents, in some ways, a fundamentally different
challenge compared to the boarding school data. As will become clear, the population sizes
of the three countries are far too large for the small population methods in Chapter 3 to

be used. In Chapter 4, we develop a framework that builds on a linear noise approximation



(LNA) for a broad class of compartmental SEMs [68, 128, 187, 222], and that uses state of
the art Markov chain Monte Carlo (MCMC) tools to fit SEMs to partially observed incidence

data in large population settings.

1.3.3 Pandemic A(HIN1) Influenza in Finland

The emergence of a pandemic influenza A strain, A(HIN1)pdm09, in the spring of 2009
led to widespread concern that it would result in high mortality and excessive stress on
public health systems around the world. The strain, commonly referred to as “swine flu”,
was a triple reassortment of human, avian, and swine viruses, and was of particular concern
because of its similarity to the 1918 pandemic strain that infected up to a third of the
world’s population and led to an estimated 50 million deaths [46]. While the burden imposed
by the 2009 pandemic was ultimately comparable to that of seasonal influenza [114], it
nevertheless resulted in an estimated 110,000-400,000 respiratory deaths and 50,000-180,000
cardivascular deaths [59]. The age-standardized cumulative incidence was estimated from
serological samples in 19 countries to be between 20%—27% of the total population in those
countries [211]. There was substantial variability in attack rates and transmission dynamics
by age, and outbreaks were consistently estimated to be more severe among children and
adolescents in terms of cumulative incidence than among adults [169, 197, 211, 226].

We will analyze surveillance data, displayed in Figure 1.3, from the first and second waves
of the epidemic in Finland, where the pandemic A(H1IN1) strain was first detected in May,
2009, and where the first wave of the major outbreak began in October, 2009. The dataset,
previously analyzed in [194, 195], consists of weekly counts of laboratory—confirmed A(HIN1)
cases, aggregated into sixteen age strata, that were culled from a national surveillance system
[144]. For computational considerations, we will further aggregate the data into two age
groups, individuals ages 0-19 and those of ages 20+, chosen on basis of differences in mixing
patterns, susceptibility, vaccination priority, and observed attack rates [121, 169, 197]. All
cases in our dataset were of mild severity, i.e., cases that did not require hospitalization.

Following [194, 195], we treat all A(HIN1) cases as A(HIN1)pdm09 as nearly all A(HIN1)



cases were of the pandemic strain. It is critical to note that the data are not marked by
vaccination status.

An important aspect of the pandemic response in Finland was the execution of a con-
certed vaccination campaign with the adjuvanted monovalent vaccine Pandemrix, produced
by GlaxoSmithKline. Each resident was offered one vaccine dose, free of charge, starting in
October, 2009. Vaccination priority was given to health care workers, vulnerable individuals,
and young people under the age of 20 [199]. Coverage levels and the timing of vaccination
administration varied by age (Figure 1.3). Youths under the age of 20 tended to be vac-
cinated much sooner than adults, and coverage levels among children under the age of 15
were greater than 70%. Young adults between the ages of 20-29 had the lowest vaccine
coverage rates at approximately 30%. In other settings, vaccine efficacy was found to be
higher among children than adults [135]. Data were not available on vaccine coverage for a
trivalent seasonal influenza vaccine administered during the 2010-2011 season.

In Chapter 5, we will use methods for approximate inference for SEMs developed and
explored in Chapter 4 to fit models with time-varying dynamics. We will then develop an
age—vaccination stratified model for the spread of pandemic A(H1IN1) in Finland that we will
use to pursue three lines of inquiry. First, we will quantify the transmission dynamics and
effectiveness of disease surveillance during the first and second seasons. The most important
aspect of this involves estimating time—varying reproduction numbers that are interpretable
as thresholds for sustained transmission. Second, we will estimate age—specific attack rates
and unobserved incidence curves, accounting for underreporting, so that we may better
understand the true burden of the pandemic. Finally, we will attempt to understand what

effect, if any, the vaccination campaign had in mitigating the severity of the outbreak.
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Chapter 2
TECHNICAL BACKGROUND

2.1 Mathematical Models for the Spread of Infectious Diseases

Our objective is to estimate the posterior distribution of parameters, @, that govern the
dynamics of an outbreak, given the data Y = (Yy,...,Y), which are accrued at a set
of discrete observation times, {t, : £ = 1,...,L}. The data are not independent and typi-
cally exhibit complicated temporal (and spatial) dependencies. Therefore, the observed data

likelihood in the posterior is not a simple product of independent densities, i.e.,

7(8]Y)oc L(Y|0)7(0)

L L
= [ [7 (YY1, ... Y1, 0)m(0) # | [7(Y,]6)7(6).
(=1 (=1
Furthermore, the transition density, (YY1, ..., Y, 1), involves a high dimensional integral
over an unobserved epidemic process, X,

L

w(ew)ocfﬂ T(Yi[Y1,. .. Yo, X,0)x(X]|0)7(8)dX. 2.1)
=1

This integral is analytically intractable when the state space of X is of even moderate size.
Simply put, it is difficult to enumerate how the data could have arisen, given the vastness of
possibilities for how an unseen outbreak might have evolved.

In this dissertation, we will describe the latent epidemic process using continuous-time
models that possess the Markov property, meaning that the forward—time evolution of the
latent process depends on its history only through its current state. This choice reduces

the structure of (2.1) to that of a hidden Markov model (HMM) wherein the data are
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conditionally independent given the latent epidemic process (diagrammed in Figure 2.1).

The posterior is
R(O1Y)ex [ [ ] L(YaIX(t0).6) 7 (X(t)|X(t1-1).6) (64X, (2:2)
(=1

On its own, this might seem to solve nothing. The integral in (2.2) is still analytically
intractable, and the state space of X is still too large to easily work with the augmented

posterior,

(0, X[Y)c L(Y|X, 0)7(X|0)n(6). (2.3)

However, the Markov property of the latent process also induces symmetries in the ways that
individuals interact and contribute to the outbreak dynamics. This additional structure is
critical in facilitating efficient computation. In the following sections, we present a number
of representations for the latent epidemic process, and conclude with a brief overview of

computational approaches for inference.

e ED > G D>

1 1 1
1 1 1
1 1 1
v v v

Y1 Y Y41

Figure 2.1: Diagram of a Hidden Markov model. The data, Y, are conditionally
independent given the latent epidemic process, X.

2.1.1 An Agent-Based Susceptible—Infected—Recovered Model

For clarity of exposition, we will present the technical background on epidemic models in
terms of the susceptible-infected-recovered (SIR model). Formal treatments that deal with

this material in greater generality can be found in [9, 27, 33, 78, 97, 222|. The SIR model clas-
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sifies individuals in a population of size N into one of three infection states: susceptible (S),
infected (I), and recovered (R). Individuals are assumed to become infectious immediately
upon entering the infected state, and acquire lasting immunity upon recovery. To simplify
matters, we will assume the population is closed, meaning that there are no demographic
changes or immigration, and that individuals are exchangeable. This latter assumption im-
plies that individuals mix homogeneously and are alike in their infection dynamics.

The SIR model defines an epidemic process, X = {Xj,..., Xy}, that collects the subject—
level subprocesses, X, 7 =1,..., N, each of which takes values in the state space of disease

state labels, S; = {S, I, R}. A realized subject-path is of the form

Xj= I7 TI(J) <T<T](gj)7 (24)

where 7 and Tg ) are the infection and recovery times for subject j, and are possibly infinite
(Figure 2.2). The state space of X is § = {5, I, R}, the Cartesian product of subject-level
state labels. We denote by X(7) = (X1(7),...,Xn(7)) the state of X at time 7, and by
X(71) the state just after time 7.
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X, =S X, =S X, =S

X2 = X2 = S X2 - R

X;=S X;=1 X;=R

X, =1 X,=R X, =R
Recovered
Infected
Susceptible

Time } >

Figure 2.2: Diagram of subject—level paths (colored lines) for an SIR model in a
population of size N=4. Individuals transition through infection states continuously
in time. The epidemic process is defined in terms of the infection states of individuals
in the population.

The waiting times between subject—level transition events are typically modeled as being
exponentially distributed. This will allow us to take advantage of several useful properties
of exponential random variables (List 2.1, see [222] for proofs). Critically, this choice also
implies that X evolves as a continuous-time Markov chain (CTMC) with transition rate

from configuration X to X', differing only in the state of a single subject, given by

BI, if X and X’ differ only in subject j, with X; = S, and X}, = I,
Ax X/ = p, if X and X’ differ only in subject j, with X; = I, and X!, = R, (2.5)
0, for all other configurations X and X'.

with per—contact infection rate, 3, and recovery rate, u. The quantity, 1/, is interpreted as
the mean infectious period duration. That X is a Markov process means that its forward—

time evolution depends on its history only through its current state, i.e.,

Pr(X(7 +dr) = x'|{X(7) =%, 7€ [0,7]},0) = Pr(X(7 + d7) = X'|X(7) = x,60), (2.6)
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where X', x € §. X is time—homogeneous since the rates of transition between configurations
in the state space of X are constant over time.

Let 7 = {79,...,TKk+1}, be the (ordered) set of K infection and recovery times of all
individuals along with the endpoints of the time period |19, Tx.1]. Let 1ir2n and 17 2Ry
indicate whether 73 is an infection or recovery time, and let @ = (3, u, X) denote the vector
of parameters, including the initial state of X at time 75. The CTMC likelihood of X over

[70, Tk 11] is a product of exponential waiting time densities,

K
L(X|0) - H {[6[‘% X ]I{Tkef} +px ]I{TkeR}] exp [_ (Tk - kal) (B[TkSTk + :uITk)]}

k=1

X exp [— (tr — k) (ﬁIT;ST; + ,uIT;>] : (2.7)
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List 2.1: Useful properties of exponential random variables.

e (Memoryless property) If Z ~ Exp(A), then V¢, dt > 0 we have

Pr(Z >t + dt|Z > t) = Pr(Z > dt). (2.8)

« (Racing exponentials) If Z; ~ Exp(\;), ¢ = 1,...,n, are independent, then
min(Z;) ~ Exp ()\ = )\i> : (2.9)

e (Index of minimum) If Z; ~ Exp()\;), i = 1,...,n, are independent, then the index

k of the minimum of Z; is a random variable with probability mass function

Ak

Pr(k|Zy = min(Zy,...,Z,)) = S

(2.10)

e (Minimum is independent of its index) If Z; ~ Exp()\;) are independent, then
M = min(Z;), which is the minimum of Z;, and I, the index of the minimum

taking value I = k if Z, = M, are independent.

2.1.2 A Population—Level Susceptible—Infected—Recovered Model

The subject—level SIR model is equivalent to an aggregated SIR model, expressed in terms
of compartment counts [5, 9]. This equivalence derives from two properties, lumpability and
commutativity, possessed by the Markov processes used to construct the above subject—level
SEMs. The population-level SIR model is usually presented for computational reasons since

discarding the subject labels associated with infections and recoveries substantially reduces
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the computational burden of caching subject—level paths. We refer to [203] for a more formal
presentation of the following discussion.

Given a Markov process, X with state space S = {s1,...,sp} and initial probability
vector 7, we define another process, X on the state space S = {Si,...,S.}, which is a
partition of S. In our setting, the partitioning will map a configuration in S to a set in S
by counting the number of people in each model compartment. The jump chain of the new
process is obtained by partitioning the jump chain of the complete process. We want to
establish conditions under which X is stochastically coupled to X.

Suppose the initial distribution of X(#;), induced by the distribution of X(t), is
Pr(X(to) = Si) = Pr(X(to) € Si)
and that its transition probabilities are
Pr(X(t + At) = S;|X(t) = X(t'), ¥ <t) = Pr(X(t + At) € S;|X(t) = x(¥), ' < t),

where X(t') and x(t') denote the paths of the complete Markov process and the new process.
We say that the complete Markov process is lumpable with respect to a partition, S, of its
state space if lumping the complete process results in a Markov process with respect to the
lumped state space for every choice of m whose transition probabilities do not depend on 7.
We refer to the process obtained by lumping as the lumped Markov jump process (MJP).
We say that the complete process is commutative with respect to lumping if the set of jump
chains obtained by applying the lumping to jump chains of the complete MJP are equal in
distribution to jump chains of the lumped MJP.

Let Sa and Sp be elements of S, i.e., sets of states s; € S. The rate matrix of a CTMC

is lumpable if

Z /\sa,sb = Z /\sc,sb

SbESB SbESB

for any pair of sets Sy, Sp € S and any pair of states (sq,s.) € Sa. A Markov process X
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is lumpable with respect to a partition of its state space if and only if its rate matrix is
lumpable. Lumpability implies that transition probabilities for the lumped chain can be
computed based on the lumped rate matrix [203].

Suppose X is lumpable with respect to the partition S of S. Then X is commutative

with respect to the partition if and only if the rate matrix of X satisfies
Asarspy = 0, if 54,5, € Sa, and s, # 5.

In our context, commutativity means that the transition rate is zero between different con-
figurations x, and x; with equal compartment counts. Commutativity implies that lumped
quantities of interest for X, such as transition rates or transition probabilities, can be equiv-
alently computed based on X, or based on the lumped process, X [203].

Turning back to the SIR model, we defined the epidemic process, X(7) = (Xy,..., Xy),
with state space S = {S, I, R}". Let x = (z1,...,2x) denote a configuration of the state
labels (e.g. x = (S,1,S,R, 1)), and let

N N N
X = h(X) = (l = Z ]l{xl:s}7m = Z ]l{xi:[},n = Z ]l{a:i—R}>
=1 i=1 i=1

be the corresponding vector of compartment counts. The lumped state space is
S={x=(Im,n):l,mnef{0,...,N}, [+ m+n=N},

which partitions § by summing the number of individuals in each disease state.
The population-level SIR model expressed in terms of compartment counts, X = (S, I, R) €
S (depicted in Figure 2.3), evolves as a CTMC on the lumped state space S with transition

rates
Transition Lumped Rate

(S,I,R) — (S—1,I +1,R) BSI,
(S,I,R) —> (S, —1,R + 1) ul.
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Complete Markov jump process Lumped Markov jump process

Rate

1
1
1
1
1
. . 1
Current configuration 1
1

Figure 2.3: Complete and lumped representations of SIR dynamics in a popula-
tion of five individuals. The per—contact infectivity rate, 8, and the recovery rate,
1, parameterize exponential waiting time distributions between transition events.
The complete Markov jump process evolves on the state space of subject state la-
bels, § = {S,I ,R}N , with dynamics determined by the subject-level transition
rates. Each susceptible may contact two infected individuals, while each infected
individual recovers independently. The lumped process evolves on the state space
of compartment counts, S = {Ng, N;, Ng : Ng + N; + Ngp = N}, with dynam-
ics determined by lumped transition rates. The waiting time distributions between
transitions are derived by noting that if 71 ~ exp(A1) and 72 ~ exp(\2), then
Tmin = min(7y, 72) ~ exp(A1 + A\2).
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To see how we arrive at these rates, note that in a population with S susceptibles, each of
whom is independently infected at rate S1I, the time until the first infection is exponentially
distributed with rate Ag; = 8S1 by the racing exponentials property (2.9). Similarly, the time
to the first recovery in a population with I infected individuals is exponentially distributed
with rate A\;jg = pul. Note that the mean infectious period duration is still 1/u, as it was in

the case of the subject-level SIR model.

Again, let 7 = {79,...,7K+1}, be the (ordered) set of K infection and recovery times,
along with the endpoints of the time period |7y, Tx41] over which the outbreak is modeled.
We indicate by 1,25y and 1, 2p whether 7, is an infection or recovery time, and let
0 = (3,11, X;) denote the vector of parameters, including the initial state of X at time 7.

The CTMC likelihood of X over [7y, Tx 1] is a product of exponential waiting time densities,

K
L(X]0) = 1_[ {[/BSTkITk X Lypary + plr, % ]]‘{TkeR}] exp [~ (s — T—1) (815,57, + H]Tk)]}
k=1

X exp [— (tr, — Tk) <B]T;ST; + H]T;)] . (2.11)

2.1.8 A Brief Review of CTMCs

We briefly digress from our discussion of epidemic models to review some basic properties of
CTMCs with more generality. The following discussion is not intended to be comprehensive,
but rather to provide an overview of some results that will be useful in this dissertation. We
refer to [29, 78, 99, 222] for more complete and rigorous discussions of the following material.

For simplicity, we will focus on CTMCs with finite state spaces.

The forward-time evolution of a CTMC is described by its transition kernel
Pr(X(r') = x|X(7) = x) = Py (7,7),

where x,x’ € S and 0 < 7 < 7/. The transition kernel depends only on the time—elapsed when

the process is time-homogeneous Px (7, 7") = Pxx (|7 — 7|). We will use the shorthand
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notation P(7) to simply denote the transition kernel for a time-homogeneous CTMC over a
time interval of length 7, and P;;(7) to denote its ¢, j element. In matrix form, the transition
kernel, P(7), is an r x r stochastic matrix, where r = |S|, the rows of P(7) sum to one, and
Pyi(1) = = X Py (7). Trivially, P(0) = I, i.e., there are no state changes in a time interval
of zero length, almost surely. By the Markov property, the probability of transitioning from

state 7 to state k£ in time s + ¢t is

Pu(s +1) = D Py(s) Pu(t), (2.12)

JES

or in matrix form,

P(s +t) = P(s)P(t).

Equation (2.12) is known as the Chapman—Kolmogorov master equation.

The transition rate matrix (or infinitesimal generator) of X is defined as the derivative

of P(r) at 7 =0, i.e,

A g Pldr) ~PO)
dr—0 dr
~ lim P(dr) — I’
dr—0 dr

which implies that the infinitesimal transition matrix is

P(dr) = I+ Adr.

For example, the infinitesimal transition probabilities for the population—level SIR model are

Pr(X(r+dr)=(S—1,1 +1,R)|X(7) = (S,I,R)) = SSIdT + o(dT),
Pr(X(r+dr) = (S, —1,R+ 1)|X(7) = (S,I,R)) = pIdr + o(dr).

The transition probability matrix over an interval of arbitrary length, 7, solves the matrix
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differential equation,

LP(r) = AP(), 58 P0) =T (2.13)

-
Thus, P(7) = exp(AT), where exp(-) denotes the matrix exponential. There are many ways
to compute the matrix exponential [155]. We will typically do so by diagonalizing A and
exponentiating the eigenvalues. Section A.1 outlines this procedure in two separate cases:
when A has real-valued eigenvalues, and also when the eigenvalues are complex. Equation
(2.13) is known as the forward Kolmogorov equation, and is obtained by computing the

derivative

d P(r+dr) —P(7)
EP( ) dr
_ P(dr)P(r) — P(7)
dr
P(dr) -1
- dr P(r)
= AP(7)

The backward Kolmogorov equation is similarly obtained by

d P(r +dr) — P(7)
EP(T) B dr
_ P(r)P(dr) — P(7)
dr
_ P(T)P(d;)_ -1
= P(7)A. (2.14)

2.1.4 Large Population Approzimations

It is often infeasible to work with the CTMC formulation of a SEM when modeling an out-
break in a large population, particularly when working within a Bayesian MCMC framework.
The cardinality of the model’s state space grows polynomially in the population size. This

makes it difficult to efficiently sample from the posterior or to explore the likelihood sur-
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face, even when fitting SEMs with relatively simple dynamics. A second challenge is that
as the population size grows, so too do the numbers of transition events. Hence, repeatedly
evaluating the likelihoods (2.7) and (2.11) is prohibitively expensive.

Two commonly used approximations of the MJP representation of a SEM are through a
system of ordinary differential equations (ODEs) and through a system of stochastic differen-
tial equations (SDEs). We will not go into detail on the derivations of these representations,
except to give some intuition about the conditions under which they are appropriate, and

refer to [6, 97] for more detailed overviews.

Limit as N — o

Normal approximation

System size expansion

®

Limit as N — o

Taylor expansion

—

Figure 2.4: Relationship between various compartmental model representations.
The Markov jump process (MJP) is typically the model of interest, and in large
populations can be approximated by a system of stochastic differential equations
(SDE). The linear noise approximation (LNA) is a tractable approximation obtained
by Taylor expansion of the SDE about its deterministic limit, given by a system of
ordinary differential equations (ODE), or by a system size expansion of the backward
Kolmogorov equation of the MJP.

We presented the MJP representation of the SIR model as an eztensive, X, where transi-
tion events led to jumps of size one in the compartment counts. We could have equivalently
defined the model in terms of an intensive process, X = X/N = (S/N,I/N,R/N), where

transition events led to jumps of size 1/N. As N — o0 , it becomes reasonable to consider
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approximating X by a process with continuous sample paths. The large population stochas-
tic approximation is the solution to an It6 diffusion whose sample paths are continuous but
nowhere differentiable. The infinite population deterministic functional limit solves a system
of ODEs and has smooth sample paths. We will present extensive forms of the SDE and
ODE models, which are obtained by simply rescaling the intensive processes from which the

approximations derive.

Deterministic representation as a system of ODEs

In the infinite population limit, sample paths of the MJP converge pointwise to their deter-
ministic functional limit, which is given by the solution to a system of ordinary differential
equations [97, 132]. For the SIR model, X(t) = limy_ E(NX(#)) is the solution to the
following system of ODEs, subject to the initial constraint that X () = xo:

ds df dR

The state space of the ODE representation of the SIR model is
S%={(. k1) j.k1€[0,N], j+k+1=N}

Note that the ODE model implies that if I(7) > 0 at any time 7, then I(7) > 0V 7 € [0, 0).
Therefore, the ODE model is not appropriate if we are interested in answering questions

about the stochastic emergence or extinction of an outbreak.

ODE formulations of SEMs are particularly useful, in part, because they more easily lend
themselves mathematical analysis. One important quantity that is straightforwardly derived
for ODE models is the basic reproduction number, Ry, which is interpreted as the expected
number of secondary infections attributable to a single typical index case in an otherwise
susceptible population (of infinite size). Ry can be calculated as the spectral radius of

the next generation matrix (NGM) for the linearized system of ODEs at the disease free
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equilibrium (DFE) [62, 208]. Other methods exist, e.g., by analyzing the survival function
or by fitting phenomenological models when the growth rate of the outbreak is observed to
be subexponential [208]. The formulation of Ry is more complicated for stochastic models,
though it can be derived from a branching process approximation for the early behavior of
an outbreak [5]. When the epidemic process is stochastic, the basic reproduction number
can be related to both the final size distribution and to the probability of a major outbreak
6, 97, 152].

As an example, we will demonstrate the NGM method for calculating Ry for an outbreak
with SIR dynamics where a fraction of the population, p,, is vaccinated and vaccine efficacy
(VE) modifies the per—contact rate of infection (VE for susceptibility: vs), the infectiousness

of carriers (VE for infectiousness: 1;), and the rate of recovery (VE for recovery: v,.). We

will write N* = (1 — p,)N and N” = p,N. The DFE is
Xpre = (S(DUI)WE = (1 =pu)N, Ig??E =0, R(DU;WE =0, Sl(;l)VE = pulV, Ig]})WE =0, R(g%?E - 0) :

The linearized system of ODEs at the DFE is

d7r®
dt

d7@

AT 3 ([(U) + I/Z-I(”)) N® — g ®),

= S, (I(“) + VZ'I(U)) N® _ IUI/TI(U).

The NGM is constructed as K = —TX™!, where bT gives the rates of infectious contact
between states at infection, 7 and I*), and 3 contains the recovery rates out of states at

infection. Here,

T(w) W) 7(w) 1)
1 BN*  y,BN" @ f =0
10\ v,BNY v, BNV Q) 0 —uv,
7(w) 7(v)

BN*  wpN®

K = 12 Vr

vsBNV vsV; BNV
] Vrlk
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Thus,

_ BN" N vsViBN"
I 2

Ro ZO'(K) =

(Tr(K) + JTrE)? 4 det(K))

DN | —

Diffusion approxzimations of Markov jump processes

We will give the diffusion approximation for the SIR model after a, somewhat colloquial,

review of diffusions based on material in [78, 164, 190, 222]. We begin with the SDE

dX;

H = [J,(Xt,t) + E(Xt,t)zt, t = S; Xz = X, (215)

with drift vector p : R* — R? and diffusion matriz 3 : R? — R%xR?, which are interpretable
as the infinitesimal first and second moments of the process innovations. Z; is d—dimensional
Gaussian white noise. We denote by dW; = Z,dt standard d-dimensional Brownian motion
(see [164] for a formal definition). An Itd diffusion is a stochastic process, (X;)i=0, that

satisfies the It stochastic integral equation

t t

w(X,, t)dt + J (X, t)AW,, (2.16)

Xt:X0+J
0

0

which we can express equivalently in differential form,

The SDE (2.17) can be interpreted as the limit of a difference equation, AX; = pu(X;, t)At +
3 (X4, t)AW,, with infinitely small time steps, At — 0. Hence, we can simulate approximate
sample paths using an Euler—Maruyama scheme by taking At = € > 0 and sampling the

innovations, AX;, according to
AX; ~ MV N (p(Xe, )AL, B(Xy, 1) E(Xy, 1)TAL) .

Given a d-dimensional It6 process of the form (2.17), [té’s lemma gives a formula for
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the SDE satisfied by a transformed process [164]. Let g(x,t) = (¢1(x,1),...,9,(x,t)) be a
twice continuously differentiable map from R? x [0, 00) — RP. Then the transformed process,

Y (W, t) = g(Xy,1), is also an 1td process with component Yy, k= 1,...,p, given by

avy, = %(X, 0+ Z ‘9%&(& ZZ a(;gia};t dX;dX;,
where dW;dW; = dtdW; = dW;dt = 0 and dW;dW; = dt.

The SDE approximation of a density dependent MJP can be rigorously derived in a
number of ways. These include proving the convergence of the MJP Kolmogorov master
equation to its SDE counterpart, convergence of the infinitesimal generator, and through a
number of different system size expansions applied to the master equation [78]. An intuitive
approach yielding an equivalent result, referred to as the Langevin approach, postulates that
the SDE approximation is obtained by matching the infinitesimal moments of the diffusion
to those of the MJP [78, 88, 216].

We proceed by approximating the numbers of infections and recoveries in a small time

interval, (¢,t+dt]. Suppose that we can choose dt so that the following leap conditions hold:

1. dt is sufficiently small that the X¢ is essentially unchanged over (¢,t + dt|, so that the
rates of infections and recoveries, A (X(t)) = (5S(¢)1(t), pl(t)), are approximately

constant over the interval, i.e.,

AXE()) ~ A(XE(E)), V' € (¢t + dt]. (2.18)

2. dt is sufficiently large that we can expect many disease state transitions of each type:

AGE(H) » 1. (2.19)

Condition (2.18) can be trivially satisfied by choosing dt to be infinitesimally small, and

implies that the numbers of infections and recoveries in (¢,t 4+ dt] are essentially indepen-
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dent of one another since the rates at which they occur are approximately constant within
the interval [88]. Furthermore, (2.18) implies that the numbers of infections and recoveries
in the interval are independent Poisson random variables with rates A(x¢(¢)dt). For the
SIR model, the numbers of infections and recoveries in an infinitesimal time increment are
Ngr(dt) ~ Poisson(8S(t)I(t)dt) and Nygr(dt) ~ Poisson(ul(t)dt). Condition (2.19), which
we can reasonably expect to be satisfied in large populations where there are many infections
and recoveries [216], implies that the Poisson distributed increments can be well approxi-
mated by independent Gaussian random variables.

We now give the SDE approximation for the SIR model. Let A(X) = (As7, A\7r) denote
the rates at which individuals become infected and recover, and let A denote the matrix
whose rows specify changes in counts of susceptible, infected, and recovered individuals

corresponding to one infection or recovery event:

The SDE for the SIR model is

dX(t) = ATA(X)dt + 4/ATdiag(A(X))AdW,. (2.20)

This SDE is referred to as the chemical Langevin equation (CLE). If we wanted to change the
model dynamics, the expressions for A and A would differ, but the diffusion approximation
would be of the same form (with the caveat that A must satisfy certain Lipschitz conditions

to ensure existence of the SDE, see [78, 164]).

Linear noise approrimation

The intractability of the CLE transition density is problematic when the CLE is used as

a basis for inference. Absent additional simplifying assumptions, e.g., as in [44], inference
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with SDEs typically relies on simulation based methods, e.g., [64, 92, 94]. An attractive
alternative, dating to at least the 1970s [129, 130], but that has received attention in recent
years, involves approximating the CLE by a Gaussian state space model, the moments of
which are solutions to systems of ODEs that are related to the transition rates of the MJP
and its SDE approximation. This approximation is known as the linear noise approzimation
(LNA), and it will be the methodological basis for Chapters 4 and 5 of this dissertation.
Our informal derivation of the LNA follows [92, 222]. Rigorous derivations can be found in

67, 132, 210, 216].

We take the SDE (2.20) as our starting point and express the transition rates in terms

of intensive concentrations. Letting X = X(¢) = X(¢)/N and suppressing the dependence

~

on 0, we have A(X) = NA(X). The rescaled CLE is

dX, = NATA(X,)dt + \/ NATdiag(A(X,))AdW,

~ ~ 1 ~
— dX; = ATX(X,)dt + ——1/ ATdiag(A(X;))AdW,. 2.21
t X)) m¢ a(A(X,)AdW, (2.21)

In the infinite population limit, the stochastic contribution to this SDE is negligible and we

obtain the deterministic ODE limit of the intensive process, 77, which solves the ODE,

%it) = ATAG(L),  Alto) = Ty, (2.22)

When stochasticity not negligible and the population size is large, i.e., when we think the
leap conditions (2.18) and (2.19) are satisfied, we might reasonably expect X; to behave like

its deterministic limit plus residual Poisson variation. Thus, we decompose

X, = N#j, + VNM,, (2.23)
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ie., M, = VN (X, —7j,), and assume || X, —7,|| = O(N~Y2). Substituting (2.23) into (2.21),

1 ~ 1 1 ~
dn, + ——dM; = ATX (~ + — dt+— ATdia M))AdW.
n, \/N t n, \/N \/ g nt \/N t t
(2.24)
Taylor expanding A (ﬁt + \/Lﬁlf\v/lo about 7),, and collecting terms of order O(N~1) and
higher, gives

1 ~ 1 ~ ~
A7+ —=M; ) =X, + —=FM, + O(N 1),
("h \/N t) (ﬂt) \/Nt t ( )

where F is the Jacobian of A(-) evaluated at 7j,. We substitute 2.24 and again discard terms
of order O(N™1),

1 ~ 1
dn, + —dM, ~ AT (X +—FM dt
yp \/N t ( (nt) t t)
1 ~ ~
ATdia, —F.M, | AdW
\/ g T’t) \/N t t) t

T 1 Tdia ~ -1
—A (}\( M, \/NFtMt> dt + \/—N\/A diag (A (77,)) AdW, + O(N )

1 S~ 1
= d7, + —ATF,M,dt + —+/ATdiag(A(7,)) AdW,,
n; \/N tivit \/N\/ g( (nt)) t

where the last equation follows from (2.22). Hence,

dM, = ATF,M,dt + /ATdiag (A(7},)) AdW,. (2.25)

This final equation is the LNA; it is a linear SDE for the residual process in the decomposition
(2.23). Therefore, the CLE (2.21) is approximated by the sum of a non-linear deterministic
ODE for its drift, and a linear SDE for the residual variability.

The SDE (2.25) for the residual process is linear in M, with time-inhomogeneous drift

~

and diffusion. For fixed or Gaussian initial conditions, My = myg, the distribution of
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M, | (to), ¢ = to is Gaussian,
M| (to) ~ MV N (py, 30), (2.26)

and the moments of (2.26) are obtained by solving the coupled ODEs,

7 N N N
= = AT, 71(to) = Mo, (2.27)
d ~ N
L= ATFop, p(to) = i, (2.28)
ax ~ N
d—tt = AF%, + ATdiag(A(7,))A + . FTAT, %(ty) = 0. (2.29)
Hence,
X, [X(to) ~ MVN @, + p,, 20). (2.30)

Note that we have suppressed the dependence of F and ¥ on 1) for clarity. Derivations of
the LNA solution may be found in [210, 216, 219]. In general, the LNA ODEs (2.27), (2.28),

and (2.29), need to be solved numerically.

2.1.5 Inference and Computation for Stochastic Epidemic Models

Inference for SEMs based on CTMC representations of the epidemic process has histori-
cally relied on four, not mutually exclusive, classes of methods [167]: martingale methods,
simulation—based methods, approximation of the CTMC, and data augmentation.

Martingale methods estimate the parameters of interest using estimating equations based
on martingales for counting processes embedded within the SEM, e.g., for infections and
recoveries [9, 17, 136, 141, 198]. However, these methods are not easily implemented for
SEMs with complex dynamics fit to partially observed count data.

Simulation based methods use the SEM to generate latent epidemic paths that serve as

the basis for inference. This class of methods includes approximate Bayesian computation

(ABC) methods [147, 206, 149], pseudo-marginal methods [148, 194], and sequential Monte
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Carlo (or particle filter) methods [10, 64, 94, 112, 127, 206]. Within this class, the particle
marginal Metropolis—Hastings (PMMH) algorithm of [10] stands out as a general method for
Bayesian inference and is used as a benchmark method in Chapter 3. Although simulation—
based methods have been used to fit complex models, the computational cost of simulating
from CTMCs can become prohibitive for complex models. Furthermore, simulation—based
methods suffer from well known pitfalls. ABC methods are sensitive to the choice of summary
statistic, rejection threshold, and prior [206]. Sequential Monte Carlo methods, on which
pseudo—marginal methods often rely, are prone to “particle impoverishment” problems [41,
64]. Examples of particle degeneracy are presented in supplementary Chapter A, and an
inability to fit models with complex dynamics with reasonable effort led us to abandon

PMMH as a benchmark for the more complex models in Chapters 4 and 5.

Approximation methods replace the CTMC representation of a SEM with a model whose
likelihood is more tractable. A common simplification is to discretize time and to construct
a transition model for the population flow between model compartments over discrete time
intervals. Discrete time SEMs are often derived from chain—binomial models where, most
commonly, a binomially distributed subset of the susceptible population becomes infected
over each time step. The most famous examples are the Greenwood model [96], where the
number of newly infected individuals is directly modeled as a binomial sample of the sus-
ceptible population, and the Reed—Frost epidemic model [2], where binomially distributed
incidence is depends on the probability that each susceptible escapes infection. Typically,
infected individuals are assumed to recover in a fixed number of time steps. It is also pos-
sible to construct models with more general dynamics, for example, by allowing for latent
periods or random infectious period durations, [138]. When the probability of infection is
low, it is possible to approximate binomial counts using Poisson or negative binomial dis-
tributions [103, 172]. A related class of discrete time models, referred to as time series
susceptible-infected-recovered (TSIR) models, derives conditionally Poisson or negative bi-
nomial incidence distributions from birth—-death processes [22, 71, 70, 90]. An overview of

discrete time epidemic models is given in [215].
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Discrete time SEMs are attractive due to their relatively low computational cost. This is
particularly true when it is reasonable to assume that underreporting is negligible (and hence
ignored) since the observed data likelihood decomposes into products of standard probability
distributions and thus requires little in the way of specialized machinery for MCMC or
likelihood based methods. Further approximation by Poissons or negative binomials provides
even more computational advantage, even when the dynamics are temporally or spatially
complicated [16, 103, 75, 151]. In settings where incidence is under-reported, it may be
reasonable to estimate an inflation factor for the observed count [71, 215]. Another approach
is to integrate over the true incidence using sequential Monte Carlo or particle filter methods
(64, 113, 112, 194]. However, as previously discussed, simulation—based methods can quickly

become impractical for complex models.

Among continuous—time approximations, the ODE and SDE representations are, ar-
guably, the most common. ODE models are typically quite easy to work with from a compu-
tational standpoint, and MCMC can proceed in a relatively straightforward manner without
relying on specialized machinery. Inference based on the SDEs typically relies on either
simulation—based computational tools, as discussed in the previous paragraph, or further
simplification of the SEM. For example, [43, 44, 185] use diffusion processes that approx-
imate the SEM dynamics, while [116] use a Gaussian process approximation of a related
gravity model. As is the case for any approximation, the price of improved computational
efficiency and tractability is that simplifying assumptions used in the various approxima-
tions must be justified. For instance, the diffusion approximation may not be valid in small
populations where the system is far from its deterministic limit (and in which case we should
be even more skeptical of the validity of the ODE approximation) [9].

The LNA has been a fixture in the literature on biochemical reaction networks since at
least the 1970s when it appeared in a series of papers on approximations of density depen-
dent Markov jump processes [129, 130]. The LNA has been broadly applied in the analysis
of gene regulatory networks, e.g., [69, 85, 106, 128, 196, 201, 229]. A review of the LNA,

along with related approximations that derive from various system size expansions of the
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MJP Kolmogorov forward equation, can be found in [190, 216]. The LNA has recently found
applications in outbreak modeling in [23, 68, 93, 95, 187, 186, 178, 230]. To our knowl-
edge, all applications of the LNA to outbreak modeling have assumed that the prevalence
or cumulative incidence is normally distributed, or has used simulation based methods to
incorporate non—Gaussian emission distributions into the model. We regard both of these
constraints on the emission distribution as limitations. Comparison of the LNA with other
moment—closure approximations in [98] and [38], who benchmarked the LNA in the context
of the SIR model. In this dissertation, we will use the a restarting version of the LNA where
the ODEs of the LNA transition density are restarted as data accumulates. Resetting the
LNA ODEs has been established to improve accuracy over long time intervals [68, 77, 85].
Finally, agent—based data augmentation (DA) methods for fitting SEMs, first presented
in [86, 168], target the joint posterior distribution of the missing data and model parame-
ters to obtain a tractable complete data likelihood. That the augmentation is agent—based
refers to the introduction of subject—level disease histories, rather than population—level epi-
demic paths, as latent variables in the model. An advantage of the agent—based approach
is that household structure and subject—level covariates may be incorporated into the model
(14, 110, 43, 161, 166]. However, agent—based DA MCMC algorithms have traditionally re-
lied on data—agnostic trans—dimensional proposals that can suffer from MCMC mixing and
convergence problems as the fraction of missing information becomes large [185, 148, 174].
This is problematic in the context of epidemic count data, and so classical agent—based DA
algorithms have been primarily used to analyze subject—level epidemic data. Development
of DA methods for SEMs is of continuing interest, both in settings where the data consist
of aggregate counts [174, 175, 193], and when the data reflect subject—level transition events

(133, 225].
2.2 Bayesian Computation and Markov Chain Monte Carlo

The objective of Bayesian inference is to quantify uncertainty about parameters of interest,

0, given data, Y. Uncertainty in the Bayesian paradigm is quantified through the posterior
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distribution,
m(Y|6)x(6)
0)Y)= ————=
o) = "R,
where 7(Y|0) and 7(0) are the sampling distribution and the prior distribution. The
marginal distribution of the data, 7(Y) = {7(Y]6)d0, is constant with respect to 6, and so

we typically work with the unnormalized posterior,

7(0Y) o 7(Y|0)7(8).

Having computed a posterior, we define a Bayes estimator as a decision rule that mini-

mizes the expected posterior loss, or Bayes risk, Eqjy (L(8, @))7 ie.,

6 = argminJL(G, 0'(Y))n(0]Y)d6.
9/
Some common Bayes estimators are the posterior mean, which minimizes the expected

squared error loss, and the posterior median, which minimizes expected absolute error. More

broadly, we are interested in the posterior distribution of a function, f(8),

Eory (£(6)) = f /(8)7(6]Y)d6.

This integral is frequently intractable. However, we can approximate it numerically by Monte
Carlo integration. Suppose 6; "< 7(0Y) and Egjy(f(0)) < o0. Then, by the strong law of
large numbers (SLLN),

B = D 10 5 Eoe(£(8)), n— o
i=1

32 = L F8) — ) 5 Vargw ((6).

i=1

Hence, we approximate Egy(f(6)) by the Monte Carlo estimate, fi,. The distribution of
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the ordinary Monte Carlo estimate is given to us by the central limit theorem (CLT),

o~ Bon(f(0) o ,
NG Z ~ N(0,1),

as Var(fi,) ~ Var (2 3" | f(0,)) = &5 > Var(f(6;)) = Var(fi,) = 62/n. The quantity,
an/n, is called the Monte Carlo standard error (MCSE).

2.2.1 Markov Chain Monte Carlo

MCMC is a framework for numerical integration that can be used to obtain an approximate
sample from a posterior that we cannot evaluate analytically and from which it is not pos-
sible to sample directly via ordinary Monte Carlo. The strategy is to construct an ergodic
(aperiodic and irreducible) Markov chain, {6,}, whose stationary distribution is 7(8]Y).
The transition kernel of a Markov chain, K(6,80"), gives the probability of moving from 6
to @', which are elements in the support of the stationary distribution. The Markov chain

preserves the stationary distribution if it satisfies the global balance condition,
(6) — J K(0.0)r(6)d6.

It is typically difficult to directly confirm that a transition kernel satisfies global balance.
Fortunately, we verify global balance by proving that the kernel satisfies a stronger condition

called detailed balance,
m(0)K(0',0) = m(0')K(0,0'), V6,0’

Though samples drawn from the Markov chain are correlated, the ergodic theorem ensures

that the ergodic mean of an integrable function will converge, almost surely, to its target,

nliinoo Z [(0;) —as. Eoy (f(0)).
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Due to the autocorrelation of MCMC samples, the estimated Monte Carlo variance is now

1 1 &
~2 ~ \2
Op = —= § (f(ez) - ,un) ’
NNeff i

where figrp = n/ (14 2%,2, p(€)), and p(¢) is the estimated autocorrelation at lag ¢.

It can be challenging to design an MCMC scheme that explores the posterior efficiently.
The theory of MCMC merely guarantees that samples from a Markov chain will approximate
the target posterior if we run the Markov chain long enough. In practice, the choice of
MCMC transition kernel, along with the model parameterization, are critically important
to the computational efficiency of the MCMC and, moreover, to the fidelity of the MCMC
approximation to the target posterior [19]. We now present several MCMC algorithms that

will be used throughout this dissertation.

Metropolis—Hastings sampler

One of the most important MCMC samplers, due to its simplicity and generality, is the
Metropolis-Hastings (MH) algorithm [100, 150]. At each step in the Markov chain, a new

state is proposed from the distribution ¢(8""?|@““"), and is accepted with probability

- ) ﬂ_(gprop’Y) q(eau“yeprop)
Qlgeur _,gprop = INIIN {1, ﬂ_(ecur‘Y) q(epTOp|chr) (231)
) ﬂ_(Y‘ep'r‘Op)ﬂ_(apTOp) q(gcur‘eprop)
= 1 . 2.32
min { ) W(Y‘HCUT)W(OCUT) q(gprop‘ocur) ( 3 )

The Metropolis—Hastings acceptance ratio has a nice interpretation as the ratio of posteriors
for the proposed and current state, multiplied by the ratio of proposal probabilities for
the reverse and forward transitions. When the next value is proposed from a symmetric
distribution centered at the current state, the proposal densities cancel out and the algorithm
is referred to as the Metropolis algorithm (this was the original formulation given in [150]).
The proposal distribution in the Metropolis algorithm is typically Gaussian.

The computational efficiency of the MH algorithm depends on having a proposal distribu-
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tion that proposes jumps that are not so large as to never be accepted, but large enough that
the sampler is able to explore the parameter space reasonably quickly. Naively implemented
MH algorithms that iterate through single—site updates to parameters are known to be ineffi-
cient as the dimensionality of 8 increases, in settings where parameters are highly correlated,
and when there are areas of high curvature in the posterior. All of these factors conspire
to prevent the Markov chain from making big jumps as it explores the parameter space.
A necessary first step for improving performance is to reparameterize the estimation scale
on which the Markov chain explores the parameter space so that the parameters are more
nearly multivariate Gaussian, and so that we eliminate problematic boundary conditions.
Jointly updating blocks of correlated parameters is also known to improve performance, but
relies on having a proposal kernel that captures the covariance structure of the posterior.
One strategy obtaining such a kernel is to estimate the posterior covariance matrix from a
preliminary run, which is then rescaled by a theoretically optimal factor [81, 182, 183]. Of
course, such a strategy is somewhat tautological as it relies on having a rough guess as to the
scales of parameters to begin with. Adaptive algorithms, discussed in Section 2.2.2, attempt
to learn the posterior covariance on the fly, and may aim to tune the sampler to achieve a

target acceptance rate for proposals [11, 183, 140].

Algorithm 1 Metropolis—Hastings sampler.
procedure METROPOLISHASTINGS(6“")
: Propose new value: 87" ~ ¢(67"7|0“"")

1:
2
3: Compute MH acceptance probability: a = min{
4
5

1 707 ly) (6 67)
) T (@ y) (676

Sample u ~ Unif(0,1)
Accept /reject proposal:
Prop - if o >
gnew _ { 07" ifa>u,

0" if a <.
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Gibbs sampler

The Gibbs sampler [84] arises as a special case of MH when we update a parameter using
its full conditional distribution, 7(6;|60_;,Y), given the values of other parameters. MCMC
samples obtained from single—site Gibbs updates can become strongly autocorrelated, result-
ing in poor MCMC mixing. One solution is to jointly update blocks of model parameters
using their full conditionals, 7(0;|0_;,Y), ideally grouping together parameters that are

strongly correlated and minimizing the correlation between blocks [126, 184, 188].

The MH acceptance probability for the Gibbs sampler is one, thus all Gibbs proposals

are automatically accepted. To see why this is so, note that

w(0]Y)

q(040_;,Y) = =(0_,7Y)

< (0]Y).

Therefore, the MH ratio simplifies as

(05", 0251Y) q(6571075", Y) _ m(65, 627]Y) n(67",627]Y) m(6_,Y) _,
m(077,0°71Y) q(05710%7,Y)  w(07",0751Y) w(07,6%5Y) w(0_,[Y)

An attractive property of the Gibbs sampler is that there are no tuning parameters that

need to be optimized. This lends some robustness to the algorithm from a user standpoint.

Algorithm 2 Gibbs sampler.

1: procedure GIBBS(0“", T = {.Jy,...,J,} parameter block indices.)
2: for kel,...,pdo
3: Sample: 677|Y, 05" ~m(0,Y,07" )

,,,,,,,,,,

4: Sample: 677[Y, 077,05

5: :
6: Sample: 9?};“’|Y, agff,,p,l ~m(0,Y, 07}16?_71771)
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Slice sampling

Slice sampling methods are a class of auxiliary variable MCMC methods predicated on the
idea that sampling from a density proportional to a function, 7(@)ocf(0) € R", is equivalent
to sampling uniformly from the n + 1 dimensional volume beneath f(6). These meth-
ods occupy an attractive middle ground between simple algorithms that lazily explore the
parameter space and may suffer from convergence and mixing issues (e.g., random walk
Metropolis-Hastings), and complex gradient based methods that effectively suppress ran-
dom walks but may be prohibitively expensive due to the need for repeated evaluation of
likelihood gradients within each MCMC iteration (e.g., Hamiltonian Monte Carlo). Slice
sampling methods have been shown to have attractive robustness properties and are able
to suppress random walk behavior that can result in MCMC poor convergence and mixing
for high dimensional models [154, 181, 163]. Moreover, slice samplers are flexible and easily
implemented for a broad class of computational problems. Hence, slice samplers will often
be our method of choice for fitting complex SEMs.

We introduce slice sampling by considering the task of sampling a random variable, § € R
with density 7(6)ocf(6). Rather than sample 6 directly, we introduce an auxiliary variable,
u, defined such that the joint density of (6, u) is uniform over the area A = {(f,u) : 0 <u <

f(0)}. Slice sampling alternates Gibbs updates of 8|u and |6 from their full conditionals,

m(ulf) ~ Unif(0, f(0))
m(0|u) ~ Unif(S), S={0: f(0) > u}.

In the case of slice sampling @ from its posterior, 7(0|Y)oc f(0) = L(Y|0)w(0). The algorithm

is otherwise unchanged.

Algorithm 3 Univariate slice sampling intuition.
1: procedure SLICESAMPLER(0“", y")
2: Vertical update: u"*|0°" ~ Unif(0, f(0)),
3: Horizontal update: 0"*|u"¢" ~ Unif(S), S = {0 : f(0) > u"*"}.
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new | chr

Sampling u is trivial. However, we often lack an analytical expression for the
slice, S = {6 : f(0) > u™"}, that characterizes to the set of parameter values that have
density greater u™®". In practice, we use a bracket, S’ that, ideally, approximates the width
of S, and which we position randomly around °*". We then sample uniformly within the
bracket until we propose a value "¢ that satisfies f(6™") > u"**. Note that S’ need not
contain all of S. However, if S’ is too small, the Markov chain will be unable to take large
steps, resulting in highly autocorrelated posterior samples. In contrast, too large a bracket
will result in many rejections, and hence many unnecessary likelihood evaluations. Several
possibilities for approximating S are listed in [163]. The key condition that must be satisfied
in any interval selection procedure in order for the Markov chain to satisfy detailed balance
is that Pr(S’|0<“") = Pr(S’|6"*). Hence, the set of valid proposals, P, is the set of points
for which the probability of selecting an approximate bracket, S’, is equal to the probability

of selecting S’ from current state, i.e.,

P={0":0€SnS and Pr(59) = Pr(5'0')}.

An attractive strategy for maximizing the expected jump distance of the Markov chain is
to adapt the bracket by “stepping out” its endpoints until S’ covers S. We are then assured
that we will be sampling uniformly from as large a bracket as possible. This procedure pre-
serves the stationary distribution as long as the approximate bracket is randomly positioned
around #°*". If the resulting interval is too wide, we can shrink the corresponding bracket
endpoint to the rejected value and propose a new value uniformly within the new bracket.
We will typically tune the initial bracket width throughout the MCMC run to encourage an
equal number of bracket expansions to shrinkages. This minimizes the expected number of

likelihood evaluations per MCMC iteration [204].
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Algorithm 4 Univariate slice sampling with stepping out.

1: procedure SLICESAMPLERID(§*" S" = (L,U), w=U — L)

2 u ~ Unif(0, f(0°7)) > Set threshold
3 p~ Unif(0,1); L« 0 —wp, U<~ L+w = Position S’ around 6
4: S" «—STEPOUT(u, 57) = Step out bracket
5: while v < f(L)do L «— L —w

6 while u < f(U)do U <« U + w

7 6PP |y ~ Unif (L, U) = Propose new value
8 if f(6P™P) > u then 6" « grrop > Accept proposal
9: return 6"V

10: else > Shrink bracket
11: if OP7°P < 0" then L «— 0P"P else U « OP"P

12: GoTo 7

Multivariate normal slice sampling

Univariate slice samplers can suffer from poor mixing in moderate— to high—dimensional
settings much in the same way as Gibbs samplers. One option for reducing autocorrelation
in MCMC samples is to update blocks of parameters. A variety of methods for slice sampling
in multiple dimensions are explored in [163, 202, 204]. These include slice sampling in
hyperrectangles, the use of adaptive Gaussian crumbs that guide slice proposals, and slice

sampling along eigenvectors of the estimated posterior covariance matrix.

We present a simple method for sampling a parameter vector, 8 € R?, where we perform
univariate slice sampling updates along rays drawn from a non—isotropic angular central
Gaussian distribution, which is tuned to match the covariance structure of the posterior.
This helps to account for linear correlations among model parameters. The method, which
we refer to as the multivariate normal slice sampler (MVNSS), is similar to the algorithm in
[3]. Our approach differs in that we typically adapt the proposal covariance matrix using a
Robbins-Monro recursion, discussed in the next section. This adaptation is helped by slight
modifications to the algorithm during the adaptation phase of the MCMC [11, 140]. The
computational cost of MVNSS does not increase dramatically with the dimensionality of the

parameter space, though we have found that multiple MVNSS updates per MCMC iteration
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can, in some cases, improve performance. The algorithm is amenable to tuning of the initial
bracket width as in [204], which helps to reduce the number of likelihood evaluations per

iteration.

As in the previous section, we suppress dependence on the data for notational clarity
since slice sampling 6 € R from its posterior 7(0|Y) is, again, largely the same as sampling
0 ~ 7(0)cf(0). Let X = Cov(f) = LL”, where L is the lower triangular matrix of the
Cholesky decomposition of L (any other matrix square root would do). In practice, 3
is approximated by in, which is estimated over an initial MCMC run. The strategy in
MVNSS is to propose 8”7 = " + c€, where & = h(z), z ~ MV N(0,%), h(z) = z/||z||,
and to sample ¢ in a univariate slice sampling update. Normalizing z allows us to more
easily tune the initial bracket width. During an adaptation phase, we construct proposals as
07" = 0" + ch(w&, + (1 — w)E&,), where & = h(z1), 21 ~ MVN(0,%), &, = h(zs), z2 ~
MV N(0,1;), h(z) = z/||z||, and w € [0, 1]. The weight given to z, is typically quite small,
but helps to avoid degeneracy of the empirical covariance matrix during adaptation. We give

the non—adaptive version of the algorithm below.

Algorithm 5 Multivariate normal slice sampling with stepping out.

1: procedure MVNSS(6°", L, S' = (0,w))

2: u ~ Unif (0, f(0°")) > Set threshold
3 z ~ MVN(0,1;), & < h(Lz) > Propose direction
4: p~ Unif(0,1); L <« —wp, U «— L+w > Position S’ around 0
5: S" «—STEPOUT(u, S7) > Step out bracket
6 while u < f(0 — L§)do L — L —w

7 while u < f(@ +U¢§) do U «— U +w

8 ¢~ Unif(L,U); 077 — 0" + c€ > Propose new value
9: if f(6”°P) > u then ™" — @""P > Accept proposal
10: return 6"
11: else > Shrink bracket
12: ifc<Othen L —celse U «— ¢

13: GoTo 8
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Elliptical slice sampling

The elliptical slice sampler (ElliptSS) of [159] is an algorithm that can be used to efficiently
sample from the posterior distribution of model parameters that have a Gaussian prior. The
conditions we need for ElliptSS to be valid are that x ~ N(0,X), and that the posterior
factors as 7(x|Y) = £ N(x;0,X)L(Y|x). The strategy behind ElliptSS is to reparameterize
the model by introducing auxiliary variables in a way that preserves the marginal distribution
of x, and thus preserves the likelihood of the data conditional on x.

We introduce auxiliary variables, n, ~ N(0,%), n, ~ N(0,%), ¢ ~ Unif(0,27), and
define x = n sin(f) +n, cos(#). Note that the marginal distribution of x is still x ~ N (0, ).
ElliptSS alternates sampling 1, 17;, ¢ under the constraint that x is unchanged, and updating

0 by univariate slice sampling. To this end, the model is reparameterized as,
0 ~ Unif(0,27), n ~ N(0,X), n, = xsin(f) + ncos(f), n, = xcos(d) — nsin(0).

This leaves x unchanged as xP"? = n,sin(f) + n, cos(d) = x. In practice, we need not

compute 71, since it will just be discarded.

Algorithm 6 Elliptical slice sampler.

1: procedure ELLIPTSS(x")
2 n ~ N(0,X) > Sample ellipse
3 ulx ~ Unif(0, L(x)) > Sample threshold
4: 0 ~ Unif(0,27); (Lg, Rp) < (0 — 27,0) = Initial angle, center bracket
5: xPTP — x cos(f) + nsin(0) = Compute proposal
6 if L(xP"P) > u then x"" « xP™P > Accept proposal
7 return x"
8 else > Shrink bracket
9 if 0 <0 then Ly < 0 else Uy — 0
10: 0 ~ Unif(Lgy, Up) > Propose new angle
11: GoTo 5

The elliptical slice sampler is a rejection—free algorithm with no free tuning parameters

that always perturbs the current state if it is not the only state that has non—zero probability.
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Its efficiency when x is high dimensional can be motivated in a number of ways. In high
dimensions, the typical set of x is concentrated in near the surface of a Gaussian hyperel-
lipsoid [19, 159]. Thus, proposals along an elliptical path determined by two points within
the ellipse are less likely to escape the typical set than are line proposals (e.g., MVNSS,
where slice sampling varies € in the proposal x’ = x + en, 7 ~ N(0,X)). Moreover, as the
dimensionality of x grows large, the proposed ellipse, 1, and x are likely to be an angle of
7/2 apart. Hence, if x is a good explanation for the data, n is likely not to be and the line
sampler will reject almost all values of € > 0.

As the authors in [159] point out, ElliptSS can also be seen as a slice sampling version
of the pre-conditioned Crank-Nicolson (pCN) proposal that was proposed in [162], which
was an autoregressive MH proposal of the form x’ = xv/1—¢2 + ne, € € [-1,1]. pCN
proposals are known to have acceptance probabilities that are invariant to the dimension of
the parameter space [55]. Finally, as shown in [25], the form of the elliptical slice sampling
update corresponds to an analytical expression for the Hamiltonian flow where the potential

is normally distributed. The auxiliary variable, i, is analogous to the initial velocity.

2.2.2  Adaptive MCMC

Adaptive MCMC algorithms aim to improve computational efficiency by using MCMC sam-
ples to learn optimal values of tuning parameters on the fly,. MCMC proposal kernels can
be adapted in a number of different ways, but must be adapted with care to preserve the
stationarity of the target distribution. In order for an adaptive MCMC algorithm to pre-
serve the stationary distribution, it must satisfy two conditions, vanishing adaptation, and
bounded convergence [11].

The main computational tool used in the adaptive variations of the MCMC algorithms
in this dissertation is the Robbins—Monro recursion, which allows us to continuously adapt
the tuning parameters of an MCMC kernel. The Robbins—Monro recursion is a stochastic
approximation algorithm that searches for a solution to an equation, f(f) = «, that has

a unique root at 6*. The function f(#) is not directly observed. Instead, we use a noisy
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sequence of estimates, h(an), satisfying E(h(@n)) = f(0) to recursively approximate 6*. The
recursion takes the form,
Opi1 = Op + 7n+1(h(§n) - 9*)'

~

Hence, the recursion increments ¢ by an amount proportional to the difference between h(6,,)
and its target. The gain factor sequence, {7,,1}, is a deterministic non—increasing, positive

sequence such that

n—00

0 0
(i) im 7, =0, (i) D ym =00, (i) Y 74" <0, A>0.
n=1 n=1
Note that since ~,, — 0 and E(h(én)) = f(0), it follows that 0,41 — 6,] — 0 as n — o, i.e.,
the recursion is constructed to satisfy diminishing adaptation. Condition (iz) ensures that
the gain sequence does not decay so fast that there are values of # in its state space, ©, that
cannot be reached. Condition (7i7) ensures bounded convergence of the sequence {6, }. Gain

factor sequences of the form
Yo =C(1+pn)™® ae(051], p>0 (2.33)

will satisfy these conditions [11, 140].

We will typically adapt the proposal covariance over the course of an initial MCMC tuning
run, which is followed by a final run with a fixed MCMC kernel. The samples accumulated
during the adaptation phase are discarded. We now present an adaptive version of the
random walk MH algorithm from Section 2.2.1, in which we adapt the proposal covariance
and a global scaling parameter that is set to achieve a target acceptance rate of a*. This is
Algorithm 4 in [11]. The proposal covariance matrix for the MVNSS is tuned analogously.

Let p, and X, denote the empirical mean and covariance of the posterior samples from
the first n MCMC iterations, a(60:"", 07"") be the MH acceptance probability for accepting
the proposal in iteration n, a* be the target acceptance rate (typically set to 0.234 based
on [182]), and {7,} be a sequence of gain factors. The adaptive MH algorithm with global



46

adaptive scaling is given below.

Algorithm 7 Adaptive Metropolis—Hastings with global adaptive scaling.

1: procedure ADAPTIVEMH (6, py, Xo)

2 fornel,...,N do

3: 0P ~ MV N (p,,_1, Ap—12n-1) = Propose new value
4 a(0:, 0P°P) = min {1, fr((gep:;;‘;’)) } > MH acceptance probability
5 u~ Unif(0,1) > Accept/reject proposal

n
0", ifa<u

prop .
ezur:{ﬁ , if a > u,
6: Adapt MH kernel:
log(An) = log(An-1) + 7 (a(0771, 677) — o)
P = By + (07" — 1)
2n = z]n—l + Yn ((efbur - an)(eff”ﬂ - ,u'nfl)T - En—l)
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Chapter 3

AGENT-BASED DATA AUGMENTATION FOR FITTING
STOCHASTIC EPIDEMIC MODELS TO PREVALENCE DATA

3.1 Overview

In this chapter, we develop an agent—based DA Markov chain Monte Carlo (MCMC) frame-
work for fitting stochastic epidemic models (SEMs) to time series count data of disease
prevalence. We obtain a tractable complete data likelihood by augmenting the data with
subject—level disease histories. Our MCMC targets the joint posterior distribution of the la-
tent epidemic process and the model parameters as we alternate between updating subject—
level paths and model parameters. We propose each new subject—path, conditionally on the
data, using a time—inhomogeneous continuous—time Markov chain (CTMC) with rates de-
termined by the disease histories of the other individuals. These data—driven path proposals
result in highly efficient perturbations to the latent epidemic path, and enable us to analyze
epidemic count data in the absence of any subject-level information. Thus, our MCMC
algorithm enables exact Bayesian inference for SEMs fit to datasets that would have been
impossible to study with existing agent—based DA methods. Our algorithm is not specific to
any particular SEM dynamics or measurement process, and may be applied, with minimal
modifications, to a broad class of SEMs.

Section 3.2 presents the DA algorithm in the context of fitting the stochastic Susceptible—
Infected—Recovered (SIR) model to binomially distributed prevalence counts. The minimal
adaptations required to fit Susceptible-Exposed-Infected—Recovered (SEIR) and Susceptible—
Exposed-Infected—Susceptible (SIRS) models are given in Sections 3.2.5 and 3.2.6. Section
3.3 presents a series of simulations that demonstrate the utility of the algorithm for fitting a

variety of SEMs, including models where the dynamics or population size are misspecified,
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and that investigate the sensitivity of estimates to prior specification. In Section 3.4, we will
use our algorithm to fit SIR and SEIR models to data from an outbreak of influenza in a

British boarding school (described in Section 1.3.1).

3.2 The Data Augmentation Algorithm for an SIR Model

The SIR model describes the time evolution of an epidemic in terms of the disease histories of
individuals as they transition through three states — susceptible (S), infected /infectious (I),
and recovered (R). Under simple SIR dynamics, each individual becomes infectious immedi-
ately upon becoming infected, and acquires lifelong immunity upon recovery. For simplicity,
we assume that the population is closed and mixes homogeneously, and that there is no exter-
nal force of infection. Therefore, the epidemic ceases once the pool of infectious individuals

is depleted.

3.2.1 Measurement Process and Data

Our data, Y = {Y1,...,Y.}, are disease prevalence counts recorded at times ti,...,t; €
[t1,t1]. It should not beggar belief that the data could be subject to measurement error,
for example underreporting in settings where asymptomatic individuals escape detection.
Let S,, I, and R, denote the total susceptible, infected, and recovered people at time 7.
We model the observed prevalence as a binomial sample, with constant mean case detection
probability p. Thus,

Yi|I;,, p ~ Binomial (I;,, p) . (3.1)

3.2.2  Latent Epidemic Process

The data are sampled from a latent epidemic process, X = {Xj,...,Xy}, that evolves
continuously in time as individuals become infected and recover. The state space of this
process is S = {S, I, R}, the Cartesian product of N state labels taking values in {S, I, R}.

The state space of the infection process for a single subject, X;, is §; = {S,I, R}, and a
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realized subject—path is of the form
S, 7< TI(j ),
x;j(1) =14 T, TI(j) <7 <79 (3.2)

)

R, rl({)gr,

where TI(j) and Tf({j) are the infection and recovery times for subject j (though subject j
may also never become infected or recover, or may become infected or recover outside of
the observation period [t1,t1]). We write the configuration of X at time 7 as X(7) =
(X4(7),...,Xn(7)), and adopt the convention that X(7) and derived quantities, e.g., I,,
depend on the configuration just before 7. We use 77 for quantities evaluated just after a
particular time. The waiting times between transition events are taken to be exponentially
distributed, and we denote by 3 and p the per—contact infectivity and recovery rates. Note
that 1/u is interpreted as the mean infectious period duration, and Ry = SN /u is the basic

reproduction number. The latent epidemic process evolves according to a time—homogeneous

CTMC, with transition rate from configuration X to X’ given by

BI, if X and X' differ only in subject j, with X; = S, and X/, = I,
Ax X/ = p, if X and X’ differ only in subject j, with X; = I, and X!, = R, (3.3)
0, for all other configurations X and X'.

At the first observation time, we let X(t,)|p;, ~ Categorical ({S, 1, R}, ps,), where p;, =
(ps,pr,pr) are the probabilities that an individual is susceptible, infected, or recovered.
Let 7 = {79,...,TKk+1}, where t; = 79 and t;, = Tk, be the (ordered) set of K infection
and recovery times of all individuals along with the endpoints of the observation period

[ti1,t1]. Let 1( =5y and 1, =gy indicate whether 7 is an infection or recovery time, and let
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Figure 3.1: (a) SIR dynamics in a population of five subjects. The number of
infecteds can increase from two to three via an infection of the first or second subject,
reaching each of those configurations at rate 28. The number of recovered individuals
can increase from one to two via a recovery of the third or fourth subject, reaching
each of those configurations at rate p. (b) Hidden Markov model for the joint
distribution of the latent epidemic process and the data. The observations, Yy, £ =
1,..., L, are conditionally independent given X(¢), and Y,|I;,, p ~ Binomial(I;,, p).

= (B, i, p, pt, ) denote the vector of unknown parameters. The complete data likelihood is

L(X,Y[0) = Pr(Y[X, p) x Pr(X(t1)|ps,) x 7(X|X(t1), 5, 1)
=11 ( ) - p)]tf_y‘] [ps”pl”pp”“]

=1

K
H [BL, % Uipary + % Lipapy | exp[= (7 — Th1) (817, S, + 1)1}

X exp [— (tr, — Tk) (51};6;; + ,LLIT;E):| . (3.4)

3.2.3 Subject—Path Proposal Framework

The observed data likelihood in the posterior

7(0]Y)ocr(Y|0)r(8) = JL(Y\X,H)w(X\O)w(O)dX
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is analytically intractable for even moderately sized N as it involves a high dimensional
integral over the collection of subject—paths, X. DA methods introduce the subject—paths, X,
as latent variables in the model that are jointly estimated along with the model parameters,
6. Introducing X in this way enables us to work with the tractable complete data likelihood,
(3.4). The joint posterior distribution is

7(8,X|Y)x Pr(Y|X, p) x 7(X[X(t1), B 1) x Pr(X(t1)lps,) x w(B)n(i)x(p)n(py).  (3.5)

where 7(3), m(1), w(p), and w(py, ) are prior densities. Our MCMC targets the joint posterior
distribution, given by (3.5), as we alternate between updating X|0,Y and 6|X,Y.

Given the current collection of subject—paths, x°", we propose x"*V by sampling the path
of a single subject X;, conditionally on the data, using a time-inhomogeneous CTMC with
state space S; and rates conditioned on the collection of disease histories of other individuals,
X(—j) = {X1,...,%X;—1,Xj41,...,Xn}. The proposed collection of paths is accepted or rejected

in a Metropolis—Hastings step.

Let 70 — {Tl(j ),Tf({j )} be the (possibly empty) set of infection and recovery times for
subject j, and define 7(-7) = {r\70)} = {Téij),Tl(ij),...,T]E/;j),T(ij)l}, where t; = Téij)
and t = 7'](\4_ _i)l, to be the set of M < K (ordered) times at which other subjects become
infected or recover, along with t; and t;,. Let Z = {Zy,...,Zy.1} be the intervals that
partition [ti,tz], i.e. Z; = [Té_j)ﬂ'(_j)), I, = [Tl(_j),Tz(_j)> ooy Lpypyr = [T(_j),T](\/;i)).
Let 1879 = 2izj Lix,(n=r; be the prevalence at time 7, excluding subject j. Let A() =
{Ag_j )(0), . ,Ag}i)l(O)} be the sequence of rate matrices corresponding to each interval in

Z, where form=1,...,M + 1,

S I
S (-pr." pL”
AGP@)= 1] 0 | (3.6)
R 0 0 0

SR~V



o2

We can construct the transition probability matrix for subject j over interval I,,,

P(]) (Tm—ly Tm) = <p((zjl),(7_m—17 Tm)) )
’ a,bESj

where pgg(Tm_l, Tm) = Pr(X, (1) = b|X;(Tm-1) = @, 0), using the matrix exponential

PO (1, 7n) = e [ (7 — T 1)AG7(0)].

This computation requires an eigen—decomposition of each rate matrix. We may reduce
the total computational burden by computing the eigen decompositions analytically, and by
caching the decompositions to avoid duplicate computations. One additional point is that
while the eigenvalues of any SIR rate matrix are always real valued, this is not generally
true, e.g., it is possible for the rate matrix of an SIRS model to have complex eigenvalues. In
this case, we obtain a real valued transition probability matrix by first applying a rotation
to each rate matrix with complex eigenvalues to obtain its real canonical form [107]. This is

discussed in Section A.1.

By the Markov property, the time-inhomogeneous CTMC density over the observation
period [ty, %], denoted 7(X;|x(_;),0) =7 <X IAC)(6); I> can be written as a product of

time-homogeneous CTMC densities over the inter—event intervals Z;, ..., Zy;. Hence,

:]:

7 (XA T) = Pr(X; ) pe) [T 7 (Xl (1), AL(O): T, ) (3.7)

m
m=1

Similarly, the transition probability matrix over an interval Z, = [t,_1, ;] can be written as
the product of transition probability matrices over the sub—intervals in Z,, within which the
subject—level CTMC is time-homogeneous. Thus, the transition probability matrix over an
inter—observation interval, Z, = [t,_1, t,], partitioned by S transition events that define inter—

(=7) (=) ... (=) (=7)

event intervals with endpoints given by times ¢, = 7,57 < 7, <Tigh <Tpg =ty
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is constructed as

s
P (t,_y,t,) :HP (Tes 1>Te(sj))-
s=1

The algorithm for constructing a subject—path proposal proceeds in three steps, dia-
grammed in Figure 3.2:
1. HMM step: sample the disease state of the subject under consideration at the obser-
vation times, conditional on the data and disease histories of other subjects.
2. Discrete time skeleton step: sample the state at times when the time—inhomogeneous
CTMC rates change, conditional on the states sampled in the HMM step.
3. FEwvent time step: sample the exact times of transition events conditional on the sequence

of states sampled in the previous steps.

HMM step

The key to sampling a sequence of disease states at the observation times is to rewrite the

emission probability, given by (3.1), as
Vil X;(te), 1,7, p ~ Binomial (1 x,-ry + 15,7 p) (3.8)

If we treat the paths of all subjects except individual j as fixed, the emission probability in
(3.8) only varies depending on whether subject j is infected at time t;,. Furthermore, the
data are conditionally independent of one another, given x and @, which induces a hidden
Markov model (HMM) over the joint distribution X and Y (Figure 3.1b).

We sample the state of X, at times ¢y,...,t; from the conditional distribution of X;,
denoted 7(X,;|Y,x(_j),0;t1,...,t1), using the stochastic forward-backward algorithm [191].
The algorithm enables us to efficiently sample from 7w (X Y, X 9) by recursively accu-
mulating, in a “forward” pass, information about the probability of various paths through S,
conditional on the data, and then recursively sampling a trajectory in a “backwards” pass.

. . t t
In the forward recursion, we construct a sequence of matrices Qé 2), e Q§ 2 , where
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Figure 3.2: Procedure for constructing a subject—path proposal with SIR dynamics.
(a) The dashed line depicts the number of infected individuals, excluding X, the

subject whose path is being sampled. The observation times, 1, .
which other subjects change disease states, 7, . .

..,t5, and times at
., Ts, are shown on the bottom axis.

Rate matrices of the time-inhomogeneous CTMC (top axis) are constant within
inter—event intervals (vertical lines). The state space of the subject—level process,

X, is shown on the right axis. (b) HMM step: Sample the state of X; at t1,.

"7t57

conditional on the data and on the disease histories of other subjects. (¢) Discrete

time skeleton step: Sample the infection status at 7q,..

., T5, conditional on the

sequence of states sampled in the HMM step. (d) Ewent time step: Sample the
infection and recovery times from endpoint-conditioned time-homogeneous CTMC
distributions, conditional on the sequence of disease states sampled in the HMM

and discrete time skeleton steps.

R

54
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Q" = (qj(tf)s>a and gj\f, = Pr (X;(ts) = 5, X;(te1) = v | Y1, X5, 0). Let PRt 1) =
Pr (X;(t;) = s | X(t,—1) = r,0;X(_;)). If there are changes in the numbers of infected indi-
viduals in interval Z,, we construct the transition probability matrix for that interval as in

(3.2.3). Then,
¢\ ocr " (1| X(—j),0) x PY) (ter,te) x f (Vi | Xj(te), X(—j(te), o, Pry) (3.9)

where 7T (7“ | X, 0, p) =2 q](t,{)s and with proportionality reconciled via >, >, qj(t,{)s = 1.
In the backwards recursion, we sample the sequence of states at times 1, ..., ¢, from the

distribution 7 (X 1Y, X_j),0,p, ptl). To do this, we first note that

=~
|

1

t t t
(XY, X(_;),0,p,Pt;) =7 (Xj(tL) | thyx(fj)ﬂ,,o,ptl) ™ (Xj(thé) | X5, e X(=i): Yiy 050, pt1>
=1
L1
= <X (tr) |Yt1 7X(—j)79707pt1) <X (tr—0) | Xjtr g1 X(—j) Yo, e 9,Pvpt1)7

~
I
-

where the second equality follows from the conditional independence of the HMM. We proceed
by first drawing X;(¢1) from 7r ( | X~ 0, ,0), and then drawing X;(t,), ¢ = L—1,...,1,
each in turn from the categorical distribution with masses proportional to column x;(t,41)

of Q§t2+1) _

Discrete-time skeleton step

It would be straightforward to sample the exact infection and recovery times of subject 7,
conditional on the sequence of states at times ty,...,t;, if the subject-level CTMC rates
did not possibly vary over each inter-observation interval. We may reduce our problem to
the time-homogeneous case by first sampling the disease state at the intermediate event
times when the CTMC rates change, and then sampling the full path within each inter—
event interval. Consider an inter—observation interval, Z, = [t,_1, ¢], containing inter—event
intervals whose endpoints are given by times t,_; = Te(gj ) < Tg(ij )< < Tg( 7 )1 < Té(n D = ty.

We recursively sample X at each intermediate event time, beginning at 7, from the discrete
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distribution with masses

Pr(X; (7)) =z | X (Tic1) = 21, X (Ta) = @)
- Pr(X; (7)) = 2, X (1) = 21, X (Tn) = @)
Pr(X; (Ti1) = i1, X (Tn) = 20)
Pr(X; (i) =2 | X (Tic1) = 1) Pr (X (7o) = 2 | X; () = 7)
N Pr(X; (7) = 2ol X (Ti1) = @i1)
[PO Fr, 7], o, (TTiZ PO (T,

— — $i—17$i. — — In ) (3'10)
| i PO (7, Tor1) ]

Ti—1,Tn
FEvent time step

The final step in constructing a subject—path is to sample the exact infection and recovery
times given the discrete sequence of states obtained in the previous two steps. This amounts
to simulating the path of an endpoint—conditioned time-homogeneous CTMC, a task for
which there exist a variety of efficient methods [109]. When fitting the SIR model, we chose
to use modified rejection sampling, a modification of Gillespie’s direct algorithm [87] that
explicitly avoids simulating constant paths. This method is known to be efficient when the
states differ at the endpoints of small time intervals. We used uniformization—based sampling
[109] when fitting SEIR and SIRS models, which was more robust when sampling paths in
intervals with multiple transitions. Fast implementations of these methods are available in
the ECctmc package in R [72]. We briefly summarize the algorithms below, and refer to [109]
for a more thorough discussion.

Our goal is to simulate a path for a time-homogeneous CTMC, X, in the interval [0, 77,
conditional on X(0) = a and X(7T') = b. Let A be the rate matrix for the process. Let A,
denote the a,a diagonal element of A, and similarly let A,; denote the rate given by the
a,b element. We also denote by P(7T") the transition probability matrix for the CTMC over
[0,T], and P, (T) the probability of beginning in state a and ending in state b.

The modified rejection algorithm proposes paths by explicitly sampling the first transition

time when it is known that at least one transition occurred (i.e. when a # b). The remainder
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of the path is proposed by forward sampling, using, for instance, Gillespie’s direct algorithm.
The proposed path is accepted if X(7") = b. If a transition is not known to have occurred (i.e.
when a = b), a path is proposed via ordinary forward simulation and accepted if X(7') = b.
We sample the first transition time via the inverse-CDF method, sampling u ~ Unif(0, 1)
and applying the inverse-CDF function

_ —log [1—ux (1—eThe)]

F~(u) = A . (3.11)

We found that the modified rejection algorithm worked well in fitting the SIR and SIRS
models. In the examples we studied in which these models were fit, subject—paths over
intervals where the endpoints required multiple jumps (S — R, or I — S) were almost never
considered. Usually, only a single transition time was sampled in a given interval, so the

inverse-CDF method was fast.

The uniformization algorithm samples the path for a time-homogeneous CTMC condi-
tional on the state at the interval endpoints by coupling the original CTMC to the Markov
chain for an auxilliary Poisson point process. State transitions, including virtual transition
where the state does not change, are events of the point process, and the sequence of state

labels is drawn from the corresponding Markov chain.

We construct the transition rate matrix of the auxilliary Markov chain, Z, as R = [+ ;%A’

where @ = max, A,. The probability mass function for the number of state transitions, N,

conditional on X(0) = a, X(T') =, is
- T(MT)n 10
P(N =n|X(0) =a,X(T) =b) =e™* TRab/Pab(T)' (3.12)

The algorithm proceeds by first sampling the number of state transitions from this distribu-
tion. If there are no transitions, or if there is one transition and the states at the endpoints
are the same, the algorithm terminates. Otherwise, we drawn n independent uniform values

in [0, 7] and sort them to obtain the times of state transitions. The state labels at the sorted
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sequence of times, 7;, ¢ = 1,...,n — 1, are drawn from the discrete distribution with masses

given by .
infl VT4 (Rn_z)xib

(Rn_i+1)$i—1b> '

Uniformization—based sampling was preferred in the case of the SEIR model since mod-

P(X(r)|X (1, X(T) = b) = (3.13)

ified rejection sampling tended to get hung up when sampling paths in intervals where the
endpoints suggested that at least two state transitions occured (which though it seldom oc-
cured, significantly slowed down the MCMC). We also note that the transition probability,
P (T), is computed and cached in executing the HMM step of our algorithm. Therefore,
there are no additional eigen—decompositions or matrix exponentiations are required for the

uniformization algorithm.

Metropolis—Hastings step

Having constructed a complete subject—path proposal, we decide whether to accept or reject
it via a Metropolis-Hastings step. We emphasize that the true distribution of X;|x(_;, 8 does
not match the time-inhomogeneous CTMC in our proposal. Suppressing the dependence on
0, the target distribution of the subject—path proposal is 7(X|Y)ocm (Y |X)7(X). Note that
x"" and x°™ differ only in the path of the ;% subject, so A7) (x%) = AT (xmev) = AT,

Suppressing the dependence on 0 for clarity, the acceptance ratio is

) {T((XneW’Y) q(Xcur|Xnew> }
Qycur__,ynew = 111111 )
7T(Xcur’Y) q(Xnew‘Xcur)

Now,

7(x"VY) oo Pr(Y|x""V)m(x"V),

7(x™Y) o Pr(Y[x™)m(x™),

where Pr(Y|x*") and Pr(Y|x®") are binomial probabilities for the measurement process,

new ) cur )

and m(x and m(x are the time-homogenous CTMC densities of the current and
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the proposed population—level paths that appear in Equation (3.4). Let W(X?6W|A(7j);l')
and W(X?“Y\A(_j );I) denote the time-inhomogeneous subject—level CTMC proposal densities

given by (3.7). Then,

q(Xnew‘Xcur) _ PI‘(XneW|Y; A(—j) (Xcur)jz)
m(x"V,Y; A (x), 7)
Pr(Y; A9 T)
_ Pr(YR)m (oA T)
Pr(Y;A(_j)(Xnew)’I)

and similarly,
_ Pr(Y|x°ur)7r(x§ur\A(_]);I)
Pr(Y; A(*j)<xcur>7I)

cur new
[x")

q(x

Therefore,

(XY g(x°[xmew) B Pr(Y %% ) (x1e) Pr(y‘xcur)w(xgur;/\(*j))
T (xY) g ) Pr(Y ) () Pr(Y e (e A
B 7 (xmew) ﬂ-(x;ur‘A(—j);I)
Com(xew) W(X?QW\A(*J');I).

Hence, the Metropolis—Hastings acceptance probability is

(x"V) W(x;?“r]A(’j);I) .
ﬂ-(xcur) W(X?eW’A(_j);I) ) 5

axcur_,xnew - mln{

which depends on the ratio is of the population-level time—homogeneous CTMC densities,

multiplied by the ratio of time-inhomogeneous CTMC proposal densities.

Initializing the collection of subject—paths

We initialize the collection of subject paths at the start of our MCMC by simulating paths
using Gillespie’s direct algorithm [87] until we have found a path under which the data have

non-zero probability. A sufficient condition for this under the binomial sampling model
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is that the number of infected individuals is greater than the observed prevalence at each

observation time.

3.2.4  Parameter Updates and MCMC' Scan Order

One MCMC iteration includes a number of subject—path updates, followed by a set of pa-
rameter updates. Conjugate priors were available for all parameters of the models in this
chapter. Therefore, we chose to use Gibbs sampling to update parameter values from their
univariate full conditional distributions (below).

There is no need to re—sample the path of every subject within each MCMC iteration.
Indeed, we might suspect that the efficiency of our MCMC could be improved by sampling
only a few subject—paths between parameter updates. Successive subject—path proposal
tend to be highly autocorrelated, as with other DA methods [185], and incur a relatively
high computational cost. Frequently updating model parameters may help to break this
correlation, despite the strong autocorrelations in posterior samples of model parameters.
Often, the effective sample size (ESS) per CPU time is optimized by sampling only a handful
of subject—paths per MCMC iteration. However, many factors, including the SEM dynamics,
population size, efficiency of the implementation, and the degree of model misspecification
could affect the optimal number subject—path updates per MCMC iteration. It is clearly
impossible to disentangle all possible factors affecting the optimal number of subject—path
updates per iteration. Therefore, we set the number of subject—paths per iteration on the

basis of log—posterior ESS per CPU time in an initial run of 5,000-10,000 iterations.

3.2.5 Data Augmentation for SEIR Dynamics

The SEIR model adds a latent state to the SIR model in which subjects who are exposed to
an infected individual incubate before becoming infectious. As with the SIR model, recovery
is assumed to confer lifelong immunity. The structure of this model does not affect any of the

machinery involved in the subject—path proposal mechanism, but rather merely redefines the
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population—level time-homogeneous CMTC for the epidemic process, and the subject-level

time—inhomogeneous CTMC used in the subject—path proposals.

Under this model, we suppose that the data are sampled from a latent epidemic pro-
cess, X = {Xy,..., Xy}, that evolves in continuous-time as individuals become exposed,
infectious, and recover. The state space of this process is S = {S, E, I, R}, the Cartesian
product of N state labels taking values in {S, E, I, R}. The state space of a single subject,
X;,is §; = {S, E, I, R}, and a realized subject-path is of the form

x;(7) = (S, T < T]éj);E, Téj) <7< Tl(j);l, TI(j) <7< Tf({j);R , Tf({j) < 7')
where Téj ), TI(j ), and Tf({j ) are the times at which subject J becomes exposed, infectious, and
recovers. As with the SIR model, some or all of these events may not transpire in the ob-
servation period [t1,t1], or at all. We let 3 be the per—contact infectivity rate, v be the
rate at which an exposed individual becomes infectious, and p be the rate at which an infec-
tious individual recovers. Furthermore, we write the vector of disease state probabilities as
pi, = (ps, e, p1,Pr)- The latent epidemic process evolves according to a time-homogeneous
CTMC, with transition rate from configuration x to x’ that differ only in the state of one
subject j is given by A = 81 if X; = S and X! = E, v if X; = E and X, = I, and p if
X;j = I and X} = R. Finally, the time-inhomogeneous CTMC rate matrices used in the

subject—path proposal distribution have the form

S E I R

S (-pr" B 000

| E|l 0 - 0
ALD(6) = L (3.14)

I 0 0 -

R 0 0 0 0

As with the SIR model, the eigenvalues of the CTMC rate matrices for the SEIR model are

always real valued. The only computational modification, relative to the SIR model, that
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we suggest is that times of state transition in inter—event intervals be sampled conditional

on the state at the endpoints via uniformization.

3.2.6 Data Augmentation for SIRS Dynamics

The SIRS model modifies the SIR model to allow for loss of immunity. Again, fitting this
model using our Bayesian data augmentation algorithm does not affect any of the machin-
ery involved in the subject—path proposal mechanism, although the recurrent nature of the
disease dynamics increases the computational burden since the disease state at the interval
endpoints does not absolve us of sampling the full path within each inter—event interval
where the states at the endpoints are the same.

Under the SIRS model, we suppose that the data are sampled from a latent epidemic
process, X = {Xj,..., Xy}, that evolves in continuous—time as individuals become exposed,
infectious, and recover. The state space of this process is S = {S,I, R}", the Cartesian
product of N state labels taking values in {5, I, R}. The state space of a single subject, X;,
is S; = {S, 1, R}, and a realized subject-path is of the form

x;(T) = <Sa 7'<7'1(1j)§17 7'1(1j) <7'<Tgl);R, Tf(g;) <T<T£Z);S, T]E{) <T<7’I(2j);...>,

where Tl(kj ), TP(g ), and Tﬁi

. ) are times at which subject J becomes infected, recovers, and loses

immunity, and are ennumerated by the subscript k& as the process may revisit each state
multiple time. As with the SIR and SEIR models, it is possible that some or all of these
events may not come about within the observation period [t1,t]. We let § be the per—
contact infectivity rate, u be the rate at which an infectious individual recovers, and ~ be
the rate at which immunity is lost. We write the vector of disease state probabilities as
Py, = (ps,pr,pr). The latent epidemic process evolves according to a time-homogeneous
CTMC, with transition rate from configuration x to x’ that differ only in the state of one
subject j is given by A = Bl if X; = S and X = F, pif X; = I and X} = R, and v if
X; = R and X} = S. Finally, the time-inhomogeneous CTMC rate matrices used in the
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subject—path proposal distribution have the form

S I R
S _6]7('_j) BL(_—J) 0
A,(;J)(O) = ] 0 — I W . (315)
R gl 0 —y

Unlike the SIR and SEIR models, eigenvalues of each CTMC rate matrix may be complex.
In order to obtain a real valued transition probability matrix over an interval for which
eigenvalues of the rate matrix are complex, we must rotate that rate matrix to obtain its

real canonical form. This is further discussed in Section A.1.

3.3 Simulation results

3.3.1 Inference Under a Variety of Epidemic Dynamics

We fit SIR, SEIR, and SIRS dynamics to binomially distributed prevalence counts sampled
from epidemics simulated under corresponding dynamics in populations of 750, 500, and 200
individuals (details provided in Section A.3). Priors for the rate parameters and binomial
sampling probability were chosen so that the priors spanned reasonable ranges of values
(e.g. recovery durations ranging from days to weeks/months rather than seconds to eons
under extremely diffuse priors), but were otherwise only mildly informative, while the initial
distribution parameters were assigned informative priors (see tables A.4, A.6, and A.8). The
three datasets, depicted in Figure 3.3 along with the estimated pointwise posterior prevalence,
presented a range of challenges. The SIR example was arguably the most “standard” example
as the observation period captured the exponential growth and decline of the epidemic. Thus,
much of the curvature in the latent path was reflected in the data. In contrast, data from
the outbreak simulated under near-endemic SEIR dynamics contained very little information
about the shape of the epidemic curve. The task of disentangling whether the data were

sampled with low probability from a high—prevalence outbreak, or visa—versa, was further
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complicated by the inclusion of an additional disease state — the exposed state — that was
not directly observed. Finally, the SIRS model was more computationally challenging for two
reasons. First, the recurrent nature of the disease process demanded that the disease state at
each event time, and the path within each inter—event interval, be sampled in the subject—
path proposal. Second, it was possible for CTMC rate matrices to have complex eigen—
decompositions, which made computing transition probability matrices more expensive. This

affected the optimal number of subject—path updates per MCMC iteration.

SIR Dynamics SEIR Dynamics SIRS Dynamics

—True prevalence

150 20 60 A Ob§erved prevalence

--Estimated prevalence
95% Credible interval

“AMMN‘N

52 78 105 1 13 26 39 52
Week Week

40

20

Figure 3.3: Estimated latent posterior distributions of disease prevalence in out-
breaks simulated under SIR (left), SEIR (middle), and SIRS (right) dynamics. De-
picted are the true unobserved prevalence (solid line), observed data (dots), point-
wise posterior median prevalence (dashed line), and pointwise 95% credible intervals
(shaded region). Latent posterior estimates are based on a thinned sample, with ev-
ery 250" sample retained.

The true epidemic paths and parameter values fell well within the 95% Bayesian credible
intervals in all three simulations (Figure 3.3 presents the estimated latent posterior preva-
lence; Figure 3.4 presents posterior estimates of model parameters; Figure A.11 presents es-
timated latent posterior distributions and true epidemic paths for all model compartments).
The acceptance rates for subject—path proposals were roughly 92% for the SIR model, 91% for
the SEIR model, and 77% for the SIRS model. Our posterior estimates of the model param-
eters also closely match estimates obtained using the particle marginal Metropolis—Hastings

(PMMH) algorithm of [10], implemented using the pomp package in R [124]. We simulated
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particle paths in the PMMH algorithm in two ways; exactly using Gillespie’s direct algo-
rithm [87], and approximately using a multinomial modification of 7-leaping [31]. In these
small population examples, the exact algorithm is arguably more appropriate, as the leap
conditions for 7-leaping may not be met in small populations, but it is also substantially
slower. In these simple settings, PMMH tended to outperform our algorithm in terms of
log—posterior effective sample size (ESS) per CPU time. When PMMH particle paths were
simulated by 7-leaping, the average ESS per CPU compared to BDA was roughly 350x
greater for the SIR model, 4.4x greater for the SEIR model, and 13x greater for the SIRS
model. Exact simulation of PMMH particle paths reduced the computational advantage of
PMMH substantially. In this case, the average log—posterior ESS per CPU time was 10.5x
greater for PMMH in fitting the SIR model, 2x for the SEIR model, and 0.7x for the SIRS
model. These comparisons did not include the time required to tune the MCMC for PMMH,
which was nontrivial. In contrast, our algorithm required no tuning beyond selecting the
number of subject—paths to update per MCMC iteration. We also note that in fitting the
models using PMMH, we were required to make several implementation decisions to prevent
particle degeneracy and to balance speed with precision. These included selecting the num-
ber of particles and the time—step in the approximate 7-leaping algorithm. For example,
when using 7-leaping to simulate particle paths, the number of particles required to obtain
good mixing for the SIRS model fit with PMMH was higher than for the other two models.

Details of the PMMH implementations and further results are presented in Section A.3.

3.3.2  Inference Under Model Misspecification

In practice, every stochastic epidemic model is misspecified with respect to the real world
epidemic process from which the data arise, and the malignancy of the model misspeci-
fication is often impossible to fully diagnose. We can build up an understanding of the
epidemic dynamics by fitting SEMS under a range of dynamics, beginning with simple, eas-
ily interpretable models. Given the iterative nature of epidemic modeling and the inherent

misspecification of simple models that form the building blocks for more realistic models, a
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Figure 3.4: Posterior medians and 95% credible intervals of parameters in the
SIR, SEIR, and SIRS models fit with Bayesian data augmentation (BDA) and par-
ticle marginal Metropolis—Hastings (PMMH) with particle paths simulated approxi-
mately (using 7-leaping) and exactly (using Gillespie’s direct algorithm). Displayed
are estimates of the basic reproductive number, Ry, the rate parameters, and the
binomial sampling probability. In all models, /3 is the per—contact infectivity rate, u
is the recovery rate, and p is the binomial sampling probability. In the SEIR model,
~ denotes the rate at which an exposed individual becomes infectious, while in the
SIRS model v denotes the rate at which immunity is lost.

minimal criteria for the usefulness of a computational algorithm is that be computationally
robust to model misspecification. In other words, we had better, at the very least, be able
to use the algorithm to sample from the posterior distribution of simple models.

It is precisely the inherent misspecification of SEMs that leads simulation—based methods
to struggle in many instances, and it is here that we highlight a critical advantage of our DA
algorithm. Our subject—path proposals are driven, not just by the SEM dynamics, but also
by the data. This buys us computational robustness to model misspecification in situations
where simulation—based methods degenerate due to their reliance on having a model that is
a good approximation of the true data generating process from which to simulate epidemic

paths. We demonstrate this in a simple example in which we fit SIR and SEIR models to
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four years of weekly prevalence data sampled from an epidemic simulated under time—-varying
SEIR dynamics, where the latent period, infectious period, and per—contact infectivity rate

were modulated over four discrete epochs (depicted in Figure 3.5, details presented in Section

Ad).

—True prevalence Ep och

e Observed prevalence

Parameter 1 2 3 4
RS 149 92 01 0
1/ (days) 210 210 90 180
1/p (days) 150 330 300 70

0 26 52 78 104 130 156 182 208
Week

Figure 3.5: Simulated outbreak with SEIR dynamics that varied over four epochs
(shaded regions). Weekly prevalence counts (points) were binomially sampled with
sampling probability p = 0.95 from the true unobserved prevalence (solid line). The
table presents the effective reproductive number computed based on the number of
susceptibles at the beginning of each epoch, RET = 5(7)S(7)/u(7), the mean latent
period, 1/, and the mean infectious period, 1/pu.

We fit SIR and SEIR models using our DA algorithm, and using PMMH with 2,500
particles, the paths for which were simulated approximately via 7—leaping with a time—
step of 1 day. We assigned weakly informative priors for the rate parameters governing
the epidemic dynamics in both models, and informative priors for the binomial sampling
probability and the initial state probabilities (Table A.11). MCMC chains for models fit via
PMMH were plagued by particle degeneracy and did not converge (Figures A.12 and A.14).

Both models fit via DA yield reasonable estimates for the within—subject disease dynamics
(i.e., the infectious period, as well as the latent period in the case of the SEIR model). The
posterior median average infectious period duration was estimated to be 292 days (95% BCI:
263 days, 323 days) under SIR dynamics, and 287 days (95% BCI: 260 days, 318 days) under
SEIR dynamics. The posterior median average latent period under SEIR dynamics was
211 days (95% BCI: 165 days, 260 days). The posterior median estimate of Ry under SIR
dynamics was 4.05 (95% BCI: 3.40, 4.81), while under SEIR dynamics, the posterior median
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estimate of Ry was 23.8 (95% BCI: 15.1, 37.0). While the true prevalence fell well within the
pointwise 95% credible interval for both models (Figure 3.6), we notice that the degree of
model misspecification drastically affected our ability to estimate the history of the numbers
of noninfectious people over the course of the epidemic. Under SIR dynamics, we drastically
overestimate the number of susceptible individuals. The SEIR model much more closely
resembles the time—varying SEIR model used to simulate the epidemic. Although the true
path for the number of susceptible still falls outsize the 95% credible interval at times, we are
still able to reconstruct a reasonabe range of paths for the number of exposed individuals.
This contrasts with the models fit in Section 3.3.1, which were not misspecified with respect
to the true epidemic dynamics. In that case, the complete path of the epidemic fell well
within the estimated credible intervals for all disease states for all three models (Figure
A.11). Therefore, we advise caution in reconstructing the epidemic history for disease states

that were not measured, particularly when severe model misspecification is suspected.

SIR Dynamics SEIR Dynamics

400 = — True epidemic

\ -- Estimated susceptible
- Estimated exposed
-= Estimated infected
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0 26 52 78 104 130 156 182  20¢ 0 26 52 78 104 130 156 182  20¢
Week Date

Figure 3.6: True epidemic path (solid lines), pointwise posterior median estimate
of the numbers of susceptibles (dashed line), exposed (dotted line), and infected
individuals (dash-dotted line) and pointwise 95% credible intervals (shaded regions)
under SIR and SEIR dynamics.

3.83.3  Effect of Prior Specification on Posterior Inference

Given the limited extent of aggregated prevalence counts, we must consider how our choices

of prior distributions influence our posterior inferences. We simulated an outbreak with SIR
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dynamics in a population of 750 individuals for which Ry = 8 x 763/u ~ 1.84 and the mean
infectious period was 1/u = 7 days. We fit SIR models to binomially distributed weekly
prevalence data, sampled with detection probability p = 0.2, under the following four prior
regimes: Regime 1 — informative priors for all model parameters; Regime 2 — vague priors
for the rate parameters and an informative prior for the sampling probability; Regime 3
— informative priors for the rate parameters and a flat prior for the sampling probability;
Regime 4 — vague priors for the rate parameters and a flat prior for the sampling probability.
The same prior for the initial state probabilities was used in all four regimes. Complete

simulation details and convergence diagnostics are supplied in Section A.6.
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Figure 3.7: Posterior median estimates and 95% credible intervals for all SIR
model parameters under four different prior regimes (Table A.14). Regimes 1 and 3
set informative priors for the per—contact infectivity and recovery rates. Regimes 1
and 2 set informative priors for the binomial sampling probability. The same mildly
informative prior for the initial state probabilities was used in all four regimes.

The true values for all model parameters fell within the 95% credible intervals under all
four prior regimes. Unsurprisingly, informative priors tended to result in narrower credible
intervals for the parameters (Figure 3.7) as well as for the latent process (Figure 3.8). The
strength of prior information about the sampling probability affected the widths of credible

intervals to a much greater extent than the priors for the rate parameters. Strong prior
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information about the sampling probability also resulted in substantially narrower credible
intervals for disease prevalence under each of the prior regimes for the rate parameters. In
contrast, informative priors for the rate parameters yielded only slightly narrower credible
intervals for disease prevalence when holding constant the strength of the sampling prob-
ability prior. The effects on the initial state probability parameters seem to reverse this
pattern, although we caution against overinterpretion given the paucity of data available for
estimating those parameters. MCMC chains with strong priors for the binomial sampling
probability also appeared to mix somewhat better than chains with diffuse priors for the

sampling probabilty (see traceplots in Section A.6).
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Figure 3.8: Estimated latent posterior distributions of disease prevalence in out-
breaks simulated under four prior regimes for SIR model rate parameters and the
binomial sampling probability. Depicted are the true unobserved prevalence (solid
line), observed data (dots), pointwise posterior median prevalence (dashed line),
and pointwise 95% credible intervals (shaded region). Latent posterior estimates
are based on a thinned sample, with every 250" sample retained.
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3.4 Example: Influenza in a British boarding school

As an example, we apply the methods developed in this chapter data from the boarding
school outbreak of influenza that was described in Section 1.3.1. We used our DA algorithm
and PMMH to fit SIR and SEIR models with a binomial emission distribution to the data (see
Section A.7 of the supplement for complete details). All of the parameters were assigned
diffuse priors, which are plotted over the posterior ranges in Figure 3.10. The PMMH
algorithm failed to converge for both models, which we suspect was due to a combination of
model misspecification and the constrained state space of the binomial measurement process.
We also fit a set of supplementary SIR and SEIR models in Section A.7.2, in which we
assumed a negative-binomial emission distribution. This was done in order to facilitate
comparison with PMMH, although we feel that a negative binomial emission distribution
is not appropriate in such a closely monitored outbreak setting since it does not rule out

over-reporting of cases.
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Figure 3.9: Boarding school data, pointwise posterior median estimates and point-
wise 95% credible intervals (grey shaded areas) under SIR and SEIR dynamics of the
numbers of susceptible boys (dashed line), exposed boys (dotted line), and infected
boys (solid line). Posterior estimates based on a thinned sample, with every 250"
configuration retained.

Together, the SIR and SEIR models suggest that cases were detected with high probabil-

ity and that the outbreak, though aggressive, was not atypical given the closed environment
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in which it occurred. The posterior median estimates of the detection probability, roughly
0.98 for both models (SIR 95% BCI: 0.92, 1.00; SEIR 95% BCI: 0.91, 1.00), suggested that
while almost all of the infectious boys were detected, a handful of cases went unnoticed.
The posterior median recovery rate under SIR dynamics corresponds to an average period of
2.16 days (95% BCI: 1.99, 2.37) during which an infectious boy could transmit an infection
to other boys before being confined to the infirmary. Under SEIR dynamics, the posterior
median average infectious period was 2.12 days (95% BCI: 1.95, 2.33), and the posterior me-
dian average latent period was 1.19 days (95% BCI: 0.84, 1.51). These results are consistent
with the typical progression of influenza, in which individuals typically incubate for between
one to four days before symptoms manifest, and are typically infectious for one day before,
and up to a week after, symptom onset [47]. The posterior median estimates of R, were
3.89 (95% BCI: 3.40, 4.47) under SIR dynamics, and 10.38 (95% BCI: 7.40, 14.11) under
SEIR dynamics. Previous analyses of this dataset with trajectory matching estimate Ry to
be roughly 3.7 for the SIR model and 35.9 for the SEIR model [218, 119], though we note
that these estimates are based on deterministic models that do not properly account for
distributional properties of the data. Another analysis using the linear noise approximation
produced point estimates of Ry in the range of 3.4-3.6, depending on the model specification
[187]. Our results for both models are also in agreement with estimates of SIR and SEIR

model dynamics under a negative binomial emission distribution (see Section A.7.2).
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Figure 3.10: Posterior density estimates for Ry = SN/u, the mean latent and
infectious periods, 1/v and 1/u, and the binomial sampling probability, p, from SIR
and SEIR model parameters fit to the British boarding school data (solid lines). The
posterior median and 95% Bayesian credible intervals are drawn below the density
plots (solid lines with circles). The implied prior densities (dashed lines) for Ry and
the latent and infectious periods, and the prior density for the binomial sampling
probability, are plotted over the posterior ranges.

73



74

3.5 Discussion

We have presented an agent—based Bayesian DA algorithm for fitting SEMs to disease preva-
lence time series counts. This was previously difficult, if not computationally infeasible, to
carry out using traditional agent—based DA methods in the absence of subject—level data.
Although we outlined the algorithm in the context of fitting an SIR model to binomially
distributed prevalence data, our algorithm represents a general solution for fitting SEMs to
prevalence counts. In simulations and the applied example, we fit SEIR and SIRS models
to prevalence data, and in the supplement also fit SIR and SEIR models with a negative
binomial emission distribution to the British boarding school data. We have demonstrated
that our algorithm yields approximately valid inference when the population size is misspec-
ified. Moreover, our algorithm is usable in settings where simulation—based methods, such
as PMMH, break down due to misspecification of the SEM. Finally, our DA algorithm is
carried out entirely at the subject level, making it possible to also incorporate subject—level

covariates and household structure, or to fit models to subject—level data.

There are two fundamental limitations of agent-based DA methods from which our al-
gorithm is not excepted. First, the bookkeeping required to track the collection of subject—
paths increases in size and complexity as the number of events grows large. Attempts to fit
stochastic epidemic models in large populations using agent-based DA may be thwarted by
prohibitive computational overhead. MCMC run times using our implementation, which was
coded for reliability rather than speed, substantially degraded once the assumed population
size was greater than a few thousand people. Second, we suspect that MCMC mixing in
large populations could eventually become too slow for agent—-based DA to be of practical
use, even if solutions could be found for the computational bottlenecks. As the population
size gets large, perturbations to the likelihood from re-sampling one subject at a time become
relatively less significant. For this reason, we view extensions for jointly sampling multiple

subject-paths as a critical step in mitigating slow MCMC mixing in large populations.

To conclude, we would like to comment on directions for future work that could be pur-
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sued. The DA algorithm in this paper addresses the problem of fitting SEMs to prevalence
data. This type of data summarizes total number of infections in the population at a partic-
ular time. However, outbreak data often consist of incidence counts, which are the number
of new cases accumulated in each inter-observation interval. Extending our DA algorithm
to accommodate incidence data is an important next step and should be straightforward
in situations where the state space for the subject level process is finite — for instance, if
a subject cannot become reinfected more than once or twice in a given inter-observation
interval. Another line of inquiry involves improving the computational efficiency of the algo-
rithm. One possibility would be to use a coarse grid for the time-varying force of infection
used in each subject—path proposal, and to approximate the transition probabilities in the
HMM step of the algorithm. For example, we could propose each subject—path condition-
ally on the disease states of all other subjects but assume that the force of infection is each
inter—observation interval is fixed. This might lead to more subject—paths being rejected,
but the loss could well be offset by not having to as many matrix exponentials. Finally,
we note that the algorithm could also be used to fit semi-Markov models where transition
probabilities depend on the duration of state occupancy. This would require a modification
of the complete data likelihood and the Metropolis—Hastings ratio, though we could retain
the Markovian structure of the proposal and possibly avoid costly rejected proposals by using

a phase-type distribution to approximate the target semi—-Markov process.
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Chapter 4

APPROXIMATE INFERENCE FOR STOCHASTIC EPIDEMIC
MODELS OF OUTBREAKS IN LARGE POPULATIONS

4.1 Overview

Surveillance and outbreak response systems often report incidence counts of new cases de-
tected in each inter—observation time interval. Analyzing this type of time series data is
challenging since we must overcome many of the same challenges that we face in modeling
the transmission dynamics of infectious diseases in small population settings with prevalence
data — discrete snapshots of a continuously evolving epidemic process, detecting a fraction
of the new cases, and often directly observing only one aspect of the disease process. Further-
more, our task is made more difficult by the additional computational burden that results
from repeated evaluation of continuous time Markov chain (CTMC) likelihoods; the prod-
ucts of exponential waiting time distributions consist of polynomially increasing numbers of
terms, and agent—based data augmentation (DA) Markov chain Monte Carlo (MCMC) algo-
rithms become unwieldy as the numbers of subject—path proposals required to meaningfully

perturb the CTMC likelihood get large [74].

In this chapter, we show how the LNA of Section 2.1.4 can be adapted to obtain approx-
imate inference for SEMs fit to epidemic count data in large populations. Our contributions
are threefold: First, we demonstrate how the SEM dynamics should be reparameterized so
that the LNA can be used to approximate transition densities of the counting processes for
disease state transition events. Second, we place the LNA into a Bayesian DA framework in
which latent LNA paths are sampled using the elliptical slice sampling (EliptSS) algorithm
described in [159]. This provides us with general machinery for jointly updating the latent

paths while absolving us of the de facto requirement that the emission probability distribu-
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tion to be Gaussian in order to preserve computational efficiency as in [68, 128, 186, 187]
to avoid the need for intensive particle filter methods as in [93]. Finally, we introduce a
non—centered parameterization (NCP) for the LNA that massively improves the efficiency of
our DA MCMC framework and makes it tractable for fitting complex models.

Section 4.2 presents the methods developed in this chapter. Sections 4.2.1, 4.2.5, and 4.2.3
introduce the data and models in the context of fitting a susceptible-infected—recovered (SIR)
model to negative binomially distributed incidence counts. Sections 4.2.4, 4.2.5 derive an
LNA that is appropriate for fitting SEMs to incidence data by reparameterizing the stochastic
differential equation (SDE) representation of a SEM to represent the latent incidence process,
and then obtaining the LNA for the reparameterized system of SDEs. Section 4.2.6 further
develops the LNA framework to facilitate efficient MCMC. Simulations and model diagnostics
are presented in Section 4.3, and an analysis of incidence data from the 2014-2015 Ebola

outbreak in West Africa is presented in Section 4.4.
4.2 Fitting Stochastic Epidemic Models via the Linear Noise Approximation

For clarity, we will present the algorithm for fitting SEMs via the LNA in the context of
fitting the SIR model to negative binomial distributed incidence counts. We will, however,
provide notation where appropriate so that the generality of the algorithm should be ap-
parent. The SIR model is an abstraction of the transmission dynamics of an outbreak in
a closed, homogeneously mixing population of N exchangeable individuals who are either
susceptible (5), infected, and hence infectious, (I), or recovered (R). It is important to
note that the model compartments refer to disease states as they relate to the transmis-
sion dynamics, not the disease process. Thus, an individual is considered to be recovered
when she no longer has infectious contact with other individuals in the population, not when
she clears disease carriage. As another example, the susceptible-exposed—infected-recovered
(SEIR) type models, which we will consider in later sections, add an exposed, but not yet
infectious, compartment for latent infection. The latent period may vary across populations

with different contact dynamics, even though we might expect the incubation period of the



78

pathogen to be consistent across populations.

4.2.1 Measurement Process and Data

Incidence data, Y = {Y3,...,Y.}, arise as increments of the numbers of new cases accumu-
lated in a set of time intervals, Z = {Z;,...,Z;, : Z, = (t;_1,t¢]}. In outbreak or surveillance
settings, we do not typically believe that every case is detected since individuals may be
asymptomatic or may escape detection. Let N¢ = (N§;, Nfz) denote the counting process
for the cumulative numbers of infections (S — I transitions) and recoveries (I — R tran-
sitions), and let AN¢(t,) = N¢(t;) — N(t;,_1) denote the change in cumulative numbers of
transitions over Zy; so, AN, (t,) is the incidence over (¢,_1,t,]. We might choose to model the
number of observed cases as a negative binomial sample of the true incidence with detection

rate p and over—dispersion parameter ¢. Thus,

Yi|ANS;(te), p ~ Neg.Binom.(ue = pAN§, (te), 07 = pie + 1 /). (4.1)

There are two minor points that we wish to make before proceeding. First, we have
allowed for the possibility that cases are over—reported. This is not a necessary assumption
for any of the subsequent results. It is also not unreasonable when studying outbreaks
in large populations where the “fog of war” might lead to inflation of reported incidence
or misclassification of individuals whose symptoms are similar to the disease of interest.
Allowing for the possibility of over—reporting is also not particularly problematic when the
detection probability is low since the emission densities will have negligible mass above the
true incidence. The second point is that we are making this modeling choice with an eye
on the compatibility of the emission distribution with the eventual LNA approximation,
which takes real, not integer, values. The negative binomial distribution is well defined for

non-integer values of its mean parameter.
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4.2.2  Latent Epidemic Process

The SIR model is often expressed in terms of compartment counts, X¢ = {S¢ ¢, R}, that

evolve in continuous time on state space

Sg(:{(lamﬂ”b)il,m,ne{O,...,N}, l—|—m+n:P}'

We will make the (not particularly limiting) modeling choice to express the waiting times
between disease state transitions as being exponentially distributed. Thus, X evolves ac-
cording to a Markov jump process (MJP). If our data had consisted of prevalence counts
that reflect the number of infected individuals at each observation time, we might have cho-
sen to approximate transition densities of the MJP for X in the usual way that appears in

128, 68, 187].

However, incidence data record a fraction of the new infections in each inter—observation
interval, and thus reflect increments in the sample paths of counting processes that evolve
as individuals transition among disease states. In our setting, the emission probabilities for
incidence data, e.g., (4.1), depend on the change in N§; over the time interval (t,_1, %], not
on the change in I over the interval. It would be incorrect to treat incidence as simply the
difference in prevalence. We could easily conjure up a scenario where there are positive num-
bers of infections, but where the prevalence, discretely observed, does not appear to change
due to an equal number of recoveries. We need to construct the LNA that approximates
transition densities of N¢ in order to correctly specify the sampling distribution in terms of

changes in cumulative incidence.

The cumulative incidence process for infections and recoveries, N¢, is a MJP with state
space

S]CV = {(Jak) 1g k€ {07"'vN}>X<NC(jak>) ESX}a

which is the set of non—decreasing cumulative incidence counts that do not lead to invalid

prevalence paths (e.g., if there more recoveries than infections). Let 8 denote the per—contact
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infection rate, and p denote the rate at which each infected individual recovers. The rate at

which N°¢ transitions from state n to n’ is

Asr = BSI, n = (nsr,nir), n' = (ns;r + 1,n1r), and ngr +1 < P,
P

Ann = Arr=pl,  n=(nsy,nr), n' = (nsr,nr +1), and nip + 1 < P, (4.2)

0, for all other n and n'.

4.2.8  Tractable Approximations for Intractable Likelihoods

Our goal is to infer the posterior distribution of the latent epidemic process, N¢, along with
its parameters and those that govern the sampling distribution, 8. Since the latent epidemic
process is a Markov process, the complete data likelihood in the posterior decomposes into

a product of emission probabilities and transition densities,

(0, N°Y) o« L(Y|N€¢ 0)r(N°|0)7(0)
L
— T Pr (Vi ANS, (1), 8) 7 (N(t0)nc(ts-1). 8) 7(6). (4.3)
=1

where 7(0) denotes the prior distribution of the model parameters. The challenge in sam-
pling from this posterior is that transition probabilities of N¢ are intractable due to the
dimensionality of the state space of N¢. Moreover, we cannot analytically integrate over the
latent epidemic process, except in trivial cases that are of little practical interest. In the
following subsections, we will obtain the LNA for transition densities of N¢ turning (4.3)
into a more computationally tractable product of Gaussian transition densities and emission
probabilities. As we shall see, this approximation of the complete data likelihood with a
Gaussian state space model will facilitate the use of efficient algorithms for sampling from

the approximate posterior.
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4.2.4  Diffusion Approximation

There are a variety of methods for arriving at the diffusion approximation for a MJP [78]). In
the interest of clarity, we follow [68, 92, 93, 222] and appeal to an intuitive, though somewhat
informal, construction of a stochastic differential equation (SDE) whose drift and diffusion
are obtained match the approximate moments of increments of the MJP path in infinitesimal
time intervals. This SDE is referred to as the chemical Langevin equation (CLE). We refer
to [78, 88, 216] for more detailed presentations of the following discussion.

Suppose that, at the current time, the compartment counts are given by X¢(¢) = x¢.
We are interested in approximating the numbers of infections and recoveries in a small time
interval, (¢,t + dt], i.e., N¢(t + dt) — N(¢). Suppose that we can choose dt such that the

following two leap conditions hold:

1. dt is sufficiently small that the X¢ is essentially unchanged over (¢,t + dt], so that the

rates of infections and recoveries are approximately constant:

AXE(H)) ~ A(XE(E), W € (t, ¢+ dt]. (4.4)

2. dt is sufficiently large that we can expect many disease state transitions of each type:

A(x(t)) » 1. (4.5)

Condition (4.4), which can be trivially satisfied by choosing d¢ to be infinitesimally small,
implies that the numbers of infections and recoveries in (¢, ¢ + dt] are essentially independent
of one another since the rates at which they occur are approximately constant within the
interval [88]. This condition also implies that the numbers of infections and recoveries in
the interval are independent Poisson random variables with rates A(x¢(¢)dt), i.e., N§;(dt) ~
Poisson(8S(t)I(t)dt) and Niz(t + dt) ~ Poisson(ul(t)dt). Condition (4.5), which we can

reasonably expect to be satisfied in large populations where transmission dynamics are near
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their deterministic ODE limits [216], implies that the Poisson distributed increments can be

well approximated by independent Gaussian random variables.

When (4.4) and (4.5) are satisfied, we approximate the integer—valued processes, X¢ and
N¢, with the real-valued processes, X and N. For the SIR model, the state space of X is

S¥={(l,m,n):l,mmnel0,N], l+m+n= P},
and the state space of N is
S]@ = {(]7 k) :j7k7 € [Oa N]a X(V]k) € S)]?}

In words, the state space of X will be the set of compartment volumes that are non—negative
and that sum to the population size, while the state space of N is the set of non—decreasing
and non—negative incidence paths, constrained so that they do not lead to invalid prevalence
paths (e.g., if at some point there are more recoveries than infections, which would lead to a
negative number of infected individuals). For now, we will ignore the constraints on S¥ and
S®. and approximate the changes in cumulative incidence of infections and recoveries in an

infinitesimal time step as
N(t + dt) — N(t) ~ X(X(¢))dt + A(X(2))Y2dt?Z, (4.6)
where A = diag (A(X)) and Z ~ MV N(0,I). This implies the equivalent CLE,
AN(t) = X(X(2))dt + A(X(t))Y2dWy, (4.7)

where the vector W, is distributed as independent Brownian motion, and A(X(t))"/? denotes

the matrix square root of A(X(?)).
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Reparameterizating the CLE in terms of incidence

We borrow from [31, 108] a reparameterization for X(¢) in terms of N(t), conditional on the
initial conditions X(¢) = X, and N(¢) = 0. Let A denote the matrix whose rows specify
changes in counts of susceptible, infected, and recovered individuals corresponding to one

infection or recovery event:

A= . (4.8)

Now, X is coupled to N via

X(t) = Xo + ATN(1). (4.9)
For the SIR model,
S(t) So — Nsi(t)
I(t) | = | lo+ Nsi(t) — Nir(t) |- (4.10)
R(t) Ry + Nig(t)
so we rewrite (4.7) as
dN(t) = A(N(2))dt + A(N(t))Y2dW, (4.11)
_ [ B(So = Nsr(t)) (Lo + Nsi(t) — Nig(t)) A
p(lo + Nyg(t))dt
ﬁ(SO —N5[<t)>([0 —i—NS[(t) —N[R(t)) 0 v AW
0 1(lo + Nig(t))

Log transforming the CLE

Changes in compartment volumes affect the rates, and hence incidence increments, mul-

tiplicatively. Therefore, we would like for perturbations about the drift in (4.11) to be
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symmetric on a multiplicative, not an additive scale, which leads us to log transform (4.11).
Let N = log(N+1) = N = exp(N) — 1. By It6’s lemma [164], the corresponding SDE
for N is

AN(t) = diag <exp(—1<1(t)) - o.5exp(—2f<1(t))) A <exp(1<1(t>) - 1) dt +
ding (exp(~N(1))) A (exp(R(1)) - 1)1/ Caw, (4.12)

— p(N(t))dt + ®(N(t))/2dW, (4.13)

4.2.5 Linear Noise Approximation

In Section 2.1.4, we followed [68, 92] in obtaining the LNA for SDEs of the same form
as (4.13). Briefly, the derivation proceeded as follows: we first decomposed N into its
deterministic ODE limit and a stochastic residual. The SDE corresponding to (4.12) was
then Taylor expanded around its deterministic limit, discarding higher order terms, to obtain
a linear SDE for the residual. This linear SDE had an explicit solution as a Gaussian random
variable. As noted in [216], the LNA can reasonably approximate the stochastic aspects of
a density dependent MJP when conditions (4.4) and (4.5) are satisfied, at least over short
time horizons. Over longer time periods the approximation may deteriorate as departures
from the deterministic behavior of the system, which is determined by its initial conditions,
accumulate. One solution, proposed in [68, 153] and that we will adopt here, is to restart

the LNA approximation at the beginning of each inter—observation interval.

When we restart the LNA (4.13 at the beginning of each time interval, (t,_1,%,], we

obtain a Gaussian approximation for the transition density of N, which is of the form

N(te) [[(te-1),X(tr-1),0 ~ MVN (u(te) + m(fi(te1) — p(te1)), () (4.14)
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where p(-), m(-), and 3(-) are solutions to the coupled, non-autonomous system of ODEs,

O i), (415)
dm(t)

== = F()m(t), (4.16)
d=@) _ Ft)X(t) + S(OF )T + ®(t), (4.17)

dt

with respect to initial conditions N(¢,_1)

0, and where F(t) is the Jacobian (ani(“(t) R
w1 ) jer,.|N|

77777

0, X(te_l) = X(tg_l), m(tg_l) = 0, and E(t[_l) =
)

evaluated along the solution to (4.15).
Note that we never need to solve (4.16) since m(tg) = 0 implies that m(t,) =0Vl =1,..., L.

Approximating the transition densities of N using the LNA, (4.14), yields an approxi-
mation of the observed data likelihood in (4.3) in the form of a Gaussian state space model.

The augmented approximate posterior is

(N, 0]Y)L(Y [N, 0)1 nesry Lixeszy m(N|6)(6)

L
— [ TPr AR (), ) inapesty E xcesty TNt filte-1), (ke 1), 0)(6).
{=1

(4.18)

The emission probabilities in (4.18) depend on the incidence, not the log—incidence. Hence,
we exponentiate LNA paths when computing emission probabilities. We also explicitly in-
clude indicators for whether the LNA path respects the positivity and monotonicity con-
straints of the original MJP. We do this for two reasons: first, to more faithfully approxi-
mate the MJP, and second, to avoid numerical instabilities that arise when N or X become

negative and that can cause routines for numerically integrating the LNA ODEs to fail.

4.2.6 Inference via the Linear Noise Approximation

To this point, we have discussed how to approximate transition densities of a MJP via

the LNA. However, this is only half the battle since we must also address the computational
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aspects of sampling from the augmented approximate posterior (4.18). A central computation
challenge that plagues DA MCMC in weak data regimes is that MCMC chains may suffer
from severe autocorrelation when the algorithm alternately updates the latent variables given
the parameters, and parameters given the latent variables, see e.g., [18, 170, 171, 228]. As
we can see in Figure 4.1, a DA MCMC algorithm that alternates between updates to LNA
paths and model parameters is no exception.

This phenomenon of poorly mixing MCMC chains can be traced to the use of a centered
parameterization (CP) for the LNA in (4.18). The top plot in Figure 4.3, which depicts the
CP representation of an LNA path, provides some insight into why the CP leads to poor
MCMC mixing. Under the CP, updates to BIﬁ,Y are made conditionally on a fizred LNA
path. Therefore, proposed parameter values are accepted depending on whether they are
concordant with the data and the current path. Small perturbations to model parameters
can result in shifts of the LNA transition densities (grey densities) that would render the

current path (red points) unlikely under the proposal.

Ro
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Iteration

Figure 4.1: Posterior traceplots for parameters of interest for a single MCMC chain
of an SIR model fit to negative binomial distributed incidence data. MCMC targeted
the centered parameterization of the posterior (4.18), alternately updating the non—
restarting LNA for N\B, Y via elliptical slice sampling, and 9|N, Y via a multivariate
random walk Metropolis algorithm. Ry = SN /u is the basic reproductive number,
1/p is the mean infectious period duration, and p is the mean case detection rate.
The true values (red lines) of Ry, 1/u, and p were 3.5, 7, and 0.5, respectively.
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Non—centered parameterization

We can improve MCMC mixing by decoupling the latent process from the model parameters
in the model hierarchy. We do this by using a non—centered parameterization (NCP) of
the log—incidence process, which is a deterministic mapping of standard normal random
variables, Z ~ MV N(0,I), onto an LNA path (Figure 4.3; bottom plot). The variables,
Z, are a priori independent of the model parameters. Let N(t;) ~ MV N (u(t;), B(t;) and
Z(t;) ~ MV N(0,I). The NCP is given by (,Z), and we map Z onto N via

N(te) £ W(te), Wte) = palte) + S(te) *Z(to). (4.19)
Our MCMC targets the joint posterior of the parameters and non—centered LNA draws,
(0, Z[Y)ocL(Y|doLNA(Z, 0, 1)) 1 (n(z.6 1)est) L (x(z.0.1)es2, T (Z)7(6). (4.20)

We will denote by N(Z,0,Z) and X(Z, 6,T) the incidence and prevalence sample paths that

are output by the doLNA procedure, which is presented in Algorithm 8.

Algorithm 8 Mapping standard normal draws onto LNA sample paths.
1: procedure DOLNA(Z,0,T)
2:  initialize: X(t;) « Xo, N(tg) < 0, N(to) < 0, p(ty) < 0, S(ty) < 0
3 for /=1,...,L do
4 w(te), 3(ty) < solutions to (4.15) and (4.17) over (t,—1, /]
5: N(t) « p(te) + S(t)V2Z(t,) = non—centered parameterization
6
7
8
9

~

N(te) <« N(tgfl) + eXp(N(tg)) -1
restart initial conditions: N
X(tg) « X(te—1) + AT(N(t;) — N(to_1)), N(t) < 0, p(ty) < 0, X(t;) < 0
: return = return incidence and/or prevalence sample paths

10 N ={N(to),N(t),....,N(t;)}, X = {X(to), X(t1), ..., X(t)}

In each iteration of our DA MCMC algorithm, we alternate between updates to Z|0,Y
and 0|Z,Y. In contrast with the CP, updates to model parameters depend only on the
likelihood of the data, not on the joint likelihood of the data and LNA draws. Hence, an
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update to the model parameters need only concord with the current path insofar as the data
are likely under the current path. Furthermore, updates to model parameters under the NCP
also perturb the LNA path, even as the LNA draws are clamped to their current values (i.e.,
parameter updates shift the grey densities in the top plot of Figure 4.3 while the red dots
identify the LNA path on the new, shifted LNA densities). The NCP also stabilizes updates
of Z]6,Y since we can make large perturbations to Z and be assured that the proposed
LNA path will be concordant with the data since the LNA draws do not affect the sequence
of LNA transition densities that is induced by the model parameters (i.e., updates to LNA

draws only change the placement of the red dots in the bottom row of Figure 4.3).

Figure 4.1 shows traceplots of model parameters for one of MCMC chains for an SIR
model fit to Poisson distributed incidence data using the CP. Each MCMC chain was run
for 2.5 million iterations, following a tuning run of equal length, but each chain only yielded
an effective sample sizes in the low double digits for the basic reproduction number and
infectious period duration. In contrast, the NCP yielded effective sample sizes per—chain of
between 500-700 for each of the model parameters in only 50,000 iterations that followed a
short tuning run of equal length. Figure 4.2 shows the traceplot for one of the NCP MCMC

chains, which mixes quite well.

The NCP of the LNA also plays an important role in enabling efficient updates of Z|0,Y
via the elliptical slice sampling (ElliptSS) algorithm of [159], which was detailed in Section
2.2.1 and is presented in Algorithm 9. ElliptSS is an efficient and easy to implement MCMC
algorithm for sampling latent Gaussian random variables, Z, in models where the posterior

of can be decomposed as the Gaussian prior for Z and likelihood, L(Y|Z,0), i.e.,

(0, Z|Y)x L(Y|Z,0) MV N(Z; iz, 7). (4.21)

The target posterior under the LNA NCP, (4.20), is of this form, regardless of whether the
LNA is restarted at the beginning of each inter—observation interval, as in [68], or the non—

restarting version is used as in [128]. Note that the CP cannot be expressed as a jointly
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Figure 4.2: Posterior traceplots of parameters of interest sampled by a single
MCMC chain of an SIR model fit to Poisson distributed incidence data. MCMC
targeted the non—centered parameterization of the posterior 4.20, alternately up-
dating Z|0,Y via elliptical slice sampling, and 0|Z,Y via a multivariate random
walk Metropolis algorithm. Ry = SN/ is the basic reproductive number, 1/u is
the mean infectious period duration, and p is the mean case detection rate. The
true values of Ry, 1/u, and p were 3.5, 7, and 0.5, respectively.

Gaussian collection of random variables with complete data likelihood of the form (4.21)
when we use the restarting version of the LNA. Although each transition density, (4.14), is
itself Gaussian, the joint LNA path, N, is not a priori Gaussian when the LNA ODEs are
restarted since the mean of N(#,) depends non-linearly on the value of N(¢,_;). The quality
of the LNA approximation is known to degenerate over long time intervals. Restarting the
LNA ODEs has been established to improve the approximation when analyzing time series
data of non-negligible length [68, 77, 85, 153]|. Hence, use of the NCP is critical to enabling
the use of ElliptSS for jointly updating of Z|0,Y when using the restarting version of the
LNA.

We note that the elliptical slice sampling Algorithm 9 differs slightly from, but is equiv-
alent to, the algorithm in [159] regarding how the initial proposal is made. The original
algorithm was modified so that the distribution of angles for accepted proposals would be
symmetric about zero to facilitate tuning of the initial bracket width. We have found that

shrinking the initial bracket width often improves computational efficiency when fitting more
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Centered parameterization: N | 6 ~ MVN (u(6), 2(0))
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Figure 4.3: Centered (top) and non-centered (bottom) parameterizations of an
LNA incidence path. In the CP, the log—incidence is normally distributed with
mean and covariance obtained by solving the LNA ODEs, (4.15) and (4.17). In
the NCP, the log—incidence is a draw from a standard normal distribution that is
deterministically mapped to a sample path via the doLNA algorithm. In both the
CP and NCP, the state at the end of each interval determines the initial conditions
of the LNA ODEs for the next interval. Plots of CP LNA transition densities are
rescaled for clarity.
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complex models. This is discussed further in Section B.1.

Algorithm 9 Sampling LNA draws via elliptical slice sampling.

1: procedure boELLIPTSS(Z.y,0,Y,Z,w = 27)
2: Sample ellipse: Z,., ~ N(0,I)
3: Sample threshold: u|x ~ Unif(0, L(Y|doLNA(Z .y, 0,7)))
4: Position the bracket and make initial proposal:

Y ~ Unif (0, w)

Ld,(——w; R¢<—L¢+T/J
¢ ~ Unif(Ly, Ry)

5: Set Z' — Zcyy cos(P) + Ziprop sin(¢).

6: if L(Y|doLNA(Z',0,7)) > u then accept Z’
7: return Z'

8: else

9: Shrink bracket and try a new angle:

10: If: ¢ <0 then: Ly, < ¢ else: Ry« ¢
11: Qb ~ UHif(L¢, R¢)

12: GoTo: 5

Initializing the LNA draws

In simple models, reasonable parameter values will generally lead to valid LNA paths for
initial Z ~ MV N(0,1), i.e., paths that satisfy the monotonicity and positivity conditions,
and thus have non—zero likelihood. However, this is not necessarily the case for complex
models with many types of transition events, or when the time-series of incidence counts
is long. One option is to include a re-sampling step after line 6 in Algorithm 8, in which
Z(t,) is redrawn in place until the conditions for a valid path over the interval are met. It is
important to note that such a procedure does not sample from the correct distribution since
Z is not actually a truncated multivariate Gaussian. To correct for this, we will “warm—up”
the LNA path with an initial run of ElliptSS iterations in which the likelihood only consists
of the indicators for whether the path is valid. Note that ElliptSS, or any other valid MCMC

algorithm for updating Z|0,Y, will never lead to an invalid LNA path being accepted if the
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current LNA draws and model parameters correspond to a valid path. Similarly, updates to

model parameters conditional on LNA draws will also preserve the validity of LNA paths.

Parameter updates

Each MCMC iteration will consist of a number of ElliptSS updates, typically one but pos-
sibly 2-3 for complex models, followed by a set of parameter updates. We will generally
use either a global adaptive random walk Metropolis algorithm (Algorithm 4 in [11]) or
the adaptive multivariate normal slice sampler (MVNSS) presented in Section 2.2.1. In
models where the initial state, X, is not fixed, we will assign a strongly informative prior
Xo ~TMV Nsr (N p, N(diag(p) — ppT)), which is a truncated multivariate normal approx-
imation to a multinomial with initial state probabilities, p, constrained to the state space of
compartment volumes. We update X, jointly with the LNA path via ElliptSS. Additional
details are presented in Section B.2.

We have found it helpful, for the purpose of assigning sensible priors to model parameters
and for improving MCMC mixing and convergence, to parameterize the estimation scale on
which the MCMC explores the parameter space in terms of how the parameters directly
affect the model dynamics. For the SIR model, this might mean re-expressing the model
parameters in terms of the basic reproductive number of an outbreak, R0 = SN /u, and the
recovery rate, p. Additionally, we would like our estimation scale to be unconstrained and
therefore sample (and either accept or reject) values for log(R0) and log(x). The importance

of appropriately parameterizing the estimation scale is discussed at length in Section B.3.

4.2.7 Implementation

The algorithms for approximate inference via the LNA and ODE models are implemented
in the stemr R package, which is available from the following stable GitHub repository:
https://github.com/fintzij/stemr. The implementation is flexible and provides facilities
for specification of arbitrary SEM dynamics, a variety of emission probability distributions,

and capabilities for accommodating time—varying covariates, time—varying parameters, and
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deterministic forcings. Computationally intensive operations are implemented in C++ via
Repp and ReppArmadillo [65, 66]. ODE integration functions are dynamically compiled in
C++ with the help of the odeintr R package [120] and ODEs can be integrated using a

variety of methods available in the 0deint C++ library [4].

4.3 Simulations

4.8.1 Motivating Use of the LNA — Comparison with Common SEM Approximations

The LNA is by no means the only approximation of the transition density of the MJP rep-
resentation of a SEM. In the following subsection, we will illustrate why the LNA is an
attractive choice, balancing computational cost with fidelity of the MJP approximation. We
benchmark the LNA against two commonly used approximations of the MJP: the determin-
istic approximation given by a system of deterministic ODEs that are the functional infinite
population limit of the MJP [78], and a discrete-time approximation of the MJP using
a multinomial modification of the 7-leaping algorithm (MMTL) [31] to simulate epidemic
paths within a particle marginal Metropolis-Hastings (PMMH) framework [10]. The ODE
approximation was chosen because of its ubiquity in the study of epidemic modeling, while
the MMTL approximation in combination with PMMH was chosen because of a straight-
forward and general implementation in the popular pomp package in R [125]. Arguably, the
MMTL approximation is closer to the original MJP than the LNA since it preserves the
discreteness of the latent state space, while the ODE approximation, being deterministic, is
further removed from the MJP.

The fidelity of each approximation to the original MJP depends on the population size
and the epidemic dynamics. In relative terms, outbreaks with explosive dynamics in large
populations will tend to deviate less from their infinite population deterministic limits than
outbreaks that occur in small populations, that are less contagious, or that are characterized
by uncertainty in the probability and timing of a major outbreak. We fit SIR models to 500

datasets simulated under a range of SIR dynamics. Each dataset is simulated by drawing
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the model parameters from a set of prior distributions, simulating an outbreak via Gillespie’s
direct algorithm [87], and finally simulating the dataset as a negative binomial sample of the
true incidence. Datasets arising from outbreaks that died off immediately were discarded
and re-simulated, while datasets arising from outbreaks lasting longer than 50 epochs were
truncated at 50 observations. SIR models were then fit via the LNA, ODE, and MMTL ap-
proximations under the priors from which the parameters were drawn. The simulation was
repeated under three different regimes for the population size and the initial number of in-
fected individuals, reflecting different levels of initial stochasticity in the epidemic trajectory.
The priors and population sizes (Table 4.1) were chosen because they were typical of set-
tings in which the methods might reasonably be applied, e.g., the population sizes are not so
big that the outbreaks would evolve deterministically, nor so small that the approximations
would be unreasonable. All individuals who were not initially infected were susceptible at the
start of each outbreak (i.e., no individuals with pre-existing immunity). The population sizes
and initial conditions were fixed at their true values. Hence, the only model misspecification
was in the approximation used for the latent epidemic process. Additional results and details
about the simulation setup are provided in Section B.5. We also performed four analogous
supplementary simulations, with similar results, where we generated datasets under fixed

parameter regimes (presented in Section B.6).

Results

This simulation was designed to be generous to the approximations that were used in fitting
SEMs to the simulated data. The initial compartment counts and true population sizes
were known, and there was no misspecification with respect to either the sampling model
or the epidemic dynamics. Despite this, the ODE models struggle to reliably recover the
true parameters, particularly those governing the sampling process. As shown in Figure
4.4, coverage of credible intervals for ODE models was low for all model parameters, and
this was only somewhat mitigated as the population size increased. Coverage of credible

intervals for models fit via the LNA and via MMTL were close to the nominal 95% levels



95

Table 4.1: Population sizes, initial conditions, and priors under which datasets
were simulated. Five hundred datasets were simulated for each of the population
size regimes. Each outbreak was simulated from a MJP with SIR dynamics. The
observed incidence was a negative binomial sample of the true incidence in each
inter—observation interval.

Regime 1 Regime 2 Regime 3

Population size (V) 10,000 50,000 250,000
Initial infecteds (Iy) 1 5 25
Parameter Interpretation Prior Median (95% Interval)
Ry—1 Basic reproduction # - 1 LogNormal(0, 0.5 = Ry = 2.00 (1.38, 3.66)
1/u Mean infectious period LogNormal(-0.7, 0.35) 1.43 (0.72, 2.84)
p/(1—p)  Odds of case detection LogNormal(0, 1) = p= 0.5 (0.12, 0.88)
0] Neg.Binom. over—dispersion Exponential(0.1) 6.93 (0.25, 36.89)

for all model parameters in all three population size regimes. The distributions LNA point
estimates and credible intervals were also similar to MMTL point estimates and credible
intervals for all parameters at all three population sizes. Further inspection of the relative
posterior median deviations indicate that the ODE estimates are less precise, and credible
interval widths tend to be narrower than credible intervals obtained with the two stochastic
approximations. This is in agreement with findings by other authors who have found that
ODE models tend to underestimate uncertainty in epidemic dynamics (see e.g., [123]). Taken
together, these results suggest that the LNA is, at least in this simple example, about as
good at approximating the original MJP as is the more exact MMTL.

We note that these results are not intended to suggest that there is no place for ODE
models in the computational toolbox of disease modelers. To the contrary, when time is of
the essence, as in an outbreak setting, crude estimates via the ODE may be obtained quickly.
We also have found ODE models to be extremely useful in exploring complex models and
iterating through SEM parameterizations in order to identify a parameterization that allows
for efficient MCMC mixing. Average ODE run times were substantially shorter than LNA
and MMTL run times and required far less CPU time per effective sample (see Table 4.2).
This is helped by the fact that ODE models they lend themselves to analytic characterizations
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of various aspects of the outbreak dynamics, e.g., relating the final outbreak size to the basic

reproductive number (see, e.g., [9, 33, 119]).

In this simple simulation, the LNA and MMTL approximations had comparable compu-
tational performance, with the LNA perhaps being somewhat faster, but also with the caveat
that comparing the ODE/LNA approximations with the MMTL approximation on the basis
of computational performance is a bit misleading since the comparison would have turned
out differently had we made other choices for the LNA and MCMC settings (e.g., timestep
of MMTL, number of particles in PMMH, or tuning the initial EllipSS bracket width for the
LNA). The important point to make regarding computational performance is that as model
dynamics get more complex and the time series get longer, approximations, such as MMTL,
that are used within a particle filter framework, such as PMMH, will become computation-
ally infeasible. In many cases, the lack of an adequate model from which to simulate particle
paths will lead to issues of particle degeneracy and an inability to fit even simple models
(see [74] for an example). Indeed, PMMH was abandoned as a computational strategy for
analyzing Ebola data in later sections because of difficulty fitting SEMs with reasonable
effort. However, as we shall see in the following sections, the LNA remains performant even

as the model dynamics become more complex.

Table 4.2: Run times, effective sample sizes, and relative geometric mean (GM)
log—posterior effective sample size (ESS) per CPU time for models fit via the ODE,
LNA, and MMTL approximations. Run times and ESS are computed over all chains.
The GM log—posterior ESS/CPU time was computed over the five chains for each
model and divided by the corresponding GM ESS/CPU time for the MMTL model.
We report 50% (2.5%, 97.5%) quantiles of the CPU time, ESS, and relative GM
ESS/CPU time.

ODE LNA MMTL
CPU time (minutes) 0.42 (0.23,0.64)  27.78 (12.03, 56.25)  86.96 (40.47, 159.68)
Effective sample size 5745 (4557, 6616) 4067 (346, 11313) 6834 (3764, 11879)

GM ESS/CPU time vs. MMTL 180 (90, 350) 1.87 (0.14, 8.84) —
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4.83.2  Assessing Model Fit

Although model assessment is not the focus of this work, we emphasize the importance of
diagnostics and briefly present several in—sample diagnostic tools that can be used to inter-
rogate SEMs fit via the LNA. We highlight the following diagnostics because they are easily
implemented post-hoc and require little effort beyond caching random quantities through-
out the MCMC run. We do not delve into out-of sample diagnostics that could be used
to assess the utility of a model for forecasting because proper predictive diagnostics involve
recursively re-fitting the model and forecasting new data (see [172, 104]). This is infeasible

in our setting due to the computational burden of fitting each model.

One of the central objectives in infectious disease modeling is to estimate the severity
and duration of an outbreak [142]. However, the true epidemic path is not observed so it is
impossible to check whether it is captured by the latent posterior. This, of course, assumes
that the latent process is itself identifiable, which may not be the case when estimating the
effective population size (this is discussed in Section B.4). Similarly, we cannot typically
check that the distribution of expected observed incidence actually captures the true mean
incidence we would expect to observed in we knew the true incidence (note that pNy e is
always identifiable in the models we consider). A standard alternative is to check whether

the observed incidence is captured in the posterior predictive distribution.

The partial posterior predictive distribution, shown in the middle plot of Figure 4.5, is
the predicted observed incidence, conditional on the outbreak being distributed according
to the epidemic paths that we believe to be likely given the data at hand (i.e. the latent
posterior). Here, new data are sampled using the posterior distribution of the observation
model conditionally on the paths in the latent posterior sample. Hence, for replication j, we

simulate

Y9 ING, 0, ~ Neg Binom. (e = p9 (NG (1) = N (te1)) 0 = e+ 153/61)
(4.22)
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where Ng}st and 6, are the 4t posterior samples for the latent path and model parameters.

The full posterior predictive distribution, shown in the right plot of Figure 4.5, is the
predicted observed incidence, integrated over the predicted latent incidence given the current
data. Under the full posterior predictive distribution, new data are sampled by simulating
a new latent path under the posterior distribution of the epidemic model parameters, and

then simulating a new dataset conditionally on the simulated path. So, for replication j, we

simulate
Z9) " N(0,1), NY) = doLNA(ZY) 6% T), (4.23)
Y9 ING,, 85, ~ Neg.Binom. (sue = p (N (t0) = NG (te-1) ) 0F = e + 2 /6)
(4.24)

where Zﬁjg)p is a new vector of LNA draws.

The full posterior predictive distribution provides a diagnostic for whether the joint model
for the latent epidemic process and the observation process is reasonable as a data generating
mechanism. In contrast, the partial posterior predictive distribution is useful for qualitatively
assessing the adequacy of the emission distribution. Note that, when simulating from the
full posterior predictive distribution, the replicated paths must still satisfy the constraints

on the state space of N and X. We can sample from the approximate posterior predictive

distribution using the procedure described in Section 4.2.6 to avoid rejection sampling.

In addition to validating a particular model, we can also use posterior predictive distri-
butions to compare models. Figure 4.6 compares posterior predictive p—values (PPPs) and
relative posterior predictive interval (PPIs) widths for two SIRS models (discussed further in
Section 5.2) that were fit to data generated from an SIRS model with time—varying dynamics.
The posterior predictive distribution of the more flexible model, which assigned a Gaussian
Markov random field shrinkage prior to the time—varying basic reproduction numbers in the
model, produces more accurate predictive intervals (most PPPs between 0.25 and 0.75, and

fewer PPPs near 0 or 1) has substantially narrower PPI widths (almost all dots are red,
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Posterior incidence, posterior mean observed incidence,
partial posterior predictive, and full posterior predictive distributions
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Figure 4.5: From left to right, the posterior incidence, posterior mean observed
incidence, partial posterior predictive, and full posterior predictive distributions.
The true incidence is the dashed red line in the leftmost plot and the observed
incidence counts are the solid green dots in the right two plots. The solid red line is
the true mean observed incidence, given by the true incidence multiplied by the case
detection probability. The shaded bands, in order of lightest to darkest, correspond
to pointwise posterior 95%, 80%, and 50% credible intervals, with the pointwise
posterior median given by the corresponding colored solid line.

many are dark red).

We are also interested in understanding the extent to which the data (and boundary
conditions on the latent process) suggest that there should be an excess or dearth of infections
and recoveries beyond what we would expect under the LNA prior. Figure 4.7 shows the
posterior distributions of LNA draws for an SIR model, along with theoretical quantiles
of the posterior predictive distribution and empirical quantiles of the posterior predictive
distribution, accounting for boundary conditions. The distribution in each interval, Z,, is
shaded by the posterior shrinkage, defined as s, = 1 — g,, where oy is the posterior standard
deviation of the LNA draws over Z,. Note that the posterior predictive distribution is the
same as the LNA prior.

To the extent that the emission distribution is correctly specified, discrepancies between
the prior and posterior distributions of LNA draws can point to intervals where the data

are informative, intervals over which the prior and posterior are in conflict, or possibly a
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Figure 4.6: Comparison of models with time—varying and constant force of in-
fection using posterior predictive p-values (PPPs) and relative posterior predictive
interval (PPI) widths. Each point corresponds to the observed incidence in a given
week. The X-Y coordinates give the PPPs under a model with a time—varying force
of infection (FOI), where RO was modeled as a Gaussian Markov random field of
order one, the PPP under a model with constant per—contact infection rate. The
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combination of influential observations and model misspecification. An important feature of
the NCP of the LNA transition density is that it standardizes the latent posterior so that we
can interpret contractions of the posterior, vis—a—vis the LNA prior, as pointing to intervals
where the data add information. Shifts of the posterior, absent contraction, point to intervals
over which the model dynamics do not explain the observed incidence. If we were to examine
the CP of the LNA posterior, it would be difficult to identify shifts and contractions due to

the mean—variance relationship of LNA transition densities.

Figure 4.7 shows pronounced shifts and contractions at the beginning and end of the
outbreak. During those periods, the MJP used to simulate the outbreak is both far from
its deterministic limit and is not yet well approximated by the LNA. Data at the start of
the outbreak are also highly informative about the timing and intensity of the exponential
growth phase of the epidemic, and hence its dynamics. In contrast, during the exponential
growth and decay of the outbreak, the LNA posterior is concordant with the prior. At times
when we observe a contraction with little shift in the posterior, we would conclude that
the data are informative but do not suggest model misspecification. Finally we note that
the boundary conditions on the latent state space have little effect the posterior predictive
distribution of the latent process, except at the beginning of the outbreak (though if we would

expect to see similar behavior if we extended the right tail of the observation window).

Finally, we can assess whether the model captures the temporal dependencies in the
data by computing summary statistics for the observed incidence and posterior predictive
incidence. A variety of summary statistics are presented in the supplement of [123], which
are computed and compared for the observed and predicted data. These include the lag
1 autocorrelation (ACF) and the detrended autocorrelations at lags 1, 2, and 3. We will
also consider the partial autocorrelation function (PACF) of the log-transformed data. The
PACF is a measure of the residual autocorrelation at a particular lag, adjusting for the

linear dependencies on the intermediate variables, and is useful in identifying the order of
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Figure 4.7: Posterior distributions of the LNA draws for infections and recoveries
in an SIR model (blue boxplots). The lower and upper whisker tips correspond to
the 2.5 and 97.5*" posterior quantiles, the lower and upper hinges to the 25 and
75" quantiles, and the middle hash mark to the posterior median. The solid red lines
are the theoretical quantiles of the posterior predictive distribution (or equivalently,
the prior distribution) of the LNA draws, drawn at the quantiles of a standard
normal distribution corresponding to the boxplot quantiles. The green ticks are
the estimated quantiles of the posterior predictive distributions of the LNA draws,
accounting for boundary conditions on the state space of the latent process and
obtained by simulating LNA paths from the posterior predictive distribution. The
posterior distributions of LNA draws are shaded according to the level of posterior
shrinkage, computed as one minus the ratio of standard deviations of LNA draws in
the posterior and prior.
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an autoregressive process [34]. We compute the PACF of Y = log(Y +0.5) at lag k as

Oz(l) = Cor (?(t),?(t+1)> s (425)

Of(k) = COI' (?(t+k) — PrOj(t7k) (?(H*k‘)) s ?(t) — PrOj(t’k) <?(t))) s (426)

~

where the constant 0.5 is added to stabilize the logarithm for zero counts and Proj, (Y ;))
is the projection of \?(j) onto the span of ?(tﬂ), o, Yuip-1) (N.B. this is equivalent to

regressing ?(j) on Y1), Y(4h-1))-
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Figure 4.8: Distributions of partial autocorrelations at lags 1, 2, and 3 for datasets
generated under the full and partial posterior predictive distributions. Vertical red
lines are the partial autocorrelations for the observed incidence data at the respective
lags.

The distributions of PACFs for the full and partial posterior predictive distributions
inform us about whether the temporal structure of the data is reflected in the posterior. A
reasonable data generating mechanism should produce data replications that have similar
autoregressive structure as the observed data. We might worry about whether the model fails

to explain residual dependence in the data if we find that the partial autocorrelation of the
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data at a particular lag is an outlier with respect to the predictive distribution. This would
be particularly concerning if the partial predictive PACF distribution which is conditioned
on the data did not reflect the autoregressive structure of the data, especially if it occurs at
lag 1, since this would suggest that the emission distribution is misspecified. Figure 4.8 shows
the PACFs generated from the full and partial posterior predictive distributions along with
the partial autocorrelations for the observed data. As we expect, since there was no model
misspecification, the residual autocorrelation structure in the data appears to be captured

by the model.

4.3.3 A Stratified SEIR Model for a Simulated Outbreak

In the next section, we will jointly model the spread of Ebola in Guinea, Liberia, and Sierra
Leone during the 2014-2015 outbreak. To do so, we will fit a stratified SEIR model that
allows for country specific epidemic dynamics, and transmission between the countries. It
should go without saying that this model (or any model), despite being fully stochastic in
all aspects of the measurement and epidemic process, is still an overly simplistic abstraction
of the outbreak with respect to some obvious and potentially important complexities, e.g.,
spatial heterogeneity and time varying dynamics. However, it is a good starting point and
is non—trivial to fit due to the number of parameters and size of the latent space. Moreover,
this simulation will allow us to work with the diagnostics discussed in the previous subsection
to develop better intuition for the strengths and weaknesses of the model.

We simulated data from a three country SEIR model, diagrammed in Figure B.5, and de-
scribed briefly below, with additional details in Section B.7.1. The simulation was designed
to crudely reflect the Ebola outbreak in West Africa and allowed for cross—border transmis-
sion via the migration of infected individuals between countries. The three countries differed
in their true and effective population sizes, times at which transmission commenced, epi-
demic dynamics, and case detection probabilities. We included a single change—point for the
basic reproductive number for Guinea at 33 weeks since the outbreak duration was longest

in that country. The change in transmission dynamics coincided roughly with the WHO
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declaration of a state of emergency in early August 2014 and the closures of country borders
with Liberia and Sierra Leone [52]. The outbreak was simulated from a MJP via Gille-
spie’s direct algorithm [87] using the parameters in Table B.17 and the rates in Table B.19.
The observed incidence was a negative binomial sample of the true incidence with the case

detection probability varying across countries, but with the same value of over—dispersion.

We fit a stratified SEIR model to the simulated data that was largely the same as the
model used in simulating the data, except with respect to migration of infected individuals
from one country to another. In this example, as we would expect for the real-world Ebola
outbreak, transmission to susceptibles was largely driven by contacts with natively infected
individuals within the same country. Here, we approximate the contribution of cross—border
transmission to the local force of infection by replacing migrations of infected individuals
with virtual migrations that modify the effective number of infected individuals in a country.
Hence, we replace the rates at which individuals become infected in country A and import

infections from countries B and C,

)‘éE(t) = 5ASA[A]1{t>t5‘}7 (4.27)

/\jIBA@) - aB]B]l{tztg‘}]l{gtg}a )‘?A<t) = aC]C]l{t>t64}]l{t>toc}a (4.28)
with the approximate rates,

)\glE = BASA (IA + QBA]BIL{tZt(I)B} + OéCA]C]l{tztg}> ]].{t>t0A} (4.29)

ABA = \04 — 0, (4.30)

where (34 is the per—contact rate of infection in country A, a are parameters for rates of
real or virtual migration of infected individuals from countries B and C, t; is the time at
which transmission was assumed to commence in each country. We note that the models are
approximately equivalent to the extent that the infectious period durations in each country

are similar and that the contribution to the local force of infection from other countries is



107

ATE(2)
NGy T
GUINCA (G) B ey I Liberia (L)
' @/\gE(t) N\ KI\//\?R Q @AQE@)@\ Ner o\ Ar_
o)~ (o)) (fe ===y
TR NS(8) o
X[qG(t) \:i: . /,///:/)\SL(w

.............................................................................

Figure 4.9: Diagram of state transitions for a stratified SEIR model fit to a sim-
ulated Ebola outbreak in Guinea, Liberia, and Sierra Leone. Dotted boxes denote
countries, nodes in circles denote the model compartments: susceptible (S), exposed
(E), infectious (I), recovered (R). Compartments are subscripted with country indi-
cators. Solid lines with arrows indicate stochastic transitions between model com-
partments, which occur continuously in time. Dashed lines indicate virtual migra-
tions, where infected individuals in one country contribute to the force of infection in
another country but do not migrate. Rates at which individuals transition between
compartments are denoted by A and are subscripted by compartments and super-
scripted by countries, e.g., )\g g is the rate at which susceptible individuals become
exposed in Liberia, )\fG is the rate at which an infected individual in Sierra Leone
migrates to Guinea. The rate at which susceptibles in Guinea become infected is
time varying with one change—point at 33 weeks. Transmission in Liberia and Sierra
Leone commenced at 10 and 19 weeks, respectively. Full expressions for the rates
are given in Table B.20.
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relatively minimal. The upside is that the quantities, agslg and acalc, are interpretable as
the effective number of infected individuals from countries B and C with whom susceptibles in
country A come into contact. The approximate model is also more computationally tractable
since we have fewer ODEs to solve in the LNA approximation and fewer boundary conditions
on the LNA state space. Finally, the approximate model is arguably more appropriate from
the standpoint of the LNA approximation since the rates of infectious migration events are
low. The full model with explicit migration was fit as a supplementary analysis and yielded
generally similar results (see Table B.22), other than cross—border transmission parameters,
which were poorly estimated.

Before proceeding, we pause to note that the effective population size and case detection
probability and effective population size are only weakly identifiable in this model. Rather,
the mean case detection rate, pN,q;, is estimable because of its relationship to the true and
observed outbreak sizes. In practice, we require prior information about either p or Nyq; in
order to estimate the parameters separately. This is discussed further in Section B.4.

We fit the model using a combination of weakly informative priors for the adjusted
reproductive numbers, informative priors for the latent period durations, infectious period
durations, and cross—border transmission parameters, and diffuse priors for the measurement
process parameters and effective population sizes (Table B.17). The 95% credible intervals
contained the true values (Figure 4.10) for all parameters, or identifiable functions as for
the case detection rate. We essentially recover the priors for parameters that were assigned
informative priors.

Although the latent epidemic process is not identifiable in this model, we recover, for
the most part, the mean incidence we would have expected to observe if the true incidence
were known (Figure 4.11). The partial posterior predictive distributions capture the ob-
served incidence curves, suggesting that the emission distribution adequately described the
sampling process for the observed incidence, conditional on the latent incidence being dis-
tributed according to its posterior. The full posterior predictive distributions for Guinea

and Sierra Leone suggest that the model may be a reasonable data generating mechanism
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for the outbreaks in those countries. However, the full posterior predictive distribution for
Liberia predicts slower dynamics than were actually observed, which is reflective of an es-
timated adjusted reproductive number for Liberia that was somewhat lower than the true
value. There is also some residual autocorrelation in the log transformed data for Liberia
that was not well captured in the posterior predictive distributions (Figure 4.12), unlike
Guinea and Sierra Leone. Finally, the posterior distributions of the LNA draws suggest that
the LNA approximation might not fully account for the uncertainty in the latent epidemic
process, particularly in Guinea and Liberia. This is expected since the effective population
sizes were not particularly large and the data included incidence from the beginning and
end of the outbreak, when the relative stochasticity was large. The posterior LNA draws for
Guinea, which had the smallest effective population size, are more variable than we would
expect under the LNA prior. The posterior and posterior predictive draws for Liberia exhibit
systematic deviations from normality during the periods when transmission commenced and

tailed off.
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Posterior mean observed incidence, partial posterior predictive,
and full posterior predictive distributions
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Figure 4.11: From top to bottom, the posterior mean observed incidence, partial
posterior predictive, and full posterior predictive distributions. The solid red line
is the incidence we would expect to observe if we knew the true incidence. Green
points correspond to the observed incidence. The shaded bands, in order of lightest
to darkest, correspond to pointwise posterior 95%, 80%, and 50% credible intervals,
with the pointwise posterior median given by the corresponding colored solid line.
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Posterior predictive partial autocorrelations

Guinea
Lag 1 Lag 2 Lag 3
2000 ag ag ag
1500 |
. 1000 £
= 500 =
g 0
) 2000 g
-t
1008 5
0.6 0.7 0.8 0.9 -0.2 0.0 0.2 0.4 -0.50-0.250.00 0.25
Partial autocorrelation
Liberia
Lag 1 Lag 2 Lag 3
1200
800 e
B 400 =
= 0
S 1000 &
500 =
0 =
0.900.920.940.96  -0.2 0.0 0.2 0.4 -0.4 -0.2 0.0 0.2
Partial autocorrelation
Sierra Leone
Lag1 Lag 2 Lag 3
900
» 600 5
= 300 =
= 0
S 1000 g
500 g.

0.85 0.90 0.95 -0.20.0 0.2 0.4 -0.4-0.2 0.0 0.2
Partial autocorrelation

Figure 4.12: Distributions of partial autocorrelations at lags 1, 2, and 3 for datasets
generated under the full and partial posterior predictive distributions. Vertical red
lines are the partial autocorrelations for the observed incidence data at the respective
lags.
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4.4 Application: Modeling the Spread of Ebola

We now turn our attention to modeling the 2013-2015 Ebola outbreak in the West African
countries of Guinea, Liberia, and Sierra Leone. Our objective will be to describe the transmis-
sion dynamics of the outbreak, and in particular to estimate the basic reproductive number.
The data, shown in Figure 4.14 and described in Section 1.3.2, consist of national case counts
from the World Health Organization patient database consisting of weekly confirmed and
probable Ebola cases [224]. Individuals were classified as suspected cases if they presented
with Ebola—like symptoms and had contact with a suspected, probable, or confirmed case of
a dead or sick animal. Probable cases consisted of suspected cases who were evaluated by a
clinician, or who had died but were epidemiologically linked to confirmed cases. A confirmed
case was defined as a suspected or probable case testing positive for Ebola virus RNA or
IgM Ebola antibodies [52]. For the purpose of this analysis, we will lump together confirmed

and probable cases.

Confirmed and probable cases of Ebola in West Africa, December 2013 - June 2015
Guinea Liberia Sierra Leone
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Figure 4.14: Weekly incidence of confirmed and probable cases of Ebola in Guinea,
Liberia, and Sierra Leone.
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4.4.1  Country—Specific and Joint Models for Ebola in West Africa
Country—specific models

A typical first step in learning about the overall outbreak dynamics is to separately model
the incidence data from each country. This is less challenging than fitting a joint model
that incorporates cross—border transmission since each model will have fewer parameters
and a smaller latent state space. Furthermore iterating through simplified models is helpful
in identifying parameterizations that simplify the posterior and that will enable us to fit
a more complicated joint model discussed in the next section (see Section B.3 for further

discussion MCMC parameterization).

We fit separate SEIR models, diagrammed in Figure 4.15, to the incidence data from each
country using both the LNA and ODE approximations. Transmission was modeled in Liberia
beginning March 2, 2014, and in Sierra Leone from May 4, 2014, corresponding to three weeks
prior to the first confirmed or probable cases in those countries. Phylogeographic models fit
to viral sequence data collected during the outbreak suggested that Guinea experienced re—
importation of Ebola throughout the outbreak from Liberia and Sierra Leone [63]. Therefore,
we included a single change-point for the adjusted reproductive number for Guinea to account
for possible changes in the outbreak dynamics. The change—point was set to August 10,
2014, two days after the WHO declared an international state of emergency, and one day
after borders were closed with Sierra Leone and Liberia [52]. The force of infection in each
country included a constant term for infectious contact from outside the population. To
account for the small scale of each outbreak relative to the population size in the country,
we estimate the effective population size as a parameter in the model. The number of
susceptible individuals is then equal to the effective population size, minus the numbers of
exposed, infected, and recovered individuals. The implications of this choice for identifiability
of parameters and the latent epidemic process are discussed in Section B.4. To complete the
model specification, the observed incidence was modeled as a negative binomial sample of

the true incidence in each inter-observation interval, as in (4.1).
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Guinea (G) Liberia (L)
Mgt G A : AL AL AE

Figure 4.15: Diagram of state transitions for SEIR models fit to Ebola incidence
data from Guinea, Liberia, and Sierra Leone. Dotted boxes denote countries, nodes
in circles denote the model compartments: susceptible (S), exposed (E), infectious
(I), recovered (R). Compartments are subscripted with country indicators. The
number of susceptible individuals is equal to the effective population size, estimated
as a parameter in the model, minus the numbers of exposed, infected, and recovered
individuals. Solid lines with arrows indicate stochastic transitions between model
compartments, which occur continuously in time. Rates at which individuals transi-
tion between compartments are denoted by A and are subscripted by compartments
and superscripted by countries, e.g., )\gE is the rate at which susceptible individ-
uals become exposed in Liberia. The rate at which susceptibles in Guinea become
infected is time varying with one change-point at 33 weeks. Transmission in Liberia
and Sierra Leone commenced at 10 and 19 weeks, respectively. Full expressions for
the rates are given in Table B.24.
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Table 4.3: Population sizes for Guinea, Liberia, and Sierra Leone [207], and times
at which within—country transmission was assumed to begin. Week zero was the time
at which transmission was assumed to commence in each country, and corresponded
to the first reported case in Guinea, and to three weeks prior to the first reported
cases in Liberia and Sierra Leone.

Guinea Liberia Sierra Leone
True population size (N) 11.8 million 4.4 million 7.1 million
Week zero (epiweek, 2014) 2 12 21

We fit the models under identical sets of informative priors, listed along with references
in Table B.26, for parameters governing the outbreak dynamics, and diffuse priors for pa-
rameters governing the emission distribution, including the effective population sizes. The
priors for adjusted reproduction numbers, and sojourn time distributions in the exposed and
infectious compartments were based on previously published estimates. The prior for the
baseline rate of infectious contact from outside the population reflected our assumption that
there were probably fewer than a dozen (two dozen under the more diffuse prior regime)
transmission events per 1,000 infected individuals outside the country. This was based in
part on results published in [63], who estimated between one-half to two dozen reintroduc-
tion events, depending on the country, between April 2014 and May 2015. We were agnostic
in our priors for the mean case detection probability, effective population size, and the over-
dispersion parameter in the emission distribution. The prior for the detection probability
reflected our belief that a case was unlikely to be detected with probability nearly equal to
zero or one, but also our uncertainty about the reliability of published estimates. Our pri-
ors for the effective population sizes were uniformly distributed between the total observed
incidence and one quarter of the population in each country. Results for a supplementary

model, fit under more diffuse priors for the outbreak dynamics, are presented in Table B.29.
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A joint model for the spread of Ebola in West Africa

An inherent limitation of the country-specific SEIR models is that they cannot capture the
time—varying interactions between countries resulting in cross—border transmission. This
would still be the case, even if we had allowed the force of infection from outside each to
be time-varying, since the exogenous rates of infection were divorced from the outbreak
states in the neighboring countries. Hence, we also fit a country—stratified SEIR model,
diagrammed in Figure 4.9, with cross-border transmission modeled via virtual migration
of infectious individuals using the LNA and ODE approximations. The model allowed for
country-specific outbreak dynamics and emission distributions. As with the country-specific
models, transmission was assumed to commence in Liberia at the beginning of March 2014,
and in Sierra Leone at the beginning of May 2014, and a change-point in the basic repro-
ductive number for Guinea was set at the beginning of August 2014. The observed incidence
in each country was again modeled as a negative binomial sample of the true incidence, with
country-specific mean detection probabilities and over—dispersion parameters. We fit the
model using the same informative priors for the rate and cross—border transmission parame-
ters as the country-specific models (summarized and sourced in Table B.35). MCMC details
are presented in Section B.8.2. Supplementary results for a model using more diffuse priors

for the outbreak dynamics are presented in B.38.

4.4.2  Results
Country—specific and joint models fit via the LNA

Estimates of Ebola transmission dynamics obtained using the country-specific and joint SEIR
models (Table 4.4) are consistent with previously published results obtained with stochastic
models fit to aggregate incidence data [51]. We find that there is significant variability in
the outbreak dynamics among the three countries. The adjusted reproduction number was
highest in Liberia, followed by Sierra Leone, and then Guinea. The mean sojourn times

in the exposed and infectious compartments were shorter in Sierra Leone than in Guinea
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and Liberia, which were more similar to estimates in the literature [212]. The contribution
to the force of infection in Guinea from infected individuals in Liberia and Sierra Leone in
the joint model, or generically in the country-specific model, was higher than the exogenous
contributions to the force of infection in the other countries. This is consistent with findings

that Ebola was re-introduced to Guinea at various times throughout the outbreak [63].

The rate of infectious contact from cross—border transmission in the joint model was
tightly constrained in the prior, with 95% of the mass below twelve effective infected individ-
uals per 1000 foreign infecteds. However, even this modest level of cross—border transmission
led to discernible differences in estimates of the outbreak dynamics. Estimates of the ad-
justed reproduction numbers were lower, and mean sojourn periods in the exposed and
infected states were shorter, under the joint model than estimates obtained from country-
specific models. The starkest differences were in posterior estimates of the baseline rate of
infectious contact (for the country-specific models) and the rates of cross—border infectious
contact (for the joint model). In the country-specific models, the baseline rate of infectious
contact barely contributed to the force of infection, effectively equivalent to thousandths of
an additional infected at each point in time. This is an artifact of the external rate of in-
fection being constant throughout the outbreak, and decoupled from the prevalence in other
countries. This rate was forced to be small in order to time the exponential growth phase of
the outbreak, which meant that persistence of the outbreak was driven by within—country
infectious contacts. One consequence of this was that estimates of the adjusted reproductive
number in Guinea after August 10, 2014, was higher than before that date. This might be
surprising given that various control and response measures were implemented in the summer
of 2014 [52]. In contrast, the joint model allows the force of infection arising outside each
country to vary over time along with the prevalence in neighboring countries. This enables
the joint model to explain the major outbreak in Guinea, beginning in the summer of 2014,
as the results of cross—border transmission rather than, with high probability, an up—tick in

the rate of infectious contact.

The country-specific models and the joint model exhibit similar, reasonably good per-
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formance in reconstructing the observed outbreak peaks in Guinea and Liberia, as well as
the exponential growth and decay in the observed incidence curves. However, both models
perform poorly for Sierra Leone. The joint model, in particular, exhibits several indications
that point to severe model misspecification. First, the full posterior predictive distribution
for Sierra Leone (Figure 4.17) suggests that the model underestimates the incidence during
the first six months of the outbreak, and overestimates the observed incidence in the last
six months. The posterior predicted incidence appears to not only miss the mark when
considered point-wise, but also fails to match the curvature of the data. This is confirmed
by the distribution of posterior predictive partial autocorrelations at lag 1, which indicates
that the model is producing much stronger first order autocorrelations from week—to—week
than were observed in the data (Figure B.31). When we compare the posterior predictive
p—values for the two models (Figure 4.20), we see that the observed data are not as unlikely
under the country-specific model for Sierra Leone vis—a—vis the joint model. However, this
appears to largely be the results of wider PPI widths as the country-specific model exhibits
the same failure to reconstruct the autocorrelation structure of the data as does the joint

model (Figure B.17).

The posterior distributions of the LNA draws for the joint and country-specific model
identify the early weeks of the outbreak in Sierra Leone as exhibiting the most severe misspec-
ification (Figures B.18 and B.32). Both models indicate that there should be substantially
more exposures a posteriori than we would expect under either model. The posterior dis-
tributions of the LNA draws for the weeks just after the peak of the outbreak in Sierra
Leone (around January, 2015) also indicate fewer exposures than are expected under ei-
ther the joint or country-specific model (i.e., that the outbreak is dying off sooner than
expected). There are two explanations for this behavior, possibly both correct. First, it is
likely that the distribution for compartment counts in Sierra Leone at the start of the mod-
eling period in that country was misspecified. In particular, we probably assumed that there
were too few initially infected and exposed individuals, which would explain both the exces-

sive rate of exposure early on, and the unexpected dearth of exposures after the outbreak
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peak (the result of having to interrupt dynamics under which sustained transmission would
otherwise be expected). Assigning a more diffuse prior the initial compartment volumes
would be an appropriate way to remedy the problem. For example, we could allow for some
over—dispersion in the initial compartment volumes by using the normal approximation to
a dirichlet—multinomial distribution instead of the normal approximation to a multinomial
(Section B.2).

In addition to misspecification of the initial distribution for Sierra Leone, the rate of
infection from outside the country could also be misspecified. This rate is modeled differently
in the joint model, where it covaries with the prevalence in neighboring countries, than in the
country-specific model, where it is more nearly constant. It is possible that tying the rate of
cross—border transmission to the prevalence in neighboring countries is having the effect of
depressing the adjusted reproduction number in order to match the timing of the exponential
growth of the outbreak. Transmission in Guinea and Liberia was ongoing at the beginning
of the modeling period for Sierra Leone. Therefore, the rate of cross—border transmission
might be too high and artificially depressing the adjusted reproduction number. One solution
might be to reparameterize the model so that the rate of cross—border transmission into each
country is tied to the adjusted population size in that country, as opposed to having it be a

normalized rate of importation per number of infected individuals in neighboring countries.

Comparison with ODE models

The estimated latent and infectious period durations in single country models were longer
under the ODE, particularly in the case of Sierra Leone. This resulted in higher estimates
of the adjusted reproduction number under the ODE, again in particular for Sierra Leone.
Estimates obtained using the ODE and LNA are more similar for the joint models than
for the country-specific models. Similar to findings in [123], posterior predictive intervals
produced by ODE models are generally narrower than the corresponding predictive intervals
produced by their stochastic counterparts (Figure 4.21). The ODE posterior predictive p—
values for Guinea and Liberia are generally comparable, though the the data fall slightly
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farther in the tails of the ODE PPIs for Liberia. The LNA PPIs for Sierra Leone under
the joint model are narrower at the peak of the outbreak and wider during its exponential
growth and decay. Note that we should not over—interpret the posterior predictive diagnostic
and conclude based on the posterior predictive p—values that the sub—model for Sierra Leone
is necessarily a better fit for the data. The incidence paths in the posterior predictive
distributions of ODE models are still conditioned on the data, whereas the paths in the full
posterior predictive distributions of LNA models are not. The partial posterior predictive
distributions for the LNA models clearly seem to match the data better than the posterior

predictive distributions under the ODE, even for Sierra Leone.
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Figure 4.16: Partial and full posterior predictive distributions for country-specific
SEIR LNA models for the West Africa Ebola outbreak. Green points correspond to
the observed incidence. The shaded bands, in order of lightest to darkest, correspond
to pointwise posterior 95%, 80%, and 50% credible intervals, with the pointwise
posterior median given by the corresponding colored solid line.

Full and partial posterior predictive distributions for a joint West Africa LNA Ebola model
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Figure 4.17: Partial and full posterior predictive distributions for a stratified SEIR
LNA model for jointly modeling the Ebola outbreak in West Africa. Green points
correspond to the observed incidence. The shaded bands, in order of lightest to
darkest, correspond to pointwise posterior 95%, 80%, and 50% credible intervals,
with the pointwise posterior median given by the corresponding colored solid line.
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Posterior predictive distributions for single country ODE Ebola models
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Figure 4.18: Partial and full posterior predictive distributions for country-specific
SEIR ODE models for the West Africa Ebola outbreak. Green points correspond to
the observed incidence. The shaded bands, in order of lightest to darkest, correspond
to pointwise posterior 95%, 80%, and 50% credible intervals, with the pointwise
posterior median given by the corresponding colored solid line.
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Figure 4.19: Partial and full posterior predictive distributions for a stratified SEIR
ODE model for jointly modeling the Ebola outbreak in West Africa. Green points
correspond to the observed incidence. The shaded bands, in order of lightest to
darkest, correspond to pointwise posterior 95%, 80%, and 50% credible intervals,
with the pointwise posterior median given by the corresponding colored solid line.
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Figure 4.20: Comparison of country-specific and joint SEIR models for Ebola using
posterior predictive p-values (PPPs) and relative posterior predictive interval (PPI)
widths. The top row compares country-specific and joint models fit via the LNA,
while the bottom row compares deterministic country-specific and joint models fit
using ODE. Each point corresponds to the observed incidence in a given week. The
X-Y coordinates give the PPPs of the data under the country-specific and joint
models, respectively. The size and color of each point corresponds to the relative
PPIwidth, computed as (5" TP ecif ic—&;gi?fﬁ) / G;Zife, and the sign of the relative
width is further emphasized by the shape of the point. Dots indicate that PPIs for
country-specific models are wider, while triangles corresponds to observations for
which the PPI produced by the joint model was wider.
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Figure 4.21: Comparison of SEIR models for Ebola fit using the LNA and ODE
using posterior predictive p-values (PPPs) and relative posterior predictive interval
(PPI) widths. The top row compares LNA and ODE country-specific models, while
the bottom row compares LNA and ODE joint. Each point corresponds to the
observed incidence in a given week. The X—Y coordinates give the PPPs of the data
under LNA and ODE, respectively. The size and color of each point corresponds
to the relative PPI width, computed as (ngg"t’f - Aéﬁg‘t,g) /8;’;‘;576, and the sign of
the relative width is further emphasized by the shape of the point. Dots indicate
that PPIs under the ODE are wider, while triangles corresponds to observations for

which the PPI produced by the LNA is wider.
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4.5 Discussion

We have presented a framework for efficiently fitting SEMs to partially observed incidence
data that is appropriate in large population settings where the time-evolution of the MJP
can reasonably be approximated by LNA transition densities. The framework is neither
specific to a particular set of model dynamics, nor is it dependent on the particular emission
distributions that we used in the examples explored in this work. Therefore, it is possible
to incorporate a SEM approximated via the LNA as part of a larger model in which mul-
tiple data streams, including incidence data, are synthesized to more precisely estimate the
transmission dynamics of an outbreak. One advantage in our approach is that we can obtain
approximate estimates of SEM parameters that appropriately account for the stochastic as-
pects of the MJP without resorting to computationally intensive simulation-based methods.
Thus, we are able to fit relatively complex models that are fully stochastic in all aspects of
their transmission dynamics, such as the one used to jointly model the 2013-2016 outbreak

of Ebola in Guinea, Liberia, and Sierra Leone.

Our main contributions in this work were to demonstrate how a SEM can be reparam-
eterized to admit latent epidemic paths that are compatible with emission distributions for
incidence data, and how the LNA approximation can be reparameterized to take advantage
of efficient MCMC machinery that can accommodate non—Gaussian emission distributions.
We showed in simulations with simple SIR models, which are often used as building blocks
in more complex models, that SEMs approximated via the LNA were comparable to those
approximated using MMTL, and vastly outperformed ODE approximations that are still in
common use. Moreover, the computational advantage of the LNA allowed us to fit a rel-
atively complex model, that we were unable to fit using MMTL within a pseudo-marginal
framework, to data from the Ebola outbreak in West Africa. We also presented interpretable
and easily implemented model diagnostics that we were able to lean on for diagnosing model

misspecification in our Ebola models.

While this work has addressed various aspects of how to efficiently fit models that can be
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used to describe the transmission dynamics of an outbreak, there are also several important
issues regarding the application and scientific validity of these models that we have not
addressed in depth. Critically, it is frequently, if not universally, unreasonable to assume
that the transmission and surveillance dynamics are constant over time. We will address
this issue in the next chapter, where we will fit models with time—varying dynamics. Other
topics that we have not covered, in part because of the complexity and breadth of the work
already presented here, are formal assessments of the predictive performance, issues of model
selection, and the effects of model misspecification beyond the use of the LNA to approximate

the MJP representation of a SEM.
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Chapter 5

MODELS WITH TIME-VARYING DYNAMICS FOR
PANDEMIC A(H1N1) INFLUENZA IN FINLAND

5.1 Overview

To this point, we have largely worked with stochastic epidemic models (SEMs) where the
transmission dynamics of an outbreak are time-homogeneous. This may be reasonable for
short outbreaks in closed, relatively “well-mixed” populations, and is often an attractive
modeling choice as SEMs with static dynamics are easier to interpret and fit. However, it is
often difficult to justify the assumption that transmission dynamics are time—homogeneous
given the temporal duration and spatial extent of the outbreaks settings in which incidence
data arise. In particular, we should allow for the possibility that changes in environmental
factors, spatio—temporal heterogeneity in the contact patterns of subpopulations as they
are exposed, or behavioral responses might alter the transmission dynamics. Furthermore,
we are often interested in understanding the effects of time—varying interventions, such as

vaccination campaigns, on the transmission dynamics.

In this chapter, we will demonstrate how the linear noise approximation (LNA) and
ordinary differential equation (ODE) SEM representations can be used to fit models with
time-varying dynamics. Section 5.2 presents a motivating example that illustrates the im-
portance of allowing for the possibility of heterogeneity in the outbreak dynamics. We then
develop in Section 5.3 an age—vaccination stratified SEM with time—varying dynamics for the
spread of pandemic A(HIN1) influenza in Finland. We will analyze incidence data, described
in Section 1.3.3, from two epidemic seasons. Our goals will be to quantify the transmission
dynamics of the outbreak, to estimate the true incidence, and to understand what effect a

national vaccination campaign had in mitigating the outbreak severity.
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5.2 On the Importance of Allowing for Time—Varying Dynamics

A critical aspect of modeling outbreaks over multiple seasons is that we must account for
changes in rates of infectious contacts both within, and between, seasons. The decline in
transmission at the end of one season may be attributable, in some combination, to stochastic
extinction, a decline in the rate of infectious contact, and a reduction in the effective number
of susceptible individuals via immunity acquired from natural exposure or vaccination. It
is difficult to explain the emergence of the second season without allowing for stochastic
reemergence, changes in the force of infection (FOI), or waning immunity. Put another way,
it is highly unlikely an outbreak that died off in a population protected by herd immunity

would reemerge absent changes in FOI or repletion of susceptibles in the population.

Before delving into details of how we intend to accommodate time—inhomogeneity in
the outbreak dynamics, we briefly highlight why we should bother. To make the point, we
compare results for two SIRS models fit to incidence data simulated from an SIRS model
where the rate of infectious contact varied sinusoidally over the course of two epidemic waves
(depicted in Figure 5.2). While both models allowed for loss of immunity, the per—contact
infectious rate was held constant in one model, and in the other was allowed to vary in time,
with changes penalized via a first order Gaussian Markov random field (GMRF) shrinkage
prior (details presented in Sections 5.3 and C.1). We used the LNA framework developed in
Chapter 4 to fit both models.

Although both models are misspecified vis—a—vis the data generating model, the model
with time-varying dynamics is clearly better able to describe the dynamics of the outbreak
(Figures 5.1 and 5.2). The model with time-homogeneous dynamics fails to recover the static
parameters governing the outbreak dynamics and sampling process, whereas the model with
time varying dynamics is able to recover the true parameter values used to simulate the data.
In particular, it is troubling that the time-homogeneous model is unable to recover the mean
duration of immunity and the case detection rate. The model allowing for time—varying

dynamics also does a much better job at estimating the basic and effective reproduction
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numbers, and is also able to recover the true incidence. In contrast, the model with homo-
geneous dynamics fails to accurately estimate the basic and effective reproduction numbers
between seasons and during the second wave. It also completely fails to capture the inci-
dence during the second wave. Finally, the posterior predictive distributions for the model
with time—varying dynamics are more accurate, and more precise, than posterior predictive

distributions for the model with homogeneous dynamics (Figures 5.2 and 5.3).
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Figure 5.1: Posterior distributions of SIRS model parameters fit to data from an
outbreak with time-varying dynamics. From left to right: 1/u, the mean infectious
period duration; 1/w, the mean duration of immunity; p, the mean case detection
rate; ¢, negative binomial overdispersion parameter; oy rr, standard deviation of
log—differences of time—varying basic reproduction numbers. True values are given
by solid red lines and priors by dashed green curves. Solid grey lines are posterior
medians, and shaded regions correspond to 95% Bayesian credible intervals.
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Figure 5.3: Comparison of models with time—varying and constant force of in-
fection using posterior predictive p-values (PPPs) and relative posterior predictive
interval (PPI) widths. Each point corresponds to the observed incidence in a given
week. The X-Y coordinates give the PPPs under time—varying dynamics and time
homogeneous dynamics, respectively. The size and color of each point corresponds
to the relative PPI width, computed as (8;3?;’2““ - 8&%@"’? ) ApGojgsz , and the sign
of the relative width is further emphasized by the shape of the point. Dots indicate
that PPIs with constant FOI are wider, the lone triangle corresponds to the one

data point where the PPI for the model with time—varying FOI was wider.
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5.3 Modeling the Spread of A(H1N1)pdm09 in Finland

5.3.1 Data and Vaccination

We will model the time series of weekly incidence among youths (Y), ages 0-19, and adults
(A), ages 20+, over a one year period beginning in epiweek 15, 2009, one month prior to
the first observed case in the first season, and a 42 week period beginning in epiweek 33,
2010, corresponding to the start of the 2010-2011 Finnish school year [1]. Data from the
inter—season period, epiweeks 15-32, 2010, were aggregated over the inter—season period and

accrued at epiweek 33, 2010. We denote the data as,

Y = (Yya,Yan), - s YWz Yase) s (YW, Yan) oo (Yys, Yaus))

where the index corresponds to weeks elapsed from week zero, i.e., epiweek 15, 2009. The
observed incidence in age-stratum j at week ¢ is modeled as a negative binomial sample of

the latent incidence

Yj ¢ ~ Neg.Binom (/w = pj <AN$L (te) + ANS,, (te)> , 0% = e+ M?,z/cbj) : (5.1)
where Ng?j (t¢) is the cumulative incidence in age stratum j € {Y, A} among individuals

with vaccination status k € {U,V}, p; is the age-specific mean case detection rate, ¢; is
an age—specific overdispersion parameter, and A is a difference operator for the cumulative
incidence in an age-vaccination stratum, e.g., ANg}?Y(Q) = Ng;?y(tg) — Ng}?y(tg,l) is the
change in cumulative incidence among unvaccinated youths between times t,_; and ¢,. Three
cases, two among adults and one among youths, were detected over the inter—season period

and were treated as if they were accrued at epiweek 33, 2010.
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5.3.2 Model Structure

We fit an age—vaccination stratified susceptible-infected—recovered—susceptible (SIRS) model
in which individuals transitioned stochastically, and continuously in time, between disease
states. Individuals were assumed to become infectious immediately upon becoming infected,
and acquire temporary, though potentially long lasting, protection upon recovery. Individuals
who lost immunity were assumed to become fully susceptible. We estimated the initial
number of susceptibles as a parameter in the model and assumed that individuals who were
not initially susceptible were detached (denoted, D) from the transmission processes but
could still be vaccinated. The implications of estimating the initial numbers of susceptibles
are discussed in Section C.5.4. Following [194], we assume a closed population and ignore
demographic changes or mortality. The model is diagrammed in Figure 5.5, and Table 5.1
lists the model parameters and their interpretations.

We take sojourn time in each disease state to be exponentially distributed and leverage
the exchangeability of individuals within the model to represent the time—evolution of the
epidemic as a Markov jump process (MJP),

X© = {S@, 1Y RY, DY, s 1 RY, DY, sW 1 RY, DY SY 1Y RY, Dﬁf’} :
where S j(k), 1 j(k), R;k), Dj(-k) are the numbers of susceptible, infected, recovered, and detached
(susceptible, but not part of the transmission process) individuals in age stratum j with
vaccination status k. The state space of X¢ is the set of compartment counts, §%. X¢
is also coupled to the cumulative incidence process N¢ on the state space of cumulative
incidence counts S§;, as described in Section 4.2.4.

The contact rate between individuals in age stratum j and age stratum k, denoted Cjy,
was based on estimated mean contact rates, appropriately standardized (see Section C.2),
from the Finnish arm of the POLYMOD survey [156, 157] and accessed via the socialmixr
R package [79]. Sixty percent of contacts in the 0-19 age group were from other individuals

age 0-19, while eighty—five percent of the contacts in the 20+ age group were from other
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Parameter Interpretation Time—varying
a;(t) Rate of exogenous infectious contact, age stratum j Yes
B;(t) Per—contact rate of endogenous infection, age stratum j Yes
v Rel. rate of infectious contact for vaccinated (1—VE for susceptibility) No
1/1; Mean infectious period duration, age stratum j No
1/w Mean duration of immunity No
P;j Mean case detection rate, age stratum j No
?; Negative binomial overdispersion parameter, age stratum j No
X(t) Compartment counts at time ¢ Yes
N(t) Cumulative incidence by time ¢ Yes
Variable Interpretation Time-varying
Yo Observed incidence, age stratum j, time ¢, Yes
T Observation times, numbered by week: {t;,: £=1,...,52,71,...,113} No
N Population size No
Nj(k)(tg) Size of age stratum j € {Y, A} with vaccination status k € {U,V} in week ¢ Yes
s Initially susceptible fraction of age stratum j, s; = SJ(-u)(to)/N;u) (to) No
Vi(te) # vaccine doses to individuals in age stratum j in week ¢ Yes
P?(ty) Vaccination coverage in age stratum j by week £ Yes
kﬁ))(t@) Vaccination forcing for compartment k in age stratum j in week /¢ Yes
ik Relative contact rate to age stratum j from stratum k No
Ro(t) Basic reproduction number at time ¢ Yes
Reyrs(t) Effective reproduction number at time ¢ Yes
To,;(¢) Basic type reproduction number at time ¢, stratum j Yes
Tefy;(t) Effective type reproduction number at time ¢, stratum j Yes
¥;(t) Intrinsic reproduction number at time ¢, stratum j Yes
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Figure 5.5: Diagram of state transitions for an age—vaccination stratified SIRS
model for influenza in Finland. Both age strata, 0-19 and 20+, have the same
compartmental structure. Nodes in circles denote model compartments, which are
subscripted with age stratum and superscripted with vaccination status. Solid lines
indicate stochastic transitions that occur continuously in time. Rates of disease state
transitions, denoted by A, are subscripted with the states from which, and to which,
individuals flow and by the age stratum. Superscripts for transition rates indicate
vaccination status. Dashed lines represent deterministic forcings from unvaccinated
to vaccinated compartments that occur at discrete times. The mass of the forcing
at time t, denoted £(t), is subscripted by the compartment and age stratum, and

superscripted by the direction of the forcing (unvaccinated to vaccinated). Individ-
uals in the detached compartments of age stratum j, denoted D](.u) and Dj(-v)

detached from the transmission process but may still be vaccinated.

, are
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adults. The rates, A = (Ay, A4), at which individuals in age-stratum j € {Y, A} transition

between disease states are

X525 = [as 0+ 850) (Con (£ + 1) + (1= o) (117 + 117) )| s

367,00 =[50 + 8500 (Coe (17 + 117) + (1= 030 (17 + 1)) ] 5,

X = Niag = l;" (5:2)
)‘5111%73‘ = lujI]('U)7

)‘%,j = ng'U)’

v (v
D

At weekly intervals, we deterministically force individuals from unvaccinated model com-
partments to the corresponding vaccinated compartments. Following [194], we assume that
vaccine doses were distributed proportionally to the number of individuals in each unvacci-
nated compartment of the corresponding age stratum. In [194], it was assumed vaccination
resulted in either full protection with probability 0.8, or no change in susceptibility with
probability 0.2, two weeks after vaccine administration. Here, we will assume that the vac-
cine is partially protective in that it reduces the rate at which vaccinated individuals become
infected. We do not assume that VE for susceptibility varies by age, and also do not model
vaccine efficacy for infectiousness or recovery due to the limited extent of the data. To ac-
count for the time required to elicit an immune response, we apply the deterministic forcing

at the beginning of the week after the time at which each dose count was indexed.

Algorithmically, the forcing of individuals from unvaccinated compartments to the cor-
responding vaccinated compartments is applied after sampling the latent path at the end of

each time interval. So, suppose that at the end of week ¢ there are

X () = (S8”(t), 17(t), B(t), DY (1)
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unvaccinated susceptible, infected, recovered, and detached individuals in age stratum 7 and

J

XJ(t) = (87700, 17 t0), w0, DYt

vaccinated individuals, and that Vj(¢,) vaccine doses were recorded for stratum j in that

week. The vaccination count will then modify the initial state for the following week,

(@)
X (¢
XO(5) = X(0) - V(1) L2,
N (k) (5.3)
X () = XW (1) + Vit )X§'u)(te> |
) = ¢ ¢ w
j j N]( )(te)

The procedure for mapping LNA draws onto an LNA path using the non—centered parame-
terization with vaccination forcings is given in Algorithm 11 (Section C.3). ODE paths are

obtained using a similar procedure by omitting the stochastic terms in the LNA.

Reproduction Numbers

The basic reproduction number, Ry, and its variants describe the propensity of an outbreak
to spread through a population [102, 209]. Ry is loosely interpreted as the average number
of secondary infections arising from a single infected individual in a completely susceptible
population. An outbreak will fail to sustain itself (almost surely when it evolves deter-
ministically, but in reality with high probability due to the inherently stochastic nature of
epidemics) when Ry < 1. For this reason, epidemiologists often quantify the effectiveness
of a control measure by estimating the extent to which the intervention reduces Ry. In
settings, such as this, where the force of infection also includes pressure from outside the
density dependent transmission process, e.g., due to importation of infection from outside
the population, we can interpret the basic reproduction number as an intrinsic reproduction
number [24]. From a modeling perspective, it is important to understand not only how Ry

affects the transmission dynamics, but also how various aspects of the model interact to
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affect Ry.

The basic reproduction number of a structured SEM can be obtained by computing the
spectral radius (absolute value of the dominant eigenvalue) of the next generation matrix
(NGM) for the linearized system of ODEs specifying the flow in and out of states at infection
(102, 208, 209]. Element (i, j) of the NGM gives the expected number of secondary infections
in age stratum ¢ given an index infection in stratum j. Noting that vaccinated and unvacci-
nated invididuals in this model are equally transmissive and have the same mean infectious

period durations, we obtain the age—structured next generation matrix

Cyvy By (N;u>+VYN}(}))> Cy 4By (Né,”)+uyN§/”>>

Kyy KYA Hy HA
K = - L (54)
Kyy Kag CayBa (NL“)+VAN§,“)) CaaBa (NXL)-*-VANIE\U))
By ra

The basic reproduction number is

1 1
Ry = ) (Kyy + Kaa) + 5\/(KYY — Kua)? + 4Ky aKay. (55)

Note that is possible for the outbreak to persist, i.e., Ry > 1, when the intrinsic reproduc-
tion number in one of the strata is below 1, e.g., Kyy < 1, even though most transmission
arises from within—group contacts. However, Ry < will be less than 1 if both Kyy < 1 and

KAA < 1.

When assigning priors for the intrinsic reproduction numbers, it is important to consider
that Kyy Kaa interact in a somewhat complicated way to induce a prior over the basic
reproduction number. Ry is greater than the average of intrinsic reproduction numbers, Kyy
and K44, since the second term on the right hand side of (5.5) will typically be positive.
Furthermore, Ry does not exactly behave like the average of intrinsic reproduction numbers
since the cross—stratum contact rates were negligible (C44 = 0.6, Cyy = 0.85). Rather, Ry

is proportional to the average of Kyy and K 44, plus a non—linear function of Kyy and K 44.
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5.3.83  Flexible Models for the Force of Infection with Gaussian Markov Random Fields

We will model the time-varying force of infection using first order GMRFs for the log intrinsic
reproduction numbers and the effective rate of exogenous infectious contacts in each age
stratum. The GMRFs are separately specified over three epochs corresponding to the period
one month before the first detected case until the start of the Finnish school year in 2009, the
beginning of the Finnish school year in 2009 until its start in 2010 (including the inter—season
period), and the second epidemic season beginning at the start of the Finnish school year,
2010. These epochs correspond to epiweeks 15, 2009 through epiweek 34, 2009, epiweek
35, 2009 through epiweek 32, 2010, and epiweek 33, 2010 through epiweek 22, 2011. We
will assume that the intrinsic reproduction numbers are homogeneous over the inter-season
period, from epiweek 16, 2010 — epiweek 32, 2010.

Let ¢; = {¢jo: £€0,...,52,71,...,112} be the vector of intrinsic reproduction num-
bers for stratum j € {Y, A}, ignoring the relative contact rates, Cj;, and vaccination. The

reproduction number in time interval ¢, indexed in weeks from epiweek 15, 2009, is

Bi(te) N;s;

Hj

Ve = (5.6)

where (3;(t¢) is the per—contact infection rate, p; is the recovery rate, N; is the size of the
age stratum, and s; is the fraction of individuals in stratum j that are susceptible.

When transmission is sustained at near—endemic levels, we should expect that the effective
reproduction numbers are near one, or perhaps slightly above. Let v be the relative rate
of infectious contact for vaccinated vis—a—vis unvaccinated individuals, i.e., one minus the
vaccine efficacy for susceptibility. The effective reproduction number, which accounts for the

effects of vaccination and depletion of susceptibles, is

Bi(te)s (S5 (0) + S (1))
1 '

il -

(5.7)

Assuming that vaccination does not increase the rate of infectious contact (and we will
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assume it does not), then 2/16” < 1, since v € [0,1] and Sj(-u)(tg) + Sﬁ”) (te) < Njsj. We
must account for this when specifying priors for the basic intrinsic reproduction numbers at
the start of each epoch. It would not be appropriate to assign a prior for the intrinsic basic
reproduction number at the beginning of the third epoch that nominally concentrates mass
near one since this would imply that the effective reproduction numbers are far below one due
to vaccination and depletion of susceptibles in the first wave of the outbreak. Our approach
will be to assign priors to the vaccination adjusted intrinsic reproduction numbers at the
beginning of each epoch, ¢, = 1, (1 — P} (t;) + vP}(t)), where P(t,) is the vaccination
coverage in stratum j at t,, £ = 0,19, 71.

We denote by A the first-order forward difference operator, i.e., AX; = X1 — X,;. We

will penalize the magnitude of week—to—week changes in the force of infection by assigning
a Gaussian prior with mean zero and variance a]ﬂ to the first-order differences in the log
intrinsic reproduction numbers for each age stratum in each epoch. The sub-model for

intrinsic reproduction numbers in stratum j is

log(¥5.0) ~ N (e, 730), ¢=0,19,71,
log(0j,0) ~ N(mje, 53 0), ¢=0,19,71,
Alog(1hje) ~ N(0,02,), (=0,...,17,
Alog(1je) ~ N(0, 7 19)5 £=19,...,51,
Alog(thje) ~ N(0,07 7)), £="71,...,111,
-1
log(v;,e) = log(¥;,0) + Z Alog (k) =1,...,18,
log(j,e) =log(¥j,10) + ), Alog(vj19+4k), £ =20,...,52,
log(,¢) = log(tj,71) Z log(¥j,714k): (=72,...,112.
Bi(te) = ¥j.eNj/uy, 0=0,...,52,71,...,112.

The induced GMRF prior for the vaccination adjusted basic reproduction numbers is

shown in Figure C.6. In practice, we will use the following partially non—centered parame-
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terization:
log(¥j.6) ~ N (e, 734), ¢=0,19,71,
Ziog(ay.e) ~ N(0,1), ¢=0,19,71,
Zatog(w;.) ~ N(0,1), 0=0,...,17,19,...,51,71,..., 111,
log(aj.e) = mje + 850 Z10g(0,.4)s =0,19,71,
Alog(v; ) = 05,02 A log(v;.0)s £=0,...,17,
Alog(¥je) = 05192 A 10g(v;.0)s ¢=19,...,51,
Alog(¥je) = a3, 71ZA10g(1pjz), £=171,...,111,
log(1;.6) = log(th.0) + Z Alog(¥j.r), (=1,...,18,
k=0
log(1;.6) = log(¥;.19) 2 Alog(¥j10+1), (=20,...,52,
log(),¢) = log(vj,m) + Z Alog(¥j71+k), (=72,...,112.
k=0
Bj(te) = j,eN;/ 1, 0=0,...,52,71,...,112.

We similarly assign a first order GMRF prior to the effective number of exogenous in-
fectious contacts for each age stratum (Figure C.7). Note that this term is somewhat of a
catch—all for infectious contacts that arise outside of the density dependent mixing of sus-
ceptible and infected individuals, and is loosely interpreted as either the baseline rate of
infectious contact or as the rate of infection from outside the population. Let o, = a;/Njs;
denote the rate of exogenous infection for age stratum j in week ¢, scaled by the effective

stratum size. The GMRF prior for o = {«,: £=0,...,52,71,...,112} is



-1

Qe ] Z/(N S])

0=0,19
¢=0,19
¢ =0,
¢ =19,
0="11,
(=1,
¢ =19,
0 =72,
(=0

Again, we will use a partially non—centered parameterization in practice.

log(a;,é) ~ N(/”'j,@v T_]’Q,E)v
Zlog(oj,g) ~ N(Oa 1);

ZAlOg(o/v 2) ~ N(O7 1)a

log(cj¢) = mje + s, tZ10g(0;.40)5
Alog(aj ) = 0j,0Zat0g(e, )
Alog(a ) = 05192 log(c] )
Alog(a; ) = ],71ZAlog(a E)
log(j ;) = log(a Z Alog(a’; )
o
10%(%‘,@) = IOg(a;ﬂg) + AIOg(@;‘,ngrk);
k=0

—1
log(a;) log(a ]71 ZAlog 71+k),

aje = ajo/(Njs;),

¢ =0,19,71,
¢ =0,19,71,
¢=0,...,17,19,. ..,
¢=0,19,71,
(=0,...,17,
¢=19,...,51,
¢="71,..., 111,
(=1,...,17,
¢=19,...,52,
0=72,...,112
(=0,...,52,71

L 112

51,71, ...

,112.

(111,
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The initial reproduction numbers, for which we retain the centered parameterization, are
blocked with other model parameters and updated using a multivariate normal slice sampler
(MVNSS). The non—centered GMRF differences and their standard deviations are updated
using elliptical slice sampling (Algorithm 6). Readers familiar with GMRFs will note the,
somewhat unconventional, Gaussian prior for the standard deviation of the GMREF incre-
ments. This choice was made for computational reasons in order to facilitate joint updates
of the GMRF and its hyper—parameters. Alternating between field and hyper—parameter
updates is known to result in poorly mixing MCMC chains as large updates to the hyper—

parameters quickly result in fields that are not concordant with the data [126, 158].

5.3.4  Computation and Inference

Due to the complexity of the model, we will fit the model using the deterministic ODE
framework that was explored as a comparator for the LNA in Chapter 4. Recall that is the
infinite population limit of the MJP representation of the SEM. This choice was made to
allow us to more quickly explore different parameterizations of MCMC estimation scales and
priors.

Let Z = (ZF, ZGF) denote the vector of i.i.d. standard normal draws for the GMRF
increments and GMRF hyperparameters, doGMRF(Z; @) be the operation for computing the
GMREF from its draws and hyperparameters, and 7(@) be the prior distributions for the other
model parameters. Let 7 = {t, : ¢ =1,...,52,71,...,113} denote the set of observation
times. Our MCMC will target the posterior

7(0,Z|Y ) (Z)m(0)n (Y0, Z)
=n(Z)m(0) [ [ [ Pr(¥;(t)|doGMRF(Z),6,T)) (5.8)

teeT jelY,A)

MCMC proceeds by alternately updating Z|Y, @ using ElliptSS (Algorithm 12) and MVNSS
updates for 8]Y, Z (Algorithm 5). Priors for model parameters were informative, as detailed

in Section C.5.2, and we made an effort to choose priors that were based on published
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estimates from other studies. Additional MCMC details are provided in Section C.5.1.

5.4 Results

5.4.1 Incidence

Estimates of cumulative incidence and attack rates by season and age group are reported in
Table 5.2. We estimate that there were approximately 532,000 (95% BCTI: 393,000, 703,000)
infections in the first epidemic season, and an additional 240,000 (95% BCI: 172,000, 333,000)
cases during the second season. These estimates would correspond to estimated attack rates
of 7.4%-13.1% during the first season, and 3.2%-6.2% in the second season if each individual
was infected only once. The estimated attack rates were substantially higher among youths
than adults in the first epidemic season, and slightly higher during the second season. The
estimated incidence over the inter—season period was low; 110 cases (95% BCI: 50, 250)

among youths, and 330 cases (95% BCI: 150, 710) among adults.

5.4.2  Transmission Dynamics and Vaccination

The period just prior to the first detected cases until the start of the Finnish school year in
2009 was characterized by near—endemic effective reproduction numbers and modest rates
of exogenous infectious contact (second and fourth rows of Figure 5.6). We estimate that at
the start of the Finnish school year in 2009, there were 390 (95% BCI: 230, 670) infected
individuals in the population, roughly half of whom were youths. The median estimated
effective reproduction numbers in the first season exceeded 1.1 starting at the beginning of
October, 2009, and peaked around 1.25 (95% BCI: 1.2, 1.3) at the beginning of November,
which corresponded to the start of exponential growth in the number of detected cases.
The effective reproduction number first dropped below one in the third week of November,
corresponding to the time at which case counts began to decline. The rate of exogenous
infectious contact was higher during the epidemic wave compared to the preceding months,

though the contribution of exogenous contact to the force of infection was modest.
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The second epidemic wave was longer in duration, but less severe, than the first. We
estimate that only a handful of individuals were infected at the start of the third epoch
(posterior median, 12; 95% BCI: 5, 140), about half of whom were youths. The median
effective reproduction number during the second wave exceeded one at the end of September,
2010, rose above 1.1 in early November, and peaked at 1.16 (95% BCI: 1.1, 1.2) in early
December. The effective reproduction number fell below one in early February, 2011. The

rate of exogenous infectious contact was lower in the second epidemic wave than the first.

Figure 5.6 (second and third rows) presents the effective and basic type reproduction
numbers for the 0-19 and 20+ age strata, computed as the column sums of the basic and
effective NGMs and which are interpreted as a measure of the expected number of secondary
cases of any age caused by a single index case in a given age stratum [89]. This definition
differs from the definition of type reproduction number in [101], which is the expected number
of secondary cases of a particular type given an index case of that type. Estimates of
effective type reproduction numbers suggest that transmission was largely sustained by adults
transmitting infections to others, rather than by infections that originated among youths.
This is unsurprising since adults made up 77% of the population and that the majority of
contacts made by a typical individual in the population were with adults (85% of contacts in
the adult population were with other adults, while 40% of youth contacts were with adults).

It might seem counter—intuitive that attack rates among youths were higher than attack
rates among adults, while type reproduction numbers were lower among youths than among
adults. However, it is important to distinguish between the expected number of secondary
infections exported by an index case in a given age stratum, and the cumulative force of
infection on that age stratum. The former quantity is described by the type reproduction
numbers reported in Figure 5.6, whereas the latter is an integrated quantity that depends on
rates of infectious contact in (5.2). The age composition of the population and differences in
contact patterns within, and between, age strata result in youths “importing” more infections
than they “export”. Hence, we observe higher attack rates, but lower type reproduction

numbers, among youths compared to adults.
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The mean infectious period of youths was slightly longer that of adults, 2.5 days (95%
BCI: 1.9 days, 3.5 days) compared with 2.1 days (1.8 days, 5.8 days), respectively. Published
point estimates of the serial interval for A(HIN1)pdm09, which is the average time between
an index case and a secondary case, and which we might expect to be a bit shorter than the
mean infectious period, have mostly been in the 2-3.5 day range [214]. Immunity following
infection was relatively long-lasting, although a sizable percentage of individuals who were
infected lost immunity; 19% (95% BCI: 12%, 28%) of individuals who had become infected
before the start of the second season had lost protection by the beginning of the second
season, while the percentage of infected individuals who became infected over both seasons
and lost immunity by the end of season two was 27% (95% BCI: 18%, 38%). The vaccine
was estimated to reduce the rate of infectious contact by 81% (95% BCI: 46%, 96%).

The effective reproduction numbers in the first season fell below one several months
before the vaccination adjusted basic reproduction numbers. This suggests that the end of
the first wave outbreak largely came about due to the depletion of susceptibles, rather than
due to the aggressive vaccination campaign. Nevertheless, there is evidence to suggest that
the vaccination campaign mitigated the severity of the epidemic. Table 5.4 presents naive
estimates of the increases in incidence and attack rates by age stratum and season, which are
obtained by setting vaccine coverage to zero and simulating outbreaks from the posterior.
Without vaccination, we estimate that an additional 8.1% (95% PPI: 4.0%, 12.5%) of the
population would have become infected over the course of both seasons. The vaccination
campaign likely mitigated the severity of the second wave, in particular. We estimate that
the attack rate would have been 1.3—fold (95% PPI: 1.1, 1.5) higher in the first season, and
2.1-fold (95% PPI: 1.4, 3.3) higher in the second season absent the effects of vaccination.

In addition to mitigating the outbreak severity, we also find that the vaccination campaign
may have delayed the second wave of the outbreak by roughly four months. Incidence peaked
during the second season in late January to early February (posterior median: epiweek
6, 2011; 95% BCI: epiweek 4, epiweek 7). Our model predicts that, absent vaccination,

incidence would have peaked between the September and mid-November (posterior median:
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epiweek 41, 2010; 95% PPI: epiweek 38, epiweek 47). A similar finding was reported in [194].
We caution that this result should not be over—interpreted as it is most likely an artifact
of the procedure used to predict the counterfactual outcomes and the lack of data on the
vaccination status of cases that could be used to construct a true counterfactual prediction.
The per—contact infection rates at the start of each epoch are calibrated so that the effective
reproduction numbers (5.7), which account for vaccination, are roughly one (see Figure 5.6,
second row). Setting vaccination to zero has the effect of artificially inflating the effective
reproduction number, and hence the per—contact infection rate, by the effective fraction
of the susceptible population that is removed due to vaccination. This is why the model

predicts that the epidemic takes off immediately in the third epoch.

We can make a crude adjustment to account for the artificial inflation of the FOI by
rescaling the intrinsic reproduction numbers by the reduction in Ry that would have been
achieved with vaccination in the absence of any infections or recoveries. Let Q/J;Céj denote the

vaccination adjusted reproduction number in week ¢, which scaled as
WP =i (1= Py (te) + vP}(te) - (5.9)

We set vaccination counts to zero as before and simulate outbreaks using the posterior
distribution of the adjusted reproduction numbers. After adjustment, we predict that the
overall attack rate would have been roughly 1.2—fold higher (95% PPI: 1.1, 1.5) in the absence
of vaccination, which is lower than the unadjusted estimate. We predict that the attack rates
would have been roughly 1.2-fold higher (95% PPI: 1.1, 1.3) in the first season, and 1.3—fold
higher (95% PPI: 1.0, 1.8) in the second season were it not for the vaccination campaign.
We also predict that the second season would have peaked between late December and late
February (posterior median: epiweek 2, 2011; 95% PPI: epiweek 51, 2010, epiweek 9, 2011).
Thus, after adjusting for the artificial inflation of contact rates, we do not find evidence to

suggest that the second epidemic wave would have taken off in the late summer or early fall.

The posterior predictive distributions in Figure 5.7 suggest that the model does a better
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Table 5.4: Naive predictions of incidence and attack rates in the absence of vac-
cination. Increases in cumulative incidence (thousands), absolute percent increase,
and relative fold—increase in attack rates without vaccination by season and age

stratum.
Season 1
Incidence (x10%)  Attack rate (Abs. % diff.) Attack rate (Fold—change)
Ages 0-19  45.4 (21.4, 71.8) 3 7(1.7,5.9) 1.3 (1.1, 1.4)
Ages 20+ 107 (51.9, 162) 6 (1.3, 3.9) 1.3 (1.1, 1.5)
All ages 154 (74.9, 226) 2 9(1.4,4.2) 1.3 (1.1, 1.5)
Season 2
Incidence (x10%) Attack rate (Abs. % diff.) Attack rate (Fold—change)
Ages 0-19  66.1 (25.3, 125) 54 (2.1, 10.2) 2.0 (1.3, 3.1)
Ages 20+ 202 (85.9, 359) 49 (2.1, 8.7) 2.2 (1.4, 3.5)
All ages 272 (121, 456) 5.1 (2.3, 8.5) 2.1 (1.4, 3.3)
Both seasons
Incidence (x10%) Attack rate (Abs. % diff.) Attack rate (Fold—change)
Ages 0-10 113 (50.7, 192) 9.3 (4.1, 15.7) 1 5 (1 2,1.9)
Ages 20+ 314 (156, 509) 7. 6 ( , 12.3) 6 (1.3, 2.1)
All ages 432 (216, 668) 1 (4, 12.5) 6 (1.3, 2.0)

job reconstructing the second epidemic season than the first, particularly among individuals
ages 0-19. The model appears to underestimate the peak of the outbreak among youths in
the first season. One possibility is that heterogeneity in detection rates is confounding our
estimates of the dynamics. In their analysis of this data, [194] estimated that detection was
positively associated with incidence, and it is known that heterogeneity in detection rates
can confound estimates of outbreak dynamics [40, 89, 221]. Another possibility is that the
assumption of constant within—epoch variance of log differences of time—varying reproduction
numbers is leading to underestimation of the peak reproduction numbers. It is challenging
to tune the GMRFs so that they capture changes in the dynamics over time but are not so
flexible that we lose identifiability. It is possible that introducing additional changepoints in
the time—varying dynamics, or using a model that allows for non—constant variance in the

GMRF increments might alleviate this problem. Finally, it is possible that dichotomizing
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Table 5.5: Effects of vaccination adjusted for artificial inflation of reproduction
numbers in the absence of vaccination. Increases in cumulative incidence (thou-
sands), absolute percent increase, and relative fold—increase in attack rates without
vaccination by season and age stratum.

Season 1
Inc1dence (x10%)  Attack rate (Abs % diff.)  Attack rate (Fold—change)
Ages 0-19 34 (16, 52) 8 (1.3, 4.3) 1.2 (11, 1.3)
Ages 20+ 75 (36, 110) 8 (0.9, 2.7) 1.2 (1.1, 1.4)
All ages 110 (54, 160) 2 (1.0, 3.0) 1.2 (1.1, 1.3)
Season 2
Incidence (x10%) Attack rate (Abs. % diff.) Attack rate (Fold change)
Ages 0-19 12 (-2.5, 37) 1.0 (-0.2, 3.1) (O 97, 1.6)
Ages 20+ 52 (2.7, 140) 1.3 (0.1, 3.4) 3(1,2)
All ages 65 (3.3, 170) 2 (0.1, 3.3) 3 (1, 1.8)
Both seasons
Inc1dence (x10%)  Attack rate (Abs. % diff.) Attack rate (Fold—change)
Ages 0-19 47 (18, 84) 3.8 (1.5, 6.9) 1.2 (1.1, 1.4)
Ages 20+ 130 (48, 240) 3.1 (1.2, 5.7) 1.2 (1.1, 1.5)
All ages 180 (70, 310) 3.3 (1.3, 5.9) 1.2 (1.1, 1.5)

the population into two age strata does not adequately capture the age structure in contact
patterns, incidence, and vaccination. A more granular model with additional age strata

might be better able to capture the dynamics of the outbreak.

5.4.3 Comparison with Piecewise—Homogeneous Dynamics

For comparison, we fit a model where the outbreak dynamics were piecewise homogeneous in
each epoch. The basic reproduction numbers and rates of exogenous infection were estimated
for each of the three epochs, but unlike the previous model were held constant within each
epoch. The remaining aspects of the model structure and emission distributions were similar
to the time—varying model. Estimates of incidence and attack rates are presented in Table 5.2,
posterior distributions of time-varying quantities are presented in Figure 5.8, and posterior

estimates of model parameters are summarized in Table 5.3.
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Posterior predictive distributions
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Figure 5.7: Posterior predictive distributions of a stratified SIRS ODE model with
time-varying dynamics for A(HIN1)pdm09 in Finland.

Attack rates under piecewise homogeneous dynamics were slightly lower than under time—
varying dynamics (Table 5.2). Average dwell times in the infected and recovered states were
longer, and the reduction in the rate of infectious contact for vaccinated individuals was
substantially greater under piecewise homogeneous dynamics. Two striking differences in
the time—varying aspects of the piecewise homogeneous model are in the rates of exogenous
infection in each epoch, and the contributions of youths and adults to the force of infection.
The highest rates of exogenous infectious contact under piecewise homogeneous dynamics are
in the first epoch in the adult sub—population. This might seem paradoxical, but in fact it
is an artifact of the inability of the piecewise homogeneous model to accommodate the sub—
exponential dynamics that were observed in the first five months of the modeling period. It is
somewhat more surprising that the piecewise homogeneous model suggests that transmission
from infectious contact with youths alone could possibly have sustained the outbreak in the
first epidemic season, and also possibly in the second season. Youths comprised roughly 20%
of the population and only 15% of the contacts made by adults. Hence, it seems unlikely
that the effective type reproduction numbers for youths in the first season, and possibly in

the second epidemic season, would have been above one.

Unsurprisingly, the GMRF model is much better able to capture the shape to the out-

break than is the model with piecewise homogeneous dynamics. The posterior predictive
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distribution (Figure 5.9) indicates that the model with piecewise homogeneous dynamics has
particular difficulty modeling the first wave of the outbreak and predicted that incidence be-
gin to increase exponentially much sooner than was observed. It is possible that delaying the
second modeling epoch several weeks to, say, late September could mitigate this behavior.
Directly comparing the posterior predictive p-values and posterior predictive interval widths
with those of the GMRF model shows that the piecewise homogeneous produces substantially

wider predictive intervals with no obvious improvement in accuracy (Figure 5.10).

Posterior predictive distributions
Piecewise homogeneous dynamics over 3 epochs

Adults Youths
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Figure 5.9: Posterior predictive distributions of a stratified SIRS ODE model with
piecewise homogeneous dynamics over three epochs for A(HIN1)pdm09 in Finland.
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Figure 5.10: Comparison of models with time—varying (GMRF) and piecewise
homogeneous (PH) dynamics using posterior predictive p-values (PPPs) and relative
posterior predictive interval (PPI) widths. Each point corresponds to the observed
incidence in a given week. The X-Y coordinates give the PPPs under time—varying
and piecewise homogeneous dynamics, respectively. The size and color of each point
corresponds to the relative PPI width, computed as (Eg)%fF — Aﬁgl) 8[?0%71}1: , and
the sign of the relative width is further emphasized by the shape of the point. Red
dots indicate that PPIs under piecewise homogeneous dynamics are wider and grey

triangles indicate that PPIs under time—varying dynamics are wider.
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5.5 Discussion

We began this chapter by highlighting the importance of allowing for the possibility that
transmission dynamics might change over time. We used the LNA framework developed in
Chapter 4 to fit an SIRS model with time—varying dynamics, where time-varying reproduc-
tion numbers were flexibly modeled using a Gaussian Markov random field that penalized
the magnitude of week—to—week changes in basic reproduction numbers. We compared the
results to those obtained using an SIRS model with time homogeneous dynamics and found
that the model with time homogeneous dynamics, which unlike the flexible model was un-
able to accurately reconstruct the unobserved incidence, the time-varying aspects of the

transmission dynamics, or even static model parameters.

We then developed an age—vaccination stratified SIRS model for the spread of pandemic
A(HINI) influenza in Finland over two epidemic waves. We allowed for the possibility
that various static and temporal aspects of transmission dynamics were different in youths
and adults, and incorporated information about the contact patterns between individuals of
different ages. The model also incorporated uncertainty about vaccine efficacy and loss of
immunity, rather than fix these quantities as was done in previous analyses [194]. Critically,
the model allowed for time-varying dynamics within each of three epochs by assigning GMRF
shrinkage priors to the intrinsic reproduction numbers and rates of exogenous infection in
each age stratum. This enabled the model to greatly outperform a piecewise homogeneous

model that, in some aspects, yielded somewhat unreasonable estimates.

Due to the complexity of the model, we opted to use the ODE representation in fitting
it. The lower computational burden involved in fitting the ODE model allowed us to more
quickly iterate through various parameterizations and to explore the effects of different priors,
and in particular of alternative GMRF formulations. Run times for the model were on the
order of 1-2 hours. We are confident that the model could also be fit using the LNA with
some additional effort. One future line of inquiry is in comparing the statistical performance

of models with varying dynamics fit via the LNA and ODE. It would be useful to know the
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extent to which randomness in the latent epidemic process and the time—varying aspects of
its dynamics are separately identifiable from incidence data, especially if there are situations

where the latent process and its dynamics are not separately identifiable.

A strength of the analysis is that the two epidemic seasons were jointly modeled along
with the pre—epidemic and inter—season periods. This provides us with a principled structure
for incorporating uncertainty about the state of the population at the start of each epidemic
wave. This is critical to making accurate inferences about the true incidence and model dy-
namics, especially during the second epidemic season where the dynamics inherently depend
on the attack rate during the first season and the fraction of individuals who lost immunity
during the inter—season period. Moreover, the assumption that vaccination was independent
of the infection process implies that the distribution of vaccine doses at the beginning of the
second season is also tied up with the attack rate in the first season (e.g., a low attack rate
in the first season implies that there are many vaccinated susceptibles to start the second
season). For these reasons, it is important to jointly model both epidemic seasons.

There are a few aspects of the analysis that we point to as weaknesses and that should
be improved in future work. First, it is important to recognize that our estimates of the
cumulative incidence are predicated on the correctness of our assumptions about the effec-
tive population size. In a supplementary analysis, we found that centering the prior for the
susceptible fraction of youths at 50% instead of 25%, while holding the prior for the sus-
ceptible fraction of adults constant, yielded estimates of cumulative incidence among youths
that were roughly double the estimates reported in this chapter (Section C.5.4). Frankly, it
is doubtful that the reporting rates and true incidence can be unambiguously estimated from
partially observed incidence data without strong assumptions when detection rates are low
and in the absence of prevalence data to anchor estimates of the total outbreak size. We at-
tempted to set the priors for the effective population size in a principled way based on known
final size relations for SIR models combined with, what we felt, were reasonable assumptions
about detection rates (Section C.5.2). Our estimates are also in line with estimated attack

rates for A(HIN1)pdm09 in Finland [57, 195, 195] and in other settings [59, 169, 197]. In
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this chapter, we did not incorporate data on severe cases and hospitalizations, which would
help to calibrate inference of the total outbreak size, assuming that the case-hospitalization
ratio is stable. This data is available and was previously analyzed in [194].

Another aspect of the model that could be improved is the coarseness of the age structure.
We dichotomized the population for simplicity and computational expediency. However,
further stratifying the population would allow us to more faithfully represent age structure
in contact rates, vaccination, and transmission dynamics. We suggest that, at a minimum,
individuals age 0—4 could be split from individuals age 5-19, and that individuals of ages 65+
be split from other adults based on differences in the timing and coverage of vaccinations,

observed patterns in attack rates, and contact patterns.
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Chapter 6

DISCUSSION AND FUTURE WORK

This dissertation has contributed computational methods for fitting stochastic epidemic
models to partially observed incidence and prevalence data. Despite the ubiquity and im-
portance of this data setting, and the historical contributions of stochastic epidemic models
to the study of disease transmission, there has remained a need for computational tools that

are simple, broadly applicable, and robust.

In Chapter 3, we developed an agent—based Bayesian data augmentation algorithm for
fitting stochastic epidemic models to prevalence data in small to moderate size populations.
This work was previously published in [74]. Historically, agent-based data augmentation
algorithms for fitting stochastic epidemic models have relied on reversible-jump Markov
chain Monte Carlo schemes to sample subject-level disease histories. The data agnostic
proposals used in these methods are inefficient and perform poorly in the absence of subject—
level data, which has all but precluded their use in the analysis of epidemic count data.
To our knowledge, our algorithm is the first agent—based data augmentation algorithm for
tractably fitting stochastic epidemic models in the absence of subject level information.
Future lines of inquiry based on the methods developed in Chapter 3 could pursue extensions
of the algorithm to other data settings, in particular to incidence data and to datasets that
include both aggregate counts and incomplete subject—level data, and improvements of the

computational efficiency of the algorithm.

Chapter 4 developed a computationally efficient framework based on the linear noise
approximation for approximate Bayesian inference of stochastic epidemic models fit to par-
tially observed incidence. Though the linear noise approximation has previously been used

in outbreak modeling, its application has been restricted to the analysis prevalence data (or
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cumulative incidence data, wrongly treated as prevalence data) where the data are normally
distributed. We demonstrated how, through a series of reparameterizations, the linear noise
approximation could be used in combination with state of the art Markov chain Monte Carlo
samplers to efficiently fit stochastic epidemic models. We demonstrated through simulations
that the resulting estimates were approximately equivalent to those obtained by more faithful
approximations to the Markov jump process, and were superior to estimates obtained using
deterministic methods. We also presented a series of easily implemented model diagnostics
that could be used to assess in—sample model fit and compare the posterior predictive dis-
tributions of different models. We used our methods to fit several models to data from the

20142015 outbreak of Ebola in West Africa.

Chapter 5 explored how the linear noise approximation and ordinary differential equation
frameworks could be used to fit stochastic epidemic models with time—varying dynamics.
We allowed for the possibility of time—heterogeneity in the dynamics by modeling the basic
reproduction number of the outbreak using Gaussian Markov random fields. This was an
attractive choice for computational and statistical reasons, as the sparsity of the sub—models
for the time-varying dynamics and their interpretations discretized versions of continuous—
time processes made them particularly compatible with the other aspects of the modeling
framework. We demonstrated in a simulation that the model with time-varying dynamics
was able to recover the time—varying aspects of the outbreak along with time—homogeneous
parameters of the model, whereas a time-homogeneous model yielded misleading estimates.
Finally, we fit a complex age—vaccination stratified model to two seasons of data from the
20092011 A(HIN1) influenza pandemic in Finland. Due to the complexity of the model, we
fit the model using the ordinary differential equation representation of the latent epidemic
process. We used our model to obtain estimates of the transmission dynamics, outbreak size,
and effects of a national vaccination campaign in mitigating the severity of the pandemic.

On a personal level, one of the great lessons I learned, or at least have tried to learn,
in writing this dissertation is to be forgiving of the shortcomings in my work. I am deeply

grateful to my advisors, who repeatedly reminded me to stay resilient and who gave me the
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confidence to persist in our work. I wish to conclude this dissertation by pointing to some
applied and methodological areas of general interest that I wish I had addressed. Were I to
start this dissertation over (and I cannot emphasize strongly enough that I do not wish to
do so), these are the problems I would work on.

Assimilation of data from multiple sources. The limited extent of partially observed
epidemic count data, and particularly of incidence data, severely limits the strength of the
conclusions we would like to draw from the data. In Chapters 4 and 5, estimates of the
outbreak size and detection processes were only weakly identifiable from incidence counts.
The models presented in those chapters would be greatly improved by the assimilation of
additional data; at a minimum, mortality data in the case of Ebola, and data on severe and
hospitalized cases for the analysis of pandemic influenza. Questions of how to jointly model
and weight different sources of data are of great practical importance [60].

Assessing model fit, predictive performance, and model comparison. The model diagnos-
tics presented in this dissertation were useful for assessing the in—sample fit, but did not
address the generalizability of the models and their adequacy for out—of-sample prediction.
The computational cost to fitting our models is the main challenge involved in assessing their
out—of—sample predictive ability since iteratively holding out data and refitting the model is
problematic for anything but simple models fit to short time series. One potentially useful
line of work is the development of methods for minimizing the number of refits, e.g., [39].

Combining mechanistic models. One challenge in working with mechanistic compartmen-
tal models is that we are required to make choices in specifying multifaceted models, every
one of which is highly consequential in determining the model’s validity. Even in the case of
a model with SIR dynamics, we must make decisions about how to model the hazards, the
contact structure of the population, the emission distribution, and the initial state of the
population, on top of which we must decide if and how to model stochasticity in the latent
epidemic process. Then, if we are Bayesian, we must assign priors to all of the parameters.
In light of the obvious limitations of any particular model, an area of ongoing research is in

combining models to draw more robust conclusions and improve predictions [177, 179, 227].
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Appendix A
APPENDIX TO CHAPTER 3

A.1 Computing the matrix exponential

The transition probability matrix (TPM), P(¢), for a time-homogeneous CTMC over an

interval of length ¢, solves the matrix differential equation

d
ZP(H) = AP(t), st.P(0) =L

where A is the transition rate matrix for the CTMC and I is an identity matrix of the
same size as A [222]. Therefore, P is computed using the matrix exponential solution of the
above differential equation, P = exp(tA). This is the most intensive step in our algorithm.
However, we may lessen the computational burden to a large extent by leveraging the fact
that we are computing the matrix exponential for the same rate matrix for possibly many
values of t. Therefore, computing the matrix exponential using the eigen decomposition of
A and caching the resulting eigenvalues and eigenvectors will be relatively efficient [155]. We
outline this computation in the following two cases: when the eigenvalues of A are all real
(e.g. as with the SIR and SEIR models), and when A has complex eigenvalues (e.g. as is
possibly the case with the SIRS model).

A.1.1 Case 1: A has Real Figenvalues

Suppose that A, = UVU™!, where V is a diagonal matrix of eigenvalues, vy, ..., v,, and

U is the matrix whose columns are the corresponding right eigenvectors. Then,

eV = diag(e™, ..., "),
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That U is nonsingular yields

e =UeVU

A.1.2 Case 2: A has Complexr Figenvalues

In the event that A has complex eigenvalues, we may obtain a real-valued TPM by trans-
forming A into its real canonical form [107]. Suppose that A has r real eigenvalues, vy, . .., vy,
with corresponding real eigenvectors, uy, ..., u,, and n —r pairs of complex conjugate eigen-
values. Let (uj|w;) denote the real and imaginary parts of the eigenvector correspond-
ing to the j eigenvalue, a; + if3;, for j = r + 1,...,n, and define the matrix T =
(wy] ... |uJups1|Wepa] ... Jus|wy). The real canonical form for a rate matrix with complex
eigenvalues can now be written as V.= T~'AT, where V = diag(v1, ..., v, Byy1,- .., Bn),

and each B;, j =7+ 1,...,nis given by

o B

=B oy

which implies that

ofBy _ gt cos(fB;t)  sin(B;t)
—sin(B;t) cos(ay) ’

tBrJrl
5.

and hence eV = diag(e"?,... e e .,eBn). Therefore, we can compute the matrix

exponential of tA as e = TetVT 1.
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A.2 Conjugate priors for SIR, SEIR, and SIRS model parameters

Conjugate Prior
Parameter Prior Dist. Hyperparameters Full Conditional Hyperparameters
b, N
Ry Beta’ ag, au, 1, Z,e —
M M
B Gamma ag, bg ag + 21 Liryany, b+ 2000 Sry i Iry (75 — Tj1)
M M
1 Gamma ay, by a, + ijl L2y byt ijl Ly (15 — 7j-1)
L L
P Beta ap, by ap + 255 Yeys bp + 2550 (I, — Yyy)
Py Dirichlet as, by, cr as + Sty, br +1I,, cr + Ry,

Table A.1: Prior and full conditional distributions for SIR model parameters. 5 is
the per—contact infectivity rate, p is the recovery rate, p is the binomial sampling
probability, and p¢, is the vector of initial state probabilities. Gamma priors are
parameterized with rates, so a Gamma(a,b) distribution has mean a/b. The Beta
prime prior for Ry = SN /u is the implied prior induced by the prior distributions
for § and p. The indicators 1, =7y and 1. =gy equal 1 if 7; corresponds to a time
when an individual becomes infected or recovers.
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Conjugate Prior
Parameter Prior Dist. Hyperparameters Full Conditional Hyperparameters
Ry Beta/ ag, a, 1, bgév —
M M
B Gamma ag, bg ag + Zj:l ﬂ{TjeE}, bg + Zj=1 STj—IITj—l(Tj —Tj—1)
M M
g Gamma ay, by ay + Zj:l Liany, by + Zj:l Er (15— 7j-1)
M M
1 Gamma ay, by ay + ijl L 2Ry byt ijl Iy (15 — Tj-1)
L L
p Beta ap, by a, + ijl Y, by + ijl(ltj -Y)
Pt, Dirichlet as, br, cr as + Sy, br +1It,, cr + Ry,

Table A.2: Prior and full conditional distributions for SEIR model parameters.
B is the per—contact infectivity rate, « is the rate at which an exposed individual
becomes infectious, p is the recovery rate, p is the binomial sampling probability,
and py, is the vector of initial state probabilities. Gamma priors are parameterized
with rates, so a Gamma(a,b) distribution has mean a/b. The Beta prime prior for
Ry = BN /u is the implied prior induced by the prior distributions for 5 and u. The
indicators 1, =gy, 1(;,27; and 1 2y equal 1 if 7; corresponds to a time when an
individual becomes exposed, becomes infectious, or recovers.
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Conjugate Prior
Parameter Prior Dist. Hyperparameters Full Conditional Hyperparameters
Ry Beta/ ag, a, 1, bgév —
M M
B Gamma ag, bg ag + Zj:l ﬂ{TjeE}, bg + Zj=1 STj—IITj—l(Tj —Tj—1)
M M
i Gamma ay, by ap+ 21 Yryarys by + 20521 Iy 1 (75 — 7j-1)
M M
vy Gamma Ay, by ay + 221 Yrary, by + 20521 Bey (75 — 7j1)
L L
p Beta ap, by ap+ 21 Yiys bp+ 27 (I, — Y2))
Pt, Dirichlet as, br, cr as + Sy, br +1It,, cr + Ry,

Table A.3: Prior and full conditional distributions for SIRS model parameters.
B is the per—contact infectivity rate, u is the recovery rate, v is the rate at which
a recovered individual loses immunity, p is the binomial sampling probability, and
p:, is the vector of initial state probabilities. Gamma priors are parameterized
with rates, so a Gamma(a,b) distribution has mean a/b. The Beta prime prior for
Ry = BN /u is the implied prior induced by the prior distributions for 5 and u. The
indicators 1y, «ry, 17, 2g}, and 1 21y equal 1 if 7; corresponds to a time when an
individual becomes infected, recovers, or loses immunity.
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A.3 Simulation 1 — Inference Under Various Epidemic
Dynamics — Setup and Additional Results

A.3.1 Simulation Details for the SIR Model

We simulated an epidemic in a population of 750 individuals, 90% of whom were initially
susceptible and 3% of whom were initially infected. Prevalence was observed with detection
probability p = 0.2 at weekly intervals over a four month period which captured both the
exponential growth and decline of the epidemic. The mean infectious period was 1/u = 7 days
and the per-contact infectivity rate was 0.00035, which combined to give a basic reproductive
number was Ry = SN /u ~ 1.8.

We ran three chains for 100,000 iterations each, sampling the paths for 75 subjects, chosen
uniformly at random, per MCMC iteration. We discarded the first 10 iterations from each
chain as burn-in. Priors for the rate parameters (summarized in Table A.4) were scaled so
that the prior mass spanned a reasonable range of values, but were otherwise mild. Similarly,
the prior for the binomial sampling probability reflected a general prior belief that fewer than
40% of cases were detected. The prior for the initial distribution parameters was informative,
and was chosen as such because of the paucity of data available for estimation of the initial

distribution parameters.

Param. True Value Prior distribution
Ry 1.8 Beta'(0.3, 1, 1, 6)
15} 0.00035 Gamma(0.3, 1000)
i 0.14 Gamma(1, 8)

Py (0.9, 0.03, 0.07) Dirichlet(90, 2, 5)
p 0.2 Beta(2, 7)

Table A.4: Prior distributions for SIR model and measurement process parameters.
The prior for Ry is the induced prior implied by 8 and p. The per—contact infectivity
rate is 3, the recovery rate is u, the binomial sampling probability is p, and the initial
state probabilities are py, .

We also fit the SIR model to the data using PMMH. We ran two sets of three MCMC
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chains with the PMMH algorithm for 50,000 iterations each with 100 particles per chain, and
discarded the first 100 iterations as burn-in. The first set of chains simulated particle paths
approximately using 7—leaping with a time step of two hours, while the second chain simu-
lated paths exactly via Gillespie’s direct algorithm. Parameters were updated using random
walk Metropolis—Hastings (RWMH) with a proposal covariance matrix estimated from an
initial run of 5,000 iterations using an adaptive RWMH algorithm with a target acceptance
rate of 23.4%. We updated parameters on transformed scales in order to remove restrictions
on the parameter space, applying a log transformation to 5 and u, a logit transformation to

p, and a generalized logit transformation to py,.



A.3.2  Additional Results and MCMC' Diagnostics for the SIR Model

Method Chain Hours ESS ESS per CPU time

BDA 1 9.9 87.7 8.8
BDA 2 8.7 67.9 7.8
BDA 3 8.5 63.8 7.5
PMMH-A 1 0.6 1847.4 2871.6
PMMH-A 2 0.6 1942.2 2995.7
PMMH-A 3 0.7 1876.6 2615.9
PMMH-E 1 26.1 1568.3 60.1
PMMH-E 2 204 2123.7 104.0
PMMH-E 3 20.5 18494 90.2

Table A.5: Run times, log—posterior effective sample sizes (ESSs), and effective
sample sizes per CPU time measure in hours (ESS.per.CPU.time). BDA indicates
our Bayesian data augmentation algorithm, PMMH-A indicates PMMH with paths
simulated approximately via 7—leaping algorithm, and PMMH-E indicates PMMH
with paths simulated exactly using Gillespie’s direct algorithm. The BDA chains
were run for 100,000 iterations each, while the PMMH chains were run for 50,000
iterations following a tuning run of 5,000 iterations.
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Figure A.1: Traceplots of the log—posterior and model parameters for the SIR
model fit using Bayesian data augmentation following an initial burn-in of 10 it-
erations. [ denotes the per—contact infectivity rate, p is the recovery rate, p is
the binomial sampling probability. Traceplots are thinned to display every 50"

iteration.
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Figure A.2: Traceplots of the log—posterior and model parameters for the SIR
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A.3.8  Simulation Details for the SEIR Model

We simulated an outbreak under near-endemic SEIR dynamics, with Ry = SN /u = 1.05, in
a population of 500 individuals. The outbreak was initiated by a single infected individual
in an otherwise susceptible population, 121 of whom eventually became infected. The mean
sojourn time in the exposed state was 1/y = 14 days, while the mean infectious period
duration was 1/p = 28 days. Prevalence was observed at weekly intervals, with detection
probability p = 0.3, over a two year period.

We ran three chains for 100,000 iterations each, sampling the paths for 100 subjects,
chosen uniformly at random, per MCMC iteration. We discarded the first 10 iterations from
each chain as burn-in. Priors for the rate parameters (summarized in Table A.6) were scaled
so that the prior mass spanned a reasonable range of values, but were otherwise mild. The
prior for the binomial sampling probability was chosen so that 80% of the mass was between

roughly 15 and 55 percent. The prior for the initial distribution parameters was informative.

Param. True Value Prior distribution

Ro 1.05 Beta/(1, 3.2, 1, 5)

3 0.000075 Gamma(1, 10000)

0 0.071 Gamma(1,11)

i 0.036 Gamma(3.2, 100)

D, (0.998, 0.006, 0.002, 0, 0) Dirichlet(100, 0.1, 0.4, 0.01)
p 0.3 Beta(3.5, 6.5)

Table A.6: Prior distributions for SEIR model and measurement process param-
eters. The prior for Ry is the induced prior implied by 8 and p. The per—contact
infectivity rate is 3, the rate at which an exposed individual becomes infectious is 7,
the recovery rate is p, the binomial sampling probability is p, and the initial state
probabilities are py, .

We also fit the SEIR model to the data using PMMH. We ran two sets of three MCMC
chains with the PMMH algorithm for 50,000 iterations each with 200 particles per chain, and
discarded the first 100 iterations as burn-in. The first set of chains simulated particle paths

approximately using 7-leaping with a time step of 8 hours, while the second chain simulated
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paths exactly via Gillespie’s direct algorithm. Parameters were updated using random walk
Metropolis-Hastings (RWMH) with a proposal covariance matrix estimated from an initial
run of 5,000 iterations using an adaptive RWMH algorithm with a target acceptance rate of
23.4%. We updated parameters on transformed scales in order to remove restrictions on the
parameter space, applying a log transformation to 3, v, and u, a logit transformation to p,

and a generalized logit transformation to py,.

A.3.4 Additional Results and MCMC' Diagnostics for the SEIR Model

Model Method Chain Time ESS ESS per CPU time

SEIR  BDA 1 9.2 1499 16.2
SEIR  BDA 2 9.2 146.0 15.9
SEIR  BDA 3 9.0 1439 16.0
SEIR.  PMMH - A 1 8.1 483.6 29.5
SEIR  PMMH - A 2 8.3 684.8 82.2
SEIR  PMMH - A 3 8.4 570.5 67.9
SEIR  PMMH - E 1 158 411.9 26.1
SEIR  PMMH - E 2 159 589.8 37.1
SEIR  PMMH - E 3 141 466.3 33.1

Table A.7: Run times, log—posterior effective sample sizes (ESSs), and effective
sample sizes per CPU time measure in hours (ESS.per.CPU.time). BDA indicates
our Bayesian data augmentation algorithm, PMMH-A indicates PMMH with paths
simulated approximately via 7-leaping algorithm, and PMMH-E indicates PMMH
with paths simulated exactly using Gillespie’s direct algorithm. The BDA chains
were run for 100,000 iterations each, while the PMMH chains were run for 50,000
iterations following a tuning run of 5,000 iterations.



—2000 o
—4000
-6000

3e-04 4
2e-04 4
1e-04 4
0e+00 -

0.6 1
0.4 1
0.2 4
0.0

0.100 4

0.075 4

0.050 4

0.025 4

0.000 -
0.6 1
0.4 1

0.2 4

1.00 4
0.98 4
0.96 4
0.94 4

0.06

0.04 4

0.02 4
0.00

0.02 4

0.01 4

0.00

0.03 4
0.02 4
0.01 4
0.00

Traceplots for SEIR model fit via BDA

”W |\ i"}h\ ‘I'M W” W’F

H‘ A Iu| e \ﬁh’l“"””'

T

M“ I p"l\” I H ul‘\) M f‘; rWi H‘ ‘I'M w‘H i

Ll m;” i

TP P |
i u\‘ VALY f\”‘ M i r:‘ g W (b ‘\ fi

|mN|J| i,

i M HM‘W i M;\

_;‘L‘!‘L}", dL “ i N H“

|I||Im| ||.‘J\‘| ‘I |

”W” W W b IN’" ""“' il “qlm""h.‘,n‘w W

|“’ ﬂ

\w ! (“‘ I H\“l\‘\.“lhh | ”\ "1”‘

J“Jl‘ M“)“H\Mhrh s ‘u‘ .u}u‘n“ i M’

et L 1 NI

il “ I U;‘J!\‘LW M ‘ )‘“‘ |wu‘u‘ i iy |

.‘“n.l |I‘ Hlujllu )|

i|\1|

'w»
l

i ‘W M R e Mnu, T e w?‘ i W‘ i

!’w‘"\' AR i v

*u

Uit »M Al h‘l“. Lﬁn,u'dw“w vi»? A I‘d' il \‘il“ RRiSbad il v,lc\"\"w “\‘L‘:IJ p “\‘h‘w- | l‘\\‘ skl H\.wutluu.‘m i

Joud)sod - Bo| |

=

= (W)x)id | | (3=(")X)id | | (s=(9)X)d | | d | |

s | | 6

(€]

O 25000

T T
50000 75000

Iteration

T
100000

Figure A.4: Traceplots of the log—posterior and model parameters for the SEIR
model fit using Bayesian data augmentation following an initial burn—in of 10 iter-
ations. [ denotes the per—contact infectivity rate, v is the rate at which exposed
individuals become infectious, p is the recovery rate, p is the binomial sampling
probability. Traceplots are thinned to display every 50" iteration.

205



-175 1
-180 4

-185 4

3e-04 1
2e-04
1le-04
0e+00
0.8 4
0.6
0.4 4
0.2 4

0.0+
0.100

0.075 4
0.050 4
0.025 4

0.6 4

0.4 4

0.2 4

1.00 4

0.98

0.96 4

0.05 4
0.04 4
0.03 4
0.02
0.01 4
0.00 -
0.03 4
0.02 4
0.01 4
0.00 4

0.015 4

0.010 4

0.005 4

0.000

Traceplots for SEIR model fit via PMMH w/approximate paths

|

i W il f,uJN ‘r

i

i ‘“‘ ‘\‘M il ,‘u I kit \I‘ 1\ |”'\“ ““ I “‘\” N\In" “ 'n\‘l”
‘ \ ﬂ\ i i Hih 1| h ‘\ MH! \H ﬂ m |L‘| W'H ” ;|“‘ t“\‘m “ ‘F)

\
Wi w i M !‘\.; Al M W M i .’w”“ i \m.w.hi‘w* It lluhn\l o0 MW bl I “‘ ! Ww \u‘ i
;{,:ﬂm\.-l}fi‘.‘;l‘lu‘ﬂhhl{.“.H‘ ! L;‘“;‘L\ \Hu i \"u H””\ il ”H\”w’ M‘MH \L-\m Ml -u‘l;,“u bl il “ulw I‘W‘n h“‘ |\h 1\‘ ‘U mu ‘ lm \\\
l
’l M'\ m" l W\,‘l; ‘IMU I‘\\ ‘J“HH!‘\ "h ‘H‘ H‘ ‘h“” ‘l" “‘ i W l“( ‘J‘ \1 il ‘Ill“h\‘ ml“\ﬂ"‘ Hi “l;:‘\“ . Ivl‘ L““\M‘M‘M “1 “H““ M“‘W \‘ \w‘ \l“ww

”‘l‘,“ H"‘Ih 11||H"1 ‘Mﬂ H ‘\l'“

b “\' i "iw.nle. MW\U \m o

Jouaysod - Boj |

=

d

[ o]

2

e

e

[ =]

z

e

o

B

m C

[ ‘ | ‘ ‘ S

il }‘ m mm ilu na H‘.H u,! b u.rm‘f‘ il bl ﬂm Il ‘\‘(ﬂ‘tﬂ_‘;,i=1x“\\d' ‘\UHJM HJ Al H il M \“{ il i
[ < |

2

| | | £

Ll Ly [ |.‘ . nln|ﬂ | o gt ) " <

6 10(’)00 20600 30(')00 40(’)00 50(’)00

Iteration

Figure A.5: Traceplots of the log—posterior and model parameters for the SEIR
model fit using PMMH with 200 particles and a time step of 8 hours, following a
tuning run of 5,000 iterations used to estimate the covariance matrix for the RWMH
and an initial burn—in of 100 iterations. 8 denotes the per—contact infectivity rate,
v is the rate at which exposed individuals become infectious, p is the recovery rate,

p is the binomial sampling probability. Traceplots are thinned to display every 5

iteration.

Oth

206



-175 1
-180 4

-185 1

5e-04
4e-04 -
3e-04
2e-04 4
1e-04
0e+00
0.8
0.6 1
0.4 1
0.2 4
0.0
0.100 4

0.075 4
0.050 4
0.025 4
0.000 =

0.6 4

0.4 4

0.2 4

1.00 4
0.99 4
0.98 4
0.97 4

0.96 =
0.04 4

0.03 4
0.02 4
0.01 4

0.00
0.03 4

0.02 4

0.01 4

0.00

0.02

0.01 4

0.00

Traceplots for SEIR model fit via PMMH w/exact paths

i i |T1 'M il 'M"N '”Wih MW r‘ 'L\ W

.W.W\WNWW‘W‘IW

A

‘h\ ‘ H M \Hh \U‘ " ,AM i n'|\u‘ ‘ ”l' Wl i Hj NM HH "H\M i u"ﬂ i M!‘ WL u'ﬂ,‘“\u W\ M! m‘

i I

i
il

1r“| H“Hm‘l\r i

NU‘M\ N 1“.» i

Joua)sod - Bo|

il i } \LJ M \l‘w‘ “hlq‘,;“‘ ] \u‘” Hn w,‘ ‘M |
\ [ il =

H\Ih'“\'ml‘ }HM“‘\lh‘l\"lww|\\NH“’U‘” My,” “ HM'!”‘L“ ‘M"‘ M “\ \"!\,H‘ l‘”‘h”m\fﬁ”m M‘ ““J “‘w
‘ i “‘ it il ‘ o

“ﬂ”m‘ h%%”hwhh"M"”N“"'Hl'ﬂwlwulp“Phhvl \WWMMWWJ WUWW
it et Y
JmM'mJ\jm il I'\HM il \I‘Mu il er\| i N'”‘Mm ‘\W M N“!m\ ‘h i “ ‘W il m ‘M(“m “n ;ly"h‘”m;\n”‘ \‘M ‘M IHJu‘“ HU Nv‘\ I E
".| Ll | ‘.. |n|' Lt il ! ” H'n”n annl' 2

Iteration

Figure A.6: Traceplots of the log—posterior and model parameters for the SIR
model fit using PMMH with 200 particles, following a tuning run of 5,000 iterations
used to estimate the covariance matrix for the RWMH and an initial burn—in of 100
iterations. B denotes the per—contact infectivity rate, - is the rate at which exposed
individuals become infectious, p is the recovery rate, p is the binomial sampling
probability. Traceplots are thinned to display every 5

Oth

iteration.

207



208

A.3.5 Simulation Details for the SIRS Model

The final outbreak was simulated under SIRS dynamics in a population of 200 individuals,
in which Ry = SN /u = 2.52, the mean infectious period was 1/u = 14 days, and the mean
time until loss of immunity was 1/y = 150 days. One percent of of the population was
initially at the time of the first observation and the rest of the individuals were susceptible.
Prevalence was observed weekly, with detection probability p = 0.95, over a one year period
that spanned the initial wave of the epidemic as well as most of the second wave of the
epidemic.

We ran three chains for 300,000 iterations each, sampling the paths for 3 subjects, chosen
uniformly at random, per MCMC iteration. We discarded the first 2,000 iterations from each
chain as burn-in. Priors for the rate parameters (summarized in Table A.8) were scaled so
that the prior mass spanned a reasonable range of values, but were otherwise mild. Similarly,
the prior for the binomial sampling probability reflected a general prior belief that more than
60% of cases were detected, but was not otherwise particularly informative. The prior for

the initial distribution parameters was informative.

Param. True Value Prior distribution

R 2.52 Beta’(0.1, 1.5, 1, 28)
o) 0.1 Gamma(0.1, 100)

1 0.036 Gamma(1.8, 14)

v 0.071 Gamma(0.0625, 10)
D, (0.99, 0.01, 0) Dirichlet(90, 1.5, 0.01)
p 0.95 Beta(5, 1)

Table A.8: Prior distributions for SIRS model and measurement process param-
eters. The prior for Ry is the induced prior implied by 8 and p. The per—contact
infectivity rate is 3, the recovery rate is u, the rate at which immunity is lost is ~,
the binomial sampling probability is p, and the initial state probabilities are py,.

We also fit the SIRS model to the data using PMMH. We ran three MCMC chains with
the PMMH algorithm for 50,000 iterations each with 500 particles per chain, and discarded

the first 100 iterations as burn-in. We also ran a set of chains with 200 particles but mixing
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was poor and not all of the chains converged. We attempted to exactly simulate particle
paths but ultimately failed due to degeneracies in the algorithm. The time step for the
T-leaping algorithm was 8 hours. Parameters were updated using random walk Metropolis—
Hastings (RWMH) with a proposal covariance matrix estimated from an initial run of 5,000
iterations using an adaptive RWMH algorithm with a target acceptance rate of 23.4%. We
updated parameters on transformed scales in order to remove restrictions on the parameter
space, applying a log transformation to [, u, and 7, a logit transformation to p, and a

generalized logit transformation to py, .



A.3.6 Additional Results and MCMC' Diagnostics for the SIRS Model

Model Method Chain Time ESS ESS per CPU time
SIRS BDA 1 14.2 167.7 11.8
SIRS BDA 2 109 194.8 17.8
SIRS BDA 3 10.8 243.0 22.6
SIRS PMMH - A 1 3.1 670.8 214.1
SIRS PMMH - A 2 3.0 799.5 267.3
SIRS PMMH - A 3 3.5 766.2 217.1
SIRS PMMH - E 1 50.2 570.9 11.4
SIRS PMMH - E 2 48.6 667.6 13.7
SIRS PMMH - E 3  48.8 592.6 12.1

Table A.9: Run times, log—posterior effective sample sizes (ESSs), and effective
sample sizes per CPU time measure in hours (ESS.per.CPU.time). BDA indicates
our Bayesian data augmentation algorithm, PMMH-A indicates PMMH with paths
simulated approximately via 7—leaping algorithm, and PMMH-E indicates PMMH
with paths simulated exactly using Gillespie’s direct algorithm. The BDA chains
were run for 100,000 iterations each, while the PMMH chains were run for 50,000

iterations following a tuning run of 5,000 iterations.
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Traceplots for SIRS model fit via BDA
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Figure A.7: Traceplots of the log—posterior and model parameters for the SIR
model fit using Bayesian data augmentation following an initial burn-in of 2,000
iterations. [ denotes the per—contact infectivity rate, u is the recovery rate, 7 is
the rate at which immunity is lost, and p is the binomial sampling probability.
Traceplots are thinned to display every 50" iteration.
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Figure A.8: Traceplots of the log—posterior and model parameters for the SIR
model fit using PMMH with 500 particles per chain and a time-step of 8 hours in
the approximate 7-leaping algorithm, following a tuning run of 5,000 iterations to
estimate the RWMH covariance matrix and in initial burn—in of 100 iterations.
denotes the per—contact infectivity rate, p is the recovery rate, « is the rate at which
immunity is lost, and p is the binomial sampling probability. Traceplots are thinned
to display every 50* iteration.
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Figure A.9: Traceplots of the log—posterior and model parameters for the SIR
model fit using PMMH with 500 particles per chain and particle paths simulated
exactly via Gillespie’s direct algorithm, following a tuning run of 5,000 iterations
to estimate the RWMH covariance matrix and in initial burn—in of 100 iterations.
B denotes the per—contact infectivity rate, p is the recovery rate, v is the rate at
which immunity is lost, and p is the binomial sampling probability. Traceplots are
thinned to display every 50" iteration.
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Traceplots for SIRS model fit via PMMH w/tau leaping
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Figure A.10: Traceplots of the log—posterior and model parameters for the SIR
model fit using PMMH with 200 particles per chain and a time—step of 8 hours in
the approximate 7-leaping algorithm, following a tuning run of 5,000 iterations to
estimate the RWMH covariance matrix and in initial burn—in of 100 iterations.
denotes the per—contact infectivity rate, p is the recovery rate, « is the rate at which
immunity is lost, and p is the binomial sampling probability. Traceplots are thinned
to display every 50* iteration.



A.8.7 Estimated Latent Posterior Distributions for All Models
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A.4 Simulation 2 — Inference under Model Misspecification,
Setup and Additional Results

A.4.1 Simulation Setup

We simulated an epidemic in a population of size N=400 with time—varying dynamics using
Gillespie’s direct algorithm over a four year period. Weekly prevalence counts were binomially
distributed with detection probability p = 0.95. The epidemic dynamics varied over four
epochs, based on the parameters given in Table A.10. We fit SIR and SEIR models to the
data, running three MCMC chains per model, discarding the first 100 iterations as burn—in,
and sampling the paths of 150 subjects, chosen uniformly at random, per MCMC iteration.
After discarding the burn—in, the resulting samples were combined to form the final sample.
We also attempted to fit the models using PMMH. We ran three chains per model, each
using 2,500 particles, the paths for which were simulated approximately via 7—leaping with
a one day time step. The PMMH chains were plagued by severe particle degeneracy and did

not converge.
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Epoch 1: Weeks 0 — 26

Param. True value

5 0.00025

v 1/210

1 1/150

P 0.95

X(to) So=397FEy=2,1,=1,Ry =0
Epoch 2: Weeks 26-105

5] 0.0001

v 1/210

1 1/330

p 0.95

X (t26) So =279, FEy = 98,1y =20, Ry = 3
Epoch 3: Weeks 105-167

15} 0.00035

ol 1/90

1 1/300

P 0.95

Epoch 4: Weeks 167 — 209

I} 0.0001

Y 1/180

1 1/70

p 0.95

X(t167) So=0,FEy=1,1y =52, Ry = 347

Table A.10: Parameter values governing the time—varying SEIR dynamics and

binomial emissions process.

The epidemic was simulated using Gillespie’s direct

algorithm and the process was restarted with the new parameter values at the be-
ginning of each epoch.



SIR model
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Parameter

Prior distribution

Ry
p
W
Pt
p

Beta’(0.6, 0.7, 1, 4)
Gamma(0.6, 10000)
Gamma(0.7, 100)
Dirichlet(90, 0.5, 0.01)
Beta(10, 1)

SEIR model

Ry
B
v
W
Pt;
p

Beta/(0.6, 0.7, 1, 4)
Gamma(0.6, 10000)
Gamma/(0.5, 100)
Gamma(0.7, 100)
Dirichlet(90, 0.5, 0.5, 0.01)
Beta(10, 1)

Table A.11: Prior distributions for the SIR and SEIR model and measurement
process parameters for the models fit to the dataset simulated under time—varying
SEIR, dynamics. The prior for Ry is the induced prior implied by § and p. The
per—contact infectivity rate is 3, the rate at which an exposed individual becomes
infectious is =, the recovery rate is p, the binomial sampling probability is p, and
the initial state probabilities are py,.



A.4.2 Additional Results

SIR model
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Parameter

Posterior median (95% Credible interval)

0

T T ™y

4.05 (3.40, 4.81)

0.000035 (0.000030, 0.000040)
0.0034 (0.0031, 0.0038)

0.95 (0.93, 0.97)

SEIR model

Parameter

Posterior median (95% Credible interval)

Ry
8
v
W
p

23.80 (15.10, 36.98)
0.00021 (0.00013, 0.00032)
0.0047 (0.0038, 0.0061)
0.0035 (0.0032, 0.0038)
0.95 (0.94, 0.97)

Table A.12: Posterior median estimates and 95% credible intervals for SIR and
SEIR model parameters fit under a binomial emission distribution to the epidemic
simulated with time—varying SEIR dynamics.
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Traceplots for SIR model fit via BDA

~53001 |
-5500 $Vw

—-5100 1
il

| H l
.\"!‘.’ J\u“““‘“‘i‘i[“",‘l\u‘“ H\l,\u “H\ “M ‘U\\ ik H

\‘ | ‘\ \‘
“l‘h\‘\ il [‘}‘W”““’ w \ i \‘ “”H “U‘n.l‘”"nw i \"h

3

Joud1s0d — 6oj

4.56-05 1
4.0e-05 1
352—05- VMU! V““MHF<}Hlu“
3.0e-05 1 “ i r |
0.0040 -
0.0036 -

0.0032 -

’ M

I [‘w“uf ‘W ©

,\“ it ‘“ \“

"MM'"”‘\ A ‘“

J |

H‘N”I wl“ ‘ [H}H il i " -

"

“+WHnw) "W"Jh n.J\WW'

‘\ Chain

T

0.92- -3

L] e Wr“ o

(2)’X)1d

0.990 1
0.985 1

0.980 -
0.020 1

0.015 A 1
i

(s

0.010 ‘ "
8:883: wlhlh\”‘ \ww\\\w

(2)’X)ad

.\
il

lh"‘m il |‘J\ M\‘ w‘

w,\u\‘.l.l,‘l AT

””M

(

i

0.010 1
0.005 |
0.000

(2)’X)ad

(=

0 25000 50000 75000 100000

Iteration

Figure A.12: Traceplots of the log—posterior and model parameters for the SIR
model fit using BDA following an initial burn—in of 100 iterations. [ denotes the per—
contact infectivity rate, u is the recovery rate, p is the binomial sampling probability.
Traceplots are thinned to display every 50 iteration.
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Traceplots for SIR model fit via PMMH
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Figure A.13: Traceplots of the log—posterior and model parameters for the SIR
model fit using PMMH with 2,500 particles, following a tuning run of 5,000 iterations
used to estimate the covariance matrix for the RWMH. 8 denotes the per—contact
infectivity rate, u is the recovery rate, p is the binomial sampling probability. Tra-
ceplots are thinned to display every 50" iteration.
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Figure A.14: Traceplots of the log—posterior and model parameters for the SEIR
model fit using BDA following an initial burn—in of 100 iterations. /S denotes the
per—contact infectivity rate, v is the rate at which an exposed individual becomes
infectious, p is the recovery rate, p is the binomial sampling probability. Traceplots
are thinned to display every 50" iteration.
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Traceplots for SEIR model fit via PMMH
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Figure A.15: Traceplots of the log—posterior and model parameters for the SEIR
model fit using PMMH with 2,500 particles, following a tuning run of 5,000 iterations
used to estimate the covariance matrix for the RWMH. 8 denotes the per—contact
infectivity rate, v is the rate at which an exposed individual becomes infectious, p
is the recovery rate, p is the binomial sampling probability. Traceplots are thinned
to display every 50 iteration.
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A.5 Simulation 3 — Inference under Population Size
Misspecification — Details

We simulated an outbreak under SIR dynamics, with Ry = SN/u = 3.5, in a population
of 1,250 individuals. Roughly 0.2% of the population was initially infected, and 95% were
initially susceptible. The mean infectious period was 1/u = 7 days. Prevalence was observed
at weekly intervals, with detection probability p = 0.3, over a one year period.

We ran three chains for 100,000 iterations each under the following assumed population
sized: 150, 300, 500, 900, 1100, 1200, 1250, 1300, 1400. We sampled the paths for 10% of
the subjects, chosen uniformly at random, per MCMC iteration. We discarded the first 500
iterations from each chain as burn-in. Diffuse priors were specified for all model parameters,
with the prior for the per—contact infectivity rate depending on the assumed population size

(summarized in Table A.13).

Param. Prior distribution

R Beta’(0.00042 x 20 035, 1,2 / N)
5 Gamma(0.00042 x 2% 1)

I Gamma(0.35, 2)

P Dirichlet(100, 1, 5)

p Beta(1,1)

Table A.13: Prior distributions for SIR model and measurement process param-
eters. The prior for Ry is the induced prior implied by 8 and p. The per—contact
infectivity rate is 3, the recovery rate is p, the binomial sampling probability is p,
and the initial state probabilities are ps,. The prior for S was scaled in accordance
with the assumed population size.
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A.6 Simulation 4 — Effect of Prior Specification on
Inference — Setup and Additional Results

A.6.1 Simulation Details

We ran three MCMC chains for each of the SIR models fit under the prior regimes that
are specified in Table A.14 along with the true parameter values under which the data were
simulated. Fach chain was run for 100,000 MCMC iterations with 75 subject-paths per
iteration. The first 100 iterations of each were discarded as burn—in, after which the samples

from all three chains for each model were combined to form the posterior sample.

Prior Distribution

Parameter Regime 1 Regime 2 Regime 3 Regime 4

Ro =184  Beta (3,3, 1, 1.526) Beta’(0.3, 0.1, 1, 0.6) Beta'(3, 3, 1, 1.526) Beta’(0.3, 0.1, 1, 0.6)
B8 =0.00035  Gamma(3, 10000) Gamma(0.3, 1000) Gamma(3, 10000) Gamma(0.3, 1000)
w=0.14 Gamma(3, 20) Gamma(0.1, 0.8) Gamma/(3, 20) Gamma(0.1, 0.8)
p=02 Beta(21, 75) Beta(21, 75) Beta(1,1) Beta(1,1)

Table A.14: True parameter values and prior distributions under four different
prior regimes. The prior for Ry is the implied prior induced by the priors for 8 and
i. In regimes one and three, the central 80% of the prior mass for Ry lay between
1.25 and 4.56, while in regimes two and four, 80% of the prior mass lay between
3.8 x 107* and 2.7 x 10*. In regimes one and two, 80% of the prior mass for p
lay between 0.17 and 0.27, while in regimes three and four the prior mass for p
was uniformly distributed between 0 and 1. We used the same mildly informative
Dirichlet(9, 0.2, 0.5) prior for py, in all prior regimes.

A.6.2 Convergence Diagnostics
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Informative priors for rate parameters, informative prior for sampling probability
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Figure A.16: Traceplots of the log—posterior and model parameters for the SIR
model fit under informative priors for all model parameters. [ denotes the per—
contact infectivity rate, u is the recovery rate, p is the binomial sampling probability.
Traceplots are thinned to display every 50 iteration.
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Figure A.17: Traceplots of the log—posterior and model parameters for the SIR
model fit under diffuse priors for the rate parameters and an informative prior for
the binomial sampling probability. 5 denotes the per—contact infectivity rate, u is
the recovery rate, p is the binomial sampling probability. Traceplots are thinned to
display every 50" iteration.
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Figure A.18: Traceplots of the log—posterior and model parameters for the SIR
model fit under informative priors for the rate parameters and a diffuse prior for
the binomial sampling probability. 5 denotes the per—contact infectivity rate, u is
the recovery rate, p is the binomial sampling probability. Traceplots are thinned to
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Figure A.19: Traceplots of the log—posterior and model parameters for the SIR
model fit under diffuse priors for all model parameters. S denotes the per—contact
infectivity rate, u is the recovery rate, p is the binomial sampling probability. Tra-

ceplots are thinned to display every 50" iteration.
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A.7 Setup, additional results, and MICMC diagnostics for British boarding
school example

We ran three MCMC chains per model to fit the SIR and SEIR models to the British
boarding school dataset, for 100,000 iterations per chain. We sampled the paths for 100
subjects, chosen uniformly at random, per MCMC iteration, and discarded, as burn-in, the
first 100 iterations of each chain for the SIR model, and the first 5,000 iterations of each
chain for the SEIR model. Prior distributions, along with posterior medians and credible
intervals are given in tables A.15 and A.16. The induced prior for Ry is highly diffuse due to
the diffuse prior on the per—contact infectivity rate. The prior distribution for the recovery
rate and the rate at which exposed individuals became infectious reflected prior knowledge
of the natural history of influenza. The prior for the detection probability has roughly 90%
of its mass above 0.3, but is arguably quite diffuse given that it is known that over 90% of
the boys were eventually infected.

We also fit the SIR and SEIR models using PMMH with paths for 5,000 particles simu-
lated approximately via a multinomial modification of 7—leaping over two hour increments.
The same priors were used as for the chains fit using BDA. Parameters were updated via
random walk Metropolis—Hastings on transformed scales with a proposal covariance matrix
that was estimated from an initial run of 2,000 MCMC iterations. We applied a log transfor-
mation to the rate parameters, a logit transformation to the binomial sampling probability,
and a generalized logit transformation to the initial state probabilities. Results for PMMH

are not reported since the MCMC never converged (see traceplots below).

A.7.1 Boarding School Example — MCMC' Diagnostics
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Parameter Prior Distribution Posterior Median (95% BCI)

Ry Beta/(0.001, 1, 1, 1526) 3.89 (3.40, 4.47)

B Gamma(0.001, 1) 0.0024 (0.0021, 0.0026)

i Gamma(1,2) 0.46 (0.42, 0.50)

p Beta(1,2) 0.98 (0.92, 1.00)
Pr(X;(t;) = 95) 0.99 (0.98, 0.99)
Pr(X;(t;) = 1) Dirichlet(900,3,9) 0.003 (0.001, 0.007)
Pr(X,(t1) = R) 0.009 (0.004, 0.017)

Table A.15: Prior distributions and posterior estimates for parameters of the SIR
model with binomial emissions fit to the British boarding school outbreak data. The
per—contact infectivity rate is /3, the recovery rate is p, and the binomial sampling
probability is p. The prior for Ry is the implied prior induced by the priors for g
and p. Effective sample size were §: 11,304; p: 16,238; p: 3,920; pg, : 26,989; py, :
284,431; pr,,: 22,761

Parameter Prior Distribution Posterior Median (95% BCI)

Ro Beta (0.001, 1, 1, 1526) 3.89 (3.40, 4.47)

3 Gamma(0.001, 1) 0.0064 (0.0046, 0.0036)

v Gamma(0.001, 1) 0.84 (0.66, 1.19)

I Gamma(1,2) 0.47 (0.43, 0.51)

’ Beta(1,2) 0.98 (0.91, 1.00)
Pr(X;(t1) = 5) 0.98 (0.97, 0.99)
Pr(X,() = B) . 0.006 (0.002, 0.01)
Pr(X(t) — 1)~ Dirichlet(900, 6.3.9) 0.003 (0.001, 0.007)
Pr(X;(t) = R) 0.009 (0.004, 0.016)

Table A.16: Prior distributions and posterior estimates for parameters of the SEIR
model with binomial emissions fit to the British boarding school outbreak data. The
per—contact infectivity rate is [, the rate at which an exposed individual becomes
infectious is =, the recovery rate is p, and the binomial sampling probability is p.
The prior for Ry is the implied prior induced by the priors for 8 and u. Effective
sample size were 3: 679; v: 658; u: 10,069; p: 3,244; ps,,: 26,868; pr, : 26,168; pr,,
273,613.
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Figure A.20: Traceplots of the log—posterior and model parameters for the SIR
model fit under binomial emissions using BDA following an initial burn—in of 100
iterations. 3 denotes the per—contact infectivity rate, p is the recovery rate, and p

is the binomial sampling probability. Traceplots are thinned to display every 5

iteration.
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Traceplots for SEIR model fit via BDA
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Figure A.21: Traceplots of the log—posterior and model parameters for the SEIR
model fit under binomial emissions via BDA following an initial burn—in of 5,000
iterations. [ denotes the per—contact infectivity rate, u is the recovery rate, v is
the rate at which immunity is lost, and p is the binomial sampling probability.
Traceplots are thinned to display every 50 iteration.
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Figure A.22: Traceplots of the log—posterior and model parameters for the SIR
model fit under binomial emissions using PMMH with 5,000 particles per chain and a
time—step of 2 hours in the approximate 7—leaping algorithm, following a tuning run
of 2,000 iterations to estimate the RWMH covariance matrix and in initial burn—in
of 100 iterations. 8 denotes the per—contact infectivity rate, u is the recovery rate,
and p is the binomial sampling probability. Traceplots are thinned to display every
50t iteration.
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Figure A.23: Traceplots of the log—posterior and model parameters for the SEIR
model fit under binomial emissions using PMMH with 5,000 particles per chain and a
time—step of 2 hours in the approximate 7—leaping algorithm, following a tuning run
of 2,000 iterations to estimate the RWMH covariance matrix and in initial burn—in
of 100 iterations. 8 denotes the per—contact infectivity rate, u is the recovery rate,
v is the rate at which immunity is lost, and p is the binomial sampling probability.
Traceplots are thinned to display every 50" iteration.
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A.7.2  Supplementary Analysis of the British Boarding School Ezample Under Negative

Binomial Emissions

The PMMH MCMC runs in which SIR and SEIR models were fit to the boarding school data
under a binomial emission distribution were plagued by severe particle degeneracy (Figures
A.22 and A.23). The binomial emission distribution requires that the latent prevalence
always be at least as great as the observed prevalence. However, this seemed to be a very
stringent criterion with such a high case detection rate. That this criterion was so stringent is
suggestive of non—trivial model misspecification. We attempted to confirm this by simulating
a dataset that resembled the boarding school data. One possible data generating mechanism
that yielded to similar prevalence counts resulted from an outbreak evolving under SEIR
dynamics that varied over three epochs (Figure A.24). That even a model with this simple
set of time—varying dynamics would undoubtedly still be misspecified with respect to the
real world circumstances in the boarding school is suggestive of a non—trivial level of model
misspecification for both the simple SIR and SEIR models that we attempted to fit. Still,
the inability of PMMH to fit simple, easily interpretable, SEMs to this data under binomial
emissions is a severe limitation.

We fit an alternative set of SIR and SEIR models to the data using BDA and PMMH
in which the observed prevalence was modeled as a negative binomial sample of the true
prevalence, parameterized by its mean and overdispersion. This is a somewhat unrealistic
emission distribution because it allows for the observed prevalence to be greater than the
true prevalence. That this tended to occur more often in the later parts of the epidemic
when boys were being discharged from the infirmary was particularly odd. However, the
negative binomial emission distribution allows us to avoid degeneracy in the collection of
PMMH particles by doing away with the constraint that the latent prevalence be no smaller
than the observed prevalence. Parameters were assigned the same priors given in Tables A.15
and A.16, and the negative binomial overdispersion parameter, ¢, was assigned a Gamma(1,

0.1) prior parameterized by rate. When fitting the model with BDA, we sampled new values
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Figure A.24: British boardings school data and data simulated under SEIR dy-
namics with time—varying dynamics over three epochs (indicated by different shaded
regions). The simulated dataset was generated using the following parameters: in
the first epoch (days 1-4), § = 0.0035, v = 1.25, p = 0.3. In the second epoch
(days 4-8), 8 = 0.065, v = 0.51, p = 0.41. In the third epoch (days 8-14),
6 =0.06, v = 2.5, u = 0.54. The data were a binomial sample of the true preva-
lence with detection probability p = 0.98. There were three exposed individuals and
two infected individuals at the beginning of day 1.

for the rate parameters and initial state probabilities from their univariate full conditional
distributions via Gibbs sampling. New values for the negative binomial sampling probability
and the overdispersion parameter were sampled using multivariate random walk Metropolis—
Hastings on the logit scale for p and on the log scale for ¢. An empirical covariance matrix
for the RWMH was estimated from an initial run of 10,000 iterations and scaled until the
acceptance rate was between 15%-50%. We ran three chains per model for 100,000 iterations
each, updating the paths of 100 subjects per MCMC iteration, and discarding the first 10,000
iterations as burn—in. We also ran three chains for 50,000 iterations each using PMMH for
each of the models, with 500 particles per chain for the SIR model and 5,000 particles per
chain for the SEIR model. Particle paths were simulated approximately using 7—leaping over
a time step of 2 hours. Parameters were updated via multivariate RWMH whose covariance
matrix was estimated from an initial tuning run of 2,000 iterations. Rate parameters and

the overdispersion parameter were updated on the log scale, the negative binomial sampling
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probability was updated on the logit scale, and the initial state probabilities were updated
on the generalized logit scale. We discarded the first 1,000 of each PMMH chain as burn—in.

SIR Dynamics SEIR Dynamics
® Observed prevalence
® -- Estimated susceptible
3°600 600 —Estimated exposed
f - Estimated infected
; .

8 400 400 [195% Credible interval
k5]
Q
§ 200 200
Z

0 0 = = ; =

Jan 23 Jan 25 Jan 276211’1 29 Jan 31 Feb 02 Feb 04 Jan 23 Jan 25 Jan 276:111 29 Jan 31 Feb 02 Feb 04
ate ate

Figure A.25: Boarding school data, pointwise posterior median estimates and
pointwise 95% credible intervals under negative binomial emissions (grey shaded
areas) for the numbers of infected boys (solid line) and susceptible boys (dashed
line). Posterior estimates based on a thinned sample, with every 250" configuration
retained.

Although the posterior median estimates under binomial and negative binomial emissions
for the SIR and SEIR dynamics and detection rate are generally quite similar, the posterior
credible intervals are considerably wider when the data modeled as a negative binomial
sample of the true prevalence. This manifests both in the widths of the credible intervals for
the latent process (Figure A.25), and the credible intervals for the model parameters (Figure
A.26). This is not unexpected given that the negative binomial distribution is substantially
more flexible than the binomial distribution. In comparing the posterior estimates obtained
using BDA and PMMH under negative binomial emissions, we find that the estimates are
essentially identical for the SIR model. For the SEIR model, estimates of the dynamics are
generally similar, though not to the same degree as those for the SIR model. We notice that
the credible intervals for the mean infectious period and the negative binomial detection
probability obtained using PMMH are substantially wider than those obtained using BDA.

Upon closer inspection of the traceplots of the model parameters, it is clear that the negative
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binomial overdispersion parameter in the PMMH chains did not converge (Figure A.28).
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Figure A.26: Posterior medians and 95% credible intervals for SIR and SEIR
models fit with BDA and PMMH to the British boarding school data under binomial

and negative binomial emission distributions.
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Figure A.27: Traceplots of the log—posterior and model parameters for the SIR
model fit under negative binomial emissions using BDA following an initial burn—in
of 100 iterations. 8 denotes the per—contact infectivity rate, u is the recovery rate,
and p is the binomial sampling probability. Traceplots are thinned to display every

500 jteration.
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Figure A.28: Traceplots of the log—posterior and model parameters for the SEIR
model fit under negative binomial emissions via BDA following an initial burn—in of
5,000 iterations. S denotes the per—contact infectivity rate, u is the recovery rate,
v is the rate at which immunity is lost, and p is the binomial sampling probability.

Traceplots are thinned to display every 50 iteration.
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Figure A.29: Traceplots of the log—posterior and model parameters for the SIR
model fit under negative binomial emissions using PMMH with 5,000 particles per
chain and a time—step of 2 hours in the approximate 7—leaping algorithm, following
a tuning run of 2,000 iterations to estimate the RWMH covariance matrix and in
initial burn—in of 100 iterations. 8 denotes the per—contact infectivity rate, p is the
recovery rate, and p is the binomial sampling probability. Traceplots are thinned to

Oth

display every 50" iteration.
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Figure A.30: Traceplots of the log—posterior and model parameters for the SEIR
model fit under negative binomial emissions using PMMH with 5,000 particles per
chain and a time—step of 2 hours in the approximate 7—leaping algorithm, following
a tuning run of 2,000 iterations to estimate the RWMH covariance matrix and in
initial burn—in of 100 iterations. 8 denotes the per—contact infectivity rate, p is the
recovery rate, y is the rate at which immunity is lost, and p is the binomial sampling

Oth

probability. Traceplots are thinned to display every 50*" iteration.
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Appendix B
APPENDIX TO CHAPTER 4

B.1 Tuning the Initial Elliptical Slice Sampling Bracket Width

When fitting SEMs with complex dynamics, e.g., when there are many strata or when the
dynamics are time varying, we will be able improve the computational efficiency of our
MCMC by initialing the ElliptSS bracket width at w < 2m. This is motivated by the
observation that when the model dynamics are complex, the ElliptSS bracket will typically
need to be shrunk many times before the sampler reaches a range of acceptable angles in the
proposal. Each time we propose a new angle in the ElliptSS algorithm we must solve the
LNA ODEs in order to compute the observed data likelihood. Thus, if we can reduce the
number of ElliptSS steps, we will be able to shorten the runtime of our MCMC.

In models where it is advantageous to shring the initial bracket width, we will typically
set the initial bracket width to a constant times the standard deviation of the accepted angles
in a tuning phase. Since we do not step out the ElliptSS bracket, the initial width should
not be so small as to induce additional autocorrelation in the latent process, and should
also not be so wide that the bracket is contracted needlessly. We have found a bracket
width of w = QMU, corresponding to the full width at one tenth maximum for a
Gaussian with standard deviation o, to work well in practice. Figure B.1 presents histograms
of the number of contractions per ElliptSS update and the accepted angles before and after
contracting the initial ElliptSS bracket width for the joint Ebola model of Section 4.4. In
this instance, we were able to substantially reduce the number of contractions, and hence
likelihood evaluations, per ElliptSS update while leaving the distribution of accepted angles
essentially unchanged. We like to call this a “free lunch”.

We mentioned in Section 4.2.6 that our ElliptSS algorithm was modified slightly from
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Figure B.1: Distributions of the numbers of contractions per ElliptSS update and
the accepted angles for an MCMC chain for the joint Ebola model of Section 4.4 .
An initial bracket width of 27 was used for the first 5,000 iterations (top row), after
which the initial bracket width was set to 24/210g(10)0 gyiptss, where o giiprss was
the standard deviation of the accepted angles from the initial run (bottom row).
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that presented in [159] in order to facilitate tuning of the initial ElliptSS bracket width. In
both cases, the distribution of proposed states, Z,,.,, is centered at the current state Z,, .
However, the distribution of angles of accepted states using our algorithm will be centered
around 0, whereas the distribution of angles for accepted proposals using the algorithm in
[159] will be bimodal with peaks at 0 and 27. The algorithms are nevertheless equivalent due
to the rotational symmetry of the proposals (a proposal made using an angle ¢ is equivalent
to a proposal using ¢ + 27). It is more natural to compute the standard deviation of the
accepted angles if the distribution of angles is symmetric about zero than if it is bimodal

(which would require a rotation).
B.2 Inference for Initial Compartment Volumes

When the initial compartment volumes are included as initial parameters in the model in-
stead of being treated as fixed, we will model them as arising from the following truncated

multivariate normal distribution:
X ~ TMV Nge(Np,aN(P —pp")), (B.1)

where p is a vector of subject—level initial state probabilities, P = diag(p), N is the popula-
tion size, v is an over—dispersion parameter, and the subscript S¥ specifies the state space
of X (so that the compartment volumes add up to N and each compartment volume is non—
negative and less than the total population size at time ty). Thus, the initial distribution
is the truncated normal approximation of either a multinomial distribution with size N and
probability vector p if @ = 1, or of a dirichlet—multinomial distribution with parameters
a = p = a/a’(1), and over—dispersion o = (N + a”1)/(1 + @’1). In models with mul-
tiple strata, we will similarly model the initial compartment volumes as having independent
truncated multivariate normal distributions that are each approximations of multinomial
distributions over initial compartment counts within each stratum. Notation and details are

completely analogous to the single stratum case, and are therefore omitted for clarity.



247

Let m = Np, V = aN(P — pp?), and V2 be the matrix square root of V, which we
will compute using the singular value decomposition V.= UDU? — V¥2 = UD'2. Let
Z~ denote the LNA draws as before, and let Z*° ~ MVN(0,I) denote the vector of draws
that will be mapped to Xy. We will update the initial compartment volumes jointly with
the LNA draws using elliptical slice sampling.

Algorithm 10 Sampling LNA draws and initial volumes via elliptical slice sampling.
1: procedure DOELLIPTSS2(ZY ZX0 0 Y, T, w = 27)

2: Sample ellipse: ZX, ~ N(0,I), ZX° ~ N(0,1)
3: Sample threshold: u|x ~ Unif(0, L(Y|doLNA(Z,,0,Z)))

4: Position the bracket:

b ~ Unif(0,w)
L¢<——¢; R¢<—L¢+'¢
¢ ~ Unif(va Rl/))

5: Make the initial proposal:
72X — ZX cos(¢) + Zo.,sin(9)

cur

ZX0 — 7ZX0 cos(¢) + ZX0 sin(¢) — X| = m + V/2ZXo

cur prop

6:  if L(Y|doLNA(Z',6',T)) > u then accept Z~', Z*o
7: return Z'

8: else

9: Shrink bracket and try a new angle:

10: If: ¢ <0 then: Ly < ¢ else: Ry — ¢

11: ¢ ~ Unif(L¢, R¢)

12: GoTo: 5

B.3 Choice of Estimation Scale and Implications for Mixing and Convergence

How we parameterize the MCMC estimation scale is critically important to its computa-
tional performance. If we can identify transformations of the model parameters that mini-
mize strong correlations and non-linear relationships on the estimation scale, we will be able
to substantially improve MCMC mixing. In our context, it will often be relatively straight-

forward to identify such transformations (or at least intermediate transformations that can
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be used in combination). As a general approach, we will try to identify transformations that
reflect the ways in which model parameters jointly act on the model dynamics, and then a

second set of transformations that remove any boundary conditions.

Table B.1: SEIR model parameter and their interpretation on their natural scales.

Parameter Interpretation Domain
« Rate of infectious contact from outside the population [0, 0)
8 Per—contact rate of infection within the population [0, o0)
w Rate of transition from E — [ [0, 0)
] Rate of transition from I — R [0, 00)
P Mean case detection probability [0,1]
10) Negative binomial overdispersion parameter [0, 0)
Neyy Effective population size [0, N]

As an example, consider the single country SEIR model fit to the incidence data from
Sierra Leone in Section 4.4. This model includes parameters for the external force of infection
and the effective population size, which add complexity to the usual formulation of the SEIR
dynamics as being entirely driven by endogenous contacts within a closed homogeneously
mixing population. The effective population size is roughly the size of the initially susceptible
population. The model parameters on their natural scales are provided in Table B.1. Each of
the model parameters has a clear marginal interpretation, but upon examining the pairwise
scatterplots of the posterior (Figure B.2) it becomes obvious that the parameters interact
in highly non-linear ways. We would encounter a variety of pathological computational
problems if we were to naively parameterize the MCMC estimation scale without considering
the ways in which the parameters interact to affect the dynamics. For example, it would be
extremely difficult for any sampler that does not account for the curvature in the posterior,
e.g., Hamiltonian Monte Carlo (HMC), to explore the parameter space. (An aside: we
experimented with implementing the LNA in Stan and using HMC to sample the posterior,
but repeatedly integrating the LNA ODEs along with their augmented sensitivity equations
was prohibitively slow for even simple models).

We can mitigate the problems caused by non-linear relationships and strong correlations
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Figure B.2: Marginal histograms and pairwise scatterplots of posterior samples
for parameters for the SEIR model fit to the Sierra Leone Ebola dataset using the
estimation scale in Table B.3. The parameters on the estimation scales in this figure
and their interpretations are provided in Table B.1.
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among parameters by parameterizing the estimation scale in terms of how the parameters
jointly affect the model dynamics and then removing the boundary conditions. Table B.2
provides a list of parameters on their estimation scale that are reflective of an initial first pass
at how we would expect the parameters to interact. For example, the parameters governing
the rates of infectious contact, o and [, combine with the effective population size and
the infectious period duration to produce the basic reproductive numbers with respect to
initially infected individuals outside and inside the population. Still, we can see that there
are some residual non—linear relationships between the log effective population size, the logit

case detection probability, and the adjusted reproductive number.

Table B.2: SEIR model parameter and their interpretation on a possible set of
estimation scales.

Parameter Interpretation Domain
Log adjusted reproductive number given an infected

log(RZfi;) = log(aNeys/1) outside the population (00, 0)
Log basic reproductive number given an infected
log(Ragj — 1) = log(BNess/n — 1) ins%de the population and Rq; E 1. (—00,00)
log(1/w) Log mean latent period duration (—o0,00)
log(1/p) Log mean infectious period duration (=00, 0)
logit(p) Logit mean case detection probability (—o0,00)
log(¢) Log negative binomial overdispersion parameter (—0o0,00)
log(Neyys) Log effective population size (—o0,log(N))

A heuristic argument for an estimation scale that further simplifies the posterior geometry
proceeds by analogy with the analogous deterministic ODE model. In particular, we will
consider how the functions of model parameters in Table B.2 act on the model dynamics
through the final size relation, and how they are informed by the data. The final size relation
for the ODE model [152] relates the fraction of the population that eventually becomes

infected 7, with the basic reproductive number:

T=1-—e 0" (B.2)

As RO increases, a larger fraction of the population becomes infected. As the effective
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Figure B.3: Marginal histograms and pairwise scatterplots of posterior samples
for parameters for the SEIR model fit to the Sierra Leone Ebola dataset using the
estimation scale in Table B.3. The parameters on the estimation scales in this figure

and their interpretations are provided in Table B.2.
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population size, N.s¢, increases, so too does the absolute outbreak size, m x N.s;. The
expected observed outbreak size is the absolute outbreak size multiplied by the mean case
detection probability, 7 x p x N.s¢, which should be concordant with the total number of
observed cases. We can interpret the product, p x Nsf, as a measure of the case detection
rate. This is discussed further in the next section. Taken together, the combination of
parameters that we would expect to jointly act on the model, a posteriori, is the adjusted
reproduction number offset by the case detection rate, R0 x p x N,tr, which will enter our
estimation scale as log(R0x px Ngg¢). The other modification of the estimation scale in Table
B.2 replaces the log latent period with the log ratio of infectious to latent period durations.
The new estimation scale is given in Table B.3. On this estimation scale, the posterior for
Sierra Leone is much better behaved, with weaker pairwise correlations and little in the way

of non-linear relationships between the model parameters.

Table B.3: SEIR model parameters and their interpretation on a possible set of
estimation scales.

Parameter Interpretation Domain
Log effective number of additional infecteds per

log(1000a,) 1000 infecteds outside the population (=

Log adjusted reproductive number given an infected

log(Raqj — 1) + log(pNeys) inside the population and R,q; > 1, offset (—o0,00)
by the mean case detection rate

log(w/u) Log ratio of mean latent to infectious period durations (—o0,00)

log(1/u) Log mean infectious period duration (—o0,00)

logit(p) Logit mean case detection probability (=00, 0)

log(¢) Log negative binomial overdispersion parameter (—o0,00)

log(pNeyy) Log mean case detection rate (—o0,log(N))
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Figure B.4: Marginal histograms and pairwise scatterplots of posterior samples
for parameters for the SEIR model fit to the Sierra Leone Ebola dataset using the
estimation scale in Table B.3. The parameters on the estimation scales in this figure
and their interpretations are provided in Table B.3.
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B.4 Identifiability when Estimating the Effective Population Size

When the scale of an outbreak is small relative to the population size, it may be unreasonable
to assume that the entire population mixes homogeneously and participates in propagating
the epidemic. One alternative is to split the population into two (or more) sub—populations,
one that participates in the outbreak and another that is separated from the outbreak. For
example, in the case of the SIR model, we might have two susceptible compartments, S and
SE where S* is a susceptible subpopulation that is effectively removed since they experience
no infectious contact, and S¥ is a susceptible population that may become exposed. In this
model, the effective population size is Nejp = S¥ + I+ R. The model is otherwise constructed
in the same way as the SIR model, except with S¥ replacing S.

The effective population size and the mean case detection probability are weakly iden-
tifiable parameters in that we require prior information about their scales to disentangle
their effects. To see why this is so, note that p and N.¢; enter into the complete data
likelihood, (4.19), through the priors and through emission distributions that have means
of the form, pANg;(t;). The incidence here should be understood as an increment in com-
partment concentrations scaled by the effective population size, since the LNA is a density
dependent process [128, 222, 68]. Thus, the emission densities have means of the form,
p (Nésl(tg) — Ngsf(tg,l)) Negp, where N' = N/N,ss is the equivalent representation of the
LNA in terms of compartment concentrations.

In principle, absent prior information about the scales of p and N, ¢, we will have difficulty
estimating the case detection probability and effective population size. In practice, there
are a few reasons that p and N.sy might be weakly identifiable, rather than completely
unidentifiable. First, certain stochastic aspects of the outbreak, such as the probability of a
major outbreak and persistence of transmission, depend on the population size. Furthermore,
the scale of the observed incidence and the observed outbreak duration are informative about
the minimal effective population size. Therefore, the fact that we observe part of the outbreak

is itself informative. Finally, a rough estimate the true population size is typically available,
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providing an upper bound on the effective population size. By extension, the latent epidemic
process is also weakly identifiable in models where the effective population size and case
detection probability are estimated.

In contrast, the mean case reporting rate, p x N.s¢, along with parameters governing the
outbreak dynamics, are directly informed by the data and remain identifiable. It might seem
paradoxical that we can infer the dynamics of an outbreak when we are unable to estimate
the latent process. To understand why this is so, note that a SEM can be rewritten in terms
of concentrations by dividing the compartment counts by the population size, yielding the
so—called “true mass—action model”. The dynamics of this equivalent model, expressed, for
example, by the basic reproductive number R0 and recovery rate for an SIR model, are
known to be independent of the population size [61]. Combinations of model parameters
yield latent paths, N’, expressed in terms of increments in concentrations, and are weighted
in the posterior proportionally (modulo the prior) to the likelihood of scaled paths, pN.ffIN'.
The temporal nature of the data is important here because the curvature of scaled paths
should roughly match that of the data. Thus, we are leveraging curvature in the data to
make inferences, not just the pointwise emission probabilities.

We can check that p x N.¢r and the parameters governing the outbreak dynamics are
identifiable via a simple simulation. We drew 500 sets of parameters from the priors given in
Table B.4, and simulated an outbreak and a dataset for each set of parameters. The models
were fit via the LNA under the same priors from which the parameters were drawn using the
MCMC procedure used to fit models for the main coverage simulation (described in Section
B.5.1). The results are summarized in Table B.5. The nominal coverage rates for all model
parameters is approximately correct. However, the relative widths of the posterior credible
intervals for the case detection rate are substantially narrower than the relative widths of
the credible intervals for p and Ny vis—a-vis their prior intervals. This suggests that the
data are informative about p x N.ss. The priors for p and N.ss are not completely flat, and
the scale of the observed counts is itself informative about N.s¢. Therefore, we still expect,

and observe, some shrinkage for p and Ny, individually.



Table B.4: Parameters and priors used in simulating 500 SIR outbreaks where the
effective population size was a parameter in the model. The true population size
was 100,000. Each outbreak was simulated from a MJP with SIR dynamics. The
observed incidence was a negative binomial sample of the true incidence.
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Parameter Interpretation Prior Median (95% Interval)
RO—1 Basic reproduction # - 1 LogNormal(0, 0.5) = RO = 2.00 (1.38, 3.66)
1/p Mean infectious period LogNormal(0.7, 0.35) 2.01 (1.01, 4.00)
p/(1 —p)  Odds of case detection LogNormal(0, 1.4) — p = 0.5 (0.06, 0.94)
) Neg.Binom. overdispersion Exponential(0.1) 6.93 (0.25, 36.89)
Neyy Effective population size Unif(5000, 50000) 27500 (6125, 48875)

Table B.5: Results for the models fit to the outbreaks simulated under SIR dynam-
ics with random effective population sizes. Reported are the nominal coverage rates
of 95% credible intervals, the median (95% CI) of the posterior median deviations
(PMD), credible interval widths (CIW), and credible interval widths relative to the
95% prior interval widths (Rel.CIW). The relative widths of the credible intervals
for p x Neyy are computed with respect to the induced prior resulting from the
marginal priors for p and Nyy.

Parameter Coverage PMD CIwW Rel.CIW
RO 0.94 -0.02 (-0.9, 0.58) 1.1 (0.47, 2.43) 0.48 (0.21, 1.06)
7 0.95 0 (-0.36, 0.21) 0.49 (0.29, 0.85) 0.66 (0.4, 1.16)
P 0.95 -0.01 (-0.36, 0.24) 0.55 (0.14, 0.74) 0.62 (0.16, 0.84)
Neyy 0.96 800 (-18900, 16100) 32200 (14600, 41100) 0.75 (0.34, 0.96)
p x Neyrr 0.93 35 (-9000, 4200) 6750 (640, 26750) 0.18 (0.02, 0.72)
0] 0.95 0.04 (-13.49, 8.95) 9.1 (0.31, 46.85) 0.25 (0.01, 1.28)
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B.5 Simulation Details and Additional Results for Section 4.3.1

B.5.1  Simulation Setup and MCMC' Details

In this simulation, repeated for each of the three different regimes of population size and

initial conditions given in Table 4.1, we simulated 500 datasets as follows:

1. Draw log(R0 — 1), 1/u, logit(p), log(¢) from the priors given in Table 4.1.

2. Simulate an outbreak, N|@, under SIR dynamics from the MJP via Gillespie’s direct

algorithm [87]. If there were fewer than 15 cases, simulate another outbreak.

3. Simulate the observed incidence, Y|N, @, as a negative binomial sample of the true
incidence in each epoch, i.e., Y; ~ Neg.Binomial(p(Ngj(t;) — Nsi(te—1)), ¢). If the out-
break died off before epoch 15, the dataset was truncated at 15 observations (i.e., the
dataset consisted of a series of case counts accrued during the outbreak along with
a series of trailing zeros accrued after the outbreak died off). If the outbreak lasted

longer than 50 epochs, the dataset was truncated at 50 observations

We proceed to fit SIR models using the LNA, ODE, and MMTL approximations. Priors
for model parameters were assigned as in Table 4.1. Five MCMC chains per model were
initialized at random values near the true parameters and run for 35,000 iterations per chain.
The first 10,000 iterations used to warm up each chain and adaptively estimate the empirical
covariance matrix to be used in the multivariate Gaussian random walk Metropolis—Hastings
proposals for parameters. The empirical covariance matrix was initialized as 0.01 times an
identity matrix. After the warm—up period, the empirical covariance matrix was frozen and
the final 25,000 iterations from each chain were combined to form the final MCMC sample.
Convergence was assessed using potential scale reduction factors (PSRFs) [35], computed via
the coda R package [173]. PSRFs were less than 1.05 in all cases.

For models fit via the LNA and ODE approximations, the covariance matrix was adapted

—0.50001
)

as in algorithm 4 of [11]. The gain factor sequence was v, = 0.25(1 + 0.05n) and
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a small nugget variance, equal to 0.00001 times an identity matrix, was added during the
adaptation phase. The target acceptance rate used in the adaptation was 0.234. The models
were implemented using the stemr R package [73].

Inference via the MMTL approximation within PMMH were fit using the pomp R package
[125]. We used 500 particles in the PMMH algorithm. This choice was made to mitigate
issues of particle degeneracy that occurred with fewer particles for some datasets. The time
step for MMTL was set to 1/7, which, for example, corresponds to 7—leaping over one day
increments given weekly incidence data. The MCMC was initialized in the same way as LNA
and ODE models, but the empirical covariance matrix was adapted according to a different
cooling schedule. The gain factor sequence provided by the package is of the form ~, = n?,
where the cooling term, «, was set to 0.999. For some of the datasets, the PMMH algorithm
degenerated during the adaptive phase of the MCMC. If this was the case, the MCMC was
restarted at a different set of random initial conditions. The posterior samples from all five

MCMC chains were combined after discarding the initial samples from the adaptation phase.

B.5.2  Additional Coverage Simulation Results

Population size ODE LNA MMTL
10,000 0.39 (0.21, 0.62) 21.73 (10.83, 37.74) 85.23 (42.31, 152.48)
50,000 0.42 (0.23, 0.62)  32.27 (13.4, 55.8)  88.36 (38.63, 153.54)
250,000 0.45 (0.25, 0.78)  33.08 (12.56, 70.86)  87.4 (39.8, 166.87)

Table B.6: Median (2.5%, 97.5%) quantiles of run times, in minutes, for MCMC
chains in the coverage simulation presented in Section 4.3.1. Models were fit via
the linear noise approximation (LNA), multinomial modified 7-leaping (MMTL)
within particle marginal Metropolis—Hastings, and deterministic ordinary differential
equations (ODE).



259

JO sorel 9510400 9T} J10daI IAN

(owm NdD/SSH D 1Y) 2wy N gD 0d ozts
a[dures 9A1109]j9 URSW JLIJOUI0LS dAIYR[AI PUR ‘(SSH) 9z1s a[dures aA1109]je ‘(AID) SYIPIM [RAISIUT S[(IPAID %G

‘(INd) suoryeraep ueipowr 10L0)sod Jo sofipuenb (%616 ‘%G C) %0S UM SUOR S[RAISIUI S[qIPAID URIsaAR 9,66

‘1ojourered UOISIOASIP-I0A0 RIMIOUI] dAI}RSU oY) ST ¢ ‘Ajfiqeqoid UOI}0R39p

9SBD [RIWIOUI( OAI}RSOU oY) ST ¢ ‘9jel AIoA0001 o ST 71 ‘YeaIqino ue Jjo Ioquunu oAljonpoidol d1seq oyj st 0y
(4O) suoryenbs [e1IUSIOPIP ATRUIPIO DIPSTUIULIOIOP pUR ‘sBul)se—sijodo1o]y [eurdrew o[o1yred urgym (TLININ)
Surdes—+ peyrpow [erwourjnu ‘(yN-J) uoryewrxordde osIoOU Iesul] oy} RIA 1 oIom S[OPOJN ['¢'§ UOI}DLG Ul
pojuesard uworeMMIS 98RIIA0D 9] 10} sjmsar owdal (00007 = N) uornendod [rews poreld :L4°g °[qelL

(07€ ‘9TT) 681 (8LLL ‘65¥S) 6299 (T1°C ‘88°0) ¢¢'T  (FS°0 9°T-) €T'0- GL0 (¢)3or GIel0)
(107 ‘11T) €0¢ (96GL ‘OFer) L829  (76°C ‘8%°0) 62T (LE'T ‘€0'T-) €T°0 zLo (d)n3or crefe}
(FP€ ‘€0T) 78T (€992 ‘806¥) 0279 (2T ‘€c0) 160 (6L°0 ‘T¢°0-) S0°0 98°0 (17)3or crefe}
(0%€ ‘s0T1) G8T (0S92 ‘9G6¥) 8€F9  (8€'T ‘69°0) €0°'T  (99°0 ‘94°0-) €0°0-  68°0 (0)301 crefe}
— (cT26 ‘co¥e) 98FL (TzT ‘16°0) €8T (1270 ‘69°0-) 20°0- 96°0 (¢)3or TLININ

— (90g8 ‘8zer) G2L9  (86'C ‘16°0) LT'T (1970 ‘T-) €0°0- 760 (d)nsor  TLININ

— (2616 ¢ ﬁ% ¢) 18%L (60T ‘6L°0) 360 (S7°0 ‘1¢°07) €00-  S6°0 (17)3o] TLININ
(L616 ‘€SFS) €8FL (6£°T ‘88°0) 60°'T (€50 ‘SF°0-) €0°0 G6°0 (0g)3or  TLININ

(eg¢ ‘1€°0) T (cegy 58 120z (2 ‘26'0) &1 (1270 ‘99°0-) 0O 96°0 (¢)301 VNT
(0% L1°0) 29°0 (1¥6¢€ ‘o1¢) Ggel (982 ‘¥S0) ST'T  (95°0 F¥'1-) C0°0- €60 (d)3307 VNI
(16 ‘T°0) 8¥°0 (886€ ‘661) ¥20T  (€T'T ‘FL°0) €60 (S0 ‘C0-) 10°0- G6°0 (17)301 VNT
(7€ ‘€1°0) €9°0 (6207 ‘TL2) OFET  (9€'T ‘€8°0) ¥O'T  (GS'0 ‘16°0-) 0 €60 (0¥)3or VNI
owry NJdD/SSH IND 1PY SSH MID %S6 and ofer0A0)) IjoUIRIR PO\




260

(owm NdD/SSH D 1Y) 2wy N gD 0d ozts
a[dures 9A1109]j9 URSW JLIJOUI0LS dAIYR[AI PUR ‘(SSH) 9z1s a[dures aA1109]je ‘(AID) SYIPIM [RAISIUT S[(IPAID %G
‘(INd) suoryeraep ueipowr 10L0)sod Jo sofipuenb (%616 ‘%G C) %0S UM SUOR S[RAISIUI S[qIPAID URIsaAR 9,66
JO Sojel 958eIoA0D oY) YIodal 9p\ “Iojowrered UOISIDASIP-IOAO [RIWIOUI(Q SAI}E3SU 9} SI ¢ ‘A3[iqeqold UOI}Ia}oP
9seD [eIWIOUI( 9AIYRSoU oY) ST d ‘9jel AI0A0291 oY) SI 71 ‘YeAIQINO UR JO Ioquuinu aArjonpoidar o1seq oY) st 0y
(4O) suoryenbs [e1IUSIOPIP ATRUIPIO DIPSTUIULIOIOP pUR ‘sBul)se—sijodo1o]y [eurdrew o[o1yred urgym (TLININ)
Surdes—+ peyrpow [erwourjnu ‘(yN-J) uoryewrxordde osIoOU Iesul] oy} RIA 1 oIom S[OPOJN ['¢'§ UOI}DLG Ul
pojuesald woreNUIS 98RIDA0D o1} I0J sjmsal auwrrdar (000‘0¢ = N) uorpendod wmipew pofred :8'g °[qelL

(c9¢ ‘T0T1) €61 (GGLL ‘TGFS) L899 (LT ‘8L°0) PO'T  (LG°0 9€'T-) L1°0- z8'0 (¢)3or GIel0)
(01% ‘L0T) 60¢ (€794 ‘L108) TEF9 (GL°C 2€°0) 88°0 (G8°0 ‘€T'T-) €0°0-  GLO (d)nSor Hdo
(65¢ ‘L8) 06T (7992 ‘621S) 8659  (LO'T FF0) €4°0  (LF'0 ‘99°0-) 100~ z8'0 (17)3or GLer0)

(FGe ‘88) LST (T2LL ‘€128) 2659 (LT ‘2G0) #8°0 (6570 ‘95°0-) T00- 98°0 (0)301 CIer0)

— (6668 ‘079%) 960L  (F8'T ‘6L°0) T'T  (59°0 ‘65°0-) 200~ ¥6°0 (¢)3or TLININ

— (8T€8 ‘666¢) TGF9 (96 ‘€7°0) 60T (9570 ‘86°0-) €0°0-  S6°0 (d)nsor  TLININ

— (2168 ‘S8¥F) L9TL (S0°T ‘86°0) 280 (L£°0 ‘2F0-) 10°0-  €6°0 (17)3o] TLININ

— (2016 ‘€1L¥) ¥82L  (2€T ‘29°0) 860 (1S°0 ‘9%°0-) 10°0- G6°0 (0g)3or  TLININ

(1°¢ ‘8€°0) T0'T (2hPG ‘6L1T) 916C (98T ‘6.°0) T'T (L0 ‘29°0-) TO'0 76°0 (¢)301 VNT
(67°¢ ‘8T°0) 19°0 (9€9% ‘6¢¥) ¥OLT (18T L¥0) €T'T (€0 ‘T-) 10°0- ¢6°0 (d)3307 VNI
(c0'¢ ‘21°0) €9°0 (922¢ ‘20€) 6161 (20T ‘8G°0) €80 (170 ‘€7°0-) 10°0 €6°0 (17)301 VNT
(€ 91°0) L9°0 (1867 ‘L6€) 861 (8T'T ‘99°0) €6°0  (6%°0 ‘G°0-) €0°0- €60 (0¥)3or VNI

owry NdD/SSH IND YU SSd MID %56 dNd o3eIoA0])  IdjPUIRIR]  POYIRIN




261

JO sorel 9510400 9T} J10daI IAN

(owm NdD/SSH D 1Y) 2wy N gD 0d ozts
a[dures 9A1109]j9 URSW JLIJOUI0LS dAIYR[AI PUR ‘(SSH) 9z1s a[dures aA1109]je ‘(AID) SYIPIM [RAISIUT S[(IPAID %G

‘(INd) suoryeraep ueipowr 10L0)sod Jo sofipuenb (%616 ‘%G C) %0S UM SUOR S[RAISIUI S[qIPAID URIsaAR 9,66

‘1ojourered UOISIOASIP-I0A0 RIMIOUI] dAI}RSU oY) ST ¢ ‘Ajfiqeqoid UOI}0R39p

9SBD [RIWIOUI( OAI}RSOU oY) ST ¢ ‘9jel AIoA0001 o ST 71 ‘YeaIqino ue Jjo Ioquunu oAljonpoidol d1seq oyj st 0y
(4O) suoryenbs [e1IUSIOPIP ATRUIPIO DIPSTUIULIOIOP pUR ‘sBul)se—sijodo1o]y [eurdrew o[o1yred urgym (TLININ)
Surdes—+ peyrpow [erwourjnu ‘(yN-J) uoryewrxordde osIoOU Iesul] oy} RIA 1 oIom S[OPOJN ['¢'§ UOI}DLG Ul
pojuesald uorjeIIS 03vI0A0D 91} I0] s)msal owidal (000‘'05¢ = N) uonyendod o8rel pojredq :6°g °[qelL

(ETF ‘L11) 602 (€892 ‘126¢) 1229  (FF'T 99°0) 6°0  (9%°0 ‘65°0-) 80°0- 16°0 (¢)3or GIel0)
(987 ‘ST1) 01¢ (8€8L ‘612S) 6259 (29T LT°0) FL'0  (89°0 ‘8L°07) T00-  ¥8°0 (d)nSor Hdo
(82¥ ‘C0T) 86T (LL8L ‘02GS) 6189 (I ‘€°0) 'O (¥€0 ‘6¥7°0°) 0 68°0 (17)3or GLer0)
(LT¥ ‘F0T1) €61 (c208 ‘995¢) 8289  (2Z'T ‘9€°0) €9°0  (5G°0 2£°07) 10°0- 680 (0)301 CIer0)
— (0968 ‘ce2£) 9929 (4T ‘99°0) ¥6°0  (2S°0 ‘15°0-) €0°0- G6°0 (¢)3or TLININ

— (906L ‘282€) 9919 (792 ‘¥€°0) 660 (G9°0 ‘2°0-) T0°0 z6°0 (d)nsor  TLININ

— (1288 ‘209¢) 8689  (86°0 ‘8€°0) S9°0  (2€0 ‘9¥°0-) 200~  ¥6°0 (17)3o] TLININ

— (C168 ‘68L¢) 0€0L  (LTT ‘1€°0) 8 (70T ‘8€°0-) €0°0 €6°0 (0g)3or  TLININ

(¢6'¢ ‘1L0) €9°T (¥819 ‘T0TT) L86¢ (ST ‘29°0) ¥6'0 (S0 ‘¥9°0-) 0 S6°0 (¢)301 VNT
(1% 92°0) €0'1 (co6¢ ‘2LS) ¥1SC (992 ‘6e0) 660 (2670 ‘8°0-) 10°0 €60 (d)3307 VNI
(¢6'¢ ‘81°0) TT'T (8€09 ‘667) ¥e1& (20T 9°0) L9°0  (€£€°0 ‘¥¥°0-) 10°0 G6°0 (17)301 VNT
(66°¢ ‘22'0) €1'T (LT19 ‘8€9) 8¥z¢  (FT'T ‘L¥°0) L0 (1570 ‘8€°0-) T0°0- G6°0 (0¥)3or VNI
owry NJdD/SSH IND 1PY SSH MID %56 and 08eIoA0))  I0jouIRIR] PO\




262

B.6 Supplementary Coverage Simulations with Fixed Parameters

B.6.1 Simulation Setup

The simulations presented in this section supplement the results of Section 4.3.1 in assessing
the statistical and computation performance of the LNA approximation vis—a—vis the ODE
and MMTL approximations. In contrast to the previous coverage simulation, here we will
fix the model parameters to one of four regimes, presented in Table B.10, that are charac-
terized by either fast or moderate outbreak dynamics, and high or low detection probability.
In each setting, we simulated 500 outbreaks from a MJP with SIR dynamics in a popula-
tion of 50,000 individuals, five of whom were initially infected and the rest of whom were
susceptible. The observed incidence in each epoch was a negative binomial sample of the
true incidence. Outbreaks for which the number of observed cases was less than 25 were
re—simulated. MCMC chains were tuned and SIR models were fit via the LNA, ODE, and
MMTL approximations as described in Section B.5.1. The initial comparment volumes were
fixed at the true values. The models were fit using diffuse priors, also presented in Table
B.10. We caution that the priors used in this exercise are perhaps unreasonably diffuse,
particularly in the context of epidemic modeling where prior information is often available,
and that we expect credible intervals will be overly wide as a result (we would still expect
nominal coverage to be incorrect, even under tighter priors, since the datasets were simulated

under fixed parameter regimes).
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B.6.2 Fized Parameter Coverage Results

Coverage for credible intervals of ODE models tended to fall below nominal levels in spite
of the bias towards wide intervals due to the diffusivity of the priors. This was particularly
the case in parameter regimes 1 and 3, where the basic reproductive number was lower
(and hence the simulated outbreak trajectories further from their thermodynamic limits). In
these parameter regimes, coverage was particularly poor due as estimates of the outbreak
dynamics tended to be farther from their true values and credible intervals were too tight
and did not properly account for uncertainty about the parameter estimates, particularly
those governing the measurement process. Coverage levels for models fit via the LNA and
MMTL approximations exceeded their nominal levels as expected.

ODE models remained the most computationally performant. However, in this exercise,
the LNA substantially outperformed the MMTL approximation within PMMH in terms of
ESS and ESS per CPU time. We believe this is largely attributable to the diffusivity of the
priors, which not only fail to regularize the posterior, but likely pull it towards unreasonable
regions of the parameter space. As a general comment, we would strongly caution practition-
ers against adopting such priors more broadly. While it may seem appealing to adopt such
diffuse priors in pursuit of being "agnostic” to the underlying outbreak dynamics, one of the
very good reasons for working within the Bayesian paradigm in this context is that we have
quite a bit of prior information regarding the outbreak dynamics and reasonable ranges for
the case detection probability. For example, we often have historic examples of outbreaks in

similar settings that we can look to in specifying priors about the basic reproductive number.



Table B.10: Parameter regimes under which datasets were simulated and priors
used to fit SIR models. Five hundred datasets were simulated for each of the param-
eter regimes from a MJP with SIR dynamics. R0 = SN /u is the basic reproductive
number and g is the recovery rate. The observed incidence was a negative binomial
sample of the true incidence in each inter—observation interval with case detection
probability p and overdispersion parameter ¢.
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Regime 1 Regime 2 Regime 3 Regime 4
Low RO/Low p High RO/Low p Low RO/High p High RO/High p

RO 1.75 3.25 1.75 3.25

p 0.25 0.25 0.75 0.75

[ 1 0.4 1 0.4

@ 5 5 5 5

Parameter Interpretation Prior Median (95% Interval)
RO—1 Basic reproduction # - 1 LogCauchy(0.4, 1) == RO = 2.50 (1.00, 4.9x10°)
1/u Mean infectious period LogCauchy(-0.7, 1) 1.43 (4.3 x 107, 4.7 x 10)
p Mean case detection prob.  Unif(0, 1) 0.5 (0.025, 0.975)
1) Neg.Binom. overdispersion LogCauchy(1.5,1) 4.48 (1.4x1075, 1.5 x 10%)

B.6.3 Fized Parameter Coverage Simulation Results
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Parameter Regime ODE LNA MMTL

Regime 1 0.3 (0.21, 0.34) 19.93 (14.96, 28.21) 62.85 (54.16, 83.94)
Regime 2 0.28 (0.17, 0.36) 14.41 (11.33, 20.43)  48.89 (35.47, 67.2)
Regime 3 0.31 (0.2, 0.4)  19.47 (15.57, 28.28) 62.09 (55.75, 83.89)
Regime 4 0.28 (0.17, 0.36) 14.66 (11.43, 20.58) 49.04 (35.72, 67.53)

Table B.11: Median (2.5%, 97.5%) quantiles of run times, in minutes, for MCMC
chains in fixed parameter coverage simulations. Models were fit via the linear
noise approximation (LNA), multinomial modified 7—leaping (MMTL) within parti-
cle marginal Metropolis—Hastings, and deterministic ordinary differential equations
(ODE). True parameter values are presented in Table B.10. Parameter regimes 1
and 3 had slower outbreak dynamics (RO = 1.75, vs. RO = 3.25). Parameter regimes
3 and 4 had higher case detection rates (p = 0.75, vs p = 0.25).
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B.7 Synthetic Ebola Outbreak — Simulation Settings and Additional Results

B.7.1 Simulation Details

We simulated an outbreak for a stratified SEIR model, diagrammed in Figure B.5, for the
spread of Ebola in Guinea, Liberia, and Sierra Leone, via Gillespie’s direct algorithm [87].
Transmission was driven by contact with infected individuals within the country, and migra-
tion of infected individuals from other countries. The countries differed in their transmission
dynamics, case detection probabilities, and effective population sizes. In addition, the times
at which transmission commenced in each country were staggered. The outbreak began in
Guinea with transmission beggining in Liberia at the start of week 10, and in Sierra Leone
at the start of week 19. The rates of between country transmission, along with the other
rates of state transition, for Liberia and Sierra Leone were set to zero prior to those times.
The constants and parameters used in simulating the outbreak and data are given in Tables

B.16 and B.16. The priors used in fitting the models are given in Tables B.17 and B.18.

Table B.16: True and effective population sizes, and initial conditions for a simu-
lated outbreak in Guinea, Liberia, and Sierra Leone. Week zero is one week before
the first observation is accrued and the time at which within—country transmission
was assumed to begin.

Guinea Liberia Sierra Leone
True population size (V) 11.8 million 4.4 million 7.1 million
Effective population size (N.y¢) 15,000 35,000 25,000
Week zero (1) 0 10 19

Initial state at tq (So, Eo, lo, Ro)  (11.8x105-7, 4,3, 0) (4.4x105-5 3,2, 0) (7.1x105-5, 3, 2, 0)




Figure B.5: Diagram of state transitions for a stratified SEIR model used in sim-
ulating an outbreak in Guinea, Liberia, and Sierra Leone. Dashed boxes denote
countries, nodes in circles denote the model compartments: susceptible (S), exposed
(E), infectious (I), recovered (R). Compartments are subscripted with country in-
dicators. The number of susceptible individuals is equal to the effective population
size, estimated as a parameter in the model, minus the numbers of exposed, infected,
and recovered individuals. Solid lines with arrows indicate stochastic transitions
between model compartments, which occur continuously in time. Rates at which
individuals transition between compartments are denoted by A and are subscripted
by compartments and superscripted by countries, e.g., >\§E is the rate at which
susceptible individuals become exposed in Liberia, )\}QG is the rate at which an in-
fected individual in Sierra Leone migrates to Guinea. The rate at which susceptible
individuals in Guinea become infected is time varying with one changepoint at 33
weeks. Transmission in Liberia and Sierra Leone commenced at 10 and 19 weeks,
respectively.Full expressions for the rates are given in Table B.19.

Liberia (L)
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Table B.18: Priors for the initial compartment volumes at the times when trans-
mission commenced in each country for a simulated Ebola outbreak in West Africa.
The initial compartment volumes for each country are assigned independent trun-
cated multivariate normal priors that respect the boundary conditions on the state
space of compartment volumes for that country (explained in Section B.2). If the
population size for country A is N4, and the initial state probability is denoted
Po,A = Xo,4/Na = (So.4,FEo.a,1o.a,Roa)/Na, the prior is a truncated multivariate
normal approximation of a multinomial distribution with mean Napg 4 and covari-
ance Na(Po.a — Po,aP{ 4)-

Country Prior mean initial volumes (Xj)
Guinea (11.8 x 10° — 7.1, 4, 3, 0.1)
Liberia (4.4 x 105 — 5.1, 3, 2, 0.1)
Sierra Leone (7.1 x 10° - 5.1, 3, 2, 0.1)

Table B.19: Rates of transitions between compartments for the full stratified SEIR
model for the spread of Ebola in Guinea, Liberia, and Sierra Leone with cross—
country migration of infected individuals across country borders. These rates were
used in simulating the outbreak and data, and in the supplementary model pre-
sented in Section B.7.3. The model is diagrammed in Figure B.5. Subscripts in
the rates denote model compartments, superscripts denote countries. Subscripts for
parameters denote countries. The number of susceptible individuals is equal to the
effective population size, estimated as a parameter in the model, minus the numbers
of exposed, infected, and recovered individuals. The rate at which susceptibles in
Guine become infected is time varying with one changepoint at 33 weeks. Transmis-
sion in Liberia and Sierra Leone prior to weeks 10 and 19 is expressed in the initial
compartment volumes at those times. Thus, all respective transition rates are set
to zero prior to the times when transmission commenced in those countries.

From To Country Rate

Susceptible  Exposed Guinea Mp(t) = (Bg)]l{Kgg} + Bg)]l{t>33})5’glg
Susceptible  Exposed Liberia Mg (t) = BLSt IpT =10y

Susceptible  Exposed Sierra Leone )\gE(t) = BsSslsli=10

Exposed Infected Guinea N, =weEg

Exposed Infected Liberia AL () = wr BT =10y

Exposed Infected Sierra Leone A2 (1) = wsEsLis=10)

Infected Recovered  Guinea N el le

Infected Recovered Liberia Mep(t) = prlolp=10)

Infected Recovered Sierra Leone )\fR(t) = pslsly>19

Infected (A) Infected (B) Countries AB  \}B(t) = aaplalyziaiym)
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Table B.20: Approximate rates of transitions between compartments for the strat-
ified SEIR model for the spread of Ebola in Guinea, Liberia, and Sierra Leone
with cross—country transmission via virtual migration of infected individuals. These
rates were used in the primary model presented in Section 4.3.3. The model is
diagrammed in Figure B.5. Subscripts in the rates denote model compartments,
superscripts denote countries. Subscripts for parameters denote countries. The
number of susceptible individuals is equal to the effective population size, estimated
as a parameter in the model, minus the numbers of exposed, infected, and recovered
individuals. The rate at which susceptibles in Guine become infected is time vary-
ing with one changepoint at 33 weeks. Transmission in Liberia and Sierra Leone
prior to weeks 10 and 19 is expressed in the initial compartment volumes at those
times. Thus, all respective transition rates are set to zero prior to the times when
transmission commenced in those countries.

From To Country Rate

AGp(t) = (58)1{t<33} + »Bg)]l{tz?,s})x

Susceptible Exposed Guinea
(Ie + arclilgz10y + asclsly=19y)Sc

Susceptible Exposed Liberia Mop(t) = B + agrlc + aspIsT=19)SL =10
Susceptible Exposed Sierra Leone A2y (t) = Bs(Is + agslc + arslp)Ssly=1g;
Exposed Infected Guinea N = weEg

Exposed Infected Liberia M (t) = wpErlgsi0y

Exposed Infected Sierra Leone A7, (t) = wsEsl>19

Infected Recovered Guinea )\IGR = ugla

Infected Recovered Liberia MNr(t) = prlrlpsq0)

Infected Recovered Sierra Leone )\fR(t) = pslsli>10
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B.7.2 MCMC Details

We fit two models to the simulated data, the true model where migration was modeled
explicitly and the approximated model, described in Section 4.3.3, where cross—border trans-
mission was incorporated into the rate of infection via virtual migration. The model fitting
procedure and priors were the same for both models. We ran five chains for each model,
initialized at random parameter values, for 200,000 iterations per chain. The model param-
eters, not including the initial compartment volumes, were jointly updated via MVNSS (see
Section 2.2.1). The empirical covariance for the MVNSS algorithm was adapted over the first
100,000 iterations using the gain factor sequence, v, = 0.5(1+0.01n)~%. The contribution of
isotropic Gaussian noise to the proposal was initialized at 0.001 and reduced throughout the
adaptation phase according to the sequence ¢, = 0.001(1 + 0.01n)7%%. The covariance ma-
trix was blocked by country with covariances for parameters belonging to different countries
set to zero. Thus, country specific parameters were proposed jointly but were independent
in the proposal. Migration parameters were blocked with parameters corresponding to the
destination country. The initial compartment volumes were updated jointly with the LNA
paths in an EllipSS step. The MCMC alternated between three ElliptSS and two MVNSS
updates per MCMC iteration. The ElliptSS bracket width was reset after the first 5,000
MCMC iterations to w = 24/210g(10)0 guiptss, where omyipss was the standard deviation
of the accepted angles over the initial iterations. The MCMC estimation scales for each
country were parameterized as in Table B.3 with the one addition being the log ratio of
adjusted reproductive numbers, subtract one, for Guinea, log <(Rfjc)f’g -1)/ (Rgc)fG — 1))
Convergence was assessed visually by inspection of traceplots of posterior samples, and via
potential scale reduction factors (PSRFs) [35] computed via the coda R package [173]. The
full model took approximately 9.6 days to run, while the approximate model took about 2.8

days.

B.7.83 Additional Results
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Figure B.7: Scatterplots of Guinea—specific parameters in a stratified SEIR model
for a simulated Ebola outbreak.
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Figure B.8: Scatterplots of Liberia—specific parameters in a stratified SEIR model
for a simulated Ebola outbreak.
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Figure B.9:

model for a simulated Ebola outbreak.

Scatterplots of Sierra Leone—specific parameters in a stratified SEIR



Table B.21: Posterior estimates of initial numbers of exposed, infected, and re-
covered individuals for a stratified approximate SEIR model with virtual migration
of infecteds fit to simulated Ebola data. The effective number of susceptibles is
equal to the effective population size, reported in Table B.22, minus the numbers of
exposed, infected, and recovered individuals, but is not reported since the effective
population size is not marginally identifiable.

Parameter Truth Estimate

Foc 400 4.9 (1.39, 8.66)
Eoc 3.00 3.4 (0.6, 6.76)
Eoc 3.00 3.16 (0.45, 6.55)
I 3.00 3.7 (0.82, 6.91)
I 2.00 2.67 (0.45, 5.23)
Ios 2.00 2.46 (0.4, 4.95)
Roc 0.00 0.12 (0.07, 0.16)
Ro.L 0.00 0.12 (0.07, 0.17)
Ro.s 0.00 0.11 (0.06, 0.17)
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Table B.22: Posterior medians (95% Bayesian credible intervals) for parameters of
the full (Figure B.5) and approximate (Figure 4.9) stratified SEIR models fit to a
simulated Ebola outbreak. The full model explicitly models cross—border transmis-
sion via migration of infected individuals, while the approximate model incorporates
cross—border transmission through virtual migrations. Subscripts, G, L, .S, indicate
specific countries, or generic countries A, B. Adjusted reproduction numbers are
defined with respect to the effective population size as Rqqj = BNcf¢/p. Parameter

interpretations and priors are given in Table B.17.

Posterior median (95% BCI)

Parameter Truth Approzimate Model Full Model
R g 1.30 1.24 (1.12, 1.44) 1.23 (1.13, 1.43)
R, g 1.20 1.28 (1.1, 1.63) 1.27 (1.13, 1.52)
RefriL 2.00 1.69 (1.37, 2.22) 2.07 (1.56, 3.06)
Reff.s 1.55 1.54 (1.31, 1.97) 1.52 (1.31, 1.91)
7jwe 6.36 5.55 (2.92, 10.44) 3.78 (1.89, 8.21)
7/wr 8.24 6 (2.78, 11.2) 8.28 (3.87, 15.19)
7/ws 7.00 6.14 (3.26, 11.22) 5.67 (2.98, 10.58)
e 7.00 6.19 (4.06, 9.65) 5.83 (3.46, 9.85)
m 8.75 6.41 (4.05, 9.95) 8.96 (5.3, 14.7)
/s 6.36 6.46 (4.17, 10.04) 6.55 (4.25, 9.89)
1000a¢ 1, 3.00 3.46 (0.13,17.22)  16.22 (6.32, 35.08)
1000a¢s 3.00 3.75 (0.14, 18.93) 20.8 (8.14, 43.62)
10000, 3.00 2.19 (0.12, 8.33) 8.72 (3.29, 19.35)
1000, 3.00 3.03 (0.22, 11.3)  10.15 (3.44, 22.94)
1000as¢ 3.00 2.96 (0.16, 13.67)  10.05 (3.46, 22.77)
1000as, 3.00 2.69 (0.12, 11.51) 5.58 (2.02, 14.79)
paNesrc 12750 11570 (7750, 19320) 11590 (7500, 19560)
prNesr 8750 10030 (8070, 14180) 8560 (7220, 11420)
psNesr.s 15000 14860 (11510, 20580) 15420 (11740, 21230)

e 50.00  59.78 (27.36, 211.88)  42.87 (22.15, 96.72)

oL 50.00  46.61 (20.82, 105.31)  46.62 (20.77, 101.46)

bs 50.00  33.13 (17.76, 60.48)  31.02 (16.93, 55.48)
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Table B.23: Effective sample sizes and potential scale reduction factors for the
stratified SEIR model with virtual migration of infecteds fit to a simulated Ebola
outbreak.

Parameter ESS PSRF
log (R, o/Ryc) 461 101
log (R7) ) 367 1.01
108 (Ref 1) 505 1.06
log (R eff, s) 759 1.02
log (wa/pa) 1057 1.00
log (wr./1ir,) 664 1.05
log (ws/ps) 851 1.01
log (1/uc) 719 1.01
log (1/p1,) 692 1.04
log (1/ps) 1038 1.01
log (1000acr) 712 1.03
log (1000acs) 813 104
log (1000c,¢3) 344 1.13
log (1000 z5) 539 1.09
log (1000as¢;) 494 1.03
log (1000a51,) 641  1.10
10g (p Nesr.cr) 525 1.00
log (pLNeff L) 603 1.08
log (psNest.s) 1020 1.01
logit (pa) 445 1.01
logit (pr) 354 1.04
logit (ps) 540 1.03
log(éc) 479 1.08
log(ér) 999 1.00
log($s) 1012 101
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B.8 DModeling Ebola in West Africa — MCMC Details and Supplementary
Results

B.8.1 Details and Supplementary Results for Single-Country Models

Table B.24: Rates of transitions between compartments of single country SEIR
models, diagrammed in Figure 4.15, for the spread of Ebola in Guinea, Liberia, and
Sierra Leone with constant rate of infectious contact from outside the population.
Subscripts in the rates denote model compartments, superscripts denote countries.
Subscripts for parameters denote countries. The number of susceptible individuals
is equal to the effective population size, estimated as a parameter in the model,
minus the numbers of exposed, infected, and recovered individuals. The rate at
which susceptibles in Guine become infected is time varying with one changepoint
at 33 weeks. Transmission in Liberia and Sierra Leone prior to weeks 10 and 19
is expressed in the initial compartment volumes at those times, but is not modeled

explicitly.

From To Country Rate

Susceptible Exposed Guinea NGp(t) = <04G + (58)]1{t<33} + 5g)ﬂ{t233})lg) Sa
Susceptible Exposed Liberia )\éE = (ap + BrIL) St
Susceptible Exposed  Sierra Leone Mgy = (as + sls) Ss
Exposed Infected Guinea &, = weEq

Exposed Infected Liberia Ao () =wrEL
Exposed Infected Sierra Leone A3, = wsEg

Infected Recovered Guinea )\?R = uglag

Infected Recovered Liberia )\%R =nurlg

Infected Recovered ~Sierra Leone A5 = usls

Priors and MCMC' details

We fit country specific SEIR models via the LNA and ODE to Ebola incidence data from
Guinea, Liberia, and Sierra Leone under two prior regimes given in Tables B.26 and B.27.
The model fitting procedure and priors were the same for all models. We ran five chains for
each model, initialized at random parameter values, for 200,000 iterations per chain. The
model parameters, not including the initial compartment volumes, were jointly updated via
MVNSS (see Section 2.2.1). The empirical covariance for the MVNSS algorithm was adapted
over the first 100,000 iterations using the gain factor sequence, 7, = 0.5(1 + 0.01n)7%9,
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The contribution of isotropic Gaussian noise to the proposal was initialized at 0.001 and re-
duced throughout the adaptation phase according to the sequence ¢, = 0.001(1+0.01n)~%%.
The initial compartment volumes were updated jointly with the LNA paths in an EllipSS
step. The MCMC alternated between two ElliptSS and one MVNSS update per MCMC
iteration. The ElliptSS bracket width was reset after the first 5,000 MCMC iterations to
w = 24/210g(10)0 guiptss, where oguiprss was the standard deviation of the accepted angles
over the initial iterations. The MCMC estimation scales for each country were parameterized
as in Table B.3 with the one addition being the log ratio of adjusted reproductive numbers,
subtract one, for Guinea, log ((Ri?LG -1)/ (Rgf)fG - 1)) Convergence was assessed visu-
ally by inspection of traceplots of posterior samples, and via potential scale reduction factors
(PSRFs) [35] computed via the coda R package [173]. The models took between 8 hours and

34 hours to run, depending on the speed of the cluster cores.

Table B.25: Priors for the initial compartment volumes at the times when trans-
mission commenced in each country for single country models fit to data from the
Ebola outbreak in West Africa. The initial compartment volumes for each coun-
try are assigned independent truncated multivariate normal priors that respect the
boundary conditions on the state space of compartment volumes for that country
(explained in Section B.2). If the population size for country A is N4, and the initial
state probability is denoted pg 4 = Xo,4/Na = (S04, Fo.4, lo.a, Ro a)/Na, the prior
is a truncated multivariate normal approximation of a multinomial distribution with
mean Napo a4 and covariance N4(Pg 4 — PO,AP’E;A)'

Country Prior mean initial volumes (Xj)
Guinea (11.8 x 10° — 7.1, 4, 3, 0.1)
Liberia (4.4 x 105 — 5.1, 3, 2, 0.1)
Sierra Leone (7.1 x 10° - 5.1, 3, 2, 0.1)

Additional LNA results
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Figure B.12: Scatterplots of parameters for the SEIR LNA model fit to data from
the Ebola outbreak in Guinea.
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Figure B.14: Scatterplots of parameters for the SEIR LNA model fit to data from
the Ebola outbreak in Liberia.
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Figure B.16: Scatterplots of parameters for the SEIR LNA model fit to data from
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Figure B.17: Distributions of partial autocorrelations at lags 1, 2, and 3 for
datasets generated under the full and partial posterior predictive distributions for
the main country—specific SEIR LNA models fit to data from the West Africa Ebola
outbreak. Vertical red lines are the partial autocorrelations for the observed inci-
dence data at the respective lags.

294



295

1ouxd pue Jormegsod o) ur smeIp YN
JO SUOIJRIASD PIRPURIS JO OI}RI [} SNUIW dUO e pajndurod ‘98eyuLIys I01193s0d JO [9A9] 9} 01 SUIPIOIIR POPRYS
aIe SMRIP Y N'T JO STOTNLIISIP I0L103s0d o T, "uonnqLIsip sA1orpard 1ormeisod o) woly syjed y N Surye[nurs
Aq pourelqo pue sseo01d juoje] oY) Jo 90vds 9)eIS 9Y) U0 SUOHIPUOD AIRpUnoq IOJ SUIJUNOIOR ‘SMRID YN'T Ol
JO suorNqLIISIp 2A10IpaId I0r103s0d o} JO So[Iuenb pojemiIgso oy} oIe SYOI} UWedI3 oy [, -so[ipuenb jordxoq oyl
0} SurpuodsolIod UOINLIISIP [RULIOU pIepUR)s ' JO so[ljuenb oyj je umelp ‘smeip YN oY) Jo (UOIINLIISIP
Toud oy ‘Ajyue[eambs 10) uornquisip aArdIpaId Ioreysod oY) Jo serjuenb [ed1191097) O} dIv SAUI| Pal PI[OS
oY, ‘ueIpow I0L)sod AY) 0} Iewl [sey S[ppIw oY) pue ‘so[ruenb ,,G) pue Gz oyl 03 sedury raddn pue
Tomor 9y} ‘serryuenb Iotwysod (16 L6 PUR ,G'g 9U) 0) puodsor1od sdry Ieystym Ioddn pue Iomol YT, -Ou0dT
RIIDIG PUR “RLID(IT ‘“@OUINL) U YRIIQINO R[OGH O} WOIJ R)eP 1 S[oPOW Y N'T YIHS oYoods—A1junod ureur oY) Ut
(sy01dx0q an[q) SALI6A0DDI PUR ‘SUOI}I_JUT ‘SaINsOdxa 10] SMRIP YN T o[} JO SUOIINLISIP 10L19Is0d QT g 92In31q

Sr-unf G- p1-00q pl-dog  pr-unf pI-rN  GI-unf G- $-00Q pI-dog  pl-unf pI-EN  G-unf CS[-N $1-09q p[-dog pI-unf p[-TEN

[sL00-‘s21°07]
[S20°0-520°0)
[$20°0°520°07)
[$L0°0°520°0)
[STI°0°6L0°0)
[SLT°06TT1°0)
[s2T0'sLT°0)
[SLz0$TT0)
d3eyuLIyS

s ]

OO0 EeEEm

QU0 BIIAIS BLIOQI] BoumMO

S[opow B[Oqy AIUN0d J[3UIS J0J SMBIP YN'T JO SUOIINGLISIP JOLIN)SO

X | Bz A ¥z

X |87



296

Table B.28: Posterior estimates of initial numbers of exposed, infected, and recov-
ered individuals for the main country specfic SEIR, LNA models fit to Ebola data
from the West Africa outbreak under tight priors. The effective number of suscep-
tibles is equal to the effective population size, reported in Table B.29, minus the
numbers of exposed, infected, and recovered individuals, but is not reported since
the effective population size is not marginally identifiable.

Parameter Estimate

Eoc 3.92 (0.7, 7.71)
I 3.01 (0.39, 6.26)
Roc 0.1 (0.06, 0.15)
Eo.r 3.12 (0.44, 6.41)
Ios 2.24 (0.29, 4.81)
Ro.L 0.11 (0.06, 0.16)
Eo.s 1.99 (0.17, 4.73)
Ios 1.98 (0.22, 4.5)
Ro.s 0.09 (0.05, 0.14)

Additional ODE results



Table B.29: Posterior medians (95% Bayesian credible intervals) for parameters
of the country—specific SEIR LNA models (Figure 4.15) fit to Ebola outbreak data.
Subscripts, G, L, S, indicate specific countries, or generic countries A, B. Adjusted
reproduction numbers are defined with respect to the effective population size as
Rqgj = BNesy/p. Parameter interpretations and priors are given in Tables B.26 and
B.27. The more informative of the two prior regimes was presented as the main

model in Section 4.4.1.

Posterior median (95% BCI)

Parameter Tight Priors Loose Priors
T
R%fifG 1.2 (1.1, 1.4) 1 (1.0, 1.4)
ReffG 1.4 (1.2, 1.8) 2 (1.0, 1.9)
T/wa 8.4 (4.0, 17.2) 56(22 18.3)
e, 9.0 (5.9, 13.4) 6.4 (3.1, 16.0)
1000 0.2 (0.0, 0.6) 0.1 (0.0, 0.7)
pcNefs 7200 (5100, 11900) 9800 (4900, 34600)
lote 46(28 9.4) 58(30 17.6)
Regrr 2 (1.7, 3.3) 7 (1.6, 4.3)
T/wr, 105 (4.8, 19.6) 137(46 23.1)
T/uL 7 (6.6, 14.1) 11.7 (5.7, 20.3)
1000z, OO(OO 0.06) 0.0 (0.0, 0.1)
PLNess L 5700 (4600, 7300) 5300 (4400, 7800)
oL 8.1 (3.7, 17.8) 8.6 (4.0, 19.2)
Reffs 13(12 15) 1.2 (1.1, 1.4)
T/ws 5 (2.6, 7.4) 35(19 6.0)
/s 62(45 8.5) (26 6.7)
1000acg 0 (0, 0.1) 0 (0, 0.1)
psNeyys s 24300 (19100 32800) 30700 (22000 48700)
s 46 (22, 112) 55 (26, 150)
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Table B.30: Effective sample sizes and potential scale reduction factors for the
main stratified SEIR LNA model with virtual migration of infecteds fit to data from
the West Africa Ebola outbreak under tight priors.

Parameter ESS PSRF
log(1000ac) 1512 1.01
log(R2) o/R\) o) 2992 1.00
log(R di ) 2573 1.00
log(wa/pa) 4953 1.00
log(1/mug) 3323 1.00
logit(pa) 2564 1.00
log(oa) 1865 1.01
1og( effgp(;) 1335 1.01
log(lOOOaL) 1812 1.00
log(RY) ;) 3595 1.00
log(wr/1r) 3061 1.00
log(1/muyr,) 4278 1.00
logit(pz) 3495 1.00
log(¢ér) 1534 1.00
10g( efprL) 4333 1.00
Tog(1000crs) 1503 1.00
log(R%), 5) 949  1.01
log(ws/ug) 2268 1.00
log(1/musg) 1432 1.00
logit(ps) 958 1.01
log($s) 2124 1.0

log(Neyss,5p5) 969 1.00
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Figure B.20: Scatterplots of parameters for the SEIR ODE model fit to data from
the Ebola outbreak in Guinea.
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Figure B.22: Scatterplots of parameters for the SEIR ODE model fit to data from
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Posterior predictive partial autocorrelations, single country models
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Figure B.25: Distributions of partial autocorrelations at lags 1, 2, and 3 for
datasets generated under the full and partial posterior predictive distributions for
the main country—specific SEIR ODE models fit to data from the West Africa Ebola

outbreak. Vertical red lines are the partial autocorrelations for the observed inci-
dence data at the respective lags.
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Table B.31: Posterior estimates of initial numbers of exposed, infected, and recov-
ered individuals for the main country specfic SEIR ODE models fit to Ebola data
from the West Africa outbreak under tight priors. The effective number of suscep-
tibles is equal to the effective population size, reported in Table B.32, minus the
numbers of exposed, infected, and recovered individuals, but is not reported since
the effective population size is not marginally identifiable.

Parameter Estimate

Eoc 1 (0.6, 7.9)
Toc 3 (o 3, 6.3)
Roc (01 0.2)
Eor 6 (0.2, 6)
Ios 8 (0.1, 4.4)
Ror 1(0,0.2)
Eos 6 (3.5, 15.8)
Io.s 1 (1.1, 9.3)
Ros 3 (0, 0.8)

B.8.2  Details and Supplementary Results for Multi—-Country Models
Priors and MCMC details

We fit stratified SEIR models to the Ebola incidence data from Guinea, Liberia, and Sierra
Leone under two prior regimes given in Tables B.35 and B.36. Cross—border transmission
was incorporated into the rate of infection via virtual migration, as explained in Section
4.3.3. The model fitting procedure and priors were the same for both models, and were also
the same for models fit via the LNA and ODE. We ran five chains for each model, initialized
at random parameter values, for 200,000 iterations per chain. The model parameters, not
including the initial compartment volumes, were jointly updated via MVNSS (see Section
2.2.1). The empirical covariance for the MVNSS algorithm was adapted over the first 100,000
iterations using the gain factor sequence, 7, = 0.5(1 + 0.01n)7%°. The contribution of
isotropic Gaussian noise to the proposal was initialized at 0.001 and reduced throughout the
adaptation phase according to the sequence t,, = 0.001(140.01n)~%%. The covariance matrix

was blocked by country with covariances for parameters belonging to different countries set



Table B.32: Posterior medians (95% Bayesian credible intervals) for parameters
of the country—specific SEIR ODE models (Figure 4.15) fit to Ebola outbreak data.
Subscripts, G, L, S, indicate specific countries, or generic countries A, B. Adjusted
reproduction numbers are defined with respect to the effective population size as
Rqgj = BNesy/p. Parameter interpretations and priors are given in Tables B.26 and
B.27. The more informative of the two prior regimes was presented as the main

model in Section 4.4.1.

Posterior median (95% BCI)

Parameter Tight Priors Loose Priors
T
R%fifG 12(11 1.4) 2 (1.1, 1.5)
ReffG 5 (1.3, 1.9) 16(12 2.3)
T/wa 10 4 (5.1, 19.9) 11. 3 (4 8, 26.3)
e, 0 (6.8, 14.4) (5 7, 21)
1000 0 3 (0.1, 0.6) 3(0.1,1)
paNesr.a 6500 (4800, 9400) 6200 (4300 10200)
o 37(25 5.5) 37(25 5.4)
Regrr 4 (1.7, 3.5) 9 (1.8, 4.8)
T/wr, 119 (5.6, 20.5) 158 (6.7, 24.3)
7/uL 10.2 (7.1, 14.6) 12.9 (7.1, 21.7)
1000z, 0.0 (0.0, 0.0) 0.0 (0.0, 0.0)
PLNesr.I 5500 (4500, 7000) 5200 (4400, 6700)
oL 76(36 16.5) 86(39 19.2)
Reyy,s 8 (1.5, 2.2) 9 (1.4, 2.8)
T/ws 10. 8 (5.8, 18.2) 12. 5 (5.7, 22.6)
/s 10.1 (6.9, 14.3) 11.6 (6.1, 20.7)
1000acg 0.4 (0.1, 0.8) 05(01 1.1)
psNeyys s 16700 (13300 22300) 15600 (12000 22900)
bs 2 (29, 9) 2 (29, 9)
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Table B.33: Effective sample sizes and potential scale reduction factors for the
main stratified SEIR ODE model with virtual migration of infecteds fit to data
from the West Africa Ebola outbreak under tight priors.

Parameter ESS PSRF
log(1000ac) 7815 1.00
log Rfji{ o /Radj o) 9581 1.00
log(RL) ) 10113 1.00
log(wea/pe) 9720 1.00
log(1/muc) 10004 1.00
logit(pc) 9839 1.00
log(6c) 8836 1.01
log( eff, Gpg) 9390 1.01
Tog(1000ax, ) 1633 1.00
log(R%Y) ) 7385  1.00
log(wr/1r) 5803 1.00
log(1/muy,) 9443 1.00
logit(pr) 7308 1.00
log(¢1.) 4723 1.00
log( efprL) 8263 1.00
log(1000as) 4006 1.00
log(R%), 5) 10004 101
log(wg/us) 9824 1.00
log(1/musg) 9330 1.00
logit(ps) 9798 1.0l
log(¢s) 6459  1.00

log( eff, Spg) 10005 1.00
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to zero. Thus, country specific parameters were proposed jointly but were independent in
the proposal. Migration parameters were blocked with parameters corresponding to the
destination country. The initial compartment volumes were updated jointly with the LNA
paths in an EllipSS step. The MCMC alternated between three ElliptSS and two MVNSS
updates per MCMC iteration. The ElliptSS bracket width was reset after the first 5,000
MCMC iterations to w = 24/210g(10)0 guiptss, where oguiprss was the standard deviation
of the accepted angles over the initial iterations. The MCMC estimation scales for each
country were parameterized as in Table B.3 with the one addition being the log ratio of

adjusted reproductive numbers, subtract one, for Guinea, log <(Rg)f,G -1)/ (Rgc)fﬁ — 1))

Convergence was assessed visually by inspection of traceplots of posterior samples, and via
potential scale reduction factors (PSRFs) [35] computed via the coda R package [173]. The
LNA models each took roughly three days to run while run times for ODE models were on

the order of 1-2 hours.

Table B.34: Priors for the initial compartment volumes at the times when trans-
mission commenced in each country for single country models fit to data from the
Ebola outbreak in West Africa. The initial compartment volumes for each coun-
try are assigned independent truncated multivariate normal priors that respect the
boundary conditions on the state space of compartment volumes for that country
(explained in Section B.2). If the population size for country A is N4, and the initial
state probability is denoted pg 4 = Xo,4/Na = (S0,4, Fo.4, lo,4, Ro a)/Na, the prior
is a truncated multivariate normal approximation of a multinomial distribution with
mean Napog 4 and covariance N4 (P 4 — p07ApaA).

Country Prior mean initial volumes (Xj)
Guinea (11.8 x 10° — 7.1, 4, 3, 0.1)
Liberia (4.4 x 106 — 5.1, 3, 2, 0.1)

Sierra Leone (7.1 x 10 — 5.1, 3, 2, 0.1)
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Additional results for LNA models

Table B.37: Posterior estimates of initial numbers of exposed, infected, and recov-
ered individuals for the main stratified approximate SEIR, LNA model with virtual
migration of infecteds fit to Ebola data from the West Africa outbreak under tight
priors. The effective number of susceptibles is equal to the effective population size,
reported in Table B.38, minus the numbers of exposed, infected, and recovered in-
dividuals, but is not reported since the effective population size is not marginally
identifiable.

Parameter Estimate

Eoc 13 (1.1, 7.8)
EoL 3.4 (0.59, 6.6)
Eo.s 2.3 (0.23, 5.5)
Ing 3.4 (0.59, 6.6)
Ios 2.6 (0.47, 5.1)
Ios 2.4 (0.37, 4.8)
Roc 0.1 (0.07, 0.2)
Ro.L 0.1 (0.07, 0.2)
0.1 ( )

0.06, 0.2




Table B.38: Posterior medians (95% Bayesian credible intervals) for parameters of
the approximate (Figure 4.9) stratified SEIR LN A models fit to Ebola outbreak data.
Subscripts, G, L, S, indicate specific countries, or generic countries 4, B. Effective
reproduction numbers are defined with respect to the effective population size as
Rugj = BNesy/p. Parameter interpretations and priors are given in Tables B.35 and
B.36. The more informative of the two prior regimes was presented as the main
model in Section 4.4.1.

Posterior median (95% BCI)

Parameter Tz'ght Priors Loose Priors
T
R%g;f,g 1(1,1.3) 1(1,1.2)
RefﬁG 12(11 1.4) 1(1, 1.3)
Resrr 1 (1.6, 3.3) (13 3.4)
Regrs 13(11 1.4) 1(1, 1.3)
7/we 7.5 (3.9, 13.6) 5.6 (26 11.4)
T/wr 9 (4.1, 19.9) 7.2 (2 5, 19.3)
T/ws 41(24 6.6) (15 5.4)
T/ e 4 (5.9, 11.8) 6.4 (3.6, 10.8)
7/ur 9 (6, 13.2) 7.5 (3.4, 15.5)
/s 6.1 (4.4, 8.2) 3.9 (24, 6.2)
10001, 3 0 (0.1, 15.5) 6.3 (0.3, 29.8)
1000ags 6 (0.1, 13.5) 4. 4 (0 2, 23.5)
1000, 3 9 (0 5, 14.2) 5 (1, 20.5)
1000, s 4 (0.1, 7.2) (() 2,13.3)
1000 s (0 1, 13 4) 7 (0.3, 25)
1000asr, 30(01 16.7) 68 (0.2, 37.8)
pcNert.c 9900 (6600, 15600) 14600 (7800, 29100)
prLNers,L 5900 (4800, 7900) 6400 (4800, 11100)
psNert.s 26800 (20600, 38700) 39400 (24800, 85800)
lo¥e. 5.7 (3.4, 10.6) 6.3 (3.6, 12.9)
or 88(41 19.3) 102(47 27.2)
s 48 (22, 118) 56 (25, 140)
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Table B.39: Effective sample sizes and potential scale reduction factors for the
main stratified SEIR LNA model with virtual migration of infecteds fit to data from
the West Africa Ebola outbreak under tight priors.

Parameter ESS PSRF
1og(R§§ /R ) 64T 100
log(R7} ) 626 1.01
log(R, eff, L) 347 1.02
log( eff, 5') 459 1.08
log(wa/ie) 1161 1.01
log(wr/1r) 409 1.02
log(ws/1s) 1217 1.01
log(1/ue) 1141 1.01
log(1/pr) 743 1.00
log(1/us) 874 1.00
log(1000acy,) 1583 1.00
log(1000as) 972 1.02
log(1000a L) 292 1.04
log(1000cvr,5) 478 1.02
log(1000sc) 1238 1.00
log(1000asy,) 1198 1.06
log(paNeyr.c) 725 1.00
log(prNeys,1) 521 1.01
log(psNefﬁs) 479 1.04
logit(pe) 631 1.01
logit(pz, ) 217 1.04
logit(ps) 1414 101
log(¢a) 596 1.03
log(ér) 1098  1.01

log(¢s) 489 1.00
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Figure B.28: Scatterplots of Guinea—specific parameters in a stratified SEIR LNA
model fit to data from the West Africa Ebola outbreak.
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Figure B.29: Scatterplots of Liberia—specific parameters in a stratified SEIR LNA
model fit to data from the West Africa Ebola outbreak.
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Figure B.30: Scatterplots of Sierra Leone—specific parameters in a stratified SEIR
LNA model fit to data from the West Africa Ebola outbreak.



Posterior predictive partial autocorrelations, joint model
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Figure B.31: Distributions of partial autocorrelations at lags 1, 2, and 3 for
datasets generated under the full and partial posterior predictive distributions for
the main stratified SEIR LNA model fit to data from the West Africa Ebola out-
break. Vertical red lines are the partial autocorrelations for the observed incidence

data at the respective lags.
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Additional results for ODE models

Table B.40: Posterior estimates of initial numbers of exposed, infected, and recov-
ered individuals for the main stratified SEIR ODE model with virtual migration of
infecteds fit to Ebola data from the West Africa outbreak under tight priors. The
effective number of susceptibles is equal to the effective population size, reported in
Table B.38, minus the numbers of exposed, infected, and recovered individuals, but
is not reported since the effective population size is not marginally identifiable.

Parameter Estimate

Eoc 5.5 (2.21, 8.99)
Eoy 2.35 (0.19, 5.56)
Eo.s 6.16 (3.07, 9.11)
o 4.62 (1.66, 7.67)
Ios 1.5 (0.09, 4.05)
Ios 4.82 (2.35, 7.31)
Roc 0.13 (0.1, 0.17)
Ro.L 0.09 (0.05, 0.14)
Ro.s 0.18 (0.14, 0.23)
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Table B.41: Posterior medians (95% Bayesian credible intervals) for parameters
of the approximate (Figure 4.9) stratified SEIR models fit to Ebola outbreak data.
Subscripts, G, L, S, indicate specific countries, or generic countries 4, B. Effective
reproduction numbers are defined with respect to the effective population size as
Rugj = BNesy/p. Parameter interpretations and priors are given in Tables B.35 and
B.36. The more informative of the two prior regimes was presented as the main

model in Section 4.4.1.

Parameter

Posterior median (95% BCI)

Tight Priors

Loose Priors

1000a¢cr,
1000ags
IOOOOLLG
100004LS
1000asa
1000asy,
paNeyy.c
prNess.L
psNery,s

te’

oL

s

1.2 (1.1, 1.4)

13(11 1.5)
2 (1.7, 3.2)
13(12 1.5)
10.5 (4.9, 19.1)
3.9 (2.2, 6.6)
8.7 (6.2, 12.3)
8.7 (6.2, 12.3)
9.6 (6.6, 13.8)
59(43 8.2)
3 (0.1, 12.5)
47(02 24.3)

7 (0.1, 7)

7 (0, 5.2)

(01 13.5)
29(01 15.4)
8900 (6300, 13500)
5700 (4600, 7400)
27200 (20600, 36500)
3.5 (2.3, 5.2)
74(36 16.2)
(2.7, 9.5)

2 (1.1,1.4

2 (1.1, 1.5
5 (1.6, 4.2

2 (11,14
129(52 22.7
3(1.7,5.7
7.2 (4.2, 11.9
72(42 11.9
111( ,19.3

4 (25,65

39(02 21.5

6 (0.2, 44

(01 8.8

6 (0, 5.3

(02 23.8

6 (0.2, 31

10900 (6600 19700
5300 (4400, 7400
34900 (23600, 53100
35(23 5.2
(37 17.7
7(3,105

)

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

)
)
)
)
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Table B.42: Effective sample sizes and potential scale reduction factors for the
main stratified SEIR, ODE model with virtual migration of infecteds fit to data
from the West Africa Ebola outbreak under tight priors.

Parameter ESS PSRF
log(R™ Jro /R, o) 4490 1.00
log(R7} ) 3917 1.00
log(Refy.1) 4001 1.00
log( eff, 5') 4749 1.00
log(wg/ug) 4848 1.00
log(wr/1r) 3032 1.00
log(ws/ts) 4558 1.00
log(1/ue) 4431 1.00
log(1/pr) 5234 1.00
log(1/ps) 5326 1.00
log(1000a¢7) 3964 1.00
log(1000ags) 4704 1.00
log(1000a L) 2368 1.02
log(1000cvr,5) 1995 1.01
log(1000sc) 4289 1.00
log(1000as7,) 4005 1.00
log(paNeyr.c) 4647 1.00
log(prNegy,L) 4693 1.00
log(psNefﬁs) 4420 1.00
logit(pg) 4457 1.00
logit(pr) 1346 1.01
logit(ps) 5521 1.00
log(¢c) 5474 1.00
log(ér,) 5275 1.00

log(¢s) 4475 1.00
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Figure B.34: Scatterplots of Guinea—specific parameters
model fit to data from the West Africa Ebola outbreak.

in a stratified SEIR ODE
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Figure B.35: Scatterplots of Liberia—specific parameters in a stratified SEIR ODE
model fit to data from the West Africa Ebola outbreak.
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Figure B.36: Scatterplots of Sierra Leone—specific parameters in a stratified SEIR
ODE model fit to data from the West Africa Ebola outbreak.
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Figure B.37: Distributions of partial autocorrelations at lags 1, 2, and 3 for
datasets generated under the full and partial posterior predictive distributions for
the main stratified SEIR model fit via the ODE to data from the West Africa Ebola

outbreak. Vertical red lines are the partial autocorrelations for the observed inci-
dence data at the respective lags.
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Appendix C
APPENDIX TO CHAPTER 5

C.1 Simulation Details for Results in Section 5.2

C.1.1  Simulation Setup

We simulated an outbreak with SIRS dynamics in a population of N = 100, 000 individuals,
ten of whom were initially infected, spanning two wave of the outbreak over thirty weeks.
The mean infectious period duration was one week, and the mean duration of immunity was
four weeks. The basic reproduction numbers of the outbreak, and hence the per—contact

infectivity rates, varied sinusoidally with additive noise, over the course of the outbreak:
Ro(t) = B(t)N/pu =2 + 0.35(sin(¢/3.5) + 0.17,), (C.1)

where Z; ~ N(0,1). The per—contact infection rates are given by S(t;) = Ro(ts)un/N. The
observed incidence was a negative binomial sample of the true incidence with mean case

detection rate p and overdispersion parameter ¢:

Yy ~ Neg.Binom. (p = p(Nsi(te) — Nsr(te-1)), 0 = p(1 + p/9)) - (C.2)

Table C.1: Parameters and priors used in fitting two SIRS models, one with con-
stant FOI and another with time-varying FOI, to data from an outbreak with SIRS
dynamics where the per—contact infection rate varied sinusoidally over time.

Parameter Interpretation Truth Prior Median (95% Interval)
RO—-1 Basic reproduction #-1 Egn. C.1  LogNormal(0, 0.5) —> RO(tp) = 2.00 (1.14, 8.10)
1/p Mean infectious period 1 LogNormal(0.05, 0.5) 1.05 (0.39, 2.80)
p/(1—p) Odds of case detection 0.25 LogNormal(-0.847, 0.5) = p = 0.3 (0.14, 0.53)

1/v/¢ Neg.Binom. overdispersion 50 Exponential(5) = ¢ = 52(1.84, 39000).
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We fit two models, one where the force of infection was constant over the course of
the outbreak and another where the rates of infectious contact were time varying, with
log—differences in the basic reproduction numbers penalized using a first order Gaussian
Markov random field (GMRF) shrinkage prior where the standard deviation of the log—
differences is given by ogarr (analogous to the models in Section 5.3). The first order GMRF
shrinkage prior penalizes the magnitude of one—step differences in log reproduction numbers,
log(Ro(te)) — log(Ro(te—1)) ~ N(0,0%,rr). Sample paths of the GMRF are obtained by

sampling the initial state and differences,

log(Ro(to)) ~ N(po = 0,05 = 0.5%) (C.3)
log(ogmrr) ~ N(—2.75, 0.25%) (C.4)
log(Ro(te)) — log(Ro(te-1)) ~ N(0,0¢x pr) (C.5)

¢
log(Ro(te)) = log(Ro(to)) + Z log(Ro(tr)) —log(Ro(te-1)), €=1,...,30
k=1

(C.6)

We used non—centered parameterizations for both the LNA and the GMRF. The mod-
els were fit under informative priors, summarized in Table C.1. We ran five MCMC
chains per model for 100,000 iterations per chain, alternating between five elliptical slice
sampling (EllipSS) updates and one multivariate normal slice sampling (MVNSS) updates
per MCMC iteration. The estimation scale on which the MCMC explored the parameter
space was given by {log(R0(t)), log(1/mu),logit(p),1/4/(¢)}. The MVNSS proposal co-
variance matrix was adapted throughout the first 50,000 iterations, samples from which
were subsequently discarded, using the gain factor sequence: the gain factor sequence,
Yo = 0.5(1 + 0.01n) %%, The contribution of isotropic Gaussian noise to the MVNSS pro-
posal was initialized at 0.001 and reduced throughout the adaptation phase according to
the sequence ¢, = 0.001(1 + 0.01n)7%%. Convergence was assessed visually by inspection

of traceplots of posterior samples, and via potential scale reduction factors (PSRFs) [35]
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computed via the coda R package [173].
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C.1.2 Additional Results
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Figure C.1: Posterior traceplots for SIRS model parameters with time—varying
force of infection.
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with time—varying force of infection.
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Posterior distributions of LNA draws
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Figure C.5: Posterior distributions of the LNA draws for infection, recovery, and
loss of immunity in SIRS models with time—varying and constant force of infection
(blue boxplots). The lower and upper whisker tips correspond to the 2.5'" and 97.5th
posterior quantiles, the lower and upper hinges to the 25" and 75" quantiles, and
the middle hash mark to the posterior median. The solid red lines are the theoretical
quantiles of the posterior predictive distribution (or equivalently, the prior distribu-
tion) of the LNA draws, drawn at the quantiles of a standard normal distribution
corresponding to the boxplot quantiles. The green ticks are the estimated quantiles
of the posterior predictive distributions of the LNA draws, accounting for boundary
conditions on the state space of the latent process and obtained by simulating LNA
paths from the posterior predictive distribution. The posterior distributions of LNA
draws are shaded according to the level of posterior shrinkage, computed as one
minus the ratio of standard deviations of LNA draws in the posterior and prior.
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C.2 Specification of Contact Rates

Contact rates within and between age-strata were obtained from the Finnish arm of the
POLYMOD survey [156, 157], and were accessed via the socialmixr R package [79]. The
survey was a population—based, prospective survey that recorded contact rates by sex, age,
location, duration, and frequency. We queried the symmetric form of the estimated mean
contact matrix aggregated age-strata in our analysis (0-19 years and 20+ years), which
based on a sample of 1,006 individuals. A contact matrix is said to be symmetric if the total
number of contacts between two groups is equal. In particular, if ¢;; is the mean number
of contacts an individual in group ¢ has with members of group 7, and group ¢ is of size
N;, then symmetry requires that ¢;; N; = ¢j; N;. Due to the vagaries of sampling variability,
this relation does not always hold. The symmetric contact matrix is obtained by taking
cij = (cijNi + ¢iN;)/2N;.

The estimated mean contact rates are

0-19 20+
o-19 [ 7.44 5.05
Ctot =
20+ \ 1.5 8.56
Following [151], we row-—normalize the matrix, thus removing differences in absolute contact

rates. This is helpful in parameterizing and assigning sensible priors to other aspects of the

model, such as basic reproduction numbers. The normalized contact rates are

0-19 20+
0—19 0.60 0.40
20+ 0.15 0.85
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C.3 DMapping Standard Normal Draws to LNA Sample Paths with Forcings

Algorithm 11 Mapping standard normal draws onto LNA sample paths with forcings.
1: procedure DOLNA2(Z,0,7,§)
2:  initialize: X(t;) <« Xo, N(tg) « 0, N(to) < 0, p(to) < 0, S(to) < 0
3 for /=1,...,L do
4: wp(te), X(ty) <« solutions to (4.15) and (4.17) over (ts—1, ]
5
6
7

N(t) — plte) + B(to)V2Z(t,) = non—centered parameterization
N(tg) <« N(tg_l) + exp(N(tg)) -1
restart initial conditions:
X(tg) <« X(tg_l) + AT(N(tg) — N(tg_l))
X(ty) < X(te) + &(t)
N(t,) < 0, p(t) < 0, () < 0
return = return incidence and/or prevalence sample paths

N = {N(to),N(t1), ..., N(t1)}, X = {X(to), X(t1),-..,X(t)}
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C.4 Joint Sampling of LNA Paths and Gaussian Markov Random Fields

Jointly sampling the LNA draws and the values of a GMRF, F, in addition to possibly any
other latent Gaussian parameters including the initial compartment volumes as in Section
B.2, requires trivially modifying Algorithm 10 to include the additional parameters. We
implement the same computational strategy used throughout Chapters 4 and 5 of using
non—centered parameterizations for the parameters of interest and the LNA path. As we
have noted, this has the advantage of breaking the autocorrelation that would otherwise
lead to poor MCMC mixing when using a centered parameterization and alternating between
updates to different parameters in the model. We will denote by Z = (Z%, ZXo, Z¥, Z%F)
the multivariate standard normal draws for the latent LNA process, the initial compartment
volumes, the draws to be mapped to the GMRF, and Z°" the draws that are mapped
to the GMRF hyper—parameters that are to be updated along with the GMRF. Unless
otherwise stated (and we never do so state), we will at the very least update the precision
or standard deviation of the GMRF increments jointly with the field to avoid poor MCMC
mixing. We will assume that non—centered parameterizations for the GMRF and the hyper—
parameters are linear transformations and thus do not require Jacobian terms to be included
in the ElliptSS acceptance probability. We will denote by my, my, Vj, and V, the means
and covariance matrices of the initial volumes and hyper—parameters, and by doGMRF the
linear operator for mapping Z*" to a GMRF sample, i.e., the GMRF values are obtained by
doGMRF(Z!; 0F).
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Algorithm 12 Sampling LNA draws, initial volumes, GMRF values, and GMRF hyper—
parameters via elliptical slice sampling.

1: procedure poELLIPTSS3(Z = (Z
2:
3:
4:

10:
11:
12:

X ZX()
Sample ellipse: Z,,., ~ N(0,1)
Sample threshold: u|x ~ Unif(0, L(Y|doLNA(Z,,0,Z)))

Position the bracket:

ZF 7°7),0,Y,T,w = 27)

W ~ Unif(0, w)
L¢<——¢; R¢<—L¢+¢
¢ ~ Unif(L¢7 Rl/))

Compute the proposal:
Z' — Zyyy c08(9) + Zyrop sin(9)
— X)) = my + V,/*Z%
— 0, =my + V,/*Z%

— F’' = doGMRF(Z"; 0r)

if L(Y|doLNA(ZX' X}, F',0%,0,T)) > u then accept Z'
return Z'
else
Shrink bracket and try a new angle:
If: ¢ <0 then: Ly < ¢ else: Ry — ¢
¢ ~ Unif(Ly, Ry)
GoTo: 5
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C.5 Modeling Pandemic A(H1N1) Influenza in Finland — Additional Details
and Supplementary Results

C.5.1 MCMC Details

We fit age—vaccination stratified SIRS ODE models with time varying dynamics to pan-
demic A(HIN1) influenza incidence data. The vaccination adjusted reproduction numbers
were modeled using either a GMRF or as piecewise homogeneous within three epochs. The
models were fit using the same prior regimes, given in Table C.3. We ran five chains for
each model, initialized at random parameter values, for 100,000 iterations per chain. Model
parameters (excluding noncentered GMRF draws and hyperparameters, as described in Sec-
tion 5.3.4) were jointly updated via MVNSS (see Section 2.2.1). The empirical covariance
for the MVNSS algorithm was adapted over the first 50,000 iterations using the gain fac-
tor sequence, 7, = 0.5(1 + 0.01n)7%%. The contribution of isotropic Gaussian noise to the
proposal was initialized at 0.001 and reduced throughout the adaptation phase according
to the sequence ¢, = 0.001(1 + 0.01n)7%%. In the GMRF model, the non-centered GMRF
draws were updated via ElliptSS along with their hyperparameters, hence MCMC alternated
between one ElliptSS and one MVNSS update per MCMC iteration. The ElliptSS bracket
width was reset after the first 5,000 MCMC iterations to w = 24/210g(10)0gyipss, where
oriptss Was the standard deviation of the accepted angles over the initial iterations. The
MCMC estimation scales for the non-GMRF parameters were parameterized as in Table 5.3,
and the GMRF was parameterized using the NCP given in Section 5.3.3. Convergence was
assessed visually by inspection of traceplots of posterior samples. The models took between

roughly one hour to run.
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C.5.2  Prior Specification
Priors for effective population sizes

At the start of the modeling period, individuals in the population were assigned to either be
susceptible or detached from the transmission process. The fraction of the population that
was susceptible defines the effective population size. We identify the scale of the prior for
the susceptible fraction of the population by inflating the total number of cases that were
detected in each season by the case detection rate and the fraction of the effective population
size that we would expect to be infected in a deterministic outbreak with SIR dynamics over
a reasonable range of basic reproduction numbers. We ignored age structure for the sake of
simplicity and assumed that the same fraction of youths and adults were initially susceptible.
Results from a sensitivity analysis in which we assumed that a larger fraction of youths were
initially susceptible are presented in Section C.5.4.

The final size relation for the SIR model [152] relates the fraction of the population that

is infected under SIR dynamics, 7, to the basic reproduction number via:
(1—7) =exp ™,

Roughly 10,000 cases were detected in all age groups over the course of both seasons. If
the reproduction numbers and detection rates were stable across seasons, which might not
be unreasonable if the lower attack rate in the second season is the result of depletion of

susceptibles in the first season, a very crude estimate of the number of susceptibles is

10000
p(l—m)’

5=

where p is the detection rate. Hence, the fraction of the population that is in the susceptible
compartment is SN. Effective population sizes for different reproduction numbers that are
typical of A(HIN1)pdmO09 [21] and detection rates [194] are given in Table C.2.

In the main analysis presented in Section 5.4, we used a multivariate normal approxima-
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tion to a dirichlet—multinomial distribution for the initial distribution of individuals of each

age stratum. The hyperparameter,
o = (8% =251y =0,RY =0,D

was centered so that 25% of each stratum was initially susceptible, with the central 80% of

the prior mass between 20% and 30%.

Table C.2: Effective fraction of the population that is susceptible for different
reproduction numbers and dection rates.

Detection rate (p)

Ro 0.0075 0.01 0.015 0.02
1.25 040 030 0.20 0.15
1.5 0.60 045 030 0.22
1.75 087 0.65 043 0.33

Priors for time-homogeneous parameters
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Priors for GMRF's

Table C.4: Priors for initial values of GMRFs for the numbers of exogenous in-
fection in each age stratum. Parameters are subscripted by age stratum and week
number, indexed from epiweek 15, 2009.

Parameter Prior Median (90% Interval)
log(aye)  N(1.8, 0.542) 6.0 (2.5, 14.7)
log(ayis)  N(2.3, 0.542) 10.0 (4.1, 24.2)
log(aym)  N(1.6, 0.542) 5.0 (2.0, 12.0)
log(ca) N(3, 0.542) 20 (8.2, 48.8)
log(oars)  N(3.2, 0.542) 24.5 (10.1, 59.6)
log(aan) N(2, 0.542) 7.4 (3.0, 18.0)

1.50

1.25

R ()

0.75

0.50

Jun-09 Sep-09 Dec-09 Mar-10 Jun-10 Sep-10 Dec-10 Mar-11 Jun-11

Figure C.6: Induced prior distribution of for vaccination adjusted basic reproduc-
tion numbers A(HIN1)pdm09 influenza in Finland. Shaded bands correspond to
the central 50%, 80%, and 95% prior probability intervals.

C.5.83 Additional Results

Stratified SIRS model with time—varying dynamics
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Table C.5: Priors for standard deviations of GMRF increments of reproduction
numbers and rates of exogenous infection. Parameters are superscripted by whether
they apply to a GRMF for intrinsic reproduction numbers, 1, or for numbers of
exogenous infections, «, and are subscripted by age stratum and week number,

indexed from epiweek 15, 2009.

Parameter

Prior Median (90% Interval)

N(—5.25,0.1252)

log (o, 1) N(—4,0.125
log (o -, N(=5.25,0.125
log

o) N(=3.75,0.1252

Q

o%y)  N(—5.25,0.1252

Q

)
)
)
)
) N(—5.25,0.125%)
(—4.25,0.25%)
)
)
)
)
)

q

[u—
o
OS]

AN AN AN N N N N N TN N N

1[)7
A)
]
ATl
¥0) N
log(o$ 19) N(-3.75,0.25
log U%O) N(—4.25,0.25>
log(a% 19) N(—3.75,0.25
jv

N(—4,0.25%

-~
—
~—

0.0052 (0.0043, 0.0064
0.018 (0.015, 0.022
0.014 (0.012, 0.018

0.0052 (0.0043, 0.0064
0.024 (0.019, 0.029
0.014 (0.012, 0.018

0.014 (0.0095, 0.022
0.024 (0.016, 0.035
0.018 (0.012, 0.028
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Figure C.7: Induced prior distribution of for the effective number of exogenous
infections among youths and adults. Shaded bands correspond to the central 50%,
80%, and 95% prior probability intervals.
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Stratified SIRS model with piecewise—homogeneous dynamics
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C.5.4 Sensitivity to Distribution of Initial Numbers of Susceptibles

We fit a supplementary model to explore the sensitivity of estimates of model parameters
and incidence to the prior for the susceptible fraction of each age stratum. We again used
a multivariate normal approximation to a dirichlet—multinomial distribution for the initial

distribution of individuals. The hyperparameter for youths was
ay = (SV) = 25,1y = 0, Ry = 0, D\’} = 25),

so that 50% of youths were initially susceptible, with the central 80% of the prior mass
between 40% and 60%. The hyperparameter for adults was

so that 25% of each stratum was initially susceptible, with the central 80% of the prior mass
between 19% and 31%. The other priors and various aspects of the model and MCMC were
otherwise the same as in the main model with time varying dynamics.

The effect of centering the prior for the fraction of youths who were susceptible, but
roughly holding constant the fraction of susceptible adults (the prior in the sensitivity anal-
ysis was slightly more diffuse), is that attack rates among youths are inflated, while attack
rates among adults are largely similar (Table C.7). Estimates of the rate parameters govern-
ing the model dynamics are largely unchanged from estimates from the main analysis (Table
C.8). However, we find that the detection rate among youths is meaningfully lower than the
estimated mean case detection rate in the main analysis, which is unsurprising since the esti-
mated incidence is higher. The corresponding estimates for adults are essentially unchanged.
In both analyses, the estimated susceptible fractions of each age stratum essentially recover
the prior. This suggests that there is not enough signal in the partially observed incidence

data to disentangle the effective population size and detection rate.
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VITA

Jonathan Refael Fintzi was born in New York, the son of immigrants, to Ariel and Tilda
Fintzi on the 17" of August, 1986. He is the older brother of Anat and Donna, two very good
kids, indeed among the best there ever were. The experience of growing up in New York
endowed young Jon with a refined palate for fine bagels and lox, and a deep contempt for
people who spoke of themselves in the third person. Jon was awarded a Bachelors of Arts in
Economics from Cornell University in 2008, and a Masters of Arts in Statistics from Columbia
University in 2012. He then moved to Seattle, WA to pursue a Ph.D. in Biostatistics at the
University of Washington, and earned his degree in 2018. While in Seattle, he met Jamie
Rosenthal, the love of his life and his best friend. He recently became Sybil’s uncle, and

considers it is his greatest accomplishment.



