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Fred Hutchinson Cancer Research Center

The human microbiome plays a vital role in maintaining health, and imbalances in the

microbiome are associated with a wide variety of diseases. Understanding whether and how

the microbiome is associated with particular health conditions is a focus of many modern

microbiome studies, with the hope that a deeper understanding of these associations may

lead to more effective prevention and treatment regimens. However, how best to analyze data

from microbiome profiling studies remains unclear. The high dimensionality, compositional

nature, intrinsic biological structure, and limited availability of samples pose substantial

statistical challenges. To face these challenges, we propose novel analytic approaches based

on sparse penalized regression strategies and distance-based global association analysis.

Most distance-based methods for global microbiome association analysis are restricted

to simple dichotomous or quantitative outcomes, but more complex outcomes are increas-

ingly common in microbiome studies. In the first part of this dissertation, we introduce

two distance-based methods for the analysis of entire microbial communities in modern mi-

crobiome studies. We develop a kernel machine regression-based score test for association

between the microbiome and censored time-to-event outcomes. We then propose a novel lon-

gitudinal measure of dissimilarity that summarizes changes in the microbiome across time

and compares these changes between subjects. Since this dissimilarity may be incorporated

into any distance-based analysis framework, it is a highly flexible tool for applying a wide



variety of distance-based analyses in longitudinal studies.

Identification of associated taxa and detection of predictive microbial signatures are key

to translation of microbiome studies. In the second part of this dissertation, we present two

penalized regression methods for estimation and prediction with high-dimensional composi-

tional data. Because phylogenetic similarity between bacteria often corresponds to shared

functions, our first contribution is to incorporate phylogenetic structure into a penalized

regression model for constrained data. We then propose a model that exploits phylogenetic

structure to use partial information in the setting of differing feature sets between model-

building and prediction datasets.

We evaluate the performance of these methods through extensive simulation studies and

apply them to studies investigating the association of graft-versus-host disease or body mass

index with the gut microbiome.
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Chapter 1

INTRODUCTION

Humans exist in relationship with a diverse and extensive collection of microbes. A

human body contains as many bacterial cells as human cells [112], and these bacteria col-

lectively possess 150 times as many unique genes as are contained in the human genome

[72, 103]. We use the term microbiome to refer to all of the microorganisms that inhabit the

human body (the microbiota) and their gene content (the metagenome). The microbiome

is of tremendous interest to basic science researchers and clinicians alike in the pursuit of a

deeper understanding of human health. Microbial inhabitants of the human skin, intestinal

tract, oral cavity, and several other body sites have been characterized in healthy individuals

[51] and associated with a wide range of health conditions, including obesity [125], menopause

symptoms [87], graft-versus-host disease [44], bacterial vaginosis [94], and type 2 diabetes

[104]. The role of the microbiome extends to mediating disease treatment responses. For

example, the gut microbiome is associated with efficacy of dietary interventions in irritable

bowel disease [25] and is vital for the success of some cancer immunotherapies [107]. However,

despite a keen scientific interest in gleaning insights from microbiome data, methods for sta-

tistical microbiome analysis have historically lagged behind the rapid advances in sequencing

technology and the vastly expanding array of scientific and clinical microbiome studies, and

statistical methods that incorporate unique features of microbiome data and accommodate

modern study designs are needed. In this introduction, we first briefly review approaches to

microbiome data generation, then provide an overview of several broad classes of statistical

analyses for microbiome data. We end by outlining the aims of this dissertation.
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1.1 Metagenomic Approaches to Microbiome Profiling

Prior to the development of next generation sequencing technologies, studies of the human

microbiome required laborious cultivation of microbes from samples such as skin swabs, fecal

samples, or endoscopic biopsies. Besides being time- and effort-intensive, culture-based mi-

crobiome studies are restricted to investigating taxa that can be grown in culture. Contrary

to the long-held belief that only a tiny fraction of bacteria can be grown in the lab, emerg-

ing evidence demonstrates that most of the gut microbiota is culturable [14, 67]. However,

different culturing procedures often reveal distinct microbial communities, and it remains

unclear how to unify culture-based studies [70].

Metagenomic approaches to microbiome profiling provide a time-efficient, cost-effective,

culture-free means to summarize the taxa present in a community. First, all of the DNA

from a sample is extracted. DNA extraction is followed by either 16S rRNA sequencing

or shotgun metagenomics [56]. The former proceeds by amplifying and sequencing the 16S

rRNA gene, which is present in all bacterial species. This gene is attractive as a barcode

because it contains highly conserved regions that enable PCR amplification, as well as nine

“hypervariable regions” that are useful for taxonomic classification [17]. 16S rRNA reads are

clustered into operational taxonomic units (OTUs) at a desired level of similarity, commonly

97% similarity [116]. The 16S sequences may also be used to build a de novo phylogenetic

tree describing the evolutionary relationships between OTUs in the study or to place ob-

served OTUs on a tree built from pre-existing reference databases [29, 34, 102]. Compared

to shotgun metagenomics, this approach is inexpensive, simple to carry out, and accompa-

nied by more extensive reference databases and analysis pipelines. In shotgun metagenomics,

all genetic material present in the sample is sequenced, allowing much greater resolution of

information about the functional potential of a particular microbial community, but sacrific-

ing some ability to precisely identify taxa [64, 103, 127]. For this dissertation, we focus on

16S rRNA sequencing data summarized as a set of taxon counts for each individual, poten-

tially accompanied by a phylogenetic tree summarizing the evolutionary similarity among
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the taxa.

A limitation of 16S rRNA sequencing is that the total bacterial load in an environment

(e.g., a human gut) is not ascertainable. The set of taxon counts therefore contains relative

information about taxon abundance, but not absolute information. That is, samples with

higher or lower proportions of, say, E. coli are distinguishable. However, from 16S data

alone, inference about the true number (absolute abundance) of E. coli and other taxa is not

possible, so we cannot determine whether the high proportion is due to an overgrowth of E.

coli or a suppression of the rest of the microbiota. Alternative methods such as quantitative

PCR can provide absolute abundance data for individual bacterial species or strains [32],

but it is not feasible with current technologies to generate absolute abundances for the entire

microbiome.

Because the total number of sequencing reads varies between samples, the taxon counts

are not directly comparable across samples. Counts are therefore generally normalized to

per-subject relative abundances (taxon proportions). Both absolute and relative abundances

often play a role in bacterial community health [101]. Although absolute abundances contain

more information than relative abundances, due to the current technological limitations for

collecting absolute abundance data for more than a few taxa, most existing methods operate

on relative abundances. Likewise, we henceforth consider only relative abundance data.

1.2 Statistical Approaches to Microbiome Data Analysis

We consider studies whose goal is to explore the association of the microbiome (as predictor)

with a host phenotype such as disease or survival. Several features of microbiome data pose

difficulties in statistical analysis. First, the normalization of microbiome data to proportions

results in compositional data and induces correlation among taxa. This can lead to erroneous

results using traditional statistical methodology if not accounted for [124]. Second, micro-

biome data are often statistically high-dimensional, with more taxa observed than subjects.

Much effort has been put towards the development of statistical tools for high-dimensional

but non-compositional data, and these tools can be leveraged and adapted for use with com-
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positional data [15]. Finally, bacterial phylogeny is associated with presence and function,

so leveraging phylogenetic information often provides higher power and accuracy across a

range of statistical methods.

Scientific questions associated with microbiome analysis may be posed at the level of indi-

vidual taxa, entire microbial communities, or both. The unique challenges and opportunities

associated with microbiome data play a slightly different role depending on the scientific

question and associated class of analyses. Often, broad scientific questions center around

(1) each taxon’s association with the outcome, (2) the role of diversity within a microbial

community, (3) overall comparisons of distinct microbial communities, and (4) identification

of taxa that are important or predictive in a particular setting.

First, individual taxon abundances may be compared between phenotypes using standard

statistical methods or microbiome-specific approaches [81, 96]. Analysis at the taxon level

does not need to explicitly account for the unit-sum constraint of compositional data provided

that results are interpreted on a relative, not absolute, scale, although often data transfor-

mations that account for compositionality can improve the reliability and interpretability of

results. Whether particular taxa are associated with an outcome is also clearly identified.

These two factors make taxon-level analysis methodologically straightforward and scientifi-

cally interesting. However, due to the potentially large number of OTUs measured (hundreds

to thousands), this route often requires stringent multiple testing corrections, resulting in

lower power. In addition, the extensive network of taxon-taxon and taxon-host interactions

may not be captured by analysis of individual bacteria.

Second, measures of within-sample diversity (α-diversity) may be compared across sam-

ples. Quantities such as the Chao1, Shannon, and Simpson indices summarize the estimated

number of species present and the evenness with which the species are observed. In the gut,

for instance, high α-diversity tends to indicate a healthy community, whereas low diversity

has been linked to conditions such as inflammatory bowel disease; the reverse is true in

the vagina, where a healthy community is dominated by Lactobacillus and high diversity is

associated with bacterial vaginosis [51, 82, 115].
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Distance-based methods constitute a third class of microbiome analyses. These use sum-

maries of β-diversity (between-sample diversity) to compare overall taxonomic profiles be-

tween individuals. Distance-based analyses begin by computing pairwise dissimilarities be-

tween communities (samples), where the measures of dissimilarity are ecologically relevant

and may incorporate phylogenetic structure. The matrix of pairwise dissimilarities may be

summarized by its top principal coordinates for visualization, and permutation-based ap-

proaches or variance component score tests in a kernel machine regression framework are

used for formal hypothesis testing. Distance-based analysis may provide power gains over

taxon-level analysis by utilizing phylogenetic relationships among taxa, avoiding the multiple

testing problem, and aggregating modest effects across multiple taxa [24].

Finally, machine learning methods have attracted significant recent interest for micro-

biome analysis. Statistically, microbiome data tends to be high-dimensional, with more

taxa than subjects, and it is accompanied by extrinsic phylogenetic or functional struc-

ture. Scientifically, knowing that the microbiome is associated with a disease is rarely as

relevant as knowing which bacterial taxa are driving the association, since the latter is op-

erationalizable through intervention with probiotics, prebiotics, or antibiotics [100]. Also,

microbiome-based predictive models are demonstrating utility for diagnostic and prognostic

purposes [35, 59, 78, 141]. Statistical learning methods, particularly penalized regression

models, are attractive because they are designed for high-dimensional settings, the choice

of penalty function can impose structure, and penalties that induce sparsity both improve

prediction and identify associated taxa.

1.3 Dissertation Aims

This dissertation focuses on distance-based and machine learning methods for microbiome

data analysis. The vast majority of distance-based methods are designed for studies of the

microbiome at a single time point with quantitative or categorical outcomes. However, mod-

ern microbiome studies encompass a much wider range of designs and outcome types. In

Chapters 2 and 3, we develop methods for distance-based analysis in modern microbiome
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studies. Chapter 2 presents MiRKAT-S, a kernel machine regression-based test for associ-

ation between the microbiome and time-to-event outcomes. Because microbiome data are

sparse and often have small sample sizes, the standard score statistic results in a highly con-

servative test. We develop a small-sample correction that preserves type 1 error and has high

power. This work has been published in Plantinga et al. (2017). Chapter 3 introduces a novel

longitudinal measure of dissimilarity that may be used with any existing β-diversity analysis,

including ordination, permutation-based testing, and kernel machine regression-based score

tests. The proposed dissimilarity, LUniFrac, summarizes changes in the microbiome between

time points for each individual and compares these changes across individuals. In combi-

nation, these two methods extend distance-based analysis to microbiome studies generating

time-to-event data (such as clinical trials) and longitudinal microbial profiles.

In Chapters 4 and 5, we develop structurally informed penalized regression methods for

feature selection and prediction using the microbiome. Standard feature selection methods

are not directly applicable in the setting of compositional data due to the negative correlation

between proportions, and because evolutionarily similar taxa tend to be associated with

similar outcomes, the incorporation of extrinsic phylogenetic groups is likely to improve

selection and prediction accuracy. Chapter 4 presents the compositional sparse group lasso,

which uses a linear log-contrast model to account for the compositionality of the data and

applies `1 and `2 penalties to yield sparsity at two taxonomic levels of classification. In

Chapter 5, we propose a multilevel linear log-contrast model that exploits the hierarchical

compositionality of the microbiome. The model includes an aggregate group-level effect and

modifies that effect for individual taxa using within-group proportions. To induce sparsity,

`1 penalties are applied at both levels. An important advantage of the multilevel model is its

flexibility for prediction in new data sets; the set of observed taxa differs between data sets,

and this model exploits higher levels of taxonomic classification to use partial information

for taxa that are present in the prediction set but not the training set. Chapter 6 concludes

with a summary and suggestions for future research.
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Chapter 2

DISTANCE-BASED MICROBIOME ANALYSIS FOR
SURVIVAL OUTCOMES

Existing work on distance-based analysis of the microbiome has primarily focused on

relatively simple dichotomous or quantitative outcomes such as disease status or biomarker

levels. As microbiome profiling is increasingly incorporated into clinical studies, there is also

considerable interest in the relationship between the microbiome and censored survival out-

comes. However, standard dissimilarity based tests cannot accommodate censored survival

times. In this chapter, we develop a new approach, MiRKAT-S, for community-level analysis

of microbiome data with censored survival times. MiRKAT-S uses ecologically informative

distance metrics, such as the UniFrac distances, to generate matrices of pairwise distances

between individuals’ taxonomic profiles. The distance matrices are transformed into kernel

(similarity) matrices, which are used to compare similarity in the microbiome to similarity in

survival times between individuals. Simulation studies demonstrate that our modified score

statistic provides proper control of type 1 error and adequate power. We apply MiRKAT-S

to examine the relationship between the gut microbiome and survival after allogeneic blood

or bone marrow transplant. This work has been published in Plantinga et al. (2017) [99].

2.1 Background

Since taxonomic profiles are sparse and high-dimensional — hundreds to thousands of unique

OTUs may be identified, many of which are present in only a few samples — comparisons on

the level of individual OTUs may have low power. An alternative to OTU-level analysis is to

compare the microbiome at the community level, i.e., to compare overall taxonomic profiles

between individuals [21, 24, 57, 61, 99, 120, 125, 136, 144, 147]. This class of analyses is
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often performed by computing pairwise distances between communities (samples), where the

distance metrics are ecologically relevant and may incorporate phylogenetic structure. The

matrix of pairwise distances is summarized by its top principal coordinates for visualization,

and distance-based multivariate methods coupled with permutation are used to determine if

dissimilarity is related to an outcome [6]. Distance-based analyses may provide power gains

by utilizing phylogenetic information, avoiding the multiple testing problem, and aggregating

modest effects across multiple taxa [24].

As an alternative to distance-based approaches that use permutation analysis, Zhao et al.

[147] proposed the microbiome regression-based kernel association test (MiRKAT). MiRKAT

uses a kernel machine framework with a variety of ecologically informative kernels to test

for associations between the human microbiome and either continuous or binary outcomes.

Intuitively, MiRKAT compares similarity in taxonomic profiles between communities (where

similarity is measured via a kernel, which can be obtained by transforming relevant distance

matrices) to similarity in outcome measures. P-values are obtained analytically using a

variance-component score test. MiRKAT has the added advantages of flexible modeling of

the relationship between the microbiome and outcome measures, natural incorporation of

covariates, and efficient computation of p-values.

A limitation of existing community-level analysis approaches is that they cannot accom-

modate censored survival outcomes. However, such outcomes are of tremendous interest as

microbiome profiling studies move into the clinical arena. For example, the lung microbiome

has been related to progression of idiopathic pulmonary fibrosis [47] and the gut micro-

biome to overall survival after allogeneic blood and bone marrow transplant [55]. Additional

OTU-level studies with survival outcomes have shown associations between the intestinal

microbiome and development of allergic rhinitis [11] and atopic dermatitis [97] in children.

We therefore propose a test for association between the microbiome and censored survival

outcomes (MiRKAT-S), accounting for covariates and potential confounders. We perform a

distance-based analysis using the kernel machine Cox regression framework, encoding taxo-

nomic profiles into kernel matrices via a transformation of distance metrics appropriate for
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microbial communities. This allows the analysis to take into account phylogenetic informa-

tion and other features specific to biological communities. To formally test the association

between the microbiome, as encoded in the kernel matrix, and censored survival times, we

use a variance component score test. However, when applied to microbial community profiles

summarized by common kernels, the usual test statistic with p-values calculated by resam-

pling procedures is highly conservative [16, 75]. We therefore implement a small sample

correction that provides proper control of type I error while maintaining adequate power,

and we calculate p-values analytically rather than by resampling. We demonstrate the per-

formance of MiRKAT-S using real and simulated data summarized by a variety of kernels

commonly used in microbial ecology.

This work represents the translation of existing methods in genetic studies with survival

outcomes to applications in microbiome research. The first major contribution of this chapter

is to allow survival outcomes in the kernel machine regression framework with kernels that

appropriately encode microbiome data. Our small sample correction method provides proper

control of Type I error and improved power when using microbiome-appropriate kernels,

whereas the kernel machine regression based test as implemented for genetic studies has

almost no power to detect relationships between microbial taxonomic profiles and survival.

Secondly, the ability to perform the test using a variety of kernels provides robustness to the

nature of the true association between the microbiome and survival. Therefore, although

MiRKAT-S is technically similar to previous kernel machine regression methods, it enables

microbiome analyses that are not possible using existing methods.

2.2 Microbiome Regression-Based Kernel Association Test for Survival

To associate the microbiome at the community level and censored survival times, we relate

censored survival times to taxonomic profiles using a flexible non-parametric modeling frame-

work. We assess significance via a variance component score test which acknowledges the

modest sample sizes of most microbiome profiling studies. In this section, we first describe

the modeling framework, followed by the testing strategy and technical advances necessary
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to ensure proper control of type I error. Finally, we describe simulations encompassing a

variety of true relationships between the microbiome and survival time.

2.2.1 Model Specification

Suppose that for each of n subjects, we observe the microbial taxonomic profile, encoded by

a q-vector of OTU counts Zi, and a p-vector of other covariates Xi. Let Ti be the survival

time and Ci the censoring time for the ith subject. We observe the bivariate vector (∆i, Ui),

where Ui = min(Ti, Ci) is the observed time and ∆i = I(Ti ≤ Ci) is the event indicator for

subject i. We wish to test whether taxonomic profiles Z are associated with survival time,

adjusting for covariates X.

The most commonly used model for censored survival times is the Cox proportional

hazards model [30] due to its flexibility and relative robustness. Therefore, to relate T and

(X,Z), we propose to use the kernel machine Cox proportional hazards model [16, 75],

λ(t;X,Z) = λ0(t) exp [Xβ + f(Z)] (2.1)

where λ0(t) is the baseline hazard function. In the kernel machine regression framework, f(·)

is generated by a positive definite kernel function K(·, ·), that is, f(·) lies in the reproducing

kernel Hilbert space HK . Under the representer theorem [58], f(Zi) =
∑n

i′=1 αi′K(Zi, Zi′)

for some α1, ..., αn. Choosing different kernel functions K(·, ·) allows specification of a wide

variety of models. For example, the kernel function f(Zi) = Z ′iγ, corresponding to the linear

kernel K(Zi, Zi′) = ZiZ
′
i′ , is used to specify a linear model. Kernels are similarity matrices,

so each element Kj,k = K(Zj, Zk) represents the pairwise similarity between samples j and

k. Because we use a score test, which depends only on the null model, any kernel will result

in a valid test; however, the choice of kernel affects the power of the test.

To specify relevant models for microbial profiles, we use kernel functions that encode the

similarity between the microbiome for two samples via a transformation of pairwise distance

metrics. There are many commonly-used ecological distance and dissimilarity metrics, each

with different features and strengths. For example, the UniFrac [79] and generalized UniFrac
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[21] distances take into account the organization of OTUs into phylogenetic trees, thereby

gaining power when clusters of taxa are associated with the outcome. Other dissimilarities,

such as the Bray-Curtis dissimilarity [13], look at the presence and relative abundance of

each OTU regardless of phylogenetic structure. These and other commonly-used distance

metrics can be used to create distance matrices D, where each element dij is a pairwise

distance between the taxonomic profiles of two samples. The distance matrices are then

transformed to kernels, or similarity matrices, via

K = −1

2

(
I − 11′

n

)
D2

(
I − 11′

n

)
as described in [147]. Here, I is the n × n identity matrix and 1 is an n-vector of ones. To

ensure that K is positive semi-definite, we replace negative eigenvalues with zero. That is, we

perform an eigenvalue decomposition K = UΛU , where Λ = diag(λ1, ..., λn), and then recon-

struct the kernel matrix using the nonnegative eigenvalues Λ∗ = diag(max(λ1, 0), ...,max(λn, 0))

so that K = UΛ∗U .

2.2.2 Score Test

Testing whether taxonomic profiles are associated with the outcome in the kernel machine

Cox model corresponds to testing the hypothesis H0 : f(Z) = Kα = 0. When the model is

re-expressed using kernels as

λ(t;X,Z) = λ0(t) exp [Xβ +Kα]

where Kij = K(Zi, Zj), we can estimate (β, α) by maximizing the penalized log partial

likelihood function

log(PL) =
n∑
i=1

∫ ∞
0

log

[
eβ

′Xi+α′Ki∑n
j=1 Yj(s)e

β′Xj+α′Kj

]
dNi(s)−

c

2
α′Kα

where Ni(s) = I(Ui ≤ s)∆i, c ≥ 0 is the penalty parameter, and Yj(s) = I(Uj ≥ s) is

an indicator that subject j is at risk at time s. An important relationship between kernel

regression and linear mixed models has been described for non-censored outcomes [76]; a
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similar relationship holds in the Cox model, as discussed in [16]. Therefore, solving the

penalized log partial likelihood above is equivalent to fitting the frailty model

λ(t;X,Z) = λ0(t) exp [Xβ + h]

where h = (h1, ..., hn) are random effects with mean 0 and variance τK. Then testing

H0 : f(Z) = Kα = 0 is equivalent to testing H0 : τ = 0, which can be accomplished

using a variance-component score test. Since a score test only requires fitting the null

model λ(t;X,Z) = λ0(t) exp [Xβ], we do not need to estimate f(Z), so the test is valid

even if a nonoptimal kernel is used. However, choosing a kernel that accurately reflects

the true relationship between the microbiome and survival time will provide higher power.

Two factors determine how well the kernel reflects the true relationship: first, whether the

abundance of the associated taxa matters (versus presence or absence), and second, whether

the OTUs related to the outcome are clustered on a phylogenetic tree. For example, since the

weighted UniFrac distance encodes both taxon abundance and phylogenetic information, a

test based on the weighted UniFrac distance will have highest power when the true association

is between the outcome and the abundance of a cluster of OTUs on a phylogenetic tree. Its

power will be lower when the true association is with the abundance of unrelated OTUs (of

similar frequencies) or with the presence or absence of a set of OTUs.

The variance component score statistic is

Q = M̂ ′KM̂

where M̂ = (M̂1, ..., M̂n) is the vector of estimated martingale residuals under the null

model, i.e., M̂i = ∆i −
∫∞

0
Yi(t)e

β̂′XidΛ̂0(t) [16, 75]. Here Λ̂0(u) =
∑n

i=1 ∆iI(Ui ≤ u)/Ŝ0(Ui)

is Breslow’s estimator of the baseline hazard function Λ0(u) =
∫ u

0
λ0(t)dt under the null

model and Ŝ0(t) =
∑n

i=1 Yi(t)e
β̂′Xi is the estimator for the baseline survival function.

Under the null hypothesis, Q asymptotically follows a mixture of chi-square distributions.

The distribution has been derived for a linear kernel [20], but can be written in general form:

by the central limit theorem,

K1/2M ∼ N(0, P
1/2
0 KP

1/2
0 ) (2.2)
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where P0 = V − V X(X ′V X)−1X ′V with V = diag(
∫∞

0
Yi(t)e

β̂′XidΛ̂0(t) − wi(β, ti)
2) and

wi(β, t) = eβ̂
′Xi/Ŝ0(t). Therefore,

Q ∼
n∑
i=1

λ̃iχ
2
1,i

where (λ̃1, ..., λ̃n) are the eigenvalues of P
1/2
0 KP

1/2
0 and χ2

1,i are independent χ2
1 random

variables. Note that K need not be full rank for this distribution to hold, since λi = 0

for the terms associated with the singular components of K, so those components of the

distribution will have weight zero [117].

Up to this point, we have assumed that there are no tied survival times. In practice, tied

survival times are fairly common due to coarse time measurements resulting from specific

visit schedules or study follow-up dates. We use the Efron approximation to accommodate

tied survival times [37]. This approximation performs well even with relatively small sample

sizes or a high proportion of ties [48].

2.2.3 Small Sample Correction

The test outlined above is highly conservative for modest sample sizes and complicated

kernels, such as kernels commonly used for the microbiome (see Appendix A: Table A.1).

Hence, we propose an approximate test using a modified score statistic that accounts for

overdispersion. Analogous “small sample” corrections have been proposed for quantitative

and binary traits [23]. Specifically, we propose the modified score statistic

Q∗ =
M̂ ′KM̂

M̂ ′M̂
.

To derive the distribution of this statistic, we need the covariance of the residuals M̂ . We use

a diagonal small-sample approximation to Cov(M̂) that is motivated by the corresponding

weighted linear model at convergence. This approximation is justified both in existing lit-

erature (e.g., [93, 95]) and through empirical evidence, namely the rapid convergence of the

iteratively reweighted least squares (IRLS) algorithm using this weight matrix to the correct

coefficients and the proper empirical type 1 error of our method.
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Specifically, the fitted kernel machine Cox model (Equation 2.2.2) is equivalent to a

weighted linear model at convergence with weight matrix estimated using an iteratively

reweighted least squares (IRLS) algorithm, as described in Appendix A. We use a diagonal

approximation for both the covariance of the residuals M̂ and the weight matrix W for IRLS.

Several versions of W have been used for weighted partial least squares in the literature (e.g.,

[68] and [93]); we use an intermediate version that is diagonal as in [93] and [95], but whose

elements are defined by the negative Hessian with respect to β as in [68].

To express this mathematically, let z = Xβ + W−1M̂ be the working response. Again,

although the covariance matrix of the residuals M̂ is nondiagonal, we approximate Cov(M̂)

using a diagonal form proportional to the weight matrix W . Then by defining z∗ = W 1/2ỹ,

X∗ = W 1/2X, and ε∗ = W 1/2ε, the weighted linear model can be written as

z∗ = X∗β + ε∗, ε∗ ∼ N(0, σ2I)

with projection matrix P ∗0 = I−X∗(X∗′X∗)−1X∗
′
. At convergence, Var(ε∗) =W 1/2Var(ε)W 1/2

= W 1/2σ2W−1W 1/2 = σ2I.

Based on this, the distribution of Q∗ satisfies

P (Q∗ > q) = P (M̂ ′KM̂ − M̂ ′qM̂ > 0)

= P ((P ∗0M)′(K − qI)(P ∗0M) > 0)

= P (ε′P
1/2
0 P ∗0 (K − qI)P ∗0P

1/2
0 ε > 0) (2.3)

where ε ∼ N(0, I). The second equality uses M̂ = P ∗0M , as derived in Appendix A. The

third equality uses the distribution of M that can be derived from Equation 2.2, that is,

M ∼ N(0, K−1/2P
1/2
0 KP

1/2
0 K−1/2)

d
=N(0, P0).

Then under the null hypothesis,

Q∗ ∼
n∑
i=1

λ∗iχ
2
1,i

where (λ∗1, ..., λ
∗
n) are the eigenvalues of P

1/2
0 P ∗0 (K − qI)P ∗0P

1/2
0 and, as before, χ2

1,i are in-

dependent χ2
1 random variables. P-values can be calculated efficiently using Davies’ exact
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method [31]. For very small samples (e.g., n ≤ 50), Davies p-values may be anticonservative

and permutation p-values may be used instead.

2.3 Simulation Study

2.3.1 Simulation Scenarios

We carried out simulation studies in a range of settings to confirm that MiRKAT-S properly

controls type I error and to assess its power using a variety of kernels. Microbiome OTU

counts were generated using the same approach as [147]. Specifically, for each individual, we

simulated OTU counts from a Dirichlet-multinomial distribution with dispersion parameters

and proportions estimated from Charlson et al.’s real upper respiratory tract microbiome

dataset, in which 856 OTUs were measured on each of 60 individuals [19]. The data for

each simulated individual consists of 1000 total OTU counts distributed among the 856

OTUs of Charlson et al. We also simulated two covariates for each individual, X1i and

X2i, from a standard Normal and a Bernoulli(0.5) distribution independently of taxonomic

profiles. We considered sample sizes ranging from 25 to 500 individuals. For all simulation

scenarios, we generated datasets with approximately 25% censoring. Four simulation settings

were considered, varying (1) whether OTU abundance or the presence/absence of OTUs was

associated with the outcome and (2) whether phylogenetically clustered or unclustered OTUs

were associated with the outcome.

In setting 1, the abundances of OTUs in one cluster on a phylogenetic tree were associated

with survival time. We partitioned all of the OTUs into 20 clusters using the partitioning-

around-medoids algorithm based on the cophenetic distances of OTUs in the phylogenetic

tree. The abundance of clusters ranged from 0.05% to 19.7% of all OTU reads. We selected

an abundant cluster, containing 19.7% of all reads, to be associated with exponentially

distributed survival times through the model

Ti =
− log(Ui)

λ exp
(
X ′iβ + γ scale

(∑
j∈A Zij

)) (2.4)
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where γ is the true effect size for the cluster, λ is a scale parameter, Ui ∼ Uniform(0, 1), A

is the set of indices of OTUs in the selected cluster, and the “scale” function standardizes

the total OTU abundance in the cluster to have mean 0 and standard deviation 1:

scale

(∑
j∈A

Zij

)
=

∑
j∈A Zij −

1
n

∑
i

(∑
j∈A Zij

)
SDi

(∑
j∈A Zij

) .

Censoring times were simulated independently as Ci ∼ Exp(µ), and λ and µ are selected to

give approximately 25% or approximately 50% censoring.

In setting 2, the ten most abundant OTUs overall, accounting for 31.5% of all OTU

reads, were associated with survival time regardless of cluster membership. In this setting,

we simulated survival times as

Ti =
− log(Ui)

λ exp
(
X ′iβ + γ scale

(∑
j∈A

Zi(j)
Z̄(j)

)) (2.5)

where Z̄(j) is the average across samples of the counts for the jth OTU. This limits the ability

of a single OTU to dominate the communal effect of the microbiome. Setting 2 is comparable

to setting 1, since in both cases the abundance of common OTUs is associated with survival

times, but it lacks setting 1’s close phylogenetic relationship between associated OTUs.

In setting 3, the presence or absence of each OTU in a rare cluster, containing 0.9% of

all reads, was associated with survival time. OTUs were clustered as in setting 1, but in this

case, were associated with survival time via the model

Ti =
− log(Ui)

λ exp
(
X ′iβ + γ scale

(∑
j∈A I(Zij > 0)

)) (2.6)

Finally, in setting 4, the presence or absence of 40 randomly selected OTUs was associated

with survival time. This mimics the size of an average cluster, since the mean number of

OTUs assigned to a cluster was 42.8, with cluster sizes ranging from 3 to 118 OTUs. Since

the majority of OTUs are rare, the overall number of OTU reads associated with the outcome

is low in this setting. The model for Ti was the same as in setting 3. In both setting 4 and
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setting 3, the presence or absence of rare OTUs is associated with survival times. However,

setting 4 lacks setting 3’s close phylogenetic relationship between associated OTUs.

In all simulation settings, we considered the weighted (Kw) and unweighted (Ku) UniFrac

kernels, the Bray-Curtis kernel (KBC), and the generalized UniFrac kernel with α = 0.5

(K0.5). These kernels are expected to have high power in different simulation settings. All

of the UniFrac kernels take phylogenetic information into account. The unweighted UniFrac

kernel does not account for OTU abundance, whereas the weighted UniFrac kernel does; the

generalized UniFrac kernel is intermediate between weighted and unweighted. The Bray-

Curtis kernel does not account for phylogenetic structure or overall abundance of an OTU,

but does compare both presence/absence and relative abundance between samples of each

OTU. Each kernel is expected to have highest power when its measure of distance (and

therefore similarity) accurately reflects the true relationship between the microbiome and

the outcome.

For each simulation setting, sample size n, and censoring proportion, and using each

kernel, we applied the test described above to test for associations between OTU counts and

survival time. We used 5,000 simulations with γ = 0 to estimate the empirical Type I error

rate with a nominal significance level of 0.05 and estimated empirical power across a range

of γ values using 1,000 simulated datasets.

We also compared MiRKAT-S to two alternative approaches sometimes used for community-

level analysis. First, we considered OTU-level tests of all OTUs. For each of the 856 OTUs

in the dataset, we ran a marginal Cox regression model. The minimum p-value from the

856 marginal models was compared to the null distribution to produce an overall p-value

for any association of the microbiome with survival times. In practice, the null distribution

would be generated for an individual study using permutation; however, in the interest of

computational efficiency, we generated this distribution using the minimum p-values from

5000 simulations where survival times were not associated with the microbiome. Second,

we performed principal coordinates analysis (PCoA) on a relevant distance matrix (see, e.g.,

[47]). Since it is not clear how to make PCoA plots with censored time-to-event outcomes,
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we followed PCoA by Cox proportional hazards regression. Specifically, we generated the

UniFrac and Bray-Curtis distance matrices as above, then included the top two principal

coordinates as covariates in a Cox regression analysis. We tested the two principal coordi-

nates jointly by using a chi-squared test to compare nested models with and without the

microbiome-related predictors. Covariates X1 and X2 were included in all models exactly as

in the MiRKAT-S simulations.

2.3.2 Simulation Results

Empirical type I error rates with 25% censoring are reported in Table 2.1. Equations 2.4, 2.5,

and 2.6 are identical when γ = 0 (i.e., there is no true association between the microbiome

and survival time), so settings 1-4 all have the same type I error. From the table, we see that

MiRKAT-S is valid for all kernels and sample sizes of at least 100 individuals. For comparison,

empirical estimates of type I error without the small sample correction are reported in Table

A.1, demonstrating that the uncorrected test is highly conservative. Q-Q plots further clarify

the behavior of p-values based on the corrected and uncorrected test statistics (Figure A.3).

These plots show that p-values based on the corrected statistic do not deviate significantly

from the theoretical distribution, whereas p-values based on the uncorrected statistic are

far from the theoretical distribution. P-values based on the uncorrected statistic tend to

be less extreme than they should be; p-values that are truly smaller than 0.2 tend to be

overestimated, whereas p-values larger than 0.2 tend to be underestimated. For sample

sizes smaller than 100, the size of MiRKAT-S is close to correct, though it may be slightly

anticonservative. Empirical type I errors for small sample sizes are reported in Table 2.2.

If the sample size is smaller than n = 50, it may be preferable to report p-values obtained

using permutation.

To interpret the simulation results evaluating the power of the test, recall that two aspects

of the relationship between the microbiome and survival are important for understanding

which kernels should provide high power: the relationship between associated OTUs (whether

or not they cluster on a phylogenetic tree) and the importance of taxon abundance (whether
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Table 2.1: Empirical Type I errors for sample sizes n =100, 200, and 500 with approximately
25% censoring. Results are based on 5,000 simulated datasets. Kw, Ku, KBC , and K0.5

represent results for the weighted UniFrac kernel, unweighted UniFrac kernel, Bray-Curtis
kernel, and generalized UniFrac kernel with α = 0.5, respectively.

n Kw Ku K0.5 KBC

100 0.0544 0.0540 0.0530 0.0542
200 0.0494 0.0480 0.0470 0.0462
500 0.0506 0.0478 0.0536 0.0442

Table 2.2: Empirical Type I errors for small sample sizes (n < 100) with approximately
25% censoring. Results are based on 5,000 simulated datasets and permutation p-values
were obtained using 1000 permutations. Kw, Ku, K0.5, and KBC represent results for the
weighted UniFrac kernel, unweighted UniFrac kernel, Bray-Curtis kernel, and generalized
UniFrac kernel with α = 0.5, respectively.

n Method Kw Ku K0.5 KBC

25 MiRKAT-S 0.054 0.055 0.055 0.056
Permutation 0.046 0.048 0.046 0.049

50 MiRKAT-S 0.045 0.058 0.051 0.051
Permutation 0.041 0.052 0.045 0.045

75 MiRKAT-S 0.054 0.058 0.051 0.053
Permutation 0.051 0.053 0.048 0.049



20

OTU count or presence/absence matters). All of the UniFrac distances account for phylogeny,

while the Bray-Curtis dissimilarity does not. The weighted UniFrac distance and Bray-Curtis

dissimilarity both utilize taxon abundance (OTU counts), whereas the unweighted UniFrac

distance only incorporates presence/absence of taxa, and the generalized UniFrac distance

is intermediate between the weighted and unweighted UniFrac distances.

We first consider settings 1 and 3, in which a cluster of OTUs is associated with the

outcome. When the OTU counts of an abundant cluster are associated with survival times

(Figure 2.1A), the weighted UniFrac kernel and the generalized UniFrac kernel with α = 0.5

provide the highest power, since the corresponding distance metrics take both abundance and

phylogeny into consideration. Since the associated cluster is common, nearly all individuals

have at least one read for each OTU in the cluster, so individuals cannot be distinguished

based on OTU presence/absence. Therefore, in this setting, the unweighted UniFrac kernel

has almost no power to detect the association. In contrast, when OTU presence/absence in

a rare cluster is associated with survival time (Figure 2.1B), the unweighted UniFrac kernel

has highest power, since this distance metric is based on presence and absence of OTUs. The

weighted UniFrac kernel has very low power in this setting because OTU counts of a rare

cluster do not vary much between individuals.

The power under settings 2 and 4, in which unclustered OTUs are associated with the

outcome, is reported in Figure 2.2. When the OTU counts of the ten most common OTUs are

associated with survival time (Panel A), the Bray-Curtis kernel has highest power, followed

by the weighted UniFrac kernel and generalized UniFrac kernel with α = 0.5. Since the Bray-

Curtis dissimilarity metric does not incorporate phylogenetic information, this distance is

designed for unclustered rather than clustered OTUs. However, since it takes abundance

into account, the Bray-Curtis kernel performs better when OTU counts are associated with

survival (e.g., Figure 2.1A) rather than OTU presence/absence (e.g., 2.1B) and when the

associated cluster is at least moderately abundant. When the presence or absence of a

random 40 OTUs were associated with survival time (Panel B), the unweighted UniFrac

kernel was the only one with non-negligible power even at large effect sizes, but no kernel
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Figure 2.1: Empirical power for settings 1 (Panel A) and 3 (Panel B), using a sample size of
n=100 and 25% censoring. M-Kw, M-Ku, M-K0.5, and M-KBC represent MiRKAT-S results
for the weighted UniFrac kernel, unweighted UniFrac kernel, generalized UniFrac kernel
with α = 0.5, and Bray-Curtis kernel, respectively. P-Kw, P-Ku, P-K0.5, and P-KBC are the
corresponding p-values from PCoA using the same set of kernels. M-Kmin uses the minimum
FDR-adjusted p-value from MiRKAT-S among all four kernels. “Marginal” refers to the
permutation p-value summarizing OTU-level tests of all 856 OTUs.

had high power. The low power is due to the rarity of most randomly selected clusters and

inability to gain power by utilizing phylogenetic information.

Kernel choice has a strong effect on the power of the test, and different kernels are opti-

mal depending on the nature of the true relationship between the microbiome and survival

time. In practice, a kernel representing relationships of particular scientific interest could

be selected. For example, if a healthy microbiome at a certain body site has relatively few

dominant taxa at high frequencies, and changes in the relative abundance of these taxa is

hypothesized to be associated with the time to a disease outcome or death, choosing a kernel

that accounts for taxon abundance will have the highest power to detect the hypothesized



22

Figure 2.2: Empirical power for settings 2 (Panel A) and 4 (Panel B), using a sample size of
n=100 and 25% censoring. M-Kw, M-Ku, M-K0.5, and M-KBC represent MiRKAT-S results
for the weighted UniFrac kernel, unweighted UniFrac kernel, generalized UniFrac kernel
with α = 0.5, and Bray-Curtis kernel, respectively. P-Kw, P-Ku, P-K0.5, and P-KBC are the
corresponding p-values from PCoA using the same set of kernels. M-Kmin uses the minimum
FDR-adjusted p-value from MiRKAT-S among all four kernels. “Marginal” refers to the
permutation p-value summarizing OTU-level tests of all 856 OTUs.

changes. If there is no specific hypothesized relationship, multiple kernels can be tested

and then the resulting p-values adjusted for multiple comparisons. Testing the four kernels

discussed here is a reasonable starting point, and the limited number of tests reduces the

power loss due to adjusting for multiple comparisons. In these simulations, if the analysis

is performed using the four kernels Ku, K0.5, Kw, and KBC and then the minimum p-value

after an FDR adjustment is used for testing, the power does not quite match the best kernel,

but is comparable to or better than the remaining three kernels (M-Kmin in Figures 2.1 and

2.2).

We also compared the power of MiRKAT-S to two approaches used in current practice:
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performing a marginal analysis for all OTUs, and including the top principal coordinates

of the distance matrix as the covariates of interest in a regression model (dashed lines in

Figures 2.1 and 2.2). In most simulation settings, MiRKAT-S has substantially better power

than the marginal analysis or PCoA. In particular, the marginal analysis has power to detect

an association between counts of OTUs in a cluster and survival times (Figure 2.1A), but

virtually no power in any of the other settings. PCoA-based regression analysis performs

similarly to MiRKAT-S for the best kernel when clustered OTUs are associated with survival

times (Figure 2.1). However, for unclustered OTUs, PCoA has very low power for all kernels

(Figure 2.2). Hence MiRKAT-S is more robust to kernel choice and true form of association

than PCoA.

2.4 Application to Graft-Versus-Host Disease

Acute graft-versus-host disease (aGVHD) is a leading cause of death after allogeneic blood

or bone marrow transplantation. There is a suspected relationship between the intestinal

microbiome and aGVHD, but previous studies in mice and humans have yielded mixed

results about the presence and nature of this relationship. Therefore, Jenq et al. recently

studied the association of a particular bacterial species (intestinal Blautia) and of intestinal

microbiome diversity indices with time to aGVHD onset, aGVHD-related mortality, and

adverse outcomes unrelated to aGVHD [55].

In the original study, subjects were stratified into two cohorts depending on sequencing

platform. The combined dataset used here results from resequencing of the first cohort of

patients using the Illumina MiSeq platform; unfortunately, four patients did not have addi-

tional DNA available for MiSeq sequencing and were excluded from the analysis. Therefore

481 stool samples were available for 111 unique subjects, and for each sample, the Illumina

MiSeq platform was used to sequence the V4-V5 region of the 16S rRNA gene. OTUs were

generated as described in [55]. Briefly, mothur version 1.34 was used to compile and process

sequence data [109], and quality filters were applied as in [108]. This procedure yielded

counts for 2436 OTUs. As in [55], for each subject we only included the sample collected
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closest to 12 days post-transplant in our analysis, and we excluded subjects for whom no

samples were collected between 8 and 16 days post-transplant, so that 94 subjects were in-

cluded in the final analysis. We used QIIME with default settings to align the sequences and

generate a rooted phylogenetic tree. The 109 OTUs that failed to be placed on the tree were

excluded, leaving 2327 OTUs. We applied MiRKAT-S using the unweighted and weighted

UniFrac kernels, the generalized UniFrac kernel with α = 0.5, and the Bray-Curtis kernel,

adjusting for age and gender. The outcomes considered were overall survival and time to

adverse event, where the adverse event includes stage 3 aGVHD, death, or relapse of the

primary disease.

The results of applying MiRKAT-S to these data with and without the small sample

correction are reported in Table 2. The association between overall survival and the mi-

crobiome is significant at α = 0.05 using the unweighted UniFrac kernel Ku, generalized

UniFrac kernel K0.5, and Bray-Curtis kernel KBC , but not using the weighted UniFrac ker-

nel Kw (Table 2). For the composite endpoint, significant associations are seen using K0.5

and Kw; however, this could be driven by the association with overall survival, which is

included in the composite endpoint. The association remains significant after we adjust for

multiple comparisons (multiple kernels) using either the false discovery rate method or the

Bonferroni correction. The differences between the corrected and uncorrected p-values are

fairly small. However, they are in the direction we would expect based on simulation results.

In particular, we saw that low and high p-values are less frequent than would be expected

for a null distribution of p-values (Figure A.3). This is consistent with seeing slightly higher

p-values for the uncorrected statistic in these data, where the p-values based on the corrected

statistic are fairly small.

To visualize the association between the gut microbiome and survival, we clustered indi-

viduals using Ward’s agglomerative hierarchical clustering method [132] based on the gener-

alized UniFrac distance with α = 0.5. Ward’s method is a generic clustering method that can

be used for many data types. Generally speaking, the goal is to divide samples into clusters

(groups) that tend to be similar in the ways that we care about; here, clusters should reflect
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Table 2.3: Results of analysis of gut microbiome after allogeneic transplant. P-values from
MiRKAT-S using the weighted (Kw) and unweighted (Ku) UniFrac kernels, the generalized
UniFrac kernel with α = 0.5 (K0.5), and the Bray-Curtis kernel (KBC). Adverse event (stage
3) refers to relapse, aGVHD stage 3, or death from any cause. “Corrected” indicates the
p-values are based on the modified score statistic with proper type I error; “Uncorrected”
indicates the p-values are based on the original score statistic. All analyses were adjusted
for age and sex.

Outcome Method Ku K0.5 Kw KBC

Overall survival Uncorrected 0.043 0.009 0.064 0.032
Corrected 0.040 0.007 0.063 0.023

Adverse event (stage 3) Uncorrected 0.077 0.007 0.034 0.089
Corrected 0.076 0.006 0.033 0.082

similarity of taxonomic profiles. Operationally, Ward’s method begins by assigning each

sample to its own cluster and sequentially merges pairs of clusters that are most similar into

larger clusters until all samples are merged into a single cluster. Which clusters to merge

is decided by minimizing the increase in the sum of within-cluster squared distances (when

Euclidean distances are used, this is the within-cluster variance). Through this process, a

hierarchical tree is created. The tree can be cut at different levels to create the desired

number of final clusters used for analysis. Although Euclidean distances are often used for

Ward’s method, other squared distances (in this case, ecologically relevant metrics such as

the UniFrac distances) can be substituted while still using the same form of criterion and

algorithm [91]. For our analysis, we used the generalized UniFrac distance to measure dis-

similarity between individuals to ensure that clusters are similar with regard to the presence

and abundance of taxa, accounting for phylogenetic relationships. We chose to cut the tree

to create two clusters; a clear separation into clusters of sizes n=45 and n=49 can be seen

in Figure 2.4A.

Kaplan-Meier curves for overall survival in the two clusters are shown in Figure 2.4B.

However, the simple Cox regression p-value is not significant (p=0.09). Importantly, the

similarity between individuals was measured the same way in both analyses, but MiRKAT-S
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Figure 2.3: (A) Clustering of individuals using Ward’s hierarchical clustering method, based
on generalized UniFrac distances with α = 0.5. (B) Kaplan-Meier curves for the two clusters
of individuals with an outcome of overall survival.

yielded a highly significant p-value for the association of the microbiome with overall survival,

whereas the analysis based on clustering individuals gave a nonsignificant result. Therefore,

MiRKAT-S has higher power to detect this association than a simple clustering analysis

based on the same distance metric.

The highly significant result using MiRKAT-S with K0.5 may also provide information

about the form of the association between the gut microbiome and survival post-transplant.

The generalized UniFrac kernel incorporates phylogenetic information and represents a com-

promise between abundance and presence or absence of OTUs. Therefore, this kernel has

highest power to detect relationships between taxonomic profiles and overall survival that

occur through moderately rare clusters of OTUs or through a combination of common and

rare clusters of OTUs. Accordingly, the high significance of MiRKAT-S using K0.5 may in-
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dicate that one of those settings holds: either moderately rare clusters of OTUs are driving

the relationship between the microbiome and overall survival, or multiple clusters of OTUs,

some of which are abundant and some of which are rare, are associated with overall sur-

vival. However, without further analysis we cannot determine which OTUs or clusters are

associated with survival times in aGVHD patients.

2.5 Discussion

We propose MiRKAT-S for testing the association between the human microbiome and

survival outcomes. In the kernel machine Cox regression framework, taxonomic profiles are

modeled through a kernel function. This allows comparison of microbial community profiles

using microbiome-specific distance metrics such as the UniFrac distances or Bray-Curtis

dissimilarity. The kernel machine regression framework also allows linear (or more general

parametric) adjustment for covariates and potential confounders. We test the significance

of the association between the microbiome and survival times using a variance component

score test, and we develop a small sample correction to account for the modest sample sizes

and sparse, high-dimensional data that often result from microbiome studies. In contrast to

existing methods that use resampling, p-values are obtained analytically using the Davies

approximation.

Like other distance-based analyses, MiRKAT-S is limited to detecting the presence of an

association between the microbiome and survival times. It cannot identify individual taxa

that are associated with the outcome, and does not provide information about relationships

among taxa within a microbial community. MiRKAT-S is therefore designed to be used

when the question of interest is whether an entire microbial community is associated with

the outcome. Alternative ways to answer this question include testing the association of each

OTU individually with the outcome of interest or using a dimension reduction technique such

as PCoA and testing the top few principal coordinates. Our simulation studies show that

MiRKAT-S has power at least comparable to, and often substantially greater than, either of

these methods for community level association testing. Community-level tests can be used
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in combination with other methods that identify taxa of interest. These include marginal

tests for particular OTUs of interest, identification of OTUs with high loadings from PCA

or PCoA, or penalized regression methods that account for the structure and compositional

nature of the data.

Our simulation results show that MiRKAT-S correctly controls type I error. However,

under conditions of extreme censoring or very small sample sizes, the analytic p-values pro-

vided by MiRKAT-S may be slightly anti-conservative. In these cases, obtaining p-values

by permutation may be preferable. Type I error is accurate regardless of the choice of ker-

nel, but the power of the test depends heavily on how well the selected kernel encodes the

true relationship between the microbiome and the outcome of interest. For example, when

the abundance of an OTU or set of OTUs is related to the outcome, a kernel that encodes

abundance information, such as the weighted UniFrac or Bray-Curtis kernel, will have higher

power than a kernel that encodes only taxon presence or absence.

If there is no a priori hypothesis about which kernel will best represent relationships

of scientific interest, the analysis can be performed using multiple kernels and an overall p-

value can be obtained by permutation or adjustment for multiple comparisons. This analysis

approach can provide information not only about the presence of a relationship, but also

about its form, depending on the distance metrics considered and their relative power for

different forms of the true association. That is, if the metric with the lowest p-value has

highest power to detect associations with abundance of common clusters, that may be the

form of the true association. Furthermore, weighted combinations of kernels could be used

to simultaneously detect different types of shifts in the microbiome. Specific combinations or

kernel weights could either be selected a priori or via a grid search, again using permutation

to test overall significance. As the field of microbiome analysis matures and new distance

metrics are proposed, our approach will continue to increase in power.
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Chapter 3

TWO-STAGE UNIFRAC METRIC FOR LONGITUDINAL
MICROBIOME ANALYSIS

The vast majority of distance-based methods, including MiRKAT-S, are only appropriate

for independent samples; they cannot accommodate relationships present in longitudinal

data. However, longitudinal studies are very attractive, since they allow comparison of a

person’s own “healthy” and “diseased” microbiome or association of microbiome changes

with changes in disease state. This chapter develops a longitudinal UniFrac dissimilarity

that summarizes within-individual shifts in microbiome composition, then compares these

compositional shifts across individuals. This dissimilarity may be used in a wide variety of

downstream analyses, including ordination analysis and distance-based hypothesis testing.

Simulations show that tests based on the proposed dissimilarity retain appropriate type 1

error and high power. We apply the proposed dissimilarity to test the association between

the gut microbiome and graft-versus-host disease.

3.1 Distance-Based Analysis for Longitudinal Microbiome Studies

Distance-based analysis can be modified to new settings, such as longitudinal studies, in

two ways: by modifying the model used to relate pairwise distances to the outcome, or by

modifying the distances themselves to accommodate additional information. In the previous

chapter, we took the former approach to extend kernel machine regression-based analysis to

survival outcomes. Along those lines, a linear mixed model framework has allowed the exten-

sion of formal distance-based association tests to longitudinal study designs for quantitative

phenotypes [143]. However, similar longitudinal methods do not exist for more complex out-

comes, such as time-to-event data, multivariate phenotypes, or even binary outcomes, and
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specialized extensions would be required for each of these situations.

We instead consider modifying the distance metric. This approach has already proven

valuable in the UniFrac family of distances: after the original proposal of (unweighted)

UniFrac [79], which only considers taxon presence, differences in taxon abundance were in-

corporated into weighted UniFrac [80]. Variance-adjusted weighted UniFrac improved power

by weighting differences in branch proportions by the corresponding variance [18], and gener-

alized UniFrac moderates the weight placed on abundant or rare lineages [21]. Each of these

adaptations increases the flexibility and information content in the measure of (dis)similarity

used to compare microbial communities.

In this spirit, we propose the longitudinal UniFrac dissimilarity (LUniFrac) for micro-

biome studies with two time points per subject. LUniFrac computes a UniFrac-type distance

between two subjects by comparing, instead of taxon abundances, a normalized measure of

difference between the two time points for each subject. We develop both an unweighted

and a generalized version of the dissimilarity. LUniFrac is a highly flexible tool for testing

and ordination analysis, since it may be used in any existing testing framework or visualiza-

tion procedure. Unlike a linear mixed model approach, LUniFrac explicitly summarizes and

compares changes in the microbiome over time, permitting direct answers to the scientific

questions often posed in longitudinal studies.

In the following sections, we present the unweighted and generalized LUniFrac dissimi-

larity metrics; perform simulation studies to verify that type 1 error control is maintained

with LUniFrac and that it has power to detect true longitudinal associations; and apply

the method to a dataset exploring the association of the gut microbiome with survival after

allogeneic stem cell transplant.

3.2 Longitudinal β-Diversity Analysis

We propose two longitudinal measures of dissimilarity, analogous to the unweighted and

generalized UniFrac distances. Both utilize a two-stage approach. In the first stage, the

changes in taxon presence (unweighted) or abundance (generalized) for each subject are
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summarized; in the second stage, these changes are compared across subjects, incorporating

phylogenetic structure in much the same way as the other UniFrac distances. Figure 3.1

provides a visual representation of the procedure.

3.2.1 Unweighted LUniFrac

The original unweighted UniFrac metric sums the lengths of branches on a phylogenetic tree

that are unshared between two microbial communities [79]. That is, if a taxon is present

in one community but not the other, then the length of that taxon’s branch of the tree

contributes to the distance between the communities.

To extend this to two time points, we define change between time points for subject i and

taxon j based on taxon presence or absence. Suppose we have measured OTU abundance

for p taxa on n subjects at two time points, t1 and t2. Let pi,t1k indicate the proportion of

reads for subject i at time point t1 that belong to taxon k. Then define

dik(t1, t2) = I
(
p

(i,t2)
k > 0

)
− I

(
p

(i,t1)
k > 0

)
∈ {−1, 0, 1}

for each subject i = 1, . . . , n and taxon k = 1, . . . , p, where I(·) is the indicator function.

Hence dik(t1, t2) is nonzero if and only if the taxon was present at exactly one of the measured

time points for subject i; dik = 1 if taxon k was present at time 2 but absent at time 1

(acquired between time points), and dik = −1 if taxon k was present at time 1 but absent

at time 2 (lost between time points). We will henceforth suppress the (t1, t2) notation and

refer to these changes just as dik.

The unweighted LUniFrac distance between subjects i and j is constructed based on dik

and djk via

Dij =

∑p
k=1

1
2
bk|dik − d

j
k|∑p

k=1 bk

so that Dij summarizes the difference between subjects i and j in changes in taxon presence

or absence, weighted by branch length and normalized to fall in [0,1]. In Appendix B we

prove that this metric is a proper distance.
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Figure 3.1: Schematic for calculation of unweighted LUniFrac metric. In Stage 1, gray circles
indicate presence of the taxon and empty circles indicate absence. In Stage 2, black circles
indicate changes from Time 1 to Time 2, and dark lines are phylogenetic distances that
contribute to the LUniFrac dissimilarity. Pairwise dissimilarities are the differences in the
taxa that changed from Time 1 to Time 2 between Subject 1 and Subject 2.
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3.2.2 Generalized LUniFrac

Weighted UniFrac at a single time point extends the unweighted UniFrac distance by defining

differences between communities in terms of differences in taxon proportion rather than taxon

presence. Generalized UniFrac then weights each branch by a term that involves its overall

abundance to avoid overweighting particularly rare or abundant lineages. The corresponding

longitudinal dissimilarity, generalized LUniFrac, utilizes similar adjustments.

For generalized LUniFrac, we define change between times for subject i and taxon k based

upon differences in abundance as

dik(t1, t2) =
p

(i,t2)
k − p(i,t1)

k

p
(i,t2)
k + p

(i,t1)
k

∈ [−1, 1].

The sign indicates whether the taxon was more (+) or less (-) abundant at time 2 than at

time 1, and the difference in proportion is normalized by overall taxon abundance. This

normalization implies that the dissimilarity summarizes a quantity related to fold-changes

in abundance, not absolute changes in abundance. The most extreme values are attained

when a taxon is gained (+1) or lost (-1) entirely.

Using this measure of change, we then construct the weighted LUniFrac dissimilarity

between subjects i and j via

Dij =

∑p
k=1 bk(p̄

i
k + p̄jk)

α(1
2
|dik − d

j
k|)∑p

k=1 bk(p̄
i
k + p̄jk)

α

where p̄ik = 1
2

(
p

(i,t1)
k + p

(i,t2)
k

)
is the average abundance of a particular taxon across times for

subject i. Therefore Dij summarizes the (normalized) difference between subjects of changes

in taxon abundance across time, weighted by branch length and average taxon abundance.

Any taxa that do not change in either community do not contribute to the distance; that is,

we consider bk × 0α × 0
0

to be 0. Taken to the extreme, if neither community changes at all,

i.e., dik = djk = 0∀k, we define Dij = 0.

To better understand this measure of dissimilarity, notice that the term involving magni-

tude of change in abundance is 1
2
|dik−d

j
k|, corresponding to the “weighting” term in weighted
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UniFrac. This takes its largest value, 1, if dik = 1 and djk = −1 or vice versa, which happens

if taxon k is both gained in subject i and lost in subject j or vice versa. It takes its smallest

value, 0, if taxon k’s abundance changes equally in the two subjects. This is already normal-

ized to the absolute abundance of a taxon through the definition of dik. For example, in this

term, a change from a relative abundance of 0.2 to 0.1 results in exactly the same dik as a

change from a relative abundance of 0.4 to 0.2. The “generalization” (similar to generalized

UniFrac) comes into play in the weighting of branch lengths by average abundance, (p̄ik+p̄jk)
α.

This term does involve absolute proportions, so in our toy example, it would weight a taxon

with average abundance of 0.3 differently than a taxon with average abundance of 0.15. The

parameter α controls the weight on abundant branches, so that larger α places higher weight

on the contribution of common taxa, whereas small α places similar weight on common and

rare taxa.

In Appendix B we show by counterexample that this measure of dissimilarity is not

guaranteed to satisfy the triangle inequality, so it is not a true distance. Its performance

in practice is not compromised by this observation; the generalized UniFrac measure also is

not guaranteed to satisfy the triangle inequality, and yet it is one of the most widely-used

dissimilarities in microbiome analysis.

3.2.3 Ordination Analysis and Testing

β-diversity metrics have wide-ranging utility in microbiome data analysis. Unweighted and

generalized LUniFrac may be utilized in any analysis where a measure of β-diversity is

required. Four main uses for measures of β-diversity are data visualization, creation of

low-dimensional representations of the microbiome for incorporation in downstream models,

classification and clustering, and global hypothesis testing. We outline each of these uses

below.

In ordination analysis, high-dimensional data are mapped into a low-dimensional space,

often using just two or three dimensions, so that similar observations lie near each other in

the low-dimensional space and dissimilar observations lie far from each other. Several well-
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known ordination methods are principal components analysis (PCA), multidimensional scal-

ing (MDS) and non-metric multidimensional scaling (NMDS), and principal coordinates anal-

ysis (PCoA), although many others exist. Once the data are represented in low-dimensional

space, observations may be plotted along these axes to visualize dissimilarity in the mi-

crobiome across several groups [38, 139]. The low-dimensional representation may also be

included as a covariate or outcome measure in further analyses [90, 104].

For classification and clustering, the goal is again to explore relationships among samples,

in this case by linking progressively more closely related samples. Clustering algorithms

include hierarchical clustering, in which similarity between observations may be represented

on a dendrogram, and discrete clustering methods such as K-means clustering or partitioning

around medoids (PAM), which result in unstructured subgroups of samples. These types of

methods have been used, for example, in relation to the idea of distinct “enterotypes” in the

gut microbiome [8, 63]. Although recently enterotypes have been increasingly viewed along

a gradient rather than as discrete categories [54, 60], discrete categorization remains a useful

descriptive tool.

Finally, global hypothesis testing may be carried out by testing whether β-diversity differs

across values of the outcome of interest. The category of distance-based multivariate analysis

includes, among others, permutation-based methods such as PERMANOVA [6] and kernel

machine regression-based association tests [24, 99, 136, 144, 147]. All of these formally test

whether individuals with more similar outcomes also tend to have more similar microbiomes

(as measured by β-diversity).

Because all of these analyses rely on β-diversity, LUniFrac provides a straightforward

means of extending each of these analyses to explore change in the microbiome across time.
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3.3 Simulation Studies

3.3.1 Simulation Methods

Simulations were performed to verify that use of LUniFrac dissimilarities preserves type 1

error control in existing kernel machine regression (KMR)-based global association tests and

compare the power of the unweighted and generalized LUniFrac kernel with different choices

of α across association settings. We generated OTU counts at the first time point from

a Dirichlet-multinomial distribution with parameters estimated from real respiratory-tract

data [19], as previously described [99, 147]. The dataset includes 856 OTUs, for which

we generated 1000 observations (read counts) per sample. The second time point for each

subject was generated by perturbation of the OTU counts from the first time point.

The perturbation weights were generated as wk ∼ 1.25×Poisson(3)×min(0.54, Expo(3)),

and the perturbed OTU counts were rounded to the nearest integer. The Poisson compo-

nent allows exact zeros in the weight vector, corresponding to taxa that disappear from a

community entirely. The truncated Exponential component perturbs abundance on a con-

tinuous scale. The parameters of these distributions were chosen by trial and error with

several objectives. First, we chose a distribution with mean 1 and variance 1 so that the

overall mean, variance, and covariance of OTU counts in each cluster does not change. This

prevents any effect of differential sequencing depth on the results; in practice, a similar end is

often attained by rarefaction or other normalization procedures. The empirical moments of

the distribution of w are E[w] = 1.003 and V ar[w] = 1.001. Second, we required a relatively

small proportion of exact zero weights, since relatively few taxa are expected to disappear

entirely. For example, in the gut microbiome data considered in Section 3.4, the median

proportion of taxa changing from nonzero to zero values between the two time points is

5.5%. While this proportion will vary between body sites and clinical settings, a relatively

low proportion is reasonable. Empirically, the chosen distribution yields a 5.0% probability

of the weight being exactly zero. Finally, we conservatively chose a modest maximum change

in abundance, although in practice the fold-change in taxon proportion between time points
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may be very large for some taxa. The IQR of the weights in the selected distribution is (0.29,

1.47) and the maximum is 11. Zero counts can never change to nonzero counts based on this

perturbation scheme; allowing taxon introduction would improve power of the unweighted

LUniFrac metric, but it does not affect type 1 error and is unlikely to substantially impact

the performance of the generalized LUniFrac metric.

Quantitative, dichotomous, and time-to-event outcomes were simulated using changes in

OTU presence or abundance rather than presence or abundance at one time point. OTUs

were assigned to each of 20 clusters using the Partitioning Around Medoids (PAM) algorithm.

A moderately common cluster of OTUs, comprising 11.8% of all reads, was selected to

be associated with the outcome in simulations where magnitude of change in proportion

matters, and a moderately rare cluster of OTUs, comprising 3% of all reads, was associated

with the outcome in simulations considering presence of changes. Continuous outcomes were

simulated as in [147] under the model

y = 0.5X1i + 0.5X2i + γ scale

(∑
j∈A

Zij

)
+ εi

where εi ∼ N(0, 1) and Zij = dij(t1, t2) is the normalized change in taxon proportion or

presence. The active set, A, denotes the set of OTUs in the associated cluster. X1i ∼ N(0, 1)

and X2i ∼ Bernoulli(0.5) are time-invariant covariates, and the scale() function standardizes

the total OTU abundance in the associated cluster to have mean 0 and variance 1. Similarly,

binary outcomes were simulated under the model

logit (E(yi|Xi, Zi)) = 0.5X1i + 0.5X2i + γ scale

(∑
j∈A

Zij

)
Finally, as in [99], survival times were simulated via

Ti =
−log(Ui)

exp
(
X ′iβ + γ scale

(∑
j∈A Zij

))
where Ui ∼ Uniform(0, 1), and censoring times were generated independently from the

microbiome to yield approximately 25% censoring. For type 1 error simulations, we set

γ = 0.
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To examine the power of unweighted LUniFrac, we also considered a case-control design,

in which the outcome was very rare but was strongly associated with the presence of a rare

cluster of taxa. We generated data for excess individuals and preferentially sampled an equal

number of cases and controls. The model for simulating case-control outcomes was

logit(P (yi|Zi)) = −4.59 + 4.59× γ scale

(∑
j∈A

Zij

)
where Zij = dij(t1, t2) as defined for unweighted LUniFrac. Using this model, without the

presence of at least one member of the rare cluster, the probability of being a case was 1%.

With at least one member of the cluster present, the probability of being a case increased to

50% with an effect size of γ = 1, and larger effect size γ or presence of more members of a

cluster corresponded to larger probabilities.

3.3.2 Size and Power of KMR-Based Tests

We first verify that the KMR-based tests for longitudinal, dichotomous, and time-to-event

outcomes have appropriate size using kernels computed from LUniFrac dissimilarities [99,

147]. Based on analysis using the R package MiRKAT with LUniFrac dissimilarities and no

true association, type 1 error is indeed controlled at or near the nominal level of α = 0.05

(Table 3.1).

We present power results for continuous and binary outcomes; results for time-to-event

outcomes are qualitatively similar. In the setting where the magnitude of changes in taxon

abundance in a moderately common cluster is associated with the outcome (left hand plots

of Figure 3.2), the generalized LUniFrac dissimilarity with α = 0.25 has highest power. The

parameter α controls how much weight is placed on high-abundance branches, with higher

α placing the most weight on branches with high abundance. This is consistent with our

simulation procedure, in which changes in a moderately abundant taxon are associated with

survival time. When changes in presence or absence of a rare cluster is associated with a

continuous or binary outcome, the unweighted LUniFrac kernel has by far the highest power

of any single kernel, whereas the generalized UniFrac kernel has negligible power regardless of
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Table 3.1: Empirical size for each outcome type based on 2000 simulations, with n = 50,
100, 200, or 500 and nominal level α = 0.05.

Outcome Type n KUW K0.5 KW Komni
Continuous 50 0.05 0.049 0.048 0.048

100 0.051 0.049 0.054 0.051
200 0.053 0.046 0.048 0.05

Binary 50 0.05 0.051 0.048 0.049
100 0.045 0.049 0.045 0.047
200 0.049 0.049 0.045 0.048

Time-to-Event 50 0.057 0.056 0.053 -
100 0.054 0.053 0.055 -
200 0.050 0.051 0.048 -

the choice of α. As is the case at single time points, the omnibus test has power close to that of

the best-performing kernel. The omnibus test therefore provides an attractive alternative to

choosing a single kernel, since in real-data settings, the true form of the association between

the longitudinal microbiome and the outcome is rarely known in advance.

3.4 Application to Graft-Versus-Host Disease

We now return to acute graft-versus-host disease (aGVHD), which occurs in 30-70% of al-

logeneic blood or bone marrow transplant patients and is a leading cause of death following

transplant. As mentioned in the previous chapter, Jenq et al. [55] recently studied the as-

sociation of diversity of the gut microbiome and abundance of the genus Blautia with time

to severe aGVHD, aGVHD-related mortality, and overall mortality. Although longitudinal

microbiome profiles were collected, the original study focused on the post-transplant mi-

crobiome. However, using the pre-transplant microbiome as a baseline may clarify whether

shifts from each subject’s baseline microbiome are associated with adverse post-transplant

outcomes.

The data were processed as described in the previous chapter. We excluded any samples

with fewer than 500 reads. To assess the sensitivity of this analysis to read depth variability,
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Figure 3.2: Empirical power based on 2000 simulated datasets with n = 200. Kw indicates
the weighted LUniFrac kernel; Ku indicates unweighted; and K25, K50, and K75 indicate
the generalized LUniFrac kernel with α = 0.25, 0.5, and 0.75 respectively. Komni is the
omnibus test, testing significance based upon all of the other kernels by permutation.
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we also considered excluding samples with fewer than 1000 reads and rarefying to 500 or

1000 reads; results for all of the sensitivity analyses were similar to the primary results. For

each subject, we included the last sample taken pre-transplant as our first time point (range:

1-14 days pre-transplant) and the sample collected closest to day 12 post-transplant as our

second time point (range: 5-26 days post-transplant). Subjects missing a pre-transplant

sample were excluded, so that a total of 97 subjects were included in the analysis. All

analyses were adjusted for age and sex.

We first visualize the data using principal coordinates analysis (PCoA) on the LUniFrac

dissimilarities. We adjust for age and sex by defining

K = −1

2
(I −H)D2(I −H)

using H1 = [1, Sex,Age] and H = scale (H1H
>
1 ), where I is the n×n identity matrix and the

scale() function centers and scales the columns of H to have mean 0 and standard deviation

1. D is the dissimilarity matrix, and D2 is the elementwise square; in this case, we choose the

generalized LUniFrac dissimilarity with α = 0.5 for D. The matrix K is then used for PCoA.

In the PCoA plot (Figure 3.3), we indicate overall time on study by color and death due

to any cause by point shape. The color gradient outward from the upper left region of the

plot demonstrates that subjects with more similar observed times tend to have more similar

changes in their microbiomes over that time period; there is no clear separation between

subjects who were observed to die and those who were censored.

Using MiRKAT-S with LUniFrac dissimilarities to test the association between longi-

tudinal microbiome and adverse outcomes after allogeneic transplant, we find very strong

evidence for an association between changes in the gut microbiome and overall survival (Ta-

ble 3.2). These results are consistent with the Chapter 2 results, which included only the

post-transplant samples, but are substantially more significant and are significant across a

broader range of kernel choices. This suggests that looking at global change from baseline

microbiome provides more power than simply looking at the post-transplant microbiome.

Additionally, we find an association between the gut microbiome and the aggregate event
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Figure 3.3: Principal coordinates plot using generalized LUniFrac dissimilarity with α = 0.5.
Color indicates observed time on the study (in days), and shape indicates whether death was
observed.

aGVHD stage 2, relapse, or death using K0.25 and K0.5. Although this association could

be driven either by overall survival or by other adverse events, the aggregate outcome is

of clinical interest in GVHD studies of its own accord [50]. We also performed marginal

Cox regression on the normalized changes between time points for each taxon, and after

false discovery rate adjustment, no taxa were marginally significant. This demonstrates that

studying changes between the pre- and post-transplant gut microbiome globally can improve

power to detect clinically relevant associations, beyond that available via marginal analysis

or global analysis at a single time point.
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Table 3.2: P-values from MiRKAT-S using unweighted and generalized LUniFrac kernels,
indicated by KUW , Kα for α = 0.25, 0.5, 0.75, and KW = K1. “Adverse event” refers to
relapse, aGVHD of the specified stage, or death from any cause. Analysis was adjusted for
age and sex.

Outcome KUW K0.25 K0.5 K0.75 KW

Overall survival 0.642 0.002 0.001 0.002 0.004
Adverse event (stage 2) 0.068 0.014 0.044 0.086 0.152
Adverse event (stage 3) 0.623 0.066 0.087 0.100 0.113

3.5 Discussion

We have developed a measure of dissimilarity, LUniFrac, that compares changes in OTU

presence or abundance across time between different individuals. LUniFrac dissimilarities

may be used in any existing distance-based analyses, including testing in the kernel ma-

chine regression framework, PERMANOVA, visualization and analysis using PCoA, and

other distance-based global microbiome tests. LUniFrac dissimilarities provide high power

to detect associations between changes in the microbiome and clinical, biological, or envi-

ronmental outcomes. Because it can be used in existing testing frameworks, tests based on

LUniFrac can be very fast, adjust for relevant covariates, and accommodate a variety of

outcome types.

As in generalized UniFrac and other families of distances, the power of unweighted and

generalized LUniFrac depends on the true form of the association between changes in the

microbiome and the relevant outcome. Unweighted LUniFrac summarizes the acquisition or

loss of OTUs between an individual’s two time points, then compares these dichotomized

changes across individuals. It therefore tends to have high power when the presence of rare

taxa (and in particular, the loss or acquisition of rare taxa) drives the association. The

generalized LUniFrac distances have highest power to detect large changes in abundance of

taxa relative to their average abundance. In each case, in contrast to the UniFrac family

of distances at a single time point, the driving factor in LUniFrac is not the absolute taxon
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abundance or presence, but rather how much those values change.

Although LUniFrac explicitly accommodates exactly two time points, more than two

time points per subject may also be considered using the existing framework for omnibus

tests. Specifically, LUniFrac dissimilarity matrices may be computed between each pair

of time points, and then a permutation-based omnibus test allows the overall test of all

kernels (and therefore all pairs of time points) under consideration. These tests are available

for quantitative and dichotomous outcomes through MiRKAT or OMIAT [61, 147] and for

time-to-event outcomes through MiRKAT-S or OMiSA [62]. Hence, LUniFrac is a powerful

and flexible tool for balanced longitudinal studies of the microbiome.



45

Chapter 4

COMPOSITIONAL SPARSE GROUP LASSO

The previous two chapters address distance-based analyses, which have high power to de-

tect associations but cannot identify which taxa are responsible for an association. However,

identification of associated taxa is vital for the interpretation and translation of microbiome

research. In this chapter, we turn to the use of machine learning methods in microbiome

analysis, which can select associated taxa, estimate the form of the association, and make

predictions based on the microbiome. With careful model and penalty choice, these methods

are also able to account for the data’s compositional nature and extrinsic structure based on

phylogenetic or functional relationships among taxa.

We propose a constrained sparse group lasso, where the constraint accounts for the com-

positionality of the data and the group structure represents prior knowledge about taxon

phylogeny or function. We formulate this problem as a convex optimization problem and use

an alternating direction method of multipliers algorithm with accelerated generalized gradi-

ent descent for optimization. The proposed estimator satisfies model selection consistency

and estimation consistency under fairly standard conditions. We evaluate the method’s per-

formance in simulation studies and apply it to examine the relationship between the gut

microbiome and body mass index.

4.1 Feature Selection with Compositional Covariates

The number of taxa observed in a microbiome study is often similar to or greater than

the number of subjects. In the setting of generic high-dimensional data, regularized regres-

sion methods such as the lasso and the elastic net are a common approach to estimation

and feature selection [121, 148]. These methods have also been employed to understand
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the association between the microbiome and outcomes including inflammatory markers af-

ter allogeneic stem cell transplantation [133], pharmaceutical weight-loss treatments [129],

and chronic functional constipation in children [33]. However, the compositionality of 16S

microbiome data induces negative correlation between taxon proportions, which traditional

regularized regression methods are not designed to accommodate. Coefficient interpreta-

tion is also challenging because no single taxon may change in relative abundance without

corresponding changes in other taxa.

Several regularized regression methods have been developed specifically for microbiome

data. Kernel-penalized regression is a generalized form of ridge regression that accounts

for data compositionality with the centered log-ratio (CLR) transformation, then applies a

penalty based on taxon covariance to account for structure within the CLR-transformed data

[105]. An alternative kernel-based method is variance component lasso selection (VC-lasso)

[142]. This approach uses a linear mixed model with variance components corresponding to

taxa at different levels of phylogenetic grouping, and taxon selection results from applying an

`1 penalty to the variance components. Employing a more traditional linear regression frame-

work, Lin et al. (2014) apply an `1 penalty to a linear log-contrast model, thereby accounting

for compositionality, inducing sparsity, and yielding interpretable coefficient estimates [74].

This approach demonstrably outperforms the ordinary lasso applied to compositional data

in terms of prediction error as well as selection and estimation accuracy. We will focus on

this modeling framework.

However, the features in microbiome datasets (taxa) also have external structure due

to functional or phylogenetic similarity that may be incorporated to improve model perfor-

mance. Bacteria that are related phylogenetically often share functional capabilities, exhibit

comparable activity levels, and are found in similar environments, even at the level of high

taxonomic ranks such as phyla [9, 89, 98]. Functional profiling of the microbiome is also of

increasing interest in microbiome analysis, particularly with the observation that taxonom-

ically distinct microbial communities may have similar distributions of metabolic pathways

[51]. Statistical approaches that incorporate external phylogenetic or functional structure
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often demonstrate better performance (in terms of power, predictive accuracy, or cluster

discrimination, for example) than corresponding unstructured methods [22, 79, 131].

In order to incorporate this external grouping structure, we propose applying a sparse

group lasso penalty to the linear log-contrast model to form the compositional sparse group

lasso (CSGL). This penalty selects zero and nonzero groups of coefficients, then further

selects among features in nonzero groups [114]. In the setting of microbiome data, the `2

penalty of CSGL sets coefficients for entire groups of taxa (such as phyla or classes) to zero,

whereas the `1 penalty promotes sparsity within groups (for example, at the genus level).

All taxon effects are estimated at the lower taxonomic level. Because of the high degree of

variability in the microbiome due to environmental factors and the resulting potential for

confounding in microbiome association studies, we additionally allow a set of unpenalized

features.

The remainder of the chapter is structured as follows. In Section 4.2, we describe the

penalized linear log-contrast model and resulting convex optimization problem, which we

solve using an alternating direction method of multipliers algorithm. In Section 4.3, we

derive conditions under which the CSGL problem has an optimal solution that satisfies

selection and estimation consistency. We explore the performance of CSGL under a variety

of simulation scenarios in Section 4.4, considering settings in which the associated taxa

follow the extrinsic grouping structure and in which the assumed structure does not describe

the true association. In Section 4.5 we apply CSGL to a dataset relating BMI to the gut

microbiome. Section 4.6 concludes with a discussion.

4.2 Methods

4.2.1 Compositional Sparse Group Lasso

The compositional sparse group lasso (CSGL) is based on the linear log-contrast model,

originally proposed by Aitchison and Bacon-Shone (1984) for mixture data [3]. Suppose

for each of n subjects we observe a quantitative outcome yi and relative abundances of p
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taxa (Xi1, . . . , Xip). Each row of X is therefore made up of components of a composition

(
∑

j Xij = 1) lying in the (p− 1)-dimensional positive simplex Sp−1. Due to this constraint,

one element Xij cannot be altered without a corresponding change in another element, ham-

pering model identifiability and coefficient interpretation in traditional regression models.

To address this issue, Aitchison and Bacon-Shone propose applying a log-ratio transfor-

mation, in which one component is selected as the reference component and the remaining

components are divided by the reference [3]. Taking the log of these ratios of proportions

yields an unconstrained (p − 1)-dimensional covariate matrix for which standard linear re-

gression may be used. Expressed formally, the linear log-contrast model is

y = Zpβ\p + ε (4.1)

where ε ∼ N(0, σ2), Zp is the matrix of log-ratios with reference component p and elements

Zp
ij = log(Xij/Xip), and β\p = (β1, . . . , βp−1)>. However, the choice of reference component

in this model has a strong effect on the fitted coefficients. Setting βp = −
∑p−1

i=1 βi yields the

symmetric form of the model,

y = Zβ + ε s.t.

p∑
j=1

βj = 0, (4.2)

where Zij = log(Xij) and β = (β1, . . . , βp)
>. Model (4.2) is equivalent to (4.1), but no

explicit choice of reference component is required, and coefficient estimates are invariant

under permutation of the components of the composition.

Due to the high dimensionality of microbiome data, in which many more taxa may be

observed than the number of samples, Lin et al. [74] apply an `1 penalty to Model (4.2).

The addition of the penalty term makes the model identifiable even in high-dimensional

settings, and the choice of an `1 penalty induces sparsity among estimated taxon effects.

This model has lower prediction error and better estimation accuracy (assessed by absolute

or mean squared deviation from true coefficients) than applying standard lasso regression to

the unconstrained model.
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However, prior knowledge about group membership of taxa may be exploited to further

improve estimation and selection accuracy. We assume the p taxa are divided into q groups

of size p1, . . . , pq according to higher-level phylogenetic classification (e.g., phylum or class)

or major functional contribution. In order to account for the grouping structure, in the spirit

of the sparse group lasso [114], we apply both `1 and `2 penalties to (4.2). The constrained

convex optimization problem is therefore

β̂ = argmin
β

(
||y − Zβ||22 + λ(1− θ)

q∑
j=1

√
pj||β(j)||2 + λθ||β||1

)
s.t.

p∑
k=1

βk = 0, (4.3)

where λ is the regularization parameter, θ defines the convex combination between `1 and `2

penalties, and β(j) refers to the coefficients in group j. The weights
√
pj balance the penalty

between groups of different sizes. The resulting problem retains the benefits of interpre-

tation and identifiability obtained under the compositional lasso, but has the potential for

better selection and prediction accuracy due to the incorporation of additional structural

information.

Because the linear log-contrast model requires log-transforming the taxon counts, zeros

may not be included in the count matrix. Several methods have been proposed for han-

dling zeros [134], including adding a small constant known as a pseudocount [81] or using

a Bayesian formulation with a Dirichlet prior [83]. Each of these choices in some settings

will affect analysis results, but comparing normalization methods is outside the scope of this

paper. For the data application in Section 4.5, we take the common approach of adding a

pseudocount of 0.5, the maximum rounding error.

4.2.2 Optimization Algorithm

We solve Problem (4.3) using an alternating direction method of multipliers (ADMM) algo-

rithm. We first express the constraint as an indicator function gC(β) such that gC(β) = 0 if

β ∈ C and gC(β) = ∞ otherwise, where C = {β ∈ Rp :
∑p

j=1 βj = 0}. Introducing α such
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that α = β, the problem may be rewritten as

argmin
α,β

(
1

2n
||y − Zβ||22 + λ(1− θ)

q∑
j=1

√
pj||β(j)||2 + λθ||β||1 + gC(α)

)
s.t. α = β (4.4)

so that the augmented Lagrangian is

Lµ(α, β, ξ) =
1

2n
||y−Zβ||22+λ(1−θ)

q∑
j=1

√
pj||β(j)||2+λθ‖β‖1+gC(α)+

µ

2
||β−α+ξ||22−

µ

2
||ξ||22

(4.5)

where ξ is the scaled Lagrange multiplier and µ is the augmented Lagrangian parameter,

which also serves as the step size for the dual variable updates. Our ADMM algorithm

alternates between minimizing Lµ(·) with respect to β, α, and ξ, using accelerated generalized

gradient descent with step-size selection for the β updates. The algorithm is outlined below;

further details are given in Section 1 of the online Supplementary Materials.

1. Initialize α0 and β0 with 0 or a warm start, ξ0 = 0, µ > 0, and iteration index k = 0.

2. Update β via βk+1 ← argminβ Lµ(β;αk, ξk)

3. Update α via αk+1 ← PC(β
k+1 + ξk), where PC is the projection onto C

4. Update ξ via ξk+1 ← ξk + βk+1 − αk+1

5. k ← k + 1; repeat (2)-(4) until convergence.

Under Section 3.2.1 of Boyd et al. [12], this algorithm is guaranteed residual convergence

(Aα+Bβ → 0), objective convergence (the objective function approaches the optimal value),

and dual variable convergence. Assumptions required for this result are verified in Appendix

C.

4.2.3 Tuning Parameter Selection

As with the non-compositional sparse group lasso, the choice of tuning parameter is im-

portant for the performance of CSGL. The regularization parameter λ may be selected by
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cross-validation or by the generalized information criterion (GIC) proposed by Fan et al. [39]

and adopted by Lin et al. [74], defined by GIC(λ) = log σ̂2
λ + (sλ − 1) log logn

n
log(max(p, n))

where σ̂2
λ = ||y − Zβ̂λ||22/n, β̂λ are the coefficient estimates with regularization parameter

λ, and sλ is the number of nonzero coefficients in β̂λ. The parameter θ ∈ [0, 1] is selected

in advance to provide the desired trade-off between group-level and feature-level sparsity,

where θ = 0 is a compositional group lasso without any within-group sparsity and θ = 1 is

the compositional lasso. Depending on the strength of the grouping variable, we find that

θ = 0.05, θ = 0.5, and θ = 0.95 tend to perform well. Alternatively, both tuning parameters

may be chosen by cross-validation or GIC over a grid of (λ, θ), although this is computation-

ally more demanding. The step-size for the Lagrangian updates, µ, does not affect algorithm

convergence or prediction error, and we use µ = 1 throughout.

4.3 Theoretical Properties

We demonstrate that with non-vanishing positive probability, Problem (4.6) has an optimal

solution that satisfies model selection consistency and bounded `∞ loss. Proofs of all results

presented in this section are included in Appendix C. The proof of the main result follows

the form of Lin et al. [74], but requires additional optimality and irrepresentable conditions

due to the addition of the `2 penalty term.

We assume without loss of generality that the last component, Zp, is chosen as the

reference; that it belongs to the last group (q); that β̂p 6= 0; and that the columns of Z are

normalized so that maxk∈(1,...,p)‖Zk‖2 ≤
√
n. The form of the CSGL problem that is most

convenient for the statement and proof of the main result is

β̂\p = argmin
β\p

(
1

2n
‖y − Zpβ\p‖2

2 + λ(1− θ)
q∑
j=1

√
pj‖(Dβ\p)(j)‖2 + λθ‖Dβ\p‖1

)
(4.6)

where D =
[
Ip−1 −1p−1

]>
∈ Rp×(p−1) so that βp = −

∑p
i=1 βi. We denote by (Dβ\p)

(j) the

elements of the vector (β1, . . . , βp−1, βp = −1>p−1β\p) corresponding to group j.

Let β
(j)
k indicate the kth feature in the jth group. We define G = {1 ≤ j ≤ q : β(j) 6= 0} to

be the set of groups with at least one truly nonzero element β. Sj = {1 ≤ k ≤ pj : β
(j)
k 6= 0}
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indicates nonzero features in group j only, and SG =
⋃
j∈G Sj indicates nonzero features

in any group. Hats indicate the corresponding sets for β̂, and superscript p indicates the

corresponding set excluding reference element p.

In the spirit of the Irrepresentable Condition for the lasso and group lasso, a key condition

for our result bounds the correlation between zero and nonzero features. We assume here

that θ /∈ {0, 1}; very similar conditions may be derived in either of those cases, without the

term involving θ on the right hand side of the inequality. Σp = 1
n
(Zp)>Zp denotes the sample

covariance matrix for the log-ratio transformed data with reference element p. Submatrices

are indicated by subscripts, so for example, Σp
ScGS

p
G

is the submatrix of the sample covariance

that includes entries (i, j) such that i ∈ ScG, j ∈ S
p
G.

Condition 1. There exists some η ∈ (0, 1] such that

√
κ
∥∥∥Σp
ScSpG

(Σp
SpGS

p
G
)−1
{

sgn(β̂SpG)− sgn(β̂p)1s−1

}
+ sgn(βp)1(r+t)

∥∥∥
∞
≤ (1− η)

2
· min(θ, 1− θ)

max(θ, 1− θ)
√
κ
∥∥∥Σp
ScSpG

(Σp
SpGS

p
G
)−1
(
B̂SpG β̂S

p
G
− b̂qβ̂p1s−1

)
+ bqβp1(r+t)

∥∥∥
∞
≤ (1− η)

2
· min(θ, 1− θ)

max(θ, 1− θ)

for fixed θ and κ = maxj
√
pj, where the set Sc = ScGc

⋃
ScG includes all features with truly

zero coefficients, regardless of whether the entire group is zero or nonzero; s is the number of

nonzero β; and r and t are the number of zero βs in nonzero and zero groups, respectively.

The first equation in Condition 1 matches Condition 1 in [74], except for the additional

factor of
√
κ and the form involving θ on the right hand side of the inequality. The second

equation is similar to the group-lasso consistency conditions in Bach et al. [10]; in our

notation, their condition is

max
j∈Gc

d−1
j

∥∥∥ΣScjSΣ−1
SSB̂SG β̂SG

∥∥∥
2
≤ 1

where dj are fixed weights, specialized in our case to the square root of group size κ. The

difference in weights is because our condition is on the `∞ norm whereas the condition in [10]

is on the `2 norm. The extra terms b̂qβ̂p1s−1 and bqβp1r+t result from the compositionality

constraint. These terms are analogous to the sgn(βp) terms in the first equation.
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We now turn to our main result. Under fairly standard conditions on the minimum signal

size and regularization parameter, along with the Irrepresentable Conditions, with positive

nonvanishing probability an optimal solution exists that satisfies model selection consistency

and bounded `∞ loss.

Theorem 1. Suppose Condition 1 holds, the minimum signal size satisfies βmin > ψ
2
((2κ+

1)λ1+3λ2), and the regularization parameter satisfies λ = c1σ
√
κ{log(2p)/n}1/2/(η min(θ, 1−

θ)) for the selected θ and some constant c1 > 2
√

2. Then with probability at least 1 −

2p exp{−nmin(θ, 1 − θ)2η2λ2/(8κσ2)}, Problem (4.3) has an optimal solution β̂ that satis-

fies:

1. Sign consistency: sgn(β̂) = sgn(β), and

2. Bounded `∞ loss: ‖β̂SG − βSG‖∞ ≤
ψ
2
{(2κ+ 1)λ1 + 3λ2}.

These constants differ from those for the compositional lasso only by constants. Hence,

as in [74], if log p = o(n), Theorem 1 implies that the model selection and estimation consis-

tency of the proposed estimator hold asymptotically, with convergence rate ‖β̂SG − βSG‖∞ =

Op

[
{(log p)/n}1/2

]
if the smallest possible λ is chosen.

4.4 Simulation Study

4.4.1 Simulation Settings

In this section, the performance of CSGL is evaluated relative to the compositional lasso [74],

kernel-penalized regression using Aitchison’s variation matrix (non-phylogenetic scenarios)

or patristic distances (phylogenetic scenario) between features [105], and non-compositional

analogues to each of these methods. We consider scenarios with either non-phylogenetic or

phylogenetic grouping and correlation structures.

In the non-phylogenetic scenarios, our simulation strategy is similar to that of [74]. We

generate a matrix of taxon proportions from a logistic normal distribution [1] by first sim-

ulating Wn×p ∼ Np(θ,Σ), then transforming W to a compositional matrix X via Xij =
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exp(wij)/
∑p

k=1 exp(wik). Because a few taxa tend to dominate the community, while the

rest are rare, we let θj = log(p/2) for j = 1, . . . , 5 and θj = 0 otherwise. We consider

Σ = Ip, autoregressive of order 1 (ρ = 0.2, 0.5), or compound symmetric within groups

(ρ = 0.2,−0.2) and autoregressive otherwise (ρ = 0.2). Outcomes are simulated from the

linear log-contrast model (Equation 4.2) with errors ε ∼ N(0, σ2
ε In), choosing σ2

ε so that

R2 = var(ytrue)/(var(ytrue) + σ2
ε ) ∈ {0.2, 0.35, 0.5, 0.65, 0.8}. We consider (n, p) = (100, 100)

and (100, 200).

Four settings for β are considered, each assuming groups of size 5. In Setting A, we

define β =(1, 0.6, 0.4, 0.5, 0.7, -0.6, -0.7, -0.4, -0.6, -0.9, 0, . . ., 0). Each element in the first

two groups is associated with the outcome, and the direction of effect is consistent within a

group. In Setting B, we define β =(0.5, -0.9, 0.6, -0.7, 0.4, -0.5, 0.9, -0.6, 0.7, -0.4, 0, . . .,

0). Each element in the first two groups is associated with the outcome, and the direction of

effect varies within a group. In Setting C, we define β =(0.6, 0, 0.3, 0, 0.5, 0.3, -0.6, 0, -0.3,

0, -0.5, -0.3, 0, . . ., 0) so that 2-3 of the five elements in each of the first three groups are

nonzero. This mimics the case in which associated taxa do not strictly follow the predefined

group structure. In Setting D, associated coefficients do not follow the grouping structure

at all, with one element in each of the first four groups associated with the outcome (equal

to -0.6, 0.6, -0.5, and 0.5, respectively).

In the phylogenetic scenario, our simulation strategy resembles that of [147]. We simulate

datasets with n = 100 individuals. The OTU counts for each individual are generated from

a Dirichlet-multinomial distribution, commonly used for both modeling and simulation of

microbiome data because it accounts for overdispersion. The proportions and dispersion

parameters are estimated from Charlson et al.’s upper-respiratory-tract microbiome dataset

[19], which includes counts for 856 OTUs measured on 60 individuals. We generate 1000

OTU counts for each of the 100 simulated individuals using these estimated parameters. For

computational convenience, we use the partitioning-around-medoids algorithm to aggregate

the original 856 OTUs into p = 120 features in q = 20 groups of size ranging from 2-11

features. A group of size 7 (abundance 4.0%) and a group of size 5 (abundance 5.1%) are
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associated with the outcome through the linear log-contrast model. Outcomes are again

simulated from the linear log-contrast model (Equation 4.2) with errors ε ∼ N(0, σ2
ε In),

choosing σ2
ε so that R2 ∈ {0.2, 0.35, 0.5, 0.65, 0.8}. Three settings are considered for the true

coefficient vector. In Setting AA, every feature in the two associated groups has nonzero

coefficients with consistent direction, with β =(0.6, 0.4, 0.7, 0.2, 0.3, 0.5, 0.3,-0.8, -0.5, -0.6,

-0.4, -0.7, 0, . . ., 0). In Setting BB, every feature in the two associated groups has nonzero

coefficients with varying direction, with β =(0.6, -0.5, 0.7, 0.2, 0.3, -0.7, -0.4, 0.4, -0.8, 0.3,

0.5, -0.6, 0, . . ., 0). In Setting CC, partial groups are associated, with β =(0.6, 0.4, 0, 0, 0.3,

0.5, 0, -0.8, 0, -0.6, -0.4, 0, . . ., 0).

The methods to which we will compare CSGL are the lasso [121], group lasso [140], sparse

group lasso with θ = 0.05 and 0.95 [114], ridge regression [49], kernel-penalized regression

[105], and the compositional lasso [74]. The unit-sum constraint is ignored for each of the

non-compositional methods. For CSGL, we consider θ = 0 (the “compositional group lasso”,

or CGL), 0.05 (CSGL05), and 0.95 (CSGL95), where higher θ corresponds to higher weight

on the `1 penalty. In each case, 200 simulated datasets are generated; µ = 1; and the

regularization parameter λ is selected by the generalized information criterion as defined in

Section 4.2.3.

4.4.2 Simulation Results

To evaluate the performance of the proposed method, we assess mean squared prediction

error ||y − Zβ̂||22/n on an independent data set of size n for each method (PE). In addition,

for selected scenarios, we assess maximum estimation error, `∞ = ‖β̂ − β‖∞; model size;

falsely selected coefficients, i.e., coefficients such that βj = 0 but β̂j 6= 0 (FP); and falsely

omitted coefficients, i.e., coefficients such that βj 6= 0 but β̂j = 0 (FN).

Tables 4.1-4.3 present prediction, estimation, and selection accuracy results when the

correlation structure is AR(1) with ρ = 0.2 and σ = 0.5, which corresponds to R2 around 0.8

(although this varies by setting and is sometimes as high as 0.92). The extended prediction

error results for this scenario are included in Appendix C Figure C.2.
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Settings A and B have very similar results, so we present results for Settings B-D in the

Tables. In Setting B (Table 4.1), when entire groups are associated with the outcome, CGL

and CSGL05 have substantially lower prediction and estimation error than CL, which in

turn has lower error than the non-compositional methods. CSGL95 behaves similarly to CL,

although still with somewhat lower prediction error. Maximum estimation error follows the

same patterns. These differences are more pronounced when p = 200 than when p = 100.

The number of false negative coefficients is zero or negligible for all methods when n = 100

and p = 100; when p = 200, the number of false negative coefficients increases for the lasso,

sparse group lasso (θ = 0.95), and to a lesser extent the compositional lasso and CSGL

(θ = 0.95). No false negative coefficients were seen in CGL or CSGL05 with either p = 100

or p = 200. The superior performance of CGL and CSGL05 in Setting B occurs because

θ = 0 and θ = 0.05 place (almost) all of the weight on the `2 penalty at the expense of the

`1 penalty, and since the truly nonzero coefficients perfectly conform to the predefined group

structure, the `2 penalty alone would be sufficient to select the correct features.

In Setting C, approximately half of the features in each of three groups are associated

with the outcome, so some selection within associated groups is necessary to recover the

true set of associated features. For CSGL, that corresponds to θ moderately close to 1,

i.e., CSGL95 (θ = 0.95). For n = 100 and p = 100, CGL, CSGL05, and CSGL95 all

have similar prediction and estimation error, but the methods with larger θ choose a smaller

model, which is consistent with the increasing weight on the `1 penalty inducing within-group

sparsity. CGL often chooses a model of size 15, with seven false positive coefficients. Since

three groups of size 5 are partially associated (8 of the 15 features are associated) and CGL

must include or exclude whole groups, this is the closest CGL can get to the truth without

omitting truly nonzero coefficients. When p = 200, CSGL95 has the lowest prediction error,

estimation error, model size, and number of false positive and false negative coefficients,

although CL performs similarly to CSGL95 by each of these metrics in this setting.

When associated taxa follow no grouping structure (Setting D), the prediction error and

estimation error are similar for CL and CSGL95, which weights the `1 penalty more highly
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than the `2 penalty (Table 4.3). The error for other versions of CSGL is substantially higher

than that of CL because either the model encourages inclusion of extra coefficients in each

group or, more often, misses the non-zero coefficient in each group due to the preponderence

of zero coefficients.

Figures C.1-C.6 display prediction error across several correlation structure scenarios

and signal to noise ratios, additionally including KPR and ridge regression for comparison.

Across all correlation scenarios considered, the pattern of sparsity matters much more than

compositionality or phylogenetic structure. That is, in settings where grouped coefficients are

nonzero, methods with more weight on the L2 penalty have the lowest PE (CSGL95, SGL95),

followed by methods weighting an L1 penalty more heavily (CSGL05, SGL05), followed by

methods that do not induce sparsity (KPR, ridge), often with very little difference between

the compositional and non-compositional varieties of these methods. Similarly, in settings

where partially-grouped coefficients are nonzero, methods with more weight on the L1 penalty

have lowest PE, followed by methods weighting an L2 penalty more heavily, followed by KPR

and ridge regression. KPR demonstrates a substantial advantage over ridge regression when

data are phylogenetically simulated and the kernel for KPR is based on patristic distances,

although when the outcomes are simulated from the linear log-contrast model with sparse

true coefficient vectors, the lasso-type methods still tend to have lower PE. Use of Aitchison’s

total variation matrix for KPR does not seem to improve prediction over ordinary ridge

regression in the non-compositional scenarios considered here. Importantly, the model used

for simulation was a sparse linear log-contrast model; results could differ depending on the

assumed structure of the association.

4.5 Application to Gut Microbiota and BMI

We apply the proposed method to 16S sequencing data for the gut microbiome from the

American Gut Project (www.americangut.org). Operational taxonomic units (OTUs) were

clustered at 97% similarity and aligned to the GreenGenes reference taxonomy, and blooming

bacteria filters were applied [5]. We included samples from subjects at least 18 years old with
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Table 4.1: Simulation results for Setting B, in which full groups are associated with the
outcome with differing direction of effect. Values in the table are Mean (SD) across simulated
datasets.

(n, p) Method PE `∞ Model Size FP FN
(100, 100) L 0.58 (0.24) 0.31 (0.08) 19.2 (4.3) 9.3 (4.2) 0.1 (0.5)

GL 0.53 (0.21) 0.29 (0.09) 11.9 (3.3) 1.9 (3.3) 0.0 (0.0)
SGL05 0.53 (0.16) 0.30 (0.08) 12.1 (3.6) 2.1 (3.6) 0.0 (0.0)
SGL95 0.62 (0.39) 0.32 (0.11) 17.8 (4.8) 8.0 (4.4) 0.2 (1.0)
CL 0.51 (0.17) 0.28 (0.07) 17.4 (3.9) 7.4 (3.9) 0.0 (0.2)
CGL 0.45 (0.17) 0.25 (0.07) 11.1 (2.5) 1.1 (2.5) 0.0 (0.0)
CSGL05 0.45 (0.16) 0.25 (0.07) 11.2 (2.7) 1.2 (2.7) 0.0 (0.0)
CSGL95 0.51 (0.16) 0.28 (0.07) 16.1 (3.5) 6.1 (3.5) 0.0 (0.1)

(100, 200) L 1.46 (0.95) 0.55 (0.20) 11.8 (7.1) 4.8 (4.3) 3.0 (3.4)
GL 0.70 (0.52) 0.35 (0.13) 11.1 (3.1) 1.4 (2.7) 0.3 (1.5)
SGL05 0.71 (0.51) 0.35 (0.14) 11.1 (2.8) 1.3 (2.4) 0.2 (1.3)
SGL95 1.28 (0.87) 0.51 (0.19) 12.6 (6.4) 4.8 (3.9) 2.2 (3.1)
CL 0.85 (0.59) 0.39 (0.15) 15.7 (5.3) 6.6 (3.8) 0.9 (2.2)
CGL 0.48 (0.14) 0.26 (0.07) 10.8 (2.1) 0.8 (2.1) 0.0 (0.0)
CSGL05 0.48 (0.13) 0.26 (0.07) 10.8 (2.0) 0.8 (2.0) 0.0 (0.0)
CSGL95 0.80 (0.54) 0.38 (0.14) 14.9 (4.6) 5.6 (3.3) 0.8 (2.0)
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Table 4.2: Simulation results for Setting C, in which partial groups are associated with the
outcome. Values in the table are Mean (SD) across simulated datasets.

(n, p) Method PE `∞ Model Size FP FN
(100, 100) L 0.47 (0.14) 0.29 (0.08) 12.7 (3.7) 5.3 (3.3) 0.6 (0.9)

GL 0.60 (0.25) 0.36 (0.12) 16.3 (3.7) 8.7 (3.3) 0.4 (1.1)
SGL05 0.57 (0.24) 0.35 (0.12) 16.6 (3.8) 9.0 (3.5) 0.4 (1.1)
SGL95 0.46 (0.13) 0.29 (0.08) 12.8 (3.5) 5.2 (3.2) 0.5 (0.8)
CL 0.41 (0.11) 0.20 (0.06) 11.4 (2.7) 3.5 (2.6) 0.1 (0.4)
CGL 0.43 (0.17) 0.23 (0.07) 15.6 (2.6) 7.7 (2.2) 0.1 (0.8)
CSGL05 0.42 (0.08) 0.22 (0.06) 15.3 (2.1) 7.3 (2.1) 0.0 (0.0)
CSGL95 0.4 (0.09) 0.20 (0.05) 11.4 (2.4) 3.4 (2.4) 0.0 (0.2)

(100, 200) L 0.62 (0.21) 0.39 (0.11) 11.6 (4.4) 5.0 (3.6) 1.4 (1.4)
GL 0.74 (0.33) 0.44 (0.13) 15.5 (4.5) 8.6 (3.9) 1.1 (1.6)
SGL05 0.74 (0.34) 0.44 (0.13) 15.2 (3.9) 8.4 (3.2) 1.2 (1.6)
SGL95 0.62 (0.22) 0.39 (0.12) 11.7 (4.7) 5.0 (3.9) 1.4 (1.4)
CL 0.50 (0.16) 0.25 (0.07) 10.9 (2.9) 3.2 (2.5) 0.3 (0.7)
CGL 0.65 (0.48) 0.30 (0.13) 13.1 (5.4) 6.2 (2.7) 1.1 (2.8)
CSGL05 0.61 (0.44) 0.29 (0.12) 13.4 (4.9) 6.3 (2.6) 0.9 (2.5)
CSGL95 0.48 (0.18) 0.24 (0.07) 10.9 (2.8) 3.1 (2.5) 0.2 (0.9)

no prior diagnosis of irritable bowel disease or diabetes, with recorded age, sex, and BMI,

and with at least 1000 total reads. The OTUs were aggregated at the family level, excluding

singleton families, and groups were defined at the class level. Zeros in the OTU count matrix

were replaced with the minimum observed proportion divided by two. For our primary

analysis, we used subjects with samples run on January 4, 2017. This data set included

abundance of 133 bacterial families for 405 subjects. We used CSGL with θ = 0.95, which

allows more extensive within-group selection by placing higher weight on the `1 penalty, and

adjusted for age and sex by using the residuals from a linear model regressing BMI on age

and sex as the outcome in the CSGL model. λ was selected by 10-fold cross validation. 26

of the 133 families had nonzero coefficient estimates (Table 4.4).

The families and classes selected by CSGL are broadly consistent with previously posited

associations. For example, Actinobacteria are generally enriched in obesity [125]. Within

Actinobacteria, the family Coriobacteriaceae is considered a “pathobiont,” a taxon that is
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Table 4.3: Simulation results for setting D, in which ungrouped coefficients are associated
with the outcome. Values in the table are Mean (SD) across simulated datasets.

(n, p) Method PE `∞ Size FP FN
(100, 100) L 0.35 (0.07) 0.21 (0.06) 6.6 (1.9) 2.6 (1.9) 0.0 (0.0)

GL 0.93 (0.43) 0.47 (0.14) 14.9 (6.8) 12.2 (5.6) 1.3 (1.4)
SGL05 0.88 (0.43) 0.45 (0.14) 15.2 (6.7) 12.3 (5.5) 1.2 (1.4)
SGL95 0.36 (0.07) 0.22 (0.06) 6.8 (2.3) 2.8 (2.3) 0.0 (0.0)
CL 0.34 (0.06) 0.19 (0.04) 5.7 (1.6) 1.7 (1.6) 0.0 (0.0)
CGL 1.11 (0.53) 0.47 (0.17) 7.3 (9.6) 5.8 (7.7) 2.5 (1.9)
CSGL05 1.03 (0.54) 0.45 (0.18) 8.3 (9.5) 6.5 (7.5) 2.3 (2.0)
CSGL95 0.35 (0.06) 0.19 (0.04) 5.7 (1.8) 1.7 (1.8) 0.0 (0.0)

(100, 200) L 0.39 (0.10) 0.24 (0.06) 6.8 (1.9) 2.8 (1.9) 0.0 (0.0)
GL 1.18 (0.40) 0.55 (0.09) 11.2 (5.5) 9.2 (4.5) 2.0 (1.1)
SGL05 1.13 (0.38) 0.54 (0.10) 11.6 (5.6) 9.4 (4.7) 1.9 (1.1)
SGL95 0.40 (0.11) 0.25 (0.06) 7.2 (2.5) 3.2 (2.5) 0.0 (0.0)
CL 0.36 (0.08) 0.21 (0.05) 5.7 (1.7) 1.7 (1.7) 0.0 (0.0)
CGL 1.46 (0.29) 0.59 (0.07) 0.9 (3.6) 0.7 (2.9) 3.8 (0.7)
CSGL05 1.42 (0.33) 0.58 (0.09) 1.4 (4.7) 1.1 (3.7) 3.7 (1.0)
CSGL95 0.37 (0.09) 0.21 (0.05) 5.6 (1.6) 1.6 (1.6) 0.0 (0.0)

innocuous or even beneficial under normal circumstances, but under particular environmen-

tal conditions, may contribute to a variety of diseases. Members of this family are important

in host lipid metabolism [27], have been associated with metabolic dysfunction [69, 146], and

are reduced with weight loss [86]. Among the Firmicutes, higher abundance of Christensenel-

laceae is associated with lower body mass index [41, 45], and addition of this bacterial family

reduced weight gain in a mouse model [40]. Among the Proteobacteria, Burkholderiales and

Pasteurellaceae were found in higher abundance in the salivary microbiome of lean individ-

uals than obese [137], and Pasteurellaceae is associated with lower triglyceride levels [41].

Interestingly, Flavobacteriia, which here is found to be positively associated with BMI, also

increases post-gastric bypass [52] and is found in higher abundance in saliva samples of lean

individuals [137].

One widely-discussed association between the gut microbiome and obesity is the Fir-

micutes to Bacteroidetes ratio. In a number of mouse and human studies, a high Firmi-
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cutes/Bacteroidetes (F:B) ratio was associated with obesity [71, 126, 145]. However, findings

with respect to that ratio have varied among previous studies [86, 123], with some studies

finding no effect or even the opposite association [36, 110]. In our CSGL model, the only

nonzero Bacteroidetes coefficient is negative, which is consistent with a reduction of Bac-

teroidetes in higher-weight individuals. However, the Firmicutes coefficients are mixed, with

generally positive coefficients for Bacilli and generally negative associations with Clostridia.

A similar observation of discordant Firmicutes effects, and in particular an association be-

tween Clostridia and weight loss or lower weight, has been observed in previous studies

cited as contradictory to the typical pattern of high F:B ratio [92, 106]. Armougom et al.

find decreased Bacteroidetes and decreased Firmicutes at the phylum level, but increased

Lactobacillus species (family Lactobacillaceae, phylum Firmicutes) with obesity [7]. Our

results therefore support the growing evidence that diversity of effect within Bacteroidetes

and Firmicutes, along with different dietary patterns and study populations, may explain

the inter-study variation regarding the association of the F:B ratio with obesity.

4.6 Discussion

We have proposed a compositional sparse group lasso, which uses a linear log-contrast model

to account for the compositionality of microbiome data, incorporates extrinsic phylogenetic or

functional grouping structure and groupwise sparsity through an `2 penalty, and encourages

sparsity within groups with an `1 penalty. By fitting the model at the feature level and

accounting for group structure through a penalty on feature-level coefficients, CSGL leverages

the similarity in the association of related taxa with an outcome, but has the flexibility to

accommodate cases in which closely related taxa have somewhat different effects.

Tree-guided Automatic Subcomposition Selection Operator (TASSO) is an alternative

approach that applies a tree-structured fusion penalty to the compositional lasso to incorpo-

rate phylogenetic structure. TASSO aims to select associated branches of the phylogenetic

tree, choosing which level of taxon to include via variable fusion [122, 131]. CSGL differs

from TASSO because we apply an `2 norm to groups of lower-level taxa, rather than effec-
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Table 4.4: Bacterial families associated with BMI in the American Gut Project 16S fecal
samples.

Phylum Class Order Family Coefficient

[Thermi] Deinococci Deinococcales Deinococcaceae -0.128
[Thermi] Deinococci Thermales Thermaceae 0.662

Actinobacteria Actinobacteria Actinomycetales Micrococcaceae -0.009
Actinobacteria Actinobacteria Actinomycetales Nocardiaceae 0.056
Actinobacteria Actinobacteria Actinomycetales Nocardioidaceae 0.149
Actinobacteria Coriobacteriia Coriobacteriales Coriobacteriaceae 0.127
Bacteroidetes Bacteroidia Bacteroidales S24-7 -0.074
Bacteroidetes Flavobacteriia Flavobacteriales Flavobacteriaceae 0.299
Cyanobacteria 4C0d-2 YS2 [Unknown] -0.192

Firmicutes Bacilli Gemellales Gemellaceae -0.055
Firmicutes Bacilli Lactobacillales Enterococcaceae 0.001
Firmicutes Bacilli Lactobacillales Lactobacillaceae 0.168
Firmicutes Bacilli Lactobacillales Leuconostocaceae 0.268
Firmicutes Bacilli Lactobacillales [Unknown] 0.096
Firmicutes Clostridia Clostridiales Christensenellaceae -0.077
Firmicutes Clostridia Clostridiales Eubacteriaceae -0.116
Firmicutes Clostridia Clostridiales Peptococcaceae -0.034
Firmicutes Clostridia Clostridiales Peptostreptococcaceae 0.001
Firmicutes Clostridia SHA-98 [Unknown] -0.025
Firmicutes Clostridia Thermoanaerobacterales Caldicellulosiruptoraceae -0.072

Proteobacteria Betaproteobacteria Burkholderiales Burkholderiaceae -0.495
Proteobacteria Gammaproteobacteria Aeromonadales Aeromonadaceae -0.081
Proteobacteria Gammaproteobacteria Pasteurellales Pasteurellaceae -0.164

Tenericutes Mollicutes RF39 [Unknown] -0.064
Tenericutes RF3 ML615J-28 [Unknown] -0.050

TM7 TM7-3 [Unknown] [Unknown] -0.168
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tively applying an `1-norm to the corresponding aggregate taxon at a higher level on the tree.

Another approach is the zero-sum elastic net [4], which only gives sparsity at the feature

level. In contrast to both of these methods, CSGL allows estimation at the feature level with

selection at both feature and group level.

The selection accuracy, estimation error, and prediction error of CSGL are consistently

slightly superior to corresponding non-compositional methods. In the majority of simulation

settings, CSGL also outperforms the compositional lasso by both measures, with the most

noticeable differences when the grouping structure is most accurate with respect to truly

associated coefficients. The compositional lasso may be preferred when there is no relevant

grouping in the associated features, but choosing θ = 0.95 for CSGL gives nearly equivalent

performance in such situations. The pattern of sparsity relative to assumed group structure

is more important than the compositionality constraint across all simulation scenarios.

As currently formulated, CSGL is restricted to including information at two levels (group

and feature). When phylogenetic grouping is used, it is unclear which levels should be

included. Analysis at the genus and class level, for example, seems just as reasonable as

family and phylum level analysis. Sometimes scientific hypotheses or literature consensus

provide clear direction. When this is not the case, or when taxonomic level of association is

part of the scientific question, prediction error on a test set may be used to compare a small

number of choices of levels. When functional grouping is of interest, the non-overlapping

group structure of CSGL requires a single major function to be assigned to each taxon. Future

work is needed to allow overlapping groups so that all of a taxon’s functional components

may be accounted for in the grouping structure.
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Chapter 5

MULTILEVEL COMPOSITIONAL LASSO

In the previous chapter, we proposed a sparse group penalty for the linear log-contrast

model. Since evolutionarily or functionally similar groups of taxa are often related similarly

to phenotypes, incorporation of group information in penalized regression models improves

estimation and prediction. However, the use of these models for prediction in new data

implicitly assumes that the feature set is the same for future observations or datasets as in

the training data. This assumption fails for microbiome data. In this chapter, we focus on

the capacity to make predictions in new data based on the microbiome.

We propose a multilevel linear log-contrast model that includes both group-level and

within-group relative abundances of taxa. Using this model in a new dataset, for taxa

that were not previously observed or are less precisely identified (for example, identified at

family rather than genus level), partial information may still be utilized via the group-level

terms. `1 penalties on the group- and feature-level coefficients induces sparsity at both levels.

The penalized form can be formulated as a convex optimization problem and solved using a

coordinate descent method of multipliers algorithm. We assess the performance of the model

in simulation studies and several studies of the gut microbiome and body mass index.

5.1 Prediction with Differing Feature Sets

Clinical interest in microbiome studies often lies primarily in predictive analyses. Although

the high dimensionality and inter-subject variability of the microbiota make prediction chal-

lenging [59], several studies have demonstrated that microbial profiles may be used to good

effect as a diagnostic and prognostic biomarker. For example, abnormal vaginal flora in the

first trimester of pregnancy is predictive of preterm birth [35], gut microbiome composition
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can be used to diagnose advanced fibrosis in nonalcoholic fatty liver disease with high ac-

curacy [78], and pairing assessment of the fecal microbiota with the standard fecal occult

blood test can improve the sensitivity of colorectal cancer screening by 45% while maintain-

ing specificity [141]. Therefore, improving methods for microbiome-based prediction is of

great clinical relevance.

Several regularized regression and feature selection methods for the microbiome have

recently been developed. These methods generally use a linear log-contrast model to account

for the compositional nature of microbiome data and add penalties, sometimes informed by

the phylogenetic structure of the microbiome, to induce sparsity or smoothness and improve

prediction accuracy [4, 74, 105, 119, 130, 131, 138, 142]. However, a key assumption of all

of these existing approaches is that the set of features is the same in the prediction set as

in the data on which the model is built. While this is a reasonable assumption in most

scientific settings — the same variables are included on new surveys as previous ones, or

the same genetic variants are assessed — it does not generally hold for microbiome data,

for two reasons. First, there may actually be different taxa present in different datasets.

Due to the high inter-individual variability, rare taxa in particular may not appear in the

model-building dataset but may be present in future individuals. In addition, there may be

differences in the level of taxonomic assignment possible between datasets. For example, the

same biological taxon may be identified at the genus level in one dataset but only the family

level in another. These differences, which we will refer to as differential resolution, may be

due to choice of sequencing region, differences in sequencing accuracy, or choice of primers

[17, 65, 77, 128].

At its essence, this is a problem of missing information: either the full taxon assignment

is missing, such as when the genus of a taxon is unknown in one dataset, or the estimated

effect of a taxon is missing, such as when the taxon is only present in the prediction set.

However, contrary to usual missing data settings, we have access to partial information in

both of these cases due to the phylogenetic relationships within the microbiome. Because

phylogenetically similar taxa often have similar functional capabilities and environmental
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preferences, it is reasonable to expect some shared effect among phylogenetically grouped

taxa [9, 22, 51, 79, 89, 98, 131]. To leverage this partial information, we propose the multilevel

compositional lasso, which fits a linear log-contrast regression model at two taxonomic levels

and performs feature selection at each level. The group-level terms allow partial data such

as class-level effects to be incorporated in the model; the within-group terms specialize this

effect to particular genera or species, but can be omitted when the higher-resolution data

are not available for particular taxa. Therefore, this model accounts for the compositionality

of the data and allows more of the available information to be used for model-building and

prediction. The multilevel compositional lasso is a special case of the constrained lasso [53],

and similar algorithms and optimality results apply [42, 74, 113].

The remainder of the chapter is structured as follows. In Section 5.2, we describe the

proposed multilevel compositional lasso (MCL) in detail, express it as a constrained convex

optimization problem, and describe the coordinate descent method of multipliers algorithm

used to solve it. We also comment on situations in which theoretical optimality properties

will hold. Simulation results demonstrating the efficacy of the method are presented in

Section 5.3. In Section 5.4, we apply the method to explore the association between the gut

microbiome and BMI, and Section 5.5 concludes with a discussion.

5.2 Methods

5.2.1 Linear Log-Contrast Model

Although the linear log-contrast model was introduced in the previous chapter, we review it

here to set the stage for the multilevel analogue. Suppose that taxon counts X̌ij are observed

for taxa j = 1, . . . , p and subjects i = 1, . . . n. Due to differences in total read count

across samples, each individual’s set of taxon counts is normalized to taxon proportions

via X̃ij = X̌ij/
∑p

j=1 X̌ij. Following this normalization step, the data are compositional:

observations for each subject are constrained to sum to one, so the rows of X̃ lie in a

(p− 1)-dimensional simplex. Compositionality induces negative correlation among features,
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rendering traditional regression methods inappropriate.

To address this problem in the context of mixture data, Aitchison and Bacon-Shone

proposed the linear log-contrast model [3]. In recent years this model has been widely applied

to microbiome compositions [66, 74, 81, 113]. The linear log-contrast model relies on the

log-ratio transformation [2], in which a reference component is selected and the log-ratios of

each non-reference component to that reference are used as the predictors in a linear model.

Suppose without loss of generality that component p is selected as the reference. Then the

model is

y = Xpβ\p + ε

where Xp is the n × (p − 1) matrix with elements Xp
ij = log(X̃ij/X̃ip), β\p is a (p − 1)-

dimensional vector of coefficients, and ε ∼ N(0, σ2). By defining βp = −
∑p−1

j=1 βj, the model

may be equivalently expressed in symmetric form via

y = Xβ + ε, s.t.

p∑
j=1

βj = 0

where X = log(X̃) are log-proportions. Due to the high dimensionality of microbiome

data, applying combinations of penalties to this model (possibly informed by phylogenetic

structure) often results in superior estimation and prediction accuracy [74, 113, 130].

5.2.2 Multilevel Linear Log-Contrast Model

Aitchison’s linear log-contrast model can accommodate only a single-level composition. When

microbiome data are summarized at just one level of phylogenetic classification, such as genus

or family level, this is appropriate. However, taxon abundance matrices are accompanied

by a phylogenetic tree, and taxa may be identified at each level from kingdom to species.

Within each higher-level group, there is a composition at the lower level, and it is often

unclear which phylogenetic level is most relevant in a particular setting. One solution to

this is to always model at the lowest sensible level (e.g., genus) and assume that higher-level

effects, such as associations with an entire class or phylum, will be distributed across each
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genus within that higher taxonomic category. However, if the association is at a higher level,

the distributed effect size for individual genera may be small and difficult to detect. In con-

trast, always modeling at higher levels of taxonomy negates the ability to detect fine-scale

associations.

The tree-structured fused lasso penalty accounts for the multiplicity of potential levels

by shrinking differences between coefficients in a single phylogenetic branch to zero. It

thereby adaptively chooses a single level of phylogeny within each group, allowing the selected

level to differ between groups [130]. The biological assumption behind this method is that

phylogenetically similar taxa have similar effects. This is generally the case [9, 89, 98, 79],

but there are important exceptions. For example, a high Firmicutes to Bacteroidetes ratio

is widely cited as being predictive of obesity [28, 71, 126, 145], but other studies find no

association or even the opposite effect [86, 123]. This may be due to lower-level taxa within

each phylum with differing strength and direction of association with obesity [92, 106]. The

same idea holds at much finer phylogenetic resolutions: although they are in the same

genus, Bacillus anthracis is pathogenic, while Bacillus cereus is not [77]. A method that

penalizes coefficients to encourage similar effect estimates in closely-related taxa may not

accommodate these situations. It is therefore important to allow differences in association

within phylogenetic groups.

In addition, when primary scientific interest lies in prediction based upon new data

(for example, building a microbiome-based biomarker for disease diagnosis or prognosis),

microbiome data poses more fundamental analytic challenges. Choices made in study design

have several important effects on composition. First, in a 16S rRNA sequencing protocol,

often only two or three out of the nine hypervariable regions are sequenced, and different

hypervariable regions permit differing accuracy and depth of taxonomic identification [77].

The choice of sequencing region may therefore strongly affect which taxa are found to be

dominant [65]. Even for the same hypervariable region, the choice of a particular “universal”

primer may result in detecting or overlooking entire genera of bacteria [128]. As a result, two

studies examining the same body site in the same study population may identify different
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taxa, and may do so at differing taxonomic levels of resolution, simply due to choice of

primers and hypervariable regions. Alongside these technical differences, since rare taxa

may not be observed in every dataset, there are also likely to be true biological differences

between feature sets in different studies.

Prediction models that assume the same set of features in the model-building dataset

as the prediction set are not immediately applicable when feature sets differ across studies

due to biology or differential resolution. Application of standard models for prediction with

differing feature sets requires either fitting the model at a high enough phylogenetic level that

most or all taxa are shared between datasets, or fitting the model at a lower phylogenetic

level, then excluding taxa in the prediction set that are not observed in the model-building

set. Both approaches result in a loss of information, due in the first case to aggregating taxa

with potentially different effects and in the second case to excluding taxa entirely.

To address the concerns of differing feature sets between studies while allowing poten-

tially differing effects within phylogenetic groups, we propose a multilevel linear log-contrast

model that incorporates both group-level effects and within-group modifications of that ef-

fect. Assume that extrinsic grouping information based on phylogenetic similarities among

taxa is known, so that the p taxa are divided into q groups of size p1, ..., pq. The group-

level proportions are based on aggregate counts within each group; within-group abundances

modulate the group-level effect, accommodating the situation in which closely related taxa

have differing associations with a host phenotype. For prediction in new data, if group

membership is known but precise taxon classification is not, the within-group effect may be

excluded, and the taxon still contributes information through the overall group effect.

In order to describe the model more precisely, we first introduce some notation. We

will refer to elements of X̃, the matrix of overall proportions, as X̃ijk. Here i indexes the

rows of X̃ (individuals); j = 1, . . . , q indexes blocks of columns (group membership); and

k = 1, . . . , pj indexes features (taxa) within each group. We then define the n× q matrix of

group-level proportions Z̃ with elements Z̃ij =
∑pj

k=1 X̃ijk and the n × p matrix of within-

group proportions W with elements W̃ijk =
X̃ijk∑pj
k=1 X̃ijk

=
X̃ijk

Z̃ij
. The corresponding matrices
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of log-proportions are designated Z = log(Z̃) and W = log(W̃ ). Group-level coefficients are

represented by β = (β1, . . . , βq) and within-group coefficients by γ = (γ(1), . . . , γ(q)), where

γ(j) are the coefficients corresponding to group j. The proposed multilevel linear log-contrast

model is

y = Zβ +Wγ + ε s.t.

q∑
j=1

βj = 0 and

pj∑
k=1

γ
(j)
k = 0 ∀j.

The zero-sum constraints on each coefficient vector or subvector make this symmetric form

equivalent to modeling between- and within-group log-ratios of relative abundances, thereby

eliminating the unit-sum constraint on the relative abundances. This model can use partial

information for novel or lower-resolution taxa in the prediction set, based on the observation

that phylogenetic groups of taxa often have similar effects, by including the taxon in its

higher-level phylogenetic group. When lower-level information is available, within-group

proportions for individual taxa provides the flexibility to model closely related taxa that

have differing associations with the host phenotype.

5.2.3 Multilevel Compositional Lasso

Because microbiome data tends to be high-dimensional, with more taxa observed than sub-

jects, the multilevel linear log-contrast model is usually not identifiable. Many choices for

penalty functions exist that yield different patterns of smoothness and sparsity for coeffi-

cient estimates. We choose `1 penalties for both group-level and within-group coefficients,

promoting sparse estimates for both group-level and within-group features. In addition to

reducing prediction error and aiding in model identifiability, sparsity-inducing penalties iden-

tify which taxa are primarily responsible for the association with a phenotype, a question of

great scientific importance.

Adding `1 penalties on within-group and between-group parameters to the loss function

yields the multilevel compositional lasso (MCL), defined by

`(β, γ) =
1

2n
‖y − Zβ −Wγ‖2

2 + λ1‖β‖1 + λ2‖γ‖1 (5.1)
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s.t.

q∑
j=1

βj = 0 and

pj∑
k=1

γ
(j)
k = 0 ∀j.

When λ2 is large relative to λ1, γ̂ will be highly sparse and group-level effects β̂ will dominate

the model. Conversely, λ1 large relative to λ2 will tend to encourage more nonzero γ̂. We

optimize over a grid of (λ1, λ2), using cross-validation to select the optimal lambda. This

model can be expressed as a special case of the constrained lasso by stacking the data and

constraint matrices. The constrained lasso model would be

`(β, γ) =
1

2n

∥∥∥∥∥∥y −
[
Z W

]β
γ

∥∥∥∥∥∥
2

2

+ λ

∥∥∥∥∥∥
 θβ

(1− θ)γ

∥∥∥∥∥∥
1

(5.2)

s.t.

q∑
j=1

βj = 0 and

pj∑
k=1

γ
(j)
k = 0 ∀j

where the two penalty parameters λ1 and λ2 have been re-expressed λ1 = θλ and λ2 =

(1− θ)λ.

An coordinate descent method of multipliers algorithm is used to solve problem (5.1).

The constraints can be re-written in matrix form as Bβ+Cγ = 0 where B = [0q×q,1q]
> and

C = [Dp×q,0p]
>. Here, D is a p × q matrix with column vectors 1pj on the diagonal and 0

elsewhere. Using the matrix form for the constraints, we form the augmented Lagrangian,

Lµ(β, γ, ξ) =
1

2n
‖y − Zβ −Wγ‖2

2 + λ1‖β‖1 + λ2‖γ‖1 +
µ

2
‖Bβ + Cγ + ξ‖2

2 −
µ

2
‖ξ‖2

2 (5.3)

We then iteratively update β, γ, and ξ by coordinate descent as follows:

1. Initialize β = 0q, γ = 0p, ξ = 0q+1, µ > 0.

2. Until convergence, iterate:

(a) For j = 1, . . . , q update βj via

βj ←
1

Z>j Zj + µ
· S
(
Z>j (y −Wγ − Z−jβ−j)− µ(

∑
β−j + ξq+1), λ1

)
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(b) For i = 1, . . . , p update γi = γ
(j)
k via

γ
(j)
k ←

1

(W
(k)
j )>W

(k)
j + µ

· S
(

(W
(j)
k )>r−jk − µ(

∑
γ

(j)
−k + ξj), λ2

)
where r−jk are the residuals without the ith term, (y−Zβ−W (−j)γ(−j)−W (j)

−kγ
(j)
−k).

(c) Update ξ via

ξ ← ξ + µ ·

[
p1∑
k=1

γ
(1)
k , ...,

pq∑
k=1

γ
(q)
k ,

q∑
j=1

βj

]>

If any groups contain only one feature, we exclude that feature from W and γ, estimating

the effect only at the group level. The within-group proportions of such a feature would be

uniformly 1, leading to Wik = 0 for i = 1, ..., n, and γk associated with a feature that is

uniformly zero is not estimable.

Under some assumptions, optimality results and inference procedures for other con-

strained `1 penalized regression models hold for MCL. In the setting of the compositional

lasso (CL) [74], which is equivalent to MCL with only the group-level term, with high prob-

ability there exists an optimal solution that satisfies sign consistency and bounded `∞ loss.

The main condition for this result is an Irrepresentable Condition that requires low corre-

lation between features with truly zero and nonzero coefficients. For these results to apply

directly to MCL, within-group and group-level features must satisfy the same requirement

of low correlation between zero and nonzero features.

To see when this would fail, consider the case of a single taxon changing drastically in

abundance and driving the entire association with the host phenotype. Assume without

loss of generality that neither this taxon nor its group is the reference taxon or group. We

will refer to this hypothetical association-determining taxon as Species A in Family 1. For

Species A, an increase in absolute abundance (with no change in abundance for the other

taxa in its group) would result in an increase in relative abundance within Family 1, and

correspondingly an increase in log-ratio of within-group proportion. Similarly, because all

other taxa have constant abundance, the increase in abundance of Species A corresponds to
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an overall increase in relative abundance of Family 1. Therefore, the features corresponding

to Species A and Group 1 are correlated. By itself, this is still not problematic, since the

Irrepresentable Condition only restricts correlation between zero and nonzero features. The

condition is violated only under the additional assumption that the association between

microbiota and outcome is due to Species A but not Family 1 or vice versa.

This perfect storm rarely occurs. In some conditions, a dramatic bloom of a single

pathogen does drive the phenotype. For example, Clostridium difficile infection is a very

serious condition driven purely by this bacterium. However, even in this case, it would not

necessarily be inappropriate for the model to attribute some of the association of microbiota

with disease to a phylogenetic rank somewhere above the species C. difficile, and a biologist

or clinician looking at the data alongside the results from MCL could quite easily attribute

any group-level effect to the correct species. Clinical observation and other types of models

can also help identify settings in which a single, very specific taxon determines or strongly

predicts a phenotype. More often, dysbiosis is characterized by smaller changes in many

taxa, a setting in which correlation between the group-level and within-group features is

minimal. Therefore, in most cases of scientific interest for feature selection and prediction

with the microbiome, with high probability there exists an optimal solution for MCL that

satisfies the same theoretical properties as the optimal solution for CL.

5.3 Simulation Study

We compare the performance of our method to CL and several non-compositional methods,

simulating data from both the multilevel linear log-contrast model and the standard linear

log-contrast model. Mean squared prediction error is computed both when the same set of

features was observed in the validation set as the training set (“high-resolution”) and when

some features are not identified to the same level in the validation set as the training set

(“low-resolution”).
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5.3.1 Simulation Methods

Taxon proportions are simulated as described in the previous chapter. Specifically, we first

simulate wn×p ∼ Np(θ,Σ), then generate the matrix of taxon proportions X̃ via X̃ij =

exp(wij)/
∑p

k=1 exp(wik) so that X̃ follows a logistic normal distribution [1]. We let θj =

log(p/2) for j = 1, . . . , 5 and θj = 0 otherwise, and Σ is autoregressive of order 1 with

ρ = 0.2. Groups are all of size 5. Outcomes are simulated from either the linear log-contrast

model or the multilevel linear log-contrast model, to assess the robustness of our method to

different forms of association.

For outcomes generated from the linear log-contrast model using the overall taxon pro-

portions X̃, which we refer to as the compositional model, we consider two settings. In

setting C1, nonzero coefficients partially correspond to group structure, with β = (0.8, -0.4,

-0.5, 0, 0, -0.8, 0.5, 0, 0, 0.4, 0, . . . , 0). In setting C2, the associated coefficients are not

grouped at all, with β = (0.3, 0, 0, 0, 0, -0.4, 0, 0, 0, 0, 0.4, 0, 0, 0, 0, -0.3, 0, . . . , 0).

In both of these settings, the set of predictors used to generate the outcomes is different

than the set of predictors included in the model, since the overall log-proportions X were

used to generate outcomes via Y = Xβ + ε (with ε ∼ N(0, σ2)), whereas group-level and

within-group log-proportions were covariates in MCL.

For outcomes generated from the multilevel linear log-contrast model, which we refer to

as the subcompositional model, we consider three settings. In setting SC1, there are both

group-level and within-group effects, with β = (-0.3, 0, 0.3, 0, . . . , 0) and γ = (-0.5, 0.8, -0.3,

0, 0, 0.5, -0.8, 0.3, 0, . . ., 0). This is the most scientifically relevant situation, in which both

overall group abundances and distributions of taxa within groups are associated with the

host phenotype. Setting SC2 represents the case in which only lower-level taxonomic groups

matter, with β = 0q and γ = (-0.5, 0.8, -0.3, 0, 0, 0.5, -0.8, 0.3, 0, . . ., 0). For example, this

could represent a situation in which total relative abundance of Proteobacteria doesn’t matter

of its own accord, but having high Alphaproteobacteria relative to Gammaproteobacteria

(within-group relative abundances) is predictive of a phenotype. Conversely, setting SC3
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represents the case in which only upper-level groups matter, with coefficients β = (-0.5, 0,

0.5, 0, . . ., 0) and γ = 0p. Scientifically, this would correspond to a situation in which,

for example, phylum-level relative abundances are associated with an outcome regardless of

which mix of genera contribute to the total phylum abundance for each subject.

Comparison methods include the non-compositional lasso (L) [121], group lasso (GL)

[140], and sparse group lasso (SGL) with α = 0.95 [114], all fit using overall log-proportions

and ignoring the constraint, as well as the compositional lasso (CL) [74]. In each simulation

setting, the methods are compared at high resolution, when the set of features is the same

in the prediction set as in the training set, and at low resolution, when the second, third,

and fourth groups of features are considered to be observed only at group level. For each

method except MCL, in the low-resolution case, outcomes are simulated from the original

(high-resolution) model, then fit at lower resolution so that outcomes may be predicted from

lower-resolution data. λ is selected based on prediction error in an independent dataset of

size n.

5.3.2 Simulation Results

From the simulation results, we observe that in the high-resolution setting where data were

simulated from the multilevel linear log-contrast model (the subcompositional model), predic-

tion error is always lowest with MCL (Table 5.1). Generally, the group lasso is a close second,

demonstrating the importance of incorporating structural information when relevant. When

data were simulated from the ordinary linear log-contrast model (compositional model), pre-

diction error is similar in MCL and the alternate methods when nonzero coefficients observe

the pre-defined grouping structure at least partially, whereas when coefficients are ungrouped

and data were simulated from this model, MCL has substantially higher prediction error.

For ungrouped coefficients, the effect in MCL is divided between the group-level coefficient

and the within-group coefficient, which in some cases causes both to be excessively shrunk

towards zero and results in the increase in prediction error. This is similar to the theoretical

situation discussed in the previous section.



76

In the low-resolution setting, MCL also always has prediction error similar to or lower

than the alternatives (Table 5.2). Prediction error between MCL and all four alternative

methods is fairly similar in setting C2, when there is no true group effect. In setting SC2,

because only higher-level taxonomy matters, the methods that incorporate group structure

(GL, SGL) have very similar prediction error to MCL, whereas CL has higher prediction

error. That is, when the scientific aim is to build a model that may be used for prediction

in independent microbiome datasets for which the set of observed features (taxa) differs,

regardless of the true form of association, MCL provides the model with lowest prediction

error in the new dataset.

Table 5.1: Simulation results for all settings, when the resolution in the prediction (valida-
tion) set is the same as that in the training set. Under “Model”, SC indicates the subcom-
positional (multilevel) linear log-contrast model and C indicates the usual linear log-contrast
model. Reported value is mean (SD) mean squared prediction error calculated on an inde-
pendent dataset.

Model (n, p) Setting L GL SGL CL MCL
SC (100, 100) SC1 0.38 (0.07) 0.35 (0.06) 0.37 (0.07) 0.37 (0.06) 0.34 (0.06)

SC2 0.34 (0.06) 0.33 (0.06) 0.34 (0.06) 0.33 (0.06) 0.31 (0.05)
SC3 0.32 (0.05) 0.29 (0.05) 0.31 (0.05) 0.36 (0.06) 0.27 (0.04)

(100, 200) SC1 0.41 (0.07) 0.37 (0.06) 0.40 (0.07) 0.41 (0.07) 0.35 (0.06)
SC2 0.37 (0.07) 0.34 (0.06) 0.36 (0.06) 0.36 (0.06) 0.33 (0.05)
SC3 0.32 (0.05) 0.30 (0.05) 0.32 (0.05) 0.37 (0.06) 0.27 (0.04)

C (100, 100) C1 0.35 (0.06) 0.33 (0.05) 0.34 (0.06) 0.32 (0.05) 0.33 (0.05)
C2 0.31 (0.05) 0.37 (0.06) 0.31 (0.05) 0.30 (0.05) 0.42 (0.07)

(100, 200) C1 0.35 (0.06) 0.33 (0.06) 0.34 (0.06) 0.33 (0.06) 0.33 (0.06)
C2 0.32 (0.06) 0.38 (0.07) 0.32 (0.06) 0.31 (0.06) 0.46 (0.08)

5.4 Gut Microbiome and BMI

We apply MCL to the association of BMI with the gut microbiome in one batch of American

Gut Project (AGP) data and assess the results within that dataset. We then use the model to

predict BMI in two other datasets: a second batch from the AGP, and the Human Microbiome

Project (HMP) data. The second batch of AGP data represents a scenario in which there
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Table 5.2: Simulation results for all settings, when the resolution in the prediction (valida-
tion) set is lower than that in the training set. Under “Model”, SC indicates the subcompo-
sitional (multilevel) linear log-contrast model and C indicates the usual linear log-contrast
model. Reported value is mean (SD) mean squared prediction error calculated on an inde-
pendent dataset.

Model (n, p) Setting L GL SGL CL MCL
SC (100, 100) SC1 1.17 (0.19) 1.15 (0.19) 1.17 (0.19) 1.17 (0.19) 1.05 (0.15)

SC2 1.14 (0.18) 1.12 (0.18) 1.14 (0.18) 1.13 (0.19) 1.04 (0.14)
SC3 0.28 (0.04) 0.27 (0.04) 0.27 (0.04) 0.31 (0.05) 0.27 (0.04)

(100, 200) SC1 1.17 (0.19) 1.14 (0.18) 1.16 (0.19) 1.17 (0.19) 1.05 (0.16)
SC2 1.14 (0.19) 1.13 (0.18) 1.14 (0.18) 1.13 (0.18) 1.03 (0.16)
SC3 0.27 (0.04) 0.27 (0.04) 0.27 (0.04) 0.31 (0.05) 0.27 (0.04)

C (100, 100) C1 1.25 (0.18) 1.21 (0.16) 1.24 (0.18) 1.24 (0.17) 1.14 (0.16)
C2 0.67 (0.10) 0.67 (0.09) 0.67 (0.10) 0.67 (0.10) 0.65 (0.10)

(100, 200) C1 1.30 (0.22) 1.25 (0.21) 1.29 (0.22) 1.28 (0.22) 1.16 (0.18)
C2 0.69 (0.10) 0.68 (0.10) 0.68 (0.10) 0.68 (0.10) 0.67 (0.10)

are few differences in feature sets due to technical or study design disparities, since the

same investigators and analysis pipeline were used to produce the data. However, there are

still differences in feature sets due to inter-subject variability. The HMP data represents the

setting in which differential resolution due to technical or study design differences is expected

in addition to biological variability. The biological differences in taxon sets is also expected

to higher between AGP and HMP, since the HMP subjects are adults with irritable bowel

diseases rather than the healthy adults included in the AGP analyses.

5.4.1 American Gut Project Analysis

We apply MCL to demultiplexed 16S sequencing data for the gut microbiome from the

American Gut Project (http://qiita.microbio.me, FASTQ ID 48740, OTU matrix ID AG57,

generated 03/11/2018). OTUs were clustered at 97% similarity and aligned to the Green-

Genes reference taxonomy. We included samples from subjects at least 18 years old with no

prior diagnosis of irritable bowel disease or diabetes, with available age, sex, and BMI, and

with at least 1000 total reads. The OTU data was aggregated at the genus level, excluding
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genera with fewer than 10 reads. Taxonomic groups were defined at the class level. Zeros

in the OTU count matrix were replaced with 0.5, the maximum rounding error. The final

dataset, which we will refer to AG57, included abundance of 274 bacterial genera for 424

subjects.

Of the 29 classes, 9 contained only one observed genus, and maximum group size was

63 genera. The nine singleton genera were excluded from the within-group feature matrix,

W , and analyzed only at the group level. Therefore, we applied MCL with input data

Z ∈ R(424×29) and W ∈ R(424×265). We set µ = 1 and selected (λ1, λ2) by 10-fold cross

validation. For comparison, we also fit the compositional lasso on the original log-proportions

X ∈ R(424×274) (CL-genus) and, separately, on the class-level log-proportions (CL-class),

again selecting λ by 10-fold cross validation. We adjusted for age and sex by performing

regression on age and sex in a first step, then using the residuals as the outcome measure

for MCL and CL.

In some settings, it is possible to have two (λ1, λ2) pairs with nearly identical prediction

error, one that emphasizes the contribution of within-group features and one that emphasizes

group-level features. When that is the case, either a finer grid of λ values may be fit near

the two optimal regions or scientific interest in group versus feature level effects may drive a

preference for one pair over the other. However, in this case, the cross-validated prediction

errors have a single minimum (Figure 5.4.1). The resulting model includes both group- and

within-group effects (Tables 5.3 and 5.4).

Overall, the results are consistent with those found in the previous chapter, but comparing

the class-level and genus-level coefficients provides additional insight into which level of tax-

onomy matters for the association between a particular taxon or group of taxa and BMI. For

instance, Actinobacteria has the largest nonzero class-level association with BMI, with only

two non-zero genus-level adjustments. The phylum and class of Actinobacteria have been

consistently positively associated with obesity in previous studies, and this model suggests

that these higher-level associations are appropriate for Actinobacteria [46, 125, 135, 145].

Also consistent with our findings, the Methanobacteria have been uniformly positively asso-
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ciated with obesity [26, 43]. We estimate that Betaproteobacteria are negatively associated

with BMI and Deltaproteobacteria are positively associated. While the Deltaproteobacteria

association has been previously identified [26, 86], Betaproteobacteria are not often specif-

ically discussed, although they seem to be associated with high sugar consumption in mice

[111] and were found at very high abundance in malnourished children in Bangladesh [88].

The role of Betaproteobacteria may be worth investigating further in Western populations.

The classes selected are very similar between MCL and CL-class.

In contrast, Bacilli and Clostridia each have no class-level effect, but each has several

nonzero genus-level coefficients. The estimated direction of association with BMI varies

within each group, suggesting that a class-level estimate would not be sufficient to capture

the association. For example, higher abundance of genus rc4-4 in family Peptococcaceae rel-

ative to other Clostridia is associated with higher BMI, whereas lower abundance of genera in

the family Mogibacteriaceae and order Clostridiales relative to other Clostridia is associated

with higher BMI. Often, the overall association of obesity with Clostridia concentration is

negative [43], but positive associations have been found with Lachnospiraceae and Pepto-

coccaceae, as we saw [73, 85]. For the Bacilli, higher Bacillaceae is associated with higher

BMI, and in contrast to the usual associations, higher Enterococcus is associated with lower

BMI. However, this coefficient is for Enterococcus relative to other Bacilli, not the over-

all relative abundance of Enterococcus. Further investigation of the association of Bacilli

subcompositions with obesity may clarify the role of particular genera.

5.4.2 Prediction in New Data

We predict BMI in two new datasets based on the MCL and CL models. Age and sex were

adjusted for by including the previously fitted linear regression of BMI on age and sex as

part of the MCL or CL predictions. In each new dataset, predictions based on the CL-

class model were computed by aggregating the OTU table by class, excluding classes that

were not observed in the original AG57 dataset, and using the remaining class-level relative

abundances in the CL-class model from the AG57 data. Predictions based on the CL-genus
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Table 5.3: Class-level coefficients from MCL and class-level CL. The number of non-zero
genera per class refers to the MCL within-group coefficient estimates.

Phylum Class # Genera MCL β̂ CL β̂
(# Nonzero) (Class-Level)

Actinobacteria Actinobacteria 28 (2) 0.251 0.145
Actinobacteria Coriobacteriia 6 (0) · 0.007
Bacteroidetes Bacteroidia 18 (0) · ·
Bacteroidetes Cytophagia 1 · ·
Bacteroidetes Flavobacteria 3 (0) · ·
Bacteroidetes [Saprospirae] 1 · ·
Bacteroidetes Sphingobacteriia 2 (0) · ·
Cyanobacteria 4C0d-2 1 -0.181 -0.133
Cyanobacteria Chloroplast 1 -0.214 -0.063

Deinococcus-Thermus Deinococci 3 (0) · ·
Elusimicrobia Elusimicrobia 2 (0) · ·

Firmicutes Bacilli 36 (3) · ·
Firmicutes Clostridia 63 (9) · ·
Firmicutes Erysipelotrichi 12 (0) · ·

Fusobacteria Fusobacteriia 2 (0) · ·
Lentisphaerae [Lentisphaeria] 2 (0) -0.153 -0.094
Proteobacteria Alphaproteobacteria 21 (0) · ·
Proteobacteria Betaproteobacteria 20 (0) -0.122 -0.017
Proteobacteria Deltaproteobacteria 5 (0) 0.346 0.132
Proteobacteria Epsilonproteobacteria 1 · ·
Proteobacteria Gammaproteobacteria 31 (0) · ·
Spirochaetes [Brachyspirae] 1 · ·
Synergistetes Synergistia 5 (0) · ·
Tenericutes Mollicutes 2 (0) -0.015 -0.037
Tenericutes RF3 1 -0.019 ·

Verrucomicrobia Opitutae 1 · ·
Verrucomicrobia Verrucomicrobiae 1 · ·
Euryarchaeota Methanobacteria 2 (0) 0.106 0.061
Euryarchaeota Thermoplasmata 2 (0) · ·
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Figure 5.1: Cross-validated PE on a grid of λ1, λ2 values. Darker colors indicate higher mean
squared prediction error. Large λ2 values induce high sparsity in within-group effects γ, and
large λ1 values induce high sparsity in group-level effects β.

model followed the same pattern, but aggregating OTU abundances at the genus level. For

predictions based on MCL, OTU abundances were aggregated at the genus level. Group

assignment was made at the class level based on classes observed in the AG57 data, and the

class-level aggregate proportions were generated as in CL-genus, including even the OTUs
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for which genus-level information was unavailable. Genus-level proportions were computed

within each class using all genera from that class. Then, genera that were not observed

in the AG57 data were excluded, and the remaining genus-level relative abundances were

included in the predictions from the MCL model. Hence all OTUs that belonged to classes

observed in AG57, whether the genus was taxonomically identified or not, were included in

the class-level term of the model. OTUs for which the genus was identified and previously

observed were additionally included in the genus-level term of the model.

American Gut Project Validation

Our first validation set is another cohort from the American Gut Project data (FASTQ ID

45404, OTU matrix 45578, generated 02/09/2018). The data were processed in exactly the

same way as AG57 except that we excluded singleton genera rather than genera observed

fewer than 10 times. Of the 416 genera observed at least twice in the 285 AG59 subjects, 223

matched those in AG57, and 28 of the 29 AG57 classes were observed. The mean squared

prediction error was highest using CL-genus, at 35.47. The prediction error using MCL

was slightly lower than that of CL-class, at 34.36 and 34.45, respectively. In this dataset,

fitting the model at the class level seems to be nearly as effective as including genus-level

information, and the small number of nonzero within-group (γ) coefficients in MCL supports

that conclusion. However, fitting the compositional lasso at genus level and attempting to

apply in a dataset with different observed genera results in higher prediction error.

Human Microbiome Project Validation

To assess the performance of the MCL model in a dataset that less closely matches the

model-building data, we also consider a subset of 30 adult subjects (age range: 19-74 years)

from the Human Microbiome Project (HMP). Of these subjects, 13 have Crohn’s disease,

9 have Ulcerative Colitis, and 8 do not have an irritable bowel disease. We again excluded

singleton genera. Of the 348 observed genera, 140 were included in the original AG57 model.

22 of the 29 classes were observed in the HMP set. The prediction error was 30.8 for MCL,
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42.4 for CL-genus, and 30.5 for CL-class. The difference between MCL prediction error

and CL-genus is higher in this validation set, as we would expect in a dataset with more

biological and technical differences in taxon detection and assignment. In this case, CL-class

has slightly lower prediction error than MCL, suggesting that when there is relatively little

overlap between feature sets and stronger demographic differences between study populations

(here, based on health status, particularly the presence of irritable bowel diseases), fitting a

predictive model at higher phylogenetic settings is likely to be sufficient.

5.5 Discussion

By fitting a regression model using both group-level compositions and within-group compo-

sitions, the multilevel linear log-contrast model provides flexibility in the face of unknown

level of association, potentially differing direction and strength of association within upper-

level groups, and the ability to exploit partial information in prediction when the presence

or resolution of observed taxa differs between two datasets. While the tree-based fused lasso

provides more flexibility with regard to level of association, by aggregating along branches

of a tree, differing associations within a group cannot be combined with the inclusion of

upper-level features in the model [130]. In addition, for prediction on new datasets, all

existing methods assume the set of observed taxa is the same between the model-building

dataset and the prediction set. In contrast, MCL is able to include group-level information

contributed by a taxon even if there are mismatches in the lower-level (e.g., genus-level)

feature set. Despite this added flexibility, the usual restrictions in prediction performance

also apply when using MCL. Demographic, behavioral, and clinical differences between the

model-building data and the prediction data will influence the accuracy of predictions.

Simulations show that, when the features in the prediction set match those in the model-

building dataset, MCL has prediction error similar to or lower than CL when the data are

generated from the multilevel model, or when data are generated from the linear log-contrast

model but nonzero coefficients at least partially follow the presumed grouping structure.

When some taxa are identified only to the group level in the prediction set, prediction error
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is lower with MCL than CL in all settings.

In the American Gut Project data, we find both class-level and genus-level associations

between the gut microbiome and BMI. Our results suggest that Actinobacteria are positively

associated with BMI at the class level, whereas associations with genera belonging to the

Firmicutes classes, Bacilli and Clostridia, tend to vary. Prediction error in new data, both

from the American Gut Project and the Human Microbiome Project, is similar for MCL

as for CL applied at class level. This is consistent with the small proportion of non-zero

within-group features; MCL is expected to outperform CL at the class level when nonzero

features are more evenly balanced between group-level and within-group features. In both

new datasets, prediction error was substantially higher for CL-genus level.

MCL is conceptually similar to the Mixed effects Score Test (MiST) for rare genetic vari-

ants [118]. In that setting, because the variants are rare, power for testing individual variants

is limited. MiST uses a hierarchical linear model to encode which uses a hierarchical model

to specify fixed effects corresponding to variant characteristics (e.g., nonsense or missense)

and variant-specific random effects. The analogous method for the microbiome would borrow

information across taxa within a group using taxon-specific random effects instead of MCL’s

within-group fixed effects.

The choice of which two phylogenetic levels to include in an MCL model is not always

clear, and extension to more than two levels could further improve flexibility in new data

and prediction accuracy. For non-compositional data with rare features, [138] proposes ag-

gregating features along a tree and assigning a coefficient to each branch of the tree. A fusion

penalty within a tree encourages nodes attached to the same branch to have the same coef-

ficient, which amounts to including only the parent node (similar to our group-level effect).

However, this approach does not account for the compositionality or subcompositionality of

microbiome data. A similar procedure may be productive for extending MCL to more than

two levels.

Overall, the multilevel linear log-contrast model provides flexibility in the face of unknown

level of association, potentially differing associations within groups of taxa, and the ability



85

to exploit partial information in prediction when the presence or resolution of observed taxa

differs between two datasets. Inducing sparsity at the group level and within groups further

improves prediction error and interpretability; in addition to identifying associated taxa,

MCL results give insight into taxonomic levels of association. As microbiome profiles are

increasingly used for diagnosis and prognosis, MCL can provide a framework for phenotype

prediction using compositional data with potentially differing feature sets.
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Chapter 6

CONCLUSIONS AND FUTURE WORK

Although investigation of the microbiome has become a valuable part of scientific and

clinical investigation into health, disease, and treatment strategies, new methods for mi-

crobiome analysis are needed to accommodate modern study designs and to incorporate

structural information into identification of associated taxa and predictions based on the mi-

crobiome. The methods proposed in this dissertation add valuable tools to a microbiologist’s

or bioinformatician’s toolbox in both of these areas. They also point towards new avenues

for further statistical methods development.

One potential direction for future work is performing feature selection within distance-

based analyses. This dual approach would retain the power advantages of distance-based

analysis, while leveraging the interpretability of feature selection models. Most distance

metrics, including the UniFrac family of distances and dissimilarities, are essentially weighted

linear combinations of taxa. Therefore, the taxon-specific terms could be multiplied by an

additional, penalized weight vector in the kernel definition. Taxa with non-zero weights are

those whose contribution to the dissimilarity between communities is most important.

Another important area of further development is to incorporate more than two levels of

phylogenetic grouping in the penalized regression models. This could be done, for example,

by adapting the approach of [138] to the compositional data setting, assigning coefficients

to branches of a phylogenetic tree rather than nodes. It would also be valuable to allow

outcome types beyond simple quantitative phenotypes, since classification tasks and time-

to-event outcomes are of particular interest as microbiome profiling is incorporated into

clinical studies. Extensions of penalized linear regression to other outcome types are well

developed for non-compositional data, and similar changes to the loss function will extend
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CSGL and MCL to studies with binary or censored time-to-event outcomes.

There are additional challenges associated with microbiome data that we do not consider.

In particular, while zero taxon counts are often cited as a problem, it is unclear how much

influence the choice of zero-adjustment method has on the results of an analysis, and few

statistically informed zero-adjustment approaches exist. A robust comparison of the impact

of existing methods to handle excess zeros would be an extremely useful resource for estab-

lishing best practices in real microbiome data analysis. Also, taxon assignment is often based

on short sequencing reads that are compared to standard databases. The quality of these

databases underlies the accuracy of phylogenetic relationships among taxa, and uncertainties

in phylogenetic assignments are rarely accounted for. While these analysis steps are exter-

nal to the methods presented herein, they influence the accuracy and scientific relevance of

analysis results and are broadly useful questions that could direct future work in statistical

microbiome analysis.
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Appendix A

APPENDIX TO CHAPTER 2

A.1 Iteratively Reweighted Least Squares Algorithm for Cox Model

An iteratively reweighted least squares (IRLS) algorithm can be used to fit the linear model

at convergence that is equivalent to the Cox PH model of interest. At the kth step of the

IRLS algorithm, we solve

ỹk = Xβ + ε, ε ∼ N (0, σ2(W̃ k)−1)

with weight matrix

W̃ k = diag

(∫ ∞
0

I(Ti ≥ t)eX
′
iβ̃
k

dΛ̂0(t)−
∫ ∞

0

I(Ti ≥ t)wi(β̃
k, t)eX

′
iβ̃
k

dΛ̂0(t)

)

where wi(t) = eX
>
i β∑n

l=1 Yl(t)e
X′
l
β
, and working response

ỹ = Xβ̃k−1 + (W̃ k−1)−1M̂
k−1

.

The corresponding quantities without the superscript k refer to the model at convergence.

Then the modified score statistic is equivalent to

Q∗ =
(ỹ −Xβ̃)′W̃KW̃ (ỹ −Xβ̃)

σ̂2

which is analogous to the linear and logistic cases considered in [23]. Multiplying both sides

of the equation by W̃ 1/2 and defining ỹ∗ = W 1/2ỹ, X∗ = W 1/2X, and ε∗ = W 1/2ε, the model

can be expressed as

ỹ∗ = X∗β + ε∗, ε∗ ∼ N (0, σ2I)

with projection matrix P ∗0 = I −X∗(X∗′X∗)−1X∗
′
.
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A.2 Relationship Between Estimated and True Residuals

To derive the relationship between M̂ and M , recall that

ẑ = Xβ̂ +W−1M̂

z = Xβ +W−1M

β̂ = (X ′WX)−1X ′Wz

Then, solving the first equation for M̂ gives

M̂ = W (z −Xβ̂) = W
[
Xβ +W−1M −Xβ̂

]
= W

[
I −X(X ′WX)−1X ′W

]
z

= W
[
I −X(X ′WX)−1X ′W

]
(Xβ +W−1M)

=
[
WW−1M −WX(X ′WX)−1X ′WW−1M

]
=

[
I −WX(X ′WX)−1X ′

]
M

=
[
I −X∗(X∗′X∗)−1X∗

]
M = P ∗0M

so that M̂ = P ∗0M , as claimed.

A.3 Additional Simulation Results

Table A.1: Empirical Type I errors when no small sample correction is used, with approx-
imately 25% censoring. Results are based on 5,000 simulated datasets. Ku, K0.5, Kw, and
KBC represent results for the unweighted UniFrac kernel, generalized UniFrac kernel with
α = 0.5, weighted UniFrac kernel, and Bray-Curtis kernel, respectively.

n Ku K0.5 Kw KBC

100 0.0102 0.0084 0.0286 0.0144
200 0.0162 0.0130 0.0308 0.0188
500 0.0218 0.0248 0.0364 0.0254
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Figure A.1: QQ plots demonstrating the performance of the uncorrected and corrected
score statistics. The lower two panels display the -log10(P-values) for both statistics plotted
against the theoretical distribution, showing that MiRKAT-S with the correction behaves
as expected, whereas without the correction, the p-values deviate significantly from the
theoretical distribution. The upper two panels provide scientific insight regarding p-values
generated using the uncorrected statistic. In particular, true p-values lower than 0.2 will
tend to be too large when using the uncorrected statistic, whereas true p-values higher than
0.2 will tend to be too small when using the uncorrected statistic.
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Appendix B

APPENDIX TO CHAPTER 3

B.1 Unweighted LUniFrac is a Distance

To prove that the unweighted LUniFrac measure is a true distance metric, we need to show

that:

1. DXY ≥ 0 (nonnegativity)

2. DXY = 0 iff X = Y (identity of indiscernables)

3. DXY = DY X (symmetry)

4. DXZ ≤ DXY +DY Z (triangle inequality)

Nonnegativity: By definition, branch lengths satisfy bi > 0. The remaining term in the

metric is an absolute value term (|dXi − dYi | ≥ 0). Therefore, DXY ≥ 0.

Identity: In order to demonstrate this item, we must first define what we mean by “indis-

cernables.”

Let X and Y be two microbial communities measured at two time points each, so we

have X(t1) and X(t2), and similarly, Y (t1) and Y (t2). The mapping from Xi(t1) and Xi(t2)

to dXi is not 1-1. However, the quantity of interest for this metric is not the microbial

community itself, it is changes in microbial communities. Therefore, in this case the relevant

“indiscernables” are dX and dY rather than X and Y . That is, we must demonstrate that

DXY = 0 iff dX = dY , regardless of the original communities X(t1), X(t2), Y (t1), and Y (t2),

Suppose dXi = dYi for all taxa i. Then dXi − dYi = 0 ∀i, and so
∑p

i=1 bi|dXi − dYi |/2 = 0.

Therefore X = Y =⇒ DXY = 0.
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Now suppose DXY = 0. Because each term is nonnegative and branch lengths bi are

strictly positive (bi > 0∀i), this implies that |dXi −dYi | = 0∀i. This only holds if dXi = dYi ∀i.

Therefore DXY = 0 =⇒ dX = dY .

Symmetry: Here, we note that

DXY =

∑p
i=1 bi|dXi − dYi |/2∑p

i=1 bi
=

∑p
i=1 bi|(−1)× (dXi − dYi )|/2∑p

i=1 bi

=

∑p
i=1 bi|dYi − dXi |/2∑p

i=1 bi
= DY X

Triangle Inequality: Using the triangle inequality for the absolute value (|x+ y| ≤ |x|+ |y|):

2

p∑
i=1

bi × (DXY +DY Z) =

p∑
i=1

bi|dXi − dYi |+
p∑
i=1

bi|dYi − dZi |

=

p∑
i=1

bi
[
|dXi − dYi |+ |dYi − dZi |

]
≥

p∑
i=1

bi
(
|dXi − dYi + dYi − dZi |

)
= 2

p∑
i=1

bi ×DXZ

that is, DXY +DY Z ≥ DXZ .

B.2 Generalized LUniFrac is Not a Distance

While the Generalized LUniFrac dissimilarity trivially satisfies nonnegativity, identity of

indistinguishable elements, and symmetry, it does not satisfy the triangle inequality. We

demonstrate this by counterexample. Consider a phylogenetic tree with three taxa, as

displayed in Figure B.1. Suppose the relative abundance of these three taxa has been

observed for three subjects at two time points each, as shown in Table B.1. The re-

sulting weighted LUniFrac dissimilarity matrix is shown in Table B.2. From the table,

D12 + D23 = 0.108 + 0.132 = 0.239 < 0.278 = D13. That is, this dissimilarity does not
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satisfy the triangle inequality because it does not hold that DAB + DBC ≥ DAC for every

combination of subjects A,B,C. Therefore, the weighted LUniFrac dissimilarity is not a

proper distance.

Figure B.1: Simple phylogenetic tree with three taxa. Numbers indicate branch lengths.

Table B.1: Relative abundances of taxa in counterexample.

Subject Time OTU1 OTU2 OTU3
Subj1 1 0.40 0.10 0.50
Subj1 2 0.05 0.65 0.30
Subj2 1 0.30 0.05 0.65
Subj2 2 0.25 0.25 0.5
Subj3 1 0.55 0.2 0.25
Subj3 2 0.45 0.15 0.4

Table B.2: Weighted LUniFrac dissimilarity for taxon abundances in Table B.1.

Subj1 Subj2 Subj3
Subj1 0 0.108 0.278
Subj2 0.108 0 0.132
Subj3 0.278 0.132 0
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Appendix C

APPENDIX TO CHAPTER 4

C.1 ADMM Algorithm for CSGL

Here, we provide the details of the ADMM algorithm for sparse group compositional lasso.

We update each vector of coefficients by minimizing the augmented Lagrangian

Lµ(α, β, ξ) =
1

2n
‖y−Zβ‖2

2+λ(1−θ)
q∑
j=1

√
pj‖β(j)‖2+λθ‖β‖1+gC(α)+

µ

2
‖β−α+ξ‖2

2−
µ

2
‖ξ‖2

2

with respect to each coefficient vector in turn, where β(j) refers to the elements of β in

group j; µ is the step size for dual variable updates; and ξ is the scaled Lagrange multiplier.

The constraint is encoded as an indicator function gC(β) such that gC(β) = 0 if β ∈ C and

gC(β) = ∞ otherwise, where C = {β ∈ Rp :
∑p

j=1 βj = 0}. In the following, the superscript

k is an iteration counter.

To update β, we minimize

Lµ(β;α, ξ) =
1

2n
‖y − Zβ‖2

2 + λ(1− θ)
q∑
j=1

√
pj‖β(j)‖2 + λθ‖β‖1 +

µ

2
‖β − α + ξ‖2

2 (C.1)

By defining ỹ =

 y
√
nµ(ξ − α)

 ∈ R(n+p) and Z̃ =

 Z

−√nµ Ip

 ∈ R(n+p)×p, (C.1) may be

rewritten

Lµ(β;α, ξ) =
1

2n
‖ỹ − Z̃β‖2

2 + λ(1− θ)
q∑
j=1

√
pj‖β(j)‖2 + λθ‖β‖1 (C.2)

This is exactly the form of the standard sparse group lasso. Therefore, we use the R package

SGL with the augmented data (ỹ, Z̃) to perform β updates [114]. This package employs an

accelerated generalized gradient descent algorithm.

To update α, we minimize L(α; βk+1, ξk) = gC(α) + µ
2
‖βk+1 − α + ξk‖2

2. The solution to

this subproblem is the Euclidean projection of (βk+1 + ξk) onto the affine space C.
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We update ξ as described in [12] via ξk+1 = ξk + βk+1 − αk+1.

C.2 Residual, objective, and dual variable convergence

We demonstrate that the ADMM algorithm used to solve the compositional sparse group

lasso problem satisfies the assumptions of Section 3.2.1 in [12]. Under these assumptions,

their result states that the ADMM iterates satisfy the following:

• Residual convergence. βk − αk → 0 as k →∞, i.e., the iterates approach feasibility.

• Objective convergence. The objective function 1
2
‖y − Zβk‖2

2 + λ(1 −

θ)
∑J

j=1

√
pj‖β(j),k‖2 + λθ‖βk‖1 → p? as k → ∞, where p? is the optimal value

for the problem.

• Dual variable convergence. ξk → ξ? as k →∞, where ξ? is a dual optimal point.

Proof that assumptions hold: Let f(β) = 1
2
‖y−Zβ‖2

2+λ(1−θ)
∑q

j=1

√
pj‖β(j)‖2+λθ‖β‖1

and g(α) = gC(α) as previously defined. Let γ be the (unscaled) Lagrange multiplier. The

assumptions under which the result holds are as follows:

1. f(β) and g(α) are closed, proper, and convex (i.e., there exist β and α, not necessarily

unique, to minimize the augmented Lagrangian; note that f and g may be nondiffer-

entiable and may take value +∞), and

2. The unaugmented Lagrangian L0(α, β, ξ) = f(β) + g(α) + γ> (β − α) has a saddle

point.

To verify Assumption 1, first note that f(β) is a linear combinations of norms, so it is

convex by the triangle inequality and closed because it is continuous on a closed domain (Rp).

To show that f(β) is proper, note that it is everywhere > −∞: since x2 ≥ 0 everywhere and

|x| ≥ 0 everywhere, their sums and square roots are also ≥ 0 everywhere, so therefore f(β) is

strictly> −∞ everywhere. Also, f(β) is somewhere<∞. When β = 0, 1
2
‖y‖2

2+‖0‖2+‖0‖1 =
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1
2
‖y‖2

2 + 0, which is finite because every element of y is finite. The characteristic function

gC(α) is a proper convex function, since gC(α) = 0 if α ∈ C and +∞ otherwise. It is closed

because C is a closed set. Hence Assumption 1 holds.

To verify Assumption 2, the (unscaled) unaugmented Lagrangian is

L0(α, β, γ) =
1

2
‖y − Zβ‖2

2 + λ(1− θ)
q∑
j=1

√
pj‖β(j)‖2 + λθ‖β‖1 + gC(α) + γ> (β − α) .

(For the scaled version of the augmented Lagrangian in the main text, ξ = γ/µ.) We must

show that this has a saddle point. In this case, the optimization problem is the Lagrange

function of a solvable convex problem and the Slater condition is satisfied. Specifically, L0

is convex in α, β for every fixed γ ∈ R(p+1)
+ and linear in γ for every fixed (α, β) (therefore

concave in γ). Then L0 has a saddle point that coincides with the optimal values of (α, β)

and γ (by, e.g., Section VII.4 of [?]).

Therefore the assumptions are verified and the ADMM algorithm is guaranteed residual,

objective, and dual convergence.

C.3 Sign Consistency and Bounded Loss

We demonstrate that with high probability there exists an optimal solution β̂ to the CSGL

optimization problem that satisfies sign consistency and bounded loss. We require fairly

standard assumptions on the signal strength and the correlation between columns of the

design matrix.

For the purposes of this proof, we use the non-symmetric form of the problem. We

assume without loss of generality that the last component, Zp, is chosen as the reference,

that it belongs to the last group (q), and that β̂p 6= 0. As in the main text, Zp indicates

the matrix of log-ratios excluding the reference component, so that Zp
ij = Zij/Zip for j ∈

{1, . . . , p − 1}. β\p is the (p − 1)-vector of coefficients for the non-symmetric linear log

contrast model, with estimates β̂\p. The full coefficient vector, used in the penalty terms, is

Dβ\p =
(
β\p,−1>p−1β\p

)
= β.
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The non-symmetric form of the CSGL problem is

β̂\p = argmin
β\p

(
1

2n
‖y − Zpβ\p‖2

2 + λ1

q∑
j=1

√
pj‖(Dβ\p)(j)‖2 + λ2‖Dβ\p‖1

)
(C.3)

where D =
[
Ip−1 −1p−1

]>
∈ R(p×p−1) to enforce the constraint βp = −

∑p
k=1 βk, and

(Dβ\p)
(j) indicates the elements of the vector (β1, . . . , βp−1, βp = −1>p−1β\p) corresponding to

group j. For notational simplicity we denote λ1 = λ(1− θ) and λ2 = λθ.

Notation

As in the main text, the following sets will be useful. Let β
(j)
k denote the kth feature in the

jth group.

• G = {1 ≤ j ≤ q : β(j) 6= 0} is the set of groups with at least one truly nonzero element;

• Sj = {1 ≤ k ≤ pj : β
(j)
k 6= 0} indicates nonzero features in group j; and

• SG =
⋃
j∈G Sj indicates nonzero features in any group.

The magnitude of each set is indicated by |G| = g, |Sj| = sj, and |SG| = s. The equivalent

sets for β̂ are indicated by Ĝ, Ŝj, and ŜĜ. Complements are indicated by a superscript c;

for example, Gc refers to groups that are uniformly zero. A superscript p indicates that

the reference element is excluded from the set. For example, ŜpĜ is the set of indices for all

nonzero β̂\p.

The three cases for zero or nonzero coefficients can be described using these three sets.

Let β
(j)
k indicate the coefficient for feature k in group j.

• Case 1: Nonzero betas in nonzero groups. When β
(j)
k 6= 0, j ∈ G and k ∈ Sj, and the

element is included in SG. This case includes s coefficients (or s− 1 when the reference

is excluded, i.e., elements in SpG).
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• Case 2: Zero betas in nonzero groups. When β
(j)
k = 0 but other elements of the group

are nonzero (so that β(j) 6= 0), then j ∈ G and k ∈ Scj . This set is indicated by

ScG =
⋃
j∈G Scj . The magnitude of this set is r = |ScG|.

• Case 3: Uniformly zero groups. For groups such that β(j) = 0 for all elements, j ∈ Gc.

The magnitude of this set is t = |ScGc| =
∑

j∈Gc pj. Note that since there are no nonzero

elements in uniformly zero groups, SGc = ∅.

Every element of β falls into one of these three categories, so s+ r + t = p.

Subgradient conditions (Lemma 3.1).

The quantity β̂ is a solution of the CSGL problem if and only if the following subgradient

conditions are satisfied for (β̂1, . . . , β̂p−1) and β̂p = −1>p−1β̂\p. Let B̂ŜĜ
be the block-diagonal

matrix with g blocks defined by
{
Iŝj

√
pj

‖β̂(j)‖2
, j ∈ Ĝ

}
and b̂q =

√
pq

‖β̂(q)‖2
. Then the subgradient

conditions are:

− 1

n
(Zp

Ŝp
Ĝ
)>(y − Zpβ̂\p) + λ1

{
B̂Ŝp

Ĝ
β̂Ŝp

Ĝ
− b̂qβ̂p1s−1

}
+ λ2

{
sgn(β̂Ŝp

Ĝ
)− sgn(β̂p)1s−1

}
= 0

(A1)

max
j∈Ĝ

(∥∥∥∥ 1

n
(Z

p,(j)

Ŝcj
)>(y − Zpβ̂\p) + (λ1b̂qβ̂p + λ2 sgn(β̂p))1(pj−sj)

∥∥∥∥
∞

)
≤ λ2

(A2)

max
j∈Ĝc

(
1
√
pj

∥∥∥∥S ( 1

n
Z(j)>(y − Zpβ̂\p) + (λ1b̂qβ̂p + λ2 sgn(β̂p))1pj , λθ

)∥∥∥∥
2

)
≤ λ1

(A3)

Note that (A1) corresponds to nonzero features in nonzero groups, i.e., β̂
(j)
k 6= 0 (Case 1);

(A2) corresponds to zero features in nonzero groups, i.e., β̂(j) 6= 0 and β̂
(j)
k = 0 (Case 2); and

(A3) corresponds to groups that are uniformly zero, i.e., β̂(j) = 0 (Case 3).

Proof: All terms of the criterion are convex, so we can use subgradient calculations to derive
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the optimality criteria. Specifically, x ∈ Rp is a minimum of f if and only if 0 ∈ ∂f |x. The

subgradient is equal to the gradient if the function is differentiable at x.

The first term of (C.3) is continuously differentiable with derivative

∂

∂β̂
(j)
k

(
1

2n
‖y − Zpβ̂\p‖2

2

)
= − 1

n
(Z

p,(j)
k )>(y − Zpβ̂\p),

for each element β̂
(j)
k of β̂\p, and this term is included in each of (A1)-(A3). We now consider

the second and third terms, which distinguish the three cases.

In Case 1, β̂
(j)
k 6= 0, which also implies that β̂(j) is not identically zero. In this case the

second term of (C.3) is differentiable with derivative given by

∂

∂β̂
(j)
k

(
λ1

q∑
l=1

√
pl‖β̂(l)‖2

)
= λ1

∂

∂β̂
(j)
k

√pj‖β̂(j)‖2 +
√
pq

{
pq−1∑
k=1

(β̂
(q)
k )2 + (−1>p−1β̂\p)

2

}1/2


= λ1

{√
pjβ̂

(j)
k

‖β̂(j)‖2

+

√
pq

2‖β̂(q)‖2

· 2(−1>p−1β̂\p)(−1)

}

= λ1

(√
pjβ̂

(j)
k

‖β̂(j)‖2

−
√
pqβ̂p

‖β̂(q)‖2

)

for all β̂
(j)
k in β̂\p. The third term is also differentiable, with derivative

∂

∂β̂
(j)
k

(
λ2‖β̂‖1

)
= λ2

∂

∂β̂
(j)
k

(
|β̂(j)
k |+ |β̂p|

)
= λ2

∂

∂β̂
(j)
k

{
|β̂(j)
k |+

∣∣∣(−1>p−1β̂\p)
∣∣∣}

= λ2

{
sgn(β̂

(j)
k )− sgn(β̂p)

}
.

Combining these provides the Case 1 result.

On the other hand, if β̂
(j)
k = 0, but other elements of the group β̂(j) are nonzero, we have

for the third term

∂

∂β̂
(j)
k

(
λ2‖β̂‖1

)
= λ2

∂

∂β̂
(j)
k

(
|β̂(j)
k |+ |β̂p|

)
= λ2

{
u− sgn(β̂p)

}
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where u ∈ {u : |u| ≤ 1}. With a little bit of algebra, this provides the Case 2 result.

Finally, if β̂(j) = 0, then we have for the second term

∂

∂β̂
(j)
k

(
λ1

q∑
l=1

√
pl‖β̂(l)‖2

)
= λ1

∂

∂β̂
(j)
k

(√
pk‖β̂(k)‖2 +

√
pq‖β̂(q)‖2

)
= λ1

(
√
pkv −

√
pqβ̂p

‖β̂(q)‖2

)

where v ∈ {v : ‖v‖2 ≤ 1}. The third term here is the same as in Case 2, providing the Case

3 result.

Probability Statements

Let Σp = 1
n
(Zp)>Zp be the sample covariance matrix for the log-ratio transformed data

with reference element p. Submatrices are indicated by subscripts. Thus, for example,

Σp
SpGS

p
G

indicates the submatrix of the sample covariance including entries (i, j) such that

i ∈ SpG, j ∈ S
p
G. With probability at least 1 − 2p exp{−nmin(θ, 1 − θ)2η2λ2/(8κσ2)}, the

following statements hold:

∥∥n−1Z>SGε
∥∥
∞ ≤

λ

2
=
λ1 + λ2

2
(P1)∥∥∥n−1(Zp

Sc)
>ε− n−1Σp

ScSpG
(Σp
SpGS

p
G
)−1(Zp

SpG
)>ε
∥∥∥
∞
≤ λmin(θ, 1− θ)η√

κ
=

min(λ1, λ2) η√
κ

(P2)

Proof: Assume that ε ∼ N(0, σ2) for all subjects and that the columns of Z have been

standardized such that maxj‖Zj‖2
2 ≤ n.

Proof of (P1): Using Boole’s inequality and Gaussian tail bounds,

P
(∥∥n−1Z>SGε

∥∥
∞ ≥ λ/2

)
≤
∑
j∈SG

P
(
|n−1Z>j ε| ≥ λ/2

)
≤
∑
j∈SG

2 exp

{
− λ2/4

2σ2/n

}
= 2s exp{−nλ2/(8σ2)}
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where we have used the fact that 1
n
Z>j ε is distributed Normally with mean 0 and variance no

larger than σ2

n
for each column Zj of ZS based upon our chosen standardization. Therefore

P (‖n−1Z>SGε‖∞ ≤ λ/2) ≥ 1− 2s exp{−nλ2/(8σ2)}. This is identical to the first inequality of

(A3) in [74].

Proof of (P2): Let H be the hat (projection) matrix Zp
SpG
{(Zp

SpG
)>Zp

SpG
}−1(Zp

SpG
)>. Then (I −

1
n
H) is also a projection matrix and therefore has maximum eigenvalue 1. Using this, along

with Boole’s inequality and Gaussian tail bounds:

P

(∥∥n−1(Zp
Sc)
>ε− n−1ΣScSpGΣ−1

SpGS
p
G
(Zp
SpG

)>ε
∥∥
∞ ≥

min(λ1, λ2) η√
κ

)
= P

(∥∥∥n−1(Zp
ScG

)>(I− n−1H)ε
∥∥∥
∞
≥ min(λ1, λ2) η√

κ

)
≤
∑
j∈Sc

P

(
|n−1(Zj − Zp)>(I− n−1H)ε| ≥ min(λ1, λ2) η√

κ

)
≤ 2(r + t) exp

{
−(min(λ1, λ2) η)2

8κσ2/n

}
= 2(r + t) exp{−nmin(λ1, λ2)2η2/(8κσ2)}

since n−1(Zj − Zp)ε has maximum variance 4σ2/n. Therefore, we have that

P

{∥∥n−1(Zp
ScG

)>ε − n−1ΣScGS
p
G
Σ−1
SpGS

p
G
(Zp
SpG

)>ε
∥∥
∞ ≤ λ2η

}
≥ 1 − 2(r +

t) exp{−nmin(λ1, λ2)2η2/(8κσ2)}. This corresponds to the second inequality of (A3)

in [74].

Combined Probability of (P1) and (P2): Return to the original penalty parameters, λ1 =

λ(1− θ) and λ2 = λθ for some predetermined value of θ. Then

P (P1 and P2) ≥ 1−
[
2s exp{−nλ2/(8σ2)}

]
−
[
2(r + t) exp{−nλ2 min(θ, 1− θ)2η2/(8κσ2)}

]
≥ 1− 2(s+ r + t) exp{−nλ2 min(θ, 1− θ)2η2/(8κσ2)}

That is, the combined probability of (P1) and (P2) can be written as 1−2p exp{−nmin(θ, 1−

θ)2η2λ2/(8κσ2)}. Condition (C3) on the minimum value of λ ensures that this combined

probability is non-negative.
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Required Conditions

Condition 1: Irrepresentable Conditions (Assumption 3.2 in main text): These conditions

are in the spirit of the Irrepresentable Condition for the lasso and group lasso. We assume

that θ has been chosen in advance and is fixed, with λ1 = λ(1 − θ) and λ2 = λθ, and

κ = maxj
√
pj is the maximum group size. Then there exists some η ∈ (0, 1] such that

√
κ
∥∥∥Σp
ScSpG

(Σp
SpGS

p
G
)−1
{

sgn(β̂SpG)− sgn(β̂p)1s−1

}
+ sgn(βp)1(r+t)

∥∥∥
∞
≤ (1− η)

2
· min(θ, 1− θ)

max(θ, 1− θ)
(C1a)

√
κ
∥∥∥Σp
ScSpG

(Σp
SpGS

p
G
)−1
(
B̂SpG β̂S

p
G
− b̂qβ̂p1s−1

)
+ bqβp1(r+t)

∥∥∥
∞
≤ (1− η)

2
· min(θ, 1− θ)

max(θ, 1− θ)
(C1b)

Here, Sc = ScGc
⋃
ScG includes all features with truly zero coefficients, regardless of whether

the entire group is zero or nonzero.

Condition 2: Minimum Signal Size: The minimum signal size is

βmin >
ψ

2
{(2κ+ 1)λ1 + 3λ2} (C2)

where ψ =
∥∥∥DSGSpG(Σp

SpGS
p
G
)−1D>SGSpG

∥∥∥
∞

.

Condition 3: Regularization Parameter: In order for the combined bound in Lemma 2 to

hold, λ must satisfy

λ =
c1σ
√
κ

η min(θ, 1− θ)

{
log(2p)

n

}1/2

(C3)

for some constant c1 > 2
√

2.

Estimation Consistency and Error Bounds (Theorem 3.3)

Assume that Condition 1 holds, the minimum signal size satisfies Condition 2, and the

regularization parameter λ satisfies Condition 3 for the selected θ. Then with probability

at least 1− 2p exp{−nmin(θ, 1− θ)2η2λ2/(8κσ2)}, problem (C.3) has an optimal solution β̂

that has the following two properties:
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1. Sign consistency: sgn(β̂) = sgn(β), and

2. Bounded `∞ loss: ‖β̂SG − βSG‖∞ ≤
ψ
2
{(2κ+ 1)λ1 + 3λ2}.

Proof:

The broad outline of this proof is that, conditional on the events defined in Lemma 2, we will

use deterministic reasoning to find some β̂ with the desired properties such that (A1)-(A3)

hold. This proof is adapted from Lin et al. (2014) [74]. If λ2 = 0, the CSGL problem

reduces to the compositional group lasso and (A2) does not apply (there are no zero features

in nonzero groups). Conversely, if λ1 = 0, the CSGL problem reduces to the compositional

lasso and the proof in [74] applies exactly. We therefore assume λ2 6= 0 and λ1 6= 0.

Condition on (P1) and (P2) holding, and take β̂ScG = 0. We first consider Case 1 (nonzero

β̂
(j)
k , for which j ∈ G and k ∈ Sj) and subgradient condition (A1). For each group j ∈ G,

substituting y = Zp
Sjβ\p + ε and replacing ŜpĜ with SpG in (A1) yields

0 = − 1

n
(Zp
Spj

)>(Zpβ\p + ε− Zpβ̂\p) + λ1

(
B̂Spj β̂

(j)

Spj
− b̂qβ̂p1sj

)
+ λ2

{
sgn(β̂Spj )− sgn(β̂p)1sj

}
⇐⇒ 1

n
(Zp
Spj

)>Zp
SpG

(βSpG − β̂SpG) +
1

n
(Zp
Spj

)>ε = λ1

(
B̂Spj β̂

(j)

Spj
− b̂qβ̂p1sj

)
+ λ2

{
sgn(β̂Spj )− sgn(β̂p)1sj

}
⇐⇒ Σp

Spj S
p
G
(β̂SpG − βSpG) =

1

n
(Zp
Spj

)>ε− λ1

(
B̂Spj β̂

(j)

Spj
− b̂qβ̂p1sj

)
− λ2

{
sgn(β̂Spj )− sgn(β̂p)1sj

}
so that

β̂SpG−βSpG = (Σp
SpGS

p
G
)−1

[
1

n
(Zp
SpG

)>ε− λ1

(
B̂SpG β̂S

p
G
− b̂qβ̂p1s−1

)
− λ2

{
sgn(β̂SpG)− sgn(β̂p)1s−1

}]
(C.4)

Define β̂SpG by Equation (C.4) with β̂SpG , β̂p, sgn(β̂SpG) and sgn(βp) replaced with their true

values βSpG , βp, sgn(βSpG), and sgn(βp). We will show that this choice of β̂ satisfies the

subgradient criteria and has the desired properties.

Multiplying by DSGSpG on both sides to transform the nonzero elements of β\p to the

nonzero elements of β (where the subscripts on D indicate rows in SG and columns in SpG,

respectively), taking the `∞ norm of each side, and applying (P1) and the triangle inequality,
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we have

‖β̂SG − βSG‖∞ =

∥∥∥∥n−1DSGSpG(Σp
SpGS

p
G
)−1

[
(Zp
SpG

)>ε− λ1

(
B̂SpG β̂S

p
G
− b̂qβ̂p1s−1

)
− λ2

{
sgn(β̂SpG)− sgn(β̂p)1s−1

}]∥∥∥∥
∞

≤
∥∥∥n−1DSGSpG(Σp

SpGS
p
G
)−1(Zp

SpG
)>ε
∥∥∥
∞

+ λ1

∥∥∥DSGSpG(Σp
SpGS

p
G
)−1
(
B̂SpG β̂S

p
G
− b̂qβ̂p1s−1

)∥∥∥
∞

+ λ2

∥∥∥DSGSpG(Σp
SpGS

p
G
)−1
{

sgn(β̂SpG)− sgn(β̂p)1s−1

}∥∥∥
∞

=
∥∥∥n−1DSGSpG(Σp

SpGS
p
G
)−1D>SGSpG

Z>SGε
∥∥∥
∞

+ λ1

∥∥∥DSGSpG(Σp
SpGS

p
G
)−1D>SGSpG

B̂SG β̂SG

∥∥∥
∞

+ λ2

∥∥∥DSGSpG(Σp
SpGS

p
G
)−1D>SGSpG

sgn(β̂SG)
∥∥∥
∞

≤
∥∥∥DSGSpG(Σp

SpGS
p
G
)−1D>SGSpG

∥∥∥
∞

∥∥n−1Z>SGε
∥∥
∞ + λ1

∥∥∥DSGSpG(Σp
SpGS

p
G
)−1D>SGSpG

∥∥∥
∞

∥∥∥B̂SG β̂SG∥∥∥∞
+ λ2

∥∥∥DSGSpG(Σp
SpGS

p
G
)−1D>SGSpG

∥∥∥
∞

∥∥∥sgn(β̂SG)
∥∥∥
∞

≤
∥∥∥DSGSpG(Σp

SpGS
p
G
)−1D>SGSpG

∥∥∥
∞

∥∥n−1Z>SGε
∥∥
∞ + λ1κ

∥∥∥DSGSpG(Σp
SpGS

p
G
)−1D>SGSpG

∥∥∥
∞

+ λ2

∥∥∥DSGSpG(Σp
SpGS

p
G
)−1D>SGSpG

∥∥∥
∞

≤ ψ

2
{(2κ+ 1)λ1 + 3λ2} < βmin

by Condition 2, where we use that |β̂(j)
k |/‖β̂

(j)
k ‖2 ≤ 1 and, as before, κ = maxj

√
pj. Therefore

this β̂ satisfies (A1) and has the desired properties of sign consistency and bounded `∞ loss.

However, we must still verify that β̂ satisfies (A2) and (A3).

For (A2), we are in the setting where β̂
(j)
k = 0 within a nonzero group β̂(j). This corre-

sponds to features in the set ScG = {j, k : j ∈ G, k ∈ Scj}). Using (C.4) and replacing y by

Zp
SpG
βSpG + ε, the interior of (A2) becomes

W ≡ n−1(Zp
ScG

)>(y − Zpβ̂SpG) + {λ1bqβp + λ2 sgn(βp)}1r

= n−1(Zp
ScG

)>(Zp
SpG
βSpG + ε− Zpβ̂SpG) + {λ1bqβp + λ2 sgn(βp)}1r

= n−1(Zp
ScG

)>Zp
SpG

(βSpG − β̂SpG) + n−1(Zp
ScG

)>ε+ {λ1bqβp + λ2 sgn(βp)}1r.

Substituting Equation (C.4) for (βSpG − β̂SpG),

W = −n−1(Zp
ScG

)>Zp
SpG

(Σp
SpGS

p
G
)−1

{
1

n
(Zp
SpG

)>ε

}
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+ n−1(Zp
ScG

)>Zp
SpG

(Σp
SpGS

p
G
)−1
{
λ1

(
B̂SpG β̂S

p
G
− b̂qβ̂p1s−1

)}
+ n−1(Zp

ScG
)>Zp

SpG
(Σp
SpGS

p
G
)−1
[
λ2

{
sgn(β̂SpG)− sgn(β̂p)1s−1

}]
+ n−1(Zp

ScG
)>ε+ {λ1bqβp + λ2 sgn(βp)}1r

= −n−1Σp
ScGS

p
G
(Σp
SpGS

p
G
)−1(Zp

SpG
)>ε+ λ1Σp

ScGS
p
G
(Σp
SpGS

p
G
)−1
(
B̂SpG β̂S

p
G
− b̂qβ̂p1s−1

)
+ λ2Σp

ScGS
p
G
(Σp
SpGS

p
G
)−1
{

sgn(β̂SpG)− sgn(β̂p)1s−1

}
+ n−1(Zp

ScG
)>ε+ {λ1bqβp + λ2 sgn(βp)}1r

Then, taking the `∞ norm of both sides and using (P2), Conditions (C1a) and (C1b), and

the triangle inequality, we have

‖W‖∞ ≤
∥∥∥n−1(Zp

ScG
)>ε− n−1Σp

ScGS
p
G
(Σp
SpGS

p
G
)−1(Zp

SpG
)>ε
∥∥∥
∞

+ λ2

∥∥∥Σp
ScGS

p
G
(Σp
SpGS

p
G
)−1
{

sgn(β̂SpG)− sgn(β̂p)1s−1

}
+ sgn(βp)1r

∥∥∥
∞

+ λ1

∥∥∥Σp
ScGS

p
G
(Σp
SpGS

p
G
)−1
(
B̂SpG β̂S

p
G
− b̂qβ̂p1s−1

)
+ bqβp1r

∥∥∥
∞

≤ min(λ1, λ2)η√
κ

+
λ2(1− η)

2
√
κ

{
min(λ1, λ2)

max(λ1, λ2)

}
+
λ1(1− η)

2
√
κ

{
min(λ1, λ2)

max(λ1, λ2)

}
≤ λ2η√

κ
+
λ2(1− η)√

κ
≤ λ2

because ScG ⊂ Sc. This verifies (A2).

For (A3), we are in the setting where an entire group β̂(j) is zero. For j ∈ Gc and using

Equation (C.4), we define Vj via

√
pjVj ≡

∥∥∥S ((Zp
Scj

)>(y − Zpβ̂\p)/n+ λ2 sgn(βp)1pj + λ1bqβq1pj , λθ
)∥∥∥

2

≤
∥∥∥n−1(Zp

Scj
)>(Zp

SpG
βSpG + ε− Zpβ̂\p) + λ2 sgn(βp)1pj + λ1bqβp1pj

∥∥∥
2

=
∥∥∥Σp
ScjS

p
G
(βSpG − β̂SpG) + n−1(Zp

Scj
)>ε+ λ2 sgn(βp)1pj + λ1bqβp1pj

∥∥∥
2

=

∥∥∥∥Σp
ScjS

p
G
(Σp
SpGS

p
G
)−1
[
−n−1(Zp

SpG
)>ε+ λ1

(
B̂SpG β̂S

p
G
− b̂p1s−1

)
+ λ2

{
sgn(β̂SpG)− sgn(β̂p)1s−1

}]
+ n−1(Zp

Scj
)>ε+ λ2 sgn(βp)1pj + λ1bqβp1pj

∥∥∥∥
2
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≤
∥∥∥n−1(Zp

Scj
)>ε− n−1Σp

ScjS
p
G
(Σp
SpGS

p
G
)−1(Zp

SpG
)>ε
∥∥∥

2

+ λ1

∥∥∥Σp
ScjS

p
G
(Σp
SpGS

p
G
)−1(B̂SpG β̂S

p
G
− b̂qβ̂p1s−1) + bqβp1pj

∥∥∥
2

+ λ2

∥∥∥Σp
ScjS

p
G
(Σp
SpGS

p
G
)−1
{

sgn(β̂SpG)− sgn(β̂p)1s

}
+ sgn(βp)1pj

∥∥∥
2

and so, for V = {Vj : j ∈ Gc}, we have

‖V ‖∞ ≤ max
j∈Gc

∥∥∥n−1(Zp
Scj

)>ε− n−1Σp
ScjS

p
G
(Σp
SpGS

p
G
)−1(Zp

SpG
)>ε
∥∥∥

2

+ λ1 max
j∈Gc

∥∥∥Σp
ScjS

p
G
(Σp
SpGS

p
G
)−1(B̂SpG β̂S

p
G
− b̂qβ̂p1s−1) + bqβp1pj

∥∥∥
2

+ λ2 max
j∈Gc

∥∥∥Σp
ScjS

p
G
(Σp
SpGS

p
G
)−1
{

sgn(β̂SpG)− sgn(β̂p)1s−1

}
+ sgn(βp)1pj

∥∥∥
2

≤
√
κ
∥∥∥n−1(Zp

Scj
)>ε− n−1Σp

ScjS
p
G
(Σp
SpGS

p
G
)−1(Zp

SpG
)>ε
∥∥∥
∞

+ λ1

√
κ
∥∥∥Σp
ScGcS

p
G
(Σp
SpGS

p
G
)−1(BSpG β̂S\p − b̂qβ̂p1s−1) + bqβp1pj

∥∥∥
∞

+ λ2

√
κ
∥∥∥Σp
ScGcS

p
G
(Σp
SpGS

p
G
)−1{sgn(β̂SpG)− sgn(β̂p)1s−1}+ sgn(βp)1pj

∥∥∥
∞

≤
√
κ

{
min(λ1, λ2)η√

κ

}
+
λ1(1− η)

2

{
min(λ1, λ2)

max(λ1, λ2)

}
+
λ2(1− η)

2

{
min(λ1, λ2)

max(λ1, λ2)

}
≤ λ1η + λ1(1− η) = λ1

by (P2), Conditions (C1a) and (C1b), and the triangle inequality. This verifies (A3) and

completes the proof.

C.4 Additional Simulation Results

In this section, we present mean squared prediction error across a variety of simulation

settings for the sparse group lasso with θ = 0.05 (SGL05) and with θ = 0.95 (SGL95), the

corresponding compositional sparse group lasso (CSGL05 and CSGL95), ridge regression, and

kernel-penalized regression, as described in the main text. The group lasso and compositional

group lasso perform very similarly to SGL05 and CSGL05, and similarly, the lasso and

compositional lasso have prediction error very similar to SGL95 and CSGL95. These methods

are therefore excluded from the plots for clarity.
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Figure C.1: Prediction error with uncorrelated taxa.
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Figure C.2: Prediction error with AR(1) correlation structure among taxa, with ρ = 0.2.
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Figure C.3: Prediction error with AR(1) correlation structure among taxa, with ρ = 0.5.
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Figure C.4: Prediction error with compound symmetric correlation structure within groups
(ρ = 0.2) and AR(1) correlation structure otherwise (ρ = 0.2).
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Figure C.5: Prediction error with compound symmetric correlation structure within groups
(ρ = −0.2) and AR(1) correlation structure otherwise (ρ = 0.2).
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Figure C.6: Prediction error with features simulated using a Dirichlet-multinomial distri-
bution with parameters estimated from a real microbiome dataset, with groups defined by
phylogenetic relationships among taxa.


